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Abstract

This paper explores the core theoretical advancements in the study of bounded
gaps between primes, with a primary focus on comparing the Goldston-Pintz-
Yildirim (GPY) method and the breakthrough multidimensional sieve developed
by James Maynard. First, we review the theoretical framework of the GPY method
and provide a brief conceptual proof, illustrating how its one-dimensional Selberg-
style weight effectively detects prime tuples but ultimately hits a theoretical bot-
tleneck under the unconditional level of distribution (¥ = 1/2) provided by the
Bombieri-Vinogradov Theorem.Subsequently, this paper meticulously details why
Maynard’s method constitutes a substantial improvement over the GPY approach.
The breakthrough lies in extending the one-dimensional sieve into a multidimen-
sional weight where variables can be evaluated independently. This multidimen-
sional construction shatters the rigid coupling of variables inherent in the GPY
method, granting the crucial extra flexibility needed to optimize the ratio of the
sieve sums unconditionally.Furthermore, we analyze the specific functional choices
that lead to the dramatic improvements in small gap bounds. We detail how the
optimal smooth function F' is selected: for large k, through probabilistic interpre-
tations and the Euler-Lagrange equation; and for small k, by utilizing symmetric
polynomials to reduce the problem to maximizing the ratio of two positive-definite
quadratic forms (an eigenvalue problem). Finally, we outline the rigorous proof
mechanics of this method, including the application of the ”W-trick” to handle bi-
ases from small prime factors, and the asymptotic evaluation of the sums 57 and S
via Mobius inversion and Selberg sieve manipulations, ultimately establishing the
unconditional finite bounds on prime gaps and demonstrating further extensions of
the method.

1 Introduction

For any natural number m, let H,, denote the quantity
H,, .= liminf(py,1n — pn),
n—oo

where p,, denotes the n'* prime. The twin prime conjecture asserts that H; = 2, that is,
we expect that there are infinitely many prime tuples of the form (p, p+ 2). Generalizing
this, the Hardy-Littlewood prime tuples conjecture [6] states that H,, is equal to the
diameter of the narrowest admissible (m + 1)-tuple (see Section 2 for a definition of
this term). For instance, this conjecture predicts that Hy = 6, corresponding to the
expectation that there are infinitely many prime triplets of the form (p,p + 2,p + 6) or



(p,p + 4,p + 6). Historically, progress on bounding H,, was exceptionally slow. Recall
the Prime Number Theorem, which states that the prime counting function 7 (X) (the
number of primes p < X) satisfies

_ m(X)
lim ——— =
X—oo X/log X

Since there are asymptotically X/log X primes up to X, the average gap between con-
secutive primes around p, is asymptotically logp,. For a long time, it was unknown
whether one could find prime gaps that are significantly smaller than this average, let
alone bounded by an absolute constant. A major milestone was reached in 2005 when
Goldston, Pintz, and Yildirim [3] developed the so-called ”GPY method.” They suc-
cessfully proved that there are pairs of primes arbitrarily close to each other relative
to the average gap. Furthermore, they demonstrated that if one assumes a strong un-
proven condition about the distribution of primes in arithmetic progressions—namely,
the Elliott-Halberstam conjecture (see Claim 2.2)—then the absolute prime gap H is
finite. This conjecture essentially postulates that primes have a level of distribution ¢
that can be any value less than 1.

Theorem 1.1 (Goldston, Pintz, and Yildirim [3]). Assuming the Elliot-Halberstam con-
jecture Hy < 16. Unconditionally, we have

lim inf 24 = Pr _ g,
n=oo  logpy

Remark. The ”unconditional” result here refers to the findings derived solely(without
needing any unproven conjectures) from the Bombieri-Vinogradov Theorem (Theorem
2.3), which establishes that primes have a level of distribution up to 9 = 1/2. Because
this method is limited by this 1/2 barrier, it can only prove that gaps become small
relative to the average, but not that they are bounded by a constant.

In 2014, Yitang Zhang [14] achieved a historic breakthrough by establishing the first
unconditional absolute constant bound on H;. He accomplished this by refining the GPY
method and unconditionally proving a weakened, yet sufficient variant of the Elliott-
Halberstam conjecture, effectively pushing the level of distribution ¥ just beyond the 1/2
barrier for certain smooth moduli.

Theorem 1.2 (Zhang [14]). H; < 70,000,000.

By optimizing many components in Zhang’s argument, the Polymath8 project [10]
was able to lower this bound to H; < 4680. Very shortly after Zhang’s breakthrough, a
new variant of the GPY method was discovered independently by Maynard [7] and Tao
(unpublished). This work, relying only on the Bombieri-Vinogradov Theorem, was able
to provide substantial improvements for all H,,, not only for m = 1.

Theorem 1.3 (Maynard [7]). Unconditionally, we have the following bounds:
(i) Hy < 600.

(ii) Hy,, < Cm2e*™ for allm > 1 and an absolute (and effective) constant C.
Assuming the Elliott-Halberstam conjecture, we have the following:

(iii) H, < 12.

(iv) Hy < 600.



The Polymath8b project [11] extensively optimized the work by Maynard and Tao,
yielding the current world records for bounded prime gaps. Unconditionally, they es-
tablished Hy < 246 and Hy < 395,126. Furthermore, assuming the Elliott-Halberstam
conjecture, they demonstrated that the gaps could be reduced to H; < 6 and Hy < 252.
The method developed by Maynard and Tao is not merely a quantitative improvement
over the GPY sieve; its multidimensional structure provides an unprecedented level of
robustness. While the classical GPY method is highly sensitive to the level of distribu-
tion ¥, Maynard’s approach allows for compensation of weaker distribution information
by increasing the dimension £ of the sieve.

This newfound flexibility opens the door to a variety of further applications beyond
simple bounded gaps. For instance, the method can be adapted to show that there exist
intervals containing significantly more primes than what is predicted on average by the
Prime Number Theorem—a phenomenon known as the existence of "dense clusters” of
primes. To maintain the flow of our primary discussion, we defer the rigorous statement
and proof of this particular application to Section 8.

1.1 Organization of the paper

The paper is organized as follows. The paper is structured as follows. Following this
introduction, Section 1.2 establishes the notational conventions used throughout, with a
particular focus on the asymptotic symbols often encountered in analytic number theory.
In Section 2, we introduce the foundational theory of prime distribution in arithmetic
progressions. This includes defining the level of distribution ¥ as a parameter for under-
standing and discussing the critical roles of the Elliott-Halberstam conjecture and the
Bombieri-Vinogradov Theorem. We also establish the key arithmetic functions and the
admissibility criteria for prime tuples required for the sieve methods. Then, in Section 3,
we provide a detailed overview of the classical GPY method and its application to proving
Theorem 1.1. Building upon this framework, Section 4 introduces the core components
and propositions of Maynard’s multidimensional sieve. Section 5 offers a comparative
analysis between the GPY and Maynard-Tao approaches, highlighting the theoretical
flexibility gained through multidimensionality and the role of the level of distribution.
The technical optimization of the sieve weights and the underlying combinatorial proofs
are presented in Sections 6 and 7, respectively. Finally, Section 8 explores the robust-
ness of Maynard’s method through further applications, concluding with the rigorous
statement and proof of Theorem 8.1 regarding the existence of dense clusters of primes.

