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Introduction

As a consequence of Voevodsky's proof [V] of the Milnor Conjecture, the
2-primary algebraid<-groups of rings of integers in arbitrary number fields
were computed in [RW], using the Bloch-Lichtenbaum spectral sequence
of [BL]. Similar results were obtained by Kahn in [K] for totally imaginary
number fields. The results of these computations were expressed in terms
of the étale cohomology groups of the number ring. Here we make these
calculations completely explicit in the case of a large number of quadratic
and cyclotomic number fields, and their maximal real subfields.
AnumberfieldF is called2-regular[GJ] if the 2-Sylow subgrougs (F')
of the kernel inKy(F') of the regular symbols attached to the non-complex
places ofF, is trivial. This is equivalent to the combined hypothesis that
the rational prime idegl2) does not split into distinct prime ideals ,
and that the narrow Picard grotic, (Ry) of the ring Rp = Op[3] of 2-
integers inF" has odd order. (Seg for definitions and further discussion.)
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The 2-regular quadratic number fields were classified by Browkin and
Schinzel in [BS]. All their 2-primary algebraik’-groups are determined in
Theorems 3.2 and 4.2. More generally, a classification of 2-regular Abelian
2-extensions of) was given by Gras in [G, p. 331].

We also consider the cyclotomic number fie@lg, ), and their maximal
real subfield€Q(¢, + ;). These can only be 2-regular when= p™ is a
prime power. We note in Theorems 3.3 and 4.3 that these are all 2-regular
whenp = 2, and in Examples 3.5, 3.6 and 4.5 that these are all 2-regular
wheng # 29 is an odd prime power witly(¢) < 66, or a Sophie Germain
prime, such that 2 is a primitive root mad In the 2-regular cases all the
2-primary algebraids-groups of the cyclotomic fields and their maximal
real subfields are calculated in Theorems 3.3, 3.4, 4.3 and 4.4.

We remark that in the 2-regular casks(Or) = K4(Rr) = 0 mod-
ulo odd torsion, so the mafg}!(F) — K4(F) from Milnor K-theory to
algebraicK-theory is zero in degree 4, in these cases.

By Wiles’ proof [Wi] of the Main Conjecture in Iwasawa theory, and
Kolster’'s appendix in [RW], these calculations of 2-primary algebraic
groups give 2-primary calculations of the values of the Dedekind zeta func-
tions (r(s) at negative odd integers, in the cases witers totally real
Abelian. We present these calculations for the 2-regular real quadratic or
maximal real subfields of cyclotomic number fields in Theorems 5.2, 5.3
and 5.4.

1. Notations and review

Consider a number fielH overQ, with r; real andr, complex embeddings.
Units of F" with positive image under each real embedding are ctdiiedly
positive We say thatF’ is totally imaginarywhenr; = 0, F' is real when
r1 > 0, andF is totally realwhenr, = 0. Let O be the ring of integers in
F (anumber ring, and letRr = Op|[3] be the ring of 2-integers.

Recall that thedeal class grougCl(F') of F' is the group of fractional
ideals of F modulo the principal fractional ideals, tmarrow ideal class
group Cl, (F)) is the group of fractional ideals modulo the totally positive
principal fractional ideals, thBicard groupPic(Rp) is the quotient group
of CI(F) by the classes of prime ideals abd@2e, while thenarrow Picard
group Picy (Rp) is the quotient group ofl; (F') by the (narrow) classes
of prime ideals abové2). Also recall that the-rank rky A of an Abelian
group A is the dimension of its exponent 2 subgraoup as a vector space
overZ/2.

Let hr be the class number d@f, i.e., the order ofC1(F'). Let s be the
number of primes o - over the rational primé&2), lett be the 2-rank of the
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Picard grougPic(Rr), and letu be the 2-rank of the narrow Picard group
Pic, (Rr).

