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INTRODUCTION 

Let BP = (BE } be the Brown-Peterson spectrum given as an 

N-spectrum. In [9] the cohomologies of all the spaces BP were com- 

puted. In [6] the homology of these spaces is computed giving much 

more information, in particular, a technique for computing the comodule 

structure of Hy BP, over the Steenrod algebra is given. (All coefficients 

in this paper are “3 where p is the prime associated with the Brown- 

Peterson spectrum). In this paper an entirely different approach is taken 

to cohomology operations. We give a description of the structure of the 

indecomposibles QH' BP, as a module over the Steenrod algebra. This may 

occasionally be easier to compute with than the results of [6]. 

Let R be a sequence of non-negative integers (ry s%paee+)s Define 

a(R) = 5 2r,(p"=1), the degree of R. Define 4(R) = = r,. Let Vy be the 

graded group free over Zip) with a generator for each sequence R with 

4(R) = j and grade d(R). We can now form the generalized Eilenberg- 

MacLane spectrum K(V,) with 2-spectrum (K(V,4k)}. We have fundamental 

has degree 
* 

generators i, ¢ H K(V, 4k) for each R with £(R) = j and i R R 

a(R) + k. We have a map of modules over the Steenrod algebra 

s*(4,) QH'K(V, jk+2) —> QH'K(V, 4) 

* 
* . = D3 ° = * defined by s (a,) (3) Q, RA, where 4. is the sequence with one 

in the 522 place and zeros everywhere else and Q. is the Milnor primitive 
* ([4]). Any element a of QH K(V,, 51) can be written as = a, ip (4(R) = j) 

where ap € A, the Steenrod algebra. If a can be written such that each ap 
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is in the algebra of reduced pe2 powers (see section 2 for p = 2) we 

say a is without Bocksteins. 

Theorem A ‘The kernel of the map 8" (a;) restricted to all a € QH'K(V, ,2k) 
with no Bocksteins is a module over the Steenrod algebra which is iso- 

morphic to M,/M, _, in a filtration of QH BP... 

* QHBP, = MJ ++. My OM) Dd... M20 

by modules over the Steenrod algebra. 

Remark 1. HBPo. is a polynomial algebra and HBP, 4 is an exterior 
algebra. (See [9].) Likewise for Yo, and Yp,_1 below. 

Remark 2. The filtration is finite on each degree. 

Remark 3. From [9] we know that the cohomology suspension gives an 

isomorphism s" : QH" BP, _—> QH BP, 5 of modules over the Steenrod 
algebra so the theorem determines the structure for BP onl as well. 

Because the space BP. can be broken up into the product of much 

smaller spaces ([10]) this computation can be made even more accessible. 

In [10], irreducible spaces ¥, for k > 0 were constructed and the 

following homotopy equivalence was proved: 

BP = ATE YY j 

when (pot, .. 4p+1) <k <2(p+...+pt1). For k in the above range we can 
now give a description of QH'Y, as a module over the Steenrod algebra. 

Let V(a) be the graded subgroup of V5 where we only use sequences R with 

rs = QO for i>n. We have the same map 

8 (4,) QHYK(V(n) +1) —> QHK(W(n) 5X) 



s * ) (4) ek : defined by s (4, ip) = 2Q, RA, 

Theorem B. For 2(p*7++,..+p+1) < 2k < 2(p"+...4+ptl), the kernel of 
* the map s"(a,) restricted to all a € QH K(v(n) , 2k) with no Bocksteins 

$ 

is a module over the Steenrod algebra which is isomorphic to M,/ My 5 
% 

in a filtration of QH Yo, 

* 
QE Y, = MJ -.M, OM, | D..M, 0 

by modules over the Steenrod algebra. 

Remark 4. The cohomology suspension homorphism gives an isomorphism 
* x * 

of modules over x Ss ; QH Yow ——> QH Lone! 

Using this result, one can quite easily compute by hand the 

explicit Steenrod algebra structure of QH BP, as far as one wants. 

(fry using [2].) 

