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We will be interested in symmetric monoidal (co-)categories in which every object is dualizable.

Definition
C symmetric monoidal, x € C is called dualizable if there exists x* and maps

ev:ix’/ ®x — 1c,coev:1c Sxex”
satisfying the triangle identities.

Concretely : a good theory of duality for x.

Examples

1. Avector space over k is dualizable if and only if it is finite dimensional;

2. Achain complexis dualizable in the derived category D(Z) if and only if it has finitely many
nonzero homology groups, all of which are finitely generated.
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Arigid category is a symmetric monoidal category in which every object is dualizable.
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Arigid category is a symmetric monoidal category in which every object is dualizable.

Examples

m Finite dimensional vector spaces;
m Cobordism categories;

m The category of compactly generated presentable stable categories, equipped with the Lurie
tensor product.

We will come back to these last two examples.
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Definition
Arigid category is a symmetric monoidal category in which every object is dualizable.

Examples

m Finite dimensional vector spaces;
m Cobordism categories;

m The category of compactly generated presentable stable categories, equipped with the Lurie
tensor product.

We will come back to these last two examples. For now:

Question

How do we describe free rigid categories on categories ?
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The 1D Cobordism Hypothesis

In the late 90’s, Baez and Dolan conjectured the following?®:

1They conjectured much more; this is in some sense the easiest case of their conjecture.
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In the late 90’s, Baez and Dolan conjectured the following?®:

Cobordism Hypothesis

The free rigid category on a point is the 1-dimensional framed cobordism category Cob'".That is, for
any symmetric monoidal category C, evaluation at the positively framed point + gives an equivalence

evy

Map®(Cobf", C) =5 (Cdbhy=

Remark

Lurie sketched a proof of this and of the higher dimensional versions, but not complete proof. This
special case, i.e. dimension 1, was proved by Harpaz.
In higher dimensions, work by Grady—Pavlov to generalize it further.

1They conjectured much more; this is in some sense the easiest case of their conjecture.
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In the (1D, framed) cobordism category, objects are 0-dimensional framed manifolds, i.e. finite sets
of signed points, e.g. +++ — —+ —
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In the (1D, framed) cobordism category, objects are 0-dimensional framed manifolds, i.e. finite sets
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In the (1D, framed) cobordism category, objects are 0-dimensional framed manifolds, i.e. finite sets
of signed points, e.g. + + + — — + — ; morphisms are 1-dimensional cobordisms between them.

+

co-evaluationon X = +

+

evaluation pairing for X = +
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In the (1D, framed) cobordism category, objects are 0-dimensional framed manifolds, i.e. finite sets

of signed points, e.g. + + + — — + — ; morphisms are 1-dimensional cobordisms between them.
+ +
0 0
co-evaluationon X = + evaluation pairing for X = +

Generally, in this case, a cobordism is a bunch of arcs like the one above, straight lines + — + or
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In the (1D, framed) cobordism category, objects are 0-dimensional framed manifolds, i.e. finite sets

of signed points, e.g. + + + — — + — ; morphisms are 1-dimensional cobordisms between them.
+ +
0 0
co-evaluationon X = + evaluation pairing for X = +

Generally, in this case, a cobordism is a bunch of arcs like the one above, straight lines + — + or
— — —, and “floating” circles.
4
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Dimensions

The circles correspond to the dimension of +, in general defined as the composite

coev

1c & x@xY ~xY @x 5 1¢
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The circles correspond to the dimension of +, in general defined as the composite
coev
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In a general rigid category, easy to see what the simply connected part of the cobordism maps to
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The circles correspond to the dimension of +, in general defined as the composite

coev

1c & x@xY ~xY @x 5 1¢

In a general rigid category, easy to see what the simply connected part of the cobordism maps to, the
difficulty lies in the circles: Diff*(S!) ~ S gives an S'-action on dimensions.
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This was a description for the free rigid category on a point. Now let C be a category, what is
Free"®(C) ? Let D be arigid categoryand f: C — D.

Objects

For every collection of objects ¢y, ..., cn, d1, ..., dm in C, get Q) f(ci) ® ®j f(dj)v
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This was a description for the free rigid category on a point. Now let C be a category, what is
Free"®(C) ? Let D be arigid categoryand f: C — D.

