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1 Introduction

We consider the stable rank filtration

S[BF×] ≃ F1K(F ) → F2K(F ) → · · · → K(F )

of the algebraic K-theory spectrum of a field F , and the associated homological
spectral sequence. The k-th filtration quotient is given by the homotopy orbits
of an explicit simplicial complex with GLk(F )-action, called the common basis
complex D′(F k):

FkK(F )/Fk−1K(F ) ≃ Σ∞ΣD′(F k)//GLk(F )

We conjecture that H̃∗(D
′(F k)) is concentrated in a single degree, namely ∗ =

2k − 3, and prove this for k ≤ 3. Letting ∆k(F ) = H̃2k−3(D
′(F k)) and

Γrk(t, F )t−s = Ht−s(GLs+1(F );∆s+1(F ))

we then get a cochain complex Γrk(t, F ), concentrated in degrees 0 ≤ ∗ ≤ t,
which is a candidate for a rational motivic complex in the sense of Beilinson
and Lichtenbaum. In particular, its cohomology

Ht−s
rk (F ; Z(t)) = Ht−s(Γrk(t, F ))

gives the E2-term of a spectral sequence converging to Hs+tK(F ), which is
rationally isomorphic to Ks+t(F ). We conjecture that this spectral sequence is
rationally isomorphic to the motivic spectral sequence, and prove this on the
vertical axis. In combination, these conjectures would prove the Beilinson–Soulé
conjecture on the vanishing of motivic cohomology in negative degrees.

2 The Beilinson–Soulé vanishing conjecture

2.1 Eigenspaces of algebraic K-theory

Let F be any field. The rational algebraic K-group Kn(F )Q = Kn(F ) ⊗Z Q

decomposes into eigenspaces for the Adams operations, with ψk(x) = ktx for
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x in the weight t eigenspace, for all integers k. For n ≥ 1, it is known that
only the eigenspaces with 1 ≤ t ≤ n can be nontrivial [20]. According to the
Beilinson–Soulé vanishing conjecture, only the eigenspaces with [n/2] < t ≤ n
can be nontrivial [1]. (A weak form asserts nontriviality only for [n/2] ≤ t ≤ n.)
This is one of the major unsolved conjectures about algebraic K-theory.

2.2 Motivic cohomology

The conjecture can be reformulated in terms of motivic cohomology. Bloch’s
cycle complex zt(F, ∗) is generated in degree n by certain codimension t varieties
in affine n-space over F , and the motivic cohomology group

Ht−s
mot(F ; Z(t)) = CHt(F, s + t) = Hs+t(z

t(F, ∗))

is given by the homology of this complex in degree (s + t) [3]. It is clear
that Ht−s

mot(F ; Z(t)) = 0 for s < 0 or t < 0, since in these cases there are no
codimension t varieties in affine (s + t)-space.

2.3 The motivic spectral sequence

The motivic spectral sequence

E2
s,t(mot) = Ht−s

mot(F ; Z(t)) =⇒ Ks+t(F ) ,

is an algebra spectral sequence concentrated in the first quadrant [7], [23]. Here
is the expected picture, with the origin in the lower left hand corner.

KM
4 (F ) H3

mot(F ; Z(4)) H2
mot(F ; Z(4)) H1

mot(F ; Z(4))

KM
3 (F ) H2

mot(F ; Z(3)) H1
mot(F ; Z(3))

kkWWWWWWWWWWWWWWWWWWWWWWWW

(0?)

KM
2 (F ) H1

mot(F ; Z(2)) (0?) (0?)

F× 0 0 0

Z 0 0 0

After rationalization, this spectral sequence is known to collapse at E2 = E∞,
with the weight t eigenspace of Ks+t(F )Q represented by Ht−s

mot(F ; Q(t)) in the
t-th row [8]. For t ≥ 1, the Beilinson–Soulé conjecture amounts to the assertion
that the motivic cohomology group Ht−s

mot(F ; Q(t)) vanishes for s ≥ t, which is
far from obvious from its definition in terms of Bloch’s cycle complex. (The
weak form asserts vanishing for s > t.)
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2.4 Rational vs. integral vanishing

In view of the proven Milnor and Bloch–Kato conjectures, the groups

Ht−s
mot(F ; Z/ℓ(t)) ∼= Ht−s

et (F ;µ⊗t
ℓ )

are zero for s ≥ t, for all primes ℓ (not equal to the characteristic of F ). It
follows that the Beilinson–Soulé conjecture is equivalent to the vanishing of the
integral motivic cohomology groups Ht−s

mot(F ; Z(t)) for s ≥ t. We will focus on
rational algebraic K-theory and motivic cohomology.

2.5 Motivic complexes

Beilinson [2] and Lichtenbaum [10] conjectured that for each t ≥ 1 there should
exist motivic complexes Γ(t, F ) concentrated in degrees 1 ≤ ∗ ≤ t, with cohomo-
logy Ht−s(Γ(t, F )) equal to the motivic cohomology groups Ht−s

mot(F, Z(t)). For
t = 0 we let Γ(0, F ) be Z concentrated in degree 0. For t = 1, Γ(1, F ) is F×

concentrated in degree 1, and Lichtenbaum [11] has constructed a candidate
for the motivic complex Γ(2, F ). Goncharov [9] has defined polylogarithmic
complexes Γpol(t, F ) for all t ≥ 0, but it is not known that their cohomology
is rationally isomorphic to motivic cohomology. In this paper we define rank
complexes Γrk(t, F ) for all t ≥ 0, whose cohomology groups give the E2-term
of a spectral sequence converging to the spectrum homology H∗K(F ), which is
rationally isomorphic to K∗(F ).

