QUALITATIVE PROPERTIES FOR SOLUTIONS TO A
DIFFERENTIAL EQUATION ASSOCIATED WITH THE SKYRME
MODEL

KYHL WEBER

ABSTRACT. The goal of this paper is to discuss a series of qualitative results for
the solutions to a differential equation modeling nucleons, as it was introduced
by Tony Skyrme in a series of seminal papers [2, [3} [4]. These results are part
of the outcomes of an article written by John McLeod and William Troy [I]
on the subject.

1. INTRODUCTION

When describing physical behavior in fields, physicists use mathematical con-
cepts to predict behavior. As such, these are typically called field theories. An
important type of field theory is the sigma model, which explains the behavior of
an idealized point particle confined to a manifold whose properties and interac-
tions with the particle correspond to physical characteristics of the system. Within
field theory manifolds, irregularities known as topological solitions correspond to
physical features.

This paper focuses on the Skyrme model, which describes such a soliton, known
as a skyrmion, and for which the relevant equivariant differential equation is given
by
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where « is a constant having the dimension of length and F' = F\(¢, ) is an azimuthal
angle. By taking o = 2 and considering static (i.e., time independent; F' = F(r))
configurations one obtains the ordinary differential equation
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— 4 sin(2F) — sin(2F) = 0,

which is the main object of study in McLeod-Troy paper. In the context of the
Skyrme model, this equation is paired with the boundary conditions
F(0)=0 and F(o0) = nm,

where n > 1 is an integer often called by physicists the topological charge of the
soliton.
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At this moment, it is important to recall that differential equations fall into one
of the following four categories: linear, semilinear, quasilinear, and fully nonlinear
(in ascending order of intricacy). Both and are quasilinear equations, as the
coeflicients of the highest order derivatives depend on the unknown function itself.
The main point we want to make is that, despite this challenging nature, McLeod
and Troy are able to obtain both qualitative and quantitative results for classical
solutionsﬂ to using only relatively primitive, calculus-based math techniques.

In this paper, we cover three of these results which address the size and the end
behavior of these solutions. They are as follows:

Theorem 1.1. Any classical solution to is bounded; i.e., there exists M > 0
such that

|F(r)| < M, (V)r > 0.

Theorem 1.2. If F': (0,00) — R is a classical solution to then there exist k
and ! € Z such that

(3) rlggo F(r)=kr or (k; + ;) ™
and

. 1
(4) }1_1}(1) F(r)y=lIr or <l + 2> Tr.

Theorem 1.3. If F: (0,00) — R is a classical solution to and

e lim, ., F(r) = kn, then F is monotone on an interval of the type (b, o0)
and )
F—kmr~—= as r— o0
r

o lim, ,o F(r) = (k+1/2)7w, then F oscillates about (k + 1/2)7 and

F— <k‘—|—;>7r—0(7"1/2) as r— od;

e lim,_,o F(r) = Im, then F is monotone on an interval of the type (0,a) and
F—lr~r as r—0;

e lim, o F(r) = (I+1/2)m, then F oscillates about (I +1/2)m and

1
F—<l+2>7r=O(r1/2) as r—0.

Notation 1.4. Above, we write A ~ B if there exists an absolute constant C' > 0
such that

CT'A<B<CA.
The classical notations f = O(g) and f = o(g) (with g > 0) when x — xo stand for
lim sup (@)

T—xo g((E)

<0

LA classical solution to is a C? function F : (0,00) — R which verifies the equation
pointwise.
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and

@)

w0 g(z)

respectively.

Remark 1.5. It is important to note, in the context of Theorems[I.2 and[I.3, that
once I is is a classical solution to , then so is = F +km, where k € Z is arbitrary.

In the next three sections, we proceed by proving one by one each of the above
results.

