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Foreword (Matthew Ando)

This book does a remarkable job of introducing some of the interaction between
algebraic topology and algebraic geometry, which these days—thanks to Doug
Ravenel—goes by the name “chromatic stable homotopy theory.”

Chromatic homotopy theory had its origins in the work of Novikov and
Quillen, who first investigated the relationship between complex cobordism and
formal groups and perceived its potential for investigating the stable homotopy
groups of spheres. That this works as well as it does still boggles my mind, and
there is still research to be done to understand why this is so (for example the
recent work of Beardsley, mentioned in the Appendix).

We are fortunate that Jack Morava perceived that the work of Novikov and
Quillen hinted at a deep relationship between the structure of the stable category
and the structure of the stack of formal groups, and that he was persuasive enough
to get others including Landweber, Miller, Ravenel, and Wilson excited about
this approach. The remarkable activity that followed culminated in Ravenel’s
periodicity conjectures and their resolution by Devinatz, Hopkins, and Smith.

The chromatic homotopy theorists of the 1970s took Morava’s vision as
inspiration and proved amazing results, but in their published work they usually
did not make use of modern algebro-geometric methods, such as the theory of
stacks, which was more or less simultaneously under development. (Although in
“Forms of K-theory” [Mor89]], which dates as far back as 1973, Morava sketches
a stacky proof of Landweber’s exact functor theorem.)

Around 1990, the study of chromatic stable homotopy underwent a qualitative
change. Mike Hopkins took the lead in showing that algebraic geometry and
the theory of stacks provide powerful tools for proving theorems in chromatic
homotopy theory; at the same time, the conceptual picture of the subject became
much simpler. The simplifications that resulted made it possible for many more
people, including me, to enter the subject.

I was fortunate to have Haynes Miller and Mike Hopkins as teachers. I was
also fortunate to have Adams’s “blue book™ [Ada95] and Ravenel’s “green
book™ [Rav86]. Until recently, students entering the subject since the 1990’s
have not had access to comparable sources which introduce them to the
mix of algebraic topology and algebraic geometry which form the context
for modern chromatic stable homotopy theory (although Strickland’s lovely
“Formal Schemes and Formal Groups” [Str99b] is a notable exception). This has
begun to change, and there are several expositions of aspects of the subject—the
list in the acknowledgements of this volume are a good starting point.

This brings me to this book. I had the good fortune to meet Eric as an
undergraduate and convince him to work on some problems I was interested in.
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The things that make Eric fun to work with are well reflected in this book. It
has a down-to-earth and inviting style (no small achievement in a book about
functorial algebraic geometry). It is elegant, precise, and incisive, and it is strong
on both theory and calculation. An important feature of the book is that it takes
the time to give elegant proofs of some “theory-external” results: theorems you
might care about even if chromatic stable homotopy theory isn’t your subject.
There is a huge amount yet to be discovered: the Appendix indicates some
possible directions for future research. It is great to see this material assembled
here to help the next generation of researchers get started on an exciting subject.

— Matthew Ando
October 2™, 2017
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Chapter 0

Introduction

The goal of this book is to communicate a certain Weltanschauung uncovered
in pieces by many different people working in bordism theory, and the goal just
for this introduction is to tell a story about one theorem where it is especially
apparent.

To begin, we will define a homology theory called bordism homology. Recall
that the singular homology of a space X comes about by probing X with
simplices: beginning with the collection of continuous maps o: A" — X, we
take the free Z-module on each of these sets and construct a chain complex

Sz s xy Szart xS

Bordism homology is constructed analogously, but using manifolds Z as the
probes instead of simplices[]

A {Z" — X | Z" a compact n—manifold}

LN {z"' = X | 2! a compact (n — 1)-manifold}

17}

g ...
Lemma 0.0.1 ([Koc78, Section 4]) This forms a chain complex of monoids
under disjoint union of manifolds, and its homology is written M O.(X). These
are naturally abelian group and moreover they satisfy the axioms of a
generalized homology theory. O

In fact, we can define a bordism theory M G for any suitable family of structure

One doesn’t need to take the free abelian group on anything, since the disjoint union of two
manifolds is already a (disconnected) manifold, whereas the disjoint union of two simplices is
not a simplex.

For instance, the inverse map comes from the cylinder construction: for a manifold M, the two
components of (I x M) witness the existence of an inverse to M in the bordism groups.

N
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groups G(n) — O(n). The coeflicient ring of MG, or its value MG.(*) on a
point, gives the ring of G-bordism classes, and generally MG .(Y) gives a kind
of “bordism in families over the space Y. There are comparison morphisms for
the most ordinary kinds of bordism, given by replacing a chain of manifolds
with an equivalent simplicial chain:

MO — HZ/2, MSO — HZ.
In both cases, we can evaluate on a point to get ring maps, called genera:
MO.(x) > Z/2, MSO.(x) — Z,

neither of which is very interesting, since they’re both zero in positive degrees.

However, having maps of homology theories (or, really, of spectra) is con-
siderably more data than just the genus. For instance, we can use such a map
to extract a theory of integration by considering the following special case of
oriented bordism, where we evaluate M SO, on an infinite loopspace:

MSO,K(Z,n) = {oriented n—manifolds mapping to K(Z,n)} /~

B oriented n—manifolds Z
~ | with a specified class w € H(Z;Z)

Associated to such a representative (Z, w), the yoga of stable homotopy theory
then allows us to build a composite

s 29, MSO A (S AITK(Z 1)

colim

—> MSOANHZ

728!
— HZ ANHZ

M
— HZ,

where ¢ is the orientation map. Altogether, this composite gives us an element

of moHZ, i.e., an integer.

Lemma 0.0.2 The integer obtained by the above process is fz w. O

Many theorems accompany this definition of fz w for free, entailed by the
general machinery of stable homotopy theory. The definition is also very general:
given a ring map off of any bordism spectrum, a similar sequence of steps will
furnish us with an integral tailored to that situation.

Now take G = e to be the trivial structure group, which is the bordism theory
of framed manifolds, i.e., those with stably trivial normal bundle. In this case,
the Pontryagin—Thom construction gives an equivalence S S Me. 1t is thus
possible that stable homotopy theory can be investigated solely through the
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lens of framed bordismE] We will prefer to view this the other way: the sphere
spectrum S often appears to us as a natural object, and we will occasionally
replace it by Me, the framed bordism spectrum. For example, given a ring
spectrum E with unit map S — E, we can reconsider this as a ring map

Mei>S—>E.

Following along the lines of the previous paragraph, we learn that any ring
spectrum E is automatically equipped with a theory of integration for framed
manifolds.

Sometimes, as in the examples above, this unit map factors:

S~Me— MO — HZ]2.

This is a witness to the overdeterminacy of HZ/2’s integral for framed bordism:
if the framed manifold is pushed all the way down to an unoriented manifold,
there is still enough residual data to define the integralE] Given any ring spectrum
E, we can ask the analogous question: If we filter O by a system of structure
groups, through what stage does the unit map Me — E factor? For instance,
the map

S=Me —> MSO — HZ

considered above does not factor further through M O—an orientation is required
to define the integral of an integer—valued cohomology class. Recognizing
SO — O as the 0™ Postnikov—Whitehead truncation of O, we are inspired to use
the rest of the Postnikov filtration as our filtration of structure groups. Here is a
diagram of this filtration and some interesting minimally-factored integration
theories related to it, circa 1970:

Me —— -+ —— MString —— MSpin —— MSO —— MO

klO\*\HlZ’ HZL/Z.

This is the situation homotopy theorists found themselves in some decades
ago, when Ochanine and Witten proved the following mysterious theorem using
analytical and physical methods:

3 Indeed, some people have taken up this viewpoint. For a completely noncanonical point of entry,
see Stolz [Sto85].

4 1t’s literally more information than this: even unframeable unoriented manifolds acquire a
compatible integral.
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Theorem 0.0.3 (Ochanine [[Och87b, [Och91]], Witten [Wit87, Wit88]) There
is a map of rings

o : MSpin, — C(q).

Moreover, if Z is a Spin manifold such that hal}E] its first Pontryagin class
vanishes—that is, if Z lifts to a String—manifold—then o-(Z) lands in the subring
MF C Z[ q] of g—expansions of modular forms with integral coefficients. O

However, neither party gave indication that their result should be valid “in
families” (in our sense), and no theory of integration was formally produced (in
our sense). From the perspective of the homotopy theorist, it wasn’t even totally
clear what such a claim would mean: to give a topological enrichment of these
theorems would mean finding a ring spectrum E such that E,(*) had something
to do with modular forms.

Around the same time, Landweber, Ravenel, and Stong began studying elliptic
cohomology for independent reasons [LRS95]; sometime much earlier, Morava
had constructed an object “K T associated to the Tate elliptic curve [Mor89,
Section 5]; and a decade later Ando, Hopkins, and Strickland [AHSO1]] put all
these together in the following theorem:

Theorem 0.0.4 ([AHSOI, Theorem 2.59]) If E is an “elliptic cohomology
theory”, then there is a canonical map of homotopy ring spectra M String — E
called the o—orientation (for E). Additionally, there is an elliptic spectrum
K™ whose o—orientation gives Witten’s genus MString, — KI© O

We now come to the motivation for this text: the homotopical o—orientation
was actually first constructed using formal geometry. The original proof of
Ando—-Hopkins—Strickland begins with a reduction to maps of the form

MU[6,0) = E.

They then work to show that in especially good cases they can complete the
missing arrow in the diagram

MU[6,00) —— MString

E.

Leaving aside the extension problem for the moment, their main theorem is the
following description of the cohomology ring E*MU[6, ):

3 Ttis a special property of Spin—manifolds that this class is always divisible by 2.
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Theorem 0.0.5 (Ando—Hopkins—Strickland [AHSO1], cf. Singer [Sin68] and
Stong [Sto63l]) For E an even—periodic cohomology theory, there is an
isomorphism

Spec E.M U6, o) = C3(@E;I(O)),

where “C3 (@E; I(0))” is the affine scheme parametrizing cubical structures on
the line bundle I (0) over @E When E is taken to be elliptic, so that there is a
specified elliptic curve C and a specified isomorphism @E = COA, the theory of
elliptic curves gives a canonical such cubical structure and hence a preferred
class MU[6, 00) — E. This assignment is natural in the choice of elliptic E. O

Our real goal is to understand theorems like this last one, where algebraic
geometry asserts some real control over something squarely in the domain of
homotopy theory, and we will work through a sequence of case studies where
this perspective shines through most brightly. In particular, rather than taking
an optimal route to the Ando—Hopkins—Strickland result, we will use it as a
gravitational slingshot to cover many anciliary topics which are also governed by
the technology of formal geometry. We will begin by working through Thom’s
calculation of the homotopy of MO, which holds the simultaneous attractive
features of being approachable while revealing essentially all of the structural
complexity of the general situation, so that we know what to expect later on.
Having seen that through, we will then venture on to other examples: the complex
bordism ring, structure theorems for finite spectra, unstable cooperations, and,
finally, the o—orientation and its extensions. Again, the overriding theme of the
text will be that algebraic geometry is a good organizing principle that gives
us one avenue of insight into how homotopy theory functions: it allows us to
organize “operations” of various sorts between spectra derived from bordism
theories.

We should also mention that we will specifically not discuss the following
aspects of this story:

e Analytic techniques will be completely omitted. Much of modern research
stemming from the above problem is an attempt to extend index theory across
Witten’s genus, or to find a “geometric cochains” model of certain elliptic
cohomology theories. These often mean heavy analytic work, and we will
strictly confine ourselves to the domain of homotopy theory.

e Assortof asub-point (and despite the motivation provided in this Introduction),
we will also mostly avoid manifold geometry. Again, much of the contemporary
research about #mf is an attempt to find a geometric model, so that geometric
techniques can be imported—including equivariance and the geometry of
quantum field theories, to name two.
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In a different direction, our focus will not linger on actually computing bordism
rings M X.., nor will we consider geometric constructions on manifolds and
their behavior after imaging into the bordism ring. This is also the source of
active research: the structure of the symplectic bordism ring remains, to large
extent, mysterious, and what we do understand of it comes through a mix of
formal geometry and raw manifold geometry. This could be a topic that fits
logically into this document, were it not for time limitations and the author’s
inexpertise.

The geometry of E,,—rings will also be avoided, at least to the extent possible.
Such objects become inescapable by the conclusion of our story, but there are
better resources from which to learn about E.,—rings, and the pre-E, story
is not told so often these days. So, we will focus on the unstructured part,
relegate the E.—rings to Appendix|Al and leave their details to other authors.
There will be plenty of places where we will avoid making statements in
maximum generality or with maximum thoroughness. The story we are
interested in telling draws from a blend of many others from different
subfields of mathematics, many of which have their own dedicated textbooks.
Sometimes this will mean avoiding stating the most beautiful theorem in a
subfield in favor of a theorem we will find more useful. Other times this will
mean abbreviating someone else’s general definition to one more specialized
to the task at hand. In any case, we will give references to other sources where
you can find these cast in starring roles.

Finally, we must mention that there are several good companions to these

notes. Essentially none of the material here is original—it’s almost all cribbed
either from published or unpublished sources—but the source documents are
quite scattered and individually dense. We will make a point to cite useful

references as we go. One document stands out above all others, though: Neil

Strickland’s Functorial Philosophy for Formal Phenomena [Strbl]. These lecture

notes can basically be viewed as an attempt to make it through this paper in the

Span of a semester.
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0.1 Conventions
Throughout this book, we use the following conventions:
o Categories will be consistently typeset as in the examples
Spaces, ForMALGrouprs, GRADEDHOPFALGEBRAS.

e C(X,Y) will denote the mapping set of arrows X — Y in a category C. If C is
an co—category, this will be interpreted instead as a mapping space. If C has a
self-enrichment, we will often write C(X, Y) (or, e.g., Aut(X)) to distinguish
the internal mapping object from the classical mapping set C(X,Y). As a first
exception to this uniform notation, we will sometimes abbreviate SpAces(X, Y)
to F(X,Y), and similarly we will sometimes abbreviate SPECTRA(X,Y) to
F(X,Y), with “F” short for “function”. As a second exception, for two formal
groups G and H, we denote the function scheme by

FORMALGROUPS(@, H),

even though this is a scheme rather than a formal scheme.

e Following Lurie, for an object X € C we will write C,x for the slice category
of objects over X and Cy/ for the slice category of objects under X.

e For a spectrum E, we will write E*(X) for the unreduced E—cohomology
of a space X and E,(X) for the unreduced E—homology of X. We denote
the reduced E—cohomology of a pointed space X by E*(X) and the reduced
E—homology by E,(X). Finally, for F another spectrum, we write £*(F) and
E.(F) for the E—cohomology and E-homology respectively of F. Altogether,
these satisfy the relations

E.(X) = E,(2°X) = E.(2*X) ® E, = E.(X) ® E,,

and similarly for cohomology.
e For a spectrum E, we will write E, for the n'™ space in the Q-spectrum
representing £. The homotopy type of this space is determined by the formula

hSpaces(X, E, ) = hSpaces(X, Q¥X"E) = hSpaces(X*X,X"E) = E™(X).

e For a ring spectrum E, we will write E, = &, E for its coefficient ring, E* =
n_.E for its coefficient ring with the opposite grading, and Ey = E® = noE
for the 0™ degree component of its coefficient ring. This allows us to make
sense of expressions like “E*[x]]”, which we interpret as

(o)

E*[x] = (EM)|[x] = (m_.E)[x] = {Zajxj a; is of degree * — j|x| }

— for some fixed degree =
i=
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For a space or spectrum, we will write X[n, o) — X for the upward nth
Postnikov truncation over X and X — X(—oo,n) for the downward n™
Postnikov truncation under X. There is thus a natural fiber sequence

X[n,00) > X — X(—o0,n).

This notation extends naturally to objects like X(a, b) or X[a, b], where
—o00 < a < b < oo denote the (closed or open) endpoints of any interval.
We will write S” for the n™ sphere when considered as a space and S" for its
suspension spectrum. We will often abbreviate S° to simply S.

We prefer the notation Oy for the ring of functions on a scheme X and Zp for
ideal sheaf determined by a subscheme D, but we will also denote these by the
synonyms O(X) and 7 (D) when the subscripts reach sufficient complexity.
We write KO and KU for periodic real and complex K—theory, and we write
kO and kU for their respective connective variants. (Other authors write
ko and ku, or bo and bu, and or even the ill-advised BO and BU for these
spectra.)



Case Study 1

Unoriented Bordism

A simple observation about the bordism ring M O..(x) (or M O..(X) more generally,
for any space X) is that it consists entirely of 2—torsion: any chain Z — X can
be bulked out to a constant cylinder Z X I — X, which has as its boundary
the chain 2 - (Z — X). Accordingly, MO.(X) is always an F,—vector space.
Our goal in this Case Study is to arrive at two remarkable calculations: first, in
Corollary we will make an explicit calculation of this F,—vector space in
the case of the bordism homology of a point, and second, in Lemma[I.5.8] we
will show that there is a natural isomorphism

MO.(X) = HF».(X) ®8, MO, ().

Our goal in discussing these results in the first Case Study of the book is to take
the opportunity to introduce several key concepts that will serve us throughout.
First and foremost, we will require a definition of bordism spectrum that we can
manipulate computationally, using just the tools of abstract homotopy theory.
Once that is established, we immediately begin to bring algebraic geometry into
the mix: the main idea is that the cohomology ring of a space is better viewed
as a scheme (with plenty of extra structure), and the homology groups of a
spectrum are better viewed as representation for a certain elaborate algebraic
group. This data actually finds familiar expression in homotopy theory: we show
that a form of group cohomology for this representation forms the input to the
classical Adams spectral sequence, which classically takes the form

Cotor’y (Fp, HF2.(Y)) = m.(Y),

converging for certain very nice spectra Y—including, for instance, ¥ = MO.
In particular, we can bring the tools from the preceding discussion to bear on
the homology and cohomology of MO, where we make an explicit calculation
of its representation structure. Finding that it is suitably free, we thereby gain

9
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control of the Adams spectral sequence, finish the computation, and prove the
desired result.

Our real goal in this Case Study, however, is to introduce one of the main
phenomena guiding this text: there is some governing algebro-geometric object,
the formal group RPEFZ, which exerts an extraordinary amount of control over
everything in sight. We will endeavor to rephrase as much of this classical
computation as possible so as to highlight its connection to this central object,
and we will use this as motivation in future Case Studies to pursue similar
objects, which will lead us down much deeper and more rewarding rabbit holes.
The counterbalance to this is that, at least for now, we will not introduce concepts
or theorems in their maximum generality[] Essentially everything mentioned in
this Case Study will be re-examined more thoroughly in future Case Studies, so
the reader is advised to look to those for the more expansive set of results.

1.1 Thom spectra and the Thom isomorphism

Our goal is a sequence of theorems about the unoriented bordism spectrum MO.
We will begin by recalling a definition of the spectrum MO using just abstract
homotopy theory, because it involves ideas that will be useful to us throughout
the text and because we cannot compute effectively with the chain-level definition
given in the Introduction.

Definition 1.1.1 For a spherical bundle $"~! — & — X, its Thom space is
given by the cofiber

f N cofiber Tn(f).
“Proof” of definition There is a more classical construction of the Thom
space: take the associated disk bundle by gluing an n—disk fiberwise, and add a
point at infinity by collapsing ¢:

Tn(f) = (5 Uxxsn-1 (X X Dn))+-

To compare this with the cofiber definition, recall that the thickening of £ to an
n—disk bundle is the same as taking the mapping cylinder on ¢ — X. Since the
inclusion into the mapping cylinder is now a cofibration, the quotient by this
subspace agrees with both the cofiber of the map and the introduction of a point
at infinity. O

Before proceeding, here are two important examples:

1 For an obvious example, everything in this Case Study will be done relative to Spec F,.
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Example 1.1.2 If &£ = §"~! x X is the trivial bundle, then T,,(€) = S" A (X,).
This is supposed to indicate what Thom spaces are “doing”: if you feed in the
trivial bundle then you get the suspension out, so if you feed in a twisted bundle
you should think of it as a twisted suspension.

Example 1.1.3  Let £ be the tautological S°~bundle over the unpointed space
RP* = BO(1). Because ¢ has contractible total space, EO(1), the cofiber
degenerates and it follows that 77(¢) = RP*, a pointed spaceE] More generally,
arguing by cells shows that the Thom space for the tautological bundle over RP"
is RP"*!,

Now we catalog a bunch of useful properties of the Thom space construction.
Firstly, recall that a spherical bundle over X is the same data [May75] as a map
X — BGL;S""!, where GL;S"! is the subspace of F(S"!, §""!) expressed
by the pullback of spaces

GL;S"! ——— Spaces(§™1, 5771
| - |
hSpaces(S"~!, 71 — hSpaces(S™!, $"1) = moSpaces(S"!, §771).
Lemma 1.1.4 The construction T,, can be viewed as a functor from the slice
category over BGLS"! to Spaces. Maps of slices

Y A X

BGL,S""!

induce maps T,,(f*&) — T, (&), and T,, is suitably homotopy-invariant. O

Next, the spherical subbundle of a vector bundle gives a common source of
spherical bundles. The action of O(n) on R” preserves the unit sphere, and hence
gives a map O(n) — GL;S""!. These are maps of topological groups, and the
block—inclusion maps i : O(n) — O(n + 1) commute with the suspension map
GL;S" ' = GLS". In fact, much more can be said:

Lemma 1.1.5  The block—sum maps O(n) X O(m) — O(n + m) are compatible
with the join maps GL1S"' x GL; ™! — GL;S" !, o

Again taking a cue from K-theory, we take the colimit as n grows large, using
the maps

2 1f you already know what’s coming, this should comport with the Thom isomorphism, which
— 41
asserts x - HFJRP® = HF, ' RP%.
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id Xtriv

BO(n) BO(n) x * BO(n) x BO(1) —2— BO(n + 1)

l l l l

BGL,S"! = BGL;5"! x + % pGL,5"! x BGL,S° —> BGL,S".

Corollary 1.1.6  The operations of block—sum and topological join imbue the
colimiting spaces BO and BGL\S with the structure of H-groups. Moreover,
the colimiting map

Jr: BO — BGL;S,
called the J—-homomorphism, is a morphism of H-groups. O

Finally, we can ask about the compatibility of Thom constructions with all
of this. In order to properly phrase the question, we need a version of the
construction which operates on stable spherical bundles, i.e., whose source is
the slice category over BGL;S. By calculating

Tyi1(€ = triv) = ET,(¢),
we are inspired to make the following definition:

Definition 1.1.7 For & an $”~!—bundle, we define the Thom spectrum of £ to
be

T(§) := 2"E%T(8).
By filtering the base space by compact subspaces, this begets a functor
T: SPACES;BGrL,s — SPECTRA.

Lemma 1.1.8 T is monoidal: it carries external fiberwise joins to smash
products of Thom spectra. Correspondingly, T o Jr carries external direct sums
of stable vector bundles to smash products of Thom spectra. O

Definition 1.1.9 The spectrum MO arises as the universal example of all these
constructions, strung together:

MO :=T(Jr) = colimT(Jy) = colimX™"T, Jg.
n n

The spectrum MO has several remarkable properties. First, it can be shown
that the generalized homology theory that this spectrum encodes matches the
one described in the Introduction ([[Swi02, Theorem 12.30], [Rud98, Theorem
7.27]). The most basic homotopical property is that this spectrum is naturally a
ring spectrum, and this follows immediately from Jr being a homomorphism
of H—spaces. Much more excitingly, we can also deduce the presence of Thom
isomorphisms just from the properties stated thus far. That J is a homomorphism
means that the following square commutes:
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BO x BO —Z—> BOx BO —*—— BO

lJRXJR lJR

BGL,S x BGL|S —“— BGL,S.

We have extended this square very slightly by a certain shearing map o defined
by o(x, y) = (xy~!, y). It is evident that o is a homotopy equivalence, since just
as we can de-scale the first coordinate by y we can re-scale by it—indeed, this
is the observation that BO is a torsor for itself. We can calculate directly the
behavior of the long composite:

Jpopoo(x,y)=Jrouxy™ ' y)=Jr(xy™y) = Ja(x).

It follows that the second coordinate plays no role, and that the bundle classified
by the long composite can be written as Jg X OE] We are now in a position to
see the Thom isomorphism:

Lemma 1.1.10 (Thom isomorphism, universal example, cf. [Mah79]) As
M O—-modules,

MO AMO =~ MO A X BO.

Proof Stringing together the naturality properties of the Thom functor outlined
above, we can thus make the following calculation:

T(uo(Jr XJr)) =T(uo (Jr XJr)o o) (homotopy invariance)
~T(Jr X 0) (constructed lift)
~T(Jr) AT(0) (monoidality)
~T(Jr) ANZBO (Example [I.1.2)

T(Jr) AT(Jr) = T(Jr) AT BO (monoidality)
MO AMO ~ MO A XY BO. (definition of M O)
O

From here, the general version of Thom’s theorem follows quickly:

Definition 1.1.11 A map ¢: MO — E of homotopy ring spectra is called an
orientation of E (by MO)E]

3 This factorization does nor commute with the rest of the diagram, just with the little lifting
triangle it forms.

4 Later, we will refer to analogous ring spectrum maps MU — E off of the complex bordism
spectrum as complex orientations of E. However, calling ring maps MO — E “unoriented
orientations” is rightfully considered distasteful.
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Theorem 1.1.12 (Thom isomorphism) Let £é: X — BO classify a vector
bundle and let ¢: MO — E be a map of ring spectra. Then there is an
equivalence of E-modules

EANT()~EANXTX.

Modifications to above proof To accommodate X rather than BO as the base,
we redefine 0: BO X X — BO X X by

o(x,y) = o(x€() ),
Follow the same proof as before with the diagram

BOXX —Z> BOxX —= » BOxBO —* > BO

lJRXJR lJR

BGL,S x BGL;S —*— BGL,S.

This gives an equivalence Opr0: MO AT(¢) —» MO A 25X of MO-modules.
To introduce E, note that there is a diagram of M O—module spectra

(5]

EANT(E) EAZ®X
SIMOAIAL IoNAT
A;OAE/\T(f) o) MO/\E/\Zig(
fﬁo(«pAl))A/l Eo(‘pmm
E AT() o CE AKX,

whose columns are retractions. The dotted arrows 6 are defined by following
the solid path from corner to corner. Similarly, the inverse a0 to 6370 induces
amap ag. We claim that 6 and ag are themselves inverses, which is shown
by straggering and rearranging where the collapse of the MO factor into E
happens. The composite ag o 6 is equivalent to the following:

oo 1AnAL I
EASSX — E AMO AEX

1AIARAL -
— S EAMOAMO AEYX

IANIAOMm O
_—

EAMO AMO AT(£)

L EAMO A MO AT(#)
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IAN1Aap o
_—

EAMOAMOANXITX

HALIAL I
TS EAMOAEYX

uAl o
L EASYX,

where 7 is the twist map. Using the commuting square

EAMOAMO -2 EAMO

[jen |

EAMO — % F

we have that the middle composite is equivalent to

0 IAnAL 0
EAISX -5 EAMO AXSX

1ANOpr 0

—> EAMO AT(E)

IAap o

—> EAMOAZTX
HA] o
—— EAZDX,

which is the identity on E A X3 X. The proof that @ is also the right-inverse of
O is similar. O

Remark 1.1.13  One of the tentpoles of the theory of Thom spectra is that
Theorem[I.T.12]has a kind of converse: if a ring spectrum E has suitably natural
and multiplicative Thom isomorphisms for Thom spectra formed from real
vector bundles, then one can define an essentially unique ring map MO — E
that realizes these isomorphisms via the machinery of Theorem [I.1.12

Remark 1.1.14  There is also a cohomological version of the Thom isomorphism.
Suppose that E is a ring spectrum under MO and let ¢ be the spherical bundle
of a vector bundle on a space X. The spectrum F(X°X, E) is a ring spectrum
under E (hence under MO), so there is a Thom isomorphism as well as an
evaluation map

eval

FCECX,E)AT(é) > FEPX,E) AN3°X =5 E.
Passing through the exponential adjunction, the map
F(EXX,E) > F(T(¢),E)
can be seen to give the cohomological Thom isomorphism

E*X = E*T(&).
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Example 1.1.15 We will close out this section by using this to actually make
a calculation. Recall from Example m that Ty o Jp(£L | RP%)) = RP™!.
Because MO is a connective spectrum, the truncation map

MO — MO(—OO, 0] = HrgMO = HF,

is amap of ring spectra [May7/7, Lemma I1.2.12]. Hence, we can apply the Thom
isomorphism theorem to the mod—2 homology of Thom complexes coming
from real vector bundles:

m(HFy AT(L - 1)) = n.(HF, AT(0)) (Thom isomorphism)
7, (HFy A T'E°RP"™ ) = 7,(HF, A ZRP") (Example[T.1.3)
HF,,,RP"*' = HF, ,RP". (generalized homology)

This powers an induction that shows that HF,,RP* has a single class in every
degree. The cohomological version of the Thom isomorphism in Remark [I.T.T4]
together with the HF;RP"—module structure of HF;T(L — 1), also gives the
ring structure:

HF;RP" = Fy[x]/x"*!

1.2 Cohomology rings and affine schemes

An abbreviated summary of this book is that we are going to put “Spec” in
front of rings appearing in algebraic topology and see what happens. Before
actually doing any algebraic topology, we should recall what this means on the
level of algebra. The core idea is to replace an F,—algebra A by the functor it
corepresents, which we will denote by Spec A. For any other “test Fp—algebra”
T, we set

(Spec A)(T') := ALGEBRASF,/(A,T) = ScHEMES r,(Spec T, Spec A).
More generally, we have the following definition:

Definition 1.2.1  An affine Fo—scheme is a functor X : ALGEBRASE,; — SETS
which is (noncanonically) isomorphic to Spec R for some F,—algebra A. Given
such an isomorphism, we will refer to Spec A — X as a parameter for X and its
inverse X — Spec A as a coordinate for X.

Lemma 1.2.2 There is an equivalence of categories

op

Spec : ALGEBRAS]FZ /

— AFFINESCHEMES [F, . O
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The centerpiece of thinking about rings in this way, for us and for now, is
to translate between a presentation of A as a quotient of a free algebra and
a presentation of (Spec A)(T') as selecting tuples of elements in T subject to
certain conditions. Consider the following example:

Example 1.2.3 Set A, = Fy[xy,...,x,]. Elements of (Spec A,,)(T’) can be
identified with n—tuples of elements of T, since a function in

(Spec A,)(T) = ALGEBRASE,/(Fa[x1, ..., x,],T),

is entirely determined by where the x; are sent. Consider also what happens
when we impose a relation by passing to A = Fa[x, ..., x,]/ (xf("“ ): a function
in

(Spec AJ)(T) = ALGEBRASE, /(Fa[x1, . . ., x,]/(x/* 1), T)

is again determined by where the x; are sent, but now x; can only be sent to an
element which is nilpotent of order j; + 1. These schemes are both important
enough that we give them special names:

A" ;= SpecFa[xy, . . ., xn], A™ = SpecFy[xy, .. .,xn]/(xli"ﬁ).

The functor A" is called affine n—space—reasonable, since the value A™(T)
is isomorphic to 7". We refer to A! as the affine line. Note that the quotient
map A; — A&j) induces an inclusion A*Y) — Al and that A© is a constant
functor:

AMOTY = {f :Flx] > T | f(x) = 0}.

Accordingly, we declare “A©)” to be the origin on the affine line and AV to
be the (n + 1)* order (nilpotent) neighborhood of the origin in the affine line.

We can also use this language to re-express another common object arising
in algebraic topology: the Hopf algebra, which appears when taking the mod—
2 cohomology of an H-group. In addition to the usual ring structure on
cohomology groups, the H—group multiplication, unit, and inversion maps
additionally induce a diagonal map A, an augmentation map &, and an antipode
x respectively. Running through the axioms, one quickly checks the following:

Lemma 1.2.4 For a HopfFy—algebra A, the functor Spec A is naturally valued
in groups. Such functors are called group schemes. Conversely, a choice of
group structure on Spec A endows A with the structure of a Hopf algebra.

Proof sketch  This is a matter of recognizing the product in ALGEBRAS](;,E ;a8 the

tensor product, then using the Yoneda lemma to transfer structure around. O
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Example 1.2.5 The functor A' introduced above is naturally valued in groups:
since A!(T) = T, we can use the addition on T to make it into an abelian group.
When considering A! with this group scheme structure, we notate it as G,,.
Applying the Yoneda lemma, one deduces the following formulas for the Hopf
algebra structure maps:

M
G, xG, — Gy x|+ Xy i x,
X
G, > G, —X <X,
n
SpecF, — G, 0 x,

where we have written x; = x ® 1 and x, = 1 ® x for the elements of
Oc,xac, = Og, ® Og, =F[x]®F[x].

As an example of how to reason this out, consider the following diagram:

G, X G, a G
XIT: XZT: X1+Xx2
Spec Fp[x] x Spec Fp[x;] x| =
Spec Fp[x1, x2] - Spec Fp[x].

It follows that the bottom map of affine schemes is induced by the algebra map

A
Fao[x] = Falxq, x2], X - X] + X2

Remark 1.2.6 1In fact, Al is naturally valued in rings. It models the inverse
functor to Spec in the equivalence of categories above, i.e., the elements of a
ring A always form a complete collection of A'—valued functions on some affine
scheme Spec A.

Example 1.2.77 We define the multiplicative group scheme by
G = SpecFo[x, y]/(xy — 1).

Its value G,,(T) on a test algebra T is the set of pairs (x, y) such that y is a
multiplicative inverse to x, and hence G,, is valued in groups. Applying the
Yoneda lemma, we deduce the following formulas for the Hopf algebra structure
maps:

7
G X G, — Gy, X1 @ Xy ¢+ X

Y1®yr <Yy,
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X
Gm = G (5, x) 1 (x, y)
Spec F, KA (€ 1 x,y.

Remark 1.2.8 As presented above, the multiplicative group comes with a
natural inclusion G,,, — A2, Specifically, the subset G,,, C A? consists of pairs
(x, y) in the graph of the hyperbola y = 1/x. However, the element x also gives
an Al-valued function x: G,, — Al, and because multiplicative inverses in a
ring are unique, we see that this map too is an inclusion. These two inclusions
have rather different properties relative to their ambient spaces, and we will
think harder about these essential differences later on.

Example 1.2.9 (cf. Example[d.4.12) This example showcases the complications
that algebraic geometry introduces to this situation, and is meant as discourage-
ment from thinking of the theory of affine group schemes as a strong analogue of
the theory of linear complex Lie groups. It jumps ahead of the present narrative
by a fair amount—the reader should feel completely comfortable skipping this
Example for now. We set a; = Spec F»[x]/(x?), with group scheme structure
given by

M
) Xy — @) X1+ Xy < X,
X
ay — @ —X < X,
7
SpecF, —» o, 0« x.

This group scheme has several interesting properties which we will merely state,
reserving their proofs for Example {.4.12]

1. a, has the same underlying structure ring as u; := G,,[2], the 2—torsion
points of G,,, but is not isomorphic to it.

2. There is no commutative group scheme G of rank four such that a; = G[2].

3. If E /I, is the supersingular elliptic curve, then there is a short exact sequence

0> ap > E[2] > ar» — 0.

However, this short exact sequence does not split (even after base change).

4. The subgroups of a; X a; of order 2 are parameterized by the scheme P!,
i.e., for A an F,-algebra the subgroup schemes of @, X @, of order two which
are defined over A are parameterized by the set P!(A).

We now turn to a different class of examples, which will wind up being the
key players in our upcoming topological story. To begin, consider the colimit
of the sets colim;_,« ALUX(T), which is of use in algebra: it is the collection of
nilpotent elements in 7. These kinds of conditions which are “unbounded in j”
appear frequently enough that we are moved to give these functors a name too:
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Definition 1.2.10 An affine formal scheme is an ind-system of finite affine
schemes. The morphisms between two formal schemes are compute(EHﬂ by

ForMALScHEMES({X, }, {¥3}) = lim co}gim ScHEMES(X, ¥3).

Given affine charts X, = Spec A,, we will glibly suppress the system from the
notation and write

Spf A := {Spec A, }-

Example 1.2.11  The individual schemes A>Y) do not support group structures.
After all, the sum of two elements which are nilpotent of order j + 1 can only be
guaranteed to be nilpotent of order 2j + 1. It follows that the entire ind-system
{Al’(f)} = Al supports a group structure, even though none of its constituent
pieces do. We call such an object a formal group scheme, and this particular
formal group scheme we denote by Ga.

Example 1.2.12  Similarly, one can define the scheme G,,[j] of elements of
unipotent order j:

: Fo[x, y]

G = Spec ——————— C Gy,,.
mlJ] p iy — L — 1) m

These are all group schemes, and they nest together in a complicated way: there

is an inclusion of G,,[] into G,,[jk]. There is also a second filtration along the

lines of the one considered in Example [T.2.TT}

FZ[-X’ y]
(xy = L (x = 1))’

These schemes form a sequential system, but they are only occasionally grou

G(,,’;) = Spec

schemes. Specifically, ng) is a group scheme, in which case Ggﬁk) = G[2¥]

5 For the categorical reader, we include a significant categorical aside: passing to ind-systems
has the effect of formally adjoining colimits of filtered diagrams to a category. The formula for
the mapping set comes from asserting that the assignment C — Ind(C) is fully faithful, that its
image consists of compact objects, and that each diagram D — C which can be interpreted as a
member of Ind(C) is its own colimit. To control the difference between this category and the
original category, it is often useful to restrict attention to diagrams of objects which are already
compact in C, as in our definition of a formal scheme.

Along the same lines, one can show the following recognition principle [[Str99bl Proposition
4.6]: a functor X : ALGEBRAS — SETs which preserves finite limits is a formal scheme exactly
when there exists a family of maps X; — X from a set of affine schemes X; such that for all test
algebras T the following map is onto:

L[ X;(T) — X(T).

N

Additionally, the only values of j for which G, [/] is an infinitesimal thickening of G,,[1] are
those of the form j = 2%
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We define G, using this common subsystem:
-~ ok o
G = {ng )}k:O'

Let us now consider the example that we closed with in the previous Lecture,
where we calculated HF;(RP") = F>[x]/ (x™*1). Putting “Spec” in front of this,
we could reinterpret this calculation as

Spec HF;(RP") = AL,
This is so useful that we will give it a notation all of its own:

Definition 1.2.13 Let X be a finite cell complex, so that HF;(X) is a ring
which is finite—dimensional as an Fy—vector space. We will write

Xur, = Spec HF; X
for the corresponding finite affine scheme.

Example 1.2.14 Putting together the discussions from this Lecture and the
previous one, in the new notation we have calculated

n ~ 1L(n
RP}p = AN,

So far, this example just restates what we already knew in a mildly different
language. Our driving goal for the next section is to incorporate as much
information as we have about these cohomology rings HF;(RP") into this
description, which will result in us giving a more “precise”” name for this object.
Along the way, we will discover why X had to be a finite complex and how to
think about more general X. For now, though, we will content ourselves with
investigating the Hopf algebra structure on HF;RP®, the cohomology of an
infinite complex.

Example 1.2.15 Recall that RP* is an H—space in two equivalent ways:

1. There is an identification RP® =~ K(F,, 1), and the H—space structure is
induced by the sum on cohomology.

2. There is an identification RP* =~ BO(1), and the H-space structure is
induced by the tensor product of real line bundles.

In either case, this induces a Hopf algebra diagonal
HESRP® @ HFRP® & HF;RP®

which we would like to analyze. This map is determined by where it sends
the class x, and because it must respect gradings it must be of the form
Ax = ax; + bx, for some constants a, b € F,. Furthermore, because it belongs
to a Hopf algebra structure, it must satisfy the unitality axiom
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e®l1
1®e

HF;RP® <~ HF;RP® ® HF;RP® <" — HF;RP*.
1

and hence it takes the form
A(x) = X1 + XxX2.

Noticing that this is exactly the diagonal map in Example[T.2.5] we tentatively
identify “RP‘;;FZ” with the additive group. This is extremely suggestive but does
not take into account the fact that RP is an infinite complex, so we have not yet
allowed ourselves to write “RP",_‘}FZ”. In light of the rest of the material discussed
in this section, we have left open a very particular point: it is not clear if we
should use the name “G,” or “@a”. We will straighten this out in the subsequent
Lecture.

1.3 The Steenrod algebra

We left off in the previous Lecture with an ominous finiteness condition in
Definition [1.2.13] and we produced a pair of reasonable guesses as to what
“RP"}‘;FZ” could mean in Example|1.2.15| We will decide which of the two guesses
is correct by rigidifying the target category so as to incorporate the following
extra structures:

1. Cohomology rings are graded, and maps of spaces respect this grading.

2. Cohomology rings receive an action of the Steenrod algebra, and maps of
spaces respect this action.

3. Both of these are made somewhat more complicated when taking the
cohomology of an infinite complex.

4. (Cohomology rings for more elaborate cohomology theories are only skew-
commutative, but “Spec” requires a commutative input.)

In this Lecture, we will address all these deficiencies of Xy, except for #E],
which does not matter with mod-2 coefficients but which will be something of
a bugbear throughout the rest of the book.

We will begin by considering the grading on HF;X, where X is a finite
complex. In algebraic geometry, the following standard construction is used to
track gradingsﬁ

8 Strickland gives an alternative formalism for tracking gradings [Strb} Sections 11 and 14] called
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Definition 1.3.1 ([Str99b, Definition 2.95]) A Z-grading on a ring A is a
system of additive subgroups Ay of A satisfying A = @, Ax, 1 € Ap, and
AjAr C Ajyi. Additionally, amap f: A — S of graded rings is said to respect
the grading if f(Ax) C Skﬂ

Lemma 1.3.2 ([Str99bl Proposition 2.96]) A graded ring A is equivalent
data to an affine scheme Spec A with an action by G,,. Additionally, a map
A — B is homogeneous exactly when the induced map Spec B — Spec B is
Gyn—equivariant.

Proof A G,,—action on Spec A is equivalent data to a coaction map
a' i A—> AR [xT].

Define Ay to be those points in a satisfying a*(a) = a ® x*. It is clear that we
have 1 € Aj and that AjA; € Ajik. To see that A = @k Ay, note that every
tensor can be written as a sum of pure tensors. Conversely, given a graded ring
A, define the coaction map on Ay by

(ax € Ap) — x*ay

and extend linearly. O

This notion from algebraic geometry is somewhat different from what we
are used to in algebraic topology, essentially because the algebraic topologist’s
“cohomology ring” is not really a ring at all—one is only allowed to consider
sums of homogeneous degree elements. This restriction stems directly from the
provenance of cohomology rings: recall that

HF!X := n_,F(EXX, HF,).

One can only form sums internal to a particular homotopy group, using the
cogroup structure on S~". On the other hand, the most basic ring of algebraic
geometry is the polynomial ring, and hence their notion is adapted to handle,
for instance, the potential degree drop when taking the difference of two
(nonhomogeneous) polynomials of the same degree.

We can modify our perspective very slightly to arrive at the algebraic
geometers’, by replacing HF, with the periodified spectrum

HF,P = \/ >/ HF>.

j:—oo

a polarization, which amounts to choosing a trivialization mE = myE and considering the
isomorphisms 7y, E = (7r2E)®”UE(").

9 The terminology “Zfiltering” might be more appropriate, but this is the language commonly
used.
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This spectrum becomes a ring in the homotopy category by using the factorwise
multiplication maps

. . J+k .
Y/ HF, A SXHF, ~ Y% (HF, A HF,) —2% Sit* g,

This has the property that HF, P%(X) is isomorphic to P,, HF;(X) as ungraded
ringsm but now we can make topological sense of the sum of two classes
which used to live in different HF,—degrees. At this point we can manually craft
the desired coaction map «* from Lemma([1.3.2] but we will shortly find that
algebraic topology gifts us with it on its own.

Our route to finding this internally occurring o* is by turning to the next
supplementary structure: the action of the Steenrod algebra. Naively approached,
this does not fit into the framework we have been sketching so far: the Steenrod al-
gebra arises as the homotopy endomorphisms of HF, and so is a noncommutative
algebra. In turn, the action map

A* ® HF,X ———— HF;X

[HFy, HF]. ® [X, HF,]. —— [X, HF,]

will be difficult to squeeze into any kind of algebro-geometric framework. Milnor
was the first person to see a way around this, with two crucial observations. First,
the Steenrod algebra is a Hopf algebrﬂ using the map

[HF,, HF; ], LN [HF; A HF,, HF, . = [HF,, HF, . ® [HF,, HF; ],

as the diagonal. This Hopf algebra structure is actually cocommutative—this is
a rephrasing of the symmetry of the Cartan formula:

Sq"(xy) = > Sq(0)Sq/ ().

i+j=n

It follows that the linear-algebraic dual of the Steenrod algebra A. is a com-
mutative ring, and hence Spec A, would make a reasonable algebro-geometric
object.

Second, we want to identify the relationship between A. and HFF; X. Under
the assumption that X is a finite complex, the action map

HF,X — A* ® HF,X,

—00

10" This follows from the equivalence \/;."’= S/ HF, — ]_[‘]’."= o ¥/ HF, and the finiteness of X.
11" The construction of both the Hopf algebra diagonal here and the coaction map below is somewhat

ad hoc. We will give a more robust presentation in Lecture@}
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transposes under F,—linear duality to give a coaction map
A, ® HF;X «— HFX.
Finally, we pass to schemes to interpret this as an action map
Spec A, X Xur, 5 XHE, .

Having produced the action map @, we are now moved to study a as well as
the structure group Spec A. itself. Milnor works out the Hopf algebra structure
of A, by defining elements &; € A. dual to the j™ Milnor primitive, which
are defined by Qg = 1, by Q1 = Sq!, and thereafter by the iterated commutator
Q; = [Qj-1, quj_l]. Taking X = RP" and x € H]FE(RP") the generator, he
then observes two things: first, qujf1 e Sq20 x = x¥, and second, any other
admissible sequence of squares applied to x vanishes for degree reasons. It
follows that Q;x = x? is the only family of operators that act nontrivially on x,
and from this we deduce the formula

llogyn|
A¥(x) = }:_ﬁ’®§j (in HF;RP™).
Jj=0
Noticing that we can take the limit n — oo to get a well-defined infinite sum, he
then makes the following calculation, stable in n:

Ao l"(x) =(1®A)o A" (x) (coassociativity)
WenY ¥ eg|=
j=0
Z (Z ) &l ®& = (ring homomorphism)
j=0 \i=0
Z (Z 27 e f?j ®& =(1®A)o0 A (x). (characteristic 2)
j=0 \i=0

Then, turning to the right-hand side:

i (i e |es=(10n) i 2" ® &
Jj=0 \i=0 m=0

2,

j=0

(Z o

i=0

®& =) " ®AE),
m=0
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from which it follows that
Aen= Y & o
i+j=m
Finally, Milnor shows that this is the complete story:

Theorem 1.3.3 (Milnor [Mil58, Theorem 2], [MT68, Chapter 6], [Lura, Propo-
sition 13.1])  There is an isomorphism

A, = Fz[f],fz, .. .,fj, oo

Flippant proof The definition of the elements &; determines a Hopf algebra
map F[£], &, . ..] = A, and hence a map of schemes

Spec A. — SpecF[&; | j = 1].

This second map is injective: if it had a kernel, then this would produce a
subalgebra of A that acts trivially on HF;RP*, but any nonconstant member
of A* acts nontrivially on HF;(RP”)X/‘ for k > 0, and hence nontrivially on
HF;RP* itself. Then, since A. and the polynomial algebra are both of graded
finite type, Milnor can conclude his argument by counting how many elements
he has produced, comparing against how many Adem and Cartan found (which
we will do ourselves in Lecture [.T)), and noting that he has exactly enough. O

We are now in a position to uncover the desired map a* from earlier. In
order to retell Milnor’s story with HF, P in place of HF,, note that there is a
topological construction involving HF, from which A, emerges:

A, = n.(HF, A HF).

Performing substitution on this formula gives the periodified dual Steenrod
algebra:

APy := mo(HF2P A HF,P) = HF,Po(HF,P) = A,[£5].
Lemma 1.3.4 (J[Goe08, Formula 3.4, Remark 3.14])  Projecting to the quotient

Hopf algebra APy — Fy[£5] gives exactly the Gy,—action map provided by
Lemmall.3.2]

Calculation The main topological observation is that there is an inclusion
(HF, A HF,)P =
v Y/ (HF, A HF,) C \/ X" HF, A X*HF,

J
= HF,P A HF, P

which is compatible with the unit map as in
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HF,P AN HF,P A X

]

HF,P A X —> (HF, A HF,)P A X.

We now study how these inclusions interact with homogenization. Starting
with an auxiliary cohomology class x € HF(X), we produce a homogenized
cohomology class x - u* € HF,P°(X), and a class k € A, similarly gives a
homogenized class ku" € APy. The Steenrod coaction on x admits expression

as a sum
v = x| ]&
1 J

for classes x; with |x7| = |x| — Zj(ZJ — 1)I;. Under the periodified coaction
map, the homogenized element xu™ is sent to

) s i1y . I;
Wyl = Z (xlun—zj(z./_mj) ®§3 >, -DI; l_l (uzl—lé:j) j ,
1 J

where the invertible element & = u~! ® u € AP, of degree 0 appears when
shearing the powers of u into the desired places in the formula. Projecting to the
tensor factor of APy spanned by &y, we thus compute

HFPY(X) -2 HF,PY(X)® APy —> HF,PY(X) ® Fyl£5]

x-u" x-u"®&.
Applying Lemma I.3.2]thus selects the original degree n classes. |

Early on in this discussion, trading the language “graded map” for “G,,—
equivariant map” did not seem to have much of an effect on our mathematics—so
little, in fact, that we will freely move between the graded homotopy groups of a
spectrum and the 0™ homotopy group of a periodic spectrum throughout the rest
of this book. The thrust of this Lemma, however, is that “Steenrod—equivariant
map” already includes “G,,,—equivariant map”, which is a visible gain in brevity.
To study the rest of the content of Steenrod equivariance algebro—geometrically,
we need only identify what the series 1*(x) embodies. Note that this necessarily
involves some creativity, and the only justification we can supply will be moral,
borne out over time, as our narrative encompasses more and more phenomena.
With that caveat in mind, here is one such description. Recall the map induced
by the H—space multiplication

HF, P'RP® @ HF,P'RP* «— HF,P'RP®.

Since this map comes from a map of spaces, it is equivariant for the Steenrod
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coaction, and since the action on the left is furthermore diagonal, we deduce the
formula A*(x; + x3) = A*(x1) + 1" (x2).

Lemma 1.3.5 The series 1*(x) = Z;io 2 ® &; is the universal example of
a series satisfying 1*(x; + xp) = A*(x1) + A*(x2). The set (Spec APy)T) is
identified with the set of power series f with coefficients in the Fy—algebra T
satisfying

flxr +x2) = f(x1) + f(x2).

Proof Given a point f € (Spec APy)(T), we extract such a series by setting
Ap(x) = > fExY e Tl
j=0

Conversely, any series A(x) satisfying this homomorphism property must have
nonzero terms appearing only in integer powers of 2, and hence we can construct
a point f by declaring that f sends &; to the (2/)" coefficient of A. O

We close our discussion by codifying what Milnor did when he stabilized
against n. Each ]RP"H]F2 p s a finite affine scheme, and to make sense of the object
RP3 g, p Milnor’s technique was to consider the ind-system {RP"HIFZ phoco Of
finite affine schemes. We will record this as our technique to handle general

infinite complexes:

Definition 1.3.6 (cf. Definition[2.1.13) When X is an infinite complex, filter
it by its subskeleta X ) and define Xur,p to be the ind-system {Xg%z phoeo Of
finite schemes.

This choice to follow Milnor resolves our uncertainty about the topological
example from the previous Lecture:

Example 1.3.7 (cf. Examples|1.2.11]and[1.2.15)) Write Gy for the ind-system
AL with the group scheme structure given in Example|1.2.15| That this group
scheme structure filters in this way is a simultaneous reflection of two facts:

1. Algebraic: The set @a (T) consists of all nilpotent elements in 7. The sum of
two nilpotent elements of orders n and m is guaranteed to itself be nilpotent
with order at most n + m.

2. Topological: There is a factorization of the multiplication map on RP* as
RP" x RP™ — RP™*" purely for dimensional reasons.

As group schemes, we have thus calculated

RPp p = G
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Example 1.3.8 Noting the homomorphism condition appeaing in Lemmal[T.3.3]
we would like to connect Spec APy with G, more directly. Toward this, we
define a “hom functor'{|for two formal schemes:

ForMmaLScHEMES(X, Y)(F, — T) = {f: "X > u'Y}.
Restricting attention to homomorphisms, we see that a name for Spec APy is
Spec APy = @@a.

To check this, consider a point g € (Spec APy)(T) for an Fr—algebra T. The
F,—algebra structure of T (which is uniquely determined by a property of T')
givesrisetoamapu: SpecT — Spec F,. The rest of the data of g gives rise to a
power series in T'[[x] as in the proof of Lemma‘, 11.3.5] which can be re- 1nterpreted
as an automorphism g: u G — u*G, of formal group schemes

Remark 1.3.9  The projection APy — F,[£7] is split as Hopf algebras, and
hence there is a decomposition

M@a = Gy Xﬂl @a’

where Aut, @a consists of those automorphisms with leading coefficient &
exactly equal to 1. This can be read to mean that the “interesting” part of the
Steenrod algebra, Aut, @a, consists of stable operations, in the sense that their
action is independent of the degree—tracking mechanism.

Example 1.3.10 Remembering the slogan
Spec APy = Aut @ra

also makes it easy to recall the structure formulas for the dual Steenrod algebra.
For instance, consider the antipode map, which has the effect on AutG, of
sending a power series to its compositional inverse. That is:

k J J+k
}h@)Z@ﬁ)—Zme””
j=0 k=0 i=0 k=0
Z( xEHE | =1,
from which we can extract formulas like

x&)=&"  x@) =& x&)=&"8+&%6,

12 We are careful to say “functor” here because it is not generally another scheme.

13 This description, too, is sensitive to the difference between G, and G, . The scheme End G, is
populated by polynomials satisfying a homomorphism condition, and essentially none of them
have inverses.

~



30 Unoriented Bordism

Remark 1.3.11  Our interest in colim,, HF, P°RP" is the culmination of quite a
lot of definitions in basic algebraic topology, quietly lurking in the background.
For instance, infinite CW-complexes are defined to have the weak topology
coming from their skeleta, so that a continuous map off of such an infinite
complex is continuous if and only if it is the colimit of a compatible system of
maps. The cohomology of an infinite complex comes with a Milnor sequence,
and if we arrange the situation so as not to encounter a lim' term, it is exactly
equal to the limit of the cohomology groups of the finite stages—but because all
maps between complexes filter through the finite stages, all the induced maps
on cohomology are necessarily continuous for the adic topology. This is exactly
the phenomenon we are capturing (or, indeed, enforcing in algebra) when we
track the system of finite schemes {RP

n }oo
HF,PJIn=0"

In summary, the formula RP%F2 p = @a is meant to point out that this
language of formal schemes has an extremely good compression ratio—you
can fit a lot of information into a very tiny space. This formula simultaneously
encodes the cohomology ring of RP* as the formal scheme, its diagonal as the
group scheme structure, and the coaction of the dual Steenrod algebra by the
identification with Aut @a. As a separate wonder, it is also remarkable that the
single cohomological calculation RP"I_‘;F2 p exerts such enormous control over
mod-2 cohomology itself (e.g., the entire structure of the dual Steenrod algebra).
We will eventually give a concrete reason for this in Lecture but it will also
turn out to be a surprisingly common occurrence even in many situations where
such a direct link is not available—this is, already, one of the mysteries of the
subject.

1.4 Hopf algebra cohomology

In this section, we will focus on an important classical tool: the Adams spectral
sequence. We are going to study this in greater earnest later on, so we will avoid
giving a satisfying construction in this Lecture. Still, even without a construction,
it is instructive to see how this comes about from a moral perspective.

Begin by considering the following three self-maps of the stable sphere:

s0 %, g0 so 1, g0 §0 2, g0

If we apply mod-2 homology to each line, the induced maps are

F, — F,, F, —— B, F, — F,.
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We see that mod-2 homology can immediately distinguish between the null map
and the identity map just by its behavior on morphisms, but it cannot distinguish
between the null map and the multiplication-by-2 map. To try to distinguish
between these two, we use the only other tool available to us: homology theories
send cofiber sequences to long exact sequences, and moreover the data of a map
f and the data of the inclusion map S — C(f) into its cone are equivalent in
the stable category. So, we trade our maps 0 and 2 for the following cofiber
sequences:

SO — C(0) — S, S0 Q) s!.

The homology groups of these spectra C(0) and C(2) are more complicated than
just that of S°, and we will draw them according to the following conventions:
each “e” in the row labelled “[j]” indicates an Fo—summand in the j® HF,—

homology of the spectrum. Applying homology to these cofiber sequences and
drawing the results, these again appear to be identical:

[1] o — > o e ———> o

[O] e —> 0 e — > o

HF,,S° > HF,,C(0) > HF»,S!', HF,S° > HF,,C(2) > HF,,S'.

However, if we enrich our picture with the data we discussed in Lecture[T.3] we
can finally see the difference. Recall the topological equivalences

C(0)=s’vs', C@)=xz'E*RP%.
In the two cases, the coaction map A. is given by
As t HF,C(0) — HF,.C(0) ® A, Ay : HF,.C(2) » HF,,.C(2) ® A,
A ieg—en®1 A regen®1+e1 Q&

e e ®1, e e ®1.

We use a vertical line to indicate the nontrivial coaction involving &;:
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[1] e — > oo T—>o
Ell
[0] [N o — > o

HF,,.8° > HF,,C(0) > HF»,S!, HF,S" > HF,,C(2) > HF,,S'.

We can now see what trading maps for cofiber sequences has bought us:
mod-2 homology can distinguish the defining sequences for C(0) and C(2)
by considering their induced extensions of comodules over ﬂ*EThe Adams
spectral sequence bundles this thought process into a single machine:

Theorem 1.4.1 ([Rav86| Definition 2.1.8, Lemma 2.1.16], [MT68| Chapter 18])
The Adams spectral sequence is convergent and has signature

Extyy (F2.Fy) = (m.S°)5. o

In effect, this asserts that the above process is exhaustive: every element
of (m, SO)Q can be detected and distinguished by some representative class of
extensions of comodules for the dual Steenrod algebra. Mildly more generally, if
X is a bounded-below spectrum, then there is even an Adams spectral sequence
of signature

Extyy (Fp, HF2. X) = m.X5 .

We could now work through the construction of the Adams spectral sequence,
but it will fit more nicely into a story later on in Lecture Before moving
on to other pursuits, however, we will record the following utility Lemma. It is
believable based on the above discussion, and we will need to use it before we
get around to examining the guts of the construction.

Lemma 1.4.2 (cf. Remark|3.1.16) The O-line of the Adams spectral sequence
consists of exactly those elements visible to the Hurewicz homomorphism. O

For the rest of the section, we will focus on an interpretation of the algebraic
input “Ext’;‘** (F,, HF,, X)”, which will require us to grapple with the homological
algebra of comodules for a Hopf algebra. To start that discussion, it’s both
reassuring and instructive to see that homological algebra can, in fact, even
be done with comodules. In the usual development of homological algebra

14 More complicated homotopy elements may require more complicated extensions: for instance,
the element 4 = 2 - 2 has to be written as a length-2 extension to distinguish it from other
elements.
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for modules, the key observations are the existence of projective and injective
modules, and there is something at work similar here.

Remark 1.4.3 ([Rav86, Appendix Al]) Much of the results below do not rely
on working with a Hopf algebra over the field k = F,. In fact, k can usually be
taken to be a ring rather than a field. More generally, the theory goes through in
the context of comodules over flat Hopf algebroids, cf. also Lemma[3.1.15]

Lemma 1.4.4 ([Rav86| Definition A1.2.1]) Let A be a Hopf k—algebra, let M
be an A—comodule, and let N be a k—module. There is a cofree adjunction:

CoMODULESA(M, N ® A) = MobuLgsg(M, N),

where N ®y A is given the structure of an A—comodule by the coaction map

New A2 Ney (Ao A) = (N @ A) & A.

Proof Givenamap f: M — N of k—modules, we can build the composite

‘®1
M2 e AL N ey A

Alternatively, given a map g: M — N ®; A of A—comodules, we build the
composite

ME NS A5 Ney k=N, 0

Corollary 1.4.5 ([Rav86, Lemma A1.2.2]) The category COMODULES 4 has
enough injectives. Namely, if M is an A—comodule and M — I is an inclusion
of k—-modules into an injective k—module I, then M — I ®y A is an injective
A—comodule under M. [

Remark 1.4.6 In our case, M itself is always k—injective, so there’s already
an injective map yps : M — M ® A: the coaction map. The assertion that this
map is coassociative is identical to saying that it is a map of comodules.

Satisfied that “Ext” at least makes sense, we’re free to pursue more conceptual
ends. Recall from algebraic geometry that a module M over a ring A is
equivalent data to quasicoherent sheaf M over Spec A. We now give a definition
of “quasicoherent sheaf” that fits with our functorial perspective:

Definition 1.4.7 ([Hov02, Definition 1.1], [Str99b, Definition 2.42]) An as-
signment ¥ : X(T) — MobuLEsy is said to be a presheaf (of modules) over X
when it satisfies lax functoriality in 7': there is a natural transformation 7 such
that for each map f: T — T’, T describes a map (between the not necessarily
equal composites)
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X(T) o, MODULEST

/l .

[X(f) 7(f)
FT
X(T) T, MODULEST".
We think of the image of a particular point : SpecT — X in MODULEST as
the module of “sections over ¢”. Such a presheaf is said to be a quasicoherent
sheaf when these natural transformations are all natural isomorphisms.

Lemma 1.4.8 ([Str99b, Proposition 2.47]) An A-module M gives rise to a
quasicoherent sheaf M on Spec A by the rule

(SpecT — SpecA) > M @4 T.

Conversely, every quasicoherent sheaf over an affine scheme arises in this
way. O

The tensoring operation appearing in the definition of a presheaf appears
more generally as an operation on the category of sheaves.

Definition 1.4.9 A map f: Spec B — Spec A induces maps f* 4 f. of
categories of quasicoherent sheaves. At the level of modules, these are given by

*

QCOHSpecA «— QCOHSpecB

%

‘ ‘ M—M®AS ‘ ‘
MobULESy ——— MODULESR.
N«—N

One of the main uses of these operations is to define the cohomology of a
sheaf. Let 7: X — Spec k be a scheme over Spec k, k a field, and let ¥ be a
sheaf over X. The adjunction above induces a derived adjunction

Extx(n*k, ) = Extgpeck (k, Rm.F),

which is used to translate the definition of sheaf cohomology to that of the
cohomology of the derived pushforward Rz, 7, itself interpretable as a mere
complex of k—modules. This pattern is very general: the sense of “cohomology”
relevant to a situation is often accessed by taking the derived pushforward to
a suitably terminal object To invent a notion of cohomology for comodules
over a Hopf algebra, we are thus moved to produce push and pull functors for a
map of Hopf algebras, and this is best motivated by another example.

15 This perspective often falls under the heading of “six—functor formalism”.
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Example 1.4.10 A common source of Hopf algebras is through group-rings:
given a group G, we can define the Hopf k—algebra k[G] consisting of formal
k—linear combinations of elements of G. This Hopf algebra is commutative
exactly when G is abelian, and k[G]-modules are naturally equivalent to k—
linear G—representations. Dually, the ring k¢ of k—valued functions on G is
always commutative, using pointwise multiplication of functions, and it is
cocommutative exactly when G is abelian. If G is finite, then k¢ and k[G] are
k—linear dual Hopf algebras, and hence finite—dimensional k“—comodules are
naturally equivalent to finite—dimensional k—linear G—representationsm

A map of groups f: G — H induces amap k/: k" — k© of Hopf algebras,
and it is reasonable to expect that the induced push and pull maps of comodules
mimic those of G— and H-representations. Namely, given an H-representation
M, we can produce a corresponding G—representation by precomposition with
f. However, given a G-representation N, two features may have to be corrected
to extract an H-representation:

1. If f is not surjective, we must decide what to do with the extra elements in
H.

2. If f is not injective—say, f(g1) = f(g2)—then we must force the behavior
of the extracted H-representation to agree on f(g;) and f(g»), even if g;
and g, act differently on N. In the extreme case of f: G — 1, we expect to
recover the fixed points of N, since this pushforward computes ng(G; N).

These concerns, together with the definition of a tensor product as a coequal-
izer, motivate the following:

Definition 1.4.11 Given A—comodules M and N, their cotensor product is the
k-module defined by the equalizer

Rl-1®
MDAN—>M®kNu>M®kA®kN.

Lemma 1.4.12 Given a map f: A — B of Hopf k—algebras, the induced
adjunction f* A f, is given at the level of comodules by

16 There is a variation on this equivalence that uses fewer dualities and which is instructive to
expand. The Hopf algebra k€ =[] geG k is the ring of functions on the constant group scheme

G, and its k—points (Spec k€ )(k) biject with points in G. Namely, given g € G we can form
1®
a projection map g: k¢ — k and hence a composite M — M ®; k€ =5 M ®r k=M.

Collectively, this determines a map G X M — M witnessing M as a G-representation. In
the other direction, if G is finite then we can construct amap M — M ® []ge k sending

m € M to g - m in the g labeled component of the target.
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QCOHSpec k/SpecA «<— QCOHSpec k/Spec B

%

MM
CoMODULESy ——— COMODULESg. 0O
NogA—N

Remark 1.4.13  In Lecture [3.1] (and Definition specifically), we will
explain the notation “Spec k /Spec A” used above. For now, suffice it to say that
there again exists a functor-of-points notion of “quasicoherent sheaf” associated
to a Hopf k—algebra A, and such sheaves are equivalent to A—comodules.

As an example application, cotensoring gives rise to a concise description of
what it means to be a comodule map:

Lemma 1.4.14 ([Rav86, Lemma A1.1.6b]) Let M and N be A—comodules
with M projective as a k—module. Then there is an equivalence

ComoDULES 4(M, N) = MopuLEs, (M, k) O N. O

This has two pleasant consequences. The first is that we can deduce a
connection between the push—pull flavor of comodule cohomology described
above and the input to the Adams spectral sequence:

Corollary 1.4.15  There is an isomorphism
ComopuLEs4(k, N) = MopuLesg(k, k) Oa N = kOa N

and hence

Exta(k, N) = Cotora(k, N) (= H*Rn.N) .

Proof Resolve N using the cofree modules described above, then apply
either functor ComopULEs 4 (k, —) or k 04 —. In both cases, you get the same
complex. O

The second is that cofree comodules are cotorsion-free:
Corollary 1.4.16 Let N = N’ ® A be a cofree comodule. Then N Os k = N'.
Proof Picking M = k, we have

MobuLesg(k, N') = ComopULEs z(k, N)
= MobuLgsg(k, k) Oa N
=koOu N. O

Example 1.4.17 In Lecture[I.3] we identified A, with the ring of functions on
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the group scheme Ml(@a) of strict automorphisms of Gy, which is defined by
the kernel sequence

0 — Aut,(Gq) = Aut(Gy) > Gy — 0.

The punchline is that this is analogous to Example [T.4.10] above: the object
Cotor g, (IF2, HF>. X) is thought of as the “derived fixed points” of Aut,(G,)
acting on HF,, X.

We now give several examples to get a sense of how the Adams spectral
sequence behaves.

Example 1.4.18 Consider the degenerate case X = HF,. Then HF,.(HF,) =
A, is a cofree comodule, and hence Cotor is concentrated on the O-line:

Cotor’y (Fp, HF2.(HF,)) = Fa.

The Adams spectral sequence collapses to show the wholly unsurprising equality
n.HF, = F,, and indeed this is the element in the image of the Hurewicz map
n.HF, — HF, . HF;.

Example 1.4.19 In the slightly less degenerate case of X = HZ, one can
calculate

Cotory (Fp, HF2.HZ) = Cotorj\’r‘fl (2, F2) = Fa[hol.

This spectral sequence collapses, and the additive extensions cause it to converge
to Z} in degree 0 and O in all other degrees. The governing element & is
precisely the 2—adic Bockstein, which mediates the difference between trivial
and nontrivial extensions of Z/2/ by Z/2.

Example 1.4.20 Next, we consider the more computationally serious case of
X = kO, the connective real K—theory spectrum. The main input we need is the
structure of HF,,.kO as an A.—comodule, so that we can compute

Cotor’yy (Fy, HF2.k0) = m1.k03.

There is a slick trick for doing this: by working in the category of kO—-modules
rather than in all spectra, we can construct a relative Adams spectral sequence

COtor:**H]Fz/\koHFz(Fz’ 1. HFy Ao (kO A HF,)) = m.(kO A HF,).
The second argument is easy to identify:
. HF, Ao (kO A HF2) = n.HF, A HF, = A..

The Hopf algebra requires further input. Consider the following trio of cofiber
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sequenceq!'}
sk0 5 ko - kU, s2U L kU 5 HZ,  HZ S HZ — HF,.

These combine to give a resolution of HF, via an iterated cofiber of free
kO-modules, with Poincaré series

A+ +20+2)+ 1+ +2A+2) = 1+t+2+28 +5 + 0 + 45

Repeatedly using the identity kO Ao HF, ~ HF, gives a small presentation of
the Hopf algebra n.HF, Aro HF;: it is a commutative Hopf algebra over F,
with the above Poincar€ series. The Borel-Milnor—Moore [MMG65, Theorem
7.11] classification of commutative Hopf algebras over F, shows that the algebra
structure is either

F>[a, b, c] or F>la, b, c]
(@2 =0,b2=0,c2=0) (a2 =b,b2=0,c2=0)

for |a| = 1, |b| = 2, and |c| = 3. By knowing that the natural map A —
n.HF> Ao HF, winds up inducing an isomorphism m.<»S — m.<20kO, we
conclude that we are in the latter case, which gives a presentation of the Hopf
algebra as a whole:

m.HFy N HE, n.HFy Aro HF,

Folé1,62, 63,64, . . ]
GAGIEER R

A

This Hopf algebra is commonly denoted A(1)., and its corresponding subgroup
scheme Spec . HF Ao HF2 C Aut, @a admits easy memorization: it is
the subscheme of automorphisms of the form x + & x? + &x*, with exactly
the additional relations imposed on &; and &; so that this set is stable under
composition and inversion

Formal geometry aside, this kO—based Adams spectral sequence collapses,
giving an isomorphism

Cotor’;l*(l)*(Fz, Ay) = A JAQ). = HF.kO.

17 This first sequence, known as the Wood cofiber sequence, is a consequence of a very simple
form of Bott periodicity [Har80l Section 5]: there is a fiber sequence of infinite-loopspaces
O/U — BO — BU,and kO, = O/U.

18 A similar analysis shows that 7. (HF, A gz HF,) corepresents the subscheme of automorphisms
of the form x + & x% which are stable under composition and inversion.

19 There is also an accidental isomorphism of this Hopf algebra with IF2D 4, where Dy is the dihedral
group with 8 elements.
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In turn, the original Adams spectral sequence takes the form
Cotor’y (Fp, AJA(1).) = Cotor;’;‘(l)*(Fz, F,) = n.kO,

where we have used the cofreeness property of Corollary[T.4.16] This spectral
sequence is also collapsing, and we provide a picture of it in Figure [I.1] In
particular, eight-fold real Bott periodicity can be quickly read off from this
picture.

Example 1.4.21 At the other extreme, we can pick the extremely nondegenerate
case X = S, where Aut, @a acts maximally nonfreely on F,. The resulting
spectral sequence is pictured through a range in Figure[I.2] It is worth remarking
that some of the stable stems receive identifiable names in this language: for
instance, the elements of Hglp(M1 (@a); F,) are exactly the 1-cocycles

hjl f:x+Z§jx2j 0—>§J
=

The cocycle h; transforms in the G,,—character z z% , hence h; is a name for
the lone element in the spectral sequence contributing to 71 S, which we also
know to be 7. In general, the elements /; selecting the power series coefficients
are called the Hopf invariant 1 elements, and their survival or demise in the
Adams spectral sequence is directly related to the problem of putting H—space
structures on spheres [[Ada62|.

1.5 The unoriented bordism ring

Our goal in this section is to use our results so far to make a calculation of 7. MO,
the unoriented bordism ring. Our approach is the same as in the examples at the
end of the previous section: we will want to use the Adams spectral sequence of
signature

Hy(Aut, (G, ); HE2Po(MOT) = 7.MO,

which requires understanding HF, Po(M O) as a comodule for the dual Steenrod
algebra.
Our first step toward this is the following calculation:

Lemma 1.5.1 ([Swi02, Theorem 16.17]) The natural map

HIFQP()(BO(I)) 4 Hsz()(BO).
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induces a map

Sym HFZPO(BO(I)) ~

Sym HF,Py(BO(1)) = =0 = HF,Py(BO)

which is an isomorphism of Hopf algebras and of comodules for the dual
Steenrod algebra.

Proof This follows from several standard facts about Stiefel-Whitney classes.
First, these classes generate the cohomology ring HF, P°BO(n) [Swi02, Theo-
rem 16.10]:

HF>P°BO(n) = Fy[wi, . .., wn].

Then, the total Stiefel-Whitney class w(V) = 3 ; w. i(V)#/ is exponential [Swi02]
Theorem 16.3], in the sense that

wV e W)=wlV) wW).

It follows that the natural map

D L
HF,P°BO(n) ——5 HF,P°BO(1)*" = (HF,P°BO(1))®"

is the inclusion of the symmetric polynomials, by calculating the total Stiefel—
Whitney class

wl @B Li| =] [a+wiL) =) oL wi( L)
j=1

j=1 j=0
Dually, the homological map
(H]FQP()BO(I))®n g H]FZPOBO(”)

is surjective, modeling the quotient from the tensor product to the symmetric
tensor product. Stabilizing as n — oo, we recover the statement of the Lemma.
O

With this in hand, we now turn to the homotopy ring HF; PoM O. There
are two equivalences that we might consider employing. We have the Thom
isomorphism:

HF,Py(BO(1)) =—— HF,Py(MO(1))
Bjnj 20— B, 20,

and we also have the equivalence induced by the topological map in Exam-

ple
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HF,Py(BO(1)) == HF,Po(EMO(1))

Bjrj 2 1 ———— B/ j2 1.

‘We will use them both in turn.

Corollary 1.5.2 ([Ada935| Section 1.3], [Hopl Proposition 6.2]) There is again
an isomorphism
Sym HFQPOMO(I)

by =1

Hszo(MO) =

of rings and of comodules for the dual Steenrod algebra.
Proof The block sum maps
BO(n) x BO(m) — BO(n + m)
Thomify to give compatible maps
MO(n) A MO(m) - MO(n + m).

Taking the colimit, this gives a ring structure on MO compatible with that on
X2 BO and compatible with the Thom isomorphism. O

We now seek to understand the utility of the scheme Spec HF, Py(MO), as
well as its action of Aut(G,). The first of these tasks comes from untangling
some of the topological dualities we’ve been using thus far.

Lemma 1.5.3 The following square commutes:

MobuLEsg, (HF, Py(MO), F;) =————= SpEcTRA(M O, HF, P)
ALGEBRASE, /(HF2 Po(MO),F;) —— RINGSPECTRA(M O, HF, P).

Proof The top isomorphism asserts that F—cohomology and F,—homology are
linearly dual to one another. The second follows immediately from investigating
the effect of the ring homomorphism diagrams in the bottom-right corner in
terms of the subset they select in the top-left. O

Corollary 1.5.4 There is a bijection between homotopy classes of ring maps
MO — HF,P and homotopy classes of factorizations

S0 MO(1)

v

HE,P.
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Proof We extend the square in the Lemma|[T.5.3]using the following diagram:

MobuLEesg, (HF, Po(MO(1)),F,) «<—— MobuLEsg, (HF,Py(MO),F,)

J I

{f: HF,Po(MO(1)) > Fa|f(B}) = 1} = ALGEBRASE, (HF,Py(MO),Fy),

where the equality at bottom follows from the universal property of HIF, Po(MO)
in Fy—algebras expressed in Corollary @ Noting that 3] is induced by the
topological map S® — MO(1), the condition f (B;) = 1 is exactly the condition
expressed in the statement of the Corollary. O

Corollary 1.5.5 ([Str06, Definition 12.1, Theorem 12.3]) There is an M(@u )-
equivariant isomorphism of schemes

Spec HF, Po(MO) = Coord;(RPyy, p),

where the latter is the subscheme of functions RPEFZ p Al which are
coordinates (i.e., which are isomorphisms of formal schemes—or, equivalently,
which restrict to the canonical identification of tangent spaces RP}LI]F2 p= ALD),

Proof The conclusion of the previous Corollary is that the F,—points of
Spec HF, Po(MO) biject with classes in HF,P°MO(1) = IWORP“’ satis-
fying the condition that they give an isomorphism RPE]FZ p = @a. Because
HF,Py(MO) is a polynomial algebra, this holds in general: for u: F, — T
an F,—algebra, the T—points of Spec HF, Po(M O) will biject with coordinates
on u*RPyp p. The isomorphism of schemes follows, though we have not yet
discussed equivarience.
To compute the action of Aut @ra, we turn to the map in Example

T®BO(1) <5 sMOo(1).

Writing B(t) = 2;10 Bit! and £(1) = Ypoy &k 12", the dual Steenrod coaction on
HF,PyBO(1) is encoded by the formula

&) o oo J
ZW@W=MW»#%W=§M%Z@#y
7=0

7=0 k=0

Because c.(8;) = ,8]'._1, this translates to the formula ¥ (8’(¢)) = B’(£(t)), where

B =" it
Jj=0
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Passing from HF; Po(MO(1)) to
HF,Py(MO) = SymHFzP()(MO(l))/(,B() =1),

we see that this is precisely the formula for precomposing a coordinate with a
strict automorphism. This is exactly the assertion that a point in Aut;(G,) acts
on a point in Coord(RPZ]Fz p) in the way claimed. O

We are now ready to analyze the group cohomology of @(@a) with coeffi-
cients in the comodule HF, Po(M O). This is the last piece of input we need to
assess the Adams spectral sequence computing .. MO.

Theorem 1.5.6 ([Str06, Theorem 12.2], [Mit83| Proposition 2.1])  The action
of Aut,(G,) on Coord((G,) is free:

Coord(Gy) = SpecFa[b; | j # 2X — 1] x Aut, (Gy).
Proof Recall, again, that Aut, (@a) is defined by the (split) kernel sequence
0— @1(@%) - M(@a) — G — 0.

Consider a point f € Coord; (@a)(R), which in terms of the standard coordinate
can be expressed as

f() = ) b,
j=1

where by = 1. Decompose this series as f(x) = fiyp(x) + frese(x), with

(o) X .
ﬁyp(x) = Z b2’<—1x2 s ﬁest(x) = Z bj—lxj~
k=0

J#2K

Because we assumed by = 1 and fiy, is concentrated in power—of—2 degrees, it
follows that fiyp, gives a point fip € @1(@&1)(}3)- We can use it to de-scale and
get a new coordinate g(x) = ft;; (f(x)), which has an analogous decomposition
into series giyp(x) and grest(x). Finally, note that gp(x) = x and that fiy, is the
unique point in @1(@,,)(16) that has this property. Altogether, this shows that
the map f +— (fiyp, &rest) i an isomorphism. O

Corollary 1.5.7 ([Stt06, Remark 12.3]) 7.MO = Fy[b; | j # 25— 1,j > 1]
with |b]| =jJ.

Proof SetM =T[b; | j # 2% — 1], and write AP for the ring of functions
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on Aut, (@a). It follows from Corollary1.4.16|applied to Theorem that the
Aut, (G, )-cohomology of HF,Py(MO) has amplitude 0:

Cotor}’{*P(,] (Fy, HF, Po(MO)) = Cotor’;[*P(,) (F2, A @, M)

=F 04, (A, ®, M)
=F®,M=M.

Since the Adams spectral sequence
H;,y(Aut, (Ga); HF2Po(MO)) = n.MO

is concentrated on the 0-line, it collapses. We can infer the grading from the
residual G,,,—action:

Frest () = &5 fres0x) = D €7 by

J#2k

‘We therefore deduce
mMO =Falb; | j #25 - 1]. o

This is pretty remarkable: some statement about manifold geometry came
down to understanding how we could reparametrize a certain formal group,
itself a (fairly simple) purely algebraic problem. The connection between these
two problems seems fairly miraculous: we needed a small object, RP*, which
controlled the whole story; we needed to be able to compute everything about
it; and we needed various other “generation” or “freeness” results to work out
in our favor. It is not obvious that we will get this lucky twice, should we try
to reapply these ideas to other cases. Nevertheless, trying to push our luck as
far as possible is the main thrust of the rest of the book. We could close this
section with this accomplishment, but there are two easy consequences of this
calculation that are worth recording before we leave.

Lemma 1.5.8 MO splits as a wedge of shifts of HF,.

Proof Referring to Lemma|[I.4.2] we find that the Hurewicz map induces a
m—injection MO — HF; A MO. Pick an Fp-basis {v4 }, for 7, MO and extend
it to an Fo-basis {va }o U {wg}g for m.HF, A MO. Altogether, this larger basis
can be represented as a single map

\/(,V(,V\/ w,
VEWS v VE‘WNS e HE, A MO.
o B

Smashing through with HF, gives an equivalence

\/ shelgE, v \/Z'WB‘H]F2 = HF, A MO.
a B
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The composite map

MO — HFy A MO & \/ 21 HF, v \ [ sM HE, — \ [/ 2|,
a B a

is a weak equivalence. O

Remark 1.5.9 Just using that 7. MO is connective and 1o MO = F,, we can
produce a ring spectrum map MO — HTF,. What we have learned is that this
map has a splitting: MO is also an HF,—algebra.

Remark 1.5.10 'We are also in a position to understand the stable cooperations
MO.MO. We may rewrite this as

MO.MO = 1,MO A MO = 1,MO Ayg, (HF, A MO)
& Tor'2(MO., HF2.MO) = MO, ®z, HF;.MO.

Hence, a point in Spec MO, MO consists of a pair of points in Spec MO,
and Spec HF,.M O, which we have already identified respectively as formal
group laws with vanishing 2—series, a property, and formal group laws with
specified logarithms, data. This description can be amplified to capture all of the
structure maps: a formal group law with vanishing 2—series admits a logarithm,
which indicates how the composition and conjugation maps of Definition [3.1.13]
behave.






Case Study 2

Complex Bordism

Having totally dissected unoriented bordism, we can now turn our attention to
other sorts of bordism theories, and there are many available: oriented, Spin,
String, complex, . . . —the list continues. We would like to replicate the results
from Case Study [I] for these other cases, but upon even a brief inspection
we quickly see that only one of the bordism theories mentioned supports this
program. Specifically, the space RP™ = BO(1) was a key player in the unoriented
bordism story, and the only other similar ground object is CP® = BU(1) in
complex bordism. This informs our choice to spend this Case Study focused on
it. To begin, the contents of Lecture[I.1]can be replicated essentially mutatis
mutandis, resulting in the following theorems:

Theorem 2.0.1 (cf. Lemma and surrounding discussion) There is a map
of infinite—loopspaces

Jc: BU — BGL;S
called the complex J-homomorphism. o

Definition 2.0.2 (cf. Definition[I.1.9) The associated Thom spectrum is written
“MU” and called complex bordism. A map MU — E of ring spectra is said to
be a complex orientation of E.

Theorem 2.0.3 (cf. Theorem [1.1.12) For a complex vector bundle & on a
space X and a complex-oriented ring spectrum E, there is a natural equivalence

EANT()~EANXTX. O

Corollary 2.0.4 (cf. Example(l.1.15) In particular, for a complex-oriented
ring spectrum E it follows that E*CP® is isomorphic to a one—dimensional
power series ring. O

We would like to then review the results of Lecture and conclude (by

49
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reinterpreting Corollary that CP, gives a 1-dimensional formal group over
Spec E.. In order to make this statement honestly, however, we are first required
to describe more responsibly the algebraic geometry we outlined in Lecture[I.2]
Specifically, the characteristic 2 nature of the unoriented bordism ring was a
major simplifying feature which made it wholly amenable to study by HF,.
In turn, HF, has many nice properties—for example, it has a duality between
homology and cohomology, and it supports a Kiinneth isomorphism—and these
are reflected in the extremely simple algebraic geometry of Spec F,. By contrast,
the complex bordism ring is considerably more complicated, not least because
it is a characteristic O ring, and more generally we have essentially no control
over the behavior of the coeflicient ring E, of some other complex—oriented
theory. Nonetheless, once the background theory and construction of “Xg” are
taken care of in Lecture we indeed find that CPZ is a 1-dimensional formal
group over Spec E..

