
Memoirs of the Faculty of Science, Kyushu University 
Ser. A, Vol. 38, No. 2, 1984, pp. 257-276 

MULTIPLICATIONS ON THE MOORE SPECTRUM 

Dedicated to Professor Minoru Nakaoka on his sixtieth birthday 

By 

Shichiro6 OKA 

(Received January 17, 1984) 

Statements of Results 

The Moore spectrum studied here is the suspension spectrum M,={M7} 
which consists of, as the n-th space for M,, the Moore spaces M7=S"U e"*? with 
attaching map which is of degree g. It has non-trivial homology group Z/q only 
in dimension 0. For a given homology theory, the theory with coefficient group 
Z/q is given by forming smash product with M,, cf. [1], [7]. 

It is a classical result of M. Barratt [3] that the order of 1,,, the stable class 
of the identity map of M,, is q when q#2 mod 4, and 2q otherwise. Also, 
qiy,=0 is equivalent to the existence of a multiplication u,: M,\ M,-M, with 
unit i,: S>M,, that is, 

Ugfigh la d=la, Ula Ai)=1a, 
where S={S"} is the sphere spectrum and i, is the inclusion map S">Mj at 
n-th level. The multiplicative structure on M, is usuful in studying the structure 
of the graded ring M,*(M,) which consists of stable self-maps of M,, cf. [6], [4], 
[5], [8]. It is easy to see that yw, is commutative and associative if q is relatively 
prime to 6, [6]. B. Gray proved in [4] that yu, is not commutative when q=4 
and H. Toda proved in [11] that y,, q odd, is not associative if and only if q=0 
mod 3 and #0 mod 9. B. Gray also stated in [4, Th. 13], [5, Prop. 3.3] without 
proof that M, has an associatvie multiplication if and only if q#3 mod 9” (at 
least when gq 1s odd). 

The purpose of this note is to give a complete proof for the question wheather 
or not M, admits a commutative/asscociative multiplication. Since we are 
working in the stable homotopy category, a map is identified with its stable 

*«) Appearently the statement is not true when g=6 mod 9, for example, M,;=M;V Ms; cannot 
be associative because of the non-associativity of M3. 
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homotopy class; ““commutative’’ and “‘associative’’ mean homotopy commutative 
and homotopy associative. 

Let 6,: M,-2M, be the coboundary map, where 2 denotes the suspension 
functor. 

DEFINITION 1. A multiplication py, on M, is said to be regular if 

UlOA Ly) t+ Ug l A 6,)=6,u, in [M,AM,, 2M,], 

where the square brackets denote the additive group consisting of stable maps. 

If we regard 6, as a cohomology operation on a multiplicative cohomology 

theory with coefficient Z/q [1], the regularity means that the cohomology operation 
0, behaves as a derivation. Our main result is then stated as follows: 

THEOREM 2. (a) M, has a multiplication if and only if q#2 mod 4, whence 

the number of (homotopy classes of ) multiplications is 4 when g=0 mod 4, and 
1 when q is odd. 

(b) Suppose q#2 mod4. Then M, has always a regular multiplication. 
When q=0 mod 4, the number of regular multiplications on M, is 2. 

(c) M, has a commutative multiplication if and only if q=0 mod 8 or q 
is odd, whence all the multiplications (including non-regular ones) are commu- 

tative. 

(c') Suppose q=Omod4. Let T: M,AM,-M,AM, be the map switch 
ing factors, j,: M,>XS the map represented by the projection MTM—>S"*1, and 
n?: 2?S—S the generator of nj=[Z?S, S]=Z/2. Then, for any pj, 

Hg T= Ug t (q/4)ign*Cigh Jaq) 

and in?(jq/ jg) is of order 2. 
(d) M, has an associative multiplication if and only if q#2mod4 and— 

q# +3 mod 9, whence all the multiplications are associative. 

(d’) Suppose gq#2 mod4 and q=0 mod3. Let « be a generator of the 

3-primary part of 73=[2°S, S]=Z/24. Then, for any ,, 

Ha(Ug Log) = Hg A Hq) +(4/3) igh gS dg Jaq) 

and the element i,a(j,A j,/ j,) is of order 3. 

Constructing multilication starts with pre-multiplication, which is a left 

M,-module multiplication on M, (not necessarily associative), that is, which has 
i, as left unit. 
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DEFINITION 3. A map u,: M,\ M,—-M, is said to be a pre-multiplication 

if UgligA lu )=1x in [M,, M,]. 

