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Uniqueness of a three-dimensional
stochastic differential equation
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In order to extend the study of the uniqueness property of multidimensional systems
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— of stochastic differential equations, we look at the following three-dimensional

" system of equations, of which the two-dimensional case has been well studied:

» dX, =Y, dt, dY, = Z,dt, dZ, = |X,|* dB;. We prove that if (Xy, Yy, Zy) #
106 (0,0,0) and % < a < 1, then the system of equations has a unique solution in the
17 strong sense.

18

19

20 . .
201/, — 1. Introduction and main results
21

22 The uniqueness of ordinary differential equations (ODEs) has been extensively stud-
23 ied; see for example [Hartman 1964]. In particular, if F () is Lipschitz continuous,
24 then

25 w'() =Fu@)), u(0)=up,

26
»7 has a unique solution for all ¢ > 0. In the case above, F, u(t), and u take values

5g IN R4, d > 1. The stochastic differential equation (SDE) realm, on the contrary,
29 has different criteria for uniqueness of solutions; see for example [Protter 1990].
30 One of the most well-known results regarding strong uniqueness of SDEs is due

31 to [Watanabe and Yamada 1971]. The result states that if f(x) is locally Holder

3> continuous with index « € [, 1] and with linear growth, then

z% dX = f(X)dW, Xo=xo,

3> has a unique strong solution for all times 7 > 0. Yamada and Watanabe’s theory
36

37
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essentially focuses on one-dimensional SDEs.
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1 One motivation for studying higher-dimensional SDEs comes from the wave

il 27, equation
3 8,2u = Au,
. u(0, ) = ug(x),
— 8,u(0, x) = 11 (x).

7 In this equation, we have

E 3%u = 0%u = Au.
2 If we let
10

- v =8[I/l,
11

12 then we can rewrite the wave equation as the following system of equations:
13

1 ou=v,

15 d;v = Au.

16

o The original wave equation includes no noise. However, many physical systems

15 are affected by noise. Hence, a modification of the wave equation which includes

0 white noise is also studied:

20%% Bfu =Au+ fu)W,
- u(0, x) = up(x), (D
. ou(0,x) =u;(x).

* Note x e Rand W = W(t, X) is white noise.

*_ One well-known point is that Lipschitz continuity is sufficient for the uniqueness
% of SDEs. Thus, many mathematicians have studied whether Holder continuity
" can still ensure the uniqueness property of SDEs. Gomez, Lee, Mueller, Neuman,

*_ and Salins [Gomez et al. 2017] studied the uniqueness property of the following

? two-dimensional model of SDEs:
30

31 dX =Yd:t,

32 dY =|X|*dB, (2)

= (Xo. Yo) = (x0, Y0).

g The results focused on f(x) = |x|* since it is a prototype of an equation with
36 Holder continuous coefficients. Moreover, (2) is a version of (1) when we drop the
37 dependence on x, which allows us to study the modified wave equation with more
38 simplicity. Notice that if we take the differential dY of the first derivative of X,
39 which is ¥ in the system of equations, it resembles the second derivative in time in

391/, ) i
40 the stochastic wave equation.
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1 It was proven in [Gomez et al. 2017] that if o > % and (xg, yo) # (0, 0), then

27, (2) has a unique solution in the strong sense up to the time 7 at which (X, Y;) first
3 hits the origin (0, 0).

", Since much is still unknown about higher-dimensional SDEs, we wish to continue

5 the study of the uniqueness property of (2) in the three-dimensional case, which is

o dX =Y dr,

7

. dY = Z dr,

i3 . 3)
B dZ = |X|*dB,

2

. (Xo, Yo, Zo) = (x0, Yo, 20)-

12 Theorem 1. If % <o < 1 and (Xo, Yo, Zg) # 0O, then (3) has a unique strong
13 solution, up to the time T at which the solution (X,, Y;, Z,) first hits the value