1.2 Notation

In analytic number theory, we frequently encounter complex error terms and asymptotic
bounds. To describe the rate of growth of a function as N — oo, we use the following
standard notations:

e Big-O notation (O): f(N) = O(g(N)) means that there exists an absolute con-
stant C' > 0 such that |f(N)| < C - g(N) for all sufficiently large N. It describes
an asymptotic upper bound.

e Vinogradov symbol (< ): Throughout this paper, we extensively use the notation
f(N) < g(N). Crucially, this is strictly synonymous with f(N) = O(g(N)). While
< typically means "much less than” in other mathematical disciplines, in analytic



number theory, it simply means ”is asymptotically bounded by” (up to a constant
factor). We use it interchangeably with Big-O to maintain the readability of long
formulas.

e Small-o notation (0): f(N) = o(g(N)) is a stricter condition. It means that f(V)
becomes completely negligible compared to g(N), i.e., limy_00 f(IN)/g(N) = 0.

Throughout this paper, ¥ denotes a parameter representing the level of distribution of
primes in arithmetic progressions, typically taking values in the interval (0,1]. We shall
view k as a fixed integer.

All sums and products will be over the natural numbers N = {1,2/3,...}, with the
exceptions of sums and products over p, which will be understood to be over the prime
numbers P = {2,3,... }.

Throughout the paper, ¢ will denote the Euler totient function, 7.(n) the number of
ways of writing n as a product of r natural numbers, and p the Mobius function. Let
w(n) denote the number of distinct prime factors of an integer n. We let x g denote the
indicator function of a set E, so xg(n) = 1 if n € E and xg(n) = 0 otherwise. We
use (a,b) to denote the greatest common divisor of a and b, and [a, b] denotes the least
common multiple of @ and b.

2 Uniformity in arithmetic progressions and estima-
tion over arithmetic functions.

Let n € N and define the arithmetic function

O(n) = {logn if n prime,

o otherwise

and the counting function for primes in an arithmetic progression a (mod ¢) (where the
modulus is ¢ € N, and a is an integer coprime to ¢, typically bounded by 1 < a < ¢q) is

defined as:
O(N;q,a) = Z O(n).

n<N
n=a (mod q)

Definition 2.1. We say the primes possess a level of distribution ¥ if for any A > 0 and
e > 0, the following estimate holds for the range of moduli ¢ < NV~¢:

N
w<q>‘ < Tog )7

0(N;q,a) —
i (a,q)=1 ( )

where the implicit constant depends on the choice of A and ¢.

Claim 2.2 (Elliott-Halberstam Conjecture). The primes have a level of distribution 9
for any value in the interval (0, 1].

That is, the distribution is ”uniform” for almost all moduli up to N!'=¢. While the
full range (0, 1] remains a conjecture, we rely on a cornerstone unconditional result that
establishes a guaranteed baseline for this distribution:



Theorem 2.3 (Bombieri-Vinogradov Theorem). The primes have a level of distribution
v =1/2.

In other words, the distribution of primes in arithmetic progressions is well-understood
for the range of moduli ¢ € (0, N*/2~¢].

While theorems like Bombieri-Vinogradov provide powerful average estimates for the
distribution of individual primes, proving bounded gaps requires us to simultaneously
track multiple prime conditions. This necessitates a shift in focus from the macroscopic
distribution modulo ¢ to the microscopic arrangement of prime clusters.

Specifically, to search for prime clusters of the form n + hy,...,n + hy, we must
first ensure that there are no trivial divisibility barriers inherent to the chosen shifts.
To formalize this, for any prime p and a tuple H = {hy,...,hs}, let v,(H) denote the
number of distinct residue classes modulo p occupied by the elements of H. Equivalently,
vp(H) is the number of distinct solutions n (mod p) to the congruence Hle(n +h;)=0
(mod p). For squarefree integers ¢, we extend this definition to v,(#) by multiplicativity.

Definition 2.4 (Admissibility). Let k € N. A set of shifts H = {hy,...,hx} consisting
of k distinct non-negative integers is called admaissible k-set if, for every prime p, the
elements of H do not cover all residue classes modulo p. In terms of our notation, this
requires:

vp(H) <p for all primes p.

When a set of shifts H is admissible, the corresponding sequence (n + hq,...,n + hy)
evaluated at an integer n is referred to as an admaissible k-tuple.

Intuitively, if v,(H) = p for some small prime p, it means H covers every single residue
class modulo p. Therefore, for any choice of integer n, at least one of the shifted numbers
n + h; will be a multiple of p, and thus they could never all be prime simultaneously for
large n. For example, consider the 3-set Hpq = {0,2,4} modulo 3, its elements fall into
the residue classes 0,2,1. Thus, v3(Hpq) = 3, meaning it covers all classes and is not
admissible.

We denote by H (k) the diameter of the narrowest admissible k-tuple, defined as:

H(k)= min (maxH — minH).
H admissible
For instance, the narrowest admissible 5-set is Hs = {0, 2, 6,8, 12}, which yields H(5) =
12 since vp(Hs) = 1 < 2, 5(Hs) = 2 < 3, and v3(Hs) = 4 < 5; for prime p > 7, it
automatically guaranties v,(#Hs) < 5 < p. Through extensive computational searches,
the diameters for much larger k£ have been precisely determined. A critical value for later
theorems in this paper is the diameter of the narrowest admissible 105-tuple, which is
known to be H(105) = 600 [11].
We define the von Mangoldt function and apply the von Mangoldt identity

n  )logp if n=p™ with p prime,
=2 _nl(d)log~ .
™ 0 otherwise.

Thus, it allows us to distinguish prime powers from composite numbers. In general, the
generalized von Mangoldt function is defined as

=Y uld (log )k

din



it vanishes if n has more than & prime factors (that is, Ax(n) = 0 if w(n) > k). To see
this, consider the Dirichlet generating function of Ag(n):

PR ( “ﬁ?) (Z ml ) = o (D),

n=1 n=1

Using the Euler product representation ((s) = [, E,(s) where E,(s) = (1 —p~*)~", and
applying the generalized Leibniz rule for the k-th derivative of an infinite product, we

have:
(W) _ Egl(s)  Epi(s)
((s) 2 2 Ep(s) = Ep,(s)

i1+-+im=k D1,....Dm Pm

Since each term in the sum is a product of at most k factors (as > i; = k and each
B (s)
Ep(s)
single prime p, the resulting series is supported on integers n with w(n) < k. Therefore,
if w(n) > k, the coefficient Ax(n) must be zero.

