KNEADING INVARIANTS OF FIBONACCI QUOTIENT ROTATIONS

ALEXANDER BOWMAN

ABSTRACT. This paper studies the sequence of rotations of the unit circle by angles of quotients
of adjacent Fibonacci numbers. An equivalence relation is placed on the unit circle that converts
it into an interval in the real line. On this interval, each Fibonacci quotient rotation forms a real,
quadratic, one dimensional dynamical system. We give an inductive construction for the kneading
invariants of this sequence of dynamical systems.

1. INTRODUCTION

We consider the quadratic family of polynomials, P.: C — C defined by P.(z) = 22 + ¢, for
c € C. Given ¢ € C, we define the filled Julia set, K. as those z € C such that the orbit of z by P,
{PI'(z): n € N}, is bounded and Julia set as the boundary of the filled Julia set, 0K,.

The Mandelbrot set, M, is the set

M = {c € C: K, is connected}.

It is known that M is compact and connected [3]. By the Riemann mapping theorem, there is
an analytic homeomorphism ¢p;: C\ K — C\ D (where D is the unit disk). Define the external
ray of argument t € R/Z to be

R(t) = qﬁX/} <{p62i”}p>1> )

If ¢} (pe®™) has limit @ € M as p — 1 then we say R(t) lands at . In this case x has external
argument t. Given t € R/Z we say it lands if it is the external argument of some x € M [4]. We
are interested in which rays land and where. It is known that all external rays of rational argument
land [4].
To understand the proof, we first need the following definitions. We consider the following open
subset of M:
M' = {c € C: P. has a finite attracting cycle}.

Let W be a component of M’. There exists a conformal isomorphism py that maps W to the
unit disc, D. We call the unique point ¢y the center of W if py(ew) = 0. Using py extended
to the OW and 9D we can define the internal arguments on OW as follows. If ¢ € QW has that
pw (c) = exp(27y) then ~ is the internal argument of ¢. The point in OW with internal argument
0 is called the root of W. This was first considered in [3] but for a more accessible presentation
(which this presentation is based on) see [7].
For 0 € R/Z define
1 6

T(0) = 3 + 1

One of the main results of [1] is the following theorem.

Theorem 1 ([1]). Let ¢ € OWy be a parameter with rational internal argument v and external
arguments 0~ , 07 with 0 < 0~ < 0t < 1/3. Then

(1) the external ray Ry (T(07)) lands at ¢; which is a real Misiurewicz parameter (i.e., ¢1 is a
pre-periodic point), and
(2) the external ray Ry (T(07)) lands at the real parameter co which is the root of a primitive

hyperbolic component.
1
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The proof makes use of a Hubbard tree. A tree is an finite, connected, and acyclic graph
embedded in C. A Hubbard tree of a given map P, is a tree, T' C K., such that T contains the
orbit of 0 and no subtree 7" both contains the orbit of 0 and has that P.(7") C T. Hubbard trees
distill all the combinatorial information of the map they represent into a simple structure. We can
generalize Hubbard trees with the following definition. An abstract Hubbard Tree is a tree with a
continuous and onto map g such that: g is at most two to one, except for a single point, called
the critical point, g is a local homeomorphism, and every endpoint of T lies on the forward orbit
of the critical point [2]. An abstract Hubbard Tree is said to be expanding if for each edge with
endpoints vy, vy there is a n € N such that the number of edges between ¢”(v1) and g™ (vs) is strictly
larger than 1 [1]. Abstract Hubbard Trees and can be realized as Hubbard tree with the following
Theorem.

Theorem 2 ([1]). Any abstract Hubbard tree H can be realized as a tree associated with a polynomial
P with a finite critical orbit if and only if H is expanding.

We now discuss the proof of Theorem 1. Note that if ¢ € OWp \ {1/4} with a rational internal
argument, then c is the root of another component. Fix ¢ € Wy and let W be the component of
which c¢ is the root. Let ¢y be the center of W. The proof of Theorem 1 constructs an abstract
Hubbard Tree and then uses Theorem 2 to obtain a map ch where ¢, is a real center of a component
of M, W'. Theorem 1 is then proved by showing that 7'(#) lands at the root of W’ [1]. The abstract
Hubbard Tree that is constructed is the object of study of this paper and is covered in detail in
Section 3.

