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The purpose of this paper is to explore the relation between stable homotopy 

theory and the functor A(X) of the title. The relation turns out to be very simple: 

The former splits off the latter. 

This splitting of A(X) is an unexpected phenomenon. Consider the case where 

X = *, 

a point. In this case we may (and will) take as the definition 

A(t) = 2x ( lim B Aut ves") )* 
nyk 

where 

vgn = wedge of k spheres of dimension n 
Aut(..) = simplicial monoid of pointed homotopy equivalences 

B Aut = its classifying space 

(...)* = the + construction of Quillen 

ae 4 by suspension, and by wedge with identity maps, respectively. 
Ny 

The artificial factor Z is required to avoid disagreement with other definitions 

of A(*). Thanks to a theorem of Barratt-Priddy, Quillen, and Segal on the other hand 

stable homotopy is definable in terms of the symmetric groups, 

as” x 2x (lim BE, )”. 
k 

Since Ey I Aut(v<s°, the map 
Aut(vKs°) ——+ rim Autcv's") 

n 

therefore induces a map as” = A(*). It is this map for which the splitting theorem 

provides a left inverse, up to homotopy. 

Let us compare with known facts from algebraic K-theory. There is a map from 



357 

A(*) to the algebraic K-theory of the ring of integers, 

K(Z) = 2x ( i BGL,(Z) )" , 

it is induced from 

Aut(ves") —» AutcH (vES")) 9 Ghy,(2) 
This map is a rational homotopy equivalence [14] (an easy consequence of the finite- 

ness of the stable homotopy groups of spheres 1 i>o). 

The composite map 

Q°s —» Ae) —> K(Z) 

is the usual map resulting from identification of a symmetric group with a group of 

permutation matrices. This map has been studied by Quillen [10]. The main result 

is that 

— kK 
rs) 

Tak+3 an+3 2) 
is injective on the image of the J-homomorphism, the subgroup Im, in fact, the +33 
map is split injective on the odd torsion, and also on the 2-torsion in half the cases 

(k odd). In the other half it is not. For, Lee and Szczarba [5] have computed K, (2) 

and as a result the map IM) 443 > Kin a3 (4) is, for k= 0, the inclusion 

8 3% > K, (2) ww Z/48 . 

Browder [3] has deduced from this that the map is not split for all even k. It also 

2/24 = Iml. 

follows from the Lee-Szczarba computation that 1 2 K; (2) is not in general injec- 
tive, and specifically [3] that 

2/2 1 
is the zero map. To sum up, the relation between 1 and K; (2) is very interesting, 

— Ke (4) 

but apparently also very complicated. Certainly the map as” = K(Z) does not split. 

One may wonder here how possibly a result can be provable in the ‘non-linear’ 

case (the splitting theorem for A(X) ) but fail to hold in the ‘linear' case (alge- 

braic K-theory). The answer is of course that the proof does not really break down 

in the linear case, it just proves a different result. This result will be discussed 

at the end of the paper. 

Returning to the splitting theorem, to prove it we must in fact prove a stronger 

result involving the stabilization of A(X) , 

AS(x) = Lim oTM fibre( A(STMAX,) > A(#) ) 
m 

where 

xX, = X with a disjoint basepoint added 

fibre(..) = the homotopy theoretic fibre 

m 
2 = the m-th loop space, 
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and where the direct system involves certain naturally defined maps. 

There is a natural transformation 

A(x) —» A5(x) 

of which one should think of being induced from the identification of A(X) with 

the O-th term in the direct system defining AS (x). (There is a technical point here. 
The definition of A(X) we use requires that X be connected. So the O-th term in 

the direct system is not defined. So the map 

A(X) —» & Fibre( A(S'AX,) + A(®) ) 

must be artificially produced. We have to introduce the external pairing for that 

purpose). 

Theorem. There is a natural map, well defined up to weak homotopy, 

AS(x) —» a°s"(x,) 
so that the diagram 

as" (X,) 

SL, 
A(X) ——» AS(x) —> a8" (x,) 

commutes up to (weak) homotopy. 

Recall that two maps are called weakly homotopic if their restrictions to every 

compactum are homotopic. ‘Weak homotopy’ is the price we have to pay for working 

with stable range arguments. 

To produce the required map on AS (x) is equivalent more or less, in view of 
the definition of a, to producing for highly connected Y a map, defined in a 
stable range, 

co @ 

A(Y) —>» QS (¥) . 

It is not obvious that such a map should exist, and considerable work goes into its 

construction. 

Our method to produce the map is to first manipulate A(Y) ina stable range 

(section 3). A curious construction of simplicial objects is needed here which will 

be referred to as the cyelte bar construction. The idea for this construction comes 

from unpublished work of K. Dennis (talk at Evanston conference, January 1976), in 

fact, the Hochschild homology that Dennis uses may be regarded as a linear version 

of the cyclic bar construction. General facts relating to the cyclic bar construction 

are assembled in section 2. 

Given the manipulation of A(Y) in the stable range, a map A(Y) > a°s”(¥) ’ 
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defined in a stable range, may simply be written down (section 4, there are however 

some technicalities involved here) and it is entirely obvious that this map admits 

some section. 

We are then left to show (section 5) that the section is what we want it to be. 

This requires some preparatory material which is scattered through earlier sections, 

particularly section 1 which gives a review of some general properties of A(X) and 

of material involved in the Barratt-Priddy-Quillen-Segal theorem. 

§1. Review of A(X) and stable homotopy. 

Let X be a simplicial set. We assume X is connected and pointed, so the 

loop group G(X) in the sense of Kan [4] is defined. The geometric realization 

IG(X)| is a topological group which will be called G for short. 

Letting G, denote G with a disjoint basepoint added, and veg the wedge 
of k spheres of dimension n, we form the G~space 

v¥stra, Cm VASteG / #xG ) 
which should be thought of as a free potnted G-cell complex with k G-cells of 

dtmenston n. 

We consider the simplicial set (= singular complex of the topological space) of 

G-equivariant pointed maps 

k k My. (G) = Map, Vv S'ac,, V“S"aG,) 

which may be given the structure of a simplicial monoid, by composition of maps. 

Further we consider the simplicial monoid of G-equivariant pointed weak homotopy 

equivalences 

H(e) = Aut (WésaG,) « 
There is a stabilization map from m to m+l, by suspension, hence we can form the 

direct limit with respect to m. We can also consider a stabilization map from k 

to k+l; in the case of Hy (G) it is given by adding the identity map on a new 

summand in the wedge. 

Using the identity element of G we have a canonical map 8° > G,. By restric- 

tion along this map we obtain an isomorphism 

Map, (WKS"AG,, ve g*aG,) — 5 Maps", ve gtac,) 
This isomorphism in turn restricts to an isomorphism from the underlying simplicial 

set of HG) to a union of connected components of Map v*s?, vesAG,). 

It is suggestive to think of NEG) as a space of kxk matrices of some kind. 
The suggestion is particularly attractive in the limiting case n=, for in this 
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case My (G) is actually homotopy equivalent, in the obvious way, to the product of 
kxk copies of 

MT(G) = lim Map(s", S*aG,) = a°s"(G,) , 
n 

and the composition law on My (G) corresponds, under the homotopy equivalence, to 
matrix multiplication. 

Let nH? (G) denote the nerve (or bar construction) of the simplicial monoid 
Hy (G) it is the simplicial object 

[m] K—> Hy (G) Xue x HG) (m factors) 

with the usual face structure. Let B HG) = INH? (G) | be its geometric realization. 
Then, by definition, 

A(X) = Z x ( lim B Hp (G) )* 
nk 

iy 

where (..) denotes the + construction of Quillen [9] (recall that G denotes the 

geometric realization of the loop group of X ). 

This definition is essentially the same as the first definition of A(X) in [14]. 

To make the translation one verifies that the space BH, (6) used here is homotopy 
equivalent to the classifying space of the category used there (this is the content 

of [14, lemma 2.1], essentially). The requisite arguments are probably well known, 

a detailed account will be in [15]. 

The above construction can also be made for any finite mn, giving a kind of 

unstable approximation to A(X). In particular, the case n=O gives stable homo- 

topy. Indeed, H9 (G) ss S(G) (the singular complex of G ) and in general 

0 ~ He(G) © Ey J Sc) 

(wreath product with the symmetric group on k letters). Hence the theorem of 

Barratt-Priddy, Quillen, and Segal [11] gives a homotopy equivalence 

co R + Ca°s"Ix,l =) 2°s"(BSG),) ~ 2x ( Via BH2(G) )” . 

The map 

0 . rn Hy (G) —> iim Hy (G) 

therefore induces 

a°s"1X,1 —» A(X) . 

We will need a different description of this map, in a stable range. 

Lemma 1.1. The following diagram commutes up to weak homotopy (homotopy on compacta) 

in which the homotopy equivalence on the right is that of the Barratt-Priddy-Quillen- 

Segal theorem and the map on the bottom is the natural stabilization map: 
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BH? (¢) ——» BHS(G) ——» Z x BHO(G)TM 

|: 
IX! +» 2°S" 1X, 

The lemma is, essentially, a quotation from Segal [11]. Before making this 

explicit we review some material on T-spaces. We do this in some detail as the material 

will also be needed for other purposes, particularly the treatment of pairings below. 