For an admissible k-set H, let

i; > 1), and each factor is a Dirichlet series supported only on the powers of a

By using the generalized von Mangoldt function, we can detect if every n + h; is a prime
power.

Lemma 2.5. If A,(P(n)) # 0, then P(n) has ezactly k distinct prime factors for suffi-
ciently large n.

Proof. We proceed by contradiction. Suppose that Ag(P(n)) # 0 but w(P(n)) =r < k.
Then, let py, ..., p, be the prime divisors of P(n), and for each i, we label the specific term
n+ hjg) for which the prime power p§* || n+ hj(; is maximized, so that for any other term
n + hj, it is divisible by an equal or lower power of p; (if there are multiple terms with
the maximized prime power, we simply take one of them). By the Pigeonhole principle,
we can take a n+ h; different from each n + hj(;). Then, for any prime power p; dividing
n + hy, there exists another term n + hj(;) that is divisible by an equal or higher power
of p;. Consequently, p] must divide their difference: (n + hy) — (n 4+ hjw) = hy — hjq).
Therefore, since this holds for all prime powers dividing n + h, this yields

n+hy | T hs—hyl,
1<j<k
J#J
and son < n+ h; < C, where C' is some constant determined by H. However, since we
fixed a k-set while taking n — oo, it is impossible. O

In practice, the exact function Ay is analytically difficult to compute. Sieve theory
overcomes this by using a truncated function that mimics the behavior of A, while re-
maining computable. Provided with n € (N,2N] and R = o(N) as R — 00, we mimic
Ak (P(n)) using the truncated function

Nen(P(n) = 3 ) (1g§)

d|P(n)
d<R

6



This summation is restricted to small divisors d < R, ensuring that the resulting sums
are mathematically tractable while remaining sensitive to prime clusters.
For any real number «, let ¢ € N, and define

Ta(q) = a7,

when « is a positive integer, this agrees with the definition of the divisor functions, i.e.,
the number of ways to represent g as « positive factors. Clearly, for real a; and as, and
y, we see that

Toy (Q)TO‘2 (Q) = Tagas ((]), (Ta(q>>y = Tay (C])

Lemma 2.6 (Lemma 2, [3]). We have, for any o € RT and x > 1,

> M(Q)QTQ((D < (a+1+logz)**t,

and
> 1(@)*7alg) < z(a+ 1+ logx)*H.

3 Goldston-Pintz-Yildirim’s Approah

To elucidate GPY’s approach to Theorem 1.1, we adopt a narrative and analytic strategy
closely mirroring that of Granville [4, Section 4].

3.1 The set up

Let H = {hq,...,h;} be an admissible set of k-sets. For any integer n € (N,2N], we
consider the corresponding evaluated k-tuple (n + hq,...,n + hy). To find clusters of
primes, our goal is to construct a suitable non-negative weight function w(n) > 0 such

that:
k
Z <Z O(n + h;) —rlog 3N> w(n) >0 (1)

N<n<2N \i=1

for some positive real parameter r > 0.
For n € (N,2N], if n + h; is a prime, we have the strict upper bound 6(n + h;) <
log(2N + hy) < log 3N for sufficiently large N. If the shifted component is composite,
O(n + h;) = 0. Thus, if the tuple at n contains exactly m primes, the inner sum satisfies:

k
ZQ(n—i— h;) < mlog3N.

=1

Since the weight w(n) is non-negative by definition, the only way the entire sum over all
n € (N,2N] can be strictly positive is if there exists at least one n where the expression
inside the large parentheses is strictly positive. This requires:

k
mlog3N>ZQ(n+hi) >rlog3dN = m >r.

=1



Since the number of primes m must be an integer, this inequality guaranties that there
are at least m = |r| 4 1 primes in the tuple (n+ hq,...,n+ hy). This immediately yields
that there exists some n € (N,2N] such that there are at least m prime components in
the k-tuple, in particular,

liminf(pyim—1 — pn) < maxH — min H.

n—oo
(In the classical GPY argument aiming for H;, one simply attempts to achieve this
positivity condition with » = 1, ensuring at least 2 primes).

The most direct idea is to take weight w(n) equal to the generalized von Mangoldt
function (Ag(P(n))) introduced in Section 2, which perfectly isolates the case where each
n + h; is almost prime. However, substituting A directly into our sum is analytically
intractable because it requires summing over all divisors without restriction.

To overcome this, we follow the classical sieve approach and mimic the behavior of
Ay using a smoothly truncated weight Ay . We define the non-negative weight:

2

w(n) = Z A(d (2)
iz

where the coefficients A(d) are explicitly defined as:

Ad) = ul(d)~ <1ogf)u

u!

for a truncation level R < N3 and some integer uw = k + [ with [ > 0 as a non-negative
parameter. The extra parameter [ provides the crucial degrees of freedom needed to
optimize the sieve.

3.2 Evaluating the sum.
We expand the sum (1) using (2) with » = 1 and obtain

D> Ad)A Z > O(n+h)—logdN > 1 (3)

d1,do<R i=1 N<n<2N N<n<2N
[d1,d2]|P(n) [d1,d2]P(n)

Here, the condition that both dy and dy divide P(n) is mathematically equivalent to
saying that their least common multiple, ¢ = [dy, ds], divides P(n). Note that for ¢ to
contribute to this sum, we must have ¢ square-free. This reduces a double divisibility
condition into a single congruence condition modulo ¢, allowing us to evaluate the inner
sums.

Notice that for a prime p | P(n), we have n = —h; (mod p) for some h; € H. The
quantity v,(H) counts the number of distinct solutions for n modulo p. For a square-free
¢, the Chinese Remainder Theorem tells us that the total number of solutions modulo ¢
is simply the multiplicative extension v,(H).

Evaluating the second inner sum in (3): For the simpler sum )1, we are just
counting integers. The number of integers n € (N,2N] belonging to a specific residue

8



class modulo ¢ is simply % + O(1). Since there are v,(H) such valid classes, the second
inner sum evaluates to:

(log 3N) v, (H) (% + 0(1>> .

Evaluating the first inner sum in (3): The sum involving #(n + h;) is more delicate
because 6(n + h;) is zero unless n + h; is prime. If n + h; shares a common prime factor
with ¢, it cannot be prime (ignoring negligible cases where n + h; = p). Therefore, we
must restrict our sum to residue classes modulo ¢ where (n + h;,q) = 1.

For each prime p | ¢, the condition p | P(n) originally gave v,(#) valid residue classes.
However, the coprime condition (n + h;,p) = 1 explicitly forbids the class n = —h;
(mod p). Thus, exactly one residue class is excluded, leaving v,(H) — 1 valid classes per
prime p. We denote this modified multiplicative function as v, (H)*.