2. PROOF OF THEOREM [L.1]

In arguing for this result, we show that F' is bounded both in a neigh-
borhood of 0 and in a neighborhood of co. This is done with the help of the
functional
sin®

2

)

1 1
(5) Q(r) = (4r2 + 2sin? F) (F')? — 3 sin? F —
for which a direct computation yields

1 in® F 1
Q'(r) = 2F’[ (47~2 +25in? F) P — 225 sin(2F) —  sin(2F)

2sin* F
3

+ %’I"F/ + sin(?F)(F')Q} - %T(F’)Q +

If F' is a classical solution to , then

1 2sin* F 2
(6) Q/ _ _§T(F/)2 + Sin &

which can be rearranged to read
i
1
0+ 1) <o
r

On the other hand, we infer from that

1 L., 1—sin*F 1
Q—&—ﬁz—ism F+TZ—§

Thus, it follows that
1
r=Q+ —
r
is both monotonically decreasing and bounded from below, which implies
1
hm <Q+2) :CER
r—00 r

and subsequently

(7) lim Q=c

r—00

and

1 1
(8) lim {(47*2 + 2sin? F) (F')? — 3 sin? F] =c.

T—00
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Next, we argue by contradiction that ¢ < 0. If ¢ > 0, then implies that
for some A > 0 we have

1 1
(4r2+2sin2F> (F’)Q—isirszg, (V)r > A.

By eventually imposing 4% > 8, we deduce that

1 1

STE)? > (4r2 + 2sin? F) (F")2 > g V)r>A
and, hence,

2 c
(F") ZT—Q, M)r > A.
By using this estimate in the context of @, we derive that
1 2sin* F_ —c 2
= (P 4+ T — < — 4+ = v A.
Q=—gr(FP+= 2 Lo (>

Readjusting the value of A one more time such that cA? > 8, we infer
, _ —¢C
< —, Vir> A,

@< )

which yields that
c
r— Q4+ 1 Inr

is monotonically decreasing on the interval (A4, co). This implies the existence of

. c
71l>nol<> (Q + 1 lnr) e RU{—o0}.
However, by using and ¢ > 0, one obtains
lim (Q + E11r17°) = 00,
r—00 4

thus obtaining the sought out contradiction.
Following this, we deduce with the help of that

1 1 1
Zrz(F')z S Q+ 5 + 7“72
and, by also factoring in , this implies
(9) F'=0(r7"') as r— 0.

In fact, we can prove by contradiction that F’' = o(r~!) as r — oo. The
alternative is that there exists § > 0 and a strictly increasing sequence (7, )p>1 — 00
such that

)
(10) Fr)l> > Wn>1
On the other hand, if we rely on , we can infer that
1 AR nll 1 1 /\2 1 1
—r?|F"| < =r|F F -+ =
T S S F ()

which coupled with (9] yields
F"=0(r"%) as r— 0.

Hence, we can assume, without loss of generality, that there exists K > 0 such that

y K
|F" (r)] < ok M) r > ry.
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With the help of this estimate, we derive that
/ / " i " K 1 1
|F'(r)—F'(ry)| < |F"(s)|ds < ?ds:K — ==, Mr>ry, n>1.

Tn r

n

If we factor in now and we also rely on the triangle inequality, then we obtain
that

0 0
/ > <r< — > 1.
|F'(r)] > T M, <r< <1+2K> Tn, n > 1

Using this fact in the context of @, we further deduce that

) ' ., & 2 b
(Q+4IHT+T2> Q+4T 0, (V)rn_{r_<1+2K>Tn>n_17

r3 =

which implies

o+ S =0 (1 Yo S (15 1) )
1

—_—
(1+5%)
By rearranging some of the terms, it follows that

1 ) 1 ) J
Q(Tn)'i_TQ_Q<(1+2}-{>rn)_u—’_2§()2r%241n<1+2}—{>v (V)n=1.

n

Mn>1

Finally, if we let n — oo and take advantage of , we conclude that

) )

— — <

4ln (1+ 2p'> <0,
which is obviously a contradiction.

