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We extend the methods of our previous article to express certain special values 

of p-adic hypergeometric functions in terms of the p-adic gamma function and 
Jacobi sums over general finite fields. These results are obtained via p-adic 
congruences for Jacobi sums in terms of multinomial coefficients, and allow one to 
more fully exploit classical hypergeometric identites to obtain p-adic unit root 
formulae. © 1998 Academic Press. Inc. 

1. INTRODUCTION 

In [15] we gave some explicit formulae relating Jacobi sums over the 
prime field &, to values of p-adic hypergeometric functions. These formulae 
were obtained from combinatorial identities and the methods of Dwork 
({4.5]) and Koblitz [7]. and may be viewed as p-adic analogues of classi- 
cal results. The primary focus of this article is the generalization of these 
results to include Jacobi sums defined over finite extensions of F,. 

We begin in Section 2 by giving congruence results for general Jacobi 
sums over finite fields of characteristic p> 2 in terms of multinomial coef- 
ficients. The main tools are the Gross—Koblitz formula and the properties 
of the p-adic gamma function. For Jacobi sums which are not p-adic units, 
the congruences we give are stronger than those typically predicted by the 
theory of formal group laws. We then apply these results to hypergeometric 
functions in Section 3 to give p-adic analogues of classical formulae. 
Equation (3.17) below is perhaps the best example (particularly in the case 
n= 2nt), and the cohomological interpretation given in [15] remains valid 
relative to the Frobenius map (x, vy)? (vy, »). The results (3.24), (3.27), 
(3.28}, and (3.44) of [15] may also be extended by the methods found in 
this paper. 
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In Section4 we consider the elliptic curve with affine equation 
y?=x*—yx which has supersingular reduction modulo p when p= —1 
(mod 4), and show that the roots of its zeta function over F,: may be 
obtained from a limit of p-adic hypergeometric functions, although this is 
not the specialization of a uniform limit. As a further application, we also 
express the formal-group congruences associated to an Apéry sequence in 
terms of Jacobi sums. 

2. JacoB] SUMS AND MULTINOMIAL COEFFICIENTS 

Throughout this paper p will denote an odd prime, E, the finite field of 
q =p’ elements, Z,, the ring of p-adic integers, Q, the field of p-adic num- 
bers, K the unramified extension of @, of degree f, C, the completion of 
an algebraic closure of @,, “ord” the valuation on C, normalized so that 
ord(p)=1, and © the ring of integers of C,. We let ae 0 be a fixed solu- 
tion to x?” |= —p and let ¢ be the unique pth root of unity in © such that 
C=l+x (mod 77D). 

We define a map ara’ on QZ, by requiring that pa’—-x=y,€ 
{0,1,2,.., p—1}. We write a! =a, and a!’ =(a2"~")' for i>0:; we also 
will write gc)? for yey. It follows that the 45° are the digits in the p-adic 
expansion of —x, that is, -a=3°7.,4 e'p’. It is easy to verify that this 
map is well-defined and continuous; that «= 0 for some i if and only if 
x is Zero or a negative integer; and that «'/) =. if and only if « is a rational 
number in [0, 1] with denominator dividing g — 1. 

The p-adic gamma function 7, is defined for positive integers n by 

Kin=(—t" TT (2.1) 
Qaycn 

eu 

and has an extension to a continuous function /,:Z,—> 2, which is 
Lipschitz with constant |, and satisfies the functional equations of trans- 
lation and reflection 

~ xX (x), xe”, 
Tr xX l = ? P 2.2 pix +d) rte xepl,: (2.2) 

Tix) B= x) = —(- 1), xedZ,,. (2.3) 

Let w: F, > Q,(¢) be the additive character on fF, defined by ¥(7)=C', 
and let o,f, Q,(¢) denote the additive character on F, defined by 
wt)=o(Tr(t)), where Tr: E- is the trace map. The Teichmiiller 
character w,: f,-> K is the unique multiplicative character on F, such that, 
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for all te F,, the reduction of w,(f) mod p is t. (We extend all multiplicative 
characters y using the convention 7(0)=0.) 

For a=a/(q—1) with ae Z, the Gauss sum g(w,“) over F, associated to 
the characters ¥, and m,“ is defined by 

goa, = —S vft)a,“(t). (2.4) 
ref, 

Write a= Ag—1)4+¢ with 4, ceZ and O<c<q—1, and put 7 =c/(q—1); 
then from the Gross—Koblitz formula [6] we have 

Ste} fo 

Boy") = gop Vane -{T] Go, (2.5) 
| f=6 

where 

1, if c<q—KH, 
G,= 2.6 ; _ if c=q—I1, (2.6) 

and where S{c) denotes the sum of the digits in the base p expansion of c. 
(Allowing both c=0 and c=gq— 1 will be useful later.) 

