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Preface 

These notes represent the outgrowth of an offer by Princeton University 

to let me teach a graduate level course in cobordism theory... Despite the fact 

that cobordism notions appear in the earliest literature of algebraic topology, 

it has only been since the work of Thom in 1954 thet more than isolated results 
hava been available. Since thet time the growth of thia area has been 

phenomonal, but has largely taken the form of individual research papers. To 

@ certain extent, the nature of cobordism ag 4 classificational tool has led 

to the study of many individual applications rather than the development of a 

oentral theory. In particular, there is no complete exposition of the 

fundamental results of cobordiem theory, and it is hoped that these notes may 

h@lp to fill this gap. 

Being intended for graduate and research level work, no attempt "ts made 

here to use only elementary ideas. In particular, it is asgumed that the 

yeader knows algebraic topology feirly thoroughly, with eobordism being 

treated here as en application of topology. In many cases this is not the 

fashion in which development took place, for ideas from cobordiem have 

frequently led to new methods in topology itself. 

An attempt has been made to provide references to the sources of most of 

the ideas weed. Although the main ideas of these sources are followed closely, 

the details have frequently been modified considerably. Thus the reader may 

find it helpful to refer to the original papers to find other methods which are 

uacful. Por example, the Adams spectral. sequence gives a powerful computational 

tool which has been used in determining some theorles and which facilitates 

low dimensional calculations, but is never used here. Many of the ideas which 

appear are of the "well known to workers in the field ~ but totally unavailable" 

type and a few ideas are my own. 
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The pattern of exposition follows my own prejudices, and may be roughly 

a@escribed as follows. There are three central ideas in cobordism theory: 

1) Definition of the cobordism groups, 

2) Reduction to a homotopy problem, and 

3) Establishing cobordism invariants. 

This material is covered in the first three chapters. Beyond that point, on 
must become involved with the peculiarities of the individual cobordism prob: 

This ig begun in the fourth chapter with a survey of the literature, followe 

by detailed discussion of specific cobordiem theories in the later chapters. 

Finally, two appendices covering advanced calculus end differential topology 
are added, this material being central to the ‘reduction to a homotopy probli 

but being of such a nature as to overly delay any attempt to get repidly to' 

ideas of cobordism. 

T em indebted to many people for leading me to this work and developing 

wy ideas in this direction. Especially, I am indebted to Greg Brumfiel, 

Peter Landweber, and Larry Smith for numeropg suggestions in preparing these 
notes, and to Mrs. Barbara Duld for typing. I am indebted to Princeton 

University and the National Science Fotmdation for financial support. Final: 
I am indebted to my wife for putting up with the foul moods TZ developed durii 

this work. 
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CHAPTER I 

Introduction - Cobordiam Categories 

In order to place the general notion of cobordism theory in mathematical 

perspective recall that differential topology is the study of the category 

of differentiable manifolds and differentiable maps, primarily in reletion 

ha the category of topological spaces and continuous maps. From a slightly 

leuo theoretical point of view, it is the study of differentiable manifolds 

by topologists using any methods they can find. The guiding principle is 

that one does not study imposed structures such as Riemannian metrics or 

donhections and this distinguishes differential topology from differential 

geonetry. 

As in any subject, the primary problem is classification of the 

ejects within isomorphism and determination of effective and computable 

invariants to distinguish the isomorphism classes.- In the case of differ~ 

entiable manifolds this problem is not solvable, since for any finitely 
presented group §.-one can construct a four dimensional manifold ~M(S) 

with fundamental group S in such away that M(5) and. M(T) . will be 

huneonorphia if and only if 6 -and T are isomorphic, but one cannot 

wWolve the word problem to determine whether two finitely presented groups 

ars isomorphic (Markov [76]). In special cases one can solve the problem, 
hut cobordism theory works in another way « by introducing an equivalence 

relation much veaker than isomorphism. 
Briefly, two manifolds without boundery are called ‘cobordant' if 

their disjoint union is the boundary of some manifold. It is worthwhile 

lo note that every manifold M with empty ‘boundary is the boundary of 

Mx [0,~), fo get a nontrivial theory it is standard to restrict attention 

Lo compact manifolds. 
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The first description of this equivalence relation was by H. Poincaré: 

Analysis Situs, Journal de l'Bcole Polytechnique, 1 (1895), 1-121 (section 

5, Homologies).. His concept of homology is basically the same as the 

concept of cobordiem used today. 

The next development of ccbordism theory was by L. S. Pontrjagin: 

Characteristic cycles on differentiable manifolds, Math. ‘Sbor. (N.S.), 22 

(63) (1947), 233-28) (Amer. Math. Soc, translations, series 1, no, 32). 

This paper shows that the characteristic numbers of a closed manifold vanis 

if the manifold is a boundary (providing the invariants for classification), 

The cobordisa classification of manifolds is reasttiably elementary in 
dimensions 0,1, and 2, since manifolds are themselves classified in the 

dimensions. Using geometric methods the cobordism classification problem 

in dimension 3 was solved by V. A. Rohlin: A 3+dimensional manifold is 

the boundary of a. k-dimensional manifold, Doklady Akad. Nauk, S.5.5.R., 

81 (1951), 355. 

The first application of cobordism was by L. S. Pontrjagin: Smooth 

manifolds and their applications in homotopy theory, Trudy Mat. Inst. im 
Steklov no. 45, Izdat. Akad. Nauk. 8.8.6.8. Moscow, 1955 (Amer, Math. Soc. 

translations, series 2, vol. 11, 1959). Pontrjagin attempted to study 

the stable homotopy groups of spheres as the groups of cobordism classes 
of 'framed' manifolds. This amounts to the equivalence of a homotopy 

problem and a cobordiam problem. The lack of knowledge of manifolds has 

prevented this from being of use in solving the homotopy problem. — 

. The wajor development of cobordiam theory is the paper of .R. Thom: 

Quelques propriétés globales des variétés differentiables, Comm. Math. Helv 

28 (1954), 17-86. This paper showed that the problem of cobordism is 
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O@iivalent to a homotopy problem. For many of the interesting manifold 

Ohaseification questions the ‘resulting homotopy problem turns out to be 
OOlvable. Thus, Thom brought the Pontrjagin technique to the study of 

Wanifolds, largely reversing the original idea. , 
For @ brief sketch of cobordism theory there are three aurvey 

wrticies of considerable interest. For an insight into the early development 

Of the theory (up through Thom's work) see V. A. Rohlin:~ Intrinsic homology 

theories, Uspekhi Mat. Nauk., 14 (1959), 3-20 (Amer. Math. Soc, translations, 

fieries 2, 30°(1963), 255-271}. A short article which covers many of the 

Beenples of cobordism classification problems is J. Milnor: A survey of 

WObordism theory, Enseignement Mathematique, 8 (1962), 16-23. ~ Contained 
ih the survey of differential topology by C. T. C. Wall:~ fopology of 

@Aeuth manifolds, Journal London Math, Soe., 40 (1965), 1<20, ta a discussion 
uf representative cobordiem sneorted,. . with outlines of the methods by 

which these problems are solved. 

Cobordiam Categories 

Tn order to formalize the notion of cobordisam theory, it seems useful 
te net up & ‘general nonsense’ situation. As motivation, one may consider 

Lhe properties of differentiable manifolds. 

Let KY denote the category whose objects are compact differentiable 
wanifolds with boundery (of class 0”) and whose maps are the differentiable 
wapa (again C) which take boundary into boundary. This category has finite 

uwan given by the disjoint union and has an initial object given by the 

enpty manifold. For each object of &r one has ite boundary, again an 
vijaet of AZ -and for each map the restriction of it to the boundary. 

\ 
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Further, the boundary of the boundary is always expty. This defines an 

additive functor 9: {7 —» $Y. For any manifold M, the boundary of 

M is @ subset whose inclusion is a differentiable map. i(M) : 3M —>M, 

This inclusion gives a natural transformation 1: a» I ‘of additive 

functors, I: A~—» £" being the identity functor, Finally, the Whitney 

imbedding thecrem shows that each differentiable manifold is isomorphic 

to a submanifold of countable dimensional Buclidean space. Thus) & has 

a small subcategory By, (suimant folds of R) such that each object 
of £7 is isomorphic to an object of £7. . 

Abstracting these properties, one has: 

Definition: . A cobordism category ( 43,4) is a triple in which: 

1) C. is a category having finite sums and an initial object; 
2) 3: C—» € is om additive functor such that for each object X 

of C, (aa(X) 4s an initial objects 

3) 1:8» I is a natural transformation of additive functors from 3 

to the identity functor I; and 

4) There ia a small subcategory Cy of (such thet each object or @. 

ig isomorphic to an object of Co: 

As noted in motivating this definition, (59,1) ie a -cobordisn 

category. There are many more examples, and in fact the purpose of , 

cobordism theory is to study the interesting examples. The precise choice 

of this formulation is based, somewhat vaguely, on the definition of 

‘adjoint functors’. 

The purpose of this definition is not to establish a general nonsense 

structure; rather the definition will be used to follow the framework of 

previously developed theory and to try to unify the ideas. To begin, one 

has in any cobordism category the idea of a ‘cobordism relation’. 
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Pefinition: If (2,8,1) is a cobordisn category, one says that 

the objects xX ana Y of CC are cobordant if there exist objects U 

BAd Voof C such that the sum of X and 2u is isomorphic to the 

@wm of Y and 2V. This will be written XY. | 

One has easily: 

Proposition: 

a) € is an equivalence relation on the objects of Cc, 
b) X= ¥ implies ax = oy. 

¢) For all X, 9X = 9% where @ is an initial object. 

4)-If X =2X', y= Y' -and %- and. 2’ are sums of the pairs 

(Z,¥) -and~ (X',Y')- respectively, then 2% = Z'. 

Proof: 

a) X+ 09 = X + 96; 

X+ WU sy + WV=- > Y+ =X + 3U; and 

K+ Ure ov, Y+ WH Z+ T implies X+ 3(UW) SX + 3 + Wwe 

OY # OV + OW a Z + OV + aT = Z + (ver), 

bd) X.+ 90 2 ¥ + av dmplies aX = OX + 9 # aX +90 UR ay + 2d V = 

Oy +g ay. 
c) aX + 2639+ aX since 99 is initial. 

a) X+ au = Xo 4 gu', oY + avs Y' 4 av! gives” 2 + a(UeV) = 2! + a(Urav') 

NOTE: In all of the above A+B denotes an object which is “a sum 

for -A and BB, 8 . 
Note: If one is unhappy with equivalence relations on a category, one 

may reduce to considering = e an equivelence relation on the set of 
{uomorphism classes of objects of Cc « This is the reason for the assumption 
about existence of Cy: 
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Definition: An object X of ( is elosed if 3X is an initial 

object. An object xX of © bounds if K=% where @ is an initial 

object. 

Proposition: 

a) X closed and ¥ =X implies ¥ closed. 

b) X and X' closed implies their sum is closed. 

ec) X dounds implies X is closed. 

a) X and Y bound implies their sum bounds. 

ui
 e) X bounds and ¥ =X implies Y bounds. 

Proof: 

a) follows directly from »b) above. 
b) oX= @, aX' =O implies a(%eX') 2g +929. 

ec) Xx @ implies 2X = 84 = ¢. 

4) X2@, Y= implies X+Y2@+9=9. w
e

 

e) is immediate since = is an equivalence relation. ## 

Proposition: The set of equivalence classes of closed objects of C. 

(under =) has an operation induced by the sum in @, This operation 
is associative, commtative, and has a unit (the class of any object 

which bounds). 

Proof: The existence of Cy implies that the equivalence classes 

form a set. That the sum in Cc gives rise to an operation on this set 

follows immediately from the propositions. Associativity and commutativity 

hold for isomorphism classes of objects, hence also here, #* 
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Rafinition: The cobordism semigroup of the cobordian category 

(e 0,4) 48 the set of equivalence classes of closed objects of (, with 
Wha operation induced by the sum in (. This semigroup will be denoted 

Alée.0,4). 

Rymarks: 1) a(C ,a,i) may also be described as the semigroup of 

dimorphism Glasses of closed objecta of Cc modulo the sub-semigroup of 
Weperphiem classes of objects which bound. 

R) The semigroup @( 52,1) -is quite easily identifiable as Thom's ~ 

Qeberdien group 1s of wnorlented cobordism classes of closed manifolds. 

fa order to clarify this slightly, in the usual expression for equivalence 
@@ linc X= equivalent to Y if there is a V with 8V= Xv Y. Then 

Mv ov-= yo a(xer)- giving X= Y, The implication Xv 9U = Y vaV implies 

oe y= oT “is an easy geometric arguient by looking at components and 

ploving together manifolds with boundary by means of tubuler neighborhoods 

Of their boundary components. 

Within the literature of cobordism there are a few standard constructions 

performed. “These may be generalized +o the categorical situation as will 
Bew be shown. 

Construction I: Let (C,28,4) be a cobordiem category, 3f a category 

with finite sums and an initial object, ana F: C —» ¥ an additive 
functor. For any object“ X. of -, form a category C/X whose objects 

asm pairs (C,f) with © an object of Cand -f ¢ Map(F(C),X) - ana 

Whose maps are given by letting Map((C,f),(C',f’)) be the set of maps 

¢¢-Map(C,C'): euch that the diagram 



F{c) Fie) F(cr) 

Nf, 
If @ is an initial object of (@ and ¢: F(f) —»X is the unique 

comnutes. 

map, then (@,¢) is an initial object of C/X. If (D,g) and (Bt ,g') 
are objects of C/X and D+D' is a sum for D and D' in C, then 

F(DtD') is a sum for F(D) and #F(D') in %. The maps g and g! 

give a well defined map gtg' : F(DED') —» xX, and (DeD',etg') is the 

sum of (D,g) and (D',gt) in C/x. 

Let 3(C,f) = (a¢,foF(i,)) and 5(9) = #21, to define the functor 
3: C/K—» @/xX. Define the natural transformation i: 3—*» Ir by 

Leese) s1,1 2C —>C. 

Then ((/X,3,1) is a cobordism category. 

Remarks: 1) This is the algebraic-geometric (Grothendieck style) 
notion of the category or objects over a given object. 

2) If one begins with the category ( &,4) and takes F : Bi» X 
to be the forgetful functor te the category of topological spaces and 
continuous maps, then 9a{ Fx,3,1) is the unoriented bordism group | G(X) 

as originally formulated by M. F. Atiyah: Bordism and cobordism, Proc. Cem 
Phil. Soc.,,57 (1961), 200-208. . . i 

x 

Construction II: Let oc be a small category, ((,3, i) a cobordiad 
category, and let Fun(v«, Cy be the category whose objects are functors 

t :et-——» ( and whose maps are the natural transformations. 
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If @ is an initial object of ? » the constant functor 

item Cp A—>@ is an initial object of Fun(~.,(/). Ie 
$0 i—> C are functors, let Hix->(C dy letting H(A) be a oum 

fer (A) and G(A) and let (3p) * Jacq) + PCA) > HCA) end 

Mg), " Joa)! G(A) —» H(A) be the maps exhibiting H(A) as the sum. 
Fhon dy and j, are natural transformations which exhibit H as a 
Wa for F ana c. : 

ket 3: Fun(ot,(@) —> Fun(or, (1) : F —> 907 : 4 —93(A) and let 

{ { b—-1I ve the natural transformation given by the map i, : Q0F —>» F 
‘oe 6valuation at any object A of Te is i , 

F(A) 
: 3(F(A)) —® F(a). 

Than (Fun(ot, 2),3,2) is a cobordism category. , 

mark: Many standard examples fit this construction. Suppose «sr- 

48 the category with one object A whose maps are a finite group 

@ 4 Mop(A,A). A functor F : vt—» PY is given by selecting a manifold 

“fa F(A) and a homomorphism G —>Mep(X,X). Since G is finite, the 
dpducea map G@* X-—-—>X is a differentiable action of G on X. Thus 

Alfun(s:,£9,5,1) is the unoriented cobordism group of (unrestricted) 

Benvtions as defined by P. E. Conner and E, E. Floyd: "Di tterentiable 
Periodic Maps", Springer, Berlin, 1964 (section 21). 

Relative Cobordism 
. . - 

In order to study the relationship between two coburdism categories 

it 18 convenient to have available a ‘relative cobordism' semigroup. In 

the geometric case this is made possible by joining together two manifolds 

with the same boundary to form a closed manifold. In the categorical 

alluation, the idea is to replace a pair of objects having the same boundary 
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by a pair of closed objects... Por this one needs the idea of the 

Grothendieck group construction. 

Recall. that for any eategory with finite sums for which the isomorphisi 

Glasses of objects form a set; X% 4 one defines K(X), the Grothendteck 

group of X-, to be the set of equivalence classea of pairs (X,x') 

of objects of -X%, where -(X,X') is equivalent to (¥,¥') if there 

is an object A -of % such that X 4+ Y' # As Xo4Y4 4a. K(%) ds 

an abelian group under the operation induced by the sum in x. 

net ~((2,8,4) -ena -((1',3',4') be two cobordiem categories, 

a on C' an additive functor, and t + 2'F = Po a tatural equivalencc 

of additive functors such that the diagram 

arr(a) —ElADe ean) 

L(A) F(i,) 
F(A) 

commutes. “Let 7D be the category whosé objects are triples .(x,¥.f) 

with xe @', Ye @,¥ closed, and f+: 3'X—*» FY an isonorphism 

and with. Map((%,¥,£), (2’,Y',2")) othe set of (¢;w) © Map(X,X') « Map(Y,¥ 

such that 

atx —f_» ry 
24 I. |» 

aty? ne enipe Fy't 

cammutes. Then ned has finite suns and a small subcategory 

oP (x & C;. Ye C,) such that each object of ‘ is isomorphic to 

an object of P,: 
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Let a be the collection of paira ((X,¥,£), (X',Y',f')) of objects 
.@ nd for which Y=yY'. Let (x,x')-(y,y') if there are objects u 

wmv of tP such that x +u=y+v and x! +usy'.+v. Then the 
= G04 of equivalence classes fo /~ forms an abelian group under the operation 

(mduced by the sun. 

One has a homomorphism &: K( G11) — o/-, where Ch is the 
Wikeategory of closed objects of (' by sending (X,X') into 

((¥,0,5), (X',0,3°)) where @ 4s an initial object of (7 and J.J’ 
We the unique isomorphiams of initial objects. 

Tf one has a homomorphism 

ae B/C, /agR(C') + FKL) 

QWah that the composition with 8 is the quotient homomorphism of K( Ci). 

@#hien one can define a relative cobordism semigroup as follows: 

Yor objects (X,¥,f) and (X',Y',f') of ty, one writes 
(WiY,f) = (X' ve") Gf there exist objects U and U' of C. with 

Ye OUR y' + aU! and for which o((X+FU,Y+0U,f4tU), (K'#FU",Y'#9U" ,f'4tU")) = 0. 

Vaing the fact that o is a homomorphism one easily sees that = is an 

@quivelence relation. The relative cobordism semigroup a(F,t,a0) is the 

pat of equivalence classes under = of elements of eZ with the sum 
induced by the sum in (2. 

One has homomorphisms 

a: AF,t,a) —» 2(C,9,1) : (X,¥,f) — Y, 

P, : 2((2,3,4) —+ 9(@’,a’,i’) : Y—> FY, and 

i: 2((0',9°,4°) —> O(P,t,0) : X —> (%,9,3) 



«12 

and the triangle : . i 

a 

(0,344) ——* alG "49", 4") 
IN t 

ACF ta) 

is easily seen to have period 2 (i.e. 21." iF, = F,9 = 0). ; 

In order to clarify the relationship between the homomorphism a and . ; 

the joining of two manifolds along their common boundary, consider elements 

(x,¥,¢) of YP as a manifold with boundary together with additional ; 
structure on its boundary. For ((X,¥,f), (X',¥’,f")) © a3 choose an 
isomorphiem g°: ¥ =. y! and let «(x,x') be the class of Xe (-k), 
where -X' is X' with its opposite structure (e.g. orientation), and 

the boundaries of X and X’ are identified via k= f'/¥(g)r. This 

M
a

b
i
e

 
R

t
 

clase does not depend onthe choice of g, for if g@' ia another isomorphig 
one may attach X’ x I to (x 0 (KD) xD [4(x User (-K'))] * IT ao 

that the difference of two representatives is cobordant to Xv (~x), where’ ," 

x" we p(g 4g! )e. Taentifying 9Xx0 with 9Xxl using k" in XxI gives | 
4 

a cobordism of XY yn(-X) and 3X * I. with ends identified by k" ~ but —; 

this is isomorphic via f to the imege under F oof Y * I with ends 

tar, Thus o does not depend on the choice of g. identified using ¢” 

. With this choice of a, suppose one has (X,Y¥,f) = (X',Y',f").. One 
may then find a cobordism of -Y and ¥', say oV = Y-Y'- so that 4 
X vu («V) U (+X!) 4s cobordant to a closed manifold D with additional 

structure. Thus one may find a cobordism of Y and ¥', U = V4D, 

9U = Y-¥', so that xu (-u) | (~x') bounds. This is the usual geometric 

T
f
 i
t
a

l
 
F
le

e
s
 

description for cobordism of manifolds with boundary. 
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Remark: One may let 2 be the subcategory of (C' consisting of 

- faledel odjects, with F the inclusion, Then 8 is epic, uniquely 
, detornining a. ‘The relative cobordism semigroup in thie case is then 

; Montitiovie with the cobordism semigroup of (1). 
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Chapter If “ 

Manifolds With Structure - The Pontrjagin-Thom Theorem 

The standard cobordism theories are based on manifolds with additional 

sstructure on the tangent or normal bundle. The exposition given here is 

taken from the paper: R. K. Lashof: Poincaré duality and cobordism, 

Trans. Amer. Math, S6¢., 109° (1963), 257-277. 

Denote by Gy on the Grassmann manifold of unoriented r-planes in 

R*) and let a be the r-plane bundle over s. n consisting of pairs: 

an rplene in RK" and point in that mplane. Then BO, = lim G. 
+ pee Tet 

with universal ~ replane bundle Y = lim y . 
tee 

Definition: Let ff: B\—» BO, bea fibration. If §€ is an 

n-dimensional vector bundle over the space xX -elaseified by the map 

B:X—» BO, then a (3,20) structure on € is a homotopy clase of . 

liftings to BL of the map €; ive. an equivalence class of maps 

Er: X—>B with £08 =€, where € and & are equivalent if they 
are hamotopic by a homotopy Hi: X * I -—* 5. stich that 
£ on(x,t) = E(x) for all (x,t) eX * I. 

Note: A (B.,f,) structure depends on the specific map into BO_. 

There is no way to make (3B ty) structures correspond for equivalent 

bundles, since the correspondence is dependent upon the choice of the 

equivalence. 

Let M° be a compact differentiable (C”) manifold (with or without 

boundary ) ena let i: M"° —» RR" . ve an imbedding.. The normal bundle of 
i is the quotient of the pullback of the tangent bundle of Rv, 4r(RF 

mr), gtr , gotr 
by the subbundle 1(M). Giving .t(R the Riemannian 

metric obteined from the usual inner product in Euclidean space, the total 
a} 
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’ Ppaee N of the normal bundle may be identified with the orthogonal. 

OMaplement of (M) in i*t(R"), or the fiber of H at m may be 

fdenuiried with the subspace of R*T & RU consisting of vectors (m,x) 

With x orthogonal to igt(M) . The normal map of 1 is given by sending 

& into Noe G covered by the bundle map -n: N-—* oa : (myx) —~ (Nx rjn* 

Bpaponing with the inclusion into y".. provides a map: 0(1) . M—» BO, 

Waieh classifies the normal bundle of the imbedding 4. 

Lemma: If-r- is ‘sufficiently large (depending only on -n),. ‘there 

ib A One-to-one correspondence between the (B,»f,.) atructures for the 

Bermal bundles of any two imbeddings 1) ,1, : M7 —» RMT, 

‘acenmveniets 
Proof: For r ~ sufficiently large, any two imbeddings dis 1, of 

a in Rr are regularly homotopic and any two such regular homotopies 
@e homotopic through regular homotopies leaving endpoints fixed. “(A 

otr Feiler homotopy is a homotopy -H.:.M x I -—* such that each H( -,t) 

49 8h immersion and such that the differentials H( ,t), : 1(M) —» t(RTM*) 

WePine 8 homotopy). See Mv Hirach: Immersions of manifolds, Trans. Amer. 

Huth, Soc. , 93 (1999), 2h2-276. ‘Then a regular honotopy fran 4, to 4, 

Gives howotopy fron v(t.) to vin), and two homotopies defined in 

Ghie way are themselves homotopic relative to endpoints. Thus one has 

@ Wall-defined equivalence for the two bundles. Applying the homotopy 

Lifting property for the map f then establishes the correspondence 

Qite easily, *# 

Definition: Suppose one is given a sequence (B,f) of fibrations 

fp 1 0, > BOL and maps g: BY —>B,, such that the diagram 
\ 
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&. 

B. Bat 

t. | tel 
4, ; 

50, rel 

commutes, J y being the usual inclusion. A (8 »f,.) structure on the 

normal bundle of M" in RTMT defines a waique ~(B tn fa) structure 

via the inclusion RT CR 4 (B,e) structure on M” is an equiv 
class of sequences of (Bt). structures §— = (6) on the normal bundle 

of .M, two such sequences being equivalent if they agree for sufficiently 

large x. A (B,f)° manifold is a pair consisting of a manifold M” 

and a (B,f) structure on mM". 

Tf W" is a manifold and M" 4s a submanifold of W with trivializ 

normal bundle, one may imbed M in RY yr. large, and extend by means 
of the trivialigation to an imbeading of a neighborhood of Min W 
into RY? =a RT x RY" 56 that the neighborhood meets tr orthogonal 
along M,. This may then be extended to an imbedding of Win RY The 
normal planes to M in gr are then the reatriction to M of the j 

_ normal planes to W in Rv ore va Ww ~> B. is @ lifting of the nore 
map, then Vly is a lifting for the nortieal map of M. Thus a. (B,f) 

structure on W- induces a well-defined (B,?) structure on M.- 

_ Remarks: -1) The induced (B,f)° structure depends only on the 

equivalence class of the trivielization, not on the specific choice of 

trivialization. 

B
e
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E
E

 
a
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ee
 A

ie
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2). Ie £3: 6M—* Wis an isomorphiam of manifolds, the normal buna} 

is trivialized, being zero dimensional. If 1:M-> W is the inelusion, { 
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af the joundary, there are two choices of trivialization, via the choice 

Pd daner or outer normal. If j:M—-~*»W is the inclusion of a direct 

figmeni, then the normal bundle is again zero dimensional, so trivialized. 

Definition: The cobordism category of (B,f) manifolds is the category 

@haee objects are compact differentiable manifolds with (B,f) structure 

@44 Whose maps are the boundary preserving differentiable imbeddings with 

$Fivialized normal bundle such that the (B,f) structure induced by the 

fe] @ulmcides with the (B,f) structure on the domain manifold. The 

Aihutur 9 applied tao a (B,f) manifold W is the manifold 2W with 

(ar) atructure induced by the inner normal trivialization, and 93 on 
fale la restriction. The natural transformation i is the inclusion 

68 tle voundary with inner normal trivialization. 

he cobordism semigroup of this category will be denoted 2(B,f). 

fhe #ub-gemigroup of equivalence classes of n-dimensional closed manifolds 
Wild be denoted 0,(B,f). Clearly 9(B,f) is the direct sum of the 

A, (H.t). 

Proposition: The cobordism semigroup Q(B,f) is an abelian group. 

Proof: Let M" be a closed manifold imbedded in RTM” for some 

lerue ro owith v:M-— B. a lifting of the normal map. Extend to an 

Wibedding of Mx I in RU? x Re gotrel by the usual inclusion of I 
i ft. The normal map for Mx I is the composition of the projection on 

Hf and the normal map of M. Thus the lifting for M defines a (B,f) 

@tpuoture on Mx I which induces the given structure on M* 0. The 

dhner normal along M* 1 gives rise to an induced structure on M * 1, 

ahd with these structures one has M+M* 15 3(Mx I) in the category. 

Fae the structure on M* 1 is an inverse for the structure on M in 

Hint). 
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Considering BO. as the space of r«planes contained in some 

finite dimensional subspace R* of R- and taking the usual inner 

product on the subspace of R consisting of vectors with only finitely 

Many non-zero components, one obtaing,.a Riemannian metric on the universel 

pundle y". If —& ig an- r=plane bundle over 4 space X. classified by 

the map & : X—~> BO, one has induced a Riemanriian metric on &.- (Note: 

For the normal bundle of a manifold this coincides with the metric 

obtained from the splitting). The Thon space of £&, TE, is the space 

obtained from the total space of §€ by collapsing all vectors of length . 

at least one to a point, denoted TM. If & 1s the bundle induced from a 

bundle n: Y—* BOL, by a map g:X—-—* ¥, then the usual bundle map 

£ = g#n —> n Induces a map Te + TE —» Tn, 

The map J, : BO.» BO.,, induces a vector bundle gay )- over 
BO a which may be identified eas the Whitney sum of y" and a trivial line 

pundle. Then Tey) may be identified as the suspension of ty’. 
One then has a commutative diagram 

Te, ETB. one TB 

itr. bind .| 7, | rei 
ETBO.. pemeenel THO f 

4 
and a homomorphlem Tg,.0k : Tap TB) ~> te +1 TB?) of the homoto 

groups, where E denotes suspension, and TBO, TB. denote the Thom 

spaces Ty” end te#(y"). 
r 

R
E

 a
e

s
 t

a
d

 

The main theorem is the generalized Pontrjagin-Than theorem: 2 

Theorem: The cobordism group of n-dimensional .(B,f) manifolds 

s
e

t 
Se

 

a(B,f) is isomorphic to iim Tag (TB) : 
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Brot: 
A) Definition of the homomorphism 9: 8_.(B,f) —* lim 7 (TB ,@), 

a re ntr Pr 

Let oc a (8,2) be represented by a (B,f) manifola MTM.° Let 

$i MR be an imbeading with a lifting 9: M—> B, which defines 
Wee given (B,f) structure on M, Let N denote the total space of 

Whe normal bundle of M, ‘thought of as a subspace of RTM*TM x RT under 

We evaluation map ec: RT x RUT + AT : (a,b) —> etd, the subspace 

§ hw mapped differentiably and on M=MxX OCN this map restricts to 

2) imbedding 1. Yor same sufficiently small € > 0, the subspace of 

| Gensisting of vectors of length less than or equal to ¢, Ny» is 

* fabedded by this map ely 
To define a map a F ame Te*(y"), begin by considering . gr ag 

Eid U «© and let c¢ : oT —> 5,/8N, by collapsing all points of gtr 
Gebaide or on the boundary of N toa point. Multiplication by 1/e 

- bucos © map N,/oN, —> TN, denoted by ev). me hap nx (Son) : Nay" x 
Weare nis the composition of n with the inclusion of %, in ~ and — 
- § de the projection of -N on M, is a tindle map into £e(y") and 

“filvees the map T(nx (Yor) TH —> TB. The composition 
fe a(n « (on) © coe is a map of pairs (8°* 0) —» (TB. ,@). 

Keplacing.¢ by a smaller value does not change the homotopy class 

1, @ » since the maps “oc will be homotopic. Replacing v by an 

Qvivalent Lifting simply gives a homotopy of t(n x (vor)) ‘and 80 does 
MA whange the homotopy cless of 8, Clearly, the map M—> RTMF gate) 
Gives rise to Tg.ok@ and thus one has defined an element of 

Me "ar (TB.»®) represented by the map 6, 
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To show that this element depends only on the cobordism class of the 

manifold Mand not on the cholce of the imbedding, let W be a (B,r) 

manifold and j : M+ 3W—> RT on inbedding with a litt 

Vi M+ ow B. giving the same (B_.f,.) structure on M (here r 

ie assumed large). Let H:M*xI—>RTMTM be a regular homotopy of the 

imbeddings 1 and jl, chosen so that. H({x,t) is -i(x) if t-< 6 
1 

aid ia j(x) if t> 1-6, and let i: W—R x (0,1] be a map 
2 

agreeing with j * 1 on. 3W and imbedding a tubular neighborhood of 3W 

orthogonally along j(aW) x1. The map (Hx ,) +k: MxI+W¥—>RTM 

is an imbedding on a closed neighborhood of the boundary and may be 

homotoped to an imbedding Fi: Mx I+W—>RTMT x 7 by a homotopy fixe 
on that neighborhood of the boundary. F|,,, 1s a regular homotopy and 

corresponding to ita normal map one may find a covering map M x T -=» 5. 

agreeing with Von Mx .0.. Since the normal map 1s constant near 

Mx 1, one may modify the lift to agree with Vv on Mx 1. Since the 

(3,¢) structure on oW ia induced from that of W one vay find a litt 
of W agreeing with V on @W. Following the previous construction witl 

the imbedding Fi: Mx I4+W—»RTM x 1, one has a collapse 

att er > B/an, where N. is a neighborhood of (image F),~ a map 

cs N/aN,—> TW and the map T(G x (Yor)) : IN—> TB. which compos: 
to give & map gue xI~—> TB = This provides a homotopy for the maps 

defined by 1 and 3. 

Taking W -empty shows that the class of 6 isa independent of the 

imbedding of M. Further, if M=M' with M+ 3W=M!' + owt, then 

e(M) - (Meow) = e(M'4aw’) ~ 0(M") so “that the class of the map © depe 
only on the cobordism class of M. 



3) © 4s a homomorphism. 

ir My and M, represent two classes in (3,8), choose imbeddings 

i, ' M, —>RTMT for which the last coordinate is positive for 4, and 
Begative for ip. If tubular neighborhoods are chosen emall enough 
§0 ile in the same Half spaces then 6([M,] + IM, ]). is represented by 

v ser oye, TB.» where 4 collapses the equator of gtr 
uw 0, vrepresents 6({M_]). Since this map represents the sum of the 

Babotopy classes, - 9 18 a homomorphism. 

0) 6 ds epic, 

het 6: (8°75) —> (iB. >”), x large, representa clase in 

kn 7 {TB..*). Then Te 90 : (s"*¥p) —> (TB0,,"), and since 
at = lim Tye with 6 compact, Tr. 20(s**) Cc my for sone 

he The map te, 68 wey be deformed to & map ,, so that 
1) h. is differentiable on the preimage of some open set of TY; 

“Wilaining Gand is transverse regular on @, .. Note: Tyi ~- 
Wb & differentiable manifold. 

g) If ow? ne, 4)» h, is a bundle map on a normal tube of we 
a) yer _ ST _p, 

§) ‘The map TE 6 ages with bh on the preimage V of a closed 
Bighbornood of =. 

Aince holy Classifies the normal butidle of M, one may assume 

(w & further homotopy if necessary) that holy is the normal map 
eiM-~c Coa. . andthet his given ty the usual translation 

yn T,8 r 

@ vectors to the origin ona normal tubular neighborhood of M. 
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Now Tr, : TB. — TBO, is a fibration except at the point ©, and TM 

since af00(s""* - interlor V) does not contain °,; the covering homotop 

theorem applies so that the deformation of TE,,08 to b on 

nb 5 -- interior V may be covered by a homotopy of 8 - on gu ~ interlor . 

which is pointwise fixed on the boundary of V. .Taking the homotopy 

to be constant on.V, one may cover the homotopy of TE 08 to h.. by a ' 

homotopy of 6 -to a new map 6 The inverse Image of 3. under @, is 
1 

is 

1° 

the inverse image of BO, under h_, which is M. Further 0,|, 

a lift of the normal map bole 

Thus one has a (3. +f.) structure on M in RT ana hence a 
a+r (B,f) structure on M. Using the given imbedding of Min. R with 

the 2ift oe the resulting map Ps agrees with a on & neighborhood 

N, of M and since TB -B. deforms to .~, one may hamotope 4 to 

agree with 6, by pushing the complement of N. tq ©, Then e(im}) 
2 

ig the class of 8. 

D) © is monic. 
Fy 

Let M be a (B,f) manifold such that @([MJ) = 0, Thus for some; 

large xr the standard map 85 : gtr mie TB 3. defined by M is homotopie 
i 

to the trivial map 8 : gr pe oe, One may choose the homotopy 
rh be B xI—» TB so thet L, = 6, for te [o,n]. By compactness % Q 

tf oL(sTM" x nec Ty; for some s (>). As above, one may homotope 

Te ob (relative to nN (M) x [0,4]) in « neighborhood of Gs toa 

map H, which ia differentiable near and transverse on Ge 

We wo, .) is a submanifold of RY’ x I with aWeM meeting 
RT x 0 orthogonally along M. One may also ascune a|y 12 the 
normal map and q. agrees with the usual translation of vectors map on 
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‘ B Weighborhood of W. Applying covering homotopy, one may deform L 

Wamp 6: s"*x I—> 9B, with 6, = @) for small t, 6, = 6/8? x 

‘jah al, covering the normal map H, of W. This defines a (B,f) 

Qbructure on W which induces the original (B,f) structure on M. 

Gwe M+ 36294 aw ana [M] 4s the sero class of a(B,t). 

tangential Structures 

It de frequently desirable to define (B,f) structures on manifolds 

] Weana of structures on the stable tangent bundle, Let B= lim (B38. -) 

QM BO = lin (B03) with f* lim'f,: B-—-» BO. The map 

ban 1G. y Gy, Obtained by assigning to each n plane its 

@¥hogonal 8 . plane induces a map Is BO —» BO, with T° the identity. 
of | B+ BO is a fibration and one has the induced fibration 

| #2) pes p> 20, since 1? = 1, IBY is again B. The induced 
waWle maps give a alagram 

th tr ana I'r*~ voth being identity maps. 

If Mis imbedded in gn N large, the maps Yq? vw — Gy a 
» 

“ ty PG. 

" Wedtern are velated by ty = Ty Vy Following thesé by the inclusions 
a J 

obtained by translation of normal end tangent 

Qhe has meps +: M—* BO and vi M—~—> BO with t= Iv, 
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A -(B,2) stracture on Mas previously defined is precisely a 

homotopy class (through liftings) of liftings to B of the map v:M—> ag 

The maps .I'. and. I*. define an obvious equivalence between these classes 

of liftings of -v and the homotopy classes (through Uiftings) of liftings 

to BY of t : M—* BO. Such a class of liftings of t ie a (B*,r*) 
structure on the stable tangent bundle of M. 

Structures For Sequences Of Maps 

if instead of fibrations one ie given only spaces C. and maps 

t. 3 c. —e BOs &. C.. —_ Ce such that F418 is hemotople to 

Jf. one may replace the maps (c,,2,,) by homotopy equivalent fiprations. : 
The resulting meps 6.) may be deformed Inductively to give commutative 

diagrams by meana of covering homotopy: A (C,f) structure is then a 

structure for some such fibration sequence (chosen). Since the cobordism 

group is given by homotopy of the Thom complex, which depends only on 

the homotopy type of the fibrations, the resulting cobordiem group does 

not depend on the cholce of equivalent fibration sequence. 

Ring Structure 

If one has an r plane in. xs space and an r'- plane in r‘+s' 
' t te t 

space, they span an rtr' plane in gt tots ete gt TE mis : 

‘V8! ~~ Siar! sete! 
corresponding to the Whitney sum of vector bundles: 

defines a map 6 x6 and induces a map 
Y,8 r 

#0. * BO. —- BO yet? 
Gy 9 ie a point and provides a base point in each 6. (the usual i 

, : 
RC Ht) so that BO, v BO, is mapped via standard inclusions. , 

. 
* 
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Fhe twisted map 50 jt * BO, —> BO, BO! —> BO, is homotopic to 

“the usual map BOL x BO. —_ BO ? by a rotation of prir'+sts! 
€@ interchange factors. This gives the usual homotopy commutative H-space 

‘ ftpucture on BO. 
Having similar multiplications 5. x BL —_=B tg 8° that the maps 

f, preserve products up to homotopy, one may define a.ring structure in 

(B,f) cobordism, for the multiplication defines a (B,f) structure on 

Whe product manifola MP x Mt’ CO RMN, got’. potn'+Men'. 
The map B. x BL BL, induces a map TB m3, TB, 

faving a product in the stable homotopy, making it into s ring. This ring 

fimuoture is the same as that of the cobordism groups. 

Relative Groups 

Tf one has commutative diagrams 

&. 
ammne B. Bo 

n | 4 Pes ° 

LE 
WB vnich b, and a, are fibrations and g, end Kk, are fibre preserving 

@ap, 0 (3,2) structure induces a (C,d) structure by means of the 

Iyeduction' h. This gives a functor h from the cobordiam category of 

(b,¢) manifolds to that of (C,@) manifolds, An (nti) dimensional 

Baaifold wW with boundary having a (B,f) structure on its boundary inducing 

Win h the same (C,d) structure on 3W as is induced by a (C,a) 
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structure on W is a relative manifold. Using the standard ‘piecing 

together’ homomorphism one has defined a relative cobordism semigroup. 

If one imbeds 9W in RTM? (ry large) with lifting of the normal 

map to B_, extends to an imbedding of W (orthogonally along the boundaz 

using a tubular neighborhood) in R°* x [o,0©) = H ered selecting a 
lifting of the normal map of W to c.. which agrees with the h-induced 

lifting on oW, then one may apply the tubular neighborhood map to this 

imbedding-lifting situation to construct a map 

oy (pet Bt ay a (GL Go RMT yw) —e (TC, ,TB,,=). 

If W is cobordant-to W' (reletively) one may find a (B,f) . manifold 

U -giving a cobordiam of 3W and 2aW' so thet with proper boundary 

“identifications the closed (C,a) manifold WU (-U) U (-W') bounds. 

One may imbed U in RTM" x r to give the proper identifications at . 

aWx O and aW' x 1, with a lifting of the normal map to Band fill ; 

in the manifold with (C,d) structure in patel * I -along ite boundary 
wu) uw) CmTM yo um xr vu getrtl ya, Ignoring corners- 
(which don't affect the homotopy situation, but rather involve the 

rere] identification of | D % I). the normal maps and their liftings define. 
a homatopy 

Ls (DTth « re" x re x 1) —» (tc, 7B ,*) 

sh
ea

. 
H

e
m

e
. 
t
a

t
 t

e
 

of the maps for Wand W'. 3 
v; . “a 

Ignoring lots of details one sees easily that the {nt1)” dimensions 

rélative cobordiem group {-W being constructed fron WX I) is isomorgl 

to the stable homotopy group iin Tere) 

triangle is identifiable as the e: exact homotopy Béqlience of the ‘pair’ % 
Py ‘ 

(te 2 TB?) Further, the cobordj 

41 
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Chapter III 

Characteristic Classes and Munbers 

As mentioned in the introduction, the determination of invariants which 

Gatinguish manifolds in one of the principal aims of differential topology. 

. B the framework of cobordism theory, the use of characteristic classes 

Provides invariants called characteristic numbers which are cobordisn 

bvarionts. In order to set up the machinery for these invariants, the 

iden of generalized cohomology theory play a central role, and for this 

‘fh basic reference is G. W. Whitehead: Generalized homology theories, Trans. 

Maar. Meth. S0c., 102 (1962), 227-263. 

Definition: A spectrum E is a sequence {B,|n eZ} of spaces with 

Pase point together with a sequence of maps e at nal B ney? -E being 

Phe suspension. If Ee iF sf} is another spectrum, a map h from — to 

| $ {na sequence of maps bh: E —>F, with hl,,ce, = f ofh,. 

nt] Jxamples: 1) The sphere spectrum § = {s",o} where oo, : tg” > g 

AN the identity map. 

2) If (B,f) ie a sequence of fibrations f+ BL > BO, with 

pepe &, : B,—>B,,, 98 in Chapter II, then TB = {TB., Te} 1s 

* § @pectrum, known as the Thom spectrum of the family (B,f). In particuler, 

Phe maps Tr: TR. —> TBO define a map of spectra 

ff ) ] — 19 = {180,73}. 

If one chooses base points b, € BL such that g,>,. = D. then the rv’ 

Wurdle ee(y") induces 4 trivial r=plane bundle & over b’, defining 

& map Tb, : Toy —> TB. Since Te = s*, this gives a map of spectra 

fe 1 &—> 7B. Note: The identification of 76” with 6” requires a 

éhuine of framing of the fiber over d 
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Definition: The homology and cohomology groups with coefficients ix 

the spectrum E are defined by 
~d 

‘ H(X,A3E) = iim Tag | (K/A)QE, ) and 

H'(X,A3E) = Lim tet (x/a), Bai! 

where X/A is the space obtained from X by collepsing A to a point " 
(the base point), - is the smash product U.V =U x V/(U x #) u (x * v)) 

‘and [ , ] denotes homotopy classes of maps. * 
H*( jE) and Hy( ;E) are functors satisfying all the axioms of 

Eilenberg-Steenrod as cohomology and homology theorles with the exception 
of the dimension exiom. 4 

One defines Hy (X3E) to be Hy (X,635) where @ is the empty set : 
and X/@ is the disjoint union of X anda point. If ¥ is a space wf 
base point p, one writes Hy(¥;E) for Hy (Y,p3E). 

w
a

b
iv

in
d

d
 

* 
a

t
e

 

Definition: A ring spectrum is a spectrum A = {A, 28) } with a nap | 
as: 5-—>A and a pairing m: (A,A) _ A; 4.e, a collection of maps 

n. 2: A.A —>A such that the maps of the diagram Pd Pa@ Ptq PS 86 
asl 

fA )sA Be An (ta) q pr: 
a T SP 

TA aAL ) *y.0 Tha AF gt 
» T Mp sath A, (EA,) a, a 

represent classes of the group [E(a,, “A gt AAad +1 related by 

(mer jg? (@pDerl = [a eq?y,g] = (-1)F [m, olla, Jou); 



FMR that the dtagran 

> a2 dea, 4 
Brak mA «A + a§ q P.o4 A P 

" | 
2”, 3, QA As : Ped 8 b 

mM, (-1)?%a 

Mien, where & 15 the multiple composition of the suspensions of mapa a , 

“ («2)93 4s a map whose class in the group [r4a, Arg! is) (=1)P4 

; fhaee the-cless of a. [Note If q © 0 ‘this is not a group, but (-2)?4 = 3 

#8 Wat one does not need the group stricture to find a map. ] 

Jewrie: Let R be a ring with unit, K(R,n) an Bilenberg-MacLane 
un (the only non-zero homotopy group being Rin dimension n) end 

WO u, | rx(R,n) —> K(R,n+1) be a map corresponding to the identification 
ey) me (K(RntL). ~The spectrum K(k) = {K(R,n) sx} is a ring spectrum 
w W'ONK(R)) 4g the usual cchomology with coefficients in BR. 

With a ring spectrum one has the usual sorte of products, such as cup 
Pbehvete in cohomology making H*(X;A) into @ commutative ring with unit. 

. Pefinition: Let (B,£) be a sequence of fibrations f, F BL > BO. 
A Bn cress is a map of spectra U: TB —> A, where A is a ring spectrum. 

Nov let M" bea (B,f) manifold, i: M'—» a"? on imbedding 
Gk 0M imbedded in petrHl ith the usual orthogonal framing along a 
(WWWdar neighborhood of aM = aM x 0 (denoting the neighborhood by aM * [0,1]) 

$0. Nove the normal bundle of M and N’ the normal bundle of 8M. Let 

1 M—+B. be o lifting defining the (B,f) structure on M with 

EY ee TB. the induced map on the Thom complex. 
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Consider the map 

nh —Le yx NER we oN ——> (u/om) 08 

where 4 is the diagonal map, the bundle projection, p -is the collg 

onto the Thom complex, and the last map is the obvious collapse, Under 

this map the vectors of norm at least one are sent to the base point, as 

are all vectors over 9M, i.e. N'. Thus one induces a map 

Oo: TH/TN' —m (M/9M)TN. 

Letting ©: H* —s 0N be the standard (scaled) collapse, the 

projection into. TN/TN' sends grtrel into the base point also and hencé: 
defines a collapse c: 8°" = (BF yo) /(RA Eo) —» onyoN', 

Letting U = {U,, br BR A, be a Thom class, one has a composite “| 

1-0, 
gtr 8, on /ey —Ae (u/om)-tn 22 (M/aM)-0B ——E> (/aM) A, 

a
k

a
 

a
 

e
c
 
ie

 

which represents an element of 1, pf (M/aM) =A ) Letting x go to ineing| 
Gefines a class [M,2M] € E, (M,9M;A). ‘This element is easily seen to depet 
only on the (8,f). structure of M. 

w
a

h
 r

id
 

Definition: If M" is a (B,f) manifold and U: TB—»A is a 

Thom cless, then the fundemental class of (M,3M) is the class 

(M, am] -c H(M,@N3A). If 9M is empty, this class will be denoted 

[mM] © (MA). 

If one collapses the complement of the tubular neighborhood of the 
boundary by 

&@ : M/9M —» M/{aM UW (M-oM x (0,1))} = £(aM/p) 
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Ae has the map which defines the boundary homomorphism in homology 

2: Hi (M,0M3A) —» Bo) (MA). 
4 

BP one composes the map defining {M,9M] with the map d-1, it is immediate 

Guat the resulting map is the suspension of the one which defines” [9M]... Thus: 

Proposition: Under the bowidary homomorphism in Anhomology ; the 

Pildamentsl class of .(M,9M) is sent into the fundamental clase of 2M. 

Definition: A universal cheracteristic class with 4 coefficients for 

© (Oye) vunates is a class xe H*(BjA) vhere B= lim (Bg). If § 4s an 
Tro 

fapiane bundle over a space X with a (B,,f,) structure given by a lifting 

4 1X—*B, then the z-characteristic class of the (Bot, bundle is 
“Pee class x(E) = emge(x) € H*(X;A), where 2: B/—»B is the usual 

QP into the limit space. If M* is a (B,f) manifold, the x-normal 

eristic class of M is the class x(M) ¢ HA (M3 A) defined by 

BAM) = x(v) where vs ws B, is a lift of the normal map (of some imbedding 
Gefining the (8,f) structure on M. 

Pefinition: If M" 4 a closed (B,f) manifold and x HP(BsA), 

Wien the x-characteristic number of M is the class in BP"? (pt3A) obtained 
W @valuating x(4) on the fundamental class of M.. Thus if x(M) ¢ HP (M3 A) 

is yepresented by a map y : rt(u/p) Ae end [mM] « #043) is 

Ppresonted by a map oy: gir (H/B)-a,, then 

alW) =< x(u),[u] > e BP" (pt 3A) is represented by the map 
i m 

geret Eby oh (uy) “Ay. nd Aaa”, ad Appin’ 
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The usefulness of characteristic numbers in cobordism theory arises 

from the result of L. S. Pontrjagin: Characteristic cycles on differentiab 

manifolds, Math. Sbor. (N.S.), 21 (63) (1947), 233-264; Amer. Math. Soc. 

translation 32. 

Theorems If xe HP(B;A) and M” is a closed (B,f) manifold, then 

the x-characteristic number of M depends only on the (B,f) cobordism 

class of M. 7 

Proof: Since x-characteristic numbers are clearly additive, it suffi 

to show that for M = 2W one has x[M] = 0. Letting i: M-—*»W be the: 

inclusion one has x(M) = i®x(W), so 

< x(M),[M] > = < a%(w),a[W,aw] > = < 6i%(w),[W,aW] > 
ei 
a 

where 6 is the cchomology coboundary hamomorphism induced by the collepsd 

ad: W/aw —» £(aW/¢). Since the cohomology sequence 4 

& BP(w3a) 2-> B(aw;a) > B®*2 (Ww, awsa) 
ne lard lead 

4s exact, é6iMx(W) = 0; hence x[M] = 0, *# 

Remark: Being given fibration sequences B +. 4, BO, one may th: 
of ye H*(B,B;A) as a relative characteristic class. Being given a (Bi 
manifold M with (B,foh) structure on 2M, one has defined a relative { 

characteristic number y[M,2M] © HY (nt 3A) since the normal map gives & 

(M,9M) -—» (B,B). To see that such numbers are relative cobordian tnvartal 
; 4 

one may suppose by additivity that there is a (B,f) manifold W with : 

aw =MU(-U) joined along 9M = 9U, with U a (B,foh) manifold. One. 

e
s
d

.
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: an has 

(w,aw) ~L> s(aw/p) ale s(aw/u) <2 x(myam) 
: tc 
Giving >, [MoM] = 5,2[W,aW] “by the orientation assumption in the 

Weonposition of aW and -y(M,oM) = pMg4y(W,U) where 

(My aM) ~B (aw,u) Se (wu) 

00 ylMsam] = < a%y,5,9[W,aW] > = < 63%aty,[W,2W] >. However, from the exact 
Wguence of the triple (W,9W,U) the composition 

¥ * H*(w,u) —& He(awiu) Sd} necw,aw) 

. @ tere, so y[M,oM] = 0. Note: Taking B empty, this reduces precisely to 

Phe closed case. 

In addition to the manifold theoretic treatment of characteriatic 

faibors by using the Thom class to construct fundamental classes, one may 

cry) give homology and cohomology theoretic descriptions of characteristic 
" QMabers which are frequently useful. In particular, these will be needed 
her. 

. Aa in the construction of the map 9, one has for any x-plane bundle 
§ ever a space X the composition 

yy xy PB x x Hy —> (2/9).0y 

- faving amap ¢ 2 Ty —» (x/¢).Ty. 

Applying this to the bundle ee(y") over 8B i and composing with the 

When class and inclusion of - B, in B gives 

(1+U, Jog -L)oS + TB, —> (B/B)-A,, 
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inducing on homotopy the homomorphism 

@,(B,f) = Lin Tap TB?) > — Tape (B/B)-A,,) * B(BSA). 

tt mM" is @ closed (B,f) manifold, ao that -M/@ maps into BL/$ unde 

the normal map, one has the commutative diagram 

aU OTs 
ghte 8g oy Bs (n/p) © E> (0/9) 04, 

EM) | vely | Bowel 
8,00, mp, —2—+ (3, /9).08, E> (B/9) A, 

Thus the homotopy homomorphism is the homoemorphiam sending the cobordism 

elesa of a manifold M" ‘into the image under the normal map of the funds 

class of NM", ‘Thus the pairing of homology and cohomology of ~B into th 

echomology of a point gives 

2,(B,f) @ HP(BsA) —> 8 (B;A) @ BP(B;A) —> HP”"(pt 3A) 

which coincides with the evaluation of characteristic numbers. 

In addition, the composition 

1m, : 1.00.1 * : x2 ; r 8 TB «A, (B,/9).TB A, ——~—> (BL/9) A.A, ——> (3/8) A, 

gives rise to the Thom homomorphiam In homology 

Oy + By (TBL3A) —————> Hy _(B 3A) 
" + W 

iim uF 4g TB WAg) iin TM, +s! (B/9).A,,,) 

determined by the Thom class U. (Note: This is given by TM,0(nU) sty 
: «4 

the map § is the composition of ¥.1 with the map used “in defining ca 
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Weivcts.) The homomorphism Q,(8,f) > H(BjA) may then be interpreted 

Mi We composition of the Hurewicz homomorphism in A-homology 
ia 

. " ’ = o-*"0 Sy, (t2,.>) —> HL .(7B.3A) given ty TB. = TB.8° ——* B.A, and the 

he homomorphism determined by U (at least after letting r go to 
“Bhinity). 

%¢ ls more common to consider the Thom homomorphiam in cohomology 

Shgery. tf one begins with the map 

LU 
x. mp —L> (3 /9).28, > B/D)AA, 

a @iooses a map Xp r'(B/#) —_ Aad representing ea class xe © (B. 3A) 
Wide the: composition 

rt(rp_) ———> x3 (B /#).A ia aaa a. Beaty r als pris’: peltr 

Fepeeents a cless in #°*¥ (9p 3A). This defines the cohomology Thom 
ne 

~ Miporphiss 
: - 

os E(B A) —> BPP (mB 5A). 

‘WMO sonstruction of # shows that W(x.) = mB (x) UU, where t 
% i f8(y") —» Bde the projection and Ui: TB_—> A, is interpreted 
@ A class uc (755A). 

In particular, for x ¢ HP(B;A) one has the sequence of elements 
. sf Pins ; * r . E BEM(x) c HP(B 5A), Lifting to.clements *#(x.) UL € Be (7B 3A). 

# a ie a Gloged (B,f)- manifold with cobordism class represented by 
. r * Spbr thr; We nep 4: ST —> 1B, then x[M] = (rex) v UL) & BF (gTM*F 54) = 

PPPs). (Note: It is immediate that this agrees with ‘the previous 
Hamelogy interpretation, All interpretations are really based on the 

Bbturality of the map #). 
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Definition: The Thom class U: 2B—*»A is said to be an Aroriental 

if for each point b. of BR. there is a framing of 8" so that the classi 

determined by U.°Tb, and a: S"—>A_ are the same in HTM(S";A), 

Remarks: 1) This is the assertion thet the bundles f(y") are 

(uniformly) A-oriented in the sense of A. Dold: Relations between ordinarj 
and extraordinary cohomology, Notes, Asrhue Colloquium on Algebraic Topologs 

Aarhus, 1962. 

2) If the class of a: 8-—»> A as an element of #°(s°sa) does noti 
have order 2, this gives a preferred orientation to the fiber 8°. If this! 

P
i
 
e

e
 

clase hee order 2, then all A, cohomology is of order 2 and orlentation 

doesn't enter the situation. ; i 

Proposition: Let U: TB —*A be an A-orientation, — an r-plane! 
4 

bundle over a finite complex X with é:r—> B.. a (B,,f,.) structure ” 

on §. Then the Thom homomorphism ‘j 

a 

* 

os wP(xsa) —> BP (nes a) 

is an isomorphiam. ' 

Proof: The composition UOTE : Tt 4, defines an frortentation 
of §—. Over any cell D” of X the bundle & is trivial, and o 

being path connected and simply connected the class uote orients the ; 
bundle € over p’. over D" one then has the Thom space equivalent to - 

p*.s7, with the Thom homomorphism being just the suspension isomorphism. 

Thus the Thom homomorphism defines a homomorphism of the A, spectral 

sequence of X into the reduced cohomology A spectral sequence of TE 

which is an isomorphism on Eas hence also on E,. *# 
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Qexollery: “If U: TR —* A is an A orientation and Mois a (B,f) 

MAlfold, then the Thom homomorphisms av 

HP(M;a) —» HP’? (oma), 

H°(aM;A) —> HPT (mw 3A), and 

HP(M,3M3A) —> 8° (rw, TM" 5A) 

@ \eomorphiams. 

Let M" be @ manifold, and let M de imbedded in #°*? with 

re] Cc grtred in the usual way, and let v. be the normal bundle of M, v' the 

- Momma bundle of aM. o 

Theorem: (Atiyeh [14]). The pairs 

a) (M/9M) “and Tv, Jor 

b) © (W/) - ana. (tv /tv') 

fe dual in soT*), 
3 [B and C in 8” are dual if B and C aré disjoint and each is 4 

Obreng deformation retract of the complement of the other. ] “te 

Proof: Let N-be a tubular neighborhood of M in ger, Consider’ 
. Rh ce a eR with (TY oo) eR YE x {me} collapsed to 
; 6 bave point =. 

Consider -(Twtv) aa (ws «xO -U aw x (0,2) \J ©) and then one may 

O@liapse the complement which is 
(WPF x (50) U Cm) *. f0,0)} U intertor(m) (0,°) 
te pt U (MOM)-* 2° by @ strong deformation 

febract, and conversely, the complement of a point 

Inaide HP*F x (0) U (-m) * [0,°) and (M-2m) x 1 
may be collapsed onto .(Iv/Iv') by a strong deformation 

pelraction. 



~ 38 = 

A
 

a
 

Considering (M/9M) aa (Mx 1) U-@- one may collapse the compleme! 

B
e

d
e

, 

a strong deformation retract onto the Subset 

Wo U ok x [0,21 Uc) where c is the cone 

on 8N X 2 with vertex same point with last 

e
tn

 
ie

s
 m

e
l
 
E

d
e

 a
e

 

coordinate larger than 2, where 

f=w-y Re), mis subset is clearly 

just Tv, Similarly, removal of this set” Iv o 

gives a set collapsing onto . M/3M. 

Note: All deformations are obtained by radial deformationa toward se 

in question, and scalar multiplication expansiong in the fibers of the nog 

bundles of M, tH 

If B,¢ Cs" are disjoint sets as sbove, let py € stp Oc ana, 
stereographic projection to map..B, C -into n* 
£:B* ¢—» gt? 

as disjoint subsets. Lel 

by £(b,c) = (b-c)/[b-cl]. Letting », ¢ be base pol} 

of B, ¢ respectively, 2(B Xe) Wer(b x ¢) isa proper subset of st 
and f factors homotopically through a map 7: 3B. c—» 8%}, 

One then has defined a duality as follows: For a ¢€ H(B3a) choose 
representative map oa: gptt —ie Boa Ay and then 

Je
 

ra
m

 m
a

ti
o

n
 

pH fF pone Pc Aol a Rel SE a me a 

defines a class in H®*"P(c;a), denoted Da. 

Lemma: Let be BC R® with Ban imbed@ed disc. ‘Then 

a
A

 h
e

 7
 

H*(R -b,RY-BsA) = 0. 

e
i
t
 

Proof: #*(R*-p,R*-5) @ #*(s*>,s*-8) ty excision. Since Sb aii 
7 

stp are contractible, i*(s*p) = ia*(s*p) a 0 and the exact sequence { 
the pair gives the result. #* 
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foroliery: if BC R“ is an imbedded disc then 
9 t W,(RY RNB 5A) ~~ #*-P(p sa) is an isomorphism. 

‘; got: One has the diagram 

u (Rp Rep) —» o (Rn RY-B) —> B (RY RY) > H (Re RE -B) 

D | D | | D! | 
#*-P(pj») ———> w*-P(p) ———» a*P(p) ———> Ph (Bb) 

is Watoh the end maps are both isomorphisms since the groups are zero, and to 
Q@lplete the proof one need only check D",- which ia clearly an isomorphism. ** 

Theorem: (Alexander Duality) For any polyhedral pair (B,B') in R*, 
i i W (RB! »R*3;a) —> H"P(B,B'5A) is an isomorphism. 

Rroof: By neaturality it suffices to consider the case ~B' = %, - and then 

(0 may opply a Mayer-Vietoris argument using induction on the number of 

(Qu of. B, the corollary and the five lemma, 

Theorem: (Spanier-Whithesa duality) For any pair B,C C8" as above 
> ~ 

Bi H (BA) —_ He 1-P( 3A) is an isomorphism. 

: 8 given the composition of isomorphisms Byoof: -D is gt by i foi 4 

Ata) i (st-03a) ¥ w,,(s¥-cS*-c1a) a (Re Rosa) 2 PCa), 

Nate: ~~ See Spanier [110], pages 295 and 462, 

Theorem: (Hsiang and Wall [58]) A class a ¢ BH” (‘BV 3A) is a Dold 
@pientation tf end only if the class D74(a) e H n(M,9MsA) is an A orientation 
iW the sense of Whitehead; i.e. for each point q © M «3M the class in 

W"(M,0M;8) obtained by collapsing M/@M onto D"/ap" where D"TM is a disc 



neighborhood of q and the class > a) heve Kronecker product the cles 
defined by the unit in ~H Cots A). 

Proof: The map D" >= 9M given by taking the dise neighborhood 

q -definea the collepse M/2M —» pyen" which is patently dual to the 

inclusion of ep in Ty, but tT" is homotopy equivalent to the Thom qd 
a 

of a fiber, ** 

e
e

e
 

4 

Note: Similarly, the collapse str + my /tW\' 18 dual to the map q 
to a point. 

Corollary: If the Thom class U: TB —s A is an A orientation, 

for any (B,f) manifold” Mw", “the fundamental clase [M,aM] c B,(M,9M3A) 

* 
an A orlentation in the sense of Whitehead. 

Theorem: (Poinceré-Lefschetz duality) If U:IB—»A is en 

A-orlentation, then for any (B,f) “manifold N° one has isomorphisms 

Ho(M3A) —> Hg MMA) 

HO(M,aM5A) —> B(M3A) 

given by the cap-product with the fundamental class [M,oM]. 

The cap-product relation is given by 

Lup wis®TM® 85 open —B- (nyan) on Ea (MAM). A, Aol. (M/oM). (M/). A; | 

where A is the map given from the diagonal. If et (M/p) wtb Aaet ‘repy 
a clase in HU(M3A), the cap product is represented by 

i ghtrtt uy (mam).e*(M/oha, eHbe (MAM).A A, —Futhats (WW, A ger 

A similar formulas defines the other homomorphism. 

Proof: These isomorphisms are just the composite of Spanier-Whitehed 
duality and the Thom isomorphisms. TM* iy 
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Chapter IV 

The Interesting Examples ~ A Survey of the Literature 

r 

Wince cobordism theory is a classificational tool, the interest really 

in in the investigation of specific classification problems. Numerous 

. ‘taples have been considered and hence a vast litersture exists, with few: 

MBblly central theoretical tools, jargely due to the idiosyncrasies inherent 

£6 the examples. ‘The purpose of this chapter is to list many of these 
Giaples and indicate briefly what is known ard where to find it in the 

Mterature * 

dxanple i: © Framed cobordism: abt, ; 
Uistorically: First application of cobordism theory, intended to 

sly the homotopy of spheres. ° 
Qbjects:~ Framed manifolds, 1.e. manifolds with an equivalence class 

= 

* Q§ Wrivializations of the normal bundle. . 

peterminetion: (Bf) cobordism with each B. contractible (classifying 

tier for the identity subgroup 1, of 0), 80 ar = iim Tap) is the 
Padie homotopy of spheres (Pontrjagin [fol]). 

Results: A vast literature exists but is largely unreleted to cobordism. 

We of surgery (Minor [63], Watiace [437]) to construct framed cobordiems 

torn that representatives frequently may be taken to be homotopy spheres 

" fervaire-miinor [6/]). Recent work of Conner and Floyd [4] has placed 
yy e~invariant of Adams [4] in a cobordism framework. 

Example.2: Unoriented cobordism: 7Y,. 

Historically: ‘The turning point for coberdism theory. 

Qbjects: ALL compact manifolds, i.e. the category (%9,4). 
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Determination: Equivalent to (B,f) cobordism with B_= BO, and 

f,, the identity map. (Thom [127]).< 

Calculation: Te is the polynomial ring over 2, on classes x, 

of dimension i- for each Integer i not of the form 2°41, Even dimensio 

generators may be taken to be the classes of real projective spaces. (Thom 

[127}). ..Odd dimensional generators were constructed by Dold [43]. : 
Characteristic numbers: 25 cohomology characteristic numbers give 

complete invariants (Thom [127]). Al] relations among these numbers 

(expressed tangentially) are given by Wu's formilae (Wo [142]) relating 

to the action of the Steenrod algebra (Dold [44]). 

Example 3: Complex cobordism: a. 
sateen ad 

Objects: Stably almost complex manifolds ~ manifolds with an equivale 

class of complex vector bundle structures on the normal bundle. 

Determination: (B,f) cobordism with Bay = By 1 BU,. the classify: 

space for the unitary group U_ (limit of complex Grassmann manifolds). 

Calculation: rd is the integral polynomial ring on classes x, of 
" 

Gimension 21 for each integer 1, with x, represented by ea projective | 
i 

complex algebraic variety (Milnor [62], Novikov [92,9%3]). In fact, every 

class is represented by such a variety (Milnor; see Hirzebruch [54] or Thom 
[129]). 4 

' 

Characteristic numbers: Cobordism is determined by integral conomlofd 
characteristic numbers (Milnor [@2]). All relations among these numbers 

are given by the Atiyah-Hirzebruch [17] form of Riemann=~Roch theorem relatdj 

complex K-theory to rational cohomology (Stong [117], Hattori {s2]). : 
Relation to TU: we maps onto the squares of classes of “Vl, (Mani 

[87}). 
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Relation to at; Every framed manifold bounds a complex manifold... The 

fede class homomorphism a, ((BU,f),(BL,£)) —» @ of the relative cobordism 

@0p induces the Adams e ‘homomorphism (Conner and Ploya [44]). 

Example 4:° Oriented cobordism: ab. 
Objects: Oriented manifolds. 

Determination: .(B,f)..ecbordiam with B ead BSO. the classifying 

“(ee for the special orthogonal group 50, (limit of Grassmannians of 
GMoented planes) (Thom [127]). 

Calculation: 980 
@ the complex projective spaces. cP(2i).. (Thom [127]). 980 has no odd 

“WAlon (Mitnor (61), Averbuh [21]) and 98° /rorsion is a polynomial ring 
(Wr 2 on Ki ~ dimensional generatora (Milnor [8/], Novikov [92,93]). 

6 Q is the rational polynomial ring on classes yy 

# has only torsion of order two and the quotient 59 298° may be 
erivea as follows: Let W, be a-Z, polynomial ring on classes 2 

Ny) No? for -k not @ power of 2, and xp3°. Let 3: mK 
a. W6 & derivation given by 85% 7 Xoo? 2yX o_o = Ov Ayod” = 0. Then 

“BBP 708° ® kerfiel 8, and the image of the torsion will be the image of 
h (Wail {130]), 

Qharacteristic numbers: Cobordism is determined by 2 and 25 

.hemology, all relations auong’the 2, numbers being given by the relations 

OF Wi together with the vanishing of the first Stiefel-Whitney cless (Wall 

(use). All relations among the 2% numbers are given by the Riemann-Roch 
Sheoren (Stong [117]); 

Bgletion to a; av meps onto f° /forsion - (Milnor [62]). 
elation to )) (y: 0®° sanS° is mapped isamorphically to the subring 

borne) ay described above, the x, being (well-chosen) generators of "The 
(Waid 1301). 
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Example 5: vy 
lec 

Historically: This cobordism theory arises in Wall's determination 

spherical cobordism: 7/, 

of oriented cobordism, and was completely determined by Wall [130]. 

Objects: Manifolds for which the first Stiefel-Whitney class Wy 

ia -the reduction of an integral eohomoLogy class; is induced by a map intc 

the sphere st, 
Determination: (B,f) . cobordiam with B, the total space of the 

fibration over BO, s! 4nduced from the path fibration over K(Z551) 

by the map realizing the cohomology class w, @1+180, o€ w(s*;2,) 
being the generator. 

Caloulation: Given by the polynomial ring WwW described above, 
Characteristic numbers: 2 cohomology determines cobordism, all 

relations being given by those of Wa together with the vanishing of wi. 
Relation of “\j, and 08°: Maps monomorphically into YG, with a 

describing the image of a®? as above. 

Example 6: Bordiom: ,(B,f)[X,A]. 

Objects: Let F: (B,f) —» % be the forgetful functor fron the 

cobordism category of ~(B,f) manifolds to the category of topological 

spaces which takes the underlying topological space. One then has the 

cobordism category of (B,f) manifolds ‘over' @ space X. If ACX is 

@ subspace one has a functor’ J: (Byf)/A—> (B,f)/X induced by the 

inelusion. 

Determination: - (B,f)/X cobordism is just the cobordism theory based 

on the fibration BL * x a B. tr BO; -being the projection. The 
relative bordism group of the pair (X,A) is (B12 )[X,A] = (5,0), wb 

a@.is the plecing together previously deseribed, and is given by 

dim Tae (TB, (X/A)) = B(X,As3B). 
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Historically: These groups were originally defined by Atiyah [13], 

Who called them the (B,f). bordism groups of the pair (%,A). He 

Peterved the name cobordism for the dual: cohomology theory with coefficients 

fa the spectrum TB, 

Tiy(%,A): The unoriented bordism of a pair (X,A) is essentially 

| Wiviel, being isomorphic as 77, module to 7{, @ Hy(X,A3Z,). Cobordiam 

ib determined by 2, cohomology. (See Conner and Floyd [36]). Operations 
2 

A thie theory were determined by Landveber [63, €4]. Used by Brown and 

Peterson [29] to study relations among Stiefel-Wnitney classes. 

n=°(x,4): Studied extensively by Conner and Floyd [36]. One has 

MP (x,4) isomorphic to H,(X,A;05°) modulo the Serre class of finite 
‘Peupes of odd order, If all torsion of H,(X;Z) -is of order 2, then -2 

aa Be cohomology characteristic numbers determine cobordism class in 

ra (xX). Kumneth theorems for this homology theory are etudied in Landweber 
(o8]. an interesting application is the use of 98(au) in the proof of 
the Atiyeh-Singer index theorem (Atiyah-Singer [20], Palaia [97]). 

U(X A): Studled by Conner and Floyd [35,37]. Tf X hes no torsion 
~ WW ito homology U(x) = oY 6 Hy(x;z) ana cobordiam is determined by 

_ ABbegral cohomology characteristic numbers. The relation of U(x) to the 
QWeplex K-theory of X is studied in Conner and Floyd [41]. - Operations 

ih a theory are studied in Novikov [96]. 

Example 7: Special unitary cobordism: a, 
Objects: Manifolds with an equivalence clase of special unitary 

Hrictures on the normal bundle. , 

Determination: (,f) cobordism in which Bow = Boney = BSU, is the 

@lausifying space for the special unitary group SU, a 
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Caiculation: First partial results were by Novikov [93]. The main 

structure was determined. by Conner and Floyd [39], who proved that anv 
is torsion free except for’ n= 1 or .2 modulo 8, ana a = OB 
isa Zp vector space whose dimension is the number of partitions of -k. 

The multiplicative structure has been described by Wall [135]. 

Characteristic numbers: KO-théory characteristic numbers determine 

cobordism class (Anderson, Brown, and Peterson [6]). “ Ignoring torsion, . 
integral cohomology suffices, and ail relations among these follow from 

appropriate Riemann-Roch theorems (Stong [117]). 

Relation to au: The kernel. of a? — wv is the torsion subgroup 
The image was described by Conner and Floyd. 

Relation to of": the image of af? 
dimensions 8k+1 and Gk+2 where it is ~ Z, 

{6]). 
fos 

Relation to 71,4: The image of 080 

in ofU is zero except in 
9 (Anderson, Brown, and Peter 

in “}% is the squares of 

Classes containing an oriented manifold all of whose Pontrjagin numbers 

divisible by Oy are even. (Conner and Landweber [42]). 

Example 8: c, spherical manifolds: 4’, 
1 e 

Historically: The analog in the complex case of Wer used by Conti Euonvereniontntinetninetiiirn..0 7 
x 
“t and Floyd in computation of a, ; 

Objects: Stably almost complex manifolds for which the first Chern | 

clags cy 

Determination: . (B,f) -cobordism in which Bo = Boa 
2 

is induced by a map into a sphere. ‘ 
4 

is the total: 

space of the fibration over 5S” * BU. induced from the path fibration ovi 
a 

K(Z,2) by the map realizing o 81-186 a 

Calculation: Conner and Floyd determine we in [39]. 
She 
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Characteristic numbers: Integral cohomology characteristic numbers 

- 4etermine cobordism class. 

Relation to av: we maps monomorphically into a with image all 
Glasses for which numbers divisible by oe? 

Relation to }{,y: 7 u has image in Tl, precisely the squares of 
are Zero. 

Qlasses of “7, (Stong [119], Conner and Landweber [42]). 

Exemple 9: Spin cobordism: gSPin, 

Objects: Manifolds with an equivalence class of Spin structures on 

the normal bundle. (Spin, is the simply connected covering ‘group of 50. 3 
. §ee Atiyeh, Bott, and Shapiro [16] and Milnor [45]). 

Determination: (B,£) cobordism with B_ the classifying space of 
bpin,; i.e. the two-connective covering space of BS. 

Calculation: Preliminary results were by Novikov [93]. The main 

Salculation is due to Anderson, Brown, and Peterson [7, 8] who showed that 

fil torsion is of order 2, being of two types: . that arising by products 
With a framed 8’ (similar to the SU case) and thet which maps 

" pononorphically into unoriented cobordism. 0842 porsion is the subring 
Of an integral polynomial ring on classes Xyy {dimension 41) consisting 

' @f all classes of dimension a multiple of 8 and twice the classes whose 

" @imension is not a multiple of 8. , i 
Characteristic numbers: Cobordism is determined by 2, cohomology and 

2 

O-theory characteristic numbers. The relations in integral cohomology all 

". follow from the Riemann-Roch theorem. 

Relation to aft, The image of framed cobordism is the same as the 
{mage of framed in SU cobordism. 
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so, Relation to My! Spin The kernel of the map Qo°!® —» @5° is in aimen 
& +1 and 8k + 2 only and is the part generated by framed manifolds. - 

Relation to The: The image in Th is all classes for which the 

characteristic numbers divisible by Wy and Wy. are zero. Preliminary ° 
in this direction was done by Milnor [87], P..G. Anderson [9], and Stong 

showing that the class of the square of an oriented manifold is the class 
a Spin manifold. 

Spin® Pin Example 10: Spin’, Pin, and Pin’ cobordism: Ry Qy sand a 

‘Oblects: Manifolds with an equivalence clase of Spin°, Pin, or P 

structures (see Atiysh, Bott, and Shapiro [16]). 

termination: (B,f) cobordism with the obvious classifying spaces 

(BSpin® is BBO with w, made reduced integral, BPin® is BO with ° 

made reduced integral, and BPin “is BO with wy, killed). 

Calewlation: | Due to Anderson, Brown, and Peterson (announced in (8] 
Spin® largely as a byproduct in the study of Spin. . Q, /Porsion is discuss 

4 
a 

in Stong [2117]. ; 

marks: Results have not yet been published for Pin sand Pin’, j 
groups are 2 primary, having elements of arbitrarily large order. Tnaged 
Th are those classes for which the appropriate Stiefel-Whitney neon 

Note: Pin gives the first example of a theory for which the tangent 
and normal stractures are not of the same type. Specifically, if M hi 
Pin normal bundle, then the tangent bundle has Wa * wv? and hence the: 3 

4 

. i 
tengent bundle does not necessarily have a Pin ‘structures 4 

} 
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Example 11: Complex-Spin cobordism: ag”. 

Objects: Manifolds with both a stably almost complex and a Spin 

fivcture. 

Determination: (3,2) cobordism with B the fibration over BU 
— Witueed from the fibration of BSpin over B80. 

Calculation: ane is the direct sum of aot and a free abelian group 
{Bong [122]). 

Remark: Useful in trying to understand the relationship between SU 

$4 pin cobordian. 

Example 12: Symplectic cobordiam: abP . 
NN CHER RE . . 

Objects: manifolds with an equivalence class of quaternionic vector 

Waar structures on the normal bundle, 
Determination: (Bf) cobordism with Bie = Bay tt = Byaag 

We wlassifying space BSp_ of the symplectic group 8p, of unitary 

“QMernionic rx r matrices (limit of quaternionic Grassmann manifolds). 
Calculation: Novikov [43] showed that abP @ 2[1/2] 18 polynomial 

a 4i dimensional generators and calcwlated the low dimensional groupe. 

Bwrevicius [75] calculated more low groups using the Adams spectral sequence 
5 ry somputations are still in progress using that method. 

Rolation with Ts: The image in unoriented cobordism is zero in 
penotons less than 24 (Stong [123]). 

Remerk: The corresponding bordism theory is studied in Landweber [68]. 

Rxuample 13: Quasi-symplectic cobordisn. 

Objects: Manifolds for which the normal bundle is a sum of tensor 

/ Pheducts of quaternionic vector bundles. (Hote: The tensor product of 
@Waternionic bundles in only a real bundle.) 
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Remark: Introduced by Landweber [67], this cobordism is the subgroup 

of ~ consisting of the fourth powers of all classes. This was intende: 

f111 the gap left by the fact that SP maps into the fourth powers but n 
onto them (as one might at first guess). In particular, quaternionic proj 
spaces are quasi-symplectic but not symplectic (see Hirzebruch [54], Connei 

and Floyd [39], and Kraines (62]). 

Example 1h: Clifford slgebra cobordisn: abd, 

Objects: Manifolds together with an equivalence class of actions of 4 
2. pra x2 2 

Clifford algebra associated with the quadratic form I | x, 4 
i=ptl ie. 2 

on the normal bundle (see Atiyah, Bott, and Shapiro [16]). 

Determination: (B,f) cobordism for an appropriate classifying space; 

These may be decomposed into somewhat more standard objects. . 
s) (p,q) = (0,0) is “T,. 

b) (pea) = (0,1) ds a. 
c) (psq) = (0,2) 8 a8P, 
a) (psa) = (0,3) as a$?(B6p). 
e) (p,q) = (1,0) is 7(,(Bo). : 

t) (p,q) = (2,0) is cobordism of manifolds for which the normal bux, 
is the complexification of a real bundle. 

g)- (p.q) = (151) -coineides with . (2,0). 

M
is

a
k

i 
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e
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Remarks: . The odd primary structure is easily computable. One can ei} 

wpper bounds for images in ar degeribable as at most oth powers off 
elewents of /7,.. An unstable version of the case (f) has been studied 
R. Wells, the unstable form occuring in an exact sequence with iomersion | 

e
t 
n

s
 

cobordiam (see below). 
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Example 15: Self-conjugate cobordism: af, 
Objects: Manifolds having a stably almost complex structure, together 

vith an isomorphism of that structure with its complex conjugate. 

Determination: (B,f} cobordism in which B is the classifying 

Bpace for self-conjugate K-theory, BSC, defined by Anderson [5] and Green 

(61). 

Calculation: When tensored with 2[1/2] this coincides with the 

fymplectic bordism of Sp (studied in Landweber [68]) which is the 
fymplectic self-conjugate cobordism analog. Except for low dimensions 
the 2-primary structure is unknown. (Smith end Stong [108]). 

Remark: This provides a synthesis of symplectic and Clifford algebra 

"> (8,0)=type cobordian. 

Example 16: Exotic theories associated with classical groups. 

Objects: (B,f) manifolds with B formed as follows: Let G and 

KR be topological groups, and @: G-——» H, 9 :G—»0 representations 

(0 being the orthogonal group). Let H/G denote the generalized 

~ Womogeneous space which is the fiber of 4#/G wt, po 28 pH. men 
: (sr) = (H/G,") where # is the composite 4H/G Ly ng BB go, 

Calculation: If op and @ are inclusions of classical groups, this 

feduces to the framed bordism of the space H/G. The case in which @ is 

- Qiven by complexification is studied in Smith and Stong [107]. The odd 

primary structure tends to be the framed bordism of H/G while the 2-primary 
- Ptructure is a direct summand of &, 

Remarks: Many standard cased may be expressed in this form, as for 

example SO cobordism. When G =H =U is the unitary group and 6 is 
frmplexification H/G is the second loop space of BSC, so that one obtains 

thaories related to self-conjugste cobordisn. 
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Example 17: k-connective and k-parallelizeable cobordisn. 

Objects: k-connected and oriented manifolds. 

Determination: When connectivity is large with respect to dimension 

these are groups of homotopy spheres {see Kervaire-Milnor [61]). In the | 

other cases they coincide with k~parallelizeable cobordism, given by (B; 

cobordism in which BL is the k-connective cover of BO. Relative grou 

and imeges of one:-group in the others are particularly intriguing. 

Remarks: Next to nothing is know, and the problem is hard (the case; 

k = 2 is Spin cobordism which isn't easy). Images in unoriented cobra 
are zero in low dimensions (but higher than might be expected) (Stong [1g 
116]). The complex analog is studied in Lashof [71]. 

