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Abstract

We discuss signal recovery in three settings: Z¢, R, and the SU(2) nonlinear Fourier transform series. In
particular, we explore the relationship between uncertainty principles, unique signal recovery, and restriction theory.

In Z‘I’V and R?, we provide mechanisms for recovery.

1 Introduction

Heuristically, the uncertainty principle in harmonic analysis is the notion that a function and its Fourier transform
cannot both be "simple." While this concept can take different rigorous forms (see [3]]), one version in the setting of
Z?v is that |supp(f)|[supp(f)| > N¢. The study of the connection between uncertainty principles of this type and
signal recovery was elucidated in [2].

Restriction theory is the study of sets .S C G for which an inequality of the form

1/ zacs) S S o) D

holds. For example, the Hausdorff-Young inequality states that § = G = R satisfies for p < 2 and q = p’. The
authors of [6] introduced restriction theory to the problem of signal recovery by showing that improvements can be
made to uncertainty principles when £ is supported in a set satisfying a nontrivial restriction estimate. This connection
has been further developed in [4] and [7]].

In Sections [2]and 3] we provide an overview of the results that can be obtained by these concepts in the setting of
Zj’v and R?. In Section@ we introduce the SU (2) nonlinear Fourier series (NLFS) from [[1]]. While there are technical
difficulties in translating arguments to the nonlinear setting, we use signal recovery on S to prove a unique recovery

result for the NLFS.

Remark. Some readers may be interested in Appendix which covers an extension of Carleson’s theorem to R?.
While some sources ([3]] and [8]) allude to the result proven here, the author was unable to find a satisfactory proof in

the literature.



2 Signal Recovery in Z¢,

2.1 Summary of the Fourier Transform in Z;jv

Throughout this section, a signal will refer to a function f : Z‘]{] — C. Weuse y : Z — C to denote the character

x(a) = e=2714/N  Copying conventions from Euclidean space, we define x - y = Zle x;y; forx,y € Z‘Jiv. We are now

ready to introduce the Fourier transform.

Definition For a signal f, we define f : Z?V — C, the Fourier transform of f, by

flmy=N"2 %" y(=x-m)f(x).

d
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Remark. It should be noted that the choice of normalizing constant in the definition above varies throughout the liter-

d/2

ature. We choose N ~%/< so that the Plancherel theorem has constant 1.

An essential result for the Fourier transform is the inversion theorem.

Theorem 1 (Fourier Inversion) For a signal f, we have

) =N x-m)f(m),

mEZ%
PROOF: Plugging in the definition of f gives us
NN ye-mfmy=N" YN p(=y-mxCe - mf ().
meZ‘fV mGZ‘fV yeZ‘}V
Interchanging the order of summation and using properties of of the exponential, the above is equal to

NSO Y xme (=)
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As shown in Appendix the inner sum is nonzero only if x = y. In this case it is N¢. Hence, the sums collapse to

f(x). This is the desired result. O

Remark. Ifwelet { X, ..., Xy« } be some enumeration of Z‘]’V and view a function f as the vector (f(X1), ..., f (X nd)),
then the operator mapping f to f has the matrix representation f = Af, where A, ;=N —d/2y(—=X; - X ) 1<ij<
N4 In light of this, the proof above shows that A is an invertible matrix and (A_l),- ;=N —d/2 (X i - X;). This

perspective was explored systematically in [9].

As alluded to, we have the following result known as the Plancherel theorem.

Theorem 2 (Plancherel) For a signal f, we have || f|| 274 ) = 11 /] l12@22 )
N N



PROOF: We will work from the Fourier transform side and unwind definitions. We have

W1, =N 2| X ax-mf@|| X 2=y mfQ)

LZ(ijV d d d
mEZN erN yEZN

=N Y fOfG) Y, xm-(y=x)
x,yeZ‘li\, meZ‘fV
The second line is achieved by the properties of the exponential and interchanging the order of summation. As in
the proof of the inversion theorem, the inner sum is N 4 when y = x and O otherwise. So, the last line becomes
erzd LFO12 = [ f])? . Taking square roots gives the desired result. O
N

LZ(Z‘I’V)

2.2 Signal Recovery in Z4,

With the necessary machinery now in place, we return to the question that defines the theme of this paper: What
can be known about a signal f if some values of f are unobserved? For a general signal f, the invertibility of the
Fourier transform shows that the loss of any Fourier coefficient £ (m) will result in the loss of f. However, by placing

restrictions f, we can obtain a positive result.
Definition The support of a signal f is supp(f) = {x € lej\l : f(x) #0}.

