ON THE RATE OF ESCAPE OR APPROACH TO THE ORIGIN OF A
RANDOM STRING

PHUC LAM

ABSTRACT. In this paper, we extend upon a result by Mueller and Tribe regarding Funaki’s
model of a random string. Specifically, we examine the rate of escape of this model in
dimensions d > 7. We also provide a bound for the rate of approach to the origin in
dimension d = 6.

1. INTRODUCTION AND MAIN RESULTS

Mueller and Tribe studied recurrence questions for the following model of a random string
in [10]:
duy(x)  wy(x)
ot Ox2

where W = (W (2,t))1>0.4er is a Re-valued space-time white noise with independent compo-

nents and (u;())¢>0.zcr is a continuous R-valued process. We also suppose that the noise is

adapted with respect to a filtered probability space (2, F, (F;), P), where F is complete and

(F3) is right continuous, in that W (f) is Fi-measurable whenever f is supported in [0, t] X R.

Denote Gy(z) = (47t)~'/2 exp(—a?/4t) as the fundamental solution of the heat equation.

The stationary pinned string (U;(z))¢>0.er, which we will study in this paper, is a solution
to (1.1) driven by the white noise W (z,t) such that

o Up(z) = [;° [(Gi(z — 2) — G, (2))W (dzdr), where W is a space-time white noise

independent of W;
o U,(x) is a continuous version of the process [ Gy(x—2)Up(z)dz+ [ [ G,(x—2)W (dzdr).

Here, we write f < g if there is a constant C' > 0 such that f(z) < Cg(x) for all z, and
f =~ g if there are constants C7,Cy > 0 such that C f(z) < g(z) < Cyf(x) for all z. We also
denote Bj(z) as the box {y € R?: |y; — 2| < § Vi}

Before proceeding any further, we restate a few properties of the stationary pinned string,
all of which can be found in [10].

(1) U(z) = (Ut(l)(x), . .,Ut(d)(x)>, where the U®(x) are i.i.d. and (Uéi)(w))xem is a

two-sided Brownian motion with Uy(0) = 0.

+ Wz, t), (1.1)
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(2) Each of the (Ut(i) (x)) are centered Gaussian fields such that
t>0,2€R

2

E (Ut(i)(:v) — U,@(y)) =z —y| Vo,y e Rt >0, (1.2)
and for z,y e R,0 < s < t,

£ | (00w - v0w) ] = @ - )2F (e =yl - 5)12). (13

where F : R — R is smooth, bounded below by (27)~/2, and
lim F(x)/|z| = 1.

|z|—o00

Moreover, there exists ¢; > 0 such that
. A 2
ci(je—yl+lt—s/'?) < E {(Ui”(az) ~U9(y)) ] <2(je—yl+[t—s"?).  (14)

(3) (Translation invariance) For any to > 0,2 € R, the field
(Ut0+t($0 + 95) — Uy, (930))1;5R,t20

has the same law as the stationary pinned string.

(4) (Scaling) For L > 0, the field
(L_IUL“t(LZI))xeR,tzo
has the same law as the stationary pinned string.

(1.4) gives us a useful bound as follows.

Proposition 1.1.

P (Uy(z) € Bs(0)) S <;)1/2) -

(/2 + 1o
Proof.

P (Ui(a) € By(0) = P (U1 (2) € By(0))’

1 5 2
' / exp T Wi dz
27 VarU (z) /=9 2Varl;” (z)
d
20
< .
V2mer (/2 + |x|)
We call (U(2))t>0,2er

e point recurrent if, almost surely, Vz € R?, there exist (random) sequences {z,,}, {t,}

such that ¢, /* oo and Uy, (z,) = z Vn;
2
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e neighborhood recurrent if, almost surely, Vz € R? and € > 0, there exist (random)
sequences {x,}, {t,} such that ¢, /oo and Uy, (z,) € B(z) Vn;
e transient if, inf,cg |U;(2)| goes to infinity.
In [10], Mueller and Tribe showed that

o for d <5, (U(x))i>0zer is point recurrent;
o for d =6, (U(x))i>0zer is neighborhood recurrent but not point recurrent;
o for d > 7, (Uy(x))i>0.zer i transient.

