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1. Introduction

In this paper we generalize a result from Jaming, Iosevich, and Mayeli [2] to
Orlicz spaces.

2. Fourier Preliminaries and Previous Results

First, we introduce some definitions and basic theorems relating to Fourier trans-
forms in Lp spaces.

Definition 2.1. Let f : Zd
N → C. The Fourier transform of f is given by

f̂(m) = N− d
2

∑
x∈Zd

N

χ(−x ·m)f(x),

where χ(t) = e
2πit
N . The corresponding inverse Fourier transform is given by

f(x) = N− d
2

∑
m∈Zd

N

χ(x ·m)f̂(m).

We may verify that these are indeed inverse processes, as

N− d
2

∑
m∈Zd

N

χ(x ·m)f̂(m) = N− d
2

∑
m∈Zd

N

χ(x ·m)

N− d
2

∑
y∈Zd

N

χ(−y ·m)f(y)


= N−d

∑
m∈Zd

N

∑
y∈Zd

N

χ(x− y ·m)f(y)

= N−d
∑
y∈Zd

N

f(y)
∑

m∈Zd
N

χ(x− y ·m)
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= f(x),

since if x ̸= y, the Gauss sum
∑

m∈Zd
N
χ((x−y)·m) = 0, whereas

∑
m∈Zd

N
χ(0) = Nd

when x = y.

Definition 2.2. An Lp space over Zd
N is the space

Lp(Zd
N ) =

f : Zd
N → C

∣∣∣∣∣
( ∑

x∈Zd
N

|f(x)|p
) 1

p

< ∞

 ,

for p ∈ [1,∞), or

L∞(Zd
N ) =

{
f : Zd

N → C

∣∣∣∣∣ max
x∈Zd

N

|f(x)| < ∞

}
for p = ∞. We will consider the following norms with respect to sets A ⊆ Zd

N and
functions f in the Lp space: The Lp norm

∥f∥Lp(A) =

(∑
x∈A

|f(x)|p
) 1

p

∥f∥L∞(A) = max
x∈A

|f(x)|,

and the normalized Lp norm

∥f∥Lp(µA) =

(
1

|A|
∑
x∈A

|f(x)|p
) 1

p

∥f∥L∞(µA) = max
x∈A

|f(x)|.

Also, we will use the shorthand ∥f∥Lp(µ) := ∥f∥Lp(µZd
N
).

Theorem 2.3 (Plancherel). Let f : Zd
N → C. Then

∥f̂∥L2(Zd
N ) = ∥f∥L2(Zd

N ).

Proof. Squaring the left hand side and expanding, we obtain

∥f̂∥2L2(Zd
N ) =

∑
m∈Zd

N

|f̂(m)|2

=
∑

m∈Zd
N

N−d

∣∣∣∣∣∣
∑
x∈Zd

N

χ(−x ·m)f(x)

∣∣∣∣∣∣
2

=
∑

m∈Zd
N

N−d

∑
x∈Zd

N

χ(−x ·m)f(x)

∑
x∈Zd

N

χ(−x ·m)f(x)


=
∑

m∈Zd
N

N−d
∑

x,y∈Zd
N

χ((x− y) ·m)f(x)f(y)

=
∑

x,y∈Zd
N

f(x)f(y)N−d
∑

m∈Zd
N

χ((x− y) ·m).

Note now that for any x ̸= y, the Gauss sum
∑

m∈Zd
N
χ((x − y) ·m) = 0, whereas∑

m∈Zd
N
χ(0) = Nd when x = y, hence

∥f̂∥2L2(Zd
N ) =

∑
x∈Zd

N

|f(x)|2 = ∥f∥2L2(Zd
N ),
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as desired. □

Theorem 2.4 (Riesz-Thorin). Let p0, p1, q0, q1 ∈ [1,∞]. For t ∈ (0, 1), let

pt =
1

1−t
p0

+ t
p1

qt =
1

1−t
q0

+ t
q1

.

Then if T : (Lp0 + Lp1)(Zd
N ) → (Lq0 + Lq1)(Zd

N ) is a linear operator such that for
f0 ∈ Lp0(Zd

N ) and f1 ∈ Lp1(Zd
N ),

∥Tf0∥Lq0 (Zd
N ) ≤ M0∥f0∥Lp0 (Zd

N ) ∥Tf1∥Lq1 (Zd
N ) ≤ M∥f1∥Lp1 (Zd

N ),

we have that

∥Tf∥Lqt (Zd
N ) ≤ M1−t

0 M t
1∥f∥Lpt (Zd

N )

for f ∈ Lpt(Zd
N ).