Let f,, be the map attained from using the fraction F),/F, 41 in the construction. This function
will have a finite kneading invariant, denoted w™. Split w™ into three pieces:

W' = AFARAY

where AT and A% have length F,,_; and A} has length Fj,_o. Let F? be wiw? . ..wpg . This
paper proves the following:

Theorem 3 (Inductive construction of the kneading invariant). Suppose n € N with n > 2. Let
fn be the map from the Fibonacci quotient Fy,/F, 1 and let w™ be the periodic component of its
kneading invariant. Then we have

n JwTTATTIATTE podd
w" =
w”flA’f_lAg_l n even

2. BACKGROUND

This section provides the background information necessary to understand this paper. Through-
out this paper N = {1, 2, ...} is the set of positive integers and Ny = NU{0} is the set of non-negative
integers. For a finite set S, we define |S| to be the number of elements of S. If x € R we denote by
|z| the absolute value of z. Define [a,b] = [min(a, b), max(a,b)] and (a,b) = (min(a,b), max(a,b)).
Throughout this paper by z (mod y) we mean the unique » € N with 0 < r < n such that r is
the remainder of x divided by y. We say R/Z is the set of equivalence classes of R where x ~ y if
x —y € Z. Each class has an element in [0,1) which we is the representative for that class. By =
(mod 1) we mean the representative of the class containing x.

2.1. Dynamical Systems. A real, one-dimensional dynamical systems is a pair (f, I) where I C R
is a compact interval and f: I — I is a continuous function. For n € Ng let f™ denote the n fold
composition of f with itself, i.e., fO is the identity and f* = f(f"~!) for n > 0. For every point =
in I, we define the orbit of x by f, by

Of(z) = {z, f(x), f*(z),... }.
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The goal of dynamical systems is to describe how the orbits are distributed. If there is n € N such
that f™(x) = x then we say that x is n-periodic and Oy(z) is a periodic orbit.

A continuous map f defined on an interval I = [a, b] is called unimodal if there is ¢ € (a,b) such
that f is strictly monotone on [a, ¢) and (¢, b] and ¢ is a global maximum or minimum. The point ¢
is called the turning point of f. For an unimodal map f with turning point ¢, write ¢; = fi(c) [2].

2.2. Kneading Theory. Given a dynamical system (f,I) where f is an unimodal map and a

point & € I we define the itinerary of f and x, I(f,x), to be the sequence ey, eg, ... where
0 fi(z)<e
ei=41 fiz)>c
x fiz)=c

If the last case occurs, the itinerary is finite and stops before the star. In other words if x is
n-periodic then I(x, f) is a finite sequence of n — 1 binary values. We call I(c1, f) the kneading
sequence or the kneading invariant of f [2].

2.3. Diophantine Approximations. This subsection provides the necessary details on Diophan-
tine approximations. The reference for this information is Section 2 of Chapter 1 of [6]. Let o € R
be irrational and set ag = [« and 1/a; = a — ap. Inductively for all n € N we define a,, = |y, |
and 1/ 41 = ay — ay. This defines the continued fraction expansion of «, written [ag, ai,...]. In
other words we have that

N 1
a=a
0 . 1
a4+ —
! 1
ag + —
Let n € Ny, then we have that [ag,a1,...,a,] is a rational number. Define the n-th principal

convergent, pn/qn, to be [ag,a1,...,a,] where p,,q, € Z. We note that py = ap, go = 1, p1 =
poair + 1, and g1 = a;. The following theorem from [6] gives a formula for p, and g, when n > 2.

Theorem 4. Let n € N with n > 2. Then

Pn = GnpPn—1 + Pn—2
Qn = GnQn—1 + qn—2.

We will need the following equations concerning principal convergents p,/q, — ¢. For their
proofs see [6]. First

(_1)n+1
1 G100 — Py = —————.
W) " R
And second
_1)n
(2) In@ — D = _(ED"ange

Ont2qnt1 + Gn
Lastly we need the following Theorem from [6].

Theorem 5. For n even the n-th principal convergents form a strictly increasing sequence. For n
odd the n-th principal convergents form a strictly decreasing sequence.

