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Cubical and cosimplicial descent

Bjgrn Tan Dundas and John Rognes

ABSTRACT

We prove that algebraic K-theory, topological Hochschild homology and topological cyclic
homology satisfy cubical and cosimplicial descent at connective structured ring spectra along
1-connected maps of such ring spectra.

1. Introduction

In this paper we extend the techniques used in [25] to prove that algebraic K-theory, topological
Hochschild homology and topological cyclic homology of connective structured ring spectra all
satisfy descent along 1-connected maps of such ring spectra.

THEOREM 1.1 (Cubical descent). Let R be a connective commutative S-algebra and let A
and B be connective R-algebras. Suppose that the unit map t: R — B is 1-connected. Then
the functors F = K, THH and T'C satisfy cubical descent at A along R — B, in the sense that
in each case the natural map

n: F(A) = holim F'(X (7))

is an equivalence of spectra. Here P denotes the partially ordered set of nonempty finite subsets
T={tgy<---<ty} of N, and X(T) = AANr BAg---Ar B, with (¢+ 1) copies of B.

When the cubical diagram T +— X (T) arises from a cosimplicial spectrum [¢] — Y7, the
homotopy limit over P can be replaced by a homotopy limit over the category A of nonempty
finite totally ordered sets [q] = {0 < --- < ¢q}. This happens, for instance, when the R-algebra
B is commutative.

THEOREM 1.2 (Cosimplicial descent). Let R be a connective commutative S-algebra, let A
be a connective R-algebra, and let B be a connective commutative R-algebra. Suppose that the
unit map t: R — B is 1-connected. Then the functors F' = K, THH and TC satisfy cosimplicial
descent at A along R — B, meaning that in each case the natural map

n: F(A) — holim F(Y'?)
l[adlea
is an equivalence of spectra. Here Y1 = AAr B Ag --- Ar B, with (¢ + 1) copies of B.

These results will be proved in Theorems 2.4, 2.5 and 3.7. They apply, in particular, at any
connective S-algebra A along the unit map ¢: S — MU for complex bordism. In the case of a
group S-algebra A = S[I'], this is relevant for Waldhausen’s algebraic K-theory A(X) ~ K (S[T'])
of the space X = BT'. In the final section, we discuss a program to analyze K (S[T']) and
TC(S[I)) in terms of K(Y*) and TC(Y®) for Y4 =S[I]A MU A --- A MU, with (¢ + 1) copies
of MU.
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2. Cubical descent

2.1. Cubical diagrams

We use terminology similar to that in [30, §1], including the notions of k-Cartesian and
k-co-Cartesian cubes. For each integer n > 1, let P;' be the set of subsets T C {1,...,n},
partially ordered by inclusion, and let P" C P’ be the partially ordered subset consisting
of the nonempty such T. A functor X: P}’ — % from P;' to any category ¢ is called an
n-dimensional cube, or an n-cube, in that category. The restriction of X to P" is the subdiagram
X|P™ obtained by omitting the initial vertex X (@) of the n-cube. Given any functor F from
% to spectra, the composite functor F' o X is an n-cube of spectra, which we also denote as
F(X). There is a natural map
N F(X(@)) — holim F(X(T)) = holim F(X)
Tepn pn

from the initial vertex of F'(X) to the homotopy limit [15, Chapter XI] of the remaining part of
the n-cube. We simply write F'(X) in place of F/(X|P™) when it is clear that the restriction over
P" C P} is intended. When forming the homotopy limit of a diagram of spectra we implicitly
assume that each vertex has been functorially replaced by a fibrant spectrum, and dually for
homotopy colimits. This requires that F' takes values in a model category of spectra, such as
that of [14] or any one of those discussed in [38], with homotopy category equivalent to the
stable homotopy category. By definition, the n-cube F'(X) is called k-Cartesian if and only if
7, is a k-connected map. This is equivalent to the n-cube being (n 4+ k — 1)-co-Cartesian, since
the iterated homotopy cofiber of an m-cube of spectra is equivalent to the n-fold suspension
of its iterated homotopy fiber. Consider also the partially ordered set P, of finite subsets T
of N={1,2,3,...}, and let P C P, be the partially ordered subset of nonempty such 7. A
functor X from P, is an infinite-dimensional cube, or w-cube.

DEFINITION 2.1. There is a natural map

n: F(X(9)) — hqgéi}r)n F(X(T)) = holljimF(X)

and a natural equivalence holimp F'(X) ~ holim,, holimp~ F(X) that connects 7 to holim,, n,,.
We say that F satisfies cubical descent over X if 7 is an equivalence of spectra.

For example, if the connectivity of n,, grows to infinity with n, then 7 is an equivalence and
F satisfies cubical descent over X. Cubical descent for F' over X ensures that the homotopy
type of the spectrum F(X(&)) is essentially determined by the homotopy types of the spectra
F(X(T)) for nonempty finite subsets 7" C N.

2.2. Amitsur cubes

Let R be a connective commutative S-algebra, where S denotes the sphere spectrum. First,
let A and B be connective R-modules, and let :: R — B be a map of R-modules. We can
and will assume that A and B are flat, that is, R-cofibrant as R-modules in the sense of [53,
Theorem 2.6(1)]. Let n > 1, and consider the n-cube X" = X%(A,B): T — X"™(T) of spectra
given by

X"T)=AAgXar A A XnT, (2.1)

where X; p = B for i € T and X; = R for i ¢ T. For each inclusion 7" C T' among subsets
of {1,...,n}, the map X"™(T") — X"(T) is the smash product over R of id4 with a copy of
idp for each i € T', a copy of t: R — B for each i € T\ T, and a copy of idr for each i ¢ T
Letting n vary, these definitions assemble to specify an w-cube X“ in spectra, whose restriction
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over P' C P, is the n-cube X". These constructions are homotopy invariant, because of the
assumption that A and B are flat as R-modules.

LEMMA 2.2. Suppose t: R — B is 1-connected. Then each d-dimensional subcube of the
n-cube X™ = X (A, B) is d-Cartesian and (2d — 1)-co-Cartesian, for every 0 < d < n.

Proof. Let B/R denote the 1l-connected homotopy cofiber of ¢: R — B. The iterated
homotopy cofiber of any d-dimensional subcube of X™ is equivalent to the smash product
over R of A with d copies of B/R and (n — d) copies of R or B. Hence it is at least (2d — 1)-
connected. Thus the d-dimensional subcube is (2d — 1)-co-Cartesian, which, as we noted earlier,
is equivalent to it being d-Cartesian. O

Next, suppose that A and B are connective R-algebras, and that +: R — B is the unit
map of B. We can assume that A and B are R-cofibrant as R-algebras in the sense of [53,
Theorem 2.6(3)]. The underlying R-modules of A and B are then flat. We view R as a base,
A as the object at which we wish to evaluate a functor and R — B as a covering that induces
a covering A — A Ar B. In this case the n-cube X" = X}(A,B): T — X"(T), defined by the
same expression as in (2.1), takes values in the category of connective R-algebras. For varying n,
these assemble to an w-cube X“ = X (A4, B).

DEFINITION 2.3. Let F be any functor from connective R-algebras to spectra. We call F/(X“)
the Amitsur cube for F' at A along ¢: R — B, by analogy with the algebraic construction in
[2]. When F satisfies cubical descent over X“ we say that I’ satisfies cubical descent at A along
R — B.

Cubical descent for F' at A along R — B ensures that F'(A) can be recovered from the
diagram T +— F(X“(T)) for T € P, having entries of the form F(A Agr B Ag--- Agr B) with
one or more copies of B.

2.3. Cubical descent for K, THH and TC

Let A+ K(A) denote the algebraic K-theory functor from connective S-algebras to spectra,
see [10, §5; 28, Chapter VIJ.