Ifs 22 and x,...., 7,: F, > K are multiplicative characters, the Jacobi sum 
J), 5 ¥;) is defined by 

Fim tden~- ¥ Ky) Hts). (2.7) 
fp bie |] 

A modification of (13, Lemma 6.2]), using the results of [14] or (9, 
Theorem 1.1 ]} shows that 

(=1)" gli). 8(%s) (2.8) Tis os ed = ive Gy gi Xs) 
where 

G,= - if 7,---7, is nontrivial, (2.9) 

q; if y,---%, is trivial but each y, is nontrivial. 

The following lemma will be used to relate Jacobi sums to multinomial 
coefficients via (2.5) and (2.8). 

LEMMA 2.1. Suppose m,,..,m, are nonnegative integers and write 
m,=k,p+l, with each 1e{0,1,...p—1}; set m=m,+.---+m,, 

64 [ 2 {-4 
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k=k,+.--. +k,, and 1=1,+ -.- +1,. Let ¢ be a nonnegative integer and set 
O=(Ut+e VpL. Then 

(mt en kit kt yo fol) Pf m, 

(K+ d)l myles P T(-—m—e) 

Proof. We note that (—#m,)’= —k, for each j and (—m—e)' = —k —0. 
From the definition of J}, we have 

' a,! —fil+m,)=(-1 yeu p Ki ran (2.10) 
i 

and a similar expression for —/}(1 ++). Therefore we have 

(mtejik,!-.-k,! 4d 5 f,. +m+e) 
=(—1ypr'** p’ ; 2.11 (k+ od) m,!---m,! (-) P Fl+m,)---F,0+m,) ( ) 

The lemma then follows by applying the reflection formula (2.3), noting 
that each w_,, =f, and wa ,,_,=l+e— pod. 

We now give our principal congruence result for general Jacobi sums. 

THEOREM 2.2. Let a), ..., EL, @ 0 [0, 1) satisfy a,= a,/(q — 1) with 
each a,€ Z, and setx=a,+--- +a,. We assume that «>, and ifaeZ we 
also assume each x%;>0. For r20 define the nonnegative integers n, 
(q’—1)a,, n,=(q'—1)a. Let t be the greatest integer strictly less than 2 x, 
and suppose t<p. Let e be the p-adic ordinal of the Jacobi sum 
Hayes... 0;%). Then for each r>0 we have the congruence 

n,+t ) 

Wy ps te Hy ps u 
( Hoye ) 

Aly. Lasers aay rf 

Proof. For j=1,.., s we may writen,,= >!) ' BY pr. For <i< fl 

=(-1) Hwy"... 7%) (mod p'**q"~'Z,). 

we will apply Lemma 2.1 with —m,=(—n, ye 30 that —k,=(—n,,)"r" 
and /,= 4Hy). For each i we choose the nonnegative integer E= 6; 50 as to 
satisfy ( —n,— i= —nl) — ... —n —e,; this implies that d=e,,, in the 
notation of the lemma. Thus ¢,,, = Eye + +e +8,)/pls ie, es, is 
the number of carries from the (7+ 1)st to the (i+2)nd digit in the base 
p addition of a,+--- +4,+4 Writing «=a/(q—1) with a=(q—1)t+e 
and 0<c<q-—1, and setting y=c/(qg—1), it follows that n,+1=q@'t+ 
(q’ — 1)» for each r > 0. From this we see that (—2,—0)''= —n, ,~—1 for 
each r>0, implying ¢,=&)=/. 
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We take the product on both sides of these equalities from Lemma 2.1, 
as i runs from 0 to f—1. On the left, the product telescopes, yielding 

(mn, +t)lny, !---ay,y! 

(mn, ,+t)lny leon 

—n,,)") os Ft( ~—ny,)") 
T((—n, —1)'") P 

f-i &r 

=(—p) [] ol , (2.12) 
i=0 

where ¢=¢,+ --- +é, is the number of carries in the base p addition 
a,+--- +a,4+1, since we assume e,=1<p. Since J), is unit-valued and 
Lipschitz with constant | we have the congruence 

fot BC OV Lay YO) 
Fn, —2)') 

f-3 FAY Fl) 

BG) 
(mod pq’~'Z,), (2.13) 

i=0 

and therefore 

(at, +a, yl ayy iy! 

(m1, , + On, t---ay,! 

fol P(a\) Fat?) 

=(—p) [| 
i=0 Ba) 

(mod p'**g"~'Z,). (2.14) 

We claim that the right member of the congruence (2.14) is precisely 
(—1) Hap... of“). From (2.5) and (2.8), we see that 

fol Pla?) Pa?) 

