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Abstract

This is mainly an expository paper with results gathered from [12], [5], [6] and
[11].

We define the modular square and the modular characteristic homomorphisms
for algebraic quantum groups. We recall Hopf cyclic cohomology and methods de-
veloped for computing it, which includes a Kiinneth exact sequence for Hopf cyclic
cohomology. Focus is on the category of Hopf algebras in involution associated to
compact quantum groups. We review the computations of the Hopf cyclic coho-
mology and the modular characteristic homomorphisms for the compact quantum
group SU,(2).

We define a cocyclic object which yields twisted cyclic cohomology. This coho-
mology is shown to have a Chern character as well, and a beautiful connection to
differential calculi for compact quantum groups is recalled. As an entirely new re-
sult, we show that characteristic homomorphisms can be defined with target, twisted
cyclic cohomology, without involving the modular square, and which to some degree
are better behaved than the modular characteristic homomorphism.
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1 Introduction

We define Hopf cyclic cohomology in the sense of A. Connes and H. Moscovici. By the
general machine recalled in Section 2, all that is needed to get a full-fledged cyclic co-
homology theory with the long exact I BS-sequence intact, is a cocyclic object. Such an
object can be canonically associated to a Hopf algebra (H, A) with a modular pair (4, o)
in involution. The latter consists of a character § and a group-like element o satisfy-
ing certain conditions. It is shown that the corresponding Hopf Hochschild cohomology
HH (*6,0) (H) can be regarded as a derived functor in the category of bicomodules over
Hopf algebras.

In the following section, we study the category of Hopf algebras with modular pairs
in involution. We notice that it is closed under formation of opposites, duals and ten-
sor products. We state a Kiinneth theorem for the Hopf Hochschild cohomology, and a
Kiinneth exact sequence for the Hopf cyclic cohomology. We focus then on various exam-
ples of Hopf algebras with modular pairs in involution associated to compact quantum
groups, and compute them in the case of compact quantum groups coming from cer-
tain Lie groups. We consider SU,(2) and compute the Hopf cohomologies given by the
Hopf algebra (U, (slz), A) with a canonical modular pair in involution. To demonstrate
the power of our Kiinneth theorems, we include also results for the tensor product Hopf
algebra (H,, A) of (U,(sl2), A) with its opposite.

Next we define the modular square for a Hopf algebra with a canonical modular pair
in involution associated to a compact quantum group. The modular square is an intricate
construction defined in order to obtain the modular characteristic homomorphism from
Hopf cyclic cohomology to ordinary cyclic cohomology.

To explain what this roughly means, consider the Hopf algebra (A, ®) of regular
functions on a compact quantum group. Let (H,A) denote a Hopf subalgebra of its
maximal dual Hopf algebra. Let {f.} denote the family governing the modular properties
of the Haar state h. Suppose f; € H, which is indeed the case when H = U,(slz). Then
the tensor product Hopf algebra (7%7 A) of (H, A) and its opposite Hopf algebra (7:[@7 5)7
is endowed with a modular pair (§,0) = (I ® I, f1 ® f1) in involution. Next a canonical
H-action of (H,A) on A is defined under which h is a é-invariant o-trace on A. The
d-invariance property follows from strong left invariance for h, and the o-trace property
is the KMS-condition. This assures the existence of a homomorphism +, from H C(* 5.0) (H)
to ordinary cyclic cohomology HC*(A) of A, which is called the modular characteristic
homomorphism of (H, A). Thus we are dealing with a theory of characteristic classes for
actions of non-unimodular Hopf algebras compatible with the modular theory of weights.

Combining the computation of the Hopf cohomologies for (Uy(slz), A) with the com-
putations in [20] of the ordinary Hochschild and cyclic cohomology of A,, gives the result
that the modular characteristic homomorphism of (U,(sl2), A) is, unfortunately, ZERO.

We are then led to consider the maximal dual Hopf x-algebra (A7, A) of (A, ®).
A stronger result would be to show that the modular characteristic homomorphism of
(A9, A) is zero, in which case it would be zero for any Hopf subalgebra of (Ag, A). We
devote a section to this end, and show that under a certain assumption on SU,(2), which
we unfortunately have not been able to check, this stronger result holds. We prove a
general duality theorem to the effect that H CE“ T, fl)(.A") can be computed from a finitely
generated free (or projective) resolution of A as an A-bimodule, provided A° ® A° is
injective as an A-bimodule. Assuming this assumption holds for SU,(2), we use an ex-
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plicit resolution of A, given by T. Masuda, Y. Nakagami and J. Watanabe to compute
H C’E‘FI, fl)(‘AZ)‘ A fine study of the B-operator yields as a consequence that the modular
characteristic homomorphism of (Ag, A) is again zero in Hochschild cohomology, cyclic
cohomology and periodic cyclic cohomology.

We make an effort to exhibit generators for the various Hopf cohomologies, both for
(Uq(sl2), A) and for (A9, A), in the respective defining complexes. Their representatives
involve elements in U, (slz) and, in the latter case, also an element H € A9, which plays
the role of the Cartan element for quantum SU(2) and does not belong to U,(sla) C Aj.
We also write down the generators for their corresponding modular squares, a procedure
which requires explicit formulas for the Alexander-Whitney map and the shuffle map
implementing the Kiinneth isomorphisms.

In a separate section we define the modular square for the more general case of
algebraic quantum groups, and discuss generalizations to the locally compact case as
well. Loosely speaking, the modular square construction associates to a Hopf algebra A
a modular pair in involution on its dual Hopf algebra A°, an action of this dual algebra
A° on A itself and a linear functional on A that is ‘invariant’ with respect to this action.

The construction presented in this section was hinted at in [3] (worked out in [10])
and formally generalized in [5], thereby giving a good indication how the modular square
should be build up in the general framework of locally compact quantum groups.

An intermediate step between Hopf algebras and locally compact quantum groups
are the algebraic quantum groups discussed in [14] (section 6). Thanks to the algebraic
nature of the latter objects (see [23]), combined with their analytic properties (see [9]),
the modular square construction presented in [5] can be easily made rigorous for these
algebraic quantum groups and that is precisely what we are going to do in this section. We
present the Kiinneth theorems also in this setting, and define the modular characteristic
homomorphism.

Thereafter we include an alternative approach to Hopf symmetry and the modular
square construction by recalling the twisted cyclic cohomology HC™* (A, #) associated to an
algebra A with an automorphism 6. It generalizes ordinary cyclic cohomology in the sense
that HC*(A,t) = HC*(A). Again this cohomology is introduced by defining a cocyclic
object, which assures a satisfactory cohomology theory. We show how the Chern character
can be extended to this setting, and we state a beautiful one-to-one correspondence
between twisted cyclic cocycles and differential calculi with twisted graded traces [11]. In
the case of a compact quantum group this correspondence preserves invariance, in that
invariant cocycles correspond to covariant calculi and invariant twisted graded traces.

In Section A we prove that there exist characteristic homomorphisms

7 HCEFI,fl)(AO) — HC"(A, 6))

AL HCY 4 (A%) — HC(A6,)

defined using h and canonical (left- and right- ) A°-actions. Here 6;(a) = (f-1 ® ¢)®(a)
and 6,.(a) = (¢t ® f-1)®(a), for a € A. These characteristic homomorphisms have certain
advantages compared to the modular characteristic homomorphism.

In Section B we spell out in what sense the Hopf algebra (7{&) can be identified
with one of Majid’s bicrossproducts known as the Mirror product H > Hp, [18].



2 Hopf Cyclic Cohomology

In this section we consider cyclic cohomology from the point of view of cocyclic objects.
We introduce the cocyclic object that defines the cyclic cohomology H C’Ek 5.0) (H) of a Hopf
algebra (H, A) with a modular pair (J,0) in involution. Also we include a brief reminder
of the Chern character of Connes.

Let Ny denote the set of non-negative integers. The cyclic category A is defined [2] [15]
[19] to be the category with objects [n] for n € Ny, and morphisms universally generated
by the elements

0 :[n=1U—=1nl, o :[n+t1]—=[nl, 70| —[nl,

where i € {0,1,...,n}, satisfying the following relations:

srept = orenty for i < j
a?af“ = U?O’;Lill fori <j
0}’6?“ = 51”(7;1__11 fori<j
0?517”1 = 1, fori=jori=j+1
0?517”1 = 5?_10?_1 fori>j+1
and
Tnll = 0] 1Tn—1 fori>1 and 7,05 =4,
TnOp = 01 1Tnt1 fori>1 and 7,00 =ol72,,
and
Tt =1,.

Here 1,, denotes the identity morphism from [n] to [n]. Of course, in the relations above,
n has to be taken greater than zero for some of the expressions to make sense, since 69
and o; ! and 7_; are not defined. The morphisms 67 and o} are referred to as coface
maps and codegeneracy maps, respectively, and generate a subcategory A of A called the
costmplicial category. The morphism 7, is referred to as the cyclicity map.

One can alternatively define the category A in terms of its cyclic covering EA. The
category E'A has one object (Z,n), for each n € Ny, and morphisms f : (Z,n) — (Z,m)
are given by non-decreasing maps f : Z — Z such that f(z +n) = f(z) +m, for x € Z.
Then A = EA/Z with respect to the obvious action of Z by translation.

A cocyclic object of any category C is a covariant functor from A to C. By the uni-
versal property of the cyclic category A, a cocyclic object of a category C is equivalently
described by a quadruple (C",d}, s?,t,), where d, s and t,, are morphisms of C with
objects C™ satisfying the same relations when substituted for 4}, o}* and 7,.

Consider a cocyclic object (C™, d?, s, t,) of an abelian category C. Define morphisms

yWg 994

by, b, : C"~1 — C™ and \,,, N" : C" — C™ by:

n n—1
by = Y (=1)'d} and b, =) (-1)'d}
1=0 =0
Aw o= (=)™, and N"=> \.
1=0

4



It is easy to check (by using the defining relations for the morphisms 67 in the category
A) that (C,b) and (C,b’) are complexes, i.e. byy1b, = by, b, = 0, for any n € Np.
The cohomology of (C,b) is by definition the Hochschild cohomology HH*(C') of the
cosimplicial object (C™,dl, s%). The complex (C, V') is, however, acyclic with contracting
homotopy s,+1 = 0] Tp+1. Again, using the relations between the 7’s and ’s in A, one can
check that (1, — A,)by, = b, (1n—1 —An—1), for any n € Ny. Therefore we get a subcomplex
(Cx,b) of (C,b) with objects C}¥ = ker(1, — \,,) consisting of the cyclic n-cochains. The
cohomology of this subcomplex is denoted by H3(C).

Further, it can be shown (by using the relations for the ¢’s and 7’s in A) that bN = NV

and (1 — A)N = N(1 — X\) = 0. From this one obtains a bicomplez:

b1 . b1 b1

C? 1;)‘ C? ﬂ C? 1;3‘ C? ﬁ)
b1 —b' 1 b1 b1

co 2 o0 N oo 2 o X
b b1 b1 b1

Co 1;)‘ o ﬁ) ol 1;3‘ ol ﬂ)

We denote this bicomplex by (C™", b,b'), where C™" = C"™, for all m,n € Ny. The
cohomology of the total complex of (C™" b,¥) is, by definition, the cyclic cohomology
HC*(C) of the cocyclic object (C™,d?, s?, t,). The cohomology of the total complex of
(C™™ b, V'), where we instead let m € Z, is by definition, the periodic cyclic cohomology
HP*(C) of the cocyclic object (C™,d?, sI, t,,). From the bicomplex construction the long

exact I BS-sequence
—— HC™ L ogE B gort L ogontt L gE Y B o L

of Connes follows easily. Here we have used the abbreviations HC* for HC*(C) and HH*
for HH*(C). Recall that the B-operator is given by B = Ns(1 — A), or more explicitly

B, =N"0"Tpni1(1pg1 — Angr) : C"T1 — O™,

for n € Ng. We denote the mized complex of C. Kassel associated to a cocyclic object
(C™,dp,sp,t,) by (C,b,B) [2] [24]. Tt is known that H}(C) = HC*(C) whenever the
ground field contains the rationals.

Now A is a small category, which means that the collection Mor(A) = {f € Hom(n,m) |
n,m € Ny } of all its morphisms is a set. Write C'(A) for the vector space with basis
Mor(A). On C(A) define an algebra structure with product (af)(bg) to be abfg, if the
composition fg makes sense, and to be zero otherwise, where a,b € C and f, g € Mor(A).