Now, we have all the prerequisites to show that F' is bounded in a neigh-
borhood of cc. Since F’ = o(r~!) as r — oo, we infer based on ([5)) that

1
lim <Q + = sin? F> =0,
r—00 2
which jointly with yields

c

lim sin? F = ——.
r—oo 2

If we rely one more time on F’ = o(r~!) as r — oo, we derive that

lim FeR

r—00

and the claim is proven.
Next, we turn our attention to the behavior of F' close to 0 and we start by
arguing that

2
2 r C 2
> — .
(11) TQ+27}1_I>I(1)T‘Q a€R
By combining (j5) and (@, we easily obtain that

2 4sin’ F 1 1
L 2Q _ !

(12) Q (P2 - )= -

)

r r
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which can be rearranged to read as
2 /
2 1
<r2Q+T) =r? <Q’+Q+> > 0.
2 T r

Thus, r — r2Q + % is monotonically increasing and this implies
2Q+ﬁ>1' 2Q+ﬁ = lim r*Q € RU {—oc}
rerg 2 (rety ) =l <}

On the other hand, we deduce from that
1 1
Q 2 75 - ﬁv
which leads to
liminf 72Q > —1,
r—0
hence, reaching the desired conclusion.

Following this, let us derive a couple of estimates related to the size of
rF’ and its derivative for r close to 0. First, we infer from and that
2 r2Q +1%r2 sinZ.F;r sin* I < TQ? N 5 P < i

772+ 2sin” F 2sin“ ' 2 2sin“ F 2

a+1 5

(13)  (rF")

holds true if r is sufficiently small and sin F' # 0. Second, we obtain also with the

help of and that

a+sin* F — %7“2 cos? I a+sin* F — %7‘2
irQ +2sin? F - 2sin® F'

(rF')* >

i

is valid for all » > 0 with sin F' # 0. In particular, these two inequalities imply that
if one has

(14) 0 < < min{sin® F, |a + sin* F|},
and 0 < r < 41/2 is sufficiently small, then

1 a+1 5
1 - < (rF)? < -
(15) TG

Finally, let us denote H(r) = rF’'(r) and argue by relying on that
sin? Fsin(2F)  rsin(2F) (3 — (F')?) = (Fr?+2sin® F) F’

H =F +rF" =
r(3r? + 2sin® F) ir2 4 2sin®* F ir2 4 2sin® F

which leads to
/ 1 N\ 2 / 1 1\ 2 1 H2
H|<C|=+1+F)+I|F|)<3C(=+(F))=3C-+—
T r T T

if 0 <r <1andC > 0is a suitable chosen absolute constant. Based on more
involved integral estimates (e.g., Gronwall-type inequalities), one is able to control
the size of

|H(r) — H(r)|
in terms of the size of |Inr — In7|. This means that for all € > 0 there exists w > 0
such that

[FE'(F) — rF'(r)] <, Mo<rr<l,

T
1‘<w.
r
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Now, we have all the prerequisites to show that F' is bounded in a neigh-
borhood of 0. As in the case for r large, this is done by proving that

lim sin F' € R.

r—0
We argue by contradiction and, hence, deduce the existence of v > 0 and of a
strictly decreasing sequence (r,,),>1 — 0 such that both 0 < r, < 71/2 and
for r = r, hold true for all n > 1. This implies that is valid for all n > 1 and,
jointly with , it yields

1
\TF’(T)|>§, WMo<r<1,

r
1’<w0,n21,

Tn
for some fixed wy independent of n. By using , it follows that
1 1 1
2 _ .2 2 .2
(r°Q) = 4rsin“ F ((F) — 4> > 4rsin® F (37“2 - 4)
holds true under the same conditions for r as above. Thus, if we take n sufficiently
large, we can guarantee that
2 ! é
(r°Q) > —, VMo<r<l,

Tn

r
1] <o
T

n
for yet another C' > 0 absolute constant. By integrating this estimate over the
interval [ry,, r,(1 4+ wg)], we obtain

ra(1+w0)*Q(ra(1+wo)) = 12 Q(rs) > Cuo > 0,

which obviously leads to a contradiction when paired with . With this, the
proof of the boundedness for F' in a neighborhood of 0 is finished and the whole
argument for Theorem [I.1]is concluded.