Theorem 2.5 (Hausdorff-Young). If f : Zd
N → C and 1 ≤ p ≤ 2,

∥f̂∥Lp′ (Zd
N ) ≤ N− d

2 (
2−p
p )∥f∥Lp(Zd

N ),

where p′ = 1
1− 1

p

.

Proof. In the p = 1 case, we have

∥f̂∥∞ = max
m∈Zd

N

∣∣∣∣∣∣N− d
2

∑
x∈Zd

N

χ(−x ·m)f(x)

∣∣∣∣∣∣
≤ N− d

2

∑
x∈Zd

N

|f(x)|

= N− d
2 ∥f∥L1(Zd

N ).

In the p = 2 case, we have

∥f̂∥L2(Zd
N ) = ∥f∥L2(Zd

N )

by Theorem 2.3. Now, letting p0 = ∞, p1 = 2, q0 = 1, q1 = 2, we see that the
Fourier transform operator satisfies the assumptions of Theorem 2.4, hence

∥f̂∥Lp′ (Zd
N ) ≤ N− d

2 (
2−p
p )∥f∥Lp(Zd

N )

for all p ∈ [1, 2]. □

We now prove some previous results regarding annihilating pairs inequalities in
Zd
N .

Theorem 2.6 (Ghobber and Jaming [1]). Let f : Zd
N → C. If E,S ⊂ Zd

N ,
|E||S| < Nd, then

∥f∥L2(Zd
N ) ≤

1 +
1

1−
√

|E||S|
Nd

(∥f∥L2(E∁) + ∥f̂∥L2(S∁)

)
.
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Proof. Consider

∥1̂Ef∥L2(S) =

(∑
m∈S

| ̂1Ef(m)|2
) 1

2

=

∑
m∈S

∣∣∣∣∣∣N− d
2

∑
x∈Zd

N

χ(−x ·m)1Ef(x)

∣∣∣∣∣∣
2


1
2

≤ N− d
2

∑
m∈S

(∑
x∈E

|χ(−x ·m)f(x)|

)2
 1

2

= N− d
2

∑
m∈S

(∑
x∈E

|f(x)|

)2
 1

2

= N− d
2

(∑
m∈S

∥f∥2L1(E)

) 1
2

= N− d
2 |S| 12 ∥f∥L1(E)

≤ N− d
2 |S| 12 |E| 12 ∥f∥L2(E),

where the last inequality follows by Cauchy-Schwarz. Now, via triangle inequality
and Theorem 2.3,

∥1̂Ef∥L2(S∁) ≥ ∥1̂Ef∥L2(Zd
N )−∥1̂Ef∥L2(S)

≥ ∥f∥L2(E)

(
1−N− d

2 |S| 12 |E| 12
)
,

hence

∥f∥L2(Zd
N ) ≤ ∥f∥L2(E) + ∥f∥L2(E∁)

≤
∥1̂Ef∥L2(S∁)

1−
√

|E||S|
Nd

+ ∥f∥L2(E∁)

=
∥f̂ − 1̂E∁f∥L2(S∁)

1−
√

|E||S|
Nd

+ ∥f∥L2(E∁)

=
∥f̂∥L2(S∁) + ∥f∥L2(E∁)

1−
√

|E||S|
Nd

+ ∥f∥L2(E∁)

≤

1 +
1

1−
√

|E||S|
Nd

(∥f∥L2(E∁) + ∥f̂∥L2(S∁)

)
.

□

Under certain assumptions, there is an improvement to the above result which
is of interest. With that in mind, we introduce the following definition:
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Definition 2.7. We say that S ⊂ Zd
N satisfies a (p, q) Fourier restriction esti-

mate (1 ≤ p ≤ q) with uniform constant Cp,q > 0 if for any function f : Zd
N → C,(

1

|S|
∑
m∈S

|f̂(m)|q
) 1

q

≤ Cp,qN
− d

2

∑
x∈Zd

N

|f(x)|p
 1

p

.

Theorem 2.8 (Jaming, Iosevich, and Mayeli [2]). Let f : Zd
N → C, E,S ⊂ Zd

N ,
and suppose that a (p, q) Fourier restriction estimate holds for S with constant Cp,q.