Appearently, a pre-multiplication ui, is a multiplication if and only if u(1y_ 4 
i,)=1y,- The regularity and the associativity of a pre-multiplication are defined 
in the same way as the case of multiplication. If g is odd, the premultiplication 
is still unique, and if g=2 mod 4, the non-existence still holds. If q=0 mod 4, 
there are just eight pre-multiplications. However, no more associativity can 
arise. 

THEOREM 2. (d”) Suppose q=0 mod4. A pre-multiplication which is not 
a multiplication is always non-associative. 

In [9], we have developped the theory of pre-multiplications on arbitrary 
(finite) suspension spectra, which will be usuful in our discussion, in particular, 
in discussing assiciativity. In case q=2 mod 4, 2q1y=0 implies the existence of 
an M,, pre-multiplication m,: M,,\ M,->M,, i.¢., a map m, with m,(i2,4 ly,)= 
ly. M, is said to be an associative M,,-module spectrum, if it admits an M,,- 
pre-multiplication m, which is associative with respect to some pre-multiplication 
Mz, on M), in the usual sense: m(1y4,, A TM,)=M(U2q 1u,)- 

THEOREM 4. Suppose gq=2 mod4. If q=+3 mod9, then M, can not be 
an associative M,,-module spectrum. If q#+3 mod 9, then there are exactly 
six pairs ({t2,, m,) of pre-multiplications which satisfy 

m,(1y,, A m,) = M,(U2q A ly.) + aighbaVi g(J2q Aj 2q A ly.) 
for some a,€Z/2 not depending on the pair (124, m,), where v is a generator 
of the 2-primary part of m§. The p,’s of these pairs are associative, regular 
multiplications, and none of the other pairs of pre-multiplications satisfies the 
associativity. 

Let r be a positive divisor of g. The commutative square 

S—t- § 
ar 
Ss —_r__» S , 

where n: SS is the map of degree n, then determines a map 

Par: M, —? M, , 
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which is of degree 1 on the bottom cells, ie., p,,i,=i,, and of q/r on the top 
cells. Since the commutative square holds at the level of honest maps with no 
homotopy, there can be a canonical choice of Par Especially pyg=1ieg> PrsPar= 
qs: M,>M,->M, for a divisor s of r. Let y,, u, be pre-multiplications on 
M,, M,. Then p,, is said to be multiplicative with respect to p,, 1,, if 

M(ParA Par) = Parla in [M,AM,, M,], 

in other words, p,,: (M,, u,)>(M,, u,) is a map of ring spectra (when uu, and py, 
are multiplications). The following lemma is a key result in proving the main 

theorem. 

LEMMA 5. Let r be a positive divisor of q and suppose q,r#2 mod 4. 

For a given regular multiplication pu, on M,, there exists a regular multiplication 

Hg on M, so that p,, is multiplicative with respect to p,, U,. 

This paper is organized as follows: in §1 we prove the parts (a), (b) of Theorem 
2. The key lemma, Lemma 5, is proved in §2. The obstruction to the com- 
mutativity is analized in §3 and the parts (c), (c’) are proved. In §4, the 
obstruction to the associativity is analized and, in §§4—5, the parts (d), (d’), (d”) 
of Theorem 2 are proved. The M,,-module structure on M, with q=2 mod 4 
is discussed in §6. 

The author was supported by SFB 40 “‘Theoretische Mathematik’’ Universitat 
Bonn. 

§1. Enumerating multiplications 

We consider the usual cofibration 

(6) S21, M, 14,58. 

Then the coboundary 6, is the composite 

Og=iglq: M, > LS — &M,. 

Let r be a divisor of g. As mentioned before, the map p,, satisfies 

Parlg=ly IrPar=(4/Nig Pag=1m- 

In the same manner as p, there is canonically defined map 

Aq: M, — M, 
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which satisfies 

Av alr — (q/T)ig, Jghr.g =Jr Masa = Ly. 

Let 1: XS—S be the stable class of the Hopf map S?—S? which is the 
generator of 73=[2S, S]=Z/2. Since 2y=0, there exist elements 

fix: 2M, —> S, ,: 22S —> M, 

such that 

Aoio=N, Jot2=N. 