My apologies to anyone that is actually interested in seeing the 

proofs of the above theorems. You will learn quickly enough that com- 

plete intimacy with the notation and techniques of [9] is necessary 

for reading past the introduction. From your point of view, [9] and 

this paper should be one, however, the thoughts in this paper came 

somewhat later, and, it would be morally inexcusable to afflict the 

rather nice result of [9] with the presence of detailed proofs of the 

above theorems. 

These results were motivated by three things; first, several 

people kept asking me what I knew about the cohomology operations on 

the spaces BP. and Xe This paper is intended to supply an answer to 
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that question. Second, when the results were originally proven, serious 

applications existed. A mich better approach to the applications has 

since been found. The short-lived applications will be discussed briefly 

in section 3. Third, I am convinced (through computations) that ana- 

logous theorems exist for the homology and homology operations. I had 

always hoped to intertwine these hypothetical theorems and the present ones 

in a much more informative proof of the main theorem of [9] (H (BP, ,2(py) 
has no torsion.) which would eliminate the messy details in [9] ai here. 
However, I have made no progress here and the new proof given in [6] 
satisfies my personal quest. I do suggest that the analogous result 

dealing with homology operations could be a very Snhevegtine problem 
to anyone who solves it. 

Technical propositions and a proof of theorem A appear in 

section 1. Theorem B is proven in section 2. 

Remark 5. It is interesting to note that the results of this paper imply 

that every generator for HY, can be defined by some higher order co- 

homology operation on the k-dimensional class which arises because B is 

always zero as there is no torsion. 

Section 1. Theorem A 

Let us consider BP Here we have! 
2k" 

i. 
K(V.,,2k) —dy xd 

Neel 

Vig Ky 
xe7* K(V, ,2k+1) 

J xj 
where BP,.. = inv. lim. X . There is a filtration on H X° such that 

2k 
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iB EH x! ~ [AS 94 @E(...] @m[...] where E 

denotes an exterior algebra on odd degrees and TP is a truncated 

polynomial algebra of height p on even dimensional generators. The 

generators of E and TP are both determined by aw K(v, 2041) (Ke, 1)” 
There is a natural map PH ——> QH, where P and Q denote the 

primitives and indecomposibles of a Hopf algebra H. When this is 

onto, H is called primitive: 

Lemma 1.3. (1.1 in [9]) H' CH a sub-Hopf algebra over Z59 H primitive, 

then H' is primitive. 

If V is a graded module, let sly be the graded module with degrees 

lowered by one. TP is generated by af of the odd degree part of 

Q(H'K(V, ,2k+1)\\(5_4)"), and E is generated by a quotient of the even 
x : s 2 s *. * degree part, H K(V, ,2k+1) is primitive so by 1.3, H K(V, ,2k+1) Q(x, _ 4) 

; * ‘ * 
is too. So, for x € Q(H K(V, 2841) (51) ) we have x' —> x, 

* %. faa x a x' € P(H K(V, ,2k+1)\ (ic, ) Let xt —> x" ¢€ PH K(V,,2k+1). 5s 1x) is 
J dol J 

in the module of indecomposibles for E or TP. It is possibly zero. 

Lemma 1.4. (1:3 of [9]) 

(4,)"(87(a)) = 8x") 
a 

s the cohomology suspension homomorphism. 

We need just a couple more lemmas before we get started. 

* Lemma 1.5. (1.4 of [9]) Let a € PH” K(V,,2k+1). If s (a) = 0, then 
pat i a=P Xp Or as pP°x where P* € A is the 425 pedueed oe power, A et+1 

is the Steenrod algebra and xX, has degree i. 
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Lemma 1.6. (2.2 of [9]) 
* If ae KV, ,2k+1) and ae o(k, 4) (a) = 0, then there 

ss * x exists b ¢ 1” (Vy s2k+2) such that s (a) = (1,)"o(k,) (b). 

Now we can get to work and prove our main technical proposition. 