3 Tits buildings

3.1 The first delooping of algebraic K-theory

Let V = V (F ) be the exact category of finite-dimensional F -vector spaces. By
definition, Kn(F ) = πn+1K(F )1, where the space K(F )1 can be defined as the
classifying space |QV | of Quillen’s Q-construction [14], or, equivalently, as the
classifying space |iS•V | of Waldhausen’s S•-construction [25].

3.2 Quillen’s rank filtration

The objects of QV are the same as those of V , i.e., finite-dimensional F -vector
spaces. For each k ≥ 0 let FkK(F )1 be the subspace of K(F )1 given by the
classifying space |FkQV | of the full subcategory of QV generated by the vec-
tor spaces of dimension ≤ k. Then F0K(F )1 ≃ ∗, and there is a homotopy
equivalence

FkK(F )1/Fk−1K(F )1 ≃ Σ2B(F k)//GLk(F )

for each k ≥ 1 [15]. Here B(F k) is the Tits building, which we recall in the next
subsection. We write X//G for the homotopy orbit space EG+∧G X of a based
G-space X. Note that there is a homotopy orbit spectral sequence

E2
p,q = Hp(G; H̃q(X)) =⇒ H̃p+q(X//G) .
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3.3 Tits buildings

The Tits building B(F k) of F k is a simplicial complex, with vertices the set
of proper, nontrivial subspaces V of F k. A set of (p + 1) vertices {V0, . . . , Vp}
spans a p-simplex if and only if these subspaces form a flag, i.e., when indexed
in order of increasing dimension they form a strictly increasing sequence

0 ⊂ V0 ⊂ · · · ⊂ Vp ⊂ F k .

This is the flag complex associated to the partially ordered set of proper, non-
trivial subspaces of F k.

The general linear group GLk(F ) acts on B(F k) by its usual action on
subspaces, with g ∈ GLk(F ) taking V ⊂ F k to g(V ) ⊂ F k. The maximal flags,
with dim(Va) = a + 1 for each 0 ≤ a ≤ p, define (k − 2)-simplices that cover
B(F k). Hence B(F k) is covered by the (k − 2)-simplex

0 ⊂ F 1 ⊂ · · · ⊂ F k−1 ⊂ F k ,

and all of its GLk(F )-translates.

3.4 Steinberg representations

The Tits building B(F k) has the homotopy type of a wedge sum of (k − 2)-
dimensional spheres [15]. Hence the reduced homology of Σ2B(F k) is concen-
trated in degree k. The natural GLk(F )-action on B(F k) induces a GLk(F )-
action on this homology group, which defines the Steinberg representation

Stk(F ) = H̃k(Σ2B(F k)) .

The homotopy orbit spectral sequence collapses to isomorphisms

H̃p+k(Σ2B(F k)//GLk(F )) ∼= Hp(GLk(F ); Stk(F )) .

3.5 Finite generation

It follows from the above that FkK(F )1 → K(F )1 is k-connected. When F
is a number field and O = OF its ring of integers, Quillen used the fact that
H∗(GLk(O); Stk(F )) is of finite type [16] to deduce that H∗(K(O)1) is of finite
type, and hence that π∗(K(O)1) and K∗(O) are of finite type. To get more
precise information, we shall pass from the first to the higher deloopings of
algebraic K-theory.

4 Stable buildings

4.1 The K-theory spectrum

The algebraic K-groups of F are also realized as the homotopy groups of a
symmetric spectrum K(F ), with level n space given by the n-fold iterated S•-
construction

K(F )n = |iS
(n)
• V | .
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Rationally, the algebraic K-groups can be recovered from the homology groups
of this spectrum, since the Hurewicz homomorphism

Kn(F ) = πnK(F ) → HnK(F )

is a rational isomorphism.

4.2 The stable rank filtration

The objects of iS
(n)
• V in simplicial degree p are certain diagrams X : Ar[p]n →

V , where Ar[p] is the arrow category of [p] = {0 < 1 < · · · < p}. For each k ≥ 0
let FkK(F ) be the subspectrum of K(F ) with level n space

FkK(F )n = |FkiS
(n)
• V |

given by the full subcategory of the n-fold S•-construction generated by the
diagrams X taking values in vector spaces of dimension ≤ k. The sequence of
spectra

∗ ≃ F0K(F ) → F1K(F ) → · · · → FkK(F ) → · · · → K(F )

is called the stable rank filtration [17].

4.3 Stable buildings

There is a spectrum with GLk(F )-action D(F k), called the stable building (or
dwelling, den or demesne), and a stable equivalence

FkK(F )/Fk−1K(F ) ≃ D(F k)//GLk(F )

for each k ≥ 1 [17, 3.8]. We shall give an explicit description of the stable
building, as a suspension spectrum, in the next subsection. The right hand side
is the homotopy orbit spectrum for the GLk(F )-action on D(F k). In the case
k = 1, D(F 1) = S is the sphere spectrum with the trivial F× = GL1(F )-action,
so

F1K(F ) ≃ S[BF×] = Σ∞(BF×
+ ) .

The tensor product of F -vector spaces makes the stable rank filtration a dia-
gram of S[BF×]-module spectra, and K(F ) is a commutative S[BF×]-algebra
spectrum.

4.4 Common basis complexes

Definition 4.4.1 ([17, 14.5]). The common basis complex D′(F k) is a simplicial
complex, with vertices the set of proper, nontrivial subspaces V of F k. A set
of (p + 1) vertices {V0, . . . , Vp} spans a p-simplex if and only if these subspaces
admit a common basis, i.e., if there is a basis B = {b1, . . . , bk} for F k such that
each Va, for 0 ≤ a ≤ p, is spanned by a subset of B.