When q is even, we define the elements 

i, XM, —- S, j,: 2°S —> M, 

to be the composites 

. —_ Ng=N2Pq,2° Ag= 42, 
which satisfy the same relations 

Agig=Ns Iqlg=N- 

The elements #7, and #, are of order 2 when q=0 mod 4, and of order 4 when 
q=2 mod4 [3], [1]. We shall quote, from [1] (originally due to [3]), the 
following computational result, which is obtained by the standard method using 
cofibration (6) together with the following results on stable homotopy groups of 
spheres: 

mi =Z/2{n}, m=Z/2{n’}5, 

where 2 =nn = {2, n, 2} (Toda bracket, cf. [10]) and we indicate generators inside 
{ }. | 

LEMMA 7. 

(a) %o(M,)= Z/qtigs- 
av for g odd, 

9) forqodd, 7,(M,)=\ Z/4tf,} = for g=2 mod 4, 
1,(M,) = 

Z/2ti,n} for gq even, . Z/2{i 4} OZ/2ti,n*} 
ne oS ee for g=90 mod 4. 
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(b) Let r be a divisor of q, and write h=hi gs P= Pay 

Z/r{2i for r=1mod2, 

[M,, M,]=( Z/2r{2} for r=q=2 mod4, 

Z/riA3@LZ/2{inj,} for r=0 mod 2, g=0 mod 4. 

( Z/r{p} | for r=1mod2, 
[M,, M,]={ Z/2r{p} for r=q=2 mod4, 

Z/r{ ps @LZ/2tinj,} for r=0 mod 2, g=0 mod 4. 

(c) 

0 for q odd, 

[ZM,, M,]={ Z/2igi,} ©Z/2{A,i,} for q=2 mod 4, 

Z/2Kigiigh OZ/AH,ig}® Z[Aign? jg} for q=0 mod 4, 
Form the smash product of (6) with M, to get the cofibration 

M, -***% M, AM, ~2*1TM, 5M, 

which is induced by gly. 
Suppose g#2 mod 4. Then giy=0 by Lemma 7, (b), and the cofibration is 

trivial. The trivialization is given by maps 

Uy: M,\M, — M,, fig: 2M, —> M, AM, y? 

which satisfy the relations 

(8-a) MgligA ln) =I, Le, My is a pre-multiplication. 

(8-b) (ig I) Ag= lv. 
(8-c) Uglig=0. 

(8-d) Gig Lag + gig Lu) =1aeam- 

These relations determine uniquely fi, for a given pre-multiplication yw, [9]. 
Henceforward, the index q in y,, fi, will be frequently dropped; the discussions 
with yu varied and q fixed are much more than those with q varied, which are 
Lemma 5, its analogue in case g=2 mod 4, and their consequences. 
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We have proved in [9, Th. 1.3] that, for given pre-multiplications y, py’, 
there is a difference element 

d(u’, we (2M, Mz] 

uniquely associated to p, uw’ in such a way that 

w=ptdu', WGA 1m), HM =A-CGyAlw)d’, W). 

The correspondence p’t>-d(u’, 1) with p fixed is a bijection between the set of pre- 
multiplications and [2M,,M,]. Enumerating pre-multiplications as stated 
above Theorem 2, (d”) is then immediate from Lemma 7, (Cc). 

Let w be any pre-multiplication. We have w(1yAi,)i,=i, hence, by Lemma 

7, (a), (b), 

lu for gq odd, 
W1 yy A ig) = 

ly t+xini, x€Z/2, for q=0 mod 4. 

Therefore p is a multiplication which is unique, when q is odd. When q=0 
mod 4, the pre-multiplication py’ with d(u', w)=xi,fj, becomes a multiplication, 
hence the multiplication always exists. The difference element 

d(u', Lt) € T>(M,) 

is then associated to given two multiplications yu, yw’ in such a way that 

Au’, W=d(u, Wige Z/2fgigs OZ/2tign i} » 

which proves the part (a) of Theorem 2. 
We shall give an equivalent condition for the regularity. 

LEMMA 9. A pre-multiplication p is regular if and only if 

eed law when u is a multiplication, 
(lig A Jgh= i, . 

—ly tigi, otherwise. 

Proor. We may put uly Ai)=1ly+xini, x¢Z/2 (x=0 if q is odd). 
Then we have 

(*) WO,” Lg + ly A Og=Iqh lu + lay A Jqgt Xtan Ja A 1p) . 

By (8-c), (8-d), the regularlity 1s equivalent to 
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Og= HO, A Lig +1 ye A5,) (i, 4 Ly), 

O=U(0,A ly tly A06,)f. 

The first condition is always valid. By (*) and (8-b), the second is equivalent to 

O= ly tar J JA+Xini,, 

hence the lemma. — Q.E.D. 