(-1) Hop... wp ant. foot boos ) tf f ) I r, yp?) , (2.15) 

where g = S(a,)+ --- + S(a,) — S(c); note that, since 0<e¢<q—1, we have 
c=q-—1 if and only if w;° is trivial, so that the factors G, and G, from 
(2.6) and (2.9) always cancel. Thus we need only show that e¢ = g/(p— 1). 
Since a+f=tg+c, we have S(a+1)= S(ig +c) = S(t)+ S(c), and there- 
fore g=Sla@,)+ --- + Sla,)+Stt)—Sta+). As it is well-known that 
ord(n!) = (n— S(n))/(p—1), we see that g/(p—1) is the ordinal of the 
multinomial coefficient (,,°*/. ,), which is precisely the number e of carries ven igs 
in the base p addition a, + --- +a,+4. The proof is now complete. 

When e>0 these congruences become stronger than those generally 
obtained from formal group laws. Considering the simplest case, suppose 
that f=1 (so p=q); then e=e, =1. The result for s=2, e=0 has been 
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given previously ([15, Corollary 2.2]). The congruences of Theorem 2.2 
hold modulo p’*'Z,,, and therefore one has the result 

n,+t , : ( Jeep Flap", a, ) 
Ayr aay Mer t 

( Hn, ,+t ) (mod por.) (2.16) 

By pays ce Repel 

since the multinomial coefficient on the right side of (2.16) has p-adic 
ordinal (r—1)t. For +21 such results have been called supercongruen- 
ces. 

A second interesting case is obtained by taking an integer d> 2, an odd 
prime p such that p= —) (mod d), s=2, and a, =a, = 1/d. Taking f =2, 
g=p’, one then has e=1, t=0, and the congruences read 

C! q- wa 
"_ jd Benya P= (mod q’Z), (2.17) 

Ce ~ iva) 
as it is easily verified from (2.8), (2.5), and (2.3) that May", wy") = —p. 
The r=1 case of these congruences has been given in ([8, Proposi- 
tion 3.1])}; in the cases d= 3, 4 they arise from formal groups associated to 
certain supersingular elliptic curves and are related to elliptic cohomology. 
In Section 4 below we examine the supersingular elliptic curve with / = 127 
which corresponds to the d=4 case. 

As the occurrence of the integer ¢ in the multinomial coefficients of 
Theorem 2.2 is rather artificial, it is natural to remove it, which we now 
do. 

Coroccary 2.3. Under the hypotheses of Theorem 2.2, for each r>0 we 
have the congruence 

( A, } 

Ny ps ons yy 
( a ve Ly Hae, OF“) (mod p?*“**q’~1Z,), 

Bi pw dss Ws pt 

where d=0 if wi +t<p and d= —\—ord(a’—1) if u,t+12p, and 
b=1—sgn(t), Furthermore, in all cases we have b+d+e21, so the 
congruence always holds module pq’ ~'Z p 
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Proof. As before we write a=a/(g—1) with a=t(q—l)+c and 
O<c<q-—I. If r=0 the results are immediate, so assume I <u<i<p; 
then for all r>0 we have 

nyjtu, (q’!—q'\a/(u—a)) 
nt 1+ q'(a/(u—a)) (2.18) 

If ord(a—u)>0, then w,=p—u, whence w,+2p; in this case set 
—d=ord(a—wuz), otherwise set d=0. In the former case, we note that 
a—-u=aty,—p=p(2'—1), showing that the two definitions of d 
coincide. By writing 

au aquttatu) U—ulgtle-ttyu) (2.19) 

q-1 q-1 

we see that —d<f, and that —d=/ if and only if c+u=1, in which case 
a+u=tg with t>2 and «—u=cg/(g —1). It follows that the denominator 
of the right side of (2.18) is a p-adic unit for all r>0, and therefore 

1)--- tn. (fm, 44+ ) ad a (mod p“q’"'Z ) 
(n,t+1)--- (2,40) pls (2.20) 

from which it follows that 

( n, ) ( n,+t ) 

Ay py vey My Mes Maret 

( nyt ) ( noi } 
Ay pads ees By pnd Ny yates Nyy ae 

since the right member of this congruence has p-adic ordinal e. Since d< 1, 
comparison with Theorem 2,2 proves the first assertion of the corollary. 

We now recall that e =e, + --- +, is the number of carries in the base 
p addition a,+.---+a,+f From (2.19) we see that ord(a—u)= 
ord(a+u) = —d. Since the first —d digits of a+.u are zero anda<a+u< 
a+t, we have ¢,>0 for O<i< —d. If —d<//f then we have e> —d+e,2> 
~d+1 since we assume t=é,>1. If ~d=f then 1>2 by the remarks 
following (2.19); thus all ¢,>0 and «, 22, whence e> f+1. Thusd+e21 
in all cases, completing the proof. 

