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INTRODUCTION 

The computation of the stable homotopy groups of a space has been 

one of the touchstones of algebraic topology since Hopf discovered in 1935 

that 7(8°) #0. A major conceptual advance in the study of these groups 
occurred with Adams! ([1], 1958) construction of a spectral sequence abutting 

to (roughly) the p-component of m(X), with 

= Ext” (a"(x;F),F), aX P Pp 

where a is the mod p Steenrod algebra. 

In time, Adams (1964) and Novikov ([50], 1967) showed how to use 

various associative ring-spectra E to construct spectral sequences with 

E,-terms depending only on the behavior of primary E-theory operations 

on E"(x). Under the assumption that E,E is flat over E,, Adams [3] 
gave a description of E, as 

Ext. E,, E/(X E gE! o? x! 2 

defined in terms of a certain "coaction" of the 'coalgebra" EE on EY (X). 

In this thesis we study various algebraic tools for computing this 

Ext group. Chapter I describes the construction of a general Adams 

spectral sequence. In Chapter II we study homological algebra over gadgets 

like ELE, which we call ''Hopf algebroids. '' By exhibiting a cosimplicial 

structure on a "cobar" construction for ELE, we show that Ext, (B,,E,) 
x 

supports \.-products and, if pE, = 0, Steenrodo erations. We construct 
Pp ;-P * P' 

an analogue of the Cartan-Eilenberg change-of-rings spectral sequence, 



and study some special classes of Hopf algebroids. 

Chapter III introduces a spectral sequence obtained by filtering the 

cobar construction by powers of an ideal I in E, invariant under the 

operations in E-theory. This generalizes a construction of Novikov, and 

we call it an algebraic Novikov spectral sequence. Incase E is the Brown- 

Peterson summand BP of the unitary Thom spectrum MU localized at 

p, and I is the kernel of the Thom homomorphism BP, (point) —> H, (point; mr) 

the spectral sequence is shown to have 

pee “‘a@. pt 
2 7 Ex | » Ko BP, (X)) 

*
 

ue
) 

relative to a certain canonical coaction of the dual Steenrod reduced powers 
28k 

P, on Ey BP,(X). For p odd, and under restrictive torsion assumptions 

on X, this E, -term is merely a regrading of the classical Adams E,-term 
aK 

Ext, (F. HL(X; EF). Thus differentials in the algebraic Novikov spectral Es 

Sequence may be regarded as BP-theoretic differentials in the modp Adams 

Spectral sequence. 

In the last chapter we use these techniques to prove a vanishing 
ae se theorem for Extpp pp BP, BP, (X)) and to compute Extap pp 

in a band of width p@(2p-2) above the vanishing edge. These results are 

(BR,, BP.) 

combined in an appendix with known facts about TM to calculate 
s,t 

- = = 
¥xtap pp (BR. BR) through degree t= 96 for p=3 and t=472 for 

p=5. This computation reveals several nontrivial differentials in the 

BP-Adams spectral sequence besides the well-known Cohen-Toda differen- 

tial [62]. 



CHAPTER ONE 

ADAMS SPECTRAL SEQUENCES 

§1.0. Introduction 

Adams spectral sequences arise from resolutions ina category with 

exact triangles. In this chapter we construct an Adams spectral sequence 

in this generality. In the first section we study the behavior of injective 

classes (after Eilenberg-Moore [18]) ina triangulated category (after Verdier 

[59]). Then we show how to lift a resolution to a "filtration" or dual Post- 

nikov system whose associated fibers are the objects of the resolution. A 

"homology theory'' carries this structure, dubbed an Adams complex, to 

an exact couple. Associated to this exact couple is the Adams spectral 

sequence. 

Our interest is of course principally in the stable homotopy category, 

We shall use Adams' formulation of this category [5]. In §1.3 we study 

the Adams spectral sequence briefly in this context, and recall a known 

convergence theorem. 

Despite this homotopy-theoretic orientation, we hope that the Adams 

spectral sequence, in the generality presented here, will find other applica- 

tions, perhaps for instance to algebraic geometry. 

§1.1. Injective classes and ‘triples in triangulated categories 

In this section we recall Verdier's definition [59] of a context for 

"first-order" stable homotopy theory, and study the behavior of injective 



classes and triples in sucha situation. Much of this material can be found 

in [60] or [49]. 

(1.1.1) Let X be a pre-additive category (i.e., a category enriched [35] 

over the closed category Ab of Abelian groups). Let ¥: X—>X be an 

additive automorphism, called suspension, There arises a new category 

Xy enriched over the category Z Ab of graded Abelian groups, with the 

same objects and with X,Y) = X(B"x, Y) and the obvious composition. 

Given any functor F:X—>A let F,:X,—>ZA by BOS) = F(X), = 

F(a "x) for X in X and analogously for morphisms. 

A triangle is a diagram X—>Y —+>Z —> =X, which we frequently 

denote by 

x — 2 y 

(1.1.2) (-1) \ Vie 
# 

Zz 

where (-1) indicates that w: Z—»X has degree -1. A morphism of 

triangles is atriple (f,g,h) of maps in X such that 

x Y Z Dx 

f | | »| z| 
x’ y’ Z’ Dx’ 

commutes. 

Definition 1.1.3 [59],[22],[20]. A triangulated category X= (X,B,q) is 

an additive category X, anautomorphism 5, anda class A of "exact" 



triangles, satisfying (1.1.4) - (1.1.6). 

(1.1.4) Every triangle isomorphic to an exact triangle is exact. Every 

morphism u: X—>Y lies in an exact triangle (1.1.2), The triangle 

x x, X—> *—> DX 

is exact, if * is the point in x. 

(1.1.5) The triangle (1.1.2) is exact iff 

v w - Du 
Y Z zx ty 

is exact. 

(1.1.6) Let (1.1.2) and (1.1.2) be exact triangles, and let 

x 

‘| 
u 

x! ———> 

u 
—— 

J 

d
e

e
 

K
 

o
q

 

commute. Then there exists h: Z—>Z’ making (f,g,h) a morphism of 

triangles. 

Verdier ([59] [22]) states another axiom, the octahedral axiom (which 

is stronger than the "octahedral axiom" of [20] in an essential way). This 

axiom is useful in providing the Adams spectral sequence witha "Rees 

system"; but, having nothing new to say about convergence, we make no 

use of this axiom. 

Definition 1.1.7 [18],[19],[23]. Let X be a pointed category. A (two- 

morphism) sequence is a diagram 



x ts x 2, x 
such that gf is the trivial map. An injective class I isa class i-obj of 

objects anda class i-seq of sequences such that: 

(1.1.8) LeI-obj iff for all x’/—>x —> xe I-seq, (1.1.9) is exact: 

(1.1.9) X(X1) += X(X,1) <— X(x",1) 

(1.1.10) xX’ —»xX —+x"el-seq iff for all LeI-obj, (1.1.9) is exact; 

1.1.11) for all X’—+X there exists X'—»X —>lel-seq with I¢1-obj. = = J 

A longer sequence is J-exact iff each two-morphism subsequence 

is in I-seq. 

Definition 1.1.12 [49]. An injective class i in the triangulated category 

X is stable iff i-obj is stable under Z, or equivalently, if I-seq is stable 

under . 

The following lemmas are proved in [49]. 

Lemma 1.1.13. Let -obj be a class of objects ina triangulated category 

X. Suppose I-obj is closed under retraction and suspension. Let I-seq 

be the class of sequences X’ —»>X—>xX” in X such that for all L¢ I-obj, 

(1.1.9) is exact. Then (I-obj, I-seq) is a stable injective class iff for all 

Xeob X there exists *—> X —>lel-seq with T€I-obj. o 

Lemma 1.1.14, Let I bea stable injective class ina triangulated category 

X. Let *—»X'—>Xel-seq and let x’ —»x—>x” —+px’ be an exact 

triangle. Then * x’ x —> x’ * is I-exact. a 



(1.1.15) Let T= (T,9,B) be a triple [19] on the category X. Recall that 

Eilenberg and Moore [19] have associated to I! the category xt of 

T-algebras. An object of xT isa pair (X,p), Xeob X, o: TX—~>xX, 
such that @ is unitary and associative with respect to 7 and p. Let 

T’: x—>xT be defined by T’X = (TX,4,.) and Ss’: xTM —>xX by 
S'(X,g) =X. Then T =8'T". 