Objects
For every collection of objects ¢y, ..., cn, d1, ..., dm in C, get Q) f(ci) ® ®j f(dj)v

Endomorphisms of 1

Foreveryc € C, get f(c)V @ f(c) — 1p and hence
Mapc(c, ¢) = Mapp ((c), f(c)) ~ Mapp (1p, f(¢)" @ f(c)) = Endp (1p)
Cyclic invariance of traces: tr(g o f) = tr(f o g), i.e. composing in either direction produces the same

map
Mapc(co, Cl) X Mapc(cl, Co) — EndD(lD)



Generalizing the Cobordism Hypothesis (cont’d)

Endomorphisms of 1 (ct’d)

More generally, get a map
Map(co, ¢1) X ...Map¢(cn—1,¢cn) X Mapc(cn, co) — End(1p)

compatible with composition.

7



Generalizing the Cobordism Hypothesis (cont’d) =

Endomorphisms of 1 (ct’d)
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Taking colimits over (co, ..., cn) € (C™)= produces a cyclic object, whose colimit is THH""(C)y,s:1.
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Endomorphisms of 1 (ct’d)

More generally, get a map
Map(co, ¢1) X ...Map¢(cn—1,¢cn) X Mapc(cn, co) — End(1p)

compatible with composition.
Taking colimits over (co, ..., cn) € (C™)= produces a cyclic object, whose colimit is THH""(C)y,s:1.

Get a natural map
Freeg (THH""(C)ys1) — End(1p)

This piece of data turns out to be the most fundamental one.
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Theorem (Barkan-Steinebrunner, R.)

Let C be a category. Free"(C) has objects given by ®; ¢ ® ®); djv, ¢i, dj € C, and:
1. End(1geeis(c)) is free as an Eo-monoid on THH""(C)y 515
2. Map(1, @i ci ® @, d;) is free as an End(1)-module on [ [ .~ [T;%1 Mapc(dj, co(5))
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Theorem (Barkan—Steinebrunner, R.)

Let C be a V-enriched category. Free}*(C) has objects given by @), ¢i ® ®j d)-v, ci,d; € C, and:
1. End(lFreer\-.?g(C)) is free as an E.-algebra in V on THH(C/V)},s1;

2. hom(1, ®i; ci ® @7, dy’) is free as an End(1)-module on [ ...~ , @™ homc(d;j, co(5))

Can describe more genral mapping spaces in terms of simply connected cobordisms.
Actually, my original motivation was more complicated: there is an enriching base V, and we consider
V-enriched rigid categories.
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Observation
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C — Psh(C), Cat — Pr*

is symmetric monoidal with the Lurie tensor product; and is “not far” from fully faithful.
Neglecting idempotent completion?, a map Psh(C) — Psh(D) is in the image if and only if its right
adjoint preserves colimits, i.e. if and only if it is a left adjoint in Prt.

This very simple observation leads to the following general principle:

Principle

When trying to prove facts about small categories, it may be benefitial to move to Pr-: get new
morphisms to work with.

2|rrelevant for our purposes.
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Observation

The functor
C > Psh(C), Cat — Pr*

is symmetric monoidal with the Lurie tensor product; and is “not far” from fully faithful.
Neglecting idempotent completion?, a map Psh(C) — Psh(D) is in the image if and only if its right
adjoint preserves colimits, i.e. if and only if it is a left adjoint in Prt.

This very simple observation leads to the following general principle:

Principle

When trying to prove facts about small categories, it may be benefitial to move to Pr-: get new
morphisms to work with.

Also generalizes to V-enriched situation, with Mody (Pr-) and enriched presheaves.

2|rrelevant for our purposes.
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Lemma

Let C be a small category. Psh(C) is dualizable in Pr-, and THH""(C) is its dimension.
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Example : interpreting THH""(C)

Lemma
Let C be a small category. Psh(C) is dualizable in Prt, and THH""(C) is its dimension.

Proof : Psh(C) ® Psh(C°P) ~ Psh(C x C°P). Evaluation is jc and coevaluation picks out the mapping
space functor. Dimension is then fcec Mapc(c, ¢), which unwinds to THH“"(C).

Remark

Cat is cartesian, and in cartesian categories, the only dualizable object is the terminal object. The
moral is that Pr' is a bit more “linear algebraic”.

This whole story also works in the V-enriched/linear world.

11
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Brief digression: in the case V = Sp, enriched presheaf categories correspond exactly to compactly
generated stable categories

3Technically, localizing invariants.
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Brief digression: in the case V = Sp, enriched presheaf categories correspond exactly to compactly
generated stable categories, which in turn correspond to (idempotent-complete) small stable
categories.

Invariants like K-theory and THH were usually defined on the latter, but recently Efimov observed
that all “K-theory-like” invariants® extend uniquely to dualizable Sp-modules, thus bringing a lot of
attention to them.