We now turn our attention to the special case where o = ¢, where ¢ is defined as the positive
solution to the equation

2?—z—-1=0.
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By rewriting we get

3) =1+
Thus for all n € Ny, ¢, = ¢ and a, = |¢|] = 1. Hence py = 1, po = 2 and in general

Pn = Pn—1 + Pn—2. In particular p, = F,,41. Similarly ¢, = F,, for all n € Ny. Plugging this into 1
and 2 we get the following equations

B (_1)n+1
(4) Frni1¢p — Fryo = oF 1 Ty

I G
©) 0 = e = G T B

We will now prove a stronger version of Theorem 6 in Chapter 1, Section 2 of [6] for the specific
case of ¢. Our proof follows the same technique as the proof in [6] but changes some inequalities.
First, we make the following change to the definition of a best approximation appearing in [6]. We
say that a/b with a,b € N is a best approximation to ¢ if for all ¥ € N with 1 < ¥ < b,

(6) lbg]| = b6 —a| and HZ?H N n%?u

Theorem 6 ([6]). The best approximations to ¢ are its principal convergents. In particular, for
n € N, F, is the smallest integer ¢ > Fy,_1 such that ||qa|/q < |lgne||/qn-

Proof. First we will show that if a/b € Q is a best approximation with a,b € N then there is n € N
such that a = F,, 41 and b = F,,. Then we will show that F,,1/F, is a best approximation. Suppose
that a/b is a best approximation. We can assume that a/b > 1 = F5/F) as otherwise

Hd\ ‘ a‘ [[o]|
1 b
contradicting that a/b is a best approximation as 1 < b yet
el _ llog]
1S o

Similarly we can rule out that a/b > 2 = F3/F,. Thus we can assume that there is a n > 2 such
that a/b is between F,,/F,_1 and F,,12/F, 11 using Theorem 5. Notice

1 a F, Fo F, | 1
bFo 1~ |b  Fuy F,  Fu1| FuFu
and so b > F,. The same argument shows that b < Fj, ;1. We wish to show that
b F

ol 1t

Rewriting this is the same as
o=51> o T
Note that
’Qﬁ—*‘—*— Frto ‘¢_Fn+2 > 1 +‘¢_Fn+2 > ’¢_ n+2’
n+1 Fn—i—l bFn+1 Fn—i—l n+1 n+1

Hence it suffices to show that

‘QS _ n+1 ‘¢ N n+2

n+1 Frn
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or that
1 >‘¢_Fn+1_'¢_Fn+2'
F7%+1 Fy, Fn+1
Using 4 and 5 we get
1 0] 1
Fg—&-l g FN((bFn-i-l"‘Fn) Fn+1(¢Fn+1+Fn)
1 - 1 OF+1 — Fy
F3+1 ¢Fn+1 + Fn Fn+1Fn

Fn > ¢Fn+1 - Fn

Fn+1 ¢Fn+1+Fn
Fn(¢Fn+1 +Fn> > Fn+1<¢Fn+1 - Fn)
Fo(Fos1 + Fn) > ¢Fn 1 (Foy1 — Fr)

FnFn+2 > §Z5
Fn+1Fn—1

Instead we will prove that LHS is larger than 2 > ¢. We get
2F 11 < FpFyio
2F 1 Fp_y < FyFpi1 + F2
2Fp1Fh1 < FpFpp1 + Frp Foor + (1)
Froi1Fn1 < FpFpyy 4+ (—1)"
Fop1Foy < By aFppr + Fy oFpp 4+ (—1)"
(-1 < F_oFpr.

This is true for all n > 2. Thus we have proved that

a Fn+1
)(b - b‘ < ‘¢ F,
and in particular there is a F,, = b’ < b such that
o'l _ llbgl]
vooob

Contradicting that a/b is a best approximation. Thus we know that if a/b satisfies 6 there is n
such that a/b = Fj,;+1/F,. We now show that for all n € N, F),;1/F, is a best approximation. This
part of the proof does not change from the proof in [6] but is still included for completeness. We
proceed with induction. For n = 1, the property vacuously holds. Suppose that F,,11/F, is a best
approximation. Let b be the smallest integer such that

logll _ [1Fnl
b F,
and a be such that ||bg|| = |b¢ — a|. Since we know that F,,11/F,, meets property 6 we must also
have that a/b meets property 6 and hence b = F,, for some m. But we have that ||F,¢|| > || F+10]]
so b= F,4+1. Hence, a = F,, ;2 proving the claim. O

Lastly, we make the following remark.

