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EQUIVARIANT OPERADS, SYMMETRIC SEQUENCES, AND BOARDMAN-VOGT TENSOR
PRODUCTS

NATALIE STEWART

ABsTrACT. We advance the foundational study of be Nardin-Shah’s co-category of G-operads and their
associated co-categories of algebras. In particular, we construct the underlying G-symmetric sequence of a
(one color) G-operad, yielding a monadic functor; we use this to lift Bonventre’s genuine operadic nerve to a
conservative functor of co-categories, restricting to an equivalence between categories of discrete G-operads.
Using this, we extend Blumberg-Hill’s program concerning N, -operads to arbitrary sub-operads of the
terminal G-operad, which we show are equivalent to weak indexing systems.

We then go on to define and characterize a homotopy-commutative and closed Boardman-Vogt tensor
product on Opg; in particular, this specializes to a G-symmetric monoidal co-category of O-algebras in a
G-symmetric monoidal co-category whose P-algebras are objects with interchanging O-algebra and P-algebra

structures.
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INTRODUCTION

Within the burgeoning study of algebraic structures in G-equivariant homotopy theory, tensor products
are generalized to indexed tensor products, leading to the notion of G-symmetric monoidal co-categories [BH21,;
HH16]. Naturally, G-equivariant algebraic theories are represented by G-operads, including the equivariant
little cubes/Seiner operads of [GM17] and N -operads of [BH15]. In this paper, we use co-categorical
foundations to advance the homotopy theory of G-operads, both structurally on Nardin-Shah’s co-category of
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2 NATALIE STEWART

G-co-operads Opg; (henceforth just G-operads) and individually on the co-categories of algebras Alg,(C) of
O-algebras for various examples of interest.'

Our first contribution generalizes the rudimentary theory of G-symmetric monoidal co-categories to
I-symmetric monoidal co-categories, for I a weak indexing category in the sense of [Ste24b]; these posses
indexed tensor products over a collection of arities only under the assumptions that they can be restricted
and composed.

We go on to generalize G-operads to I-operads, which occur as a full subcategory Op; C Op, with
a terminal object N I?;o, which we refer to as a weak N -operad; in particular, an I-symmetric monoidal
oco-category C® has an underlying (colored) I-operad of the same name, and O-algebras in C® correspond with
maps of G-operads O® — C®. We combinatorially classify the weak N, -operads as weak indexing systems,
generalizing [BP21; GW18; NS22; Rub21].

One of our central constructions is a monadic underlying G-symmetric sequence functor
sseq: Opy — Fun(TotX, S),

the former being the one-colored G-operads. The objects of TotX - are identified with pairs (H,S) where
H C G is a subgroup and S € Fy is a finite H-set; given this data, we write O(S) := sseq O®(S), which we call
the S-ary structure space of O®. This intertwines with Bonventre’s genuine operadic nerve, so the nerve lifts
to a conservative functor of co-categories.

We use this data to characterize the compatible (d + 1)-categories of G-symmetric monoidal d-categories
and G-d-operads: a G-operad O% is a G-d-operad if the S-ary structure space O(S) is (d — 1)-truncated for
all subgroups H C G and finite H-sets S € Fy;. These are a localizing subcategory, and the corresponding
homotopy G-d-operad functor hy: Opg — Opg 4 acts on structure spaces as (d—1)-truncation. We characterize
the free O-algebra monad, showing that the functor Alg(f)(Q G <( d—l)) of algebras in (d —1)-truncated G-spaces
detects hy-equivalences between one color G-operads; in particular, taking algebras in G-spaces is conservative.

When d < 1, we show that the restriction of Bonventre’s nerve to genuine G-operads with (d —1)-
truncated structure spaces maps equivalently onto G-d-operads, and we classify the G-0-operads as the
weak N -operads. Using this, we classify the d-connected I-operads as those whose algebras in d-truncated
G-spaces lift canonically to weak N -spaces.

Having done this, we define a homotopy-commutative tensor product on Op, called the Boardman-Vogt
tensor product . We show that this tensor product is closed, i.e. it has an associated (colored) G-operad
of algebras Alg?;(C). When C® is an I-symmetric monoidal co-category, we show that Algg(C) underlies an

I-symmetric monoidal co-category, which we give the same name; in particular, Algg(C) is an I-symmetric
monoidal co-category whose P-algebras are characterized by the formula

AlgpAlg® (C) = AlgP®O(C).

We thus interpret P ® O-algebras as homotopy coherently interchanging pairs of P-algebras and O-algebras;
indeed we give a “bifunctor” presentation generalizing [HA, § 2.2.5.3].

We end by developing an “inflation and fixed points” adjunction Inﬂer Op 2 Opg: I'C and showing
that it is compatible with Boardman-Vogt tensor products. We now move on to a more careful accounting of
the background and main results of this paper.

Background and motivation. Let C be a semiadditive 1-category, i.e. a pointed 1-category whose norm map
XUY — X xY is an isomorphism for all X,Y € C. Let G be a finite group and let Og be the orbit category of
G.? Recall that a semi-Mackey functor valued in C is the data of:

e a contravariant functor R: OOGP — C, and
e a covariant functor N: Og — C
subject to the conditions that
(a) for all H C G, the values R([G/H]) and N([G/H]) are isomorphic, and

1 In this paper we will call co-categories co-categories and oco-categories with discrete mapping spaces I-categories, as their theory
is equivalent to the traditional theory of categories. More generally, we will call co-categories whose mapping spaces are (d —1)-truncated
d-categories.

2 The orbit category is the full subcategory of G-sets Og C Setg spanned by the homogeneous G-sets [G/H] for H C G a subgroup.
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(b) writing RE : R([G/H]) — R([G/K]) for the contravariant functoriality and N}/ : N([G/K]) — N([G/H])
for the covariant functoriality, R and N satisfy the double coset formula

HarH( )y o H H
RENH (-) ~ Z N ke Resi (<),
g€[J\H/K]
where (-), denotes the covariant conjugation action and [J\G/K] is the set of double cosets.

Let Span(Fg) be the effective Burnside 1-category, whose objects are finite G-sets, whose morphisms
Rxy: X — Y are given by isomorphism classes of spans X <« Ryy — Y, and whose composition is given by
pullback of spans

« o ™~
Rxy Ryz
It is an observation due to Lindner [Lin76] that (semi)-Mackey functors valued in C are equivalently given by
product preserving functors

Span(FFg) — C.

This appears as a straightforward generalization of the Lawvere theory Span(F) for commutative monoids, so
we will refer to semi-Mackey functors as G-commutative monoids.

Moreover, any C admits a universal map from a semiadditive category, given by the forgetful functor
U: CMon(C) — C; since Span([Fg) possesses an identity-on-objects anti-involution, it is semiadditive, and so
U induces an equivalence

Fun*(Span(Fg), CMon(C)) — Fun®(Span(F;),C);

in fact, replacing Span(IFg) with the effective Burnside 2-category of [Bar1l4] (whose 2-cells are isomorphisms
of spans), C with an co-category, and interpreting CMon(C) as E,,-monoids in C, the semiadditivization result
for CMon(C) still holds [GGN15], and Span(Fg) is still semiadditive. Thus we are justified in making the
following definition.

Definition. The co-category of G-commutative monoids in C is the product-preserving functor co-category
CMong(C) := Fun*(Span(Fg),C);
the co-category of small G-symmetric monoidal co-categories is
Cat% := CMong(Cat). <

This recovers the notion of [NS22|, which generalizes the notion of [HH16]. Recall that we define
G-oo-categories to be categorical coefficient systems

Catg := Fun (ng,C);
the [G/H]-value of a G-co-category C will be written Cy, and the contravariant functoriality along [G/K] —
[G/H] will be written Resg : Cy — Cg. G-symmetric monoidal co-categories C® have underlying G-co-
categories C defined by the precomposition

®
C: (’)OGP — Span(Fg) <, Cat.

Given a subgroup H C G and a finite H-set S, we will write the value of C® on Inng as Cg, noting that
there is a canonical equivalence Cs =[xk ]corb(s) Ck -

We may induce the unique map of H-sets S — # to G to construct a structure map Inng —[G/H],?
and covariant functoriality yields a natural S-indezed tensor product operation

®: CS —>CH

3 See [Die09] for a discussion of induced G-sets.
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We may induce the orbit set factorization S — ]_[[H/K]eotb(S)*H — *g to yield a natural equivalence

S
D= @ X
K [H/K]eOrb(S)

Similarly, contravariant functoriality yields an S-indexed diagonal AS: Cy — Cg satisfying

Sy~ (RocH
ASX = (Res X)[H/K]eOrb(S)'

This allows us to define S-indexed tensor power of an object Xy € Cy by

S S
S
X5 = (A Xy = RResti Xy = (X) NI Resf Xpy.
K [H/K]€Orb(S)

Akin to the discrete case, these satisfy a double coset formula by functoriality under the composite span

[I G/(KngJg™
g€[J\H/K]

v

/ an < T ok —
G/J = T G/H T~

/K

Example. Write S for the G-co-category with H-value (§ G )H =8y =~ Fun(OIOJp,S ) the co-category of genuine

H-equivariant spaces. This possesses a G-symmetric monoidal structure S g—x whose S-ary tensor product
is the S-indexed product [NS22]; in particular, Sy is a cartesian symmetric monoidal co-category and
NIIg = CoIndIIg: Sk — Sy is right adjoint to restriction. <

Example. There is a G-symmetric monoidal co-category Sp‘g whose H-value (SpG) =~ Spy is the co-category

of genuine H-spectra with norms given by the Hill-Hopkins-Ravanel norm [BH21;H NS22]. <

We are concerned with algebraic structures inside G-symmetric monoidal oco-categories, which we
will control with a version of Nardin-Shah’s co-category Op,; of G-oco-operads, which we simply call G-
operads. Work of Barkan, Haugseng, and Steinebrunner [BHS22| identifies these with functors of co-categories
1t : O® — Span(Fg) possessing cocartesian lifts over backwards maps and satisfying a pair Segal conditions,
which we may summarize in two cases of interest:

(1) in the case that the fibers 7r)'(S) are contractible for all S € Fg (i.e. O® has one color), cocartesian
lifts over the backwards maps (S « [G/H] = [G/H])[g/mjcorb(s) furnish an equivalence

S e Ty —[G/H
MapTTZOS(zT,zs): ]_[ Map.} [G/H]

[G/H]eOrb(S)

(iTy,i[G/H)),

where we set Ty := T x5 [G/H] and we write iS for the unique object of 71(51(5);4

(2) in the case that 7p is a cocartesian fibration, O® is a G-operad if and only if it is the unstraightening
of a G-symmetric monoidal co-category.

These span a localizing subcategory [BHS22, Cor 4.2.3]

Lopg

/\

int— t
) Opg =+ Catiiemear,

the latter denoting the non-full subcategory Cati/rét};;r‘l’(cﬁét) C Cat/span(r;) Whose objects possess cocartesian lifts

over backwards maps and whose morphisms preserve these cocartesian lifts.

4 Given a functor F: C — D, and t: FX — FY a map in D, we write Mapllf(X,Y) C Mapg(X,Y) for the disjoint union of the

connected components consisting of maps ¢: X — Y such that F¢ is homotopic to 3.
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Given O® a one-color G-operad, H C G a subgroup, and S € Fy a finite H-set, we write

Ind$ S—[G/H]
o

O(S) :=Map

for the S-ary structure space of O%.

(iInd§ S, i[G/H))

Example. Let I C Fg be a pullback-stable and core-full subcategory. In Section 2.2 we show that the
subcategory Span;(Fs) C Span(F) presents a G-operad if and only if I is a weak indexing category in the
sense of [Ste24b], in which case we refer to the resulting G-operad as J\/’I‘i. We refer to these together as the
class of weak N, -operads. These are identified by their structure spaces
+ Ind%S —[G/H]el;
O(S8) = .
@ otherwise.

<

An O-algebra in C® is defined to be a map of G-operads O® — C®; these posses an underlying G-object
X, (extending canonically to a cocartesian section of C — OOGP, with canonical equivalences Xg =~ Res? Xu)
together with action maps

(2) O(S) = Mape,, (X5°, Xp)

for each subgroup H C G and finite H-set S € Fy, suitably functorial and compatible with cocartesian lifts of
backwards maps. In fact, as in [NS22], we may lift these to a G-co-category Alg (C) whose H-value consists

of algebras over the restricted H-operad:

Alg (C)y = Algp.c o(Res$ C).

Example. Let C® =S g—x. Note that there is a natural equivalence

S H
[Tx«| = [] (Comd{ Xg)' =~ [T x£
K [H/K]eOrb(S) [H/K]eOrb(S)

for each S-equivariant tuple (Xg) € Sg, where X = Map® (+, X) is the H-equivariant genuine fixed points
functor. Thus we may compose Eq. (2) with genuine fixed points to acquire an action map
O(S) —>Map[ ]_[ XK xH |;
[H/K]eOrb(S)

in particular, we may view O([H/K]) as the space of transfers XX — XH prescribed to an O-algebra.
In particular, N2, prescribes a contractible space of maps n[H/K]eOrb(S)XK — X for all S € Fyy whose

structure map Inng — [G/H] lies in I; indeed we will verify in forthcoming work [Ste24a| that N,-algebras
inS gfx are (homotopy-coherent) incomplete G-commutative monoids. <
Summary of main results. Write X for the G-space core of the G-co-category of finite G-sets F; write
Tot: Catg — Cat for the functor taking a G-co-category to the total co-category of its corresponding cocartesian

fibration. We identify objects with Tot ¥ with pairs (H,S) where (H) C G is a conjugacy class and S € Fy is
a finite H-set.

Theorem A. There exists a monadic functor
sseq: Opyy — Fun(TotX;,S)

eV(H,S
whose composite functor Op N Fun(TotX,S) 9. S recovers O(S).

In parallel, Bonventre-Pereira developed a model category sOp¢s of genuine G-operads which is right-
F
transferred along a monadic underlying G-symmetric sequence functor U : SOPG,*G RN (Tot X, sSetquillen)

[BP21, Thm II].> We refer to the associated co-category as gOp% := sOp[weq™!].

5 When we say a model category C is right-transferred along F: C — D, we mean that F preserves and reflects weak equivalences
and fibrations.
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Unwinding definitions, we will see that sseq is total right derived from a functor of 1-categories out of
Nardin-Shah’s model structure [NS22] which preserves and reflects weak equivalences between fibrant objects,
and Bonventre’s genuine operadic nerve N® satisfies P(S) ~ (N®0)(S). We conclude by two-out-of-three that
N® preserves and reflects weak equivalences between fibrant objects, yielding the following.

Corollary B. Bonventre’s genuine operadic nerve possesses a conservative total right derived functor of
co-categories.

Moreover, in Section 2.2, given a G-operad O® we construct operadic composition maps

(3) y:os)e (X)) O(T)—-0 ]_[ Ind}{ T; |,
[H/K;]€Orb(S) [H/K;]€Orb(S)

operadic restriction maps

4) Res: O(S) — O(Resg S),
and equivariant symmetric group action

(5) p: Auty(S)x O(S) — O(S)

It is difficult to describe the coherences for these structures directly; nevertheless, in Section 2.7, we will use
this structure to show that N® restricts to an equivalence between the full subcategories of G-operads with
discrete structure spaces.

Moving on, given O® a G-operad, we define the arity support subcategory® AO c Fg by its maps

AO:={T =S ]_[ O(Tx) 2 @\ c Fg.
[H/KeOrb(S)

where we once again use the shorthand Ty = T x5 [H/K]. In essence, AO consists of the equivariant
(multi- )arities over which O® prescribes structure on its algebras.

The fact that @ accepts no maps from nonempty spaces obstructs construction of maps matching
Egs. (3) and (4), so AO can’t be an arbitrary subcategory. We use this to show the following.

Theorem C. The following posets are each equivalent:

(1) The poset SubopG(CommG) C Opg of sub-commutative G-operads.
(2) The poset Opg o C Opg of G-0-operads.

(3) The poset Op’émk_N"0 Cc Opg of weak Ny, G-operads.

(4) The essential image A(Op) C Subcat(Fg)
(5) The embedded sub-poset windexCatg C Subc,i(Fg) spanned by subcategories I C Fg which are closed
under base change and automorphisms and satisfy the Segal condition that

T—>Sel — V[G/H] € Orb(S), T xs[G/H]— [G/H]€l
(6) The embedded sub-poset windexg C FullSubg(F;) spanned by full G-subcategories C C F which are
closed under self-indexed coproducts and have *y € Cy whenever Cy = &.

Furthermore, there is an equalities of sub-posets
IndexCatg = AOPG,zEm’
where IndexCatg ~ Indexg denotes the indexing categories of [BH15; BP21; GW18; Rub21].

6 Throughout this paper, we say subobject to mean monomorphism in the sense of [HTT, § 5.5.6] and we write Sub¢(X) for the
poset of subobjects of X in C; in the case the ambient co-category is a 1-category, this agrees with the traditional notion.

In the case our objects are in the co-category Cat of small co-categories, we call this a subcategory; in the case that the containing
co-category is a 1-category, this is canonically expressed as a core-preserving wide subcategory of a full subcategory, i.e. it is a replete
subcategory. Hence it is uniquely determined by its morphisms, so we will implicitly identify subcategories of C a 1-category with their
corresponding subsets of Mor(C).
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References. In Corollaries 2.82 and 2.89 we show that Posets (1) to (3) are equal full subcategories of Op,;.

In Proposition 2.88 we characterize the image of A, constructing equivalences between Posets (4) and (5).

weak-N,

Posets (3) and (4) are shown to be equivalent in Corollary 2.91 by realizing Op; as the essential image

of a fully faithful right adjoint ./\f(?)oo to the essential surjection underlying A:

A
—

(6) Opg + windexCatg

)
Mo
The equivalence between Posets (5) and (6) is handled in [Ste24b, Thm A]; nevertheless, the composite

map from Poset (1) to Poset (6) is shown to be furnished by the self-indexed symmetric monoidal envelope in
Example 2.54. Finally, the remaining identity follows by Observation 2.92. (]

Having done this, we move on to develop a notion of equivariant homotopy-coherent interchange via the
Boardman-Vogt tensor product

0° 8§ P? = Lop, (o® x P® = Span(Fg) x Span(Fg) —— Span(FG)).
where Lop,, is as in Eq. (1). We verify many basic properties of this.

BV
Theorem D. The bifunctor ® : Opg x Op; — Opg; enjoys the following properties.

BV
(1) In the case G = e is the trivial group, ® is naturally equivalent to the Boardman-Vogt tensor product
of [HM23; HA]J.

(2) The functor — %VO: Op; — Opg possesses a right adjoint A_lgg(—), whose underlying G-co-category
is the G-oco-category of algebras A_lgo(—); the associated oo-category is the oco-category of algebras
Algp(-)-

(3) The ® -unit of Opg is the G-operad trive of [NS22]; hence A_lgﬁiVG(O) ~ 0%,

(4) When C® is a G-symmetric monoidal co-category, A_lg?;(C) is a G-symmteric monoidal co-category;

furthermore, when O® — P® is a map of G-operads, the pullback lax G-symmetric monoidal functor
Alg2(C) — Alg5 (0

is G-symmetric monoidal; in particular, if O® has one object, then pullback along the unique map
triv% — P?® presents the unique natural transformation of operads

Alg?(0) > C®,

and this is G-symmetric monoidal when C is G-symmetric monoidal.
(5) When C® — D? is a G-symmetric monoidal functor, the induced lax G-symmetric monoidal functor

Alg®(C) — Alg®(D)

is G-symmetric monoidal.
(6) The adjunction InﬂeG: Op 2 O0Opg: T'C enjoys the following (natural) equivalences:

InﬂthriV® ~ trivg ;
G A1,® ~ A1o® (TGr).
reAlgy - (€)= Algd (rc);
Gy & 1.0G G
Infl;7(0) ® Infl;(P) ~Infl/ (OQP).
Hence, writing E,, for the little ng-disks G-operad,” the maps E,,E,, — E,,,, induce an equivalence
EY %VE% — Eprm

7 Here, ng is the n-dimensional trivial orthogonal G-representation.
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(7) The G-symmetric monoidal envelope of [BHS22; NS22] intertwines Day convolution with Boardman-
Vogt tensor products, i.e. the following diagram commutes

BV
®

Op¢ > Opg

lEnv2 lEnv

2
(Cat(g) ~ Fun*(Span(F), Cat)? —° 5 Fun*(Span(Fg), Cat) ~ Cat%

References. Statement (1) is Corollary 3.16. Statement (2) is Observation 2.52, Proposition 3.7, and Corol-
lary 3.18. Statement (3) is Proposition 2.57. Statements (4) and (5) are Corollary 3.13. Statement (6) is
Propositions 3.23 and 3.27 and Corollaries 3.25 and 3.26. Statement (7) is Corollary 3.15. ]

Notation and conventions. We assume that the reader is familiar with the technology of higher category
theory and higher algebra as developed in [HTT] and [HA, § 2-3|, though we encourage the reader to engage
with such technologies via a “big picture” perspective akin to that of [Gep19, § 1-2| and [Hau23, § 1-3]. We will
generally use the term replete subcategory inclusion to refer to functors F: C — D whose core F=: C= —» D~
is a summand inclusion and whose effect on mapping spaces F: Map(X,Y) —» Map(FX,FY) is a summand
inclusion for each X,Y €C.
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multiplications on BDg, whose (ongoing) work necessitated many of the results on equivariant Boardman-Vogt
tensor products developed in this paper; Additionally, I would like to thank Clark Barwick, Dhilan Lahoti,
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equivariant homotopy theory and algebra. Of course, none of this work would be possible without the help of
my advisor, Mike Hopkins, who I'd like to thank for many helpful conversations.

While developing this material, the author was supported by the NSF Grant No. DGE 2140743.

1. EQUIVARIANT SYMMETRIC MONOIDAL CATEGORIES

In this section, we review and advance the equivariant co-category theory of homotopical incomplete
(semi)-Mackey functors for a weak indexing system I, which we call I-commutative monoids. To that end, we
begin in Section 1.1 by reviewing our equivariant higher categorical setup. We go on to cite and prove some
basic facts about I-commutative monoids in Section 1.2. In Section 1.3 we then endow the 7 -co-category
of I-commutative monoids with its mode symmetric monoidal structure, and prove that this is uniquely
determined as a presentable symmetric monoidal structure by the free functor from coefficient systems; we
use this to identify the resulting symmetric monoidal structure with the localized Day convolution structure.
Following this, in Section 1.4 we quickly develop a framework for 7 -symmetric monoidal d-categories.

1.1. Recollections on 7 -co-categories. We center on the following definition.
Definition 1.1. An co-category 7 is

(1) orbital if the finite coproduct completion Fy := 71 has all pullbacks, and
(2) atomic orbital if it is orbital and every map in 7 possessing a section is an equivalence. <

We view the setting of atomic orbital co-categories as a natural axiomatic home for higher algebra
centered around the Burnside category (see [Narl6, § 4]), generalizing the orbit categories of a finite group.
The reader who is exclusively interested in equivariant homotopy theory is encouraged to assume every atomic
orbital co-category is the orbit category of a family of subgroups of a finite group.

Definition 1.2. Let 7 be an oco-category. Then, a full subcategory F C 7T is a 7 -family if whenever V € F
and W — V is a map, we have W € F.® The poset of 7-families under inclusion is denoted Famy.
Similarly, a full subcategory F C T is a 7 -cofamily if its opposite F°P C T°P is a 7 °P-family. <
Temporarily fix G be a topological group, let Sg be the co-category of G-spaces, and let Og C Sg be
the full subcategory spanned by homogeneous G-spaces [G/H], where H C G is a closed subgroup.

8 These are named families after subconjugacy closed families of subgroups, which frequently occur in equivariant homotopy; these
are referred to as sieves in [BH15; NS22| and upwards-closed subcategories in [Glal7].
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Example 1.3. The full subcategory BG C Og is a family, and the contractible full subcategory {{G/G]} — Og
is a cofamily. More generally, if 7 is an co-category and V € 7 an object, then the full subcategory 7oy C 7
consisting of objects admitting a map to V is a family and the full subcategory 7<y C 7 of objects admitting
a map from V is a cofamily. <

Example 1.4. The following are all atomic orbital co-categories (see [Ste24b]).

(1) The full subcategory Oém C Og spanned by [G/H] for H finite.

(2) The wide subcategory Oé‘l‘ C Og whose morphisms are projections [G/K] — [G/H] for K C H finite
index inclusion of closed subgroups.

(3) X a space, considered as an co-category.

(4) P a meet semilattice.

(5) If T is an atomic orbital co-category, ho(T).

(6) If 7 is an atomic orbital co-category, F C 7T a full subcategory satisfying the following conditions:
(a) Forall Uy WeF and paths U 5V >W inT,VeF.
(b) For all U,W € F and cospans U — V « W in 7, there is a span U <« V' — V in F.
For instance, F may be the intersection of a family and a cofamily whose connected components
have weakly initial objects, such as 7<y or Ty .

(7) If T is an atomic orbital co-category and V € 7, the co-category 7,y . <

In this section, we briefly summarize some relevant elements of parameterized and equivariant higher
category theory in the setting of atomic orbital co-categories. Of course, this theory has advanced far past that
which is summarized here; for instance, further details can be found in the work of Barwick-Dotto-Glasman-
Nardin-Shah [BDGNS16a; BDGNS16b; Narl6; Sha22; Sha23|, Cnossen-Lenz-Linskens [CLL23a; CLL23b;
CLL24; Lin24; LNP22|, Hilman [Hil24|, and Martini-Wolf [Mar22a; Mar22b; MW22; MW23; MW24].