For some signal f, let E = supp(f) and .S = supp(f). To derive a recovery result, we start with the following
computation:

1FCl = N7y - m)f(m)

mesS

SN2 fom)

mesS
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In the last step, we bound the sum by the number of terms times the size of the largest term and the bound from Appendix
that |f(m)| < N~4/2||f] [ @y Summing the inequality over x € E and noting the the RHS is independent of x,
N
we get ||f||L1(Zd) < N_d|S||E|||f||L1(Zd ) If f is nonzero, we can divide by the 1-norm of f to get |S||E| > N4,
N N

To summarize, we have proven the following.
Theorem 3 (Uncertainty Principle) If f is a nonzero signal, then |supp(f)||supp(f)| > N<.

Suppose we have a signal f with a support of known size |supp(f)|. If £(m) is unobserved for m € S, we will have
unique recovery of f if there is no signal g # f such that g(m) = f(m) form & S and [supp(g)| = [supp(f)|. Suppose
some function g of this type exists. Consider the function 2 = f — g. The support of 4 has size at most 2|supp(f)| and
the support of & is contained in S. By Theorem we have 2|supp(f)|||S| > N?. If we suppose that this inequality

does not hold, then the existence of g supplies a contradiction. In summary, we have the following recovery result.



Theorem 4 (Unique Recovery) If f is a signal and f(m) is unobserved for m € S, then f can be uniquely recovered

if lsupp(f)I1S] < 2.

2.3 Recovery Mechanisms in 74,

It remains to provide a mechanism by which we can recover f. In this section, we will explore two methods of recovery.
The first is the Direct Rounding Algorithm (DRA) introduced in [6], which provides recovery in the case that f is the
indicator function of some set. The second is Logan’s method from [2]], and is a computationally efficient way to recover
general signals f. Both require that the bound of Theorem []is satisfied.

To state the DRA, we define a rounding function R : C - {0, 1} by

0 |x|<
R(x) =

0=

L |x| >

Theorem 5 (Direct Rounding Algorithm) Let E C Z4,. If S C Z4, and |S||E| < NTd then

1z(x)=R <N—d/2 > ax m)l/;;(m)>.

me&S

PROOF: By the Fourier inversion formula,

() = N72 3y m)Tg(m)+ N2y - m)1p(m).
me&sS mesS

By the oco-norm bound on f; the size of the second sum in bounded by N4 |S||E| < % So,

1p() = N7 3 x(x- m)1 z(m)| < L
meS 2

So, 1(x) = 0only if N~#/2 %, ¢ y(x-m)I g(m) < % and 15(x) = Lonly if N~#/2 %, ¢ y(x-m)1 (m) > % Since

1 takes on only O and 1 as values, this implies the result. O
To state Logan’s method, we will make use of the following definition.

Definition For a function f : X — R,y and A C X, we define argmin,c 4 f (x) to be the set of points x* such that

f(x*) < f(x) for x € A.

Note that the argmin,¢ 4 f (x) could be an empty set. For example, argmin, ¢ ;)X is empty. In Appendix [6.3} we

prove that the argmin used in the the proofs of Theorem [6]and Theorem [J]is nonempty.

Theorem 6 (Logan’s Method) Let f be a signal supported in E and suppose f(m) is unobserved for some set S C Z;{I.

If l“i\l,lfl < % then f is the only function contained in argmin,c 4| |u| |L|(Zd ) Here, A'is the set of signals u such that
N

4



a(m) = f(m)form ¢ S.

PROOF: Let g € argminueAI|u||L](Zd )- Suppose g # f and define A = f — g. Then,
N

gl 1zt = Nl + el
=||f - h”Ll(E) + ||h||Ll(Ec)

> ||f||L1(Z‘jV) + Al Licgey = 1Al L1 gy
The second line follows from the fact that f is supported on E and the third follows from the triangle inequality. Now,

|hG)l = N~ 3 x(x - myhm)

mesS

—d

Summing over E, we get

|SIIE]|
||h||L1(E) < W'Ih”y(zfv)
< ||h||L1(Z7V)
—

But, this implies that ||A[|p1gey = [|2]| 1) > 0. So, ||g||L1(Zd ) > ”f”Ll(Zd ) This contradicts our definition of g.
N N

So, we must have f = g. O

2.4 Restriction in 74,

The object of study in this section is the following:

Definition Ler 1 < p < g < 0. AsetS C Zj’v satisfies a (p, q)-restriction estimate with constant C, . if we have

1/q
1 A -
— YA < C N poza -

|S| mesS N
for all signals f.