Since the stable element jg 1s of odd degree, the formula («A f)(a' A p’)= 
(— 1)*e8hdesa’ yy’ A BB’ of smash product implies that 

(10) Sd A iQ =igh ig= ih iA Lr). 
By Lemma 7, (b) with r=q, and (10), 

Cag A JQH= —Im+yigtig> yeZL/2, 
where y=0, hence a regular multiplication exists and unique, for q odd. Suppose 
q=0 mod4. Then a pre-multiplication yp’ with d(y’, w)=(x+y)f,ie Where x 
is the same coefficient as above proof, is shown to be regular. Moreover there 
are exactly four regular pre-multiplications, which correspond with | 

Z/2{i hg} OZ/2{i nj, ’ 

and there are exactly two regular multiplications, which correspond with 

Z/24i 7 J43 ’ 
proving the part (b) of Theorem 2. — 

Ending the section, we shall restate the enumeration we have made, as follows: 

PROPOSITION 11. Suppose q=0 mod4. Let yu be a multiplication. Then, 
wis regular if and only if pw =u+ign(j,A j,) is regular. One of wand p'= 
M+Hd jqA jg) is regular and other is not. Write w" =(u')"=(u’y, Upre = M+ 
ighigA 1m). Then the set of pre-multiplications is 

wt t " mw ! " 7 {M, MH, ,e , Hore> Llores pres Mores ’ 
and the first four elements form the set of multiplications. 
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§2. The key lemma 

Throughout this section, r will be a divisor of g and p=q/r. We consider 
_ the cofibration 

(12) M, —> M, > M,, 4=4),9 P=Pap> 

which is induced by 

0'=1,j,: M, —> 2M,. 

We put 

6” =i,j,: M, —~ 2M, 

and 6,=i,Jj, as before. Then we have 

(13-a) Prpor=O if q divides r’, 

(13-b) 0, = po”. 

PROOF OF LEMMA 5. Suppose (p,r)=1. Then 6’=0 and hence M, is 
homotopy equivalent to M,vM,. Let 2’=/,,: M,-M,, p'=1,,»: M,-M,. 
Then 4, p, 2’ and p’ give a splitting of M,, because, by [2, Appendix, Th. 12.2], 

rly, for p#2 mod 4, 
pa= 

ly, for p=2 mod 4, 

Plm, for r #2 mod4, 
M' p= 

ly, for r=2 mod 4. 

For given multiplications yp, on M, and yp, on M, (since (p, r=, the assumption 
q, r#2 mod 4 implies p#2 mod 4, hence p, exists), 

(M, v M,) \ (M, v M,) =(M, 4 M,) v (M, 4 M,) v (M, 4 M,) v (M, 4 M,) 

(1p0,004r) » M,v M, 

defines a multiplication u, on M, for which p is multiplicative. The element 
6, corresponds with 6, v 6, via splitting, hence, if u, is also regular, so is u,. We 
may therefore reduce the lemma to the case when q is a prime power. Moreover, 
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SINCE Py -Pab= Paco WE May assume that p is a prime and r is a power of p. Then 

q = pr divides r* and (13-a) is applicable. 
By (13-a) and (13-b), 

OUP A P)= Pr,pSrbe(P A P)= PPy,pll(O" A p) + PPr, ptt (p 40"). 

Since pp,,,=0 (by Lemma 7, (b)), we have 6’u,(pA p)=0. The exact sequence 

given by (12) then yields an element y,: M,A M,-— M, with the property 

(pA p)= Pa, 

which implies the relation 

Pi glig A luy)=p = Puli A i,) . 

An easy diagram chasing leads that there is a choice of 4, which is a premulti- 
plication. As was shown before, if p is odd, it is a regular multiplication. 

Suppose p=2. Then p(lyAi,)=1ly+xini, x€Z/2. The relation pul 
Ai,)=p implies x=0. Thus, yp, is a multiplication. The multiplication yy of 
Proposition 11 also makes p multiplicative because pf,=p/ij,=0. As mentioned 

in Proposition 11, either of y,, yi, is regular. Q.E. D. 

We mention that, if both of q, r are even (or odd), uw, in Lemma 5 is unique. 

§3. Commutative multiplications 

Let T: M,\M,-M,/M, be the map switching the factors. For a multi- 

plication uw, “Tis also a multiplication; it is regular if pis. Therefore if g is odd, 
uUT=p, 1.€., Wis commutative by the uniqueness. If g=0 mod 4, 

UT=ut+ VU) Cigh jg) for some (u)(=d(uT, ME Z/2{ign’} . 