1.1.1. The T -co-category of small T -co-categories. We are motivated by the following.

Example 1.5. Let G be a finite group, 7 C Og a family, and Sz be the co-category of F-spaces, constructed
e.g. by inverting F-weak equivalences between topological G-spaces. Then, a version of Elmendorf’s theorem
[Elm83]| for families [DK84, Thm 3.1] states that the total F-fized points functor yields an equivalence

Sy ~ Fun(F°P,S). <
We extend this via the following definition.

Definition 1.6. The oco-category of small T -co-categories is

Caty := Fun(7 °P,Cat),
where Cat is the co-category of small co-categories. If Cat is the (very large) oco-category of arbitrary
co-categories, then the very large co-category of T -co-categories is

EET = Fun(T"P,@E). <
Notation 1.7. Fix C € Caty. We refer to the value of C at V € 7°P as the V-value category of C, written as
Cy; given f: V — W, we refer to the associated functor as restriction

Res{',v: Cw — Cy. <
Remark 1.8. We show in Example 2.15 that Caty is equivalently presented as complete Segal objects in the
co-topos
(7) St :=Fun(7 °P,S). <

Remark 1.9. The Grothendieck construction, imported to co-category theory as the straightening unstraight-
ening equivalence in [HTT, Thm 3.2.0.1], produces an equivalence

Cat’]' = Cat;g*coaprtl

the latter denoting the (non-full) subcategory of Cat,7op whose objects are cocartesian fibrations and whose
morphisms are functors over 7°P which preserve cocartesian arrows. Under this identification, the fiber
of TotC — 7°P over V is identified with the V-value Cy and the restriction functors are identified with
cocartesian transport, where Tot denotes the total co-category of the unstraightening. <



10 NATALIE STEWART

Given C,D a pair of 7 -co-categories, we may define the 7 -functor category to be the full subcategory
Funz(C,D) := Funf%%aprt (C,D) c Fun,7e(C,D)

consisting of functors over 7 °P which preserve cocartesian lifts of the structure maps.

Example 1.10. For any object V € 7, the forgetful functor (7;,)°P — TP is a cocartesian fibration classified
by the representable presheaf Map,(—, V). We refer to the associated 7T -co-category as V. This is covariantly
functorial in V, since postcomposition yields functors fi: 7,y — 7, for all maps f: V — W. <

The representable 7 -categories are particularly nice in the atomic orbital setting.

Proposition 1.11 ([NS22, Prop 2.5.1]). If an atomic orbital co-category T has a terminal object, then it is a

1-category; in particular, Ty is a 1-category.’

Remark 1.12. Proposition 1.11 provides an easy verification that Og is not atomic orbital when dim G > 0;

Og has a terminal object [G/G], but it is not a 1-category, as End([G/e]) = G is not discrete. <
These play an important role in equivariant higher category theory.

Notation 1.13. Given C a 7 -oco-category, we define the restricted 7,y -category by
Res?, = Cy =Cxgop (Tyy)P. <
Proposition 1.14 ([BDGNS16b, Thm 9.7]). Caty has exponential objects Fun,(C,D) classified by the functor

V' Fung, (CZ’ DK)'
We refer to monomorphisms!'” in Caty as 7 -subcategories, and T -functors which are fiberwise-fully
faithful as full T -subcategories, or T -fully faithful functors.

Observation 1.15. By the fiberwise expression for limits in functor categories (c.f. [HTT, Cor 5.1.2.3]), a
T -functor F: C — D is a 7 -subcategory inclusion if and only if Fy,: Cy — Dy is a subcategory inclusion for
all VeT. «

Example 1.16. The terminal 7 -co-category #7 is classified by the constant functor V + =. The poset of sub-
terminal objects in Caty (i.e. monomorphisms with codomain #7) is isomorphic to Famy; the 7 -co-category
+r associated with F is determined by the values

*}-’V >~

* VeF;
@& otherwise.

In fact, the “co-groupoid” inclusion S < Cat induces an inclusion Sy <> Cats sending the universal space
EF to *f.

The co-category Caty participates in an adjunction
Tot: Cat; —— Cat: Coeff”
whose left adjoint Tot is the total category of cocartesian fibrations, and whose right adjoint has V-value
(Coeff C)y = Fun ((Zjy)*P,C)

where the functoriality on f is given by (fi)* [BDGNS16b, Thm 7.8]. We refer to Coeff? as the T -co-category
of coefficient systems in C.*!

Example 1.17. There is an equivalence *7 = Coeff’ + € Caty since right adjoints preserve terminal objects. <«

9 To see this, note that this is equivalent to the condition that the (split) diagonal map U — U x U is an equivalence, which follows
from the atomic assumption.

10 Following [HTT, § 5.5.6], we refer to a morphism X — Y in C as a monomorphism if the canonical map X — X xy X is an
equivalence, or equivalently, if the pullback functor f*: C/y — Cyy is fully faithful.

11 These are referred to as the cofree parameterization CoFree(C) in [Hil24] and as the T -co-category of T -objects Cy in [Narl7]. We
avoid the former for clarity (as we do not view Tot as a forgetful functor), and we avoid the latter as it conflicts with the 7 -co-category
of T -spectra SipT; instead, our name is chosen to evoke the coefficient systems used in equivariant cohomology.
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We may additionally construct the associated co-category
I'7C = Funs(x,0),
whose objects consist of cocartesian sections of the structure functor C — 7°P. We refer to this as the
oo-category of T -objects in C. For instance, if 7 has a terminal object V, [BDGNS16b, Lemma 2.12] shows
that we have an equivalence
r’c=~cy;
more generally, this implies that T7C ~ limyczop Cy, i.e. it is the T -fized points (or the limit of C viewed as
a 7 °P functor). Defining the T -inflation to have V-values
T —
(nfiy D), =D
for any D € Cat and V € 7, the adjunction between limits and diagonals immediately yields the following.
Proposition 1.18. The functor InﬂZ: Cat — Caty is left adjoint to TT : Caty — Cat.

Using this adjunction, given C € Cat, we define the co-category
Coeff? € := T Coeff” C ~ Fun(T°P,C);
then, we have Caty = CoeffTCat, and Elmendorf’s theorem states that Sg =~ Coeffs s, motivating the
following.
Definition 1.19. The T -co-category of small T -co-categories is Caty = CoeffT(Cat); the 7 -co-category of
T -spaces is Sy = CoeffT(T), and the oco-category of 7 -spaces is S = Coeff? (S) = FT§T. <
Observation 1.20. The V-value of Caty is (@T)V = Catg,,; we henceforth refer to this as Caty. The

restriction functor Res“/}/: Catyy — Caty is presented from the perspective of cocartesian fibrations by the
pullback

Res}//vC —FC
[
(Ty)? —— ()P
In particular, given a map U — V — W, abusively referring to (U — V) € 7y as U, this is characterized by

the formula
(Res}//vC)U ~Cy. <

1.1.2. Join, slice, and (co)limits. We now summarize some elements of [Sha22; Sha23]|.

Definition 1.21 ([Sha23, Def 4.1]). Let 1: 7°P x dJA! < TP x Al be the evident inclusion. Then, the T -join is

the top horizontal functor
—kT—

CatZ > Catr
Cat/zopygal L—*> Cat/gopyg L} Catgop
which exists by [Sha22, Prop 4.3]. We write
K>:=K * o+
K== *7 %71 K. <

Definition 1.22. If C,D € Caty ¢, are T -co-categories under &, the T -co-category of T -functors under £ is
defined by the pullback of 7 -co-categories

Funy ¢/(C,D) — Fun(C,D)
l . l(ﬂc)*

T Fun,(€,D)
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If p: K — C is a T-functor, then the 7 -undercategory and T -overcategory are the functor 7 -co-categories
e\ TV - Funy g, (K% C);
C/(pr) = FunT’K/ (Kj, C) <

In the case p: *7 — C corresponds with the 7-object X € r'7¢, we simply write CX/ := CP"7) and similar
for overcategories. In general, the categories C'?7) take part in a functor out of Caty /. Of fundamental
importance is the adjoint relationship between these functors:

Theorem 1.23 ([Sha23, Cor 4.27]). The T -join forms the left adjoint in a pair of adjunctions
Ky —: Caty ——= Caty g,: (-)"7,
—#7 K: Caty =——= Caty g,: (Y7
We say a 7 -functor p: K= — C extends p: K — C if the composite K — K= — C is homotopic to p.

Definition 1.24. Let C be a T-co-category. A T-object X e T7C is final if for all V € T, the object Xy € Cy is
final; a 7-functor p: K= — C extending p: K — C is a limit diagram for p if the corresponding cocartesian

section oy, : 7 — C/PT) is a final T-object. <

The fiberwise opposite (or vertical opposite) functor op: Caty — Caty is the 7 functor induced under
Coeff” by the opposite category functor op: Cat — Cat; the notions of initial 7-objects and 7 -colimits are
defined dually as final 7-objects and 7 -limits in the fiberwise opposite.

In many cases, these are familiar; for instance, trivially indexed (co)limits are non-equivariant in nature.

Proposition 1.25 ([Sha22, Thm 8.6]). A diagram p: (InﬂZ—K)j — C is a limit diagram for p: Infi K — C if
and only if for all V, the associated diagram p,: K* — Cy is a limit diagram for py .

Similarly, indexed (co)limits in coefficient systems may be converted into non-equivariant colimits.

Proposition 1.26 ([Sha23, Prop 5.6-7]). Let T be an atomic orbital co-category and F: C — Coeff’ (D) a
T -functor. Then, the indexed limit and colimit of F have values computed by ordinary limits and colimits:

_\V
(colimF)V = colim(CV — Tot” € — Coeff” (D) (—)> D);

14
(limF)" ~ lim(TotVC — Coeff’ (D) 1 D).

Definition 1.27. Let C be a T -co-category and let K = (Ky)yer C Caty be a restriction-stable collection of
V-categories. We say that C strongly admits KC-shaped limits if for each V € T, each V-category K € Ky and
each V-functor p: K — Cy, there exists a limit diagram for p. We say C is 7 -complete if it strongly admits
Cat-shaped limits. n

If C and D are 7 -oco-categories which strongly admit all X-shaped limits and F: C — D is a 7, functor,
we say F strongly preserves K-shaped limits if for all V € T and all K € Ky, postcomposition with the
V-functor Fy: Cy — Dy sends K-shaped limits diagrams to limits diagrams.

If C c D is a full T-subcategory whose inclusion strongly preserves K-shaped limits, we say that C is
strongly closed under KC-shaped limits. <

An important class of examples is indexed (co)products.

Definition 1.28. Consider S € Fy,, considered as a V-category under the inclusion Sety <> Caty extending
the representable V -category functor 7, — Caty via coproducts. Then, we refer to S-shaped V-limits as
S-indexed products and S-shaped V-colimits as S-indexed coproducts.

If C c Fy is a full 7-subcategory, we refer to 7-colimits of the corresponding class as C-indexed
coproducts; similarly, following [Ste24b], if I C Set7 is a pullback-stable and core-full subcategory, we define
the full T-subcategory Set; C Set, of I-admissible T -sets by

Set;) :=Set;y =4S IndZs - Vel C Sety.
( T)V , { | v
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We refer to the class of Set;-indexed coproducts as I-indexed coproducts, and use the dual language for
I-indexed products. If D strongly admits Set;-shaped limits, we simply say D admits I-indezed coproducts;
we use the following language.

e Setr-indexed coproducts are small indexed coproducts;
e Fr-indexed coproducts are finite indexed coproducts;
e {V:n-S — S}indexed coproducts are trivially indexed coproducts (or ordinary coproducts). <

Notation 1.29. Given C a 7 -category and S € Sety, we write
CS = l_[ CU
UeOrb(S)
~ Funz(S,C);
more generally, given S € Sety, we write Cg for CInd@S' where Orb(S) is the set of orbits expressing S as

a disjoint union of elements of 7. Given S € Set; y, and (Xy) € Cs, we write the S-indexed products and
coproducts as

S S
cs — T .¢, cs — I .oc,
w w w w
s s
(Xu)ueorb(s)y ——> IJXU (Xu)ueorb(s) ——> ][_][XU

In particular, in the case that S has one orbit U, we write Indg(—) and CoIndg(—) for S-indexed coproducts
and products, respectively. <

Given K C Cat a restriction-stable collection of V-categories and W € 7', we let Ky C Catyy, be the
corresponding restriction-stable collection V-categories, where V ranges over 7,,y. We will use the following
notation for strongly (co)limit-presereving functors.

Notation 1.30. Let I C F7 be a pullback-stable subcategory. Following and slightly extending [Sha22,

Notn 1.15], we use the following notation for the described distinguished full 7 -subcategories of Fun(C, D):
(1) Fung_L (C,D): the V-functors which strongly preserve Ky-indexed colimits;

Fun§_R(C,D): the V-functors which strongly preserve K -indexed limits;

FunR}(C,D): the V-functors which strongly preserve small V-limits;

gl

un#(C,D): the V-functors which (strongly) preserve finite ordinary coproducts;
un’(C,D): the V-functors which (strongly) preserve finite ordinary products. <

)
)
)
5) Fu_nIT’ H(C,D): the V-functors which (strongly) preserve I-indexed coproducts;
)
)
)

i

1.1.3. Parameterized Kan extensions. Fix a (not necessarily commuting) triangle of 7 -functors
c—-ts¢
P
¢l //
e G
D
and x € Dy a V-object. Assume D has a final V-object. We define the composite V-functor

6% (o 2 oy Dy eat Hpy gy

where H’ takes the cone point to a V-final object and H is adjunct to the evident map D{}‘ — Ar(Dy).

Theorem/Definition 1.31 ([Sha22, Thm 2.13]). The pullback T -functor
@": Funy(D,€) - Fun(C,€)

has a partially defined left adjoint @, whose values are uniquely characterized by the property that (¢F)* is a
V-colimit diagram for all V€ T and x € Dy. We call this the T-left Kan extension of F along ¢.
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For instance, 7 -left Kan extensions along C — =7 are precisely 7 -colimits. More generally, we will view
the above colimit formula via the shorthand

¢ F(y) = colimq)(x)ﬁyF(x).

Of course, 7 -right Kan extensions are defined dually, and denoted ¢,.

1.1.4. Parameterized adjunctions. Related to indexed colimits, there is a theory of parameterized adjunctions

Definition 1.32. A 7 -functor L: C — D is left adjoint to R: D — C if the associated functors Ly : Cy — Dy
are left adjoint to Ry : Dy —» Cy for all Ve 7. <

These are the same as relative adjunctions over T°P by [HA, Prop 7.3.2.1]; 7-left adjoints strongly
preserve small 7 -colimits and 7 -right adjoints strongly preserve small 7 -limits [Hil24, Thm 3.1.10], and they
satisfy a parameterized version of the adjoint functor theorem [Hil24, Thm 6.2.1].

Remark 1.33. By [Sha22, Rmk 5.4], 7 -limits form a (partially defined) right 7 -adjoint lim: Fun,(K,C) —» C
to the “diagonal” T-functor AK: C — Fun,(K,C), which itself may be computed as precomposition along the
canonical 7 -functor K — *. <

As observed in [Ste24b], diagonals are functorial, so composing right adjoints to the diagonal of the
“orbit set” factorization Ind%;S = Hyeorps)V — V thus yields natural equivalences

s S

(8) ]_[XU ~ ]_I Ind}, X3 HXU ~ ]_[ Colnd} Xy.
U U UeOrb(S)

We may construct many more 7 -adjunctions using Coeff” :

Lemma 1.34. Suppose L: C 2 D: R is an adjunction of co-categories. Then,

Coeff’ L: Coeff’ C 2 Coeff’ D: Coeff’ R

1s an adjunction of T -co-categories.
Proof. This follows from the fiberwise description of CoeffT(—); indeed, the V-values
L.:Fun((Zyy)?,C) 2 Fun((Zyv)°?, D) : R,

are adjoint. 0O

Example 1.35. We may use Lemma 1.34 to realize the full 7-subcategory of 7 -spaces whose fixed points are
d-connected or d-truncated as (co)localizing T -subcategories

/—\( /—N
Srsa + S+ St
Y~ 2>
We will use this line of thought to understand truncatedness and connectedness of T -operads and T -symmetric
monoidal categories. <
Example 1.36. By Lemma 1.34, the classifying space and core double adjunction (—)~ 414 (=)~ yields a double
7T -adjunction
(=)=
L
Cat; «———— &;
~ "

Additionally, we can make genuine adjunction non-genuine using [HA, Prop 7.3.2.1].

Proposition 1.37. If L: C 2 D: R are adjoint T -functors, then TotL: TotC 2 TotD: TotR and I'L: I'C 2
I'D: IR are adjoint pairs.
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Proof. The adjunction on Tot is [HA, Prop 7.3.2.1], and it induces an adjunction
TotL,: Fun,;(7,TotC) ———= Fun,;(7,TotD): TotR,,
which restricts to the full subcategories of cocartesian sections, and hence yields an adjunction
I7L:T7¢ ——=T17D: 17, 0.
We will need the following lemma and proposition later.

Lemma 1.38. Suppose a T -functor F: C — D has Fy : Cy — Dy conservative for all V € T ; then, TTF is
conservative.

Proof. Suppose f, : X, = Y, is a map of 7-objects in C, i.e. a natural transformation of cocartesian sections
of TotC — T°P. Then, f, is an equivalence if and only if fi, is an equivalence for each V; by conservativity of
Fy, this is true if and only if F, f, is an equivalence for each V, i.e. if and only if Ff, is an equivalence, so
I'7F is conservative. O

Proposition 1.39. Suppose L: C 2 D: R is a T -adjunction such that Ry is monadic for all V € T ; Then,
ITR: 7D > T7C is monadic.

Proof. We verify that T'7 R satisfies the conditions of the co-categorical Barr-Beck theorem [HA, Thm 4.7.3.5(c)].
First, by Proposition 1.37 and Lemma 1.38, 7 R is a conservative right adjoint. Second, note that a simplicial
object Zo(-) in TZ7 D corresponds to a family of simplicial objects Zy (=) in Dy, and a I'7 R-splitting of Z,(-)
corresponds with a restriction-stable family of Ry -splittings of Zy (—). Thus Ry, creates a colimit of Zy for

all V, and the resulting cocartesian section creates a colimit for Z,, i.e. I'7TR createss FTR—split simplicial
colimits, so T7 R is monadic by [HA, Thm 4.7.3.5(c)]. O

1.1.5. Language in the case T = Og. When G is a finite group, the category Og has objects the homogeneous
G-sets [G/H] and morphisms the G-equivariant maps [G/K]| — [G/H]; tracking the image of the identity, the
hom set from [G/K] to [G/H] may alternatively be presented as

{ae G|aKa™! CH}
a~b when ableK
(see e.g. [Die09, Prop 1.3.1] for details). In particular, the endomorphism monoid of [G/K] is the Weyl group

WgH = Ng(H)/H. Using this, one may see that when G is a finite group, the map Indg: On — Og,/G/n) 18
an equivalence of categories. Thus we may set the following notation without creating clashes.

Hom([G/K],[G/H]) ~

Notation 1.40. In the setting that 7 = Og, we use the following notation:
(1) we refer to [G/H] as H;
(2) we refer to Og-co-categories as G-oo-categories and %OG as Cat; we refer to Og-spaces as G-spaces
and §0G as Sg;

(3) we refer to Cjg/p) as Cy and Res{gf;]] as Res?; the superscripts and subscripts of Ind, Colnd, T,

Coeff, %, ()77, and * are determined similarly.
(4) we refer to ]—[[SH/K] Xy as ]_[IS< Xk, and similar for []°. <
1.2. I-commutative monoids. Following [Barl4|, we say that an adequite triple is the data of two core-

¢
preserving wide subcategories A, C X' D Xy of an co-category such that cospans X z, Y & Z satisfying
@ € Xy and @y, € A}, lift to pullback diagrams

XXYZ
143
\Z

1)
x<
o v “
satistying ¥, € A}, and Py € Xy. Given an adequate triple A, C X' O Xy, we define the span category to be
Spany, ¢ (X) == AT (X, X, Xy),
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the latter denoting the effective Burnside category of [Bar14]. In particular, the objects of Span,, f(X ) are

precisely those of X', and the morphisms from X to Z are the spans X & Y ff—) Z with @y € Xj and @y € Ay,
with composition defined by taking pullbacks. '*
Example 1.41. For 7 an orbital co-category and I C F7 a pullback-stable wide subcategory with I~ ~F7,
Fr =F7 <« I is an adequate triple; write

Span;(F7) := Span,; ;(Fr).
More generally, if there exists some full subcategory C C F7 such that I C C is a pullback-stable wide
subcategory with I= C C%, we write

Span;(F7) :=Span,; ;(C). <
Warning 1.42. Even when Fr is a 1-category (i.e. 7 is a l-category), Span;(F7) will seldom be a 1-category;
indeed, in this case, Span;(F7) is a 2-category whose 2-cells are the isomorphisms of spans

Y/
™
X ~ z
N N3 v
Y <
In this subsection, we review the cartesian algebraic theory Span;(Fy) corepresents, called I-commutative
monoids. We will find that, in the same way that CMon is easily characterized via semiadditivity (c.f.
[GGN15]), CMon; is easily characterized via I-semiadditivity. Little of this subsection is original; instead, the

results concerning I-commutative monoids form a slight generalization of [Nar16] and a massive specialization
of [CLL24], and the results concerning weak indexing systems are largely review of [Ste24b].

1.2.1. Weak indexing systems. We begin by briefly reviewing the setting of weak indexing systems introduced
in [Ste24b], which we view as the combinatorial context for the intersection of category theoretic and algebraic
notions of I-commutative monoids.

Definition 1.43. A T -weak indexing category is a subcategory I C F7 satisfying the following conditions:

(IC-a) (restrictions) I is stable under arbitrary pullbacks in F;
(IC-b) (segal condition) T — S and T’ — S are both in I if and only if TUT’ — SU S’ is in [; and
(IC-c) (Eg-action) if S €I, then all automorphisms of S are in I.

A T -weak indexing system is a full T-subcategory F; C F+ satisfying the following conditions:
(IS-a) whenever the V-value Fyy := (F;),, is nonempty, we have =y € F; 1,; and
(IS-b) F; cF; is closed under F;-indexed coproducts. <

Observation 1.44. By a basic inductive argument, condition (IC-b) is equivalent to the condition that S — T
isin I if and only if Ty =T xg U — U is in I for all U € Orb(S); in particular, I is determined by its slice
categories over orbits. <

We denote the I-admissible sets by [F; := Set; C Fr as in Definition 1.28. This is a full 7-subcategory.
Remark 1.45. By Observation 1.44, in the presence of Condition (IC-b), Condition (IC-a) is equivalent to the
condition that for all Cartesian diagrams in Fy

TxyU —> T
©) [RER
U——YV
with U,V €7 and a €1, we have a’ € 1. <
Inspired by Observation 1.44 and Remark 1.45, in [Ste24b, Thm A] we prove the following.

Proposition 1.46. The assignment I — F; implements an equivalence between the posets of T -weak indezxing
categories and T -weak indexing systems.

12 Those readers more familiar with |[EH23] may note that this specializes to the notion of a span pair, when backwards maps are
Ap =X, in which case Spanf(X) recovers that of [EH23], and hence lifts to an (oo, 2)-category with a universal property that we will

not use.
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We additionally recall the following conditions, which may equivalently be restated for weak indexing
categories by [Ste24b, Thm A]. In view of [Ste24b, § 2.4], we encourage the reader to think primarily of
unitality.

Definition 1.47. We say that F;

(1) has one color if for all V € T, we have F; y # @,

(ii) is almost essentially unital if for all non-contractible V-sets SLS" € F| y, we have S,5" e F; v,
(iii) is unital if it has one color and for all V-sets SIS’ € F} y, we have S,5" € F; y, and

(iv) is an indexing system if the subcategory F; i, C Fy is closed under finite coproducts for all V € 7.

These lie in a diagram of embedded sub-posets

Index7 C windex7" C wIndex”’TEunl C windexr. <

If a weak indexing category I corresponds with a weak indexing system satisfying property P, we say
that I satisfies property P; if [F; is an indexing system, we say I is an indexing category. When 7 = O,
7 -indexing systems and indexing categories recover the notions given the same name in [BH18; BH15] (see
[Ste24b]). Some useful invariants of these include

oI)={VeT |+ eFrv};
(10) U(I) :{V€T|@V€FLV},
V(I) = {V eT | 2-*\/ GFI,V}'
These are each families [Ste24b, § 1.2]|, which we call the families of colors, units, and fold maps in I.

We will import these into the setting of 7-operads in Proposition 2.33 through weak N -operads, which
play an important structural role in Ops. Narrowly, this role comes down to the fact that indexed coproducts
appear as the arities of compositions of indexed operations, so weak indexing systems occur as the possible
“arity supports” that 7 -equivariant algebraic theories can have, so long as they possess identity operations
and they allows for the formation of composite operations.

Moreover, in the setting of indexing systems, it is typical to make frequent reductions of S-ary operations

to [H/K]-ary operations and binary operations. In the setting of weak indexing systems, we say that asparse
V-set is a V-set of the form

e xy LW U---UW,
where € € {0,1} and there exist no maps W; — W; over V for i # j. The relevant generation statement is the
following.
Proposition 1.48 ([Ste24b, § 3.1]). Suppose F.,F; are weak indexing systems.

(1) IfF; is almost essentially unital then F; C F; if and only if F; contains all sparse I-admissible V -sets.
(2) If B, is an indexing system then F; C F; if and only if for all V €T, Fjy contains @y,2-*y, and all
transitive I-admissible V -sets.