Proposition 1.7 (j) 

a(3) BoA X45)" = a / 0659)" 

e Fe * * 4 * 4 b(j) Hx? “1 (5_y) Cu'x! injects into H x97? 

: J * , A . e(j) HX // (x5) is a polynomial algebra on even dimensional generators. 

d(j) The maps in b(j) are split as algebras. 

Proof of a(j). Assume for j-l. The induction is easy to start. We have 

1.2; wm / 0054)" is clearly in H xd \ (5) so all we need to show 
for a(j) is that the generators of E and TP inject into HK(V, ,2k). By 

lemmas 1.4 and 1.5 applied to our description of generators for TP we see 

that they inject. By the same argument, the only generators of E that can 

possibly go to zero must be of the form BP Xo a4 or Pp" oy 22 
Q(HK(V, ,2+1) \\ (x, pods 
Case 1. BP Xo aed 

¥, t * 7 If Cry) (BP 444) = 0, then (xy) (%544,) = 0. Proof: If 
* ¥ 4.2 * % Fal p oth j j (54) (X5 ge? #0, then by b(j-1), it is not in HX /1 (55) CHX 

so since it is an odd dimensional primitive it must land in E (for xJnh), 
x t By a(j-1) it goes on through to H K(V,_,»2k) and there BP is injective on 
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- . 

1 jr) OP, 4,) #0. 
; : A * t = This contradicts our assumption that (x,y) (BP ee = 0, so 

\* 

% 
2t+1 dimensional classes ([7]) so (15 ) o(k 

(x, )} =0. By [8] there is a differential in the Eilenberg- ttl 

Moore spectral sequence that gives 1.2 which goes from Ce ey to 
Pie (cic 

(ky 

Ve tetas pe is zero in the quotient of Dbl *ott1 
Tak (Vv y~\ (k )*) hich gives the generators of E s j poker? \ (s3_,) ) which gives g i. 

Case 2 Pix, 
* The same type of argument as above shows that (x,y) (P*x,,) = 0 

5 chaes * t " th ; implies (514) (x4) = 0. In that case, P’x,, is ap” power in 
* *% 

H K(V, 2k+1) \ Gs, 3) and therefore zero in the indecomposibles. 
> VN = 

Proof of b(j) If b(j) is not true, then there must be some 
m. ; ; * # ja1 * ae ce KV 544 2) with(k,) (a) eHX //(&5_4) . a must be of even 

* * degree by c(j-1). Now by a(3), (4,)"o(k, (a) =0. Ifs (a) #0, by 

lemma 1.6 there must be a b with (i )* o(k,44)" (b) = s*(a). But if 
Jet 

this is so, then s*(a) must be in E_ H*xdt+ gor (x,,,)” (b) to hit, fo) Bayt 
¥ * thus (s,) (a) = 0O.. This is a contradiction, so s (a) = 0. By lemma 1.5 

G c 
a =P Xp, OF BP Xo tay? 

Case 1 a= BP xs aay 

If (5) (444) # 0, then by c(j-1) it must lie in B and by a(3), 
* re (4,)° o(k,)” Gingy,) #0. By the injectivity of pp® in H°K(V, ,2k) we 

have that (a,)" ok)” (SP a." a) #0. This contradicts our assumption 
x if hig he * rast cee i so (x) Cee = O and this implies (k,) (BP Xd = a) =O. 



= at Case 2 a=P Xo 

Assume ree Xo = a is the element of minimal degree with 
(k o (a) € H*(xd- V1 (54 » Clearly (x, " (x5) #0 and so es in TP by our ete condition. Me a(j), X54 g0es on to H* ae non-zero but pe %5_ cannot. This contradicts the fact that the peiped power of the image of X54 in H "K(V, 92k) will be non- 

Zero. 

Proof of c(j) 

First we must prove that everything in E for BR ott yd gets 
killed by (x, en Use a(j) and lemma 1.6 with techniques similar 
to those already repeated several times. 