Example 18: Wu class cobordism: 2,< vy > 

Objects: Manifolds with a ‘reduction’ killing the Wu class Yee 

Determination: (B,f) cobordigm with B_ the total space of the 

fibration over BO induced from the path fibration over K(2,,k) by thi 
’ Sia

 B
E 

pin
e 

e
c
k

 
map realizing the Wi class v,. ‘ { 

Remarks: Defined and used by W.-Browder [25] in work on the Arf-~Key 

invariant. Similar questions of killing classes are studied in Lashof 

[71] and Peterson [9a]. 

All of the above examples are basically given by manifolds, and thea 
ze 

has been no significant problem involved in determination of the theory./ 

The next group of examples are not in this pattern. 

t 

Example 19: Cobordism of pairs: 2, (BofsG,_)- s
a

it
h

 
aw

it
 
c
e

e
, 

Objects: A (B,f) manifold M° with e submanifold v= of M 
normal bundle in M is reduced to the group Ge 

«nb
s ut

h w
in

 an
ode

 
* 
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Determination: Studied by Wall [131], the problem requires only a 

(Ky) cobordism of M anda (B* BG, £ xn). cobordism of V 
mie? 

{separately). ‘This may be phrased as ~(B,f) bordism of the space TRG: 

i Ok is the identity group 1 this is the cobordism of the 
ri-k? 

Qategory . Fun(oc ,(B,f)) where ot -has two objects D and R and with 

Map(D;D) = {1p}, Map(R,R) = f2,), Map(D,R) = {x}, and Map(R,D) = 9; 

{ev the category of maps in the category (B,f) (recall that maps are 

dpbeddings with trivialized normal bundle). 

Example 20: Cobordism of immersions: 1, (k) 

Objects: Manifolds together with an immersion in Euclidean space 

faving codimension ~k. 

Determination: Studied by Wells [137]. Using Hirsch's work [53] 

@h (mmersions this reduces to the stable homotopy of Thom spaces of finite 

; : {8 i i Qianeifying spaces; “i.e. TU) = Tae (7B0,)- This is (B,;f) . cobordism 

Wi which B. = BO. forall r>k, 
k 

Calculation: Results are available in low dimensions; i.e. mear n= k. 

(he cose k = 1 ig the stable homotopy of projective space, which has 

Ween studied by Liulevicius {74]. 

Example 21: Coboraism of maps: 7 [(m,n). 

Objects: Maps of m-dimensional manifolds into n-dimensional manifolds 

Determination: . Cobordism of ~Fun(or, O} with ot as in example 19. 

Waln reduces to the bordism group lim 71, (a0 in? Q being loop 
pace. This is computable and coborad am is determined ‘by 2, eohomology 
@hnracteristic numbers easily obtained from the map itself. (Stong [119]). 
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Remarks: One may impose additional structure on the manifolds. 

Interesting variants sre self-maps (ot has one object X with Map(X,Xx) 

and diffeomorphisms (ot. has one object’ X with Mep(X,X) = Z).- The 

latter is cobordism of fibrations over st (take the mapping torus), 
which has been studied by Commer and Floyd (3¢], Burdick [31], Browder and 

Levine [26], and Farrell [49]. (These all take a slightly different point 

of view; nothing is known about these cobordism problems). 

r Example 22: Cobordismn with group action: ay (Pan( 0 AF. 1), (6): 
Objects: Manifolds on which one has a differentiable action of the 

group G (finite or compact Lie group). 4 

Determination: As previously noted, if o} has one object XxX with 
Map(X,X) = G a finite group, then Fun( 07 ’ RY gives the cobordisn j 
category of unrestricted G actions. If G -is assumed to act freely on, 
a manifold M (gx = x- implies g = 1) one has a principal aifferentiabl 
G~bundle .G —» Ms M/G. which is classified by e map M/¢ > BG. 

Conversely, if N—» BG is any map of a manifold into the classifying 

space, one has induced a principal differentiable G~bundle over N, ¢ 

acting freely on the total space. The cobordiam of free G actions, Ny 

is then identified with the bordism groups of - BG. Variants may be found 
by restricting the isotropy groups (c, = {ge Glgx = x}) to lie in some 

? 
et Remarks: - The groups Qy(G) may be handied by bordism methods. Leg 

family of subgroups. 

i 
restrictive group actions are usually treated by means of exact sequenced 

relating theories. The standard method involves the cobordism analysia 6 
Pa 

the fixed point sets and their normal bundles. t 
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The primary workers in this area are Conner and Floyd [35, 36, 37, 40] 
{tee also Conner [33]), who initiated this method of studying group actions. 

Wher work may be found in Anderson [10], Boardman [22], Hoo [57], Landweber 

(68, 70], stong [120, 122], and su [124]. 
In all of the preceding examples the manifolds tsed have been differ- 

Mitiable. Many of the easy ideas carry over at once to non-differentiable 
Wenlfolds, but there are technical problems to be ovércome: 

Example 23: Piecewise linear cobordism: at, gSPh 

Objects: Plecewise linear manifolds. 

Remarks: Every differentiable manifold is triangulable (J.-H. ¢. 

. Witenesd [139], see also Munkres [91]), but a given PL manifold may have 
Hetinct differentiable structures (Milnor [17]) or no differentiable 
.ivucture (Kervaire [60]). This leada one to consider cobordism of PL 

. Penifolds, 
. Determination: The notion of vector bundle is replaced by microbundles 
{Milnor [86]), giving a Pontrjagin-Thom construction analogous to the 

: “(if terentiabie case (Williamson [140]). Thus unoriented and oriented 
” R cobordiam groups ere the stable homotopy groups of Thom spectra TEPL 
find TBSPL. . 

Calculation: Explicit computation of cobordism groups have been made 

‘Wy Wein [133] (oriented end unoriented in dimensions < 8) and Williemson | 

{i401 (oriented in dimensions < 18, ignoring 2-primary difficulties 
Shove dimension 9). Browder, Liulevicius, and Peterson [27] have shown 

- that a8 = TT, ec, © being the dual of a Hopf algebra factor of the 
. I cohomology of EPL. The groups nbFL 9g form a polynomial ring on Mi 

(lmensional generators and 8?" pporsion is conjectured to be a polynomial 
< ping over Z (true in dimensions £12), 
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Characteristic numbers: abl is detected by its By cohomology 
characteristic mumbers (Browder, Idulevicius, and Peterson [271). Btiefel 
Whitney classes were defined in the combinatorial case by Wo and Thom 

[126], but do not give all %, characteristic classes. Adams [2] showed 

that there are no new relations among Stieffel-Whitney numbers... Rational 

characteristic classes (called Pontrjagin classes) were defined in the 

combinatorial case by Thom [128] atid Roblin ‘and Svar% [106]. Recent work 

has been done on the integral (non-torsion) cohomology of BSPL by Brumfie 

and Sullivan~ (unpublished). 

Bxample 2h: - Topological cobordism: QhOP, gSTop , 
Objects: Topological manifolds. 

Remarks: Of great interest, but practically nothing is known. This. 

primarily due to lack of transversality, hence of a Pontrjagin«-Tham . : 
construction. ~What is known foliows from the existence of classifying 

spaces BTop and BSTop for topological microbundles, giving a honenorai 
nloP _». «S(rptop), hence characteristic numbers. The Lp characteristi 
classes are known to include Stiefel-Whitney classes (Thom {126]) with 

no new relations among their numbers (Adams [2]) so that }[, is @ direct 

summand of nlOP, Rational characteristic classes exist to map onto 
al agin eq is a aired a
 

Fontrjagin classes (Novikev [95]); so that 

sumneand of gbToP 8a. 

d
e

z
e

 

Example 25: Sobordi sm. of Poincaré duality spaces: a, a 

the Seattle conference, 1963. One has normal spherical fibrations (ni 

Objects: Finite CW pairs satisfying Poincaré-Lefachetz duality. ~. 

2
a

, 

Reterks: Initiated by Wall's question (see Novikov [94] page 152) « 

{i11}) and hence maps into a classifying space BF, BSF (Stasherr iy 
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‘Wut the mep fram cobordism to the homotopy of the Tham spectrum is not 

Mi isomorphism (in the orlented case the index is an invariant of infinite 

@rder, but the homotopy groups are finite). The cohomology of BP has been 

-fpudied by Milnor [84] and Gitler and Stashefy [50]. Examples are known: 

6f Poincaré duality spaces not having the homotopy type of manifolds (Gitler 

Wid Stashert [50]). 

Example 26: Cobordiam of manifolds with singuli arity: Af, 
Objects: Manifolds with boundary and a decomposition of the boundary 

ie the form AU(B* Cc), A and B being manifolds with boundary and 
@ being @ closed manifold (9A = 9(B * C)), ‘the boundary of thia object 

being A with boundary decomposition given by 9B C. 

Remarks: Introduced by Sulliven-in studying the Hauptvermitung [125], 

fad called ‘introduction of a singularity of type C'. Successions of this 

Speretion may be performed (interpreting the term manifold above as ‘object') 

fhe main result is an exact sequence relating the theories before and a 
; efter adding the singularity. Of particular interest is the case when C 

hee nn points (c= %,) on oriented manifolds, when this becomes the usual 

Qebordism with 2 coefficients (as homology theory). 7 
Finally, there is en example of a cobordiam category involving no 

. Opaces, which 1s of interest in that one need not think of cobordism as a 

Benifold theoretic phenomenon, 

Example 27; Cobovdiam of algebras with duality: 1y(atg). 
Objects: ~ Let C be the category whose objects are 7-tuples 

(H.',H",4,5,6,n) in which: H and H' are finite dimensional (es 2, 

Vector spaces) graded unstable left algebras (commutative with unit) over 
the Uteenrod algebra QC Py) H" isa graded unstable left G p module 
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(finite dimensional over Z,) and an H' module such that 

sqi(ntn") = J aad tat )e® (n") af hte Ht, bh” eB"; 4,5,6 are 
dtkeL 

a, module homanorphisms of degree 0,0,1 such that 

ci ——L—» H 

$ 
zn" 

is exact, 1.belng an algebra homomorphism; jan H'~ module homomorph 

and 6(hi(h')) = éhon', -h-@ BH, bh’ ¢€ H's; and uw: HTM —» z,, (k da call 
the dimension) is a vector space homomorphism so that ‘the pairings 

‘ou —>a" lez, ana He H—> HES, 2 are non-singuler. 

F
l
e
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Amap f+ (H,H',H") —» (Ey N:5 585) (ignoring the maps) is a triple 
(f,f', 2") of homemorphisms ff ; Hy ane rf’ >Hi, f": HH — 
(with all algebraic structures preserved) such that the maps of the di 

commute. 

The boundary of the septtuple (H,H’,H",1,3,6,u) is (0,H,H,0,1,0,} 

and its inclusion is (0,1,0). . 

Determination: This cobordism category was studied by Brown and rel 

[28]. It 18 analogous to the cohomology of a pair consisting of a } 
nianifold ana ita boundary. In fact, the cohomology functor 

He: (Ba, i— (Ea, i) is a good esbordism functor (Note: . This i'l 
covariant since maps in C are reversed from the usual direction). i 
Following Adams [2] one has a classifying algebra for the cheracteristi 

classes defined by the Steenrod algebra (isomorphic to the Zp —_ 
of BO). Brown and Peterson heve shown that H* induces isomorphisms 

the cobordism groups. 
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Although not properly cobordism theories in the cobordism category 

Heénsc, there are similar equivalence relations cbtained by defining two 

@anifolds to be equivalent if they bound (jointly) some manifold with 

Additional structure.~ Two examples of this are: 

Pseudo~example 1:° h-cobordism 

Two compact manifolds V..end-V' are h-cobordant if there isa 

fempact manifold W with oW= VuUvV' such that both V~ and Vi are 

‘- faformation retracts of -W. See Milnor [88] for details of this theory. 

Psendo~example 2: Cobordism with vector fields 

Two (oriented) closed manifolds Vand V' . are equivalent if there 

da « compact (oriented) manifold Wowith .3W = VU (-V') (and a non 

Binguler tangent vector field on W which is interior normal along V-~ and 

weterior normal along V's ‘This was studied by Reinhart [12] who introduced 

this cobordiem in order to make the Euler clasa a 'cobordism' invariant. 

7 Jn the unoriented case, two manifolds are 'cobordant' if and only if they 

have the same Stiefel-Whitney numbers and Euler characteristic. In the 
oriented case, two manifolds Vv" and V'" are 'cobordant' if and only if 

hay have the sane Stiefel-Whitney mumbera and Pontrjagin numbers -and 

a) (n # 4e+1) the seme Euler characteriatic 

b) (n= liket1) the manifold Wo with 5W = VU (-V') hes even Euler 

characteristic. [This only depends on V and V', not on the 

choice of W.] 

It should be noted that in both of these examples the additional 

ahructure on the manifolds with boundary is not inherited by the boundary. 
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Chapter V : 

Cohomology of Classifying Spaces 

In order to study the interesting examples of cobordiem theories it is 

@éontial to have «a detailed knowledge of the echomology of the classifying 
paces for the classical Lie groups; 

Vector Bundles 

Let. K be one of the fields “R (real numbers), € (complex nimbers), 

@ HB (quaternions), Let .k be the dimension of K as vector space over 

. We reals. 

"Definition: AK vector bundle € is 9 S~tuple (B,B,p,+,*) in which 

‘ § ma £ are topological spaces, p: E—*B is a continuous function and 

. +: B@ = {(e,e') ¢ Ex Blpe = pet} —» 2 

2K x 2 sm EF 

we continuous functions such that pot(c,e") = ple) = p(e') and 
- prline) = p(e) such thet for each be B, the operations induced by +~ 

“me + on pte) make pt (b) into a vector space over K. 
Bas called the basespace of £, E the total space of &, and p 
‘We projection of £. For be B, p l(b) is the fiber of ¢ over Dd. 

Definition: A- section of the bundle — is a continuous map 5s: BF 

fweh that pa =i. 

Definition: A vector bundle §& is locally trivial (or dimension n) if 
! fer each point be B there is an open set U oof B containing b and 

* Feetions By see 58, “of € such that the map % 2 xu pu) given 
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n 

by Yy((k, sso) x) = a k,8,(x) is @ homeomorphian. 

Proposition: Let € be a locally trivial vector bundle over a compa: 

Hausdorff space 3. There exists a finite dimensional vector apace V ov: 

K and a surjective bundle map e : V* B-—*» BE... There ie also an injectd: 

bundle map 1: Em Vx B with el = 1, 

Proof: Let f= 1(E) be the vector space of sections of — and 

e: Px B=» Bs: (s,b) —» s(b).. Since € ia locally trivial this is 

surjective and for each point b of B there is an open nelghborhood us 

of b and a finite dimensional subspace V, of f (spanned by n sectit 

so that e: Vx U > pu,) is surjective. Since Bis compact, a 
finite number of the uy cover B, and let-V be the span of the corres} 
ing Vs" Then Vis finite dimensional and ei: Vx B-—-—» I ds surjectii 

Let V> be given an inner product (over XK) and let g be the 

orthogonal complement of the kernel of .e. Then ~ e| wt re —+E is an 

ieomorpliiam and one may let 1 = (el ot :Es—» Vv x By HE 3 
E 5 

ha 

Corollary: A locally trivial vector bundle over a compact Hausdorff’! 
% 

*G 

space admita a Riemannian metric. : a 

Corollary: A locally trivial vector bundle over a compact Hausdorff’: 
space hag an inverse. 

Remark: To each point b of Bone may assign the subspace i(B,) 

which defines « map .B —> 6 (Vv) of -B into the Grassmannian of n “pl 

of Vv. ‘The usual n-plane bundle over G(v) then induces the bundle 

B, so this is a classifying mep for &. 

Let € = (B,E,p,+,*) be a locally trivial n-dimensional K vectot 

bundle with B a finite CW complex and let 
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P(E) = space of one dimensional subspaces of the fibers of E, 

a(&) = space consisting of pairs (c,e) where~o is a one dimensional 

subspace of a fiber and e is a point in that subspace. 

Me map v.: P(E) —»B sending the one dimensional subspaces of pt») 

ite bia the projection of a locally trivial bundle with fiber P(n~1), 

: ‘We '(n-1)-aimensional' projective space over K. The map A: 2(E) —» P(E 
(abating (c,e) into o -is a one dimensional .K vector bundle over P(E), 

"> bleh vestricts to precisely the canonical line bundle over each fiber P(n=1 

a a? 

One then haa commutative diagrams 

Cowon fF roman YB 

an ee a bos 

jo r 7 
P(n-1) = P(B, ) .. te) P(VxB) # P(v)*B “PW, Pv) 

| |. [rs 
b > 5 i. ~~ 5B 

“. ere be BS The bundle” WE). is the restriction to P(Z) of the line 

: Yanate over P(yxB), which is induced from the canonical bundle over P(V), 
fi uence J: P(E) —» P(Vv) classifies 1(€)... The induced map 

. wa) —» P(v) is just the inclusion induced by the inclusion 4: BV. 

Definition of Charecteristic Classes 

Z Suppose: A= {A,,a,} is a ring spectrum auch that for each finite 

“) Gpensional vector space V over K there is a class a) € HY (P(V)3A) BO 
* hat W#(P(V);4) de the free H*(ptiA) module on 1, ays... ay 
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(agin¥ = 0) and such that: 
1) If i: T+» Vis the inclusion of a subspace, then i*(a,) = Op 

and : 

2) Te q: P(Kett) —» pce) sp(x®) = gE” is the collapse, then the: 

image under g® of (-1)"4 rs" 54) is a’, 

Hote: This choice of sign is made to try to get the ‘usual’ sign 

eonventions. Unfortunately, signa vary wildly in the literature. 

Hote: If K=R, one hes a cofibration st —» p(R*) —»s* ana wt 
cohomology exact sequence the induced map on H¥(pt; A) = Hs"; 3A) ds 

is
e

 e
B

 E
 

multiplication by 2, In order that such classes a exist it is necessary! 
that the unit clesa in H"(pt3A) have order 2°; -henee H*(X3A) hes avery 
element of order 2 for all xX, . (See Araki and Toda [11 ])- ” 

des: If K=R, A=K(Z,); if Kee, A= K(z) or 

{BU,QBU}-the spectrum for complex K-theory; if K = B, Ae K(2) or the 

spectrum for real K-theory. 

Theorem: Let ¢e HY (P(B)3a) be the class j*(a,). Then H(P(E) 5A} 
is the free H*(B;A) module (via ~w*)~ on the classes Lessee, eh ena 
there exist unique classes o, (é) € (33a), og (t) 1, such thet 

a em hya(a, (8) tooo (2)? Feme(o,(€)) + (2)%n#(0,(E)) = 0. 

Proof: One has two spectral sequences =& he and : with A 
B, = H*(B;B*(pt5A)) converging to H*(B;A) end E; » = B*(B,E*(P(B);A)) 4 
converging to H*(P(E)3A). The direct sum of on copies of E, is meppediy 

into EL by sending (x) — a ohWt(x, ).- Since Lessee se bok restric 
is0 to a base for Re(P(E, )3A) as B¥(b; A) module, this is an isomorphism at] 

tel a 
level, so that “6 H*(BsA) —> B8(P(E);A) is an iscmorphiem. 4 

i=0 . 
E, 
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The relation existe since oc”. is uniquely expressible in terms of 

the base Lyepevegor bad 

Remarks: 1) The structure of H*(P(E)3A) as H*(B;A) algebra is 

qumpletely determined by the relation for c. 
2) The cless o(E) = 1+ 0, (&) tout a (k) € H*(B;A) is the total 

igharacteristic' class of —. These classea are given the following names: 

a) K=R:. Stieffel-Whitney class w(t), 

b) K = €: -Chern class c(E), - and 

co) KH: (Symplectic) Pontrjagin class g te). 

Theorem: The total characteristic class a(£) © H*(B;A) hes the 

‘ Fellowing properties: 

1) o,(&) = 0 if 4 > dime; o,(E) = 2; 

2) of{€) 1s natural; de. df f 2 BY» B ds a map, then 

o(f¥E) = £¥0(E); 

3) (Whitney eum forma) If — and . are two vector bundles over 

B, then. o{€@q) = o(€)Uo(n);° and . 
4) If, ie the canonical line bundle over P(V), then ot) = ay. 

Proof: 1) is immediate from the definition. For 2), one has the 

= Gommutative diagram on * 

P(E) ——— p(vxB) 
Pond f } [ee 

P{f*E) ——»> P(vxB") 

bo that c' = f8(c) and hence O# F (-1)*o*TM*Fene(a, (€)) = 
i=0 A (-1)*e!? tat (280, (€)) which by uniqueness gives o, (£"E) Oo £¥o,(£). 

wt} 
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To prove 3), recall that E(G@1) is (x,y) © E(E) * B(n)[pe(x) = PACy 
so that one has subspaces E(E) * 0 and 0% E(n) of E(E@n) and hence 

may consider P(E) and P(n) as subspaces of P(EGn) with 2(ten) 

restricting to &£(€) on P(E) andto 1{n) on P(n). Let ° 

U = P(g6n) - P(E), V= P(E@n) - P(n). Then P(n) is a deformation rete 
of U and P(t) is a deformation retract of V, while P(&@n) = UU ve 
Consider the class in H*(P(€@n) 3A) given by: 

mn 
a= J (aaem@d J ato (€) Vo, (n)) = 

jsd rés=j 

A
 a

n
a

k
 

e
e

 
ot

e 

n m 

(2, (-18eTMIn4(o, ())] (2 (-1)FeTM Fn (a, (n)}. 
j= 

[Note: If K=R signs don't matter, while for K#R, k is even so 

aw
 w

ib
b

c
le

n
ia

ii
te

, 
o

e
 

| 

eo? ana wa(o(8)) commute]. The factor 8, = ? (~1)9 et daa(a, (E)) 
d#0 

to zero. in H*(P(E)3A), hence also in H*(V3A) so 6, comes from 
1 

H*(P(EOn),VsA). Similarly, 6,2 2 (-1)¥eTM*ne(o, (n)) comes from 
kw 2 

H¥(P(EGn),U;A) and hence 6 =. 8,8, 

B*(P(G@n),P(E@n);A) = 0. Since 80, it is the relation for H*(P(EOi 
4 

comes from H*(P(E@n),U U V;A) = 

and o,(6@n) = } o,(€) Uo. (n). To prove 4), let & = (B,B,p.t,+)} 
rrenj B 

be any line bundle. Then since x, is one dimensional there is only ; 

one~dimensional subspace in each fiber and 1s : P(E) -—>B is a home 

Further 1(B) is identified with E. The relation of H*(P(E); A) is t 
c= r#(o, (E)) = 0, end with «= interpreted as identification, oy (€) ‘ 
where J: B—>P(V) classifies E. *# 

Remark: The non-standard part of this proof is part 3), this p: 

being taken from Conner and Floyd [34], page 437. (See also Conner and” 
{41], page 47). 

D
u

t
h

i
e
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Froposition: If §& is a trivial bundle then 9, (8) #0 for 1>°0. 

Udneequently, if € and on are stably equivalent then o(£)-= o(n). 

Proof: Since every trivial bundle is induced by a map into~a point, 

Wh autfices by naturality to prove o,(§) = 0, i> 0, for the trivial 

Windle op: — pt. For this one hae ve =O. in He(P(K") 3A) which 

ig the usual relation and hence 0, (8) =O fe i> 0. 
If € and n are stably equivalent, & 8 oP = n @ 0? for some trivial 

Windies oP ana of, so off) = o(€)*1 = o(— @ OP) = a(n + oF) = a(n) *L 

@atn).** 

Proposition: (Splitting Lemma) Let € = (B,E,p,+,*) be an - n-dimensional 

— Wetter bundle. There is a space B'. and a map f : B' > B such that 

1)- £%§ splits as a Whitney sum of line bundles, and 

a). £4" 5 H*(B;A) —> HEB! 3A) is a monomorphism. 

Proof: . Let By = B, Ey * E and suppose for i < k one has defined 

Bphnes 5, maps fy : Bm Buy and bundles BE, over By 86 that 

HOD = E, ®@2,, %, a line bundle and ff : H4(B,_ 3A) —_e HA(B, 5A) is 
nie. “Let Boy ® P(E), fp, 1 the projection . Then tt, (B) has 

the Niemannian metric induced from E and £(E) is a subbundle of 

HB, (5)> so thet one may take E,,, to be the orthogonal complement of 

b(n). Since .1* is monic in cohomology this completes the induction. 

fen let B'= By, f=, %...0 fy so that f is trivially monic on 1 ‘id 

Q@henclogy, while f*(E) splits as the sum of the line bundles Bev 

* i a, Me.) why» and (f, L440 fi? (25) for 1 < i < m2, 
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Remarks: .1) Taking the properties of o{£) from the principal sheore 
as axioms, the splitting lemma permits one to see that these characterize q 
the characteristic classes Oy: By knowledge of o, for the canonical 

bundle, one knowe of{€) for € any line bundle by naturality, but the 

Whitney sum forma and the splitting lemms show that. o(€) is known for 4 

all -€ -onee it is known for line bundles. ; 

2) Tr -€ = 2, @...8 2, is a sum of line bundles, ol) = i (+0, (8 
de 

BO 0,(6) is the..j-th elementary symmetric function of the k-dimensional, j 
cohomology. classes 0, (2,). The splitting principle permits one to considex| 
the class 04(€) as the j-th elementary symmetric function of (formal) 

classes of dimension k when is an arbitrary vector bundle. 

Thom Spaces 

Let §— = (B,E,p,+,*) be given the Riemannian metric from Vand 

denote by D(E)- the aise bundle. fe ee] fle||<1} and 6(&) the sphere b 

fee e| fel = 12 ret ¢ : DCE) —» Peel) by sending e, into the one 

dimensional subspace of (E x K), generated by e, - [1- ell?1/"1,, whe: 
as before one thinks of F& and 1. as subspaces of the total space of 62) 
Then g is a homeomorphism of D(E) - 6(€) with P({&61) ~ P(E) and maps: 

S(£) onto P(E) by the usual identification map. Thus one may consider % 

P(EOL)/P(E) as the Thom space of —- by means of >. i 

Theorem: In cohomology with A coefficients there is an exact sequengy 

0 <+— H*(P(E)34) <2 HA(P(E@1);A) incnesa) —0 
and the image of 8 is the ideal generated by the clase 

B= F (ayP ber an(o,(c)) © HP (Ee2):A). 
jo 
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Proof: One has the exact sequence - 

mee sa) 2 merce 

H#(P(G@1) P(E) 5A) 

Hi (E34) 

me wince” £(€@1) restricta to 2(€)° on P(E), ¢ 1s an epimorphism, giving 
“Wha desired short exact sequence. The class U clearly lies in the kernel 

Of (since it maps into the defining relation: Note: cU = 0 4s the 

dar tning relation in H¥(P(Ee1) A). ), and clearly generates the kernel as 
BR(njA) module. ## 

Denote by U the class 67-(i) e H"(re 5a). The class U is clearly 
BWtureal and ite restriction to a fiber of § is the generator t of 

“Bocas ay as a module over H*(ptsA). (Note: This restriction gives 
i wt Ad = . 

(We (-2)Pe? an (eC) 54) woteh putts back to be HTM(sTM5a).) 
It should be noted that the class U is multiplicative, in the sense 

Qhat (een) = U(E)U U(n) where T(E@n) is identified with 1(€).1(n). 

Wala is immediate from the Whitney sum forma. 

Por computations involving the Thom spaces, it is convenient to have: 

Proposition: a) UUU= rt(o (g))UU = eo (6)), where @” is 

he Thom isomorphiem defined by U. 

b) If i: B—» T(E). is the map given by the zero section of £, then 

gay) = 0, (8). 

Proof: For a), one has UUUss (2) Jo" Fym(a, (€)) 0, put “cl = 0 
te 0UT= n¥(o, (€)) UU. For b)- one has the commutative diagram 
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P(EQL) ——» B(VxK)xB ——» P(VxK) 

led 
B B pt 

from which B¥ itor = p¥e = 0 for the section defined for pt may be 

thought of as the inclusion of P(K) and a, = ox = 0. Thus 
: F 

m gp¥ = gf s ek iMU = s#U = atrt(o (E)) = o (E). j 

4 
Proposition: Let V be a vector space over K and £-——> p(y) 4% 

4 
the canonical line bundle, Then the Thom apace of 2 may be identified: 2 

8 

‘ng 

P(V*K) -s0 that the zero section inclusion is the standard map given by 

inclusion of .V in. V.« K... Further, the Thom class U is identified 

Proof: Let ox: P(261)—* P(v) be the projection. Then £(261) 4 

a subbundie of 1#(2@1) = w#(2) @ 1. Denote the orthogonal complement : 
a(2@1) by oo. If pe P(R@L) then p dea line in V.% Ko Which lies 

the space (p) x K “and the orthogonal complement p> of pin a(p) * 

is a line in V x K.° The correspondence “p —> pt defines & map i 
fo: PCL) —» P(VxK) with o induced from the canonical bundle. If ] 

is in the image of P(2) then -p* is the line K- and eo P(t) 4s nei 
into the point P(K). ‘Thus f induces a map f 7 T(t) —<» P(Vxx), I 
ye P(VKK) ~ P(K), let q be the point of P(@1) given by the line } 

orthogonal to p in py +XK, anathen f(q) =. Thus f 4s a homeom) 
if xe P(V) then ¢(0,) ie the line generated by K in x*xK so! 

4 7% ‘4 
4(0,) =x, 60 the zero section map is Just the inclusion of -P(¥) in, 

P(VxK).. Finally, f*(a) = o,(c) and o,(0) = oj (#*(t)e2 ~ 2(261)) = e 

=0 so aU. # 
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Cohomology of Grassmann Manifolds 

Let G. r denote the Grassmann manifold of on. planes in Karr One 
? 

has bundles ve (n-plane, point in it) and v. (n-plane, point of the 

orthogonal r-plane) over G. with % 8 % trivial. One then has the 
x 

n ak : Soe -1 cL . fohomology classes a. a, (vy) ew (ed) and o, = o5(¥) eu (6, yi), 
related by the equation a Ua #-1. 

Proposition: HAG vA) is thé quotient of the polynémial algebra 
7 

j: 24.0, dy the relations imposed by %, = 0 for 

is the polynomial of degree .J in the a5 given by 

over H¥(ptsA) ono 

jor. (Note: 5, 

formal inversion of “a. ) 

Proof: -The asserted polynomial algebra is certainly mapped into 

iA), and to prove an isomorphism one may induct on -n. For n= 1, nr’ 

W = PUK) go that -HA(G. 3A) is generated by a = 0, with relation 
lr 1,r i 

wt 20, but Ged eae ae ii. + (ea)Pam + (2) oT 4 ona oll 
relations are given by o, =O if j> xr. 

Tf the result holds for all .¢ oe with n< 8, then consider S. + 
, 

A point “in P(y;) is a line a in an s-plane uu... The orthogonal complement 
ofa oin ude an s<1- plane a, hence a point of G » The points a~1,t+l 

of P(ye) mapping into v e G are precisely those lines orthogonal e-1,t+1 

to -¥.. Thus P(y,) is: exactly Pye ST) giving the diagram 

8 “gel, 7 
PCy.) = POY) Gooa tel 

t 

G 
s,t 
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Letting 2 = aye) == (781) one has w( ye) = BOs, mH 853) s20n 
with £82 0n trivial. Now noting that co = a, (2), the relation 

by (a2)¥cPFn#(o, (98) = O-ds precisely o,(E) = 0. Looking at P(e) 
as a bundle over Ge 1,ttL 

characteristic classes of §—,%, and on -subject only to the relations 

one has that H*(P(¥e) A) is generated by the 

imposed by the dimensions of -§€,%,. and. n and that their sun is trivial, 

Then looking at P(ye) as a bundle over G. 
. % 

ttust be generated by the characteristic classes of 7 subject only to tl 
t o 

* . one sees that H (Gy 3A). 

relation imposed by the dimension of Ye This completes the induction. ! 

Using BR. = lim a. , Bs lim a and inverse limit cohomology (thi 
Roo 7? Tse : 

being all thet affects characteristic numbers) one has i 

Proposition: - a) HA(B. 3A) 1s the formal power series algebra over ‘ ; 
H*(ptzA) generated by the universal cheracteristic classes 0 ? 1si &é 

b) H*(B;A) is the formal ‘power series algebra over H*(pt 3A) genel 
cand . 

Mi 
1<d. ma 

Ty 

by the universal characteristic classes G55 

% The Whitney sum of vector bundles induces a map BL x Bo — Be 4 

or BX B— > BR, Applying the Whitney sum formuls for characteristic elal 
odd 

S 

gives of 

sition: . H*(B; A) is a Hopf algebra over H*(ptsA), which as. a 

algebra is formal power series on classes Oy, i> 1,. and has ceagonate 
given by 4(¢) = 0 8 0; Lie. alo.) = ) oy @ Oy. 

j+kei 4 

M
e

t
is

. o 
0

a
 

2,
 

samen 
Note: If one wishes to be thorough, one notes that the Kiinneth thd 

H*(Xx¥;A) = H*(X;A) 6 H*(Y;A) holds if H¥(Y; A) is a free uv ( 4) (Xs H*(pt;A) ® 4 
module. Yor a proof see Conner and Floyd [36 ]5 page 131. In particule) 
should note that H*(BXB3A) igs the completed tensor product we (B;A)OH(I 
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It is frequently convenient to use other characteristic classes, formed 

Fran the 0,. For any set w= (4) s00-54)) of positive integers, called a 

fartition of n(w) = aa igs one defines the 8 symmetric function of 

;? 1-< Jj <.8 to be tne smallest symmetric function in the 

y which containg the monomial -t 

Par lables + 
i 

1 r = 1 reat, (eg = 1). Then g(t) is 

@apreasible uniquely as a polynomial with integral coefficients in the 

Goenentary symmetric functions 8, = 8(y zt) of the t's. If s > nu), 
pees 

i 

filw polynomial is independent of s, “and write 8 ,(t) = P(Opreees8 aay) 

One defines classes 8 ,,(0) € wnle) (pa) by 8 (0) * Ploy ree sOn( ay) 
Blave by the splitting principle one may consider o, as the ith 

Olementary symmetric function of &k° dimensional classes 0, (2,) (2, being 

Mane bundles), 8 (a) ie represented as the 8 symmetric function of 

Hien» classes, 

The usefulness of these clesses follows from 

1 . ‘% « Proposition: In H*(B3A) one has ds (0) = oh atau 840) U Bula), 

the num being over all pairs of partitions «! ~and uo” -for which w= u! Ue". 

fA particular, for each integer 4, 8 (4) (9) is primitive. The dual 
finite , ; . Wom esa) RBS)» H*(pt;4)) ie the polynomial algebra over H*(pt 3A) 

WH elasses x,» i241, of degree («ki)}, where x, is duel to 8, (0) with 

pect to the base consisting of the s (a) (ive. @ (e)[x,) = 0 it 
a a 4 

ov (1) ~and 8 (4 )(o) [x] ele #°(pt3A)«) Homie (ot g) (HM (BSA) +H*(ptsA) denotes 
*. 3 

orphigms vanishing on all but a finite number of monomials © 6, «..04 .) i i. 
Proof: If {2,3 is the union of two collections of classes {u,} and 

. i i 
iv) then } By va eB, r splits into symmetric functions in u's and v's, 

Bnd thisis given by 6 (2) /= ) sj (a)'s aly). If bundles” ¢ and wo wt otay a 

A @aplit as sums of line bundles hs and Mee then -— ® n splits into the 
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union of the two collections, or = (o(fn)) = J s ,(o(E))s {o(n) 
w ot bute ws 

giving the diagonal formulas. If as above x, is dual to 9, (9), then by 
i 

the diagonal formula one has 8,0) Lx, as xy ] = 8 1 fe wy (dy seeend)? where 
& 20 if wal, Lif w= o', Thus the products of the x,y for 

> 
ww! 

a base over H*(pt3A) for the dual of H*(B;A), -** 

Note: Home (ts) (HM CBA)» H*(pt;A)) is clearly identifiable with t 
direct limit of the groups Hompe (pt 4) HCG, g 3A)s H*(pt3A)). It is cleg 

that the characteristic number homomorphiam defined by a manifold belongs’: 

this set of homomorphisms. 

Remark: There is another construction frequently used in determining 
H¥(G. 3A) provided A is a "good" theory (i.e. a theory for which one o 

ome ont “ 

can compute the cohomology of sphere bundles). One considers the x 

E(y¥s) — 6, with & (YZ) the unit sphere bundle. To each point 
xe 0 (YS ) one may associate the r~1 plane orthogonal to x ~ in n(x). 
This defines a projection £ 0 (Ye e— and one may identify E, Cy Sa, StL 

Wii). The bundle 4" eplite off a line bundle by means of ti B+1 

section x —~“» (x,x)° over E, with the orthogonal complement of this 8 

with E,(y 

being identifiable to 4'#(yTM ate 
Letting s - become arbitrarily large one has 

r
e

t
e

 

EA (y") —> Ely") —» By"). 

at | t | 8 
; Bent 5. 

H
ed

on
e 

The map 1 is a homotopy equivalence, with the zero section as inverse, bi . 
ws’ is a weak homotopy equivalence, the "infinite" sphere being contractibi m 

tp aacdh 
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One then has an exact sequence 

! + He(B 3A) ond (BA) Pa H*(Ty"3A) 

: Md eince- a corresponds to pulling y back to yt @i, a dis epic. 

: ther 6 being identified with the zero section, gU = oy") identifying 
. zr Ba( ry 3A) with the ideal generated by o in H*(B 5A). 

Relationship Between Fields 

: Let -K and K'. be two of the flelds R,€, and H, with KCK 

. ts Let A, bea ring spectrum for which projective spaces over K have 

prover cohomology. Let xr be the dimension of K’ over” K(r=k'/k) and 
Qhoose a base 1, Kyseree%,, for K' over K with xf el (from anong 

-Ghe standard 1,1,4,«) 80 that ¢, 2 K—*K defined by x,-t = o,(t)ox, 

ba an automorphism of K (ve = 1), 
, Let -V be an . n-dimensional vector space over K! = hence also a vector 

“Bpace over K of dimension rn. The assignment to sa one dimensional Kx 
Wbepece. p of V of the one dimensional K' subspace K'p .containing it 

: Welines amap 1 + KP(V) > K'P(V), If .q ie a K' line of vy 1 *(q) 
. : @Onvists of all K lines in q, hence of all K-lines in the fiber of the 
“ fanonical -K' line bundle A‘ of K'P(V), Thus -xP(V) is identified with 
“PPO"). In eddition, the K-line bundle &@(A') is trivially the canonical 

Pundle A of “KP(V), 

Thus 8"(KP(V);A) is the free H*(K'P(V) 5A) module (via »*). on the 

” glaanes Lyays eee ay and hes relation 3 (-1)*ar-tam(a, (0")) 30. 
120 
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The map 6, : v—v: v—>x,v is R linear and semi-linear over 

by means of the automorphism o, of K. In particular 6, sends one 
1 

dimensional K subspaces into one dimensional K subspaces and so defines 

amap 6, : KP(V) —> KP(¥) (ef = 1) which pulls the canonical bundle 4 
back to a bundle ofa. Pulling the bundle A‘ back over KP(V) by 1* 

~ rel . , 
one has m*®,\' = £ 06% fas i.e. A fea subbundle of 1*\' and the subsets 

isd 
x,°A decompose m*\' into a Whitney sum over K. 

Thus m#(o,(A")) = 0, (v®#,') 48 the 4-th elementary symmetric functis 

of the variables o 1 (09a) = ogo 3 fr). 

Case I: cen. Then K is central in K' so all o, are the ident 
and w*a' = rd. In particular nto (A") = one all lower classes being 

zero since r= 2 or k and all elements of A cohomology have order 2 
Since (ay)" = ag = 0, H*(K'P(V) 5A) contains the free H*(pt;A) module 
on 1, GCA )seees0,(a)9 > with o(A')2 = 0, and since H*(KP(V);A) fi 
the free module on Lye over this one has that He(K'P(V)3A) is tk 
free module on the powers of 6. (at). 

Under the map ext) —>K'P(KITM) one has wei) xp 1) 
sent onto K'P(KIT*) sqrp(K!®) = gt’? by a map of degree 1 and so | 
(-1)7TM ame" (gTM" 5a) pulls back to 0,4") (since it pulle back to ay, 
Since r ia even, L maps to 004") - but é = =o since every elened 
has order 2. 

Thus H®(K'P(V) 5A) has proper cohomology, and with this theory the 

i-th K' characteristic class o reduces to the ir-th characteristic : 
class ony . 

Case II: K=€, K' = H. In this case one must consider the effect o 

action by x * 5, the automorphism ) being complex conjugation. Under 
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Bap 6): KP(V) —> KP(V) the bundle A pulls back to its complex conjugate 

Wundle° 4, the problem being to compute o*(a,). 

Since 8 is natural for inclusion of vector spaces, there is a power 

feries h(x) = ¥ a,x", a, 
L=0 

(Phis is a finite sum in’ H*(KP(V);a).) 
Ms 

€ wpe sa), such that at(a,) = h(a,). 

Since a = O 41f. dimV = 1, one must have a) * 0. .If- dimV = 25 cPe(v) 

fd just the two ephere S° and the map 6. is of degree -1, so a, = =1. 1 

th higher dimensions one can say nothing except under restrictions on As 

Binoe in particular one can make different choices for aye (It will be 

bean later that for complex ~K-theory the behaviour is not good). 

tf a, = 0 for i> 1, then oF (ay) eo, 8 0, (%). Thus mo) (0')) = 0 

WM(0,(4")) = -0F. “Hence HOCEP(V);A) is the free HM(pt;A) module on 
hy Op(A")seeesd (at n> with 9,(\")" #0, Further (-1)7% € (85a) 
hapa to a” in #8 (ep(e@*1) *A), (~1)"¢ maps to (-a”)2 and hence 
(wa) maps to op (A")” in iY apc) a), Thus H*(eP(V) 54) has proper 
@Ohomology and with thie theory, the i-th characterlatic class a reduces 

to ody: 
There are two interesting cases for which a, 5 o if i> 1. Trivially 

this holds when # (ptsa) = 0° for all j ¢.0.- Another case in which the 

- Peeult is valid 1s when 1/2 « #(ptsA)s for in this case one may. take 
wy * L/2(ayen(ay)) which 1s another acceptable generator, with eflay) = =O 

Characteristic Numbers of Manifolds 

Fe 

Proposition: For K#R or ¢,-the tangent bundle of KP(n) = xp (KTM 1) 
fa a K Veetor bundle satisfying 1 @ 2 = (nt1)£ where € is the canonical 

bundle if K = and the complex conjugate of the canonical bundle if K = ¢. 
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Proof: Let < ,> denote the usual K inner product onTM i witl 

Re < , > (its real pert) being the usual R inner product. One may 

consider KP(n) ag the quotient of the sphere sTM**"1 2 {y ¢ ta jul = 

under the action of S*“) = {t ¢ K||t| = 1}. the tangent bundle to s‘TM** 
has total apace identifiable with {(uyv) eK x Kul = 2, Re <u,v> 
and the pullback of the tangent bundle of KP(n) . may be identified with : 
those tangent vectors (u,v) orthogonal to the orbits of the action of ; 
gt}, henee those (u,v) with < u,v > =-0. This is a. Kevector bundle’ 
by -s(u,v) = -(u,sv). ! 

Under the action or g*-+ the total space of the pull-~back collapsed 

ts. and thus E(t) . may be represented as pairs - (u,v) ¢ qett , atl with 
jul 1, < u,v > #.0, where (tu,tv) is identified with (u,v) if + : 
This la compatible with the K vector bundle structure since K is comm 

Let cs P(vV) —* P(V) be the map induced by conjugation, Then the! 
total space of o#(2) = © “may be identified with the pairs © (x,s) © ert | 

te
 

s
e

tt
s
 

with |x| = 1 and (x,s) identifiea with (tx,st) for +t «8%? (note 
mamanatt 

(x,8) represents the point of c*#(%) given by the line through x and 4 

point sX in the image of that lines). ‘The total “space of (n+1)é nay 3 
thought of as pairs (u,v) ¢ gtd sth Jul @ a-.with (u,v) sae 

ghh1 with (tu,tv) for +t € and with scalar multiplication given by 

s(u,v)- = (u,av). Thus 1 “ip ‘a subbundle of (nt1)€, aiid may be consi 
es the fiberwise orthogonal complement of the set of all patra (u,su), 4 

4 
is a trivial line bundle, Thus. (nt1)£ = rel. #* 

Thus the normal bundle of KP(n) .admite a stable K-vector bundle 

structure, given by the 'negative' of the tangent bundle, giving a (Bf). 
. 

structure to KP(n). Since the A cohomology of B is knom, and since; 

orientation Class U has been constructed, it should be possible to com 
the characteristic numbers of KP(n). 
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Let KP(n)C.8TMTM" be an dmbedding with normal bundle v heving a K 

. Weetor bundle structure, and let [XP{n)] e 8, (xP(n) 3A) be the fundamental 
TM 

“Mmology class of KP(n) defined by the orientation U of Tv. 

Lemma: o"[xP(n)] = (-1)" © H°(pt;A). ene 

Proof: One has the diagram 

gtthn ec gy, fo, (xP(n)/¢).2v =wu, A 
i r| x1 | Tb 

ght gt Lata, gt, UU, DN, oF =1 %~ atl 
: gk gt 

i Which the maps given by cohomology clase names properly exist after 

Q\Wepension, snd after suspension the diagram commutes up to homotopy... Thus 

Qhe map representing o"[KP(n)] (the top line) gives the same class as (~1)" 
(the bottom tine). ** 

Proposition: .The tangential characteristic numbers of KP(n) - are given 

wy 
ntl ntl : og (e)0eP(a)] = eG) H (ptsa) 

if wo (1,,..0,4.) is « partition of n, where o =o, ..¢0, . In addition 
1 r w i, iy 

8(n) C(t) )EKP(n) J = ntl. 

Proof: - Letting .c : KP(n) —» KP(n) ‘be given by conjugation, one has 

e¥(a) @ =a + and a(t) = (l+c%a Thus at 
132 bes a(t)» 2)... (BY )oa(a)P and 8, ote) = (nt1)c#(a)". since aX} « 0, 

ma)? e (-a)" = Cay ‘a and {c*(a)*Ixpin)) = 2.0 
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If n(w) >n, o(t)[KPGa)} = 0 since {e#(a)}""1 20. For n(w) <: 
the difficulty lies in evaluation of at on KpP(n), Since at does not 
come from the map into the sphere, this evaluation is not feasible without 

additional assumptions. , ; 

Using projective spaces one may construct other manifolds for which t 

characteristic numbers are computable and which will be needed later. 
Let K=R or ¢€ and let B be the classifying space for K vect¢ 

bundles. Suppose M” is a closea (B,£) manifold and e isa K line! 
bundle over M with characteristic class o(p) = 1+ 0, 0 H(A). 

Let £: M—> XP{N) for some N be a map for which f*(E) =p. Bj 
deforming f if necessary one may assume f is transverse regular on 

KP(N-1). Then L= ¢7)(KP(N-1))CM 4s a closed submanifold of codimens4 

o
o

 

k; the normal bundle of L in M being induced from that of KP(N-1) - 

+ 
e

a
l 

L
a

te
 

in KP(N) (i.e. the normal bundle is ely. g lee (nen) } s 
The stable normal bundle of L, ve 

identifying it with i*(p@v,), i being the inclusion of L in M. Taug 

admits a (B,f) structure 

< 
9 

o(v,) = (1410 )1*(o(v,)) or o(t,) = ito (s,,)/(1+i%6). : 

let xe H*(L;A) be given by x = ity, ye H*(M3A) (for example & 

characteristic class) and consider the number x([L] e H*(pt3A). Imbedding 

and with K- normal bundle in R"* imbeds L% also, with Ty, collapsds 
2k 

to Ty, to give a commutative diagram 

gotr £ ah 
M* , 

we |. A 
Ty, 

The number x[L] is represented by the composition 



-%- 

PPE Se ay, Be cxyp).ay, SS (2/8).00 | Mygl, SEE (0/8)-26 le ome) My 

WU, gaa Bea 

- Wit the collapse diagram 

mu —2—+ w(n) 

| le 
to], > Tel ee(na) 

Wamtes, with ng(U) = 0, (€). Thus x[L] is represented by 

OIF Se ay, Po (ype Seb (0/8). (M/B) y, 22L5% (Mo). (RECHD/B) Ay 

rat’ AAA ——> A 
. Waleh tc (y Ue)(M], or x[L] = (y Ue){M]. (Note: This is commonly 

‘Yiferrea to as ‘naturality of Poincaré duality’). 
, The above construction is called 'dualization of the cohomology class 
ow" but is more properly 'guelization of the line bundle pre . . 

As an example one has: 

2+ Bropesition: Let 1, + KP(n,) * EP(n,) —> eP(n,), 11,2, vith 
: ~f > 1 and let &% be the line bundle me(e)eng(E), with 

7 4, C. xP(n,) * eP(n,) the submanifold dual to o,(2). Then 
yy 1 2 1 

n +n 

(o(z))[H, al ° 
1’ 

). “nytaget 1 
Proof: Since the cohomology of kP(n,) ie free over that of a point, 

© one has HA(KE(n,) * KP(n)5A) = BCRP ISA) © seca say BMP(aQ)sA)~ The 
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inelusion KP(n, ) “Be xP(n, )x (a) pulls & back to & s0 
oj (2) = rea + ha + (na)? (nga)? » where a = c*¥(a) of the previ 1 ar ier 

id we. discussion of projective spaces, bi, e wet XS (ntsa). Then o(t,) is 
the restriction to Hof 

nyt 7 nytl 
(L+nfa) (140 $a) 

i+ a, (2) 

or 8 (a(t, ))- 4s the restriction of 
ny ty m1 

ny +n] ntn,-1 no +n <1 
(nya (nea) 2 + (agen (ngs) 2-7 = (a (a)) 2? 

; non 
= ~(o,(2)) > 

aBytngl 7 al 
(for since n> i, 3 = 0). Hence 

nytn, . 

Sy an. -1(0(%q) EH) = -(0,(2)) >? [xp(n,) x xP(a,)}, nytng-1 

A
M

M
 

Fa
 

T
R

E
C

 o
e

 

ag 2 = = ("8G + BG) [xP(n,) * KP(n,)} 

since all other terms are of degree greater than nin, in the mea and | 
are zero. But this is 

ou 2)(a8a) “Lcnga) “2rxP(n, ) x EP(n,)] = =( 1" oe Txp(n, )16 fern, SF 
ay 

Rha 
A

M
E

 R
B

 e
t
i
c
,
 

n, +n, ee 2). Lid 
1 

a 

Remarks: © The manifold - 7 is the non-singular hypersurface of aed 
(1,1) in KPGa) *« KP(n)... If one uses homogeneous coordinates (ose sig 

we
a 
s
t
ic

, « 

ea ) this can be defined as the locus of points satisfying 
Wop treet WB, 2 05 where or = inf(m,n).. If one considers KP( (mL) (n42, 
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With homogeneous coordinates wy O< ism, 05 3 Sn and imbeds . 3° 
—fee(m) «KP (n) "by Wy MZ ys then “H is the hyperplane section given 

w = u,,=0 and for this imbedding £ pulls back to w @ nit. The 
ied 

ibe of these manifolds was the idea of Milnor (see Milnor [87 ] or Hirzebruch 

fas). 

Ordinary Cohomology of BO and’ BSO 

For Kes BR, the only cohomology theories to which the previous methods 

ve applicable are the 2-primary theorles. Unfortunately, thie does not 

Give sufficient information to describe the spaces BO, and Ty", The 

Qeject of this section is to conquer this technical difficulty by computing 

§he cohomology of BO with other coefficients. 

Proposition: Let ©€ be a real vector bundle over B. Then” € @ & admits 

"." § eomplex vector bundle atructure given by 
et 

a ilx,y) = (-y,x), ‘(xy) © EOE. 

Pale complex vector bundle is the complexification of €, denoted & 6 €, 

‘nd £ @ Cis isomorphic to its complex conjugate: 
Ir € is itself a complex bundle, then — @ €..is isomorphic as complex 

- Yeotor bundle with €.@ &, — the conjugate of €.. In fact, — @ © sdmits a 
- Qaternionic vector bundle structure given by 

i(x,y) = (-y,x) and stx,y) = (ix,+ty). 

2 = «1, giving a complex Proof: 4°(x,y) = i(-y,x) = (-x,-y) 80 4 
Bhructure.. Leb 6: —€ @E~—> 686: Cy) —> (-x.y).° Then gl = -1¢, 80 

4 1s an isomorphism of- £8 © with its complex conjugate. If € is a complex 
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bundle, let £: —E— YEO by f(x) = (x,-ix) and g: E—>EQE 

by g(x) = (x,ix). Then fi = if and gi = -ig, so that £ and g ar 

mape of — and its complex conjugate into .€ @ @.° This is a direct sum 

decomposition since (x,y) = 1/2 f(xtiy) +.1/2 g(x-iy). Finally with the 

given maps 4? = 3° = el and ij = --j1,..80 that 1 and j give a 
quaternionic structure on — @ @. #* 

Now suppose A is a ring spectrum for which CP(V) has proper 

cohomology and such that c*(a) = ~a, For £ a real vector bundle over: 
ay 

one then has the Chern clase c(€ 6 €) © H*(B iA). Since £8 © is ieoma 

to ite conjugate 
*y 

oy(6 0 0) = 0, (E 8 €) = (~1)4c,(€ 8 €) , 
: 

80 2e5 4 Peat ® ¢) = 0. Since the odd Chern classes have order 2, and 
| 

are amenable to 2-primary structure theorems, one ignores these and cond 
. 

1 
oe 

* 

Definition: If A is a ring spectrum for which CP(V) has proper’ 
¥ 

fu 

4 cohomology and such that o*(a) = -a,° and° € is a real veetor bundle 

B, then the i-th Pontrjagin class G® ie defined by 

Bile) = Crt, (e 0 ) e tai). 

a
y
, 

The total Pontrjagin class is the ‘formal’ sum 

(&) E 9, (e) © H¥(BsA) E)=1l+ £ gis 3A). “ e . ts aH it) 
, oo 5 

Lenma: If & is a complex vector bundle with c(f) = J, (1+x,), | 
no 

dim x, = 2, then y(t) =, (1+x,7). 
a 

Proof: c(—) = Aa (I-x,) so c(f @¢) = a (a-x,?). aia 
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Lemma: If A is a ring spectrum es above and if 1/2 € a (pt 3a) then 

alt @nd= o{6) U zptn). 

Proof! Since 1/2 ¢ H(ptsA), He(B3A) has no. 2=primary torsion, 80 
: Hasan lé 66) = 0, From c(E 86616 C) = c(é @ ¢) Ucln @ C) one has this 

fornuie after making the proper sign modifications. #* 

Proposition: If (A is a ring spectrum for which CP(V) has proper 

Wehonology and 1/2 H'(pt;a) with c¥(a) = =a, then HM(BO 3A) contains 

@ #ubring isomorphic to the polynomial algebra over HY(pt3a) on the universal 

. Pontrjegin classes ¢p, for 1<i< [n72], ([ ] denotes ‘integral part 

w'). 

Proof: The classes wy ere defined for ai <n, and it suffices to 
. -Qhew this ring maps ‘monomorphically into H*(BO_ 3A). For this one has the 

y up ft: Brn 21 BO, obtained by considering a complex [n/2]~plene 

© Windle es a real bundle, with f*(p) =e. ‘Tus 

£9( G4) = Ben, = 2051 10) + Beas peg meeek 20,4 Oy yt * 

oQA@ these generate a polynomial subalgebra of E*(BUr 234) + 

In order to prove equality, one needs further restrictions on A. Thus, 

‘ will be assuhed throughout the remainder of this section that ATM K( s) 
Yeere..B 1s ao commtative ring containing 1/2, The proof in this case is 

' fairly involved and depends upon a study of oriented vector bundles. 

Definition: If Vis an n-dimensional vector space over R with inner 

' profuct < , >," an orientation of V iss unit vector © in the n-th 

@itarior power of Vv, “AT(v).. If Cy see est, is-an orthonormal base of V 
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such that e, ..... @ = oO; then feyyeeese)} as an ordered base may be 

thought of as defining the orientation of -V. 

Lenma: If W ois a complex vector space with inner product then~ W 

. has a canonical orientation given by fy-1f, atwee fit, where Byeses od 

is any orthonormal base for -W over. ¢. : 

Definition: . An oriented vector bundle € is a vector bundle togethe 

with a consiatent choice of orientations in the fibers;-ive. a bundle - & 
vi 

together with a cross section of the unit sphere bundle of the determinant) 

bundle det€ = A"), n= Gime, i 

Proposition: Let. & @ (B,E,p,+,*) be an ordented ~ n-plene bundle, 4 

is a unique class U € B"(re5;2) auch that for each point be B and 

orlentation preserving isomorphism f : ns E> the induced class 

(re)*(u) e H'(s";z) is the standard generator. 

S
l
e

e
 w

e 
f
a

.
 

Proof: Let 8S be the unit sphere bundle of § @ 1. Then § is on 
orierted sphere bundle; i.e. if 6: [0,1] —»B, $(0) © $(1) = & ana 4 
is trivialized then the maps of the fibers over 0. and 1° into the fiber 
of -8 over b ‘are homotopic (rel . base points). 

the Serre spectral sequence one has utes HP(B gt(s")) == #°(B;2) @ BA 
Let a: Bos: b> (O.,1)€ Bx R Then s is a-section, and the 

spectral sequence collapses. If Ve H"(8) represents 1 8 i.e moe" = 

s
b

i : 

Bt 
ce 

then V restricts to a.generator of the cohomology of each fiber, Since . 

Voie determined only up to image .7, :8-— > B the projection, one. 

abatme s*V = o (which characterizes V completely). Then H*(S) is ‘Hl 
free H*(B) module onl and -¥. 
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Using the section s : B—»S, one may form 5/B which is identifiable 

“ : With TE and one has the exact sequence of the pair (8,3) giving 

« - 

0 <— HM(B) <= H¥(s) <4 He(TE) <— 0 

(aentitying H(TE) with kernel s*, the free H*(B) module on’ V. Let 

on vty). Since n° (pt5z) = 2%, U is unique except for sign, i.e. choice 
“$f ovlentation over thé components of B. #4 

Definition: If — = (B,E,p,+,;") is an oriented n-plane bundle, with 

- ‘18-1 the map induced from the zero section of £,~ then the Euler 

ae e(—) 4a +*(U) ¢ H'(ByZ). 

Note: If a: B-—* 8S ja the section b> —> (o,.-1), the map into 

Ph = te cist. Ts e(f) = S*V.. Unless -¢ admita-a nonzero cross 

- fdotlon it is not clear that .s and -§ should be homotopic, so 5*V may be 

- @bn-sero. 

Lema: U UU = p¥(e(g))+U. 

i froof: Let D and Dy denote the dise and sphere bundles of £,. 

“i | D— > D/D). the collepse and 2: B—»D -the zero section. Identifying 
. MH with p/p, pt(e(e))u = (ptztitu)u. Since B ia 6 deformation retract 

.. MD, 2p is homotopic to the identity and pz" = 1. Thus p¥*(e(—))U=(i#u)U 

+ Wut the external product (4#U)U coincides with the internal product U UU. ## 

: forollery: If mis odd, e(&). is of order 2, hence is zero in 

ens) ae wee s. 

Proof: UV y= (-1) yuu, ae 



» 86 » 

Lemma: If € is the underlying orlented bundle of a complex n-plani 

bundle w, then e(€) = ¢ (w). 

Proof: This assumes the fact (which will be verified later) thet 

cP(V) has proper integral echomology. Then the orientation classes const: 

for the oriented bundle and the complex bundle coincide by uniqueness, and 
hence the images urider the zero section map must coincide, #4 . 

For a Whitney sum of orlented bundles, the product orlentation class : 

is again an orientation class, and by the same uniqueness argument: 

Lemma: -.The Euler class of a Whitney sum of oriented bundles is the 

product of the Euler classes. 

Corollary: If -& 41s an oriented @n ‘plane bundle, then e(E)* = ce) 
a 

Proof: if \pretrvlpn is an ordered base of thé fiber over ~b aert} 
the orientation, the fiber of § @ € has orientation given by the base 4 

a 

(e) 0) ,+++s(ey, 90), (O,e perens (Oy @ on) while £6 € has orientation give . 

vy (e150), (0,e, yes sen, 50), (0,e5,) . Tus € ee (21)7"(6 o£) 2s 
=

 o
e

 

oriented bundles (n(2n-1)° sign changes]. ‘Thus 

Halt) = (Pep. (E @ €) = (-1)Pe(E @ €) = e(E @ £) = ee)". 

P
a

 
B

e
! 

F
a

s
e

 

~ 

Definition: G ne ie the Grassmannian of oriented n planes in RTM 
* 

% 

d
e

s
k

: 

i.e. pairs consisting of an n~plane and an orientation of that. plane. - 3 

(Equivalently Ge. R ig the sphere bundle of the determinant bundle of | 

2
7

8
 e

A
 

The limit space is B80, * lin a 
Dew 

BSO is the classifying space for oriented n<plane bundles, which 

coincides with the sphere bundle of the determinant bundle of ~ over 
The pullback of ye to BEO, is an oriented bundle yy. 
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Proposition: If © 1s a commutative ring containing 1/2, then 

k*(BSO. 5 %) is the polynomial ring over $ on 

CPyarees Py for .n = 2ktl, 

Pye Deas e(y") for’ n = 2k 

and in the latter case , = e(y")*, where 7f, is the Pontrjagin class 
om, (7°). 

Proof: Let oh: Burn /2] mal BO, be the map obtained by ignoring 

Gomplex structure. The classes listed map to algebraically independent 

tlements of H(BUY n/2}° %) and hence ~ H"(BSO a? §) contains this polynomial 

bubring. . Equality is proved by induction, 

For -n #1, BRO, ig the double cover of RP() which is the infinite 

Ophere, hence contractible. 

For ns 2,°-an oriented n=plane bundle is just a complex line bundle, 

tn fact, if Vis an oriented 2 plane with orientation a and ve Vv, 

' $here is a unique vector w with w orthogonal to v, with [wl = |v] 

and such thet v.w = ke’ with k20 (k= |v|*), Tis w is iv. Since | 

; WAV 2 -VAW, i? # 1, The orientation given by a complex structure gives 
_ What complex structure back. Thus B80, = BU, and . 

~ W(n50,; $6) = Ble(¥")] = sey]. 
To make the induction step one has 

8(y°) —> p(y") —» Ty. 

Ata point of s(y") one has @ non-zero vector in an orlented .n-plane and 

the complementary -n-1 plane is then oriented. This defines a fibration 

W(y") —» BSO._, with fiber en infinite sphere. The pullback to S8(y") of 
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yy Splits off a section to give yt @i1. The projection and zero sectic 

of D(y") give a homotopy equivalence of B80, and p(y"). Thus the exad 

sequence of the pair (D(}"), S(y")) gives an exact sequence 

H*(S(7")) <—— B*(D(72)) <— B#(7y") i 
u zu fe : 

. b & * <—— HF <= ye EH (sso) HE (Bs0,) H (250,) 
i 

where ¢ is the Thom isomorphism. The homomorphism a has degree n, aay 

since BSO., is identified with p(y") by the zero section, a is multi-= 
4 plication by the Euler class. The homomorphism b sends % (y") to 

+61. ae) since under the identifications ¥" pulls back to 7" 
computation for the induction is then straightforward, giving the exact -4 

sequences : 

(n = 2k) ‘ 

0 Sl Poesy) Sle Rel HO Pye el — 
a 
3 

Fi 

in which the equality for H*(BSO_) is proved inductively using dimensiog 

(n = 2k+1) 

0 BL HEI BL Gy oe ney 00] =~ BLGy ed —O6 

since e(y") = 0 implies a= 0, so that H*(BSO_) is a subring of : 2 

“a 
4 
if 
” 
rh 

H*(BSO ) containing Bip s-- +s ls but equality must hold by rank a 
1 

Bl Hy. FX 20] having a base over Bl Py oe -e 7] given by 1 and. 
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Proposition: If & is a commutetive ring containing 1/2, then 

H¥(BO. 5 ®) is the polynomial ring over & on the Pontrjagin classes 

Wy, 1 sis [n/2]. 

Proof: BSO,, is a double cover of BO.» 80 H*(BO 5 $) is the subring 

of H*(BSO_ 5 $) consisting of the classes fixed under the homomorphism 

induced by the map x? BESO, soon BESO, which interchanges the sheets of the 

sover. Since x*(h ) t= og’ { fe comes from 30.) while 

x*(e(y7)) = e(x#(y2)) = se(7") since x*(7") ds gust 7" with reversed 

urinetation, the result.is clear, #4 

“ : . Lan! m3 Note: - In the fibration. +: BO —~ BO, with fiber S° , BOL 

being S(y"), the homotopy group 7, (Bo) = Z, acts non-trivially on the 

cohomology ~ of the fiber. 
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Chapter VI 

Unoriented Cobordism 

In many respects the most interesting cobordism theory ia unoriented - 

cobordism; i.e. the cobordism problem associated to the category (Ke 3,1) 
of all compact differentiable manifolds. It has additional interest in th 

its solution by Thom [127] illustrates all of the basic techniques for 

dealing with cobordism problems, without encountering excessive technicall 

Firat note that 9(8723,i) decomposes as a direct sum of semigroups» 
a 3,1), being the dimension of the manifold. This semigroup is 
usually denoted Thy with Te denoting the direct sim. The first str 
theorem is: 

: 
. 

8 

Proposition: nN, is an abelian group in which every element has ord 
2. Th is a graded ccomutative ring, multiplication being induced by the 

product of manifolds, with unit, given by the cobordiam clasa of a point. : 

Proof: For eiy closed M, M+ M+ a6 = @4 3{M x I) where I= [o, 
80 the class of M is its own inverse.~ If-M,° -N, and Ny are closed wi 

1 : 

Nl = Nps say N, + 3U, = N, + 20,5 then Mx, + a(M x U)) SM x, + 8 

so Mx N, EMxN,. Since Mx (N) +N,) SM x) + Mx Ny and 

MX N3NXM this gives 77, the structure of a graded commtative ring 

If p is a point, Mx p= px M=M, so the class of p ia a-unit,. 

The next standard step is to replace the cobordism problem by a homoti 
problem. ‘This 1s accomplished for unoriented cobordism by noting that eve 

manifold has a unique .(BO,1). structure . (1. being the sequence of daenti 
maps. 1: BO. —> BO). The forgetful functor from the category of (30, 

manifolds to (%9,i) which ignores the (B0,1) structure for objects a 
the normal trivialization for maps induces an isomorphism of cobordism 
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semigroups. (Note: Isomorphisms, inclusions of boundaries , and summands are 
a, njtr, Rn, nit 

preserved). If M, CR and My CR are imbeddings, then the 
n tr, *n,+7, 

1012"? 4s the normal bundle of the product imbedding Mu x M, Cc R 

Whitney sum of the normal bundles of the factors. Thus one has the determ- 

mination theorem: 

Theorem: The cobordism group Th is isomorphic to jin Typ ( TBO»), 

The ring structure in Th. is induced by the maps TBO, . TBO, —»> TBO he 

obtained from the Whitney sum operation on vector bundles. . 
The next atep is clearly to try to solve the homotopy problem. It is 

here that the most ingenuity is required since the various cobordism theories 

differ widely at this point. The guidance one obtains from Thom's work is: 

Make use of the cohomology theories for which the manifolds in question are 

orlentable. | 
For unoriented cobordism one makes use of ordinary cohomology with 

Be coefficients; i.e. the cohomology theory for the spectrum K(Z,). One 

needs a knowledge of the operations in this theory, which may be summarized: 
The mod 2 Steenrod algebra a, is the graded algebra defined by 

(Q,)* = #4 (K(2,4n)32,) 2 <n 2 eer ere . 

Then: 

a) a, is the associative graded algebra over Za generated by symbols 
1 8g” of dimension i, and all relations are given by the Adem relations 

[2/2] b bei-1 +b-i od Sq°Sq° = 2 ( a-2i )sq° Sq 
: 1! 

{f a < @& (&° = 1), 
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>) For any pair (X,A)- there is a natural pairing 

Ay 6 H*(X,A3Z,) —> H*(X,A3Z,) such that 

1) gqt : H'(X,A 325) —> itt(x,asz,) is additive; 
2) 6° usu for all u, 

Bq? u = u* if dimension ud, and 

gq? uz O-Lf dimension u< d; and 
3) (Cartan formula) Sq°(e ub) = fT (sa® a) (Sq* b). ‘ 

etf=d 5 
(See Steenrod and Epstein [114]). . “ 

Following Milnor [14] one defines a diagonal map “A: A, nip a, 8 & 
* 

into @ connected Hopf algeby by a(Sq) = J sq @ sa", wnich makes (1, 
j+ked 

over Zp. (Connected means that the unit defines an isomorphism of (Ay 

F
a

t
 

with the ground field Z,). Py 
it ia well known that the zy cohomology of real projective space p(at 

is the truncated polynomial algebre over oy on the unique non-zero class 7 
a of dimension one; «” = 0,° and that qt) is the image of the non-zero: 

class &.€ i”-*(s"1,2,.). From Chapter y, one then knows the full cohomolg 
structure of BO, and TBO, using 2%, coefficients. The following Line ; 
of proof is due to Browder, Liulevicius, and Peterson [27]. (See also 4 

Liulevieius [73]). 

Denote by H¥(TB9;2,,) the direct sum of the groups i 

H"(1B032,) = iin i" (1B0,32,)- : st 
of 

Leuma: The maps TBO..TBO|—» TBO, obtained from the Whitney sum é 

vector bundles induce a diagonal map 4 

y + H(1B0;2,) > H#(7BQ;Z,) @ H*(1B05Z,) 

making H*(T20;2,,) into @ connected coalgebra over 2%, with counit 
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7° : H* : : Ue (B0;2,). H (B9;2,) is a left module over the Hopf algebra a, 

with ~ a homomorphism of a, modules such thet the homomorphiam 

vi: A, —> B*(TB0;Z,) : a —> alv) 
2 me 2B : 

is a monomorphism. 

Proof: This is all obvious with the exception of the assertion that v 

is monic. For this one may apply the splitting principle and the calculation 

of the Thom class of a Line bundle to express U formally as the product 
Vs Xj XoXgr ee of one dimensional classes * i> aa By the Adem formilae 

hy has a base consisting of operations 8qt = Sq *tgq 2 oo BQ *s with 
and evaluation of such an operation on V gives a sum of monomlals 

Xp +++ with only a finite number of r, #1. Order such monomiale by 

r 8 . 
2 ,, 1 %p_ ee > x, a, «oe 2 for some JsP, = 8, for all i<j and r Since 

2 
a atl 

ark 
2" 2 fg’x” =x" ,x + or 0 as LO, 28 or any other if dimx*1]1, one 

ly Pi ¥e has that the largest monomial of 8q ig is es where ry > Pp > aoe 

and the sequence of ry has i, - 24 ed copies of the integer 2", 
oo Lvs gk In addition, each sequence of ry occuring consists of powers 

of 2. Thus qu s aU + t 5 10 where wo = w(I) contains i, - Bel 
copies of 2° «& and w' runs through a set of partitions into integers 

of the form 2°. 1 with ow’ <w in lexicographic order (if w= (3, 90-4954) 

with Jy Bdpo 2 veer say w> w' if for some y jg TM Jg for all B<y¥ 

and Jy > Jy) Since the partitions w(I) are distinct (w(I) determines 

I) v is monic. (Note: This is the standard argument needed to determine 
the dual of a, See Steenrod and Epstein [1/4], Chapter I, 3.3). %# 

One then has the result of Milnor and Moore [40], Theorem 4.h: 
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Lemma: let A de a connected Hopf algebra over a fleld F. Let M 

be a connected coalgebra over F with-counit 1lé M, and a left module 

over .A such that the diagonal map is a map of A modules. . Suppose 

viA-*M: a-——» ge] is a-monomorphism. Then M ie a free left A: 

module. 

Proof: Let A CLA. be the elements of positive degree and let 

wi M—» N= M/AM be the projection, Let f 7 N*M be -any vector space 

splitting (nf =1,) end define ¢:A@N—>M:e6@n—af(n). § i6- 

a homomorphism of A modules. , 
1) gis epic: -¢ ¢ Ay 8X, —> M, is the identity map of ¥ for 

(am) 1 M, = 0. Suppose ¢: (A 8 §) po My is epic it i<k. If 

ceM, e = $(1 8 ae) -maps to zero under “# 50 c= 20 re) = Fale)” 
with a, e A, ce, eM. Since dime, <k, ¢, = o(x,) for some x, and 

e = $(1 8 we) + £ ag(x,) = 6(1 8 re +E a. a,x,). Thus ¢ + (A 6 8), —> M 

is epic. 

2) gis monic: “Consider 

aew 224, , 9m St y—4 won i ttwe x 
~ 

4 4 

* 

e
e

 
w

in
e 
e

e
l
 E

e
e

 b
e!

 S
e

 
a

t
 

Clearly 6, 4,° and 1 are A-module homomorphisms (4~ by assumptions) 

1 @ «isan A. module homomorphism since a(m @ n) = am @ n, while if 
mm’ =n then (18 r)a(m @ m') = (1 @ ¥)(Z a'm 8 atm’) = a 6 +)(am @ Len! 
= an 6 n since x(a m') = 0-412 deg a" > 0; here da = fa’ 6 a"), 

Ten 1 62 —» 16 t(n) — > e(n) —> t(n) 6141.6 t(n) + 

other —» t(n) @ 1418 n+ other, or a@n—mr al @n+e where 

o
e

 
a

n
t
e

! 

ec LJ MON. Projection or M@N on MOR,, - gives Pp mn 
p<dim n 

A 8 Nisan MO Nagy pO 8 > all) On which is monie’ since vis 

monic, Thus dog is motiic and so ¢ is monic. 
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3) ‘Thus “¢ FA @N=M is an isomorphism of A modules, so M is 

a free A-module. ** 

Combining these lemmas one gets 

Theorem: .In dimensions less than or equal to 2r, H*(TBO, 52, ) is a 

free module over the Steenrod algebra a 2 and, in fact, in dimensions less 

than -2r TRO. has the homotopy type of & product of Eilenberg-MacLane 

spaces K(Z,,n). 

Thus 77, is a 4p 

partitions of on. (w= (i, s-<054,) is non-dyadic if none of the ig are 

vector space whose rank is the number of non-dyadic 

of the form. 2° - 1)- and two manifolds are unoriented cobordant if and only 

if they have the same Stiéfel-Whitney numbers. 

Proof: The free module stricture follows from the stability 

i"? (TBO 32.) = w*8*) (po 325) for ir. There is then a map of TBO. 
into @ product of spaces K(Z,,n), n> -r, inducing an isomorphism of 2, 

cohomology in dimensions less than or equal to .2r,; and by the generalized 

Whitehead theorem (Spanier [110] page 512) the homomorphism on homotopy is 

an isomorphism modulo odd torsion in dimensions less than 2r. For p an 

odd prime, one has the exact sequence 9 ~— Ha(BO,43Z,) ee H*(BO, 32.) 

<e i* (TBO, 52.) “— 0 arising from the pair -(Dy", Sy"). from which 

M(B, 32) = 0- in dimensions less than er. Thus the map into the product 

of K(Z,,n)'s is a homotopy equivalence in dimensions less than . 2r. . Since 

the rank of #"(TBO;Z,,) is the number of partitions of on, .while the rank 

of Qs is the number of dyadic partitions of i, the rank of Tay (TBO 2) 
is the number of non-dyadic partitions of mn if r>-n.. Since this homotopy 

group is isomorphic to 7% for r large, the rank of Th is as asserted. 
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Since the Hurewicz homomorphism is monic for a product of K(Z,.n)'s it is 

monic for TBO. below dimension 2r, and hence cobordism class is determi) 

vy Z, cohomology characteristic numbers. halal 

The complete structure theorem is then: 

Theorem: Tle isa polynomial algebra over .2,. (with unit) on elassel 
2 

x, of dimension~ i, ~i not of the form 2 na; the class x, 

chosen to be the cobordism class of any closed manifold M-for which the‘ 
» 

may be 

s-number 8(,) 00) fH] ct 8(, (w(t) ) IM] #0. F 

Note: With v the normal bundle and .+ the tangent bundle, v @ 1 “4 

trivial, and since s/,) is primitive, 83) ) + 8(4)(T) = O= 8 (4 (trivil 

and 8(,)() = “8(;)(t) = 8(4)(T) (mod 2). : 
q 

Note: One may prove this as did Thom by showing that the 80 for .& 

non-dyadic form-a base of H* (TBO 325) over a, (see also Wall [130] pagél 
301-302), Since one wishes to have explicit constructions of generators ai 

: 

indirect proof will be given here, in @ sequence of lemmas. .This will in q 

fact show that these 3 U form a base over ,. 2 

Lemma: “Suppose there are manifolds Mt of dimension 4 (a # 2841) 4 
“R 

such that 8, )(w(v) 20 #0. Then Th is the polynemial algebra on thi 

classes of the M*. If manifolds Nw (4 ¢ 2°41) also give a system of 
generators, then 8 (4) Ge(v)) 0] #0. 

Proof: Totally order the non-dyadic partitions of n by an order <j 

compatible with the partial ordering w<-w' if w' refines (ive, itt 
" 

¥ i i : 
1 r a Tf ws (ijyeessd,) let MSSM" x... M". Then sr (w(v) 1M] is zerg 

os (ysee- sd) then w' = oy Us. o., where We isa partition of 

if w' does not refine w and is nonzero if w= w'. (For this 4 
F 
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: 4) i 6 (v) [m1 = ) s., (v) [Mu ]..-8, (vy) (4 7] and since s-(v) [MN] =0 
=p? w OU. 8. =u lL r 

r 

if n(w) #4, this must be zero unless there is some expression 

w! = wy UU... U w with a(w,) = igs -If w=, this gives 
in. 

o(v)[M] = 0 ¢4,)(v) IM 8} 40.) Considering the matrix IIs... (w(v)) 14,7 

for w, w' non-dyadic partitions of n, one has 5,,.w(v) )[M] =0 if 

w'< w since w' cannot then refine ow, so the matrix is triangular, and 

since 6(w(v) IM] #0 the diagonal entries are all one (in 25) Thus 

the manifolds M, are linearly independent over 2, and having the proper 
2 

number they are a base for N%. which gives. the polynomial structure. 

If {nt} is another family of generators then wi cannot be decomposable 

so one must have Wi = M+ ft aM a, eZ, wo (4) oe ee od) with r>i. 
Since 8 4) or) vanishes on decomposable elements, this gives 

6(,)(W(o) ENF] = 5 ¢gy(w(v) [Mh] #0. 

Lemma: If i= 2k, then 8 (,) (w(t) [RP(L)] #0, 

Proof: By the computations of Chapter V, 8 ¢,) (w(t) )[RP(4)] ei+10 

mod 2. *# 

Lemma: If i is odd and not of the form 2° -1, write i = °2?(2q+1)-1 

with p>, qg>1l and let # 1 Cc RP(2°*2q) x RP(2”) be the 
eri, oP ; 

hypersurface of degree (1,1). Then 

(ay TR oan, # 0. 

This 
+ Proof: From Chapter V the value of this s-class is. Ps 2), 
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_ eR TgeaP)(ePMavaPar). (2a) gg Pawo (open). aPYSgeapei: 
(2P) (2Pay) ee DD 2*(2p+1) Qe 

so that factors of 2 divide out, making this an odd integer. .** 

Note: This choice of generators is due to Milnor [87]. The first 

construction of odd dimensional generators was by Dold [43]. oe 

To complete the determination of The it is desirable to know the 

complete set of relations among the Stieffel-Whitney numbers. “This problem ae 

was solved by Dold [44] who showed that all relations follow from formlsd, 

ns 

of Wu [142] relating the characteristic classes with the action of the 

Steenrod algebra. A thorough study of this situation appears in Atiyah and 

Hirzebruch [ 19 ]. 
P Let M" be a closed n-dimensional manifold and let [M] © (MjZ,) be 

the orientation class. Since 25 is a field, the universal coefficient — 

theorem (Spanier [i10] page 243) shows that Hom(H, (M; Z5)s 2, )e BX (M; 32, ) Ee 
while Poincaré duality gives that the cep product with [M] is an sncmorpata 
of Kg 3Zp) with H,(M3Z,). Thus the pairing 

#* (M32) eH *(M3z,) —~ Zz, : a6 b—> (a U d)IMI 

is a dual peirings (Note: This characterizes {M] for on a component og 

of -M there will be a unique nonzero class in HM ,3 325) or HL (M 5 Bp) “cat 
AS ae 

[mM] must restrict to this class. Thus.[M] is a homotopy type invariant 

The operation H¥(u52,) Ty: a (Sq%a)(M] is a homomorphism ; 
and so by the dual pairing there is a unique class v, € H(M32,) such ¢ 
for all ae aK (u;z,.) one hes (sq¥a) (Ml = (v,U a)[M]. Since Sq © 
if k& > dima, one hes vie 0.if k>n=k or 2k > n... The class CF 

k & 

v(M) = L4v, +...4 ¥/ 1,5] in HM(M;Z,) 4s called the total Wa class of NG 
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It is useful to form the total Steenrod operation Sq = 1 + Sq? + Sq” Fiue 
so that for x € H¥(M3Z,,) one bas (Sq x)(M) = (v U x)[M]. 

Remarks: For computations to be performed it is desirable to have a 

few properties of the total Steenrod operation. By linearity of sa’, one 
has §q(x +-y) = Sqx + Say. From the Cartan formula, 

Sq(x Woy) = (Sax) WJ (Say). Considering Sq (asa formal power series 

beginning with 1, one may invert 8q- to define an operation sq. By 
dimension considerations Sqhx «OQ-if i> 0- or Sqtx =x if i= 0 for 
x2 H*(8"52,) so for xe H*(S"32,), Sqx =x. (In the terminology of _ 
Atiyah and Hirzebruch, Sq “te a echomology automorphism.) 

In order to relate the Wu class to characteristic classes one needs the 
result of Thom [126]: 

Theorem: Let Ue #" (TBO 32.) be the Thom class. Then 

Bq U = (r4) UU, 

i.e. Sq°U = (nfy,) UU. 

Proof: By the splitting principle. one may write -U as a product 

X,+++X,° Of one-dimensional classes. Then Bq" (x, «.+x,) is the sum of all 
monombale Xj +«0X cook, for “1 5j, fee Sd Ste This is the i-th 2 2 

35g 

elementary symmetric function of the x, mailtiplied by Xyee Rs and heree 

sq't = (nw,) UU. 