For further important properties of S’,T’, see [19]. They form 

an adjoint pair "generating" IT, and are universal as such. 

Now let X be pointed. Let Y-seq be the class of sequences 

X’ —>X —> xX" such that for all Y eX, 

X(X', TY) <— X(x, TY) <— x(x”, Ty) 

is exact. 

Lemma 1.1.16. Let f: X—> xX”. The following are equivalent. 

. f ” (i) * —> X —> X"e T-seq. 

(ii) Ny = @f for some 9: X” —>TX. 

(iii) T’f: T’X —>T’X” is split mono in xt 

(iv) Ti: TX ~TxX” is split mono in X. 

Proof: (i) = (ii) by definition of T-seq, with Y = x. 

(ii) == (iii) follows from the commutative diagram 



_ Xx 

Tf x 
— TM = 

Tx re TTX m Tx 

where My is Hye regarded (using associativity of I) asa map in xT, 

(iii) => (iv) is trivial. 

(iv) = > (i), Let g: X—>TY andlet s; TX” Tx split Tf. 

Commutativity of the following diagram implies that g= (hy + Te Ss My) fe 

xe gf x 8 TY 

Ny" ub 
TY 

” Tf n TX" <———\ Tx TY 

s 
B 3 

“7x Ts Ty xe TY 

Definition 1.1.17. Let X,Y be triangulated categories. A functor 

F: X—*Y is stable iff it is additive and commutes with suspension. A 

natural transformation §: F —>G of stable functors is stable iff § is additive 

and commutes with suspension, i.e., Box = Zo,- Atriple T =(T, nb) 

on X is stable iff T, n, and » are all stable. 

Lemma 1.1.18. Let T bea stable triple on a triangulated category X. 

Then T-seq is the class of sequences of a stable injective class A(T) in 

X. I(T)-obj is the class of objects X of X such that Ny is split mono. 



Proof. We first show that this class I(Q)-obj is the class of retracts of 

objects of the form TX. Ie1(W)-obj is a retract of TI by definition. 

For the other inclusion suppose that I, X are in X and that 

1 

commutes. Then commutativity of 

TI 
on 7 aoe i 

a 
n 3 

I - TX aS rx 
ae ; ae L 

> Tx ~TM x 
I ~ = 

implies that s “Hy ‘Ti splits a 

Thus I(T)-obj is closed under retraction and determines T-seq 

via (1.1.9). But 

"x 
*——> X ——> TXe T-seq 

since it satisfies (1.1.16.ii), so (1.1. 13) completes the proof. o 

(1.1.19) Recall [19] that a triple T ona category X determines a functor 

Sap X—>s°X into cosimplicial objects over X, with gett in degree n 

and, for O0<i<n, 

_ ol nei n+l s,=T pT A Sap —> Sip 

Fa
] 
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i n-i n-1 n a=T To: Sy —> Sh. 

Sap is the standard construction of TT. 

The associated cochain complex Agr with AT = Sir for n>0 

and 

= i n ntl = -l)'d: — 2 8 fan Vd Aap Ag 

is called the standard complex of T. A slight modification of the second 

proof of [19], Prop. 4.1, using exact triangles and Lemma 1.1.14 in place 

of cokernels, gives 

Proposition 1.1.20. Let X be a triangulated category and T a stable 

triple on X. The standard complex AgX at XeX is an I(T)-injective 

resolution of X. 

ia 

For another useful resolution see Example 1.2.4. 

§1.2. Adams resolutions 

Throughout this section X will be a triangulated category. 

Definition 1.2.1. An Adams complex is a sequence 

*o jal, 
x) Xo x 

(1.2.2) ose \ Da \ TA 
ty Ty 

of exact triangles in X; the labels '"-1"' denote maps of degree -1. The 
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Adams complex (1.2.2) is negative iff i, is iso for n>0, or equivalently, 

if L = * for n>0. All Adams complexes we consider will be negative, 

So we suppress the modifier. 

The associated (augmented) complex of (1,2.2) is 

-1 -2 1.2. * ——~> wae (1.2.3) Ih = at = I, 

(with augmentation Xo — 1). 

Let I be a stable injective class in X. An Adams complex is 

I-injective iff its associated complex is I-injective, and I-exact iff its asso- 

ciated augmented complex is d-exact. It is an Adams resolution relative 

to I iff it is I-injective and I-exact, i.e., iff its associated complex is an 

i-resolution. 

Example 1.2.4. Let T= (T,7,h) bea stable triple on X. The Adams 

complex (1.2.2) is canonical iff for all n<0 there exists an isomorphism 

I_—» TX such that 
n n 

x 
n H

e 

aly 
aa | 

a 
x Tx 

n 

commutes. From Lemma 1.1.18, * xk, —> Tx, el-(T)-seq and 

TX, € 1(T)-obj. Thus if (1.2.2) is canonical then it is an Adams resolution 

relative to I(T). 

Note that any two canonical Adams resolutions are isomorphic, but 

not by a unique isomorphism. 



12 

Lemma 1.2.5. The Adams complex (1.2.2) is l-exact iff *—>X rl, is 

i-exact for all n<0. 

Proof. "If" is clear, since I-exact sequences paste together, and 

* +X 1 =x, ne * is I-exact by Lemma 1.1.14. The converse is 

proved by the following induction on n. 

n=O: *—> Xx) > Ip ¢I-seq by hypothesis, so by Lemma 1.1.14, 

*#——>X) > 1) > EX —>* is I-exact. 1 

n<0: Assume that *¥—>xX i, EX, > * is I-exact. 1 +1 

Given Jel-obj and f: xs, 

\ So 
x x ntl n 

A a 

\ a \o a 
a c 

d Tayl a = OT n ? 

a 

fi 

Tye 

we seek g suchthat f= gj. Now fkd = * so, since I, is I-exact, g such 

k that fk = gd= gjk exists. By hypothesis L _—_ x, €I-seq, so +1 

XM) <~ X(X_, J) injects, and f = gj follows. I-exactness everywhere 

now results from Lemma 1.1.14. o 

Proposition 1.2.6. Any I-resolution is the associated augmented complex 

of some Adams resolution, which is unique up to (non unique) isomorphism 

of Adams complexes. 
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Proof. Let X—+I, be anI-resolution. Build the Adams complex induc- 

tively; start by forming the exact triangle 

= gene ees See x Xo x 

\ vA 

Ti 

Now suppose the complex is defined up to 

1 

x _—— xX 

: Pa , i NX 7 

Ta d > I 
n 

(omitting degrees). Tw > UX, —>*el-seq by induction, and I ¢1-obj, 

so d lifts to j. Arguing as in Lemma 1.2.5, we see that * Xo iiel-seq. 

Complete the triangle to get x, 1: Uniqueness follows from [59], p.4, and 

Lemma 1.1.14 now completes the proof. Oo 

Note that injectivity and exactness both play crucial roles in this 

construction. 

Proposition 1.2.7. Let tI bea stable injective class in X. Let (1.2.2), 

(1. 2.2)’ be Adams resolutions for X, X’, and let f: X —>X’ lift to 

hy: I, —>I). Then hy lifts to a morphism of Adams complexes. 

Proof. Suppose the lift has been constructed up to fi x, x). Consider 
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-1 n 
n-- Ws j 

_—~ aa ; 
H = ~ 

I 7 1, nel n-1 
1 

h 1 
n 

4 
x <—— x’ Boa n z, n-l 

“/ . we j 
SY K 

I i” 
n n-l 

(\k] =-l= \k’| ). Complete the map of triangles to fo > we claim 
a _ . * Henk’ f ai! 

xe Je, * fw By construction fa jk = j/k fo j 841% But Lx 

€lI-seq and va 1 &2-0bj together allow us to cancel the k. fal 

§1.3. Adams spectral sequences 

We now transfer an Adams complex ina triangulated category x 

to an exact couple in an Abelian category A by means of an exactness- 

preserving functor. 

Definition 1.3.1. [20] A functor Vg: X—>A_ is homological iff it is additive 

and such that for every exact triangle X’/—»X —>X”—»5xX’ in Xx 

V)X' > VyX —> VX" is exact in A. 