3. PROOF OF THEOREM [I.2]

For this argument, we follow up on our findings from the previous section and
we focus first on the end behavior of F' when r — co. We recall that

lim F:=F, €eR and lim »F’' = 0.

T—>00 T—>00
If we use these facts and we take r — oo in , we derive that
1
lim <7’2 + 2sin? F> F" = sin(2F).
r—oo \ 4

Thus, for proving , which is equivalent to sin(2F) = 0, it is enough to argue
that

liminf r?|F”| =0

r—o00
and we do this by contradiction. The alternative is that

lim inf 72|F”| > 0

T—>00
and, hence, there exist A; and C7 > 0 such that

r2|F" (r)| > Cy, (V)r > A;.

By integration, it follows that

|F'(r)] = /OO F"(s)ds

:/ |F”(s)|dsz%, (V)7 > A,
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which contradicts the fact that F’ = o(r—!) as r — oco.
Next, we investigate the behavior of F' when r — 0 and we remember from
the analysis for Theorem [T.1] that

lim F:= Fp € R and lim 72Q = a.
r—0

r—0

If sin Fy = 0, we are done. Otherwise, we can use to infer that
F'=0(r"1) as r—0.

Jointly with and , this fact implies that
P =

We argue by contradiction that a + sin* Fy = 0 and, hence,

(16) F'=o(r7') as r—0.

The alternative is that there exist A, and Cy > 0 such that

r|F'(r)] > Cs, (V)0 < r < As,

/ " P(s)as| = / P (@)ds = oo.

This is obviously false. Now, we multiply by 72, take r — 0, and use ((16]) to
deduce

which leads by integration to

[F(A2) — Fol =

1
lim 2 F" = 3 sin(2Fp).

r—0

We claim that this implies sin(2Fp) = 0, which yields , thus finishing the proof
for the whole theorem. This is settled by contradiction, which would yield

lim 72 F” # 0.
r—0
Through an argument similar to previous ones, one deduces by integration that

(1) (o)~ F'(r)] > &

if r is sufficiently small and C'5 > 0 is an absolute constant. However, this violates
and we are done.

4. PROOF OF THEOREM [ 3|

In section we will start using the 1.4 O (-) notation defined in the introduction.
Each case of theorem uses this notation extensively in their respective subsec-
tions.

As for the subsection themselves, in general they follow a simple format. First
they start off by reformulating using the substitutions introduced in section 3.
In cases 1, 2, and 4 this is then used to bound the integral of this formulation up
to the limit. In turn, another substitution involving a function G is introduced.
Finally, by estimating the order of G, insight into solution behavior near the limit
is gained. Case 3 differs in that neither type of substitution is used, rather it opts
to directly bound terms and infer behavior from there.
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4.1. Case 1: lim, o F(r) = k7
First we want to change the form of to make it easier to work with. To
do this, we multiply by 4 to get:

sin?(F)
2
The last two terms in the equation above have orders of O (sin(2F)(F')?),

r2F" 4 2rF' —sin(2F) + 8sin®(F)F” + 4sin(2F)(F')? — 4

sin(2F) = 0

2
0 (“HTQ(F) sin(2F )), being just scalings of those functions. However, we are able to
say something more substantive about the order of the third term.