Lemma 1. Let k € N, then
k
2= ke
5] - e
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Proof.

HZH = k(¢ — DIl = [Ik6 — k|l = ko]
]

2.4. Fibonacci Facts. In this section, we state some facts about Fibonacci numbers that will play
an important role in this paper.

Theorem 7. Let p,q € N with p > q. Then
FpFgp1 — FpiFy = (-1)PFp—q.
For a proof of Theorem 7 see [5].

Lemma 2. Let n € N then
[Fn¢] = Fn-i-l‘

3. CONSTRUCTION

In this section, we describe the sequence of functions of interest. This construction appears in
[1] for general fractions p/q € Q but for this paper we restrict our attention to those fractions of
the form F),/F, 1. First, we define

St ={e™. 9 cR/Z} C C.
For n € N with n > 2 we define R,,: S* — S! to be

R, (ezme> — 2mi(0+Fn/Fny1)

for € R/Z (6 + F,/Fpn4+1 is computed mod 1). In other words, R,, is a rotation of the unit circle
by F,,/Fn+1 turns counterclockwise. Next for k& € Ny with & < F,41 define

Z]? _ Rz(l) _ e27rszn/Fn+1.

Next, we construct the Hubbard tree. Consider the closed arc in S joining x; to zo which does
not contain 1, B, and the closure of its complement in S, B’. To avoid confusion, add a quote to
the labeled elements of B’. We map both B unto a real interval such that z; < z where z; is the
point corresponding to zj'. Similarly, map the B’ unto a real interval such that 2} < af, where l’;
is the point corresponding to z'. Paste these two intervals together with the relation xg ~ z1’ and
name their common point &. This process is shown in Figure 1 with n =5 [1].

We define the function, f,, of the form 22 + ¢ for ¢ € R on this interval by f, maps [xf,a:?]
to [z}, 2} ,] where the addition is mod Fj,41. The existence of such function is guaranteed by
Theorem 2 [1]. We can obtain the parameter ¢ by choosing g = 0 and then using the fact that
fEn+1(20) = 9. Note that ff»+1(0) is a degree 2+ polynomial in the parameter c. Finding the
real roots of this polynomial gives us the values of ¢ for which f™(0) = 0. By looking at the orbit
of the critical point for each of these maps we can find one that has the constructed orbit for f,.
As an example, this process was completed for n = 4 and is shown in Figure 2.

In this paper, we are interested in which side of 2y each z7 is on as this determines whether w?
is 0 or 1. To do this, we note that 27 is to the right of 2§ only when 27 is on the counterclockwise
arc from 2y to z§. Hence, we wish to determine the order in which they occur counterclockwise

starting from 23§ = 1. To do so, for r € Ng with r < F}, 1 we define

q:} _ e27rzr/Fn+1 )

Note ¢” is the r-th point counterclockwise starting from 1 in S*. We have the following correspon-
dence between z;' and g;’.
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5 5
Z9 Z9
5 5 5 5
R 25 R Z5
5 5 5 5
5 5 5 5
21 Z3 21 Z3
26 26
(A) Step 1 (B) Step 2
° o ° ° T T TS °
1 T4 7 e T3 o s T3
(c) Step 3

FIGURE 1. Process for constructing the critical orbit for f; map with the construction.

o + -

xr3 | —

T4 -

X -

| | | | |
x1 X4 €3 Zo X2

FiGURE 2. The map f4 obtained by the construction.

Lemma 3. Let n € N, k € Ng with n > 2 and k < Fy41. Further r = kF,, (mod F,11) and z}}
and q are as defined previously then

% =4
Proof. Fix n € N and k € Ng with k < Fj,41. This lemma is the same as proving

kF, r
mod 1) =
Fnn ( ) Foi1

Write
kEF, =mF,i 1+
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Then note
I
uzd; (mod 1) = !