However, where we could explicitly calculate RPZ]Fz to be @a, we again have
little control over what formal group CPZ could possibly be. In the universal
case, CP};,, comes equipped with a natural coordinate, and this induces a map

Spec MU, — Mig

from the spectrum associated to the coefficient ring of complex bordism
to the moduli of formal group laws. The conclusion of this Case Study in
Corollary [2.6.T1] (modulo an algebraic result, shown in the next Case Study
as Theorem states that this map is an isomorphism, so that CP
is the universal—i.e., maximally complicated—formal group. Our route for
proving this passes through the foothills of the theory of “p" power operations”,
which simultaneously encode many possible natural transformations from MU-
cohomology to itself glommed together in a large sum, one term of which is the
literal p power. Remarkably, the identity operation also appears in this family
of operations, and the rest of the operations are in some sense controlled by this
naturally occuring formal group law. A careful analysis of this sum begets the
inductive proof in Corollarythat O My — MU, is surjective.

The execution of this proof requires some understanding of cohomology
operations for complex-oriented cohomology theories generally. Stable such
operations correspond to homotopy classes MU — E, i.e., elements of E°MU,
which correspond via the Thom isomorphism to elements of E°BU. This object
is the repository of E—characteristic classes for complex vector bundles, which
we describe in terms of divisors on formal curves. This amounts to a description
of the formal schemes BU(n)g, which underpins our understanding of the whole
story and which significantly informs our study of connective orientations in
Case Study [5]
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2.1 Calculus on formal varieties

In light of the introduction, we see that it would be prudent to develop some
of the theory of formal schemes and formal varieties outside of the context of
F,—algebras. However, writing down a list of definitions and checking that they
have good enough properties is not especially enlightening or fun. Instead, it
will be informative to understand where these objects come from in algebraic
geometry, so that we can carry the accompanying geometric intuition along with
us as we maneuver our way back toward homotopy theory and bordism. Our
overarching goal in this Lecture is to develop a notion of calculus (and analytic
expansions in particular) in the context of affine schemes. The place to begin is
with definitions of cotangent and tangent spaces, as well as some supporting
vocabulary.

Definition 2.1.1 (cf. Definition|I.2.1) Fix aring R. For an R—algebra A, the
functor

Spec A: ALGEBRASR — SETS,
T — ALGEBRASR(A,T)

is called the spectrum of A. A functor X which is naturally isomorphic to some
Spec A is called an affine (R—)scheme, and A = Ospec 4 is called its ring of
functions. A subfunctor Y C X is said to be a closed!| subscheme when an
identiﬁcatiorE] X = Spec A induces a further identification

Y X

T

Spec(A/I) ——> Spec A.

Definition 2.1.2 Take S = Spec R to be our base scheme, let X = Spec A be
an affine scheme over §, and consider an S—point x: § — X of X. The point x
is automatically closed, so that x is presented as Spec A/I — Spec A for some
ideal I. The cotangent space T; X is defined by the quotient R—module

772
T:X:=1/I,
consisting of functions vanishing at x as considered up to first order. Examples

! The word “closed” is meant to suggest properties of these inclusions: in suitable senses, they are
closed under finite unions and arbitrary intersections. The complementary concept of “open”
is harder to describe: open subschemes of affine schemes are merely “covered” by finitely
many affines, which requires a discussion of coverings, which we remit to the actual algebraic
geometers [Strb, Definition 8.1].

2 This property is independent of choice of chart.



52 Complex Bordism

of these include the linear parts of curves passing through x, so we additionally
define the tangent space Tx X by

T X = SCHEMESspec &,/ (Spec R[]/€%, X),
i.e., maps Spec R[€]/e?> — X which restrict to x: S — X upon setting & = 0.
Remark 2.1.3 1In the situation above, there is a naturally occurring map
T.X — MobuLesg(T; X, R).

Namely, a map Ox — R[e]/e? induces a map I — (&), and hence induces a
further map

1P = (e)/(e%) = R,

which can be interpreted as a point in 7¢ X.

Harkening back to Example [1.3.8] the definition of the R—module tangent
space begs promotion to an S—scheme.

Lemma 2.1.4 There is an affine scheme T X defined by

(T:X)(T) == {(u, D

u: SpecT — S,
f €Ty xu*X

Proof sketch ' We specialize an argument of Strickland [Str99bl Proposition
2.94] to the case at handE] We start by seeking an R—algebra B such that
R-algebra maps B — T biject with pairs of maps u: R — T and T—algebra
maps

f: A®rT — R[e]/e®> @& T.
Such maps f biject with R—algebra maps
A — Rle]/e* @r T.
Using the sequence of inclusions
ALGEBRASR/(A, R[e]/e* ®kr T) € MopULEsg(A, R[]/e* ®r T)

= MobuLesg(A ®g (R[£]/&)",T)
=~ ALGEBRASR/(Symg(A ®r (R[€]/€)"), T),

3 Strickland also shows that mapping schemes between formal schemes exist considerably more
generally [Str99bl Theorem 4.69]. The source either has to be “finite”” in some sense, in which
case the proof proceeds along the lines presented here, or it has to be coalgebraic, which is an
important technical tool that we discuss much later in Deﬁnition@}
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we see that we can pick out the original mapping set by passing to a quotient of
the domain. After some thought, we arrive at the equation

A{l,da | a € A}

dr=0forr € R,
d(alaz) =daj -a +ay - day

SCHEMES/S(SpeC R[e]/€% X) = Spec

To extract the scheme T, X from this, we construct the pullback
T X := ScHEMES ¢(Spec R[e]/€% X) xx S,

where the structure maps are given on the left by setting £ = 0 and on the right
using the point x. Expanding the formulas again shows that the coordinate ring
of this affine scheme is given by

Or.x =A/I>=R&T:X. o

Definition 2.1.5 The ring of functions appearing in the proof above fits into
an exact sequence
0—-Q A/R

dr=0forr € R,
d(ajay) = da; -ap + a; - day

— A{l,da|aeA}/(
— A{l} — 0.

The kernel Q4 g is called the module of Kéhler differentials (of A, relative to R).
The mapd: A — Q}A /R is the universal R-linear derivation into an A—module,
ie.,

DERIVATIONSR (A, M) = MODULES 4 (Q}L‘/R, M).

The upshot of this calculation is that Spec A/I? is a natural place to study the
linear behavior of functions on X near x. We have also set the definitions up so
that we can easily generalize to higher-order approximations:

Definition 2.1.6 More generally, the n'h Jet space of X at x, or the n' order
neighborhood of x in X, is defined by

ScHEMES ¢(Spec R[]/&"*!, X) xx S = Spec A/I"*!.

Each jet space has an inclusion from the one before, modeled by the closed
subscheme Spec A/I" — Spec A/I"*!.

In order to study analytic expansions of functions, we bundle these jet spaces
together into a single object embodying formal expansions in X at x:
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Definition 2.1.7 Fix a scheme S. A formal S—scheme X = {X,}q is an ind-
system of S—schemes XQE] Given a closed subscheme Y of an affine S—scheme
X, we define the n* order neighborhood of Y in X to be the scheme Spec R/I"*!.
The formal neighborhood of Y in X is then defined to be the formal scheme

X} := Spf R} := {Spec R/I — Spec R/I* — SpecR/I’ — ---}.

In the case that Y = §, this specializes to the system of jet spaces as in
Definition 2.1.6]

Although we will make use of these definitions generally, the following
ur-example captures the most geometrically-intuitive situation.

Example 2.1.8 Picking the affine scheme X = Spec R[xy, ..., x,] = A" and
the point x = (x; = 0,...,x, = 0) gives a formal scheme known as formal
affine n—space, given explicitly by

A" = Spf R[x1, ..., xx].

Evaluated on a test algebra T, AI(T) yields the ideal of nilpotent elements in T
and A"(T) its n—fold Cartesian power. Pointed maps A" — A’ naturally biject
with m—tuples of n—variate power series with no constant termE]

Part of the point of the geometric language is to divorce abstract rings (e.g.,
E°CP*) from concrete presentations (e.g., E°[x])), so we additionally reserve
some vocabulary for the property of being isomorphic to A”":

Definition 2.1.9 A formal affine variety (of dimension n) is a formal scheme V
which is (noncanonically) isomorphic to A"—or, equivalently, Oy is (noncanon-
ically) isomorphic to a power series ring. The two maps in an isomorphism
pair

are called a coordinate (system) and a parameter (system) respectively. Finally,
an S—point x: S — X is called formally smooth when X gives a formal variety.

4 This definition, owing to Strickland [Str99b, Definition 4.1], is somewhat idiosyncratic. Its
generality gives it good categorical properties, but it is somewhat disconnected from the formal
schemes familiar to algebraic geometers, which primarily arise through linearly topologized
rings [Har77\ pg. 194]. For functor-of-points definitions that hang more tightly with the classical
definition, the reader is directed toward Strickland’s solid formal schemes [Str99b, Section 4.2]
or to Beilinson and Drinfel’d [BD} Section 7.11.1].

In some sense, this Lemma is a full explanation for why anyone would even think to involve
formal geometry in algebraic topology (nevermind how useful the program has been in the long
run). Calculations in algebraic topology have long been expressed in terms of power series rings,
and with this Lemma we are provided geometric interpretations for such statements.
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This definition allows local theorems from analytic differential geometry to
be imported in coordinate-free language. For instance, there is the following
version of the inverse function theorem:

Theorem 2.1.10 (Inverse function theorem) A pointed map f: V — W of
finite—dimensional formal varieties is an isomorphism if and only if the induced
map Ty f: ToV — ToW is an isomorphism of R—modules. O

Coordinate-free theorems are only really useful if we can verify their hy-
potheses by coordinate-free methods as well. The following two results are
indispensible in this regard:

Theorem 2.1.11  Let R be a Noetherian ring and F': ALGEBRASR; — SETS,/
be a functor such that F(R) = =, F takes surjective maps to surjective maps,
and there is a fixed finite free R—module M such that F carries square-zero
extensions of Noetherian R—algebras I — B — B’ to product sequences

x> [®r M — F(B) = F(B') — =.
Then, a basis M = R determines an isomorphism F = An,

Proof sketch In the motivating case where F = A s given, we can define M
to be

M := F(R[e]/€*) = ()" = R{ey,. .., en}.
In fact, this is always the case: the square-zero extension
(€) = Rlel/e* - R
induces a product sequence and hence an isomorphism
x> (&) ®r M 5 F(R[g]/&?) = * — =.
A choice of basis M = R*" thus induces an isomorphism
F(R[£]/€Y) = (e) ®r M = M = R*" = A"(R[e]/&).

Lastly, induction shows that if the maps between the outer terms of the set-
theoretic product sequence exist, then so must the middle:

« ——> IQr M F(B) F(B) —> x
b
« ——> T@r M A"(B) AMNB') —> .
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Corollary 2.1.12 ([Gro71}, Théoreme II1.2.1]) An S-point x: S — X of a
Noetherian scheme is formally smooth exactly when Ty X is a free R—module and
Jor any nilpotent thickenings S — Spec B — Spec B’ and any solid diagram

S —— Spec B ——— Spec B’

X

&

there exists a dotted arrow extending the diagram. O

With all this algebraic geometry in hand, we now return to our original
motivation: extracting formal schemes from the rings appearing in algebraic

topology.

Definition 2.1.13 (cf. Definition[I.3.6) Let E be an even-periodic ring spec-
trum, and let X be a CW—space. Because X is compactly generated, it can be
written as the colimit of its compact subspaces X(®, and we se

Xg := Spf E°X := {Spec E’X(@)},,.

Consider the example of CPy, for E' a complex-oriented cohomology theory.
We saw in Corollary [2.0.4] that the complex-orientation determines an isomor-
phism CPy = Al (ie., an isomorphism E°CP* = E°[x])). However, the object
“EOCP*” is something that exists independent of the orientation map MU — E,
and the language of Definition [2.1.9]allows us to make the distinction between
the property and the data:

Lemma 2.1.14 A cohomology theory E is complex orientable (i.e., it is able
to receive a ring map from MU) precisely when CPZ, is a formal curve (i.e., it is
a formal variety of dimension 1). A choice of orientation MU — E determines a
coordinate CPg, = Al via the first Chern class associated to the orientation. O

As in Example|1.3.7] the formal scheme CP} has additional structure: it is a
group. We close this Lecture with some remarks about such objects.

Definition 2.1.15 A formal group is a formal variety endowed with an abelian

6 The properties satisfied by this construction suffer greatly if it is not the case that the E—
cohomology of X is even-concentrated, i.e., if E*X = E* ® g0 E 0X is violated. In fact, even
the intermediate failure of E*X, = E* ®p0 E%X,, can cause issues, but passing to a clever
cofinal subsystem often alleviates them. For instance, such a subsystem exists if HZ, X is free
and even [Str99bl Definition 8.15, Proposition 8.17].

In cases of “large” spaces and cohomology theories, the technical points underlying this definition
are necessary: BUk y is an instructive example, as it is not the formal scheme associated to
KU®(BU) by any adic topology.
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group structureﬂ If E is a complex-orientable cohomology theory, then CP{
naturally forms a (1-dimensional) formal group using the map classifying the
tensor product of line bundles.

Remark 2.1.16  As with formal schemes, formal groups can arise as formal
completions of an algebraic group at its identity point. It turns out that there are
many more formal groups than come from this procedure, a phenomenon that is
of keen interest to stable homotopy theorists—see Appendix [B.2]

We give the following Corollary as an example of how nice the structure
theory of formal varieties is—in particular, formal groups often behave like
physical groups.

Corollary 2.1.17  The formal group addition map on G determines the inverse
law.

Proof Consider the shearing map
GxG5GxG,
(. y) = (6 x +y).

The induced map Tpo on tangent spaces is evidently invertible, so by The-
orem [2.1.10] there is an inverse map (x,y) — (x,y — x). Setting y = 0 and
projecting to the second factor gives the inversion map. O

Definition 2.1.18 Let G be a formal group. In the presence of a coordinate
¢: G = A", the addition law on G begets a map

GxG G

s

A" X A" —— A",

@)

and hence a n—tuple of (2n)—variate power series “+,”, satisfying

Xt Y=Yte X (commutativity)
x+,0=1x, (unitality)
Xty (Y +p2) = (X4, ¥) +4 2 (associativity)

Such a series +, is called a formal group law, and it is the concrete data
associated to a formal group.

8 Formal groups in dimension 1 are automatically commutative if and only if the ground ring has
no elements which are simultaneously nilpotent and torsion [Haz12, Theorem 1.6.1].
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Let’s now consider two examples of E which are complex-orientable and
describe these invariants for them.

Example 2.1.19  There is an isomorphism CPf;, , = @ra. This follows from
reasoning identical to that given in Example[1.3.7]

Example 2.1.20  There is also an isomorphism CPg,, = @m. The standard
choice of first Chern class is given by the topological map

17
s x2xecpe 2L kv,

and a formula for the first Chern class of the tensor product is thus

c(L1®Ly)=1-B(L®L)
=B (1 =BL)-(1=BL))+(1=BLY)+(1-BL)
= c1(£L1) + c1(L£2) - B ei(L)ei(Ln).

In this coordinate on CP%;, the group law is then x; +epy, X2 = X1+x —B‘lxlxz.
Using the coordinate function 1 — ¢, this is also the coordinate that arises on the

formal completion of G,,, at ¢ = 1:

x1(t1) +a,, x2(t2) =1 =1 =1)(1 - 12)
=hH +Hh—Hh.

As an application of all these tools, we will show that the rational theory
of formal groups is highly degenerate: every rational formal group admits a
logarithm, i.e., an isomorphism to @a. Suppose now that R is a Q-algebra
and that A = R[x] is the coordinatized ring of functions on a formal line
over R. What’s special about this rational curve case is that differentiation
gives an isomorphism between the Kéhler differentials Q}A IR and the ideal (x)
of functions vanishing at the origin (i.e., the ideal sheaf selecting the closed
subscheme 0: Spec R — Spf A). Its inverse is formal integration:

(e8] (o8]

/: Zijj dxHjZO%xj”.

J=0

In pursuit of the construction of a logarithm for a formal group G over R, we
now take a cue from classical Lie theory:

Definition 2.1.21 A I-formw € Q,lq IR is said to be invariant (under a group

law +,) when w = 75w for all translations 7y (x) = x +, y. We write wg € Q}4 IR
for the subsheaf of such invariant 1-forms.
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Lemma 2.1.22 For R a Q-algebra, integration gives an isomorphism

/ D wg & FORMALGROUPS(@, @a).

Proof Suppose that f € wg is an invariant differential, which in terms of a

coordinate x indicates the equation
f(x)dx = w =150 = f(x +4 y)d(x +4 ).

Writing F(x) = / f(x) dx for its formal integral, we use the multivariate chain
rule to extend this equation to

0F(x) OF(x +4 y)
Ox 0x dv.

It follows that F'(x +, y) and F(x) differ by a constant. Checking at x = 0 shows
that the constant is F(y), hence

dx=f(x)dx = w ZT;(,U = fx+, y)d(x +4 y) =

F(x+,y) = F(x) + F(y).

This chain of steps can be read in reverse: starting with an F(x) satisfying this
last equation, differentiating against x yields the long equation above, and hence
an invariant differential w = % dx. O

Lemma 2.1.23 For R any ring, restriction to the identity point yields an
isomorphism wg = T G.

Proof We set out to analyze the space of invariant differentials in terms of a
coordinate x. As above, a differential w admits expression as w = f(x)dx, and
the invariance condition above becomes

3 3 0y +4 x)
f(x)dx = f(y to x)d(y to x) = f(y +o x)de
Restricting this equation to the origin by setting x = 0, we produce the condition
Ay +4, x)
fO = f- == .
X x=0

The partial differential is a multiplicatively invertible power series, and hence
we may rewrite f(y) as
-1
x:O) .

This shows that the assignment f(y) — f(0) is bijective, establishing the desired
isomorphism. O

Oy +4 x)
ox

f(y)=f(0)'(
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Theorem 2.1.24 If R is a Q-algebra, there is a natural logarithm
log@: G- @ra ® To@.

Proof First, Lemma @] shows that a choice of section of the cotangent
space at the identity of G uniquely specifies an invariant differential. Then,
Lemma [2.1.22] shows that this uniquely specifies a logarithm function. This
describes an isomorphism

T, G— FORMALGROUPS(@, @a),
which we transpose to give the desired isomorphism
log@: G— Ga ® TO@. O

Example2.1.25 Consider the formal group law x(¢1) +5 x(h)=tH+t—-tt
studied in Example[2.1.20] Its associated rational logarithm is computed as

togz, (1) = £(0)+ [ = dis = ~F(O log(1 - 1) = ~(0) g2,

where “log(x,)” refers to Napier’s classical natural logarithm of x;.

2.2 Divisors on formal curves

We continue to develop vocabulary and accompanying machinery used to
give algebro-geometric reinterpretations of the results in the introduction to
this Case Study. In the previous section we deployed the language of formal
schemes to recast Corollary [2.0.4]in geometric terms, and we now turn towards
reencoding Theorem [2.0.3] In Definition[I.4.7]and Lemma [I.4.8 we discussed a
general correspondence between R—modules and quasicoherent sheaves over
Spec R, and the isomorphism of 1-dimensional E*X-modules appearing in
Theorem [2.0.3lmoves us to study sheaves over Xz which are 1-dimensional—
i.e., line bundles. In fact, for the purposes of Theorem[2.0.3] we will find that it
suffices to understand the basics of the geometric theory of line bundles just over
formal curves. This is our goal in this Lecture, and we leave the applications to
algebraic topology aside for later. For the rest of this section we fix the following
three pieces of data: a base formal scheme S, a formal curve C over S, and a
distinguished point {: S — C on C.

To begin, we will be interested in a very particular sort of line bundle over
C: for any function f on C which is not a zero-divisor, the (ideal) subsheaf
Iy = f - Oc of functions on C which are divisible by f form a 1-dimensional
Oc—-submodule of the ring of functions O¢ itself—i.e., a line bundle on C. By
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interpreting ¢ as an ideal sheaf, this gives rise to a second interpretation of this
data in terms of a closed subscheme

SpecOc¢/f € C,

which we will refer to as the divisor associated to Zr. In general these can be
somewhat pathological, so we specialize further to an extremely nice situation:

Definition 2.2.1 ([Str99b, Section 5.1]) A formal subscheme D of a formal
scheme X = colim,, X,, is said to be closed when it pulls back along any of the
defining affine schemes X, — X to give a closed subscheme of X,,. An effective
Weil divisor D on a formal curve C is a closed subscheme of C whose structure
map D — S presents D as finite and free. We say that the rank of D is n when
its ring of functions Op is free of rank n over Os.

Lemma 2.2.2 ([Str99bl Proposition 5.2], see also [Str99b, Example 2.10])
There is a scheme Div}, C of effective Weil divisors of rank n. It is a formal
variety of dimension n. In fact, a coordinate x on C determines an isomorphism
Div; C = A" where a divisor D is associated to a monic polynomial fp(x) with
nilpotent lower-order coefficients.

Proof sketch  To pin down the functor we wish to analyze, we make the
definition
: S R R
Div}(C)(R) = {(a, D)‘ @:SpecR— 5§ }

D is an effective divisor on C Xg Spec R

To show that this is a formal variety, we pursue the final claim and select a
coordinate x on C, as well as a point (a, D) € Div;(C)(T). The coordinate
presents C Xg SpecT as

C xx SpecT = Spf T'[[x],

and the characteristic polynomial fp(x) of x in Op presents D as the closed
subscheme

D = Spf R[[x]|/(fp(x))

for fp(x) = x™ + an_1x" ' + -+ + gy monic. Additionally, for any prime ideal
p € R we can form the field R,/p, over which the module Op ®g R,/p must
still be of rank n. It follows that

fp(x) ®r Ry/p = x",

hence that each a; lies in the intersection of all prime ideals of R, hence that
each a; is nilpotent.
In turn, this means that the polynomial fp, is selected by a map Spec R — A”".
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Conversely, given such a map, we can form the polynomial fp(x) and the divisor
D. O

Remark 2.2.3 This Lemma effectively connects several simple dots: especially
nice polynomials fp(x) € Oc, their vanishing loci D C C, and the ideal sheaves
Ip of functions divisible by f—i.e., functions with a partially prescribed
vanishing set. Basic operations on polynomials affect their vanishing loci in
predictable ways, and these operations are also reflected on the level of divisor
schemes. For instance, there is a unioning map

Div} C x Div}, C — Div},,,, C,

(Dl,Dz) — D U D,.

At the level of ideal sheaves, we use their 1-dimensionality to produce the
formula

ID]I_IDZ = ID] ®OC IDZ’

Under a choice of coordinate x, the map at the level of polynomials is given by
(/D) sz) — fp, - I,

Next, note that there is a canonical isomorphism C 5 Divy C. Iterating the
above addition map gives a map
(]
C** = Divy C.

Lemma 2.2.4 The object C;: exists as a formal variety, and it participates in
the following triangle:

Lk

cxn E) Dlv:—l C.

Proof The first assertion is a consequence of Newton’s theorem on symmetric
polynomials: the subring of symmetric polynomials in R[xy, ..., x,] is itself
polynomial on generators

oi(x1, ..., x,) = Z Xs) XS
Sc{l,..,n}
IS|=j
and hence
Rloy,...,0u] C R[x1,...,Xn]

gives an affine model of the quotient map A (A”)zn. Picking a coordinate
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on C allows us to import this fact into formal geometry to deduce the existence
of CX” The factorization then follows by noting that the iterated U map is
symmetrlc Finally, Remark [2.2.3] shows that the horizontal map pulls the
coordinate a; back to o7, so the third assertion follows. O

Remark 2.2.5 The map C*" — C;:’ is an example of a map of schemes which
is surjective as a map of sheaves. This is somewhat subtle: for any given test
ring T, it is not necessarily the case that C*"(T) — CZX:(T) is surjective on
T—points. However, for a fixed point f € CEX:’(T), we are guaranteed a flat

covering ' — []; 7} such that there are individual lifts f; of f over each T]ﬂ

Now we use the pointing {: § — C to interrelate divisor schemes of varying
ranks. Together with the LI operation, { gives a composite

D1v C—>CXDIV C—>D1V1CXDIV C —— Divt . C,

n+l

Dr—— ({,D) ————— ({),D) ———— (Hu D.
Definition 2.2.6 We define the following variants of “stable divisor schemes”:
DiviC = [Dpivi €,
n>0

. O+ (£)+-
DanC—COhm(DIV c 9, pivt w1 C— - ),

DivC:colim(Div+C<’(>;>D c 2 T )

= U Div,, C

nez

The first of these constructions is very suggestive: it looks like the free commuta-
tive monoid formed on a set, and we might hope that the construction in formal
schemes enjoys a similar universal property. In fact, all three constructions have
universal properties:

Theorem 2.2.7 (cf. Corollary The scheme Div*" C models the free
formal commutative monoid on the unpointed formal curve C. The scheme Div C
models the free formal group on the unpointed formal curve C. The scheme
Divg C simultaneously models the free formal commutative monoid and the free
Jormal group on the pointed formal curve C. O

9 This amounts to the claim that not every polynomial can be written as a product of linear factors.
For instance, the divisor on C = Spf R[[x] defined by the equation x2 + 1 splits as (x + i)(x — i)
after base-change along the flat cover Spec C — Spec R.



64 Complex Bordism

We will postpone the proof of this Theorem until later, once we’ve developed a
theory of coalgebraic formal schemes.

Remark 2.2.8 Given g: C — C’ a map of formal curves over S and D C C a
divisor on C, the construction of Div} C as a symmetric space as in Lemma
shows that there is a corresponding pushforward divisor ¢.D on C’. This can
be thought of in some other ways—for instance, this map at the level of
sheaves [Har77, Ch. IV, Exercise 2.6] is given by

detq.Jp = (detg.Oc) ® I,.p.
We can also use Theorem [2.2.7)in the stable case: the composite map
cL ¢’ =DiviC’ - DivC’
targets a formal group scheme, and hence universality induces a map
g.: DivC — DivC’.

On the other hand, for a general ¢ the pullback D X+ C of a divisor D C C’ will
not be a divisor on C. It is possible to impose conditions on g so that this is so,
and in this case g is called an isogeny. We will return to this in Appendix [A.2]

Our final goal for the section is to broaden this discussion to line bundles on
formal curves generally, using this nice case as a model. The main classical
theorem is that line bundles, sometimes referred to as Cartier divisors, arise as
the group-completion and sheafification of zero-loci of polynomials, referred to
(as above) as Weil divisors. In the case of a formal curve, sheafification has little
effect, and so we seek to exactly connect line bundles on a formal curve with
formal differences of Weil divisors. To begin, we need some vocabulary that
connects the general case to the one studied above.

Definition 2.2.9 (cf. [Vak15| Section 14.2]) Suppose that £ is a line bundle on
C and select a section u of L. There is a largest closed subscheme D € C where
the condition u|p = 0 is satisfied. If D is a divisor, u is said to be divisorial and
we write divu := D.

Lemma 2.2.10 (cf. [Vak15l Exercise 14.2.E] and [Har77, Proposition I1.6.13])
A divisorial section u of a line bundle L induces an isomorphism L = Ip. O

Line bundles which admit divisorial sections are therefore those that arise
through our construction above, i.e., those which are controlled by the zero locus
of a polynomial. In keeping with the classical inspiration, we expect generic
line bundles to be controlled by the zeroes and poles of a rational function, and
so we introduce the following class of functions:
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Definition 2.2.11 ([Str99b, Definition 5.20 and Proposition 5.26]) The ring
of meromorphic functions on C, M, is obtained by inverting all coordinates
in Ocm Additionally, this can be augmented to a scheme Mer(C, G,,) of
meromorphic functions on C by

Mer(C, G,,)(R) := {(u, f)

u:SpecR — S, }
f € (/V(CxSSpecR)>< .

Thinking of a meromorphic function as the formal expansion of a rational
function, we are moved to study the monoidality of Definition [2.2.9]

Lemma 2.2.12  Ifu; and u; are divisorial sections of L and L, respectively,
then u; ® uy is a divisorial section of L1 ® L and div(u; ® up) = divu; +
div us. O

Definition 2.2.13 A meromorphic divisorial section of a line bundle £ is a
decompositon £ = £, ® L7 ! together with an expression of the form u, /u_,
where u, and u_ are divisorial sections of £; and £, respectively. We set
div(uy fu_) =divu, —divu_.

In the case of a formal curve, the fundamental theorem is that meromorphic
functions, line bundles, and stable Weil divisors all essentially agree. A particular
meromorphic function spans a 1-dimensional Oc—submodule sheaf of M,
and hence it determines a line bundle. Conversely, a line bundle is determined by
local gluing data, which is exactly the data of a meromorphic function. However,
it is clear that there is some overdeterminacy in this presentation: scaling a
meromorphic function by a nowhere vanishing entire function will not modify
the submodule sheaf. We now make the observation that the function div gives
an assignment from meromorphic functions to stable Weil divisors which is
also insensitive to rescaling by a nowhere vanishing function. These inputs are
arranged in the following theorem:

Theorem 2.2.14 ([Str99b, Proposition 5.26], [Strbl Proposition 33.4], cf. also
[Har77, Proposition I11.6.11])  In the case of a formal curve C, there is a short
exact sequence of formal groups

0 — FormaLScueMES(C, G,,) — Mer(C, G,,) — Div(C) — 0. O

2.3 Line bundles associated to Thom spectra

In this Lecture, we will exploit all of the algebraic geometry previous set up to
deduce a load of topological results.

10 In fact, it suffices to invert any single one [Str99bl Lemma 5.21].
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Definition 2.3.1 Let E be a complex-orientable theory and let V — X
be a complex vector bundle over a space X. According to Theorem[2.0.3] the
cohomology of the Thom spectrum E*7T'(V) forms a 1-dimensional E*X-module.
Using Lemma|[T.4.8] we construct a line bundle over Xg

L(V) := E*T(V),
called the Thom sheaf of V.
Remark 2.3.2  One of the main utilities of this definition is that it only uses the

property that E is complex-orientable, and it begets only the property that L(V)
is a line bundle.

This construction enjoys many properties already established.
Corollary 2.3.3 A vector bundle V over Y and amap f: X — Y induce an
isomorphism
L(f*V) = (fe) V).
There is also is a canonical isomorphism
LVeW)=LYV)LW).
Finally, this property can then be used to extend the definition of (V) to virtual
bundles:
L(V-W)=L(V)LW)™".
Proof The first claim is justified by the naturality of Theorem [I.1.12] the

second is justified by Lemma[I.1.8] and the last is a direct consequence of the
first two. |

We use these properties to work the following Example, which connects
Thom sheaves with the major players from Lecture [2.1]

Example 2.3.4 (JAHS04, Section 8]) Take £ to be the canonical line bundle
over CP*. Using the same mode of argument as in Example|1.1.3| the zero-
section

IPCP® S Th(L)
gives an identification
E°CP® 2 E°CP® & ET» (L)

of EOT»(£) with the augmentation ideal in ECP*. At the level of Thom sheaves,
this gives an isomorphism

7(0) < L(£L)
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of (L) with the sheaf of functions vanishing at the origin of CP%. Pulling .£
back along

0: * —» CP®

gives a line bundle over the one-point space, which on Thom spectra gives the
inclusion

T°CP' — =°CP*.

Stringing many results together, we can now calculateﬂ

mE = EOCP! (82 ~ CP
=L(0"L) (Definition 2.3.1))
= 0'L(L) (Corollary 2.3.3)
= 0*7(0) (preceding calculation)
= 7(0)/(Z(0)- 1(0)) (definition of 0* from Definition [1.4.9)
= T, CPg (Definition [2.1.2)
= weps, (proof of Lemma[2.1.23)

where wcpx denotes the sheaf of invariant differentials on CPy. Consequently,
if k - £ is the trivial bundle of dimension k over a point, then

muE = L(k-2) = L(k-0°£) = LO"£)** = wh..

Finally, given an E—algebra f: E — F (e.g., F = EX+), then we have

o F = fE*wgg';; :

Outside of this Example, it is difficult to find line bundles L(V) which we
can analyze so directly. In order to get a handle on on L(V) in general, we now
seek to strengthen this bond between line bundles and vector bundles by finding
inside of algebraic topology the alternative presentations of line bundles given
in Lecture 2.2] In particular, we would like a topological construction on vector
bundles which produces divisors—i.e., finite schemes over Xg. This has the
scent of a certain familiar topological construction called projectivization, and
we now work to justify the relationship.

1" The identification 0* 7(0) = 7(0)/Z(0) - 7(0) deserves further explanation. The functor 0* is
right-exact, so sends the short exact sequence

0 — I(0)> > I(0)—> I(0)/I(0)>—0

to a right-exact sequence, and we need only check that the map 0* 7 (0)2 — 0* 7(0) is zero. This
is the statement that a function vanishing to second order also has vanishing first derivative.
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Definition 2.3.5 Let V be a complex vector bundle of rank n over a base X.
Define P(V), the projectivization of V, to be the CP"~!—bundle over X whose
fiber of x € X is the space of complex lines in the original fiber V|.

Theorem 2.3.6 Take E to be complex-oriented. The E—cohomology of P(V)
is given by the formula

E*P(V) = E*(X)[t]/c(V)
for a certain monic polynomial
c(V)=1" =iV + ea(V)E2 — 4 (1) (V).

Proof We fit all of the fibrations we have into a single diagram:
CX

[

" e— "\ {0} —> CP"! — CP*

CX
\
v V\¢ (V) CP
b% X X — > s

We read this diagram as follows: on the far left, there’s the vector bundle we
began with, as well as its zero-section {. Deleting the zero-section gives the
second bundle, a C" \ {0}-bundle over X. Its quotient by the scaling C*—action
gives the third bundle, a CP"~!—bundle over X. Additionally, the quotient map
™\ {0} — CP"! is itself a C*~bundle, and this induces the structure of a
C*~bundle on the quotient map V \ ¢ — P(V). Thinking of these as complex
line bundles, they are classified by a map to CP*, which can itself be thought of
as the last vertical fibration, fibering over a point.

Note that the map on E—cohomology between these two last fibers is surjective.
It follows that the Serre spectral sequence for the third vertical fibration is
degenerate, since all the classes in the fiber must survivePZ] We thus conclude
that E*P(V) is a free E*(X)—module on the classes {1,1,7% ...,#""!} spanning
E*CP"!, where t encodes the chosen complex-orientation of E. To understand

12 This is called the Leray—Hirsch theorem.
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the ring structure, we need only compute #*~! - #, which must be able to be
written in terms of the classes which are lower in 7—degree:

"= (V" = oV 4+ (=) (V)
for some classes ¢;(V) € E*X. The main claim follows. O
In coordinate-free language, we have the following Corollary:
Corollary 2.3.7 (Theorem[2.3.6|redux) Take E to be complex-orientable. The
map
P(V)g — Xg x CP}
is a closed inclusion of Xg—schemes, and the structure map P(V)g — Xg is

free and finite of rank n. It follows that P(V)g is a divisor on CPy, considered
over Xg, i.e.,

B(V): € (Div;i(CP}) (Xe). 0

Definition 2.3.8 The classes c¢;(V) of Theorem are called the Chern
classes of V (with respect to the complex-orientation ¢ of E), and the polynomial
c(V) = Z;’zo(—l)”‘j t/c,—;(V) is called the Chern polynomial.

The next major theorems concerning projectivization are the following:

Corollary 2.3.9 The sub-bundle of n*(V) consisting of vectors (v, (€, x)) such
that v lies along the line € splits off a canonical line bundle. O

Corollary 2.3.10 (“Splitting principle” / “Complex—oriented descent”) As-
sociated to any n—dimensional complex vector bundle V over a base X, there
is a canonical map iy : Yy — X such that (iv)g: (Yy)e — Xg is finite and
faithfully flat, and there is a canonical splitting into complex line bundles:

iy (V) = 6”913,-. O
i=1

This last Corollary is extremely important. Its essential contents is to say
that any question about characteristic classes can be checked for sums of line
bundles. Specifically, because of the injectivity of ij,, any relationship among
the characteristic classes deduced in E*Yy, must already be true in the ring E*X.
The following theorem is a consequence of this principle:

Theorem 2.3.11 ([Swi02, Theorem 16.2 and 16.10]) Again take E to be
complex-oriented. The coset fibration

Un-1)— Un) — $>!
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deloops to a spherical fibration
§*""! — BU(n - 1) - BU(n).
The associated Serre spectral sequence
Ey* = H'(BU(n); E*S*") = E*BU(n - 1)
degenerates at E»,, and induces an isomorphism
E*BU(n) = E*[oy,...,o0n].

Now, let V: X — BU(n) classify a vector bundle V. Then the coefficient c; in
the polynomial c(V) is selected by oj:

Cj(V) = V*(O'])
Proof sketch  The first part is a standard calculation. To prove the relation

between the Chern classes and the o, the splitting principle states that we can
complete the map V: X — BU(n) to a square

,.'_ L'
v, T E gy

b
X —Y BU(n).
The equation c;(f;V) = V*(c;) can be checked in E*Yy . O

We now see that not only does P(V)g produce a point of Div;;(CPZ), but
actually the scheme Div, (CP}) itself appears internally to topology:

Corollary 2.3.12  For a complex orientable cohomology theory E, there is an
isomorphism

BU(n)g = Div; CPg,

so that maps V: X — BU(n) are transported to divisors P(V)g € CPE X Xg.
Selecting a particular complex orientation of E begets two isomorphisms

BU(n)g = A", Div} CPY = A",
and these are compatible with the centered isomorphism above.[]zl O

This description has two remarkable features. One is its “faithfulness”: this
isomorphism of formal schemes means that the entire theory of characteristic
classes is captured by the behavior of the divisor scheme. The other aspect is

13 See [Str99b] Proposition 8.31] for a proof that recasts Theorem|2.3.11|itself in coordinate-free
terms.
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its coherence with topological operations we find on BU(n). For instance, the
Whitney sum map translates as follows:

Lemma 2.3.13 There is a commuting square

BU(n)g X BU(m)g ——— BU(n +m)

Div;, CP% x Div}, CP¥ —=— Div},,, CP%.

Proof The sum map
BU(n) x BU(m) = BU(n + m)
induces on Chern polynomials the identity [Swi02, Theorem 16.2.d]
cVieVz) =cV)-c(Va).
In terms of divisors, this means
P(Vi ® Vo)g = P(Vi)E UP(V2)E. o
The following is a consequence of combining this Lemma with the splitting
principle:
Corollary 2.3.14 The map Yg fl) Xg pulls P(V)g back to give
n
Ye Xx. P(V)E = u P(L)E.
i=1
Interpretation  This says that the splitting principle is a topological enhance-

ment of the claim that a divisor on a curve can be base-changed along a finite
flat map where it splits as a sum of points. O

The other constructions from Lecture [2.2] are also easily matched up with
topological counterparts:

Corollary 2.3.15  There are natural isomorphisms BUg = Divo CPy and
(BU x Z)g = DivCPy. Additionally, (BU X Z)g is the free formal group on
the curve CPgZ. O

Corollary 2.3.16 There is a commutative diagram

BU(n)g X BU(m)g —2—> BU(nm)g

Div;; CP$ x Div,, CPY —— Div;,, CP%,
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Spaces Schemes
Object Classifies Object Classifies
BU(n) rank n vector bundles Div} CPR  rank n effective divisors
L1,, BU(n) all vector bundles Div* CPR all effective divisors
BU XZ stable virtual bundles Div CP"E" stable Weil divisors

BU x {0}  rank O stable virtual bundles  Divg CPy rank O stable divisors

Figure 2.1 Different notions of vector bundles and their associated divisors

where the bottom map acts by
(D1, D, € CPE x Xg) — (Dy x Dy € CPY x CPY 5 P,
and u is the map induced by the tensor product map CP® x CP* — CP®.

Proof By the splitting principle, it is enough to check this on sums of line
bundles. A sum of line bundles corresponds to a totally decomposed divisor,
so we consider the case of a pair of such divisors | |I_,{a;} and |_|;":] {b;}.
Referring to Definition [2.1.T3] the map acts by convolution of divisors:

(ﬂ{ai}) |i|{bj} = | [tuery(ai by} o
i=1 Jj=1 L

Corollary 2.3.17 The determinant map

BUMm)E 255 BU(1)g

models the summation map
Div} cPY 5 CPS.
Proof This is a direct consequence of the splitting principle, the factorization

BU(n) —2%4% BU(1)

®
o >
BU(1)*",
and Corollary [2.3.76] O

Finally, we can connect our analysis of the divisors coming from topological
vector bundles with the line bundles studied at the start of the section.

Lemma 2.3.18 ([Strb, Section 19]) Let { : Xg — Xg x CPy denote the
pointing of the formal curve CPY, and let I (P(V)g) denote the ideal sheaf
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on Xg x CPg associated to the divisor subscheme P(V)g. There is a natural
isomorphism of sheaves over Xg:

FIPV)E) = L(V).

Proof sketch  In terms of a complex-oriented E and Theorem [2.3.6] the effect
of pulling back along the zero section is to set t = 0, which collapses the Chern
polynomial to just the top class ¢, (V). This element, called the Euler class
of V, provides the E*X-module generator of E*T(V)—or, equivalently, the
trivializing section of L(V). O

Theorem 2.3.19 (cf. Theorem l A trivialization t: L(L) = Ocpobe of
the Thom sheaf associated to the canonical bundle induces an orientation
MUP — E.

Proof Suppose that V is a rank n vector bundle over X, and let f: ¥ — X be
the space guaranteed by the splitting principle to provide an isomorphism f*V =
@?:1 L;. The chosen trivialization ¢ then pulls back to give a trivialization of
T (P(f*V)E), and by finite flatness this descends to also give a trivialization of
I (P(V)Eg). Pulling back along the zero section gives a trivialization of L(V).
Then note that the system of trivializations produced this way is multiplicative,
as a consequence of P(V; @ Va)g = P(Vi)g U P(V,)E. In the universal examples,
this gives a sequence of compatible maps MU(n) — E which assemble on the
colimit n — oo to give the desired map of ring spectra. m}

2.4 Power operations for complex bordism

Our eventual goal, like in Case Study [I} is to give an algebro-geometric
description of MU.,(x) and of the cooperations MU.MU. 1t is possible to
approach this the same way as in Lecture [I.5] using the Adams spectral
sequence ([Qui69, Theorem 2], [Lura, Lecture 9]). However, MU,(x*) is an
integral algebra and so we cannot make do with working out the mod-2 Adams
spectral sequence alone—we would at least have to work out the mod—p Adams
spectral sequence for every p. At odd primes p, there is the following unfortunate
theorem:

Theorem 2.4.1 There is an isomorphism
HF,.HF, = Fp[:fl,fz, e Al 11,2, - -]

with |¢;] = 2p/ = 2 and |1j| = 2p - 1. o
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There are odd—dimensional classes in this algebra, and the graded-commutativity
of the dual mod—p Steenrod algebra means that these classes anti-commute.
This prohibits us both from even writing “Spec(HF,.HF,)”, and this is the first
time we have encountered Hindrance #4] from Lecture [[3]in the wild.

Because of this, we will not feel any guilt for taking a completely alternative
approach to this calculation. This other method, due to Quillen, has as its
keystone a completely different kind of cohomology operation called a power
operation. These operations are quite technical to describe, but at their core is
taking the n'" power of a cohomology class—and hence they have a frustrating
lack of properties, including failures to be additive and to be stable. Our goal in
this Lecture is just to define these cohomology operations, specialized to the
particular setting we will need for Quillen’s proof. Unlike with Steenrod squares,
their algebro-geometric interpretation will not be immediately accessible to
us, and indeed their eventual reinterpretation in these terms is one of the more
hard-won pursuits in this area of mathematics (cf. Appendix [A.2)).

Power operations arise not just from taking the n™ power of a cohomology
class but from also remarking on the natural symmetry of that operation. We
record this symmetry using the following technical apparatus:

Lemma 2.4.2 ([Lurb, Examples 6.1.4.2 and 6.1.6.2]) Given a spectrum E, its
n—fold smash power forms a X,—spectrum, in the sense that there is a natural
diagram * /<, — SPECTRA of co—categories which selects EN' on objects. 0O

In turn, a cohomology class f: XX — E gives rise to a morphism of
X,—spectra

f/\n: (ZioX)/\n - EAn.
The homotopy colimit of such a diagram is called the homotopy orbits of the

spectrum, and this gives a natural diagram

An
e

0 v \An hin AR
(= X)hE,, —> Eh):,,'

A ring spectrum E equipped with a suite of factorizations y,, satisfying com-
patibility laws embodying term collection (i.e., x% - x? = x%*?) and iterated
exponentiation (i.e., (x%)? = x?) is called an Ho,—ring spectrum [BMMSS6),
Definition 1.3.1]. The composite

An
hin Hn

Poifs EYX0g, =5 Ejg, = E
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is called the external (total) Z,,—power operation applied to f, and the restriction
to the diagonal subspace
z oo oo ) Ans, 00 V\ANL Pezx':f
P fi EPX AXTBE, = (EF X)hs, — EFX),y — E
is called the (internal total) Z,,—power operation applied to f. We can consider
it as a cohomology class lying in

P f € E%(X x BZ,).

Cohomology classes f € E~4(X) lying in degrees ¢ # 0 require more care.
Representing such a class asamap f: XX — S? A E, the analogous diagram
is

Eexyn L (s1 A By — s s A E

A
| |
fAn :

ESX)p —> (STAE) == S[8 NE}Y,
where SP is the representation sphere for the permutation representation of
X,.. Such a system of factorizations is called an H! —ring structure on E—but
in practice these are very uncommon (and in fact can only appear on HF,—
algebras [BMMS86/| Section VII.6.1]), and instead a subsystem of factorizations
for every g = 0 (mod d) is called an H% —ring structure [BMMS86, Definition
1.4.3]. In the same way, these give rise to external and internal power operations
on cohomology classes of negative degree (or at least those which are divisible
by d). We will mostly concern ourselves with the theory of H.,—ring spectra, but
we will eventually work with an H2 —ring spectrum in the intended application.

Remark 2.4.3 (IBMMSS86, Definition IV.7.1]) The optional adjective “total” is
a reference to the following variant of this construction. By choosing a class in
E.BZ,, thought of as a functional on E*BX,,, the Kronecker pairing of the total
power operation with this fixed class gives rise to a truly internal cohomology
operation on E*X as in the following composite:

Pinfal
SOXAS M9, sox As0BS, AE A EAE 2 E.

For instance, restriction to the basepoint in BX,, gives the n—fold cup product
fI’L

Some properties of this construction are immediately visible—for instance, it
is multiplicative:

P (f - g) = P*(f) - P*(g),
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and restriction of P*(f) to the basepoint in X°BY, yields the cup power
class f. In order to state any further properties, we will need to make some
extraneous observations. First, note that any map of groups ¢: G — X, gives a
variation on this construction by restriction of diagrams

@XM
~7 T

x| G AN 2y ﬂ SPECTRA.
~_

EAn
This construction is useful when studying composites of power operations: the
group X, ! I acts naturally on (E”K)"", and indeed there is an equivalence

PE,, ° sz — PZ,,IZ](’

In order to understand these modified power operations more generally, we are
motivated to study such maps ¢ more seriously. Some basic constructions are
summarized in the following definition:

Definition 2.4.4 ([May96, Sections XI.3 and XXV.3], cf. also [Lurb, Section
6.1.6]) Let ¢: G — H be an inclusion of finite groups and let F be an
H-spectrum. There is a natural map of homotopy colimits ¢..: Fg — Fnu
which induces a restriction map on cohomology:

Res?: E'Fuy — E%Fig.

The spectrum (H/G) X F considered as a H—spectrum with the diagonal H-
action has the property (H/G) X F)ng = Fni, and the G-equivariant averaging
map

[A] X (=)
[hleH /G
— L (H/G)XF

passes on homotopy orbits to the additive norm map Ng : Fg — Fjng, which
again induces a map on cohomology classes

T2 E°Fu6 — E°Fun

called the transfer map. The composite ¢, o Ng acts by multiplication by the
index |H /G|, and hence this is also true of Resg Trg .

The restriction and transfer maps appear prominently in the following formula,
which measures the failure of the power operation construction to be additive:
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Lemma 2.4.5 ([BMMSS86, Corollary I1.1.6], [AHS04, Proposition A.5, Equation
3.6]) For cohomology classes f,g € EX, there is a formulﬂ

P(frg)= ) T (PO PH(g). 0
i+j=n
To produce binomial formulas for the modified power operations, we use the

following Lemma:

Lemma 2.4.6 ([Ada78bl p. 109-110], [HKROO, Section 6.5]) Let G1, G, be
subgroups of H, and consider the homotopy pullback diagram

P e *//Gl
=
%Gy ——> = H.
Given any identification P ~ || g ([ K), there is a push-pull interchange formula

H H _ G G
ResGlTrG2 = ZTrK ResK . m}
K

Corollary 2.4.7 For any subgroup G < X, there is a congruence
PO(f+g)=PC(f)+ PC(g) (mod transfers from proper subgroups of G).

Proof Note that PC can be defined by means of restriction: P¢ = Resg P¥.
We can hence reuse the previous binomial formula:

PO(f +g) =Resg/ PP (f +g) = 3" Resgt Ty (PH()- PY(g).
i+j=n
In the cases i = 0 or j = 0, the transfer map is the identity operation, and we
recover PY(g) and PC(f) respectively. In all the other terms, the interchange
lemma lets us pull the transfer to the outside. O

Since the only operations we understand so far are stable operations, which
are in particular additive, we are moved to find a target for the power operation
PC which kills the ideal generated by the proper transfers (i.e., the intermediate
terms in the binomial formula) yet which remains computable.

Definition 2.4.8 ([Lurbl Construction 6.1.6.4, Definition 6.1.6.24]) Again let
F be an G—spectrum, and define its homotopy fixed points to be the homotopy
limit spectrum F"C . The norm map Fj,c — F associated to the subgroup 1 < G
witnesses the trivial G—spectrum Fj, as a constant cone over the G—spectrum
F, and hence gives a natural factorization F,g — F"¢ — F of the norm. The

14 This should be compared with the classical binomial formula %(x )" = Zisj=n #j!x" y7.
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cofiber of this first map is denoted F’C and is called the Tate spectrum of G.
This gives rise to a notion of Tate power operation via

co PG o0 ) S
ﬂ.OEEJrX ﬂ.OE'(ZJr X)nG nO(EE+X)hG ﬂO(EZ+X)tG,

G £ | G
f———— P f PTatef'

Example 2.4.9 The Tate spectrum is quite a destructive operation in the case of
G = CPHFor example, take X to be a trivial C,,—spectrum, and let \/C,, X be
the C,—indexed wedge with the free action. The norm, transfer, and restriction
maps belong to the following diagram:

(XVCPIne, —— (XVCr)Cr XVCr (XVCPnc,

X X A XVCp # X,

where on the bottom row we have identified the homotopy orbits and fixed points
of the wedge. We claim that the norm map is an equivalence. This diagram
is natural in X and each node preserves cofiber sequences, so it suffices to
check the claim the spheres S”. Recalling that the long horizontal composite is
multiplication by |C,,| = p, we have factored p € mo End §" = Z as some map
followed by the diagonal and fold maps, which themselves compose to p. This
forces the norm map itself to be an equivalence, and hence the cofiber sequence

(XY hc, = (X YCr — (XVCryCr

causes (XVCr)/Cr to be contractible.

As another example of the destructiveness of the Tate operation, we have the
following:

Lemma 2.4.10 In the case G = Cp, the Tate power operation is additive.

Proof The image of the map mo(E** X ),c, — mo(E*X)"Cr is the kernel of
the projection to the Tate object. Since the only proper subgroup of Cp, is the
trivial subgroup, this image contains all transfers. O

The real miracle is that these cyclic Tate power operations are not only
additive, but they are even completely computable.

15 In fact, its job in general is to be destructive, and the failure of this Example for other groups is a
sign that we have chosen the “wrong” definition. For a general group G, the definition of “Tate
construction” can be modified to kill all intermediate transfers, not just those which transfer up
from the trivial subgroup—but this requires understanding families of subgroups, which is more
equivariant homotopy theory than we otherwise need.
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Lemma 2.4.11 The assignment X +— mo(EEX)"")C

theory.

P is a cohomology

Proof The Eilenberg—Steenrod axioms are clear except for the cofiber sequence
axiom, which we will boil down to checking that the assignment X +— (X"P)/Cr
preserves cofiber sequences of finite complexes. A cofiber sequence X — Y —
Y /X of pointed spaces is equivalent data to the diagram

X oY,

which has colimit ¥ and which admits a filtration by distance from the initial
node with filtration quotients:

X Y
I
X Y/X.

By taking the p—fold Cartesian power of the diagram X — Y, we produce a
diagram shaped like an p—dimensional hypercube with colimit Y"? and which
again admits a filtration by distance from the initial node. The colimits of these
partial diagrams give a Cp,—equivariant filtration of Y7 as:

F F Fpoy ————— YW
X" \/XMNPDAY/X) o VX AQ/X)NTD (v X)),

We now apply (=)C» to this diagram. The Tate construction carries cofiber
sequences of C,—spectra to cofiber sequences of spectra, so this is again a
filtration diagram. In the intermediate filtration quotients, the C,—action is
given by freely permuting wedge factors, from which it follows that the Tate
construction vanishes on these nodes. Hence, the diagram postcomposed with
the Tate construction takes the form

Fth = Fth’ =, .= Fth (Y/\p)ch
0 1 p-1
(XY : - - (v /x)Py©.

Eliminating the intermediate filtration stages with empty filtration quotients, we
see that this filtration is equivalent data to a cofiber sequence

(XY — (Y"P) e — (/X)) .

Repeating this proof inside of E—module spectra gives the desired result. O
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The effect of this Lemma is twofold. For one, the Tate operation is not only
additive, it is even stable. Secondly, it suffices to understand the behavior of
passing to the Tate construction in the case of X = x, i.e., the effect of the map
E"Cr — E'Cr_ Since we are intending to make a computation, it will at this
point be convenient to also specialize to our case of interest of where £ = MU.

Theorem 2.4.12  There is an isomorphism
.MU " = MU*BC,[x7"],
where x is the restriction to MU*BC,, of the canonical class x € MUZ(CP‘”)E
Proof Consider the C,,—equivariant cofiber sequence
s(Cc™y, — 8% — s,

where S(C™) is the unit sphere inside of C” and S is the one-point com-
pactification of the C,—representation C"™. A key fact is that S(C™) admits a
C,—equivariant cell decomposition by free cells, natural with respect to the
inclusions as m increases. This buys us several facts:

1. The following Tate objects vanish: (MU A S(C™),)C» ~ x. As in the proof
of Lemma [2.4.11] this is because the Tate construction vanishes on free
C,—cells.

2. We can use colim,,—,c S(C™); as a model for EC,,, so that

MU, = (conm MU A S(C’")+)

3. Coupling these two facts together, we get
hCp
MUpc, = (colim MU A S(C”‘)+) - (colim MU A S(C’”)+)
m—oo hcn m—-oo
4. Pulling the fixed points functor out, this gives

MU = cofib(MUy,c, — MU"C)

nm—oo

hcn
= cofib ((cohm MU A S(C”’)+) 5 MUhC")

(coﬁb (colim MU A S(C’")+) s MU A So)hc"

m— oo

m—00

m hC"
= (colimMU A SC ) .

16" Everything we say here will actually be valid for any number n, not just a prime, as well as any
ring spectrum E under MU.
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This last formula puts us in a position to calculate. The Thom isomorphism for
MU gives an identification MU A S© ~ £2MU as C,,—spectra, and the map

(MU A SO — (MU A S©)"Cn
can be identified with multiplication by the Thom class:
MUEBCn X7, (S2MU)YE"BCn
In all, this gives
MU = colim ((MU A SC’")”Cn)

~ colim ((szMU)BC") =~ MUBC [x71]. O
m—00

To apply this machinery in our case, we need only equip MU with the

factorized multiplication maps appearing in the definition of an H.-ring

spectrum. (In fact, we will note that this enriches to an H2—ring spectrum
structure in the next Lecture.)

Definition 2.4.13 ([Rud98| Definition VII.7.4]) Suppose that¢: X — BU(k)
presents a complex vector bundle of rank k on X. The n—fold direct sum of this
bundle gives a new bundle
xn & xn @
X" —— BU(k)™™ — BU(n - k)
of rank nk on which the symmetric group Z,, acts. By taking the (homotopy)

X ,—quotient of the fiber, total, and base spaces, we produce a vector bundle &(n)
on X;{' participating in the diagram

X)(n é:@n

BU(ky" —£— BU(nk)

l é:(zn) l ﬁ"
XX _>/Bu(k);g .

hX, E:Bg
N n

=4

The universal case gives the map g,,.

Lemma 2.4.14 ([Rud98, Equation VII.7.3]) There is an isomorphism of Thom
spectra

T(£(Zn) = (TEE .

Proof This proof is mostly a matter of having had the idea to write down the
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Lemma to begin with. From here, we string basic properties together:

7(5(2))::7(§ﬁ§;) (definition)
=Tz, (colimits commute with colimits)
=T(E)ys, - (T is monoidal: Lemma[T.1.8)

O

Applying the Lemma to the universal case produces a factorization
MMW%MMWQHMWM
of the unstable multiplication map, and hence a stable factorization
MU — MUN =5 MU

In fact, this enriches to an H2 structure: by applying Lemma 2.4.14|in reverse,
the basic construction is

IA
.Q2 2 H2 2
p22: Spg, A MU —— Sps AMU

~T(1g(2) | *) AMU (Lemmal[2.4.14)
~T(c | *) AMU (MU-Thom isomorphism)
~S?2AMU. (Thom spectrum of 1¢)

Our goal in the next Lecture will be to gain a computational understanding of
Hn,2d-

Remark 2.4.15  Definition[2.4.13|and Lemma[2.4.14]both hold with X,, replaced
by a subgroup of %,,, e.g., the cyclic group C,, < Z,,.

Remark 2.4.16 (|Qui71} Equations 3.10-11]) The picture Quillen paints of
all this is considerably different from ours. He begins by giving a different
presentation of the complex cobordism groups of a manifold M: a complex
orientation of a smooth map Z — M is a factorization

ZS5ESM
through a complex vector bundle 7: E — M by an embedding i, as well as a
complex structure on the normal bundle v;. Up to suitable notions of stability
(in the dimension of E) and homotopy equivalence (involving, in particular,
isotopies of different embeddings i), these quotient to give cobordism classes
of maps complex-oriented maps Z — M. The collection of cobordism classes
over M of codimension ¢ is isomorphic to MU (M) [Qui71}, Proposition 1.2].

Quillen’s definition of the power operations is then given in terms of this
geometric model: a representative f: Z — M of a cobordism class gives rise
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to another complex-oriented map f*": Z>*" — M*", and he defines PCCX{' (f)
to be the postcomposition with M*" — M/ (after taking care that the target
isn’t typically a manifold). All the properties of his construction must therefore

be explored through the lens of groups acting on manifolds.

Example 2.4.17 ([Ste53al |Ste53b]) The chain model for HF,—homology is
actually also rigid enough to define power operations, and somewhat curiously
these operations automatically turn out to be additive, without passing to the
Tate construction. This means that they are recognizable in terms of classical
Steenrod operations: the Cy—construction

C PC
=rsex L aryy 22 52050 x A s0BC, L2, HE,)

gives a class in HIF%"‘*(X ) ® HF;(RP*), which decomposes as
2n ) )
PO(f) = > S (f) @ .
j=0

The Adem relations [[Ade52] can be extracted by studying the wreath product
%5 1 ¥, and the compositional identity for power operations.

Remark 2.4.18 (IBMMSS86, Theorems 111.4.1-3, Remark I11.4.4]) Since the
failure of the power operations to be additive was a consequence of the binomial
formula, it is somewhat intuitive that modulo 2, where (x + y)* = x> + y?, that
this operation becomes stable. In fact, more than this is true: for instance, if an
Hy,—ring spectrum E has moE = F),, it must be the case that E is an HIF,—algebra.
This fact also gives an inexplicit means to recover Lemma(I.5.8] after noting
that the same methods used to endow MU with an H.—ring spectrum structure
do the same for MO.

2.5 Explicitly stabilizing cyclic M U-power operations

Having thus demonstrated that the Tate variant of the cyclic power operation
decomposes as a sum of stable operations, we are motivated to understand the
available such stable operations in complex bordism. This follows quickly from
our discussions in the previous few Lectures. We learned in Corollary 2.3.12]
that for any complex-oriented cohomology theory E we have the calculation

E*BU = E*[o,09,...,0j,...],
and we gave a rich interpretation of this in terms of divisor schemes:

BUg = DiVo CPOEO
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We would like to leverage the Thom isomorphism to gain a description of
E*MU generally and MU*MU specifically. However, the former is not a ring,
and although the latter is a ring its multiplication is exceedingly complicate
which means that our extremely compact algebraic description of E*BU in
Corollary 2.3.12will be of limited use. Instead, we will have to content ourselves
with an E,—module basis of E*MU.

Definition 2.5.1 Take MU — E to be a complex-oriented ring spectrum,
which presents E*BU as the subalgebra of symmetric functions inside of an
infinite—dimensional polynomial algebra:

E*BU C E*BU(1)*® = E*[x1, x2, .. .].

For any nonnegative multi-index a = (a1, @y, . ..) with finitely many entries
nonzero, there is an associated symmetric monomial b,, which is the sum of
those monomials whose exponent lists contain exactly «; many instances of j {T_gl
We then set s, € E*MU to be the image of b, under the Thom isomorphism of
E.—modules

E*MU = E*BU.

It is called the o Landweber—Novikov operation with respect to the orientation
MU — E.

Definition 2.5.2 In the case of the identity orientation MU —1> MU, the
resulting classes are called the Conner—Floyd—Chern classes and the associated
cohomology operations are called the Landweber—Novikov operations (without
further qualification).

Remark 2.5.3 For a vector bundle V and a complex-oriented cohomology
theory E, we define the total symmetric Chern class of V by the sum

a(V) = Z ca(V)E.

a

In the case of a line bundle £ with first Chern class ¢;(£) = x, this degenerates

17 For a space X, E*X has a ring structure because X has a diagonal, and MU does not have a
diagonal. In the special case of E = MU, there is a ring product coming from endomorphism
composition.

18 For example, @ = (1,2,0,0, .. .) corresponds to the sum

bo = Z Z Z x,'x]zxi = xl)c%x}2 + x%xzxg +X12X§)C3 +oe
i j#i k#i
k>j
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to the sum

(e8]

a(L) = Z xjtj.

Jj=0
For a direct sum U = V @ W, the total symmetric Chern class satisfies a Cartan
formula:

al)=a(VeW)=c(V) - aW).

Again specializing to line bundles £ and H with first Chern classes ¢;(£) = x
and ¢ (H) = y, this gives

alU)=c(LOH) = ixjtj : (i )’kfk) = iixjyktj’k
k=0 j

=0 = 7=0 k=0
=1+(x+y)H+ ()cy)tl2 + ()c2 + yz)tz + ()cy2 + xzy)tltz +oe
= 1+ c(U)ty + e2(U)E + (c2(U) = 2c2(U))t2 + (e1(U)ea(U)t1t2 + -+

where we have expanded out some of the pieces of the total symmetric Chern
class in polynomials in the usual Chern classes.

Definition 2.5.4 ([Ada95| Theorem 1.5.1]) Take the orientation to be MU 5
MU, so that we are considering MU*MU and the Landweber—Novikov oper-
ations arising from the Conner-Floyd—Chern classes. These account for the
stable operations in M U-cohomology, analogous to the Steenrod operations for
HF,. They satisfy the following properties:

e 50 is the identity.

o s, is natural: s,(f*x) = f*(sgX).

e 5, is stable: so(0x) = 0 (s4X).

e 5, is additive: so(x + y) = 5qo(x) + so(¥).
e s, satisfies a Cartan formula. Define

5t(x) 1= ) sa(OT 1= )" sq(x) - 171152 10 - € MU ()11, .. ]

a a
for an infinite sequence of indeterminates #1, t», . ... Then
st(xy) = s¢(x) - se(y).

e Let £: X — BU(n) classify a vector bundle and let ¢ denote the Thom
isomorphism

@: MU*X — MU*T(¢).
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Then the Chern classes of & are related to the Landweber—Novikov operations
on the Thom spectrum by the formula

‘P(Ca(f)) = Sa(‘ﬁ(l))

Having now set up an encompassing theory of stable operations, we now seek
to give a formula for the cyclic Tate power operation in this framework. In order
to approach this, we initially set our sights on the too-lofty goal of computing
the total power operation PC»(f) for f € MU?4(X) an M U—-cohomology class
on a finite complex X, without necessarily passing to the Tate construction.
Because of the definition MU = colimy MU(k) and because P¢" is natural
under pullback, it will suffice for us to study the effect of P¢» on the universal
classes

Up: MU(m) —> MU,

after using the canonical M U-Thom isomorphism to reinterpret them as classes
on a suspension spectrum. We begin with the canonical orientation itself:

u; = x € hSPECTRA(MU(1), MU) = MU>CP®.

In order to understand the effect P¢(x) of the power operation on x, we recall
a different interpretation of x: it is also the 1% Conner-Floyd-Chern class of the
tautological bundle £ on CP™, i.e.,

x: MU(1) -» MU
is the Thomification of the block inclusion
L: BU(1) - BU.

The H2 -ring spectrum construction defining P;? (x) thus fits into the following
diagram:

I2BU(1) ——> I2BU(1) A S°BC,

lA lAhCn

L(n)

(Zj_oBU(l))An ZiOBU(l);l\Z‘n / Z_‘f’BU(n)
lcf\" ﬁen\l—/ Pefl" lcn
(MU (E*MU). ——— T"MU.

The commutativity of the widest rectangle (i.e., the justification for the name
“c,” on the right-most vertical arrow) comes from the Cartan formula for Chern
classes: because L ®" splits as the sum of n line bundles, c,,(L®") is computed
as the product of the 1% Chern classes of those line bundles. Second, the
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commutativity of the right-most square is not trivial: it is a specific consequence
of how the multiplicative structure on MU arises from the direct sum of vector
bundlesff] The commutativities of the other two squares comes from the natural
transformation from a C,,—space to its homotopy orbit space.

Hence, the internal cyclic power operation P¢(x) applied to the canonical
coordinate x is defined by the composite

XXBU(1) AXYBC, =~ X°BU(pe,
2, (=PBU,
— MU
— MU,
which is to say
P (x) = cal(A e, L()).

We have thus reduced to computing a particular Conner—Floyd—Chern class of a
particular bundle. Our next move is to realize that we have not lost information
by passing from the bundle A* L®" to the bundle A; c. Ln).

Theorem 2.5.5 There is a natural bijection between G—equivariant vector
bundles over a base X on which G acts trivially and vector bundles on X X BG.

Construction This is the exponential adjunction

Seaces(X x BG, BU) Spaces(x [ G, Spaces(X, BU)),

ViG V.

The right-hand side consists of G—equivariant vector bundles over the G—trivial
base X, and the left-hand side consists of vector bundles over X X BG. O

Corollary 2.5.6  Under this bijection, the vector bundle A} . L(n) on BU(1) x
BC,, corresponds to the C,—equivariant vector bundle A* L®" on BU(1). O

We thus proceed to analyze A} . L(n) by studying the C,,—equivariant bundle
A* L instead. The C,,—action is given by permutation of the factors, and hence
we have an identification

ANL = L @n*p,

19 In general, any notion of first Chern class XPBU(1) — 32E gives rise to a noncommuting
diagram of this same shape. The two composites ETBU(I);;'(‘:n — Z2"E need not agree,
since L(n) has no a priori reason to be compatible with the factorization appearing in the
Hozo—structure. They turn out to be related nonetheless, and their exact relation (as well as a
procedure for making them agree in certain cases) is the subject of Appendix@}



88 Complex Bordism

where p is the permutation representation of C,, (considered as a vector bundle
over a point) and n: BU(1) — = is the constant map. The permutation
representation for the abelian group C,,, also known as its regular representation,
is accessible by character theory. The generating character y: U(1)[n] — U(1)
gives a decomposition

n-1 )
p=@Prx®.
j=0

Applying this to our situation, we get a sequence of isomorphisms of C,—
equivariant vector bundles

n—1 n—1
AL EL@ﬂ*pE.E@@ﬂ'*X@j = @L@ﬂ*)(@j.

j=0 j=0
Applying Theorem , we recast this as a calculation of the bundle A L(n):

n—1
Ao, L) = P i L@ xn,

j=0
where 7 is the bundle classified by n: BU(1)[n] — BU(1) and 7}, 7 are the
two projections off of BU(1) X BC,,.

We can use this to access cn(AZCnL(n)). As the top Chern class of this

n—dimensional vector bundle, we think of this as a calculation of its Euler class,
which lets us lean on multiplicativity:

n-1

n—1
PCn(x) = C"(AZCn L(n)=e (@ Lo ﬂ;?]®j = e (RTL ® ﬂ;n@’j)
=0

~.
- o

—_
3

n—

= 1_[ ¢l (nTL ® 72';77®j) = l_[(x +ymu [jlmu @)

- 7=0

~

Here x is still the 1% Conner—Floyd—Chern class of £ and ¢ is the Euler class of
1. We now try to make sense of this product expression for ¢,(A; . L(n)) by
expanding it in powers of x and identifying its component pieces.

Lemma 2.5.7 There is a series expansion
n—1 o]
PE(x) = H(X +mu lmu(t) =w+ Zaj(f)x’,
j=0 j=1

where a;(t) is a series with coefficients in the subring C € MU, spanned by the
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coefficients of the natural M U—formal group law. The leading term

n-1 n-1
w=ep) = [ [e™) = [ |Uluutem) = (-1 + 3 bt
=0 J=0 jzn

is the Euler class of the reduced permutation representation, and, again, the
elements b; lie in the subring C. |

This is about as much information as we can hope to extract in the 1% universal
case. We thus return to our original goal: understanding the action of P¢~ on
each of the canonical classes

Uy : MU(m) —» MU.

We approach this via the splitting principle by first rewriting the formula in
Lemma[2.5.7]in a form amenable to direct sums:

(o]

PO (x) = > W ag(t)sa(x) aa(t) = [ [ ;).

la|<1 j=0
Corollary 2.5.8 There is the universal formula
PO () = 3 w1 ag ()50 ().
la|<m
Proof This follows directly from the splitting principle and the Cartan formula:

each of the m factors

P () = P (xy) -+ P ()

= Z Wl_lalaa(t)sa(xl) Z Wl_‘a‘aw(t)sn(xm)

|| <1 || <1

= Z Wm_lalag(t)sa(um)- O

la|<m

We will use this to power the following conclusion about cohomology classes
on in general, starting with an observation about the fundamental class of a
sphere:

Lemma 2.5.9 (cf. [Rud98, Corollary VIL.7.14]) For f € MU?(X) a coho-
mology class in a finite complex X, there is the suspension relation

PC" (O’sz) — WmO_ZmPC,, (f)
Proof We calculate P¢» applied to the fundamental class

2mum
§2m 2 BUGm) ~ 2" MU(m) = s2m MU
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by restricting the universal formula:

PO Wtn) = G, P atm) = 65| D W™ (05 lttm) | = w2
la|<m

since sq(12,) = O for any nonzero a, as the cohomology of $?™ is too sparse.
Because 0> f = 15, A f, we conclude the proof by multiplicativity of P». 0

Theorem 2.5.10 (cf. [Qui71} Proposition 3.17], [Rud98| Corollary VIL.7.14])
Let X be a finite pointed space and let f be a cohomology class

e MU (x).
For m > 0, there is a formula

WP ()= D w054 (f),

la|<m+q
with t, w, and a4 (t) as defined abave.EU]
Proof We take m large enough so that f is represented by an unstable map
g: "X — TinsgBU(m + q),

in the sense that g intertwines f with the universal class u,,,14 by the formula

* 2m
8 Un+g = T .

We use Lemma [2.5.9]and naturality to conclude

w” P PC(f) = PE (o f) = PO (g thmeg) = 8P (i)

= g* Z Wm+q_‘a‘aa(t)su(”m+q)
|a|<m+q
= > w00 se(f), o
|la|<m+q

Our conclusion, then, is that P¢" is almost naturally expressible in terms
of the Landweber—Novikov operations, where the “almost” is controlled by
some w—torsion. Our discussion of the Tate construction in the previous Lecture
shows that this is, in some sense, a generic phenomenon, and indeed the above
Theorem can be divided by w to recover a statement about the cyclic Tate

20 The reader comparing with Quillen’s paper will notice various apparent discrepancies between
the statements of our Theorem and of his. These are notational: he grades his cohomology functor
homologically, which occasionally causes our g to match his —g, so that his n is comparable to
ourm—gq.



2.6 The complex bordism ring 91

power operation. However, we have learned the additional information that the
various factors in this statement—including w itself—are controlled by the
formal group law “+,,¢” associated to the tautological complex orientation of
MU and the subring C. This is not generic behavior. In the next Lecture, we will
discover the surprising fact that we only need to multiply by a single w—also
highly non-generic—and the equally surprising consequences this entails for
MU, itself.

2.6 The complex bordism ring

With Theorem [2.5.10]in hand, we will now deduce Quillen’s major structural
theorem about MU.,.. We will preserve the notation used in Lemma[2.5.7]and
Theorem [2.5.10)

o pisthe reduced regular representation of C,,, which coincides with its reduced
permutation representation, and w = e(p) is its Euler class.

e 17: BU(1)[n] — BU(1) is the line bundle associated to a generating character
for C,;, and ¢ = e(n) its Euler class.

e (C is the subring of MU, generated by the coefficients of the formal group
law associated to the identity complex—orientation.

In the course of working out the main Theorem, we will want to make use of
some properties of the class ?.

Lemma 2.6.1 (cf. [RWS80, Theorem 5.7], [HL! Proposition 2.4.4], [Rud98|
Theorem VIL.7.9]) There is an isomorphism of formal groupsFI]

BU()[nlmu = BU()muln].
Proof Consider the pullback diagram of spherical fibrations:

U(l) — BU(1)[n] —— BU(1)

| [ = b

U(l) —— EU(1) —— BU(1).

The Euler class of the first bundle is the class x, and it pulls back along
n: BU(1) — BU(1) to give the Euler class [n](x) of the second bundle. The
induced long exact sequencePZ] takes the form

21 n algebraic language, MU*BU(1)[n] = MU*BU(1)/[n](x), where x € MU2BU(1) is the
canonical coordinate and [n](x) is the n—series.

22 This sequence is known as the Gysin sequence. It arises as the exact couple for the Serre spectral
sequence for the spherical fibration.
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MU*BU(1)
MU*(BU(1)[n)) 5 MU*?BU(1)

where x is the coordinate on BU(1)yyy. Because [n]pyp(x) = nx + -+ and

— 2
because MU CP! has no n—torsion, the right diagonal map is injective and
hence 0 = 0. This therefore gives a short exact sequence of Hopf algebras,
which we can reinterpret as a short exact sequence of group schemes

0 — BU()[nlmu — BU()mu = BU()yy — 0. O
Corollary 2.6.2 The Kiinneth map
MU*(X) ®yu+- MU*(BU(1)[n]) » MU*(X x BU(1)[n])
is an isomorphism. In terms of coordinate rings, this gives isomorphisms
(XX BUD)[nDmu = Xmu X BUD)[nlmu = Xpmu X BU(1)mu(n].
Proof This follows from the freeness and evenness of MU*(BU(1)[n]). O
Corollary 2.6.3 ([Qui71, Proposition 4.4]) Write

(o) = ),

If w € MU*BU(1)[n] satisfies t - w = 0, then there exists a class y with
w =y - (Mmu?).

Proof By Lemma we know MU*BU(1)[n] = MU ([t]/[n]pmu (), so the
kernel of multiplication by ¢ is exactly (n) MU(t)E] O

In all, we learn that the Euler class ¢ = e(n) corresponds to the restriction of the
coordinate x along the closed inclusion

BU()[n]lyu = BU(1)muln] — BU(1)mu.
We now turn to the main Theorem.

Theorem 2.6.4 ([Qui71, Theorem 5.1]) If X has the homotopy type of a finite
complex, then
MU*(X)=C- Z MU4(X),
q>0
MU (X)=C- Z MU4(X).
q>0

23 Quillen considers this as coming from the Gysin sequence for S! — S(i7) — BU(1)[n], which
has Euler class 7.
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Remark 2.6.5 In what follows, the reader should carefully remember the degree
conventions stemming from the formula

MU*X = n_,F(EXX, MU).

The homotopy ring MU, appears in the negative degrees of MU*(x), but the
fundamental class of S appears in the positive degree MU (S™).

Proof of Theorem[2.6.4) 'We can immediately reduce the claim in two ways.
First, it is true if and only if it is also true for reduced cohomology. Second,
because MU>**'(x) = 0[] we can restrict attention just to MU?*(X), since
we can then handle the odd-degree parts of MU*(X) by suspending X once.
Defining
R :=C- ) MUM(X),
q>0
we can thus focus on the claim
MU (x) 2 C- Y MUP(X),
q>0
Noting that the claim is trivially true for all positive values of %, we will show

this by working p—locally and inducting on the value of “—=".
Suppose that

i == -2j
R(p)’ =MU ~ (X))

— 2
for j < g and consider x € MU q(X). Then, for m > 0, we have

wnPCr(x) = Z w1 ()@ s 0 x

|| <m-qg
=w"9x + Z w1 g (1) s o x.
la|<m-q
a#0

Recall that w is a power series in ¢ with coefficients in C and leading term
(p— D!-tP7!, so that P~ = w - 6(¢) for some multiplicatively invertible series
0(t) with coefficients in C. Since s, raises degree, we have s, x € R by the
inductive hypothesis, and we may thus collect all those terms (as well as many
factors of 6(r)~") into a series Y () € Rip)[[] to write

N (W PP (x) = x) = Y1),

where N = (m — q)(p — 1).
Consider the set of possible integers N for which we can write such an

24 This is a direct consequence of the geometric definition of U—structured bordism.
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equation—we know that N = (m — q)(p — 1) works, but we now also consider
values of N which are not multiples of (p — 1). We aim to conclude that
N =1 is the minimum of this set, so suppose that N is the minimum such
value. Using Remark [2.4.3] we find that restricting this equation along the
inclusioni: X — X X BU(1)[p] sets t = 0 and yields ¢ (0) = 0. It follows that
Ux(t) = tey(t) is at least once r—divisible, and thus

1tV Wa PCP x — x) — (1)) = 0.

Appealing to Corollary , we produce a class y € MU _2q+2(N_1)(X) with

N WIPCP (x) = x) = @i (x) + y(P) ().

If N > 1, then y € R, for degree reasons and hence the right-hand side gives a
series expansion contradicting our minimality hypothesis. So, N = 1, the class
y lies in the critical degree —2¢, and the outer factor of N~! is not present in the
last expression Restricting along i again to set w = t = 0 and P¢» (x) = x?,
we obtain the equation

-x ifg>0

In the first case, where g > 0, it follows that MU 29(X) C R 24 +pMU~24(X),
and since MU~24(X) has finite order torsio it follows that MU24(X) = R™24.
In ilieoother case, x can be re,\xiriitoten as a sum of elemengs‘irb RO elements in
pMU (X), and elements in (MU (X))?. Since the ideal MU (X) is nilpotent,
it again follows that MTJO(X ) = RY, concluding the induction. O

Corollary 2.6.6 ([Qui71, Corollary 5.2]) The coefficients of the formal group
law generate MU.,.

Proof This is the case of Theorem [2.6.4| where we set X = x. O

Remark 2.6.7 This proof actually also goes through for MO as well. In that
case, it’s even easier, since the equation 2 = 0 in 7gM O causes much of the
algebra to collapse. The proof does not extend further to cases like M SO or
M Sp, as explained in the introduction to this Case Study: these bordism theories
do not have associated formal group laws, and so we lose the control we had in
Lecture

25 One can interpret the proof thus far as giving a bound on the amount of w—torsion needed to get
the stability relation described in Theorem[2.5.10} Our answer is quite surprising: we have found
that we need just a single w (indeed, a single ¢), which isn’t much stability at all!

26 This is a consequence of X having finitely many cells, M U having finitely many cells in each
degree, and each homotopy group of the stable sphere being finitely generated.
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Take Mg to be the moduli functor of formal group laws. Since a formal group
law is a power series satisfying some algebraic identities, this moduli object is
an affine scheme with coordinate ring O p,,,. A rephrasing of Corollaryis
that the natural map

OMfg] — MU,

is surjective. This is reason enough to start studying Mg in earnest, which we
take up in the next Case Study—but while we’re here, if we anachronistically
assume one algebraic fact about O py,,, Theorem we can prove that the
natural map is actually an isomorphism. The place to start is with the following
topological observation about mixing complex—orientations:

Lemma 2.6.8 ([Ada95| Lemma 6.3 and Corollary 6.5]) Let ¢: MU — E
be a complex—oriented ring spectrum and consider the two orientations on
E AN MU given by

1
SAMU 2SS E A MU, MU AS EMY5 B A MU.
The two induced coordinates xF and xMY on CPg , yy are related by the
Sformulas

AMU = 3 BEEY = g(xF),
j=0

MU)=

g MYty y g E) +E g7 OF).

where E.MU = Syme., E;LIB;;BZ’B3""} = E,[by,by,...], as in Lemma
Corollary[I.5.2] and Corollary[2.0.4]

Proof The second formula is a direct consequence of the first. The first formula
comes from taking the module generators 8,1 € Ey(j+1)CP* = E»; MU(1) and
pushing them forward to get the algebra generators b; € E»;MU. Then, the
triangle

[CP™, MU [CP™,E A MU]

\

MobuLesg, (E.CP®, E.MU)

14

M

allows us to pair x™Y with (x¥)/*! to determine the coefficients of the series. O

Corollary 2.6.9 ([Ada95, Corollary 6.6]) In particular, for the orientation
MU — HZ we have

x1 +mu x2 = exp” (log” (x1) + log" (x2)),
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where expH (x) = Z;’;O bxi*, O

However, one also notes that HZ,. MU = Z[by, b», . . .] carries the universal
example of a formal group law with a logarithm—this observation follows
directly from the Thom isomorphism, and so is independent of any knowledge
about the coefficient ring M U.. It turns out that this brings us one step away
from understanding MU.:

Theorem 2.6.10 (To be proven as Theorem 3.2.2)  The ring Oy, carrying
the universal formal group law is free: it is isomorphic to a polynomial ring
over Z in countably many generators. O

Corollary 2.6.11 (Quillen’s theorem)  The natural map O Mg = MU, classi-
fying the formal group law on MU, is an isomorphism.

Proof We proved in Corollary [2.6.6|that this map is surjective. We also proved
in Theorem[2.1.24] that every rational formal group law has a logarithm, i.e., the
long composite on the second row

Omgg MU, (HZ.MU)

| l l

Omy ®Q — MU.®Q —— (HZ.MU)®Q

is an isomorphism. It follows from Theorem that the left-most vertical
map is injective, hence the top-left horizontal map is injective, hence it is an
isomorphism. O

Corollary 2.6.12 The ring n..(MU AMU) carries the universal example of two
strictly isomorphic formal group laws. Additionally, the ring 1og(MUP A MU P)
carries the universal example of two isomorphic formal group laws.

Proof Combine Lemmal[2.6.8]and Corollary 2.6.11] m]



Case Study 3

Finite Spectra

Our goal in this Case Study is to thoroughly examine one of the techniques from
Case Study [I] that has not yet resurfaced: the idea that HF,—homology takes
values in quasicoherent sheaves over an algebro-geometric object encoding
the coaction of the dual Steenrod Hopf algebra. We will find that this is quite
generic: associated to a mildly nice ring spectrum E, we will construct a rich
algebro-geometric object Mg, called its context, such that E-homology sends
spaces X to sheaves Mg(X) over Mg. In still nicer situations, the sheaf Mg(X)
tracks exactly E,X as well as the action of the E—analogue of the dual Steenrod
algebra, called the Hopf algebroid of stable E—homology cooperations. From
this perspective, we reinterpret Corollary [2.6.11]as giving a presentation

Muyup — Mg,

where Myg is the moduli of formal groups. This indicates a program for studying
periodic complex bordism, which we will outline in the rest of this introduction.

Abstractly, one can hope to study any sheaf, including Mg (X), by analyzing
its stalks—or, relatedly (with some luck), by analyzing its geometric fibers. The
main utility of Quillen’s theorem is that it gives us access to a concrete model of
the context M s p, so that we can determine where to even look for those fibers.
However, even this is not really enough to get off the ground: the stalks of some
sheaf can exhibit nearly arbitrary behavior, and in particular there is little reason
to expect the stalks of Mg(X) to vary nicely with X. In an ideal world, these
stalks would themselves vary so nicely with X as to form homology theories,
carrying cofiber sequences to short exact sequences of stalks. In general, one
might ask whether a map f as in the diagram

Spec R N Mig —— Muyupl0] == Spec MUP,

Mig Muup,

97
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determines a homology theory by the formula
f*Muup(X) = (MUPoX ®mup, R) .