THEOREM 2.4. Let R be a connective commutative S-algebra, let A and B be connective
R-algebras, and suppose that the unit map ¢: R — B is 1-connected.

(a) For each m>1, the n-cube K(X")=K(XR(A,B)): T K(X"(T)) is (n+1)-
Cartesian.
(b) Algebraic K-theory satisfies cubical descent at A along R — B.

Proof. By Lemma 2.2 the n-cube X™: T+ X"(T) has the property that every d-
dimensional subcube is d-Cartesian. Hence the assertion that the n-cube K(X™) is (n + 1)-
Cartesian is the content of [25, Proposition 5.1]. In other words, the natural map 7, : K(A) —
holimp» K(X™) is (n + 1)-connected. Thus, n: K(A) — holimp K (X*) is an equivalence, and
K satisfies cubical descent over X“. O

Let A— THH(A) denote the topological Hochschild homology functor from connective
S-algebras to cyclotomic spectra, see [10, §3; 33, §2]. In particular, the circle group T acts
naturally on the underlying spectrum of THH(A), and for each subgroup C = Cpm C T of
order p™, where p is a prime, there is a homotopy orbit functor A — THH (A),c and a fixed
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point functor A — THH(A)®. These are related by a natural homotopy cofiber sequence of
spectra

THH (A)nc,m — THH(A)r™ 25 THH(A) (2.2)

called the norm-restriction sequence. Let TR(A;p) = holimpg_,, THH (A)“>™ be the sequential
homotopy limit over the R-maps. Let F': THH(A)“»" — THH(A) »™~! be the map forgetting
part of the invariance, and let TF(A;p) = holimp,,,, THH (A)“»™ be the sequential homotopy
limit over the F-maps. The R-maps induce a self-map of TF(A4;p), also denoted R, and the
topological cyclic homology functor TC(A;p) can be defined as the homotopy equalizer of id
and R:

- id
TC(A;p) —— TF(4;p) =3 TF(4;p).

The (integral) topological cyclic homology of A, denoted T'C(A), is defined as the homotopy
pullback of two maps

[I 7¢4:p), — ] holim THH(A)LC"" «— THH(A)'™

p prime p prime

see [26, Definition 6.4.3.1]. The left-hand map is defined in terms of 7: TC(A;p) — TF(A;p)
and the comparison maps I',,: THH(A)“»" — THH(A)"“»™ from fixed points to homotopy
fixed points. The right-hand map is induced by the forgetful maps THH (A)"T — THH (A)"C»™
associated to the inclusions Cpm C T, for varying p and m. The subscript ‘p’ denotes
p-completion. For each prime p, the projection TC(A) — TC(A;p) becomes an equivalence
after p-completion.

THEOREM 2.5. Let R be a connective commutative S-algebra, let A and B be connective
R-algebras, and suppose that the unit map ¢: R — B is 1-connected. Consider the n-cube
X" = X} (A, B), as above.

(a) Each d-dimensional subcube of THH (X™) is d-Cartesian and (2d — 1)-co-Cartesian.
(b) Each d-dimensional subcube of THH (X™),c, THH(X™)¢ and TR(X™;p) is d-Cartesian
d (2d — 1)-co-Cartesian, for every C' = Cpm C T.
(¢) Each d-dimensional subcube of TF(X",p) and TC(X";p) is (d — 1)-Cartesian and
(2d — 2)-co-Cartesian.

(d) Topological Hochschild homology, THH (—)nc, THH (), TR(—;p), TF(—;p), TC(—;p)
and (integral) topological cyclic homology all satisfy cubical descent at A along R — B.

an

Proof. (a) The underlying spectrum of THH(A) is naturally equivalent to the realization
BV (A) of the cyclic bar construction [g] — A A --- A A, with (¢ + 1) copies of A. Hence, there
is a natural equivalence

THH(A/\RB/\R"'/\RB) ’:ch(A/\RB/\R"'/\RB)
> BCU(A) /\ch(R) ch(B) /\ch(R) cee /\ch(R) BCU(B) ,

where B%(R) is a connective commutative S-algebra, B (A) and B (B) are flat connective
B (R)-modules, and BY(:): B¥Y(R) — B (B) is a 1-connected map of B (R)-modules. By
Lemma 2.2 each d-dimensional subcube of

THH (X3 (A, B)) ~ XEey(r) (B“(A), B (B))
is (2d — 1)-co-Cartesian.
(b) Each d-dimensional subcube of THH(X")nc is at least as co-Cartesian as the corre-
sponding d-dimensional subcube of THH (X ™), because homotopy orbits preserve connectivity.
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The analogous claim for the subcubes of THH (X™)“, with C = C}m, follows by induction on m
from the norm-restriction homotopy cofiber sequence.

The equivalent Cartesian claims for the subcubes of THH(X"),c and THH(X™)C follow.
In other words, the iterated homotopy fiber of each d-dimensional subcube of THH (X"),c
or THH(X™)¢ is (d —1)-connected. By the norm-restriction sequence, it follows that the
map of iterated homotopy fibers induced by the R-maps THH (X™)»™ — THH (X ")Cvm_l is
d-connected, for each m. Hence the iterated homotopy fiber of each d-dimensional subcube of
TR(X";p) is also (d — 1)-connected, by the Milnor lim-lim" sequence. No connectivity is lost,
because lim" vanishes on sequences of surjections, (cf. [25, Lemma 4.3]).

(¢) The Cartesian claims for TF(X™;p) and TC(X™;p) follow from those for the cubes
THH(X™)® and TR(X™;p), respectively, since the sequential homotopy limit over F-maps
defining TF(—;p), and the homotopy equalizer of id and F calculating TC(—;p) in terms
of TR(—;p), both reduce connectivity of iterated homotopy fibers by at most one, (cf. [25,
Proposition 4.4]).

(d) For each of the functors F = THH, THH(—),c, THH(-), TR(—;p), TF(—;p) and
TC(—;p), the natural map 7n,: F(A) — holimpn F(X™) is n- or (n — 1)-connected. Thus the
natural map 7: F'(A) — holimp F(X%) is an equivalence, and each of these functors satisfies
cubical descent over X“. Finally, for integral topological cyclic homology we use that each
vertex in the natural diagram defining it satisfies cubical descent, since holimp commutes up
to a natural chain of equivalences with other homotopy limits. O

2.4. Two spectral sequences
For each w-cube F(X) of spectra, the equivalent homotopy limits
holljim F(X) ~ ho}Lim hc])jljlm F(X)
give rise to two spectral sequences. On the one hand, we have the homotopy spectral sequence
EP' =1 hofib(ps) =, ;s (holim holim F(X))
with s > 0, associated to the tower of fibrations
+++ = holim F(X) Loy holim F(X) — -+ — holim F'(X) 20« (2.3)

see [15, IX.4.2]. Here hofib(ps) denotes the homotopy fiber of the map ps, which is equivalent to
the iterated homotopy fiber of the s-dimensional subcube of F(X|P**!) with vertices indexed
by the T' € P**! with s + 1 € T. The notation = indicates that s is the filtration degree.

This spectral sequence is conditionally convergent [8, Definition 5.10] to the sequential limit
limg 7, (holimps F'(X)) of the homotopy groups of that tower. For each r > 1, the bigrading of
the d,-differential is given by

dst: g5t — pEtrttrel
Following the usual conventions for Adams spectral sequences, d, maps bidegree (x,y)
in the (t—s,s)-plane to bidegree (z —1,y+7). If the derived limit RE. = lim! E, of
FE,.-terms vanishes in each bidegree, then the spectral sequence converges strongly to

7. (holim,, holimpn F(X)), see [8, Theorem 7.4], which is isomorphic to 7.F(X(2)) when F
satisfies cubical descent over X. We call this the cubical descent spectral sequence.