14 (0,0,0) or blows up.
15

16
., probability, if there is a random time 7 < oo such that

8 P(lim|(X;, Yy, Z;)|j = 00) > 0.
19 e

20

2 2. Proof of Theorem 1

Moreover, we say the solution (X, Y;, Z;) blows up in finite time, with positive

22 Let (X;', Yti, Zf), i = 1,2, be two solutions to (3) with (xg, yo, zo) # (0, 0, 0); in
23 other words, (Xﬁ, Y,i, Z;), i =1, 2, have the same initial condition (X¢, Yy, Zo) #
24 (0,0, 0). Note that since (X i, Y,i , Zf ), i =1, 2, have the same initial conditions,
25 from now on, we use X, Yo, Zo instead of Xé’", Y(’;’", Zé’”.

% Let 7 be the first time ¢ that either (X}, ¥,', Z!) or (X2, Y2, Z?) hits the origin
2" (0,0, 0) or blows up. We let T be infinity if there is no such time.

28 First, if Xo # 0, then (3) will have Lipschitz continuity up to the time that X, =0,
29 and thus enables uniqueness to hold. Suppose after a certain amount of time X, hits
39 zero, where Lipschitz continuity no longer holds; then due to the strong Markov
31 property, we begin the process again with X = 0. So our goal is to prove pathwise
32 uniqueness between excursions of X up to the time 7 starting from X = 0.

33 For any fixed n, let 7, be the first time that either

34
— 1yl 1 2 y2 52 -
E |(X1’Yt’Zt)|l°°/\|(Xt»Yt»Zt)|l°°§2 "
3¢ or
37 1yl 1 2 y2 52
g |(Xt,Yt,Zt)|[OOV|(Xt,Yt,Zt)|[0022n.
301/ 39 Here, the infinity norm (also known as the L,,-norm, /,-norm, max norm, or
y

40 uniform norm) of a vector v is denoted by |v|;,, and is defined as the maximum of
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the absolute values of its components,

|0, = max{|v;|:i =1,2,...,n},

and
a Ab=min(a, b),

aV b =max(a,b).

If there is no such time, we let 7, be infinity. Note that lim, 100 (7,) = 7.
Now, for each fixed n, we will show uniqueness up to time t, in the system of
equations
dx;" =y, "dt,
dy/" =z dr,
dzZ;" = |X;"* 1pp,5,1 (1) dB,
(Xo, Yo, Zo) = (x0, Yo, z0)-

“

In other words, after the time t,,, we have d Zf’" = 0, which makes Zf’" become
constant. Specifically, given m, n € N, we need

X7, Y, 20 = X", Y, Z)
forallt < t, ATy

Now, before continuing the proof of uniqueness, by the method of contradiction,
we show that the times that X; hits zero do not accumulate before the time 7,,
almost surely.

For each n, let A,, be the event on which the times that X ;" =0,i=1lori=2,
accumulate before 7,, and assume P(A,) > 0. Then, on A,, suppose o, is an
accumulation point of the times ¢ at which X ;" = 0; i.e, there exists a sequence
of times p1, < p2., < --- that converges to o0,, and X/’;;:n = 0. Hence, on A,
limy 00 Pk, 0 =0p. )

We have X;" is almost surely continuous, and that X o, =0on A, so

o, Ko = o =0
onA,.

Note that d X" = Y/ dt, and Y/"" is almost surely continuous. So if Yor#£0
on A,, then there exists a random interval [0, (w) — € (w), 0, (w)] of positive length
for which X ;" # 0 on [0, (w) — €(w), 0, (w)]. This contradicts the hypothesis of
Ok.n converging to oy,.

IfYy ;;1" =0, there are two cases,

0, >717, and o, <T,.