Since (j,A jJT= —(j,/ jq) and 27(u)=0, the element j() is independent of the 
chice of multiplication uy. We call it ¥, and put y,=7,/j,. 

PROPOSITION 14. If q is odd, the multiplication is commutative. If q=0 

mod 4, there is an element y, € Z/2{i,n*j,} such that 

UT=u+y (igh 1) for all multiplications. 

CoROLLARY 15. If a multiplication on M, is commutative, all the multi- 

plications on M, are commutative. 
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Suppose q=0 mod4. We may put y,=c,i,n7j,, c,¢Z/2. Let mw, and yp, 

be regular multiplications on M, and M,, respectively. Then 

UyT= Hg + Cala” Cig A Jq)s U4T= M4 + calgn?(ig A ja) . 

Put p=p,4. By Lemma 5, 

Cqigt?(ig Jq) = Pilg T — Pl 
= Hal A p)T— Ug(p A p) 

=(HaT— 4) (pA p) 

=(q/4)*cgign?(ig jg) 

A similar computation as in Lemma 7, (c) shows that i4n?j,40. Hence, 

Cy=(q/4)?c4 =(4/4)cq mod 2. 

B. Gray [4, Th. 10] proved that c,#0. Therefore c,=q/4 mod 2, proving the 

parts (c) and (c’) of Theorem 2. 
Finally we mention that 

(16) If q=0 mod4, Ta=—fi+(q/4)(i, i,)n7j, for any multiplication p, 
because (uT)* = — Tf. 

§4. Obstructions to the assiciativity 

LEMMA 17. Let yu be a pre-multiplication on M,,. 

Jah Iu tin A jg if mis regular, 
(a) Og) ae | Jah Amt 1m A jgtignigh jg) otherwise. 

Ly Aig—igA ly if wis a multiplication, 

0) f8,= a 
ly ANig—igA lati, Aigni,g otherwise. 

0 if pis regular, 
(c) (igh Lu) (UA ly) AA Ah= 

NnAly otherwise. 

0 if pis a multiplication, 
(d) Ul A f)(fA 154) (i,A ly)= 

HA1y otherwise. 
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(e) HUA Li) ae A MA= HOA 1) (AA Lyf. 

PROOF. We may put 

U1 A i= Lag t+ XIN) g (lig A i)u= ~~ la + Vine 

where x, ye Z/2 (x=y=0 if q is odd), x=0 iff pw is a multiplication, and y=0 

iff wis regular. Then, 

Mag Aig ig A Ly t+ xi, A ini) =9, 

(Land dg t igh Lo + yign’g” Jq)A=9. 

By (8-c), (8-d), 

Lig A ig—igA Lye + XCig A tig = BUG Lu) Um A ig ig A Lae + x(i,A ig) q) 

6 Seanad 

— 

>
 

@ 

Tg A jgt dg Le + vignigh jgQd= Cae A Jat dg’ Um + vignigh Jq)) Gg Lie 

= Oglls 

proving (a) and (b). To get (c), 

Cig A Le)QHA Lig) (Lae A AYA= Wig A Lan) Cig A Lad HA Li) ae A AA 

= H(OgHA I) A ADE 

and use (a). Similarly (b) implies (d). By (8-d), 

Mla A Wa A MA= Mla A Eig A Lie A Li) CHA Lie) 

+ (AA Ta )(iq 4 lA 1) Cla A A 

The left hand side is 0 (by (8-c)) and the right is the difference 

H(A ly) A MAB A EAA La) Bs, 

hence (e) is obtained. Q.E. D. 

For given pre-multiplication y, we define an element o(u)¢[2?7M,, M,] to 
be either side of above (e): 

(18) aCu)= HCA Ig) a A MA = Ua A (AA Ih, 

which will be shown to be the obstruction to the associativity of yu. 
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Lemma 19. If pw is a multiplication, the element o(m) is independent of the 
choice of wu. 

Proor. We shall show that o()=a(u°) for multiplications w and y°. We 
may assume pis regular. Put wWo=y+d(j,A ly), d=dj, asin §1. Then 

di, =0, 0 if y° is regular, 
jqd= qz= 

0 if y° is regular, 

—d=d, nj, otherwise, dnj, otherwise, 

from which we have, by computation, (we drop the indices: 1=1ly, i=i,, j/=j,) 

wWLAp)=nLawtulad (la jaDtdu(jalabhn+@ Gada jal), 

(A°A 1)P=(RADA+GA LAD (da DAt+(GA IGA Dad, 

and 

a(u°)—o(u)= ud A It pa d)fit+d Ga ida 1)a+3d? 
=u(dAlfit+piad)p. 