The group GLk(F ) acts on D′(F k) by its usual action on subspaces. For
each basis B as above, the set of subspaces 〈bi | i ∈ S〉 generated by the (2k−2)
proper, nonempty subsets of B defines a (2k − 3)-simplex in D′(F k). As B

varies, these simplices cover D′(F k). As a special case, let E = {e1, . . . , ek}
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denote the standard basis for F k. Then D′(F k) is covered by the (2k − 3)-
simplex consisting of all axial subspaces FS = 〈ei | i ∈ S〉, and all of its
GLk(F )-translates.

Proposition 4.4.2 ([17, 14.6]). There is a stable equivalence

D(F k) ≃ Σ∞ΣD′(F k)

of spectra with GLk(F )-action. Hence there is a stable equivalence

FkK(F )/Fk−1K(F ) ≃ Σ∞ΣD′(F k)//GLk(F )

for each k ≥ 1.

4.5 The component filtration

Each flag V0 ⊂ · · · ⊂ Vp admits a common basis, so there is an inclusion B(F k) ⊆
D′(F k). It is part of a finite filtration

B(F k) ≃ F1D
′(F k) ⊂ · · · ⊂ FkD′(F k) = D′(F k)

where the subquotient FcD
′(F k)/Fc−1D

′(F k) has homology concentrated in
degree (k + c − 3), for each 2 ≤ c ≤ k. It follows that the homology of D(F k)
is concentrated in degrees k − 1 ≤ ∗ ≤ 2k − 2, see Corollary 9.2.4.

Theorem 4.5.1. (a) H∗(D(F 1)) = Z is concentrated in degree 0.

(b) Hk−1(D(F k)) = 0 for all k ≥ 2, so H∗(D(F 2)) is concentrated in degree 2.

(c) H3(D(F 3)) = 0, so H∗(D(F 3)) is concentrated in degree 4.

Part (a) is clear. We prove parts (b) and (c) in Lemmas 9.3.1 and 9.4.1
below.

4.6 The connectivity conjecture

Conjecture 4.6.1 (Connectivity conjecture [17, 12.3]). The homology of D(F k)
is concentrated in degree (2k − 2), for each field F and integer k ≥ 1.

The conjecture is known to hold for 1 ≤ k ≤ 3. It can be reformulated as
stating that D(F k) is (2k − 3)-connected, or that H̃∗(D

′(F k)) is concentrated
in degree (2k − 3).

Definition 4.6.2. Let

∆k(F ) = H2k−2(D(F k)) = H̃2k−3(D
′(F k))

be the “top” homology of D(F k), viewed as a GLk(F )-representation.

The following addendum is known for k = 2, when H0(GL2(F );∆2(F )) ∼=
Z/2, and apparently H0(GL3(F );∆3(F )) ∼= Z/3 [18, 3.4].

Conjecture 4.6.3 (Strong connectivity conjecture). The group of coinvariants
H0(GLk(F );∆k(F )) is torsion, for each field F and integer k ≥ 2.
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5 Rank cohomology

5.1 The rank spectral sequence

Placing FkK(F ) in filtration s = k − 1 and applying homology, we get the rank
spectral sequence [18, §4]

E1
s,t(rk) = Hs+t(D(F s+1)//GLs+1(F ))

=⇒ Hs+tK(F ) .

It is concentrated in the first quadrant, and is a module spectral sequence over
its 0-th column

H∗(S[BF×]) ∼= H∗(F
×)

(group homology).

5.2 Expected appearance

If the connectivity conjecture 4.6.1 holds for k = s + 1, the homotopy orbit
spectral sequence collapses to an isomorphism

E1
s,t(rk) ∼= Ht−s(GLs+1(F );∆s+1(F )) .

This leads to the following picture in the first quadrant, with the origin at the
lower left hand corner. We write GLk = GLk(F ) and ∆k = ∆k(F ), for brevity.

H4(F
×) H3(GL2;∆2)oo H2(GL3;∆3)oo H1(GL4;∆4)oo

H3(F
×) H2(GL2;∆2)oo H1(GL3;∆3)oo H0(GL4;∆4)oo

H2(F
×) H1(GL2;∆2)oo H0(GL3;∆3)oo (0?)

F× H0(GL2;∆2)oo 0 (0?)

Z 0 0 0

If the strong connectivity conjecture 4.6.3 holds, the groups H0(GLk;∆k) on
the diagonal are rationally trivial for k ≥ 2.

5.3 The stable rank conjecture

We now have two spectral sequences, the motivic spectral sequence

E2
s,t(mot) = Ht−s

mot(F ; Z(t)) =⇒ Ks+t(F )

and the rank spectral sequence

E1
s,t(rk) = Hs+t(D(F s+1)//GLs+1(F )) =⇒ Hs+tK(F ) .

They appear to be closely related, so we formulate the following hypothesis:
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Conjecture 5.3.1 (Stable rank conjecture). The motivic spectral sequence and
the rank spectral sequence are rationally isomorphic, from the E2-term and on-
wards.

In particular, this conjecture contains the assertion that for each t ≥ 0,
the t-th row (E1

∗,t(rk), d1) of the rank spectral sequence is a rational motivic
complex of type Γ(t, F ), in the sense that its homology is rationally isomorphic
to motivic cohomology:

E2
s,t(rk) ∼=Q Ht−s

mot(F ; Z(t)) .

Furthermore, the conjecture contains the assertion that after rationalization the
rank spectral sequence collapses at the E2-term.

An unstable rank conjecture, asserting that the weight filtration on K∗(F )Q ⊂
H∗(GL∞(F ))Q is complementary to the filtration by the images of the homo-
morphisms H∗(GLk(F ))Q → H∗(GL∞(F ))Q, is apparently due to Suslin [6]. It
was proved to be correct for number fields by Borel and Yang [5].