(mod p4**q’~'Z,), (2.21) 

3. Jacos: SUMS AND p-ADIC HYPERGEOMETRIC FUNCTIONS 

We recall from our previous article [15] certain results and definitions 
concerning the p-adic theory of hypergeometric functions. If ,,..., a, 
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Yio» Ve-1€QO2Z, and none of the y, are zero or negative integers, we 
denote for />0 the hypergeometric series 

7) a 
Os ones Oy FIX) = Fi. 16: a x)= y Any x" 

n=O Fyoscs Sk-1 

x yoo. ite) 

Sr ee ee (3.1) 
n=O oir ye OY: inf! 

and for i, s>0 set F(X) =S2") A'(n) X”. Suppose that the parameters 
satisfy the conditions 

(Cl) [yp] = 1 for all #0, f=1,..,4—1, 

(C2} For each fixed i20, supposing the indices are rearranged so 
that wy <--) <p and wh <--- <u, where »,#1 for 1<j<m and 

; Yar ° 

y= for m<j<k—1, we have wi >py) for j=l, ..., mi 

Then for all £20 we have F'°(X)eZ,[X], and for r>s>0 there are 
formal congruences 

FO 
r+] (X) FET OY?) = FUT UX?) FOX) (mod p**'Z,[X]}). (3.2) 

These congruences imply that the ratio F'°'(x)/F(x”) is the restriction to 
the disk tre, : |x) <1} of the analytic element (ie, uniform limit of 
rational functions) 

KOR 1 ( an x) = lim FRO F(x"), (3.3) 
Vie seed Ve ] Powe ge 

which is supported on the Hasse domain 

D={rveC,: [FY (x) =1 for all (> 0}. (3.4) 

For series satisfying F'’’= F'° we will obtain products of Jacobi sums 
over F, as values of the analytic element of support D defined by 

i! ( Brees Oe x)= lim FY) (x/FUNX4) (3.5) 
Ttscer Tk 1 rom 

(cf. [4, p.42}) whose existence as a uniform limit for xe D follows from 
the the formal congruences (3.2) and the observation that 

f-i 

FO (x FY (xt) = T] FO ae Pee 0), (3.6) ref refed r+f-i-] 
f= 

We note that the limits in (3.3), (3.5) may exist in Q, for certain values of 
xe not lying in D, or when the hypotheses (C1), (C2) are not satisfied; 
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but in this case they need not be specializations of uniform limits. Here we 
will evaluate the limits (3.3), (3.5) at x= 41eD for functions satisfying 
(C1), (C2}. Our method will be to p-adically approximate the given series 
by terminating series which can be evaluated by combinatorial results. For 
fixed xy»¢D the truncated series F‘’(x 9} are rational functions of the 
parameters a‘, 7", and therefore one may appeal to their continuity with 
respect to the parameters (cf. [7]), although this need not be the case for 
the nonterminating F'"( x). 

We generalize our previous result ({ 15, Theorem 3.1]) giving a p-adic 
analogue of Kummer’s theorem, which gives the value of a well-poised 

of (—1). 

THEOREM 3.1. Let T denote the set of all (x, B) Zz. such that —leDd 
and both (C1), (C2) are satisfied for the series F(X) = .F,(2a, B: 1+2«—f: 
X). Then (a, fp) eT if and only if 

(i) 2a? <piy' for all i> 0, 

(ii) Uf B #20 then his —p!P <(p—1)/2 for all i> 0. 

Furthermore, if (a, f\eT then 

5, ( 2a, a1) = (1 fe 
200 1b oy ~ B F(a) FB — 2a) 

and if in addition ((q¢ — 1), (q¢- 1) 8) =(a, 6) € {0, 1... g- 1}? then 

7 °( 2a, B s-1)=(-1) Hop" wf") 
POT NA + 2a ~ B Jas *, eon hy 

Proof. Suppose (2, 6} eT, and set y= 1+202—f. If y=1 then P= 2a, 
so wy) = wi) for all i Since (B —20)+ y= 1 we have wi) ., + yl = p—1 for 
all i, so if y #1 then by (C2) we have u{? > 432, wy’, which implies that for 
all i, 

Ht Hg! a SPA, (3.7) 
tf} ay Hy thy <p al. (3.8) 

From (3.7) we see that in fact 

Ht Mp = iy <p, (3.9) 

so in any event we have 0< p43) <yy? for all i. 
Since we assume that FLY) satisfies (C1), (C2), we note that 

—M,—-n- 
FU -1l=4F ; mt) ow -1) (mod pZ,,), (3.10) 
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where M=y') and n= y',’. By equating coefficients of TTM in the expan- 
sions of (1— 7)" (1+ 7)"=(1—T7?)" one obtains, for 0< M <n, 

M (nr ("), if M=2m, 
x maeat ” )- (3.11) 

koo k/\M—k 0, if M is odd. 

Applying the identity 

(ata ene (3.12) 
n (3.11) shows that 

s (—1}* ~~ Go) tip hn) oy) 
if M = 2m <n, whereas the sum in (3.13) 1s zero if M is odd. But since this 
sum is precisely ,f\(-M, —n; l+n—-M; —1), we see from (3.10) that 
—-léDd for our FLX) unless M = x4? is an even integer for all (20. 

