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On the Homology Theory of Modules. 

By Nobuo Yonepa. 

80. Introduction. 

Let A be a ring with unit. In generalizing the notions of torsion products 
and extension groups of abelian groups, Cartan and Ejilenberg have defined a set 
of abelian groups Tor,4(A, B), Ext,”(A, B)(2=0, 1,----) for any two A-modules 
A, B. These groups are in a deep connection with various homology and 
cohomology theories of groups, of associative algebras, of Lie algebras, etc.” 
The present paper attempts a general study of the groups Tor,4(A, B) and 
Ext,”(A, B). 

The definition of these groups can be sketched as follows. Take a A-free 
module Xj with an epimorphism? Xj)—Ap, of which we denote the kernel with 
A;. Take next a A-free module X% with an epimorphism Xi—Ai, of which the 
kernel is denoted by A,. Repeating this, we obtain a sequence X,. of A-free 
modules and A-homomorphisms: 

(Xx) eS. en, ee. Ceo Cee 
where Xn—Xn-1 is defined as Xn—An—Xn-x. This sequence, called a free re- 
solution of A, is acyclic with respect to the augmentation X,~°A-0. Torn(A, 
B), the 2-th torsion product of A and B, is then defined as the m-th homology 
group of the lower sequence X;@,B, and Ext,”(A, B), the m-th extension group 
of B by A, as the n-th cohomology group of the upper sequence Homa(Xx, B). 
Both are independent of the special choice of the free resolution X, of A. 

These groups Tor,*(A, B), Ext,”(A, B)—unless any confusion is likely to 
occur we shall omit the letter A in the following— may be considered as 
giving homology and cohomology theories of module A with coefficient module 
B, because of the following properties. 

1, Any homomorphism f: A—A’ induces homomorphisms 
fx: Torn(A, B)-Tor,(A’, B) (n=0, 1,----) 

and 
f*: Ext®(A’, B)-Ext”(A, B). (n=0,1,----), 

satisfying: 
I-1) z,, @* are identities if z is the identity mapping. 

1-2) (9°f)x=I9xeS xs (PAHS EG. 
Il. If (A) 0-A+ALA-0 is exact, then homomorphisms 

Ox: Torn(A, B)>Torn-(A, B) (n=1, 2, ----), 

é*: Ext”(A, B)>Ext"*(A, B) (m=0, 1, ----) 
1) H. Cartan-S. Eilenberg, Satellites des foncteurs de module; H. Cartan-S. Eilen- 

berg, Homologiecal algebra; to appear soon. This book will be referred to as [C-E] in 
the sequel. H. Cartan, Seminaire de topologie algébrique, 1950-51. 

2) By an epimorphism we mean a ‘homomorphism onto’; ‘isomorphism into’ will 
be called a monomorphism; and the word isomorphism will be used to mean an ‘isomor- 
phism onto’. 
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are defined so that 
II-1) the sequences 

-++-Torn(A, B)3Torn(A, B)STorn(A, B)3Torn1(A, B) 
—Torn-(A, B)->-- --—>Tor,(A, B)->Tor,(A, B)>Tor(A, B)-0, 
0>Ext(A, B)>Ext%A, B)>Ext(A, B)>Ext'(A, B)>---- 
Ext(A, B)SExt"(A, B)SExt(A, B)SExt"*(A, B)>--+- 

are both exact. These exact sequences will be denoted by Tor‘(A, B) and by 
Ext,(A, B) respectively. 

II-2) Let two sequences 

(A) 0>A>A>A0, (A’) 03.4’ A’ A’00 
be exact, and let f: ASA! be a homomorphism of the sequence A into 
A’, i.e., a triple of homomorphisms f:4—>A’, f:A—>A’, f:A—A’ such that the 
diagram 

0-A > A> A>0 

Loud 
0—-A’—> A’ A’-0 

is commutative. Then f,={fy, fx, fx} and f*={/*, f*, f*} give homomor- 
phisms of the exact sequences 

fy: Tor4(A, B)>TorA(A’, B), 
fF: Ext,(A’, B)-Exta(A, B). 

Il. Tore*(A, B)=Exta(A, B)=0 (7>0), if A is A-free. 
IV. Toro(A, B)=AQ@xB, Ext,(A, B)=Hom,(A, B), and for f:A-A’, we 

have fx=f@ on Tor(A, B) and f*=Hom(/, 2)? on Ext,(A’, B), where z 
is the identity mapping of B. 

These four properties are characteristic for Tor’ and Exty. 
If we consider the second entry, the coefficient module in Tor4(A, B) or in 

Ext,(A, B) as variable, then we have the following analogues of I~IV. 
\’. Any homomorphism {:B-—B’ induces homomorphisms 

xf: Torn(A, B)>Torn(A, B’) (n=0,1, ---:), 
*f: Ext"(A, B)>Ext*(A, B’) (n=0, 1, -+--). 

These satisfy 
V’-1) 42, *Z are identities if 7 is the identity mapping. 
V'-2) (oe f\=s9xh, *gofy=*gorf, 
I’. If (B)0>B5B4B-0 is exact, then homomorphisms 

x0: Torn(A, B)y>ToraA(A,B) (=1, 2, «--*), 
*8: Ext*(A, B)>Ext"*(A, B) (n=0, 1, «---) 

are defined so as to satisfy: 
Il’-1) The sequences 

+++-9Torn(A, BS Torn(A, B)Torn(A, B)STorna(A, B) 
3) See S. Hilenberg-N. E. Steenrod, Foundations of algebraic topology, pp. 141, 147. This book will be referred to as [E-S] in the sequel. 
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STora(A, B)>+-»->Tor(A, B)Tor(A, B)>Toro(A, B)0, 
0>Ext(A, B)>Ext(A, B)>Ext(A, B)>Ext(A, B)>---- 
SExt"(A, B)SExt"(A, B)SExt"(A, B)DExt"*(A, B)>- ++ 

are both exact. These exact sequences will be denoted by Tor4(A, B) and by 
Ext,(A, B) respectively. 

Il’-2) Let f: BoB’ be a homomorphism of exact sequences: 

(B) 0-B -B -B 0 
lf 1, ¢ d 

(B’) 0>B’B’B’0. 
Then f induces homomorphism of the exact homology and cohomology sequences 

wf: Tord(A, B)—> Tor(A, B’), 
*f: Ext,(A, B)— Exta(A, B’). 

I’. Torn*(A, B)=0(r>0) if B is A-free, and Exta"(A, B)=0O(n>0) if B is 
A-injective*). 

IV’. Tory(A, B)\=AQB, Exty(A, B)=Hom,(A, B), and for f:B->B’, we 
have xf=i@f on Toro*(A, B), *f=Hom (, f) on Ext,°(A, B), where 7 is the 
identity mapping of A. 

These properties I’~IV’ are again characteristic for Tor* and Ext,. Also 
we have 

V. Homomorphisms f,, f* in I commute with the homomorphisms x fs Ff 
in lV’. 

Now, it happens in various cohomology theories that 1-cohomology groups 
have a close relation with extension theories. In the present cohomology theory, 
the elements of our 1-cohomology group Ext,%(A, B) are in a 1-1 correspond- 
ence with the equivalence classes of module extensions of B by A. Thereby, 
two extensions 

(EZ) 0-BoE>-A-0, (E) 0-~ B-£’-A-0 
are called equivalent if there is an isomorphism Z—£” such that 

0-B-E—>A-0 

I Lod (=: identity mapping) 
0-B-E’—>A-0 

is commutative ((C-E]). In this paper we shall define a certain equivalence 
relation among the set of all exact sequences of the form 

(En) 02> Bo Ent +++ Pp A> 0 
(Ey, «+++, En-1: arbitrary A-modules) 
(mn: any fixed integer =1), 

which we call n-fold extensions of B by A and prove that there is a certain 1-1 

correspondence between the equivalence classes of »-fold extensions of BbyA 
and the elements of the group Ext,”(A, B). This will be done in §3. 

In §4 we shall introduce a bilinear multiplication 
Ext,?(A, B) x Exta%(B, C) => Exta?t%(A, C), 

and give some results concerning this including the following theorem: The 

4) See for definition §2 of this paper. 
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coboundary homomorphism she 
d*: Exta"(A, B)>Ext,"*(A,B) — (n=0, 1, +=") 

with respect to the exact sequence (A) 0>A>-A—>A-—0 coincides with the left 
multiplication by the element in Ext,'(A, A) represented by the extension A, while the coboundary homomorphism 

*6: Exta"(A, B)>Exty"*(A, B) (2 =0, 1, +++) 
with respect to the exact sequence (B) 0-B—B—B-0 coincides with the right 
multiplication by the element in Ext,\(B, B) represented by the extension B. 

Also some relations between this cohomology theory and the cohomology theory of groups will be given in that section. 
Professor S. Eilenberg has kindly communicated to me some of the results 

stated above on Tor4 and Exta, and engaged me in this investigation, for which 
I wish to express my hearty thanks to him. I publish here however the com- 
plete proof of all the results, as no details about this homology theory seem to 
have been hitherto published. I wish to thank also Professor Chevalley, who 
induced me to work on the subject of § 4. . In what follows, we shall use a certain way of denomination of DApPUIES 
appearing in diagrams, different from the usual one, as we shall explain in § 1. 
We hope that this way of denomination, as well as the notions of the translation 
and the translation category introduced also in §1 facilitates the handling with 
the diagrams. 

§1. Categories and functors of diagrams”. 

1. Denomination of mappings in a diagram. Let A, B be two vertices in 
a diagram, and let a mapping of A into B be given as A>B in the diagram. 
Usually such a mapping is denoted by a letter like Jf; indicated in the diagram 
as ASB: and f is considered as a left operator on A. To indicate this map- 
ping, we shall write now A/B or, if there is no fear of confusion, simply AB. 
If namely there is only one arrow from A to B, we have not to name the map- 
Ping by a letter like f; it is sufficiently clear to write simply AB, and name 
the mapping AB. If, on the contrary, there are two or more arrows from A to 
B, then we shall write like AB, and denote the mappings with A1B, A2B. 

Mapping AfB, AB, or A1B will be considered as a right operator on A, 
so that (@)AfB=b will mean f(a)=b in the usual notation. The composite of 
several mappings A+B, B>C, and CD is denoted by AB-BC-CD, or more 
simply by ABCD. Thus the commutativity of the square diagram 

A-B 
1 2 
CD 

is written as ABD=ACD, 
2. Categories of diagrams. Let ¢7 be a category in the sense of [ES]. 

A diagram D=({A, B, ----; AB, ----} consisting of vertices A, B, ---- which 
represent some objects in @, and arrows AB, ---- which represent some map- 

5) For definitions of categories and functors, see [E-S, Chap. IV]. 
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pings in @ is called a diagram in @. In the widest sense any subcategory of : 3 
@ isa diagram in @ but we shall confine ourselves to diagrams which are con-" 

nected as 1-dimensional complexes of vertices and edges. Two diagrams D= * 
{A, B, ---+; AB, -+++}, D)={A, B’, ----; AB’, ---+} are said to be zsomorphic - 
if there is a 1-1 correspondence between D and D’, vertex-to-vertex, arrow-to 
arrow, such that, if A’B’eD’ corresponds to ABE D, then A’ corresponds to A , 
and B’ to B. . 