By Proposition 14 and (16), 

udAl)i=pTAAd)Ti=—pAadit+y,dt+dy,, 

where y,=(q/4)in?j for q=0 mod 4, y,=0 for q odd. Then, it is enough to show 
yl +dy,=0 for g=4 mod 8. The element y,d+dy, is a multiple of in?j, where 
y3=nnyy. There is a well known relation 4?=4y, cf. [10], hence 4° is divisible 
by q and in?j=0. Q.E. D. 

As was seen in [9, §5] the element «() is the obstrauction for the multi- 
plication p to be associative. The following proposition is a version of [9, Th. 
5.2]. 

PROPOSITION 20. Let u be a pre-multiplication on M,. 

Ua A B= ECLA Ly) — OC) (ig A jg Le) + ACH g A La A Lie) 

(Ine A A) = —(AA Lye) A+ Cig A ig Lager) + (iA Lae A ned AD), 
where 

0 if pis a multiplication, 
A(u) = 

iMatNglq otherwise, 
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0 if uw is regular, 
Au) = 

iQg ti, otherwise. 

Proor*)., We prove the first equality. The second is similar and we omit 
the proof. We have 

au(JA JA I= HLA w(AA DAG ADGALAL (by (18), (10) 

= =H LA W(AA I (JA LA D+HLA WBA DEA Dur LA 1) 
(by (8-d)) 

=—HAAW(ADGALIA D+ AMpG ata i 
(by Lemma 17, (d)), 

where we have used the relation Ug +Ngig=n ly in [XM,, M,], q even [1], and 

HLA W(AADGAIAD =n App aw lirtal(uad 
(by (8-d)) 

=M1A w)—p(ua 1). Q.E.D. 

COROLLARY 21. A pre-multiplication p is associative if and only if a(u)=0 
and A(u)=0; in particular, a pre-multiplication which is not a multiplication 
is not associative. If a multiplication on M, is associative, all the 
multiplications are associative. 

Proor. The elements j,A j,A ly and p(j,A ly A 1) are, together with two 
other elements (j,A 1ag)(UA 1y), U(UA Ly), the projections of splitting of M,/ 
M,’M, into four copies of M,. Therefore —a(u)( Jgh igh 1m) + A(OUG A 
ly A 1y,)=0 is equivalent to a(u)=0 and A(u)=0. The last statement is im- 
mediate from Lemma 19. , Q.E.D. 

§5. Associative multiplications 

According to Corollary 21, we can restrict ourselves the discussion of as- 

*) In the proof given in [9, Th. 5.2], there is a mistake in the sign: the equality a(mx) (t Az Alyx) 
= 6(mx) (x \1yA1x) below (5.3) in [9] should be a(my) (x Az A1x)= —O(mx) (x Aly A 14), 
because of the sign in zAaAly=—(xAly) (tly Alyx) (see (10)). Therefore the first 
equality in (5.1) should be 

mx(1y Amy)=mx(my A 1y)—almx)(r4 AA ly). 
The change of the sign does not affect the discussions in [9]. 
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sociativity to the case of multiplications. We shall first show that the associator 
o(u) is a 3-primary element, that is, 

PROPOSITION 22. If wis a multiplication, 30(u)=0. 

We need some computations to get the proposition. We omit the index q 
iN Uy Lg ig jg etc, and write 1=1y. By Lemma 19, we may assume that yu 1S 
regular. As before, let T be the twisting map of M,A M, and y be the com- 
mutator: y=in?j for g=4 mod 8, and y=0 otherwise. 

LEMMA 23. (a) GGALALDCAA(TADFE(TADGAMGAIAD=1A1AL. 
(b) GAB (TAICA T)=T(HA 1). 

(c) (UAI(LA MAHA Dow), MHADCUA A=a(u) (iA D.- 
(d) wap) (TA ICA f&)=2a(u) (JA 1 +HQA DACA 1). 

ProoF. (a) Since T?=1, it is enough to show 

(TALIGAIADUAWFUAMGAIAD(CTAN=H1LAIAL. 

The left hand side is equal to | 

(LAiIADALAWF(1A ALA fAD=1A CGA Dut aGr DD), 

(b) Easy. 
(c) By Lemma 17, (c), (18), (8-c) and (8-d). 
(d) By Proposition 20, (10), Proposition 14 and Lemma 23, (c). Q.E.D. 