Fn—l—l Fn+1 .
This concludes the proof. O

We will now state a few observations about the ordered set Z,, for n € N with n > 2 that follow
from Lemma 3 and from d’Ocagne’s identity.
Remark 1.

(1) 25 = a5
(2) qf = 2}, if nis odd and ¢ = 2} | if nis even

3) 28 =g
24; If2 2y i]; Tibrfthe counterclockwise arc of S! from 2 to z§ then w} = 1 otherwise w} = 0.
Using these observations we get that w;! = 1 if and only if
(7) 0 < kF, (mod Fyi1) < Fh_o.
Similarly wi = 0 if and only if
(8) F,_2 <kF, (mod F,41)<—-1 (mod F,y1).
For n € N with n > 2 and k € Ny with k < Fy,41, let I,,(k) be such that 2]} = q}?n(k). By Lemma
3 we know
I,(k) =kF, (mod F,i1).

Lastly in this section we remark that the indexing function is a bijection.
Lemma 4. Let n € N with n > 2 then
I,:{0,...,Fhy1 — 1} = {0,..., F41 — 1}
s a bijection.

Proof. Let n € N with n > 2. Note that ged(F,,, F,+1) = 1 and so we know that F), has an inverse,

F;'in Zp,,,. Thus we can define J, with the same domain and range as I, by J(k) = kF,*

(mod Fj,4+1) as an inverse to I,,. Notice for k € Ny with k < Fj,11.
Li(Jn(k)) = (kF, (mod Fn4+1))F, " (mod F,41)
=k (mod F,41)
=k
where the last line follows from k& < Fj,;1. Similarly
Jn(In(k)) = (kF;' (mod Fyy1))F, (mod Fy1)
=k (mod F,41)
=k.
Hence we know that J, is I, 1 and so I,, must be a bijection. ]

The remainder of this paper gives an inductive construction for the kneading invariants of f,, for
n > 2. Note that the critical orbit for each f, is finite and hence has a finite kneading invariant
of length Fy, 11 — 1, which we denote w". The j-th element of w" is denoted as wj. Lastly we will
extend w” to have length F,,;1. We define

1 nodd
w?_‘n+l = {

0 neven
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4. RESULTS
4.1. Main Result. Split w" in the following way:
w" = ATASAZ.
Where A} and Af are of length Fj,_1 and Aj is of length Fj,_o. For all n,j € N with j < 3 and
n > 2, if A? =eq,...,es where s is either Fj,_q or F,,_o define A? to be e, eg,...,es. If the length

of A7 is smaller than 2 then Ty = A”. Recall if z € {0,1} T is 1 — 2. The main result of this paper
is

Theorem 3 (Inductive construction of the kneading invariant). Suppose n € N with n > 2 then
o — wr P ATTIALTE nodd
w"_lATfflAgfl n even
To prove Theorem 3 we will prove this equivalent lemma.

Lemma 5. For alln > 2

W — dATTTATTIATTIATTIASTE nodd
ATTIAZTIATTIATTIALTL peven
Proof. (Lemma 3 implies Theorem 3)
We will use induction on n. See Figure 3 for the base case. Now suppose n > 2 and
() W w'TATTIATTE podd .
w"flA?_lAg_l n even
By Lemma 5 we have
Wi+ — A?Agﬁf’ng n even
ATAZATATAL  n odd.
Suppose that n is even. Then by (9) we know AL = A?ilAgfl = AY. If n is odd, we have that
AL = A?*lA’g*l = A7. Hence

Wit w"APAY  n odd .
w"ATAY  n even
This concludes the proof. ]
4.2. Examples. We will walk through how to use this pattern. Looking at Figure 3 we see that
3
w” = 010

and

Using Lemma 3 we see that
w = ASASABATAS
= 01001.

Now we have that

Al=01 Al=0 A}=0L
This time by Theorem 3,
wd = w4A7‘1LA‘2"
= (01001000.
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Z2
€2
Ty
o o
T
€1 x3
(A) Unit circle with rotation Rg3 (B) Unit circle with rotation Ry
0 o — 6 ——o— 0
I Zo T9 I T4 T3 Zo T9
(¢) Corresponding interval for f5. (D) Corresponding interval for fy.

F1GURE 3. Construction of the critical orbits for f3 and fj.