One then has the result of Wu [142]: 

Theorem: If M° is a closed differentiable manifold with Wu class v 
and tangential Stieffel-Whitney class w(t), then 

w(t) = Sq v ow ovs sq7tw(r). , 
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In particular, the Stiefel<Whitney classes are homotopy type invariants and 
n . 

the Wu class is a characteristic class. If one expresses w(t) « iy (1+ 
= 

2 y ) 
OX, tO, tans 

a 

a “ 
then v (Lh + x a en 1% 

Proof: Let w= 8q vy, wv) the normal Stiefel-Whitney clase of M, 

Ue H*(TV3Z,) the Thom class, oc: 87" —» 7 the collapse given by an 

imbedding, and y any class in H(M32Z,). Let x € H¥(M3Z,) be sq7ty 
so y= 8g x. Then - 

-yww(v)[M] = o®(n#(yww(v) U)[s"**], " 
= e*(Sqx-Sqv'Squ)[sTM**], {@ropping 1*'s ~~ from notetion) 

e*(8q(xv0)) [37], 
= Sge"(xvu){sTM7], 

e*(xvu)[8"""], 

(x U w)tMl, 

(8q°x)(M], 

= y[ul. ut 
: 

Since this holds for all ye H¥(M;Z,), one has from the dual peiring that 
f(y) = Ls “Since w(t)w(v) = 1, this gives we w(t), Since [M] and a 
are hotiotopy invariant, ed is w(t) “Sq v. Finally, v= Sq tv is iver i 
by @ universal clase in H*(BO3Z,)s while the forme in one dimensional -: 

os gi « at pith > 
classes follows from Sq() x”) © [ (2* +#x° ) = x (dimx = 1). 

i=0 inO ‘a 

Corollary: Homotopy equivalent manifolds are unoriented cobordant. 

» 
M

B
S

 s
i
e

g
e

 

With this machinery one can prove the Dold theorem: 

Theorem: All relations among the Stiefel-Whitney numbers of closed 

dimensional differentiable manifolds are given by the Wu relations; 1.e. 
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af: #”(B03%,) —>%, is a homomorphism, there is an n dimensional 
x 

closed manifold WM? with ¢(e) = (7#(a))[M] for all a (1 : M—> BO 

classifying the tangent bundle of -M) if and only if .¢(Sq b+ vb) = 0 for 

all be H*(BO;2,) where v= Sq7 tw. 

Proof: By Wu's theorem 1*(Sqb + vb)[M] = 0° so the condition 

o(Sab + vb) = 0 is necessary, To prove sufficiency, let x +: BO —* BO 

be the map classifying the negative of the universal bundle (for any M, 

x ot classifies the normal bundle) and let p = ¢ 0 x*o@?; iH ('78032,) +2, 

where ~¢ is the Thom homomorphism. . From the calculation of Th ¢ ds 

the tangential characteristic number homomorphism of some manifold if and 

only if (Gg oH"(98032,)) = 0, or for all y € H*(BO;Z,), o[Sq(yU) + yu] = 0. 
But one has 

p[Sa(yu) + yu] = p[SqySqu + yul, 

= p[Sqy-wU + yu], 

= p[8a(y-sq7w)u + yu), 
= éx*[Saly*sa4v) + y], 
= oalxty:Sq xt) + x*v, 
= ofsa(xty:sq *(2/w)) + xy], 
= 9[8q x + x-8q‘w], 
= e[Sq x + vx], 

=0 

(where x = x#y-Sq7(1/r) = xy: (1/Sq72w)). 
This completes the analysis of the unoriented cobordism ring. Beginning 

the pattern which will be followed throughout,-one wishes to know the 

relationship with other cobordiem theories and the structure of the related 
bordism theory. 
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Relation to fremed cobordism: The Hopf invariant 

Recall that a framed manifold is a manifold together with an equivalen: 

class of trivializations of the stable normal bundle. The cobordism 

corresponding ie (B,f) cobordism with B. a point and the cobordism grou 
aft are identified with lim Gl >”). (Pontrjagin [101]). 

The forgetful functor F which ignores framing defines a homomorphism 
ri at? Seen TI, end a relative cobordism semigroup @(¥) (obtained by - 
Joining manifolds along cowmon boundaries). As with any pair of . (B,f) 
theorles one then has an .exact sequence 

PF en Tt 

\Z 
ayfF) 

which 1a the homotopy exact sequence 

(s* at ( a”) ; lim + 8S" ,”) lim s TRO ,° ee? ~~ tT x 

2 
2

. 
I
e

 

lim «(TBO ,S*,~) ne er r 

where F, 1s induced by the inclusion of a sphere which is the Thom space 
of the fiber over a base point in BO... « 

Making use of the calculation of 7{, one may analyze this retaton 
One has: whe 

a 

- Proposition: A framed manifold of positive dimension bounds in the 

wnoriented sense; 1e.. Fy : arr —> 7, is the zero homomorphism if .n > 0j 

Further Fy: 2) Pos 2—> TT, = Z, is epic. 
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Proof: If M’ is framed, the stable normal bundle is trivial, so 

wiv) = 1. Thus for n> 0 all Stiefel-Whitney numbers of M are zero and 

M bounds. In dimension zero, M is a union of points (with signs = 

orientations) and wi) IM] is the cardinality of M modulo 2. «# 

The homotopy exact sequence then splits up into short exact sequences 

giving the diagrams 

O—> 7, 2, (2) > af — 0 

«| | aa 
#,(8:2_) —> #,(3B032_) —> Hh (80,852_) —> Hy 8525) 

t 

0 0 

for n-1> 0, and 

tr . o= 7, > 9, (F) > na ~ Tl, ) 

oat al 
fy ($32) —> 8, (3R:2,) —> H, (220,832,) —> #,(852,) —> ,(18952,) —> 0 

" n " 

0 25 Zo 

in which the vertical maps are the Hurewics homomorphisms (and notationally 

H(832,) © lim B.,,(8 F asa)» etc.). Since Th and H(7B032,) are Z, 

vector spaces with q, monic, one has a splitting homomorphism 

uv Ay (1B)32,) —_ Us and the homonorphisn 
r ~~ . 4 ~ . u 

a (F) => H,(189.852,) —_ H,(2B0; 25) Ty 
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gives a splitting of the short exact sequences for n> 1. This defines in 

fr turn a homomorphism vt a _ a) also splitting the sequence (for 
1 

n> 1). 

Note: .One-could choose a splitting by choosing for any framed manifold 

wr) a manifold V" with 8V=M and s,(v)[V,aV] = 0 if w is non-dyadic 
This corresponds to writing TBQ as e product 1 K(Z,,n(w)) fo¥ -. a ~ non= 

dyadic. Suppose the splitting has been chosen in this fashion. 
Let NM) be a framed manifola with WT? = av" and 2 (v)[V,av] #0 | 

if .w is non-dyadic. The imbedding in same space Fala defines the map 
vor (VM) = (BO *) (the framing being interpreted as a specific 

equivalence class of deformation of M to the base point). ~The Pontrjagin- 

Thom construction defines a map (HTM*,R 1) —» (qBo 7) which will be 
considered as a map f : (ph gotrl) oiead (TBO, *) representing the homotoy 
class corresponding to (V,M). -Let X- denote the two-cell complex formed 

by attaching DTM to s” by the mp ¢: 8771» 57, one then has the 
diagram of cofibrations 

proly, x Ee x/eh = phy) 

Ltt Oe 
act TO, —> TBO /s" , 

in which # is just f om the quotient spaces and g is induced by f.. 

Recell that H*(X;Z,) is a vector space over 2, with bese 1 W (x32, 
ae H’(X32,) and be H?(x32,) (the nonzero classes in these dimensions) . 

sa
et

er
do

s 
A

s 
F
a

e
” with ja) = le #(s"32,) end b= ®(i') where 

é ie BT gMFZ,). r
e

s
 



~ 105 = 

From the relationship between the Pontrjagin~Thom construction and 

characteristic numbers, one has #8(w U) had w(v) [VM] +t? or 

e* (wu) = (w(v) [¥.M]) "bd. Writing TBO, as 1 K(Z,, + n(w)),--w non 

dyadic corresponding to the Q, generators 6, U one has 8*(s U) #0 if 
n(w) > 0 (by dimension if nlw) #0, by choice for n(w) #n) so that the 

only possibly non-zero numbers are of the form g#(sq7u). If I= (Ay seedy) 
with or > 1, a*(8q°0) = 0. Thus the only nonzero characteristic number 
would be g*(8q"u) = e*(v 0) 7 wv) (VM) ‘bo Now J#g*(0) = a%a(u) & C80 
g®(U) = a. Thus Sa = vw, (v) [VM] *b. 

Following Steenrod [ #13], page 983, the element H(f) « %Z. for which 

Sq? ae R(t) * b is called the Hopf invariant of f. 

Note: For any framed yet ana any -W with @W = M,. one may form the 
characteristic number w,(v)[W,M]. There is a closed manifold T with 

e(v)[T] = 8, (v)[W,M] for all non-dyadic uw. Then V=T U W satisfies 

the above conditions. Since w,(v) [2] = 0 for any closed 7, one has 

w,(v) [WM] a w,(v) [Vi] = (f), One did not need the assumptions 

s,(v) [VM] = 0 to get that this is the Hopf invariant, tut only to show that 

this is the only additional characteristic number arising. 

Combining the above one haa: - 

- fr - tr Theorem: For n>1, a(F) = 77 eat, and O(P)* 2" mm". If 

yond ip a closed framed manifold and M * 3V,° then the characteristic 
+. number w,(v) [vi coincides with the Hopf invariant of a map f : attend Ly gt 

representing the framed cobordism class of M.. This is the only possibly 

nonzero homomorphism from ar tye 25 obtainable from Stiefel-Whitney numbers. 

From Adams' work { |] on the nonexistence of maps of Hopf invariant one, 

one knows that there is a map f ger-l os? with a(r).# 0 if and only 
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if m= 1,2,4, or 8. In the above notation this may be phrased 

Corollary: For n#1,2,h, or 68 the image of 77, in ii,(7B0;2,) 

colneldes with that of (PF). For n= 1,2,h,. or 8 the image of TE 

has codimension 1..in that of 9 (F). Equivalently, the homomorphism 

yt ]: o (F) —* 2, is nontrivial if and only if a= 1,254, or 8. 

“Unorlented bordism : Steenrod representation 

Let T denote the category of topological spaces and continuous maps . 
and F: ia onmnel Cv the forgetful functor assigning te each differentiable . 
manifold its underlying topological space.- For any space X one may form ; 

the cobordiem category ( 47/x,3,1), obtainea by Construction I. This give 
rise to a cobordism semigroup Aix) which was first defined by Atiyah [13 
and which is called the bordism group of xX. “h 

Let (B,f) be. the sequence of spaces and maps given by B= X * BO. 

and f: B.—» BO the projection on the second factor. A -(B,f) - rend 
on a manifold is then a-.(B0,1) structure together with a homotopy class of 
maps into X. Since homotopic maps define the same class in /l, (x) one 4 
hag induced @ homomorphism 0, (8,2) —> 77, (x) which is clearly en seonor 

If A*X is a subspace, the inclusion map defines “a functor ‘ 

(978,3,0) > (£%%,5,1) and a map of sequences (A x BO,% 5) ~ (x x BO 
giving rise to relative bordism groups /(,(X,A). Note: It f + (M,2M) 

16 a map, the fact-that tl ay factors through the inclusiofi of A into # 

may be thought of as an additional structure on the boundary. The standard 

joining together along common boundaries permits definition of the relative’ 

Groups. . : : ”~ 

Frew the relative Pontrjagin-Thom construction one then has 



- 107 - 

Theoren: “7(,(x,A) = Ha Tee (D(X * BO_),T(A * BO),@), 

= va Tagg C/A) TBO, =), 
= H(X,A sTBO) « 

In particular, 71 4(%A) is the homology theory defined by the ring spectrum 
TBO. . 
Nt 

Since TBO is a ring spectrum, H,(X,A;TBO) is an Hy(pt;TBO) = 7% 
module. If £.: (V,3V) —> (X,A) represents a class in Fe(%A) and M 

is @ closed manifold representing a class in 7 (,,. then 

fom: (V x -M,aV x M = 3(V x M)) ~~» (X,A) ° representa the product class. 

The structure of ramea’) is given by: 

Theorem: For every CW pair (X,A), 77%,(X.A) is a free graded The 
module isomorphic to -H,(X,A;2,) ®, Tle 

2 

Proof: Let ¢. , eH hes Zy ) be an additive base with dual base oi 

cn vcd e H'(X,A;Z,). Applying the Knneth theorem i¥((Xx/A),7B9;Z,) = 
Lim ~ bole aia 150,32,) has 8 Zp base consisting of elenents 

8 Bq? (s a) for “I -admissible and w nondyadic-and in particular is 
a tree a, module on the classes a. 4 és Ao since 
Sa'(# , @ 8,0) = on 8 8q"(s,U) plus terms having second factor of lover 
degree. Oe 

One may then choose homotopy classes ai € Trae (X/A),7B0,,©) (x large) 

for which c® 
tsd 

Applying the Pontrjagin-Thom procedure, the class oe is represented by a 

® U pulls back to a generator if 1 = j- and to zero otherwise. 

manifold vicar with map fivi-wX, rv) CA and one hes 
# ..U . 

BAP ee Ty fTvyy > (VE/aVe)Tu, SEP (x/a), 780, “Bal x(2,,).K(2,) Be K(2,) 
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* * s0 that af 'ng 6uU) = is equivalent to ee(oe jp ivpeevyl = 845 

or 2,[¥; 2Vh) sc) : 

8. i3 f ner 
a 

4 
A 

For any closed M, (fo 7,)Mc# , @ o JIVE x May x MI = 5,5, (v)IMI es 
that if {M.] € TG form a base, the classes (vi x M .aVy xM 5f e *,) 
are & 25 bese for the 2 primary part of the limit of the homotopy groups 

Since /(,(X,A) is 2 primary, these form a base of 77,(X,A). This is °¥# 

precisely the assertion that the (Vj, 2Vj;f) forma base for 7(,(X,A) aa.) 

Fly module, * ; 

This proof has several immediate consequences: 

Corollary: The natural evaluation homomorphism e¢ : mace. —> HA (XA 

which sends the claea represented by f : (V,3V) —» (X,A) into f¢,[Vv,av] : 
ie an épimorphism. . 

This is often phrased: Every mod 2 homology eless is Steenrod. 
representable. (See problem 25.in Eilenberg [48 ]). This is, of course, ve 

close to Poincaré's original concept of homology as given by submanifolds ot 
a apace. 

In particular, for each x € H'(X,A5;Z5) and partition w of n- 1m, is 
& 

form a base of H*((X/A) * B0;Z,) the associated characteristic numbers 

@ complete set of invariants. 
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It is clear from the free A, module structure of H*((X/A).7BQ 32, 
that all relations among these generalized Stieffel-Whitney numbers arise 

from the Wa relations, 

References: In addition to Atiyah's paper [13 ], one may find a 

discussion of unoriented bordism in Conner and Floya [36]. The Steenrod 

representability 1a due to Thom [#27]. 
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Chapter VII 

Complex Cobordism 

Historically the next cobordism problés to be completely solved was the ‘ 
cobordism of stably almost complex menifolds. This was defined and completely 
determined by Milnor {82] and by Novikov [93]. Specifically thie is (3,2): 

cobordism in which B or” Bont 
replane bundles. Since a complex vector bundle has a unique stable fnverse, oe 

is the classifying space BU. for complex 

the objects are then manifolde with a chosen complex vector bundle structure -. 
on the normal or stable tangent bundle. 

Since one hes, essentially by definition, a” = 1im 1, (qBU_,#) the’ 
aed nter a 

cobordism problem is ready for homotopy theoretic analysis. It ia well knows’ 

that the integral cohomology ring of .€P(n) “is the truncated polynomial ring 
on a 2 dimensional generator (make uae of the mata iicative structure in the” 
Serre spectral sequence of the fibration gt —e go : 
the integral cohomology ring H'(BU,;Z) is the polynomial ring over 2 oa 
the universal Chern classes ¢, (of dimension 21) with 1<i<r. 

Theorem: -The groups al are finitely generated and av 8 Q is the 
rational polynomial ring on the cobordism classes of the complex projective 

spaces, the product corresponding to the Whitney sum of complex vector 

Proot: By the Thom isomorphism theorem &°(7BY;Z) = Lim B”*?*(rBu_,o 
is torsion free with rank the number of partitions of m tr n= 2m andr 
zero if n is odd, By the universal coefficient theorem, i,(TBU;Z) is 
torsion free of the same rank. Since TBU,. is. @r-1 connected one hes by. 

Serre's theorem [jo7] that the Hurewicz homomorphism av —> #,(1gu32) is an 
ieomorphism modulo the class of finite groups... Thus av is finitely generatd 
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and a @Q has the same rank as a polynomial algebra on even dimensional 
generators. The Whitney sum of complex vector bundles gives a camplex vector 

bundle structure to the normal bundle of the product of two stably almost 

complex manifolds, making a into a ring. Since 

6(,)(e(v)) [€P(n)] = -8(,,)(e(r))[@P(n)] = -(mt1) ¥ 0 the monomials 
cP(n,) seek €P(n_) = P(w) (for w = (i,,.+.,n,)) are linearly independent 

iin oJ 8 Q (as in the unoriented case). Thus av 8Q is the polynomial ring 

on the cobordism classes of the complex projective spaces by dimension count. *# 

In order to study the torsion subgroup, one makes use of 4, cohomology 

for all primes p. Since H (BU_32) is torsion free one has by the universal 
coefficient theorem that Hu" (BU, 52,) = a (BU, 52) 8 zy ia the 2 polynomial 
algebra on the mod p Chern classes cy (reductions of the integral classes 

coincide with the direct definition using mod p cohomology). 

In order to proceed one needs a knowledge of the operations in mod p 

cohomology. Briefly: 

The mod > Steenrod algebra > fOr p> an oda prime is the graded 
algebra defined by 

(A) = a! (x(2, .n)32,) i<n 
6 

Then: . ; 

a) a, isthe associative graded algebra over 2 _ generated by symbols 
8 -of degree 1 and g of degree 21 (p-1)- with all relations given by 

B® = 0, 
bp. [agp] 1) (bt = bet t Ce ¥ ae gg 
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if a < pb, and 

[a/p] 6s oe é ¢ (ert (Ot), grt gt 
+20 

[(a-1)/p] + } (-1)8**-2( {p-1) (ot )-1) grrt 8 s 
t=0 

if.a < pb. (gs 1). 

b) For any pair (X,A) there is a naturel pairing 
+ * &a, @H (X,A32,) — H (X,A32,) such that: 

1') 8 ds the Bockstein coboundary operator associated with the 

coefficient sequence 0 —~ z, on Z 2-> z. im O, 

2") B(xy) @ (Axdy + (1). (By), 
and. 

1) Ys BK AGZ,) uM2t(P-1) (432, ) is additive; 
2) gous uo for all u, 

giusw if ainw=2i, and 
gu=o if: dimu < 21; and 

3) “(Cartan forma) A (xy) * we .o avy. 

(See Steenrod and Epstein [114 ]). 

One may define a diagonel map A :Q,— Ge &, by 

A(g) = p@1+108, a(—t)= J. @ @ 9* which makes into @ , e joe 2 ao we ° a, 
connected Hopf algebra over 2, (Milnor [74 ]). 

One then -has: 

Lemma: -Let p be any prime. .The maps TRU « TRU, > THU obtair 

fram. the Whitney sun of vector bundles induce a diagonal map on 
= ~ ¥ (TBU;Z,) = lim a ??(rpu 32.) making it into a connected coalgebra over 



~13 6, 

%, with counit Ue H(TBY;2,). Under the natural ection of QA, on 
a) 1 (TBU; z ») the Becksteta sperstar Q (@ = 8 for p odd, Q@, = 8q" for 

p= 2) .48 trivial and # (TBy32,,) is a left module over the Hopf algebra 

Al (a), the Steenrod algebra mod the two sided ideal generated by Qy» 
with » @ homomorphism of AQ) modules. Further, the homomorphism 

va QHe) —> H'(sey;2,) ta» al) is a monomorphism. 

Proot: Since Q, has degree 1. while a rgu2,) hes only elements of 
even degree, the ideal (Q,) acts trivially, making i" (oe0;2,,) an 
Q,! (Q,) module. To prove v is monic one applies the splitting principle 

and calculation of the Thom class of a line bundle to write. U formally as the 

product “Vo = X,Xpe0e of two dimensional classes Xs i> 21. Letting 

a = Sq! if p= 2, the Adem formiae show that Ay (aq) has a dase 
i i 

consisting of operations 3g mre J 1s » * with i, 2 Plast (Note: For 

ps2, gq@ttt = Sqisq@* € (@,) 80 all odd terms vanish in the Adem formulae), 
a+1 8 S 

B8ince wie a x? " Pid 

(and if in addition 8qtx = 0 if p= 2; thie holds for all x above sinte 
, or-0 as i= 0, p°, or any other if dim x = 2 

x, 5 o, (2) for some line bundle %),. one may duplicate the proof of monicity 
* 

of Vv given in studying # (12032) for this case, ** 

ot) 
Corollary: ; * . oroll H (TBy;2,,) is a free Af) module 

One also has: 
. - 

Lemma: Let X be a convergent spectrum such that H (X;Z) has no 
= p-primary torsion and such thet. # (x32) isatre A p/ (%) module, Then 

the homotopy of X has no. p-primary torsion. 

Remark: This was first proved by Milnor [82] using the Adams spectral 

sequence. Another proof was given by Brown and Peterson [30] by constructing 

a spectrum whose Z . cohomology is free on one generator. The result given 
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here is weaker than that of Brown and Peterson, but admits a reasonably 

elementary proof since one need not become involved with the k-invariants. 

Proof: Let 3, be the 2. cell complex formed by attaching a 2 cell 

&y to a circle st by a map of degree —p, giving a cofibration 

st > 2, 8°. 

After smashing with Xone has an exact sequence 

ma) Pe ny (x) > ra(KE,) 

Since X is & convergent spectrum the Hurevicz homomorphism ty(X) > Bg xh 
is an ieomorphism modulo toraion end p° maps (1,(X)/Torsion) @ z, 2 ii, (3 zi ; 
monomorphically into a Z vector apace Py CC wy(X. E). 

If the lemma is true then Py = a,(K. Eo). i.e. 0 da-epie and 

Hy (X « 5, ) daa 2 vector apace. If one can show directly ‘that “ 

Py = ars 5, ) then p would be epic so multiplication by p would be i 
on ty(X) + rane my(X) could have no p-primary torsion. ‘he remainder |,“ 
of the proof is devoted to showing Py = ,(X ~ E). 

One needs a knowledge of the Steenrod algebra aé described by Milnor 4 
Let R be the set of sequences of integers (r,, Tyseee) auch that 4 

¥ 20 and ry # 
uU-Vv ce ts defined if u,>v, for ell 1, and is equal to 

= 0 for all but a finite number of 1. If u,v eC, 

(uy-¥y BgHVyee es) aye @® denotes the sequence with 1 in the j-th pla 

and zeros elsewhere. 

There exist elenents Q and yp in Q tor i= Os1s2yees, and | 
Re &@ auch that: a 

1) dima, = 2p'-1; ain gy = din Be F ary (p!-1) if Re (ytge 

a
n

 
n

e
 
o

r
s
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2) {Q,} generate a Grassmann subalgebre Q, of Qs i.e. QQ, = 0 

and Q.Q, + @ = 0 for i # J. 

ay 3h *o 4 R 3) a, has a Z base given by a vee QU cee fad } where ce. = 0 

ort ad gy gate Tua? 
~* ~ = 

Assertion: H (K . Ez.) =H (x32,,) 6 Zz {u,au}, where { } denotes 

"vector space spanned by", dimu=1, and is a free Ars module where 

denotes the two sided ideal generated by the elements Q,, i> 0. If {x,} 
~# 

is a base of H (x32) as AJ \%) module, then {x, 8u} is a base of 
~* H (xX. #32) as 4, J module. 

To see this, H (B32) = Z,{2,u,Qgu) and 80 by the Kinneth theorem 
* . 

H (Xx EB »X x *32,) is as asserted. Then Q(x @u)= xe Qu, 

o Rix 8 ‘) =p Ry 8 u gives the action of the Steenrod algebra. Bince 
Sera = op? a - aa? Wiiile the operator % commutes with the g in 
(x E32) this is en at module. A base of A bod is given by 

e€ oR BR € the Q, G+ £2 0,1, and the ig x8 Qyut are clearly a 2 base for 

the cohomology. 

For a sequence R = (ry .r5s+++) let £(R) = Ir,. Let v, be the z, 

vector space generated by Re & for which &(R)=s, Let M, = a, ev. 

and a, H M, —~ KM the a, homomorphism of degree +1 given by 

a,(1 8 R) = ¥ a gta Q, 8 (B-A,). 

Let a@,: Mj CARY by 4,(2 @ (0,0,...)) = 1. Just as in Brown end 
Peterson [30] one has: 

Assertion: The sequence 

a vee eM, Be 2 A)4 —o 
B=1 i) 

Is exact. 
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To see this, let B be the Grassmann algebra on the Q,. i>. Then 
a 

oe Be Ve Be ae BO ee 
s 8-1 0 P 

with homomorphisms as above is exact, being the standard resolution of a 

field over a Grassmann algebra. Since a, isa free B module and 

Q p 8, 2, 2a, fol, tensoring with A, gives the exact sequence. 

Now let ts,), aeI, beabase of 3 (052, as SC) module end 
let 2 be the graded z. vector space on the x @u. Using the resolution 

constructed above for Apo one can build a modified Postnikov tower for : 
Xn ES using products of K(Z.n)'s. Specifically, one has @ sequence of 
fibrations 

Yea 

ae fy 
Yo, R(T e v,) 

induced from the path fibrations, with Yyex.k b? # (tg 3%, )ape image 
P@ker 4.4, i*(x(r @ v,)s 2.) = TOM, and f being given by 18 a. 
(Note: For brevity of notation dimension shifts involved are ignored here). 

i 

Thus the homotopy of X x a is built up-by exact sequences from the z, 
vector epaces T 8 Vy« 

On the other hand, Py = @ (1 @¥,) C u,(X « E,) 80 that by dimension 
8 : “n 

count one mst have 1,(X « E, ) =P, proving the letma. > -. : 

Remark: One may consider this es computing the Adams spectral sequence 
for X. Es Since 1, (X.. E,) conteins the vector space Py isomorphic , 4 

the gE term, this spectral sequence must collapse and all extensions ‘mst | 
be trivial, 
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Theorem: The group a is zero for. odd and for n= 2m ia free 
abelian of rank equal to the number of partitions of m. In addition, two 

stably almost complex manifolds are cobordant if and only if they have the 

sane integral cohomology characteristic numbers, 

~* 

‘Proof: Since # (TBU;2) has no torsion and the mod p groups are free 

over AQ) for every prime p, the homotopy groups av are torsion free, 
U Sinte the kernel of the Hurewics homomorphiam a —> H (TBU;Z) 1s a torsion 

group, while av is torsion free, complex cobordism la determined by integral 
cohomology characteristic numbers. ** 

In order to get the remaining structure use will be made of complex 

K theory. Referentes for thie are: Atiyah and Hirzebruch [76 ], Bott [24], 

Atiyeh [15 ], atid Husemoller [89 ]. ‘Briefly, there ia a miltiplicative co- 

homology theory x” indexed by the integers (positive and negative) for which 
(x) is the Grothendieck group of isomorphism classes of complex vector 
bundles over X. This cohomology theory is periodic of period 2,. the : 

periodicity iscomorphiem p : K*(x) —»~1’"*(x) being given by multiplicstion 
by a generator p(1) x? (pt) = #98") =, 

For a complex vector bundle —& over X. one defines the Chern character 

of E, ch(E) H’ (x39) by -ch(é) = dim & + R (s(,)(e(E))) AN, If 
21 

f= 2, @....8 7 is a sum of line bundles with ey (2,) = X)> then 
1 

eh(E) = et, -- By primitivity of the s-classes, ch(E@ n) = ch(E) + ch(n) 
ao that os extends to a homomorphism x(x) “aioe H’(%5Q). Using the tensor 
product of bundles, which induces the product in x° (x) one has 
ch(—E 8m) = ch(E)-ch(n) for if — = 2, @ ve ® fi n=m @... 6 a then 
Const uen, but. 2, (85 2 m,) = e,(e,) + e,(m,) a0 
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ch(E Bn) aw Et ets =f et). ¢e 3) = ch(E)+ch(n), and hence by the 
splitting principle in rational cohomology the formula holds for any pair of. 

vector bundles.” Thus’ ch 3 K 50x) —>H 0x59) is a ring homomorphism. 
For & a vector bundle over 8°, ch(E) = dim £ + e,(6) e# “(s?,2). or ; 

ch: 2°(s7) —> #°(8°;2). In particular, one may consider S* as op(1) and 
then ch(1-A) = lee" = a, Thus ch: K(S°) —> #°(8°5Z) 4s an isomorphism’ 
and one choose the generator p(1) #°(8°) t6 be such that eh(p(1) 187} “i 
(Simply take p(1) = 1~ A, Note: This is the same as 2 = 1 on s*, whiedt 
ia Bott's choice. } 

One may then extend the Chern character to a ring homomorphism 

cht K" (x) —> H'(X;Q) go that ch(p(x)) = ch x. For x*4(x) one could ual 
that as definition, leaving one to check the compatibility condition of ‘ 
commutativity in og 

x(x) —————S8> 8x39) 
P 2? 
K(x) = R(s? x) SE Bs? 2 xq) & BOQ) 

2 which 1s immediate since -ch(p(i)) = Ce #°(8°;2), t° pedng suspension. 
then suffices to define ch on K+ (x) and for this one takes 

g(x) 2 KO(s? . x) SB B(s? . xsQ) = B (HQ). 

K“(cP(n)) where A. is the canonical line bundle. Then K *(cp(n)) is thet 
free K'(pt) module on 1, &,..:,07 and a+ 20, with a® 
(19 (, --€ eK n(520) being the generator. Thus; by the general theory a 

characteristic classes one has defined K theoretic Chern classes, denoted 
7, (8) e K74 (xX), for Ea complex vector bundle over X. 
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Note: Following Atiyah [12], if § 4a a vector bundle over X, let 

AACE) = i at(z)ett e x°(x)[[t]] where a1 denotes the i-th exterior 
power... ‘Then ALG @n) # A, (eda (a) and one may extend AY to a homomorphiam 

trom K(x) into KO(x)[{t]]. Then dy /c14y(€ dim &) = b ehept(y,(e)). 
Thus the K«theory Chern classes are the Atiyah y functions of stable vector 

bundles except for a periodicity factor. It should be noted that this does 

not coincide with the K-theory Chern classes of Bott [24] which use 1 - 7 

rather than. 4“ 1, these being related by pa =i)= we"(&) where 
ce: SP(V) —» gP(V) -ia given by complex conjugation. 

~The previous difficulty with e” really exists in complex K-theory. “Since 
Mei, Leareatat (= 3)) 22-0 -2) 4 0-2)? #0 or 

Tedee(a-2)e (a-2)% 4 oc. .) Thus ca) = a+ pla)a + ee 
If one could choose a generator 8 for which -¢ *(8) = «8, then a = B+ ) $,8° 

4 1>2 
80 o'(a) = -8 + J ay (-8)" amg +2 9,8 or e'(&) 3 =a mod 2, On ssb(e) the other hand 2G) #0 (2) 80 *(a) # -a mod 2. / Thus ‘one cannot choose 
generators well in complex K theory. 

Combining the perfodicity phenomenon with the Chern character permits the 
calculation-of K-theoretic characteristic numbers. Specifically: 

Lenma: Let M° be a compact stably almost complex manifold and 

xe x (M,aM). Then 

x(M,amM].= [0 if ni is odd, 

x°"8 {on(x)+ of (M) HM, aM] +p(1)° © (pt) if n-t = 28, 
x 

k where Jw) € H’(M3Q) is the class given by oy ze ~ 1) when @, (e(M)) 
are expressed formally as the i-th elementary symmetric functions of two 

dimensional .classes Ky eee seks 
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Proof: If 4 is the canonical bundle over ¢P(n), then the Thom cla 
~ ~« an ~ o a 1 Ure P(er(n41)) 4a 2 80 eb(U,) = cha = e’ =l. Thus ch(U,) = ¢ = yy, ' 

where uy =a is the Z cohomology Thom class. If for any bundle §& one 
x x k 2 defines Ale) to be H x,/(e 4 = 1). when formally c(£) = TM (14x ,° 

j=1 3 41 3 4 
via the splitting principle and miltiplicativity of Thom classes one has oH 

h(i) = (6)? -U, = d(-£): "U, for all &. a 
If M is a stably almost complex manifola with- x © K'(M,9M) then onl 

has 

garter 2, agsrmt 2 (M/am) . oH 

for which 

ee i ~ . ~ X(M,aM] = oO (x @ 0) © REtAF(gMAr) o KIM (pe), 

This ie zero if i =n is odd, and if n= 1 28, this ia of the form A 
* 8-p(1)® we O'(x 6 u). Then 0s ch(c" qd * (x 8 i) te?) ae “" (chx- -enddia 

0" (cnx: J (w)-uyisTM2] = (ene SOO MAM]. ‘ 
In order to compute characteriatic numbers for specific manifolds ; 

consider first €P(n). Since for @P(n)~one has (rt © 1) ® (n-+-L)E “ 
E =, one hes y,(t) = Oye teen) » Thus one needs the evalustion:, 

Lemma: [p7(E=1) #fep(n)} = (-2)®74p(2)8°9. 

m
a

 
S
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e
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Proof: By the previous lemma 

sn
 t
e

t
 

tpn2e-2) P tep(a)] © fon(e-1) 9g (eP(n))fce(n) }ep(1)?-9, 

Tien e{€) = Iwo and (-a)"[ep(n)] = 2 60 
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—2(g-1) 9 [ep(a)] = (e°P-2)9 (2) [er (a) pay, 
e “=1 

= {coefficient of (-a)" in (-a tt (e7O2 yari-d dy > plz ya-d > 

= (1/264) —#__ - p29, J, (e%-2)8*2-5 P 
= (1/2) § <=; » p(1)P9, (= e%2), 

u=0 u “I ien) 
E (-u)*au 

= (1/2n1) J, <r » p(rj29, 

a= (=2)8°9p(1)8-d, we 

In addition to the manifolds previously constructed it is convenient to 

consider the manifolds H | 3 C. w(q®) x... « GP(q®) (with q factors 
Q sereeQ 

* ® * 
dual to the line bundle aye c) mt @...8 me where gq is a prime. This 

is a hypersurface of degree (1,...,1) in the product of q copies of ¢P(q° 

and may be taken to be a projective algebraic variety. One has: 

Lemma: The complex K theoretic characteristic numbers 

aj(v(t))tE, g] 
GZ geeend 

are all congruent to zero modulo q if n(w) > att, unless n(w) = tty 
and w refines (q®=1,...,@°=1) (q copies of gq°-1). In particular, 

8 (y(t)) tH } = pa) 
(qr-1,...s°-1) Qe yere30? 

modulo q. 

Proof: Denote H . = Bimply by #, eP(q") x... x P(q*) simply 
QZ xeoesG 

by OP, and let &, = m(E) and 8, = p'(E,-1). Then (Agnoring restriction 
homomorphisms in notation), 
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q yl) = a+ aye re ple, 6 OE -2) 
jel a 

«1 and H is dual to p (6) @... @E- 1). 

One has 

£, 8... 8 Ea = (24(6)-2)] @..5 8 (1+(6 -1)) = (l+p8,) 8... 8 (14p8,) 

or 

=1, k-1 q-1 P (6) @ ++. @ E -1) = UB, + p88, + «+. +p EB) e+e Bet eee + DB,» 

where = By sea 8. is the k-th elementary symmetric function in the 8's. 

Thus letting vy be the -i~th elementary symmetric function of the 8's, 

y(H) = (1+ v. 
1 

8 q°+l q tee ty) ML+ vy, + pyvg tee +P *v,) 

and H is dual-to vy + pv, + vee t py 

Noting that ~ p Hy, = p(i)** A afy characteristic class a (y)(H) 4 
* . ‘ 

be expressed as a polynomial with coefficients in’ K (pt) in the variables 

Vyseeu,¥,-~ and the polynomial in question has degree in the v's or A's 4 
i q a 

least “n(w), the terns py, 

terms of degree greater than . n(w). 

t > 1, in the denominator giving rise t6; 
a 

; . q-1, . Thus s,{y)(a)(B] = Pi(vy rere avy) (v, + P¥y + oe +P v,)(or] where: 
+, 

Py is the polynomial just discussed. Now if o is a permutation of Lye 

“ 
one has i 

4 

“Ba Bo(ay ore By(e)leP] = PY PB, «++ 8, L6P] 
* ~ in K (pt) . vy symmetry aniong the factors. “Since a Nv, 

the numbers _P pe v,[€P] are all divisible ¥% 
has precisely [ 

terms pt, wes o(1) a(t)’ 
qa. if 1< +t <q. By exactly the same argument, the terms of P involvii 

é 

Vy r9Vgoy contribute zero in. mod q characteristic numbers. 



- 123 - 

Thus the mod q cheracteristic numbers are the same as if y(H) was 
8 

(he Vitae + vy" hee pty) and..H were duel to puy 
= ol wl One then has s,(y)[H] = Oy (Vy 9+ +99, 98 v,) Pt v ler] where Q_ is 

an integral polynomial of degree n(w) in Vyores Se a (the latter 
i. Kk k 

having degree 1).. Any monomial a = Vy eevee) atl of Q,, of degree 

n(w) -makes aptly, of degree a(w) + q+ k,,,(a-2) in the B's, and 
8 +1 1 atl since at #0, apt v,* 0 if n(w) +-q + K43 (4-2) >q . 0 if 

dla, this occurs so 8, (y)[#] =O mod g. For nw) = gt, this n(w) > 4&* 

occurs if Koa >. 

Por characteristic nunibers -mod-q of degree aPttg, the numbers are 
8 

the same~as if y(H) were t (1+ 6,)4 +1 end H were dual to pts aeeBn 
j=1 3 ry i i q 

Then s.(y)(H) is the sum of monomials a,*...6,4 with wo =o) 1S eee W a 
1 deg a, * re z i, = qe* “q and to be nonzero one must have 

a i i i ee 

Thus for s,(y)[#] ¥ o(q) with n(w) > 9°* 
n(w) = etn g and -w ‘refining | (q"=1,0..,@°=1). In particular 

or one must have 

a 8 

Ss . o COTE] = (a%42)%2 08 p(n) LEP] = (aXea)e pit 
(q’=1,s..5q -1) 

if 9-1 > 0, i.e. g®>21 80 q® 20 (q) and this is p(1)t. re 
a-1 =O -so0 8 = 6, then 

os o (VB) = ap 8, ... 8 [oP] = pla) 7. a 
(a Lye vig 1) 

* 
Returning now to BU, recall from Chapter V that. H (BU;Z) -is the formal 

power serles ring over Z .on the universal Chern classes cy of dimension 21, 

* ; . 

and -H (BUsjQ) -is the rational power series aigebra on these classes. One may 
4% 

consider -H,(BU 3Z) = Hom(H (BU;Z);Z2) asa subring of 
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# 
Hy (BU;Q) = Hom(H (BU;Q);Q), being respectively the polynomial ving over “Z 

or Q. on. classes oO, of dimension 2i, . where a is dual to 8; ye) with 

respect to the base consisting of the s (ec). (s,,(c)(a,) = 8, (4)? 

Writing the Chern classes formally so that ey is the. i-th elementary ~ 
* , 

symmetric function in ‘variables x, of dimengion 2, let Ble) eH (BU;Q) 3! 
x * ‘ the 8, Symmetric function of the e¢ Joy and let @ e H (BU;Q) ‘be the “t 

x . 

product of the x,/ le Jlay, Under the diagonal homomorphism : % 
* . cy # “4 A: H (BU;Q) —> H (BU;Q) 6 H (BU;Q) one hes ts (e)= [ 5, (ce) a8 (ey 

w wotey @ we 

and Agd= 3 0 of . F 
Define a function 9 : Hy(BU;Q)—~Q[8,] wy o(a)=Za(e)d[a]-8, | 

w mat 

= 8, ... B, » By the diagonal formilae this! 
1 i, 

is a ring homomorphiam. ~ (Note: en-l= x+ higher terms in x, 80 

where for w= (Ayseeeed ds B 

ROE = s(c) + higher terms, and the sums involved are finite.). 

with p(a) z[6,1, and let By = ¢ B, C 4,(3U;9).- B, is a subring of 3 

H, (BU;Q)..° Since Hy, (BU32) a doe Hp, (BU;Q) |s(c)[o] €Z% if n(w) = «} ant! 

mod q, q a prime, 

Ir M" is a closed stably almost complex manifold, let 

<(M): #'(BU;Q) —» Q be the homomorphism which sends x to the value of 
the tangential characteristic class x(+) on the fundamental homology clas 

pare M. This defines a-ring homomorphism 1 + al —> H,(Bu;9) which was previougly 
shown to be monic. Since for any bundle one has #,(e)(n) = ch(e, (y(n) dy 

one has for all wo 
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(o,,(e) J )frie] = en(e, (y(e))}> J (MEK, 
= }0 if .n-n(w) is odd, 

ej(y(r))[MI-p(a)* af n-n(w) = 2b, 

which is integral and thus tM € B Thus one has inclusions 
Uy . 18) ia BL Cc H, (BU; 2). 

Definition: If Pe Z g By reee] is any polynomial in variables By P is 

said to have largest monomial 8, -... 8 it 
dy dy 

(1) the coefficient Of By eee oe in’ P dis nonzero, and 
1 (2) 4f the ‘coefficient of Bo «e: "p is nonzero, with B,... B Jy J, nonzero, 5, 

Jy B 
By eae By then either 
ty 

(a) dp tiene td stp tee ths or 

(b) dp tee td tay tee ta, and gs > r. 

(Note: A polynomial need not have a largest monomiel). 

Ir P,Q ¢ Z[8,.-..] have largest monomlals 68, and 6 ,, then P-Q has 

largest monomial BB ys = Bua 

polynomials having distinct largest monomials, then the polynomials Py are 

Ir Ple 2, [8,.++-1, Lm licen, are 

linearly independent over Za 

Proposition: There exist almost complex manifolds Me of dimension 24 
for each prime -p and each integer 1° such that p pom) has largest 

monomial 8, if 1414p" for any a or [B 63 Par 4421 = p® for 
p “=i 

gome 8. 

Proof: If 1+ 170 (p) let Me = @P(1). Then {s(, (edi me] m 

m4 (ec) LeP(4)] =i#t270 (p). ; 
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If 14120 (p) but 14+ 1 p° for any .s,..then one may write 

i+l =p (putv) with r>oO and O<v<p. If u=0, v>1 and let 
r 3 

at = Me P(t)’ for which {s(,)(e) JH me] = 8; )(e) [mp] = ee 70 (p} 

tf u>0, let Mi = "tvoprtty’ ma ten {8(,(e)3 Hah) = 5(4)(c)l we) ‘ 
_(P (ety) 40 (p). 

Pv 

If i+1=p° for some s, let Men) el 

Then fa (eld Hm?) = 8, (v(t) ) [ME] which is ais nit» if n(w) > o®=p 
unless n(w) = p*-p and uw. ¥efines (po tua yeeespo7 a). ae 

(p - subscripts) 

Corollary: If w= (4) y0-054,) let Mea Mt Ras x MP ~ Then for 
1 r 

each prime p end each integer n, the polynomials 

ep() = en (me I. --p, Cag ) in 28 ereed with wen(n). are linearly’ 

independent. 

Proof: ‘The polynomials p(w) with we r(n) have distinet 

largest monomials. ** 

a 

Lemma: Let = « be a graded subring of the graded polynomial ring se 
Zla,,a,,---], degree a, = i, and suppose that for each prime p there ari 
elements 4 e Q: i>, with (Qi/pQ) @ zeP]. Then ag, is the 
integral polynomial ring on classes b, © @,, 131. If 3,C& is a 
subring containing all of the cP then 2, = Q,. 

as 

Note: All rings here are assumed to have the unit .1. To say that R 
ie a graded subring means that the homogeneous components of elements of 

gy, themselves belong to (X,. 
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Sp . 
Proof: Let A, = Z[a,,...]. Since Q. Ch Qh, ip a free abelian 

group of rank at most [r(n)] ~(the number of partitions of nn), Since 

<a ez (Qy/p ~ has dimension |r(n)| over ZX, has rank exactly 
|w(n)]. 

Let a! = ANG a wo’ ¢ n(n), ar eZ be any base of q. 
Applying the usual triangularization process (as for integral matrices) one 

may form from fai} a new base ai = f Mirae w, at é n(n), a” ” yt & 2 an 

which Ma) #0 if a # (n). af is the greatest common divisor of the 
Any) For each on, let be e@ be any one of the 8(n) obtained in 

this way. Since ain} #0 by rank, one may solve inductively to write a, 
as 4 rational polynomial in the v, (3°< 4), and hence a base of Qe is 
given by db, and elements a, = Bue Dyes w, w' € (nn); ow" # (n), Wie € Q. 

Suppose inductively that in dimensions less than n, &, is the integral 
polynomial ring on the classes dys i<n..Let L be the free group 
generated by the ay and M the free group generated by the La 

w¢n(n),--o # (n).° Since MM consiets entirely of decomposable elements of 

Las M Cul, and since they have the same rank, the index of M in Lig 
finite. 

Let .p be any prime. ‘Since aR, is the integral polynomial ring on the 
by in dimensions less than on, cP is an integral polynomial in the b's 

of degree 1. (if 1 <n), 80 & €M for all wo # (n),- 0 €.9(n).- Thus 

the image of M in (62, has the same rank as the image of L (equal 

to. |w(n)|~2) and the andex of M in L cannot be divisible by -p. 

Since this is true for all primes M = LL. Hence RP i) nes @ base 
consiating of the b,.# € nln). Hence oA is the integral polynomial ring 
on the classes b i<n-+ 1 in dimensions less than n+ 1, . and by 4° 

Induction 4, = Z[b, ,b5)-+-]. 
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To show that 2, =&,, a n thy is a free abelian group and for a 
prime Pp, a. mapa onto Q, 8 a so the rank of ab. is [r(n)| and -. 
the index of . in a, is not divisible by. p.. Thus Br = gq, for > 
each n,- ## 

Theorem: av is the integral polynomial ring on clesses xy of dimens: 

2i.- A stably almost complex manifold yet may be taken to be the 2i- 

S
e

. 

dimensional generator if and only if 

8(4)(o(r) 004} a( +i 4f 1419 p® ror any prime p 

tp if itis 3 for somé prime op. and integer * 
3 

Proof: Let aye] = H,(BU;Z), Qa, = By, and gd, = t2U in the: 
lemma, and let cP = tu? as defined above. Then a. =, is the integ? 
polynomial ring on classes b 4 Of dimension 24. Further, a generator ivy 

if 

ea
e 

* = characterized by its s-class. -Under reduction mod p one has 8 
u . 

Q 082, Zid) = zlep], so that b, = arch + ut py with xe Z, x# 

u decomposable, u,v € a4 thus 8, )fe)[d,] = x-e,, )(e)LeP] mod p, 
' B - 8(;)(e)lby] = O map if 1+1=p and s/,)(c)[b,] ¥0 (p) it if 

Thus ig 1+ 1 ¢ p® ror any p, 8(,)(c) [by] ie not divisible by any prj 

80 must be “fl. If i +1 p®, then p is unique so 8(y)(edld,] is 

divisible by only the prime p. Since 

e, (c){H l= pPa2 3 BcesRe af 

pb CY ¢ peher) (my 5)P “nt Z t 13)? P-L), ( ; * 13) {eP} = ~( } n'a)?" [er] «, 
isl i= wo Sate, : 

“Mpd)) sa ey 5 -(? we pt pet pet 
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is not divisible by Pr, one must have 8(4)fe)fd,] = tp. (Note: This is 
the same type of computation as in Chapter V. Here # > 1 50 p=1 > pet 

#.\pPo1 
and (1,0) = 0 provided p#2 or s>i1. For ps2, s31, this 

2 ee 2 a..,2 & 
becomes {f an, -£ mw a}(E *,0) [CP] which changes the sign but not the 

1 1 i 

divieibility by p-.). *# 

Theorem: All relations among the integral cohomology Chern numbers of 

closed stably almost complex manifolds come from complex K theory. Speci- 

fically, if : H°(BU;Q) —» Q is a homomorphism, there is a closed stably 

elmost complex manifold M” with ¢(x) = x(t)[M"] for all x ¢ H"(BU;Q) if 

and only if $ sends the n-dimensional component of each 2 (ed into an 
integer. 

Proof: This is the fact that 5B, = au proved above, *# 

Remarks: 1) This may also be phrased: The image of the Hurewicz 

homomorphism T pon TRU) _ Kron (TEU) is a direct summand (N large 

with respect to k) (Hattori [§2]). 

2) The completeness of these relations was conjectured by Atiyah and 

Hirzebruch [/9 ]. 

Now suppose i +i P* for some prime p (unique) and write 

by = xP +u+pvy, x€2Z, x #0 (p), u decomposable, u,y € oe One may 
then replace by by vi = b, -u® xe? + pv giving another acceptable 

generator. For we (i), this gives 

e,(e)(b!] = xs, (v(t) ) IMP] + ps, (e)Iv] 

which is divisible by p. Thus one has: 

Theorem: One may chocse generators x, & ae guch that if i+1l1: Pr, 

all integral cohomology Chern numbers of x, will be divisible by p. 
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Remark: That this is possible was first noted by Conner and Floyd [36 Jan 

section 41, who called such generating manifolds “Milnor manifolds". # 

This gives the following relationship with integral homology pointed 

out by Joel M. Cohen [32]. 

Corollary: There exist polynomial generators x,, i> 1, of av and” «: 

4 

ey 

Ne 

* 
ah 

is] 
a 

ae 

t,, i241, of 8, (BU;Z) such thet Tx; = m,° i ar 
i +1 p* for some prime p-and ig 1 otherwise. If a = (agers ds 

where My is pif 

let mm = mm, vse My os 
w iy i, 

groups Z/mZ for we atic). 

; He Then Hy, (BU;2)/79, is the direct sum of the cycligy 

Proof: - Choose x, to be the classes of Milnor manifolds with 

8 * 84) (eM x,] =m. If i+l=p, tm, € H., (BU;2Z) maps to zero in 
H,, (BU3;2,) so is divisible by p~ and uniquely so since Hp, (BU;Z) is 

torsion free. Let 2, = (L/m, +x, in B, (BU3Z). Since 8(,)(e)fz,] =a dy, 

z, is an scceptable generator for H,(BU;2)..-#* ¢ 

One also has the result of Milnor (see Hirzebruch [54 ] or Thom [r2a}):) 

(not necessarily connected) if n> 0, Om 
4 

Proof: - Let Ul * an be the set of cobordism classes represented by } 
non-singular algebraic varieties. Ls is closed under suma (disjoint ‘ 
unions) and products, but nob necessarily under additive inverses.. (Hotey ‘ 

3 If one could sensibly interpret -1.¢ a as a variety inverses would exist’. 
trivially). 

Now “U{, contains the clesses of the 6P(n) and H, , which genera 
Le we 

al (Note: 8, (Hay g ga) * (Pg) tf p> 2 while y 
PB ‘ (p®=1) P 5p -P 
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. 2 8(p-1)(CP(p-1)) =p so these are not divisible by p'; hence (erin) Ba) 

generate & 4 p for all primes p, and hence the subring they generate 
coincides with a). 

If one can show thet there exist classes xis xi € Uh, with 
= ' ~ 8 (4) le) [x] =m, and 8(;yfe)txp] = ~m, then one is done, for then suppose 

inductively that th, = a, if j<k. If xe Ol, then 6(;)(eMLx] = tm,, 
teZ, endif +> 0, x= tx, + v5 if t<0;-x= |tlxj + v, where .v 

is decomposable and hence v e lly (inductively). Thus. also x e U,, 
for “Z(,,, 121, one hes s{eP(i)]=1+1>0. Let My C. ep(iti) 

be the hypersurface defined vy “ = 
J=0 

give local coordinates, The derivative of u =} is with respect to 

0, t 21, where (2)500-5%j,5) — 

2, is (te1)2y, not all partials can vanish simultaneously, and M, is & 
non-singular hypersurface. Letting 

t+1 . 
fs ep(ier) ee on opie) ~B> op( (441) (442)-1) 

jal 

be the composition of the diagonal A(z) = (z,...,%) and the map given in 

local coordinates by .u 3 = a) woe g(t*1) | 
: daeee eed 1 ee" 

on the hyperplane section I uy, = 0 with preimage M. Since 
* * gE) =€6...06, £(8) = 6 and M, ptt 

e(M,) = (14a)4*2 (a4 (e428) © and s{¥,J] = (+2) [442~(t41)!] ana this is 

f is transverse reguler 

aed 

is dual to Thus 

negative if 1 <i°< t. 

Consider Aj, = {x € tlx-= B¢,j(e)[u] for some u eC}. ie 
XY fAay> then xty ¢ Ags The above constructions show that Ay, contains 
both positive and negative elements. Let Pp be the least positive element 

of Ag and n the largest negative element of Ay Then pin = 0. (if 

pin > 0, p> pin > 0 contradicts the choice of .p,; if pin < 0, 
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n< pn <0 contradicts the choice of nu). If qe Ayes 

t,o 2, 0< 8 <p, but then se qt (-t)pe A, if t< 0 -and -s 

ge tp +s with 

se q+tne Ay if t.> 0 and since s <p, 8 = 0. Thus Ag, is the ; 

set of multiples of p. Since the greatest common divisor of the elements . 

of hoy is Ms one has p= me ne =m. badd , 

Open question: (Hirzebruch [$4]) Which classes of a contain connie 

non-singular algebraic varieties? 

Remarke:- 1) One may obtain the polynomial structure and the complet ends : 
of K-theoretic relations in other ways. The proof given here is based oni : 
Stong [//7 ] aid is simplified based upon Conner and Floyd [4i], Chapter BES 
One may prove the polynomial structure using the Adams spectral sequence i: 
was done by Milnor and Novikov (an exposition appears in Conner and Floyd & 

[36 ],-seetion 41 = for a similar situation) and then use the proof for 

completeness of relations given by Hattori [52]. / 

2) If one uses the Bott choice for Chern classes with p(x) as 
generator for x" (¢P(n)) one obtains a different orientation class 
Ule k"(te) for which ch UL = me) "0, where T(n) is the universal 1% 

X, 

class given by n(x, /1-e 4) ae e(n) * n(x, ). The classes UE and 
are related by Ul = aeté“t, (det being the determinant bundle), and ded): 

ae is an invertible element in K° (Base space). which restricts to 1 ate 
point. The literature is very confused in that the cholces of Chern ¢ 

and orlentation are frequently made with opposite conventions. The choledry: 
. oes 

made here was intended to keep the Atiyah Chern classes and keep a consist@h 

universal orientation, avoiding complex conjugation whenever possible. 

t 
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Relation to framed cobordism : The Adams invariant ¢,. 

Just as with unoriented cobordism one has a forgetful functor F from 

the category of framed manifolds to that of stably aimost complex manifolds 

giving a homomorphism of cobordism groups and a relative group, denoted 

alte, As with any pair of (B,f) theories, the sequence 

ay —— 

\ U,fr 
Ry 

is exact. One then has: 

Proposition: A framed manifold of positive dimension bounds a stably 
almost complex manifold; i.e. Fy : off > av is the zero homomorphism if 
n> 0. Further F, : afr —> ap is an leomorphism. 

Proof: For n> 0, a is torsion free while oft is a finite group so 
F,=0. For n=0 both groups are isomorphic to 2, given by oriented 

points. ## 

The homotopy exact sequences on the Thom spaces then split into short 

exact Sequences giving the diagrams: 

U U,fr ~ oft 
9 — &, a, a1 0 

x, sr 
- - 2 ~v : 

o =H, (932) —> H (spui2) > #,(tBy,g32) —> (8:2) = 0 

for n-1> 0, and 
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G Qs fr | a emenememmanamnmen’s ir oe > a &% * % 

| | l: |; 
O = Hy (TBU;Z) —> H, (TBU;S32) —> Hy($3Z) —> Hy (TRU;2) 

II II II 
8 : Z 2 

= u 

where the vertical arrows are the Hurewicz homomorphisms. 

qheft = ofr 
n n-1 

Also 4 (TBU,S32) = 0 and no information is available using Chern numbers. 

For n_ odd, av =0 soif n?>1, which is a finite grow 

For n even, n> 0, b (aot) is a free abelian group, containing the: 
U U,fr subgroup k_ (a?) a). Thus ho (a” ) has rank equal to the number of 

partitions of n/2 and contains k_ (a ) asa subgroup of finite index. 

Let ae at be represented by a stably almost complex manifold yx 
with a compatible framing.of 23V = woe} Let +t: (V,M) —> (BU,e) bea aa 
clessifying the stable tangent bundle of ¥, the framing of M being 

interpreted as a specific equivalence class of deformation of M to the baed 

point. One then has defined Chern numbers 1 "le, )[v,M] which completely 
determine hy, (o). : 

In order that ho, (a) € (MG) it is necessary and sufficient that 
w"(s,(e)d)(V.M] eZ for all a Since gfe) = ch(s, (y)) given by the ~ = 
K theoretic Chern classes y, € x7 (BU, «) for i> 0, 7 "(s,(e) A )[V.iI . 
os (veya piano) e 2% where t's, (y) € 2) yy for ni(w) > 0. 
Thus one has: 

Theorem (Conner and Floyd [41 ]}: A necessary and sufficient conditic 

that a stably almost complex manifold with framed boundary have the same 

Chern numbers as a closed stably almost complex manifold is that the re) 
elass be integral. 
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a Since the homomorphism 3 : age —~ Qa eT 3 [v,M] sends Oe 
into Z one has defined a quotient homomorphism. E : ofa — Q/Z. One 
has the result of Conner and Floyd [41 ]: 

‘ ‘ . oft Theorem: The homomorphism E : Moe 

(s*) —> Q/z. 

—» Q/Z coincides with the Adams 

invariant ey 4 Lim * oles 
8 

Remarks: The Adams invariant is defined in Adems [ 4]. The proof given 

here is due to P, S.. Landweber. 

Proof: let (V,M). be imbedded in (qekt2r pek-lter with complex ‘normal 
bundle trivialized over M, defining the normal map vy: (V,M) —> (BU_,#) 

(trivialization determining the deformation of M to a point). Applying the 
Pontrjagin-Thom construction defines a map ff ; (peter gekt2r-2) ee (TBU,,.Te 
and ag with the unoriented case one has a diagram of cofibrations 

gers i x x 3°? * pekter jgektere2 

‘Ll ol g-re_t, TEU, —> 1BU_/s** 

where X is the two cell complex formed by attaching D°“*®? to 8°" by 
eker-) erste, g and being induced by f.~ In the map f : 8 i 5 

particular the class of f /in the stable homotopy of spheres is the element 

corresponding to [M] € ae 

The cohomology groups of X are free abelian with base 1 e H°(x;2), 
ae a? (x32), and be neE*er (x57) characterized by 3 (a) ele #°7(5°" 32) 
and pew (C') with ¢ te HeMt@r(ptkter ,2k+2r-1. 5) 

To define the Adams invariant of the class of -f. one ‘chooses any element 

ue K(X) with ch(u) = a+ ¢-b, ¢€Q (possible from the Atiyah-Hirzebruch 

[18] spectral sequence for K theory) and lets e,([f]) =¢@ in @/Z. 
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From the relation between the Thom homomorphiam and characteristic 
numbers ‘one has df {v,Ml)¢? = "(p72 .u)?et2r 86 
vf (VMi-b = g (Stu) TM", ue H* (BU 52) deing the Thom cless. On 
the other band "uy = ch(i) where Uc H*(mBU,) is the K-theoretic thom 

class. Since jg Usiu=¢, gU=@ (7 u)TM =a ond one has 
ch(g p(L)"U) = g (ond) © a4 tA [VM]> with g'p(1)"G © K(x) = R(x). 
Tus e,([f]) = TS [VM] = Ba). * 

From Adams’ computations with. e,- one has: 
C 

Corollary 2. The homomorphism o : anit -—m Q maps precisely onto the 
integral multiples of the numbers: 

a) 1/4, for agit, 

b) 2 for ape 
U,fr e) VW/ay,, for Oat y 

U,fr a) 1/2 for Nar 6? 

where ao, #854 racy * Bote] and a is the denominator of Bo/in, B. 

being the _ nth Bernoulli number, 
For facts concerning Bernoulli numbers, see Milnor [66] or Adama [ 3,1]. 

That the Bernoulli numbers enter Into the result is not surprising since oe 
bea t 

x/(e%=1) = eo 8 

where 

s~ 1 . - 8, = (-2)° "3, 8, = 3, ond 8... 80 if > 0. ; 
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Relation to_unoriented_ cobordisn 

The relation of complex cobordism to unoriented cobordism was completely 

explored by Milnor [87]. As with any pair of (B,f) theories one has the 

homomorphism F, : av _ Ve which is obtained by ignoring the complex 
structure. 

Proposition: Let M’ be a stably almost complex manifold. Then the 

Stiefel-Whitney classes Voter of M are zero and the classes Wo, are the 

mod 2 reductions of the Chern classes ey: In particular, all Stiefel-Whitney 

numbers of M having an odd Stieffel-Whitney class as a factor. must be zero. 

Proof: This follows at once from the change of fields theorem of 

Chapter V. ## 

Proposition: A closed manifold M" has all Stiefel-Whitney numbers with 

an odd class as a factor zero if and only if there is a manifold M' with M 

cobordant to M' x M', 

Proof: If M~ Mt * Mt, M has the same Stiefel-Whitney numbers as 
M'X< M', Under the comultiplication A(w,)= J w,@w, 50 

: i j+kei d k 

Wy ee Wy [M' x M'] = I w, «+. w, [M8 ]-w aoe [m'}. 
iy r Je 71, Jy J, Ky k,. 

If J = (jyseeeed,)s Ke (i, p++ 0k.) and J #K, then the terms 

w5(M" lw [M" J and w EM! hv, {u'] are paired, having the same value and so add 

to zero in Zp. In particular, if any i, is odd, this pairs all terms and 

the number w. oon W A {M' x M'] 4s zero. If every i, is even, then 
1 i. 

2 (MOM) (wy o[Mt 1)? = wy yf. 
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Suppose all numbers of " divisible by an odd class are zero. If n 

is odd M” must bound; this being interpreted as being a product vacuously. 

If n= 2k, consider the homomorphism ¢@ : #*(B032,) —2, with 
)= Woe soe Woy ‘[M] obtained by composing the doubling o(w, oe Ww 

1 r ng r 1 

* * 
homomorphism y»: H (30;Z,) — +H (B0;2,) which sends w, into wp, with, 

. . * - * . 
the evaluation on M. Let A: H (BO By) — HH (B0;Z,) by sending w, int 

classifying ) WM" 4 is induced by maps of spaces BO. _ 30, 
jtk=i 

Y¥, ®y,. 80 A commutes with all Sqr... Further A(w,,,,) = 0, Mwy) =¥ 
itl] 

so the kernel of i is precisely the ideal generated by elements of odd 7 

degree. The composition A-¥ : H"(BO3Z,) — K"(B0;2,) is the homonorphisn 
@iven by x ——~ x’, . 

Then d(8q7+ yx) = 8q7? (ax) = sq@t(x2) = (sqtx)? = M(wSqix) end 
A(vbx) = vev-AM(x) = vox? = (vx)® = A¥(vx), where v= l+ Vy tiene is 
the Wu class. Comparing terms of equal degree Aly, 0x) = AW(v, x). Thus — 

for all xe H* (B032,), o(Bqix + v,x) + Bq ya + Vp, VX is in the Kernel 
X, hence vanishes on the fundaments] clase of M. Then o(Sqtx + v,x) = 
{8q-y(x) + Vo,¥(x)HM] = 0. Thus there is a manifold M’ with 9(x) = xfj 

for all xe H*(B03Z,), and w,(M] = w,[M' x Mt] = Wy QiM'] for al. I, | 
M~ Mix Mt, ## 

re
 
n

e
 

a
e

 

One then has: 

Theorem: The homomorphism Fy: 0 —>/7, has image 15 = {x°|x & 

i.e. precisely those classes for which the Stiefel-Whitney nunbers having : 
ean odd degree factor are zero. Further, one may find generators by of i 
and x,(1# 29-1) of TT, for which Fy(b,) =x if 1# 2%-1 and 

V
e

n
 h

a
y
 

Fy, = 0. 
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Proof: Since x-~> x? is a homomorphism in an algebra over 25 one 
need only map onto generators. Let x,, = [RP(21)], by, [ep(2et)], and 

for i = 2P(2q41)-1, let = [H pes vo! = [Ez (¢)) whil ‘or gt | et x, ot, H Del, op ile 

for i= 2-1, let by = [x el. 98 “On = 
y - It has already been shown that V1, * %[x,], % 92, = Z,[bf]. the 

characteristic number computations give ¢, fos] = Wp, fd} ] (mod 2) by exactly 

the same formulae as the computations of w,[x,]. Hence Fy(d}) = x. 

Further all Chern numbers (= K-theoretic numbers) of br are even, so 
2-1 

F,(b' )} = 0. Since one may choose b, ¢ a which generate and which reduce 
2-1 

to by mod 2, the result is clear. ** 

i 

If one then considers the relative group. 9° UL (BO, TBU) one has 
an exact triangle 

KO 

\, 
Since OO eel =0, this gives rise to an exact sequence 

3. F, U __"enel font) Q,U 2n+1 U 2n Bonet one ne ~ 93, 71, 
| 

* Hong (BU) —> Hip, (TBO) —> Hp, (TBO6TBY) ——> E,, (BY) —> Hp, (389) 
a, a en 0,0 2n U = } t > a, > a, “1 ie) 

| {| | 
Hp, (380) —> B,,(TBP»TBY) —> Hin, 5 (BY) = 0 
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in which the vertical arrows are the Hurewicz homomorphisms, From the 

knowledge of Pan one may decompose this still further. 

: 2 0,U 2 First, image F, “7s so 0 = onal Wa is a Z, vector space. 
(of known dimension), Further, this group is clearly detected by the Stief 

Whitney numbers with an odd factor. 

Next, kernel Fon is the ldeal in a generated by the elements b 
, 

(letting b) = 2) and since this is a free abelian group, 
0,u" . Ihe * +1 ® ker Fon? Ont being precisely the torsion subgroup. q 

torsion free part of this group, 057) ,/Torsion, may be characterized by é 
mapping into ape ‘gothat the class is determined by the Chern numbers of, 
the boundary. The torsion subgroup is doney? lone and is detected by 
Stiefel-Whitney numbers, In. mod 2 . homology H (BU) —> H, (780) is | 
monic (the cohomology map being epic), so that in fact the Hurewicz map deff 

a splitting 

0,0 . * . k 
Ooed 7 Honey (EBOVTRUSZQ) * Hp, (TBP5Z,) — Toner 

the latter map being a projection. 

The interesting question is how much of 4° may be detected by Zj 
cohomology characteristic numbers. For this one has: 5 

Proposition: Under the product of manifolds 9°°7 ig an a module 
Writing av = 2[b,] end letting b, = 2, 009 is generated over av by 

; 

the elements ; 

0,U a eo? with 3 a =b (s > 0) 
2, 8th 2 

and 

050 : Sey see x) oO ett, O<iy eu. <4, 
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where Yh = Zp[x,}, the complete set of relations being given by 

b *dy(x, 455 )=0 
ey ty i. 

and 

b a = bd a . oh ost 284 atti, 

In addition, the kernel of the Hurewicz homomorphism 4°” —> Hy(TBO,TBU;2,) 
is precisely the submodule consisting of multiples of the b 5 (oe. the 

2-1 image is the free rat module on the classes and d,(x,..s x, ))- 
1 r 

pet, 

Proof: - The first part is obvious..Since 3(b ) = a 

tay 2872, 
a(b a )2b. 3% ; one must have b a => a =u 

2a 2h ats 8a tay htt, 98.3 atta 
in the torsion subgroup, but al] Stiefel-Whitney numbers of u- are zero since 

those of the b's are, and hence u*= 0. Further the Pes having zero 

mod 2 numbers implies that the submodule Bg oe is annihileted by the 
mod 2- Hurewlez homomorphism. To see that this is the entire kernel one 

considers i" (180) — i (py) (using 2, coefficients unless otherwise 
noted), which maps a free a > module onto a free ANA) module. By a 

good choice of generators this may be written. (7 @ 5) @ a, —o TB Ba) 

where 1,8 “are Zz, vector spaces (by proper choice of characteristic 

numbers 8 to detect cokernel F, and. 7. to detect image F,). Writing 

TBO = K(T) x K(S) one may project onto K(T), splitting K(S) out of the 

problem. . 
Letting X = TBU, one has of : X—~» K(T) with cohomology map 

Te a, —» 7 9 GN) and one wishes to know how much of the homotopy of 

K(P)/X 1s detected by mod 2 cohomology. Since i" (x;2) is torsion free 
the classes of -T are the reduction of integral classes, and letting T bee 
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+ free abelian group in TM,(X) (direct summand) with t 8 2,89, w oa 

complementary summand, one has the diagran 

IX ———-> IK(T) —> ¢ 

£X ———> 2K(F) —> a 

it | 
XE, > IK(T) —> F 

with homotopy and cohomology diagrams 

ain 
| 

a an
e 

-
~

 RR 
PLL. 1 eZ, > 8 

Te. Al's) Te Apa” ‘ 
) 

Te y (a) Te fj Ogee 
tehyJ <—? 8 a, 

% Sq" [ : y 
te Qa) —re AI Q,8a" - 

From the analysis of spectra of thé type of X, one knows thet the summand: 
TOV, of 8 6Z,= m4(F) As detected ty mod 2 cohomology (I image é 
while the quotient If of iT = 1,f°K(T) 4s detected by 
Tel1cCctTe Qs go's i.e. in H(K(T)/X) there is a.summand mapping t¢ 

ny * é 

TOs¢ @Tea(Vv,) CTO Q,=H(K(2)), and detecting homotopy classes 
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the form Ir eT @ V, C m,(K(T)/X). 
0,U Thus under the Hurewicz homomorphism 9,’ —> H,(TBO,TBU;Z,) the image 

is at least as large as 8S 8 ET @T 6 Vy. Since this has exactly the right 

dimension, the result is proven. ## 

Note: By the analysis above, one may if desired detect ao stl mod 2 
2 —=1 

by the Stiefel-Whitney class ow ati 
pati * 2 91 

sq usin H'(TMBO,TBU;Z,), these numbers annihilating the image of TTy. 
0,fr 

a 

(v), corresponding to 

Tn particular, a, . comes fron and is related to the Hopf invariant, 

corresponding to agt = a. The other classes a, “do not come via framed 
cobordism. 

Complex Bordism 

Corresponding to the forgetful functor from stably almost complex 

manifolds to topological spaces one haa defined relative bordism groups 

aS(X,A) # im my, 5_((X/A) . TRU.) = Hg(X,AjTBY). The product of manifolds 
makes a(x, a) a module over wv. These modules have been atudied by Conner 
and Floyd [35 ], [27], or [39] vy analysis of the spectral sequence from 

Hy(K,A500) to ax,a). One can also obtain these results as was done for 
U Ry 

Theorem: For every CW pair (X,A), aix,a) @Q is a free al 8a 
module isomorphic to H,(X,A;Q) @, (a¥ @ q). 

Proof: 1, ((X/A) . TBU) —» Hy((X/A) « TBU;Z) is an isomorphiam modulo 
torsion. “## 
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Theorem: If (X,A) has no torsion in its integral homology then Oy (KoA 

isa free wv module isomorphic to Hy(X,A;2) 8 a, In particular, the 
evaluation homomorphism e : al (x,a) —~—> H,(X,A;Z) is epic. If {x,} is og 
a homogeneous base of H,(X,A;2Z) and f, : (mt amt) —» (x,A) is a map of @ . 
stably almost complex manifold into~ (X,A) with fa {M,aM]) = x,» then 

al(x,a) is the free hd module with base the classes of the (w2,). 

Proof Since (X,A) haa no petorsion, Q). acts trivially in a (X, As iy 
making B'((X/A) . TBU; z, )a@ free QI %) module on the ¢lasses x, Gu a) 

* 
where Xs 

as Aa) module. - Thus alx,a) is torsion free and maps monomorphically’” 
are a base feat to the x, mod p and {u } is a base of H * (pu yz 

into fiy((X/A) . TBY;2). Further, the map dy (xA) $ Ry(K,AsZ) + Hy(X,AiZ)025.° 
ig-epic for each prime p, .80 the index of image e in H,(X,A;Z) is not 

aivisible by p. Thus .e is epic. Choose classes (2, mapping to xed 
By the Atiyah-Hirgebruch [ @ ] spectral Sequence for -K-theory, there exist 
elements 2, € x" (X,A)> with eh(2, ) = % + higher terms, {xy} being duel 
to the Xs Let B,C H,((X/A) * BU;Z) be the ring of homogeneous elements e 
x for which ch(z,)s (e)f[x] © 2% for all i and w. If f: (M,9M) —> (% 
then ch(2,)*s, (eld ((f x ot), [M,oM]) = £"2, +8, (y(t) )[M,2M] which is integr 
so U(x,A) —> H,((X/A) * BU;Z) + (MJF) > (2 x 1)y(M, 0M] maps into By. 
The elements by “(Mt, f, ) chave linearly independent. mod p characteristic 
numbers ch(2, )s wd and hence B, is the image of the free Ww modute oii? 
the { o,2,0 In particuler the {(i ,2,)} generate al(x,a) freely as : 
ay module. #* - 

Corollary: If (X,A) hes no torsion -in its integral homology, then 

integral cohomology characteristic numbers determine cobordism cless in 

al (x,a). Further; all relations among thesé numbers come from K-theory. 
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Briefly, for f : (M,3M) —» (X,A) one has generalized Chern numbers 

£"(x)*c,,(7)[M, aM] for xe H’(X,A3Z). All relations among these are given 
by ch(f'2)’s (e)AiMaM] © 2 for ze K"(x,A). 

This result may be modified slightly to give results in the presence of 

limited torsion. 

Theorem: If (X,4) hes no torsion which is p-primary for pe P' 

(P' a set of primes) and Q' Q is the set of rational numbers which have 

denominators relatively prime to the elements of P'‘ (when expressed in 

lowest terms) then ol(x,a) 8qQ' is a free al @Q' module isomorphic to 
H,(X,A;2) @ al @Q'. In particular, the cokernel cof the evaluation 1s finite, 
of order not divisible by p for any pe Pt. 

Proof: One proceeds exactly as above using only the primes p belonging 

to P', showing thet a (x,a) hes no p torsion and that coker(e) is finite 

4 

generate H,(X,A) 6 Q' and can select maps (we, which realize n,x,, 
of order prime to p. One then chooses classes x, ¢ R,(X,A) which freely 

in, e Q'. To prove that these generate a (x,a) 8 Q' one may assume that 

(X,A) 41s a finite complex (to prove freeness up through dimension n one 

may restrict to the n+ 1 skeleton of X and A. This introduces no new 

torsion and induces isomorphisms of aY(x,a) in dimensions less than or equal 

to n). Noting that all differentials in the Atiyah-Hirzebruch [/8 ] spectral 

sequence hawe finite order, which cannot be p primary for any pe P', one 

may find elements z, K'(x,A) for which ch(z, ) has least component of 
degree equal to dim x, and with eh(z, )[x, ] =m, © 2, lfm, € Q' (and 

1 i 

annihilating all other Xs of the same or lower dimension). One lets 

By Cc H,((X/A) * BU;Z) be defined by ch(z, 8, (eld [x] © Z and proceeds as 
above to prove al 8 2{(ui ,f, )} Cc aUcx,a) C B, heving index of order prime 
to p for each pep, ## 
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Corollary: If (X,A} has no p primary torsion in its homology ‘then 

al(x,a) 8 Z, is a free a es Z, module isomorphic to Hy(X,A) @ ave 2. 

Corollary: If (X,A} has no p primary torsion in its homology for all 

pe P', then generalized Chern numbers determine bordism class up to torsion 

of order prime to all such p. Further, all p primary relations among 

these numbers follow from the K-theory of the finite skeleta of (X,A). | 

Note: It has been assumed throughout (implicity) thet (X,A) has finite 

type. Notice that the K-theory of (X,A) may be zero, while that of its . 
finite skeleta is nat. In the above one takes a large skeleton to determine ° 
the relations (which are independent of the skeleton chosen) with respect to , 
the prime p and its powers. See Hodgkin [56] in which it is shown thet 8 
inverse limit K~theory vanishes for many spaces (homotopy class of maps theoy 

factors through inverse limit theory for characteristic numbers). The import 
polnt is that the K-~theory is not closely related to skeletal decompositidi ys 

y 
while homology and bordism are. 

It is to be noted that the results concerning the p-primary situation , 
fee are valid for spaces with p torsion provided one remains below the dimens Hf 

in which that torsion occurs, since one may restrict to a skeleton. 

Lanéweber [#6] has examined the homomorphism 9U(x) —» H,(X;2) for § 
X= K(24n)5 K(Z,n), or BU(2q,...,%) (the connective cover of-'BU) 1 

steble range, the interest being entirely in torsion elements. He complete: 
determines the image, but this does not determine the bordism since there alg). 

nontrivial extensions involved. 
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Chapter VIIT 

oy - Restricted Cobordism 

Let K be one of the fields R oor ¢€, If y.is an n-dimensional K 

vector bundle, the determinant bundle of -y, detyw, is the K line bundle 

Aen) given by the n-~fold exterior power over K of the bundle wy. If” yu! 

has dimension n', then wen" @u'jpa As) @AP (ut) so the determinant 
takes Whitney sums to products. Combining this with the fact that detp =p 

if p isa line bundle, one hes det(y 6 1) # det @1 = detu, extending 

the determinant to stable K vector bundles. 

For any integer or > 1 one may forma cobordism category of manifolds 

with "P(K") structure” as follows: 

1) ‘An object consists of: 

&)- A compact manifold M with a chosen K vector bundle structure 

on its stable tangent bundle (equivalently normal bundle; i.e. 

a (BG,g) manifold, where ¢ = 0 or -U); 
bd) A map of +N —TM p(x"); . and 

¢)- An equivalence of #*(&) with the determinant bundle ‘of the 
Ketangent bundle ~t of M (1.e. a bundle isomorphism of K 

line bundles)... Note: For r= 1, -€ 1s the trivial. line bundle 
Sette 

and the equivalence is a trivializetion. ( ¢%s fe Canon Aw hs 
2) Amap ¢: (M’,f!) —> (M,f) 4s an imbedding ¢ with trivialized 

normal bundle for which the K tangent bundles are compatible (a (BG,g) map) 

such that f' = f-¢ with the equivalence given by restriction. 

3) The boundary functor assigns to M its boundary with inner normal 

trivialization to define the induced structure, and the ‘inclusion’ natural 

transformation is the inclusion map with inner normal trivialization. 
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The cobordism semigroup corresponding will be denoted “WeAX,2). 
Letting M be a (BG,g). manifold with’ v : M—-» BG. defining the norma}; 

structure and letting y°: BG —> P(K) bee map with ~*(A) = det Z/ where 

Ais the canonical bundle over P(K) and wh] is the universal stable bundii 

over BG, one has (f+v)"(E) = dett. -Any two maps obtained in this way are 
homotopic and one has a canonical choice of homotopy defined by the isomorphi sit’ ; 

of (BG,g) structures for different imbeddings and choice of homotopy for the” 

maps ~. If £:M—~> PC") is any tap, an equivalence of -2°(&) © with deve. 

may be interpreted as a homotopy of the maps and w-v: ‘Thus a "P(K") 

structure" on M may be interpreted aa a deformation of the canonical map 

yey inte P(KT). 

Interpreting a homotopy as a cobordism, it is clear that within cobordia 

only the homotopy class of the equivalence matters and also that homotopic a 
maps f give isomorphic families of structures (the isomorphism depending on 
the choice of homotopy). Further, a structure on M. defines by Brojection’# 

structure on M* I with the "opposite end" defining an inverse to .M. is 
In order to make this more precize and to determine this cobordisn —— 

as a (Bf). theory, one constructs a classifying space as follows. Let : 

p : BG * P(KY) —-% P(K) be a map for which p*(A) = (aet Uf) 6 E. Let a 
be the total space of the induced fibration of the sphere s(K) over the 

af 

projective space P(K), giving 

a(t) —B_, g(x) a 
* 

BG x P(K") ~L-s- p(x”) “ 

and let 6: ax(?) wim BG be the camposition of w and the projection on 4 
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Being given a manifola (M,f)° with. P(K") strueture with v :.M —> BG 

the normal map,. v% f + M => BG x-P(K")° pulls (det%{) @ — back to 

(aetv) @ 2"(E) & (detv) @ (det) which is triviel. Thus vx f lifts to 

pe?) the choice of lifting being equivalent to the choice of homotopy of 
p-(v x-¢) 46 a point map or to the choice of equivalence of f"(£) ana dett. 

(Note: “w is a principal G,~ bundle.) 
i 

Conversely if “V1 M—> ax(F) ig a lifting of the normal map Vv : M -——~ BG 

the composition f= TTY where 1, projects on P(K") maps M into P(x”) 
with detv @r"(E) trivialized (8(K”) is the sphere bundle of A and the 

pullback of A to it is naturally trivialized) and the trivializeation may be 

interpreted as an equivalence of ‘dett and f*(£). 

Letting Bx (F ) dericte the pullback of BK") over BG a? one has 

Theorem: W(x.) = Lis Sat yg (TERT) @) where k = dim. 

The interest in these cobordiem theories 1a primarily that they provide: 

intermediate levels between the “unoriented” theories (r= @) ~ and the 

"oriented" theories. (r = 1). . Briefly, one has: 

1) -For or =e, the space px?) may be identified with BG by means of 
ng 2% pg x P(R") for then g+(1 x w)"(a) = (det Zl) @ (Get) which is 

trivial, In fact, if dim M=n then the classifying map w*v for dett 

bending Minto P(K) may be deformed into the n-skeleton and the homotopy 
given by two different deformations may be pushed into the (n¥1)-skeleton 

giving a-unique P(X") structure provided (ntl) < k(m1). Thus for 

r > (ntl)/k + 1, Wer) = Ux.) is the "unoriented” cobordism group 
717, or av, w@hie willbe denoted Of in this chapter. 

2) For r= i, a "p(x") structure’ on Mis 4 trivialization of dett. 

