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Motivation === vniversit @@f MM

Theorem (Dundas-Goodwillie-McCarthy)

Let R — S be a map of connective ring spectra with 7o(R) — 714(S) a surjection with nilpotent kernel.
The following naturality square is cartesian:

K(R) ——K(S)

|

TC(R) — TC(S)
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Theorem (Dundas-Goodwillie-McCarthy)

Let R — S be a map of connective ring spectra with 7o(R) — 714(S) a surjection with nilpotent kernel.
The following naturality square is cartesian:

K(R) ——K(S)

|

TC(R) ——= TC(S)

Goal: Understand this and more generally the related Goodwillie calculus of localizing invariants

Maxime Ramzi 1



Outline of the proof == i

1. Reduce to the case of a square-zero extension (Connectivity and usual methods).
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v~ WN -

Reduce to the case of a square-zero extension (Connectivity and usual methods).

Reduce to the case of a trivial square zero extension (Connectivity and Land-Tamme methods).
Reduce to “P.,” (“convergence in Goodwillie calculus”).

Reduce to Py (Lindenstrauss-McCarthy)

Prove P;K = P; TC (Dundas-McCarthy, Hesselholt - both are THH)
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A word about Step 2

Square zero extensions fit into pullback squares:
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A word about Step 2 =t= e ()

Square zero extensions fit into pullback squares:

Land-Tamme’s map from the “circle-dot ring” () — R @ XM is highly connective.
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Classical Goodwillie calculus techniques reduce us to a statement like:
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preserves geometric realizations (everything connective).
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A word about Step 3 S @/ MM

Classical Goodwillie calculus techniques reduce us to a statement like:
M — fib(K(A & M) — K(A))
preserves geometric realizations (everything connective).

Follows from similar statement for M — BGLL(A & M).
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We are left with analyzing P,, n < co.
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We are left with analyzing P,, n < co.
Nowadays: K, TC are best understood as localizing invariants, in particular functors on CatPe".

Theorem (Harpaz-Nikolaus-Saunier, R.)
“Naturally” in C, Sp(Cat?%") ~ Fun"(Ind(C), Ind(C)).

These assemble in TCatP*"f, the tangent category, which can be informally described as the category
of pairs (C,S),S : Ind(C) — Ind(C), and morphisms are oplax transformations:

C——D

|/ L

C——D
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Example: rings ==l @Y

Above,

Q% : Fun™(Ind(C), Ind(C)) — Cat?e(;f’

S~ End(C;S) :={(x — Sx) | x € C}
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Example: rings == e

Above,

Q% : Fun™(Ind(C), Ind(C)) — Catse(;f’

S~ End(C;S) :={(x — Sx) | x € C}
A ring, M bimodule:

Perf(A ® M) < End(Perf(A), LM ®A —)

Equivalence if (A, M) connective.
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Deriving localizing invariants =

E : CatP*f — & localizing invariant (e.g. K or TC).

E(C;S) :=fib(E(End(C;S)) — E(C))
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Deriving localizing invariants

E : CatP*f — & localizing invariant (e.g. K or TC).

E(C;S) :=fib(E(End(C;S)) — E(C))

Analogous to fib(K(A & M) — K(A)).
This is the functor we will consider derivatives of.
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Beautiful insight of Nikolaus (following Kaledin): TCat® ¢ Ast and End(—; —) extends to ASt.
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Beautiful insight of Nikolaus (following Kaledin): TCat® ¢ Ast and End(—; —) extends to ASt.
For localizing invariants, this extension produces trace theories which give the derivatives P, E lots of
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|
A := Connes’ cyclic category.
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Trace theories | == @Y

Beautiful insight of Nikolaus (following Kaledin): TCat® ¢ Ast and End(—; —) extends to ASt.
For localizing invariants, this extension produces trace theories which give the derivatives P, E lots of
extra structure.

A := Connes’ cyclic category.
Objects: Categories freely generated by a cyclic graph

0

N\

1

S

Morphisms: Functors inducing degree 1 maps on realizations.