1.2.2. Indexed semiadditivity. One central source of weak indexing categories is indexed semiadditivity, which
only makes sense to evaluate in the pointed setting.

Definition 1.49. Given F C 7 a 7 -family, we say that D is F -pointed if Dy is pointed for all V € F. <

Given S € [y, a finite V-set with a distinguished orbit W C S, D a 7.y -pointed 7 -co-category admitting
S-indexed products and coproducts, and (Xy;) € Dg a S-tuple in D, [Narl6, Cons 5.2 constructs a map

S
Xw: Res‘v/vl_[XU - Xw
U

by distinguishing a “diagonal” Xy -summand on the left hand side and dictating the map to be the indentity
on this summand and 0 elsewhere; then, the norm map

Nmg: Ii[XU —>]i[XW
U U

has projected map ]_[5U Xy — CoIndK,XW adjunct to xw.
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Definition 1.50. Given D a 7T -co-category and S € Fy a finite V-set, we say that S is D-ambidextrous if
D admits S-indexed products and coproducts, is 7y -pointed, and for all (Xy) € Dg, the norm map is an

equivalence
S S
[P =TT
U U

Given I a 7T-weak indexing category, we say that D is I-semiadditive if S is D-ambidextrous for all S € F;. <«

Remark 1.51. We’ve given an elementary presentation of this notion; this has been generalized to encapsulate
Hopkins-Lurie’s higher semiadditivity in [CLL24] (see Example 3.37 there). In particular, we find that T — S
is D-ambidextrous in the sense of [CLL24] if and only if the U-set T xg U is D-ambidextrous for all orbits
U C S, so we adpot their language for ambidextrous maps. In particular, by [Cno23, Prop 3.13, Prop 3.16],
ambidextrous maps are closed under composition and base change. <

Given D a T -co-category, we define the semiadditive locus
s(D)={f: T — S| f is D-ambidextrous} C Fr.
This is closed under composition by Remark 1.51; furthermore, it’s clear that an equivalence T ~ S is

D-ambidextrous if and only if D is 7cy-pointed, so s(D) C Fr is a subcategory satisfying Condition (IC-c).
In fact, we may say more.

Proposition 1.52. s(D) is a weak indexing category and D is [-semiadditive if and only if I < s(D).

Proof. By Observation 1.44 and Remark 1.51, s(D) satisfies Condition (IC-b). In fact, by Remark 1.51,
ambidextrous maps are closed under base change, i.e. s(D) satisfies Condition (IC-a). We're left with verifying
that D is I-semiadditive if and only if I < s(D), but this follows immediately by unwinding definitions. [

By [Ste24b], the poset windexCats has joins, which we write as —V —. The following is immediate.
Corollary 1.53. D is IV J-semiadditive if and only if it is I-semiadditive and J-semiadditive.

From Proposition 1.48, we acquire a proof of a familiar corollary: in the setting of indexing categories,
I-semiadditivity is a combination of fiberwise semiadditivity and I-admissible Wirthmiiller isomorphisms.

Corollary 1.54. Let I be an almost essentially unital weak indexing category and D a c(I)-pointed T -co-category.
Then,

(1) D is I-semiadditive if and only if all sparse V-sets are D-ambidextrous.
(2) If I is an indexing category, then D is I-semiadditive if and only if Dy is semiadditive for all V € T
and for all maps of orbits U — V in I and objects X € Dy, the norm map

Ind}; X — Colnd; X
is an equivalence.

1.2.3. I-commutative monoids as the I-semiadditive completion. Let Trip?4®d C Fun(e — e < o,Cat) be the
full subcategory spanned by adequate triples. By definition [Barl4, Def 3.6], Span__(-) forms a functor
Tripadeq — Cat. Fix I a one-color weak indexing category. Write [y, := ET’ v ET/V and let Eé— CFr be
the wide subcategory whose V-value is (EIT)V =1y CFy 27,y is the wide subcategory of maps whose
underlying map in F lies in I.

The wide 7 -subcategory inclusion EIT C F; is fiberwise given by a (one object) weak indexing category
[Ste24b, § 2.1], so in particular, this yields a functor 7°P — Trip?9ed (c.f. [CLL24, § 4.1]). We use this to
define the composite 7 -functor

(ErFrFL) S
SpanI(ET): gop 1T, Trip?ded P, Cat.

Definition 1.55. If C is a 7 -co-category admitting I-indexed products, then the 7 -co-category of I-commutative
monoids in C is
CMon,(C) = FunIT_X (SpanI(ET),C).

The co-category of I-commutative monoids is CMon;(C) := I CMon(C) =~ FunIT_X (SpanI(ET),C). <
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Definition 1.56. We say that a 7-functor F: D — C is the I-semiadditive completion of C if D is I-semiadditive
and for all I-semiadditive 7 -categories £, postcomposition along F yields an equivalence
Fun!™(&, D) = Fun'™(&,0).
<

Write CatIT_ * C Caty for the non-full subcategory of 7 -co-categories with I-indexed products and

I-product preserving functors; write i: CatIT_ ®c CatIT_ * for the full subcategory spanned by I-semiadditive
T -oco-categories. The I-semiadditive completion is, if it exists, the unit of a partially defined adjunction whose
right adjoint is 1. In fact, it does exist, by the following fundamental theorem.'3

Theorem 1.57 (|[CLL24, Thm B|). U: CMon,(C) — C is the I-semiadditive completion.

1.2.4. Commutative monoids in T -objects. Let I3° C F7 be the minimal indexing category [Ste24b].

Observation 1.58. [°-indexed products are precisely t¢rivially indexed products; by Proposition 1.25 the I7°-
indexed product preserving functors are precisely the fiberwise product-preserving 7 -functors. Furthermore,
a T -category is I7°-semiadditive if and only if, for each V € 7', the co-category Cy is semiadditive. Thus we
have equivalences

Cat? s Coeff” (Cat®),

IP-o

Cat/ =~ Coeff’ (Cat®),

compatible with the inclusions. <
Lemma 1.34 and Observation 1.58 directly imply that the I*°-semiadditive closure satisfies

CMonI;o(C) ~ (TOP s Cat”™ Mon Cat®);

Cnossen-Lenz-Linsken’s semiadditive closure theorem (i.e. Theorem 1.57) then yields the following.

Corollary 1.59. There is a canonical equivalence CMon[;o (C) ~ CMon(FTC).

1.2.5. I-commutative monoids in oo-categories. We recall a special case of Cnossen-Lenz-Linsken’s Mackey
functor theorem.

Theorem 1.60 (|[CLL24, Thm C]). For every presentable co-category C, there are canonical equivalences
CMon; (Coeff” (C)) ~ Fun* (Span, (F7),C);
CMon, (Coeff” (C))y = Fun* (Span, (Fy),C).
Furthermore, given a map f: V. — W, the associated restriction functor
Res{//v: Fun(SpanIW (Fw),C) = Fun(Span, (Fy),C)
is given by precomposition along Span(Ind\V,‘](—)).

This motivates us to make the following definition.
Definition 1.61. If C is an oco-category with finite products, then the 7 -co-category of I-commutative monoids
in Cis
CMon, (C) := CMon, (Coeff” (C)). <

Similar to the case of CoeffT, this construction is compatible with adjunctions.

Lemma 1.62. Let I C7T be a pullback-stable wide subcategory of an orbital co-category.
(1) If f :C — D is a product-preserving functor, then postcomposition yields a T -functor

f.: CMon;C — CMon,D.

13 To see that the T -co-category CMon;(C) of [CLL24] agrees with ours, apply [CLL24, Lem 4.7].
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(2) If L:C 2: R is an adjunction whose right adjoint R is product preserving, then
L,: CMon;,C ——— CMon;D: R,
is a T -adjunction.

Proof. (1) follows by noting that f, exists since f is product preserving, and it is compatible with restriction
because postcomposition and precomposition commute. (2) follows by noting that the associated functors

L.: (CMon;C)y, ~ Fun* (SpanIV(IE‘V),C) ——— Fun”* (Spanlv(]FV),D) = (CMon;D)y): R,
are adjoint. 0

We may unpack the structure of I-commutative monoids more using the following.

Construction 1.63. Let C be an co-category, X € CMon;C be an I-commutative monoid, V € 7 be an orbit,
and 1y : F — F7 the finite coproduct-preserving functor sending = +— V. Then, the V-value is the pullback

CMon;C (_#) CMOnIXFT'l,V]F(C)

1 R
-
Fun*(Span,(F7),C) —— Fun*(Span,, V]F(F),C)
T,l
In particular, I is an indexing category and X is an I-commutative monoid, Xy is a commutative monoid in

C. <

Construction 1.64. Fix X € CMon;(C) and f: V — W a map in I. There exists a natural transformation
af: iy — 1y whose value on 7 is the copower map n-V — n-W; this induces a natural transformation

N“/N: (-)v = (-)w, which we refer to as the norm map. <
1.2.6. I-symmetric monoidal co-categories. We refer to

Cat}’ == CMon, Cat
as the T -co-category of I-symmetric monoidal co-categories, and write Cat? := CMon;Cat. In the case I = F,

we refer to these simply as 7 -symmetric monoidal co-categories and write %? = @%T and Cat? = Cat?T.

Notation 1.65. Suppose S € F; . Associated with the structure map Indgs — V we have functors

S
®:C5—>CV, AS:Cy —Cq
U

AS . ®
called the S-indezxed tensor product and S-indexed diagonal. We refer to the composite (=)®° : Cy — Cg - Cy

as the S-indexed tensor power. In the case Indgs =W is an orbit (i.e. S is a transitive V-set), we write
w
NV‘G = ® ZCW —>Cv.
U

In general, we will use the inset notation —® — for ®%}*V, and when @y € F;, we will refer to the @y-ary
operation * — Cy as the V-unit and denote its essential image as 1y,. <

Observation 1.66. Suppose S, |Orb(S)|-*y, and all orbits of S are I-admissible V-sets. Then, the following

path lies in [
mdé ] (U—’>v
T UeOrb(s) v
Indy, S |Orb(S)| V —m88 >V,

In algebra, this yields the commutative diagram

Cs
(Nz%\
C

xOrb(S
%4

S
X > Cy
U
/
()
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S
i.e. (?XU ~ ®U€Orb(S)Nl‘J/XU' Thus, when I is an indexing category, the indexed tensor products in an

I-symmetric monoidal co-category is are determined by their binary tensor products and norms. <

In [Ste24b, § 1.2], we saw that I-symmetric monoidal co-categories satisfy a version of the double coset

formula
UXV w

Resy, N}y Z ~ ® ResY Z
X

for all cospans U — V « W in 7 such that U — W is in I. Moreover, Resy and N“;V preserve applicable
trivially indexed tensor products; when I is an indexing category, this and the double coset formula characterize
all interactions between restrictions and indexed tensor products.

Construction 1.67. Right Kan extensions preserve product preserving functors; applying this to the orbits
functor Fr: Fr — F yields a functor

I :=Span(Fr),: Fun*(Span(F7),C) — Fun*(Span(F),C).
In particular, T is right adjoint to InﬂeT = Span(F7)*. When C = Cat, the counit of this adjunction is a
natural 7 -symmetric monoidal functor.
Infl TC® — C®
We refer to the (symmetric monoidal) V-value of this as the symmetric monoidal V -evaluation
evy: I'C® — C%. <
1.2.7. Symmetric monoidal T -co-categories. The oco-category of symmetric monoidal T -co-categories is

Cat®, ; ~ Coeff” Cat® ~ CMonCatr.

Definition 1.68. Suppose LC C C is a localizing 7 -subcategory of a symmetric monoidal 7 -co-category. We
say that L is compatible with the symmetric monoidal structure if for each V € 7, the localization Ly is
compatible with the symmetric monoidal structure on Cy in the sense of [HA, Def 2.2.1.6]. <

We will crucially use the following proposition in Section 1.3.

Proposition 1.69. If L is compatible with the symmetric monoidal structure, there exists a commutative
diagram of T -co-categories
ce L y LC®
X /

(F* )triv

satisfying the following conditions:

(a) LC® is a symmetric monoidal T -co-category and L® is a symmetric monoidal T -functor,
(b) the underlying T -functor of L® is L: C — LC, and
(c) L® possesses a fully faithful and laz symmetric monoidal right T -adjoint extending the inclusion

LC cC.
Proof. This is the specialization of [NS22, Thm 2.9.2] to O® = E&,. O

1.3. The canonical symmetric monoidal structure on I-commutative monoids. We now explore the observation
that the parameterized presentability results of [Hil24| are sufficiently strong to power non-indexed lifts of
[GGN15] in the I-semiadditive setting.

Definition 1.70 (c.f. [Hil24, Thm 3.1.9(2), Thm 6.1.2]). A (large) 7 -oo-category C is T -presentable if it admits
finite 7 -coproducts and its straightening factors as

C:T° — Prb* - Cat
for some regular cardinal x. The (nonfull) subcategory
Pl’%— C EET

has objects given by 7 -presentable co-categories and morphisms given by 7 -left adjoints. <
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Observation 1.71. The conditions of factoring through PrP*, of strongly admitting finite 7-coproducts, and
of being 7 -left adjoints are preserved by restriction; hence Prg canonically lifts to a (nonfull) 7 -subcategory

Prl c Caty <
These satisfy an adjoint functor theorem [Hil24, Thm 6.2.1] and have analogous characterizations to

the non-equivariant case; in particular, Pr]} C EET is closed under functor 7 -co-categories from small 7 -co-
categories [Hil24, Lem 6.7.1] and by Definition 1.70, Pr%— is closed under fiberwise x-accessible 7 -localizations.
Hence CMon,(C) is T -presentable when C is T -presentable.

Additionally, in [Narl7]|, a 7-symmetric monoidal structure was constructed on &LT In order to
characterize this structure, we use the following definition (c.f. [QS19, § 5.1]).

Definition 1.72 ([QS19, Def 5.14]). Fix S a finite V-set, (Cy) an S-oco-category, D a V-oco-category, and
F: ]_[%CU — D a V-functor. Denote by (—). the indexed products in Caty and (—)* the restriction. We say
that F is S-distributive if, for every pullback diagram

TxyS 5T

Il
s—1L v

and S-colimit diagram p: K= — ¢”C for p: K — ¢”C, the composite T-functor
""7 7 % * “F *
(FEF < ) 2D prgre = g fe £ gp
is a T-colimit diagram for the associated composite f,/K — ¢g*D. We denote by

Fun{ (£.C,D)  Funz (f.C, D)

the full subcategory spanned by S-distributive functors. <

By the proof of [Narl7, Prop 3.25], Nardin’s 7-symmetric monoidal structure on ﬂ% has V unit Sy,
and indexed tensor products characterized by the universal property

é)c,s]:}:ung(]i[c,p].
U U

Definition 1.73. The oco-category of presentably T -symmetric monoidal co-categories is the (non-full) sub-

L
Funr

category CAlg, (&I;@’) C @E?; the oco-category of presentably symmetric monoidal T -co-categories is the
(non-full) subcategory CAlg(Pré) C CMon(éa\tT). <
Observation 1.74. By definition, a 7 -symmetric monoidal co-category whose underlying 7 -co-category is
presentable factors through the inclusion ﬂ% C Cat; if and only if its structure maps Cés — Cy are in
Fun?,(C‘x/S,CV); in the language of [NS22|, a presentably 7 -symmetric monoidal co-category is precisely a
distributive T -symmetric monoidal co-category whose underlying 7 -co-category is presentable. <
Example 1.75 ([Narl17, Ex 3.17]). In the case 7 = O, , given a [C;/e]-distributive C,-functor F: CoIndeCzC - D,

the e-value of F is a functor C xC — D, and the C,-value of F turns coproducts into CoIndeCZ[Z] ~[2]U[Cy/e]-
indexed coproducts:

Fe,(XUY) = Fe,(X)UFg,(Y)UInd$2Fo(X, Y).

In particular, the norms in a presentably 7 -symmetric monoidal co-category are often not compatible with
coproducts. <
Example 1.76. By [NS22, Prop 3.2.5], if C is a cocomplete co-category with finite products such that finite
products preserve colimits separately in each variable, then the cartesian symmetric monoidal structures on
Coeff C lift to a distributive 7 A-symmetric monoidal co-category MTCX, which we refer to as the Cartesian
structure. It follows from Hilman’s characterization of parameterized presentability [Hil24, Thm 6.1.2] that
MTC is presentable, so Observation 1.74 implies that %TCX is presentably symmetric monoidal. <
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Hilman used the universal property of ® in [Hil24, Prop 6.7.5] to prove the formula
C®D =~ Funk (C°P, D).
Using this, for any 7 -presentable 7 -co-category C, we have
CMon, (C) ~ FunIT_X(SpanI(ET),C)
~ Fun*(Span, (E7), Funf (C°P, S7))
= Rl_n?(COP,FﬂIT_X(SPanI (E7).S7))
~C®CMon,(S;).
i.e. the functor C — CMon,(C) is smashing. In fact, we can say more.
Notation 1.77. We say that a presentable 7 -cocategory is [-semiadditive if its underlying 7 -oco-category
is I-semiadditive, and we let Pr];I_GB - Pré be the full subcategory spanned by I-semiadditive presentable
T -categories. <

It follows from Theorem 1.57 that a T -presentable 7 -co-category is fixed by CMon,(-) if and only if
it’s I-semiadditive, i.e. the smashing localization corresponding with CMon;,(-) is left adjoint to the inclusion
Pr%— C PrSJFGB. By [GGN15, Lemma 3.6], this implies that given C € CAlg(Pr%), there is a unique compatible
commutative algebra structure on its localization CMon,(C). In other words, we’ve shown the following.

Theorem 1.78. The localizing subcategory
CMon;, : Prg = Pr%lfe;: 1

is smashing; in particular, if D® is a presentably symmetric monoidal T -category, then there is an essentially
unique presentably symmetric monoidal T -co-category CMon?_mOde(D) possessing a (necessarily unique)
symmetric monoidal lift

Fr®: D® — CMon® ™°4¢(D)
of Fr: D — CMon, (D).

Warning 1.79. Theorem 1.78 is not as genuinely equivariant as the user may want, as it constructs symmetric
monoidal structures, but never norm maps. The author is content with this for the purposes of this paper, as
the algebraic interpretation of indexed tensor products of 7 -operads is unclear. She hopes to address the
indexed case in forthcoming work. <

Remark 1.80. Under the equivalence of Theorem 1.60, writing D = CoeffT(C), Theorem 1.78 constructs an
essentially unique presentably symmetric monoidal structure on CMon;(C) subject to the condition that the

free functor Coeff’ C — CMon /(C) bears a symmetric monoidal structure under the Cartesian structure. <«

Observation 1.81. The 7 -co-category S+ is freely generated under 7 -colimits by one 7 -point, in the sense
that evaluation at the V-units (+y/) yields an equivalence [Sha23, Thm 11.5]
Funk(S;,C) =~TC.

In particular, every symmetric monoidal 7 -co-category receives at most one symmetric monoidal 7 -left
adjoint from S in the case C = S the condition of Theorem 1.78 then may be read as saying that there is
a unique presentably symmetric monoidal structure on CMon,(S;) with V-unit 1r§°de =Fr(+y) forall VeT.

Furthermore, by Yoneda’s lemma, these V-units are characterized by the property that

Mapy, (17°%, Xy) = Map(+y, Xy (+)) = Xy (+). <

We’d like to identify this symmetric monoidal structure via a familiar formula. We have a candidate:

Proposition 1.82 ([BS24c, Prop 4.24], via [CHLL24a, Prop 3.3.4]). If C is a presentably symmetric monoidal

oco-category, then the Day convolution structure on Fun(Span;(Fy),C) with respect to the smash product on
Span;(Fy) is compatible with the localization

Lgeg : Fun(Span;(Fy),C) — CMon,(C)y

Proof. By the general criterion [CHLL24a, Prop 3.3.4], it suffices to verify that A, A—: Span(Fy) — Span(Fy)
is product-preserving, which follows by the fact that it is colimit preserving and Span(Fy ) is semiadditive. [
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By Proposition 1.69, Proposition 1.82 constructs a symmetric monoidal structure CMon,(C)® on
CMon,(C). We will show that this agrees with the mode symmetric monoidal structure.

Theorem 1.83. Let C® be a presentably symmetric monoidal co-category. Then, there is a unique equivalence
between the Day convolution and mode symmetric monoidal structures on CMon(C) lifting the identity.

The proof of [BS24c, Lemma 4.21] and [CSY20, Lemma 5.2.1] apply identically to the following.

Lemma 1.84. Fix Ay, Ay, B € CAlg(Pr%) and L: Ay — Ay a T -localization functor which is compatible with
the symmetric monoidal structure on Ay. Then, L®idg: Ag®B — Ay ® B is a T -localization functor which
is compatible with the symmetric monoidal structure on Ag® B.

Proof of Theorem 1.83. Set the temporary notation PCMon,(-) := FunT(SpanI(ET),—). Our argument

follows along the lines of [BS24¢, Thm 4.26]. Repeating the argument of Theorem 1.78, for all presentably
symmetric monoidal 7 -co-categories D, we acquire a diagram

PCMon,;(D) = PCMon;(S;)®D
CMon;(D) = CMon;(S;)®D

Moreover, under the identification of tensor products and coproducts in CAlg(Pr%), the top equivalence
corresponds with the postcomposition symmetric monoidal 7 -functor PCMon(S7) — PCMon,(D) along
the canonical symmetric monoidal left 7 -adjoint S — D and the symmetric monoidal free 7 -functor
D — PCMon, (D) pushforward functor (see [BS24c, Prop 3.3, 3.6]). Thus the top arrow can be lifted to a
symmetric monoidal equivalence. We may take adjoint functors to find the diagram

PCMon,(D) =~ PCMon,(S;)®D
lLSeg lLSeg
CMon,(D) = CMon,(S;)®D

of [CHLL24a, Prop 3.3.4]. The bottom functor is a symmetric monoidal localization of the top. In particular,
by Lemma 1.84, it suffices to prove this in the case D =S.
The 7 -Yoneda embedding is 7 -symmetric monoidal for the 7-Day convolution by [NS22, Thm 6.0.12],

SO 1Bay ~ p(+y). Hence Yoneda’s lemma yields that

Mapy, (15, Xy) =~ Map(y(+y), Xv) = Xy (+y),

which implies that l% ~ 1r‘§‘°de, naturally in V. The theorem then follows by Observation 1.81. ]

Remark 1.85. It is not likely that it is necessary for 7 to be atomic orbital in the above argument; indeed,
for CMon,(C) := Funy (Span;(F7),C) to implement I-semiadditivization, it suffices to assume that I C Fr is a
weakly extensive subcategory whose slice categories I, are ny-categories for some finite ny € N in the sense
of [CHLL24b].

For instance, if P C 7 is an atomic orbital subcategory of an co-category, then weakly extensive
subcategories [ C IF? are pre-inductible (and hence satisfy the semiadditive closure theorem)and represent a
global version of one-color weak indexing categories. Unfortunately, the author is not aware of a symmetric
monodial structure on partially presentable 7 -categories, and developing such a thing would lead us far afield
from our current operadic goals, <

1.4. The homotopy [-symmetric monoidal d-category. Recall that a space is (—2)-truncated if it is empty,
(=1)-truncated if it is empty or contractible, and for d > 0, a space X is d-truncated if it is a disjoint union of
connected spaces (X,)qea such that w,, (X,) =0 for all m>d and a € A.

Recall that a (d + 1)-category is an co-category C such that the space Map(X,Y) is d-truncated for
all X,Y € C. We say that an oo-category is a (—1)-category if it is either * or empty. In general, we write
Cat, C Cat for the full subcategory spanned by the co-categories with the property that they are d-categories.
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Definition 1.86. The 7 -co-category of small 7 -d-categories is
Caty ;= Coeff’ Cat,.
A T -poset is a T-0-category. If I C F is pullback-stable, the 7 -co-category of small I-symmetric monoidal
d-categories is
Cat? , := CMon, Cat,.
: 17 ® ._17T ®
We write Caty 4 :=1" Caty ; and Cat , :=I" Cat ;. <
By the following lemma, Caty ; is a 7-(d + 1)-category and Catr 4 is a (d + 1)-category.
Lemma 1.87 ([HTT, Cor 2.3.4.8, Prop 2.3.4.12, Cor 2.3.4.19]). Caty is a (d + 1)-category and the inclusion
Caty < Cat
has a right adjoint hy: Cat — Caty.
Construction 1.88. By Lemmas 1.34 and 1.87, the functor Caty ; <> Caty is an inclusion of a localizing
T -subcategory; let hy: Cat; — Caty ; be the associated 7 -left adjoint.

The mapping spaces in a product of categories are the product of the mapping spaces; in particular, the
inclusion Cat,; <> Cat is product-preserving. Hence Lemmas 1.62 and 1.87 construct a 7 -adjunction

hg
/N
® ®
Cat; . Cat 1d
_ >

L
whose right adjoint is fully faithful. We refer to h; as the homotopy I-symmetric monoidal d-category. <

The remainder of this subsection will be dedicated to recognition results for 7-symmetric monoidal
d-categories, which will be useful throughout the remainder of the paper. We first reduce this consideration
to that of plain 7 -co-categories; the following proposition follows by unwinding definitions and noting that
Cat, < Cat is closed under products.

Proposition 1.89. If I CFr is a one-object weak indexing system, then C® € Cat}@ s a I-symmetric monoidal
d-category if and only if its underlying T -co-category C is a T -d-category.

Often in equivariant higher algebra, we will find that our objects come with natural 7 -functors to
T -1-categories, and we’d like to develop a recognition theorem in this case in terms of mapping spaces.

Proposition 1.90. A 7 -co-category C is a T -d-category if and only if
Mory (C) := Fun(A!,Cy)~
is (d — 2)-truncated for all V€T .