A cocyclic object (C™,d?, s, t,,) in the category of vector spaces yields in an obvious
manner a C(A)-module C% whose underlying vector space is the direct sum D.en, C-
We refer to C'(A)-modules simply as A-modules. Associated to the A-module C? given by
a cocyclic object, there are linear maps b = ey, by and b’ = Bpen,b), and A = Spen, An
and N = @y, N". We then get the following nice interpretation of the cyclic cohomology



groups HC*(C) of a cocyclic object in the category of vector spaces, in terms of a derived
functor over the category of A-modules [5], i.e.,

HC*(C) = Ext} (C%, C%).

Similarly, cyclic objects - defined as contavariant functors from A to any abelian
category - will give rise to homology groups. And for a cyclic object in the category of
vector spaces, the cyclic homology groups HC(C) can be interpreted as a derived functor
over the category of A-modules, i.e.,

HC,(C) = Tor’(C*,CH).

Suppose that A is a unital algebra. We recall the basic example of a cocyclic object,
namely the one which gives rise to ordinary Hochschild cohomology H H*(A) and ordinary
cyclic cohomology HC*(A) of A. Let n € Ny, and denote by C™ the vector space of n-
cochains, that is, the set of multilinear maps from the vector space A”*! to C. Let n € Ny
and ¢ € {0,1,...,n}. Define linear maps

d;: crt o, s crtt om0 — O

as follows:
(d?ﬁﬁ)(aoaalw ,a) = go(ao, ala'tl .. ,a) fori<n-—1
(drp)(a®at,..;a") = @(a"ao,a ,a”fl)
(8?50)(0'070’17 7an) = Lﬂ(ao, & I a’ 1 ’an)
(thD)(aO,al, » 7(],”) @(a", .7an 1)’

where I is the unit of A, a°,...,a" € A and ¢ is a cochain. Note that C~* and d? are
not defined, so the range of n must be restricted accordingly for some formulas to make
sense. It is straightforward to check that (C™,d}, s?,t,) is a cocyclic object of the abelian
category of vector spaces. In Section 8 we shall consider a twisted version of this cocyclic

object.

Before we consider the cocyclic object given by a Hopf algebra, let us recall the defini-
tion of the Chern character [2] in noncommutative geometry, which manifests a profound
link between ordinary cyclic cohomology and K-theory. Let ¢ be an n-dimensional cyclic
cocycle, so ¢ € C", Ay (p) = ¢ and by41(¢) = 0, and denote by [p] the corresponding
equivalence class in HC™(A) = HY(A). Let n, N € Ng and consider the standard trace Tr
on My (C). Denote by ¢ ® Tr the (n+ 1)-multilinear functional on My (A) = A®@ My (C)
given by

(p@Tr)(a® @2 a' @a!,.. ., a" ®a") = (a’,dl,... . a™)Tr(z%2" - - - 2™),

for all a°,...,a" € A and 2°,...,2" € My(C).

Consider first the case when n = 2m is even. It can be shown that the scalar (¢ ®
Tr)(E, E, ..., E) is invariant under homotopy for idempotents E? = E € My(A). Thus
 provides in this way a numerical invariant for the K-group Ko(A). Moreover, the scalar



is independent of what representative ¢ in [¢] is employed. Thus we obtain a bilinear
pairing
(1) HO™*(A) x Ko(A) = C
given by
1

for all [¢] € HC?™(A) and projections E € My(A). Here HC®"(A) denotes the even
cyclic cohomology of A.
Consider next the case when n is odd. For u an invertible element of the unital algebra
Mp(A) and ¢ a cyclic n-cocycle of A, the formula
1

(], [u]) = ET”F(E + 1) M eoT)(u " —Lu—1Lu ' —1,..,u—1)

defines similarly a bilinear pairing
() s HC®Y(A) x K;(A) — C.

Here, HC°94(A) denotes the odd cyclic cohomology of A, I is the gamma function and
[u] denotes the K-theory class of the invertible u € My (A).

Let (H,A) be a Hopf algebra with comultiplication A, coinverse (antipode) S, counit
e, unit I and multiplication m : H @ H — H. If U and V are vector spaces, we denote
the flip from U ® V to V ® U by F. Our basic reference for Hopf algebras is [1].

A modular pair for (H, A) consists of a pair (§,0), where § is a unital, multiplicative,
linear functional on H and o € H satisfies A(0) = 0 ® 0 and §(c) = 1. Thus (e, ]) is an
example of a modular pair for (H,A). Now 6 :'H — H given by § = (6 ®¢)A is a unital,
multiplicative, linear map with inverse 6! = (6S ® t)A. We associate to the modular
pair (8,0) a twisted coinverse S5 : H — H defined by S5 = (6 ® S)A = S0 6, see [3] [6].
Note that if S is invertible, then Sj is invertible with inverse S5 ' = (S~ ® §)A. We say
that the modular pair (d,0) is in involution if S3(x) = cxo ™!, for all x € H.

Let n € Ng and ¢ € {0,1,...,n}. Define linear maps

R L Al A e I R S o

as follows:
HEte. .02l = Ierte.. .2 !
Srte..ea"h) = . .eAre..@z" !t foric{l,...,n—1}
NMrt®.@2") = 2'e.@2" oo
ol ®.. @) = re.ec™)e.. @™
Tt ®..@2™) = (A" 'Ss(z') (*®.. 02" ®o0),

where z',...,2" ! € H. Here H®(=1) and §? are not defined. By H®° we mean C. We
define 68,81 : C — H, 70 : C — C and o : H — C by setting 53(1) = I, 61(1) = o,
70(1) = 1 and 0 = . The map A" is defined inductively by setting A™ = (1 @ A)A"~!
for n > 2. One can check directly [4] that (H®", 0,0, 7,) is a cocyclic object of the

b A A I}
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abelian category of vector spaces if and only if the modular pair (§,c) is in involution.
Hereafter we assume that this is the case. Following Connes and Moscovici we denote the
Hochschild cohomology and the cyclic cohomology of this cocyclic object by HH (*5’0)(7'()
and HC'; ) (H), respectively.

Now C is an H-bicomodule with respect to « : C — HRC®H given by a(1) = I®1®0,
and H is an H-bicomodule with respect to a: H — H Q@ H ® H given by o = (A ® t)A.
Since the face maps and degeneracy maps of our Hopf cyclic object are intimately linked
to those defining the cobar resolution, we obtain the following useful result.
PROPOSITION 2.1. ([12]) Let (H,A) be a Hopf algebra with a modular pair (8,0) in
involution. Then

HHEk&U) (H) = EXt;—lfbicom((c’ H)

Alternatively, if we regard C as an H-comodule by 1(1) = I ® 1 and denote the
H-comodule C with respect to S2(1) = 0 ® 1 by C,, we get the following interpretation.
PROPOSITION 2.2. ([6]) Let (H,A) be a Hopf algebra with a modular pair (8, 0) in invo-
lution. Then

HH(*(S,O') (H) = COtor’);-(—com ((Ca CO‘)‘

3 The Category of Hopf Algebras with Modular Pairs

In this section we study the category of Hopf algebras with modular pairs in involution,
and recall various basic and motivating examples.

Suppose (H;, A;) are two Hopf algebras with modular pairs (J;,0;) in involution for
i=1,2, and let ¢ : H; — Ho be a morphism of Hopf algebras. We say ¢ is a morphism in
the category of Hopf algebras with modular pairs in involution if d3¢ = §; and o9 = p(01).
Consider the tensor product Hopf algebra (H; ® Ha, A1 X Ag) of (H1, A1) and (Ha, Ag)
with comultiplication A1 X Ay = (L@ F®1)(A1 ®As). Obviously, the pair (§; ®d2, 01 ®02)
is a modular pair in involution for (H; ® Ha, A; X Ag). The following Kiinneth theorem
for this setting can now be stated.

THEOREM 3.1. ([12]) Consider two Hopf algebras (H;, A;) with modular pairs (§;,0;) in
involution. Then

HH (5 95, 0100,) (M1 @ Ha) & HH (5, (H1) @ HH 5, ) (H2),

and, moreover, the isomorphism is implemented by the shuffle map sh (going from left to
right) with the Alexander-Whitney map AW as its inverse.

In this context we also have the following Kiinneth exact sequence.

THEOREM 3.2. ([12]) Consider two Hopf algebras (H;, A;) with modular pairs (6;,0;) in
involution. Then there is a canonical long exact sequence

[ n—1 5
B HC(51®52,01®02)(H1 ® HQ) —_—
S®1-1®S
@ HCP (M) @ HCE | (Ha) 77—
p+g=n—2

T S i n o
@ HC(Sl,al)(Hl) ® HO( (HQ) — HC(61®62,01®0'2)<H1 ® HQ) —

d2,02)
r4+s=n



Suppose that (H,A) is a Hopf algebra with coinverse S. Denote by H,,, the algebra
‘H with the opposite multiplication mF’, and denote by A, the opposite comultiplication
FA. Let 0 € H and let § be a linear functional on H. Then the following four statements
are equivalent ([12]):

J,0) is a modular pair in involution for (H, A);

2. (0S,0) is a modular pair in involution for (Hep, A);

8,071 is a modular pair in involution for (H, Agp);
§S,071) is a modular pair in involution for (Hep, Aop)-

The next result shows that the category of Hopf algebras with modular pairs in
involution is also closed under formation of duals.

PROPOSITION 3.3. ([12]) Suppose (-,-) : H1 X Ha — C is a non-degenerate dual pairing
between two Hopf algebras (H;, A;) with coinverses S;. Consider two elements § € Hay
and o € Hy. Then ((-,0),0) is a modular pair in involution for (Hi,A1) if and only if
((S1(a),-), 52(8)) is a modular pair in involution for (Ha, Ag).
ExXAMPLE 3.4. ([4][6]) Let (A, ®) be the Hopf *-algebra associated to a compact quan-
tum group in the sense of S.L. Woronowicz [25] [26]. Let {f.}.cc denote the family of
functionals on A describing the modular properties of the Haar state, Proposition A.1,
and let I denote the unit of the algebra A. Then (f_1,I) is a modular pair in involution
for (A, ®). The twisted coinverse is given by k5 = (f—1 ® k)@, where & is the coinverse
of (A, ®). If T is a discrete group and A is the group algebra C[I'] with ®(g) = g ® ¢
for g e I' C A, then f, = ¢ for all z € C, so (¢,]) is a modular pair in involution for
(C[T], ).

However, this example is not terribly interesting due to the following result, which
follows easily from the existence of the Haar state for (A, ®).

PROPOSITION 3.5. ([7]) Let (A, ®) be the Hopf x-algebra associated to a compact quantum
group. Then

(f-1,1

2. HC’("LIJ)(.A) = C ifn is even, and HCP; | 1 (A) =0 if n is odd.

3. H P(Of_h n
The following proposition shows that in the absence of a Haar state, something inter-

esting can nevertheless be obtained from the Hopf algebra of polynomial functions on a

Lie group.

PROPOSITION 3.6. ([5][3]) Let (H(G),®) be the Hopf algebra of polynomial functions on

a simply connected affine nilpotent group G, with Lie algebra g. Then

HP; n(H(G)) = @ H'(g,C),

i=% mod 2

(A) = C and HP}; | ;) (A) 0.

where H*(g,C) is the Lie algebra cohomology.
For compact quantum groups the dual setting turns out to be more interesting.

9



EXAMPLE 3.7. ([4]) Denote by (A%, A) the maximal Hopf %-algebra dual to (A, ®) [1].
It has product zy = (z ® y)® and coproduct A(z)(a ® b) = z(ab), for z,y € A° and
a,b € A. Thus S?(z) = fixf_1, where S is the coinverse of (A%, A) given by S(z) = zk.
Note that f; = fi, where 2*(a) = z(k(a)*) is the x-operation for (A°, A). Suppose that
(H,A) is a Hopf *-subalgebra of (A°, A) such that f; € H. Regard the unit of A as the
linear functional on H given by I(x) = (1), for x € H, so I is just the counit of (A%, A).
Then (I, f1) is a modular pair in involution for (H, A). Note that S; = S.

If A is the algebra of regular functions on a compact Lie group G with pointwise
operations and ® is the transpose of the group multiplication on G, then one can consider
H = U(g), where U(g) is the (complex) universal enveloping algebra of the associated
Lie algebra g. The inclusion U(g) C A° is given by X (a) = X(a)(e), for a € A. Here ¢
is the unit of G and X on the right hand side is regarded as a left invariant differential
operator on G. Then (U(g),A) is a Hopf #-subalgebra of (A°, A) with f, = ¢ for z € C,
and where A(X) = X ®ec+e® X for X € g. Hence (I,¢) is a modular pair in involution
for (U(g), A).