Let ZA be the category of graded objects over A. Vo: XA 

defines a functor V,:X.—>ZA by V(X) = V,(X), = V(B""X). Then 

Vi(DX) = o V(X) where a is the suspension automorphism on ZA given 

by (A) =A). 
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Let 

= jp ___ a X= X, x, ie, 

. a (1.3.2) vA \ vA 
ty tT 

be an Adams complex in X. Applying Vy we arrive at an exact couple 

1 - abo «_(L-}) A 

7 

(1.3.3) 0. eo 
sd 

E 

1 

over A, with maps of the indicated (filtration, complimentary) bidegrees, 

and with 

Ast = Veat'®s) 
(1.3.4) 

1 

Bo,t 7 Verte) - 
1 1 wos d:E —>E is induced from I —> DX — Ti . s,t s-l,t s s-l s-1 

Let I bea stable injective class in X and suppose (1.3.2) is an 

Adams resolution relative to iI. Then in the spectral sequence associated 

to (1.3.3), 

2 i 
(1.3.5) Eee By Vey 

H
 

a
 

where R, ~ denotes the right derived functor of vi relative to I; see 

[18], [23]. 
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If (1.3.2)! is an Adams resolution of X’ and f: X’—>xX, let 
, a . P . fy: XX, hy: il, lift f as in (1.2.7). We obtaina map of exact 

couples, which depends only on h at gE’, Thus the associated Adams 
spectral sequence depends functorially on X. Without implying convergence, 

we shall denote it by 

i 
R, V(X) > V,(X). 

Of course, our principal interest is in the stable homotopy category 

S. We refer the reader to [5] fora description of this triangulated category. 

Let [X,Y], = S(X,Y),. S possesses a coherently associative and commu- 

tative smash product A for which the sphere spectrum S§ is the unit. 

Let w,( )=[S, 1: S—*ZAb denote the stable homotopy functor. Recall 

[61],[5], that a spectrum E defines a homological functor E,( )=1(EA ) 

on S. 

Definition 1.3.6. A ring-spectrum is a spectrum E together with mor- 

phisms ni S—>E and pw: EA E—+E which are associative and unitary, 

and such that w (E) is commutative under the product 

Tu) 
7,(E)@ 1,(E) ——> 0, (EA E) +n (B). 

A ring-spectrum E = (E, 7b) defines a triple (EA >NA sBA ) 

on S which we denote simply by E. Write Re Vo for the derived functor 

of Vo relative to the E-injective class J(E). Note that any spectrum V 

defines a homological functor Vo: S— >Ab, Ab the category of Abelian 

groups. 



17 

We lose little by restricting attention to the derived functors of the 

stable homotopy functor m+ In fact we have: 

Proposition 1.3.7. Let E bea ring-spectrum and V any spectrum. 

Then the Adams spectral sequences 

E (1.3.8) R, V(X) => V(X) 

(1.3.9) Rea (VAX) => 1,(V AX) 

are naturally isomorphic in a way compatible with the identity V(X) am (V AX). 

If we are given a ring-spectrum structure on E AV andamap 6: E—>EAV 

of ring-spectra, then the natural morphism 

Rem VAX) = 1,(V AX) 

(1.3.10) Ron (Vv AX) = 
v 

Eav 
RY m(VAX) => TV AX) 

is an isomorphism. 

Proof. Form a canonical Adams resolution, (1.2.4), relative to E (in 

which DE completes the exact triangle S$ —>E—» DE —>» ZS): 

x —————— xX Xo x 
(1.3.11) \ Va \ WA. 

EaxX 

-2 

EANEAX 

Then VA (1.3.11) is a canonical Adams resolution for VAX, and the exact 
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couple V,, (1.3.11) is clearly naturally isomorphic to the exact couple 

T,, (VA (1.3.11)). The first statement follows. 

For the second, we want V A(1.3. 11) to be an Adams resolution 

relative to EAV. From the ring-spectrum map §: E—>EAV we deduce 

that it is EA V-exact. On the other hand each term in the associated complex 

has an obvious E A V-module structure, and hence is injective. 
o 

Let E bea spectrum and V a Moore-spectrum with integral 

homology HV) equal to the graded Abelian group A. Following [3], write 

EA for the spectrum EV. 

Example 1.3.11. Let H be the Eilenberg-MacLane spectrum with homotopy 

1, (H) = Ziny the integers localized at p. Thus we are suppressing the 

localization from our notation. Let BE, be the Galois field with p elements, 

and let V be the sphere spectrum. Then 

HE, 

R, 7 (X) => m7, (X) 

is the classical modp Adams spectral sequence. 

Next let E=H and V = SE Then (1.3.8), for p odd, was con- 

sidered by J. Neisendorfer [52]. The proposition shows that his spectral 

sequence at X agrees with the usual Adams at VAX. Neisendorfer notes 

that the modp stable homotopy functor V, carries a natural Bockstein 

differential induced by the cofibration 

sPes —+v. 
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This induces a differential 3 in the spectral sequences (1.3.8) - (1.3. 10). 
r . r r r Thatis, E has two differentials, 3 and d, such that ad=-d 3, and 

ri. r+l : + : _ 9 on E” induces 3 on E - The isomorphisms in Proposition 1.3,7 

respect this structure by virtue of naturality in V. 

Another case of special interest occurs when V is the Spanier- 

Whitehead dual [5] A” of a finite spectrum A. The functors 

are naturally isomorphic, so the first part of (1.3.7) asserts that 

RA, 1,0) > (axl, 
and 

RE 
* 

* * 
mA AX) => (A AX) 

are isomorphic compatibly with the duality isomorphism. 

Since the homological degree is negative, we will henceforth system- 

atically raise it in our notation. Because of the special importance of 7, 

we fix the following notation; 

s s,t _oE _ (1.3.12) E ’ (X;E) = Rm, (%) = Rats (X). 

(1.3.13) We now summarize the work of Adams, Bousfield, and others 

on the convergence of Adams spectral sequences. Let E be a (-1)-connected 

ring-~spectrum, and let P be the set of rational primes invertible in T(E). 

The unit map Zw (E) factors through the subring z[p7}] of @ con- 

sisting of fractions whose denominators are products of primes in P. For 

any connective spectrum X, define a spectrum x® as follows. If Z—>a(E) 



injects, then 

E Xv = xz[p7 }. 

Otherwise, 

xP. TT x’ 
p¢dp P 

iy 
where x, is the obvious (cf. [11] VI, 6. 5(ii)) stabilization of the Bousfield- 

Kan completion {11}. x® is the 'E-completion" in the sense of 

Adams [5]; see [10]. 

Theo. 4 (Adams [5]). Let E be a (-1)-connected ring-spectrum 

and let P be the set of rational primes invertible in T(E). Assume that 

m) ¢ lid (ice. ltiplication: — n= 2) is isomorphi T(E) is solid (i.e., multiplication: T(E) By 1 (E) m9 (E) igs an isomorphism) 

-1 and that H(E; Z) is of finite type over Z[P ~]. Then for any connective 

spectrum X, the spectral sequence 

~ E Ej (X; E) SEK”; E) = 1,(X") 

converges, in the sense that the filtration on m,(X) is bicomplete. 
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CHAPTER TWO 

HOPF ALGEBROIDS 

§2.0. Introduction 

Let E bea ring-spectrum. Then EE is the algebra of stable 

Operations on E,. In fact given x: S—>E,AX and 8: E—>E we may form 

(8AX)x: S—>EAX. This gives an action 

E"E@ E,(X) > E(x) 
natural in X. 

Proper treatment of the algebra E*E requires the use of topological 

modules over a topological algebra [62]. 

To avoid this unpleasantness J. F. Adams proposed in [3] to study 

the dual object E,E and its coaction on E,(X), in analogy with Milnor's 

work [44] on the dual Steenrod algebra. 

The description of this coaction is slightly tricky. A natural 

candidate for y is the composite 

Ny, v 
ELX = 1, (E AX) ——> E,(E AX) <—— E,E®, 

Ey 
Ex. 

