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Introduction

Random matrix theory is often concerned with describing the limiting eigenvalue
distribution of random matrix ensembles. For example, Wigner’s semicircle law shows that
the empirical distribution of eigenvalues for real symmetric matrices with independent,
mean zero, and variance one random entries scaled by VN converges weakly in probability
to the semicircle law [1]. It has been shown that the eigenvalue distributions of Toeplitz and
Hankel matrices with independent, mean zero, and variance one entries each converge

almost surely to a unique distribution [3].

A natural next question is to study what happens to the limiting eigenvalue
distribution when making slight changes to some of the entries of a matrix ensemble. The
limiting distributions of matrix ensembles have been studied when the (i, j) and (j, i)
entries are randomly multiplied by €; ; = €;; € {—1, 1} where ]P’(EL-J- = 1) =p.Forp =1/2,
the limiting eigenvalue distribution is the semicircle law when each random variable occurs
O(N) times in each row; this result holds for Toeplitz and circulant matrix ensembles [1].
The k-checkerboard matrix has been defined and studied, where each entry on the kth
diagonal is equal to some constant w, and all other entries are independent, mean zero,
variance one random variables. It has been shown that the eigenvalue distribution of this
random matrix ensemble converges weakly in probability to the semicircle law. This can be

thought of as changing the kth diagonals of a Wigner matrix to w.
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In this thesis we study what happens when some entries of a random matrix
ensemble are changed to zero. We consider adding these zero distortions randomly, and we
consider when the distortions are added in a specific non-random way. In general, we show
that under certain conditions the limiting distributions of the eigenvalues are not changed,
either in a random or structured way, if “not too many” of the entries in the matrix are

changed to zero.

Background

Here we introduce some definitions and notations that will be useful for our results.

Definition 1.1: Given a real symmetric NxN random matrix A, we can list its real
eigenvalues as AY with 2 < A1) < --- < AN. The empirical distribution of the eigenvalues of

Ay is then defined as the random probability measure on R given by

N
1
LN = Nz 61{\1.
i=1

Definition 1.2: Ly converges weakly in probability to some distribution e if for all functions

f € Cp(R), the set of all bounded continuous functions on R, and for all € > 0

lim PC(f, Ly) — (f, @)l > €) = 0.
Definition 1.3: Given two real NxN matrices Ay and By, the Hadamard product matrix
Hy = Ay o By is the NxN matrix whose (i, )" entry Hy (i, /) = Ay (i, j) © By (i, ).

Definition 1.4: Given a real symmetric NxN random matrix Ay and a symmetric NxN matrix
1y whose entries are either 1 or 0, we can list the real eigenvalues of 1, © Ay as & with
&N < &Y < ... < &l. The empirical distribution of these eigenvalues is then defined as the

random probability measure on R give by

o— 1 6
Dy = NZ &
=1

Definition 1.5: Consider two sequences of i.i.d. random variables {Zi'j}1<i<j and {Y;},; with

mean zero and variance one that satisfy max{EZfz, EYlk} < oo for all k € N. Then a Wigner

matrix is a real symmetric random matrix with entries
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(Zij ...
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XN<i,j>=XN(i,i)=J v

(/=

Definition 1.6: The semicircle law scaled by p is the distribution with density

1
op(x) = ZPTT[‘MP —x% liy<2yp -

Wigner’s Semicircle Law: The empirical distribution of the eigenvalues of the Wigner matrix

ensemble {Xy} converges weakly in probability to o;.

Definition 1.6: For an NxN non-random symmetric matrix 1, whose entries are zero or one,

we define

N N N
60N = > 1y,  and 6:(N) :=;1N(i, D =;1NU, 0.

ij=1
Results

The first result involves an ensemble of random matrices {Ay} whose entries all
have non-negative moments. That is, EAy (i,j)k = 0foralli,j, k, N € N. The distorting

matrix 1, will have its entries be Bernoulli random variables.