Tf + is -represented as an n-plane bundle with an inner product, each fiber 
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V becomes an n-dimensional inner product space. This extends to an inner - 

product on the graded algebra A(V) = IDA"(v) by letting AYV be orthogonal 
to AS. 4¢ 3 #% and setting fe 

<X,Y = det <x, 7, . 

if X= Hp oareen Kee Yo= ¥y aenea ve Giving the exterior power bundles thei 
inner products, a trivialization of dett may be thought of as choosing 

(continuously) a unit vector in the n-th exterior power of each fiber. Th 

of determinant one ere the special orthogonal or special unitary groups. 
q 

Note: The groups 14/,(K,1) will be denoted 085 and the space . BK 
is denoted BSG.’ Although the main reason for interest in the Wox,r) 

Wall [130] for ‘the case K = R.. Making use of the case r= 2, ° which may 

thought of as "o, - spherical" cobordism, he exploited the various inter< 

relationships to determine the 2 primary structure of 8°. Additional m 
may be found in Attyah [#3] end Wall [133]. The complex case was studied 
Conner and Floyd [39] patterned closely on the work of Wall Gout using the) 
methods of Atiyah). It hes been noted by Novikov in eonjunetion with his a! " 
of the Adams spectral sequence with "wmortented” cobordism coefficients 

(Novikov [9t]) thet the /,(K,2) arise naturelly in the calculation of tigh® 

“oriented” theories. 
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The relationship of p(x? )" theory and "Oy ~ spherical" theory may be 
seen as follows, 

9 for KR or 2 for K=¢ then the first 

characteristic class 0, (M) = o,(t) € HS (M52,.) eoincides with the characteristic 
If re denotes -Z, 

class 9, (det). (fo see this one has 9, (p) = 9, (dete) if p is a line 

bundle and ag mentioned in discussing Hain in Chapter V, 

oy (a 8b) = 9, (a) + 9, (b) if a,b -are line bundles, so that applying the 

splitting prineiple and induction establishes 0, ( t)= 9, (det) for general 

bundles). 

Since P(K*) = s* with 05 (E) e toe at (s*;2,) one has for an object 
(vt) with "P(K?)" structure a mep tf: M—>s* with £°({) = 0\(m). 
Thus a, (M) is spherical. Conversely, being given a manifold M for which 

6, (M) is spherical there is a map -f :-M — PK) with 2°(2) = a, (M). Since 
P(K’) = K(Z,,k) = BG,, equivalence claases of Kline bundles are determined 

by the first ayn characteristic class. ..Hence there is an equivalence of : 

f£*(£) and dett, 

4) ‘The general case r > 2 ia not of apecial interest. Results in the 

Yeal casé have been obtained by J. B. Minkus and by C. T. C. Wall, but nothing 

appears in the literature. The use of the Atiyah bordism approach makes the 

computation an exercise. 

Semi - geometric methods : W,(K,2) 

Let (X,A) be any pair, and- define a homomorphism 

@ + 08(x,a) —> If (K,2)(X,A) as follows. If a e-9°(x,a) chodse a map 
a: (M,aM) —» (¥,A) representing “a and let wv: M—»P(K’) be the map 

inducing dett. . By compactness of M, there is an integer Q such that 

v(m) C PUK), Let 8 : P(KY) x P(K*) —> P(K") be the usual imbedding 
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(N = 2Q, given in local coordinates by u,, = x, 3) so that 
ij 

6 = B(Hvx*x1):Mx P(K-) —> p(k) Classifies dett @E; i.e. 
@"(£) = dett @ E. By means of a homotopy © may be deformed so that 

6|am x P(K? ) is transverse regular on p(k 1), and then to make 4 trans yay 

regular on p(x} ) keeping 9M x P(K°) fixed. Then 
eo l(p(K1)) = pM x P(K) with ab=L (aM P(K?)). The tangent + 
bundle of L is isomorphic to the pullback of Ty @ P(x?) °- dett,, OE, at 

an isomorphism det(t,, )# dett, 6 a) (dett, yieel=st. Thus the compos: 
“a f:LoeM~x P(K*) _— P(K°) defines a n(x)" structure on L. The 

composition $+ (L,aL) @-» (M x P(K*),am x p(K?)) D> (m,am) —S» (x,a) nd 
gives ((L,f),6) which is an ~W,(k,2) bordism element of (X,A). That ta 
defines a homomorphism ¢ : a8(x,a) —> Th (K,2)(X,8) is an easy consequenc of transverse regularity (think of different homotopies as cobordisms = 
a cobordism G: (V,U) —TM~(X,A) with aveM U(-m') Uu, first apply 

transverse regulerity on U * P(K?) keeping the boundary fixed, and then 
keeping 93V x P(K°) fixed make the map transverse regular on all of V * B 

Lemma; Let ff: M—> P(K*) be a differentiable map. Then - 
fx1liMx P(K?) ~~ P(K?) x P(K*) ie transverse reguler on 
Hy 1 = (Gey) © PUK) x PUK) Ixy, + xy, = 0}. 

Proof: Let ui: P(K*) —> P(K*) : (¥ps¥,) — (-¥40¥Q)+ Then wv is, 
differentiable involution (uv? = 1). Then £1 is transverse regular oy 
A 1 if and only if (1 x p)-(2 *% 1) is transverse regular on (1 x w) Cy 
= {(x,y)|xy, = x¥)} which is the diagonal 4 in P(K°) x P(K°), this i 
the case if and only if (1% u)°(f x 1)* (44, xp) is transverse regular F 
A, .and.so it suffices to prove f£%* 1 is transverse regular on A. weit 
(t Txp(K2)) (m,x) 7= (t wm @ (542) )x for (fx 1)(m,x) © A, (fx Ye mapa 
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(0 x (tp (42) ap) onto 0 x (tp (2) & (tp(gey x @ (tp (2) which is 

transverse to (t,) Thus fx 1 is transverse to A, completing the 
(x,x)° 

proof. ** 

(I am indebted to W. Browder for the above proof, which considerably 

simplifies my own proof.) 

One then has: 

Proposition: The composition 

** 68¢x,0) 2 ~WK.2)(X,A) —» 0 (xa) Pe (4,2) (x,4) 

is the identity, where F, is the homomorphism induced by the forgetful functor 

which ignores "p(K=)e structure, 

Proof: Let ((M,f),¢) represent a class in WeK,2)(%,8) with 
£:M—»P(K°) «@ differentiable map having f*(£) # dett, and 
6: (MjaM) —> (XA). Let @ : Mx P(K?) —> P(K") be the composite 

wx p(x?) Ps p(x) x p(x?) 8 pcx) 
* 

where 8((x),x,),(¥ps¥,)) = (Xp¥ pq 2X Vy 2% Voo%V})- Then 6 (E) 3 dett @ E. 

Further, 8 is transverse regular on the subspace P(K>) given by Uy + u = 0, 
with preimage 4H. and £%* 1 is transverse regular on Hy 1 by the lemme, 

? 1,1 

so thet 6 (and its restriction to 2M * P(K*)) is transverse regular on 
P(K3), , 

Then L = 077(P(K>)) = {(m,uf(m))]m eM} with the composite 

vi: L—-M*x P(K*) —>M .e diffeomorphism. The mep 
f' : L—>M x P(K°) —> P(k”) may be considered as uf: M —> p(x") and 
since uw is induced by ror: (a,b) —* (-b,e) which is a rotation 
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through 90°, u is easily homotoped to the identity, with a chosen isomorphié 

of §€ and vu. The tangent bundle of -L is the pullback of : 
= & Ty ® Tp(K2) dett, 6 § and Tp(K2) 618 8 € or equivalently 

Tp(K2) &®E 8c, while dett,, 2 €, so that 1, is isomorphic to .+ L Mu" 7 
Thus with only "universal identifications" ((L,f'),¢¢v)- coincides with 

((M,f),6), and OF, 1, .#* - 4 
a of 

Corollary: Wol&,2)(%,8) ia-a direct summand of a&(x,a) for every 
pair (X,A). 

| 
B 

: 

# 

Remark: From this one has: W,(K,2)(X,A) 48 isomorphic (vie Fy) tod 
i 

“ef 
the subset of nS(x,a) consisting ‘of those classes which are represented ce 
manifold-map (M,g) for which o, (M) ie spherical. This ie Wall's origing 

definition [730], having elimineted.dependence on the choice of map to . P(KU} 

and bundle equivalence. 

Proposition: For any pair .(X,A) the diagrem 

08(x,a) — > W(K,2)(x,a) 
2 , e 

Hy (X,A32,) 

commtes...In particular, a By homology cless is representable by 4 mani 2 
with "(x7)" structure if and only if it is representeble by an "unorient] 
manifold. 4 

Proof: It suffices to show thet for every M, . the mep 3 

vr L—eM x p(x?) Dem has v,lL,3L] = [M,2M]. hie ts basically a 
consequence of Poincaré~Lefachetz d@uelity. Letting n= dim M = dim L, 

H"(M,2M;Z,) 48 a free Z, module (by duality) end hence is isomorphic to. 
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Hom(H(M, 0M; 2,),2,) (universal coefficient theorem) end thus it suffices to 

show v@(x)[L,2L] = x[M,aM] for all “x ¢ H°(M,2M;Z,). Then 

v¥(x)[L,3b] = 9*(x)-(1#s;(M) + 9 U)IM = PK), aM * POC) I, 

= w¥(x)-n8( EE (MyaM) x P(K?)] 

since x*0, (M) has dimension greater than that of M, but thie is then equal 

te 

x{M,om]* ¢ [P(X")) = x{M,aM].#® 

In order to determine “Wele,2)(x,4), it is standard to use an exact 
sequence of Atiyah [#3 ] (The proof here being due to Wall [/33]). For this 

one needs to generalize the notion of submanifold dual to a line bundle, 

Let M° be a compact (BG,?) manifold and ¢ « K-line bundle over M. 

Let h:M—>P(K’) with n*(E) #6, and by compactness, h : M—> P(R) 
for some large -S...One may then deform | om to be transverse reguler to 

P(K°"*) and keeping the map fixed on 2M continue this deformation to make 
the map h transverse regular on P(K°""), men n7{(P("*)) = N tee 

submanifold of M of codimension sk .with normal bundle in M isomorphic 

to a0 (ag real vector bundles). For any 0 <.¢ $s one may give this 

normal bundle the EK. veetor bundle structure given by t+ + (s-t)+c, and 

this gives N a. (BG,9) structure. 

Nis known as "the" submanifold dual to to + (a-t)o. The manifold N 

le ofcourse not unique, but is well defined up to choice of various homotopies 
used in making h transverse regular. Two such transverse regular maps being 

homotopic, one may make the homotopy .H: Mx I —~—®> P(e) transverse regular, 
keeping ends fixed to define a (BG,9) submanifold V of Mx I. The map 



~ 156 - 

Vou x Tey “gives a (BG,p) bordism of the two representatives. Thus 1 

class of N in aS(M,aM) is well-derinea. 

Proposition: There ig a homomorphism 

a: (xa) —» o8(x,a) 

of degree =2k which sends the class of f : (M, 0M) —» (X,A)- into the class 
of the composite 

- i t fo: (N,aN) “> (M,oM) =» (X,A) 

where Nis the submanifold dual to dett,, © (dett,). Further, the sequence | 
4 

Fy, 0 > We(x,2)(x,a) —» a&(x,a) 2 o8(x,0) —> 0 3 

is exact. 4 
a 

Proof: .One first needs to see that d ia well defined, but if Ho: W ~m 

weM Ur U(-m') ona ul, =f, Bly, = t's H(T) Coa, at = am U (-2M"} M 

then detc,, restricts to Getty, on-M and Getty, on M'. Thus e aub- 4 

manifold of W dual to dett,, @ (det%)) gives a cobordiem of the represent~. 

atives defined by M and M'. 3 

Since the construction may be performed separately in each summand of 

a disjoint union,~ dis clearly a homomorphiem. 
To prove exactness of the sequence one hea: : 

1). Fy /is monic by the previous results. ; 
2) a:F, #0, for if f+ (M,aM).—» (X,A) and dett,, is induced by a 

map into P(K°), then (N,9N) 4s the preimage of P(K°) which 1s empty. 4 
3) “Ie a(a) = 0,.-a being represented by of : (M,a9M) —> (X,A), let 3 

hiM— P(K*), a large; with n#(E) 2 dett, =u be made transverse regulg 



~ 157 ~ 

on P(K°~@) with inverse image N dual to » @ 7, and aleo on P(K®~?) 
with inverse image L.dual to vu. [First make it transverse regular on p(K®"* 
giving N as inverse image. .A neighborhood T of Nig then mapped by a 

bundle map into a neighborhood § of p(Ke"*), By a deformation of bh-on 
M-T one may push M-T out of interior(S). Since nl is transverse regular 

T 

on P(K°7*) one may make a small homotopy of ~h fixed on T to get -h 
transverse regular on P(K°"1) ana by “a proper choice of "small" asaure that 

h(M-T) does not intersect P(K°7?)), 
Since d(a) = 0, 2: (NaN) —* (X,A) ‘bounds and there te‘a map 

PiN—»X, Na (BG,p) manifold, of = NW P/(aN@ OP), Fi, =f, 

Re) Coa. 

The normal bundle of N in L is (dett,)|,, but 

dett, @ detv = (detty) 19> where’ v= 1 @ 748 the normal bundle of N in M. 

detv = detu @ det = @ | is trivial so the normal bundle of N in Lis 

Let Ube the manifold formed from Lx I and D,. the dise bundle of 
(dette), by identifying the part of D over N with a tubular neighborhood 
of Nl in LX1, Let u'C Ube the subset Lx IN, where N ie 
the zero section of D. ’ 

fiince’ N--hag-a neighborhood of the form Nx [1,2) in. N, there is a strong 

deformation retraction of U onto U! projecting .D onto N over 

"N= Nx (1,2). and collapsing Dl axa p) onto Dlg YU nx [1,2) by pushing 
* + 
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out radially from the sphere bundle of 2D xo* 
* 

<> 
a 

ao 
iar 

8(2D| x2) 

ci
en

tl
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| 
|
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The tangent bundle of D is the pullback from BN of 1: @ dett, (If 
pik-~»Y daa differentiable vector bundle, Ty % px 6 pftys px veing . 

the bundle along the fibers = kernel of the differential, and ite orthogonal : 

complement in some metric being identifiable under the differential with per 
Tus U admits a (BG,p) structure coinciding with thet of L* I and D 

(agreeing on Diyx) ‘Further ft): Lx I—>X and Fiu—>x agree on 
NX 1 and so define a map U' —* xX. Composition with the retraction gives : 
amap-F: U—» Xx. extending the map-on U'. . 

The boundary of U has three pieces: Lx 0, 9b «I \) Dl» and 

LX 1 = (nbhd 8) * 1 (US (sphere bundle of -D)-# 1? 
D

a
e

 a
a
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and 8 x IU) Dl. maps into A, giving a cobordiem of t|, with Flat 
=4 

St
ai

n
! Since sis large, one may aseume that dett; is induced by @ map of 

nt : ol into | P(K® 2) agreeing on N with hl ys and hence this extends to a bundlt 
a 

map D—> p(K°"!) sending D to a tubular neighborhood of P(K°"*) ana | 
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agreeing with bin, : Lx ¥—> P(x*"4) where both are defined. This gives a 
map i : Us p(k® nL) which is trans¥erse regular on P(Ke"?) (with inverse 
image .N (JN x I). Let pf denote the bundle over U induced from — dy ii. 

Thus fx ho: (L,ab) —> (x x p(x874), ax p(k°+)) 45 (BG,p) cobordant 
to the map Fx ii[,, : (L',aL') —» (x x POR), A x P(x?) and the Line 
bundle jj over L' induced by thet over P(K°~") is trivial (E| 

P(KS"}) -p(K9"4) 
is trivial). 

Now the normal bundle of in M is detty |, ® Hy and one may attach 

the dise bundle E of to Mx [-1,0] by identifying E|,,. to a tubular 

neighborhood of -L°* 0 in Mx 0 to form a manifold W. 

As before, W retracts to Mx [~1,0] UU, where U is the zero section 

of -B;. Wadmite a (5G,0) structure given by thet-of M* [1,0] and .E 

(agréeing on the interséction) and H :U —> p(xe74) extends to a bundle map 
of Eto a tubular neighborhood of P(K?"+) | in P(x®), hence giving a map 
Ho: W—» P(KS), 

The map His transverse regular on P(® “ty with inverse image 
u Un [1,0], end on P(k°"*) with inverse image ¥ U wx [0,1] UN x [-1,0] 

end the map H clessifies ~dett,,.. (This ia clear on M [1,0], while on E, 

dett, # 7 @ wHdett,, but on the part of U over Noone hes 

detty, = p¥detts 8 p¥detts ~ which is trivial, while on L * I one has 

dett, Sd detty it which is trivial since the normal bundle of L-in-M ds 

dett,, and hence dett, @ dett, = dett, on Lb.) 

Tous one has a cotordiom of f : (M,aM) —»-(X,A)- to of? -:-(M’,aM') > (X,A) 

with -N! empty and dettyr les trivial, 
How let h' 1M’ —» P(K5) be transverse regular on p(K?~+) with preimage 

Lb! and h'*(€)|,, trivial. Since P(Ke) = T(E) end T(E)=P(Ke?) 4s 
" 

contractible one -may homotope kh! to coincide with the map M’ = ty Th, TE, 
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where v' is the normal bundle of L' in M' and h” : Lt —» p(K5~+) 

classifies nt*(eE)/ Since this bundle is trivial, h" may be deformed vay. Lt 

& point map, so ht is homotopic to a map into the Thom space of a point, i. 

a k sphere, 

Thus the class of ff: (M,dM) —» (X,A) is in the image of F,. 

4) Wnally, 4d is epic. 

To begin, one considers a differentiable K vector bundle é over @ 
manifold M. p : P(§) —»M is then a differentiable bundle and 

Tp é) 2 pety @@ where 6@ = kernel(p*) is the bundle tangent to the fibert 

The bundle @ is the quotient of the bundle tangent to the fibers of | 

8(&) by the action of gk 

{(x.y) © S(g) x E(E)|[p(x) = ply); xty)/(x,y) ~ (tx,ty). ot 

If \ is the canonical line bundle over P(E), H(A) may be identified wil 

paira (x,8) ¢ S(E) x K representing sx in the line [x] where ‘ ¥ 
; x 

(x,s) ~ (tx,et), and E(A) is patra (x,s) ¢ 8(E) x K with 4 
x 

(x,8) ~ (tx,te)((x,2) ~» (x,8) is a conjugate linear isomorphism]. od 
fi Then E(X 6 p#e) is pairs ([(x,8)],y) e« E(X) x Eg) with p(x) = of 

ana ([(x,ts)],y) ~ ([(x,s)],ty) or equivalently patra (x,y) ¢ S(z) x zt@l 
with (tx,ty) ~ (x,y) via ([(x,8)],y) —> (x,sy). Thus @612% 8 rei 
® ia the orthogonal complement of the section x > (x,x). 

ath Now suppose — = €'@1, and then P(E')C_ P(E) with normal bundy 
given by X, since 9@1= Xo pH) =X 9 peer) @XO1. P(E) te thé 

the image of M* 1. Over this subspace A has ea section, given by * 
o— [(o,,2)}. Thus A’ is induced from the Thom space of the normal ns 

) 

k
s
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P(E'), Finally then P(E!) is the submanifold of P(&) dual to A (or 

X, depending on choice of structure). 

Now let f : (M,9M) —> (X,A) be any map and let yp = dett, (with Tf 
M 

the stable K tangent bundle) and U= P(u #2), V=P(y@1), We P(u) 

M 

with projections 7: U—-—*»M, 7: V—»Ms, ss": WM. Let Ty be given 

the stable K vector bundle structure of nt, @A@n*(7) @L GX 

( isomorphic eas real bundles with mt, @ x 8 m#(p 6 2)), end t, as 
M Vv 

mit @A 6 w'#(T) @ KX, ty 3s men, @i 6 we(p), 

Then f+7 : (U,9U) —> (X,A) with da({U,f:7]) represented by 

fen" : (W,0W) —» (X,A), since dett,, is mu @2 8 mi @L@AZA. Now 

ns" :W-—->M is a diffeomorphism and mp2, so A@a"#() = 1 and 1" 

ls an isomorphism of (BG,p) manifolds. *# 

This determines Uypie2)(x,A) as the kernel of the homomorphism d. In 
particular, if f : (M,3M) —» (X,A) represents a class in o&(x,A) with 

(N,aN) dual to dett,, @ (detty). then in Z, cohomology, the characteristic 

class of N is 

o(N) = o(M)/(1 ~ 0,°(4)) 

and (N,3N) is dual to 0, (m)®. For x € H¥*(X,A;2,), 

{x-o, (8) }[N,aN] = {P,(o, (M)) +o, (M)°-x}[M, 2M] 

where P, is some integral polynomial and P (0, (M)) = 0 (M) plus terms with 

o, (M) as a factor. Thus all characteristic numbers of ((N,9N),f) are zero 

if and only if all characteristic numbers of ((M,2M),f) with a factor 

a mn)? are zero. [Use induction on the number of 9, factors in a). Hence 
if Z characteristic numbers determine bordism class in (X,A) one can 

characterize 4(K,2)(X,A) in terms of numbers. 
t 
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vw oa 
More generally, let Wie.) (x,a) Cc aS(x,a) denote the set of cobordiag: 

elasses _[M,@} for which all generalized Ze characteristic numbers 

O4(ty) U ox) [M20], 

xe H*(X,A;Z,). which have a factor oF are zero, Since 0, (&)* 20 an 
P(K") one has Fal Wg(K.r) (X,A)} COW (Ker (x, a). One then has: 

Proposition: If -a e Hak, 2)(x,A) then ¢(a) and a have the same 

generalized Z characteristic numbers. In particular, if Hy(X,A3Z,) is « 

free 2, module, then /(K,2)(x,A) 4 equal to Fy /%4(K,2)(X,A). 

Remarks: 1) The difficulty lies entirely in the case K = ¢,. where 2 

characteristic numbers do not determine bordism clase for spaces with torsion 

2) That the following proof was walid in the complex case was pointed ¢ 

tome by Wall, ‘This proof was used in Btong [i/e]. ( 

Proof: Let -f : (M,aM) —> (X,A) with {o@-g 2*(x) HM, 2M) = 0 tor al 
— 

gh 

x © H*(X,A;Z,) and M' CM x P(K*) dual to o,(M) +, with ae a (RS 
MM 

the usual generator, @[p(k?)] = 1, and let a 
2 
w

T
 

i 

gS Mic wx p(k) te te x, 
a

th
e

 a
e

 

Then o(M') = o(M)* (1+ a)?/t1 +a 4 o, (M)} while (g#(x) = f(x) @ 1. 2 (x) 

=
 

z
 

dropping uselese 8's and restrictions. 

220 and mod 0° ; z one hes Now @ 

(14 8)*/(2 4G 40.) = (1+ 2)(1~ a - 0, + 2a0,), 1 i i 

= 1+ (a= 9,). 
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~ 2 Le as aw* Thue o, (M ) =o, (M) + (a 9, )0,_, (0) modo, or 
- 2 on 

o(M') = 0 (Mm) + (a - o,)u,+o\v, where u,v are polynomials in & and 

the o,(M). Then 

{o,,*@¥(x) HIM" ,aM"] = {0 (G40, )eM(x) + (S?a0e)u eM(x) + of(Se0, wi t8x))* 

“IM,aM] x [P(K*)] 

and deleting numbers with of 1? which are zero, this is 

fa,,-£(x)}(G+0, )IM,aM] x [P(K°)]. 

Since o,,"¢M(x)*0,} @1 evaluates to-zero, this is 

{o,"£*(x) HM, aM]-a[P(K°)] = {o,,-£#(x) HIM, aM] 

so that ((M,omM),£) and ((M',oM'),g) have the same characteristic numbers, ** 
In order to compute Wk2), it is convenient to give this group “an 

algebraic structure. For K = R, this is very easy since p(R*) = gt ta an 
1» gh ; (2,w~) — gw be multiplication of abelian group. Letting m: six § 

complex numbers of norm 1, “m*E. is ‘a line bundle restricting to- —€- on 

gtx d and 1x gt so meg = WHE @ nhE. Thus if f:u—»st, gi uM —» st 
pull € back ta det1, and debts then Typem ty Oty $0 

M 

wx wt £ XR gt x gt Ly gt 

realizes” det {tr This gives immediately: wont )* 

Proposition: -$Y,(R,2)(X,A) ts a free W,(R,2) module isomorphic to 
Hy(X,A3 25) @Win,2) and -W,(R,2) isa 2, subalgebra of Th: 
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Proof: From the multiplication on 3, ~WoB.2)(X,a) is-a Wore) 
module and since generators of Hy (X,A3Z,) may be taken to be images of 

Wote2)0Ga) classes; a dimension count using the Atiyah sequence of | (X,A), 
and a point suffices to give the free module structure. -** 

For K = ¢, WT Ate) is not a subring of &, for P(e) has c¢) 
spherical (by a map of degree 2 of 8° into itself) while of (P( 8") x P(e*)] 

(2a, + 20.,)°[P(e*) * P(e") ] = 8 #0. Noting that 2 is the only prime dividin 
8, it is not surprising that a best possible result is: a 

Proposition: Whe) 3 2, Cc & 8 2 is’a 2, subalgebra. In fact, | 
a,b Wyow,2) then 

(ab) = arb + 2[v""}+aa+ab 

where [vek} = [p(K*) x P(K?)] = [P(K3)], and if Mea, -then- da° is 
represented by the submanifold of 4 -dual.to dettys 

Proof: Since Wolk,2) is a direct summand of o&, 
Walks2) 02,2 8% 62,. if pra e Wik,2) @2,, represented by xy € tn 
then-x = a+ 2u, -y = b+2v,.-with asd K(x 22); uve of, Then 
p’q-e af 82, is represented by a‘b or é(a-b) Wow,2) from the form 
Thus it suffices to prove the formula for ¢(a+b). 

‘e 
To prove the formula, note that aK” ) has a homology: a free Bye mgt 

“b. 

and hence 9 (p(k )) is a free af module with base given by the inclusion’ . 
= (p(x9*4) 3), 

“8 

maps i + P(KT)C¢-—>» P(K"), or > 1.) Let x, 

Let a: 99 (P(K")) —» a8(P(K”)) by sending (M,f) to (N,f+j) where’ 
jo: NO »-M, N- being dual to f*(€).° A> is clearly -an af module tu 

+ homomorphism and 4x, = x since the normal bundle of P(K ) in Pud yg 4 
J jot 

is &. 
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het ¢: af (P(K")) —s af i (Mf) —» [M] be the augmentation. Then e¢ 
is an of module homomorphism. Let <u : & _— 9 (P(K")) by sending © [M] 
into (Myf) where f*(§) = dett,. If p(k) x p(x”) —» P(K”) elessifies 

the tensor product. -& @ &,. one has induced a multiplication in 8 (P(K")). 
Since Getty ays 

Tf -x-e WWQ(K,2), then px comes from a8 (P(K")) SO HX = Ox, + BX), 
= dett,, 8 det tyre u ois a ring homomorphism with this product. 

a,B € of, Then x= cy x sa + Blex,)5 and 8x = eApx @ e(Bx,) = Bex, = 6. 

For any o£ af, (ce) = ed(u(c)*x,). Thus if a,b © WeK,2), 
Ha = OX) + a'Xys pb = BX, + Bx, and 

' Y 2 tpt 3 o(ab) = eh(apx, + (aB' + Bo')x; + a'B x). 

Now eaxe = ex, for the submanifold H, , of P(K) x P(K?) aval to “EO 
is P(K). [o(—) = ((14+ x)*(1 + y)?y7(1 + x+y) and H is dual to x + y; 
60 0, [#] a(x + y)*E p(k?) x P(K*)} 22s o, [PUK ) 1]. Also eAx> = Bex ~ Bex, 
for if HC P(K*) x P(K2) x P(K°) is dual to £ @£@£, then 

o(fi) = (i+x)® Cty)? (42)? 214 (xtytz) + 2(xyexztyz) 
Ltxtry te 

and H is dual to xty+z, 80 

os (Ht) = o,[8] = 2(xytxzty2) (xty+e P(e) x P(K?) x P(K*)], 
= 6 

with . : 

o*[p(K3)] = 9, apfP(K3)] = 33 0, {P(K°)?] = 8, o[P(K)*] = &. 

Thus 

o(ab) = afex, + (ap! + Ba')ex, + a'g! (ex; = 2ex,)s 
= (a + alex, (pg + ptex,) + a'e" (2exs ~ 2eX5). 

"
 ab + 2[v""] ga-ap. 
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For later use, one also haa: 

Lemma: If Se etiin.2), then 
ala-b) = at + dda = [P(K")]-darab. 

Proof: Let vas OX yt OX » ub = Bxy + Bix, Then 

a(ab) = edu(eb) ® eA(patyb), 

ot eh (aBx, + (ap! + Ba" )x, + arBtxs), 

(apt + Ba! )ex, +a'gte Xp» 

(a + at ex, 8! + (B+ 8! ex, Jat ~ a'B! ex, 

a’ ab + boa ~ (ex, )8a-ab. hel 

4 

Theorem: One may choose generators Xo ix 2°22; of Th and ob. 
4 so that 

Wate) = Bly, (x .)° | a # 2,221, 

and 

. 2 te ; UWelc,2) 02,5 Zalb,, (2 get) * c ete be >, #27", +20) 

where ¢ 4,5 belongs to the ideal in ny generated by the by , having 
2 2t2 RS, . 

further property that by maps to x, in Tle it j# a®-1, and ve 

inaps to Zero, 

2 , Proof: First, any elesients dy and (>) sei) + cet of the given ” 

by powers of the ideal generated by the ae «Letting @ de one of rn : 
a, ; 

polynomial algebras above, Q= Zly, | 3 #2, 2 2.1] or QTM % al¥, bad 
* 
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respectively. Thus af 8 2, has the same rank over Z, as Q[z] where 
dim z = 2k. From the exact sequence’ 

G 0—> W(k,2) @ 2, —> 0 02, + af ez, —r0 
2 

it follows that Q has the same rank as Wix,2) 82, (4 has degree ~2k). 
2 

Since Welk,2) @ ay is closed under miltiplication, it suffices to construct 
the generators. 

Define manifolds My as follows 

1) Ie 1= 2%, let M, = KP(2"). 
2) If i 4s oad, not of the form 2%-1, let i= 2P(aqti)-1, p,q 21 

and let M,C KP(2P) x KP(2P**4) be dual to o, # (2P41)3, + (2P"g+1)a,. 
3) If 4 4s even, not a power of 2, let i = 2°(2q+1), p,q>J and 

tet M,C KP(1) x Kp(2P) x KP(2P*4q) be dual to 3, + (2P41)a, + (2 graye, 
u) te 22 2a, t >, ret M,C Ke(2”) x mP(2") de duel to 

o, = (2%41)(4, + &,). 

The manifolds M, provide acceptable generators for the cobordism ring 

mod 2 since one has: 

- Yer t 1) o(M,) = (1 + &) 80 s[M,} = 2°+1 which is odd for t> 0 and. 

nonzero mod h if t= 0. Further wf has c, = 2a spherical by a map of 
degree 2, and wt bounds in wal . 

4 . 

2) o(M,) = (1 + ata + z)" ah ipy + (2P+1)a, + (2P* 44181 has 
6, = 0, hence spherical and s[M,] = -[(2P+1)a, + (2P*h961)5, 1" Le] = 

P oa pth = (2P ai)? “(2Ptt 941)? ceh(eata)) which is odd. 
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1 3) o(M,) = (248, P(e, Plas, ‘all OFF [193i +(2P4 Ja (2P*g41 05] 
yi, KP] so° 0, = a, is spherical ‘and siM, j=» (a h(ePe1) ot (2P"tge1)é., 

i i 
1 = ~(141)8, °€(2P41)5,4(2?"9¢1)8,}° [KP] = “tana rayTM ae yayTM a. 

(2°(2a#1)) which ia odd. 
t + ; 

h) o(M,) = (148, )? (193)? th 42°41) (3 y*35) has. 0, = 0, hence £ 
spherical and s[M,] * ~(atarje*, ate ie) which ig nonzero mod 4,” Further, b 
symnetry in By sty, all numbers of a are even (the dual class ay + Gy 
gives équal terms with each summand a, ) 80 uf and we are zero in Tle . 

One may let x, = pe) for i # 27-1 and let b, be ® generator reduct 
to uf] mod 2.° Then it suffices to show that ( > and (> en) + Cet? 
velong to “W(K,2) 8 2. : 

Let WC xp(1) x xp(a**+) x xp(a**4), ¢ > 0, be dual to 
+ (2° 1G 8, oPhen 9, (8) = a, is spherical so -(N] € Welk,2). 

Since RP(2"*?)* - gp(o**?) vhich hes w, = 0, NP = o(np(2**?)®) = RP(2 ary 
since [N°} = [n]? in 7%, w® - ep(o*2)? maps to zero in /Y, end hence’ 
belongs to the ideal generated by 2 andthe b | . Thus: , 

tw) = fep(o*2)]? + [n° - ep(a**?)2) hes the aesirea form, 
Corollary: Under the natural homomorphien F, : 0U—» 7%, the direct: 

summand Wile,2) maps precisely onto the squares of elements in ~Wior,2). 

Relation betweeri A and nse : Semi~geometric methods. 

The importance of the groups WeK,2) is thelr relationship with the - 
groups a, This 1s expressed in the fashion: 
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Theorem: For every pair (X,;A) there ig an exact sequence 

n8°(x,a) —t> 08°(x,4) 

NO 
~WelK,2)(X5A) 

in which -p- considers an oriented G -manifold as a WAx,2) manifold 
(degree 0), 9 sends (M,f) into (N,f-j) where 3: NO>M is the 

inclusion of the submanifold dual to” dett,, and dett, is trivialized via 

the Identification dett, 8 detty, bad det (t,, ® v) * dett, where -v is the normal, 
M 

pundle of .N -in.-M (degree -k), “and + is the homomorphism of degree k= 1 

obtained by multiplication by a fixed cless [s* 4, o] ¢ 08°, @ being an 86 
structure. 

Remarks: The first proof of this type theorem was due to Rohlin [104] 
SO. 2 80 who showed oy => 0, 2» 77, was exact. This proof was improved by 

= 

a Dold [48 ]. Wail [#30] proved exactness of — 08° —> YWelR,2), with an 
improved proof in Wall [/33]. The bordiam analog of Rohlin's result was 

proved in Conner and Floyd [36] giving exactness of 

989 (x,a) — 089 (x, a) —» 7G, (XA). The exactness of the complex sequence 
was proved by Conner end Floyd [39] using a modification of a proof due to 

Atiyah [13 ] for the real case. 

Proof: 1) 39 = 0. Tr £9: -(M,3M) —* (X,A) and dett, is trivialized, 

then N 4s empty, so represents zero. 

2) If ox = 0, then let £ : (M,oM) —» (X,A) represent x. Let 

J: NG» M be dual to. dett, by making the map oh: M —» P(K*) transverse 
M 

on a point P(K*). Thus -dett, uly je trivialized. Letting UL: U~-»X be 6 
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map of an oriented G manifold into’ X, 3U = N (J(-P)/(aN 2 aP), Uy =x fj, 

L{(P) CA, let “V. be formed from M* I and D, where Dis the dise 

bundle of the trivial K. line bundle over U, by identifying Diy with a 

tubular neighborhood of Nx 1..in M*TM 1. Exactly as before, V has a 

BG-manifold structure, V. maps into X ‘extending f*s, and L~ by means of | 
i 

a retraction and detty is induced by the map into P(K") sending M* I vy: 
het, and D#* Ux D* by the map into a aise neighborhood of h(N), This atx) 

& cobordism of f : (M,;8M) —» (X,A).to a mep for which 8 ia empty, Since : 
oy 

P(K°) = pt is contractible, thie gives trivialization of the determinent - 
bundle, and so-x is represented by an 8G manifold. a 

a 

S
E

E
R

 

3) If py = 0. with y represented by £ : (M4,9M) —* (X,A) with Mg 

R
e

s
i 

oriented, then there ig a BG manifold U auch that 90 * M \)(-P)/(aM & oP 

amap F: U-TM xX extending f and sending P -into A, and a map i 
ih 

th 

hi U—» p(k") with ne(e) = dett,, sending M into a point q¢ P(K*) 
defining the trivialization of dett,,. Let ue P(K*) be some other point “4 
deform h to be transverse reguier to u, using a deformation which keeps ¥ 

fixed. Let L# nln). Then LC. U -is a submanifold with trivialized no 
bundle, L being contained in P. Let L* D* be « tubular neighborhood gH 
L mapped into the dige pX with center u- (by projection) under oh, . wheres 

y ‘ 3 p® C P(k*) does not contain q, -and let Wes U - interior(L * DX). Since 
— is trivial over P(K*) ~u, W has an 8G structure given by this a 
trivialization. By a homotopy of F one may assume Fl rxpe coincides with, 

the composition of projection on Land Flt» since the neighborhood 1 * 

mey be deformed into LL. Thus Fl, :W—*X° gives an SG cobordism from 

ft: (M,2M) —* (x,A) toe map gg: (L* oh, az x sE1) —» (x,a) whieh | 
factors through the projection onto L. The trivialization of the normal burilit 

of L in. U and of detty| gives L an SG structure, and each fiber 
* } 
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kel i) is given the SG structure obtained as follows: Let $: pt P(K*) 
be an imbedding and give s*! the SG structure obtained by trivielizing 

gk} the stable normal bundle #¥"€ -by deforming to a point in P(K?) ~ (0). 
Thug y= tz, where 2 is represented by Fle 2 (L,8L) —» (XA). 

Note: In Wall's proof it is not known that dett,, is induced by a map 

into P(R*), hence he geta M“V where V double covers -L = atu), 
ho U =» B(K”). Tt is then necessary to show V+2L. 

&) pt #0 for pt({st 4, o)-(mye)) = (sh? »&))*e'((M,f)) where 

p? : MA(X,A) —> OR(X,A) is reduction, while [s“*,o] bounds in oy. ‘Thus 
p'tx = 0, but the map “Wy(k,2)(x,aA) —> 05(x,A) is monic and henee ptx = 0, 

5) If f+ (Mam) —> (XA) is a “W(K,2) map and ho: M > P(K?) 
is transverse regular on P(x") with 328M the aubmanifold n7+(p(x)), 
let DS bee neighborhood of p(x) ana N* DY 9 tubular neighborhood. of N 
mapped by projection onto D“ under h. Deform f so that thexpk eoineides 
vith the compoat tion of projection on Nand tly: Let Wee interior (XD) 
end then trivialize dett, by deforming cl toe point in P(K ) « P(r), 
Then (W,fl,,) gives a cobordien in )°(X,A) of {8""",o]-(N,f],) ond the 

empty map. 

6) If £: (M,3M) —» (X,A) 4s an 8G bordism element and 
ten + (s*-), @]-(m,am) —» (x,A) represents sero, let FP: U—~>X, 
au = mx st? () (-p), Flypagk-l * ft, FCP) CA be @ cobordism to zero. 

Beginning with a point map H : U = P(K*) (into P(K*) < pt, DX a neighbor- 
hood of P(K*)) trivializing dett,, one may homotope Hoin P(K“) -D* to 
coincide with the standard map M x git 4 gt] _,. ant (using a tubuler 
neighborhood), Let W be formed from U and Mx DY by joining the copies 
of ux s*") and extend F: U—>X by fn, on MX DY to define 
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Fc: W—> X. The usual map M x po — o* and H fit together to define & 
map h: W-—> P(K*) inducing dett,. Since 8W=P \) OM x pf 
into A, Ft: (w,aw) —> (x,a) is e W,(k,2) bordism element in (X,A). 

is mapped 

Since h: w—> P(K) is transverse on P(K), a(W,F') = (Mf), and thus 
(M,f) is in the image of 3. *## 

Relation to bordism groups 

Rether than continue to attack the structure of the oriented cobordiam 

groups, which will be relegated to later chapters, it seems better to study 

the Atiyah [/3 ] approach to the above sequence. 

Proposition: For r> 1, “W((K,r)(x,a) # G59 (p(xTM*) . (xya)). 

i
n

k
a

 

Proof: Let ¢: BSG * P(KT) —~ax'") classity Y@E; Pp: ox!*) 5 
(r) 7 4 classify det and q : BK ~m BSG classify a~ar~ detnn If 

+ 

a=(q x pa: ax?) —» Bsc x P(KTM), then fg and gf are both homotopi¢ 
to 1 since they classify the universal bundies. ‘Thus ax (T) is Laentitielg 
to BSG x P(K") and the universal bundle to 2 6 €. The Thom apace of 5 
pit) go max'*) is equivalent to TBSG, | . TE = TBSO, | . PUK?) an 

4 

the limit. Thus 

Weir) (XA) & lin Teg (BKC » (X/A)), f 
ao . 

+ lin Wg (TBEC, ~ PK), (K/A)), 
= 986 1 7 2 apy (Puc). (x/a)). 

1 

One has a cofibration sequence 

st = P(K?) —> P(K?) eB = P(R?)/P(K) - t= Bit 
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end smashing this with (X/A) and applying 885, ) gives an exact sequence 

BBO (s* . (xya)) —> G8(P(K?) . (x/a)) —> HBO(BTMTM . (x/a)) —> ... 

all fh SI 
Bo (x,A) ——> W._, (2) (Xa) ————>- 088 oy XoA) mos 

where the outer identifications are suspension isomorphiams. This gives the 

Rohlin-Wall exact sequence. One may then recognize the homoworphism +t~ as 

multiplication by the framed cobordism class represented by 4: gt aie gh 1 
which suspends the attaching map used to form P(K?) by attaching a° 2k cell 
to s*, 

Tn order to obtain the Atiyah sequence, one first needs two results: 

Lemma 1: P(KTM*"ysp(xTM) is the Thom eomplex of the buridle m& over P(K"), 

Proof: Let of: gt-1 , pm _, gk(men)-1. (x,y) —> (A-ly|@ x.y) where 
gle {x ¢ x" | |x| 21}, DM@ a tye e"| Iy| <i}, and 
gk(mn)-1 t( ee | 2 2 : xy) KD x KPI [x[" + ly[" #1). Te te K, [t| #1, then 

e(tx,ty) = t-f(x,y) so f 4s compatible with the usual action of st, re 
(u,z) € gt(mnyml aa ug 0, then #7 (u,z) = (hela (u/|ul) 2). Thia 
gives a homeomorphism f£ : T(mE) —» p(xTM") p(x") where P(t”) is given as 
the image of pairs. (u,z) with u= 0... 

Lemma 2: Let € be the dual of the canonical bundle over P(K"). ‘Then © 

aSCcxsa) . TE @ £0 E)) 3 a (Km) (A). 

Proof: Since £6 & is naturally oriented one has 

f : BSG, * P(K") —> BSG, x puS) with r4(u) = Yee E,. re(E) = & and 

vy stability of By this is a homotopy equivalence up to dimension ks. , 
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(Note: Being an induced fibration, stability follows for. BSG,» ‘The maps 

BSG, —» BSG, x P(x") —.neG_, x P(KTM) —> BSG, and st2 

P(KTM) =~» BSG, x P(K”) ~£ BSG, 4. * P(K") —» P(KTM) then give homotopy 
isomorphisms in low dimensions.) Thus in the limit 

Bv((xsa) . NE @ & © ED) = 2m Tyg (TBO, - TE @ EOE). (H/A)), 

gree 

8G 1 oy ( (X/A) . P(RTM*)), 

* Wr a (Km)(X,a). 

Now consider the cofibration 

PIS) =e p(i*3) —» (m3) p(K3), 

smash with (X/A). and apply age (-) -te obtain the exact sequence 

G85((x/a) . P(R3)) —e BEM Cx/a) , PER S)) —» GEO((xya) . 7(E @ & @ E)) ~ 

} I |, 
Woy (Bo2) (0,8) ———> i, (K, 02) (X,A) ——> Wy E

in
s
 

*
 

4
 ts
 

—
 

p
a

t
 

Re
d 
-
 

~
 

St TC
R RO

S | 

and letting n° go to ©, this gives a long exact sequence 

W
S

 s
al

e 
nad

 e
t
 

Woy Bs2(K,8) —e a OA) eae a (XA) WL (2) A) eo 

w
e

 
o

d
e

s
: 

it..
. ea

e 

since for i large “Wea (x,) = S¢x,4). This ‘sequence splits up to* a 
the Atiyah sequence, but the splitting requires one of the previous areuntal 

P 
" Remark: If ¥ is any spectrum and E, is the two cell complex gt Ny 

one mey form a “new spectrum z aF, ‘where (8, +-¥),* a¥ 5, eel" This @ 

° } 

a
 t

o
a

t
e

 
a

e
 

S
F
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a homology theory 

Hy(X,A3B, ” FE) iad a Tyyg ( (X/A) a yD a Pe ), 

= BL ((X/A) 2 Ei). 

From the cofibration g* ~~ B bam 8° one hee an exact sequence 

Hy(XA58) By ay(x,Age) —> Hy(X,AsB . F) 
| . 

& 

where 6 -has degree ~-1. This is one way to introduce a coefficients into 

spectral homology theory. (Another possibility is to use homotopy with 2% p 

coefficients rather than ordinary homotopy). With the given definition, 

By = P(R?) and: thus one may think of “J, (R,2) homology as oriented boraien 
with -Z,. coefficients. This was pointed out to me by D. Sullivan, and seems 

2 

to explain the usefulness of Ware) theory, which at first glance appears 
extremely artifical, 

Remark: From the Atiyah bordism approach, one has an exact sequence 

Weix.2) ——» Wi, n2) 

Ne 4 
“Wi (Kn). 

Then 

Watx,2) on ne2) be 1K, 2) 

is the identity, so this sequence splits. thus ~/W,(K.n+2) & W,(K,2) 0 Wetx,n) 
and these groups ate then known inductively. 
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Chapter It 

Oriented Cobordism 
Jd 
at 

Ae 
With the exception of the unoriented cobordisem problem, the most a 

. “ye 

interesting manifold theoretic cobordism problem is the classificetion problem ce 

for "orlented” manifolds, where "orlented” is taken in the classical senge. a 

a
y
 

There are many equivalent descriptions of an “orientation” of a manifold, ;. 
vith 

which may be given by: 

a) A trivializetion of the determinant ‘bundle of the tengent (or normal . 
bundle; 

b) A reduction of the structural group of the tangent (or normal) bundl 

to the special orthogonal group; 

in the sense of Dold; or 

a) A fundamental integral homology cless giving an orientation in the 
sense of Whitehead. 

In eddition to the desire to classify "eriented" manifolds because of tha 
Dae 

classical interest, definition (4) indicates a relation between "oriented" 

vordiam and integral homology and full exploration of this relationship is 

desirable for geometric understanding of integral homology. 

The analysis of "oriented" cobordism is a very complicated problem, th 

major outline of its solution having been: 

2) Caleulation of odd primary and mod torsion atructure by Milnor Lee 
Averbuh [21 ],-and Novikov [ 93]; 

3) -Caleulation of 2 primary structure by Wall [130]; and 

4) -Analysis of oriented bordism by Conner and Floyd [36]. 
* 
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Using either definition (a) or (b) one has a classifying space B80 I fOr 

oriented n plane bundles and from the Pontrjagin-Thom theorem, the "oriented" 

eobordiam ring 980 is given by the stable homotopy ring 

80 : a = lim m -(TBS0_,~). n gto AtS 8? 

From the analysis of the cohomology structure of BSO,s one obtains: 

Theorem: The groups a0 are finitely generated and 9° 8Q is the~ 
rational polynomial ring on the cobordism classes of the complex projective 

spaces €P(21). 

Proof: As noted in Chapter V, there are unique orlentation classes 

UL ex (TBEO, 32) which combine to define a 2% cchomology orlentation 

U : TBSO —> K(Z). By the Thom isomorphism theorem H'(TB50;2) = 

lim a** (BSO. ,@,2) is finitely generated, being isomorphic to #°(B80_ 32) 
roe 

for sufficiently large xr by stability of these groups. Since - TBSO o is 

(r1)-connected, Serre's theorem shows that ab? —o H(1B80;2) is an 
isomorphism modulo the class of finite groups. Thus 80 ‘is finitely generated 

Since H*(BS0;Q) = Qi yy], nf0 
partitions or (n/k) 1f0 nis a multiple of 4, and is a finite group 

hes rank equal to the number of . 

otherwise..-In fact, 98° @ Q — > H,(BS0;q) “is a ring isomorphism. From the 
50 diagonal formla 4 9, = ieet Cy ® Gyr % © Q dee polynomial ring on 

generators x, of dimension li, characterized by 5 ay! pty] #0 where 

83) Cep) is the primitive class of dimension 41. 

Por the manifold eP(2i), 1 @1= (2te1)€ giving c(ep(2i)) = (14a)?!*t 
and oft 0 €) = (1a) *2(1.5)782 2 (1.5?) go pler(at)) = (1407), 
In general, if @ is written so that A; is the j-th elementary symmetric 



~ 178 - 

function in classes a, dim 8 = 2, the primitive class By lg) is 

R
ae

d
 e

e
v
e

e
,
 

&
 zs, Thus 

a
e

s
 

Pe 
Sa

m
e 

S
e

le
y
 8(4)()(v)Lep(2i)] = -5¢,)( p(x) fer(2i)], (primitivity) 

ie ~(2441)8"! Tep(24)1, 

o
3"

 
s
g

 
a

h
, 

ea
s 

= = (21+1) 

for by uniqueness of the Thom space orientation, the S80 induced fundamental _ 
cans 7 

class must agree with the fundamental class arising from the complex structured.’ 

Thus ¢P(2i) represents an acceptable generator of dimension 41. ** 

Proposition: . The homomorphiem 

Usa 80 y 2 a ea 98°/torsion 

with 8, induced by the forgetful functor, and 1 the quotient map, has 

kernel the ideal generated by the classes of dimension not a miltiple of f 

and has cokernel a finite group of odd order (in each dimension). 

Proof: Since Pontrjagin numbers are integer valued invariants, they 

annihilate the torsion subgroup and the homomorphism 

6 0 eg IO. ty — (9, (2M) O° “in 2 . Ou 

obtained by reducing the Pontrjagin numbers mod 2 factors through 1. Th 

since 8 (4) (g (4) )Ler(2i)] ia odd, the map 

tte a a 
is epie. 
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containg the ideal generated by classes of dimension not congrient to -zero 

mod 4, and by rank this must be the precise kernel, #4 

In order to examine the odd primary situation, one has: 

Proposition: The map ff : BSp —*» BSO, obtained by considering a 

quaternionle vector bundle simply as an oriented vector bundle, is a homotopy 

equivalence mod the Serre class of 2 primary finite groups. 

Proof: One has H’(BSp;Z) = apes where Ot is the i-th sympleetic 
Pontrjagin class of the universal bundle u » . and considering U as & 
complex bundle, pi(2() = cn (2(). Thue (2) « (-2)4e,,(X 8c) and 
(U8 Cc) = elt)", 80 , 

AW * (-2)'2 pt(Q) + decomposables. 

Thus the homomorphism 

f* : H#(B80;2,) = 2 Lap.) —> B*(B8p32,) = Zley! 

is an isomorphism for all odd primes p.- TM* 

Corollary: -The forgetful howomorphian . 

Fy? nbP — 980 

is an isomorphism modulo the Serre class of 2 primary finite groups. 

Proof: The map Tf : TESp,. —> TREO) induces isomorphiems on %y 

cohomology for p any odd prime in dimensions less than 6, ° ‘using the 

knowledge of f* and the Thom isomorphism, Thus by the generalized Whitehead 

theorem, (tr), is an isomorphiam on homotopy modulo 2 primary finite groups, — 

and the Pontrjagin-Thom theorem completes the result. -## 
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One then has the composition of homomorphisms defined by forgetful functors 

with 5S,T, = F,, from which: 

Theorem: Ali torsion in 980 is 2 primary. ; ° 

Proof: Since F, is an isomorphism mod 2 primary torsion, while s 

a is torelon free, neither abP nor 90 can have odd torsion. ## 

Theorem: The homomorphism 

Y: a aL 98° ae 95° /torsion 

is epic, 

Proof: Since * is an isomorphism mod 2 primary torsion, fly = y-T, : 

has finite 2 primary cokernel in each dimension, so that the same holds for 

Y, but it was previously noted that y has finite odd order cokernel in 

each dimension. Thus y is epic. *#* 

Theorem: 28° /Torsion is a polynomial ring over 2Z on classes x, of 4 
dimension 44, and the classes %, are characterized by 

84) (gle la] = (+1 2141 # p® for any prime p and 6 € Z, 

tp 2itls= ? for some prime p and sc Z. 

Proof: 96° Torsion ia isomorphic to he mod the ideal generated by thi 

generators are characterized by the s-number. The given values follow at onj 

from the knowledge of the s=numbers cf generators of complex cobordism, for 

* , 
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M" is a stably almost complex manifold with ¢(M) = H(1+x,) formally, then 
2 2k ptm) = H(i+x, ) and so 8) (p(t) Cm) @ E x, > 8 (oy) (elt) ) (mM). Sad 

To determine the two primary structure one uses the exact sequence 

98° £980 _p, “We(2,2) 
Ay 

a . 
in which t becomes mltiplMeation by 2 ([8°,@] is tvo points, both 
positively oriented), 

Let 

ate ps8 : UWZ(R,2) —WiR,2) 

be the composite homomorphism, 

Lemma: 3? : “Jy6(R,2) — WR, 2) is a derivation with (3')® = 0, and 
choosing generators x,,. i # 28.1, tor 7, such thet 

Wi(R,2) = Bal, s(x.) | 3 7 2°, at1] 

as in Chapter VITI, one has 

1 a “One = 0, : oo acts 

"Xo = Xomel? and 

(Gx 41°) = 0. 

Proof: Prom Chapter VIII, one has 3"(ab) = a'a+b + a-3'b=[P(R@)]+9'a-3"b 
but [p(R*)] 20 in warn 80° 3'. is a derivation. Since 3'3' = 9393 
aid 39 = 0, (a" ')® «0. Examining the generators of War, 2), the manifold 
N representing (x )* 48 cobordant to pler(2°)] ana a'p = 0 80 
o'(N] = 0... For Xq_% one chose a representative 
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mC RP(1) x RP(2?) « Rp(2P*4g) 

1 Then 2'[M] 

represented by the submanifold dual to w,@), i.e. the submanifold of 

dual to G, + (2P41)a, + (2?**g+1)8,, so that w,(M) = 4 

RP(1) x RP(2P) x RP(2PP24) guar to 

a, (a, + (2Pe1)a, + (2P*¥941)a,) = G,((2Pen)a, + (2P* ge )a,), 

since & = 0. Since the submanifold dual to &, is RP(2") x np(2P*2,) | 
1 1 

this is precisely the representative chosen for Xomei* Since (at)? =0, 

this also gives 2'x =O, a 
2n-1 

. 2 Corollary: kera'/im a! * Z,l (x,,) ]. 

Proof: WAR,2) is the tensor product of algebras of the form: 
' a) 2y[% 5.1 Xo! m not a power of 2, with 2’, = 401, 3'X 4 

which has homology isomorphic to Bol (Xp_)° Is and 
b) 20 (x el) with 3'(x 2) = 0; isomorphic to its homology. : 

2 2 bi 
The Kinneth theorem for the homology of a tensor product completes the ih 

computation. ## 

Py nd = ker 9 = ker a', Proposition: 

Proof: ‘The composite ker 9» ker 3’ —» ker 2'/imd' is epic, for 1 
2 ae ker 9'/imd', there is aclass be /(, such thet b° maps to a.” Bini 

v is the class of a stably almost complex manifold, which is orlented, 
vb” € imp © kerd. Then if ace ker 3', there is an x € 980 with a - px 
mapping to zero in ker 93'/imo'! or a - px € imd' = imp*a C imp, so 

a@eimp. Thus imp = ker? Cc ker3' C imo, *# 

Theorem: All torsion in 8° has order 2. 
s 
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Proof: Suppose i has some element of finite order which is not of 
so order 2. There is then a class x ¢ a with 2" #0, lx = 0, Then 

t(2x) = 2(2x) is zero, so 2x = dy for some y.° Since Wea,2) faa Z, 

vector space, 3'y = pay = p(2x) = Qp(x) =O andy @ ker3' = kerd. . Thus 

ex's dy 4.0, contradicting the choice of x, TM* 

Corollary: Under the homomorphism “op + 969 canal YWK(R.2), the torsion 
subgroup maps isomorphically onto image -3', 

Proof: If x © Torsion (08), ex = 0 go. x = dy and ox = d'y ¢ 4ma', 
Thus” o(Torsion (28°)) Cimd'. Conversely, 9'2 = 932 a0 ima' (pimd CG 
o(Torsion £08), If x © Torsion (a®°) and px #0, then x= 2y,> but 
y © Toraion (98°) and hence x = Sy =O, # 

50 Corollary: The homomorphism Q,° ~~ kerd'/ima' induces an isomorphien 

of (M{°/Torsion) @ 2, with the polynomial algebm ker)! /im?', 

Proof: The given homomorphism has kernel containing Torsion (98) 
and defines a homomorphism 98° ptoraion mie ord' /imd'. This clearly sends 
2(n®° torsion) to zero, giving (98° /porsion) 82, — Zof (xp,)71 By the 
proposition this is epic and by the ranka must be an isomorphiam, © ** 

Theorem: Two oriented manifolds are cobordant if and only if they have 

the sane Pontr jagin and Stiefel-~Whitney numbers. 

Proof: -By Pontrjagin's theorem, cobordant manifolds have the same 

characteristic numbers. Conversely, suppose x, x' ¢ 00 have the same Z 

and 5 echomology characteristic numbers. Since all: 2% “cohomology 

characteristic numbers of -y =x ~ x! are zero, y is a torsion cless. - Thus 

ay = 0 and y= 32 for some 2. Since x- and x! heave the same Stiefel- 
Whitney mumbers, ali 25 cohomology characteristic mumbers of py are zero, 



s
a

y
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and thus 3'z = paz = py = 0. This gives 2 kerd', so y= 32 = 0 and 

e
C

 a
e

 
ae

 

xe xl, i 

Turning to the two primary relationships among the characteristic number 

Bo
, 

N
a one has: 

~ ats 

Proposition: «) The homomorphism Pb? 98° —*Z, which sends the 3 

class of M inte the “mé6d 2° reduction of the Pontrjagin number 4 
4 
of Pic art (<t)[M] (e= (4,5-+694)) coincides with evaluation -of the 

r 
2 } 

ae
 i

e 
2 
a

 

2. Stiefel-Whitney number wy” = Way eae Yo ‘ 

>). The homomorphisus Qi, for we n(m) ~ form a base of 

50 : Hom( (fi, /Torsion) 8 25125). 

ce). There are no two primary relations among the Pontrjegin numbers o: 

orlented manifolds. 

Proof: «) If M is an oriented manifold, then reducing mod 2, 

Since the integral orientation reduces to the mod 2 orientations 

PMD) = rpi(v)IM) moa 2 

aw, "(r)IM]. 
2a 

b) For ony w= (4,,.-.04,), let €P(2u) = oP(2i,) x...x €P(2t_) 

ordering partitions of m compatibly with refinement, the matrix 

IIs,.( g(r) )Cer(2u")I][ Os eon(m) 

is triangular with odd diagonal entries. Thus 

1 oy 980 Jno) | he oo, 34 — 7 o wen(m) Pos aad 2 
is epic, hence giving an isomorphism (0}0 ftoraton) 62,8 zira) | 
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e) If f a Pyr VE aim), a, © Z, always takes even values on kn 

manifolds, then Eagpi=0 so a =0 in Z, forall w. 

Alternately phrased, a&° torsion _ Hom(Z[ pp, 1.2) has image of odd 
index, *# 

Relations among the Stiefel-Whitney numbers are given by: 

Proposition: The image of the forgetful homomorphism 

-, 980 Fy: % —>7(, 

consists precisely of those clesses for which all Stiefel-Whitney numbers with 

a factor wy vanish. Equivalently all relations among the Stiefel-Whitney 

numbers of oriented manifolds follow from the Wu formulae and the vanishing 

of wy; explicitly, if ¢: H"(BO;2,) —2Z, iss homomorphism, then 
(x) = x(t)[M] for some oriented mmanifold if and only if ¢4(Sqta + v,2) = 0 
for all 1 end all ae #4 (po32,) and 9(w,8) = 0 forall Be a? (2032, 

Proof: If M is an oriented manifold, w, (M) = w, (dett)) is zero, 

since dett, is trivial, and thus all Stiefel-Whitney numbers of M with wy 
M 

as a factor must vanish. If z elt has all numbers divisible by w, 

vanishing (¢(x) = x(z)- for some such 2), then z © WelR,2) for all 
numbers with we as a factor vanish. If N represents z and KC. N is 
dual to Wy» then 

w(K) = w(w)/(1+w,(")) 

so w(K) = w,(N) + w,_,(R)w(8) and w,(K)[K] = fw,(m) + wu he, (N) LN] 

=w,w,(")[N]. Since Stiefel-Whitney numbers determine class in W,(R,2), 

3'z = [K] is zero and thus «z= {[M]) for some oriented M. ## 
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Having described the two primary relations, “one wishes to know the odd 
primary relations among the Pontrjagin numbers. . From the study of complex . 
cobordism, one knows that K-theory is a reasonable place to get relations, 

Unfortunately, oriented manifolds are not K-theory orientable. To eircumves 
thie problem one has first-a general construction, 

Let -K. be one of the fields R oor €, and let K' be € or HF 

respectively ‘ a 

Let M” bea closed, n-dimensional manifold with tangent bundle +, 4 tel 
being a Kvector bundle over M” so that t&teu1l (ue Z, nu = 0: 

ag real vector bundles, defining a K structure on M. : 

Then the total apace Et is a aitterentiable manifold and if on: Er — 
is the projection, then the tangent bundle of Er is r#(t) @ 1*(7),. 1*(z: 
being ‘the bundle along the fibers and *(t) ite orthogonal complement. :- Thu " 

the stable tengent bundle of Et admits a K!' vector bundle structure as 

w#(r) 8 we(T) = w#(1) at. 

Letting Dt -and St denote the dise and sphere bundles of +, Dr hi 
an induced stable K' structure as manifold with boundary, ite boundary be! 
gt. | 

Now ‘suppose one is given a-ring spectrum 4 for which K' vector punt 
are naturally oriented and suppose Uc a (nt yn) = a?" (pe srs) is-a f : 
class. Then for xe HY (Ms) one may define a number 

ay[M] = (n(x)-u} [Deer] © Hm (pt ya). 

Notes: .1) These numbers may not be meaningful invariants of M unig 
the class U 4s stable [i.e. replacing 1 by 1 @ 1 gives @(t @ 1) 3.24 i ; 

and~-U(t © 1) should be the suspension of -U(T)] or is defined for the + i 

pundle +t ‘directly so that one need not make @ choice of Tt. 
* 
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2) It is not at all clear that such numbers are cobordism invariants; 

indeed they won't be in the general case. 

If Mois imbedded in potka with K normal bundle Vv such that .v @ Tt 
is trivial, the induced map on tangent spaces gives an imbedding 

Bre—> RUEG x RIKI ona pence imbeddings 

er c—> pork x pork x RY, 

pre otha x potkata 

art pntka x gitkqtu-2 

and the normal bundle may be taken isomorphic to 9s*(v ® V). 

Note: One has 

M x“ x ws potka x potka yotka x pork 

A ] J (x,y) —> (x,yex) 
otkg x0 

M ~h R 

corresponding to identification of D(t) .with a neighborhood of the diagonal 

in M*M or Dt with a neighborhood of A(M) xO in Mx Mx RY, 

One has the collapse map 

e : gentekata __. n(na(v @ 3))/r(nm(v © 5)[,.) = x 

and thinking of “M imbedded in Dt as the zero section, with normal bundle 

¥eve (ites K structure) one has a collapse 4 of X onto 

ME @ v @ 3) = grthattg(y) Using the given imbedding of Dt, the composite 

gentdkata Sy 2, gotkatttyyy) 

"18 the ntkgii~fold suspension of the map defined by the imbedding of M in 
gotke 



a ~ 168 - ‘ aa 
¥ : 

Note: d can be thought of as a homeémorphiem since X= 1(T © v @ ¥). § 
a 

Suppose A isa ring spectrum for which the bundles ~t, tT, ¥, Vo all “a 

have 8 natural, stable, mltiplicative orientation, and U is the orientation 
class Us. Then one has the map 

8: KX —> (M/$) 2 (FT). tv) 2 tN) 

generalizing the usual’ # to a 4 fold Giagonal map.. The cohomology class 

x 8 Us 6 uy 8 Us es y- may be pulled back to: X in several different ways. 

First one has 

X= (7 0v 69) —» 1765). TW — (M/O) . FOS). WY 

the suspension class, Thus 

e*p*(y)[S] = x[m). 

Further one has 

+ a xe oe. x STM, (yg). oe (v5) 

in which x @ Us pulls back to x 8 U and then to wx‘U while U, 6 Uy. 

pulls back to the orientation class of -X as a bundle over D1. Thus 

e*e"(y)[8] © {r"(x)-u}[pt, 81]. J 

Thus x,[M] coincides with x{M] when everything makes sense, and thei 
xy numbers give a natural generalization of ordinary characteristic nomberies 

In order to make use of the ebove process of constructing "numbers" on) 

must find a class U ¢ Br styl). The reasonable theory to use is bun 
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Let K be R or € andilet V be a EK inner product space of 
dimension n, with inner product < , » which is K linear in the first 

factor and conjugate linear in the second factor (the conjugate of a being 

denoted by a). 

Recall that the exterior algebra over K of V, A(V) = oS a*(v) nes 
an inner product given by 

i) (y)tak(v) ae gk 
4i) If x= Ky nseen Me Fy, aceon Yee then < X,Y >= det |< Xy0¥s > 

Ji, <...8 4} 
r 

If @yy+++s@, is an orthonormal base of V, then fe, aceon @, Hy 
n 

1 r 
forms an orthonormal base of A*(¥). - 

There is a canonical antiaitomorphisn of A(¥), a : A(¥)-—» A(¥), 

defined by 

ye(k-2 2, a(v, Aeven Vig) F Vig weeee vy = (+2 teen 

which is K linear and preserves inner products. 
Finally, recall that an orientation of V is a unit vector 

oe Ay) = det(V). 

Being given an orientation o of V, one may define a function 
an-k TM: ak(y) —_ we-Ky) as follows: 1X € (v¥) 4s the unique vector such 

thet for all ye AT *(y), one hes 

<7U,Y>o=<o,X.Y¥>. 

Lemma 1: +t is conjugate linear. 



A
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‘ 
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Proof: 
< t(aX),¥ > =< o,eX 2 ¥ >, 

= <.0,X-.¥> a, 

=< 4X,Y > a, 

=< atX,Y > 

for all ¥.#* 

Fix an orthonormal base Ln of -V with o = e, aren Gps A 

monomial X is an element £ @0 wien @ with or, <...<¢ 7, Then for X ss 
ry ty 1 k - olipe 

and ¥ monomtals: 

<X,Y> =e j1 if XY, 

~L- if X ® <¥, 

O-~ otherwise. 

Further, for any monomial X there is a unique monomial x with x. X= 

For Xa monotiial, 1X is exactly X, for if Y is a monomlal, 

<4X,Y >= <0,X , Y> is given by {1,-1,0} as Y is {%,-X, other}. 
yk(n-k) ye(n-k) x Xe (ot ROE aye (a2 o = (=2 1k af x e aX (y)" 

& monomtel, so one has 

Lemma 2: If Xe ‘(v), then x = (22) En, ue 

Note: 1 © # as defined in Palais [97]. If a,b e aX*(v), 
——anw 

< a,b >= det(a . ab) = <a. #b,0 > defines #. Then 

Bk) gab. a > <ba>=<ab> seared > © <o,a, wb> © (a1)* a 
T#b = (=1)K Cork), or tb = (-1)E(m-k) 24, eb for ts (=1)#Ca-k) on” Ba 
Ky), 
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Definition: Let ui: ACV) —>» ACV) : xX —» tox, 

Definition: If K=R and dimV-=2n', let 0: A(V) ae amomion ACY) ae 

vy letting 9(x) = 2 -2)!2'.(, 9 1)(x) ar x © AXy) a,¢. 

Lemma 3: 1s conjugate linear and a? = (21)808-2)/2 while 6 1s 
2 complex ‘linear and 68" = 1. 

Proof: If xe AN(v), ax = (m1)EOED/2y gay & (22) (ork) (a-k-1)/2,y 
80 wx = (~1)"x where 

rem k(k-1)/2 + (n~k)(n<k<1)/2 + k(n-k), 

* k(n-1)/2 + (n-k)(n-1)/2, 

= n(ne1)/2. . 

Letting n= an', x € a* (vy), 

ome aw (Bk) (ne keL)tn! | pie(ked)en! (5 e(nek) (+1 

a 4 (0-k) (n-kee} +e (ko1 )4nt2k (mek), 

= qh(nel)+n-2k(n-k)+2k(n-k), (ny the above identity) 

Lemma 4: I¢ 8G(v) denotes the inner product preserving -K linear 

transformations of .V which fix .o, then for ge SG(V), gt = ta, gu = ug, 

and .g@ = 6g. 
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” Proof: 

< gtX,eY > = < tX,Y > =< o,X% . ¥ > = < go eX . gY >, 

=< 0,gX . BY > = < teX,a¥ > 

for all -g¥, so gtX *# tgX. for all xX. Since clearly ga * ag, tig = gu, 

while ig = gi gives 26 = Og. 84 

If. V-and Were K inser product spaces of dimensions n -and n,° 

inclusions VO->V6W, Wo-»¥ © W induce homomorphisms A(y) —> A(V ¢ 

MW) —* ACV @-W) and then 

6 : ACV) & A(Ww) —~» A(v @ W) @ ACV © W) —» A(V 6 W) 

is an isomorphism of graded algebras. V @ W may be orlented by means of 

a= B(o, 8 o,). 

Lema 5: If xe AT(v), Y © A°(W) “then 

rex @ x) = (-1)° "eine @ yy), 

ve(X @ Y) = (~2)""a(ux @ ur), 

op(x @ ¥) = g(@,x @ OY), 

In particular, if dim,V = 0 (mod 2), then may be identified with 

Proof: ~ Fix a base Cp aee ese, for V; Coen? ene for W with | 

Oy # Oy aveen C5 Oy F Ciyy neeen Cyne Let X,Y be monomials, ao thet 

o = a((X , 1X) 8 (Y . 1Y)), 

= (1° a((x ox) » alryx @ 4,2) 

and everything being tionomials, “t8(X @ ¥) = (-2)° 2) a(n x a tY). How ‘ 
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ap(x @ Y) = (-1)"®a(a(x) @ o(y)) for (21) (r+8) &¥8-1)/2 - 

(-1)"8 (21) FOF-2)/2(_) 9 (e-2)/2 since 

(rte) (rts-1) = r(res-1) +.a(rts-1), 

= y(r-1) + rs°+ s(s-1) + sr, 

which gives the formula for y.. To get the formila for .6, one has 

(rts) (r¢s-1)+(n'+n') ea(X @ XY) =a tB(X-8-Y), 

- gr(r-1)te(s-1)+2retn'4m! (_) y8(2n'-r) (1.x 8 TY), 

= (-ayF8(-a)2"s8g(F rata" o stot }m', vy), 
= 8(6x @ ey), | 

ow returning to vs. one wii tor each veVoamap 
FL MV) —> AV) ib ame x 

and its adjoint (F)* AV) —» ACV) defined by 

<KRY >= < FX.Y > -for all X,Y e°a(v). 

Definition: +, 2 A(V) —> ACV) for ove Vo ie the linear transformatio 

Rt (FL)*, 

Lemma 6: For vector spaces V, W with ve V, we W, 

bray(B(X 8 Y)) = Blox OY + (-2)MX 6 gy). 

Proof: 

Foggy (BX 6Y)) = av @1+1ewv) . B(x 8 Y), 

= a((v . x) ey + (-1)9TM% 9 Ww. ¥)), 

= a(F (x) @Y+ (-1) 2M 9 F(y)) 
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giving Fw? = Bofr 81+ sgl 8 Fi] where 

sgn: A(v) 6 A(W) —» A(v) 8 A(w) maps AX(v) 6 A(W) by (-2)*. 
Then 

Fay (B(X @Y)),8(U 8 V) > = < B(x 8 Y) FL y8(U 8 V) >, 

|
 

A
 a(x @ ¥),8{F ue ve(-1)TMU 6 F Ws ag 

=< X,FU >.< ¥,v >4(-1) Me xu >< YF V >, 

=< Fax,U >< Y,V >+(-1) MX, X,U >+< Fey Vv >, 

BIFex @ Y + (-1) 44m 9 FeY],B(U @ v) > a
 

aA
 

and thus F® oB = pot re 6 1 + sgno(1 8 Fe)). 

(Note: If < X,U > #06, ‘then dimX = dint). 

Thus 4,08 = Bolg 6 1+ agno(1 @ ¢ )], 

Corollary: For each: ve Vv, (9)? a Il? -24 (yy: 

Proof: If this holds for both V and .W, then 

2 admX. , (Gig) B(X OY) =O Blox oy + (-1) xX 8 oY), 

= Bleexe y+ (-f my x @ oy] 

+ (-1)9TM Blo x 8 oy +cae 8 en, 

sign. ) 

= Bil vi2x @ y + (2) y x @oy+ 
(-1)TM%y x 8 oy + Ilwl?x ey), 

= (jv + lf?)a(x @ ¥), 
= |lvew}7a(x @ ¥) 
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and the result also holds for V 6 W. 

Thus, one need only check this result when dimV = 1. Thue A(V) has a 

base 1, 6, and v= ko, #0 

F(1) = ko, Fi(o) = 0, 

< Fa(1),0 > = < 1,F(¢) > = 0, 

< Fylo) s2 >= <6,F (1) > = <o,ko >= k, 

giving 

Pe(1) = 0, FA(s) = &. 

Tus $(1) =k, $(c) = §, snd 50 

5(2) = ¢y(xo) = RE = Dl? -2, 
62(0) = 6,(8) = Reo = flx[?-o, 

Lemma 7: Tt gi: V¥~—~V is an inner product preserving linear 
tranaformation, then god, = 9 gy08s 

Proof:. Clearly aF (x) wa|alv. x) = gv. gk = F B(x) so ef = Ff or 
rg? = ¢lF gy? and then 

< @PIXY >= < Pg Yo =e < XP Y > =< Xe F wt 

=< eX.eg" FY >< xX.FY >= < Payeeet > 

Lemma 8: For vw eV, ou = Hod. and $98 = 8e9. 
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Proof: If xe A*(v), 

<TRXAY >< O,v 6 X.Y, 

= (2) coxa va Y>, 

= (-1)¥ < ox. RY >, 
k xe (w1)” < TX, FY >% 

kK w (mz) < FerX,Y > 

ve Le 80 THX m( 1)*Ferx. Then 

raP_X = 1(-2) ETL E/2p y 
v v 

= (-1)#(er2)/ ®(-1)Krerx, 
= (-1O°2)/2pnex, 

ca FytaX 

a 2 n(n-1)/2 so uP = Fa. Then uo = (+1) 80 

Fue uP yw = wk due = vr? = UPR: 

Thus $0 = ud. 

Also 
? erxX = q (#1 )icn 7X, 

z g (eeD een 2px, 
ms ‘ gee Os 1)+n Fax, 

Sd = FMEX 

2 
and 8 = 1, so 

F6 = 0°F 6 = OFMG © OFF 
vv v vv Vv 
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giving 

4,8 = 84. ae 

Now returning to the geometric situation of interest, let & be an 

oriented n= 2n' plane bundle over a space B, with Riemannian metric 

<5 >and 6 + B=» s8(A"(E))~ a section of the sphere bundle of A(z) 

defining the orientation, Let A°%(z) = ake), aoe) = x aa A¥(e) k efen 
and with o..: Dg ~-TM B -the projection, let 

@ = w¥(A8%(e) @ @) —e WH(AC%(E) 8 €) 

be the bundle map defined at e ¢ DE by sending (e,x) -into (e,9,X) (Lemma 7 

says this makes sense]. The restriction of $ to Sé~ is ‘an isomorphism, 

for ¢© = 1 by the Corollary to Lenma 6. Thus the triple 
(n#a%(c) 9G, wOA°(E) @ G6) defines an element w*A°%(c) @ Con#A°%(E) OC 
in. K(DE) with an isomorphism to zero in K(8E), and therefore an element of 

K(DE,SE). 
In addition, one may define the operator ® in w*(A(E) 6) [Lenma 4 

says this makes sense] es a bundle map of square 1. Since . 
6: a (ce) @¢—>aTM*(c) a 0, and n is even, 8 takes m@(A°%(E) @ 6) and 

w¥(aeUe) @ ¢) into themselves and by Lemma 8, the map 6 commtes with 4; 
Let A(E),A°(E) denote the subbundles of #*(A°(c) @ 6), a= ev or 

od,..on which © is +41 and <1 respectively, and let 

ACE) = (AS%(e),0O%e),6) = (ASCE) ACME), 6) 

in: K(Dé,Sé). Applying periodicity, one then has: 

Definition: u(é) = pale) © x°"(pe , 86). 

Assertion 1: U(E) is multiplicative. 
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B.: A(E) 6 A(n) —~ ME@n) giving isomorphisms 

AVE @ n) = ASME) B APM) @ ACHE) BAM), 

AFUE @ ny = ACHE) B APM(n) @ APM(E) 6 AMM(n), 

while by Lemma 6, this decomposition is compatible with the map ¢. By L 

one also has 

A(E @n) #A,(E) 9 A,(n) @A(E) 8 A(n), % 

A(E @n) #A(E) @A{n) @ A(E) BAN), a 

being also compatible with the even-odd decomposition. Adding everything 

With sighs gives a(—.@ n)= A(£)*A(n), while periodicity is also 

multiplicative, #4. 

Assertion 2: If € is a complex line bundle over B, considered ss 

oriented bundle, then -A(E) = s¥¢ ~ 9*% with ovis and n#E identified o 

SE. by the standard trivialigations over — 8£. 

Proof: Let .V bea 1 dimensional complex vector space with dimer : 

product [..,.] -and ve Va unit vector. ‘then as a real vector spac 

< , > # Rel ,--] is an immer product and V has an oriented base ~ {v,; 

Thus A(V) hes a base {l,v,iv,9}, ov. iv, and being monomialsy 

one gets immediately 

tl = oy ty = iv, tiv * «vy, to = 1, 

: ¢ 
: “hy This’ gives Bye 4 

8(1 @ 1) #0 @ 4, 6(v @1) = iv 6 i, * 
ae 

Qiv@1)=-v ei, (981) =-1ei.- | 
ig 
af 

a 

a
d

 M
ia
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Thus A (v) hes a base {(1 80 1+0614), (v 81+ iv 04)} and 

A_(V) has @ base -{(1.6 2-064), (vy @1- iv 6 i)}.. Then the maps 

v— av): x— xe 1+ ix oi, 

v— acy) sxe x 1 ix Oi 

are respectively conjugate linear and linear. 

Thus, if € is a complex line bundle 

Age) = 2, Ne) = aE, 

APE) ma, AONE) wwe. 

To determine the map 9, let x * (a + 8i)¥,° go that: 

FC) =X, F(v) =X. VR @Bo, PF (iv) «x, iv = ag, P(e) = 0, 

and 

<Pyy,l> =< v.x> eae <atll >, 

< Fyivel >a < iv, x > = Bw < B11 >, 

< Plo > 8 8 0,k , 0 > @ wh w < <vtalvyV >, 

< Fio,iv > eK Osx dv eg we -< oH Bvtgivlv >, 

80 

Pa(1) = 0, Pa(v) = 4, F#(iv) = FR(o) © (-grai)v = dx, 
Thus 

#1 01+9 04) = xG1+ ix @ 4, 

o(10@1+ 001) =x01~-ixed 

anaif xe S(V), 92 =1, so § induces the standard trivializetion by 
sending .2e e m*(e), into z (or 2 for the conjugate bundle), #* 
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Corollary: If € is the conjugate of the canonical bundle over CP(n=2) gj 

then U(E) = p“(E - E) © K(OP(n)). : 
Proof: ~ Identifying ¢P(n).-with 1(€), the bundle & over ¢P(n) is 

precisely the pullback of the bundle €-over ¢P(n-1) with the standard 

trivialization. = 

Corollary: Let. €. be an oriented 2n plane bundle over B- with a ; ae 

Pontrjagin class @(t) = —- (1+ x) and Tet" 2 H*(TE;Q) —» HY(B;Q) beige, 
{zl Veg 

the Thom isomorphism defined by the orientation class of €. ° Then 

x, aw, Hon(u(e)) = 1 (et =e *)/x,) 
ie 

Note: (e* - e*)/x = (x4 /jy = 2(—x)9 791 )/x = (2 xJ/j))/x is a | i oda 
power series in i. Thus son(u(e)) is a rational power series in the 
Pontrjagin classes of €. 

Proof: Since the Thom homomorphism and U are multiplicative, it suf 3 7 

If @= (8) € H°(eP(n) Zz), Ule) = pte - E) © K(@P(n)), 80 
chu(e) = e* - 673, while the orientation class is @, so @chu(e) = 
(e* ~ 6 ")/a. ## 

From this one has the integrality theorem: 

Theorem: Let wo be an orlented mahifold and let x € wan). Then 

{ch(x)+8(+)}[M] © Z 

where 8(¢) © H(M;Q) is given by the polynomial in the tangential Pontr yi 

classes of M ~such that when gin) = i (axe) formally, then 
121 

&(1) = T (x, /tanh(x, /2)). 
iz] . a 
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Proof: Since (x) U u(t) ¢ x**%(pr,s1), 

{n#(x) UJ u(t)} [pt st] = eh rx (1) ]+ J (or [Dt st }+p(1) 2-4/2 

86 cht #x-U(1) Jef (Dt) [Dt, St] &-2, Then ~e(Dt) = c(r*1 8.) = -T¥e(r 8-8) 
5 n x. -x. : =e T (lex, )(1-x,), 80 X(t) =m#( 1 (x/e N=1) (=x, /e *21)) ~ and 

i=1 is] 4 

n x =X. x 4 

chm %U(t) J+ fdr) = (98)7 (ony: a (etme */x;)(x,/e 4a) (-x,/e A 

while 

a ne ; y . ~y -f ee ) 
¥y (e¥ +1) (e% ~ 2) (e% ~1)(1 = e 7) 

but 

veut A 2 yl? 
(u-1)(-U") (ven)? ven vi/2_ ye’ 

g0 

»( ee ~e ay w/2, owl? 2 y . 
(e¥-1) (1-2) e/2 we tanh(y/2) 

Thus 

(o8)-2(oh(x)*8(r))[Dr,8t] © 2, 

and since oriented bundles are naturally and multiplicatively orlented for 

integral cohomology; this is precisely . {ch(x)*é(t)}[M]..** 

Note: ~ Since 

x/tana(x/2) = x(eX/2 4 @°®/2)/(Q*/? . g7*/2), 

= x(2 + 2(x/2)2/2t 4... )/(x + 2(%/2)9/31 005) 

= 2 teas 



~ 202 ~ 

n 
the class 6(t) =- Ht (x; /tanh(x, /2)) 4s far from stable. In order to 

eliminate the power of 2 which is causing the problem, oné defines: 

Definition: If § is°a real vector bundle with Pontrjagin class gilt) 
ay rs :, expressed formally as’ 1 (1 + xi) din x, * 2, then the Hirzebruch L class | 
1 . 

of € is given by the formal product 

b(e) =H (x, /tann(x,)). 