(1.2). [T-spaces. Our reference is Segal [11]; cf. also Anderson [1] for some re- 

formulation. Let s denote the basepointed set with s non-basepoint elements 

1, ..., s. We recall that a (special) [-space is a covariant functor F from the 

category of finite pointed sets to the category of spaces (respectively, the category 

of (multi-)simplicial sets in our case) which satisfies that F(Q) = *, and which 

takes sums to products, up to homotopy; this means, if P,? XyVXy 7 Xj is the re- 

traction which takes X, to the basepoint, and Pp similarly, then 

(Py x2Pox)? F(X, VX, ) > F(X,) x F(X,) 

is a weak homotopy equivalence. The space F(i) is called the underlying space of 

the T-space F. 

In our present situation we have for every n=0, 1, ..., or =, a I-space 

fe whose underlying space is 
n _ n i * ll, NH, (G) . 

The higher terms can be obtained by a general procedure of Segal [11, section 2]; the 

next term is 

n _ n n n n x yt 
Fo) = LC BHG@) & BHTGG) x BHR CG) ) J HG) * HT CG) 

where E denotes a universal bundle (one-sided bar construction) and ‘/' means 

quotienting out of the action, and the general term is 

n 
FCs) - i k 

where kK_= £ k 
o 

n n ze (Mocs By (OD 1 Hy * Hy (@) 
yore 

Returning to the general notion of I-space, we can extend the functor F, by 

direct limit and degreewise extension, to a functor defined on the category of pointed 

simplicial sets. For example if the original functor took values in the category of 

simplicial sets, the extended functor will take values in the category of bisimplicial 

sets. 

In the special case of a [-space which is 'group-valued' (for example this holds 

if the underlying space is connected) the extended functor is a (reduced) homology 
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theory; that is, it preserves weak homotopy equivalences, and it takes cofibration 

sequences to fibration sequences up to homotopy, cf. [1] and e.g. [13] for a more 

detailed account. In view of a natural transformation XAF(Y) > F(XAY) it therefore 

gives rise to a (connective) loop spectrum 

IF)| sy alFcs')! , 1 F¢s!) | Ss aiFcsy1 ye. 

Our [-spaces FG are not group valued in the above sense. In this general 
case the list of properties must be weakened a bit, namely the extended functor F 

will not in general produce a fibration sequence from a cofibration sequence unless 

the latter involves connected spaces only. Thus the spectrum mw F(STM) is a loop 

spectrum only after the first map. The space F(s') is equivalent to the underlying 

space of the [-space which in Segal's notation would be called BF, and one of the 

main general results about [-spaces says that it is computable by means of the + con- 

struction. Specifically in our situation we have 

QlFe(s!y)| ~ Z x ( lim BH?(c) )*. 
G > k 

k 

Thus in the cases n=O and n= © we recover as" 1x, | and A(X), respectively. 

Remark, The latter homotopy equivalence is well defined up to weak homotopy only 

(for it is obtained by means of an isomorphism of homotopy functors on the category 

of finite CW complexes [11]). This kind of ambiguity (weak homotopy instead of homo- 

topy) arises frequently in connection with the + construction. It would be tempting 

to avoid the ambiguity by avoiding the + construction, and specifically by not using 

the universal property. We could indeed avoid the + construction altogether. But 

the effort would be in vain. For the stable range arguments that we have to use 

later on, would re-introduce the ambiguity. 

Proof of lemma 1.1. This is a corollary of Segal's proof of the homotopy equivalence 

of infinite loop spaces 

co © s 0 
RS IX, = OIF ory 

In [1!, proofs of propositions 3.5 and 3.6] Segal does in fact exhibit a specific map 

1 yl. 

. +1 of spectra from the suspension spectrum of [IX,] to the spectrum me QIFS (yy )I 

which he then shows is a weak homotopy equivalence of spectra. Since the receiving 

spectrum is a loop spectrum this map is characterized by the map of first terms which 

is the composite map 

BSIG(X)1, —— > |] , BAR(G) = 1FQ(S°)1 ——+ @IFacs'y | 

BS|G(x) | ——> BH? (c) 

+ —— > BH?(G) 

. . . . . * ‘ . + It is immediate from this that there is a version of lemma 1.1! in which 2% x BHo.(G) 
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has been replaced by alFe(s') |. To translate into the form stated, one has to take 
into account the way the homotopy equivalence between these two spaces arises [l1, 

section 4] and particularly the way that Z x BH? (G) arises as the telescope of 
Li BH; (G) and a shift map. q 

(1.3). Pairings. Smash product induces a pairing H*(G) x Ht! (Gt) — Ht*R coxg!y a Sikes k k! kek! 
and therefore also a pairing of I-spaces (resp. of their extensions described above) 

Fn PGCE) A FG") > FOYE (vay!) 

The pairing is compatible with the natural transformation Y" A FM) —> Fa CeMay). 

Taking Y and Y' to be spheres, we have in particular 

Fas) a PS) oF gm) 
x 

which defines a pairing of spectra because of the compatibility with the structure 

map sia Fu) — Fist) < 

Using that, for m> 0, we have A(X) = WIFE gy (SI, and using that the weak 
homotopy equivalence G(XxX') > G(X)xG(X') induces one 

~ a 
> Fox) xc(X!) (Y) ’ 

we thus obtain a pairing, well defined up to (weak) homotopy, 

n Foxxx) © 

A(X) a A(X') —— A(XxX') . 

Note that the pairing could also have been defined more directly in terms of 

the definition of A(X) by the + construction (similarly to the pairing in K-theory 

in [6]); with the present definition any desired naturality properties of the pairing 

are essentially obvious. 

The pairing formally implies others. Let A(X) be the reduced part of A(X), 

A(X) = f£ibre( A(X) > A(x) ) 

Taking the difference (with respect to the H-space structure) of the identity map on 

A(X) and the composite map A(X) > A(x) + A(X), one obtains the required map in a 

splitting 

A(X) = ACK) x AH). 

There is a pairing 

A(X) A ACY) ——> ACKaY,) 

which is definable as the composite map 

A(X) A ACY) ——> ACK) A A(X) —> A(KxY) —> A(KeY/Hxv) 5 
it satisfies that the following diagram is (weakly) homotopy commutative 
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A(X) A A(Y) ————= A(XxY) 

A(X) A ACY) ———> A(KaY,) . 

Similarly there is a pairing 

A(X) a ACY) ——» A(KAY) 

There are analogous pairings involving (reduced and/or unreduced) stable homo- 

topy, resp. stable homotopy and A(X). For uniformity of notation we let 

COTMS"IX,1 =) Q(X) = 2x ( Lim B HR(G) )* 
k 

Lemma 1.4. There is a map A(X) > A(S*AX,) so that the diagram 

Q(x) —S-+ 2@(slax,) 

A(X) ——+ 04 (51 aX,) 

commutes up to homotopy. 

Proof. Let s! > acs) > as’) be the Hurewicz map from homotopy to stable homotopy 
(the first map is that of lemma 1.1). Using the above pairings we have a diagram 

Ss) a Q(X) ——+ G(s!) a Q(X) ——> Q(s1Ax,) 

s) py A(X) ——> Q(S!) a A(X) ——> ACs ax,) 

and the adjoint of the composite map on the bottom will have the required property 

if we can show that the adjoint map 

Q(X) ——» 29(S!ax,) 

is a homotopy equivalence. 

We note here that in treating this Q(X) the necessity of having X connected 

and pointed is of course an illusion. For 

vy x 
NOX, fo) ) w Ex, x © no(K* = wx, x * x 

so that we are in the situation of [11] and the term on the right is quite generally 

defined. Furthermore the pairing extends to this more general situation. Therefore 

Q(X) ——> 29(S'Ax,) 
is in fact a natural transformation from stable homotopy theory to itself, and it 
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suffices to show it is a homotopy equivalence in the case X =x. 

Since Q(*) + 2Q(8') extends to a map of spectra it suffices in fact to show 
that it induces an isomorphism on Ty equivalently, that its adjoint is surjective 

on 1 But from the explicit description of the Hurewicz map (lemma 1.1) we see 7 

that the composite map 

st » s°5 ——+ 9! va Q(x) ——> Qs!) a Q(*) —— Q(s') 

| 
Q(s!) A Q@(*) ——» Q(s?) 

is itself the Hurewicz map, and we are done. o 

§2. Simplicial tools. 

(2.1). The realization lemma. This asserts that a map of simplicial objects which 

is a weak homotopy equivalence locally (i.e., the partial map in every degree is a 

weak homotopy equivalence) is also one globally. We need a version of this for 

finite connectivity. 

We say a map is k-conmected (or is a k-equtvalence, by abuse of language) if it 

induces an isomorphism on T; for j < k, and an epimorphism on Th 

Lemma 2.1.1. Let X.. 7 Y.. be a map of bisimplicial sets. Suppose that for every 

n the map of simplicial sets X., + Y., is k-connected. Then the map X.. 7 Y.. 

is also k-connected. 

Indeed, recall the argument in the case k=», cf. e.g. [16]. One considers 

the ‘skeleton filtration' of (X..1 induced from the second simplicial direc- Xn) 
tion, that is, X is the geometric realization of the bisimplicial subset of X.. 

(n) 
generated by X., . Then one proves inductively that Xn) cd Yn) is a k-equivalence 

using the gluing lemma. The same argument works in the case of finite k in view of 

the following version of the gluing lemma. 