COROLLARY 2.6. Let R be a connective commutative S-algebra, let A and B be connective
R-algebras, and suppose that the unit map v: R — B is 1-connected. Let X = X (A, B) and
let F' be one of the functors

o K, TC (with c=+1),
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e THH, THH(—)nc, THH(—)®, TR(—;p) (with ¢ = 0),
o TF(—;p), TC(—;p) (with ¢ = —1).

Then the cubical descent spectral sequence
Ef’t = m;_s hofib(ps) =5 m—sF(A)

vanishes above the linet — s = s + ¢ of slope +1 in the s > 1 part of the (t — s, s)-plane. Hence
the spectral sequence collapses at a finite stage in each bidegree, RE., = 0, and the spectral
sequence is strongly convergent.

Proof. First consider the cases F =K ,THH,...,TC(—;p) (but not F=TC). By
Theorems 2.4 and 2.5, the map 7,: F(A) — holimpn F(X™) is (n + ¢)-connected for each
n =1, 50 ps: holimpst1 F(X*T1) — holimps F(X*) is (s + ¢)-connected for each s > 1. Thus
Ef’tzofort—s<s+cands> 1.

The case F' = T'C remains. For this we appeal to [26, Theorem 7.0.0.2] (where K(B) in the
lower left-hand corner of the displayed square should be replaced with K(A)), to see that for
each s > 1 the square

holimpa+1 K (X*+1) —° holimp. K (X*)

tch trc

holim p«1 TC (X 1) =2 holim p. TC(X*)

is homotopy Cartesian. This uses that moX*"!(T) is constant as a functor of T, by our
assumptions on R, A, B and :. Hence the spectral sequences for K and T'C' have the same
groups Eff for all s > 1, and from the case F'= K we know that these groups vanish for
t—s<s+1. O

On the other hand, we have the homotopy limit spectral sequence

E)t = lim* 7 F(X) == m s holim F(X)

of [15, X1.7.1], associated to P-shaped diagrams of spectra. We call this the cubical homotopy
limit spectral sequence. The abutment is isomorphic to 7, F(X(@)) when F satisfies cubical
descent over X. We do not know whether the cubical descent spectral sequence and the cubical
homotopy limit spectral sequence are isomorphic for all w-cubical diagrams F'(X), but in
Subsection 3.4 we will see that this is the case whenever the diagram F(X|P) arises from a
cosimplicial object F(Y®) by composition with a specific functor f: P — A, which we will now
introduce.

3. Cosimplicial descent

3.1. Cosimplicial objects

Let A, be the category of finite totally ordered sets [¢] = {0 < --- < ¢} and order-preserving
functions, where ¢ > —1 is an integer. The object [—1] = & is initial in this category. Let A C
A, be the full subcategory generated by the objects [g] with ¢ > 0. For n > 1, let A;™ C A,
and A<™ C A be the respective full subcategories generated by the objects [g] with ¢ < n.

A coaugmented cosimplicial object in € is a functor Y: A, — €. We let Y? =Y ([q]), for
each ¢ > —1. We can also write Y asn: Y ~! — Y*, where Y'* is the cosimplicial object given by
the restriction of Y over A C A,,. For n > 1, a functor Y, : A;" — % is called a coaugmented
(n — 1)-truncated cosimplicial object, also written as n: Y ~! — Y2, , where Y2, = Y, |A<".
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DEFINITION 3.1. Given any functor F' from % to spectra, the composite functor F oY is
a coaugmented cosimplicial spectrum F(Y'), which we can write as n: F(Y ') — F(Y*). We
say that F' satisfies cosimplicial descent over Y if the natural map

n: F(Y™) — holim F(Y?) = holim F(Y'*)
[aea A

is an equivalence of spectra. This ensures that the homotopy type of F(Y 1) is essentially
determined by the homotopy types of the spectra F(Y?) for ¢ > 0.

3.2. Comparison of cubical and cosimplicial objects

There is a well-defined functor f,: P, — A, that maps the element T' = {t; < --- <t,} CN
to the object [g], and maps the inclusion T'\ {¢;} C T to the ith face operator §": [¢ — 1] —
[q], for each 0 < i < ¢. By restricting f,,, one gets functors f: P — A, In: Bl = A,f” and
fre P — A<,

Composition with f,: P, — A, takes each coaugmented cosimplicial spectrum F(Y) to an
w-cube F'(X) = F(Y)o f, in the category of spectra. Likewise, composition with f;': P —
A" takes each coaugmented (n — 1)-truncated cosimplicial spectrum F(Y<,) to an n-cube
F(X™) = F(Y<y,) o f of spectra. If F'(Y.,,) is given by restricting F((Y') over A5™ C A, then
F(X™) is given by restricting F'(X) over P)' C P,.

PROPOSITION 3.2. The functors f: P — A and f™: P" — A<" are left cofinal. Hence, for
any cosimplicial spectrum F(Y®) the canonical map

f*+ holim F(Y*) = holim (F(Y*) o f)

is an equivalence, and for any (n — 1)-truncated cosimplicial spectrum F(Y2,)) the canonical
map

fo: holim F(Y2,) = holim (F(Y2,,) o ")
is an equivalence.

Proof. The assertion that f™ is left cofinal, that is, that the left fiber f,,/[g] has contractible
nerve for each object [g] of A<™, is proved in [20, §6]. Note that the argument offered at this
point in [26, A8.1.1] is flawed. The left fiber f/[q] is the increasing union of the left fibers
fn/lg], hence its nerve is also contractible. The equivalences of homotopy limits then follow
from the cofinality theorem of [15, X1.9.2], applied level by level for diagrams of (implicitly)
fibrant spectra. g

COROLLARY 3.3. Let Y be a coaugmented cosimplicial object in €, and let F' be a functor
from € to spectra. Then I satisfies cosimplicial descent over Y if and only if F' satisfies cubical
descent over X =Y o f,.

COROLLARY 3.4. For any cosimplicial abelian group A®, the canonical homomorphisms
*. SA. g 1' SA. = 1‘ S A. *: 1' SA. = 1' S A. n
from im*A® — lim® (A%0 f)  and  f7: lIm°A® — lim® (4% o f7)

are isomorphisms, for each s > 0.

Proof. A direct algebraic proof is possible, but here is an argument based on the results
of Bousfield-Kan [15]. Consider the cosimplicial Eilenberg-Mac Lane space K (A®,s). By [15,
XI1.7.2] there are natural isomorphisms mp holima K(A®,s) = lim} A® and 7 holimp K (A® o
f,s) = limp (A° o f). By Proposition 3.2 and [15, X1.9.2] the map f*: holima K(A®,s) —
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~

holimp K(A® o f,s) is a homotopy equivalence. This gives the isomorphism f*: lim} A® =
lim% (A® o f). The proof for f,: P™ — A<" is practically identical. Finally, by [15, X1.7.3]
there is a natural isomorphism 75A® = lima * A°. O

3.3. Amitsur resolutions

We now suppose that R is a connective commutative S-algebra, that A is a connective
R-algebra, and that B is a connective commutative R-algebra with unit map ¢: R — B and
multiplication map p: B Agp B — B. The condition that B is commutative ensures that p is a
morphism of connective R-algebras. We can assume that A is R-cofibrant as an R-algebra, and
that B is R-com-alg-cofibrant as a commutative R-algebra in the sense of [53, Theorem 3.2].
(This follows if B is positive stable cofibrant in the sense of [38, Theorem 15.2(i)].) The
underlying R-modules of A and B are then flat, by [53, Corollary 4.3], so that the results of
Section 2 carry over to this situation.
Consider the cosimplicial connective R-algebra Y* = Y3 (A, B): [q] — Y? given by