Proof. By definition, it suffices to prove this in the case 7 =*. Fix f,g € Mory(C). Then, we may present
Map(f,g) as a disjoint union over a,b of homotopies

WL)X

| s
YT>Z

For fixed a, b, this is either empty or equivalent to the component of the space Map(S!,Map(W, Z)) whose
underlying map is homotopic to bf. If C is a d-category, then this is (d — 2)-truncated; conversely, choosing
a,b=1id and f = g, if this is (d — 2)-truncated for all f, then the mapping spaces of Cy are (d — 1)-truncated
for all V| i.e. C is a 7T -d-category. |

Given a 7-functor F: C = D and a map : A! = Cy, define the pullback space
Mor?(C) —— Mory/(C)
Lo

BAuty, —— Mory/(D)
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so that Morf(C) is the disjoint union of the connected components of Mory (C) whose image in Mory (D) is

equivalent to . We say that F has (d —1)-truncated mapping fibers if Mor?(C) is (d — 2)-truncated for all
V €T and i € Mory(C).

Corollary 1.91. Suppose F :C — D is a T -functor and D is a T -1-category. Then, the following are equivalent
ford>1:

(1) F has (d — 1)-truncated mapping fibers.
(2) C is a T -d-category.

Additionally, the following are equivalent.

(1’) F=: C= - D= is fully faithful and F has (—1)-truncated mapping fibers.
(2’) F includes C as a (replete) T -subcategory of D.

Proof. After Proposition 1.90, the only remaining part is the equivalence between (1’) and (2’). Note that
BAuty, is (=1)-truncated by Proposition 1.90, so (1’) is equivalent to the conditions that C is a 7 -1-category
and Fy: Cy — Dy is a faithful functor which is fully faithful on cores, i.e. it is a (replete) subcategory
inclusion. |

2. EQUIVARIANT OPERADS AND SYMMETRIC SEQUENCES

In Section 2.1, we begin by recalling rudiments of the theory of algebraic patterns and Segal objects of
[CH21| and the theory of fibrous patterns and the Segal envelope of [BHS22]; in the case of © = Span(F7), we
show in Appendix A.1 that this recovers the theory of 7-symmetric monoidal co-categories, 7 -co-operads
(henceforth T -operads), and the 7-symmetric monoidal envelope of [NS22]. We go on in Section 2.2 to
specialize several results of [BHS22; CH21]| to this setting and construct the family of weak N, -operads.

After this, we go on to study the underlying T -symmetric monoidal sequence functor in Section 2.3,
showing in Corollary 2.66 that it forms a fiberwise-monadic 7 -functor

sseq - : %OTC — Fun; (X7,87);

in particular, this implies that it is a conservative right 7 -adjoint and confirms an atomic orbital lift of
Theorem A. In Section 2.7, we use this to confirm Corollary B.

In Section 2.4 we go on to compute the monad Ty for O-algebras in arbitrary 7 -symmetric monoidal
oco-categories; in particular, when C ~ &+ for a structure whose indexed tensor products are indexed products,
we naturally split off a O(S)-summand from Tp(S); using our atomic orbital lift of Theorem A, we conclude
that Alg(_) (S7): OpF — Cat is conservative.

Last, in preparation for forthcoming work, we initiate in Section 2.5 the study of the localizing
subcategory of 7 -operads whose underlying 7 -symmetric sequence is (d — 1)-truncated, called 7 -d-operads;
we show in particular that Alg(_)(§7—l <ns1) detects n-equivalences. Moreover, in Section 2.6, we confirm that
the full subcategory of 7-0-operads agrees with the poset of subterminal objects, which themselves agree
with the weak N -operads.

We finish in Section 2.7 by verifying that Bonventre’s nerve restricts to an equivalence between categories
of G-1-operads and explicitly describing algebras over 7 -1-operads. We assure the reader exclusively interested
in using T -operads that the relevant interpretations of the results of Section 2.1 will be restated throughout
the following subsections, so these sections may be black-boxed at the cost of completeness of proofs.

2.1. Recollections on algebraic patterns. An algebraic pattern is a collection of data encoding Segal conditions
for the purpose of homotopy-coherent algebra. Given an algebraic pattern O and a complete co-category C,
there is an oco-category of Segal O-objects in C, which we view as O-monoids in C; these are presented as
functors O — C satisfying a Segal condition.

We may view Segal O-objects in Cat (aka Segal O-co-categories) as O-monoidal co-categories; these
straighten to cocartesian fibrations over © satisfying conditions. As in [HA, § 2|, the condition of being
a cocartesian fibration may be relaxed to construct a form of operads parameterized by O, called fibrous
O-patterns.

In contrast to the categorical patterns of [HA, § B], these are manifestly co-categorical, and it is relatively
easy to construct push-pull adjunctions between categories of fibrous patterns over different algebraic patterns;
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we found our theory of I-operads in this syntax for this reason, as the Boardman-Vogt tensor product is most
easily defined in terms of pushforward along maps of algebraic patterns.

The author would like to emphasize that the program surrounding algebraic patterns has achieved
many results not mentioned here, as fibrous patterns only play a foundational role. For a significantly more
thorough and elegant treatment, we recommend [BHS22; CH21; CH23].

2.1.1. Algebraic patterns and Segal objects.

Definition 2.1. An algebraic pattern is a triple (13, (B, B2Y), B3¢l), where (B, 132) is a factorization system
on B and Be c B is a full subcategory.!* The co-category AlgPatt c Fun(Q, Cat) is the full subcategory
spanned by algebraic patterns, where

(11) Qe e—eco. <
We refer to the morphisms in B™ as “inert morphisms,” morphisms in B2t as “active morphisms,” and

objects in B¢ as “elementary objects.” When it is clear from context, we will abusively refer to the quadruple
(B, (B, Pacty, Bel) simply as B. The following is our primary source of examples.

Construction 2.2 ([BHS22, Def 3.2.6]). An adequate quadruple is the data of an adequate triple A, Xy C X' in
the sense of Section 1.2 together with a full subcategory Xy C X}; the co-category of adequate quadruples is
the full subcategory
Quad?®¥® c Fun(Q, Cat)
spanned by adequate quadruples, where Q is defined by Eq. (11).
Given an adequate quadruple Xy C X C X' D Xy, let X; Pc Span,, f(X ) be the wide subcategory spanned

¥
by the spans X & R 2, Y with iy an equivalence, and similarly Xy C Span,, f(.?( ) the wide subcategory of
spans with 1, an equivalence. This yields a factorization system [HHLN23, Prop 4.9]

X,P > Span, (X) < Xy

We define the span pattern Spanb’f (X;X;P) via the data

e underlying co-category Spanb’f(X ),

e inert morphisms X; Pc Span(X),

e active morphisms Xy C Span(X), and

e clementary objects Xgp C X;p.
Given a map of adequate quadruples (X, (Xb,Xf), XO) — (y, (yb,yf), yo) the associated functor Spanbyf(/'\,’) —
Spanb'f(y) preserves inert morphisms, active morphisms, and elementary objects by definition; hence the

functor Span__(—;-): Quad?ded Fun(Q, Cat) descends to a functor

Span_r_(—;—): Quadadeq — AlgPatt. <
The central example for equivariant higher algebra is the following.
Example 2.3. When 7 is an orbital co-category, I C Fr a 7-weak indexing system (e.g. I =F7), and c(I) its
color family in the sense of Eq. (10), we define the effective I-Burnside pattern
Span;(Fr):= Spananll (FC(I);C(I)) <
Example 2.4. Given 7 an orbital co-category, we may define the algebraic pattern of finite pointed T -sets as
TotFy , = Spang; e (TotF7; 7°P),

where morphisms are in TotEt;eg if their projection to 7°P is homotopic to an identity, morphisms are
in Tot[F% if they’'re a composition of cocartesian arrows and target-degenerate summand inclusions, and

the inclusion 7° — TotF;, corresponds with the 7-object *r € FTET. Note that the target functor
TotF; — 7°P determines a functor TotFy , — 7°P; this corresponds with the structure functor of the free

14 Throughout this paper, we adopt the definition of factorization system used in [CH21, Rmk 2.2], which does not assert any
lifting properties; that is, a factorization system on C is a pair of wide subcategories cLeRce satisfying the condition that, for all

1
maps X L) X’, the space of factorizations X — Y L X’ with I eCL and r e CR is contractible.
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pointed 7 -co-category Fr, on Fr as defined in [CLL24; NS22|. Moreover, there is a composite map of
algebraic patterns

U
(12) ¢: TotFr , < Span, geq (TotF7;7°P) — Span(Fr). <
Algebraic patterns provide a general framework for algebraic structures satisfying the associated Segal

conditions, which are encoded in the notion of Segal objects.

Definition 2.5. Let C be a complete co-category and O an algebraic pattern. Then, the co-category of Segal
O-objects in C is the full subcategory Segy(C) C Fun(®,C) consisting of functors F: O — C such that, for
every object O € ©, the natural map
F(O) —» lim F(E)
Ee@ﬁ)l/
is an equivalence, where (Df)l /= o X©in ey, (018/ is the oo-category whose objects consist of inert morphisms
from O to an elementary object. <
Remark 2.6. By [CH21, Lem 2.9], a functor F: ® — C is a Segal ©®-object if and only if the associated functor
Fl|pint is right Kan extended from F|pe along the inclusion O - Eint, <

Example 2.7. We show in Lemma A.6 that SpanI(IFT)gl/ ~ (Fr/5)°P contains the set of orbits Orb(S) as an
initial subcategory. Hence there is an equivalence of full subcategories

Segspan,(&,)(C) ~ CMony(C) ¢ Fun(Span;(F7),C). <
One benefit of the framework of Segal objects is the following monadicity result.

Proposition 2.8 ([CH21, Cor 8.2]). if © is an algebraic pattern and C a presentable co-category, then the
forgetful functor
U: Seg(C) — Fun(©¢,0)

is monadic; in particular, it is conservative.
Corollary 2.9. A morphism of I-commutative monoids is an equivalence if and only if its underlying morphism
of c(I)-objects is an equivalence; in particular, an I-symmetric monoidal functor F: C® — D® is an equivalence
if and only if the underlying c(I)-functor is an equivalence.

Another benefit of Segal objects is a rich framework for functoriality.

Definition 2.10. Suppose P, O are algebraic patterns. A functor f: P — © is compatible with Segal objects if
it preserves the inert-active factorization system and f*: Fun(®,C) — Fun(P,C) preserves Segal objects in
any complete co-category C. Moreover, a morphism of algebraic patterns f: P — © is a called a:

e Segal morphism if it is compatible with Segal objects, and a

e strong Segal morphism if the associated functor f;(’}: Dg(l ;= (D;I(X) / is initial for all X € P. <

Observation 2.11. The conditions for Segal morphisms and strong Segal morphisms are each compatible with
compositions and equivalences; that is, there are core-preserving wide subcategories

AlgPatt>8, AlgPatt>'To"875¢8 ¢ AlgPatt

whose morphisms are the Segal morphisms and strong Segal morphisms, respectively. <

There is a universal example of coeflicients, which we can use to verify that a functor is a Segal morphism.

Remark 2.12. [CH21, Lem 4.5] concludes that f is a Segal morphism if f* preserves Segal objects in spaces. <

Example 2.13. We show in Proposition A.17 that, given any functor 7 — 7’ of atomic orbital co-categories,
the associated functor

Span(F7) — Span(F7)
is a Segal morphism. Additionally, in Corollary A.9, we show that the map ¢ of Eq. (12) is a segal morphism,
constructing a pullback map

CMony(C) = Segspan(FT)(C) - SegTotETﬂ (C).

In [Bar23a, Cor 2.64], conditions for a strong Segal morphism were developed concerning when their pullback
maps are equivalences, and these conditions were checked in [BHS22, Prop 5.2.14] in the case 7 = Og; we
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review their argument and extend it to arbitrary atomic orbital co-categories in Appendix A.1. The existence
of such an equivalence (not necessarily induced by a map of patterns) is not new, and to the author’s
knowledge, first appeared as [Narl6, Thm 6.5]. <

Limits of patterns construct a large number of examples according to the following lemma.

Lemma 2.14 (|[CH21, Cor 5.5]). AlgPatt C Fun(Q,Cat) is a localizing subcategory; in particular, AlgPatt has
small limats.

Example 2.15. In particular, AlgPatt has products. By [CH21, Ex 5.7], there is an equivalence
Segqax1y (C) ~ Segy3Segy, (C).

In particular, this combined with Example 2.7 gives a complete segal space model for I-symmetric monoidal
categories; indeed, the pattern A°PH of [CH21, Ex 4.9] has Segal A°PH_objects in C given by complete Segal
objects in C, specializing to the fact that Seg,ops(S) =~ Cat, and hence

Sengp,h (ST) = SegTop,eleop,h (S) =~ SegTop,el (Cat) ~ CatT,

int

1
where 7°P#l i the algberaic pattern with (TOP'el )e = (TOP'el) =7° = (T"p’el )ad. Additionally,

Seg pops(CMony(S)) = SengP,uxspan(FT)(S) =~ Seggpan(r,)(Cat) = CMonr (Cat). <
Cartesian products of patterns play nicely with well-structured maps of patterns.
Lemma 2.16. Suppose f: © — P and f': O’ - D’ are (resp. strong) Segal morphisms. Then,
fxf:OxO ->Ppxp
is a (strong) Segal morphism.

Proof. The case of Segal morphisms follows immediately from Example 2.15, so we assume that f, f’ are
strong Segal. Then, the induced map

Fx ) = (f % f)xx' (DX@)XX/_)(DXD)fxfx

is a product of initial maps; it follows that it is initial, since limits in product categories are computed
pointwise. 0

2.1.2. An interlude on soundness and extendability. We will move on to describe the theory of operads
corresponding with an algebraic pattern, but to do so, we make some technical assumptions. Let O be an
algebraic pattern and w: X — Y an active map. Define the pullback square

(Del( ) s Ar(@lm)

I

?,I/X(D (u), })Comt @mt

where w(_ (D = (Dlm sends a : Y — E to the inert map w, of the inert-active factorization of X SYySE.
Deﬁnitlon 2.17. (0 is sound if, for all w: X — Y active, the associated map O (w) — (D)e(l/ is initial. A sound

pattern © is soundly extendable if oy := AraCt(®)—t> O is a Segal O-co-category, where Ar*Y(©) c Ar(Q) =
Fun(A',©) is the full subcategory spanned by active arrows. <

Soundness as a condition allows one to simplify Segal conditions; sound extendibility reduces many
instances of relative Segal objects in the sense [BHS22, Def 3.1.8] to a morphism with Segal domain by
[BHS22, Obs 3.1.9]. A condition of extendability was originally introduced in [CH21, Def 8.5] for the sake of
explicit formulas for the free Segal O-object monad, and is equivalent to sound extendability in the presence
of soundness [BHS22, Rmk 3.3.17]; we will not consider the reasoning for this notion further, but instead
remark that it is true of our main examples.

Example 2.18. / We verify in Lemma A.8 that Span(F7) is soundly extendable; moreover, we verify in
Lemma A.3 that TotFy , is sound, and one may verify that it is soundly extendable. <
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2.1.3. Fibrous patterns. The unstraightening functor of [HTT] realizes Segy(Cat) as a non-full subcategory of
Cat/p consisting of cocartesian fibrations satisfying Segal conditions; we relax this for the following definition,
which is equivalent to the original definition stated in [BHS22, Def 4.1.2] by [BHS22, Prop 4.1.6].
Definition 2.19. Let 1 be a sound algebraic pattern. A fibrous B-pattern is a functor 7 : O — B such that

(1) (inert morphisms) © has m-cocartesian lifts for inert morphisms of 1,
(2) (Segal condition for colors) For every active morphism w: Vy — V; in B, the functor

(DVO—) lim (Dwa,!vl

el
aeBVl/

induced by cocartesian transport along w, is an equivalence, where w_): B@l/ - BB?} is the inert
morphism appearing in the inert-active factorization of a o w, and

(3) (Segal condition for multimorphisms) for every pair of objects Vi, V, € 1 and colors X; € Oy, the
commutative square

Mapy(Xo, X1) —— lim Map(Xo, a1 X1)

l a: VlaEelﬁﬁ,ll/

Mapy(Vo, Vi) —— lim 1 Map(Vy, E)
a: 'V HEGB?Q/
is cartesian.

We denote by Fbrs(B) C Cat}fi~<°<" the full subcategory spanned by the fibrous B-patterns, where the latter
category has objects the functors to 1 possessing cocartesian lifts over inert morphisms and morphisms the
functors preserving such cocartesian lifts. <

Remark 2.20. As noted in [BHS22, Rmk 4.1.8], in the presence of condition (3) above, condition (2) may
be weakened to assert that the functor Oy, — lim el /(Dw v, 18 a mg-surjection without changing the
Vi a,!

resulting notion. To match [BHS22, Prop 4.1.6], we may even take the intermediate assumption that this
functor induces an equivalence on cores. <

Example 2.21. Fibrous F,-patterns are equivalent to co-operads (c.f. [HA]), and in Appendix A.1 we will
extend a proof due to [BHS22] (in the case 7 = Og) that fibrous TotF; ,-patterns are equivalent to the
T -co-operads of [NS22]. <

The fully faithful functor U: Fbrs(13) — Cat}5i~°®" is a reflective subcategory inclusion.
Proposition 2.22 ([BHS22, Cor 4.2.3]). U participates in an adjunction

Lrbrs

. -
Cat%‘é‘cocm +  Fbrs(B)
—
In terms of functoriality, we prove the following in Proposition A.16, extending [BHS22, Lem 4.1.19].

Proposition 2.23. Suppose f: P — O is a Segal morphism and either © is soundly extendable or f is strong

Segal. Then, the pullback functor f*: Catp — Cat,p preserves fibrous patterns; furthermore, the functor
f*: Fbrs(®) — Fbrs(P)

has a left adjoint given by Lgyys fi-

Example 2.13 and Proposition 2.23 together yield a functor
Fbrs(Span(F7)) — Fbrs(TotF7 ,);

we review a proof that this is an equivalence (originally due to [BHS22] when 7 = Og) in Corollary A.9.

A fibrous pattern 7t: @ — B inherits a structure of an algebraic pattern whose inert morphisms consist
of m-cocartesian lifts of inert morphisms in 1, whose active morphisms are arbitrary lifts of active morphisms
in B, and whose elementary objects are spanned by lifts of elementary objects. This is canonical:
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Proposition 2.24 (|[BHS22, Cor 4.1.7]). Fibrous patterns are closed under composition for the above pattern
structure, inducing an equivalence

Fbrs(©) ~ Fbrs(1) .
We construct many Segal morphisms in Appendix A.3. Many more are constructed in the following.
Proposition 2.25 ([BHS22, Obs 4.1.14]). Fibrous patterns are strong Segal morphisms.

2.1.4. The Segal envelope. In [BHS22, Lem 4.2.4] it was verified that a cocartesian fibration to © is a fibrous
O-pattern if and only if it’s the straightening of a Segal O-category (assuming @ is sound); this lifts the fact
that an operad C® is a symmetric monoidal co-category if and only if the corresponding functor C® — F, is a
cocartesian fibration. We would like to describe adjunctions relating fibrous patterns to Segal objects, but to
do so, we need a few constructions.

Definition 2.26. Given © — B a map of algebraic patterns, the Segal envelope of © over 1 is the horizontal
composite

Envip® — Ar*Y(B) —— B

.

where Ar®{(1B) c Ar(B) = Fun(A!, B) is the full subcategory spanned by active arrows and s,t are the source
and target functors. We denote the envelope of the terminal B-pattern as

Gy = AraCt(B)L B. <
Given f: P — O a Segal morphism between algebraic patterns, we then define the composite functor

f®: Segg{‘D LN Segé,};m{‘D 4 Segg/D

where ¢q is the map fitting into the following diagram:

%
ey o
1l - N}
P—— O

This participates in the following theorem, which was proved under a strong Segal assumption which is
rendered unnecessary by Proposition 2.23.

Theorem 2.27 ([BHS22, Prop 4.2.1, Prop 4.2.5, Thm 4.2.6, Rem 4.2.8]). Let © be a soundly extendable
pattern. Then, Envy participates in an adjunction
EnV@
—
Fbrs(O) + Segy(Cat).
_

Un
By taking slice categories, this induces an adjunction

/<,
Env®

—
Fbrs(®©) + Segg(Cat)
—_
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whose left adjoint is fully faithful. Furthermore, if f: O — P is a Segal morphism between soundly extendable
patterns, the following diagram commutes:

Ity
En
Seg(Caty,) —th Fbrs(©) «V—®> Segp(Cates ) ez, — Fbrs(®)

f l f l f ®l L’ ¥
SegD(Catm) — Fbrs(P) W SegD(Catm)/ﬂD — Fbrs(P)
P
We will make frequent use of product patterns, so we observe their interaction with Segal envelopes.

Observation 2.28. If O, P are fibrous B-patterns, then their Segal envelopes satisfy
Envs,g3(O x P) = (O x P) X315 Ar*{ (B x B)
= (O x33 AP (B)) x (P xys Ar*(13))
=~ Envyy(O) x Envyy(P) <

We finish with a right handed construction which will be useful in Section 3.

Observation 2.29. Suppose B, B’ are soundly extendable algebraic patterns, modelled within quasicategories.
1 has an associated categorical pattern

CatPatt(1) := (1, inert,all, {153/}055)

Unwinding definitions, fibrous 1 patterns are presented by the model structure on Setx /CattPatt(D) constructed

in [HA, Thm B.0.20]. In particular, we may apply [HA, Rmk B.2.5] to conclude that cartesian products
furnish a distributive bifunctor

Fbrs(B) x Fbrs(B®’) — Fbrs(B x B');

the restriction Fbrs(1) ~ Fbrs(1) x {13’} — Fbrs(1d x 1’) is then seen to be both equivalent to pullback along
the projection p: B x B — 1 and a left adjoint. We will write p, for its right adjoint. The same result
applies for Segal B-oco-categories using the pattern

CatPatt®(1) := (1,all,all, {15 } o)

2.2. T-operads and [-operads. We're finally ready to specialize to equivariant operads. Fix 7 an atomic
orbital co-category.

Definition 2.30. The co-category of 7 -operads is
Op; :=Fbrs(Span(F7)).

More generally, when I C F7 is a weak indexing category, the co-category of I-operads is
Op; := Fbrs(Span;(F7)).

o : : . int—cocart . int—cocart
The associated localization functors are Loy, : Cat /Span(Fy) Op7 and Loy, : Cat /Span, (F7)

By Proposition 2.24, if O® is an I-operad, then it has a natural pattern structure such that O® —
Span;(F7) is a morphism of patterns; the inert morphisms are cocartesian lifts of backwards maps, and the
active maps are arbitrary lifts of forwards maps.

Definition 2.31. If O®,P® are I-operads, then an O-algebra in P is a map of I-operads O® — P®; the
co-category of O-algebras in P is written

—)OpI. <

Algo(P) = Funjie oG (0%, P°). <
Remark 2.32. It follows by unwinding definitions that MapOpI(Og’, P?) ~ Alg,(P)=. <

The following proposition verifies that the pushforward functor Op; — Op is simply given by post-
composition along the canonical functor LIT: Span;(F7) — Span(Fr) (c.f. [NS22, Ex 2.4.7]).
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Proposition 2.33. Let I CFr be a pullback-stable replete subcategory. Then, the functor
N2, = (span; (7) 2 Span(Fy)|
presents a T -operad if and only if I is a weak indexing category.

We will delay the proof of this until Page 34. If O® ~ N/ I%o arises from Proposition 2.33, we say that O®
is a weak N, T -operad (or simply a weak N -operad), and if I is an indexing category, then we say that
NIQ?;G is an N -operad; in either case, we write

CAlg,(C) :=Algy, (C)
for the oco-category of I-commutative algebras in C. This fits nicely into the theory of 7 -operads:

Corollary 2.34. Pushforward along lIT yields an equivalence of co-categories Op; =~ OPT,/N,® .
Proof. Unwinding definitions, this is Proposition 2.24 for © := /\/’I?;o and B := Span(F7). |

In Corollaries 2.82 and 2.83 we will show that the morphism /\/'I?;O - Comm? is monic, so pushforward
Op; — Op is fully faithful. Until then, we will largely consider Op; and Op; separately.

Example 2.35. The terminal 7 -operad is presented by Comm?i = (Span(FT) i) Span(FT)), and hence it is

an N -operad; we write CAlg,(C) = CAlgFT (C), and call these 7 -commutative algebras. For any T -operad
O®, pullback along the unique map O%® — Comm?i determines a unique natural transformation

CAlg,(C) — Algy(C),

so we view 7 -commutative algebras as the universal 7 -equivariant algebraic structure. <

Definition 2.36. If O® is an I-operad, then the co-category of small O-monoidal co-categories is
Cat3 := Seg e (Cat).
If C®,D® are O-monoidal co-categories, then the co-category of O-monoidal functors from C® to D® is
Fung(C, D) := Fun%‘éﬁrt (C®, D®).

A lax O-symmetric monoidal functor is a functor of I-operads C® — D® over O%. <

In particular, we write Cat® := Catﬁ’/l and Cat? = Cat%; Corollary A.7 constructs an equivalence

Cat? ~ CMon,(Cat).

Note that a lax [-symmetric monoidal functor is an I-symmetric monoidal functor if and only if it is a
morphism in Cat?, i.e. if and only if it preserves cocartesian lifts for arbitrary maps in Span;(Fr).

