TWO GEOMETRIC COMBINATORIAL PROBLEMS IN VECTOR
SPACES OVER FINITE FIELDS

EMMETT WYMAN

ABSTRACT. First, we show that the number of ordered right triangles with ver-
tices in a subset E of the vector space ]Fg over the finite field F, is equal to the

expected value ¢ '|E|® up to an error term O(q%|E|%) Second, let E C IFZ.
We give a lower bound for the maximum discrepancy between |E N H| and the
expected value q71|E | taken over all hyperplanes H in IFZ. This result is easily
extended to take H over all hyperplanes and spheres in Fg.
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1. INTRODUCTION

Geometric combinatorics in the Euclidean setting is a classical area of study.
Recently, problems in the setting of vector spaces over finite fields have garnered
much attention. Many of the results in the finite setting have continuous analogues.
Consequentially, vector spaces over finite fields provide an excellent setting in which
to study problems which may have similar results in Euclidean space [6]. In general,
we are concerned with the asymptotic behavior of quantities dependent on a subset
E of Iﬁ'g as ¢ — oo, e.g. the number of distinct distances between points in F, or
the number of distinct areas of triangles with vertices in E (see [10] and [11]). The
following notation will be useful in our treatment of such quantities. Let X and Y
be quantities dependent on q. We write X <Y if X < CY for all large ¢, where C' is
some constant. X 2 Y means Y < X. Wewrite X Y if X SY and Y < X. We
write X < Y if X/Y — 0 as ¢ — oo and we write X > Y if Y <« X. In addition,
we will use big O and little O notation: Y = O(X) if there exists a constant C' such
that |Y| < C|X| for all large ¢, and X =o(Y) if X/Y — 0 as ¢ — oo.
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Often, we will ask how large a subset E of Fg must be in order to ensure that
it contains a certain kind of geometric structure, such as a simplex of particular
volume or triangle with a particular angle. A k-simplex in Fg is a set of k+ 1 points
such that any n — 1-dimension subspace of ]Fg contains no more than n of them. In

[9], D. Hart and A. Iosevich prove that any subset E of Fg such that d > (k;rl) and

dk k
|E| > Cq*+112 where C is a universal constant, then E contains a copy of every
k-simplex up to a rotation (a transformation by a matrix in the orthogonal group)

and translation. In [4], the authors prove that if |E| > qui'zk, then E contains a
positive proportion of non-congruent k-simplices.

In [20], L. A. Vinh gives the following result regarding triangles with vertices in
a subset F of the plane FZ: Let s € F, and suppose |E| > q%, then the number
A(E,s) = [{(z,y,2) € E®: 5= (v —y)- (v — 2)*}| of ordered triangles with vertices
in E of area s is equal to (14 o(1))g | E|>. This result demonstrates that if E is
large enough, then the number of triangles of area s determined by E converges to
the expected value ¢~ !|E|?. Vinh goes on to prove that A(E,0) = (1+o0(1))g | E?
if |[E| > qg. We will prove an analogous result for angles using a similar method.

Another result of interest is due to L. A. Vinh [19] regarding the proportion of
right triangles determined by a subset E of the vector space }Ff]l over the finite field
[F, of q elements for d > 2, as follows.

Theorem 1. Let E C Fg and let D(E) = {(x,y,2) € EXEXE : (x—y)-(x—z) =0}

denote the set of ordered right triangles with vertices in E. Then D(E) contains at
2d+1

least one element if |E| > 2q~ 3

We will give a mild improvement on the constant for the case of d = 2.