Y"=AArRBARr---Ar B, (3.1)
with (¢ + 1) copies of B. The coface maps
d" =ida A (idp)" AL A (idg) " Y — Y
for 0 <7 < ¢, and the codegeneracy maps
s) =ida A (idp)™ A p A (idg)N7 Y9I — v

for 0 < j < ¢, are induced by the unit map ¢ and the multiplication map u, respectively.
The unit map ¢ also induces a coaugmentation n: A — Y°? = A A B that makes A — Y*
a coaugmented cosimplicial connective R-algebra, that is, a functor Y = Yr(A4, B) from A, to
the category of connective R-algebras:

ALAARB:A/\RB/\RB:

DEFINITION 3.5. Given a functor F' from connective R-algebras to spectra, we call the
coaugmented cosimplicial spectrum n: F(A) — F(Y*®) = F(Y3(A, B)) the Amitsur resolution
for I at A along ¢: R — B. When F satisfies cosimplicial descent over A — Y'® we say that F
satisfies cosimplicial descent at A along R — B.

Cosimplicial descent for F' at A along R — B ensures that the coaugmented cosimplicial
spectrum

F(A) —"~ F(AAR By == F(AAg BAg B) =— ---

induces an equivalence

n: F(A) — holim F(Y?) = holim F(Y*)
l[dea A

from F(A) to the homotopy limit of the remainder of the diagram, having entries of the form
F(AAR B AR -+ Ar B) with one or more copies of B.

LEMMA 3.6. There is a natural isomorphism X%(A, B) = Yr(A, B) o fi,.
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Proof. ForT = {tyg < --- <tq} C N, with f,(T) = [¢], both X%(A, B)(T) and Yr(A, B)([q])
are identified with

AANRBAR---Ar B,

where there are (¢ + 1) copies of B. For each T C T', the induced morphisms in X% (A, B) and
Yr(A, B) o f, are evidently compatible with these identifications. 0

THEOREM 3.7. Let R be a connective commutative S-algebra, A a connective R-algebra
and B a connective commutative R-algebra, and suppose that the unit map v: R — B is
1-connected. Then algebraic K-theory, topological Hochschild homology, THH(—)nc,
THH(-)Y, TR(—;p), TF(—;p), TC(—;p) and (integral) topological cyclic homology all satisfy
cosimplicial descent at A along R — B.

Proof. Combine Theorems 2.4 and 2.5, Corollary 3.3 and Lemma 3.6. O

3.4. More spectral sequences

For each coaugmented cosimplicial spectrum 7: F(Y 1) — F(Y*®), the equivalent homotopy
limits
holim F(Y'*) ~ holim holim F(Y'*)
A n A<n
give rise to two spectral sequences. These turn out to be isomorphic to one another, as well as
to the two spectral sequences of Subsection 2.4, when we consider cubical diagrams that arise
from cosimplicial diagrams by composition with the left cofinal functor f.
On the one hand, we have the homotopy spectral sequence

Ef’t = Tt—s hOﬁb(és) =s 7Titfs(hOhrn thmF(Y.))

associated to the tower of fibrations
-+ = holim F(Y"*) 2 holim F(Y®) — - - - — holim F(Y"*) -2 x, (3.2)
A<5+1 A<s A<l
which we call the cosimplicial descent spectral sequence.

By Proposition 3.2, the tower of fibrations (3.2) is equivalent to the tower (2.3) when
X=Yof,, F(X)=F()o f,and F(X|P) = F(Y*) o f. Hence in these cases the cosimplicial
descent spectral sequence for n: F(Y 1) — F(Y*) is isomorphic to the cubical descent spectral
sequence for F'(X).

There is also the Bousfield—-Kan homotopy spectral sequence

E' =7, hofib(1,) =, 7, Tot F(Y'®)
of the cosimplicial spectrum F(Y™®), associated to the tower of maps
oo — Toty F(Y*®) =5 Tot,  F(Y®) = --- — Totg F(Y*) —% (3.3)

see [15, X.6.1]. To ensure that the maps 7, are fibrations, we first implicitly replace F(Y*)
with an equivalent fibrant cosimplicial spectrum F(Y®)" [15, X.4.6]. This fibrant replacement
does not change the homotopy type of F(X|P) = F(Y*) o f or any of the associated homotopy
limits that we consider. The Es-term of this homotopy spectral sequence can then be expressed
as

ES' =mmF(Y*®) =, m_s Tot F(Y*),
see [15, X.7.2]. We prove in Proposition 3.10 that there are natural equivalences

Tot,, F(Y"*) — holim F(Y*)

A<n+1
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(after the implicit fibrant replacement of F'(Y'®)). Varying n, these equivalences are compatible
with the maps 74 and d,, and with the equivalence

Tot F(Y*) — holim F/(Y*)

of [15, XI.4.4]. Hence, the tower (3.3) is equivalent to the tower (3.2), and the cosimplicial
descent spectral sequence is isomorphic to the Bousfield-Kan homotopy spectral sequence of
F(Y*), starting with the Ej-term.

On the other hand, we have the cosimplicial homotopy limit spectral sequence

Bt = lim® 7, F(Y*) =4 m— holim F(Y*).

By [15, XI1.7.5] there is a natural map from the Bousfield-Kan homotopy spectral sequence of
F(Y*) to the cosimplicial homotopy limit spectral sequence, and this map is an isomorphism
at the F>-term, hence also at all later terms.

Finally, the functor f: P — A induces a map f* of homotopy limit spectral sequences from

By' =1im® m F(Y*) = m holim F(Y™)
to

By =lim® m F(X) = m; holim F(X),

where F(X|P) = F(Y*)o f. This is the map of Bousfield-Kan spectral sequences associated
to a canonical map f*: IIX F(Y*) — [I% F(X|P) of cosimplicial spectra, see [15, XI1.5.1], so the
map of Fa-terms is the isomorphism f* of Corollary 3.4. Thus, whenever F(X|P) arises from
F(Y*) by composition with f, the cosimplicial homotopy limit spectral sequence for F(Y®) is
isomorphic to the cubical homotopy limit spectral sequence for F(X|P).

PROPOSITION 3.8. (a) Let F(Y*) be any cosimplicial spectrum, with fibrant replacement
F(Y*), and let F(X|P) = F(Y*®) o f. The first three of the spectral sequences

EP' =7, hofib(ps) =, m_ s (holim holim F'(X)) (cubical descent)
Ef’t = m_ hofib(d5) =>4 m_s(holim hgl<im F(Y*)) (cosimplicial descent)

EY =7, hofib(ry), ES' = 78 m F(Y®) =, m_s Tot F(Y*®) (Bousfield-Kan)

Byt = 1i£ns T F(Y®) =, m_s hoiim F(Y*) (cosimplicial homotopy limit)
Bt = 1111;115 T F(X) =, s hollgim F(X) (cubical homotopy limit)

are isomorphic at the E1-term, and all five are isomorphic at the Es-term, hence also at all later
terms. If RE., = 0, these spectral sequences all converge strongly to the indicated abutments.

(b) Let F(Y') be any coaugmented cosimplicial spectrum, and let F(X) = F(Y)o f,. If F
satisfies cubical descent over X, or equivalently, if F satisfies cosimplicial descent over Y,
then each abutment in (a) is isomorphic to m,F(Y ') = n, F(X(2)). If F(Y) is the Amitsur
resolution n: F(A) — F(Y3(A, B)), so that F'(X) is the Amitsur cube F(X%(A, B)), then this
common abutment is w.F'(A).