Since MUPy(-) is already a homology theory, this is exactly the question
of whether the operation — ®us17p, R preserves exact sequences—and this is
precisely what it means for f to be flaz. When flatness is satisfied, this gives the
following theorem:

Theorem 3.0.1 (Landweber) Given such a diagram where the diagonal arrow
is flat, the functor

Ro(X) := MUPy(X) Amup, R
is a 2—periodic homology theory.

In the course of proving this theorem, Landweber additionally devised a
method to recognize flat maps. Recall that a map f: ¥ — X of schemes is flat
exactly when for any closed subscheme i: A — X with ideal sheaf I there is
an exact sequence

0— T - f*Ox — ["i.04 — 0.

Landweber classified the closed subobjects of Mg, thereby giving a precise list
of conditions needed to check maps for flatness.

This appears to be a moot point, however, as it is unreasonable to expect this
idea to apply to computing geometric fibers: the inclusion of a geometric point
is flat only in highly degenerate cases. We will see that this can be repaired: the
inclusion of the formal completion of a subobject is flat in friendly situations,
and so we naturally become interested in the infinitesimal deformation spaces
of the geometric points I' on Mpg,. If we can analyze those, then Landweber’s
theorem will produce homology theories called Morava Er—theories. Moreover,
if we find that these deformation spaces are smooth, it will follow that their
deformation rings support regular sequences. In this excellent case, by taking
the regular quotient we will be able to recover Morava Kr—theory, a homology
theory, which plays the role[] of computing the stalk of M,y p(X) at FE]

We have thus assembled a task list:

e Describe the open and closed subobjects of Mjgg.
e Describe the geometric points of Mgg.
e Analyze their infinitesimal deformation spaces.

To be clear: Kr(X) may not actually compute the literal stalk of Mz p(X) at I, since the
homotopical operation of quotienting out the regular sequence is potentially sensitive to torsion
sections of Mpsu p(X).

Incidentally, this program has no content when applied to My, , as Spec F, is simply too small.

[N]
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These will occupy our attention for the first half of this Case Study. In the
second half, we will exploit these homology theories Er and Kt, as well as
their connection to Mg, and to MUP, to make various structural statements
about the category SpEcTrRA. These homology theories are especially well-
suited to understanding the subcategory Spectra™ of finite spectra, and we
will recount several important statements in that setting. Together with these
homology theories, these celebrated results (collectively called the nilpotence
and periodicity theorems) form the basis of chromatic homotopy theory. In fact,
our real goal in this Case Study is to give an introduction to the chromatic
perspective that remains in line with our algebro-geometrically heavy narrative.

3.1 Descent and the context of a spectrum

In Lecture[T.4] we took for granted the HF,—Adams spectral sequence, which
had the form

Ey" = Hy(Aut,(Go); HF,PoX) = m.X5,

where we had already established some yoga by which we could identify the
dual Steenrod coaction on HF,PyX with an action of Aut @a on its associated
quasicoherent sheaf over Spec [F,. Our goal in this Lecture is to revise this tool
to work for other ring spectra E and target spectra X, eventually arriving at a
spectral sequence with signature

E;’* = H*(ME,ME(X)) = m.X.

In particular, we will encounter along the way the object “Mg” envisioned in
the introduction to this Case Study.

At a maximum level of vagueness, we are seeking a process by which its
homotopy 7. X can be recovered from the E-homology groups E.X. Generally
speaking, spectral sequences arise from applying homotopy groups to some
topological filtration, so we might also try to filter X by pieces that look like
E A X. Recognizing that X can be thought of as an S—module and E A X can
be thought of as its base change to an E—module, we are inspired to double
back and consider as inspiration a completely algebraic analogue of the same
situation. Given a ring map f: R — § and an S—module N, Grothendieck’s
framework of (faithfully flat) descent addresses the following questions:

1. When is there an R—module M such that N = S@r M = f*M?
2. What extra data can be placed on N, called descent data, so that the category
of descent data for f is equivalent to the category of R—modules under the

map f*?
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3. What conditions can be placed on f so that the category of descent data for
any given module is always contractible, called effectivity?

Suppose that we begin with an R—module M and set N = f*M, so that we are
certain a priori that the answer to the first question is positive. The S—module N
has a special property, arising from f being a ring map: there is a canonical
isomorphism of (S ®g S)-modules

¢: S® N =
(f®1)'N =
(feDof’M=(1®f)of)'M s51®(s20m)— (s1@m)® 5.
=(1® f)'N
=N®gS§,

Equivalently, we are noticing that pulling back an R—module from the bottom-
right corner to the top-left corner along either arm of the following pullback
diagram results in an isomorphic S ®g S—module:

Spec S Xspec R Spec S —— Spec §

| l

Spec S ——— > SpecR

In fact, this isomorphism is compatible with further shuffles, in the sense that
the following diagram commutesE]

N®r S®r S ‘{13 S®r S®r N

P12 ~
= ¥23

S ®r N ®g S,

where ¢;; denotes applying ¢ to the i™ and j™ coordinates.

Definition 3.1.1 An S—module N equipped with such an isomorphism
¢: S® R N > N®r S

which causes the triangle to commute is called a descent datum for f.

Descent data admit two equivalent reformulations, both of which are useful
to note.

3 The commutativity of this triangle shows that any number of shuffles also commutes.
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Remark 3.1.2 (JAmiS9]) The ring C = S ®g S admits the structure of an
S—coring: we can use the map f to produce a relative diagonal map

1®f®l
A: S®RSES®RR®RS-————>S®RS®RSE(S®RS)®S(S®RS).
The descent datum ¢ on an S—module N is equivalent to a C—coaction map. The
S-linearity of the coaction map is encoded by a square

S®RNﬂ>S®RN®S(S®RS)

R
N v . N®s(S® §) ——— N®g S,
and the long composite gives the descent datum ¢. Conversely, given a descent

datum ¢ we can restrict it to get a coaction map by

fel [
Yy: N=RQr N — S®r N — NQgrS.

The coassociativity condition on the comodule is equivalent under this corre-
spondence to the commutativity of the triangle associated to ¢.

Remark 3.1.3 ([Hov02, Theorem A]) Alternatively, descent data also arise
naturally as sheaves on simplicial schemes. Associated to the map f: SpecS —
Spec R, we can form a Cech complex

«~— SpecS ——
< SpecS ——> XspeeR
Dy =4 SpecS —— Xspecr <«<—— SpecS —— -+ ¢,
D SpeC S — XSpecR <

«~— SpecS ——

which factors the map f as

f

T

S sk’ c
pecS —— Dy —— SpecR.

A quasicoherent (and Cartesian [Stal4, Tag 09VK]) sheaf 7 over a simplicial
scheme X is a sequence of quasicoherent sheaves ¥ [n] on X[n] as well as, for
each map o : [m] — [n] in the simplicial indexing category inducing a map
X(0): X[n] — X[m], a natural choice of isomorphism of sheaves

Flo): X(o)' Flm] —» Fln].

In particular, a pullback M gives such a quasicoherent sheaf on Dy. By
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restricting attention to the first three levels we find exactly the structure of
the descent datum described before. Additionally, we have a natural Segal
isomorphism

D172 5 De[n]  (cf. S®k S®R S = (S @k S) ®s (S ®k S) atn = 2),

which shows that any descent datum (including those not arising, a priori, from
a pullback) can be naturally extended to a full quasicoherent sheaf on Dy.

The following Theorem is the culmination of a typical first investigation of
descent{’]

Theorem 3.1.4 (Faithfully flat descent, [Gro71, Exposé VIII]) Iff: R — S
is faithfully flat, the natural assignments
o
T~
QCou(Spec R) QCon(Dy)
‘\r_/
m

form an equivalence of categories.

Jumping off point The basic observation in this case is that0 - R — S —
S®g S is an exact sequence of R—modulesE]This makes much of the homological
algebra involved work out. O

Without the flatness hypothesis, this Theorem fails dramatically and immedi-
ately. For instance, the inclusion of the closed point

f: SpecF, — SpecZ

fails to distinguish the Z-modules Z and Z/p. Remarkably, this can be to
large extent repaired by reintroducing homotopy theory and passing to derived
categories—for instance, the complexes L f *Zand L f *27;7 become distinct as
objects of D(SpecF,,). Our preceding discussion of descent in Remark
can be quickly revised for this new homotopical setting, provided we remember
to derive not just the categories of sheaves but also their underlying geometric
objects. Our approach is informed by the following result:

Lemma 3.1.5 ([EKMMY97, Theorem IV.2.4]) There is an equivalence of
co—categories between D(Spec R) and MODULESR. |

4 For details and additional context, see Vistoli [Vis03] Section 4.2.1]. The story in the context of
Hopf algebroids is also spelled out in detail by Miller [Milb].
3 1In the language of Example|l.4.17] this says that R itself appears as the cofixed points SOg g rS R
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Hence, given a map of rings f: R — S, we redefine the derived descent
object to be the cosimplicial ring spectrum

> HS ——
——> HS <«— Agr ——>
DHf = HS «— Ayp —— HS <«— ...
——> HS <«— Agr ——>

— s HS ——

and note that an R—-module M gives rise to a cosimplicial left—-Dg p—module
which we denote Dy r(HM). The totalization of this cosimplicial module gives
rise to an HR—module receiving a natural map from M, and we can ask for an
analogue of Theorem [3.1.4]

Lemma 3.1.6 For f: Z — F, and M a connective complex of Z-modules,
the totalization Tot Dy r(HM) recovers the p—completion of M.

Proof sketch  The Hurewicz map HZ — HF,, kills (p) C noHZ, and we
further calculate

HF, Anz HF, ~ HF, vV THF,

to be connective. Combining these facts shows that the filtration of Dp r(HM)
gives the p—adic filtration of the homotopy groups m.HM. If n.HM is al-
ready p—complete, then the reassembly map HM — Tot Dy (HM) is a weak
equivalence. O

We are now close enough to our original situation that we can make the last
leap: rather than studying amap Hf: HR — HS, we instead have the unit map
n: S — E associated to some ring spectrum E. Fixing a target spectrum X, we
define the analogue of the descent object:

Definition 3.1.7 The descent object for X along n: S — E is the cosimplicial
spectrum

_
E
nL E A
E <X A 2, E

__ IR

De(X) = A E A
X A E

X AN —
X
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Lemma 3.1.8 ([Lurb, Theorem 4.4.2.8.ii]) If E is an Aw-ring spectrum,
then Dg(X) can be considered as a cosimplicial object in the co—category of
SPECTRA. O

Definition 3.1.9 The E—nilpotent completion of X is the totalization of this
cosimplicial spectrum:

Xp := Tot De(X).

Itreceives a natural map X — X2, the analogue of the natural map of R—modules
M — c.c*M considered in Theorem [3.1.4

Remark3.1.10 ([Rav84) Theorem 1.12], [Bou79]) Ravenel proves the following
generalization of Lemma[3.1.6] Let E be a connective ring spectrum, let J be
the set of primes complementary to those primes p for which E, is uniquely
p—divisible, and let X be a connective spectrumE] If each element of E. has
finite order, then X, = X gives the arithmetic completion of X—which
we reinterpret as S — E being of effective descent for connective objects.
Otherwise, if E, has elements of infinite order, then Xg = X(y) gives the
arithmetic localization—which we reinterpret as saying that S;y — E is of
effective descent. Finding more encompassing conditions on maps f: R — S of
E-rings for which descent holds is a subject of serious study [Lurcl Appendix
D].

Finally, we can interrelate these algebraic and topological notions of descent
by studying the coskeletal filtration spectral sequenceﬂ for . X}, which we
define to be the E—Adams spectral sequence for X. Applying the homotopy
groups functor to the cosimplicial ring spectrum Dg gives a cosimplicial ring
. DE, which we would like to connect with an algebraic descent object of the
sort considered in Remark [3.1.3] In order to make this happen, we need two
niceness conditions on E:

6 Even for connective ring spectra E, the Bousfield localization Lg X does not have to recover an
arithmetic localization of X if X is not connective. Take E = HZ and X = KU, which Snaith’s
theorem presents as X = KU = XCP*® [8~'1, where B: CP! — CP* is the Bott element.
This gives HZ, KU = HZ.(CP*[7!]) = (HZ*CP‘X’)[})I’I]. We can identify the pieces in turn:
Exampleshows CPL, = G, so the dual Hopf algebra (O@u )* = HZ,CP® is a divided
polynomial algebra on the class by. Inverting b; then gives (HZ*(CPm)[bl’l] = F[bl][bl"] =
Q[bli], so that, in particular, there is a weak equivalence HZ A KU — HQ A KU. The
cofiber KU — KU ® Q — KU ® Q/Z is thus a nonzero HZ-acyclic spectrum. You can
also work this example without knowing Snaith’s theorem: all you really need to know is that
E2CP[B~'] — KU is a map of ring spectra, so that 7gZ°CP®[B~!] can’t be a rational group
since 7o KU = Z. Another entertaining consequence of this is F(KU /p, S) = 0.

The reader who would like a refresher about the construction of spectral sequences is referred to
Boardman’s exceptional article [Boa99].

N
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Definition 3.1.11 (Commutativity Hypothesis) An even-periodic ring spec-
trum E satisfies CH when the ring 7, E”V is commutative for all j > 1. In this
case, we can form the simplicial scheme

Mg = Spec 1o DE,
called the context of E.

Definition 3.1.12 (Flatness Hypothesis) An even-periodic ring spectrum E
satisfies FH when the right-unit map Ey — EpE is ﬂatﬁ In this case, the Segal
map

(EoE)®E! ®p, EgX — mo(EM™D A X) = myDe(X)[/]

is an isomorphism for all X. In geometric language, this says that Mg is valued
in simplicial sets equivalent to nerves of groupoids and that

Mg (X) == moDEg(X)

forms a Cartesian quasicoherent sheaf over Mg. In this sense, we have con-
structed a factorization

Eo(-)

SPECTRA MoODULESE,
WT ()00}
QCou(ME).

While CH and FH are enough to guarantee that Mg and Mg(X) are well-
behaved, they still do not exactly connect us with Remark [3.1.3] The main
difference is that the ring of homology cooperations for E

EoE = no(E NE) = moDEg[1]

is only distantly related to the tensor product E, ®,s E. (or even Torff,‘;S (E, E.)).
This is a trade we are eager to make, as the latter groups are typically miserably
behaved, whereas EyE is typically fairly nice. In order to take advantage of this,
we enlarge our definition to match:

Definition 3.1.13 Let A and I' be commutative rings with associated affine
schemes Xy = Spec A, X| = SpecI'. A Hopf algebroid consists of the pair (4, ')

8 If E is a commutative ring spectrum, then this is equivalent to asking that the left-unit map is a
flat map of Ep—modules.
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together with structure maps

nL: A—T, s X1 — Xo,

nr: A—T, t: X1 — Xo,

x: T =T, (=) X - X,

A: T - TRQLT, o: Xi'x%X — X,
A Xo

such that (X, X;) forms a groupoid scheme. An (A, I')—comodule is an A—-module
equipped with a '-comodule structure, and such a comodule is equivalent to a
Cartesian quasicoherent sheaf on the nerve of (Xo, X I)EI

Example 3.1.14 A Hopf k—algebra H gives a Hopf algebroid (k, H). The
scheme of objects Spec k in the groupoid scheme is the constant scheme 0.

Lemma 3.1.15 For E an Aw-ring spectrum satisfying CH and FH, the
E>—page of its Adams spectral sequence can be identified as

E;" = Cotory'(E., E.X)
= H'(Mg; Me(X) ® w®) @ H' (Mg; Me(EX) @ 0®)[1] = m.Xp.

Proof sketch  The homological algebra of Hopf algebras from Lecture [T.4]
can be lifted almost verbatim, allowing us to define resolutions suitable for
computing derived functors [Rav86l Definition A1.2.3]. This includes the cobar
resolution [Rav86| Definition A1.2.11], which shows that the associated graded
for the coskeletal filtration of Dg(X) is a complex computing the derived
functors claimed in the Lemma statement. O

Remark 3.1.16 (cf. Lemma[l.4.2) The sphere spectrum fails to satisfy CH,
so the above results do not apply to it, but the S—Adams spectral sequence is
particularly degenerate: it consists of 7. X, concentrated on the O-line. For any
other ring spectrum E, the unit map S — E induces a map of Adams spectral
sequences whose image on the O-line are those maps of comodules induced by
applying E—~homology to a homotopy element of X—i.e., the Hurewicz image
of E.

Remark 3.1.17 In Lemma we discussed translating from the algebra
descent picture to a homotopical one, and a crucial point was how thorough
we had to be: we transferred not just to the derived category D(Spec R) but
we also replaced the base ring R with its homotopical incarnation HR. In
Definition we have not been as thorough as possible: both X, and X
are schemes and hence satisfy a sheaf condition individually, but the functor

9 An extremely—excuse the pun—enlightening discussion of the intricacies of this construction
was set out by Boardman [Boa82] in the traditional language of Hopf algebroids.
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(Xo, X1), thought of as valued in homotopy 1-types, does not necessarily satisfy
a homotopy sheaf condition. Enforcing this descent condition results in the
associated stack [Hop), Definition 8.13], denoted

Spec A/SpecT = Xp/ X .

Remarkably, this does not change the category of Cartesian quasicoherent
sheaves—it is still equivalent to the category of (A, I')—comodules [Hop), Propo-
sition 11.6]. However, several different Hopf algebroids (such as those with
maps between them inducing natural equivalences of groupoid schemes, as
studied by Hovey [Hov02, Theorem D], but also some with no such zig-zag) can
give the same associated stack, resulting in surprising equivalences of comodule
categories For the most part, it will not be especially relevant to us whether
we are considering the groupoid scheme or its associated stack, so we will not
draw much of a distinction. For the most part, the associated stack is theoretically
preferable, but the groupoid scheme is easier to think aboutm

Example 3.1.18 Most of the homology theories we will discuss have these CH
and FH properties. For an easy example, HF, P certainly has this property: there
is only one possible algebraic map F, — A,, so FH is necessarily satisfied.
Our work in Lecture1.3{'?| thus grants us access to a description of the context
for H FZ{E

Meur,p = Spec Fz//&@a.

Example 3.1.19 The context for MUP is considerably more complicated,
but Quillen’s theorem can be equivalently stated as giving a description of it.
Quillen’s theorem on its face gives an equivalence Spec MU Py = Mgy, but in
Lemmal[2.6.8|we also gave a description of Spec MUPyM U P: it is the moduli of
pairs of formal group laws equipped with an invertible power series intertwining
them. Altogether, this presents My, p as the moduli of formal groups:

Muup = Mg := Mg/ Mﬁls)d,
where Mps = @(A‘) is the moduli of self-maps of the affine line (i.e., of power

10 We will employ one of these surprising equivalences in Remark

1" Constructing the correct derived category of comodules also has subtle associated homotopical
issues. Hovey gives a good reference for this in the case of a stack associated to a Hopf
algebroid [Hov04].

The reader should spend a moment contrasting our two approaches to the definition of My, (X).
Previously, we assumed that X was finite type and worked with cohomology—but under exactly
this assumption, the cohomology of X can always be written as the homology of Y for another
finite spectrum satisfying X = DY.

This is a bit glib: this gives a presentation of the even part of the context for HF, P, and the
“@a” in the formula is CP;  rather than RP?I]FZ. This sleight of hand abuts the discussion of
Bocksteins in Theorem
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series) and M%Ed is the multiplicative subgroup of invertible such maps. We
include a picture of the p—localization of the M U-Adams E,—page in Figure[3.1]
and Figure[3.2] In view of Remark [3.1.17] there is an important subtlety about
the stack Mg,: an R—point is a functor on affines over Spec R which is locally
isomorphic to a formal group, but whose local isomorphism may not patch to
give a global isomorphism. This does not agree, a priori, with the definition of
formal group given in Definition 2.1.T5] where the isomorphism witnessing
a functor as a formal variety was expected to be global. We will address this
further in Lemma below.

Example 3.1.20 The context for MOP, by contrast, is reasonably simple.
Corollary shows that the scheme Spec MOP, classifies formal group
laws over F, which admit logarithms, so that Mjy;op consists of the groupoid
of formal group laws with logarithms and isomorphisms between them. This
admits a natural deformation-retraction to the moduli consisting just of @a and
its automorphisms, expressing the redundancy in MOPy(X) encoded in the

splitting of Lemma[1.5.8]

Remark 3.1.21 The algebraic moduli My;y = (Spec MU,, Spec MU.MU)
and the topological moduli (MU, MU A MU) are quite different. An orientation
MU — E selects a coordinate on the formal group CPy, but CP itself
exists independently of the orientation. Hence, while M,y (E,) can have
many connected components corresponding to distinct formal groups on the
coefficient ring E,, the groupoid RINGSPECTRA(D 17, E) has only one connected
component corresponding to the formal group CP{ intrinsic to E EE]

Remark 3.1.22 ([Hopl4a, pg. 5]) If E is a complex-oriented ring spectrum,
then the simplicial sheaf Mps¢7(E) has an extra degeneracy, which causes the
MU-based Adams spectral sequence for E to degenerate. In this sense, the
“stackiness” of My (E) is exactly a measure of the failure of E to be orientable.

Remark 3.1.23 It is also possible to construct an E—Adams spectral sequence
by iteratively smashing with the fiber sequence E — S — E to form the tower

— —n2
S/\X<—E/\X<—EA ANX «— -+

| | |

EAX EAEAX EAEV AX

14 The reader ought to compare this with the situation in explicit local class field theory, where a
local number field has a preferred formal group attached to it.

15 The precocious student might ask what functor M U represents as an Eq—ring spectrum. To
date, this functor has not been algebraically recognized.
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This presentation makes the connection to descent much more opaque, but it
does not require E to be an A,—ring spectrum.

Remark 3.1.24 Many algebro-geometric properties lift automatically to the
setting of representable maps: a map f: M — N is representable when
for all affines Spec R — N, the homotopy pullback M X Spec R is affine.
A representable such f is said to have property P when the natural map
M X Spec R — Spec R has property P for every choice of affine over N,
giving us intrinsic notions of adjectives like open, flat, . . ..

3.2 The structure of My I: The affine cover

In Definition [3.1.13] we gave a factorization

SPECTRA MUPC) MoODULES iy P,
WAP(*) (-)[0]
QCou(Muurp),

and in Example [3.1.19| we established an equivalence
¢: Muup — Mig.

Our program, as outlined in the introduction, is to analyze this functor M,y p(—)
by postcomposing it with ¢* and studying the resulting sheaf over Myg. In order
to perform such an analysis, we will want a firm grip on the geometry of the
stack Mgy, and in this Lecture we begin by studying the scheme Mg as well as
the natural covering map

Mg — M.
Additionally, Example [3.1.19 was a consequence of Corollary [2.6.11} which

relied on the unproven result stated as Theorem [2.6.10} which we will now prove
in this section as Theorem [3.2.2)

Definition 3.2.1 There is an affine scheme Mg classifying formal group laws.
Begin with the scheme classifying all bivariate power series:

SpecZ[a;j | i, j = 0] < {bivariate power series},

f € SpecZla;; | i,j > 0](R) & Z flaijx'y’.

,j>0

Then, Mgy is the closed subscheme selected by the formal group law axioms in
Definition
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This presentation of Mg as a subscheme appears to be extremely complicated
in that its ideal is generated by many hard-to-describe elements, but Mgy itself
is actually not complicated at all. We will prove the following:

Theorem 3.2.2 (Lazard’s Theorem, [Laz55, Théoréeme II]) There is a non-
canonical isomorphism

OMg =Z[bn | 1 <n <oo]=: L.

Proof We begin by studying simpler moduli with the intention of comparing
them with the more complicated Mgg. Let L = Z[bo, by, by, .. .]/(bo — 1) be the
universal ring supporting a strict exponential

exp(x) := Z bjx/*
7=0

Because by = 1 is invertible in this ring, this series has a formal inverse, i.e., a
universal logarithm:

o
log(x) := Z mjx/
j=0
where the coefficients m; are rather complicated polynomials in the indeter-
minates b* Together, these series induce a formal group law on L by the
conjugation formula

x +, y = exp(log(x) + log()),

which is in turn classified by a map u: Oy — LIT_TI Using Theorem
we know that the map u is a rational isomorphism, so we become interested in
learning more about the behavior of the elements m;, and in particular their
torsion properties. Since these elements are difficult to handle precisely, we
compute modulo decomposables:

x = exp(log(x))
n+l
o0 o o0
=x+ Z:mnx’“rl + an X+ ijxj”
n=1 n=1 j=1

16 In the context of complex-oriented cohomology theories, this is called the Miscenko logarithm,
and the coefficients m; have the simple formula log‘p(x) =370 %x"”. In trade, the
coefficients b; are more mysterious.

This is not the universal formal group law. We will soon see that some formal group laws do
not admit logarithms. Rather, it is the group law associated to HZ A MU, and the map we are
studying is that induced by MU — HZ A MU as in Lemma[2.6.8] In light of this, there is a
multiplicative version of this same story: the Hattori—Stong theorem states that MU, — K. MU
has image a direct summand [[Ara73|Bak87].
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(o] (o)
=x+ Z mx™ + Z bpx™! (mod decomposables),
n=1

n=1

hence b,, = —m,, (mod decomposables). Using this, we then compute

x +, y = exp(log(x) + log(y))

=G+ y)+ D ma (e

n=1

n+l
+ an (x+y)+ ij(ijrl +y7*h
n=1 j=1
=x+y

+ Z —b, (x4t 4 Z bp(x +y)"*!' (mod decomposables)
n=1

n=1

=x+y+ Z bn((x + y)n+l _ xn+1 _ yn+l),

n=1

hence

u(@in—i)) = (’:) by—1 (mod decomposables).

It follows that the map Qu on the indecomposable quotient has image in degree 2n

the subgroup T»,, generated by d,,.1b,,, where d,;1 = ged ((”Zl)|0 <k<n+ 1).

Lemma [3.2.3|below provides a canonical splitting of Qu: there are favored
elements b}, € QO pmy, With Qu(b},) = dn+1by. Using the freeness of L, we can
further choose an algebra map v: L — O, extending the formula above by
Qv(by) = b;,. We claim that v is an isomorphism: Qv is surjective because of

the splitting property of Lemma[3.2.3] hence v is surjective; and the formula
Quv(by) = dns1bn
shows that uv is injective, hence v is injective. O
Recall that we have yet to prove the following Lemma:
Lemma 3.2.3  There is a canonical splitting Ton — (QO pey)2n-

In order to prove this Lemma, it will be useful to have a more moduli-theoretic
interpretation of Qu. The graded ring O p,,, splits naturally as Z in degree 0 and
the elements of positive degree, and using this we can extend the map Qu to a
ring homomorphism

Qu: OM(‘gl —Z®QL,
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which factors through 7" and projects to degree 2n to give a ring homomorphism
OMfgl — 7 T1,.

For any abelian group A, a graded ring homomorphism O, — Z & 2 A
selects a formal group law with two clear properties: modulo terms of degree n
it equals the additive group law, and it has no terms of degree greater than n.
The terms appearing in exactly degree n take the following particular form:

Definition 3.2.4 A symmetric 2—cocycle of degree n is a polynomial f(x, y)
satisfying

e Symmetry: f(x,y) = f(y,x).
e Homogeneity: f consists solely of terms of total degree n.
e 2—cocycle conditionm

f(an)_f(t"'x,}’)"'f(fax+)’)—f(f’x)=0~

Dropping the homogeneity condition in favor of a bounded above condition,
we also have the following definition:

Definition 3.2.5 A series satisfying the analogues of the formal group law
axioms modulo terms of degree (n + 1) is called a formal n—bud@

Lemma 3.2.6 If +, and +, are two n—buds which reduce to the same (n — 1)-

bud, the difference (x +, y) = (x +, y) is a symmetric 2—cocycle of degree n.

Conversely, given such an n-bud +, and a symmetric 2—cocycle f, the series
X4,y = (X 4o y) + f(x)

is also an n—bud.

Proof This is made explicit in the following calculation:

X4, (Yt 2) = x4, (v +e 2+ f(1,2)
=x+e YV tp 2+ f(n2) + [y +p 2+ f(1,2)
=X+p (Y +p D)+ f(n2) + f(xy+2) (mod (x,y)"*),
(x+5, ¥) +5 2 =(x +4 ¥y + f(x, ) +,, 2
=(x+py+ e y) +pz+ f(x+p y+ f(x,9),2)
= (X+g ¥) +p 2+ f(xy) + f(x +y,2) (mod (x,y)"*),

18 We will justify the “2—cocycle” terminology in the course of the proof of Lemma

19" A formal n—bud determines a “multiplication” (:&1 x Al ) AL Note that this does not
belong to a group object, since (Al X .&')(") # Al 5 AL0")_ This is the observation that the
ideals (x, y)™*! and (x"*!, y"**1) are distinct.
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resulting in the 2—cocycle condition on f, and symmetry of x +;, y enforces
the symmetry of f. Reading the sequence of equalities backwards shows the
converse. O

Reduction of Lemma[3.2.3|to Lemma[3.2.7] 'We now show that the following
conditions are equivalent:

1. (Lemma[3.2.7) Symmetric 2—cocycles of degree n are spanned by
1
en = o ()t =2 ")
dn

where d,, = ged ((})[0 < k < n).

2. For F is an (n — 1)-bud, the set of n—buds extending F' form a torsor under
addition for R ® c¢;,.

3. Any homomorphism (QO Meg)2n — A of additive groups factors through a
homomorphism (QO p, )2n — Ton-

4, (Lemma There is a canonical splitting T2, — (QO ptyy)2n-

To verify that Claims 1 and 2 are equivalent, note first that Lemma3.2.6]shows
that the set of n—buds in Claim 2 is a torsor for the group of such polynomials
in Claim 1, and hence Claims 1 and 2 are a simultaneous assertion about the
precise form of the structure group for that torsor. The equivalence of Claims 2
and 3 amounts to our moduli-theoretic interpretation of formal group laws on
rings formed by square-zero extensions: a group map

(QOMfgl)Zn - A
is equivalent data to a ring map
o Mg ZBA

with the prescribed behavior on (QO py, )2n and which sends all other inde-
composables to 0. Finally, Claim 4 is the universal case of Claim 3, using the
projection map O pty, — (QO Mgy )2n- Applying Claim 3 to this map yields a
diagram

Z& T2n """"""" > Z & (OMfgl)Zn-
O

We will now verify Claim 1 computationally, thereby completing the proof

of Lemma (and hence Theorem[3.2.2).
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Lemma 3.2.7 (Symmetric 2—cocycle lemma [Laz55, Lemme 3], cf. [Hop,
Theorem 3.1]) Symmetric 2—cocyclesof degree n are spanned by

1
cn=d—-((x+y)"—X”—y"),
n

where d, = ged ((1)]0 < k < n).

Proof We begin with a reduction of the sorts of rings over which we must
consider the possible symmetric 2—cocycles. First, notice that only the additive
group structure of the ring matters: the symmetric 2—cocycle condition does not
involve any ring multiplication. Second, it suffices to show the Lemma over a
finitely generated abelian group, as a particular polynomial has finitely many
terms and hence involves finitely many coefficients. Noticing that the Lemma
is true for A @ B if and only if it’s true for A and for B, we couple these facts
to the structure theorem for finitely generated abelian groups to reduce to the
cases Z and Z/p". From here, we can reduce to the prime fields: if A < B is
a subgroup and the Lemma is true for B, it’s true for A, so we will be able to
deduce the case of Z from the case of Q. Lastly, we can also reduce from Z/p"
to Z/p using an inductive Bockstein-style argument over the extensions

P H/P) - Z/p" - Z/p !

and noticing that (p"~')/(p") = Z/p as abelian groups. Hence, we can now
freely assume that our ground object is a prime field.

We now ground ourselves by fitting symmetric 2—cocycles into a more general
homological framework, hoping that we can use such a machine to power a
computation. For a formal group scheme @, we can form a simplicial scheme
BG in the usual way:

oy
o)
I
X
* X @)X *

* X G X @)X %

By applying the functor FORMALSCHEMES(—, @a)(k), we get a cosimplicial
abelian group stemming from the group scheme structure on @ra, and this gives
a cochain complex of which we can take the cohomology. In the case G= @ra,
the 2—cocycles in this cochain complex are precisely what we’ve been calling
2—cocycles, so we may be interested in computing H?. In particular, although
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the elements of H? are not required to be symmetric, we might find symmetry
to be automatically enforced if H? and B* (and hence C?) are sufficiently small.
Toward that end, we make the early remark that B? is indeed very small: the
generators x* of C! allow us to compute generators for B> as

d' (%) = diey.

Now we turn to the computation of H?. First, using the standard coordinate
on G, we can compute the above cochain complex to be

c =% S ) S

where the indicated objects are ideals of k, k[[x;]l, k[x1, x2]l, and so on. The
differential in this complex is given by the formula

Of)(x15 ..oy Xn11) = f(x1, .0, Xn)
+ Z(—l)jf(xl, R .7 TS T o)
j=1

+ (=1 f(xa ey X)),

and one sees from this definition that it extends to the constants in k[[xy, ..., x,]
and that the constants form an exact complex, hence we can include them
without harming the cohomology of the complex to form

C = kD kxS kv 20 S -}

This complex plays a recognizable role: it computes Cotor . (k, k), according
to Corollary [I.4.5]and Definition[I.4.TT] We now seek to apply theorems from
homological algebra to compute this derived functor in an alternative way. First,
note from Corollary [T.4.13]that there is an isomorphism

Cotor%(k, k) = ExtO@(k, k),

where we have taken Ext in the category of comodules. Then, we can apply

Koszul duality to thread k—linear duality through the formula, effectively trading

comodule calculations for module calculations:
Exto, (k k) = (Toro: (k k))

These last groups, finally, are accessible by other, more efficient means.

Q: There is a free Q[¢]-module resolution
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Q

T

0 Qlr] «—— Qlt] 0,

to which we apply (-) ®q[;) Q to calculate

Q when =0,
H* FORMALSCHEMES(B@Ia, @a)(Q) =1Q when=x=1,

0 otherwise.

This means that every 2—cocycle is a coboundary, symmetric or not.

F,: Now we are computing Ext over a free commutative [F,,—algebra on one
generator with divided powers. Such an algebra splits as a tensor of
truncated polynomial algebras, and again computing a minimal free
resolution results in the calculation

H* FORMALSCHEMES(B@u, @u)(Fp) =

Fplag k=0
%®Fp[ﬁklk20] when p > 2,

Folax | k = 0] when p = 2,

with ax € H! and Bk € H?. Now that we know what to look for, we
can find representatives of each of these classes:

e The class @y can be represented by xP“, as this is a minimally
divisible monomial of degree p* satisfying the 1—cocycle condition

=yt ey =0

e The 2—cohomology is concentrated in degrees of the form p* and
p’ + p*, corresponding to B and @;ag. Since ¢k is a 2-cocycle of
the correct degree and not a 2—coboundary (cf. d' (xpk) =dprcpr,
and p | d,«), we can use it as a representative for B. (Additionally,

. . ki
the asymmetric class aya; is represented by xP yP.)

e Similarly, in the case p = 2 the exceptional class ai_] is represented

by ¢y« (x, y), as this is a 2—cocycle in the correct degree which is not

a 2—coboundary.

Given how few 2—coboundaries and 2—cohomology classes there are,
we conclude that ¢, (x, y) and xP* y”b give a basis for all of the 2—
cocycles. Of these it is easy to select the symmetric ones, which agrees
with our expected conclusion. O



3.2 The structure of Mgg I: The affine cover 119
The most important consequence of Theorem [3.2.2]is smoothness:

Corollary 3.2.8 Given a formal group law F over a ring R and a surjective
ring map f: S — R, there exists a formal group law F over S with

F = f*F.
Proof Identify F with the classifying map Spec R — M;gy. Employ an
isomorphism
¢ Mg — Spec L
afforded by Theorem [3.2.7] so that ¢ o F is selected by a sequence of elements

= ¢*F*(t,) € R. Each of these admit preimages s, through f, and we
determine a map

¢oF: SpecS — SpecL

by the formula ¢ o s F (t]) = sj and freeness of L. Since ¢ is an isomorphism,
this determines a map F = ¢! o ¢ o F factoring F. O

In order to employ Corollary effectively, we will need to know when a
map Spec R — M classifying a formal group can be lifted to a triangle

Miql

SpecR — M.

Once this is achieved, we can apply Corollary [3.2.§|to a surjective map of rings
Spec R — Spec S to build a second diagram

Spec R —— M.

Lemma 3.2.9 ([Lura, Proposition 11. 7]) A map G: Spec R — Mg lifts to
Mg exactly when the Lie algebra TOG of Gis isomorphic to R.

Proof Certamly if G admits a global coordinate, then TOG R. Conversely,
the formal group Gis certainly locally isomorphic to Al by a covering

io: Xo — Spec R

and isomorphisms
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However, a priori, these isomorphisms may not glue, corresponding to the
potential nontriviality of the Cech 1—cocycle

[¢a] € H'(Spec R; M%Ed).
The group scheme Mlg,gd is populated by T—points of the form
Mgg’d(r) ={tox +t1x> + x>+ | t; € T,19 € T},
and it is admits a filtration by the closed subschemes
MEEEN (Y = (1 x iy b iy e T

The associated graded of this filtration is G,, X G, and hence the filtration
spectral sequence shows

H'(Spec R; Mﬁgd = H'(Spec R; G,p),

as H'(Spec R;G,) = 0 for all affine schemes. Finally, given a choic of
trivialization To@ =~ R, this induces compatible trivializations of Toi;@, which
we can use to rescale the isomorphisms ¢, so that their image in H'(Spec R; G,,,)
vanishes, and hence [¢, ] is induced from a class in

H'(Spec R; Mﬁgd’ZI).
This obstruction group vanishes. O

Remark 3.2.10 The subgroup scheme Mlg,]:d’ZI is often referred to in the
literature as the group of strict isomorphisms. There is an associated moduli
of formal groups identified only up to strict isomorphism, which sits in a fiber
sequence

Gm — Mfgl//MI%E¢21 - Mfg-

These appeared earlier in this Lecture as well: in the proof of Theorem 3.2.2]
we constructed over L the universal formal group law equipped with a strict
exponential map. The moduli of formal group laws modulo strict isomorphisms
appears as the context associated to the graded version, rather than even-periodic
version, of the story told so far—i.e., as a sort of non-periodic context Mpy .

20 Incidentally, a choice of trivialization of To@ exactly resolves the indeterminacy of log’(0) baked

in to Theorem@}
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3.3 The structure of Mg, II: Large scales

We now turn to understanding the geometry of the quotient stack Mg itself,
armed with two important tools: Theorem [2.1.24] and Corollary [3.2.8] We begin
with a rephrasing of the former:

Theorem 3.3.1 (cf. Theorem 2.1.24) Let k be any field of characteristic 0.
Then G, describes the unique map

Spec k 5 Mig. O

One of our overarching tasks from the introduction to this Case Study is to
enhance this to a classification of all of the geometric points of Mg, including
those where £ is a field of positive characteristic p:

G: Speck — Mg X Spec Z,,).

We proved this Theorem in the characteristic 0 case by solving a certain differ-
ential equation, which necessitated integrating a power series, and integration is
what we expect to fail in characteristic p. The following definition tracks where
it fails:

Definition 3.3.2 Let +, be a formal group law over a Z,,)—algebra. Let n be
the largest degree such that there exists an invertible formal power series ¢ with

b(x +, y) = {(x) + {(y) (mod (x, y)"),

i.e., ¢ is a logarithm for the (n — 1)-bud determined by +,. The p—height of +,
is defined to be log ,(n).

Example 3.3.3 This definition is somewhat subtle, since ¢ is not required to
integrate a truncation of the invariant differential. Nonetheless, it will be a
consequence of the results below that the height of a formal group law can be
determined by attempting to integrate its unit-speed invariant differential and
noting the first degree where the requisite division is impossible, provided that
that degree is of the form p?. For example, the unit-speed invariant differential
associated to the usual coordinate on the muliplicative group has the form

wx)=1+x+x>+--+xPT 4. )dx.

The radius of convergence of this ordinary differential equation in Z,) is p,
owing to the term

P
/xp_l dx = x? € Zp[x].

We thus see that @m has height log, (p)=1.
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This turns out to be a crucial invariant of a formal group law, admitting many
other interesting presentations. In this Lecture, investigation of this definition
will lead us to a classification of the closed substacks of Mg, another of our
overarching tasks. As a first step, we would like to show that this value is
well-behaved in various senses—for instance, it is always an integer (or o).
First, we note that this definition really depends on the formal group rather than
the formal group law.

Lemma 3.3.4 The height of a formal group law is an isomorphism invariant,
i.e., it descends to give a function

ht: moMgg(T) — N U {oo}
for any local test Zpy—algebra T.

Proof The series ¢ is a partial logarithm for the formal group law ¢, i.e., an
isomorphism between the formal group defined by ¢ and the additive group.
Since isomorphisms compose, this statement follows. O

With this in mind, we look for a more standard form for formal group laws,
where Corollary [3.3.8 will hopefully be obvious. In order to give ourselves more
tools to work with, we assume that the our ground ring is torsion-free—and
although our true goal is to understand formal groups over positive characteristic
fields, we are free to make this assumption by Corollary [3.2.8] In this setting,
the most blindly optimistic standard form is as follows:

Definition 3.3.5 (cf. [Haz12| Proposition 15.2.4]) We say that a formal group
law +, is p—typical when its invariant differential takes the form

w(x) = Zgjxp.f_l dx |
=0

Lemma 3.3.6 ([Haz12, Theorem 15.2.9]) Every formal group law +, over a
Z(p)—algebra is naturally isomorphic to a p—typical formal group law, called

the p—typification of +.

Proof Let G be the formal group associated to +,, denote its inherited
parameter by

80: Al : A,
so that wo(x) = (ggw)(x) = X a,x"! dx is the invariant differential associ-
ated to +,. Our goal is to perturb this coordinate to a new coordinate go, so that
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its associated invariant differential has the form

(o8]

n
Zapnxp “ldx.

n=0
To do this, we introduce four operators on function Al 5 G:
e Given r € R, we can define a homothety by rescaling the coordinate by r:

(67 8ow)(x) = wo(rx) = Z:(anr”)x"’1 dx.

n=1

e For ¢ € Z, we can define a shift operator (or Verschiebung) by

(V;géw)(x) = a)()(x() = Z angxnf—l dx .
n=1
e For ¢ € Z, we define the {—series to be
¢ times

[£1(80(x)) = go(x) +5 - - - +5 go(x).

We can extend this definition slightly: given an £ € Z,), we form the {—series
by writing £ as a fraction £ = s/t and composing the s—series with the inverse
of the r—series. The effect on the invariant differential is given by

([£]" ggw)(x) = Ewo(x) = Z Can,x" " dx.
n=1
e For ¢ € Z, we can define a Frobenius operatm@ by

l
Frgo(x) = )& go(¢fx'""),
j=1

where £, is a primitive £ root of unity. Because this formula is Galois—
invariant in choice of primitive root, it actually expands to a series which lies
over the ground ring (without requiring an extension by ¢ or by z'/¢). Using
the standard identity

¢ .
Zé’é{n: 4 lffll’l,
Jj=1

0 otherwise,

2

Unfortunately, it is standard in the literature to call these operators on “curves”, which does not
fit well with our previous use of the term in Case Study

There are other definitions of the Frobenius operator which are less mysterious but less explicit.
For instance, it also arises from applying the Verschiebung to the character group (or “Cartier
dual”) of G.

22
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we can explicitly compute the behavior of F, on the invariant differential:

00

(F/gpw)(x) = Z anex " dx.
n=1
Stringing these together, for p 1 £ we have

[oe]

(1/€]°V; F} ghw)(x) = Z Apex™ 1 dx .
n=1
Hence, we can iterate over primes ¢ # p, and for two adjacent such primes
¢’ > € we consider the perturbation

g = 8e —5 [1/€]VeFege.

Each of these differences gives a parameter according to Theorem[2.1.10] and the
first possible nonzero term appears in degree £, hence the coefficients stabilize
linearly in ¢. Passing to the limit thus gives a new parameter g., on the same
formal group G, but now with the p—typicality property. O

Lemma 3.3.7 [If x is a p—typical parameter for a formal group @, then any

other parameter y admits a unique expression as

* *
Hijj X.

<
I
Llerle

J

Proof This a quick induction: set y = yo and x = y,, which satisfy
Yoo —y1 =0 (mod x'*1).

We inductively define y, by examining

Yoo = Yn-1= bnxn (I’IlOd xn+1)

and setting
Yn = Yn-1+5 H;;" Vix. O

Corollary 3.3.8 (cf. [Lural Proposition 13.6]) Let x be a p—typical parameter
for a formal group G, and let p? = 1 be the minimal index so that the invariant
differential is not integrable in that degree. Then G has height d. (In particular,
the radius of convergence of the logarithmic differential equation is either oo or
p? for some nonnegative natural d.)

Proof Take x to be a p—typical parameter as in the statement. Although a
priori the partial logarithm ¢ described in Definition may not be the partial
integral of the invariant differential associated to x, it is the partial logarithm
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associated to some parameter y, and we use the preceding Lemma to re-express
yas

y = E 92;" Vox.
n=0

Consider the invariant differential associated to y, expressed in terms of x and
dx, using the rules described in the proof of Lemma

(o) (o)
n_q _ . ~pn_1 in_1
apnxP" " dx = ZZ]apnb; xP 7 dx .
j=0 n=0

(e8] [e9)
_ * *
CRDIA/DY
j=0 n=0

The terms in the critical degree (p? — 1) take the form

Zd:pd_"apn bf’jfnlxpd_l dx.

n=0
The term a,» is assumed to have p—adic valuation at least n for n < d, and
hence pd‘”apn has p—adic valuation at least d for n < d. Since in the case n = d
the coeflicient a pd has assumed to have p—adic valuation strictly less than d,
this sum must also have p—adic valuation strictly less than d. In particular, this
shows that the radius of convergence of the partial logarithm is at most p¢ — 1,
and the existence of x itself shows that it is at least p¢ — 1. O

In the course of the above discussion, manipulations with the {—series have
played a critical role, and we have shied away from the p—series because of
the noninvertibility of p in Z,). As a consequence, this means that the p—
series contains an unusual amount of information even after p—typification of a
coordiante, and so we turn to its analysis.

Lemma 3.3.9 (|Ara73| Section 4]) A formal group law +, is p—typical if and
only if there are elements vq with

2 d
[Plo(x) = px +4 VixP +4 vaxP 44 o+ vaxP 4y

Proof sketch  Suppose first that +,, is p—typical with invariant differential
w(x) = Z anx?"ldx.
n=0

We can then compare the two series
(QZw)(x) =pdx+---,
([p]*w)(x) = pa)(x) =pdx+---.
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The difference is concentrated in degrees of the form p¢ — 1, beginning in degree
p — 1, so we can find an element v; such that

[Pl"w(x) = (O, w(x) + 6,, V,w(x))

is also concentrated in degrees of the form p¢ but now starts in degree p°.
Iterating this gives the equation

[Pl'w =6,0 + 6, V0w + 9:2V;2a) +ee
at which point we can use the invariance property of w to deduce
2 n
[Plo(x) = px 44 vixP +, v2xP 44 o vpxP 44 -

In the other direction, the invariant differential coefficients can be recursively
recovered from the coefficients v, for a formal group law with p—typical p—series,
using a similar manipulation. In fact, we can push this slightly further:

(o] (o]

d_ J d+j_
Zpapdxp Vdx Zpd p,vp Vdx
d=0 Jj=

Pk n_
a k) xP "V dx,

M8 ¥}

p*

0 \k=0

3
1l

implicitly taking m; = 1 and v = O

Lemma 3.3.9|shows that, at least in the case that the ground ring is an integral
domain, the p—series of a p—typical formal group law contains exactly as much
information as the logarithm itself (and hence fully determines the formal group
law). We make this observation precise in the following important theorem:

Theorem 3.3.10 (cf. [Milal Proposition 5.1], [Rav86, Theorem A2.2.3], and
the proof of [Hopl Proposition 19.10]) The Kudo—Araki map determined by
Lemma

Z(p)[vl, Voo s Vs o] 5 OM‘I;IWP

is an isomorphism.

Proof Begin with a universal group law over the ring O Myg- This group law
p-typifies by Lemma [3.3.6]to a second group law which is selected by a map
€: Opmyy — Opmyy- The following diagram incorporates the image factorization
of g, its rationalization, and the map v:
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OMI’gl OMfgl ®Q

Yoy
X

MP typ @ Q

OMfgl ® Q

Zn[vis .. vy ... ] = O,

v d MEow
We immediately deduce that all the horizontal arrows are injections: in Theo-
rem we calculated O p,, to be torsion-free; O ME is a subring of O v,

hence it is also torsion-free; and Lemma (3.3.9|shows that (i o v)(vy,) agrees with
pmyn in the module of indecomposables Q(O p,, ® Q).

To complete the proof, we need to show that v is surjective, which will
follow from calculating the indecomposables in O M and checking that Qv
is surjective. Since s is surjective, the map Qs on indecomposables is surjective
as Well and its effect can be calculated rationally. Since (Q¢)(m,) = O for
n # p?, we have that Q(O v -yp) is generated by s(b,,«_;) under an isomorphism
as in Theorem [3.2.2] It follows that Qi injects, hence Qv must surject by the
calculation of Q(i o v)(v,,) above. m}

Corollary 3.3.11  If [pl,(x) = [ply(x) for two p—typical formal group laws
+, and +y, then +, and +,, are themselves equal. [

Corollary 3.3.12  For any sequence of coefficients v; € R in a Z,)—algebra
R, there is a unique p—typical formal group law +, with

2 d
[Plo(x) = px +4 ViXP +4 vaxP 44 oo+ vaxP 4 e O

Corollary 3.3.13 In the case that the ground ring R is a field of positive
characteristic, the height of a formal group can be taken to be the size of its
p—torsion:

ht(G) = log,, dimg O@[m = log,, dimg (Og/[pl(x)).
This is the first nonzero coefficient in the expansion of its p—series. O

Finally, we exploit these results to make deductions about the geometry of
Mg X Spec Z(p,). There is an inclusion of groupoid—valued sheaves from p—
typical formal group laws with p—typical isomorphisms to all formal group laws
with all isomorphisms. Lemma [3.3.6]can be viewed as presenting this inclusion
as a deformation retraction, witnessing a natural equivalence of groupoids. It
follows from Remark [3.1.17] that they both present the same stack. The central
utility of this equivalence is that the Kudo—Araki moduli of p—typical formal



128 Finite Spectra

group laws is a considerably smaller algebra than O 4, resulting in a less noisy
picture of the Hopf algebroid.

Our final goal in this Lecture is to exploit this refined presentation in the
study of invariant functions.

Definition 3.3.14 ([Goe08, Lemma 2.28]) Let (A, I') be a Hopf algebroid and
let (Xo, X1) be the associated groupoid scheme. A function f: Xq — Al is
said to be invariant when it is stable under isomorphism, i.e., when there is a
diagram

X

1N
N t

Xy — Al

(In terms of Hopf algebroids, the corresponding element a € A satisfies
nr(a) = nr(a).) Correspondingly, a closed subscheme A C X, determined by
the simultaneous vanishing of functions f, is said to be invariant when the
vanishing condition is invariant—i.e., a point lies in the simultaneous vanishing
locus if and only if its entire orbit under X; also lies in the simultaneous
vanishing locus. (In terms of Hopf algebroids, the corresponding ideal I C A
satisfies ny (I) = nr(I).) Finally, a closed substack is a substack determined by
an invariant ideal of Xj.

We now have the language to describe all of the closed substacks of Mgy X
Spec Z,)—or, equivalently, to discern all of the invariant ideals of O ,p-u».
fgl

Corollary 3.3.15 ([Wil82, Theorem 4.6 and Lemmas 4.7-8]) The ideal
1; = (p,vi,...,vq-1) is invariant under the action of strict formal group
law isomorphisms for all d. It determines the closed substack Mfzd of formal
group laws of p—height at least d.

Proof Recall from Theorem [3.3.10|the Kudo—Araki isomorphism

Mfgilyp — Spec Z(p)[vi, V2, .+ s Vas . . .] =: Spec'V,

and let +1, denote the associated universal p—typical formal group law with
p—series

[PlL(x) = px +2 vixP 41 vax? 41+ vaxP 4o

Over Spec V[11, 15, . . .], we can form a second group law +g by conjugating +1,
by the universal p—typical coordinate transformation g(x) = E;io tjxpj. The
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corresponding p—series
[Plr(x) = DR nr(va)x”
d=0
determines the ng map of the Hopf algebroid (V, V|11, t, . . .]) presenting the
moduli of p—typical formal group laws and p—typical isomorphisms. We cannot
hope to compute ng(v4) explicitly, but modulo p we can apply Freshman’s
Dream to the expansion of

[Pl(g(x)) = g([plr(x))

to discern some information:

E tinr(v;)P = E vitf (mod p).
i>0 i>0
Jj>0 Jj=0

This is still inexplicit, since +, is a very complicated operation, but we can see
nrR(va) = vq (mod 1;). It follows that 1, is invariant for each d. Additionally,
the closed substack this determines are those formal groups admitting local
p-typical coordinates for which v<; = 0, guaranteeing that the height of the
associated formal group is at least d. O

What is much harder to prove is the following:

Theorem 3.3.16 (Landweber’s classification of invariant prime ideals, [Lan75}
Corollary 2.4 and Proposition 2.5], cf. [Wil82, Theorem 4.9]) The unique
closed reduced substack of Mg X Spec Zp,) of codimension d is selected by the
invariant prime ideal 1; € O M

Proof sketch ' We want to show that if / is an invariant prime ideal, then I = Iz
for some d. To begin, note that vy = p is the only invariant function on Mfg 'ltyp,
hence I must either be trivial or contain p. Then, inductively assume that 7; C I.
If this is not an equality, we want to show that /4., C [ is forced. Take y € 1\ 14;

if we could show
nr(y) = avfltK + higher order terms

for nonzero a € Z,), we could proceed by primality to show that v4 € I and
hence 441 C I. This is possible (and, indeed, this is how the full proof goes),
but it requires serious bookkeeping. |

Remark 3.3.17 The complementary open substack of dimension d is harder to
describe. From first principles, we can say only that it is the locus where the
coordinate functions p, vy, ..., v4 do not all simultaneously vanish. It turns out
that:
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1. On a cover, at least one of these coordinates can be taken to be invertible.
2. Once one of them is invertible, a coordinate change on the formal group law
can be used to make v4 (and perhaps others in the list) invertible. Hence, we
can use v;l() yp-oe as a coordinate chart.
fgl

3. Over a further base extension and a further coordinate change, the higher
coefficients v44x can be taken to be zero. Hence, we can also use the quotient
ring v;lz(,,)[vl, ..., vq] as a coordinate chart.

Remark 3.3.18 (cf. [Str06, Section 12] and [Lural Remark 13.9]) Specialize
now to the case of a field k of characteristic p. Since the additive group law
has vanishing p—series and is p—typical, a consequence of Corollary @is
that every p—typical group law with vanishing p—series is exactly equal to G,,
and in fact any formal group law with vanishing p—series p—typifies exactly to
@a. This connects several ideas we have seen so far: the presentation of formal
group laws with logarithms in Theorem[I.5.6] the presentation of the context
Mprop in Example and the Hurewicz image of MU, in HF,,MU in

Corollary [2.6.9]

Remark 3.3.19 It’s worth pointing out how strange all of this is. In Euclidean
geometry, open subspaces are always top-dimensional, and closed subspaces
can drop dimension. Here, proper open substacks of every dimension appear,
and every nonempty closed substack is co—dimensional (albeit of positive
codimension).

Remark 3.3.20 The results of this section have several alternative forms in the
literature. For instance, [p],(x) can also be expressed as

2 d
[Plo(x) = px +vix? +voxP + - +vgxl +---,

where the sum is nor taken with respect to the group law, and this also
determines a presentation of O PR These other elements v, called Hazewinkel
fgl

2
coordinates, differ substantially from the Kudo—Araki coordinates favored here,
although they are equally “canonical”. Different coordinate patches are useful
for accomplishing different tasks, and the reader would be wise to remain

flexible 224

Remark 3.3.21 ([Laz75! Section IV.9], [Haz12| Section 17.5]) The operation
of p—typification often gives “unusual” results. For instance, we will examine
the standard multiplicative formal group law of Example [2.1.25] its rational

23 In particular, it is a largely open question whether there is a (partial) coordinate patch that
is compatible with the results of Appendix [A2] though there are partial results along these
lines [UN10, [Law 17, ILN12}|Str99al.

24 An unusual set of canonical generators is discussed in [Laz75l Section V.10].
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logarithm, and its rational exponential:
X+gu Yy =X+y - Xy, log@ﬁ?(x) = —log(1 — x), exp@;%(x) =1 —exp(—x).

By Lemma 3.3.6] we see that the p—typification of this rational logarithm takes
the form

We can couple this to the standard exponential of the rational multiplicative
group

logP™ 9P exp™d
T e - s = e
1 EX g p X 1
A G Ga G A

to produce the p—typifying coordinate change from Lemma3.3.6}

o J

P
1 - exp —Zx—] = 1- Ep(—x).
= P

This series E,(x) is known as the Artin-Hasse exponential, and it has the
miraculous property that it is a series lying in Z(,,)[x]] € Q[[x]], as it is a change
of coordinate series on G, over Spec Zp).

3.4 The structure of Mgg III: Small scales

In the previous two Lectures, we analyzed the structure of Mgy as a whole: first
we studied the cover

Mfgl - Mfg’
and then we turned to the stratification described by the height function
ht: moMig(T a Z(,)—algebra) — N U {co}.

In this Lecture, we will concern ourselves with the small scale behaviors of Mg,:
its geometric points and their local neighborhoods To begin, we have all the
tools in place to perform an outright classification of the geometric points.

25 For an alternative perspective on much of this material, see [StrO6, Section 18], where the
presentation connects rather tightly with our Lecture@
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Theorem 3.4.1 ([Laz55| Théoréme IV]) Let k be an algebraically closed field
of positive characteristic p. The height map

ht: ﬂngg(IE) — N5 U {0}
is a bijection.

Proof Surjectivity follows from Corollary [3.3.12| Namely, the d”* Honda
Jormal group law is the p—typical formal group law over k determined by
d
[Plpa(x) = P,

and it gives a preimage for d. To show injectivity, we must show that every
p—typical formal group law ¢ over k is isomorphic to the appropriate Honda
group law. Suppose that the p—series for ¢ begins

d d+k
[Plo(x) = xP +, axP T

Then, we will construct a coordinate transformation g(x) = Ej’;o b jxpj satisfy-
ing

d d+k 1
g(xP7) = [ple(g(x)) (mod x”" )
d d+k
(e8] (e8] p (o] p '
d+j j j d+k
E bjxP Y= E bixP' | +,a E bjxP’ (mod xP* 1
=0 =0 =0
(o] (o] d
d+j 1+j d+k 1+k
Db = 3 b A | (mod T,
j=0 Jj=0

For g to be a coordinate transformation, we must have by = 1, and because k is
algebraically closed we can induct on j to solve for the other coefficients in the
series. The coordinate for ¢ can thus be perturbed so that the term x” “* does
not appear in the p—series, and inducting on d gives the result. O

Remark 3.4.2 ([Str06, Remark 11.2]) We can now see see that 7o Mgy, some-
times called the coarse moduli of formal groups, is not representable by a
scheme. From Theorem [3.4.1 we see that there are infinitely many points in
7o Mig(Fp). From Corollary we see that these lift along the surjection
Z — F, to give infinitely many distinct points in o M;g(Z). On the other hand,
by Theorem [3.3.T|there is a single Q—point of the coarse moduli, whereas the
Z—points of a representable functor would inject into its Q—points.

We now turn to understanding the infinitesimal neighborhoods of these
geometric points. In general, for x: Spec k — X a closed k—point of a scheme,
we defined in Definition[2.1.6]and Definition[2.1.7)an infinitesimal neighborhood
object X with a lifting property
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Spec k —— X/

SpfR — X

for any infinitesimal thickening Spf R of Spec k. Thinking of X as representing a
moduli problem, a typical choice for Spf R is Al anda map 2&}( — X extending
x is a series solution to the moduli problem which constant term x. In turn, X}
is the smallest object through which all such maps factor, and so we think of it
as classifying Taylor expansions of solutions with constant term x.

For a formal group I':  Spec k — Mg, the definition is formally similar,
but actually writing it out is made complicated by Remark In partic-
ular, p: Spec k — X may not lift directly through Spf R — X, but instead
Spec R/m — X may present p on acoveri: Spec R/m — Spec k.

Definition 3.4.3 ([Reza, Section 2.4], cf. [Str97, Section 6]) Define (Mgg)p,
the Lubin—Tate stack, to be the groupoid-valued functor from the category of
infinitesimal thickenings of kFE]which on such a thickening R has objects

r Mfg
a —_
T <=>> G
i

Spec k «——— Spec R/m

l Spf R,

where i is an inclusion of k into the residue field R/m and a: i'T' — G is
an isomorphism of formal groups. The morphisms in the groupoid are maps
f: G — G’ of formal groups over Spf R covering the identity on i*T, called
*x—isomorphisms.

Remark 3.4.4 (cf. [Rezb, Section4.1]) Because the ground field £ is a local ring,
the formal group I':  Spec k — My, at the special fiber always has trivializable
Lie algebra, hence Lemma [3.2.9]shows that it always admits a presentation by a
formal group law. In fact, any deformation G: Spf R — Mg of I also has a
trivializable Lie algebra, since projective modules (such as TO@) over local rings
like R are automatically free (i.e., trivializable). It follows that the groupoid
(Mig)P(R) admits a presentation in terms of formal group laws. Starting with
the pullback square of groupoids

26 We are being somewhat cavalier by using the word “stack™ to refer to a groupoid-valued
functor that we have nor defined on all rings, as opposed to the usage in Definition[3.1.13]and
Remark [B.T.17] The reader is advised to privilege the word “stack” with the same flexibility as
the word “sheaf”, which many authors freely take to have quite exotic source categories and
which satisfy unusual and varied descent properties.
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(Meg)p(R) - Mig(R)
| |
] o — [ M) — Mig(R/m)

i: Spec R/m—Speck i: Spec R/m—Speck

and selecting formal group laws everywhere, the objects of the groupoid
(Mig)P(R) are given by diagrams

(Al’ +r) < (A;?/m’ +ir) A}Q/m’ +7r*@) - (AI ’ +@)

N

Spec k Spec R/m z Spf R,

where we have required an equality of formal group laws over the common
pullback. A morphism in this groupoid is a formal group law isomorphism f
over Spf R which reduces to the identity over Spec R/m.

The main result about (Mgg)f* is due to Lubin and Tate:

Theorem 3.4.5 (Lubin—Tate theorem, [LT66, Theorem 3.1]) Suppose that
htT" < oo for T" a formal group over k a perfect field of positive characteristic p.
The functor (Mfg)? is valued in essentially discrete groupoids, and it is naturally
equivalent to a smooth formal scheme over W ,(k) of dimension (ht(I') — 1).

Remark 3.4.6 ([Zin84, Theorem 4.35]) The presence of the p—local Witt
ring W, (k) is explained by its universal property: for k as above and R an
infinitesimal thickening of k, W, (k) has the lifting propertyF_TI

W (k) - I >R

| l

k—t R/m

For the finite perfect fields k = F,a = Fj,({,a_;), the Witt ring can be computed
to be Wp(de) = Zp(é'pd_l).

Remark 3.4.7 1In light of Remark [3.4.4] we can also state Theorem [3.4.3]in
terms of formal group laws and their x—isomorphisms. For a group law +r over
a perfect field k of positive characteristic, it claims that there exists a ring X,
noncanonically isomorphic to W, (k)[u1, . . ., uq-1], as well as a certain group
law +¢ on this ring. The group law +¢ has the following property: if + is a

27 Rings with such lifting properties are generally called Cohen rings. In the case that k is a perfect
field of positive characteristic p, the Witt ring W, (k) happens to model a Cohen ring for k.
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formal group law on an infinitesimal thickening Spf R of Spec k which reduces
along m: Spec R/m — Spf R to +r, then there is a unique ring map f: X — R
such that f*(+f) is *~isomorphic to 7*(+5), and this *—isomorphism is unique.

We will spend the rest of this Lecture working towards a proof of Theo-
rem[3.4.5] We first consider a very particular sort of infinitesimal thickening:
the square-zero extension R = k[g]/&? with pointing & = 0. We are interested
in two kinds of data over R: formal group laws +, over R reducing to +r at the
pointing, and formal group law automorphisms ¢ of +r which reduce to the
identity automorphism at the pointing.

Lemma 3.4.8 Define

_ 0k +4ry) I = d(x+ry)

r
! ox ay

Such automorphisms ¢ are determined by series  satisfying
0=T1(x, y)y(x) —¢(x +r y) +¥(MIa(x, y).
Such formal group laws + are determined by bivariate series 6(x, y) satisfying
0 =Ti(x +r y,2)0(x, y) = 6(x, y +r 2) + 6(x +1 ¥, 2) = 6(y, 2)2(x, y +1 2).
Proof Such an automorphism ¢ admits a series expansion
@(x) = x +&-(x).

Then, we take the homomorphism property

@(x +r y) = @(x) +r ¢(y)
(x+ry)+e-y(x+ry)=x+e-y(x)+r y+&-¢(y))

and apply % o to get

.-
Y(x+ry) =Ti(xy) - (x) + Ta(x, ) - Y (y).

Similarly, such a formal group law +, admits a series expansion

x+py=(x+ry)+e-6(x,y).

Beginning with the associativity property

(x+ay)+az=x+a(y +a2)
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we compute a% o applied to both sides:

-

e ((x+ay)+a2)

&=0

=3 ((((x+r y)+&-6(x, ) +r 2) + & - 6(x +r ¥,2))
€le=0

=T1(x+r y,2) - 6(x,y) + 6(x +r y, 2),

and similarly

(x +a (y +a 2))
=0

=3 (x+r (y+r2) +&-6(y,2)) +&-6(x,y +r 2))
€le=0

=Ta(x,y +r 2) - 6(y, 2) + 6(x, y +r 2).

Equating these gives the condition in the Lemma statement. O

The key observation is that these two conditions appear as cocycle conditions
for the first two levels of a natural cochain complex.

Definition 3.4.9 ([Laz97, Section 3]) The deformation comple 6*(+1-; k)
is defined by

k — kl[x1] = kllx1, x2] = kl[x1, x2, x3] — - -~

with differential

n

df)(x1, ..., xpq1) =T (E Xi Xn+1) fx . xn)

izl
n

+ Z(—l)l (X1, X T Xie - Xpal)
izl

n+1

+ (=" T, (xl,Exi) Cf(x2, . X)),

i=2
where we have again written

O(x +r )’)_

Io(x,y) =
2(x, ) 3y
The complex even knits the information together intelligently:

28 Pieces are of this complex are visible in work of Drinfel’d [Dri74}, Section 4.A] and of Lubin—
Tate [LT66], but neither actually assemble the whole complex.
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Corollary 3.4.10 ([Laz97, p. 1320]) Two extensions + and +p of +r to
k[e]/€* are isomorphic if their corresponding 2—cocycles in Z*(+r; k) differ
by an element in 1’3\2(+1~; k). O

Remarkably, we have already encountered this complex before:

Lemma 3.4.11 ([Laz97, p. 1320]) Write G for the formal group associated to
the group law +r. The cochain complex C*(+r; k) is quasi-isomorphic to the
cohomology cochain complex considered in the proof of Lemma(3.2.7}

C*(+r3 k) — FormaLScuemes(BG, Ga)(k)

n

-1
feI (O,Ex,—) Cf(xn, e x). O
i=1

Two Lectures ago while proving Lemma we computed the cohomology
of this complex in the specific case of G = G,. This is the one case where Lubin
and Tate’s theorem does not apply, since it requires ht G < 0. Nonetheless, by
filtering the multiplication on G by degree, we can use this specific calculation
to get up to the one we now seek.

Lemma 3.4.12 Let G be aformal group of finite height d over a field k. Then
H' (G Ga) =0 and HZ(G Ga) is a free k—vector space of dimension d.

Proof (after Hopkins) We select a p—typical coordinate on G of the form
X+py=x+y+unit-c,a(x,y)+---,

where Cpd Ex, y)is as in one of Lazard’s symmetric 2—cocycles, as in Lemma
Filtering G by degree, the multiplication projects to x +, y = x + y in the
associated graded, and the resulting filtration spectral sequence has signature

[H'(Gu; Ga)l = H'(G; Gy),

where the second grading comes from the degree of the homogeneous polynomial
representatives of classes in H *(Ga, Ga)

Because Lemma 7| gives different calculations of H *(@a; @a) forp=2
and p > 2, we specialize to p > 2 for the remainder of the proof and leave the
similar p = 2 case to the reader. For p > 2, Lemma([3.2.7] gives
A2 0 6 kg 1200

J ®

[H'(Gua; o)l =

where «; is represented by xP’ and Bj is represented by ¢, (x, y). To compute
the differentials in this spectral sequence, one computes by hand the formula for
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the differential in the bar complex, working up to lowest nonzero degree. For
instance, to compute d(a;) we examine the series

(x +o y)”j - (xpj + ypj) = (unit) - cpari (X, y) + -+,

where we used c”f, = Cpjrd, giving d(@;) = Bj+a- So, we see that nothing in the
1—column of the spectral sequence is a permanent cocycle and that there are d
classes at the bottom of the 2—column of the spectral sequence which are not
coboundaries. To conclude the Lemma statement, we need only to check that
they are indeed permanent cocycles. To do this, we note that they are realized as
deformations, by noting

N i 41
X tuniv Y = X+ Y+ Vicpi(x,y)  (mod vy, v, (6 )7 )

where + iy is the Kudo—Araki universal p—typical law (cf. [LT66l Proposition
1.1)). ]

Proof of Theorem using Remark[3.4.7] We will prove this inductively on
the order of the infinitesimal neighborhood of Spec k = Spec R/m in Spf RFE]

Spec R/m , Spec R/m” R Spf R.

Suppose that we have demonstrated the Theorem for +5 L= iy_,(+g), so that

thereisamap a,—1: Wy(k)[u1,...,uq-1] — R/m”~! and a strict isomorphism
g-1:+g = a@;_ +p of formal group laws. The exact sequence

0> m'/m" > R/m" > R/m" 1 50

exhibits R/m” as a square—zero extension of R/m"~! by M = m"~!/m”. Then,
let B be any lift of @, and & be any lift of g, to R/I", and let A and B be the
induced group laws

X+ay =BG, x+gy=h (h_l(x) +3, h_l(y)) .
Since these both deform the group law +5 . we know by Corollary @] and
Lemma 3.4.12|there exist m; € M and f(x) € M[[x] satisfying
d-1

(x+5Y) = (¥ +4 ) = ()X, )+ D mjcyi(x,y),
j=1

where c¢,,j(x, y) is the 2—cocycle associated to the cohomology 2—class ;. The
following definitions complete the induction:

gr(x) = h(x) - f(x), a,(uj) = Bu;) + m;. o

29 The reader may also be interested in a proof presented in more stacky language [Cural Reduction
to Theorem 21.5].
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Remark 3.4.13  Our calculation H' (@¢; @a) = 0 shows that the automorphisms
a: I' > T of the special fiber induce automorphisms of the entire Lubin—Tate
stack by universality. Namely, for ' — I the universal deformation, the
precomposite

rsr-r
presents I as a deformation of T in a different way, hence induces a map

a: T — ﬁ
which by Theorem [3.4.5]is in turn induced by a map

a: (Mfg)? - (Mfg)9

The action is highly nontrivial in all but the most degenerate cases, and its study
is of serious interest to homotopy theorists (cf. Lecture [3.6) and to arithmetic
geometers (cf. Remark #.4.21).

Remark 3.4.14 We also see that our analysis of infinitesimal behavior fails
wildly for the case I' = Gy. The differential calculation in Lemma is
meant to give us an upper bound on the dimensions of H'(T’; @a) and H*(T"; G,),
but this family of differentials is zero in the additive case. Accordingly, both
of these vector spaces are infinite dimensional, completely prohibiting us from
making any further assessment.

Having accomplished all our major goals, we close our algebraic analysis of
Mgy with Figure a diagram summarizing our results.

3.5 Nilpotence and periodicity in finite spectra

With our analysis of Mg, complete, our first goal in this Lecture is to finish the
program sketched in the introduction to this Case Study by manufacturing those
interesting homology theories connected to the functor Mpsy(—). We begin by
rephrasing our main tool, Theorem [3.0.1] in terms of algebraic conditions.

Theorem 3.5.1 (Landweber Exact Functor Theorem, [Lan76, Corollary 2.7]
and [Hop}, Theorem 21.4 and Proposition 21.5]) Let ¥ a quasicoherent sheaf
over Mgy X Spec Zp,), thought of as a comodule M for the Kudo-Araki Hopf

algebroid (cf. Theorem[3.3.10)
(AT) = (OMgll-ryp, OMgilyp [t1, 12, .. .]).
If (p,vi,...,Va,...) forms an infinite regular sequence on M, then

X M0, 0, MUy(X)
g
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determines a homology theory on finite spectra X. Moreover, if M [1; = 0 for
some d > 0, then the same formula determines a homology theory on all spectra
X.

Proof Following the discussion in the introduction, we note that a cofiber
sequence

X X -X"
of spectra gives rise to an exact sequence

- Myu(X') —— Myu(X) — Myu(X") —— -+

S A

We thus see that we are essentially tasked with showing that ¥ is flat, so that
tensoring with ¥ does not disturb the exactness of this sequence. In that case, we
can then apply Brown representability to the composite functor ¥ @ My (X).

Flatness of ¥ is equivalent to Tor;(¥, N) = O for an arbitrary auxiliary
quasicoherent sheaf N (soon to be thought of as Mp,y(X)). By our regularity
hypothesis, there is an exact sequence of sheaves

05F L F o F/p) o,
so applying Tor,(—, N) gives an exact sequence
Tory(F /(p), N)— Tor1(F, N) 2, Tor (F, N)
of Tor groups. The sequence gives the following sufficiency condition:
[Tor;(p~'FN) =0, Tora(F/(p),N)=0] =  Tor(F,N)=0.

Similarly, the vi—multiplication sequence gives another sufficiency condition:

[Tors(vi'F/(p), N) =0, Tors(F /I, N) =0] = Tors(F/(p), N) = 0.
Continuing in this fashion, for some D > 0 we would like to show

Torg1(v;' F /I, N) =0, (for each d < D)
Torp1(F/Ip+1, N) = 0.

The second condition is satisfied one of two ways, corresponding to our two
auxiliary hypotheses and two conclusions in the Theorem statement:

o If F itself satisfies F/Ip+1 = 0, we are done.
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o Writing jp41: MéD o, Mg for the inclusion of the prime closed substack,
we can identify N'/Ip with Jp+1+jp N If N is coherent (for instance, in
the case that N' = Mysy/(X) for a finite complex X), then j, | N is free for
large D and hence has vanishing Tor groups.

We then turn to the first collection of conditions. They are always satisfied, but
this requires an argument. We write i;: Mf:gd — Mg for the inclusion of the
substack of formal groups of height exactly d, which (following Remark [3.3.17)
has a presentation by the Hopf algebroid

v;'All, T @ v, Al L).
We are trying to study the derived functors of
N = (g F) N = ig. (i F @ iyN).

Since i4. is exact, we are moved to study the composite functor spectral sequence
for

P

ir*l d ®-
QCon yy,, — QCon Mgt — QCon M-
The second functor is actually exact: the geometric map
Ty: Speck — Mf:gd

is a faithfully flat cover, and k—modules have no nontrivial Tor. Meanwhile,
the first functor has at most d derived functors: i, is modeled by tensoring
with v;lA /14, but A/I; admits a Koszul resolution with d stages and A/I; —
v;lA /14 is exact. As Torg, is beyond the length of this resolution, it is always

Z€10. m}

Remark3.5.2 This construction always gives an M U P-module spectrum in the
homotopy category. If ¥ comes from the pushforward of the ring of functions
along a flat map Spec R — My, then the resulting spectrum is a ring spectrum,
and flat sheaves on it become module spectra over this ring spectrum.

Remark 3.5.3 ([Hop, Equation 20.1]) If f: SpecR — My, then in the
pullback

P ;, Mfgl

l J l
f
Spec R —— My,

the sheaf f"* Mp;y(X) gives amodel for (MU A R)o(X) without first defining Ry.
We can use this to define Ry(X) by suitably equalizing the maps s,7: (Mg X
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Mﬁgd) — Mg, but forming this equalizer may not be exact. By selecting a

lift f: Spec R — Mgy, this equalizer becomes forked (i.e., we gain an extra
degeneracy in the simplicial object), and the equalizer is thus guaranteed to be
exact.

Definition 3.5.4 Coupling Theorem to our understanding of Mg, we pro-
duce many interesting homology theories, collectively referred to as chmmatiﬂ
homology theories:

e Recall that the moduli of p—typical group laws is affine, presented in Theo-
rem(3.3.10|by

()Mfityp = Z(p)[vl, V2o s Vs o v
g

Since the inclusion of p—typical group laws into all group laws induces an
equivalence of stacks, it is in particular flat, and hence this formula determines
a homology theory on finite spectra, called Brown—Peterson homology:

BPPy(X) := MUPy(X) ®umup, BPPy.

e A chart for the open substack Mfzd in terms of Mfg}typ was given in Re-

mark 3.3.17|by Spec Z,)[v1, v2, . .., v}]. Since open maps are in particular
flat, it follows that there is a homology theory E(d)P, called the d™ Johnson—

Wilson homology, defined on all spectra by
E(d)Po(X) := MUPy(X) ®mup, Zp)lvisva, ..., v5].

o Similarly, for a formal group I' of height d < oo, we produced in Theo-
rem a chart SpfZp[[uy, ..., uq-1] for its deformation neighborhood.
Since inclusions of deformation neighborhoods of substacks of Noetherian
stacks are flat [Mat89]], there is a corresponding homology theory Er, called
the (discontinuous) Morava E—theory for I', determined by

Ero(X) := MUPW(X) ®mup, Zpllu, - . ., ug—1 1[u].

In the case that I = Iy is the Honda formal group of height d, the notation is
often abbreviated from Er, to merely Ey.

e Since (p,uy,...,uq-1) forms a regular sequence on Er., we can form the
regular quotient at the level of spectra, using cofiber sequences

Er 5 Er — Er/(p).

3C

The elements of Figure and Figure are related to each other by “vz—multiplication”
(cf. Remark, and families of such elements can be selected for by inverting v, i.e., by
passing to the open substack Mfggd. The word “chromatic” here thus refers to an analogy: this
localization selects certain periodic families of elements, like a bandpass filter selects certain
frequencies out of a complicated radio signal.
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Er/(p) = Er/(p) — Er/(p,u1),

Er/la-1 —5 Er/lg-y — Er/la.

This determines a spectrum K = Er/I;, and hence determines a homology
theory called the Morava K—theory for I'. In the case where I' comes from the
Honda p-typical formal group law (of height d), this spectrum is often written
as K(d). As an edge case, we also set K(0) = HQ and K(c0) = H]Fp

e More delicately, there is a version of Morava E—theory which takes into
account the formal topology on (Mygg)7:, called continuous Morava E—theory.
It is defined by the pro-system { Er(X)/u’}, where I ranges over multi-indices
and the quotient is again given by cofiber sequences.

e There is also a homology theory associated to the closed substack Mfzd.
Since I; = (p, v1, ..., Vvq-1) is generated by a regular sequence on BP P, we
can directly define the spectrum P(d)P by a regular quotient:

P(d)P = BP/(p,vi,...,Vq-1).

This spectrum does have the property P(d)Py = BPPy/1; on coeflicient
rings, but P(d)Py(X) = BPPy(X)/1; only when I; forms a regular sequence
on BPPy(X)—which is reasonably rare among the cases of interest.

Remark 3.5.5 The trailing “P” in these names is to disambiguate them from
similar less-periodic objects in the literature. Namely, BP is often taken to be
a minimal wedge summand of MUy, whereas E(d), Er, and K(d) can all be
taken to be 2(p? — 1)—periodic (for heights 0 < d < oo). The one exception
to this minimality convention is Er, which is usually taken to be 2—periodic
already, so we do not attach a “P” to its name.

Example 3.5.6 (cf. Example[2.1.20) Inthe case I’ = Gin, the resulting spectra
are connected to complex K-theory:

~ A -
E= :KUP, K

G G = KU/p, E(1)P = KUp).

Remark 3.5.7 (IKLWO04, Section 5.2], [Rav84, Corollaries 2.14 and 2.16],
[Str99a, Theorem 2.13]) In general, the quotient of a ring spectrum by a
homotopy element does not give another ring spectrum. The most typical
example of this phenomenon is that S/2 is not a ring spectrum, since its
homotopy is not 2—torsion. Most of our constructions above do not suffer
from this deficiency, with one exception: Morava K—theories at p = 2 are not

31 By Theorem and Corollary|3.5.15|to follow, it often suffices to consider just these spectra
K (d) to make statements about all Kr. With more care, it even often suffices to consider d # oo.
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commutative. Instead, there is a derivation Q, : K(d) — XK (d) which tracks
the commutativity by the relation

ab - ba = uQq(a)0q(b).

In particular, we find that K(d)*X is a commutative ring whenever K(d)' X = 0,
which is often the case.

Remark 3.5.8 ([Hopl4a, Section 3]) Before turning to the other half of this
Lecture, we feel obligated to include one out-of-place remark that the first-
time reader is advised to skip. The pullback idea expressed in Remark [3.5.3]
intermingles interestingly with the detection result expressed in Remark [3.1.22}
there is a certain program, which is beyond the scope of this Lecture, which
realizes spectra associated to certain nontrivial stacks equipped with maps to the
moduli of formal groups. For instance, the non-complex-orientable spectrum
KO is attached to a map

SpecZCy — Mgg

which selects KU with its complex-conjugation action. There is a sequence
of non-complex-orientable ring spectra X(n) = T(QSU(n)) which limit to
X(c0) = MU and which carry “partial complex-orientations” that give a Thom
isomorphism for CP"~!, i.e., they come equipped with a specified formal group
law modulo terms of degree n. We write Mg) for the moduli of formal groups

where the isomorphisms are required to act trivially on space of n—jets (so that,
e.g., Remark|3.2.10|concerns ME;). The pullback of stacks

P M

SpecZ/C; —— My,

is actually affine, and this is a witness to the fact that X(2) A KO is a complex-
orientable ring spectrum, even if neither of KO or X(2) is.

Having constructed these chromatic homology theories, for the rest of this
Lecture we pursue an example of a “fiberwise” analysis of a phenomenon in
homotopy theory. First, recall the following classical theorem:

Theorem 3.5.9 (Nishida’s Theorem, [Nis73], [BMMSS86, Section I11.2])  Every
homotopy class @ € w>1S is nilpotent.Fz] O
32 “Nilpotent” has two equivalent interpretations here: the maps @\ : $""* — $" and @°: S —

S are naturally equivalent. In fact, these two kinds of nilpotence continue to agree for more
general ring spectra [DHS88| Introduction].
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People studying K—theory in the *70s discovered the following related phe-
nomenon:

Theorem 3.5.10 ([Ada66, Theorem 12.1]) Let My,(p) denote the mod—p
Moore spectrum with bottom cell in degree 2n. Then there is an index n and
amapv: Ma,(p) — Moy(p) such that KU,v acts by multiplication by the n™
power of the Bott class. The minimal such n is given by the formula
p—1 whenp >3,
n= O
4 when p = 2.
In particular, the map v cannot be nilpotent, since a null-homotopic map
induces the zero map in any homology theory. Just as we took the non-nilpotent
endomorphism p € mp End S and coned it off, we can take the endomorphism
v € mp—2 End My(p) and cone it off to form a new spectrum called V(l)FEI One
can ask, then, whether the pattern continues: does V(1) have a non-nilpotent
self-map, and can we cone it off to form a new such spectrum with a new such
map? Can we then do that again, indefinitely? In order to study this question,
we are motivated to find spectra satisfying the following condition:

Definition 3.5.11 ([HS98| Definition 4], cf. [DHS88, Theorem 1]) A ring
spectrum E detects nilpotence if for any ring spectrum R the kernel of the
Hurewicz homomorphism

Rng: n.R — E.R

consists of nilpotent elements. (In particular, such an E cannot send such a
nontrivial self-map to zero.)

This question and surrounding issues formed the basis of Ravenel’s nilpotence
conjectures [Rav84| Section 10], which were resolved by by Devinatz, Hopkins,
and Smith [DHSS88| [HS98]]. One of their two main technical achievements was
to demonstrate that we already have access to a nice homology theory which
detects nilpotence:

Theorem 3.5.12 (Devinatz—Hopkins—Smith Nilpotence Theorem, [DHS8S)
Theorem 1.i]) The spectrum MU detects nilpotence. O

This is a very hard theorem, and we will not attempt to prove it@ However,

33 The spectrum V(1) is actually defined to be a finite spectrum with BP,V (1) = BP./(p, vi). At
p = 2 this spectrum doesn’t exist and this is a misnomer. More generally, at odd primes p Nave
shows that V((p + 1)/2) doesn’t exist [NavI0l Theorem 1.3].