Note: L(g) is a stable class and is closely related to 8, In " 
th 

particular, 2y/tanhy differs from~y/tanh(y/2) in that the component of yt 
has been multiplied by i . Thus . "A 

Ratt 3 
d it 

Su(s)tN"] = {i (2x, /eanhx,)3,, (0, 
1 

# 2°UH x, /tanh(x,/2)), (WJ, 
1 

= 5(r 0), 

giving 

u(t) (WP) = 6(4) (HT. 

Chern classes of -t @-€.. Unfortunately, -K “theory is badly behaved for 

conjugation and one must make some modifications. 

Let € ‘bea real -2n. plane bundle over a space 5B, and define -K 

Pontrjagin classes 1° (£) € K(B) by , 

Een '(E) = 4 (E) = 2 tipi (y,(E @ 6), a 

= Aep(aey'€ 8 ¢ - 209) 
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where s = t = +*. Note: ri( —)--is-a@ polynomial with integral coefficients 
in the Chern classes, hence belongs to ~K(B). 

Note: -If n is a complex line bundle, then 

Ay(n@ €- 2) #A(n en ~ 2), 

= (ian) (1408) (14a), 

80 

(Q4(t/1-t)n) Aare / ata} . a (vy @.€ - 2) # t/(1-%) (1/i-t) (1/1-*) 

«(l-t+tn(l- t+ th), 

= [t+ e(n-2))(2 4 t(n-2)), 

elst(n t+ A ~ 2) + t°(2-nmn) 

since “nin @ 1, 

If the Pontrjagin class of the bundle —§ -is expressed formally as 
n ie : 
(i+ x°), so that ~c(E 6 ¢€) # R(2 + x,)(1 =~ x,),. then 1 Jj 1 d J 

“x ' x a x 

ent tip'(y,(E 8 €)) = H (1 +t(e dee Juz) + t2(ae due 4)) 
1 ; 

80 

na x “x 
ch (6) = (1 + fe Ste 42) 

i. 

and ehv*(E) is the i-th elementary symmetric function in the variables 
x, “XK, : . 

e dee “2, 

Definition: If € is a real vector bundle over B with (@) expressed 

formally as (1 + x5)» let s,(e a) € H*(B;Q) be given as the 
x -x 

symmetric function in the variables “e j +e J. 2. 
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Proposition: Let M be an oriented manifold. Then for all x © K*(M), 

{ch(x)L(t)}(M] © z[1/e]. 

o
a

 
a

e
 

y
m

a
 t

o
n

e
 

In particular, 

{s,.( }L(t)} [mM] © 2[1/2] e 
sa 

for all wo. 

% 
Proof: ‘This will follow at once from L{t) = ch(u}é(t) with 

wa 

of ue K(M)[1/2]. Let (x/tanhx) = v-(x/tanh(x/2)), a= ee%-2, and b=: 
giving 

v = tanh(x/2)/tanh(x), 

(e%-1)(1-e *) / e%-eTM = se a /* 2 => 
ere e+e” 

keeay(a-p7 (pen?) v® 
(pep7+)? v® 

_ fon)? (pea) | op? pt 
(v2-1)® = (ot)® oo 

(ote7?) /(pezen >) = (042) /(ath), 

le 2/(ath), 

1 - 1/2(1/(1+a/4)), 

1 = 1/2f1 - a/b + (a/h)® -..0), 

1/2 + 1f2(a/h) - 1/2(a/h)? + 1/ela/s)> meses 

Z[1/2]Le*+e *-2]. i
)
 

Thus L(t)/é(t) © ch(K(M)[1/2]), being a symmetric polynomial in the 
x xXx 

e +e 4-2 with coefficients in 2[1/2]; * 
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In order to evaluate the expressions s,(e@)bs one may use: 

Lemma: If € is a complex n-plane bundle then 

sy le@)(8) = 85, (@)(E) + £ as, (e)(E) 

with n(A) > 2n(u), a, © 2 

Proof: 

x - ie e te "<2 = (e*-1)(1-e*), 

« (1% 6%, 

= (e%1)?-1/(1+(e%1)), 

© (1)? - (e%1)3 + (eF1)* .. 

Thus the s,° symmetric function in variables e*+e"*.2 wiven by 

Bp, (e) +2 a,s,(e) 

where a, €2Z, n(A) > @n(w),- and s,,(e) is the 3, symmetric function in 

variables e*=i,...*# 

Lemma: -If M.-is a stably almost complex manifold of real dimension . 2n 

then 

Lt) = {1 + £ bys, (e)} dim) 

where b, € 2{1/2], n(A) > 0. 

Proof: If oi) = A(l+x,), then 
x 

L(t) = W((e *=1)/tanb(x, ))+ S00) 
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and a 

, s 
eX - 1 _ (e%1)(eTMe"*) | eo é 

tanh x ene * ex 

= (w1)(u2sa)/(ue=1), (uw =e) ‘ 

= (u@+1)/(u+1), 
- [éunt)o2J°42 

(u-1)+2 
= (2+2ara")/(oa), (a = uel = e%-1) 

= {1+ a+ (a°/2)}+{1 - a/2 + (a/2)* ~...}, 

so L(r)/S(M) = 1+ a, where @ is symmetric of positive degree in the 
x i 

e 1-1 with coefficients in 2[1/2]. ** - a 

In H¥(BSO;Q) one writes the Pontrjagin class formally as M(1+x5), 
dim x)= 2, and defines Sul) and 8, (eg) as the s, symmetric functicg 

of the variables x and e ‘+e 4.2 respectively, and defines L as ; 
4 

M(xs/eanh(x,)). Then Ba(g) =D Sul) ® Saul), 
As (e 9) = wr atew #41 (e) @ 8 ynle aps and AL = LL. 

Let p : Hy(B80;Q) —> Q[8,] = 2 —> He (eng LH2)°6,, and let 

p' : #,(B80;q) —» ate, ] Zo E 8y(pilz)sa,,. Then let 

Ba ize H (8805) | e(z) « 2{1/2l{s,], pt(z) ¢ 2a, 1} 

and 

By = © BC #,(B50;Q). 
n ; 

For p an odd prime, let Py : B, — 218,] by letting p(z) be 

reduced modp (1/2 « Z,) and let p3 : B,—> Z,[a,]. by p3(z) = o'(z) 

reduced mod 2. 
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One then has: 

Lemma: There exist stably almost complex manifolds Mos of dimension 4i 

for all primes p and integers ~1. se that 

a) For p oad, e(mg,] has largest monomiel 
1) 8, if 2i+1.# pp for anys, 

2)- {8 Jy? ae° 2441 = p* for some 5. 
2 (p?*-1)/ 

vb) eplems, } has largest monomial 4,. 

Proof: For the 2 primary case, one has 8(,)(@ lep(2i)] = 2141, so let 

Moe = P(2i). In the od@ primary case, let MP, be as given in Chapter VII. 
From the computations for complex manifolds, for M complex one has 

(syle gIE)IM = (sp,(e)d)IM] + 2 a, (0, (e) f)iml 

with a, ¢ 2{1/2], n(4) > 2n(w). For the manifolds a the largest mononial 

is then known from Chapter VIT.. ** 

Theorem: a) 08° {Torsion “1s a ‘polynomial ring over 2% on classes xX, of 
dimension 44, and the classes x,° are characterized by ot 

1 

8(4)69 (7) Ey] eda aif. a4 fd p® ror any prime yp and integer os, 

+p -if 21+1°= p* for some prime p and integer 8. 

b)- The forgetful homomorphism 

u p, : 04 —> 98/porsion 

is epic. 

¢) All rélations among the Pontrjagin numbers of oriented manifolds follow 

from the integrality of the Pontrjagin classes and the conditions 

(s,(e,g)b}{tM] © 22/2] trom K theory; i.e. tay’ © By. 
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S
S

e
S

 C 

Proof: One considers F,2 C B,, with oF = tF,[ME,] as in Chapter 
SO VII, showing that B, is polynoiial with 1,0 = 10,” = By. The condition 

on the characteristic numbers for generators In immediate since if dim M = Mag 

84 yf gil = {s(, leg Li [M), 

= {8(54)(e) SIM, 

s
te

d
 
g

e
e

 
a

y
 a

. 
t
e

e
 

= 8(94)(e)[M], 

and the characterizing numbers for generators of a are known, #4 

Note: The use of the Hirzebruch L class and relations arising as in 

o
e

) 

the Atiyah-Singer index theorem was suggested to me by Hattori (private 
Wd 

communication). It 4g also possible (as in Stong [417]) to use the A class: 

defined by N(x, /2)/sinh(x, /2). fo see that this is equivalent to the above, 4 

one has the following argument (of Don Anderson) 

(x/2)/sinh(x/2) # ux /tanh(x) 

gives 

un = (tanh x/2sinh(x/2)), 

- (eke) (oF ne"*) (e%/A eel 2), 

and squaring this 

a? = (ee 2)/(e Xe 42) (eke *2) 

and letting a = e+e "2, e+e * = at2, 80 

wa (a2)?ah/(ar2)?-a * (a*+ha)/a*(ar2)*, 
« (ath)/(ar2)* = (14a/4)*(1 ~ 2/2 + (a/2)® ~...)*. 
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Thus w ia a power series over 2[1/2] (im a, with leading tem 1, and 
from the binomial theorem 

° ; k+l Weverse Presley... (-(aer)yyew, 
keQ) 

so.u ig a power series over 2[1/2]. in a with leading term 1. Thus 

A= ch(E)L 

with € « £(BS0)[1/2) en invertible class. 

Oriented Bordism 

As previously noted, one of the main reasons for interest in oriented 

cobordisn is the realizability of integral homology. The main study of these 

bordism groups was made by Conner and Floyd [36]. 

Theorem: For every CW pair (X,A), A(x.) @Q is a free of0 8Q 
modwle isomorphic to Hy(X,A;Q) 8 8 Q). 

Proof: -m,((X/A) . TRSO) —> Hy((X/A) . TBSQ;Z) is en isomorphism modulo 

torsion. ## 

Leoma: There is a 2 primary homotopy equivalence 

f: TES9 —> K(a8°). 

Proof: Let TBSQ be mapped into a product of spectra K(Z.n(w)) 

realizing the classes Os and spectra K(Z, 0, ) realizing classes dual to 

the torsion of 08° to define a map f. The induced homotopy homomorphism 
is monic, with finite oad order cokernel in each dimension. . 
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Theorem: For any CW pair (X,A), there is an isomorphism mod the Sexe 

class of finite groups of odd order 

ty : 02°(x,a) —> By (x,a;989), 

Proof: . By the lemma, the induced homomorphism 

2
s 

E
e

 
e

T
 

f_ 1 TE((K/A) , -TBSQ) —» wB((x/A) . x(980)) 

is an isomorphism mod odd torsion. ~ *# 4 
oe 

Theorem: Let (X,A) be any CW pair. For each class c € BL (X,A32) 4 
there is an integer k with (2k+l)c~ represented by g,((M",aM")) with 

B
e

i 
ca

re
 

at (M,am) ~» (X,A) an oriented bordism element of (X,A). 

a
 

Fe
s 

Proof: The evaluation homomorphism et 0B(x,A) oma H(X,432) is 
induced by the composite TBE —> (ny) —> K(NP°) = K(z), © being the 
projection. By the previous theorem, ¢cker e is finite of odd order. **.. 

To determine the odd primary structure of 9 (x,4), one has the 
homomorphisms 

c8P(x,a) <> aex,a) ~B&> 08° (x, a) 

with the composite being an isomorphism modulo 2 primary torsion, 

Theorem: If .(X,A) has no torsion in its integral homology then 

08°(x,a) is a tree 95° module isomorphic to H,(X,A;Z) 698°. In 
particular, the evaluation homomorphism e+: 0®(x,4) ~~» Hy(X,A;2) is epic 

a 

Tf {x,} 4s © homogeneous base of Hy(X,A;Z) and f, : (My,M,) —> (X,A) she 

is a map of an oriented manifold into (X,A) with f,4({M,,2M,]) = x,, th st 2: 

98x, a) is the free 989 module on the classes of the (M, sf). 
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Proof: ef : a(x,a) —> H,(X,4;2) 1s epic, soe is epic... Choose a 
collection of maps (mM, .f,) as above, defining a homomorphism 

om : Hy(X,A32) @ 980 —» 98% (x, 4), 

Considering the composite £01: Hy(X,A;2) 8 0° — Hy (x,A;0°°), one 
may write Hy (X,A;92°) as H,(X,A;Z) @ 98° by the universal coefficient 
theorem (since H,(X,A;Z) is torsion free), with f,om(x, @1) = x, 8 1. 

In this form f,*TM is simply 

1 @ fy + Hy(X,A;Z) @ OS” —> Hy(X,A5Z) @ Og” 

where fy is the homotopy homomorphism induced by f. The ‘eonstruction-of ft 
shows that fy and hence fy and “Ww ere monic with odd primary cokernel 

Let a, 3 Wy 230, ) —> (X,A). be complex bordism elements with 

6,5([N,,2N,]) = x, and use these to define homomorphiems giving a commutative 

diagram 

Hy(x,a3Z) @ 0 2888 5 ¢x.4;2) @ 99° 

nt |: »| ou 3%) @ n° ‘ 
o&(x,a) ——Sa——» 96x, 4) 

Suppose “mM maps onte a(x,A) for j <n. Then since S, has 2: 
primary eokernel, there is an integer k with aXe « ims, Cc imh. for all 
oe (x »A).° In partieular, for all i: with dim x, ‘ony 

2(Imy.£,]) = 2 Uny se, ]P, 

with P, = Ss, & 98°, Applying e gives at once 

2*(tm,.2,1) = 2(Im, 8, ]) + 2 U8,,6, 12} 
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with Pi e 98° having positive dimension. By the inductive assumption, this ; 
gives 2*IN, 5a)! ¢ imm. In particular, for any a ¢ 08°(x,a) 

ae ef {N, +8, JR, 

with Rye 8,0, and dim N, <n. Thus 2*(2¥a) © amy. Since WK has odd 

LE
 H

E
R

, 

primary cokernel, this gives « ¢€ imTM Thus “wy is epic by induction. *# 

Theorem: Let (X,A) ~be a finite CW pair such that all torsion of 

H,(X,4;2) has order 2, Then two classes in a®°(x,a) are the same if and 

; 
only if they have the same Zand .Z, -cohamology characteristic numbers, 

ry
 

2 

Proof: One has (x, a) t H,(X,As90°) since neither group has odd 
oy torsion (the first by being a direct summand of o(x,a) except for the’ prim. 

vanish, then o is a torsion class so 2a = 0. If also all oe characteris# 
numbers vanish, then a maps to zero in ?V/,(R,2)(X,A) and thus a= 28. 
Since ~-B is also a torsion class, 0 = 28 = a, TM* 

Making use of the arguments for a (x,a) one also obtains: 

Theorem: - For any finite CW pair (X,A) having no-~ 2. primary torsioi ne 
there are no 2. primary relations among the integral characteristic number 

for o8(x,a). If (X,A) has no p-primary torsion for an odd prime p, 
all “p primary relations. among the integral characteristic numbers for 

0 (x,a) are given by 

{etch (x)*s,,(¢ o(t) )E(1) HIM, aM] e 2(1/2] 

(where f : (M,aM) —* (X,A))° for all and all x @ K*(X,A). #* 
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Relation to Framed Cobordism 

Proposition: A framed manifold of positive dimension bounds an oriented 

manifold; i.e. the homomorphism an : att —_ a0 induced by the forgetful 
functor is the zero homomorphism if n> 0. Further, F, : att 980 = 0 * M5 o 74 
is an isomorphism. 

Proof: Oriented cobordism class is determined by Z and 25 cohomology 

characteristic numbers which must vanish on positive dimensional framed 

manifolds. Note: One may also prove this by noting thet F, factors through 

complex cobordism, ** 

Forming the relative cobordism theory 9,(F) = lim pp (TBBO, 875%), 
5 aed 

the resulting exact sequence will split up to give short exact sequences 

so 
0 — a fr 

1 ate O mye a (F) — 

for n1 > 0, and 

SO 0 —> f° —> 9, (F) af? 0 —> a8 —> 0, 

The main questions are then the nature of the extension in these sequences 
and the invariants of framed cobordism obtainable by characteristic numbers. 

First exemining the torsion subgroup of a, one notes that since 

Stiefel-Whitney numbers detect the torsion, this subgroup may be split.. 

In particular, the torsion subgroup may be analyzed by mapping this sequence 

into the relative sequence for framed and unorlented cobordism. The only 

invariant of framed cobordism arising from Stiefel-Whitney numbers is the 

2 primary Hopf invariant obtained by evaluating the top dimensional 
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Stieffel-Whitney class. (Note: Since’ wy) = 0 for an oriented manifold 

with framed boundary, this invariant will be non-zero only for n= 2,4, or ag 
A 

To see that no additional 2. primary information is obtainable, 

consider 

z 
os TBSO —> IK(Z,#+r) IK(Z,,#+r) 

where f. is the unstable 2 primary homotopy equivalence similar to that & 

of the previous section. The only 2 primary information obtainable from a 

oriented cobordism is then the same as that obtained from the map s* —> K (2504 

realizing the fundamental class. In particular, since the 25 cohomology map 

induced by K(Z,r) —» K(Z, 0) is epic, corresponding to the map 

TBS Smead TBO, no new information can be obtained. 

Turning to the torsion free structure, consider an oriented manifold V 

with framed boundary. Corresponding to an imbedding V’<>HTMTM one has 

the normal map v : (V,3¥) —> (B50_,") by interpreting the framing of the 

boundary as a deformation of the normal map of av to a point. One may then» 
form the Pontrjagin numbers of (V,8V}) which will be integers. Since the o 

2 primary relations among the integral characteristic numbers of oriented 
manifolds follow from integrality of the Pontrjagin numbers, this shows that. 

the relative sequence splits insofar as the prime 2 is concerned and that 

no 2 primary information about framed cobordism is obtainable from integra 

cohomology characteristic classes. 

Turning to the characteristic numbers 8 (en )L(t)[v,aV], one has the ; 

class U(t) « K*#(Dr,St) and for any x € K#(V,3V}), one has 
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@ e K(V,8V)[1/2]. Thus 8, (ep )E(r)[V, av] e 2[1/2] for all w if and only 

if U(t)(v,av] ¢« 2f{1/2]. 

Since a closed oriented manifold has L(t)[M] = 8(1)[M] «© 2, this gives 

Theorem: A necessary and sufficient condition that an oriented manifold 

with framed boundary have.the same Pontrjagin numbers as a closed oriented 

manifold is that the L number be integral. 

Note: If the class. We), is expressed in the form of an integral 

polynomial in the Pontrjagin classes with relatively prime coefficients, 

divided by an integer u(y), then u(y) is odd. This is immediate from 

the lack of 2 primary relations. 

Since the homomorphism L' : 2,(F) —»@ sends a0 into Z, one has 
induced a homomorphism L” : of? — » @/Z. One then has: 

Theorem: The homomorphism L" : of? — > Q/Z coincides with the odd 
primary part of the Adams invariant eg3 i.e. for ae at, 

eg(a) = (a/b) + (c/2*) for some integers a,b,c, and k, with b odd, and 
L"(a) = (a/b). In particular, L” and €g coincide when reduced to 

Q/2[1/2). 

Proof: If «= [M], choose a stably almost complex manifold V with 

av =M. Then 

L'a) = L(r)IV,M1, | 

(+e ds (e)bf(vIIvM), 
= egla) +I b,8,(e)s(v)Iv.MI, 

where b, € 2[1/2], nf{A) > 0. Since each s, (e)8(V) [VM] eZ, 

L"(a) = eg(a) + (a/2") for some integers 4 and m. Since the denominator 
of the L polynomial is odd, ome also has L"(a) = (a'/b') for some integers 
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at dnd -b’ with b'- odd. The result is immediate by combining these 

expressions, -4# 

Note: This shows thet the L" invariant gives lesa information than 
“a 

Relation to Unoriented Cobordism 

Letting ¢, : 28° —» 71, be the homomorphism induced by the forgetful 5 
80 functor, the two primary analysis of 2,°. has given fairly complete knowled 

of: Gy. In particular, the kernel of G, is the ideal generated by 2, wh: 

gives essentially complete description of the cokernel of G,, which is a 

veator space and equal to the torsion subgroup of the relative group, 

There are several approaches to finding a description of the relative 
groups aor 80 

One approach is to link the exact sequences: 

980 2, a Po WAR, 2) 
e 

6 —> WtR,2) Ea, 4%, 474 —~O 

to give a long exact séquence 

SO _Fa (3,4) 80 (2,0) 80 ee En, 77 (8) 0 eo TT, Oe ee 

where 5 is the homomorphism taking the submanifold dual to Ww, (Note: 

has 3 = Sop,.). From this sequence, it is clear thet 

0,50 . a qa ne ae 
This exact sequence was first noticed by Dold [46]. 
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A semigeometric argument way be given as follows: Let (v",MTM 1) be a 

manifold with oriented boundary and let of : V -—> RP(N). be “a map with 

rae % dett,, sending M to a point not in RP(N-1).° Make £ transverse 

regular on RP(N~1) keeping M fixed, to obtain a closed manifold 

wels ¢l(pp(y-1)) end map tly :W—> RP(o), Letting v- denote the normal 

bundle of W-In-V, detv =v = r¥€ = dett so. -dett,, # dett. vl W v 
trivialized. Thus one has an oriented bordism element of RP(~), Identifying 

yw? dety is 

Dv. with a tutular neighborhood of Win V, w-(Dv)° is an oriented manifold 
with boundary M~= Sv and may be used to give a cobordism of ~(V,M) © to 

(Dv,8v) -(the union of the three pieces bounds Vv « I).~ Thus one has defined 

a homomorphisin qpe80 _> a0. (RP(@)). 
The inverse homomorphism may be described as follows: Let~ @ : X —» RP(=) 

be an oriented bordism element and to it assign the class of (Dg#£,Sg*E)° in 
n0r80, since g extends to Dg*t —> DEC. RP(=+1) = RP(~), automatically 
transversé recovering X, this is clearly an inverse to the above. 

*80 5 6° (RP(@)) and the isomorphism with O8° @ T7_, is 
obtained by sending (X,g) to (X,Y) where ¥ C. xX is the submanifold dual 

Thus 2° 
n 

to g¥¢,- That this 1s an isomorphism may be seen by noting that 08° (RP(«)) 
is isomorphic to °, plus the reduced group £89 (Re(~)) & 17, 

Another proof may be given by using the Atiyah bordism approach. One 

has the cofibration sequence RP(1) ——» RP(N) —» RP(N)/RP(1), and 

RP(N)/RP(2) may be identified as the Thom space of 2€ over RP(N-2), Since 

2— -is an oriented bundle, there is a Thom isomorphism for oriented bordism 

(Note: If 7: X —» BSO.. is a map, then Tf t re*Z( ~~» TBSO, may be 
thought of as a cohomology class in TBSO theory, which defines the 

orlentation.) and one has the exact sequence obtained by applying ie 
and letting N go to - 



“B18 = i 

vee —> BO (RP(1)) —> G80 (RP(=)) —» HEC (B(2E)) —> ... 

I I Ic 
Se ne ee © (RP(@)) —> .., . S

p
a

r
s
e

 
P

i
e

 
2 

Since the msp -TBSO.. RP(i) = = TRSO > TBSO . RP(~) = £ TBO is just the 

suspension of the inclusion - TBSO -— >» TRO induced by G,. the relative group 
ia precisely the homotopy of the eofiber or the bordism of .T(2E) up to 

’ dimension shifts. 

This. situation hes been generalized slightly by George Mitchell (Thesis ¢! Ft 
E University of Virginia) who considers the bordism theory defined by maps 

4 

pi 
is given by the homotopy of the cofiber of the map r 

(v,aV) —> (X,A) with 2V oriented. This is denoted 09°°°(x,a), and 

(A/#) < TBSO . RP(1) —> (X/P) . TBSO . RP(~) 

given by suspending 

(A/@) “2 TBSO —“» (X/@) . TBO. 

Up to dimension shift, this is the oriented bordism of the pair 

((X/8) 2 RP(@), -(a/@) 3 RP(2)) or (XK TM BP(@), A RPC) AL) Xe). 

Relation to Complex Cobordism 

The hamomorphism S, : 4 ~<a 98° has previously been examined in 
considerable detail. In particular, the kernel of 8, is free ebelian so 

o 

that the relative group (8) splits as the direct sum of kernel 5, an . 

cokernel 8, 
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If one considers the composite 

a Se 960 wey (98° /rorsion) € Th 

writing rhe = Z[b, ] in the usual way, then since ** 9 1s monic, the kernel 
of Sy, is the intersection of the ideals kernel(p5,), generated by 2 and 

the b s.? and kernel(nX,), generated by the ». Thus kernel(S,) is 
28) 2i+1' 

the ideal generated by the elements »b and 2b,,._(2i+1 # 25-1), 
oF 50 24t1 

Since Z{b,,] maps isomorphically to &, /Torsion, the subgroup 

8,(2[b,, ]) of - 0 forms a complementary summand for Torsion (n®°), Thus , 
the torsion subgroup maps onto cokernel S,, which is therefore a 2p vector 

space and forms the torsion subgroup of (5). In particular, 8, maps onto 

ane? so that cokernel 8, & (05°/2n8°)/772, where 28°/2n5° 45 thought of 
as a subgroup of 7%, - ince cokernel 8, maps monomorphically into the torsion 
subgroup of °°", this subgroup is detected by Z, cohomology characteristic 
numbers , while the torsion free part is detected by integral cohamology 

characteristic numbers. 

The Index 

Let M" bea closed oriented manifold of dimension n* 4k. By Poincaré 

duality and the. universal coefficient theorem, the pairing 

aK (mR) @,8S(MsR) +R: x © y —> x VU yim) 

where R denotes the reals, is a nondegenerate pairing. Since - 

dim x = dim y = 2k is even, one has x \) y[M] = y U x[M], and this pairing 

is symmetric. One may then choose a base for u* (usp) so that the matrix 
of the pairing is diagonal. One then defines the index of M, I(M), to be 
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e
n

a
 

the number of positive diagonal entries minus the number of negative diagonal 

entries, This function is extended to manifolds of dimension not divisible 

ty 4. by letting 1I(M) = 0 in these cases. 

I
i 
e

i
d

 
o

rs
 

Recalling that the only invariants of symmetric bilinear forms over the 

reals are the rank and the index, while an orlentetion preserving homotopy f 

equivalence of closed manifolds must preserve the pairing, one has: 

Theorem: The index of -M is an invariant of the oriented homotopy type 
of M. ## 

Theorem: The index has the following properties: 

a) I(M +N) = I(m) + 3(N), I(-M) = -1(M); 8: 

b) -I(M x N) = T(M)-1(N); 

“a
es

 

¢) If M bounds then I(M) = 0; . and 

a) 1(ep(2e)) = 1, : 

Thus, -Io: 980 ~—i % is the uiique ring homomorphism taking the value 1. om 
each CP( 2k). 

Proof: a) is clear for aE(M + NyR)° is the direct sum of a-“(usR) 
H* (NR), with the pairing being the 'sum’ of the two pairings, while the 
pairing for -M with orientation reversed is just the negative of that tor 

To prove. b), let P=M*N,-with dimensions p,m, and n -respectiv 

If p ¥ 0 (mod 4), -then at least one of m and nis not zero mod 4 5 

that -1(P) and .I(M)-I(N) are both zero. If p= 4k, then 

oe 
(pe) = f af(uyR) Qi 8 (NR) . 

s=Q 

by the Klnneth theorem. ~ This vector space decomposes into the subspaces 

n®(MgR) @ E28 (neR) @ BT? (use) 0 Btn) 
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for s <m/2, and the space 

B”/? (usp) @ x°/? (HR), 

with distinct summands being ‘orthogonal’ under the pairing and with ‘the 
restriction of the pairing to each -simand being nondegenerate. 

If s <.m/2,- choose a base x, for B(MR) and a base Ys for 

u*-S(woR) with dual bases xt and yt in BTM“(mR) and u7*8-0(9 Rp) 

respectively. Using the base x 8 Vy — 8 et for the a-subspace, the 

pairing sends all pairs of basis vectors to zero except for the pairs 

(x, 8 Yys xf 5 ¥}) and (xf 8 yy x, 8 ¥,) on which the value is (-2)% where 
t = (2k—s)(mx). Thus the pairing matrix decomposes as a direct sum of 

‘orthogonal’ .2 dimensional ‘subspaces with matirx («1)* ( 9) . Bince the 
index of this 2x 2 matrix is zero, each of the s-subspaces contributes zero 

to the index of P. 

Thus, the index of P is precisely the same as the Index of the pairing 

on g”/? (usp) 8 u”/? (mgr). If both mand n are congruent to sero mod 4, 
choosing bases for which the forms of M .and N are both diagonal gives the 

basis of products in which the form on f/2uen) 8 /2(y eR) is diagonal. 
Looking at the @iagonal entries gives immediately 1(P) = 1(M)°I(N). If both 
m and n- are congruent to 2 mod 4, then the pairings 
g"/?(mm) 6 B/?(mzR) —» Rand that of N are both skew-symmetric. Thus 
one may choose a base of a2 (un) so that the peiring matrix is a direct 
sum of copies of GG 2) » and similarly for N, Looking in the product of 
two such two dimensional subspaces, the pairing matrix is (}: ) with 
J (3 1\ ana Jt -(3 rH) . This matrix has index 0, so 

-1.0 1 

1(P) = 0 = r(mM)°r(N). 
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The proof of c) is due to Thom [126]. Suppose Mw” = gwott with n= dk 
and -M and W are oriented. By Lefschetz duality, one then has a commtative, 
exact ladder 

oe Fw) Ee ro a) et ) 

| & | = |: | a 
ss TH (WM) —> HO (M) ie HL (W) —> BWM) >... ntler =r 

where f : M=-~> Wis the inclusion, all groups having real coefficients. 

Let ATM = Image((f*)") and Kip = kernel((t,),__). 

By exactness, one has x” — Ke. 

theorem H*(m) 2 H, (M) and f* is the dual map of fy: i.e. the dlagram 

* 
H_p(W) <— B,_ (i) 

I t 
Ho-P(w) E> 2-P(m) 

commtes, giving Hy pO /K 5 & @auat-or A'*P, thus AP is precisely the 

annihilator of a°”?, 
ek . ,2k With dim Mebk, this gives H“(m) = a“ @ BTM with A ana B 

? paired and with dual bases a, »bs such that 84>, = 8yy> 8,4, = byby_= ie) 

Ordering the basis as a,b, 8 Dayeses the matrix of the pairing consists (4 . 

Oo 2 
1:0 

then compute the index, which is zero, giving I(M) = 0. 

o of .2 * 2 blocks ( aiong the diagonal, with zeros elsewhere. One 



= 223 ~ 

For part 4), H““(ep(2k)sR) hes e base given ty oo, where 
a € H°(@P(2k)sR) is the first Chern class of the canonical bundle. Under the 
pairing, aX 8 aX is sent to a*[ep(2k)] = (=1)** = 1. Phus the pairing 
matrix is (1), and the index is. 1. 

Finally, properties a)-d) indleate that the index defines a ring 
homomorphiem I: 8 _.. Z sending each @P(2k) to 1. Since any ring 
homomorphism to 2 or’ Q° must annihilate the torsion subgroup, while the 

980 CP(2k) ~ generate 8Q as a-ring (over Q), such homomorphisms are 

completely determined by their values on the €P(2k), proving uniqueness. 

Since the index defines a homomorphism of 98° into Q, there must be 
an expression for the index of an-orlented n manifold aga retional linear 

combination of the Pontrjagin numbers. The precise expression for the index 

is the Hirzebruch index theorem [55 ]: 

Theorem: The index homomorphism I : 90 —TM % is given by the evaluation 
of the L. class; 1,8, for any closed orlented manifold, 1(M) = L(t)[M]. 

Proof: tet zt’: 08°» Q: [mM] —*1(«)IM], be the homomorphism defined 
by the L - class evaluation. From the diagonal formule - 4L = LOL, -it is 

immediate that L' is a ring homomorphism. In order to show thet I= L', 
it then suffices to show that (t)[@P(2k)] = 1 for each k. For GP(2k), 

one has P(t) = (1.4 87)*E) | where & © H°(eP(2x);2) is the first Chern 
class of §&, and hence 

L(t) {6P(2k)] = (G/tenha)TM**4| ep(ax)], 
= coefficient of 3“ in (G/tanna)TM**, 
= (1/2"i) § as/(tenhz)TM**4, 
= (1/ami) § anfuTM** (1-0), (u = tenhz) 

= (2/en1) § (1/u** 
= 1, a 

Ly + u? toav)du, 
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It is convenient to know the form of the power series .x/tanh x... Since ‘ 
one has 

x ~2x) 
= ’ tenh x” (e 2X1) 

x + 

the knowledge of the power series for y/(e"=1) ‘gives 

2K 1.2 10h k-1 2 2k x/tanh x= 1+ 3x - 45% teeut (~1) Tar 3% * Pansy 

where 3B, is the k«th Bernowlli-number, 

Odd Pr: Data. 

It is frequently convenient to know something of the p- primary structulif 
of B50 and the Z, cohomology characteristic number structure of oriented - 
cobordism, which the chosen approach to cobordism has made unnecessary. 

is possible to approach oriented cobordism in-this fashion -also. 

the case p odd. 

Proposition: For p an odd prime, neither H*(BSQ;Z) nor H*(TBSO3Z) 
have p-primary torsion. . The Bockatein operator QW is trivial in H*( B 
making this an fa) module, and as such it is a free module. 

Proof: Since H*(BS0;2, ) az Py! is nonzero only in dimensions ca 

to zero . mod kh, the universal coefficient theorem shows that there is no 
aan 

peprimary torsion in the imtegral groups. By the Thom isomorphism theorem, 

the seme is true of H*(TBSQ;Z). Since the groups H*(1B69;2,) ere nonze’ 
dimensions congruent to zero mod 4 only, while din Q% al, & must 6 

trivially. Using the map. BU —> B80, one has induced a homomorphism 

H*(TB50;Z ) —> H*(TBU;Z_) sending the Thom class of TBSQ to that of 
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and the homomorphism q,/ (q,) — BY (7B8052_) induced by action on the Thom 
class is monic, since the composite homomorphism to He (TBU; 2.) is monic. By 

the Milnor-Moore theoren, H¥(TBS032,,) ig a-free £7 v! (a) module. -** 

Using the. mod p Steenrod algebra one may then duplicate for oriented 

manifolds almost all of the constructions made for the prime 2 in unoriented 

theory. 

If M" 4s an oriented ménifold, then Poincaré duality and the ‘universal 

coefficient theorem imply thet H(MsZ,) 6 wT (37) oe z, 7a 6b ~~a ll) b[M] 
isa duel pairing. Thus there are unique Wu classes vy, € POD; ) such 
that 

p alu] =v, WU alm] 

1 

defines a class Q=14+Q, +... € HA(M32,) where dim Q, = 21(p-1) by 

Qs. pv. 

-1 
forall a e ye-2ile uz). Letting v= 1+v) +... € H*(M;2), one 

Theorem: If °° is a closed oriented manifold, then the class & 4s the. 

mod p reduction of the class 8((pe1)/2 (per) /2) PO) 1.e. 42 the 
geeey 

i 

tangential Pontrjagin class of M is expressed formally as “H(i + x)» then 
the class Q is given by N(1+ x). 

Proof: Duplicating the proof for the relation between Wu class and 

tangential Stieffel-Whitney classes, it suffices to consider the effect of 

applying e to ‘the Thom class in H*( BBO, 52). Using the splitting 

principle,- U > may be written as a product Hye ok, of 2 dimensional classes, 

. so that GO (xyex) ig the sum of all monomials tae Mite Pais This 
is the i-th elementary symmetric function in the variables x" a times the 

a class 1° +X 
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Note: Writing the tengentieal Pontrjagin class of M as (1+ xi): the 
We class v -is-the mod p reduction of 

2 k 
. c1ys,? pel Ml + (x, 2 4+o5.+ (=1) x4 tev}, 

fo see this, one has Py = +t seiving ye * (e 1 yP2, and if 
dim'x = 2, then go Nia, feet (UEP toe 

e
g

” 
A T

o
ki

 a
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e
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e
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One then has the mod p anelogue of the Dold theorem: 

Theorem: .All relations among the mod. p reductions of the Pontrjagin 

S
E

 
a

ig
 

Mumbers of closed oriented mn. manifolds are given by the Wu relations; i.e. 

ig -¢3 H(BSO;2, ) —_ z is a homomorphism, there is a closed oriented on 

dimensional manifold with ${a) = (t*{a))[M] for alla if and only if 

5, P
ox

 a
 

e
e

 

t(~d-vb) = 0 for all be HM(BS032,, ). 

Proof: From the free tiodule structure of H* (TBSO; z, ) as en Bay) ' 
module, and the knowledge of the homotopy of spectra of ‘ne type, it is 

aa . those classes annihilating q oH (TBSQ; 2 mE 

theorem, the result is immediate. 

module) were first proven by Atiyah and Hirsebruch ain Jw Since all peprin 

these %, relations should be derived from the K theory. The derivation, #% 
‘which follows, is due to Atiysh and Hirzebruch. 

Theorem: For each ®, let 6, € ##(3605R) be the class obtained ioe: 
Byleglt by multiplying the component of dimension 2i + ‘n(w) by a whe 
q= pl (p-2) Then each component of 8. is expressible as a power of q 

a
r
e

 

sir 
re

s 
p

a
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times a rational polynomial in the Pontrjagin classes with denominator relatively 

prime to p, so that 6 has a meaningful mod p reduction, p(8,)- In 

=wy7t . fact °,(8,,) =~” 8,,( gy ve Thus 

CQ te lQ yy — eylep) MP] = glB/P2nlo) beg (g git Sel @ 0 

which is zero mod p, “and hence the K~theoretic relations imply the Wu 

relations: {ypt*(b) - v't#(b) MM] =0 for all b« H*(BS03Z,). 

Proof: It suffices to apply the splitting principle and write each class 

as a symmetric function. 

The power of pin k! is at most (k-1)/(p~1) “and equality holds if 

and only if kis a power of p. By the Wilson theorem, — 

(p) t/p° = (-1)° = (-1)9 ttod p, where e= (p)~1)/(p=1), 80 
4 ~ : j 

(eTM-1)/q= J (-1)9P toa p 
geo 

ih
 go (x) 

or 

(eM re"Mp) (eMar) (1-0) 
q qa a 

if
f g(x) : @ (x) ’ 

@ x") 

and letting $, be otained from byle@) by multiplying the term of degree 

24 + bn(w) vy a4, 
9X5, .-2)_ - “ 142 age) es 5 (x)) = gay) 
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Also a 

oe a F180)? : oar ax = {1/[ L {-1)9(2x)P “"]} - ox a ; tanh qx -1) , 

pina . YY J(q)Po-2 ‘ but 2 =1(p) and qx #0 (p), while letting y= | (-1)4(x) > i 
j=o o o jel : 

Gy)? = CF Caybat ye eG (aylat 2 ay +2, since (orb)? = aa? 
3=0 320 

Thus x= xy + (xy)? or L/y=1 + (xy)? This gives 

= dj 
—%_=21+ (J (-1)9P yp mod p, 
tanh qx g=0 

and letting L* be obtained fron L by multiplying the component of dimensi¢ 

2i by qa, L¥ has mod p reduction equal to v. 
Then 

. en 9 ,(8,,) = 9 (%,) o(l") =@= s al Gv 

This gives 

Cp taggly = sylg Pad = g/ml) leg ve yn = 9 (op JDM] 
eo 

reduced mod p, and since s,(e 9 )bIM] and s,,(ep) IM] e 2{1/2], this is 

mod p. 

Then for any », OP TAelB)s he & % 80 

by-yb=@ Mugp): v~ (qb) = qa Je s,(@'v- 5 igyh giving the Wf 
relation. ## 

Note: One may use the same techniques in the complex situation. In i 

if the component of dimension 21+ @n{w) in a (edad is multiplied by 
- ¢ \ the resulting class reduces mod p to give 9 Ts (e)-v, and the Wu relati 

all follow from tne K-theory relations. This also works for p= 2, singé 

terms involving or’ “1 never appear and since s (ed iM] e 4. 
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To complete the p-primary study, note that just as in the 25 cohomology 
situation, one has: 

Theorem: If pis an odd prime, then for any framed manifold Ww there 

is an orlented manifold tt with 3V = Mand the mod p Hopf invariant of 
the homotopy class represented by Mis given by 

“ah 519) Iv 
getuy a 

i 

where 21(p~1) = n¥li ‘This is the only invarient of framed cobordims defined 

by 5 cohomology characteristic numbers of this type. 

x 

Note: From the work of Livlevicius [72] on the decomposability of the 

operations e'. it follows that the mod p . Hopf invarient corresponding to 
es can be nonzero only for -i-= 1. For n= 2p ~. 3, ~one has 

BCD) = 9, (DEVI = vy (DLW MI = =v, (7)Lv,M 

= “PL, (1) (VM) = ~peg({M]) mod p. 

2 

Thus, if the Adams invariant e,({M]) is written as (a/p) + (b/c) with 

a,b,c @Z and ¢ relatively prime to p, then BA(iM) is the cless of =a 

mod p.. Thus the Adams invariant determines the mod p Hopf invariant in a 

precise fashion, 

Two Pr Data 

To complete the study of oriented cobordism and oriented vector bundles 

it seems desirable to have a basic knowledge of the 2 primary structure of 2BSO, 

which has not been necessary in the approach to cobordism taken here. 
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‘ Theorem: . The cohomology ring H*(B80(n)32,) is the polynomial, algebra 
over 2, on the Stiefel-Whitney classes w,Q") for l<isgn. 

Proof: Let tO : BSO(n) —~ BO(n)° be the map classifying , Then 

fe: H*(BO(n);2,) = Z,[w, 12 <i <n] —» #*(B80(n);2,),. sending ¥, to wr 
Since wy (%) = w, (detyTM) = 0 because dety” is triviel, this induces : 1 

a * : : re: P= Z,[w,[1 <i <n] —> H¥(BS0(n);2,). 4 

To see that this is monic, let g, + BO(n-1).—> B30(n) be a map a 
classifying the bundle 7" @ detyTM” >, which is orientable, ‘Then g@f¥(w,) | 
is given by Ww, + Wey if i<n, and Wye if i= n.. Since these 

elements are algebraically indeperident in Zw, [1 <i smi, re imust be 4 
monic (on P). 

To see that this 1s epic, use induction on n. For n= 1, BS0(1) is 

point while for ne 2, BS0(2) = BU(L) = ¢P(@). whose cohomology is ‘the . 
polynomial algebra generated by w3(7*) = o(¥*), Assuming that olin is ¢ 
one has the diagram of the pair (py", sy") : 

BSO(n~1) ~—* BS0(n) —TM* TBSO(n) 

ee ee 
B0(n=1) ——» BO(n) ——~» TB0(n) 

giving a commutative diagram 

9 «=~ B'(pgo(n-1)) <= H* (Bg0(n)) +— HY”TM(Bs0(n)) <— 0 
4 . 4 ie-n Enel | ty l mh i} 

o + #'(B0(n-1)) <2 #(Bo(n)) <— B'TM(Bo(n)) «— 0 

: 
ti 
ee 

‘ae 

x 

in which the echomology of the Thom space is zeplaced by thet of the buse by 

means of the Thom isomorphism. (Note: This sequence splits up since 8 isfy 
Re 

a 
ae 
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3 is epic.) Using induction on 4, en 
is epic, and oy is epic, so r is epic. Hence .* is epic. Mt 
epic, and r is epic since tt 

Note: -This justifies the fact that the only Be cohomology characteristic 

numbers of oriented cobordism were Stiefel-Whitney numbers. 

a . : 1 
Lemma: In H*(B0;2,,), one has Sq'w, = w,w, + (141), +1" 

Proof: Apply the splitting principle to write w* i oS a Then 

Sav, = I xOX py. Ky On the other hand wy 
the latter occurring once for each 

is the sum of the monomials 

2 Rye gee My and monomials Aye Xy aye 

subscript which came from the wy factor. Thus 

Wy TM 805 oy * A 

Now consider the operation sqt : H*(BO3Z,) ~e H"(BO;Z,). One. has 
Sqi(ad) Bqla*b + a-Sq'b and (by the Adem relations) “Bqisq? #0, Since 
sqt is a derivation of square zero, one may form the homology with respect 
to Sqr. 

Lemma: . The homology groups with reapect to sq are given by 

#(H¥(B0;2Z,),8q°) = Zalw 41s 

H(*(BS0(n);Z,),Sq") = Zalwy," 23 <n] if n is oda, 
; | 

= Zylvyy e124 <n} if n 4s even. 

* * « Proof: Since SqV55 "Wore * Moye one may write H (B0;2,,) as the 
polynomial algebra On Wys Woy: 

product of polynomial algebras of the forms 

and Sq'v,,. Thus H¥(BO;Z,) 4s the tensor 

iL Zolwos 280 Woy] and zw, ] 
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on which Sqr act. Applying the Kinneth theorem, the homology of . H¥(BO) 
is the tensor product of the homology groups of the factors, being Zolwo 2 
and 25 respectively. 

Por the groups #*(BS0(n) 52, ) the given computation still applies. One 
iL has H¥(BS0(2k~1);Z,) = Zalwo, 8 Wo, [4 < kl, and 

1: i : H*(BS0(2k) 25) a Zolw,, Sq Wo Foy lt <k), with Sq Woe * O° din the letter. “ 

Corollery:~ All torsion in H#(BS0(n);%) has order 2. 

Proof: It has previously been noted that all torsion is 2 primary. If 

some torsion class 4A H, (B80(n) ;Z) has order ot, k > 1, then. the homology - 
of H¥(BS0(n);2,,) with respect to sq? 

A
S

 t
e

 b
a

s
 

must be nonzero in two consecutive 

B
in

 S
E

 

dimensions, *# 

<
<

 

Turning attention to the Thom spectrum TRSQ, one has: 

Lemma: ‘The homomorphism v : a, —> H*(TBS9;Z5) >a a(U) hes kernel 
precisely Q sa. : y 

Proof: Using the pair (Dy", Sy") one has the exact sequence 

0 H*(BSO(n-1);2,) — H*(BSO(n) ;Z,) —_ H*( TRSO(n) 32.) —_—0 

under which the Thom class is sent to w,, and the cohomology of the Than 

space is identified with the multiples of w,. Since Satw nM Os Sq? in 
amihilates the Thom class and the kernel of v contains Q gv. . 

1 Letting g, : BO(n-1) —> BS0(n) -classity y""? @ aetyTM~ - one has 
> . 1 a 

gt(w,) = WW) = Saw. Considering H*("BO(n=1) 32.) as the miltiples 

Wand in H*(BO(n-1);Z,), one knows that within the stable range the 4 

homomorphian a, —_—e HY (B03 2.) sao a(U) is monic. Thus the kernel of 6 
v is contained in the kernel of q, —> H¥(TMB0:2,) : a > a8q"(U), ‘and 
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since the kernel of a, — 4, :eu aSqu is a fa" the kernel of vis 
1 Qa wom 

Corollary: The homomorphism A, —_ i (map?) 325) obtained by evaluation 
on the Thom class is monic, and thus ie(ag(?) 2.) is a free 4, module. 

(2) Proof: Since TBR'“’ = TBSO . RP(2), one may consider am(tpg'?) 2.) 
as H*(TBSQ . RP(2);Z) = E¥(TBS0;2,) @ H¥(RP(2);Z,), with the Thom class 

being Ue@x, xe H(RP(2);Z,). One may take os a base of /H/,8q) the 
admissible sequences Sa, I= (ijyecep4.) with i. > 1, and a, has @ 
base {sq!,sq/sq*}. * Then 

Sq! (u @ x) = (SqU) @ x + terms divisible by x*, 

sa'sq'(u 8 x) = Sat (u a x") * (sq'u) a x*, 

Since the sqtu are linearly independent over os these are also linearly 
independent, so evaluation on U 6 x is monic. 

Ap previously noted gt 
(2) 

is a group, making pr‘®) into an H-space. 
This makes ii* (TBR 3Z,) @ coalgebra with counit the Thom cless, and by the 

Theorem of Milnor~Moore, am(mpg!?) 52.) is a free Q, module. ~ *# 

Note: From this and the fact that the cohomology of BO mapa onto that 

of BR) one may conclude that ~“WaAR,2) maps monomorphically into /Y,, 
and in fact draw out ell of the structure of Ware). 

One can also obtain from this the result of Well: 

Theorem: As a module over the Steenrod algebra, H*(B89;2,,) is a direct 

sum of copies of a, and Gol Ags» Further, there is a map of ‘TBSO into 
a product of spectra of the types K(Z) and X(Z,) which is a 2 primary 

homotopy equivalence. 
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Proof: Let 1 = H®(B89;Z,). From the cofibration s’ —> RP(2) —>s°, 

‘one obtains by smashing with TBSO -and taking Z, cohomology, an exact 

sequence 

0+ TP <— Mx,x°} <— Te 0 

tex°<—t 

te—t 8x 

where U = tix,x°} denotes the free T module on x and x*, which represey 
H*(TES0 . BP(2)32,) = H*(raR'?);2,) and is a tree C(, module. 

Let 1 it —~7Q f be the projection. Let K be a subspace of 

kernel(SqTM) in mapping isomorphically onto (kernel (SqTM by) and let 
t CT be a subspace mapping isomorphically onto a complementary summand for e 
n(kernel (Sq? Yet ag 

The natural ‘homomorphism ot A p modules A, @(L@K)-»T is epte 
(as in the Milnor-Moore theorem), and since Sq” ‘annihilates K, induces 3 
homonorphien ¢ :((, eLe Al Giga 6K — 2. 

For ae lf, and +t ¢ T, one has 

alt ex *) = (at) ox, 
a(t @ x) = (at) @ x + (a't) @ x’, 

where Jas 2614 0' 6 Sq +.... Letting 
r:@,0 (Lex eL6x8Kk8x)—>U, this gives 

ak @x= alk @x) + a'sq'(k@x), ak @x° = aSq'(k @ x), 
2 ab-@-x = a(h Ox) + al{2 ex"), ah @ x’ = a(f 6 x“) > 

and since .£ is epic, FP is epic: 
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Since the composite LOx+Kex—u—- w/v is an 
isomorphism, 1-8 x + K 8 x. forms part of a base for U as a, module. Since 

¥ is epic, one may find a subspace L' (LLL- so that L' 6 x +Lex+K 0 x 

is a bese for U, In particular, ¢:(/,@L'@ (,/G,8¢ 8K —>T i monic 
(with image T') since the composite into .U maps isomorphically onto 

Got ex 6 ,sa'(k @ x). 
Choose as complementary summand M for L' in L, L = M@.L', and 

suppose w= 0 for <4, end me M', with m0. Let 
Ul = WG o\t' @ x + L' @x + K@ x) -and consider the composite .T-—»U', 
Since the 18 x" components of all clesses in C(,(L' @ x° +1! 0x +K 6 x) 
belong to T' @ x, the map T/T! —» U! is monde. Since m# 0 in. T/T! 
because it maps into the Complewient of at! , m8 s e ut =, @MOx is 
nonzeyvo. Thus the natural map U' -——> @/T' must heve nonzero kernel in 

dimension i + 2. Thus, there ‘are elements m' -¢ Moana m" ¢ vit) nich are 
not both zero go that Sq? (m' 6x) +*#m" 6x a, eue x)? = 

yit2 Sq" (ut ex) om! 9 x which ‘maps isomorphically onto ~(U' ig sent to 
zero under the map into T/T’. Thus 

Sqn’ +n" a tmage of (8qh(m' 8 x) +m" 6 x) 

= at, +] Dyk, 

with AL eb, ky eK, and a,b, € Qi. applying 1 to this with the 
i d 

independence of M,i’, and K shows thet im" = 0, asd, eC{p» Since 

Sq?(sqém') = 0, sat (J aks +J byky) * 0, and since kernel (Sq") /image(Sq") =K 
in Get + Q/GZsi ox, one hes 

sqin' = sqX(J ats) + 8qX(J byk,) 
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Letting 2'.. be the sum of the terms aks for which a, é a 2? this gives 

1 lyf Sq°k = Sq TF aye, +] yk.) © Sa (Qt) 

where 2=m'+4', [ at, is the sum of terms with a, € ql p? While 8a 
annihilates terms with by £ Qa 2" This gives 2+] e,t,e kernel (Sq ) with 
ey € a gp BO that 7% valsiga to the image of K, contradicting the choice’ 
of L- unless 2 = 0. Since L=M6-L', this gives m' = %' = 0, so that 

both m' -and m” are zero. This contradicts the choice of -m' and m" “a 

ie
 

Lge 
i
 

a
t 

and thus M0. Thus Ts? and fig an isomorphism. Bh 
= ie To complete the proof, one has “f°: a, SL 6 Ai, Cl,ga OK—>T. Unde 

both being isomorphic to K. Since sq = 0, one has H(B*(TBS032,) 84") 
isomorphic to H(H¥(BS032,),2,) by the Thom isomorphism, for the Thou 
isomorphism sends both kernel(Sq") and image(Sq) into the corresponding 
groups. Thus, one may choose K to be the span of the classes Yo Vs 
are the reductions of integral classes, the PU: This gives a map of 

cohomology. One may alao map ‘EBS0 iato a product of K(Z,) spectra to 

realize the sunmand a, 6 L.~ The product map sends TBSQ into a product o 
K(Z) and K(Z,) spectra, inducing an isomorphism of 2, cohomology, end 

thus giving a two primary homotopy equivalence. an 

Note: This result has previously been proved by geometric arguments. 

This proof, using only cohomological methods, is essentially that of Wall {k 
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Chapter X 

Special Unitary Cobordism 

Having already built up the machinery to study special unitary cobordism, 

the 'oriented' analogue of complex cobordism, one may obtain mich of the 

structure in fatrly easy fashion. The one new feature which arises is the use 

of KO-theory characteristic numbers. 

Since SU cobordism is the (B,f) ‘theory in which Bo. s Bony = BSU,.» 

one has the determination theorem: 

a8) = ims 
~e 

near!TM nes 

The primary requisite for the study of these groups is then a knowledge of 

the structure of BSU. In cohomology, this is provided by: 

‘Lemma: The cohomology ring H*(BSU_ 52) is the integral polynomial ring 

on thé Chern classes o,@"), 1<4ic¢n, where 7" 41s the universal oriented 

complex n«plane bundle over BSU,- 

Proof: Let f, : BOU,—> BU, be the map classifying 77. Then 
“2 £* ; H*(BU 52) = ale,l2 < i <n] —> H*(BSU,;Z) sends cto e,(y). Since 

c,(y") = c,(detyTM) = 0 because dety” is trivial, this induces 

fe: P= Z[e,/1< 4 <n) — BA(BSU,;2). 4 

To see that this is monic, let g, ° BULL —_ BSU, -be a map classifying 

the orientable bundle yr ® detyTM, so that ett®(c, ) ip cy - ce, 5 
if i<n and c if 4i=n. Thus the elements earttc,), Ll<eis<no, c 

lne-l 

are algebraically independent in zle,|2 <i<n-1] and so fs ig monic on 

Pp. 
n 
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fo see that this is epic, one may use induction on no exactly as in the 

study of -H*®(BSO nip) To begin the induction, BSU, is e point and 

BSU, = BSp, = HP(~). for which the result is known. *# 

Since the spectrum sey is oriented for integral. cohomology, the same 

holds for the spectrum” TES and one has: 

Proposition: The groups 080 are finitely generated and 980 8Q isa 

rational polynomial algebra on classes Xp, Of dimension 21,4 > 1. : 
7) 

Proof: the standard methods give everything here, proving that 

vege H,(BSU;Q). To see that this is-a polynomial ring, consider the 
submanifold MTM of 6P(ntl) dual to -dett. Then e(wTM) = (1+a)"* e(ara)al 
sos (e(r) IMM] = (ne2)[ (nea ~ {(neQayMaler(ne2)] = (nve)® = (mie) 
which is nonzero if n-¥ 1.° Thus 9B 6 Q° waps onto a polynomial subalgebra 4 
of Meg babel 

Corollary: The kernel of ‘the forgetful homomorphism Fy: 08? ~> al 
is precisely the torsion subgroup. 

For the oda primary structure one has as always that B*(TBSU; Z, ) isa 
connected coalgebra over 2, with counlt Ue n° (rBsy; iz, ). Since the 
cohomology is all even tiacestonan, this is an Gi Jlag) module and one has:: 

Lenma: ‘The homomorphism v : GMa) —> HC rEsy 52, ) ta—>a(U) 4s 
monic if p is an odd prime. 

Proof: © From the ‘map 8 BU, _1 > BSU,, one hes B*(TBSY, 32.) 
identified with aq (He(BSU, 2, voy 4 C H*(BU a1'%p ). In stable aid 

B*(TBD 13%) = H*(BU,_ 32)", C HMBU,_132,) is 8 free Ga) modu 
Since ¢,(€P(1)) = 2 # o(p), one generator of this module may be taken to be’ 

+" eye ae and thus Vv. is monic. 

o 

4 
a 
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Remarks: 1) An alternate proof is obtainable by letting h : BSp —* BSU 

classify the universal bundle, since an Sp bundle ie SU, and (Th)*%\. is 
monic, so v is also. 

2) For p= 2, doubling gives an isomorphism of H*( TBS 32.) and 

H* (TBSU;Z,). Thus B*(TBSU;Z,,) is a direct sum of copies of A,/(8a") and 
(Q,M8a))/(Qp/(8a"))-8e° = A,/(8q") +80? Tis 1s not a particularly 
useful description. 

Corollary: All torsion in 8 is 2 primary. 

To complete the caiculation of the odd primary structure, let Pa a av 
be the set of cobordism classes for which all Chern numbers divisible by cy 
sre zero. It is clear, since ey is zero for 8U manifolds, that 

Fae Cc Qisu One also has: 

Lemma 2: (Conner and Floyd { 39], (12.5)) ants om Fae. 

_ Proof: If M” has all Chern numbers with ¢, a6 a factor zero, let 

WC mx @P(1) be the submanifold dual to ¢, (or dett), so N” hes an 

SU structure. One has 

aay 
M)- (ito 

giving for characteristic numbers 

gl] = (e,(M) + Fu, + (co, (M925), Me, (0)+25){M x €(2)1, 

= ¢ (M){M]-2a[cP(2)1], 

2 2c, {M] 
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where .u,, v,, are polynomials in the e,(M) and a (Note: These additional 
fm 

terms all vanish since a? = 0 -and Chern numbers of M with a factor cy 

l
k

e
 

a
e

 
e

e
 o

t 

are zero). ‘thus -2[M] = [N] ¢ Fm, ae 

SU 
Insofar as odd primary structure is concerned, this identifies Q,° with - 

ea For example, all.odd primary relations among the Chern numbers of . SU 

w
i 

B
e

k
 b

e
a

ls
 
a

 
L

e
e

 

manifolds follow from the vanishing of ey and the X»theory relations for 

atebly almost complex manifolds. ‘The multiplicative structure follows from: 

» 
Proposition: Let p be an odd prima. . There exist §8U . manifolds 

su ME Moye 
p(t (MP)) a J 2, (e)4IMI-a,, hes largest monomial 

PE
 
ti

e
 e

t 
a

i 
e

n
 

K
e

 
4.

 

i > 2,. such. that py(t(Mi))s the mod p reduction of 

B
o

e
 

a
 

(1) a, if ip’, pl for any 8, 3 

(2) P ek if ip" for some s, and ; 
PB 

(3) a? a if i= p'+1 for somes. 
pom 

Proof: For any almost complex M, CLM denotes the submanifold dua 
to cy. which edmits-an- SU structure. 

For part (1), one hes s,(e) JIM] = s,(c)[M] if aim m= 21, and it 
suffices to find an 0 € (141) ‘Yor which 8,(o)[3¢P(w)] is nontero mod p 
One choice of such © is: 

(a) 4, 442 #0 (p) 2-0 (2,1,9-1)3 

(bo) d+ a p’ (puty), r>o, O<¥ <p, i peal: 

(1) a? 02 o = (p yp a), 
(2) w=02 w= (p’,p7(we1)); and 

(ec) 4 = p'(puty), r>0, O<vep, i# pe: 
(1) a> 0: @® (1,ptv,p a), * 
(2) u* Ow * (1,7 wp (ve1)). 
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For part (2), i =p’. and let i a(eP(i) eP(p?"1) xKeoaax P(p?"*)) 
with p° copies of ve 1), the total Chern cless of 4 ia 

(atx)? + Basa, PA y(asexe(e a) J x4) and MP is dua to 
2xt(p 3 141) iy x,- Working mod p, the terms I x, give -p equal terms in 
characteristic numbers, so for mod p numbers this is the same as if 

e() mi and w were dual to 2x. Thus the mod p Chern 
numbers of ve are the same as those of 2ep(p®~+)P, For wen(i), 

0, (edd I] = s,(e){NP] 26 (e)[aP(p >> )P] = 25, (eld [er(p**)P], and since 
p ler) ] has largest monomial 4 

u
t 

the result follows. sei? 

For part (3), i= p’-l, 821 and let M=M = 9(cP(p? jx... .xcP(p?"*) 
with p copies of eA p*"1), with HC ep(p°") x...x ap(p°+) ual. to 

8-1 
1 £1 8.4.86, a8 considered in Chapter VII. (M 46 dual to (£, 8...8 & Pr 

M has tote Chern class Kars, > Th alg! “Lays x5) and is dual to 
(p®441) J x,, while # nes total Chern class Basa, Pr yas} x, ) and 
is dual to -} X 5° Thus for s > 2, qu 00 =¢, 7 +? e- “hy where vy is 

2 1 a symmetric in the x,, i.e. Vy TM a) 2 wee -1 ees x » and 
multiplying by (p?442) Ix, and evaluating on te product of OP's gives 
cM] = (pe te1)0,[H] mod p®. For we n(k), k> p®ph, dim V= p%-2, 
,(e) J [v] =} (a,/o,c,[V], ay dy © 2, db, #0 (p*), 80 
8, (es [1] = (p41 )s,, (e yd tz] nied p. ‘Thus M has the same largest monomial 
as H, which is as given. For s = 1, ¢,[M] = 0 mod p. by symmetry in the 

x's, 80 a, (e)yd tn] '= J (a/b, o,[¥] = O0mdp if pen(k), &> 0. (since 
then .b,, Fy O (p)). Thus one needs only oO Iu) 7 0 (p). However, 
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400) = i (x ea)? + (Payer)? I, 

ahaa) ani (e%1)* ani (e%1)* 

(4 galas \! . (2; f 3e5)> (a = e%1), ang w(u +1) and vu (uth) 

ut
 1 (-1)*, 

om 2, 

#0 (>). TM* . » 

Corollary: a 9 2[1/2] is a polynomial ring over 2[1/2]. on cladises 
ng 9 iol. 

Notes: 1). The manifolds Mw given in the proposition provide mod Pp. 
generators of a8, R

E
E

 
B

E
E

 h
n

 e
e

 

j 2) .The odd primary structure of al was firat calculatea by Novikov |. ; 
[93 ] weing the Adame spectral sequence method. 

The calculation of the 2 primary structure was done by Conner and Floyd 4 

(39 ], whose methods are used here. ‘ 

One has exact sequences 

aa fl : ? 

Si Pa 
0 —> Weie,2) E> od 4 o¥ —+ o. 

and 

oe 

‘4 
4 
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u Since 4-1 (C22) Cc p54 = 0, this gives an exact sequence 

9 —> 980 
24-1 25-2 2j- 

at, pSV 2, Uf, (6,2) 2» 959 t,. 80 —~o0: 
23 2j 1 

su. a, = 

class, then a° is the nonzero class in ab? 
Lemma 2; 2 = 2, aft = 259 5. If-@¢ 80 is the nonzero 

1 

Proof: One has 0 —>“f/(c,2) Me oo =z al so —> 0 ana 
. : 

0 —> Wy(e,2) >a =z al = 0-0. then a8) Pe y/(¢,2) Fey al = 2 
are isomorphisms. Since Wy te,2) 2. generated by OP(1), with 9€P(1)'= 2, 

SU the homomorphism 2 = 145(¢,2) 3, ab << 8° nas” cokerner zy ° af wth 

6 = ¢(1) the nonzero element. Sinee 3. 4s ‘monic on Welt,2), this also 
gives an isohorphiem t : af) —> fs Since the homomorphism t is 
multiplication by 8@ = +(1), this gives abv *Z, with nontero clement 0°, *# 

Proposition: All torsion in aU has order 2. 

Proof: Since t: ane _~ 0F-1 ig epic and given by multiplication 
by 8, 0-1 consists of elements of order 2. The torsion subgroup of Td 
is the kernel of the composite a3 fe W,,(¢,2) Fa, 05° but F, is monic, 
80 Torsion (084) = kernel(p) = image(t),. which consists of elements of order 24 P 
2, #8 

Proof: (Due to Lashof and Rothenberg). One has the forgetful homomorphism 

s,: 2° —> 8B induced by the inclusion j.: S > Tasy with 

J* : H*(qBsy;z) —> #*(S;2) en isomorphism in dimensions less than 4 and epic 

in dimension 4, so the homotopy map 5, is an isomorphism in dimensions less 

than 3 and epic in dimension 3. Leto « att with Bylo) = 8, ‘Since 20 = 0, 
2a? = 0, and since at = Zys o> = 28. Thus 0 = s,(a>) = 25,(8) but 
all torsion in 80 has order 2, so 28,(8) = 0. Finally +: ay — a” 

is epic, so @2 = 0 implies £6" = 0 and a’ =o, = 
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Note: An alternate proof may be given as follows. From 

O—>Yi(e,2) > a= z0z—Sa=z—+o, Wi(c,2) #2 and o generator 

is represented by 9ep(1)* ~ 8ep(2) with of =0, ¢, #12, and with | 
number 1, For a 4 dimensional SU menifold, the id number must be even 
(KO theory characteristic number argument to be given later), so thet 

e : af eee ACE 2) is not epic. Thus 3 > W,,(€.2) —_ aBY = 2, is epic 
and t: ag? —_ a5 is both epic and zero, giving ay =o. : 

Considering the exact triangle : 
. 4 

984 see acer. 0&9 i 

a\ 4 
Wele,2) 4 

as an exact couple, one has a derived couple . a 

Image t —‘—> Image t 
a' e' 

RCW) 

where H(W) is the homology of “W4(6,2) with respect to the differential 

a : Wale,2) —> Wue,2). This gives an exact sequence 
. 

wee om 6 (00 ) He 2(n5s a4 CWS > easy + 2(08 2) . 
2j~ nol 

su su su Now 5 5- 1” + (85. p) since t is epic so ti: : (MBs » —> +(08 .) has 
image + *(0B 2)» 2 but + = 0 since e = Q. This sequence then splits up ; 
as 

Su . SU 0 _ ) —#5,,(W) er 3) “0. 

oS! . Pia 
2j+1 25-3 
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Since kernel (69) = atSu while Lemma 1 proved that 2nisv Cc. image(p3), 
4, ,(W) ieaca 2 vector space, and the above sequence splits to give 

. re) su Lenma i: HCW) ® 05,,, © %55_ 5: 

Since the torsion structure of | id ie entirely determined by the groups 
su 

Raye? 
fo begin this computation, one has an exact sequence 

knowing HCW would give. the torsion structure. 

0 —> Wyle,2) 2+ Wine) > Wyle,2) 2 Zp —> 0 

giving a homology exact triangle 

x,(W) —2—> 1,4 

HyCW z,) 

but every element in #, (M4 has order 2, so one has 

O—> Hy (WS —> Hy (We z,) —> Hy, pW — 0. 

From Chapter VITI one has: 

Assertion: ~Walt,2) 82, is a polynomial algebra over Zy ‘on classes 

%>, for x #2. The boundary homomorphism ia given by a, = 0, 92a * Zane 

if n> 2, and satisfies (ab) = (aa)b + a(ad) + z,(da)(ab). 

Since a2, = 0, a(z8) = 2,(9a), and the ideal w" C Wab8,2) 82, 

generated by Bo is a -subcomplex.. From the short exact sequence 

OW" —s W(6,2) @ 2, —> w' = W,(6,2) 8 Z/" —> 0 

one hag an exact sequence ’ 

By(W") —> BW 2,) 

iy (w"), 
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Since. w # “al "on [n> 2] with az, = 2, 2 and a(xy) = x(ay) + (ax)y, 

H,(W') >2, olay]. 
From the product formula for 9 in WMle,2) 22,5 H,(We Zp) ise 

ring, and the homomorphism to #H,(W') is a-ring homomorphiem. Now 

2° 

Pe” + tty otna! = (tyatynes * 2a g) + B:Pigen * 
80 the classes he, - a + 252 oF hn in a (Ws 25 ) map onto the polynoatq 
generators of -H,(W'). This splits the exact sequence to give 

ia
 

iM
 
ie

 
a

o
a

 e
t 

Ri
te

 
a

E
 e

a
 o

da
 

s
y
 0 —> Hy(W") —> By(Y/@ 2) —> Hy (W") —> 0. 

From the formula a(zpx) = 2, (ax) previously noted, one has 

H,(W") = 2,+Hy(We Z,), giving: 

Lemma 5: Hy (U2 Z,) 1s @ polynomial algebra over Z, with generators ’ 
hy (represented by Ze ) and hg,» > 2, (represented by 

(yg) + ofa oin)* 

tor “W,(e,2) 0 Z, are represented by classes a e W,(e,2) with 
paz "zp if n> 2, and pazy = 2. Using the product in a and the: 
extension 9' of p3 to a, one also has ~ 

e(asb) = ab + atv ya tase oF) 

and 

a*(a-b) = a(a'b) + (a'a)b = 25 (a'a)(a"b). 

, ' for asbe We,2), tv'y being given by zn = epi2). 
If M has all numbers divisible by ¢, zero (at{M] 20) end X de 

exy stebly almost complex manifold, then the submanifold of Mx X dual to‘, 
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c 1" 

Tous 3'({M]"{x]) = [M]*a'([x]). In particular, H,(W) 4s a ring and the 
has. the same Chern numbers as MXN where NC X is dual to c 

homomorphism into H,(HWe Z,) is @ ying homomorphism. 

One then has:- 

Lemma 6: The hosiomer phat 8th) —> Hye Z>) maps BW) 
isomorphically onto the subalgebra generated by (a, 2 and hes k > 2. 
Thus By (W198 4 polynomial algebra on classes ¢, and ¢p,, K > 2. 

Proof: 0(6P()*) » oP(1)* + 8{V'] = ger(a)? ~ 972) © Wele,2) nes 
all Chern numbers divisible by ¢, zero (2 #0, cy = 12), 80 da-a cycle 
in Wele,2). This class represents the product in W,(6,2) © Z, 
(n,)° in u,(We z,). 

For n> .2, 

or 

3'0(2,2) = at(aje + atv" }(a'et y*), 
< ' ‘ 2 (2th Bigg ~ 82°Fhang) + 20°1V Ia,0 os 

’ ? = 22 2hpeo ~ Dee 
for arty J -ts 8 2 dimensional class with «, (a'tv" ]) = 0, 80 attv'y =0 
Also 

a'O(ntat ) = a'(asal + bIV Ie} a), 

. Ps ey + cial _ 22a * bat" Tah oe 
= as - i ee 

Thus 

0(2,2) ~ afin ® (xtal) Mle,2) 
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is a cycle (3' 2h oo = 0) and reduces to (2,0)? + 25Eh tim © Wae,2) 8 2Z, j 
so to hg ¢ Hy(HW/e z,). 

Thus u,(W% maps onto the asserted subring of (We 25), while the ; 

o
e

 

a
m

e
 a

b
id

e 
a

ie
 

exact sequence 0 —> aM —> ELCHYe z5) —> a(W) —>0 together with a 
dimension count make thie an isomorphism. ~## 

o
s
 i

e
e

e
 

Returning to the isomorphism #,(W) = Ce ® oy 5 
= su su- a E Hoo M © He gW) #0 so OR, # nb = 0. Since Hy (WS = Hy CW) 

su su su su (via multiplication by ¢,), Maa © Sag ® Mapes 9 MQ OF 

su su su : su e s pan Rares My 39 end induction on. k, beginning with a3 = 0 gives Paes 3 

one has 

ug
 

x
. 

This then gives OF a x HWS, and one has the result of Conner and 
Floya [39] (18.3): 

su Theorem: The torsion of Ny 1a given es follows: Torsion (nS) = 0 
unless n= 8+) or 8k+2, in which case Torsion (ae) isa Z, vector 
space of rank the number. of partitions of k. 

Proof: Since Hp,(/7) is the 2, polynomial algebra on the cy, & 
2 su su “ig and ch with ey * Ea (WS, the odd groups a gatisfy the given 

SU 
enw] 

subgroup {6 known in the even dimensional case also. ..#* 

conditions. Since t°: 2 —+ torsion(n5)) is an isomorphism, the to 

Returning to the exact sequence 

o > 080 +. ,8U a, SU 2, ,8U Bjea M25 $s Yh (6.2) ae 9 —» 9 9 
25-2 2j<1 

one has: ae? 

Theorem: The homomorphism - p+ cad — %,(€.2) hes image equel oe 
group 2 Ug, (€.2) 0a) of cycles if 2) #4 (8) and has image equal to the.) 
group B(Yjz,(€,2),p2) of boundaries if 23 sb (8). 
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Proof: If 2j#h (8), 25-2 # 8k+2 s0 0 > 18 torsion free and 
su )= pi oy 2 > W;. 2(,2) is monic. Thus kernel(2 : ARCS 2) — Oho 

kerne1(p2 : Wy,(6.2) — Ms. 3(6.2)) = 2, ,(€.2) 92). Tf 2j = S&k+h, 

25-2 epic, while p: 093-2 >“ Ny_2\€2) has 
kernel isomorphic to B54 (WS *= HW). Tous (kernelp2/kernel?),, # Hy, (1/) 

su and pf), = B(HG,(@,2),93). “ 

one has 2? : Wo,(€.2) —» 6 

Corollary: Let @' : af _ a be the homomorphism sending M into the 
submanifold NC" M dual to dett,, The forgetful homomorphism 

F ; a has image containing image(2'). There exist SU manifolds 

Wok k > 1, such that (image Fy)/(image 3') = zo[wTM}. Every torsion 
SU is uniquely expressible in the form y®.9 or oA. 92 where 

vm ie a polynomial in the we with coefficients © or 1. 
element of Qy 

Proof: Dualizing dett,, gives a submanifold admitting an SU structure, 
M 

so image 9'(C image Fy. Then image F, = eae C.-W,(€,2) is deseribea in 

the theorem as uy (or BCH if dim= 4 (8)) while image 3' = BW). 
Thus (image Fy)/(imege 9*) = HCW) if n #4 (8) end ts zeroit n= & (8), 
which proves the polynomial structure. The torsion group Ore is tab 
end t annihilates image 3, while ofaey = Torsion (Qe. 45) giving the 
structure of the torsion, ‘*# 

In order to examine the structure of rid more closely, it seems necessary 
to consider KO-theory characteristic numbers. Briefly, there is a 

multiplicative cohomology theory KO" indexed by the integers (positive and 
negative) for which Ko°(x) is the Grothendieck group of isomorphism classes 
of real vector bundles over x, and Ko7*(x) is the Grothendieck group of 
isomorphism classes of quaternionic vector bundles over X (denoted KSp(X)). 
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‘ @his cohomology theory is periodic of period 8,.. the periodicity isomorphism 5 A
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pi xot (x) —» xo'~8¢x) being given by multiplication by a generator 
B(1) © mo P(pe) = KO(5%) = 2. 

* 
In-order to describe elements in KO (X)- geometrically, 1t is converter 

hu
e 

Fa
 

h
e

le
 

a
R

 

to consider a complex vector bundle V. over X together with an automorphisn 

ie
 

3:V—*V. such that Ji = -13 (J is conjugate linear), Then (V,J) 48 

1) Symplectic if J° = -1, 
2) Real ie J =, 

s
i
 

S
E

S
 
A

A
s
 
a

t 
it

ed
 

(That this is justifiable follows from the fact that if J° = 1, then 

7
 

Vu yy @ ayy, decomposing as the +1 and. <1 eigenspaces of J, 
the summands are interchanged under multiplication by 1. Thue Vis 

a isomorphic to the complexification of AE.) 

a
 

Being given two such pairs (V, 934) and (Vp .55)5 the tensor product : 
WV, 8 Vy) admite a conjugate linear sutamorphism Jy @J, and 
(WV, @g Vps Jy 

1) Real if J, and J, ere both either real or symplectic; 

8 Jy) ist 

2) -Symplectic if one is symplectic and the other is real. 

This describes the product which relates KO(X) and KSp(X) in KO*(X), 

(Note: If (v3.4) and (V5 559) are symplectic, J, @J, acts an V, : 

thought of as complex vector bundles, and the real elgenbundle is YW a Ves 
% Be 

where vy is made a right vector bundle over Eby means of conjugation.) 
a 

quaternionic line bundle. 

Proof: From the change of fields section of Chapter V one has alae? 
_— a. vt 

maps 8°"+3 _y gp(oner) fe ep(n) with f*(A) = 40%, ond BP(n) hes 
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a°*1 29 ana f(a) = a? proper integral cohemology, with H*(HP(n);z) = z2[a]/a@ 

in H*(GP(2n+1);Z). In particuler, under the collapse 

aP(n) > aP(n)/HP(n-1) = 8°", ae(Z) = (a). 
Assuming the result true for HP(n-1), one has the exact sequence 

0 —> Roe(s") SS xotep(n)) > xo*cHP(n-1)) —> 0 

arising from the cofibration HP(n-1) 4. wp(n) 4, sha i" being epic by 
the assumption. Since 8° 49 trivial over the bn-1 skeleton, ja” 2 QO, 

w"TM(g"), Yo prove the result for HP(n) by and @° = a"%(w) for aome we 5D 

induction, 1% suffices to show that w is a generator of Ko 
Considering A as a complex bundle, one hes f¥ch(1,-A) * cht dye) = 

m8 a? higher terms, sco ch(&) = G+ higher terms. ch(2- @ 1X) = 2-e%me 

For n odd, a” te represented as an Sp ‘bundle’, and thought of as 
complex, cha" = +4" = ar(-i), so ch(w)=-Z and w is a generator. Por 
n even, a" is a real 'bundle' and ch(8" @ ¢) = a = "2, » so ch(w 8 C) zi 
and w 1s a generator, ** 

From this it is clear that @ satiefies all the conditions to give HP(n) 
proper cohomology, with we f"2(g4t) being the standard orientation class 
i, chosen so that for n odd ch(Z)=% and for n even ch(L ec) #2 , 

where Ue he 32) is the standard generator. 
Since the operation (V,J) —»V obtained by taking the underlying 

bundle maps the generator of #5p(8") onto that of Ks"), this operation is 
compatible with suspension and one may define a ring homomorphism 

¥ : KOMUX) —~ K(X) represented geometrically by (v,J) —> V in degrees 

congruent to zero mod 4, 

It is now reasonable to describe KO"(pt). Brierly, KO"(pt) contains a 

subring consisting of Laurent series on the clase (1) e x07 8(pt) and is @ 
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module over this subring with base ,a,b,z,.a€ xo (pt), be KO-“(pt), 
ze xo" (pt) with relations 2a = 2b =.0, a =b and fs 45(1). 

Note: ze xo" pt) is represented by the trivial symplectic line bundle; 
or ¥(z) by the -2~ dimensional complex bundle; | Thus oz)" is represented | 

by the image under periodicity of the trivial complex. 4° plane bundle, which 

is 4y(p(1)). . 

Under p : KO*(pt) —> K*(pt) one has y(a).= ¢(b) = 0, ¥(z) = 2p(1)*, 

3 

3 
v(p(2)) = pa). 4 

Being given a U(n) “bundle £. over a space B, with couplex inner j 

é 

P 

é 
he 

4 
= 

5 
4 

i 

} 

product <.-, >, one has defined a bundle map * 

4 ot (APM E)) —> H(A) . 
ag 

=f 

where 1 is the projection of vg) onto B (Lemma 7, Chapter IX makes thigx 
meaningful) and over §8(£), -this-is an isomorphism (Corollary to Lemma 6). 
Tous w#(A°%(E)) - 9 (AC%(e)) c K(D(E)) 4s trivialized over S(£) by 4, 
defining a class a(n*A°%(z), n#a°@(e),) e K(D(E), B(E)). Let 

GCE) = paCnmae’ (E) w¥n°8(e),6) © RPB(2(E)). 

Proposition: G(g) = (-1)"(e),. where U(¢) is the orientation defin 

by Ketheory Chern classes. 

Proof: As in Assertion i, oe) is multiplicative and so one may ve if ‘ 
this for line bundles. If V ia a1 dimensional vector space, A(V) nal 

i 
Soe 

base {1,v},. v a unit vector in V, and 

fs 

FQ) =x, F (v) = 0, E 

F*(v) S< Vix >, Fe(1) =, : % “4 

so 

(1) = x, o,(v) = < ¥,x> 
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and ¢ defines the standard trivialization over S(E) by sending ze ¢ m¥(E), 

into 2. Thus U(E) = p4(1-e) for the conjugate of the canonical bundle over 

€P(n-1). Since O(¢) = p7(e-1), this gives the result, ** 

If € 48 an .sU(2n) ‘bundle over B with o + B=» B(A""(E)) defining 
the orientation, then by Lemma 4 (Chapter IX) one hes defined an operator 

wor ACE) ——» ACE), antieommuting with i - (Lemma 3).- Since 

2n-K (gy, wee ae) eA yo preserves the even/odd decomposition, and by 
yen(2n-2)/2 | Lemma-8, commutes with 4... Since u? (=) one has: 

Proposition: If §— is an SU(2n) bundle, the class 

a(nwaeTM(e), wee), 4) © K(T(E)) 

admits a conjugate linear operator yp. Since ad = (-1)", this defines a class 

u(t) © RTM(2(e)). 

Proof: If n is odd, a= a(n#a®%(e), wn (c), 6) 48 given an Sp 
structure, while for n even d- has a real structure. Applying real 

periodicity this gives an element in Ro TM(n(e )). 
By Lemma 5, Chapter IX, @ -ig multiplicative for SU(2n) - bundles and so 

u(&) is a multiplicative Thom class. 

Assertion: u(&) is en orientation. 

Proof: Letting §& be the trivial complex 2n plane bundle over a point, 

R's") £ is given an SU structure by the trivialization.~ Thus -u(&) € 

is defined. Applying ¥ to u(E) gives O(€) © x's) whieh is the 
utandard orientation, so u(—) is the generator of RO"TM(g4"), Lad 
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Note: This shows that SU bundles are KO" orientable, For — an 7.3 

BU(2k-1) bundle, ul €.1) © RO (ne @ 1)) = ROME?) = KH *(a(€)) 
is an orientation... The difficulty in doing this case geometrically is that 

one has no nice way to describe xolkt2 | 2 

s
q

l 
h

e
 a

e
 

Having an orientation for .8U ‘bundles, it would be desireable to have 

characteristic classes also. For a symplectic bundle € over X one has 

KO*-cheracteristic classes, mi(E) © xo“i(x), defined ty the general theory. 
For § a complex bundle over X, € @ FE @ €. has a symplectic ¢ 

structure and thus one has KO" characteristic classes mite 6c xo4(x), 

Leuma: W(m8(E 8 €)) = (1)bep(a)"*nt(E) where a (E) © K(X) is 
the Ketheory Pontrjagin clasa defined by. the underlying real bundle of - . 