Comparing (7) and (8), we see that both r2F" and rF’ approach a constant in
the limit as 7 — oo, and so F” = O (FTI) in the limit. Using this order relation, it

follows that the fourth term has order of O (M) SO can be written as
F'sin?(F

r?F" 4+ 2rF' —sin(2F) + O (sm())

,

+0 (sin(2F)(F")?) + O ( Sinng) sin(2F)) =0

Recall that in the previous section, we showed rF’ — 0, meaning that F' is
ultimately smaller than r. As a result, when we factor out a % from the last three
terms, only the final term does not decay to zero. This gives us:

1
(18) r?F" + 2rF' —sin(2F) + T—QO(SiHQ(F) sin(2F)) = 0

Utilizing a change of variables x = Inr, recall from the previous section that
rF = %. The above equation can then be written as

2
(19) % + Z—i —sin(2F) + 0 (e72*) =0

Our equation is almost in a usable form. To get it in the final form we intend
to take advantage of, we must take a small detour. The idea now is to bound the
integrands of slightly manipulated equations and then use order approxi-
mations to make conclusions about the order functions.

The first such integrand is achieved by multiplying with ‘fl—i and then integrating
from some point a to oo:

©dF [dF dF o
L dx{de—’—d:c_Sln(QF)—i—O(e ):|dl‘

_1(dF 2c>o+/°° dF 2d +cos(2F)
2 \dz ) la o dx * 2
o 1

The first and third terms are finite. As for the fourth term, we know that
o(F') = (r~1), so then:

oo

a
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> 1 o 1
/ (F"O <2) dr</ O() dr < oo
a T a T
When a > 0. Since the first, third, and fourth terms are ﬁmte and sum with

the second term to 0, this means that the second term, f ( w) dx, must also be
finite.
For the second integrand: if we multiply by sin(2F') and integrate we get

oo 2
0= / sin(2F) {((1133}; + % —sin(2F) 4+ O (e 21)] dx

> dF | 00
< sin?(2F)dz + ol T F‘ +pvm

For some number p. So it should be clear from above that [ sin?(2F)dz is
finite since the terms other than it are also finite (see above).
Setting F' — F(c0) = e 2 G, then

_sin® (2F (1) — 2F(c0)) _
t=o0 4 (F(t) — F(c0))?

Meaning that [~ sin?(2F)dzx finite is equivalent to saying that X (F(t) — F(c0))? dx
is finite since they are of the same order. Now we use G to rewrite :

AF L g, 1 dG
dzx 2 € dx
Clzl_le—%G_e dG_;,_ —EdziG
dz? 4 dx dx?
So then can be written as:
PG 1 3 sin(2F)
e —3x/2
dz? 4G Ofe )+ e—%/2

Subtracting 2G cos(F(o0)) from each side yields

o — G~ 2G cos(F(20)) = Oc™/?) + sin(2F) ~ 26 cos(F(>0))
o) =0(e%/?) 1+ G (Fsm(;f’) — 2cos(2F) )
:O(e3m/2)+G<FS1n(}zf‘))+25m >

= 0(e™*/%) + G (0(1) - O(1) + O(sin*(F)))

This is the relevant equation we intend to use for cases 1 and 2. For case 1,
F(00) = km, which tells us that cos(2F(c0)) = 1, allowing us to write:

*’G 9 —3z/2 2
T3~ 1G=0C /) + 0 (G(F — F(0))?)
Looking at , if F'is close to km then whenever F’ = 0 we have

(21)
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sin?(F)
2

1 1
(ZTQ + 2sin?(F))F" = 1 sin(2F) + sin(2F")

Meaning F”' and sin(2F) = F — kr share the same sign. So if F' is approaching
k7 then it is monotone. For example, F' approaching kr from below implies F/ > 0.
If ever F/ = 0 and F' # km are both true, then F” < 0 so F’ will then become
negative and F' will stop approaching kw. Now that it has been established that F'
has a monotone approach to km, we will use this fact to determine that G has a
limit and what that limit is.

Monotonicity tells us without loss of generality we can assume that F'— km > 0,
meaning that G > 0. As a result,

(22) G +0(e732/%) = da+0 (G(F — F(00))?)
dz? 4 '
Using
G>0
means that )
% +0(e3%/2) > 0,
so as a result, % + O(e3%/2) must be increasing and must have a limit L as
x — 0o. Now for proof by contradiction that L = 0:
If L < 0 then, from 7 G < 0 so we arrive at a contradiction.

