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1 | INTRODUCTION

Let G be a finite group and M a G-module. The Tate cohomology H*(G; M) of G with coef-
ficients in M was introduced by Tate in [80]. It combines information about three important
invariants: group cohomology H*(G; M), group homology H,.(G; M), and the additive norm map
Nm : M; — MC from coinvariants to invariants. Swan [79] used Tate cohomology to define an
equivariant cohomology theory for G-spaces.

Greenlees [29] initiated the study of a vast generalization of Tate cohomology using equivariant
homotopy theory. Let X be a spectrum with G-action. The Tate construction X'C is defined by

X'® := (EG AF(EG,,X))°,
where EG is a contractible space with free G-action and EG is the cofiber of the map EG L= S0
which collapses EG to the non-basepoint. This construction generalizes classical Tate cohomology

by taking X = HM to be the Eilenberg-MacLane spectrum for a G-module M, as

7,(HM'®) = H*(G; M).

IpUOO pUe S L 3y} 385 *[9202/80/0T] U0 ARIdIT8UIIUO ABIIM BISYIOY JO AISIBAIUN AQ 8TO0L 0dOZTTT OT/IP/LCY AB| 1M AJeiq 1PUIIUO"I0SYIRLIPUO|/SANY WO papeojumod T ‘SZ0Z 'vev8ESLT

dny) suony

oy,

85LB01 SUOWLLOD SAIIaID 3|qeal|dde au Aq peusenob ae sajoilie YO ‘asn Jo Sajn. 1oj AkeiqiauluO 3|1 UO (SUONIPUOD-PU.:



ON THE PARAMETERIZED TATE CONSTRUCTION | 3 of 95

The Tate construction was generalized to compact Lie groups and studied extensively by Green-
lees and May in [30], where they constructed the primary computational tool for analyzing Tate
constructions, the Tate spectral sequence.

The Tate construction has many applications in algebraic topology. In chromatic homotopy
theory, the Tate spectrum often decreases chromatic complexity [3, 8, 23, 24, 30, 31, 45] and its van-
ishing controls descent [57, 58, 71]. In trace methods, the Tate construction arises when computing
topological cyclic homology, an approximation to algebraic K-theory [36, 37, 67]. In equivariant
stable homotopy theory, the Tate construction naturally arises in the construction of equivari-
ant Adams spectral sequences [29, 46] and analysis of the Hill-Hopkins-Ravenel slice spectral
sequence [40, 62, 81].

The input of the Tate construction is a spectrum with G-action and the output is an ordinary
(nonequivariant) spectrum. The purpose of this paper is to study the parameterized Tate construc-
tion, a generalization of the Tate construction better suited for studying genuine’ G-spectra. The
input of the parameterized Tate construction will be a G-spectrum (for a finite group G) with a
twisted action by a compact Lie group K and the output will be a G-spectrum.” To make the idea
of twisted action precise, we will use the formalism of parameterized co-categories as developed
by Barwick-Dotto-Glasman-Nardin and the second author [10, 65, 66, 74, 75]. Let O denote the
orbit category of G.

Definition 1.1. A G-oo-category, respectively, G-space is a cocartesian, respectively, left fibration
C - @gp. A G-functor F : C — D is then a morphism over @gp that preserves cocartesian edges.

Remark 1.2. Under the straightening correspondence, a G-oco-category, respectively, G-space C is
equivalently specified by a presheaf on Oy valued in co-categories, respectively, spaces, while a
G-functor corresponds to a natural transformation of presheaves. By abuse of notation, we switch
freely between these two perspectives.

Example 1.3. We have the G-oo-categories SpcG and Sp® of G-spaces and G-spectra.’ Their

respective fibers over an orbit U = G/H are given by the co-categories Spcy; ~ Fun(0:", Spc) and
Sp™! of H-spaces and H-spectra, and the cocartesian edges encode the functoriality of restriction
and conjugation.

Now let
¢=[1—>K—>@—>G—>1]

be a group extension, regard BK as a space with G-action via the Kan fibration BG — BG, and let
BgK be the G-space classified by the right Kan extension of BK along the inclusion BG C @gp.

Definition 1.4 (Definition 3.19). A G-spectrum with 1-twisted K -action is a G-functor X : BgK -
SpG.

Suppose for now that G is also finite. The most expeditious definition of the parameterized Tate
construction proceeds through the following theorem, a parameterized analogue of the canonical

"In this paper, we usually drop the qualifier “genuine” and simply refer to these as G-spectra.
# Note the switch of notation: K has now taken the role that G used to play.

§ We place the G differently to emphasize that SpC is not the fiberwise stabilization of Spc .
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embedding of spectra with G-action into G-spectra as the Borel complete (i.e., cofree) G-spectra.
Recall that given a G-family 7 with universal G-space EF, a G-spectrum X is F-torsion if EF_ A

X 5 X and F-complete if X 5 F(EF,,X), cf. Subsection 2.2.

Notation 1.5 (Notation 3.23). Let I'y be the @-family of K-free subgroups, that is, those H < G such
that HNK = 1.

Theorem A (Theorem 3.24). Let
¢=[1—>G—>@—>K—>1]
be a group extension in which Gis finite. There exists a symmetric monoidal restriction functor’
j* + 8¢ = Fung (BYK. 5p°)

that participates in an adjoint triple

Jr
P G ) el
Fung(BZK,Sp”) <" — Sp
° J

in which j, and j, are fully faithful and embed Fung (BgK , S_pG) as the I'y-torsion and I'y-complete

G-spectra, respectively.

Definition 1.6. The parameterized Tate construction
(=)'<C : Fun, (BgK, s_pG) — 5p°
is the composite lax symmetric monoidal functor

Jx A —AETg ~ wK
Fung <B2K, SpG) & sp¢ —5 §p% —s §pt,
where

(1) j, is the embedding of Theorem A,
(2) ETy is the cofiber of the map ETy , — S%and
(3) WK is the categorical K-fixed points.*

Examples 1.7.

(1) If we take
p=[1-K—->K->1->1],

then the parameterized Tate construction recovers the ordinary K-Tate construction.

TWe endow Fung (BgK ,Sp®) with the pointwise symmetric monoidal structure of Definition A.1.

#We write this as WX to distinguish it from the spectrum-valued functor of categorical K-fixed points (—)X : Spa — Sp.
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(2) Let p,n be the group of p"th roots of unity with C,-action given by inversion and let
'(,b:[l_>,upn _>D2pn =/lpn><1C2—>C2—>1].

The associated parameterized Tate construction (=)fc2Hp" features extensively in the authors’
work on real cyclotomic spectra [70]. We discuss this further in Remark 1.13.
(3) The case

P=0-g" @ N O > O~ 1],

where C,» acts by cyclically permuting the factors of ,u;(znfl, is analyzed in forthcoming work
of the first author with Chatham-Li-Lorman. The n = 1 case was used in [50] to obtain a Tate
splitting for real Johnson-Wilson theories and in [68] to understand the C,-equivariant stable
stems. These applications are outlined further in Remark 1.14.

Remark 1.8 (Extension to compact Lie groups). With suitable modifications, our proof of Theo-
rem A (and consequently, Definition 1.6) also applies in the more general situation where K is
a compact Lie group. The reason that we state and prove Theorem A only when K is finite is
due to our choice of foundations for equivariant stable homotopy theory. In this paper, we adopt
the foundations laid down by Bachmann and Hoyois [7, section 9], who attach to every profi-
nite groupoid X a presentable, stable, and symmetric monoidal co-category SH(X) such that for
X = BG, SH(BG) is equivalent to the underlying co-category Sp° of the category of orthogonal
G-spectra. To avoid mixing different approaches to the foundations of G-spectra, we then wish to
avoid any mention of Sp® for an infinite compact Lie group G. Instead, we will define the param-
eterized Tate construction when K is compact Lie via the machinery of parameterized assembly
maps (cf. Theorem D).

To justify our claim that the parameterized Tate construction is a suitable genuine equivariant
refinement of the Tate construction, we then have the following suite of basic results.

Observation 1.9 (Norm cofiber sequence). For the constant G-diagram functor
& : sp° — Fung (BgK,s_pG),

define the parameterized homotopy orbits (—) nek tobeitsleft adjoint and the parameterized homo-
topy fixed points to be its right adjoint.” The parameterized Tate construction is then designed to
“measure the difference” between (_)hc ¢ and (=) K,

More precisely, we have that the adjoint triple j, 4 j* - j, of Theorem A is one half of the
recollement on Sp6 determined by the idempotent E_ -algebra ETy. Recollement theory then
yields the cofiber sequence

Ji(=) = j(=) = j.(=) AETg.

As WK isright adjoint to the inflation functor inf g and j* infC ~ &, we get that UK j, ~ (—)"cK. We
also have the Adams-type isomorphism WX j, ~ (=)nykx (Remark 4.30). Applying WK then yields

T These are the G-colimit and G-limit functors, respectively.
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6 0f95 | QUIGLEY and SHAH

the norm cofiber sequence
(g = (1K — ()X,
Observation 1.10 (Geometric model). Let Y be a G-spectrum. By monoidal recollement theory, we

have that j j*Y ~ ETx, AY and j,j*Y ~ F(ETk_,Y). If we then consider X = j*Y, we obtain a
geometric model for the parameterized Tate construction’

X'oK ~ WK(F(ETy,,Y) A ETy).

This identifies (—)‘cX as a special instance of the Greenlees-May generalized Tate construction
for a G-family [30, part IV] and hence yields a spectral sequence with E,-term given by certain
Amitsur-Dress-Tate cohomology groups (Remark 4.33).

For the next observation, we write Fung for the internal hom in G-co-categories and recall

that for a G-cocomplete G-oo-category such as Sp” and a (small) G-co-category I, the G-colimit
functor o

colim® : Fung(I, Sp®) — Sp°

always refines to a G-functor Fun (7, Sp®) — Sp® such that the fiber over G/H is given by the
H-colimit. If I = B?;K , we then write (_)hc ¢ for the G-colimit G-functor. Likewise, SpG is also

G-complete, and we write (—)2X for the G-limit G-functor.

Observation 1.11 (Compatibility with restriction, Observation 4.34). Let X be a G-spectrum with
-twisted K-action, H < G a subgroup, H = 7~'(H) for the quotient map 7 : G - G, and Yy =
[1 - K - H - H - 1]. Regard X as a H-spectrum with 1, -twisted K-action via the restriction
functor

Fung (B(“;K, SpG> ~ Funy (B;"IHK, spt! )

given by pulling back along 0,7 = (07)/1)/ — 6P Then resl X'X ~ X'sK_ In particular, the
underlying spectrum of XK is XK. More generally, (—)'cX refines to a G-functor

(—)<k : Fun, <B2K, S_pG) - S_pG,
and the norm cofiber sequence refines to a sequence of natural transformations of G-functors
(Dpgx = (K = (—)ak
whose fiber over G /H is given by the norm cofiber sequence

(i = (K ()i,

T As we have already seen, classically it is customary to conflate X and Y and simply write XX ~ (F(EK,,X) A EK)X.
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Observation 1.12 (Residual action, Proposition 4.37). Let X as above. Suppose that G =~ K X G for
a G-action on K, and let L < K be a normal subgroup such that the inclusion is G-equivariant.
Consider the group extensions

P =[L-LXG—-G], ¥"=[K/L-K/LXG - G],

!
and view X as a G-spectrum with 1’ -twisted L-action via restriction along Bg L— BgK .Then X't
canonically acquires a “residual action” in the sense of lifting to a G-spectrum with " -twisted
K /L-action, and we have a fiber sequence of G-spectra’

(XhGL)tGK/L _)XZGK_)(XtGL)hGK/L.

Before stating our deeper results, we pause to explain some applications of the parameterized
Tate construction.

1.1 | Motivation and applications

Our study of G-spectra with -twisted K-action and the parameterized Tate construction (—)'x¢ is
motivated by a number of topics in equivariant stable homotopy theory. In particular, these con-
cepts play a central role in our work on real algebraic K-theory, hyperreal oriented cohomology
theories, and generalized Mahowald invariants. Our guiding philosophy is that the parameter-
ized Tate construction should replace the ordinary Tate construction whenever a statement in
classical stable homotopy theory might admit a genuine equivariant refinement. We discuss the
implementation of this philosophy in the following remarks.

Remark 1.13 (Real algebraic K-theory). Hesselholt-Madsen [38], Schlichting [73], Spitzweck [77],
Heine-Spitzweck-Verdugo [35], and Calmés et al. [15-17] have all defined real algebraic K-theory."
All approaches ultimately yield a genuine C,-equivariant refinement of algebraic K-theory whose
categorical C,-fixed points are Grothendieck-Witt theory (i.e., hermitian K-theory) and whose
geometric C,-fixed points are some flavor of algebraic L-theory.

By the Dundas-Goodwillie-McCarthy theorem [26], the algebraic K-theory of connective
ring spectra is closely approximated by topological cyclic homology, an invariant obtained from
the cyclotomic structure on topological Hochschild homology. Cyclotomic structures were origi-
nally defined using genuine S'-equivariant homotopy theory [12, 13, 36]. An incredible insight
by Nikolaus-Scholze in [67] is that for bounded-below spectra, cyclotomic structures can be

 Note that X, heL acquires a residual action by a more basic result of parameterized higher category theory. Namely, con-
sider the G-left Kan extension p,X of X along p : BgK - B(I’I;K /L. By definition, p,X is a G-spectrum with 3" -twisted

K /L-action, and as p has G-fiber BZL (with the basepoint of BZK /L given by the semidirect product splitting), the
underlying G-spectrum of p,X is indeed X, .

T Hesselholt-Madsen work with exact categories with duality and weak equivalences, while Schlichting works with dg
categories with weak equivalences and duality. Spitzweck constructed a Grothendieck-Witt space and connective real
K-theory C,-spectrum for stable co-categories with duality, and subsequently Heine-Spitzweck-Verdugo defined the real
algebraic K-theory of Waldhausen oco-categories with genuine duality. In a separate line of development, Calmes et al.
define the real algebraic K-theory of Poincaré co-categories, which were introduced by Lurie [55] in his course on algebraic
L-theory and surgery.
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80f 95 | QUIGLEY and SHAH

described completely using Borel S'-equivariant homotopy theory. The Tate construction fea-
tures prominently in their perspective: given a bounded-below spectrum X with S'-action, a
cyclotomic structure on X amounts to a collection of S'-equivariant Tate-valued Frobenius maps
¢, : X = X'r, one for each prime p.

A genuine C,-equivariant refinement of cyclotomic spectra, called real cyclotomic spectra, was
introduced by Hegenhaven in [43]. This notion mirrors the original definition of cyclotomic spec-
tra and requires the use of genuine O(2)-equivariant homotopy theory. In [70], we refine the
approach of Nikolaus-Scholze to define real cyclotomic spectra using C,-spectra with twisted S*-
action and the parameterized Tate construction as the receptacle of the real cyclotomic Frobenius,
and prove that this recovers the genuine formulation provided that the underlying spectrum of
the C,-spectrum is bounded-below. This will be used to study real algebraic K-theory in future
work; we refer the reader to the introduction of [70] for further discussion.

The following result is a relatively straightforward application of the results mentioned above.
It extends [30, Theorem 16.1] to the parameterized setting.

Theorem B (Inverse limit formula for the parameterized Tate construction, Theorem 4.40). Let
Pp=[K—> G — G| be an extension withK C H foreach H & T'y.. Suppose V is as in Lemma 4.38 for
F =Ty, thatis, V is a G-representation with VH = 0 for H ¢ Ty and V¥ # 0 for H € T. For any
X € Sp®Tx ~ Sp©, we have

RORN t[ JN . zp —nV
(LX) = lim (BGK ®ZX>.

This formula for the parameterized Tate construction has several applications in equivariant
stable homotopy theory.

Remark 1.14 (Tate blueshift). Hyperreal oriented cohomology theories are genuine C,n-spectra
which generalize complex oriented cohomology theories, or cohomology theories with Thom iso-
morphisms for complex vector bundles. When n = 1, a hyperreal oriented cohomology theory is a
real oriented cohomology theory as introduced by Hu-Kriz in [46]. Hyperreal oriented cohomol-
ogy theories for n > 1 were first applied in the Hill-Hopkins-Ravenel solution to the Kervaire
invariant one problem in geometric topology [40]. They have since been applied to study the sta-
ble homotopy groups of spheres [34, 41, 51], where their fixed points model the fixed points of
Lubin-Tate spectra.

The ordinary Tate construction was shown to decrease the height of certain complex oriented
cohomology theories by Ando-Morava-Sadofsky [3]. The key computational input to their work
is the isomorphism of graded rings

7 (B'?) = E*((x))/[p](x),

where [ p](x) is the p-series of the formal group law associated to E. This isomorphism arises from
a geometric description of the Tate construction proven by Greenlees-May in [30, section 16]. The
fact that it is an isomorphism of graded rings relies on the multiplicativity of the Tate construction
(cf. [30, p. 7]).

The parameterized Tate construction was used to produce analogous results for real oriented
cohomology theories in [50] and will be applied in forthcoming work of the first author with
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Chatham-Li-Lorman to study hyperreal oriented cohomology theories. The starting point for
these computations is the observation that the parameterized Tate construction, instead of the
ordinary Tate construction, can be used to access formal group law techniques for hyperreal ori-
ented cohomology. Theorem B is used to construct spectrum-level splittings of the parameterized
Tate construction.

Remark 1.15 (Generalized Mahowald invariants). Theorem B and the generalized Segal conjecture
(cf. [2] and Theorem 5.35) can be used to define a G-equivariant Mahowald invariant

M(=) : 79(S) » 79(S)

whenever there exists a @-representation V as in Lemma 4.38. The classical Mahowald invariant
may be used to produce Hopf invariant one elements in 77,.(S): one has n = M(2), v = M(%), and
o = M(v). Similarly, it was shown in [68] that the C,-equivariant Mahowald invariant gives rise
to the C,-equivariant Hopf invariant one elements in an(S). It could be interesting to produce
analogous elements for other groups.

The Mahowald invariant can often be approximated by studying E'*», where E is a ring spec-
trum equipped with a trivial u,-action. The multiplicativity of the ordinary Tate construction is
often useful in these analyses.” The multiplicativity of the parameterized Tate construction should
have similar consequences for computing approximations to generalized Mahowald invariants.

1.2 | Deeper results and main theorems

Definition 1.6 of the parameterized Tate construction may be viewed as a generalization of Green-
lees’ geometric model for the ordinary Tate construction. Another important abstract perspective
on Tate constructions is afforded by Lurie’s theory of ambidexterity [ 56, section 6.1.6]. Suppose C is
any semiadditive oco-category that admits limits and colimits indexed by finite groupoids, suppose
K is a finite group, and let X be an object in C with K-action. Then one has an additive norm map

Nm : X, — XK

whose cofiber defines the Tate construction X*X. The vanishing of Tate (e.g., in the T(n) or K(n)-
local category [22, 48]) then leads to a rich theory of higher semiadditivity [19-21, 44].

Using the formalism of Beck-Chevalley fibrations, Hopkins and Lurie have set up a very gen-
eral framework for producing norm maps in [44, section 4.1-2]; to apply this theory in the above
example, they then prove that the co-category LocSys(C) of local systems on C constitutes a Beck-
Chevalley fibration over Spc [44, section 4.3]. We initiate the theory of parameterized ambidexterity
in this paper by proving that for a suitably G-cocomplete G-oco-category C, the oco-category
LocSys®(C) of G-local systems on C is a Beck-Chevalley fibration over Spcg (Corollary 4.6). We
then explicate the relevant z-finiteness and truncatedness conditions. These conditions turn out
to be related to the notion of G-semiadditivity studied in [65].

Notation 1.16. Let C be a G-co-category and let U be a finite G-set with orbit decomposition U =~
[, U;. We thenwrite Cy; =[], Cy,- Moreover, for a map of finite G-sets f : U — V, we write
f* 1 Cy, — Cy for the evident restriction functor.

* For instance, it implies that the inverse limit Adams spectral sequence for E**» is multiplicative.
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Definition 1.17. Let C be a G-oo-category. Then C admits finite G-coproducts if for every map
of finite G-sets f : U =V, f* : C, = Cy admits a left adjoint f,, and the Beck-Chevalley
condition is satisfied, that is, for every pullback square of finite G-sets

v L v

bk

UL}[/

the exchange transformation f]g¢’* = ¢*f, is an equivalence. Dually, we have the evident notion
of when C admits finite G-products, and we denote the resulting right adjoints as f .

Suppose now that C admits finite G-products and G-coproducts. We say that C is G-semiadditive
if C is fiberwise pointed and for all maps of finite G-sets f : U — V, the canonical natural
transformation y : f, = f, is an equivalence.”

We now have that for a suitably G-bicomplete G-semiadditive G-oo-category C and any
G-functor X : BzK — C, one has a parameterized norm map (Definition 4.24)

Nm : X, g — X",
Theorem C (Theorem 4.29). Let
¢=[1—>K—>@—>G—>1]

be a group extension with G finite. Suppose C = Sp®. Then the two parameterized norm maps
constructed via ambidexterity theory and recollement theory (Observation 1.9) coincide.

Remark 1.18. After Theorem C, we establish Observations 1.11 and 1.12 as a corollary of some
general properties of norm maps established in [44, section 4.2].

There is yet a third approach to the Tate construction via assembly maps in the sense of Weiss-
Williams [82], which was first studied by John Klein [47] and later taken up in the oo-categorical
context by Nikolaus and Scholze [67, section 1.3-4], who used it together with the multiplicative
theory of the Verdier quotient to prove that the Tate construction uniquely admits a lax symmetric
monoidal structure [67, Theorem 1.4.1]. We now let K be a compact Lie group and write S for
2% of the one-point compactification of the adjoint representation a of K. Suppose also that G =
K X G for some G-action on K, and note that S® canonically admits the structure of a G-spectrum
with ¢-twisted K-action (Observation 5.56).

Theorem D. There exists a parameterized assembly map

(8 A=)y x — ()oX : Fun (B4K,5p% ) — Sp°

T y is constructed as in [65, 5.2] or Definition 4.15.

#We make this assumption to identify the dualizing G-spectrum as S%; the parameterized assembly map itself exists for
any G-space. We also do not need to suppose G = K X G if K is finite, as the dualizing G-spectrum is then necessarily
the unit.
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such that:

(1) ifK is finite, a coincides with the norm map (_)ﬁcK — (—)2X of Observation 1.11;

(2) «a is terminal among all natural transformations «’ : F — (=)'eX from G-colimit preserving
G-functors F;

(3) « is an equivalence when restricted to the full G-subcategory FunG(BgK, S_pG)“’ of compact
objects.

Moreover, properties (2) and (3) uniquely specify a.
Proof. Combine Theorem 5.48, Remark 5.51, and Proposition 5.57. O

Given Theorem D, we may unambiguously write (—).X for the cofiber of a. We now wish to
understand the multiplicative properties of (—).X as a G-functor. Note that, at least if K is finite,
Definition 1.6 already endows (—)'¢K with the structure of a lax symmetric monoidal functor.
However, in the context of G-co-categories, more elaborate multiplicative structure on Sp® in the

form of the Hill-Hopkins-Ravenel norm functors is present [7, 39, 40], and these endow Sp® with
the structure of a G-symmetric monoidal co-category (Definition 5.7). One also has a pointwise
G-symmetric monoidal structure on Fun,,(I, Sp®) (Example 5.14). We then do not expect to be

able to uniquely characterize the lax symmetric monoidal structure on (—)'¢X, but rather only a
to-be-defined lax G-symmetric monoidal structure on (—).X . Indeed, by developing the theory of
parameterized Verdier quotients, G-®-ideals, and induced G-objects, we are able to prove:

Theorem E (Corollary 5.60). The G-functor (—):<X and natural transformation g : (=K -
(—)X uniquely admit the structure of a lax G-symmetric monoidal functor and morphism thereof."

Warning 1.19. The universal property of the map 8 in Theorem E is with respect to mapping
(=) into lax G-symmetric monoidal functors that vanish on “induced objects”. This turns out
to be a subtle notion in the parameterized setting: see Definition 5.38.

Remark 1.20. In applications to real trace methods, Theorem E is important because it implies the
real topological cyclic homology of a C,-E -algebra to again be a C,-E -algebra.

Finally, it is imperative for applications to be able to understand the various geometric fixed
points of the parameterized Tate construction in terms of computationally accessible spectra.
To this end, we leverage recent advances in reconstructing G-spectra from their geometric fixed
points [4, 28] in order to give an explicit formula for the geometric fixed points of an F-complete
G-spectrum, for G a finite group and 7 any family of subgroups of G. To explain our result, we
need to introduce a few more definitions, cf. Subsection 2.3.

Definition 1.21. Given a preordered set (S, <), we let sd(S) denote its barycentric subdivision.
This is the category whose objects are strings [x, < x; < -+ < x,,] in S and where a morphism

axg <xp-r <xp] = [y <y <o <Yl

 As with [67, Theorem 1.4.1(vi)], the uniqueness assertion is really about 8 and not (—).X in isolation.
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is the data of an injective map « : [n] — [m] of totally ordered sets and a commutative diagram
in S (regarded as a category)

~
~

=
3

\
Xo 7 X1

Yo > Vi > Vi

~

where the vertical maps are isomorphisms.” By a slight abuse of terminology, we call such
morphisms string inclusions.

Definition 1.22. Let © be the preordered set whose objects are subgroups of G and where the
relation is that of subconjugacy.

For any subgroup H < G, let WoH = NgH/H denote the Weyl group, and recall that the
geometric H-fixed points functor

(—)?H : spC — Sp"Well = Fun(BWH, Sp)
admits a fully faithful right adjoint ¢;.

Definition 1.23. Let H, and H; be subgroups of G. The generalized Tate functor Tg:) is defined to
be the composite

Lty

eIl
Tgi :SphWGH(, c \ SpG (=) 1} SphWGHl‘

Example 1.24.

(1) If H,is not subconjugate to H,, then ‘L'g(l) is the zero functor. If H,, is conjugate to H;, then rgé
is an equivalence.

(2) IfHy = 1 and H, = G, then 7Y is the proper Tate construction. This agrees with the ordinary
Tate construction if G is cyclic of prime order, but not in general. For instance, if G = sz,

then
ORGEICEDRS

Observation 1.25. Given a sequence of properly subconjugate subgroups H, < H; < H,, gener-
alized Tate functors only left laxly (i.e., oplaxly) compose: that is, one has a canonical natural
transformation

H,
Hy

. H2 HZ
can : 7, = 70T
which fails to be an equivalence in general. More generally, for any string inclusion

o:[Hy<--<H,]—>[K,<- <K,]

 Note that sd(S) is then a category associated to a preordered set.
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such that (0) = 0 and a(n) = m, one has a canonical natural transformation’

H K, K
canz : T,," o--0oT, ' =>7T,™ o--0T, .
@ n—1 H() Km—l KO

Observation 1.26. For any string inclusion
a:[Hy<-<H,]—-[Ky<- <K, <Hy<--<H,]
such that « is the inclusion of a convex subset, one has a natural transformation
. H H H K K,
cang . T Vl_lo eee oTH(l)o(—)¢ 0= THZ_IO .. OTK; 0(_)¢ 0
. . H, . Hy _\¢H, . .
given by applying 7, ooty o(—)%"0 to the composite of unit maps

id=> ‘KO(—)¢K° = [Kn(_)¢K"° °lK0(—)¢K°-

Notation 1.27. For a subgroup H not in F, let J;; C sd(©) be the full subcategory on strings [K|, <
- <K, <H]suchthatK; € Fforalll<i<n

Theorem F (Corollary 2.49). Suppose that X € Sp® is an F-complete G-spectrum. Then for each
subgroup H ¢ F, the H-geometric fixed points X! € Sp"™"eH can be computed as a limit involving
only the geometric fixed points X¥X for subgroups K € F and generalized Tate functors thereon. More
precisely, we may functorially associate to X a functor F : Jy; — Sp™eH such that X1 ~ lim i, F
and

(1) F(Ky < - <K, <HD =7 5" 1] (X#K0);

(2) F sends a string inclusion [K, < -+ < K, < H] = [L, < --- < L, < H] to the composite of the

canonical maps of Observation 1.25 and Observation 1.26 associated to the factorization

[Ky < -+ <K,<H]—>[Ly<- <Ky<-<K,<H]->|[Ly<- <L, <H]

in which the first string inclusion is the inclusion of a convex subset.