If 1 ≤ p ≤ 2 ≤ q and |E|
2−p
p |S| < Nd

C2
p,q

, then

∥f∥L2(Zd
N ) ≤

1 +
1

1−

√
C2

p,q|E|
2−p
p |S|

Nd

(∥f∥L2(E∁) + ∥f̂∥L2(S∁)

)
.

If 1 ≤ p ≤ q ≤ 2 and |E|
q−p
p |S| < Nd

Cq
p,q

, then

∥f∥L2(Zd
N ) ≤

1 +
|E|

1
2−

1
q

1−
q

√
Cq

p,q|E|
q−p
p |S|

Nd

(∥f∥L2(E∁) + ∥f̂∥L2(S∁)

)
.

Proof. Consider first the 1 ≤ p ≤ 2 ≤ q case. By the restriction assumption,

∥1̂Ef∥L2(S) = |S| 12 ∥1̂Ef∥L2(µS)

≤ |S| 12 ∥1̂Ef∥Lq(µS)

≤ Cp,q|S|
1
2N− d

2 ∥f∥Lp(E)

= Cp,q|S|
1
2N− d

2

(
∥fp∥L1(E)

) 1
p .

By Hölder’s inequality, this quantity is bounded by

Cp,q|S|
1
2N− d

2

(
∥fp∥

L
2
p (E)

|E|
2−p
2

) 1
p

= Cp,q|S|
1
2N− d

2 |E|
2−p
2p ∥f∥L2(E)

=

√
C2

p,q|E|
2−p
p |S|

Nd
∥f∥L2(E).

Now, via triangle inequality and Theorem 2.3,

∥1̂Ef∥L2(S∁) ≥ ∥1̂Ef∥L2(Zd
N )−∥1̂Ef∥L2(S)

≥ ∥f∥L2(E)

1−

√
C2

p,q|E|
2−p
p |S|

Nd

 ,

hence

∥f∥L2(Zd
N ) ≤ ∥f∥L2(E) + ∥f∥L2(E∁)

≤
∥1̂Ef∥L2(S∁)

1−

√
C2

p,q|E|
2−p
p |S|

Nd

+ ∥f∥L2(E∁)
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=
∥f̂ − 1̂E∁f∥L2(S∁)

1−

√
C2

p,q|E|
2−p
p |S|

Nd

+ ∥f∥L2(E∁)

=
∥f̂∥L2(S∁) + ∥f∥L2(E∁)

1−

√
C2

p,q|E|
2−p
p |S|

Nd

+ ∥f∥L2(E∁)

≤

1 +
1

1−

√
C2

p,q|E|
2−p
p |S|

Nd

(∥f∥L2(E∁) + ∥f̂∥L2(S∁)

)
.

Consider now the 1 ≤ p ≤ q ≤ 2 case. By the restriction assumption and Hölder’s
inequality,

∥1̂Ef∥Lq(S) = S
1
q ∥1̂Ef∥Lq(µS)

≤ Cp,q|S|
1
q N− d

2 ∥f∥Lp(E)

≤ Cp,q|S|
1
q |E|

1
p−

1
2N− d

2 ∥f∥L2(E).

Now, by Theorem 2.5, we have

∥1̂Ef∥Lq(Zd
N ) ≥ N

d
2 (

2−q
q )∥f∥Lq′ (E)

= Nd( 1
q−

1
2 )|E|

1
2−

1
q′ ∥f∥L2(E)

= Nd( 1
q−

1
2 )|E|

1
q−

1
2 ∥f∥L2(E),

where q′ = 1
1− 1

q

. With triangle inequality, we combine the above, obtaining

∥1̂Ef∥Lq(S∁) ≥ ∥1̂Ef∥Lq(Zd
N ) − ∥1̂Ef∥Lq(S)

≥
(
Nd( 1

q−
1
2 )|E|

1
q−

1
2 − |S|

1
q |E|

1
p−

1
2Cp,qN

− d
2

)
∥f∥L2(E)

≥ Nd( 1
q−

1
2 )|E|

1
q−

1
2

(
1− |S|

1
q |E|

1
p−

1
q Cp,qN

− d
q

)
∥f∥L2(E)

≥ Nd( 1
q−

1
2 )|E|

1
q−

1
2

1−
q

√
|S||E|

q−p
p Cq

p,q

Nd

 ∥f∥L2(E)

Now

∥f∥L2(Zd
N ) ≤ ∥f∥L2(E) + ∥f∥L2(E∁)