Let D={A, B, «+--+; AB ----} and D'/={A’, B’, +--+; AB’, +++} be isomor- 
phic diagrams such that A corresponds to A’, B to B’, etc. A set of mappings - 
f={AA’, BB’, ----} in G of which the set of domains coincides with the set 
of objects in D is called a ¢ranslation of D into D’ (notation f: D—D’) if each 
square of the form 

A-B 
i} J (A, BeD, A, B’E D’) 
A’— B’ 

is commutative. 
Let D be a diagram in @? and D={D, D’, D”, ----} ke a set of diagrams 

in Gisomorphic to D. For D’, D’’€®, there may be a translation from D’ to 

D’”. ® together with all such possible translations forms a category 5, which 
will be called the zranslation category over ®. 

Throughout this papper, 4 will denote a ring with unit, not necessarily com- 
mutative, and unless otherwise stated, a A-module will mean a unitary left A- 
module. Following [E-S] we denote the category of A-modules and 4-homomor- 
phisms by Gn (Z will always denote the ring of rational integers, and we write 
ea for Ga). Diagrams in Ga are also called diagrams over A. 

A translation f= {Aa BB’, ----} of D={A, B, ---:; AB, ---+} into D’= 
{A’, B’, +++5; ; A’B’, ----} will be called epimorphic, monomorphic, or isomor- 
phic if every one of AA’, BB’, --++ is an epimorphism, monomorphism, or an 
isomorphism”). In what follows we shall often consider diagrams in the translation 

category ® over D, D being a set of diagrams in Gn isomorphic to a certain 
diagram D, as 

oo» DOD ---:-- 

L 4 
4 D> Do 

In such diagrams each vertex represents a diagram in %% isomorphic to D, and 
each arrow a translation. We use 0 in such a diagram to mean a trivial dia- 
gram consisting of 0’s and 0-homomorphisms isomorphic to D. A sequence 

(*) pip’p" 
of translations f={AA’, BB’, ----}, g= faa, B’B’, ----} is said to be exact 
if the sequences A>A’—>A”, BoB’ >B”, --» are exact. (*) is called a 0-sequ- 
ence if A>A’— A”, B-B’-B”, ---- are son ienites (i.e., AA’A”=0, BB’B”’ 
=0, ecb ). 

Let (A) be the set of all exact sequences over 4 of the form 
. (A) 0-A>A>A~0. 

The translation category G(A) over (A) will play an important réle in the 
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following. . 
We shall denote with 93(4) the set of all ‘one-arrow diagrams’, namely dia- 

grams over A isomorphic to AB; and with (4) the set of ‘two-arrow 0-se- 
quences’, namely diagrams over A isomorphic to A—B->C, A, B,C being 4 
modules and ABC being 0. The translation categories $(A), &(4) will also play 
certain réles in the sequel 

3. Functors on translation categories of diagrams. We note here some 
fundamental lemmas giving functors on translation categories of diagrams in Gs 
In what follows we shall identify two diagrams D, D’ over A if there exists an 
tsomorphic translation D—-D’. 

Lemma 11. Let 
(1) N-A>-Q->0 

1 
B 

be a diagram over A such that the sequence N-A-Q-0 is exact and NAB=0. 
Then there is a unique mapping QBe Gn 

(1’) QB 
satisfying AQB=AB. Any translation in the translation category over the set 

D(A) of all diagram in Gy of the form (1) induces a translation in BA), and 

thus the assignment (1)—>(1’) defines a functor D\(A)— BA). 
Proof. The unique existence of @B is obvious. We have only to prove | 

that if 
N-A->@Q- 0 

JABS 
v 

is a commutative diagram representing a translation in Q,(4), and if QB, Q’B’ 
are so defined that AQB=AB, A’Q’B’=A’B’, then we have 

QBB’=QQ’B’. ; 
Since AQ is an epimorphism, it is sufficient to show AQBB’ = AQQ’B’, which 
is done as 

AQBB’= ABB’ = AA’B’ = AA'Q’B’ = AQQ’B’. 
In a similar way we can prove also 
Lemma 1.2. Zet 

~ ZB 

J 
(2) 0-N>A->Q 

be a diagram over A such that the sequence 0-N-A-Q is exact and BAQ=0. 
Then there is a unique mapping BN 

(2’) BowN 
satisfying BNA=BA. The assignment (2)—=(2’) defines a Sunctor of the trans- 
lation category over the set of all diagrams in Cn of the form (2). Lemma 1.3. From a ‘one-arrow diagram’ ~~ 

(3) ALB 
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over A we obtain in the obvious way, a commutative diagram 

0 

J 
0—- N—->A-—>M—0O 

(Ker f) f\(im f) Ni! 

1 
Q (Coker f) 

| 
¥ 

0 

in which the sequences 0-N-A-M-0, 0-M-B-Q-0 are in @(A) (.e., exact). Any 
translation of (3) 

(3’) 

ALB 
(3’”) Lt o@ 

AS, B’ 
can be extended uniquely to a translation of (3’) 

a 

oN Am it 0 

(3’’’) Oo—> N— a — 9, 

and inthis way the assignment (3) <> (3’) defines a functor from the translation 
category (A) into the translation category over the set of all diagrams in Gn 
of the form (3’). 

Proof. We have only to show the unique existence of mappings NN’, 
MM’, QQ’ such that NNA’=NAA’, AMM’=AA’M’, MM'B'=MBB’, and 
BQQ’=BB’Q. Now since NAA’-A’B’=NABB’=0, and since the sequence 
0-N’-A’-B’ is exact, there exists uniquely a mapping NN’e 77a such that 
NN’-N A=NAA’, i.e., NN’ A’=NAA’ (Lemma:1.2). NAA’B’= 0 implies also 
NAA’M’=0. Therefore by Lemma 1.1 there exists uniquely a mapping 

MM ’é @x such that AMM’=AA’M’. To prove MM’B’= MBB’ for this MM’, 
it is saifficient to show AMM’B’=AMBB’, which is done as follows 

AMM’ B’ = AA! MB’ = AA'B’ = ABB’ = AMBB’. 
Finally we have MBB’Q’=MM’B’Q’=0. Thus by Lemma 1.1 there isa unique 
mapping QQ’ satisfying BQQ’=BB’Q. This completes the proof of the lemma. 

In short, Lemma 1.3 states that Ker, Im, and Coker are functors from (A) 
into Ga. Therefore we may speak of kernels, images and cokernels of trans- 
lations. 

Let 
(4) A-B-C 
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be a O-sequence over 4. We call the factor module KerBC/Im AB homology 
factor of the sequence A-B-C and denote it by H(A-B-C). Since the assignment (4) —)H(A-B-C) can be composed by the functors Ker, Im, and Coker, we have 
clearly 

Lemma 1.4. The assignment (4) => H(A-B-C) defines a functor from 6(A) 
into Cn. Zi 

In the sequel we shall denote this functor by H. 
Lemma 15. In the commutative diagram 

By C— 0 

bo md 
A, By> CG 0 

(8) t ais. 4 
0 > A, B,—> C, 

0 Ap» Bs» 
let Bo-Bi-By, Cy-Cr-Cy, Ay-Ay-As, By-By-B, belong to 6(A), and let By-Cy-0, ArBy C,-0, 0-A2-B2-C,, 0-A3-B; be exact. Then a mapping 

( 8’) 4: H(C)-C\-C,) > H(A,-A,-As3) 
in Gx ts induced in such a way that the diagram 

(B4C}) 
Ker BiC\C, — KerC\C, —-H(Co-C\-C.) 

(8”) L cya 14 
Ker B;C,() Ker B,.B,Ker A,A;—H(A,-Az-A3) ; 

is commutative. The assignment (8) => (8’) defines a functor from the translation 
category over the set of all diagrams in Gy of the form (8) into B(A). 

Proof. The kernel of the epimorph!sm 
(8’’””) Ker B,C,C, - H(Cy-C,-C,) > 0 

is the inverse image of Im QC,=Im ByCyC,=Im ByB,C, under the map B,C, i.e. Im BoB, UKer B,C:=Im ByB,DIm A,B;. But we have (Im B,.B,UIm A,B)B:B: 
=(Im A,B,)B,B,=Im A,B,B,=Im A,A;B,, which is in Ker B,C,(\Ker B.B; and vanishes if carried over to HI(A,-A,-A;). Thus‘the kernel of (8’) vanishes if 
mapped into H(A,-A,-A;). Therefore there exists a unique mapping 4 such that (8°) is commutative. Obviously the assignment (8) <> (8’’) defines a functor, and so also does the assignment (8) 8). 

4. Lemma and Lemma Hy. The following two lemmas are of funda- 
mental importance in the diagram system. , 

Lemma #. Let A‘,B4,C be a@ sequence of translations of 0-sequences in G(A): 
A-B--C 
Ay => Bo _ Cy 
J L J 

(9) A,—> B,-> Cc, 
J 1 * g 
A, > B,-> Cy. 

If, in (9), BoC, ts an epimorphism and A,-By-C, is exact, and if A,B, is a mono- morphism, then the induced sequence 

Aff) Hg) (9’) H(A,-A,-A,) > H(By-B,-B:) > H(Cy-C,-C2) 
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zs exact. : 
Proof. It is obvious that (9’) is a 0-sequence. Consider now an element by 

eKer B,B, such that (b)B,C,=c: is in Im QC. Since ByCp is an epimorphism, ~ , 
there is an element b)€ Bp such that (b))BoCoCi=c1, and we have 

(b, — (Bo) Bo By) By Cy = (b;)Bi Cy — (bo) BoBC, =¢1 — (bo) BoCoC, = 0. 
Therefore, from the exactness of A,-Bi-C, follows the existence of an element 
a,6 A; such that (a;)A:B;=b,—())BoBi, and we have 

(a,)A1 A,B, =(q)A1B,B2=(b: —(bo) BoB1)B1B2= (bo) BoBiB:=0. 
Thus, by assumption on A,B, a is in Ker A,A, and represents an element in 
H(A,-A;-As) which is mapped onto the element in H(B,-B:-B.) represented by di. 
This proves the exactness of (9’). 

Lemma #4. The sequence of homology factors 

H(g) 4 Hf) 
(10) H(By-B,-B2) > H(Cy-C,-C2) > H(A1-A2 As) > H(By-B:-Bs) 

obtained from the diagram (8) in Lemma 1.5 is exact, where f, g denote the 
translations 

A,> B, By > Cy 
se 1 

: f: A, => B, g: B,oC, 
| Mu J J 
A; — B; B,-> GC; 

in (8). 
Proof. Let b,¢Ker B,B, represent 8¢ H(B)-B;-B:). Then H(g) image 7 of 

8 is represented by (0,)B;C,. From the commutativity of (8’’) follows then that 
4y=0. Conversely, let c,¢Ker C,C, represent 7€H(Cy-C\-C,) such that 47=0. 
Then there exist a;¢€ Ai, 6,¢B, such that (6)B,CGi=c, and (@,)A, A,B, = (6) BiB:. 
For the element 0,—(a,)A;Bie B:, we have now 

(b,—(a@,) Ai B;) BB. = (6:1) B,B,—(a)ALB2B 
=(b) BB, —(a))A,A,B.=0 

and also 

(6,—(a:) A: BY) B,Ci= (6) BiG (a Arr Ci= (6) BiGi=c. This shows that 7 is 
the H(g) image of the element in H(B)-B,-B:) represented by (;—(@)A,B,) in Ker 
B,B:, and the exactness of H(g)-4 in (10) is proved. 