Proof. (a) The stated isomorphisms were all discussed before the statement of the propo-
sition. Fach spectral sequence is derived from a tower of fibrations, hence is conditionally
convergent to the sequential limit of the homotopy groups of the terms in this tower. When
RFE., vanishes, each homotopy group of the homotopy limit of the tower is isomorphic to
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that sequential limit, and the spectral sequence is strongly convergent, by [15, IX.5.4; 8,
Theorem 7.4].
(b) Cosimplicial descent for F' over Y ensures that F(Y 1) ~ holima F(Y*). O

THEOREM 3.9. Let R be a connective commutative S-algebra, A a connective R-algebra, B
a connective commutative R-algebra and suppose that the unit map ¢: R — B is 1-connected.
Let F be one of the functors

o K, TC (with c = +1),
e THH, THH(—)nc, THH(—)¢, TR(—;p) (with ¢ = 0),
o TE(—;p), TC(—;p) (with c = —1).

Then the E;-term of the (cubical/cosimplicial) descent spectral sequence for F at A along
t: R — B vanishes in all bidegrees (s,t) witht — s < s + ¢ and s > 1. It is strongly convergent
to m. F'(A), with Es-term given by

By = mF(Y3(A, B)) =, m_oF(A).

Proof. The description of the Es-term is that of the Bousfield-Kan spectral sequence. The
vanishing line for the Fj-term of the cubical descent spectral sequence is that of Corollary 2.6.
It follows that in each bidegree (s, t) there is a finite r such that £t = ES!, which implies that
RES! = 0. Hence each version of the spectral sequence converges strongly to the homotopy
groups of F(Y; (A, B)) = F(A). O

In the discussion above we used the following result, for which a proof does not seem to have
appeared in the literature.

ProprosiTION 3.10. Let Z°® be any fibrant cosimplicial space or spectrum. There are
compatible natural equivalences

2*: Tot,, Z* — holim Z°*
A<n+1

for all 0 < n < .

Proof. When Z* is a fibrant cosimplicial space and n = oo, this result is [15, XI.4.4]. We
indicate how to adapt their proof to the case of finite n.

Let D =A<"*1 let i: D — A be the inclusion of the full subcategory, let . be the
category of spaces (= simplicial sets) and let .72 = ¢.# and .#" be the functor categories
of cosimplicial spaces and n-truncated cosimplicial spaces, respectively. Composition with 4
defines the restriction functor i*: ¢. — #P. Let i, = LKan;: P — ¢. be the left Kan
extension, left adjoint to i*. For each [k] € D, with 0 < k < n, let D/[k] be the over category
and let N(D/[k]) denote its nerve (also known as its underlying or classifying space). For
[k] € D, let z: N(D/[k]) — Alk] be the ‘zeroth vertex map’ sending each vertex a: [p] — [k] in
N(D/[k]) to the vertex a(0) in A[k], see [15, XI1.2.6(ii)]. It is a weak equivalence for each [k]
in D, since both N(D/[k]) and A[k] are contractible. Composition with z defines a morphism
of mapping spaces

hom,. (i, A, Z*) 2 hom yo (i* A, i* Z*) < hom yo (N(D/—),i* Z*) = holim i"Z°

Here (i.i*A)[q] = colimy, o A[k] = sk, Alg] for [q] € A, where [k] — [q] ranges over the left
fiber category i/[q] of i at [¢]. Hence we can rewrite z* as

z*: Tot, Z°®* = hom.»(sk, A, Z°) — hojljimi*Z' )
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To prove that z* is a weak equivalence, we will use that .’ with the Reedy model structure
is a simplicial model category [34, Theorem 15.3.4]. Here D has the evident Reedy category
structure inherited from A. It suffices to prove that z: N(D/—) — i*A is a weak equivalence
of cofibrant objects and that i*Z* is a fibrant object, in the Reedy model structure on ..
We have already observed that z is a Reedy weak equivalence. The cosimplicial space A is
unaugmentable, hence cofibrant in the model structure on ¢., see [15, X.4.2]. The latching
map of i*A at each object [k] in D is equal to the latching map of A at [k] € A, and therefore
i*A is Reedy cofibrant. By assumption, Z* is fibrant in the model structure on c¢.#, see [15,
X.4.6]. The matching map of i*Z® at each object [k] in D is equal to the matching map of Z°
at [k] € A, hence i*Z*® is Reedy fibrant. It remains to check that N(D/—) is Reedy cofibrant.
This follows immediately from the fact that it is cofibrant in the projective model structure on
P see [34, Proposition 14.8.9, Theorem 11.6.1].

Finally, the case of a fibrant cosimplicial spectrum follows by applying the unstable result
level by level. O

3.5. Tensored structure and topological André—Quillen homology

In this subsection we specialize to the case when both A and B are commutative
R-algebras. This category is tensored over spaces, taking any simplicial set S: [p] — S, and
any commutative R-algebra A to the realization S ®r A of [p] = S, Qr A=AAr---Ar 4,
that is, the coproduct of one copy of A for each element of S,,. (For infinite S, we extend this
construction by the filtered colimit over finite subsets.) In the case when S = S' = A[1]/0A[1]
is the simplicial circle and R = S is the sphere spectrum, S' ®s A = B (A) is the cyclic bar
construction considered in the proof of Theorem 2.5, which is equivalent to THH (A) when A is
flat. Suppose now that A and B are R-com-alg-cofibrant, hence flat as R-modules. Our results
about descent for THH generalize as follows.

ProrosiTION 3.11. If the unit map R — B is l-connected, then tensoring with any
simplicial set S satisfies cosimplicial descent at A along R — B, meaning that

n:S®r A — holim S ® Y33(4, B)
is an equivalence.

Proof.  Tensors commute with coproducts, so S®pgrY3(A,B) is isomorphic to
Y3(S®r A, S®r B). Lemma 2.2 shows that X3(S, ®r A, S, ®r B) is (2n — 1)-co-Cartesian
for each p >0, which implies that X3E(S®grA,S®rB) is (2n — 1)-co-Cartesian and
n-Cartesian, for each n > 1. Hence,

Mn: SR®r A — h§1<1£nY1§(S RQr A, S ®p B) ~ h%l}]ng(S QrA,S®r B)
is n-connected, and therefore 7 is an equivalence. O

Using either the Bokstedt type model as in [16] (extended mutatis mutandis to connective
orthogonal or symmetric spectra) or a model with more categorical control as in [17], the
fundamental homotopy cofiber sequence (2.2) leads to the equivariant extension given below.
This generalizes our descent results for TC(—;p) to the various forms of covering homology
considered in [16, Section 7]. In particular, the higher topological cyclic homology of [21]
satisfies cosimplicial descent at connective commutative S-algebras along 1-connected unit
maps.
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COROLLARY 3.12. If G is a finite group acting freely on S, and R — B is 1-connected, then
tensoring with S satisfies equivariant cosimplicial descent at A along R — B, meaning that

n:SOr A= hogm S®rYr(A,B)
is a G-equivariant equivalence.

Proof. We have to show that for every subgroup H C G, the map n of H-fixed points is
an equivalence. This follows by essentially the same argument as for THH, for example, by
[16, Lemma 5.1.3], using induction over the closed families of subgroups and the fact that
homotopy orbits preserve connectivity. O

Coming back to the nonequivariant situation, cosimplicial descent is satisfied by topological
André-Quillen homology, which we will denote by TAQ(A).

ProroSITION 3.13. If the unit map R — B is 1-connected, then topological André—Quillen
homology satisfies cosimplicial descent at A along R — B, in the sense that

n: TAQE(A) = holim TAQ™ (Y3 (A, B))
is an equivalence.