This motivates the question of finding the rate of escape of this string when d > 6. How
fast should a ball centered at z grow so that (neighborhood) recurrence happens for d > 77
Likewise, how fast should a ball centered at z shrink so that transience happens for d = 67

In this paper, we wish to study the question of recurrence and transience when the growth
rate is of the form f(t) = t*, where av € R. Since it suffices to consider the ball centered at
the origin, we establish our main results in the following theorems.

Theorem 1.2. Suppose (U;(z))i>0.er is the stationary pinned string in R® (d > 7). Then
almost surely,

lim inf
t—o0 to

0 (>1/4).

This means neighborhood recurrence of Uy(x) happens when o > 1/4, and transience happens
otherwise.

infoen [U(z)] _ {—i—oo (0<a<1/4)

Theorem 1.3. Suppose (Uy(2))i>0uer @S the stationary pinned string in R®. Then almost

surely,

inf:pER ‘ Ut<x) ’

lim inf =0 VYa > 0.
t—o0

This means neighborhood recurrence of Uy(x) happens for all a > 0.

The remainder of this paper is organized as follows. In Section 2, we provide a rigorous
interpretation of equation (1.1). In Sections 3 and 4, we prove separate cases of Theorem
1.2. We then prove Theorem 1.3 in 5. Finally, we discuss previous results, open questions,
and conjectures in 6.

2. UNDERSTANDING THE STOCHASTIC HEAT EQUATION

Recall the heat equation.
duy(x)  0*uy(x)
ot 0z
We recognize that the stochastic heat equation (1.1) is obtained by adding the white noise
W (z,t) to the RHS of (2.1). However, we note that the white noise term is nowhere dif-
ferentiable. In fact, it is so rough that any candidate for the solution of (1.1) will not be
differentiable. We thus rewrite (1.1) in more rigorous forms.

Recall the usual inhomogenous heat equation and how to solve it when the driving term

is a smooth function instead of the white noise.
Oug(z)  0uy(x)

ot (939)62

(2.1)

+ f(z, ).



By the Duhamel principle,

wlo) = [ Gl =ty + [ [ Gt it

where Gy(x) is the fundamental solution of the heat equation.
Heuristically, the solution of equation (1.1) should be obtained by

() = /Gt(x— uo(y dy+/ /Gt oz —y)W(dyds), (2.2)

where the term f(y, s)dyds is replaced by W (dyds). wu,(z) is called the mild solution of
(1.1) if it satisfies (2.2).

A second approach is as follows. Consider ¢ : R x [0, 00) — R¢, where ¢(z,) is a smooth
function and of compact support in z. Multiply both sides of (1.1) by ¢(z,t) over [0, T] x R
(where T' > 0 is fixed),

//(aut — ()) (2, t)dadt = //gbxt W (x, t)dzdt

= / / o(x, )W (dzdt). (2.3)
o JRr
Integrate by parts on the left-hand side,

/ / (aut - “;(f) ) oz, t)dwdt
/ / e <32Q;;; ) agb(aﬁ’ t)> dedt
+ [ (wr(@)ota, ) = ()i, 0))de (2.4)
If we let ¢(x,T) = 0, then the term ur(2)¢(x, T) vanishes. From (2.3) and (2.4),

//ut (a%g;;t) a(b(a“; ))ddt / dex—i—/ /gbxt (dzdt).

(2.5)
We call u;(z) a weak solution of (1.1) if it is locally integrable, and that (2.5) is satisfied
for all "> 0 and smooth ¢(z,t) of compact support such that ¢(z,T) = 0Vz.

Remark 2.1. The second approach is only possible for z € R. If z € R", where n > 2, then
solutions are no longer real-valued functions, but are generalized functions. To handle these
cases, Schwartz distributions are needed.