(See Chapter IX). 

Proof: Clearly ¥(ni(— 8 ¢)) = p(i)“48, with 8 © K(X) and to 
evaluate 8 it suffices to apply the splitting principle. Then for §— #4 

i=, over €P(n), one has 8 we 2-A Ot = -n(X), giving the result. 

Tt is also convenient to reexamine the clagses nt(e) as follows: 
For any real veetor bundle §--over X, oné defines 

= 1 AR(E)t* © KO(XDILE]], 

80 that aBe ® a) e aR(E )-aF x), permitting extension to KO(X). ~ Thus 
Serv we ~ dimt) =< Tage” 

t (at tine 

depends only on the steble class of E. Letting u=t/(1#t)*, so thet 
a = t(1etet@t? +...)* 
t is a power series over Z in u with leading term u,~ one defines clas 
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i mm (E) e KO(X) by 

ii R _ wt . Y u’n(E) = 1 (E) = ay (E - aime) 

and calls mE) the i-th KO theory Pontrjegin class of &. 

Note: AG(E 9 ¢) = ag(E) @6, 80 J wiat(e) @@=d,(6 @ 6 - dimt,). 
Replacing t by t/(i-t) gives 

i Ae/(ane)OE @ 6 = Aimee) = J reed (nie) @¢), 
(14t/{a-t))> 

= f [e(a-t)]*(np(e) @ @), 

=J etni(e) @¢) 

where s = t-t". Thus the complexification of m(E) is the class n(e) 

previously referred to. as the K-theory Pontrjagin class. 

This gives the somewhat curious phenomenon that for i odd, n(E) 
comes from both KSp(x), as -p(1)"4y(nt(é @e)), and KD(x), as mh(E) @¢, 

provided & is a complex bundle. ‘This gives: 

Theorem: Let M be a stably almost complex manifold, with CAG es 

P e H*¥(M;Q) the classes given by the 5, symmetric function of the variables 
ed + ed - 2 end the product of the classes xe -1), when c({M) 
is expressed formally as W(1+x,). 

Then (0, (09) 90141 is an integer end is an even integer if M is an 
SU manifold and either: 

1) dimM = 4 (moa 8), or 

2) aimM =0 (moa 8) and w is not of the form (u', w'), 
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Proof: ‘Since eh(n!(t)) is the j-th elementary symmetric function in 

the e* te. 2, 8, (€) = eh(s, (r)) is the Chern character of the 5, ; 

symmetric function class for the K theory Pontrjagin class. Thus, up toa 

periodicity, (8, (ep ) 8) [M] is the value of the K-theory characteristic ; 
number s(*)(M), and hence is an integer. 

te MT 4s an SU manifold, imbed M ina sphere 8° with SU norm 
8x. bundle v, and let ¢ : 8 -—-»T(v)} be the collapse, p:v —-—->M being thy 

projection. Then 

(a,(eg)5)1M = cnot(pts, (n)-5(v)) (0%). 
If dimM# 4(8), this is given by 

chive (pte, (ng)-ulv)) [8]. 

but c8(pts, (n,)ulv)) € Foe (gk) | with Skelr = 4(8), and hence this | 
Chern character has even value. 

Ie dimM 2 0(8) and w #¢ (w' wt), then 8, belongs to the ideal. 

generated by 2 and the odd order elementary symmetric functions. [To se 

the odd classes is the kernel of the homomorphism sending Ws to y wy 

induced by classifying y ®@y. Under this homomorphism, 8, goes to zero 

ig wd (w'o') endif wo = 'ys'), 8, maps to aurea Thus one may w: 

8, (7) ze i a, wedthig (mn) +2 J bs, (n), 
J, "3 J 

with uy? ble Z. Then (3, (eg)d tM] is given by 

cuwen(e® | wayen' taste, (Ap)¥(0) 08 I # achot() b,8,(n)U(v) Is. 
J 
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The last term is even, being twice a K theory characteristic number, while 

the first is a sum of terms of the form chv(x)[s°*] with xe Ro OP TH gS) 
and so is even. ** 

From this, one may complete the argument for a? = 0 in Lemma 3, by 
noting: 

Corollary: ‘The integer yiul for M a & dimensional SU manifold is 

always even. 

Next, one should note that for M an 8U manifold of dimension Ar, 

one has 

s,(1°(t 8 ¢))IM] = Bo 

where o € KO*(pt) is the standard generator 2°p(1)"*, « «0,1, of 

dimension 4n(w)—lr = 8s~le, end f&.¢ Z. Applying chy gives 

B= (1s, (og ine’. 

Next, it should be noted in the above thet only SU manifolds of 

dimension congruent to zero mod 4 were considered. ‘The classes 8, (8x9) 

heave nonzero components only in dimensions congruent to zero mod 4 and one has 

. ~¢,/2 n . Propogition: The wv class ls given by e ‘A, so the classes 
ager are divisible by ey. In particular, the wd class coincides with 
the A class in SU manifolds. 

Proof: x/(e*=1) w on¥/2, (8/2 - en*/2) = e7*/2.((¢/2) /sinh(x/2)) 80 
id = et "i bial 
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‘To make use of KO* theoretic characteristic numbers, one must know their 

values. For this define 

o(7) 2 a _ z[a, le: [mw] _ ) (2,(e 9) lula, 

with Pp(n) denoting the mod 2 reduction. One has: 

Proposition: Po(n)(z3) =i and pol Cat)» n> 2, has largest 

monomial given by: 

1) a, if n is not a power of 2, 

2) (a .)? ae n= 28, s>0. 
po~1 

L
y
t
e

d
n

e
e

 
s
e

l 
N

e
 

eS
 

ie
 

Proof: First, 23 = [¢P(1)] so that 8 te ) is zero if n(y) > 0, 
? 

giving 0(1)(23) =J [6P(1)] = -1. 
If n is not a power of 2, Zh is the class of the submanifold of 

eP(1) x eP(2?) ‘x gp(2P*2,) where 2n = 2?(2q+1) dual to 7 
a+ (2P4a)é, + (2PM g41)8.5. Phen 0, (6,9) [hq] = 8 (plein) * 82, (0) La, ' 
and this s-number was known to be nonzero in the cholce of thn" 

If n= 2°, 9>0, zi, is the cless of the submanifold of 
ep(1) * op(2") ep(2") dual to 3, + (2°41)(3, + %,), and it was noted th 

24 [ep(2")j? + c, where -¢ belongs to the ideal generated by. 2 and 
generators b, of %% 0Z,. Since 9,(n)(GP(2*)) =a. | + lower terms 

re : Bet 
by a-classes, with 0,(7)(2) = 0, 0,(")(b )=0 for t>1 since b 

ae . 2 2 % . 
: 2'~1 2 

may be taken to be an SU manifold of dimension nonzero mod 8, and by s 

gives |p aft )(b, ) = 1, which decreases the degree of the terms involving i 
# 

one has the asserted monomial. badd 

Lemma: (Conner and Lendweber [42]) The homomorphism Po (7) sends the 

image of 3: Wae,2) — Woe, 2) into zero. 
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Proof: Since im3 consists of SU manifolds, it suffices to consider 

the case [M].= p3(N] -with- dim M = 8k. Then since [M] « gu 
ptm * @P(1)] = 2[M] as in Lemma 1, 80 a= 2("] - (Mx €P(1)] is in the 

kernel of pd and has dimension 8k+2. As noted, the component of ele) 

of dimension 8k+2 -is divisible by 4 $0 this number vanishes for a. Thus 1? 

=~o(@)[M] = p(a)[M x 6P(1)] = 2e(n)[n] 

and Pol )[M] = Q, %4 

Since’ clearly pa (m) sends 2W4(e,2) to zero, this shows that oné has 
induced a homomorphism 

Pom): H,( We 2) —» 2,[a, }. 

2 Then P(t) (bh) = 1. and oat )(hg ) has largest monomial a) if a is not 

a power of 2, or (a yt ign = 8, 8 >.0.- [Note: 
aa 28 

= 2 = = . hp = Cay)” + tty, type dub pp((ay 4) = 0 since a2, = 2,53. thus 

p(t)(be ) = pp (mz) )°]. Since these classes have distinct largest 
monomials, one has: 

Proposition: a « HCW 25) is zero if and only if e,(t)(a) = 0. 

[Note the analogy with orlénted cobordism in which the - mod 2 numbers 

8p) detected kerd/imd, while here the numbers sy (7) detect. ] 

Theorem: All relations smong thé Chern numbers of nn. dimensional 5U 

manifolds are given by the relations 

a) e,¢,,[M] =Q for alla, 

b) a, (e)xd [Mt] € % for all w, vend 
e) Tf n.& 4-(mod 8), (slo) J) € 2% for all vo. 
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Proof: These relations have been shown to hold for SU manifolds. If rE 
a€ H(BU;Q) with ¢,c,[a] = 0, a (e)J la] 22% and for n= h(8),. 

(e @ steal € 22, then from the knowledge of a, a is represented by a 
complex manifold having al) numbers divisible by .c,. zero. Thus a ¢ 1, TSU ; 1 

For n-#4(8); this suffices to prove at oP, If n = 4(8), then the 
ou 

class of a in 8, (We 2) is zero since s,,(e, Ste) = 0(2) ~for all wv, 4 
so the class of a in H 7, is ero. Hence 6 belongs to BW, (e, 2,099) 
and -a is -in 7a, ae 

Lemna: The KO* theory characteristic numbers of 6 € BY 

a) si(n'(r @@))[e] =o if nlu) > 0, ana 

b) fel #0 an KON pt) 3 Z,. 

Proof: Let ut TBSU, .. +2 ie BSp be a map defining the orientation cl | 

uly Ve ROO opgu ), Fr. large. Letting b © BSU, the composited Vupee dre! : e brea? ee 
» garth fe: 60h Th > TBBU, ., —> BSP 

oer hg Bre4, : Br+k represents the generator of T geek (BSP) ® KO Since § 

8r+3 “connected, this map lifts to the connective cover | BSp(8rth,. <j) 

giving 

orth ft.t= Bap(Brth ye... ) > Bp. 
rok Considering 8 as the Sr-fold suspetision of st gives 

fr hz gt fis 9 ugp(ansh,...,0) 2—Te o "psp —2> pep 

where g is given by the fold application of periodicity. . Both o 

at induce isomorphisms on homotopy in positive dimensions, so h represii 
the generstor of m,(BSp). Thus h® : u! (Bép;Z) —> a'(s";2) is an isomo 
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and h* : H®(BSpiz) ~~» H¥(8";2) is’an isomorphism in dimensions less then &, 
Bo hy: 1,(8") ——» 1,(BSp) is an isomorphism in dimensions less than 7. Thus 
f' induces an isomorphism on homotopy in this range and being in the stable 

renge, induces an isomorphism on homotopy in dimensions less than 8r+7. 
Thus ff: n,(S°"* My n,(B8p) is an isomorphism in dimensions © 6r+4 
through 8r+6. 

Thus, the composite af® , 984 itd KO" (pt) is eple in degrees 0 
through 2. Since 8 is the nonzero elements of an, this shows that 
if] ¥ 0. 

Further 6 comes from framed cobordism and BC (t 6¢)) =0 for 

n(w) >-O in @ fremed manifold, so these numbers must vanish on. *# 

Theorem: (Anderson, Brown, and Peterson [& ]): Two SU manifolds are 

cobordant if and only if they have the same integral cohomology and KO" theory 

characteristic numbers. 

Proof: Suppose Mis an su manifold for which all such’ cheracteristic 
numbers are sero. Since all integral characteristic numbers vanish on ~M, ~M 

is @ torsion clases, and [M] =6{N] where © = 1,2 and N is an SU manifold 

of dimension 8k for some k. ‘hen for all ®, 
sy(t@(r @ @)) fa) © Ko Y)-B-E( oe) 46 zero, but 

g,(ni(x @ €))IM] = 8 (n°(x 6 6))[]-a° 

since 1[¢] = @ and all other numbers vanish. Thus for w¢ 1(2t), 

a,(r(r 8 ¢))IN] = mB) * with m) even, giving 2,(¢ 9) [nl = 0(2) tor 
n(w) 2 0(2), ‘Thus (s,(e 918i) 2 0(2) for all w, the other cases being 
immediate since N is an SU manifold, Thus. [N] represents zero in 

H,( We Z,) and also in u,(), giving [N] ¢ imaged. Since multiplication 
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a 

by © annihilates imaged, this gives [M] = 0. ‘The remainder of the theore 1 

being obvious, this gives the result. ** 
i 

The remaining part of the structure of 98 which is desireable is the | 
. : agtt 

multiplicative structure mod torsion. Ci T. C. Wall [136] hes noted that 

this may be obteined out of whet has already been proved. To begin this 

analysis, first consider Wy(t,2). 
u ; : . 

As a subset of 2, MW,(€,2) is not a ring, as has previously been 

noted. One may define a product in Wue,2) by the composite 

# : Wel,2) ® Woig2) > wen ed +4-1Kc,2) 
. U h : and in Q,, awb = ab + 2[V ]3a-ab. In particular, 

(axb)#c = abe + atv’ ](aapae + dD9adc + cdadb - [€P(1) Jaadbac) 

since 

a(awb) = 3(ab) = adb + dda - [€P(1) ]daab. 

With this product, Wte,2) becomes a commutative ring with unit. 

if 9a =0 then awb = a-b and in particular, the usual map from 98¥ in 
~Wal€,2) is a ring homomorphism. Further, 

3(asb) = asdd + beda - [@P(1)]adandd. 

Theorem: Using the product *, (6,2) is the integral polynomial 
on classes Xs 

operation 3 is given by 

and the 142, dimx, = 2i, with s,(c)[x,] = mm) 

ox, -= 2, , , 

OX, = Xe ira 
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with 

Xa*b) = a&sb + baga = Hs 288 2b. 

Note: a, 7 P if i+tils,p for some prime p, 8s > 0; m= 1 
otherwise. 

Proof: First noting that an element of Wiie,2) which 1s decomposable 
under * is decomposable under” + in a, it is immediate that the © s-number 

detects indecomposables. 

One has 8, (c){er(1)] =2 with m, é 2, m= 1, and so one may let 
x = fer(a)}. 

From the analysis of 5” 6 2[1/2], one hes SU menifolds M, € ot 
i>, with 8, (c)[M, ] = ai(d Mn mM, (multiplying by 2's one may assume’ 
j(i) > 0). which give polynomial generators of aU @ 2[1/2].° Note: ane a2 
with generator x ® 9ep(1)* ~ b¢P(2), ~ having os = 0, ¢, #12 and BY 
number 1. Since 2x = 9(@P(1)) generates the image of a)”, with 

+ 

Xyen * a 2V-2-2 @ x, one may assume My = 2x, #X, 
One also has classes 23, e Won (Or2)s n> 2, with si(c)[zy] odd if 

8 . = n¥ 25, 281 and congruent to 2 mod 4 otherwise. Now 8,,(e){ai] = o(m,,) 

being a complex cobordism class,-and since (@n-1)+1 = an, M4. 2 oF 2 

ag nis not or is a power of 2, Thus 8, (e)lep] ig an odd multiple of 
My Mo 1° Since 2). 5 = a2] is an 8U class, 85-1 (eaf, ol is divisible 

by Boe (which is odd), while Mo 7 lor 2 as n ds not or is a 

power of 2, Thus 8) (c) [zg ] 4s an odd multiple of um = 

One may find integers a, Bis with 4 © 2a 41 (odd) wo that 

x = a2, + 28 M has s number "a Let: 

Xn * Sontin * *BonMon + (ston te + BoneaMoma? 
Xone" Sop "iin-2 * 782-7 Mona* 
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Then a le)Ix,] = s,(e)fxi] *mm | since x, differs from x) by 
decomposables. Since ui, % e4,(€,2) and zips Mon» My. € My 
x, eWle,2). Further, 

BXoy * OonMing + Ale, ~Son) Bly ot 285, Moga TM Xonar” 

There ig then a homomorphism ¢ : R = 2Lx, |i # 2] — Woe,2). Under 
the composite with 

0 Wle,2) —> a —> of 0 2, 

one has a ring homomorphism (awb = a:b mod 2), with x, being sent to 2}. 

plus decomposables. Thus ¢ is monic (R being torsion free) and~ imé has é 
odd index. 

For any 4 e We,2), a(x, 90) = 200 80 Pax, 90 ¢ kerd giving 
2(20 = x0) = (x, (On = 2,20) or 

Yeon ee 2x,30 + 2a(x,) 

aince (x3) #0. . Thus 

a= 1/a(a(x,a)) + 1/2 x20 

with a(x,a) and a the images of 8U classes. Note: Any element of 

form a+ x,b, a, be 980 clearly belongs to WMie,2). 

‘latter being the free 980 8 2[1/2] module on 1 and x,. One may then 
write x, = V2 yy 1/2 XX -1 Where Yo, € ae and 85,,(e [yp] = Qu, i 
The elements Yon a Bx hy Toni? nei? oe in R- map to acceptable 
generators for 80 6 2[1/2], and thus . 

RO 2[1/2] © 2l1/2}[x, x, 1+ ¥o,}1.%} maps incmorphically to 
“ 
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U ny @ Z[1/2}2,x,}. Thus ¢:R—>4Y,(€,2) hes 2 primary cokemel, and 
so must be an iscmorphism *# 

Using this, one may describe all the rings of interest easily. First, 

a: Wy(e,2) —»"J,(4,2) extends to T,(c,2) @ 2[1/2] satisfying the 

same formulae... If 9a =0, then a = 1/2 a(x), so ker? =1imd in 

Wle,2) @ 21/2). 

One may write Woe,2) 6 2[1/2] = z[1/2 Ex, , Xo5 7? Xp, 71/2 X11] with 
ax, = 2, QXp4_1 7 Os a(x,,-1/2 %)%4_1) = 0 end a(x) = 0. From this it is 

clear that 

imd = ker? = Z[1/21 [x05 %5449 %pq~W/2 X43) C W(G,2) @ 211/21. 

Applying this to Wele,2) one has: . 

Theorem: Letting “W,(¢,2) = 2[x,|4 #2) as above, thought of as a 
subring of ~W,(c,2) @ 2[1/2) = z{1/2llx,|4 #2), let 

A= ZM/2Ix15 %p4_y> Xpgrl/2 %4%p,_,] and then: 

a) kernel = A VW,(€,2) 18 the set of 2[1/2] polynomials in x, 
. . tp X41? %py7l/2 %x,_, which have integral coefficients in the x's. 

b) amaged = {ue Al1/2 xu A+ WG(C,2)} is the set of 2[1/2] 
polynomials in “, Xo4-1? Xp 1/2 X41 which when multiplied by 1/2 x 
cen be expressed as the sum of such a polynomial and an integral polynomial in 

the x's. 
7 

Note: Since the image of aBU in Wo(8,2) is “(kerd), if n # 4(8) 
and (im?) if n= 4(8) this gives a fairly nice description of fy /Torsion 
as a subring of A. 
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For example, one has bases given by 

a (kera dn (ime i “a /noreion 
0 1 2 1 : 

“ a of 3 
4 

6 *3 *3 *3 : 
8 xt : 2(x,-2/ 2 *,x;) ' ox! , 2(x,-1/2 *4%3) x > 2x,.-%) 5 ¢ 

10 xfx,, X5 xix, : X5 xix, . x5 : 

An intrinsic description of a©9 torsion is extremely complicated, since the 
square of the 4 dimensional generator is aivisible by 4, while the product 
of the 4 and 6 dimensional generators ia divisible by 2. , 

One should note also that a and 
2 , 2 22 Xn %on-1%on * (x, 71/2 X)% 5,03) =1/5 Xo.) belong to kernelj, and 

are the classes previously chosen to generate (kerg /img). 

Proof: a) If ueA N-Wyie.2), then ue Hf(e,2) and =O 50 E 
u€ kerd, while if ue ~W,(¢,2) and 3u=0 then ue A. : 

b) If uv, then ue A since 3u23 0. Further ve Wole,2) an ; 
a(1/2 xyu-v) = 0 so 1/2xu-veA, giving 1/2 xue A+ VK6e,2). 

If ued, W2xu=p+q, pe Mae), qe A, then , 
u = a(1/2 xu) = 8p, so ueim. 



- 267 - 

Relation to Framed Cobordism 

The relation of framed cobordism to .SU cobordism was first explored by 

Anderson, Brown, and Peterson [6 ], who determined the image of 
Fy: af? —> 980, The proof given here is due to Conner and Floyd [41]. The 
hard part of the result is given by: 

8B. ,8U Proposition: There is a class Me 8 with od 08] = 1. and such that 
ny re xX @ 4s in the image of ena in oBeaa" 

To prove this a couple of lemmas are ‘convenient: 

on 

Lemma: There is en element ve € af 
tv?) = 2[®) in abr, 

with Rina = 1 - anda such that 

Proof: One has the exact sequence 

apy a Ze z— ast a att xz, a8 2 9 7 ‘ag ~~ By 

(using the fact thet lim 7 478") ® Consider -A, the canonical 
4 

Foy) ye 

quaternionic line bundle over HP(n). Over S° = HP(i), the tangent bundle 

of D(A) is isomorphic to #*(A) @ w(t ,) and stably **(t |) de trivial, 
8 : 8 

so D(A) has an 8p structure for which its tangent bundle is stably 
isomorphic to 7*(A). . The usual trivialization of 1#(A) over (8(A) wives 
(DQ), 8Q)) an (Sp,fr) structure. 

Recalling that HP(2) is the Thom space of A over HP(i),. with A 

over BP(2) restricting on D(A) to (A) with the standard trivializetion 
over 8(A), one has 

toa), 8()] = C)imp(e) ped = od (a) Erle) 1. 
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d 

To compute this number, one applies the splitting principle to A by ; 

pulling back to €P(5) over which A splits as the sum of the canonical ; 
‘bundle and ite conjugate, A, © Xo. Then 4 

4 

J a , (2) 2 : rel e x ) = . wt = a o 

; CO a (ent) et ae-2 4 
but 

i 4 3 
e%te ug = J (x4 L8Y5 Lo, - 

ipo al a 

2 6 a 22142424 2a yon, 4 
at hr 6 

ax + x12 + x°/360 + as 

so 

2 a 1 6 = {a =0) ete 22 lta" /1asa 360 ” 

a1 = (07/12 + 04/360) + (02/12), 

«1 - a@si2 + 30"/720, 

Bince the cchomology map is monic, 8(A) = 14 6/12 + &7/2ho giving 

stp), B(A)] = 1/aho. 
Sinee od is integral on 8U manifolds, the extension is completely +; 

nontrivial, giving o5**" = ze z. mos 
One may then teke M° = 2ho[D(a), 8(a)} and Be = 220[D(a), B(A)], 8 

2ho[D(x), 8(4)] de1ongs to the image of 987 end has 3S number 1. **.ge 

Lemma 2: . Let [v"] « af® be an element of order 2, tw) & af? an ry 
element divisible ty 2 in apetr, There is then a class [v" x) eat os 

: j ntk - ag 
order 2 with image (#"][v"] in aU te nek he 
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Proof: Let BY be an (SU,fr) manifold with 2[B] = [M] in apt, 
By the (8U,fr) . exact ‘sequence, 2[9B] = 0 -in aft and there is a compact 
fremed manifold Cé with 2ac* = (2B), VU (aB),’ being two disjoint coples of 
28, Let DTM*! ye a compact framed manifold vith 2D = V2 \J Vb being two 
disjoint copies of ¥, 

Consider the product c* x pt), which is a framed manifold with boundary 
formed by joining W, = [(2B, U 2B) xD") ana W, = [(-1)*c* x (Vv. Uv,)] 

a 2 2 a % 

along their boundartes (1)? (2B, UU aB,) x (Vv) VQ) and 
(-1)*(aB, U aB,) x (VU V,). One may remove tubular neighborhoods of 

1 

together 

3B) xv, and a8 * V5 in co x peti and sew the introduced boundary segments 

‘ 

b (+1)"¢ «Vy 

3B, x >, Be xD 

me We 
m3 
“ 

f < 

Gaye xv, ° > 

to form a manifold X -with two boundary components 

kl - 7 ) a8, x Vy = (+1) 3B, * Vp (at - 2) (-ayeyat® 2 (ap, x DU (1) & v,) / (-2 

(-2)*"49n, x v, 2 (-1)¥oB, x Vy (Join 

along —a-e) 
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and ~ 

(-2)FvE** & (ap, xD Ucarte x v,) /(-u)¥ap, xv, 2 (-2) ten, vy (at og 
(-2)tap, x v5 = (-1)FaB, « Vy (Join) 4 

along d-b). 

Since the framings induced from © * D° along the portions sewn together are fy 
compatible, X is given a framing, with a(-ayx ev vate ana clear! a 
yok we is isomorphic as a framed manifold with Va, 

This gives a framed manifold york whose class has order 2 in are x 
(Note: yor depends on a choice of c* ana pth | but any choice gives: . 
such a class). 

Since [M] = 2B], there is a framed manifold cTM vith 2cé = a, VU a6 
so that 

MOU (-B,) U (-B,) Ues a(-B,) = 9B), 9(-B,) = aB, ‘ 

is the boundary of an 5U > manifold wl, (Note: This places a demand on 
and hence one may assume c was chosen in this way for the above construct 
Yow 2(W* VE) contains a copy of (-B,) x V, U (-B,) * V, while 
8((=1)*B-x D) = Bx (v, Uy, 2) U cay*n * D “Joined along their common : 
boundary ‘so one may form an 8U manifold by sewing («8B x D to wx vi 
by identifying (-B,) * Vv, to Bx V,- The boundary of the resulting man! 
hes two components, one of which is M * vi and the other being. formed 
cx VP U (-1)fop x D by ddentitying 2B, * V} to -3B XV, and 
®B, * ” to =3B x Vos which is just a copy of york, Thus this choice 
¢ wita give (v?] = fw }iv"] in 080, o* ; 
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: : & vt Proof of the Proposition: Let M be as in Lemma 1, and let represent 

7 which maps to @ in ab, 
has order 2 and representa [m°]*-0 in Cea: Applying 

the class of order 2 in & 

Sk+l . ofr 
© Meee 

Lemma 2 to ySk+1 and rh gives a framed manifold ySkr9 with order 2 in 

Suppose inductively 

that V 

att representing Fal pvSk*2] = {[m' k+l. in EA" This completes the 
induction and gives the Proposition. #* 

From the Proposition one may completely determine the image of aft in 
8, which ts given by:, 

Theorem: The forgetful homomorphism F, : af? _ abl is a isomorphism 
in dimension zero, and in positive dimensions the image is zero except in 
dimensions Sk+] end Sk+2 where it is 2, with generator xia®, 
€= 1 or 2, 

Proof: Clearly F, : 95” => 08 = Z. For n>0, af 
image(F,, ) consists of torsion classes. Thus image(F,,) sO for n not of 

is finite, so 

the form 6k+l or 6k+2. Tg ns S&k+e, € *1 or 2 and ae in(F,), then 

@ has all KO* characteristic numbers of the form 8(7)» n(w) > 0, zero 

since these classes vanish in framed manifolds, and so a ¥#Q if and only if 

ifo] #0. Thus im(F,) is either 0 or Z. 

From the proposition, mey* x@e *(Faeea) and since 6 ¢ in(F,), 
im?) 0° € im(F,). -Then 

UDey eo] = aT, 
= ACHP] moa 2, 
= (dpe})* moa 2, 
=i mod 2 

and thus in(F ) #0, 80 must be “By with generator [m®}*- 08 
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Since ae” =2Z62Z with base xt and a(x x,), while @.. annihtlates ; 
3 

dimaged, one mist have w2.6 = xe and thus ty *0& = xe is the nonzero 3 
9 

class in im(Fav ye) on q 

Note: In fact, for any ve with oda wo number one has p18}*5 * ae 
fo see this, 3 (x, 2,8 = 0- implies 2B (a(x,x,)) 3 .0(2), 80 3 

8 in 3 = (2p41) xi + 48(x,x,) giving wie = x,8. : 
Turning to the exact sequence a 

aft Fe, ,su SU, tr fr Fe, sv M see a a ++ of me Ge eee 3 
“3 

and the remaining question which is within it one then knows the nature of Fy, 

reach is the nature of the extension problem for ae 

SU jmp, —> 9st? 2, verp, —> 0. o> ® ‘nel nel 

This was settled ‘by Conner and Floyd [4j°]- 

It is immediate that the construction of a KO" orientation carries 

through for an SU manifold V with framed boundary, giving uU © KO*(Tv). 
For n(a) > 0, sr) may be formed in KO"(BSU,#), giving KO". theory 

characteristic numbers for (SU,fr) manifolds. 

Since the torsion subgroup of 980 is detected by KO" characteristic 
numbers, with image(F,) detected by 1(1),. the image of Porsion(A°u, )/im 
in aor is detected by Z%, valued KO" nusbers.- Thie defines a splitt 
of the torsion part. ; : 

To study the extension of the free part, the analysis of KO" theory 

characteristic numbers gives immediately that an (SU,fr) manifold -V. has 

the same Chern numbers as 4 closed SU manifold if and only if “ 

o(8) 

4(8), 

SV,aV] c Z dim Vv 
22 dim Vv 

v
if

 
W

E 
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all other relations coming from KO" theory relations which are satiefled by 

{v,av]. 

One may define a homomorphiem sJ' : aay —~ Qo 3'[o] = Je] 
if aima # 4(8) ana by sJ'{o] = 2/2) [a] if dima = (8). Note: oJ is 
divisible by oc. in dimensions not congruent to zero mod 4, 80 if ' vanishes 

i 

in these dimensions. Pi sends Cae to Zand defines 

J ‘>: kernel(F,) —» Q/Z. 

The homomorphism 33! :Mpryg * Kernel (Fg,,,) —> Q/Z 1s Just the Adams 
invariant @,- The Previous regults concerning the invariant y give: 

The homomorphism i: aft oo Q/% maps precisely onto e integral 
miltiples of da, where a, is the denominator of B [ke 

Relation to Complex Cobordism 

Turning to the relationship with wv, one has -the exact sequence 

SU Fe U,8U 2 ve 8 a? — a 3, ph iy 
nel 

in which Fy, is completely known. Just as in the (0,80) sequence, this may 

be identified with the a&7 pordism sequence of the cofibration 

€P(1) <> cp(m) ——» ep(@) /eP(1) 

or 

vee > 00 Ee oP (2,8) 60 Sad oe n=] 
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From this one knows the complete structure of a U,SU The interesting 

part of the sequence is 

su Ponso U,8U F U a(n)| ~8n+1, U Bn+2 ° Tina ~ agen * Mena * 25 | | 8 8n+1 =0 

in which Fp. 4p maps onto the direct summand of classes for which all numbers ae 
3 

divisible by c, -are zero. 
1 

U,8U . SU From 7 al Oe ® ae 2 the extension must be completely nontrivial. 

Classes in fp),, are all of the form o-m°", with the characteristic numbers 

*(w? arly S00 = 8 (ur ut) () [0-Mo] (in 25) 

ase comes from - [D Pig al for w' e n(n). detecting these classes. Now @ € 

with D* being given the usual framing of its boundary. [p* C.eP(l) may b 
realized es the disc bundle of \ -over @P(0), with t(D“) being induced - ; 
from. A over -€P(1), giving the standard trivialization over s*, which? 
is the unusual framing of 8'. over eP(i), 3) =] 4+ke with 
dit) = Jey? = Say? wi ond ena Jlor(1)] = -1 gives k= 1/2 or | 
wi = 1/2] | 

Since By ' wot fe @ has only nonzero components in dimensions a muit 

of 4,. while ea is divisible by c,, the numbers /,, ww) tv 
are meaningful invariants of ‘ 8k+2 dimensional (U,SU) ‘manifolds, Oa 

(41 at) (eg ato? x] = aes gr) Gp SIM SIF, 
= 2 84s y1)(%g) sive} 

so that the numbers g; , les yf map 92°80 onto a subgroup of odd ind lw sa") n+2 in (1/2 z)!n(2)| while md Renae inte a aiid ef odd index in, 
gin(n)| Thus by means of the examples {p* xM 8a, one also gets complete 
nontriviality of the extension. 
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Conner and Floyd [4] } have noted that the use of cobordism theory 

proves the Adams result: 

Theorem: The homomorphism 

e at® —» gyz ce 

maps precisely onto the integral multiples of 

1 if on @ 8k+5 

1/2 if n= Set. - 
a 

Since this gives a cobordism theoretic proof of a homotopy result on 

framed cobordiem, their argument will be reproduced here. 

Proof: Let M bea framed Gk+5 manifold. From nies =0, MeV vith 
Van SU manifold. Then eg[M] is the reduction moa Z of 
Jiv.ml = C8) peagl¥aé] but Y nes is divisible by c, and c,(V,M) = 0 
gince V is en SU manifold. ‘Thus J[v,Mlez ana egiul.= 1 Q/2. 

If M ie 0 framed Gxt] manifold, alm] =0 in op), = 2/7) T 
so 2M= 3V¥ with V an SU manifold. Thus 2e,(M] = egl aM] ie the reduction 
mod 2 of 3d Lv,avl, which is zero as above. This makes eg{M] a miltiple 
of 1/2. 

Sk+1 &k+1 Now let V be the framed manifold of the last section with V 

eobordant to (wo in oS), anawith wev U (-(w)E x 0), and 
det Faw U (Mo)TM x v@/(m®)® x st, men @ is @ U manifold with boundary 
V, 80 eg ver) ad [w,v] mod Z, Since s is an invarient of (U,8U) 
cobordism in dimension &+2, J[w,v) = al (ME x 0} = a/atF(uPyy* = 12, 
Thus ee: oad _ Q/z maps precisely onto the multiples of 1/2. *# 



- 276 - 

Relation to Unoriented Cobordism 

The nature of the forgetful homomorphism F, : 980 — Tt has been 
studled by P. G. Anderson [ 9 ], Stong {1/8,/2/], and Comer and Landwebder 

[42]. One way to phrase the result is: 

Theorem: One may choose generators Xs of 7 les din x, zi, i# 2°.1,. 

s0 that: 

1) 7% = 2ylx,), 
2) W(R,2) = Z,[x,> x,J° | & not a power of 2], 

2 3) There is a derivation a, : WiR,2) —> W,_,.2). with a = 0, : 
a8 |: ‘ 

? 

2 95 Xoy * Xo? k not a power of 2, 8, (x3 ) = 0, and the image of } 

in The is additively generated by image 3, and the 2, polynomials in the’ 
3 

8 
3 classes Soy” (t. any integer). 

wy 4 4) The image of al in /(, is the squares of the classes in Ths 4 
2 } 

i.e, Zo[x)]. 

5) The image of V,(6,2) in Th is the squares of the classes in 
WetR,2). . 

6) The image of ASU in The is the subring additively generated by 
the squares of classes in image ay and the 25 polynomials in the classes 4 

iA 4 8. Xoy (k not a power of 2) and the XJ 

Proof: ‘he classes x; needed were defined in Chapter VIII end satisfy 

properties 1-5. o verify property 6, consider a “W,(¢,2) manifold uM, “) 
with (a) = [un]? in Pee M' belonging to W(R,2). The formulee for 
computing the Chern numbers of 3M are the same as those for computing 

7? Stiefél-Whitney numbers of 2,M' so [aM] = [a.m'}" in /(,. 

maps precisely onto the squares of classes in image aa 
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Now kernel 9 is additively generated by image 3. and the polynomials 

in the classes 

2 2 e, = o(eP(1)") = 9eP(1)° ~ BeP(2) 

and 

= 12 ' et '2 hee} Chg = Bin) = Fao? (2 8m) = Fim + OV Fad > FM time ~ WV Pn2 * 

Since om = [GP(1)] bounds in 77,, ‘the image of kernel 9 in 7% is 

additively generated by the squares of classes in image 34 and the polynomials 

‘2 ‘ 2 : in the classes Zint However, 2a reduces to Xan ifn is not a power of 

2 and to x ifn is-a- power of 2. In addition, the classes ce, contein 
5U manifolds since kernel 3-= image 2Pag in dimensions congruent to zero 
mod 8, so the images of a 

by (6). ## 

end kernel 2 in 7%, cdincidé and are given 

i 

The image of “98 in 77, may be described in a slightly different 
fashion following Conner and Landweber [42], as: 

Theorem: The image of 8 in Te cofisists of the unoriented cobordism 
classes iu]?, where M is an oriented manifold for which all Pontrjagin 
numbers with Py as a factor are even. 

Proof: Let Ay(C /(% be the cobordiem classes of oriented manifolds for 

which all Pontrjegin numbers with Ox as a factor are even. . 
Bince Fontrjagin numbers vanish on image 9, C image 04°, image 2, C Ay. 

Purther ca is the class of a complex manifold for which all Chern numbers 

divisible by 7 
i 

* and Cy reduces to we. 
are gero.- But in. mod 2 . cohomology cy reduces to Vp 

so that since Pontrjagin numbers are given by Chern 
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3 

numbers, or Stiefel-Whitney numbers (when reduced mod 2), one has Bin € Ay. 

Thus the squares of classes in A, contains image 98¥, 
Letting B,@ A, be the subring additively generated by image a, and 

the polynomials in the hn? one has the image of ot given precisely by 

the squares of classes in By. 

Now consider the ring ker3/imd = mS 9ima , whose dual is the space of 
Pontrjagin numbers reduced mod 2. A,/imd then has dual space the space of 

Pontrjagin numbers mod 2 which do not have Py as a factor, so A,/imd 

has dimension equal to that of Zl yp,|4 > 1]. Since B,/im = 2,[2{.|n> 2], 

this gives By, =A, completing the proof. *# i 

This characterizes image a8 “ain Th as those cobordiem classes for . 
which all Stiefel-Whitney numbers divisible by an odd w,, or by Wy are 

zero and for which all Stiefel-Whitney numbers of the form wee are zero. 
[Such being the square: (odd vy; numbers zero) of a class with vy, numbers 
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. . 22 _ ; zero (hence oriented) for which the numbers WoW og = Oi; are zero mod 2.] 5 
| 

Relation to Oriented Cobordism 

Having studied the 2 primary part of the relationship of 980 with 
95? one may turn to the composite 

ge : SU Fa, 980 2, 980 rorsion. 

Writing the universal Pontrjagin class xP e H¥*(BSO;Q) as (1 + xf), 
dim Xs = 2, one defines classes 5 fe o as the 5, symmetric functions of. | 

x -x, : 
the variables e Jae 4-2 and lets A ve the product of the classes 
x,/2 sinh(x,/2). Let 
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p+ Hy(BSO;Q) —> Qla,] : x —» Js AG JALx}* a, 
P 

and let Be = {xe H,(B80;Q)|o(x) © Zlo,]}, with B80 = e BO 

Note: If x 3, and we #(n/4), 9,(e p)alx] = 8, yp) [x] eZ so 
x is the reduction of an integral homology class; Since p(x) € 2[1/2}la, 1}, 

x is in fact the image of the fundamental class of an oriented manifold, so 

Bo? C 1089. 
Since p(x) « 2{1/2}la, ] for all xe cages one also sees that 

BoC <0? has 2° primary index. 

Lemma: If M is @ manifold with “P(€*) structure", then 1[M] ¢ BO’; 
ive. the image of “U/i(e,2) 1n 18° is contained in BS? 

Proof: If dim M # 0(4), 8 © ep Al) = 0, “while if aim M 2 0(4), 

9, (¢ pil) = 8 (e pr: je on, = ee 
e 2 

for every nonzero component of s,,(e P A has dimension congruent ‘to zero 

mod 4 and is a polynomiel in the Chern classes of M 80 is annihilated by 

on, thé value being integral since ate ep) Pi [M] is the velue of a K - theory 
number, *# 

Lemma: Let Py C~W4(C,2) @ 2[1/2] be the integral polynomial eubring 
axe, Xp471/2 X)%51_4]- Under the naturel homomorphism of groups 

: “Wyle,2) @ 22/2] —> Be 9 2[1/2] 
the subring P, maps into B®, and t[P, is a ring homonorphism. 



~ 280 ~ 

Prooff Since Py, (C kernel 9, -the usual and wnusuel products coincide 

on Py, making «t|P, a-ring homomorphism. Since Xe M(G,2), (x2) e BB 
80 : while t(x,,-1/2 *)%54_1) = t(x5,) since TM% 0, and t(x,) e By, since * 

Xp5 e-W,2). Since 38° is a-ring, the result is clear. .## 4 
a 

Proposition: B48 an integral polynomial ring on classes Yyyr 22 1s 
: 

: 2 i Proof:..Let yy, = t(x5,-2/2 x,x5,_3)) y= tO). Then 3 

s, (ply) = mim tf 2? 1, 9i(@) ly] = 8s, (,p)[or(2)] «= ~8.3 and 3 
n&° 9 [1/2] is generatea by these. Thus tP, is contained in Bo? with 3 
2. primary index. 

One also notes that Pol¥yy ds the - mod 2 . reduction of ely,,) has 

lergest monomial 

a) a, if i #2° for any 5, 

vb) (a ea) if i= 2° for some s > 0, and 
2 

e) 1 if-i@1- 

as computed in the KO" analysis of the 2's... Thus +P, ls contained in 

with odd Index, making «1: Py —» p80 an isomorphism. *# 

Lemus: For any sequence (4yse+-s4,)> ua Tha is the image of « 

‘SU manifold and yy, and vit {for alli) are the images of complex mani 

for which all Chern numbers divisible by ¢, are vero, : 

M,, = 1/2 (N,, - €P(1)N,,_5) where BH), is en SU manifold (Rp # empty )< 

For any sequence (4,5. ae of.) 
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a(P(1) * My, %... My, ) = te, x...e Bx OP(L) + terms Way ua or May Mai 

t op(1)” x nN, x TH, sa) 

i 
= — Ma, Mea ak Ma + terms divisible by 

As orlented manifolds, the terms with My 5-2 factors are zero, so 

yas Yas ie the class of the SU manifold 3(¢P(1) x Mas Kew ek Mus) 

Consider the classes in a” @Q given by 

A= 1/M(N,, > = M,* My, * M,_5) = A/4(Ne, = [9@P(1)*-86P(2) Ine, ,.) ua ha % ki-2 inp bt ki ~2 

and 

Be M, + OP(L)N ~ af ep(1)*-er(2) ne Md bine ys yi-2? 
2 2 22 = 1/bnp ,=2/2N,,6P(2)N, 5 _pAL/4GP(1)°N +1/2N, CPC IN,, _9-2/K0P(1) "0s 

2 hove -1/u{pep(a)? = BeP(2) IN, 

From the expansion one clearly has .A = B,; with 3B being given as the class of 
a complex manifold and -A having all Chern numbers divisible by cy. Zero. 

Since Nyseo ig zero fn oxiemted cobordism mod. torsion, Bis clearly the 

class vie “* 

From ‘the Conner and Landweber lemma that KO theory numbers detect 

Hy (Uf Z,), one hes p(x) #0 if xe image 3, 80 -1-: kerd —» 20 takes 
image 3° into 235° mus #, (WW maps isomorphically into the algebra 
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B80 /an8° with image Zylyy. iE > 1]. Since aU hes image in a 
coinciding with ker? in dimensions congruent to zero mod 8 and with 

imaged in dimensions congruent to 4 mod 8, this gives: 

Theorem: Under the forgetful homomorphism to 98° torsion, Wale,e) 
48 mapped onto an integrel polynomial subring aly, 5] = B®°, Further, image? 
maps onto 2p, kernel? maps onto the ‘span of ans? and 2{y,> vi, lt > 18 
and rid maps onto the span of aps? and aly, 1. 
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Chapter XT 

Spin, Spin? and Similar Nonsense 

Among the (B,f) cobordism theorles, the most interesting examples arise 

from the clasaical groups. The most difficult of these which have been 

successfully analyzed are the theorles given by the groups Spin and Spin’. 

The group Spin arose classically in the study of Ide groups, being the simply 

connected covering group of the special orthogonal group. 

To justify the study of these theories, another attack will be used here. 

Briefly, one may congider ‘the cobordism classification problem for manifolds 

which are orientable for the bundle cohomology theories KO" and K*, 

Reference material for this is: Atiyeh, Bott, and Shapiro [16] for a 

discussion of the groups, and Anderson, Brown, and Peteraon [8] for calculation 

of the cobordism ‘theories. 

To begin, one may return to the construction of K theoretic orlentation 

classes for complex bundles, For this, ome considered the vector spece Ats®), 
treating this as a representation space for the unitary group U(x) in order 
to construct bundles, Clearly one may ask: -Is it poasible to find a larger 

group, acting on both & and a(e*) which will possess all of the properties 
used in the construction? 

Lemme 1: The ring of endomorphisms “of ACC) 48 an algebra over €° and 
is generated by the endomorphisms FR, and F® for ve &, 

Proof: A(e*) hase base consisting of the elements e° e ateen Ogos 
1 r 

i) << div Let I,d > be any two sequences of this type, I = (1, ,00+0t,)s 1 

du (Iq ree end g)- There is a sequence K formed from {1,...,k} + I and 
t me 8 Op SEO, T=) acorn e» and say ee. et (-1)"o. Consider the 
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operation 

+t 7 = (-2) Fe, Fe, rey F, Fe 3 

1 8 x) ‘> e 

where K = (ky,...:k,). Then Me,) =O if L#I and Me) = e,. Since 
operations of this type form a base of ma(a(e® )); -this completes the proot i 

Lenma 2: The operations +, 5 Ft Fe, for we c® satisfy the: 
identities: 

s) (x)= I1?-x, 
») $y, * i(F-F¥), 

e) If v,we care orthogonal, then 4.9, + 6,9, = 0 and 

Pay * tiy%y, #0. 

Proof: a) -was verified in Chapter IX. For b) one has Fy * ik, 

PE ot > @<y iv, £> = «-L< ¥sF 2 > a< “AFfy st > 

uf Pe so FE, = ~iFy. For c) one has 9,96, +4), 80 

Ga) = [ved]? ox, 
= (92 + O4, + duty + Ox), 

= (vl? + fol? )x + (oy + ayo) 

If vw are orthogonal, view? av? + iwi? giving 4,4, + o.4, = 0. 
2 2 . wendvy [or]? = [243[Peof? = afvf?, white [4° =I", 80 

tyty * byby 2 O- m . 

Note: c) may be rephrased: If v and w are orthogonal under the r 
inner product, Re < , >, then $4. + 4.4, 20. 
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Definition: Let V be a real imier product space... The Clifford algebra 

of V, cCiire(V¥),~is.a pair (A,f)~where A is a real algebra with unit and 

£:V—»A is a linear transformation such that ¢(v)* = |[vj*-2 and such 

that for any pair~ (B,g) with these properties there is a unique algebra 

homomorphism A: Ac > B with g-* dof. 

Note: -Ciifr(v) is, of course, unique up to natural isomorphisn. If 

Vyorres¥y is an orthonormal base of V, -the algebra A is the real algebra 

2 : 
with unit generated by Varroa, with relations vy = 1 and v4) + v4" = 0 

if i9¢ 3. A bas dimension 2? with base given by the mononieals Vy oa neVy 
1 8 

with 1£4, <...¢4) <p. 

Proposition: ‘The linear transformation ¢ ; @ —» mna(A(@")) induces 
an algebra homomorphiem 4 : Clite(e") —» mna(A(¢TM)) which extends to an 
isomorphism 

¢: cuire(c*) ae 2» ma(a(e*)). 

Broof: Clearly, ¢ : cuitr(e*) Qe —> mna(A(e*)) 48 defined and is o 
homomorphism of complex algebras. Both algebras have dimension ot over ¢, 
so it suffices to show ¢ ts epic. Since ¢(v) = FL + FS and 

o(iv) = i(F-F%), image ¢ contains F_ = ($(v)<ie(iv))/2° and 

Pe = (o(w)#16(4~))/2. By Lemma 1, these generate ma(A(eTM)) as algebra over 
€ as v runs over &, Thus ¢. 1a an isomorphism. ** 

Note: The critical point of this is simply that one has a very easy wey 
te express the endomorphisms, e1ire(e*) really enters through: 

Proposition: $ identifies clifr(e") with the real subalgebra of 
Ena(a(eTM }) consisting of those operators which commute with uy. 
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Proof: Since ue}, =¢ ep (Lemma 8, Chapter IX), c1itt(e) commtes a 
¢ with u. Since pi = -i» (Lema 3, Chapter IX), c1see(e*) is precisely the # 

subset of c1ire(e*) @ € consisting of operators which commute with yp. ** 1 
. : 

It is now clear that one may perform most of the construction of an ; j 
orientation by considering the group G° (or G) consisting of elements of Fi 
curr(e") 9 © (or crire(e*)) which are: ~~ : 

1) Invertible (1.e. are automorphisms of A(€")); , i 

of clift(ct) 8 C defined by the adjoint. (Note: ¢(x) preserves the inner’ 

product on A(C) 4f ena only if, for all y,z, one has 

< yz > 2 < o(x)y,o(x)z > = < o(x)¥O(x)y,2 > 

or if and only if ¢(x)"o(x) = 1 or x#x 31. «# is then clearly a conjugated 

linear antiautomorphism and is the identity on ce Ccure(e*) since 
(6) = Fe + Pee eg.) 

3) Preserve the even-~odd decomposition of ace® ). (Note: c1ire(c*) a: 
is ty graded; this takes the elements of even grading. ) 

Corresponding to any principal o° (or G) bundle one may then form an 

associated complex vector bundle with fiber ace )}, decomposing into even-o 
summands (and admitting a bundle map yp). One also requires a vector bundle: 

with fiber ¢* or RTM, with each fiber acting on A(¢") to define a 
6 + w®(A°%(Er)) —> (a (ek)), ‘This 1s the enalogue of Lemma 7, Chapter KE 
in thet one desires an action of G° (or G) or 2 subgroup thereof on ¢& . 

Letting ¢@ € 6°, one vishes to find for ve ne an element gv eR 
J so that god = $78 Now letting ¢ = ¢(x), 

v 

#(x)o¢ (y) = $,720(x)(¥) | 

# 
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gives 

tay * 4(2)90,00(x)"* = g(r) 

or 

gv= eves, 

Note: The subgroup consisting of elements ¢ = ¢(x) for which : 

wee ap ve clearly acts on &, giving an associated bundle with 
fiber & « The orientation construction may then be made for thie bundle. 

Definition: Let Spin"(k) (or Spin(k)) denote the subgroup of 

cuire(e) @ € (or c1irr(RTM)) consisting of invertible eleuents g for 
whieh: . 

1) ava) « B® for all ver’; 
2) g"g = 1 where «is the conjugate linear antiautomorphism extending 

the identity map on RF; and 
3) the 2, grading is zero. 

The above analysis shows that Spin” and Spin. bundles are K*~ and KO* 

orientable respectively. (Note: Restricting to a fiber, the bundle further 
reduces to .U or 8U, where it is known that this construction gives a 

generator for the cohomology of the sphere), The orteritation is clearly 

multiplicative, for A(e* @ e”) = A(e*) 8 A(e") and al constructions are 
compatible with this decomposition. 

To relate this to the classical treatment, one may anelyze the groups 

Spin®(k) and Spin(k) in e group theoretic fashion, 

Denote by TL. the subgroup of invertible elements ~x~ in clire(eTM dec 
k 

(or cuire(r®)) satisfying: 
1) xyx”* ¢ RY for all yeR: 
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2) > x = 1; and 

3) x ig a homogeneous element in the %, grading. a 

Define a representation of I, on R oy ae 

erly —> aut(R®) 

with -p(x}y) = (-1)8°2%y272, where deg x is the integer mod 2 ~ giving 
the grading to which x. belongs. 

sealer multiples r-1 where {jx = 1. 

Proof: If x e ker p; xy = (41)2S, for all yer, Let Ove eeed 
be the standara base of R* and write x= ate b, where a,b do not _ 

involve e and dega = degx,. degb = degx +1. Then 

aegb, - = COR, ~1 ee . xe, = 60, + @,be, = ae, + (-1) os and (1) e)x = (-1) ee+ (~1)' 

so bd = 0. Similar analysis with the other e, shows thet x cannot involy 

any @), so x=rel. Since xt e Fee 1, [ef ei. 

Lemme 4: o(f,) is contained in the isometries of Bt, 

Proof: fo(x)yf? = (plxdy)*(plxdy) = (=1)2°E% (x72) aye (22) ye | 
= yty « wi? so p(x) preserves norms and hence also inner products, 

Lemma 5: p ! l, —e O(k) is epic. 

Proof: tet ve 8’? Cm be any unit vector, and extend to an 
orthonormal base ee ys a Then e e Ty, and 

o(e dey) = meee," je, i=), 

e a2. 
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fous o(v) is the reflection in the hyperplane orthogonal to v. Since 0(k) 

is generated by these reflections, 9 is epic. -** 

Lemma 6: The homomorphiem p + ry ~~ O(k) mapa the subgroup consisting 

of elements of degree zero precisely onto 80(k). 

ro Let x eT. then p(x) = Rlo...°0R -for some reflections BR, k 1 Cy 3 
ke], arid letting x, € a with e(x,) « Ry» one has x = FoR yy os Then 

deto(x) = (1) and deg x = gq, a0 p(x) © 80(k) if and only if 

deg x= 0, 98 

Definition: T, 1s denoted Pin°(k) in the case of cuiff(RY) 9 € and 
ig denoted Pin(k) in the case of c1ise(R*). 

Theorem: There are exact sequences 

Lm UL) me Pin?(k) oe Ofk) —~m 3, 

1 > U(1) —» Bpin®(k) —» so(k) —» 2, 

i— 2, Pin(k) 4 O(k) —» 2, and 

1—» 2, —> Spin(k) —» 80(k) —» 1 

and isomorphisms 

Pin°(k) ® Pin(k) x, u(1) 
% 

Spin°(k) ® Spin(k) Z, u(2) 

where u(2),2, denote the scalars of norm 1. 

Proof: All has been proved except the isomorphiems. For these one has 

inclusions Pin(k) —» Pin°(k) and U(1) —» Pin°(k) and as in Lemma 6, 
Pin"(k) consists of all THe Kye ght, ze -U(1) and Pin(k) consists 
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of all ¢ se * This gives the isomorphism for Pin(k), while that for . 
Spin"(k) follows by taking the elements of degree zero. *# 

To complete the analysis of these groups, one has: 

M
b

e
a

s
T

t
h

s
h

e
 

Proposition: For k>2, p : Spin(k) —>sO(k) ie the nontrivial double | 
cover, 

Proof: It suffices to show that +1 and ~1, the kernel of p, canbe | 

connected by a path in Spin(k). One such path is 

A; [0,7] —» Spin(k) : t —» cos(t) + sin(t)"e,e,. an 

Gorollary: For k> 2, Spin(k) 4s connected, and for k> 3, Spin(k) 4 

is simply connected, 

Proof: TM,(80(k)) = 0; *,(80(k)) = %, for & > 3. ae 

Now one may form the classifying spaces for these groups. 

Firet one notes that Spin is the simply connected cover of 580, s0 that 
BSpin is the 2-connective cover of B80. Thus one may identify BSpin with 
the total space of the fibration over BSO induced from the path fibration 

over K(Z,,2) via the map f : BSO —» K(Z,,2) realizing w, (inducing en 

isomorphism on T,). Thus one has 

BSpin ———> PK(Z,,2) 

a 

Bso ——£—+> K(Z, 52) ‘. 

and the fiber of « is 8 K(Z,,1). ; 

‘One may compute the cohomology algebra H*(BSpin; J) for any ring - J ae 
containing 1/2 easily, since H*%(K(Z,,1);3) is triviel, making r® an 
isomorphism. 
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; < 

To compute B*(BSpin;Z,) is much more difficult, requiring some additionel 

‘background. 

Lewma 7: In H*(B032,), ag, * Wo.) * decomposables. 

Proof: From the Adem formulae, 

. s 

aq tsq” = sq + J asa sgt, with 2 = [(n-2)/2], 
im 

so in K*(7B9;2,,) 

£ On-l~i ue fj a,8q (w,U), 
i921 

8 anel-i. 

Sq? sq%y = Wd 

ow U+ n-leled yoy ‘onc (8q ¥,) wu a, 

iw) i j= 

and the terms with .j = 0- vanish, since for 2n-1-1 > i, one has 

sg ty, = 0, Thus sq? tsq@y = (Won + decdmposables)*U. Further 

sq” taq?u « Sq" (wu), 

# sg ty su + | (shy, )+w,U, iu 
Jel 

PS (egy, + decomposables)«U. 

Equeating these expresaions gives the result... *# 

Corollary: - f* : H(K( 2952) 325) —> H*(BS0;Z,) is monic. 

Proof: H*(K( 2,52) 32) is the Z, polynomial ring on the classes 

w + grt. +1 sal, where t= (2,2), a) and ty the Leama, save. 
decomposablea. ‘Thus re is monic. #* 
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This gives: 
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Proposition: #* : H*(BS0;Z,) —> H®(BSpin;Z,) is epic, with kernel the -% 
ideal generated by w, over J,. Thus talw, [4 #1, 241; r> 0] mapa: 
isomorphically onto B*(BSpin;Z,) * 

seui
d o

es
 o

ie
 se

t 

Proof: Let E* danote the spectral sequence of the fibration «, Bf* : 

that of the path fibration of K(Z,2), with f# the induced map. Since — 
Bw is an H*(B80;2,,) module, one has induced a msp of spectral sequences 

aa{w,|4 #21, 241; r > 0] 8 B* —> Ee, 

This is an isomorphism on the ge level, hence also on the B” level. Thus: 
w*; Zofw,|4 #1, Fe, rr 0] —» H®(BBpin; o) is an isomorphism. #*# 
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To form the classifying space BSpin®, one considers the map 
g > BSO x K(z,2) —» K(z,,2) with e(£,) =v, 81+16 i and denotes by 
BSpin® the total space of the fibration induced via g from the peth 

fibration over K(Z, 52). “This gives a diagran . 

BBpin® ————> PE(Z,, ,2) 

\. | 
BSO x K(Z,2) —~B~> K(2, 2). 

corresponding to the exact sequence 

1 —> U1) —» spin® —» 80 —> 2. 

Notes: 1) One has a homomorphism Spin(k) x U(i) —» 80(k) « UCL): 
(x.y) —» (o(x),y") inducing © : Spin"(k) # Spin() "Z UCL) —> Bo(k) * 
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and © gives an exact sequence 

1—> 2, —> Spin (k) — s0(k) * U(1) —> 2. 

The construction given for BSpin® is the fibration associated with this 

sequence. 

2) An oriented bundle admita a Spin structure if and only if ite 
second Stiefel-~Whitney class is zero; it admits a Spin® structure if and 

only if ite second Stieffel-Whitney class is the reduction of an integral class. 

The cohomology of BSpin® 4s now readily computable. Since 

H*(K(1,42);90 ) ie trivial if 1/2 ed, 
at® : HO(BSO X But) 338) — He(Bepin®; 9f) ia an isomorphism. Using 2, 
cohomology, @®. is-monic, and using the same spectral sequence argument, 7'* 

is epic with kernel the ideal generated by Wy #% over A, In particular, 
ne: H*(B8052,) —e H*(BSpin®;Z,) 4s epic, with kernel the ideal generated by 
w,(Saq" (Wy + 2) “wz in H*(BSO * BU(1);Z,)). 

Hote: Let f : BSpin * BU(1) —> B80 classify the sum of the canonical 

bundles over these spaces, Let -k : BSpin-* BU(1L) —* K(Z,2)- be projection on 

the second factor. Then £ * k-: BSpin * BU(1) —» BSO x K(Z,2) lifts to 

BSpin®; say #1 BSpin x BU(1) —» BSpin® is the Tift. It is immediate that 

f induces iscmorphiems of homotopy and hence is a homotopy equivalence. 
(Beware: The miltiplication on: BSpin® is not the product multiplication on 
BSpin * BU(1).) ‘Thus the cohomology of Bepin’® follows from @ knowledge of 
that of BSpin. 

From the Inowiedge of the rational cohomology of BSpin and BSpin®, one 
may evaluate the Chern character of the bundle theoretic orientation glass 
constructed above. 
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Proposition: Let & bea Spin (or Spin) bundle over a space X 

let U(E) e Ko*(T¢) (or K*(TE)) be the orientation of £ constructed ab 
Let wt ##(TE5Q) ——» H*(X;Q) be the inverse of the Thom isomorphism detinad 
by the standard orientation associated with the 80 structure of Se Then: 

a) @*(cn(vu(e))) = A(-6) if & 48 Spin bundle, (y being the usta 
homomorphiem from KO* to K*#)} 

1 0,(8)/2 , e 
b) @& (ch(U(E))) we *A(-E) if & is 4 Spin” bundle, wheré 

e,(&) € E*(x;2) is the integral class reducing to wlé) which is defined. 
by the Spin® structure. 

Preef: By stability and naturality of the orientation class, 

45 (on(¥U(E))) ana oF (ehu(E)) come from H*(BSpin;Q) and H*(BSpin°;Q)° 
respectively. Corresponding to the inclusions U(k) —» Spin°(2k) and 

SU(k) —> Spin(2k) one hes maps t : BU—>BSpin®; u: BSU—> BSpin. (Heh 
ut 

The natural = BsU += BSC lifts to BSpin since 5SU is 3 connected; 

bundle and whose projection to Bu(2) clessifies the determinant bundle 

, the orientation clasa is sent to the previously constructed orientation f : 
and su bundles one may apply the previous computations. 

For a U bundle, one hes %% Vcnu(e)) = #5, Cente) (Note: To form 
ute) one had to introduce a sign depending on ‘dim —€ in order to get an 
orientation: This was given ty O(¢) = (-1)"Ke) if & faa complex vt 3 

“pundle:’ See Chapter X), and this is f(-£) = ie eal (-€) = A aaa: 
For an SU bundle, #5 (chyu(€)) = (-2), exactly as for a complex 

bundle. Since o, (é) =0, this reduces to A(-£). 9* ‘ . 
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In the computations which will follow, it will be necessary to have the 

following: 

Proposition: Let BO(k,...,%), BU(ky...,@) “denote the ~(k~1) connective 

covers of BO-and- BU, Let 

Ft BO(k, +00) —» K(n, (BO) ,k) 

and 

go: BU(K,...,) K(n, (BU) sk) 

be the maps realizing the least possibly nonzero homotopy group. Then: 

a) If k= 0,1,2,4 (mod 8), ¢* + HY(K(n, (BO) ,k) 325) —> HY (BOCK. a) 529) 
is epie for 1i<-2k, -and in these dimensions H*(BO(K y+ + 5) 325) is isomorphic 

to 

1) Q,G pr + QseP reli.) ks 0 (8), 
2) G/G gar" i) ke 1 (8), > 

3) (Q/Aysa°)e"(é ,) k = 2 (8), 

b) (AylGar + Ga? )t i.) ke (8), 

b) If k fs even, g¥ : H(K(n,(BU),k) 525) —> H'(BU(K,...90)32p) ts 
epic for i< 2k, and in these dimensions H*(BU(K ++ 9) 525) da isomorphic 

L s to (A/G 84 + G07 )e"( 2). 

Proof: The main atep in the proof will be en induction on the statement: 

P(j): “With the given hypotheses, -f* and g* are epic for 1 « 2k 

end -k + j, and in these dimensions, the groups H*(BO(k, «+5 )5Z,) and 

H*(BU(K ye 325) are as asserted. 



This is clearly true for j #1, since f* and g® are isomorphisms in 

dimension k. One may then suppose P(j) is true, and try to prove P(j+1). 

Consider the fibrations 

BO(k+1,...,°) —» BO(k,...,%) BU(k+1,...,°) —> BU(k,...,) 

K(", (BO) ,k) K(7, (BU) ,k). 

The spectral sequences of these fibrations give exact sequences 

B(x, 6 2)) Ee eth (0) e)) eax, ed) ee. 

woe SH HPE (x(a, 602) > BPE, (x) ste) > BEC. sd) 

in which +: HY(x(k+1,...,°)) —> w(K (n (x) sk) is the transgression, 
By the inductive assumption H®(X(k+1,...,°)) = (Qnh8,)*x, in dimens 

less then 2(k+1) end k+1+ 4, where x, & H°(x(k+1,...,°)) ip the . 
nonzero class of least positive dimension and wv, is the appropriate ideal. 
t is a homomorphism over q gq and hence it suffices to prove that the 
sequence of qG 2 module homomorphisms ; 

0 Aakd, > werx(s, (xe) Qf, 0 

is exact, where Tx, = +(1)° 2 Since then the exact sequence of the fibr 

will prove the isomorphism, giving P(§+1). 

Thus one must determine +{1) and prove appropriate exact sequences. 

Lemma: + : H**(py(2e+1,...,0)) —> BE 3(K(2 08)) sends x 
Bgl oy. 

2h+2 

Proof: Noting that # *+3¢K(2,28)) has a generator Bq Lays it suff 
to show that Ty p40 # 0. 
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end by looping, it suffices to show TK = sq7h, in the fibration 
BU(5,...,°) —> BBU = BU(h,...,°) —>K(Z,4). If exe =0, Sqex, #0 in 
uT(psu), but one knovs thet A’(psu) = 0. ‘Thus tx, =Sq°d,. * 

Leuma: . 
+: HTB acer... 50)) —> HEPC Kz Be) + xg > Sa Lag 

& _ okt? _ +3 ; 2. Ho “(BO(Gk+2,...,%)) —w HOO "(K(Z, ,8e+1)) : ag, > Ba 2g 

ts HOM BoCanes,....0)) > BEF (R( 2, ,Okt2)) : xg —* Bae ays 
ts HB (po Bees... 0) —e HOEK Z, Beet): eee Sq? i ace" 

Proof: Clearly one may write 

2 Qe. 

Tepe] O82 & gee Tgp * PBA 2a 
ari + a8q°Sqh 3 1Xp 9g = SQL Gic+h 2 2 Bere 292 © geo? Bk+8 2S Beh? 

with a,b,c,deeZ,. Since xo,, is an integral class, 0 = 184 X— 4h = 3° 

) 8a te, 4) = a8q-8q it fxg and thus a= 0. . 
Looping &k-k times and applying periodicity, 5BO(8k,...,°) becomes 

BSp [The case k © 0 is trivial and may be ignored.) and one has: 

+ HCBap(5,...50)) —> HOCR(Z,N)) + x5 —> 08075 

+ + BO(BSp(6,..-59)) —e BU(K(25,5)) : xg —> D8aE 5, 

c+ BP(pSp(8,... 42) —+ 1%(x(2,,6)) 1 xg —> oBarig, 
+: B(psp(a2,...,°)) —> B9(K(z,8)) : x, —> Ba Le 

Nov consider the fibration 25p(5,...) > Bap "> K(z,h). One hes 
* H(BSp) © 0 #0 ts #0 giving tz, 5 8°f 3 hence a=. 
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One may then compute H*(BSp(5,. «+3%)) from the spectral sequence. “h 
Specifically, H"(BSp(5,...,;°)) is the polynomial algebra over Zp» on the 

classes itp), i> 2,- and the classes Bax, with I given by: 
sod ‘ I= (0) = giving xe which transgresses to Sq”. «.8q°8q" . 

Ix (28. k) ~ giving (6a. 86" x5 2° which transgresses to 
age a 41) 8 aon, 2 2g . Bq Sq” dy e

e
s
 

o
e

 

I« (1) ~ giving (8q¢: Xs 2° which transgresses to so”"3...85sq?i,. 
[Note: The given transgressions, together with | 2 form polynomial o 

generators for H*(K(Z,4))]. 

Now consider the fibration B8p(6,...,°) i, BSp(5,.5. 5") 2. K(2, 45). 3
 

e
e

 e
e 

LE 
B

e
.
 

a
t Then #°(Bap(5,...,)) hes base Sq x, and i'*(8q"x,) = 0 so tx, #0, 

ba
n R

E
 =,

 

giving TX cl Bigs he hence b © 1, 

Agsertion: ¥'*(Sq°8q" 4 5) = 1" 9). 

[te not : BT (Bap(6,...,° *)) B(xz, 5)) = 2,02, is an ‘souorttan 
since *'*(8q"Sq" } 5) = 1tM(Sa? 5 5) "0. Thus the map BSp(6,...,") —> (2, é 

&
 

S
it

e
 a

L
 

el
k 

realizing X¢ is not epic on 1 dimensional cohomology’, implying 
1 7(28p) #0.) 

r 

Assertion: 89° 80 Qe a“ Pra + decomposables 
2 “+1 ; 

[To see this one maps a : BO—* BSp ‘by quaternionification so 
2 at(@?) = wh Then a*(sq? «..804p!) - (sez Poa y* a (w + 

TN, 2 > Fy 

- decomposabies )® giving indecomposability of | 8q vaa8q" Oo" a] 
One may now compute H*(BSp(6,...,°)). For later uses, it suffices to 

know the answer in dimensions < 13. Ona bas #'* epic in dimeneions leas 

L
e

 
L

e
e

n
 

le
ila

 S
a

 i
e

 than 16 and in dimensions < 14 
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HO(BSp(5,.404")) © ZolSaraglT = (0),(1), (OE, .6054)s (OMe 25) ] 

and | 
H*(K(Z,,5)) = z,[84" Lgl t admissible, e(I) < 5] 

with the kernel of a! being generated by the classes 

6,3: dim 14: 8q°Sq" 3. = +(8q%8q" Xg)s (8q* is )*+8q §59°3q°$ igs (8, he Pag: %6) 

959% aim 13: sabse? jis *“este 8q°8q Bq 3h ioe +(8q"' Sq: 7) 
aim 12: Sq°S8qr 2 5° «(897 x¢) 

aim 11: 8976q" i, - +(8q78q%6) Squsq@ z 5° +(8q"x,) 
. 42. i 1; dim 10: t,t 8q ‘sq 3i, = (80 Bq Mx.) 

adim9: 8q°8q" b 

dim 8°: sa°h., TM (sat: %,) 

Ls = +(89° %,) 

dim 7: sit. # t(x,). 

Thus in dimensions < 13, HM(B5p(6,...,0)) ® 2,lx¢,8q'x, 89x, 80°Bq'x,, 
Sax, 8q°8q x, 8q° Xe 8qaq"x¢, sa’sqx,, ea bebe sg 

Now consider the fibration B9p(8,...,*) i’. Bop(6,...,») =©. (2, 6). 
Then Bissp(6,...° ))- hes base Bq": | and .1"#(8q Px) =O 80 ti, #0, 
Thus 1g = 81 ig ‘and hence co # 1, 

One may now compute H®(Bsp(8,...,")) in low dimensions, for n'® 4a 
epic in dimensions < 13 -and below dimension 1h, the spectral sequence 

reduces to an exact sequence, Thus >: H*(Bap(8,... 4° ))* kernel (n#)**# : 
for 1< 12. Now kernel w"® is given by 

k eee dim 9 +. Sq’ 16 =X 

dim 10: 0 
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dim 11: 8q°i, + sasq? $s 67 18q°x, 
dim 12: 8q%8q"; , = 18q°x, 

dim 13: 8q°8q" } 67 1Sq''x,. : 
4 

a 
2 

a 

Be 

Now consider the fibration BSp(12,... ,2) S nap(8,...,°) x K(z,8). 
Then H(nep(8,... @)) has bese Sax, and i''t #(8q ) #0 so 1, #0.) 

Zig
 

a
ct

 

Thus Typ * Sah g and hence e= 1. ## 

To complete the proof of the proposition, one has: 

ila
cig

th
 ee

r 

Lemma: The sequences 

is
s 

ra
ts

 

a
t
 

3 AIA o al x. Z1@, sq*. 4 
and 14 

a, sf, Ve 

7 so ata ga* 
~s 

are exact, where 8q° (a) = aoSqi. 

‘Note: These sequences are due to H. Toda: On exact sequences in Steen 

algebra mod 2, Mem. col. Sci. Univ. Kyoto. Ser. A, 31(1958), 33-64. The 
proof given here is essentially that of C.T.C.Wall: Generators and relation 

for the Steenrod algebra, Annals of Math., 12 (1960), beg-hhh. 

Proof: Let Qa 2 C a be the sub-Hopf algebra generated by sq? and. 
Qa; has eight elements: 

1, Sq", Sq", Sq°sa", 8q° = 8q'sa", 8q78q", Sq? + 8q'sq?, and 88a". 
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Consider the sequences 

a3 3 Mldise > Qiigssa* a. 4; {sq 
and 

as 8c, ay Qisa 
a? } _ | ack. 3 84° q Sqr 

Ay 8 Ayiqipe’. 

It is trivial to verity that these sequences are exact. Since 5b isa 

Bub-Hopf elgebra of Gf, Cf, isa right ({} module and a conlgebra, with 
comltiplication being a homomorphiam of right a 2 modules, Since 

vu As —-A, i xo} lex ie monic, the Milnor-Moore theorem applies and 
A> a £°, as as right (1 $ modules. Tensoring the exact sequences above 
with g cives the exact sequences of the lemma. ** 

foroliery: let € be en n-dimensional vector bundle over X and suppose 

ule) © K°(1¢) (or « KO"( mE) is an orientation. Then stably & admits a4 
Spin® (or Spin) structure. 

Proof: Let n' be such that n+n' = @k and let €'=#£@n'1, ‘then 
E' hes an orientation class. u(t) @ & © xo(n(c) . 8°) = Kone") 
(G =U or 0), let ¢.: TE'—>» BG represent thie orientation. Since’ TE! 

is ~Sk~l connected, one has a lifting f 1 TE' —» BG(8k,...;%) and the 

inclusion hd « Mtiber) >» re —> BG(Gk,...,%) represents the generator 
or (BG). The class f*(xp,) is an orientation class wre aTM (re 52), Bo 
&' is sn orientable bundle, 

If G0, sqeu" TM t*(8q°x5,) =O, 80 wal") =O and €" admits a 
Spin structure. 
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If G =U, one notes that ‘there is an integral class 

e HTM*2(Bu( ax, vs8)) with v reducing to 8q°x_, mod 2, To see this, th 
integral spectral sequence of BU(Gk+2,...,°) —> BU(Gk,...,%) —> K(Z,8) 3 
has Xs,,5 transgressing to the nonzero class of order 2 in BS (x (2, 8k) 28 
giving Hk? Biy( ae, .. . 5°) 32) % 2, with generator v~ mapping to een and: 

“with mod 2 reduction 8q"xq,- Thua e(v) wort{x)-U' with x « H° (X32) 8 
having mod 2 reduction wo(E"). Thus €' admits a~ Spin. structure, 

Note: The orientation defined by the cholce of a Spin® or Spin 
structure may differ from UE), but clearly differs only by multiplication 

a 

with an invertible element “im KU(X) or KO(X).. ‘Thus one knows precisely 

fashion in which all K or KO theory orientations arise. 

Definition: .A-class- x ¢ KO"(X) (or K*(X)) -has filtration n if for! 

every finite complex Y of dimension lese than on.and map - f : Y=» X 
one has f*(x) = 0. oe 

If X de a complex of finite type, x- has filtration n if and only & 

i*(x) ® 0, where 1: yon) es x 4s the inclusion of the (n~1)-skeleton 6 

Xv Additionally, if f 9: -X-—* BG realizes x, then x. has filtration - we 
if and only if f lifts to BG(n,...,°).- Note: This assumes thet x € Ko( 

has positive filtration,-or more precisely, the restriction of x to each i 

component of X has virtual dimension zero. 

Proposition: KG(X) is a filtered ring. 

Proof: If x,y « KG(X), with filtration (x) =n end filtration ty). 

one needs that x-y has filtration nim. Let Y bea finite complex of 
dimension less then nem end £:Y—»X any mep. let ¢ :Y—> BG (ny, 
hi x > 26 (a,...58) be maps with e"(y,~dimy,.) = £*(x), b*(y,~aiuny, ) 
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Now f"(xy) 48 given by k*((y ~dimy) 8 (y,~diny.)) where 

wk: y-feyxy BB. BG (nyse. 2) x BG (m,...,"). 

Letting peBG(n,....9), a € BG (m,.:.,%) be base points, 

u = (y-dimy,.) 8 (y,~dimy,) is trivial over BO_(n,...,%) v BG (m,... 4%) 

= BG (ny s+. 4%) xqgUpx BG (my... 4%) for y,- dimy,=0 over p and 

7 Gimny = 0 over q.- Thus us j#(v) where 

J: BG (n,...%) * BG, (my.1-,0) —> V = BG (n,...,0) . BG, (m,...%) 

pt ee 
and ve KG(V). Now Vis (nem-1) ‘connected. [H*(ViF) & H*(BG(n; +...) 3F)@, 

H*(BG(m,... 5°) 3F) for any field F so the least nonzero class has dimension 

at least niml-a0 j°k : Y —»> Vis homotopic to zero, and ‘thus 

(yok) #(v) = £8(xy) = 0. ‘Thus xy has filtration mm. *# 

Following Anderson, Brown and Peterson, the analysis of Spin® or Spin 

cobordiam depends centrally on the knowledge of the filtration of the K and 

KO theory characteristic classes, -The basic result is: 

Proposition: Let € be an oriented real vector bundle over a space X, 
and let nh(e) be the 4-th KO-theory Pontrjagin class of & (defined by 
aR(e) = aA (g-aime) with w= t/(14t)?), For T= (1st), let 
m(e) = rile). s9o?(E). Then 12(€) has filtration 

0 (2), H
t r(et(e)) = Lunt) at “a(t) 

in(z)-2 “ar. n(t) = 1 (2) 

where n(I) = 4, +...4 4, and.0i(€) @-G hes filtration bn(I) in K(x). 
if Pre) = A, (E)..- By (€}) is nonzero in w'0(Z)¢y 29), and 4f 

. 1 r 
n(I) 4s odd the clase yp,(§) is not divisible by 2 in og tt (x32), 
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3
 

then these are the vrecise filtrations of mate) and ite complexification. 
Further, the lifting 2 : X—»> Bo(P(ng(€)),...s©) may be chosen with 

2 *(xy0(7)) = Pzls) + 68q Bq°a, (8 being Bockstein, a; & polynomial in 
Stieffel-Whitney classes) if n{I) 1s even, or Bqe*(x,,(7)_g) = polype(&)) 
if on(I) 18 od@, and ft :°X —»> BUCin(T),...,°) may be chosen so that 

iy
 

f*(xy (7)? mm, Oye). (Note: x, generates H (Boi ,... 5%) 51, (BG)).) & 
The proof of this given by Anderson, Brown, and Peterson makes use of 

the KoO"«theory spectral sequerice. The proof given here ia fairly involved 

but will be just standard obstruction theory. 

Let Y be a space with y ¢ KG(Y) a class having filtration n. Then & ; 
£:Y¥—*» BG. realizes y, ‘there is a lifting # : Y—» BG(n,...,%), and 

litte to BO(n+l,...,e) if and only if f(x.) =O in B(y,n,(BG)). 
Denoting by fy] the subset of #"( Ym, (BG)) consisting of the clasaes r 
i*(x,) for all litte #, y hes filtration n +1 if end only if 0 (yl. a 

tr Ge 0, there are four cases to be considered, depending on the 

class of n mod 8. 

Case I: Suppose y ¢ KO(Y) has filtration Sk, with 
fi ¥ —> BO(a&,...,0) one lifting so that #(y) = y where y is the 
universal class. Letting -g : gk =p BO(8k,..< 0) generate (BO) 
one has e*(x,,) = % and gy) = 2, with g#(ch(y © €)) = ch(g#y 8 ¢) 

higher terms. Further 8q°0,f%(x_,) = 2*(8q75,x5,) sO from the analysie 
the Z, cohomology of BO(8k,..+,%). This gives: Irae fy], then 

Bap 0 =O and eg(a) + higher terms = ch({y 6 ¢). . 
te 2: ¥ —» 80(8,...,") is one lift, then one hes 
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K(Z, 8k-5) 

| 
x + o(8x,...,0) 

"| 
BO( 8k—h,... 5%) 

end TM being a principal fibration, the lifts f' : ¥ —» BO(&k,...,°) 

covering NOP are classified by maps into K(Z,8k-5) or classes 
Bx-5,., 5s xe (¥;2). Bince Ppit(x,) . i*(oox,,) = Bq 2 gau5? one has | 

1*(x_) = 684053 mes (e, being monic), where 6 is the integral Bockstein 
Thus [y] 4s a union of cosets of 68q"02#*-(1 52). 

fase IT: Suppose y ¢ KO(Y) hag filtration & +1, with 

2:Y¥ wm BO(Aict1,...,°%} one lifting. From the Zp cohomology analysis, one 
has Bq°t¥(x5, 45) = t#(5q°x—.4) m0, This gives: If ae fy], then 
Sq@a = 0. 

If one conaidera 

K(Z,8k-1) 

. tt 
yx —{> BO(8ictl,... 4”) 

*{ 
BO(8k,...,") 

2, P : sete in which 1 (xp) = Bq Z Gey? one has: fy] 41s a union of cosets of 
2 - 8q oa 1iy;2). 

Case III: Suppose y hes filtration 8 +2 with 

f: Y —> BO(Gk+2,...,~) one lifting. As above one has: If ac fy], then 

8q2a =O. Further, [ly] is a union of cosets of sqH*(y32,). 
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Note: If y has filtration 8 +2, one may consider ch{y @ ¢) = Oph? 

a
t 

higher terms. For BO(Sk+2,...,°), the integral spectral sequence of the 3 
2 

“ed 

? 
fibration : 

BO( kth...) > BOC Bet2,... 4%) E> RZ, Oxe2) 

gives txs0), = 88q" i feo 8nd thus en integral class Vee With : 4 
i*(ve i) = eX" Since HOH Bo (Bt? , 0265) 5 9) = Zs with base Bq tp yas! 

Ske ——> BO(8k+2,...,°) be a FE o
r
 

one has Po¥ meth = Sq tan 4o* Letting g: 938 
generator for * beet; BO) one has “g#(y) = X- so ‘gH(ch(y @ ¢)) = ch(2® @) " 

bk+h Since x5, Pulls back to 2. in os > eh(y 8 C)~ meat pull back to 

2Xp.4i, + higher terms in BO(Gk+h,...,%). Thus ch(y @ €) = va, + higher - 

terms. 

Case IV: Suppose ye KO(Y) has filtration Oe + 4 with 

f:Y—»BO(Ske+h,...,°) one lifting. Then, if ae ly], Sq7,2 #0 and 
eh(y 6 ¢) = 2p,{a) + higher terms. Further, [y]- 4s a union of cosets of 

equ TM**(y;2,) . 

Using these facts in looking at the Proposition, consider first the upp 

then oh(m3(E) ec)=« Gy) + higher terms, This gives 

ch(na(E) 8 6) = op,(E) + higher terms. 