Remark 1.28. The formula of Theorem F in the case where G =D,, = u, XC, and ¥ =T,
plays an important role in our proof of the dihedral Tate orbit lemma in [70], which is the key
computational input needed to show that genuine and Borel real cyclotomic spectra agree in the
“underlying bounded-below” case.

Remark 1.29. Our proof of Theorem F is based off of an alternative proof of the Ayala-Mazel-
Gee-Rozenblyum reconstruction theorem (Theorem 2.42) due to the second author. On the other
hand, given their theorem and the appropriate cofinality arguments, it should not be difficult to
derive Theorem F. We were motivated to take a slightly longer route in reproving their theorem in
order to illustrate how a detailed understanding of the combinatorics of barycentric subdivision
can substitute for any explicit usage of (co, 2)-category theory in the proof.*

T Note that we implicitly make the identifications SphWCH0 ~ SphWCKU and SphWGH" ~ SphWGKm using the conjugacy
relations. All issues of conjugacy are dealt with rigorously in the main body of the paper.

£ Of course, using the theory of locally cocartesian fibrations may be thought of as implicitly using (o, 2)-category theory.
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Remark 1.30. Shortly after the original appearance of this article, Ayala-Mazel-Gee-Rozenblyum
published a greatly expanded version of their work in [6]. There, they derive a formula for the
categorical fixed points of a G-spectrum in terms of its geometric fixed points [6, Observation 5.4.3]
that should be contrasted with Theorem F.

Remark1.31. In [5, Theorem A], Ayala-Mazel-Gee-Rozenblyum give a formula for the generalized
Tate functors in terms of proper Tate constructions.

1.3 | Outline

In Section 2, we discuss background and the F-recollement on SpG. In Subsection 2.1, we recall
the co-category of genuine G-spectra Sp® from Bachmann-Hoyois [7]. In Subsection 2.2, we recall
the theory of families of subgroups of a finite group and describe the F-recollement on Sp°® for
any family of subgroups F of G. We describe the relationship between the 7-recollement and the
acyclization, completion, and localization functors of Mathew-Naumann-Noel [59], as well as the
canonical fracture of Ayala-Mazel-Gee-Rozenblyum [4]. In Subsection 2.3, we reprove Theorem
A from [4] which identifies genuine G-spectra in terms of their geometric fixed points. We then
prove Theorem F and apply it in the cases relevant for [70].

In Section 3, we specialize to the N-free family I'y = {H : H N N = 1} of subgroups for a nor-
mal subgroup N < G. In Subsection 3.1, we define the oco-category of N-naive G-spectra Spf,_nalive
and discuss its fundamental properties. In Subsection 3.2, we define the co-category of N-Borel
G-spectra Sp](\;]_Borel. We study the forgetful functor %,[N] : Sp® — Spf]_Borel, its adjoints, and the
relationship to the I'y-recollement, proving Theorem A. As an application, we obtain the sta-
ble symmetric monoidal recollement describing Sp”2", which we use in [70] to analyze real
cyclotomic spectra.

In Section 4, we define the parameterized Tate construction in the finite group case. In Subsec-
tion 4.1, we extend the ambidexterity theory of Hopkins—Lurie [44] to the parameterized setting. In
Subsection 4.2, we use parameterized ambidexterity to define a parameterized norm map between
parameterized homotopy orbits and parameterized homotopy fixed points for any finite group
extension of G. The parameterized Tate construction is then defined as the cofiber of this map.
Reconciling this definition with Definition 1.6, we prove Theorem C and deduce several useful
properties mentioned above, such as Observations 1.9-1.12. We also prove Theorem B regarding
the inverse limit formula for the parameterized Tate construction.

In Section 5, we define the parameterized Tate construction for an extension of a finite group
by a compact Lie group by extending Klein’s assembly map definition of the Tate construction
(cf. [47] and [67, section 1.4]) to the parameterized setting. In Subsection 5.1, we recall several
notions related to G-symmetric monoidal structures used throughout the sequel. We then discuss
parameterized Verdier quotients and G-®-ideals in Subsection 5.2 and the parameterized notion
of induced objects in Subsection 5.4. Our key result is that the G-subcategory of induced objects
is a G-®-ideal (Corollary 5.47). In Subsection 5.5, we apply all of these ideas to define the param-
eterized Tate construction for infinite groups (Definition 5.49) and prove Theorems D and E. We
also discuss an example (Example 5.58) for G = O(2) which plays an important role in our study of
real cyclotomic spectra in [70]. Finally, we digress in the middle to upgrade the generalized Segal
conjecture to a statement about Tambara functors (Theorem 5.35).
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1.4 | Notation and terminology

We assume knowledge of the theory of recollements in this paper and refer to [76] as our pri-
mary reference. Given a stable co-category 2 decomposed by a stable recollement (%, Z), we
will generically label the recollement adjunctions as

< I\ AR
—7 —
U L — X i - Z.
== ;
- -

J i

Here j*i, = 0 determines the directionality of the recollement.

As is already apparent from the introduction, we will also use concepts from parameter-
ized higher category theory in this paper, mostly in Sections 4 and 5. Given any oo-category
T, an J -co-category is a cocartesian fibration over °P, and a I -functor is a morphism of
such preserving cocartesian edges. We then have attendant notions of 7 -(co)limits and  -Kan
extensions. Note that the terminology G-oco-category, G-functor, and so on, is synonymous with
Og-oo-category, Og-functor, and so on. Apart from the basic reference [74], we refer the reader
to [75, section 2] for a quick overview of the theory of 7 -(co)limits and 7 -Kan extensions.” Let
us also highlight the following example, which locates Definition 1.17 within the formalism of
parameterized higher category theory:

Example 1.32 (Corepresentable J -diagrams). Suppose that J admits multipullbacks, that is,
the finite coproduct completion F5 of  admits pullbacks. For example, O satisfies this con-
dition. We call F the oo-category of finite T -sets and I C Fg the orbits. For U € Fg with orbit
decomposition [[;c; U;, let
U := H(g/Ui)OP - gop
iel

be the corresponding 7 -co-category of points, and note that the assignment U — U is covariant
in morphisms in Fg. Let a : U — V be a morphism in Fg such that V' is an orbit. Let x; € Cy,
be a set of objects for all i € I and write (x;) : U — C, for the 7/V-functor determined by the x;.
Then the J -coproduct along o a

Hxl- eCy
a

is defined to be the I /V-colimit of (x;). A finite T -coproduct is any J/V-colimit of this form.
We have that C admits all finite I -coproducts if and only if the following conditions obtain [74,
Proposition 5.12].

(1) For all V € I, Cy, admits finite coproducts, and for all morphisms « : V. — W in 7, the
restriction functor a* : Cy, — C, preserves finite coproducts.
(2) Forall morphismsa : V — Win J, a* admits a left adjoint «,.

TIn [74], we set S = 7 °P and instead speak of S-co-categories as cocartesian fibrations over S, S-functors as morphisms of
cocartesian fibrations over S preserving cocartesian edges, and so on.
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(3) GivenU € Fy with orbit decomposition [[;c; U;, let Cy = [];; Cy, and extend a* and a; to
be defined for all morphisms « in F in the obvious way.” Then the Beck-Chevalley conditions
hold: for every pullback square

[o4

UI%V,

bl

U—sv
in Fg, the exchange transformation (a’),(8')* = B*a, is an equivalence.

In this case, the 7 -coproduct [ [, x; above is computed by o, (x;).
Dually, C admits all finite 7 -products if and only if the analogous conditions hold with respect
to finite products in the fibers and right adjoints «,.

We will also use the following terminology:

Definition 1.33 [74, Definition 8.3]. Let C,D be J -co-categories. Then an J -adjunction is a
relative adjunction

F.:C—D :G

in the sense of [56, Definition 7.3.2.2] such that F and G are both  -functors.

2 | THE F-RECOLLEMENT ON Sp°

Let G be a finite group. In this section, we introduce and study recollements on the co-category
Sp® of G-spectra determined by a family 7 of subgroups of G. We then apply [76, Theorem 3.35]
to reprove a theorem of Ayala, Mazel-Gee, and Rozenblyum that reconstructs Sp°® from its geo-
metric fixed points (Theorem 2.46). As a corollary, we deduce a limit formula (Corollary 2.49) for
the geometric fixed points of an F-complete spectrum by means of the pointwise formula of [76,
Theorem 3.29], which will play an important role in our proof of the dihedral Tate orbit lemma in
[70] (cf. Example 2.51 and Example 2.53).

2.1 | Conventions on equivariant stable homotopy theory

At the outset, let us be clear about which foundations for equivariant stable homotopy theory
are employed in this paper. In their monograph, Nikolaus and Scholze choose to work with the
classical point-set model of orthogonal G-spectra [67, Definition I1.2.3], then obtaining the oo-
category Sp® of G-spectra via inverting equivalences [67, Definition I1.2.5]. In contrast, we will
use the foundations laid out by Bachmann and Hoyois in [7, section 9], which attaches to every
profinite groupoid X a presentable, stable, and symmetric monoidal co-category SH(X) such that
for X = BG, SH(BG) is equivalent to Sp” as defined in [67] (cf. the remark prior to [7, Lemma 9.5]).
In fact, we will only need the Bachmann-Hoyois construction for finite groupoids.

T For example, if a : U — V is a map with V an orbit, then ot,(x;) = [[;;(a;),(x;) for &; : U; — V the restriction of a to
U.

i
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Definition 2.1. Let Gpdy;, be the (2,1)-category of finite groupoids, and let
,%.,SH : Gpdy — CAlg(Pr")

denote the (restriction of the) functors constructed in [7, section 9.2]. For amap f : X —» Y of
finite groupoids, write f* for the associated functor and f, for its right adjoint.

Remark 2.2. Let X = BG. Then #(BG) =~ Spc;; := Fun(@ép,Spc), the oo-category of G-spaces
defined as presheaves on the orbit category O, and likewise #,(BG) is the co-category Spcg .,
of pointed G-spaces. As we already mentioned, SH(BG) ~ Sp? is the oo-category of G-spectra,
defined as the filtered colimit taken in Pr"

P P P
SpCG « T SpcG « T SpCG T

where p is the regular G-representation. In addition, by [7, Example 9.11] Sp® is equivalent to
the oco-category of spectral Mackey functors on finite G-sets that was studied by Barwick [9] and
Guillou-May [32].

Note that by definition, f* : SH(Y) — SH(X) is the symmetric monoidal left Kan extension of
Z.(Y) f—» Z.(X) — SH(X) along Z® : #,(Y) — SH(Y). Therefore:

(1) Suppose f : BH — BG is the map of groupoids induced by an injective group homomorphism
H — G.Then f* : Sp® — Sp'! is homotopic to the usual restriction functor, and f, : Sp” —
Sp® is homotopic to the usual induction functor. Instead of f*  f,, we will typically write
this adjunction as resfl = indg. Note that this adjunction is ambidextrous and satisfies the
projection formula (in fact, [7, Lemma 9.4(3)] establishes the projection formula for any finite
covering map).

(2) Suppose f : BG — BG/N is the map of groupoids induced by a surjective group homomor-
phism G — G/N.Then f* : SpG/ N _ Sp® is homotopic to the usual inflation functor, which
we denote as inf"¥. The right adjoint to inf" is the categorical fixed points functor

gy SpG — SpG/N.

Now suppose H < G is any subgroup and let W;H = N;H /H be the Weyl group of H. Then
we will also write

G
resN H

H
gH  p6 G spNGH . spWoH
Given a G-spectrum X, we introduce notation to distinguish the underlying spectrum of ¥7X.
Notation 2.3. For a G-spectrum X and subgroup H < G, we let X = resWeH WH(x) "

As the restriction functor Sp"¢! — Sp lifts to Fun(BWH, Sp), the spectrum X" also comes
endowed with a W ;H-action.

T With respect to the description of Sp° as spectral Mackey functors, X¥ is given by evaluation at G/H.
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Remark 2.4. By stabilizing the adjointability relations in [7, Lemma 9.4], it follows that that for
any pullback square of finite groupoids

h<

-

ol

N

R

the canonical natural transformation f*g, — f,¢* of functors SH(X) — SH(Y) is an equivalence.
In particular, we have an equivalence X ~ W res@ (X).

We now turn to the geometric fixed points and Hill-Hopkins—Ravenel norm functors.

Definition 2.5. Let #®,#®,SH® : Span(Gpd,;,) — CAlg(Catift) be the (restrictions of the)
functors defined as in [7, section 9.2], which on the subcategory Gpd?f; restrict to the functors
# , ., SH of Definition 2.1. For a map of finite groupoids f : X — Y, write f for the associated
covariant functor.

Parallel to the discussion above, we note [7, Remark 9.9]:

(1) Suppose f : BH — BG for a subgroup H < G. Then fg : Sp — Sp® is homotopic to the
multiplicative norm functor Ng introduced by Hill, Hopkins, and Ravenel [40].

(2) Suppose f : BG — B(G/N). Then fg : Sp® — Sp®/N is homotopic to the usual geometric
fixed points functor ®V. For H < G any subgroup, we also write

G
TeSNgH ot

o §p¢ ————— spNeHl — spWel
Notation 2.6. For a G-spectrum X and subgroup H < G, we let X?H = res"Wc! ®H(X). Also let
H G o W.H Tes
¢ Sp” — Sp”' ¢ — Fun(BW;H, Sp).

Remark 2.7. Because SH® is defined on Span(Gpd;;,), we have that for any pullback square of
finite groupoids

N

R

Mo I
vNO‘%%

there is a canonical equivalence f*gg =~ fg g™ of functors SH(X) — SH(Y). In particular, we have
an equivalence X# ~ @ res X.

Remark 2.8. We will use some additional features of these fixed points functors.

(1) For any subgroup H < G, the functor ¥¥ is colimit-preserving, as the inflation functors pre-
serve dualizable and hence compact objects; indeed, by equivariant Atiyah duality [49, section
I11.5.1] every compact object in Sp® is dualizable, and conversely, as the unit in Sp® is compact,
all dualizable objects in Sp® are compact.
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(2) The functors {(—) : H < G} are jointly conservative, as the orbits Z2G/H corepresent ()"
and form a set of compact generators for Sp°.
(3) The functors {¢' : H < G} are jointly conservative, as the evaluation functors ev /H are

jointly conservative for Spc, ¢ IP ~ XF evg p, and suspension spectra generate Sp® under
desuspensions and sifted colimits.

‘We will also need to use some aspects of the theory of G-oo-categories in this work.

Definition 2.9. Let w; : F; — Gpdy;, be the functor that sends a finite G-set U to its action
groupoid U//G.

Definition 2.10. Define the G-co-category of G-spectra Sp® — @gp to be the cocartesian fibra-

tion classified by SHo(w,; | oor)- In addition, let S_pG"x’ — 0, x Fin, be the cocartesian 0 -family

of symmetric monoidal co-categories classified by SHo(cugp| oor) (When viewed as valued in
G

CMon(Cat,)).

Notation 2.11. If a chance for confusion arises, we write C to distinguish a G-oo-category from the
oo-category C given by the fiber of C over G/G.

Remark 2.12. For a subgroup H of G, let
. 4G, R . G
indy : Fg <—=F; :resy

denote the induction-restriction adjunction, where indfl(U) =G Xy U. Then indg POy = Og
factors as Oy =~ (Og) /i) = Og- Moreover, wgo indg and wy; are canonically equivalent, so we
have an equivalence of H-co-categories

S_pH ~ @:IP X@gp S_pG.

Remark 2.13. Given a G-oo-category K, we may endow Fung(K,Sp®) with the pointwise

symmetric monoidal structure of Definition A.1 with respect to the construction Sp®® of
Definition 2.10.

Finally, we will later need the G-symmetric monoidal structure on Sp° furnished by the Hill-
Hopkins-Ravenel norms; we record this as Example 5.13. o

2.2 | Basic theory of families

Definition 2.14. Given a finite group G, its subconjugacy category ©|[G] is the category whose
objects are subgroups H of G, and whose morphism sets are defined by

%  if H is subconjugate to K,

Hom (H,K) :=
elcl {Qf otherwise.

We will also write @ = &[G] if the ambient group G is clear from context.
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Definition 2.15. A G-family F is a sieve in &, that is, a full subcategory of © whose set of objects
is a set of subgroups of G closed under subconjugacy.

Remark 2.16. Abusing notation, we will also denote the set of objects of & or a family F by the
same symbol. If we view morphisms in & as defining a binary relation < on the set of subgroups
of G, then & is a preordered set, which is a poset if G is abelian. Although we generally reserve
the expression H < K for H a subgroup of K, when discussing strings in the preordered set © we
will also write < for its binary relation, we trust the meaning to be clear from context.

Construction 2.17. Given a G-family 7, define G-spaces EF and EF by the formulae
ifK ¢ F, — SO ifK ¢ F,
pre= JPHRER o B - i
* ifKEF, * ifKeF.
We have a cofiber sequence of pointed G-spaces
EF, - s® - EF.

The unit map S° — EF exhibits EF as an idempotent object [56, Definition 4.8.2.1] of Spcg; ., With
respect to the smash product, hence EF is a idempotent E -algebra by [56, Proposmon 4.82.9]."
Let EF, and EF also denote = of the same pointed G-spaces. Then EF is an idempotent

E_ -algebra in Sp°, and hence by [76, Observation 2.36] defines a stable symmetric monoidal
recollement

j* i
hF (_ﬁ SpG (_)—) Spqﬂ’

Js i

Sp

such that Sp®” ~ Modspc (EF). By [76, Corollary 2.35], for any X € Sp® we have the F-fracture
square

X — SXQEF

! !

F(EF,,X) —> F(EF,,X)Q EF.

Following standard terminology, we say that a G-spectrum X is F-torsion, F-complete, or F~1ocal
if it is in the essential image of ji, j,, or i, respectively. Note that for a G-spectrum X,

* X is F-torsion if and only if X ® EF, S XorX ®EF ~0;
* X is F-complete if and only if X — F(EF,,X)or F(EF,X)~0
* X is 7~ !-local if and only if X — X ® EF or X ® EF, ~ 0.

Notation 2.18. For a G-family 7, we have already set Sp"” c Sp® to be the full subcategory of
F-complete G-spectra and Sp®” ¢ Sp° to be the full subcategory of 7~!-local G-spectra. We also
let Sp”" ¢ Sp“ denote the full subcategory of F-torsion G-spectra.

T This is also obvious because we are considering presheaves of sets.
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In addition, if F is the trivial family {1}, we will also write EF = EG, Sphr = Sth, and refer
to F-torsion or complete objects as Borel torsion or complete.” It is well-known that Sth o
Fun(BG, Sp) (see [59, Proposition 6.17] and [67, Theorem I1.2.7]), we will later give two different
generalizations of this fact (Lemma 2.36 and Theorem 3.24).

Remark 2.19. The functor j,j* : sp” = Sp”” implements an equivalence between F-complete
and F-torsion objects [11, Proposition 7].

Remark 2.20. The endofunctors j,j*, j,j*, and i,i* of Sp° attached to a family F agree with the
Ag-acyclization, Ay.-completion, and A" -localization functors in [59] defined with respect to the
E -algebra

Ay =[] FG/H,,1)
HEF

by [59, Propositions 6.5-6.6]. Moreover, the theory of A-torsion, A-complete, and A~!-local objects
for a dualizable E  -algebra A ([59, part 1] under the hypotheses [59, 2.26]) extends the more gen-
eral monoidal recollement theory for the idempotent object 1 — U 4 of [59, Construction 3.12]. For
example, the F-fracture square for Sp® given by [76, Corollary 2.12] agrees with the A,-fracture
square given by [59, Theorem 3.20] (although we additionally consider the monoidal refinement
[76, Theorem 2.30]).

As a separate consequence, we also have that Sp”” c Sp¥ is the localizing subcategory
generated by the orbits {G/H, : H € F}. Also, G/H, is both F-complete and 7 -torsion.

In the remainder of this subsection, we collect some basic results concerning F-recollements
that we will need in the sequel. Classical references for this material are [49, section II] and [30,
section 17], and other references include [59, section 6] and [4, section 2].

Lemma 2.21. Let F be a G-family and let X € Sp°.

(1) X is F~'-local ifand only if X¥K ~ 0 forallK € F.
(2) X is F-torsion if and only if X?X ~ 0 forallK ¢ F.

Therefore, for a map f : X — Y in Sp°, f is a j*-equivalence if and only if %X is an equivalence
forallK € F, and f is an i*-equivalence if and only if fX is an equivalence for all K & F.

Proof. First note that for any X € Sp® and subgroup K of G,

0 ifK & F,

X ®EF ) ~ X @ (EF, )X ~
i " XK ifK e F,

~ — XK ifK ¢ F,
(X @ EF)? ~ X% @ EF?* ~ ®
0 ifKeF.

Thus, if X is 7~1-local so that X ~ X @ EF, then X#X ~ 0 for all K € F. Conversely, if X#X ~ 0
for all K € F, then (X ® EF, )?X ~ 0 for all subgroups K, so by the joint conservativity of the
functors ¢X, X ® EF, ~ 0 and X is F~*-local. This proves (1), and the proof of (2) is similar. []

T Other authors refer to Borel torsion spectra as free and Borel complete spectra as cofree.
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Remark 2.22. The identification of F~1-local objects in SpG above shows thatif N < G is a normal
subgroup such that N C H for each H ¢ T'y, then there is an equivalence of co-categories

Sp®Tn ~ SpO/N.
Remark 2.23 (Extension to G-recollement). Suppose F is a G-family, and let ¥/ ¢ &[H] denote

the H-family obtained by intersecting F with @[H] C &[G]. For any map of G-orbits f : G/H —
G /K with associated adjunction f*: Sp¥ —— Sp" : f., note that

[HEFS - 8% - EFK) ~EF! - S° — EFH.

By monoidality of f*, it follows that f* preserves F-torsion and F~!-local objects. Furthermore,
the projection formula implies that

[*F(EFE.X) ~ F(EFY, f*X),

so f* preserves F-complete objects. Therefore, 7 defines a lift of the functor SH : 6" — Cat? to

Recollztfb [76, Definition 2.15], the co-category of stable recollements and strict morphisms thereof.
Passing to Grothendieck constructions, let

j* e
S_phr (_ﬁ S_pG (_)—) S_pcpr

denote the resulting diagram of G-adjunctions. By [76, Corollary 2.42], Sp"”" and Sp®” are G-
stable G-oco-categories and all G-functors in the diagram are G-exact. We thereby obtain a G-stable
G-recollement (Sp™", Sp®”) of Sp® in the sense of [76, Definition 2.43]. We also write Sp”* ¢ Sp®
for the essential image of j,. S

‘We may also consider F-recollements of the co-category of G-spaces (indeed, of any co-category
of £-valued presheaves on O;).

Notation 2.24. Given a G-family F, let O; » C O be the full subcategory on those orbits with
stabilizer in F, and let @é r be its complement.

Construction 2.25 (F-recollement of G-spaces). Given a G-family 7, we may define a functor 7 :
@gp — Al such that (@gp)1 = (O 7)°? and (@gp)o = (@é’F)OP. Let Spcy,» = Fun((Og )°P, Spc)
and Spcer = Fun((0, )°P,Spc). By [76, Example 3.6], we obtain a symmetric monoidal
recollement with respect to the cartesian product on G-spaces

ik i*

,J \
Spc,; & Spc; 5 Spcy;-

Ji L
Moreover, if we instead take presheaves in Spc,, we obtain a symmetric monoidal recollement
with respect to the smash product of pointed G-spaces

j* i
Spch?,* — SpcG,* — SPCCDT‘,*'
i .

l*
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where EF =~ i,i*(S°) and the unit map exhibits EF as the same idempotent object as above.

Givenamap f : X — Y in Spcg, by definition f is a j*-equivalence if and only if XX — YX is
an equivalence for all K € F, and f is a i*-equivalence if and only if XX — YX is an equivalence
forall K ¢ F. Therefore, by Lemma 2.21 and the compatibility of geometric fixed points with £°,
the functor Z$° is a morphism of recollements (Spcy,z, Spcer) = (Sp"”,Sp®”"), and likewise for
2%, In particular, we get induced functors

2 1 Spepr — Sp"”, ZP 1 Speor — sp?”.

On the other hand, Q® is not a morphism of recollements; indeed, if X € SpG is F-torsion,
then we may have that i*Q%X is nontrivial, so Q% does not preserve i*-equivalences. How-
ever, if f : X — Y is a j*-equivalence in Sp®, so that f#X is an equivalence for all K € F, then
resfl( f) is an equivalence for all H € F because the functors ¢¥ for K < H jointly detect equiv-
alences in Sp’’. Therefore, Q®(f) is a j*-equivalence, and the ¥ 4 Q% adjunction induces an
adjunction

Z¥ 1 8Spe, —= Sphr 1 Q.

Now suppose X is F~!-local, so that X¥X ~ 0 for all K € F. Then reng ~(forall HE€ F, so
(Q®X)H ~x for all H € F and thus QX lies in the essential image of i,. We thereby obtain an
adjunction

£ Spe,, == Sp” : Qx.

To summarize the various compatibilities, we have that
1) jZP =ZPj* 1 Speg — Sp™ and j,Q® ~ Q%] : Sp” — Spcg;
(2) j*Q® = Q®j* : Sp” — Spc, and jiZP ~ £%j, 1 Spey, — Sp°;
(3) I"Z%® ~ E%i* : Speg — Sp*” and i,Q® ~ Q%i, : Sp®” — Speg.

Next, we study situations that arise in the presence of two G-families.

Remark 2.26. Let F and G be two G-families. Then their intersection 7 N G is again a G-family.
Note that E(F N G) ~ EF X EG as G-spaces, so EF, ® EG, ~ E(F n G),. Consequently, for any
X € SpY, the G-fracture square for F(EF '+, X) yields a commutative diagram

F(EF,,X) ® EG, —— F(EF,,X) —— F(EF,,X) ® EG

k ! !

FEF n6);,.X)®EG, —» F(E(FNG),,.X) — F(E(FNG),,X)®EC
in which the right-hand square is a pullback square.