Here Ne. is the Hurewicz homomorphism and y is the usual Ktinneth map 

carrying ¢:S->EAE, x:S-—+E AX, to the composite y € Pp 

s=sasi*, any aenx) EATAX, wp eagax 

[napax 
> EAEAX 
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To invert py we assume that EE is right-flat over E,3 then y is a map 

of homology theories which is an isomorphism on the sphere and hence 

everywhere. 

The problem with this attempt is that in order to study homological 

properties, % must be associative. To consider associativity, w must 

be left E,-linear. Now yp is left E,-linear, but Ny is in general not; so 

~ generally fails to have this property. 

Adams overcame this obstacle by introducing a new algebraic object, 

which we recall in §2.1 and christen a "Hopf algebroid" for reasons stated 

there. We define comodules over a Hopf algebroid, indicate some of their 

properties, and recall the connection with geometry. 
In §2.2 we study homological algebra in the category of comodules 

and construct a cobar resolution. §2.3 shows how the situation studied by 

Landweber in [29] fits into this context. 

With §2.5 we come to the main application, which is to complex 

bordism and Brown-Peterson homology. We recall the structure and certain 

elementary properties of the Hopf algebroid BP, BP, and give yet another 

proof of the Stong-Hattori theorem. 

§2.1. Hopf algebroids 

Let E bea ring-spectrum such that E,E is flat over E,. We 

saw above that E,E cannot in general be made into a Hopf algebra in a 

meaningful way. 

Recall [45] that a commutative Hopf algebra (with involution) is 
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precisely a cogroup in the category of commutative algebras. Recall also 

that a groupoid is a small category in which every morphism is an isomor- 

phism; thus a group is a groupoid with one object. 

What Adams realized [3] was that ELE is generally not a cogroup, 

but rather a cogroupoid in the category of commutative algebras. 

Let R be a commutative ring. Throughout this chapter 'R-algebra!' 

will mean "commutative graded R-algebra. '! 

Definition 2.1.1. A Hopf algebroid over R isa cogroupoid in the category 

of R-algebras. Explicitly, it consists in two R-algebras, A and [ (the 

algebras of "objects" and of "morphisms"), called the coefficient algebra 

and the cooperation algebra, and R-algebra morphisms 

ny? A->T left unit, "target"! 

Ti A->T right unit, ''source!! 

e: [TA counit, "identity" 

a: t- Ta,T diagonal, 'composition" 

eT->T conjugation, "inverse!" 

Here [ is a left A-module via Ty, and a right A-module via TR? and 

Te. is the usual tensor product of bimodules. We require of these maps 

that 4 and ¢ be A-bimodule maps and that the following diagrams commute. 
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QT Te@,¢ A 

n n A cS T < x A 
c 

TR QL 
T 

A g r £ A 

"| | A 1 
Tt Te .T T B(c ®,T) A H(P@,c) 

We leave to the reader the amusement of interpreting these as 

cogroupoid axioms. We will frequently let the coefficient algebra A be 

understood, and write simply [ for (A,T). 

Suppose 1, = pi A—+T. Then all tensor products are simply 

tensor products of left modules over the commutative algebra A. The 

product [@ [—-+T factors through T@ T— Te, T and [ becomes 

simply a Hopf algebra over A. This extends the classical notion only in 

that A is graded. 

Much of this chapter could be carried through in greater generality. 

In fact, let A be an R-algebra. The category (A-mod-A) of A-bimodules 

has an internal tensor product @y which is coherently associative and 
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unitary, but is not commutative. We may study @, -coalgebras in (A-mod-A). 

We refrain from this generalization because we see no use for it. 

We neglect also to point out which results are valid for any cocategory in 

the category of R-algebras, and which depend on the inverse. 

Definition 2 1.2. Let E and V be ring-spectra; see (1.3.6). V,(E \ E) 

isa V,E-bimodule by virtue of the ring-maps 

- V(E An) 
(2.1.3) ny: VE = V,(E AS) > V,{E AE), 

~ Vi (na E) 
(2.1,4) NR V,E= V,(S AE) = V,(E AE). 

E is flat relative to V iff V,(E AE) is left-flat over VE. In case V is 

the sphere-spectrum §, E will be called flat. 

Generalizing a construction of Adams [3], we provide (VE, VE AE)) 

with a Hopf algebroid structure with left and right units as in (2.1.3) and 

(2.1.4), and 

Vib (2.1.5) e: V,(EAE) ———> VE, 

v,T 
(2.1.6) c: V,(E AE) ——> V,(E AE), 

where T switches factors. To define A first let X be any spectrum and 

construct dy in 
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V, (EB An AX) 
V, (E AX) ==v (Ee AS AX) ————>V, (E AE AX) 

it
 

(2.1.7) my 

x 
VE AE)@y pV,IEAX) 

where my carries f;S—>VAEAE, g:S—>VAEAX, to the composite 

S = snsth8s Vv AEAEAVAEAX — as VAVAEAEAEAX 

BAEABRAX 

> VAEAEAX 

Here T’ exchanges the neighboring copies of EAE and V. Now let 

(2.1.8) A= Opt V,(E A E) —> V (EAE) @ (EAE). VE Vs 

The map by of (2.1.7) prompts the following: 

Definition 2.1.9. Let (A,T) bea Hopf algebroid. A left (A. T')-comodule 

is a left A-module M together with an A-module map yp: M—> Te,M 

making commutative: 

ov M_—— Te@,M 

> | 6@,M 

A@M , 
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T-comodules form a category ([-comod) in an obvious way. A is 

a T-comodule with coaction 

"1, ~ (2.1.10) A—“>+T = Te,a. 

T is a [-comodule with coaction qa: [—> Te,T. 

If M,Ne([-comod), then the set of comodule morphisms from M 

to N forms a sub-R-module of the R-module of A-linear maps. 

There is an obvious suspension automorphism g lifting the usual 

suspension on (A-mod). Let Hom, (M,N) denote the graded R-module 

with the R-module of [-comodule maps o'M —— WN in dimension n. 

As an important special case let M=A as in (2.1.10). Then 

(2.1.11) Hom, (A,N) = {neN: p(n) = 1 @, n}. 

If N=A as well, then w(n) = ny {@) 8,1 while 1 @,n = Np (2) @,l5 so. 

(2.1.12) Hom), (A,A) = {ae A: n, (a) = Ng (2)} 

Definition 2.1.13. The Hopf algebroid (A,T) is flat iff TD is left or 

equivalently right flat over A. (A,T) is connected iff A and T are 

positively graded and ey? qT Ag is an isomorphism. More generally, 

(A,T) is (n-1)-connected iff A and T are positively graded and e: TA 

is (n-1)-connected. 

If (A,T) is flat then the category ([-comod) is Abelian. 

(2.1.14) Let E and V be ring-spectra such that E is flat relative to vV, 
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so that V.(EAE) is a Hopf algebroid. Then [3] the coaction by gives 

V,(E AX) a V.(E A E)-comodule structure natural in X. Furthermore, 

V,(E AEX) = oV,(E AX) 

Example 2.1.15. The modp Eilenberg-MacLane spectrum cn is flat 

since (A i) = © isa field. The coefficient algebra is just the ground- 

ring ry so (HH r AHE)) is actually a Hopf algebra: in fact, it is just 

the dual Steenrod algebra A, 

If p>5 then the Moore-spectrum M = SE, is an associative ring- 

spectrum, and the %,)- Hilenberg-MacLane spectrum H=HZ is M- 
(p) 

flat. The associated Hopf algebra is the quotient 

A(1),. = A, MT) 

of the Steenrod algebra considered by J. Neisendorfer [49]. It may also be 

constructed in this manner for p = 3; what is really needed in (2.1.3) - 

(2.1.8) is that V is a not necessarily associative ring-spectrum such that 

EAV is homotopy-associative and me AV) is commutative. The projection 

A, —r ATL), is TM, applied to the composite 

HIP, AHI = MAH AM AH ATAB, yam an an PABAB, uy HAH. 

Since M,(X) supports a natural Bockstein differential, A(1),. is a differen- 

tial Hopf algebra. 

To better understand the definition (2.1.13) of connectivity, we have 

Lemma 2.1.16. Let E bea flat ring-spectrum. Then the Hopf algebroid 
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E,E is connected iff E is (-1)-connected and T(E) - E is solid. 