We will see that in the presence of a restriction estimate on a set .S, we can improve on the results from the previous

section. Suppose we have a (p, 2)-restriction on some set .S’ with constant C. Let f be a nonzero signal with support



in E and Fourier support in .S. Plancherel’s theorem, the restriction estimate, and Holder’s inequality give us

||f||L2(zf]iv) = ||f||L2(s)
< C|S|1/2N_d/2||f”Lp(Zd)
_ 2—-(2 2/p)—1

L2(Zd (Z" ’

So,
< C'|.§|P/@=2p) Ny—dp/(4=2p) .
”f”[}(z?v)_clsl N ||f||L1(Z‘;V) 2
Applying Holder’s inequality again and dividing by the 2-norm of f, we get

1 < C'|S|P/4=2) N—dr/G=20) | E|1/2,

To summarize, we have the following result:

Theorem 7 (Uncertainty Principle with Restriction) Suppose S C Zj’v satisfies a (p, 2)-restriction estimate with con-
stant C. If f is a nonzero signal with support E and Fourier support in S, then there is some constant C' depending

on p and C such that
|E|@/P71s| > C'NY.

In a similar manner to the last section, we will convert Theorem [7]into a unique recovery result.

Theorem 8 Suppose S C Zd satisfies a (p,2)-restriction estimate. Let C' be as in Theorem E] Let f be a signal

supported in E. If f(m) is unobserved for m € S and |E|*/P~1|8| < then f can be uniquely recovered.

2(2/p) [

PROOF: Suppose g is a signal with support F such that |F| = |E| and g(m) = f(m)form ¢ S. If f # g, then
h = f — g is a nonzero signal with support of size at most 2| E| and Fourier support contained in S. By Theorem 7]

we have
22/p)-1 |E|(2/P)—1 |S| > C' N

After dividing by 22/P~1 we see that this contradicts our assumption. Thus, we must have f = g. O
We can also improve Theorem [6]in the presence of restriction.

Theorem 9 (Logan’s Method with Restriction) Suppose S C Zj’\, satisfies a (p, 2)-restriction estimate. Let C' be as in

TheoremE] Let f be a signal and suppose f(m) is unobserved for m € S. If C'|E|'/2|S|p/(4=2p) N—dp/(4=2p) < %



then f is the only function contained in argmin,c 4||u| |L1(Zd ) Here, A is the set of signals u such that ti(m) = f(m)
N

form & S.

PROOF: As before, let g = argmin,c 4||u| |L1(Zd )» assume that f # g, andleth = f —¢ (Again, the existence of g
N

follows from Appendix [6.3). Following the same steps as in the proof of Theorem[6] we have

> h o — || .
||g||L1(Zt]iV)_||f||L1(ZtlfV)+” ||L‘(E) Il ||L'(E)
Instead of bounding A pointwise, we use Cauchy-Schwarz and (2) to get

ALl 1y < TEI2 1A 2ga

< C'|S|P/4=2p) N —dp/(4=2p) 1 )
= | | || ”Ll(ztjiv)

By assumption, this quantity is strictly bounded by %”h”Ll(Zd ) Thus, [|Allp1gey = Al L1g) > 0. So, we get the
N

contradiction ||f||L1(Zi,) < ||g||L1(Z7V). Thus, we must have f = g. O

3 Signal Recovery in R?

3.1 Summary of The Fourier Transform in R?

As the development of the Fourier transform on R is lengthy and technical, we will not prove the main theorems. For

a reference on the topic, see [10]. We now outline the results needed for our purposes.

Definition For a finite measure u of bounded variation, we define ji : R? — C, the Fourier transform of u, to be
) = / eIy,
R4
Theorem 10 (Fourier Inversion) If f € L'(RY) is a complex valued function and f e L'\(RY), then
fx) = / PTEXf(©)de.
R4

The assumption that f € L'(R?) will be too restrictive for our purposes. In Appendix we will adapt methods

from [3]] and [8]] to prove the following:

Theorem 11 (Carleson’s Theorem in R?) Let P C R be the convex hull of the points in R? with each coordinate being

+1. If f € L*(RY), then for almost every x we have

f(x) = lim / T f(E)dE.
r—00 rP



3.2 Restriction in R
To begin our discussion of restriction on R4, we give the following definition:

Definition For a set S C R? and a finite measure p on S, we say that we have a (p, q)-restriction estimate on S relative

to the measure u if for all f € S(RY), we have ||f||Lq(dM) < CIS N Lrway-

It is conjectured that a (p, g)-restriction holds on S¢~! with respect to the surface measure whenever p < ‘12% and

q <4 ) p’ The celebrated Stein-Tomas theorem is a partial result in this direction.