For each of the k£ terms in the outer sum Z ~_, there are v,(H)* valid residue classes
modulo ¢. The sum of f over each such coprime class in the interval is approximated by
the expected average ( plus an error term F(N,q). Summing over all &k indices gives:

Xn

£ (1)) (SD(Q)

where Xy = ) ye,cony 0(n), and

+O(E(N, q>>)

E(N,q) =1+ sup O(n) — —|.
(a.0)=1 Nggw (q)
n=a (mod q)

Combining the results: Putting both evaluations back into (3), we have

> Ad)A(do) (k (vg(H)") (ﬁ + O(E(N, q))) —log 3N v,(H) (ﬁ + o<1>>) .

wan v(q) q
(4)

3.3 Bounding the error terms.

We now evaluate the error in (4), and note that the latter can be absorbed by the first
error term. Trivially v,(H) < k“@ = 74(g), the total error is then bounded by

< (log R)™k > pu(q)*7(q)7s(q) E(N, q).

q<R?

The limit ¢ < R? arises because g = [dy, do] with dy,ds < R. The term 73(q) accounts for
the number of ways to form a specific ¢ from divisors d; and dy (bounded by the number
of ways to write ¢ as a product of 3 factors).

To handle this sum, we split £ (N, q) into 1+ (E(N, ¢) —1) and apply the Cauchy-Schwarz
inequality to separate the E(N, q)—1 term. Combining this with the bounds from Lemma
2.6, the error becomes:

2 2
< kR%(3log R)3k+2u+1 + k(log R)2 Z M )*Tok2 ( Z —1)2

q<R2 q<]%2

9



by the trivial bound for E(N,q) — 1 < % log N, we have the bound for the latter term

< k(log R)*"y/ (log R2)%**\/2Nlog N | (E(N

q<R?

9k2 +1 A

< kN (log N)

To rigorously bound this, we must apply the Bombieri-Vinogradov Theorem (Theorem
2.3). However, a technical subtlety arises: our error term E(N,q) is defined over the
dyadic interval (NNV,2N] using Xy, whereas Theorem 2.3 is formulated over (0, N| using
N. We bridge this by noting that by the Prime Number Theorem, Xy = 0(2N)—60(N) =
N + O(N/(log N)¢) for any C' > 0. Consequently, the discrepancy over (N,2N] can be
effectively bounded by applying the Bombieri-Vinogradov theorem twice (once for z = 2N
and once for z = N).

Furthermore, to legally apply Theorem 2.3, our maximum modulus must satisfy ¢ <
R? < N'Y27¢. Therefore, we explicitly choose our truncation level to be R = N 179 for
some small fixed § > 0 (so that 20 = ¢).

Because the Bombieri-Vinogradov theorem grants us a saving of O(N/(log N)#) for
any arbitrarily large constant A > 0, we can choose A to be sufficiently large to comfort-
ably dominate the %QT“ exponent of the logarithm, provided k is relatively small (e.g.,
k < \/(log N)/18). Hence, the total error term is bounded by O(N/(log N)*) for some
new large constant A’, which becomes completely negligible compared to the main term
and is thus absorbed into o(N).

3.4 Perron’s Formula

To asymptotically evaluate the main terms from the sieve, we encounter sums of multi-
plicative functions over divisors, such as » , p W. In analytic number theory, the
standard machinery for estimating such discrete sums is to encode the sequence into a
Dirichlet generating function and then extract the partial sums using Perron’s Formula
via contour integration in the complex plane.

For the simplicity of demonstration, we consider the case where [ = 0 so that u = k.

Our sum becomes:
Md)va(H) 1~ p(d)va(H) (,  R\"
2 d _k:!z d log 7| -
d<R d<R

Let (c¢) denote the vertical contour s = ¢+ it with —oo < ¢t < co. For ¢ > 0, Perron’s
formula states:

1 x® 0 ifo<z <1,
i a5 =0 1 k
T J(e) S alogx)® if x> 1
Applying this to the sums of multiplicative functions over divisors, we can rewrite it as:

k
,u yd R 1 R?
E i IR B 5
2l (Og d) i /(1) (5) G s

d<R

where F(s) is the Dirichlet series:

)= > M T (1- 2

p

10



We can extract the behavior of F(s) by comparing it to the Riemann zeta function

C(1+ s). We write:
T ()

T 0 ()

Since v,(H) = k for all primes p > max(H), the coefficient of p~(1**) vanishes for large p.
Thus, the Euler product for Gy (s) converges absolutely, making it analytic and uniformly
bounded for o > —% + ¢ for any 6 > 0. We then have the factorization:

GH(S)
C(L+ )"

with the critical value at s = 0 being the singular series:

Gu(0) = &) =[] (1 _ %)_k (1 _ @) |

p

F(s) =

The integrand now has a simple pole at s = 0 (coming from the zeta function and the
cancelation with the denominator). By shifting the contour of integration to a new path
L:s= —m + it (moving it slightly to the left of the imaginary axis but remaining
within the zero-free region of the zeta function), we sweep across this simple pole. By
Cauchy’s Residue Theorem, the main term of our integral is precisely the residue at this
simple pole, which evaluates to G(0) = &(#). The remaining integral over the contour
L decays rapidly and is absorbed into the error term.

To rigorously evaluate the actual double sum involving d; and dy, we extend this ma-
chinery to two complex variables. We construct the corresponding two-variable Dirichlet

series: (@) u(dy)vn(H)
v
817 82 Z ,LL 1 d81 diz 4 :

dy,d2>1

Because the summand is a multiplicative function and the M6bius function restricts it
to squarefree integers, we can evaluate its Euler product prime-by-prime. For any given
prime p, we only have four squarefree cases to consider regarding its divisibility of d; and
dy: ptdi,de; pldi,ptdy; ptdy,p|ds; and p| dy,p| de. Evaluating the summand for
these four cases yields the p-th local factor:

w(H)  w(H) | wH)

1-— — .
1 1 1
p +51 p +s2 p +51+s2

Recall that for all sufficiently large primes p, we have v,(H) = k. To understand the
analytic behavior of F(s1, ), we isolate its poles by comparing this local factor to the
Euler factors of the Riemann zeta function. By matching the first-order terms, we can
extract the singular behavior and factorize the Dirichlet series as:

C(1+ 81+ s0)F
C(1+ s1)RC(1 + s9)*

11

F(Sl,SQ) = G(Sl,Sg),



where G(s1, $2) is an Euler product that converges absolutely in a wider region past the
imaginary axes.