5.4 Rank cohomology

Definition 5.4.1. For each t ≥ 0 we define the rank complex Γrk(t, F ) to be
given by the t-th row in the rank spectral sequence, with cohomological indexing:

Γrk(t, F )t−s = E1
s,t(rk) = Hs+t(D(F s+1)//GLs+1(F )) .

If the connectivity conjecture 4.6.1 holds for k = s+1, we have the algebraic
description

Γrk(t, F )t−s = Ht−s(GLs+1(F );∆s+1(F )) .

In particular, the rank complex is then concentrated in degrees 0 ≤ ∗ ≤ t. If
the strong connectivity conjecture 4.6.3 holds, we can (brutally) truncate the
rank complex to degrees 1 ≤ ∗ ≤ t for t ≥ 1, with no change in the rational
cohomology.

Definition 5.4.2. The coboundary map in the rank complex is given by the
d1-differentials in the rank spectral sequence. Its cohomology

Ht−s
rk (F ; Z(t)) = Ht−s(Γrk(t, F ))

will be called the rank cohomology of F .

With this notation, the stable rank conjecture 5.3.1 asserts that rank co-
homology is rationally isomorphic to motivic cohomology. Independently of
that conjecture, rank cohomology is well related to rational algebraic K-theory,
in view of the rank spectral sequence

E2
s,t(rk) = Ht−s

rk (F ; Z(t)) =⇒ Hs+tK(F )

and the rational isomorphism Ks+t(F ) ∼=Q Hs+tK(F ).
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5.5 The vanishing conjecture

If the connectivity and stable rank conjectures hold, we deduce that

Ht−s
mot(F ; Z(t)) ∼=Q E2

s,t(rk) = 0

for all s > t. This gives the weak form of the Beilinson–Soulé vanishing con-
jecture. If furthermore each group H0(GLk(F );∆k(F )) is rationally trivial for
k ≥ 2, then the full vanishing conjecture (for s ≥ t) follows.

6 Rings and schemes

[[Can extend the definition of the rank filtration to the case of rings with the
invariant rank property, including all commutative rings R. Use the exact cat-
egory F (R) of finitely generated free R-modules to get a stable rank filtration

∗ → S[BR×] → F2K(R) → · · · → FkK(R) → · · · → Kf (R)

of free K-theory, and stable equivalences FkK(R)/Fk−1K(R) ≃ D(Rk)//GLk(R)
and D(Rk) ≃ Σ∞ΣD′(Rk). Define presheaves of rank complexes by

Γrk(t,Spec(R))t−s = Hs+t(D(Rs+1)//GLs+1(R))

and sheafify in Zariski or étale topology. Is the result homotopy invariant for
regular R?]]

7 Rank one

7.1 Milnor K-theory

Let Λ∗F× be the free graded commutative (= exterior) ring generated by the
abelian group F× in degree 1. The Milnor K-theory ring KM

∗ (F ) is its quotient
by the ideal I ⊂ Λ∗F× generated by the products x∧y in degree 2, for x, y ∈ F×

with x + y = 1. There is an isomorphism KM
t (F ) ∼= Ht

mot(F ; Z(t)) for all t ≥ 0
[13], [24], compatible with the standard ring homomorphism KM

∗ (F ) → K∗(F )
and the edge homomorphism E2

0,∗(mot) ։ E∞
0,∗(mot) ֌ K∗(F ) in the motivic

spectral sequence.

7.2 A comparison result

Theorem 7.2.1. The motivic spectral sequence and the rank spectral sequence
are rationally isomorphic on the vertical axis, from the E2-term and onwards.

More precisely, the canonical homomorphism Λ∗F× → H∗(F
×) = E1

0,∗(rk)

induces a rational isomorphism KM
∗ (F ) = E2

0,∗(mot) ∼=Q E2
0,∗(rk). All later

differentials that map to the vertical axis are rationally trivial, in both spectral
sequences.

Proof. Consider the commutative diagram of solid arrows

Λ∗F× // //

∼=Q

²²

KM
∗ (F ) //

²²
Â
Â
Â

K∗(F )

∼=Q

²²

H∗(F
×) // // E2

0,∗(rk) // H∗K(F ) .
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The image of the differential d1 : E1
1,∗(rk) → E1

0,∗(rk) is an ideal J ⊂ H∗(F
×),

since the stable rank filtration is a diagram of S[BF×]-module spectra, so this
is a diagram of graded commutative rings. The left and right hand vertical
maps are rational isomorphisms. [[Reference for Λ∗F× ∼=Q H∗(F

×)?]] We know
that F2K(F ) → K(F ) is 3-connected, by Theorem 4.5.1, so E2

0,2(rk) = E∞
0,2(rk)

maps injectively to H2K(F ). Hence x ∧ y in Λ∗F× maps to zero in E2
0,∗(rk),

for all x, y ∈ F× with x + y = 1. Therefore the ideal I ⊂ Λ∗F× maps into the
ideal J ⊂ H∗(F

×), and there is a unique vertical homomorphism in the middle
making the whole diagram commute.

Looking at the left hand square, it follows that KM
∗ (F ) → E2

0,∗(rk) is ratio-
nally surjective. By the rational collapse at E2 of the motivic spectral sequence,
we know that KM

∗ (F ) → K∗(F ) is rationally injective. Looking at the right
hand square, it follows that the middle vertical homomorphism is a rational iso-
morphism, and that the edge homomorphism E2

0,∗(rk) → H∗K(F ) is rationally
injective. This implies that E2

0,∗(rk) ։ E∞
0,∗(rk) is a rational isomorphism, also

for the rank spectral sequence.