Theorem 12 (Stein-Tomas) A (p, 2)-restriction estimate on S~ with respect to o, the surface measure, holds when
2d+2
< ===
P>

For a proof of the Stein-Tomas theorem, see [10]. We are interested in recovering f if £ is lost on some set of

positive Lebesgue measure. So, we will derive a version of the Stein-Tomas theorem on a "thickened" sphere. Let

SO={xeR?:1-6/2<|x| <1+6/2}.

and u be the restriction of the Lebesgue measure to S°. For p < %, we have

146/2 A
/ £ (©))2dé = / r"‘l/ | (ro)|*dwdr
1-56/2 S§d-1

1+5/2 .
= / rmid / | £ (/) (@)|*dewdr
1-6/2 §d-1

) 1+5/2 d
</ 1 /DI g

—5/2

145/2
—1-d+%
_C2||f||LP(R" / r rdr.
1-8/2

Assuming that 0 < 6 < 1, the integrand is bounded above and below by a constant D depending only on p and d. So,

the integral is bounded by Dé. Consolidating our constants and taking square roots, we get

1/ 122 < Co8 21 Loy

To summarize, we have the following:

Theorem 13 (Stein-Tomas on a Thick Sphere) A (p,2)-restriction theorem holds on S° C R? with respect to the

2d+2
43

1/2

restriction of the Lebesgue measure with constant C,6°/~ whenever p < =—=

3.3 Signal Recovery in R“

We are now equipped for our discussion of signal recovery in R?. As promised, we return to the Direct Rounding

Algorithm from [6]. Suppose A C R” set with finite positive Lebesgue measure. By Theorem [T} for almost every x



we have

1,00 = lim | 27657, (&)deé + / T (£)dE.
rP N

r—o0

Call the integrals (or limits of integrals) above I and I1. As in the Z?\, case, we will be interested in bounding I1.

Applying Holder’s inequality gives
IT< |55|1/2||G||L2(d,4)'
Stein-Tomas bounds this further by
C61/2|55|1/2||1A|IL(2d+2)/(d+3)(Rd) — C5/2| 89|12 Ad+D/Qd+D),
Up to a constant depending on d, §° = 6. So,

'/ 82ﬂi§~xl/;(§)d€’ S C,6|A|(d+3)/(2d+2).
Sé

)—(2d+2)/(d+3)

If |A] < (C’ ) ,then |IT] < % and the DRA recovers A away from a set of measure 0. This computation

is performed in [6] under the assumption that the restriction conjecture holds. In that case, the exponent improves to

_2d
d+1°

Now, we will be less restrictive. Instead of requiring that the DRA recovers A away from a set of measure 0, lets

bound the size of the error set. Define
iEx T 1
fx) = / PN 4 (&)d¢E B= {x S > 5}.
Ky

We clearly get |[f||2ra) = @. An alternative way to write f is (1/;1 s5)¥. From this perspective, the Plancherel

theorem and the Stein-Tomas theorem give

||f||L2(Rd) = ||1A||L2(d;4)
< C\/g| (1411 LCd+2)/[@d+3)(Rd)
— C\/5|A|(2d+2)/(d+3)'
So, | B| < C'6|A|#4+H/(@+3) Tn summary, we have the following results:

Theorem 14 (Exact DRA) Suppose A C R? is a set with finite positive Lebesgue measure. If f; is unobserved outside

of S® and |A| < (C5)~ QD@ then A can be recovered by the DRA. Here, C depends only on d.

Theorem 15 (Approximate DRA) Suppose A C R? is a set with finite positive Lebesgue measure. If 1/; is unobserved



outside of S® then the error set of the DRA does not have Lebesgue measure greater than C'§| A|44+9/d+3)  Here, C

depends only on d.

4 Signal Recovery for the Nonlinear Fourier Series

4.1 Introduction to Nonlinear Fourier Series

We begin by building up the necessary machinery in nonlinear Fourier analysis. We loosely follow [1]. For a set
D c C, we define the reflected set D* = {; : z € D}. We define the reflection of a functiona : D C C — C by
a*(z) = ﬁ. As defined, if a is meromorphic on D, then a¢* is meromorphic on D*.

Let { F,,},c7 be a finitely supported sequence in Z with values in C. Define the SU (2) nonlinear Fourier transform

of {F,} by

had 1 1 F z"

Foy= [ —|
nl_—[oo V 1+ |Fn|2 —FnZ_" 1

We interpret products of this form from left to right in increasing index. Note that the infinite product collapses to a

finite one given that factors outside the support of { F, } are the identity.