Proof. By [5, Theorem 4], there is an equivalence

TAQ"(A) ~ hocolim X~™(S™ @p A)/A
of A-module spectra, where (S™ ®pr A)/A denotes the homotopy cofiber of the map A —
S™ ®p A associated to the base point in S™ = (S1)"™. The map is at least (m — 1)-connected,
for each m > 0, and likewise for B in place of A. It follows that the map

ANR (B/R)Ar -+ Ar (B/R) — (8" ®@r A) AR (8™ ®r B)/RAR - Ar (8™ ®r B)/R

(with n > 1 copies of B/R and of (S™ ®r B)/R) is at least (m + 2n — 3)-connected. Hence
the n-cube

T—YXm(S"er X™(T))/X™(T)

(with X" = X}(A4, B)) is (2n — 3)-co-Cartesian, for each m > 0. Thus the n-cube T
TAQT(X™(T)) is (2n — 3)-co-Cartesian and (n — 2)-Cartesian, so that

it TAQ(A) —> holim TAQ"(X},(4, B))

is at least (n — 2)-connected. Passing to the homotopy limit over n, it follows that 7 is an
equivalence. O

3.6. Less commutative examples

Let us return to the situation where A is not necessarily commutative. In Subsection 3.3
we took B to be commutative to ensure that pu: B Agp B — B and the codegeneracy maps
s7: Y91 5 Y2 are morphisms of R-algebras. For non-commutative B, we can still define what
we might call a precosimplicial R-algebra [q] — Y?, where now [g] ranges over the subcategory
M C A with morphisms the injective, order-preserving functions. The functor f: P — A
defined at the beginning of Subsection 3.2 factors as the composite of a functor e: P — M
and the inclusion i: M — A. Here e is not left cofinal, so the analogue of Proposition 3.2 does



452 BJORN IAN DUNDAS AND JOHN ROGNES

not hold for general precosimplicial spectra Z°. On the other hand, i: M — A is left cofinal,
see [24, 3.17], so for cosimplicial Y'* the canonical map

holim Y* = holimY* o i
A M
is an equivalence. Hence
holim Z®* — holim Z® o e
M P

is an equivalence for each precosimplicial spectrum Z® = Y*® o ¢ that admits an extension to a
cosimplicial spectrum.

By an & R-ring spectrum, for an operad &, we mean an C-algebra in the category of
R-modules. We now relax the commutativity condition on B to only ask that it is an Fs R-
ring spectrum, that is, an & R-ring spectrum for some F, operad &. Then B is equivalent to
a monoid in a category of A R-ring spectra, by [18, Theorem C], since the tensor product
of the associative operad and the little intervals operad %7 is an Fs operad, and %] is an A
operad. In other words, we may assume that :: R — B and u: B Arp B — B are morphisms of
¢1 R-ring spectra, so that the Amitsur resolution A — Y3 (A, B) is a coaugmented cosimplicial
object in the category of connective %, R-ring spectra.

Using a monadic bar construction [40, § 9] to functorially turn %;-algebras into monoids, we
may replace this Amitsur resolution with an equivalent coaugmented cosimplicial connective
R-algebra A — Y3 (A, B), which we might denote by Yz (A, B). Applying a homotopy functor
F from connective R-algebras to spectra, we thus obtain a coaugmented cosimplicial spectrum
F(A) — F(Y3(A, B)).

The w-cubical diagram Yz(A, B) o f, remains equivalent to the Amitsur w-cube associated
to the R-module A and the unit map ¢: R — B of ¥1 R-ring spectra. Replacing B with an
equivalent R-algebra B, we obtain an equivalent w-cube X%(A4, B). Hence there is a chain of
equivalences

X% (A,B) ~Ygr(A,B)o f,.
Substituting this for Lemma 3.6 in the proof of Theorem 3.7, we obtain the following

generalization of that theorem.

THEOREM 3.14. Let R be a connective commutative S-algebra, let A be a connective
R-algebra and let B be a connective E5 R-ring spectrum. Suppose that the unit map ¢.: R — B
is 1-connected. Then the functors F' = K, THH and TC, as well as their intermediate variants,
satisfy cosimplicial descent at A along R — B, in the sense that

n: F(A) — hoiimF(Yé(A, B))

is an equivalence. Here Y (A, B) and Y (A, B) are equivalent as A, R-ring spectra, for each
qg=0.

4. Applications

4.1. Algebraic K-theory of spaces

For each topological group T', the spherical group ring S[I'] = X*°T";. is a connective S-algebra.
When X ~ BT, the algebraic K-theory of S[I'] is a model for Waldhausen’s algebraic K-theory
A(X) of the space X, see [57]. When X is a high-dimensional compact (topological, piecewise-
linear or differentiable) manifold, A(X) is closely related to the space of h-cobordisms on X and



CUBICAL AND COSIMPLICIAL DESCENT 453

the group of automorphisms of X [58]. This motivates the interest in the algebraic K-theory
of S and the associated spherical group rings.

Base change along the Hurewicz map S — HZ induces rational equivalences S[I'] — HZIT
and K(S[T']) = K(HZ|T). In particular, A(x) = K(S) — K(HZ) = K(Z) is a rational equiv-
alence, and Borel’s rational computation of the algebraic K-theory of the integers [13]
gives strong rational information about the h-cobordism spaces and automorphism groups
of high-dimensional highly-connected manifolds [35, p. 7].

4.2. Descent along S — HZ

To obtain torsion information about A(X) = K(S[I']) one can instead consider the cosimplicial
resolution

S—+HZ——=HIZNHL=— -

in the category of connective S-algebras, and the induced coaugmented cosimplicial spectrum

K(S[T]) —"= K(HZ[T)) == K((HZ N HZ)[T)) = -~ .

_—

By Theorem 3.7, the natural map from K(S[I']) to the homotopy limit of this cosimplicial
spectrum is an equivalence, and similarly for THH and T'C. These cases of descent, along
S — HZ, are essentially those studied in [25]. See also [56] for descent results in the context
of commutative rings.

A computational drawback with this approach is the structure of the smash product

(HZAN---NHZ) ) =S[TIANHZA---NHZ

with (¢ + 1) copies of HZ. It is a connective HZ-algebra, hence equivalent to a simplicial ring,
but for ¢ > 1 the algebraic K-theory and topological cyclic homology of this simplicial ring
appear to be difficult to analyze.

4.3. Descent along S — MU

Experience from algebraic topology shows that the complex bordism spectrum MU is a
convenient stopping point on the way from the sphere spectrum to the integers:

S— MU — HZ.

Here MU is a commutative S-algebra with 1-connected unit map S — MU. The coefficient ring
MU, = 7,(MU) = Z[zy, | k > 1] and the homology algebra H.(MU) = H.(BU) = Z[b, | k >
1] are explicitly known [43, 44] with |xx| = |bg| = 2k for each k. The associated cosimplicial
resolution

n

S

MU MUANMU — ---

induces the coaugmented cosimplicial spectrum

K(S[T]) —— K(MU[T)) == K((MU A MU)[[]) == - .
By Theorem 3.7, applied with R =S, A = S[I'] and B = MU, the natural map from K(S[I']) to

the homotopy limit of this cosimplicial spectrum is an equivalence, and there are corresponding
equivalences for THH and TC.
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From its definition as an E., Thom spectrum, MU comes equipped with a Thom equivalence
MU NMU ~ MU A BU,.. Hence the smash product

(MU A --- A MU)[T] ~ S[T] A MU A BU?

that occurs in codegree ¢ is not significantly more complicated for ¢ > 1 than for ¢ = 0. This
means that it may be more realistic to study K(S) by descent along S — MU than by descent
along S — HZ. We propose that in order to understand A(x) = K(S) from the chromatic
point of view [42, 46] one should study this cosimplicial resolution, starting with K(MU) and
continuing with K (MU A BUY) for each ¢ > 0, together with the associated descent spectral
sequence converging to m, K (S). Similar remarks apply for A(X) = K (S[I']) and for the functors
THH and TC, see Theorem 3.9.