Remark 2.2. In [9], it is proven for a certain class of SPDEs (to which (1.1) belongs) that
mild solutions and weak solutions are equivalent.
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3. PROOF OF THEOREM 1.2 WHEN « > 1/4
Define E. be the event that there exist sequences {z,},{t,} with ¢, ,* oo such that
U, (22) € B_ua(0), ie. |Up, (w,)|/t* < €. Define
Gy = o{Up(z) : |z| > N}
Va{W(p): o(t,z) =0if 0 <t < N and |z| < N},

and

g:mgN7

N>1

Since Uy and W are independent, using the same arguments to prove Kolmogorov’s 0-1 law
for the Brownian tail o-field, we can show that G is trivial.

Lemma 3.1. E. belongs to the tail o-field G.
Proof. The proof of this lemma is similar to that of Lemma 5 in [10]. O

Proof of Theorem 1.2 when o > 1/4. It suffices to show the result for « = 1/4. For any
e >0,

P(E) > P( in]fR U, (x)|/n*/* < € for infinitely many n € Z").
[AS
By Fatou’s Lemma,

P (E.) > limsup P

n—o0

mf\U \/n1/4<6).

By scaling,

n—oo

= limsup P

n—o0

¢
P62 b (e <)
(a

inf |Uy(z)| < e)

= P (int [0i(0)] < <)
> P(h(0)] < o

=P (PO <€) >0,

the last inequality follows since Ul(l)(()) is a non-degenerate centered Gaussian random vari-
able.
From Lemma 3.1, since E, is a tail event in G, we have that

P(E) =1,

which holds for every ¢ > 0, concluding our proof. U
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4. PROOF OF THEOREM 1.2 WHEN 0 < o < 1/4

We start with the following lemma.

Lemma 4.1. Define the sequence {t,}n>1 as follows.

{t1 —1
o1 = tn + 2% (n > 1).
Then t, = Q (n"/071)) i.e. there exists a constant ¢ = c(a) > 0 such that
ty > ent/0749) (4.1)
foralln > 1.
Proof. Denote r = 1/(1—4a) > 1. We show by induction that (4.1) holds for ¢ = (1/2)I"I" €

(0,1), where [-] is the ceiling function.
(4.1) trivially holds for n = 1. Suppose it holds for n =k > 1, i.e. t; > ck”. We see that

7 [7] (7] [r] [r] ~1/r
1 1 [r]\ 1 1 [7] 2 c
(1+k)—(1+k:) 1+Z<i>ki_1+kz(z’ I+ 5 =1+—

i=1 =0

This implies
c(1+ k)" <ck"+ Vgt (4.2)
By the induction hypothesis,
tigr = e+t > ck” + (ck") YT (4.3)
From (4.2) and (4.3), we see that
tr1 = (1 + k)",

which completes the proof of Lemma 4.1. O

Proof of Theorem 1.2 when 0 < a < 1/4. Our strategy closely follows that found in Theorem
3 of [10]. We find a grid of points and show that recurrence of this string along this grid is
impossible, then control the regions between these grid points.

Define the sequence {t, },>1 asin Lemma4.1. On the lines t = ¢,,. 1, choose points kt2* (k €
Z). Let R, be the rectangles with vertices (¢, kt2*), (tn11,t2%), (tn, (k+ 1)t2*), (tns1, (k+
1)t2*). Define m(n,k) = [(n'/?+ |/€\)d/671'1j. We divide R, into m(n,k)? rectangles,
each of them a translate of [0,t:*m(n,k)~2] x [0,t2*m(n, k)~!]. For these rectangles, the
points with the largest (x,t) coordinates are (t, + it2*m(n, k)=2 kt** + jt>*m(n, k)~!) =:
(tnki)> Tnk)) (1 <1 <m(n,k)*1 < j <m(n,k)); these will be our grid points.
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4.1. Transience of Ut(x) at grid points. By Proposition 1.1,

n>1 kezZ =1 =

d
m(n,k)? m(n,k) Ol (n i)™
S22 2 |\
n>1 kezZ i=1  j=1 <t(n,k,i)) + |5’7(n,k7j)’>
d
m(n.k)? m(n.F) tn i)
d n,k,i
K ZZ 1/2 -1/2 7
n>1 k>0 i=1 j=1 (t(n,k,i)) + |$(n,k7j)|>
Now,
Elnokii) ™ 1