2
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OO
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Objects of ASt: cyclic graphs labelled by stable categories, with edges labelled by bimodules
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Objects of ASt: cyclic graphs labelled by stable categories, with edges labelled by bimodules
Co

(functors Ind(C;) — Ind(Ciy1)):

Cy

S/

Ca
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Objects of ASt: cyclic graphs labelled by stable categories, with edges labelled by bimodules
Co

(functors Ind(C;) — Ind(Ciy1)):

Cy

S/

C2
Morphisms: coCartesian edges over A°P correspond to composition
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Objects of ASt: cyclic graphs labelled by stable categories, with edges labelled by bimodules

(functors Ind(C;) — Ind(Ciy1)):
Co \
C /

Morphisms: coCartesian edges over A°P correspond to composition, and over the same object of A,
correspond to oplax transformations as in TCatP®":

Ci%Di

Maxime Ramzi 12



Example

Fa

Co

FioFp

G
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F2 Ci1
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End(C;S) :={(x1 — So(x0),X2 = S1(x1), .-, Xo = Sn(xn)) | xi € Ci}

Maxime Ramzi 14



Cyclic theories

End(C;S) :={(x1 — So(x0),X2 = S1(x1), .-, Xo = Sn(xn)) | xi € Ci}

E: CatP*" — &;then

—.

E<(C,S) := fib(E(End(C, S)) — E( Hc

can be made into a functor ASt — &
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End(C;S) :={(x1 — So(x0),X2 = S1(x1), .-, Xo = Sn(xn)) | xi € Ci}

E: CatP*" — &;then o o
EYC(C,S) :=fib(E(End(C, S)) — E(H Ci))

can be made into a functor ASt — &

Theorem (Nikolaus)

E : CatP®f — & localizing invariant. In this case, E¥¢ : ASt — & sends coCartesian edges to
equivalences.
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Trace theories Il == i

D
has coCartesian maps to (C, GF) and (D, FG).
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Trace theories Il == i @

D
has coCartesian maps to (C, GF) and (D, FG). Thus,

EY(C; GF) ~ E¥(D; FG)
Cyclic invariance ! But coherently.
Definition

Atrace theory is a functor T : ASt — & that inverts coCartesian edges.
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Trace theories Il == @Y

D
has coCartesian maps to (C, GF) and (D, FG). Thus,

E“°(C; GF) = E¥°(D; FG)

Cyclic invariance ! But coherently.

Definition
Atrace theory is a functor T : ASt — & that inverts coCartesian edges.
TrThy(€) is the category of trace theories.

Maxime Ramzi 15



Features of trace theories == e

T a trace theory. Then:
1. T(C; GF) ~ T(D; FG);
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Features of trace theories == @Y

T a trace theory. Then:
1. T(C;GF) ~ T(D; FG);
2. T(C;S°™) has a natural C-action;
3. T(C;idc) has an S'-action;
4. PPWT s still a trace theory.

Maxime Ramzi 16



The Goodwillie calculus of localizing invariants redux T

Try to understand P,,E®¢ as a trace theory.
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Try to understand P, E<Y© as a trace theory. What can it even look like ?
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Theorem (R.)

Evaluation at (Sp®, ids,) induces an equivalence:

TrThy'(€) — &5
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Evaluation at (Sp®, ids,) induces an equivalence:
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Try to understand P, E<Y© as a trace theory. What can it even look like ?
Let’s start with n = 1. In this case, if E is finitary, P;E<° preserves colimits in the bimodule variable.

Evaluation at (Sp®, ids,) induces an equivalence:

TrThy'(€) — &5
The inverse is X — X ® THH.

Sketch of proof

Try to compute T(C; S). Write S as a colimit of things of the form map(x, —) ® y, i.e. of things of the
form Ind(C) ™™= g5 —EY 1h4(C).
Get T(Sp, map(x,y))~ T(Sp, idsp) ® map(x, y).

Maxime Ramzi 17
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From this + universal property of K-theory, it follows essentially immediately that:

Theorem (Dundas-McCarthy)
P1K®¢ ~ THH
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The Dundas-McCarthy theorem ==

From this + universal property of K-theory, it follows essentially immediately that:

Theorem (Dundas-McCarthy)
P, K¢ ~ THH

More generally,

Corollary (R.)

Let E be a finitary localizing invariant. There is a canonical Xg € €BS" (namely P;E9<(Sp®, idsp)) with
P1EY¢ ~ X ® THH.

Maxime Ramzi 18



=" — universitit
Miinster

Frobenii

More can be extracted from this.
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More can be extracted from this. One can construct a polygonic Frobenius of the form

PLEYS(C, S) — PLE¥S(C, S°P)*Cr
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More can be extracted from this. One can construct a polygonic Frobenius of the form
PLEYS(C, S) — PLE¥S(C, S°P)*Cr

and with the above:

Corollary (R.)