If 0,, > 7, then it means that the times at which X ;" hit zero do not accumulate

40 before 7.
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. Ifo, <1, then with X5" =0 and Y." = 0, we have | Z}"| > 27". Now suppose

o Zyin > 27", as the case Z" < 27" is approached similarly due to symmetry.
5 If Zf;: > 27" since Z; is almost surely continuous, there exists a time interval
"2 [on(w)—€'(w), 0, (w)] on which Z;" >27" /2. Thus for all € [0, (w)—€'(w), 0 ()]
5 we almost surely have
? . . On . 2—n
= Y/ = Y" —/ Z"ds < — 5 (0, — 1).
— t
8 )
"5 Hence, integrating over X, for 7 € [0, — €/, 0,,], we have
E i,n in o in o in o 27"
) X=X, - Yo'ds = — Yo' ds > T(Gn—s)ds
—_— t t t
12
12 —n §2\ [On 2—n
1 =S o =3)| = TFe-nt=o

14
o ast <oy Hence, this contradicts the hypothesis of pi , converging to o, on A,.

o So in conclusion, P(A,) = 0, which means the times at which X; hits zero do not

o accumulate before the time 7.

v One more point we need to address before continuing with the proof of uniqueness

0 is the existence of solutions. This problem is resolved in Theorems 21.7 and 21.8 and
o Lemma 21.17 of [Kallenberg 2002], which prove that for all times ¢ > 0, solutions

5, of multidimensional SDEs exist with probability 1 provided the coefficients are

o continuous and bounded.

0 Specifically, in our problem, since « € (0, 1), the coefficients of system (3) are

v continuous and bounded by (2")* v 2" = 2" up to the 1, for each n, which satisfies

o the condition stated in the existence theory in [Kallenberg 2002]. Hence, existence
o of solution holds for all # < 7, for all n. Therefore, up to the time t = sup 7,
- existence of solutiqns is ensured. . .

. Fromnow on, X;"" means X I and X2 We define Y/" and Z" similarly. Back

o to the proof of uniqueness, we have, for all ¢ € [0, t,,],

0 Z " VY =2t

31
— So
32

g |Ytl’n|:

34

35 Therefore,

36

. t . t . t 2
v i [ vinas< [ |Y;’”|dss/<2"+2"s>ds=2"<z+%>.
0 0 0

t
Yo+ / Z;’n ds
0

t
S|Y0|+/ \Zi| ds < 2" 427
0

38
30 Now let
- 2—2n

40 tO,n =

© 2 )
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11/27 [O n 2—2n 2—2n 2—2}1 2—2n

201/,

391/,

_ __n—2n
t0n+2—2+8§2+2—2.

12
2" (to,,, + 07) <2m.27P =27

ln n t2 —n
X" =2 (145 ) <2

forallr € [0 to nl
Since |X "| and |X12’"| belong in [0, 27"] for ¢ € [0, 7y ,], based on the definition

of 1, above, either
B |Yo| > 27" (6)

2
3
"
5
6
"7 Since the quadratic function 2" (¢ +t2/2) is increasing when ¢ > 0, we have
8
9
10
e
2

— |Zol = 27" ™

E for each fixed n. This is due to the fact that the solutions have the same initial
18 condition (Xo, Yo, Zo) and for each time 7 € [0, 7, 0], either

19 Y| =27" or |ZM|=27"
20
— First, we deal with Yy > 0. Due to symmetry, we can deal with the case Yy <0

. with similar methods and thus omit the proof.

. Now, with Yy > 0, we look at other subcases based on Z(i)’"

; Casel: Yo >0, |Zo| <27". If |Zg| <27", then (6) takes place. We are looking
2 at the case Yy > 0, and thus Yy > 2" Also, note that dZ"" = 0 for all # > 7, and
2 |ZM"| <27 forall 1 € [0, 7,,]. Hence, |Z"| < 2" for all 7, which means Z!" > —2"
57 for all . Next, we have

) t t
l Yt””:Y0+/ stsz2_"—/ Dds =2"" — 2",
0 0

29

5 If 2—2n
31 O<t<ton= 7
2 where fy , 1s defined as in (5), then
33
- —n

n
34 2"t < 7
35 Thus
3 2 o s 2
P 2

37
g for all ¢ € [0, #p.,]. In other words, Yf’" > 27"/2 for t € [0, 1y ,]. So, for all
39 tel0,1,], we have

. —n
ﬂ Y;’n > 22 .
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L1 Hence .