Applying Perron’s formula twice (once for each variable), the discrete double sum
transforms into a continuous double contour integral:

1 + 81+ 82) R81+82
G ————=ds1dss.
/ / 1—|—81 kC 1 +82) (51752)S]1€+1S§+1 51452

27rz

This integral representation reveals the intricate coupling of the GPY method: the terms
C(1+4s51)*¢(1+52)* provide the necessary poles to extract main terms, while the numerator
C(1+ 51+ s9)F acts as a zero that heavily influences the cross-terms. By carefully shifting
these contours, evaluating the multidimensional residues, and subsequently optimizing
the parameters k£ and [, this rigorous complex analytic machinery establishes the bounds
in Theorem 1.1.

4 Maynard’s Multidimensional Sieve: Key Ingredi-
ents

The new ingredient of Maynard’s approach is the use of a more general form of sieve
weight w,, > 0. Let H be a k-admissible set, considering the sum

S =S5(N,p) = Z (pr(n+hi)—p>w

N<n<2N

where p > 0, and S > 0. Similar to Section 2, this yields that there exists some n €
(N,2N] such that there exists at least |p| + 1 prime components in the k-tuple. The
idea here is to apply the following ”W-trick” and k-dimensional weight (see more details
in Section 5). Let W = [[ ., p with w = logloglog N. Recall from Section 2 that
because our k-set H is admissible, it does not cover all residue classes modulo any prime.
Specifically, for every prime p | W, there is at least one residue class that avoids H.
Then, by the Chinese Remainder Theorem, we can choose vy (mod W) such that for all
n satisfying n = vy (mod W), we have (n+ h;, W) = 1 for each i. We now transform the
sum S into S; — pSs where

S, = Z Z Ndy....dy

n=vg (mod W)

Sp= (Zxﬂm(nmi)) > N

N<n<2N di|n+h;Vi
n=vg (mod W)

2

Pt;oposition 4.1. Let the primes have an exponent of distribution ¥ > 0, and let R =
N2 for some small fized § > 0. Let Ndy...d, be defined in terms of a fixed smooth
function F by

M(H L Ti)° (log 1 log Tk)
)\d e , M - 1= F e
1 <H ) 2 T e \logR" " logR
d;|r;Vi
(T’iy[‘/):lVi

12



whenever (Hf:1 d;,W) =1, and let Ay, ... 4, = 0 otherwise. Moreover, let F' be supported
on Ry = {(x1,..., ) € 0,1 : S°F &, <1}. Then, we have

(1+ o(1))e(W)*N(log R)*
Wk+1

1+ o(1)e(W)EN (log R &~ .
52:( ()Q/OISHfog]Ezg ) S J(F)

S =

I(F),

m=1

provided I(F) # 0 and J,gm)(F) # 0 for each m, where

/ / (tr,. bt dty,
1 1 1 2
0 0 0

Intuitively, one can think of I (F') as the "total mass” or ”variance” of our weights,
while J,Em)(F ) represents the "success rate” or "expected contribution” of detecting a
prime specifically at the m-th position of our tuple (from S;). The goal of the entire
method is thus reduced to an optimization problem: finding a shape for the function F
that maximizes the ratio of the total expected prime contributions to the total weight
mass, denoted by M.

Let Si denote the set of Riemann-integrable functions F : [0, 1]* — R supported on

Ri = {(21,...,2) € [0,1]F : SF 2, < 1} with I,(F) # 0 and J™(F) # 0 for each m.
Let
k (m) r
Mk = sup Zm:l Jk ( )

Since for any Fy € Sk, we can find a F; smooth function satisfying the properties in
Proposition 4.1 with ||F} — Fo|l2 < . Then the sum is

k
o _ V)N (log R)* <logR S,

T {Tog ~ pL(FY) + o<1>>

S @(W)kN$§+?)kfk(Fl) ((g = 5) (My —26) — p+ o(l)) :

Take p < ’9M’“ , then S > 0 for all large N, provided ¢ is sufficiently small.

Proposition 4.2. Let k € N. Then
(2) Migs > 4.
(3) If k is sufficiently large, My, > logk — 2loglogk — 2.

By Proposition 4.2 and the bounds for H(k), we can establish Theorem 1.3.
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5 Explanation of the refinements

5.1 The ”W-trick”

This technique was discovered in 2004 by Terence Tao and Ben Green [5] to avoid biases
(mod p) < w and to consider only selected residue classes modulo W. To understand
this intuitively, consider that prime numbers are not randomly distributed among all
integers—they obviously never fall on multiples of 2, 3, or 5 (except for the primes
themselves). If we search for primes without accounting for this, our sieve wastes ”energy”
by considering residue classes that are guaranteed to be composite. In particular, such
a useful device can be applied to GPY’s argument where &(#) has a factor v,(H) that
needs to be taken care of when p is small (v,(H) = k, if p > hy) [13]. By pre-selecting an
integer W = Hpgw p (for a slowly growing w = logloglog N) and restricting our search
strictly to n = 1y (mod W), we manually bypass these small primes.

In Maynard’s construction, the “W-trick” is extremely useful because It removes the
complicated singular series G(#H) that caused difficulties in the original GPY argument.
Furthermore, if we restrict r to be squarefree and coprime to W, arithmetic functions
like Euler’s totient ¢(r) and the multiplicative function g(r) (defined by g(p) = p —2 on
p primes by multiplicity) become almost identical to 7 itself (i.e., $ =1+ 0(1),ﬁ =
14 o(1)). This brilliant simplification ensures that when we evaluate the ratio Sy/Sj,
we only need to focus on optimizing the continuous function My, cleanly separating the
analysis from messy arithmetic functions.

5.2 1 dimensional v-s. multidimensional

The fundamental limitation of the GPY method lies in its 1-dimensional sieve weight:
d | TTi_,(n + h;). This structure treats all prime factors of the tuple symmetrically. Tt
assigns a single variable d to the entire product, analogous to forcing a multidimensional
function to be in the form of F(¢y,...,t;) = g(t1 + - - - + ;). This rigid form restricts the
maximum possible value of My to at most 4. This rigid symmetry artificially constrains
the optimization space. It has been proven that under this symmetric constraint, the
ratio M} is bounded strictly by M, < 4. Recalling our golden inequality p < 19—];4’“,
and knowing that the Bombieri-Vinogradov theorem only gives ¥ = 1/2 unconditionally,
the 1-dimensional GPY method is absolutely capped at p < 1. Thus, it can never
unconditionally prove the existence of intervals with 2 or more primes (which requires
p=1).

Maynard’s breakthrough was to shatter this symmetry by introducing a multidimen-
sional sieve weight. By assigning a separate divisor variable d; | (n+h;) to each individual
component of the tuple, the coordinates t1,...,t. become flexible and dependent. This
multidimensional construction grants the extra degrees of freedom needed to push M > 4
(and eventually grow to infinity with k), thereby breaking the p = 1 barrier completely
and unconditionally.