For TP, I claim that in H*xd (as opposed to ft J) this is 
& polynomial algebra. A generator for TP comes from 

"ete € Q(HTM K(V5,2k+1) \ (x, j-1)) and by a(3), (i, yt (x54 44)) #0. Pp (Ci, i. (s” ve %5444))) # O because it is a pth power in a product of 
Bilenberg-MacLane spaces. By a(j), P * (5M 4) = (BG) must be st (p’x ote): 

The problem is to show that if (Kk, ie gets a pet power, say 7 Xoteq) = (xk, " e), then 28 also hits s~ eae Using the 
techniques of [9] one can show that Db 47 must be "with Bocksteins",. 
This can be used to show the necessary result. 

The proof of a(j) is nothing exciting and is left to the diligent 
reader of this paper ana [9]. 



We have the following corollaries to the proposition. 

Corollary 1.8 The diagram 1.1 gives rise to an exact sequence in the 

category of Hopf algebras. 

Corollary 1.9 

¥* 3 % ae * 
HX // (x5) > H BP, 

is injective and splits as a map of algebras. 

Corollary 1.10 

Sey * * 
Q(H x°// (5) ) > Q HBP, 

is injective. 

We can now define the filtration: 

* 
1.11 QH BP, = M, eee M, 2M, OD. M, 0 by setting -1 

x 3 * : M, = image Q(H X // (5) ). By corollary 1.10 and the construction 1.1 

of BF, this is well-defined. We have also already computed M/M, 4 

although not yet in quite the nice form stated in the theorem in the 

introduction. 

* 
If a ¢ PH K(V, 5k), we say a is with Bocksteins if a = = api, 

(24(R) = j) where each ap € (Q,) the left-right ideal generated by the 

Bockstein Q6 = B. We say a is with no Bocksteins if each ap is in the 

algebra of reduced pth powers. (For p = 2, if each a, can be written 

in terms of the Milnor basis gq‘) with all sequences made of even 
integers.) We have the map 

* * ¥. s (4a) :H K(V, +1) —>H K(V,_) 5%) 

. * ‘ ; defined by s (a,) (ip) = = tp: 
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Ea 
Bach a € PH K(V, sk) can be written as a = b + c where b is with 

Bocksteins and c is with no Bocksteins. In [9,p.50] we showed: 
* * 

Lemma 1.12 5 (4,) (a) = O if and only if both s (a) (b) =O and 
x 

s (a,) (c) = 0. 

We also proved a much stronger lemma than we quoted in 1.6. 

Lemma 1.13 (2.2 of [9]) 
x % 

If a ¢ PH K(V,,,k) with Bocksteins and s (a) (a) = 0, then there 
* * * 

exists b ¢ PH K(V 543%) such that s (a5...) (ob) = s (a). 
* Note 1.14 s (4,) and (4, _,)” o (k,_,)” are the same. jv? 

Note 1.15 We really needed 1.13 in the proof of e(j) when we referred 

the reader to techniques of [9]. 

Now, by the definition of the filtration M, (1.11), and the 
% 

proposition 1.7, we can compute M,/M; 4 We know that (x,) kills 
‘ ; * 3 * 

the odd dimensional generators in 1.2 and Q(H X // (x5) ) is even 
Ee 

dimensional. Even dimensional generators of H xd which do not come 
* 4. * from H xd Hl ey) come from TP in 1.2. Everything in Q(TP) comes 

* * 
from an a ¢ PH K(V, ,2k+1) (for BP.) with s (a,) (a) =O. From 1.12, 

% * * 
a=b+cands (a,) (ob) =O s (a,) (c). By 1.5 8s (b) 4 O (if b # O) 

vs * and by 1.13, s (5) is killed by (x) and so we need only concern 

ourselves with a =c, i.e., a with no Bocksteins. Furthermore, since 

* 
anything in the image of s (a...) is with Bocksteins, we have essentially 

computed M,/M; 4. Many of the generators of TP are not generators of 
* * H x9//(5) because they are p& powers, but that can be detected in 
% 