Let ¢, = exp(2my/—1/n) be a primitiventh root of unity. For each
integer i, wl@)(F) is defined as the maximal powef of 2 such that
Gal(F'(¢an)/F) has exponent dividing If no maximal power exists, such

as fori = 0, we Writsz@) (F) = 2°°. We say thatF" is exceptionalf the
Galois groupGal(F(¢2n)/F) is not cyclic for somen. Any real number
field is exceptional.

We write vz (i) for the 2-adic valuation of an integéri.e., the greatest
numbern such that2” dividesi. Let =) denote isomorphism after 2-
localization, which for finite Abelian groups amounts to isomorphism of
2-Sylow subgroups. L&} (Rr; M) be thenth étale cohomology group of
Rp with coefficients in thestale sheafl/.

The following results were obtained in [RW] as applications of Voevod-
sky’s proof of the Milnor conjecture [V], and the Bloch—Lichtenbaum spec-
tral sequence [BL]. See also [K] and [W2].

Theorem 1.1[RW, 0.4(a)] Let E be a totally imaginary number field. Then
foralln > 2

H2(Rg;Zo(i + 1)) forn = 2i,

Theorem 1.2[RW, 0.6]. Let F' be a real number field. Then for all > 2

HZ(Rp; Zo(4k + 1)) forn = 8k,
FritTr2 @Z/Q forn =8k +1,
H2(Rp;Zo(4k +2)) forn =8k +2,
7r2 ) (Z/Q)’"l_l

K (OF) =@) Kn(RF) =) ® Z/2wfj€)+2(F) forn = 8k + 3,
) forn = 8k +4,
Zjﬁ-m forn = 8k + 5,
HZ(Rp; Zo(4k +2))  forn = 8k +6,
Z2 o Z/wy), (F)  forn=8k+T.

Here HZ(Rp; Zo(4k + 2)) is the kernel of the natural surjective map
HZ(Rp; Zo(4k +2)) —— @" HE(R; Zy(4k + 2)) = (2/2)"

induced by the; real embeddings af.
The missing groufKs,.4 (R ) is isomorphic, modulo odd finite groups,
to the maximal finite quotient ds;+5(Rr; Q2/Z2). The latter K-group
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fits into the short exact sequence
0= (Z/2)" " —— Kgiys(Rr; Qo/Zo)
——— (Q2/Z2)" "2 @ HE(RF; Zo(4k + 3)) — 0.

Theorem 1.3[RW, 0.7]. Let F' be a real number field. For > 2

s+t—1 forn = 8k,
1 forn =8k + 1,
rm+s+t—1 forn=8k+ 2,
T forn = 8k + 3,
tky Kn(R) = s+u—1 forn = 8k + 4,
0 for n = 8k + 5,
s+u—1 for n = 8k + 6,
1 forn =8k + 7.

Recall from e.g. [RW, 1.8, 4.4, 4.6, 6.11 and 6.12]:

Proposition 1.4.Let F' be a number field anél> 0 an integer. Then

Z/w§2)(F) forn =0,
(Q2/Zs)"

HG(Rp; Qo/Zo(1) 2§ @HZ(Rp;Zo(i)) forn=1,i#0,1,
(Z)2)m forn > 2,7 —nodd,
0 forn > 2,7 — neven.

Herer = ry for i even, and = ry + o for i odd. H3(R; Z2(4)) is a finite
group fori # 0, 1, with 2-rank

ri+s+t—1 foris0even,

rko Hy(Rp; Zo(i)) = {S ti—1 for i # 1 odd.

Also recall from [W1, 6.3]:

Proposition 1.5. Let F' be a number field. Let be maximal such that
F(v/—1) contains a primitive2®th root of unity, let; be an integer, and
letb = v9(7) be its2-adic valuation.

(a) If v/—1 € F thenw!” (F) = 20+,

(b) If V=1 ¢ F andi is odd thenw” (F) = 2.