8 Rank two

8.1 Connectivity

Let k = 2. The common basis complex D′(F 2) is the 1-dimensional simplicial
complex with vertices the lines L ⊂ F 2, or equivalently, the points x ∈ P 1(F )
on the projective line over F , and a 1-simplex {x0, x1} for each pair of distinct
points x0, x1 ∈ P 1(F ). As usual, we think of x ∈ F as the point in P 1(F ) given
by the line through (1, x) ∈ F 2, and write ∞ for the point given by the line
through (0, 1) ∈ F 2.

The group GL2(F ) acts transitively on the 0-simplices, with 0 stabilized by

the subgroup P1 of upper-triangular matrices

[

a b
0 d

]

. It also acts transitively

on the ordered 1-simplices, with (0,∞) stabilized by the subgroup T2 of diag-

onal matrices

[

a 0
0 d

]

. Hence the augmented, oriented chain complex D̄′
∗(F

2)

associated to D′(F 2) [21, §4.1] is

0 ← Z
d0←− Z[GL2(F )/P1]

d1←− Z[GL2(F )/T2] ⊗Σ2
Zsgn ← 0 ,

where Zsgn denotes the sign representation. It is concentrated in degrees −1 ≤
∗ ≤ 1. Writing x0 ∧ x1 for the oriented chain generated by the ordered simplex
(x0, x1) (so that x1 ∧ x0 = −(x0 ∧ x1)), we have d1(x0 ∧ x1) = x1 − x0 and
d0(x) = 1. The complex is clearly exact at Z and Z[GL2(F )/P1], with homology

∆2(F ) = ker(d1) = H̃1(D
′(F 2)) = H2(D(F 2))

in degree 1. In particular, the connectivity conjecture holds for k = 2. In
this case, the Tits building B(F 2) ⊂ D′(F 2) appears as the 0-skeleton of the
common basis complex, and there is a short exact sequence

0 ← St2(F )
d1←− Z[GL2(F )/T2] ⊗Σ2

Zsgn ← ∆2(F ) ← 0

of GL2(F )-representations.
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8.2 A resolution

The common basis complex D′(F 2) equals the 1-skeleton of the complete sim-
plex E(F 2) spanned by all points x ∈ P 1(F ), with one p-simplex for each
(p + 1)-tuple of pairwise distinct points {x0, x1, . . . , xp}. The augmented, ori-
ented chain complex Ē∗(F

2) is exact, hence there is an exact sequence

0 ← ∆2(F )
d2←− Ē2(F

2)
d3←− Ē3(F

2)
d4←− Ē4(F

2) ← . . .

providing a GL2(F )-resolution of ∆2(F ).
The analysis of this resolution, presented in this and the following two sub-

sections, is the oriented version of that given for the ordered chain complex in
[22, §2]. See also Bloch’s 1978 lectures [4].

The group GL2(F ) acts transitively on the ordered 2-simplices, with (0,∞, 1)
stabilized by the subgroup F× of scalar matrices, i.e., the center of GL2(F ).
Hence

Ē2(F
2) = Z[GL2(F )/F×] ⊗Σ3

Zsgn .

More generally, for p ≥ 2 each orbit for the GL2(F )-action on the ordered p-
simplices contains a unique element [x3, . . . , xp] := (0,∞, 1, x3, . . . , xp), where
the x3, . . . , xp are pairwise distinct elements in P 1(F ) \ {0,∞, 1} = F \ {0, 1}.
The stabilizer is F× in each case.

For example, the orbit of (x0, x1, x2, x3) contains (0,∞, 1, z) where

z =
(x0 − x3)

(x0 − x2)

(x1 − x2)

(x1 − x3)

is the classical cross-ratio. Hence

Ē3(F
2) = Z[GL2(F )/F×]{[z]} ⊗Σ4

Zsgn

where z ranges over the set F \{0, 1}. Here (12) ∈ Σ4 maps z to z−1 and (1234)
maps z to 1 − z. Likewise,

Ē4(F
2) = Z[GL2(F )/F×]{[x, y]} ⊗Σ5

Zsgn ,

where (x, y) ranges over the distinct pairs of elements in F \ {0, 1}.

8.3 Group homology

The resolution above leads to a hyperhomology spectral sequence

E1
p,q = Hq(GL2(F ); Ēp(F

2)) =⇒ Hp+q−2(GL2(F );∆2(F ))

where p ≥ 2 and q ≥ 0. We can rewrite the first page as

0 ← H∗(Σ3 × F×; Zsgn)
d1
3,∗

←− H∗(Σ4 × F×; Zsgn{[z]})

d1
4,∗

←− H∗(Σ5 × F×; Zsgn{[x, y]}) ← . . .

with z, x 6= y as above. The 0-th row is

0 ← Z/2 ←− Z{[z]} ⊗Σ4
Zsgn ←− Z{[x, y]} ⊗Σ5

Zsgn ← . . .

where [z] maps to 0 and [x, y] = (0,∞, 1, x, y) maps to the alternating sum of the
cross ratios of (∞, 1, x, y), (0, 1, x, y), (0,∞, x, y), (0,∞, 1, y) and (0,∞, 1, x).
This leads to the following definitions.
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Definition 8.3.1. Let the pre-Bloch group P(F ) be the abelian group gener-
ated by the set of symbols [z], where z ∈ F \ {0, 1}, subject to the relations

[x] − [y] + [
y

x
] − [

1 − x−1

1 − y−1
] + [

1 − x

1 − y
] = 0

for all x 6= y ∈ F \ {0, 1}. Let its quotient P̄(F ) be subject to the additional
relations

−[z] = [z−1] = [1 − z]

for all z ∈ F \ {0, 1}. The kernel of the homomorphism P(F ) ։ P̄(F ) is
6-torsion [22, 1.2, 1.4], hence this is a rational isomorphism.