H K(V 552k). We have shown that M,/My 9 is the set of all 

% * * 
s (a) € QH K(V, ,2k) where a € PH K(V, ,2k+1) is with no Bocksteins and 
¥ 

s (d,) (a) = 0. This is not in the form we give in the introduction yet 

either. We need the following diagram and lemma. 
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. s'(a,) 7. 
1.16 QHK(V,_,,2k~1) <—_—-. gH K(V, 2k) 

t t 
C s (d,) 

* * PH K(V,_):2k-1) ee ey K(V, 32k) 
* : ts 

n s"(d.) ZI 
QH K(V, 5 ,2k) <—__—- gH K(V, ,2k+1) 

ts 

t t 

x (da yee 
PH K(V, 452k) ee K(V, ,2k+1) 

In the above diagram the map P —~> Q is the standard map. 

% 
Lemma 1.17. The set of all a € QH K(V, 2k) with no Bocksteins such that 

“t s’(4,) (a) is the same as the set of all s (a') ¢ QH'K(V, ,2k) 

at ¢ PH'K(V,,2k+1) with no Bocksteins and s" (a5) (at) =0. 
Sketch proof. We have the commutative diagram 1.16 to aid us in the 

visualization of the proof. By commutativity, every such s*(a') is 

contained in the first set and our only problem is to go the other way. 

All the vertical maps are onto, in fact, for a é QH'K(V,, ,2k) with no 

Bocksteins there exists a' € PHTK(Y., ,21+1) with no Bocksteins that goes 

down to it. All we need to show is that s"(4,) (a') =O. a' is an odd 

dimensional element and P —>Q is an isomorphism on odd dimensional 

elements. Also, s* is injective on odd dimensional elements by 1.5 

so we really have s*(d,) (a!) = 0 iff the lifting of a to 

a" ¢ PHK(V, 2k) has s"(4,) (a") =O. By commutativity, 8” (a, ( (a") = (x54)" 
= Bs as this is the only type of element in the kernel of the map P —> Q 
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and we must have zero in the upper left hand corner of 1.16. Now, using 

the techniques of [9] it is easy to show that Xi is with Bocksteins and 

* : ° : s (a5) (X54) = 0. Using lemma 2.2(j) of [9] we can find a 

# ; * sc You © PH K(V, ,2k) with no Bocksteins such that s (4,) (Yo4) = %4- Tf 

we alter our choice for a" by adding -PYy,, we obtain the desired result. 
This concludes the proof of theorem A stated in the introduction. 
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Section 2 The YX, and Theorem B 

As the BP. can be built up out of smaller spaces (see the theorem 

of [10] mentioned in the introduction), it is to our advantage to be 

able to compute with the XY instead of the much larger spaces BP... 

Y,, for 2(ponty, . pt) <k< 2(p'+...+pt1) is the ma space in 
the 2-spectrum for BP <n >, a BP module spectrum with m,BP <n > 

= My BP/ (V5 2Vnyoo': 

v, = 2(p-1). HBP = A/A(Q,,0,,0),..-) and HBP <n >= A/A(Q,,...,0,). 
.) where 2yBP = Zipybvys¥, »-..J with degree 

The theories BP <n > have their applications in [1] and [3] as 

well as in [10]. 

For k in the above range, BP. = 4% X= BP<n 76 X. The map 

BF. => XY, comes from the map of BP to BP <n >, Sines we have this 
splitting, the "Adams~Postnikov" construction for BP, (1.1) 

K(V., 4k) —> XxX 

| 
_—> Xo oy K(V,,k+1) 

J 

must also split at each stage. So, all we really need to do in order 

to determine the split off system for X is to identify the homotopy 

groups of X in terms of those for BP... This follows easily from the 

I _ i, ie ; . fact that vo = vy -.. in 1,BP corresponds to the I generator in 

THK (Vy (7 21k) modulo higher order products. A little thought (or a 

little work with the Adams spectral sequence for BP and BP <n >) 

will verify this and convince the reader that the splitting is as in 

the introduction, i.e., Xe is built from a system 



ails 

i(n), 
K(V(n) , 4k) > X(a) , 

k(n) sy 

X(n) 5) > K(v(n), +1) 

where V(a),, is the graded group, free over Zt») with a generator for 

each R = (ry stpaee+) with £(R) = j and r, = 0 for i>n. We have the 

same maps 

(a(n) 54)" ofe(n), 4)” (dg) = 8*(a(n),) (dg) = Byip a, 

Now, by the fact that each stage splits off from that for BP, 

we have injections on all of our cohomology and we can just read off 

theorem B. 

ral 

therefore described the Steenrod algebra structure of QH* BU. 