Lemma 2.27. Let F and G be two G-families. Then Sp®¢ n Sp"”" = sp®7"9) A Sp"" and Sp® n
SphF — Spcpg n Sph(FUQ).
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Proof. We prove the first equality, the proof of the second being similar. If X is ¢~!-local, then
X is (G n F)~!-local by Lemma 2.28(2), so we have the forward inclusion. On the other hand, by
Remark 2.26, for any X € Sp® we have that

F(EF,,X) ® EG, ~ F(E(F N G),,X) Q EC,.

But F(E(F N G),,X) ~ 0if X is (F n G)~!-local, and X ~ F(EF,,X) if X is F-complete. Thus, if
X is both F-complete and (F N G)~'-local, then X is G~!-local. We thereby deduce the reverse
inclusion. O

Lemma 2.28. Suppose G is a subfamily of F. Then

(1) if X is G-torsion, then X is F-torsion;

(2) ifX is F~-local, then X is G '-local;

(3) if X is G-complete, then X is F-complete;

(4) if X is G~'-local, then its F-completion F(EF ., X) is again G~'-local;
(5) if X is G '-local, then its F-acyclization X @ EF, is again G *-local;
(6) if X is G-complete and F~'-local, then X ~ 0.

Proof. (1) and (2) follow immediately from Lemma 2.21. For (3), to show X is F-complete, we
need to show that for all #~!-local Y, Map(Y,X) ~x*. But by (2), Y is G~ !-local, so this mapping
space is contractible because X is G-complete by assumption. For (4), we need to show that for all
G-torsion Y, Map(Y, F(EF,, X)) ~x*. But

Map(Y,F(EF,,X)) ~ Map(Y ® EF,,X) ~ Map(Y,X) ~x

asY ® EF, ~ Y by (1) and the assumption that X is G~*-local. The proof of (5) is similar: given
G l-local X and any G-complete Y, we have that Map(X ® EF,,Y) ~* because Y is also F-
complete by (3), hence X @ EF, is G !-local. Finally, for (6) note that X is then G~!-local by (2),
hence X ~ 0. O

Supposing still that G is a subfamily of 7, by Lemma 2.28(1-3), the defining adjunctions of the
F and G-recollements on Sp® restrict to adjunctions

(ir)* 2 Sp™° == 8p"" : (i).. (Jo)* : SP" ==8p" : (ji). (jO), = SP™ ==8p" : (ji)".
By Lemma 2.28(4-5), the F-completion adjunction restricts to
Gr) o sp™ ==5p"" n8p™ : (jp).

such that (j)* admits a left adjoint (j;), given by the inclusion of F-torsion and G~!-local objects

under the equivalence Sphr N Spfbg ~Sp”’' n Spq)g.

. . Up)*
Next, let (ig)* : Sp"” - Sp"”" nSp®Y be the composite Sp™ c Sp° = Sp®¢ LN

SphF N Spq’g. Then (i;)* is left adjoint to the inclusion (i;),.. Likewise, define the left adjoint (i’g)*
to the inclusion (if), : Sp”” N Sp®’ — Sp™”. Finally, note that Sp™*" n Sp®Y inherits a symmetric
monoidal structure from the localization (jz)* = (jr)., with respect to which (i;)* is symmetric
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monoidal. Under the equivalence of Remark 2.19, this transports to a symmetric monoidal
structure on Sp*” and Sp”” N Sp®? for which the adjunction (i’g)* - (i’g)* is symmetric monoidal.

Proposition 2.29. Let G be a subfamily of F'. We have stable symmetric monoidal recollements
LGy i)

(o) (ig)*
sp”® <_>E sp”” <_>; sp” nsp®®, sp™ R sp”” « 5 sp”” nsp®,
o). (o). (. (i)

3Ur)* (i)
Sphr nSp(DQ <_>E Spq’(’ <_>5 Spcpr.
(s (ir)-

Furthermore, the equivalence SphF — Sp™" of Remark 2.19 is an equivalence of recollements under
which (j), is the inclusion of G-torsion objects into F-torsion objects.

Proof. The defining properties of a stable symmetric monoidal recollement follow immediately
from the same properties for the 7 and G recollements on Sp®. For the last assertion, the equiva-
lence of F-complete and F-torsion objects is implemented by j,j*, and as such clearly restricts to
equivalences Sp"¢ — Sp™@ and Sp"” N Sp?% — Sp*” N Sp® compatibly with the adjunctions in
view of Lemma 2.28(4~5). Finally, the claim about (j;), follows from a diagram chase of the right
adjoints. L]

Remark 2.30 (Compact generation). Given a G-family F, the F~!-local objects {G/H, ® EF :
H ¢ F}form a set of compact generators for Sp®” because Sp*” = Modspc (EF)and G/H 4 is F-
torsion for all H € F. Given two G-families F and G, the essential image of (j), is the localizing
subcategory of Sp®¢ generated by {G/H +® EC:H¢GHeF}.

Remark 2.31. The conclusions of Proposition 2.29 are also valid for the ¥ and
G recollements on the oo-category of G-spaces. We likewise have the adjunction
© . > enlF PG . oo
2Y 1 Spey NSpe,; ——=Sp~ NSp ™~ 10 and the same compatibility relations as in
Construction 2.25.

Remark 2.32. Let us relate Proposition 2.29 to the “canonical fracture” of G-spectra studied in
[4, section 2.4]. We say that a full subcategory C, C C is convex if given any x, z € C, such that
there exists a 2-simplex [x - y — z] € C, then y € C,,. Let Conv(&) denote the poset of convex
subcategories of @ and let Loc(Sp®) denote the poset of reflective subcategories of Sp®, with the
order given by inclusion. Suppose Q € Conv(&) and write Q = F \ G for some G-family 7 and
subfamily G. Then the assignment

S : Conv(©) — Loc(Sp%)

of [4, Proposition 2.69] sends Q to Sp™* n Sp®. Indeed, if we let K}; be the localizing subcat-
egory of Sp® generated by G/H + and examine [4, Notation 2.54], we see that K, =~ Sp"” and
K= Sp"Y under the equivalence between torsion and complete objects. Thus, Spg defined as

the presentable quotient of K, — K, is equivalent to Sp"” n Sp®’ in view of Proposition 2.29.
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Moreover, by inspection the functor p : Spg 2 Ko 2, SpY in [4, Notation 2.54] exhibiting Spg
as a reflective subcategory embeds Spg as F-complete and G~!-local objects.

By [4, Proposition 2.69] the functor & : Conv(&) — Loc(Sp°) is a fracture in the sense of [4,
Definition 2.32]. Thus, for any convex subcategory Q = F \ G and sieve—cosieve decomposition of
Qinto Qy = Fy \ Gy and Q, = F; \ G;, we obtain a recollement (Sp""o n Sp®%, Sp"T1 N SpPr) of
Sp"" N Sp®°. 1t is easily seen that these specialize to those considered in Proposition 2.29 in the
case where Q is itself a sieve or a cosieve.

Notation 2.33. Given a subgroup H of G, let H = Sy and 0H = ©_j; denote the G-family of
subgroups that are subconjugate to H and properly subconjugate to H, respectively.” Let g
denote the G-family of subgroups K such that H is not subconjugate to K.

Lemma 2.34. Suppose X € Sp© is H-complete and (0H)~'-local. Then X is in addition (&°
local, that is, for all subgroups K such that H is not subconjugate to K, XX ~ 0.

o)

Proof. Note that dH =Hn ©¢,, and use Lemma 2.27. O

The following two lemmas are explained in [4, Observation 2.11-14]) (and the first one also in
[67, Proposition 11.2.14]), so we will omit their proofs.

Lemma 2.35. Let N be a normal subgroup of G. Then the geometrlc ﬁxed points functor <I>N :
Sp® — SpG/ N has fully faithful right adjoint with essential image Sp Con, Consequently, SpG/ N

equivalent to the smashing localization Modg G(E &)

Lemma 2.36. The geometric fixed points functor "' : Sp® — Fun(BW;H, Sp) has fully faithful

right adjoint with essential image Sphﬁ N Spq’(aﬁ) = Sphﬁ N Spcp@

2.3 | Reconstruction from geometric fixed points

We next aim to state the reconstruction theorem [4, Theorem A] of Ayala, Mazel-Gee, and
Rozenblyum. For this, we need a few preliminary notions.

Definition 2.37. The G-geometric locus

SPY 1ocus C SPY X ©[G]

is the full subcategory on objects (X, H) such that X € Sphﬁ N Spq’(aﬁ), that is, X is H-complete
and (8H)~!-local (Notation 2.33).

Definition 2.38. Given H subconjugate to K, the generalized Tate construction

X ¢ Fun(BWH, Sp) - Fun(BW K, Sp)

T This notation is consistent with viewing sieves as closed sets and cosieves as open sets for a topology on &.
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is the functor given by the composition

K
Fun(BW;H, Sp) < Sp® 2, Fun(BW K, Sp)

where the first functor is the right adjoint to ¢’ (which exists by Lemma 2.36). If H = 1, then we
K

will write 7% := 7.
If G = C), is a cyclic group of prime order, then 76 ~ % is the ordinary Tate construction [4,

Remark 2.8], but not generally otherwise.

Remark 2.39. Evidently, the generalized Tate functors ‘rg inherit some compatibility proper-

ties from the geometric fixed points functors. For example, for H a subgroup of K in G, the

commutative diagrams

I K
sp¥ = sp”* — Fun(BWH,Sp) Sp° — Sp"<!!

ind\L ind\L ind\L ’ \Lres \Lres

sp’ -2 sp"o" 5 Fun(BWGH,Sp) Sp*¥ —— Sp

imply that the diagram of generalized Tate functors defined relative to G and K

T

SphWGH f,} SphWUK

\Lres \Lres

X

SphWKH Jii ; Sp

commutes. The notation is therefore unambiguous (or abusive) in the same sense as that for
geometric fixed points.
Also, if NgK = N;H, then the composite (with the first functor right adjoint to ®'7)

WeH WK

¢ o
Sp - Sp” — Sp

is homotopic to ®%/#, and thus r& ~ X/H for K /H regarded as a normal subgroup of WH.

Lemma 2.40. The structuremap p : Spg_ locus — © is a locally cocartesian fibration such that for

all H < G subconjugate to H < G, the generalized Tate functors fﬁ are the pushforward functors

(Spg_ locus)H > (Spg_ locus K €ncoded by p under the equivalence of Lemma 2.36.

Proof. This is [4, Construction 2.38] applied to the fracture & of Remark 2.32. To spell out a few
more details, we need to show that for every edge e : A! — @ given by H subconjugate to K, the
pullback p|, of p over A! is a cocartesian fibration. Let C’ ¢ Sp® x A! be the full subcategory on
objects {(X, i)} where if i = 0, then X € (Spg_ locus)H - Then we have a factorization

1 !
G 1t ! G 1
Sp¢-locus X@,e A — C’ — Sp XA,

Note that C’ — Al is a sub-cocartesian fibration of Sp® x Al via i’ (with cocartesian edges exactly
those sent to equivalences via the projection to Sp®). As for the fiber over 1, by definition we have
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that (Spg_ locus )k 18 @ localization of Sp©. By an elementary lifting argument, this extends to a local-

ization functor L : C’ — C’ whose essential image is Spg_ locus X@¢ AT By [56, Lemma 2.2.1.11], we
deduce that p|, is a cocartesian fibration. O

Recall the barycentric subdivision construction ([76, Definition 3.19] and [76, Observa-
tion 3.20]). Unwinding that definition in our situation of interest for a preordered set, we see
that sd(®) is the category whose objects are strings x = [H, < H; < -+ < H,,] in @ with each H;
properly subconjugate to H;_ ;, and where a morphism

x=[Hy<H; < <H,]>1=[K,<K; < <K,]

is the data of an injective map « : [n] — [m] of totally ordered sets and a commutative diagram
in©

\ \ \
H, > Hy 7o > Hy

Lo !

> Koc(n)

~

Kooy —> Kaq)

whose vertical morphisms are equivalences. Note that if a morphism x — A exists, then a and the
commutative ladder are uniquely determined. Thus, the morphism sets in sd(&) are either empty
or singleton and sd(®) is also a preordered set. Regard sd(&) as a locally cocartesian fibration over
© via the functor which takes a string to its maximum element [76, Construction 3.21].

Remark 2.41. Given any locally cocartesian fibration p : C — @ whose fibers Cy; are stable
oo-categories and whose pushforward functors are exact, the right-lax limit Fun;‘gm(sd(@), 0)
is a stable co-category by [76, Lemma 3.34]." Moreover, if the fibers are presentable and
the pushforward functors are also accessible, then the right-lax limit is presentable by [76,
Proposition 3.38].

We may now state [4, Theorem A], rewritten in our notation.
Theorem 2.42. There is a canonical equivalence Sp® ~ Fun;‘ga“(sd(@), Spg_ Jocus)"

Examining the proof of [4, Theorem 2.40], we see that this equivalence is implemented by the
right-lax functor SpG X & > Spg_ Jocus that globalizes the left adjoints ¢/’. This is not expressible
as a functor Sp® x & — Spgk locuss Father, its construction derives from an existence and unique-
ness theorem on adjunctions in (o0, 2)-categories (see [4, Lemma 1.34] and [27, Corollary 3.1.7]).
However, by instead working with the defining inclusion Spg_ locus © Sp’ x &, we can avoid any
explicit usage of (o0, 2)-category theory and still define a comparison functor, as in the following
construction.

7 In agreement with [76, section 3], given a locally cocartesian fibration p : C — S we will regard the section co-category
Funmsca“(sd(s), C) as the definition of a right-lax limit. We refer to [4, sections 1.1-1.2] for a useful summary of the general
theory of lax limits.
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Construction 2.43. Let F be a G-family, G a subfamily, and H = F \ G. Consider the composite
functor

@', : Funr (sd(H), H X SpC — Fun(sd(H), Sp°) — spC
H ° /H ’ © p¢—locus »SP p

where the first functor is postcomposition by the projection to Sp® and the second takes the limit.
Note that by Lemma 2.28,ifX € (Spg_ locus)t foranyH € F \ G, thenX € Sp"" N Sp®°. Therefore,

@', factors through the inclusion Sp"” N Sp®Y ¢ Sp®. Denote that functor by ©,,.
H g p p p Y Oy
In the case of ¥ = @ and G = J, we also write © for the comparison functor.

Lemma 2.44. Let F be a G-family, G a subfamily, and H = F \ G. For every H € H, the
composition

o H
Fun;c;jart (Sd(H), H Xg Spg_ locus) N SpG ¢—> Fun(BWGH, Sp)

is homotopic to evaluation at H € sd(H) under the equivalence (Spg_ locus) i = Fun(BWsH, Sp).

Proof. Let f : sd(H) — Spg_ locus D€ an object in Fun;‘;ja”(sd(H), H Xg Spg_ locus)» @nd let f7

sd(H) — Sp® denote the subsequent functor obtained by the projection to Sp®. We need to
produce a natural equivalence

¢ lim ' ~ f'(H).

Assd(H) is finite, it suffices instead to show lim ¢'* f’ ~ f/(H). Note that forany X € (Spgf Jocus K>
if K is not in H then X?" ~ 0; indeed, ®-(X) ~ 0 forall L € @‘;K by definition. Therefore, if we
let J C sd(H) be the full subcategory on those strings o with max(c) < H, the functor ¢ f’ is a
right Kan extension of its restriction to J (for this, also note that if 7 = [K; < --- < K] € sd(H)
with K, & H, then sd(H), Xsqc1) J = 9)

Next, let I C J be the full subcategory on those strings o with max(c) conjugate to H. For a
string 7 = [K,, < --- < K,,] € J with K,, properly subconjugate to H, the unique string inclusion

e:[K,<- <K,]—>[K,<- <K, <H]

is sent to an equivalence by ¢ f/ by definition of the locally cocartesian edges in Spg_ Jocuss 1ndeed,
f’(e) is a unit map of the localization for the reflective subcategory (Spg_ locus)H C Sp°. Observe

also that e is an initial object in I X; J*/. We deduce that ¢ f’ is a right Kan extension of its
further restriction to I. Because H is an initial object of I, we conclude that lim ¢ ' ~ f'(H), as
desired. O

For the next proposition, recall from [76, Theorem 3.35] the recollement of a right-lax limit
defined by a sieve-cosieve decomposition of the base.

Proposition 2.45. Let F be a G-family, G a subfamily, and H = F \ G. The functor

Oy : Funjo(sd(F), 7 Xg SPg 1o0) = SP"
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is a strict morphism' of stable recollements
(Funjzcart(Sd(Q), CXg Spg_locus), Fun;(;ja“ (sd(H), H X Spg_ o Cus)) — (Sp"9, sp"”" n Sp?9).
Moreover, the resulting functors between the open and closed parts are equivalent to © and 0.

Proof. We need to show that ®, sends the essential images of j,, j,, and i, to G-torsion®,
G-complete, and ¢~ !-local objects, respectively. Let

. G
f 1 sd(F) - F Xg Sp #-locus

be a functor that preserves locally cocartesian edges. By [ 76, Proposition 3.32], if f is in the essential
image of j, then f(H) = 0 for all H € H. By Lemma 2.44, we then have $"7@(f) ~ 0 for all
H € H, so ©x(f) is G-torsion. Similarly, using [76, Proposition 3.33] and Lemma 2.44 again, the
same proof shows that if f is in the essential image of i, then ¢ ©(f) ~ 0 for all H € G and thus
0,(f) is G~ !-local. Finally, suppose that f is in the essential image of j,. By [76, Theorem 3.29],
f is a relative right Kan extension of its restriction to the subcategory sd(F), of strings whose
minimums lie in G. Because the inclusion (Spg_ locus)H € Sp® of each fiber preserves limits, the
further composition

!
f' 1 sd(F) = Spg. s =~ SP°

is then a right Kan extension of its restriction to sd(F), (in the nonrelative sense). Moreover, the
inclusion sd(G) c sd(F), is right cofinal. Indeed, for every string o = [K, < -+ < K,,] in sd(F),, if
we let o’ denote its maximal substring in sd(G), then ¢’ is a terminal object in (sd(?)o)/ g Xsd(F),
sd(G), so these slice categories are weakly contractible and we may thus apply Joyal’s version
of Quillen’s theorem A [54, Theorem 4.1.3.1]. It follows that ®(f) is computed as a limit of G-
complete spectra and is hence itself G-complete.

The two functors on the open and closed parts induced by the morphism of stable recollements
are then definitionally (j;)*®j, and (i;)*®i,. These are equivalent to ©, and ©;, by the same
cofinality arguments as above. O

Theorem 2.46 (cf. Theorem 2.42). For every G-family F and subfamily G, the functor O\ is an
equivalence of co-categories. In particular, we have an equivalence

0: Fun‘;o@‘;‘rt <sd(@), Spg_ locus) — Sp°.

Proof. Our strategy is to use Proposition 2.45 in conjunction with the fact that given a strict mor-
phism F : X — X’ of stable recollements (", Z) — (U, Z’), if F;; and F, are equivalences then
F is an equivalence [76, Remark 2.7].5 Let us first prove that ® is an equivalence for all families
F. We proceed by induction on the size of F. For the base case, if 7 = {1} is the trivial family, then
sd(F) = F and O is definitionally an equivalence. Now suppose for the inductive hypothesis that
O, is an equivalence for all proper subfamilies G of 7. Let H € F be a maximal element and let

T A strict morphism of recollements is one that commutes with the gluing functors; cf. [76, Definition 2.6].
# More precisely, G-torsion with respect to the embedding of Sp"” in Sp® as F-torsion objects.

§ This type of inductive argument is also used in the proof of [4, Theorem 2.40].
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G C F be the largest subfamily excluding H. Then 7 \ G = H \ 6H, so Op\¢ is definitionally an
equivalence. By Proposition 2.45, we deduce that ®+ is an equivalence.

Finally, to deal with the general case, we note that any strict morphism of stable recollements
that is also an equivalence restricts to equivalences between the open and closed parts. Thus,
having proven that © is an equivalence, we further deduce that ©,; is an equivalence for any
subfamily G. O

Remark 2.47. The generalized Tate functors ‘rg are lax symmetric monoidal, and the various nat-
ural transformations among these functors encoded by the locally cocartesian fibration are also
lax symmetric monoidal. In [6, section 5], Ayala-Mazel-Gee-Rozenblyum explain how these data
assemble to a symmetric monoidal structure on the right-lax limit Fun‘;‘gart(sd(©), Spg_ Jocus) Such

that the functor © of Theorem 2.46 is an equivalence of symmetric monoidal co-categories.

Theorem 2.46 and Proposition 2.45, along with the explicit description of the functor j, given
in [76, Theorem 3.29], gives the following formula for the geometric fixed points of an F-complete
spectrum in terms of a limit of generalized Tate constructions.

Definition 2.48. For H ¢ F, let J;; C sd(&) be the full subcategory on strings [K, < -+ < K,, <
H]suchthatK; € Fforl<i<n.

Corollary 2.49. Let X be a G-spectrum and let X* : sd(©) — Spg_ locus denote a lift of X under the
equivalence ©. Suppose that X is F-complete. Then

X ~ limX°,

Jn
with the limit taken in the fiber Fun(BW ;H, Sp) ~ (Spg_ locus H-
Example 2.50. Suppose that G = C)> and let P be the family of proper subgroups of G. Then
sd(P) = sd(A), so the data of a P-complete spectrum X amount to

* A Borel C)2-spectrum X ';
* A Borel Cp./C,-spectrum X $Cp;
* AC,./C, = C,-equivariant map « : X% - (X%,

The category J- , as well as the functor J. , — Sp is then identified as
p p

[Cp < sz X¢Cplcp
e l"‘w” ,
[1<Cp] — [1<C,<Cy X e 2N (X1)GC,

where can is the canonical map encoded by the locally cocartesian fibration. Thus,
X2 o (xH X 1yCiCp XPCptCp

Moreover, it is not difficult to see that (—)TCP2 o~ (—)hCPtCP; in fact, we will explain the
identification (=)»" & (—=)"“»"11% in [70].
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Let us now turn to the examples of interest for the dihedral Tate orbit lemma that we will prove
n [70].

Example 2.51. Suppose that G = D, = C, X W, is the Klein four-group and let T = {1, C,, A} for
A the diagonal subgroup. The data of a I'-complete spectrum X amount to

* A Borel D,-spectrum X', Borel (D, /C,)-spectrum X?#C2, and Borel (D,/A)-spectrum X%2;
« A (D,/C,)-equivariant map « : X¢©2 — (X')'©2 and (D,/A)-equivariant map 8 : X4 —
(Xl)tA_
AsJ, ={[1<ul}andJ, — Fun(B(D4/u,),Sp) is the pushforward of X! by (—)*2, we see
that X2 ~ (X')#2. On the other hand, J;,_ — Sp is given by

0a/8)
[A <Dy — [1<A<D,] (e#y®urs —Ey (xR
/ can
[1 <D.] ey ’
\ can
[C; <Dy] —> [1 < C;y <Dyj (X#C2)HPa/C2) W) (X)) e/ )

and X%+ is the limit of this diagram.

To handle the case of the dihedral group D, , of order 2p for p an odd prime, we first record a
vanishing property of the generalized Tate construction.

Lemma 2.52. Let G be a finite group and suppose K < G is a nontrivial subgroup that is not a
p-group. Then & ~ 0.

Proof. By the compatibility of the generalized Tate functors with restriction (Remark 2.39), we
may suppose K = G without loss of generality. Note that 7° may be computed as the left Kan
extension of (—)"C along the functor from Sp"® to its Verdier quotient by orbits {G/H, : H < G}
with H proper [4, Remark 2.16]. If we let All be the family of subgroups H such that |H| = p" for
some prime p and integer n as in [60, fig. 1.7], then All is a subfamily of the proper subgroups
under our assumption. However, by [60, Theorem 4.25], the thick ®-ideal in SpG generated by
{G/H, : H € All} includes the Borel completion of the unit. Therefore, the Verdier quotient in
question is the trivial category, and we deduce that 7¢ ~ 0. I

Example 2.53. Let p be an odd prime, G = D,, = u, X C, the dihedral group of order 2p, and
I the family of subgroups H such that H n u,, = 1. Note that up to conjugacy, I' consists of the
subgroups 1 and C,, and the Weyl group of C, is trivial. Thus, up to equivalence, the data of a
I'-complete spectrum X amount to

* A Borel D, -spectrum X 1 and a spectrum X#Cz;
« Amapa : X¥© — (X1)C,
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Using that J by = [1 < u,], we compute X $Hp ~ (X1, Asfor X#P2r by Lemma 2.52 we have that

D
(X1)P2p ~ 0. We further claim that the generalized Tate functor 7

cz” vanishes.
2

(x) Let H ={1,pu,}= @C>C2' By Remark 2.23 applied to Sp®’, the restriction and induction
functors for C, C D,,, descend to an adjunction

res’ : Sp”* ——=Sp :ind,

where (Sp®”! )sz Jc, = Sp because the restriction of H to a C,-family yields the trivial family.
Now consider the inclusion of the open fiber

Because WszCZ =~ 1, we have thatres’ ~ j*, and we deduce that j, ~ j,. Because H¢ = S.c,
consists only of the two subgroups C, and D,, up to conjugacy, we may identify ¢
Sp®" — Sp with the restriction i* to the closed complement of a recollement of Sp®’! with j,

. . D f s . .
as the inclusion of the open part. We then have ‘['C2p ~ i*j..In view of the fiber sequence
2

~

Jr— J. = ,i%j, >0,

D
we deduce that ‘L'CZP ~0.
2

Using Corollary 2.49, we conclude that X #D2p ~ 0.

We conclude this section by indicating how the comparison functor @ is functorial in the group
G with respect to restriction and geometric fixed points.

Construction 2.54 (Restriction functoriality for geometric loci). Let H be a subgroup of G and
consider the map i : @[H| - ©[G] that sends a subgroup K of H to the same K viewed as a sub-
group of G. As i preserves the subconjugacy relation, i is a functor,” and also let i : sd(S[H]) —
sd(&[G]) denote the induced functor on barycentric subdivisions. Next, consider the functor
res? xid : Sp% x @[H] — Sp” x G[H]. As for any subgroup K < H, the restriction of the G-
families &[G, ©[G] g to H yields H-families ©[H] x, ©[H]_g, by Remark 2.23 we have an
induced functor over &[H |

G . G H
resy - Sp¢>- locus X@I[G] ©[H] - Sp¢— locus

that preserves locally cocartesian edges. Precomposition by i and postcomposition by resfl then
defines a functor

res; : FunSit (sd(S[G), SpY 1y ) — FunSizint (SA@LHI, SPY 1y )-

" However, as there may be additional conjugacy relations in G, i is not generally the inclusion of a subcategory.
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We have a lax commutative diagram

cocar Og
Funfgi (sd(@[G1), SPyper) —— SP°

G G
res”\L 7 \Lres”

(€]
Funjgjis (sd(SH]). SPiipes) — Sp”

G

where the natural transformation 7 : resg 0@g — Oporesy

functoriality of the limit for i : sd(&[H]) — sd(&[G]).
We claim that 7 is an equivalence, so that this diagram commutes. Indeed, suppose given

is defined using the contravariant

f 1 sd(®[G)]) — Spg-locus

and let g = res? f : sd(&[H]) - Spg_locus. Let f' : sd(©[G]) — Sp® and ¢’ : sd(&[H]) — Sp’
be the functors obtained by postcomposition, so ¢’ = resl(_}l f'i by definition and ny is the
comparison map

lim resC f’ lim res? fi.
watltn " T By e
It suffices to check that for all subgroups K < H, ¢X(z ) is an equivalence. But then by the
commutativity of the diagram

K
SpG L) Fun(BW 4K, Sp)

G WeK
res,i \LresW”K

sp” L3 Fun(BW K, Sp),

and under the equivalences $X 05 ~ evy and $X Oy ~ evy of Lemma 2.44, we see that $¥ (1) is
an equivalence.