For E finitary localizing invariant, Xg has a natural structure of a cyclotomic spectrum, and
P1E¥¢ ~ X ® THH as polygonic spectra.
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Frobenii == @Y

More can be extracted from this. One can construct a polygonic Frobenius of the form
PLEYS(C, S) — PLE¥S(C, S°P)*Cr

and with the above:

Corollary (R.)

For E finitary localizing invariant, Xg has a natural structure of a cyclotomic spectrum, and
P1E¥¢ ~ X ® THH as polygonic spectra.

More generally, can do:
PlEcyC(C, S) N PlECyC(C, SOTI)TCn

Maxime Ramzi 19
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Higher excisive trace theories

Let’s again start with the form that D,,E<° can take a priori:

1Analogous to “additive invariants”.
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Let’s again start with the form that D,,E<° can take a priori:

Theorem (R.)

Let T be an n-homogeneous, finitary, splitting® trace theory. There is an S'-spectrum X1 and an
equivalence

T~ (XT ® THH(—, —On))hc

n

1Analogous to “additive invariants”.
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Let’s again start with the form that D,,E<° can take a priori:

Theorem (R.)

Let T be an n-homogeneous, finitary, splitting® trace theory. There is an S'-spectrum X1 and an
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1Analogous to “additive invariants”.
Maxime Ramzi 20



=" — universitit
Miinster

Higher excisive trace theories

Let’s again start with the form that D,,E<° can take a priori:

Theorem (R.)

Let T be an n-homogeneous, finitary, splitting® trace theory. There is an S'-spectrum X1 and an

equivalence
T~ (XT X THH(—, —On))hc

n

To understand P,,E<¢, we need to understand:

1. Xp, poe;
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Higher excisive trace theories

Let’s again start with the form that D,,E<° can take a priori:

Theorem (R.)

Let T be an n-homogeneous, finitary, splitting® trace theory. There is an S'-spectrum X1 and an
equivalence
T~ (XT X THH(—, —On))hc

n

To understand P,,E<¢, we need to understand:
1. Xp, Eoe;
2. The glueing between different layers.

1Analogous to “additive invariants”.
Maxime Ramzi 20
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Remarkable feature of localizing invariants, very wrong in general Goodwillie calculus: the higher
derivatives only depend on P;.
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Remarkable feature of localizing invariants, very wrong in general Goodwillie calculus: the higher
derivatives only depend on P;. Ultimately comes downto A® (M @& N) ~ (A M) & N.

Theorem (Harpaz-Nikolaus-Saunier, R.)

E localizing invariant. There is a natural cartesian square:

PnEcyc - (PlECyC(*, 7on)JhCn
Pa_1EY — (PLEYE(—, —°m))tCx

and so P,,EY¢ ~ TR™(P;E<) with the polygonic structure described earlier.

Maxime Ramzi 21



Back to DGM == e

From this perspective, one can a posteriori (and ahistorically) motivate TC as follows:
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From this perspective, one can a posteriori (and ahistorically) motivate TC as follows:

Slogan

TCis a localizing invariant built out of P; K<< and its extra structure to ensure that P;K ~ P; TC. From
this, the way to the DGM theorem is relatively formal
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Back to DGM == e

From this perspective, one can a posteriori (and ahistorically) motivate TC as follows:

Slogan

TCis a localizing invariant built out of P; K<< and its extra structure to ensure that P;K ~ P; TC. From
this, the way to the DGM theorem is relatively formal and mostly relies on connectivity properties of
K-theory.

Maxime Ramzi 22



=" — universitit
Miinster

Conclusion

I would like to extract a second slogan from the discussion so far:
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Conclusion == @Y

I would like to extract a second slogan from the discussion so far:

Slogan

The Goodwillie theory of a finitary localizing invariant E is controlled by a single cyclotomic spectrum,
namely P1E®¥(Sp®, ids,). For K-theory, this happens to be S*" for universality reasons.

Maxime Ramzi 23
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Dustin asked me in Paris: Why consider TCat*" when you are discussing also higher derivatives of
K-theory/localizing invariants ? The natural thing to consider is the nth “jet bundle”.
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A conjecture == e

Dustin asked me in Paris: Why consider TCat”*f when you are discussing also higher derivatives of
K-theory/localizing invariants ? The natural thing to consider is the nth “jet bundle”.
m One can just answer: it works with this, so why not ? (Boring)

m Beyond the “natural” things discussed above, there are also non-splitting n-homogeneous trace
theories, like THH®2. These contribute to the answer being difficult. One might want to exclude
them.

Conjecture

There is a variant of the nth jet bundle P, (Cat”*) which takes into account splitting-ness. This
variant is equivalent to AL,
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