(c) If /=1 ¢ F, F is exceptional and is even thenuZ@)(F) = 20+P,

(d) If/—1 ¢ F, Fisnon-exceptional ands eventhemuf) (F) = 20+b=1,
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2. Two-regular number fields

Let ' be a number field. The common kernel of the regular symbols on
K, (F) associated to the finite places Bfis called thetame kerneland is
isomorphic toK>(OF). Ignoring odd torsionKs(Or) =5y Ka(Rr) by

the localization sequence. By 1.1 and 1.2, we have a natural isomorphism
Ky(Rr) =(9) H4(Rr; Z»(2)). See also [T] and [S, Lemme 10].

In [G], Gras introduced thenodified tame kerneRy(F'), as the sub-
group of the tame kernel where also the regular symbols associated to the
r1 real embeddings af vanish. On 2-Sylow subgroups, these symbols are
identified with the natural surjection

a RF7 ZQ GB R Z2 (Z/2)T1

and soRy(F) = HZ(Rp; 7Z2(2)) in the notation of 1.2.

Definition 2.1. A number fieldF" is 2-regular if the 2-Sylow subgroup of
the modified tame kerné?y (F) is trivial.

As noted in 1.3, the 2-rank oKy (RFp) isr1 + s + t — 1. Fixing r1,
the minimal possible 2-rank is thus. Totally real fields satisfying 2.2(b)
were studied by Berger in [B]. Some of the following characterizations were
pointed out to us by an anonymous referee, and improve on our initial results.
Proposition 2.2.For number fieldg:” the following are equivalent:
(a) Fis2-regular.
(b) K2(Op){2} = Ka(Rp){2} = (Z/2)™ is elementary Abelian of mini-
mal 2-rank.
(c) Theideal2)does notsplitirF’ and the narrow Picard groupic (Rr)
has odd order, i.es = 1 andt = u = 0.
(d)

(z/2)"  fori # 0 even,
HE(Rp; Za (i) = {() fori # 1 odd.

Proof. Suppose # 0 is even. Themd(R; Z» (7)) is 0 for n odd andZ/2
for n > 0 even. We compare the Bocksteln sequencétdle cohomology
for R andR under ther; real embeddings:

(2.3)

0—>H (RF,ZQ( ))/2 e H (RF,Z/Q )) — o H: [(RF7ZZ('L))

|- l

D" HY(R;Z/2(i) —— @ 2HE(R; Za(3))
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Similarly:

H2(Rp; Zo(i)) /2 ——  HZ(RriZ/2(i))

(2.4) l l

@ HA(R; Za(i)/2 —— @ HA(R; 2/2(i))

Note that cohomology with coefficients #/2(i) is independent of.

By the Kummer sequenc#l(Rr;Z/2(1)) = R}/2 & 2 Pic(RF) and
HZ(Rp;Z/2(1)) = P1c(RF)/2 @ 2 Br(Rp), whereBr(Rp) is the Brauer

group. By the Brauer—Hasse—Noether theorem the natural map

2 BI‘(RF) — 6192 BI‘(R) = (Z/Q)Tl

is surjective, so the right-hand vertical map(ih4) is surjective, which
explains why the left-hand vertical map is always surjectlve

Now suppose thak is 2-regular. Themy(F){2} & HZ(Rp;Z2(2)) =
0, SO Ko(Rp){2} = HZ(Rp;Z2(2)) = (Z/2)™. This proves(a) (b).
The converséb) = (a) is equally obvious.

Let R§,+ C R} denote the groups of totally positive units y and
units in R, respectively. Then there is an exact sequence

(2.5)

[

0— Ry, — Rp —— (Z/2)" — Picy (Rr) — Pic(Rr) — 0
obtained by applying the snake lemma to the exact sequences defining
Pic4 (Rr) andPic(Rr). Hereo is thesignature map
Now suppose thaks(Rr){2} = HZ(Rr;Z(2)) = (Z/2)". Evaluat-
ing 2-ranks we find; +s+t¢t—1 = r1, sos = 1 andt = 0. Hence(2) does
not split, andPic(Rr) has odd order. The right-hand vertical mag2s)
is an isomorphism foi = 2, so the middle vertical map

HYRp; 7./2(i) EB (R; Z/2(i)

is a surjection for alf. Sinces Pic(Ry) = 0 we can identify this map with
the signature map, extended over the natural surjecti®j, — R7./2.
Hencer is surjective an®ic (Rr) = Pic(Rr) has odd order. Thus 0
and(b) = (c).