Lemma 1 The nonlinear Fourier transform of { F,}, a complex-valued sequence with finite support, is of the form

N a(z)  b(z)
F(z)= .
—b*(z) a*(z2)

for meromorphic functions a, b such that aa* + bb* = 1 on the unit disk.

PROOF: Let m be the least value for which F,, is nonzero and M be the greatest value for which F,; is nonzero. We

have that
(69 n M
- 1 1 F,z
Foy= [] —| _ =114
n=—-c0 1+ |Fn|2 —F,z7" 1 n=m
where

| a+iE»T (1+|F, )72 F,z

~(L+|F,|)"'2F,z"  (1+]|F,»"'/?

It is easy to see that each A, is of the desired form. By induction, it suffices to show that the product of two matrix

10



functions satisfying the properties stated in the theorem satisfies these same properties. Let

a(z) b(z) c(z) d(z)
P(z) = 0(z) =
—b*(z) a*(z) —-d*(z) c*(2)

be two such matrix functions. Then,

— bd* d + bc*
(POYZ) = (ac )(z) (ad + be*)(z)
(=cb* —a*d*)(z) (=b*d +a*c*)(z)

(ac — bd*)(z) (ad + bc*)(z)

—(ad + bc*)*(z) (ac — bd*)*(z) .

We can now read off that the matrix function PQ has the desired form and that its entries are meromorphic. The fact

that its determinant is 1 follows from the homomorphism property of the determinant. This completes the proof. []

a b
From this point on, we understand the row vector (a, b) as the matrix . Thus, multiplication of row

- a*

vectors is given by
(a,b)(c,d) = (ac — bd*, ad + bc*).

Now, we will derive the formulas for a and b in terms of { F, } that will provide the means for signal recovery. We begin

by decomposing the definition of the nonlinear Fourier transform using the fact that (1, F,z") = (1,0) + (0, F,z").

@b =[] a+IEPH0, Fz

n=—o0

= ( [Ta+ |F,,|2>—‘/2> ( [T wo+o, Fnz"»)

n=—0o0

= ( ﬁ (1+ |Fn|2)—1/2> <i D ﬁ(o, anzj")>.

n=—00 k:0j1<--~jk n=1

Here, the empty k = O term is to be treated as the identity matrix. Note that Hle (0, F,z") is antidiagonal for odd k

and diagonal for even k. In either case, the nonzero entry in the row vector will be

II F; z/n II —F; z7/n].
Jn Jn

1<n<k 1<n<k

n odd neven

Thus,

o0 o0
wo=(Masnrr?) 3 3 | I ne | T 7| o
n=—c0 k=0 j <-jox | 1<n<2k 1<n<2k

n odd neven

11



and

o0 o]
wo=(Iowm )3 3 | T sl T -Fe| @
n=-00 k=0 j1<-"jo+1 | 1Sn<2k+1 1<n<2k+1

n odd neven
Given our treatment of the k = 0 term above, the k = 0 term in the formula for a is 1. Notice that for a fixed k > 0 and

J1 < ** jox» we have that the power of z in the product (3) is
2k
Y (=D <o.
n=1

Since { F,} is finitely supported, we can freely interchange sums and integrals to get

1 - 2-1/2
— = 1+ |F . 5
7 Sla HZI_L( | F,|%) )

We can generalize this computation to derive formulas for the Fourier coefficients of @ and b in terms of the sequence

{F,}. For a fixed p € Z, letting z = ¢/ and multiplying (3) by e~ gives

© ©
a(e)e " = ( H 1+ IF,,|2)_1/2) Z Z e H F; 2l H —F, z7n|.
n n
n=—o0 k=0 Jj1<-jok 1<n<2k 1<n<2k
nodd n even

Integrating in 7 from O to 2z gives
(s3] (e -
a(p) = ( [Ta+ anlz)”ﬂ) > IT =l T1 -7 |- 6)
k=0

n=—co J1<"Jax 1<n<2k 1<n<2k
2, .
¥ k (—1)”1/»1:1’ n odd n even

n=1

We similarly get for b that

[60] (s
jo=(Mowwr )3 3 | T sl 115 o
n=—co k=0 j1<-<jok+1 1<n<2k+1 1<n<2k+1
Ezﬁl (—1)"“/}1:.0 n odd neven

4.2 Signal Recovery for the Nonlinear Fourier Series

In this section, we will utilize (7)) and results from [2] to establish the following recovery result for the nonlinear Fourier

transform.