Now, from the commutativity of (8) follows that H(f)-4=0. Therefore it 
remains only to prove that Im 4>Ker Aff). Let a,¢ Ker A,A; represent an ele- 
ment @ in H(A,-A,-A3) which is annihilated by H(/). Then there is an element 
b,é B;, such that (6,)B,B,=(a.)A:B2. For this d we have 

(1) BC, C2 = (b:) Bi B2C,=(a2)A2B,C,=0. Thus ()BiG=c represents an ele- 
ment in H(C)-Cy-C,) which is mapped by 4 onto @. This completes the proof. 

Corollary. Let 

(A) wee AO AO ALO Ar > ee 

(B) 2 9 BOBO BOB. +s 
(C) ee OPQ PGP aa 

be infinite 0-sequences over A, and suppose that an exact sequence of translations 
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0-A~B-C-0 

| i 
Ges sy ehyr eyo) 

| 
0— A; a B, G0 

J u u 

7s given. Then the infinite sequence 
: = H(A ~1-Ap-Aj) = HAY(B_,-By-B:) = H(C-1-Cy-G,) 

4 
<2 FI(Ay-A1-A:) — H(Bo-Bi-B2) > +--+ 

ts exact. % 
. 

t SO Corollary. Jf cither two of the above sequences A, B, C are exact, ther 
also is the rest. ‘ 

Remark. Obviously both assignments (9) =) (9’), and (8) <=> (10) define 
functors. . 

5. Tensor products and groups of homomorphisms. As is stated in —— 
tensor product @,A(or A®a) for a fixed Ae Zn is a covariant functor Gn ; 
Gn. Therefore we may consider @,A(or A@,) also as a functor of diagram 
over A. Namely, if Disa diagram over 4, then D@,A(or A@aD) is a —— 
over A which is isomorphic to D. It should be noted that, for Ae (A), A@a 
is not necessarily in (A). As will be seen in §2, A-modules P of a specia 
class called A-projective modules have the property that the functor @aP(or P®a) 
is exact, i.e. maps (A) info &(A). We shall here note the following 

Lemma 1.6. Let 

tr h (11) 0-A>B-C-0 
be an exact sequence over A, and let Ge “x. Then the induced sequence 

: =e 

(a) AQsG > B,C > C@sG — 0 
is also exact. If (11) zs direct, 7.e., if Imf is a direct summand of B, then the 
sequence 

(11’’) 0 > A@xnG > B@aG > CQaG > 0 
ts exact and direct. (11’’) is exact whenever G is A-free. 

Proof of this lemma is given in [E-S, p. 142, Lemma 9.8] except for the last 
statement. The last statement is obvious in case where G has a finite base. 
It is easily seen that the proof for the general case can be reduced to this 
special case. So we omit the proof of this lemma. 

Given two A-modules A,B, denote by Homa(A, B) the additive group of all homomorphisms 

¢?: A-B 
with addition ¢,+-¢, defined by 

(91+%2)(a)=¢;(a)+¢,(a). If further A is commutative, then Homa(A, B) has the structure of a /-module with the product 2g defined by 
(4%)(a)= 2(¢(a)) = 9(Aa). 
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For a dA-homomorphism A— A’ written as AA’ we denote by (AA’)* the . 
homomorphism 

Hom,(A’, B) ~ Hom,(A, B) 
induced by AA’, while we denote by (BB’); the homomorphism 

Hom,(A, B) > Hom,(A, B’) 
induced by BB’: BB’. We shall consider (AA’)* as a left operator and (BB’)s 
as a right operator. 

Homa( , ) is a functor Wax @%Cin GAG if A is commutative) contra- 
variant in the first argument and sanacieelt in “alte second. Similarly to the case 
of tensor products we have the following 

Lemma 1.7. Lez 

(12) 0-A-B-C-0 
be an exact sequence over A. Then the induced sequences 

(AB) (AB) 

(122) 0 — Hom,(G, A) > HomaG, ay > ad C), 

(124) 0 — Hom,(C, G)~ > S Hom ACB, G- ~ en (A; G) 
are exact. If (12) is direct, then the sequences 

(1223) 0 — Hom,(G, A) > Hom,(G, B)-» Homa(G, C) > 0 
(12#*) 0 — Hom,(C, G) > Hom,(B, G) - Homa(A, G) 0 

are exact and direct. (122) is exact whenever G is A-free. 
This lemma follows from [E-S, p. 148, Lemma 10.8] (The commutativity of 

A is not needed in the proof of this lemma). 
Those A-modules G for which every sequence (12%) is exact form a special 

class of A-modules called A-injective modules. Those A-modules G for which 
every sequence (12s) is exact, form another special class of 4-modules called 
A-projective modules. These special classes of A-modules will be treated in the 
next section. 

§2. Projective modules and injective modules. 

1. Definitions. A A-module P is called A-projective if every diagram 
P 

1 
BoC-0 

over A with exact B-C-0 is supplemented by a A-homomorphism PB to a com- 
mutative diagram 

P 
ye fd 

BoC-0. 

A A-module Q is called A-injective if every diagram 
0-A-B 

| 
¥ 

Q 

over A with exact 0-A-B is supplemented by a 4A-homomorphism BQ to a com- 
mutative diagram 
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0>->A-B 

| i 
x 

‘ Q 
Clearly a A-module G is A-projective (4-injective) if and only if (129) ((12*)) 

is always exact. 
2. A-projective modules. It is obvious that every A-free module is A-pro- 

jective. Since any A-module can be represented as a factor module of a 4-free 
module, we have * -~r 

Theorem 2.1 Any A-module can be represented as a factor module of a A- 
projective module. ~ 

We shall call an exact sequence over A 
(13) . Pal by: 0-A,- X%- A-0 

a projective representation of A if X is A-projective. If in the exact sequence 
over A 

(14) 2S 0->H-G>x-0 
X is A-projective, then by definition of A-projectivity there exists XGE Za such 
that XGX is the identity of X. Therefore the exact sequence (14) is direct. In 
particular if (14) is a representation of X as a factor module of a A-free module 
G, then X is a direct factor of G. This proves that every A-projective module 
is a direct factor of some 4-free module. Conversely every direct factor of a 
A-projective module is A-projective. In fact, let X’ be a direct factor of a A- 
projective module X, and let XX’, X’X be the projection and injection respective- 
ly; X°XX’=identity of X’. Given a diagram 

xX’ 

(15) 1 
B-C-0 

over 4A with exact B-C-0, supplement this by X, XX’, and X’X to 

x 
TL 

(15’) x’ 
A} 

. B-C-0 

Since X is A-projective (15’) can be again supplemented by XB to 

if T 
(15’’) x’ 

a J 
B-ocCc-- 90 

so that XBC=XX’C, If we define X’B by X.B=X’XB, then we have X’BC= 
X’XBC= X’XX'C=X'C. This shows that (15) is supplemented by X’B to a com- 
mutative diagram, and thus proves our assertion. 

Lemma 2.1. (i) If @ A-projective module is represented as a factor module 
of some A-module, then it is a direct factor. 

(ii) Any direct factor of a A-projective module is A-projective. 
(ii) A A-module is A-projective if and only if it is a direct factor of a A- 

Sree module. 
(iv) The direct sum of A-projective modules is A-projective. 
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(v) The tensor product of A-projective modules is A-projective. 
(vi) The sequence (11) in Lemma 1.6 is exact whenever G ts A-projective. |: 
Proof. We have already proved (i), (ii), and ‘only if’ part of (iii); also ‘if’ 

part of (iii) is clear from (ii). (iv) and (v) are obvious if ‘d-projective’ is re- 
placed by ‘A-free’. So we have them as easy consequences of (iii), if we 
represent each summand of the direct sum or each factor of the tensor product 
as a direct summand of a A-free module. 

To prove (vi) we represent G as a direct summand sd a A-free module F to 
obtain the translation 

0 0 0 
! (16) A@®,B > BOG ~ C@.G ~pfh 

0> AQF + B@,.F >C@.F 0. 
In (16) every sequence in a straight line is exact by Lemma 1.6, Therefore 
AQ@,~G—B®,G must be a monomorphism. 

Remark. It is an open question whether the converse of (vi) is true or not. 
3. A-injective modules. As an example of an injective module we first note 

the Z-module 7 of real numbers mod 1. As analogue of Theorem 2.1. we have 
Theorem 2.2. Any A-20dule can be represented as a sub-meodule of a A-in- 

jective module. 
The proof of the theorem requires some preliminaries. Let M be a left .4- 

module. The additive group Hom(M, T) of homomorphisms of M into the group 
T of real numbers mod 1 can be given the structure of a right A-module if we 
define the multiplication ¢-24(¢¢ Hom (M, T), A4¢€ A) by 

(p+ A)(m)= oA) (me M). 
In fact we have only to check ¢-(A“)=(g-A)-u: 

(g-(ALt))(m) = 9(Arem) = G(A(em)) = (P 2)(e) = ((P +A) 4M). 
Hom(M, T) taken with this structure will be denoted by M°. If Misa 

right A-module, then Hom(M, T) has the structure of a left A-module quite an- 
alogously to the above case. This we denote also by M°. 

The assignment Mc M®° defines in the obvious manner a contravariant 
functor from the category of left A-modules and their A-homomorphisms to the 
category of right A-modules and their 4A-homomorphisms, or a functor in the 
opposite direction. This functor is exact, i.e., if 

0-A-B-C-0 
is exact, then so is the induced sequence 

0—-C° > B° > A° 0, 
because Tis Z-injective. 

We now prove 
Lemma 2.2. Any mé€M can be considered as € M°° in the following man- 

ner 

m(¢)=o(m) (ge M?). 
In this way M is imbedded into M°° as a submodule. 

Proof. Clearly M is imbedded into M°° as a subgroup. So it is sufficient 
to show that this imbedding commutes with the operation of A, we may assume 
M is a left A-module. Then we have 

(A-m)y)=m(9 +2) =(e-A)(m)= elAm)= (AMY), 
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where 7 is considered as € Af° in the first expression and as €M in the last. 
This proves the lemma. 

Without any modification we may speak of A-projective right modules and 
A-injective right A-modules. 

Lemma 2.3.. If P is A-projective, then P° is A-injective. 
Proof. Assuming P to be a A-projective right A-module we shall prove 

that, for any exact sequence 
(17) . 0>-A>B>C-0 

over A, the induced sequence 
(17’) 0— Hom,(C, P°) — Hom,(B, P°) > Hom,(A, P?) > 0 

is exact. 
In general, for any left d-module M and any right A-module N we have 

(18) eae Hom,(M, N°)=Hom,(N, 1°), 
where the isomorphism is obtained by the correspondence 

f= f’ (feHoma(M, N°), f’eHom,(N, M°)) 
defined by = 

(18’) (f(m))(n)=(f'(n))\(m) = (me M, ne N). ; 
Clearly by (18’) is obtained the isomorphism of the groups of Z-homomorphisms 

Homz(M, N°)=Homa(N, M?°). 
If f ¢Hom(M, N°) is a A-homomorphism, then the corresponding f’ is also a 
A-homomorphism and vice versa, for we have 

F'(nd)(m)= (fF (m))(na)= (AF (m))(n), 
(F'(n))-A)m) =f (nam) = (f (Am))(0). 