Proposition 8.3.2. (a) E∞
2,0 = H0(GL2(F );∆2(F )) ∼= Z/2.

(b) E∞
3,0

∼= P̄(F ) and E∞
2,1 is 6-torsion, so

H1(GL2(F );∆2(F )) ։ P̄(F )

is a rational isomorphism.

[[Is H1(GL2(F );∆2(F )) ∼= P(F )?]]

8.4 The Bloch group

Definition 8.4.1. The Bloch group B(F ) is the kernel of the homomorphism

ϕ : P(F ) −→ Λ2F×

taking [z] to z ∧ (1 − z).

Presumably the rank spectral sequence differential

d1
1,2 : H1(GL2(F );∆2(F )) −→ H2(F

×)

is compatible, under the rational isomorphisms H1(GL2(F );∆2(F )) ∼=Q P(F )
and H2(F

×) ∼=Q Λ2F×, with the homomorphism ϕ. We know from Theo-
rem 7.2.1 that the cokernel of either map is rationally isomorphic to K2(F ).

If, furthermore, H0(GL3(F );∆3(F )) is torsion and D(F 4) is at least 4-
connected, as predicted by the connectivity conjecture, then we get rational
isomorphisms

K3(F )ind
∼=Q H1

rk(F ; Z(2)) ∼=Q B(F ) .

Here K3(F )ind = cok(KM
3 (F ) → K3(F )) is the indecomposable part of al-

gebraic K-theory [12]. In the case of motivic cohomology (in place of rank
cohomology), the integral isomorphism K3(F )ind

∼= H1
mot(F ; Z(2)) is immediate

from the motivic spectral sequence.
[[Extend to a formula for H2(GL2(F );∆2(F )) and H2

rk(F ; Z(3)). Discuss
K4(F )ind rationally.]]

13



8.5 The dilogarithm

The classical dilogarithm is defined on the unit disc in C by the absolutely
convergent series

Li2(z) =
∑

n≥1

zn

n2

(similar to the series
∑

n≥1 zn/n for − log(1 − z)), and admits a multivalued

analytic continuation over P 1(C) \ {0,∞, 1}. The Bloch–Wigner function

L2(z) = Im
(

Li2(z) + log(1 − z) log |z|
)

is single-valued real analytic on P 1(C) \ {0,∞, 1}, and continuous with value 0
at 0, 1 and ∞. It satisfies the Spence(–Abel) functional equation

L2(x) − L2(y) + L2(
y

x
) − L2(

1 − x−1

1 − y−1
) + L2(

1 − x

1 − y
) = 0

and the relations
−L2(z) = L2(z

−1) = L2(1 − z)

for x 6= y, z ∈ P 1(C) \ {0,∞, 1}.

Proposition 8.5.1. Let F ⊆ C. The rule [z] 7→ L2(z) defines a well-defined
function L2 : P̄(F ) → R. The composite

K3(F ) ∼=Q H3K(F ) → H1(GL2(F );∆2(F )) ∼=Q P̄(F )
L2−→ R

agrees with the Borel regulator [[up to an explicit unit]].

[[Problem: edge homomorphism H3K(F ) → H1
rk(F ; Z(2)) might not map to

Γrk(2, F )1 = H1(GL2;∆2), due to differential from H0(GL3;∆3) (or E2
3,1(rk)).]]

[[For a number field F with r2 pairs of complex embeddings, the collected
homomorphism K3(F ) → Rr2 is rationally injective.]]

9 Higher ranks

9.1 Finite topologies

The common basis complex D′(F k) is a (2k −3)-dimensional simplicial complex
with GLk(F )-action. To analyze its homology, it is convenient to filter its sim-
plices by their stabilizer type. These turn out to correspond to homeomorphism
classes of topologies on the set {1, . . . , k}.

Recall that a p-simplex in D′(F k) is a set of (p + 1) proper, nontrivial
subspaces {V0, . . . , Vp} of F k that admit a common basis B = {b1, . . . , bk}.
Choosing such a common basis, each subspace Va for 0 ≤ a ≤ p can be written
in the form 〈bi | i ∈ Sa〉 for a unique proper, nonempty subset Sa of {1, . . . , k}.
The collection of subsets σ = {S0, . . . , Sp} can be viewed as a subbasis for a
topology τ on {1, . . . , k}, where τ is the closure of σ with respect to all unions
and intersections. There is a one-to-one correspondence between such finite
topologies τ and preorders ω on {1, . . . , k}, where i ≤ j in ω if and only if j ∈ T
implies i ∈ T , for all T ∈ τ .
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1,2,31<2,3

1=2,31<2<3

1<2=3 1=2<3

1=2=3

1<3>2 2>1<3

c=1 c=2 c=3

Figure 1: Topologies on {1, 2, 3}

A different choice of common basis for the subspaces {V0, . . . , Vp} leads to
an equivalent subbasis, up to a permutation of the elements of {1, . . . , k}. The
associated topologies (resp. preorders) are therefore homeomorphic (resp. iso-
morphic). Let us write [τ ] for the homeomorphism class of τ .

The family of all topologies on {1, . . . , k} is partially ordered by inclusion,
with τ ′ ≤ τ if T ∈ τ ′ implies T ∈ τ . The trivial (= indiscrete) topology is
initial and the discrete topology is final in this partial ordering. There is an
induced partial ordering on the family of isomorphism classes of topologies on
{1, . . . , k}, with [τ ′] ≤ [τ ] if τ ′ is homeomorphic to some τ∗ with τ∗ ≤ τ .