34 n particular, this is a very hard geometric theorem. Its proof is phrased homotopically, but
it comes down to very concrete, computational facts about such geometric objects as double-
loopspaces of spheres. (One unfulfilled daydream of this book is to re-encode these computations
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taking this as input, they are easily able to show several other interesting
structural results about finite spectra. For instance, they also show that the MU
is the universal object which detects nilpotence, in the sense that any other ring
spectrum can have this property checked stalkwise on My .

Corollary 3.5.13 ([HS98, Theorem 3]) A ring spectrum E detects nilpotence
if and only if for all 0 < d < oo and for all primes p, K(d).E # 0 (i.e., the
support of Myu(E) is not a proper substack of My ).

Proof 1f K(d).E = 0 for some d, then the non-nilpotent unit map S — K(d)
lies in the kernel of the Hurewicz homomorphism for E, so E fails to detect
nilpotence.

In the other direction, suppose that for every d we have K(d).E # 0. Because
K(d). is a field, it follows by picking a basis of K(d).E that K(d) A E is a
nonempty wedge of suspensions of K(d). So, for @ € n.R, if E.a = 0 then
(K(d)AE).a = 0and hence K(d).a = 0. So, we need to show that if K(d).a = 0
for all n and all p then « is nilpotent. Taking Theorem [3.5.12]as given, it would
suffice to show merely that MU« is nilpotent. This is equivalent to showing
that the ring spectrum MU A R[a"!] is contractible, which is equivalent to
showing that the unit map is null:

S — MU AR[a™"].

A nontrivial result of Johnson and Wilson shows that the following conditions
are equivalentE]

1. MU.X = 0 holds.
2. For any d < o0, K([0,d]).X = 0and P(d + 1).X = 0 hold.
3. There exists a d < co such that K([0, d]).X = 0 and P(d + 1).X = 0 hold.

Taking X = R[a~'], we have assumed that K ([0, d]).X = 0, but we have not

in the language of formal geometry—alas.) One way of understanding the contents of the
Theorem is that the spectral sequences pictured in Figure[3.T]and Figure[3.2] have asymprotically
Slat vanishing curves, so that powers of any particular element eventually escape the populated
region of the spectral sequence. (In fact, this vanishing curve is conjectured to be asymptotically
equivalent to a square root function, but little about this is known.) On the other hand, we can
see from Figure@]that such a vanishing line is not initially present, due to the nonnilpotence
of 7—and as a consequence, there is no analogue of the nilpotence theorems for QCon(Mygg)
itself. This is another sense in which it is a fundamentally geometric fact. It is also not even true
at the Eo, page of Figure@ where the “image of J pattern” (the name for the “shark fins” near
the main diagonal) give a family of permanent cycles along a line of slope 1.

Specifically, it is immediate that MU.X = 0 forces P(d + 1),X = 0 and vc‘l,lP(d/)*(X) =0
for all d’ < d. What's nontrivial is showing that V:i’l P(d’).(X) = 0if and only if K(d")«(X) =
0 [Rav84] Theorem 2.1.a], [JW75| Section 3].

3

Q
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made a direct assumption on P(d + 1).X. However, we have

co}}m P(d +1) = HF, = K(),

and we have assumed S — K(o0) A R[a"!] to be null. By compactness of S,
that null-homotopy factors through some finite stage P(d + 1) A R[a"!] for
d> 0. O

Corollary [3.5.13] has the following consequence, which speaks to the primacy
of both the chromatic program and these results.

Definition 3.5.14 A ring spectrum R is a field spectrum when every R—module
(in the homotopy category) splits as a wedge of suspensions of R. (Equivalently,
R is a field spectrum when it has Kiinneth isomorphisms.)

Corollary 3.5.15 (JHS98\ Proposition 1.9]) Every field spectrum R splits as
a wedge of Morava’s theories K(d).

Proof Ttis easy to check (as mentioned in the proof of Corollary [3.5.13)) that
K(d) is a field spectrum.

Now, consider an arbitrary field spectrum R. Set E = V yrimes p V aef0,00] K(d),
so that E detects nilpotence. The class 1 in the field spectrum R is non-nilpotent,
so it survives when paired with some K—theory K(d), and hence R A K(d) is
not contractible. Because both R and K(d) are field spectra, the smash product
of the two simultaneously decomposes into a wedge of K(d)s and a wedge of
Rs. So, R is a retract of a wedge of K(d)s, and one can show [HS98| 1.10-1.12]
that any such retract is itself a wedge of K(d)s. O

Remark 3.5.16 In the 2—periodic setting we’ve become accustomed to, the
analogue of Corollary is that every 2—periodic field spectrum splits as a
wedge of suspensions of K(d)P.

Remark 3.5.17 In service of Example[3.5.6] the geometric definition of MU
given in Lemma0.0.1] the edge cases of K(0) = HQ and K(c0) = HF,,, and the
claimed primacy of these methods, we might wonder if there is any geometric
interpretation of the field theories K(d) for 0 < d < oo. To date, this is a
completely open question and the subject of intense research.

We’re now well-situated to address Ravenel’s question about finite spectra and
periodic self-maps. The key observation is that spectra admitting such self-maps
are closed under some natural operations, leading to the following definition:

Definition 3.5.18 A full subcategory of a triangulated category (e.g., the
homotopy category of p—local finite spectra) is thick if. . .

e ...itis closed under isomorphisms and retracts.
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e ...it has a 2-out-of-3 property for cofiber sequences.
Examples of thick subcategories include:

e The category C, of p—local finite spectra which are K(d — 1)-acyclic. (For
instance, if d = 1, the condition of K(0)-acyclicity is that the spectrum have
purely torsion homotopy groups.) These are called “finite spectra of type at
least d”.

e The category D, of p—local finite spectra F' for which there is a self-map
v : ZNF — F, N > 0 which induces multiplication by a unit in K(d)-
homology and which is nilpotent in K(# d)-homology. These are called
“finite spectra admitting vd—self—maps”@

The categories D, are the ones we are interested in analyzing, and we hope to
identify these putative spectra V(d) inside of them. Ravenel shows the following
foothold interrelating the C :

Lemma 3.5.19 ([Rav84), Theorem 2.11]) For X a finite complex, there is a
bound
dimK(d -2).X <dimK(d - 1).X.

In particular, there is an inclusion C4_; C Cq.

Proof sketch  One should compare this with the statement that the stalk dimen-
sion of a coherent sheaf is upper semi-continuous. In fact, this analogy gives
the essentials of Ravenel’s proof: one considers the ring spectrum vd‘lBP [1a-1,
which admits two maps

vl (v 'BP /14 1)

vi'BP/I4
(v;'BP[I4-1)/va-1.
Studying the relevant Tor spectral sequences gives the result. O

Hopkins and Smith are able to use their local nilpotence detection result,
Corollary to completely understand the behavior not only of the thick
subcategories C4 but of all thick subcategories of SPECTRA?;). In particular, this
connects the C; with the D, as we will see.

36 Tt is not obvious that D satisfies the cofiber extension axiom of a thick subcategory. One is
required to show that for any map f: X — Y of finite complexes of type d, vg—self-maps

can be chosen on both X and Y which commute with f, which is another difficult theorem of
Hopkins and Smith [HS98| Theorem 11].
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Theorem 3.5.20 ([HS98| Theorem 7])  Any thick subcategory C of the category
of p-local finite spectra must be Cg4 for some d.

Proof Since Cq4 are nested by Lemma [3.5.19] and they form an exhaustive
filtration (i.e., Co = 0), it is thus sufficient to show that any object X € C with
X € C4 \ Cy4- induces an inclusion C; C C. Write R for the endomorphism
ring spectrum R = F(X, X), and write F for the fiber of its unit map:

FLs ™R
Finally, let Y € C, be any finite spectrum of type at least d. Our goal is to
demonstrate Y € C.
Now consider applying K (n)-homology (for arbitrary n) to the map

INf: YANF —>YAS.
The induced map is always zero:
e In the case that K(n).X is nonzero, then
K(n).R = K(n).(X A DX) = K(n).X ® (K(n).X)"

is also nonzero. It follows that the unit map is K(n).ng is injective, and so
K(n).f is zero.

e In the case that K(n), X is zero, then n < d and, because of the bound on type,
K(n).Y is zero as well.

By a small variant of local nilpotence detection (Corollary [3.5.13] [HS98|
Corollary 2.5]), it follows for j > 0 that

. AAFN .
YAFN -L—>Y/\S“

is null-homotopic. Hence, one can calculate the cofiber to be
. AAFN . . .
cofib (Y A FN 2Ly AN | = ¥ Acofib £V = Y v (Y A SFN),

so that Y is a retract of this cofiber.

We now work to show that this smash product lies in the thick subcategory C
of interest. First, note that it suffices to show that cofib f N on its own lies in C:
a finite spectrum (such as Y or F) can be expressed as a finite gluing diagram of
spheres, and smashing this through with cofib f*/ then expresses ¥ A cofib fV/
as the iterated cofiber of maps with source and target in C. With that in mind, we
will in fact show that cofib "X lies in C for all k > 1. Consider the following
smash version of the octahedral axiom: the factorization

A(k—1)
) 1nf

F A FAK-I F A shkeD I e g
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begets a cofiber sequence
F A cofib fA&=D — cofib £ — cofib f A $AMKD,

Noting that the base case cofib(f) = R = X A DX lies in C, we can inductively
use the 2-out-of-3 property on the octahedral cofiber sequence to see that
cofib(f"*) lies in C for all k. It follows in particular that ¥ A cofib(f*) lies in
C, and using the retraction Y belongs to C as well. O

Although this didn’t affect the previous Theorem statement, one is led by its
proof to wonder there exist such spectra X € C; \ C4-1—i.e., whether these
nested containments are proper. The following result lays this to rest:

Theorem 3.5.21 (Hopkins—Smith Periodicity Theorem, [HS98, Theorem 4.11,
Section 5, and Theorem 9]) A p-local finite spectrum is K(d — 1)—acyclic
exactly when it admits a vg—self-map. Additionally, the inclusion Cyq € Cy4-1 is
proper.

Executive summary of proof Given the classification of thick subcategories, if
a property is closed under thickness then one need only exhibit a single spectrum
with the property to know that all the spectra in the thick subcategory it generates
also all have that property. Inductively, they manually construct finite spectra
Moy(p™, vi‘, e, vZ;’: 1‘) for sufficiently larg indices i, which admit a self-map
v governed by a commuting square

io +,L1 ig-1 v io 1,01 ig-1
BP. My, i, (P v v D)) —— BP.Mo(p™,v,...,v]
Vid ‘
) o v o -
2""”"’BP*/(p’°, vi‘, el v;d_ll) —— BP./(p", v;', el v;d_ll .

These maps are guaranteed by very careful study of Adams spectral sequences.
O

They therefore conclude the strongest possible positive response to Ravenel’s
conjectures. Not only can we continue the sequence

S, S/p, S/(p,v), ...,

but in fact any finite spectrum admits an (essentially unique) interesting periodic
self-map. This may be the most remarkable of the statements: although Nishida’s
theorem initially led us to think of periodic self-maps as rare, they are in fact
ubiquitous. Additionally, we learned that the shiftEglof this self-map is determined
37 We ran into the asymptotic condition I > 0 earlier, when we asserted that there is no root of the

2-local vi-self-map v: Mg(2) — My(2).
38 This is sometimes referred to as the “wavelength” in the chromatic analogy.
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by the first nonvanishing K(d)-homology, giving an effective detection tool.
Finally, all such periodicity shifts arise: for any d, there is a spectrum admitting
a vg—self—map but no v 4z—self-maps.

3.6 Chromatic fracture and convergence

In this Lecture, we will couple the ideas of Lecture[3.1]to the homology theories
and structure theorems described in Lecture[3.5] In particular, we have not yet
exhausted Theorem [3.5.20} and for inspiration about how to utilize it, we will
begin with an algebraic analogue of the situation considered thus far.

For a ring R, the full derived category D(Spec R) and the derived category
of perfect complexes DP*'f(Spec R) form examples of triangulated categories
analogous to Spectra and SpecTrA™. By interpreting an R—module as a
quasicoherent sheaf over Spec R, we can use them to probe for structure of
Spec R—for instance, we can test whether M is supported over some closed
subscheme Spec R/I by restricting the sheaf, which amounts algebraically to
asking whether M is annihilated by /. In the reverse, we can also try to discern
what “closed subscheme” should mean in some arbitrary triangulated category
by codifying the properties of the subcategory of D(Spec R) supported away
from Spec R. The key observation is this subcategory is closed under tensoring
modules: if M is annihilated by 7, then M ®g N is also annihilated by 1.

Definition 3.6.1 ([Ball0l Definition 1.3]) Let C be a triangulated ®—category
C. A thick subcategory C’ C Cis. ..

e ...a®-ideal when x € C’ forces x® y € C’ for any y € C.
e ...aprime ®—ideal when x ® y € C’ also forces at least one of x € C’ or
yeC.

Finally, define the spectrum of C to be its collection of prime ®—ideals. For any
x € C we define a basic open U(x) = {C’ | x € C’}, which altogether give a
basis for a topology on the spectrum.

The basic result about this definition is that it does not miss any further
conditions:

Theorem 3.6.2 ([Bal10, Proposition 8.1])  The spectrum of DP*(Spec R) is
naturally homeomorphic to the Zariski spectrum of R. m}

Satisfied, we apply the definition to the more difficult case of SPECTRA.

Theorem 3.6.3 ([Ball0, Corollary 9.5]) The spectrum of SPECTRA?;;) consists
of the thick subcategories Cy4, and {C, }z:o are its open sets.
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Proof Using Theorem|3.5.21] we can characterize C as the kernel of K(d —1),..
This shows it to be a prime ®—ideal:

K(d—-1).(XAY)=K(d-1).X ®(a-1). K(d - 1).Y
is zero exactly when at least one of X and Y is K(d — 1)-acyclic. O
Corollary 3.6.4 (cf. Theorem[3.5.20|and Theorem[3:5.21)  The functor
Mo (=): SpECTRA™ — Con(M )
inducea homeomorphism of the spectrum of SPECTRA™ to that of M. O

The construction as we have described it falls short of completely recovering
Spec R, as we have constructed only a topological space rather than a locally
ringed space (or anything otherwise equipped locally with algebraic data, as
in our functor of points perspective). The approach taken by Balmer [Ball0,
Section 6] is to use Tannakian reconstruction to extract a structure sheaf of
local rings from the prime ®—ideal subcategories. We, however, are at least as
interested in finite spectra as we are the ring spectrum S, so we will take an
approach that emphasizes module categories rather than local rings. Specifically,
Bousfield’s theory of homological localization allows us to lift the localization
structure among open substacks of My, to the category SPECTRA as follows:

Theorem 3.6.5 (Bousfield localzation, [Bou79], [Mar83, Theorem 7.7]) Let
j: SpecR — My, be a flat map, and let R, denote the homology theory
associated to it by Theorem[3.0_1} There is then a diagram

MR(-)

conservative

QCon(Mp)

SPECTRAR

Lg| 4|i Mg(-) J5 A«

.

SpECTRA — MU QCou(Mpyp),

such that L is left-adjoint to i, j* is left-adjoint to j., i and j. are inclusions of

full subcategories, Lg and j* are idempotent, the red composites are all equal,
and R, is conservative on SPECTRAR.E O

39 This has to be interpreted delicately, as the functor Mz (—) is not (quite) a functor of
triangulated categories [MorO7al 2.4.2].

40 The meat of this theorem is in overcoming set-theoretic difficulties in the construction of
SPECTRAR . Bousfield accomplished this by describing a model structure on SPECTRA for which
R—equivalences create the weak-equivalences.
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The idea, then, is that SPECTRAR plays the topological role of the derived
category of those sheaves supported on the image of the map . In Definition[3.5.4}
we identified several classes of interesting such maps j tied to the geometry of
Mig. We record these special cases now:

Definition 3.6.6 In the case R = Er of continuous Morava E—theory, this is a
model of the inclusion of the deformation space around the point I', and we will
denote the associated localizer by Lr. In the special case that I' = T’y is taken to
be the Honda formal group, we further abbreviate the localizer by

Zd
SPECTRA — SPECTRAT,, .

In the case when R = E(d) models the inclusion of the open complement of the
unique closed substack of codimension d, we will denote the localizer by

La
SPECTRA — SPECTRA4 = SPECTRA 4 (<d .
fg

These localizers have a number of nice properties linking them to algebraic
models.

Lemma 3.6.7 There are natural factorizations
id—> Ly — Ly_1, id—> Ly — Zd.
In particular, LgX = 0 implies both Ly—1 X = 0 and ZdX =0.

Analogy to j. + j* The open substack of dimension d properly contains both
the open substack of dimension (d — 1) and the infinitesimal deformation
neighborhood of the geometric point of height d. The factorization of inclusions
gives a factorization of pullback functors. O

Lemma 3.6.8 ([Rav92, Theorem 7.5.6], [Hov95, Proof of Lemma 2.3]) There
are equivalences

LaX = (LyS) A X, LaX = lim (Mo(v’) A de) .

Analogy to j. + j* The first formula stems from j an open inclusion, which has
J*M ~ R ® M in the algebraic setting. The second formula can be compared to
the inclusion j of the formal infinitesimal neighborhood of a closed subscheme,
which has algebraic model j*M = lim;(R/I’ ® M )F’II O
41 In keeping with our discussion of continuous Morava E—theory, it is also possible to consider

the object {(M()(VI) A LgX)}p itself as a pro-spectrum. This is interesting to explore: Davis

and Lawson have shown that setting X = S gives an Eo—ring pro-spectrum, even though none
of the individual objects are E.—ring spectra themselves [DL14].
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Lemma 3.6.9 Let k be a field of positive characteristic p, and let T and T’ be
two formal groups over k of differing heights 0 < d, d’, < co. Then Kr A K ~ 0.

Analogy to j. + j* The map classifying the formal group CPg | K simulta-
neously factors through the maps classifying the formal groups CP¢ = I"and
CP}‘;F, =T". By Lemma , such a formal group must simultaneously have

heights d and d’, which forces the homotopy ring to be the zero ringF'z] O
Lemma 3.6.10 ([Lura, Lemma 23.6]) Ford > htT, Ly = 0.

Proof sketch  After a nontrivial reduction argument, this comes down to an
identical fact: the formal group associated to E(d) A Kt must simultaneously
be of heights at most d and exactly htI" > d, which forces the spectrum to
vanish. O

Corollary 3.6.11 LrE = 0 for any coconnective E, and hence
LrE = Lr(E[n, ©))
for any spectrum E and any index nE]

Proof Any coconnective spectrum can be expressed as the colimit of its
truncations

E[n,n] — E[n-1,n] — E[n-2,n] — ~--C°—hr>nE(—c>o,n]

l l

S'Hn,E > 1Hr, \E X" 2 Hn, ,E

Applying Ly preserves this colimit diagram, but the above argument shows
that HA is Lr—acyclic for any abelian group A. This gives the statement about
coconnective spectra, from which the general statement follows by considering
the cofiber sequence

E[n,00) » E — E(—oo,n). O

Corollary 3.6.12 (Chromatic fracture, [Lural Proposition 23.5]) There are
homotopy pullback squares

42 Alternatively, Corollaryshows that Kr A K1 simultaneously decomposes as a wedge of
Krs and of K, which forces both wedges to be empty.

43 A memorable slogan is that Morava K—theories are sensitive only to the “germ at co” [Mit05)
Section 3.3.3].
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LyX LuX X —— [, X}
T
Ld_IX I Ld—lZdX’ XQ I (Hp X'{'\)Q

Analogy to j. + j* For the left-hand square, the inclusion of the open substack
of dimension d — 1 into the one of dimension d has relatively closed complement
the point of height d. Algebraically, this gives a Mayer—Vietoris sequence with
analogous terms. The right-hand square is analogous to the adelic decomposition
of abelian groupsFE] O

Remark 3.6.13  Corollary [3.6.12]is maybe the most useful result discussed in
this Lecture. It shows that a map to an Ly—local spectrum can be understood as a
system of compatible maps to its L j—localizations, j < d. In turn, any map into
anL j—local object factors through the Zj—localization of the source. Thus, if the
source itself has chromatic properties, this often puts very strong restrictions on
how maps can behave.

These functors and their properties listed thus far give a tight analogy between
certain local categories of spectra and sheaves supported on particular submoduli
of formal groups, in a way that lifts the six-functors formalism of j, + j* to the
level of spectra. With this analogy in hand, however, one is led to ask considerably
more complicated questions whose proofs are not at all straightforward. For
instance, a useful fact about coherent sheaves on Mgy is that they are completely
determined by their restrictions to all of the open submoduli. The analogous
fact about finite spectra is referred to as chromatic convergence:

Theorem 3.6.14 (Chromatic convergence, [Rav92, Theorem 7.5.7]) The
homotopy limit of the tower

o> LgF > Lg \F —> --- > L1F - LyF

recovers the p—local homotopy type of any finite spectrum F FE]@ [

4 Whenever LgLa =0, Ly p appears as the homotopy pullback of the cospan Ly — LoLp «
L. Hence, this follows from Lemma[3.6.10] as well as the identification L (g-1yvk () = LE(a)-
Spectra satisfying this limit property are said to be chromatically complete, which is closely
related to being harmonic, i.e., being local with respect to \/3;_, K(d). (I believe this a joke
about “music of the spheres”.) It is known that nice Thom spectra are harmonic [Kfi94] (so, in
particular, every suspension and finite spectrum), that every finite spectrum is chromatically
complete, and that there exist some harmonic spectra which are not chromatically complete [Barl
Section 5.1].
A consequence of the fact that p—local finite spectra are \/ ;.. K(d)-local, there are no
nontrivial maps HF,, — F, and in particular the Spanier—Whitehead dual of HF, is null.
47 While we're talking about \/ 4 <o, K(d), the cofiber of \/ 4 <co K(d) = T14<co K(d), where
we are using the 2(p? — 1)—periodic spectra, is concentrated in degree zero since all other

45

46
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In addition to furthering the analogy, Theorem 3.6.14] suggests a method for
analyzing the homotopy groups of spheres: we could study the homotopy groups
of each LS and perform the reassembly process encoded by this inverse limit.
Additionally, Corollary [3.6.12] shows that this process is inductive: L;S can be
understood in terms of the spectrum L;_;S, the spectrum L4S, and some gluing
data in the form of Ld_lzdS. Hence, we become interested in the homotopy
of ZdS, which is the target of the E;—Adams spectral sequence considered in
Lecture 3.1}

Theorem 3.6.15 (Lemma[3.1.13] see also Example[2.3:4] Definition [3.1.9] and
Deﬁnition The Ed—basec@Adams spectral sequence for the sphere
converges strongly to m, ZdS. Writing w for the line bundle on Mg, of invariant
differentials, we have

E;’* = H*(MEd;a)®*) = ﬂ*zdS. ]

The utility of this Theorem is in the identification of the stack Mg, =
(Mgg)p, from Definition Our algebraic analysis from Theorem and
Remark 347l shows a further identification

M, = (Mig)r, = Af [ Au(Ty).

This computation is thus boiled down to a calculation of the cohomology of the
Aut(I'y)-representations arising via Remark [3.4.13]as the global sections of the

sheaves w®* (cf. the discussion in Example [1.4.10/and Example 1.4.17lf|We
will later deduce the following polite description of AutI'y:

homotopy degrees carry contributions from only finitely many factors. It follows that the cofiber
is Eilenberg—Mac Lane—an unusual property.

Although the K(d)-Adams spectral sequence more obviously targets I:dS, we have chosen
to analyze the E;—Adams spectral sequence above because K(d) fails to satisfy CH. Start-
ing with BPPoBPP = BPP|t], 11, 12, . ..] from Definition and Corollary [3.3.15]
we can calculate E(d)PyE(d)P by base-changing this Hopf algebroid: E(d)PyE(d)P =
E(d)Py®ppp, BPPyBPP ®pp p, E(d)Py, which is again free over E(d)Py. Since K (d)P
is formed from E(d)P by quotienting by a regular sequence, we calculate that K(d)PyE(d)P is
free over K (d) Py, generated by the same summands. However, when quotienting by the regular
sequence again to form K(d)P.K(d)P, the maps in the quotient sequences act by elements in
I4 = 0, hence introduce Bocksteins. The end result is

4

%

K(d)P.K(d)P = (K(d)P, ®gpp, BPP.BPP ®ppp, K(d)P,) ® Al70, - - ., Ta-1],

v
where 7; in degree 1 controls the cofiber of E(d)P L E (d)P. This pattern seems to be quite
generic: whenever odd-primary information appears near the formal geometric picture, it comes
from a poorly behaved homotopical quotient: some element was killed twice, say, or in some
specific case a map was zero but is generically nonzero. So it is here.

In fact, the stable operations of E4 take the form of the twisted group-ring Eg E; =

E (Aut(Ty)).

49
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Theorem 3.6.16 (cf. Example(4.4.13) For Iy the Honda formal group law of
height d over a perfect field k of positive characteristic p, we compute

AutTy = (Wp(k)(S)/( s»gd::wws, )) ,

where ¢ denotes a lift of the Frobenius from k to W (k). m}

Remark 3.6.17 ([Strb, Section 24], [DH95]) As a matter of emphasis, this
Theorem does not give any description of the representation of AutI'y, which
is very complicated (cf. Remark 4.4.21)). Here are some basic facts about it:

e The center of AutI'y is given by Z%, which is the subgroup consisting of the
multiplication—by—n maps. This subgroup acts trivially on the deformation
space.

e More generally, one can show that the action of W, (k) extends this action. It
is the stabilizer of the canonical lift, which is the W, (k)-point of Lubin-Tate
space given by sending the generators v; to zero, j > 1.

e The formula for the action of a = ;‘:—(; a;$’ on the tangent space is specified
by the linear system

uy aop 0 0 uo
uy aq ag 0 Uy )
a* ) =aq . . . . . . (mod m~).
n. p?
Ud-1 ag-1 Ay, -+ 4y Ud—1

e Plenty more information can be found in the work of Devinatz and Hop-
kins [DH93]}, which is best digested after Lecture 4.4

Remark 3.6.18 The arithmetically-minded reader might recognize this de-
scription of AutI'; as the group of units of a maximal order op in the division
algebra D of Brauer—Hasse invariant 1/d over k—another glimpse of arithmetic
geometry poking through to affect stable homotopy theorym

Example 3.6.19 (Adams, [HMS94] Lemma 2.5]) In the case d = 1, the objects
involved are small enough that we can compute them by hand. To begin, we have

50 This finally explains our preference for using the letter “d” to represent the height of a formal
group—the “d” (or, rather the “D”) stands for “division algebra”. The typical algebraic topologist
writes “n” for the height, a trend set by Jack Morava, allegedly because the localizer “L,,” is
a homophone of his wife’s name, Ellen. It has been further alleged that the “E” in “Morava
E—theory” is also an abbreviation for Ellen. With no disrespect meant to either of them, I find “d”
to be a considerably better mnemonic and to be less likely to conflict with other indices. “E” is
also prone to collisions (with spectral sequences, with operads, . . . ), but there is no compelling
alternative.
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an isomorphism Aut(I';) = Zj, and the action of this group on m.Ey = Zp[u*]
isby y - u" — y"u". At odd primes p, one computeﬂ

Zp when s = 0,
H* (Aut(T); e Er) = YDy Z,{w'}/(pkw/) whens =1,
0 otherwise.

This, in turn, gives the calculatior@

Zp, when ¢t = 0,
mLiS° =47, /(pk) whent = k|vi| -1,
0 otherwise.

With this in hand, we can compute the homotopy of the rest of the fracture
square:

ﬂ*ng — Zp (&) @t=k|vl -1 thp/(pk)

| |

Q Q, ®X7'Q,,

from which we deduce

Z(p) when t = 0,
Zp/(pk) whent=klvi|-1andt #0,
Z/p™ whent =0 |vi|-1)-1=-2,

0 otherwise.

ﬂ'tLlSO =

Example 3.6.20 ([Rezc| Example 7.18]) We can also give an explicit chromatic
analysis of the homotopy element n € 7S studied in Lecture [T.4] As before,
consider the complex CP? = £2C(7). We now consider the possibility that CP?
splits as S2 v §*, in which case there would be a dotted retraction in the cofiber
sequence

25, cp? S,

51 At odd primes, p is coprime to the order of the torsion part of Zf,. At p = 2, this is not true,

so the representation has infinite cohomological dimension and there is plenty of room for
differentials in the ensuing E5 —Adams spectral sequence.
- m
52 The groups 7, LS are familiar to homotopy theorists: the Adams conjecture [Ada66]] (and its
solution) implies that the J-homomorphism Jc: BU — BGL;S described in Corollary [[.1.6]

and Theorem [2:0.T|selects exactly these elements for nonnegative 7.
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If this were possible, we would also be able to detect the retraction after
chromatic localization—so, for instance, we could consider the cohomology
theory E@m =K UpA from Example and test this hypothesis in G,,,—local
homotopy. Writing 7 for a coordinate on CP, ., this cofiber sequence gives a
r
short exact sequence on KU Iﬁ—cohomology:

EY

0 —— /(1 —— O/} —— WP/} —— 0.

Because i is taken to be a retraction, the map i* would satisfy i*(f) = ¢
(mod 7%), so that i*(t) = t + at* for some a. Additionally, i* would be natural
with respect to all cohomology operations on KU Q. In particular, the element
(-1) € Z; = Aut @m gives rise to an operation !, which acts by the (—1)—
series on the coordinate ¢. In the case that 7 is the coordinate considered in
Example [2.1.20] this gives

[-1](r) = - i ' =—t— (mod 7).

J=1

We thus compute:

yloi(t)=ioy (2
YNt + ar®) = i(-1)
(-t =) +a(-t - 12)* = —(t + at?)
—t+(a—1i? = =1 —ar’,

so that we would arrive at a contradiction if the equation 2a = 1 were insoluable.
Note that this has no solution in Z;, so that the attaching map 7 in CP? is
nontrivial in @m—local homotopy at the prime 2 (hence also in the global
homotopy group 7S). For p odd, this equation does have a solution in Z,,, and it
furthermore turns out that 7 = 0 at odd primes. This problem also disappears if
we require i(¢) = 2t + at” instead, so that the above argument does not obstruct
the triviality of 27 (and, indeed, Figure [I.2)shows that the relation 27 = 0 holds
in 2—adic homotopy).

Example 3.6.21 ([Rezc, Example 7.17 and Corollary 5.12]) Take k to be a
perfect field of positive characteristic p, and take I" over Spec k to be a finite
height formal group with associated Morava E—theory Er. By smashing the
unit map S — Er with the mod—p Moore spectrum, we get an induced map of
homotopy groups

hop: ﬂZnMO(p) — monkr.
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We concluded as a consequence of Corollary [3.3.15|that there is an invariant
section v of w®?~ on Mé I, Al , and hence a preferred element of 715, 1) Er
which is natural in the choice of I'. One might hope that these elements are the
image of an element in 5,1y Mo(p) under the Hurewicz map A, and this turns
out to be true: this element is called /. This element furthermore turns out to
be p—torsion, meaning it extends to a map

S2p-1) P, g2p-1) _cofib, M1 (p)

\ lal“
PR

Mo(p).

At odd primes, this turns out to be the vi—self-map v: M,_1\(p) — Mo(p)
announced in Theorem [3.5.10| (cf. also [Ada66| Proposition 12.7]).

This admits many generalizations. First, different powers V'{ of the section v
also give rise to homotopy elements a1 € mo(,—1);Mo(p). These have varying
orders of divisibility, and we write a;; for the element of n.S satisfying
pk‘laj J/k = «j;1. Additionally, each Moore spectrum supports an Adams v|—
self-map of the form

V(pj): M|V1 [pi-! (pl) - M()Q)j)’
which collectively form commutative diagrams of the shape

v(p/)?

MP‘|V1 I.Df*‘(pj) > MO(Pj)

i1y Y@ ;
My, 1 (P71 —— Mo(p/*h).

The other invariant functions described in Corollary [3.3.15] (e.g., v4 modulo
1) also give rise to elements in H *(Mfifl; w®*), which map to the BP-Adams
E>—term and which sometimes survive the spectral sequence to give to homotopy
elements of the generalized Moore spectra My(v!). Homotopy elements arising
in this way are collectively referred to as Greek letter families MRW77, Section
3]

Remark 3.6.22 In the broader literature, the phrase “Greek letter elements”
typically refers to the pushforward of the above elements to the homotopy
groups of S by pinching to the top cell. This is somewhat obscuring: for instance,
this significantly entangles how multiplication by «;/; behaves. Finally, the
incarnation of these elements in @m—local homotopy are exactly the elements
witnessed by the invariant function #*P~1* in Example
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Remark 3.6.23 (JAA66], [Rav86, Section 5.2]) The second solution of the
Hopf invariant one problem, due to Adams and Atiyah, can be rephrased in this
language. As discussed in Example[I.4.21] the “Hopf invariant one problem”
refers to the question of whether the 1—cocycles 4; in the HIF,—Adams spectral
sequence are permanent cycles, thereby producing stable homotopy classes.
The orientation BP — HTF; induces a map of Adams spectral sequences, so
that if 4; were to survive to detect a class, that class would also be present in
the BP-Adams spectral sequence, and its filtration degree would be not more
than that of s;, which lies in degree 1. In turn, the BP—Adams E>—term can be
computed by an adelic complex [Bei80, IHub91]], which is itself the target of a
Cech-type spectral sequence known internally to chromatic homotopy theory as
the chromatic spectral sequence [MRW'77, Section 3], [Wil82, Equation 4.60]:

El, ;= H' (Migivy'BP./(p™. v, .. ..ve ) ) = H*(Mgg X Spec Z(y,)).

The 1-line of this spectral sequence is entirely governed by Example[3.6.19] and
by finishing the even—primary form of that calculation, one discovers that the
2—divisibilities of the relevant a—elements are too low to produce any classes
on the classical Adams 1-line. It follows that the elements that start life on the
classical Adams 1-line cannot be permanent cycles, lest they contribute to a
contradiction.

Remark 3.6.24 This method is nonconstructive, in the sense that we learn that
the classes /1; must participate in HF,—Adams differentials, but we do not know
what those differentials are. By wholly different means [BMMS86, Corollary
VI.1.5], one can show for all j the differential

dyhj = hoh;_,,

and the accident is that the right-hand side of the equation happens to be zero
for j < 3. However, because we are working in characteristic 2, the existence
of these differentials gives no information about the survival of the classes hjz.,
sometimes referred to as the “(Arf-)Kervaire invariant one problem”E] Its
recent solution by Hill, Hopkins, and Ravenel [HHR16] follows in the footsteps
of previous work by Ravenel [Rav/8al], and one of the crucial leaps forward is
the serious employ of the theory of abelian varieties [Mor11]].

33 Remarkably, just as the Hopf invariant one problem finds geometric application in the question
of H-space structures on spheres, the Kervaire invariant one problem predicts the existence of
certain nonsmoothable manifolds [Bro69].






Case Study 4

Unstable Cooperations

In Lecture [3.1] (and more broadly in Case Study [3)), we codified the structure of
the stable E—cooperations acting on the E—homology of a spectrum X, attached
to it the E—Adams spectral sequence which approximates the stable homotopy
groups . X, and gave algebro-geometric descriptions of the stable cooperations
for some typical spectra: HF,, MO, and MU. We will now pursue a variation
on this theme, where we consider the E—homology of a space rather than of a
generic spectrum. In this Case Study, we will examine the theory of cooperations
that arises from this set-up, called the unstable E—cooperations. This broader
collection of cooperations has considerably more intricate structure than their
stable counterparts, requiring the introduction of a new notion of an unstable
context. With that established, we will again find that E—~homology assigns
spaces to quasicoherent Cartesian sheaves over the unstable context, and we
will again assemble an unstable E—Adams spectral sequence approximating
the unstable homotopy groups of the input space, whose E?—page in favorable
situations is tracked by the cohomology of the sheaf over the unstable context.

Remarkably, these unstable contexts also admit algebro-geometric interpreta-
tions. In finding the right language for this, we introduce different subclasses of
cooperations (e.g., additive), and we are also naturally led to consider mixed
cooperations (as we did stably in Lemma [2.6.8) of the form F.E,. The run-
ning theme is that when E and F are complex-orientable, there is a natural
approximation map

Spec Q*F.E, — FormaLGrouprs(CPR, CPR)

which is an isomorphism in every situation of interest. However, these isomor-
phisms do not appear to admit uniform proofﬂ so we instead investigate the
following cases by hand:

' The best uniform result I can find is due to Butowiez and Turner [BT0O0| Theorem 3.12].

165
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o (Lecture.1}) For F = E = HF,, we compute the full unstable dual Steenrod
algebra HF,.HF, by means of iterated bar spectral sequences. We then
pass to the additive unstable cooperations, where we show by hand that this
presents the endomorphism scheme FORMALGROUPS(@Q, @a). Finally, we
pass to the stable additive cooperations, and we check that our results here
are compatible with the isomorphism

Spec HF»,HF, = Aut G,

presented in Lemma([T.3.5]

e (Lecture [4.3}) We next consider the case where E = MU and where F is
any complex-orientable theory. We begin with the case F' = HF,,, where we
can again approach the problem using iterated bar spectral sequences. The
resulting computation is sufficiently nice that we can use this special case
of F = HF, to deduce the further case of F' = HZ,), then F' = HZ, then
F = MU, and then finally F' any complex-orientable theory.

o (Lecture[d.5}) Having been able to vary F as widely as possible in the previous
case, we then turn to trying to vary E. This is considerably harder, since
the infinite loopspaces E, associated to E are extremely complicated and
vary wildly under even “small” changes in E. However, in the special case of
F = HF,, we have an incredibly powerful trick available to us: Dieudonné
theory, discussed in Lecture[4.4] gives an equivalence of categories

>0, fin

£ GraDEDDMoDs,
»

D, : GRADEDHOPFALGS

and applying this in the composite

Qe
SPECTRA —> LLOOPSPACES
HF,,.

— GRADEDHOPFALGs; O’/ﬁ“
P

D,
—> GraDEDDMoODS

C GRADEDMODULESCart

gives a homological functor. This means that the Dieudonné module associated
to an infinite loopspace varies stably with the spectrum underlying the
loopspace, which is enough leverage to settle the case where E is any
Landweber—flat theory.

o (Lecture[d.6}) Finally, we settle one further case not covered by any of our
generic hypotheses above: F = Kr and E = HZ/p’. Neither Kt nor HZ/p/ is
Landweber—flat, but because Kt is a field spectrum and because the additive
group law associated to HZ/p/ is so simple, we can still perform the requisite
iterated bar spectral sequence calculation by hand.
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This last case is actually our real goal, as we are about to return to the project
outlined in the Introduction. In the language of Theorem[0.0.3] choosing I" to be
the formal completion of an elliptic curve at the identity section presents the
spectra K and Er of Lecture [3.5]as the most basic examples of elliptic spectra.
The goal of that Theorem is to study E.BU[6, o) for E an elliptic spectrum, so
when proving it in Case Study [5| we will be led to consider the fiber sequences

BSU — BU — HZ,, HZ, — BU[6, ) — BSU,

which mediate the difference between E,.BU and E.BU[6, ) by means of
E.HZ, and E.HZ,. Thus, in our pursuit of Kr,BU[6, o), we will want to have
Kr.HZ, already in hand, as well as an algebro-geometric interpretation of it.

4.1 Unstable contexts and the Steenrod algebra

In this Lecture, our goal is to codify the study of unstable cooperations, beginning
with an unstructured account of how they arise. Recall that for a ring map
f: R— S, in Lecture we studied the problem of recovering an R—module
from an S—module plus extra data. The intermediate category of extra data that
we settled on was that of descent data, which we phrased most enduringly as a
certain cosimplicial diagram. Stripping away the commutative algebra, the only
categorical formality that went into this was the adjunction

—®RrS
MODULESR MobDULEsg,
forget

or later on, when given a ring spectrum : S — E, the adjunction

—AE
MobDULESg MoDULESE.
forget

The identification of MobpuLEsg with T—algebras in MobpuLEsg for the monad
T = forget o (— ®g S) is the objective of monadic descent [Lurb, Theorem
4.7.4.5]. This categorical recasting is ignorant of some of the algebraic geometry
we discovered next, but it is suitable for us now as we consider the composition
with a second adjunction:

SPECTRA

T —AE
SPACES SPECTRA MoDULESg MODULESE.
Q® forget

We will write E(—) for the induced monad on SpACEs, given by the formula

E(X) = Q(E A Z¥X) = colim Y (E; A X),
J—)OO
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where E, are the constituent spaces in the Q—spectrum of E. This space has the

property 7, E(X) = E.>0X. The monadic structure comes from the two evident
natural transformations:

n: X 5> Q7IX QS AZTX) > Q¥(E AXTX) = E(X),
u: E(E(X))=Q%(E AZTQ¥(E AZTX))
— QP(EANE AZ®X) - QP(E AZ®X) = E(X).
Just as in the stable situation, we can extract from this a cosimplicial space:

Definition 4.1.1 The unstable descent object is the cosimplicial space

E—
E
nL E o
E <& o 2, E
UDE(X):={ o X5 E o
o E

X o —
X

Its totalization gives the unstable E—completion of X. The simplicial scheme
UM = Spec ioUDE(S)

forms the unstable context for E, and a space X gives rise to a quasicoherent
sheaf

UME(X) = (meUDE(X)) .

The remainder of this section will be spent trying to understand the spectral
sequence associated to the coskeletal filtration of such an unstable descent
object. In the stable situation, we recognized that in favorable situations the
homotopy groups of the descent object formed a cosimplicial module over a
certain cosimplicial ring—or, equivalently, a sheaf over a certain simplicial
scheme. Furthermore, we found that the simplicial scheme itself had some
arithmetic meaning, and that the E;—page of the descent spectral sequence
computed the cohomology of this sheaf. We will find analogues of all of these
results in the unstable setting, listed above in order from least to most difficult.

We would like to recognize the cosimplicial abelian group rgUD g (X) as
a sort of comodule. In the stable case, this came from the smash product map
SO A X — X, as well as the lax monoidality of the functor Dg(—). However, to
get a Segal condition by which we could identify the higher-dimensional objects
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in moDg(X), we had to introduce the condition FHE] The unstable situation has
an analogous antecedent:

Definition 4.1.2 ([BCM78, Assumption 6.5]) A ring spectrum E is said to
satisfy the Unstable Flatness Hypothesis, or UFH, if E.E, is a free and even
E.—module for every value of kE]

Under this condition, we again turn to studying the structure of UD (S°). If
we had a Segal condition, we would expect the structure present to be determined
by moU D E(S°)[j] for j < 2. The data at j = 0 is largely redundant:

moE(S°) = moE, = Ey

computes the coefficient ring of E. The data at j = 1 consists of the homology
groups of the the infinite loopspace associated to E:

ME(E(S) = EoE,.
There are three pieces of structure present here: the augmentation map
EyE, — Eo(E) — Eo

and the left- and right-unit maps Ey — EpE|,. The assumption UFH gives us
a foothold on the case j = 2: a choice of basis for EgE,, gives an unstable
isomorphism E(E(S%)) =~ [], E,, so that roUDE(S)[2] splits as a tensor
product of terms of the form EyE,. Here, we find a lot of structure: the addition
of cohomology classes is represented by a map

EyXE,— E,
which on E-homology induces a map
*: EoE, ®g, EoE) — EoE;
the multiplication of cohomology classes similarly induces a map
o: EgE,® EgEy — EoE);

these are compatible with the images of unit classes 0, 1 € moE under the left-
and right-units specified above; there is an additive inverse map

X EoEy — EoE,

2 1n particular, FH caused the marked map in Eg X SALN Ey(EAX) el EyE ®E, EoX to become
invertible.

3 This helps us understand the following analogous zigzag:

compose

ToEX) 8 moE(E(X)) &L moE(E(E(X)) <™ 2 E(E(SY) x moE(X).
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AQR(A®RA) —& 5 Aggr A
lA@(l@l)
(A®R A) ®r (A®R A)
lz
(A®R A®R AQR A)
ll@‘r@l
(A®R A®R AQR A)

lo@o

(AR A) ———=— > A.

o

Figure 4.1 The distributivity axiom for * over o in a Hopf ring.

compatible with the *—product and giving a skew-commutativity formula
aob= y(boa),
there is a diagonal map
A EoEy — EoE ®E, EoE,

induced by the diagonal map of the space E; each EpE becomes a Hopf
algebra using y, #, and A; and there is a distributivity condition pictured in

Figure intertwining %, 0, and AEE

Definition 4.1.3 ([BJW95| Summary 10.46]) A Hopf ring is a module along
with structure maps +, —, -, *, o, A, and y subject to the axioms declared above.
A Hopf ring becomes an enriched Hopf ring when it is furthermore equippped
with a right-unit, an augmentation, and maps

EoE, X (EoE,)" — EoE,

Analogous structure also appears for aperiodic ring spectra E satisfying a graded version of UFH,
and in that case tracking through the extra grading indices is actually helpful for deciphering
what these maps “feel” like.

There are a few more pieces of structure that Boardman—Johnson—Wilson call an enriched Hopf
ring, which we omit from the definition because they do not affect the homological algebra of
modules for a Hopf ring:

e Anelement v € myE selects a connected component of E, and there is an attached element
[V] (S EOE()-

o A cohomology operation r: E%(—) — E%(-) induces a map E, — E, and hence a map on
E-homology r.: EgEy — EoE,).

e In particular, this gives a homology suspension element e = (e)., where e;: E%(-) —
E%(-) = E%(Z~2-) is the map witnessing the 2—periodicity of E.
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(determined by composition with the dual cohomology classes in the examples
of interest).

Lemmad4.1.4 [fX isaspacewith E. X afree E.—module, then EyX furthermore
forms a coalgebra for the comonad G associated to the enriched Hopf ring
71'07/[1)]5(50).

Proof The proof is a matter of elucidating the last condition. For X satisfying
this freeness condition, there is again a splitting E(X) = [[, E ne- We interpret
this at the level of algebra by defining a functor

G: MODULES%ﬁe — MODULESE,
which sends Ej to EyE,, and which splits over direct sums. The enriched Hopf
ring structure of 1oU D £ (S°)[< 2] endows G with a comonad structure, and
the structure maps of myU D g (X)[< 2] endow EpX itself with the structure of
a G—coalgebra. O

Theorem 4.1.5 ([BCM78| Theorem 6.17]) noUDg(X) is the bar resolution
for the free Hopf module comonad, and the Ey—page of the unstable descent
spectral sequence is presented as

E; = L*CoALGEBRASG (Ey, EgX). O

At this point, it is instructive to work through an example to understand the
kinds of objects we have constructed. At first appraisal, these objects appear to
be so bottomlessly complicated that it must be a hopeless enterprise to actually
compute even just the enriched Hopf ring associated to a spectrum E. In fact, the
abundance of structure maps involved gives enough footholds that this is actually
often feasible, provided we have sufficiently strong stomachs. Our example will
be the aperiodic spectrum E = HIF,, and the place to start is with a very old
lemma:

Lemma 4.1.6 If E is a spectrum with m_E = 0, then E, ~ BE,,. Consequen-
tially, if E is a connective spectrum then E, = B"E,, for n > 0. O

This is useful to us because B(—) comes with a natural skeletal filtration, which
we can use to form a spectral sequence.

Lemma 4.1.7 ([Seg70, Proposition 3.2], [RW80, Theorem 2.1]) Let G be
a topological group. There is a convergent spectral sequence of algebras of
signature

E}; = F.5G)V = F.BG.
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In the case that F has Kiinneth isomorphisms I?*((ZG)’V' ) = I?*(ZG)@’F*/' , the
E’—page is identifiable as

EZ, = Tor;:%(F,, F.)
and the spectral sequence is one of Hopf algebras. O

Corollary 4.1.8 If E is a connective spectrum and F has Kiinneth isomor-
phisms F*(Ej A EJ.) = F*Ej ®F, F*Ej for all j, then there is a family of spectral
sequences of Hopf algebras with signatures

F.E
EZ, = Tor,. (F.F.) = F.E,,,. o

That this spectral sequence is multiplicative for the *—product is useful enough,
but the situation is actually much, much better than this:

Lemma 4.1.9 ([TWS80, Equation 1.3], [RWS80, Theorem 2.2]) Denote by
E; (F.E j) the spectral sequence considered above whose E*—term is con-
structed from Tor over F.E e There are maps

El(F.E)) ®r, F.E, — El (RE;,,)

which agree with the map

F.E,, ®F F.E, > F.E

=j+m+1

on the E®—page and which satisfy
d'(xoy)=(d"x)oy. o

This Lemma is obscenely useful: it means that differentials can be transported
between spectral sequences for classes which can be decomposed as o—products.
This means that the bottom spectral sequence (i.e., the case j = 0) exerts a large
amount of control over the others—and this spectral sequence often turns out to
be very computable.

We now turn to concrete computations for E = HF, and F = HF,. To ground
the induction, we will consider the first spectral sequence

Torffz*(Fz)(Fz, F,) = HF,.BF,.

Using that RP* gives a model for BF,, we use Example to analyze the
target of this spectral sequence: as an F,—module, we have already demonstrated
an isomorphism

HF>.BF, = Fr{a; | j > 0}.

Using our further computation in Example[I.2.15] we can also give a presentation
of the Hopf algebra structure on HF,, BFF;: it is dual to the primitively-generated
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polynomial algebra on a single class, so forms a divided power algebra on a
single class which we will denote by a(). In characteristic 2, this decomposes as

HF,,BF; = Tag)] = ®]F2[ag)] Jagy
=0

where we have written a;y for a{zl] in the divided power structure.

)
Corollary 4.1.10  This Tor spectral sequence collapses at the E*—page.

Proof As an algebra, the homology HF,.(F,) of the discrete space F, is
presented by a group ring, which we can identify with a truncated polynomial
algebra:

HF,.(F) = Fa[Fa] = Fo[[1]1/([1]*% - [0]) = Fa[[1] - [0]1/([1] - [O)**.
The Tor—algebra of this is then divided power on a single class:
TOI‘f,iFZ*mZ)(Fz, F,) = l"[a()].

In order for the two computations to agree, there can therefore be no differentials
in the spectral sequence. O

We now summarize the rest of the induction:

Theorem 4.1.11 HIF,.HF,, is the exterior x—algebra on the t—fold o—products
of the generators a(jy € HF».BF;.

Proof Noting that the case r = 0 is what was proved above, make the inductive
assumption that this is true for some fixed value of ¢ > 0. The Tor groups of the
associated bar spectral sequence

Torl, > (Fy, Fy) = HF,.HF;,,,

form a divided power algebra generated by the same r—fold o—products. An
analogue of another Ravenel-Wilson lemma ([RWS80, Lemma 9.5], [Wil82,
Claim 8.16]) gives a congruence

(agyy o -+ 0 ag)?" M = g, 0+ 0 ag,)  ag,,). (mod x-decomposables)
It follows from Lemma[4.1.9] that the differentials vanish:

d((agy o -+~ 0 ap)?"™) = d(ag o - 0 ag, 0 ag,..)
(mod #—decomposables)

=agod(agyo---oag,,) (Lemmaf.T.9)
=0. (inductive hyp.)
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Hence, the spectral sequence collapses. To see that there are no multiplicative
extensions, note that the only potentially undetermined multiplications occur as
x—squares of exterior classes. However, the «—squaring map is induced by the
topological map

HFy, > HF,,.

which is already null on the level of spaces. It follows that there are no extensions
and the induction holds. O

Corollary 4.1.12 It follows that o—product induces an isomorphism
HFy HF,, «—— P,2(H.(RP®;F))",

)/\t tth

where (=)' denotes the t" exterior power in the category of Hopf algebras. O

Remark 4.1.13 ([Wil82, Theorems 8.5 and 8.11]) The odd—primary analogue
of this result appears in Wilson’s book, where again the bar spectral sequences
are collapsing. The end result is

HFE..H ~ ®1,J Fpler o ay o By, a0 By]
pr——p« = 2 — *p — _ s
(ejoajoBy)?=0,(ajoBy)*? =0,e; 0e; =

where we have defined the following elements:

e ¢ € (HF,)1HF,, is the homology suspension element.

® ) € (HF)),,; HF, | are the analogues of the elements considered above.

® B(j) € (HF}),,; CP® are the algebra generators of the Hopf algebra dual of
the ring of functions on the formal group CPDHO]FI, associated to HF), by its
natural complex orientation.

In particular, the Hopf ring is nearly free on these Hopf algebras, subject to
the single interesting relation e; o ey = Bg), essentially stemming from the
equivalence S' A S! ~ CP.

It is now instructive to try to relate this unstable computation to the stable
one from Lecture[I.3](and, particularly, its algebro-geometric interpretation in
Lemma|[I.3.5). Consider the situation of cohomology operations: each stable
operation consists of a family of unstable operations intertwined by suspensions,
each of which is additive and takes O to 0. In terms of an element y € E*E
such an unstable operation takes 0 to 0 exactly when it lies in the augmentation
ideal, and it is additive exactly when it satisfies Hopf algebra primitivity:

AY' = (Y @y)"A
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Definition 4.1.14 In the setting of unstable homology cooperations, we define
an additive unstable operation to be one which lies in the *—indecomposable
quotient Q*E.E I

We now apply this philosophy to our example:
Corollary 4.1.15 (cf. Theorem|1.3.3] [Wil82, Theorem 8.15])
A, =Faléo, 1,6, & ]

Proof First, we compute *—indecomposable quotient of the unstable dual
Steenrod algebra to be

Q*HF,. HF,, = F> {as|I amulti-index}
=F {a(lo) oquyo---o a<1n)’1 =(ly,...,I,)a multi—index} .

= F2[§O5 gls 52’ .. ']9

where we have translated to our previous notation by writing &; for a(;) and
juxtaposition for o—product. From here, sequences of additive unstable coopera-
tions which are intertwined by suspension are exactly elements of the sequential
colimit that inverts the homology suspension element. We have already explicitly
identified this element as a(g) = &, and this yields the claim. m}

Our last goal in this Lecture is to sketch a foothold that this example has fur-
nished us with for the algebro-geometric interpretation of unstable cooperations.
First, we should remark that it has been shown that there is no manifestation of
the homology of a space as any kind of classical comodule [BJW95| Theorem
9.4], so we are unable to directly pursue an analogue of Definition [3.1.13| pre-
senting the homology of a space as a Cartesian quasicoherent sheaf over some
object. This no-go result is quite believable from the perspective of cohomology
operations: we have calculated in the case of E = HFF; that a generic unstable
cohomology operation takes the form

X =

cs - nSqI(x) .

S a set of multi-indices ( IeS

This inherently uses the multiplicative structure on HF}(X), and the proof of
the result of Boardman, Johnson, and Wilson rests entirely on the observation
that decomposable elements cannot be mapped to indecomposable elements by
maps of algebras, but maps of modules have no such controlﬁ

However, exactly this complaint is eliminated by passing to the additive

6 1t is probably still possible to treat this carefully enough to cast the whole of unstable operations
(and, in particular, the comonad G) into algebro-geometric language.
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unstable cooperations: all the product terms in the above formula vanish, and
the homology of a space does indeed have the structure of a comodule for this
Hopf algebra. Still in the setting of our running example E = HF,, this makes
HF,.(X) into a Cartesian quasicoherent sheaf for the simplicial scheme[]

UMpyz,p = SpecF, [Spec Q" HF2 PoHE, P,,.

In this specific example, we can even identify what this simplicial scheme is:
using Lemma|[I.3.5] we have already made the identification

Spec HF, PoHF,P = AutG,
(f: Balég &1, ] = R) o [x 0 ) fE? |,
=0

and the computation above presents Spec APy as the open subscheme of
Spec F;[&o, €1, . . .] determined by the invertibility of §0E] Hence, we see that a
compatible name for the inertia group in the unstable context for HF; is

Spec Q*HF, P)HF, P, = End G,,
(f: Bl ] > R o | xo Y fE)x”
j=0

Some of the complexity here was eliminated by the smallness of Spec HF, Py.
For a general ring spectrum E, we also have to account for Spec Ej, but the end
result is similar to that of Definition

Lemma 4.1.16 For a ring spectrum E satisfying UFH, the additive unstable
cooperations form rings of functions on the objects and morphisms of a
category scheme UMEg, and the E—-homology of a space X forms a Cartesian
quasicoherent sheaf UME(X) over its nerve. O

Although it seems like we have lost a lot of information in passing to
*—indecomposables, in many cases this is actually enough to recover everything.

Definition 4.1.17 ([BCM78|, Assumptions 7.1 and 7.7]) We say that a ring
spectrum E satisfying UFH furthermore satisfies the Unstable Generation
Hypothesis, or UGH, when the following conditions all hold:

7 This identification is somewhat subtle: we are using the fact that passing to homotopy groups
of this simplicial scheme factors through passing through the *—indecomposable quotient; cf.
Lemma

8 Note that O HF,, HF. . does not form a Hopf algebra, essentially because it is missing a version
of y that inverts o—multiplication. It is remarkable that inverting the homology suspension
element automatically produces an antipode.
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1. The module of primitives PEQE|, is Eo—free.

2. The composite PEyE, — EoE, — EpE is injective.

3. EoE, — SPEQE is an isomorphism, where § is the cofree (nonunital)
coalgebra functor.

Lemma 4.1.18 ([BCM78, Lemma 7.5]) Let E be a ring spectrum satisfying
UGH, and let G be the comonad from Lemma The composite functor
U = PG extends from a functor on free Eg—modules to all Eg—modules by using
2-stage free resolutions and enforcing exactness, and the result is a comonad.
Coalgebras for this comonad are exactly comodules for the Hopf algebra of
additive unstable cooperations. O

Corollary 4.1.19 ([BCM78l Remark 7.8]) If E satisfies UGH and X is a
space with EgX = SN for some connective free Ey—module N, then the unstable
E-Adams E,—term is computed by

E3 (Eo, PEyX).

_ s
- EXtCOALGEBRASU

Proof Under UGH, we have a factorization
CoaLGEBRASG (Ep, —) = CoaLGEBRASy (Eg, P(—))
and the injective objects intertwine to give a composite functor spectral sequence

EJ = BXUsy cunensy (Eos R P(M)) = Ext' (Eo, M).

2 COALGBERASG COALGEBRASG

If M = EgX = SN for some connective free Ep—module N, then

R?>0 P(EyX) = 0,

COALGEBRASG

hence the composite functor spectral sequence collapses, and
)
EXtCOALGEBRASU (EO’ PEOX)
computes the unstable Adams Ep—term as claimed. O

Remark 4.1.20 (cf. Remark As in the stable case, the Hopf ring
associated to a ring spectrum satisfying UFH splits off a factor of BN that
tracks the grading, and the passage to the stable context in particular covers the
localization BN — BG,,,.

Remark 4.1.21 ([Baul4l]) Tilman Bauer has studied some of the algebraic
geometry associated to unstable cohomology operations, which he gave a model
for in terms of formal plethories.
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4.2 Algebraic mixed unstable cooperations

For simplicity, we return to the stable setting of Lecture[3.1]for a moment. For an
arbitrary spectrum X and ring spectrum E, the completion X, is typically a quite
poor approximation to X itself. Though this can be partially mediated by placing
hypotheses on X, the approximation can always be improved by “enlarging” the
ring spectrum involved—for instance, selecting a second ring spectrum F and
forming the completion X, . at the wedge. This has the following factorization

property

T
/
X s Xp
\ .
Xp,

so that homotopy classes visible in either of X, or X . are therefore also visible
in the homotopy of X, .. Now consider the descent object Dy r(X) and its
layers Dgyr(X)[n]:
UDpyr(X)[n] = (EV F)""D A (X)
v \/ (EN A FN A )V,

i+j=n+1
i#0#j

VF*

In the edge cases of i = 0 or j = 0, we can identify the descent objects D (X)
and Dr(X) as sub-cosimplicial objects of Dgyr(X). The role of the cross-terms
at the end of the expression is to prevent the completion at £ V F from double-
counting the parts of X already simultaneously visible to the completions at E
and at F—i.e., the cross-terms handle communication between E and F E]

There is a similar (but algebraically murkier) story for the unstable descent
object formed at a wedge of two ring spectra. Let X now be a space, and consider
the first two layers of UD gy p(X):

UDEvr(X)0] = (EV F)(X)
= E(X) x F(X),
UDEvr(X)1] = (EV F)E(X) X F(X))
= E(E(X) x F(X)) x F(E(X) x F(X)).
9 From the perspective of spectral shemes, you might think of the descent object for E V F as

that coming from the joint cover {S — E, S — F}, and these cross-terms correspond to the
scheme-theoretic intersection of E and F over S.
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Consider just first factor, E(E(X) X F(X)). The homotopy of this object receives
a map

mE(E(X)) ®, 1. E(F(X)) — m(E(E(X) X F(X)),

and if £ has Kiinneth isomorphisms then the induced map off of the tensor
product is an equivalence. Again, we can identify the E(E(X)) part of this
expression as belonging to UDg(X)[1], and there is a cross-term E(F (X))
accounting for the shared information with F. The other term also contains
information present in U D (X)[1] and a cross-term F(E(X)) accounting for
shared information with E. In order to understand how these cross-terms affect
the reconstruction process, we are thus drawn to understanding the following
objects:

O(UMEvr(SM[1]) « m.F(E(S")) = F.E,,
and as n ranges these again form a Hopf ring.

Definition 4.2.1 We will refer to F.(E ) as the Hopf ring of mixed unstable
cooperations (from F to E) or the topological Hopf ring (from F to E).

We thus set about trying to understand the Hopf rings F.(E) in general. In
our computational example in Lecture 4.1} we found that the topological Hopf
ring HF,,(HF,,) modeled endomorphisms of the additive formal group after
passing to a suitable quotient, and we will take this as inspiration to construct
an algebraic model, or “expected answer”, approximating the topological Hopf
ring.

We approach this problem in stages. To start, note that homotopy elements
both of F and of E can be used to contribute elements to the topological Hopf
ring: an element f € F, begets a family of natural elements f,,, € F,E, , and
an element e € E" = myE, begets an element [e] € FyE, by Hurewicz. The
interaction of these rings F, and E* is captured in the following definition:

Definition 4.2.2 ([RW80, pg. 706]) Let R and S be graded rings. The Hopf
ring—ring R[S] forms a Hopf ring over R: as an R—module, it is free and
generated by symbols [s] for s € S, and the ring structure on S is promoted up a
level to become the Hopf ring operations. Explicitly, the Hopf ring structure
maps *, o, y, and A are determined by the formulas

R[S] ®& R[S]— RI[S] [s]% [s] = [s + 5],
R[S] ®& R[S] > RI[S] [s]ols'] =[s-s],
RIS] % RIS] xls] = [-s],

R[S] S R[S] @& R[S] Als] = [s] ® [s].
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Lemma 4.2.3 ([RW80, pg. 706]) There are natural maps of Hopf rings
FE] > F.(E,) — F[E"]
augmenting the topological Hopf ring over the Hopf ring—ring. O

Supposing that £ and F' are complex-orientable, we now seek to involve their
formal groups. The construction we are about to undertake is a variation on the
proof of Lemma[2.1.4] which is itself a variation of a more general result in the
theory of formal schemes:

Lemma 4.2.4 ([Str99b, Proposition 2.94]) Let X and Y be schemes over
S = Spec R, such that Ox forms a finite and free R—module. There is then a
mapping scheme M, such that points f € M(A) naturally biject with maps
f: X Xs SpecA — Y X5 Spec A of A—schemes. O

The mode of proof of this result is to form the symmetric R—algebra on the
R-module Oy ®x O, then quotient by the relations encoding multiplicativity of
functions and unitality of multiplication. These are the same steps we will take to
form a Hopf ring embodying homomorphisms of formal groups CP, — CPy.

Definition 4.2.5 (cf. [RW77, Equation 1.17]) Given a R—coalgebra A and an
S—algebra B, we form the free relative Hopf R[S]-ring Agrs)[B] generated under
the Hopf ring operations by symbols a[b] for a € A, b € B, according to the
atomic rules

Ar(s)[B] ®r Agisi[B1 = Agis)[B]  a[b] «a'[b'] = (axa’)[b+ D],

Ar(s)[B] ®r Agisi[B1 > Agsi[B]  alb]oa'[b'] = (a0 a’)[bb'],
Agis)[B] > Ags)[B] x(a[b]) = (xa)[b] = a[-b],
Argsi[B] > A

ris1[B] Aalb)) = > (ajb] ® a]/ b))
J

where A(a) = 3; aj’. ®F, aj’.’ and where the symbols a * a’, a o a’, and ya are all

formal symbols. There are two additional families of relations we might impose:

1. Fora € A and b’, b”’ € B, we devise the relation

D (@b eaf[b"]) = alb'b”]
J

as an analogue of the multiplicativity relation imposed in Lemma4.2.4]
2. For a € A, we devise the relation

aln(D)] = &(a)

as an analogue of the unitality relation imposed in Lemma



4.2 Algebraic mixed unstable cooperations 181

3. Assume further that the coalgebra A is coaugmented and that the algebra B
is augmented. We can then consider the pointedness relation

(n(1))[b] = [£(b)].

4. Finally, assume the entire structure of a Hopf R—algebra on A and of a Hopf
S—algebra on B. For each a’,a” € A and b € B with diagonal given by
Ab =Y j b;. ® b;.’, we can consider the homomorphism relation

a'a")[b] = 3k (@'[b}] o a”[5])).
J

We call the resulting quotient Hopf ring the Kronecker Hopf ring—ring, and we
denote it by ARO[S] [B].

Lemma 4.2.6 There is a natural map
00 O * 00
(F.CP )F*[E*][E CP”] — F.(E,).
Proof For any space X, we construct a Kronecker-type pairing
(= =): FaZXE™Z — F,(E,)

as follows: given a class f € m,F(X)andaclasse: X — E, , we can compose
the two to produce an element e.(f) € n,F(E,,). This pairing is “bilinear” in
the following senses:

(a’ +a”,b)y ={a’,b) + (a’, b), (f-ab)y=f-{ab),

{a, b’ + b") = {a,b") * {(a,b"), {a,e - b) = [e] o {a,b).
Universality of the free relative Hopf ring thus gives a Hopf ring map
(F.X)F,|e-[E"X] — F.(E,). Specializing to X = CP""ETI the factorization
of this map through the indicated Hopf ring quotient follows the duality property

of this enhanced Kronecker pairing. Namely, the four maps and their associated
diagrams pictured in Figure f.2]respectively witness the relations

<A*a7 b, ® b,,> = <(l, A*(b, ® b//)>’ </‘l*(a/ ® a,/)v b> = <a/ ® (1/,, ﬂ*b>’
(e.1,b) = (1,&"b), (n.1,b) = {1,n"b).

The Kronecker pairings are related to the Kiinneth isomorphisms for F,(CP* x
CP®*) and E*(CP* x CP*) by the product formula

<Cl’ ® Cl”, b ® b//) — <a/’ b/) ° <au7 b").

10 In fact, any H-space X produces an algebraic approximation, but it is the case X = CP® where
the map tends to be an isomorphism.
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FEP® x cP°) 2 F(E, )

(A: CP™ — CP™ X CP™) ~ FVFM e
F (A w)

sn —Z > F(CP%)

s" —Z > F(CP® x CP%)

. 00 00 00 F(u*w)
(4: CP® x CP® — CP%) ~» Fm l”")\

Fep) —29, pe, )

Fe) 40 FE,)

(e: CP® - ) ~ | Fleho T
Fle) /F(::*w)

s —2 > F(CP%)

" —T s F(x)
- 0o F(n*w)
(== TP | SN o~ ,

Fepe) 2 pE, )

Figure 4.2 Four topological Kronecker pairing relations.

Hence, writing A,a = j aJ’. ® aj’.’ and u*b = 3, j b;. ® b;.’, these relations become
exactly the four equations

@l oa b = alb't")  (a'a”)b] = Sk(@'[bj] o a” b)),
Jj J
@Ol =B aln()] = e(@). o

The main theme of this Case Study is that this induced map off of the quotient
is very often an isomorphism (and, in turn, that the theory of formal groups also
captures everything about the theory of unstable cooperations). Because we will
be carrying this algebraic model around with us, we pause to give it a name.

Definition 4.2.7 For F and E ring spectra, we define their algebraic Hopf ring
M(F, E) (or algebraic approximation) by

M(F,E) = (F*CP‘”)E[E*][E*CP“’].

Lemma 4.2.8 ([RW77, Theorem 3.8], [Wil82, Theorem 9.7]) After choosing

complex orientations of E and F, there is a natural isomorphism of Hopf rings
(F.CP®)p, (g [E”]

B(s +r t) = B(s) +(£) B(1)

M(F,E) =
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where the equation is of power series and the equality is imposed term-by-term
on the Hopf ring{"*| The formal sum B(s) is given by B(s) = 2; Bjx!, where
Bj is dual to the j"" power of the chosen coordinate in F*CP%, and the formal
group law expressions expand to

Bls+r 1) = B (Z af-jsizf) :

i.J
oi oj
B(s) +1) BD) = 3k [a,%]o(Zﬁksk) o(Zﬁﬂ‘)
i.j k 4

Proof sketch  The orientations of E and F give rise to classes x/ € E¥CP*
and B € F5,CP*, and hence classes S;[x/] € MA(F, E). The duality relations
imposed on this Hopf ring give us three useful identities:

1. The relation
1 ifk=0,

07 _ _
ﬁk[x]—SU?k)—{O k20

eliminates all elements of this form except By[x°] = 1.
2. The relation
Bl 1= > Bulx]o Bulx]
k'+k"=k

lets us rewrite these terms as o—products of terms of lower j—degree and no
larger k—degree.
3. The relation
. : [1] ifj=0,
Bolx'] = [e(x')] = o
[0] ifj#0

couples to the above relation to give

ol :
Bl 1= ) Bulx']o flx],
K+ =k
K k" #0
so that the rewrite is in terms of both lower j—degree and lower k—degree.

By consequence, the remaining terms are all sums of o—products of terms of the
form B[ x], so that imposing these three relations produces a surjection

(F.CP®)p,(g-[E"] — M(F,E).

1" This relation is often referred to as the Ravenel-Wilson relation.
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The remaining assertion is a now a matter of imposing the fourth relation, i.e.,
of calculating the behavior of

cPexcpe L ep S E,

in two different ways: using the effect of u in F~homology and pushing forward
in x, or using the effect of y in E—cohomology and pushing forward along the
Hurewiczmap S — F. o

Finally, we are able to explain the phenomenon uncovered by computation in
Lecture [4.1] where we passed to the »—indecomposables to find the classical
ring of functions on the endomorphism scheme of @a. Our explanation arises
out of two parallel questions:

1. Define the Hopf ring spectrum of a Hopf ring H by the formula
(SpH H)(T') = HoprRiNGs(H, T).

What recognizable functor SpH AA(F, E) does the Hopf ring A(F, E) corep-
resent?

2. How does this functor interact with classical rings?

Towards the second, there is an embedding of Rings into HopFRINGS, anal-
ogous to the square-zero extension functor sending an abelian group A to the
augmented algebra Z @ A with trivial multiplication on A.

Definition 4.2.9 For aring R, the *—square—zero Hopf ring iR has underlying
abelian group Z & R. For an element r € R, we write [r] = (0,r) for the
corresponding element in iR, and in this notation the Hopf ring structure maps
are set by the formulas

iR®iR> iR, [r]*[r'] =0, [r]=1=[r],
iR® iR iR, [rlo[r']=[rr"], [rlo1=][rl
iR 5 iR, xlr] =[], x(1) =1,
iR iR®IR, Arl=[rl®l+1elr] Al)=1®1,
iRS 7, e(r]) =1, e(l) =1,
z 2 iR, n(1) = 1.

Lemma 4.2.10 We have S = Q*iS, and moreover there is an adjunction

(Spec Q"H)(S) = Rincs(Q*H, S) = HoprRiNGs(H, iS) = (SpH H)(iS). O
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Remark 4.2.11 More generally, if A is an augmented S—algebra and R is an
auxiliary ring, there is a version of this square-zero extension construction that
sends A to a square-zero Hopf ring augmented over R[S]. It admits a similar
right adjoint to the category of R—algebras.

We are thus algebraically motivated to understand Spec Q* M(F, E), as this is
what SpH M(F, E) restricts to on the subcategory of classical rings. Note that
the Hopf ring-ring R[S] and the free relative Hopf ring Ag[s)[B] both have an
augmentation given by [x] + 1, so that the elements (x) = [x] — [0] form a
generating set of the augmentation ideal.

Lemma 4.2.12  In the «—indecomposable quotient, there are the formulas

() +(y) = (x+y) (x) o (y) = (xy).

Proof Modulo s—decomposables, we can write

0= (x) #(y) = [x] # [y] = [x] = [y] + [0] = (x + y) = {x) = ().

We can also directly calculate

(x) o (y) = [xy] = [0] = [0] + [O] = (xy). o
Corollary 4.2.13 There is an isomorphism Q*R[S] = R ® S. O
Corollary 4.2.14 For complex-orientable F and E, there is a natural isomor-
phism
Spec Q" AA(F, E) = FormaLGroups(CPy, CPY).
Proof This is a matter of calculating Q* M(F, E), which is possible to do
coordinate-freely, but it is at least as clear to just give in and pick coordinates.

Making such a choice, using Lemma4.2.12] and abbreviating (k) to merely «,
we have

oi of i j
sl o)) o] o]
i,j k t i,j k ¢

(in )

from which it follows that

Q"M(F,E) = (F. ® E)[Po, B1. Bo, .. .1/(B(s +F 1) = B(s) +£ B(1)) . O

Remark 4.2.15 Using the equivalence CP! ~ §2, the homology suspension
element e; is modeled by S;. It follows immediately that Spec(Q* A(F, E))[e; b
models the scheme FormarLGrouprs(CP%, CP;’E")gPd of isomorphisms.



186 Unstable Cooperations

Remark 4.2.16  In the unmixed case of E = F, as we saw in the computational
example in Lecture the algebraic Hopf ring AA(E, E) picks up an extra
diagonal corresponding to the composition of formal group endomorphisms
of CP%, and the resulting pair (Spec E., End(CP})) forms a category scheme.
These schemes act by pre- and post-composition on the mixed algebraic Hopf
ring Spec Q* AA(F, E), and these actions are compatible with the structure maps
in the unstable context ™ Mgy r described at the beginning of this Lecture. This
description is also compatible with pulling back to the stable context Mgy r:
it is exactly the inclusion of the simplicial subobject consisting of the formal
group isomorphisms and automorphisms.

4.3 Unstable cooperations for complex bordism

Convention: We will write H for HF, for the duration of the lecture.
Our theme for the rest of this Case Study is that the comparison map
M(F,E) > F.E,

of Lemmaf4.2.6]is often an isomorphism. In this Lecture, we begin by investigat-
ing the very modest and concrete setting of ' = H = HF,, and E = BP, simply
because it is the least complicated choice after the unstable Steenrod algebra: the
spectrum H has Kiinneth isomorphisms, and the formal group law associated to
BP has a very understandable role. Our goal is to prove the following Theorem:

Theorem 4.3.1 ([RW77, Theorem 4.2]) The natural homomorphism
A(H,BP) — H.BP,,
is an isomorphism. (In particular, H,BP,, is even—concentrated.)

This is proved by a fairly elaborate counting argument: the rough idea is to show
that the topological Hopf ring is polynomial, the comparison map is surjective,
and the degrees arrange themselves so that the map then has no choice but to be
an isomorphism. Our first move will thus be to produce an upper bound for the
size of the source Hopf ring, so that surjectivity can be used to compare it with
the size of the algebraic approximation.

Crucially, polynomiality will often let us replace the full Hopf ring by its
ring of *—indecomposables. To begin, recall the following consequence of

Corollary {.2.13}

Corollary 4.3.2 As an algebra under the o—product,
Q"H.[BP*] = Fp[[v,] - [0] | n > 1]. O
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From Lemma4.2.8] we now know that Q* MA(H, BP) is generated by [v,] — [0]
forn > 1 and B; € Hy;BP,, j > 0. In fact, p—typicality shows [RW77, Lemma
4.14] that it suffices to consider 8,4 = B(a) for i > 0. Altogether, this gives a
secondary comparison map

A :=Fpllval, B | n>0,d > 0] » Q" AA(H, BP).

Although this map is onto it is not an isomorphism, as these elements are subject
to the following relation:

Lemma 4.3.3 ([RW77, Lemma 3.14], [Wil82, Theorem 9.13]) Write I =
([p) [vi], [v2], . . .), and work in Q* AA(H, BP)/1°% o Q* AA(H, BP). For any n we
have

n -
D lvilo B, =0.
i=1

Proof  Since the group law on CPj; is additive, the Ravenel-Wilson relation
applied to the p—series{_zl specializes to

[Plisp)(B(s)) = B(ps).

If we work in the indecomposable quotient of BP, to simplify its group law, we
have the relation

[plap(s) = Z VjSpj (mod (p, vi,va,...)%),

70

which combines with the above to give

Bo = B(0) = B(ps) = [Plisr1(B(5)) = 3k (Ivj] 0 B(5)™')  (mod I?).

j=0

Passing to Q*, we have [p] o B(s) = Bp and hence
0= Y [lof™.

j>0
The coefficient of sP” gives the identity claimed. |

Let r,,, the n'™ relation, denote the same sum taken in A instead:
n .
Iy = Z[vi] Oﬁznp_i) € A.
i=1

The Lemma then shows that the image of r,, in Q* AA(H, BP) is o—decomposable.

12 'We are very sorry for the collision of [p]z p the p—series, [p];B p) the fancy Hopf ring p—series,
and [p] the symbol in the Hopf ring induced from the element p € BPy. The p—series won’t
linger for long, and we will always differentiate them with the relevant subscript.
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Our goal is to show that enforcing these relations cuts A down to exactly the
right size, and the easiest way to track the size of a quotient is for the quotient to
be by a regular ideal.

Lemma 4.3.4 ((RW77, Lemma 4.15.b]) The sequence (ry,r2, . ..) is regular
in A.

Proof Our approach is intricate but standard. We seek to show that J =
(r1,r2, ..., ry) is regular for every n, and we accomplish this by interpolation.
Fixing a particular n, define the intermediate ideals

‘]j = (rnarn—l,'u’rn—jJr])’

as well as the intermediate rings

Aj = A/(ﬂ(o), .. .,ﬁ(n—j—l))? BJ = ﬁ(_nl_])AJ

Noting that A, = A and J,, = J, we will inductively show that J; is a regular
ideal of A;. The case j = 1 is simple: J; is a nonzero principal ideal in a ring
without zerodivisors, so it must be regular.

Assume the inductive result holds below some index j. In the quotient
sequence

0— Zlﬁ‘”’f)lAj m Aj— A1 =0,

the degree shift in the multiplication map (and induction on degree) shows
that if J;_; is regular on A;_y, then J;_; is automatically regular on A;. If we
additionally prove that J;_; is prime on A; and that r,,_;,1 # 0 in the quotient,
then A;/J;_ would be an integral domain, multiplication by r,,_;,; would be
injective, and we would be done. In the degree |r,,—;.1| of interest, there is an
isomorphism (A),_;,,| = (A;/Jj-1)|r,_;.,|> and hence r,,_j.1 # 0 as desired.

We thus turn to primality. Note first that J;_; is automatically prime in B;,
since Bj is a polynomial F, [ﬂ(i;l_j)]—algebra and each of the generators of J;_;
is one of these polynomial generators of B;. Suppose for contradiction that
Jj_1 is not prime in A;, as witnessed by some elements x, y ¢ J;_; satisfying
xy € Jj_1. Since J;_ is prime in Bj, (by perhaps trading x and y) there is some
minimum k > 0 such that

IB(Or]f_j) ox € Jj.

We may as well assume k = 1, which we can arrange by tucking the stray factors
of B(,—j) into x. Invoking the generators of J;_;, we thus have an equation

Jj-1

Ban—jyox= Zai O Fp—i+1

i=1
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with a; € A; not all divisible by S, ;). In fact, by moving elements onto the
left-hand side we can assume that if a; # O then a; ¢ J;_1. In A;_,, this equation
becomes

j-1

0= Zai L

i=1
with a; not all in J;_. This is the desired contradiction, since J;_ is regular in
Aj_1 by inductive hypothesis. O

Corollary 4.3.5 Set

¢ij =dimg, Q"M(H, BP)ai2j,  dij = dimg, Fp[[val bo)laiz;-
Then c;j < d;jand d;j = diy) j+2.
Proof We have seen that ¢; ; is bounded by the F,—dimension of

[Fp[[vn], bayld=0,n20]/(r,r,.. )]l] .

But, since this ideal is regular and |r;| = |b(;|, this is the same value as d; ;.
The other relation among the d; ; follows from multiplication by b(), with
by = (2,2). o

We now turn to showing that this estimate is sharp and that the secondary
comparison map is onto, and hence an isomorphism, using the bar spectral
sequence. Recalling that the bar spectral sequence converges to a the homology
of the connective delooping, let BP), denote the connected component of BP,,
containing [0,.]. We will then demonstrate the following theorem inductively:

Theorem 4.3.6 ([RW77, Induction 4.18])  The following hold for all values of
the induction index k:

1. Q"H<x-1)BP), is generated by o—products of the [v,] and b).

2. Hog-1)BP}, is isomorphic to a polynomial algebra in this range.

3. For(0 <i<2(k—1), we have d; j = dimg, Q*Hiﬂzj.

Before addressing the Theorem, we show that this finishes our calculation:

Proof of Theorem assuming Theoremd.3.0|for all k  Recall that we are
considering the natural map

M(H, BP) — H.BP,,.

The first part of Theoremd.3.6|shows that this map is a surjection. The third part
of Theorem [4.3.6]together with our counting estimate shows that the induced
map

Q"M(H,BP) —» Q"H.BP,,
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is an isomorphism. Finally, the second part of Theorem [4.3.6] says that the
original surjective map, before passing to *—indecomposables, targets a poly-
nomial algebra and is an isomorphism on indecomposables, hence must be an
isomorphism as a whole. |

Proof of Theorem The infinite loopspaces in BP,, are related by
2 ’
Q°BPy, ) = BPy,,

so we will use two bar spectral sequences to extract information about Q;(* 1)

from BP,,. Since we have assumed that H<y_1)BP,, is polynomial in the
indicated triangular range near zero, we know that in the first spectral sequence

H.BP,,
Ef,* = Tor*,* ? (Fp9 ]Fp) = H*Q2*+l

the E?—page is, in the same range, exterior on generators in Tor—degree 1 and
topological degree one higher than the generators in the polynomial algebra.
Since differentials lower Tor—degree, the spectral sequence is multiplicative,
and there are no classes on the O-line, it collapses in the range [0, 2k — 1].
Additionally, since all the classes are in odd topological degree, there are no
algebra extension problems, and we conclude that H.BP,, , | is indeed exterior
up through degree (2k — 1).
We now consider the second bar spectral sequence

BP

Ei* = TOI'f: ZHI(FP’F[)) = H*ﬁ2(*+l)"

The Tor algebra of an exterior algebra is divided power on a class of topological
dimension one higher. Since these classes are now all in even degrees, the
spectral sequence collapses in the range [0, 2k]. Additionally, these primitive
classes are related to the original generating classes by double suspension, i.e.,
by forming the o—product with ). This shows the first inductive claim on the
primitive classes through degree 2k, and we must argue further to deduce our
generation result for x!7’! of degree 2k with j > 0. By inductive assumption,
we can write

_ oly oly ...
x=[lebgobgye

and one might be divinely inspired to consider the element

o oly ol L.
z:=[ylobgyobyiye--.
This element zisn’t equal to x1P’1 on the nose, but the diagonal of the difference
z — xIP"! lies in lower filtration degree—i.e., it is primitive as far as the filtration
is concerned—and so we are again done.
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The remaining thing to do is to use the size bounds: the only way that the map
A(H,BP) — H.BP,,

could be surjective is if there were multiplicative extensions in the spectral
sequence joining x!P! to xP. Granting this, we see that the module ranks of the
algebra itself and of its indecomposables are exactly the right size to be a free
(i.e., polynomial) algebra, and hence this must be the case by Milnor-Moore. O

We have actually accomplished quite a lot in proving Theorem[4.3.1] as this
forms the input to an Atiyah—Hirzebruch spectral sequence.

Corollary 4.3.7 (Ravenel-Wilson Theorem, [RW77| Corollary 4.7])  For any
complex-orientable cohomology theory E, the natural approximation maps give

isomorphisms of Hopf rings{-lz]
M(E,MU) > E.MU,,, M(E, BP) > E.BP,,.