This proves (18). ; 
The isomorphism (18) is natural in the sense that for a A-homomorphism 

h: M,— M, inducing 4°: M,° > M,°, the diagram 
Hom,(M,, N°)=Hom,(N, M,°) 

(19) Lu Les 
Homa(M,, N°)=<Hom,(N, TMM,°) 

is commutative. In fact, let f,¢Homa(M., N°). Then we have 
(HF 2) (1)(amy) = (ee? f 2)(9001)(2) = F o(He000;)(02) = f 2’ (n0)(s4211) 

= 12° fo! (n))(191) = Ha fo’ (m)()). 
This shows the commutativity of (19). 

Now by (17) is induced the exact sequence 
(17°) 0>C° > B° > A° 50, 

and for this (17°) the sequence 
(17’’) 0 > Hom,(P, C°) > Hom,(P, B°) > Hom,(P, A°) > 0 

is exact since P is A-projective. The above consideration shows now that (17’’) 
is translation-isomorphic to (17’). So the exactness of (17’) is proved. 

Now we come to the proof of Theorem 2.2. Let M be an arbitrary left A- 
module, M° the derived right A-module. Represent M° as a factor module of 
a A-projective right A-module P as 

(20) 0-R-P-> M50. 
From (20) we obtain an exact sequence 

(20°) 0— M°? + P° > R° 0, 

Mt, being a submodule of M°° by Lemma 2.2, is a submodule of P° which is 
A-injective because of Lemma 2.3. This completes the proof of the theorem. 
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We shall call an exact seYuence over A 
(21) 0>A—>X°—>A!—>0 

an injective representation of A if X° is A-injective. 
To obtain an analogue of Lemma 2.1 we make the following consideration. 

If in the exact sequence over A 
(22) 0-X->G- H-0 

X is A-injective then the identity mapping of X can be extended to a A-homo- 
morphism GX. Therefore the exact sequence (22) is direct. Also as in the case 
of A-projective modules we can prove easily that any direct summand of a 4- 
injective module is A-injective. 

Now, if we consider 4 as a A-free right module, then A° is a A-injective 
left module. And if F is a right A-free module, then the A-injective left module 
F° is a direct product of A°’s: 

F°=ITA°. 

A-modules of this type may be classified as the analogue of 4-free modules. We 
shall call them A-modules of type A°. Then it can be seen from the proof of 
Theorem 2.2 that every A-module is a submodule of some A-module of type A°. 
Thus we have proved 

Lemma 2.4. (i) If a A-injective module is represented as a submodule of 
some A-module, then it is a direct summand. 

(ii) Any direct factor of a A-injective module is A-injective. 
(iii) A A-module is A-injective if and only if it is a direct summand of some 

A-module of type A°. 
(iv) The direct product of A-injective modules is A-injective. 
Remark. No information has been obtained about the tensor product of 4- 

injective modules. 

4. Lemmas on projective and injective representations. 
Lemma 2.5. Let 
(X) 0->A,- X-~ A-0 

be a projective representation of A€ Ga and - 

(B) 0-B>-B-B-0 

an exact sequence over A. Then any A-homomorphism AB can be extended to a 
translation 

(X) 0—-A, > X- A-0 

(23) t d, 1 2 
. (B) 0-B —-B-B-0. 

If (23) ts supplemented by AB with ABB=AB, then it can be further supple- 
mented by XB with XBB=XB—XAB, and A,\XB=A,B. 

Proof. Given ABe 7, there is a A-homomorphism XB such that XAB= 
XAB, for, X is A-projective. Since A, XBB=A,XAB=0, existence of A,B is 
clear. If we have ABB=AB, then XB—XAB is annihilated by BB. In fact 

(XB—XAB)-BB=XBB—X ABB=X BB—X AB=0. 
Thus, by Lemma 1.2, there is a A-homomorphism XB satisfying XBB=XB— 
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XAB. For this XB we have ; 
(A,.XB—A,B)-BB= A,X BB—A,BB=A,XB—A,XAB—A,BB 

. =A,XB—A,BB=0, 
which implies that 

ais, A, XB=A,B, 
and the lemma is proved. 

Lemma 2.6. Let 

(A) 0>-A>A>A>0 
be an exact sequence over A, and 

(Y) 0-B-Y-B'—0 
an injective representation of Be Gn. Then any A-homomorphism AB can be 
extended to a translation 

wee (A) 09A>~A>A >0 
(24) - loud 

: (Y) 0-B-Y-B'->0. 

If (24) is supplemented by AB with AAB=AB, then it can be further supple- 
mented by AY with AAY=AY—ABY, and AYB'=AB'. 

The proof of this lemma is quite similar to that of the preceding lemma, 
and so it is omitted. 

Lemma 2.7. Let 

(Xo) 0-A, > X~A->0 
be a projective representation of Ae Gay, and 

®) 0>-B oY >B'30 

an injective representation of Be Ga. Then 
(i) the two sub-groups 

(A,X)? Homa(Xo, B1), Homa(Ar, Y°)(Y°B")s 
coincide and 
(ii) we have a natural isomorphism (25) Homa(A, B)/Hom,(A, Y°)(Y°B')sHoma(A1, B)/(ArX)*Homa(Xo, B) 

Proof. Ad(i): Given X,B'e¢Homa(X, B’), there exists XoY°e 77 such that 
X)Y°B'=XpB', for, Xo is A-projective. Therefore we have 

A,X) B= A,X) YB e Homa(Ay, Y°)(Y°B})s. 
Conversely, let A,¥Y°eHoma(A;, Y®). Since Y® is A-injective, there is a A-homo- 
morphism AjY® such that A,X°Y®=A,Y°. So we obtain 

A, Y°B'= A,X ;Y°B' 6 (A,Xy)#Homa(Xo, B), 
which proves (i). , 

Ad (ii): By Lemmas 2.5, 2.6, Both groups Homa(A, BY) and Hom,(A;, B), 
and accordingly both of the factor groups in (25), can be considered as factor 
groups of the group Homa(X), Y°) of all translations X»-Y° in which addition 
is defined in the obvious manner. The kernel of the epimorphism 

Homa(Xo, Y*) > Hom,(A, B)/Hom,(A, Y*)(Y°B")s 
is obviously consisting of those translations X,Y which can be supplemented 
by AY® with AY°B'=AB', while the kernel of the epimorphism 

Hom (Xo, Y°) —- Hom,(Aj, B)/(A,X)? Homa(X, B) 
is consisting of those translations X)— ¥° which can be supplemented by XjB 
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with A,\X,B=A,B. Lemmas 2.5, 2.6 now assure exactly that these kernels coin- ° 
cide, and the lemma is proved. : 

§3. The groups Tors (A, B), Ext” (A, B). aa 

1. Resolutions. Let A be a A-module. A lower sequence of 4-projective 
modules 

(Xy) tes ORO XX —> 0 - 
with augmentation X,—A is called a projective resolution of A if X, is acyclic 
with respect to the augmentation X,A, i.e. if the augmented sequence 

(X,-A-0) rete DXLOXNPX- AD 
is exact. 

An upper sequence of -injective modules 
(X*) eee VO XOX XS - eee 

with co-augmentation A—X° is called an injective resolution of A if X* is acy 
clic with respect to the augmentation AX®, i.e., if the augmented sequence 

(0-A-X*) 0-9 A -X°>X!1X?> :--- 
is exact. 

If we take a series of projective representations 

0>-A.-X& ~ AO, 
00> A, 9M > A 0, 

(26) : 
. 

0-> An > Xn-1 7 An-10 , 

and if we define X,Xn-1 by XnAn+AnXn-1, (n=1), then the lower sequence 
(26’) (X,) 0) XM X90 

with the augmentation X,A is clearly a projective resolution. Conversely any 
projective resolution (26) of A is decomposed into a series of projective re- 
presentations (26). Similarly any injective resolution of A can be composed by, 
and decomposed into, a series of injective representations 

0O- A > X°> AI 0, 

(27) 0O- A> XI'1-> A-0, 

0 = A®-15 X"-15 A” ss 0 . 

Let now 
0O-B-H -~ B- 0, 
0-B- Hh -B- 0, 

’ 

0-> Ba En 3 7B,-1--0 ’ 
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be a series of exact sequences over 4, and let a 4-homomorphism AB be given. 
Then by repeated application of Lemma 2.5, we obtain a series of translations 

"705 A139 X%) > A> 0 
fy os 1 i} iL, 
~0~B- AE -B- 0, 

(29) S05A, > Xo A 0 
i J ‘ J 

“20 > B- kh > B- 0, 

0 > Ay Xn-1-An-10 
faa J J 

0 2 Bi, me Eye —Bn10 ’ 

Let another series of translations 9, H, .... of the same exact sequences as 
in (29) be given with the sole condition that AfB=AgB. Then the difference 
XfE,—XgE, is annihilated by E,)B, so that there is XB, with XBAo= 
XfEy—XgE,. For this XB, we prove 

(30) A, XoBi =A, fB,—AgB, ° 
In fact we have 

(Aif Bi—AigBi— A,X) Bi) BiEy= Arf BiE,y— Avg Bily—ArXoBi Eo 
=A Xo f Ey—AiXogEy—AiXof Ey +AiXogEy=0 

Since Xp is A-projective there is also X,A, such that ABA) =XfEy—Xgko. 
The A-homomorphism 

Mfh—XgA—-MAXE 
is then annihilated by E,B,, for we have 

(MSAi— XE —X4A, XE) E, BE) =X, f E,B,E,— XigA BiEy— MA XE BiEs 
=MAif BE,—MAyREy—MAXBEy 
= MAA f Bi—AigBi— A, Xo B1) Bik =9 

Therefore there is XiF, with 
ME, BE, = Of —XighE,—MAi XE, ’ 

for which we have also 
(31) A,XE,B,=A,f B,—AgB, . 

Thus we obtain inductively a series of A-homomorphisms 
Kola; Kills 9 wa wey Kaan ps ais we 

such that 

Xo BiB) = Xf. Ey —XgEy ’ 
Xplin+1Bns1En—XnAnXn -1En=Xaf En—XngEn (n>0) 

This proves the following , 
Theorem 3.1. Let 

(X,-A-0) tte 9X9 XOX)-A-0 
be an augmented projective resolution of A, and 

(EB) tet) 9FL>K-E,-B-30 
an exact sequence over A. Then any A-homomorphism AB can be extended to a 
translation 

7 OM Xo HA 0 
L¢ dt 

- > Bo ho Kho BOO 
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Any two such translations extending AB are chain homotopic. 
Similarly we can prove the following 
Theorem 3.2. Let 

(EF) 0>A-BE°> EB! b> - 
be an exact sequence over A, and 

(Q—-B>Y*) 0-BoY°RY!>Y?—> :--- 
an augmented injective resolution of BE Zn. Then any A-homomorphism AB 
can be extended to a translation 

0>~>A> EX El Fe > «--- 

1 Jf £ *d 
0>-BoY>Y'> YY :--- 

Any two such translations f, g extending AB are cochain homotopic, i.e., there 
exists a series of A-homomorphisms 

E'Y°, E*Y), ...., BTM*1YTM, .... 
sech that , 

EPE‘Y°=E°fy°—F%gY", 
EXE AY E1yr-1y 2 Ef VY "Egy" (n>0) . 