In view of Example 3.7 the following uniqueness result is worthwhile recalling. Let
Rep B denote the category of finite-dimensional x-representations of the unital x-algebra
B. We say that an element of B is positive if it can be written as a finite sum of elements
of the form b*b, where b € B. As usual Tr will denote the operator trace.

PROPOSITION 3.8. ([21]) Suppose (H,A) is a Hopf x-algebra with coinverse S and that
Rep ™M separates the elements of H. Then there is at most one positive invertible f € H
such that S*(z) = fxf~t, for all x € H, and Trr(f) = Tra(f~1), for all m € RepH.
Moreover, the element f is necessarily group-like, and whenever (H, A) is cocommutative,
1t equals the unit.

REMARK 3.9. Let (-,-) : H x A — C denote the dual pairing (x, a) = z(a) between (A, D)
and (H, A) considered in Example 3.4 and Example 3.7. Then (f_1,I) = ((S(f1),), (1))
is a modular pair in involution for (A, ®) dual (in the sense of Proposition 3.3) to the
modular pair (I, f1) = ({-,I), f1) in involution for (H, A).

In Example 3.7 we saw that (I,¢) is a modular pair in involution for (U(g), A). We
can provide other types of modular pairs in involution in this case. Namely, let § be a
character of g, which means that ¢ : g — C is linear and §([g, g]) = 0. Such a character
has a unique extension to a unital multiplicative functional on U(g), which we also denote
by §. Since the twisted coinverse S5 in this case is given by S5(X) = —X + §(X), for
X € g, we see that (d,¢) is a modular pair in involution for (U(g), A) generalizing that
of (I,e). Let Cs denote the g-module C with action induced by §, and let H.(g,Cs)
denote the corresponding Lie algebra homology. By definition it is the homology of the
Chevalley-FEilenberg complex

A%(g) 22 Al (g) 12 A%(g) € A3 (g) P

where A(g) = ®;A%(g) is the exterior algebra over g and

drie(XP AL AXY) =Y (1) (XX A AXIA A XD
=1
A D HIXLXIAX A AKIA - AXT A AXT,
1<j

10



for X* € g. This complex can be regarded as a mixed complex (A"(g),b, B) with b =0
and B = dLie~
It can be shown that the linear map A : A"(g) — U(g)®" given by

1
AXT AL AXY) = o Zsign(a)XU(l) ®- @ X°M),
n!

for X* € g, is a quasi-isomorphism from the mixed complex (A"(g),b, B) to the mixed
complex associated to the Hopf algebra (U(g), A) with the modular pair (4, ¢) in involu-
tion. Hence we get the following result.

PROPOSITION 3.10. ([4][5]) Let g be a Lie algebra with character 6. Then

HP; (U(g) = D Hi(g.Co)

1= mod 2
and
HH(; ., (U(g)) = A™(g),

for all n € Ng.

The Hopf algebra (U(g),A) is cocommutative. It is desirable to compute the Hopf
cyclic cohomology given by a Hopf algebra of the type considered in Example 3.7 for a
genuine quantum group.

EXAMPLE 3.11. In this example we consider the quantum SU,4(2), where the parameter
€ (0,1). The Hopf x-algebra associated to SU,(2) is denoted by (A,, ®). The funda-
mental unitary corepresentation U of (A,, ®) is given by

1% _ *
v-wy= ().

where o and « are the well known generators of the unital *-algebra A, introduced by
Woronowicz [14]. The multiplicative functional f; is uniquely determined by

Al@)=¢", fl)=q, Al=H06)=0, AU)=1

Consider the universal algebra Ug(sla) with unit € and generators e, f, k, k~1 satisfying
the relations:

1
q—q

It is a Hopf x-algebra with comultiplication A : U,(sls) — Uy(slz) ® U,(slz) and
x-operation uniquely determined by

Ak)=k®k, Ale)=e®@k +koe, A(f)=fRk+kaf

kk'=klk=¢c, ke=qek, kf =q 'fk, ef — fe= (K> —k72).

-1

and
k*:kv (k_l)*:k_lv G*Zf, f*:&

We shall regard the Hopf *-algebra (Uy,(slz), ®) as a Hopf +-subalgebra of (A7, A)
such that

k(Un) = q‘*, k(Uy) = qa?, k=N Un) = qa?, k™ (Us) = ¢\,
11



k(Ui;) =0, fori#j, e(Usy) =02, [f(Ui;)=0di20;1 .

Under this identification we have k=2 = f;.

Recall that the coboundary operator b, : (A5)®"=D — (A%)®" is given by b, =
Yico(=1)"07, for n € No. Thus by (1) = ¢ — f1 # 0, so HHP; ; (A7) = Ker(b) = 0 and
therefore also HH?Lﬁ)(Uq(slg)) = 0. Next, we get ba(z) =e @2 — A(z) + 2 ® f1, for all
r € Aj, so

Ker(by) ={r € A7 | A(z) =2 ® fi1 + e @},

Clearly, the elements {f; —e,ek™1, fk~!} are linearly independent and belong to Ker(bs).
It is not hard to show, for instance by using methods from differential calculi for quantum
groups [12], that these elements generate the vector space Ker(bs). Since f; — ¢ is a
generator for Im(b1), we thus see that the two elements {[ek~!],[fk~!]} are generators
for HH(117f1) (A9).

To compute HC(lLfl)(Ag), first note that A; : A7 — A7 is given by A\i(z) = —71(z) =
—=S1(z)f1 = =S(z) f1, for all z € A7. Thus for any = € Ker(bz), we have A\ (x) = z if and
only if (1) = 0. Since (ek™1)(I) = (fk~1)(I) = 0, we therefore see that the two elements
{[ek=1®0], [fk~1®0]} are generators in the total complex for HC(ll’fl) (A9) (with ek~ @0
and fk~' @0 in the total complex of the bicomplex defining cyclic cohomology).

Since these generators also belong to Ug(slz), the same is true for the groups
HH(lLfl) (Uy(slz)) and HC(ILfl) (Uq4(sl2)). We have shown part of the following result due
to M. Crainic [6]. The computation of the full Hopf Hochschild cohomology uses essen-
tially Proposition 2.2 and Proposition 2.1. The result for Hopf cyclic cohomology then
follows from the long exact IBS-sequence, whereas the Hopf periodic cyclic cohomology
is obtained as the limit of Hopf cyclic cohomology.

PROPOSITION 3.12. ([6]) Consider the Hopf algebra (Uy(sl2), A) with the modular pair
(I, f1) in involution. Then:

1. HHY, 4, (Uy(sl2)) = C* with generators {[ek™"],[fk~"]}.
2. HH{; ;) (Uqg(sl2)) = 0, for n # 1.

3. HC(Q”

T 1) (Uq(sl2)) = 0, for n € No.

4. HC(QIH;‘;l)(Uq(SIQ)) =~ C? with generators {S™[ek™ & 0], S"[fk~' & 0]}, for n € Np.

0
5. HP(I7f1)

6. HPY ;. (Uy(sly)) 2 C2.

(Uq(sla)) = 0.

REMARK 3.13. This should be compared with the classical case (¢ — 1), where by
Proposition 3.10 we have:

L HH}

2. HHY  (U(sh)) = HH},

) (U(slz)) = HHE)I’E)(U(S12)) =~ A%(sly) = C.
)(U(Slz)) =~ Al(sly) = C3.

3. HH,

(1.e)(U(sl2)) =0, for n > 4.

12



ExaMPLE 3.14. Here we combine the results in Example 3.4 with the general discussion
preceding it, to construct Hopf x-algebras with modular pairs in involution which will
play an important role in the next section. Let (H,A) be a Hopf subalgebra of (A%, A)
such that f; € H. Let H = H&®H,p and A = A xA. Then (7:l, A) is a Hopf algebra with
a modular pair (§,0) = (I ® I, fi ® f1) in involution. Note that its coinverse is S ® S~1,
its counit is 7 ® I and its unit is € ® €, where ¢ is the counit of (A, ®).

To compute the cohomologies of such tensor products, we state a useful corollary of
Theorem 3.1 and Theorem 3.2.

COROLLARY 3.15. ([12]) Let (H,A) be a Hopf subalgebra of (A°,A) such that f € H.
Consider the Hopf algebra (H, A) with a modular pair (5,0) = (11, fi®f1) in involution.
Then

His oy (H) = €D HH{; j,)(H) ® HH], ; (M),
i+j=n

forn € Ng. Moreover, the isomorphism is implemented by the shuffle map sh (going from
left to right) with the Alexander-Whitney map AW as its inverse. Concerning Hopf cyclic
cohomology, there exists a canonical long eract sequence
1 0 S®1-1QS
RN Hcggg (H)— @ HC}, (W)@ HCY , (M)~
ptg=n—2

r s 7 n ~ o
P HCl ()@ HC 4 (H) = HC ) (H) = -

r+s=n
Combining Theorem 3.12 and Corollary 3.15 we immediately get the following result.

THEOREM 3.16. ([12]) Let (Hy, A) = (U,(sla), A), so (Hy, A) is a Hopf *-algebra with a
modular pair (§,0) = (I ® I, f1 ® f1) in involution. Then:

1. HHE , (H,) = C*.
2. HH((;U)(H ) 220, forn # 2.

3. HC; 5 (Hy) = 0.

4. HC(Q({LU) (H,) = C*, forn € N.
5. HC(ng:)l(’}:tq) =0, for n € Ny.
6. HP ,(H,) = C".

7. HP; ,(H,) = 0.

To find representatives for the generators of HH 50)(7:[ ) we use the Alexander-
Whitney map

AWy« HH{; ) (Uy(slo)) @ HH, . (Ug(sla)) — HHJ ) (H,),

where i + j = n € Nyg. We can thus exhibit the following generators (see Section 6) of
HH(%;J) (Hq) in (Hg@",b):

ek '@ex fivwek™], k' ®@e® fi ® fE71,
13



[filee i@ek™], [fk'@e® fi® fk7).
PROPOSITION 3.17. ([12]) Let n € N. The following four elements

1. S ek lwe® fiek ™) @
2. " ek '®e® fi @ fk1

( ek 1®ek 1) @0],
(

3. SmL[(
(

ek ' fkhHeo],
fkleek Hoo],

(=
(=
(=f
(—fk e fkmh) @0,

)@
fklee fivek @
4. S"H(fkleee i fk )@

are generators of HC(5 ) (Hy)-

4 The Modular Square for Compact Quantum Groups

Let (H,A) be a Hopf algebra with a modular pair (J,0) in involution and let .4 be an
arbitrary algebra. We use the Sweedler notation, so A(x) = > x(1) ® x(g), for z € H.
Recall that by an H-action of (H,A) on A we mean a linear map > : H ® A — A such
that y> (x>a) = (yz)>a and I >a = a and

> (ab) =Y (x(1) > a)(z(2) > b),

for a,b € A and x,y € H (where we have used the convention >(z ® a) = z > a).

Now suppose > : H® A — A is an H-action of (H,A) on A. A linear functional 7 on
A is said to be a o-trace under > if 7(ab) = 7(b(o > a)) holds for all a,b € A. A linear
functional 7 on A is said to be d-invariant under > if 7((x > a)b) = 7(a(Ss(x) > b)) holds
for all a,b € A and x € H.

The proof of the following lemma is quite similar to that of Theorem 8.2.
LEMMA 4.1. ([5]) Suppose T is a d-invariant o-trace for an H-action > : H® A — A
of a Hopf algebra (H,A) with a modular pair (§,0) in involution. Consider the ordi-
nary cocyclic object (C™,d}, sl,t,) associated to the algebra A, and the cocyclic object
(H®™, 61,0, 7,,) associated to the Hopf algebra (H,A) with the modular pair (8,0) in
involution. Let n € N. Define a linear map

Yo tHE" - C" 5 2t @ @™ o (@ @a™)
by
Yo(zt @ @2™) (..., a") = T(a®(@' > a')--- (2™ > a™)),
fora® ...,a" € A and x',...,2™ € H. Define vo : H®®* = C — C° = A’ by v(1) = 7,
for 1 € C. Then
Ynbi = diYn—1, 0§ =8 Tnt1,  YnTn = tnTn,

for anyn € Ng and i € {0,...,n}.

The significance of Lemma 4.1 is that ~, induces a homomorphism from HH; ,,(H)
to HH"(A) and from HC; ) (H) to HC"(A) and from HPj ,\(H) to HP"(A), for
n € Ng. We denote also these maps by y,.

14



In terms of A-modules, the lemma says that the linear map

7:@H®”—>@C”

n€Np n€Ng

defined by v = ®nen,Vn, 1S @ A-module morphism from HE(; - to C"h.