Proof  First, because MU, splits multiplicatively as a product of BPs, we
deduce from Theorem [4.3.1) the case of E = HF,,. Since HF,.BP,, is even,
it follows that HZ ;). BP,, is torsion—free on a lift of a basis, and similarly
(working across primes) HZ.MU,, is torsion—free on a simultaneous lift of
basis. Next, using evenness and torsion—freeness, we conclude from an Atiyah—
Hirzebruch spectral sequence that MU. MU, _ is even and torsion—free itself,
and moreover that the comparison is an isomorphism. Lastly, using naturality of
Atiyah—Hirzebruch spectral sequences, given a complex—orientation MU — E
we deduce that the spectral sequence

E.® H.(MU,,;Z) = E. ®yy, MU.MU,, = E.MU,,
collapses, and similarly for the case of BP. O

This is an impressively broad claim: the loopspaces MU,, are quite compli-
cated, and that any general statement can be made about them is remarkable.
That this fact follows from a calculation in HF,—homology and some niceness
observations is meant to showcase the density of CP}; = @a inside of Mfg

13 In the case E = MU, we actually have brushed against this before: the formulas leading to
Lemma[25.7]look suspiciously like formal group homomorphisms with prescribed kernels. We
explore this observation more seriously in Appendix[A.2]

Equivalently: the convergence of Postnikov towers.

It is worth pointing out that the success of this calculation is misleading as to how difficult unstable
calculations can be. For instance, the Johnson—Yosimura conjecture is that for a space X and
x € BP,(X) a BP-homology class, x is v, —torsion-free [Wil82| pg. 37]. Even related stable
conjectures are unsettled: for S — X — Y a cofibration of finite complexes with B P.(X) of
homological dimension less than n, it is conjectured that the homological dimension of B P.(Y)
is less than n + 1 [JW73l Conjecture 6.8]; and if 0 # y € BP (n)s(X) is a v,,—torsion-element
of a space X, it is conjectured that s < dim(X) [JW73| Question 6.11].
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Remark 4.3.8 The analysis of the first bar spectral sequence in the proof of
Theorem [4.3.6] also gave us a description of H,BP,, |, which is not directly
visible to A(H, BP). Namely, the Hopf ring H,BP, can be presented as

H.BP, < M(H, BP)[e]/(e = B)),

with e of degree 1. Additionally, analyzing the cohomological bar spectral
sequence (and noting that the dual of a divided power algebra is a polynomial
algebra) shows that each H.BP,, forms a bipolynomial Hopf algebra—i.e., both
it and its dual are polynomial algebras. These bipolynomial algebras also play a
critical role in the next two sections.

Remark 4.3.9 (|Cha82], [Wil82) Section 10]) There is an alternative proof that
H.BP,; forms a bipolynomial Hopf algebra for each choice of j that makes no
reference to Hopf rings. It proceeds along very similar lines, as it also studies
the iterated bar spectral sequence, but it proceeds entirely by counting: the
elements in the spectral sequence are never given explicit names, and hence
there is no real hope of understanding the functor SpH H.BP, .. By contrast, the
Ravenel-Wilson method can be used to give an explicit enumeration of these
classes [RW77, Section 5]. Our presentation here is something of a compromise.

Remark 4.3.10 The identification of the p—local and mod—p homology and
cohomology of BP,, as a bipolynomial Hopf algebra was first accomplished
by Wilson in his PhD thesis [Wil73, Theorem 3.3]. He deduces quite a lot of
interesting results from this observation. For instance, each bipolynomial Hopf
algebra can be shown to split as a tensor product of indecomposable such [Wil73|
Proposition 3.5], and this splitting is reflected by a splitting of BP,, into a
product of indecomposable H—spaces.

Remarkably, these indecomposable spaces can themselves be identified. For
each n there is a ring spectrum BP(n) over BP with homotopy presented
by the subalgebra 7. BP{n) = Z,)[vi,. .., v,]. This spectrum is not uniquely
specified, a reflection of the algebraic failure of the ideal (v;41, Vy42, .- .) to
be invariant, and so this resists formal-geometric interpretation (cf., however,
[AL17], [LN12f, [Str99all, . . . ). Nonetheless, using Steenrod module techniques
Wilson shows [Wil75| Section 6] that every simply-connected p—local H—space
with torsion-free homology and (p-local ordinary) homology splits into a
product of spaces ¥i, and that ¥ = BP(n), for |[v,| < k(p — 1) < |vuq1].

In particular, the spaces BP(n), in these bands are independent of choice
of parent spectrum BP({n), and all p—local H—spaces satisfying these freeness
properties are automatically infinite loopspaces—both extremely surprising
results.
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4.4 Dieudonné modules

Our goal in this Lecture is to give a compact presentation of what a formal
group is based on the following observation: the category of commutative
cocommutative Hopf algebras of finite type over a ground field k forms an
abelian category. It follows abstractly that this category admits a presentation
as the module category for some (possibly noncommutative) ring, but in fact
this ring and the assignment from a group scheme to linear algebraic data can
both be described explicitly. This is the subject of Dieudonné theory, and our
goal is to give an overview of some of its main results, including two different
presentations of the equivalence

In the first presentation, we follow notes by Weinstein [Weil 1| Lecture 1].
Begin with a 1-dimensional formal group G overa ring A. Our first avenue into
Dieudonné theory is to recall that we have previously been interested in the
invariant differentials wg C Qé/A on G. As explored in Theorem[2.1.24] when

A is a Q-algebra such differentials give rise to logarithms through integration.
On the other hand, if A has positive characteristic p then there is a potential
obstruction to integrating terms with exponents of the form —1 (mod p), and in
Lecture [3.3 we used this to lead us to the notion of p—height. We now explore a
third twist on this set-up. Recall that Qé/A forms the first level of the algebraic

de Rham complex Qé/A. The de Rham complex only uses the underlying formal

variety of G and not its group structure, but the product map
p: GxG— G

and the two projection maps

T, 7. GX@—)G

induce maps
[T S CéR(@/A) — C‘;R(@ X @/A).

The translation invariant differentials are exactly those in the kernel of —7r’l" —7r§,
as considered at the chain level. We can weaken this to request only that that
difference be exact, or zero at the level of cohomology of the de Rham complex.

Definition 4.4.1 The cohomologically translation invariant differentials is the
A-submodule PHCII r(G/A) C Hclz r(G/A) defined as the kernel of y* -7y — 73

16 Emphasis on “some of its results”. Dieudonné theory is an enormous subject with many interesting
results both internal and connected to arithmetic geometry and the theory of abelian varieties.
We will explore almost none of this.

17" The symbol “P” here denotes the primitives. Using the identity u* = A, the equation A(x) =
x ® 1 + 1 ® x holds if and only if x lies in the kernel of this operator.
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Example 4.4.2 [Kat81, Lemma 5.1.2] Consider the case that A is torsion-free
(or “Z-flat”, if you like), and set K = A ® Q so that A — K is an injection. In
this case the differentiation map xA[[x]] — A[x] is an injection and integration
of power series is possible in K, so we can re-express first the definition of
H! r and second the conditions on our algebraic differentials in the following

d
diagram of exact rows:

integrals all formal integrals missin
0> with A — of differentials — { intessraigs }
coefl® defined over A g

I
1 1
0 — xA[x] — {f € xK[x] | df € A[x] dx} -4 H!(G/A) — 0

I t
df € Al x] dx, d -
0 — xAx] — {f € xK|[x]]' 5f € ALxy] } PH,,(G/A) > 0,
where x is a coordinate on G, and ¢ is defined by 6[w] = (1" — 7} — m3)[w].

The flatness condition is not satisfied when working over a perfect field of
positive characteristic p—our favorite setting in Lecture[3.3]and Case Study 3]
more generally. However, de Rham cohomology has the following remarkable
lifting property (which we have written here after specializing to H é R):

Theorem 4.4.3 (Poincaré Lemma; [Kat81, Key Lemma 5.1.3]) Let A be a
p-local torsion-free ring, and let fi(x), f>(x) € xA[ x]] be power series without
constant term. If fi = f, (mod p), then for any differential w € A[[x]dx the
difference f;'(w) - f,'(w) is exact.

Proof Write w = dg for g € K[x]], and write f» = fi + pA. Then
[ s fio) = eth) - sth) = i + p8) - ()
o0 A)n ;
= (p—,g( '(f).
n!
n=1
Since g’ = w has coefficients in A, so does the iterated derivative g(") for all n,

and hence the fraction p" /n! lies in the Z,)—algebra A. |

Corollary 4.4.4 (Hcll g 18 “crystalline”) If fi, fo: 'V — V" are maps of pointed
formal varieties which agree mod p, then they induce the same map on Hcll g O

Corollary 4.4.5 ([Kat81, Theorem 5.1.4]) Any map f: G -G of pointed
varieties which is a group homomorphism mod p restricts to give a map
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f*: PH}.(G/A) — PH)(G'/A). Additionally, if fi, f», and f; are three such
maps of pointed varieties satisfying

fh=fi+the FORMALGROUPS(@’ /p, @/ D),
then f = f + f; as maps PH.,(G/A) — PH!.(G'/A). o

In the case that & is a perfect field, the ring W, (k) of p—typical Witt vectors
on k is simultaneously torsion-free and universal among nilpotent thickenings
of the residue field k. This emboldens us to make the following deﬁnitionm

Definition 4.4.6 [Kat81} Section 5.5] Let k be a perfect field of characteristic
p > 0, and let @0 be a (1-dimensional) formal group over k. Then, choose a lift
G of\ @0 to Wp(k),Aand define the (contravariant) Dieudonné module of @0 by
D*(Go) := PH},,(G/W ,(k)).

Remark 4.4.7 This is independent of choice of lift up to coherent isomorphism.
Given any other lift G’ of Gy to W, (k), we can find some power series—not nec-
essarily a group homomorphism—covering the identity on Go. Corollary m
then shows that this map induces a canonical isomorphism between the two
potential definitions of D*(@o).

Note that the module D*(@g) carries some natural operations:

e Arithmetic: D*(@O) is naturally a W, (k)-module, with the action by ¢ €
W, (k) corresponding to multiplication-by—¢ internal to @0.

e Frobenius: The map x — x” is a homomorphism of formal groups modulo
p, so it induces a g—semilinear map F': D*(@o) — D*(@o). That is,

F(av) = a?F(v),

where ¢ is a lift of the Frobenius on & to W, (k).

e Verschiebung: Inspired by Lemma[3.3.6] we might also seek a Verschiebung
operator V satisfying FV = p. Our explicit formula for F lets us guess such a
map:

(e8] (e8] !
. n ¢ .n
V: Eanx Hpgapnx.
n=1 n=1

It satisfies FV = p and anti-semilinearity: aV(v) = V(a¥v).
With this, we come to the main theorem of this Lecture:

18 There is a better definition one might hope for, which instead assigns to each potential thickening
and lift a “Dieudonne module”, and then work to show that they all arise as base-changes of this
universal one. This is possible and technically superior to the approach we are taking here [Kat81!
Theorem 5.1.6], [Mes72, Chapter 4], [Gro74].
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Theorem 4.4.8 (|Gro74, Théoréme 4.2], [Dem86, Sections I11.8-9]) The
(de Rham—Dieudonné) functor D* determines a contravariant equivalence of
categories between smooth 1-dimensional formal groups @0 over k of finite
p-height and Dieudonné modules, which are modules M over the ring

FV =VF = p,
Cart, = W, (k)(F, V)/ Fw = w?F,
wV = Vw?

which are additionally free and finite rank over W (k).

Remark 4.4.9  Several invariants of the formal group associated to a Dieudonné
module can be read oft from the functor D*. For example, the W, (k)-rank of
D*(Gp) computes the height of Gy. Additionally, the quotient D*(Gy)/F D*(Go)

is canonically isomorphic to the cotangent space T;Go = w3, -

Example 4.4.10 Consider @0 = @m. For x the usual coordinate, we have
[p](x) = xP, and hence the Frobenius F acts on D*(G,,) by Fx = px. It follows
that Vx = x and D*(G,,) = W, (k){x} with this Cart,—module structure.

Example 4.4.11 We also give a kind of non-example: @a is not a finite height
formal group, and its Dieudonné module is correspondingly strangely behaved:

D*(Gy) = Fa[ F]{x}/(V = 0).

Example 4.4.12 (cf. Example[T.2.9) Dieudonné theory admits an extension to
finite (flat) group schemes as well, and the appropriate quotient of the Dieudonné
module of a formal group agrees with the Dieudonné module associated to the
appropriate subscheme:

D" @Golp']) = D*(Go)/ .
For example, this gives

D*Gulp) = Fp{x}/( Fx=0, ) .

Vx=x

We extract the subgroup scheme a; as the finite Dieudonné quotient module
D*(ap) = Fo{x} « D*(G,) of the Dieudonné module associated to G, above.
We can now verify the four claims from Example

o The group scheme ay has the same underlying structure ring as py = G,[2]
but is not isomorphic to it. There are now several ways to see this, the simplest
of which is that the Verschiebung operator acts nontrivially on D*(u;) but
wholly trivially on D* (a/z)m

19 See also [Strbl Example 8.5].
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e There is no commutative group scheme G of rank four such that ay = G[2].
Suppose that G were such a group scheme, so that D*(G)/2 would give D*(a3).
It can’t be the case that D*(G) has only 2—torsion, since then this quotient
would be a null operation, so it must be the case that D*(G) = Z/4{x}. The
action of both F and V on x must vanish after quotienting by 2, so it must be
the case that Fx = 2cx and Vx = 2dx for some constants ¢ and d—but this
violates FVx = 2x.

o [f E[F; is the supersingular elliptic curve, then there is a short exact sequence

0> a— E[2] > ap — 0.

However, this short exact sequence doesn’t split (even after making a base
change). This follows from calculating the action of F and V to get a short
exact sequence of Dieudonné modules:

F2x =0,

0 — Fo{Fx}/(F,V)— Fz{X,Fx}/( V=0

) — Fy{x}/(F,V) — 0.
The exact sequence is split as Fy—modules, but not as Dieudonné modules.

o The subgroups of as X of rank two are parameterized by P'. The Dieudonné
module of the product is quickly computed:

D*(a2 X az) = D*(a2) ® D*(a) = Fz{xl,xz}/( F=0 ) .

V=0

An inclusion of a rank 2 subgroup scheme corresponds to a projection of this
Dieudonné module onto a 1-dimensional quotient module, and the ways to
choose the kernel of this projection encompass a P'.

Example 4.4.13 'We can also use Dieudonné theory to compute the automor-
phism group of a fixed Honda formal group, which is information we wanted
back in Lecture[3.6] Take I'y to be Honda formal group law of height d over
de, which has Dieudonné module

D*(Ty) = Cartp/(Fd =p).

The endomorphism ring of a quotient R—module M = R/I is canonically
isomorphic to R/I itself, giving

Fw = w¥F,
Endly = Wp(de)<F>/( Fd — )
and hence
Fw = w?F, X
Autl'y = (WP(FPJ)<F>/( Fd — )) .
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Remark 4.4.14 ([Kat81l Theorem 5.2.1]) There is also a relationship between
this representation of the Dieudonné functor and the deformation theory of
formal groups from Lecture aclass [ f(x)dx] € D*(@o) begets a class in
e(f) e Ext‘(@, @a) given by the cobar 1-cocycle f(x +5 y) — f(x) - f(y). In
fact, this assignment is surjective, and the additional information lost in the
kernel is a trivialization of the Lie algebra extension

0 — Lie(G,) —— Lie(E) — Lie(G) —— 0

associated to the group scheme extension E classified by e(f). Studying the
universal extension of G by an additive formal group is an exceedingly interesting
thing to do [Gro74, Section V.4], [MM74], [HG94a, Section 11].

Having gotten some feel for the behavior and the usefulness of the Dieudonné
functor, we now turn our attention to some alternative presentations of it. In this
next presentation we will not have to worry about lifts to W, (k), so we take
G itself to be a formal group over a perfect field k of positive characteristic p.
Cartier’s functor of curves is defined by the formula

CG = FORMALSCHEMES(AI, @)

This is, again, a kind of relaxing of familiar data from Lie theory, taken from a
different direction: rather than studying just the exponential curves, CG tracks
all possible curves. In Lecture[3.3] we considered three kinds of operations on a
given curve y: Al - G

e Homothety: given a scalar a € A, we define 0,y(t) = y(a - t).

e Verschiebung: given an integer n > 1, we define V,,y(z) = y(¢").

e Arithmetic: given two curves vy and y,, we can use the group law on Gto
define y; +5 y2. Moreover, given ¢ € Z, the {—fold sum in G gives an operator

£ times
—_——

57:7"’@"‘@7

This extends to an action by £ € W, (k).
e Frobenius: given an integer n > 1, we define

Fy() = Y57t
i=1

where ¢, is an n' root of unity. (This formula is invariant under permuting the
root of unity chosen, so determines a curve defined over the original ground
ring by Galois descent.)
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Definition 4.4.15 (cf. Lemma[3.3.6) A curve y on a formal group is p—typical
when F,;y = 0 for n # p/. Write DG C CG for the subset of p—typical curves.

Lemma 4.4.16 ([Zin84], Equation 4.13]) In the case that the base ring is p—
local, CG splits as a sum of copies of D..G. The operation of p—typification gives
anatural section CG — D.G, given by the same formula as in Lemma m}

This construction also plays the role of a Dieudonné functor:

Theorem 4.4.17 ([Zin84), Theorem 3.5 and Theorem 3.28]) The (Cartier—
Dieudonné) functor D, determines a covariant equivalence of categories between
smooth 1—dimensional formal groups over k of finite p—height and Dieudonné
modules. O

Theorem 4.4.18 ([IMM74, Section I1.15]) EUI There is a natural isomorphism
(D.Gy)* = D*Gy. o

Remark 4.4.19 ([Strb, Remark 18.1]) A coordinate x on CPZ induces a
sequence of isomorphisms

ForMaLGrouprs(BUE, @) = ForMALScHEMES(CPE, @)
b FORMALSCHEMES(:&I, @)
= CG,

which presents E*BU as the Witt Hopf algebra. However, this isomorphism is
not especially interesting: for one, it is highly dependent upon the choice of
coordinate, but also the far right-hand object has no dependence on CP, and so
the operations we have been studying—formal group auto- and endomorphisms
of CPZ, mainly—do not act, and this isomorphism cannot be equivariant in any
useful sense. The reader is advised not to adopt this perspective.

Remark 4.4.20 (|Gro74, Chapitre VI]) The contravariant Dieudonné functor
described above has a natural extension by choosing lifts over other pro-Artinian
k—algebras, like the Lubin-Tate moduli stack of Definition[3.4.3] The resulting
network of objects most naturally organizes into a sheaf over the crystalline site,
but it is possible in this setting to re-express such a sheaf as a quasi-coherent
sheaf over the Lubin—Tate stack which is equipped with a flat connection, and it
is additionally acted upon by the familiar operators F" and V.

Remark 4.4.21 (cf. [Mor85, Section 2.3]) Dieudonné theory gives rise to an
important function called the period map. Although the crystalline nature of
the cohomology group H é x makes our definition of D* invariant of choice of

20 This is a remarkbly difficult theorem to prove, cf. Appendix
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lift, the underlying chain complex is not invariant of choice of lift. In particular,
the subsheaf of honestly invariant differentials wg selects an interesting 1—-

dimensional vector subspace of PH(ll R (@) [Mor85) Section 2.3]. Thinking of
Gasa point in (/\/(fg)é\TT (W, (k)), this observation gives rise to an interesting
0

function
nGm: (Mig) (Wp(K) = B(D"(@),
G - [wg € D'(@)].

This map has incredibly good properties. It is equivariant for the action of
Aut @0 [HG94b, Theorem 1], and with enough work one can use this to extract
explicit (recursive) formulas expressing the action [DH93], [Strbl Section 24],
[HG94al Section 22], bringing some relief to the problem of Remark [3.6.17]
Also, in a suitable context it becomes an étale morphism with identifiable
fibers [HG94b, Theorem 1], [HG94a, Sections 23-4], which allows one to give
an explicit formula for the dualizing sheaf [HG94b, Corollary 3] with direct
applications to topology [HG94b, Theorem 6]:

-d*-d d-1 d
Mg (2 Ig/z) = Q(Mfg)9 = w®[det),
where the Brown—Comenetz dualizing object 1o,z is defined by the property
H?Q/Z(E) = ABELIANGRoOUPS(7E, Q/Z).

In Figure [4.3] we sketch the period map at n = 2 and p = 2, which has the
following list of properties [HG94al Appendix 25], [Yu95]:

e The center of the Z,,»—points of Lubin-Tate space corresponds to the canonical
lift, which is the formal group that further acquires an O 4—module structure.
It has m—series [7](x) = nx + X7,

e There are three nontrivial points in @[2]: a, B3, and a + B. Quotienting by
them gives three points at order 1/(g + 1), the first bunch of quasicanonical
lifts, which have partial formal O 4—module structures.

e The map ngy sends the canonical lift to O = [1 : 0], sends the first order
quasicanonical points to co = [0 : 1], and alternates from there. The three
branches of “directions to quotient” carve P! up into three lobes. This is
because mgy is equivariant for isogenies, and quotienting by one of these
order 2 subgroups is a lift of the Frobenius isogeny on the residue formal
group.

e Outto order 1/q, mgy is injective.

e You can compute these orders using the Newton polygon associated to the
m—series.
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TGH

Figure 4.3 The period mapatn =2, p =2

o At each quasicanonical point, you also also form three quotients: two of them
make the situation “worse”, and one of them makes the situation “better”,
which is a kind of witness to the identification G/G[2] = G.

p
1 0

(and scales one by p), then flips them back (and scales the other by p), and
after two flips scaling everything by p scales back down by homogeneous
coordinates.

e The group [F} acts by rotation on P'.

o These quasicanonical points are the ones with nontrivial stabilizers under the
action by the Morava stabilizer group—all the other points belong to free
orbits. The canonical lift has the largest stabilizer of all.

e The canonical Frobenius F,.,, = [ } first flips the two coordinates

Remark 4.4.22 It is also possible to build versions of Dieudonné theory over
still more exotic rings. The most successful such version is Zink’s theory of
Dieudonné displays [Zin02], which has found some application in algebraic
topology [Law10].

4.5 Ordinary cooperations for Landweber flat theories
Convention: We will write H for HF, for the duration of the lecture.

Our goal in this Lecture is to put Dieudonné modules to work for us in
algebraic topology. The executive summary of Dieudonné theory is that it gives
a linear presentation of the theory of Hopf algebras. From the perspective of
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algebraic topology, functors sending cofiber sequences to exact sequences in
a linear category are precisely the homology functors. Tying these two ideas
together, if we can find a functor that sends exact sequences of spaces (or
spectra) to exact sequences of Hopf algebras, we can post-compose it with a
suitable version of the Dieudonné functor to get a homology functor and hence
a spectrum.

To meet algebraic topology in its natural setting, it will be useful to also
have a version of Dieudonné theory that is well-adapted to working with formal
groups whose coordinate ring forms a graded Hopf algebra. Using as inspiration
our previous identification

C (@) = FORMALSCHEMES(Al, @)
=~ FormMaLGRroups(G, CW »)

= HOPFALGEBRAS(O&\NI), 03),

we are thus moved to form graded versions of the Witt Hopf algebra. More
precisely, the following theorem says that there are graded versions of the Witt
Hopf algebra that give a sequence of projective generators for the category of
connected graded Hopf algebras over F,:

Theorem 4.5.1 ([Sch70, Section 3.2], [GLM93| Proposition 1.6]) Let S(n)
denote the free graded-commutative Hopf algebra over Fj, on a single generator
in degree n > 0. There is a projective cover H(n) - S(n), given by the formula

o [feither of the following conditions hold...

- p=2andn=2"k for2 { k and m > 0, or
- p#2andn=2p"k forpt k andm > 0,

then H(n) = Fp[x0, x1, . . ., x| with the Witt vector diagonal, i.e., the diagonal
j j-1
is arranged so that the elements w; = xg + pxlp + -+ + Xxj are primitive.
e Otherwise, H(n) = S(n) is the identity. O

Corollary 4.5.2 The category GRADEDHOPFALGS]; 0’/ﬁn of finite-type graded
P

connected HopfF,,—algebras is a full subcategory of modules over
@ GrapepHorrALGS(H (n), H(m)).
n,m

Proof sketch  This is a general nonsense consequence of having found a set of
projective generators. The functor presenting the inclusion is

M- @ GrapepHoprrALGS(H(n), M),
n=0
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and since this functor is corepresented its automorphisms are encoded by the
indicated ring. O

We would also like to give a set of conditions, analogous to the technical
conditions appearing in the previous two presentations, which select this full
subcategory out from all possible modules over this endomorphism ring.

Definition 4.5.3 ((GLMO93| pg. 116]) Let GRapEDDMoDs denote the category
of graded abelian groups M equipped with mapsEr]

V. My, — M,, F: M, —> My,
satisfying

1. Moy =0.
2. If nis odd, then pM,, = 0.
3. The composites are controlled by F'V = pand VF = pE'I

Remark 4.5.4 Suppose that n is even, written at odd primes in the form
n = 2p"k with p ¥ k or at p = 2 in the form n = 2"k with 2 { k at
p = 2. Then, combining the above relations, we get the torsion condition
pm+]Mn - Fm+lvm+1Mn =0.

Theorem 4.5.5 ([Sch70} Section 5], [GLM93| Theorem 1.11]) The functor

D, GRADEDHOPFALGS];O’/ﬁn — GrRADEDDMoDS,
r
D.(H) = @ D,(H) = @ GRADEDHOPFALGS];:’/ﬁn(H (n), H)
n n

is an exact equivalence of categories. Moreover, D.H(n) is characterized by the
equation

GrapepDMobs(D.H(n), M) = M,,. O

Having produced our desired graded Dieudonné theory, we now need some
topological input. We are by now well aware that the homology of an H—space
forms a Hopf algebra, and the Serre spectral sequence for a fibration of H—spaces
F — E — B takes the form

Ey"=H'B®H'F = H'E.
The following result of Goerss—Lannes—Morel says that in the case that the
fibration is one of infinite loopspaces, we have the exactness property we need:

21 Here n is required to be even if p # 2.
22 These come from the inclusion H(n) C H(pn) and the map H(pn) — H(n) sending x,, to

P
xnfl'
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Theorem 4.5.6 (JGLM93, Lemma 2.8]) Let X — Y — Z be a cofiber
sequence of spectra. Then, provided n > 1 satisfies n # £1 (mod 2p), there is
an exact sequence

D H.Q%X — D,H.Q°Y — D,H.QZ. o

This Theorem is not especially easy to prove: one works very directly with
unstable modules over the Steenrod algebra, the bar spectral sequence, and
Postnikov decomposition of infinite loopspaces. We refer the reader to the paper
directly, as we have been unable to find a useful improvement upon or even
summary of the results presented there. Nonetheless, granting this Theorem, we
use Brown representability to draw the following consequence:

Corollary 4.5.7 ([GLMO93| Theorem 2.1, Remark 2.9]) Forn > 1 an integer

satisfying n # +1 (mod 2p),PE] the Brown—Gitler spectrum B(n) is the spectrum
satisfying

B(n),X = D,H.Q"X. O

Before exploiting this result to compute something about unstable coopera-

tions, we will prove a sequence of small results making these spectra somewhat
more tangible.

Lemma 4.5.8 ([GLMO93, Lemma 3.2]) The spectrum B(n) is connective and
p—complete.

Proof First, rearrange:
mB(n) = B(n),S"* = D,H,Q®x*§"

If k < 0, n is below the connectivity of Q°S"* and hence this vanishes. The
second assertion follows from the observation that HZ.B(n) is an F,—module,
followed by an Adams spectral sequence argument. To see the assertion about
being an FF,—module, restrict to the case n # +1 (mod 2p) and calculate

HZ,B(n) = B(n),X" *HZ
= D,H.K(Z,n—k)
= [H(n), H.K(Z,n — k)],
= [Q*H.K(Z,n - k)],. o

We can use a similar trick as in the second part of the proof to calculate the
cohomology groups H*B(n):

23 As convention, when n = +1 (mod 2p) we set B(n) := B(n — 1), and B(0) := §°.
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Definition 4.5.9 ([GLMO93| Example 3.6]) Let G(n) be the free unstable A*—
module on one generator of degree n, so that if M is an unstable A*—module
then

MobuLes g4+(G(n), M) = M,,.
This module admits a presentation as

SPANBEP | 2pi+ 28 > n} A if p > 2,
G(n) =

STA/{Sq | 2i > n}A if p=2.
The Spanier—Whitehead dual of this right-module, DG(n), is given by

AJA{x(BEPY | 2pi +2& > n} ifp>2

(DG = {ﬂ/ﬂ{ xSq' | 2i > n} if p=2.

Theorem 4.5.10 (JGLMO93| Proof of Theorem 3.1]) There is an isomorphism
H*B(n) = 2" (DG(n))".

Proof We restrict attention to n # +1 (mod p), where we can use Corol-
lary [4.5.7] directly. Start, as before, by addressing the dual problem of computing
the mod—p homology:

HiB(n) = B(n), X" *H = D,H.K(Fp,n - k).

The unstable module G(n) also enjoys a universal property in the category of
stable A*—modules, by passing to the maximal unstable quotient QM of a
stable module M:

MobuLes g+-(G(n), M) = [Q*”M],,.
Hence, we can continue our computation:
HyB(n) = D,H.K(Fp,n— k)
= MobuLes - (G(n), £ * A.,)
= Mobutesg, (G(n)-k, Fp).

We learn immediately that H,.B(n) is finite. We would like to show, fur-
thermore, that H,B(n) is the Spanier—Whitehead dual " DG(n). It suffices to
show

MobuLEs #+(G(n), ¥/ A.) = MobULES 1+ (F)p, ¥/ A, ® H.B(n))

for all values of j. This follows from calculating B(n), X"/ H using the same
method. Finally, we apply linear-algebraic duality and Definition |
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Lastly, for a space X, we definitionally have that have H, X forms an unstable
module over the Steenrod algebra, i.e., Q°H.X = H,X. This has the following
direct sequence (with minor fuss at the bad indices n = =1 (mod p)):

Lemma 4.5.11 ([GLM93, Lemma 3.3]) For X a space, there is a natural
surjection

B(n),X — H,X. o

Let’s now work toward using the B(n) spectra to analyze the Hopf rings
arising from unstable cooperations. Our intention is to prove the following:

Theorem 4.5.12 (cf. Lemma|A.2.12)) For F = H and E a Landweber flat
homology theory, the comparison map

M(H,E) — H.E,,
is an isomorphism of Hopf rings.
‘We have previously computed that the comparison map
A(H,BP) — H.BP,,

is an isomorphism. We will now reimagine this statement in terms of Dieudonné
theory, but in order to do this we first have to reimagine some of Dieudonné
theory itself, as our description of it is concerned with Hopf algebras rather than
Hopf rings. A Hopf ring is not much structure on top of an (externally) graded
system of (internally) graded Hopf algebras A.: it is a multiplication map

o: A, RA, — A,

where “®” is a kind of graded tensor product of externally graded Hopf
algebras [HT98| Proposition 2.6], [BLO7, Definition 2.2], [Goe99} Section 5].
Since D, gives an equivalence of categories between internally graded Hopf
algebras and internally graded Dieudonné modules, we should be able to find
an analogous formula for the tensor product of Dieudonné modules.

Definition 4.5.13 [Goe99, pg. 154] The naive tensor product M ® N of
Dieudonné modules M and N receives the structure of a W(k)[V]-module,
where V(x ® y) = V(x) ® V(y). We define the tensor product of Dieudonné

module_\FE] by

W(k)LF, V]
(VF =p)

1FxQ@y=F®x®Vy,

M®rN =
12x®@Fy=FQ®VxQy

Swyv] (M ® N)/(

24 This definition is specialized to Fp,, where we don’t have to worry about Frobenius semi-linearity.
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Lemma 4.5.14 ([Goe99, Corollary 8.14]) The natural map
D.M)x D.(N) - D.(M®N)
is an isomorphism. m]

Definition 4.5.15 For a ring R, a Dieudonné R—algebra A, is an externally
graded Dieudonné module equipped with an R—action and a unital multiplication

o: A, R A, — A..

Example 4.5.16 ([Goe99, Proposition 10.2]) Inspired by Lemma [4.2.8| and
our interest in H,E_, for a complex-oriented homology theory E we define its
algebraic Dieudonné E.—algebra by

R = E*[bl,bz,...]/( b(s + 1) = b(s) +£ b() )

where V is multiplicative, V fixes E., and V satisfies Vb,,; = b; We also write
Dg = {Dy,H.E,,} for the even part of the topological Dieudonné algebra, and
these come with natural comparison maps

RE - DE i D*H*EZ*

Theorem 4.5.17 ([Goe99, Theorem 11.7]) Restricting attention to the even
parts, the maps

are isomorphisms for E Landweber flat.

Proof 1In Corollary we showed that these maps are isomorphisms for
E = BP. However, the right—hand object can be identified via Brown—Gitler
juggling:

DyH.E,; = B(),2YE = EzjnB(n).

It follows that if E is Landweber flat, then the middle— and right—terms are
determined by change-of-base from the respective BP terms. Finally, the left
term commutes with change-of-base by its algebraic definition, and the theorem
follows. O

Remark 4.5.18  Goerss’s original proof of Theorem[4.5.17)[Goe99] involved
a lot more work, essentially because he didn’t want to assume Theorem[4.3.1]
or Corollary Instead, he used the fact that £°Q?S? is a regrading of the
ring spectrum \/,, B(n), together with knowledge of BP,Q2S3. Since we have
already done the hard work of proving Theorem .3.T] we are not obligated to
pursue this other line of thought.

25 If E, is torsion-free, then this determines the behavior of F by FV = p.
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Remark 4.5.19 (|Goe99, Proposition 11.6, Remark 11.4]) The Dieudonné
algebra framework also makes it easy to add in the odd part after the fact.
Namely, suppose that E is a torsion—free ring spectrum and suppose that E, B(n)
is even for all n. In this setting, we can verify the purely topological version of
this statement: the map

Dglel/(¢* - by) — D.H.E,
is an isomorphism. To see this, note that because
Erpok-1B(2n) — Doy HLE,, |

is onto and E,,_2¢-1B(2n) is assumed zero, the group D;,H.E,, , vanishes
as well. A bar spectral sequence argument shows that D2, 1 H.E,, ,, is also
empty [Goe99, Lemma 11.5.1]. Hence, the map on even parts

(Delel/(¢ = b1))uon = (DLHLE, )20
is an isomorphism, and we need only show that

eo—
D.H.E,, <5 D,H.E

2n+1

is an isomorphism as well. Since we have e(Fx) = F(Ve o x) = 0 generally and
D.A/FD.A = Q*A for a Hopf algebra A, we see that e kills decomposables
and suspends indecomposables:

¢oD.H.E,, = LQH.E,,.

This is also what happens in the bar spectral sequence, and the claim follows. In
light of Theorem[4.5.17] this means that for Landweber flat E, the comparison
isomorphism can be augmented to a further isomorphism

Relel/(é* = b)) — D.H.E,.

Remark 4.5.20 ([HH9S|]) The results of this Lecture are accessed from a
different perspective by Hopkins and Hunton, essentially by forming a tensor
product of Hopf rings and showing that Landweber flatness induces a kind of
flatness with respect to the Hopf ring tensor product as well.

4.6 Cooperations among geometric points on Mg,

Our discussion of unstable cooperations has touched on each of the families
of chromatic homology theories described in Definition except one: the
Morava K- and E—-theories. Our final goal before moving on to other subjects is
to describe some of the mixed unstable cooperations for (Kt). K. In complete
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generality, this seems like a difficult problem: our algebraic model is rooted in
formal group homomorphisms, and we have not proven any theorems about the
moduli of such for arbitrary finite-height formal groups. However, the landscape
brightens considerably in the case where we pick I'" = @a, as this is the sort of
calculation we considered in Lemma [3.4.1T]and Lemma [3.4.12] In light of this,
we specialize I’ to @a (and hence K- to an Eilenberg—Mac Lane spectrum H),
and we abbreviate KT to just K.

As with all the other major results of this Case Study, our approach will rest
on the bar spectral sequence

K.H,
Tor,. * (K. K.) = K.H_,,.

The analysis of this spectral sequence was first accomplished by Ravenel and
Wilson [RWS80], but has since been re-envisioned by Hopkins and Lurie [HL,
Section 2]. In order to give an effective analysis of this spectral sequence in
line with the theme of this book, we will endeavor to give algebro-geometric
interpretations of its input and its output, beginning with the case ¢ = 0 and
H = H(S'[p/]) for some 1 < j < co. This task itself begins with giving just
algebraic descriptions of the input and output. For j < oo, we have essentially
already computed the output by other means:

Theorem 4.6.1 ([RWS80, Theorem 5.7], [HL, Proposition 2.4.4]) There is an
isomorphism

BS'[p/1x = BSk[p’].

Remarks on proof In Lemma [2.6.1] we have already shown a very similar
statement. The crux of that argument was to show that multiplication by the
p-series in MU*CP® was injective without knowing very much about the
ground ring MU*. Here our task is even easier: any p—series for I takes the
form [p](x) = cxP” + -+ for ¢ a unit. Such an element is certainly not a
zero-divisor. O

Remark 4.6.2  In the proof of the homological statement dual to Theorem[4.6.1]
there is a corresponding exact sequence of Hopf algebras

K.BS!

/’ \—i[pka)

K.(BS'[p/]) 5 K.BS',

where again d = 0 and hence K, (BS'[p/]) is presented as the kernel of the map
“cap with [p/](x)”. We will revisit this duality in the next Case Study.
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With this in hand, the analysis of the bar spectral sequence proceeds very
much analogously to the example of the unstable dual Steenrod algebra of
Lecture d.T] We will analyze what must happen in the bar spectral sequence

Tor:3 (K, K.) = K.BS'[p/]

in order to reach the conclusion of Theorem[4.6.1] In the input to this spectral
sequence, the ground algebra is given by a noncanonical isomorphism

K.H(S' [P, = K.HZ/p', = K.[[1)/([117 = 1) = K.[[1]-[0])/<[1]-[0])"".

The Tor—algebra for this truncated polynomial algebra K. [ag]/ ag is then given
by the formula

p/
Tors, " (K..K.) = Alaj] ® [ao),
the combination of an exterior algebra and a divided power algebra We know
which classes are supposed to survive this spectral sequence, and hence we
know where the differentials must be:

d(ag)?" ! = af,

= d(ag)l* ) = ag - ag].

The spectral sequence collapses after this differential. In the case 1 < j < oo,
there are some hidden multiplicative extensions in the spectral sequence, but
these too are all determined by already knowing the multiplicative structure on
K.H(S'[p']),.

However, the case of j = oo is a bit different, beginning with the following
Lemma:

Lemma 4.6.3 For g > 1, there is a p—adic equivalence of K(Q/Zp), q) with
K(Z,q+1).

Proof This is a consequence of the fiber sequence

K(Q q) — K(Q/Zp), q) = K(Zp),q+ 1).

The first term has vanishing mod—p homology, forcing the HFF,—Serre spectral
sequence of the fibration to collapse and for the edge homomorphism to be an
isomorphism. Similarly, the map K(Z, g + 1) — K(Z;,), ¢ + 1) is an equivalence
on mod—p homology. O

26 1n Ravenel-Wilson [RW80, Lemma 6.6], the elements agp and a(’D are identified as a transpotence
and a homology suspension respectively.
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Remark 4.6.4 Thinking of K(Z, g + 1) as B4S', one can also think of this
theorem as giving a p—adic equivalence between B?(S'[p™]) and B4S'—i.e.,
the prime—to—p parts of S' do not matter for p—adic homotopy theory.

We use this to continue the analysis of the case ¢ = 1 and j = co, where
the Lemma gives B(S'[p*]) = CP*. The bar spectral sequence of interest then
takes the form

Tork:% (K., K.) = K,CP™.

The input algebra K, S' is exterior on a single generator in odd degree, and so
its Tor—algebra is linearly dual to a power series algebra on a single generator
in even degree. Since all of its input is even, this spectral sequence collapses
immediately.

There is a lot of structure visible in this collection of spectral sequences, as
considered simultaneously. Without further inspection, the spectral sequence at
J = oo records that CP¥ is a formal variety, and the spectral sequences at the
finite values 1 < j < oo encode in their differentials the behavior of the map
p/: T — T on functions—indeed, this appears to be the entire job of ag. Lastly,
we notice that the E, page of each finite-range spectral sequence includes into
the spectral sequence at j = oo, and moreover this filtration is exhaustive: every
term in the j = oo spectral sequence appears at some j < oo stage. Since this
last property is about the E, pages, it is really a property of the formal group I,
which we record in a definition:

Definition 4.6.5 ([Gro74. Definition 4.1]) A p—divisible grouﬂ over a field
k is a system G; of finite group schemes and inclusions ii : G > Gjfork <j
which model the inclusions G;[p*] € G;.

Definition 4.6.6 A p—divisible group is said to be connected when its con-
stituent subgroups Gy, are infinitesimal thickenings of Spec k. An example of this
is the sequence of torsion subgroups @[p’ ] of a formal group G.A nonexample
of this is the sequence of constant group schemes @j =S'[p/].

Lemma 4.6.7 (|[Gro74, Section 6.7]) Over a perfect field of positive charac-
teristic p, a connected p—divisible group is equivalent to a smooth formal group
of finite height.

Correspondence The maps in both directions are easy: a p—divisible group is
sent to its colimit, and a formal group of finite height is sent to its system of

p’—torsion subgroups. In both directions there is something mild to check: that

27 Some like to call these Barsotti—Tate groups, which is probably the better name, since “p—divisible
group” sounds like a property rather than all this data.
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the colimit gives a formal variety, and that the system of p/—torsion subgroups
has the indicated exactness properties. O

We will soon see that these interrelations among the bar spectral sequences
for the different Eilenberg—Mac Lane spaces, as well as the special behavior
of the spectral sequence at j = oo, are generic phenomena in g. We record the
steps in our upcoming induction in the following Theorem:

Theorem 4.6.8 (J[HL!, Theorems 2.4.11-13])  The following claims give a com-
plete description of the Morava K—theory schemes associated to the Eilenberg—

Mac Lane spaces HS'[p/ 0

I,y . . , . d-1
1. The formal scheme (H(S'[p [q)K is a formal variety of dimension (qil).

2. Suppose that (H(S'[p™]),_,)k is a p-divisible formal group of height (qc_ll)
and dimension (Z:}), that (H(S'[p]), _,)k models its p—torsion, and that the
cup product induces an isomorphism

677" Q/Zp) ® DHES [p™D)" ™" — DHS! [p™]),)):
where D(G) denotes the Dieudonné module associated to Ko(G), where

is a p—divisible Hopf algebra. The same claims are then true with g — 1
replaced everywhere by q.

3. Consider the model Q/Z,) = § 1[p*®] for the p—primary part of the circle
group. Suppose that for each j, the short exact sequence of groups

oL P2y o Q

_Q
Zp) Zpy  1/pl - Zp)

induces a short exact sequence of group-schemes upon applying (H(=) g1 )K-

0

The sequence of group schemes under (H(=) q)K is then also short-exact.

Proof of Part I  This claim turns out to be entirely algebraic and a matter of
being able to compute H*(G; G, ) for G a connected p—divisible group. This is
expressed in the main algebraic result of Hopkins—Lurie:

Theorem 4.6.9 ([HL, Theorem 2.2.10]) Let G be a p—divisible group over a
perfect field k of positive characteristic p. There is then an isomorphism

H*(G;G,) = Sym*(ZH'(G[p], G.)),

where “L” indicates that the classes are taken to lie in degree 2. O
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Lemma 4.6.10 ([HL, Remark 2.2.5]) If G is a connected p—divisible group of
height d and of dimension n as a formal variety, then

rank (HI(G[p]; @a)) —d-n. 0

Remark 4.6.11 In the case where G = I' is the original height d formal group
of dimension 1, this computes H*(I'; G,,) to be a power series algebra on (d — 1)
generators. This is precisely the result we recorded by hand in Lemma [3.4.12]
Returning to the task at hand, we assume inductively that (H(S'[p*]) K is

a connected p—divisible group of height (q‘fl) and dimension (Zj). Since the
input to the bar spectral sequence is computed by formal group cohomology
([Laz97], [HL, Example 2.3.5], Proof of Lemma |3.2.7), it follows that the
instance computing K*H(S'[p*]) 4 has E,—page an even-concentrated power
series algebra of dimension

G- )

g-1) \g-1 q )

The spectral sequence therefore collapses at this page, so that (H(S'[p*]) q)K is
a formal variety of the dimension claimed.

Proof of Part 2, with a gap The other claims in Part 2 are formal after we
check that 84 is an isomorphism, since the p—power—torsion structure of

(H(S'[p™ ), K

can be read off from its Dieudonné module, as can its height. We introduce
notation to analyze this statement: set M to be the Dieudonné module associated
to K.CP*, i.e.,

M = D(H(S'[p™]),)-

In the following diagram

0 M"a QM —— Q/Zp @M —— 0
b v
0 MM Q®MAq—>Q/Z(p)®MAq—>O

the middle map is an isomorphism. This forces V to be a surjective endomorphism
of M ® Q/Zy), and the snake lemma shows that there is an isomorphism

ker(V: Q/Z) ® M — Q/Z(,) ® M"?) = coker(V: M"Y — M"?).

Picking any coordinate x and considering it as an element in the curves model
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of the Dieudonné functor, we see that the right-hand side is spanned by elements
x A VMx, and hence the left-hand side has k—vector-space dimension (d;I).

By very carefully studying the bar spectral sequence, one can learn that 69
induces a surjectio

ker V|Q/Z(p)®M/\(l — ker VlD(HgS] [p=],)"

In fact, since these two have the same rank, 69 i,y is an isomorphism on these
subspaces. This is enough to conclude that 69 is an injection: since the action of
V is locally nilpotent, if 69 ever failed to be an injection then we could apply
V enough times to get an example of a nontrivial element in ker Vlg,z,, emra
mapping to zero. Finally, to show that 69 is surjective, we again use the local
nilpotence of V to filter Q/Z,) ® M"9 by the subspaces ker Ve € > 1,and it is
then possible (though we admit the proof) to use our understanding of ker V to
form preimages.

Proof of Part 3, mostly omitted This proof is quite complicated, but it is, in
spirit, a generalization of the observation at g = 1 that the role of the odd-degree
classes in the bar spectral sequence is to pair up with those classes in the image
of the [p/]-map. In fact, their main assertion is:

We give notation for the following rings:
A= KOH(SI[Q‘X’])q_I, A = KHS'U YD, ;. R= Koﬂgsl[g”])q.
Letx’ € Ezl’0 be an element, and let y” € mpg satisfy

Y =yx)eve Exti ®rmK = mR/mIZQ.

Suppose that the Hopf algebra homomorphism [p/]: R — R carries y’ to an element

y €my,andletx € 252572

5 denote the image of y under the composite

|
v E2s,2s—2.

+1 o 2 2 _ 28,28
mp /My = Exty @K — Exty, @ mosK = E; 5

Then x and x” survive to the (25 — 1) page of the bar spectral sequence, and there we
have

drg_1x" = x.

From here, it is a matter of very carefully pairing elements up (cf. [HL, pg.
60]). O

28 The proof of this is quite complicated, and it rests on a pairing between the spectral sequence for
g = 1 and the spectral sequence at g — 1, mapping to the spectral sequence for g. Remarkably,
this same pairing is the main tool that powers the original approach of Ravenel-Wilson [RW80].
There, their program is to fix j = 1 and inductively analyze g using this same pairing, then use
these base cases to ground a strong induction on j and g, and then finally to fix ¢ and take the
limit as j — oo.



4.6 Cooperations among geometric points on Mig 215

Remark 4.6.12  Theorem[4.6.8]admits a restatement purely in terms of Hopf
algebras, although Dieudonné theory was essential in its proof. The cup product
gives a natural map

Ir,.j 1r,.7
Al KH(S'[p']), — K.H(S'[pP']),,

where “Alt” refers to the alternating Hopf algebra@ The main result of this
section is that this map is an isomorphism for all g, and indeed that the map
from the free alternating Hopf ring maps isomorphically to the topological Hopf
ring.

Remark 4.6.13 ([HL, Section 3], [Hed15l], [Hed14]]) Because K*HZ{Q is
even, you can hope to augment this to a calculation of E*HZ/p/ 4 for E = Er
the associated Morava E—theory. This is indeed possible, and the analogous
formula is true at the level of Hopf algebras:

E.HS'[p'], = Alt? E.H(S'[p]),.

However, the attendant algebraic geometry is quite complicated: you either need
a form of Dieudonné theory that functions over Mg, (and then attempt to drag
the proof above through that setting), or you need to directly confront what
“alternating power of a p—divisible group” means at the level of p—divisible
groups (and forego all of the time-saving help afforded to you by Dieudonné
theory).

Remark 4.6.14 (cf. Lemma‘@ You’ll notice that in K. H__,, if we let the
g—index tend to co, we get the K—homology of a point. This is another way to
see that the stable cooperations K. H vanish, meaning that the only information
present comes from unstable cooperations.

Remark 4.6.15 Although the method of starting with the j = co case and
deducing from it the 1 < j < oo cases is due to Hopkins and Lurie, the
observation that the spectral sequence at j = oo is remarkably simple had
already been made by Ravenel and Wilson [RW80, Theorem 12.3], [RWY9S|
Theorem 8.1.3].

Remark 4.6.16 Theorem[4.6.8]has a statement in the language of Lecture [4.2]
Rather than forming the algebraic approximation

MK, H) = K*(CP‘X’)E[H*][H*CP“’]
as usual, we form the modified version

M, (K, H) = K(HS [Py [HHES [p]), ]

29 Note that this alternation condition becomes dramatically more complicated in the case that the
formal group law and its formal group inverse series become more complicated than that of G, .
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Using the same unstable Kronecker pairing, this supports a natural map to K. H _,
and a summary of this Lecture’s results is that it is an isomorphism. In particular,
this auxiliary approximation makes use of odd—dimensional Eilenberg—Mac
Lane spaces.



Case Study 5

The o-orientation

By this point, we have seen a great many ways that algebraic geometry exerts
control over the behavior of homotopy theory, stable and unstable. The goal in
this Case Study is to explore a setting where algebraic geometry is itself tightly
controlled: whereas the behavior of formal groups is quite open-ended, the
behavior of abelian varieties is comparatively strict. We import this strictness
into algebraic topology by studying complex-orientable cohomology theories E
which have been tagged with an auxiliary abelian variety A and an isomorphism
@: (C‘Pj’Eo =~ A(’)\. In the case that A is an elliptic curve, this is our definition of an
elliptic cohomology theory. The idea, then, is not that this puts serious constraints
on the formal group CPZ, (although it does place some), but rather that the theory
of abelian varieties endows A, and hence A(/)\, with various bits of preferred
data. This is the tack we take to construct a canonical M U[6, co)—orientation of
E': for any complex-orientable E, we identify the collection of such ring maps
with “®-structures on CPE"”; a basic theorem about abelian varieties endows
the elliptic curve A with a canonical such structure; and altogether this yields
the desired orientation for an elliptic spectrum.

Making the identification of M U[6, oo)—orientations with @—structures re-
quires real work, but many of the stepping stones are now in place. We begin with
a technical section about especially nice formal schemes, called coalgebraic,
and we use this to finally give the proof, announced back in Theorem [2.2.7] that
the scheme of stable Weil divisors on a formal curve presents the free formal
group on that curve. With that out of the way and with M U[6, c0) in mind as the
eventual goal, we then summarize the behavior of the part of the Postnikov tower
for complex bordism that we do understand—the cases of MU P and M U—and
use this to make an analysis of M SU. In particular, we rely heavily on the results
from Case Study[2]and Case Study [3|to understand the co/homological behaviors
of BU xZ, BU, MUP, and MU.

The coherence of all of these statements gives us very explicit target theorems

217
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to aim for in our study of MU[6, ), but we are forced to approach them
from a different vantage point: whereas we can prove a splitting principle for
SU-bundles, the analogous statement for U[5, co)-bundles does not appear to
admit a direct proof. Consequently, the proofs of the other structure theorems for
BU[6, c0) and MU[6, ) are made considerably more complicated because we
have to work with our splitting principle hands tied. Instead, our main tools are the
results developed in Case Study[4] which give us direct access to the co/homology
of the layers of the Postnikov tower. When the dust of all this settles, we will
have arrived at a very satisfying and complete theory of M U[6, co)—orientations,
applicable to an arbitrary complex-orientable cohomology theory.

The reader gifted with an exceptional attention span will recall from the
Introduction that we were really interested in M String—orientations, and that
our interest in M U[6, co)—orientations was itself only a stepping stone. We close
this Case Study with an analysis of this last setting, where we finally yield
and place more hypotheses on E—a necessity for gaining calculational access
to co/homological behavior of objects like BString, which lie outside of the
broader complex-orientable story.

We also give a short résumé on the theory of elliptic curves in Lecture[5.3]
extracting the smallest possible subset of their theory that we will need here.

5.1 Coalgebraic formal schemes

We will now finally address a point that we have long let slide: in the first third
of this book we were primarily interested in the formal scheme associated to the
cohomology of a space, but in the second third we were primarily interested in a
construction converting the homology of a spectrum to a sheaf over a context.
Our goal for this Lecture is to, when possible, put these two variances on even
footing. Our motivation for putting this lingering discrepancy to rest is more
technical than aesthetic: we have previously wanted access to certain colimits
of formal schemes (e.g., in Theorem [2.2.7). While such colimits are generally
forbidding, similarly to colimits of manifolds, we will in effect produce certain
conditions under which they are accessible.

For E a ring spectrum and X a space, the diagonal map A: X — X X X
induces a multiplication map on E—cohomology via the composite

Kiinneth

E*X @p E*X 2 peox o x) E8 B X,

Dually, applying E—homology, we have a pair of maps

Kiinneth

E.A
EX -5 E(XxX) —= E.X ®, E.X,
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where, remarkably, the Kiinneth map goes the wrong way to form a composite.
In the case where that map is an isomorphism, the long composite induces the
structure of an E,—coalgebra on E, X. In the most generous case that E is a field
spectrum (in the sense of Corollary[3.5.15), the Kiinneth map is always invertible
and, moreover, E*X is functorially the linear dual of E, X. This motivates us to
consider the following purely algebraic construction:

Definition 5.1.1 Let C be a coalgebra over a field k. We define a functor

SchC: ALGEBRAS; — SETs,

T+—>{feC®T' Af=ffec(C®T)®r (CT), }

ef=1

Lemma 5.1.2 For a field k and a k—algebra A which is finite—dimensional as
a k—-module, there is a natural isomorphism Spec A = Sch A*.

Proof sketch A point f € (Sch A*)(T) € A* ®T gives rise to a k—module map
f«: A — T, which the extra conditions in the formation of (Sch C)(T') force to
be a ring homomorphism. The finiteness assumption is present exactly so that A
is its own double—dual, giving an inverse assignment. O

If we drop the finiteness assumption, then this comparison proof fails entirely.
Indeed, the multiplication on A gives rise only to maps

A* — (A ® A)* — A" Q@ AT,

which is not enough to make A* into a k—coalgebra. However, if we start instead
with a k—coalgebra C of infinite dimension, the following result is very telling:

Lemma 5.1.3 ([Dem86, pg. 12], [Mic03l Appendix 5.3], [HL, Remark 1.1.8])
For C a coalgebra over a field k, any finite—dimensional k-linear subspace of C
can be finitely enlarged to a subcoalgebra of C. Accordingly, taking the colimit
gives a canonical equivalence

Ind(COALGEBRAsgn) — COALGEBRASY. O

This result allows us to leverage our duality Lemma pointwise: for an arbitrary
k—coalgebra, we break it up into a lattice of finite k—coalgebras, and take their
linear duals to get a reversed lattice of finite k—algebras. Altogether, this indicates
that k—coalgebras generally want to model formal schemes.

Corollary 5.1.4 For C a coalgebra over a field k expressed as a colimit
C = colimy Cy of finite subcoalgebras, there is an equivalence

Sch C = {Spec C }«.
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This induces a covariant equivalence of categories
CoALGEBRAS) = FORMALSCHEMES /.

This equivalence translates between the product of formal schemes, the tensor
product of pro-algebras, and the tensor product of coalgebras. O

This covariant algebraic model for formal schemes is very useful. For instance,
this equivalence makes the following calculation trivial:

Lemma 5.1.5 (cf. Lemma[I.5.1] Theorem[2.2.7] and Corollary 2.3.13)  Select
a coalgebra C over a field k together with a pointing k — C. Write M for the

coideal M = C[k. The free formal commutative monoid on the pointed formal
scheme Sch k — Sch C is given by

F(Schk — Sch C) = SchSym* M.

Writing Ac = 33; {; ® r; for the diagonal on C, the diagonal on Sym* C is given
by

Aer-en)= D (g bu) @ (g, ) o
Jlseeusdn

It is unfortunate, then, that when working over a ring rather than a field
Lemma [5.1.3|fails [Mic03l Appendix 5.3]. Nonetheless, it is possible to bake
into the definitions the machinery needed to get a good-enough analogue of

Corollary [5.1.4]

Definition 5.1.6 ([Str99b) Definition 4.58]) Let C be an R—coalgebra which
is free as an R—module. A basis {x;} of C is said to be a good basis when any
finite subcollection of {x;} can be finitely enlarged to a subcollection that spans
a subcoalgebra. The coalgebra C is itself said to be good when it admits a good
basis. A formal scheme X is said to be coalgebraic when it is isomorphic to
Sch C for a good coalgebra C.

Example 5.1.7 The formal scheme A" is coalgebraic. Beginning with the
presentation

A" = Spf R[[xy,...,x,] = co}im Spec R x1, . . .,xn]/(x{‘, .. .,x{[‘ ,

write Ay for the algebra on the right-hand side. Each Aj is a free R—module,
and we write

Cr=A) =R{Bx | K <J}
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for the dual coalgebra, with

Bl = {1 ifK =L,

0 otherwise.

The elements Sx form a good basis for the full coalgebra C = colim; C;: any
finite collection of them {8k } k< is contained inside any C; satisfying K < J
for all K € K. As an additional consequence, all formal varieties are coalgebraic.

The main utility of this condition is that it gives us access to colimits of
formal schemes:

Theorem 5.1.8 ([Str99b, Proposition 4.64])  Suppose that
F: 1 — CoOALGEBRASR

is a colimit diagram of coalgebras such that each object in the diagram, including
the colimit point, is a good coalgebra. Then

Scho F: I — FORMALSCHEMES
is a colimit diagram of formal schemes. m]

For an example of the sort of constructions that become available via this
Theorem, we prove the following Corollary by analyzing the symmetric power
of coalgebras:

Corollary 5.1.9 ([Str99bl Example 4.65 and Proposition 6.4]) When a formal
scheme X is coalgebraic, the symmetric power X;: exists. In fact, [1,,50 X3"
models the free formal commutative monoid on X. Given an additional pointing
Spec R — X, the colimit of the induced system

colim ( — X3 = Spec Rx Xg"' — X x Xg" — XEX(T]) — )

models the free formal commutative monoid on the pointed formal scheme.

Proof sketch  'The main points entirely mirror the case over a field: the symmet-
ric power construction gives models for X X:‘, the symmetric algebra construction
gives a model for the free formal commutative monoid, and the stabilization
against the pointing is modeled by inverting an element in the symmetric algebra.
In each case, choosing a good basis for the coalgebra underlying X yields choices
of good bases for the coalgebras arising from these constructions, essentially
because their elements are crafted out of finite combinations of the elements of
the original. O

In the specific case that Spec R — X is a pointed formal curve, we can prove
something more:
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Corollary 5.1.10 ([Str99b, Proposition 6.12]) For Spec R — X a pointed
formal curve, the free formal commutative monoid is automatically an abelian
group.

Proof sketch  The main idea is that the coalgebra associated to a formal
curve admits an increasing filtration Fj so that the reduced diagonal A =
A —(1®n)—(7®1)reduces filtration degree:

Zlei Fi, — Z Fl®F]
i,j>0
i+j=k
In turn, the symmetric algebra on the coalgebra associated to a formal curve
inherits enough of this filtration that one can iteratively solve for a Hopf algebra
antipode. O

We now reconnect this algebraic discussion with the algebraic topology that
spurred it.

Lemma 5.1.11 If E and X are such that E. X is an E.—coalgebra and
E*X = MobuLesg, (E. X, E,),
then there is an equivalence
SchE.X = Xg.

Proof We have defined Xg to have the formal topology induced by the
compactly generated topology of X, and this same topology can also be used to
write Sch E, X as the colimit of finite E,—coalgebras. O

Example 5.1.12 (cf. Theorem and Remark[£.6.2) For a Morava K—theory
Kt associated to a formal group I of finite height, we have seen that there is an
exact sequence of Hopf algebras

J .
Kp(BSY) LN K2(BS") — KX(BS'[p']),

presenting (BS'[p/])k as the p/~torsion formal subscheme BS}[p’]. The Hopf
algebra calculation also holds in K—homology, where there is instead the exact
sequence

; o’
(Kr)oB(S'[p']) = (Kr)oBS' —— (Kr)oBS'
presenting (K)oB(S'[p’]) as the p/—order *—nilpotence in the middle Hopf
algebra. Applying Sch to this last line covariantly converts this second statement
about Hopf algebras to the corresponding statement above about the associated
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formal schemes—i.e., the behavior of the homology Hopf algebra is a direct
reflection of the behavior of the formal schemes.

The example above, where the space in question is an H—space, also spurs
us to consider a certain “wrong-way” operation. We have seen that the algebra
structure of the K—cohomology of a space and the coalgebra structure of the
K-homology of the same space contain equivalent data: they both give rise
to the same formal scheme. However, in the case of a commutative H—space,
the K—homology and K—cohomology give commutative and cocommutative
Hopf algebras. Hence, in addition to considering the coalgebraic formal scheme
Sch(Krt)oB(S'[p’]), we can also consider the affine scheme Spec(Kr)oB(S'[p/]).
This, too, should contain identical information, and this is the subject of Cartier
duality.

Definition 5.1.13 ([Str99b), Sections 6.3—4]) The Cartier dual of acommutative
finite group scheme G is defined by the formula

DG = GroupScHEMES(G, Gyy,),

itself a finite group scheme. More generally, the Cartier dual of a commutative
coalgebraic formal group G can also be defined by

DG = GROUPSCHEMES(@, Gp).

Lemma 5.1.14 ([Str99b, Proposition 6.19]) Let Gbea coalgebraic commu-
tative formal group over a formal scheme X, and write H = Spec O% for the
group scheme associated to its dual Hopf algebra. Cartier duality then has the
effects DG = H and DH = G.

Proof We show that the first two objects, DG and H, represent the same object.
A point (u, f) € DG(T) is specified by a pair of functions
(u: SpecT = X, f: u'G — u*(G,, % X)) .

The map f is equivalent to a map of Hopf algebras f*: T[u*] — Oz ®oy T,
which is determined by its value f*(u) € Oz ®0o, T, which must satisfy the two
relations A(f*u) = f*u ® f*u and &(f*u) = 1. Invoking linear duality, f*u can
also be considered as an element of MODULES g, (Oé, T), and the two relations
on f*u show that it lands in the subset

ffue ALGEBRASOX/(Oé, T) € MobULEs,, (Oé, T).

This assignment is invertible, and the proof is entirely similar for DH = G. o

Remark 5.1.15 ([Dem86, pg. 72]) The Dieudonné module of the Cartier dual
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of a formal group is also described by linear duality: it is the linear dual of
the Dieudonné module of the original formal group. Hence, the covariant and
contravariant Dieudonné modules described in Lecture [£.4] can be taken to be
related by Cartier duality.

Remark 5.1.16 Cartier duality intertwines the homological and cohomological
schemes assigned to a commutative H—space. When such a commutative
H—space X has free and even E—homology, there is an isomorphism

D(Spf E°X) = DXg = GrourScHEMES(XE, G,n) = Spec EoX.

5.2 Special divisors and the special splitting principle

Starting in this Lecture, after our extended interludes on chromatic homotopy
theory and cooperations, we are going to return to thinking about bordism
orientations directly. To begin, we will summarize the various perspectives
already adopted in Case Study [2] when we were studying complex orientations
of ring spectra.

1. (Definition 2.0.2}) A complex—orientation of E is, definitionally, a map
MUP — E of ring spectra in the homotopy category.

2. (Theorem 2.3.19}) A complex—orientation of E is also equivalent to a
multiplicative system of Thom isomorphisms for complex vector bundles.
Such a system is determined by its value on the universal line bundle £
over CP™. We can also phrase this algebro-geometrically: such a Thom
isomorphism is the data of a trivialization of the Thom sheaf (L) over CP%.

3. (Lemma[2.6.8}) Ring spectrum maps MUP — E induce on E-homology
maps EMUP — Ej of Ep—algebras. This, too, can be phrased algebro-
geometrically: these are elements of (Spec EyMUP)(E)).

We can summarize our main result about these perspectives as follows:

Theorem 5.2.1 (JAHSO1, Example 2.53]) Take E to be complex—orientable.
The functor

AFFINESCHEMES /Spec E, — SETS,
(Spec T = Spec Ey) — {trivializations of u*L(L) over u*CP%}

is isomorphic to the affine scheme Spec EMUP. Moreover, the Ey—points of
this scheme biject with ring spectrum maps MUP — E.

Proof summary The equivalence between (1) and (3)—i.e., between complex-
orientations and Ep—points of Spec EgM U P—follows from calculating that
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EoMUP is a free Eyp—module, so that there is a collapse in the universal
coefficient theorem. Then, the equivalence between (1) and (2) follows from
the splitting principle for complex line bundles, which says that the first Chern
class of L—i.e., a trivialization of L(L)—determines the rest of the map
MUP — E. O

An analogous result holds for ring spectrum maps MU — E and the line
bundle 1 — £, and it is proven in analogous way. In particular, we will want
a version of the splitting principle for virtual vector bundles of virtual rank
0. Given a finite complex X and such a rank O virtual vector bundle, write
V: X — BU for the classifying map. Because X is a finite complex, there
exists an integer n so that V = —(n - 1 — V) for an honest rank n vector bundle V

over X. Using Corollary 2.3.10} the splitting f*V = B, L; over ¥ gives a
presentation of V as

V=-m-1-v)=-a- L.
i=1

Crucially, we have organized this sum entirely in terms of bundles classified by
BU, as each bundle 1 — £; itself has the natural structure of a rank O virtual
vector bundle. This version of the splitting principle, together with our extended
discussion of formal geometry, begets the following analogue of the previous
result:

Theorem 5.2.2 ([AHSO1, Example 2.54], cf. also [ASO1, Lemma 6.2]) Take
E to be complex—orientable. The functor

AFFINESCHEMES spec E, — SETS,
(SpecT 5 Spec Ep) — {trivializations of u'L(1 — L) over u*CPZi’}

is isomorphic to the affine scheme Spec EyMU. Moreover, the Eg—points of this
scheme biject with ring spectrum maps MU — E. O

In Lecture[2.3] we preferred to think of the cohomology of a Thom spectrum
as a sheaf over the formal scheme associated to its base space. This extra
structure has not evaporated in the homological context—it just takes a different
form.

Lemma 5.2.3 Foré: G — BGL,S a group map, the Thom spectrum T¢ is a
(L G)—cotorsor.

Construction 'The Thom isomorphism T¢é A T¢ = Té A X°G composes with
the unit map S — T¢ to give the Thom diagonal

Té > TENZEDG. O
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Applying Spec Ey(—), the Thom diagonal is translated into the structure of a
free and transitive action map

Spec EgT (&) x Spec EgG — Spec EqT(&).

This construction is natural in the formation of G or &, and so we are also
moved to specialize to the cases of G = Z x BU and G = BU and to understand
Spec EyG in those contexts. Again, this is a matter of chaining together results
we have already proven:

Spec Eg(Z x BU) = D((Z x BU)E) (Remark [5.1.16)
= D(Div CPY) (Corollary
= ForMALGrouPs(Div CPy, G,,)  (Definition [5.1.13)
= FormaLScHEMES(CP%, G,,,), (Corollary @]}

and similarly

Spec Ey(BU) = FORMALSCHEMES, /(CP°E°, Gm)

is the subscheme of those maps sending the identity point of CP}, to the identity
point of G,,. Such functions can be identified with trivializations of the trivial
sheaf over CPy, and the action map induced by the Thom diagonal belongs to a
commuting square

Spec EopMU
X Spec EeMU
Spec EoBU

{triv®® of L(1 — £) | CPL}
X — {riv® of L(1 - £)® 1 | CPZ}.
{triv® of 1 | CP}

Remark 5.2.4 (JAHSO1! Corollary 2.30 and Theorem 2.50]) The topological
maps

BU — Z x BU, MU — MUP

induce recognizable algebro-geometric maps upon application of Spec Ey(—).
The comparison map

(Spec Eo(Z x BU))(T) — FormALScHEMES(CP, Gyy,)
reads off the image of a map

f: Eo(Zx BU) = Eo[bs,by,...]1 =T



5.2 Special divisors and the special splitting principle 227
as the components of a function 3; f (b{)bj)xf eT® O@pebg, whereas the
comparison map for BU reads off the image of a map

g: Eo(BU) = Eolby, by, by, ...1/(bo=1) =T

as the components of a function 3’; g(b )x/, effecting a normalizing division
by by, itself the image of CP% ¢ CPy in G,;,. Geometrically, this gives the
commuting square

Spec Ey(Z x BU) Spec Eo(BU)

ForMALScHEMES(CPy, G;;) —— FORMALSCHEMES, /(CP"E", Gm)

f@) @0/ 1(0).

At the level of Thom spectra, these identifications are controlled by the
Chern classes associated to these bundles, and we now briefly summarize their
relationship. The spaces Z x BU and BU are the 0" and 2"¢ spaces in the
Q-spectrum for connective complex K—theory, and since connective complex
K—-theory is complex-orientable, we have kU*(CP*) = Z[B][c;]. Inside this
ring there is the relation

Ber =1 -1L).

The pieces of this topological formula have recognizable provenances: £ is the
restriction of the tautological bundle on CP*® to §? ~ CP!, (1 — £) governs the
theory of Chern classes for an MU P—orientation, and ¢; governs the theory
of Chern classes for an M U—orientation. Applying our conversions to algebro-
geometric terms (i.e., the Theorems above as well as Example @]), this
same equation says that the trivialization f of L(u*L), corresponding to a
point in (Spec EgM U P)(T), is sent to the trivialization f'(0)/ f of L(u*(1 — £)),
corresponding to the induced point in (Spec EoM U )(T).

This last Remark indicates a direction of possible generalization to the other
spaces in the Q—spectrum for connective complex K—theory, which have the
following polite description:

Lemma 5.2.5 There is an equivalence
kU, = BU[2k, ).

Proof Consider the element 85 € kU, = Z[f]. The source of the induced map
Bk ¥2kkU — kU is 2k—connective, and hence there is a factorization

22K kU — kU[2k, c0) — kU.
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Then, the structure of the homotopy ring kU.. shows that this is an equivalence:
every class of degree at least 2k can be uniquely written as a ﬁk—multiplem
Applying Q* gives the desired statement:

kU,, = Q¥ kU ~ Q®kU[2k, «0) = BU[2k, ). o

The next space and Thom spectrum in the sequence are thus BSU and
MSU. This case will be wholly amenable to analysis through methods we have
developed in this Lecture, which is now our stated goal for the rest of this
Lecture. Our jumping off point for that story will be, again, a partial extension
of the splitting principle.

Lemma 5.2.6 Let X be a finite complex, and let V: X — BU classify a
virtual vector bundle of rank 0 over X. Select a factorization V: X — BSU
of V through BSU. Then, there is a space f: Y — X, where fr: Y& — Xg
is finite and flat, as well as a collection of line bundles H;, 7-{; expressing a
BSU-internal decomposition

n

V=- Ba-#ya -+,

Jj=1

Proof Begin by using Corollary 2.3.10/on V to get an equality of BU-bundles
V=V+Li+Lo-n-1
Adding (1 — £)(1 — £,) to both sides, this gives

Ve =-L)0=L) =V + L1+ Lo+ (1= L)1 = L) —n-1
=V +LiLy-(n-1)-1.

By thinking of (1 — L) as an element of kU?(Y) = [Y, BU], we see that the
product element

(1= L)1 - Ly) € kUXY) = [, BSU]

has the natural structure of a BSU-bundle and hence so does the sum on the
left-hand sideEl The right-hand side is the rank 0 virtualization of a rank (n — 1)
vector bundle, hence succumbs to induction. Finally, because SU(1) is the trivial
group, there are no nontrivial complex line bundles with structure group SU(1),
grounding the induction. O

I Similarly, there is an equivalence kOyg,. = BO[8k, ), and this does not hold for indices which
are not precise multiples of 8.

2 In the language of the previous Case Study, we are making use of a certain Hopf ring o—product
on kU,,.
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From this, we would like to directly conclude an equivalence between trivial-
izations of the Thom sheaf L((£; — 1)(£2 — 1)) | (CP®)}* and multiplicative
maps MSU — E, but we are not quite yet ready to do so. Certainly an MSU-
orientation of E gives such a trivialization, but it is not clear that all possible
trivializations of that universal Thom sheaf give consistent trivializations of
other Thom sheaves—that is, the decomposition in Lemma[5.2.6] may admit
unexpected symmetries which, in turn, place requirements on our universal
trivialization so that these symmetric decompositions all result in the same
restricted trivialization’]

Example 5.2.77 There is an equivalence of SU-bundles
(Li-D)(L-1D)=(L-1)(L-1).

Correspondingly, the trivializations of L((L; — 1)(£, — 1)) which respect this

twist are the symmetric sections.

Example 5.2.8 There is an equivalence of SU-bundles
(I-1)L-1)=0.

Correspondingly, the trivializations of L((1 — £)(1 — £3)) which respect this
degeneracy are the rigid sections, meaning they trivialize the Thom sheaf of the
trivial bundle using the trivial section 1.

Example 5.2.9 There is another less obvious symmetry, inspired by our use of
the product map

kU(Y) ® kU*(Y) — kU*(Y)
in the course of the proof. There is also a product map
kU(Y) ® kU'(Y) x kU(Y) — kU*(Y).

Taking one of our splitting summands (1 — £;)(1 — £;) and acting by some a
bundle H € kU(Y) gives

(I=-LOHA - L) =(1-L)H(1 - L)
(H—-LiH)1 - L) =1 - L)H-HL)
(1= LyH)(A - L)
—(1-=H)(1 - L) =(1-L)(A -HLy)
= (1 =LA -H).
3 By contrast, our splitting principle for ordinary complex vector bundles was completely

deterministic, since a given isomorphism class of line bundles tautologically admits no other
expression as an isomorphism class of line bundles.
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This “kUO—linearity” is sometimes called a “2—cocycle condition”, in reference
to the similarity with the formula in Definition [3.2.4]

We would like to show that these observations suffice, as in the following
version of Theorem[3.2.1]and Theorem [5.2.2]

Theorem 5.2.10 ([AHSO1, Theorem 2.50]) The functor

trivializations of w*'IL((1 — L1)(1 — L))
{SpecT 4 Spec Ey} — over u*(CP‘”)jé2 which are
symmetric, rigid, and kU % linear

is isomorphic to the affine scheme Spec EoMSU. Moreover, the Ey—points of
this scheme biject with ring spectrum maps MSU — E.

In pursuit of this, we will show rather manually that BSUE represents an object
subject to exactly such symmetries, hence Spec EgBSU represents the scheme
of such symmetric functions, and finally conclude that Spec EgM SU represents
the scheme of such symmetric trivializations. The place to begin is with a Serre
spectral sequence:

Lemma 5.2.11 (JASO1, Lemma 6.1], cf. also [ASO1, Proposition 6.5]) The
Postnikov fibration
B det
BSU — BU — BU(1)

induces a short exact sequence of Hopf algebras

E°BSU « E°BU & E°BU(1). o
An equivalent statement is that there is a short exact sequence of formal group
schemes

B det

BSUE BUg BU(1)g

SDivo CPy —— Divy CPy ——— CP%,

where the scheme “SDivy CPZ” of special divisors is defined to parametrized
those divisors which vanish under the summation map. However, whereas the
map BU(1)g — BUE has an identifiable universal property—it presents BUg
as the universal formal group on the pointed curve BU(1)g—the description
of BSUEg as a scheme of special divisors does not bear much immediate
resemblance to a free object on the special divisor (1 —[a])(1 — [b]) classified by

oo))<2 (1-£L)(1-L)E
5 —

(CP BSUg — BUg = Div, CPj.

Our task is thus exactly to justify this statement.
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Definition 5.2.12 If it exists, let Cz@ denote the symmetric square of Divg @,
thought of as a module over the ring scheme Div G. This scheme has the
property that a formal group homomorphism ¢: Cz@ — H is equivalent
data to a symmetric function i : GxG—oH satisfying a rigidity condition
(¥ (x,0) = 0) and a 2—cocycle condition as in Example[5.2.9

Theorem 5.2.13 (Ando-Hopkins—Strickland, unpublished) SDivy G is a
model for C>G.

Proof sketch  Consider the map
GxG— Divg @
(a,b) = (1= [a])(1 - [b])
for which there is a factorization of formal schemes
ExB

.

ker

F DivgG —Z—> G

because
o((I-[aDA-[P]))=(a+b)—a—-b+0=0.

One can check that a homomorphism ¢: F — H pulls back to a function
¥: G x G — H satisfying the properties of Definition|5.2.12

e To check rigidity, we have
¥(a,0) = ¢((1 - [a])(1 - [0]) = @((1 - [a])(1 - 1)) = ¢(0) = 0.
e To check symmetry, we have

¥(a, b) = ¢((1 = [a])(1 = [b])) = @((1 = [6])(1 = [a])) = ¥(b, a).

e To check kU O—Iinearity, we have

y(ac,b) —y(c,b) = (1 = [allc(1 = [b]) — @((1 = [e](1 = [b]))
= @((1 = [al[cDA = [6]) = (1 = [c)(A = []))
= o((1 = [aD)(A = [e][b]) = (1 = [a])(1 = [c]))
= @((1 = [aD( = [c][b]) — (1 = [a])(1 - [c]))
=y(a,cb) —y(a,c).

The other direction is more obnoxious, so we give only a sketch. Begin b
selecting a functiony : GXG — H, then mimic the construction in Lemma|5.2.6
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Expanding the definition of Divg @, we are moved to consider the object @Xk,
where we define a map

G = H,

k j-1
(ar,...,ax) — —ZW(Z%‘,C{;‘)
= \i=

This gives a compatible system of symmetric maps, and hence altogether this
gives amap @: Divo G — H off of the colimit. In general, this map is not a
homomorphism, but it is a homomorphism when restricted to

¢: F — DivgG 5 H.

Finally, one checks that any homomorphism F' — H of formal groups restricting
to the zero map GxG — H was already the zero homomorphism by rewriting
apointin F as a sum as in Lemma@ This gives the desired identification of
F with the universal property of C,G. O

Corollary 5.2.14  There is an isomorphism

: R 00\ X2
Spec EoBSU = { functions f: u*(CPZ)* — Gy, }

which are symmetric, rigid, and kU % linear

Proof Follow the sequence of isomorphisms

Spec EgBSU = D(BSUE) (Remark [5.1.16)
= D(SDiv, CPy) (Lemmal[5.2.T1)
= D(C,CPR) (Theorem|[5.2.13)
= ForMALGRroUPS(C,CPg, Gy, ), (Definition [5.1.13)

and then use the universal property in Definition[5.2.12] O

In order to lift this analysis to Spec EgM SU, we again appeal to the torsor
structure. At this point, it will finally be useful to introduce some notation:

Definition 5.2.15 (JAHSOI| Definition 2.39]) For a sheaf £ over a formal
group G, we introduce the schemes

CGg; L)T) = {triv™ of u* £ | u*G},

*

C'(Gg; L)T) = {triv“S of u” (e L) | u*G which are rigid}

L
..o ns « [ e Lou' L # X2

triv™ of u (—n;‘£®ngl)l” G .
which are rigid, symmetric, and kU%linear

C*Gg: L)T) = {
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Thus far, we have established the following families of isomorphisms:

(Cohomological formal schemes:) (Zx BU)g = C\CPy,
BUg = CiCPg,
BSUE = C,CPg,
(Homological schemes:) Spec Eo(Z x BU) = C*(CPS; G,y),
Spec Ey(BU) = CI(CP"E";Gm),
Spec Eo(BSU) = C*(CPY; Gyp),s
(Orientation schemes:)  Spec Eo(MUP) = C°(CPS; 1(0)),
Spec Eo(MU) = C'(CP%; 1(0)),
where we have abusively abbreviated the sheaf of functions on CP{ to G,. In

order to fill in the missing piece, we exploit the torsor structure on Thom spectra
discussed earlier.

Lemma 5.2.16 (JAHSO1, Theorem 2.50]) There is a system of compatible
maps

Spec EyBSU x Spec E(MSU ——— Spec EgM SU

H l l

C2(CPY; Gyy) x C3(CPY; 1(0)) ——> CH(CP; 1(0)),

where the horizontal maps are the action maps defining torsors, and the vertical
maps are those described above.

Proof sketch  Recall the isomorphism 7(L | CP®) ~ Z*CP*. The main point
of this claim is that the Thom diagonal for M U[2k, co) restricts to a very familiar
diagonal:

(zoocpoo)/\k _A> (EDOCPOO)Ak AET(CPOO)XI(

l l

MU[2k,00) —2—> MU[2k, o) x BU[2k, o).
The diagonal at the level of (CP®)*¥ is responsible for the cup product, so that
the classes in the cohomology of projective space which induce the maps
Spec EgMU[2k, 00) — C*(CP; 1(0)),
Spec EgBU[2k, c0) — C¥(CP; G,y)

literally multiply together to give the description of the action. This multiplication
of sections is exactly the action claimed in the model. O
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Proof of Theorem[5.2.10] The claim of this Theorem is that the map
Spec EoMSU — C*(CP%; 1(0))

studied above is an isomorphism. Any map of torsors over a fixed base is
automatically an isomorphism. O

Remark 5.2.17 (JASO1, Lemma 6.4]) We can also analyze the map
Spec EgBSU — Spec EgBU

in terms of these models of functions to G,,,. Again, the analysis passes through
a computation in connective K—theory, using the identification

kU*(CP®)? = Z[B][[x1, x2],

where x| = nr{x and x, = 7} x are the Chern classes associated to the tautological
bundle pulled back along projections to the first and second factors

mp: (CP®)Y? — CP™ x 1y (CP®Y? — % x CP™,
Inside of this ring, we have the equations
Bxixy = (1- L)1 - L)
=(1-L)-0-LL)+(1-L)
= B (m(x) = 1 (x) + 15 (),

where u: CP* x CP® — CP® is the tensor product map. Since the orientation
schemes are governed as torsors over these base schemes, we automatically get
a description

Spec Ee(MU —— Spec EgM SU,
£ b fe)-f(x2)

fx +epg x2)

as a section of

. (e*I(O)) ot (e*I(O)) o (/f (6*1(0)))‘1 _eI0)®uI(0)

) 2\ 1(0) 7(0) 7 I1(0)® m3I(0)
Remark 5.2.18 (JAHSO1, Remark 2.32]) The published proofs of Ando,
Hopkins, and Strickland differ substantially from the account given here. The
primary difference is that “Cz@” does not even get mention, essentially because
it is a fair amount of technical work to show that such a scheme even exists
(especially in the case to come of BU[6, c0)). On the other hand, it is very easy
to demonstrate the existence of its Cartier dual: this is a scheme parametrizing
certain bivariate power series subject to certain algebraic conditions, hence exists




5.2 Special divisors and the special splitting principle 235

for the same reason that Mg existed (cf. Definition . The compromise for
this is that they then have to analyze the scheme Spec EyBSU directly, through
considerably more computational avenues. This is not too high of a price: the
analysis of the BU[6, c0) case turns out to be primarily computational anyhow,
so this manner of approach is inevitable.

Remark 5.2.19  Our definition of the scheme Cg@ was by the formula
Cz@ = Syméiv@ Divy @,

where we are thinking of of Divg G C DivG as the augmentation ideal inside
of an augmented ring. The formal schemes Div G and Divg G are the formal
schemes associated by E—theory to the infinite loopspaces underlying kU and
Y2kU respectively. Remarking that BSU is the infinite loopspace underlying
T4kU, we arrive at the analogous topological formula

U = (Z2kU) Ay (Z2kU).

Remark 5.2.20 In an algebraic direction, the reader is also advised to consider
the short exact sequence

0-1->ZGl—>2Z—-0
as a model for the short exact sequence
0—>Divo@—>DiV@—>Z—>0.
The results we have pursued here (in particular, Theorem [5.2.13)) have direct

analogues in the setting of group-rings.