Since uw? must be even for all i, we have uw) =2u/? for all 2. From (3.9) 
we see that Qui? <u% for all i, giving (i). Then substituting the equality in 
(3.9) into (3.8) yie ids Quy — Qui? <p— I, giving (ii). 
xe _ Suppose (i) and (ii) hold. From (i) we see that w5?=2u\”, 

He + ep, = Hey, and w+ uy) 5, =H) for all i. If y #1, then from (il) we 
have 

(3.13) 

A =(P-l)— Hy a 
= ( p—-WD+ pee ay 

=(p-l)+2(ul ce Hy + Ug) > By? 2 Qi 20, (3.14) 

and therefore the hypotheses (C1), (C2) are satisfied for F(X). By com- 
parison with Theorem 2.2, we see that for m=y{’, n=y),’, M= 2m, the 
binomial coefficients on the right side of (3.13) are p-adic units, showing 
via (3.10) that -le¢D. Thus (a, 8)e T, proving the first statment of the 
theorem. 

The basic idea of Koblitz [7] shows that (a, B)r> 23 (2a, 6 1+2«—-f; ~1) 
is continuous on the set 7. For r>0 and (a, B)eT set m,=Si74 ph p' 
and n,= i254 uy’ p’. Since 

i i i saw), if O<iK<r, (eons Hon BA ny m= {O,0 it tar, OHS) 
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we see that {—2m,, —n,)}€ T as well, because the pair (0, 0) clearly satisfies 
conditions (i), (11) above. We note that (1+ 2«— 8)’ =1+4+20«'—f and 
(l+n,—2m,) =1+H',—2m', for all r. Therefore if s>0, it follows from 
(3.2) that there exists R-s+1 such that 

—2m,, —", 
F, rs | ee) (; +n,—2m, ) 
F —2n, The 1)? 

*\ +n — 2a? 

F —2m,, ae 4 

l+n,—2m, 
= - . (mod p*t'Z,) — (3.16) Fer —nA (<1 r) Pp 

rog 

f aa _ L+n)— 2m, 

for all r2R, the second congruence holding because the F‘’(~—1) are 
rational functions of their parameters. We then use (3.13) with M = 2y,, 
n=n,, and with M= 2a, n=n', and Lemma 2.1, to obtain 

— AH, nH, Fi ( rr m -1} 

rm CRF. -1)\= lim 1 +n, 2m, . ne 2 g _— f 
? rn JF, 4in,, Mr (- 1 ye 

. L+H), — 2m’, 

eal n, ) 

== lim (- 1 yt at SIT 2m’, 
rox nt, ) n, 

m/\2m, 

lim (Lye P(—m,) FO, - 4,) 

il 

poe F( ~2m,) F, (2m, ~n,) 

PAO LAB x) mm { Bx P f 

(-)) P20) FB — 2a) (3.17) 

as desired. 
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The Jacobi-sum values of associated .%%{/’ for a, # lying also in 
(1/g—1)) ZA [0,1] may be obtained from (3.17) with the aid of (3.6), 
(2.5), and (2.8), or directly as follows: Noting that m,,=(qg"—1)a, 
Ay = (G —-1)B (-2m, NP = —2m, yy (Ha = —n,04,, and 
(L+a,—2m,)'=L+n,,.4,,-2my, 1,,, we substitute (3.16) in (3.6), 
yielding 

— 2m, —Ny 

2a, B . 2014 +H p— 2m, I aw — 1)= lim f & 
, 

re — 2 ay ps THe, 1)4 
Fi, 

5 .(-1) 

+h, -tyf Moy _ayy 

eal Neowes ) 
lim (— Lyte us Rig) \ 2m), mies 

ra Ha aye \f My (fr _ ee 
Now, a wt 4) 

a 4 = (—~ | 8 ta (3.18) 
Hoe, oe?) 

via (3.13) with M=2m,,, n=n,,, and with M=2m,,_ 4, ,.1=TM,— 1), and 
Corollary 2.3. This completes the proof. 

We remark that, by (3.13) and Corollary 2.3, the limit of hypergeometric 
functions given in (3.18) is indeed correct for any x, Pe(I/(q—l)) Za 
[0, 1] such that 2a < f. However when (a, £)¢T the syumbol ,7\” is not 
justified for this limit, as it need not be the specialization to ~—1 of a 
uniform limit on that residue class. 

We now give a generalization of Dixon’s theorem, which gives the value 
of a well-poised ,,(1). We give a proof along somewhat different lines 
than the one given in [15] for elements of (1/(( p — 1)) Z. 

THEOREM 3.2. Let T denote the set of all (x, B.y)€ 2} such that leD 
and beth (Cl), (C2) are satisfied for the series F(X) = F(a, B37 
1+ 2a—f, b+ 2a—y; X). Then (a, B, ye T if and only if 

Gi) eh <p wh? and wy) + WO We < pI for all i20, 
(it) Lf 2a, B,y are not all equal then poi) + ph!’ —2nh? < p—1 for all 

i20. 