Theorem 16 Suppose { F,} is a complex valued sequence with finite support W C Z and let (a,b) = F. If b is known

on S outside of some measurable set and

. _ 1
E diam(W) +1,2W1=1L <~
| |m1n{ iam(W') + } 2

12



then b can be exactly recovered on S'.

The necessary result is an adaptation of Theorem 4 in [2]]. In the source, it is stated in terms of the continuous linear

Fourier transform and a signal with noise. In Appendix [6.5] we prove the following:

Theorem 17 Suppose f is supported on a finite set W C Z and f is known outside of a set E ¢ S'. If [W||E| < %,

then f can be reconstructed exactly. Here S is given the surface measure so that |S'| = 1.

It is clear by comparing this result and the result stated at the beginning of this section that it suffices to prove the

following:

Lemma 2 If { F,} is a complex valued sequence with finite support W C Z and (a,b) = F, then
Isupp(h)] < min {diam(W) + 1,21-1} .

PROOF: We begin with (7):

o0 o0
b(p) = ( IIa +|Fn|2>—1/2>2 I[1 | II -5
n=—co k=0 ji<-<josr | 1<n<2k+1 1<n<2k+1

2k+1(—1)"+]j =p nodd neven
1 n

By the formula above, we have that

n=1

2k+1
supp(@) C {p € Z : there exists k € Z and j; < -+ < jy,; € W such that Z (—1)"“],, = p} . (8)

Let M and m be the sharpest upper and lower bounds on the support of { F,,}. Let j; < -+ < jo; .1 € W. Then,

2k+1 2k
D=0y = o + D (=D,
n=1 n=1
k
= Jok+1 t Z Jan-1 = Jon
n=1
<M.
On the other hand,
2k+1 2k+1

D= =g+ =D,
n=1 n=2
k
=j1 + Zj2n+l _j2n
n=1
> m.

This proves that supp(i)) C [m, M]. So, |supp(l§)| < diam(W) + 1.

13



It remains to show that |supp([3)| < 2IWI. The worst case is that every choice of j; < -+ < jy, 1 gives a different

value for
2k+1
2 (_1)n+1jn'
n=1
In this worst case, |supp(b)| is bounded by the number of odd sized subsets of W. This is equal to 211, O

Remark. This bound is sharp in the sense that we can construct sequences { F, } with arbitrarily large support such that
supp(l3) = min (diam(W) +1,2WI-1 ) Further, we can construct such sets when the minimum is diam(W’) + 1 and

when the minimum is 2/"1=1. For this construction, see Appendix
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6 Appendix

6.1 Proof of Collapsing Sum
In Section ??, we make use of the following computation:

Lemma We have

N ifx=0
Zx(x-m): .

mez4, 0 else

PROOF: In the case that x = 0, we have y(x - m) = y(0) = 1. Since we are summing 1 over 7% we get N4. Now,

suppose x # 0. We have x; # 0 for some i. By the properties of the exponential,

d

2 2em =[] X xmpx).

mezd, J=1 meZy

Since x; # 0, we have

2 x(mx;) = Z e~ 2mimix; /N

m;€Z N m;€Z,
N-1
— Z (e—2m'xi/N)m,~
m;=0
1= (e—27rix,-/N)N

1-— e—27rix,-/N

=0.
The third line follows from the geometric sum formula, given that x; # 0. |

6.2 oo-norm bound for Fourier Transform in Z?V
In Section[2] we make use of the following result:

Lemmalf f : Zj’v — C is a signal, then ||f||0° < N_d/2||f||1.
PROOF: By the definition of the Fourier transform,

|fom) = N2 3 y(=x - m)f(x)

d
erN

SN2 Gl

d
XEZN

The last line is the desired quantity. O
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6.3 Existence of argmin for Logan’s Method
In proving Theorem [6|and Theorem [0} we use the following result:

Lemma Let f : Z;’V — C be a signal and fix some set S C Z?V. The set argmin,c 4||u| |L1(Z‘}v) is nonempty. Here, A

~

is the set of signals u such that 4i(m) = f(m) form & S.