Remark 5.2.21 One consequence of our analysis is that the theory of MSU-
orientations for a complex-orientable theory is not especially different from the
theory of M U—-orientations. Explicitly, we have found a short exact sequence of
bipolynomial group schemes

00— BSUE i BUE d BU(I)E i O,

which has a canonical splitting at the level of products of formal schemes. This
splitting is not a map of group schemes, and so it does not survive to give a
canonical splitting of the Cartier dual sequence

0 « Spec EgBSU « Spec EyBU « Spec EgBU(1) « 0,

but this sequence is nonetheless noncanonically split. It follows from our
analysis above that any M SU-orientation of a complex-orientable theory arises
as the restriction of an M U-orientation (where there the space of available
M U-orientation preimages is a torsor for Spec EgBU(1)).
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5.3 Chromatic analysis of BU[6, o)

We now embark on an analysis of MU|[6, oo)—orientations in earnest. As in
the case of MSU, it is fruitful to first study the behavior of vector bundles
with structure map lifted through kU, = BU[6, o) and to analyze the schemes
BU[6, c0)g and Spec EyBU[6, ). In the previous case, we studied a particular
bundle
1-L)(1-£L
My: cP* x cp* 202, gy,

which controlled much of the geometry through our splitting principle for
BSU-bundles, recorded as Lemma [5.2.6] Analogously, we can construct a
naturally occurring such bundle as the product

1- 1- 1-
I;: CP® x CP® x cp® LRI b6 o),

but the proof of Lemma[5.2.6] falls apart almost immediately—there does not
appear to be a splitting principle for bundles lifted through BU[6, o). This
is quite worrying, and it dampens our optimism across the board: about the
behavior of I13 exerting enough control over BU[6, o), about the existence of
“C3@”, and about C3CPy serving as a good model for BU [6,0)E.
Nevertheless, we will show that this algebraic model is still accurate by
complete topological calculation. Our approach is divided between two fronts.

1. If we specialize to a particularly nice cohomology theory—such as E = Er a
Morava E-theory—then we can use our extensive body of knowledge about
finite height formal groups and their relationship to algebraic topology in
order to force nice behavior into the story. This should be thought of as
an exploratory step: if there is a general statement to be found, it will be
visible in this particularly algebro-geometric setting, where we can maybe
algebraically compute fully enough to determine what it is.

2. If we specialize to a particularly simple formal group—such as Gy and
its associated cohomology theory HIFF,—then we can use our talent for
performing computations in algebraic fopology to completely exhaust the
problem. This should be thought of as the “actual” proof: as in Lecture {.3]
we will show that successfully transferring the guess result from Morava
E—theory to the setting of ordinary cohomology entails the result for any
complex-orientable cohomology theory.

In this Lecture, we will pursue the first avenue. We begin by setting I to be
a formal group of finite p—height of a field k of positive characteristic p, and
we let E = Et denote the associated Morava E—theory. Our main technical tool
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will be the Postnikov fibration
HZ, — BU[6,00) — BSU,

and our main goals are to construct a model sequence of formal schemes, then
show that E—theory is well-behaved enough that the formal schemes it constructs
exactly match the model.

In the previous setting of MSU, we gained indirect access to the algebraic
model Cz@ by separately proving that it was modeled by SDiv G and that this
had a good comparison map to BSUEg. This time, since we do not have access
to C3G or anything like it, we proceed by much more indirect means, along the
lines of Remark we know that C3 (@; G,,,) exists as an affine scheme,
since we can explicitly construct it as a closed subscheme of the scheme of
trivariate power series, and so we seek a map

Spec EgBU[6, c0) — C*(CP%;G,)

that does not pass through any intermediate cohomological construction. Our
main tool for accomplishing this is as follows:

Definition 5.3.1 A map f: X — Y of spaces induces amap fr: Xg — Y&
of formal schemes. In the case that Y is a commutative H—space and Yg is
connected, we can construct a map according to the composite

Xg X GRouPScHEMES(YE, Gyy,)

H AT

1
—~ 1 —~
Xg X FormaLGrours(Yg, Gm)fE—i Yz X FoRMALGROUPS(YE, Gp) = G-

This is called the adjoint map, and we write ffor any of the above versions of
this map, whether valued in G,,, G,,,, or Al Tt encodes equivalent information
to the Ep—linear map

Ey — E)Y®g,E°X
dual to the map EgX — EpY induced on E-homology.

Remark 5.3.2 This construction converts many properties of f into corre-
sponding properties of this adjoint element. For instance:

e It is natural in the source: for f: X — Y and g: W — X, we have

fg=Fol(gex1): WgxD(¥g) — Gy
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e It is natural in the target: for f: X — Y and h: Y — Z a map of H—spaces,
we have

hf =fo(1xD(hg)): Xg x D(Zg) = Gyp.
o It converts sums of classes to products of maps to G,.

Example 5.3.3 Recall the vector bundle I1, lifted through BSU, defined at the
top of this Lecture and of great interest to us in Lecture[5.2] The adjoint to the
classifying map of I, is a map of formal schemes

M (CP2)* x Spec EgBSU — Gy,
which passes through the exponential adjunction to become a map
Spec EgBSU — FORMALSCHEMES((CPZS)XZ, G).

Because the adjoint construction preserves properties of the class I, we learn
that this map factors through the closed subscheme

Spec EgBSU - 2 C%(CP%;G,) —— FORMALSCHEMES((CP?)Xz, Gm)
— e e

of symmetric, rigid functions satisfying kU’—linearity. By careful manipulation
of divisors in Theorem[5.2.13] we showed an isomorphism

BSUE = SDiv( CPy,
which on applying Cartier duality showed the factorized map
Spec EgBSU — C*(CPS; G,y)

to be an isomorphism.
Example 5.3.4 Similarly, we have defined a cohomology class

I = (L - 1)(Ly - 1)(L3 - 1) € kUS(CP®)? = [(CP®), BU[6, )].
As above, its adjoint induces a map (which we abusively also denote by ﬁ3)

Is: Spec EyBU[6, 0) — C3(CP%°; Gm),

where C3(CP%; G,,) is the scheme of G,,—valued trivariate functions on CpPy
satisfying symmetry, rigidity, and kU O—Iinearityﬂ

We also have the following analogue of the compatibility results Remark[5.2.4]
and Remark of the previous section:

4 If C3CPR, = Sym%iv e Divg CP%; were to exist, this scheme CS(CP"E;GW,) would be its

Cartier dual.
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Lemma 5.3.5 (JASO1l, Lemma 7.1], [AHSO1, Proposition 2.27, Corollary 2.30])
There is a commutative square

Spec EgyBSU ——> Spec EqBU[6, )

5. |7

C*(CPY; Gyy) —2— C3(CPY; Gy,

where the ma;ﬂ o is specified by
(e, x3) f(x2, x3)

o(f)(x1, x2, x3) 1= P +p )
Proof  As in the proofs of Remark [5.2.4 and Remark [5.2.17] this is checked
by performing a calculation in kU—cohomology of projective space, where we
have the relation

I3 = (1 - L)1 - L)1 - L3)
=((1-L)-0-L1 L)+ (1= L)) - L3)
= ((m X 1)" = (uX D" + (m2 X D)((1 = Li)(1 - L3))
= ((ry x 1)" = (ux 1)" + (my x 1)")I,. O

Thus far, we have constructed the solid maps in the following commutative
diagram:

Spec EgBSU — Spec EyBU[6, 00) ————— Spec EgHZ,4

b !

C¥(CPY;Gy) —2> C3(CPY;Gyy) 5o FormaLGRroups((CP%)"?, Gum),

where G denotes the exterior nth power of G, the left-most vertical map is an
isomorphism by Corollary[5.2.14] and right-most vertical map is an isomorphism
by Remark [4.6.13] We would like to enrich this diagram to an isomorphism of
short exact sequences, and to do so we need to finish constructing the sequences
themselves—we need a horizontal map e making the diagram commute.

The idea behind the construction of e is to pretend that I is an isomorphism,
so that we could completely detect e by comparing the image of the identity
point on Spec EgBU[6, c0) through I3 to the image of the same identity point
through the maps

Spec EqBU[6, ) — Spec EgHZ; — FORMALGROUPS((CPOEO)AZ, Gm)-
3 Despite its name and its formula, this map & does not really belong to a cochain complex from

our perspective. All of the functions we are considering, no matter how many inputs they take,
are always subject to a 2—cocycle condition.
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Using our calculation that ((CP‘,}")A2 is a p—divisible group, we see that we can
further restrict attention to the torsion subgroups

(CP[p'] = (BS'[p/ )"

which filter it, corresponding to analyzing the bundle classified by the restriction
1r _jiA2 H Ir_j Bj Y
BS'[p]1" = HS [p/], — HZy — kU,.

Using the abbreviation B; = BS [p/], our summary goal is to find an express
description of a map d making the following square commute:

Bj A Bj —> CP* ACP”™
lﬁju(a/\a) d
v

Y

Y3 HZ S0kU,

where we have quietly replaced spaces by their suspension spectra, and where
Bju(a A @) denotes the composite

) B
B2 % (sHZ/p' Y2 5 22 HZ /) 5 SPHE.

Our strategy is to extend this putative square to a map of putative cofiber
sequences

f lﬁ‘j}l(a/\a/) d f
v A\ A
YU —2 s 4 H7 — Y s YThU ——— 5 Y5kU,

and thereby trade the task of constructing d for the task of constructing f.
This is a gain because o: kU — HZ, the standard kU—orientation of HZ, is a
considerably simpler map to understand than .

Lemma 5.3.6 (JASO1, Section 5]) Make the definitions

e x: CP® — X2kU is the kU-Euler class for (1 = L).
u: T(LEP") — kU? is the kU-Thom class for T(L®P") = CP*/B;.
A\ is the projection
CP*® ACP* . CP* ACP*
Bj A Bj Bj A CP®

= (CP®/B;) A CP® = T(L®"') A CP™.

Similarly, A, is the swapped projection (CP*)"2/ BJ’.\2 — CP® AT(L®P).
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Setting f = u(u A x)A; — u(x A u)A; gives the desired commuting square:

oo f=pjuana)oA.

Proof Theideais to gain control of the cohomology group HZ*((CP*)"?, BJAZ)
by Mayer-Vietoris, which is rendered complicated by our simultaneous use of
the cofiber sequence B; — CP* — T(L®”j) in two factors of a smash product.
Toward this end, consider the maps

By: B; AT(LEP) — (CP®)Y"2/B2, By: T(L® ) A Bj — (CP®)"?/B}?,

which have cofibers A; and A, respectively. Direct calculation [ASO1, Lemma
5.6] shows that (ker Bf)N(ker B) is torsion-free, so if we can identify By (8, uoA)
and B}(B;u o A), we will be most of the way there. We pick B) to consider, as
B, is similar, and we start computing, beginning with

Bi(Bju(a A a)o A) = Bju(a A a) o ABy.

Writing 6: T(L ®Pj) — X B; for the going-around map in that cofiber sequence,
we have

LB 0 B AT(LO)
‘X lB !
(CP®)"2/B/2,
and hence
Biula Aa)o ABy = fru(e Aa)o (15 A 6)

= Bju(a A ad).
The maps @ and ¢ appear in the following map of cofiber sequences:
B—l —»p—2 17 —° 5B
J ool Je

sHZ/p 2 s2H7 P s2HZ 2 S2HZ)p,

where y is the standard Euler class in H>CP* and the first block commutes
because the bottom row is the stabilization of the top row; w is the Thom class
associated to T(L®P") and the middle block commutes because it witnesses the
HZ-analogue of the statements expressed by Lemma 2.6.1]and Theorem [4.6.1}
and the last block commutes because [B, X>HZ] = 0 and because the other two
do. In particular, an application of the right-most block gives

Bimla A ad) = Bju(a A pw).
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Using the fact that §; is the cofiber of the ring map p, there is a juggle

Biula A pw) = p(Bja Aw),

and then we use the first block in the above map of cofiber sequences to conclude

uBja Aw) = u(yj Aw).
Finally, we can use this to guess a formula for our desired map f: we set
J = u(u A x)Ap + p(x A u)As,
because, for instance,
B(orf) = o(uu A x)A; + u(x A )A2)B,
=opulx Au)(j A1),

where we used AjB; = 0 and A;B; = (j A 1), a calculation similar to the
calculation involving ¢ earlier in the proof. Then, because o: kU — HZ sends
Euler classes to Euler classes, we have

oulx Au)(j Al) = u(y Aw)(j A )
= u(yj Aw).
Hence, we have crafted a class f with o f — B;u(a A @) € (ker By) N (ker Bj).
What remains is to show that this class is torsion, hence identically zero. Half

of this is obvious: p’ﬂﬂl((t A @) = 0, since p/ B; = 0 on its own. For plof,we
make an explicit calculation:

Plof=p (uw A y)A; = u(y Aw)Ay)
= u(w A pPY)AL = p(p’y A w)A,
= u(w A g"w)Ay — u(g"w A w)A;
= puw Aw)o (1 Aq)A1 — (g A1)A2) = 0. o

The upshot of all of this is that we have our desired calculation of the map e:

Corollary 5.3.7 (JASO1] Lemma 5.4 and Subsection “Modelling d,,(L1, L)1)
There is a commuting triangle

E*BS' [P

dj
p 3,
HZ, —

kU,
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where d; classifies the bundle

p/-1
di= 3 (1= L1 = L7 = L2)= (1 = L)1 = £ - L))

k=1
Proof We return to our putative map of cofiber sequences, and in particular to
the right-most block
CP® A CP® —L— (CP®)"? /BJ/.\Z

d |7
v

sy —F s s

This expresses d in terms of f in the cohomology ring kU*(CP*)*2, a by-now
familiar situation. Namely, we have

Bd = (uu A x)A; = p(x A u)Az)r
= pu(u A x)(g A1) = p(x Au)(1Ag)
= ulq"u A x) = p(x A g'u).
At this point, we need to make an actual identification: u is a Thom class
associated to the line bundle £’ hence q*u is its associated Euler class,

which we compute in terms of x to be g*u = [p/ ]Cpiou (x), where the n—series
on CPy;; expressed in terms of the coordinate x is given by

[nleps, (1) = B~ (1= (1 - Bx)").
We use this formula to continue the calculation:
g u A x) = p(x A g'u) = [pleps, (1) - x2 = x1 - [P/ leps, (x2)
1= (1= px)”  1=(1-px)”

- Bx1 Bx2
pi-1

= > Gkl = xi[k](x)x). o
k=1

We take this as inspiration for an algebraic definition:

Definition 5.3.8 Let G be a connected p—divisible group of dimension 1.
Given a point f € C3(G;G,,)(T), we construct the function

epi(f): GIP'1" = Gy

p’
epi(): (x| ] M
k=1

(x1, kx2, x2)
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As j ranges, this assembles into a map
e: C3(G;G,,) — ForMALGRrOUPS(G'2, G,p),
called the Weil pairing associated to f.
By design, the map e participates in a commuting square with
Spec EgBU[6, o0) — Spec EgHZ,,

so that this fills out the map of sequences we were considering before we got
involved in this analysis of vector bundles. What remains, then, is to assemble
enough exactness results to apply the 5S-lemma.

Lemma 5.3.9 (JASO1, Lemma 7.2]) For G a connected p—divisible group of
dimension 1, the map 6: C*(G;G,,) — C3(G;G,,) is injective.

Proof Being finite height means that the multiplication-by-p map of G is
fppf—surjective. The kernel of ¢ consists of symmetric, biexponential maps
G2 — GmEIBy restricting such a map f to

f: Gp'1xG > Gy,
we can calculate

f,p'y) = f(p'x,y) = f(0,y) = 1.

But since p/ is surjective on @, every point on the right-hand side can be so
written (after perhaps passing to a flat cover of the base), so at every left-hand
stage the map is trivial. Finally, G = colim i @[p’] so this filtration is exhaustive
and we conclude that the kernel is trivial. O

Lemma 5.3.10 ([ASO1, Lemma 7.3]) More generally, the following sequence
is exact

0 — C%(G;G,) %l (G; Gyn) > FormaLGRroUPS(G"2, Gy, ).

Remarks on proof The previous Lemma demonstrates exactness at the first
node. Showing that e o § = 0 is simple enough, but constructing preimages of
ker 6 through e is hard work. The main tool, again, is p—divisibility: given a

6 The condition f € ker & gives f(x, y + z) = f(x, y)f(x, z), so that the kU —linearity condition
becomes redundant:
POV x+y) _ fEIFEF ]
fe+x,9)f(tx)  [fE)fGfEx)
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point (g1, g2) € @[p’]’\z, over some flat base extension we can find g} satisfying
P g, = &». With significant effort, the assignment

(g1,82) = {e,i (g1 )"}

as j ranges can be shown to be independent of the choices g}. Furthermore, if
e(f) = 1, it even determines an element of C?(G; G,y,). O

Luckily, the remaining bit of topology is very easy:

Lemma 5.3.11 (JASO1, Lemma 7.5]) The top row of the main diagram is a
short exact sequence of group schemes.

Proof Consider the sequence of homology Hopf algebras, before applying
Spec. Since the integral homology of BSU and the E-homology of HZ, are
both free and even, the Atiyah—Hirzebruch spectral sequence for E,BU|[6, o)
collapses to their tensor product over E.. O

Corollary 5.3.12 ([ASOI, Theorem 1.4]) The map
I3: Spec EyBU[6, ) — C*(CP%;G,y,)
is an isomorphism.
Proof This is now a direct consequence of the 5-lemma. O

Remark 5.3.13 (cf. Theorem|5.4.1) We will soon show that H,BU[6, o) is also
free and even. The proof of Lemma[5.3.11| thus also shows that the E—theory of
kU; fits into a similar short exact sequence.

Remark 5.3.14 (J[ASO1], Corollary 7.6]) The topological input to the 5-lemma
also gave us a purely algebraic result for free: the map e is a surjective map of
group schemes.

5.4 Analysis of BU[6, o) at infinite height

Convention: We will write H for HF, for the duration of the lecture.

Motivated by our success at analyzing the schemes Spec(Er)oBU[6, o)
associated to BU[6, o) through Morava E—theory, we move on to considering
the scheme constructed via ordinary homology. As usual, we expect this to be
harder: the formal group associated to ordinary homology is not p—divisible,
and this causes many sequences which are short exact from the perspective of
Morava E—theory to go awry. Instead, we will have to examine the problem
more directly—luckily, the extremely polite formal group law associated to é‘a
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makes computations accessible. We also expect the reward to be greater: as in
Corollary 4.3.7] we will be able to use a successful analysis of the ordinary
homology scheme to give a description of the complex-orientable homology
schemes, no matter what complex-orientable homology theory we use.

As in the p—divisible case, our framework comes in the form of a map of
sequences

Spec H.BSU —— Spec H.BU[6, ) “Spec H.HZ;”

l | |

CXGa;Gm) C3(Gya; Gom) ForMALGRrOUPS(G/2, G,y,).

Our task, as then, is to discern as much about these nodes as possible, as well as
any exactness properties of the two sequences[]
We begin with the topological sequence. The Serre spectral sequence

E}* = H'BSU ® H"HZ, = H"BUI6, )

gives us easy access to the middle node, and we will recount the case of p = 2
in detail. In this case, the spectral sequence has E,—page

Ij > 2Ij+1,

E** = HF:B HF:HZ,=TF ..]®F 1
5 »BSU ® HF,HZ, = F[ca,¢3,...]® 2[5(] Bl op — 1> 1

Because the target is 6-connective, we must have the transgressive differential
dst3 = cp, which via the Kudo transgression theorem spurs the much larger
family of differentials

dayr, Sql 13 = Sql c.
This necessitates understanding the action of the Steenrod operations on the
cohomology of BSU, which is due to Wu [May99, Section 23.6]E]
Sq2j ---8q*Sq* ¢ = ¢14p;  (mod decomposables).

Accounting for the squares of classes left behind, this culminates in the following
calculation:

Theorem 5.4.1 There is an isomorphism
HF;BU

HF;BU[6, =
2BUI6, ) (¢ 1j#2k+1,j>3)

® B[4, (S4* )4 .. . o

7 The quotes indicate that the right-hand topological node does not even make sense: H., HZ;,
is not even-concentrated, and we do not understand the algebraic geometry of spaces whose
homology is not even-concentrated. This is quite troubling—but we will press on for now.

8 The reader might enjoy reviewing some of the formulas from Lectureand proving their BU—
and BSU-analogues, which entail this one.
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Remark 5.4.2 ([Sin68| [Sto63]]) More generally, there is an isomorphism
HF;BU
(cjlon(j—1)<k-1)
where o7 is the dyadic digital sum and “Op” denotes the Steenrod—Hopf—

subalgebra of HF;HZ,, | generated by the indicated class. Stong specialized
to p = 2 and carefully applied the Serre spectral sequence to the fibrations

HEFkU,, = ® Op[Sq® tax-1],

kUs i1y = KUy — HZy, .

Singer worked at an arbitrary prime and used the Eilenberg—Moore spectral
sequence for the fibrations

HZ, ,— k_UZ(k+l) — kUy.

Both used considerable knowledge of the interaction of these spectral sequences
with the Steenrod algebra.

Remark 5.4.3 These methods and results generalize directly to odd primes.
The necessary modifications come from understanding the unstable mod—p
Steenrod algebra, using analogues of Wu’s formulas [Sha77], and employing
Singer’s Eilenberg—Moore calculation. Again, H*BU[6, ) is presented as a
quotient by H*BU by certain Chern classes whose indices satisfy a p—adic
digital sum condition, tensored up with the subalgebra of H* HZ, generated by
a certain element.

From the edge homomorphisms in Theorem[5.4.T} we can already see that
the sequence of Hopf algebras

H.HZ, — H.BU[6,) — H.BSU
modeling the sequence of formal group schemes
“(HZ3)up” — BU[6,00)yp — BSUyp

is neither left-exact nor right-exact. This seems bleak.

Ever the optimists, we embark on an analysis of the available algebra all the
same. We begin by reusing a strategy previously employed in Lemma[3.4.1%}
first perform a tangent space calculation

TOCk(@a; Gp) = Ck(@]a; @a),

then study the behavior of the different tangent directions to determine the
full object ck (@a; Gy,,). As a warm-up to the case k = 3 of interest, we will
first consider the case k = 2. We have already performed the tangent space
calculation:



248 The o-orientation

Corollary 5.4.4 (cf. Lemma|3.2.7) The unique symmetric additive 2—cocycle
of homogeneous degree n has the form

B (O e SR (A3
S PY RS RN Ve

Our goal, then, is to select such an f, € CZ(@G; @a) and study the minimal
conditions needed on a symbol a to produce a point in C2(@a; Gyy,) of the form
l+af,+---. Since ¢, = i&(x”) is itself produced by an additive formula, life
would be easiest if we had access to an exponential, so that we could build

n)l/d

“6@0 Go) exp(a,x "= exp(é(@“ ;@a)anx"/d,,) = exp(ancy).”

However, the existence of an exponential series is equivalent to requiring that
ay, carry a divided-power structure, which turns out not to be minimal. In fact,
we can show that no conditions on a,, are required at all.

Lemma 5.4.5 (JAHSOI. Proposition 3.91)  Recall from Remark[3.3.21|that the
Artin—Hasse exponential is the power series

o J

12
E,(1) = exp Z ik Zp 1]

J=0

Write 6 = C! (Gra, G) — Cz(Ga, G,) and

_{1 ifn=pl,

GaGm)*

0 otherwise.

The class gn(x,y) = 6, p(anx")l/pd" is a series in Fpla,][x, y] and

(G ,Gy )
presents a point in C? (Ga, Gin) reducing to anc, € C? (Ga, Ga) on tangent
spaces.

Proof Recall furthermore from Remark [3.3.21|that E), has coefficients in Z,),
and hence it can be reduced to a series with coefficients in FF,, if we so choose.
With this in mind, we make the calculation
dn
gn(x,y) = 6(@a’Gm)Ep(anxn)]/P
< ab’s !

_ GunGa)™
= eXp Z pi+dn
=0

= exp Z npl( y)

J=
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As claimed, the leading term is exactly a,,c,, this series is symmetric, and since
it is in the image of ‘5(@0,@,”) it is certainly a 2—cocycle. Finally, the integrality
properties of £, mean that g, has coeflicients in Z,)[a,]. o

Letting n range, this culminates in the following calculation:

Lemma 5.4.6 (JAHSO1, Equation 3.7]) The map

Spec Zpylan | n 2 2] UL C*(Gy; Gyy) X Spec Z(p)

is an isomorphism.ﬂ O

The trivariate case k = 3 is similar, with one important new wrinkle: over an
F,—algebra there is an equality ch = Cpn, but this relation does not generalize
to trivariate 2—cocycles. For instance, consider the following example at p = 2:

2
1
E(S(CG) = xzyzz2 + x4yz + xy4z + xyz4, (§5C3) = xzyzzz.

The following Lemma states that this is the only new feature:

Lemma 5.4.7 (JAHSO1!, Proposition 3.20, Proposition A.12]) The p—primary
residue of the scheme of trivariate symmetric 2—cocycles is presented by

SpecFplag | d = 3]xSpecF,[by | d = p/(1+p*)] = C*(Ga: Ga) X Spec F,p.
O

Similar juggling of the Artin—Hasse exponential yields the following multiplica-
tive classification:

Theorem 5.4.8 (JAHSO1,, Proposition 3.28]) There is an isomorphism
SpecZp)lag | d > 3,d # 1+ p'] x SpecT[by.p: ] — C3(Gy; Gy) X Spec Zp).

Proof sketch  'The main claim is that the Artin—Hasse exponential trick used
in the case k = 2 works here as well, provided d # 1 + p’ so that taking an
appropriate p root works out. They then show that the remaining exceptional
cases extend to multiplicative cocycles only when the p™ power of the leading
coefficient vanishes. Finally, a rational calculation shows how to bind these
truncated generators together into a divided power algebra. O

9 This product decomposition only happens after p—localization, and the decomposition is
different at each prime [AHSOI1l Section 3.3]. Compare this with results of Adams [Ada76] or of
Adams—Priddy [AP76].
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It is now time to clear up our confusion about the right-hand topological node
by pursuing a link between H,HZ, and the algebraic modem

FORMALGROUPS(@QZ, Gpn).

Analyzing the edge homomorphism from our governing Serre spectral sequence
shows that the map

H'BU[6,0) — H'HZ,
factors through the subalgebra A* C H*HZ, generated by the squares of the

polynomial generators. Accordingly, we aim to replace the right-hand node of
the topological sequence with Spec A, outright.

Lemma 5.4.9 ([AHSO1, Lemma 3.36, Proposition 4.13, Lemma 4.11]) The
scheme Spec A, models FormaLGRoUPS(GA2, G,,,) by an isomorphism A com-
muting with e o I1;.

Proof sketch ' We can describe the F,—scheme FORMALGROUPS(@QZ, G,,,) com-
pletely explicitly:

(amn)m,n e Hm<n texp (amn(xpm Y”n - x,,nypm ))

Spec Fp[amn | m < n)/(ak,,) FormaLGroups(G/2, G,,),

where texp(t) = Z;’;Ol t//j! is the truncated exponential series. It is easy to check
that this ring of functions agrees with A*, and it requires hard work (although
not much creativity) to check the remainder of the statement: that e o II3 factors
through Spec A, and that the factorization is an isomorphism. O

We have now finally assembled our map of sequences,
Spec H.BSU —— Spec H.BU[6,0) ——> Spec A* —— 0

elﬁz lm zl/l

C*(Gy; Gp) —2— C¥(Ga; Gp) —— Weil(G,) —— 0

which we have shown to be exact at all the indicated nodes. (The exactness
of the topological sequence follows from the Serre spectral sequence analysis.
The exactness of the bottom sequence follows from it receiving a map from the
top exact sequence, where the left-hand vertical map is an isomorphism.) Our
calculations now pay off:

10" The reader might note that (@ra is not a p—divisible group. Nonetheless, we can make sense of
FORMALGROUPS(G;\lz, Gy ) as a closed subscheme of FORMALSCHEMES(GEZ, Gm).
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Corollary 5.4.10 (JAHSO1, Corollary 4.14]) The map s is an isomorphism:

I13: Spec H,BU[6, c0) — C3(@Q;Gm).

Proof sketch  We don’t actually have to compute much about the middle map.
Because the squares in the map of sequences commute and the sequences
themselves are exact as indicated, we at least learn that I is an epimorphism on
group schemes, hence a monomorphism on rings of functions. But, since both
source and target are affine schemes of graded finite type with equal Poincaré
series in each case, this monomorphism is an isomorphism. m}

Corollary 5.4.11 (JAHSOI| Theorem 2.311)  The map Il is an isomorphism
for any complex-orientable E.

Proof sketch  This follows much along the lines of Corollary The even-
ness of the topological calculation at E = HF, shows that the statement holds
for HZQ and HZ,), and since p is arbitrary we conclude it for HZ as well.
We thus learn that the statement holds for E = MUP using a tangent space
argument, and then an Atiyah—Hirzebruch argument gives the statement for any
complex-oriented E. O

Remark 5.4.12 This argument does not extend to a claim that we have an
isomorphism of topological and algebraic exact sequences for any choice of
complex-orientable homology theory E. Our trick of replacing H.HZ, by A.
has no generic analogue.

Our analysis of Spec E.BU[6, o) forms input to two related pursuits: the
homology scheme Spec E.MU[6, ) arising in the theory of Thom spectra,
and the object BU[6, c0)g predual to Spec EgBU|[6, o). The analysis of the
Thom spectrum is completely analogous to the analysis performed at the end of
Lecture[5.2] and so we merely state the relevant results.

Definition 5.4.13 For a formal group @, define maps y;; G - G which
multiply the i and j factors, discarding the remaining factor. For a line bundle
L over G, we define the scheme C3(G; £) by

triv™ of u* (euj@(f‘rzig’/‘fa[@“%i)) l wa3 }

(ny Lon] Lon; £)®,u;” L
which are rigid, symmetric, and kU°-linear

C3(G; L)(T) = {

Lemma 5.4.14 ([AHSO1, Theorem 2.50]) There is a system of compatible
maps
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Spec EyBU[6, 00) X Spec EgM U[6, 0) ——> Spec EgMU[6, o0)

H | |

C3(CPE; Gyy) X C3(CP; 1(0)) C3(CPY; 1(0)),

where the horizontal maps are the action maps defining torsors and the vertical
maps are those induced by 115. O

Corollary 5.4.15 Take E to be complex—orientable. There is then an isomor-
phism

C3(CPY; 1(0)) = Spec EgMU[6, o).
Moreover, the Eg—points of this scheme biject with ring spectrum maps
MU[6,00) — E. O
Lemma 5.4.16 The ring map MU[6, ) — MSU is modeled by the map
CY(CPF: 1(0)) > CH(CP: T (0)),

S
s € @1(0) > —112" ¢ 010?7(0) = ©°7(0). ©

15 ® Usys

Remark 5.4.17 The rational conclusion of this analysis admits a very mild
reformulation: there is always a natural MU|[6, oo)—orientation of a rational
spectrum E given by the composite

MU[6,00) — MU[6,00)®Q —» HOQ=S®Q 25 E®Q = E.

This canonical point turns the C3(CPS; G,,)—torsor structure of C3(CP%; 7(0))
into an isomorphism C3(CP%;7(0)) = C3(CPY;G,y,). In sum, an arbitrary
MU|6, o)—orientation of E is witnessed by a symmetric rigid trivariate power
series satisfying kU°-linearity, called its characteristic series. There are similar
theories of characteristic series for rational orientations by MSU, MU, and MU P;
in the latter two cases this recovers the Hirzebruch series, which associated to
an orientation ¢: MUP — Q® E is the difference of trivializations x/exp,(x).
Conversely, any such series gives rise to a characteristic class by the formula

(L))

K¢(L1®--'@£n>:nm’

Jj=1
where ¢y is the first Chern class associated to the canonical rational orientation.

Our second task is to analyze the cohomology formal scheme associated to
BU[6, ), and we begin with the choice E = H.
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Lemma 5.4.18 (Ando-Hopkins—Strickland, unpublished) DC* (@a; Gyy) are
all formal varieties for k < 3.

Proof We know that OCF (@a; G,y are all free Z—modules of graded finite
rank in the range k£ < 3, so we may write

O(DCK(Gy; G ) = (OCK(Gu; G))*.

Our task is to show that this Hopf algebra O(C* (@a; Gy,))* is a power series
ring.

Specialize, for the moment, to the case of k = 2. It will suffice to show that
it is a power series ring modulo p for every prime p. Such graded connected
finite-type Hopf algebras over F,, were classified by Borel (and exposited by
Milnor—Moore [MM65, Theorem 7.11]) as either polynomial or truncated
polynomial. These two cases are distinguished by the Frobenius operation:
the Frobenius on a polynomial ring is injective, whereas the Frobenius on a
truncated polynomial ring is not. It is therefore equivalent to show that the
Verschiebung on the original ring O(C 2(@ra; Gn)) ® F, is surjective. Recalling

the calculation ¢}, = ¢y, at the level of bivariate 2—cocycles, we compute

x o _ D
p an - anp9
and since Fay,, = aﬁp and FV = p*, we learn
V(anp) = an.

Essentially the same proof handles the cases k = 1 and k = 0.

The case k = 3 requires a small modification, to cope with the two classes of
trivariate 2—cocycles. On the polynomial tensor factor of O(C? (@a; Gy)) we
can reuse the same Verschiebung argument to see that its dual Hopf algebra
is polynomial. For the other fact, the dual of the divided power tensor factor
is, without any further argument, always a primitively generated polynomial
algebra. [

Theorem 5.4.19 (Ando—Hopkins—Strickland, unpublished) For E an even
and periodic cohomology theory, BU[6, co)g models the scheme C3CP.

Proof sketch  Let G be an arbitrary formal group. Note first that if C3 (@; Gm)
is coalgebraic, then C3@ exists and is its Cartier dual: the diagram presenting
OC3(@; Gn,) as areflexive coequalizer of free Hopf algebras is also the diagram
meant to present C3@ as a coalgebraic formal scheme. So, if the coequalizing
Hopf algebra has a good basis, it will follow from Theorem that the
resulting diagram is a colimit diagram in formal schemes, with C3G sitting at
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the cone point. It will additionally follow that the isomorphism
Spec EgBU[6, 0) — C3(CPX; Gyp)
of Corollary [5.4.TT| will re-dualize to an isomorphism
BU[6, ) — C3CP%.

So, we reduce to checking that OC3(@; G,,,) admits a good basis. By a base
change argument, it suffices to take G to be the universal formal group over
O My, and we thus set about finding a nice basis for that.

We hope to gain control (as in Corollary[d.3.7]or Corollary[5.4.1T) of this situa-
tion using our strong knowledge of OC? (@a; G,). We know from Lemmabﬁ
that OC3(@G; G,y,) is a free abelian group, and we know from Theorem [3.2.2
that O(Mig) is as well. By picking a Z-basis Z{g;}; of OC3(@a; G,») and
considering the specialization map from G over Mig to @a over SpecZ, we
choose a map a of O(Mg)—modules

OMig){B;}; —2— OC3(G;G,)

| l

Z{Bj}; ——— OC3Gu;Gyp).

By induction on degree, one sees that « is surjective, and since the source and
target are abelian groups of graded finite rank and the source is free, we need
only check that they have the same rational Poincaré series to conclude that
a is an isomorphism. Over Spec Q we can use the logarithm to construct an
isomorphism

Spec @ X (Mg X CX(G; Gy)) — Spec Q X (Mgt X CX(Gu; Gi)),

hence the Poincaré series agree, hence @ ® Q is an isomorphism, and finally o
is t0o.

Lastly, one checks that this basis gives us access to the desired collection of
good subcoalgebras: these are indexed on an integer d, spanned by those basis
vectors of degree at most d. O

5.5 Modular forms and M U[6, co)-manifolds

The first goal of this Lecture is to give the briefest possible summary of the
theory of elliptic curves that covers the topics necessary to us in the coming
sections. Accordingly, we won’t cover many topics that a sane introduction
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to elliptic curves would make a point to cover, and—perhaps worse—we will
hardly prove anything. We will, however, discover a place where “Cg@” appears
internally to the theory of elliptic curves, and I hope nonetheless that this will
give the arithmetically disinclined reader a foothold on the “elliptic” part of
“elliptic cohomology”.

To begin, recall that an elliptic curve in the complex setting is a torus, and it
admits a presentation by selecting a lattice A of full rank in C and forming the
quotient

C 2% C/A =: E.

A meromorphic function f on E, pulls back to give a meromorphic function
7y f on C which satisfies a periodicity constraint in the form of the functional
equation

i f(z+A) =7y f(2).
It follows immediately that there are no holomorphic such functions, save
the constants—such a function would be bounded, and Liouville’s theorem
would apply. It is, however, possible to build the following meromorphic special
function, which has poles of order 2 at the lattice points and satisfies the
periodicity constraints:

1 1 1
oa(z) = = + g — -
Pa(z) 2 3

w2
wirtoy Ew)? W
Its derivative is also a meromorphic function satisfying the periodicity constraint:
1
h@=23 L
weA (Z - w)

In fact, these two functions generate all other meromorphic functions on Ej,
in the sense that the subsheaf spanned by the algebra generators g4 and @', is
exactly m3 Mg, . This algebra is subject to the following relation, in the form of
a differential equation:

04 (2)% = 49A(2)° — 60G4(A)pA(2) — 140G(A),

for some special values G4(A), G¢(A) € C. Accordingly, writing C € CP? for
the projective curve wy? = 4x3 — G4(A)w?x — Gg(A)w?>, there is an analytic
group isomorphism

Epn — C,
z (mod A) = [1: pa(z) : P (2)].

This is sometimes referred to as the Weierstrass presentation of E.
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A 1

(o
NS

NS

Figure 5.1 Presentation of an elliptic curve as the quotient of nested annuli.

Remark 5.5.1 Before proceeding, the values G4(A) and G¢(A) are themselves
interesting when considered as functions of the lattice. Expanding out the
relation above gives an explicit formula for the (2k)" Eisenstein series

%MFZ%,%mFﬂ%M)
e

A function on the space of lattices which satisfies such a homogeneity condition
is referred to as a modular form of weight 2k, and they appear naturally as
global sections over the moduli of elliptic curves on the 2k™ tensor power of
the sheaf of invariant differentials. Already, one can deduce that the ring of
complex-analytic modular forms has the form C[G4, G|, but it is actually a
theorem of Deligne that an analogous theorem is true integrally: there exist
modular forms cy4, cg, and A such that

H'Men; 0®*) = Z[cs, co, A*]/(c3 — ¢ = 2°3°A).

There is a second standard embedding of a complex elliptic curve into
projective space, using 6—functions, which are most naturally expressed with an
alternative basic presentation of an elliptic curve. Select a lattice A and a basis
for it, and rescale the lattice so that the basis takes the form {1, 7} with 7 in the
upper half-plane. Then, the normalized exponential function C — C* given by
7 > exp(2xiz) has 1 - Z as its kernel. Setting ¢ = exp(2xi7) to account for the
missing component of the kernel of w5, we get a second presentation of Ex as

C* /4%, as pictured in Figure 5.1}

Definition 5.5.2 The basic 6—function associated to E, is defined by

0y = [ [ (1= g™+ " 2+ g Fu) = 3 ugi

m>1 nez
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Given two rational numbers 0 < a, b < 1, we can also shift the zero-set of 6, in
the 1 and g directions by the fractions a and b, giving translated 6—functions:

a2

Gg’b(u) =g 7 -u® - expmiab)| - 0,(uq” exp(2nib)).

The basic 6—function vanishes on the set {exp(2m’(%m +3n))}, i.e., at the
center of the fundamental annulus. Since it has no poles, it cannot descend to
give a function on C* /g%, and its failure to descend is witnessed by its imperfect
periodicity relation:

1 =
O4(qu) =u 1q 20, ).

Lemma 5.5.3 ([Hus04, Proposition 10.2.6]) For any N > 0, define V,[N] to
be the space of functions f: C* — C satisfying

Flqu)=uNg N ).

Then, V4[N] has C—dimension N?, and the functions Hg’b give a basis as a and
b range over rational numbers with denominator N. O

Even though these functions do not themselves descend to C*/¢%, we can
collectively use them to construct a map to complex projective space, where the
quasi-periodicity relations will mutually cancel in homogeneous coordinates.

Theorem 5.5.4 ([Hus04, Proposition 10.3.2]) Consider the map
K
C/(N - A) =5 PV(©),
ze [ HZ/N’j/N(z) R N
For N > 1, this map is an embedding. O

Example 5.5.5 Let us expand this in the case of N = 2. The four functions

involved are labeled 92’0, 92’1/ 2, 6(1/ 2’0, and 961/ 2l 2, and we record their zero

loci in Figure The image of f(») in PZZ‘I(C) is cut out by the equations
A2x§ = Ble2 + szg, A2x§ = CQxf - Bzxg,
where
xXp = HS’O(MZ), x| = Og’l/z(uz), Xy = 6’,]1/2’0(142), X3 = 9;/2’1/2@[2)
and

A=65°0) =" 4", B =670 = ) (-1)"q",
n n



258 The o-orientation

Function  Zero locus

0,0 .
o &Z-q\
9%/2,0 g% i
1/2,1/2

04 / qZ.

Figure 5.2 Standard 6—functions and their offsets

C = 9(11/2,0(0) - Z q(n+l/2)2,

upon which there is the additional Jacobi relation

A* = B* + C*.

Remark 5.5.6 This embedding of E, as an intersection of quadric surfaces
in CP3 is quite different from the Weierstrass embedding. Nonetheless, the

embeddings are analytically related. Namely, there is an equality
d2
a2 log 04(u) = pa(2).

Separately, Weierstrass considered a function o, defined by
Z z 1 z\2
&=z [] (1-5) | +3(5) ]

weA\0
which also has the property that its second logarithmic derivative is p and so is
“basically 9;/ 2122 1 fact, any elliptic function can be written in the form

.. ﬁ O'A(Z_ai).
il oalz=bi)

The 6—functions version of the story has two main successes: it continues to
make sense in algebraic geometry, without invoking transcendental functions,
and in fact there is a version of this story for an arbitrary abelian variety. It
turns out that all abelian varieties are projective, and the theorem sitting at the
heart of this claim is

Corollary 5.5.7 (“Theorem of the Cube”, [Mil86| Corollary 1.6.4 and Theorem
1.7.1]) Let A be an abelian variety, let p; : AX AX A — A be the projection
onto the i"" factor, and let pij = pi +A Pj, Dijk = Pi +A Dj +4 Pk Then for any
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invertible sheaf L on A, the sheaf

0’ (L) :=

Pl OpLOnLont o
1

pPoLeppLepyLep L | 57,

on AX AX Ais trivial. If L is rigid (i.e., it has a specified trivialization at
the identity point of A), then (L) is canonically trivialized by a section
s(A; L). O

Remark 5.5.8 One way to read the Theorem of the Cube is that a weight zero
divisor on an abelian variety is principal (i.e., it is the zeroes and poles of a
meromorphic function) if and only if its nodes sum to zero. The meromorphic
function you construct this way is unique up to scale, so if you impose a
normalization condition at the identity point, you get a unique such function.
Altogether, this gives a pairing between (AXA)" and A, which can be reconsidered
as a multiplication map A X A — A.

Remark 5.5.9 The section s(A; L) satisfies three familiar properties:

e It is symmetric: pulling back ®* £ along a shuffle automorphism of A* yields
@3 £ again, and the pullback of the section s(A; £) along this shuffle agrees
with the original s(A; £) across this identification.

e Itis rigid: by restricting to * X A x A, the tensor factors in @ £ cancel out to
give the trivial bundle over A X A. The restriction of the section s(A; £) to
this pullback bundle agrees with the extension of the rigidifying section.

o [t satisfies a 2—cocycle condition: in general, we define

®k-£ = ® (p;L)(fl)\”*]'
1Lk}
In fact, ®*! £ can be written as a pullback of @ £:
(prx1)L
(P x 1)L (P2 x 1)*L’

and pulling back a section s along this map gives a new section

®k+1£ —

S(x0 +4 X1, X2, . . ., Xk)
s(x0, X2, oy Xg) - S(X1, X2, .1, Xg)

(6S)(-x0, Xlyenos xk) =

Performing this operation on the first and second factors yields the defining
equation of a 2—cocycle.

Remark 5.5.10 The proof of projectivity arising from this method rests on
choosing a line bundle on A, extracting from it a very ample line bundle, and
then constructing some generating global sections to get an embedding into
P(L®") [Har77, Remark 11.7.8.2]. Mumford [Mum66]] showed that a choice
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of “6—structure” on (A, L), which is only slightly more data, gives a canonical
choice of generating global sections as well as a canonical identification of
P(L®") with a fixed projective space. This is suitable for studying how these
equations change as one considers different points in the moduli of abelian
varieties [Mum67a, Mum67b]).

Remark 5.5.11 ([Bre83|, Section 4]) Breen presented a relative version of this
story that applies to arbitrary commutative group schemes, where the basic
objects are a choice of line bundle £ over a commutative group scheme A, a
choice of trivialization of @ £, and an epimorphism 7: A’ — A that trivializes

L.

Finally, we remark that the function
e: C3(@; Gpn) — FORMALGROUPS(@I/\Z, Gn)

considered in Lecture[5.3]also manifests in the theory of abelian varieties. Let
A be an abelian variety equipped with a line bundle £. Suppose that s is a
symmetric, rigid section of ®3 L, sometimes called a cubical structure on L.
Using the identification (pj2 — p1 — p2)*®>L = ©3 L, this induces the structure
of a symmetric biextension on ®> L via the multiplication maps

(®2~£)x,y ® (®2~£)x',y - (®2~£)x+x’,y5
(@2 L)ry ® (@2 L)y y — (O L)y yiy-

Definition 5.5.12 There is a canonical piece of gluing data on this biextension,
in the form of an isomorphism of pullback bundles

epis (P! X D Llapiearpi) = (1% P Llagpiixaipi)s

P s, [k, )
f’ : —|{- A M .
ool G

This function e,,; is called the (p/)" Weil pairing.

Remark 5.5.13 In the case that A is an elliptic curve, this agrees with the usual
definition of its “Weil pairing”. In the case of a complex elliptic curve C/(1, 1),
this degenerates further to the assignment

(a b ) ( ab)
— —T| > exp|2ni—].
nn n

We now actually leverage this arithmetic geometry by placing ourselves in a
situation where algebraic topology is directly linked to abelian varieties.
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{a1} x A

Gm

Ax{ay}

Figure 5.3 Extensions contained in a biextension.

Definition 5.5.14  An elliptic spectrum consists of a even—periodic ring spec-
trum E, a (generalized) elliptic curve C over Spec Ey, and a fixed isomorphism

¢: C) = CPS.

A map among such spectra consists of a map of ring spectra f: E — E’
together with a specified isomorphism of elliptic curves ¢ : f*C — C’E

Remark 5.5.15 Our preference for isomorphisms of elliptic curves rather than
general homomorphisms is prompted by our study of stable operations: we have
seen that a stable operation between complex-oriented ring spectra can only
ever give rise to an isomorphism of formal group laws (incorporating a suitable
base change). More broadly, we have also found that the collection of possible
isomorphisms of formal group laws organizes into the stable context, a very
important object in our study. In Appendix [A] we will develop a theory (with an
attendant notion of context) which incorporates isogenies of elliptic curves in
addition to isomorphisms.

Coupling Definition [5.5.14] to Corollary [5.4.13| and Corollary [5.5.7} we
conclude the following:

Corollary 5.5.16 An elliptic spectrum (E, C, @) receives a canonical map of

" Elliptic curves and cohomology theories can be brought much closer together still, as in Lurie’s
framework Sections 4 and 5.3].
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ring spectra

MU[6,0) — E.

This map is natural in choice of elliptic spectrum: if (E,C,¢) — (E’,C’, ¢’) is
a map of elliptic spectra, then the triangle

MUI[6, )

commutes. O

Example 5.5.17 Our basic example of an elliptic curve was Ex = C/A, with
A a complex lattice. The projection C — C/A has a local inverse which defines
an isomorphism of formal groups

¢: (Ep)y = Gy x SpecC,
as well as an isomorphism of cotangent spaces

TEN)) ——— C

TE

To(@a x Spec C) —— C.

Accordingly, we define an elliptic spectrum HEAP whose underlying ring
spectrum is HCP and whose associated elliptic curve and isomorphism are Ex
and ¢. This spectrum receives a natural map

MU[6,c0) — HEAP,
which to a bordism class M € MU[6, 0),, assigns an element
DA(M) - ut € HEAP)p,
where u, is the canonical section of

(MHEAP) ™ = wery,, = O(E,))

and @, (M) € C is some resulting complex number.

Example 5.5.18 The naturality of the MUJ[6, oo)—orientation moves us to
consider more than one elliptic spectrum at a time. If A’ is another lattice
with A’ = A - A, then the multiplication map 1: C — C descends to an
isomorphism Ex — Exs and hence a map of elliptic spectra HEx'P — HEAP
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acting by uxs +— Aua. The commuting triangle in Corollary [5.5.16|then begets
the modularity relation

OM;A1-A)=2"O(M;A).

Example 5.5.19 This leads us to consider all curves E, simultaneously—or,
equivalently, to consider modular forms. The lattice A can be put into a standard
form, by picking a basis and scaling it so that one vector lies at 1 and the other
vector lies in the upper half-plane. This gives a cover

b — Men X SpecC

which is well-behaved (i.e., unramified) away from the special points i and
e?™/% A complex modular form of weight n is an analytic function h — C
which satisfies a certain decay condition and which is quasi-periodic for the
action of SL,(Z), i.e.PZ]

f(M; Z::Z) =(ct+d)"f(M;71).

Using these ideas, we construct a cohomology theory HOy P, where O is the
ring of complex-analytic functions on the upper half-plane. The h—parametrized
family of elliptic curves

hxC/(1,7) = b,

together with the logarithm, present HOy P as an elliptic spectrum H)P. The
canonical map ®: MU[6, c0) — HDHP specializes at a point to give the functions
®(—; A) considered above, and hence ®(M) € u* - Oy is itself a complex modular
form of weight k.

In fact, this totalized map @ is a ghost of Ochanine and Witten’s modular
genus from Theorem[0.0.3] as a bordism class in MU[6, c0),,, is, in particular, a
bordism class in M String,,. However, they know more about this function than
we can presently see: for instance, they claim that it has an integral g—expansion.
In terms of the modular form, its g—expansion is given by building the Taylor
expansion “at co” (using that unspoken decay condition). In order to use our
topological methods, it would be nice to have an elliptic spectrum embodying
these g—expansions in the same way that H) P embodied holomorphic functions,
together with a comparison map that trades a modular form for its g—expansion.
The main ideas leading to such a spectrum come from considering the behavior
of Ep as T tends to i - oo.

12 That is, for the action of change of basis vectors.
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Definition 5.5.20 Note that as 7 tends to i - co, the parameter ¢ = exp(2xit)
tends to 0. In the multiplicative model of Lecture [5.5] we considered the
punctured complex disk D’ with its associated family of elliptic curves

Con =C*XD’/(u, q) ~ (qu. q).
The fiber of C’ over a particular point ¢ € D’ is the curve C*/g%. The Weierstrass
equations give an embedding of C., into D’ x CP? described by
Saz +7
wy2 +wxy = x® = Sasw’x + —%W3
for certain functions @3 and as of qE-] At g = 0, this curve collapses to the
twisted cubic

wy2 +wxy = X3,

and over the whole open unit disc D we call this extended family Cyj,.

Now let A C Z[q] be the subring of power series which converge absolutely
on the open unit disk. It turns out that the coefficients of the Weierstrass cubic
(i.e., Sa3 and %(5@3 + 7as)) lie in A, so it determines a generalized elliptic
curve C over Spec A, and Cyy, is the curve given by base-change from A to the
ring of holomorphic functions on D [Mor89, Section 5]. The Tate curve is
the intermediate family Crye over the intermediate base Dyye = Spec Z[[¢], as
base-changed from A.

The singular fiber at ¢ = O prompts us to enlarge our notion of elliptic curve
slightly.

Definition 5.5.21 ([AHSOI1], Definitions B.1-2]) A Weierstrass curve is any
curve of the form

2 2
YW+ ajxyw + azyw: =

Clay, ar, a3, as,a6) ;=[x :y:w € Pp? .

(1 20304 6) [ Y ] x3+a2x2w+a4xw2+a6w3

A generalized elliptic curve over S is a scheme C equipped with maps
shchs

such that C is Zariski—locally isomorphic to a system of Weierstrass curves (in

a way preserving 0 and ﬂ)EE]

13 Indeed, certain modular forms: a3 has weight 6 and a5 has weight 10.

14° An elliptic curve in the usual sense turns out to be a generalized elliptic curve which is smooth,
i.e., the discriminant of the Weierstrass equations is a unit.

Unfortunately, “generalized elliptic curve” already means something in number theory, but Ando,
Hopkins, and Strickland reused this phrase for this definition in their published article. In a
number theorist’s language, these are “stable curves of genus 1 with specified section in the
smooth locus”. No adjective other than “generalized” seems to be much better: singular, for
instance, evokes the right idea but is also already taken.

15
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Remark 5.5.22 (JAHSOIl pg. 670]) The singularities of a degenerate Weier-
strass equation always occur outside of a formal neighborhood of the marked
identity point, which in fact still carries the structure of a formal group. The
formal group associated to the twisted cubic is the formal multiplicative group
(indeed, the smooth locus of the twisted cubic is the multiplicative group), and the
isomorphism making the identification extends a family of such isomorphisms
¢ over the nonsingular part of the Tate curve.

Definition 5.5.23 ([Mor89, Section 5], [AHSO1}, Section 2.7]) The generalized
elliptic spectrum K, called Tate K—theory, has as its underlying spectrum
KU[q]. The associated generalized elliptic curve is Crye, and the isomorphism

CP?U[[qJ] = (Crate))) is ¢ from Remark|5.5.22

The trade for the breadth of this definition is that theorems pulled from the study
of abelian varities have to be shown to extend uniquely to those generalized
elliptic curves which are not smooth curves.

Theorem 5.5.24 (JAHSO1, Propositions 2.57 and B.25]) For a generalized
elliptic curve C, there is a canonica trivialization s of ®31(0) which is
compatible with change of base and with isomorphisms. If C is a smooth elliptic
curve, then s agrees with that of Corollary[5.5.7] O

Corollary 5.5.25  The trivializing section s associated to Crye is given by 6°30,
where éq is a slight modification of the classical 6—function:

Gy = -w) [ Ja =g a1 - g™ Gylqu) = —u Gy (w).

n>0

Proof Even though 6 is not a function on Crye because of its quasiperiodicity,
it does trivialize both 77 (0) for 7: C* X D — Crye and 7 (0) for (CTate)a.
Moreover, the quasiperiodicities in the factors in the formula defining ¢ 3é|(CTate)[A)
cancel each other out, and the resulting function does descend to give a
trivialization of ®37 (0). By the unicity and continuity clauses in Theorem
it must give a formula expressing s. O

Definition 5.5.26 The induced map
OTate: MU[6,00) — Krae
is called the complex o—orientation.

Corollary 5.5.27 Let M € 7, MU[6, ) be a bordism class. The g—expansion
of Witten’s modular form ®(M) has integral coefficients.

16" Canonical, with a unique continuous extension from the smooth bulk of the moduli of generalized
elliptic curves, but not actually unique over the singular locus.
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Proof The span of elliptic spectra equipped with M U[6, co)—orientations

MU[6, )

N

Ktae —> Ktae ® C «<—— HHP

models g—expansion. The arrow Krae — Ktare ® C is injective on homotopy,
which shows that the g—expansion of ®(M) lands in the subring of integral
power series. O

We can use the formula o = >0 appearing in Corollaryto explicitly
understand the genus associated to orye by passing to homotopy groups. To
begin, the appearances of the map ¢ in Remark [5.2.4] Remark and
Lemma@] show that orye belongs to the commutative triangle

3 6

MU[6,0) —2—> MSU MU MUP

O Tate

KU[4].

We will analyze this triangle by comparing 6 to the usual M U P—orientation of
KU, which selects the coordinate f(u) = 1 — u on the formal completion of
Gy, = Spec Z[u*]. Appealing to Remark [5.2.4} the induced M U—orientation

mu S mup S ku
sends f to the rigid section ¢ f of

0'7(0)=71(0)®7(0)" =weI(0)

of = (_%).

1-u u

given by

The difference between 6 Td and 66 is expressed by an element
VS Cl(éTate; (C)
given explicitly by the quotient formula

_ (Td(l))‘ 0,0 _ — -q")?
Td(u) 04 (u) r =g - gu )’

This gives a re-expression of §6 as the composite

~ R STd Ay
60: MU 25 MU AMU ~ MU A BU, —5 Krye,
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and hence its effect on a line bundle is determined by the evaluation of this
characteristic series:

~ (1-4¢")
A | Koy i

Its effect on vector bundles in general is determined by the splitting principle
and an exponential law, which after some computation [AHS01), Section 2.7]
gives the generic formula

Y(dimV-1-V) = ® @ Sym’ (dimV-1-V &g C)g'" =: ® Squn(—Vc).
nzl j=0 nxl

Finally, the map (7r).: MU, — 7. (MU A Z$BU) sends a manifold M with
stable normal bundle v to the pair (M, v), so we at last compute

OTae(M € m, MU[6, 0)) = (6 Td AH,)(M’ V)

Td (M; ® Sym,n (fc)) .

n>1

This is exactly Witten’s formula for his genus, as applied to complex manifolds
with first two Chern classes trivialized.

Remark 5.5.28 ([Reza, Section 1.5]) Witten defines his characteristic series
for oriented manifolds by the formula

2k
Z 2Go(T) - 20! )

k=2

— x/2 (1- . a=Ga(1)x?
" sinh(x/2) (l—l (1-g¢ u)(l —q" u‘l)) © ’

where Gy is the 2k™ Eisenstein series. Noting that G, is not a modular form,
the condition that p;(M)/2 vanish is precisely the condition that G, contribute
nothing to the sum, so that the remainder is a modular form.

Kwiten(x) = exp

Remark 5.5.29 (JAMO1]) Another location where this series y appears is in
the theory of Tate p—divisible groups of Ando and Morava (and, in some sense,
in the sense of Katz and Mazur [KMS85| Sections 8.7-8]). For a formal group G
over Spf R with group law +,, they consider the Weierstrass product

T e ey
®‘P( ’q)_ IQ [k]¢(q) GR[[ 7‘]]],

k#0

which plays the role of a kind of #—function for G. They also connect this
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Definition ), which they further identify as the universal extension of G by
a constant p—divisible group of dimension 1. In the presense of a global object
G specializing to G (as in the case of @a or @m), they show how to modify this
product to an analytically convergent power series, recovering the characteristic
series for the X—genus and the L—genus. The higher height analogues of these
results seem very mysterious and very interesting

Remark 5.5.30 (JAEGOS8]]) Ando, French, and Ganter have given a construction
that convert MU|[2k, co)—orientations of a spectrum E to MU[2(k — 1), co)—
orientations of the pro-spectrum E“F=_ Performing this operation to the
o—orientation of K14 gives the “two—variable Jacobi genus”, which assigns
SU-manifolds to certain classes in mo(K™¢)“P*« = Z[¢]|(y) connected to
meromorphic Jacobi forms.

series the quotient function mapping to the group scheme @/ g” (in the sense of
hA.2.22

5.6 Chromatic Spin and String orientations

We now turn to understanding M String—orientations in terms of MU[6, c0)—
orientations. We will approach this in successive passes, keeping the desired
picture sharp the entire time but introducing generality slowly. Unfortunately,
most of the original source material [HAS99,Stral] for this has not been published,
and hence it is difficult to give references. We have gone to some lengths to
prepare the reader for the sorts of arguments that appear here: they are not so
different from the arguments appearing elsewhere in this chapter.

We begin at the maximally simple situation, where 2 is inverted. In this case,
the Wood cofiber sequence

k0 5 k0 S kU S s2k0

becomes split, since 17 is a 2—torsion element. By considering different underlying
infinite-loopspaces, this gives a number of identifications of spaces as products:

=)y : BO XZ —— BU XZ ——— kO,,
) k0, BU kO,
(=) kO, —— BSU —— kO,

(=) : kO, BU[6,00) ——> BString.

Next, by recognizing c: kO — kU as the complexification map, we note that

17 Morava is generally full of interesting ideas about genera—see, for instance, [Mor07b].
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it lies in fixed points for complex-conjugation on kU. Having inverted 2, we
availa ourselves of an idempotent selecting these fixed point subspectra:
B 1+¢& _ 1-¢

5 P_ A
2 2

Py

which reidentify the splitting kU ~ kO v £?kO in various equivalent ways:

kU kU
kU ~ kO V 2*kO ~im P_ Vim P, ~ ker P, V ker P_ ~ | - v (- )
im P, im P_

This last identification immediately gives access to the following result:

Lemma 5.6.1 For E a complex-orientable ring spectrum with 1/2 € noE, we
have

BStringy, = C3(CPR)/(la, b, c] = —[—a, —b, —c]),

1
SpeC EOBStrl'ng = {f € C3(CP(§,Gm) f(a» b: C) = ﬁ} :
—a,—b,—c

Proof sketch  This is a matter of translating the splittings above across Corol-
lary|5.4.15| The complex-conjugation map & acts on Cy(G) according to

f[al, .. ,an] = (_l)n[_al’ ey _an]a

which encodes BStringy as the quotient of BU[6, o0)g by im P_. Finally, the
claim about the homological scheme follows from the description of the
cohomological formal scheme by Cartier duality. |

The repeated appearances of the terms in the above splittings suggest that the
composite

2C
kU S 52k0 25 52U

of the maps in two adjacent cofiber sequences itself plays an interesting role.
This is the map that encodes surjecting onto one factor in the preceding splitting,
then reincluding it into the next splitting.

Lemma 5.6.2 At the level of formal schemes, the map T acts by

7: C(G) = Crs1(G)

lai,...,a]l = la1, ..., a, —(ar + - + ap)].

Proof We are in pursuit of the following calculation in kU*(CP®)<*+D
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encoding complexification after decomplexification:

B +ﬁ’<x—1---ﬁ=]_[(1—z,~)+]_[(1—fj)

J J
= l_[(l - .Ej) + ]—[Z]’(.ﬁj -1
J J

- (1‘[(1 - Lj)) (1 - (=D ]_[Zf)
j J
:ﬁk+1xl"'xk'f*ﬂ*(xl""’xk)' o

Still in the case where E is local away from 2, we can use this alternative
description of the inclusion of the P_ factor to deduce an alternative description
of the formal scheme associated to BString:

Corollary 5.6.3 For E a complex-orientable ring spectrum with 1/2 € nyE,
we have

BString, = C3(CPE)/(la, b,—a — b] = 0),
Spec EyBString = {f € C*(CPY;Gp)|f(a,b,—a-b)=1}. O

Definition 5.6.4 We denote this last functor by 23(CP°°;G,,,), and more
generally if £ is a line bundle on CPy then 3(CP%; £) will denote the
subscheme of C3(CP%; £) of those trivializations which restrict to the rigidifying
trivialization of @£ on the subscheme of (CP®)*? specified by [a, b, —a — b].
Such trivializations are referred to as X—structures on L, following Breen [Bre83|
Section 5].

Corollary 5.6.5 For E a complex-orientable ring spectrum with 1/2 € nyE,
the functor £3(CP%; 1(0)) is isomorphic to the affine scheme Spec EgMString.
Moreover, the Eg—points of this scheme biject with ring spectrum maps

MString — E. m}

Remark 5.6.6 ([Hir95, Section 26.1]) One of the most pleasant features of the
case where 2 is inverted is that real orientations can not only be identified, but the
projection idempotents mean that they can be crafted from complex orientations,
and the idempotents have a recognizable effect on the traditional mechanisms for
specifying orientations. For instance, the Conner—Floyd orientation on K—theory
is specified by the classical logarithm, and the associated real orientation formed
by projection to the positive idempotent has logarithm

—In(1 = x) + In(1 + x)

tanh™! (x) =
anh™ " (x) >
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i.e., the average of the logarithm and its conjugate. The resulting orientation is
commonly referred to as the Atiyah—Bott—Shapiro orientation, whose associ-
ated genus is the X—genus. Similar techniques give access to connective real
orientations associated to preexisting connective complex orientations.

We now turn to the much more complicated setting where 2 is not invertible,
where we again aim to identify M String—orientations of a complex-orientable
cohomology theory with certain Z—structures. This is not possible in much
generality, a situation which is hinted by the analogous lower-order case:
complex-orientability is flatly not enough to conclude anything about whether a
cohomology theory admits an M O-orientation, which we saw in Lemma|[T.5.§]
to be actually equivalent to admitting an HF,—algebra structure. In order to
get a handle on the task in front of us, consider the following diagram of fiber
sequences of infinite loopspaces:

Spin/SU —— BU[6, x) BString

/ H kU[&oo/jj_2 —‘> 22k0 8/

kO[8,&) , ———— ) ,

Spin/SU BSU BSpin

ol sl <

kU6, &) , ————> (£2k0)[6) ,.

Our program is to analyze the chromatic homology of Spin/SU as well as the
maps to BU[6, o) and BSU. We hope to show that the scheme associated to
Spin/SU selects exactly the relations defining X—structures and that the map is
flat, so that the associated bar spectral sequences

Tor2"SY(E,, E.BSU) = E.BSpin,
Tor: "8V (E,, E.BU[6, »)) = E.BString

collapse to give short exact sequences of Hopf algebras.

We embark on this project with an analysis of the natural bundles classified
by the topological objects, so that we can guess the relevant algebraic model.
We have the following complexification and decomplexification maps:

kU

A
2T
kU1 kO6 kU1.
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Lemma 5.6.7 Let E be a complex-orientable cohomology theory. The map j
induces an injection

Spec Eo(Spin/SU) — T*(CPY; Gyp).

Proof, with some details omitted Recall that our reinterpretation of Corol-

lary|[5.2.14|in Example passed through the adjoint map II, of the natural
product bundle I, : (CP®)*> — BSU. We extend the map IT, in two directions:

o (1-0)(1-L)
—_—

CP cP® x P 22, BSU L Spin/sU.

Checking that this composite is zero on E-homology will give a factorization

Spec EySpin/SU B, Spec EgBSU

v ‘ ‘

22(CPY;G) C%(CPY; Gy,

since X2(CP%; G,,) is defined to be the closed subscheme of C2(CP; G,,) of
those functions satisfying f(x, —x) = 1.

The ordinary homology of Spin/SU is free and even, so it suffices to check
that this map is null in the case E = HZ), since one can then conclude the
general case by the Atiyah—Hirzebruch spectral sequence. Manual calculation
in a Serre spectral sequence shows gives the calculation

HZ).(Spin/SU) = I'z, [azn+1 | n 2 1]

as well as that the homological maps induced by i and j are respectively injective
and surjective. In particular, we need only check that the above composite is
zero on HZ—~homology after postcomposition with H,(i). The SU-bundle
classified by postcomposition with i is

(1-L)(1-L)-(1-L)1-2L),

which is itself trivial, hence the classifying map is null and so must be the map
on homology.

We are left with showing that the factorized map is an isomorphism, and
again appealing to Atiyah—Hirzebruch spectral sequences it suffices to show this
in the case £ = HFF;. The diagram considered above extends as follows:

Spec HF2PoBSU "2 Spec HF, PySpin/sU 22Y Spec HFPyBSU

— ﬂ — —
Cz(Ga; Gm) : Ez(Ga; Gm) Cz(Ga; Gm)s
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where
f(xy)

fl=gx.—zy)

Since the bottom-right map is definitionally injective and the outer rectangle
commutes, it follows that the left-hand square commutes. The Serre spectral
sequence calculation in integral homology indicated above shows that the
top-right map is an injection, so the dotted comparison map is automatically an
injection. m]

L) (xy) =

Lemma 5.6.8 The above comparison map also belongs to a commuting
diagram

Spec EyBU|[6, 0) ——> Spec EySpin/SU —— Spec EgBSU

H | |

C}(CP%:G,y) — 2> $2(CP;G,y) ——> CA(CP2:Gy),

where
B(f): (xy) = flxy, —z(x +5 ).
Proof This is again a matter of checking that the outer rectangle commutes. O

This is as much as we can discern without delving into the analysis of
the algebraic model. Our primary concern in that respect is to show that the
algebraic map has the desired flatness property—we will actually quickly
show that our comparison map is an isomorphism in our pursuit of this. Our
main tool for addressing flatness is the following theorem, strongly related
to the Milnor—Moore classification of Hopf algebras over a field of positive
characteristic:

Lemma 5.6.9 ([DG70, II1.3.7], cf. also [Strbl, Example 12.10] and [LS17,
Section 2]) Let k be a field, and let G and H be group schemes over Spec k. A
map f: G — H of groups is faithfully flat if and only if for every test k—algebra
T and T-point a € H(T) there is a faithfully flat T-algebra S and an S—point
b € G(S) covering a. O

Based on this Lemma, we see that if we had a sufficiently strong understanding
of the possible points of X2(CP%; G,,,), we could manually check this condition
by constructing preimages for these points. This becomes a manageable task
after we note the following reductions:

1. Because of the equation 1, = ¢ o A3 and because ¢ is surjective, checking
that A, is (faithfully) flat will automatically entail that A3 is (faithfully) flat.
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2. We do not actually need faithful flatness to control the bar spectral sequence,
but merely flatness. Accordingly, note thatamap f: G — H of commutative
affine group schemes is flat if and only if the map f°: G° — H° on connected
components of the identity is flat. Hence, we can reduce to checking (faithful)
flatness on the identity component if necessary. In fact, because EgBSU is
polynomial, we have (Spec EgBSU)° = Spec EyBSU.

3. This last condition can be reduced further: a map of affine algebraic group
schemes is flat if and only if the induced map on tangent spaces is surjective.
Although E¢BSU is infinite polynomial, and hence not algebraic, this tech-
nicality can be overcome by means of the grading and the same condition
applies.

We thus set about studying the points of X2 (G G,y,) up to first order. As in
Lecture |5 . we begin with the special case G = G, and understand the generic
case in terms of perturbation.

Lemma 5.6.10 The map
Spec Iz, [azpns1 | = 1] > 22(@a; Gun) X Spec Zy)

classifying the product

]_[ exp(@2n+1C2n+1)

nx1

is an isomorphism. In turn, there is an isomorphism

$2(G4: Gy) X SpecFs = Spec Fa [ /] |n >1,j> o]/(( 22,!'}1) - 0) .
Proof sketch  This is a combination of three observations:
1. ForG arbitrary and f € 22(@; G,,,) which expands in a coordinate to
1+ bceym + -+,

then b = 0 as an element of B[1/2] and of B/2.
2. Forany f € *(G,;G,,) with expansion 1 + bc,, + - -, b*> = 0 (mod 2).
3. Modulo 2, the putative universal product series above decomposes further as

2J
1_[ ﬂ(l + Clgmj—l “Cn+1y2i) |- o
n>1\j>0
Corollary 5.6.11 The injective comparison map
Spec EySpin/SU — ZZ(CP"E"; Gm)

of Lemma is an isomorphism.
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Proof Justasin the proof of Lemma[5.6.7] a Serre spectral sequence calculation
shows that the source and target of the factorization have the same Poincaré
series, and we are done. |

From here, the work gets considerably more technical. In particular, we will
only be able to conclude flatness in the case ht G < 2, and then only through
explicit calculation. The results cleave into the following three pieces:

Lemma 5.6.12 (Nonexistence lemma) Let G bea formal group of height 1
or 2 over an Fy—algebra. For f € 2*(G;G,,) of the form 1 + ac, + - - -, the
following hold:

1. Ifn=2"thena = 0.
2. Ifn>3,nisodd andn # 2" — (29 = 1), then a = 0.
3. Ifd=2andn =3, then a*> —a = 0.

Proof We address the claims in turn.

1. This is a generic claim that does not rely on the height of G. The 2—cocycle
cym takes the form com (x, y) = xzm_lyzm_l,so that f(x, —5x) = l+ax?" +---.
The expected value is f(x, —@x) =1, hencea = OlT_gI

2. This is again an explicit calculation of the leading term. Since G is of height
d, it admits a coordinate where the negation series takes the form

[-1]g(x) = —x+ ex

for some ¢ not a zero divisor. In the case that n is as described, one can then
calculate

Cn(_@x’ _@Y) + Cn(xa Y) = cn+(2d—l)(-x9 y) tee,

from which we make a trio of calculations:

Lf = (uses f € Z2(G: Gm))
Lf = 1+ac,,a_p(x,y)+---, (above observation)
f2 =1+ d’con(x, V) +-e- (characteristic 2)

For n > 24, this forces a = 0.
3. In the case d = 2 of the previous statement, this leaves one case open: n = 3.

Equating the two sides then gives a> = a. m}

Lemma 5.6.13 (Generic existence lemma) Let f = 1+ac,+--- € C 2(@r; Gnn).
If2n+1 = 3isnot of the form 2" — (24 —1) for anyr, then Ay f = 1+ac,,pa_;+- - -

18 One can show by almost identical calculation that @ = 0 in this case if 2 is invertible.
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@@@6 @10 12@14
@6 a@ ) 12 14

Figure 5.4 Application of the three Lemmas in a small range. Circles denote
prohibitions of Z2—structures by Lemma|5.6.12} arrows denote Z2—structures con-
structed by Lemma |5.6.13} and squares denote exceptional X’—structures con-

structed by Lemmal[5.6.14]

Proof sketch  This is also a consequence of the same manipulation of the
negation series. O

Lemma 5.6.14 (Special existence lemma) Forr > 0and d > 1, there exists a
function f € C*(G;Gy,) with Ao f = 1 + (a*> + ga + 0)Cor 4 (2d—1)-

Indication of proof This, finally, makes explicit use of height 1 and 2 formal

group laws. The starting point is to set ¢ = 65 ¢ ,E2(a x27'+2-Dy and
then to carefully cancel low-order terms by multiplying in other known X%~
structures. O

Corollary 5.6.15 For Ga formal group over Spec F, with htG < 2, the maps
Ay and Az are flat.

Proof This is a culmination of the above calculations. As argued at the
beginning of our algebraic analysis, it suffices to show just that A3 is faithfully
flat to make the cocnclusion. Flatness follows by showing that the map is
surjective on tangent spaces, which is exactly the content of Lemma@

Lemma[5.6.13] and Lemma[5.6.14} m|

Theorem 5.6.16 Let G be a formal group over a perfect field of characteristic
2, and assume ht G < 2. For E the associated Morava K—theory or E—theory,
there are isomorphisms

Spec EgMString — £3(CP; 1(0)),  Spec EgMSpin = C2(CPE; 1(0)),

S

where Cizs(CP""; I(0)) is the subscheme of C*(CPS; I(0)) consisting of those
inverse-symmetric functions satisfying f(x,y)/ f(-gx, —gy) = 1. The Eo—points
of these schemes biject with ring spectrum maps M String — E and M Spin — E
respectively.lE O

19 This is sufficient to conclude the existence of the Atiyah—Bott—Shapiro orientation in the
homotopy category.
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Proof Our goal all along was to use the algebraic model to govern the bar
spectral sequences

Tor™"/SU(E,, E.BSU) = E.BSpin,
Tor? "V (E,, E.BU[6, «0)) = E.BString.

Our conclusion from Corollary is that they are both concentrated on the
0-line and isomorphic to the respective Hopf algebra quotients

EoBSU |(EySpin/SU) = EyBSpin,
EgBU|[6, ) [(EySpin/SU) = EyBString.

Our algebraic models furthermore explicitly identify these quotients on homo-
logical schemes as those subschemes on which the stated algebraic identities
hold. The final claim of the theorem follows from even-ness and the universal
coefficient spectral sequence. O

Corollary 5.6.17 If E is a finite height Morava K— or E—theory considered
as an elliptic spectrum, the complex o—orientation of Corollary lifts
uniquely to a ring map M String — E.

Proof Animmediate consequence of the canonical cubical structure associated
to an abelian variety is that it automatically satisfies the extra condition required
to be a X3—structure. o

Remark 5.6.18 ([Hop95, Theorem 7.2]) More generally, the o—orientation
associated to a elliptic spectrum which either has 1/2 € ngE or which has
n.E torsion—free is supposed to lift through M String. Flatness in this setting is
supposed to be approached via a fiber-by-fiber criterion, but the grading tricks
used above are less visibly helpful in lifting the classical algebraic result to the
periodic one we require to make this work. Rather than pursue this, we will give
a sketch of the construction of the String—orientation of tmf in Appendix
which automatically gives this much stronger result.

Remark 5.6.19 ([KLWO4, |Stra]) The cohomology formal schemes of a number
of other infinite loopspaces related to real K—theory admit reasonable descrip-
tions, often even independent of height. A routinely useful result in this arena is
due to Yagita [[Yag80, Lemma 2.1]: for kr the connective cover of the Morava
K-theory K, in the Atiyah—Hirzebruch spectral sequence

EY* = HK'X @ ki = ki X,
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the differentials are given by

i) 0 if r <2(p? - 1),
r(X) =
A0ux ® vy ifr=2(pp?-1)+1

where A # 0 and Qg is the d™ Milnor primitive. For instance, this shows that
K. BO decomposes as
K.BO = K.[by,ba, byani)]  ®  Ki[b3].
K.[b3;1j<2]

This, coupled to a theorem governing the result of the double bar spectral
sequence, powers most of the results of Kitchloo, Laures, and Wilson [KLW04,
Section 4]. Their stronger results on the connective covers of BO X Z are
summarized in Figure [5.5] The remaining formal scheme BStringy, our prized
object, is harder to access by these means: the sequence

(HSlz)K — BStringg — BSping

is exact in the middle, but neither left- nor right-exact [KLWO04, pg. 234],
causing significant headache. Satisfyingly, their methods also tell us that our
alternative analysis fails at higher heights: the formal scheme Spin/SUk contains
L;>3(HS 2] j) k as a subscheme, and it accounts for the kernel of the map to
BSping. Once htI" > 3 is satisfied, this kernel is nonzero.

Remark 5.6.20 There are variations on this analysis that remain to be sorted
out. For instance, there is a naturally occurring orientation MU — M SO, whose
associated genus factors through the quotient of the Lazard ring by the relation
[-1](x) = —x. This factored map is injective and it becomes an isomorphism
after inverting 2—but, without inverting 2, M SO, itself is populated by plenty
of 2—torsion. It would be nice to have available an interpretation of such real
orientations in terms of formal group laws.

Remark 5.6.21 A considerable number of related results in this area are due
to Gerd Laures, ranging from splitting bordism spectra [Lau03|] (cf. also work
of Hopkins—Hovey [HH92])), to results on the S—family in terms of modular
forms [BL0O9], to K(1)-local versions of the results of this section [KL0O2], and
onward.
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Divg [[2] Divy T
/
ker w BSping /
Divo T[2] Divy T
— /
SDivy I'[2] BSOk w 212
Divo I'[2] Divg T
/
Divg r[z]/ ‘ BOk g 2]
| |
DivI[2] Divl
/
DivI[2] / (BO x Z)k Z.

Figure 5.5 Presentations of the Morava K-theoretic cohomological formal
schemes associated to connective covers of BO x Z. Each level in the prism
is a bi-Cartesian square in the category of formal group schemes, and each level
is the fiber of the maps off of the previous level to the Postnikov section. The
formal curve T is HPY , which is the fiber of o~ : Divz I' - T,and l_"[2] is the fiber
of the lift of the endo-isogeny 2: T — T to T. The map o~ vanishes on Divy T’
and acts by summation on Divy I'[2]. The map w vanishes on Div, T and acts on
SDivy I'[2] = C,I'[2] by [a, b] = a A b.






Appendix A

Power Operations

Convention: We will write E for Er, I a fixed formal group of finite
height, for the entirety of this Appendix.

Our goal in this Appendix is to give a tour of the interaction of the o—
orientation with a topic of modern research, the theory of E.—ring spectra,
in a manner consistent with the rest of the topics in this book. Because the
theory of E.-ring spectra (in particular: their algebraic geometry) is still
very much developing, we have no hope of stating results in their maximum
strength or giving a completely clear picture—as of this writing, the maximum
strength is unknown and the picture is still resolving. Although E.,—ring spectra
themselves were introduced decades ago, we will even avoid giving a proper
definition of them here, instead referring to the original work of May and
collaborators [EKMMO97]] and the more recent work of Lurie [Lurb, Chapter
7] for a proper treatment. In acknowledgement of this underwhelming level of
rigor, we have downgraded our discussion from a Case Study to an Appendix.

As far as we are concerned, E.—ring spectra arise in order to solve the
following problem: given two ring spectra R and S in the homotopy category,
the set of homotopy classes of ring maps RINGSPECTRA(R, S) forms a subset
of the set of all homotopy classes [R, S| = moSPECTRA(R, S), selected by a
homomorphism condition. There is no meaningful way to enrich this to a space
of ring spectrum maps from R to S, which inhibits us from understanding
an obstruction theory for ring spectra, i.e., approximating R by “nearby” ring
spectra R’ in a way that relates RINGSPECTRA(R, S) and RINGSPECTRA(R’, S) by
a fiber sequence.

The extra data that accomplishes this mapping space feat turns out to
be an explicit naming of the homotopies controlling the associativity and
commutativity of the ring spectrum multiplication, which are subject to highly

281
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intricate compatibility conditionsmﬂ Again, rather than spell this out, it suffices
for our purposes to say that there is such a notion of a structured ring spectrum
that begets a mapping space between two such. Additionally, we record the
following omnibus theorem as indication that this program overlaps with the
one we have been describing already:

Theorem A.0.1 The following are examples of E«—ring spectra:

e ([May77, Section VIII.1]) The classical K—theories KU and KO.

([May77, Section VIII.1]) The Eilenberg—Mac Lane spectra HR.

([GHO04, Corollary 7.6-7]) The Morava E—theories Er and their fixed point
spectraE]

([May77| Section IV.3]) The Thom spectra arising from the J-homomorphism,
including MO, M SO, MSpin, MString, MU, MSU, and MU|[6, o).
([Behl4, cf. Appendix[A.3) The spectra TMF, Tmf, and tmf. O

The forgetful map from E.-rings down to ring spectra in the homotopy
category factors through an intermediate category, that of H.-ring spectra,
which captures the extra factorizations expressing these associativity and
commutativity relations. Specifically, recall the following definition from the
discussion in Lecture 2.4}

Definition A.0.2 (IBMMSS86| Definition 1.3.1], cf. Lecture2.4) An He-ring
spectrum is a ring spectrum E equipped with factorizations y,, as in

E/\n L) E

A
l Hn
e

An
Eys s

which are subject to compatibilities induced by the inclusions Z,, X %,,, € X1,
and the inclusions X, %, C Z,,,,..

Lemma A.0.3 Each E.—ring spectrum gives rise to an Ho—ring spectrum in
the homotopy category. O

We care about this secondary definition because our results thus far have all
concerned the cohomology of spaces, which is, at its core, a calculation at the

This is rather analogous to the extra data required on a space, beyond just a multiplication, which
allows one to use the bar construction to assemble a delooping.

The high degree of intricacy accomplishes this goal of constructing mapping spaces, but it
interacts strangely with the classical notion of a ring spectrum in the homotopy category: there
are ring spectrum maps that admit no enrichment to an E, map, and there are ring spectrum
maps that admit multiple enrichments to Eo, maps.

3 Notably, the Morava K—theories are not E—rings at finite heights, in view of Remark[2.4.18
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level of homotopy classes. This is therefore as much of the E.—structure as one
could hope would interact with our analyses in the preceding Case Studies.

In Lecture 2.4] Lecture [2.5] and Lecture [2.6] we introduced an He-ring
structure on MU and used it to make a calculation of the coefficient ring
MU.. Our primary goal in this Appendix is to introduce an H.—ring structure
on certain chromatically interesting spectra, including Morava’s theories Er,
and to describe the compatibility laws arising from intertwining these two
H,—structures. The culminating result is as follows:

Theorem A.0.4 (cf. Corollary [A.2.36) An orientation MU[6,0) — Er

is Hy if and only if the induced cubical structure is “norm-coherent” (cf.
Definition[A.2.31). m|

Before addressing this, we discuss in Appendix [A.T|an important phenomenon:
after deleting certain forms of torsion, the Morava Er—homology of a finite
spectrum can be well-approximated by its Morava Err—homology where I/
satisfies ht " < htT. This is interesting in its own right, and we will quickly
see that the precise form of the approximation bears directly on the study of
power operations. Finally, with the homotopy category exposed, we turn to
E.—ring spectra themselves: we give a summary of the known results about
E, orientations in Appendix[A.4] but in Appendix[A.3]we first introduce the
spectrum TMF, which is the primary target of the String—orientation.

A.1 Rational chromatic phenomena (Nathaniel Stapleton)

Before embarking on the rather ambitious project of understanding the collection
of He,—ring maps ¢: MU[6,c0) — Er, it would be instructive to be able to
answer the following: if we had such an orientation, would data could we extract
from it? The main feature of such a map is that it belongs to a commutative
diagram

MU[6,%)°(X) ¢ EO(X)

lpz"fl 16 x) leEn (X)

MU[6,0)°(BZ, x X) Penls) E°%(BZ, x X).