If L > 0, then since e =3%/2, G(F — F(00))? — 0, we have

d’G 9
dz? 4
Multiplying each side by % and integrate then we get

Which upon integration yields
InG §x
2 b

contradicting that G = o(e?). Hence L must equal 0. For large enough z, the
fact that 4¢ + O(e~3%/2) increasing implies
< O -5
de — (e72)
Which means that G is bounded. Using the fact that G is bounded allows us

to express G as an improper integral, which can be verified by . The
ultimate goal is to use this integral to estimate the order G and then feed the
estimated order back into the integral in order to get a more accurate picture
of the behavior of G.

Our bounding of G tells us, by referring to its definition, that

x

F —F(o0) =0(e™ ?)
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Meaning that (21)) becomes:

?G 9 3
el —3z/2 —x
02 4G O(e )+ O (Ge™™)
Then G can be solved for as:

2 3z > 3t 3t
G=Ae 2 — 567 / e 2 <0(6_7) + O(Ge_t)) dt

——e 2z ’ ez (O(e_?) + O(Ge_t)) dt

Zo

_ B4z _2 [ 2 (o(e—%) + O(Ge_t)> dt

+§ (O(e—%ﬂ”) + O(Ge‘x)) te ¥ /9: ¥ (O( ~%) 4+ 0(Ge™ )) dt
—2 (06 %)+ 0(Ge™))
TO a3k [T (0 ¥) v o(Ge ) i

,gef%’”/gﬂ e%(@(eﬁHo(G ))dt+0( )+ 0(Ge™)

dG

to —2G cancels out every term except O(e %) 4+ O(Ge™™),
which is exactly the right side of (| .

Back to (23): since integration does not change the order of an exponential
function, the largest term in G is of order O(e™*). So we can say G = O(e™?) and
plug this into . Again we only have exponentials in the integrand, so this sorts
out the same way, leaving us with

3z

G(z) ~ Be™ 2

Where B is some constant. Then

F —kr ~ Be™2®

‘Which is what we were to show.

4.2. Case 2: lim,_,, F(r) = (k+1/2)7
In this case, cos(2F(o0)) = —1, so becomes

d*G
da?
Now we intend to rewrite G in a form that agrees with and that allows

us to bound it.
G can be written as

(24) + G O(e3/?) + 0 (G(F — F(x))?)
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x 1 _ 3t 2
f [ sin(; Vi@ = 1) x (0(e™#) + O((F = F())*G)) dt

A fact that can be verified with by calculating

G = Acos(gx) + Bsin(gx)
(25)

2
iﬁ as such:

@__KAI(W V7 V7

o 5 )+ —Bcos( 5 x)
2 _32g
= (5 V(e — ) x (0(e=) + O(F - F(0)G))
*G 7 VT T, VT
o —ZACOS(T.%‘) - ZB sm(Tx)

\/? _31
— cos(*-(x — w0)) x (O™ 2) + O((F = F())*G))
So then in accordance with the left hand side of :

05(2; Z \[/ sin(=V7(x — 1)) x (O( ~%)+O((F - )dt
fcos(g(z — @) X (0(6’3%0) +O((F — F())2G) )
_ —/:cos(;\ﬁ(x—t)) x4 (0 %) + O((F ~ F(oo)?C) ) di

= 0(e /%) + O (G(F — F(0))?)
Where the last equality is due to cosine being bounded. So it is then clear that
satisfies .

In order to bound G, we can choose x( such that

[wrep <Y

. 4
Where for x > xy we can define

M(z) = sup |G(t)]
ro<t<z
So then using we can say
2 r 3t
M§A+B—|—f|/ O(e™7) dt|—|—f|/ sin(=v7(z — 1))O(G)dt|

<A+B+C+ - \G /cosx—t)

d—dt| <A+B+C+ M
So at last we have the bound of M as

M < 2A+ 2B +2C,

where C is the constant associated with the O(e~ %) term. So then G is bounded.
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The conclusions for case 2 follow thusly: F — (kr + 1) = Ge™ %, so given
the oscillatory terms in G, we see that the solution oscillates about km + % Also,
G bounded means F — (kr + 3) = O(e™2).