14/ — . . 2—n o—n
2 X§’"2X3”+/ 3 ds > 3 r. 8)
3 0
A Furthermqre, based on (8) and |X§’”| <27"forall ¢t €0, t9 ,], it leads to fp , <2,
5 otherwise X;" > 27", which means that t > 1, ,, a contradiction.
6 Note that .
RS X = X0+/ Yinds,
& 0
9 . s .
o Y:" =Y, —|—/0 z;" dk,
i | k
12 Z]l(’n =27 +/ |X;,n|a 1[0,1,,](0 dB,.
5 0
— Thus
14
— ) t ps k )
f X;’n = Xo+ Yot + // (ZO +/ |er,n|a 1[0,7:,1](” dBr) dkds
16 0J0 0
; t ps t ps pk )
e =X0+Yot+// Z()dde-l-f// |X£,n|oz I[O,Tn](t)dBrdde
8 0Jo 0Jo Jo
19 tz t ps rk )
. =Xo+Yor+ 2ol5 + [ [ [ 1X 100 dB, ks

20%/>— 2 0Jo Jo
i
” Hence
23 1 ) t ps pk 2
v (X" —X"? = (/// (X bme —1 X2 1., (r) dB, dk ds) .
- 0J0 Jo
25
% Apply the Cauchy-Schwarz inequality twice, we get
7 t s ps pk 2
w (X —XPE <t / ( f / (X" = 1X7"1%) Yo,r,)(r) dB, dk) ds
il 0o \JoJo
29 t s/ ok 2
30 < t/ s/ (/ (|Xr1’"|“ — |Xr2’”|“) 1j0.,1(r) dBr) dkds.
31 0 Jo \Jo
—— Thus
32
a3 | ) s s k 2
o Bl =X = tEf sf </ (XM = 1X7"%) 10,5,1(r) dB,) dk ds.
hadl o Jo \Jo
35 ny -
— By Itd’s isometry,
36
; 1,n 2,n\2 ! sk 1,n |« 2.n 2
B =X E | s | X = 1XP) Lo () dr i ds
o JoJo

t s rk
92 - §tE/ t// (x5 — X2 dr dk ds
0 0J0
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t ps rk
L <1’E / / f (XIme — X2 dr dk ds
2 0Jo Jo
? t pt pt
— <1’E / f/ (I xEme —1x2M*)2 dr dk ds
4 0JoJo
ji 4 ! 1,n o 2,n1\2
B :tE/O(|Xr’| — | X ") dr.
7
o Now we apply the mean value theorem for the function f(x) =x% 0 <o < 1, and
5 a< b:
o b* —a* =ac® ' (b—a) <aa®* ' (b—a)

11 for c € (a, b). Then for r € [0, 1y ,], where fy is determined in (5), we apply (8):

y—n a—1
13 |1X 0 — | X2 5a<7r) X" = 1% 9

15 Now let
= 2,
i D, = E[(IX""| = 1X]"D?].

" Since to.n <2, we have for all ¢ € [0, 79 ,]
18

t
9 D, < E[(X]" = X*"?1<C, / 272D, dr.
20 0

2L for some C, depending on n. Since & > 2, we have r

22 At this stage we apply Gronwall’s lemma:
23
5, Lemma. Let I denote an interval of the real line of the form [a, 00) or [a, b] or

2 la,b) witha <b. Let B and u be real-valued continuous functions defined on I. If
~— u is differentiable on the interior 1° of I (the interval I without the endpoint a and
possibly b) and satisfies the differential inequality

20-2 §g integrable on [0, 79 ,].

26

27

28 u (t) < Bu(r), tel’,

29
3o then u is bounded by the solution of the corresponding differential equation v (t) =

£ B(®)v(t): t
32 u(t) <u(a) exp(/ B(s) ds)

33

5, Jorallt el

35 Hence, with Dy = 0, we have D, = O for all ¢ € [0, 1y ,]. Therefore, (3) has
g unique strong solution in [0, #y ,].

37 Since o > %, we have 2o —2 > —1. Hence, r2*~2 is integrable on [0, # ,] Note
38 that in this case since X; > 27", n < 1. Applying Gronwall’s lemma, with Dy =0,
39 we have D; =0 for all 7 € [0, 19 ,]. Therefore, (3) has a unique solution in strong

40 sense up to time 7o .