2. Tors (A, B), Ext” (A, B) and their characteristic properties. Let X* 
be a projective resolution of Ae 7%. We denote by An(Xx@nB) the n-th 
homology factor of the 0-sequence X,@,B, and by H*%(Homa(X*, B)) the 2-th 
homology factor of the upper 0-sequence Homa(Xy, B) over Z (over 4, if A is 
commutative). If X,/ is also a projective resolution of A’ € Cs ,and if AA’eé As 

is given, then by Th, 3.1. we have unique homomorphisms (or 4 homomorphisms 
as the case may be) , 

(32) (AA) 4: Ay(X.@nB)> A(X’ @rB (Sa sperater”) » 
(AA’*: H*(Homa( Xx, B))>H"(Homa(Xy, B)) (anwee~ 

satisfying the following conditions 

(AA)*: H*(Homa(Xx, B))-H(Homa(Xx, B)) 
are the identities if AA is the identy. 

(ii) For (AA,y: Hn(X4@aB)> A(X. @rB) , 
(AA’)*: H(Homa(X,’, B))>-H"(Homn(Xy, B)), 
(A’A’)n: Hn( Xy’@r.B)> Ai Xe" @aB) , 
(A’A’)*: AH*Homa(X,”, B))>HTM(Homa(Xy’, B)), 

and 
(AAA: Hil X4@.B)>An Xx @rB) , 
(AA‘A’)*: H(Homa(X,”, B))-H"(Homa(Xx, B)), 

we have 
(AA’)4:(A’A”) 4 =(AAA") % 5 
(AA’)*0(A’A’)*¥=(AA’A’)* . 

Thus we may consider H,(X,@,B) and H*(Homa(Xx, B)) as invariants of the 
pair (A, B), and we write Tori(A, B) for HA(X,@B), Ext2(A, B) for 
H*(Homa(Xx, B)). We now verify the characteristic properties I, II, If, IV, I’, 
Il’, Il’, IV’ and V listed in the introduction of this paper. The homomorphisms 
(AA’), (AA’)* can be regarded as giving homomorphisms 

6) Cf. H. Cartan, Seminaire de topologie algébrique. 1950-01. 
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(AA’),: Tord(A, B)->Tors(A’, B) 
AAA): Ext2(A’, B)>Ext®(A, B), 

satisfying: ~ 
I-1) (AA),, (AA)* are the identities of AA is the identity map. 
1-2) (AA’)y-(A’A”),=(AA'A”),, (AA’)*0(A’A”)*¥= (AAA) . 

On the other hand, a A-homomorphism BB’ induces translations 
- X,Q@rsB>X,@B’ 

PO Homa(Xy, B)>Homa(X,, B) 
and thus induces homomorphisms 

(33) (BB’): Hi(X4®aB)>Hn(X4@B’) 
*(BB’): H"(Hom,(X,B))>H”TM(Homa(Xy, B’)) 

Clearly those homomorphisms in (33) commute with the homomorphisms in 
(32) and therefore they can be regarded as giving homomorphisms 

'y(BB’): TorA(A, B)>TorA(A, B’) 
: *(BB’): ExtA(A, B)3ExtA(A, B’) 

satisfying: 
I’-1) ,(BB), ,(BB) are the identities of BB is the identity map. 

Y-2) 4(BB’)-,(B’B”’)=,(BB’B”), *(BB’)-*(B’B”) . 
V) (AA’), and ,(BB’) commute with each other, so do also (AA’)* and 

*(BB’). 
Now let 

(B) 0>B>B>B-0 
be an exact sequence over 4. Since each Xn in the projective resolution X, of 
A is A-projective, the sequences —— 

0 Xn @aB— X,@,B>Xn@sB-0 
0—Homa(Xn, B)>Homa(Xn, B)-Hom (Xn, B)-0 

are both exact, i.e. the sequences of translations 
0X, @.B—>X,@,B>X,@r,B0 
0>Homa(X,, B)->Homa(Xy, B)>Homa(X,B)0 

are exact. Therefore, by Lemma |] and i we obtain homomorphisms 

x0: Tord(A, B)>TorA_,(A,B) (m=1, 2, ....), 
*8: Ext,(A, B)>Ext2*(A, B) (n=0, 1, ....), 

and exact sequences : 

- >Tord(A, By * 2?) tora, By * BB) TorA(A, B) 
Tor'(A, By*®,Tort (A, B)>TorA (A, B)->-+-->Tor(A, B) 

—Torg(A, B)>TorA, B)30 

0Ext\(A, B)>Ext®(A, B)>Ext)(A, B)> ---- 
Exta(A, B)Ext(A, B)>Ext,(A, B)>Ext2(A, B)> 

Ext34(A, B)Ext*(A, B)s -..- 
Naturality of the functors B <=> Tor*(A, B) 

Bc Exta(A, B) 
is obvious. Thus II’ is proved. III’ is obvious since @,B is an exact functor if B is A-projective, and since Homa(A, B) is an exact (contravariant) functor 
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if B is A-injective. III is also clear, for if A is A-projective we can take as a 
projective resolution of A the sequence 

wees 300A 
for which augmentation is the identity mapping of A. 

The proof of II requires some preliminary considerations. Let 
(A) 0—>A~A-A-0 

be an exact sequence over 4, and let 
0A, > X%)—A0 
02 A,X A0 

be projective representations of A and of A. Then since X is A-projective there 
exists X,A such that XAA=XA, Put now X)=X:@Xo (direct sum) and denote 
by XoXo, XoXo, XoXo, XoXo the injections and the projections for that direc! 
sum. If we define X,A by 

XA=XXAA+KXA , 
then X,A is an epimorphism and the diagram 

0-> as Xo Xo 0 

(34) 1! od 4 
0>->A-A-A-0D 

is commutative. In fact, let @ be an element in A. Then there exists Zin Xo 
such that (X))X,A=(a)AA. Since 

(a—(%) XA) AA = (a) AA—(&)) KH AA=(@)AA—(H)XA=0 
and since X,A is an epimorphism, Xj contains an element 2%» such that 

(dp) XAA =a—(Zp) XA ; 
and so we have 

((aa)XaXo-+ (Fo) XoXs)XGA= (Su) MeXA+C MOXA _ 
= (tq) XpXoXpAA + (to) XoXo NA+ (Fo) XoXoXoAA + (Fo) XoXoXoA 
= (4p) XAA+H(H)MA=a . 

This proves that X)A is an epimorphism. Commutativity of the diagram (34) 
can be shown as follows. . 

XX,A=XpXMAAFAMMA=KAA 
X,AA=X,X,AAA+XXAAH=MAVA « 

Now, if we put trivial sequences 0-0-0-0-0 above and under (34), and 
if we apply the corollary to Lemmas fH, #h, to the so obtained diagram we see 
that (34) can be supplemented to a commutative diagram 

0 0 0 

iL ¢ 
0 A, Ai Ar 0 

boi 
(34’) 0—-> Xo Xo Xo 0 

pore 
0-~A-A-A-O 

; J dt 
0 0 0 
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where each sequence on a straight line is exact. Repeated application of the 
process to obtain (34’) from A will lead us to the following conclusion: 

Lemma 3.1. Given any exact sequence 

0-A—>A-A—0 
there exist projective resolutions X, of A, Xx of A, X* of A, and a sequence 
of translations 

ee 0> Xy> Xi KX 0 
_ boiod 

(347) 7 > 0-A>->A>-A-0D 
: PL 4 

0 0 0 

which ts exact. Since each Xn is A-projective, each sequence 0 Xn Xn Xn0 
appearing in (34’’) ts direct. 

Therefore for an arbitrary A-module B we obtain exact sequences of trans- 
lations The i 

0 X,@,:B>X,@r.B>X,@rB-0 
. 0-Hom,(X,, B)>Homa(X,, B)>Hom,( Xx, B)-0 . 

These exact sequences and Lemmas ff, il} clearly prove the property II. 
Finally, if we apply @aB and Homa( , B) to (26), then by Lemmas 1.6, 

1.7, we obtain exact sequences 
A, @rB > XOr.B > A@r.B- 0, 
A.@rB > Xi@r.B > A,@rs.B-0, 

An@rB > Xn-18 1B An-1@raB-0 , 

’ 

and 
0 — Hom,(A, B) > Homa(X%, B) — Homa(A:, B) , 
0 — Homa(A;, B) > Homa(X%, B) > Homa(Az, B), 

0 — Homa(An-1, B)>Homa(Xn-1, B)>Homa(An, B) . 
Therefore we have 

Image of (Xn+:@B->X,@B)=Image of (Ans1QB—-Xn@B) 
=Kernel of (X,@B-An@B) ’ 

Kermel of (Homa(Xn, B)—Homn(Xn+1, 0) 
=Kernel of (Homa(Xn, B)—>Homa(An, B)) 
‘=Image of (Homa(Ans+i, B)>Homa(Xn, B)) 

This proves 
TorA(A, B)=AQrB, Ext\(A, B)=Homa(A, B), 
Torf(A, B)=Kernel of (Ar,@~B>Xn-1@ B) (n>0) , 
Ext%(A, B)=Cokernel of (Homa(Xn-1, B)>Homa(An, B)) = (#>0) 

Obviously, these isomorphisms are natural and the properties III, II’ are 
proved. 

3. TorS(A, B), Ext%(A, B), and resolutions of B. 
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Let 
(Yo) 0- Be Yo B-?0, 

be a projective representation of B. Then, in the exact sequence To 
every third group Tor‘(A, Yo) vanishes except Tor(A, Y,)=AQaYo. 
we have natural isomorphisms 

Tor,“(A, B)=Kernel of (Toro4(A, B;)>Toro“(A, Yo)) 
=Kernel of (A@,B, > A@aYo) 

TorA(A, B)=Torp_,(A, Bi) (n>1). 

r(A ’ Yo) ’ 
Therefore 

Thus if 
00> Bi- Yo B- 0 

0— Be Y.> By 0 
is the series of projective representations giving a projective resolution Y, of 
B, then we have 

TorA(A, B)=Tors_(A, B)=::- -=Torf(A, Bn-1) 
=—Kernel of (A@sBn~>A@aYn-1), (#>0) 

But, the last group being naturally isomorphic to Hol AQ AY) =n YA) 
=Tor\(B, A), we obtain 

Theorem 3.3. TorA(A, B) =H X4QB)= Hn Yx@nA)=Torg(B, A). 
Similarly we can also prove the analogue of this theorem, namely 

Theorem 3.4. Ext2(A, B) is naturally isomorphic to the n-th homology factor 
H*(Homa(A, ¥*) of the upper 0-sequence Homa(A, Y*), where Y* is an arbitrary 
injective resolution of B. 