PROOF: First, note that argmin,,c 4||ul; @) being nonempty is equivalent to the existence of min, ¢ 4||ul|,; @)

Further, if ||g|| ;174 , is a minimum, we would have |§(m)| < N=92|| £ Liz¢. - So, it suffices to show the existence
N N

of min,ep ||ul| 1z , Where B is the subset of A consisting of u such that |a(m)| < N=472|| f] | L1z4, forallm € 74,
N N

Let D be the disk in C with radius || f| |L1(Z7V) and let { X, ..., Xy« } be an enumeration of Zj’v. Then, it suffices to

show that the function f : DV’ — R.q given by

Nd
fnnz) = || ) r (X, Xz,
i=1 Ll(z?\l)
has a minimum. This follows from the fact that f is a continuous function. This completes the proof. O

6.4 Carleson’s Theorem for the Unit Cube in R?

The purpose of this section is to prove a meaningful extension of Carleson’s theorem on the real line to R?. As stated

in 8], Carleson’s theorem on the real line is the following:

Theorem (Carleson’s Theorem in R) If f € L*(R), then for almost all x we have
N . A
f() = lim / T f(&)de.
N-o0 -N

One object studied in [8] is the Carleson operator, given by

N
Cf(x) = sup / T f(@ae|.
NeR |J -
The proof of Carleson’s theorem hinges on the estimate
Il
d . LX(R)
‘{x eR?: Cf(x)> ,1}| S ——

Here, C is some uniform constant and f € LA(R).
The technique that we will use to generalize into R? was developed in [3]] in the setting of Fourier series. The

appropriate translation to the Fourier transform on R¢ is the following:

Theorem (Carleson’s Theorem in R?) Let P C R? be the convex hull of the points in RY with each coordinate being
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+1. If f € L*(RY), then for almost every x we have
f(x) = lim / HTEX f(E)dE.
F—>o0 rP
The altered version of the Carleson operator required for our proof is given by

Df(x) = sup

reR

[ e i,
rP

Here, f € L*(RY). Correspondingly, our proof will hinge on the following:

Lemma There is a uniform constant C such that for f € L*(R%), we have

CNSIE
‘{xeRd:Df(x)>/l}‘< AZL ®D
PROOF: Our approach will be to split the integral
/ T f(§)dg
rP

into the domains that are the convex hull a face of r P and the origin. Each of these domains will be handled identically.

So, we consider

/ / AHEMITO X)) fie) D)dTde. ©)
0 Jlielless

Here, € R?~!. It will be easier to write this in terms of the function g = (f1 s)V, where S is the union of the
domains that we are integrating on above as r — oo. It will be important to note that ||g||;2ge) < ||| 2Re). With

this notation, we can write (9) as

r r
/ / eremtrta g ¢y, nydrdé, = / PN G(E X, . X )dE
0 Jllrllew<é 0

This is just the Carleson operator on g(-, X,, ..., x4). So, for fixed x,, ..., x; we have
CillgCoxa, - X175
{xlelR:supl |>/1}< 3 .
reR A
Integrating this over x,, ..., x,;, we get
Cllgll?
L2(R4
{xeRd :sup | |>/1} <+
reR A
2
C1||f||L2(Rd)
< —7
< 2
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Doing this for all of the domains discussed above and taking the a large enough constant C, we have the desired

result. O

We are now equipped to prove our extension of Carleson’s theorem to R?. Our proof draws from Proposition 1.4

in [8].

PROOF: We would like to prove that

lim sup

ld el

£ / ) ez’”f'xf@dr:‘ 0

for almost every x. Let g be a Schwartz function so that ||/ — g|| ;2ray < €. Then,

fx) - / ., ez”"f"‘f@df' = ‘f(X) — g(x) + g(x) — / ) ETEX(F(&) — 8(8) + §(&))dE

< 1f(0) - g0l + / ez”'f"‘f/—\g@ds‘ + ‘g(x) - / ez”ff‘xé@(é)d:‘ .
rP rP
So, we have
limsup | (x) - / ez’”f"‘f@)dé‘ <1/ () = g + DS - ().
r—co rP
Now,
xERY: If(x) - g > Ve| <
and
CINf = &ll7
xeR?: D(f—g)>\/2’<—
= Ce.
So,
{x eR? : limsup |f(x) — / ezﬂié"‘f(g)dg‘ > 2\/2} < e+ Ce.
r—co rP
Taking € — 0, we see that [, , e>™¢X fEd & converges to f(x) as r — oo for almost every x. O

6.5 Unique Recovery in S'
In Section[4.2} we make use of the following result in the spirit of Theorem 4 of [2]:

Theorem Let f : S' — C be a function such that f is supported on a finite set W C Z. If f is known outside
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of Ec S'and |E||W| < %, then f can be reconstructed exactly. Here, S is given the surface measure such that

S = 1.

First, we have to establish an uncertainty principle. Suppose 4 is a nonzero function supported on a set E with

finite Fourier support W. Then,

|hGol = Y &/ hin)

new

< WAl Lty

Integrating both sides over E and dividing by the 1-norm of A, we get 1 < |E||W|. We now proceed with the proof.