4.4. (Hopf-)Galois descent

In the language of [52, §12], the map S — MU is a Hopf-Galois extension of commutative
S-algebras. Our result can be viewed as proving 1-connected Hopf-Galois descent for K, THH
and T'C, but the actual Hopf S-algebra coaction plays no role in the proof. Analogously, consider
a G-Galois extension A — B of commutative S-algebras, in the sense of [52, §4], with G a
finite group. The equivalence B Ay B ~ F(G4,B) = F(G2,B )¢ induces a level equivalence of
cosimplicial resolutions from

to

A—"—F(Gy,B) == F(G},B)° =— -,

that is, from the Amitsur resolution Y* = Y{(A, B) to the cosimplicial commutative S-algebra
F(E,G,B)Y obtained by mapping out of the free contractible simplicial G-set E,G: [q] —
E,G =Gt

Algebraic K-theory preserves equivalences and commutes with finite products, so the
cosimplicial spectra K(Y*®), K(F(E.G4,B)Y) and F(E,Gy,K(B))“ are level equivalent.
Hence, the homotopy limit of K(Y®) is equivalent to the homotopy fixed point spectrum
F(EG,,K(B))Y = K(B)"“, where EG = |E,G|. (The homotopy type of K(B)"“ only
depends on the homotopy type of K(B) as a spectrum with G-action, and the G-action is
determined by functoriality.) The canonical map 7n: K(A) — K(B)"“ is not in general an
equivalence, so algebraic K-theory does not in general satisfy descent along Galois extensions
A — B. However, a recent result of Clausen, Mathew, Naumann and Noel [22, Theorem 1.7]
shows that, after any ‘periodic localization’, algebraic K-theory satisfies descent along all maps
A — B of commutative S-algebras for which B is dualizable as an A-module and the restriction
map Ky(B) — Ky(A) is rationally surjective. Again, the Galois condition plays no role for
their proof. See also [54] for the corresponding result for Bott localized algebraic K-theory of
commutative rings (or schemes).

4.5. Descent along S — X (n)

There is a sequence of Es ring spectra X (n) interpolating between S and MU, see [23]. Recall
that MU = BU" is the Thom spectrum of a virtual vector bundle « over BU. For each n > 2,
let X(n) =QSU(n)? be the Thom spectrum of the pullback of « over the double loop map
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QSU(n) — QSU ~ BU. Then X(n) is an Fs ring spectrum, by [36, Theorem IX.7.1], with
1-connected unit map. There are natural maps of Es ring spectra

S—++-—Xn)—--— MU — HZ

connecting these examples to those previously discussed. We identify H,. (X (n)) & H,.(QSU(n))
with the subalgebra Z[by,...,b,_1] of H.(MU) = H.(BU) = Z[b, | k > 1].

By Theorem 3.14, the functors K, THH and T'C satisfy descent along S — X (n) for each
n > 2. There are Thom equivalences X (n) A X(n) ~ X (n) AQSU(n)4, so the study of K(S)
by descent along S — X (n) leads to the study of the algebraic K-theory of X (n) A (Q2SU(n))%
for ¢ > 0, and similarly for K (S[I']), THH and TC. The E5 ring spectra X (n) are closer to S
than MU, hence K (X (n)) can yield finer information about K (S) than K (MU) does. However,
like in the case of S, the homotopy groups of X (n) are not explicitly known, so a direct analysis
of m,THH (X (n)) and 7, TC(X(n)) may be less feasible than in the case of MU.

4.6. Trace methods

The cyclotomic trace map trc: K(B) — TC(B;p) introduced in [10], in conjunction with
the relative equivalence theorem from [25], is the main method available for calculating
the algebraic K-groups of connective S-algebras other than (simplicial) rings. See also [26,
Chapter 7]. In the case of the sphere spectrum, TC(S; p) is p-adically equivalent to S vV XCP,
so calculations of 7w, K (S) are possible in a moderate range of degrees [50, 51] (see also more
recent work of Blumberg-Mandell [7] at irregular primes). Nonetheless, complete calculations
are at least as hard as those for 7, (S), hence appear to be out of reach.

The difficulty of understanding the stable homotopy groups of spheres can be formulated as
the difficulty of understanding the Adams-Novikov spectral sequence [45]

Ey' = Extyjy yp (MU, MU,) =, m_(S), (4.1)
that is, to understand the descent spectral sequence

Ey' =mmY® = ms holim '*

associated with the cosimplicial commutative S-algebra Y* =Y (S, MU), with Y? = MU A
-« AMU ~ MU A BU{. An advantage of this approach is that chromatic phenomena in 7, (S)
are more readily visible at the Fs-term of the Adams—Novikov spectral sequence.

By analogy, the difficulty of understanding 7,.K(S) and 7. TC(S;p) can be separated
into two parts: first that of understanding the cosimplicial objects [¢] — 7. K (YY) and
[q] — 7. TC(Y?;p), and secondly that of understanding the behavior of the descent spectral
sequences

ES' =1 K(Y*®) =, m_ K (S)
and
By = mmTC(Y*®;p) = m_sTC(S;p) .

The first aim of understanding 7, K (MU) and 7, TC(MU;p), corresponding to g = 0, then
plays an analogous role to that of understanding MU, = w.(MU). An optimist may seek to
discern chromatic phenomena in 7, K(S) and 7, TC(S;p) at the level of these Es-terms.

4.7. Descent for THH

As an illustration, Theorem 3.9 for THH at S along S — MU gives a strongly convergent
descent spectral sequence

Ey' = n°m THH(Y®) =, m, _THH(S) .
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There is an equivalence THH(MU) ~ MU A SU,, by [6, Corollary 1.1], and the Atiyah—
Hirzebruch spectral sequence Ef* = H.(SU; MU,) = m.(MU A SU, ) collapses at E? to give
the algebra isomorphism

7, THH(MU) = MU, ® E(e; | k> 1) = LE

of [41, Remark 4.3.]. Here L = MU, = Z[xy, | k > 1] is the Lazard ring, E = E(ey | k> 1) is
the exterior algebra over Z on a sequence of generators ey, with |ex| =2k + 1,and LE =L ® F
is shorthand notation for their tensor product. Similarly,

MUTHH(MU) 2 7,(MU AN MU Apy THH(MU))
~ [B®; LE = LBE
is flat as a left MU,-module, where LB = MU, MU and B = H,(MU) 2 Z[b; | k > 1], and
7 THH (MU A MU) & 7 (THH(MU) Ay AMU ATHH(MU))

1%

2 LEF®, LBE=LE® BE.

In general, m,THH (YY) = LE ® (BE)®4, and [q] — 7. THH (YY) is the cobar construction
associated to the split Hopf algebroid (LE,LE ® BE), see [47, Appendix Al]. Hence, the
descent spectral sequence for THH takes the form

Ey' = Bxt} g pp(LE, LE) =, m_ ,THH(S). (4.2)
The unit inclusion Z — F induces an equivalence
(MU,,MU.MU) = (L,LB) — (LE,LE ® BE)

of Hopf algebroids, which induces an isomorphism from the Adams—Novikov spectral
sequence (4.1) to the descent spectral sequence (4.2). This is of course compatible with the
identity S = THH (S), and shows, somewhat tautologically, that the descent spectral sequence
for THH at S along S — MU has an Fs-term that is susceptible to chromatic analysis along
the lines of [42; 47, Chapter 5].