Lemma 2.1.2. In the commutative diagram 

X1<——* Xy ——> Kp 

L! {| | 
Yy—~< Yyg —> Yn 

let the two left horizontal maps be cofibrations, and suppose that all the vertical 

maps are k-connected. Then the map of pushouts X,Y, X% > Y,Uy Y, is also k~connec~ 
0 0 

ted. a 
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(2.2). Partial monoids. This notion, due to Segal [12], allows a concise descrip- 

tion of certain simplicial objects. By definition, a partial monotd is a set E 

together with a partially defined composition law 

Ex E > ED —__E 

which is associative in the sense that if one of (e,e,)e3 and e, (e7e3) is defined 

then so is the other and the two are equal. Further there must be a two-sided iden- 

tity element * and multiplication by * must be everywhere defined, that is, 

EvEc E, 

The simplicial set associated to the partial monoid (we refer to it as the nerve 

of E, notation NE) is given by 

[n] + E, = set of composable n-tuples 

with face and degeneracy maps given in the usual way by composition, resp. by inser- 

tion of the identity. 

Similarly one has the notion of a stmpltcial parttal monotd; its nerve is a 

bisimplicial set. 

For example [12] a pointed simplicial set X can be considered as a simplicial 

partial monoid in a trivial way, with X, = XvX. The nerve in this case is the 

simplicial object 

InJ ees Xv... vx 

<— 1—> 

whose diagonal simplicial set is a suspension of X. 

Other examples arise in the following way. Let M be a monoid and A a sub- 

monoid of M. Then we can manufacture a partial monoid by declaring that two elements 

of M shall be composable if and only if at least one of them belongs to the submo- 

noid. Thus M, = MxAUAXM, and M, is what we will refer to as a generalized wedge, 

vTM(M,A) = set of n-tuples of elements in M, 

with at least (n-l) elements in A. 

Similarly this construction can be made with a simplicial monoid M and a simplicial 

submonoid A of M. 

Lemma 2.2.1. In this situation, if A-+M is (k-)])-connected then the inclusion of 

simplicial objects 

[n] +—» (¢ V"(M,A) ——>TMTM ) 

is (2k-1)-connected. 

Proof. In view of the realization lemma (2.1.1.) it suffices to show that for every 

n the inclusion v"(M,A) oM" is (2k-1)-connected. This is certainly true if n 
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is either O or 1 as the inclusion is an isomorphism in those cases. The case 

n= 2 follows from the following remark. 

A map of simplicial sets is (k-1)-connected if and only if its geometric reali- 

zation is homotopy equivalent to an inclusion of CW complexes K~+X so that XK 

has no cells of dimension < k. Let similarly YTML_ have no cells of dimension 

<1. Then XxY ~ XxLUKxY has no cells of dimension < k+l, and therefore the map 

XxLUKxY > XxY is (k+1-1)-connected. 

The general case follows inductively by factoring the inclusion suitably and 

using the same remark and the gluing lemma. a 

Finally we will need to consider, in this framework of partial monoids, the no- 

tion of semt-dtrect product. 

Suppose first that F is a monoid (which we think of as multiplicative) and 

that E is another (which we think of as additive). Let F act from both sides, 

and compatibly, on E (in other words, if F°P denotes the opposite monoid of F 
then Fx F°P acts on E from the left, say). In this situation, the semi-direct 
product 

FRE 

is the monoid of pairs (f,e) with multiplication given by the formula 

(f,e)(f',e') = (£f', ef' + fe') 

Remark. In case this looks unfamiliar, consider the case where F is a group. Here 

one can rewrite in the usual form, as follows. Write 

(f,e) = (£, £8) 

where 6 = fle, Then 

(£,£8) (£",£'8") (f£', £8£' + ££") 

= (££', (ee')f' /e £' + (fE")8') 
and hence with [f,&] = (£,£8) the multiplication is given by the formula 

{f,éllf',e'] = ([ee', e feet + at] 
This ends the remark. q 

Suppose now that E is a partial monoid on which the monoid F acts compatibly 

from both sides. We need to assume that E is saturated with respect to the action 

in the sense that the following condition is satisfied: for every pair (e,e') whose 

sum is defined, and for every f, the sums of the four pairs 

(fe,e') , (ef,e') , (e,fe') , (e,e'f) 

must also be defined (they need not however be related in any particular way). Under 

this assumption the formula (f,e)(f',e’) = (ff£',ef't+fe') carries over to define a 
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partial monoid Fk E with underlying set FE and with (Fx E)> ® Fx Fx Eo. 

We will be especially concerned with the particular case where E is a pointed 

set X considered as a partial monoid in a trivial way. In this case (F ®TM E)., is 

the generalized wedge 

(F x XY, = V" (exx, Fx*) ws EF" x (Xv...vX) . 

In particular (F & X), ss FxFx(XvX), and the partial composition law is given by the 

case distinction 

i
 (£,x) (£",*) (££", xf") 

(£,*) (£",x) (f£', fx) 

All of the above extends to (and will be used in) a simplicial framework. 

(2.3). The cyclic bar construction. Let F be a monoid which acts on a set X 

both from the left and the right, and compatibly. The cyelte bar construction is 

defined to be the simplicial set 

NOV (FLX) , (k] Ree Fx... x FRX 
— k— 

with face maps 

dg (Epsessrfygs X) = (Eyyeeesfys xE,) 

ds (Eseeeefys x) = (Eyoeessfs fi proses of ¥) if O<i<k 

dy (Ep 5+++ sf, x) = (Ey ,-++sf ys £ x) 

Similarly if F is a simplicial monoid and X a simplicial set, the cyclic bar con- 

struction is defined in the same way, giving a bisimplicial set. 

The cyclic bar construction may be regarded as a generalization of the two-sided 

bar construction. Indeed, the latter may be identified to the special case of the 

former where X is the product of two factors of which the first has a left F-stru- 

ture and the second a right F-structure, respectively. 

As another example consider the case of a (simplicial) group acting on its under- 

lying (simplicial) set from either side by multiplication. Then the map which in 

degree k is 

(Sp o+++sBys g) —, (Ep o+++ Bye B(8)+++8,) ) 

defines an isomorphism from n°7 (6,6) to the one-sided bar construction of G acting 

on itself by conjugation. The latter represents the free loop space of NG. 

The case of main concern to us arises in the situation where a (simplicial) mo- 

noid F acts on a (simplicial) partial monoid E in such a way that the semi-direct 

product F&® E is defined. In this situation F will also act on the nerve NE in 
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such a way that the cyclic bar construction noY (F, NE) is defined. We denote by 

diagN°¥(F,NE) the simplicial (resp. bisimplicial) set resulting from diagonalizing 
the two N-directions of the latter. 

Lemma 2.3.1. There is a natural map 

u: diag N°’(F,NE) ———> N(F & E) 

The map u is an isomorphism if F acts invertibly. If w)F is a group then u 

is a weak homotopy equivalence. 

Proof. In the formulas to follow we will suppose for simplicity of notation that F 

and E are a monoid and partial monoid, respectively, rather than a simplicial monoid 

and simplicial partial monoid. In the general case the formulas are exactly the same 

except that a dummy index has to be added everywhere. 

By definition, diag n°" (F,NE) is the simplicial set (resp. simplicial object 
in the general case) 

(n] +— Fx...xF x ELC FX...xF x Ex...%E 

—n— -n- —n- 

with face maps taking (f,,...,f 3 @yoeeere.) to 
] n 

dy (++) = (f,-+9f,3 eof, ,+-,e,f1) 

yee, ££ diGd = CE, ‘rity? 
dG) 

£3 €,,..,e.+e. n’ ? > L “8 Oo<i<n i+]? af) , 1 

(Eyoee sf 5 eS ee ’ 

while N(F &k E) is given by 

{n] +——» (F & E), © FKEX ... % FXE 

— n—> 

with face maps taking (Ep sepseees fey) to 

dy (+) = (f£5,e53-.5 f,e,) 

s . . . . i< d.(..) (£,,e, 5-63 fefeap ef they yp see es fey) ; Oo<i<n 

di(+-) = (Ep ,ey 5053 Eaten) 

We define UE reef : @poeere,) to be 
n 

( f\> (£,.-f)e,(£)) 3 fy, (£5+-f£,)e, (£) £5) peer fs (£ de (,--f,) dd, 

then the collection of maps u, forms a simplicial map u as one checks. Here is 

the situation for face maps: evaluating on (fp s+eof ; @yo+22e,) we obtain 
n 

(dou!) ( fy» (f5+-£ Jey (f/f) Sawa § f. (fe (f,--£)) ) 

(u_ 14g?) ( fy, (£5+-£,) (egf,) (£y) Jaye a f. (£) (ef) E+ -£,) ) 
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and similarly with day and u_,d , further if O<i<n then 
n-lon 

(djult) (er fifiap (f,..f de (£)--f£5,) + ECE fea Eye fia? i wa) 

(u_ 45) Ciad fifsip> CCE fe DE yor £L) (estes yg) (Ep fy) yf i) a wal 5 

thus the identities for iterated face maps are satisfied. 

If the two actions of F on E are invertible then each of the maps uy is 

an isomorphism, therefore u is an isomorphism in this case. 