Remark 2.37. Definitions 2.30 and 2.36 appear to depend on I, but we omit I from our notation; we will
show in Corollary 2.82 that ]\ffio - Comm?ﬁ is monic, obviating this dependence. <

The rest of this subsection proceeds through a series of vignettes. In Section 2.2.1, we explicitly
describe the structure of I-operads through the lens of their underlying 7 -categories and their structure
spaces. Following this, in Section 2.2.2, we summarize the comparison between 7T -operads and [NS22|’s
T -operads, and we derive 7 -co-categorical lifts of Op, and Alg,(C). Then, in Section 2.2.3, we summarize
the specialization of the Segal envelope to [-operads. Finally, in Section 2.2.4 we describe the family of trivial
T -operads, which form the left adjoint to the underlying 7 -co-category.

2.2.1. The structure of I-operads. The Segal conditions for fibrous Span(F;)-patterns were characterized
in [BHS22] in the case 7 = Og; we generalize this to weak indexing systems over general atomic orbital
co-categories in Lemma A.6, and summarize the results here.

Construction 2.38. Given 7o : O® — Span;(F7) an I-operad and S € F7 a finite 7 -set, we define

Os := 15! (S).
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Inert arrows endow on (Oy)yer the structure of a 7-co-category U(O®), formally given by the pullback

Tot U(O®) —— OP
L
TP «—— Span(Fy)
We call this the underlying T -co-category of O%, and refer to it as O when this won’t cause confusion. <

Proposition 2.39. A functor 7 : O® — Span(Fr) is an I-operad if and only if the following are satisfied:

(a) O% has Tt-cocartesian lifts for backwards maps in Span;(Fr);
(b) (Segal condition for colors) for every S € Fr, cocartesian transport along the 1-cocartesian lifts lying
over the inclusions (S « U = U | U € Orb(S)) together induce an equivalence

(¢) (Segal condition for multimorphisms) for every map of orbits T — S in I and pair of objects
(C,D) € Or x Oy, postcomposition with the 1-cocartesian lifts D — Dy lying over the inclusions
(S« U=U|UEeO0rb(S)) induces an equivalence

MapJ."®(C,D) ~ ]—[ Map_s V7Y (C,Dy).
UeOrb(S
where Ty =T xg U.

Furthermore, a cocartesian fibration 1 : O® — Span,;(Fr) is an I-operad if and only if its unstraightening
Span;(F7) — Cat is an I-symmetric monoidal category.

Proof. Each of our conditions nearly matches with that of Definition 2.19, with the exception being that we
evaluate the limits on the sub-diagram Orb(S) C SpanI(FT)gl/; we show in Lemma A.2 that this is an initial
subcategory, proving the proposition. O

Remark 2.40. Cocartesian lifts over backwards maps furnish an equivalence

T—Ty—U

Map s

Ty—U
(C,Dy)=Map,  (Cr,,Dy),

where Cr,, € Or,, is the Ty-tuple of colors underlying C. Hence in the presence of Conditions (a) and (b),
Condition (¢) may equivalently stipulate that the map

N T, —>U
Map>’(C,D) — ﬂ Map %~ (Cr,, Dy)
UeOrb(S

is an equivalence. We will generally prefer this version, as the data of a 7 -operad is most naturally viewed as

living over the active (i.e. forward) maps. <

Remark 2.41. Practitioners of [HA, Def 2.1.10] should note that, by Remark 2.20, we may weaken Condition (b)

to assert only that cocartesian transport induces a mp-surjection Og — [ Oy. <
UeOrb(S)

We're finally ready to prove Proposition 2.33.

Proof of Proposition 2.33. Note that Conditions (IC-a) and (IC-c) of Definition 1.43 are true by assumption
(they were forced on us in order to make Span;(IFy) definable). We verify the conditions of Proposition 2.39
for 7T -operads.

Note that Span;(F7) has unique lifts for backwards maps, so condition (a) follows always. Furthermore,
Span,(Fr) always satisfies condition (b) by construction. Lastly, by unwinding definitions and noting that
there exists a map of spaces X — Y x @ = & if and only if X is empty, Observation 1.44 implies that (c) is
equivalent to Condition (IC-b). O

Using Proposition 2.39, we gain access to the structure spaces of T -operads.
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Notation 2.42. Following [BP22] We will refer to tuples (V € 7,S € Fy, (C; D) € Og xOy) as O-profiles, and we
will often abusively refer to the profile (V, S, (C; D)) as (C; D). Additionally, if ¢»: T — S is a map of finite V-
sets, we will write Ty := T xy S; we refer to a composable datum over i as the data of a O-profile (V, S, (C; D))
together with an S-tuple of profiles ((U, Ty, (BU'CU)»UeOrb(S); in this case, (By)yeorb(s) assemble into a
T-tuple B, and we refer to (V,T,(B; D)) as the composite O-profile. <

Construction 2.43. Let O® be a 7T -operad. Given an O-profile (V, S, (C; D)), we write

T Ed
O(C; D) = Map V" (C, D).

Similarly, given S € Fy,, we write
0(S) = ]_[ O(C;D);
(C,D)eOsx0Oy
we refer to this is the space of S-ary operations in O. <
This simplifies in a particular setting:
Definition 2.44. A T-operad OP is

e at most one-colored if Oy €{@,+} for all V €T, ie. O(+y)ec{@,+} forall VeT,
e at least one-colored if Oy = @ for all Ve T, ie. O(+y)=@ for all VeT, and

e one-colored if O® is at least one-colored and at-most one colored.

<oc

We denote the associated full subcategories by OpS* C Op>OC Op7™ cOp7. <
We acquire a simpler description for one-color 7 -operads: they are functors 7t: O® — Span(F7) with:

(a’) cocartesian lifts of backwards maps,
(b’) contractible fibers, and
(¢”) for whom cocartesian transport induces an equivalence

Map(TDHS iT,iS) I_[ O(Ty),
UeOrb(S
where 71 (T)={iT} and Ty = T xg U — U, considered as a U-set.
For most applications, algebras over one-color 7 -operads suffice. For now, we describe the general setting.

Construction 2.45. Given O® € Op and (S, V,(C; D)) an O-profile, for any T « Indgs , we have an equivalence

TeInd}S—V
o

O(C; D) =~ Map (C;D)

due to the existence of cocartesian lifts for inert morphisms. Given a map U — V in 7 and a finite V-set
S € Fy, postcomposition with the cocartesian lift of the backwards map V « U = U yields a restriction map

Resg
O(C; D) O(ResUC ResUD)
(13) i R
Ind? s—Vv Ind? SInd? Sxy U—U v v
Mapr, " (C,D) —— Mapy, (Res}; C, Res); D)

where the right hand side corresponds with the profile (U, Resg S,(Resg G; Res{, D)) induced by restriction.

Moreover, given a composable datum ((C;D),(BU;CU)UEorb(S)) lying over a map of V-sets ¢rg: T — S,
writing @7y for the structure map of T, composition in O® restricts to a map

O(C; D) x ]_[ O(By;Cy) —-—3 O(B;D)
UeOrb(S)

(14) R
R

Map{3' (C, D) x Mapit® (B,C) —— Map®L' (B, D)
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Lastly, define the color preserving automorphism group to be the subgroup Auty (C) C Auty(S) consisting of
automorphisms ¢ such that Cyy =~ C,y for all U € Orb(S). Note that 7p-cocartesian lifts of Auty (C) preserve
C; cocartesian transport then yields an action

(15) ps : Auty (C) x O(C; D) — O(C; D).

We refer to Resg as restriction, y as the composition, and pg as X-action. <

Example 2.46. Let I be a weak indexing category. Recall the example N7 2 = (Span;(Fr) — Span(F7)) of
Proposition 2.33. Then, it follows by definition that UN}2_ = #); that is, /\/}oo always has at most one color,
and it has one color if and only if I has one color in the sense of [Ste24b].

Moreover, we have

SelF;y;
Niwo(8) =17 v
g SelFry.
Each of the maps Resg, 7,pPs are uniquely determined by their domain and codomain. <

For the following observation, we restrict to the one-color case simply for notational clarity; the general
case follows identically.

Observation 2.47. The structures of Egs. (13) to (15) are compatible in the following ways:

1) The restriction maps are Borel Auty (S)-equivariant, i.e. the following commutes:
v

{cocart lifts of AutV(S)}xMap(pSV(lS iV) ° Map(psv iS,iV)
Auty(S)x O(S) P s O(S)
Res},/\, lRes}//v lResl‘,/\, Resw

\l AutW(Res% S) x O(Res}//v S) S N O(Res% S)

~

{cocart lifts of Autyy (Resy, S)} xMap(pSV(zRes}//v S,iW) o Map(psv (iResyy S, iW)

/

Here we write Og = {iS}.
(2) The composition maps are Borel Auty(S)x [] Auty(Ty)-equivariant in an analogous way.
UeOrb$S

(3) The identity map on #y yields an element 1y € %, which is taken to 1y by Resx.
(4) The composition maps are unital, i.e. the following commutes.

Mapgs' (iS,iV) (id,{id}) > Mapgs' (iS,iV)x Mapi, (iS,iS)

/ \ Sl o) % <

(*u)
UeOrb(
({id},id) {1y}, 1d ;l/
&

0(5

EQ

S
¥
<
9
9]
~
N

\
\/

Mapi$(iV,iV) x Mapls' (iS,iV) ° ap((gfév iS,iV)

(5) The map y is compatible with restriction, i.e. given a composable pair of morphisms

_— PTv \
Ind%;T — P15 = Ind€5 —psy 5V
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and W — V a map in 7, the following diagram commutes, where T := ]_[fj Ty:

Mapps' (iS,iV) xMap({)TS(zT iS) ° > Mapis' (iT,iV)
)4 /
O(S)x [T O(Ty) s O(T)
UeOrb(S)
w
Resyy lResy lRes Res,

ResWS)x [T O(Ty) —r O(Res},/v T)

U/eOrb(Res% S) \

Res), )
MapO;SW(PSV zResWS zW x Map esW(’DTS(IResK, T,iRes}, S) ap eSW(PTV(IResWT iW)

(6) The composition maps are associative, i.e. given a collection of maps and composites
PRV ——

// Prv

T T — T\

IndiyyR — ¢rr — Indy, T — ¢1s — Indj,S — ¢sv Vv,
\ /

PRS

the following commutes, where R := ]_[fj %’ Ry:

Map(psv(ls zV)xMap(st(zT 1S)><MaquT(1R iT) ° Map(pTV(zT 1V)><Map(PRT(zR iT)
)4 /
[0(5)>< I O(Tu)]x [T ORy) ———— O(T)x [] O(Ry)
UeOrb(S) UeOrb(S) WeOrb(T)
WeOrb(Ty)

| p

T
° 0s)x 11 [O(TU)X I 0<Rw>] o([1rw) °

UeOrb(S) WeOrb(Ty) w

I |

Ty
o0(S)x I1 O(]_[RW) r s O(R)
UeOrb(S) \ W \
Map(PSV(ls iV) xMap(pRs(zR iS) 0 Map(’?RV(zR iV)

Thus, passing to the homotopy category, the data of a 7-operad supplies a discrete genuine 7 -operad in hoS
in the sense of Definition 2.94. <

2.2.2. The T -co-category of T -operads. Recall the map of algebraic patterns ¢: TotF;, — Span(F7) of
Eq. (12). By assumption, if O® is a fibrous Tot[F ,-pattern, it possesses cocartesian lifts over all morphisms

in the composite O® — TotFy, — 7°P. Thus, fibrous TotF ,-patterns possess total 7T -co-categories; we
refer to the associated functor as

Toty: Opy — Fbrs(TotF ,) — Catr.

In Proposition A.4 and Corollaries A.9 and A.10, we prove the following generalization of the contents of
[BHS22, §5.2], which identifies our 7 -operads with those of [NS22].
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Proposition 2.48. Suppose T is an atomic orbital co-category. Then, pullback along ¢: TotF; , — Span(F7)
implements equivalences of categories

Cat% = SegTotTotT o® (Cat);
Op; =~ Fbrs (TotET,*).

Moreover, Fbrs(TotET’) is equivalent to the co-category of T -co-operads of [NS22] and SegTotTotTO@,(Cat) 18
equivalent to the oo-category of small O-symmetric monoidal T -co-categories of [NS22].

This enables us to make the following definition.
Definition 2.49. Let O®, P® be T -operads, Then, the 7 -co-category of O-algebras in P is the full subcategory

Alg (P):= Funiant/jEC;fart (TotT O®, Totr 77®)
C F].lrlj*y/ET‘)Q (TOtT O®, TOtT P®)

with V-values spanned by the V-functors Res?, Toty O® — Res?, Toty P® preserving cocartesian lifts over
inert arrows in Fy, . <

We lift Ops to a 7 -co-category by the following.

Definition 2.50. We show in Proposition A.18 that Span(lndg) : Span(Fy) — Span(Fy) is a Segal morphism
for all maps U — V in 7. We refer to the resulting 7 -co-category

an(F())
: TOP ————> AlgPattSE-Se80p 0, Cat.

as the T -co-category of T -operads, where AlgPattS'E'seg C AlgPatt is the non-full subcategory of soundly
extendable patterns and Segal morphisms. <

Observation 2.51. The V-value of Op is Opy = Opg, ; the restriction functor ResU Opy — Opy is
implemented by the pullback

Res/,0® —— 0®
L
Span(Fy) —— Span(Fy).
with bottom functor is Span(IndE). Moreover, @: TotF;, — Span(F7) is natural in 7, ie. it yields a
commutative diagram

TotF,, — Span(Fy)

l |

TotF, , — Span(Fy)

Thus ¢ identifies Res},: Op, — Opy, with pullback along TotF, , — TotF, .. <
Observation 2.52. Via Proposition 2.48, we find that FTAlg (P) = Alg,(P). Furthermore, we find that

T
Alg (P)y = Fun}rétpéfr‘l’(cart (Res?, O%, Res?, P®) ~ Algger o(Resy O)
with restriction functors induced by functoriality of Resg. Moreover, applying Proposition 2.48 and unwinding
definitions yields an equivalence

FT%T ~Opr- :

2.2.3. Envelopes. In [NS22|, a left adjoint to the inclusion CMonyCat — Op; was constructed, called the
T -symmetric monoidal envelope. This was greatly generalized by Theorem 2.27 in view of Proposition 2.48.
For convenience, we spell this out here.



EQUIVARIANT OPERADS, SYMMETRIC SEQUENCES, AND BOARDMAN-VOGT TENSOR PRODUCTS 39

Corollary 2.53. If P® — O® is a map of T -operads, then the following diagram consists of maps of T -operads
EnvpP® —— Ar*H(0®) —— 0%
Ll
P® — O®
and the top horizontal composition is an O-monoidal co-category. The corresponding functor
Envpy: OPT,/(’)® - Cat%
is left adjoint to the inclusion of O-monoidal co-categories into T -operads over O®, and the induced functor
Envo : Opr 08 — Cato [
is fully faithful, with image spanned by equifibrations in the sense of [BHS22, Thm C]J.
We will simply write Env;(—) := Envy, (=) and Env(~) := Enveomm, (—)-
Example 2.54. Let I be a weak indexing category. Then, unwinding definitions, we find that
Env, N2 ~FIY,

where E—u - Eg—u is the I-symmetric monoidal full 7-subcategory defined in Section 1.2, i.e. it is the
I-symmetric monoidal subcategory generated by {*y | V € c(I)}. <

We record a convenient property of Envy(—) here, which follows by unwinding definitions.
Lemma 2.55 ([HA, Rmk 2.4.4.3]). If O® € Op; and ¢: T — S is a map of V -sets, then there is an equivalence
2 ~
Mory . oy, -, , (EnvI(O)y) = U Map0®_)5pan r,)(CD)
(C,D)EOTXOS

~ U I_I O(Cy;Dy)
(C,D)e0r 05 UOrb(S)

In particular, if O® has one color, then

» oy
Mapy, o), o, , (1 T/iS) = ]—[ O(Ty).

2.2.4. Trivial T -operads. We now construct a simple family of 7 -operads:
Construction 2.56. Given C a 7 -oco-category, we define the 7 -operad

triv(C)® := Lop, (TotC — T°P — Span(Fr)). <
The following property follows by unwinding definitions.
Proposition 2.57. U implements an equivalence
Algyiv()(O) — Funz(C,UO);
in particular, triv(-)®: Caty — Opy is a fully faithful left adjoint to U.

In order to state a corollary, set the notation ¥ := F; , the latter denoting the 7-space core of
Example 1.36. We acquire the following identification from uniqueness of left adjoints and [NS22, Cor 2.4.5].

Corollary 2.58. The equivalence Opy ~ Fbrs(Tot[Fr ,) identifies triv(C)® with the trivial T -co-operads of [NS22,
Cor 2.4.5]; in particular, Toty triv? ~Y, and the functor TotTotr triv(C)® — Tot Toty triv(+7)® ~ Tot L, is
unstraightened from the right Kan extension

T°P L) Cat
>

TotT triv(C
TotX,



40 NATALIE STEWART

2.3. The underlying 7 -symmetric sequence. We now study a forgetful functor to symmetric sequences. We
begin in Section 2.3.1 by defining the multi-colored variant of 7 -symmetric sequences, then move on in
Section 2.3.2 to construct the underlying C-symmetric sequence, verifying that it is monadic in the one-color
setting. We reframe this somewhat in Section 2.3.3 to introduce the n-ary By ¥, -space construction.

2.3.1. C-symmetric sequences.

Definition 2.59. Let D be a T -co-category. The co-category of T -symmetric sequences in D is Funy (X,,D).
In the case C = S, we refer to Funs(X,,S;) =~ Fun(TotX,,S) simply as the co-category of T -symmetric
sequences.

More generally, if € is a T-coefficient system of sets, we set the notation X := Totr triv(C€)®; we refer
to Fung (X, D) and Fun(TotX,,S) as the co-categories of C-symmetric sequences in D and C-symmetric
sequences, respectively. <

Observation 2.60. For any adequate triple (X, X}, Xr), the inclusion

induces an equivalence on cores. In particular, choosing (ET,E;’",ET), we find that the inclusion (=), :F; —
Fr . induces an equivalence
F5 ~F;, ~%;.
In particular, unwinding definitions, we find that
Svi=Sry=Fy = | | BAutyS
SeFy
and the restriction map Xy — Xy is induced by the forgetful maps BAuty S — BAuty S. <
We may similarly explicitly understand X.

Observation 2.61. A map of coefficient systems € — D induces a map of 7T -operads triv(C)® — triv(D)®, i.e.
a cocartesian fibration of 7 -co-categories Xy — Y. Applying this in the case D = *7, we acquire a canonical
natural cocartesian fibration of 7 -co-categories

2(1: - ZT}
taking V-values yields a natural cocartesian fibration
Yoy =Xy
whose straightening has discrete values
ST xe”

with functoriality along S-automorphisms given by permuting the factors of the C° part (see Corollary 2.58).
In particular, the classical Grothendieck construction describes Xy as having;
e Objects: profiles (V,S e Fy,(C;D) e C° x V) with orbit V
e Morphisms: V-equivariant automorphisms of S whose action fixes C, i.e. color-preserving S-
automorphisms.

In short, we find that
Tey = U BAuty(C).

Selfy
(C;D)eCSxCV

Moreover, unwinding definitions, we find that the restriction functor Res%: Ye¢,v = X¢,w is induced from
the forgetful maps B Auty (C) — B Auty (C). <
2.3.2. The underlying C-symmetric sequence. We will restrict to the following setting.

Definition 2.62. Given C: 7°P — Set a coeflicient system of sets, we define the full subcategory of C-colored
T -operads as the pullback

Opg — Ops

"

{€C} —— Coeff” (Set)
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<

For instance, Op* = Op*TT as full subcategories. Thus the following construction recovers an underlying
T -symmetric sequence on one-color 7 -operads.

Construction 2.63. Given O® € Op(TE, there is a structure map
Envotriv(C€) = triv(€)® xpe Ar?Ye(O®) - triv(C)®,

where Ar®%¢l(0®) c Ar*(0®) is the full subcategory of active arrows whose codomain is elementary; this is
an inert-cocartesian fibration by pullback-stability of inert-cocartesian fibrations [BHS22, Obs 2.1.7]. The
underlying C-symmetric sequence of O® is the unstraightening

OReq = Unyiy(e)Envotriv(C) € Fun(Tot £, Cat).

Unwinding definitions, we find that there exists a cartesian square

O(C;D) —— Envptriv(C) Tot X xpe Ar®t/el(0)
L |
so that Og‘geq is indeed an C-symmetric sequence. The associated functor is denoted
sseq: Op%r — Fun(Tot X, S). <
We will often use the following to reduce questions about 7 -operads to 7 -symmetric sequences.

Proposition 2.64. Suppose a functor of T -operads ¢ : O®° — P® satisfies the following conditions:

(a) @ induces surjective maps 1gOy — 1oPy for all V €T, and

(b) for all VeT, all S €Fy, all CeOs, and all D € Oy, the map @ induces equivalences ¢ : O(C; D) =
P(pC;¢D).

Then @ is an equivalence of T -operads; in particular, the functor
sseq : Opg — Fun(Tot X, S)
18 conservative.

In particular, specializing to € =+, we find out that {O(S)|S € F;} is jointly conservative. To prove
this, we proceed by reduction to the following observation.

Observation 2.65. If C — D is an equivalence of categories over £, then it preserves and reflects cocartesian
lifts of arrows in &; in particular, if ¢ : O® — P® is a morphism of 7 -operads who induces an equivalence
Totg: O® — P® between the total co-categories of the associated functors to Span(F7), then its inverse is
also a morphism of 7 -operads. Said another way, we’ve observed that the functor U: Opy — Cat/gpan(r,) 18
fully faithful on cores, hence it is conservative, so Tot: Op; — Cat is conservative. Similar arguments show
that TotToty : Opy — Caty — Cat is conservative. <

Proof of Proposition 2.64. The second statement follows immediately from the first, since morphisms of
C-colored 7 -operads are Tp-isomorphisms by assumption. Fixing ¢ satisfying (a) and (b), we will prove that
@ is an equivalence of 7 -operads. Using Observation 2.65, it suffices to prove that Tot¢ is an equivalence of
co-categories.

By the Segal condition for colors, we have an equivalence of arrows

790s = [lyeorb(s) T0Ov

l@s e

oPs = [lveorbs) TPy
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Since g0 =~ ][5 7Os, (a) implies that ¢ is essentially surjective. Furthermore, the Segal condition for
multimorphisms yields equivalences of arrows

Mapos(C:D) = I Mapp(GiD) = Il [ Mapy(CriiDy) = LIOCsviDy)
l fimCe—S—nD f VeOrb(r(D)) fv
P

lu(p Jume lurkp(m

Mapps (¢C, D) = L Map7f>(<PC;<PD) LTI Mapﬁ (pCr-1v,@Dy) = UITP(¢Cf-1y;@Dy).
fmCe—S—nD f VeOrb(S) fv

the right arrow is an equivalence by (b), so the leftmost arrow is an equivalence, hence ¢ is fully faithful. O

The author learned the U, portion of the following argument from Thomas Blom.

Corollary 2.66. The functor sseqy: OpSy — Fun(TotX,S) is monadic and preserves sifted colimits.

Proof. By [BHS22, Cor 4.2.2], Opred and Fun(TotX,,S) are presentable, so by Barr-Beck [HA, Thm 4.7.3.5]
and the adjoint functor theorem [HTT, Cor 5.5.2.9], it suffices to prove that sseq is conservative and preesrves
limits and sifted colimits. Conservativity is Proposition 2.64, and (co)limits in functor categories are computed
pointwise by [HTT, Prop 5.1.2.2|, so it suffices to prove that O > O(S) preseres limits and sifted colimits.
We separate this into manageable chunks via the following diagram:

O—0(S)
Op¥* » S
lUSeg VindZs,v
l
. Res?, U,
Int—cocart,core—iso  Ucocart core—iso 14 core—iso o ~\X2
Cat)span () > Cat g an(Fr) » Catigpanr,) — 7 Fun ((Span(Fy)*)?,S)

7 and ev d7s,v preserve (co)limits since they are evaluation of functor categories [HTT, Prop 5.1.2.2]. Ucqcart
preserves limits and sifted colimits by [BHS22, Cor 2.1.5]. Useg preserves limits and sifted colimits, as each

commute with finite products. Res‘T, preserves limits and sifted colimits, as it is a left and right adjoint.
By [Hau20, Prop 3.12|, U, is equivalent to the forgetful functor

Alg(S/span(Fr)*,Span(Fr)~) = S/Span(Fr)*,Span(Fr)=s

where S% /v,y 1s a monoidal structure on Sy y = Syxy = Fun(Y x Y,S). This functor preserves limits and sifted
colimits by [HA, Prop 3.2.3.1], completing the argument. O

In particular, this constructs a left adjoint
Fr:Fungy(X;,S87) =Fun(TotYX;,S) — Opy

to sseq. We lift this to a 7-adjunction in the following construction.
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Construction 2.67. The functor sseq is associated with a 7 -functor sseq as in the following diagram

Aract,/el(o®)
\k
o® trivy ——— O% trivy > 0%
m m m
oc T A2 :,®
Opr > OPrie/ — Funy (Inflf A7, Op7) xop, {trivy}
- 1
T A2 :,®
Funy (ZT’§T) OpT,/triv?; 5 Funy (Inﬂe Al’%j—) X0p,. {terT}
w w w
sseqO® Envptriv Envptriv y Arict/el(0®)
R N é
\I(
trivy trivy > 0%
By [HA, Prop 7.3.2.1], the pointwise left adjoints Fr lifts to a 7-adjunction
sseq: Op> < Funy (X7, S7): Fr,
i.e. Fr is compatible with restriction. <

2.3.3. Other persiectives on T -symmetric sequences.

Remark 2.68. Let Oy, 1, C Ogxy, be the full subcategory spanned by [G x X,/Ts] for ¢s: H — X, a map
with associated graph subgroup I's = {(h, ¢s(h)) |he H} C Hx X, Cc GxX,. This possesses an evident forgetful
functor ngXEn/Fs — OOGP taking [Gx X,/Ts] — [G/H]; in [NS22, Ex 4.3.7], this was shown to be a cocartesian
fibration factoring through an equivalence

op - op
]_I Oz, 1y = TotLe — Og

neN

taking [G x £,/Ts] + (H,S), and hence taking the G-space presented by Ogyy s, equivalently onto the
summand BgY, C X, the classifying G-space for equivariant principle X, -bundles.