Suppose = 1 andt = u = 0. Note that the image of the signature map
can be identified with that of' sincet = 0, ando is surjective by (2.5).
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The groupHZ(Rr; Zo (1)) is afinitely generated,-module for all integers
1, see [RW, 6.12]. Hence the Bockstein exact sequence

0 —— HZ(Rp;Zs(i))/2 —— H3(Rp;Z/2(i))

—— 2HY(Rp; Z/2(i)) —— 0

and 1.4 shows thati2(Rp;7Zo(i)) = 0 for i # 1 odd, and that
ko H2(Rp; Z2(i)) < r fori # 0 even. Surjectivity ofa’ shows that
71 is also a lower bound for the 2-rank &f2( Rp; Z»(i)) for i # 0 even.
From surjectivity of the right-hand vertical map(i2.3) we find that the sur-
jection HZ(Rr; Zo(i)) — (Z/2)™ is in fact an isomorphism. This proves
that(c) = (d).

Finally (d) = (b) by specialization, which completes the proofD

We say that an extensiafi/ F' of number fields idinitely ramifiedif a
finite (non-Archimedean) prime df ramifies in the extension.

Proposition 2.6.Let E/F' be an extension of number fields that does not
contain any nontrivial Abelian finitely ramified subextension. For example,
E can be a quadratic finitely ramified extension. Then the narrow norm
mapsCl, (E) — Cl.(F) andPicy(Rg) — Picy (Rp) are surjective.

Proof. By class field theoryCI(F") is the Galois group of the maximal
Abelian totally unramified extensioH (F') of F', called the Hilbert class
field. LikewiseCl (F) is the Galois group of the maximal Abelian finitely
unramified extensiof, (F) of F', called thenarrow class fieldbf F.

The composite? - H, (F) is Abelian and finitely unramified ovef,
becausdi (F) is Abelian and finitely unramified ovér. HenceE - H, (F')
is contained inH (E). By assumptionE N H, (F') = F, so we obtain a
surjective group homomorphism:

CL (E) = Gal(H, (E)/E) — Gal(E - H, (F)/E)
~ Gal(H, (F)/F) = CL,(F)

As in [Wa, p. 340] this equals the map induced by the norm on fractional
ideals. The surjectiofl; (F) — Pic; (Rg) annihilates the classes of ideals
of O lying over(2), and likewise forF. The norm preserves ideals over
(2), and so we obtain an induced surjectBit (Rr) — Pic(Rp), as
claimed. O

We now consider cyclotomic fields. L&t = Q(¢,) be thegth cyclotomic
field. Its maximal real subfield i8' = Q({; + {4)-
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Proposition 2.7.(a) Thegth cyclotomic field= = Q((,) is 2-regular if and
only if ¢ = 2™, or if ¢ = p™ wherep an odd prime2 is a primitive root
modq andPic(Rg) has odd order.

(b) The maximal real subfield = Q(¢, + ¢,) of thegth cyclotomic field
is 2-regular if and only ifq = 2™, or if ¢ = p™ wherep is an odd prime2
is a primitive root mod; and Pic (Rr) has odd order.

Proof. In both cases it follows easily from the cyclotomic reciprocity law
[Wa, p. 14] that the prime idedR) does not split inZ, resp. inF, if and
only if ¢ = 2™, or if ¢ = p™ with p an odd prime an@ a primitive root
modgq. Hence in these cases the number field is 2-regular if and only if its
narrow Picard group has odd order. Of couPs& Rg) = Picy (Rg) for E
totally imaginary.

Wheng = 2™ the class number df = Q((2m ) is odd [Wa, 10.5]. In this
case the quadratic extensisif F' is finitely ramified abové2), soPic(Rg)
andPic4 (Rr) have odd order by 2.6. O

3. Totally imaginary number fields

Theorem 3.1.Let £ be a2-regular totally imaginary number field. Then
forn > 2

- - 0 for n = 21,
Kn(Op) =) Kn(B2) =)\ 702 0200 () forn=2i - 1.