Theorem 1.1: Suppose {Ay} is any ensemble of symmetric random matrices whose entries
have non-negative moments. Suppose {1y} is an ensemble of symmetric random matrices

composed of Bernoulli random variables with parameter p(N) € (0,1] and Al]im p(N) =1.1f

the empirical distribution of the eigenvalues of Ay converges weakly in probability to some
distribution a which has bounded support, then the empirical distribution of the

eigenvalues of 1,°Ay converges to a as well.

lfAl]im p(N) = p € (0,1], then we can say something about the limiting distribution
of the eigenvalues if we know the structure of the ensemble Ay. For example, suppose {4y}
is an ensemble of Wigner matrices defined earlier, then 1, o Ay has independent entries
with mean zero and variance p. Then the matrix ensemble By with each entry multiplied by

1
the constant —
N



1
By =—=-1y Ay

Jp
will have mean zero, variance one, independent entries. Because By, satisfies the conditions
for Wigner’s semicircle law, then the empirical distribution of the eigenvalues of By
converges to 4. This tells us that the eigenvalues of 1, o Ay are just the eigenvalues of By

multiplied by \/_, and thus, the limiting distribution of the eigenvalues of 1 o Ay is o

Also, Wigner matrices can have negative moments beyond the second moment, so this

result did not follow from Theorem 1.1 for p = 1.

We now consider distortions added in a non-random way, specifically for the

Wigner random matrix ensemble.

Theorem 1.2: Suppose {Xy} is an ensemble of Wigner random matrices, and {15} are non-
random matrices with entries equal to zero or one, and for all j, 8;(1y) = pN with p € (0,1].

Then the empirical distribution of the eigenvalues of 1,°X, converges to i

Theorem 1.3: Suppose {Xy} is an ensemble of Wigner random matrices, and {15} are non-
random symmetric matrices with entries equal to zero or one, and
6(1y) _

v O

Then the empirical distribution of the eigenvalues of 1,°X, converges to o .

Theorems 1.2 and 1.3 only cover a limited number of possible 1, matrices. We have
yet to find a general formula for the limiting eigenvalue distribution of 1 o X, but we do
have equations for the first eight moments, and a process for finding all higher moments.

We will discuss these topics in section 3.

Method of Moments

All our proofs will be done by the Method of Moments as described in [1], which is
described in Theorem 2.1. The proof requires two conditions, we will proof in each of the

previously discussed cases.



Theorem 2.1: Let {Ay} be an ensemble of NxN random matrices with empirical distribution
of the eigenvalues Ly, and let & be some distribution with bounded support [—M, M].

Suppose that

(D) Forallk € N,
Al]im E(x¥ Ly) = E(x*, a).
(ii) Forallk € Nand e > 0,
; k _ k —
lim P(|[(x¥, Ly) — E(x*,Ly)| > €) = 0.

Then the empirical measure of the eigenvalues Ly converges weakly in probability, to the

distribution a.

Assume that Ly and a satisfy conditions (i) and (ii). We need to show that for all

continuous bounded functions f and for all § > 0:
lim P(f, Ly) = {f, @)> 8) = 0.

For such an f by the Weirstrass Approximation Theorem, we can find a polynomial

Qs(x) == Y . b;x' that satisfies:

)
sup 10500) ~ ()| <

x:|x|<

where R = (2M)?2. Note,
P({f,Ly) = (f @) > 6) <

P(Kf, L) = {f, @) - Lixj<p > 8) + P(I(f, Ly) = {f, )| - Ljyy5p > 6) <

6 6
P (14, L) = B L)l - e > 5) + P (1EGF, L) = (F, @] - L > 5 )

6 6
+ (I L)l Lo > 2) + P (K@ iapsp > 5) =Py + Py + Py 4 By

First, P, = 0 because «a is only supported on [-M, M], but B = 2M.

By definition of Qs,

6 6
Pr=P(I(f, L) = B L)) Licgen > 5) < P (1005, La) = E(Qs L)l > 5) = 0



2.1.

by Lemma 2.2. Similarly,

) )
P, = P(IEQs,La) = (f @)l - Liiss > 5) < P (1B, La) = (@s@)] > 7) = 0

by Lemma 2.1.

