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Chromatic homotopy theory

Stable homotopy theory studies the (∞-)category of spectra Sp

This is organized along the “chromatic filtration”1:

Sp(p) → · · · → L
(f)
n Sp→ · · · → L

(f)
2 Sp→ L1Sp→ SpQ ' D(Q)

a sequence of localizations with increasing “complexity” (detecting more and more periodicity

phenomena in π∗(S))
The layers are the T(n)- or K(n)-local categories.

Remark

We now know (Burklund–Hahn–Levy–Schlank) that for all n > 2, SpT(n) 6= SpK(n). For the purposes

of this talk, this distinction is irrelevant.

1One for each prime p.
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Chromatic redshift

Early 2000’s : Ausoni and Rognes made a number of (precise) conjectures about “chromatically

localized algebraic K-theory” .

Remark

Precedents in Waldhausen, Thomason, Lichtenbaum–Quillen, Mitchell, ...

Among others, “K-theory raises chromatic height by 1” became known as “(chromatic) redshift

philosophy”

Example

Suslin: LT(1)K(C) ' KUp.

Mitchell: ∀n > 2,LT(n)K(Z) = 0

Example

Ausoni and Rognes computed K(`p)/(p, v1).

More or less “LT(2)K(KUp)”. Result: this is nonzero, and LT(n)K(KUp) = 0,n > 3
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Chromatic redshift for commutative ring spectra

Ausoni–Rognes, Hahn–Wilson

(BP〈n〉 so not commutative), ...

Theorem (Hahn)

If R is a commutative ring spectrum and LT(n)R = 0, then for allm > n,LT(m)R = 0.

Well-defined “height” for commutative ring spectra

For commutative ring spectra, qualitative form of redshift:

Theorems (Clausen–Mathew–Naumann–Noel, Land–Mathew–Meier–Tamme)

If R is a commutative ring spectrum and LT(n)R = 0 then LT(n+1)K(R) = 0.

“If R is of height< n, then K(R) is of height< n+ 1”. Upper bound for redshift.
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Chromatic redshift for commutative ring spectra (cont’d)

Theorems (Yuan, Burklund–Schlank–Yuan)

If R is a commutative ring spectrum of height> 0 and LT(n)R 6= 0 then LT(n+1)K(R) 6= 0.

“If R is of height> n, then K(R) is of height> n+ 1”. Lower bound for redshift.

Together : K-theory raises the height of commutative ring spectra by exactly 1.
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Redshift beyond commutative ring spectra

These results settle the “redshift philosophy” for commutative ring spectra, but leave many doors

open:

What remains

Quantitative/more precise versions of redshift

Non-commutative ring spectra (Ek,k > 2 and E1 + assumptions à la Ausoni–Rognes)

Symmetric monoidal stable categories

5



Redshift beyond commutative ring spectra

These results settle the “redshift philosophy” for commutative ring spectra, but leave many doors

open:

What remains

Quantitative/more precise versions of redshift

Non-commutative ring spectra (Ek,k > 2 and E1 + assumptions à la Ausoni–Rognes)

Symmetric monoidal stable categories

5



Redshift beyond commutative ring spectra

These results settle the “redshift philosophy” for commutative ring spectra, but leave many doors

open:

What remains

Quantitative/more precise versions of redshift

Non-commutative ring spectra (Ek,k > 2 and E1 + assumptions à la Ausoni–Rognes)

Symmetric monoidal stable categories

5



Redshift beyond commutative ring spectra

These results settle the “redshift philosophy” for commutative ring spectra, but leave many doors

open:

What remains

Quantitative/more precise versions of redshift

Non-commutative ring spectra (Ek,k > 2 and E1 + assumptions à la Ausoni–Rognes)

Symmetric monoidal stable categories

5



What about categories ?

Crucial asymmetry: CMNN + LMMT work at the category level, Y+BSY at the ring level.

No way to work in the full generality of symmetric monoidal categories:

Example

Countable spectra form a small stably symmetric monoidal category Spω1 and K(Spω1) = 0
(Eilenberg swindle)

Can be modified to work at any height.

Arbitrary symmetric monoidal categories are too general.
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Rigid categories

Much closer to commutative ring spectra: rigid stably symmetric monoidal categories (every object

has a dual).

Examples

ModR(SpT(n))
dual is an interesting example, and it features in CMNN

Compact genuine G-spectra

Representation categories Fun(BG, Perf(R))

Common slogan:

“Whatever works for commutative ring spectra works for rigid categories”

Call them “rigid categories” for this talk.
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Rigid categories

Example

Let C be a rigid category. There is a commutative ring map

K(C)→ End(1C)

taking dimensions of objects

(1C
coev−−→ x⊗ x∨

ev−→ 1C).