Proof. This is clear from 1.1 and 2.2. O

Theorem 3.2.Let E = Q(y/m) be a quadratic number field withh < 0
square free. The®' is 2-regular if and only ifm = —1,m = =2, m = —p
or m = —2p with p = +3 mod 8 prime. In these cases, far> 2

Ko (Z[V—1, 1]) =~ ) {0 for n = 24,

2 Z®7)22t=0)  forn =2 — 1,
while
1 0 ‘ forn = 21,
K, (Z[\/m, 5]) =) { 7@ 7)2%v20)  forn = 2i—1,ieven,
ZDZL/2 forn =2{ — 1,4 odd,

form = 1.
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Proof. The classification of 2-regular imaginary quadratic number fields

comes from [BS]. The numbeml(z)(E) are obtained from 1.5, by noting
that the field€)(,/m) are non-exceptional fon = —1, —2, and exceptional
otherwise. O

Theorem 3.3.Let E = Q((om) with m > 2. ThenFE is 2-regular. Hence
forn > 2

~ 0 for n = 24,
Kn(Z[CQM]) :(2) { ZQm—Q ® Z/2m+v2(l) for n=2 —1.

Proof.We use 2.7 and 3.1. The calculationgf’ (E) = 2m+v2() is imme-
diate from 1.5, since/—1 ¢ E. O

The Eulere-function o(n) equals the number of units in the ridgn.
This is the degree d(¢,,) overQ.

Theorem 3.4.Let E = Q((,) with ¢ an odd prime power. Suppog&ds a
primitive root modulo; andPic(Rg) has odd order. Then fot > 2

0 - forn =2,
Kn(Z[¢g)) 2o { 79D/12 ¢ 7,/22+2()  forn = 2i — 1,1 even,
79D/12 ¢ 7./2 forn = 2i — 1, odd.

Proof. The discriminant off is a power ofg, so(2) is inert in these cases.

We apply 3.1. The numbensl@) (E) are obtained from 1.5 by noting that
E is exceptional. O

Example 3.5Let £ = Q((,) with ¢ an odd prime power. By the table in
[Wa, pp. 352—-353], the class humbgs is odd for all prime powerg with
Euler p-function p(q) < 66, excepty = 29. Hence the hypothesis of 3.4
holds for all odd prime powerg # 29 with ¢(q) < 66, such that 2 is a
primitive root modulog.

A Sophie Germain primgis a prime such thalp — 1) /2 is also prime.

Example 3.6Let £ = Q((,) with p a Sophie Germain prime. By a theorem

of Estes [E],hg is odd for Sophie Germain primessuch that(2) is inert

in the maximal real subfield of. This is certainly the case {2) is inert

in E. Thus the hypothesis of 3.4 holds for all Sophie Germain primes

with 2 a primitive root modulg. These are precisely the Sophie Germain
primesp = 3 mod 8, andp = 5. The first few examples of such primes are
p=5,11,59,83,107 and179.
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4. Real number fields

Theorem 4.1.Let ' be a2-regular real number field. Then for > 2

0 for n = 8k,
Zrtr @ 7,/2 forn =8k + 1,
(Z)2)™ forn = 8k + 2,
72 ) (Z/Q)m—l

Kn(Or) =) Ku(Rp) =) { @ Z/20}) ,(F) forn =8k +3,
0 for n = 8k + 4,
VARREE for n = 8k + 5,
0 for n = 8k + 6,
2 @ Zjwy), (F) forn=8k+T.

The torsion subgroups in degrees= 8k + 1 andn = 8k + 2 are detected
by the natural maps

K,(Rp) —— @' m(Z x BO) = (Z/2)™

induced by the real embeddings.