For later purpose we shall give tot 
nature from the proof given above. Th 
in the last paragraph of §2. As we have seen earlier at the en 
paragraph, we have natural isomorphisms 

Ext”(A, B)=Homn(An, B)/(AnXn-1)#Homa(Xn-1, B) 5 
but, the two conclusions in Lemma 27 give usin turn a series of natural 
morphisms 

Homa(An, By AnXn-1)* Homa(Xn-1, B)=Homa(An-1, B»/Homa(An-1, 
=Homa(An-1, BY)/(An-1Xn-2)# Homa(Xn-2, B*) 
=Homa(An-1, B?)/Homa(An-1, Y")(Y*B?)s = + °° 
= ++++=Homa(An-i, B?)/Hom y(An-1¥e-1)(¥t-1B)s 
=Homa(An-t, B)/(An-tXn-t-1) Homa(Xn-t-1, B*) 
=Homa(An-t-1, B'*!)/Homa(An-t+1, YY(YtBitt)=---- 

his theorem a proof of somewhat different 
is proof is based on lemma 2.5. stated 

d of the foregoing 

iso- 

Y°)(Y°B")s 

er =Homa(A, B)/Hom,a(A, y"-1)\(Y"-!B")s 
=H*(Homa(A, Y*)) . 

This proves the theorem. 
Remark. From this proof it is readily seen that if 

(Xn) 0— An Xnere+ + Xo - A-d0 

L J J i! S 
(Y") 0-> BY? +>? y7-13B" > 0 

is a translation, then AB*e Homa(A, B”) represents 
Ext(A, B)=Hom,(A, B”)/Homa(A, ye-1(Y"-1B"), as A 
=Hom (An, B)(AnXn-1)#Hom (Xn-1, B) - 

the same element in 
»~B does in Extx(A, B) 

215: 
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It is not hard to see that TorM(A, B), Ext%(A, B) can be also defined as the 
n-th homology factor of the lower 0-sequence X,@,Y and that of the upper 0- 
sequence Homa(X,, Y*), where X,, Yy are projective resolutions of A and B 

respectively, Y* an injective resolution of B, and where the complexes X,@aYx, 
Homa(¥,, Y*) are defined in the usual way. However we shall not go further 
in this direction. 

4. Ext3(A, B) and the 21-fold extensions of B by A. 
Let A, B be arbitratry A-modules fixed once for all. We call any exact 

sequence over 4 of the form 
"2: (Ba) 09 BoE, Ey AS0 (n= 1) 

an n-fold extension of B ty A, and denote the category consisting of all 2-fold ex- 
tensions of B by A and of all possible translations between such 7-fold extensions 
that give identities both on A and on B by ¢%(A,B). The set of objects in 
this category, i.e., the set of all 2-fold extensions of B by A will be denoted by 
E,(A, B). For two n-fold extensions Ey, Ex’ €Ex(A, B) we shall write EnxvE,’ if 
there exists either a mapping E,’Ené (A, B) or a mapping E,E,’€ Gxl(A, B), 
E,x~E,’ if there is a finite series of 2-fold extensions En=E., Bub, «1.05 En®=En 
€£,(A, B) such that E,'vE,'*! (¢=0, ....,k—1). Clearly ~ is an equivalence 
relation, by which the elements of E,(A, B) are classified into equivalence classes. 

Let now X, be a projective resolution of A. Then, by Theorem 3.1, the 
identity of A can be extended to a translation 

(Xn) 0 Arm Xpe1 +++ 3 XO Ao 0 

(34’) L 1 J il 
(En) 0O- BoE +s oO Re Am”. 

If fi, f are such translations extending the identity mapping of A, then 
Theorem 3.1 states further that f,, f, are chain homotopic, i.e., there exist A- 
homomorphisms Xf, XE, .... Xn-2En-1, Xn-1B, such that 

XE, By= XolEy—Xo2E , 
XE Fit XX Ei =X Ei — X2E: (@=1, ...., n—2), 

Xn-1BEn1+Xn-1Xn-2En a= Xn-WEn-1—Xn-12En-1 « 
Now, as we have 

AnXn-1BEn-1= AnXn-1Ey-1—AnXn-12En-1—AnXn -1Xn-2lin-1 
=ArnlBEn1—An2BEn-1 , 

the difference homomorphism An,1B—A,2B lies in the subgroup (AyXn-1)* Homa 
(Xn-1, B) of Homa(An, B.) Therefore in this way we obtain a mapping 

(35) E,(A, B)-Hom (An, B)/(AnXn-1)# Homa(Xn-1, B(=Ext(A, B) 
If X,’ is another projective resolution, and if E,Ey’ isa translation € ¢n(A, B) 

(En) 0-B>E,y-> +++» >E > A->0 
J I J J I 

(En’) 09 Be Byam ++» >BE/> A> 0 
of E, into another 7-fold extension E,’ € On(A, B), then the identity of A can be 
extended to a translation 

(Xn) 0 A’ X gis os XA 0 
L v 1 | I 

(Xn) 0> Ap KeupO ores SOX oS Av 
Then each of the translations X,H, in (34’), Xu’ XnEn, XnlinEn’ extends the 
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identity of A. This shows firsty that the mapping (35) does not depend on the |, 
special choice of the projective resolution X, of A, and secondly that equivalent 
n-fold extension of B by A are mapped onto the same element of Ext%(A, B). 

We now prove the following 
Theorem 3.5. (Classification Theorem) The mapping (35) tnduces a one-to- 

one correspondence between the equivalence classes of the n-fold extenstons E,(A, B) 
of B by A, and the elements of Ext®(A, B) 

As we have shown that equivalent #-fold extensions are mapped onto the same 
element of Ext"(A, B), (35) defines a mapping x, of the set E,(A, B) of equivalence 
classes of E,(A, B) into the group Ext%(A, B). In the following paragraphs we 
shall prove that yp is onto and one-to-one. 

5. Proof of the classification theorem, I—Construction. 
In this paragraph we shall define a mapping 

yn. Homa(An, B) > En(A, B) 
such that %,o7, is the canonical mapping Homa(An, B)-> Exti(A, B). 

Construction 71. Let AifBeé Homa(A;, B), put W=X,.@B (direct sum), and 
define a A-homomorphism A,W by 

AL,W= AX @(—Aif B)=A.X)W—-Aif BW . 
Cleary A,;W is a monomorphism, and we have 

A,WX=A,X WX —A fBWR=AAoWXo= AX - 
Therefore we may identify A,=JA,W to obtain the commutative diagram 

0 0 0 

£ of, a 
0-0-A=A, > 0 

¢ a& 4 
(36) O-Bo-W-XY-0 , 

I J 
B E A 

1 4 d 
0 0 0 

where we have put £,;=W/A, . 
Since (36) in commutative it is supplemented uniquely by BE, and E,A 

such that , 
BWE,;=BE;, WXA=WE,A. 

Then, by the corollary to Lemmas Hi & tii, the sequence over 4 
(Ey) O0>BE,>A0 

is exact, ie., E, is a 1-fold extension of B by A; and we now define 71: 
Homa(A;, B)->E(A, B) by 

ri f)=E; . 
Then, putting X,4,=X,WE;, we have 

A,f BE;= A, f BWE,=A1X) WE;—A,WE;=AiXyWE;=AiXoE; 5 
(BE; A= X)WE,;A=X)WXA=XA - 

Thus we obtain a translation 
0— Ai — Xp »A—-0 

ee I 
0-> Bo E,>~A-0 
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proving that %,(7,(f)) is represented by fe Hom,(Aj, B). 
Constructions rn. Let now ~f€ Homa(Arn, B). Applying the above construc- 

tion we obtain the following commutative diagrams 

0 0 

L L 
A,= An 

A, Lo | 
(37) 0-B>W->X-1-0 ~~ (direct) 

fo fl od 
0-B>E;>An-y+ 0 , 

d l 
0 0 

~~: (38) 0— An- Xn-1- An-i— 0 

= LF 4 I 
war 0-B ~ E; —> Ani? 0, 

satisfying 

(39) AnW=AnXn-1W—AnfBW 
Xn Ey = Xn-1 WE; 

The translation (38) can be extended now to 

0 > An Xp Xn-2 + > X PH A-O 
- (40) Lf | I i ll 

(B09 B > By > Xp AO. 
The second sequence E;, of (40) being an 7-fold extension of B by A, we define 
Yn: Homa(An, B)>E,(A, B) by 

m(f)=E} : 
Since (40) is a translation, yn7n(f) is clearly represented by f €Homa(An, B). 

Thus we have proved that zn is one-to-one (n=1, 2, ....) 
“= 6. Proof of the classification theorem, II. We must prove finally that the 

mapping Yn is one-to-one (m=1, 2, ....). This will be done if we prove the 
following 

Lemma 3.2. Le? 

(En’) 0-B>-E,-,> Bn > BE’ A->0 
be an n-fold extension of B by A, and let the identity mapping of A be extended 
to a translation ; 

0 - An Xn-y — Xn2 + XO AO 

(41) lg |! L J I 
0->B > Bn. mE nyo Bm AO. 

If Anf Be Homa(An, B) lies in the same coset of (AnXn-1)* Homa(Xn-1, B), #.€.5 
if there ts a A-homomorphism Xn-, B such that 

AnfB=AngB+AnXn-1B , 
then there exists a translation 

@ 038 = = 3 a wes Ro Aa9 
(42) | lod | L | 

(En’) 0-B > Bln PE nig OE’ ~»~A—-0 
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extending the identity mapping of B and the A-homomorphisms Xn-2E’n-2, «+++ 
XE)’, AA in (41), where E? is the n-fold extension trl f)€ En(A, B) constructed in 
the preceding paragraphs. 

In short, this lemma states that if %n(E»’)¢ Ext%(A, B) is represented by a 
mapping fé€ Homa(An, B) then there is a translation Ey"En’é (A, B) of 

=7n(f) into En’. Thus if for two 2-fold extension En, En’ € E,(A, B) we have 
%n(En)=%n(En’), then, taking an arbitrary representation fé Homa(An, B), we obtain 
an #-fold extension FE,” € E,(A, B) and two translations Z;"En, Ey"En’ € Gn (A, B), 
Proving that En~Ey"~Ey’. 

This lemma gives us more than the proof of the classification theorem, 
namely this proves also the following 

Theorem 3.6. Tivo n-fold extensions En, En’ € En(A, B) are equivalent if and 
only if there exist an n-fold extension ’En€ En(A, B) and two translations ‘EE, 
"EnEn € (A, B). 

We shall refer later to a dual of this theorem. 
Proof of Lemma 3.2. The only thing that we have to do is to define ByEa-1 

so that the first and the second sequence in (42) become commutative. To do 
this we first define WE’n-: by 

WE’ n-1 =WBE’n-1 + WXnrE’ nat WXn-1BE'n-1 * 
Then we have 

An WE’ n-1=AnWBE'n-1+ AnWXn-1 +AnWXn-BE'n-1 
= AnXn-yWBE'n-1—Anf BWBE n-1tAnXn-1E n-1 t+ AnWXn-1BE'n-1 
=~—Anf BE'n-1+AngBE n-1+AnXn-1BE 21-1BE'n-1 

=(—AnfB+AngB+AnXn-1B)BE'n1=0. 