Let (K, A) be any Hopf subalgebra of (H, A) such that o € K, and let v/ : ICE&U) — C"*
denote the A-module morphism given by Lemma 4.1. Clearly, the inclusion j : K —
‘H induces an inclusion j of associated A-modules such that v/ = vj, and thus also a
homomorphism

j: HH( 5)(K) — HH(; ;) (H)

on the level of Hopf Hochschild cohomology such that 4" = j. The same is true on the
level of Hopf cyclic cohomology and Hopf periodic cyclic cohomology.

Consider now a Hopf *-subalgebra (H,A) of the maximal Hopf x-algebra (A°, A)
dual to the Hopf #-algebra (A, ®) associated to a compact quantum group with Haar
state h. Assume that f; € H. Define z *x a and a x x in A, for x € A° and a € A, by
zxa=(®x)P(a) and axx = (x®¢)P(a). Then z @ a+> x*a, for a € Aand z € H, is
an H-action of (H,A) on A. Similarly, the map ¢ ® a — a*z, for a € A and = € Hop,
is an Hop-action of (Hep, A) on A. Now consider the Hopf algebra (H,A) from Example
3.14. Define a linear map>: H® A — Aby (z®@y)pa=z*axy, fora € A, x € H and
Y € Hop. It is easily seen to be an H-action of (H,A) on A.

THEOREM 4.2. ([5][12]) Let notation be as in the preceeding paragraph. Then the Haar
state h of (A, ®) is a d-invariant o-trace for the H-action > on A of the Hopf algebra
(H,A) with modular pair (5,0) = (I ® I, fi ® f1) in involution.

A detailed proof of this theorem will be given in a later section, in the more general

setting of algebraic quantum groups. The data used in the statement of Theorem 4.2 is
referred to as the modular square associated to the Hopf algebra (H, A). By Lemma 4.1,
it immediately yields the following main result.
THEOREM 4.3. ([5][12]) Consider a Hopf *-subalgebra (H,A) of the mazimal Hopf *-
algebra (A°, A) dual to the Hopf x-algebra (A, ®) associated to a compact quantum group
with Haar state h. Assume that fi € H. Let ﬁ?(s)a) denote the A-module canonically
associated to the modular square of (H,A). Then the formulas vo(1) = h and

(@' @y @@ @" @y") (" .. a") = h(a’(z" xa' xy) - (2" xa" 1 y"),

for a,...,a" € A and 2%, y', ..., 2", y" € H and n € N, yield a A-module morphism -y :
H?J o) C*, which in turn induces characteristic homomorphisms in cyclic cohomology

Yot HCs ) (H) — HC™(A),

where (6,0) = (IQI, fi®f1) is a modular pair in involution for (H, A) = (HOHep, AXA).
Characteristic homomorphisms are similarly induced on the level of Hochschild cohomol-
ogy and periodic cyclic cohomology.

The map ~ from Theorem 4.3 is called the modular characteristic homomorphism and
in general it is neither injective nor surjective. In fact, in the case of SU,(2), we shall
presently see that it is zero.
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5 The Modular Characteristic Homomorphism

for SU,(2)

First recall [20] that HH"(A,) is infinite dimensional for n € {0,1}, and zero otherwise.
Since

Yot HHs 5 (Hy) — HH*(A,),
it is by Theorem 3.16 already evident that -, is zero on the level of Hochschild cohomology.
Next recall [20] the following result for ordinary cyclic cohomology.
PROPOSITION 5.1. Consider the algebra A, of regular functions associated to SU,(2).
Then:

1. HC(A;) = Cl7even] ® KerS, where

KerS = (9;50C[7l]) @ (EBI>O(C[T‘;]) ® (@1>0C[r1]) @ (D1>0C[r)).

2. HC?ntl (Aq) = CS”[TOdd], fO’I" n € Np.

3. HC*"(A,) = CS™[Teyen), for n € N.

In [20] the generators Té, Té Th 7l even and Togq are written down explicitly in terms

y Tusr T

of the Poincare-Birkhoff-Witt-type linear basis

{a"y™ ()" | myn,r € Ng } U {(&")*y"(v")" | mneNy, seN}

for A,. In that paper o =y, v = u, o* =z, v* = —¢~'v and ¢ = p. Also recall that

Toven 18 the Chern character of the 1-summable even Fredholm module which generates
the K-homology group K°(4,) = Z, where A, is the C*- algebra envelope of A,. And
Todd 18 the Chern character of the 1-summable odd Fredholm module which generates the
K-homology group K'(A,) = Z. It would be desirable to hit at least these two generators
with the modular characteristic homomorphism. A direct check could in principle be car-
ried out using the explicit expressions for the generators involved together with a formula
for the Haar functional in terms of the Poincare-Birkhoff-Witt-type basis. However, this
can be avoided by introducing the following element.
There exist a functional H € Aj such that

A(H)=H®e+ec®H,

which is uniquely determined by H(U;;) = 0, for ¢ # j, and by H(U11) = —1, H(Us2) =1
and H(I) = 0. It is easily checked that e"# = k?, where h = —In(g) > 0, so H ¢ U,(sls).
Thus we have the following familiar identities

Hk=kH, Hk '=k'H, He—eH=—-2e, Hf — fH =2f.

Consider the cocyclic object ((AZ)®",d}", 07", ) associated to the Hopf x-algebra

y Y oY

(A9, A) with the modular pair (7, f;) in involution. Recall that
B, = Nld%’]’g(lg —Ag) = Nl(U%TQ — 7'10(1)),

Bi(z @y) = S(z)y — S(y) frw — x(1)S(y) fr + =(Dy ,
16



for all z,y € A7. Recall also that the coboundary operator b3 : A7 ® A7 — A7 © A7 ®@ Ag
is given by

b3z ®Y)=eRrRy—A@)Qyu+2zA(y) — 2Ry f1,

for all z,y € Aj. The following lemma follows by direct verification.

LEMMA 5.2. ([12]) Let notation be as in the above paragraph and consider By : Aqj®@.A7 —
A2, Then:
q

1. b3(H®ek ™) =b3(H @ fk=1) = 0.
2. Bi(H ® ek™1) = 2ek~ 1.
3. Bi(H® fk=1) = —2fk~L.
This lemma tells us that the induced map
. 2 o 1 o
1B, : HH(I7f1)(Aq) — HH(I7f1)(Aq)

from the long exact I BS-sequence is surjective. Moreover, the equivalence classes {[{H ®
ek, [H ® fk=!]} are linearly independent in HH(21 1) (A7), because By ([H @ ek™1) =
2lek™1 @ 0] and By ([H ® fk™1]) = —2[fk~ ' @ 0].

A somewhat complicated diagram chase involving the homomorphism

J: HC(*I,fl)(Hq) - HC(*I,fl)(-AZ)

such that vj =~ (from the discussion following Lemma 4.1), Theorem 3.16 and Propo-
sition 5.1, now yields the following surprising result.

THEOREM 5.3. ([12]) The modular characteristic homomorphisms in Hochschild coho-
mology, cyclic cohomology and periodic cyclic cohomology of the Hopf algebra (Uy(sla), A)
with the modular pair (I, f1) in involution, are all ZERO.

6 Additional Considerations

In this section we expand on results for SU,(2) briefly presented in [12]. Due to the
presence of the element H € A7 it is evident that HH{; (A7) ¥ HH{ .\ (Hg), so
in principle the modular characteristic homomorphism v of the Hopf *-algebra (.Ag, A)
could be non-zero on the level of cyclic cohomology and periodic cyclic cohomology,
although we have already seen that the restricted modular characteristic homomorphism
~" of the Hopf x-algebra (U,(slz), A) is zero. In this section we prove that provided a
certain plausible assumption (to be explained below in Theorem 6.1) on Ajg holds, which
we unfortunately have not been able to check, then v = 0 and therefore v/ = vj = 0.
By the same argument, the modular characteristic homomorphism of any other Hopf
subalgebra of (A7, A) containing fi will then also be zero. Of course, v = 0 in Hochschild
cohomology, so we need only focus on the case of cyclic cohomology.

We need a theorem showing how HH, (*I,fl) (A°) can be computed from a resolution of
A. Throughout this discussion (A, ®) denotes a compact quantum group with maximal
dual Hopf algebra (A°, A) and modular element f; € A°, and B denotes the algebra
AR Agp.

17



Proposition 2.1 tells us that HH, fl)(.Ao) can be computed from any injective res-
olution of A° as an A°-bicomodule. Using this we shall give a formula for computing

HH (* ) (A°) from a given finitely generated free resolution

s My My M YA 0

of A as a left B-module (or as an A-bimodule). We assume that My = B and that
do : My — A is the algebra multiplication.

Suppose M, is a finite dimensional vector space, that M,, =2 B ® M, as left B-
modules, so that d,, : M,, — M, _1 needs only be specified on elements of the type 15 ® z,
where 153 = I®1 is the unit of B and z € M,,1.. Let {€}'} be a linear basis of M, and let
{el*} be a basis for the dual vector space M2, of M, such that e}*(e]) = 0y, for all k,I.
We shall regard A° ® A° as an A-bimodule with respect to the action a(§ ®@n)b = a£ @nb,
where £,n € A° and a,b € A and where by a&,nb € A° we mean a(c) = &(ca) and
nb(c) = n(be) for ¢ € A.

THEOREM 6.1. ([12]) Let notation be as in the preceeding paragraph. Assume that (M., d)
is a finitely generated free resolution of A as a left B-module. Suppose the A-bimodule
A° ® A° defined above is injective. Then the linear map &y, : M("nfl)L — M2, given by

Sn(y) =D (€@ fr@y)da(ls @) €,
k

for all y € M(On—l)L and n € N, defines a complex (M?;,0) such that its cohomology
coincides with HH{ ; (A?). Hence
dim(HH(j ;) (A%)) = dim(My ) — dim(Imé,) — dim(Imé,41),

for all n € Ng.

REMARK 6.2. Since A° ® A° = (A ® A)° where the latter is defined with respect to
(A®A, ® x ), our assumption reduces to requiring that the left .A-module A° is injective.
Also A° is a left A-submodule of the injective left A-module A’. However, injectivity is
unfortunately not necessarily inherited to submodules.

Let us now return to the case SU4(2).
In the rest of this section we assume that the Ag-bimodule A7 ® A7 defined above is
injective.
In [20] an explicit finitely generated free resolution

C My 5 My B My S A, — 0

of A, as a left B-module (here My = B and m is the multiplication) was constructed by
hand, to compute HH*(A,). We will now use this resolution together with Theorem 6.1
to write down the complex (M7, d), which we will then use to compute HH; (A7)

Below we follow closely the notation and conventions in [20] which was used for
specifying the left B-modules M,, and the differentials d,, : M,, — M,,_1, for n € N.
Define the vector spaces M, ;, as the linear spans of the B-bases {e}} for M,, given by
ed =1 and

1 _ 1 _ 1 _ 1 _
€] = €g, €y = €y, €3 = €y, €4 = €y
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and

2 1 2 1 2 2
elzﬁgp), 62:ﬁg), €3 = ey A ey, e =¢euNey
egzev/\em, eg:ev/\ey, e?zev/\eu
and
1 1 1 1
ei’:ew/\ﬁg), e‘gzey/\ﬁ%), eg:eu/\ﬁ%), e?l:eu/\ﬁg),
1 1
egzev/\ﬁ‘ﬁf), egzev/\ﬁg), e?zev/\eu/\e;,?7 eg:ev/\eu/\ey7
whereas {e27*} is listed as follows
2p+4 p+2 2p+4 P2 2p+4 P+l
et = 19(T ) el = 1959 ) e’ =ey Neg A 1959 )

1 1 1
eip+4=eu/\ey/\19§?+), e§p+4=ev/\6x/\ﬂgp+), e§p+4=ev/\ey/\ﬁ§?+),

1 1
e$p+4:67,/\eu/\19§?+), e§p+4:ev/\eu/\19(f+),

for p > 0, and finally {e;”} is listed as follows

et — e, A 19(Sp+1), Pt =e, A 19%?“), e3Pt = ey A 19(Tp+1),
Pt — e A 19(;4-1)’ 2Pt — ¢, A§§?+1), ePt? — e, A 19(5?“)7
e$p+3:ev/\eu/\em/\19g’), engrB:ev/\eu/\ey/\ﬁg?)7

for p > 0.

Denote the elements ef* of the dual basis {e}*} C M2, of {e}'} by vj. Using the

formula
Su(0f 1) = (e® fr @v) N )dn(1p @ e}y,
k

for n € N from Theorem 6.1 for the maps §,, : M(Onfl)L — M2, , and the formulas for
dp : My, — M, given on pp. 160-163 in [20], we can then obtain the explicit expressions
for 4,, written below.