≤
∥1̂Ef∥Lq(S∁)

Nd( 1
q−

1
2 )|E|

1
q−

1
2

(
1−

q

√
|S||E|

q−p
p Cq

p,q

Nd

)
∥f∥L2(E)

+ ∥f∥L2(E∁)

=
∥f̂ − 1̂E∁f∥Lq(S∁)

Nd( 1
q−

1
2 )|E|

1
q−

1
2

(
1−

q

√
|S||E|

q−p
p Cq

p,q

Nd

)
∥f∥L2(E)

+ ∥f∥L2(E∁)



ANNIHILATING PAIRS INEQUALITIES IN ORLICZ SPACES 7

=
∥f̂∥Lq(S∁) + ∥f∥Lq(E∁)

Nd( 1
q−

1
2 )|E|

1
q−

1
2

(
1−

q

√
|S||E|

q−p
p Cq

p,q

Nd

)
∥f∥L2(E)

+ ∥f∥L2(E∁)

≤
|S∁|

1
q−

1
2 ∥f̂∥L2(S∁) + ∥f∥L2(E∁)

Nd( 1
q−

1
2 )|E|

1
q−

1
2

(
1−

q

√
|S||E|

q−p
p Cq

p,q

Nd

)
∥f∥L2(E)

+ ∥f∥L2(E∁)

≤
∥f̂∥L2(S∁) + ∥f∥L2(E∁)

|E|
1
q−

1
2

(
1−

q

√
|S||E|

q−p
p Cq

p,q

Nd

)
∥f∥L2(E)

+ ∥f∥L2(E∁)

≤

1 +
|E|

1
2−

1
q

1−
q

√
|S||E|

q−p
p Cq

p,q

Nd

(∥f∥L2(E∁) + ∥f̂∥L2(S∁)

)
.

□

3. Orlicz Space Preliminaries

Orlicz spaces are a natural generalization of Lp spaces.

Definition 3.1. A function Φ : [0,∞) → [0,∞] is a Young function if it is
convex and limx→∞ Φ(x) = 0, limx→∞ Φ(x) = ∞. The complementary Young
function to Φ is given by

Ψ(y) = sup{xy − Φ(x) | x ≥ 0}, y ∈ [0,∞).

The inverse to a Young function Φ is defined by

Φ−1(x) = inf{y ≥ 0 | Φ(y) > x}.

Finally, a Young function is called nice if it satisfies both limx→0
Φ(x)
x = 0 and

limx→∞
Φ(x)
x = ∞.

Note that a pair of complementary Young functions (Φ,Ψ) satisfies Young’s
inequality

|xy| ≤ Φ(x) + Ψ(y).

Definition 3.2. An Orlicz space over Zd
N is the space

LΦ(Zd
N ) =

f : Zd
N → C

∣∣∣∣∣ ∑
x∈Zd

N

Φ

(
|f(x)|
k

)
≤ 1

 .

Let Ψ denote the complementary Young function to Φ. We will consider the fol-
lowing norms with respect to sets A ⊆ Zd

N and functions f in the Orlicz space: The
Orlicz norm

∥f∥L(Φ)(A) = sup

{∑
x∈A

|f(x)g(x)|

∣∣∣∣∣ ∑
x∈A

Ψ(|g(x)|) ≤ 1

}
,
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the normalized Orlicz norm

∥f∥L(Φ)(A) = sup

{
1

|A|
∑
x∈A

|f(x)g(x)|

∣∣∣∣∣ 1

|A|
∑
x∈A

Ψ(|g(x)|) ≤ 1

}
,

the Luxemburg norm

∥f∥LΦ(A) = inf

{
k > 0

∣∣∣∣∣ ∑
x∈A

Φ

(
|f(x)|
k

)
≤ 1

}
,

and the normalized Luxemburg norm

∥f∥LΦ(µA) = inf

{
k > 0

∣∣∣∣∣ 1

|A|
∑
x∈A

Φ

(
|f(x)|
k

)
≤ 1

}
.

Also, we will use the shorthand ∥f∥LΦ(µ) := ∥f∥LΦ(µZd
N
).

We now state some theorems in Orlicz spaces, beginning with Hölder’s inequality.
In fact, a version of this inequality follows very naturally from the definition of our
norms.