(Recall [11] that a commutative ring R is solid iff the unit Z—>R 

is a categorical epimorphism, or equivalently, iff multiplication: 

R ZR —~+ R is an isomorphism. ) 

Proof. We must show that if E, is positively graded then Eye hg? (EA E)y 

— +E, is an isomorphism iff Ey is solid. This will follow if the Kiinneth 

map E)® Ey —>(E AE), is an isomorphism. Consider the Atiyah- 

Hirzebruch spectral sequence for E, at E. We see that (EA E) =H (EsE,), 

and the universal coefficient theorem completes the proof. 
im 

Proposition 2.1.17. (''tNakayama" [45], Prop. 2.5). Let (A,T) bea flat 

connected Hopf algebroid. Let f: M—>M’ bea T-comodule map and 

suppose M is connective. Then f is monomorphic iff Hom (A, f) is 

monomorphic. 

Proof. Fora [-comodule N let FQN = Hom) (A,N). Suppose N is 

(n-1)-connected and N, #0. Unitarity (2.1.9) reads, in degree n, 

n 

Na — (T@,N), - rh wo No 
> (e@,N), F084 Nn 

(A®,N), = M0 N 

Since & is an isomorphism, (FON), = No: In particular, if FON = 0 then 

N= 0. 
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Since ([-comod) is Abelian, we can construct the kernel 

0—>N—>M— nM’. 

Assume FM FM’ is monomorphic. Since Fy is left-exact, FQN=0. 

Since M is connective, N is too; so N=0 and M—>M’ is monomorphic. 

Oo 

(2.1.18) Let (A,T)—>(B,Z) bea map of Hopf algebroids. For a left 

T'-comodule M, give the B-module B ®,M a Z-coaction by extending the 

A-linear map 

M-4+Pe.M—>Ze,M* Ge, B)e,M 
to a B-linear map 

Be,M—> 2@,,(B@,M). 

We have defined a functor 

(2.1.19) Be: (T-comod) —> (Y-comod). 

Now (A®A, T@T) isa Hopf algebroid in an obvious way, and 

(Hb): (A®@ A, T@eT)—>(A,P) isa morphism of Hopf algebroids. If M and 

N are [-comodules, then M@N isa T'® [-comodule. Define 

L (2.1.20) Me@,N=A®, , , (M@N). 

Note that the underlying A-module is the tensor-product of left modules 

L over the commutative algebra A. The functor @, is a coherently associ- 

ative and commutative tensor product on ([-comod) with unit A. We have 

a similar functor 
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ae: (comod-T) x (comod-T) —-> (comod-[). 

The product p: T@T->T factors through maps Hye Te,T—r 

and Het re;T— T. Now in analogy with the theory of groups [15] or of 
Hopf-algebras [8], we have: 

Lemma 2.1.21. There is an isomorphism 

~ L Te@,N = Te, N 

of T-comodules, natural in the T-comodule N. 

Proof. The following composites are inverse isomorphisms. 

L 

re, = L HL@,N L 
h: Te,N Pe, (T@,N) _ (Te, t) @,N——+T@,N 

T@,.v T@c@N L. HR®,N L 
k: re,N——~> Te, (Te, N) > (L8, T)8.N “> Te, N, Oo 

In the geometric setting we have the following ''Cartan formula." 

Lemma 2.1.22. Let E, V be ring-spectra with E V-flat. Then the 

Kiinneth map 

L 
v: V,(E AX) 8 5 V,(E AY) Fr ViE AXAY) 

sending f: S—->VAEAX, g:S—>VA EAY, to the composite 

s = sast485 VAEAXAVAE AY > V AV AEAEAXAY 

[pnwaxay 
v(f@ gy 

VAEAXAY 
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is a map of V,(E AE)-comodules. o 

§2.2 Homological algebra 

We turn now to homological algebra in the category of (A, T)-comodules. 

The forgetful functor ([-comod) —>(A-mod) has a right adjoint 

taking M to T@,M with coaction A48,M. This adjoint pair pulls the split 

injective class [23] in (A-mod) back to an injective class in (T-comod). 

An object is injective iff it is a direct summand of Te@,M for some A-module 

M. A sequence 

mw’ + M85 mu" 
of comodules is exact iff it is split-exact in (A-mod); that is, the unique map 

coker (f) —>M” factoring g is split mono in (A-mod). 

Thus for [-comodules M and N we may define the bigraded 

R-module with 

Ext®’* (M,N) =H _ Hom_(M,1) x1 Tr , = -8,t om , 

where N—+I is any injective resolution. 

Since Hom (M, ) is left-exact, Ext] (M,N) = Hom (M,N). 
T 

It will often be convenient to have an explicit and natural resolution. 

Observe that the injective class in ([T'-comod) arises from the triple 

T= (T8,. mh), where 

Thy = Oy M —>PTe,M 

(2.2.1) 

Hyg = T@,¢ @.M: Te, T8,M—>Te,M. 
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Thus we have the standard (cosimplicial) construction Sp and 

its associated cochain complex ApTM, the standard resolution recalled 

above (1.1.19). It is usual to work in the slightly smaller canonical resolu- 

tion W(T3;M), which is the (co)normalized complex [39] of the cosimplicial 

T-comodule Sy(M). 

Explicitly, 

W(DsM) = Te, Te, @, Te,M 
where 

T = Ker (e: T—~>A) 

as an A-bimodule. Write vy, | sly im for an element of W(T ;M)”. The 

differential is: 

ayly |slygdm = By/ly’|y ely, )m 

n : 

+ Bee yy | lyf lo ly) 

1 1 “a + (1S oly, foe y fm’ ]m 
where 

Ay = Uye@y" , 

ym = Em’@m” , 

ei) = fy|+ ly [tenet ly] +4. 

Let 

(2.2.2) (LT; M) = Hom (A, W(T;M)) 

so that 

Ext, (A,M) = H(Q(T3M)), 
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Write Q(T;A)=QT. The adjointness mentioned above implies 

and the differential is now 

aly |+ely,}m = Ey fly dm 

n - 

(2.2.3) + Bee) yy beedog Log! Lely, dm 

e(n+1) + (-1) Ely, |++ly,|[m/]m” . 

In particular for n= 0, 

af ]m=[1l]m - D[m’]m’”. 

If M=A with the comodule structure (2.1.5), 

d[ Ja=[1]Ja- [n,a]1 (2.2.4) ° “im 
= [np® 7 ny 2] : 

The existence of this cobar resolution has several useful consequences. 

Proposition 2.2.5. Let (A,T) bea flat Hopf algebroid. Then any sequence 

of comodules 

(2.2.6) 0 M’ M M”“ 0 

which is short-exact as R-modules induces a long exact sequence in Exti(A, ). 

Proof. Since [ is right-flat over A, sois Q(T;A). But non-differentially, 

Q(T;M) = O(T;A) ®,M; so (2.2.6) induces the short exact sequence 

0—> a(T3M’) > 9(T3M) > 9(P;M") > 0 
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of DG R-modules. Hence the result. 

Proposition 2.2.7. Let (A, T) be flat and let 

0 M 0 t sae 
be a sequence of [-comodules which is R-exact and such that each y is 

T-injective. Then 

Ext, (A,M) =H (Hom, (A,I)). 

Proof. Form the double complex Q([;I). Filter on degree in I; in the 

associated spectral sequence 

EL = E, =H (Hom, (A,1)). 

Then filter on degree in Q; in the associated spectral sequence 

E+E, = Ext, (A, M). 

The result follows. 

ia] 

Proposition 2.2.8. If (A, T) is (n-1)-connected (2.1. 5)and M isan 

(m-1)-connected [-comodule, then for s >0, Exty, (A,M) is (ns+m-1)- 

connected. 

Proof. The cobar construction Q(I;M) has this connectivity. o 

(2.2.9) Let (A,T), (B,B) be two Hopf algebroids over R, and let M be 

a I'-comodule and M’ a D-comodule. Let M- >I, M’—>I' be injective 

resolutions. Since ni M—*I is A-split there are A-maps ¢: 1° —>M, 

S: rm ee such that 
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en=M, sd+ds=1- ne, s =0. 