In the case k = 3 there are 20 equivalence classes of subbases, corresponding
to 9 homeomorphism classes of topologies on {1, 2, 3}, as shown in Figure 1. In
the next case, there are 33 homeomorphism classes of topologies on {1, 2, 3, 4}.

9.2 The component filtration

For each 1 ≤ c ≤ k, let FcD
′(F k) ⊆ D′(F k) be the simplicial subcomplex con-

sisting of simplices {V0, . . . , Vp} whose associated topology [τ ] has c or fewer con-
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nected components. Deleting one or more of the Va leads to a coarser topology,
which cannot increase the number of connected components, so this condition
defines a subcomplex. We call

B(F k) ≃ F1D
′(F k) ⊂ · · · ⊂ FkD′(F k) = D′(F k)

the component filtration of D′(F k) [19, §7].

Definition 9.2.1. Let the Lie representation Liec be the free abelian group
generated by the iterated Lie brackets on c symbols x1, . . . , xc, where each sym-
bol occurs exactly once. It is free abelian of rank (c−1)!. The symmetric group
Σc acts on Liec by permuting the generators. Let Lie∗c = Hom(Liec, Z) be the
dual (= contragredient) Σc-representation.

These representations were denoted XLc and Wc, respectively, in [17, 13.6,
11.10].) For example, Lie∗1 = Z is trivial and Lie∗2 = Zsgn is the sign representa-

tion. There is a basis for Lie∗3 = Z{w1, w2} such that (12) acts by

[

0 1
1 0

]

and

(123) acts by

[

0 −1
1 −1

]

.

Definition 9.2.2. For each partition of k as a sum of c natural numbers ~k =
(k1, . . . , kc), with k1 ≥ · · · ≥ kc, there is a direct sum decomposition

F k = F k1 ⊕ · · · ⊕ F kc .

As an ordered sum it is stabilized by the product group

GL~k
(F ) = GLk1

(F ) × · · · × GLkc
(F ) ⊆ GLk(F ) ,

while as an unordered sum it is stabilized by the semidirect product

Σ~k
⋉ GL~k

(F ) ⊆ GLk(F ) ,

where Σ~k
⊆ Σc is the stabilizer of (k1, . . . , kc) ∈ Nc, under the permutation

action.

Recall the Steinberg representation Stk(F ) = H̃k−1(ΣB(F k)) of GLk(F ).
The tensor product action of GL~k

(F ) on Stk1
(F )⊗ · · · ⊗ Stkc

(F ) extends to an
action of Σ~k

⋉ GL~k
(F ) on Lie∗c ⊗Stk1

(F ) ⊗ · · · ⊗ Stkc
(F ), where Σ~k

⊆ Σc acts
on Lie∗c as defined above, and by permuting the Steinberg representations. See
[19, 7.7] for the topological precursor of the following result.

Proposition 9.2.3 ([19, 7.8]). For each 2 ≤ c ≤ k the relative homology
H∗(FcD

′(F k), Fc−1D
′(F k)) is concentrated in degree (k + c − 3), where it is

isomorphic as a GLk(F )-module to the direct sum

Z ′
k+c−3 =

⊕

~k

Z[GLk(F )] ⊗
Σ~k

⋉GL~k
(F )

Lie∗c ⊗Stk1
(F ) ⊗ · · · ⊗ Stkc

(F ) .

The sum runs over the partitions ~k = (k1, . . . , kc) of k as a sum of c natural
numbers, with k1 ≥ · · · ≥ kc.
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Corollary 9.2.4. H̃∗(D
′(F k)) is isomorphic to the homology of a chain complex

0 ← Stk(F ) = Z ′
k−2 ← Z ′

k−1 ← · · · ← Z ′
2k−3 = Z[GLk(F )/Tk] ⊗Σk

Lie∗k ← 0

where Tk ⊂ GLk(F ) is the subgroup of diagonal matrices.

The connectivity conjecture asks that the homology of this complex is con-
centrated at the top end, in degree (2k − 3). In this case,

∆k(F ) = H̃2k−3(D
′(F k)) = ker(Z ′

2k−3 → Z ′
2k−4) .

[[Expect Z ′
2k−3 is generated by relative (2k−3)-cycles given by (2k−2)-tuples

{L2, . . . , Lk,H2, . . . ,Hk}, where L1 ⊕ · · · ⊕ Lk = F k and Hi is the hyperplane
spanned by the Lj with i 6= j. Make Z ′

2k−4 and the boundary map d2k−3

explicit.]]

9.3 Weight zero

Lemma 9.3.1. For k ≥ 2 the boundary map dk−1 : Z ′
k−1 → Z ′

k−2 is surjective,

so H̃k−2(D
′(F k)) = 0 and E1

k−1,0(rk) = Γrk(0, F )1−k = 0 for ∗ < 0.

Proof. We discussed k = 2 earlier. For k ≥ 3, dk−1 is a homomorphism

⊕

~k=(k1,k2)

Z[GLk(F )] ⊗
GL~k

(F )
Stk1

(F ) ⊗ Stk2
(F ) −→ Stk(F ) .

By the proof of the Solomon–Tits theorem in [15] [[Explain the details?]], there
is a homotopy equivalence

∨

L

ΣB(F k−1)
≃
−→ B(F k) ,

where L ranges over the lines in F k that are transverse to the hyperplane F k−1.
Furthermore, the induced isomorphism

⊕

L

Stk−1(F )
∼=
−→ Stk(F )

factors through dk−1 on the summand ~k = (k−1, 1), hence dk−1 is surjective.

9.4 Weight one and rank three

Let k = 3. The chain complex Z ′
∗ associated to the component filtration

B(F 3) ⊂ F2D
′(F 3) ⊂ D′(F 3)

is

0 ← St3(F )
d2←− Z[GL3(F )] ⊗

GL(2,1)(F )
St2(F )

d3←− Z[GL3(F )/T3] ⊗Σ3
Lie∗3 ← 0 ,

concentrated in degrees 1 ≤ ∗ ≤ 3.