Theorem 3.3 (Hölder’s Inequality [4]). If Φ,Ψ are complementary nice Young
functions, for f ∈ LΦ, g ∈ LΨ, A ⊆ Zd

N , we have

∥fg∥L1(µA) ≤ ∥f∥L(Φ)(µA)∥g∥LΨ(µA).

Proof. Take some u > ∥g∥LΨ(µA). We have that

∥fg∥L1(µA) =
1

|A|
∑
x∈A

|f(x)g(x)|

=
u

|A|
∑
x∈A

|f(x)| |g(x)|
u

.

By definition of the Luxemburg norm, 1
|A|
∑

x∈A Ψ
(

|g(x)|
u

)
≤ 1, so by definition of

of the Orlicz norm,

1

|A|
∑
x∈A

|f(x)| |g(x)|
u

≤ ∥f∥L(Φ)(µA).

Taking u → ∥g∥LΨ(µA), we obtain

∥fg∥L1(µA) ≤ ∥f∥L(Φ)(µA)∥g∥LΨ(µA),

as desired. □

We will also introduce a number of useful lemmas, beginning with the following
exact computation of the normalized Orlicz norm of an indicator function.

Lemma 3.4. Let Φ be a nice Young function with complementary Young function
Ψ, and take some A ⊆ Zd

N . Then

∥1A∥L(Φ)(µ) =
|A|
Nd

Ψ−1

(
Nd

|A|

)
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Proof. Let g : Zd
N → C satisfy

1

Nd

∑
x∈Zd

N

Ψ(|g(x)|) ≤ 1.

Then, by Jensen’s inequality,

Ψ

(∑
x∈A |g(x)|
|A|

)
≤ 1

|A|
∑
x∈A

Ψ(|g(x)|) ≤ Nd

|A|
.

Applying Ψ−1 to both sides, we have∑
x∈A

|g(x)| ≤ |A|Ψ−1

(
Nd

|A|

)
,

thus

∥1A∥L(Φ)(µ) = sup

 1

Nd

∑
x∈Zd

N

|1A(x)g(x)|

∣∣∣∣∣ 1

Nd

∑
x∈Zd

N

Ψ(|g(x)|) ≤ 1


= sup

 1

Nd

∑
x∈A

|g(x)|

∣∣∣∣∣ 1

Nd

∑
x∈Zd

N

Ψ(|g(x)|) ≤ 1


≤ |A|

Nd
Ψ−1

(
Nd

|A|

)
.

Conversely, if g = Ψ−1
(

Nd

|A|

)
1A, then

1

Nd

∑
x∈Zd

N

Ψ(|g(x)|) = 1

Nd

∑
x∈A

Nd

|A|
= 1,

hence

∥1A∥L(Φ)(µ) ≥
1

Nd

∑
x∈Zd

N

|1A(x)g(x)| =
|A|
Nd

Ψ−1

(
Nd

|A|

)
.

Since both inequalities have been shown, we have that

∥1A∥L(Φ)(µ) =
|A|
Nd

Ψ−1

(
Nd

|A|

)
,

as desired.

Lemma 3.5. If Φ is a nice Young function satisfying xp ≺ Φ for p ∈ [1,∞), then
for A ⊆ Zd

N ,

∥f∥Lp(µA) ≤
(
|A|
Nd

) 1
p
(
Φ−1

(
Nd

|A|

))
∥f∥LΦ(µA).

Proof. Let Ψ = Φ(x
1
p ). Since xp ≺ Φ, Ψ is a nice Young function. By Theorem

3.3,

∥f∥pLp(µA) = ∥fp∥L1(µA) ≤ ∥fp∥LΨ(µA)∥1∥L(Ψ∗)(µA),
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where Ψ∗ is the complementary Young function to Ψ. Take some u > ∥f∥LΦ(µA),
so that

1

|A|
∑
x∈A

Ψ

(
|fp(x)|
up

)
=

1

|A|
∑
x∈A

Φ

(
|f(x)|
u

)
≤ 1.

Then, letting u → ∥f∥LΦ(A), we have that ∥fp∥LΨ(µA) ≤ up = ∥f∥p
LΦ(µA)

. As such,

∥f∥Lp(µA) ≤ ∥f∥LΦ(µA)∥1∥
1
p

L(Ψ∗)(µA)
.