More generally, we say that an atomic orbital co-categories 7 is EI if the inclusions Aut(V) < End(V)
are equivalences. If 7 is EI and admits a weakly initial object e € 7', we may define the 7 -subspace BrX, C X,
as corresponding with the 7 -sets S whose restriction ReseT S is a set with n elements; then, we acquire a

splitting
=] |BrZw

Under the above equivalence, given O® € Op%, we define the n-ary By ¥, -space

sseqO
O(n): By, C Ly o X

For instance, if F € Og is a family of subgroups, then F is EI with a weakly initial object, and BrX,
is the classifying F-space for F-genuine G-equivariant principal X,-bundles. In the case 7 = Og, O(n) is
characterized by its Ts-fixed points O(n)'s ~ O(S), with restriction functors along rResil s CTs corresponding
with restriction map O(S) — O(Res¥ S). <

We will see in Remark 2.102 that this intertwines with a nerve functor from operad objects in topological
G-spaces. We will also need the following notation.
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Notation 2.69. Given an orbit V € 7, and a finite V-set S € Fy,, we may define a natural “S-ary” V-space in
7T -symmetric sequences

(-)(S): Op — Funz (X7, 87) — Funy(Zy,Sy) —> Sy.

More generally, we may define the analogous V-space for an O-profile:
« evV(cD)
Q(C;D): Opy — Funy (X4, 87) — Funy(Xq y,Sy) —— Sy, <

2.4. The monad for O-algebras. We now take a detour into studying the free O-algebra monad. Our main
application for this is the following theorem.

Theorem 2.70 (“Equivariant [HM23, Thm 4.1.1]"). A map of T -operads ¢: O® — P® is an equivalence if and
only if it satisfies the following conditions:

(a) the T -functor U(p): O — P is essentially surjective, and

(b) the pullback functor ¢*: Algp(Sr) — Algn(S1) is an equivalence of co-categories.

Fix O%® a one-object T -operad, fix C® a distributive O-monoidal category in the sense of Observation 1.74
(e.g. it may be presentably O-monoidal) and let triv?ﬁ — C® be the functor of operads associated with a
T-object X € TC. Denote by X®: Env@triv?i — C® the associated O-symmetric monoidal functor, and denote
by

Ogseq(X): Envotrivye —C

the underlying 7 -functor. Given Y a V-space and X € Cy, we will write Y - X for the indexed colimit of the
constant Y-indexed diagram Y — xy — Resgc at X.
Proposition 2.71 (“Equivariant [SY19, Lem 2.4.2|"). The forgetful T -functor U: Alg (C) — C is monadic,

and the associated monad Ty acts on X € TTC by the indexed colimit
ToX = colimOgeq (X),
=~ colimgey O(S)- X®5,
Proof. Monadicity is precisely [NS22, Cor 5.1.5], so it suffices to compute the associated monad. By [NS22,
Rem 4.3.6], the left adjoint Fr: C — Alg,(C) is computed on X by 7 -operadic left Kan extension of the

corresponding map triv® — C® along the canonical inclusion triv® — O®, and the underlying 7 -functor of
this is computed by the composite 7 -left Kan extension

Envptriv X7 Xpe Ar?t/el(O) %\C
_-" 7
\l’ }"’ TOX -7 ///
ET - \ ///
1 ,,/’/Tox
@) *r =777

T -left Kan extension diagrams to *7 are 7 -colimit diagrams by definition, so the underlying 7 -object is
ToX ~ colimOgeq (X).
Additionally, the 7-left Kan extension TpX has values given by the indexed colimit
ToX(S) = colimy, (1 veo(T))-s x®T;
in fact, the inclusion O(S) = {S} xpe Ar*¥¢(0) c (ZT X0 Ardt/ EI((’)))/§ is 7;y-final, so it induces an equiva-
lence
ToX(S) = colim, 5, X®*
~0(5)- XS

and the result follows by composition of 7-left Kan extensions. ]
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Remark 2.72. In view of Remark 2.68, we may rewrite Proposition 2.71 in the case 7 is EI with a weakly
initial object as

ToX = | |colimgep, 5, O(S)- X*°.

neN
We would like to interpret this in a more traditional way, so define the By ¥,-space X" by
SXxS

X":BrY,CcXy cFP "5 S, .
In the case 7 = Og, this is characterized by its graph subgroup fixed points (X”)FS ~ X5. The B X,-space
corresponding with S — O(S)-X®" is O(n)- X". Using the notation (=)n, 5, for BrX,-indexed colimits, we
may then write the formula

ToX =~ U (O(n)x X", 5 .
neN
For instance, when O = E?}, one may check that this agrees with the monad Ky, for free algebras over the
V-Steiner operad considered in [GM17], so it satisfies an approximation theorem to QVXV. <

By [NS22, Prop 3.2.5], the Cartesian 7 -symmetric monoidal structure on CoeffT(C) is distributive
whenever C is a cocomplete Cartesian closed category. In this setting, we may easily characterize the associated
monad.

Corollary 2.73. Suppose C a cocomplete cartesian closed co-category. Then, the forgetful functor
Alg »(Coeff? (€)) — Coeff” (C)

is monadic, and the associated monad Ty has fized points

(Tox)" = | | (0(5)-(X5)V)

SEFV hAutv(S)
SeFy UeOrb(S) hAuty (S)

Proof. This follows from Proposition 2.71 by combining the fixed points of indexed colimits formula of
Proposition 1.26 with the description of Xy in Observation 2.60. O

In fact, we may say more; on the summand corresponding with S, the restriction map on (TpX)" —
(TpX)Y is induced from the restriction map

O(S)- (XS)V — O(Res}; S) - (XS)V — O(Res}, S) - (XReslV]S)U

Corollary 2.74. The functor Alg(f)(QT): OpS* — Cat is conservative.

Proof. Suppose @: O — P induces an equivalence Algy(Sy) 5 Alg,(Sy). Then ¢ induces a natural
equivalence Tn = Tp respecting the summand decomposition in Corollary 2.73. Choosing X = S € Fy, note
v
that the V-equivariant automorphisms embed as a summand Auty(S) C Endy (S) ~ (SS ) , yielding a natural
coproduct decomposition
v
0(s)x(5)") ~ (O(S) x Auty S U]
(05)x(57) s = OV X AU )y, s Ulos
=0(S)UJo,s

for some Jo,5; hence the summand-preserving equivalence T,: ToS = TpS implies that ¢(S): O(S) — P(S)
is an equivalence for all S, i.e. sseqg: sseqO — sseqP is an equivalence of 7-symmetric sequences. Thus
Proposition 2.64 implies that ¢ is an equivalence. |

Remark 2.75. Corollary 2.73 agrees with the free Segal Tot O®-object monad of [CH21, Cor 8.12] in view
of Lemmas A.6 and A.8 and Corollary A.7, so O®-algebras in the Cartesian structure on Coeff’ C are
interpretable as O®-monoids (c.f. [HA, Prop 2.4.2.5 in view of Proposition A.4 and Corollary A.10). We do
not study this further at present, as we will cover the general Cartesian case in forthcoming work [Ste24a]. <
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To finish the section, we repeat the above work without the one-color assumption.

Observation 2.76. Analogously to [HM23], let f: € — O be a 7 -functor from a coefficient system of sets,
and let triv(C) — O® be the corresponding map of 7 -operads. Then, [NS22, Thm 5.1.4| constructs a left
T -adjoint to the pullback functor Alg (D) — AlgtriV ( @)(C) ~ Fun,(C, D), whose associated 7 -functor has

value on the O-algebra X given by the 7 -left Kan extension

; N act,/el X
Envotriv(C) PR XO®P$ §S(O) ﬁj)
T __-ToX /
LTS o
+ -7 TTox
c C -

By an analogous argument to Proposition 2.71, we have
nfC
ToX(C,D) ~ O(fC; fD)- ®XCU,

moreover, when D ~ CoeffT(C) for C a cocomplete cartesian closed oco-category, we have

(ox)p= || |oscroyx [ ] xE,

(C,D)EXEg,y UenC hAutg,y C
Momentarily choose C = S, and note that, if X¢, = Resg S for S e Fy c Sy for all U, then
H xg = sX“C) ~Map" (rC,S),
UenC

with Autg  C-action given by the composite map Autgy C — Endy(C) — End MapV (cC,S). In particular,
choosing X to be the functor € — Coeffv(S ) which is constant at wC, we acquire a natural equivalence

o(fG o) [ | X,

UenC

- (O(fC;fD) « (ncX"C)V)

hAutg v C
hAutg,y C v

= (O(fC; f D) x Aute,v C)y pyy, , c Ho,(CiD)
~O(fC; fD)U]Jo,c;p)

for some object Jo,c;p) €S-

Now, note that there is a unique symmetric monoidal functor Fry: & — C under the Cartesian structure,
and the induced map MT(S) - MT(C) preserves fiberwise products and indexed coproducts. In
particular, we acquire a natural splitting

(16) FreO(fC; fD)U]’ = To Fre(nC). <

We now conclude a proof of Theorem 2.70. When ¢ is an equivalence, conditions (a) and (b) are obvious,
Conversely, assume conditions (a) and (b); it suffices to argue that ¢(C; D) — P(@C;@D) is an equivalence
for all (C;D) € Og x Oy by Proposition 2.64. This follows from the following stronger proposition.

Proposition 2.77. Suppose C is a presentable and cartesian closed co-category and ¢: O® — P® a map

of T -operads whose pullback functor Algp(CoeffT(C)) — AlgO(CoeffT(C)) is an equivalence. Then, for all
(C;D) € Og x Oy, the induced map

Fre O(C; D) — Fre P(C; D)

is an equivalence, where Fro: 8 — C is the (unique) left adjoint sending + € S to the terminal object of C.

Proof. We will study the sequence of adjunctions on algebras in 7 -spaces associated with the sequence

triv(r,0)® L 08 L, p®
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using Observation 2.76. Condition (b) guarantees that ¢* is an equivalence over FunT(no(’),CoeffT(C)):

Algp(Coeff” (C)) = > Alg,(Coeft” (C))

(yo) /

Funy (7100, Coeff? (C))

this induces a natural equivalence between the associated monads for ()" and y” respecting the splitting of
Eq. (16) for each (C,D), and hence yields an equivalence ¢: Fre O(C; D) — Fre P(¢C; D), as desired. [

2.5. O-algebras in [-symmetric monoidal d-categories. Recall that a space X is said to be d-truncated if
it is empty or 717,,(X,x) = * for all x € X and n > d; in particular, X is (—1)-truncated precisely if it is either
empty or contractible. In Section 1.4, we applied this to mapping spaces to define 7 -symmetric monoidal
d-categories. In this section, we define a compatible notion of 7 -d-operads, centered on the following result.

Proposition 2.78. Let O® be a T -operad and let d > —1. Then, the following conditions are equivalent:

(a) O(S) is d-truncated for all S € Fy,.
b) The T -functor EnvO — F+ has d-truncated mapping fibers.
T

Proof. Let : T — S be a map of T-sets over V. Then, by Lemma 2.55, we have a equivalences

Morgnvo_)& (EnvO) ~ I_I Map%mv@—@T (C,D)
CeOr,De0g

~ 4
(17) o~ | [ | | MapEnvO—ﬁT (Cy,Dy)
CeOr7,De0g UeOrb(S)

~ ]_I ]—[ O(Cy;Dy),
)

CeO7,De0s UeOrb(S
natural in O®. First, in the case d = —1, note that conditions (a) and (b) both imply that O has at most one
color, so Eq. (17) specializes to

Morlp

toop, EnvO) =[] 0(s).

UeOrb(S)

Thus it suffices to note that a product is —1-truncated if and only if its factors are.

Next, in the case d > 0, note that a coproduct of spaces is d-truncated if and only if its factors are;
hence Eq. (17) shows that (b) is equivalent to the condition that []yecorms)O(CysDy) is d-truncated for all
S,C,D. In fact, the equation

O(S) ~ ]_l O(C; D)
(C,D)GOSXOV
shows that this (b) equivalent to the condition that O(S) is d-truncated for all S € Fy,, as desired. |

We define the full subcategory of d-operads Opz ; C Opz to be spanned by T -operads satisfying the
condition that O(S) is (d — 1)-truncated for all S € Fy, as in Proposition 2.78. The following corollary follows
from Proposition 2.78 and the mapping fiber truncation characterizations of Corollary 1.91.

Corollary 2.79. Let O® be a T -operad and let d > 1. The following conditions are equivalent:
(a) O® is a T -d-operad, and
(b) EnvO® is a T -symmetric monoidal d-category.

Furthermore, the following conditions are equivalent:
(a’) O® is a T-0-operad, and
(b’) the T -functor EnvO — Fr is a replete T -subcategory inclusion.

In general, these form a well-behaved subcategory.

Corollary 2.80. The inclusion Opz ; <> Opr has a left adjoint hy satisfying
(haO)(S) = 1241 0(S).
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Furthermore, when d > 1, this fits into the following diagram

h
Op;y —— Opry

! L

h
® d ®
CatT —_— CatTr d

In particular, when C® is a T -symmetric monoidal d-category, the canonical map O® — hy;O® induces an
equivalence

Algy(C) = Algy, »(C).
Proof. By [BHS22, Prop 4.2.1], the image of the fully faithful functor Op; — Cat?i RT-U is spanned by the
AET
equifibered T -symmetric monoidal co-categories, i.e. C® such that, given T — S a map of finite 7 -sets, the
associated diagram

Cr —— Cq

L

Fr —— Fg

is cartesian. We separately argue in the case d > 1 and d = 0 that the image of this is closed under hy 4;
this will imply that hyEnv/ETO® corresponds with a 7-d-operad hyO®, which computes the left adjoint
to the inclusions Op; 4, C Opz by fully faithfulness of Env/ET©O®. In particular, the counit ¢: O% — h;O®
will induce the counit EnvO — h;EnvO, which by Eq. (17) shows that O(S) — h;O(S) is the Postnikov
(d — 1)-truncation map.

To prove compatibility with equifibrations, we first consider the case d > 1. In this case, since
hrq: Cat?ﬂ - Cat?il 4 is applied pointwise, it preserves equifibrations, so ]’lT’dEl‘lV/ Er ©® corresponds with a
d-operad hy 40°%.

The case d = 0 is similar, except that we are tasked with replacing equifibered 7 -symmetric monoidal
functors with an equifibered (replete) subcategory. In fact, replete subcategories are precisely (—1)-truncated
maps in Caty, so we may do this by taking the pointwise (—1)-truncation functor and applying [HTT,
Prop 5.5.6.5] to see that the result is equifibered. O

We acquire a simple lift of [BH15, Prop 5.5].

Corollary 2.81. Let P® be a T -d-operad.
(1) if d 21, then Algy(P) is a d-category; hence Opr 4 is a (d + 1)-category.
(2) if d =0, then Algn(P) is either empty or contractible; hence Opr o is a poset.

Proof. In each case, the second statement follows from the first by noting that the mapping spaces in Op+
are Alg,(P)~. For the first statements, note that

Algy(P) = Algy, o(P) = Fun?@?u (EnvhyO%, EnvP®);

if d > 1, then this is a subcategory of a d-category, so it’s a d-category. If d = 0, then this category is either
empty or contractible since we verified that the map EnvP® — E;_U is monic. O

Corollary 2.82. P® is a T -0-operad if and only if it’s a sub-terminal object of Opy.

Proof. The mapping space criterion of monomorphisms shows that this is equivalent to the condition that
Algy, o(P)” = Algn(P)™ — Alg,(Comm%)™ =«

is a monomorphism, i.e. Alg, »(P)~ € {d,+}; this follows from Corollary 2.81.
On the other hand, Corollary 2.66 (together with Kan extensions) constructs a free T -operad on g
characterized by the property
Algg, (*)(O)2 =0(S);
thus the mapping space criterion for a subterminal 7 -operad O® implies that O(S) is either empty or
contractible for all S, so O® is a 7-0-operad. O
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Corollary 2.83. Let I <] be related weak indexing categories. Then, the unslicing functor
18 fully faithful.

Proof. Fully faithful functors satisfy two-out-of-three, so we may replace Op; — Op; with the composite
unslicing functor Op; — Op; — Opy, and assume I = F7. The corollary is then equivalent to the statement

that NI?;O — Comm?i is a monomorphism [HTT, § 5.5.6]. In fact, by Example 2.46, NI?;Q is a 7 -0-operad, so
this follows from Corollary 2.82. |

We finish the subsection with a recognition result for hj-equivalences; we say that a map ¢: O® — P®
is an (d — 1)-equivalence if any of the following equivalent conditions hold.
Proposition 2.84. Let ¢: O® — P® be a morphism of T -operads. Then, the following are equivalent:

(a) The underlying T -functor Ugp: O — P is essentially surjective and for all V € T and S € Fr, the
induced map t<g-1)0(S) = t<a-1)P(S) is an equivalence.

(b) @ is an hy-equivalence.

(c) The underlying T -functor Ug: O — P is essentially surjective and for all T -symmetric monoidal
d-categories C, the pullback T -symmetric monoidal functor

Alg2(C) — Alg? (€)

is an equivalence.
(d) The underlying T -functor Up: O — P is essentially surjective and the pullback functor

Algp(Sy ca1) = Algp(St <4-1)

is an equivalence.

Proof. Suppose (a); in view of Proposition 2.64, to prove (b), we're tasked with proving that the maps
hyO(C; D) — hyP(C; D) are equivalences. But by the natural equivalence

O(S) ~ ]_[ O(C; D),
(C,D)EOsXOV

it suffices to verify that h;O(S) — hyP(S) is an equivalence for each S. This follows from (a) by Corollary 2.80.
Suppose (b); by the factorization

Caty ; < Opz 4 = Opr

of Corollary 2.80, given C € Cat?i 4> the top map in the following is an equivalence
Alg, (€)== Alg, (0

1 12
Alg () —— Alg (C)

the bottom arrow is an equivalence from two-out-of-three, and (c) follows from Corollary 2.9. Furthermore,
(c) implies (d) by setting C® := Q;,_sxd—l'

Suppose (d). The unique symmetric monoidal left adjoint S — S¢4_1 is T<4_1, so Proposition 2.77
implies that 7<;_10(S) = 1<4_1P(S) is an equivalence, i.e. (a). O
2.6. Arity support and Borelification. We now introduce a support stratification in terms of arity.

Construction 2.85. Given O € Op, the arity support of O is the collection of maps AO C Fy defined by

AO:={p:T>S ]_[ O(T xy S) =@ cFr p
UeOrb(S)

Observation 2.86. There exists no map of spaces X; x X, — Y; x Y, if and only if X;,X, # @ and Y; = @ for
some 7. In particular,
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e the existence of the composition map Map(lé}(T;S) X Map(lg (R;T)— Mapgow (R;S) implies that AO C
F7 is closed under composition;
e existence of identity operations implies that AO C F7 contains identity arrows of its elements; and

e functoriality of Mapzl)_)(T;S ) implies that A forms a functor

A: Opy~ b Subcat(FT). <
We will frequently compute A by noting that it factors as

A: Opr e Fun(TotX;,S) — Subca (Fr).
Example 2.87. For all I € windexCatz, we have AN[,, =1, so windexCaty ¢ A(Opy). <

Proposition 2.88. For all O® € Op, the subcategory AO C Fr is a weak indexing category; hence
A(Opy) = windexCaty C Subc,(Fr).

Proof. The second statement follows from the first by Example 2.87, so it suffices to prove that O® € Op,
satisfies Conditions (IC-a) to (IC-c). Indeed, Condition (IC-a) follows by unwinding definitions using existence
of the arity restriction map of Eq. (13). Similarly, Condition (IC-b) follows immediately by definition. Lastly,
Condition (IC-c) follows by existence of the Auty (S)-action of Eq. (15). O

Corollary 2.89. A T -operad is a T -0-operad if and only if it’s a weak Ny -operad.
Proof. By Example 2.46, N, IQ?;O is a T-0-operad, so fix O® a T-0-operad. By definition, 7ty factors as
o® 4, Spany(Fr) — Span(Fr),
i.e. there is a map ¢: 0% — Nfo. Moreover, for all S, there exists an abstract equivalence O(S) =~ N, (S),

and since O(S) € {x, @}, every endomorphism of O(S) is an equivalence. This implies that O(S) — Nyp(S) is
an equivalence for all S € F+, and the result follows from Proposition 2.64. a

Corollary 2.90. Given O® a T -operad, there is an equivalence hyO® ~ /\ff’om. Hence, for any weak indexing
category 1, there is a natural equivalence

* AOKLI,
& otherwise.

(18) Alg(Nyeo) = {

Proof. The first statement follows by combining Corollary 2.89 and Example 2.87 with the fact that AO =

Ahz0. We've already shown that Alg, (Vo) ~ Alg NAO(N Ioo) 18 either empty or contractible in Corollary 2.81,
so it suffices to characterize when there exists a map N — J\fﬁo, Le. afactorization Span;(F7) C Span;(F7) C

Span(F7); this occurs if and only if I <], yielding the corollary. O

The following generalization of the indexing systems theorems of [BP21; GW18; NS22; Rub21] then
immediately follows from Proposition 2.88 and Corollaries 2.83 and 2.90.
Corollary 2.91. The functor of admissible maps admits a fully faithful right adjoint

A
— A
(19) Ops L wilndexs

~_ >
Mo

whose image consists of the weak N,-operads; furthermore, the following are equal full subcategories of Opy:
Op; = OPT,//\/IOO = A_l(wIndexCatT,g).
Observation 2.92. By fully faithfulness of /\ff)m, the adjunction associated with A restricts to
A

— A
Opr e, + Indexs
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Given I <] a related pair of weak indexing sysems, let E{ : windexCaty ; — windexCatr ; be the

evident inclusion, with right adjoint Borf = (=) NF; : windexCaty <; — windexCaty <. These are push-pull
adjunctions; following in form, we write the corresponding unslicing functor as

E{‘ Op; =Opj v — Opy-

This has a right adjoint
Bor{: Op; — Opﬁ/N[m ~Op;

given by pullback along the unique map J\ffzo - These map to push-pull along the inclusion

®
Joo®
l;: Span,(Fr) — Span;(F7) along Tot: Op; — Cat/span, (r;) and similar for ] [BHS22, § 4]. Hence they
intertwine with A, i.e.

EJAO = AE]O; Bor} AO = ABorO.

Corollary 2.93. For I <] weak indexing systems, the functor E{: Op; — Opy is an inclusion of a colocalizing
T -subcategory

]
—E——
Op? n Op?®
- Borf —
whose terminal object is NI%o' Furthermore, there is are equivalences
E N2 = N®,
I oo E} Joo
U Ar® o A/®
Bor; NVjg, = NBorf’]oo'

Proof. The first sentence follows by the above argument. The computations follow by examining the structure
spaces of the resulting 7 -operads. O

2.7. The genuine operadic nerve. We now concern ourselves with comparisons to other notions of equivariant
operads. Throughout this subsection, we assume 7 is a l-category; for instance, we may specialize to
V-operads for V € T an orbit. We begin in Section 2.7.1 by reviewing Bonventre’s genuine operadic nerve
N@®; we detour in Section 2.7.2 to verify that it is compatible with restriction. Then, in Section 2.7.3 we show
that N® possesses a conservative total right derived functor of co-categories. We end in Section 2.7.4 by
noting that this restricts to an equivalence on 7 -1-operads and describing the corresponding discrete theory
of algebras. In all sections, we assume that 7 is an atomic orbital 1-category.

2.7.1. The I-categorical nerve. Recall the T-space X, of Definition 2.59. [Bonl9] introduced a specialization
of the following.

Definition 2.94. A C-colored genuine 7 -operad in a symmetric monoidal 1-category V the data of:
(1) a C-symmetric sequence O(—;—): TotXs —V,
(2) for all VeT and C e Cy, a distinguished “identity” element 1 € O(C;C), and
(3) for all composable data ((C;D),(BU;CU)errb(S)) lying over a map T — S, a Borel Auty(S) x
[Tueorb(s) Auty(Ty)-equivariant “composition” map

y:0(CD)e (X) OBy;Cy)—O(B;D)
UeOrb(S)

subject to the following compatibilities:

(a) (restriction-stability of the identity) for all U — V and C € €y, the restriction map
Res};: O(C;C) — O(Res}; C;Resy; C)

sends 1¢ to 1Reva]C;
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(b) (restriction-stability of composition) for all U — V, the following commutes

0(C;D)® R OBy;Cy) r s O(B; D)
UeOrb(S) Rl
O(Res}y C;Res); D)® &) O(Res}; By;Cy) —— O(Res}; B;D)
UeOrb(S)

(c) (unitality) for all S € Fy, the following diagram commutes

M>(9CDezug)ocU,cU)

UeOrb(S
(1v, ld \

O(D;D)®0O(C; D) 7/—)OCD

S T
(d) (associativity) For all S € Fy, (Ty) € Fg writing T := [Ty, and (Ry) € Fr writing R := ][Ry, the
U w

following diagram commutes

0(CGD)® R OBy;Cy)|® R O(Aw;Bw) —— OB;D)® X O(Aw;By)

UeOrb(Sy) UeOrb(S) WeOrb(T)
WeOrb(Ty)
Il
OCGD)® KX |[OBy;Cy)e KX O(Aw;Bw) 4
UeOrb(S) WeOrb(Ty)
rd
0(C;D)® R O(Ay;Cy) r s O(A;D)
UeOrb(S)

A morphism of C-colored discrete 7 -operads in V is a map of C-symmetric sequences in V preserving each
1¢ and intertwining y; we refer to the resulting 1-category as gOpg(V). <
Construction 2.95. Given a map of coefficient systems f: € — €, there is an induced map of 7 -operads
triv (€)% — triv (¢’)® yielding a 7 -functor f: X¢ — Xy, and hence a precomposition functor

f* Fun(Tot&Lw,V) — Fun (TotEQ,V).