Proof. The formulas for the algebral€-groups follow from 1.2, 1.3 and 2.2.
Note that there is no extension issue in de@ree 4 because the 2-rank there
iss+u— 1= 0. The Adamsu-elementus; 1 in the stablg8k + 1)-stem
maps to a class iKg; 1 (Rr) that is detected by real topologic&l-theory
[A]. The claims in degre8k + 1 and8k + 2 follow from this, and 2.2. O

Theorem 4.2.Let F' = Q(,/m) be a quadratic number field witm > 0
square free. Thett is 2-regular if and only ifm =2, m = porp = 2p
with p = +3 mod 8 prime. In these cases, far> 2

0 for n = 8k,
YRRV AD) forn =8k +1,
(7.)2)? forn = 8k + 2,
1 7/2® 7./202, (F) forn =8k + 3,
Kn(Z[\/TTLv 5]) g(2) 0/ / 4k+2( ) forn = 8k + 4,
7.2 forn = 8k + 5,
0 for n = 8k + 6,
Zjw, ,(F) forn = 8k + 7.

Wheni is evenaw® (F) = 23+v20) for m = 2, while w!? (F) = 22+v2()
for m £ 2.
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Proof.The classification of 2-regular real quadratic number fields also comes

from [BS]. To determine the numbe«zém (F), note thatF' containg(g only
for m = 2, and thatF' is real, thus exceptional. O

Theorem 4.3.Let F = Q({om + (om) With m > 2. ThenF is 2-regular.
Hence forn > 2

0 for n = 8k,
72" o 7.2 forn =8k + 1,
(z/2)2" forn = 8k + 2,
o 7/2)2" "1 g 7,/2mt2  forn = 8k + 3,
Kn(Z[Gm + Cam]) =(2) é/) v fmZ:8ki4
72" ? for n = 8k + 5,
Z/2m+2+v2(k+1) forn =8k + 7.

Proof.We use 2.7and 4.1. The numberl@)(F) are obtained from 1.5. 0

Theorem 4.4.Let E = Q((,) and F = Q(¢, + {,) with ¢ an odd prime
power such that is a primitive root mod;. Suppos®ic(Rg) has odd order,
or more generally thaPic, (Rr) has odd order. Thet' is 2-regular, and
forn > 2

0 for n = 8k,
Zs@(Q)/Z@Z/Q forn = 8k + 1,
(Z.)2)#D)/? forn = 8k + 2,
. 7/2)¢@/2-1 57./16 forn = 8k + 3,
Kn(Z[Gg + Ga)) =2) é/) / for n = 8k + 4,
7.2()/2 for n = 8k + 5,
0 for n = 8k + 6,
7,/ 24+ v2(k+1) forn =8k + 7.

In degreen = 8k + 3 the unit homomorphisi — Z[¢, + (4 takes
K (Z) =(9) Z/16 isomorphically to théZ /16-summand irf<,, (Z[(, +(,))-

Proof. Write ¢ = p°© for an odd primep. Then(p) is totally ramified inE,
henceE/ F is finitely ramified at the prime abov@). Thus the assumption
thatPic(Rg) has odd order and 2.6 imply thRic (Rr) has odd order. We
can therefore quote 4.1. To apply 1.5, note @&, +(,, v/—1) is contained

in Q(¢g; v—1) = Q({4q), hence containg; but not(s.

The mapZ — Z[(, + ,] induces isomorphismE%(Z[3]; Q2/Z (4k +
2)) — HY(Rr; Q2/Zo(4k+2)), and therefore take sy, 3(Z[3]) = Z/16
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split injectively to aZ/16-summand ofisx+3(Rr), by naturality of 1.2.
The final claim follows. O

Examples 4.5As noted in 3.5 the hypothesis of this theorem holds for all
odd prime powerg # 29 with ¢(q) < 66 and 2 a primitive root mod.

Likewise by Estes’ theorem [E] the hypothesis holds for all Sophie Ger-
main primesp with 2 a primitive root mod.

5. Values of zeta functions

Let #A denote the order of a finite group, and let(r(s) be the zeta-
function of the number field”. Recall the following theorem of Kolster,
Rognes and Weibel, combining the results of [RW] with Wiles’ proof [Wi]
of the Main Conjecture in lwasawa theory.