In 1954, K. F. Roth published On irreqularities of distribution in Mathematika,
which proves the following result. Let E be a collection of points in the square
[0,1]x]0, 1]. The maximum discrepancy between |EN([0, 2] %[0, y])| and the expected
value zy|E| is bounded below by C'log |E| where C'is a universal constant (see [14]).
We will prove a result in a similar spirit in the finite field setting. Let F C ]Fg and

consider the difference Zg(H) = |EN H|— ¢~ !|E| for each hyperplane H in Fg. We
will show that if F is a sufficiently small subset of Fg, then there exists a hyperplane

H such that |Zg(H)| is asymptotic to qfélE\%

2. FOURIER ANALYSIS IN Fg

Fourier analysis in IFZ is a key technique applied to many problems in geomet-
ric combinatorics, and it will be an invaluable tool in the study of the problems
presented herein. In the following section, we state and prove some of the tools of
Fourier analysis in Fg. Let x = (z1,...,2q) and y = (y1,...,Y4) € ]Fg. Then we
define the dot product

Ty =Ty + -+ TqYd-
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We will also write

||| := -2 = 2% + 22

Let x : F; — C be a nontrivial additive character with the following properties.

L x(z+y) = x(@)x(y)
2. For each x € F,

g ifx=0,
2 X(ma) =1 im0
melFy )

It follows from the above properties that x(0) = 1, x(x) = x(—=z). Moreover, for
any x € IE‘fZl

3 xGa m>—{qd =0
e 0 ifm#0.

For more information regarding additive characters, see [6]. We now define the
Fourier transform on ]Fg and prove some useful properties.

Definition 1. Let f : Iﬁ‘g — C. The Fourier transform f of f is defined to be
fm) =g fl@)x(—z-m).

zeFd

Note that, in particular, the Fourier transform of f at 0 evaluates to

FO)=¢)" fla),

zelFd

the average of f over Fg.

Proposition 1. (Fourier Inversion Formula) Let f : IFfll — C. Then

f@) =3 fma - m).

merd
Proof.
fm)x(z-m)=q¢* > " fly)x(-=m-y)x(m-z)
meFd meFd yeFd
=¢ ") fy) Y x(m-(x—y)
y€Fd y€Fd

4 ¢ ifx=y

—1 yGZIFg {0 ifx#y

= f(z).
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Proposition 2. (Plancherel’s Formula) Let f, g : IFZ — C. Then

> fm)gm) =g~y f(x)g(x).

meFd zcFd
Proof.
Fm)g(m) = ¢ > " fly)x(=z-m) > gy)x(y-m)
meFrd meF¢ zeFd y€Fd
=¢ " > f@)gl) Y x(ly—=z)-m)
z,yefd meFrd
=gy f(x)g(y){qd o=y
0 ifz#y
x,ycrd

=q¢ "> f@)g(x).

zefd

We obtain Parseval’s formula,
S IFmP =) |f @)
merd zelFd

a special case of Plancherel’s formula, by setting f = ¢ in Plancherel’s formula.

3. RigHT TRIANGLES

3.1. Statement of Results. Here we state the main theorem for the distribution
of right triangles in the plane.

Theorem 2. Let E C Fg and D(E) ={(z,y,2) e EXEXE: (x—y)-(x—z) =0}.
Then .
|D(E)| = q Y| E]® + 6q3| B2,
where |0 < 22, with the leading term dominating if |E| > Q%qg. If we assume
¢ =3 (mod 4), then |0] <1+ o(1) and the leading term will dominate when |E| >
5
(1+0(1))gs.

A remark: The main term is the expected value of |D(FE)| in the following sense.
If we define

DT(E) = {(x,y,z) € E3 : (l‘ _y) ’ (.T - Z) = T}’
then £ can be expressed as the disjoint union Urequ D, (F). Hence
B =) IDi(B)],
relfg

and so we expect to find |E|3/q elements in Dy(E) = D(E).



TWO GEOMETRIC COMBINATORIAL PROBLEMS IN VECTOR SPACES OVER FINITE FIELDS

3.2. Proof of Theorem 2. We will make use of the following counting lemmas.

Lemma 1. Let g be a prime power such that ¢ =3 (mod 4). Then for each r € Fy,
{(z,y) €Fs:a” +y° =r}| <q+1.
Proof. We have that
= Ky eFl:a®+y> =r}].
reFy,

Since ¢ = 3 (mod 4), the only solution to z24y? = 0 is the trivial solution x = y = 0.
Moreover, if 71 and 72 are both nonzero quadratic residues in I, there exists A € Fy
such that 7, = A?ry. Hence

{(z,y) €F2:a? +y* =i} = {(\x, \y) € F2: (A2)® + (\y)? =1}
= {A(z,y) € Fj : (Ax)” + (Ay)* = Nra}|
= {(z,9) €F; : 2 +y° = ro}l.