So also for M’—+I’, over B. Then M@M/—>1@1' is A® B-split by the 

0 retraction ¢@e’:1 @ (')° >Me N and the homotopy (s@1 + ne @ 8’). 
Clearly (1@ ry is I['@ Y-injective; so we have an injective resolution. 

Now for any A-module X, 

Hom, (A, T®, X) = Hom a (As X) = X. 

Therefore for any B-module Y, 

Hom z (A@B, (T'@, X) @ (Z@,Y)) 

= Ho (A@B, (T@zZ)®@ A pe Y)) TMe@ y 
X@Y 

= Hom, (A, T@,X) @ Hom 5 (B,@,Y). 

Hence in the situation above, 

7 Hom ahaa @B, lel’) 

= Hom, (A, 1) @ Hom, (B,1’). 

Note that Q([;M) is R-flatif M is R-flat and (A,T) is flat. 

Therefore we have ((15], XVII): 

Proposition 2.2.10 Let (A,T) and (B,2Z) be two Hopf algebroids over 

R, andlet M bea T-comodule and N a Z-comodule. Suppose (A,T) is 

flatand M is R-flat. Then there is a convergent spectral sequence 

R Tor (Exty, (A,M), Ext 5(B, N)) 

=> Extn z (A® B, M@N). 
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Now suppose (A,T) =(B,3). Then the edge-homomorphism of 

(2.2.11) composes with the map induced by (u,p): (A@ A, Te T)—+(A, qT) 

(see 2.1.20)) to give 

L (2.2.11) ve Ext) (A,M)® Extp(A,N) —> Ext, (A,M@,'N). 

v is associative and commutative in the obvious sense. 

(2.2.12) In order to relate this product to the cobar construction, we need 

a tensor algebra. 

If X is an A-bimodule, let T, (X) be the R-algebra with underlying 

R-module 

and multiplication 

(4 @, "8, x) @ (y, Sq", ¥;) 

1 Oy Sq Oy VL Sy vO yi; - 
~ -l= 

-1 Note that QQKre= Ty (o 7 T) as bigraded R-modules; here g gives 

a graded R-module a second degree of -1. Inspection shows that this 

isomorphism makes QT into a differential R-algebra and Q(T;M) intoa 

differential QI-module. Thus Ext (A, A) is naturally an R-algebra and 

Ext (A, M) an Ext (A, A)-module; and these maps agree with those of 

(2.2.11). 

(2.2.13) There is another expression for the cobar resolution which reveals 

more structure. Notice that [ isa comodule-algebra over (A,T) with 
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unit TL and multiplication By (see (2.1.20)). Hence 

L L L r= (Te@, mT Bye By ®, ) 

is atriple on ([-comod). Recall from (2.1.20) that the functors Te, and 

Te, are naturally equivalent. It is easy to check that this equivalence 
extends to an isomorphism of triples J! = T,- Hence the associated canon- 

ical resolutions are naturally isomorphic DG (A, I‘)-comodules. 

If M is a [-comodule-algebra then Hom (A, S. 
rer, 

plicial commutative R-algebra. Since Ext,(A,M) is the homology of the 

(M)) is a cosim- 

normalized complex, it has U,-products ; andif R= rn then it has Steenrod 

operations. See [41]. 

(2.2.14) Suppose now that E and V are ring-spectra such that E is 

V-flat; see (2.1.2). Then (VE, V,(E AE)) is a Hopf algebroid. We deduce 

from (2.1.21) and (2.1.22) that for any spectrum X, the Kiinneth isomorphism 

m,? V,(E AE) ®y B V,(E AX) ——~ V,(E AE AX) 

of (2.1.7) is a map of V,(E AE)-comodules. Thus 

Hi (VE, V,(E AE AX)) = V,(E AX). My (EAE) 

By additivity, then, V,(E AI) is V(E AE)-injective for any E-injective I, 

and 

omy (r AE) = V,(E AI)) = V, (1). 

Furthermore, let *—»X—»>xX” be E-exact: i.e., EAX—>EAX” 

is a split monomorphism of E-module-spectra, by (1.1.16). Then 
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V(E AX) + V(EAX"”) isa split monomorphism of V,E-modules. 

It follows that V (EA ) carries a resolution of X relative to E 

to a resolution of V,(EAX) asa V,(E AE)-comodule, and that 

(2.2.15) REV, =E (VE, V,(EAX)). 
ak 

xt. 
Vi(E AE) 

Arguments analogous to those of [16] prove that for spectra X and 

Y there is a pairing 

vi E(x; E) @ EL(Y; E)—> E(x AY;E) 

of spectral sequences agreeing at E, with the composite of (2.2.11) and 

(2.1.22) and associated at E with the pairing 
° 

ve V,(X) @ V,(Y) _—_ V (KAY). 

(2.2 16) If the spectral sequence 

(2.2.17) Exty (p n EVE, V,(E A X)) => V, (8) 

is known to converge at the connective spectrum X and if V,(E AE) is 

l-connected (2.1.13), then (2.2.17) converges classically by (2.2.8). For 

example let V be the Moore-spectrum with homology rr p odd prime, 

and E = HZ): The associated Hopf algebroid A(1),, (2.1.15), is (2p-3)- 

connected, so here convergence is classical. So also if V=S and E= MU 

or E=BP for any prime p. Indeed, (2.2.8) gives the Novikov-Zahler 

vanishing line [50], [62] for MU and for BP at p=2. 
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§2.3 Split Hopf algebroids 

We describe here an important special class of Hopf algebroids. For 

motivation let G be a group (in the category of sets) and let G act from 

the right on the set X. Define a groupoid X¥G with object set X and, for 

x, ye X, 

(KX G)(x,y) = {geG: xg = y}. 

The structure maps are the obvious ones. A groupoid is split if it is iso- 

morphic to one of this form. 

Now recall the situation envisaged by Landweber [29]. Let S bea 

commutative Hopf algebra (with involution) over a commutative ring R and 

let A be a right S-comodule-algebra with coaction y. (Remember that all 

our R-algebras are commutative.) Thus § isa cogroup in the category 

of R-algebras, coacting from the right on A. We construct a Hopf algebroid 

(A, A ®S) with cooperation algebra A®S and structure maps given by 

(2.3.1): ny, = AS PAZ ABR—> A@S 

Ty = ¥: A——> A@S 

€ "
 A®@c: A@S——>AQR ZA 

A= A® \: A®@S——>A®S@S = (A® S) ®, (A@ S) 

(}
 

"
 (A® »)(p® c): A@ S——>A® S® S——>aA@sS. 

A Hopf algebroid is split iff it is isomorphic to one of this form. 

The Hopf structure of S equips (comod-S) with an internal "diagonal'' 

tensor product 3. A is just a commutative @-algebra. Still following 

Landweber, consider the category (A-mod/S) of left A-modules over S: 
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that is, A-modules M together with a right S-coaction such that 

A A@ M-—>M is an S-comodule map. 

We wish to compare (A-mod/S) with (A® S-comod). To this end ’ 

define for any R-module M two R-module maps, f and g, as follows. 

&:M®S—>(AB 8) @,M 

by eine s) = (-1)PTM1 181 9 <5) @ m. 

f: (A@S) ®,M—>M@Ss 

by t(a@s@m)= Z(-1)!TM1l2”1+ 181) in @ aca), 

where $:A—>A@S by g(a) = D.a’@a”. The reader may check that f 

actually factors through the tensor product over A. Nowan easy verification 

yields; 

Lemma 2.3.2. The correspondences 

G: (M, }) *&—> (M, gy) 

(M, fu)<— (M,y): F 

define inverse functors 

G 
(A-mod/S) >= (A 8 S-comod). oO 

This equivalence frequently reduces Ext, 5 toa "classical" object. 

To see this we first construct adjoint pairs 
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u 
@s Ss 

(2.3.3) (A-mod) <——— (A-mod/S ~—— _ (comod-S) 
u A® A 

ut es A® —H Ug 

where uy, Ug are the forgetful functors. The A-actions @ and S-coactions 

v are given, for A-module Y and S-comodule X, by 

Pxrgx h® X:A@A® X— > ABx 

By® by A®T@S 
A®XK ———> A®S®x@®S ———»> A®xX@S@S 

tien ee |ae X®p 
v ae > A®X@S 

b,@ Yes A®T@S 
A®Y@S ————> A@S@eYes ——> A@YO@SEeS 

7 Pee ae jeer 
es > Y@sS 

byes Y@A:Y@S ——> Y@Ses. 