To show how they come about, consider for example the linear map d; : M§;, — M7},
which can be calculated as follows

4

Y (@ h@uw)d(ls @)
k=1

= (@ M)di(lp @ er)vi + (e @ f1)di(1s © ey)vy
+(e® f1)d1(15 @ ey)v3 + (e @ f1)di(15 @ e,)v;
= @)@l -Tox+ (@ )yl -Ioy),
+ e M)ul —ITouuvs+ (@ fi)vel —IQv);
= (I—qui +(1—q M.

81(vg)

Similarly, consider d : M{; — M3, , which can be calculated, for any number i €

19



{1,...,4}, as follows

7
5(v) = D (e® fr@v])da(1s @ €f)v}

k=1

= E®ho)Ieye+r0l0e-—queleeg—Ioq vae)

He@AvHyelIQe +Idr@e —queal®e; —I®qu®el)vs
e fivv)(uel-T@qu) e+ (gl —I®1)®e3))v3
Hewfiov)(quol —Iou)®e+ (@l -1 qy) @ es))vi
+ewhev)(vel-Toq) e +(gzol —1®1)®e)))vs
+e@ Lrev)(el—Tev) Qe+ (y@ I -1 qy) ®el))v
e hev)(val —Iov)@e+ el —I®u)®e))ws,

so for instance,

b(v) = (E@fH)I@ywi+(E® i)y D
+He@ L)W T —T@qu)vi+(e® fi) (vl —I® qu)v?
= qilvf+v2

We trust that the reader can now easily verify the following result:

§1(v0) = (1 —q)vi + (1 —q "y

and
d2(vi) = ¢~ 'of + 03, 82(v3) = i + qu3
52(1)%)*0, 52(vi) =0
and
J3(vf) = —qui +v3, d3(v3) = vf —q v3
83(v3) = —¢~ 1§ — g~ "o, 03(v) = —v5 — v}
03(v3) = —¢~"v3 — " tug, 03(vg) = —v5 — g
33(v7) = (¢* — q)v} + (1 —q)
and
8a(v}) = ¢~ i + vy, 84 (v3) = vi + quy
84 (v3) = qus — v, 8a(vi) = —quz + v}
84 (v3) = qus — v, 84 (vg) = —qus +v5
8a(v3) = g~ vz + g Pvg, Sa(vg) = v7 + ¢ tug
and for p € N, we get
52p+3(vfp+2) = —qui*? + 03Pt Sopia(v3ht?) = i TP — g todPt?
Sapra(v3t?) = —q‘1v§p+3 R e e B - U
Oopra(v3" %) = —q BT — g Mg Gy (v T) = =R - gP e
Oapya(v77H?) = —quiP TP 03P, Sapra(va’T?) = o — P
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and finally

52p+4(”1p+3) _ q—l 2p+4 + 2p-i-47 (52p+4(v ): 2p+4 + quj 2p+4
52p+4(v§p+3) = qui 2p+4 _ 2p+4’ 52p+4(v 3) — 2p+4 + v2p+4
Oapravs”™) = qu ™ — g, dapa(v” 3) 2”*4 + gt
apsa(0 %) = T 4 TR Gy (07 = 2P+4 g

The result of this is the following result. By ‘our assumption’ we refer to the one in
Theorem 6.1

THEOREM 6.3. ([12]) Provided our assumption holds for SU4(2), we get:
1. HH(II (A =H (1 mAD=C
2. HH; ; (A7) =0, for all n ¢ {1,2}.
Proor. By Theorem 6.1 we have
dim(H H{7 4,y (A7) = dim(My ) — dim(Imd,) — dim(Imé,41),
for all n € Ng. Now the dimensions dim(M_?;) are
dim(Mg,) =0, dim(My7,) =4, dim(Ms,))=7, dim(M:;)=S38,

for n > 3. Whereas by looking at the formulas for §, listed above, we see that the
dimensions dim(Imd,,) are

dim(Imdp) =0, dim(Imd;) =1, dim(Imdy) =1, dim(Imd,)=4

for n > 3. Combining these facts yields the result for HH; | (A7). O

Thus by Lemma 5.2 the generators for HH(I 0 (AQ) are {lek=1], [fk~']}, whereas
those of HH?

G o (A7) are {[H @ ek~ '], [H @ fk~1]}.
REMARK 6.4. In the classical limit ¢ — 1, we easily see that the numbers dim(Imé,,) are
dim(Imdp) =0, dim(Imd;) =0, dim(Imds) =1,

dim(Imés) =3, dim(Imd,) =4

for n > 4. Hence, when ¢ — 1, we get the following results, which should be compared
with the remark following Proposition 3.12:

1L HHY (A = HHY, (A9 = C
2. HH{; (A7) = HHE, (A7) = C°

3. HH,

(1.1 )(AZ) =~ (, for all n > 4.
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REMARK 6.5. Before we move on let us briefly explain how the oracle could possibly
come up with the two generators {{H ® ek™!] , [H ® fk~!]} in Lemma 5.2. We know
that both the bar resolution B(A,), — A, and resolution M, — A, in [20] are free
resolutions of .A,. We can then built up inductively a chain map h, from M, = A, with
boundary d to B(Ag)« = A, with boundary b, which by the fundamental theorem in
Homological algebra automatically will be a quasi-isomorphism.

We btart with hg : =A,®A; - Ay ® Ay = B(Ay)o, which is the identity. The
map h1 : = Aq (24 MlL ®A — ./4 ® A ® .A has to satisfy blhl = hodl = dl, and
since by (ao ® a1 ®az) = apa; Q@ as — ag @ aas, for a; € Aq, a possible choice for h; sends
(el,..., €}) to

(I®x®[ Iyl Ioual, Ioval).

Similarly, the map hs : =A@ My ® Ay — Ay ® Ay ® Ay ® Ay has to satisfy
boho = hids, and since

ba(ao ® a1 ® a2 ® az) = apa1 ® az ® az — ag ® a1a2 ® az + ap ® a1 ® azas ,

for a;, € A,, a possible choice for hs is:

ho(e}) = I@z0yel-I0q 'uevel-Ielelal,
ha(e3) = IRyRzI-I0quevel —I10I0Iel,
ho(e3) = IRuez®I-I®q@eudl,
hole) = I@queyel-I0yudl,
ha(ez) = I@vRzeI-I®Rq@evel,
ho(ed) = I@qeyel-Iyevel,
ho(e3) = I@vuel-IQuevel,

where we have invoked the relations of the generators u,v,z,y € A,.
Tracing this chain map through the proof of Theorem 6.1, our assumption on SU,(2)

thus gives us a quasi-isomorphism h¢ from (M2, ) to the chain complex for (AZ)E 1)
Now two convenient generators for HH(QI (A = C? in (M2, 0) are {[qu3 —v3], [quZ —
vg]}. Tt is easy to see that h3(qui —v7) € AJ ® A9 is then a linear map such that

rRy—q¢ lu®@v-—I®I—0,
Yz —quuv—-—1I1—0,
URT—qr U q,

uey —yQu— —1,
VR T —qr®vi— 0,
URY—y@vi—0,

vRU—uRv— 0.

Staring at these formulas suggests the (admittingly still ad hoc) candidate —¢'/2H ®
fk~1 as the obvious linear map satisfying these evaluation requirements. By its nature
it belongs to Ker(bs). Similar considerations connect the two elements gvZ — vZ and
—q¢ '?H® ek
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The method of inductively establishing a chain map also gives a hint to how the
(seemingly ad hoc) free resolution of A, in [20] was constructed.

Using Theorem 6.3, the IBS-sequence and Lemma 5.2, one can now check that
H C’(ll ) (AO) >~ (C? is the only non-vanishing component in cyclic cohomology, with

generators {[ek~1 ©0],[fk~L ® 0]}, so HP (7.1)(Ag) = 0. The non-zero B-operator 1B :

HH?I fl)(.AO) — HH(ll 1) (A7) Kills the periodic cyclic cohomology classes for Uy(slz)
found in Proposition 3.12.
Together with Corollary 3.15, we therefore see that HH (AO) is C* for n € {2,4}

and C8 for n = 3 and otherwise zero. Using the Alexander- Whltney map and the shuffle
map, we can further find explicit generators for these cohomologies in the respective
original complexes.

LEMMA 6.6. ([12]) Letn € Ny. The Alezander- Whitney map AW,, = @4 ;=n AW,;, which
induces the isomorphism

D HH], (A @ HH], (A} — HH}; (A9,
i+j=n

is in low degrees given by:
1. AW (20 ® Yo) = 20 ® e ® f1 @ Yo.
2. AWi2(20 @Yo ®@y1) =10 Re® f1 @Yo @ f1 @ Y1
3. AW (2o @11 ®Yp) =T ReR T QR f1 Q Yo-
4. AWaa (1o @11 @Yo @ Y1) =0 R eR X1 Ve X f1 @Yo @ f1 @ y1,

Jor zi,y; € Ap.
The shuffle map sh,, = ®i4j—nshs;, which induces an isomorphism

sh, : HHf, (A7) — € HH{; ;,)(A9) @ HH], (A7)
i+j=n

is in low degrees given by:
1. shyi (@0 @ yo ® 1 @ y1) = wol (z1) ® I(yo)yr — I(z0)z1 ® Yol (1),
2. shiz(z0 @Yo @21 @ Y1 @ 12 @ Y2) = ol (1)1 (22) @ I(Yo)y1 @ Y2
—I(wo)x1(22) @ yol (y1) ® y2 + I(zo)I(x1)2 @ Yo ® y11(y2),
3. sho1 (20 @ Yo ® 11 @ Y1 ® T2 @ y2) = 2o @ 211 (x2) @ I(y0)I(y1) @ Y2
—zol (x1) ® 22 @ I(yo)yr (y2) + I (o)1 ® 22 @ yol (y1)I(y2),

for all z;,y; € Aj.
PROPOSITION 6.7. ([12]) We have the following generators of HH{; (A7)
L.n=2lek'®c® fi®ek ], [tk ' @e® fi @ fk1],
k' @ew fivwek™], [fk'@e® fi® fE'].
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2.n=3:lek'®e ioH® fivek ek '®e® fioH® f® fkY,
[fEloe AOHR ek ] [fk'oe® A®H® fi® fk1,

Hoeek e fivek |,[HReQek 1 ®e® fi ® fE71,
Hoeo fkloe fivwek |,[Hoea fk @e@ i@ fk71],

S n=4HR:Reck '®efioH® fi ®ek™!],
HRcRek ' @e@ AQHR ARk [HR:fk'@e@ iA®H® fi ®@ek™!],
Hecofk'@co hoH f1o k7).

Again by Corollary 3.15 we see that HC&J)(AS) is C* for n € {2,3} and otherwise

zero, so HPj; ) (./Zlg) 2 0. To illustrate the role of the Leibniz rule for the B-operator in
the Kiinneth exact sequence in Corollary 3.15 it is perhaps more instructive to present
the generators for H C’E% U)(AZ) as below, rather than applying the Alexander-Whitney
map.

REMARK 6.8. Let B denote the linear map 1B, : HH? )(Ag) — HH} )(Ag). Con-

(I,f1 (I,f1
sider ¢ = [H ® ek~ and n = [H ® fk~1] in HH(QLfl)(Aq). Then by Corollary 3.15, the
vector space

HH (A9 = D HH 1,)(Ag) @ HH, 4,(Ag)
n=i+j
has the following generators:
L{f®{sann@gn@n}, forn=4.

2. {B(§) @&, B(§)@n, B(n) ®¢&, B(n) @n,§ @ B(£),£ @ B(n),n® B(§),n® B(n)}, for
n=3.

3. {B(&) ® B(&), B(§) ® B(n), B(n) ® B(§), B(n) ® B(n)}, for n = 2.
This is a consequence of the following Leibniz rule
IB, = @ (IB;_1 ®1; @(—1)% ®IB;_ 1)

ntl=itj

for IB,, : HH(T?;}) (A;’) — HH (A7), where n € Ny, with respect to the corresponding

operators for HH{; \(Aqg).

We conclude this discussion with the following results.
THEOREM 6.9. ([12]) Provided our assumption on SU4(2) holds, we have:

1. HH&U)(AZ) =~ C*, forn € {2,4}.
2. HH; \(Ag) = C*.
3. HHJ (A9) =0, forn ¢ {2,3,4}.
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4. HCG (flg) >~ C4, forn € {2,3}.
5. HCP; (flg) ~(, forn ¢ {2,3}.
6. HP; (A2 =0.