4.3. Case 4: lim,_,o F(r) = (I +1/2)x
This case has a similar structure to case 2. First, in order to get a more
usable function, we rewrite as

ir3F N sin(2F)
ir2+2 sin?(F) 37242 sin?(F)

1
P2 (r2F"* — L7 = sin?(F)) =0

Change of variables r = ¢® i.e. Inr = z. Recall from section 3 that rF’ =
% —0asr — 0 < = — —oo. This gives us the facts:

S0 we can rewrite as:

d*F  dF sin?(F)sin(2F)  72F’sin(2F)

10 —
(26) dz?  dz ) ir2 4+ 2sin®(F)  1r2 + 2sin®(F)
d*F  dF 1 1
= g — g +O(e) — 5 sin(2F) + 57«21?’2 sin(2F) = 0

In order to rewrite our equation, we will do what we did before and show the
improper integrals are finite and then introduce a function G whose behavior
is tied to this fact.

If we multiply by % and integrate from x to —oo then

20 (dF\> % dF (d*F | 52
/—oo(dﬂ?) dx:_/_oodx<dx2+0( )—§sm(2F)+2r F' Sln2F>

dF\?
< -
- d(E —00 2

Where the last 2 terms are a result of limit taken in section 2. We will then use
the finiteness of this integral for when multiplying by sin(2F) and integrating
over the same domain:

Zo Zo

O(1)F

< oo

—00

+O()F

—00

—0o0

/7”0 sin®(2F) = /wo r2F"%sin (2F) + O(¢*") sin(2F) + 2sin(2F) <d2F - )

oo oo dz?
o dF o
< (a+1)‘7 +o(1) +0(1 )COS(2F)‘7 —2F‘ +22|" <o

Defining

F — F(0) = e*/2@
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Allows us to rewrite ([26):

G 1 1 1 dF
z/2 [~ + 2z\ T T we
e (da:2 4G> +O0(e™™) 3 sin(2F) + 5 sin(2F) (da:)

2
=0

Divide by e*/2:

PG 1 s, 1sin(2F)  1sin(2F) (dF\?
75 em/Q 2 eat/?

@z " et o) &

Subtract G cos(2F(0)):

d*G 3

. . ,
£ 1 fo+ousy- 1010 (4] G
= O(G(F — F(0))?) - %Siﬂ@F) ;;;n@F(O)) (cclé?)

Yielding the form:

(27) % + ZG = 0(e2") + O(G(F — F(0))*) + O (G (Cclllsz) )

15

This is the final expression of relevant to this case. As for the next step, we

shall rewrite G and verify it using .
Similar to case 2 we can write G in the following way:

3 2 m
ix) + —
2 \/g Zxo

2
<O(eéw) +O(G(F — F(0))>) + 0 (G (‘Z) )) dt

G= Acos(?m) + Bsin( sin(?(m—t))x

2 .
Then flmcj is

PG 3 V3 . 3. /3 V3
e —ZACOS(T‘Z‘) - ZB sm(Tas) - cos(7(:1: —xp))

<o<ei’m) +OG(F = F(0)?) + 0 <G (‘g) )

Applying this to for verification:

)
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212 § = \2[/ sin(—(z —t)) x (O(e%x)

+O(G(F — F(0) ( (F) ) t—cos(\gg(x—xo))x

(O(egm) + O(G(F — F(0))*) + O (G (0;5) )) = /m cos(?(m — 7)) X
d 5, ) dF\”*
pn <O(e2 )+ O(G(F — F(0))*) + O (G <da:) )) dt =

2
o(1) (0(6395) +O(G(F = F(0)?) + O (G (ff:) >>

So now that we have established that G works we will use its form to create a
bound.
‘We choose xq so that

/zo (F — F(0))? < ?