Example

Let X be a compact Hausdorff topological space. The category Sh(X; Sp) of sheaves of spectra is
dualizable in Prk.

These “dualizable categories” and examples had already been noticed before by
Gaitsgory—Rozenblyum and Lurie, though not pursued as much.

3Technically, localizing invariants.
12
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In their study of dualizable not-necessarily-compactly-generated presentable stable categories,
Gaitsgory—Rozenblyum identified the following reformulation of rigidity:

Definition (Gaitsgory—Rozenblyum)
Let C € CAlg(PrL). Itis called (large) rigid
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In their study of dualizable not-necessarily-compactly-generated presentable stable categories,
Gaitsgory—Rozenblyum identified the following reformulation of rigidity:

Definition (Gaitsgory—Rozenblyum)
Let C € CAlg(PrL). Itis called (large) rigid if:
m The unit 1¢ is compact;

m The multiplication map C ® C — C admits a right adjoint which is colimit-preserving and
C ® C-linear.

Remark

The right adjoint of a linear functor is automatically lax linear, so the second condition is a property of
this lax linear structure, rather than extra structure.

13
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m If Cyis a small* symmetric monoidal stable category, then C := Ind(Co) is large rigid if and only
if Cg is rigid;

“idempotent-complete
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m If Cyis a small* symmetric monoidal stable category, then C := Ind(Co) is large rigid if and only
if Cg is rigid;
m |f X is compact Hausdorff, then Sh(X; Sp) is rigid.

“idempotent-complete
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The first condition can be rephrased as: the unit map Sp — C has a colimit-preserving right adjoint
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Observation

The first condition can be rephrased as: the unit map Sp — C has a colimit-preserving right adjoint,
i.e. a right adjoint in Prk,.

Thus, both conditions can be formulated entirely in the symmetric monoidal (co, 2)-category Prk.

Definition

Let B be a symmetric monoidal 2-category, and b € CAlg(B). Itis called rigid if :
m The unit map 15 — b has a right adjoint in B;
m The multiplication map b ® b — b has a right adjoint in Modp g, (B)
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Observation

The first condition can be rephrased as: the unit map Sp — C has a colimit-preserving right adjoint,
i.e. a right adjoint in Prk,.

Thus, both conditions can be formulated entirely in the symmetric monoidal (co, 2)-category Prk.

Definition
Let B be a symmetric monoidal 2-category, and b € CAlg(B). Itis called rigid if :
m The unit map 15 — b has a right adjoint in B;

m The multiplication map b ® b — b has a right adjoint in Mody g1, (B), i.e. it has a right adjoint in
B which is b ® b-linear.

15
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m When B = Pr,, recovers the Gaitsgory—Rozenblyum definition

>idempotent-complete
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m When B = Pr., recovers the Gaitsgory—Rozenblyum definition;

m When B = Prt, Cis small® symmetric monoidal, Psh(C) is rigid if and only if C is in the usual
sense;

m Get a notion for Mody (Prb) for all V, which restricts to the usual notion for presheaf categories.
Get a new question:

Question
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Examples and a new question == @Y

m When B = Pr., recovers the Gaitsgory—Rozenblyum definition;

m When B = Prt, Cis small® symmetric monoidal, Psh(C) is rigid if and only if C is in the usual
sense;

m Get a notion for Mody (Prb) for all V, which restricts to the usual notion for presheaf categories.
Get a new question:

Question

Given a dualizable V-module, what is the free rigid commutative V-algebra on it ?

Seems harder than the original one (it is more general) but there is more flexibility: for example,
THH(—/V) has a natural interpretation here.

>idempotent-complete

16



"
New guess ="=jm (5 MM

The map Mapc(c,c) — Map(1p, f(c) ® f(c)Y) we used in the previous guess can be reinterpreted
here as a(n op)lax commutative triangle:

C x C® — Psh(D)

Spaces
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which can be regarded as:
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New guess ="=jm (5 MM

The map Mapc(c,c) — Map(1p, f(c) ® f(c)Y) we used in the previous guess can be reinterpreted
here as a(n op)lax commutative triangle:

C x C® — Psh(D)

Spaces

Psh(C Py\/ —— Psh(D)
A

Spaces

which can be regarded as:

Here the top map is f4 ® (f4)Y followed by the self duality Psh(D)" ~ Psh(D) and the
multiplication map.
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New guess (ct’d) T

Similarly, the evaluation map f(c) ® f(c)Y — 1p we combined it with to get Map(c, ¢c) — End(1p)
can be interpreted as a(n op)lax commutative triangle:

Spaces —_®v , ps h(D)

e / S

Psh(C) @ Psh(C

18
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Similarly, the evaluation map f(c) ® f(c)Y — 1p we combined it with to get Map(c, ¢c) — End(1p)
can be interpreted as a(n op)lax commutative triangle:

Spaces %o, ps h(D)

e / S

Psh(C) ® Psh(C

More generally, the unique symmetric monoidal functor Cobflr — Prt, + — Psh(C) acquires a
symmetric monoidal oplax natural transformation to the constant diagram at Psh(D).
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New guess (ct’d) == @Y
Similarly, the evaluation map f(c) ® f(c)Y — 1p we combined it with to get Map(c, ¢c) — End(1p)
can be interpreted as a(n op)lax commutative triangle:

Spaces %o, ps h(D)

e / S

Psh(C) ® Psh(C

More generally, the unique symmetric monoidal functor Cobflr — Prt, + — Psh(C) acquires a
symmetric monoidal oplax natural transformation to the constant diagram at Psh(D).
Theorem

In Mody (Pr'), the free rigid commutative algebra on a dualizable V-module M is the oplax colimit
over Cob'" of the symmetric monoidal functor Cob’ — Mody (Pr") classifying M.

Oplax colimits are nice enough to get the results from the previous theorem out of this one (in fact, to
get more general results too).
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Proof strategy —— gy

Try to look at the universal case, and hope that it’s degenerate enough.
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Try to look at the universal case, and hope that it’s degenerate enough.

Problem: there is no universal V equipped with a dualizable module.
Solution : there is a universal symmetric monoidal 2-category equipped with a dualizable object!
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Miinster

PrOOf Strategy — = — Universitit \ v,

Try to look at the universal case, and hope that it’s degenerate enough.

Problem: there is no universal V equipped with a dualizable module.
Solution : there is a universal symmetric monoidal 2-category equipped with a dualizable object!

Idea 2

In a general 2-category B, the formulas from the main theorem don’t make sense: they involve
colimits (possibly infinite coproducts + colimits over BS! + colimits over BZ,.).
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colimits (possibly infinite coproducts + colimits over BS® + colimits over BZ,,). Rather than strive for
absolute generality, add “sufficient (2-)colimits” assumption everywhere.
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Proof strategy == i @

Try to look at the universal case, and hope that it’s degenerate enough.

Problem: there is no universal V equipped with a dualizable module.
Solution : there is a universal symmetric monoidal 2-category equipped with a dualizable object!

Idea 2

In a general 2-category B, the formulas from the main theorem don’t make sense: they involve
colimits (possibly infinite coproducts + colimits over BS® + colimits over BZ,,). Rather than strive for
absolute generality, add “sufficient (2-)colimits” assumption everywhere.

In this case, the universal B is
Fun((Cobf{")°P, Prt)

(with Day convolution)
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Proof sketch — @f MM

By the explicit construction from a few slides ago, prove a priori that the free rigid commutative

algebra on b in B exists and is a retract® of colum‘ép'sif(b@@')

6This shows the a priori nontrivial fact that free rigid commutative algebras are preserved under reasonable functors
between B’s.

20



s 70
Proof sketch ==y 5 MM
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algebra on b in B exists and is a retract® of colim‘é’:sif(b@@').

1
In Fun(I, Pr'), I small rigid, prove that coIim‘I’p'axy has no nontrivial retracts for y the (Pr'-linearized)
Yoneda embedding.

6This shows the a priori nontrivial fact that free rigid commutative algebras are preserved under reasonable functors
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s 70
Proof sketch == 5 MM

By the explicit construction from a few slides ago, prove a priori that the free rigid commutative
algebra on b in B exists and is a retract® of colim®®2 (b®*).

Cobff
In Fun(I, Pr'), I small rigid, prove that coIim‘I’p'axy has no nontrivial retracts for y the (Pr'-linearized)
Yoneda embedding.
Apply this to I = Cobf", where y : Cob" — Fun((Cobf")°P, Prt) classifies the universal dualizable
object.
Equality in the universal case guarantees equality in general.

6This shows the a priori nontrivial fact that free rigid commutative algebras are preserved under reasonable functors
between B’s.
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Extracting calculations =l e

To get from the oplax colimit description to the mapping space descriptions, interpret
“Mapg sy (€, d)” as the composite

C Y Free™(C) 5 C

and similar for higher tensor powers.
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Extracting calculations it @) MM

To get from the oplax colimit description to the mapping space descriptions, interpret
“Mapg sy (€, d)” as the composite

C Y Free™(C) 5 C

and similar for higher tensor powers.
These can again be computed in the universal case where everything is explicit and “degenerate”.
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