Before understanding the maps in this commutative diagram, we must understand
its nodes. There is a natural map

E°%(BX,) ®po E°(X) — E°(BZ, x X),

and whether it is to an equivalence is highly dependent on the structure of
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E°(BX,) itself—for instance, this would be the case if E°(BX,,) were flat as an
E%—module. For this reason, we are strongly motivated to feel out any foothold
on this object that we are able to find, and a critical such foothold is the chromatic
character theory of Hopkins, Kuhn, and Ravenel [HKROO]. Their theorems
describe the Morava E—cohomology of a finite group with certain forms of
torsion (e.g., p—torsion) deleted, and we give an introduction to their results in
this Lecture ]

The Er-cohomology of finite abelian groups

Let I' be a height d formal group over k, a perfect field of characteristic p. By
Theorem [3.4.5] there is a noncanonical isomorphism

O(Mfg)? = Wk)u, ..., ug-1]

and this ring carries the universal deformation of I', which we denote as G. By
Definition [3.5.4] there is an associated chromatic cohomology theory

E =Er
called height d Lubin-Tate theory or Morava E—theory such that
CPY = BS), = Spf(E°(BS")) = G.
Fixing a coordinate on G provides us with a formal group law
X+zy.

Proposition A.1.1 (JHKROO, Proposition 5.2 and Lemma 5.7], cf. Exam-
ple[5.1.12) Let C,, = S'[m]. There is an isomorphism (depending on the
chosen coordinate)

E*(BCp) = E*[x]/([m]5(x))

of E*-algebras. Moreover, E*(BC,y,) is free as an E*-module of rank p*® where
pKim and p*+' & mE] O

4 The intrepid reader who finds this material interesting should also look at: the paper by
Morava [Morl2], which discuss much of the same material here in slightly different terms; the
paper by Greenlees—Strickland [GS99]], which discuss a “transchromatic” version of these results,
where they study the object i¥, jz«(Mgg){ of Theorem|3.5.1} and the paper by Stapleton [StaI3],
which streamlines and generalizes the results of Greenlees—Strickland by invoking the geometry
of p—divisible groups.

To prove this result it is most natural to set |x| = 2, but for the purposes of this Lecture (and,
indeed, this textbook) it is most natural to set |x| = 0. We can move back and forth between
these choices by the change of coordinates x <> ux, where u is a generator of m E.
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Corollary A.1.2 (JHKROO, Corollary 5.10]) Let
A=Cyy X X Cy,
be a finite abelian group. There is then an isomorphism of E*-algebras

E*(BA) = E™[x1, ..., xi]/([mi]g(x1)s - . ., [mi]5(x:). o

If A= C,i X--- X Cp, is an abelian p-group, it follows that E*(BA) is
a free E*-module of rank pK19++kid If 1y is prime to p, then [mlg(x)/x is
a unit in E*[[x]. This implies that the rank of E*(BA) only depends on the
Sylow p-subgroup of A. Even more, it implies that the inclusion of the Sylow
p-subgroup of A into A induces an isomorphism after applying E-cohomology.
We will now always assume that A is an abelian p-group.

The most computable of chromatic cohomology theories is periodic rational
cohomology. For a Q-algebra R, the formal group associated to HRP is the
(height 0) additive formal group. It is natural to want to gain information
regarding E*(X) (for any chromatic cohomology theory E) by comparing
E-cohomology with periodic rational cohomologyr_’-] For instance, this is the
purpose of the classical Chern character: for X a space, the Chern character is a
map of commutative rings

KU’(X) - HQP’(X)
induced by the map of spectreﬂ
KU — HQ AKU ~ HQP.
For X a finite CW-complex, it induces an isomorphism
Q® KU(X) = HQP'(X).
When X is a finite CW complex, there is an isomorphism
Q® E*(X) = HQ® E")P*(X).

This follows from the fact that Q ® E* is a flat E*-algebra. When X is not a
finite CW complex, Proposition[A.T.2] gives a non-example. It implies that

Q@® E*(BA)

6 We have employed a similar-sounding strategy elsewhere in this text, where we have approximated
an arbitrary complex-orientable theory by HIF), P, using the fact that the infinite-height group
Gg ®F), is adense point in Mgg X Spec Z(,). However, the height 0 point G, ® Q is not dense,
and so our intention here is much more delicate.

7 We could replace Q with R or C and the result would still hold.
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is free as a Q ® E*-module of rank p*19+--+kid_ However,
HQ® E")P*(BA) = Q® E*

is free of rank 1. This is essentially a consequence of Machke’s theorem: using
the facts that the order of A is invertible in Q ® E° and that the action of A is
trivial, we have isomorphisms
r.(HQ® E°)P)*) = n,(HQ® E°)P)"")
= (n.(H@Q® E°)P)*
= 1, (HQ® E*)P).
To explain one of the inputs into the main theorem of this Lecture, we need
one more notion. For G a finite group, a G-CW complex X is a G—space built

inductively by attaching “cells” of the form (G/H) x D", as in the following
pushout diagram:

;e (G/H; x 8"y —— [1;;(G/H; x D")

l l

x(n-1) X

We say that a G-CW complex is finite if it can be built out of finitely many cells
of the form G/H x D".

Theorem A.1.3 (Equivariant CW Approximation, [May96, ChapterI.1]) Every
G—space is weakly equivalent to a G—-CW complex. O

Given a cohomology theory E, an equivariant version of the cohomology
theory can be formed by setting

E5(X) = E*(XnG).
where X is a G-space and
Xne ~EGXg X =(EG X X)/G

is the homotopy orbits for the G-action on X. The resulting equivariant coho-
mology theory is called Borel equivariant E—theory.

The purpose of this Case Study is to explain, in the case of E = Er, how to
extend the above formula

Q® E*(X) = HQ® EY)P*(X),

originally stated for finite complexes X, to an analogous formula for finite G-CW
complexes. Said another way, for each finite group, we want to approximate
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Borel equivariant E—cohomology (restricted to finite G-CW complexes) by
some version of Borel equivariant rational cohomology. We call this “the
approximation problem". In particular, this links back up to our original goal of
studying E*(BX,,) by the formula

E*(BE,) = 3, ((G/G) x »).

Formal Geometry

Recall from Definition .6.5|that associated to a finite height formal group is a
connected p—divisible group built out of the p*—torsion of the formal group as
k varies. Associated to the universal deformation G is the following p—divisible
group of height d

Glp] = G[p*] = ...,

where the maps are the inclusions of the p*—torsion into the p¥*!—torsion.
Proposition[A.T.1]implies first

B(Cp)e = G[p*],

and that the p—divisible group associated to G can be formed using the inclusions
Cpr = S'[pF] > Cpin = S'[pF*1]. Propositionalso implies that all of
the schemes in this system are finite flat commutative groups schemes over
Spf E°. The p-divisible group is called “height d” because @[p] is a finite
group scheme of order p? or, equivalently, since E 0(BCp) has rank p? as a free
module over E°.

There are p—divisible groups that are not built from formal groups, and the
simplest of these plays a role in this story. We define the constant p—divisible
group of height 1 to be

Cp = S'[p™] = colim (C, = Cp2 > ...).

It is called constant because it is made up of constant group schemes, and it is
called height 1 because |S'[p]| = p!. The constant p—divisible group of height
d is then the d—fold product C;if = (SH*[p™].

More generally, a similar description of BAg can be given using formal
geometry when A is a finite abelian group. Let A* be the Pontryagin dual of A
and let

ForMALGRoUPS(A, @)
be the formal scheme that associates to a complete local E—algebra R

ForMALGRoOUPS(A, @)(R) = ABELIANGROUPS(A", @(R)).
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For large enough k, we have A = A[pX], and from this it follows that any
map from A* to G(R) must land in the p*—torsion G[p*](R). There is thus an
isomorphism of formal schemes

FormaLGroups(A*, G) = FormaLGroups(A*, G[pX]).

Proposition A.1.4 ([HKROO, Proposition 5.12])  There is a canonical isomor-
phism of formal schemes

Spf(E°(BA)) = ForMALGROUPS(A®, @)
natural in maps of finite abelian groups. O

The formal scheme FormMaLGRrRoOUPS(A™, @) is finite and flat over Spf(EY).
Because of this, this formal scheme can be viewed as a scheme—really a scheme,
and not a formal scheme!—over Spec(E®). Without going into the technical
details of formal to informal constructions, the main idea is that the topology
on a complete local E%-algebra is not important to @[pk]: for a continuous
E®-algebra R, there is a bijection

ALGEBRAS;;%(EO(BCP), R) = ALcEBRASo(E°(BC,), R).

The same cannot be said for E°(BS'). In the case of our finite abelian group A,
we may thus restrict our attention to the scheme

FormaLGRrRouPS(A”, @r[pk]): ALGEBRASgo — SETS
sending an E°-algebra R to

ABELIANGROUPS(A*, G[p*](R)) = GroUPSCHEMES(A”, Spec(R)S TEO)@[pk])'
pec

Since the ring map E° — Q ® EV is not continuous, this discussion is important
to phrasing an algebro-geometric version of the appoximation problem explained
at the end of the previous section.

When G = A and X = #, the approximation problem can now be given an
algebro-geometric description: we would like to find a (Q ® E®)-algebra R such
that

Spec(R)xFormaLGrOUPS(A”, @r[pk]) = ForMALGROUPS(A", Spec(R)x@[pk D

is recognizable as Spec(—) of the HRP-cohomology of a space. This would
only solve the approximation problem for E%(BA)—but, astoundingly, it will
turn out that this is enough.

There is a surprisingly simple answer to the approximation problem in this
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case. Fixﬂ A = Zg and let Ay = A/ pkA, so that there are non-canonical
isomorphisms

A" = (Q/Zp)? = (S [P
as well as canonical isomorphisms
A*[p*] = (Ar)" = Groups(Ag, Cpr).
If we could find an R such that
Spec(R) Xspec(z0) GLP*] = A}

as abelian group schemes, then we would be done, since

and

Spec(R) Xgpec(r0) FORMALGROUPS(A”, @[pk]) = FormMALGROUPS(A", A})
= A9

That is, we would be able to give the simplest answer imaginable: we will
have approximated E°(BA) by the HRP-cohomology of a collection of points.
The purpose of the next section is to construct a Q ® E-algebra Cy with this

property.

The ring Cy
The goal of this section is to construct a (Q ® E%)—algebra Cy such that
Spec(Co) Xspec0) GLP¥] = A}
for each k > 0. That is, there should be an isomorphism of p—divisible groups
Spec(Co) Xspec(£9) @[p""] =~ A",

This does not uniquely specify Cyp, but we can fix this deficiency by asking that
Cy carry the universal isomorphism of p-divisible groups

u: A* = Spec(Co) X $pec(E0) G[p™].

8 This choice of A is the only choice made in this Lecture, and the last subsection of this Lecture
addresses how natural the character map is in automorphisms of A. From a certain perspective,
the results of Barthel-Stapleton [BS17] can be viewed as an analysis of how natural the character
map is among finite index maps A < A.
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This means that, given any E’—algebra R and an isomorphism of p—divisible
groups

f: A* i) SpeC(R) XSpeC(EO) G[poo],
there is a unique map of E’-algebras
Co u—f> R

such that f = Spec(R) Xspec(c,) 4> Where the pullback is along uy.
The idea of the construction of Cy is quite simple. Proposition [A.T.4]implies

E°(BAy) = O(FORMALGROUPS(A*,@[pk])).

To construct Cy, it suffices to understand the open subscheme of the mapping
scheme FormAaLGRouPs(A}, @[pk]) which consists of the homomorphisms that
are isomorphisms.

Since E°(BAy) corepresents FormaLGROUPS(A;, @[pk 1), it carries the uni-
versal homomorphism of group schemes

w: AL — G[p~.

Thus the identity map E*(BA) 4 E°(BAy) corresponds to a homomorphism
of abelian groups

A; — Gl IE (BAL)
or equivalently a map of commutative group schemes
u: Ay — Spec(E°(BAy)) XSpec(E0) G[p~].

This map is a consequence of the exponential adjunction for finite flat commuta-
tive group schemes: the identity map

1: ForMALGROUPS(A}, @[pk]) — ForMALGROUPS(A, @[pk])
is adjoint to the evaluation map
ev: Ap x FORMALGROUPS(A*,@[pk]) — @r[pk].
Given a € A7, the naturality of Proposition|A.1.4/implies that the behavior of
FormaLGroups(AL, G[p¥]) — G[p*]
on rings of functions is precisely

E°(Ba): E°(BC,x) — E°(BA). (A.1)



A.l Rational chromatic phenomena (Nathaniel Stapleton) 291

Using the fixed coordinate x, this is equivalent to a map of E%(BAy)-algebras

w': EXBAOIXD/ M5 — | [ E°(BA). (A2)
A

Fixing a set of generators for A}, gives an isomorphism

E°(BAY) = E°Lx1, ..., xal /(IP¥ 15 (x0). - - .. [PM]5(xa)).

and the behavior of u* on the factor corresponding to (i1, . . ., iq) € A} is then

*

u:xme [il]@(xl) tz---+g [ik]@(xd)-

By Corollary|A.1.2] these are free E°(BA)-modules of the same rank. To force
the map to be an isomorphism, it suffices to invert the determinant. Let

im (A} \ 0 — G[p*I(E°(BA)))
= {[il]@(xl) +5---ta [id]@(xd)|0 # (i1,...,iq) € AZ}

Lemma A.1.5 Inverting the determinant of u* is equivalent to inverting Sk.

Sk

Proof Fori=(i1,...,iq) € AZ’ let

[[](X) = [i]g(x1) +5 - - - +5 lialg(xa)-

The matrix defining u* is given by the Vandermonde matrix

V22 o 0 COLR V1) €L
(N 73 (€ N 71 (€ S 24 (9 L
U [pel@ Ukl @?2 o Dpel@P!

where {ji,..., j,} = A;.
The determinant of this matrix is

[1 G- U@,
1<s<t<pk

It is a basic fact of subtraction for formal group laws that
x—zy=v(x-y)

for a unit v.
Thus the determinant is, up to multiplication by a unit,

[ Gl®-zlE =[] G -i@®)

l<s<t<pk 1<s<t<pk

= [T ey 0

0#j€A;,
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Corollary A.1.6 Inverting S in E°(BAy) inverts p. O

Set Cox = S, 'E%(BAy). The set Sy consists largely of zero divisors. Because
of this, we should be concerned that Cy is the zero ring. The following result
of Hopkins—Kuhn—Ravenel saves the day:

Proposition A.1.7 (JHKROO, Proposition 6.5]) The ring Co is a faithfully
flat Q ® E%-algebra. O

By construction, the E%—algebra Cp  carries the universal isomorphism
A; — G[p*].
It follows that the colimit
Co = co}l{im Co,k
carries the universal isomorphism of p—divisible groups
A* i) Co® @

This is because a map Cyp — R is a compatible system of maps Cpx — R and
the map Co x — Co +1 restricts the universal isomorphism

* = a0 k+1
Ak+1 - G[p ’ ]
to the pK—torsion.

Example A.1.8 Let us work out Cp in the case of p-complete K-theory

E@m = KU,. In this case
G= Gm’

the formal multiplicative group over Z,,. Because @m is the formal completion
of the multiplicative group scheme G,,,, we have

GnlP*] = Gulp*].
With the standard coordinate, this isomorphism is given by
Zp /(M5 (0) = Zp[x)/ (P = 1)
x> x—1,
from which we calculate
E°(BAx) = KUp(BZ/p") = Z,[x]/([p"]5, (x)) = Zp[x]/ (" = 1),
We have
Sk = {215, (... [PF =115 (),
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which is
{x-1,x>- 1,...,x”k_l -1}

after applying the isomorphism. There is the factorization
P 1= l_[ @, (x),
i=1,...k
where @i (x) is the p'th cyclotomic polynomial. But

o1 = 1_[ @, (x)

i=1,...,(k-1)

and this is one of the elements in S. Clearly it is a zero-divisor in K Ug (BZ/p~),
thus

S KUN(BZ/pY) = S Zy [x] /(@ (x)).

We can also see that inverting the elements of Sy inverts p. It suffices to show
that the ideal generated by p in S,;lz,, [x]/(®,«(x)) is the whole ring. Recall the
identity of cyclotomic polynomials

D (x) = D, ).
Thus we have
(S¢'Zp [x1/(@p (2))) /(p) = S7 ' Fplx1/(@p(xP" 1)) = S¢UFp 6]/ (@ (07 ),

but @, (x) € Sk, so this is the zero-ring.
Now that we have argued that inverting Si inverts p, we see that we have a
canonical map

k _ k
Qp ®z, Zp[x]/(x" = 1) = S Zp[x]/ (P = 1)
and this factors through the quotient map
k
Qp[x]1/(x” = 1) = Qp[x]/(®x (x)).
But Q,[x]/(®,«(x)) is a field so the canonical map
= k-1 _ Kk
Qp ]/ (@ (x) = (P = D7 Qp[x]/(x” = 1)
is an isomorphism. Thus Cyx is just Q,, adjoin a primitive p¥th root of unity and
Cy = coll(im Cox = coll<im Qp(&pr)

is Q) with all p-power roots of unity adjoined—a totally ramified extension of
Qp with Galois group Zj;.
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The inertia groupoid

Recall our goal of approximating E*(EG X X) by the HCyP—cohomology of
some space determined by EG X X. Stated more precisely, we’d like to find a
space F(EG Xg X) and a map of cohomology theories

E*(EG xg X) » HCyP*(F(EG X X))
such that the induced map
Co ®po E*(EG X X) —» HCyP*(F(EG %X¢ X))

is an isomorphism. The purpose of this section is understand the operation F(—).

One condition that we have already agreed on is that HCyP°(F(BC k) must
be canonically isomorphic to H COPO(AZ) =[] AL Co. Thus there is a natural
first guess for what F(—) might be: we could set

F(EG Xg X) = Spaces(BA, EG X X).
When G = Cpk and X = x, there is an equivalence

SpACES(BA, BCx) = ]_[ BC k.
Ay

Since Cy is a rational algebra (so |G| is invertible in Cy), we have
HCyP°(BG) = C

for any finite group G. Thus

HGP (| [BC, | =] [ Co
A; A

k

which is what we wanted.

However, there is a problem with this construction: the functor SPAcEs(BA, —)
does not send finite complexes to finite complexes and does not preserve
homotopy colimits, as can be seen by applying it to the homotopy pushout
diagram

#[[# —— =

|

>l<—>Sl7

thus HCyP*(F(-)) is not a cohomology theory. It turns out that the inertia
groupoid functor fixes both of these problems at once, and we describe it now.



A.l Rational chromatic phenomena (Nathaniel Stapleton) 295
Definition A.1.9 For a finite group G, let

Gl‘f = ToroLoGICALGROUPS(A, G)

denote the set of continuous homomorphisms from A to G.

Choosing a basis for A gives an isomorphism to the set of d—tuples of
commuting p—power order elements of G:

.
G4 = {(g1.....8a)llgi.gj] = e, g7 = e for k large enough}.

The group G acts on this set by conjugation and we will write G,‘f /G for the
quotient by this action.

Definition A.1.10 For a finite G-CW complex X, let
Fixy(X) = ]_[ xima,

a/EGI‘,l
where X'™ is the fixed points of X with respect to the image of a.

This is a finite G-CW complex by intertwining the action of G on Gg by
conjugation and the action of G on X. To be precise, for x € X"™?, we let
gx € ximgag™

The G—space Fixy4(X) is also known as the d—fold inertia groupoid of the
G—space X E] That is, the definition above can be made for all finite groups
uniformly in the category of topological groupoids. Let X /G be the action
topological groupoid associated to the finite G-CW complex X. This is the
groupoid object in topological spaces with object space X and morphism space
X X G. The source and target maps

XXG=3X,

are the projection and action maps, respectively.

The category of topological groupoids is easy to enrich in spaces, the mapping
space between two topological groupoids is just the subspace of the product
of the space of maps between the objects and the space of maps between the
morphisms that are maps of topological groupoids.

This construction can be upgraded further to an enrichment in topological
groupoids so that the object space is the mapping space described above. Let
[1] := (0 — 1) be the free-standing isomorphism and let [0] be the category
with one object and only the identity morphism. There are two functors

[0] — [1]

9 This is really a p—adic form of the inertia groupoid since A = Z;;d and not Z*¢.
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picking out 0 and 1. The internal mapping topological groupoid between two
action groupoids W/ F and X /G, ToroLocicaLGrouroips(W [ F, X | G), can
be described in the following way: The objects are the space of maps from
W/JF x [0] = W/F to X/G and morphisms are the space of maps from
W/ F x[1] to X/G. The structure maps are induced by the functors [0] =3 [1]
and the cocomposition map

(1] = [1] Ugg) [1].

Lemma A.1.11 Let = /A be the topological groupoid with a single object and
with A automorphisms. There is a natural isomorphism

ToproLoGicaALGrRoupPoIDS(x [ A, X | G) = Fixg(X)/G.

Proof We indicate the proof. We only need to do this for n = 1 as higher n
follow by adjunction. It also suffices to replace */Z, by */Z/ p* for k large
enough. Now a functor

*//Z/pk—> X/|G

picks out an element of X and a p—power order element of G that fixes it. Thus
the collection of functors are in bijective correspondence with

U Xim(x
aEGll,

A natural transformation between two functors is a map

Z/pfuz/pkuz/pf —— GxX

Ll !

% ——> X.

The domain here is */Z/p* x [1]. The two Z/p*’s on the sides come from the
identity morphisms in [1]. The Z/p* in the middle is the important one. Given
two functors picking out x; € X'™@ and x, € X'™?, a commuting diagram
above implies that a morphism from x; to x; in the inertia groupoid is an element
g € G sending x| to x, in X. However, the composition diagram implies that g
must conjugate @ to ;. O

We now compute EG Xg Fixy(X) in several cases.

Example A.1.12 When X = ,
EG xg Fixq(x) = EG xg2" G<.

Fixing an element « in a conjugacy class [@] of Gg/ G, the stabilizer of the
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element is precisely the centralizer of the image of @ in G. Thus there is an
equivalence

EGxgPGa= || BCGma).
[eleGd /G

Example A.1.13 When G is a p—group there is an isomorphism
TopoLocicaALGrOUPS(A, G) = TopoLocicaLGroups(Z*¢, G).
In this case there is an equivalence
EGx3" G4 ~ LYBG,
where L is the free loop space functor.

The next example shows that the inertia groupoid construction has the property
that we desire when applied to abelian groups.

Example A.1.14  When G = C«,
EGXgY Ga = | | BCy.
aeh;

The inertia groupoid construction has another important property:
Proposition A.1.15 ([Kuh89| Section 6]) Let E be a cohomology theory, then
E*(EG x¢ Fixg(-))
is a cohomology theory on finite G-CW complexes. O

Example A.1.16 Let Cj = n_.HCyP = Colu, u~'] where |u| = —2. When
X = *, Example gives an isomorphism

HCyP*(EG X Fixy(*)) = HCyP* ]_[ BC(im )
[aleGE/G

= l_l Cy-
[eleGE/G

The last isomorphism follows from the fact that HCoP*(BG) = Cj. The
codomain is the ring of generalized class functions on G;‘f taking values in Cj:

CI(GY, Cy) = {Cy—valued functions on G;‘f /G}.

One might want to concentrate on the degree 0 part, in which case we have an
isomorphism

HCyP*(EG x¢ Fixa(%)) = CI(G4, Cp).
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Complex oriented descent

Given a pair of cohomology theories E and F as well as a map of cohomology
theories g: E*(—) — F*(-), the axioms of a cohomology theory (homotopy
invariance, Mayer-Vietoris, . . . ) ensure that g is an isomorphism if and only if
it is an isomorphism on a point. For equivariant cohomology theories only a
small change is required, a map

8 Eg(-) = F5(-)

is an isomorphism if and only if it is an isomorphism on spaces of the form G/H.
These spaces are the generalization of the point to G—spaces. The purpose of
complex oriented descent is to give conditions on Borel equivariant cohomology
theories E and F so that a map g is an isomorphism if and only if it is an
isomorphism on all spaces of the form G/A, where A C G is abelian. The idea
is that certain equivariant cohomology theories have the property that, for a
G-CW complex X, EZ,(X) can be recovered from E,(F) for a certain space F
with the property that the cells of F are all of the form G/A x D".

In the cases that we are interested in, the space F will be the bundle of
complete flags associated to a vector bundle on X. Let f: V — X be an
m-dimensional complex vector bundle. Associated to V is a space Flag(V) over
X such that the fiber over x € X is the space of sequences of inclusions

{0ycVicWhc...CVuicf(x),
where V; ¢ f~!(x) is an i-dimensional subspace.

Lemma A.1.17 Let V be an m—dimensional complex vector space, then there
is an equivalence

Flag(V) = U(m)/T,
where T = (S is the maximal torus in U(m).

Proof The idea is simply that U(m) acts transitively on Flag(V) and the
stabilizer is T. This can be seen by viewing a flag as a sequence of unit length
normal vectors. O

Proposition A.1.18 (JHKROO, Proposition 2.4(2)]) Let X be a space and let
Flag(V) — X be the bundle of complete flags of a complex vector bundle V over
X, then E*(Flag(V)) is a finitely-generated free E*(X)-module. O

Since f: V — X is an m—dimensional complex vector bundle, it follows
(cf. Definition [2.4.13) that EG X V — EG X X is an m—dimensional complex
vector bundle (this is the external product with a 0—dimensional complex vector
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bundle). Since G acts freely on EG X X, the quotient EG Xg V — EG Xg X is
also an m—dimensional complex vector bundle.

We proceed with two propositions, the proofs of which can both be found
in Hopkins—Kuhn—Ravenel [HKROO0, Proposition 2.6]. The first proposition
explains the relationship between flag bundles and the Borel construction,
the second proposition gives the relationship between the inertia groupoid
construction and flag bundles.

Proposition A.1.19 Let X be a finite G-CW complex and let V. — X be a
G—equivariant vector bundle, then there is an equivalence

EG Xg Flag(V) ~ Flag(EG X V)
of spaces over EG Xg X.

Proposition A.1.20 Let X be a finite G—-CW complex and let V — X be a
G—equivariant vector bundle, then Flag(V)4 is a disjoint union of fiber products
of flag bundles over X* when A C G is abelian.

Recall from Remark [3.1.3|that a commutative ring map R — S gives rise to a
cosimplicial commutative ring

S
— S ®R
S «— ®g S
— S ®r
S
—

Recall also from Theorem [3.1.4]that if S is faithfully flat as an R-algebra, then
the above complex is exact except at the first spot and there the homology is R.
This digression has important consequences for us. Since E*(Flag(V)) is free as
an E*(X)-module, there is an isomorphism

E*(Flag(V) xx Flag(V)) = E*(Flag(V)) ®g+x) E*(Flag(V))

and applying E*(—) to the simplicial space

«—— Flag(V) ——
«—— Flag(V) —— Xx —

Flag(V) —— Xx «—— Flag(V) —— ---
«—— Flag(V) —— Xx —

«—— Flag(V) ——

produces the descent object for the canonical map E*(X) — E*(Flag(V)). Since
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a finitely-generated free extension is faithfully flat, Proposition [A.T.T8|implies
that

E*(X) = ker (E*(Flag(V)) — E*(Flag(V) xx Flag(V))).

Since it suffices to take the trivial bundle over X in these constructions,
we can now recover E*(X) in a functorial way from E*(Flag(V)) and from
E*(Flag(V) xx Flag(V)).

Proposition A.1.21 Let p: G — U(n) be an injective map, then U(n)/T with
the induced G-action is a finite G-CW complex with abelian stabilizers.

Proof By Theorem[A.1.3] since U(n)/T is compact it is equivalent to a finite
G-CW complex. Let A C G be abelian, then p(A) C uTu~" for some u € U(n).
Thus fora € A, a = utu™! for some 7 € T, so A fixes the coset uT.

On the other hand, if H C G is nonabelian then it cannot be contained inside
a maximal torus because the representation p is faithful. Therefore it will not
fix any coset of T C U(n). O

Putting these results together, if X is a finite G-CW complex we can take
V = X xC" — X to be the G-vector bundle where G acts on C" through a
faithful representation p: G — U(n). Then

EGXg (XxC") > EGxg X
is an n—dimensional vector bundle over EG X X and
Flag(EG Xg (X X C")) =~ EG X Flag(X x C") ~ EG X (X x U(n)/T).

Since E;,(X) = E*(EG Xg X) can be recovered from the flag bundle as above,
these equivalences show that E*(EG X X) can be recovered from spaces with
fixed points only for abelian subgroups.

Proposition A.1.22  Let g: E,(-) — Fj (=) be a map of Borel equivariant
cohomology theories on finite G-CW complexes satisfying complex oriented

descent, then g is an isomorphism if and only if it is an isomorphism when
applied to spaces of the form X = G/ A for A C G abelian.

The character map

The goal of this section is to construct a map of Borel equivariant cohomology
theories
XG: E*(EG XG —) - HCOP*(EG XG FiXd(—))

called the character map and apply Proposition to prove the following
theorem.
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Theorem A.1.23 For any finite G-CW complex X, the map y¢ induces an
isomorphism

Co ®go E*(EG xG X) — HCoP*(EG xg Fixa(X)).

The map y will be constructed as the composite of two maps: a “topological
map” induced by a map of topological spaces and an “algebraic map” that is a
consequence of the algebro-geometric description of Cy.

Assume that k is large enough that any map A — G factors through Ay.
Lemma[A.T.TT| provides us with equivalences

ToroLocicaLGrouPoIDS(x A, X | G) =~
ToroLocicALGRrRoOUPOIDS(x Ak, X |/ G) =~ Fixy(X)/G.

The topological part of the character map is the map
E*(EG XG X) - E*(BAk X EG Xg Fixd(X))
that we get by applying £(—) to the geometric realization of the evaluation map

ev: * A X ToroLoGicaLGrRouPOID(* Ak, X [G) — X |G.

Because E*(BAy) is finitely generated and free over E*, there is a Kiinneth
isomorphism

E*(BAx x EG x¢ Fixg(X)) = E*(BAy) ®5+ E*(EG Xg Fixg(X)).
Since E*(BAy) is even periodic, this can be further identified with
E%(BAy) ®go E*(EG x¢ Fixg(X)).

Recall that the definition of Cy furnishes us with a canonical map
E°(BAy)— Cy.

The algebraic part of the character map

E%(BAy) ®po E*(EG x¢ Fixy(X)) = HCyP*(EG x¢ Fixq(X))

is defined to be the tensor product of the canonical ring map
E°(BAy)— Co

with the ring map induced by the map of cohomology theories

E — HQ® E")P — HC,P

given by rationalization followed by the canonical map Q ® E° — Cj.
The topological and algebraic maps compose to give the character map

XG: E*(EG XG X)—> HCOP*(EG XG FiXd(X)).
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Example A.1.24  When X = , Example[A.T.16|shows that the codomain of
the character map is the ring of generalized class functions

acgscn= ] 6.
[aleGE/G
Unwrapping the definition of yg when X = = gives the following simple
formula: Given [«@] € Gg /G, the character map to the factor corresponding to
[@] is just
can

E*(BG) 22, B (BA) <5 C.

Proposition A.1.25 The Borel equivariant cohomology theories E*(EG X —)
and HCyP*(EG X Fixy4(-)) both satisfy complex oriented descent.

Proof For E*(EGX¢g—), this follows immediately from the previous discussion.
The key ingredient is Proposition[A.T.T8along with Proposition[A.T.T9] which
say that E*(EG X Flag(V)) is a finitely generated free E*(EG X X)-module.

It is a bit harder to prove that HCyP*(EG X¢ Fixg(—)) satisfies complex
oriented descent. First recall that since G is finite and Cy is rational, for any
G-space X there is an isomorphism

HCyP*(EG Xg X) = HCoP*(X)°.

By Proposition [A.1.20] Fix4(Flag(V)) is component-wise a disjoint union of
fiber products of flag bundles over the components of Fix4(X). Thus Proposition

[A.T.18|implies that
HCyP*(Fixy(Flag(V)))
is finitely generated and free over HCyP*(Fix4(X)). Applying fixed points (—)©
to the exact sequence
0 — HCyP*(Fixq4(X)) —» HCyP*(Fix4(Flag(V)))
— HCyP*(Fixq(Flag(V)) Xpix, (x) Fixa(Flag(V)))

giVCS an exact sequence

0 — HCyP*(Fix4(X))® — HCoP*(Fixy(Flag(V)))¢
— HCoP*(Fixq(Flag(V)) Xgix,(x) Fixa(Flag(V)))°
since fixed points is left exact. This implies that HCoP*(EG X Fix4(X)) can

be recovered from HCyP*(EG X —) of finite G-CW complexes with abelian
stabilizers. O
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Proof of Theorem[A.1.23] By [A.1.27] it suffices to prove that the map is an
isomorphism for X = G/A. Since we have an equivalence

(G/A)]G = =] A

we are reduced to the case G = A and X = *. Since both sides of the character
map have Kunneth isomorphisms for products of finite abelian groups, we are
reduced to cyclic groups. We want to show that

Co ®go E*(BCpi) = CI(Cpi)%, C3)
is an isomorphism. Since we have isomorphisms
Co ®po E*(BCpi) = Co ®g, E* ®go E*(BC,x) = Cy ®c, Co ®go E°(BC,x)
and
CI(Cpr ), Cy) = Cf ®c, CU(C,e)%, Co)

and since Cj is faithfully flat over Cy, it suffices to prove the isomorphism in
degree 0. Example[A.T.24]that this map is given by

[1Co®0E’(Ba)

Co ®fo EO(BCpk) EO(BAk) LCl> 1—[ Co.

*
aeAy

This is the same as the map Cy ®go(ga, ) u* built far above.
O

Example A.1.26  When n = 1 and X = =* the character map produces a
p—complete version of the classical character map from representation theory
that is due to Adams [[Ada78al Section 2]). The map takes the form

KU)(BG)— CI(G,, Cy),

where () is the maximal ramified extension of Q,, discussed in Example
This map is injective. Above height 1, though, this is not generally true [Ki{94],
but it is true for G = X, [HKROO, Theorem 7.3], which is enough to conclude
that EOBY,, is free of finite rank.

Remark A.1.27 Tt follows from the proof of Theorem[A.T.23|that when working
with a fixed group G, it suffices to take Cyx as the coefficients of the codomain
of the character map, where k > 0 is large enough that any continuous map
Z, — G factors through Z/ pr.
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The action of GL4(Z),)
There is a natural action of Aut(A) = GL4(Z,,) on the isomorphism
Co® xG: Co ®po EX(EG %G X) — HCoP*(EG x¢ Fixa(X)).
Recall that Spec Cy carries the universal isomorphism of p-divisible groups
A S G
Precomposing with the Pontryagin dual of an element in Aut(A) gives another

isomorphism and thus induces an E°-algebra automorphism of Cy. The quotient
map

Aut(A) — Aut(Ag)

gives an action of Aut(A) on E°(BAy) and, by Proposition |A.1.4] the inclusion
E°%(BAy) — Cy is equivariant for these actions.

There is also an action of Aut(A) on TopoLoGicALGrouPOIDS(x /A, X | G)
given by precomposition. These actions combine to give a conjugation action
on HCyP*(EG X¢ Fixq(X)). Explictly, for ¢ € Aut(A) this action is induced
by the action on

/| A X TopoLoGgiIcALGRouPOIDS(* [ A, X | G)

given by ¢ x (¢™1)*. There is an action of Aut(A) on Cy ®o E*(EG X X) by
just acting on Cp.

Proposition A.1.28 The character map is Aut(A)-equivariant.
Proof This follows immediately from the fact that the evaluation map

ev: x JA X ToroLoGgicALGRouPOIDS(* /A, X |G) — X |G

is Aut(A)-equivariant for the trivial action on X /G and the action described
above on the domain. O

It turns out that Cy is an Aut(A)-Galois extension of Q ® E*:
Proposition A.1.29 ([HKROO, Corollary 6.8.iii]) There is an isomorphism
™ = Q@ E°. o
By taking Aut(A)-fixed points of Cyp ® yc we get an isomorphism
Q8 vo: Q® E*(EG xg X) — HCoP*(EG xg Fixg(X))A®),
In particular, when X = =, we find that

Q® E%(BG) = CI(GY, Co)™™.
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That is, the rationalization of the E-cohomology of BG is a subring of generalized
class functions.

A.2 Orientations and power operations

Our introduction of E.—rings also automatically introduces a few interesting
accompanying functors:

EC)+

T

SPACES MoDULESEg ERINGSPECTRAE

(—)/\ET l . (—)AET l

SPECTRA ERINGSPECTRA.

The first functor sends a space X to its spectrum of E—cochains E**X and
the other two functors form a free/forgetful monad resolving a mapping space
in ERINGSPECTRAE by a sequence of mapping spaces in MobuLEsg. These
kinds of functors are familiar to us from the discussion of contexts in Lecture 3.1]
and Lecture and the recipe applied in those situations gives an analogous
story here. First, there is a natural map

SPACES(*, X) — ERINGSPECTRAE(EX*, E),

which one hopes is an equivalence under (often very strong) hypotheses on
E and on X P;U] Second, the adjunction gives a mechanism for resolving EX+,
which feeds into a spectral sequence computing this right-hand mapping space.
The functors P and Pg can be given by explicit formulas:

_\/xN _ AE]
P =\/ X3 Pe(M) = \/ My
J=0 J=0

Finally, we expect the homotopy groups of this resolution to form a quasicoherent
sheaf over a suitable E, context, which arises as the simplicial scheme associated
to this resolution in the case where X is a point. In this case, we can explicitly
name some of the terms in this resolution: the bottom two stages take the form

10 1t is an unpublished theorem of Hopkins and Lurie that if X is a space admitting a finite
Postnikov system with at most ht I stages and involving only finite groups, then the natural map
F(x, X) > EDORINGSPECTRAEF/(E;(J', Er) is an equivalence.
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ERINGSPECTRAE(E, E)

T

-
ERINGSPECTRAE (PE(E), E) E ERINGSPECTRAE (Pé (E),E) % e

The available adjunctions give a more explicit presentation of these terms:

ERINGSPECTRAE (PE(E), E) ~ MopULESE(E, E)
~ SPECTRA(S, E),

which on homotopy groups computes the coefficient ring of E, and

ERINGSPECTRAE (IP’%5 (E), E) ~ MopuLesg(Pe(E), E)

~ AE] ~ .

~ MODULESE \/ Eth JE |~ l_[ SpecTRA (BZ}, E),
=0 =0

which on homotopy groups is made up of a product of the cohomology rings

E*(BX;). The higher terms track the compositional behavior of these summands.

Remark A.2.1 ([Bou75, MT92, Bou96, |Dav95]) One of the first places these
ideas appear in the literature is in work of Mahowald and Thompson. Bousfield
defined an unstable local homotopy type associated to a (simply-connected)
space and a homology theory. In the case of the space $>*~! and p-adic K—theory,

Mahowald and Thompson calculated that L S>"~! appears as the homotopy
fiber

LKSZn—I N LKQDOZOOSZYL—I N LKQDCZOO((S2"_1)2§ )’
P

which is an abbreviated form of the monadic resolution described above.

Remark A.2.2 (JGHO4, Theorem 4.5]) In general, if E*BX; is sufficiently nice,
then the the E’>—page of the monadic descent spectral sequence computes the
derived functors of derivations, taken in a suitable category of monad-algebras
for the monad specifying the behavior of power operations.

Strickland’s theorems

We thus set out to understand the formal schemes constituting the E., context
associated to Morava E—theoryE-] As described in Lecture 4.1|and Lecture
the correct language for these phenomena are schemes defined on Hopf rings,
together with the adjunction between classical rings and Hopf rings consisting
of the *—square—zero extension functor and the *—indecomposables functor. The
rings E°BX ; assemble into a Hopf ring using the following structure:

1 Much of the analysis for the case of HF, can be read off from a pleasant paper of Baker [Bak15].
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e The x—product comes from the stable transfer maps BX;,; — BX; X BX;.
e The o—product comes from the diagonal maps BX; — BX; X BX;.
o The diagonal comes from the block-inclusion maps BY; X BX; — B, ;.

Definition A.2.3 Accordingly, we set the natural E, context to be
EoMpg, = SpHE" |SpH E°BX..
The effect of this functor on classical rings is given by Lemma F.2.10
EcMpg (T) = ALGEBRAS E(;(Q*EOBZ*, T), where
E'BZ,
im (Ty 3+ EOBE,, X E9BE,, — E9BZ. ..,)

4 X2y

O*E’BZ, =

The ideal appearing in this equation is called the transfer ideal, written Ir;.

Remark A.2.4 1In terms of the descent spectral sequence described in the
previous subsection, all of the *—decomposables are in the image of the d'—
differential, so already do not contribute to the E?—page of the spectral sequence.

We dissect this Hopf ring spectrum by considering the j® graded piece
of E..MEg, as restricted to classical rings, i.e., by understanding the formal
schemes Spec(E’BE; /Iy) for individual indices ;.

Example A.2.5 ([SS15] Appendix]) To gain a foothold, it is helpful to further
specialize to a particular case—say, j = p. In light of the results of Appendix[A.T]
we might begin by analyzing the (maximal) abelian subgroups of X, of which
the only p-locally interesting one is the transitive subgroup C, € Z,. In
Theorem we calculated BS'[p]g = CPZ[p], and we now make the further
observation that the regular representation map p: BS'[p] — BU(p) induces
the following map on cohomological formal schemes:

BS'[ple e BU(p)g

FormaLGroups(Z/p, CPy) —— Div), CPy,

where the bottom arrow sends such a homomorphism to its image divisor. This
map belongs to a larger diagram of schemes:

Spf E°BE, /Iy —— (BX,)k ——> BU(p)E

T =

Spf E°BC,, /Iy ——> (BC,)E.

The quotient by the transfer ideal in (BC),,)g is modeled by the map
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EBC, /I E°BC,

E°[x]/{p)(x) <—— E°[x]/[p](x),

which disallows the zero homomorphism and forces the image divisor to be a
subdivisor of CPZ[p]. Such a homomorphism is an example of a level structure,
and the scheme of such homomorphisms is written Level(Z/p, CP%). Finally,
passing to BX,, from BC,, exactly destroys the choice of generator of Z/p, i.e.,
it encodes passing from the homomorphism to the image divisor. This winds up
giving an isomorphism

Spf E°BX,, /I, = Sub,, CP%,

where Sub,, denotes the subscheme of DiV; consisting of those effective Weil
divisors of rank p which are subgroup divisors.

The broad features of this example hold for a general index j.

Definition A.2.6 The abelian E, context is formed by considering the inclu-
sions

\/ BA- B3

A SE_,'
A abelian

A consequence of Appendix [A.T]is that this map is injective on Morava E—
cohomology, so that we can understand the natural E,, context in terms of this
larger object. A benefit to this auxiliary context is that we can already predict its
behavior in Morava E—theory: the cohomological formal scheme associated to an
abelian group can be presented as an internal scheme of group homomorphisms,
just as above. Using this auxiliary context for reference, Strickland has proven
the following results:

Theorem A.2.7 ([Str98, Theorem 1.1]) There is an isomorphism

Spf EYBS; /I, = Sub; CP,
where Sub; denotes the subscheme of Div;.r consisting of those effective Weil
divisors of rank j which are subgroup divisors.

Proof sketch, after Stapleton The proof of this Theorem requires a very in-
volved algebraic calculation (which can take different forms [Str97, [SS15l]),
so we describe only the reduction to that calculation. The object EOBZj is
accessible via the chromatic character theory from the previous Lecture, where

12 1f j is not a power of p, this is the terminal scheme.
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we presented Cp ® EOBZj as a certain ring of Cp—valued class functions on the
symmetric group. The effect of quotienting by the transfer ideal is to delete all
of the factors belonging to conjugacy classes that are not transitive. On the other
side of the putative isomorphism, the formation of the scheme of subgroups
commutes with base change, and hence we have

Spec Cp X Sub; CPE = Sub;(Spec Cy x CPE) = Sub; A",

where in the second isomorphism we have used the canonical isomorphism
carried by the ring Cy. After this character-theoretic base-change, there is a
canonical bijection between the two sides: a map

ZZ transitive zn
has an image factorization Z, — A — Z,, and the Pontryagin dual of the
surjective map in the factorization gives an injective map

A* — A*.

As described above, the permutation representation gives a natural map
BX; — BU(j), which participates in the following square:

EYBU(j) —— E°BS, /Ity —%—> Cy® E'BY,;/Ix;

; E

O(Div} CPy) —5 O(Sub, CPY) — = O(Sub; A*).

The left-hand isomorphism is stated in Corollary [2.3.12} the right-hand isomor-
phism is the content of the previous paragraph; the bottom-left horizontal map
is surjective because subgroup divisors form a closed subscheme of all divisors;
the top horizontal map is an injection by a difficult theorem of Strickland [Str98|
Theorems 8.5-6]; and the bottom horizontal map is an injection by a second
difficult theorem of Strickland [Str97, Theorem 10.1]. In fact, the two difficult
theorems say more: they show that the two terms are finite and free of equal rank.
Altogether, these can be used to define the middle vertical map: any element
in the bottom can be preimaged along the surjection, pulled upward along the
isomorphism, and pushed back down along the map induced by the regular
representation. One quickly checks that this gives an injective E°—algebra
homomorphism.

What remains to show, then, is that this last injection is an isomorphism,
whether by calculating the relevant determinant [SS15, Section 7.9] or by
explicitly analyzing a generating element in terms of Euler classes [Str98§,
Theorem 9.2]. O
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Related methods also describe the abelian context:

Theorem A.2.8 ([Strb, pg. 45]) For a finite abelian group A, there is a diagram

Spf E°BA / (zagA ann(a)) -~ Spf E°BA/Iyy ——— Spf E°BA
a#0

Level(A*, CPy) FormaLGRroups(A*, CPY),

where Level(A*, CPy) denotes the subscheme of ForRmALGRouPs(A”, CPY)
consisting of homomorphisms which are subject to the condition that A*[n]
Jforms a subdivisor of CPZ [n][-E-I O

Remark A.2.9 An important piece of intuition about the schemes of level
structures Level(A*, CPY) is that they form a kind of replacement for the
nonexistent “scheme of monomorphisms”. Specifically, the p—series for a
Lubin-Tate universal deformation group is only once x—divisible, and hence the
divisor @[p] only contains the divisor [0] with multiplicity one This excludes
noninjective morphisms in this case. On the other hand, the only subgroups
of the formal group restricted to the special fiber are of the form p™ - [0]. In
particular, any level structure on G restricts to a morphism with this image
divisor at the special fiber, and hence functoriality considerations force us to
count these—which are not images of monomorphisms—as level structures as

wellFE]

Remark A.2.10 ([Str97]) The schemes Sub; G and Level(A, @) are known to
possess many very pleasant algebraic properties: they are finite and free of
predictable rank, they have Galois descent properties, the schemes Level(A, @)
are all reduced, there are important decompositions coming from presenting a
subgroup scheme as a flag of smaller subgroups, .. .. Indeed, these algebraic
results form important ingredients to the proof of the connection with homotopy
theory [Str98, Section 9].

Remark A.2.11 ([Rez12]) Rezk has shown that the E,, descent object for
Morava E—theory is, in a certain sense, of finite length. Specifically, there is a
subobject of the descent object which consists levelwise of those flags of formal
subgroups of @E whose composition is contained in @[p], and the Koszul

3 If A[p] = (Z/p)** has k > htT, then this is the terminal scheme.
14 This kind of reasoning applies to domains of characteristic 0 generally.

15" On the other hand, the scheme of level structures tracks exactly monomorphisms after tensoring
up with the ring Co of Appendix[A.T]
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condition entails that this inclusion induces a weak equivalence of derived
categories.

Isogenies and the Lubin-Tate moduli

In this subsection, we seek a comparison of the natural E,, context and the
unstable context considered in Lecture [£.Jl Our model for the unstable context
in Lecture[4.2] focuses on the effect of unstable operations on the cohomology
of CP*, as summarized in the following result:

Lemma A.2.12 (mild extension of Theorem along the lines of Corol-
lary|d.3.7) There is an isomorphism

Spec Q. Lr(E A E) = FormaLGroups(CPy, CPE). O

In order to form a comparison map between these two contexts, we will want
algebraic constructions that trade a subgroup divisor (i.e., a point in the natural
E, context) for a formal group endomorphism (i.e., a point in the unstable
context). It will be useful to phrase our ideas in the language of isogenies.

Definition A.2.13 ([Str99b, Definition 5.17]) Take C and D to be formal
curves over X. Amap f: C — C’is an isogeny (of degree d) when the induced
map C — C Xx C’ exhibits C as a divisor (of rank d) on C Xx C’ as C’—schemes.

Remark A.2.14 (cf. Remark [2.2.8) In this case, a divisor D on C’ gives rise to
a divisor f*D on C by scheme-theoretic pullback:

D ——> D
|
f ’
cC —— C,
altogether inducing a map
f*: Div; C" — Div; , C.
This map interacts with pushforward by f.f*D = d - D, where d is the degree
of the isogeny.

The usual source of examples of isogenies are polynomial maps between
curves. In fact, this is close to the general case, and the following result is the
source of much intuition:

Lemma A.2.15 (Weierstrass preparation, [Str99bl Section 5.2]) Let R be a
complete local ring. Every degree d isogeny f: A}Q — A;e admits a unique
factorization as a coordinate change and a monic polynomial of degree d. O
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In the case of formal groups over a perfect field of positive characteristic, this
reduces to two familiar structural results:

Corollary A.2.16 Every nonzero map of formal groups over a perfect field
of positive charactersitic can be factored as an iterate of Frobenius and a
coordinate change.E] O

Corollary A.2.17 A map of formal groups over a complete local ring with a
perfect positive-characteristic residue field is an isogeny if and only if the kernel
subscheme of the map is a divisor. O

This last result forms the headwaters of the connection we are seeking: isoge-
nies are exactly the class of formal group homomorphisms whose kernels form
subgroup divisors. Again, we are seeking an assignment in the opposite direction,
some special collection of endoisogenies naturally attached to prescribed kernel
divisors. As a first approximation to this goal, we drop the endo- and aim to
construct just isogenies with this kernel property, a candidate for which is a
theory of quotient groups.

Definition A.2.18 For K C Gbea subgroup divisor, we define the quotient
group G/K to be the formal scheme whose ring of functions is the equalizer

v
_—

5 . O3
1on*

(@) ® Ok.

G/K Y

Lemma A.2.19 ([Str97, Theorem 5.3.2-3]) The functor @/K is again a
1—dimensional smooth commutative formal group. O

The inclusion of rings of functions determines an isogeny g: G- @/ K
of degree |K|. In this particular case, the induced pullback map ¢* of divisor
schemes has an especially easy formulation:

Lemma A.2.20 Pullback along the isogeny q: G- @/ K is computed by
q": D— DxK,

where x: Div, G X Div};G — Div; G is the convolution product of divisors
on formal groups as described in Corollary[2.3.16] O

In the case that K is specified by a level structure, this admits a further
refinement:

16 Incidentally, the Frobenius iterate appearing in the Weierstrass factorization of the multiplication-
by-p isogeny p: G — G is another definition of the height of G.
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Corollary A.2.21 Letl: A — G be alevel structure parametrizing a subgroup
divisor K. The divisor pullback map can then be computed by the expansion

¢'D = Z T D:

acA
where T4 : G — G is the translation by g map. O

Definition A.2.22 This second construction can be upgraded to an assignment
from functions on G to functions on G/K, rather than just the ideals that they
generate. Specifically, we define the norm of ¢ € Og along a level structure

t: A>G by the formula

Nep = l_[ ‘r;:(a)gp.
acA

An often-useful property of this norm construction is that if ¢ is a coordinate
on G, then Ny is a coordinate on G/K [Str97, Theorem 5.3.1].

Remark A.2.23 1In general, the pullback map ¢* admits the following de-
scription: an isogeny ¢g: C — C’ gives a presentation of O¢ as a finite free
Oc/—module. A function ¢ € Oc¢ therefore begets a linear endomorphism
¢ - (=) € GLg.,(Oc), and the determinant of this map gives an element of
q*¢ € Oc. Letting ¢ range, this gives a multiplicative (but not typically additive)
map g*: Oc — Oc¢ . If a divisor D is specified as the zero-locus of a function
¢p, the divisor ¢*D is specified as the zero-locus of g*¢p.

Our last technical remark is that this definition of quotient does, indeed, have

the suggested universal property:

Lemma A.2.24 (Third isomorphism theorem for formal groups, [Str97, Theorem
5341 If f: G — H is any isogeny with kernel divisor K, then there is a
uniquely specified commuting triangle

N

H.

G/K
O

We now use this Lemma, along with properties of the Lubin—Tate moduli
problem, to associate endo-isogenies to subgroup divisors. To begin, consider
the multiplication—by—p endo-isogeny of a Lubin—Tate group G. Since G is
finite height, this map is an isogeny and the Lemma above gives rise to an
isomorphism of formal groups
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N

This diagram is one of formal groups, rather than of deformations—the map
p: G — G does not cover the identity upon reduction to the special fiber. The
Frobenius allows us to correct this to a diagram of deformations:

PN

o

G/Glp] : (¢*)G.

—~

G/G[p] G.

In particular, this latter diagram shows that the quotient map @/ @[p] is again
a universal deformation, as witnessed by a preferred isomorphism to G.Fora
generic subgroup divisor K < @, we have access to the isogeny gk using the
methods described above, but it is the magic of the Lubin—Tate moduli that
furnishes us with replacements for p and for g. Notice first that the problem
simplifies dramatically for the formal group at the special fiber: all subgroups of
the special fiber formal group are of the form p/ - [0], and hence we can always
use the Frobenius map to complete the desired triangle:

r
qij[y Wj’j

i 8pifo) N\
L/ -[0) ———— ()T,

where ¢: k — k is the Frobenius on coefficients and Frob: I' — ¢'T is the
“geometric Frobenius”, specified at the level of formal group laws by the equation
Frob(x) = x” and

(x +r y)P =P +gor yP.
Lemma A.2.25 (JAHSO04, Section 12.3]) Let G be an infinitesimal deformation
of a finite height formal group T to a complete local ring R. Associated to a
subgroup divisor K < G, there is a commuting triangle

G

8K

G/K ! v G

for amap g : Spt R — (Myg)f and G the Lubin-Tate universal deformation
of T.
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Proof The main content of the deformation theory of finite height formal
groups, recounted in Lecture [3.4] is that there is a natural correspondence
between the following two kinds of deformation data:

[« i'T == j*G ——> G ¢LyG6—3G
l L \ l 4 l o \l 4 l
Spec k «——— Spec R/m i Spf R Spf R ¥ (Mig)p

Accordingly, to construct the map ¢k from the Lemma statement, we need only
exhibit G/K as belonging to a natural diagram of the sort at left. Using the fact
that finite subgroups of formal groups over a field are always of the form p/ - [0],
this is exactly what the Frobenius discussion above accomplishes:

I ()T =L (°G)/p/ -[0] —— G/K
l L 1
¢j \ l j l
Spec k Spec k ———— SpfR.

Transferring this to a diagram of the sort at right, this gives the map ¥k and the
isomorphism gk, and the map Pk is constructed as their composite. O

Applying this Lemma to the universal case gives the following result:
Corollary A.2.26 There is a unique sequence of maps
M) ~ = PR
P7*: G X Sub,x G — zﬁzka
determined by the following properties:

1. Restricting to any point in Sub ,« G gives a group homomorphism with that
kernel.

2. (Deformation of Frobenius:) At the special fiber, P** reduces to the k™
Frobenius iterate. O

Amazingly, this is exactly the behavior of the power operation for E—theory
when applied to CP®. The X« —power operation map in Morava E—theory

E°CP® ® E"BY x « E°CP®
becomes the following map of formal schemes:

Spf(E°CP™ ® EBE,,« /Ity —> Spf E°CP™

H ok H

CP% x Sub,« CPY —L"— CPY,
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and this becomes an E’-algebra map (i.e., a map over (Mig)p) when the bottom
map is factored as

z ok
CPg x Sub,x CPF —— vs CP — CPR.

This map has exactly the prescribed kernel, and by its very nature as a power
operation it reduces to the Frobenius on the special fiber. Finally, this identi-
fication is definitionally compatible with the map sending a power operation
to its constituent sum of unstable operations, i.e., the map from the natural E,
context to the unstable context.

Remark A.2.27 (JCCO14, 1.4.2.3]) There is a useful result about isogenies
that more topologists out to be aware of, although it doesn’t tie in directly to any
of our exposition here. Nonetheless, we record its statement: for R a sufficiently
nice complete local ring, and for G and G’ two p—divisible groups over R,
reduction to the special fiber gives an injection

Isog(G, G’) <> Isog(G X Spec R/m, G’ x Spec R/m).

H.,—orientations

Having worked through enough of the underlying algebra, we now return to
our intended topological application of studying H.,—orientations of Morava
E—theory by MUP. There are two reduction theorems, due to McClure, that
lighten our workload from an infinite number of conditions to check to merely
two conditions:

Theorem A.2.28 ((BMMSS6! Proposition VIIL.7.2]) Let E and F be He—ring
spectra with F p-local, and let f: E — F be a map of ring spectra in the
homotopy category. Then f is furthermore an Hs—ring map if and only if the
following equation is satisfied:

foP =P o h/\EI:,' =
Theorem A.2.29 ([HL16| Proposition 33]) Let E be an E—ring spectrum
and let X be a space such that E¥+X is a wedge of copies of E. The map

COA E'XNS — E'X"C @ E*(X A BG,)
is then injective.[TI] m}

17 The actual statement of McClure’s result [BMMS86, Proposition VIII.7.3] has several additional
hypotheses: 7. E is taken to be even-concentrated and free over Z,), X has homology free
abelian in even dimensions and zero in odd dimensions, and X and E are both taken to be finite
type. Although this is the theorem cited in the source material [And95| Section 4] [AHS04,
Proof of Proposition 6.1], the version that has the weak hypotheses that we require only appeared
in print much later.
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Corollary A.2.30 (JAHS04, pg. 271], [BMMSS86, Proposition VIL.7.2]) A
ring map x: MUP — Er is Hy if and only if the internal power operations
commute:
xO,uf/;’UPOAngﬁox;l\gpOAGEIQT(LQZJplCP”XBCp). O
We now expand the algebraic condition that this last Corollary encodes. The
power operation for MUP was described in Lemma [2.5.7] where we found
that it applies the norm construction to f for the universal Z/p-level structure
on G. The cyclic power operation on Morava E—theory was determined in the
previous section to act by pullback along the deformation of Frobenius isogeny
associated to the same universal level structure. This condition is important
enough to warrant a name:

Definition A.2.31 A coordinate ¢: G — A! on a Lubin-Tate group G is said
to be norm-coherent when for all subgroups K C G, we have that Nx¢ and
Uy are related by the isomorphism gg .

Corollary A.2.32 The subset of those orientations which are Hs, correspond
exactly to those coordinates which are norm-coherent, and it suffices to check
the norm-coherence condition just for the universal Z|p—level structure. [

This characterization is already somewhat interesting, but it will only be
truly interesting once we have found examples of such coordinates. Our actual
main result is that such coordinates are remarkably (and perhaps unintuitively)
common. In order to set up the statement and proof of this result, we consider
the following somewhat more general situation:

Definition A.2.33 A line bundle £ on G together with a level structure
{: A — G induces a line bundle Ny L on NG according to the formula

NeL = (R 70 L.

acA

This line bundle interacts with the norm-coherence triangles well: Ne £ = gy, L.
However, the operations on individual sections can be different: a section
sel(L ] @) is said to be norm-coherent when for any choice of level structure
we have Ngs = gy s.

Example A.2.34 In particular, functions ¢: G — A! can be thought of

as sections of the trivial line bundle O@, and coordinates can be thought

of as trivializations of the same trivial line bundle. We also remarked in
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Definition [A.2.22] that the property of being a coordinate is stable under the
operations on both sides of the norm-coherence equation@

Theorem A.2.35 ([And95, Theorem 2.5.7], [PS]) Let L be a line bundle on
a Lubin—Tate formal group @, and let so be a section of Ly, the restriction
of L to the formal group at the special fiber. Then there exists exactly one
norm-coherent section s of L itself which restricts to .

Proof sketch  The first observation is that the norm-coherence condition can
be made sense of after reducing modulo any power of the maximal ideal in
the Lubin—Tate ring, and that the resulting condition is trivially satisfied in the
case where the entire maximal ideal is killed. We then address the problem
inductively: given a norm-coherent section modulo m/, we seek a norm-coherent
section modulo m/*! extending this. By picking any lift extending this, we can
test the norm-coherence condition and produce an error-term that measures its
failure to hold. In the specific case of the canonical subgroup @[p] < @, this
error term is contained in the Lubin—Tate ring, and so we can modify our lift
by subtracting off this error term. This perturbation has no effect on the “norm”
side of the norm-coherence condition, and it has a linear effect on the “yq,,)’
side, so it cancels with the error term to give a section which is norm-coherent
only when tested against the canonical subgroup.

One can already show that the unicity clause applies: there is only one section
s of £ which reduces to sy and which is norm-coherent for the canonical
subgroup @[p]. In order to conclude that s is truly norm-coherent, one shows
that Nps satisfies its own [p]-norm-coherence condition (for the new canonical
subgroup (@/ Olp] < @/{’), forcing it to agree with ¢ s. O

bl

Corollary A.2.36 Every orientation so: MUP — Kr extends uniquely to a
diagram

MUP
I
s
Er — K,
where s is an Ho—ring map. O

Example A.2.37 (JAnd95| Section 2.7], cf. Remark|3.3.21)) The usual coordi-
nate on G,,, with x += y = x + y — xy satisfies the norm-coherence condition.

We compute directly in the case of the canonical subgroup:
(p = 2) lej(x) = x(x +@m 2)

18 This is reflected in topology as the assertion that the two power operations give two Thom classes
for the regular representation, which must therefore differ by a unit.
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=x(x+2-2x)
=2x — x% = 2"(x),
p-1
(p>2) Nipi(x) = [ [+, (1= 29)
Jj=0

p-l1 ‘ .
=[|e+a-2)-xa-)
j=0

p-1
=[Ja-da-x»
j=0

=(1-(1-x")=px).

This is exactly the computation that gfplwi“p](x) and N, (x) agree for this choice
of x € O@ .

The generality with which we approached the proof of Theorem[A.2.35]|not
only clarifies which operations apply to the objects under consideratioﬂ but
it also applies naturally to the other kinds of orientations discussed in Case

Study [5

Theorem A.2.38 Orientations MU[6, ) — Er which are Hy, correspond
to norm-coherent cubical structures. If htI" < 2, orientations M String — Er
which are Hy, correspond to norm-coherent X—structures. O

Example A.2.39 (JAHS04, Sections 15-16]) Let Cy be an elliptic curve
over a perfect field of positive characteristic. The Serre-Tate theorem says
that the infinitesimal deformation theory of Cj is naturally isomorphic to the
infinitesimal deformation theory of its p—divisible group Cy[p*°], and we let C
be the universally deformed elliptic curve. Our discussion of norm-coherence
for Lubin—Tate groups can be repeated almost verbatim for elliptic curves, and
we note further that level structures on C inject into level structures on C.

We can apply these observations to E =, the Morava E—theory for the formal
group C, considered as an elliptic spectrum. The natural orientation

from Corollary|5.5.16is determined by the natural cubical structure on J (0),
which by Corollary is uniquely specified by the elliptic curve. Our main
new observation, then, is that the N, and a,//; constructions both convert this to a

19 This is meant in contrast to Ando’s original proofs [And93| Section 2.6], where he deals only
with coordinates and uses uncomfortable composition operations.
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cubical structure on C/¢, and hence are forced to agree by unicity. In turn, it
follows that the o—orientation is a map of H.—rings.

Remark A.2.40 In the next Lecture, we will show that Tate K—theory (cf.
Definition[5.5.23) not only arises as an elliptic spectrum, but that this endows it
with a natural E structure. From the perspective of this section, the induced
H,, structure is controlled by quotients by finite subgroups of the Tate curve,
which has been studied from various perspectives by Huan [Hual6l] and by
Ganter [Gan07,/G*13]). This distinguishes it from the Eo,—ring spectrum KU+ |
which otherwise has the same underlying ring spectrum in the homotopy category.
This distinction also arises in classical homotopy theory: the total exterior power
operation in classical K—theory can be shown to give an E,, map to K ™€ with
its Eo,—ring structure but not to KUP~ .

A.3 The spectrum of modular forms

The introduction of the geometry of E.—ring spectra has borne out a second
version of the o—orientation, summarized as a map of E.,— ring spectra

o: MString — tmf.

This map has extremely good properties, not only owing to it being a map of
structured ring spectra but to the object #mf itself, not heretofore discussed.
This is one variant of the spectrum of fopological modular forms, which
comes about from the following daydream: according to Corollary [5.5.16]and
Corollary every elliptic spectrum is naturally oriented, and the system
of orientations should give rise to a String—orientation of the homotopy limit
over all elliptic spectra, itself a kind of “universal” elliptic spectrum. There
are several delicate points to this: the limit of a diagram of rings need not be a
complex-orientable ring spectrum (cf. the C,—equivariant spectrum KU); this
diagram is very large; and the diagram exists only in the homotopy category
and contains loops, so “homotopy limit” is not automatically defined without
finding a lift to a more structured context.

The goal of this Lecture is to sketch out both the ingredients and the recipe for
constructing this object. We aren’t going to prove the main theorem in full detail,
as the details are so thick that they do not admit a more reasonable presentation
than what Beherns has already given [Beh14]]. The idea is to make use of the
obstruction theory that E.,—rings garner us, and to “work locally” on a particular
class of examples where the obstruction theory is well-behaved, using these
to carefully exhaust the problem. We begin with a precise definition of what
“locally” means in this setting:
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Definition A.3.1 ([Lur09, Definition 6.2.2.6, Section 6.5]) A D-valued sheaf
on a site C is a functor F: C — D that converts Cech diagrams to homotopy
limit diagrams.

Definition A.3.2 ([Goel0, Remark 4.1]) Let f: N — My, be a flat, rep-
resentable morphism of stacks. A topological enrichment of N is a sheaf of
E.—ring spectra O on N such tha

f*w®  if n = 2k is even,
7,00 =
0 if n is odd.

Fix a fixed map f: N — Mg, this has its own associated moduli problem of
topological enrichments of f.

Our goal, then, is to outline the proof of the following theorem:

Theorem A.3.3 (Goerss—Hopkins—Miller [HM14] |GH04]; Behrens [Beh14,
Theorem 1.1]; Lurie [Lurd]) The moduli of topological enrichments of Men,
the moduli of elliptic curves, is contractible.

The moduli of elliptic curves

In order to give a coherent strategy for proving Theorem[A.3.3] we need to know
something about the moduli of elliptic curves itself. Recalling from Lecture[5.5]
the idea of a Weierstrass presentation of an elliptic curve, we define a general
Weierstrass curve to be a projective curve specified by an equation of the form

C, = {y2 +ajxy +azy = 2+ axx® +agx + ag},

the universal one of which is defined over
MWeier = SPeC Z[al’ ap, as, aq, aé][A_l]’

where the invertibility of the function A guarantees that these curves are
nonsingular. The point at infinity in the set of projective solutions gives the
curve a canonical marked point and hence the structure of an abelian variety.
The fraction y/x gives a coordinate in a neighborhood of the point at infinity,
and hence Taylor expansion in this coordinate describes a map

Mweier — Mfgl .

Just as several formal group laws give the same formal group, several Weierstrass
curves present the same elliptic curve, which are related by transformations of

20 1p particular, 77p O recovers the structure sheaf of N.
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the form

Jasrit Ca = Ca,
x> A2x+ r,

y e 23 y+sx+t,
the universal one of which is defined over
MwWeier.trans. = MwWeier X Spec Z[/li, r, S, t]-

This structure map is the groupoid component map in a groupoid scheme
structure on Men = (Mweier» MWeier.trans. ), along which we have a descended
map

Men — Mgg.

With the moduli of elliptic curves now specified, we will construct a topo-
logical enrichment of Mgy by doing so locally, then gluing the resulting local
definitions together along common subsets to generate a sheaf on the entire
object. We first divide My up over primes by passing to the p—completion,
then we further divide the p—complete moduli itself into two regions via the
following result:

Lemma A.3.4 The p—divisible group of an elliptic curve is either formal of
height 2 (called the supersingular case) or an extension of an étale p—divisible
group of height 1 by a formal group of height 1 (called the ordinary case).

Proof The category of Dieudonné modules with quasi-isogenies inverted
becomes semisimple, and the simple components all take the form

My, = Cartﬁp J/(V" = F™),

for m and n copromise. An abelian variety is always isogenous to its dual,
and hence in this semisimple category the Dieudonné module associated to an
abelian variety decomposes into a Cartier self-symmetric sum of generators@
An abelian variety of dimension d has p—divisible group of height 2d, and Cartier
duality on these simple components obeys the formula DM, , = M,, ;,,, from
which it follows that the only possibilities for the quasi-isogenous components of
a p—divisible group associated to an elliptic curve are M1 and M1 ® Mp,;. O

The names supersingular and ordinary are partially explained by the fol-
lowing result, which says that ordinary curves form the generic case and that
supersingular curves are comparatively very rare:

21 This is called the Riemann—Manin symmetry condition.
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Lemma A.3.5 The supersingular locus of Men is O—dimensional. In fact, it is
the zero-locus of a polynomial of degree less than | (p — 1)/12] + 3. O

We write i: M;’lrld — My for the open inclusion of the ordinary locus. We
then plan to recover a topological enrichment by constructing the pieces of the
following pullback:

Otop (OIOP)//\\/(S?I | Oss
—_—

i*i*Otop — " ((Otop)//\v[s:l) .
el

Oord

This decomposition is compatible with the perspective on homotopy theory
taken up in the rest of this textbook: this decomposition is an instantiation of the
chromatic fracture square. The top-right node forms the Lr-local component,
the bottom-left forms the L;—local component, and the bottom-right is the gluing
data: the Zl—localization of the Zg—local component.

The supersingular locus

Our task in this section is to define O* on /T/(E‘fl, the infinitesimal neighborhood
of the supersingular part of the topological enrichment in the larger moduli,
and it suffices to specify its behavior on formal étale affines. Since the moduli
is itself O—dimensional, these are exactly the affine covers of the deformation
spaces of the individual supersingular curves in the larger moduli Mey. The

following arithmetic result gives us a crucial reduction:

Theorem A.3.6 (Serre-Tate [Del81) Appendix 11) The map Men — Mpaiv(2)
is formally étale, where Mpaiv(2) is the moduli of p—divisible groups of height

23] O

Lemma A.3.7 The deformation theory of a connected p—divisible group of
height d as a p—divisible group is isomorphic to the deformation theory of the
associated formal group of height d as a formal group. O

This reduces us to finding a topological enrichment for (Mgg)2, i.e., a version
of Morava E—theory. A very extravagant application of the resolution tools for
E,—ring spectra yields the following theorem, essentially owing to the very nice
(i.e., formally smooth) deformation space and very nice (i.e., formally smooth)
space of operations:

22 Tn general, the Serre-Tate theorem states that M;lb — Mpdiv(2d) is formally étale.
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Theorem A.3.8 (Goerss—Hopkins—Miller [GHO04, Corollary 7.6-7]) Let T be
a finite height formal group over a perfect field. The moduli of topological
enrichments of (Mgg)f: is homotopy equivalent to B AutT'. An element y of m
of this moduli based at a specific realization Er gives a cohomology operation
WY Er — Er whose behavior on CP;;’F is to induce the automorphismy. O

Now we use the reduction above to extract from this a topological enrichment
of Mg: the enrichment sheaf arises as the pullback of the Goerss—-Hopkins—
Miller sheaf along the Serre—Tate map

T f.é. =
My = | [Mane = | | M@)oy & | [ M)
s.s. C s.s. C s.s. C
Remark A.3.9 This buys more than just a bouquet of Morava E—theories, or
even the global sections

ss [(Agss) — h AutC
0" (Mz)= [] Bk

supersingular C

For instance, the moduli M), (N) of supersingular elliptic curves C equipped
with a level-N structureFEI forms an étale cover of My, whenever p N, and
hence this sheaf produces a spectrum TMF(N)* = O*(Mg(N)) satisfying
(TMF(N)SS)hGLz(Z/N) ~ TMF*S.

The ordinary locus

We now turn to the ordinary locus, which constitutes the bulk of the problem:
remember that the supersingular locus was essentially discrete, and we are
setting out to construct a sheaf, which means that we will be manufacturing a
lot of spectra. The main tool for analyzing this situation is a specialization of
the obstruction theory of Goerss—Hopkins—Miller. First, note that completed
p—adic K-homology (i.e., continuous Morava E—theory for @m) carries an
action by Aut Gy, and using the results of Appendix this extends to an
action by End Gm using the p power operation. In turn, the completed p-adic
K-homology of an E, ring spectrum carries an action by End Gy, which is
sometimes referred to as the structure of a 6—algebra. To be more explicit:

Theorem A.3.10 ([McC83l]) The homotopy of a K(1)-local commutative
K,—algebra spectrum R, such as Li(K,, A E), carries an extra family of ring

23 A level-N structure is a specified isomorphism C[N] = (Z/N)*?, i.e., a choice of basis for the
N—torsion.
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operations W* indexed on k € Zp, as well as a ring map H,FEI such that

yl(x) = x, YR Wr x) = ¥ (x),
YP(x) = xP + pé(x), wr () -k (x) = * T (). o

Goerss—Hopkins—Miller obstruction theory reverses this information flow by
seeking answers to the questions:

e Given a f—algebra A, what is the moduli of E.-rings whose completed
p—adic K—homology is isomorphic to A, called a realization of A?E]

e Givenamap f: A — B of 6—algebras, as well as specified realizations R and
S of A and B respectively, what is the moduli of maps R — S of E.—rings
which realize to f?

Theorem A.3.11 (Goerss—Hopkins, K(1)-locally) Given a map of 6—algebras
f: A, — B,, the following André—Quillen cohomology groups (internal to
0—algebras) measure various obstructions:

moduli problem existence uniqueness

a model E for A HP (AL Q72A)  HPHALQ7'AL)
amap E — F of models ngz(A*, Qs71B,) HgZI(A*, QB,).

Finally, given such amap f, there is a spectral sequence computing the homotopy
groups of the E., mapping space:

Ey' = H)(A..Q7'B.) = n_s_ EoRINGSPECTRA(E, F), f). O

Remark A.3.12 These enhanced André—Quillen cohomology groups can be
computed using a Grothendieck-type spectral sequence, intertwining classical
André—Quillen cohomology groups for commutative rings with the extra task
of checking compatibility with the #—algebra structure. In practice, this means
that if the underlying ring of a #—algebra is especially nice, it is immediately
guaranteed that the relevant obstruction groups vanish.

In order to apply this theorem, we need a guess as to what #—algebra should
correspond to the completed p—adic K—theory of TMF. The discussion in
Remark [3.5.3] Definition [3.5.4] and Remark [3.5.8] provide the foothold we need.
We expect the 6—algebra to appear as the corner in the following pullback square:

X IE,is torsion-free, then the last condition means that 0 is redundant.

25 Note that the homotopy of E itself can be recovered from that of R = L (Kp A E) by taking
fixed points for the Zf, —action, i.e., by an Adams spectral sequence.
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. — SpfW; —— Spf V) —— SpfZ,

A R

e M) s M —— Mg

Defined via these moduli, V/, has a natural structure as a solution to a moduli
problem itself: it parameterizes pairs (C,7: @m 5 6) of ordinary elliptic
curves and markings of their associated formal groups. It also carries a natural
interpretation as a 6—algebra: the interesting operation ¥” acts by

) p

Gmlp] — G —2— Gn,
wp: (C,n: Gm i) 6) — l l" gn(p)
A\
Clp] c 2 cw

Unfortunately, this #—algebra is not nice enough to apply the Goerss—Hopkins—
Miller theorem. In order to fix this, it becomes convenient to work at p > 5
for simplicity, and we then pass to a slightly more rigid moduli: we introduce
a formal (Z/p)-level structure, i.e., an isomorphism Z/p = (5)[p] This
étale (Z/p)*—cover of M;’lrld, known as the first Igusa cover, has the following
exceptional property:

Lemma A.3.13 ([Hid04, Theorem 2.9.4], [Behl4, Lemma 5.2]) Forp > 5,
the moduli Mglrld(p) is affine. O

Corollary A.3.14 Write W for the associated 6—algebra. It has vanishing
Goerss—Hopkins—Miller obstruction groups, hence realizes uniquely to an
ordinary Es—ring spectrum TMF(p)°™, and the action of (Z/p)* on the level
structure enhances to a coherent (Z/p)*—action on TMF(p)°™. O

We define TMF°™, our candidate for I'(Q°%), to be the (Z/p)*—fixed points
of TMF(p)°™, and indeed its p—adic K—theory is V. More than this, it turns
out that the 6—algebra associated to any formal étale affine open of M;’lrld has a
unique realization as an algebra under TMF(p)°™, and maps between such also
lift uniquely. Altogether, this gives us the desired sheaf O°Y—and it shows that
the potential complexity introduced by working with sheaves in an co—category

does not arise in this case.

Remark A.3.15 This approach is also a common strategy: first find a topological

26 This partial rigidification of the formal component of the elliptic curve is related to the
observations of Hopkins on the connection between homology and stacky pullbacks mentioned
in Remark@] [Hop14al Section 3.1], [Rezcl Section 12].
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enrichment of an affine cover of your stack of interest, then descend it to the
stack itself.

Gluing data

The last thing we have to do to construct the pullback square is to manufacture a
map of sheaves

i4i" Oop = ii” ((O‘OP)?\ASE) ’
el

This is rather similar to the construction of O°™ itself: we construct a candidate
map TMF° — (TMF*)°d =: Zl(TMF %) of global sections, and then we use
this to control the map of sheaves using relative Goerss—Hopkins obstruction
theory. The main results that marry algebra to topology are the following two
facts about (TMF*)°™. The first is that (TMF**)°™ counts as an elliptic spectrum:

Lemma A.3.16 There is an elliptic curve C*¢ over an affine Spf((VL)*) such
that (TMF*)° is an elliptic spectrum for this curve.

Remarks on proof This comes down to algebraization: in certain cases in-
volving formal schemes, one can guarantee the existence of extensions of the
following form:

SpfA — X
SpecA ....... EI > Y.

Such a theorem appears here when studying the homotopy ring of LE &> Which
can be calculated to be

noL1Eg = (moEg)[uy' 1),
which is no longer easily viewed as the ring of functions on a formal scheme.
However, if the classifying map Spec moEz — Men is first algebraized, these
operations of localization and completion can be performed on ordinary affine
schemes. This has its own wrinkle: algebraization is hard to understand, for one,
but we are also briefly obligated to replace X = M,y by a certain compactified
moduli Y = M,y of cubic curves with nodal singularities allowed. O

This specification of a map Spf((V2)®) — M.y gives two candidates for a
f—algebra structure on the p—adic K—theory of TMF**: there is the 6—algebra
structure coming from transfer of structure along the map of schemes, and
there is the 6—algebra structure coming from the shear fact that (TMF**)°™ is an
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E—ring spectrum, and hence topology simply imbues it with such algebraic
structure.

Theorem A.3.17 The natural 6—algebra structure on Spf((VL)*) induced
by the map Spf((VL)®) — Spf VA agrees with the Goerss—Hopkins—Miller
O—algebra structure on K,(TMF®*). |

This is to be read as a recognition theorem for the 6—algebra structure on the
topological object (TMF**)°™: it matches the algebraic model. Once this is
established, the Goerss—Hopkins—Miller obstructions can be shown to vanish
after introducing a suitable level structure; it follows that the above map lifts
to a (Z/p)*—equivariant map of the E.-rings of the global sections over the
moduli with level structure; this descends to a map of global sections over the
original module after taking (Z/p)*~fixed points; and one finally produces the

map of sheaves by further applications of relative obstruction theory.

Remark A.3.18 Arithmetic fracture is dealt with similarly, but it is far simpler.
Because Q ® TMF has a smooth Q-algebra as its homotopy, the obstructions
governing the version of Goerss—Hopkins—Miller for commutative HQ-algebras
vanish, letting us lift algebraic results into homotopy theory wholesale.

Variations on these results

Remark A.3.19  Atthe prime 3, the proof of Igusa’s theorem needs amplification,
but the statement remains the same and the rest of the story goes through
smoothly.

Remark A.3.20 At the prime 2, two further things go wrong: one must pass to
the Igusa cover Mgﬁd(4) before it becomes affine, but then the Galois group of
this cover is C,, which has infinite cohomological dimension at 2. Appealing to
the equivalence KO = KU"2, one works with 2—adic real K—theory instead,
which somehow pre-computes the Galois action.

Remark A.3.21 ((Hop14b], [Lau04]) There is another way to construct 7MF°
at low primes, given by a complex consisting of two E, cells attached to S.
The way this is done, essentially, is by constructing a complex whose p—adic
K—theory matches the expected value: first it must have the right dimension,
and then the action of 6 must be corrected.

Remark A.3.22 ([Law(09, Section 7]) There is an analogous (and much easier)
picture for the moduli of forms of the multiplicative group: any ordered pair of
puncture points in A! can be used to give P! the unique structure of a group
with identity at oo, and the associated formal group is classified by a map
Mag,, — Mig; there is an equivalence Mg, =~ BC;; and KU forms the global
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sections of a topological enhancement of Spec Z — My, which descends using
the complex-conjugation action to BC; — M.

Remark A.3.23 With some effort, the construction of Oy outlined here
extends to the compactified moduli Maen where Weierstrass curves with nodal
singularities are allowed, i.e., where A is not inverted (as in y? + xy = x>). The
resulting global sections yields a spectrum 7mf, which is not a periodic ring
spectrum. The connective truncation of that spectrum is denoted #mf, and it
arises as the global sections of a topological enrichment of a stack of generalized
cubics, i.e., where cuspidal singularities are also allowed (as in y2 = x3).

Remark A.3.24 ([Stol12]]) A topological enrichment can be thought of as an
enhancement of a classical algebro-geometric object to a spectral (or derived)
one. This opens the door for exploring all sorts of phenomena: for instance, there
is a very interesting manifestation of Serre duality on Mgy in this enhanced
setting, whose exploration is due to Stojanoska.

Descent on homotopy

One of the main upsides of producing a topological enrichment is that it is
naturally equipped with a spectral sequence computing the homotopy of its
global sections, coming from recovering O(N) as the homotopy limit of finer
and finer covers of N.

Lemma A.3.25 For O a topological enrichment of a map N — Mg, there is
a spectral sequence

Ey' = H'(N;m; 0 0) = m_;O(N). .

Lemma A.3.26 This spectral sequence is isomorphic to the MU-Adams
spectral sequence for ON).

Main observation Consider the Cech complex associated to the affine cover
Mweier — M.

We claim that the complex making up the Ej—term of the descent spectral
sequence is isomorphic to the complex making up the Ej—term of the MU-
Adams spectral sequence. To illustrate, we compute the first two terms of each
and compare them.

1. Consider the pullback diagram of stacks



330 Power Operations

(Mg x MEDY)

></V[fgl > Mweier Mweier.trans. —> Mweier
MWeier /
/ Mggl
gp
Migr X Mg Mggl
Mweier — | > Men

Men / /
/ Mggt Mg,
Mfg,

Mfgl

Figure A.1 Two expressions of the same cubical pullback.

SpecA —— Mig
o
My —— Mfg-

This is also the pullback diagram computing Spec MU, TMF'.

2. Now consider the pair of cubes of iterated pullbacks pictured in Figure [A.T]
These compute the pullback of the cube in two different ways, producing an
isomorphism Mweier.trans. = (Mgg X Mﬁgd) X Mgt Mweier-

n.. The general case is similar, but requires stomaching iterated pullbacks in
n—cubes. O

Example A.3.27 We now appeal to basic results about Mgy X Spec Z[1/6] to
compute 7,7 M F|[1/6] using these methodsE] After inverting 2 and 3, we can
use scaling and translation transformations to complete both the cube and the
square, replacing an arbitrary Weierstrass curve with a unique one of the form
y2 = x3 + cax + cg. This exhausts the morphisms in the groupoid Mgy : the map

Spec Z[cs, c6, A"1[1/6] = Men x Spec Z[1/6]

is an equivalence of stacks (cf. Remark[5.5.T). Since the quasicoherent sheaf co-
homology of affines is always amplitude O, this spectral sequence is concentrated
on the 0-line, and we recover

7. TMF[1/6] = Z[c4, cs, A”][1/6].

27 This is admittedly a rather elaborate way of recovering the homotopy of the complex-orientable
ring spectrum TMF[1/6].
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A.4 Orientations by E,, maps

We now recount a more modern take on the story of the o—orientation which
passes directly through the algebra of E.-ring spectra. Though technically
intensive, our reward for grappling with this will be the modularity of the
String—orientation, enriching Corollary to the real setting. Luckily, most
of the basic ideas are classically familiar, centering on a particular functor

gl EoRINGSPECTRA — SPECTRA.

This functor derives its name from two compatible sources: for one, its underlying
infinite loopspace is the construction GL; described in Lecture([I.T} and secondly,
it participates in an adjunction

RO

_—

CONNECTIVESPECTRA ERINGSPECTRA

gh
analogous to the adjunction between the group of units and the group-ring
constructions in classical algebra. Its relevance to us is its participation in
the theory of highly structured Thom spectra. Let j: g — g/;S be a map of
connective spectra, begetting a map J: G — GL;S of infinite loopspaces,
where we have written G = Q%g.