Thus if w?,(f) #0 in xl) (x59) one mst have filtration (wR(E)) « hy 
and filtration (2(€) 8 ¢) < in(I). : 
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If n(I) = 1 mod 2 and filtration (n2(€)) = lin(I) = Bk+h, there te 
lifting 2: X—* BO(8k+h,...,°) with f#(y) = m(E). This gives en 
integral clase x' = ?4%(xq..,) such that ch(na(E) @ €) = 2p,(x') + higher 
terns. Thus Pris) = 2p q(x"). Thus, if Gy {®) is not divisible by 2 

in pg (x32), mace) has filtration less then 4n(I), 80 lese than or 
equal to ln(I)-2, 

To prove ‘that ma Ce) has the asserted filtration, with the given classes 

defined by the lift, one considers g : X ~~ BSO with g@(y) == dim, 

¥ being the universal stable bundle, Then n(é) “ gtr (y) 5, and it suffices 
to prove the remainder of the result in the special cage in which X = BSO - 
and € is the universal bundle. Thia may be accomplished by a careful study 

of B60. From the obstruction analysis, it is clear that one is interested in 

the action of Sq/ and Sq” in H*(BS0;2,). 

. 2 i+3 142 a4 
Lemma: Sarwy © (a iyo t Cy Mya) tC yh 

Proof: 

Sq", = Bq" (Ex,...%,) = Bx seampesoXeeeeXys 

wow, = (Ex, ...x,)(Exyx,), 

= ON ta, Xp y + xy xf k ayy + Bay sees eaters a 

“yMgaa = (xy ++ my 4,) (Ex) 
i+2 2 z( 4 Exe Xoo + EX es eXy eee 1a? 

go 

2 142 -Sarw, + wow, = (Aiwywy yy = (142)w nd + OS gos 

= plived(t4d) _ (442)(21) 
2 " 142 

= AMEDD) haw 
* 2 142 L141) 

giving the desired formula. ** 

+ ivy 
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Recall that one has operations & = Bq? and a = B8q)8q> + 8q°Bqr in 
4, satisfying: 

G79, Go 

Si
ie

h
o

ti
n

d
 

a
lt

a
 h

toa 
a

ii
 

and’ 

Q, (ab) = Q,(a)*b + a°Q,(b). 

Thus in any space X one may form the homology groups R(H*(X3Z,)5Q4) we 

a
c
 F

e
e

 a
 

kernel(Q,)/image(Q,). One hes a natural map @, : kerQ, ia} kerQ, —>'kerQ, / . 

(1= 0,1) and clearly img, f) img, C ker@, (15 0,1). 

s
s
 
a

h
i 

Definition: .X has isomorphic homologles if the homonorphiams 

ii
 S

a
a

d
 

ker(Q,) \ker(Q,) ker(Q, ) 
tt intqy) ante)” inf) 

are isomorphisms. The group kerQ, n kerQ, /imQ, N im, will be denoted 

H(B*(X3Z,)). 

Lemma: BSO hes isomorphic homologies. 

: : 2 . 
Proof: One hes Qow, = (itl)w,,, 80 H(H®(BSO) ;Q,) ® Zyl (wy,) ]. Also 

Basq'y, = (141)8a%w,,) = (SHU es + Hah) 

and 

2 a+ 1+ 8q'Sq vw, ? Ba EOD Wap + wywy] = (143)( 2 3 + (141) Vp + ¥y¥ 3p 

giving 

(443) (443) (142) (442) (ie4) (243) ‘ + 5 + 5 1 vy Ay, = yV5 +3? 
avy, + Gl ssi e6 ers teh wy,, 
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= W,W3 + (443)(4? + S5i+ 5), 
i +3? 

=ww, + (1+3)¥ 
i°3 i+3° 

In particular, QWoy = Yo043 + WoW > Q,¥3 = we giving 

H*(BS0) = ZolWo, 194%, ] 8 Za[v,], so H(H*®(BS0) 3Q,) = Zl (wo, )° I. 
Then Zal(w,)*) C kerQ, Oo kerQ, 80 A, is epic for 1= 0,1. 

Suppose x € (kerQ, kerQ,)" and Oo(x) = 0. Te n #0 (4), then 

G, (x) =0 also, so xe img, (ima, - Suppose n =0 (4h). Then 7 

x=Qy+ £((W,4)°). where f is @ polynomial over Z,. Since x = Q,2, 
this gives f( (wy 5 )*) =Q2+Q,y, but img, + imQ, is contained in the 
ideal generated by the Voeer . 

x=Qy=Qze img, \img,. Thus ker Gy = 1mQ, T\ img, 

Thus A, : kerQ, 1 kerQ, /ima, (ima, ——> #(H®(BS0) ;Q,) is an 1eomorphien. 

Tus £((w.,)*) = 0, giving 

Since Ay is epic, with the two groups having the game rank over Zo in each 

dimension, AY is alse an isomorphism. *# 

Proposition: Let M be a positively graded module over the exterior 

algebra E generated by Q and a> and suppose M has isomorphic 

homologies. Then M is the direct sum of a free E module and a trivial EF 

module. 

Proof: Let 1: M—>M/EM=N. Then n(kerQ,) = x(kerQ, "\kerQ,) = 

n(kerQ, ). [rr Qa = 0, there is an Le kerQ, 1 kerQ, with a+2%=Q,b, 

and thus rm(a) = n(2) « n(kerQ, a] kerq, )]. Let LOC kernelq, 1 kernelQ, 

with 1:L—> n(kerQ, M1 kerQ, ) an isomorphism. Let TCM with 1 

mapping % ieomorphically onto a complementary summand for 1(L) in WN; Then 
“f£: B® (L6T) —>M: e 8 (2,t) — ef + et is epic, inducing an epimorphism 

@:Le(zet) —»x,. 
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Assert: 1% C ker@, M\ ker, maps isomorphically onto H(M). 

{Ir ac ker, 1 kerQ,, there is an 2¢L with n(a) © 2(2)- 80 

azh+Qx+Qy. Then Qy sath + Qx ec kerQ, O\ kerd,, and Q ye im). 

Thus a +2 4+ Q,x € im, and Gy(a) % 4,(2), and hence -L maps onto 

kerQ,/imQ,. Hence # : L —~® H(M) 4a epic. Since kerp C kern, 

wD & B(M).] 

Now suppose 0, % =0. Then (Qt) = 0 and Q,(Qt) = 0, 80 

Qot & kerQ, a kerQ, and Q te im), giving Qt = Qs for some s 

(dim s + 3 = dim t+ 1).. Then Q9)8 7 QQ,t = 0. If dimt <2, then 

dima< 0, 80.8 = 0 and Qt = 0, giving en 2 e L with t +2 = Qiu. 
Suppose inductively that s = 2 + Qa + Od» with 2 ¢ L. Then 

Qot = @,8 = QA, 80 Qolt + O,8) = 0, giving + + Qa € kerQ, so 

t+ Q\e ee Qb'> h' eB. This proves: 

Assertion: If Q,%% = 0, ‘then t = 24 Qe + Q,>. for some Leb, os 

abe M. 
. . : : Now suppose a= (f,18t4+Q, Ot +, 8t, +Q0, @t,) ¢ LO (E67) 

with @(a) © 0. Then 7@(a) = 9(2) 4 a(t) = 0 tn 9(h) o 9(7), “50 A 

w(t) a 4(t) © 0,0 Since 7 ie monfe on both BL end 7, -2= += 0. Thus 

O= Gla) = Qt) + Qt, +O,0,t,. Thus Q,Q,t, # @,8(a) = 0, 

Qt, * Q,8le) = 0, and by the assertion, w(t) en(t), n(t,) e‘n(L), but’ 

n(t) \ a(t) = 0, Thus n(t,) = x(t,) © 0, giving t= +t, = 0. Then 
0 = Gla) = %%t, and similerly t, = 0. 

Thos @ : Lo (28 7) —» M “is an isomorphien.. ** 
3 

Note: ker(@,0,) = d(L o (Be T)) ana kerg, (\ kerd, = W(t 8 (a0, © 1 
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Lemma: Let uc KO(BSO) have filtration n, and suppose: 

a) If n= &, ch({u 8 ce). = Pglep) where Pe H"(BS0;Z) with 

81 Do = 0; 
b) If n= Sel, Gp © H7(BS0;2,) with 8° @ = 0; 

2 . ; c) Ig n= Gkt2, ch(u @ ¢) = rly) He TM (B80) ;Z) with 

80°F = 0; 
4) Tf ne Gers, ch(u 6 €), = eg(2p), pe #"(BS0;Z) with 

84° —p = 0. 

Then, for n= &+2, roy) € im(8q") and let Pp ve any cless in 
n®*(38032,) with Bap = Po 

Then for any n, there is a lift 2? : BGO —» BO(n,...,~) for p such 

that 2*(x_) = @ and such that for n= G2, f8(vg1) = F: 

Proof: Let f : BSO — > BO(n,...,©) be any lift for y and let 

t¥(x) = pt. . 
2 a) n= 6k: Letting « =P-cp'> one has pala) =O and 8q Pala) £0, 

Since pala) =0, a is a torsion class and there isa 8 ¢ u*-1(350;7,) 
with a = 68 or op =SqB. Further Sa°p a = 3q°sqlp = 0. 

- ‘Thus Bop =O and Q,08 =0 so Qf ¢ kerg, (\ kerQ,. giving - 
QP = 2+ QAt so OB = Q,0, ele e L end applying + gives 1(#) = 0]. 

‘ 2 2 2 2 Thus Q 0,8 t = 84 0,0,t = Sq 48 = 0 end Sq t= 2 + Qu t av 

[aimsq@t = 8k-2, end L is zero in thie dimension, so % = 0] or 
Sq@t 2 Qu + ayy. 

2, 2 2 2 2, 1 Then Q,Q,t = 8q Bart = 8q (Qu + qv) = 8q°Bqra + Sq’ Sq'Sq v @ Sq°Sq y 
2 2 where Ysu+Sqv, Then 0= QQQ,t = Qp (8q' ‘Bqy) = QQ7 80 

Y= 2+ Qp + Qa [dimy = Sk-3, s0 £=0] or Y= Qp+ Qa 
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2 Thus p,¢ = of = Qo@,t = So°Sa"y = 8q°Bq"(Q,p + Qya) = Ba°Sq7a,¢ = 
8q°8q"q © paisa" Py si. Since p, is monic on the torsion subgroup, 
as 65q'p,6a. The lift fron BO(8k-b,...,0) may be modified using the clase ‘9 

8q, giving a litt # such thet 2x) = pi +a = 

b) n= Sk+l: Letting « = G~yp' one has Bq"a 20, 

Thus Q.Q,0 © 8q"Sqea "0, so a=8+Qx+ Qy [aime = k+l so 2 = & 
or as Q* + ay = ax * Q.sa°y * Bq"Sq'y. 

Letting a! = a+8q°sq'y = Q(x + Sq°y) one has Qa! =0 and 
ane = 0, #0 at “t+ 8 [4ima' = @&+1 so t= 0] or a' = G08. 

en 0,808 = 80°Q.0,8 = Sq7a' = 0 80 sub = 8+ e+ 
[dim 6 = &1 so 2 © 0] or 8q°8 = Qa + Q,b. Thus @,0,8 = 8q°Sa'e = 
8q°Sq" a+ 8q-8q'8q"b, giving a = 8q°sq{y tat 8q"b). Hence 
a = Sa'p.Sly + 0 + 84°) and modifying the lift from BO(&kc,...s@) - by 
Sly +a48qb) gives a lire ¢ vith t(x,) = greg: 

cc) nw Set2: Let gq = 8 vaeyh) go that Bag" wp oF 
Pag") = chlu 8 5 

Then Bey" =p ag’) = eal ~ &) “oy sab. 
Then. Q,8 8q'B = Qo h + Q,Sa yp" = a80"y9' ='8q'8a'Sayp' . 

8q°8q 14g.+ 80h) «0 end QfSq'e = 0, #0 8q'B © kerd, (\ kerq, and 
aq mh + QQ7 [g «© Land applying 1, 2(2) = 0]. Then 
Sa" =o of * 8 soap * Soh * oof * BeBe. Thus 
Pog = 8q 29" + sey). Thus Paye im(8q°). 

Let os (ago; 32) be any class with aap = 029% and let 
a« g' + Bay + y+. Then Bana = 0, 

= ogg) Ten g - # = $@ with 6 @ torsion clan ue 

Then 2,5 - 8q°Sqa #0, so a 52 + Qx + Gy [aim = 6k42° go aa 
or a= Qz + a = *o* +* 4ee'y + 8q rea. 
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Tus p= oe + Sq-y + Sa-Sahy + 8q°8q"2 =@ir Ba"(y + Bay + Bq°s). 

By modifying the lift from BO(8+1,...,°) by y+ Sqhy + Sq72, one has a 

lift # with #*(x) =yp- Then f*(vp.1) - gre is a toraion class and 

Pp(o) = Baup + oy = 0, but 9, is monic on the torsion subgroup so o = 0, 
giving 24(ve ,) = y- 

a) n= Skeh: Letting a= @- @! one has Po(a) =0 s0 a isa 

torsion class, giving a= 68. Since 89°, (a) = 0, 8q°8q°8 = 89°9,0,8 20, 
Then 959,50°8 =0 gives sq-p=t+ Qu + Qyv [aim Sq2e = 8+5 so 2 = 0] 

or S98 = Qu+Q,v. Thus O98 = $q°8q"8 = Sa°Sq'u + 8q°8q Bay = Sq"Sqly. 
‘Then Q%Y = 8q°5q"y = 8q°0,0,8 20 so y= QP + a4 +2. Thus 

Q59)8 = 8a°Sq'y = Sq7Sq7Q,q. Then 9,(@,8 + Q)Sa°q) = 0 ana 

(O86 + @,8a"a) 0 80 Qf + Sara ahs Qa,% [applying 1, (2) = 0] or 
Q,8 = Sq2q + Bq°Sqrt ® 0 ,680°(a + Sq). 

Since Po ie monic on the torsion subgroup, « = $8q"(q + Sq't) and by 
modifying the lift from BO(8&+#2,...,°) by (q+ Sq't) one hes a litt f with 
*(x,) =@irasy. 

To complete the proof of the Proposition, one applies this lemma to the 

class me(y) e KO(BSO), noting thet on(na(y) 8 ¢) = Ay y) + higher terms. 
Applying the lemma vith yp or @% both zero shove that na(y) hes filtration 
at least P(ni(y)). If n(I) is odd, Bao,(¢,) = Bq°(w,1°) is zero and 
the lift may be chosen so that sa°t*(x,,.(7).2) = Pal Py)- Yor n(I) even, 
sq oP, #0, dut f¥(x,0(7)) = @y +68 for any lift f. Then 
QP258 e 3q3qs =0 and Q,9266 = 8q°p,68 = 8q°o4f%(x,.¢7)) + Sapo; 20. 
Thus p68 = Q,Q.0 for some a, oF $B 8Sq"Squa. Thus £9(x)0(7)) ie given 

~ by Or + 88q°Sqia where a is a polynomial in the Stiefel Whitney classes. 
For the complex case, clearly filtration (2 8 ¢) > filtration (a). If 

. « KO(X) has filtration 8k#2, let f : X—> BO(Sk+2,..,,°) classify A. 
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Letting ui: BO(8k+2,...,°) —~ BU(8k+2,,..5") classify y 6 €, one has 

Bok? (no geen, ...,2) 32) #0 (84 Xp.40 # O--BO Xpego 18 not the reduction’ ¥ 
an integral class) so u lifta to BU(8k+h,...,°).° Thus -ucf ‘lifts to 

BU( Gk+h,...,°) and filtration (A @ ©) > Beth. This gives filtration 

(nP(y) @ @) > bn(T). 
Being given a litt f : BIO —» Bu(in(I),...,©) for ma(y) 6, one ii 

I ge 
en(mE(y) 8 ¢) « Pah (x, (7)? + higher terms = Pg Pr) + higher terms. Thus <4 

£*(xy(7)) = 9, +68 for some 8. Since Sq and Sq” both annihilate et 
ppt *(x,a¢7)) and oyQz» 0268 = 8q°8 c kerg,|/\ kerg, and so belongs to 
image Qi ° Thus 6p = 884° 60 for some oa. Since the lift from 
BU(In(I)-2,.:.,%) may be modified by any class in 88q“H"TM(1)-3(gg0;2), 
there faa Lift with f(xy. (7)) = Gr 

This completes the proof of the proposition. ~ **# —- 

Turning to the case of a Spin bundle or Spin® bundle, one has: 

Propos ition: Let y . denote the universal bundle over . BSpin = or 
BSpin®, ‘Then 

a) my) for I= (4,,..04,) with 1,>1 for all 3, hes filtre 
precisely 

hn(T) if n(I) de even, 

hn(1)~2 if n(I) 4s oaa 

in. KO(BSpin); ~~ and 

>) si(y) 8 @ for all I hes filtration lin(z) in KU(Bspin®)s 
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filtration (ny) with -n(I)° odd, which is less than or equal to 4n(I). 
One mast check that Gr) ie not divisible by 2 in PgH*(BSpin;Z). 

For this one has: 

Lemma: - Let vy 
2 

and 8q'v 1 belongs to the ideal genersted by Wy and Wa (over Q,)- 
2 

€ HY (B05 2,) be the Wu class. ‘Then v , is indecomposable, 

Proof: let d be the canonical bundle over RP(@),, 80 
2 i 3 2) w(2ta) = (asa)? elo". ten v(2ha) = (1 4ad¢a* Hie 

4 4 
Lea? 4 higher terms. Thus v (2) eo is nonzero, while all decomposable 

2 
classes of dimension at have value zero on ay, making v i indecomposable. 

1 2 
To evaluate Sq'v ,, one considers a manifold Mw. For any x ¢ H*(M"3Z,) 

2 

(sav, U x)IM) = [59° wy Uney {'3a'x)IM), 
at 
at = (yy x) + 8q° Sq°x]IM), 

= [(v,v 
i 4 

As ai U x) + (8q?Sq" “+ + 8q bq" dal(u], (1 > 2) 

at at = (ry, i Ux + vSq° “x + v,8q xl{TMl, 

aig at = [vv rp Vet nyrse 2, + Sqlv,-8q x + v,8q x]iTM). 

Now applying the relation 

a.8q)[M] = Sq!(a*b)[M] + ; (Sq¢s-Sq!*p) [mM], 
% aL 

= (v,-8)<d[M] + ; (Bq%a+Sq?*p) IM] 
te#1 

one may “push Bq! off of b>" since in-the right hand side of this expression 

only operators 8q"b with k< 4--oeeur.s Applying this to the above relation 
” gives sa »z(M] = \*x(M] where A . belongs to the ideal in 4®(B0;2,) 

generated by v, = w, and Sav, = Sq-(w, + wy) 2 vy tw EK [Note: If a 
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belongs to this ideal, so do Sate and vel. 

Thus Sq'v , ~ A maps to zero in all manifolds. Letting M = neatly? 
2 
etthyy aitl wim) = (1 + a,) an + a, + oy ),. 80 w(M) is the k-th 

n
k

 
e

ra
 a

b
e

 e
a

e
 e

e 

elementary symmetric function in the « j for k< aly 1, making 
i : H*(BO; Ze )— H*(M3Z,, ) monte in dimensions less than or equal to 2 “ee 

Bi
te

 a:
 5 ie

 ae
 

—
 Thus Sqiy i” 4 and belongs to the ideal generated by Wy and Sq": V5 ‘ over ; 

2 
Qs [Since Vy * Wye Vy FW t+ vi and Sav, = Wa + WOW)» this trivially : : 
holds for i<2,] ## % 

Lemma: H(B*(BSpin;Z,);Q,) * ZpIw,, ay al not @ power of 2, 4 > ue 
“pn 

Proof: Since vy 4 is indecomposable, H*(BSpin;Z,) is % 
: 2 es 

a 
» Hy, 2g? Vial not a power of 2, 1> 1), a) 

Then SY, 4 * 0 and applying the Kunneth theorem gives the homology, *# a 

Corollary: All torsion in’ H,(BSpin3Z) has order 2. 

Now returning to the proof of the proposition, let I = (A) seeds 

i> dy n(I) = 1 -(2) - and suppose Pal Pr) = 2pq(x). Then Oy = exta, of 

where .« is a torsion class, so a* 68. This gives wor * Pol Py) = Palo 
sqis. Since v a7 ¥4 mod -decomposables, one may write 

2. 2 

vA = ‘oi + tlwy)) + } Wye, 
j odd 

g<at 

where f is a polynomial in the even-w,., 2k < ai, Then 

v, Ww Pi + te, y+ J} sa'(w, 3% 4°) 
2 j odd 

ye2t anak 
ah | 

n
e

a
 e

e
e
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Thus zal Jk #2] maps monomorphically into H(H*(BSpin;Z,);Q)), ¥b 
contradicting wer ® sqe, Thus way) has filtration kn(1)-2.° ## 

Note: The sequences I involving i's were eliminated since Fi 

reduces to Ww which is zero in BS8pin. 

Lemma: - H(H*(BSpin®; 9) 3Qy) = Zalwas”s vals not a power of 2, 1> 1), 

Proof: H*(BSpin®;2,,) Co ZylWo4». a4» va with 4 =O, # 

Corollary: All torsion in #,(BSpin;z) has order 2. 

Note: v i Ws * PoP, and B(H*(B6pin®;2,,) 5, ) Pr ACH Oj). 

One now has: 

Lemma: Let € ~be an n-dimensional vector bundle over a complex X and 

uc RG"(e) an orientation, Then a © KG*(X) has filtration k if and only 

if n®(a)-u = (a) nes filtration n +k. 

Proof: Since € is trivial over cells in X, TE hes a'celiular 

decomposition in which the n +r skeleton of T is Wet] .), x being the 

r skeleton of -X. Further, U-~ restricts to an orfentation of 1T(E| ? 80 

oe, xo*(x") Sy BG (nl E] )}).° Thus a- restricts to zero in KG*(X") if 
ané only if o%a) restricts to zero in KO"**((me)"*7), oe 

Note: Suppose f : X—* BG(k,...,°) ie a lifting for a and 

Oo: Te —> BG(n,.3.,8) ds a lift for U (n even if G@=U,- 020 mod § if 

G=0). Ten 

te : me he x, a LeU, pale,...,0) . BO(n,...,0) Pm BO(nek,.0.,@) 

ie a lift of oa) end f2"(x,) 3 weZe(x )-ut where U' ds the Thom clase 
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of £. This is immediate from the fact that a(x, ) s x C) x, (If G20, : 

n= &, & = 8t+2, then B*(V es ae ah) * Vera © Xgp fOr Voi sa) 41, and ; 
Veeeh 8 Xp are bases, and evaluating the Chern character of the canonical : 3 

bundle over each side gives the result.). ° q 

Letting y denote the canonical 8 plane bundle over BSping,» one : 
has classes 

r*(nt git) uly) € RO Se msping, ) = KO(TBSpin, ) 

of filtration § + 4n(I). or © 8n-+ bn(r)~2 as. n(I)° is even or odd for af 
sequence I having~ i, > 1, and the choice of liftings defines a map 

4d 

Tf: TBSping —+ ft BO( ntin(T)-2,..6,5°) % 9 1 BO( Snehn(T) 0.40) 
n(T) oda n(T)even 

2 i 2 with entt (xy sn(r)? 6 (wor + 8q°8q as) Us Bq BF" x6. n(t)-2) @Wors and. 
thus “a homomorphiam 

weg 3 P i 2 ; (ne) ‘aroun 2! 2258 *Batlin( 2 ° (advent 42! Aah +80 Xpo4un(t) 
pe H*(TBSping 3%) . 

Note: Letting BQ(k,....0) be the spectrum with (BO(k,....*)),. = 

BO(Gn+k,...,°) and with the intermediate spaces given by loop epaces, one hi 

& map 

ff : TBSpin —> MBO(hn(T)-2,...,©) x MBO(in(T),... 5) 

defined bya careful choice of lifts for the Thom Classes. Up to any given « 

dimension, this may be obtained just by taking nm. sufficiently large in the 

above. 
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In exactly the seme fashion, one has a map 

Tr: TBSping, —> T BU(hn(T) + 2n,...,°) 

inducing 

l 3 —- ae *. » (Tr)* : @ (A,/QSa +4689 Myn(1)42 — H*(TBSpin, 325). 

The main result of Anderson, Brown, and Peterson is: 

Theorem: The homomorphisms 

. 3 . ~ (me): alt (4-1 G84 *n(I)-2 ° nt) AalG8t {p89 )%y0 7) * H*(TBSpin;Z,) 
odd even 

for I with i, > 1, and 
3 

(tTe)* : @ GalQ BC +8 I%,5(7) — He(aBgpin"2,): 
f 

are monic and have cokernels which are free 2 modules. In particular, there 

. : a fe ba ..¢ exist classes z, € H*(TBSpin;2,) and 2} ¢ H*(TBspin :2,), defining maps ¢ 

into producte of K(Z,) spectra, so that 

Tixg: TRSpin —> 1 s2oCoa(2)-2 4) x ft sBOCHaCT) sees) x 4 K(Z, deg 24) 
n({I n(I 
odd : even 

Tf x g : TBSpin® nat Bu(in(I),...,°) x a K(Z, deg 2}) 

are 2 primary homotopy equivalences. 

The proof of this result requires a detailed analysis of the Steenrod 

algebra and the cohomology of these spaces. 



lemma 1: The homomorphisms 

and 

Fl 

vor A> _ H*( TBSpin® ;2,) 2 a> a(U) | 

Vor a, —> H*(TBSpin5Z,) fa» a(U) 
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heave kernels exactly Cis" 8 ase and Cisa* c Ape respectively. - 

Proof: Since Squ = w,U, these are clearly contained in the kernels.-! 
One then has 

%: QlGpa + ga? —> i(maspin®32,) 

which is clearly a homomorphism of coaigebras..°To prove this monic, it s 

to show it is monic on primitive elements. (Note: .* is primitive if ite 

disgonal ie x 61+ 16x.) 

Recall that the Steenrod algebra a, is a Hopf slgebra whose dual is 4 

a Hopf algebra Qs. Letting § € As) x . de the dual with respect to 
2<1 

I a a the base Sq”, I. admissible, of the class Sq 8q +«e8q Sq", one he 

Q g® ale]. Dually, a, has a unique nonzero primitive element in each 
dimension gith ~1L, -which is the element a. 

The Steenrod algebra Ao also admits a "cenoniceal antiautomorphism' 
given ty x(1) = 1, and ir ax=x@l+] xp exf +16 x, then 

x(x) =x 4+] x(ap)exy. In particular, Lb x(8q'"4)sq4 0. (Hote: x(Q,) 
since’ x is an isomorphism of Hopf algebras and hence takes the nonzero 

primitive into itself.) : . 

Now consider the exact sequence 

Gy? Q, 3+ A, + Aida, +a, —> 0. 
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Applying the canonical antiautomorphism gives 

Ae * Ay — Ey Malad 2%) — 0 
or dually 

(LQ, ) #+( 1a, )* 0 —> (x(An/Go%+ GZa,))* +L sets Lala ayo Us 
where LQ, is left multiplication by Qi 

Assert: (ISq)*(E,) = E+ Es. 

Proof: Let xe H*(RP(@) ;2,). For I admissible, Sq'x=0 if 
t a 11 atl I # (2°,...,1) for some t, and Sq” ...8¢ x =x . For I admissible of 

tg qe degree 2. -l-i, SqTMS =a, Sq? with J admissible of degree 21. Then 
k 

I 2 (1sq*)*(e )(Sq7) = £, (sqisq?) = a » but Sqisqix = - x 
k k (2-2... 41) (a1. 1) 

i, I and Sq Sq°x = 0 except for I = (28? a), iexo, 

(28a = 281) ana Then (1Sq")*(e, ) =0 if k¥¢R 
(Isq°Sq")*(E,) = (ISq")*(isq")E,) = 0 Af k #2, while (18q')*(E,) = 1, 
(18a )*(e5) = & 
Thus (LQ,)*(—,) =0 if k#1, 1 if K=1, and (1a, )#(e,) =0 if 

80 (18q")*(18q")*(¢,) = 1. Now (18q7)*(e,) = 0 always. 

k#2, 1 if k= 2. 

Since (LQ,)* and (IQ, )* are derivations, ker(LQ,)® (\ker(IQ, )* is 

clearly ZolEs sEorE ge++ +] . Thus Aalst + Gs = Cal a% + TEN has 
dual a polynomial algebra on classes ET ogee gee . 

By duality, Go! Gr + se has nonzero primitive elements given by: 

Sa? Sasq? + sqsq", ana Q for 1> 2, 

(Note: The image of a is a nonzero primitive for -i > 2, while the others 

are primitive by a direct computation of the diagonal). Then 
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3(8q") = sq7u = w+, 
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3(Sq'sq@48q25q") = 8q'(w,u) + 8q°(w,0) a (weeny ews JU 

S
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3(Q,) = 5s (w)'t, 122. : 
i git, , ¥ 

[To see the latter, v(Q,) =aUe E*($R032,) and a- is a nonzero primitive 4 
of dimension 2¢*4.3, the only such class is 8 atl, (w).) -- Now Boy. a) is ‘| 
indecomposable, and the map BSpin® me BESO sends indacoaponib Les to zero 
only in dimensiones of the form aye1, Bo these are nonzéro classes. Thus ~¥ a 
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(Note: To see that s (w) is indecomposable one has the formula for |; 
2k+1 

n 

8, = ,) xy given by 
i=l 

8 = 849%) * 852% ~o et (-2)"4e 05) + (-1)°0, = 0 

if J< n, where oy is the k-th elementary symetric function in the Xs 

Thus 8, = (<1)9* 446 5 mod decomposables (See:.- Van der Waerden, vol. I, $26 
One may prove the result for Spin in the same way, or conelder the map 

fi: BSpiny 5 —> BSpin et Classifying .y @ &, where — is the complex line 

bundle given by the Spin® . structure. £*(w, jaw neo = 89" Wee and thus, 
on the Thom space level f*U = Sq"U'. Thus it suffices to show that 
as cra Glee + ay Sq? hes kernel precisely Aa; sql + ape. . Tf 
mae s Sq? *, et “3q°, then (a+eSq" aq" = bSqt but . 
q, > A, a? G/Asc is oo 86° 6 + e8q" & aSq" 
a= 08q" + a8” e G50" + 7,80, * a 

giving 

For lster purposes , it is desirable to have the forms for 
QI po + Gist and Ape. First one has: 

Lae , o 
a, 6 Qs 8 +69", 4 cei GIG po + Gse wns § 

ig
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ee
 

R
a

to
n

 FP
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and 

a3 
a, Sa, a, — I G,pa3 —o 

giving: 

L 2 
o— (x(Bg/Gq8a *4,80°))* — Qs (ISq")*+(ISq")*, CS 9 (3 

and 

: 2, 1 

0 —> (x(g/ Apsar))» > gy ELSA, y, 
Then (18q")*(6,) =Q or 1 as k#1 or k# 1; (usq")*(e,.) =O or & 
as k#2 or k= 2; and (tsa")#(E*) = ((r8q")*(E,))? = 1 since 
(ISq)*(arb) = (18q?)*a-b + (LSq?)#e+(ISqt)*> + a+(LSq")*b. It is then 

L 2 h 2 immediate thet (x(Q,/(/,84 +84 ))* DZplE}.65,655---] = A and also 
(x Qy/G803))* Da. Gt isa tree A module with dase ered for 

i-1,§ O<i<3, O< $e2, with (tsq")*(ered) = ici) ana 
Qverpied G41 4, i+205 (Lsq)#(E 565) = Je, + (5); “85 giving 

a (LSq")#a (1Sq7) "a (18q°8q")#a 

1 0 0 0 

Ey L ° 0 

2 
Ey 0 i 0 

3 2 
E] 6 Ey 1 

Ep 0 &, 1 

EAE ee 0 ba ) 1 
2 3 2 

be 0 Ejts ey 

3 2 4 
ahr hry Byte yb bo 
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R
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e

 
ih

e
 
t
ii
e

, 

Thus (18q")* + (18q°)* is monic, giving (x(CQp/L{8a't/f,8a°))* = A, ond | 
(x(Q/Q-807))* is the free A. module on 1, bykae &2 + Eos and £6, ‘ 

‘y 
Lemma-2: (Tf)* induces isomorphisms on - H( 3), i= 06,1. : 

vi 

Proof: ‘This requires considerable work. Firat, one needs the homology ‘i 
each of the cyclic Qa, modules. Applying x and dualization, one needs 

the action of Q, and Q, in Qs, by right action [(a8q*)(a) fd a(ASq@) : 3 
for @e qs. d & ol, given by (RQ, )*, ; 

Sublemma 1: (R6q)*(é,) = & + ea: 

Proof: (RSq")#(E, )(8q") % (8a) 7a yy where aoe (ar poco gd) i 
Tyii J ok Iii ; Ms 8q°8q° 2 ,) a.Sq . but a... = Sq"Sq°x which is zero except for +3 * (2k-2)* * i221, 12 (o8*,...,2), where it is x° . Thus (rsat)(e,) =Q if-i> 3 

and (RSq”)*(E,)(8q") = 0 except for I= (2B? 42). Now 3 
e2 (sa") = (usq!)e(e2_,) #0 Af 1 has any ofa entry, and (18q°?')TM(er Ye 
is ((18q"')*e, 4), which vanishes ig 1! # (2*7?|...,2). mus 
(nBq*)*(e,) = ee. me 

Bublemma 2: (RQg)*(E,) = E24, (RQ,)M(E,) = Ey os 

Proof: (RQ,)* = (req*)# gives the first. Since (RBq”)#(e,) = 0, 
(0, )*(E,) = (R5a?)*(RBQTM)*(E,) = (RBGPIMEE 4) = (CRED, 1)? * Gy as 

Sublemma 3: H((x(C0/Q,8a +80) *sRO%) © Zolé], | 

B((x(A gf G,aCZ,80°))*sm08) © Zeley]» 
B((x(Q /C@,8a°) 3808) * ez, ten. , 
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Proof: (x(Q,/],Ba-y¥78a°))* = 2,18; EasEgs-+-] and 

(RQ))*(E5) = (RQg)*(ES) = 0 while (RQ))*(E,) = & | for k2 3, Thus 
ker(RQ,)* @ Zales Ease geree and im(RQ,)* is the Ideal generated by 
Zalepab gore Te 

Turning to (x(@ o/Qsa+ sa" ))* = CE a Se 
ker(RQ,)* = Boley Ee sEaseo ed and im(RQ,)* is the ideal generated by 
ZylEosEgseee ds 

Row (x(QylGy8a°))* = UlEt Ee rEgseee] (Ly bys Or, ES + Eos E gb) 
with (Ra,)%1) = 0, (RQ,)*(E,) = 1, (RQ,)*(EF) = 0, (AQ,)*(ESE,) = 0, 
(RQ )"(Es Ey) = ES + Ey. Then let ata + BE, + ¥Eq + S(ES#ED) + © EyED 

(RQ))*(a) = (RQ,)#a + [(RQ))*B]E, + [(RQ,)*v]ey + [(RQ,)#S es4e,) 

+ [(Ra,)#e1(E 55) +8 + © (5i+EQ)s 

giving ae ker(RQ,)* if and only if 8 = (RQ,)¥a, (RQ_)*B = 0, (RQ,)*y = 0, 

(RQg)#6 = ©, (RQ))¥e = 0, but 

(RQ,)*Lae, 486,65) = ((RQ,)Male, + [RQ,)81(E,E,) + a + 8(EeHED), 

=a + BE, + 8(e246,) +e Eko 

ifoase ker(RQ,)*. Thus ker(RQ,)*/im(RQ,)* = (ker(RQ,)*| ,/4m(RQ,)*| 4)*E5- bated 

1 3. Thus 4(/7,/C7,84 +89 3Q,) 18 isomorphic to %, in each dimension of 

the form 2k and is zero in odd dimensions. This gives a class 

1,7 a3)2k . Oy € (4,/Q,84 +489 yer with Qoa5, = 0 and x(a.) evaluates to 1 on 
gee 
1° . ; 

It is clear that V(ay,) & H*( TBSpin“ ;Z,) belongs to kerQ,, 50 
. Vay.) = (un) U, with uy € u*(pspin®;z,) and Quo, = 0 since QU = 0. 

{Since QU = Q,U = 0, the Thom isomorphism induces isomorphisms on Q, 

homology. ] 
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Assert: Uo, is indecomposable if k = 5, 

Proof: One ney write x(a,,) =J “ee with J admissible and (J 
evaluates to 1 on gek 1 ’ 

J 2k Sax" = 0 if J # (2k), since k is a power of two. Thus 

but () a,Sq° )oxlik = (J aS” )(x°* ), and 

' : 

x(a, 1? = sqo* +J a,Sa = sq-* + decomposable operations, giving 
a, = sqo* + decomposable operations. 

2k 
s+1 On the other hand, one may consider the bundle 2°°°A over RP(~). Thigs 

is a Spin® bundle, of course. Then Sq? Uew (25*,)-y is zero for i #2 
s+1 

but 8q° U#0, so aU =w,,U in this bundle. Since 611 decomposable sat 
classes map to zero, this makes Up, indecomposable. *# 

(" c, Thus a (BSpin iZy) * ZolWy 4 Ao¥n 4 ot sid not a power of 2, 8 > 1) 
2 _ * Cy y. 2 . ae with Qu" = 0, giving H(H*(BSpin 335) 5Q)) a Zplwpyo4 g- Now yp, re 

to vot and as noted Zyl, ] maps monomorphically into this homology 
(sending GP, into (uu + aecomposables )*) so H(H*(BSpin’;2 )3@)) is Ph 2 2 

free Z,[yp,] module with base formed by monomials u_o..u. , api 8 8 
a . 2 i 2 n 

LS 8) <..0< Be (Such a monomial will be denoted Ug) 
. > e Partially order the base 7*( Prtg)U of H(H*(TBSpin 3Zy) 39) by ? 

ry ‘ * . t : ; (Gru) U <a (Prrdge) U if dim I< dim I‘. [Note: 4 dim I is the ’ 

dimension of the "squared" factor in Or%s:] 

Recalling that (Te) *(x, 0 (ry) = a*(ap 5) Us one has 

Assertion: (Tf)*(a,, @ um a(2)) = 1¥(yp rug) U +Jor opr Ug, )*U with’ 
dim I’ > @imI, where S = (22 peeege 29) 49 the dyadic expansion of ee. 

: * * . * . Proof: Clearly, (t2)*(o,, ® Xin(r)) = Foyle Mep)-Ul and 2 (epy) 

poth belong to kernelQ,s with their difference being of the form 

) atm (ps) a"U with dege' > G, and each tern ata*(o,)°a"U has a lerg 
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Squared factor, when expressed ag an element of H*(TBSpin®3Z,). Thus one 
cain all 

may write 

} ata e( Gye" = t T8279 putign) 0 + Q,v"u. 

Now QV belongs to the ideal generated by odd Wes so every tern yr 

oceuring must have larger "squared" term. 

Thus it suffices to consider Oy Us and since for degree .2k,.. every 

term 1 *( Orrtgs IU has squared term larger than m*(u,)"U, it suffices to 

prove the coefficient of m(u,)+U ig nonzero. 

For this one notes that the map Vv: ANG Se + ase ~te H*(TBSpin 52, ) 
ig a map of coalgebras, inducing a map of coalgebras on H( 3%) The 

2k+2k product rule ener = a translates to the dual statement 
np 

3 a,, 86,,. Thus a"(a,) hes-a term a 8..:8 4 or L+jek ai 23 2k Pa on Aa) = 
=n n= : A vA (a) =A Vian.) has a term ou °° 8.6.8 u g Us On the other ‘hand 4 (p,) 

n 
2 2 

always contains @ squared term in at least one factor, since ; 

a(n p= aP(w5,) = [aTM(wo,) 1°. ‘Thus AMC (ep stags) °U) never contains a term 
a 8," O.5.8 u 

2 
nonzero, # 

, Us Showing that the coefficient of a*(u,)U in. V(ay,) is 
n : 5 pes ; 

This proves that (Tf)* induces an isomorphism on H( 30) for the 

Spin® case. For the Spin case one may cheat slightly. 

Subleuma 4: H(H*(BSpin;Z,);Q,) = Zlwe,, u |e > 1, 3 not @ power of 2] Sublemma * 2) Aq) = ZalWos> Us 
and the homomorphism given by inelusion 

. ‘ . 

H*(TBSpin ; 2) —> He(TBSpin;2Z,) 
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induces an epimorphism on _ H( 3Q%)- Farther, H(H*(TBSpin;Z,);,) and 

H(H*(BO;2,)53@,) have the same rank in each dimension, where BOQ denotes 

the product of trimeated BO spectra corresponding to Tf. 

Proof: Noting thet H*(BSpin©;Z,) maps onto H*(BSpin;Z,) with up 
‘*: oe sent to zero, H*(BSpin;Z,) = Z,[w. 24 %¥25" 4 Js >) with QY-. 8 0. 

This gives the homology and epimorphism easily. A dimension count gives the 
asserted equality easily. TM* 

Now let BO(Sn+kn(I),...,°) > BU(8n+4n(I),...,) and 
BO Bnthn(T)=2,. 045°) By. pu(Gntha(T),... 9) be maps classifying y @ C, witl 
* (x, (7) 480) = Xin(1)48n Of Yn(1)+8n in the cases n(I) even or (I) 

Letting BU = MBy(un(T),...") be the spectrum used in realizing the may Ss 
wy ‘ 

Tr for TBSpin® and BO the spectrum used in realizing Tf for T8Spin 
one has a diagram 

TBSpin —L> TeSpin® 

pa: a Bu, 

where -h .is obtained by the product of the above maps’ h.- and point maps to 

the factors By(in(I),...,6) if I contains a 1. This diagram does not, 

of course, commute, but 

Sublemma 5: After applying the functor H(Ee( 3%5)3Q) the above 

diagram commutes. 

; ~ 
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factor, one also has ba(xy (7) = 0. 

t "ed 2) 2 contains no i's and (I) is odd. ‘Then 4 (ay3¢2)) = Vint) 

which is 8q Xya(T)=2 mod 2, Thus (Te)*a*(x, (7) = PU. This coincides 

* ST 

3) I -eontains no “1's and n(I)..is even. ‘Then (Te)#n*(x, (7) = 
1 ~ (tr) "(x (7) * (zp, #80784 a,)-U. Now in H*(TBSpin®;2,), ohe has for any 

a eQo/Gpsa° + pr such that Qa = 0, a(8q°8q"a,,+U) € kerQ,. This class 
belongs to the ideal generated by the odd Wy (Sinee Baa, belongs to this 

3.1 fd ideal) and thus a(8q°8qo,U) is zero in H(H*(TMBBpin®;2Z,);Q)). Thus 

(Tf)"n* and (TL)*(Tr)* induce the same homomorphism on homology with respect 

to Q). bahal 

This establishes that (Tf)* induces an isomorphism on - H( 3%) for 

the Spin case. 

Note: If desired one may be more specific in the choice of a represen« 

2k-2 2 tative a,,. Since Q,8q = 9,80" + sa*a, one may let a, = x (8q/ Ky 
Now x(8q°)U = n*(v,)U, where v, is the Wu class. Thus one may take 
Vay * Voy if desired, coinciding with the choice in the first calewlation of 

é H(H*(BSpin 325)3Q,)- 

It is interesting and crucial to note that one did not need to find a 

specific Gone in the above. 

Subleama 6: H((x(C4,/C/,64'* Z,8a°))*sRat) = BLEr|t > 21, 

H((X(Gn/ QyBa'+C78°))*:RQ#) = Bler|s > 2], and 

H((x(Qy/GQ,80°))*sROe) = EF-ELEL|2 > 1), 

where E denotes the exterior algebra over Zy. 
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F 
Proof: By Sublemma.2, (RQ, )*(E,) TM bo: Since (Gol Goa +807)" 3 

= ZplEs sEgsbge-++ 1s ker(RQ, }* = ZolEr Ene se---] and im(RQ, )* is the . j 
ideal generated by Baler Ed Esseee]- Thus ker(RQ, )*/im(RQ, )* = Ble}. j 

1 2 4 2 4 2 2 Since xX(Qo/G 84 +84 )}* = ZlE &o285>--+1, ker(RQ, )* = Zab bb geeee 

and im(RQ, )* is generated by ZplEssEdsee de 

6
 

Letting a=a+t BE + ee + 8(E,463) +e 5,85 with o,...,€ in A, 

a
r
y
 e

ia
in

e
ia

 y
y 

3 

(RQ, )®a = RQRa + ROME, + RQBY-ES + ROK (EQ4e3) + ROe-EAE, 

+6 4e E> 

and - ker(RQ, )*/im(RQ, )* is the Blgé|4 > 1) module on ee bated 
ty. ty t, . % 

If p= (2 “+2) + (2 “-2) +...+ (2 %-2) with 2< t, < ty <...< t,, they 
t_+1 A 

ps2 a .2. Thus if ako < p< 21a, one must have t, =k, and p hi stl 
a unique expression in this form. Let P be the set of integers which are 

80 expressible. ; : 

Thus H(( /G 8 Ls: ) is isomorphic to 2%, in each dimension a! K Ba +4280 30 ‘2 ' 3 
belonging to P and is zero in other dimensions. There is then a class 

: 1. /7-a,3)P = : 8. £ (Ansa #84 )P with a8, O and such that writing 24 
2 p = (2-2) +...4 (2 2) one has x(8_) evaluating to 1 on e2 isd ; P t,-1 t, 

One then defines %, € H(Bepin®;Z,) by maa) 0 = (8) and then 
qu, = 0. 

Assert: wu -. for t2 2 is indecomposable. 
ate 

Proof: Writing x(8,) = J a,Sq’ with J admissible, p = 2°-2, one nl 

,) aS” evaluating to 1 on ane Row (e¢_,)(8a") #0 if and only if 
5 —, J' where gt = (2? 11, 1 A(Sq”) = ,) Bqu 8 Bq" contains the term 8a" a6 

which holds if and only if Sq)(x") #0 (dimx=1) which holds if and only 3 
“1 22 x j T= (2° ,..652). Thus x(8)) 8a ...8¢ +] 2,80 . 
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Letting J be admissible of degree ato, Je (3ys-++sd) cannot have 

excess~ 1, so-e(d) = (34-255) tevet (35.3723,) + J, = 2j;-deg J > 2,. giving 

> 2° or 3, 2 att ana i = att ie ana only if J = I where 
i 

I= gti 

2j 

324032), Now suppose Sau = aU .where “a is indecomposable.- Letting 

Je (j,d"), 0 2G, sq’u = Sq) (Sq° ‘u) = Sq! (a'y) so as Sqla! mod 
decomposables,; but J > get and deg a! < gets <j 80 sqvat = 0.” Thus 
Sq°U =a) with a -indecomposable if and only if J = (2*.2), Thus it suffices 

t. 
to’ show that the coefficient of sq° “2 an 8S igs nonzero. 

Let y € H°(@P(2°=1) 3Zo) bé the generator, with J admissible of degree 
te tow] 

a*.2 and consider say" ai: Writing J = (j,3'),- suppose Sq°y* 1 #0, 
| gtel t. teL. too. te Then Sq? y “ls y" 2n§/2 (being nonzero] o¢ say" 1. ‘~ 574)? by? 2 

s+1 r J put (7 P*) go (2). implies k = 25-1, j= 2%*e>2%7 ana 3 = 2%2. 
* 

att Thus it suffices to show Bly )# oO. 

Sublemsa 7: If a,b HYGP(2"-1);2,) and 9 © a, with 
deg? + dima + dimb = 2°45, then [x(e)a]-b = a-8(b). 

Proof: It suffices to prove this by induction on i = degree 4, the case 

i= 0 being trivial. -Suppose the result true for degrees legs than i. Since 

+ at at t w(eP(2"-1)) = (ity)* = 1 + y= 1, v(cP(2°-1)) = 1. and all operations into 

the top degree are zero. Letting A(8) #8 e814) 6' @ 0" +126, 

@(a’b) = {a)-b-+ J a'(a)-0"(b) + a*6(b), o
 

a
 

a(a) + J) Ix(e")e'(a)]-b + asa(b), 

[x(8)a]ob + a-8(b) oe 

t-l 
Thus a ty “t) #0 dif and only if x(By #0, Since 

pt=1 t-1 ' + 2 x(8)) = Sq wesSq” + J a,,Sq° and Sq? y = 0, x(@)y =y° #0, which 
completes the proof. ~** 
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e al 5 . ~ Thus - H*(BSpin 325) = ZolWo, Away | ¥ Bal, t+ > 2] with at 

(Note: &¥54 *j "a5 +3? so these are generators, ] 

a
e

 

From this polnt onward, the case ~ a ie formally identical with the Q% 
case, showing that .(Tf)* induces isomorphisms. on homology with respect to 

Q, for both the Spin® and Spin cases. 

ida
n 

Ee
 W

il
e

s
 

This completes the proof of Lemma 2. ** 

Lemma 3: Let .M be a connected coalgebra over fy with counit. 1-¢ My 

and a left module over ay such that the diagonal map is a map of ad 2 og 
modules. Let of 9: N-—* M -be a map q, modules with either: 

1) N= (A,/Gp'* Gpa°) @x and ker v = Gs +QBa°, or 
2) N= (C,/@,8a 7784) © X + (CyiC{-8a°) @ Xana 

ker y = Cpa" + as0" and euch that f£ induces isomorphisms on homology 
with respect to Q and a Then f 1s monic and cokernel (f) 1s a free 

a, nodule, 

Proof: Let 1 :M—>M/C{,M be the projection and let TCM bea 
subspace mapped by 1 isomorphically onto a complementary summand for wt (N) 

in WM. Let 0: NO (QZ, 07) —>M: (nya @ t) —> t(n) + alt). ‘Then 
e is eple and induces isomorphisms on 8 3Q,). “L2 0,1. 

For any a, module B, let 8. denote the n-th degree ‘part of 8B 
pin) the a, submodule generated by the elements of degree less than or 
equal to n. [Note: ¢:B—»C epic implies 28), gla), gla) epic. J. 

clearly e'!) : (ve (Qo ® m))(-2) —» yf-2) 4s an deomorphiem, both 
being zero. Suppose then that ele) (Nn @ (, 8 mien) ve une) is. re. 
isomorphism. ; ; 

Let ye (N@ (Q, 8 2))) and suppose e(y) = 0. One may then write 
ye} Ox "4 ey Ory t ha 8 ty +2 where 1 * Qy/eer v, 
e, «OKA, Sq? (zero in case 1)), and ae Ay x, ’ yy. ty being Line 

a 

‘ & 
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independent elements of x YW and qT respectively, and 

(n-1) € ze (N 6 ((/, 8 7)) . 
t Now a> is a freé right module: over Ci @=8 in ease 1), a; 

in case 2)) and let a, be a base of QZ, over C. One may then write 

exi+] avy, a ee yeu a . ta%a 

' 143 9 a sad with uj, Bos Yyq € G /G 84 » My e Cw Let m= supldeg al the coefficient 

of a, in this expression is nonzero}. 

Let YiM Ae MBM=>M® (uu'2-2)) where A is the diagonal and the 
(n-1) last map is the obvious quotient. If. me M , then A(m) = J m' 9m” ana 

gach om" yfn-l) . so $(m) = 0,. Similarly, if deg q=n, then $(q) = 1 8 q. 

tr be (,° then (bg) = bo(q) = b(1 @q) = 10 ba, for (7 is » sublopt 

algebra annihilating 1, and thus ¥(a.bq) = a,(1 @ bq) = a (1) @ bq + terms 

in which the first factor has lesser degree. 
Composing with -1' : M-8 (wrtlOa2)) M8 (uj'?"))) one has 

0 = ately) = } a, (1) 8 .) Uy 4% a Ve ae + I Waty! 

the sum being over those a such that deg(a,) =m. Since kernel v -1s the 

ideal Ar. ». these classes a,{2) are linearly independent, and the right 

hand factors must all be zero, 

3 {n«1) Tus e: X, © (Q,/@,80°) 8 ¥, 8 C et) —> M/M must have 
nontrivial kernel. Now 

Ne (Z, ® 7) Mo: 
O ry (Qy ry net) year) 

(n-1) - is epic and induces isomorphisms on | H( 30,) (since both ¢ and e do 

so). 
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Case 2): Thug 

~ “ t 3 (nm) e: Aa UQ/@ 80 +80") 8 Ky + @p@ 2,)] —> wi 

induces isomorphisms on H( 3Q,), i= 0,1. 

a) @ 4s monic on X,o0. If e(x +t) = 0, then a(x +t) = 0 £01 

" ee factors through wu and so TM(t) © me(W), making ee 

wasnt), a= so x, & en Thus x, = 0. f 
a clase in H(M/Mo272) , 3) and there must be an x, with 
e(x,) - e(t,) * Que a(t). Applying -a), $20. 

ce) @ is monte on QQ, 8T,- If &(Q,0,t,,) #0, then Q,8(Qot,) = 

86 €(Q,t, ) represents a-clase in acme) 59), Thus for some ~x nl & 
e(Qt, ) + a(x Xnar? e (in Qed = 0. Then x,,, is a Q, cycle and 

€ im Q: &(x, 44) = Qe(t,)» which by monicity on #( 1) makes x45 

a e(Qyt) =O end by b) t= 0 

Case 2): Thus 

a: : UQp/ Ansa ,80°) x, © 0 p/4,82°) 0X, 0A 075) > uu 
jn 

induces isomorphisms on H( #Q,), i 0,1. 

a) € is monic on X,@Y, @T. If e(x ty, ++) = 0, then : 

u(xity,+t,) = 0 80 a(t.) e wf(N) and t, = 0. Thus e(x,ty,) = 0, 90 . 
- ~ _ a 2 as os 8q°(e(x,+y,)) tt @(Sq"x,) + &(8ay,) = &(8q" a ¥,)° Since Sq” @y, . 

represents a nonzero class in H( 3Q,), this gives y= 0. Then e(x,) * 

but xX, represents @ nonzero class in at 3Qy)s so. X, = 0. 

bp). @ 4s monic on Qe%, 0,07. If e(Qy +agt,) = 0, then 

ey, +t) )- represents a class in atm) 9), go a(y,, +t )= a(x, ) tor 

“e
e 

a
e

 
a

k
 i

h
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some x, and by a), x7 Y, = 4, 20 

_ 2 2 hey 2 ce) e is monic on ..Sq* @ ¥, @8q 8T. If @(Sq ¥,*84 t.) = 0, then 

Os 8q°e(Sa"y_ +8q°t,.) mt Q, % ely, +t, go e(Qyy tpt, ) represents a class in 
(n=Z) = : H(M/M 32,) and there is an x, wirh a(x .7 n*%t,,) = 0. Thus the 

class represented by xo. in R( 3Q,) is trivial, so X91 = 08 giving 
n+l 

e(Qoy_FOot,) = 0, -and by »b), y, = t, 20. 

a) @ is monic on 8q°Sq' © ¥, 6 8qsq' eT Osqion. If 
3(8q°8q"y, +80°Sq"t, +84"! ) = 0, apply Sq’ to get @Q.e(y +t.) = 0 ond as 
inc), ¥, = t= 0. Then a(sq3e!) = 0 Bo: &(9,80°t!) = 
ef (8q38q7+8q°Sa>)t?) =O.” Thus B(sq°t!) isa Q, cycle and 
Fe ee y Pea Oy t 2 e(Sq' t)) = @(Sq Vat% ao) for some y) and X14. . Applying Sq” to this 

Sred ' ' ' + 2(Q,Q,t340,0,¥,) © 0 and as in c), t) = y) = 0. 

e) 8 4s monic on Q@, 2, 9 Q,0, OT, precisely. as in c), 

f) 0 @ is monic on (8q7+8q4sq2) 8 1. Note that Q,8¢" = Sa°+8q"sq". 
Thus if 3(@,8a°t, ) = 0; 3(8q"t,,) represents @ class in a(m/nTM1) 59) 80 
74.2 a7 62 : ae or é(8q°t a) = (Sq Yn %aap) for some Yo? %na0" Applying. 84” ~ gives 

&(sa*t_) =0 and by a), t, = 0. 

) 2 de monic on Sq'Sqh eT. if 3(@,.0,Sq"t ) = 0 then €(@,Sq°t_) 8 aera n* oy nn’: &% n 
~ 2 - 2 F isa Q@, cycle giving @(@,Sa't,) = e(x,,,*6¢¥,,; 4, (yort,))- Applying Q) 

gives QQ, elyt+t)) = 0 and bye), y}, = +, = 0. Thus the Q, homology cless 
2 4 8 =) ag 8 of X43 + Bq are is sent to zero, 86 %43 7 8q. Yoel TM 0. and (9,84 t.) xO 

By 4) this gives t, = 0. 

These computations then contradict the existence of My and thus, one 

hes y*ae (NO Q, 8 q)) 2) | but ely) = elt) (y) “0 gives y = 0. 
Thus ef) is monic, hence an isomorphism. By induction on n, e is then an 
isomorphism. *#* 



= 33% - 

Combining Lemmas 1 through 3 completes the proof of the main Anderson~ 

+
 

R
e

e
s
 

Brown-Peterson. theorem. ## 

F
a

e
 

“ 
mn 

As might be expected after this mich effort, the cobordism computation B 
a, 

is now a triviality. One has, of course, BY 

Spin a 
o = lim 1 -(TBSpin. ,») a 

n poo BEY r ie 

and 

Led 
Spin +e 0 ® lim n. (TBSpin” yo). 
n me ot ra 

‘ ¢ 

Spin are finitely generated. Spin a and a Proposition: The groups -.2 

Further, ‘the maps 

"3: BSpin 9s BSO- 

and 

w' : BSpin® —» BSO * K(Z,2) 

are odd primary homotopy equivalences, and induce odd primary homotopy: 

equivalences on the Thom space level. Thus one has isonorphisms 

aSPin 9 7113/2] = 28° @ zl1/2] 

gSpin® © 2[1/2] * a8°(K(z,2)) @ 2{1/2]. 
: e 

In particular, all torsion in gSpin and Spin is two primary. 

Proof: Since Spin and Spin® vbundles are naturally oriented for int: 

cohomology, this ell follows from the Thom isomorphism and the fact that nf ¢ 

and 1 re isomorphisms on rational and Z, (p oda) cohomology. *# 4 
. i 
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Turning to the 2-primary structure, one has the 2-primary homotopy 

equivalences 

Tre x g : TBSpin —> BQ x RK(Z, ,dim z,) 

and 

Tf x g : TBSpin® —> BY x MK(Z,,dim 2!). 

Now 1, (BO) = Ko"! (pt) is given by 

marfole |e |o[e[o lols 
1, (80) J? [%]%feolefefe|s 

and 15, (BU) * 2, Tog 4 (BU) = 0, 8o one has easily: 

Spin Spin® Theorem: All torsion in ay? and a has order 2. 

The main structure theorem is: 

Theorem: Two Spin manifolds are cobordant if and only if they have the 

seme KO. theory and 2, cohomology characteristic numbers... ‘Two Spin® 
2 

menifolds are cobordant if and only if they have the same rational and y 

cohomology characteristic numbers. 

Proof: Leta Spin with all’ KO -and 2 numbers zero. Then 
(Tf x g),(a) = 0 in ,(BO x IK(Z,,dim z,)). Since (Tf xg), is an 

isomorphism -mod odd torsion, a “is a torsion class of odd order and since 

all torsion in gSpin is two primary, « = 0. 
If ae aSpin® has all rational and - Z, characteristic numbers zero, 

then” ® . is a torsion class. Further, the homotopy homomorphism induced by 

gg: TBSpin® —> IK(Z,,,dim 23) sends a. to zero.-~ Since g, is an isomorphism 

on the torsion, this makes a = 0... #* 
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Proposition: If M and M' are two Spin manifolds with mM) = wo EM} 

for all sequences J having no 1's, then M end M' have the same KO 

characteristic numbers. 

end then (Tf),[M-M'] =0 so [M-M'] =4,[g] for some ge my(G). Let 

pi TBSpin — > BO be a map realizing some KO characteristic class. Then 
pi: G—» BO, with Pai,lg}] being the value of the characteristic number - 
defined by p on M-}M'., . 

Then G has mod 2 cohomology a free a, module (hence a free E 

with homology zero) and trivial rational cohomology since G has the 2 
primary homotopy type of @ product of K(Z,) spectra. Thus in the stable 
range, G. satisfies all the conditions used to analyze filtration on B80, Me 
so that any clase in 4G) has filtration at least 2n. Thus p,i,lg] = 
giving the result. "* 

In order to tell more about the structure of gSPin | one may analyze 

For each sequence J containing no 1's and having n(J) even, there $ 

Spin manifold M, of dimension in(J), of infinite order in ane) sucky, 
that na(M,] is odd (as @ multiple of the KO*(pt) generator), with all ot 
KO theory numbers being zero (and the numbers z, [My] being zero).0 Applyig 

complexification and the Chern character gives eh (n9 (M] ec) = 

odd, 

For each sequence J containing no 1's and have n(J) odd there are 

manifolds N, of dimension hn(J)-2 and M, of dimension ha(J), By be: 

of order 2 and M, having infinite order, such that rity] and mo [M,] 
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odd (as multiples of the KO"(pt) generator) snd having the other KO - theory 

and 25 cohomology numbers zero. 

One also has classes « € qypin #2, 7 € aypen &Z and we agen =Z2@2 

for which 1[a], 1{t], and 1fw] are all odd miltiples of the K0"(pt) 

generator (and with nw] = 0)...[Note: Applying x and dualization to 

Ql Qa” + Ase gives a polynomial algebra on classes of dimension 
kh, 6, 7, 15,.0.3 and the generating class for BO(4n(2),...,«) gives another 

8 dimensional class. Thus TY induces isomorphisms on 25 cohomology through 

dimension 9, so no 2, sppear in this range. ] 

Finally one may find manifolds R, of dimension equal to din z a7 having 
order 2, for which all. KO numbers vanish and with 2,118] = 0. or 1 as 

iA door its i, 

One then has the result of Anderson, Brown, and Peterson [7]: 

in Theorem: . A basis for aSP 8 25 is given by 

1) [My) x oF x a4, k> 0, 0< 1< 8, n(J) even, 

2) [M] xt xo, x>0, (3) even, 

3) [R,1, 

h) ins], n(J) odd, 

k 
5) [My] *w", &2> 0, n(J) oad, and 

6) ((iM,] * 2)/4) xu x a4, k>0,0< 1 <-2, n(3) -oad. 

Proof: This is immediate from the structure of (BO x nK(Z,, dim z,)), 

with the classes in cases 1), 2), or 4) through 6) having the number 7 

- (for the same J) an odd multiple of the KO"(pt) generator. One need only 
note that’ w,(BO(kK,...,0)) isa 9,(BO) module (using the tensor product) 

and that the image of m, (BO) 9 Tag (BOC Gath, «+. 0 )) in T Bye 9(BO( Berk, . «+ 9) 

is-the multiples of 4. =# 
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Theorem: Let Be = {xe H(BS05@) |s_,(e yalx] ¢ 2 for all wl, and 
Be = @ BOC Hy(BS0;Q). Then + + GyPI —» H,(BS0;Q) maps 94P*"/Torsion 
isomorphically onto the subring of the polynomial ring p80 = 2[x,,] consisting 
of all classes whose dimension is a multiple of 8 and twice every class whose é 

dimension is congruent to 4 mod 8, a 
rs 

In particular, all-relations among the Pontrjagin numbers of Spin manitol de! 
are given by the KO” theoretic relations: 

6, (¢ palm] € Zor. 22 

if dimM #0 or 4 mod 8, . respectively. 

Proof: Let. M be imbedded in 3& for. some large N, with Spin norm 
bundle v. Then 

£,,(€ 9 JAI] = ch(s,(ng) @ 6) + O3(ch(vutv)) IM), 

= a5 (ch(s,(nq) @ 6)eh(yU(v)) EMI, 

s ch(vo*(n#[s, (73) ]U(v))) 18"), 

BN=n/ 5 but c@(n#[s(m,)]*U(v)) € rs 8N) and this Chern character is integral 
and is even if = 4 (8). 

Thus +: aSpin ete B8°, From the analysis of Boe 
ecobordism, one has Bo? 

in the study of ~ 5 

= Z[x,,1 and clearly image ot is contained in ‘the 

asserted subring AyC Bes Ag, = Bay and Agi = Baal" 
Clearly image. +t Cc Ay has 2 primary Index in each dimension, for 

amt C Bo? C am a8? with SPB —, 98° 
su 

ra | 
being an isomorphism mod odd torefan, 

80 a Also from the study of ,, one has eek = im 9 ek mapped onto eBay? 
and this factors through t, so (im T) ak * Agi 

For (im t)g,, one has 24 (© @ AIM BIL" st e(%,) (Ne) and for any 
sequence I belonging to (2k), write I= 9,1,1,...51), d having no L's go 
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with p i's. Let Mi = M, x wel? s¢ p is even, (My x t)/h x ylPr2)/2 it 
p is odd... Thén the mumbers malMt] are 0 if K#J and odd if Ke J. 
Thus the free pup on the ‘TH is contained in Be with odd index. Combined 
with the two primary index property, this gives Be = (im Tape ue 

In order to understand a bit more of the structure of gSpin 
1 

» Suppose 

denote the circle with the unusual 

framing/Spin structure which represents the nonzero class a € ae a2. All 
M is a Spin & +2 manifold, and let 3 

Stieffel-Whitney numbera of gi are zero, so the same is true of the numbers 
of 8 x M Further, all KO numbers of gt 

1. 

xM are zero since the dimension 

is 8k +3. Thus §' x M bounds, and let U have boundary 34M. Then 
a8! x Me 3(2U) = 3(V x M) where av = 23}, and one may form 
T(M) = au W [~(v x M)]/a(2u) 2 a(V x M) giving @ closed Spin manifold of 

dimension & + 4, 

A different choice of cobordism U' of 81x M to zero changes T(M) to 
(mM). U afu' yJ (-u)/aut = au] in ageie while a different cholce of cobordism 
v' of 281 to zero replaces T(M) by ‘T(M) vu [v' U (~v)/av' = av] x M 
= 1M) UXx M, but X is a 2 dimensional Spin manifold eo X'M = a-aM 
with ae Z,, and since’: a°M=0 this is also zero. Thus T(M) gives a well 

defined class in aGPil 9 z,. 
This construction clearly depends only on the cobordism class of M and 

using disjoint unions is clearly additive, and thus defines a homomorphisn 

| oSpin Spin 
Tt Pasa Faceh © 2o- 

If N is an 8& dimensional Spin manifold, 3(U* N) s Box Mx N end go. 
T(M* N) is represented by 2U x N U [-(¥ x Mx N)]/a(2uU « N) = 3(V « M* N) 

= 1(M) x N, Thus T is an nfeiTM module homomorphism. 

If one considers aSpin as (TBSpin, ) for some large k, this may 
nt+k 

be realized as the following construction: 
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let ¢: 3° ke TBSpin, represent M, bh: gotk+l —> gotk the 
otk+1 ntk+] suspension of the Hopf map, and .2.: 5 —~s* a degree 2 map. . One 

may deform 2 and h to be transverse regular on every point other than the 

base point, the inverse image of any regular value in s"** being a. ie 
is also transverse regular on B8pin, + then - fohe2 is transverse regular on 

BSpin, end defines the Spin manifold 232 XM. Considering the cobordisms U 
and ..V as given by maps ou: poke —_ TBSpin, ahd vs: pre _, gotk (v “ 
being a framed cobordism of 23+ to zero) extending foh and 102 

of 
respectively, uc2 and fov fit together along their boundary to define a made: 

of the n+k+ 2 sphere into TESpin, which represente T(M). ; 

Being given any space X, with 8 1 nf®) guch that an ¢ Tae 

ho2 to zero. (if n> 3) and joining these together define « class 
one 

<2,n,8 > in 7 49(%)- A different choice of homotopy for beh changes thigy: 

Bonen -which is zero. Thus the Toda bracket 

<2sn, 00%: kernel(on), be cokernel(2) |, ie well defined. This is just 

operation T -in the special case of TBSpin. 

and clearly the map 1 : gh > y gives lon = 0. By naturslity of the 

construction, one has b, als 2,no4 >) =< 2.n,8>. Considering the space Y 
more closely, it is clear that the cofibration s° 4, Xx 3, gn? gives 
# (32) & aaolts 32) * 2 and all other positive aimerisionel groups are zero, 
and the obvious universal construction of < 2,n;1 > makes the composite 
to <2,n,i1 >. of degree 2. Now Y is just the =n +2. skeleton of the two” 

stege Postnikev syatem K(Z,nt2) —> 2» K(Z,n)° witht RL = $8q°L 
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<2,n,i > yvepresents a generator of Maat) = -%..which has Hurewicz image 

equal to twice a generator of Ho yo(ts2). 

Applying this to BO, with ye "G4 (BO) the nonzero element 

(yon e ge43(B0) #0) one has 

BO( Gk+2,. ow »®) 4, BO 
c y— > oe ) 

with .BO(8k+2,8e+4) being the two stage Postnikov system 

K(Z,8k+h) —> BO(8k+2,84+h) —» K(2,,8e02) with t Ea iy 880° tajos. with 

b, a, and d -being isomorphisms on * Bah and epic on Tae" Naturality 

of < 2,n, -> then shows that “< 2,n,y > is the nonzero element in - 

Tagi,(BO) @ 25. 

This gives: < 

Proposition: If M ia an @& +2 dimensional Spin manifold, then 
no Ea(M) J reduced mod 2 is the same as wy [a]. 

Proof: Let a: gikrerde —» TBSping, represent -M and 

P+: TBSping, —> BO represent 70. Then orgie] = p,lal 7g 48¢42 (20) and 
watT(M)] mod 2 ts pyl< 2.n,[e] >) = < 2,nopglal > © tae 4gp44(B0) @ 2, but 
< 2yny > + T Bice Gg42 BO) * 2, > 1548941, (B0) 82%, 2%, is an isomorphism. 

Now let 1, C oP!" ye the set af classes [M] for which all KO theory 
characteristic numbers are zero... Since ret x N) = wd (m) nC), I, is set 
an ideal. Letting G be the fiber of . Tf ; TRSpin ~~ BOs I, ie precisely 

image(s, (G) —> aSPi) , which is a 2, vector space detected by 2, 
cohomology characteristic numbers. 
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Let R, be the ring Z[x,,. ¥ 

AY 

ia 
gjso? lt 22,92 (1) modulo the relation 

i 
By 

= LJ = 3 z 20, = 2Y, = YY = Oe, 0 0, Fes o%y = 95494" Y 9 342%80+h . Toate 
Theorem: gSPinyy is isomorphic ag ring with the subring A, of Ry 

t generated by the Y's, 8+ the Ra and eRe ahs 

Proof: Clearly I, is the kernel of the homotopy map induced by 

a8Pin yy with image((Te),). Row 
oc on Toreton( a8?!) Bo one has pi: ofPinyy > 08P!2 pporsion Cc. 38° = 2{x 
Tf : Tespin —> BO, identifying 

which completely annihilates the groups of dimension not a multiple of 4, 

which are 2 

Ty, = Torsion(age") and thus p : apP**/r1,, = og?**/torsion. 
Spin 
* 

vector spaces, and since 1), (30) 4s torsion free, 

Now (Tf), : [Ty ® 2, —> 14(BQ) @ Z, is an isomorphism and in fact, 

coineldes with the isomorphism (Tf), : Cae ~ebe *, (39) in dimensions: 
Spin Spin 3 vs i #0 (4). Thus one hes a class @,e€ 9," /I, #9, with 6) = 26, = 0 © 

and the Toda bracket T =< 2,n, >: Taxs2(R0) —> Te 4, (89) @2, is an 

isomorphism, so T : ae — Moxie e 2, is an isomorphism. i 
may choose a unique element Yq, ., ene Tacso? k> 1, so that T(Yg,5) iy 
is the mod 2 reduction of the class which maps by p into 2Xaueh! Clea 

ay, =O, = 0 being a class of dimension 8 + 3, and YY = Q bein 94% t a 
a torsion element in the free group apPinyr, 4 

nee Ta, maps onto ne leeer? for applying (Tf),, compositi ey 
with n sends %g,, (BO) onto T ge43 (BO) with kernel precisely the miltiple 

Spin «= ,Spin . of 2, making Manor Teter * Mee ‘Tg, 8. Applying T to 
Spin ac spin - ars Tg, 9) +1 aro Bx! T8t~Bx" Bk+2 = Betse © ies Sp: in pin : 

of OB eal Taek ®2Z, spanned by the M_. /Ig, multiples of classes mapped 
Terep gives the sub 

under p into 2x, and the Preah? end thus Bete2 spans et: 
The kernel of the map abrir ta @ a aget ax! Toto > Pane is prectoely | 
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the kernel of the composite with fT which is precisely the mltiples of 2 

and the relations given by 

TY Be 2% Bch *Gath) = XgeouXoesyZaeeh (mod 2) = Mp 0% LB eao) 

if k,f>l,s+#k+st+1=t, or 

2, MY poXh Beek) = yXBierh Beet (MOd 2) = TOS Xai B eeu) 

if k>1, s+k+i= 

It is then immediate that o8Pin yy is isomorphic to the subring Ay 
of Ry. 

Returning to the Spin® case one has 

t Bu —t» Bgpin® =» Ego x BU(1) 

with '* an isomorphism on rational cohomology and +t* being monic. One 

then has Pontrjagin classes @, € HY! (agpin®;Q) and a class c, € H°(BSpin® ;Q) 
with H*(BSpin® a) 2een One n then form the classes 

mo) as legie and Jae e. ra in B¥(BSpin’;Q). 
Let opin” = (x © HL (BSpin®;9) 5, (edad lxl © 2% for all w,j} and 

pipin® = 8 serin® C #,(B8pin°;q). , 
'c ; 

oSpin is a ring since BSpin® eaamits en H-space structure, with both 

t and ' being H-maps. This ring structure gives a diagonal map in 

ec . H*(BSpin’;Q) given by 4(9,) = 2 3° Py od A(e,) =e, 81418 c,. 

Th 4( ( )) s s ,( ) 8 nl ). 4(A) = A 8 A d us 8, veo ete wg Bynle g an 

ale” “ly we ge 1iy <Q). 
let Hs 2fa,] @U, i241, where U is the free abelian group on elements 

uy? nez(—<n< ©), Define a sum and product in H by 
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CD py(o)rag) + ( ay(a)ras) = 2 (nla) + a. (o))-a,, 
e : . 

For any x € popin > let Otx) ?) (s, j(e)d)ixlra,-a, € H. Using the 
multiplication in H,(BSpin°;Q) induced by the H-structure, the diagonal 

é e 
formulae show thet BoP*" 46 a subring of Hy(BSpin°;q) ana (: poPin 

is a ring homomorphism. 

Spin® e. Spin® Letting 1: 9) ~~» H,(BSpin 3Q),-one hes image(z) (C By 

en 

fo 

if "is a Spin® manifold imbedded in 8 with Spin® normal bundle 

then 

e,(v)/2. 
s,,4(e)ab IM] = ch(s,(n,) 0,6 6c) ee > Al-v)) IMI, 

= choMint(s, (np) O,€ Oe &)-Ulv)} 18"), 

22 

where £ (is the complex line (Rundle over M with o,(€) = oy (cM). 

If -M is an almest complex manifold, then M has a Spin® structure: 
induced by t, with o,(1M) being the first Chern class of M, This de . 
a ring homomorphism 9U —» prin” — popin® In particular, if M is an 
manifold, 

oy, s0e) SIM) = ole 9 SUH, 

‘since e,(M) © 0, and hence Om) «© p'(rm)- Ju,, where 
p(x) «J 04(e [x]o,, is the homomerphiem defined in the ‘study or au 
cobordisn. 

Let &, ; popin® Zpla,] be the composition of (* and the 

J 
homomorphism Hq —» Za, ] which sends u,. into zero if j ¥ 0 or int i 

if 3 © 0,..and which reduces mod.2. ES J 
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Proposition: C7(t(P(4))) has largest monomial 
1) «2 if -1.-is even, and 

if2 

2) 1 .if isi. 

Proof: If i= 23, one needs only 84) ond Lap(2g))] = 8(4)( sf LaP(23) 
8 sfep) fer(25)] = 2] +170 moa 2. For @P(i), ‘the total Pontrjagin class 
is 1, 80 8 wep) is zero if wo # (0)- and-1°4f w= (0), and Ael 

Jey th Then 8(9) go [eP(2)] ee “3t@p(2)) = 24+ 1, which completes the 
proof. ## 

ferollary: (a8P82° rorsion) 8 25 ‘Ls @ polynomial algebra over 2, on 
classes y,, with i= 2 or 4k. In addition, the image of al in popin® 
has odd index in each dimension, 

Now let p be an odd prime. Define Or: poPin® sag Z, to be the 
mod p reduction of C. For any integer k and any” w ¢ 1(2k) a partition 
of 2k into integers 2 and 4i, 0 = (2y054 s2shty ye ee ett) with 3 2's, 

8 write dm Ag + AyD tieet Ap * ozA,< p, and define 

2 40 aiAs , NP = gP(1)'” x... epP(p>y® x a Raene® we 

where w, denote the SU manifolds whose existence was asserted in Chapter X. 

Proposition: The elements On (cm) ens 2° for w belonging to the 
set of partitions of 2k into 2's and 4i's, are linearly independent. 

Proof: Suppose one has J ns OL (emp) #0, nie 2, with some n, #0 

(we 1(2k)” of the given form). Write each wo = (ar, yi) where Ty hes 
j 1's. ‘Then among all w with n, #0, let m denote the largest value of 

J inany {f,, (i,e., m) #0 for some w= (2t,, ao) and for any 
ow (2r, ko") with n, #0, J< am). 

/ 
/ 

é 



e
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Define §:H92,—> 2 fa,] by $(u,) = Cy(-2)? at oct cm anh! 

zero otherwise. Then for any M, the coefficient of a, in oF (1) 4s 

n . ae iy Da age le BI © azleg Me -USim, 

= age) -ettul + terms with ¢, to> 
a higher power. 

Since c¢, is zero for an SU manifold, this gives 

OY a OHD)) = LT ayeyleg ed Ogs}eflva la,» 
ae 

= Ho 8 Noa the latter sum being over w= (21, ,hia), and ve being P(1) ~ x... OP(p 

for M © Up teeet usps Oxy <p. Then 

8 tu pe ou u wep’ up u me Jo, Lor(2) 91.6.0 Jey * Ceptp®) *1, 
HAt.. 

ey {ve ] = {( 9 
8 

and 

bP fete)" ) = ute (oP Ler(p?) 1)" 2 yi(pten), 
80 en tv?) 7 0 modulo p. 

Hence BY, Dar ua)ar (eg alias, a J (ora) p( Men) is zero. 

are linearly independent, and thus ell Broz his) are zero, contradicting 
‘nm? 

the choice of m,. ** 

This shows that the index of the image of he 
divisible by p for ary odd prime p, or: 

Theorem: All relations among the Pontrjagin-Chern numbers of Spin” 
e e 

manifolds are given by K theory; i.e. 7quPia 2 popin .. Further, the 
v spin® forgetful homomorphism. 2, —> Q, /Torsion is epic. 
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Note: Another proof of this may be given by relating aSpin® to 
08°C gp(@)), Since TM'~ 4s ‘an odd primary homotopy equivalence, one may apply 
the result that for torsion free spaces all odd primary relations in oriented 

bordiam come from K-- theory. 

For pan odd prime, the generator of oSPin® 8 z, is the image of 
eP(1), with CP r0P(2)) = J (2i+1)u,, 80 © (vee(3)?) = CO (rer(1)). An 
indecomposebie generator of a 8 2. is the image of e for which 
py(tM ,) = t #0 moa p, BO Om) ily and letting u-t =.1 (moa p 
Crum, x OP(2))) = OR (roR(2)). Then x(uk®_) = 1(eP(2)P-*) ana 
t(@P(1)) . are nonzero in wapein® C) a5 but their product is zero. ‘Thus: 

Proposition: (fy Spin® /Torsion) 8 z > 2 * prime, is a polynomial algebra 
over 2 if and only if p= 2. * 

Since for each prime p (odi) and each integer m, og tvP] 27 0 mod p, 
c 

agpin >» With -c aly] being a power of 2, . hence there exiet manifolds Von € 

classes Uy, € afpin® @ 2[1/2] with ci(u,.) =1. By the sU-spin results, 
n8P1D 9 2[3/2] 4s @ polynomial algebra on clesses %,, (x,, being the 

cobordism class of en SU manifold). Then Spin 6 2[1/2] 18 a free module 
over gSpin 8 z[1/2] = Z[1/2]ix,,] on the classes u,, and 

“Moga 84 s4o(aeg) +2 Ba, 5%ho Mon? 
e 2(1/2],. by the module structure, 

i+) ( 1 ie 

blu] + 2k = 2(43), lw] > 0, By ys Bug 
i+. o td) 2, 3 = Also By) fgg py) Cy ep(tg, dey (ap 5) 

e 

This describes (spin /Yorsion) 8 2[1/2] and completes the Spin® case. 
a 
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Relation to Framed Cobordism 

Theorem: The forgetful homomorphism F : at? 
isomorphism in dimension 0, and for n> 0, imege(F,) = 0 for n# &+i, 

8k +2, image(Fo, 41) cS imege(Fp, >) & 2. . 

The forgetful homomorphism FP : att —> Spin is an isomorphism in 
dimension zero and is zere if n> 0. 

Proof: One may factor an through 080 or a respectively, showing 

manifolds of dimensions 8k +1 end & +2 with the KO theory 

characteristic number 1 being nonzero. Since KO theory numbers are Spin a 

cobordism invariants, these manifolds have nontrivial image in a8P in “ 

Relation to Unorlented_ Cobordism 

Theorem: ‘The images of the forgetful homomorphisms 

e 

Fy: aypin —7Tl, ond Fy: apis — i, 

are precisely the set of cobordism classes for which ali Stiefel-Whitney num 
: : d 

with a factor wy or Wos and Ww or Wy respectively, are zero. 

Proof: Since a Spin manifold has ¥ and Wy ero, while a Spin° 

manifold has ¥y and ¥3 zero, these sets of cobordism classes contain the‘ 

images. 

Now suppose v & H"(B03Z,) is zero on all Spin (resp. Spin") manifo: 

of dimension n, and let M be any manifold for which all numbers divisible 

r
y
 

a -.. - € 

by Ww, and w, (resp. w,) are zero. Then p* : H*(TB032,) > H*(TBSpin 

is epic and a class in H*(TBSpin’ ;2Z,;) vanishes on all of the homotopy of a 
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TBSpin® if and only if it belongs to C{ gH*(TBSpin® ;Z,), Thus, letting ¢ 

be the Thom isomorphism, (v) = 0(x) mod C{ ,H*("BQ;Z,) with 

x € ker(p* : H*(BO;2,))—> H*(BSpin®3Z,). Since o7(@ pii"(180;2,)) vanishes 
on-all manifolds, this gives v{M] = x(M], where x= J a, +p, (w,) + 

) By o,(wy) (resp. ] a, *o, (7) +f B,°o4(w3)) with 04, oy ef,3 
a,, 8, € H*(BO;2,,). Consider a number asp (w, ) [i]. Since o(w,) = awe with 

he aos arp(w,)[M] = a:Awk[M] = 0 since all numbers of M divisible by w, 
are zero. Then consider a number B*o(w,) IM], (resp. Bro(w,){M]). 1 

degree(a) =O, this vanishes since all numbers of M divisible by Wy 

(or W3) are zero. Suppose Bt-o'(w,){M] =O whenever - degree(c') < degree(c), 

and let Ao mo 6814) a! @o" +1.60..-Then 

B-o(w,) IM] = o(B-w, )[m] +) (o"B-o"w,) [i] + obw,[Ml, 

= 6 (Bw) (M 

since the last terms vanish by the inductive assumption. . Now 

o(B'w,){M] = v,"8-w, [a] where v, is 2 "Wu class" defined by o in 
H*(BO32,,), end this vanishes on M being divisible by Wye Thus v vanishes 
on M also. 