Moreover, explicit representatives of the generators in the respectively defining complexes
can be written down in each case (see the results prior to this).

THEOREM 6.10. ([12]) Provided our assumption on SU,(2) holds, the modular charac-
teristic homomorphisms in Hochschild cohomology, cyclic cohomology and periodic cyclic
cohomology of the Hopf algebra (A7, A) with the modular pair (I, f1) in involution, are
all ZERO.

PROOF. By Proposition 5.1 the operator S : HC™(A,) — HC"2(A,) is an isomor-
phism for n > 1. By Theorem 6.9 we see that for any [z] € HC[ ) (AZ), with n > 2, we
have

Svn([z]) = Yn+25([2]) = Yn42(0) = 0.

By injectivity of S : HC™(A,) — HC""2(A,), for n > 2, we therefore have 7, ([z]) = 0.
Since clearly 7, = 0, for n € {0,1}, we thus conclude that v = 0 in the case of cyclic
cohomology. O

7 The Modular Square for Algebraic Quantum Groups

Fix an algebraic quantum group (A, A) in the sense of definition 6.13 in [14]. First we
recall the most important objects naturally associated to (A4, A):

(i) The counit and antipode of (A, A) will be denoted by e and S respectively. We will
denote the unitary antipode of (A, A) by R, its scaling group by 7 (see [14] Propositions
6.16 and 6.17). Recall that both these objects provide the polar decomposition of the
antipode:

S=RT1_ R.

=T

-
VIS

(7i) Let us also fix a non-zero, positive left invariant linear functional ¢ on A and define
a non-zero, positive right invariant linear functional 1) on A by ¥ = pR.

Denote the modular automorphism groups of ¢ by o (see [14] Proposition 6.15). Recall
that

plab) = p(bo—i(a)) and po. =@

for all a,b € A and z € C.
(#91) The modular element of (A, A) will be denoted by § (see [14] Prop. 6.8). Remember
that § belongs to M(A) and that ¢(S(a)) = ¢(ad) for all a € A. As we mentioned after
Prop. 6.17, we can define any complex power 6% € M(A) (z € C). Then 1(a) = ¢(62ad?)
for all a € A.
(iv) The scaling constant v > 0 of (A, A) was defined in [14], Prop. 6.16. Thus, @7, =
v=*p for all z € C. Let us also mention that 0,(6") = v"*¢" for all z € C and r € R.
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As in [14] Prop. 6.10 and Thm. 6.11, we let (A, A) denote the dual algebraic quantum

group of (A, A). Remember that M(A) can be realized as a subspace of the dual A’ (see
the discussion before Thm. 6.11 ). Hence, the counit € is the unit of M (A).
Denoting the modular element of (A, A) by 4, one can show that 6 = €0y, for all

z € C (see Prop. 5.14 of [9]).

In order to perform the modular square construction, we need a Hopf algebra that is
paired with (A, A). But in general, (M(fl), A) is not a Hopf algebra since it can happen
that A(M(A)) € M(A)® M(A). (where we used the canonical extension of A to M(A)).

Therefore we suppose that we have a unital subalgebra H of M (121) at our disposal
such that

1L AH)CH®H,

2. S(H) = H (where we use the canonical extension of the antipode S of (4, A)),

3. 5%, 572 belong to H.

So (H,A) is a Hopf algebra consisting of linear functionals on A (in the classical case, H
could be the universal enveloping algebra of the Lie algebra associated to the Lie group
of which A is the appropriate function algebra).

In order to obtain a good modular pair in action, it turns out that not H is the Hopf
algebra we should focus on, but rather the Hopf algebra (7:(, A) defined by

H =H o HP and A=(1ox®)(A®A),

where x denotes the flip map. Hence, the antipode S of (’}:[, A) is given by S=S8®s 1L
Next we introduce the modular pair for (H, A).

1

(1) Set & = 57% ® 62 € H. We know that 6~ 2 is group-like in M(A). Hence, & is
group-like in H.
, (2) Since A(§2) = 62 ® §2, we can define non-zero characters 6,0~ : A — C such that

O(w) = w(5?) and 0 (w) = w(677)

for all w € A. The characters § and 6! extend uniquely to characters on M (A). For
instance, (wa) = w(adz) foralla € Aand w € A’. These extensions restrict to characters
on H which we denote by the same symbols. Define the character § : H — C as § = 00~ 1.

Let S; be the twisted antipode on (H, A), i.e. S5 = (0® S)A. In terms of the twisted
antipodes Sy = (0 ® S)A on (H,A) and S’;}l = (071 © S YA on (H°P,A), the twisted
antipode 5’(; is given by
(7.1) 5'5 = Se ® S;,ll .

and an easy calculation reveals that

(72)  Sp(w)(a) = w(625(a)) and Sk (w)(a) = w(6~ 257 (a))

for all w € H and a € A.
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It is not so difficult to check that
PROPOSITION 7.1. The couple (6,&) is a modular pair in involution for (H,A).
PROOF.

(1) We have that

0(a)=0(0"2)0""(6"2)=0"2(62)0"2(672) = (co_

(2) Choose w € H, € H° and a,b € A. Then Egs. (7.1) and (7.2) imply that

S2(w @ n)(a®b) = S2(w)(a) (S;7)2(n)(b)
= w(0%52(a)d™ 5)77(5’55 2(b)67) = w(d77_s(a)d~

N
~
3
—~

<

|
A
—~
=
—~
gl

ol
~

Hence, Lem. 5.15 of [9] guarantees that

Swen(aeb) = w((eo

(remember that we use the opposite product on H°P). It follows that 5‘92 (wan) =awe

n)a~ L.

L
M

In the next step, we let H act on A. Since H C M (/1), the discussion before Thm.
6.11 in [14] guarantees that (w ® ¢)A(a) and (¢ ® w)A(a) belong to A for all a € A and
w € H. Thus, we can define left Hopf actions

(7.3) HxA—A:(wa)—wsa = (1Qw)A(a) and
HPXA—A: (wa)~axw = (w@)A(a).

We leave it to the reader to check that these are really left Hopf actions and that they
commute. For w € H, nE HOP and a € A, we set

wraxn=(w*a)xn=wx*(ax*xn) .
So we can define a left Hopf action > : H x A — A so that
(wenpra=w*xaxn

for all w € H, n € H® and a € A.
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In order to define the v-map that connects the Hopf cyclic cohomology of the Hopf
algebra H and the ordinary cyclic cohomology of the algebra A, one needs a f-invariant
a-trace. To this end, Connes and Moscovici introduced in [5] the mid-weight p: A — C
defined by

pla) = p(9%adt) = (6~ Had™ 1)
for all a € A (recall that ¢ = o(02 .52).

PROPOSITION 7.2. The linear functional p is a G-invariant &-trace.
PROOF.

(1) pis f-invariant:
Choose 1 € H° and a,b € A. Then, since o_i((ﬁ) =y~ %61,
pllaxmb) = (5% (axn)bst)
v o((n®)(A@)bs?) =i n((t©@)(A)(1®b62))) .
The proof of Prop. 3.11 of [23] shows that
S(t@p)(AP(1@q)) = (@e)((1@p)Ag)
for all p,q € A. Thus,

p((axn)b) ‘

Il
AN
Bl

Using the fact that p = (63 .67 1), one proves in a similar fashion that p((w*a)b) =
p(a (Sg(w) * b)) for all a,b € A and w € H. Combining these two results and Eq. (7.1),
one sees that p is f-invariant, i.e.

p((p>a)b) = p(a(Ss(e) > b))
for all a,b € A and ¢ € H.

(2) pis an a-trace:
Choose a,b € A. Then,

plab) = @(07abst) = p(bio;(07a)) = v™H p(bd20(a))
= yi (b(s%a,i(a)a—%éi(s%) = (65085 0_;(a)d "% 5% )
= (bt
According to Lem. 5.15 of [9], we have that
020_i(a)d"% = (e0_;@umeo_)AP(a) = (2 @128~ 2) AP (a) = (72 @62 )pa = ava .
Hence, p(ab) = p(b (& >a)), meaning that p is an G-trace.
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We end this section by commenting on the case of locally compact quantum groups in
a formal way. In this case we start of with a locally compact quantum group (A, A) as in
[14] Def. 8.1, which we assume to act on the GNS-space H,, of its left Haar weight ¢. Let
W € B(H, ® H,) be the multiplicative unitary as defined before Thm. 8.3 in [14] and
recall from Prop. 8.4 in [14] that A is the norm closure of the algebra B := { (t@w)(W) |
w e B(Hy)x }.

Also, the dual quantum group (A, A) of (A, A) is defined such that A is the norm
closure of the algebra { (w®¢)(W) |w € B(H,)s } and

(7.4) Alz)=W(Ee1)W*forallz e A .
So we see that A can be identified with a subspace of the dual B’ such that
(7.5) (2, (L @w)(W)) = w()

forz € Aandw e B (H,)«. In a formal sense, one obtains a dual pairing between A and
B this way.

Regarding A as sitting inside B’ this way, referring to Eq. (7.3) and using the fact
that (A ® ¢)(W) = Wiz Was (see [14] Thm. 8.3 and Prop. 8.4), we should define left
actions of A and A°P on B in the following way:

AXxB—=B:(z,t@w)(W)) =z (t@w) (W) =(0w)(W(ler))
and

(7.6) AP X B - B:(z,t@w)(W)) — (t@w)(W)*z=(ow)((1®z)W).

In a lot of specific examples it happens to be the case that there is a Hopf algebra
H around that can play the role of the Hopf algebra in the construction of the modular
square (as far as we know, the possible presence and the desirable properties of such a
Hopf algebra has not been seriously studied yet in a more general theoretical framework).
However, the precise relation between this Hopf algebra H and the actual C*-algebra Aor
von Neumann A” can be cumbersome to describe. Let us discuss this a little bit further.

In a lot of cases, there is some dense subspace D of H, present together with a
number of linear operators T7,...,T, on D (in order not to cloud the discussion, we
ignore the important *-operation) such that H is the algebra of linear operators on D
that is generated by Ty, ...,T,.

However, the linear operators T1,...,T, that generate this Hopf algebra H are not
really the ones that are of fundamental importance to A. The important ones are most
of the time (possibly unbounded) closed linear operators Ti,..., T}, in H, that are ex-
tensions of T4, ..., T, respectively and are affiliated to the C*-algebra A or to the von
Neumann algebra A” It also can happen that the proper extension T is not merely the
closure of T; but that a more refined description of the extension T; is needed (compa-
rable to the theory of self-adjoint extensions of linear operators that are not essentially
self-adjoint).

29



In accordance with Eq. (7.4), the comultiplication on A and H should be related
through the fact that A(T}) is a restriction of W (T; @ 1)W*.

It can happen that the C*-algebra A is generated by T4, . .., T, in the sense of Def. 1.24
in [14] (e.g. quantum E(2), quantum az+b). But there also instances (e.g. quantum az+b,
quantum §U(1, 1)) where one needs to add an extra bounded linear operator S on D so
that A is generated by T',..., T, and S (where S is the unique bounded linear operator
on H, extending S) and for Wthh there does not exist an element X in the algebraic
tensor product H.@H. (Where H. denotes the algebra of linear operators on D generated
by H and S) so that W (1 ® S)W* is an extension of X. In short, we can not extend the
Hopf algebra structure on H to an appropriate Hopf algebra structure on H.. We refer
to [14] section ?? (ref: part of S.L.. Woronowicz concerning examples) for more details on
this subject.

Let us end this discussion by saying that a reason for not working with the ‘Hopf
algebra generated by’ the extensions Ti,...,T, lies in the fact that for such unbounded
operators, addition and multiplication are tricky and sometimes ill-defined operations.

But let us ignore this important issue for the rest of this section and focus on H. Recall
that in the case of algebraic quantum groups we used the inherent pairing between A
and H to define actions of H on A (see Eq. (7.3)). So we would like to use the formula
in Eq. (7.5) to define a pairing between H and B. Due to the unboundedness of the
elements in 7, the expression in Eq. (7.5) does not make sense for every w € B(H,,), and
x € H. But if w is the vector functional Wy for v e D and w € H, (see the comments
before Def. 1.29), we can interpret w(z) to be equal to (z(v), w). So we should look for an
appropriate subspace E C B(H,). for which w(z) can be well defined, a technical issue
we will not further go into. But the vector functionals introduced above indicate that F
can be chosen to be dense in B(Hy).,.

This way, Eq. (7.5) will provide us with a pairing between H and By := { (t@w)(W) |
w € E} C B. The above discussion is only intended to give a first impression of the
technical subtleties involved. It turns out that further restrictions on E (and hence on
By) are needed in order to

1. well define the left actions of H and H°P on By inspired by formula (7.6),

2. be able to apply the mid-weight on elements of By and products thereof.