14



6 Choice of F' € §;,

6.1 Choice of smooth function for large k.

We choose F' to be the form

F(t 1) = Hf=1 k%g(kti)a if Zf:l t; <1,
P, otherwise,

for the smooth function g : [0,00) — R supported on [0,7], with T to be chosen later,
normalized so that ||g||o = 1. Then, F is symmetric, and Jém)(F ) is independent of m.
For simplicity, write J;, = J,El)(F), Iy = I,(F). We have

00 k
Ik—/.../F(tl,...,tk)2dt1...dtk<kk (/ g(kt)th> <1
0
R

It follows that

00 2
M, >k // (/ F(tl,...,tk)dtl) dty ... dty,
0

t2+"'+tk<1*%

=k // <ﬁ(k5g(kti))k 2

i 0
tortrttp <l =T N

_ (/Ooog(t)dt)z // (ﬁkég(lsti))thg...dtk. (5)

totettp<1—L

[NIES

Evaluating a (k — 1)-dimensional integral directly when k is large is extremely difficult.
However, Tao [12] beautifully observed that we can interpret this integral using proba-
bility theory. Notice that the integrand I_I(k:%g(k;ti))2 acts exactly like a joint probability
density function.

Let us define independent, identically distributed (i.i.d.) random variables Xi, ..., Xj_1
whose probability density function is given by ¢(¢)2dt. The massive multiple integral (5)
is then exactly equal to the probability that the sum of these random variables falls within
a certain range. Specifically, it yields:

e’} 2
Mk}(/ g(t)dt) PXi+-+ X1 <k=T).
0

Let 7 = X; +--- 4+ Xj;_1. We estimate the lower bound for the above probability as
follows. First, we define the mean of our underlying distribution as:

uz/ tg(t)?dt.
0

By linearity, the expected value of the sum is E[Z] = (k — 1)u.
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To bound the tail probability, we observe that P(Z < k—T)=1—-P(Z > k—1T).
We can bound the complement by centering the variable:

P(Z>k-T)<P(|Z—-E[Z||>k-T— (k—1)u).

Since the support of ¢ is [0, 7], we can bound the variance of each random variable by
its second moment: Var(X;) < E[X?| < TE[X;] = Tu. Applying Chebyshev’s inequality
to the sum Z (and assuming k — T > (k — 1)u for our eventual choice of g), we establish

the lower bound:
(k—1)Tp

(k=T — (k= 1))
By relaxing the parameters slightly for simplicity, this yields the clearer bound:

P(Z<k-T)>1-

kT

PZ<k-T)>1—— -1
( ) (k=T = kp)?

Since k — T > ku, we have p < 1, this leads to

s (008} (- s=)

To maximize our lower bound, we wish to maximize the integral fOT g(t)dt subject to the

constraints fOT g(t)%dt = 1 and fOT tg(t)?dt = p. We incorporate these constraints using
Lagrange multipliers o and 3, constructing the functional:

ct9)= [ stoi—a ([ owrai—1) -5 ( [ rotera—n).

By the Euler-Lagrange equation, a necessary condition for a local extreme is that the
functional derivative with respect to g must vanish. Therefore, the Euler-Lagrange equa-
tion simplifies dramatically to just setting the partial derivative of the integrand with
respect to g to zero for all t € [0, T7:

0

5 (9(0) = ag(0)? = Big(1)") = 1~ 2ag(s) ~ 2pt9(t) = 0.

Solving for ¢(t), we obtain the explicit form:

1

9(t) = 200 + 23t

Note that the ratio kJy /I is not affected by multiplying g by a positive constant. There-
fore, we can factor out the constant terms and restrict our attention to functions of the
simpler form ¢(t) = 1/(1 + At) for ¢ € [0, 7] and some constant A > 0. We quote the
choice of A =logk — 2loglogk > 0, and 1 + AT = e4 for the choice of T by Maynard.
This ensures k — T > ku for k large and My > logk — 2loglog k — 2.

6.2 Choice of weight for small &

To maximize the ratio with small k£ we need to consider when such F' is optimal.
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Lemma 6.1. Let %, denote the linear operator defined by
k l_zz#m Uq
L F(uy, ..o ug) = Z / F(ug, . o U1, by U1y - - -, Ug )by,
m=1v0

whenever (uy, . .., u) € Ry, and zero otherwise. Then F mazimizes the ratio Y. _| J,gm)(F)/Ik(F)
if F' is the eigenfunction for £, and the corresponding eigenvalue is the value of the ratio
at F.

Proof. We define the inner product on S, as

(F,G) = / : -/F(tl, o) Gt )y L dEy
R
Then I}(F) = [ --- [ F2dt = (F, F), and by Fubini’s Theorem, we find that

iNﬁWw:mzw»

m=1

so that
Sk IUUR) (F, 4T
R(F) = = = T )

Note that such R(F') is maximized if

s - SELE)E Jz} - <>1; LE)SFF)

where 6(F, 4. F) = limoc((F+€edF, L. (F+edF)) — (F, £ F))/e with 6 F is a sufficiently
small perturbation. Since .}, is linear and symmetric, and the inner product is symmetric,
this gives

NF, L F) = (0F, 4. F) + (F, 4.0F) = 2(0F, 4. F).

It follows that the numerator of R(F) is
20F, LF)(F, F) — (F, 4,F)2(6F, F) = 0,
and by dividing 2(F, F'), we have

(F, 4.F) _
(F, AF) = == S OF ) =0,

If we plug R(F') into the previous equation, it yields
(0F, 4, F — R(F)F) = 0.

Therefore, R(F') is maximized if 2 (F) = R(F)F; in other words, F is the eigenfunction
of £}, with R(F) being the eigenvalue, so that M} = suppcs, R(F). O
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However, solving the operator equation .2, (F') = A\F' exactly for an arbitrary k is ex-
tremely difficult with current analytical techniques (it remains unsolved for k& > 2). Since
we cannot find the exact infinite-dimensional optimal function F', we compromise. We
restrict our search to a finite-dimensional subspace of polynomials because any function
in L? can be approximated by polynomials. Hence, we consider the optimal function F
of the form

P(tq,... if ot
F(tl,,tk):{ (17 ’tk)’ 1 (t17 3 kj)eRk,

0, otherwise.

Note, if F satisfies £, F' = AF, then for any permutation of ¢y, ..., tx, F(o(t1),...,0(tx))
is also an eigenfunction. Therefore, if we take the average of the sum of F' with every
permutation of £, ...,t;, we obtain a symmetric function that is also an eigenfunction.
Therefore, we assume that the optimal function is symmetric. Recall that in algebra, all
symmetric polynomials can be written as a polynomial expression in the first k& (number
of variables) power sum symmetric polynomials P; = Zle mf .

The trick is that we do not need to go through every expression with first & power
sum symmetric polynomials. Maynard cleverly restricted the search space to a specific
tractable form:

d
P=> a(l—P)"P5
i=1

where a; € R are coefficients to be determined, and b;, ¢; are fixed non-negative integers.
For such a form of P, it is enough to obtain an eigenvalue R(F') ~ 4.002 > 4 with k& = 105.