Example 2.55. Let G = D,, = u, X C, as in Example 2.53 and let H = C,. The construction
above defines a functor

Dap . cocart Dap cocart C
res. " Fun/@[sz](Sd(@[sz]), Sp¢_locus) — Fun/@[cz](sd(@[cz]), Sp¢_zlocus)

and we have an equivalence 7 : res?jp o@sz = O¢,0 reslc)jp .
Construction 2.56 (Geometric fixed points functoriality for geometric loci). Let N be a normal
subgroup of G. Then we may embed &[G /N] as a cosieve in &[G] via the functori : &[G/N] —
©[G] that sends M/N to M. We also let i : sd(&[G/N]) - sd(&[G]) denote the induced functor
on barycentric subdivisions, which is a cosieve inclusion. By Lemma 2.35, " : Sp® — SpG/ N has
fully faithful right adjoint with essential image given by the (S[G] \ &[G /N])~!-local objects.
Therefore, @~ implements an equivalence over &[G /N ]

G/N
¢-locus”

Spg_locus Xg|6] ©[G/N]— Sp
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) G/N
Define ®N : Fun;‘g?g](sd(@[G]), Spg oeus) = Fun‘;‘g?g f N](sd(@[G /ND,Sp ¢_/locus) to be the func-
tor obtained by i* under that equivalence. Then because © is a morphism of recollements, we have

a commutative diagram

I
Fun;(g[lg](sd(@[G]),Spgilocus) T(J) SpG

qml lqm

t G/N O¢/n G/N
FUH;O@C[[IE?/N](Sd(@[G/N])’ Sp¢1locus) ﬁ 5P .

Example 2.57. Let G = D,, = u, X C, as in Example 2.53 and let N = u,, so G/N = C,. The
construction above defines a functor

Uy . t Dap t C
@ : FunfiEts (sd(@[sz]), Sp ¢_lows) — Funtgt <sd(@[C2]), Sp ¢_2bcus)

and we have an equivalence ®*» o@sz ~ O, 0P".

3 | THEORIES OF G-SPECTRA RELATIVE TO A NORMAL
SUBGROUP N

In classical approaches to equivariant stable homotopy theory [49, 61], one attaches to every G-
universe U a corresponding theory of G-spectra indexed with respect to U"; upon inverting the
weak equivalences, this yields a stable co-category Sp?f. For the complete G-universe 1/, one
obtains genuine G-spectra SpGU ~ Sp”, whereas for the trivial G-universe %, one obtains naive
G-spectra Sng ~ Fun(6,",Sp)." Interpolating between genuine and naive G-spectra, for every
normal subgroup N < G, one has the fixed points G-universe UM [61, chapter XVI, section 5] and
the associated co-category Sp1G/N. In this section, we will revisit these notions from a different and
intrinsically co-categorical perspective that makes no reference to representation theory. Using
the language of parameterized co-category theory, we define co-categories Spf]_ naive and Spg_ Borel
of N-naive and N-Borel G-spectra (Definition 3.5 and Definition 3.19). We then show Spf]_ Borel
admits two canonical embeddings into Sp® as the I'y-torsion and I'y-complete G-spectra for T'y
the N-free G-family (Theorem 3.24).

Warning 3.1. From this section until the end of Section 4, the role of G is different from its role in
the introduction. In particular, G is always viewed as an extension of G/N by a normal subgroup
N throughout this section, whereas G was the quotient G /K in the introduction. This change is
made to emphasize the fact that G is finite throughout the paper.

To begin with, we will need a lemma on cartesian fibrations arising from adjunctions.

Lemma 3.2.

(1) Let L: C<—=D :R be an adjunction such that for all c€ C, d € D, and f : d - Lc the
natural map

L(Rd Xy, ¢) = d

T We identify the co-category as the ordinary stabilization of G-spaces Spcg = Fun(@gp, Spe).
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adjoint to the projection Rd Xg;. ¢ — Rd is an equivalence. Then L is an essentially cartesian
fibration" with L-cartesian edges given by Rd Xg; . ¢ — ¢, and hence a cartesian fibration if L is
assumed to be a categorical fibration.

(2) Let
L I
L"=LoL:C %1 c’ %1 D : RoR' =R
R R

be a diagram of adjunctions such that L 4 R, L' 4 R’, and L' 4 R all satisfy the assumption in (1).
Then L sends L" -cartesian edges to L'-cartesian edges.

Proof. For (1), under our assumption, we need only show that Rd Xg;. ¢ — cis a L-cartesian edge.
But for this, for any ¢/ € C we have the pullback square of spaces

Mapc(cla Rd XRLe C) % Mapc(c,’ Rd) % MapD(Lc’, d)

! ! !

Map_(c’,c) ——> Map.(c’,RLc) = Map, (Lc’, Lc),

and the assertion follows from the definition of L-cartesian edge and a simple diagram chase.

For (2), let c € C, (f : d » L"c) € D, and consider the L”-cartesian edge R"d Xgnyn.c — ¢
(this case suffices because all L -cartesian edges are of this form up to equivalence). Note that the
unit map for L” < R” factors as the composition R”L" ¢ ~ RR'L' Lc - RLc — c of unit maps for
L' 4R’ and L 4 R. Thus, we have

L(R,/d Xprpre ¢)~ L(R (Rld XRp'ie LC) XRLe c) i R'd XRIL e Lc

by our assumption on L - R, and this equivalence respects the projection map to L(c). But our
assumption on L’ 4 R’ ensures that R'(d) Xgr1() L(c) — L(c) is a L’-cartesian edge. O

3.1 | N-naive G-spectra

We begin with a treatment of N-naive G-spectra. Although we will mostly work with N-Borel G-
spectra (Subsection 3.2) in the sequel, we include this simpler case as a warm-up and for the sake
of completeness.

Observation 3.3. Let N be a normal subgroup of G and let 7 : G — G/N denote the quotient map.
We have the adjunction

ry - IFG‘*":G/N NG

where r(U) = U/N and (y(V) = V with V regarded as a G-set via 7z. Note that ryiny(V) =V, so
ty is fully faithful. For U € F;, V € F )y, and a G/N-map f : V — U/N, we also have

(Vxyn U)/N=V,

 An essentially cartesian fibration is the co-categorical analogue of a Street fibration [78] obtained by replacing categories
by oo-categories and isomorphisms by equivalences in the definition of a Street fibration.
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so ry is a cartesian fibration by Lemma 3.2. Note also that the adjunction ry - 1y restricts on
orbits to

ry: O ——= @G/N Ty

and V Xy y U is transitive if V and U are, hence ry remains a cartesian fibration when restricted

; : . G/N G/N . .
to O;. Given a G-orbit G/H andaG/N-map f : K;—N ~G/K — H]é/N =~ G/HN, we may identify
the pullback

G/H Xg/un G/K = G/(H NK),
and thus an ry-cartesian edge lifting f is given by G/(H NnK) - G/H.

Convention 3.4. For N a normal subgroup of G, we will regard @gp as a G /N-category via r](z]p.

Definition 3.5. Let Spf\’}_naive 1= Fung /N(@gp,SpG/ N be the co-category of naive G-spectra
relative to N, or N-naive G-spectra.

For example, if N = G we have the usual co-category Fun(@ép, Sp) of naive G-spectra, and if
N = 1 we instead have the co-category SpY itself.

Remark 3.6. Although we expect the oco-category Spf]_ naive L0 be equivalent to Spf/N, we will not
give a precise comparison in this paper.

Construction 3.7. We define a “forgetful” functor
%[N] : Sp© - Sp](\}]_mlive = Fung/y (@gp,s_pG/N>.
First, let

gy : wgoly = wg N * Fg/n = Gpdgiy

be the natural transformation defined on objects U € Fg/y by the functor U//G — U//(G/N)
which sends objects x € U to the same x € U and morphisms [g : x —» ¢g-x = 7(g) - x] to

[7(9) : x > 7(g) - x].
Recall the functor SH : Gpd?g1 — CAlg(PrY) of Definition 2.1. For any oco-category C, the
adjunction ry - ¢ induces an adjunction

(ry)*: Fun([ng/N,C) ——Fun(F),0) : ()"

where we may identify (ry)* with the left Kan extension along ¢, . Let

: . op .0p op
inf[N] : SHwG/NrN — SHa,,

be the natural transformation adjoint to SHqK,p and let

: . 0P G/N G
Q[N] . @G Xri]p’@gp;NS_p / - S_p
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also denote the associated G-functor given by unstraightening. Note that for a G-orbit G/H,
inf[N]g/y is given by the inflation functor infHON . gpH/HON _, gpH By the dual of [56,
Proposition 7.3.2.6], inf[N] admits a relative right adjoint

P[N] : Sp° - 6, X, oo SP G/N

G/N —

over @gp that does not preserve cocartesian edges; rather, for a map of G-orbits f : G/K - G/H
we have a lax commutative square

sp” - SpH/HnN
Ll
spK Ty gpk/KnN
for the square of G-orbits
G/K —= (G/N)/(KN/N)
b
G/H — (G/N)/(HN/N).

G/N G/N
K/N _ HN/N

However, for a map of G/N-orbits f : we have a homotopy commutative square

sp"! o sp” J(HAN)

|- |

SpKnH Vs : Sp(KnH)/(Hr‘.N)

for the pullback square

G/(KnH) —L3 G/H

Lol
G/K —L 5 G/HN

G/N

and hence the further composition ¥[N] := pr oP[N] : Sp - Sp does preserve cocartesian

edges over 0°° | where we regard Sp as a G/N-oo-category via r . We also have the unit # :

G/N’
id — ¢y which by precomposition yields the G-functor

res[N] : @gp X([NrN)op,@gp S_pG — S_pG,

where for a G-orbit G/H, res[N] /;; is given by the restriction functor res?™ : Sp"™™ — Sp*’. The
composite

W[NToresINT : OgF X, on cor SP% = OF X0 @G/N( o Xien oo SP )—»S_pG/N
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is then a G/N-functor. This defines by adjunction the G /N-functor’
9%[N] : 0 G/N X i 0P Sp - FunG/N<@gp,S_pG/N>.

Define % [N] to be the fiber of % [N] over (G/N)/(G/N).

Observation 3.8 (Monoidality of forgetful functor). In Construction 3.7, the monoidality of infla-
tion and restriction implies that with respect to Sp®® and SpG/ N.®  the G-functors inf[N] and
res[N] are symmetric monoidal and the G/N -functor [N is lax symmetric monoidal. Therefore,
% [N] is lax symmetric monoidal with respect to the pointwise symmetric monoidal structure on

SpN -naive”

Observation 3.9 (Extension to G-co-category). For any subgroup H of G, consider the commutative
diagram of restriction functors

G
[FH res; [FG

/]\LIInN lNT

Fr /o W Fo/n

1Ny

that yields by adjunction

1nd”

Frp ——" % Fg

\l/anII \l/"N

Frycanny —M o G/N-

II/(IInN)
i = 3GYop . ROP op _ .
Precomposition by (indj;)°? : 0,7 — O, yields functors
resg . Fung/N (@gp,s_pG/N) — FunH/(HnN) (@I(){P’S_pH/(HﬂN)>

that assemble to the data of a functor @gp — Cat,, and thereby define a G-co-category Sp°

——N-naive’

Furthermore, % [N] extends to a G-functor Z[N] : Sp® — SpN _, given on the fiber over G/H
- _— —IN-naive
by %[N n H].

Observation 3.10 (Evaluation functors). For any subgroup H of G, evaluation on the orbit G/H
yields a functor

s+ Fung/y <@§P,s_pG/N) — spf!/(HON)

"The ad hoc notation %[N] for this G/N-functor is employed so as not to conflict with the G-functor %[N] in
Observation 3.9.
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By construction, this fits into a commutative diagram

spG UIN, FunG/N(®°p,S_pG/N)

G «
T ebli \Lsu

lPIIﬁN
SpH \ SpH/(HnN).

Because Sp®/N is a G/N-presentable G/N-stable G/N-co-category, the same holds for
Fun, /N(@SP,S_pG/ Ny with G /N-limits and colimits computed as in [74, Proposition 9.17]. Thus,
Fung /N(@gp,s_pc/ Ny is a presentable stable co-category such that the s;; form a set of jointly
conservative functors that preserve and detect limits and colimits. As both the restriction and cat-
egorical fixed points functors preserve limits and colimits, it follows that % [N] preserves limits
and colimits and therefore admits both left and right adjoints.

We also have a partial compatibility relation as H varies. Namely, given H, if K is a subgroup
suchthat NN H < K <H (soKNN = HnNN), then

H/(NNH)

TeS g /(N

osy; = s 1 Fung )y <@SP,S_pG/N> — SpK/NNH,
Let us separate out the conclusion of Observation 3.10 into a definition.

Definition 3.11. Let #[N], #"[N] : Sp . = — Sp° denote the left, respectively, right adjoints
to Z[N].

Example 3.12. If G = N = C, then the functor
c
[C,) : Sp% — Sp” .. = Fun (0. 5p)
forgets transfers and the functors
v - en® c
g[cp]’g [CP] ' spCZ-naive — Sp”

freely and cofreely adjoin transfers.
c
More precisely, writing Y € Spcz aive 38 [XP € Sp, X € Sp”r, X — X], one can show that

FIC1Y) = [XP Xy, X" 5 X],

where X¢» — X'C» is the composite X“» — X"*» — X'C» and restriction is the composite of the
projection onto X with the structure map X» — X in Y. To describe transfers, it suffices to
describe #[C,,](Y) in terms of geometric fixed points, where we have F[C,](Y) = [X,X >
X'“»] with X¢» — X'Cr as described above.

One may also show that

FYICLIY) = [X"% X e ey FST2,XP) S X X he, X,

F(sCp X

where the structure maps are determined using the following observations. First, if
Z = [whC = W] is Borel, then we have & V[Cp](Z) = [W"Cr s W] with transfer given by the
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composite W = Wth E» W' Second, if Z = [W — 0], then FV[CP](Z) = [F(s“», W) s
W], where the transfer and restriction are induced by the structure maps resg and trg in
i(S)=[S» &S] for i : Sp — Sp°r the left adjoint to the forgetful functor Sp“» — Sp. Third,
we compute the general form of FV[C,](Y) from writing Y = [WC — W] as a pullback
[Wth - W] X[WhCP—>O] [
functoriality and exactness of #V[C

W — 0] and applying the prior two observations along with
bl
Observation 3.13 (Interaction with G-spaces). By repeating the construction of % [N] for G-spaces

and using the compatibility of restriction and categorical fixed points with Q%, we obtain a
commutative diagram

sp? 5 Fungn (07, 5p7")

“‘”l l .

UIN]
Speg — Fungy(0F,Spe )

where the right-hand Q® functor denotes postcomposition by the G/N-functor Q* : Spe/N -

Spc . Moreover, a diagram chase reveals that under the equivalence
= G/N

FunG/N(@gp’ %G/N) o~ Fun(@gp, SpC) = SpCG

of [74, Proposition 3.10], %'[N] is an equivalence.
To understand the compact generation of N-naive G-spectra, we need the following lemma.

Lemma 3.14. Let C and {C; : i € I} be presentable stable co-categories (with I a small set) such
that each C; has a (small) set {x;, : a € A;} of compact generators. Suppose we have functors U; :
C — C; that preserve limits and colimits and are jointly conservative. Let F; be left adjoint to U;.
Then C has a (small) set of compact generators given by {F;x;, : i € I, € A;}. In particular, C is
compactly generated.

Proof. We check directly that the indicated set generates C. Let ¢ € C be any object and suppose
that Homq(Z"F;x;,, ¢) = 0 for all choices of indices. Then by adjunction, Hom¢ (£"x;,, U;c) = 0,
hence U;c ~ Oforalli € I. Invoking the joint conservativity of the U;, we deduce that ¢ ~ 0. As for
compactness, note that the assumption that each U, preserves colimits ensures that its left adjoint

F; preserves compact objects. ]

Corollary 3.15. The co-category Fung, N (O, SpG/ NY has a set of compact generators given by
{(sp) (1) : H < G},

where (sy;), denotes the left adjoint to the functor (sg)* of Observation 3.10.
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Proof. By applying Lemma 3.14 to the functors s7,, we deduce that

H/(HNN)
{(sp)y HON ) . g < G}
K/(HNN),
is a set of compact generators for Fung /N(@OP,S_pG/ Ny, Because resgf((ﬁr?g)) Sj; = Sg, We may
eliminate redundant expressions and reduce to the set {(s;;),(1) : H < G}. O

3.2 | N-Borel G-spectra

We next consider Borel G-spectra relative to N. Let i denote the extension N - G — G/N. Our
main goal is to prove Theorem 3.24, which plays a key role in the sequel.

Definition 3.16. Let Bg / NN C @gp be the full subcategory on those G-orbits that are N-free.

Note that Bg /NN is a cosieve in @gp: this amounts to the observation that if U is N-free and

f V. — UisaG-equivariant map of G-sets, then V is N-free.

op . A/0P
N '@G

P

Lemma 3.17. The cocartesian fibration r )

- @g N festrictstoa left fibration

. p¥ op
ION . BG/NN d @G/N

] op_ ;

6N v -cocartesian
edges, so py is a cocartesian fibration such that the inclusion preserves cocartesian edges. Fur-
thermore, if f : U — V is a G-equivariant map of N-free G-sets such that f : U/N — V /N isan
isomorphism, then it is easy to check that f is an isomorphism. Because py is conservative, we

deduce that p, is in addition a left fibration. O

Proof. Because B” N is a cosieve, the inclusion Bz /NN c @gp is stable under r

Remark 3.18. If N yields a product decomposition G = G/N X N, then Bg /NN is spanned by those
orbits of the form G /I'y where I'y is the graph of a homomorphism ¢ : M — G/N for M < N. As

¥
aG/N-space,BG/N

which is usually denoted as B,y N. We thus think of Bﬁ /
nontrivial extensions 3. Many other authors have also studied equivariant classifying spaces in
varying levels of generality, for example, see [33, 52, 53, 61].

N then is the classifying G /N-space for G /N-equivariant principal N-bundles,
NN as a twisted variant of Bg /N for

Definition 3.19. Let Spgi Borel - = Fung /N(B(z/; /NN , S_pG/ N be the oo-category of Borel G-spectra
relative to N, or N-Borel G-spectra. We will also refer to G /N-functors

X: Bg N = spe/N

/

as G /N-spectra with p-twisted N-action.
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Notation 3.20. Given an abelian group A, we will use Bé A as preferred alternative notation in
2
lieu of BéA for the defining extension ) = [A - A X C, — C,] of the semidirect product, where

C, acts on A by the inversion involution. We will also refer to C,-functors X : BtC A — Sp©2 as
2 —_
C,-spectra with twisted A-action, leaving 1 implicit.

Definition 3.21. Define the forgetful functor

%ylN1 = Sp° — Sp§ = Fungn(BY, N, Sp°/Y)

to be the composition of  [N] with restriction along the G/N-functor i : v NV C @gp. Also let

BG/

Fp[N1, ‘C}Tbv [N]: Spg- Borel SpG

denote the left, respectively, right adjoints to %, [N] (cf. Observation 3.22(1)).
Parallel to the above discussion of % [N], we now enumerate some of the properties of %, [N].

Observation 3.22 (Properties of %, [N]).

(1) Because both %[N]and restriction along i preserve limits and colimits, %, [N] preserves limits
and colimits and thus admits left and right adjoints %, [N] and ,?bv [N] that factor through
F|N]and FV[N].

(2) ForallG/H € Bz /NN we have H N N = 1. Therefore, the smaller collection of functors

{85 2 SDY porg = SPP t HNN =13

is jointly conservative and preserves and detects limits and colimits. Moreover, from
Observation 3.10 we get that s7,0%,[N] ~ res.

(3) As[N]islaxsymmetric monoidal by Observation 3.8 and restriction is symmetric monoidal,
we get that %,,[N] is a lax symmetric monoidal functor. However, because each sy, 0%, [N | for
H N N =1 is now symmetric monoidal, %, [N] is in fact symmetric monoidal.

(4) Asin Construction 3.7, the functor %,[N] is the fiber over (G/N)/(G/N) of a G /N-functor

ZyIN] = OF X Sp° — Fung (05, 5p°/).

G/N

Also, as in Observation 3.9, Spg_Borel extends to a G-oo-category S_pf]_Borel and %,[N]
extends to a G-functor % [N] : Sp¢ — sz Borel’ given on the fiber over G/H by
_ _— —IN-bore.

%b [N N H] . SpH - FunH/(NﬂH)(BIIIj/I(HnN)(N n H),S_pH/(NnH))

for the restricted extension ¥; :=[NNH - H — H/(N nH)].
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(5) Aswith N-naive G-spectra, we have a commutative diagram

SPG Up[N] \ FunG/N(Bg/NN’S_pG/N)

ol o

W[N]
Spc, —— Fung/N(Bz/NN,%G/N)

H k

Fun(O,, Sp) LN Fun(Bg V- Spe).

where now we may identify CZZI; [N] with restriction along i. Consider the transposed lax
commutative diagram

SPG Cuh[N; FunG/N(Bg/NN7 S_PG/N)

er R er

AN
spe, 2N Fung (B N %G/N).

For any subgroup H such that H N N = 1, we may extend this diagram to

evy

U [N
sp® “% Fung (8%, N,5p™") <13 sp

ZTT R ZTT ZTT

Cu/[ ]
Spe, Fung,y (B, N %G/N) = Spe,,

where the horizontal composites are given by the restriction functor resg because H/(H N
N) = H (cf. Observation 3.10 and the analogous setup for G-spaces). The right-hand square
commutes by definition, and the outer square commutes by the compatibility of restriction
with . As the ev, are jointly conservative, it follows that the left-hand square commutes.

Notation 3.23. Let I'y be the N-free G-family consisting of subgroups H such that H NN = 1.
Recall the definitions of 7-torsion and F-complete G-spectra from Construction 2.17.

Theorem 3.24. The functors F,[N] and gbV[N ] are fully faithful with essential image the T'y-
torsion and I'y-complete G-spectra, respectively.

Proof. We first check that the unit# : id — %,[N]%;,[N] is an equivalence to show that the left
adjoint #[N] is fully faithful.

Because Q®%,[N] ~ i*Q% and ZPi* ~ %,[N]Z by Observation 3.22(5), we have an equiva-
lence of left adjoints i) ~ %, [N]ZY, and for X € Fun(BZ /NN , Spc) we may identify Nyex with
21}, where 7’ : id — i*i) is the unit of the adjunction i, - i,.. But 7’ is an equivalence because
i) is left Kan extension along the inclusion of a full subcategory. Thus, 7 is an equivalence on all
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suspension spectra. In view of the commutative diagram for H € 'y

N

Fung,y (B, N Sp?) iy sp”

Lo o

Fun(Bz NN Spc) —1— Spc,,

. 1Gop - . .
where s}, = (ind{))? : 6,7 — Bi, N C 6.7, we have an equivalence of left adjoints s;;,2° ~

E_"fs;ﬂ, so in particular sg,(1) is a suspension spectrum. Elaborating upon Corollary 3.15, we
observe that the set {s;,(1) : H € 'y} constitutes a set of compact generators for Spgi Borel"
Because both the domain and codomain of 7 commute with colimits, we conclude that 7 is an
equivalence. Moreover, because (s;;)*o %}, [N] =~ resIG{ as noted in Observation 3.10, by adjunction
Fp[NTo(sy), =~ indg and thus the essential image of %[ N] is the localizing subcategory generated
by theset{G/H, : H € I'y}. Thisequals the full subcategory of I'y-torsion G-spectra. Because we

already have the stable recollement

J* i
SphrN (_)(— SpG (_)—) SquFN,
Ju iy

it follows that ?bv [N] is fully faithful with essential image the I'y-complete G-spectra. In more
detail,

* the composite i*F;,[N] =~ 0 because F,[N](X) € j!(SphrN )and i* j, ~ 0. Passing to adjoints, we
get %p[N]i, ~ 0. Then forall X e Splc\;,_ Borel’ %bv [N](X) is T'y-complete by the equivalence

Map(i.Z, .%“bV[N](X)) ~ Map(%,[N]i.Z,X) ~ 0;

+ using that %[ N] is an equivalence onto its essential image, we see that the composite %}, [N]j,
is an equivalence from Sp™' to Spf,_ Borel- 1ts right adjoint j *?bv [N] is thus an equivalence;
* combining these two assertions, we have that the composite

g\’[fg] J hCy s«
Splc\;fiBorel ch Sp : ? SpG

isequivalent to #,'[N] via the unit #,'[N] 5 J+Jj* %,/ IN]and s fully faithful onto I'y-complete
G-spectra. O

Remark 3.25(Monoidality). Because %, [ N] is symmetric monoidal by Observation 3.22(3), its right
adjoint %bv [N]is lax symmetric monoidal. Therefore, the equivalence

%'[N] : Fung (B, o SpC/N) — sphtn
of Theorem 3.24 is one of symmetric monoidal co-categories with respect to the pointwise sym-
metric monoidal structure on the left-hand side and the symmetric monoidal structure induced
by the I'y-symmetric monoidal recollement on the right-hand side.
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Corollary 3.26 (Compatibility with restriction). The left and right adjoints #,[N] and FbV[N ]
extend to G-left and right adjoints

o 7V . G G
ib[N]’ Ly [N]: S_pN—Borel - S_p '

Proof. Combine Remark 2.23 and Theorem 3.24. O

We conclude this section by applying Theorem 3.24 to decompose the oo-category of
D, ,»-spectra; this example plays a crucial role in our study of real cyclotomic spectra in [70].

Example 3.27. LetT' =T,  be the D,,.-family that consists of those subgroups H such that
P

H N upn = 1. Note that H ¢ T if and only if i, < H. Therefore, Sp®" ~ Sp”2"! for D, ,n1 viewed
as the quotient D, /u,,. Together with Theorem 3.24, we obtain a stable symmetric monoidal
recollement

J* =y lae] e
Oy & @Dpn ———— @D
Func, (Bg, ipr, SP™) T Sp ——— 5 Sp
Jo=F ) [ i

Furthermore, using Remark 2.23, this extends to a C,-stable C,-recollement

%hlﬂpwJ kP
¢ C,y &—— op Dyn —————» 0D D, no1
Fun 2(Bczptpy,,Sp ) (ﬁ O, X@;an Sp +—5 Oc, X@gpzpnil Sp >
p LMpn Ly

whose fiber over C, /1 is the stable symmetric monoidal recollement

Up[papn] P
Fun(Bi,», Sp) <—>E Sp*” <—>} Spr,

9;'\7/ [ﬂp”] Ly

with the C,-action induced by the inversion action of C, on .

4 | PARAMETERIZED NORM MAPS AND AMBIDEXTERITY

In this section, we construct parameterized norm maps that will permit us to define the param-
eterized Tate construction (Definition 4.24). Our strategy is to mimic Lurie’s construction of the
norm maps [56, section 6.1.6] in a parameterized setting over a base co-category 7, eventually spe-
cializing to = O,. We first collect a few necessary aspects of the theory of 7 -colimits, limits,
and Kan extensions from [74].