Theorem 5.1[RW, 0.1]. Let I be a totally real Abelian number field with
r1 real embeddings. Then for all evep» 2

or | #Kai—2(Rp) _ #HH(Rr; Za(i)) — r(1—4)
#Koi1(Rp)  #HYRriZa(i)) "

up to odd multiples.

Let va(q) = wv2(a) — v2(b) denote the 2-adic valuation of the rational
numberg = a/b.

Theorem 5.2.Let FF = Q(y/m). Then for all even > 2
v2(Cr(1 —1)) = —1 — va(i)

whenm = 2, while
v2(Cr(1 —14)) = —va(i)

whenm = p or m = 2p with p = £3 mod 8 prime.

Theorem 5.3.Let F' = Q({am + (am ) Withm > 2. Then for all eveni > 2
va(Cp(1 —14)) =272 — (m + va(4)).

Theorem 5.4.Let FF = Q({, + {,) with ¢ an odd prime power and a

primitive root modg. Supposéic, (Rr) has odd order. Then for all even

i>2
va(Cr(1 =14)) = ¢(q)/2 = (2 + v2(3)).
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This accounts for all 2-regular real quadratic or maximal real subfields
of cyclotomic number fields. These results may be reformulated in terms of
L-functions by the identity [Wa, 4.3]

CF(S) = H L(37X)

XEX

whereX is the group of Dirichlet characters associated to the Abelian field
F, ands is complex. In turn thd.-function values at negative integers can
be expressed in terms of generalized Bernoulli numbers using the formula

[Wa, 4.2]
By,

n
for integersn > 1. We omit the easy transcriptions.

L(1—n,x)=—

References

[A] J.F. Adams, On the group$(X). IV., Topology5 (1966), 21-71

[B] R. |. Berger, Quadratic extensions of number fields with elementary Ab24anim
K> (Or) of smallest rank, J. Number Theo¢ (1990), 284-292

[BL] S. Bloch, S. Lichtenbaum, A spectral sequence for motivic cohomology, Invent.
Math. (to appear)

[BS] J. Browkin, A. Schinzel, On Sylow-subgroups of<»(OF) for quadratic number
fields F', J. Reine Angew. Matl831(1982), 104-113

[E] D. R. Estes, On the parity of the class number of the field-th roots of unity,
Rocky Mt. J. Math19 (1989), 675-682

[G] G. Gras, Remarks oK of number fields, J. Number Theo?3 (1986), 322—335

[GJ] G. Gras, J.-F. Jaulent, Sur les corps de nombres reguliers, Ma#0241989),
343-365

[K]  B. Kahn, The Quillen-Lichtenbaum Conjecture at the primeUIUC K-theory
preprint server, no. 208 (1997)

[RW] J.Rognes, C. Weibel, Two-primary algebraiectheory of rings of integers in number
fields, J. Am. Math. Soc. (to appear)

[S] C.Souk,K-théorie des anneaux d’entiers de corps de nombres et cohoméetalgie
Invent. Math.55 (1979), 251-295

[T] J. Tate, Relations betweeR> and Galois cohomology, Invent. MatB6 (1976),
257-274

[Vl V. Voevodsky, The Milnor Conjecture, UIUQX-theory preprint server, no. 170
(1996)

[Wa] L.C.Washington, Introduction to Cyclotomic Fields, Graduate Texts in Mathematics,
vol. 83, Springer Verlag, 1982

[w1] C. Weibel, Etale Chern classes at the prideAlgebraic K-theory and Algebraic
Topology (P. Goerss, J. F. Jardine, eds.), NATO ASI Series C, vol. 407, Kluwer,
1993, pp. 249-286

[W2] C. Weibel, The2-torsion in theK -theory of the integers, C. R. Acad. Sci. P&8#1
(1997), 615-620

[Wi] A.Wiles, The lwasawa Conjecture for totally real fields, Annals of MA®i1(1990),
493-540