But why this specific form? Because integrating polynomials of this type over a
simplex Ry can be explicitly computed using the Beta function identity. This reduces
our impossible calculus problem to a solvable linear algebra problem. Both the numerator
J,gm)(P) and the denominator I;(P) become positive-definite quadratic forms in terms of
the coefficient vector a = (ay,. .., aq):

SE_LIIN(P) T Asa

m=1

[k<P) N aTAla

where A; and A, are computable symmetric matrices.

Lemma 6.2. Such a ratio is mazimized when a is an eigenvector of AT Ay corresponding
to the largest eigenvalue of AT*Ay. The value of the ratio at its maximum is this largest
eigenvalue.

Proof. Since multiplying a by a scalar doesn’t affect the ratio. WLOG, we assume that
a’ Aja, and apply the Lagrangian equation to maximize a’ Asa subject to the constraint
a’Aja = 1, it yields
L(a,\) = a’ Aya — Ma' Aya — 1)
with A > 0 and
oL
0= == 2A2a - 2)\141(1 = 0.
da
It follows that
a"Asa  a"MAa
aTAja  aTAa

(A1 Ag)a = Aa, =\
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7 Sieve asymptotics

7.1 Selberg sieve manipulations

We restrict the support of Ag, . 4, to tuples for which d = Hle d; < R holds with
wu(d)* =1 and (d, W) = 1. Now, we expand the sum S; and Sy with this choice of Ay, 4,
and obtain

2
S = Z Z )\dl,...,dk = Z )\d17---7dk)\517---7ek Z L.

N<n<2N d;|n+h;Vi di,...,dg N<n<2N
n=vy (mod W) €1,--5€k n=ry (mod W)
[ds,ei]|n+h;Vi

We take N large with W > hy. If ([d;, €], [d;, e;]) > 1 for some i < j, then (n+h;, n+
h;) > 1 and ([d;, e;], [d;, e;]) < h;j —h; < hy, which is impossible. Hence, with the support
of Aa, .4, we consider W, [dy,eq],...,[dk, ex] to be pairwise coprime; otherwise, the sum
is 0. Then, by CRT, the inner sum is N/q + O(1) where ¢ = WHle[di, e;]. This gives

2 e1,...,e !
= — Z d1, ,dk 15+9€k —|-O< Z |)‘d1,...,dk>\e1,...,ek’)

W, o, Tinldied i, dy
€1,-- ,ek €1,..-,6k
!/ . . . . . .
where > " is used to denote the restriction for [dy,e1], ..., [dk, ex] to be pairwise coprime.

Put Apax = supy, 4, |Ady,...a, |, the error is then
<Au(X Tk(d)> < X2 R2(log R)*
d<R

For the main term, we apply the identity

1 1
[di, ei] - d;e; Z o(ug).

ug|ds,e;

It follows that i

N (H ! >\d1 u-dk)\el <€k
w2 (Tew) 3 oo,
w ul,oup =1 di,eond (ITimy di) (L= €d)
wilds i
The requirement for [dy, 1], ..., [dk, ex] to be pairwise disjoint can be written as (d;, e;) =

1 for all i # j since Ay, 4, = 01if (d;,d;) # 1 for some i # j. By applying the identity

1 ifn=1
d) = ,
Z ) {0 otherwise

dn

this transforms the main term to

k Ady,dy Aer,en
= (ITew) S (11 wew) X T

. .. . . [

UL yeeyUly =1 81,258k k—1  1<4,j<k diye.dp =1 " =1 "7
i#] €1,--,€k
w;|d;,e; Vi

si,5lds,e51#]
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The sum over s;; remains the same when restricting (s;;,u;) = (s;;,u;) = 1 and
(i Sia) = (8ij,8p;) = 1 for all @ # j, b # i, and is denoted by >.*. Then, Maynard
makes a change of variable by letting

k
_ ) ] >‘d1,~~~,dk.
— (gmms@(m) 3 T

di,...,dp L Li=
ri|d;Vi

Ymax = SUup ‘yT17~--,7"k|'

T1yesTk
By applying Mobius inversion, we have
k
)\dl,u-,dk o Z Yri,ri o Z (H M(T)) Z )\61,~~~7€k
% - k - i %
[T nldi)di o Tl o(r) T Vi errmer Lzt €
d;|riVi d;|r;Vi ri|e;Vi
— E 77777 E H ,LL TZ
€1,..,€ H'L 1 7’ T1y--Tk 9=1
di|r;Vi
rile;Vi
. . k
Thus, any choice of y,,, ., supported on 71, ..., 7, with the product r = [[,_, r; square-

free and satisfying » < R and (r, W) = 1, will provide a suitable choice of dy, ..., d.
Now, since d/¢(d) = >_,,1/¢(e) for square-free d, we find by taking 1’ = 1., 7:/d; that
)\max < ymax<10g R)

Hence, the error term O(A\2,, R*(log R)*) is of size O(y?,,, R*(log R)*). As for the main
term, write a; = w; [, s;: and b; = u; [],; 8i5, then (a;,a;) = 1, p(a;)*> = 1 for all
1 # 7 and similarly for all b;’s. This gives us

k
N () [L 317
W Z < gp(u)) Z < : >a1 ..... arYby,... by -
UL,y 1=1 g

81,250++58k, k—1 1<t ]<k’
1#]

In this way, the contribution when s; ; > Dy is

ymax ( Z f(u ) ( usm )<s>1ui )’f“f—l«yﬁlaxw(v‘?//gffVl)(iogR)k.

()—

When s; ; = 1 with ¢ # j, the rest of the terms are

N S 2 (W) N (log R)*
Si= 3 Vs +O<ymaxso(Wk)+1D( og i) )
UL,y U Hi:l 90<U’L) 0

For Sy, we write S5 = S2F _ S{™ where
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Similarly to what we do in previous analyzes and GPY’s argument, by putting

ym (H““ “) 2 %

dy,..dg
ri|d;Vi

dm=1

where ¢ is a totally multiplicative function defined on primes by g(p) = p — 2, for any
fixed A > 0, we have

. N 7(fﬂ) )2 r(nrgzi 2(W)* 2N (log N )F—2 2 N
sim = 3 (Y1) +O((y )" ( )k_1 1og N)™™ | Yimax A)
p(W)log N &~ T, g(r) W=D, (log V)

Now we relate our new variables y,(fln)rk to the y,, ., variables from 5.