By contrast, descent for THH at S along S — HZ leads to the study of m.THH(HZ N
«-+ANHZ) =2 7. (THH(Z) N --- NTHH(Z)), with (¢+ 1) copies of HZ or THH(Z), and while
7. THH(Z) is explicitly known [11, §5], the term . (THH(Z) ANTHH(Z)) is not flat over
mTHH (Z), and there is no description of the resulting F;-term as the cobar complex of a
Hopf algebroid. If we instead were to study the functor F'(A) = THH(A) A S/p, where S/p
is the mod p Moore spectrum, then 7. F(HZ A HZ) = 7.(THH(Z) N THH(Z);Z/p) is a flat
Hopf algebroid over 7. F(HZ) = 7.(THH (Z); Z/p). The associated cobar complex is isomorphic
to the Ej-term of the descent spectral sequence for F at S along S — Z, which in turn is
isomorphic to the THH (Z)-based Adams spectral sequence for S/p, see [39, Proposition 2.14].
The canonical THH (Z)-based tower for S/p is also a mod p Adams tower for S/p, so these
spectral sequences are therefore isomorphic to the mod p Adams spectral sequence for S/p,
from the Fs-term and onwards.

4.8. Fixed points of THH

The next steps toward analyzing descent for T'C' along S — MU would be to study descent
for the fixed point functor THH(—)¢ along S — MU, for each C = Cpm. Let THH(A)!® =
[Eé AF(EC,,THH(A))]¢ denote the C-Tate construction on THH (A), that is, the C-fixed
points of the Tate C-spectrum of [31, pp. 3, 4]. The comparison maps

T,,: THH(MU)®»" — THH(MU)"%"

f771 : THH(MU)Cpm_l — THH(MU)tCP"”
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are known to be equivalences after p-completion, by [37, Theorem 1.1] in the case m = 1, hence
also for the cases m > 2 by [55, Theorem 2.4; 9, Theorem 2.8]. It is very likely that the same
methods will apply when Y = MU is replaced by Y4 = MU A --- A MU for q > 1. If so, the
p-completed spectral sequence

m

E;’t = WSWtTHH(Y.)Spm :>s ﬂ-t—sTHH(S)gp

can equally well be analyzed using C)=-homotopy fixed points or Cpm+1-Tate constructions in
place of Cpm-fixed points. A first step in this direction would be to determine the differential
structure of the C,-Tate spectral sequence

E?, = H*(Cp; mTHH(MU)) = ms  THH(MU)'“" .

By truncation to the second quadrant, this would determine the C},-homotopy fixed point spec-
tral sequence converging to 7, THH (MU)"“» hence also 7, THH (MU)®* after p-completion.

The comparison maps I,,: THH(S)’»™ — THH(S)"“»m and T,,: THH(S) >~ —
THH (S)!“»™ are also p-adic equivalences, by the proven Segal conjecture [19], but even
in the case m =1 the differential structure of the C)-Tate spectral sequence converging
to m,THH(S)!®» = 7,(S) is not known [1]. In the case of THH(Z), the maps I, and T,
are not quite equivalences, but they do induce isomorphisms in homotopy with mod p
coefficients in nonnegative degrees. The structure of the C),=-Tate spectral sequence converging
to . (THH (Z)!»™ ; Z/p) is known [12, 48, 49] but these calculations appear to be difficult to
extend to the case of THH(HZ A --- AN HZ).

4.9. Topological periodic homology
The limiting maps
I': TF(MU;p) — holim THH(MU)"“»™ «— THH(MU)""

I': TF(MU;p) — holim THH (MU)!»" «— THH(MU)'"

are also equivalences after p-completion, cf. [12, (2.11); 3, Theorem 5.7]. Thus the E?-terms
of the T-homotopy fixed point and T-Tate spectral sequences

E?, =Z[t|® m.THH(MU) = 7, THH(MU)""

E?, =Z[t*") ® 7. THH (MU) => =, THH (MU)""

are known, and both converge to m.TF(MU;p) after p-completion. Note that TP(MU) =
THH(MU)'T is the arithmetically interesting topological periodic homology studied by Hessel-
holt [32], also known as periodic topological cyclic homology or topological de Rham homology.
As in the case of TF(S; p), the inverse Frobenius operator ¢ ~' = R: TF(MU;p) — TF(MU;p)
extends to TP(MU) after p-completion, without any further localization.

4.10. Rational analysis

The rational algebraic K-groups of MU, that is, m.K(MU)® Q, were determined in
[4, Theorem 4.2] by using Goodwillie’s theorem [29]. The Poincaré series is

x° 1+ ah(x)

T T+ =142 4+32°+32" + 28+ 62" + 220 + -+

where
1 + 1.2k+1
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A similar result holds for each 7, K (Y?) ® Q, where Y? = MU A --- A MU, with (¢ + 1) copies
of MU. Since myY? =7 and Y? is connective and of finite type, we know by an easy
generalization of [27, Proposition 1.2] that Ef’t =mK(Y*®) is a finitely generated abelian
group in each bidegree (s,t). By the following result Ey" = 77, K (Y*) is in fact finite in each
bidegree, except at the edge s = 0, where Eg " is rationally isomorphic to 7K (Z).

ProprosSITION 4.1.  The rationalized descent spectral sequence
Ey'@Q=1m"mK(Y*) Q= m_K(S)®Q,

for algebraic K-theory at S along S — MU, collapses at the Es-term to the edge s = 0.

Proof. The vanishing line and strong convergence of the descent spectral sequence E; t =,
7i—sK(S) from Theorem 3.9 imply the same vanishing line and strong convergence for the
rationalized spectral sequence.

The unit map S — Y7 and the zeroth Postnikov section Y? — HZ induce maps K(S) —
K(Y*) — K(Z) that, after rationalization, split off a copy of K(S) from K(Y*). It remains to
prove that the remainder of the rationalized spectral sequence, associated to the cosimplicial
spectrum with the homotopy fiber of K(Y?) — K(Z) in codegree ¢, collapses to zero at the
FEs-term.

The Hurewicz homomorphism MU, = m,(MU) — H.(MU) = B is a rational equivalence,
so m, THH (MU) is rationally isomorphic to HH,(B) = BE, where B =Z[b;, | k > 1] and E =
E(ey | k > 1). Connes’ B-operator on H H, (B) corresponds to the suspension operator o, which
is the differential and derivation given by o(bx) = ey for each k > 1. Hence the rationalized
de Rham homology H(B)® Q = H.(BE,s) ® Q = Q is trivial in positive degrees. By
[4, Corollary 2.4], which is a consequence of [29, I1.3.4], it follows that the trace map K (MU) —
THH (MU) identifies the kernel of 7, K (MU) — 7, K(Z) with the image of 0: BE — BE, after
rationalization.

Similarly, w.THH(Y*®) is rationally isomorphic to the cosimplicial resolution [q] —
HH,(B®1+1) = (BE)®4t! associated to +: Z — BE. By [4, Corollary 2.4] again, the trace
map identifies the kernel of 7. K (Y?) — 7. K (Z) with the image of o: (BE)®4T! — (BE)®1H1,
after rationalization. Let (C*,0) and (D*,0) be the associated cochain complexes, with
C?= (BE)®%"! and D? = im(0) C CY. The Es-term of the remainder of the descent spectral
sequence is given by the cohomology of (D*, ), after rationalization.

The augmentation e: BE — Z induces a cochain contraction e® id%qE of n: Z — C*,
mapping xop @ 1 ® -+ ® z, € CY to e(zo)r1 ® - ®x, € CI71. It restricts to a contraction
of 0 — D*, since e®id<§% commutes with o. Hence the cohomology of (D*,d) is zero, as
claimed. O
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