Finally, by Chebyshev’s inequality for all € > 0:

1 E(|x|?*, Ly)
P({|x1% 155, Ly) > €) < EE<|x|k1|x|>B:LN> S— g -
Then by Lemma 2.1,
Moy MZk

: k
hzlx}ljgp ]P((lxl 1ix|>p Ln) > e) < T < c@I
The left-hand side of the above expression is increasing in k, but the right-hand side is

decreasing in k, so

limsup [P’((lxlk1|x|>3,LN) > 6) = 0.
N-oo

This implies that P; = 0 as N = o which completes the proof of Theorem 2.3.

[There is an upward pointing arrow here in your previous comments, but I don’t know what

that meant.]

Proof of Theorem 1.1

Here we consider an ensemble of real symmetric random matrices Ay whose
empirical distribution of eigenvalues L, converges weakly in probability to some
distribution a with compact support. The matrices Ay also have entries with nonnegative
moments, that is EAX (i,j) = 0 Vi, j, k, N € N. These matrices are then distorted by
multiplying 1, o Ay, where 1y is a symmetric random matrix composed of Bernoulli
random variables with parameter p(N) — 1 as N — . The empirical distribution of the
eigenvalues of 1y o Ay is Dy defined earlier.

Proofof Condition (i): By the independence of entries in 1 and Ay:



N
1 1
Bk, Dy = —tr(ly o AF = > Ely(in i) Ay i) oo LG i) An i i)

il,iz,...,ikzl

N
1
=5 D Bl - IyGio )] ElAy Gy i) - Ay G )]

il,iz,...,ikzl

Remember that every moment of the Bernoulli random variable is equal to its
parameter p(N) < 1. The E[15(iy, i3) ... 1y(ix, i1)] term is the expectation of at most k
independent Bernoulli random variables, which happens when none of the indices generate
entries that are the same, and at least one Bernoulli random variable, which happens when

the indices all generate the same entry. Therefore,

p(N)* < E[1y(iy, ip) - 1y (ig, i)] < p(N).

Since the moments of the entries in Ay are non-negative, we can create bounds on E(x*, D)

as follows:

N
1
PVF = DT BA(in ) o An Gl in)

i1,i2,0ig=1

< E(x*,Dy) <

N
1
P(N)N z EAp(iq,13) ... Ay (g, i1)-

il,iz,...,ik=1

The summations in the upper and lower bounds are the kth moments of the eigenvalue

distribution of Ay, so
p(N)* - E(x*, Ly) < E{x*,Dy) < p(N) - E{x¥, Ly).
By assumption, p(N) — 1 and E{x*, Ly) - E{(x*, a). Then the above inequalities show that
131330 E(x*,Dy) = E{(x*, a).

Proof of Condition (ii): By Markov's inequality,

P([(x*,Dy) — E(x*,Dy)| > €) < %E|(xk,DN) — E(x*,Dy)|
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< é(EI(x",Dm — (%, Ly)| + E|(x*, Ly) — E¢x®, a)| + E|E(x¥, a) — E(x¥,Dy)|)

1
=:E (Tl + TZ + T3).

First, T, goes to zero because Ly converges weakly in probability to a. Also, T5 goes to zero
because E[(x*, Dy)] converges to E[{(x*, a)]. Finally,

1 k k
T1 = NtrAN - tT(lN ° AN)

N
D (1= Elyliaig) o Ty G i) EAy (i, i) - Ay G -

ilv"'ik=1

2|

The 1 — E1y(iy, i3) ... 15 (ig, i1) term contains at most k independent Bernoulli random

variables, and at least one, so
1—p(N) <1 —E1y(iq,iy) .. 14>k, i1) < 1 —p(N)~.

Therefore, (1 — p(N))E[(xk,LN)] <T, < (1 — p(N)k)E[(xk,LN)]. Taking the limitas N —» o

in the above expression shows T; = 0. Therefore, Allim ]P(|(xk, Dy) — E(x¥, DN)| > e) =0.