Lemma 9.4.1. This complex is exact at Z ′
2, so H̃2(D

′(F 3)) = 0 and E1
2,1(rk) =

Γrk(1, F )−1 = 0.
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Proof. The Steinberg module Z ′
1 = St3(F ) is a submodule of the free abelian

group Z{(L ⊂ P )} generated by the maximal flags L ⊂ P in F 3, where each
line L and each plane P occurs algebraically zero times. These are 1-cycles in
B(F 3) ≃ F1D

′(F 3) given by pairs {L,P}, with associated preorder (1 < 2 < 3).
The module Z ′

2 is the submodule of the free abelian group Z{(L ⊂ P,L′)}
generated by the maximal flags L ⊂ P and direct sum decompositions P ⊕L′ =
F 3, where for each plane P and complementary line L′ there are algebraically
zero lines L in P . These are relative 2-cycles in (F2D

′(F 3), F1D
′(F 3)) given by

triples {L,L′, P} with associated preorder (1 < 2, 3).
The module Z ′

3 is generated by symbols (L1, L2, L3), where L1 ⊕L2 ⊕L3 =
F 3 is a sum decomposition into three lines. These are relative 3-cycles in
(D′(F 3), F2D

′(F 3)) given by quadruples {L2, L3, P12, P13}, with P12 = L1 ⊕L2

and P13 = L1 ⊕ L3, with associated preorder (1, 2, 3).
In these terms, the boundary maps are given by

d2(L ⊂ P,L′) = (L ⊂ P ) − (L ⊂ L ⊕ L′) + (L′ ⊂ L ⊕ L′)

and

d3(L1, L2, L3) = (L1 ⊂ P12, L3) − (L2 ⊂ P12, L3)

+ (L1 ⊂ P13, L2) − (L3 ⊂ P13, L2) .

Note that Z ′
2 is generated by the differences

[L1, L2, L3] := (L1 ⊂ L1 ⊕ L2, L3) − (L2 ⊂ L1 ⊕ L2, L3)

where L1, L2, L3 range over the triples of lines with L1 ⊕L2 ⊕L3 = F 3. Clearly
[L2, L1, L3] = −[L1, L2, L3], and

[L1, L2, L3] ≡ [L3, L1, L2]

modulo the image of d3, so in this sense [L1, L2, L3] is an alternating function
in the triple of lines.

L3

°°
°°
°°
°°
°°
°°
°°

11
11

11
11

11
11

11

N

||
||

||
||

BB
BB

BB
BB

L1 M L2

Let M be a third line in the plane P spanned by L1 and L2. Then

[L1, L2, L3] = (L1 ⊂ P,L3) − (M ⊂ P,L3) + (M ⊂ P,L3) + (L2 ⊂ P,L3)

= [L1,M,L3] + [M,L2, L3] .

Let N be a third line in the plane spanned by M and L3. Then

[L1, L2, L3] = [L1,M,L3] + [M,L2, L3]

≡ [M,L3, L1] + [L3,M,L2]

= [M,N,L1] + [N,L3, L1] + [L3, N, L2] + [N,M,L2]

≡ [L1,M,N ] + [M,L2, N ] − [L1, L3, N ] + [L2, L3, N ]

= [L1, L2, N ] − [L1, L3, N ] + [L2, L3, N ] .

18



Now consider any x ∈ Z ′
2 with d2(x) = 0. We can write

x =
∑

i

ni[L
i
1, L

i
2, L

i
3]

as a finite sum with integers coefficients of terms [L1, L2, L3], with the corre-
sponding finite sum of expressions

d2([L1, L2, L3]) =
∑

π∈Σ3

sgn(π)(Lπ(1) ⊂ Lπ(1) ⊕ Lπ(2))

equal to zero.
By assuming that F is an infinite field, we can find a line N in F 3 in general

position with respect to all the lines and planes appearing in x. For each triple
L1, L2, L3, the plane through N and L3 meets the plane through L1 and L2 in
a line M , and we are in the situation above. Hence x is congruent, modulo the
image of d3, to a finite sum y of expressions

[L1, L2, N ] − [L1, L3, N ] + [L2, L3, N ] =
∑

π∈Σ3

sgn(π)(Lπ(1) ⊂ Lπ(1) ⊕ Lπ(2), N) .

This finite sum is obtained from d2(x) by taking each (L ⊂ P ) to (L ⊂ P,N),
for the fixed N . Since d2(x) is algebraically zero, so is y. Hence x is in the
image of d3.

The case where F is finite can be handled by extending the definition of
[L1, L2, L3] to be 0 if the three lines do not span all of F 3, and checking that
all the formulas are still satisfied.

9.5 Resolutions

[[Discuss extensions D′(F k) ⊂ E(F k) with E(F k) contractible or highly con-
nected, and use quotient complex Ē∗(F

k)/D̄′
∗(F

k) to get a resolution of the
GLk(F )-representation ∆k(F ).]]

[[A candidate for the higher pre-Bloch group P̄k(F ) is the cokernel of

H0(GLk(F ); Ē2k(F k)) → H0(GLk(F ); Ē2k−1(F
k))

and the closely related groups H1(GLk(F );∆k(F )) = Γrk(k, F )1 and H1
rk(F ; Z(k))

are then candidates for higher pre-Bloch and Bloch groups Pk(F ) and Bk(F ).]]

9.6 Polylogarithms

[[Discuss H1(GL3(F );∆3(F )) and relation to trilogarithm and Borel regulator
K5(F ) → R for F ⊆ C.]]
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