P 
As a novel application we have BD) - os Y,, and we have 

i= 

Section 3. Past applications. 

In [6] we consider the monster space 

BP = dir. lim.(n > -o) I BP 

Not only is this an H-space because it is a loop space (9 BP = BP), 

but there is another product which comes from the fact that BP is a 

ring spectrum 

PA waa B 2k BP on > BE> (Kan) . 

TL, BP = I,BP = Z(pybvy sVoo++ed. This gives rise to elements 

Cv, € HBP _p (p-1) Cc H BP, 

These elements generate H, BP. We have another select set of elements. 
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eee) % 2 00 ps BP (CP = BP’([T]] where T ¢ BP” CP. BP (X) = [x,BPJ, so let 

cp” —> BP, represent T. Now, we have generators B, € Hoy CP’ which 

we can push into . BP,. In particular we let 
ae 

b H BP. H.. aeP (1) : epi oC 2pi 
be the image of B 4° The b (4) generate the stable homology of BP using 

the second Sioaek mentioned above. In [6] we construct a "Hopf-ring" 
completely algebraically which is isomorphic to H, BP. The proof that 

they are isomorphic depends on the fact that the [v,J and b (4) generates 

H, BP if both products are allowed. In [6] we solve that problem by 

computing H, IBP directly in terms of the (v, J and “rene However, 

originally we proved it using the technical proposition 1.7. What follows 

is a very brief sketch of how we approached the problem then. 

If we consider H, IBP as an algebra using the loop space product, 

it is enough to show that the elements of QH, BP are linear combinations 

of elements 

vip = sielagl “ill tone) Pelayo 
where the circle denotes the second product we discussed. The element 

v, € ntyBP gives rise to a map 

i 
v, g2(P'-1) pp > pp 

which is just multiplication by Vie This also carries over to 

BP -—~> BP and gives a map 

(v,), ? H, BP —> H, BP 
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In fact, vib? is just (vw), (b"). By a simple induction we need 
only prove that the vy generate QH, BP. modulo the image of all the 

I : : . (v"), from the QH,BPoea(T) By duallity, it will be enough to show 
* 

that either x ¢ PH BP, is in the image of the cohomology suspension 
Kk 

* * from H BP or (yr) (x) 4 0 for some I. We know from [9] and [5] that 
if x is a primitive it is either a primitive generator or a on power 

* of one. By the fact that H BPo. is a polynomial algebra, the pe 
powers will follow if we can prove it for primitive generators. So, 

* 
x € QH BP: By the definition 

%* 
of the M, and proposition 1.7 we have (i,) (x) #4 O and is in fact an 

Find j such that x ¢ M, but x f Ms 

% % 
element with no Bocksteins in QH K(V, ,2k). Find an ip,€ H K(V ,2k) 

* 
such that the coefficient in (35) (x) == Api, has ay, ip, ree | 

little hand-waving should convince the reader that the map 

Rr . 
Vo 2B > BP Fomea(Rt) ak 

actually factors through K(V,, ,2k) and ip: pulls back to the generator 
k+d(R') y of H BPota(R')* 

that the homotopy of B 

This is just the fact mentioned in section 2 

Fok 
5 . R',\* £(I) = j modulo higher order products. In particular, (v ) (x) = ap 1¥ 

given by K(V, ,2k) is just the vi with 

* 
which is non-zero and in the image of H BP. 

% 
Remark: The above notation allows us to define M, C QH BPo, 

directly. 

PG : ow M, Lt}> 3 ker(v ) 
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