Warning 4.1. As mentioned in Subsection 1.4, in [74] we set S = I °P and label notions of parame-
terized category theory using S instead of 7 (for example, S-colimits versus J -colimits). We will
implicitly convert between the two notations when citing results from [74].

Observation 4.2. LetK, L, and C be I -co-categories with p : L — I °P the structure map, and let
¢ : K — L be a I -cocartesian fibration [74, Definition 7.1]. We are interested in computing the
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left adjoint ¢, to the restriction functor
¢* : Fung(L,C) —» Fung (K, C)

as a (pointwise) 7 -left Kan extension [74, Definition 10.1 or Definition 9.13]. In [74, Theorem 9.15
and Proposition 10.8], the second author gave a pointwise existence criterion and formula for ¢,
of a F-functor F : K — C. Namely, for all objects x € L, if we let

X = {X} xL,evo Arcocart(L)’

then the point inclusion {x} C L canonically extends toa 7 -functori, : x — L given by evaluation
at the target (cf. [74, Notation 2.29]). Let t = p(x) and note that

q = (id,Ar(p)) : x 5> (TP) = (T /)P
is a trivial fibration (cf. [74, Lemma 12.10]), so we may think of x as an J -point of L. Let
F,=(qopr,,Foprg) : K, :=x%x K - C; := (F/tyep Xgop C

denote the resulting 7 /*-functor. Then ¢, F exists if the 7/!-colimit of F, exists for all x € L, after
which (¢,F)|, is computed as that 7 //-colimit.

We will also say that C admits the relevant I -colimits with respect to ¢ : K — Lifforall x € L
with t = p(x), C; admitsall 7 7 /t-colimits indexed byK In this case, the left adjoint ¢, to ¢* exists
by [74, Corollary 9.16].

Now suppose instead that ¢ : K — L is an J -cartesian fibration [74, Definition 7.1]. In view
of the discussion of vertical opposites in [74, section 5] and the observation that the formation
of vertical opposites exchanges 7 -cocartesian and J -cartesian fibrations, we may dualize the
above discussion to see that the 7 -right Kan extension ¢, F exists if the 7/!-limit of F, exists for
all x € L, after which ¢,F|, is computed as that 7/!-limit. Likewise, we have the dual notion of
C admitting the relevant 7 -limits with respect to ¢, in which case the right adjoint ¢, exists.

Finally, suppose that K and L are J -spaces. Using the cocartesian model structure on sSet™ J7on
and the description of the fibrations between fibrant objects [56, Proposition B.2.7], up to equiv-
alence we may replace any J -functor ¢ : K - L by a categorical fibration. But a categorical
fibration between left fibrations over I is necessarily both an J -cocartesian and J -cartesian
fibration, hence both of the above formulae apply to compute ¢, and ¢,,.

Observation 4.3. We can also consider the I -co-category Fun (K, C) — 7 °P whose cocartesian
sections are Fung (K, C). Let¢ : K — L be an  -cocartesian fibration and suppose that for every
t € 7, the T/!-co-category C, admits the relevant 7 /¢-colimits with respect to ¢, : K, = L;, s0
that the restriction functor T

¢£’< : Fung/[(LE, CE) - Fung/t(KL, Ct_)

admits a left adjoint (¢;), computed as above. Then using the built-in compatibility of 7 -left Kan
extension with restriction, by [56, Proposition 7.3.2.11] these fiberwise left adjoints assemble to
yield an J -adjunction [74, Definition 8.3]

¢ : Fun_(K,C) <= Fun_(L,C) 1o
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(also see [74, Corollary 9.16 and Theorem 10.5]). In particular, upon forgetting the structure maps’
we have an ordinary adjunction ¢ - ¢*. Similarly, for ¢ an I -cartesian fibration we can consider
the 7 -adjunction '

P : Fung(L, C) :’Fung(K, C):¢.
For ¢ : X — Y a map of T -spaces, we will consider ¢ " ¢*.

The key result that enables the construction of norm maps is the following lemma on
adjointability. Note for the formulation of the statement that I -(co)cartesian fibrations are sta-
ble under pullback, and the property that C admits the relevant 7 -(co)limits with respect to ¢ is
stable under pullbacks in the ¢ variable.

Lemma 4.4. Let C be an J -co-category and let
Kl
a
f

U1y

Iy x
¢

be a pullback square of T -co-categories. Consider the resulting commutative square of I -functor
categories and restriction functors

Fung(K’, C) L Fung (K, C)

1 T

Fung (L', C) <L — Fung(L,C).

(1) If ¢ is an T -cocartesian fibration and C admits the relevant T -colimits, then the square is left
adjointable, that is, the natural map ¢',f'* — f*¢, is an equivalence.

(2) If ¢ is an T -cartesian fibration and C admits the relevant T -limits, then this square is right
adjointable, that is, the natural map f*¢, — ¢, f'" is an equivalence.

(3) IfK,L,K',L’ are T -spaces, then the square is both left and right adjointable provided that C
admits the relevant I -colimits and T -limits.

Likewise, we have the same results for the commutative square of T -functor I -co-categories

Fung(K’, (6))] f—% Fung(K, C)

i Te

Fung(L’, C) ]—c% Fun_ (L, C).

Proof. LetF : K — C be an I -functor. For (1), as ¢ is an I -cocartesian fibration, ¢, and ¢!’ exist
and can be computed by the below colimits by Observation 4.2 and Observation 4.3. We need to

*In other words, a relative adjunction yields an adjunction between the Grothendieck constructions.
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check that ¢/, f"*F — f*¢,F is an equivalence of 7 -functors. It suffices to evaluate on I -points
x in L, and we then have the map

colim””" (Fof"), — colim” "' F (%)

where x lies over t. But as x x;, K’ =~ f(x) x; K as T /!-co-categories, these I /!-colimits are
equivalent under the comparison map. The proof of (2) is similar. For (3), we replace ¢ by a cat-
egorical fibration and then use (1) and (2). For the corresponding assertion about Fun_ (-, C),
it suffices to check that the natural transformations of interest are equivalences fiberwise, upon
which we reduce to the prior assertion for Fung /. (—, C,) (ranging over all t € 7). O

4.1 | Ambidexterity of parameterized local systems

In this subsection, we extend Hopkins and Lurie’s study of ambidexterity for local systems [44,
section 4.3] to the parameterized setting. The following definition generalizes [44, Definition 4.3].

Definition 4.5. Let C be an 7 -co-category. The co-category of I -local systems on C
LocSys” (C) — Spco
is the cartesian fibration classified by the composite

5 — Cat,.

. op
Fung(—,C) : (Spcs )P C Cat_

The T -co-category of 7 -local systems on C
LocSys” (C) — Spco

is the cartesian fibration classified by the composite

U
— Cat,, 5 — Cat,.

Fun_ (—,C) : (Spcs ) C Catgf,&‘

where U forgets the structure map of a cocartesian fibration.

Corollary 4.6. Suppose that forallt € 7, C, admits all 7 /*-colimits indexed by I /*-spaces. Then
LocSys” (C) and LocSys” (C) are Beck—Chevalley fibrations [44, Definition 4.1.3].

Proof. Note that by the same argument as [74, Remark 5.14], the hypothesis ensures that C admits
all 7 -colimits indexed by I -spaces. The corollary is then immediate from Lemma 4.4. O

Remark 4.7. The natural transformation
0 : Fun, (—,C) = consty : (Spcs )P — Cat,,

given objectwise by the structure map Oy : Fun, (X,C) - I °P, unstraightens to define a
cocartesian fibration

LocSys” (C) - T°P,

so LocSys” (C) is indeed an  -co-category.
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‘We now have the general theory of ambidexterity [44, section 4.1-2] for a Beck—Chevalley fibra-
tion, along with the attendant notions of ambidextrous and weakly ambidextrous morphisms [44,
Construction 4.1.8 and Definition 4.1.11] in Spcg-. For the reader’s convenience, let us recall the
relevance of these notions for constructing norm maps, referring to [44, §4.1] for greater detail
and precise definitions.

Observation 4.8. Suppose & — Spcg is a Beck-Chevalley fibration, f : X — Y is a map of -
spaces, the left and right adjoints f, and f, to f* exist, and we wish to construct a norm map
Nm; : f, — f.. Consider the commutative diagram

and suppose we have already constructed a norm map Nm;s : §, — J,, and shown it to be an

equivalence. If Nm(s_1 : 8, — &, is a choice of inverse, then we have a natural transformation

-1
Nm‘:s

pry 2, 8,0%pr] ~ 3, —— &, ~4§,6" pr; =, pr .
By adjunction and using the Beck-Chevalley property, we obtain a map

f*fi = (pry), PI"Z* — id.

Finally, we may adjoint this map in turn to define
Nm f : f s f %

Thus, for an inductive construction of norm maps, we may single out a class of “ambidextrous”
morphisms for which a norm map has been constructed and shown to be an equivalence, and then
define “weakly ambidextrous” morphisms to be those morphisms f : X — Y whose diagonal
d : X - X Xy X is ambidextrous.

Continuing our study, we henceforth suppose that C, also admits all 7/¢-limits indexed by
T /-spaces, so that the right adjoints f,, f i} exist for all maps f of  -spaces. Then by [44,

Remark 4.1.12], for LocSys” (C) a map f : X — Y in Spcy is ambidextrous if and only if the
norm map Nmy @ f{ — f/ is an equivalence for all pullbacks f’ : X" — Y’ of f, and similarly
for LocSys” (C).

To simplify the following discussion, we will phrase all of our statements for LocSys” (C).
However, such statements have obvious implications for LocSys” (C) via checking fiberwise.

Lemma 4.9. Let C be an  -co-category with the property that C, admits all T /t limits and T /!~
colimits indexed by 7 /'-spaces for allt € T .
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(1) Let f : X = Y be a weakly ambidextrous morphism. Then f is ambidextrous if and only if for
ally € Y, the norm map Nm 1, Jor the pullback f, : X, — y is an equivalence.

() f : X — Y is weakly ambidextrous if and only if for all y € Y, the pullback f y X, o yis
weakly ambidextrous. -

Proof. For (1), first note that the maps f, are weakly ambidextrous by [44, Proposition 4.1.10(3)],
so the statement is well-posed. The “only if” direction holds by definition. For the “if” direction,
suppose given a pullback square of 7 -spaces

X 5 x

. / ! _ / : I~ I ~ -
For any pointy’ € Y/, if we lety = ¢(3") then we have an equivalence Xy, & XX -y =Y. There

fore, without loss of generality it suffices to prove that Nmy : f, — f, is an equivalence. Lety € Y
and denote the inclusion of the 7 -point as iy, : y — Y and the I -fiber as j, : X|, - X. By [44,

Remark 4.2.3] and Lemma 4.4, we have an equivalence

(where y covers t), which by assumption is an equivalence. Because the evaluation functors l; are
jointly conservative, it follows that Nm/ is an equivalence.

For (2), we only need to prove the “if” direction. We will show that the diagonal§ : X — X Xy X
is ambidextrous. Let §,, denote the diagonal for f . For all y we have a pullback square

Xy#)X

Is I
X, %y X, UEDNG V'S
Given any object (x, x") € X Xy X with f(x) = f(x") = y," the inclusion of the 7 -fiber
iy - (X)) = XXy X

factors through X, x,, X,. Therefore, if 6, is ambidextrous, the norm map for X, ,») — (x,x’) is

an equivalence. By statement (1) of the lemma, we conclude that & is ambidextrous. O

Recall from [44, Proposition 4.1.10(6)] that given a weakly n-ambidextrous morphism f :
X —>Y and —2<m<n, f is weakly m-ambidextrous if and only if f is m-truncated [54,
Definition 5.5.6.1]. To identify the n-truncated maps in Spcg-, we have the following result.

Lemma4.10. LetX : ° — Spcbean I -space. Then X is n-truncated as an object of Spcg if and
onlyifforeacht € 7, X(t)is an n-truncated space. Similarly, foramap f : X — Y of 7 -spaces, f
is n-truncated if and only if f(t) is an n-truncated map of spaces forallt € 7.

' We write an equality here because we are implicitly modeling f as a categorical fibration of left fibrations over 7.
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Proof. We repeat the argument of [54, 5.5.8.26] for the reader’s convenience. It suffices to prove
the result for maps. Let j : I — Spcgs denote the Yoneda embedding. Then if f is n-truncated,
foranyt €

J(©) = Map(j(0), f) : Map(j(£),X) ~ X(t) - Map(j(t),Y) ~ Y ()

is n-truncated. Conversely, suppose each f(¢) is n-truncated. The collection of T -spaces Z for
which Map(Z, f) is n-truncated is stable under colimits, because limits of n-truncated spaces and
maps are again n-truncated. As the representable functors j(¢) generate Spcs under colimits, it
follows that f itself is n-truncated. [l

Let us now consider the n = —1 case.

Definition 4.11. Let C be an  -oo-category. C is I -pointed if for every t € 7, C, is pointed, and
for every a : u — t, the pullback functor a* : C, — C,, preserves the zero object. If 7 = O, we
also say that C is G-pointed.

Lemma 4.12. Let C be a J -oo-category and suppose that for all objects t € 7, C; admits ini-
tial and final objects, and for all morphisms [a : u — t] € 7, the pullback functor a*: C, = C,
preserves initial and final objects. Then C is I -pointed if and only if for every t € T, the weakly
(—1)-ambidextrous morphism 0, : @ — t is ambidextrous.

Proof. For all t € 7, under our assumptions the norm map Nm,_exists and identifies as the
canonical map between the initial and final object in C,. Moreover, for all morphisms « in &,
these norm maps are preserved by the pullback functors a*. Now to apply Lemma 4.9, note that
for morphisms [« : u — t] of 7 viewed as objects of t = (7/)°P, the map « — ¢ is homotopic to
the canonical 7 -functor j(«) : u — t induced by a under the Yoneda embedding j : 7 C Cat, 7.
Then as pullback of 0, along j(«) is 0,,, we deduce that 0, is ambidextrous if and only if C, admits
a zero object, and for all « : u — ¢, the pullback functor a* : C; — C,, preserves the zero object.
The conclusion then follows from considering all ¢. O

Warning 4.13. In contrast to the nonparameterized case [56, Proposition 6.1.6.7], if C is T -
pointed then we may have weakly (—1)-ambidextrous morphisms that fail to be ambidextrous.
For example, let 7 = O, and let p : J — @Op be the C,-functor given by the inclusion of the
full subcategory on the free transitive C,- sets (so J ~ BC,). Then J is a C,-space via p, and for
any C,-oo-category C, we have that Fung, (J,C) =~ (C¢, /1)hc2 for the C,-action on the fiber C¢,
encoded by the cocartesian fibration. On the one hand, the C,-diagonal functor§ : J — J X @gg Jis

an equivalence, so J is a (—1)-truncated C,-space. On the other hand, for C = Sp®2, the restriction
p* may be identified with

* 1 Sp©e Funcz(@os,s_pCZ) — Fung, (J,S_pcz) ~ Fun(BC,, Sp)

which we saw has left and right adjoints j, and j, such that the norm map j, — j, is not
an equivalence.

We next consider the n = 0 case. Recall from [64, Definition 4.1] that an co-category 7 is said to
be atomic orbital if its finite coproduct completion Fg admits pullbacks and  has no nontrivial
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retracts (i.e., every retract is an equivalence). For example, O is atomic orbital. We now assume
that 7 is atomic orbital, and we regard V € I as “orbits” and U € Fg as “finite I -sets”. Recall
the notation U from Example 1.32.

Lemma 4.14. Suppose C is I -pointed. Then for any finite I -set U, orbit V and morphism in Spco
frUu=V

(necessarily specified by a morphism f : U — V inFg), thediagonal 5 : U — U X, U is ambidex-
trous. Consequently, if g : X — Y is a morphism between finite coproducts of representables, then g
is weakly 0-ambidextrous.

Proof. By our assumption on I, U Xy U decomposes as a finite disjoint union of representa-
bles [[;c; V;- Moreover, because I admits no nontrivial retracts, for some J C I we have that
U~ H;e] V; with matching orbits, and § is a summand inclusion U — (I, V) U (Lie/—; V-
d is then ambidextrous by Lemma 4.9 and Lemma 4.12. The final consequence also follows by
Lemma 4.9. O

By Lemma 4.14, the following definition is well-posed.

Definition 4.15. Let C be J -pointed. We say that C is 7 -semiadditive if for each morphism
f U - VinFy, thenormmap Nmy for f : U — Visanequivalence. If 7 = Og, we will instead
say that C is G-semiadditive.

Equivalently, in Definition 4.15 we could demand only that the norm maps for f : U — V with
V an orbit are equivalences.

Remark 4.16. Unwinding the definition of the norm maps produced via our setup and in [64,
Construction 5.2], one sees that Definition 4.15 is the same as the notion of 7 -semiadditive given
in [64, Definition 5.3]. In particular, for 7 = O, Sp° is an example of a G-semiadditive G-oo-
category. This amounts to the familiar fact that for each orbit G/H, Sp”! is semiadditive, and for
each map of orbits f : G/H — G/K, the left and right adjoints to the restriction functor f* :
SpX — Sp'! given by induction and coinduction are canonically equivalent.

In the remainder of this subsection, we further specialize to the case I = O for G a finite
group. We have already encountered a potential problem in Warning 4.13 with developing a useful
theory of G-ambidexterity. The issue is essentially due to the presence of fiberwise discrete G-
spaces that do not arise from G-sets. To remedy this, we will restrict our attention to the Borel
subclass of G-spaces.

Definition 4.17. Suppose that X — 0. is a G-space. Then X is Borel if the functor 6, — Spc
classifying X is a right Kan extension along the inclusion of the full subcategory BG C @gp.

Remark 4.18. Definition 4.17 is equivalent to the following condition on a G-space X: if we let

X 1= 0 X, 6iop cop X
H H 7(ind§))°P,07
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denote the restriction of X to an H-space, then for every subgroup H < G, the natural map

Xe/m = Map;‘)@cfprt(@OP,XH) — Map 5, (BH, BH X gop Xy) = (Xg /1)hH
H

is an equivalence.

Remark 4.19. Limits and coproducts of Borel G-spaces are Borel. Moreover, for every G-set U,
the G-space U is Borel. Indeed, this amounts to the observation that Homg(G/H,U) =~ U¥ for
all subgroups H < G. In particular, as representables are Borel, the Borel property is stable under
passage to G-fibers.

Definition 4.20. Let f : X — Y be a map of Borel G-spaces and let f, : X, = Y, denote the
underlying map of spaces. Then by Lemma 4.10, f is n-truncated if and only if f, is n-truncated.
Furthermore, because every G-orbit is a finite set, the following two conditions are equivalent.

(1) Foreveryy €Y, the homotopy fiber (X), is a finite n-type [44, Definition 4.4.1].
(2) Foreveryy €Y, the underlying space of the homotopy G-fiber X, is a finite n-type.

In this case, we say that f is 7z-finite n-truncated. Note that if f is z-finite n-truncated,
then its diagonal is z-finite (n — 1)-truncated; indeed, this property can be checked for the
underlying spaces.

More generally, if f : X — Y is a map of G-spaces such that for every y € Y, X, is Borel, then

we say that f is (7r-finite) n-truncated if the above conditions hold for all y and X yT

Lemma4.21. Let f : X — Y be a map of G-spaces such that forall y € Y, X, is Borel.

(1) Suppose that C is G-pointed.
(1.1) If f is (—1)-truncated, then f is (—1)-ambidextrous.
(1.2) If f is O-truncated, then f is weakly 0-ambidextrous.
(2) Suppose in addition that C is G-semiadditive.
(2.1) If f is m-finite O-truncated, then f is O-ambidextrous.
(2.2) If f is m-finite 1-truncated, then f is weakly I-ambidextrous.

Proof. By Lemma 4.9 and under our hypothesis on the parameterized fibers, we may suppose in
the proof that Y = G/H and X is Borel. For (1), if f is (—1)-truncated then the underlying space of
X is a discrete set that injects into G/H. But if X is nonempty then f must also be a surjective map
of G-sets because the G-action on G/H is transitive. Thus, either X = @ or f is an equivalence,
so by Lemma 4.12, f is (—1)-ambidextrous. If f is O-truncated, then the (—1)-truncated diagonal
X — X Xy X is (—1)-ambidextrous as just shown, so f is weakly 0-ambidextrous.

For (2), we employ the same strategy. If f is 7-finite O-truncated, then X is necessarily a finite
G-set, so f is 0-ambidextrous by hypothesis. If f is z-finite 1-truncated, then the diagonal X —
X Xy X is z-finite O-truncated and hence 0-ambidextrous, so f is weakly 1-ambidextrous. O

To apply the parameterized ambidexterity theory to our situation of interest, we need the
following lemma.

Lemma 4.22. The G/N-space Bg /NN of Definition 3.16 is Borel.
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Proof. For any subgroup K/N of G/N, (Bg/NN)K/N ~ (B}é’//NN) for ' =[N - K - K/N].
Therefore, without loss of generality it suffices to prove that the map of groupoids

X Mapj‘}jggt (OB /NN) — Mapp(n)(B(G/N), (B, NI Xger BG/N))

is an equivalence. The fiber E of BY N over the terminal G /N-set « is spanned by those N-free

G/N
G-orbits U such that U/N =, and an explicit inverse to the evaluation map

cocart
Map/fZI;N(@G/N’ G/N

N)—>E

is given by sending U to the cocartesian section s;; = (—x U) : 62 G/N - Bg /NN that sends V' to

V x U: this follows from our identification of the cocartesian edges in Lemma 3.2. Then
x(sy) : B(G/N) - (B, /NN ) Xow B(G/N)

is the section which sends G/N to the free transitive G-set G/N X U. Let us now select a base-
point to identify U = G/H for H a subgroup such that H NN = 1and G = NH. We have W ;H =
Auts;(G/H), where a coset a € WH gives an automorphism 65 of G/H that sends 1H to the
well-defined coset aH, and under y this is sent to the automorphism id X67 of the section x(sg /5)-

By elementary group theory, each coset in G/N has a unique representative xN with x €
H, and each coset in G/H has a unique representative yH with y € N. Moreover, the inclu-
sion N;(H) NN — N;(H) yields an isomorphism N;(H) N N = W;(H); the map is an injection
because NN H =1 and a surjection because G = NH. The two surjections G/1 - G/N and
G/1 — G/H sending 1G to 1N and 1H define an isomorphism G/1 =G /N X G/H for which
an explicit inverse sends (xN, yH) to x - y. Under this isomorphism, id X8 is sent to the unique
element a € N;(H) N N that is a representative for a.

On the other hand, (B G /NN ) X @g;;N B(G/N) ~ BG where we select G/1 to be the unique object

of BG. We compute the groupoid of maps Map p/ny)(B(G/N), BG) to have objects given by split-
tings 7 : G/N — G of the surjection 7 : G — G/N and morphisms 7 — 7’ given by n € N such
that for every coset bN, nt(bN)n~! = 7/(bN). In particular, Aut(r) = N n C;(H) for H = 7(G/N).

However, if nhn~! = h/ € H, then n(nhn~'h~') = 1 shows that nhn='h-! € NNnH =1, so in
fact nh = hn and thus Aut(r) = N N Ng(H). Combining this with the explicit understanding of
the comparison map given above, we deduce that y is fully faithful. Essential surjectivity is also
clear by the bijection between splittings of 7 and subgroups H with NN H =1 and G = NH. We
conclude that y is an equivalence. O

4.2 | The parameterized Tate construction

In view of Lemma 4.22, we may define the parameterized Tate construction (Definition 4.24) by
applying the parameterized ambidexterity theory to the Beck—Chevalley fibration

LocSys®/N(sp®/N) — Speg/n-
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Letpy : B(d; /NN - @gr/’N be the structure map as in Lemma 3.17, and let
on" SpG/N ~ FunG/N(@gI;N,S_pG/N) — FunG/N(Bg/NN,S_pG/N)

be the functor given by restriction along p,;. We first introduce alternative notation for its left and
right adjoints (on), and (o ).-

Notation 4.23. Given X € Fung /N(Bi, /NN , S_pG/ Ny, we write

Xppp) := (on)(X) and X1 2= (o), X
for the parameterized homotopy orbits and fixed points functors, respectively.

Definition 4.24. The G/N-functor p has as its underlying map of spaces BN —x, which is 7-
finite 1-truncated. By Lemma 4.21, p, is weakly 1-ambidextrous, so we can construct the norm
map

Nm, - : (on) = (on)s-

The ambidextrous Tate construction
(=)W : Fung)(BY, N, Sp°/N) — sp?/N
is the cofiber of Nm, .
N

Notation 4.25. When the group extension 1 is clear from context, we will also write

_ hg/nN _ yh to/NN _ vt

XhG/NN =Xy, X'onN =X Wl xtowN = xtl¥l,

Observation 4.26 (The norm vanishes on induced objects). For H € 'y (so that HN N = 1), let
U =pN(G/H) = ;1\{71\1 be the G/N-orbitand s;; : U — Bg/NN be the unique G /N-functor that
selects G/H, so that the functor sy, of Observation 3.10 is obtained by restriction along s;;. Note
that the map of Borel G/N-spaces sy; is 7-finite O-truncated because its underlying map of spaces

is U — BN with U a finite discrete set. By Lemma 4.21, we see that Nmy, : sy, — (Sp)s-

Now consider the composite map p;; = pyo(sg), which is also zz-finite O-truncated. On the one
hand, the associated norm map Nm,, is an equivalence (explicitly, between induction and coin-
duction from Sp to Sp®/N for H ~ HN /N viewed as a subgroup of G/N). On the other hand, by
[44, Remark 4.2.4], we have that Nm,, ishomotopic to the composite ((on)s Nm, )o(NmpN (S
We deduce that Nm,,  is an equivalence on the image of (s;),. This extends the observation that
the ordinary norm map X, — X hG is an equivalence on objects induced from Sp to Fun(BG, Sp).

By Theorem 3.24, we also have a norm map Nm’ : #,[N] - ?bV[N ] arising from the T'y-

recollement of Sp’, with functors %,[N] and ,?bv [N] as in Observation 3.22. We now proceed
to show that the two norm maps ¥ Nm' and Nm,  are equivalent.
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Lemma 4.27. The functor py, is homotopic to the composite

%, [N]oinf™ : SpO/N — sp% — FunG/N(B N, Sp9/M).