1/2 1/2—2«
t(r/z,k,i)) + ’x(n,k,j)‘ t(ém) + \33 (n,k,7) !t (n,k,i) -2

We bound the terms in the denominator in (4.5) as follows. By Lemma 4.1,

1/2 20 pl/(1—4a 1/2=2a  q/9

Also,
[ ok = 67 (k4 jmin, k)7 (b + it m(n, k)7)
Since 1 < i < m(n, k)2,
[ [y > 2 6 (k4 gm(n, B)7) (ta o+ 61
= (to/tns1)" (K + jm(n, k)7") .

—2«

Since t,,/t,41 > 1/2,
% ey by > 2 k4 jm(n, k)™ > k.

From (4.5), (4.6), and (4.7),

Elnhesi) 2 < 1

1/2 ~ 1/9 .
t(r/z,k,wﬁ gy PR

From (4.4) and (4.8),

m(n,k)2 m(n,k)

DD I DD S

n>1 keZ =1 7=1

S(Sdzz - - (n1/2+k)*d/2

Ut(n k,i) I(n k J))‘ < B25t‘(ln k,i) (O))

—2«

(4.7)

(4.8)



== Z Z m(n, k)* (n'/? + k) /2

n>1 k>0

<3N (2 k)2 (012 4 )
n>1 k>0

=4 Z Z (n'? +k) 7 < 0, (4.9)
n>1 k>0

the last inequality follows from the integral test

/ / dydx
(z1/2 4 y)?

By the Borel-Cantelli lemma, the string U;(z), evaluated at these grid points, will eventually

leave their corresponding boxes Basie, i)(()) for large (random) ¢.

4.2. Controlling the regions between grid points. From the display after (6.8) in [10],
we can find constants ¢q, co > 0 such that

t,x)€[0,1]2

P (( sup |U(z)| > 5) < crexp (—6%) . (4.10)

Denote Ry k5 as the translation of [0, t2*m(n, k)~2] x [0, t2*m(n, k)] with largest coordi-
nates (t(n ki), T(nk.j) ) Then by translation,

m m
> Z > P( sup
n>1 keZ i=1  j=1 (t,2)ER(n k,i5)

m(n,k)2 m(
_ZZ Z Z P( sup |Ui( )|>5tnm)~

n>1 keZ i=1  j=1 )E[0,tham(n,k)=2]x[0,t2%m(n,k) ~1]

Ut(x) o Ut(n,k,i) (x(”vk] )‘ = ot(, (n,k,i >

By the scaling of Uy(x), the preceding quadruple sum becomes

Y'Y zp( wp )] 2 6 <k>)

n>1 keZ i=1  j=1 t,x)€l0,1]?

By (4.10), we can bound the sum above by

<D0 Z Z exp (—c20°m(n, k) (i) /tn)>*)

n>1 k€Z i=1 =

= Z Z Z Z exp (—0252m(n, k) ((tn +ity*m(n, k)~?) /tn)2a>

n>1 keZ i=1  j=1
2 m(n,k)

<ZZ Z Z exp (—c26°m(n, k))

n>1 keZ i=1 j=1
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=> ) m(n,k)* exp (—c26’m(n, k))

n>1 keZ

< Z Z eXp 0252m(n7 k;))
n>1 k>0

TS (0 ) <o
n>1 k>0

the last inequality can be shown using the integral test for convergence of series.
By the Borel-Cantelli lemma, there exists a (random) Ny € Z* such that for all n > Ny,
keZ,i<m(n,k)? and j < m(n, k), we have that

Ui(®) = Ungoy (@) | < 0y (4.11)

sup
(t,2)ER(n ki, 5)

If Uy(x) evaluated at the grid point (£(, ki), T(n.k,j)) is outside of the box B25t<(1n . (0) and (4.11)
holds, then none of the values U;(z), where (¢,2) € R(nk,), can be within 6t% < 6t¢  ,y of
0.