The data used in the statement of Proposition 7.1 and Proposition 7.2 is referred
to as the modular square associated to the Hopf algebra (H,A). By Lemma 4.1, these
propositions immediately yield the following important result.

THEOREM 7.3. ([5]) Consider a Hopf algebra (H A) with H ¢ M(A) as a unital algebm
with coproduct given by restricting A : A — M(A X A) to H, and such that 62,6~ 2 € H.
Let Hh denote the A-module canonically associated to the modular square of (H A)

Then the formulas Y(1) = p and

(@' @y') @@ @" ®y")(a’ ... a") = pla’(a! xal xy') - (@ xa” xy")),

fora®,...,a™ € A and x',y',...,x", y" € H and n € N, yield a A-module morphism =y :

H?e & Ch, which in turn induces characteristic homomorphisms in cyclic cohomology

«HCl o (H) — HC*(A).
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Characteristic homomorphisms are similarly induced on the level of Hochschild cohomol-
ogy and periodic cyclic cohomology.

The map v from Theorem 7.3 is called the modular characteristic homomorphism
associated to (H, A).

To compute the cyclic cohomology of the modular square, we include a convenient
corollary of Theorem 3.1 and Theorem 3.2.

COROLLARY 7.4. Consider a Hopf x-algebra (H, A) with M € M(A) as a unital *- algebm
with coproduct given by restricting A : A — M(A X A) to H, and such that 62,072 € H.

Let (H,A) denote its modular square with modular pair (0,&) = (0© 01,6~z ®62) in
involution. Then

HH[; | y Hl ) 1) @ HH’ H
z@n 6 _) )® (0787%)( )7

for n € Ny. Moreover, the isomorphism is implemented by the shuffle map sh (going
from left to right) with the Alexander-Whitney map AW as its inverse. There exists a
canonical long exact sequence

n—1 0 P q » S®1_—1>®S
— HOG () = p+§_2 HC<9,37%>(H) HE, 51,1

y (@ HC:, () = HC () 2 -

HC (6.6)

T
(0,672

r4+s=n

Notation. We recover Theorem 4.3 and Corollary 3.15 in the compact case from The-
orem 7.3 and Corollary 7.4, respectively, by first observing that (A4,A) = (A, ®) and
M(A) = A, so (H,A) is a Hopf subalgebra of (A°, A). Now since (4, ®) is a compact
quantum group, we have v =1, = I and 6 = f_o, 50 p=h and (0,6) = (I®1, {1 ® f1).

8 Twisted Cyclic Cohomology

Suppose A is a unital algebra and let § : A — A be an automorphism of 4. We now
define a new example of a cocyclic object, namely the one which gives rise to twisted
(see [11] and [7]) cyclic cohomology HC*(A,0) of A. Fix n € Ny. Let C™ denote (as in
the case of ordinary cyclic cohomology) the vector space of n-cochains, that is, the set
of multilinear maps from the vector space A"*! to C. Let i € {0,1,...,n}. Define linear
maps

ar.cvt —on, stoomtt s om o t, 0" — O

as follows:
(do)(a®,at, ..., a™) o(a®,...,a'a™, .. ja") fori<n—1
(dzw)(aovalw ,an) = @(o(an)a YAy @ 71)
(S:L(p)(a’07a’17" 7an) = (p(ao’ "7a'Z’I’ al+1, ’an)
(tn)(a®,at, ... a") (0(a™),a’ at, ... a" "),



where I is the unit of A, a°,...,a" € A and ¢ is a cochain. As before C~! and d? are
not defined, so the range of n must be restricted accordingly for some formulas to make
sense. Note that (t"+t1¢)(a’,...,a") = p(0(a®),...,0(a™)), for any ¢ € C™ and a’ € A.
Define a subspace C"(6) of C™ by

Cr(O) ={peC" |ty o =0}

It is straightforward to check that d?(C"~1(0)) c C™(0), s*(C™1(F)) c C™(A) and
t,(C™(0)) C C™(#). Thus (C™(0),d?, sk, t,) is a cocyclic object of the abelian category

1%

of vector spaces. We denote the Hochschild cohomology, the cyclic cohomology and the
periodic cyclic cohomology canonically associated to this cocyclic object by HH™*(A,0),
HC*(A,0) and HP*(A,0), respectively.

Dually, define the invariant subspace C,,(#) of C,, = A®(*+1) by
Cn(0) = {x € A2V | g2t (1) = 1 1
Let i € {0,1,...,n}, and define linear maps

di :Cp1(0) — Cu(0), 8. :Cni1(0) — Cu(0), t":Cn(f) — Cn()

as follows:
d(d®d®.0a") = d®®.0dd"®.@d" fori<n-—1
d'(d®®ad' ®...®a") f(a)a’ ®a' @ ...@a" !
si@®d®.0d) = d"®.0d0I2d"®..2d"
" ®a @..2ad") a")®ad’ ®a' ®...@a" !,

where I is the unit of A and a°,...,a" € A. Note that C_1(#) and d} are not defined,
so the range of n must be restricted accordingly for some formulas to make sense. Then
(Cn(0),dr, st ty,) is a cyclic object of the abelian category of vector spaces. Let Cg denote
the corresponding A-module. We denote the Hochschild homology, the cyclic homology
and the periodic cyclic homology canonically associated to C’g by HH,(A,0), HC.(A,0)
and HP,(A,0), respectively.

Of course, these definitions extend to yield cyclic and cocyclic objects over arbitrary
fields, rings or modules. Note that when 6 = ¢, then the twisted cohomology (homology)
groups coincide with the ordinary cohomology (homology) groups of A.

Notice that C™(#) is isomorphic (as a vector space) to the annihilator

(Im(6®(n+1) _ L®(n+1)))L
in A2(™+1) of the image of the linear map ®(+1) — ,@(+1) “and, moreover, that
Im (P ) — Sy = A®( /0 (0),

for all n € Ng. When 6 = ¢, then C,,(0) = A®"+1) and C"(9) = C,.(9)'.

We also have a Chern character in the twisted case generalizing the ordinary one.
Recall that Cy(6) is the unital fix point algebra Ap in A of 6, which obviously coincides
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with A if and only if § = ¢. Let C%(Ay) denote the ordinary A-module of the algebra .Ag
(to distinguish it from the A-modules C¥ = C* and Cg associated to (A,¢) and (A,0),
respectively).

It is readily seen that the map

p: (A, L) — (A, 0)

of algebras with automorphisms induces a A-module morphism p : C%(Ag) — Cg, and
thus group homomorphisms

py s HC(Ap) — HC.(A,0)

p*: HC*(A,0) — HC*(Ap)

in cyclic homology and cyclic cohomology. Of course the same holds for Hochschild (co-)
homology and periodic cyclic (co-) homology.
Let
()t HC"(Ag) x K.(Ag) — C
denote the ordinary bilinear pairing between ordinary (even or odd) cyclic cohomology
and K-theory associated to the algebra Ay. Then we have the following bilinear pairing

HCO™ (A, 0) x K.(Ag) "2 HO* (Ag) x K.(Ag) <25 .
Similarly, using the Chern character
chy : Ky (Ap) — HC,(Ap)

from K-theory to (even or odd) cyclic homology associated to the algebra Ay, we get the
following Chern character

K.(Ag) 25 HC(Ag) 25 HCL(A,0)

for twisted cyclic homology.

There exists a beautiful relation between twisted cyclic cocycles and differential calculi
of quantum groups [27][8], which we shall briefly sketch (see also the proceeding of
Gerard Murphy). Henceforth let (A, ®) denote the Hopf x-algebra associated to a
compact quantum group.

THEOREM 8.1. ([11]) Let notation be as above and let Z}(A,0) denote the vector space
of 8-twisted n-cyclic cocycles of A. For any ¢ € ZY(A,0) there exists a canonical triple
(0, d, [), where (2,d) is an n-dimensional differential calculus and [ is a closed faithful
0-twisted graded trace on (Q,d) (in the sense of [11]). The assignment

o€ Z0(A,0) — (Q,d,/)

is bijective. Moreover, with respect to the natural notions of invariance for ¢ and f, we
have for this correspondence that:
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1. @ is left invariant if and only if (2, d) is left covariant.
2. ¢ is right invariant if and only if (2, d) is right covariant.
3. ¢ is bi-invariant if and only if (Q,d) is bicovariant.

Finite dimensional covariant differential calculi come with a unique (up to a scalar)
closed faithful twisted graded trace exactly when there is only one (up to a scalar) top
invariant volume form [11]. In the bicovariant case the twist is then usually given by
Op(a) = f_1*ax* f_1, for a € A, which can be shown to be the case for the 4D -calculus
of Woronowicz associated to SU,(2).

In the twisted world we can define characteristic homomorphisms without involving
the modular square.
THEOREM 8.2. Let 0; and 6, denote the automorphisms of A defined for a € A, by
0i(a) = ax f_1 and 0,.(a) = f_1 * a, respectively, so 0,0, = 0,0, = Op. Denote the
corresponding A-modules by Clh and C8. Consider a Hopf subalgebra (H,A) of (A°,A)
with the modular pair (I, fi) in involution. Define linear maps 75" : H®™ — C™ by

V@t @a™) (..., a") = h(a® (@' *a')--- (" *a™))
and
Vet @ @a™)(d, ..., a") = h(a®(a x ') - (a™ x 2™)),
fora®,...,a" € A, z',....2" € H and n € N. For n =0, define linear maps
AL HE0 =€ 00 = A

by v6(1) = v5(1) = h, where h is the Haar state of (A, ®). Then v%"(H®") C C™(0,,.),
for n € Ng. Moreover, the linear maps

lr _ Lr .
W= @0 My gy = C
are injective A-module morphisms. Hence v and 4" induce characteristic homomorphisms
AT HC g, (M) = HO' (A, 01,)

of the corresponding cyclic cohomology groups. The same holds for Hochschild cohomology
and periodic cyclic cohomology.

REMARK 8.3. The map 7' does not in general map into the A-module underlying the
ordinary cyclic cohomology HC*(.A) because h is not a J-invariant o-trace with respect
to the modular pair (§,0) = (I, f1) in involution and the H-action >; : 2 ® a — z * a,
where € H and a € A. As we have seen, 7' maps instead into the A-module C'lh
underlying the twisted cyclic cohomology HC*(A, 6;) of A, and in general, there exists
no A-module morphism between C'* and C’lh, nor any interesting homomorphism between
their corresponding cohomology groups. Similar remarks hold for v" with the H,,-action
>y 2 ®a— axx, where z € H,, and a € A.
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We have seen that to get a characteristic homomorphism into HC*(.A), one needs to
involve both »; and >, and form the modular square (H,A) of (H, A). The H-action on
A is given by

xRy x> (Yora) =y, (x> a),
for z € H, y € Hop and a € A. However, as we have seen, the y-map obtained this way
is not injective on the level of A-modules, whereas both »" are.

Also there is another important feature of the maps v"". The image ~/ (H? I fl)) consists
entirely of left-invariant cochains. Similarly, the image VT(HE I, f1)) consists entirely of
right-invariant cochains. The characteristic homomorphism associated to the modular
square, on the other hand, has an image which consists of cochains that are neither left-
nor right-invariant.

Finally, it follows from [11], that a left-invariant 6;-twisted cyclic cocycle will nec-
essary belong to ' (H? I fl))' Similarly, a right-invariant 6,-twisted cyclic cocycle will

necessary belong to WT(H? I fl))' This suggests that a characterization of the images of

71’7'(HC(*I ) (H)) in HC*(A, 6;,,) can be made. There is work in progress discussing these
matters, where the case of SU,(2) is considered in great detail.

A  Proof of Theorem 8.2

In this section we include a detailed proof of Theorem 8.2, which has not been written
down elsewhere. To this end we need the following result [25][26].

PROPOSITION A.1. Let (A, ®) denote the Hopf x-algebra associated to a compact quan-
tum group. Then there exists a canonical family {f.}.cc of unital multiplicative linear
functionals on A such that:

1. fo=-¢ and f.fu = forw for all z,w € C.
2. f.(k(a)) = f_.(a) and f.(a) = f_z(a*) for alla € A and z € C.
3. K2(a) = f_1xax* f1 for alla € A.

4. h(ab) = h(bfy xax f1) for all a,b € A.

We also need the following result [12], which follows from Proposition A.1.
PROPOSITION A.2. ([12]) Let z,y € H C A° and a,b € A. Then:

1. k((h@)((a® 1)2(b))) = (h® ) (2(a)(b® I)).
2. K((t® h)(2(a)(I @ 1)) = (¢ @ h)((I ® a)®(b)).
3. h((y*a)b) = h(a(S(y) xb)).