PROOF: Suppose g is function with Fourier support W' with |[W'| = |W/| that agrees with f outside of E. For the
sake of contradiction, assume that g # f. Let h = f — g. Then, the Fourier support of 4 has size at most 2|W| and
the support of & is contained in E. By the uncertainty principle, we know that 2| W|| E| > 1, but this contradicts our

assumption. O

6.6 Construction of Nonlinear Fourier Series with Large Linear Fourier Support

Our goal is to construct sequences { F, } such that supp(@) ~ min (diam(W) +1, 2|W|‘1) where F = (a, b). We will do

this in both the case that min (diam(W) + 1,2/"1=1) = diam(W) + 1 and the case that min (diam(W) + 1,2/"I=1) =

2IWI-1,

We will handle the first case by induction on even and odd integers. Consider the sequence { F, } supported on {0}

where F, = 1. By (7)), we have

io=(Mowwe )3 3 | T sl T 5
k=0

n=—0o J1<<Jok+1 1<n<2k+1 1<n<2k+1
Zil:lrl(_l)nﬂjn:p n odd neven
L ifp=0
_J)V2
0 else

If instead { F, } is supported on [0, 1] with F; = F| = 1, then

(5] [So]
b= [Lowinrr) 3 0ol I -7
n=-oo k=0 j1<-<ioks1 1<n<2k+1 1<n<2k+1

EZI;TI(—I)"HM:P nodd neven
L ifp=0
=12

0 else
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With the base cases established, assume the result holds for all M' < N where N > 1. For a sequence { F,,} supported

in [0, N], we have

b(N) = < [Ja+ |Fn|2)—1/2) Fy.

and
b0) = ( [Ja+ |Fn|2)‘1/2> Fy.

If 0 < p < N, we write

o0

) II = II -5

k=0 j1<-<jok+1 1<n<2k+1 1<n<L2k+1
Zil:l-l(_l),,ﬂjn:p n odd neven

0 o0
ST EDIND) [I Al TI A+l X [l 5| 11 -7,
k=0 jj<-<jor—1<N-1 | 1<n<2k~-1 1<n<2k-1 k=0 ji<-<jo<N-1 1<n<2k 1<n<L2k
Zi/:ll(_l)nﬂjn:p_] n odd neven zzil(_l)nﬂjn:p_N n odd neven

N D> Nal0=kr T | O&| 07

k=0 jj<-<jy<N-1 1<n<2k 1<n<2k k=0 ji<--<jopy1 <N—1| 1<n<2k+1 1<n<2k+1
Zﬁil(—l)"J'ljn:P—NH n odd neven Zigl(_])nﬂjnzp n odd neven
By the inductive hypothesis,we can choose Fj, ..., Fp_, so that the sum in the first term is nonzero forall0 < p < N.

After taking the minimum size of the first sum and the maximum size of the other sums over 0 < p < N, and noting
that the first term grows with respect to | Fy Fy_; |, while second, third, and fourth terms grow linearly or are constant
with respect to | Fyy| and | Fy_; |, we can choose Fy and Fy_, large enough that b is nonzero on [0, N1].

We now turn our attention to a construction where min(diam(W) + 1,2W1-1) = 2IWI=1_ The key will be con-
structing a finite set W C Z such that

2k+1
SGisoerdaga) = D, (1™,

n=1

is unique for each increasing set of numbers j; < - < j, in W. It is simpler to construct this set by scaling so that
W c Qn|0,1]. It is clear that we can recover a set of the original form by multiplying by the largest denominator in
w.

Let W be the set of reciprocals of the first N primes. For distinct primes py, ..., p,41, if pf_-pn is in simplified form

for primes p;, then

C + 1 _Cpn+lip1"-pn
PLPn Papi 1 Pu

21



is in simplified form. This is because each prime divides exactly one of the terms in the numerator. Since there is only
one increasing sequence in W containing a fixed set of prime reciprocals, there is only one sequence in W that gives
an alternating sum with denominator in simplest form being the product of these primes. Thus, W has the desired
property. In fact, it has a stronger property than needed because we only care about subsets of odd size.

We now scale W by the product of the first N primes. So, if A = {py, ..., py} is the set of the first N primes, then

W:{Hp:BCAandlBl:N—l}.

PEB

We can scale this set further or choose N large enough so that diam(W) + 1 > 2WI=1_ Let { F, } be the sequence

supported on W with value 1 on W. By (7) and the properties of W', we have that

5 < 14 W-1
jsupp(B) = 3, ( " >=2 |

k=0
k odd
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