Combining Subsections 4.1 and 4.2, we see that the probability of recurrence is zero, thus
completing the proof. O

5. A RESULT WHEN d = 6
We start with the following lemmas.
Lemma 5.1. Let § € (0,1) and a > 0. Then
(t 4 5)7 0t 0

P (U, € Bs;—a(0), Upys € Bjsiirs-2(0)) < C
(Ui(@) € Bsi-a(0), Uprs(x + y) € Birr)-=(0)) < 5172 + [y (2 + [2])°

(5.1)

holds under one of the following conditions:
(1)t >1,|z|, |y < 2tY2 and 0 < s < t;
(2) ly| < 2s'2,

where C'= C(0) > 0 is dependent only on 0.

The proof of this lemma is deferred to Appendix A.

Lemma 5.2. For any a € Z™, there exists a constant C' = C(«) > 0 such that
(1 (2 = vy ) 1)_1 < NC.

Proof. Let K =6a+1¢€ Z", and let C = 2K + 2. Then for any p > 0,
(NC+p NCK+Z( )NC'(K z)pz

< NCK+NC(K 1)(1+p)K

< NCK_’_N(CfQ)KNfZ(l_i_p)K
9



Choosing p = 4% —1 > 0, then for all N > 2,
(NC+p>K < NCK_'_N(CfQ)K.

Thus,
p < N© (1 +N—zK)l/K _ NC
< (v =N 1) N
completing our proof of the lemma. O

Lemma 5.3. (An inclusion-exclusion type lower bound) Let {A;}1<i<n be events and A =
Ui, Ai. Then

> (Z?:I P(Ai))2 '
B ZZT‘L:I P(Ai) + 2 Zl§i<j§n P(Ai N Aj)

We omit the proof for this standard lemma.

P(A) (5.2)

Proof of Theorem 1.3. We mimic the same strategy as that in the proof of Theorem 3 of

[10]. Tt suffices to show for aw € ZT. Here, we fix 6 € (0,1) (thus, constants that are only

dependent on ¢ and/or « are treated as absolute constants). Let R(J) be the event that

there exist sequences {w,}, {t,} with t,, / oo such that Uy, (v,) € Bs-«(0). As in Lemma

3.1, we can show that R(¢) is an event in the tail o-field G, where G is defined in Section 3.
Denote k = 1/(6a + 1) € (0,1). For integers i, j, N, define

jo\]) - {UN—i-z'k(j) S B6(N+ik)—a(0)}7

i:N<N+iF<N2 0<j<(N+4k)1/2

Using Lemma 5.3, we show that there exists py > 0 such that P(R(N,¢)) > po > 0 for all
sufficiently large N. Then, since

P(R(6)) > P(R(N, ) infinitely often) > py > 0,
we get P(R(J)) = 1 by the zero-one law for any ¢ > 0, concluding our proof. To bound
P(R(N,0)) below, we find bounds for the sum of P <R2(1jv)> (which we will call the "first-

order term"), and the sum of P (RSJJV) N RE@) (which we will call the "covariance term").

5.1. Bounding the first-order term. Denote » = [(N? — N)'/*|. Using the variance
estimate in (1.4), similar to the proof of Proposition 1.1, we get

—6a . )78
P(R(N)> ~ (N + ) 6 <(N_’_Zk)1/2+|j|> ’ (5.3)

i?j
where ~ is defined in Section 1. Thus,
2. > r(rY)
0<i<(N2=N)V/k 0<j<(N4ik)1/2
10



<

12

> (N +if)™™ ((N+z"“)”2+|j|)_3

=0 0<j<(N—+ik)1/2

(N+ik)1/2 6o -3
/ (N +2%) ‘ ((N—I—xk)l/z + |y|> dydz

(N + xk)fﬁafl dx

12

T

12

o\c\

Setting z = N + z¥, then the above is equal to
N2
(6a+ 1)(z — N)bz70"1qy

I
o

N2
:/ (1—N/z)%21dz. (5.4)
N
Trivially,
N? N?
/ (1—N/z)%2 1dz < / 2z 'dz =log N. (5.5)
N N