These are the cocartesian transport functors of a cocartesian fibration, which we call SSeq%-. A morphism of
colored discrete operads O® — P® is a morphism of their underlying objects of SSeq% which is compatible
with identities and composition. We refer to the resulting 1-category as gOps(V). <

We write sOp%r = gOpg(sSet) and sOpy := gOp(sSet). In [BP21], a model structure was given to
sOp¢'; this was later shown to be Quillen equivalent to several other model categorical variations on G-operads
(e.g. [BP20, Tab 1]). Complementarily, [Bonl9] constructed a genuine operadic nerve functor of 1-categories

®. +

N®:s50pg — sSet/(TotEG'ﬂNe)

whose restriction gOp(Kan) lands in fibrant objects in Nardin-Shah’s model structure [NS22, § 2.6], and
hence presents G-operads.

Moreover, gOp;(Kan) agrees with the fibrant simplicial colored T -operads of [NS22, Def 2.5.4]; Nardin-
Shah [NS22] construct an analogous nerve functor

N®: ¢Ops(Kan) — Sset;r(TotET,*)'NE

whose specialization to 7 = Og agrees with Bonventre’s nerve.
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These nerve functors can be understood as taking O € gOpgj—(Kan) to the Kan-enriched category over
TotF7 , with Ob(Os) = Cs and with mapping spaces

Mapgs(C, D) = ]_[ ]_[ O(Cy;Dy),
S—npC—mnpD UeOrb(np(D))
with evident composition and mapping down to MapTot]FT (tpC, tpD) via the evident forgetful map.
2.7.2. Restriction and the nerve.
Construction 2.96. Let W € 7 be a distinguished object. Then, the restriction functor
Resgv: §0p7 (V) = gO0py (V) =¢g0py,, (V)
acts on underlying symmetric sequences via pullback along the map Tot Res{v X¢ — TotXy, with the data
1y and y defined in Res{\, O® by specialization from O®. <

We define restriction Resgv: Catsset,/TotET’* - CatsSet,/TotEW# by pullback along TotFy, . — TotF ..

Proposition 2.97. Let O be a one-color simplicial genwine T -operad. There is a natural isomorphism of
simplicial categories N® Res{v O~ Res% N®O over TotFy .

Proof. We may construct a functor N® Res?, O® — N®O® over TotF7 , sending the object over a (V — W)-set
Sy_w to its underlying V-set S and acting on mapping spaces by taking coproducts of the tautological
equivalence Res%,—\, O(Sy_w) = O(Sy). This constructs a natural diagram

Tot7 N®Res?, O®

Tot7 Res, N®O® —— Toty N®0O®
N +
TotFyy, —— TotFr,

Since TIN® ResT, 08 and TlResT, N©O® AT€ 1tp-isomorphisms, F is as well, so it is essentially surjective. It follows
by unwinding definitions that F is fully faithful, and hence an equivalence. O

The above restriction functor implements restriction of 7 -operads, so we have the following.
Corollary 2.98. There is a natural equivalence of W-operads Resg\, N®0O ~ N® Resgv 0.

The main reason we went to this trouble is for the following example.

Example 2.99. Let G be a finite group and V be a real orthogonal G-representation. Let Dy be a genuine
G-operad which is equivalent to the little V-disks operad (see [Horl9, § 3.9]). Then, given K C H C G, and
S € Fk, we have a tautological equivalence

Resg Dy(S) = Conf?(Resg V)=~ Conflg(ResIIg Resfl V)=~ DResg v(S)
which intertwines with the composition rule in Dy ; writing E?} = N®DV, we acquire an equivalence

Res® E® ~ E® <.
H™V Resg \%

2.7.3. The conservative co-categorical lift. ~N® has homotopical properties.

Proposition 2.100. N® preserves and reflects weak equivalences between one-color genuine G-operads in Kan
complezes.

Proof. By [BP21, Thm II, Prop 4.31], the functor U : sOp¢y — Fun(X,sSet) is monadic and sOp¢y admits
the transferred model structure from the projective model structure on Fun(TotZG,sSetQuﬂ]en); in particular,
U preserves and reflects weak equivalences.

It is not hard to see that sseq is right-derived from a functor

+,0C
ssseq : sSet; ) — Fun (TOtZG’ sSetquillen )Proj
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setting Ogseq(S) := 7'(51 (Inng — G/H); by Proposition 2.64 sseq is conservative, so ssseq preserves and
reflects weak equivalences between fibrant objects. Hence it suffices unwind definitions and note that the
following diagram commutes

oC N® +,0C
sOpg ——— sSet/(EG’Ne)

x lssseq

Fun(Tot X, sSet)
O

In fact, the one-color assumption was unnecessary. We say that a map of genuine simplicial G-operads
@: O — P is a weak equivalence if it is an isomorphism on coefficient systems and for all profiles (C; D), the
map O(C; D) — P(pC; D) is a weak equivalence. These weak equivalences satisfy two-out-of-three (in fact,
two-out-of-six) by the same property for isomorphisms and for weak equivalences of simplicial sets.

Proposition 2.101. N® preserves and reflects weak equivalences between arbitrary genine G-operads in Kan
complezes.

Proof. It is not hard to see that N® preserves and reflects the property of inducing isomorphism on coefficient
systems of colors, so we may fix a coefficient system of sets of colors € and verify that

!
Ng: g0pg(Kan) — sSet]ip v,

preserves and reflects weak equivalences. Thankfully, we have the same tools as in the one-color case;

,&

Proposition 2.64 constructs a functor ssseq: sSet;“( )= Fun(Tot2¢,sSetQuillen) o which preserves and

Fr.Ne Pr
reflects weak equivalences between fibrant objects, and Ng is a functor over Fun (TotZ(E,SSetQumen); by two-
out-of-three for weak equivalences, N® preserves and reflects weak equivalences between fibrant objects. [

Defining the co-category gOp = gOp;(Kan)[weq™!], we acquire a multi-color version of Corollary B
by functoriality of Hammock localization.
Remark 2.102. In [BP21], another nerve functor 1,: gOp2°(sSet)5¢ — gOp¢ (sSet) was constructed and shown

ocC

p (sSet)BC whose weak equivalences and fibrations

to furnish a Quillen equivalence for a model structure on gOp
are preserved and reflected by the graph subgroup fixed points [],ey {O(n)r T e OGXZ”,F} for the Quillen model

structure on sSet. In particular, under the equivalence Unp Ogyy, r = BgZ,, an object O € gOpe(SSet)BG
has an n-ary BgX, space O(n). In fact, unwinding definitions using [BP21, Rmk 4.38], we find that there is
an equivalence

N®.,0(n) = O(n). <

2.7.4. The discrete genuine nerve is an equivalence. Note that the fully faithful inclusion of discrete simplicial
sets Set <> sSet is product-preserving, so it induces a fully faithful functor gOp;(Set) < gOp+(sSet). We
refer to these as discrete genuine T -operads. We're concerned with relating this to 7 -1-categories, beginning
with the following.

Observation 2.103. For all O € gOp,(Set), N®O is a T -1-operad. <

Conversely, from the data of a 7-1-operad O, the data of a discrete genuine 7 -operad O(-) is supplied
by Observation 2.47.

Proposition 2.104. N® descends to a functor gOps(Set) — Opyz,, with quasi-inverse O(-).

Proof. By Observation 2.103, N® restricts as above. Thus it suffices to prove that the compositions
gOp7(Set) — gOpr(Set) and Opy ; — Opy ; are naturally equivalent to the identity; this follows immediately
after unwinding definitions. |

Now having an explicit combinatorial model for 7 -1-operads, we focus on algebras using the following.

Construction 2.105. Let O® be a T-operad and P C O a full T-subcategory. Then, we define the full 7-
subcategory Toty P® C Tot7 O® to be spanned by the tuples C € Og such that, for each U € Orb(S), Cy € P.
P® is a T-operad and P® — 0% a map of T-operads [NS22, § 2.9]; we call this the full T -suboperad spanned
by P.
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In particular, if X € TZ7 O is a T-object in O, we define the endomorphism T -operad End§ CC® of X to
be the full 7-suboperad of O® spanned by {X}. <

Observation 2.106. Suppose C® is an I-symmetric monoidal co-category and X € I7C. Then, Endy has
underlying 7 -symmetric sequence Endx(S) ~Map;, (X{G}S,Xv) for S € F, identity element 1y =idy,, and
composition map given by composition of maps

S S
T, Qy k1y Hs
P (s (ur, ) X1 = (XG0 ——5 X5 =5 Xy,
U

In particular, if C® is an I-symmetric monoidal d-category, then Endx C® is a T-d-operad. <

In general, an O-algebra in C® may be viewed as the information of its underlying object X together
with the factored map O® — End}e} < C®. The following proposition follows by unwinding definitions.

Proposition 2.107. If C® is a T -symmetric monoidal 1-category and X,Y are O-algebras in C®, then the
hom set HomAlgO(C)(X, Y) c Hom¢(X,Y) consists of those maps such that the following diagram of T -operads
commutes:

End§
08 — l
\ End%

For the sake of comparison, we will propose one more model for discrete I-commutative algebras.

Definition 2.108. Let I be a one-color weak indexing category. Then, a strict I-commutative algebra in C is
the data of a 7-object X together with Auty S-invariant maps pg :X%S — Xy for all S € Fyy subject to the
following conditions:

(1) (restriction-stability) The functor Resg takes pg to FRes! s+
(2) (identity) p,, is the identity for all V.

S
(3) (commutativity) for all S-tuples (Ty) € Fy g, writing T = [Ty, the following diagram commutes:
U

S
I3
coxg™ 1 xes
U
20 I
(20) , P

1
<

Remark 2.109. In the case that I is unital, we acquire a form of unitality from the commutativity condition;
choosing S = S’ LI*y, and choosing Ty to be empty for all summands other than the distinguished fixed point
and *y, for the distinguished fixed point, we acquire a unitality diagram

®SL*y
XV

/r \

Xy Xy

<

Proposition 2.110. If C® is a T -symmetric monoidal 1-category, then the categories of I-commutative algebras
and strict I-commutative algebras in C agree.

Proof. This follows from Observation 2.106, noting that Map(N{,,End$) ~ Map(N2,,Bor? End$) and

Too? o’

unwinding definitions using Proposition 2.104. O

Let X,Y be I-commutative algebras and f: X — Y a morphism between their underlying 7 -objects.
For the rest of this subsection, we assume familiarity with the techniques of [Ste24b|. We will say that f
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intertwines at S € Fy y if the following diagram commutes:

XP —— Xy

L

Y9 —— vy
Define the collection F,¢) CF; by
Fir)v =1{S | f intertwines at S} CFyy

The fact that f is a map of 7-objects implies that Et(f) is restriction stable. Hence Fyp) CF; is a full
T -subcategory.

Proposition 2.111. Et(f) is a one-color weak indexing system.

Proof. It follows by unwinding definitions that c(¢(f)) = 7, so we're left with proving that Fy ) is closed

under self-indexed coproducts. To that end, fix S € Fy() v and (Ty) € Fy(r)s and write T := ]_[SU Ty. By the
associativity condition, we're tasked with proving that the outer rectangle of the following diagram commutes

xgT R XP — X Xy
1 1 1 !

S T
AR A G ¢ A

~

R

~

The left inner rectangle is commutative by definition; the right inner rectangle is commutative by the
assumption S € Fy(s) v; the middle inner rectangle is commutative by taking a (pointwise) S-indexed tensor
product of the commutativity diagrams for each Ty;. O

Recall the sparse V-sets of Section 1.2.

Corollary 2.112. Let I be an almost essentially unital weak indexing system. Then,

(1) f is a map of I-commutative algebras if and only if it intertwines at all sparse I-admissible V -sets.
(2) If I is an indexing system, then f is a map of I-commutative algebras if and only if it intertwines at
2%y and at all [-admissible transitive V-sets for all V € T .

Proof. By color-borelification, we may assume I is almost-unital. In each case, it suffices to show that the
applicable V-sets generate [F; as a weak indexing category; this is Proposition 1.48. ]

Corollary 2.113. If C is a G-symmetric monoidal 1-category and I is an indexing system, then I-commutative
algebras in C are equivalent to [Cha2/, Def 5.6/’s “I-commutative monoids” over C.

To prove this, suppose X is a G-object equipped with the data of [Cha24, Def 5.6], i.e. a unit element
n: % — Xg, a binary multiplication +: Xg ® Xg — X, and for all I-admissible transitive H-sets [H/K], a
map yg : NI? Xg — Xp. We let Xy have the restricted commutative monoid structure. Given S € Fy gy, we
define the map pg: X?}S — Xy by

psi= ) g
[H/K]eOrb(S)

this is well defined by condition (3) of [Cha24, Def 5.6].

Lemma 2.114. Eq. (20) commutes for ug.
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Proof. To verify this, we must verify that the outer square in the following diagram commutes.

® NI & NEx (ZMQ) ® NI & X ““ﬂi) ® Nix
K J K K K 2K
[H/K]eOrb(S) [K/J1€Orb(Tx) I [H/K]eOrb(S) [K/J1eOrb(Tx) [H/K]eOrb(S)
1R 1
K Ny A&y > KK (1)
[H/K]eOrb(S) [K/J]eOrb(Tk) [H/K]eOrb(S) [K/J]eOrb(Tx)
z i L) 1
® Nx-Y @ @ x4 X
[H/K]eOrb(S) [K/J]eOrb(Tk) [H/K]eOrb(S) [K/]]eOrb(Tk) [H/K]eOrb(S)
1R 1 +
H (1") N ¥
X NIX y @ Xu > Xy
[H/J]€Orb(T) [H/J]€Orb(T)

The top left square commutes by definition and the bottom left square commutes by condition (1) of [Cha24,
Def 5.6]. The middle left square commutes by condition (2) of [Cha24, Def 5.6]. The top right square
commutes by the fact that yg is a monoid homomorphism. The bottom right square is the commutativity
law for the monoid Xg. O

Moreover, conditions (3-4) of [Cha24, Def 5.6] implies the following.
Lemma 2.115. Resg takes ps onto HResS s -

Proof of Corollary 2.113. Given X an I-commutative algebra, we let the commutative monoid structure on
X(G) have multiplication p,.,. and unit pg ., and we define y? = pix/H)- Conversely, given X satisfying
[Cha24, Def 5.6], we let ug be defined as above. We have 2 tasks:

Chan-Hoyer

(i) verify that the above data yields a well-defined functor G: CAlg; (C) = CAlg;(C); and
(ii) verify that G is fully faithful and essentially surjective.

First, note that Lemmas 2.114 and 2.115 and Corollary 2.112 together imply that G is a fully faithful functor
with the above signature, so we're left with verifying that it is essentially surjective; that is, we have to
check that (;41[?) satisfy [Cha24, Def 5.6], after which we may simply note that pg = Z[H/K]eOrb(S)P‘[H/K] for
essential surjectivity. In fact, condition (1) follows from Remark 2.109 for the distinguished fixed point
+y C NP Resl #y, condition (2) follows from Eq. (20) for the [H/K]-set [K/L], and conditions (3) and (4)
both follow from restriction-stability of . g

3. EQUIVARIANT BOARDMAN-VOGT TENSOR PRODUCTS
Using the language of fibrous patterns, in Section 3.1 we define the Boardman Vogt tensor product, and
we show that it’s closed and compatible with the Segal envelope in Propositions 3.7 and 3.10. Following this,

BV
in Section 3.2 we specialize this to Ops; moreover, we characterize the ® -unit of Op; and leverage this to
compute the 7 -oco-categories underlying operads of algebras. Finally, in Section 3.3, we define the inflation
adjunction InﬂeT: Op; 2 Op: I7 and characterize its relationship with the Boardman-Vogt tensor product.

3.1. Boardman-Vogt tensor products of fibrous patterns.

Definition 3.1. A magmatic pattern is the data of a soundly extendable algebraic pattern B together with a
functor A: B x 1 — 1 which is compatible with Segal objects. <

Construction 3.2. Let (13, A) be a magmatic pattern. Then, the B-Boardman-Vogt tensor product is the
bifunctor — %5 —: Fbrs(1) x Fbrs(1) — Fbrs(1) defined by

BV A
@@D:zLFbrs(®XD—>BxB—>B). «

We defined this in order to have a mapping out property with respect to the following construction.
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Definition 3.3. Let (13, A) be a magmatic pattern and O, P, Q fibrous B-patterns. Then, a bifunctor of fibrous
B patterns O x P — @Q is a commutative diagram in Cat

OxpP— QO
L
BxbB — DB

whose top horizontal arrow lies in AlgPatt,'” where O x P — B x B is induced by the structure maps of ©
and P. The collection of bifunctors fits into a full subcategory

BiFuny (O, P; Q) € Fun(A! x Al, Cat). <
Example 3.4. Let O, P be fibrous BH-patterns, and consider 1 to be a fibrous B-pattern via the identity.

Then, the oo-category of bifunctors O x P — 1 is contractible, as it is equivalent to composite arrows
OxP->DBxB-D. <
Observation 3.5. There are natural equivalences
BiFuny (O, P; Q) = Funi 29 (O x P, A" Q)
= Funffi*“ (A (O x P), Q)

~ Funfii “"(© ® P, Q). :
As in [BV73, Prop 2.19] and the variety of recontextualizations of their ideas (e.g. [HA; Weill]), we

BV
recognize this as O-algebras in P-algebras, making ® into a closed tensor product, using the following.
Construction 3.6. Fix (1, A) a magmatic pattern, let F: O x P — @ be a bifunctor of fibrous B-patterns, and

let € be a fibrous Q-pattern. We have a diagram
F
0LoxpL©;
admitting push-pull adjunctions p* 4 p, and Lgy,sF) 4 F* on fibrous patterns, with compatible adjunctions on
Segal objects by Propositions 2.24 and 2.25 and Observation 2.29. We define the pattern

® o B* .

A—lgD/Q(O:) = p,F*C € Fbrs(0);
this is the fibrous O-pattern of P-algebras in C over @Q. In most cases, we will have Q = © = 1B, in which
case the information of a bifunctor B x P — 1B is simply that of a fibrous B-pattern P by Example 3.4. In

this case, we simply write
() — Alo® .
AlgD((E) = AlgD/B((L‘) € Fbrs(B);

this is the fibrous B-pattern of P-algebras in C. <
In the case @Q = O = B, the above diagram refines to
BLBxp L nxn Sy,
so the functor P — Alg%(@) has a left adjoint computed by Lgps Ay (id X70), p*; explicitly, this is computed on

P’ by the fibrous localization of the diagonal composite
/D/ X D ~ p*D/

l

BxP

id><IT[D
BxDH > B

A

By definition, this is precisely P’ ®BY P, so we’ve proved the following.

15 The lift to AlgPatt is unique, since each structure map in an algebraic pattern is a replete subcategory inclusion, hence a
monomorphism in Cat.
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BV
Proposition 3.7. The functor (-) ® ©: Fbrs(B) — Fbrs(B) is left adjoint to Alg?)(—).
BV
We additionally spell out a few useful characteristics ® and Algg(—) here. First, we describe functoriality.

Observation 3.8. Fix the fibrous B-pattern Q. Suppose we have bifunctors of fibrous B-patterns
F:OxDP—Q—OxD:G
together with a morphism of fibrous B-patterns ¢: P — P’ making the following diagram commute:

p (DXD F
o b \@
‘p,\ + /G

Oxp
The left triangle possesses a Beck-Chevalley transformation
p ey = idip” =p”,
which possesses a mate natural transformation p, = p.¢"*; precomposing with G*, this yields a “pullback”
natural transformation
Alg$ o () = Alg§ () <
.We observe that, in all of the work above, we may have instead assumed that € € Segy(Cat), in which
case all of our constructions land in Segy(Cat). Spelled out, this yields the following.
Proposition 3.9. Fiz O,D,Q,C as in Construction 3.6. Then
(1) if € is a Segal Q-co-category, then Alg%/@((f) s a Segal O-co-category;
(2) if € = D is a morphism of Segal Q-co-categories, then the induced map Alg%/a((ll) eAlg?}/@(D) is
a morphism of Segal ©-co-categories, i.e. it preserves cocartesian arrows; and
(8) if P> D is a morphism of fibrous B-patterns and € is a Segal Q-00-category, then the induced map

of fibrous patterns
Alg® Alg®
Alg?, (@) > Alg? (C)
is a functor of Segal O-co-categories.
In analogy to [BS24a] we show that this tensor product is compatible with Segal envelopes.

Proposition 3.10. The following diagram commutes

Fbrs(B)2 ® 5 Fbrs(1)

lEnv lEnv

L €
Fun(B,Cat)2 —25 Pun(,Cat) —=5 Segy(Cat)

Proof. Fix € a Segal B-oco-category. Then, there are natural equivalences
BV .
FunSegB(Cat) (EHV ((D ® D), @) ~ Fun;r]lét_COCart (/\1(0 ~ D:(E)

> Funii 0" (O x P, A"C)
~ FunfSi (Envay, (O x P), A°C)

(21) o~ Funf%cjg (Envy(©) x Envy(P), A'C)
~ Funfgs®™ (Lseg A1 (Envyy (O) x Envys (D)), €)
(22) = FunSegb(Cat) (LSeg (EnVB((D) ® Envb(p)) ’ <£)

Equivalence Eq. (21) is Observation 2.28; Eq. (22) follows by symmetric monoidality of the Grothendieck
construction [Ram22, Thm B]. The result then follows by Yoneda’s lemma. O
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. . BV
We derive a uniqueness statement for ® by an analogous argument to [BS24a].

BV
Corollary 3.11. ® is the unique bifunctor on Fbrs(B) making the following diagram commute:

BV

Fbrs(13)? ® > Fbrs(B)

Ean\li 1Env

2
(Fun(B,Cat)/dB) —— > Fun(DB,Cat), 1,004, m) Fun(D, Cat), e T%) Seg(B),e,

BV
Proof. Commutativity of the diagram follows by Proposition 3.9 and uniqueness of ® follows from the fact
that the right vertical functor is fully faithful, hence a monomorphism in Cat. ]

3.2. Boardman-Vogt tensor products of V-operads. Recall that Op; ~ Fbrs(Span(F7)). We specialize the
results of Section 3.1 to the case that 7 has a terminal object.

Construction 3.12. Fix an object V € 7. We show in Proposition A.20 that the Cartesian product in Fy
endows Span(Fy ) with the structure of a magmatic pattern via the smash product

A = Span(x): Span(Fy) x Span(Fy) — Span(Fy);

we refer to the resulting bifunctor as the Boardman-Vogt tensor product of V -operads
0®'® PO = Lop, (O® x P® — Span(Fy) x Span(Fy,) A, Span(IFV)).

The V-operad of O-algebras in C® is given by the right adjoint Alg®(C) € Op; to the Boardman-Vogt tensor
product constructed in Proposition 3.7. <

Proposition 3.9 immediately implies the following.

Corollary 3.13. Fiz O® — P® a map of V-operads and C® — D® a map of V -symmetric monoidal co-categories.
Then, Alg®(C) is a V-symmetric monoidal category, and the canonical lax V -symmetric monoidal functors

Alg(C) - Alg3(©), Alg®(C) — Alg® (D)

are V -symmetric monoidal.

BV
Using this, in the one-color case we view O® ® P®-algebras as homotopy-coherently interchanging
O-algebra and P-algebra structures on a common T -object. This takes an easy to understand form in the
1-categorical case by the following argument.

Observation 3.14. Suppose C® is an I-symmetric monoidal 1-category and O®, P® are one-color 7 -operads.

BV
Then, an O® ® P®-algebra structure on a T-object X € IZ7C is equivalently viewed as a pair of maps
P® — End§(C) and O® — End§ (Algg(C)) via Proposition 2.107. In particular, this consists of pairs of

O-algebra and P-algebra structures on X subject to the interchange relation that, for all ug € O(S) and
pur € O(T), the following diagram commutes.

S 1% T v
®Res/; T ®SxT ®Resy, S v QT
XXy = Xy =~ KXy (Resyy jus) —> Xy
u w
v

(Rest )| l’”
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BV
A morphism of O® ® P®-algebras is equivalently expressed as a morphism of underlying 7 objects X — Y
causing the following to commute:

End%(C) End? Alg®(C)
O® / \\/ P® / l
\
End? C End? Alg®(C)

By faithfulness of the forgetful functor Alg,(C)y — Cy, this is simply a morphism of underlying 7 -objects
which is separately an O-algebra and P-algebra map. <

Proposition 3.10 specializes to the following.

Corollary 3.15. The V-symmetric monoidal envelope intertwines with the mode structure:
BV
Env (O® ® P®) ~Env (O®) gMode EnV(P®).

In particular, [BS24a, Thm E| shows that this property identifies the non-equivariant Boardman-Vogt
tensor product, so we acquire the following.