This works similarly if r; and ro are quadratic nonresidues. Note that since —1 is a
quadratic nonresidue, we have

F—1= > W@y eFr:a®+y* =1}
reFq\{0}

qg—1 qg—1
=5 Ny €Fg:a®+y” =1} + = —(w,y) €Fg:a® +y* = -1},
and so
2q+1) = [{(z,y) € F2: 2%+ 32 = 1}] + [{(2,) € F2: 2% 32 = —1}].

Now the number of solutions to #? + y? = 1 where y # 0 is the same as the number
of solutions to b2 — a? = 1 where b # 0 (divide through by 32 and let a = z/y and
b = 1/y), which is equal to the number of solutions to b? — a? = 1 if b is allowed
to be 0. This, however, is equal to the number of solutions to a5 = 1 by letting
a=b—aand f =0b+a. This has ¢ — 1 solutions, and so 22 + 4> = 1 has ¢ + 1
solutions, the extra two solutions coming from x = +1, y = 0. It follows from the
above equation that 22 + y? = —1 also has ¢ + 1 solutions. The lemma follows. [

Lemma 2. Let E C Fg. Then
{(y,2,y,2)€EE" iy+z=y +7 andy- 2=y - '}

< (q+2)|E?> ifq=3 (mod4)
| 2¢+1)|E|? otherwise.

Proof. First consider the case where z = z/. Then y = 3 and the equation y-z = /-2’
is automatically satisfied. There are |E| options for both z and y, and so this case
contributes |F|? elements. Now consider the case where z # 2/. We may choose y
and z in |E| different ways each. After we determine ¢/, there is at most one value
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for 2/ € E. This yields at most |E|? combinations of values for y, z, and 2. Then
we write 2/ = y + 2z —¢/. Plugging into y -z = 3/ - 2/ yields

(%) O=y-z—y (y+2)+ IV

Now write ¥ = (v}, 45), 2 = (21,22), and y = (y1,y2). There are at most ¢ values
which we could fix for ¢}, and then the above equation becomes the quadratic

0=(y z+yZ—vi(y1 +21)) — vh(y1 + 21) + y5

as a function of y}. Hence there are at most two values for which 3} can take,
yielding 2¢|E|? for this case. Hence, we have (2¢ + 1)|E|? as an upper bound. Now
suppose ¢ = 3 (mod 4). First note that ¢ cannot be a power of 2, and so at (x) we
complete the square to obtain

(PR R 'R

no_ y+z
1 1 Y- (y+2)+ Y=

2

y -

There are, by Lemma 1, at most ¢ + 1 possible values 3’ may take to satisfy this
equation. Hence our upper bound becomes (g + 2)|E|%. O

With the above lemmas in hand, we proceed with the proof of Theorem 2.

Proof. We write

{(z,y,2) €E?: (w—y)- (e —2) =0} =q" ) D x(s(z—y) (z—2)

s€Fq z,y,2€E

and split the sum into two terms: one for s = 0 and one for s # 0, so that the above
becomes

=¢" D) xO+¢ D D xsl@—y)- (- 2)).

z,y,2€E s#0 z,y,zeE
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The first term is evaluated to ¢~ | E|?, the main term. Now we estimate the second
term. Applying the Cauchy-Schwarz inequality twice yields