The adjunction morphisms may easily be written down. 

Recall the adjoint pair 

(A® §)®, 

(A-mod) = (A® S-comod) 

u—— (AB S)@, 



43 

Since the inverse functors F and G leave the A-action alone, UF = ws 

and so for an A-module Y, 

F((A® S) ®,Y) =Ye@s 

in (A-mod/S). But the S-comodule ug(Y@ S) is injective. Thus uF 

carries injectives to injectives; and it is clearly exact. 

So let X be a right S-comodule and N anA® S-comodule, and let 

N—*I be an injective resolution. Then 

Ext ABslGlA® X),N) 

H Hom, g.(G(A® X),1) 

=H Hom, 75 (A® X, FI) 

"
 H Hom, (X,u FI) 

i = t + Ext g (XS UgFN) 

Here Hom js denotes the obvious graded R-module of A-linear, S-colinear 

maps. 

Since F, G, and Ug leave the R-module structure untouched, we 

omit them in stating 

Proposition 2.3.4. Let X bea right S-comodule and N an A®S-comodule. 

Then 

Ext ‘A Gglih® xX,N) = Ext .(X,N). 
o 

We remark that throughout this section R could have been graded; 

the results would be the same. The proof actually yields a natural, multi- 
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plicative isomorphism 

NABS;N) = g(s;N) 

between cobar constructions. 

(2.3.5) Finally we indicate a different type of Hopf algebroid, which will 

be useful in §2.5. It is analogous toa groupoid with exactly one morphism 

between any two objects. So let B be a commutative R-algebra. The 

unicursal Hopf algebroid on B is (B, B@, B) with ny) =bel, Np tb) =1b, 

e(b}@b,) = b)b,, Alb, @b,) = (b,81)@ (l@b,), c(b,@b,)=(-1) PH lP2ly op. 1 "2 12 v2 1 2 "2 2071 

Let C(B) be the core [11] subalgebra 

C(B) = {be B: bal = 1@ be Be, B}. 

Lemma 2.3.6. We have 

c(B) if q=0 
Ext? _ (B,B) = { 

Bes 0 if q>0. 

Proof. Since 0 —>+B—>B—~>0 isan injective resolution, the result 

follows from (2.1.12). 

§2.4 Cotensor and change of Hopf algebroids 

It will be convenient to have a cotensor product over the Hopf alge- 

broid (A,T). Solet Mbea right T-comodule and N a left P-comodule. 

The R-module MOLN is the difference-kernel of 
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va, N 
Se . Me,N Me, 9 M®,T®,N 

For example if M=A then (cf. (2.1.11)) 

(2.4.1) Aa,N = {néN: p(n) = 1@,n} = Hom, (A,N). 

The functors M and e functor On ni Op 

on is balanced [23] (relative to the injective class of §2.2). Let Cotor (M,N) 

N are left-exact; and the functor 

denote the derived functor; Cotory, (M,N) =M OPN. From (2.4.1), there is 
a canonical isomorphism 

(2.4.2) Cotor 1 (A, N) = Ext, (A,N). 

Let (A,T), (B,Z) be two Hopf algebroids. In the "situation" (cf. [15], 

IL §3) 

Mp My? aN 

we have a natural associativity isomorphism 

(2.4.3) LO,pMoO,N) = (Lo,pM) oN. 

Let o: (A,T)—> (B,E) bea map of Hopf algebroids. Recall from 

(2.1.19) the functor 

®, B: (comod-[) —> (comod-5). 

Note that [ &,8B has a natural [-D-bicomodule structure. For a 

T-comodule M we have a natural isomorphism 
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(2.4.4) MO, (P@,8) = Me,B 

of L-comodules. 

Proposition 2.4.5. Let o: (A,T) —>(B,Z) bea map of Hopf algebroids, 

M a right T-comodule, and N a left Z-comodule. There is a natural 

spectral sequence converging to 

Cotor, (M@, B, N) = A 

with 

E, = Cotor, (M, Cotor, (Te,B, N)). 

Proof. Let M—>I, N->J be injective resolutions over T, 5. Form 

X= I: (@,B) os I Op (Te, B) O54) 

(using (2.4.3) and (2.4.4)). 

Filter X on homological degree in J. Since 0—>M—*J is 

A-split exact, 0 —>Me@,B —>Je,B is exact and 

E, = (M@,B) O53 

H(X) = E,= Cotors (M@,B, N). 

Filter X on homological degree in I. Since I is T-injective, 

E,=lo Cotor,, (T@,B,N), T 

E,= Cotor,,(M, Cotor,, (Pe,B, N)). o 

(2.4.6) To motivate an important application of (2.4.5) let G bea groupoid 

(in the category of sets). Call XC obG invariant iff all morphisms starting 
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in X endin X. Then the restriction of G to X is the groupoid G|xX 

with object set X and (G|X)(x,y) = G(x,y). 

A special case of the corresponding construction for Hopf algebroids 

is the following. Let (A,I) be a Hopf algebroid. Anideal ICA is invariant 

iff IT= [I as submodules of [. Then the structure maps of (A,[) factor 

to give a Hopf algebroid structure to (B,X), where 

(2.4.7) B=A/I, P/IP= D= T/T. 

Let M be an (A,T)-comodule such that IM=0. Then the [-coaction 

can be written 

be M->T®,M = T®, (B@,M) = D@.M. 

The first part of the next proposition is then clear. 

Proposition 2.4.8. With the above notations, the category of (A, T)-comodules 

annihilated by I is equivalent to the category of (B,E)-comodules. Further- 

more we have an isomorphism 

Cotor,, (M,N) = Cotor,, (M/MI, N), 

natural in M,. ps 

Proof. Inthe spectral sequence (2.4.5), E,= Cotory, (M,N) is concen- 

trated on an axis; hence the edge-~homomorphism is an isomo rphism. 
o 

§2.5 The Hopf algebroids of MU and BP 

In this section we recall some standard notation and basic data about 
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operations in complex bordism MU_( ) and in Brown-Peterson homology 

BP,( ). For background see [43], [13], [53], [4]. 

There exist elements %y,€ MU), boy € MU, (MU), such that 

MU, = Z[x,, x, reer dy 

MU,MU = MU,[b,,b,,.-.]. 

Thus MU,Mu is flat over MU,, and (MU,,MU,MU) is a Hopf algebroid. 

It is split in a well-known way. In fact MU, is a comodule-algebra over 

the dual Landweber-Novikov algebra S.= Z[b,,b4, --+] ([27],[50],[46]) in 

such a way that 

MU,MU = MU, @S,. 

From Proposition 2.3.3 we have therefore: 

Corollary 2.5.1. For any MU, MU-comodule M, 

(MU,,M) = Ext, (Z,M). Ext, 
MU,MU we o 

In particular, for any spectrum X, 

E,(X;MU) = Eats (i, MU,(X)). 

We turn now to the Brown-Peterson spectrum [13]. Let p be any 

rational prime. Quillen [53] constructs a ring-spectrum BP and ring- 

spectrum maps 

Bp +> MU(,) —+ pp 

such that (i) my = BP and (ii) the idempotent ¢€ =.7 acts in 1, (MU) by 
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Pp if n=p!-1 for some j>0 
€(P.) = { 

*on 0 otherwise 

where aa is the bordism class of complex projective n-space. It follows 

that 

wv ABP)= Z,. [ow , 7X geen] x. 
* 2p-2 Xk 2p--2 (p) 

and 7, (MU) = Be 7, (BP) where 

. j . B=Z% x,,.:i#p’-l for an ; (p) Maiti Fe yj] 

Thus the natural maps 

BP, (X) — > MU MU), Ppp. px ® 

* MU 
BP, ® MU ,(X) —> BP, (X) 

are isomorphisms which respect external products. In particular 

Zs) ® MU MU = MU 0) x MU) 

BP, BP g = MU ya ®ap, Bp, MY py ‘ 

Thus this Hopf algebroid splits as a tensor-product 

Zn) @MU,MU = (B@B)@ BP, BP 

where (B,B@B) is the unicursal Hopf algebroid (2.3.5) on B. Now the 

core (2.3.5) of the Zp) algebra B is Zo so (2.3.6) and (2.2.10) imply 

that for any BP BP-comodule M 
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(MU, M) Extcu MU MU ®Bp, 

= Exty oe MU MU (MU pve MU ®3p M) 

Ext(p 9B) ®BP,BP (BeBP,, B@M) 
= EXtpp BP (BP,,M). 