And define
M(z) = sup [G(t)

r<t<xzg
Giving us

a1 dF\”°
M§A+B+O(ezz)+§O(G)+O G T

1
SA—I—B+C+§M—|-0M

Meaning M is bounded as such:
1

— 0

M <

(A+B+0C)
3—0)
Where we can quantify a ¢ as small as we want since % — 0asr — 0. So then
specifying a o < % tells us that M, and by consequence GG, must be bounded.

Case 4 conclusions follow: form of GG tells us that F' oscillates about its limit
(I+Hmand F — (I+ 3)m = O(e*/?) = O(r'/?).

4.4. Case 3: lim,_,o F(r) =lIr

The general strategy of this section is to bound rF’ above and below so
that we can make a statement about its order. The first step to doing this is
simplifying the problem: We can assume [ = 0 since our argument can be applied
to any [.

Next we will show that F' is monotone near 0: So F — 0, meaning we
can specify a sequence {r,} such that r, — 0 as n — oo and where F(r,) > 0,
F'(rp) > 0. We know we can specify r,’s such that the latter condition is true
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because if F(r,) > 0 then F is approaching 0 from above so sin(2F) > 0. If F’
were ever to be zero then tells us

sin?(F)
7a2

1 1
(37 + 2sin* ()P = - sin(2F) + sin(2F) > 0

meaning that F” > 0. So when r is close enough to 0, F becomes mono-
tone increasing from above. (Similarly if we try approaching from below F' will
be monotone decreasing, so F monotone either way).

We are intent to show that T—g, — 1 as r — 0T. This shall be done via con-
tradiction. First assume there exists an r such that rF’ > F. Then if we look at

(2):

1 1 1 sin?(F) — (rF")?
(b2 2sin2(F)F" = L 1 L sin(ap) + ) 20

sin(2F) <
,

1 . sin?(F) — F? |
§(F—7“F)+ Tsm@F) <0

So then F” < 0. By consequence:

F/
27

F - 2 2 —(F/)

/ . . .
So then % increases as r — 0. Since rF’ > F is true too, we have

r

(TF’ )’ rFF" 4+ F'(F —rF') _rFF"
= < <
r

/

F
(28) zz'mHm% —e>1

Hence ”
limr_>0+F' > —
T

so by integration:

F

To
limr0_>0+F > / —_—.
0 r

This means that g — 0. Looking at :

1 1 1 in?(F
= ) <—2rF’ — sin(2F)(F')? + 7 sin(2F) + Smrg ) sin(2F)>
4 F/
~ —77

and as a consequence we can say

o F
F' < —m— ~—m—
r r
for some m > 0. Integrating the final relation close to F' = Im means F is
monotone and so the integral can be bounded i.e. for some M:

70 M To

T:—OO>/ F//ZF/(To)—F/(O)
o T 0

But then F/ — oo as F — I, contradicting . Thus only rF’ < F is
possible. Now that we have bounded rF’ above we will show it is bound below

using contradiction again:
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Suppose rF’ < % sin(2F). Then can be turned into the inequality:

—F" < sin(2F)(F"” —

sinrgF)) < sin(2F) <1sin (2F) 7;45111 (F))

(cos(F) r12><sm2<F>>) o

= sin(2F) <

So F” > 0. Then

(sin(2F)>' _ 2F'cos(2F)  sin(2F)(F' +rF")

rE’ rF’ (rf’)?
< 2cos(2F)F' — 2F" — 2rF" - —2F" <0
rE’ F'
Meaning that SHT’(%F) is increasing as r — 07, which is a contradiction. Hence,

the assumption that rF’ < %Sin(2F ) was incorrect. So then we know

1
§sin(2F) <rF'<F

Considering the Taylor expansion of sin(2F'), we can write rF’' = F + O(F3).
To confirm the conclusions for case 3: assume the form F = ar + O(r3)
(for some a > 0). We can easily check that it satisfies the equation

W =a+ 0(7’2),

meaning that close to r =0, F ~ ar.
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