This gives a weak lower bound for redshift: K-theory does not decrease height (so no Eilenberg

swindles!).

Goal of this talk : explain why the lower bound for redshift fails for rigid categories (and therefore so

does the slogan from above).
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Noshift

Noshift Theorem

Let C be a T(n)-local rigid category. There exists a fully faithful symmetric monoidal embedding

C→ D such thatD is T(n)-local rigid, is countably generated as a C-module and

LT(n+1)K(D) = 0

“Redshift fails in every direction for rigid categories”

Remark

“Noshift” is upwards-closed (same phenomenon is used in Y+BSY, but to make the opposite point)

Take away

There is no categorical phenomenon underlying the lower bound for redshift. The proof of Y+BSY had

to be ring-theoretic.

9
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A stronger result

Main Theorem

Let C be a rigid category. There exists a fully faithful symmetric monoidal embedding C→ D such

thatD is rigid and

Dim : K(D)
'−→ End(1)BS1

+... to make sure it is T(n)-local if we want it to be

This theorem is about creating new rigid categories and “controlling” their K-theory to some extent.

Corollary

Let R be an ordinary commutative ring. There exists an idempotent complete rigid stable categoryD
with K0(D) ∼= R. It can be chosen to be R-linear.

10
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Dimensions

Recall that the free rigid category on a single object is the 1-dimensional framed cobordism category

(Baez–Dolan, Lurie, Harpaz, soon Barkan–Steinebrunner).

The symmetric monoidal dimension of the universal dualizable object,

1 coev−−→ x⊗ x∨
ev−→ 1

is, in this case, the circle S1 viewed as an oriented cobordism from the empty manifold to itself

∅

+

−

∅

+

−

co-evaluation on X = + evaluation pairing for X = +
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The Dimension morphism

The circle has an S1’s worth of (oriented) automorphisms

, so by universality, so does dim(x) for any
dualizable x in any symmetric monoidal category.

The Dimension morphism

K(C)→ End(1)BS1

encodes this S1-action and the fact that dimensions are additive along cofiber sequences.

Strategy

Show that one can enlarge C in a rigid way to add classes in K(C) with prescribed Dimension;

Show that one can enlarge C to kill classes in K(C) if their Dimension is 0

In other words we use the Dimension morphism as some kind of “lever”. The end result shows that

this lever is “optimal”.
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Proof ingredient 1

A key input to understand how to “modify” objects in a category is a description of free objects, in

this case free rigid categories.

By (unpublished) work of Barkan–Steinebrunner, they are closely

related to the Dimension morphism.

Theorem (Barkan–Steinebrunner, R.)

Let C be a rigid category (+...) andM a C-module. The free rigid commutative C-algebra onM,

Freerig
C (M) has endomorphism ring given by the free commutative algebra in Ind(C) on

HH(M/C)hS1

One can describe this free rigid commutative C-algebra in more detail.

“Labelled” cobordisms
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Relation with Dimensions

In the above context, the following square commutes :

K(M)[BS1] K(Freerig
C (M))[BS1]

HH(M/C)hS1 End(1Freerig
C (M))

tr D̃im

Thm.
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Proof ingredient 2

The previous result is how we control categorical objects (such asM) in terms of K-theoretic
information (related to HH(M/C) and the Dimension morphism).

But we need to get some categories in the first place. The second key input is my work with Sosnilo

and Winges, which allows us to categorify K-theory classes. We proved:

Corollary (R–Sosnilo–Winges)

Let C be a rigid category.

Let x ∈ πnK(C). There exists a countably generatedC-module E with K(E) = ΣnK(C), aC-moduleC ′

with a K-theory equivalence C→ C ′ and a zigzag E→ C ′ ← C of C-modules representing x under K.
Both K-theory descriptions are actually “motivic” and also hold for HH(−/C).
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Putting things together

The second key input RSW is used to categorify K-theory classes.

The first key input BS/R is used to

control the resulting categorifications.

Together:

Proposition

Let C be a rigid category and x ∈ πn(End(1C)BS1
). There exists a rigidD and a fully faithful

symmetric monoidal embedding C→ D such that x is in the image of πnK(D) under Dim.

(Does not really use RSW, mostly BS/R and very basic categorification of Σ/Ω)

Proposition

Let C be a rigid category and x ∈ πnK(C) be in the kernel of πnDim. There exists a rigidD and a fully

faithful symmetric monoidal embedding C→ D such that x is 0 in πnK(D).

(Really uses RSW and BS/R)
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Conclusion

Remark

For n = 0, both propositions are relatively easy exercises using only (a precise version of) BS/R.

At

height 0, this is sufficient.

Conclude with a small object argument.
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Thank you for your attention !
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