Suppose now that 1)F is a group. Then any action of F is homotopy invertible, 

that is, if F acts, from the left say, on X then the shearing map 

Fx X — OF x X 

(£,x) -—— (f,fx) 

is a weak homotopy equivalence. Therefore in order to show the map us is a weak 

homotopy equivalence it suffices to write it as a composite of maps each of which is 

isomorphic to a shearing map. But uy is isomorphic to the composite map 

u 

Fx...xF x EL —_, (F x EB) —_* , Fx...xF x EL 

and the latter may be factored 

Ly vor DO. Ya, wee 2 (composition from right to left) 1 non 5 7 1 

where ry is the restriction of the map 

F x,..x F x E X,.,x E ———— > F x...x F x E x,..x E 

(Epseees Eb Cpreees e) —d (Epaeees fi Cp rerr@s ys e.f5,-.,e £3) 
n 

and where 1, is similarly defined using the left action. 

Thus each of the maps u, is a weak homotopy equivalence. In view of the 

realization lemma therefore the entire map u is a weak homotopy equivalence, too. 

The proof is complete. o 

§3. Manipulation in a stable range. 

In the theorem below we will suppose that X is highly connected and, for tech- 

nical reasons, that it actually be given as a suspension. While there is no canonical 

way to suspend a simplicial set, a choice can of course be made universally. Our 

present choice is to be made so that G(SX) is the free simplicial group generated 

by the non-basepoint simplices of X [4]. The geometric realization of the canonical 

map X > G(SX) then represents [XI| > QSIXI and is (2m-1)-connected if X is (m-1)- 

connected. 
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If V, W are pointed topological spaces we denote Map(V,W) the pointed sim- 

plicial set (= the singular complex of the topological space) of pointed maps from 

Voto W, and #H(V) the simplicial monoid of pointed (weak) self-homotopy equiva- 

lences of V. Ina context of G-equivariant maps the analogous notions are indicated 

by a subscript G. 

The simplicial monoid Hovkg’ty acts from the left on the pointed simplicial 
set Map (veg vE sa Ix), by composition of maps. But it also acts from the right 
in view of the canonical map 

Hes) ——s Hovksaixty , 
h haid 

Ix] 

and the two actions are compatible. Hence the cyclic bar construction, cf. (2.3), 

ne¥C HES), Mapes" vES"aIXL) ) 
is defined. 

Theorem 3.1. Let X be a pointed simplicial set which is m-connected, m 30. Let 

SX be its suspension. Then the two spaces 

k N Hiecgxy 1 S"alG(SX) |) 
and 

eX Hoes), Mapes v¥s"alsxl) ) 
are naturally q-equivalent, where 

q = min(n-2,2m+l) 3 

that is, there is a chain of natural maps connecting these two spaces, and all the 

maps in the chain are q-connected. 

Naturality here refers to m and k, and the X variable. We will also need 

a further piece of naturality which we record in the following addendum. 

Addendum 3.2. There is a chain of (2m+1)~equivalences between NG(SX) and SX, and 
a transformation from this chain to the one of the theorem with the property that the 

first map in the transformation is the composite of NG(SX) > WA? (16(SX) 1) with the 
inclusion NH? (1G (SK) 1) > wHy (1G(SX) 1) (cf. lemma 1.1); and the last map in the 
transformation is given by the composite map 

SX —» Sisx| —=+ Mapcv's® ,v's°alsxl) ——» Mapcv<s? vks"aIsxi) 

together with the identification of the latter space with the term in degree O of 
cy No Gee) 

The proof of the theorem will occupy this section. The addendum will be noted 

as we go along. The chain of maps will consist of five maps; it could be reduced to 

four as the first two maps are composable. Each of the maps will be described in its 
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own subsection. 

(3.3). The first map. The simplicial monoid of the theorem, 

k Mracgxy S*AIG(SX) 14) 5 

can be considered as a simplicial partial monoid by declaring that multiplication of 

elements in a fixed degree is possible if and only if at most one of them is outside 

the simplicial submonoid 

Hwegty 
Thus the nerve of the simplicial monoid contains as a simplicial subobject the nerve 

of that simplicial partial monoid (the situation of lemma 2.2.1). The inclusion map 

will be our first map. 

To verify the asserted connectivity, and also for its own sake, we do some re- 

writing now. As pointed out in section 1, the canonical map go» IG(SX) 1, induces 
an isomorphism from the underlying simplicial set of the simplicial monoid to a union 

of connected components of the simplicial set of maps 

Map vs", v¥ ga 16(sx) 1) 
we denote this union of components by 

Map(..) . 

Clearly the isomorphism is compatible with the left and right actions of Hovkgy , 
Further the inclusion of the underlying simplicial set of the simplicial submonoid 

Hove gy corresponds, under the isomorphism, to the natural inclusion 
Hes) ——» Maks", vketale(sx) |) 

induced from S° + IG(SX) 1, . 

But it is only those two bits of structure, the latter inclusion and the left 

and right actions of Hovey , which matter in the structure of the simplicial par- 
tial monoid. Therefore its nerve may be described as the simplicial object given by 

generalized wedges (cf. (2.2) for this notation), 

tp] ——> vP¢ Mapcv*s* vkstalecsx)1,), H0v<s") ) 
The inclusion into the nerve of the original simplicial monoid is (2m+1)-connected 

by lemma 2.2.1, for the inclusion 

Hives") ——+ Maps, vketa1e(sx) 1) 
is m-connected since 3S° + IG(sx)l, is. 

This finishes the account of the first map. Concerning the addendum, the first 

map in that chain is given by the analogous inclusion 

[p] +—> ¢ vP( G(sx), G(x) ) ——» G(sx)P ) , 
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(3.4). The second map. The inclusion X ~ G(SX) induces one 

Wap v's" vks"alxl,) ——» Wake", vee*alecsx) 1) 
where we are continuing to denote by Map a suitable union of connected components 

of Map, and the latter inclusion is (2m+1)-connected since the former is. 

The inclusion is compatible with the left and right actions of Hvkgty , It is 
also compatible with the inclusion of the underlying simplicial set of Hovkgty , for 
the natural map 39° + IXl, given by the basepoint of X satisfies that 

3° — Ixl, 

\ 2 
IG(SX) 1, 

commutes. 

Therefore the nerve of the simplicial partial monoid considered before, contains 

another, 

Ip] > vP¢ Hapevks ve salty, HVS) » 
The inclusion is our second map. 

To show the map is (2m+l)-connected it suffices, by the realization lemma, to 

show this in each degree p. The case p= 1 was noted before. It implies the ge- 

neral case in view of the gluing lemma (2.1.2) and induction. 

This finishes the account of the second map. Concerning the addendum, the second 

map in that chain is given by a similar inclusion, namely 

[p] H—> ¢ vP(x,*#) ——~+ vP(G(sx),G(*)) ) . 

(3.5). The third map. The pointed simpliciai set Nap ves", vega lxt) can be consi- 
dered as a simplicial partial monoid in a trivial way, and the simplicial monoid 

Hove gy acts on it from both sides, and compatibly. Hence the product 
Hes) x Mapwket vega xl) 

can be given the structure of a simplicial partial monoid, namely the semi-direct 

product in the sense of (2.2). 

The pair of maps IXl, > és, IXl, > IXl induces a map of simplicial partial 
monoids whose underlying map of simplicial sets is 

Map*s" v¥gtalxt,) ——> Hvks) x Mape*s", v¥s"a1x1) 
We show this map is (n-2)-connected. Indeed, since X is connected (we assumed this 

in the theorem) this map is the restriction to a union of connected components of the 

map 

Map ks vega lx1,) ——> Mapes") x Map ket vestalxl) , 
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so it suffices to show the latter map is (n-2)-connected. We treat the case k = 1 

first. 

Lemma. The map as" (1x 1U«) +» ost x asx! is (n-2)-connected. 

Proof. The long exact sequence of stable homotopy groups of the cofibration sequence 

3*(s°) ——» s*(1xlux) ——> six! 

decomposes into split short exact sequences. As 1S'Y > res'y is an isomorphism 
for i<2n-2 it follows that S“(IxlUx) + S* x SIX! induces an isomorphism on 

homotopy groups for i < 2n-2. The assertion results by taking loop spaces. q 

The case k= 1 being established, the case of general k now follows from the 

isomorphism 

Mapv*s",x) Ys ( Map(s*,.y) )* 
and the (n-1)-equivalence 

Map(s?, ve gtay') — > ( Map(S” Sav") yk 
induced from the (2n-1)-equivalence 

(S*A¥") v ww. v (Sta¥t) ——» (Stay') x... % (Sa¥') . 

The map of simplicial partial monoids induces a map of their nerves. In the 

notation of generalized wedges, this is a map from 

(p] H—> vP¢ Mapts* vestaixt,), Haves") y 
to 

Pp k k k k [p] H——> vP¢ Hcv*8") x Maps v“s"AIxl), HSS") xe), 

This map is (n~2)-connected for every p (the gluing lemma reduces the assertion to 

the case p= 1 which was verified above) and therefore the entire map is also (n-2)- 

connected by the realization lemma. This is our third map. 

Concerning the addendum, the third map in that chain is the identity map on 

[p] eH vP Cixi, x) 

(3.6). The fourth map. Considering the pointed simplicial set Map (vest vega 1x1) 
as a simplicial partial monoid in a trivial way, and forming the nerve of the Latter, 

we obtain the simplicial object 

(p) H—> Maps v¥etalxty v oe. v Map(vks vEstalxt) 
<< Pp > 

which we denote by 

z Map ves", vE ga Ix) F 
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It inherits compatible left and right actions of the simplicial monoid Hvkg?y, so 
we can form the cyclic bar construction 

nc¥ Hovksy, x Map west veetalxly ) , 
a trisimplicial set. Our fourth map is provided by lemma 2.3.1. It is the weak ho- 

motopy equivalence whose source is 

diag n°¥( Hives), 2 Mapes vESaIxl) ) 
(diagonal along the N- and f-directions) and whose target is identical to the target 

of the third map, namely the nerve of the simplicial partial monoid given by the 

semi-direct product of Hvk gs" acting on Map ves" ve gAIxI) . 
Concerning the addendum, the fourth map in that chain is again the identity map 

on 

( Cp] Hs vPCIxl,*) ) (= r1xXl). 