4. h((axy)b) = h(a(b+ S~ (y))).

Proof of Theorem 8.2 We consider first the map ~* corresponding to the left action >;.
Let n € Ny. Now ~(H®") C C™(,) if and only if t"T14} =~} which we may express as

h(GZ(aO)(xl * Gl(al)) (™ %0 (a™)) = h(ao(xl * al) < (2™ xa™)),
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for a®,...,a” € Aand 2',...,2" € H. But
h(Ol(aO)(ac1 * 9l(a1)) (2™ % 01(a™))) = h(ao(gs1 * al) s (2™ xa™))

holds for any twist given by a — a * £, where a € A, as long as € € A’ satisfies £(I) = 1.
To see that ! is injective, consider first n € N and pick a typical element > T ®
- @2l of H®" such that v, (3", 2} ® --- ® 27) = 0. Then by faithfulness of h on A, we

conclude that
> (x)xal)-- (@} xa") =0,

for any a',...,a" € A. By applying the counit ¢ of (A, ®) to this expression, we get
(lel ®---@aM)(al,...,a") = Zaj}(al) cex(a™) =0,

for any a',...,a" € A. Thus Y, 2} ® --- ® 2" = 0 and ~), is injective. Since ~{(c) = ch,
for any ¢ € C, obviously 7} is injective. Thus 4! is injective.
To show that +! is a A-module morphism we need to check the conditions

lsn _ gl I n_ n_l 1 _ 1
’ynaz - di ’7n717 ’Yno-i - si 7n+1a ’}/nTn - tn’yrm

for all n € Ny and i € {0,...,n}. Recall that d? and &9 are not defined.

Consider first the condition 7.6 = d?v. _,, where we restrict to n > 2 and i €

{1,...,n—1}. Let a°,...,a" € A and 2,...,2""1 € H. Then

(i)@' @ @a" (.. a")

=4l (@' ®--@2" )6, ..., dd T, ... d")
=h(a®(z' xa)--- (2 a0t (2t ¢ (ala™TH) (@ % @' TR) - (2" % a™))

= h(a®(z' xat)--- (21 « ai_l)(Z(xfl) * ai)(xz('m xa ™)) (2 x0T (2" a™)).
Therefore

(dir-) (@' @ @a" ) (d" .. a")

=@ @@ e AR @ @ @a" (. a")
and thus
(1)@ ® @2
=@t ® 0 @A) @t @ @) = (10 (@t @ T,

soALor =diyl |, forn>2andi€ {1,...,n—1}.

Next consider the condition v/, 6" = d?+_,. We have

(A D@t @ @™ (e, ..., a")
=4l (@ @ @2 ) (0(a™)d’,at, ... a" )

= h((a" * f71)a0(x1 * al) e (xn—l % an—l)).
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Using Proposition A.1, we thus get

(ao(ac1 *a ) (m”fl * a"’l)(fl xa™))

Pt e- @2t f1)d,. .. a")
=7 (Gt @@ ), a"),
for all 2%,...,2" 1 € H and a°,...,a" € A, so 7,07 = dn~L .

Next consider the condition 'yn(S{} = dp~}_,. We have
(dgrm-)(@' @ @a" ) (d,...,a")
=4l (et @ @2 ) (a %!, d?, ... a")
B ) (5 ) = B s ) ) (5 )
=qlle@rt @ - @a" 1) (d,...,a") =7 (R @ - @2 ) (d,...,a"),

for all zt,...,2""1H and d°,...,a" A, so 7,8y = d3~}_;.
We now look at the case When n = 1. To see that v{6} = dl{, for i = 0 and i = 1,

observe that
Y6 (1)) (a’,a') = h(a®5; (1) * a'),

whereas

d; (0(1)(a’,a') = di(h)(a®,a"),
for all a®,a' € A. Since 6§(1) = €, we therefore get
1(0(1))(a’,a') = h(a’e  a') = h(a"a’) = dg(h)(a",a"),
for all a®,a' € A, as wanted. Since §1(1) = fi, we get

N(61(1))(a°, a') = h(a®(fi * @) = h((a' * f-1)a")
= h(0i(a*)a’) = di(h)(a’,a’),

for all a®,a' € A, also as wanted.
Consider now the condition o7 = s?+} |, for n € Ny and i € {0,...,n}. We have

(S?wal)(xl ® - @z (d, ..., a")
=@ e @™ (d, .. d I a)
=h(a®(@' *a") - (2" % a®) (@« D) (22 x0T - (2T % a™))
=A@t al) (2 % )T (@ 6 ) - (0 ")
=@ e el er? e 22" (..., d"),
=o' @ @2 (..., a"),
for all z',..., 2" € H and a°,...,a" € A, so Yol = s ;.
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Consider the condition 7. 7, = t,7), for n > 2. We have
(toA) (@' @ @2™)(d,...,a") =4 (z' @ --- @ 2™)(0,(a™),d’,...,a" 1)
= B o) a®) - (@ ) = A ) (@ e a™ (e a™)
= h(a®S(a!) * ((a% xa') -~ (2" * a" ") (f1 x a™))),

where we in the last step have used Proposition A.2. Say

APHSE)) =D e 0yl

Then
(tn'Yiz)(xl ®-® xn)(aov s .,an)
= Z:h(ao(%2 (@ xal)) - (yf (2" % a" ) (2 % (fL+a™)))
= Z h(a®((y7a?) * at) - ((yi'e") = a" 1) ((zifr) * a™))
=% vl @@yt @ zf) (.. a"),
for all a®,...,a" € A, so

(tayh) (@' @ @a™) =2, yia* ® - @ yfa" @ zif1)

(O i o)’ e 01" f1))

=% (A S@E@) (P @ @a" @ f) =k (Tt @ @am)),

for all 1, ..., 2" € H. Therefore 7.7, = t,7., for n > 2.
Also, we have v} 7; = t;7} because

() (@) (@, a') = 2i(ah)((a" * f1)a®) = h((a' * f-1)(a % a?))
= h((a! *a®)(fi % a')) = h(a®S(z")  (fr+a')) = h(a®(S(z") f1) * a')
= (S fi)(a’, a') = 4i(n(zh))(a’,a),
for all z' € H and a°,a' € A.
The condition y{7o = to7} is true because (vy79)(1) = v (1) = h and
(to70)(1)(a°) = to(h)(a®) = hy(a®) = h(a®),

for all a € A. This finally shows that all the conditions involving the basic operations for
the A-modules are satisfied, and thus 4! is a A-module map. The statements regarding
+" corresponding to the H,,-action >, are proved in a similar fashion. In order to check
the condition 4/ 7,, = t,7", one needs to use the formula S?(x) = fizf_1, for all € H,
in conjunction with Proposition A.2 involving .. This completes the proof.
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B The Bicrossproduct Hopf Algebra H > H,y,

The tensor product Hopf algebra ('Fl, A), from Theorem 4.2, is a special case of a left-right
bicrossproduct H 1 Hop [17]. In this section we define what is mean by this. We also
discuss the Hopf algebra H(G) appearing in the calculations of the transverse index
theorem of Connes and Moscovici [3].

Let (H, A) be a Hopf algebra with counit ¢, coinverse S, multiplication m : HQH — H
and unit . Let ad : Hop, ® H — H be the left action of (Hop, A) on the algebra H defined
by ad(z ® y) = > S(2(1))yx(2), where 2,y € H. Note that ad(x ® I) = ()1, for x € H.
Hence H is a left Hop-module algebra with respect to the action ad [17].

According to Proposition 1.6.6 in [17], one may thus form a left cross product algebra
H et Hop built on the vector space H ® Hop with product m; given by

mi((@®y)® (@' ®2) =Y ad(yn) @) @ye?

where 2,2’ € H and y, z € Hop. The unit element I; of the algebra H b, Hop is 1 @ 1.
Define a linear map ad. : Hop — Hop @ H by

ade = (t@m)(t®@S@L)(F®L)(ARLA.

This is a coaction of (H,A) on H,p, that is, the identities (: ® A)ad. = (ad. ® ¢t)ad. and
(t ® e)ad. = ¢ hold. Also H,p, is a right H-comodule coalgebra under the coaction ad.,
that is, the additional identities (A ® t)ad. = (t® @ m)(t ® F ® ¢)(ad. ® ad.)A and
(e ® v)ad, = ¢ hold.

According to Proposition 1.6.16 in [17], one may thus form a right cross coproduct
coalgebra H pight Hop built on the vector space H @ Hop with coproduct A, given by

Ar(z®y) = Z T(1) ® y((i)) ® I(z)y% ® Y(2)s
where € H and y € Hop with ade(ya)) =D y((B ® y(zl)) Note also that the counit ¢, of
H Xyight Hop is given by &,(z ® y) = e(z)e(y).

The maps ad and ad,. satisfy the compatibility conditions of Theorem 6.2.2 in [17], and
therefore the product m; from H <iegy Hop and the coproduct A, from H ><yight Hop turn
the vector space H ® Hop into a Hopf algebra H > H,p, called a left-right bicrossproduct
Hopf algebra. The coinverse S, of ‘H <1 Hy, is given by

Sz @y) =Y (I@ S~ (yM)(Sxy?) o 1),

where x € ‘H and y € Hop with ad.(y) = Sy ® @), Thus, the coinverse S, may
alternatively be written S, = (S® S™1)(m ®1)(t ® F)(t ® ad,).

For the sake of convenience, we spell out the product m; and coproduct A, of H
Hop- Recall that as a vector space H > Hop is just H ® Hep. Suppose x,z € ‘H and
Y, w € Hop. Then

m((z@y)@(zew) = > xSya)we @ yew,
Avz®y) = D 20 @y @22)SWYa)Ye) ©Ya)
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and
Sr(r®y) = Z S(@S(y))y@) @ S (y@)-

The Hopf algebra H > Hop has a simpler description [17], namely, the map E :
H Q@ Hop — H > Hop defined by E(z @ y) = (z ® I)A(y), where z € H and y € Hop, is
a Hopf algebra isomorphism from the tensor product Hopf algebra (H,A) to H > Hop
with inverse E~1(z @ y) = (z ® I)(S ® ¢)A(y), and it restricts to embeddings of (H, A)
and (Hop, A) into H b1 Hop.

Suppose, for i = 1,2, G; are finite subgroups of a group G such that any ¢ € G
admits a decomposition as g = ka for unique k£ € G; and a € Gs. Let m; : G — Gj
be the canonical epimorphisms. Define a right action a : Go x G; — G5 of G; on Go
by a(a, k) = ag(a) = m(ak) for a € G2 and k € G. Similarly define a left action
B: Gy x Gy — Gy of G on Gy by B(a, k) = B,(k) = m1(ak) for a € Gy and k € Gy.

With respect to the actions « and , the groups (G2, G1) form a right-left matched
pair [17], that is, the actions « and f satisfy the following compatibility conditions:

ar(l) =1,  ar(araz) = ag,, k) (a1)ox(az),

and
Ba(1) =1,  Balkikz) = Ba(k1)Bay, (a)(k2),
where k, k; € Gy and a,a; € Gs.

According to Example 6.2.11 in [17], the induced action & of C[G3] on C(G;) and
the induced coaction 3 of C(G1) on C[Gy], give a left-right bicrossproduct Hopf algebra
C(G1) < C[Gs] as described in Theorem 6.2.2 in [17]. Let §; € C(G1) and ¢, € C[Gs],
where s € G and u € G, be given by d4(t) = 1, if t € G equals s and is zero otherwise,
whereas €, (v) = 1, if v € G2 equals u and is zero otherwise. Thus {§; ®¢e, | s € Gy, u €
G2 } is a basis of the vector space C(G1) ® C[Gz]. The product m of C(G;) < C[G2] is
now explicitly given by

m((6s ®eu) ® (0 ®ey)) = 5au(s),t(5s ® Euv)

and the coproduct A of C(G1) <t C[G2] is given by

A(ds ®ey) = Z Oa ® €8y (u) ® 0p ® €y,

ab=s

where 5,t € G; and u,v € G. Here §,, is the number which is one if s = ¢ and is zero
otherwise.

The left-right bicrossproduct Hopf algebra C(G1) i<t C[G2] defined above is isomorphic
to the Hopf algebra H(G) defined in Section 5 in [3]. In the latter paper, the notation
a-k=ag(a) and a(k) = B,(k) and Xy, = ¢ and ¢, = §, for k € G; and a € G, is used,
and the same product but the opposite coproduct is defined.
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