Furthermore, if (a, B, y)¢T then 

~ ( 2a, B, 
382 a 

P+2a—-f,1l+2a~-y 

POT AG i A B-a) PAB + y 20) 

L,(20) Ply ~ 20) TB — 20) FB +7 — a) =(-1)" 
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and if in addition ((q — 1), (¢—1) B, (q—1) y) = (a, b,c) € 40,1, ..,¢-1}7 
then 

wy 2x, B.7 -y\=¢ ye tlers a P~") Ko, “oe ") 
SAE 2a— B+ 2a-y Koo" \ Ho, ar") 

Proof. Suppose (a, f,7)e 7, set d=1+2a—f and e=1+2«—y. If 
d=e=1 then 2x= f=}, so Hey = hy = Hy? for all i. Note that 
My ont BS) = pt and ul’, + ui? =p—1 for all i. Therefore if 6, ¢ are 
not both equal to 1, (C2) implies that for all (>0, either wf! > yu? or 
Bu“ > wS?, so that for all i, 

fa) {8} i Btu i<p-l oor wt < pel. (3.19) 

Now if for some /, say the former half of (3.19) holds, then in fact 

ffi (# B+ Ryan S My SHS + Hy? a tL <p, (3.20) 

so in particular w5!)<yjy) for such 7 But then (C2) requires that both 
WW) {#) fet BA. > pwyt’, so both inequalities in (3.19) must hold; thus in fact for any 

i we have 

té)} MFG oe = B's BE BS a = BY (3.21) 

so in any event we have #4) <u)’, uw! for all i. 
Since we assume that F(X) satisfies (C1), (C2), we note that 

(mod pZ,), (3.22) 
a { —-S,-~m, —-n ) fen) _ . Fy (=F (| ; +m—-S,len-S 

where S= yu), m=yi;' and n=y'\’’. A terminating from of the classical 2a? 

Dixon’s theorem ([ 10, eq. (111.9)]) states that for n,meZ*, we have 

~2s, ~m, —n (l—2s), (L+m—s),, 
2 a l+m—2s), (3.23 ; (i gyn de ten eae! ) (1—s), Pt m—2s), | m—~2s)y { 

if 2s is not a positive integer. We invoke the identity (1+ .),= 
Ml+x4+n)/F(1+x) to express each factor on the right side of (3.23) in 
terms of the classical gamma function. Using the classical functional 
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equations 7({1+2)=c7/{rz) and 7({z)7({1—z7z)=2csenz (here a has its 
more usual meaning) we obtain 

Mls) FU +2s) 

F(1—2s) FU +s) 
COS 75, (3.24) 

which shows that the value of the ,F,(1) in (3.23) is equal to 

142s) F(litn—2s)Flit+min—s) Tl+m—2s) 

Files) PA¢+n—s) Fl+m—s) F+m4+n—2s) © 
COS TS (3.25) 

As functions of s, both the ,F,(1) in (3.23) and the expression (3.25) are 
continuous at s when 2s is a positive integer such that 2s <<», , so their 
equality holds also in this case. Note that if 2s is a positive odd integer and 
2s <m,n then cos as =0 and the expression (3.25) is therefore zero. Since 
cosmN =(—1)* and [(14+N)=N! for NeZ*, we obtain the identity 

(” +n i) 

f 2s, — m,n ) s s 
F jbj=(-l)i-]—e (3.26 3 1 4m 25 btn—2s ; Ga 

RY 2s 

valid for integers positive integers s, n,m such that 2s <7, n, whereas this 
value is zero if 2s is a positive odd integer and 2s <m,n. Comparing this 
result with (3.22), we see that 1 ¢@D for our FLX) unless S= py) is an even 
integer for all > 0. Therefore xf) = 2u\!’ for all i, giving the first half of (i). 

Since 2u) < yy’, uw" for all i, we see that the binomial coefficients (”'), 
(3), and (">") all lie in Z*, where v= pe, m= py) and n= p\!). Com- 
paring (3.22) and (3.26) (with S=2s) shows that the ensure | e D we need 
(ves “yeZ* which requires nr+n—s<p—1, giving the second half of 
condition (1). 

Finally, if 2x, 8, y are not all equal, then from (C2) we know that for all 
i, either p> gi? or pl!) > wy). Thus for all i, 

ti) B+ pi a < pa) or wy +p <p-, (3.27) 

but in either case (3.21) yields wy) + ul — Qui!’ < p—1, which is condi- 
tion (it). 