(3.7). The fifth map. Partial geometric realization takes the bisimplicial set 

z Map (vk et, vega XI) 
to the simplicial topological space 

st » Map ks", vega lx!) 
and the canonical map from the latter to 

Map (vest, v¥stastalxl) & Map (ves, vega 1sx1) 
is (2m+1)-connected. The induced map from (the partial geometric realization of) 

ne¥¢ Hoes"), x Mapes" vEstalxty ) 
to 

ne Hovksy), Mapes vesalsxl) ) 
is therefore also (2m+1)-connected, by the realization lemma. This is our fifth map. 

Concerning the addendum, the fifth map in that chain is the isomorphism from 

(the geometric realization of) 

= IX! 

to 

{sx . 

The proof of the theorem and its addendum are now complete. o 
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§4. The stabilization of A(X). 

We will need the following elementary properties of the functor A(X). Namely, 

(i) takes n-equivalences to n-equivalences if n is at least 2 , 

(ii) satisfies a version of homotopy excision, namely for m, n22, k<mtn-2 , 

it preserves (m,n)-connected k-homotopy cartestan squares, that is, commutative 

squares 

v— W 

1 | 
xXx—7 Y 

in which the horizontal (resp. vertical) arrows are m-connected (resp. n-connected) 

and the map fibre(V > X) + fibre(W> Y), or equivalently the map fibre(V > W) > 

fibre(X > Y), is (k+l)-connected. 

These properties are propositions 2.3 and 2.4 of [14]. Their proofs are actually 

easiest with the definition of A(X) used here. 

We note here that A(X) can be a functor on the nose, not just up to homotopy. 

In our present context we may simply point to the possibility of performing the + con- 

struction uniformly (for example by attaching a single 2-cell and 3-cell to BH (Vs?) ). 
In particular the above maps of homotopy fibres are well defined. 

Let $S"TM denote a suitable simplicial set representing the m-sphere, and let 
m mo m 

Dy Ugm-1 Do —s 

be a decomposition into hemispheres. Then for any X the diagram 

m= 1 TMm 
Su AK, ——> D, AXy 

| 
D5 AXy, ——> S"AX, 

being (m-1,m-1!)-connected, is (2m-4)~homotopy cartesian by the homotopy excision the- 

orem. In view of the above therefore the map 

fibre( A(STM 'AK,) > A(DTMAX,) ) ————» fibre( A(DTMAX,) + A(SAX,) ) 
= Q fibre( A(STMAX,) + A(*) ) 

is (2m-3)-connected. Thus we have a spectrum 

m -——» fibre( A(STMAX,) > A(#) ) , 

and we define AS (x) to be its telescope, 
AS(x) = Lim aTM fibre( A(STMAX,) > A(#) ) « 

The map [XI > A(X) (lemma 1.1) is a natural transformation if we write it in 
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the form |NG(X)| > A(X), therefore it is compatible with the stabilization process 

and induces a map 

as" Ix,1 —> ada . 

Theorem 4.1. There is a map 

AS (x) ——> as" 1x,1 , 
well defined up to weak homotopy, so that the composite map 

a°s" 1x, 1 ——» 4°(x) ——> 2°87 1x, | 
is weakly homotopic to the identity map. 

The proof of the theorem will occupy this section. The first step is to rewrite 
S Fi F P r 

A’ (X) in terms of the cyclic bar construction. We abbreviate 

oR) = NX Hives"), Mapcves" vestalx1) ) 
C(K) = Lim Cp(x) . 

n,k 

Lemma 4.2. The chain of maps of theorem 3.1 induces a homotopy equivalence between 

AS (x) 
and 

a, all we m 
lim Q fibre( C(S AX,) > C(*) ) 

TMm 

where the maps in the latter direct system are, up to homotopy, given by gin ap- 
plied to the vertical homotopy fibres of the stabilization diagram 

Io(s tax) 1* —» Ic@TMax,) 1* 
| 

Ic(DyaXy) 1” ——> Ic(STMax,) 17 . 

The homotopy equivalence itself is well defined up to weak homotopy. 

Proof. In order to get theorem 3.1 to apply to all the terms in the stabilization 
‘ : ° . m diagram, we replace the variables S"AX, , Dy AX» etc., by their suspensions S(S AX+), 

S(DyAX4), etc. This can be accounted for in the end by passing to loop spaces. 

In view of the naturality with respect to n, k, and the X variable, theorem 

3.1 induces, for every m, a chain of natural transformations of stabilization dia- 

grams before the + construction. By performing the + construction uniformly (for 

example, by attaching a 2~cell and 3-cell to IN H(V°S°) | which is contained in every- 
thing in sight) we obtain from this another chain of natural transformations of stabi- 

lization diagrams, and all the diagrams involved are still strictly commutative. So 

the requisite maps of homotopy fibres are well defined, and we obtain a chain of 

transformations connecting the m-th map of the original direct system to the m-th map 

of the new direct system. 
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By splicing these, for varying m, we obtain a chain of transformations between 

the original direct system and the new one. As the connectivity of the transformations 

increases with m, we obtain in the limit a chain of weak homotopy equivalences. To 

show the latter is well defined up to weak homotopy, it suffices to show that the chain 

of maps is well defined up to homotopy if everything in sight is replaced by a term in 

its Postnikov tower. But if we replace by the m-th terms in the Postnikov towers then 

our original direct system becomes essentially constant (the maps are weak homotopy 

equivalences from number m+3 on). Consequently, in view of the connectivity of the 
transformations, the other direct systems also become essentially constant. So the 

chain of maps between those terms in the Postnikov towers comes from a chain of maps 

at some finite stage, and this is well defined up to homotopy. is) 

og 09 S We note that the addendum 3.2 provides a description of the map 2 SIX, | > A’ (X) 
in terms of our new definition of A5(x). 

Before proceeding we state a lemma which will be needed presently. 

Lemma 4.3. Suppose that Y is (m-l)-connected. Then the map 

Mapes, g*TM , Map(g?*TM, gt*TM,y) —_, Map vk", ¢*TMay) 

given by composition, is (3m-]1)-connected. Similarly, in the case k= 1, we obtain 

a (3m-1)-connected map if we compose the other way, that is, consider the map 

Map(s**TM sO .y) ~ Map(s*,g**TM ——» Map(s?*TM, g?*2TM yy 

obtained by stabilizing the second factor to Map(s**®ay,g?* May), and composing. 

Proof. The first map is isomorphic to the upper horizontal map in the commutative 

diagram 

Map(st, gTM* , Map(s*TM, gy) —___-» Map (sg *TMavy* 

ve gong A Map(s*TM, ay) 

ves !asTM A Map(s,sTMay) ves? A(SMaY) 
—__ t 

ves? asTM) ay 

The arrow on the right is (4m-1)-connected. Each of the two arrows on the left and 

the diagonal arrow on the bottom is the smash product of a (2m-1)-connected map with 

the identity on an (m-1)-connected space, hence (3m-1)-connected. So we must have 

the asserted connectivity of the first map. 

The second map is part of the commutative diagram 
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Map(s**TM, s*TM ay) A Map s",s"TM) —— > Map(s?*TM, 2m, vy 

Map(s?*TM, JM yy, Mayp(s°, s*) 

Map(s°,Y) A Map s°, sTM) —__+_> Maj(s° ,STMAY) 

and the same kind of connectivity considerations apply as before. a 

Returning to the proof of the theorem, we will proceed in two steps. In the 

first step (4.4 below) we represent, in a stable range, the asserted map by a chain 

of two maps of which one is highly connected and has to be inverted. By taking into 

account some more data it will be immediate that the map is a retraction up to homo- 

topy in that range. In the second step (4.5 below) we discuss the stabilization pro- 

cedure. 

(4.4). The representative in the stable range. The relevant data are displayed on 

the following diagram. The diagram shows the part in degree p of a commutative 

diagram of simplicial objects, Two of these simplicial objects are given by the 

cyclic bar construction (the upper and middle terms in the left column), the four 

others are trivial simplicial objects. 

Map(s*,97* 7A 1x, 1) 
_ 

Hive gy P x Map (vest, vRgtt2m, 1x, 1) 
a 

Mapis?,sTM) » Map(sTM, gta 1x, 1) 
——— 

HVE P x ( Mapes gTM A MapiehTM vEg2m px)» 

| 
Map(sTM , g?*3TM 1x |) 

; oe 
Map (gt, f?*3TM, 1x 1) 

Two of the maps require comment, these are the lower vertical maps in the diagram. 