2

DD xs@—y) - (z—2))

s#0 x,y,ze€E

<qa=-DY| D Xs(z—y)-(z—2))

s#£0 |z,y,z€EE

<q 2 g-DIEY Y | D xls(z—y)- (z - 2))

s#0 z€F |y,ze€F

<qa-DIEIY D | Y xslz—y)-(z—2)

s#£0 xE]Fg y,2€E

=q (g~ 1)|E|Z Z Z x(s(z—y)-(x—2)—s(z—vy) (x—2"))

s7#0 z€lF2 y,2,y’ 2 €L

=g 2g-DIEY. Y Y xGoz—y sz (~y—z+y + 7).

s7#0 z€F2 y,2,y' 2 €L

Then by the properties of the character x, we have

=@-DIEDY ., Y, xsy-z—y-2))
s#0 y,z,y 2 €E
y+z=y'+2’

<@-DIEY D xsly-z—y -2

SEFQ y7z7y/’Z/€E
y+z=y' +2’

=qg-DIEl Y, L
y7z7y/’2/€E
y+z=y'+2'

yz=y' -2

Then by Lemma 2,

alq—DIE D 1<qlg-1)|EPQ2q+1) < 24°|E]*.
Y2,y 2 €E
y+z=y'+2'
y.z:y/.z/

Hence the second term is bounded above by 2%q% |E \%, and so we write

— 3 3
|D(E)| = q B’ + 0q3|E|.



8 EMMETT WYMAN

where [0] < 21/2. Tt follows from direct computation that the first term exceeds the
second if |E| > Q%q%. Now if ¢ =3 (mod 4), Lemma 2 instead yields

gq-DIEl Y 1<q@-DIEP@+2) = (" +¢ - 29)EP.
Y2,y 2 €E
y+z=y'+2
yr=y' 2’
Hence the second term is bounded by q% |E| 3 (1+0(1)). Hence the first term exceeds
the second when ¢~} E|? > q%]E]%(l +0(1)), i.e. when

B > ¢3 (1 + o(1)).

This concludes the proof of Theorem 2. U

4. DISCREPANCIES

4.1. Statement of Results. A hyperplane in Fgl is a set of the form {z € Ff]l :
x-m =t} for some t € F, and some nonzero m & Fg. A sphere in Fg is a set in the
form {z € F¢ : [|z[| + 2z - m = t} for some ¢t € F, and m € F. Let s (F%) denote
the set of all hyperplanes in Fg. We will write ¢ = (Fg) if it is clear that we
are referring to the space IF'Z. Similarly, we define . = .% (Fg) to be the set of all
spheres and hyperplanes in Fg. We now state our primary result.

Theorem 3. Let E C F¢ and let Pp(H) = |E N H| — ¢ | E| for ecach H € .
Then

sup |Zg(H)| > ¢ V2 EM2(1 — ¢ ENY2(1 + 0(g77)).
Hex

It follows that if |E| < q%, then the lower bound becomes ¢~ '/?|E|"/2(1 4 O(q~1/?)).

The above theorem tells us something about the distribution of points on each
hyperplane. Suppose that we have |.7| slots, and |E||V (F)| points to assign ran-
domly to each slot, the same number we get when we sum up |E N H| over the
H € 5. The “square root principle” tells us that each slot will have about |E|/q
points, plus or minus something akin to ¢~'/2|E|'/2. Theorem 3, however, tells us
that there will always be a plane with - roughly - a higher deviation than ¢—'/2|E|!/2
from the mean. In fact, it tells us if |E N H| is very close to |E|/q for many planes,
then there must be a plane with a high deviation from the mean.

If we let Z5(S) = |[ENS|—q~|E| for each S € .7, we have the following corollary.

Corollary 1. Let E C Fg. Then

sup |Z5(5)| = ¢~ /2|E|'2(1 4 o(1)).
Ses
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The corollary follows trivially from Theorem 3 if |E| < ¢¢ since # C ..
The corollary is nontrivial only if |E| > ¢, in which case supgey |Z5(S)| >
¢ Y?|E|"?(1 + o(1)) may be significantly larger than sup e |Z5(H)|.

4.2. Proof of Theorem 3.

Definition 2. We say that V is a direction set of a space ]Fg if for each nonzero
vector ¥ € IFZ, there exists a unique v € V' such that \v = = for some X\ € F,. For
each q and d, we fix a direction set denoted by V(]Ff]l).