20
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1 Note that for all ¢ € [0, # ,], we have Yti’" >27"/2 > 0. Hence X;"" is strictly

» increasing, which, leads to X, strictly positive. Therefore, by the strong Markov
3 property, we have uniqueness until the time X next hits zero.
4 Casell: Y9>0, Zg <—27". Since Z starts negative, Y,i’" decreases for an amount
5 of time. Since Y is positive, let say Yy = 8 > 0. Note that for all #, we have
6 |Zy"| < 2", which means Z;" > —2". First, we have
L ] t t
8 Y,”":,B-i—/ stszﬂ—/ 2"ds = B —2"t.

9 0 0
o Let

11 fon = W (10)
12 If

13 ’ B

" O<t<f0’n=w,
15 then P

2"t < &

16 >
17 thus

1 g2t 8

19 2

2 forallt €[0,1,]. In other words, Y/ > B/2 for all € [0, ton]
2 So, for all # € [0, 9, A tO .1, where 7o, and to , are determined in (5) and (10)

2 respectively, we have

23 in_ B
2 Y, > D)
25 Hence

. . t
20 X§’”2X3"+/ B s> b,
27 0 2 2

28 Applying the same method (9) above, we use the mean value theorem for the

29 new lower bound of X;"
30

,3 a—1
31
Xy =X < el Sr) (X" 1XE).
32 2
33 Hence
t
34 D, <E[(X!"—Xx*"?1<C, f r2=2p_dr.
35 0

Q Again, applying Gronwall’s lemma, with Dy = 0, we have D; =0 for all t
37 [0, to,n A to 1. Therefore, (3) has a unique strong solution i 1n [0, to.n A to ]. Asin
38 the previous cases, we have Y > B/2>0forallz € [fo.n A to ,J, which makes X’ in
30 strictly increasing. So X, A to , 18 strictly positive. Thus, by the strong Markov
40 property, we have uniqueness until the next time X hits zero.
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1 Case lII: Yo >0, Zp>27". Now we let T, be the first time that either Z,l’" or Zf’”
, hits the value 27" /2. Since both Ztl’" and Z,z’" are continuous, we have 7,, > 0

3 with probability 1. So we now prove uniqueness up to the time 7y , A T,,, where fg ,
~, 18 defined in (5).

4

5 Then forall ¢ in [0, 7y, A T,,], we have

6

- . 2—}1

7 zZ" > 5

% therefore

9 ; I'h—n o—n

0 Y,””zYo-i—/ 3 ds > 3 t (11)

— 0

11 R

., since Y5 > 0.

13 Basedon (11), forz € [0, 70, A Ty]

E . I h—n —n

15 X" > Xo—l—/ 2 Tsds =21 (12)

> 0 2 4

16

o Now we define

; X;n — i;n’ Yti,n — "‘ti,n’ Z;’,n — Z;n

% fori =1,2and for t <t, A T, Aty ,, Where ty, is defined as in (5) above.
201/2; Thus the following system of equations holds up to the stopping time 7, AT, Afg '

2. dXi" =yl di

23 . .

v ay," = z;" dt (13)

% dZ;" = X" 10,5,77, nt0,1 () dBy.

26 ~ ~ ~ ~

5, With (X(’)’",_Yé’", Zy") = (Xo, Yo, Zo) for i = 1, 2. Furthermore, using (13), X",

391/,

. Y and Z'"" can be defined for all times.
5 Using Itd’s isometry as above with X;", ¥;"", and Z,”,

30

- ~

t s rk
> > > 2
a BRI -TE 1=k [ [ ORI 1R Vot 0)’ dr dids
0 0J0

32

t s rk
= <(E f r / f (IR =[R20 1y 4 o7 1) dr i s
0 0J0

34

t ps rk
® <1’E / / f XM =X 2% 10,0 ATy nt0 1 (F) dr dk ds
36 0J0J0

37

13 t t
x <2E [ [ [ ORI R Yo s
0J0J0

39 t

39 4 1 S22

o =t E/ (X, "% = 1X7"1%) " 10,0, AT At AT
0
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Using (12) and the mean value theorem, for r € [0, T, A T, At ], we have

1

Py L, el

B ||)~f,"”|°‘—|)?,2’”|“|5a<27r2> 10— 1X7"1].