The one on the right is given by composition of maps after swttch of factors. The 

one on the left similarly involves a switch of factors. It is the unique map of 
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quotient spaces induced by the following sequence of maps, 

Hives) x 22. x HIVES) x Mapive st, g@*TM) x Maps, ve grt2m, 1y 1) 

(switch of factors) 

N 

Map(sTM, veg? 1x 1) x Hoes) x 2. x HVS) x Mapes g*TM) 

(smash product with identity maps) 

Map(s*TM, vkg+2m, 1x 1) x H(veg?*2TM, 1x1) «wis x Map (veg? 1x. 1973 1x, 1) 

(composition of maps) 

Map(s*TM,9*3TM\ 1x, 1) 

The map is compatible with the structure maps of the cyclic bar construction. This 

fact, indeed, is the reason why we are using the cyclic bar construction. 

Remark, The left column of the diagram really describes nothing else but a homotopy 

theoretic version of the trace map, at least in the case p= 0. Indeed, let R be 

a commutative ring and P a projective of finite type over R. Then the trace map 

Hom, (P,P) ——— > R 

is given by the diagram 

Hom(P,P) <—— Hom(P,R) @ Hom(R,P) —~» Hom(R,P) @ Hom(P,R) ———> Hom(R,R) #R 

in which the first arrow has to be inverted, and the last arrow is given by composi- 

tion of maps. In the case of general p, the left column is a version of the map 

trace of the product matrix 

(Is(P))P x Hom(P,P) ——»> R 

which is given by the diagram 

(Is(P))P x Hom(P,P) <—~— (Is(P))P x Hom(P,R) ® Hom(R,P) ————> Hom(R,R) 

vee ——_ HF eee > one 

This ends the remark. 

Concerning the relevance of the diagram of simplicial objects described, we will 
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eventually have to pass to loop spaces, namely the (2m)-th loop spaces. Thus any 

required connectivities must increase faster than 2m. This is indeed the case. The 

map on the upper left ts (3m-))-conneeted: The realization lemma reduces us to show- 

ing this in every degree p in which case it is the content of the first part of 

lemma 4.3. Thus the left column does represent a map, defined in a stable range, from 

top to bottom. hts map ts a retraction up to homotopy, in that range. This infor- 

mation is provided by the rest of the diagram since the two vertical maps on the right 

are (3m~1)-connected by lemma 4.3 again. The coretractton involved (the upper hori-~ 

zontal map) ts a representative (before the + construction, in a stable range) of the 

map 27s" sax, | > A(S?TMAX,) « As noted before, this is the content of the addendum 
Ziedis 

Passing to geometric realization and performing the + construction to the terms 

on the left, we obtain the diagram 

IMap(s?,s**?TMa 1x1) | 

—— 
Inc% HOES"), Mapes ves?" x1) 1° 

4 

IMap(s?,gTM x Map (st gt*2TM, 1x 1) | 

Inc¥ Hoes), Map wks, gM » MapiotTM veot2TM 1x1) y1* 
N 

IMapcs*TM, g*3TM 1x 1) | 

| —— 
IMapcs?*TM f*3mTM 1x 1y 17 

The + construction is possible if k is at least 5 and it can be done uniformly 

with regard to the upper and middle space on the the left by attaching a pair of cells 

to the common subspace IncH(v5s°)) 1. It preserves the connectivity of the upper 
map on the left (by the gluing lemma). The + construction on the bottom term on the 

left refers to the induced attaching of the pair of cells (a pushout). As the origi- 

nal term had abelian fundamental group, the + construction does not change the homo- 

topy type. Its sole purpose is to keep the whole diagram strictly commutative. 

Everything we have done so far is natural with respect to m and k, so we may 

pass to the direct limit in those variables (recall that stabilizing with respect to 

k involves wedge with an identity map on the H(..) part, but wedge with a trivial 
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map on the Map(..) part). 

(4.5). The stabilization procedure. This must be adjusted to the needs of the pre- 

ceding subsection. Namely the two factors Ss” in Sas A lX4| play rather different 
roles, so we must stabilize in both of these factors. To do this we just alternate 

in stabilizing either the first or the second. 

In order to stabilize in the first x, say, we must write down (or better, 
contemplate) a large diagram involving four versions of the diagram of (4.4), one for 

each of the terms in 

m= 1 
_—— ~

”a
 m 

mel 

| 
Nothing new appears in this diagram except for fancy notations of contractible spaces 

o
e

 

; 

as for example the factor in 

Hove gityP x ( Map (v's, san) A Map (S*a0TM, VE SADE ASTM [Xs 1) ). 
These fancy terms simply ensure that the whole diagram is strictly commutative. 

Taking homotopy fibres we thus do obtain from the diagram a well defined map 

representing 

fibre( 1c(s7TM Ax,y{* > A(e) ) ———» @ fibre( Ic(s?TMax,) 1 > AC#) ) 

(where C(..) is the short hand notation used before for the cyclic bar construction), 

namely 

fibre( Ic(sTM asTMax,) |* > Ic DTASTMAX4) |” )——» 

fibre( |C(D,ASTMAX,) |” > Ic(sasmax,) 17), 

together with a chain of two transformations (one of these in the wrong direction but 

highly connected) to a map representing the homotopy equivalence 

07s se Ax.) —— 9.9 0787187 aAx,l . 

2m-1 . . F , We apply QQ m to all this. Then we may splice, for varying m, to obtain 
a chain of transformations of direct systems. Passing to the limit we obtain what 

we are after; the appropriate concluding remarks here are similar to the proof of 

lemma 4.2. This completes the argument. 
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§5. The splitting of A(X). 

Let 2S" 1X41 ~ A(X) be the map given by the Barratt-Priddy-Quillen-Segal theo- 
rem (section 1), and let A(X) > A5(x) be the stabilization map (it will be defined 
in lemma 5.2 below). 

Theorem 5.1. There is a map AS (x) > Q's” 1X, | so that the diagram 

eo wo 

2S 1X! 

| ~~, 
A(X) ——» 48(x) —> 0°87 Ix, | 

is weakly homotopy commutative. 

Proof. This results from theorem 4.1 in view of the following lemma. a 

Lemma 5.2. There is a natural stabilization map A(X) > A®(x). Its composition 
with 2S" 1X4 ~ A(X) is weakly homotopic to the map used in theorem 4.1. 

Proof. Letting A(x) denote the factor in the natural splitting (section 1) 

A(X) = ACK) * AC#) 
we define a direct system 

A(X) ——> @ A(s'ax,) —— 9? 4(s?ax,) ——> 

in which the first map is provided by lemma 1.4, and the other maps are given by the 

maps of vertical homotopy fibres in the appropriate stabilization diagrams (as de- 

scribed in the beginning of section 4). The map from the initial term of the system 

to its telescope gives the required map A(X) > AS (x). 

To make the asserted comparison we consider the map of direct systems 

as" 1X41 ——> 2 2°s"1s'ax,1 ——> 9? 9°8"1s?ax,| ——> 

| | | 
A(X) ————>_ A(stax,) ———> 9? A(S2aX4) ———> 

where the vertical maps are the natural ones (the weak homotopy commutativity of the 

first square is due to lemma 1.4). The maps in the upper direct system are homotopy 

equivalences: the first map by lemma 1.4, and the other maps by the excision property 

of stable homotopy. The maps in the direct system defining AS (x) are eventually 
highly connected (cf. the beginning of section 4). So it will suffice to compare the 

vertical maps in the diagram with the map used in theorem 4.1, and to show these 

coincide in a stable range. 
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The diagram of inclusions (section !) 

H°(G) —> Ha(G) 

| 
Hj, (G) 

with G = [G(S"AX,)|, induces the left part of the following diagram. 

1sTMax, 1 ——> 0°97 1 (STMAX4) 41 ——> 2°S"1STMax, | 

| | 
A(STMAX,) —————> A(8TMaX,) 

The vertical map on the right is, up to de-looping, the same as the m-th vertical map 

in the diagram above, and the composite map on the bottom is an approximation to the 

map used in theorem 4.1. The composite map on top is the Hurewicz map from homotopy 

to stable homotopy (lemma 1.1), hence it is (2m-1)-connected. So the two maps in 

question do agree in a stable range, and the proof is complete. a 

Remark 5.3. The maps in theorem 5.1 are maps of infinite loop spaces, and the diagram 

is weakly homotopy commutative as a diagram of infinite loop spaces. 

Here is an indication of proof for the first assertion, the second involves simi- 

lar considerations. Two of the maps are clearly infinite loop maps, namely the map 

0°" 1x, | > A(X) as it is the map of underlying spaces of a map of [~spaces, and the 
map AS (x) > 2°S" 1X4 | of theorem 4.1 as it was defined as the telescope of a map of 
spectra. 

The remaining map A(X) > AS (x) is also a map of infinite loop spaces provided 
that we use a possibly different infinite loop structure on A5(x), For the stabili- 
zation diagram 

m-1 A(S" AX,) ——» A(DTAK,) 

| 
A(D5AK,) ——— A (SAX4) 

is in fact the diagram of underlying spaces of a diagram of T=spaces. Therefore there 

is a I=-space of which AS (x) is the underlying space, and the map 

Q fibre( A(S*AX,) >a A(*) ) —— AS (x) 
is a map of underlying spaces of I-spaces. The map 

A(X) ——» Q fibre( A(S'AX,) > A(*) ) 

of lemma 1.4, too, is a map of underlying spaces of [-spaces. Hence so is the compo- 

site map A(X) + A°(Xx). 
‘ fia etl S : It remains to be seen that the two infinite loop structures on A’ (X) are equi- 
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valent. In view of their definitions these infinite loop structures are compatible 

in the following sense. They are definable in terms of spectra (obtainable from the 

T-structure, resp. from stabilization in the X~variable) and the two spectra can be 

combined into a double spectrum. Further both spectra are connective. But this im- 

plies they are equivalent (the argument is probably well known; cf. [13, section 16] 

for a detailed account in a particular case). 