G/N
Proof. For the proof, we work in the setup of Construction 3.7. Let

@/[N] : S pG/N - @GI/)N Xi;p’@gp S_pG

be the G/N-functor defined by unstraightening the natural transformation

op op op op

SHq SHcoG/N — SHaw; 1,

G/N
K/N

inf™ . By definition, the composite

so for a G/N orbit V = , the fiber inf’[N],, : SpE/N — spK s given by the inflation functor

f'[N
SpG/N nr v @G/N 0,0 Sp % FunG/ (@ G/N)

is adjoint to the composite (abusively denoting inf’[N7] for its pullback along ri}’)

op G/N @'[Nl/ op G IesIN] ¢ ¥INI_ _op G/N P G/N
O Xr:]p,ogp/NS_p / O X(iNrN)op,@gvS_p > Sp > Og XV;LF,@Z';NS_p / —_— S_p N,

For a G-orbit G/H, the fiber of P[N Jores[N]oinf '[N] over G/H is given by the composition

. fN HN lpllnN
SpHN /N I \ SpHN resy N SpH N SpH/(HnN)‘
Using that HN/N = H/(H n N), the composition res/’N o inf" is homotopic to inf”"V. There-

fore, if H €Ty so that HNN =1, the entire composite is trivial. We deduce that the
composite

" G/N inf [N res[N] G/N
Bg /N Xoy.0,, SP 4 G/NN Xon.000 OP Sp° > Sp G/NN Xon 08 SP

is homotopic to the identity, which proves the claim. O

Observation 4.28. Passing to right adjoints in Lemma 4.27, we get that (oy), ~ ¥V gbv [NT]. Let
(-] FunG/N(BG/NN,S_PG/N) N SpG/N

be the cofiber of ¥V Nm'. As the orbits G/H, € Sp° for H € Ty are both FN—torsion and I'y-
complete, Nm’ o(s;;),(1) is an equivalence for all H € Ty. Therefore, (— )'[¥] vanishes on each

(s (1). Because {(sy),(1) : H € Ty} is a set of compact generators for FunG/N(B N,S_pG/N)

G/N
and (py), is a colimit preserving functor, the composite

NmpN )
(Dnpy) = (o) — (=" = (op), 2 WV FY[N] - (-)'1Y]
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is null-homotopic. We thereby obtain a natural transformation v : (—)!¥1 — (=)', Taking
fibers, we also have a natural transformation u : (oy), = ¥NF,[N]. All together, for all X €
Spf]_ Bore] W€ have a morphism of fiber sequences of G/N-spectra

(Nm,, )x

Xnpg) D, G p——— ¢l ]

I I I

YN Nmjy \
UNF[N](X) —— PVNFY[N](X) —— XL,

Theorem 4.29. The natural transformations u and v are equivalences. In particular, the
ambidextrous Tate construction is canonically equivalent to that defined by the parameterized
recollement theory.

Proof. Tt suffices to show that  is an equivalence. By Observation 4.26, Nm,, is an equivalence
on (sy),(1) for every H € Ty, and we just saw the same property for Nm’. Therefore, u is an
equivalence on each (sg),(1) by the two-out-of-three property of equivalences. As both (o), and
WN Z, [N] preserve colimits and the (s;),(1) form a set of compact generators, we conclude that
u is an equivalence. O

Remark 4.30 (co-categorical Adams isomorphism). By Theorem 4.29, for X € Spg_ Bore» W€ have
an equivalence of G/N-spectra X hiy] = YN Z, [N](X). Viewing X as an “N-free” G-spectrum via
the embedding &, [N], this amounts to the Adams isomorphism for a normal subgroup N of a
finite group G in our context (compare [61, chapter XVI, Theorem 5.4]).

We also note that Sanders [72] has recently introduced a different formal framework for pro-
ducing the Adams isomorphism, in the more general situation of a closed normal subgroup of
a compact Lie group. It would be interesting to understand the relationship between his results
and ours.

Remark 4.31. Inview of Theorem 4.29, we could have defined the parameterized Tate construction
as (=)' ¥ to begin with. However, we still need the Adams isomorphism to identify the fiber term

WNZ [N] of (oy), = (=)!'¥1 as the parameterized orbits functor (o).

Remark 4.32 (Point-set models). Let X € Sp](\;]_ Bore] @Nd consider the fiber sequence of G/N-
spectra

By Theorem 4.29 and the monoidal recollement theory for I'y, this fiber sequence is obtained as
WN of the fiber sequence of G-spectra

F)/INI(X) ® ETy, — F)[N|(X) - F)[N|(X) ® ETy.
IfweletX = % [N](Y)forY € Sp®, then we may also write this as

Y ® ETy, ~ F(ETy,,Y) ® ETy, — F(ETy,,Y) = F(ETy,,Y) ® ETy.
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Remark 4.33 (Parameterized Tate spectral sequence). The point-set model for the parameter-
ized Tate construction given in Remark 4.32 allows us to apply [30, Theorem 22.6] to define the
parameterized Tate spectral sequence

2 _ ggb . to /NN
Ep’q = HFN(N,Eq) = nq_pE G/N

to study the G/N-parameterized N-Tate construction of E € Spf]_Borel. The E,-term is given by the
'y -Amitsur-Dress-Tate cohomology of N with coefficients in E, as defined in [30, Definition 21.1].
See also [60, sections 2.3, 3.2].

An analogous spectral sequence also exists in RO(G/N)-graded form, where we replace q € Z
by * € RO(G/N). We will use the RO(C,)-graded parameterized Tate spectral sequence in [70]
to compute the real topological cyclic homology of HF ,, where HF, is the Eilenberg-MacLane

C,-spectrum for the constant Mackey functor on [, with p odd.

Observation 4.34 (Compatibility with restriction). Note that the norm map Nm' also extends to a
natural transformation of G-functors

. o ZzV : G ¢
(Nm . ib[N] =>'ib[]\,]) ' S_pN—Borel _)S—p )

Postcomposing with the functor P[N] : Sp - @ X 0P Sp°/N defined in Construction 3.7 and

G/IN —
taking the cofiber, we may extend (—)* [4] to a functor over @Gp

GLa Py G/N
( ) SpN Borel - @G ><@GI;N S—p

that over an orbit G/H is given by

(=)T] Py ey B oy OV 0 HD, SN0 — /NI,

However, because W[N] is not typically a G-functor, (—)ﬂsz may also fail to be a G-functor. If
instead we precompose by the inclusion

—>Sp

Fun B
G/N( —N-Borel ——N-Borel

N, Sp%/N) = 675 Xiop gor SPT

G/N G/N

G/N

and postcompose by the projection to Sp”/*, then we obtain a G /N-functor

( ) ty] . FunG/N(B st_pG/N) N S_pG/N.

G/N
By checking fiberwise, it is easy to verify that (—)!%! is equivalent to the cofiber of the norm
map Nm,, (on ) = (pn). produced by the ambidexterity theory for the other Beck-Chevalley
fibration o o

LocSys®/N (Sp/N) — Speg .-

In any case, we obtain a compatibility between the parameterized Tate construction and restric-

tion. For example, given a G/N-functor X : Bg /NN - SpG/ N we see that the underlying

spectrum of X![¥1 is X'N' := (res®/N X)!N for the underlying functor res®/N X : BN — Sp.
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A useful consequence of Theorem 4.29 is that it enables us to endow the functor (—)![¥! and the
natural transformation (—)"¥! — (=)![¥] with lax symmetric monoidal structures.

Corollary 4.35. The functor (=)!¥! and the natural transformation (—)"¥! — (=)!¥1 are
lax symmetric monoidal with respect to the pointwise symmetric monoidal structure on

FunG/N(BG/NN, S_pG/N) and the smash product on Sp°/N.

Proof. The cofiber of Nm' is the lax symmetric monoidal map j, — i.i*j, of the T'y-recollement
of Sp’, where we use Remark 3.25 to relate the pointwise symmetric monoidal structure on the

domain Fung, N(B G /NN , SpG/ N) to the symmetric monoidal recollement. As the categorical fixed

points functor ¥V is also lax symmetric monoidal, we deduce that ¥N ,?bv [N](=) - (—)f’[lp] is lax
symmetric monoidal. The conclusion now follows from Theorem 4.29. O

On the other hand, one practical benefit of defining the parameterized Tate construction via the
ambidexterity theory is that we may exploit the general naturality properties of norms as detailed
in [44, section 4.2]. To state our next result, which involves two normal subgroups M < N of G,
we first require a preparatory lemma.

Lemma 4.36. Let M < N < G be two normal subgroups of G and let
$=[N—-G-G/Nl, ¢ =[N/M~-G/M~G/N|

denote the extensions.

1) M : spf - SpG/ M sends 'y -torsion spectra to T'y /,-torsion spectra.

(2) Letry : Fg = Fgpp, ry(U) = U/M be as in Observation 3.3, and regard Fg, gy as carte-
sian fibrations over Fg/y via ry, 1y, respectively. Then r); preserves cartesian edges, so
the restricted functor rj(\)f : @gp -0 GI/)M is a G /N-functor. Moreover, rif further restricts to a
G /N-functor

o - ¢/ N —»B?;/NN/M.

(3) We have a commutative diagram

G G/N
SPNzBorel = FunG/N(BG/NN Sp) < sp’

Uy[N1
(om )*T\ T\infc /M

FUHG/N(Bg/N(N/M) sp®/™) ﬁ sp/M
b

G/M

SpN )M FBorel

that yields a commutative diagram of right adjoints

FyN]

= Fung,y(B, N S_pG/N) — s §p°

(om) \L \L‘I’M

G/M G/N VIN/M
SpN)MiBorel FunG/N(BG/N(N/M) Sp) 4

SpN FBorel —

where the left-hand vertical functor is computed by the G /N-right Kan extension along r]c\)f
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Proof. For (1), note thatif G/H is a N-free G-orbit, then G /H is also M-free. Thus, we may compute
WM(G/H,) as by taking the quotient by the M-action to obtain HC]"V/IJ/VIM , which is N/M-free and

+
thus I'y /m-torsion. Because the subcategory of I'y-torsion spectra is the localizing subcategory
generated by such G/H, and ¥M preserves colimits, the statement follows. (2) is a direct conse-
quence of Lemma 3.2(2). (3) is a relative version of Lemma 4.27, and also follows by an elementary

diagram chase after unpacking the various definitions. O

Now suppose G is a semidirect product of N and G/N, so we have chosen a splitting G/N —
G of the quotient map such that G = N X G/N, and with respect to the G/N-action on N, the
inclusion M C N is G/N-equivariant. Then M X G /N is a subgroup of G, and we let

¥ =[M - M xG/N - G/N].

/

/
square of G/N-spaces

Also regard Bg N /M as abased G/N-space via the splitting. Then we have a homotopy pullback

P P
B; /NM — B G /NN
Pm PMm
op ¥’
@G/N — BG/NN/M
that arises from the fiber sequence BM — BN — BN /M of spaces with G /N-action.

Proposition 4.37. Suppose X € Spg_ Bore] @1 also write X for its restriction to sz_ Borelr 1hen
X" canonically acquires a “residual action” by lifting to an object in Spg /M- Borel and we have a
fiber sequence of G / N-spectra

(th,,])t[zp’l - X' o (xRl
that restricts to a fiber sequence of Borel G / N-spectra
(XhM)t(N/M) - XN 5 (XMYhN/M)

Proof. We apply [44, Remark 4.2.3] to the pullback square above to deduce the first assertion. For
the second assertion, we apply [44, Remark 4.2.4] to the factorization of py as py /p00) to obtain
a commutative diagram of G/N-spectra

NmpN/M oo (onym)«© Nmy,,

hly' h
Xppy) ———> Kppyr)"™ —————— XMW

| |

N
o ——8M (Xh[¢,,])t[¢’] — % xt¥

~
0 S (Y]
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in which every rectangle is a homotopy pushout (using the two-out-of-three property of homotopy
pushouts to show this for the upper right-hand square and then the lower right-hand square). The
final assertion follows from Observation 4.34. O

4.3 | Inverse limit formula for the parameterized Tate construction

We prove that the parameterized Tate construction can be expressed as a limit involving certain
Thom spectra, generalizing [30, Theorem 16.1]. This identification is used to prove parameterized
Tate blueshift in [50] and to define C,-equivariant Mahowald invariants in [68].

Lemma 4.38. Let F be a family of subgroups of G. Suppose V be a G-representation with VH = 0
forH & Fand VH £ 0 forH € F. Then S(V®*®) ~ EF and S®V ~ EF.

The following lemma generalizes [30, Lemma 2.6].
Lemma 4.39. Let F be a family of subgroups of G. There is an equivalence of G-spectra
EF ® F(EF,,X) ~ F(EF,EF, ® TX).
Proof. We may identify

EF @ F(EF,,X) ~ i,i*j,j*(X),

F(EF,EF, ® 2X) ~ i,i'j,j*(ZX).

Writing X = [U,Z — ¢(U)] for the recollement decomposition of X, we find that i i*j,j*(X) =
[0,p(U) — ¢(U)]. Wealso have j, j*=X = [ZU,0 — T®(U)],s0i,i'jj*(ZX) = [0, D(U) — ®(U)]
as desired. O

Theorem 4.40. Let) = [N - G — G/N] be an extension with N C H for each H & T'y.. Suppose
Visasin Lemma 4.38 for F = T'y. Forany X € Sp®IN ~ SpG/N, we have

s ] 13 P —nV
(i, X)W ~ hyI,n(BG/NN ® ZX).

Proof. We compute:

F(j*i,X)!¥ ~ WN(ET, ® F(ETy,, j*i,X)) (Remark 4.32)
~ WN(F(ETy, ETy, ® Zj*i,X)) (Lemma 4.39)
~ YN (F(S®Y,ETy, ® Zj*i,X)) (Lemma 4.38)

~ YN (F(lim ", ETy, ® Zj*i,X))
n
~ ¥N(1im F(S"V,ETy, ® Zj*i,X))
n

~PN(limS™ ® ETy, ® Zj*i,X)
n
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~ lim(PN(S™ ® ETy,) ® ¥V (Zj*i, X))
n

~ lirIln((S_”V)hg/N N ® ZX) (Theorem 4.29)

. ¥ -nV
~ hrIln(BG/NN ® ZX). O
Remark 4.41. Although we have restricted to finite G in this section, the results of the next sec-
tion can be used to show that the evident analogue of Theorem 4.40 holds for G a compact Lie
group. This agrees with the level of generality in the nonparameterized result of Greenlees—May
[30, Theorem 16.1].

5 | PARAMETERIZED ASSEMBLY

Suppose K is a compact Lie group. Then if K is infinite, the Tate construction (=)' cannot be
defined via the Hopkins-Lurie ambidexterity theory because BK is not z-finite. Instead, one
defines (—)'X to be the cofiber of an assembly map

(S°® —)px — ()

where S$® is % of the one-point compactification of the adjoint representation of K (cf. [47] and
[67, section 1.4]). This construction is of particular interest when K = S'. For example, given
a cyclotomic spectrum X (e.g., THH of a ring spectrum A), one defines the topological periodic
homology TP(X) to be X tS'and this term (or rather, its profinite completion) participates in a
fiber sequence computing the topological cyclic homology TC(X).

As we are ultimately interested in applications to trace methods for real algebraic K-theory, we
are thus motivated to develop a parameterized refinement of the above picture. More precisely,
let G be a finite group and ¢ : G —» Aut(K) a group homomorphism (where Aut(K) denotes the
group of continuous automorphisms of K).

Definition 5.1. The G-space BgK is the Borel G-space obtained via right Kan extension along
BG C @é)p of BK regarded as a space with G-action via .

Remark 5.2. By Lemma 4.22, this is consistent with our earlier definition of BgK when K is finite.

Warning 5.3. The role of G in this section is the same as its role in the introduction, but different
from its role in the previous two sections. In particular, G now plays the role of the quotient group
G=G /K. Again, this is to emphasize that G is finite; the notation for the normal subgroup has
changed from N to K to emphasize that K can be infinite, while N was always finite.

In this section, we will construct a parameterized assembly map (Theorem 5.48 and Proposi-
tion 5.57)

(S* ® —)px = ()X

and then define the parameterized Tate construction (—)6X to be its cofiber (Definition 5.49).
We unpack the example of K = S! with G = C, acting by complex conjugation as Example 5.58.
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We will also equip (—)/¢K with a lax G-symmetric monoidal structure and thereby show that
it preserves G-commutative algebras (Corollary 5.60); when K is finite, this improves upon
Corollary 4.35.

We will use the following notation heavily in this section. Recall the notation U for a finite G-
set U from Example 1.32 and note that U% ~ (6;)/V." Now let Cat,, iy denote the co-category of

(@G)/ U—oo-categories, that is, cocartesian fibrations C — U.
Notation 5.4. Let f : U — V be a map of finite G-sets and consider the pullback functor

f*:Catyy — Cat,y, CCy.

We write
fi
Cat,y, <—/"— Cat,y
U : \ 4
for the adjoint triple.
Remark 5.5. Let
! f’ !/
U =35V
ool
f
U—3vVv

be a pullback square of finite G-sets. Then the exchange transformations

g fe=>flo™ fld* = g*f : Caty,y — Caty,
are equivalences.
Warning 5.6. In this section, when we speak of U-co-categories, U-functors, and so on, we mean
this as shorthand for (@G)/ U.co-categories, (@G)/ U-functors, and so on. Unfortunately, U also
refers to the co-category ((@G)/ U)oP. We warn the reader to not confuse U-co-categories with
presheaves on U, that is, cocartesian fibrations over U ~ (@G)/ U

5.1 | Recollections on G-symmetric monoidal structures

One of our main goals in this section is to explain how (for an extension ¢ of a finite group G by
a compact Lie group K) the parameterized Tate construction

(=)eK : Fung (BgK, SpG> — Sp°

(0g)/V is defined to be the full subcategory of (F5)/Y on those morphisms with orbit source.
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refines to a lax G-symmetric monoidal functor. We begin by recalling the necessary terminology
and concepts from the theory of G-symmetric monoidal co-categories, which will be explained in
more detail in [66].

Definition 5.7. A G-symmetric monoidal co-category C® is a cocartesian fibration over Span(F)
whose straightening

Fee @ Span(Fg) — Cat,

is a product-preserving functor. The underlying G-co-category of C® is the restriction C =
C®| 500 over the subcategory @gp C Span(F;). Conversely, given a G-co-category C, a G-symmetric
G

monoidal structure C® on C is such an extension of C over Span(F;). When the G-symmetric
monoidal structure is understood, we refer to C itself as a G-symmetric monoidal co-category.
For a map of finite G-sets f : U — V, we define the (multiplicative) norm functor

. ® ®

as the pushforward functor associated to the span [U «— U L V1.

A (strong) G-symmetric monoidal functor F : C® — D® is a map of cocartesian fibrations over
Span(F;). If we only suppose that F preserves cocartesian edges over [ng , then F is said to be lax
G-symmetric monoidal.

Remark 5.8. Definition 5.7 is an co-categorical version of the G-symmetric monoidal categories
introduced by Hill and Hopkins in [39].

Given a G-symmetric monoidal co-category C®, a G-commutative algebra A in C® is a sec-
tion A® : Span(F;) — C® whose restriction A®|.op preserves cocartesian edges. Though we
would not discuss the notion of G-commutative algcebra much in this paper, the reader should
bear in mind that one of the main points of the theory of G-symmetric monoidal co-categories
is to streamline arguments involving G-commutative algebras. For example, a lax G-symmetric
monoidal functor necessarily preserves G-commutative algebras.

Remark 5.9. Let C®, D® be G-symmetric monoidal co-categories and let F : C® — D® by a G-
symmetric monoidal functor whose underlying G-functor is G-left adjoint. Then an easy argument
with relative adjunctions shows that its G-right adjoint R canonically refines to a lax G-symmetric
monoidal functor.

Note thatif V = [
then we have

jey Vjfororbits{V;};c; andwewrite f; : U; := U Xy, V; — V; for the fiber,

fe=[1¢pe - [1¢8 - T1cv,

Jer Jer jer

Because of this, we may think of a G-symmetric monoidal structure as being defined by the col-
lection of functors {fg} for those maps [f : U — V] € F; with V an orbit, subject to relations
encoded by Span(F;).

 Another basic reference is [7], but note that there is some work involved in translating between their setup and ours.
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Remark 5.10. Given a G-symmetric monoidal co-category C®, for every finite G-set V the fiber
C? is a symmetric monoidal co-category via restriction of C® along the map

Span(F) — Span(F;), n~ VY

In other words, the fold maps for V' define the symmetric monoidal structure on C?. Moreover,
forany map f : U — V the norm functor fg : C? - Cf? is then symmetric monoidal.

Remark 5.11. Suppose C® is a G-symmetric monoidal co-categoryand f : U — V isa map of finite
G-sets. Then in view of the compatibility between norms and restriction as encoded by Span(F;),
the norm functor fg : C{e} - C? canonically lifts to a norm V-functor

fo 1 fuf*CY = f.C7 »CF.
We next discuss the main examples of G-symmetric monoidal co-categories.

Example 5.12. Suppose C is a G-oo-category that admits finite G-products (e.g., %). Then
by applying Barwick’s unfurling construction [9, section 11] to the Beck-Chevalley fibration
C — (F5)°P that encodes the functoriality of restriction and coinduction, we may define the
G-cartesian G-symmetric monoidal structure C* — Span(F;) such that the norm functors are
given by coinduction.

Example 5.13. The usual symmetric monoidal structures on {Sp" }r<c together with the Hill-
Hopkins-Ravenel norm functors furnish a G-symmetric monoidal structure on Sp“. Indeed,

we may define this via restricting SH® (Definition 2.5) along the map wg : Span(F;) —
Span(Gpd;;,), U — U//G.

Example 5.14 (Pointwise G-symmetric monoidal structure). Let C be a G-symmetric monoidal

oo-category and let I be a G-oo-category. Then we have a pointwise G-symmetric monoidal
structure on FunG(I ,C) such that for amap f : U — V of finite G-sets, the norm functor

sends a U-functor [F : I; = f*I;, —» Cy = f*Cy] to the V-functor

n 3 foF * f®
feF Iy = f.f" Iy — f.f"Cy — Cy,

where 7 is the unit map and fg : f,f*Cy, — Cy is the norm V-functor defined by C®. We will
construct this in [66] as the cotensor in G-co-operads.” If we write CAlg (C) for the G-co-category

of G-commutative algebras, we then have CAlg (Fun.(I,C)) =~ Fun.(I, CAlg _(C)).

T We note that this will supersede Definition A.1 in all examples of interest in this paper. However, as the theory of param-
eterized co-operads imposes strong restrictions upon the base co-category I (namely, that T = S°P is atomic orbital),
Definition A.1 itself is not superseded by the work done in [66].
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‘We end this subsection by introducing the concept of G-distributivity, which will play an impor-
tant role in establishing the existence and uniqueness of a lax G-symmetric monoidal structure
on (=)!¢X (Corollary 5.60).

Definition 5.15. Let f : U — V be a map of finite G-sets, let C be a U-oco-category, and let D be
aV-oco-category. Let F : f,.C — D be a V-functor. Then we say that F is V-distributive if for every
pullback square

of finite G-sets and U’-colimit diagram p : K= — ¢’*C, the V’-functor

can fip ) g*F
(fLK)>— [L(K?) — fLg"C=g"f.C— ¢°D
is a V'-colimit diagram.”

Remark 5.16. In the situation of Definition 5.15, suppose that C is U-cocomplete and D is
V-cocomplete. In view of the pointwise formula for parameterized Kan extensions [Shah,
Theorem 10.3], we deduce the following apparently stronger conclusion.

(%) Suppose that

K —— ()¢

L

is a U’-left Kan extension diagram. Then

i QEL e
fL¢\L Uy
fiL

g*Fofi($p)

is a V’-left Kan extension diagram, where 7’ is given by whiskering f’# by g*F.

The following definition generalizes the notion of a cocomplete symmetric monoidal oo-
category in which the tensor product distributes over all colimits.

Definition 5.17. Let C® be a G-symmetric monoidal co-category. Then C® is G-distributive if:

T Given a U’-co-category K, we write K2 for the parameterized join K % U’ [74, Definition 4.1], and likewise (f! K)Z =
(fLK) %y V' (so the notation (—)= implicitly involves the base). Using the compatibility of the parameterized join with
restriction [74, Lemma 4.4], the canonical map (f’ K)= = f1(K2) is then defined to be the adjoint to €= : (f"* f/K)Z —
K=,
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(1) Cis G-cocomplete;
(2) for every map f : U — V of finite G-sets, the norm V-functor fg is V-distributive
(Definition 5.15).

Remark 5.18. Definition 5.15 is formulated so that the pullback of a V-distributive functor along a
map g : V' — V isagain V’-distributive. As condition (2) of Definition 5.17 is checked against all
maps of finite G-sets, and the pullback along g of a norm V-functor is the corresponding V’-norm
functor, this base-change condition is superfluous in formulating Definition 5.17.

Example 5.19. Nardin proved in his thesis [65] that the G-symmetric monoidal co-category SpY is

G-distributive. In fact, he constructs the G-symmetric monoidal structure on SpG as the initial G-
distributive G-presentable G-stable G-symmetric monoidal co-category along the lines of Lurie’s
construction of the tensor product on spectra [56, section 4.8.2]; G-distributivity is thus essential
to prove the uniqueness of the G-symmetric monoidal structure on Sp®. One may also establish G-
distributivity by proving separately that the norm functors preserve sifted colimits and distribute
over finite G-coproducts (cf. [7, section 5.2]).

Example 5.20. If C is a G-distributive G-symmetric monoidal co-category, then the pointwise
G-symmetric monoidal structure on Fun,(I, C) is also G-distributive.

Example 5.21. Suppose C is a presentable and cartesian closed co-category, so that the cartesian
symmetric monoidal structure on C is distributive. Then the G-cartesian symmetric monoidal
structure on the G-oo-category C , of G-objects in C is G-distributive.”

We may further unwind the meaning of G-distributivity in the case that C = Cat_,. For a map
of finite G-sets f : U — V, write

fx:IUf.Cat,, > Cat

for the norm V-functor associated to the G-cartesian symmetric monoidal structure; over the fiber
T
W — V, we have that

fx 1€ > WXy Ul [fiC - W],

where f' : W x;, U - W is the pullback of f along 7. Let ¢ : A — U be a map of finite G-sets,
C an A-co-category, and F : A — Cat_ , the U-functor determined by C. Then

colim F. = a/C € Caty,

and G-distributivity implies a formula for f .o C € Cat, ;. Namely, let f* - f, also denote the
adjunction a

5 Fe)V == Fx)V : f.

 Note that C,; is G-cocomplete and G-complete by [74, Propositions 5.5 and 5.6].
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and consider the V-functor

f*(FC) % f><
fA=fA—"" s f frCat_, 5 Cat .
By G-distributivity, f,a,C = colim¥(f «of+(Fc)). Moreover, the V-functor f,(F.) is equivalent
datato the f*f,A-oo-categoryev* C,whereev : f*f,A — A denotes the counit of the adjunction
f* - f. (which may be concretely described as evaluation). Now let

pr:f*f*A:(f*A)XVU_)f*A

denote the projection. Under the correspondence between f,A-points in Cat |, and f,A-co-
categories, one then identifies f,of,(F-) with pr, ev*C. Finally, let g : f, A — V denote the

structure map. Summing up, given the commutative diagram

A5 f.A

>k
A=y L

V’

we obtain the equivalence

fiaC = g pr,ev” C.

5.2 | Parameterized Verdier quotients

In this section, we set up a parameterized generalization of the theory of Verdier quotients.
We first consider the G-Verdier quotient of a G-stable G-oco-category by a full G-stable G-
subcategory (Theorem 5.24), and then the G-Verdier quotient of a G-stable G-symmetric monoidal
oo-category by a G-®-ideal (Theorem 5.29). We will use this theory to prove that the parame-
terized Tate construction uniquely admits a lax equivariant symmetric monoidal structure (cf.
Proposition 5.54).