By Lemma 3.4,

∥1∥L(Ψ∗)(µA) =
|A|
Nd

Ψ−1

(
Nd

|A|

)
=

|A|
Nd

(
Φ−1

(
Nd

|A|

))p

,

so

∥f∥Lp(µA) ≤
(
|A|
Nd

) 1
p
(
Φ−1

(
Nd

|A|

))
∥f∥LΦ(µA),

as desired. □

Corollary 3.6. Given a nice Young function Φ and 1 ≤ p < ∞ such that xp ≺ Φ,
we have

∥f∥Lp(µ) ≤
(
Φ−1(1)

)p ∥f∥LΦ(µ).

Proof. Apply Lemma 3.5 on A = Zd
N . □

While the inequality from Theorem 3.3 has been useful, as evidenced by the
results above, a more general version of Hölder’s inequality will be required for our
result. In particular, recall from the proof of Theorem 2.8 the use of the following
trick

∥f∥Lp(A) =

(∑
x∈A

|f(x)|p
) 1

p

=

(∑
x∈A

|fp(x)|

) 1
p

=
(
∥fp∥L1(A)

) 1
p ,

which allowed us to apply Hölder’s inequality to any Lp norm, by first bringing it
to L1. Unfortunately, such a cheap trick will no longer work in Orlicz space; luckily,
an analogous result exists which will allow us to apply Hölder’s inequality to any
LΦ norm. Toward that result, we introduce the following lemmas.

Lemma 3.7 (Generalized Young’s Inequality). If Φ,Ψ,Θ are Young functions sat-
isfying

Φ−1(x) ≥ Ψ−1(x)Θ−1(x)

for all x ∈ [0,∞), then for all x, y ∈ [0,∞),

Φ(xy) ≤ Ψ(x) + Θ(y).

Proof. It follows from the definition of Ψ−1 that Ψ(Ψ−1(x)) ≤ x ≤ Ψ−1(Ψ(x)).
Take some x, y ∈ [0,∞), and suppose that Ψ(x) ≤ Θ(y). Then

Φ(xy) ≤ Φ(Ψ−1(Ψ(x))Θ−1(Θ(y)))

≤ Φ(Ψ−1(Θ(y))Θ−1(Θ(y)))

≤ Φ(Φ−1(Θ(y)))

≤ Θ(y).
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Similarly, if Ψ(x) ≥ Θ(y), Φ(xy) ≤ Ψ(x). As such,

Φ(xy) ≤ max{Ψ(x),Θ(y)} ≤ Ψ(x) + Θ(y),

as desired. □

Corollary 3.8. If Φ,Ψ,Θ are Young functions satisfying

Φ−1(x) ≥ Ψ−1(x)Θ−1(x)

for all x ∈ [0,∞), then for f ∈ LΨ, g ∈ LΘ, and A ⊆ Zd
N ,∑

x∈A

Φ(|f(x)g(x)|) ≤
∑
x∈A

Ψ(|f(x)|) +
∑
x∈A

θ(|g(x)|).

Proof. We sum over the inequality

Φ(|f(x)g(x)|) ≤ Ψ(|f(x)|) + Θ(|g(x)|),

which follows immediately from Lemma 3.7. □

Lemma 3.9. If Φ is a Young function, for c ∈ (0, 1), x ∈ [0,∞),

Φ(cx) ≤ cΦ(x).

Proof. Take ϵ > 0. By convexity,

Φ(cx+ (1− c)ϵ) ≤ cΦ(x) + (1− c)Φ(ϵ).

Taking ϵ → 0, we obtain the desired result. □

Theorem 3.10 (Generalized Hölder’s Inequality [3]). If Φ,Ψ,Θ are Young func-
tions satisfying

Φ−1(x) ≥ Ψ−1(x)Θ−1(x)

for all x ∈ [0,∞), then for f ∈ LΨ, g ∈ LΘ, and A ⊆ Zd
N , fg ∈ LΦ and

∥fg∥LΦ(A) ≤ 2∥f∥LΨ(A)∥g∥LΘ(A).

Proof. Take some u > ∥f∥LΨ(A), v > ∥g∥LΘ(A). By Lemma 3.9 and Corollary 3.8,∑
x∈A

Φ

(
|f(x)g(x)|

2uv

)
≤ 1

2

∑
x∈A

Φ

(
|f(x)g(x)|

uv

)

≤ 1

2

(∑
x∈A

Ψ

(
|f(x)|
u

)
+
∑
x∈A

Ψ

(
|g(x)|
v

))

≤ 1

2
(1 + 1) = 1.