For N large enough,

N2 N2 N?
/ (1—N/2)%2 1z > / (1—N/2)%2 'dz > / (1/2)%27'dz ~ log N. (5.6)
2 2

N N N
From (5.4), (5.5), and (5.6),

i > P(RY) =10, (5.7)

i=0 0<j<(N+ik)1/2

5.2 Bounding the covariance term. The covariance term is as follows.

Z > Z > P (Rg)mz%’,) L)1)

1=0 0<j<(N+ik)1/2 /=0 0<5' <(N+ik)1/2

NZ 2. Z > P(R NR; J+g>1{(i',j/>¢(z’,o>}-

1=0 0<j<(N+4k)1/2 i’ =i 0<j+45/ <(N+ik)1/2

1/2 1/2

Sice (N 49 < (V4% £ 5 £ 7 < (N4 e

quadruple sum above is at most

<Z > Z > P(R NR; g+g>1{(iaj/>¢(i,o>}- (5.8)

i=0 0<j<(N4ik)1/2 @'=i |j/|<(N+i'k)1/2

Setting t = N +iF, s =i'* — ¥ 2 = j, y =4, wesee that t > 1, s >0, 0 < z < t'/2, and
ly| < (t + s)'/2. Consider the following cases.
(1) If s < t, then o < t1/2 < 2tY2 and |y| < (t + s)1/2 < 21/,

(2) If s > t, then |y| < (t + 5)/? < 25/2.
11

—j < (N+*%)



In any case, the conditions in Lemma 5.1 hold. Thus,
) < (N+i/k>_6a(N+ik>_6a
@ = D )

We split the quadruple sum in (5.8) into two parts: i’ > i, and ¢/ = 4. In the first case, j' =0
is included in the summation, whereas it is not in the second case (since (¢, j') # (i,0)). For
the first case, using (5.9),

Z 3 Z 3 P(R ﬂRZ,]ﬂ)

=0 0<]< N+Z )1/2 i’ =i+1 |] ‘<(N+Z/k 1/2

(N+i’k)*6a(N+ik)76a
<
SHID D oD (% — )12 4 ) (N + )12 4 )’

=0 0<]< N+’Lk)l/2 i'=i+1 0<]/< N+,L/k)1/2

(N4z*) (N4a'k)1/2 N 1k\—6or( N k\—6a
= a2ty ) (N 4+ 9)1 72 + )
/ /(N-HI:

N —6a N —6a
/ +o ) (V' + ) sda'dydz
w1 (2% — 2F) (N + 2*)1/2 4 y)
N—Q—Zl}/k 604-&-1)(]\/‘_’_‘r ) —6a
o4 /k _ xk

(5.9)

P (R ARM

i\ g+’

)1/2

)1/2

dz'dx

Setting 2= N+2F 2 = N+ 2'*, the above is equal to

N2 6 6
/ / k2 (1 — E) (1 — E) ;dz'dz
(z—N)/F 1)k 4 N+1 z 2 z(2' — 2)

2
/N / dz'dz
(z—N)/*41)k 4 N41 (2 — 2)

_ /N 1 (log(N? — 2) — log(((z — N)/* + 1) — (z— N)) dz

< (g = V)~ log((%* = M) 1 = (82 = ) [ 7la

—1log <(1 4 (N2 N)*(6a+1))1/(6a+1) B 1)—1 log N
By Lemma 5.2, for some constant C' > 0, the above is at most