Remark 5.4. The maps in theorem 5.1 are compatible with pairings. 

Here is an indication of why this is so. In the case of XS" 1X, | > A(X) it is 
immediate from the definition of the pairings. 

To treat the case of the map A(X) > AS (x) one shows that the stabilization map 

fibre( A(S"AK,) + A(*) ) ———» 9 fibre( A(STM ax,) > AC) ) 

is the same, up to homotopy, as the adjoint of the composite map (cf. section 1) 

sha A(sTMax,) — Q(s}) A A (STMAX,) _—_— Ast Ax,) 
where S! + @(s}) is the Hurewicz map (to prove this one has to use that A(X) is 
definable in a more general context than we are using here, i.e., for X which are 

not necessarily pointed nor connected - cf. a similar point in the proof of lemma 1.4). 

Thus stabilization itself is definable in terms of the pairing, and so the pairing 

on A induces one on A® and the required compatibility holds. 

To treat the case of the map AS (x) > ws" 1X, | one redefines AS (x) in terms 
of the cyclic bar construction (section 4). One notes that the smash product also 

induces a pairing in terms of the cyclic bar construction, and that this pairing is 

(obviously) compatible with the one on stable homotopy via the two maps of theorem 4.1] 

of which the map in question is one. To finish one has to chase the pairing through 

the chain of maps of theorem 3.! in order to compare with the pairing formerly used. 

This ends the indication. 



386 

§6. Appendix: The stabilization of K-theory. 

The stabilization of A(X) to AS (x) may be mimicked with K-theory provided 
that one works with a suitably extended notion of K-theory in the framework of sim- 

plicial rings [14, section 1]. The extended notion of K-theory is needed even in 

the treatment of the stabilized K-theory of an ordinary ring. 

We need some notation. If A is an abelian group and X a set we denote A(X] 

the direct sum of A with itself indexed by the elements of X. Similarly AI[X] is 

defined if A is a simplicial abelian group and X a simplicial set, and is a bi- 

simplicial abelian group (which we may diagonalize if we wish to a simplicial abelian 

group). If R is a (simplicial) ring and G a (simplicial) group then RIG] may 

be equipped with a multiplication in the usual way so that it is a ‘group ring’. 

For pointed X we let ‘ALX] = ALX]/A[*]. If A has an R-module structure then so 
have ALX] and A[X], respectively. 

The set of connected components TR is a ring in a natural way (the exotic 

case 1 = 0 in 1)R may be ignored, for in this case R is contractible (multiply 

by a path from 1 to O) and such an R_ is without interest to us); we let 

K, (mR) denote its projective class group, as usual. 

If A is a simplicial abelian group we denote M, (A) the simplicial abelian 

group of kxk matrices in A. If R is a simplicial ring then so is M, (R) and we 

denote hy, (B) the multiplicative simplicial monoid of homotopy units in M, (R) (the 
matrices in the connected components indexed by the elements of GL (mR) c My (mR) ). 

The K-theory of the simplicial ring R is, by definition, 

. oh + K(R) = Ky (mR) x lim BGL, (R) 

(in [14] the factor Kg(m)R) was replaced by Z in order to simplify the comparison 

with A(X) ). 

The functor Rw K(R) is a homotopy functor in a suitable sense (cf. the proper- 

ties of A(X) stated in the beginning of section 4). In particular if R->R' is 

a weak homotopy equivalence then so is K(R) + K(R'). It extends the K-theory of 

Quillen in the sense that it reduces to the latter in the case of,a ring considered 

as a simplicial ring in a trivial way. 

The stabtlized K-theory of R is defined to be 

KS(R) = Lim 0” £ibre( K(RLG(STM)]) > K(R) ) 
m 

where S$” denotes a simplicial set representing the m-sphere and G(..) is Kan's 
loop group functor; the maps in the direct system are defined as in section 4. It is 

natural, in fact, to consider a slight generalization, the functor of two variables 

R and X (a simplicial set) 
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KS(x,R) = Lim aTM fibre( K(RIG(SAX,)]) > K(R) ) 
m 

In detail, the terms in the direct system are defined for m> 0, and the maps are 

(loops of) the maps of vertical homotopy fibres of K(R[G( ? )]) applied to the sta- 

bilization diagram 

m- 1 S” AX, ——> Dy AK 

lJ 
D5 AX4 ——> SAX, 

This x°(x,R) is a homology theory in the X variable [14], the coeffietents of the 
homology theory are given by K°(«,R) ES] K(R). 

Here are some remarks about the numerical significance of stabilized K-theory. 

Let R be a ring (not simplicial ring), let KF) = rR) » There is a spectral 
sequence (with trivial action in the E2 term) 

Ss Be ASARY of, GD } > Eng SOE CR) MKB)? , 

with abutment the homology of GL(R) acting by conjugation on M(R), the essentially 

finite matrices in R. This is proved by the method of [14, lemma 1.5]: to deduce 

the existence of the spectral sequence in a stable range, one compares the spectral 

sequence for stable homotopy of the map BEL (RIG(STM)]) > BGL(R) with that of the 
corresponding map after the + construction. After a suitable dimension shift the 

latter spectral sequence has the desired E2 term, while the former one collapses and 
gives the desired abutment (everything in a stable range). 

Stabilized K-theory may be 'computed' in the following way. Let again R bea 

ring (not simplicial ring). Let F(R) be the homotopy fibre 

F(R) = fibre( BGL(R) > BGL(R)* ) . 

Then F(R) is an acyclic space with 1, F(R) = St(R) (the Steinberg group), and 

F(R) od K;,,® if iol. 

Denoting the homotopy fibre of the map BGL(RIG(STM)]) > BGL(R)* by U, one 
shows that after the + construction one obtains a homotopy equivalence 

u* = fibre( BéL(RLG(STM)])* > Baz(R)* ) 
On the other hand U may be identified to the homotopy pullback of the diagram 

F(R) ———> BGL(R) <——— BGL (RIGS) ]) 

As U+U* isan acyclic map, the spectral sequence of a generalized homology 
theory h, for the map U + F(R) therefore gives a spectral sequence 

HCP), hyfibre( BEL (RLG(STM) 1) > BGL(R))) => hy gfibre( BGL (RLG(STM)])* +» BGL(R)” ) . 
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The fibre involved in the Ee term may be identified, in a stable range, with the 
Eilenberg-Mac Lane space py (RisTM yy, Taking h, to be the stable homotopy groups 
one obtains hence that, in a stable range, the stable groups can be identified to the 

actual ones and the spectral sequence collapses. Whence the isomorphism 

KER) H; CR), M(R)) 

where, as one checks, the homology involves the action of w F(R) on M(R) pulled 

back from the conjugation action of GZ(R). In particular, 

K> (R) wm Hy) (St(R), M(R)) © R/[R,R] , KS (R) fs H,(St(R), M(R)) . 

It will be indicated now how the results on A(X) described in the earlier 

sections can be adapted to K-theory. 

The heart of the matter is to recast the definition of stabilized K-theory in 

terms of the cyclic bar construction. Let Y be an m-connected simplicial set, 

mz20O, and let SY be its suspension. As in section 3 one constructs a natural 

chain of maps (five of them, just as in theorem 3.1) between nél,,(RLG(S¥) 1) and 
Nn°Y( Gh, (R), M, (RLSY]) ) satisfying that each of the maps in the chain is (2m+])- 
connected. One deduces from this a homotopy equivalence 

~~ “wn KS(X,R) a Lim TM fibre( IN°%( Gy (R), M,RESTMAX,]) )1* > INGE, (RIT) 
km 

Let us insert here as a parenthesis how to go from this homotopy equivalence to 

an interesting new definition of stabilized K-theory which we do not have occasion to 

use, though. If R is aring and A an R-bimodule (resp. simplicial ring and sim- 

plicial bimodule) then R@A can be considered as a ring (resp. simplicial ring) by 

giving A trivial multiplication. Now suppose that A is connected. Then there is 

a natural isomorphism 

Gh, (Rea) i Gh, (R) mM, (A) 
where the term on the right is the semi-direct product in the sense of (2.2). Hence 

lemma 3.1 gives a homotopy equivalence 

. cy, 4 [~ “A 
diag N-’( GL, (R) NM, (A) )—_—_ NGL, (ReA) . 

On the other hand, NM, (A) i] M,(NA) i] M, (ALS"]), and so we can conclude 

Ss 4 r ~ - K°(X,R) = Lim oTM fibre( K(ReRISTM 'ax,]) > K(R) ) . 
m 

Notice in particular that RI[STM!] is just an Eilenberg-Mac Lane group, and 

S : Ts pi yr oma! K’(R) = = lim 9" fibre( K(ReR[STM ]) + K(R) ) . 
m 

This ends the parenthesis. 
5 
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Let A(X,R) denote the (unreduced) homology of X with coefficients in R, it 

is represented by IR[X]|. There is a natural map h(X,R) > x°(x,R). It arises from 
the homotopy equivalence A(X,R) = Lim a IRESTMAX,} | together with the identifica- 
tion of RISTMaX,] with the part in degree 0 of N°( Gi, (R), M, RISTMax,]) ). 