Again
A =010 A3=01  AJ=000
and so
w® = wASAS
= 0100100001001.

4.3. Proofs. We will now proof Lemma 3. We will split the proof into three parts, constructing
AT, A} and finally A% in Lemmas 6, 13, and 14 respectively.

4.3.1. Proof of Lemma 6. We will prove the following:
Lemma 6. Let n € N with n > 2 then
T =APTTALL
Recall that for z € R,
|z] = max{a € Z: a < x}
[z] = min{a € Z: a > z}
[l e Lo <ol e
[x] else '

This lemma requires comparing kF,, (mod F, 1) with kF,,_; (mod F},). The following observa-
tion gives us a way to do this. The idea is to note that for a fixed £k € N and every n € N we can
write:

kEy = qnFuy1 + o

B { kE, J
“w= |5
rn =kF, (mod F,i1).

We know that kF,/F,11 converges to k/¢ and the floor function is continuous except at the
integers. However, for k € N, k/¢ cannot be an integer. Thus ¢, converges to |k/¢|. Once this

And for all n € N,

and
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occurs then for all subsequent n’, ¢/, will be a constant. We formalize this with the following lemma.
Recall that for x € R

|z|| = min{|x — n|: n € Z} = min{z — |z], [z] — z}.

Lemma 7. For each k € N there is a N, € Ng such that for all n > Ny,
) = o)
Fn+1 ¢

e (%r + 1) -

and

N, = 5
Proof. Fix k € N, set
|k
=3,
Clearly €, > 0 and so we know there is N such that for all n > Ng,
kE, k
(10) ’Fn+l ~ 3 < €.
Fix n > Nj. Note that
kE, c (k —Gk,ﬁ +€k>
Frnm ¢ ¢
and that
[k k k k
wmmn (G- [5) 51 -5)
As a consequence
k k
5= 5
e
¢ ¢
hence )
4|22 <[4
o] Fatr ¢
and finally

5] =[]
¢ Foi]
Now we construct Ni. We will use an epsilon-delta argument to do so. We wish to find n such that

F 1

- <=
Foo1 ¢ k
Use the identity that for all n € N
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We get
0= (=) 1| [ = g(=g) " — "L 4 (—g) !
T (=8 9 = (= g) ]
| =0(=9) "+ (~9) ™!
o7 —g(=g) "
|8 ()
o2 = o(=0) "
(2 (—¢) !
_(¢ + 1) ‘¢n+2 _ d)(_gb)fnfl
PP +1 1
- ¢ '(_1)n+1¢2n+2 _ 1‘
»+1 1
= ¢ pt2 1
Notice
P*+1 1 €k

b HntZ ] <%
happens when

1 241
n > —log ¢¢+ +1|—-1=Ng.
2 e

This proves the claim. ([l

Recall again that for this paper z (mod y) is defined as the remainder of x divided by y. Lemma
7 allows us to prove the following lemma.

Lemma 8. For each k € N if Ny is as defined above, for all n € N with n > Ny + 2 we have
kF, (mod F,11)=kF,—1 (mod F,)+kF,—2 (mod F,_1).
Proof. Fix k € N and let n € N such that n > N + 2. Write
kFn = gnFni1+1mn

kFn—1=qn-1Fn+1n_1

kFp_9=qn-oFpn_1+Tn_2
where 0 < r; < F;y1 for all . Note that

| kFy,
fin = {Fn-&-lJ '

By Lemma 7, as n > Ng + 2 gn, qn—1, and g,—2 will all be equal. Call their common value gq.
Rewriting the above we see that

rn =kFy —qFh11
Tn—1=kFy_1—qF,
Tho =kF,_o—qF,_1
Focusing on 7, and using the definition of the Fibonacci numbers we see that
rn=kF, 1+ kF,_o—qF, —qF,_1
= (kFy1—qFy) + (kFy 2 — qFy 1)

=Tpn—1+Tp-2
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Lastly note that for all i in {n —2,n — 1,n} we have that
ri =kF; (mod Fjt1).
And so we have

k:Fn (mod Fn+1) = an—l (IIlOd Fn) + an_Q (mod Fn—l)

as desired. ]
To prove Lemma 6 we must prove that for n € N with n > 2 and k € Ny with k£ < F,,_1
wy = wzfl

We need Lemma 8 to apply for each n € N such that k < F,,_1. In particular, it suffices to show
n’ is such that F,y,_o < k < F,_1 then n’ > N, + 2. Equivalently, if we say n’ is such that
F, < k < F,11 then we need to show n’ > N, — 1, in fact we show n’ > N,. We do so in the
following lemma.