Now that we have shown conditions (i) and (ii) to be true under the conditions of

Theorem 1.1, we know that the theorem holds.

Proof of Theorem 1.2

Now we consider the ensemble of Wigner random matrices Xy, described in
Definition 1.5. The eigenvalue distribution of X, converges weakly in probability to the
semicircle law a4 described before. A full proof of this can be found in [1], which shows
Wigner’s original argument. We consider Wigner matrices Xy, distorted by multiplying 1, ©
Xy, where 1y is symmetric and composed of entries equal to zero or one. Also, 6;(1y) =
pN for all j with p € (0,1). With a slight change to the argument found in [1], we show the
eigenvalue distribution of 1, o X converges to the semicircle law scaled by \/_, denoted by

1
First, we find the moments of 0\/1—,. Let C,, denote the nth Catalan number for n € N,

which is:



1
=g ()

If k is odd, then because g, is an even function and x*¥ is an odd function

1
k k =
E{x*,0 ;) = > Fpnfx o rp(x)llxlsp% dx = 0.

For even moments,

2k 1 2k 22k 2
E (x ,aﬁ)=% x*op(x)1 1dx=T sin“* 6 cos~ 6 do

lx|sp*
22k+1pk
_c P | 2k _ 2k
=— f sin“* 6do — 2k + 1)E (x ,0\/1—,).
Therefore,
22k+1pk 4(2]( _ 1)
2k — .2k _ ok
E (x ,0\/1—,)—”(2](_}_2) sin“®*6df =p k12 Myy_z,

Using induction and starting with E (x°, Gﬁ> = 1, we can see that E (x?k, a\/z—,) = pkCy.

Proof of Condition (i): Let Xy (i, j) = 1y5(i, ) - Xy(i,j) and similarly for ¥; and Z; ;. Then
k 1 k 1 U . . U . 1 N
E(x®,Dy) = = tr(ly o Xy)* =< z EXn(iy,iz) . X (g, i) = _z T;
N N £ N L
i1,ig=1 i

where i = (iy, iy, ... ig)-

An N-word of lengthm > 1isw = a;a,..a,, where a; € {1, ..., N}. The support of
w denoted supp(w) is the unique elements appearing in w, and the weight of w denoted
wt(w) = |supp(w)|. Each word w generates an undirected graph G,, with m — 1 edges and
wt(w) vertices. Denote the undirected edges of G,, by E,, = {{is, igy13:s=12,....m— 1} ,
and the vertices of G, by ¥}, = suppw. The self-edges of w are E5, = {e € E,,;e = {b,b},b €
supp(w)}, and the connecting edges of w are Ef, = E,, — E. The number of times the graph
G,, crosses edge e is denoted by N5. A word w is closed if a; = a,,.

With these definitions, we see that each i is a closed connected N-word of length k +
1 where w; = iyi, ... iy i;. Therefore,

N_ 1 5Nw; 5N
T;" = NE2 1_[ EZ , 1_[ EY "
eE€Ey,; eE€Ey,;

If there is e € E,,, with Nj, = 1, then T; = 0 because EZ, , = EY; ; = 0. Thus, we only need
to consider i where N,5. > 2 for all e € E,,,. Because w; has k edges and each vertex after the

first accounts for two edges, wt(w;) < k/2 + 1.



If there is a bijection from w; to wj, these words are called equivalent and generate
the same graph up to graph isomorphism, meaning that T; = T}. For an N-word w; with

wt(w;) = u, the number of words equivalent to w; is given by ¥ ,, where

k
N@N-1)..(pN—-u+1) < ¢y, < (pN)2 (2.2.1)
Let W ,, be the set of representatives for the equivalence classes of closed N-words w; of

length k + 1 and weight u. Then

lk/2]+1

Yy, 5N 7Ny
E(x*¥,Dy) = NTZu-l—l z H EZ}, 1_[ EV;Y.