Now suppose (i) and (ii) hold. It follows easily that ui!) =2y\” and 
(3.21) holds for all i Furthermore, if 2a, 8, are not all equal, then 
BY og p> WES wy and wy. 0, > Ky) 2 MA, So FX) satisfies (C1) and 
(C2). From (i) we see that for s =u), m= wy) and n= yw)’, each binomial 
coefficient on the right side of (3.26) is a p-adic unit. Then (3.22) shows 
that le D, proving the first statement of the theorem. 
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Now let (a, £, 7) € 7, and for r>0 set s,=Sfi5 Wi p,m, =o wy P' 
and n, = 7 _ 5 u\" p’. Since 

ti) ti} (fert 2s, Oe ee HY ene —25e¢ HY kp —20,) 

= (ne Hp BMY a gs Hida yh OSI <of. 3, (0,0,0, 1, 1). if i<of. (3.28) 
we see that (—2s,, —m,, —n,)¢T as well. Therefore, for all s>0 there 
exists R2>s-+ 1 such that 

( 2a, By ) 
Fey ii ~ ( 2a, By 1) 1+20—-f8,1+4+2a—y 

2\ 1 4 2x fl 2a 7" 2a, fy" 1) “\ 1+ 20’ — B’, 1420’ — 9" 

—25,, —m,, —N, 
Fea : I 

: l+m,—2s,, ltn,— 2s, 

—2s,, —t,, 1, F,( f é , , : 1") "\ Ltt — 2s, L4 nt — 25% 

—25,, -M,, —N, F ; 1) 
l+m,—2s,, | +n, —- 2s, 

—2s), —m,, —H. F . ; ; 1") L+ar— 3 [+n ~ 2s) 
(mod p**'Z?) (3.29) 

i
 

If
 

for all r> R. Then from (3.26) and Lemma 2.1 we have 

F ( 25,, —M,, 7, ; 1) 
; 342 46 et 

~ (*; B} 1) = lim l+, —2s,, l+n,— 25, 
a2 OE roe —2s), ~My, “yp 

2 » Nem, — 28%, btn — 2s’, 

m,+n,—s,\fm\ fn, — si,me 
. 5S, 5, 2s, 

= lim (—1)""" pom x: (" +H, woe “ayn ia) 
s. sy 5, , 

) 
a) 

Pa) Fy — a) FB ~ 0) £08 + y — 20 P20) Fly — 20) FB - tr ph pay 
(3.30) 

=(~1)" 

giving the second statement of the theorem. 
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As in (3.18), the Jacobi-sum values for .55/'(«, 8,9, 6, 6,1) for « fy 
lying also in (1/(g—1)) Z-—[0, 1] may be obtained by using (3.29), (3.26), 
(3.6), and Corollary 2.3 to evaluate 

Fs ( = 28,4, — Pig. ~Ay ; 1) 

kim ; l4+my—2s,p b+ny— 2s, 

roe ( — 28 types — Me rps Aen tye 1") 
af" : 

btm, 7B btn. yy y~ WB ayy 

= lim (— 1) 
roe 

(" +n an ae np Sor noe ) 

Sop Sp Str. us 28¢,— bys x — 

(TM ny FNe nr Sir~ nme nity _ ye) 

Sirois Sireouyys Sur 28,4 
~a@ 2a-~h-o —a a-b Ne; +O; ) Ko; 07”) 

Mart, oF Hap a?) 
(3.31) =(~1) 

Again, the limit of hypergeometric functions given in (3.31) is correct for 
any a, B, ye (1/(q¢—-1)) Zo [0, 1] such that 2a < £, y, but the symbol .” 
is not justified for this limit unless (a, 8, y) ¢ T. 

4. APPLICATIONS 

In (£4, eq. (6.29)]} Dwork showed that for the Legendre family of 
elliptic curves 

E,. y2=x(x—-1)(x - 2) (A #9, 1), (4.1) 

if 4’=4 and the reduction of E, to F, is non-supersingular then the 
reciprocal unit root «(/) of the zeta-function of the reduced curve E,/F, is 
given by 

La aA} = (~1)"4 naam (71222). (4.2) 

In [15] we noted that if p=1 (mod4) and g=p then ~1leD, and the 
value 

xf | j= ( —1ylF- 1/4 Ja}! — Ne co! - Pyay (4.3) 
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follows from (4.2) and our p-adic analogue of Kummer’s theorem. 
However, if p= —1! (mod 4) then the curve E_, has supersingular reduc- 
tion mod p. Here we show that in this case the roots of the zeta function 
of E_, over F,. are also given by a limit of hypergeometric functions as in 
(3.18). The symbol ,% 75, 5; 1; —1) is not justified for this limit, however, 
because it is not the specialization to —1 of a uniform limit on that residue 
class. 