Tk

Lemma 7.1 (Lemma 5.3, [7]). If r,, =1, then

(m yﬁ, 5Tm—1,8m,T"m+15--Tk O<ymax90(W) 10gR>
ym Z @(am) + WD() :

7.2 Smooth choice of y

Our goal is to choose ¥,, ..., so that the ratio of the main terms of S; and Sy is maximized.
We apply the Lagrangian Euler equation to maximize Sy subject to the constraint of S,
and apply Lemma 7.1 so that

Yriyr 7“1, SPm—1,1,"m 1,k
)\ _
T[T o(r) Z [T 9(ri)p(rm)

by taking the partial derivative with respect to v,, ., where X is a fixed constant. Note,

852 352 8y1(“?:‘), i 2 7(‘717? STm—1,1,..,Tk 1

aylemﬂ"k B aygrj.)_.717rm+17.._7,,,k ay?‘l, T Hz;émg Tl) 90<Tm)

Hence,

)\yn,.l., (H 90 > Z g er) Tm—11 Pt 1o TE

r
Zlgz

Since the variables y,, _, are supported on integers free of small prime factors, we have
o(r) = g(r) ~ r for most such r, and so the above relation simplifies to:

k
by _ (m)
Yrisery = Yriseorme1 1Pt e

m=1

At this stage, we are faced with a massive discrete optimization problem. Finding the
exact discrete values of y,, ., that maximize our target ratio is analytically intractable
due to the arithmetic fluctuations of the divisors. However, standard sieve theory heuris-
tics suggest that the optimal weights should not fluctuate wildly; rather, they should vary
smoothly with respect to the logarithmic size of the divisors.
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To leverage the powerful tools of calculus, specifically to transition from discrete
summations over r; to continuous Riemann integrals. Maynard restricts the search space
by sampling y from a fixed smooth function F. We define:

_ log ry log
ym ..... rE T logRV”’lOgR y
where F : R¥ — R is a smooth function supported on the simplex Ry = {(x1,...,2%) €
0,1)% - S°F 2 < 1}. We also set g, =0 if r =[], 7 is not square free (u(r) =0)

or if (r, W) > 1. Let Fuax = supgy, ey [F (oo te)| + Zl L

-----

,,,,,

OF (1), ,tk)‘. Now,
we substitute this choice of y into our expressions for S; and Sy, respectlvely. This gives

k
N u;)? logu log uy, \ 2 F2 o(W)*N(log R)*
Si = (H’”‘( )>F( e ) o max PUV)" NV (log >).
W U yoeny UL i=1 SO(/U/Z) lOgR lOgR W + DO
(ui,u;)=1Vi#]
(u;,W)=1

Note, we can drop the requirement that (u;, u;) = 1, this contributes to an error

max Z Z HM

p>Dg u1,..., up <R i=1

(ui,W)=1Vi

< Fmﬁ‘N (p—lnz( M(u)z)k

p>Do

u<R

Frax(W)*N (log R)*

< Wk+1 D,

Thus, we are left to evaluate the sum

e pu)? log uy log uy\ 2
Z (H u))F<logR 1ogR>'

Lemma 7.2. Let Ay, Ay, L > 0. Let v be a multiplicative function satisfying
O < M g 1— A1>
p

and

p)l
Z ’Y ) log p 10g3<A2
w

w<p<z

for any 2 < w < z. Let g be the multiplicative function defined by
H V(p
p|d

Assume also that G : [0,1] — R be smooth, and let Gumax = sup;epo 1) (|G(t)] + |G'(1)]).
Then

3 M(d)Zg(d)G<logd> — Glog 2 /0 G(2)dz + Oa, 4y (S LChma),

d<z log 2

22



where
621}(1—%) (1—%).

This is [2, Lemma 4], with x = 1 and slight changes to the notation.
We can now apply this lemma k times, dealing with the sum over each u; in turn. For

each application, we take
L ptW,
v(p) = { T

0, otherwise.

then

lo
L<1+Y 2P «log D,
p|W

it gives that

S (T )r(i . ey - A

Fraxe(W)*(log Do) (log R)'“)

+0( o

where

1 1
Ik(F):/O /O F(ty,...,tp)%dt, ... dty.

Similarly, we can apply this lemma to yﬁﬁ”)

p(W)*N(log R)**
Wktllog N

. and then to Sy; this gives

2. o(W)"N(log N)*
W1, )’

,,,,,

Sim = JF) + o

where

1 1 1 9
J,§m>(F):/O /O (/0 F(tl,...,tk)dtm) dty ... dty 1ty . .. dty.

Therefore, it completes the proof of the first half of Theorem 1.3.

8 Further Applications: Dense Clusters

One of the most significant takeaways of Maynard’s approach is its versatility in handling
subsets where equidistribution results are limited. By choosing a sufficiently large dimen-
sion k, we can establish the existence of intervals containing many primes even in these
constrained settings. The primary goal of this section is to prove the following result
regarding dense clusters:

Theorem 8.1 (Maynard [8]). For any N,m > 1, there are > N exp(—+/log N) integers
no € [N, 2N] such that
(no +m) — m(ng) > logm.

This theorem demonstrates that there are many intervals of length m containing
considerably more primes than the average count (= m/log N) predicted by the Prime
Number Theorem.
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8.1 Set up

Consider the modified sum

S = Z <Zk:)@p(n+hi)—m—kxlg(n))wn

neA(z) =1

for some sets of integers A, B and sets of primes P. If S > 0, this means that there exists
an € A(z) :={n € A:x <n <2z} such that there are at least m + 1 of n + h;’s that
are primes and that n ¢ B.

Instead of taking the ”W-trick” as before, we take W = Hpgsz’p‘Bp for a B integer
to be chosen, and this B functions to reduce the effect from kxg(n). The reason we use k
in the "W-trick” is that we are taking B as a restriction in the uniform estimates of the
prime distribution, and k& functions to control the effect of this error without a stronger
assumption. This yields a term of a singular series, and apart from this, the idea basically
follows from the previous proof of Maynard’s approach.

8.2 Equidistribution needed to prove Theorem 1.4

Lemma 8.2. If z > 2, then of all L-functions formed with primitive characters to moduli
q < z, there is at most one function that has a real zero for o =1 — ¢y /log z.

This is [9, Lemma 9]. Let ¢y < exp(2c¢;/logx) be the real non-principal character y
modulo gy for which L(s, x) has a real zero with ¢ > 1 — cy(logz)~'/2. And for ¢ # qo,
we have the bound [1, Chapter 20]

2(@) ™Y (. x)| <z exp(—3e1+/log )

X

where the summation is over all primitive y mod g and ¢ (z, x) = >_,,., A(n)x(n). Choose
B to be the largest prime factor of ¢ if there exists a real zero; otherwise, choose it to
be zero. Following a standard proof of the BV Theorem, we have

“d.a _@ rexp(—c ogx *M

qggc%_f g<exp(2c1+/logx)
(¢,B)=1 (9,B)=1

In such equidistribution, we are able to compute the size of the error explicitly without
k involved. In other words, we can choose k freely for the sake of limiting the equidistri-
bution results.
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