Lemma 9. For alln € N and k € N such that F, < k < Fj,4+1 then N < n.

The proof of this Lemma comes in two parts. We will first show that in the set {Np,,..., Nr,, 1}
has Np, as it maximum value. We then show that Np, < n.

Lemma 10. Let n € N with n > 2 then
Np, = max{Npg,,Np,11,...,Np,,, -1}
Proof. Recall

1 »*+1

dld

2

As log, is increasing, this is equivalent to proving that

151 m{n%uu&gw |&§*\}

F, F, "F,+1"" " F,1—1

By Lemma 1 this is the same as proving

\E@H:mm{HE@HHMh+DMI Wﬂwl—an_

F, E, ' F,+1 ' Fyi-1

This immediately follows from Theorem 6. (|
Lastly, to complete the proof of Lemma 9, we need the following.
Lemma 11. For all m, Np,, < m.

Proof. Recall that

and so we wish to prove

Rewriting we get
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We can use the fact that [F},/¢] = F,,—1 to see that this is the same as

I Py ¢*+1
6 Fu | T @1y
Expanding this out we get
‘qu e R ) il N R
P(p™ — (=¢)™™) ~p(ePm 1)
'—<—¢>—m FH0) | P
PP — (—=¢)~™) ~p(ePm 2 1)
¢°+1 L+l
G — (—) )] (=)
|67 (@™ = (—9)™™)| < B(e*+ 1)
[6(¢°™ + (=)™ )| < (6™ = 1)
¢+ 1< ¢ 1
9 < p2mtl
Which is true for all m > 1. O

We are now ready to prove Lemma 6.

Lemma 6. Let n € N with n > 2,
P=apag
Proof. Recall

n __ n n
1 = Wp ...an71

—1 An—1 -1 -1
ATTALT = wf ...w%n_l
Thus we must prove for all n, k € Ny withn > 2 and k& < F,,_1,
wp = wz_l

We will proceed by induction on n. The case n = 3 can be verified directly from Figure 3. Fix
n and suppose that for k£ € Ny with k < F,
wy = wzfl
We consider two cases: w;; = 1 and wy’ = 0. First we suppose that w; = wz_l = 1. Using 7 we
get
0< k’Fn,1 (mod Fn) < F,_9
and
0 < kF,_o (mod Fn—l) < F,_3.
Summing and applying Lemma 8 we get:
0 < kF, (mod Fn+1) < F,_1.
Hence wi =1 by 7.
Now suppose wzfl = 0. Thus
F,_92 <kF,—1 (mod F,)
and
F, 3 <kF, - (mod Fn—l)
Summing and applying Lemma 8 we get

F,_1 <kF, (mod F,41)
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and so wy = 0. In either case wy = wz_l concluding the proof. g
4.4. Proof of Lemma 13.

Lemma 13. Let n € N with n > 2 then
An AMIALTE nodd
3 A?_lAg_l n even

Proof. Fix n € N with n > 2. By Lemma 6 this is the same as proving that for all £ with
F, <k < F,y1 with k # F,, +2
Wy = wi_p,

n
W= s n odd
Fn+2 -

wh neven.

while

Fix k € N with F,, < k < Fy,41, (Fp+1 is handled later). Set p = k — F,, and note p < F,,_1. Using
d’Ocagne’s identity, compute

(p+ Fo)F, (mod Fuy1) = (pF, + F?) (mod Fpi1)
= (pFo+ (=1)""1)  (mod Fyy1).