For the definition of G-Verdier quotient, recall from [42] that given a cocartesian fibration
7 . C — S and aclass of fiberwise edges 7" C C closed under cocartesian pushforward, one may
form the Dwyer-Kan localization 7% : C[% '] — S as the fibrant replacement of the marked
simplicial set (C, 7) in the cocartesian model structure on sSet7S. For every s € S, one then has
Clw 1), ~ Cs[Ws_l]; more generally, for every co-categoryK — S,ifwelet #x C Cx = K Xg C
denote the restriction of 7, then CK[?/K_l] ~ K Xs C[7 1.
Definition 5.22. Let C be a G-stable G-co-category and D C C a full G-stable G-subcategory. We
define the G-Verdier quotient C/D to be the Dwyer-Kan localization C[% ~!], where %" C C is
the class of fiberwise edges given over an orbit V' by those edges x — y with cofiber in Dy,.

Remark 5.23. Suppose C is a small G-oco-category that admits all finite G-colimits. Then the fiber-
wise Ind-completion Ind(C) is fiberwise presentable, G-cocomplete and G-complete,” and the

T Given a G-oo-category E that is fiberwise presentable, to check that E admits all small G-limits and G-colimits it suffices
to verify that all restriction functors f* : E, — E; admit left and right adjoints that satisfy the Beck-Chevalley conditions.
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fiberwise Yoneda embedding j‘(‘;’ : C - Ind(C) preserves finite G-colimits. Moreover, by [75,
Theorem 9.11] Ind .(C) identifies with the full G-subcategory

i+ Funl®(CY*,Spc ) C P,(C)

whose fiber over an orbit V = G/H is spanned by those H-presheaves that strongly preserve H-
finite H-limits, and the G-Yoneda embedding j; : C — P (C) factors as

¢ <% Ind () < P(©).

If we further suppose that C is G-stable, then as j also preserves all finite G-limits (as j does
and i is a right G-adjoint), it follows that Ind,(C) is G-stable and j{ is G-exact.

We have the following parameterized generalization of [67, Theorem 1.3.3].

Theorem 5.24. Let C be a small G-stable G-co-category and D C C a full G-stable G-subcategory.

(1) The G-Verdier quotient C /D is G-stable and the quotient G-functor p : C — C/D is G-exact.
Moreover, for any G-stable G-oo-category E, the restriction functor

p* : Fung(C/D,E) — Fung(C,E)

is fully faithful with essential image spanned by those G-exact G-functors F : C — E such that
F|p = 0. In particular, passing to mapping spaces we see that C /D is the cofiber of the inclusion
D C C taken in the co-category of G-stable G-oo-categories.

(2) The restricted G-Yoneda G-functor C /D — P (C) factors through a G-exact G-functor

r:C/D - Ind,(C)

given fiberwise by the formula of [67, Theorem 1.3.3(ii)].
(3) The quotient G-functor p : C — C/D prolongs to a G-functor

p : Ind;(C) - Ind,(C/D)

that preserves all G-colimits and admits a fully faithful right G-adjoint p* given by restriction
along p, or equivalently as the prolongation of r. Moreover, p* also preserves all G-colimits and
admits a right G-adjoint.

(4) Let E be a G-stable G-cocomplete G-co-category. The restriction functor

p* : Fung(C/D,E) — Fun(C,E)
then admits a left adjoint L, which sends a G-exact G-functor F : C — E to the composite
r MG(F) colim$
Moreover, this adjunction globalizes to a G-adjunction

L: FunZX(C,E):’FuneGX(C/D,E) :p*

8518017 SUOULIOD BRI 3|eoldde 8Ly Aq peusenob a1e sape VO '8N J0 a|n Joj Akeiqi 8UIUO ] 1A UO (SUONIPUOD-PLE-SLLLBYLI0D™ A8 1M ARelq U U0/ SdL) SUORIPUOD puUe SWd | au1 88S *[9202/80/0T] UO AfeiqiT8ulluO A8|IM 'BIS8Uo0Y JO ASBAIUN AQ 8TO0L 0d0VZTTT 0T/I0pAU0D"A8|IM ARed1 Ul UO"90SUIRWPUO|//SANY WO papeojumoq ‘T ‘S20Z ‘72v8esLT



ON THE PARAMETERIZED TATE CONSTRUCTION 71 0f 95
Proof.
(1) As (C/D)y ~ Cy /Dy, we already know that C/D is fiberwise stable and p is fiberwise

@)

©)

“4)

exact. To see that C/D is moreover G-stable and p is G-exact, observe that as the inclu-
sion G-functor D C C is G-exact by assumption, it follows by the universal property of the
Verdier quotient that the induction and coinduction functors f, and f, descend to C/D (so
then intertwine with p). Moreover, in view of the fiberwise surjectivity of p, the functors
{1, fidre Ar(Fg) continue to satisfy the Beck-Chevalley condition for pullback squares in F,
and the G-semiadditivity equivalence f, ~ f, in C/D is implied by that in C.

For the second assertion, by the universal property of the Dwyer-Kan localization we
already know that

p*: FunfGib'eX(C/D,E) - FunfGib'ex(C,E)

is fully faithful with essential image spanned by those fiberwise exact G-functors F : C - E
such that F|; ~ 0. As we proved that p is G-exact, it follows that after passage to subcat-
egories of G-exact functors on both sides, p* remains fully faithful with essential image as
described - note thatif F’ : C/D — E is a G-functor such that F/op is G-exact, then it follows
from the fiberwise surjectivity of p that F’ is G-exact.

Note first that Ind ;(C) is G-stable by Remark 5.23. In addition, under the identification

Ind(C) = Funf*(C"”, Spe, )
of Remark 5.23 (and ditto for C /D), the G-functor
p* 1 Pg(C/D) —» Pg(C) restrictsto  p* @ Ind(C/D) — Ind(C).

The assertion then follows from [67, Theorem 1.3.3(ii)].
In view of the universal property of Ind . [75, Theorem 9.11], we have a G-adjunction

p.: Ind (C) = Ind (C/D) : p*

that fiberwise restricts to the adjunction of [67, Proposition 1.3.5]. It follows that p* is fully
faithful from the fiberwise assertion. Moreover, as the inclusion Ind.(C/D) C P,(C) pre-
serves filtered G-colimits [ref] and restriction between functor G-categories preserves all
G-colimits, p* preserves all filtered G-colimits. As p* is also G-exact, it thus preserves all G-
colimits. As Ind,(—) is in addition fiberwise presentable, we then see that p* admits a right
G-adjoint.

By part (3), we have an adjunction

(p*)* : Fung(Ind (C),E) — Fung(Ind (C/D),E) : (p)*
in which (p,)* is fully faithful. By the universal property of Ind , the restriction functor
ger: Funé(mG(C), E) — Funf(C,E)

is an equivalence, and ditto for C/D. Under these equivalences, p* then corresponds to
(p)* and (p*)* yields the localization functor L with the indicated formula. Finally, both
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assignments L and p* are clearly compatible with base-change, hence the adjunction
globalizes to a G-adjunction. O

Next, given a G-symmetric monoidal structure on C, we would like to descend that structure to
the G-Verdier quotient C/D. To do so, we need to suppose in addition that D C C is a G- ® -ideal
in the sense of the following definition.

Definition 5.25. Let C be a G-stable G-symmetric monoidal co-category and let D C C be a G-
stable G-subcategory. We say that D is a G- ® -ideal if

(1) for every orbit V, D;, C Cy, is a ®-ideal;
(2) for everymap f : U — V between orbits,” if x € Dy, then fex € Dy.

Remark 5.26. In Definition 5.25, conditions (1) and (2) may be combined as follows.

() Suppose V is an orbit, U is a finite G-set with orbit decomposition U ~ [['_, U;, and f :
U — V isamap. Then D is a G-®-ideal if and only if for all n-tuples x = (x4, ..., x,,) € C; =~
I, Cy, such that x; € Dy, for some 1 < i < n, we have that fgx € Dy.

Example 5.27. Let F be a G-family. Then we claim that the G-stable G-subcategory Sp®” ¢ Sp® of
Remark 2.23 is a G-®-ideal. Indeed, as this is a fiberwise ®-ideal, it suffices to show Elbilityalder
norms for any map of orbits f : U — V. Without loss of generality, suppose U = G/H and V =
G/G. Given X € Sp™, we need to show that if ®8(X) = 0 for all K € FH, then PL(NGX) = 0 for
all L € F. Butusing that Ng(E F,) =~ Zf(CoindgE F)where CoindIG{ denotes right Kan extension
along 6,1 ~ (0")%/H — 67, this follows from evaluating (Coindf, EF)" =+ using the pointwise
formula for right Kan extension.

On the other hand, note that Sp”* ¢ Sp" is generally not a G-®-ideal. Indeed, suppose F is a
proper nonempty G-family (and G is nontrivial). Then SpTFe = Sp, but NG : Sp — SpC is split by
@C and hence doesn’t send Sp™ " into Sp”.

To then understand the interaction of G-Verdier quotients with G-symmetric monoidal
structures, we will need the following lemma, a G-version of [67, Proposition A.5].

Lemma 5.28. Let C be a G-symmetric monoidal co-category. Suppose given classes of edges {#, C
Cylven, witheach Wy, containing all the equivalences in Cy, and subject to the following condition.

() Forevery map offinite G-sets f : U — V with orbit decomposition U ~ [['_, U, and edges{a; €
(Wy 1 h<icn We have that fg(ay, ..., a,) € Wy.*

Define W® c C® to be the class of those fiberwise edges given over a finite G-set U with orbit
decomposition U ~ [, U; by

WE =Wy X..XWy, .

T Recall our convention that orbits are nonempty, so we are not supposing that 1 € Dy,.

#To obtain the Dwyer-Kan localization C®[(%'®)~1], it would suffice to require the apparently weaker condition in which
we suppose that all but one of the «; are identity morphisms.
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Then the Dwyer-Kan localization C®[(% ®)~!] exists and comes equipped with a map to Span(F)
that renders it a G-symmetric monoidal co-category. Moreover, CO[(# ®)~'] has the following
properties.

(1) The underlying G-oco-category of C®[(#'®)~1] is equivalent to C[% ~']," and its fiber over an
orbit V' is given by Cy (W, 11. More generally, the procedure of Dwyer-Kan localization is stable
with respect to pullback in the base.

(2) The localization functor L® : C® — Ce[(#'®)~1] is a G-symmetric monoidal functor and
restricts to the localization functor L : C — C[% ] over @gp. More generally, L® intertwines
with pullback in the base.

(3) For every G-symmetric monoidal co-category D, the pullback along the functor L® induces fully
faithful functors

Fun®(C[% ~'],D) - Fun2(C,D), Fun(C[# ~'],D) — Fun#*(C,D)

with essential image spanned by those (lax) G-symmetric monoidal functors F : C — D that
send W to equivalences.

Proof. We may proceed exactly as in [67, Proposition A.5] once we observe that Hinich’s work
on Dwyer—Kan localization [42] applies to the general context of working over a base co-category
with a subclass of “inert” edges that distinguishes “strong” from “lax” morphisms; we apply his
theory here to (Span(Fg), F}). O

‘We now can prove the parameterized analogue of [67, Theorem 1.3.6].

Theorem 5.29. Let C be a small G-stable G-symmetric monoidal co-category and D C C a G-Q-
ideal.

(1) The G-Verdier quotient C /D uniquely inherits a G-symmetric monoidal structure from C
such that the projection G-functor p : C — C/D is G-symmetric monoidal. Moreover, for any
G-symmetric monoidal co-category E, the restriction functor

p* : Funi® ol /p E) — Funzx’@ orla) o gy

is fully faithful with essential image spanned by those (lax) G-symmetric monoidal G-exact G-
functors F . C — E such that F|p, ~ 0.
(2) Let E be a G-stable G-distributive G-symmetric monoidal co-category. Then

p* : FunZ"™(C/D,E) » Fun®"**(C, E)

admits a left adjoint L that sends a G-exact lax G-symmetric monoidal functor F : C — E to the
composite

Ind_(F) olimC
C/D — Ind (C) ——— Ind (E) 3 E

as in Theorem 5.24(4). Moreover, the adjunction L - p* globalizes to a G-adjunction.

THere, 7' C C denotes the class of those fiberwise edges given over an orbit V by %;,.
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Proof.

(1) For an orbit V, let %, be the class of edges {a : x — y, cof(a) € Dy} in Cy,. Under our
assumption that D is a G-®-ideal, Lemma 5.28 then applies to prove all of the claims.

(2) We first show that all the G-functors in the composite are lax G-symmetric monoidal. In
[66], the second author showed that for a lax G-symmetric monoidal functor ¢ : I — J, the
restriction functor

¢* : Fun*(J, E) > Fun@*(I, E)

admits a left adjoint ¢, given by G-operadic left Kan extension, such that ¢, is computed on

underlying G-functors as left G-Kan extension. He also showed that P, (C) is a G-distributive

G-symmetric monoidal co-category with respect to G-Day convolution and the G-Yoneda

embedding j : C — P,(C) is a G-symmetric monoidal functor. Using G-distributivity it

then follows that Ind(C) C P,(C) is a G-symmetric monoidal subcategory and jg is also

G-symmetric monoidal. We thus see that:

() r = p*ojg is lax G-symmetric monoidal. Here we use that with respect to G-Day con-
volution, precomposition along a (strong or lax) G-symmetric monoidal functor is lax
G-symmetric monoidal. Alternatively, as in the proof of [67, Theorem 1.3.6] we could
observe that the prolongation of the G-symmetric monoidal functor p to p, : Ind.(C) —
Ind.(C/D) is actually strong G-symmetric monoidal in view of G-distributivity, and
hence its G-right adjoint p* is lax G-symmetric monoidal.

(i) F = colim® oInd(F), which is the left G-Kan extension of F along jg, canonically
inherits the structure of a lax G-symmetric monoidal functor.

The functor L : FuneGX’laX(C, E) > Fung"’lax(c /D, E) is thus well-defined. Moreover, we may
define the unit transformation # : id — p*L to be that given objectwise by the map

F = Fojg - ﬁorop = ﬁop*ojgop ~ Fop*plojg
induced by the unit of the adjunction

p: Ind (C)<——Ind (C/D) : p*,

where as noted above p, is strong G-symmetric monoidal and p* is lax G-symmetric monoidal.
As 1 by definition covers the unit transformation of the adjunction in Theorem 5.24(4), we see
that L - p* (for the other labeled p*). Finally, the globalization assertion follows from similar
ones established for all the functors used to construct L. O

Remark 5.30. Roughly speaking, Definition 5.25 may be viewed as a categorification of the Tam-
bara ideals introduced by Nakaoka in [63, Definition 2.1]. Theorem 5.29 can then be viewed
as a categorification of the fact that quotients by Tambara ideals are Tambara functors [63,
Proposition 2.6].

Example 5.31. Applying Theorem 5.29 to the G-®-ideal Sp®” c Sp® we get an induced
G-symmetric monoidal structure on Sp™*." Consequently, in view of Remark 5.9 given a G-

commutative algebra A in Sp°, the unit map A — F(EF '+, A) canonically refines to a morphism
of G-commutative algebras.

¥ 'We may get around the smallness assumption in Theorem 5.29 by using that the inclusion is fiberwise accessible.
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5.3 | Digression on the Segal conjecture

As an application of Theorem 5.29, we upgrade the generalized Segal conjecture to a statement
about incomplete Tambara functors. Recall that the Segal conjecture (cf. [18]) states that the map

(n;S)} = " (Z$BG)

between the G-equivariant stable cohomotopy groups of a point completed at the augmentation
ideal of the Burnside ring and the stable cohomotopy groups of BG is an isomorphism. Adams,
Haeberly, Jackowski, and May extended the Segal conjecture to families in [2].

Definition 5.32 [2, Introduction]. Let G be a finite group, let F be a class of subgroups of G,
and let C be a category. A functor h : Spc; — C is F-invariant if it carries F-equivalences to
isomorphisms in C.

Remark 5.33 [2, Remark 1.2]. If F is a family of subgroups of G, a functor h : Spc; — C is F-
invariant if and only if the map h(X) — h(EF X X) induced by the projection EF X X — X is an
isomorphism for each X.

Theorem 5.34 (Generalized Segal conjecture, [2, Theorem 1.5 and Corollary 1.6]). For any family

F the pro-group valued functor ﬂé(—);\(r), given by equivariant cohomotopy completed at

I(F) := ﬂ ker(A(G) — A(H)),
HeF

is F-invariant. In particular, there is a pro-isomorphism

AS
TG (X)) = TG(EF X X) (5.1)

natural in the G-space X.

Taking X == to be a point and ¥ = I'yy to be the N-free G-family, we have a pro-isomorphism

L

”Z(S)IA(FN) mf,(ETy).

The source can be identified with the I(T'y)-completion of 7, (S®) by Spanier-Whitehead duality,
while the point-set model for parameterized homotopy fixed points (Remark 4.32) gives

5 (ETy) = nCF(ETy,,S) = m, SN,

Therefore, the map (5.1) can be obtained by applying nf(—) and completing the source of the
vertical map in the commutative diagram

ETy, > S > ETy

; ! ;

F(ETy,,S)® ETy, — F(ETy,,S) — F(Ely,,S) ® ETy.

8518017 SUOULIOD BRI 3|eoldde 8Ly Aq peusenob a1e sape VO '8N J0 a|n Joj Akeiqi 8UIUO ] 1A UO (SUONIPUOD-PLE-SLLLBYLI0D™ A8 1M ARelq U U0/ SdL) SUORIPUOD puUe SWd | au1 88S *[9202/80/0T] UO AfeiqiT8ulluO A8|IM 'BIS8Uo0Y JO ASBAIUN AQ 8TO0L 0d0VZTTT 0T/I0pAU0D"A8|IM ARed1 Ul UO"90SUIRWPUO|//SANY WO papeojumoq ‘T ‘S20Z ‘72v8esLT



76 of 95 | QUIGLEY and SHAH

The map « : S = F(ET)y,,S) is a map of G-commutative algebras (Example 5.31) and 7, of
a G-commutative algebra is a Tambara functor [14], so we obtain the following multiplicative
refinement of the generalized Segal conjecture:

%
(_
pro-Tambara functors, given by equivariant cohomotopy completed at the Tambara ideal I defined

by

Theorem 5.35 (Multiplicative generalized Segal conjecture). The functor )(—)z(rN) valued in

IG/K) := (] ker(AK) — A(H)),

Hei’Ty

is I'y-invariant. In particular, the pro-isomorphism of pro-groups (5.1) refines to a pro-isomorphism
of pro-Tambara functors

0 ANE 0
77.'(_)(X)£ — ﬂ(_)(EFN X X)
natural in the G-space X.

Example 5.36. Taking G = D, and N = u, recovers the C,-equivariant analogue of Lin’s The-
orem [68, Theorem A.22] proven using the C,-equivariant Adams spectral sequence, that is, the
map

S — Sl

is a 2-adic equivalence of C,-spectra. More generally, taking G = D,, and N = u,, yields a C,-
equivariant generalization of Gunawardena’s Theorem [1], that is, the map

S — S'akr
is a p-adic equivalence of genuine C,-spectra.

Remark 5.37. The Tate diagram implies that the Segal conjecture for N = G = C, is equivalent to
showing that the map

7,(S) = 1, (S"P)

is an isomorphism after I-completion of the source, where I = ker(A(Cp) — Z) is the aug-
mentation ideal. Elementary commutative algebra shows that I-completion coincides with
p-completion, so the Segal conjecture for N = G = C), is equivalent to showing that the map

s - siCp
is a p-adic equivalence.”
More generally, however, the Segal conjecture is not equivalent to showing that the map S —

S'C is a p-adic equivalence, even if G is a p-group. For instance,

Xlez ~ X!CphCp o (Sg)hcp » SS.

The latter statement is occasionally referred to as the Segal conjecture for C b
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5.4 | Induced objects

Let S, be a space. One may define the full subcategory of induced objects Fun(S, Sp)i,q in
Fun(S,, Sp) to be the thick subcategory’ generated by the set {s,E : E € Splses, - It then follows
from the projection formula §,(E) ® F =~ 5,(E ® s*F) that Fun(S,, Sp)i,q is a thick ®-ideal (cf.
[67, Lemma 1.3.8(ii)]). Coupled with the multiplicative theory of the Verdier quotient [67, The-
orem 1.3.6] and vanishing of the Tate construction on induced objects [67, Lemma 1.3.8(i)], we
then deduce that the Tate construction uniquely admits a lax symmetric monoidal structure [67,
Theorem 1.3.1].

More generally, let S be a G-space. To ultimately apply Theorem 5.29 in the context of the
parameterized Tate construction, we now want a full G-stable G-subcategory

Fun,; (S, 8p%)ing € Fun(S, Sp%)

of induced objects which is a (fiberwise thick) G-®-ideal in the sense of Definition 5.25. Because
such a full G-subcategory is necessarily closed under restriction, induction, and norms for the
pointwise G-symmetric monoidal structure on Fun (S, Sp®), the correct formulation of “induced
objects” becomes considerably more involved in the parameterized setting. We begin by specifying
the set of induced generators for every fiber and then show that this yields first a G-stable G-
subcategory (Definition 5.43) and subsequently a G-®-ideal (Corollary 5.47).

Definition 5.38. Let S be a G-space. Consider maps of finite G-sets

vilviw

where W is an orbit. Let s € Sy; be a point* and also write s : U — S;; for the unique U-functor
that selects s € Sy Let sy : V. — f, f*Sy be the V-functor adjoint to 5.5 Let ny Sy = fof*Sy
denote the unit V-functor and define the V-co-category f ibsf (1) to be the pullback

f
£ib] (7)) —2— Sy

4 b

Sy \
Now lete, @ p, p”‘SZ - Sy denote the counit and consider the composite of W-functors

o f Pl w €p
p fibg () ——— pp* Sy — Sy

We let

Iy (f. p.5) :={(e,op @ 1(X) : X € Funy, (fib] (1), (Sp%)y )} C Funy, (S (Sp%)y)

One could also take the minimal stable subcategory as in [67, Definition 1.3.7].
#If U has orbit decomposition [[;c; U;, then Sy = [[ig; Sy, and s is given as a tuple (s;).

§s ¢ is also given by f.(s) because f,, preserves terminal objects.
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where (¢,0 p,qo{ ), denotes W-left Kan extension. Now let Iy, := | #.p.s Lw(f, p,s) and define the
full subcategory of induced W-objects

Funy, (Sy, (S_PG)K)ind C Funy, (Sy, (S_PG)K)
to be the thick subcategory generated by the set Iy, .

Remark 5.39. In terms of cocartesian fibrations, p, is implemented by postcomposition with the
structure map p : V. — W, after which the counite, : Sy, = V Xy Sy — Sy identifies with the
projection to Sy,.

To show that the induced W-objects assemble to define a full G-stable G-subcategory of induced
objects, we first show that the induced generators are stable under restriction and induction.

Lemma 5.40. The collection {Iy}yecq, of induced generators is stable under restriction and
induction (along maps of orbits) in Fun (S, Sp%).

Proof. We first show closure under restriction. Suppose

Ul f}vl }W’

is a commutative diagram of pullback squares of finite G-sets in which W and W’ are orbits. In
the setup of Definition 5.38, consider the commutative diagram of W-oco-categories

f €
pfibl () —2— ps, —— Sy

D ﬂ‘fi \Lpz Ny

pisy
Z d } p'f»sf*SK

Let s’ = ¢/"*(s). Applying ¢g* then yields the commutative diagram

o el e
pl b/, () —— plSy, —"—% Sy,

"
p nf,i ip{ np
/sl
1

PSy
v s gl

in view of Remark 5.5. Using the built-in compatibility of parameterized left Kan extension with
restriction, we thus see that ¢*(Zy, (f, p,s)) C Iy (f', p’,s").

As for closure under induction, suppose that h : W — W' is a map of orbits. Then by
Remark 5.41, we have that h,(Zy, (f, p,s)) C Ly (f, hop, s). O

Remark 5.41. Suppose C is a G-oo-category that admits finite G-coproducts, p : V' — W is a map
of orbits, and F : K — Cy isa V-functor. Let F/ = ¢,0pF : p,K — Cy, be the W-functor adjoint
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to F. Then we have a canonical equivalence
colim“ F’ ~ p,(colim¥. F) € Cy,

provided that the parameterized colimits exist. Indeed, this follows from the commutative
diagram

Cy —L s ¢y

I !

Funy (pK, Cyy) — Funy(K,Cy).
More generally, let L be a W-oo-category. Then Funy, (L, Cy,) admits finite W-coproducts; write

D FunK(LZ, CK) Pa— FunZ(L, CZ) :p*

for the resulting adjunction. Let ¢ : K — Ly, be a V-functor and write ¢’ : p)K — L for the W-
functor adjoint to ¢. Suppose that ¢, F exists. Then we have a canonical equivalence

¢\ F' = p(pF) : L - Cy.
The next lemma highlights the relevance of Lemma 5.40.

Lemma 5.42. Let C be a G-stable G-oo-category and suppose {Jy, C Cyhyeg, is a collection of
objects stable under restriction and induction. Let Dy, C Cy, be the thick subcategory generated by
the set Jy,. Then for every map of orbits f : V — W, the adjunction

fi: Cy<——=Cy : f*

restricts to an adjunction between Dy, and Dy,. Consequently, the collection {Dy, }y ¢ 5, assembles to
define a G-stable G-subcategory D C C.

Proof. It suffices to check that the collection {Dy; }y ¢, is stable under restriction and induction;
closure under restriction ensures that {Dy, }y ¢4, assembles to a G-subcategory D, and closure
under induction together with the assumption that C is G-stable then ensures that D is G-stable
and the inclusion D C Cis G-exact. So, let f : V' — W be amap of orbits. Let ng C Dy, be the full
stable subcategory consisting of objects x € Dy, such that f*(x) € Dy,. By assumption, f*(Jy,) C
Jy»s0 Jy, C Dy,. As f* is exact, it follows that DY, is a thick subcategory and thus D}, = Dy;. The
same argument shows that f,(Dy,) C Dy, . O

We are now ready to state the main definition of this subsection.

Definition 5.43. By Lemma 5.40 and Lemma 5.42, the full subcategories of induced W-objects
ranging over all orbits W assemble to define a G-stable full G-subcategory

Fun(S,Sp®)ing C Fun,(S, Sp®)

of G-induced objects.
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Our remaining goal in this subsection is to show that Fun (S, Sp© Jing IS a G-®-ideal. First, we
show that the induced generators are closed under norms.

Lemma 5.44. The collection {Iy}y ¢, is stable under norms (taken along maps of orbits) in the
pointwise G-symmetric monoidal structure on Fun . (S, SpG ).

Proof. Suppose

vLhviwlw

is a sequence of maps of finite G-sets in which W and W’ are orbits, and

o f o
fibg(n) —— Sy

4 b

v —L s ffSy

is a pullback square of V-co-categories as in Definition 5.38. Let X : p, fibsf (1) = (Sp°)y, be a
W-functor and consider the induced W -object -

Y = (e,0p (@)X : Sy = (SpDy.

We want to show that Y/ = Ye((epo p,(go{ )).X) is an induced W’-object. To do so, we will need to
consider the commutative diagram of finite G-sets

8

v s v v =gy

gL L
UJ sy P sy T sy

!