In the following proposition, we construct each V(Fg) inductively on d. In the
process, we will determine the size of V(Fg).

Proposition 3. There exists a direction set V of ]Fg for each q and d, and |V| =

(@*=1)/(g-1).

Proof. We prove the size of V first. Suppose that V is a direction set of IFZ. Then
since each nonzero element in Fg is uniquely expressed as Av for some nonzero A € F,
and v € V, we have (¢ — 1)|V| = |JFle \ {0} = ¢ — 1.

We prove that a direction set V' exists for each Fg by induction on d. Clearly,
V = {1} is a direction set for Fé. Assume now that V' is a direction set for Fg. Let

V= (IFZ x {1}) U (V x {0}).

Suppose (x,T441) € IF;I x g4 is nonzero. Suppose 2441 = 0 and = # 0, in which case
by the inductive hypothesis there exists a unique v € V and A such that z = A,
from which we obtain A(v,0) = (z,z44+1), where (v,0) € V'. If 2441 # 0, then
(x;ﬁlx, 1) € V' and (z,2441) = xd+1($5i1.%',1). Moreover, (x;jlx, 1) is the only
point in IE‘Z x {1} which can be scaled to (x,z4.1). Hence, V' is a direction set for
IFZ—H' 0

Proposition 4. FEach hyperplane H € %(Fg) is uniquely expressible as H,; = {z €
F: 2.0 =1} where v e V(FY) and t € Fy. It follows that |7 (F3)| = ¢|V (F2)|.

Proof. We will show that the map
Fq x V(Fy) = A
(Ua t) — H'u,t

is a bijection. To show that the map is one-to-one, let v1, vy € V(Fg) and t1,t2 € Iy
such that H, ¢, = Hy,t,- Then by definition of the hyperplane, z - v = t; and
x - vy = to have the same solution set. Now pick any zq in Hy, 4, then Hy, s, — 20 =
Hy, o and Hy, 1, — 29 = Hy, 0. Then z-v; = 0 and x - v2 = 0 have the same solution
set, and so v1 = Avy. But then v1 = v9. Now t; = xg - v1 = 2o - v2 = t2. Hence the
map is one-to-one.
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To show that the map is onto, we recall that every H € .7 can be written as
{z € IF'Z :x-m = s} for some s € F, and nonzero m in IFZ. Then there exist unique

v € V(F%) and X € Fy \ {0} such that m = Av. Then we write

{mG]Fg:x-m:s}:{xEFg:x-/\vzs}
:{mng:x-v:)\*ls}

= Ly \—1s-

The thrust of the proof of Theorem 3 comes from the following lemma, which is
interesting in its own right. It states that the (> norm of the size of the intersection
|E N H| over H € 2 only depends on the size of E, as opposed to its structure.
Hence, it is a very useful tool for when trying to find a lower bound on the maxi-
mum discrepancy supgc » |Ze(H)| of E when nothing about the structure of E is
assumed.

Lemma 3. Let E C Fg. Then

Y IENHP = ¢ B[+ ¢ (V(ED| - DIE
Hes

We conclude that

Y 1ZuH)]P = q ' E|@" ~|E]).
Heor
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Proof. We have by the above proposition,

S IEnHP= Y |ENH,

2

Hexn# veV (FY)
teF,
2
= > |t DY E@ ) x(st—x-v)
veV (F9) z€Fd s€Fy
teF,

=2 Y Y E@EG)X((s - )t)x((—sa + 7)) -v)
UEV(]Fg) :B,x/eng
teFy  s,s'€ly,

=¢' Y ) E@E@)X(s(-z+a') v)
veV (F) z,z’ eFd
s€lfy

= D D) Ba)x(—sz-v)

veV (FY) zeFd
s€lFy

=t ) E(sv)f?