Since any number which vanishes on image(F,) also vanishes on M, one 

must have [M] ¢ image(F,). Thus, image(F,) is as asserted. 

Open question: Can one describe these images nicely as subrings of 7G,3 

Relation to Oriented Cobordism 

Theorem: . The forgetful homomorphism F, : Spin —_— 98° 

ideal generated by a € abpin 
has kernel the 

.. In particular, kernel(F, ) =O if n# & +1, 

+2, with kernel(Fy ..), i= 1,2, being Up, -a* where Ug, © agen 
is a subgroup mapping isomorphically onto ag?" /torsion. 
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SO 
1 

If xe kerF,, then x mst be a torsion element, F, being a rational 

isomorphism, Thus kerF, C torsionnSP2 

Proof: Since 9 0, kernel(F,) conteins the ideal generated by o 

mapping monomorphically into 

Spin 8 Zo: Since the manifolds My, tT, end w ail have infinite order, a . 
basis for ToreioaN{?'® C nfPi® 9 z, is given ty the classes [M,] x wé x a® 

i> 05 ((IM] *t)/s) xox at, £>05 [8] and [85]. (These are the 
images of torsion classes and modulo these one gets the same rank as 

98P22 torsion 6 2s 50 this must be the image of the torsion subgroup. ) Now 
spie 

os the classes [R,] and {5} are detected by 2, cohomology, and hence 

kernel(F,) is the vector space spanned by the given multiples of a. The 

classes (My ] x w* ana (CiM,] x t)/h) x o* are, of course, a base for 3 
a 

Spin ogy 

kero ad = Ug,» iel, 2. bial 
/Torsion 8 Zo» and hence, choosing a subspace Ug, as in the theorem, 

Hote: The imeges of O8P!2 in 5° /porgion (recall BS?) and in 
. have been descirbed, essentially giving image(F,). 

e 

Theorem: The forgetful homomorphism G, : Spin —> 28 Bu(1)) is y 
c : a 

while F,: aSpin —» 980 has torsion free kernel. Further, the composite?) 
e 

Spin Ee. 96° +, 98° prorsion is epic. 

Proof: Gy is induced by w' and is a rational isomorphism, 80 kerG, 

consists of torsion. Since the torsion is detected by 25 cohomology 

characteristic numbers, all of which come from H*(BO;Z,)s the torsion of 
e 

. . qSPin mays monomarphically into Re Hence kerG, 7 0. Similarly, ke 

must be torsion free. Since al _ 6° /Torsion is epic and factors throi 
ec 

grin » "OF, is epic. ** 
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Note: kerF, may also be described as the ideal generated by the odd 

projective spaces. €P(2k+1).. Certainly all Pontrjagin numbers and Stiefel- 

Whitney numbers of ¢€P(2k+1) are zero, so F, sends this ideal to zero. Let 

Ry = aly, re Cc gSpin® be a subring mapped isomorphically to a©° torsion. 
Then the class ¥y; may be used to replace @P(2i) ~or ey in the -mod p 

e 

Spin /Torsion” is generated by R, and the ¢P(2k+1) 
Spin® 
* 

calculations proving that 2 

let Sy be the subring of 9 generated by the ¢P(2k+1): and Ry. 8, 

can contain no torsion classes, for a torsion class in. 8, . must belong to the 

ideal generated by the ~€P(2k+1) (being in the kernel of 1oF,), hence is in 

the kernel of “Fy, but kerF, has no torsion... Thus 

aSPin’ _ 5 @ rorsion (aSP!") and so. kerF, = ker,| | is the ideal generated 
by the CP(2k+1). 

Relation to Complex Cobordism 

The only reasonable result here is: 

e 

Proposition: a maps ante gSPin /forsion under the forgetful 
homomorphism. 

This has, of course, already been proved. 

Relation to Special Unitary Cobordism 

The interesting result here is: 

su Spin 
Proposition: The forgetful homomorphism Fy: Qy° —»> Q, is monic 

on the torsion subgroup. 
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Proof: If M is an 8 +c dimensional SU manifold, .M is cobordant’ 

x 0° for seme a, Then for w ¢ w(2k) ot ®
 

to 

a, (n*(c @ ¢))[M] = 8 (r(x ® €))(N] moa 2, 

= sep )S Nl md 2, | 5 
# 5 (nq)[¥] noa 2, 

e 8, (4, ) IM] 

end these numbers detect [mM] in the two cases. ## 
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Relation of Spin and Spin® 

It is readily verified that the map g : BSpin x BU(1) —> BSpin® 

Classifying the eum of the canonical bundles is a homotopy equivalence. Sinc 

‘TBU(L) & P(@), one has ~ 

Proposition: Spin” s fee (eP(@)). 
One may relate the pair (Spin, Spin®) through exact sequences in 

precisély the same way as (Su, U) are related (or as (80, 0) are related) 

Computationelly this is not of much use since one has no way.to nicely deserily 

the torsion in aSPin”, | 



Appendix 1 

Advanced Calculus 

/ 
? 

This appendix collects the results from standard advanced calculus which 

are needed for geometric arguments in cobordism theory. These results are 

lifted bodily from the following sources: 

1. Milnor, J.< Lectures on Characteristic Classes , mimeographed , 
Princeton University, Princeton, N..Js, 1957. 

2. Milnor, Je: Topology from the Differentiable Viewpoint, The 
paiversity Press of Virginia, Cherlottesville, 
Va, , 1965. 

3. Spivak, M.: Caleulus on Manifolds, W. A. Benjamin, Inc., New 
York, New York, 1965. 

h, Steenrod, Net <The Topology of Fibre Bundles, Princeton University 
Press, Princeton, N..J.° 1951, 

5... Bternberg, 5.: Lectures on Differential Geometry, Prentice-Hall, 
~. New York, 1964, =. 

Definition: A function f : RB" =>" is differentiable at ae 8” if 

there is a linear transformation \ : R° —» RTM such that 

fleth)-f(e)~A(h 

nO |B] 

Proposition: If f : x ~——» R" ig ditferentiable at ae Rg, there is a 

unique linear transformation A: KR? —» 8" for which the above holds. 

Proof: If ui: Ro > is another such linear transformation, x € Rr? 

and t ¢ R,.. then 



a
e

 Bi
ts 

[rAGdeuGe)l 2554 L(tx)-u(tx)] 
|x| +70 |tx] ! 

= Lim LA(txd=flettx)+f(a)+r(attx)-f(a)-u(tx) | 
t+ |tx| 

= lim Lflettx)-tla)=Mtx)l, 15 [f(ertx)of(a)—u(tx)| 

t+0 |x| +70 [tx] : 

= 0+ 0 

so A(x) = u(x) for all - x. * ‘ 

Definition: .The linear transformation A satisfying the above conditiox 
a 

is denoted -Df(a) and is called the derivative of f at .a. 3 
- e 

Lemma: If t : 3° ~~» RTM is a linear transformation, there isa number, 

a 

M such that [T(h)| < Mh] for all be RF. 

Proof: Let ey es be the usual bases of -R". and Rg respectively o 
1 2 . 1 define t,, © R by Te,) = } ty, ej If n= Yn, ej, then 

|n(a)| = S(T n,t,,)° } It nite! a 
bahay? S 

S
o

t 

:
 

oy
 a
 

S
a

 
4

. 

TY Its] Tay! < mi sup [ess] *]al- a 
ji isd ie 

a Thus it suffices to take M = mn sup |t, jl: age 
isd 

Proposition: If f: R"—»" is differentiable at a eR", 

is continuous at a. 

Proof: Let ¢ >.0..~Since lim | #(x)~#(a)-De(a)(x-a) | 
xe |x-a| 

there is a 6, > 0 so that |x~a| < 6, implies 

=O, 
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le(x) - f(a) = pela) (x~a) |< (2/2)]x-e. 

By the lemma, there ig an. M such that |Df(a)(h)] <Mih|. Let 

$= minimum of (8, «/2M, 1). - Then |x-a| < 8 implies 

[f(x) - t(e)| < [f(x) - f(a) - De(a)(x-a)| + [De(a)(x-a) | 

<(e/2)|x-al + Mi x-al 

«< (e/2) + Mle /2M) 

TM es 

Hence .f -is continuous at a. * 

Theorem: (Chain Rule) If f 7: R° —» sis differentiable at ae 8", 
and g ; R°—> RP 4s airferentiable at f(a) = be FR", then the composition 

eof : Ro —» RP is differentiable at a, and 

D(got)(a) = De(e(a)) o Dr(a). 

Proof: Define 

$(x) © e(x) ~ f(a) - 4(x-a) 

Wy) = ely) = eb) = uly-d). 
where ~~} = Df(a), | w= De(ft(a)).- Then 

g(f(x)) - g(b) = wi(x-a) = g(f(x)) - (bo) - u(tlx) - fla) - é(x)) 

= le(t(x)) - g(d) ~ u(t) - d)] + nlo(x)) 
= oe(x)) + u(6(x)). 
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. ) 
By the lemma, there is an M, such that |u(h)| < m,|bl, 80 4 

og 
me 
“ os 1im HOG)! 1m Led. ce 

xra | xe xra |x-al a 
. 3 

Now let € > 0 and choose an M, so that jatn)] £ Mab]. Since \ 
tin dL = 0, there is a 8, > 0 so that [¥(e(x))| < (e/M,)[2(x) = d] 3 
yro ly -»] ¢ 
it |f(x) = bl < §\> Since differentiability implies continuity, there is 4 

a 8) 0 so that |x-e| <§ implies |[f(x)- | < 6,. Thus if |x-al < 6 
“73 

le(e(x))| < (eG) | f(x) = >| 

= (e/M,)| (x) + (xea)| 

< (e/M,)|o(x)[ + e]x-a| 

end so 

o< tim Witz). (8) iim YL, & ey 
wea [xref 7 Mo me |x a] 

and since this holds for all. <> 0 

dim Lelt(x)-2(b dau Qalxca) I 2 9, * 
se [x~a 

Proposition: 1) If f: R°—»RTM is a constant function, thew 

Df(a) = 0. 

2) af (fo R > g" de a linear transformation, then D(a) =f. o
r
e

 

3) Ie £3 Ro» RTM ; x (22x) p00 sfx), then .f is 
differentiable at a¢ R" if ana only if each f is differentiable at 
and Df(a) = (oe'(a),.+.,D%e)). . 

\) Ie #,g: R'—»H” are differentiable at @ eR", then 
fegi —» #" 49 aifferentiable at a, and . 

D(f+g)(a) = pea) + Dg(a). 
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5) If f,g: R° —*R are differentiable at ac RB", then 

f-g: Ro —>R is differentiable at a, and 

D(f-g){a) = f(a)-Dg(a) + g(a)-De(a). 

Proof: 1) If f(x) =y for all x, - then 

rim [£(atn)at(e)-0] 2 a4 -y-90 = 0. 
r+ rE “eo [hl 

2) ram Lfleth)-e(a)-2(h)t 4, Ltle+t(n)-f(a)-f(b)] 9, 
0 [n| b+O Jai 

3) Ifeach f! is aifferentiable and 1 © (vel(e),...,DP%"a)), then 

f(ath)-e(a)-A(h) = (fern )-tt(a)-De4(a)(h),..42%(atn)-2%a)-De%a)(h)) 

80 

vin Leletp)at(e)-AGL © 5 yyy Lei(emn)=e4(a)-veX(arn)l «9, 
nO [ni 0 [nl 

Conversely, et is the composition of f and the projection 1 i which 
is linear, so Dfi(a) = p(n, of)(a) =n, Df(a). 

h) Let gs: RUx Ro —> RB": (xy) —e x ty, and let 
(f,8) : Ro > Rx B®: a—> (fla),g(e)). Then s is linear, so Ds =8 

and by 3), D(f,g) = (Df,Dg). By the chain rule, 

p(f+g)(a) = Ds(t(e),g(a)) © D(f,g)(a) 
= s(Df(a),D(g)(a)) 

= De(a) + Dela). 



~ 6 » 

i
a

 
a

r
e

 T
e

 

5) Let p: Ro +R: (x,y) —“» xy. By the chain rule, it suffices 

r
a

t
 

to show that Dp(a;b)(x,y) © bx + ay. Letting -4(x,y) = bx + ay, " 

tim [plath btk)-~p(a,b)-A(hok)| Lim [px] : : 
(nk 0 | (a,k)| (nko |(h,x)| i 

Since — |hk| < sup([n]?, Jx|?) < |nl® + Ix|*, one has 

2 O< > lim bel. Lim Laue” . lim | (hyk)] = 0.0 
(n,k}O [(b,x)] ~ (hyk}o [(b,k)| (hs k)+0 

Proposition: If f:.R-—» Ris differentiable at ae Rand has cited 
* 

a relative maximum or relative minim at a, then ~ Df(a) = 0. A 

Proof: Let pr(a)(h) = th with t eR. If a is a reletive maximm, a 

then “f(ath) - f(a) <0 and so if th > 0, 

02> Lin Le(ern)otla)-thl , lial. }e]. 
hero jal bo | b| 
tho 

If ae is a relative minimum, then flath) + f(a) > 0 so if th < 0, 

0 = Lin Ie(ern)-t(a)-thl , a5, Lenl 2 je], 
[n} bo | h| treo 

theorem: (Rolle) Let [a,b] C Rand f+ [a,b] —» R a continuoud 

function with f(a) = f(b) = 0 and such that Df(c) exists for all a< c <M 
Then Dfl(e) = 0° for some ¢ with a<e <b. 

Proof: If f£ is not identically zero, in which case Df(c) = 0 for al@: 

ce (a,b), ‘then f£ has a positive mascimum or a negative minimm which ‘was - 4 
occur at some cc (a,b).. Thus oc is either 6 relative maximum or relative.” 
minimum and so Df(c) = 0 by the proposition. * 

* 
t 
ae 
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Theorem! “(Mean Value) Let [ajo] COR. ana f: [a,b] —» R a continuous 

function which is differentiable at all points~c ¢ (a,b), .Then there is a 

point .€ (a,b) so that 

f(b) = f(a) = D&(c)(b-a) 

Proof: Let - F(x) = #(x) =~ f(a) - [(£(b) = f(a) )/( ba) ] (xa). then F 

satisfies the conditions of Rolle's theorem, sa for some -¢ « (a,b), 

O= DF(e) = DE&(e) = [(f(b) = f(a))/(b-a)]1° where 1: R —* R is the identity 

function. * 

Definition: If f: R°——» R “and ae R", then the limit 

lim tla’, veegat) ettnjat* we )nt(at, a”) 
ho b 

is called the i-th partial derivative of £ at a, denoted D, f(a), when 

it exists. 

Theorem: If £9) Ro» RTM has the property that all of the partial 

derivatives -D f° (x) exist in an open set containing «a and are continuous 
J 

at-a, then Df(a) exists. 

Proof: It suffices to show pe* (a) exists, 86 one may assume m= 1. 
Then 

n 

r(ath)-t(a) = J [etetent,...,ehent att... a) -e(aben’,.., 
isl 

sar tipnt-) gt gees aI 

n . 
iL = J n'pele,) 

abt 

~ = + for same point cc, = (eluant)... et Ty,t *a+0 n'a qeeasa”) where 
i 

Q< 8, <1, by the mean value theorem. ~ Hence 
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[e(ern)-2(a)-tn'-Dye(a)| [enifoyt(e,)-D,¢a) 
Lim 
nO [n| +0 [al 

1 < lim J |p, f(c, )-D,t(a)| . et 
ies) [o| 

< lim J [p,t(c, )-p,t(a)| 0 pea’ a 

= 0 

by continuity of D,f at e, Thus Df(a)(h) = J D,f(a)-h. # 
1 

Definition: For f: R°—»R, the function Dy ,f éefined by 
yey : 

Dd fp, (D f) is called an. r-th order partial derivative of 4 . reer ie Oe PTT roth omer partial derivative of 

f. The function f is said to be of class C if all partial derivatives 

(of all orders) exist. 

Theorem: If f: R°—»R and dD. 3 and d, yf exist and are contin 
mens » ¥ 

in an open set eonteining a ¢ Rg, then 

Dy fla) = Dy ,afle)- 

Proof: It suffices to consider the case n= 2, -Let° a = (¢,d) and le 
——————t 

(yk) © B® be small enough so that both D, pf and D, \f are defined:on 
{(x,y)||x-<| <b, [y~a] < kh. Let ot 

p(x) = 2(x,d4k) = £(x,€) 

oly) = tleth,y) = f(c,y), 

Then 

a-* f(eth atk) ~ tle dtk) ~ £(cth,d) + f(c,d) = g(cth) = ofc) 

ey (dtk) = wld) 



There is a ¢' € (c,ceth) with 

R
 

|
 é(eth) - ¢(¢) = Dele!) +h 

[D,£(c' ,d+k) = D,f(c! da) Ih 

' 7 Dy fle 4! )hk 

for some. d'-¢ (d,atk). 

There is aa" ¢ (d atk) with 

g
 

i
 platxk) = pla) = Dela") +k 

[D,f(c+h, a") ~“ Daf(c,a") jc 

f
 Dy pf(c" a” dik. 

for some ce (c,e+h). 

Thus every open set U containing a contains points p',p"” ~ with 

t Li D, pf (p )-= Dy ,f(p ).. By continuity of the 13? this gives 

m= Poe D, ptla) Dy fle) 

Proposition: -If-f 3: Ro + Rois a c” function and Xe Rr", there 

exist C functions gt Ro RY d= Lyessyny with 8, (x) = rn (x9) 
i 

such that 

n 

f(x) = £(x,) + J (xexg), + a(x). 
isl 

Proof: Define h(t) = P(xptt(x-x9)). Then h(t) ds aC’ function 

oft... and 

1 ah. I “ge dt = hL(1) ~ hyo) 

= £(x) = f(x). 
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By the chain rule, 

ox = , a, (xptt(x-x9)) . (x-x9), 
80 

f(x) = £(x)) + 3 (xx), fr ax, (x +t (xex,) Jat 

and one may let g, (x) = ia (xptt (x-x,) dt. Then 

1 of _ of 2 fat * B; (x9) = fh Bx, (xp )at = 3x, (xp) fy at = 2x, (xp). 

Lemma: Let A C R" be a rectangle and f:A— > Rr continuously 
3 differentiable (i.e. each Df (x) exists and is continuous on A). If therg 

is a number M such that [p,f¢x)| <M for all x in the interior of A, % 
3 

then 

it(x) - t(y)] « neu x-y| 

for all x,y e A. 

Proof: One has 

n es - ti(y) ~ t*(x) = } tet(y*,....y% x4 Teg) - eityt,....y9 a rr 
J=1 

a q 
Jy fyt-x?] +d ti(2, ) for some 2,, € interior A 

ah gf S13 5 
n 

J jyt-x4] 
jel 

*
 M fa
 

Ja
 nM|y-x{ 

n 

Ie(y) ~ 2(x)] < J fetty) - 2t(x)| «<n Mly-x]. * 

ae 

ao 

4 
L 

SA 
& 
t 
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Theorem: (Inverse Function) Let f ; 8° —» #" ve continuously 

aifferentiable in an open set containing a, with Df(a) non-singular. 

Then there ig an open set Vocontaining a and an open set W containing 

f(a) such thet £: V—*W has a continuous inverse ft: W—>V which 
ia differentiable ana pf /(y) = [pe(f (yy) 72 for all ye W. 

Proof: Let A= Df(a) and then D(A~tor)(a) = D(A+)(f(a)) © Dela) 
= 7) 6 pe(a) = 1. If g is an inverse for ’7) of, then god is an 
inverse for f, and hence one may assume 1 = 1. Hence, if (ath) = t(a) 
one has . 

[e(amn)-f(a)oa(n)l 2 Jal oy 

. In] |n| 
but ‘since 

r(ath)-f(e)-A(n 
bo fot 

this means that f(x) # f(a) if x 48 close to but not equal to a. 
Thus there is an closed rectangle U containing a in its Interior with 

1. f(x) f(a) if xe U, rhea. 
Since: f. is continuously “differentiable in an open set containing a, 

one may also ascume : : 

2. De(x) is non-singular for all «x « U : 

3: |pjt* (=) - D,f*(a)| <1/2a” for all i,j and xe U. 
Since (p,f'(a)) is the Kronecker delta &,, the lemma applies to 
g(x) © f(x) + x giving that for x,,x, 6 U. 

[#(x) = x, - (#65) - )] 1/2 |x, - x 

BQ 

Ix, = xl - le(x,) - t(x,)| < [t(x,) - x, = (e(x,) ~ x) ¢ 2/2 |x, - %l- 



= j2- 

Hence ~ 

he |x, -.x,] < 2le(x,) - ta,)] af xx,-€ UL 

Since fis continuous, £(2U) is compact and by L. cannot contain 

tla), ~so there ig a a> 0 such thet: |¢(x) - t(a)[ >a if xe 9U. Let 

Ws {y| ly-2(a)| <a/2}.0 I®@-y eW and x € 3U. then 

S
w

 
TIS 

OS 
a

r
d

 

5. ly-t(a)} < fy-e6x)] } 
for as |e(x) = t(a)] < ly - £(x)] + ly = £(a)| < ly - e(x)] + a2. : 

Now let ye Wand let gr u-—>R by 3 

2 i 8 
a(x) = ly - #(x)|? = J Gt - tao)? & 

isl : 

Then g is continuous fo hes a minimum on U, but by 5. @(a) < g(x): 
for x5 3U, -so the minima of g mst occur at an interior point of U, a 
dee. is-a relative minimum. Thus there is a point ¢¢ interior U with: 

Dy ae) = 0 for all j, or 

2 5 ty? . ~ tay) + te) =o. 
i=] 

Since by 2., Df(z) is non-singular, this givea y' -r'(2) «0 or y = 
for some .2 ¢ interior U. By 4. this 5 ia unique. 

Letting V = (interior v) (\f7)(W),- the function f£:.V—>»W has 
vol. inverse f :W—>V, and rewriting 4 as |f vy) - ty.) aly 

for Vy & W proves continuity of f” =i, 

To show that f "> is aifrerntieble; let’ vi = pe(x) ena y = f(x) 
for x 2 Ys let us define ¢. by 

t(x,) = 2(x) + wa =) + 6(x,-x) 

Bo that 

Voly-=)| Ay 
. tS 

yee dex] 4 
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Ten 

w"Me(e,) = (x) = xy = x Oe 2) 

and since every y, © W is of the esta (x,) vith some x, € V, one has 
thy) = ety) + yy) = ote) - hy). 
1 Since pis linear, there is an M-° with 

[woe y, £4) a Jo(z7'y, )-#7*y))| 
ly, - yl 7 ly, - 

lot, ty) [tty | 
° ley, )-27*y)| ly, -y| 

lot, )-#y))| 
[ey )-27y)| 

by equation 4. As yy —>y, continuity of gt gives t(y,) — tity), 
and by definition of -$,° this term goes to zero. Thus ws as a Linear 

1 transformation of the form required to show f " differentiable at y.* 

Theorem: (Implicit Function Theorem) Let f: R° x RX” —»RTM de 

continuously differentiable in an open set containing (a,b) with (a,b) = 0 
let M be the mxm matrix (D,,.f°(a)) 14, Jom. te Mis | 
nonsinguler, there is an open set A Cc R" containing “a: and an open set 
BCR" containing b, so that for each x ¢ A there is a unique “glx) eB 
such that ¢(x,¢(x)) = 0. ‘The function g is differentiable. . . 

Proof: Let Fi: Rox A —» Rx RTM py F(x,y) = (x,f(x,y)). Then 

DF(a;b) is non-singular. There ere then open sets W cr x R" containing 
P(a,b) = (2,0) and VCR" = R” containing (a,b), which may be taken to be 
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of the form Ax B, auch that Fo: V—-—» W has a differentiable inverse 

hiW—eVeAx B. Clearly h(x,y) = (x,k(x,y)) since F has this form, 

where Kk is some differentiable function. “Let : 4 

no? x RU» BR”: (x,y) —» yy be thé projection. Then 

f(x,k(x,y)) 3 2.0 h(x,y) = @ 0 Fo h(x,y) 

«on(x,y) ay 

so f(x,k(x,0)) = 0 and one may let g(x) = k(x,0). * 

Theorem: Let f: R*—» RP be continuously differentiable in an open 

set ‘contéetning a, where pons If f(a) = 0° and Df(e) ie an epimorphi r 
there is an open set AC. R" ond a differentiable function bh : A—*> H” 
with differentiable inverse so that 

fo B(x, s+ ++ sm) bal (xp tp) 

# 
j 

st 
f 1£4, <4, <n such thet the matrix (ele), Leder i= tly 

Proof: Since Dr(a) has rank p, there are integers 
——e 

§ 
aM st a

e
ct

 is non-singuler, Let g@ : R° —»R" permite the coordinates so that 

g(xty.ee52") “= (cecax Byvseae ?), then- fog: Ho = y-P x RP —e RP hee 
the matrix (Dy yey (£08) (6TM"(a))) non~singuler 1< i, J <p. As above, a 
there is an ho: A—»#", AC 8” -an open set with ; 
(fog) © n(x, ..65x") = (x2-PR xt). The function g ¢ h satisfies t ¢ ‘ 
conditions of the theorem, * 

Lemma: Let f+: R° —» RP pe continuously differentiable in an open ‘# 

containing a, where p>n. If Df(a) is monic, there is en open set 

uC R? containing f(a) and a differentiable function ho: U ~~ RP wi 

differentiable inverse so that 
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ne (x, 5+-+>%,) = (xy 5006920). + 50) 

on some neighborhood of. ‘a. 

Proof: Since (a8; /2x,) has rank on, one may, by reordering coordinates 

in R?, assume (af, /ox,) 

by 

‘i ia non-singular. Let PF rR? x RPE —» pP 
1si,jen 

F(x) 4+++%)) = (x, +00 o%,) + (0,04. 40,44 96+ +9): 

Since P(X) eee 20aeee 90) = £0) eek), F extends f.. DF(a,0)~ has 

(af, /ax,) f) 

* I 

as matrix so is non-singular. Hence F has an inverse: h on a neighborhood 

of ~(a,0), 80 

he (x, y+++5%,) * BP(X, «++ 5%, :09+++ 50) 

= (xy 506 5% 2050-450). * 

n 

Definition: A rectangle in FE” is a set of the form 1 fa,.b,] with 
j=1 

: n 
a, <b, a,,b, € R. The volume of the rectangle S = 1H. [a,,b,]- is a Par SaPy yohune toy Pa 
v(s) = mfp, = a]. 

i= i L 

Definition: A subset A(R” (nas (n-dimensional) measure zero if for 

every € > 0 there is a countable collection. B,° of rectangles with 
i 

aC Us, ana J viz.) « e. 

Theoresw: A countable wnion of sets of measure zero is Itself of measure 

ZOYO. 
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Proof:..Ir A= UA,,...with each A; of measure zero, let e > 0 and 

i <e/2. y v(By) e/ choose femilies B, , of rectangles with a,c Y 8B 
? J i,J’” 

Ten ACLU 3B, 3 ond I. v(B, >< Je/t=me. * 
i,j 7? isJ , i 

a 
"he. 

ov 

w
e

r
e

 

, 

Proposition: Let U ve an open cover of the interval [a,b] by 
intérvals of length at most ¢. Then there is a finite subcover a, of u . 
so that ) v(I.) < 2(|b-a] +). 

Is 
a 0 

Proof: Let % be & finite cover by elements of UU and let UY, be 
@ minimal family of elements of u, which cover. Order UN by writing 

the elements of Uy a 1,5 (a,.b,) where i<j if a, <8,. Then one: 

has “C(, = (Ty J dyer end by minimality of the cover 
a < Oy < by < bray for each i and a, <8 < a, bey <b« bos 

of the overlaps is at moat 

“a -8,) + (b,-a,) Fecat (b,-a, 43) $ovet (b,78) + (b,~b) <2 + |b-a] 

since 

a <a<a, <b) <a, < by <a < by << a <b, < 8 <b <b < big 

and this gives the result. * 

Theorem: (Fubini) Let A CR" be a compact set such that each set — 

aA (t* x1) has .(n~1)-dimensional meagure zero; Then A hes 
n-dimensional measire zero. 

: . ~ “3 ale! 

Proof: Since A is compact- a C [a,b] « A” 2 for some a,be R.~ Let, 
Ba 

Lig 

€ > 0 and choose ¢, > 0 so that 2(|b-al + 2) €, <€. For each t ¢ [a,b}ie 

A (\ (t= #1) nos measure 0 80 there is a countable collection of rectangiil 
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-1 “1 C) . Bea Cr?" such that a M(t xR) C Ue «Bey and ) WB.) < ey 

where 8° ie the interior of B,.. Now A-R* UB? asa compact set 
tek t,1 i tyi 

containing no point of the planet x R7! ona hence there is a 1/2 > 8, > 0 
<2 r) so that a 1 (t-8, t+8,) x ric (t-8, ,t#8,) * Y BL 4* The sets 

(t-8, ,t+8,) cover [a,b] “and by the proposition there is a finite family 

ty,+++st, so that the intervals cover fa,b] and have total length at most 

tid then 

covers A and has the sum of volumes at most © 2(|b-al + 1) s<e. # 

2({b-a| +1). The countable family of all {[t,-8, ,t,+8, ] « B 
Pt at, 

Definition: Let f:U—>R? be a smooth (Cc) map, U open in R*. 
A point - xe U- is a critical point if Dr(x) is not epic; it is a regular 

point if ~Df(x) is epic, The critical values of f are the images wider f 

of critical points; those points of RP which are not the image of critical 
”~ 

points are called regular values. 

Theorem: (Sard) Let ff: U—> RP bea C map, U open in -R”, and 
let C0 be the set of eritical points of ~f. Then f(c) Cn? “has measure 

zero. 

Proof: The statement makes sefise for n> 0, p21, with R° being 2 
single point. The proof is by induction on n, being obvious for n= 0, 

Let CC denote the set of xe U such that all partial derivatives 
ef ff -of order “1 -are zero at x. For example, cs {x ¢ u]De(x) = 0}. 

Step 1: The image t(c~c,) has measure zero. 

One may assume p> 2 for c#c, i? pel. 

tet xe C- Cy. Since x¢ C,, there is some partial derivative, say 
aftyox?, which is nonzero et XxX. Let ho: U—»>R by 

n(x) = (rx), x gees yk"), 
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Since Dh(X) is non-singular, h maps some neighborhood .V of x 

diffeomorphically onto an open set V' of R", ‘Ten g =f © pt yt — Be 

The set of critical points of g,C', is precisely a(V (Voc), -so i 

a(c!) = t(v “\¢) 

For each (tx7 5065527) ev', alt,x°,-..5x") etx Pic RP oor g f 
4 a 

takes hyperplanes to hyperplanes. Let é 
: 

a’: (bx RP) vt ee x OO 

be the restriction of g. Since 

q 0 : 

(ag*/ax!) = 4 
* (ag*/ax) ; 

a point of tx RP? 4s critical for g° if and only if it is critical for y 
a g.- By induction, the set of critical values of Pig has measure zero in 

tTM* RP) ena so g(C') intersects each plane tx RP") in a set of measure. 2 
zero, or f£(V [\C) intersects each plane t pe} ina set of measure ze 

Since C - C, 48 a countable union of sets of the form VO\Vc where 1 

¥ is @ compact neighborhood of x, V CCV, Fubini's theorem shovs that 

t(C-C,) js a countable union of sets of measure zero, so has measure zero. 

‘Btep 2: - The image | (C.-C...) hes measure wero, for i> 1. 

For each Ke C,~C,,, there is some (iti)-st derivative 

as fx, rt 4 which is non-zero. Thus 
+2 

w(x) = ott fox, a) “sot 

vanishes at x but aw/ax, does not. Suppose s, = 1 for definiteness. 
1 « 

let bh: U-> RR? by 
% 
y 
x 
i 
A 
% 

4 

blx) = (wix),x75009x7). 
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Then h carries a neighborhood V of x diffeomorphically onto an open set 

Vi, Also h tekes ©, (VV into ox R°), consider 

ge ton: yi —» RP 

and let g be the restriction of g to (ox R”+) fA\v!. By induction, the 

set of critical values of g has measure zero in R’, but each point of 

n(c, (\V) is a critical point of g (since all derivatives of order < i 

vanish). Thus 

an(c, Vv) = tle, Ny) 

has measure zero. Since c, - Cia is covered by countably many such sets 

V, 4t follows that f(c ) has measure zero. 17 O 44 

Step 3: The image t(¢,) bas measure 0 for k sufficiently large. 

Let as Cc U be a cube of edge 6. By Taylor's theorem, the compactness 

of 1" and the definition of C.» one has 

f(x+h) = f(x) + R(x,h) 

where |R(x,h)| < cln|**? sor x oy Or, x+her. ec being a constant 
which depends only on f and 1°. 

Subdivide I" into r° cubes of edge 68/r, and let q, be a cube of 

the subdivision which contains a point x ¢€ Gy. Then any point of I is 

x+h with [pl < “a (6/r), Since [e(xen) - #(x)/ < cln|**? 
in a cube of edge a/rstt 

> t(1,) lies 

in +1 centered at f(x), where a = 2c(Vn 6) is 

constant. Thus t(c, ray yr) is contained in a union of at most r”TM cubes 
having total volume 

Vs r(a/rtttyP = aPyon~(ktl)p 
If k+1>n/p, then V—->0 as r—Ps, 80 (Cc, (\ 1") has measure 

zero. *® 
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Lemma: Let D,D' be two open rectangles in R° with 5 Cp’. then 

there ig a real valued C function g on R" guch that 

a) 0 < g(x) <.1° for all x, 

b) glx) = 1 for xe D, and 

ec). g(x) #0. for xeR'. pt, 

Proof: One may write D = Ta, »by)s Di = Baz spy) with” 

a
a

:
 
a

 

4 t a; <a, <b, < bp. 

For any interval [e,a] (oR, let 

exp(~ + sha), xe [ed] 

eal) . x ¢ fea]. . 
Tien ¥. 4 is co” ana Vo,alz) 20. Let 

%.,a(% “[ Ye jaceren/ft Yea (Hex 
is oO, O< 6, 4x) «<i, $5, a) =O if x< é teal) = 1 F 

For a! <a< b<b', let ; 
‘ 

tar al) x<b i 

Bar 28,0 pt '*) . : " 
1» bp pt (*) x> ds 4 

4 

, & Ten bey ayy 38 Py Oc br eplx) Ss Borgye(x) © 2 if xe [a,b] q 
tpt : id and h,, yayb,pr(z) = 0 i¢ xd [a',o']. ; 

tet a(x) = T h,, (xy). # 4 
ger Of 98yrdy sd] 
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Lema: Let U be an open set in 8° with § compact, and let V be 

an open set containing U. ‘Then there is a real valued c” function 

g: WF —»{[0,1] such that a(x) = 1.-for xe U, a(x) = 0 for 

xeRny, 

Proof: Since U is compact, there are a finite number of open rectangles 

Dyaeee sD, with D, C. Vv. covering v. Let di be an open rectangle containing 

Dy and contained in Vv. Let 8, be given as in the previous lemma for the 

pair Dy Die Then define g by 

1 =e = (1-g, (1-g)).--(1-8,)- 

Ten g is C, O<g(x) <1 forall x. If xe UD, then g(x) =2 

for some j- so 1 = g(x) = 0. Tus g(x) 2 1 for xeUC UD. rf 

x¢U od} then (x) * 0 for all 1. so 1+ g(x) = 1. Thus. g(x) = 0 if 

xeRsvCRP- Upp. * 

Lemma: Let .F : W-—» R, Wo open in R" be a continuous function of 

eleas C” in an open set UC W,.-Let: Ut, -V' be open sets with 

uCyCvCw, t' end v" being compact. Let § > 0. ‘hen there 

isa continuous function G2 W-—» Ro with [G(x) - F(x)| <6 for all 

xeW, such thet G is C* in u Uu' end F(x) = G(x) if xe Ws ¥', 

Proof: By the Welerstrass approximation theorem there is a polynomial 

B(x) 80 that [H(x) = F(x)| <8 for x @-V', Let gz: R=» R be c, 

O< gil with gl. = 1, al. = 0... Let 
u Ro.yt 

G(x) = e(x)-B(x) + (L<g(x) F(x) 

for all x ¢ W.- Then G(x) = H(x) on U'- and ~ G(x) = F(x) on WV’. V', 

|o(x) ~ F(x)] = |g(x)[]a(x) = Flx)| < 6. 
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Also G(x) is C’ when F is, hence on U, so G is @ on UuUuN * 

Proposition: Let f.: W —» be a c function, Wand open subset : 
of KF, @ a compact subset of W, V a neighborhood of c with VC ¥, : 
and ¢ > 0. Then there exists a differentiable g 9: W-—>» xt such that 4 

a 

1) el, has oc R® aa a regular value. 4 
2) -g=f on Ws Vv 4 
3) le, (x) - £,(x)| <€,; |2¢,/ax,(x) ~ af, /ax,(x)| <e 4 

forall xeW, Lsisk, 1<jsn. | 
Proof: Let At W—eR be Co owith Alo =i, Alyy = 0 and i 

O< A(x) <1 for ‘all ox. If y- ia any regular value of f then F 
# 

a(x) = t(x) ~ A(x)y 

e
k

 sa
g"

 

satisfies conditione 1) and 2) shove. By Sard's theorem, y may be chosdy 
* 

e
e

e
 | 

ee
e 

arbitrarily close to 0, end so 3) may be satisfied by taking y small 

enough. * 

Proposition: Let C be a compact subset of W, W open in Rand | 

g? w—>R* a c” function such that Ble hes 0: as regular valve. Then 
there is an ¢> 0 such thet if hiW—>R* with % 

[hy (x) - &,(x)| < ey Jan, /ax, (x) - ag, /ax,(x)| <e { 

for all xe C, ‘then ble algo has 0 es regular value; 

Proof: {x « C|x is critical for g} is closed so compact and the set’ 

of critical values of g is then closed. Thus there is an > 0. Bo that. 4 

la, (x) <€, implies x. is regular for g. In particular Dge(x) is non~ - 
singular end there is an e,(x) > 0 such that lA, “ 3g, /x,(x)| < e,(x) ; 
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implies (a, 5) is non-singular. On the set of x for which le, (x)| £81 /g 

which is compact, there will be an £, > 0 so that ©, < €,(x) for all these 

x. let ¢ @ min(e,/2, €,). If [nj (x) = a, (x)| <e and 

Jan, /ax, (x) = ag, /ox, (x)| <e then h(x) = 0» implies le, (x)! <E Leip 

go De(x) is non-singular and since ah, /ax, (x) - 2e,/ 2x, (x)] << ey(x) 

Dh(x) is non~singuler. Thus O° is a reguler value for he. * 



Appendix 2 

bifferentiable Manifolds 

This appendix covers the basic notions of differentiable manifolds, tangent 

and normal bundles and proves the transverse regularity theorem which will be, ~ 

basic to the calculation of cobordism groups. In order to get this, one aans 
basic structure theorems for manifolds such as tubular neighborhoods and 

imbeddability and these are also proved. - Basic references are: 

1.” Kelley, J. b.:..- General Topology, D. Van Nostrand Co., Tne. 4 
Princeton, N.. J. ,-1955. 

2. Milnor, J.: Differential Topology, (mimeographed) Princeton 
University, 1958. 

3.. Munkres, J. Rv: Elementary Differential Topology, Princeton 
: University Press, Princeton, N. J. , 1966. 

ke Nomizu, K.: Lie Groups and Differential Geometry, Mathematical 
Society of Japan, 1956. 

Definition: Hu” CF" is the half space (x 506.5%) © R" |x, > 0}. 

Definition: An n-dimensional differentiable manifold with boundary is 

a pair (V,/¥) where V is a Hausdorfy space with a countable base and 4 
is a family of real valued continuous functions on .V ° satisfying: 

1) YF 48 tocal: if £:V—*R and for all pe V there is an 
open set uc V, pe Ue and a function B, ¢ 4 -such that tly = aly ’ 

then fe Ff. P ° 
2) "F 4s aifferentialy complete: if f,,...,f,¢ F and F: RS —+R 

is ce, then Fo(f, Mee ek f,) :¥—> RR belongs to F. 

3) Por each point ~ p ev there are n-functions f),...,f, € ‘such 
that fy Kees P a? vo “is a homeomorphism of an open neighborhood U 

of p- onto an open subset of H". Further, every function fe % agrees 

on U with a function of the form Fo(f, x...x £,) where F : Ro mee R is 0” 
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The functions f € ea are called the differentiable functions on V, . 
A chart at pe V is a pair (U,h),.-where U ~is an open neighborhood of Pp" 

and bh: V—*F 4s a function t Keak ft =h, .with fy e ¥ mapping U 

homeomoerphically onto an open subset of EB" as in 3). 

Proposition: Vis paracompact. 

Proof: Since EK" is locally compact, so is V, and there is a base 

Uy sUgs<e 

Aj sAgs-++ of compact sete with union V and A, C interior Ay? Let 

for V_ with U, compact for each 1. There is a sequence 

A * v, and if A, is defined, there is a least integer & = k(i) #0 that. 
Ay Cc U, U..U UL. Then let A 

x {+1 

Let Co be any open cover of V. Cover the compact set 
bad u, Meee UL 

Ay +17 Interior A, by a finite number of open sets Vyseees¥, where vy 
cA 4 

ie contained in an élement of oe and in the open set interior Ayyo ~ Ay 
Let e, denote the family {V,,...,V.}, and oe on U o Vou...) Then 
C— refines Om covers Vand since any compact set C is contained in 
some Ass C can intersect only finitely many elements of oe Thus, for 
pe Vv, any compact neighborhood of p meets only a finite number of element! 

of Co. * 

Corollary: “VY is normal. 

fad 

Proof: a) V is regular. If ae V, BC V,-B closed and ag B, 

choose for each b € B. open sets Ww vj with ae, bev, and 

wAW => tet tau (vB). men eet), bev, U Nv = 6. 

a locally finite refinement {C_} let J= {ae tic, 1B} + 4, a’ ael* 
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meeting only a finite number of the sets co. There is a finite set Jo Cas 

so that aeg, n(\ C. +o implies ae Jy: For each ae Jy, CAB ts, 

so there isa b= b(a)¢B with C Cv. bet TaN ACN U + Then 
ats, b(a) 

T -is open, ae T and rOows=¢. 

db). Vie normal. Let A,B C.V “be closed, A (VB =. For each ac A 

there are open sets U!,Vi with aeu!, BCv! ond ul vag. Let 
u* Us (\ (vas), v= vi C\ (XA). Then {V-A-B,U, Vo} oop is an open cover 

of V so has a locally finite refinement {C,}. Let J = falc, CVA $ 6). 

For each be 8, there is a neighborhood i, of b meeting only a finite 

. number of the sets Cua a € Jy” Bach such c. is contained in some set UL 

and the intersection of a, with the corresponding sets ve is a neighborhood 
%, of b not meeting any C, with ae J. et T= RB, wae c. 

beB aed 

Ten B Cr, aCw and t Vw go @ 

Lemma: Let tl be an open cover of V. Then there is a refinement vv 
of uU so that for each Xe" there is a set ¥ eof with x Cy. 

Proof: ~ Let MG be a locally finite refinement of Ua. Consider the 
o* and for 

each U -in the domain of F, F(U) is an open set with clostire contained in 

set ¢C of all functions F whose domain is a subfamily of 

U, and such that U{F(U)|U ¢ domain F}\)UiWe Uf|W é domain F) = Vv. 

Ot. is non-empty by normality of ~ Vv. Partially order ot by F<G if G 
extends F. If Fy is a linearly ordered family, let -F be defined on 

(domain Fi} by F(U) = F(U) if U © domain F,. Let x €V and suppose 

xg W -for any W¢ domain F. Thus if xt U, Ue 0° then U € domain FP. 

Since there are only a finite number of sets U € % with x € U, ‘and each 
such Ue domain F, for dome 9, there isa 68 such that xeu, ve U, 

implies U€ domain F,. Thus x e Vir, (u)lu € domain F,} 80 
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xe Uir(U)|U ¢ domain F}. Then © has a maximal element F and by 

normality of V, F must be defined on all of Z(,. taus = tr(u)|u el, 
24 

suffices. * 

Proposition: Let uU be any open cover of V. Then there is a 
differentiable partition of unity om V subordinate to U. i.e. 3 
collection Cc G such that: 

1) ¢e€ 6 implies ¢ : V—~> [0,1] ‘ 
2) The collection V = {u, ]¢eo} is a locally finite refinement of 

where U, = {xeV]o(x) > oO}. | 
: 4 

3) Foreach xevV, J 6(x) #1. 4 
ge is 

3 Proof: Let X, be the collection of open sets U such that there is. 
chart (U,h) and such thet u Cut for some ule LU. By the lemma, ther: 
is a locally finite refinement uU, of X, euch that for each Uy € XY, ; 
there is a vu, € a, with Uy Cc Uys and there is a refinement UY, of 
Us, such that for each U3 € “ there is a ue é U, with v5 C Up. Ta. 
particular there is a cover of V by sets u, such that UZ € 3 

U,C%, Wes, Vy, Cv, UY, eX, and the family of such sets U, 

is a locally finite refinement of (Za Let (U, »h) be a chart and let 
oa = i a 

y, :h(U,)—~R be C, being 1 on h(U,) and 0 outeide n(U,), wal 

¢ - ink Os vy £1. Let 4, be by oh on Uy and O on V U5. Then being 
3 3 3 

locally in YF. oy € & Finally let ¢, (x) = $5 i) /5 5 (x) and & 
3 3 3 3 3 : 

the collection of these ty : 

3 

Corollary: Let U and W be open subsets of V with uCw: Ther 

is an fe % with r(v) C [0,1] so that tlo=1, #{ = 0, 
. U v-W 

F
e

e
t 
a

n
t
e

 
A

P
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Proof: {w,v = U} is an open cover of V oso there is a differentiable 
partition of unity © subordinate to this cover. If 6 «© #° and. (x) $0 

for some x-¢ u, then yc Wo Let -£ de the sum of those ¢ ¢-$ > which 

are non-zero on U. ® 

The set of points of V may be divided into two classes as follows. For 

each point pe V,~ let (U,h) be a chart at oe Then either 
h(p) « Rx 0 Cr or h(p): belongs to the interior of H#°. If (U',h’) 
is another chart at p and h'(p) ¢ pool x 0, then 
non’: at(u (1u') —» atu Aut) CR isa c” function with a ¢” 
‘inverse, and by the inverse function theorem, non“? 

“ly 

maps onto an open 

neighborhood of h(p) in RB", Thus h(p) ¢ R* 0, Hence this property 

is independent of the choice of © (U,h). 
Hy 

Definition: The set of points pé V for which there is a chart — (1J,h) 
with .n(p) « Rx 0 is called the boundary of V, and denoted aV. ‘The 
complement of aV, V = 3V, is the interior of _V. 

Proposition: If (v,/#) is an n-dimensional differentiable manifold 
with boundary and Flay denotes the set of restrictions to .3V of 
functions in 7, then (av, Flay) is an -(n-1)-dimensional differentiable 
manifold (without boundary; i.e. 2(2V) = 9). 

Proof: Clearly 8V is Hausdorff and has a countable base, and properties 

2) and 3) are clear. Suppose ff: 9V-——-> Ris any function, and for each 

pe av there is an open set UC av and ge F \ay such that 

tly n aly - There is then a function aye and an open neighborhood 
Ul of p in V with UF fav =U, and’ Silay = g,- Then {v-av,Us} is 
an-open cover of _V and there is a partition of unity © subordinate to this 

cover. For each ¢€@ such thet U, = {xev|o(x) > 0} - meets 9V, there is 
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a set Us with U, Cc Ure Let p, be one such. Then define f': V—>R . 

by -f' (x) = q (xe ta) where ¢' = {geo[u, C\ ov ¢ og}. £48 locally a 
finite sun of slemecits of -¥, so belongs to F. tf xe ov ond o(x) $0. 
then xc uN 80 &, (x} = (x). > Hence £'(x) = (x): J o(x) = ix). Thus 

f= f' lay or fe ata * 4 
2 

a 

Definition: If (v, -#(v)) ana (W,Z(w)) are differentiable manifolds: 
with boundary, a function f: V—*W is called @ differentiable map if for.” 

all ge ‘7(w), gefe Y(v). £ 4s a diffeomorphism if f hes a sitreretidl 
inverse. 

Proposition: If f + ones (v)) >» (w,Z(W)) is e differentiable map 

and £(2v) C aW then f],) + (av, 2(V)],y) —> (aw, F(W)],) ts a 
differentieble map. The inclusion map 1: (av,/#(¥)| av) me (V,%) is 4 
differentiable. 

Proposition: If (v,%) 4s an- n-dimensional manifold with boundary, 4 

Uds-an open subset of Vand Fly denotes the set of restrictions to. U ; 
of functions in 77, then (u,/7|,j) 1s an a-dimensional manifold with : 
boundary, and the inclusion map is differentiable. 

Tet X be a set and suppose there is a countable collection 

oe = {(X,.n,)} where X,C xX and \J xX, =X and bh, is a bijection of 3 

X, with an n-dimensional: manifold with boundary V_ such that for each ; 

pair 4,8 h(x, ry X,) is an open subset of V_. and 

wed ‘ : bob: wae ae x,) —> h(x, {VN x,) : 

is differentiable. Then X. may be given a topology and a differentiable 

structure so that each set a, will be open and each function a is;a 

diffeomorphism. X is then an n-dimensional differentiable manifold with 
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boundary, and is uniquely determined within diffeomorphisn. 

For example, let vA and (Way) be n-dimensional and m-dimensional 
manifolds with boundary (3W being empty). Let (U, sh, ) and (T5.8,) be 

countable families of charts for V and W. Then the collection 

((U, 

the product manifold, of dimension n+m. Then a(v.x W) is diffeomorphic 

xT yt x g,)} defines a differentiable structure on VW, giving 

to av x W. 

Definition: If (v,F) is a differentiable manifold with boundary a 
subset AC V is called a submanifold of V if for each point ac A there 

is achart (U,h) ata with b(U‘\A) # h(U) C\ (0 x RY). ‘the collection 

+ | A of restrictions to A of functions of F is the family of differenti- 
able functions on A. 

Note: 2A =A) Vv, is then a submanifold of av. 

Definition: A (real) vector bundle € = (H,B,7,+,°) is a 5~tuple where. 

1) BE and B are topological spaces, called the total space and 

base space of £, Le 

2) 1:E-—>B is a continuous map, called the projection, 

3) +: B+ = {(e,e') ¢ Ex Elve = ze'} —> BE and 

*:Rx E—>E are continuous maps such that wot(e,e') = re = ve’, 

wo-(r,e) = ye and the restrictions to each fiber wp) for be B make 

x1(b) into a real vector space. 

Definition: A bundle map f : E-—~ £' is a pair f,,f, of continuous 
E*'B 

maps fp 7: E-E', fp : B->B' such thet wef, = £,°r and . 

1 . at fpot = + o(f, + fn)» f,0° = *'of,, where f, + f, is the restriction to 

E+E of fe x fae f is an isomorphism if there is a bundle map 

ge: §' —>€ which is inverse to f. 
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Yor example one has the product bundle (Bx R° Boats") where wis 

the projection of the product space. 

befinition: The bundle € = (E,B,a,+,-) 1s locally trivial 1f for each a 

point be B there is an open set U in B containing.» and a bundle - . 

isomorphism hy, + Ely —» (ux BR u,n,+,°) where tly is the bundle 

s+,’ ) with induced operations with the induced map of base G-(u),u,7] 
a 1¢y} 

spaces being the identity map of -U. 

Definition: A Gifferentiable vector bundle is a vector bundle &€ for 4 

ie which the total space and base space are differentiable manifolds with poundaiy 

the projection is a differentiable map and such that for each point b « B 

the open set-U. and map by may be chosen to give a diffeomorphism of total; 

spaces. 

Note: + and. are forced to be differentiable by the local trivielit: } 

Definitions Let (V, 9) be an n-dimensional manifold with boundary, 

and ve V. .A tangent vector X and v isa function xX: Fm—R such 
that: 

1) If f,g-e ? and there is an open neighborhood U of v with 
fly = gl ys then X(t) = X(@), 

2) For fyge 7, a,be R, X(af + bg) = aX(f) + dX(g), ; 
3) If tee FY, then x(t) = x(e)-e(v) + 2(v)°X(g). 

The set of tangent vectors at -v forms a vector space induced from thé 

Denote by 1(V) the union over all ve V of the sets. Ty and let 

1: t(V) —»V_ be the function which ‘sends each subset 1 into the point * 
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Proposition:..Let..ve Vand let (U,h) be @ chert at vy, with 

h = fy Keo eX fo Then 

dy? su) ux Ra x (n(x) ,(x(2,))) 

is a bijection. If (U',h') is another chart at v, then 

dy @ Age: (Nut) RB (ue ut) x is given by 
dy oAghua) = (u,D(nen'"2) (a! (u))(a)). “ 

Proof: First note that if Xe 1, then. x annihilates constant functions 

To se@ this, one has X(c) # eX(1) # eX(1°1) = of 1X(1) + X(1)-1) = 2ex(1). 

Thus ¢X(1) = 2cX(1) must be zero, so X(c) = 0. Then let fe F ve 
any function. ‘There is a ¢ function F: K'—»>R with f= Foh and one 

n 

may write F(x) = F(h(v)) + } (x-h(v)), @, (x) with g, being é and 
i=1 

F gylatw)) = ASF (avd). 

i 
a 

f= ¢(v) 4+ } (2,-£,(¥))-(e,on) 
jel 

BO 

a 

x(f) = X(e(v)) + Pa {x(£,-£,(v))-g,oh(v) + (£,(v)-2,(v) )x(gyoh 

P 

= ) x(e,) - 2 (nly). 5 i ox, 

Thus A. is one=to-one,~and letting x (2) #)} ay 2? (hly)) tor ae R* 
Jj U 

one has Ay onto. ~ Thus Ay is a bijection. 

Then Ayapr(ua) = (uQgr(ua (t,))) and 
a(n ,ehoh' >) 1 a Agr(usa)(t,) = t oy th'(v)), 

j= ax, 

= [D(hen’"*)(a'(v))@)1.* 
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Corollary: t = (t(¥),V,7,+,°) may be given the structure of a 

differentiable fiber bundle so that if (U,h) is a chart in V, at] is a 

local trivialization of +t and (w*(u),(h x 1)oA,,) is a chart of 1(V). 
The boundary of 1(V) is nw (av). 

Proposition: If $: (v, Pv) — (w, Fw) is a differentiable map, "> 
ve V and Xe, let $,(X) be defined by 

$4{X)(£) = x(£0¢) 

ie te Fw). Ten 6, : t(V) —» 1(W) is a differentiable map covering: 

@ and (§,,¢) is a differentiable bundle map. 

Definition: Let M(p,n) denote the set of px n matrices with _ 

differentiable manifold structure given by identification with RPA, Let 8, 
M(p,n;k) denote the subset consisting of matrices of rank k. 

Lemma: M(p,n3;k) is a differentiable manifold of dimension k(ptn~k): 

k < min(p,n). 

Proof: Let E, € M(p.nj3k) and by reordering coordinates write 

entries of A = Ay ere less than €, then A is also. non-singular. 

U C M(p,n) consist of all 

Ee 

c oD 

with entries of A - Ay less then ¢. 
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Then Ee M(p,n;k) if and only if D= CAB. {0 see this, note that 

A B T 0 A B 
_ | 

XAte | XB+D x I ¢ D 
p-k 

has the same rank as BE. If X= -CATM, this is 

A B 

o cape 

so if D= CAB this has rank k, while if any element of -cA-B+D is 
non-zero the rank is greater than k. 

Let W be the open set in FR", m= k(ptn-k) = pn - (p-k) (n-k), consisting 

of matrices 

with all entires of A-~A 0 less than ¢«. Then 

A OB A OB 

c oO c cap 

naps W homeomorphically onto the neighborhood U (\M(p,n;k) of Eo: # 

Definition: A @ifferentiable map ¢: (v,3W)) —> (Ww, F(W)) is an 

immersion if 9, is a monomorphism on each fiber of 1(V). It 1s an imbedding 

if it 1s also a homeomorphism into. 

Proposition: Let U de an open subset in Ro and £:U—>RP a 

differentiable map with p> 2n. Given «> 0, there is a pn matrix A 

with all entries less than « such that g(x) - f(x) + Ax is an immersion. 
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' 

Proof: For any p*n matrix A, Dg = Df + A and one wants to choose j{ 

A, so that Dg has rank n at all points of U, or equivalently, A= Q- Df 

where Q has rank no. 

Define F, : M(p,n;k) x U — M(p,n) : (Q,x) —>*@ - Df(x). Then F, is” 

differentiable and domain F, has dimension xk(ptn-k) + n < pn = dim M(n,p). 
k 

[Taking partials one has ptn-2k so the dimension is a monotone function of k 
. 

and for k <n this is at most (n-1)(pen-(n-1)) + n = (2n-p) + pn - 1 < pn]. 

Thus for any chart (W,h) of M(p,n;k) x U, Fen” has no regular values. 
By Sard's theoren, F, (Ww) = Fon (h(W)) has measure zero but image F, 

a countable union of such sets so has measure zero. Hence there is an A 

vis 

arbitrarily near zero which is not in Zs image Fy. This A suffices. eo 

Remark: If U were an open subset of ge the same argument suffices ‘i 

since f is the restriction of a differentiable map from Rr" into Rr, - 

Theorem: Given a differentiable map f : (v,#(v)) —»R? where p> 2m : 
and a continuous positive function 6 on V, there is an immersion 

a: (V,4%(v)) —» RP such that [g(v) - e(v)[ < 6(v). If f, is monic on 

T, for all veN, N a closed subset of V, then one may let ely = tly , 

Proof: Since f,|, is monic for all veN, it is monic for all ve U 

where U is an open neighborhood of WN. ‘One may then find.a refinement of the: 
open cover {V-N,U} by a locally finite countable family of sets V, such ‘, 
that each set v, is compact and such that each vs is the underlying set of 

a chart (V, sh, ). {There is a countable base consisting of sets W with w 
compact and (W,h) a chart. The proof that V is paracompact shows that one | 
may find a countable locally finite refinement]. Index the sets Vv; so that O 
the Vv; contained in U have i< 0, while the remainder have i > 0, with’. 

ie Z.° Applying the proof of the shrinking lemma twice constructs open sets : z | 

e 
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Wy, C W, Cy, Cc U, Cy; with {W,} being a cover of V. 

let f, =f and suppose ys» RP is defined such that (ty asl feo : 

: . : =U . 
is monic for all. ve Lan ik Wye For any. p * n matrix A let 

Fx t by(V,) —» RP be given by 

Ba(x) = £2) yong'(x) + o(x)-A(x) 

where ¢- is aC function from -R° —» [0,1] with él, qi)? l; 
k’Ok 

a 6, (R"-U,) = 0. 

fu, 

Ny N" Uy 

with D(f, eh," )(x) having rank noon K. -This-is a continuous function 

First, one wants DF,(x) to have rank non K=h,(Ny Nn U,)- 

has a finite cover by open sets each meeting only finitely many Wy 80 

is compact] and D(F,)(x) = D(f,_ jhe (x) + A(x} *De(x) 4+ ox) <A 

from K* M(p,n) to M(p;n) sending KO into -M(p,njn), so if Ais 

sufficiently small oné has K TM A mapped into: M(p,njn).. Assume -A.is this 

amall. 

Next, choose A small enough so that |A(x)| < ¢,/2* where 
e, * int{é(x)|x U} for all xe hy (Vy) 

Finally, as above A may be chosen arbitrarily small so that 

~L Fah (x) + A(x) has rank on oon bu). 

Let A -satisfy all these requirements. 

Then define f :Vv > RP by 

(9) = f(y) + ota (yaa (y)) if oye Vy 

= ti) ito ye V~U,. 

These agree on the overlap Vy ~ U, 60 fy, is differentiable. By the first 

condition on A, DE, has rank non W. and.by the third it has rank on 
k=]? 

k 

Tt 

on W. » henee f,| t is injective for each’ ve N.. By the seceiag. condition, 
k 

v . ik . : f, isa 8/2" approximation to feo 

¥ 



~~ 

Since the cover v, is locally finite, the ft agree on any given c 

set if & is sufficiently large, so g(x) = lim f(x) exists and g is - 
ko i, 

differentiable, Gel, is monic for all ve V, and .g is a-é approximation 
¥ “ake 

to ff # 

U -eontaining a ‘such that tly is an imbedding. 

| Proof: Let (W,h) be a chart at . Then fon”’ : h(w) —> RP extend 
te a differentiable map k : R° —»RP with pk(n(a)) monic. Thus there ie 

an open set TCR? containing k(h(a)). and differentiable map ¢ : 7 — W 
with differentiable inverse go that’ gk(x) = (x,0) on a neighborhood 8 ~of" 

h(a). . Then 

nt ntonog)or(y) = b7Honogeoh”*(n(y)) = n7ewogok(n(y)) = nTMom(h(y),0) = a nly) 9 

for all yin @ neighborhood of a, n-“(g) = U, where projects RP 
the first n coordinates. * 

Lemma: If p>-2n -any immersion -f : (v, F) —» RP may be S-approxin 
by a 1+ immersion g. If f 48 1-1 on-aneighborhood U of the closed 

set -N, one may choose ely * tly 

Proof: Choose a covering of. V by sets {U,} such that fly is wa! 
imbedding for each o, refinitig the cover {U,V~R}.- Construct a countable” 
locally finite refinement by sets Vy» of the cover {u,}, indexed so tha’ 
the Vv, CU have 4 < Oy Apply the shrinking lemma twice to get 

WC ¥, Cu, Ci, Cr, and let 6, ¥—»R be 2 function of F 0 
that O56, £1, 6,4) #l, $,(v-u,) a0. 
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Let fo = f and suppose the immersion Pe :V—» RP is defined, 

Then fy is defined by 

t, (x) = fy (x) + o, (xd, 

where by, eR? “is yet to be chosen. As above, for small b 

an immersion, soa let -»b. 

1? f, will be 

*e be this small. by may also be made small enough 

so that. fis a 8/2" approximation to feat 

Finally, let oN -be the open subset of V * V consisting of pairs 

(x,x") with (x) + o,(x')y and let o + N—> RP ty 

O(x,x") = ~ [8,5 (x)-t, 5 (x")1/fo, (x)-6,(x")]. Mis the union of the manifolds 

(v-av) * (v=3V) MV ny av % (yav) On, Cveav) x av C1 ay ana av « ave CN 

on each of which oO is differentiable, and since each of these have dimension 

at most 2 <p, o(N) has measure zero, Thus b, may be chosen arbitrarily 
k 

small and not in this image. 

Then f,(x) = f(x") if and only if ox) = $,(x') and 

Py) = f(x") for kK > 0. 
kel 

Let g(x) = lim f(x). Tr g(x) = e(x)) and x ¢ x, it follows that 

tee 
so x and Xx, cannot belong to the same set V,, and since 44x) = 4_(%q) 

kro 
(x) = P21 (%) and $, (x) = $x) for all k > 0. Thus f(x) = t(xp) 

for k> 0 neither can belong toa set Wy with i> 0. Thus x and Xp 

must lie in~U, contradicting the fact that f is -l+l on U.-* 

“Definition: Let tf: (v,“?)—» RP. the limit set L(t) of f is the 

set of y ¢ R’ “such thet y = lim f(x,) for some sequence {X sX5 9-00) in 

V which has no limit point in Vv. 

Proposition: t{v)-is a closed subset of R? if and only if 

u(r) C ev), 
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Proof: Let y ¢ f(V).° Then there is a sequence of points ¥, & £(V) 

with limy, = y. Let x, € V with f(x, ) “yy, If the sequence x, hes a 

limit point -x ¢ V; then f(x) = y . by continuity of f. If the sequerice 

x, has no limit point in V, then ye Lf) so ye (Vv). Thus ye f(V) 6 

go £(V) 1s closed. .* 

Proposition: ff .1s a topological imbed@ing if and only if f is 1-1 

L(t) M £(V) 1s empty. 

Proof: Let 1: V- be closed and ye FE) CO e(v).- ten there isa 

pequence y, € f(T) with lin ¥y=y. Let x, = e1y,) eT. Tf the sequen 
Xy has no Limit point then y © L(r),° but (fe) a f(y) = ). ‘Thus ‘there is ’ 
a limit point. x. of the sequence Xj» and since Tis closed, xe T. By 4 

‘continuity of ~f,° f(x) is a limit point of the sequence ¥z> and since ¥ 
is the limit of the sequence ¥, and RP 4s Hausdorfr, y = f(x). Thus 

$C) (\ tv) = £(T) so £(T) 4s closed in £(V). Hence ft: t(vV)—> Vv 
is continuous, or £ is a@ topological imbedding. * 

ia 

Levima: There-ig a differentiable map f£ : (V,.t) —»R with L(t) =), 

; Broof: Let vy ‘be a countable, locally finite cover of V by seta 

vy with. compact closure. Apply the shrinking lemma twice to give 

Wy Cc Ws Cc Uy cu, av, with, {w,} acover of V, and let. 9, € 7 

with OS 0,21, 6, (8) = 2, O4(v-U,) #0. Let tx) = J J¢,(x). This suid 

is finite for each x since Vy is locally finite. If xy is a sequence im: 
ve having no Limit point, then only finit tely whany %, can lie in any compact: 
subset of V. Given any intege~ om, there is an integer N(m) such that 
i> M(m) implies x, ¢W, U...U W,. ‘Tous if i> N(m), there isa J> aa 
with x, eW so. f(x, )>-j > m.. Hence the sequence f(x, ) ‘cam have no 

i J 

limit point. * 
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Corollary: Every n-dimensional differentiable manifold with boundary 

can be imbedded in pont as a.closed subset, 

Proof: Let f: (V,4%)—>R CR°TM*! ve a aifterentiable map with 
L(t) = § ‘constructed as above.” Let ~ §(x) = 1 for all xe Vo and let ¢ 

2n+) be a 1-1 immersion of (v,/#) in Rot) with lelx) = £(x)}-< 8(x) > for 

all xev.. Let xy 

integer m there is an integer P(m) = N(mtl) so that if. 1 > P{m), then” 

be any sequence in’ V having no limit point. Given any 

la(x,)| > my for le(x,)| > [e(x,)] -1>m+1- 2. Thus the sequence g(x,) 
cannot have a limit point, Hence L(g) = $ and g is e topological imbedding 

as a closed subset. * 

Definition: . Let Vy 5Vg be differentiable manifolds, f : vy <i Yo 

an immersion. The normal bundle of f,-v £ is defined as follows. Let Ty 

and “1, denote the tangent bundles of Vy, and Vo Then fy: tyr Tt, 

induces a monomorphism into. the bundle te, over Yi» where tle, is the 

pullback. The quotient bundle of tlt, by Ty is a differentiable vector 

bundle over V, which is v,. 

Now tet (V,{) be a differentiable manifold and let g : V-—> RB? be 

an inbedding.- Since the tangent bundle of Ris trivial, i.e. the total 
space is RP x RP one may-use the usual inner product in R? to give an inner 

product in each fiber of 1(R”). and hence in g'(t(R’)). The orthogonal 
complenent of the image of each fiber of t(V) in each fiber of ga! (t(R)) 
is cy subspace mapped isomorphically to the fiber of Ys" The orthogonal 
complements fit together to form the total space of a differentiable vector 
bundle nyt over -V isomorphic to Ya? vie the quotient map 
a: e'(t(RP)) — vy, The bundle ap: B: ‘gl((Ry) —> (RY) “then” gives a 
differentiable map = Bo(a| ( » mapping z(v,) ‘airfeomorphically onto 

uly¥ 
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the submanifold of R° x RP = B(r(R”)) given by (x.y) e BP x BP] x = g(v) 
and yte,(t,), ve V}. 

tet e 2 RP x RP oe RP: (x,y) —* Oxty). 

Theorem: If WW in-an n-dimensional differentiable manifold with 

av= > and -g:V—» R? is an imbedding, then the differentiable function 

t
p

g
 

a
y
e

. 

ev: E(v,) —» RP taps an open neighborhood of the zero section of Ye 

O
R

R
 

e
s
 adiffeomorphically ante an open neighborhood of g(¥) in —R®, 

e
e

 

Proof: First ecy is differentiable and has rank p at all polnts of 

the zero section. [To see this, let ((U,h) bee chart on -V so that Ye 

OR
NS

 
E 
e

e
!
 

is trivial over. U. One then hes a local trivialization 

ks n(U) x RPE —o B(v) with (w7(u) 0°) a chart of B(v,). Then the 
function § = eoyo% ch(u) x RP? —» BP ig given by 

8(x,a) = gonTM*(x) +f a,y,(x) where for each xe h(U), {y,(x)} form a base i 
for the orthogonal complement to D(gohTM*) (x) [R"] = Balt (4))+ Then 
DS(x,a){y,B} = D(gohTM*)(x)(y) + J Byy,(x) +} a,Dy,(x)(y) where 
{y,B} e Rox RPM a RPL Por a = 0, this gives 

DS(x,0){y,8} = D(gohTM*)(x)(y) +] Byy,(x) which spans RP as {y.¢} runs 
through RP becausé of the choice of y,1. Hence ey has rank ‘p -in some 

neighborhood of the zero section of -E(v a)? so that it is a local aif feomorphi Ai 

at points of the zero section: i.e. it maps an open neighborhood of each point 
x in the zero section ‘diffeomorphiceally onto an open neighborhood of —ecy (x) ; 
in RP, 

fo complete the proof it suffices to show: 

Lemma: Let -X and Y~ be Heusdorff space with countable bases and X 
A 

locally compact... If f : X--» Y isa local homeomorphism and the restriction 
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of f to a closed subset A is a homeomorphism, then f is a homeomorphism 

on some neighborhood V ofA. 

Proof: 1) If A is compact, the lemma is true. If not, then every 

neighborhood N of A contains a pair x,y of points for which f(x) = fly). 

One may then find a countable family N, of compact neighborhoods of A with 
on oH and Nn, =A. For each 4, let XV, € a with ¢(x,) = f(y,). 
Since Ny is compact, the sequence x and ¥y have limit points x and y. 

Since V-N, +1 eontains only a finite number of points x, 

have x,y e (\ N, =A. But f(x) = 1im f(x,) = lim f(y,) = tly) contradicting 
and Vas one must 

the fact that ¢[ a 18 @ homeomorphism. 

2) Let Ay be a compact subset of A. Then there is a neighborhood Up 

of Ay such that U, 4s compact and f is & homeomorphism on Up WA. To 
0 

see this, let Yo be a neighborhood of Ay with Yo compact and t|.. l-1, 
: V, 

which is possible by 1). If no neighborhood of Ao in VY satisfies the 
requirements for Uo» there ig a sequence of points x, & X-A converging ta 

xe A, with f(x) e f(A). Let y, © A with t(y,) = t(x,). Since f£ is 
0 

continuous, f(y) converges to f(x); and since tl, is a homeomorphism, 

Yy converges to x. Since x, #y¥ n this contradicts the assumption that f 

is a local homeomorphism at x. 

3) Express A as the union of an ascending sequence of compact sets 

Ay Ca, C... . Suppose V, is a neighborhood of A, with Vy compact 

and f is a‘homeomorphism on v, WA. Then v, Va is a compact subset 
141 

of v, JA on which f is a homeomorphism and by 2) there is a neighborhood 

Vien of vy U Aaa with Via compact end f a4 homeomorphism on Vaan J A. 

let ve U Vy. The sets vy, are an ascending sequence of open sets so if 

x,y € V with f(x) = f(y) then there is an 1 with x,y € V,, but tly 
i 

is l-l1 so x=y. Thus f£ is l-l on V_ and being & local homeomorphisn, 

fly is a homeomorphism. * 
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Lemma: Let (v,/7) be a manifold with boundary. Then there ie a 

- @ifferentiable function g: V—*> [0,e) such that g(3v) = 0 ana Bal, 
v 

‘is noh-zero for each ve 3V. 

PB
 
S

a
d

 
ty

 
cc

 

Proof: Let (v, 5b; ) be a countable locally finite cover of V~ by ch 

and apply the shrinking leuma twice to get W, Cc w, Cc U, Cc a, Cy: Let 

4, & # with O56, <1, 6,(W,) = 1, $,(V-U,) = 0. Let K be the set of ¢ 

e
s
 

i auch thet W, (\ev7). For each ie K, hy: V, —» H? is of the form | 
tt Kee ek ti and V, QV av=h ae x0) = (£2)7*(0). Let 

e
e

 
o

e
 

R
A

R
E

 
a

)
 a(x) = J 6,(x) #0 (x). Then @ € > and g,: V—> [0,©) with @(av) =0 

iex . 

; Let ve aV.. There is then an Lex with ve W,. Let a: [0°) —» 
by A(t) = hv) + (0.44505). Then there is en ¢ > 0 with | 
a(0,e)) C a(V,). Then -hTM Tor: [0,€) —v isa differentiable map and to 
show Gal, #0 it suffices to prove thet + (gon 404) #O at t #0, 

For the i¢K used to define A, we have ooh" a(t) = 1 for all 
tbe at) and ston toa(e) st forall te [O,e}.° Thus 
Se (oof oh or) = 2. 

For any i! $i, ite K with ve Vy: one has 

a Vm “1 ad yelt =2. its wd d 3 (yer )oh"~oQ) = (¢,.08 Or)» rs (ff oh 702) + ft on” "o> * Ts yon 

, : ~ . te - 
Wow ,,on7*oa(0) > 0, ft'on"*on(0) = 0 and for t> 0 ff ob oa(t) > 0 

s Panay 

in a-neighborhood of t= 0, end hence — (fi ono) > 0. i: 
Adding these up, one has + (goh7 on) > 1. * 

Theorem: Let (V,/) bea differentiable manifold with boundary. Th 
is-an open neighborhood U of 8V.-in -V such that (0,4) ie. 
aiffeomorphic to 3v x [0,1). 
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Proof: Let @ : ¥—>R® be an imbedding. Then lay : 3V—> RP is 

an imbedding so there is an open neighborhood N of 3V in. RP diffeomorphic 

to a neighborhood of the zero section in E( with a: WN — Blvyy ) 
. av 

“Eley” 

the diffeomorphism into. Then oacg : z7+(n) —> av is a differentiable 

retraction of the open neighborhood h(n) of 8V onto 3V. Let 
@: V—~[0,~) be as given previously. Then 

(mcuog) x g : g-(N) —» av [0,°) is a differentiable map. For any Yr 

ve OV, the kernel of Bul. contains the image of (av), hence by 

dimension this is precisely the kernel, (noacg), maps the image of 1( av), 
isomorphically. Thus tal, is an isomorphism. Thus rel, is monic for 

all w in some open neighborhood Woof 8V, and so is a Local diffeomorphism 
of W with an open neighborhood of 3V x0 in 38v x [0,°), end is 4 
homeomorphiem on 3V. Thus there is an open neighborhood Q of 5V in V_ 
diffeomorphic to an open neighborhood of 28V in av [0,"), By means of a 
countable locally finite cover of 3V by charts, with compact closure, one 
may take a neighborhood of 3V of the form ((x,y) © av * [0,~)ly < B(x)} for 

some Be Yay) with B > 0, within this neighborhood. Sending 

(x,y) —»> (x,y/B(x)) maps this diffeomorphically onto 2v* (0,1). * 

Theorem: Let (v,/#) and (Wyoq) be differentiable manifolds with 

boundary such that V is a submanifold of W with inclusion i : vow 

and suppose there is a neighborhood U of 3W in W end a diffeomorphism 

f: (u,u C\) — (aw « [0,1),a¥ « [0,1}). Then there is en open neighborhood 
of Vin W diffeomorphic to an open neighborhood of the zero section in v 1 

' Proof: Let as n,of :U— ow, B= m,0f : U—» [0,1). There is a 

function we F(W) with O<usi, u(s-([0,3/4))) = 2, u(W-U) =O and 

a function v ¢ Bw) with O<v<«<i, v(87+({0,5/8])) =0, 
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v(w-87)([0,3/4))) = 1 and so g=u-B+v:W—> (0,0) is in Aw) ana 

oly = Bl ys where U' = g-1([0,1/2)). 

Let $: [0,1/2) —» [0,1] be the C function with $[0,1/4] = 0, 
My 

¢[3/8,1/2) = 1 given by bi yy 3/8° let q:W-—wW be 7 to(ixu)or on ae 
i 

where u(s) = $(s)+s and the identity on W - 271([0,3/8)). " 

Let g : W—>R? be any imbedding and define h = (goq) xo : W—>H 

h is easily seen to be an imbedding and nee : aw x [0,1/2) —> ett agrees 

with slow xi. 

The inner product on ppt gives inner products on 1(W) y «and t(V) 

so that one may identify Vy with 

{(x,y) € wert x nett = hi(v) Ve byt (W) 5 (yy e¥ Lyte (V) 1. 

The evaluation map e sends this subset into pPti and by the agreement of: 
nef) with al ay x 1 on gWx [0,1/2) will send ((x,y)|x = h(u'),u' ec oye 
into HP*+ (since y can have no component orthogonal to RB” x 0) and hencdi 

. ria 

sends a neighborhood of h(i(V)) x 0 into HP*l Since W is imbedded nicely 
by h, there is a retraction of a neighborhood of W into W (as in the % 
tubular neighborhood theorem for closed manifolds in Euclidean space). The 

of aV shows that this is a diffeomorphism of smaller neighborhoods. * 

Note: Such a nice tubular neighborhood U seems to always exist if one's, 

“pe 
vy 

has sufficient regularity at the intersection of V and aW. In particular ,i%, 
‘, 

our definition of submanifold appears sufficiently restrictive to give this. ; " 

No simple proof seems possible, and hoping that we won't need this existence, 

we will avoid the argument. 
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' Definition: Let f: M°—»N" be a differentiable map, N* a closed 
' submanifold of WN. f is said to be transverse regular to N k at xe it 

t 

1) (x) ge, or 
k 1 

2) f(x) en and the composite 

fy 
HW), > TOM 9) > UM 9) / ccm etx) 

is epic, where i: N'C-»N is the inclusion. 

f is said to be transverse regular on N' if f is transverse regular at 

each point of M. 

Proposition: The set of points xeM at which f is transverse reguler 

to N' is open. 

Proof: ohn") is closed so the set of pointe of type 1 is open. Suppose 
x is of the second type and choose a chart at f(x), (U,h), with 

n(U Nt) = n(u) V(o x RY), Let (Vyk) be a chart at x with v Cru). 
With coordinates u, in n(U), v, in k(¥), one has nofokTM+ : k(v) —» n(v) 

i J 
and the transversality condition at x is the assertion that 

(du,/ avs )ann,. «es gtek 
j2l,...,m 

has rank n-k at k(x). This matrix has rank n-k ina neighborhood of 

k(x), so f is transverse regular on a neighborhood of x. * 
8 

k t 

Proposition: If f: wo—+wns" is transverse regular to N and the 

K then mt) is 
7 : ' 

restriction of f to 3M is also transverse regular to WN 

a submanifold of M of dimension m - (n-k). ‘Further, the normal bundle of 

e7(N") in M ie induced from the normal bundle to E' in N. 
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Proof: Let f be transverse regular at xe ely) and choose charts 
(U,n) and (V,k) as above. By reordering coordinates in V, one may assume 

(du; /v,) i,j = 1,...,nek is non-singular at k(x). Hence by the inverse 

function theorem the functions (uysees nr eee +¥,,) give a chart at 

k(x) in k(V) and hence a chart at x, (V',k') so that 

wiv! CV etn) = wt(vt) A (ox ROE) ore xe M= OM this is a chart 
of the required type. If xe 3M, then the condition on f 3M implies that ma 

in the reordering the function Vin is not replaced by any Uys and hence tha 

K'(v') Cl wTM thus, the chart (v',k') is as required. The normal bundle 

condition is clear since the induced map is epie on fibers. 

differentiable submanifold of N'. Tet A be a closed subset of M such 

that the transverse regularity condition for f on W' is satisfied at all 

points of A Ae e). There exists a differentiable map g : M-— > N such : 

that, 

1) g is homotopic to f, , 

2) g is transverse reguler on N’ 

3) el, = fl, 

Proof: There is a neighborhood U of A in M such that f satisfies: 

the transverse regularity condition on U. Cover N by N-N' = Yy and 

such that N' C\ Y; is mapped precisely to the set for which y= 

The sets f (¥,) cover M, as do the sets U and M-A. Let (V,sh,) 

a refinement of both coverings which is countable and locally finite, indexed} ; 

so that j< 0 if y, Cu and the others have g > 0. Apply the shrinking 5 * 
va 

lemma twice to get W, CH, Cc U, Cy, cy, and let 6, € Fm), 
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os¢,<1, 6,(¥,) #2, $j (MU, ) #0. For each j choose an .i(j) > 0 with 

v ‘ f( > CY, 3) 

Let fy = ff and suppose fet has been defined, satisfies transverse 

jek 3 
regularity on \ W, with 4 (8)) C Yy(gy for each J. In particular, 

letting 1= i(k), f, .(Y)C ¥,- 

Consider the function mkt, 1°hy > hy (u,) —> RK vnere + projects 
on the first.n-k coordinates. By the approximation of regular values 

theorem, there are arbitrarily small vectors ye povk such that 
mye, ob (4, on Dy has the origin as regular value. We then define f, by 

f(x) = iy Chef, (x)=, (x) (y 0) for x in a neighborhood of U, 

af Kel it xeM~ U. 

where -y € RoE is yet to be chosen. 
First one needs y ‘small enough thet kf, 17, (y 0) lies in k, (Y,) 

for all xe Up if XY is a neighborhood meeting 3N then (y,0) is 

"parallel" to 3N . and one is not translated out of k, (Y,) across 9N.. Hence 

for small -y ‘this holds and thus Kj nay be applied, Next y is chosen 

to give a 8 jot approximation to f,,. Also y 4s chosen small enough that 
£,(8,) Cr, 4) for each -j. This is possible since only a finite number of 

sets u, meet U,. Under these conditions ft, will be transverse regular on 
Bat each point of ¢)7(n') VW. 

Now “eo is transverse regular on -N'- at each point of the compact set 
Up nN ee w) and since amall changes preserve regularity, for sufficiently 
small y, f, will also be transverse regular on this set, hence on Va ft. 
, After all these limitations, we have such a -y and hence an tye Let 

a(x) = lim £,. (x). A homotopy from fy.y to t, is given by contracting -y 

and a limit of these homotopies defines a homotopy from f to g. * 
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