~

in which both parallelograms are pullback squares.
First note that by G-distributivity of (Sp®, ®), if we let Y/ be the W'-left Kan extension of

. VX £
7., £ib] () ——— 7.7*(SpD)yr ——— (P
along

f
. VP15 y*ep .
y.p £ib] () ——— YPiSy —— V.Sw = 7.V Sy,

 Here, notation is as in Example 5.21; we write y, : (Fg)/" — (Fg)/ W' for the right adjoint to pullback along y and
ev : y*y, — id for the counit of the adjunction.
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then we may identify Y’ as Y” o7,. We then need to identify the pullback of y,.p, go{ andy,e, along
n,. To deal with y.€,,, note that applying y,. to the pullback square of W-co-categories

€

pp* Sy —>

< <—
IS — &

LI
yields a pullback square of W’-co-categories

0 eé %
Qq* V7" Sw) —=> V.Sw = ¥.7*Swr

1 !

v W

identifying y,.¢,, with ¢,. We then have the commutative diagram

Qg .
Q9" Sy —> QqV.Y Sy —> V'

kb

.
Swr ——— V.7 Spr ——> W/

in which the outer rectangle and the right-hand square are pullback squares, hence the left-hand
square is a pullback square. Furthermore, under the equivalence q*y,y*Sy, ~ y.y"*Sy,» we get
that g,q*7, identifies with

amy - @Sy = Q!VLV,*SV_f-

We next have the sequence of equivalences

VDS f Sy = qy,ev' f.f*Sy ~ q9.9"Sys

where we use Example 5.21 for the first equivalence and Remark 5.5 for the second equivalence.
Moreover, a diagram chase reveals that under this equivalence, y,. p;s identifies with q!s’g , where
s’ = ev’*(s) € Sy Putting these observations together, we obtain a commutative diagram

q fib¥ () —— y.p fibl () ——— V'

a ;of,l \L \qusg

qiny!
qSy ——— qyLy* Sy —> 018.8" Sy

in which the right-hand square is y, p, of the pullback square defining fib{ (1), hence a pull-
back square, and the outer rectangle is g, of the pullback square defining fibg,(n), hence also
a pullback square. It follows that the left-hand square is a pullback square. Finally, if we
let X" = ygoy,Xop, then by Lemma 4.4(3) we get that Y/ ~ (€qoq!gosg,)!X . We conclude that
Yo(Tw(f,p,s)) C Iy (g,q,s") and thus the collection {IW}We@G is stable under norms. O
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On the other hand, to show that MG(S, SpG)ind is fiberwise a ®-ideal, we will need the
following projection formula. o

Lemma 5.45. Suppose ¢ : I — J is a map of G-spaces and let C be a G-distributive G-symmetric
monoidal co-category.” Then

@, : Fun;(I,C) - Fung(J,C)

satisfies the projection formula: that is, for every pair of G-functors X : I - CandY :J — C, the
canonical map

X eX®eY)>pXQY
7®id
adjointto X @ ¢*Y —— ¢*¢,X ® ¢*Y is an equivalence.

Proof. It suffices to check that y is an equivalence on all points of J. Let j € J;, and also write
J 1 V. — I for the corresponding G-functor. We then want to show that j* y is an equivalence of
V-functors. As ¢y, ¢*, and ® are all compatible with restriction along V — 6°°, we may suppose
V = G /G without loss of generality. Now consider the pullback square of G-spaces

By Lemma 4.4(3), we have the base-change equivalence j*m, ~ ¢,t*, so we reduce to showing the
map

PFx nfX®e'Y) 2 (*X @ n¥j*Y) » ' X ® j'Y

is an equivalence. For this, we can use the G-distributivity of (C, ®).Let p : U = (G/G)"?> - G/G
be the fold map and consider the left G-Kan extension diagram

CX 1Y

L1 %¢ ——— clIc

Ll id\l/ [k
g H %G mX [1j*Y
as a diagram of U-oco-categories. Then we obtain a left G-Kan extension diagram

(X, m*j*Y)

I; —————— CxC=p,pC

|

*G,

®

C

mrXQj*Y

TIn fact, one only needs that for fold maps p : V" — V, the norm V-functor p, p*Cy, — C, is distributive. However, this
is stronger than Cy, being distributive as a symmetric monoidal co-category.
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and thus a canonical equivalence 7,(t*X ® 7* j*Y) = m*X ® j*Y. A chase of the definitions
shows this equivalence to be implemented by j* y. O

The following lemma now suffices to show that Fun (S, SP)inq is @ G-®-ideal.

Lemma 5.46. Let C be a G-stable G-distributive G-symmetric monoidal co-category and suppose
{Jw C Cywlweo, is a collection of objects stable under restriction, induction, and norms. Let Dy, C
Cyy be the thick subcategory generated by Jy,. Suppose in addition that each Dy, is a ®-ideal. Then
forevery map of orbits f 1 V — W, fg . Cy, — Cy, restricts to a functor fg : Dy — Dy,.

Proof. Let D?, C Dy, be the full stable subcategory consisting of objects x € Dy, such that fg(x) €
Dyy,. We claim that Dg is a thick subcategory, for which it suffices to show that D?, is closed under
desuspensions, finite colimits, and retracts.” We deal with these cases in turn:

(1) Suppose x € D). Then £~'x = $™' @ x where S~ = £7!(1) is the desuspension of the unit
in Cy. As fg is symmetric monoidal (Remark 5.10), we have fg(Z7'x) =~ fo(S™) ® fg(x).
But by assumption fg(x) € Dy, and Dy, C Cyy, is a @-ideal. It follows that fg(Z~'x) € Dy,
and thus Z~'x € DY

(2) To show that D?, is stable under finite colimits, in order to use the G-distributivity of (C, ®) it
is convenient to establish a more general assertion regarding parameterized colimits. To this
end, let D C C be the G-stable full G-subcategory as in Lemma 5.42. For any map of orbits
W' — W, consider the pullback square

fr

v L w
L]
v L s w

and let D‘O/, C Dy, be the full subcategory on those objects x € Dy, such that f ép(x) € Dyr.
Then using the compatibility of norms with restriction, we see that the collection

{D), CDy 1 V' 2V Xy, W ke v

assembles to define a full W-subcategory (f.Dy)° of f,Dy,.
Now suppose that K is a V-finite V-oo0-category and ¢ : K — Dy, is a V-functor such that

f.«9 : f.K = f.Dy factors through (f,D;,)%if K ~ L x V for a finite co-category L, then this
hypothesis is equivalent to supposing that ¢, : L — Dy, factors through D?, so this is the case
of interest for us. We aim to show that colim¥ ¢ € Dg. But using G-distributivity, we see that

fe(colim?@) = colim™(fgof,¢ : f.L = f.Dy C f.f*Cy = Cy).

As f¢ factors through (f,Dy)°, fgof.¢ factors through Dy,. Then as f,L is W-finite and
the inclusion Dy, C Cy is W-exact, we get that colim”(f @°f ) € Dy, as desired.

S reserves retract diagrams an 1S staple unaer retracts, 1t Iollows a 1S stapble
(3) As fg p tract diag d Dy is stable under retracts, it follows that DY, is stabl
under retracts.

T Of course, a simple argument as in Lemma 5.42 no longer works because f is not an exact functor.
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We conclude that DY, is a thick subcategory. As Jy;, C D), by assumption, it follows that D, = Dy,
as desired. O

Corollary 5.47. Let S be a G-space. Then the full G-subcategory Fun (S, SpG)ind of induced objects
in Fun (S, Sp©) is a G-®-ideal.

Proof. By a routine thick subcategory argument, Lemma 5.45 implies that FunG(S,S_pG)ind is

fiberwise a ®-ideal. Using Lemma 5.44, Lemma 5.46 then applies to show that Fun.(S, Sp®) is
a G-®-ideal. ]

5.5 | Main results

We are now ready to define a genuine equivariant refinement of the Tate construction for infinite
groups. Our discussion is parallel to that in [67, section 1.4]. First, we generalize work of Weiss-
Williams [82] by constructing parameterized assembly maps.

Theorem 5.48. Let G be a finite group, S a G-space, and let p : S —# be the projection to the
terminal G-space.

(1) The G-stable G-co-category Fun (S, Sp®) has compactly generated fibers, and taking compact
objects fiberwise yields a G-stable full G-subcategory Fun (S, Sp®)® such that

Ind; (Fun,,(s,5p)* ) = Fun(s, 8p%).

(2) For every G-exact G-functor F; : %(S,S_pG) - S_pG, there exists a G-colimit preserving G-
functor F, equipped with a natural transformation o : F, — F,, which is an “assembly map”
in the sense of being terminal among all such natural transformations. Moreover, « is an equiv-
alence when restricted to the full G-subcategory Fun (S, Sp®)® of compact objects, and this
uniquely specifies a.

(3) Every G-colimit preserving functor F . Fu_nG(S,S_pG) - S_pG is of the form

F(-)=pD®-)

for a uniquely determined G-functor D : S — Sp°.
(4) ForF = p,, the assembly map takes the form p,(Dg ® —) — p.(-) for

. EDO .
Dg: S ER @G(S,%G) = @G(S,S_pG) R S_pG
where j is the G-Yoneda embedding (under the equivalence S ~ SV°P).

Proof.

(1) As G-colimits and G-limits are computed pointwise [Shah, Proposition 9.17], Fun (S, Sp®) is
G-cocomplete and G-complete; it moreover has presentable fibers by [54, Proposition 5.4.7.11].
Now for every orbit V = G /K and point s € Sy, also write s : V — S for the corresponding
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G-functor that selects s. We then have an adjunction

S5 SpK ~ Fung(V, SpG) —— Fung(S, SpG) 1 8%,

and by the same argument as in the proof of [67, Theorem 1.4.1(i)], the set {s,(S) : s € Sy}
furnishes a set of compact generators for Fun (S, Sp®). The argument for compact generation
of the other fibers is identical. o
Taking compact objects fiberwise then yields a G-stable full G-subcategory because restric-

tion and induction are strongly cocontinuous, and the last claim is clear by definition of Ind ,
as fiberwise Ind-completion.

(2) For any small G-stable G-oo-category C and G-cocomplete G-stable G-oo-category D, as G-
colimits decompose in terms of fiberwise filtered colimits and finite G-colimits, one has a
colocalization adjunction [75, Theorem 9.11]

Fung(C, D) = Fung(Ind ,C, D) Z— Fung(Ind_C, D)

with right adjoint given by restriction along the fiberwise Yoneda embedding and left adjoint
given by fiberwise left Kan extension (which agrees in this case with G-left Kan extension).
If we then let C = Fun (S, Sp®)? and D = Sp”, we may define the assembly map to be the
counit of the adjunction, after which its claimed properties are immediate.

(3) We have the equivalences

Fung(Fun(S,Sp®), Sp?) = Fun(,(Fun(S, Spe ), Sp“)
~ Fung(S, S_pG)

implemented by restriction along £%° and the G-Yoneda embedding, respectively; the first
equivalence follows from [Nardin, Theorem 7.4] and the second equivalence from the param-
eterized Yoneda lemma [Shah, Theorem 11.5]. The claim then follows by observing that
Di(D ® —) restricts to D under this equivalence.

(4) The proof is identical to that of [67, Theorem 1.4.1(iv)]. O

Definition 5.49. In the situation of Theorem 5.48, we define p: by extending the assembly map
to a cofiber sequence

B
p(Ds ® =) = p.(=) = p.

IfS = BgK for a group extension 1 of the finite group G by a (possibly infinite) group K, then we
will also write (—)!%! or (=){6X for the G-functor p! and (=)/%! or (=)¢K for the fiber of p! over
G/G.

Remark 5.50 (Compatibility with restriction). Suppose that V =~ G/H is an orbit and let ¢/ = 9|
/
Then (BYK), = BY, K and the fiber of (—)'c¥ over V identifies with (=)#K.

Remark 5.51 (Agreement of definitions). Suppose that ¢ is an extension of G by a finite group
K. Then the G-functor (—)!¥! of Definition 5.49 coincides with that in Observation 4.34 and
hence the functor (—)![¥! coincides with that defined prior in Definition 4.24. To see this, by
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Theorem 5.48(2) it suffices to show that the norm map (_)E[ZP] — (=)"¥] constructed via the
parameterized ambidexterity theory (for the Beck-Chevalley fibration LocSys®(Sp®) — Spc;) is
an equivalence on compact objects. This follows from Observation 4.26 and the description of the
compact generators given in Theorem 5.48(1).

Remark 5.52 (Point-set models). As when all groups were finite, the parameterized Tate construc-
tion for a compact Lie group K admits a point-set model using equivariant universal spaces, cf.
Remark 4.32.

For the following pair of propositions, we refer to pf defined with respect to a fixed G-space S.
First, in direct analogy to [67, Theorem I.4.1(iii)], we have the following universal property of pf.

Proposition 5.53. The natural transformation f . p, — pf is initial among those natural
transformations from p, to G-exact G-functors which vanishes on compact objects fiberwise.

Proof. Wefirst note that p, is fiberwise x-accessible for some fixed regular cardinal x by the adjoint
functor theorem [HTT, Corollary 5.5.2.9]; indeed, for every orbit V, (p,.), is x;-accessible as a right
adjoint between presentable co-categories, and we may then let ¥ = supy ¢4, k. As the fiber of
preserves all G-colimits by definition, it follows that pz is also fiberwise x-accessible.

Now by Theorem 5.24(4) applied to Fun,(S, SpG )* C Fun(S, SpG)", there exists a natural
transformation 8’ : p, — L(p,) of (fiberwise K-acaessible) G-exact G-functors with the indicated
universal property. We then have a map of fiber sequences

o 4
R(p,) > D > L(p.)

o E, b

p(Ds® —) —%5 p, —L 8 pl.

We want to show that 8" is an equivalence, for which it suffices to show that a’ is an equivalence.
As Fun(S, SpY) is fiberwise compactly generated and «’ is an equivalence when restricted to
fiberwise compact objects, this will follow once we show that R(p,) preserves fiberwise filtered
colimits. But this follows as in the proof of [67, Theorem 1.4.1(iii)]. O

We next discuss the interaction of parameterized assembly with G-symmetric monoidal
structures. Note first that with respect to the pointwise G-symmetric monoidal structure of Exam-
ple 5.14 on Fun (S, sp®), p* : Sp® - Fun(S, Sp®) is a G-symmetric monoidal functor, hence its
right G-adjoint p, is lax G-symmetric monoidal. For p!, we then have the following proposition.

Proposition 5.54. Suppose that pf restricts to the zero functor on the full G-subcategory of induced
objects. Then pf and the natural transformation § : p, — pf uniquely inherit the structure of a lax
G-symmetric monoidal functor and morphism thereof.

Proof. As in the proof of Proposition 5.53, we may as well ignore size-theoretic issues in our
proof. Now by Theorem 5.29 applied with respect to the G-®-ideal of induced objects (cf. Corol-
lary 5.47), there exists a natural transformation 8’ : p, — L(p,) of lax G-symmetric monoidal
functors such that L(p,) vanishes on G-induced objects and f3’ is the initial map with respect
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to this property. Moreover, as Fun.(S, Sp°)® Fun(S, Sp%);nq by Lemma 5.55, after forgetting
G-symmetric monoidal structure we obtain a comparison map p! — L(p,) compatible with the
maps from p,. By our assumption on p!, we likewise obtain a map L(p,) — pI, and these are
easily seen to be mutually inverse equivalences. We may thus equip 8 (and hence p!) with the
indicated lax G-symmetric monoidal structure. Finally, the uniqueness assertion follows from the
universal property of 8’. O

Lemma 5.55. We have an inclusion
Fun(S,Sp®)* € Fun(S, Sp©)ing-

Proof. We will show this inclusion on the fiber over G/G; the argument for the other fibers will
then be identical. As both sides are thick subcategories of Fun(S, SpG), it suffices to check that
the compact generators described in the proof of Theorem 5.48(1) are induced. So, let V be an orbit
and s € Sy, a point. Then if we let f = idy, and p : V — G /G be the unique map, the G-functor

epop;(cof) : p,fibl (9) = pp*S — S

in Definition 5.38 coincides with s : V — S. Therefore, s,(S) is also an induced generator. O

We now specialize our discussion to the main case of interest. Let K be a compact Lie group, G
a finite group, ¥ : G — Aut(X) a group homomorphism, and S = B?;K .

Observation 5.56 (Parameterized actions on K and its Lie algebra). Let G acton K X K by ¢ X ¢ and
consider the unique point-set action of (K X K) X G on K that extends the K X K-action given by
(k, k") - x = kxk'~! and the G-action given by 9, so that ((k, k'), g) - x = ki, (x)k’~!." This defines
K first as an object in

SPC(kxk )G = Fun(@?}?xmx > SPO)

and then as an object in

Fung(BY(K x K), Spe,) = Fun(BY(K x K), Spc)

. o 1 op
via restriction along B; (KXK)C (9( KXK)MG Let

=*K € Fung(BY(K X K), $p%)

denote the infinite G-suspension of K. Then the dualizing object Dg of Theorem 5.48(4) identifies
with (Z2K)"eExD),

Now let a be the Lie algebra of K and let S* be Z* of the one-point compactification S®. We
have that the K X G-action on K, uniquely specified as the action extending k - x = kxk~! and
¥, defines a point-set K X G-action on S* and subsequently S® as an object in FunG(B(léK, S_pG),
where (abusing notation) we also write S° for the infinite G-suspension of S, which restricts to
the prior spectrum S°.

T This action is well-defined because (1, g) - ((k, k’),1) - x = P, (kxk=1) = (), ()P, (K)_y = (b, (), 9, (K)), 9) - x.
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Let S, be the underlying space of S and recall that John Klein identified the dualizing spectrum
Dg, with $* as a spectrum with K-action [47, Theorem 10.1].

Proposition 5.57. Let K be a compact Lie group, G a finite group, ¢ : G — Aut(K) a group homo-
morphism, S = BgK, and a the Lie algebra of K, with actions as above. Klein’s equivalence promotes
to an equivalence

Dy = (Z°K)"®D ~ §° € Fung (BgK, SpG).

Proof. This follows by inspecting the equivariance of the maps in Klein’s proof along with
invoking equivariant Atiyah duality in Sp®. In more detail, first note that Klein’s point-set K x K-
equivariant maps’ « : K, — F(K,,S*) and its adjoint & : (K X K), — S® are in fact (K X K) X
G-equivariant.* Suspending @ and taking its adjoint, we then obtain a map

S¥K — F(EPK,S%) € Fung(BY(K X K), sp%)

which is an equivalence by equivariant Atiyah duality [49, section IIL.5]. Taking G-parameterized
homotopy fixed points with respect to the factor K x 1 then shows the claim. O

Example 5.58 (Complex conjugation on the circle). Suppose that K = S with G = C, acting
by complex conjugation, so that K X G = O(2). Write S = BtCZS ! for the corresponding C,-space.
As BS' = Q®HZ[2], a group cohomology computation shows that (BS')"¢2 ~ By, and the map
(BSH)"C2 — BS! identifies with the delooping of the inclusion u, = {+1} C S. Note also that we
have a canonical isomorphism u, = W, C, of u, with the Weyl group of C,.% We then see that
a C,-functor X : BtczS I S_pc2 (with underlying C,-spectrum X) is equivalent data to:

(1) an O(2)-action on the underlying spectrum X*;
(2) a u,-action on the geometric C,-fixed points X#C2 such that the gluing map X%z — (X¢)!¢2
is u,-equivariant.

In particular, if we let Dg be the dualizing C,-spectrum and o denote the sign C,-representation,
then under the equivalence of Proposition 5.57 we see that Dg = S° with trivial C,-parameterized
action, that is, so that as a C,-functor, Dy factors as

§0'
Dy : B‘CZS1 —%c,— Sp<.

Therefore, we may write Dg ® X as the C,-tensor of X by the C,-spectrum S°. It follows that we
may write the parameterized assembly map as

he, St
(DS ®X)hC251 ad Sa ®thzsl = ZGX]’lCZSI - X G .

The appearance of S° here is closely related to the suspensions by the signed sphere appearing
explicitly in [43, Theorem C] and implicitly in [25, Theorem B].

" Note that Klein writes G and not K for the compact Lie group.
By choosing an invariant metric, we may assume that G acts by isometries on a.

§ We may choose any section C, — O(2) of the determinant map to view C, as a subgroup of O(2), but also note that under
the isomorphism O(2) = S! X C, one has a preferred section.
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Finally, we establish lax equivariant symmetric monoidality of the parameterized Tate
construction by showing that it vanishes on induced objects.

Theorem 5.59. Let K be a compact Lie group, G a finite group, and ¥ : G — Aut(K) a group
homomorphism. Then (—)%X vanishes on the full G-subcategory of induced objects.

Proof. We first recall the proof that (—)*¥ vanishes on induced objects (cf. [47, Corollary 10.2]). As
(—)*¥ is an exact functor, by a thick subcategory argument it suffices to show that (—)'X vanishes
on induced generators. Given a point s :*— BK and writing p : BK —= for the unique functor
to a point, we thus need to show that the assembly map

ag @ p(S* @ E) > p.s,E

is an equivalence for all spectra E. By definition, a is an equivalence when E is a compact spec-
trum, so it suffices to show that both sides commute with filtered colimits. For the left-hand side,
this is obvious, while for the right-hand side, we note that

p.s(—=) = CPK @ )" ~ F(DK,, )" ~ F(K,, 2" ~ " @ —

(invoking Atiyah duality for the middle equivalence), so p,.s, commutes with all colimits.

Now let S = B?’,K and write p : S —# for the unique G-functor (we don’t use p to avoid con-
fusion with the notation of Definition 5.38). As (=)o is fiberwise exact, it suffices to show that
(—)%X vanishes on induced generators. Moreover, as (—)eK is G-exact, for any map of orbits
h: W - W and X € Funy,(Sy, (SpG)W), if (X)[GK = 0 then (h!X)[GK = 0. Therefore, consider-
ing induced generators as in the setup of Definition 5.38, we may suppose that p = id, there."
Furthermore, without loss of generality we may suppose V = G/G. So, let U be a finite G-set, let
s € S;; be a point, and write f : U — G /G for the unique map. Consider the pullback square of
G-oo-categories

fib () —2—> S
b,
xG —— fuf*S.

We need to show that for any G-functor X : f ib{ n) - S_pG, the parameterized assembly map

ax 1 p(S" ® ¢ X) > p.pX
is an equivalence in Sp”. We first note that by definition ay is an equivalence if X is compact. As
Fung(f ib{ (1), Sp®) is compactly generated by Theorem 5.48(1), it suffices to check that both sides
commute with filtered colimits as functors Fung(f ib{ (1),Sp®) — Sp©. For the left-hand side this

is obvious, while for the right-hand side we note that as K is compact Lie it follows that f ibsf (n)is
a finite G-space, hence

7.9, = 5|7, : Fung(fib] (1), 5p°) — Fung(f.f*S,5p°),

The case where V is not an orbit also follows because that only involves in addition taking fiberwise coproducts.
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and writing p’ : f,f*S —x for the unique G-functor, we get that
PP = PLn.p = plsm, FunG(fib{(n),S_pG) — SpC.

Now again using that fib{ (n) is finite, we get that 7, commutes with filtered colimits, and it
remains to check that p;s!’ commutes with filtered colimits. For this, note first that if U = G/G,
then by equivariant Atiyah duality applied as in Proposition 5.57, we would have

pls(=) = S* ® (-).

In general, we may identify the indexed product f, f*S =[], BgK as BgU (I KO for the group
homomorphism

b G = Aut ([l K), @), Kiew = @l Diew

and thereby reduce to the logic of the prior case because [];; K is still compact Lie. 1

Corollary 5.60. Let K be a compact Lie group, G a finite group, and ¥ : G — Aut(K) a group
homomorphism. Then the G-functor (—)* and natural transformation (=)icK = (—)ieK uniquely
inherit the structure of a lax G-symmetric monoidal functor and morphism thereof.

Proof. Combine Proposition 5.54 and Theorem 5.59. O

APPENDIX: POINTWISE MONOIDAL STRUCTURE

In this appendix, we construct the pointwise symmetric monoidal structure on the J -functor
oo-category Fung (K, C), given appropriate structure on C. For a quick reminder on how to con-
struct the pointwise symmetric monoidal structure on the usual functor co-category, see [76,
Construction 2.23].

Suppose C isan I -oo-category classified by a functor 7°°? — CMon(Cat,, ) valued in symmetric
monoidal co-categories and symmetric monoidal functors thereof. In terms of fibrations, such
functors correspond to cocartesian T -families of symmetric monoidal co-categories C® — T °P x
Fin, [56, Definition 4.8.3.1]." Let B be the categorical pattern

(ALLAIL{A, , : ((n)°)¥— {t} x Fin, ¢ T x Fin, : t € T})

on 7 °P x Fin,, where 4, ,, is the usual map appearing in the definition of the model structure on
preoperads that sends the cone point v to (n), i € (n)° to (1), and the unique morphism v — i to
the inert morphism p' : (n) — (1) in Fin, that selects i € (n)°. Then cocartesian J -families of
symmetric monoidal co-categories are by definition B-fibered [56, Definition B.0.19] and hence
are the fibrant objects for the model structure on sSet;rg.opme* defined by B [56, Theorem B.0.20].
Definition A.1. Suppose C® — J°P x Fin, is a cocartesian J -family of symmetric monoidal
oo-categoriesand q : K — I °Pisan J -co-category. Consider the span of marked simplicial sets

(Fin,)! < K x (Fin,) 29 ()" x (Fin, ).

" More precisely, we have an equivalence of co-categories (Catoo)jgggxmn ~ Fun(9 °P, Fun(Fin,, Cat)) under which
: «
a cocartesian 7 -family of symmetric monoidal oco-categories corresponds to a functor valued in commutative

monoid objects.
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Define the pointwise symmetric monoidal structure on Fung (K, C) to be
Fung (K, 0)® 1= pr,(g X id) (,C®)
regarded as a simplicial set over Fin,.

Note that the fiber of Fung (K, C)® — Fin, over (1) is Fung (K, C).

Lemma A.2. With respect to the categorical patterns B = ‘B, on Fin, and B on T °P X Fin,, the
span of marked simplicial sets in Definition A.1 satisfies the hypotheses of [56, Theorem B.4.2], so
Fung (K, C)® is a symmetric monoidal co-category.

Proof. The projection map pr is both a cartesian and cocartesian fibration where an edge e is
(co)cartesian if and only if its projection to K is an equivalence. Using also the basic stability
property of cocartesian edges in K [54, Lemma 2.4.2.7], it is then easy to verify conditions (1)-
(8) of [56, Theorem B.4.2]. By [56, Theorem B.4.2], pr, ¢* : sSet’ =~ — sSet?  is right Quillen,

/B /B
which shows that Fung (K, C)® is a fibrant object in sSet”, B and hence a symmetric monoidal

co-category. [l

Remark A.3. An I -functor f : L — K yields a morphism of spans

e

(Fin,)? <— ;K x (Fin,) — S* x (Fin,)’

and therefore induces a map f* : ;Fung (K, oO)® — yFung (L, C)® of marked simplicial sets over
Fin,. In other words, restriction along f is a symmetric monoidal functor.

Variant A.4. Consistent with the symmetric monoidality of restriction, the hypotheses of [56,
Theorem B.4.2] also apply to the span

(TPY x (Fin,)! &L K x (Fin,)? 2% (F799)? x (Fin,)".
We then define
Fun_ (K,C)® := (g xid),(g x id)*(,C®)
as a pointwise symmetric monoidal enhancement of Fun_ (K, C).
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