PROOF OF PROPOSITION 22. By Proposition 14 and (8-c), y=uTfi. We 
compute the element D= pA y)f@=HAAWUAT)AA pa: 

D=nWAAWGALADUAD(TADCA Tai 

+u lap (TAIGAMUALAINCAA Taye | (by. Lemma 23, (a)) 

=A p(TAINGAAT)AA AA-LOAW(TADGAATA (by (8-a), (8-b)) 

=pT(mA ILA MA—2au) (JA DTA— py DAG A 1)TE 
(by Lemma 23, (b), (d)) 

=MT(iA Lau) + 20(u) + Wy A Dp (by Lemma 23, (c) and the regularity) 

=3a(u)+ u(y 1A. 

Since y?=0 and 2y=0, a similar computation as in the proof of Lemma 19 leads 
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to n(yA Dy=nLA yyu=D. Hence 30(u)=0. Q.E.D. 

PROOF OF THE PARTS (d), (d’), (d”) OF THEOREM 2 (CONTINUED AFTER 20, 21). 

A similar computation as in Lemma 7 shows that 

Z/3{i,a4j,$ for g=0 mod 3, 
3-primary component of [27M,, M,]= | 

0 for g#0 mod 3, 

where « is a generator of the 3-primary component Z/3 of r§=[23S, S)]. 

Therefore «(u)=0 for any multiplication u, on M, when g#0 mod 3, by Pro- 

position 22. Also we may put o(u,)=a,i,%j,, 4,€ Z/3, when gq=0 mod3. The 
coefficient a, is independent of the choice of multiplication. Then 

[A,] MAL A pg) = Magy A 1) —agigeigA igh jg) for q=0 mod 3. 

Let p=p, and suppose that w, is regular. By Lemma 5, composing [A3] with 
ppp from the right and [A,] with p from the left then implies that 

a,13%),= (q/3)°azizaj, = (q/3)a3i30j, . 

Therefore a,=(q/3)a3 mod 3. Toda proved in [11] that M, is not associative, 

that is, a,;=1 by replacing « by —« if necessary, completing the proof. Q.E.D. 

§6. Remark on the case g=2 mod 4 

Throughout the section, we assume g =2 mod 4, and denote simply 1 Ma Imo. 
Igy J lag Jag by 1, 1’, i, j, i’, j’, respectively. We shall try to make analoguous 

discussion for M,,-module multiplications on M,,. 
Since 2q1=0 (by Lemma 7, (b) with r=q), the cofibration 

M, 15 Mz, M, -i415 =M, 

is trivial, hence there is an element, which we call an M,,-pre-multiplication on 

M,, 

mM,: M,,\M, —_— M, 

together with the associating element 

m,: M,— M2,AM, 



Multiplications on the Moore spectrum 273 

satisfying the same properties as (8-a)-(8—d) with H,, fg, igs igo laram Teplaced by 
Mm, M,, i’, j’, 1’A1. The difference element for two choices m,, m} of M,,-pre- 
multiplications 

d(m®, m,)€[ZM,, M,)=Z/2{i#,} @Z/2{f, J} 
is similarly defined (notice that the third factor Z/2{in?j} vanishes), hence there 
are exactly four M,,-pre-multiplications on M,. By a similar discussion in §1 
of constructing a multiplication from pre-multiplication, there is an m, which 
satisfies | 

(24) ml’ Ai)=p, where p=Prqq- 

We call such an m, an M,,-multiplication on M,. Enumerating M,,-multipli- 
cations is also similar and one has that there are exactly two M,,-multiplications 
on M, and that, if m, is one of them, the other is given by mj=m,+f,j(j' 4 1). 

The regularity of multiplications given in Definition 1 then corresponds with 
the following property: 

(25) m1’ A 6,)=6,m, » 

that is, 6, is an M,,-module map, because, if a multiplication uy, on M, were 
constructed, m, would be a composite u,(oA 1). For an M,,-multiplication m, 
the property (25) is equivalent to 

(25)’ (’a j)mg=—A4, where A= q,2q? 

which is an analogue of Lemma9. Then there exists uniquely an M,,- 
multiplication on M, with property (25) or (25)’, which we call a regular M,,- 
multiplication on M,. We shall stress that the lack of the factor Z/2{in?j} in 
[2M,, M,] implies the uniqueness. 