Proposition 6.1. If R is commutative then A(X,R) > x°(x,R) is a coretraction, 
up to weak homotopy. 

This is the analogue of theorem 4.1. Concerning the proof, if A is an R-mo- 

dule (resp. simplicial R-module) considered as a bimodule in a trivial way (both the 

left and the right structure are given by the original module structure) then the 

trace map 

Gh, (R)P x M ———————> Ly (R) x A) A 

(Bp 9++Bps a) t———> tr(g,--8pa) 

is insensitive to cyclic rearrangement of the factors. Therefore it is compatible 

with the face maps of the cyclic bar construction and defines a map 

cy, AX 
n°Y( Gy (RY, M,(A) ) ——> A 

which is a retraction with section as described. To complete the proof one has to 

check naturality with regard to stabilization, as in section 4. 

One constructs a natural transformation K(RIG(X)]) > K°(x,R) by producing 
artificially a map X(R[G(X)]) > 9 fibre( K(RIG(S!AxX,)]) + K(R) ) as in lemma 1.4, 

using pairings. 

an 

The inclusion of the 'monomial matrices’, E16 (X) > GL, (RIG(X)]), induces a map, 

as usual, QS 1X,! + K(RIG(X)]). 

Let Qs" 1X4 | ~» h(X,R) be the Hurewicz map from stable homotopy to R-homology. 

Proposition 6.2. The diagram of the above maps commutes up to weak homotopy, 

ao" 1X, | ————> h(X,R) 

| | 
K(RLG(X)]) ——> K°(x,R) . 

Putting this together with the preceding result we obtain for commutative R 

an analogue of the splitting theorem 5.1, a diagram 

as" 1x4 ———> A(x,R) 

| | oN 
K(R[G(xX)]) ———> x°(x,R) — h(X,R) 
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that commutes up to weak homotopy and whose maps have the naturality properties in- 

dicated in section 5: they are infinite loop maps and compatible with the respective 

pairings. 

Proposition 6.2 is the analogue of lemma 5.2, and the proof of the latter may be 

adapted. One can also deduce it from lemma 5.2 because of the following naturality 

property: there is a natural transformation 

A(X) ——> K(RIG(X)]) , 

it induces a corresponding transformation of the stabilized theories, and 

CO © 

aS IX! 
ee A@® — ‘ < as" 1x, | 

K(RLG(X) ]) ——» K°(K,R) —— A(K,R) 

commutes up to (weak) homotopy, and finally in the case of commutative R_ so does 

AS (x) ——» 0°s" 1x, | 

| | 
# (xR) ———» (x, RY 

Using the notion of 'Hochschild homology’ one can give a variant of the map 

K°(x,R) ~ h(X,R) which is more generally defined. We no longer assume that R is 
commutative, but we do assume that R is given as an algebra (resp. simplicial alge- 

bra) over some commutative ring (resp. simplicial ring) k, and that it is flat 

over k (resp. degreewise flat). 

Let A be a (simplicial) R-bimodule, over k. Following K. Dennis, one defines 

the Hochsehtld homology 

H(R/k,A) 

as the additive version of the cyclic bar construction, the simplicial object 

[p] +> Re ® Re, A ttt &% k 

<— p-— 

(degreewise tensor product) with face and degeneracy maps as in the cyclic bar con- 

struction. We will need the fact, due to Dennis [talk at Evanston conference, Janu- 

ary 1976, unpublished], that the Hochschild homology is Mortta invariant in the sense 

of the following lemma. 

Recall that two rings are called Morita equivalent if their module categories 

are equivalent categories. This relation is equivalent [2, chapter II] to the follow- 

ing property which in our present more general situation we will take as the defini- 

tion. 
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We say that R is Morita equivalent over k with a (simplicial) k-algebra R' 

if there exist (simplicial) bimodules ReR’? rR over k which are (degreewise) 

projective both from the left and the right, so that 

E@,F sR, Fe,E # R' 

as (simplicial) R-bimodules, resp. R'-bimodules. 

Lemma (K. Dennis). In this situation there is a natural homotopy equivalence 

H(R/k, A) = H(R'/k, Fe,A@,E) . 

Ro we may reformulate the assertion as a homotopy equivalence 

A(R/k, B®, 1B) = H(R'/k, Be,E) . 

Proof. Letting B = Fe, 

To prove this it suffices to consider the case of rings rather than simplicial rings 

and establish the homotopy equivalence by a chain of two natural maps. The general 

case then follows in view of the realization lemma. So we assume R, R' are rings, 

not simplicial rings. 

The common source of the two maps to be constructed will be the following bi- 

simplicial object. The object in bidegree (p,q) is given by 

—_—— Pp-—> 

R@®..... OR 

(H) 

& 2 

R' @... ®R' 

<— q—> 

(tensor products over k ), and the way this has been written as a circle is to 

suggest in which way the various face maps are given by multiplication at the appro- 

priate tensor product signs. 

Let H(E,R'/k,B) be the simplicial object 

{q] +—-—> E@R'®.,,. @R' OB 

mm 1— 

(a ‘two-sided bar construction’). It maps to the trivial simplicial object Ee, 1B 

by the map which in degree q multiplies together all the factors. This map is a 

homotopy equivalence. Indeed, using the right projectivity of E over R' we can 

reduce the assertion to the case where E = R'. But this case is clear (the simpli- 

cial object is a ‘cone'). 

The bisimplicial object (H) may be identified to one 

A(R/k, H(E,R'/k,B) ) 
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(a combination of the cyclic bar construction and the two-sided bar construction) 

and the map described just before, induces a map from this bisimplicial object to 

the simplicial object 4H(R/k, E@, 1B). The latter map is a homotopy equivalence de- 

greewise in the p-direction. Indeed this follows from the homotopy equivalence 

established just before in view of the flatness of R over k. In view of the rea- 

lization lemma it therefore follows that (H) maps by homotopy equivalence to 

A(R/k, Fe, 1B). 

By identifying (H) to a bisimplicial object H(R'/k, H(B,R/k,E) ) one simi- 

larly sees that (H) maps by homotopy equivalence to A(R'/k, Be,E). This completes 

the proof of the lemma. 0 

The lemma applies to the case where R' = M(R), the kxk matrices in R. The 

required (simplicial) bimodules are given in this case by the ‘row vectors’ and 'co- 

lumn vectors’, respectively. Hence we have a homotopy equivalence 

H(R/k, A) H(M,(R) /k, F®A®,E) =~ HM, (R)/k, My (A)) - 

This homotopy equivalence is compatible with stabilization (stabilization is given 

on M,{(R) resp. M, (A), by adding 1, resp. 0, in the lower right corner), one 

sees this by comparing stabilization with the maps involved in the lemma. 

The map from n°Y GE, (R), M,(A)) to H(M,(R)/k, M,(A)) given by 
Pan cas 
GL, (R) X see & GL,,(R) x M, (A) —— M, (8) Bree By M, (R) a, M, (A) 

-— p —— ¢<—— p —— 

therefore induces a map 

x°(x,R) ———> A(R/k, RIX]) . 

This map is the promised generalization of the map K°(x,R) + h(X,R) constructed 
earlier. For, as one may check, it reduces to the latter in the case where R is 

commutative and k = R. 

Remark. Maps like the ones here, from (unstabilized) K-theory to group homology, 

resp. Hochschild homology, have been constructed earlier by K. Dennis [talk at 

Evanston conference, January 1976, unpublished]. Dennis' constructions are somewhat 

different from the ones here. It remains to be seen if the maps are equivalent. 
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Coneluding remark. It has been stressed that the material on K-theory described in 

this appendix is an analogue of the splitting theorem for A(X). However the connec~ 

tion is more than just an analogy, both of these results may be considered as special 

cases of one and the same general result. To formulate this result one needs a com- 

mon framework for A(X) and K-theory. 

One such common framework is a K-theory of ‘rings up to homotopy’. This was 

indicated in [14] as a means of how to think about A(X) in terms of what one is 

accustomed to from K-theory. In fact, it is a useful way to think about A(X), oc- 

casionally: the splitting theorem for A(X) was found that way (and for a while it 

even required the K-theory of rings up to homotopy in its proof - the only result 

about A(X) so far which ever did that). In the long run the K-theory of rings up 

to homotopy may hopefully turn out to be useful as a computational tool. 

The K-theory of rings up to homotopy does involve serious technical problems. 

The prime one is to give sense to the classifying space of the homotopy monoid of 

homotopy invertible matrices. May [8] has made a start in dealing with these prob- 

lems, in particular he has given a definition and verified a few of the elementary 

properties. However as May states, there is difficulty in showing his definition is 

the correct one in the sense that it produces A(X) from the appropriate ring up to 

homotopy. (There is an alternative framework in which to handle those technical 

problems, a notion of ring up to homotopy elaborating on one proposed by Segal [11, 

section 5]. Here that particular difficulty does not arise). 

In this framework of rings up to homotopy and their K-theory, the general result 

referred to is simply propositions 6.1 and 6.2, with the abuse of allowing R to be 

a ‘ring up to homotopy', resp. ‘commutative ring up to homotopy’. Note how this ex- 

plains the difference of why we get a splitting theorem in the case of A(X) but not 

in the case of K-theory. We get a splitting theorem only if the map 2S" 1X, 1 > A(X,R) 
is a homotopy equivalence. For this to hold, 'R-homology' must be stable homotopy, 

so R must be QS and we must be dealing with A(X). 
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