? Hence

E EN(XLn _ 32my2 4 2f 27" 2= ' da=1) | Tl T2 )2
L@ R =ce(B) e [ e - Rt
2 soif we let

= Dy = EL(X}" = 1X7" )71,

1; then ‘

12 agﬂ&ﬁ—fﬁﬂgq/rwﬂxw

13 0

14 Again, applying Gronwall’s lemma, with Dy = 0, we have D, = 0. Note that at the
15 time to.n A Ty, since we have Zf’" > O forall ¢ € [0, t, A T,], and also Yy > 0, it
16 leads to Y,i’" > 0 forall r € [0, to., A T,]. Thus X;"" is strictly increasing, which
17 means X to.AT, Must be strictly greater than zero. Therefore, by the strong Markov
18 property, we obtain uniqueness of the process until X next hits zero.

19 CaseIV: Yy =0. If Yy = 0, then based on the definition of t,, we have | Zy| > 27"
20 We will first deal with the case Zy > 27", and the case Zy < 27" is approached
2! the same way due to symmetry. As in Case III, let 7, be the first time that either

22 zm or Z2" hits the value 27" /2. Due to the continuity of Z"" and Z>", we have

23 T, > 0 with probability 1. So with for all ¢ € [0, #p A T,,], where fg is determined

2* in (5), we have

25 t ~— _
-~ i 27n 2N
26 Y;”ZYo-I-/O 3 ds = 5 f.
2" Then

3 i,n tzin 27" 2
2 X; 2X0+/0 2sdsz R

3 We now apply the same method as in Case III by looking at X", ¥/"", and Z!"
. which are defined as

in _ Sin iin __ vin iin __ Zin
33 Xl _Xl‘ ’ Yl‘ _Yl ’ Zl _Zl‘

34

35

36

37 dx "t
38 ~ ~
~ dyr = 7 gy

40 dZ;" = X" 10,0,AT, nt0,1 (1) dBy,

fori =1,2and fort < v, A T, Aty,, as ty , defined as in (5) above.
Thus the following system of equations holds up to the stopping time 7, AT,, Aty ,:

n

~ =~
~ X
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L with (X5, Yy", Zg") = (Xo, Yo, Zo) for i =1, 2. Furthermore, using (13), X;",

1/ 27 ii’", Z;" can be defined for all time.

Again, using the same strategy in Case III and the mean value theorem, we have

3

4 - - y—n a=1 N

E 1%, = X2 sa(Tﬂ) [1X7"1 = 1X2).
6

~, Hence, if we let

— Sl SN2

8 D, =E[(IX,"|—1X;" D7,

o then t

0 D, < E[(X!'"-X*")<cC, / F*=4D, dr.

1 0

12 Gronwall’s lemma with Dy = 0 yields D, = 0, completing the proof of Theorem 1.
13 In this case, we also have Y,i’" >27"/2t > 0 forall t € [0, 1, A T,]. Hence
1 X ;" is strictly increasing, which yields X, , A7, strictly positive. So, by the strong
15 Markov property, we have uniqueness up to the time X next hits zero.

16 Now with uniqueness proved, we actually can even strengthen the proof by
17 showing that 7! = 72 for all n, where 7! and 7?2 respectively stand for the stopping

15 times at the critical values for X! and th. Without loss of generality, suppose
19 2> t!: So at the time 7!, X? has not yet reached the critical values, which are
20 27" or 2" as stated above. But since we have uniqueness up to 7! A T2, this implies
21 X! has also not reached the critical value at the time 7!, which is a contradiction to

2 the definition of 7). Hence, 7, and T2 must be equal.

23
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