Henceforward, we reserve m, for a regular M,,-multiplication on M, because 
of the uniqueness. As in Proposition 11, we name other M,,-pre-multiplications: 

m= Mgt hi AV, 

Mo pre= Nt ij’ A 1), 

M4, pre= q+ (ifg+Hgi) (iA 1). 

An analogue of Lemma 5 is then stated as follows: 

LEMMA 26. There exists uniquely a regular multiplication p,, on M2, 
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such that pi,,=m,(1'A p), fi2gA=(' A A)M,. 

The proof is similar and we omit it. We mention that in Lemma 5 there hold 
more relations including (AA 2)fi,= fi,A [8, Lemma 2.1]. It is not hard to check 

the uniqueness of y1,, since in?j’ #0. Summarizing the above discussion, we have 

PROPOSITION 27. There exist a regular M),,-multiplication m, on M,, 
(i.e., a map with properties m,(i’ A 1) =1, (24) and (25)), and a regular multiplica- 

tion Uz, on M,, such that ppr,=m,1'A p), fi2z,A=('AA)m,. AIl of these pro- 

perties uniquely determine m, and [14,. 

We also reserve the notation 2, for the unique regular multiplication in the 
proposition, and describe other pre-multiplications as in Proposition 11 with our 

Urq 

REMARK 28. For each q with q#2mod4, we may uniquely specify a 

regular multiplication py, on M, in the following way: for q odd, py, is always 

unique (Theorem 2, (a)), for g=2", n=2, Proposition 27 (in case n=2) and the 

remark at the end of §2 (in case n= 3) give unique u,, and for arbitrary q=41q2 
with q,=2", q2 odd, the homotopy equivalence M,=M,, v M,, in §2 gives unique 

Ha: 

In a similar manner as of (18), we define the associator of m, as follows: 

a(m,)=M {i240 1)’ Am) m,=m(1' A M,)(f2gA Dm, 

which is an element of 

(29) [23°M,, M,] 

Z/[3{iaj} for q=0 mod 3, 
=Z/2{inn,} OZ/2h ni} OZ/2{ivj} ® 

for qg#9 mod 3, 

where v is a generator of the 2-primary part Z/8 of 2§. The discussion in 

Proposition 20 with yw regular multiplication is applied to show 

(30) mia mM )=M,U2,4 1)—a(m, (AAD, 

(30)' (L'A mm, = — (2A Dm t+ Ai’ A Latm,). 

Composing 1’ 1’ p to (30) from the right yields the relation 
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(2q/3)iaj’ for q=0 mod3, 
a(m,)p = 

for q#0 mod 3, 

and similarly, from (30)’, 

bo
ny

 

or g=0 mod3, 
Aa(m,) = 

(2q/3)i'aj | for q#0 mod 3. 
From these relations, we get 

(31) a(m,) = a,iaj +a,ivj, 

where a,=0 for g#0 mod 3, a,=2q/3 for q=0 mod 3, and aj, € Z/2. 
Unfortunately an analogue of Proposition 22 can not be expected because of 

no commutator; we are not able to decide the coefficient aj. This is the reason 
why Theorem 4 has to be a weak form. To show Theorem 4, one needs com- 
putations similar to those in Lemma 19 (and Proposition 20). For the com- 
putations, one also needs the following relations in [27M,, M,]: 

MAL’ A HgQA= pl’ A H)Mq=intigt NaN: 

Mfr 1)=0, (424% 1)m,=0, 
which follow from the fact that 

(32) The homomorphisms 

i*: [2?M,, M,| —— 72(M,). 

jx: (22M, M,] — [EM,, S$], 

(vA 1),: [22M,, M,] ——> [2°M,, M,] 

are monic, if they are restricted to the first, second, third facters Z/2 in (29), 
respectively. Moreover they are trivial on the complementary summands in 
(29). 

Now Theorem 4 follows at once from (30), (31). We shall here restate it 
more explicitly: 

THEOREM 4’. If q=+3_mod9, M, can not be an associative M,,-module 
spectrum. If q#+3 mod9, the following pairs of pre-multiplication on M,, 
and M,,-pre-multiplication on M, are only possible pairs satisfying associa- 
tivity: 
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(Lr m,); (U'o9> M4, pre)» (U9 M,), 
wt tt (L295 M4, pre)» (L295 mM, ’ (LQ Mg pre)» 

and either all of them or none of them satisfies the associativity. The pre- 
multiplications on M), appearing in these pairs are all associative, regular 
multiplications. 
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