<log N%log N < (log N)?. (5.10)
For the second case, using (5.9) again,

Zr: 3 3 P(R mR”ﬂ>

=0 0< < (N+ik)1/2 1</ [<(N+ak) /2
12



AN

- >y e
. (R
i=0 0<j<(N+ik)1/2 1<|5/|<(N+ik)1/2 ]/3 ((N + Zk)l/Q +j)

r /(N—i—xk)l/Q /(N+$k)1/2 (N + xk)712a
0 ! Y3 (N + ah)12 4 y)°

(N +2%) 2 (1= (N +2%) ") de

12

AN
NQ\N

~

(N + a2 dy
Setting z = N + z¥, the above is equal to

N2
_ / Lz — N)P12071 0, log N, (5.11)
N

From (5.8), (5.10), and (5.11),

Z > Z > P<RN)QR( )>1m)¢( S (logN)* (5.12)

=0 0<j<(N+ik)1/2 i =0 0<j/<(N+ik)1/2

Using the bounds in (5.7) and (5.12) from the Subsections above, applying Lemma 5.3 for

R(N,0) =U._, Uo<jcinrinyse Rz(,];'[)a we get
1

P (R(N,o E—

i.e. there exists a py > 0 such that P (R(N,¢)) > po for sufficiently large N. Our proof is
complete. [l

6. OPEN QUESTIONS

The rate of escape of Brownian motion has been well-studied (see [1], [6], [8], [11], and [13]).
Recall that f = (g) if there exists C' > 0 such that f(z) > Cg(z) for sufficiently large x. A
shortcoming of our result is that for d > 7, we do not take into account increasing functions
that are o(t'/*) and Q (t/17¢) (for example, when the growth rate ¢'/*/Int). In many
of the finite-dimensional Brownian motions, an integral test is usually used to determine a
necessary and sufficient condition for recurrence. For example, for Brownian motion (B(t));>0
in R? (d > 3), we have the following result:

Theorem 6.1. (Dvoretzky-Erdés test) Let (B(t))o in R (d > 3) and f : RY — RF
increasing. Then

o - B
/ (f(t)t_lﬂ)d 2 Lldt < oo if and only if lim inf ﬂ = 00 a.s.
1 t—oo f(t)
‘ : ‘ o B(t)
Conversely, if the integral diverges, then liminf; Tt) =0 a.s.
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In other words, recurrence happens if and only if the integral diverges. Though the
stationary pinned string is not Brownian, it is still Gaussian, allowing for possible analogies.
From Theorem 1.2 above, we suspect that a similar condition holds for the stationary pinned
string (Uy(2)),0 ,er When d > 7.

Conjecture 6.2. For d > 7, there exists a constant C' = C(d) > 0 such that the following
holds: given f : RT — RT increasing, then

> - c,_ . . .. infeer |Uy(z)]
FOTYH 7 dt < o0 if and only if liminf —————— = 00 a.s.
o L0
infxE]R |Ut(x)|

Conversely, if the integral diverges, then liminf, . =0 a.s.

ft)

The situation is even less well-understood in the critical dimension d = 6, where we only
managed to bound the shrinking rate of f(¢) on one side. Interestingly, the difficulties for
d = 6 are encountered not only when we study the question of recurrence, but also in hitting
problems. Recall that a R%valued process (uy(+))s>o is said to hit the point z € R? if

P(uy(x) = z for some t > 0,z € R) > 0.

We also say that d. is the critical dimension if hitting of B = {z} occurs for d < d. but not
for d > d.. For the nonlinear stochastic heat equation
Oug(z)  O*uy(x) -

5~ o2 T o)Wt ),

where the white noise in (1.1) is multiplied by a matrix-valued function with certain re-
strictions (see [2], [4]), the critical dimension is known to be d. = 6. Unlike in the case of
vector-valued Brownian sheet and other classes of Gaussian fields, where the sets of hitting
points are relatively well-understood (see [8], [3]), it is only known that for the nonlinear
stochastic heat equation, almost every point in RS is not hit.

Inspired by the case of N-parameter d-dimensional Brownian sheet (see [8]), we suspect
that an exponential shrinking rate might suffice for transience of the stationary pinned string.
However, the tools from potential theory, which was developed in the mentioned paper, is
intractable in solving this problem. Again, the ultimate goal is to find an integral test to
determine the necessary and sufficient condition for recurrence.
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APPENDIX A. PROOF OF LEMMA 5.1
We start with the following lemma.