UEV(IFZ)
s€lFy

=S B0+ Y B

veV (FY) veV (Fg)
SEF;

Since V(Fg) is a direction set, we have

=@ Y EmP +q [V (EDIIEP
meFd\ {0}

=7 Y |Em)P = @ EO)) + g VEDIIES.

meFrd
Then by Parseval’s formula,

="' Y |E@P - ¢ EP +a VEDIEP

J:EFZ

="M EB|+ ¢ (V(FQ| - DB
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Hence Yy |ENHP2 = ¢ |E| + ¢~(|V (F9)| — 1)| E[2. Applying this formula to
> hew |Ze(H)? yields

Yo 1zsE)P =Y (ENHw|—q'|B)?

Hexnt ’UED(Fg)
teF,

= Y (ENHy> =27 |BIIEN Hol +¢7%|Ef)

’UED(Fg)
telf,

= "B+ ¢ (IDED| - 1)|EP - 207 [DED|| B[ + ¢~ [D(FS) | B
= q* B - 7' | B
=q ' |El(¢" ~ |B]),

as desired. O

We now proceed with the proof of Theorem 3 below.

Proof. Suppose M > |Zg(H)| for each H € 5. Then by Proposition 4 and Lemma
3,

¢ MEI(¢ = |B) = > |Ze(H)]> < M?|#| = M?q(q" = 1)(¢— 1)
Hest
Hence
2 -1 —d 1—q!
M2 2 g B = gD
Now
Pt O ol e B P
1—qd 1—qgd |~ 7 7
so we have

1,1 _ 1 T 1,1 _ 1 _1
M >q 2|E[2(1-q Y|E)2(1+0(¢ )2 =q 2|E|2(1 — ¢ YE|)Z(1+ O(q™2)).
Hence

sup |7p(H) > g 3|E|2(1 - ¢ Y E])? (1 4+ 0(q2))
cH

as desired. O

We now prepare to prove the corollary to Theorem 3. Let P(Fg“) denote the
paraboloid {(z, ||z||) € Fg xF,:x € IFZ}. As for hyperplanes and spheres, we may
suppress the dependence on IFZH in the notation if it is clear from context.
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Proposition 5. Let 7 : Fg“ — Fg be the projection given by mw(x1,...,Tq11) =
(x1,...,2q) for each (z1,...,T441) € Fg“. T gives a natural bijective correspon-
dence between %”(Fg“) and Y(Fg) given by

7 {HNPFEI): H e #(FI)} — 7 (F)

{(z,llzl) € Fg™ : (=, ) - (v,0a11) = t} = {2 € F s vasa el + v -2 =t}

Proof. Since the restriction W\P(Fg+1) : P(Fg“) — Fg is a bijection, the map 7 is
injective. It remains to show that 7 is surjective. Note that for each H,, s € % (Fg),
we have 7(Hy, 0),s N P(FS)) = Hpp, 5. Now if we have a sphere
{z GIFZ: |z|| +m-x=s} € y(Fg),
Then
F{H ) N PEE} = 7{(a, |l2]) € B s (3, al]) - (m, 1) = 5}

= {m(@, llz]}) - [l=]] +m -2 = s}

:{a:EIFg: |z|| + m -2z = s}

= Hy, 5.

We now prove Corollary 1.
Proof. Let E C F%. Then consider the set B/ C F&™ given by B/ = (W\P(Fd+1))_1(E).
q
Then since |E'| < ¢@ < ¢**!, by Theorem 3,

sup |7 (H)| > (1+0(1))g /?|E|'/?
He(FEHh)

= (1+o0(1))g"?| B2,
Now if H € J(Fith), let S = 7(H N P(Fit!)). Then
n(E'NH)=ENS.
Then since 7| p(rdt) 18 bijective,
|E'NH|=|ENS|,
and so
Zp(H)| = [|E'NH| — ¢ 'E|| = [|ENS| — ¢ Bl = |Z&(5)]-
Then by Proposition 5,

sup |Zp(S)| = sup |Zg(H)| > (1+o(1))g~"/?| E['/2.
Ses Hex
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