Lemma A.4.1 (JABG'14, Section 4], [May77, Section IV.2]) The Thom
spectrum of the map BJ is presented by the pushout of Eoo—ringsPE]

IRGLS 22 320%gl S /g

l -

S MG.

]

Corollary A.4.2 (JABG* 14, Section 4], [May77} Section IV.3]) There is a
natural equivalence between the space of null-homotopies of the composite

i [
gL glis 25 ol R

and the space of E«—ring maps MG — R, where MG is the Thom spectrum of
the stable spherical bundle classified by J.

Proof Applying the mapping space functor ERINGSPECTRA(—, R) to the
pushout diagram in the Lemma, we have a pullback diagram of mapping spaces:

28 This is a kind of “twisted group-ring” construction.
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E«RINGSPECTRA(X’GL; S, R) «—— ERINGSPECTRA(Z’Q%gl;S/g, R)

T : T

ERINGSPECTRA(S, R) ERINGSPECTRA(MG, R).

We can reidentify each of the three terms to get

SpectrA(gl;S, g/ R) «—— SpecTrA(gl;S/g, gl R)

T -]

{glinr} «——— ERINGSPECTRA(MG, R),

hence ERINGSPECTRA(M G, R) appears as the fiber at g/;ng of the restriction
map, which coincides with the space of nullhomotopies as claimed. O

Corollary A.4.3 ([AHR], Section 2.3]) There exist E., maps M j — R if and
only if glingr o j is null-homotopic. If this is the case, then the set

ERINGSPECTRA(M j, R)
is a torsor for [Z£g, gl R]. O

Ando, Hopkins, and Rezk have used this presentation to understand the
mapping space Ec,RINGSPECTRA(M String, tmf). In this Lecture, we will use
this same technology to understand the mapping space

ERINGSPECTRA(M Spin, KO p)),

which proceeds along entirely similar lines but is a considerably simpler
computationrzz] The approach to this computation is to mix the presentation
above with chromatic fracture applied to the target:

/\
MSpin - > KOp) —— KO,

N R

Q® KO —— Q®KO,.

So, we seek a pair of E.,—ring maps into the rationalization and the p—completion
of KO which agree on the p—local adeles, which involves understanding not just
the mapping spaces but also the pushforward maps between them.

2 Ando, Hopkins, and Rezk also do EwRINGSPECTRA(M Spin, KO) as a warm-up computa-
tion [AHRI Section 7], and we are further p—localizing that result so as not to have to think about
arithmetic fracture. Working arithmetically globally should be an easy exercise for the reader.
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Rational orientations
We begin with the two rational nodes in the pullback diagram. As a first
approximation to our goal, consider the problem of giving a complex orientation
MU — Q ® R of arational ring spectrum Q ® R. There is an automatic such
orientation granted by

| ><1
S —— HQ

constructed out of the unit map S — MU, the unit map S — Q ® R, the ratio-
nalization map S — Q® S = HQ, and the standard additive orientation MU —
HQ of an Eilenberg—Mac Lane spectrum. When ERINGSPECTRA(M U, T) is
nonempty, it is a torsor for [bu, gl,T], and since we have a preferred orientation
D we thus have isomorphisms

M0 ERINGSPECTRA(MU, Q ® R) «— [bu, gl,Q ® R]

I

— [bu,Q® gl R]
— [Q®bu,Q® gl R],

113

the last of which is specified by a sequence of rational numbers (f,; )x>1. The
role played by the sequence (#y) is to perturb the Thom class.

Lemma A.4.4 (JAHR!| Proposition 3.12]) Write x for the Thom class of L
on CP%® in (Q ® R)—cohomology as furnished by the automatic orientation
D. The Thom class associated to some other orientation of Q ® R is tracked
by a difference series x [expp(x), and the sequence (1) above is expressed by

x/expp(x) = exp(Xg fi/k! - x*).

Proof sketch  Let vk: §%* — BU be the k™ power of the class £, so that it
comes from a restriction

"k
§% s (cPoy £ Bu.

The Thom class for this bundle comes from the top Chern class, which is the
top coeflicient in the product of total Chern classes applied to the individual
bundles. Following the usual formulas shows the map v* to behave on homotopy
by multiplication by (—1)¥#. O

Now we move away from M U. There are three directions for generalization:
connective orientations, real orientations, and non-complex targets.
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1. Therational analysis of Ando—Hopkins—Strickland identifies [BU (2k), Q®R]
with k—variate symmetric multiplicative 2—cocycles over R, every one of
which arises as 6! repeatedly applied to a univariate series. In homotopy
theoretic terms, this means that every MU(2k)—orientation of a rational
spectrum factors through an M U-orientation.

2. The cofiber sequence kO — kU — X?kO splits rationally, using the
idempotents &TX on kU. Accordingly, M U-orientations of rational spectra
that factor through M SO-orientations have an invariance property under
x: —[-1](x) = x, corresponding to the idempotent factor +. This pattern
continues for the characteristic series of connective orientations.

3. This same cofiber sequence and idempotent splitting also tells us that rational
KU-cohomology classes in the image of KO—cohomology are y—invariant,
i.e., they belong to the — factor.

Our main example is the usual orientation MU — KU that selects the
formal group law x + y — xy. This is associated to the difference Thom class
x/(e¥—=1)=x/ expg, (x). To make this difference [—1]-invariant (and hence
give a complex-orientation of KO), we use the averaged exponential class
(/2 —1)—(e¥? - l)In turn, we use the Lemma to calculate the behavior
on homotopy of the associated orientation@

00

X By xk
ex/Z _e—x/2 = exp _Z 7 ’ F
k=2
Finally, we calculate the effect of the orientation on the second half of the
factorization

MSU — MSpin — KO,

again using the relevant idempotent, which has the effect of halving the coeffi-
cients in the characteristic series: —%
This accounts for both of the mapping sets

ERINGSPECTRA(M Spin, Q ® KO), ERINGSPECTRA(M Spin, Q ® KO,).

The set of rational characteristic series includes into the set of adelic characteristic
series as the subset with rational coefficients.

30 Incidentally, this is equal to 2 sinh(x/2).

31 This comes out of applying d log to the fraction.

32 While we’re here, you might want to observe that elements in [bu, gl1R] push forward to
elements in [bu, g/{Q ® R] which do not disturb the denominators of the elements ;. (On the
other hand, the “Miller invariant” associated to a rational ring spectrum is zero, because arbitrary
elements in [bu, g/;Q ® R] can completely destroy the denominators.)
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Finite place orientations
We want to understand ERINGSPECTRA(M Spin, KO,) and the map

ERINGSPECTRA(M Spin, KOp) — ERINGSPECTRA(M Spin,Q ® KO),).
Here is the initial set-up:
spin —j—-> gl;S ——— Cj
~N
ghiko A l
N
gll KOP .
We are looking to understand the space of filler diagrams A (i.e., vertical maps

with choice of homotopy of the precomposite to g/;nko,,)- Notice first that there
is a natural cofiber sequence to be placed on the bottom row:

spin —j— gliS ——> Cj

~N
\ l dinkop A l
~

*-'Q/z® gl,KO, ~ gl,KO, > Q®gl,KO, > Q/Z® g,KO,.

There is a canonical red vertical lift of g/,nk o, since g/;S is a torsion spectrum,
and this precomposes with j to give another vertical map. Notice now that
selecting a filler triangle A gives a commuting square with choice of homotopy
and that [g/;S,Q ® g/ KO, ] = 0, and hence we would get a natural map (and
natural homotopy) off of the homotopy cofibers:

spin —j—> gl;S Cj bspin bgl,S

~ | :
\ l ginkop A B C \ l
~ ¥ v

Z_IQ/Z®g11K0p -> gllKOP -> Q®gl1K0[7 -> Q/Z@gllKOp,

where C is a map making the triangle it belongs to commute. This all gives a
function assigning A to B and A to C (and, in fact, the latter assignment factors
through the former).

In order to show nonconstructively that the set of As is nonempty, we might try
to discern that glynko,, ©j € [spin, gl, KO, ]is zero by demonstrating something
about the mapping set [spin, gl; KO, ] itself. We proceed by a sequence of quite
improbable steps, beginning with the following Theorem original to Ando—
Hopkins—Rezk:

Theorem A.4.5 ([AHR|, Theorem 4.11]) Let R be a E(d)-local E—ring
spectrum, and set F to be the fiber

F — gl R — LagliR,
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known as the discrepency spectrum. Then n.F is torsion and F satisfies the
coconnectivity condition F ~ F(—oo, d]. O

It follows that gl KO, — L1gl;KO), is a 1-connected map, and hence
[spin, gl KO,] = [spin, L1gl; KO, ].

In fact, we can even pass to the K(1)-localization, if we digress for a moment to
introduce Rezk’s logarithmic cohomology operation.

Lemma A .4.6 ([KuhO8| Theorem 1.1]) For each d > 1, the Bousfield—Kuhn
Sunctor is a functor ®4: SPACES,; — SPECTRA which commutes with finite
limits, is insensitive to upward truncation, and which evaluates on infinite

loopspaces to give ®4(Q*X) = LaX . O
Definition A.4.7 ([Rez06| Section 3]) The natural equivalence

(GL1R)[1, e0) — (Q¥R)[1, 00)
gives rise to a map ¢ as in the diagram

®y(GLiR)[1, 0) —— D4(Q%R)[1, c0)

/“H [d

gl,R =/ Lgl|R = L4R.

Remark A.4.8 Applying the logarithm to the corners in the height 1 chromatic
fracture square yields the following identification:

Ligl,R LiR
/ - 4 -
~
-
LoR LoLiR
143 - Loty 7
~ ~
Z()gllR Z()ZlgllR.

33 Importantly, ®4 does not care about the actual infinite loopspace structure on QX just that it
has some lift to a spectrum X.

34 There is also a version of this theorem for d = 0, but since rational localization has no periodic
behavior the results as not nearly as striking.
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The front and back faces are connected by logarithms of different heights—or,
equivalently, the bottom horizontal arrow of the back face is twisted from the
usual chromatic fracture presentation of L R. The identification of this map is
the usual sticking point in this approach.

Theorem A.4.9 ([Rez06, Theorem 1.9]) For R a K(1)-local Ex,—ring with
R torsion—free, the map moly: moR* — moR is given by the formulaE]

f(x) = - log( ) i (e(x)). O

Corollary A.4.10 The natural map L1gl, KO, — ngllKO,, is a connective
equivalence.

Proof We specialize the above square to R = KO),:

KO,
/7
4
/
4
LoKOp[4, ) LyKO,
7 7
f() []
- _ ~
LOgllKOp LOngllKOP-

The behavior of the back horizontal map is determined by Rezk’s formula for
the logarithm. It acts by some nonzero number in every positive degree, hence
the fiber has the form ng_m T4*-1HQ. Since the front face is a fiber square,
this is also a calculation of the fiber of the map in the Lemma statement

As a consequence, we have identifications
glinko, °© j € [spin, gl KO, = [spin, L1gl,KO)] = [spin,zlgllKOP].

A direct application of the Rezk logarithm replaces L gl KO, with KO, and
the K(1)-localization of spin recovers 'K O,. Altogether, this identifies

1771<o,,

spm—> gl]S — gl KO,

35 The analogue of this formula for Er (but not an arbitrary K(d)-local Ee—ring spectrum) is
given in [Rez06, Subsection 1.10].
36 As a corollary of this same method, the Rezk logarithm for R = KU JQ gives an equivalence

gh K U,§[3, o) — KUJ}|[3, ). This was previously known by nonconstructive methods to
Adams and Priddy JAP76| Corollary 1.4].
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with a point in the mapping set [Z ! KOp, KOp]—and we mark this as a point
where we would like to understand the space of KOp,—operations.

We claim also that the kernel of the assignment A — C is easy to understand:
two fillers A are related by an element of [bspin, gl; KO, ], and their correspond-
ing Cs are related by the corresponding element of [bspin, Q® gl; KO,,]. This set
is rational, hence factors through the rationalization of [bspin, gl; KO ] where
it must already be null, and hence it is a torsion element of [bspin, g/ KO,].
Meanwhile, the same argument as above identifies

[bspin, g, KO,] = [KO,, KOp],

which we mark as a second point where we would like to understand the space of
KOp—operations. In particular, if we were to find the group of degree-preserving
KOp—operations to be torsion-free, then the assignment A — C would be
injective.

We would like to understand the behavior of C on homotopy based on some
data about A. This serves two purposes: there is the necessary condition that the
triangle formed by C and the canonical map bspin — Q/Z ® gl; KO,, commute,
and then also the composite

bspin <> Q ® gl, KO, — (gl,(Q ® KO,))[1, )

describes the map into the adelic component. In order to gain access to C, first
notice that we can postcompose B with the localization map off of g/, KO), as
in Figure This gives anew map B’: KO, — KOp,—a third reason to
understand K O,—operations.

We are now in a position to compute the action of C on a homotopy class in
m.bspin by chasing through the following steps:

1. We push such a class forward to L bspin ~ KO, along the localization map.

2. We then pull it back to Zle ~ KO, along KO,, AN KO, which acts by
multiplication by (1 — ¢*) on 4.

3. We push it down along B’ to ZlgllKOp ~ KO,,, which acts by an unknown
factor.

4. We include it into the rational component of Q ® L gl KOy, using the fact
that 7L, gl,K 0, is torsion—free.

5. Finally, we pull it back to Q ® gl; KO, along the logarithm £;, which acts by
multiplication by (1 — p*~1) using Rezk’s K(1)-local formula@

37 Importantly, and differently from what every source says, this isn’t a map of cofiber sequences
and so there is no commuting map with signature Zl bspin - Q ® Zl gl KOp.

38 The formula for the logarithm in nonzero degrees comes from thinking of the logarithm as a
natural transformation and applying it to the mapping set £: gl; KO%(S?") — KO%(S?™).
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The effect of this sequence of steps is
tye = (1= M) " bgr(1 = p* 17,

where t4;, and b4y, are the effects on 74 of the maps C and B’ respectively. In
the course of this proof, we are using the fact that division in the ring Z,, is
unique when it is possible—the more responsible-looking equation to write is

by = (1= Mg (1 = p*h.

Now, finally, the diagonal map bspin — Q/Z ® gl; KO,, becomes relevant. To
check the commutativity of the triangle with C, we need only compare the results
of the composite on homotopy since the map C targets a rational spectrum and
hence is determined its effect on homotopy. The following invariance property
makes this map accessible:

Theorem A.4.11 ([AHR| Proposition 3.15 and Corollary 3.16]) For any Acx—
orientation ¢: MU — R of an Aw—ring spectrum R, the denominators of the
characteristic series associated to Q ® ¢ compute the behavior of the map
m.BU — Q/Z® GL|R. O

Corollary A.4.12 The numbers ty describing the effect of C satisfy the
congruences

_ Bk
T4k = 2% (mod Z).

Proof sketch  'The Todd orientation MU — KU is known to be A, [EKMMO97|
Theorem V.4.1], and the characteristic series of the Todd orientation has
coefficients By. The extra division by 2 is picked up by studying the map
m.BSU — m,.BSpin and the map n.KO — m,.KU. O

We have thus identified the legal fillers C as those sequences of rational
numbers #4; satisfying conditions:

1. t4% has the correct denominators: for k > 1, t4x = —Bi/(2k) (mod Z).
2. by is the effect on homotopy of some map B’: KO, — KO,,.

Stable KO operations

‘We have identified three points where we want to understand the collection of
stable KO, operations (which we will abbreviate to KO, since in this subsection
we are concerned only with the p—adic case). Although much of the main text
of this book has been concerned with this sort of subject, this does not appear
to be so immediately accessible: we want operations rather than cooperations,
and KO is not a complex-orientable ring spectrum. It is close to one, though,
and we gain access to it through familiar approximation.



Power Operations

340

Juown3ie yzoy—surjdog—opuy 2y jo 1red Arewrid—d oy jo sjuouodwod urews Yy JUOWE SUOIIOAUUOIIANUT AY) SUIMOYS WRISRIP ¥ 7'V 31

OB Z/0 — W0Y'BOD «—— Y18 — 0y'18®7/0,%

\ A

s'18q

N

QQM_NMJN@@ A|U QQM—NMMN g d\RQMt:M
A /
udsq ” [4s) 118 «— r— uids
\ A \ »\
udsq'q [0V] 51817
‘o3 - 0y «——— 51



A.4 Orientations by E., maps 341

The easy initial calculation is the continuous p—adic K-homology KV K can
be computed to be KVK = Spaces(Z5, Zp), the ring of Z,—valued function
on Zf, which are continuous for the adic topologies on the domain and the target.
This comes out of the stable cooperations of Landweber flat homology theories
discussed in Definition [3.5.4] where we showed that Er has cooperations given
by the ring of functions on the pro-étale group scheme AutI". For I" = @m, this
group scheme Aut @m is constant at Z, so that KV K is the ring of Z,—valued
functions on Z;. Turning to cohomology, it follows by the universal coefficient
spectral sequence that KK = Groups(SpacEs(ZY, Zp),Z,) and that K 'K =0.
These correspondences behave as follows:

1. The Kronecker pairing
S kak M kak Sk
is computed by the evaulation pairing
(c e K'K, f € K°K) — f(c).

2. The stable operation i attached to [1] € Aut @m is evaluation at A.

3. The stable cooperation v* A vk € myK A K corresponds to the polynomial
function x > x*, as justified by the computation
gk ARk

eva (v AvE) 2 — = Ak

1% Vv

These last two facts mean that the behavior of a stable operation on homotopy is
identical information to the values of a functional f on the standard polynomial
functions x*. We record this algebraic model as follows:

Lemma A.4.13 Forany N > 0, the assignment

F k
Grours(Seaces(Z, Z,), Zp) - ] 2,
k>N
is injective. A sequence (xy) is said to be a Kiimmer sequence when it lies in
this imageff] "

Remark A.4.14 An interesting feature of the Lemma is the auxiliary index N,
which is not part of the property of being Kiimmer. In p—adic geometry, this is
reflected by the p—adic convergence of the sequence

¥y —00
d+(p-1)p" — d,
39 Functions, not homomorphisms!

40 A bit more explicitly: (x) is Kiimmer when for all h(x) = YhoN Ak xk e Q[x] we have
SrLn AKXk €Zp.
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and hence the continuous reconstruction property
Xg = rh—>Holo Xd+(p-1)p” -
In homotopy theory, this is reflected by the reconstruction property
K AK[2k,00) ~ K AK.

Remark A.4.15 With this computation in hand, the spectrum of p-local
cooperations KU,) A KU(;) can be recovered from arithmetic fracture, as can
the global operations KU A KU. The answer is quite similar: mKU A KU is
populated by rational polynomials which evaluate to integers on all integer
inputs, called numerical polynomials.

We now pass from KU to KO. To begin, use the Tate trick

K AKO =K A (K") (KO is a homotopy fixed point spectrum)
=~ K A (Knc,) (Tate objects vanish K(1)-locally)
=~ (K A K)nc, (homotopy colimits pull past smash products)
~ (K A K)'C, (Tate objects vanish K(1)-locally)

so that moK A KO = SPACES(Z; /Ca,Z,,). Taking fixed points again, we then
also have 1. KO A KO = SPACES(Z;/Cz, KO.), and KO*KO is the KO,~linear
dual. From this we gain the computations

[£'K0,K0] =0,  [KO,KO] = Groups(Spaces(Zys/Ca, Zp), Zp)

We additionally see that [KO, KO] torsion-free, which altogether accounts for
all of our outstanding claims.

Mazur’s construction of Kubota-Leopoldt p—adic L-functions
Having learned enough about K O-operations to justify the program enacted in
the previous subsections, we now need to show that there exist sequences of
p-adic integers satisfying those criteria.

Theorem A.4.16 (Mazur) For any auxiliary ¢ € Z;, there is a functional f,
satisfyingmlzz]

fe@=h) = =20 = - ),

> ,/id @dt.

0<i<p
pti

41

Explicitly, f.(h) = / h(x)due = lim L
Z;(, r—00 p"

It also satisfies the normalizing property fzx duce = I% log(cP~h).
P
42 With considerable effort, this output can be halved [AHR! Section 10.3].
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This Theorem is stated in exactly the generality it was originally proven, and so
you might wonder why Mazur had already proven exactly what we needed. To
understand his program, recall these two facts about ¢:

1. Except for a real Euler factor, ¢ is basically the Mellin transform of the
measure % (i.e., its sequence of moments):

_L ® s—1 dx
m)_r(s)/o YT

2. Forany k € Zo, {(1 — k) = =By /k, where 75 = Y77, Bk%.

Mazur’s idea was to build a p—adic {—function by investigating similar p—adic
integrals, beginning with certain finitary approximations to this one. To begin, a
Bernoulli polynomial for k € Z¢ is

o ik retx

> Bi(x) 1 = .
! r_

= k! e -1

These polynomials beget Bernoulli distributions according to the rule

Ey
Z/p"Z — QcQp
x €[0,p") - k7 p" DB (xp™).

A distribution in general is a function on Z,, such that its value at any node
in the p—adic tree is equal to the sum of the values of its immediate children,
and the p—adic integral of a locally constant function with respect to such a
distribution is defined by their convolution. For example, the constant function
1 factors through Z/p, hence

non-obvious

185 (a\ Bu0) B
dE = — > B [2) = = 2k
/z,, * k;) k(p) ko k

However, this distribution is not a measure, in the sense that it is not bounded
and hence does not extend to a functional on all continuous functions (rather
than just locally constant ones). The standard fix for this is called regularization:
pick ¢ € Z with p { ¢, and set Ey .(x) = Ex(x) — ¢*Ex(c™'x). This is a measure,
and for £ > 1 it has total volume given by

B
/ dEy . = / dE; — ck/ dEx(c'x) = —k(l - M.
z z z k

P P P

These measures interrelate: Ey . = x1E 1,c- and hence the single measure
E; . has all of these values as moments. We would like to perform p-—adic
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interpolation in k to remove the restriction k > 1, but this is not naively possible:
if k = 0, say, then we naively have Eqy . = x’lELC, which will not make sense
whenever x € pZ,,. This is most easily solved by restricting x to lie in Z, which
has a predictable effect for k € Z-¢:

/ xk_ldEl’CZ/ xk_ldEl’c—/ xk_ldEl’c
Z Z PZ

X
P r P

/xk_ldELc—pk_l/ xk_ldEl,c
z z

P P

By k k-1
(== ph,

Hence, the Mellin transform of the measure dEj . on ZIX, gives a sort of p—adic
interpolation of the {—function.

It also has exactly the properties we need to guarantee the existence of an
E—orientation M Spin — KO. It is remarkable that the three factors in

B
/ HE . = 2R (1= Ry - o)
s k

have discernable provenances in the two fields. In stable homotopy theory these
arise respectively in the characteristic series of the orientation MU — KU, in the
finite Adams resolution for the K(1)-local sphere, and in the Rezk logarithm. In
p—adic analytic number theory, they arise as the special values of the {—function,
the regularization to make it a measure, and the restriction to perform p—adic
interpolation. It is completely mysterious how or if these operations correspond.

Footnotes on the tmf case
The case of the orientation M String — tmf has all of the same trappings, but its
order of complexity is (=)3/? of the above case, essentially because the height
1 chromatic fracture square gets replaced by the height 2 chromatic fracture
cube. (There is also the issue of the more complicated coefficient ring tmf, over
KO..) Many of the steps remain the same:

1. Begin with a rational orientation, which is basically the Witten genus valued
in holomorphic expansions of modular forms.

2. Analyze the homotopy type of L tmf and compare it to that of KO. This lets
us use another universal coefficient theorem to lift our description of KO*KO
as KO*—valued measures to (Zl tmf)*KO as thmf*—valued measures.

3. The homotopy type of Zztmf is “naively irrelevant” in the chromatic fracture
square: maps bSpin — Zztmf factor through ZzbSpin =K O, =0.
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4. However, the logarithm’s presence in the chromatic fracture square
thmf — leztmf

has a real effect that must be understood. This is not easy: the height 2
logarithm is not so accessible, so this requires a real understanding of power
operations in tmf.

5. You also have to calculate the Miller invariant associated to tmf. In the
case of E,RINGSPECTRA(M Spin, KO), one uses the A,—orientation MU —
KU, as well as a rational understanding of the maps n.BU — n.BO and
m.KO — m.KU, and one must replace each of these ingredients with tmf
analogues. The main point is that there are very few modular forms whose
constant term is a given Bernoulli number. There is an alternative approach,
along the lines of Miller’s original calculation [Mil82]], that takes as input a
calculation of a certain S'—transfer["]

6. Finally, you have to ramp up the algebraic part of the calculation by identifying
the analogues of the Mazur moments in n*zltmf . These turn out to be
normalized Eisenstein series.

43 There is, supposedly, a further alternative approach that uses an He—orientation and tricks with
the Bousfield—Kuhn functor to determine the Miller invariant, but I am unable to reconstruct this
argument.






Appendix B
Loose Ends

Thus ends our technical discussion of the interaction of algebraic geometry
and algebraic topology. Before closing the volume entirely, we include a brief
account of the historical context of these results, in the senses of adjacent
mathematics, mathematical history, and future directions as yet unexplored.

B.1 Historical retrospective (Michael Hopkins)

I’ve been asked to describe what I remember about the genesis of the o—
orientation and related matters. I’ll do my best, with the caveat that my collabo-
rators may have different memories, and if they do, theirs are just as right as
mine.

The story starts around the fall of 1989. I had spent a good deal of time in the
late 1980s thinking about elliptic cohomology and not really getting anywhere,
and I wanted to just think about homotopy theory for a while. At the time Haynes
Miller and I, inspired by work of Andy Baker and Jim McClure, had shown that
the space of A, automorphisms of the Morava E—theory spectrum associated
with the universal defomormation of a height d formal group law over Fp was
homotopy discrete and equivalent to the semidirect product of the Morava
stabilizer group and the Galois group of Fp /E,. In fact Haynes and I worked out
this proof at a reception for new faculty, in the very first conversation we had
when I arrived at MIT in September 1989. The reason for wanting this action
was to construct the spectrum EO4 = E ZH associated to a finite subgroup H of
the Morava stabilizer. At the time that just seemed like a cool thing to do, but
in retrospect the possibility of doing so must have been inspired by Ravenel’s
paper [Rav78a]. This led to the project of computing as many of the homotopy
groups of EOy as one could. The first interesting examples were for d = (p — 1),
which is the smallest value of d for which there is an element of order p in

347
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the stabilizer group. This was the case Ravenel pointed to in [Rav78al and it
had immediate applications to the non-existence of Smith-Toda complexes. The
next case after that was the binary tetrahedral group in the height two stabilizer
group at p = 2.

Back in those days I drove an Alfa Romeo Spyder, and at some point it needed
a new head gasket. I had dropped the car off at small local shop, and when I
went to pick it up the next day the mechanic told me he hadn’t been able to get
to it. I asked how long it would be, and he told me four hours. Conveniently, I
was in that wonderful state of being obsessed with a math problem, so I just
shrugged my shoulders and said that was cool, I’d wait. (Also, conveniently,
this was before cell phones and the distractions of the internet.) I pulled out
a pencil and paper, and I managed in that time to get a formula for the action
of the group on the ring of functions and compute the cohomology. I also had
a method for getting the first differential, and after writing it down I realized
it formally implied all the other differentials. When I got home I wrote—by
hand—a postscript file for a picture of the whole spectral sequence.

It happened that Mahowald made a visit to MIT shortly after that and I
showed him the computation. He immediately recognized it and told me he
had published a paper with Don Davis proving that such a spectrum could not
exist. He also said he had never fully believed the proof but never could find
anything wrong with it. I still don’t know how he recognized the computation.
What I had drawn was what we now think of as the Adams—Novikov spectral
sequence for the K(2)-localization of rmf, and what Mahowald had related it
to was a spectrum whose cohomology is A* [ A(2)*. Technically there wasn’t
quite a contradiction. However we soon convinced ourselves this spectrum
EO, probably did imply the existence of a spectrum whose cohomology is
A*JA(2)*, and that the Davis—Mahowald argument probably applied to EO;
as well. We both worked pretty hard trying to find the resolution. I was worried
about something foundational in the theory of A ring spectra and devoted a lot
of time to that, and Mahowald perused his argument with Davis. Mark and I
went through the Davis—Mahowald argument very, very carefully. It involved
an long series of incredibly dexterous moves, and I think I learned more about
how homotopy groups work in checking that argument than from any other
experience—but we couldn’t find a mistake. On April Fool’s day Mark found
the error: his paper with Davis was completely fine, and the error was in the
accepted computations of the homotopy groups of spheres. Though I don’t recall
if this was 1990 or 1991, the day has stayed with me. Adams hadn’t been gone
long and it was his tradition to give a lecture every April Fool’s day proving two
contradictory statements, and challenge the audience to find a mistake. Mark
and I felt he had given us one last private April Fool’s lecture.
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Davis and Mahowald had really wanted to have a spectrum whose co-
homology is A*JA(2)*, and without it they had made do with the Thom
spectrum M O[8, o0) associated to the 7—connected cover BO[8, ). Bahri and
Mahowald [BM80] had shown that there was an isomorphism of ‘A-modules

HF(MO[8, ) ~ A* JA2) & M

in which M is 15—connected. This situation was meant to be an analogue of the
situation with Spin cobordism (with cohomology A* J/A(1)* & N for some 7—
connected N) and connected K—theory kO (with cohomology A* JA(1)*). This
made it natural to construct a non-periodic version eo, of EO, with cohomology
A* JA(2)*. Mahowald and I succeeded in doing so at the Mittag-Lefler institute
in the fall of 1993. It also made it natural to look for an “orientation”

MO[8, ) — eo;

analogous to the Atiyah—Bott—Shapiro orientation M Spin — kO. At the time
there was no known method of construction of the Atiyah—Bott—Shapiro orien-
tation that did not rely on the interpretation of KO—theory in terms of vector
bundles, so this seemed to be a tricky problem. I conceived of a two-stage
program for doing this: the first step was to produce a map MO[8, c0) — E»
invariant up to homotopy under the action of the binary tetrahedral group, and
the second step was to rigidify everything in sight by requiring all of the maps
to be Ay or Eu.

When I got back to MIT in the winter of 1994, Matt Ando and Neil Strickland
were around and we got to thinking pretty hard about trying to understand the
E, or A, maps from MO[8, =) to E,. We weren’t getting anywhere when Mark
Hovey told us that computations he and Ravenel and done seemed to indicate
the that there couldn’t be a map of spectra MO8, c0) — E, invariant up to
homotopy under the action of the binary tetrahedral group. This didn’t look
good for the first step of the program, so Matt and Neil and I started thinking
about how one might understand the cohomology of MO[8, =) in terms of
formal groups. We found an answer in terms of cubical structures on formal
groups and realized that there was a canonical map from M O[S, c0) to any
complex oriented cohomology theory E whose formal group was the formal
completion of an elliptic curve [AHSO1]. This led to the picture conjectured
in my 1994 ICM talk [Hop93|| of the #mf sheaf and the relationship between
the conjectured MO[8, o) orientation and the Witten genus. It took a while
but eventually the #mf sheaf was constructed, we found the right way to think
about E, orientations of Thom spectra, and with Charles Rezk were able to
produce the o—orientation as well as the Atiyah-Bott-Shapiro orientation using
homotopy theory. I announced those results at the 2002 ICM [Hop02].
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In the end the homotopy fixed point spectra E Z” turned out to have many
applications, from the non-existence of Smith-Toda complexes, computations in
chromatic homotopy theory at low primes, and even to the Kervaire invariant
problem. However, generalizing the whole package with the orientation (which
after all, was the problem that led to tmf) is still quite a mystery. In the early
1990s Hovey found an ingenious argument showing that for height d > 2 there
can’t be an orientation MO|[d, o) — EZH if H contains a non-trivial element
of order p. What should play the role of an orientation in those cases is pretty
much up for grabs.

B.2 The road ahead

In this section, we discuss various topics (sometimes very sketchily, sometimes
in more detail) which are currently poorly understood but which also are now
coming over the horizon. With any luck, a number of these will be resolved
by the time a second printing of this book becomes a possibility, though many
others will probably take the better part of a century to fully resolve. Accordingly,
this is obviously a rather eclectic collection of loose ends; we have made only
the barest effort to be comprehensive, and we have certainly missed huge
swaths of relevant active research subjects out of preference for the author’s
own interests. While the inclusion of this section may “date” the book as the
problems pass from unresolved to resolved, or as conjectures are confronted by
counterevidence, for pedagogical reasons alone it seems important to name the
kinds of questions that one might pursue using the tools we have built up.

These are sorted very roughly by their order of appearance in the main thread
of the book.

Splitting bordism spectra

Our first major project in this text, which culminated in Lemma[I.5.8] was to
split MO into a wedge of Eilenberg—Mac Lane spectra. This is actually the first
of several similar splittings of bordism spectra, all proven by simila methods:

1. First, one calculates the homology HF,.M X of the bordism spectrum as a
comodule over the dual Steenrod algebra.

2. Then, one shows that the associated sheaf (HF,.MX) " is the pushforward
of a simpler sheaf for some smaller structure group G < M1(@a)~ (This

1 Similar, at least, at some macroscopic scale.
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amounts to understanding the Steenrod subcomodule generated by the unit
class.)

3. Finally, one demonstrates some algebraic structure theorem for sheaves
arising through such pushforwards. These are referred to generally as “Milnor—
Moore-type theorems”.

4. These results then similarly assemble to yield a splitting at the level of
2—complete spectra through Adams spectral sequence methodsE]

For instance, by studying the homology of M SO, one finds that the unit class
in HF,, M SO generates the submodule [Swi0O2, Lemma 20.38]

1-A./(Sq') € HF,,MSO,

and an appropriate generalization of Milnor—Moore then gives a splitting

MSO ~ (\/ x H}Fz) v (\/ L HZ) .
j k
Similarly, the homology of M Spin reveals an inclusion [ABS64, ABP67,|GP84]
1-A.[(Sq',Sq%) C HF,.MSpin,

and a further generalization of Milnor—Moore ultimately produces a splittingE]

\/ koln;, oo)) v (v L HFZ) :
j k

When studying M String, one finds that there is an inclusion

M Spin ~

1-A.J(Sq",Sq% Sq*) € HF,, MString,

but at this point the Adams spectral sequence becomes too intricate to analyze
effectively and no analogous splitting of M String has yet been producedﬂﬁ]

In addition to these splittings, there is also a collection of Landweber-type
results that fall along similar lines:

2 Replacing 2 by p everywhere, one can also produce odd-primary results.
3 However, this time the splitting is not one of ring spectra.

4 See, however, recent work of Laures—Schuster |[LS17].

3 There are also complex analogues of these results:

MU = \/Z"J' BP, MSU=~ (\/ E"J'BP) v

>

Vka BoP
J J k

where Bo P is a certain amalgam of B P and kO described in work of Pengelley [Pen82].
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e Conner and Floyd [CF66] demonstrate the following:
MU.(X) @y, KU, = KU.(X),
MSp,(X) ®sp. KO. > KO.(X).
e Hopkins and Hovey [HH92| Theorem 1] demonstrate the following:
MSpin,(X) @prspin, KO. = KO.(X),
MSpinS(X) ®spine KU, — KUL(X),

where Spin© := Spin Xo(1) U(1) is a certain complex analogue of the Spin

group.
e Ochanine [[Och87al] demonstrates the following non-result:

MSU.(X) ®usu, KO, 5 KO,(X).

In particular, this highlights the importance of the Hopkins—Hovey result
above: although KO also receives an M SU—orientation, this information is
not enough to recover KO by Landweber-type techniques.

e Landweber, Ravenel, and Stong [Lan88| [LRS95] originally constructed a
variant of elliptic cohomology according to the following formula:

1
MSO.(X)®uso, Z [6, 8,8, A A"

/ (26.9(52 . A) —: EII(X).

These spilttings and these flatness isomorphisms—and the absence of a
known splitting in the String case!—are of great interest to a homotopy theorist.
In the more obvious direction, they reveal a great deal about bordism spectra in
terms of well-understood spectra, but less obviously they also promise to let
information flow in the opposite direction. As a thought experiment, imagine
an alternative history where we had never encountered real K—theory, but we
had nonetheless embarked on a study of bordism theories. An intensive study
of Spin—bordism would have led us inexorably toward kO, and once we had
isolated kO from the rest of M Spin we could then attempt to rig a geometric
model for this dramatically simpler spectrum, ultimately leading us to the highly
interesting and rewarding theory of vector bundles [Hov97, pg. 338]. Similarly,
one might hope that a splitting of M String would furnish us with spectra that
themselves stand a high chance of admitting interesting geometric models,
perhaps via as-yet undiscovered geometric constructions. Many of the original
spectra under M String that were considered, like KO and EO,, have both
nonconnected and completed homotopy, and so are unlikely to have direct
geometric interpretation—but these complaints do not apply to tmf. Indeed, to
a large extent, the start of this program (though not the promised geometric
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model) has been realized by the existence of #mf and of the o—orientation: it is
known that the o—orientation produces a split inclusion

A" A" (2) = HF tmf — HF;MString

which is supported on the unit class. Since A* [ A*(2) is an indecomposable
Steenrod module, any splitting of HF,. M String into indecomposable compo-
nents will attach the unit class to a version of #mf E] The idea, then, is to take
this as evidence that rmf wants to admit a geometric model, and we need only
uncover what geometry does the job. In the more restrictive case of Ell, there
actually is a geometric model, as uncovered by Kreck and Stolz [KS93]]. They
produced a geometrically defined integral cohomology theory using symplectic
vector 2-bundles that agrees with the Landweber—Ravenel-Stong functor after
inverting 6. Even ignoring the specific case of tmf, these generic methods
may continue to point the way for geometry associated to the bordism spectra
MOk, o) for still larger values of k. There is a great deal of ongoing work
surrounding this problem, especially in the research programs of Hovey and
Laures.

Even if KO and L,TMF appear un-geometric, they appear to belong to the
beginning of a recognizable pattern: KO) = E'® and Lyimf = EMM both arise
as fixed point spectra for maximal finite subgroups of their respective stabilizer
groups. One might therefore analogously define higher real K—theories by the
formula EO4 = E ZM for a maximal finite subgroup M < S,. These spectra are
interesting in their own right, but in light of the discussion above one might
furthermore search for a connection between them and higher bordism spectra.
An extremely interesting result of Hovey [Hov97, Proposition 2.3.4] says that
this likely cannot be made to work out: for p > 3 and k arbitrary, there is no
map of ring spectra

MO[k,00) = EOp_;.
The meat of this theorem comes from two competing forces:

e The homotopy of EO,_; is known by computations of Hopkins and Miller to
contain certain a—family elements. Since the homotopy of M O[k, co) agrees
with that of the sphere below k and destroys the a elements above k, this
forces the value of & to be large enough to accommodate the elements present
in . EO p-1-

e Because EO)_ is local, any orientation of it factors through Zp,l MOk, ).
The Ravenel-Wilson acyclicity results for Eilenberg—Mac Lane spaces show

However, as in the case of the Atiyah—Bott—Shapiro orientation M Spin — kO, even this piece
cannot participate in a splitting of ring spectra, as shown by McTague [McT13].
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that the natural map ZP_IMO[k, ) — ZP_IMO[p, o0) is an equivalence
for any k > p. It follows that such an MO[k, co)—orientation of EO,_; is
equivalent data to an M O|p, co)—orientation.

For p > 3, these bounds pass through each other and there is no satisfying
value of k. At the same time, because of the tight connection between stable
homotopy theory and the Morava E—theories, this might be read as a failure
of the connective bordism spectra M O[k, co) more than a failure of higher real
K-theories. It is interesting to try to imagine a continuation of the sequence MO,
MSO, MSpin, M String which does not suffer from Hovey’s negative result

Blueshift and redshift

This procedure of passing to (higher-order) vector bundles, as in the Kreck—Stolz
construction, is embodied by passing from a ring spectrum to its algebraic
K-theory spectrum. There are on-going research programs with the goal of
demonstrating that the algebraic K—theory of a ring spectrum of “chromatic
complexity d” is itself of chromatic complexity one larger, as in the transition
from kO to tmf. This is one instance of a family of operations that (conjec-
turally) modulate chromatic height; such operations that raise height are called
redshifting, and operations that lower height are called blueshifting, in reference
to the periodicity perspective of Theorem [3.5.21]

As an example of a blueshifting construction, an important observation of
Ando, Morava, and Sadofsky [AMS94] is that the Cj,—Tate construction on the
ring spectrum E(d) is a variant of E(d — 1)E]In fact, Hovey, Sadofsky, and Kuhn
show that something similar happens quite generally: if R is an E(d)-local ring
spectrum and G is a finite p—group, then the Tate object R'C is an E(d — 1)-local
ring spectrum. For a striking example of this phenomenon, we consider the case
of the 2-adic sphere spectrum, which is K(co)-local. We specialize to the case
G = G in order to perform an explicit analysis of S’©2, which belongs to a
stable fiber sequence

ShCz N Stcz BN ZShCZ.
The orbit spectrum can be identified as
She, = EYEC,/Cy = X7 BCy ~ ETRP”,

7 Some footholds for the algebraic geometry of the large k case were worked out by me and my
coauthors [HLP13].

8 One suggested continuation of the analogous complex sequence comes from the 2—primary
identifications BU = Yy, BSU = Y3, and BU 6, ) = Y3, using the notation of Remark [f-3.10]

® Somewhat more specifically, it gives E(d — 1) with homotopy tensored up by a quite large ring.
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and similarly we can identify the fixed point spectrum as
S ~ Fe, (EYEC,, S) ~ DXoo,RP™.

A remarkable theorem of Atiyah [Ati61] presents the Spanier—Whitehead dual
of projective space. First, the calculation 7(£ | RP") = RP™*! of Example
extends by the formula 7(mL | RP") = T°RP"*" /RP™! to positive values
of m, and the same formula can be used to define complexes RP}, for negative
values of m. Then, Atiyah demonstrates the formula

-1 -1
DRP; ™ ~XRP).
In our case, we thus calculate

Sth Sth EShcz

IRP-L — > IRP®  — > IRP™.

By shifting this presentation slightly, we highlight an interesting comparison
map. Note that the bottom cell of RP(’)’ is unattached, and hence there is a natural
wrong-way map

RP! — .

Taking Spanier—Whitehead duals and applying Atiyah’s formula, we produce a
map

0 (n+D)-1 _ s pp©-1 o0
§" — DRP! (7" =XRP_ |, — ZRPY, ).

Taking the inverse limit gives a map
s% - IRP™,,

and Lin showed this map to be a 2—adic equivalence [LinSOJFEI From the
perspective of blueshift, the qualitative form of this is not entirely unexpected:
the sphere has infinite chromatic complexity, and so blueshifting it by one stage
yields another spectrum of infinite chromatic complexity. The precise form,
however, is quite surprising: we produced exactly the sphere spectrum again!

This alternative presentation of the sphere spectrum as a Tate spectrum yields
a filtration spectral sequence

St = ﬂ*(S_l)g.
In terms of this spectral sequence, any stable stem is represented by a (coset of)

10 More generally, Carlsson proved a generalization of this to all other groups, known as the Segal
conjecture.
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element(s) on the E|—page, and this reverse reading of the spectral sequence
is known as the Mahowald root invariant [MS88]|. The root invariant appears
to possess deeply interesting redshifting properties—not wholly surprising,
since we are reading a blueshifting construction in reverse. For instance, the
root of p lies in the a—family, and the root of an a—family element lies in the
S—family [BehO6bf]. The root invariant has many striking connections to other
areas of topology [MR93]].

In addition to the chromatic properties waiting to be explored, the Tate
construction itself has some truly puzzling features. Mahowald’s original
perspective on the Tate construction was through the definition

R'C? := lim SR AP,

n—oo

whereas the general construction of Greenlees—May [GM95 uses the formula
R'C = (F(EG.,R) N EG)C,

whose pieces in the case at hand consist of EG, = S(c0£) and EG = S®£,

which rearranges to give

R'©? := colim F(P%,,, R).

m—oo
Something quite spooky has happened: a colimit and a limit were inexplicably
interchanged in the formulas

RPZ, = colimlimRP”,, = limcolimRP”,, .
n m m n

Understanding why these extremely different constructions give the same answer
will likely yield some very important background theoryFZ]

11" Stroilova’s PhD thesis [Stri2] gives a variation of this construction that converts an E(n)-local
ring spectrum to an E(n — k)-local ring spectrum.

There is a superficially related famous problem known as the Telescope Conjecture. Namely,
there are various “finitary” flavors of chromatic localization, which are typically less categorically
robust but more computable. They assemble into a diagram:

12

E - LWE - L4E
l ! )

Lx@E - LWE — L4E,

where X (d) is a finite complex of type exactly d, v is a vg—self-map of X (d), T(d) = X(d)[v™']
is the localizing telescope, LZ" is Bousfield localization with respect to 7'(d) (which can be shown
to be independent of choice of X(d) and of v), and Lg“ denotes localization with respect to the
class of finite E(d)-acyclics. Much is known about these functors: for instance, Lx (4)La = Zd,
tilere is a ihromatic fracture square relating Lg" to Zgz‘i, and LZ“E ~ L4 E if and only if
LE’QE ~ L.4E. One major question about these functors remains open, corresponding the
last unsettled nilpotence and periodicity conjecture of Ravenel [Rav84] Conjecture 10.5]: is the
map L‘“I“E — L4 E an equivalence? Multiple proofs and disproofs have been offered ([Rav93],
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The blueshifting behavior of the Tate construction begs for insertion into
the framework for understanding chromatic homotopy theory described in the
main thread of this text. For instance, the formal-geometric perspective on the
isomorphism in Lin’s theorem is that the residue map Fo(x)) — Fo{x" '} isa
quasi-isomorphism of continuous Steenrod comodules [Str99b, Remark 8.34]@
The framework of p—divisible groups appearing around the edges of this book
seems to show a lot of promise for serving as a general organizing principle for
these “transchromatic” results, but this largely has not been worked outE

Why formal groups?

A question we have cheerfully left unresolved is: what is so special about MU
that makes it such an effecive tool in studying stable homotopy theory? There
are many approaches to this question that appear to lead in many different
directions; we address several of them in turn.

First, one can ask this question just considering MU as a ring spectrum.
From this perspective, we summarized the most important resuls about MU in
Corollary the context functor perfectly detects the Balmer spectrum of
the global stable category. Given a general ring spectrum R, we can ask two
questions analogous to this result:

1. Can one find an R-algebra S whose context functor induces a homeomor-
phism of Balmer spectra SpCC(MODULESII):rf) — Spec(QCon(Ms, R))
2. Given a thick ®-ideal «, is there a complementary localizer

Lo : MODULESR — MODULESR («)?

Can these localizers be presented via Bousfield’s framework as homological
localizations for auxiliary S—algebra spectra S, (cf. Theorem [3.6.5)? Do the
contexts M, admit compatible localizers with Mg?

IMS95], [Kra00], [IMRSOI], . . . ) but the literature (and, indeed, the conjecture) remains unsettled.
Our interest in this problem here is in the formula ZZ"E = colim (X (d)NE X (d)ANE ):

this formulas has a colimit, whereas the formula for the right-hand side given in Lemma[3.6.8]
has a limit.

Reader beware: it is, of course, actually illegal to commute ordinary homology past the inverse
limit.

For instance, contact between p—divisible groups and the Tate construction is visible in work of
Greenlees and Strickland [GS99], [Strbl pg. 10], and p—divisible groups have played a central
role in the height-modulating phenomena of Hopkins—Kuhn—Ravenel character theory (see
AppendixE} [HKROO]) and in its extensions by Stapleton (see, for example, [Stal3]).

Note that the right-hand side is a completely algebraic construction: these are simplicial sheaves
of modules.
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For R = S, this is precisely the role that the R—algebra S = MU and the
S—algebras S; = E(d) playE]

There are some obvious restrictions on the R—algebra S: for instance, because
we intend to use S to form a context, we require that 7, (and 7, S"RY) generally)
be even. There are, in fact, two results in the literature that shed light on exactly
this requirement. First, Priddy showed that by iteratively attaching cells to the
p-local sphere in order to ensure that it has only even-dimensional homotopy,
one arrives at BP [Pri80]. More recently, Beardsley showed that MU arises
similarly by attaching certain A,,—algebra cells to kill the odd homotopy on the
integral sphere [Bea17]lT_T]It would be satisfying to understand whether some
construction like this holds in any sort of generality.

For a second perspective, using the adjunction

RINGSPECTRA(MU, E) = SPECTRAS/(Z_ZZOOCPOO, E),

we might ask: what’s so special about the space CP*? Much of the contents
of this book supports the following perspective: given a space X, we consider
the Eo—ring pro-spectrum DX, = {F(X,,S)},. Because each X, is a compact
object, base-change along the unit map : S — E is computed by the following
formula:

TI*DX+ =EA {F(Xm S)}a = {E A F(Xm S)}a = {F(Xm E)}a

Applying the functor Spfomy to this pro-system yields the formal scheme
Xg considered in Definition [2.1.T3] One of the overarching themes of this
book has been to think of the objects X and DX, as spectral incarnations of
some algebro-geometric recipe, which base-change along 7 to form classical
algebro-geometric constructions which have been “bound” to E. The situation,
as pointed out around Remark [3.1.21] is somewhat analogous to that of Lubin
and Tate’s explicit local class field theory, where a certain recipe associates to
a local number field a governing formal group in terms of which much of the
structure of the number field can be castP—_g] In the setting of algebraic topology,
such a “recipe” is embodied by CP® itself. Understanding in what sense CP*

16 A potentially useful observation is that this does not appear to be a question in the domain of
highly structured ring spectra. After all, the ring spectra E(d) are not known to be E.

He also identifies certain intermediate spectra in this process as the spectra X (n) that arise for
Devinatz, Hopkins, and Smith in their proof of the nilpotence conjectures [DHS88].

Jack Morava is very insistent on parameterizing his K—theories not by a formal group but by a
local number field L and its Lubin—Tate p—divisible group, a trend not picked up on by most
other algebraic topologists. In connection with the “topological Langlands program” hinted at
below, he is also highly interested in the Weil-Shafarevich theorem([Wei74, Appendix III], which
shows that all such number fields arise as maximal tori in certain division algebras (dependent on
the degree of the extension), and their Galois groups can be understood through this embedding.

17

18
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is encoding anything (or any of the other spaces discussed in this text) is an
important challenge for homotopy theorists in years to comem

Adams filtration asymptotics

Various large-scale behaviors of the M U—Adams spectral sequence are poorly
understood and would yield interesting information about stable homotopy
theory as a whole. For instance, the following question is pulled from Mike
Hopkins [HopO8| Section 10]: let g(n) denote the largest M U—Adams filtration
degree of an element of x,S (i.e., g traces the vanishing curve on the E
page of the M U-Adams spectral sequence). The nilpotence conjectures are all
equivalent to the statement
lim 0 =0,

n—o n

but little is known about the asymptotics of g beyond this statement. For instance,
one might ask: for what £ > 0 does the asymptotic formula g(n) = O(n®) hold,
and what is the infimum &;,s over such values? Various values of the infimum have
various consequences: sufficiently small values entail the Telescope Conjecture
(see the footnotes above), and sufficiently large values entail its failure. Hopkins
and Smith claim a plausibility argument that &;,; = 1/2, which is a Goldilocks
value [HD90] where no consequence for the Telescope Conjecture can be
deduced ]

Another important observation is that 7 is not nilpotent in the E>—term of the
MU-Adams spectral sequence, and so generally the nilpotence theorems—the
most impactful theorems known about the global stable category—do not hold
in the algebraic model QCoH(Myg). Rather, the nilpotency of 7 is enforced
by a differential further in the spectral sequence. This differential is actually
also algebraic, but of a different nature: it can be deduced from the C,—fixed
point spectral sequence for KU"C> ~ KO. Understanding what bouquet of extra
algebraic techniques account for the general nilpotency of stable homotopy
elements would be very interesting.

Yet another interesting observation about this same homotopy fixed point
19 Speaking completely from a place of personal opinion: I have a hard time believing that “spectral
formal groups”, in the sense of derived algebraic geometry, exist in any real generality. Surely it
is not an accident that all the known formal groups arising from homotopy theory tightly derive
from the one associated to CP*. Thinking of MU as some manner of topological enrichment of
Mg, that M U—orientations are entirely controlled by a cohomology theory’s behavior on CP*
seems to prohibit the existence of any other formal groups associated to a given ring spectrum.
Variations on this question with other homology theories are also interesting. For instance, a
consequence of the Hopkins—Smith periodicity theorems is that a finite complex is type d if

and only if lim,, _,c g(n)/n = (2(p? — 1))~! holds for g formed from the HZ/p-based Adams
spectral seqeunce [Hop95| Section 3.5].

20
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spectral sequence is that it has a horizontal vanishing line on the E4 page. This
phenomenon is quite generic [MM13]], and in particular it is also true of the
descent spectral sequence for TMF. This is quite intriguing: the moduli stack of
elliptic curves is Artinian (as are most “well-behaved” moduli stacks considered
in arithmetic geometry), meaning that it has finite stabilizer groups. Such stacks
are especially amenable to geometric study. However, this same finiteness is
the source of the infinite cohomological dimension of the moduli of elliptic
curves: after all, every nontrivial finite group has infinite group cohomology with
coefficients in the trivial integral representation. In this sense, the derived moduli
of elliptic curves enjoys both of these benefits: it has finite stabilizer groups,
and it simultaneously is, in a certain sense, of finite cohomological dimension.
Surely this is useful for something: there must be some facts that arithmetic
geometers wish were true, but which are stymied by the infinite cohomological
dimension of Mey. Finding a use for this may well allow information to flow out
of homotopy theory and into arithmetic geometry, itself an exciting prospect.

Finally, a precise understanding of vanishing curves in other Adams spectral
sequences—for instance Gonzalez’s results for the BP(1)-Adams spectral
sequence [Gon0Q0]—also give rise to sparsity results in the M U—Adams spectral
sequence, and hence control of the overall behavior.

Local analysis on Mg,

The stabilizer action S4 (Q E; is enormously, inhumanly complicated, as
even a passing look at the computations originally pursued by Miller, Ravenel,
and Wilson [MRW77]] will make clear, nevermind their many extensions by
other authors over the decades since. However quantitatively inaccessible, this
action may yet be amenable to qualitative analysis, and there are a great many
outstanding conjectures about its behavior in this sense. The largest one is
the chromatic splitting conjecture [Hov95, Conjecture 4.2], which asserts the
following claims, listed in ascending order of severity:

1. H*(Sd;W(de)[ui]) contains an exterior algebra A[xy, ..., xq], where x;
has cohomological degree 1 and transforms in the (1 — 2j)" character of
G

2. Each nonzero class x;, - - - x;; in the exterior algebra pushes forward to a
nonzero class in H*(Sy; LT [u*]), and it survives the E;—Adams spectral
sequence to give a nonzero homotopy class x;, - - - x;; : S{;zi* — LgS.

21 One of these elements has a concrete description: x; is described by the determinant homomor-
phism, which sends a stabilizer element in S to the determinant of its matrix representation as
described in Theorem@
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3. The composite

) [ S ¢ P
82_2“ BN LdSO - ZF(Ld_1SO, Ldsg)

factors through

Lg-max ix S{;_zh .
4. The maps above split F(Lg-1S° LgSY) into 2¢ — 1 summands.
5. The cofiber sequence

F(Ld_lgo, LdS?,) — Ld—ISg — Ld_lzdSO
splits, so that
Ld_IZdSO ~ Ld_1Sg VEF(Lg- SO, Lng).

By exhaustive computation, this conjecture has been verified in the case d = 1
and in the case d = 2, p > 5. Very recently, Beaudry has shown that the final
claim of the conjecture is false in the case d = 2 and p = 2 [Beal3|, but leaves
open the other statements in the full conjecture. Essentially everything else is
unknown.

A subtle point in the above statement of the splitting conjecture is that the
classes x; lie in the cohomology of W(F,a), which is not the Lubin-Tate ring.
Remarkably, the natural map

H*(Sa; W(F,a)) = H*(Sa; LTa)

has turned out to be an isomorphism in the cases where the conjecture has been
verified, and this has turned out to be a linchpin in the rest of the computation—
and we do not have a conceptual reason for either of these facts. Specializing to
the case d = 2, Goerss has observed that this statement is equivalent to several
others, any of which could be a hint toward a conceptual explanation:

e The natural map
H*(S2:Fp2) = H(S2: Fp2[un]))

is an isomorphism.
e The Frobenius map

Frob: H*(Sy; Fpaflur]]) = H*(S2; Fpaflusr])

is an isomorphism.
e The multiplication-by—v map

vi: H'(S2:Fa{vi}) - H*(S3:F,2)

is zero.
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In a different direction, one could hope to check that the natural map is an
isomorphism just on the relevant torsion-free parts, by finding methods by which
to study the maps

H*(Sq; W(Fpa)) ® Q = H'(Sa; LTa) ® Q > H(Sa; LTa ® Q).

As announced by Morava [Mor85, Remark 2.2.5], methods from the theory of
p—adic analytic Lie groups show that the source of these maps has exactly the
desired form, but comparing the rationalized cohomology with the cohomology
of the rational representation is a delicate affair, since the group cohomology of
Sq is being taken in a “profinite” sense.

In any event, this only addresses the “easiest” part of the conjecture, and the
other parts take considerable effort even to parse properly. The last part is the
most interesting: it is a statement about Lg_; ZdS, and hence about the interplay
between two different chromatic heights. Torii has spent much of his career
analyzing algebraic models of this phenomenon—in particular, the action of
Sg-1 on the “punctured Lubin-Tate ring” F,,a (uq)[u*] [Tor03 [Tor07, [Tor10al
Tor10bl [Torl1]. Recent activity on this front indicates that there is much to mine
from this vein, and that Torii’s program deserves more attention than it has so
far garnered.

A related point of interest is the action of S on F 4 [u4 ][ ]. The action of S4
on the special fiber of the Lubin—Tate ring is somewhat well-understood [Rav77];
for instance, in the case d = 2 we have a calculation

* 2_ h = t»
H'(82:F,2) = (Fpe[¢1uP VDAL ko, hn, 0. 81,1} /( 081~ ) :
higo =1
with all unlabeled products of the Roman elements equal to zero. This forms
the input to a Bockstein spectral sequence

H(So; ! /m/* ) = HY (S F o[ [ [u™]),

where m = (u;) is the maximal ideal in this local graded ring, and hence the
representation m/ /m/*! is (a twist of) the representation Fp2. This Bockstein
spectral sequence displays a number of intriguing phenomene{zzl—for instance,
it has “periodic” differentials [Sad93]. One such periodic family is specified by

_p2 —
di' ™" = (uu'P) - hy,
2 _ 1V (1—n?
dpup(] PY) = (=P . P=D0=P)
22 For d > 2 there are a succession of similar Bockstein spectral sequences, where the Lubin—Tate
generators are reintroduced to the Lubin—Tate ring one at a time. The first of these spectral

sequences always displays these same intriguing phenomena, but the later ones are much more
poorly understood.
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dpn+pn4_1u”n<]*l’2) = 2(ugu PNy P L P (P

Even more interestingly, there are explicit lifts of these cohomology classes to
cochains in the cobar complex that witness these differentials, given as follows:

n-2
2 n 1 n-1_,j n n-1
vé") = ' Py | | (1 —u%’” )" =p )) (mod u? "7 ).
J=0

As n grows large, this formula looks curiously like an analytic Weierstrass
product. It would be interesting to know what function it names, which could
perhaps help illuminate the behavior of the spectral sequence itself.

p-adic Interpolation

In projective geometry, one studies a projective variety by calculating its global
sections against different line bundles:

X - [(£ € Pic(X)) » H(X; £)].

Done correctly, this can be used to recover a graded ring R with a natural
map Proj(R) — X which is definitionally an isomorphism in the case that X is
affine—that is, this construction captures the isomorphism type of X.

This is somewhat analogous to Whitehead’s theorem in homotopy theory: the
Picard group of the stable category (i.e., the group of isomorphism classes of
spectra Y such that there exists a Y~! with ¥ A Y~! ~ S%) consists of precisely
the stable spheres. However, in the K(1)-local category there are many more
invertible objects—in fact, the Picard group of this category has the form

PiC(QCOH(SPECTRA@m)) =Zp XZ[/(2p -2),

where the right-hand factor exactly tracks the degree of a generator of the
K(1)-homology of an invertible spectrum. Although Whitehead’s theorem only
requires testing against the “standard spheres”, now a mere subgroup of the
much larger Picard group, the homotopy groups of K(1)-local spectra as graded
over the larger group display considerable extra structure. For instance, the
homotopy groups of the K(1)—local sphere graded over this larger group are
described by the same formula given in Example[3.6.19%

Zy, when ¢ = 0,
mLyS° = Zp[(pk) whent = k|vi| -1,
0 otherwise,

where the symbol k can now be taken to be any p—adic integer. This exactly
enforces a kind of p—adic continuity of this family of groups.
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The idea is that these kinds of observations can be used to bundle the behavior
of the homotopy of the I'j—local sphere into a digestable format. The computation
of the homotopy of the I';—local sphere has been fully executed by Shimomura
and collaborators [Shi86LISY94.ISY95.Beh12], but it is exceedingly complicated.
The role of continuity properties is to reduce the seemingly erratic behavior of
arbitrary functions down to a specification on a dense set. Further properties—
analyticity, say, or more seriously a direct relationship to p—adic analytic number
theory—could reduce the statement to something genuinely tractible. This idea
is meant to be analogous to the relative ease of studying number theoretic
L—functions over trying to understand them through painstaking computation
of their special values. Such a program was initiated by Hopkins [Str92], from
which a partial collection of results have emergedPE] Most strikingly, Mitchell
[Mit0S, [HMO7] has fully elucidated this program in the @m—local category,
Hovey and Strickland have shown a restricted continuity result in the general
setting [HS99, Section 14@ and the original work of Hopkins, Mahowald, and
Sadofsky [HMS94] shows that the following pair of squares are both pullbacks:

/—\
SeecTRAT, ———> QCoH((Mg)f: ) > QCoH(K)

T T |

Pic(SPECTRAL,) ——> Pic(QCOH((Mfg)I/Ed)) —— Pic(QCon(k)),

allowing for the easy detection of invertible I'y—local spectra

There is further hope that the analogy to special values of L—functions can
be strengthened to a precise connection: the orders of the @m—local homotopy
groups of the sphere (or, equivalently, the orders of the stable image of j
elements) are controlled by Bernoulli denominators, which also appear as
the negative special values of the Riemann ¢ —function This portends to be
more than coincidence: the conjectured p—adic local Langlands correspondence
promises a comparison between certain “nice’” representations of the groups

23 Behrens has also pursued a program encoding this problem in terms of modular forms [Beh09,
Beh06al Beh07].

Also interesting are some negative results, such as: the number of Picard-places where the
homotopy of LM (p) has infinite order has positive Haar measure [HS99| Section 15.2].
There are interesting basic open questions about the behavior of the horizontal map
Pic(SpEcTRAT,,) — PiC(QCOH((Mfg)?d ). Is it injective? Is it surjective? It can be shown

24

25

to be injective in the case of p > ht T, and it is known to fail to be injective when p is small—but
then the precise degree to which it fails to be injective becomes of interest. Picard elements in
the kernel of this map are called exotic, and they are responsible for rotating differentials in
certain Adams spectral sequences with cyclic symmetries.

It would be truly amazing to have an analogue of the Beilinson conjectures in this topological
Langlands program.

26



B.2 The road ahead 365

GL4(Qp), Gal(QTp/Qp), and Sy in such a way that the L—functions naturally
associated to each representation are equal across the correspondence. Atd = 1,
the relevant spaces of representations are identically equal (and, in particular,
the groups Sy, GL1(Q,), and Gal(@/ Qp)ab are themselves all equal), and the
L—function associated to the S;—representation E@m (S9) is, indeed, the Riemann
{—function. It is rather a lot to hope that this correspondence continues at
higher heights, but with the current rate of progress on the p—adic Langlands
correspondence (see, e.g., [Knil6]) this promises to soon be testable, if not
provable

The program above is not the only way that homotopy theory appears to admit
p-adic interpolation, as the following striking result of Yanovski demonstrates.
A generalized homotopy cardinality function is a function y, defined only on
spaces generated under finite colimits by n—finite spaces and valued in rational
numbers, which satisfies

1. Homotopy invariance: if A ~ B, then y(A) = x(B).
2. Normalization: y(*) = 1.

3. Additivity: y(AUc B) = x(A) + x(B) — x(C).

4. Multiplicativity: (A X B) = x(A) - x(B).

There is a natural family of examples of such functions: at any prime p, set
Xa,p(X) = dim K(d)°(X) — dim K(d)" (X).

The special cases xp,, and yw,, recover the Euler characteristic in the cases
where they converge, but this quickly gets fussy. For instance, BZ/p is a n—finite
space but is cohomologically infinite dimensional—but its Euler characteristic
is regularized to give closed sums like

Xoo,p(BZ/p)z1—(p—1)+(p—])2_...=l]_;'

27" An interesting feature of the local Langlands correspondence is that it has rwo geometric
instantiations, stemming from the Lubin—Tate moduli of infinite level and from the Drinfel’d
moduli of infinite height. Drinfel’d modules, the constituent poits of the Drinfel’d moduli, have
the many desirable properties, but among their stranger properties is that they are naturally
positive objects—a situation that a modern homotopy theorist essentially never enters. Any
kind of introduction of equicharacteristic algebraic geometry into homotopy theory would be a
welcome invitation and possible point of homotopical contact between these two kinds of halves
of the local Langlands program. (One such place this is coming into view is in the “ultrachromatic
program” of Barthel, Behrens, Schlank, and Stapleton.)

In-progress work of Stapleton and collaborators shows that a version of character theory can be
used to convert the E—cohomology of a space into a sheaf over the Lubin—Tate moduli of infinite
level with an intricate action of a certain large matrix group relevant to the Jacquet—Langlands
program.

28
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The finite-height versions are much better behaved: using the results of Lec-
ture 4.6 we can quickly compute

Xa,p(BZ/p) = p, Xxd,p(HZ/p,,) = P,

without any handwaving about summation.
In another direction, the function

XI= > [ ]Il € @0
xp€mpX n=1
was shown to be a homotopy cardinality function (on p—local 7—finite spaces)
by Baez and Dolan [Bae(03]]. In the same toy setting as above, we compute

1
|BZ/p| = —.
p

This is quite a curiosity, to get the same value as with the regularized sum, and
Baez and Dolan conjectured that whenever these formulas could be simultane-
ously made sense of, they would agree. Yanovsky demonstrated this conjecture
to be true: taking p > 2, he showed that the function n — Yy, ,(X) extends
uniquely to a dyadic analytic function Zx, p: Z) — Z5 and that the Baez—
Dolan function appears as ZX, p(=1). This justifies p—adic analytic continuation
formulas relating the two invariants, such as

—~ -1 m
Luzjp, p(~1) = pln) = pV" = |HZ/p |.

Interaction with Dieudonné theory

In Lecture .4} we gave a pair of definitions of a Dieudonné module, one
contravariant and one covariant, and in Theorem [.4.18] we announced that
the resulting modules were linearly dual to one another. This is a remarkably
difficult theorem to prove, it is hard to find an accessible proof in the literatureFf]
and a geometric proof appears not to exist. This doesn’t have the same grandeur
as the preceding open problems, but rabbit hole still seems to be quite a lot
deeper than one might first expect.

To set the stage, we summarize the proof of Mazur and Messing [MM74, Sec-
tion II.15]. First, the functor of curves is both representable and corepresentable
in the category of formal group schemes by the formal (co)Witt scheme [£in84,
Chapter 3], [Laz75, Section II1.4]:

FormALScHEMES(A!, G)PP = FormaLGroups(W,, G)
2 In fact, Grothendieck introduced the de Rham—Dieudonné functor and crystalline Dieudonné

theory in the same landmark paper, but elected not to provide a proof of an equivalence of his
methods with past ones.
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~ FORMALGROUPS(@*, CW p)-
There is a canonical short exact sequence
Oﬁ@aﬁﬁVpLﬁVpﬁO,

and a co-curve y*: G- CW p gives a pullback sequence
G W, —~
G E

This latter sequence is a rigidified extension of G by @a as in Remark 4.4.14
The conclusion of Mazur and Messing is that this assignment is an isomorphism.

0

=)
<
()

a

<
&) —>

0 0.

a

We suspect that the two Dieudonné functors can be connected via a residue
pairing between forms on G over W(k) and curves on Gy over k. For inspiration,
the residue pairing for an equicharacteristic local field

(=) k(@) xk(2)" — k

is given by the formula

(8, f) = Resz=o (g : %) = Res;-(g - dlog f).

There are several ingredients in its construction for which we must find formal
group analogues. First, we must deal with the different ground objects W, (k)
and k for G and Gy:

Lemma B.2.1 ([Laz75, Lemma VIL.7.5]) There is a (W, F)-linear section o
of the base-change map DG — D.Gy.

Construction Cartier constructs an auxiliary Dieudonné module M by picking
a presentatioﬂ

d-1
D.Go = Wp(k){y.Vy... .,V‘Hy}/ FViy =" ¢;;Viy
j=0
and forming the module
d-1
M = Wy (Fp (kDY) Fon - Tt} / Fyi= Y A7,
j=0

30 The formal group so constructed does not actually depend upon the presentation.
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There is a (W, F)-linear map 7: D*@O — M given by base-change along
A, and Cartier shows that this map has a universal property [Laz75, VII.2.9]:
(W, F)-linear objects under D*@o agree with Dieudonné modules under M
by restriction along 7. Reapplying the change-of-rings functor .M gives the
Cartier—Dieudonné module for the universal additive extension of @0 [Laz75,
V.6.22 and VII.2.28], and hence D*@ is a Dieudonné module under 7, M, and
hence under M. This gives the desired map

o: D*@g — D*@. O

Second, we must produce an analogue of logarithmic differentiation, which
is responsible for the bilinearity on the side of the differential form. This arises
naturally when trying to find analogues of differentiation internal to formal
groups:

1. The fiber sequence
w—->TV -V
described around Lemma [2.1.4]does not naturally split: an arbitrary formal
variety has no intrinsic notion of “constant vector field” [Laz75| V.11.12].

However, in the presence of a formal group structure Hon V, the tangent
space acquires a natural splitting analogous to the splitting in classical Lie

theoryF_r]
H x (G, ® Lie H) > T.H,
(X&) x+ge-é.

This gives rise to an invariant notion of dlﬁerentlanon given two formal
groups G, H as well as any pointed map f': il — G of formal varieties, there
is a function

Dgf: H— G, ® (LieH)* ® Lie G
characterized by

T.f(x+g52-£) = f(x) +5 & (DLLI)E.

2. By taking G as a model for A, _any curve y: Al — G can be interpreted
as a map of formal varieties 7 : G -G. Applying the recipe above gives
rise to a function A! — G ® Lie G, i.e., a series with coefficients in Lie G.

31 This topic also arises when trying to understand what is special about curves in the image of
Cartier’s section o: they are horizontal in a related sense.
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This series can actually be given explicitly [Laz75| V.7.3]:

V- Z " Lie(F,y).

n=1

In particular, for G= @a, this computes the classical derivative of y expanded
in the canonical coordinate [Laz75, V.7.13].

3. This assignment is compatible with the Dieudonné module structures on
curves on G and curves on @a ® Lie G. The inverse Dieudonné functor then
gives rise to a map

D@: G — G, ®LieG,

called the reduced derivative. This construction is natural in @, 50 if G had a
logarithm, there would be a commuting square

—~ logs

G, ® Lie G
lﬁ@a®LieG

= o=~ logg g = .
G, ®LieG —— G, ® LieG.

D

[=))

The bottom logarithm is the identity, since the source is already additive. If
we evaluate these maps on a curve y € C.G, we arrive at the equation [Laz75|
V.8.5]

y y d
Bg 0y = Dg, gpie 0 logg oy = 3 ((lozg o).
Hence, D@ plays the role of a logarithmic derivative.

The conjecture, then, is that these pieces go much of the way towards
describing a local residue pairing internal to the theory of formal groups, but
there are still several details left to the enterprising reader, such as: should the de
Rham complex be replaced? Relatedly, can 13@ or DY be used to give a coordinate-
free description of the deformation complex of Definition [3.4.9 Where do
primitives in de Rham cohomology enter play? How do the formulas for o in
terms of 13@ [Laz75, VII.6.14] enter this story—presumably in demonstrating
perfection?

In a more topological direction, one wonders to what extent it is critical to
use HF, in the machinery built up in Lecture @ In particular, could HF, be
replaced by another field spectrum to build Morava K—theoretic analogues of
Brown-Gitler spectra? There is some existing work on this in the height 1 case,
due to Bousfield [Bou96], but the matter remains ultimately unsettled.
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Structured ring spectra

As indicated in the introduction to Appendix [A] the algebraic geometry of
E.—ring spectra is still very much in flux, and accordingly there are a lot of
interesting open questions about their interaction with the story presented here.

One of the most obvious ones, almost directly cribbed out of Appendix[A.3]
is whether My, itself admits a topological enrichment [Goe09]]. This question
is quite flexible: varying the Grothendieck topology chosen on Mjgg will almost
certainly affect the positivity of the answer, and there are versions of the question
that apply to E, rings, A« rings, or just spectra. Still, even admitting the existence
of a huge family of implicit questions, very little is known. On the looser end,
we do not have an example of a formal group that cannot arise as the formal
group associated to a complex-orientable cohomology theory. If we had such an
example of a prohibited formal group, then if the selecting map Spec Ry — Mg
were furthermore—for example—flat, then we could conclude that there cannot
exist a topological enrichment of the flat site. We do have one rather extreme
example: one cannot adjoin p™ roots to E.,—rings [SVW99, Dev17]], from which
it follows that certain forms of K—theory do not have E, structures, and hence
the fpqc site of Myg does not admit a topological enrichment with a sheaf of
E—rings. A recent result of Lawson also shows that BP does not admit an E,
structure—at least at p = 2, but his techniques are expected to yield results
at odd primes as well [Law17]]. This doesn’t yield any information over what
the above example of KU[{,] shows, but it is worth pointing out that May
asked the question of whether BP admits an E, structure over three decades
prior [May74] (and it has had a long and storied intervening history), and the
delay in its resolution is some indication of the difficulty of this problem. Some
other richer stacks than Mg, are known not to admit enrichment: for instance,
for this same reason it follows that there cannot exist a topological enrichment
of the moduli of (almost any piece of) formal groups equipped with level—p
structures@ and Lawson has shown that there cannot exist spectra associated to
certain stacks of formal A-modules [Law07]]. Meanwhile, other nearby stacks
do admit enrichemnts: there are spectra TAF, an abbreviation for “topological
automorphic forms”, which generalize TMF [BL10].

Meanwhile, even though we know that the spectrum Er admits an E.—ring
structure, and despite our analysis of Appendix it is not known whether
there is an E.,—orientation. This question has received plenty of attention: most
recently, Hopkins and Lawson have produced a spectral sequence computing the

32 In particular, this appears to inhibit us from producing a spectrum embodying the Lubin—Tate
tower at infinite level, which is a bummer from the perspective of the local Langlands program
discussed above.
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space of such maps, the first differential of which encodes the norm coherence
condition of Appendix [A.2] [HLI6]. Their work organizes a process that is
manually understandable at low heights: the natural map P(£~2CP®) — MU is
arational isomorphism of E.,—rings, but at height 1 it is not, essentially because
the collection of power operations for @rm—local E.-rings acts freely on the
source but not on the target. This can be corrected for with a single rationally-
acyclic term, altogether begetting a two-term free resolution of MU as an
Li—local E.-ring spectrum. Again, this resolution is insufficient when localized
at I, and the process continues ad infinitum as in the Hopkins—Lawson paper.
Understanding this spectral sequence even in the height 2 case, as specialized
to Er,, would be an extremely interesting exercise, as it would illuminate the
single extra condition at height 2 needed to enrich a norm coherent orientation
to an E—orientation.

Letus turn our attention away from the (rather burning) question of realizability.
As we observed in the main proof of Appendix the E.,—ring structure
on a spectrum can be mined for interesting arithmetic information in rather
unexpected ways: computation of the Miller invariant for KO yields the Bernoulli
numbers, and the same for TMF yields the normalized Eisenstein series. The
original computation of the Miller invariant for MU was performed by studying
the S'—transfer map, and it was concluded that the results are essentially the
same for any complex-orientable cohomology theory: there is a set of “universal
Bernoulli numbers” lying over Mg [Mil82]], and the Miller invariant for other
complex-orientable theories is always computed by the pushforward of these
universal values along the classifying map. Baker, Carlisle, Gray, Hilditch,
Richter, and Wood [BCG* 88| have shown that one can produce other interesting
number theoretic phenomena by instead using the iterated S'—transfer (or,
equivalently, the transfer for a torus). Since Morava’s theories Er are known to
be E.—rings, one wonders what functions on Lubin-Tate space these iterated
transfers select.

Hopkins has also highlighted the potential connections between gl;tmf,
number theory, and manifold geometry [Hop14c], in analogy to the connections
between gl kO (through the image of j spectrum), number theory (through
Bernoulli numbers), and manifold geometry (through the Hopf invariant one
problem). One place the analysis of g/; KO could be strengthened (and which
would, presumably, also strengthen the analysis of g/, tmf) would be to uniquely
characterize the Bernoulli sequences appearing in Appendix [A.4] More than
one sequence satisfies those simultaneous congruences [SN14], but the natural
one appearing in the Bernoulli numbers is in some sense the “smallest” one. It
would be interesting to have a non-tautological encoding of this statement, in
such a way that certain orientations in other contexts might also be singled out
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as preferable. It would also be interesting if this could be encoded as a “real
place” condition, which had a topological incarnation in terms of a smooth
cohomology theory like differential real K—theory.

An unpublished theorem of Hopkins and Lurie states that the discrepancy
spectrum, defined by the fiber sequence

Fr — gl Er — Lggl, Er,

satisfies Fr =~ X9[;, where I is the Anderson dualizing spectrum The
Anderson dualizing spectrum fits into the fiber sequence

IZ — IQ g IQ/Z’

where the rational dualizing spectrum Iy = HQ and Brown—Comenetz dualizing
spectrum Ig,z are defined so as to satisfy the relations

noF(E, Ig) = ABELIANGROUPS(pE, Q),
noF(E, Ig/z) = ABELIANGROUPS(7o E, Q/Z).

By setting E = S, it follows that the homotopy groups of Iz mostly match those
of S itself (or, rather, their Pontryagin duals), so computing them is equivalent to
computing the homotopy groups of spheres. The Hopkins—Lurie theorem gives
an interesting approach to performing this computation: the chromatic fracture
square for L,gl, Er couples to the logarithm to rewrite this square in terms
of Zj—localizations of Er, intertwined by very complicated power operation
formulas. It would be an extremely interesting exercise to see this play out even
at low heights.

Finally there is a substantially different approach to associating algebro-
geometric objects to the elliptic cohomology of spaces, as pioneered in work of
Grojnowski [GroO7|] and of Ginzburg—Kapranov—Vasserot [GKV93|), which has
been used to enormous effect by Lurie in his wide-ranging program to realize
various pieces of elliptic cohomology (or, more broadly, algebraic geometry)
completely internally to the algebric geometry of E.,—ring spectra [Lurd]

33 This follows from the positive resolution of [HL, Conjecture 5.4.14], which states
SeectrRA(HZ/p, gl Er) = 24 HZ/p, together with the characterization that a coconnective
spectrum R (such as Fr) satisfies SPECTRA(HZ, R) = HZ if and only if R is the Anderson
dualizing spectrum.

The o—orientation arises essentially from considering the objects associated to BU(n) and
BO(n) using these machines (see [Lurd| Section 5.1] especially) and identifying certain naturally
occuring local systems (of spectra).

A curious feature of the current understanding of spectral algebraic geometry is its ongoing
assumption that the ring spectra involved are connective. There are some results in the non-
connective (and specifically 2—periodic) direction, but we are a long ways from giving truly
satisfactory structural descriptions of the phenomena observed there. In this setting, chromatic
homotopy theory is meant to be give guiding principles: its theorems, classical and not yet

34

35
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Any serious student of elliptic cohomology should also become familiar with this
framework. It has one feature that is especially curious and worth emphasizing
here: the study of power operations is incidental to the Lurie-style approach
of working with E. ring spectra, but his framework uses in a critical way the
geometry of p—divisible groups. It must therefore be the case that the structure
of a p—divisible group—and, more presumptuously and more specifically, its
subgroup lattice as in Appendix [A.2Zl—must entirely encode its theory of power
operations. It is very much worthwhile to understand this connection in more
generality than just in the setting of Morava E—theory.

Equivariance

Since the resolution of the Kervaire invariant one question by Hill, Hopkins,
and Ravenel [HHR16], the field of equivariant homotopy theory has enjoyed a
serious revitalization after a rather quiet preceding period. There is a lot to study
here, and most of it is better elucidated elsewhere, but one of the central points
of the Hill-Hopkins—Ravenel program is exactly the employ of formal geometry.
Namely, one of their main tools is the moduli of formal ZNi]-modules, which
are formal groups equipped with a certain Cg—action affecting multiplication
by the associated powers of Vi on the tangent space. They take as a model
for this a certain bouquet of copies of MU, which selects four coordinates on
a given formal group, intertwined by this action ofVi. This approach to this
problem has historical precedent: the Kervaire invariant one problem is the
p = 2 case of a family of prime-indexed problems, and the versions satisfying
p = 5 were simultaneously resolved by Ravenel by similar methods with formal
A-modules [Rav78a]. This leaves one case open: the Kervaire problem at
p = 3 remains unresolved. From the perspective of formal A—modules, this is
somewhat predictable: at least primes, a certain map is p—adically continuous
but fails to be continuous at small primes

In a different direction, the moduli of formal A—modules has been used to great
effect by Salch to make computations deep into the chromatic layers [Sall6].
In essence, the theory of formal A-modules grant access to multiplicative
“height amplification” theorems: deep knowledge of the homotopy groups of
spheres at height 2 can yield extensive information at height 2 - 2, for instance.
Salch’s methods also promise to yield connections to the L—functions perspective
described above, fitting into a larger program that describes the homotopy groups

proven, are meant to shed light on the behavior of the nonconnective spectral algebraic geometry
of the sphere spectrum.

36 Behrens gave a talk at the MSRI Hot Topics session on the Kervaire problem in 2010. He
addresses this point at the timecode 1h04m20s in the recorded video.
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of higher-height localizations of spheres in much the way that polyzeta functions
are associated to arithmetic schemes of cohomological dimension larger than 1.
All this is quite frustrating, then, in the face of Lawson’s result that the moduli
of formal A-modules does not admit a topological enrichment [Law07]].

In a yet different direction, Lurie’s approach to the reinterpretation of the
o—orientation through spectral algebraic geometry relies on a concept of “2—
equivariance”—spectra equipped with a notion of equivariance not just against a
pointed homotopy 1-type (i.e., a BG for some G) but against general homotopy
2-types. Relatively little about this has been written down, but one can find an
overview in his survey [Lurd, Section 5.3].

Index theorems

In closing the book, we finally address the lurking physical inspiration for the o—
orientation. One of the most remarkable developments of modern physics, from
the perspective of a mathematician, is their ability to “guess” the Atiyah—Singer
index theorem [Tak08| Section 8.6]: there is a path integral formulation for the
supertrace of the Dirac operator on a Spin manifold M which expresses it as the
time evolution of a massive supersymmetric particle evolving through M, and
standard expansions for this physical system lead directly to the discovery of the

A-genus and, ultimately, the index formula
indd, = Trye ™™ = (2ni)"2 / /T(M).
M

The o—orientation was uncovered by Witten when studying the free loopspace
LM of the manifold M, which is indeed a natural space to consider when
studying string theory on M. The condition that M be String is exactly the
precondition that £ M be Spin, so that an analogous Dirac operator exists. The
o—orientation then arises when trying to express a formula for the index of
the Dirac operator on the free loopspace in terms of invariants of M and using
analogous path integral methods [Seg88].

Because of the predictive power of the physical appartus, one might hope to
uncover other types of analytic data from it—for instance, a geometric theory of
elliptic cohomology. In addition to the variant of bordism theory described far
above, the most long-standing program is due to Stolz and Teichner [STO4LIST11],
though it is not alone even among physically-inspired theories (for instance, see
[DH11]] as well as many other papers by the same authors).

One of the remarkable features of loop groups is that this process does not
appear to be iterable: the theory of compact Lie groups is exceedingly nice
(for instance: they have surjective exponential maps), the theory of loopgroups



B.2 The road ahead 375

formed from compact Lie groups is only slightly less nice (for instance: they
have dense exponential maps), and any extension of this seems to immediately
go to pot Finding the “next step” after loop groups is an extremely difficult
problem that requires such inventive thinking that it could only open enormous
avenues for generalization.

37 For instance, little positive is known about the group of free “tori”, i.e., the loop group of a loop
group.
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