Therefore, by Lemma 1.1, there exists a d-homomorphism £,E’,-: such that 
WE,;E'n-1= WE'n-1.. We now prove the commutativity BEy£’,.=BE’n-1 in 
the first square of (42), as follows: 

BEE’, -\»=BWE EL n1=BWE'n-1 

=BWBE’,- itBWXn- gl ne 1tBWnaBE' n1=BE n- “1% 
Commutativity EyE’n-1E’n-»=EyXn-2E'n-2 in the second square of (42) is 

equivalent to WE;E’n-:E’n-1= WE;Xn-2E’n-2 , which is shown in the ‘following 
manner: 

WEB ny ne WE ny E'n-2 
= WBE’, 14+ WXn En -1E’n-2+ WXn-1 BE n-E' n-2 

= WXn-1yXn-2L’n-2 
= WXn An -Xn—2t’ ~2 
= WE; An-1Xn—-2E' n-2 
= WE; Xn-2E’ n-2 . 

This proves Lemma 3.2 and completes the proof of the classification theorem. 
%. Redefinition of the one-to-one correspondence in the classification theorem 

by means of injective resolutions of B. Let Y* be an injective resolution of 
B. Then by Theorem 3.2, there exists a translation 

(En) 00> B-> Ey Exo OR 7 A> 

a yoy ) rr) gms ben oh pees Yr-1> Br 0 
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extending the identity mapping of B. The class AB” mod Hom(A¥""1)(Y"""B")2 
depends neither on the special choice of the translation E,Y* nor on the special 
choice of the injective resolution ¥Y*. So we obtain a mapping 

Xn’: E,(A, B)>Ext3(A, B)=Homa(A, B")/Hom,(A, Yr(Y""1B")s 
Now if we superpose (34’) on this translation, then we obtain a translation 

XnEnY" . Thus, from what we have remarked after the proof of Theorem 3.4, 
follows that x, and yn’ coincide. 

If one develops the dual argument of the preceding paragraphs he can reprove 
the classification theorem; in which course he will obtain the following analogue 
of Theorem 3.6: ; 

Theorem 3.7. Two n-fold extensions En, ’En€E,(A, B) are equivalent if oud 
only tf there exist an n-fold extension En’ € E,(A, B) and two translations EnEn’, 
"En Ex! € GAA, B). 7 

Remark. For n=l, every translation E,E,’ in ¢;(A, B) is an isomorphic 
translation, and so it is invertible. Therefore E,~E,’ if and only if there exists 
an isomorphic translation E,E’ which gives identity mappings on A and on B. 

§ 4. Product in the extension groups. 

1. Motivation. Let A, B, C be A-modules. By the classification theorem 
the elements of Ext»(A, B) (p>0) can be considered as the equivalence classes 
of exact sequences of the form 

(Ep) 0>B>E,-1>--- > Eo A>0, 
while the elements of Ext%B, C) (¢>0) as the equivalence classes of exact 
sequences of the form : 

(Fo) 0>C> Fy. Oo Fy o> BOO. 
Now if we put these exact sequences in a line in tying them together at B, then 
we get an exact sequence 

(B,OF) 02°C F q+ ++» Fy Ep y+ ++ - Ey A-0 , _ 
where we have put Fi\Ep_;=F,BEp_1. In this way we obtain a pairing 

(44) Ex(A, B)X E,(B, C)>Eps (A, C), . 
which we shall call the composition pairing. Obviously this composition pair- 
ing satisfies the following conditions. 

(i) If Eo~E’n and Fy~F’,, then sEOF,~E' OF’, . 
(ii) O is associative, i.e., for G,€ E,(C, D) we have 

(EpOF.)OG,+= Ep O(FvOG,) . 
Therefore this defines an: associative pairing 

(45) Ext?(A, B) x Ext"B, C)M>Ext?+%A, C). 
This composition pairing turns out to be bilinear, and the above definition can be 
naturally extended to admit the value p=0 or g=0, To show this we shall begin 
with another equivalent definition of this composition pairing. ; 

2. Composition product. Let X, be a projective resolution of A, and U* 
an injective resolution of C. We have seen earlier that the following identifi- ” 
cations are allowable. 

Ext(A, B)=Hom,(A,, B)(ApXp-1)* Homa(Xp-1, B) (p20, X-1=0), 
Ext(B, C)=Hom,(B, C)/Hom MB, W2)\(W"-1C%s (q=0, W-i=0), 
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Ext?+”A, C)=Hom(Apea, C)M(ApsaXpea-1)* Hom (Xp+a-iy C) 
=Hom,(A,, C?/Hom (A, W!"!)(W4-!C")2 
=Hom (Ap, C%)/(ApXp-1)* Homa(Xp-1, C") 

(p, q=20, X-.= W-'=0) 
Now if we define a composition product 

Hom,(A», B)x Homa(B, C)-Homa(Ay, C*) 
by the simple composition A,BOBC’=A»BC*. Then this product O is clearly 
bilinear and we have also 

(ApXp-1)* Homa(Xp-1, B)O Hom (B, C)C(ApXp-1)* Homa(Xp-1, C’) , 
Homa(Ap, B)O Hom,(B, W2-1)(W2-1C%)z C Homa(Ap, Wt-1)(W2"'C%) « 

so that O defines a bilinear product . 

(45) Ext?(A, B)x Ext%(B, C)>Ext?*4A, C) (p, q=0). 
We now show the coincidence of (45) and (45’) for p, g>0 in proving that 

Xp(Ep)O% (Fa) = p+ aE ypOF a) ’ 
where x is the mapping appearing in the classification theorem. Let 

0 Ap > Xp-1 Pet MP AO 

(46) J J 1 i 
0-9 B-> Epi: PER me A-dO, 

0>C > Fy-1 +: - > Fy > B-O0 

(47) I ol J J 
0-C>W -.----> Wt-13C1> 0 

be translations such that A,B represents %,(Z>) in 
Hom(Ap, B)/(ApXp-1)? Homa(Xp-1, B) 

and BC, represents xq(Fc) in ‘ 

Hom,(B, C*)/Hom,(B, W4~1)(W4-3C2)s . 

Now, by Theorem 3.2, A,B can be extended to a translation 

0 > Ansa Xpeq-1- 1 Xp Ap 0 
(46’) | l 14 

0-C > Fa. >? Fy Oo B- 0 
so that Api iC represents %p+q(EpOF«). Therefore it is sufficient to prove coinci- 
dence of the element in Homa(Apsa, C)/(Ap+oXp+a-1)* Homa(Xp+a-1, C) 
represented by Ap.s<C and the element in Homa(Ap, C2)/Hom (Ap W247 !)(W271C2)8 
represented by A,BC%, or equivalently, to prove that ApscC and A,C%1=A,BC4 
can be extended to a translation 

0 > Ansa Xpsq-1 7? Xp Ap 0 
(48) a J J i 

Oo>-c - Ww >... Wt-1Ct > 0 

Translation (48) is readily obtained in composing the translations (46’) and (47). 
Thus the coincidence of (45) and (45’) is proved, and so (45’) is independent of 
the special choice of resolutions. 

Let Y,, Y* be projective resp. injective resolutions of B. If we put Y,, 
Y* in a line in tying them together at B, then the resulting sequence 

(-B-) 
(YE ) VY, > VY > yoo Yi-.---- 

is exact. (YX will be called a complete resolution of B.) By Theorems 3.1, 3.2, 
A,Beé Homa(Ap, B) can be extended to a translation 
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Baa cll 

fata 

0 £3 Meg? Xpeqeyrts Xp —> Xp Xo > A-0 
: (Ap) a | | oP yp | 

sy (B>) 
0 — Ba— Yo-1 eee Yo —> YX—>....5 Yr! + BP. 

Also BC*€ Homa(B, C*) can be extended to a translation 
0 By Ya-1>-++- Yo —> yo -—>....—5 Yr-l — Br — 0 

(-B-) co | | a he J | 
digg ag —CI~ 

0>C 35 WwW -....>5 Wa-t —s Yyi....o pyrte-loCite0 . ; 

Since the composite of the translations (49) and (50) gives a mandation 
X(p+ay7U*), the three A-homomorphisms ApyaBuC, ApBC*%, and AB?C4 
represent one and the same element in Ext?+%(A, C). 

Take now an injective resolution V* of De Gm and let a?eExt(A, B) be 
represented by Ap»BeHoma(Ap, B), 82EExt(B, C) by BC?¢Homa(B, C*), and 
r7é Ext(C, D) by CD"e Homa(C, D’). Then, we proceed as follows: 

(i) Extend (49) leftward up to ApsarrBaar , 
(ii) Take a complete resolution UX of C and extend (50) leftward up to 

BasrC, ’ , 
(iii) Replace BC* by CD” and extend it to obtain a similar translation as 

(50), and finally 
(iv) Extend the translation obtained in (iii) rightward up to C’*?D’. 

Thus we obtain a commutative diagram 

O-Api-grr>Xp tyra lees X pig —————>X pg 1+ ++ Xp———> Xp — 1-9 XO 4 ° (+Ap+¢q-) (--Ap—) 

s . + ’ -1 > +0) 

0 Baer —+Yotr-1 a Ve <> Yq 1 —+>+ +--+ Yo ———> y9 ——+... > Y? B 
(>By>) (>B-) 

‘ yr 0-»C, Ur-1 res 9U0 T U9 poo UT po oo UF p=} __C1+ P49) 
(>C—) | (C7) 

0~D i es ee ee ee 
+ 

(+D">) (>D" +4) 

From what we have seen above, it follows then: 
(i) Each of ApigBoC, ApBC?, AB»C2+ represents a?Of?. 
(ii) Each of Bas,C,D, BgCD*TM, BC*p"+# represents B°O7" . 

Thus (@O8%Oy" is represented by each one of 
Apsa+rBas+C,C,D, ApsqgBaC-CD", AB?CIt#Dr+itP, 

while a@?O(B8%O7") by each one of 
Apsa+rBasr*BasrC,D , A,»B-BC*D"*?, AB».BrCiteprtatr , 

This proves the associativity (a?OB)Or7=a"Q(ROr’) . Summarizing, we have 
established the following 

Theorem 4.1. The composition product O: 
Ext?(A, B)xExt"B, C)>Ext?*“A,C) (2, q=0) 

defined in (45’) is bilinear and associative. For b, a>0, O ts induced by the pairing (44). 
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Corollary. Ext,(A, A) has the structure of a ring in which multiplication 
is defined by the composition product O. 

3. The effect of multiplication by the elements of Ext® and Ext}. 
Theorem 4.2. Let a°€Ext(A, B) be represented by ABE HomA(A, B). Then 

the left multiplication by a’, 

@&O: Ext(B, C)-Ext(A, C) 
is identical with the induced homomorphism (AB)*. If 8° €Ext(B, C) zs re- 
presented by BCG Homa(B, C), then the right multiplication by f° 

Op: Ext?(A, B)-Ext?(A, C) 
coincides with the induced homomorphism *(BC). 

Proof. (AB)* is induced by (AqB,)?: Homa(Ba, C)>Homa(Aa, C) obtained 
in a translation 

0-> Aq > Xq-3 eee XP AD 

61) 1 | ; i 
0-> By > Yo-1 + OY OBO 0 

extending AB, while a°O by (AB)?: Homa(B, C)}>Homa(A, C*). 

If BgCe Homa(Ba, C) is extended to a translation 
0—> By > Yq-1 > -+-- 2 Yo PO B- 0 

(52) L L 1 L 
0-C 3 Ue ->..---5 UI15 C10, 

then B,C, BC? represent the same element, say 8%, in Ext*(B, C). Combining 
(51) and (52) we have now a commutative diagram : 

63 Ao Xe RE AD 

| J H u 
0> By -Yo-1>+:- 9 Y > B-O0 

4 u 1 | 
0>-C —9 VU +..-.-5 Ut 15 C10, 

in which A,B,C represents (AB)*8? and ABC? represents a°Of*. Therefore we 
have (AB)*8!=a°Of?. 