Lemma A.1. When d =6, for all s,t € [1,2], |z|,|y| < 2, and 61,5, € (0,1),

P (Ui(x) € Bs,(0),Us(y) € Bs,(0)) < 6568 (|t — 5| + |o —y[) . (A1)
14



Proof. We would like to show that for 1 <14 <6,

i i —1/2
P (U(2) € By (0),UP(y) € Byy(0)) S 6 (|t = s+ o = yl) "

(A.2)

Then (A.1) follows from the independence of coordinates U®.
Consider the centered Gaussian vector (X,Y) = <Ut(i) (), US(Z)(y)> Without loss of gen-

erality, suppose t > s. Since X is centered Gaussian, P (u + X € By, (0)) is maximized when
= 0. Thus,

P(X € Bs(0) | Y) <6, Var (X — E(X | V)2,
Hence,
P (X € Bs,(0),Y € B, (0)) < 6,6 Var (X — BE(X | Y))™ /2. (A.3)
Setting 0% = E(X?), 0y = E(Y?), and p%y = E((X —Y)?), then

(Pxy — (ox —ov)?) ((ox +0v)* = pky)

2
4oy

Var (X — E(X | V) = . (A.4)

From (1.3),

O'g( _ t1/2F (|{L‘|t_1/2) > t1/2(271')_1/2 > (27_(_)—1/27
and

ok =t'2F (|x|t_1/2) Szt = 2| < 2.
we see that 0% is bounded and bounded away from 0. From (1.4), p% y > c1([t—s|"?+|z—y]).
Setting F' : R? — R such that F(t,z) = (tl/QF(|x\t_1/2))1/2, then since F is differentiable,
using the Mean Value Theorem, we get that |ox —oy| = |F(t,z) — F(s,y)| < |t—s|+]z—yl.
All these, together with (A.4), shows that there exists C, e > 0 such that

Var (X — E(X |Y)) > C ([t — s|"* + |z — y|) (A.5)
for t,5 € [1,2], la]. Iyl < 2 and |t — s| + ¢ — y] < c.

Note that Var (X — E(X | Y)) (|t — s|/? + |z — y|)_1 is a continuous function of s,t,z,y

in their specified region when |t — s| + |z — y| > e¢. We can then remove the constraint

|t—s|+|x—y| < € and modify the constant C' such that the bound in (A.5) holds. Combining
this with (A.3) gives us (A.2), finishing our proof. O

Proof of Lemma 5.1. Suppose the first condition in the lemma holds. Then by scaling,
P (Ut(x) € Bsi-a(0),Upys(x + y) € B(;(Hs)—a(()))
— P (U(2/t"2) € Byy-acra(0), Urpayul (@ + 9)/#'72) € Byrsy-er2(0))
By Lemma A.1, the above is bounded by a constant multiple of
< (S5t 4 5) YN ((s/0)V + [yl /)
_ 512 £t +5)7"
(/2 + [y])* 13/2
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Since |z| < 2tY/2, the above is bounded by a constant multiple of

< g2 to(t+5)%
T M) (@2 )

concluding our proof when the first condition in the lemma holds. Suppose now that the
second condition in the lemma holds. From Section 1,

Usvola +y) = /Gs(x by — ) U(2)ds + /0 / Go (2 +y — 2)W(dzdr).

Thus,

Hence, for |y| < 2s

Var (Upss(x +y) — E(Upps(x + y)| Fr)
— Var (/ / s g; +y— z)W(dZdT’))
= (Cs'/2.

1/2
)

P (Unys(w+9) € Bgrray—=(0) | Fi) S 0°(t+5) 772 < 00t + )70 (512 4 [y])

Then
t+ S)fGatft‘)a
P (Uy(x) € Bsy-a(0), Uprs(z + 1) € Bsers)-a(0)) < 6 ( ,

( +(z) st=a(0), Urges( Y) S(t+s) ( )) ~ (517 + |y|)3 (2 1 |x|)3
concluding our proof. O
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