Now let u → ∥f∥LΨ(A), v → ∥g∥LΘ(A). Then by definition of the Luxemburg norm,

∥fg∥LΦ(A) ≤ 2uv = 2∥f∥LΨ(A)∥g∥LΘ(A),

as desired. □

Finally, we are ready to introduce our main result.
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4. Main Results

Definition 4.1. For nice complementary Young functions (Φ,Ψ), x ≺ Φ ≺ Ψ, we
say that S ⊂ Zd

N satisfies a (Φ,Ψ) Fourier restriction estimate with uniform
constant C(Φ,Ψ) if for any function f : Zd

N → C,

∥f̂∥LΨ(µS) ≤ C(Φ,Ψ)N− d
2 ∥f∥LΦ(Zd

N ).

Theorem 4.2. Let f : Zd
N → C, E,S ⊂ Zd

N , and suppose that a (Φ,Ψ) Fourier
restriction estimate holds for S with constant C(Φ,Ψ). If x ≺ Φ ≺ x2 ≺ Ψ and

|S|
(
Φ−1

(
1

|E|

))−2

|E|−1 ≤ Nd

4C2(Φ,Ψ)(Ψ−1(1))4
,

then

∥f∥L2(Zd
N ) ≤

1 +
1

1−
√

4C2(Φ,Ψ)(Ψ−1(1))4|S|
(Φ−1( 1

|E| ))
2|E|Nd

(∥f∥L2(E∁) + ∥f̂∥L2(S∁)

)
.

Proof. By the restriction assumption and Lemma 3.6,

∥1̂Ef∥L2(S) = |S| 12 ∥1̂Ef∥L2(µS)

≤ (Ψ−1(1))2|S| 12 ∥1̂Ef∥LΨ(µS)

≤ C(Φ,Ψ)(Ψ−1(1))2|S| 12N− d
2 ∥f∥LΦ(E).

Let Θ be a Young function with Θ−1(x) = x− 1
2Φ−1(x). Then by Theorem 3.10,

the above quantity is bounded by

2C(Φ,Ψ)(Ψ−1(1))2|S| 12N− d
2 ∥1∥LΘ(E)∥f∥L2(E).

Note that we may directly compute ∥1∥LΘ(E) as

|E|Θ
(

1

∥1∥LΘ(E)

)
= 1

1

∥1∥LΘ(E)

= Θ−1

(
1

|E|

)
1

∥1∥LΘ(E)

= Φ−1

(
1

|E|

)
|E| 12

∥1∥LΘ(E) =

(
Φ−1

(
1

|E|

))−1

|E|− 1
2 ,

so that the above quantity can be rewritten as

2C(Φ,Ψ)(Ψ−1(1))2|S| 12N− d
2

(
Φ−1

(
1

|E|

))−1

|E|− 1
2 ∥f∥L2(E)

=

√√√√4C2(Φ,Ψ)(Ψ−1(1))4|S|(
Φ−1

(
1

|E|

))2
|E|Nd

∥f∥L2(E).

Now, via triangle inequality and Theorem 2.3,

∥1̂Ef∥L2(S∁) ≥ ∥1̂Ef∥L2(Zd
N )−∥1̂Ef∥L2(S)
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≥ ∥f∥L2(E)

1−
√√√√4C2(Φ,Ψ)(Ψ−1(1))4|S|(

Φ−1
(

1
|E|

))2
|E|Nd

 ,

hence

∥f∥L2(Zd
N ) ≤ ∥f∥L2(E) + ∥f∥L2(E∁)

≤
∥1̂Ef∥L2(S∁)

1−
√

4C2(Φ,Ψ)(Ψ−1(1))4|S|
(Φ−1( 1

|E| ))
2|E|Nd

+ ∥f∥L2(E∁)

=
∥f̂ − 1̂E∁f∥L2(S∁)

1−
√

4C2(Φ,Ψ)(Ψ−1(1))4|S|
(Φ−1( 1

|E| ))
2|E|Nd

+ ∥f∥L2(E∁)

=
∥f̂∥L2(S∁) + ∥f∥L2(E∁)

1−
√

4C2(Φ,Ψ)(Ψ−1(1))4|S|
(Φ−1( 1

|E| ))
2|E|Nd

+ ∥f∥L2(E∁)

≤

1 +
1

1−
√

4C2(Φ,Ψ)(Ψ−1(1))4|S|
(Φ−1( 1

|E| ))
2|E|Nd

(∥f∥L2(E∁) + ∥f̂∥L2(S∁)

)
.

□
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