Corollary 3.16. When 7 =~ =, %v is naturally equivalent to the Boardman-Vogt tensor product of [BS24a;
HM23; HA].

BV
Additionally, we may characterize the ® -unit.

BV
Proposition 3.17. For all O%® € Opy,, we have O® ~0% @ triv?}; hence there exists a natural equivalence

Alg®  (0) > 0.

—=trivy

Proof. The first statement implies the second by the usual folklore argument:
Map(0%,Alg®  (P)) ~ Map (0® ® triv?},P®),
——trivy
~ Map(O®, P?%),

so Yoneda’s lemma yields a natural equivalence AlgﬁiV (P) ~P®. The same argument in reverse shows that
— 14

the second statement implies the first.

By the expression triv‘\g} = Lop T(*T — Span(F7)), bifunctors triv% x O — P correspond canonically with
functors of 7T-operads O — P; put another way, using the bifunctor presentation for algebras of Observation 3.5,
this demonstrates that the forgetful natural transformation

AlgO®BVtrivv (P) - AlgO(P>

BV
is a natural equivalence for all P® € Opy; Yoneda’s lemma then demonstrates that O® ® triv?} ~ (%, ]

Using this, we have a sequence of natural equivalences

® - ®

UAlg® (P) ~ A_lgtriVVAlg (P)
= A—1g0®trivv (P)
=Alg (P);

in particular, we’ve proved the following corollary.

Corollary 3.18. There exists a natural equivalence

® ~
UAlg® (P) ~ Alg (P).

BV
We’ve shown in Proposition 3.10 that Env intertwines ® with ®, and we’ve now seen that triv?} is the

BV
®-unit. In fact, Env intertwines units.
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Proposition 3.19. Env;(trivy) is the ®-unit in CMonj(Cat)®.

Proof. By Theorem 1.78, when C* is cartesian, the free object Frj(x) € CMon;(C) is the ®-unit, so

Fun?(EnvI(trivT)ép, D?) ~ AlgtrivT(D®) 2.53
~r7p 2.57
~ Fun?(FrI +, D%)
~Funf (1°,D°);
hence the result follows from Yoneda’s lemma. O

In forthcoming work [Ste24a], we will use Corollary 3.15 and Proposition 3.19 and a variant of Barkan-

BV
Steinebrunner’s strategy [BHS22] to lift ® to a canonical symmetric monoidal structure.

3.3. Inflation and the Boardman-Vogt tensor product. Recall the adjunction InﬂeT: Cat 2 Caty: I'7 of
Section 1.1. We briefly discuss an operadic version of this and relate it to B@\),.
Construction 3.20. Given O® a T-operad, and V € T, we form the V-value operad
rvo® = i;,0%,
where iy : Span(F) < Span(F7) is the map of patterns extending the coproduct preserving functor F < Fr

sending * +— *y,. Using this, we may set

rZ0® := lim 08,
VeT

noting that this recovers TV if V is terminal in 7. <

Remark 3.21. In the case that C® is a 7-symmetric monoidal co-category, the structure map of the operad
I'VC is the pullback of a cocartesian fibration, so it is a cocartesian fibration, i.e. it presents a symmetric
monoidal co-category; unwinding definitions, this agrees with the construction I'VC of Construction 1.67.
Since the forgetful functor Cat — Op is a right adjoint, it preserves limits, so the two constructions of r’c
also agree. <

In Proposition A.15, we show that ¢: 7°P x Span(F) — Span;«(Fr) induces an equivalence
Op;e =~ Fun(7 °P,Op).
In particular, this yields the following.

Proposition 3.22. The functor T7 : Op; — Op has a fully faithful left adjoint Infl? : Op — Op;e whose
image is spanned by the I*°-operads whose corresponding functors T°P — Op are constant.

The map of patterns iy induces a push-pull adjunction E};,: Opre 2 Op7: BorIT007 and we will write

Infl” : Op 2 Opy: T7 for the composite adjunction as well.

BV BV
Proposition 3.23. There exists a natural equivalence Infly O® ® InflY P® ~ Infl) (O® ® P‘X’).

Proof. We can verify that InﬂeT is product-preserving, so we acquire a zigzag of maps

BV 1o
InflY O® ® Infl/ P®

A (Infly 0% x Infly P®)
~ AInfly (O® X 77®)
~ Infly A, (O x P®)

Inﬂz/nop

i} (0° P°),

with 70p,, an Lop -equivalence. We're tasked with proving that 7o}, is an Loy -equivalence; then, the desired
equivalence can be gotten by applying Lop, and inverting arrows as needed. In fact, if Q% is a V-operad,
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then pullback along 7o, furnishes an equivalence

Funjit «ort (Infl)’ A, (O x P®),Q%) = Funji <6t (A, (0% x P®), TV Q%)

/Span(F)
. BV
~ Funfis e (0° 5 P, 0°)

. BV
= Funfiicoer (nflY (09 & P°),0°),

SO Inﬂ;/ flop 1s an Loy, -equivalence, yielding the desired natural equivalence. O

Example 3.24. Let G be a finite group and ng the trivial n-dimensional orthogonal G-representation. Note
that the bottom map

Eog (- 317) —— By (m-sg)
1 1
Confﬂ.*H(nG) — Conff;{,*H(nG)
is an equivalence for all K C H C G, as it intertwines the tautological identification of each side with Conf,,(R").

In particular, the map E?G — E% o = E® witnesses E,, o as an I*-operad in the image of Inﬂg; unwinding

definitions, we have an equivalence InfISE® ~ E,.- <

In general, we define the T-operad E® := Infl] E®.
BV
Corollary 3.25 (Trivially eqivariant Dunn additivity). There is an equivalence E® ® E& ~ES,, .

. . . . BV
Proof. By Corollary 3.16 and Proposition 3.23, it suffices to construct an equivalence of operads EY ® ES, ~

E®, ,.; this is nonequivariant Dunn additivity [HA, Thm 5.1.2.2]. |
Moreover, we acquire compatibility between T'7 and T -operads of algebras.
Corollary 3.26. There exists a natural equivalence of operads
TV AlgE 116 (C) = Algg(TVC)
Proof. Once more, given P® € Op, there is a string of natural equivalences
AlgPrVA_lgﬁlﬂeV 0(€) = Alginqy PA_lgiﬂFVo(c)
= AlglnﬂeVP@InﬂZO(C )
= Alg,qV (pgo)(C)
~ Algpgo(I'VC)
= AlgpAlg(rVe),
so the result follows by Yoneda’s lemma. O

A similar statement to Proposition 3.23 for triv(-)® follows by either symbol pushing or examining the
various localizations; we take the former approach, constructing a string of natural equivalences

Alg 10V iv(e)(©O) = Algiye) (T O)
~ Fun(C,TV0)
~ Funy(Infl) C,0)
= Algyiy(may ) (O)
That is, we’ve proved the following.

Proposition 3.27. There is a canonical natural equivalence

InflY triv (C)® = triv (Inﬂ;/C)@’.
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Remark 3.28. Sections 3.2 and 3.3 collected results about Boardman-Vogt tensor products of V-operads,
which implies the corresponding results for G-operads as Og has a terminal object. Nevertheless, for the sake
of equivariance under families, we would like to prove the corresponding results for 7 -operads. Unwinding

BV
the arguments, it would suffice to lift (Opv, ®) to an A,-7 -co-category, and thus develop a Boardman-Vogt

tensor product of T -operads which restricts to our construction. In fact, to do so simply requires constructing
coherent natural equivalences

BV BV
Res5(0® ® P®) ~Res);0® ® Res[, P®

for all U —» V €7 . Inspired by the uniqueness of Corollary 3.11, two strategies come to mind:

(1) Much of the work of [BS24b] is likely to hold for 7-commutative monoids; in particular, one may
expect that an equifibered map between envelopes of 7 -operads canonically lifts to a map over Eg—-_u,
which would imply that the unsliced envelope Op; — Cat?ﬁ is a replete subcategory inclusion, and
hence monic. Thus Corollary 3.15 and restriction-stability of ®™°d¢ would yield restriction-stability
of %/.

(2) Alternatively, one may note that, in the nonequivariant case, Comm® € Op is an idempotent algebra.
If Comm?} € Opy, is an idempotent algebra for all V, then their envelopes Eg_'—' will be idempotent
algebras under the mode structure by Corollary 3.11, compatibly with restriction (as the unit maps
each live in a contractible mapping space). This would yield a symmetric monoidal structure on

® . . .
Cat JET under which @ - would be a symmetric monoidal full 7 -subcategory.

The author hopes to return fulfill the second strategy in forthcoming work [Ste24a]. <

APPENDIX A. BURNSIDE ALGEBRAIC PATTERNS: THE ATOMIC ORBITAL AND GLOBAL CASES

The following appendix is not written to be particularly original; most of its contents appear as
straightforward technical extensions of beloved works in higher algebra, and they are included for the sake of
mathematical completeness. The contents herein do not depend on the results of the main body of this paper.

A.1. I-operads as fibrous patterns. This subsection deviates only slightly from [BHS22, § 5.2|, so we suggest
that the reader first read their work. We're interested in proving a global equivariant generalization of
Proposition 2.48, so we begin with the relevant patterns. We assume familiarity with the terminology of finite
pointed 7 -sets and P-sets of [CLL23a; NS22].

As noted in [Ste24b], F7 is an extensive category in the sense of [CHLL24b, Def 2.2.1], an extensive
span pair (Fr,Ip) equivalent to an atomic orbital subcategory P C 7 (i.e. an indexing category), and a weakly
extensive span pair (Fz,I) equivalent to a one-color weak indexing category I C F7. In the case (F7,I) is a
weakly extensive span pair, we write

Span;(Fr) := Span,; ; (F7;7°P)
for the resulting pattern. Moreover, given P C 7 an atomic orbital co-category, we write Spany(Fr) :=
Spaan(IFT) and

TotE?l* = Spans.i.’tdeg(TotE?’v,TOP),

where ()" Cat@®" — Cat3" is the dual cartesian fibration construction, TotE?’V’S'i' c TotE?’V is the wide
subcategory of morphisms f: (S — U) — (T — V) whose associated morphism f, is a summand inclusion:

fs
S > T
oy /r
T Xy U
U / fe .V
and TotE?v'tdeg C TotE?v the wide subcategory with f; homotopic to the identity.

The upshot of this is that we acquire a map of adequate quadruples

(TotE}", (s.i., tdeg), T°P) — (Fr, (all, F}),T°P)
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lying over the source map
s: TotE?’v - Fr,
yielding a map of algebraic patterns
Q: TotE?* — Spanp(Fr).
We will prove the following theorem.
Theorem A.1. The map of patterns @: TotE?’* — Span(F7) induces equivalences of categories
SegSpanP(]FT)(C) = SegTotE?*(C)’
=~ CMonyp(C);

Fbrs(Spany (Fr)) = Fbrs(TotE?*).

Moreover, in the case T =P, there is an additional equivalence
Fbrs(TotF7 ) ~ Opr o

the latter denoting Nardin-Shah [NS22]’s co-category of T -co-operads.

A.1.1. The pattern TotE? .- We may explicitly describe the Segal conditions for TotEP B

Lemma A.2 ([BHS22, Obs 5.2.9]). Fiz [S — U] an object in Eg’*. Then, there are equivalences

P el °op - P,V,s.1.
(23) ((TOtET,*)[SHU]/) =T xpopp TOtEL /g7 )
N P,V
(24) =T xpp BF jis
N P
(25) ~T7T XIF? FT,/S'

Furthermore, the full subcategory of (T X7 ]F;Z’/S )Op consisting of morphisms f: T — S such that f itself is
the inclusion of an orbit is an initial subcategory equivalent to the set Orb(S).

Proof. Eqgs. (23) and (25) follows by definition. For Eq. (24), this follows by noting that whenever [U = U] —
[S — V] is a morphism in E? out of an orbit, the associated morphism U — S xy U is a summand inclusion,
as it’s split by the projection S xy, U — U and P is atomic. For the remaining statement, the inclusion
Orb(S) -7 XgP F?’,/S has a right adjoint sending f : T — S to f(T) C S, so it is initial. O

Moreover, the pattern is reasonably well behaved.

Lemma A.3 ([BHS22, Cor 5.2.10]). The pattern TotE?* is sound.

Proof. We verify the conditions of [BHS22, Prop 3.3.23|. First, we must verify that (TotE?’V’Si)/S — TotE?’ys

is fully faithful, i.e. if there is a pair of TotE?’v—morphisms

such that the associated maps gf,: Sy — So xy, Uy and g,: S; — Sg Xy, U; are summand inclusions, the map
Sy = S1 xy, U is a summand inclusion. Here, we use the orbitality property that a morphism in IF; is a
summand inclusion if and only if it’s a section; noting that gf, may be decomposed as

fo &oxuy Uz
Sz E— Sl ><U1 Uz _— SO XUO U] )(U1 Uz ~ SO XUO U:)_.
if r is a retract for gf,, then ro (go Xy, U2) is a retract for f,, so f lies in (TotE?’v’s'i‘), as desired.
Last, we must verify that

P,V,si,el P,V,el
TotEy /iy = TotEy /is”

is final for all [S — U] e E?’V; in fact, it is an equivalence by Lemma A.2. a
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From this, we may prove the following proposition.

Proposition A.4. There is an equivalence of co-categories over C
S C) =~ Funl"®(EY , Coeff” (C)).
egror? (€)= Funy =(E7 , Coeff™ (C))

Moreover, when P =T , there is an equivalence of co-categories
Fbrs(TotFr ) ~Op7r
the latter denoting Nardin-Shah [NS22]’s co-category of T -co-categories.

Proof of Proposition A.4. For the first statement, note by Lemma A.2 that a Segal TotE? ~-object in C is
equivalent to a functor
M: TotE? ,—C

satisfying M (EBZ U;) ~T1; M(U;); taking adjunct maps yields a fully faithful embedding
Segr i (C) = Fung (E7 , Coeff” (C)),

so it suffices to identify which 7 -functors E? L= CoeffT(C ) satisfy the above condition. In fact, this follows
from the identification of 7-(co)limits in CoeffT(C) of Proposition 1.26. The second statement follows by
comparing definitions with [BHS22, Prop 4.1.7] in view of Lemma A.2. (|

We now turn to the remaining statements of Proposition 2.48 making use of the following theorem,
whose main content is due to Shaul Barkan in [Bar23a, Cor 2.64].

Theorem A.5 ([BHS22, Prop 3.1.16, Thm 5.1.1]). Suppose f: O — P is a strong Segal morphism of algebraic
patterns such that the following conditions hold:

(1) fe': 0 = Pel s an equivalence, and

(2) for every O € O, the functor (078 )7 — (Pf}c(to)y is an equivalence.
Then, the functor f*: Segp(C) — Segy(C) is an equivalence. Furthermore, if P is soundly extendable, then
f*: Fbrs(P) — Fbrs(O) is an equivalence, and it suffices to check condition (2) on O € ol

A.1.2. Global effective burnside patterns. Fix I C F7 a weakly extensive subcategory. There is a span pattern
analog to Lemma A.2 which is proved identically.

Lemma A.6. The full subcategory of (SpanI(IFT)% )Op ~T xg, Fr /s consisting of morphisms f: T — S such
that f is a summand inclusion is an initial subcategory equivalent to the set Orb(S).

Unwinding definitions, this demonstrates the following.
Corollary A.7. The forgetful functor

SegSpan,(FT)(C) - Fun(spanI(FT)rC)

is fully faithful with image spanned by the product preserving functors.

We call these global effective Burnside patterns. They are generally well behaved:
Lemma A.8. The pattern Span;(Fr) is soundly extendable.

Proof. Tt is sound by [BHS22, Cor 3.3.24]|. To see that Span(F7) is extendable, it is equivalent to prove that
Dspan(Fy) 18 a Segal Span (Fr)-co-category, i.e. for every S € Span;(Fr), the associated functor ¢ of

act ~ ~

Span, (Fr)js > I/g > ]_[ Iy

VeOrb(s)

lim  Span(F7)% —— lim [
\% /V
VeSpan(IFf)gl/ / VeT xp, Fr s

is an equivalence. In fact, it is an equivalence by Lemma A.6. |
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A.1.3. The equivalence. We resume our original generality with 7”7 C 7 an atomic orbital subcategory.
Corollary A.9. ¢: E?* < Spany(F7) induces equivalences of categories
Segspany(ry)(C) = Segy;’*(c);
Fbrs(Span,(F7)) ~ Fbrs(F ).
Proof. The pattern Span(F7) is soundly extendable by Lemma A.8. In order to verify that ¢ is a strong

Segal morphism, we must verify that (p%%v] /18 initial; in fact, it is an equivalence by Lemmas A.2 and A.6.

It remains to check that ¢ satisfies the conditions of Theorem A.5. First, note that ¢! is an equivalence
by construction. Second, note that there is a factorization

P,act ~ mP
TotEr vovy = Frv

= H

Spanp(Fr)iyf =~ IF?’/V
SO (p}"c,t is an equivalence for all V € TP = TotE?',i,l/[V=V]~ O

Theorem A.1 follows by combining Proposition A.4 and Corollaries A.7 and A.9.

A.1.4. The O-monoidal case. We refer to Fbrs(Spany(F7)) as the co-category of P-operads. Theorem A.1
yields two algebraic patterns underlying a P-operad:

Tot: Fbrs(Spany(F7)) — AlgPatt;
Tot Toty : Fbrs(Spany(Fr)) =~ Fbrs(TotE?ﬁ) — AlgPatt.
in fact, these yield the same algebraic theories.
Corollary A.10. Let O® be a P-operad. Then, @* induces equivalences

Segrot0s (€)= Segroitor, 00 (C);
Fbrs(Tot O%) ~ Fbrs(Tot Toty O%).

This will follow immediately from the following proposition.

Proposition A.11. Suppose @: O — P is a strong Segal morphism of algebraic patterns satisfying the conditions
of Theorem A.5 and which is a 1tg-isomorphism and let Q — P be a fibrous pattern. Then, the pullback map

¢ Q->Q
satisfies the conditions of Theorem A.5; moreover, if P is soundly extendable, then @ is soundly extendable.

Proof. First note that strong Segal morphisms are closed under pullback, since initial functors are closed
under pullback. Furthermore, fibrous patterns over soundly extendable patterns are soundly extendable
[BHS22, Lem 4.1.15], so we're left with verifying the conditions. Note that we acquire pullback diagrams

qoa(-@el SN Qel POt — 5 At
L U
@el SN Del Oact N jpact

which imply that (p*(Qel — ¢ is an equivalence. Pick some X € @*@Q; then, we acquire pullback diagrams

PO — Qi (0 Qs) — (@)
Ofsty — Plox (O3)” — (Plox)

where the right is the core of the left, implying that ((p*(Q*/’)c(t): — ( 7$’X ): is an equivalence, as desired. [
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For example, we can quickly acquire a model for I-operads akin to [NS22]. The global version of this
uses the following proposition, whose proof is identical to that of Proposition 2.33.

Proposition A.12. Let I C IF? be a replete wide subcategory. Then, Span;(Fr) — Spany(Fr) presents a
P-operad if and only if I C IF? is a weakly extensive subcategory.

Define the pullback pattern TotF, , := TotE?ﬁ Xspan,(F7) Span; (Fr)
Corollary A.13. ¢* induces equivalences

SegSpanI(]FT)(C) = SegTotEI'* (C)'
Fbrs(Span;(FF7)) =~ Fbrs(TotF, ,).

Remark A.14. Let Orb C Glo be the global orbit category including into the global indexing category
(see e.g. [CLL23a, Ex 4.3.3]). As remarked in [CLL23a, Rmk 4.3.4], atomic orbital subcategories of Glo
correspond to global transfer systems in the sense of [Bar23b|; since Orb is the maximal atomic orbital

subcategory of Glo, these correspond canonically with extensive subcategories of Fgﬂz. If we interpret weakly

extensive subcategories I C ngg as global weak indexing categories, the above work thus constructs global

weak N -operads and an equivalence between two models for global I-operads. <

A.1.5. I®-operads as operadic coefficient systems. We now prove the following result.
Proposition A.15. The map @: T°P x Span(F) — Span;«(Fr) induces equivalences
Segspan e (F7)(C) =~ Fun(7 °P,CMon(C));
Fbrs (Span;e (F7)) ~ Fun(7 °P,Op).

Proof. The right hand sides correspond with SegT(,pxSpan(]F)(C) and Fbrs(7 °P x Span([F)), so it suffices to verify

the conditions of Theorem A.5 for ¢. We already know that the codomain is soundly extendable Lemma A8,

and it is easy to see that ¢¢ and ((pj‘g): are equivalences. Moreover, the fact that ¢ is a Segal morphism

follows from Corollary 1.59, so we are done. O
A.2. Pullback of fibrous patterns along Segal morphisms and sound extendability.

Proposition A.16. Suppose @: O — P is functor which is compatible with the inert-active factorization system,
and P is soundly extendable.. Then,

(1) If the precomposition functor ¢*: Fun(DP,Cat) — Fun(®, Cat) preserves Segal objects, then the pullback
Junctor ¢*: Cat,p — Catp preserves fibrous patterns.
(2) If @ is an inert-cocartesian fibration and the left Kan extension functor @,: Fun(®,Cat) — Fun(P, Cat)
preserves Segal objects, then postcomposition ¢,: Cat,p — Cat/p preserves fibrous patterns.
In particular, if @ s an inert-cocartesian Segal morphism with soundly extendable codomain whose left Kan

extension preserves Segal categories, then pullback and postcomposition restrict to an adjunction on fibrous
patterns

@ : Fbrs(©) 2 Fbrs(P): ¢°

Proof. Our argument is only a minor variation of [BHS22, Lem 4.1.19]. In either case, the property of being
an inert-cocartesian fibration is always preserved, either by assumption or by [BHS22, Obs 2.2.6].

We prove (1) first. Fixing .# € Fbrs(D), by [BHS22, Obs 4.1.3], it suffices to prove that the left vertical
arrow in the following pullback diagram is a relative Segal ©-oco-category.

Ste'(¢"F) —— @ StptF
L
Ay —— QD*,Q{D

By [BHS22, Lem 3.1.10], relative Segal O-co-categories are pullback-stable, so it suffices to prove that the
right vertical arrow is a relative Segal O-co-category. By sound extendability <7 is a Segal P-co-category,
and since ¢ preserves Segal co-categories, ¢ .o is a Segal O-co-category; by [BHS22, Obs 3.1.8] it then
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suffices to prove that qo*Stif;tﬁ is a Segal O-co-category. Since @* preserves Segal co-categories, it suffices to

prove that St%“ﬂ’ is a Segal P-category, which follows by the assumption that .% is a fibrous pattern.
(2) is similar; this time, by taking left adjoints to the commutative square of [BHS22, Prop 4.2.5], it
suffices to prove that the composition

(P!Sti®ntg g (leZf(D — &Zf'p

is relative Segal; since P is soundly extendable, [BHS22, Obs 3.1.8] again reduces this to verifying that (p!Sti(DntﬁZ
is Segal; this follows from the facts that % is a fibrous pattern and ¢, preserves Segal co-categories. O

A.3. Segal morphisms between effective Burnside patterns. We now fill our grab bag with a wide variety of
Segal morphisms between effective Burnside patterns.

Proposition A.17. Suppose I C ] CF7 are weakly extensive subcategories. Then, the inclusion
12 Span;(Fr) — Span;(Fr)
s a Segal morphism.

Proof. We are tasked with verifying that precomposition with 1 preserves product-preserving functors, i.e.
that 1 is a product-preserving functor. In fact, this is immediate, since a functor Span;(Fy) — C is product-
preserving if and only if the backwards maps (S < U)ycorb(s) together map to a product diagram, which is
obviously true of . |

Proposition A.18. Suppose ¢: V — W is a morphism in T. Then, the associated functor
SpanI(Indy): Span;(Fy) — Span;(Fy)
s a Segal morphism.

Proof. We're tasked with proving that precomposition along Span(Ind\V,v ) preserves product-preserving
functors, i.e. it is a product-preserving functor. Since Span;(Fy) and Span;(Fy) are semiadditive, it is

equivalent to prove that Span(Ind{/,v ) is coproduct-preserving; since coproducts in Span;(Fy) are computed
in Fy, it’s equivalent to prove that Indy: Fy — Fy is coproduct-preserving, which follows from the fact
that it’s a left adjoint. |

Proposition A.19. If f: 7' — T is a functor of co-categories sending an atomic orbital subcategory P’ C T’
into an atomic orbital subcategory P C T, then the associated functor Spany,(Fr/) — Spany(Fr) is a Segal
morphism.

Proof. By [CH21, Rem 4.3], it suffices to verify that f;‘} induces an equivalence on the left vertical arrow
lim F

F(U)
Spanp(7)S! I_[

)/ UeOrb(f(X))

! !

lim Fof! =~ ] Ef(V)

1
Spanp/(T")%, VeOrb(X)

1R

whenever F is restricted from a Segal Spany(IF7) space. This follows by noting that the horizontal arrows are
equivalences and Span(f) sends the set of orbits of X bijectively onto the set of orbits of f(X). |

Proposition A.20. If P C 7T is an atomic orbital subcategory such that P,T have compatible terminal objects,
then the induced functor

A :=Span(x): Spany(F7) x Spany(Fp) A, Spanp(Fr)

s compatible with Segal objects.
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Proof. By [CH21, Ex 5.7], a functor Span,(F7)x Spany(F7) — C is a Segal object if and only if it preserves
products separately in each variable. Hence we’re tasked with verifying that A*F preserves products separately
in each variable whenever F preserves products. In fact, this follows by distributivity of products and
coproducs in IE‘P; indeed, we have
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