We now consider the two cases: n is even and n is odd. Suppose first that n is even. We wish
to prove that wy = wy,.
Suppose that wy =1 then we know that

0 <pF, (mod Fr1) < F, o
by (7). Adding —1 (mod F,41) gives us
(12) —1 (mod F4+1) < kF, (mod F41) < F—9

In addition notice we assumed k < Fj,;+1 and so by Lemma 4 we know that kF,, (mod Fj,11) #0
as F+1F, (mod F,11) =0. Thus we can rewrite 12 as

(13) 0< kF, (mod F,y1) < F, o
and conclude wy’ =1 = wy; as desired. Now assume that w, = 0.
F,_9 <pF, (mod F,11) <—-1 (mod Fj41).
Adding —1 (mod Fy41),
F,_ 92 <kF, (mod F,y1) < -2 (mod F,,11) < -1 (mod Fy41).

Again note that k& > F), and so we know that kF,, (mod F,,1+1) # F,—2 as 2F, (mod F,41) =
F,_o. Thus
Fn72 < an (HlOd Fn+1) < -1 (mod Fn+1)-

as wy = 0 = wy.
Now assume that n is odd. We repeat the same process. Suppose that w;, = 1. Then

0< pFn (mod Fn+1) < F,_9
by (7). Adding 1 (mod Fy+1) gives us
(14) 0 <kF, (mod F,+1)<F, o+1.

Note that if & = F,, + 2 then p = 2 and so pF,, (mod Fy,11) = F,,_2 and kF,, (mod Fy41) =
F, o+ 1. Hence if k # F,, + 2 then

0 < kF, (mod FnJrl) < F, o
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and wy = 1 =wy. If k = F, + 2 then
kF, (mod Fn—i—l) =F, o+1>F, o

and so w) =0 = uT? as desired.
Lastly suppose w;, = 0. Then

F,_9 <pF, (mod F,11) <—-1 (mod Fy41).
Adding 1 (mod Fy41),
Fopg<Fpo+1<kF, (modF,1)<0 (mod Fp).
Again note that kF;,, (mod Fy41) # 0 and so we can conclude
F,2<kF, (mod F,+1) <0 (mod Fy41).

as desired. Lastly we handle the special case when k = F), ;1. Recall that by
if n is even and 0 if n is odd. We wish to show that wy == wf, . Notice

Fo Fp (mod Fuypp) = (=1)" (mod Fpy1)

In particular, if n is even then w} =1 and if n is odd w% =~ = 0. Hence w% = w’% . This
Frn1 Fna Fn1 Fn+1
concludes the proof.

4.5. Lemma 14.

and so wy =0 =w

n

. . p

definition wh =1
n+1

Lemma 14. Let n € N with n > 2 then
AT {A?_l n even

27 1AT! nodd
Proof. We use the same argument as the previous lemma. Fix n € N with n > 2, we wish to show
that for all kK € N with F,,_1 < k < F},
wy =wg_p -
Fix k such that F,_1 < k < F,,. Set p=Fk — F,,_1 and compute
kF, (mod Fyq1)= (p+ Fno-1)F, (mod F, +1)
= (pFn + Fp1Fy)  (mod Fpyq)
= (pFo +(=1)")  (mod Fi1).
Where the last line follows from d’Ocagne’s identity with p =n and ¢ = n — 2 as follows
F.F 1 —Fo1Fho=(-1)"F,
FoF,—1 (mod Foy1) = (—1)" (mod F,11).

From here the argument proceeds the same as the previous lemma with the cases reversed. U

REFERENCES

[1] Gamaliel Blé. External arguments and invariant measures for the quadratic family. Discrete and Continuous
Dynamical Systems, 11(2 and 3), 2004.

[2] Karen M. Brucks and Henk Bruin. Topics from One-Dimensional Dynamics. University of Cambridge, 2004.

[3] Adrien Douady. Itération des polynémes quadratiques complexes. CR Acad. Sci. Paris Sér. I Math., 294:123-126,
1982.

[4] Adrien Douady and John Hubbard. Exploring the mandelbrot set. the orsay notes. 10 2009.

[5] Cheng Lien Lang and Mong Lung Lang. Fibonacci numbers and identities, 2013.

[6] Serge Lang. Introduction to Diophantine Approzimations. Springer, 2 edition, 1991.

[7] Heinz-Otto Peitgen and Peter H. Richter. The Mandelbrot Set, pages 56-62. Springer Berlin Heidelberg, Berlin,
Heidelberg, 1986.