The latter statement of the theorem can be proved quite similarly. 
Theorem 4.3. Let a'¢Ext(A, B) be represented by an exact sequence 

(E) O-B-E>A-O0.. 
Then the left multiplication by a, 

aO: Ext(B, C)> Ext?*(A, C) 
is identical with the coboundary homomorphism 6* with respect to the exact 
sequence E. If Be Ext!(B,C) ts represented by an exact sequence 

(F) 0-C-F-B-O0, 
then the right multiplication by §', 

Op: Ext?(A, B)> Ext?*(A, C) 
coincides with the coboundary homomorphism *6 with respect to the exact 
sequence F. 

Proof. If we extend the identity mapping of A to a translation 
(Xo) 0- A, > X,» 70 A- 0 

| | 
(E) O-B-E-A-0, 

Then we have 7(E)=a", so that A,Be Homa(Ai, B) represents a’. On the other 
hand, if we denote the coboundary homomorphism Ext?(A,, C)— Ext?*1(A, C) 
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with respect to X) with 6*). Then we have 0)*o(A,B)*=(AA)*0d*=d*. So we 
now prove a'O=4dy*o(A,B)*. If 37@ Ext(B,C) is represented by BC’e Hom,(B,C%), 
then (A,B)*8" is represented by A,BC'e Hom,(Ai, C”), and a'Of* also by 
A,BC’e Hom,(A;, C). Thus, 6)* being nothing other than the identification 
isomorphism. =" 

Oo*: Ext%(Ay, C)&:Ext?*1(A, C), 
we have proved the first assertion a1O=6* of the theorem, 

Next, extend the identity mapping of C to a translation 
(F) 0-C->-F —>B -—0 

u I u 
(U°) 0-C>- McC 0 

to obtain BC" representing #'. If ae Ext*(A, B) is represented by A»Be 
Hom,(A», B), then a@?O8' is represented by A?BC'. On the other hand we 
have *da°=*6)(a?*(BC')), where *d) is the coboundary homomorphism with 
respect to U°, a?*(BC') being represented by A,BC', and *é) being nothing 

other than the reduction isomorphism 
*8:) Ext9(B, C)XExt?+*\(B, C), 

we have *6a?=a?Of!. This completes the proof. 
4. %-product in the cohomology group Exta(A, B). 
As we have remarked before, the composition product O gives the struc- 

ture of a ring to Exta(A, A). This is a special case of the following more general 
notion of %-product in’ Ext,(A, B). 

Let ¢ be an arbitrary 4-homomorphism from B into A. ¢ can be also con- 
sidered as an element in ExtB, A). We now fix one ¢e€ Homa(B. A). Then, 
%-product in Exta(A, B) is defined as follows. Let ae Ext”(A, B), Be Ext(A, B). 
Then aO¢?eExt”(A, A) so that (a@Ov)Ofe Ext’*"4, B). On the other hand we 
have Oe Ext(B, B), and aO(vO8)e Ext”*(A, B). Since O is associative these 
two elements (@O?)O8, a@O(?O8) equal to each other. So we define the ¢-product 
aSB of a and B as 

a3 B=aOP’OB , 
Then bilinearity of Y is clear; associativity is checked as 

(@YB)9 7 =(AOPOB)OGOr=a0¢GO(BOVOr)=a¥(BY7) 
If fe Homa(A, A’)=Ext%(A, A’), then ¢Ofe Homa(B, A’), and putting 

¥’=9Of we have, by Theorem 4.2, 

FAB =(SFaA NFER’) . (a’, 8’ € Exta(A’, B)) 
On the other hand, if ge Homa(B’, B)=Ext(B’, B), then putting ”’=gOV?e 
Hom,(B’, A), we have 

* yal GB’) = (Fga’) 9 (*9f’) . 
This shows the naturality of the ¢-product. 

5. Relation to the homology theory of associative systems. 
Let I denote a group or more generally an associative system with unit, 

ZI) the algebra of II over Z, and let G be a II-group, i.e., a ZI])-module. As 
stated by Cartan and Eilenberg, H,,(II, G), the 2-th homology group, and H*(II, G), 
the 7-th cohomology group of IT with coefficients in G can be defined as the 
n-th torsion product Tor2“(Z, G) and as the n-th extension group Ext}.,)(Z, G) 
respectively, where Z is considered as a II-group on which each element of IJ 
operates identically. As stated further by the same authors, the multiplicative 
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structure of the cohomology group H*(II, R)=Extzan(Z, R) with coefficients in 
a ring R with unit can be introduced in the following manner. Let Xx be a 
projective resolution of the Z(II)-module Z. Then X,°=X,@zXx is a projective 
resolution of the Z(IIxII)-module Z@zZ=Z. By the diagonal injection II-III x I, 
the augmented sequence X,2—»Z~0 can be considered as an exact sequence over 
ZiIl). Therefore there exists a translation 

xX, 29 Z- 0 

t ) I 
X,2- Z-> 0 

which is unique up to a chain homotopy. 

On the other hand any pair of Z(II)-homomorphisms XpR¢é Homzan(X», RF), 
X,.ReHomamn(Xo, R) determines in a natural way a homomorphism 
XpROXR € Homzc(XpQzX, PR), and thus we have a canonical homomorphism 

(53) Homaam( Xx, R)®z Homzan( Xx, R)> Homzar( Xx’, R) , 
which is compatible with the coboundary operators. Combining (53) with the 
homomorphism ¢?: Homzan(Xx2, R) Homzan(X x, R), and passing to the co- 
homology groups, i.e., extension groups, we give now a homomorphism 

(54) Ext3q,(Z, R)@z Ext$q(Z, R)—> Extggn(Z, R) 
to introduce in Extzc(Z, R) the structure of a ring. 

Finally we shall prove the following 
Theorem 4.4. Let R(II) denote the algebra of I over R. Then any RcI)- 

module is automatically a II-group, and in this sense we have 
(i) ALAC, G)=TorkTM(R, G), 
(ii) H"(IT, G)=Exthn)(R, G), 
(iii) A*I, R)=Extacm(R, R), ; 

where Extran(R, R) is provided with the ring structure defined by the composi- 
tion product O. 

Proof. Let X, be a free resolution of the Zil)-module Z. The augmented 
exact sequence X,—Z—0 is then direct as an exact sequence over Z, Therefore 
the lower sequence 

(55) X,Q2zR i 2Z@2zR(=R) -0 . 
is also exact. Now each X, in X, being AIl)-free, Xn@zR can be considered 
as an R(I)-free module, and (55) as a free resolution of the R(II)-module Z@R=R. 
Thus Tor¥@(R, G) is defined as the m-th homology factor of the lower 0-sequence 

(X,Q@zR)@xrawG , 
and Extran(R, G) as the »-th homology factor of the upper 0-sequence 

Homacn(X4@z2R, G) . 
We now show identities 

(X,@2zR)® ranG= X4@azayG , 
Homran( X4@2R, G)=Homzan(Xy, G), ; 

which will prove (i) and (ii). Since Xx is Z{l)-free, it is sufficient to obtain 
natural isomorphisms 

(ZIDQzR)QrawG= ZIN@zayG 5 
Homan ZID@zkR, G)=HomzaZI)), G) . . 

These identities are both obvious, for we have natural identifications 
(ZIM @zR)@xayG= RM) @xmG= G=Z1)@znG , 
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Homroan(ZUD@zR, G)=Homran(RUD, G)=G=Homzan(Z(), G) - 
To prove (iii) we first replace Z by R in (54) in the following way. Let Xx 

be a projective resolution of the R(11)-module R. Then, quite in the same way 
as in the case of Z, we obtain the exact sequence over R(II) 

Xy2(= X4@rXx) -R-O, 
and a translation 

X,—- R-O 
tr Ud it 

X> R->0, 

through which a bilinear multiplication 
(54’) Ext? (R, R)@z Exthan(R, R) > Exteii(e, R) 

is obtained. Obviously (54’) agrees with (54) under the identification 
Extza(Z, R)=Extra(R, R) , 

obtained in (ii). Therefore what we have to prove is the coincidence of (54’) and 
the composition product in the corollary to Theorem 4.1. 

Now, since the product (54’) and the composition product are both independent 
of the special choice of a projective resolution of the R(U)-module R, we may 
take as X, the special resolution ‘non-homogeneous complex of II’, namely the 
exact sequence 

Og € 
diet 3:Sisey Cc, — Ca-1 —pocsee Cy > Co 3, R — 0 

(0) 
over R(il), where C, is the R(II)-free module with base 

[s1, ...-, Sol (St, «..-, SoELT), 
and where we have put 

Oalsi, ...., Sal=SilSe, ---., Sa] + SYE(—1)'[s1, «2.2, SiSteay ve ee Sa] 
+(—1)%s1, .. ++ Sa-ils 

e[ J=1 
Then a translation r: Cy-C,2(=C,@xC,) extending the identity mapping of R 
is given as follows: 

Ta[S1, -. 00) saJ=[ 1@[s:, sees so]t+ Sits. seve, StHI@Sr.- . Si[Sia1s Pe) Sa] 
+[si, ...+) Sl@sr..--Sof 1. 

Therefore (54’) is given by the multiplication 

Homacan(Cp, R)X Homacm(Ca, R)>Homxai(Cr+a ®) 
defined as 

Cf -q)([Si, «- +09 Spy Spety «++ 0, Speol) 
=f ([s1, ©. ++) Spl)-g(Si-.+-Sp[Sp4t, «+s Spal) 
=f ([S1, «+++, Spl)-Si1..+-Sp9([Spoiy oes Sp+al) 

(fe Homaan(Cp, R), ge Homyar(Ca, R)) 
On the other hand, if we define R(II)-homomorphisms fx: Xpar>Xe (k=O, 

1, ....) for given fe Homacm(Cy, R) by 
SF iX(si, o ooey Sy; Spey. os ciey Spex N=S([si, eeecy Sp])*S1- ae -S)[Sp+15 see, Speal ’ 

then it is easy to verify 
O.0f c= fx-100 perk (k=1, 2; or euw 9) y 

eofyo=f, 
so that f={f, fo, fi, -.-.} defines a translation 
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+> Cygnett Cps1 Cp > Ry > 0 
J 1 1 L 

cee Cg meee KG, 9G eR- 0, 

where C,R,»R=f. Thus, for yé Homacm(Ca, R), the composition product f Ore 
Homran(Cp+, R) which, by definition, represents the composition product of the 
elements in Extran(R, R) represented respectively by f and g is so obtained that 

(faOg\[s1, seeey Spy Spets eeesy Sp+al) 
=9(f o([S1, +++) Spy Sptty + +++ Speal)) 
=9(f ([si, «- ++) Sp])+Si-++-SplSpei, +--+) Spea]) 
=f (si, 2+) Sp])*Si----SpG([Spaty 2+ +) Spvk]) . 

This shows the identity faOg=f-g and therefore, the coincidence of the product 
in H*(I, R) and the composition product in Extaan(R, R), q.e.d. 
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