This result is obtained from Corollary 2.3 and a theorem of Stienstra 
[12] as follows: Taking the double cover U?=7,T}-—T}T,= 
ToT (To— 7, To + 7,) of P’ as a model of E_, and applying ([12, 
Theorem 0.1), one obtains the congruences 

Bang + WB ing) + IB mgt 2 = 9 (mod pq’~'Z), (4.4) 
where 

2m 2m Im? , . 
_ mt = _ is) f= (-1) ) are (-1y, if n=2m+1, (45) 

0, otherwise, 

and where P,(7)=1+a7+4T° is the numerator of the zeta function of 
E_, over F,. When p= —1 (mod 4) and q= p’, using the first expression 
Bama = (—-1y" 7") and Corollary 2.3 yields 

fe eKoy 4% wo ay (mod q’Z,), (4.6) 
q i 

since this Jacobi sum has p-adic ordinal e = |. Therefore the ratios By /By-1 
converge in Z,, and we also find by induction in (4.6) that ord By =r. 
Setting #1 =| and dividing the congruence (4.4) by f,, then yields 

By | By 2 By _ 
Bo "Be Bo 

and then letting r-> x in (4.7) shows that the ratios B,-1/P, in fact 
converge to a root of P,(7). We note that in general congruences such as 
(4.4) do not imply convergence of these ratios in the supersingular case 
(ord a>0)}; in particular when p= —1 (mod 4) and g= p this is evident 
from (4.5). However, having some other means (such as (4.6)) of 
establishing convergence, it is then easy to see that the limit is a root of the 
associated polynomial. 

One may also check directly via character sums that the Jacobi sum in 
(4.6) is in fact the reciprocal root of the zeta function of y? = x*— x over 
F,2; that is, P(T)=(1—a7T)y with a=JSawl!~¢'*, w\'~ 7). Indeed, one 
easily obtains J(w‘! 77, aS!” 74) = — p as in (2.17): since the reciprocal 

0 (mod p’~'Z,), (4.7) PB l+a 
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roots of the zeta function over F, are +.,/— p, the reciprocal roots over F 4 
are both —p. Using the second expression £,,,., = 775 (7)? (—1)* in 
(4.5) we see that the limit of hypergeometric functions in (3.18) exists when 
t= i p= i y=1, and f=2; and (4.6), (4.7) show that the limit is indeed 
a reciprocal root of the zeta function of E_,, although the root is not a 
unit root. 

One should not expect to obtain the supersingular roots over F,, is this 
manner, because they have p-adic ordinal } and thus do not lie in Z,. As 
noted in ([ 15, pp. 239, 245]), one may view the Jacobi-sum expression for 
the limit of hypergeometric functions as arising from the complex multi- 
plication (x, py) re (—x, J/-! y) on F_, by the fourth roots of unity; this 
map commutes with the Frobenius (x, y)+>(x*, y*) if and only if g=1 
(mod 4), showing why f=2 is necessary to make this argument when 

= —1 (mod 4); but in view of ([4, eq. (6.28})]) does not explain why the 

value is a root of the zeta function, because the limit is not the specializa- 
tion of a uniform limit. 

We conclude with an application to the study of the Apéry numbers. In 
([15, Corollary 4.2()]) we proved that 

13 1 Pr p=(— D9? (77-1), (4.8) 

where #2, is the reciprocal of the p-adic unit root of the polynomial 
Py (1) = | — (4a? — 2p) T + p*T*, whenever p =a’ + 2b? with a, be Z; this 
polynomial is the pth Hecke polynomial associated to a certain cusp from 
the weight 3 and level 8. The proof was obtained from formal-group 
congruences associated to the Apéry sequence 

d(n) = ¥ () =F (7 tT a -1) (4.9) 
kd 

which were discovered by Stienstra and Beukers [11], and which exhibit 
#2, as the reciprocal of the p-adic unit root of the zeta function of a 
certain K3-surface. Here we express f,, in terms of Jacobi sums over F 
and over F,: using a classical hypergeometric identity and Theorem 3.1. 

The value of the hypergeometric function in (4.8) may be obtained by 
applying the well-known formula 

2a, a+ f, 28 a, B 2 
iF tN) 5F a, . : (oe gehore api) rgd *) (4.10) 

P 

of Clausen ({1, p.185]) with a= f=}. When p=! (mod 8) we have 
i’ =}, and so f = | suffices, while if p =3 (mod 8) we have }' =} and 7} =}, 
so we take f= 2 in that case. Since }'= } in either case, we have 
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LAE Yo gun (bbe 23 . . = 3 St) 2° > on | 3 1,1 3 1) as ( 1 1 4 ) 
L 2 

= ay" ( i -1) A
lm

 

= Hae? a V8, (4.11) 

When p= 1 (mod 8) this yields 

Br p= Hay 8, wi Py, (4.12) 

while for p = 3 (mod 8) we get 

Br, p= é Hay 8, wi =P") (4.13) 

where ¢= +1. 
The value in (4.12) is readily seen to be consistent with the result of 

Berndt and Evans ([2, Corollary 3.13]). In like fashion, the value e= —1 
in (4.13) may be determined by comparison with ([3, Theorem 4.6 ]). 

One may also determine a Jacobi sum formula for the p-adic integer f, , 
appearing in ([15, Corollary 4.2(iv)]) indirectly via (4.10) and the theory 
of elliptic curves. However, this question appears to remain open for the 
p-adic integer «, in ({15, Corollary 4.2(v)]). 
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