u=1 WEWY , e€ES, €e€Ey,
The moments of Z; , and Y; ; are all finite by assumption. |Wku| < u® < k¥ because there
are u vertices for each of the k edges to end at in the N-word of weight u and length k + 1.
Also, Yy ,, < N*. From these inequalities if k is odd, then |k/2] + 1 =k/2 —1/2,s0
Al]i_r)go E{(x*,Dy) = 0.
Forkeven, |[k/2]+1=k/2+1,s0
Jim E(x¥, Dy) = p? z 1_[ EZYY ﬂ ETNS,
WEWp /241 €€EES, e€E;,
Any w € Wy i /241 is connected and [, | = k/2 +1. This tells us that |E,, | = k/2. Because
NY = 2foralle € E,, |E, | < k/2, which tells us that |E,,| = k/2. This tells us that |[N}| =
2 foralle € |V,|.
A tree is a connected graph with no cycles. Any graph G with |E;| = |V;| — 1isa
tree, so eachw € Wy, is a tree. Because these w have no cycles, E, = @. This tells us

that for even k
k
Jim E(x*,Dy) = pZ|Wy k/241]-
A Bernoulli walk of length # is an integer valued sequence {B,}%_, with |B; — B;_;| = 1.A
Dyck path of length £ is a non-negative Bernoulli walk of length £ with B; = B, = 0. To

complete the proof and as shown in [1] on page 15, for k even we construct a bijection

between Wy /241 and the Dyck paths of length k. Also, shown in [1] on page 8, there are Cx

2

Dyck paths of length k for k even. This completes the proof of condition (i)
Proofof Condition (ii): By Chebyshev’s inequality,

1
P(|(x", Dy) — E¢x", Dy)| > €) < = (E[(x", Dy)?] = E[(x", Dy)]?).

10



We will show that
Jim E((x*,Dy)?) — E((xk,DN))2 =0.
Using the same definitions for i and T}" as in the proof of Lemma 2.1,
1
E((x*,Dy)?) — E((x*,Dy))" = WZ ETNTY — ETYETY.
ii’
An N-sentence is a finite sequence of N-words r = a4, a; ..., a,. The support of the

sentence suppr =U]7-l:1 supp(q;), and the weight wt(r) = [supp(r)|. Let each word a; =

bibs ... bf;(ai). Then the undirected graph generated by sentence s G, has vertices I, =
supp(r) and edges E, = {{b};, b};H} tk=12,..,4a);i =12, ...,n}. The self edges of the

graph generated by r Ef = {e € E, : e = {u,u},u € V}.}, and the connecting edges Ef = E, —
E;. Note that the graph need not be connected. Let Ny be the number of times the graph G,
crosses edge e.

With these definitions and notation, we denote by ; ; the two-word N-sentence
w;, wir. Then

ETNT)Y — ETYTY

1 “’Nﬁii' “’Nﬁii’
TNk EZ1,2 EY1,1
e€Ey e€E;
L Lt Ll
[ _NE, _NE, NG, NG,
_ i i i i
r EZI,Z | | EYl,l EZI,Z EYl,l .
eE€Ey,; eE€Ey,; e€Ey, , e€Ey, ,
11 1A

If N , = 1foranye € Ey, ,, then ET{Ty — ET}Ty = 0.1fE,, N E,,, = ©, then ET'T;/ —
ET?’T? = 0. Then we only need to consider r; ;y where Nfg , > 2foralle € E, , and

Ey, NE,, # 0.

Two sentences r; ;7 and r; ; are equivalent if there is a bijection from one to the

other. Therefore, they generate the same graph, and
NN NpN _ ppNpN NN
ET{ Ty —ETjTj = ET{"Tjr —ET; T

There are exactly 1y ,, N-sentences equivalent to any given N-sentences of weight u. Let

Wiu be the set of representatives for the equivalence classes of N-sentences r of weight

11
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u consisting of two closed N-words wy, w, of length k + 1 with N > 2 for all e € E,. and

Ey, NEy, # @.Then

E((x*,Dy)?) — E((x*, Dy))”

2k
Ynu SNE SNE
2w 2 || emi ] ] end

—_ c S
u=1 T=(W1'W2)Ewi,u eEETi,i’ eEEri,i’
g2 [ er™ T ez T ere
- 1,2 1,1 1,2 1,1 |
e€E,. €e€E;,. e€Ey;, , e€Ey, ,
L L i i

le,u
Nk+2

< N%7¥=2 In the limit we only need to consider u > k + 2. For each r € lec,u

Ey, NE,, # @, so the graph G, is a connected graph with u vertices. The graph has at most
k edges since N > 2. Itis clearly impossible to have a connect graph with u > k + 2

vertices and at most k edges, so Wiu = @. Thus,

lim E((x*,Dy)?) = E((x,Dy))” = 0.

Proof of Theorem 1.3

The proof of condition (ii) in for Theorem 1.2 in Section 2.2 still applies in this
situation. For the proof of Lemma 1.2, we know that if k is odd, then

Al]im E(x*,Dy) = 0.

For k even, we see that,
Allim |E(x*, Dy) — E(x¥,04)| < Allim |E(x¥, Ly) — E¢x¥,Dy)| + Al]im |E(x¥, Ly) — E(x*,04)|.

The second term on the right-hand side goes to zero by Wigner’s Semicircle Law. Then we

only need to consider the first term.

1
[EG, L) = B, Dy)| = |7 Z [1 = 1y (s iy) o 1y G i)]EXn (igy i) oo Xy G 1)),

il,..,ikzl

12



By the proof presented in Section 2.3, when ignoring the [1 — 1y (i3, i3) ... 1y (ix, i1)] part of

each term, we know that there are an order CEN"/2+1 terms EXy (iy,15) ... Xy (ig, i;) in the
2

summation that survive when N goes to oo, and they are all equal to 1. For each term we
refer to the X(ij, ij+1) as slot j, with X (i, i;) being slot k. Then entry Xy (s, t) appears each

slot j an order of CxN*/2~1 times. Then each entry appears in at most k - Ci - N¥/271,
2 2

We see that [1 — 1y(iq, i3) ... 15 (ix, i;)] = 1 whenever at least one of the 1N(ijij+1)

is equal to zero. These are the distortions, and there are 8;(1y) of them. Because the 6;(1y)

distortions appear in at most k - Cr - N¥/2-1 terms,
2

NK/2719:(1y)
= -0
Nk/2+1 N2

|E(x¥, Ly — E¢x*,Dy)| < 0(1y) -k - Ci -
2

This completes the proof of conditions (i), so Theorem 1.3 holds.

The General Case of Theorem 1.2

Theorem 1.2 assumes that 8;(1y) = pN for all j € N. We have also studied when this
is not the case, and 6;(1y) can be anything for each j. We are unable to prove any strong
theorems in this case but are able to find some moments for the distribution of the
eigenvalues. By the proof of Theorem 1.2, we still know that the odd moments are zero

when taking the limit as N goes to infinity. For the even moments we know that

N
. 2 _ . . .
1\1]1_1)130 E(x*,Dy) = 1\111_1:130 E 1y (i, ip).

il,izzl

N N
Allim E(x*,Dy) = Allim 2 2 In(iy, 1)1y (iz i3) = 2 9]'2-
j=1

il,iz,i3:1

13



Allim E(x® Dy) =I\1Iim 2 2 In (g, 12) 1y (g, i3) 1y (in, i)
il,iz,i3:1
N

+3 Z 1y iy, i) 1y (g, i3) 1N (i3, iy)

i1,02,03,04=1

N N
=A1]i_r)rgo 229]-2+3 z ;15 )0; |-
j=1

ij,=1

We can find similar expressions for higher moments. We find these expressions by
writing out all the possible graphs of closed words length % + 1 where each edge in the

graph are crossed twice, and then counting how many times each graph can be generated by
a word. From the proof of Theorem 1.2, these are the only terms that are contribute to the
sum in the limit. The graphs and counts for the for the moment equations shown above are

listed on the next page.

14



Closed words of length 3 and weight 2:

e W

Closed words of length 5 and weight 3:

Closed words of length 7 and weight 4:
"7 ~ \e .
C
(/AN
3 ( ) ) ¢
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