In particular, if X is a spectrum then 

Zi ® Ext (MU,, MU,(X)) = EB te) Mu, MU (BP,, BP, (X)). “Ep BP 

To describe (BP,,BP,BP), recall ([43],[53],[4]) that it embeds in 

the Hopf algebroid (H, (BP), H, (BP ABP)). We have, with 

wT Pioi 
* 7 m, = 2p? 

, 2p'-1 

H (BP) =Z m,,m,,.-. J, BP) = Zqy (mm... ] 

H,(BP ABP) = H,(BP)[t,,t,, vod, 

where |m,| = 2p -2 = \t,| and where the t,'s are described inductively 

by (2.5.3) below. Then: 

(2.5.2) ny TM,) =m, 

i 
(2.5.3) Np(m,) = 2 m, tt 

RR tier fd 
(2.5.4) e(t,) = 0 

i h h+i 
(2.5.5) Dm, (atyP = dD mt oP 

itj=k htit¢j=k 7% J 
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h hti 
(2.5.6) m= 3D mt (ct)? 

htitjsk J 

These formulae may be effectively translated to BP, by means of 

the generators vp i>1, of Hazewinkel [21], described inductively by 

k-1 p 
(2.5.7) pm, = Ra meVy 

It is frequently convenient to set Vo =P 

We insert here a short remark on why (MU,, MU, MU) and 

(BP,, BP, BP) are cogroupoids in the category of R-algebras. Quillen's 

theorem [53] asserts that MU, represents the functor A carrying a 

Z-algebra R to the set of commutative one-dimensional formal groups of 

degree -2 over R (''formal groups over R,'' for short). Morava [46] 

shows how to interpret the dual Landweber-Novikov algebra S, as the 

Z-algebra representing the functor T> carrying the Z-algebra R_ to the 

group of strict isomorphisms of formal groups over R-— i.e., the group 

of formal power series of the form l+a,T+ sees aeRii » under composition. 

The diagonal in S,. represents composition. Now the groupoid of formal 

groups and strict isomorphisms over R is, in the notation of (2.3.1), 

A(R) XT (R)- This splitting is functorial, so the representing Hopf alge- 

broid is split: MU,@S,. This is MU,MU. 

Passing to BP, P. S. Landweber [31] has shown that the Hopf 

algebroid (BR, BP, BP) represents the functor carrying a Z, 
(p) 

to the groupoid of p-typical formal groups and strict isomorphisms over R. 

-algebra R 
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If M is a BP,BP-comodule with coaction 

ob: M—> BP,BP ®apM 

let 

E (2.5 8) yim) = De (t')@ r_(m) E E 

define for any multiindex E = (ee), wee), e non-negative integers almost 

all of which are zero, an operation Th M—>M. Recall that BP, isa 

left comodule by means of 

: BP, —> BP, BP = BP.BP@,p BP,,. "1 

Now a short computation reveals that for any xé BP, 

(2.5.9) Np (x) =D rt. 
E 

Let I denote the ideal (Pv, pee vps BP; Ig= (0); I= @y)>- ¢-), 

It is easy to see that these are invariant ideals. Let M bea BP, BP- 

comodule annihilated by I: By (2.4.8) there is an isomorphism, natural 

in M: 

(2.5.10) Extpp pp(BP, M) = Extpp Bp 11 PPE M). 

The following computation is of fundamental importance. 

Theorem 2.5.11. (Landweber [28]; see also [26].) 

0 ~ 
Extpp BP (BP,, BP,) = Bo) 

0 7 Exthp Bp (BP,, BP,/I,) = -_ vj asl. 
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For an application, let G be the Adams summand of connective 

K-theory localized at the prime p ((3],[7],[25]). There is a ring- spectrum 

map BP—->G, and 

G.= BP,/(v,5V3, ee) OS Zylvy]. 

Corollary 2.5.12. (Stong-Hattori[7]). The Hurewicz map 

1, (BP) ——>*G, (BP) 

is a split monomorphism. 

Proof. It suffices to show that for each prime p, 

nt BP, (SE) —-> BP, (GE) 

is a monomorphism. Since or is a BP-module-spectrum it is BP-injective, 

so 

Extpp pp(BP,, BP,(GE)) = E,(GE 5 BP) 

- 7, (GE) co Ely] 

concentrated in homological degree 0. From (2.5. 11) (n=1), we see that 

0 + . . Extap pp (BP. m) is an isomorphism, so by the Nakayama lemma (2.1.17), 

n is a monomorphism. 

Remarks. Larry Smith's original proof [55] of (2.5.11) (n=l) relied on 

the Stong-Hattori theorem. From our point of view this implication is imme- 

diate. On the other hand, [26] gives a proof of another version of the Stong- 

Hattori theorem using the classical Nakayama lemma. 
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CHAPTER THREE 

THE ALGEBRAIC NOVIKOV SPECTRAL SEQUENCE 

§3.0 Introduction 

In this chapter we construct a spectral sequence by filtering the 

cobar construction of a Hopf algebroid by powers of an invariant ideal in the 

coefficient algebra. It may be regarded as an analogue of the May spectral 

sequence [37],[38]. It was first constructed, in the dual context and ina 

special case, by Novikov [50], and we refer to it as the algebraic Novikov 

spectral sequence. The special case of BP,BP is studied in Section 3.2. 

§3.1 The Novikov spectral sequence 

We begin with some remarks on filtrations. To keep the indices 

under control, we relapse briefly to lower indices. 

Let R be a commutative ring, A a graded R-algebra, and ICA 

an ideal. Every A-module M is naturally filtered by the I-adic filtration 

In this filtration A is a filtered R-algebra and M is a filtered module 

over this filtered algebra. Thus Bea is naturally a bigraded R-algebra 

and Eom is naturally an B°A-module. 
Let M bea right A-module and N a left A-module. The tensor- 

product M®,N is filtered by 
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F _— i j (Me, N) = im Y MI @,0N 
itj=n 

= im(M@, F_LN). 

Thus if M is flat then 

E°(M@, N) = Me, EN 
A 

(3.1.1) . 0 0 
=(M@,.E A)® , EN 

AO 0 
E,A 

where A acts on Eon through EDA. But for any M 

0. 0, ~ 10. ~ 0 
= EM = M®, EA. 

Thus: 

Lemma 3.1.2. Let ICA be anideal, M a flat right A-module, and N 

a left A-module. Then 

0 ~ 0 0 
E (M@,N) = EM® 0 EN. 

EA QO 

Now let (A,I) be a Hopf algebroid over R. Suppose that ICA is 

an invariant ideal: that is, I[f= [1 as submodules of [. Then the right 

and left I-adic filtrations on [ agree and filter [ by sub-A-bimodules. 

By naturality of the filtration, the structure maps 1) MR? €, c, and 4 are 

all filtration-preserving. 

Suppose (A,T) is flat: thatis, [ is A-flat. Then by Lemma 3.1.2, 

ere, 7) FE°re , =r. 
EA 
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We may therefore form a bigraded Hopf algebroid (E°A, EoD). Further- 

more any (A,[{)-comodule M, when filtered by the I-adic filtration, gives 

an (e°a, E°T)-comodule Em. 
We now filter the cobar construction. Recall first that if X is a 

filtered graded R-module, then the t-fold suspension ox is filtered by 

t t. 
Fi X) = oF YX, -e<nee, 

so that, using (filtration, total) degrees, 

0, t t,t_0 E(x) = 9° 'Eox, 

-l— 
Filter Q(I;M) = T,(@ T)e,M accordingly. It is easy to check 

that the differential strictly decreases filtration, so there arises a spectral 

sequence with 

gl = E° = 5° g(p;M). 
By the considerations above, 

1 0. Ee = ger; Bm) 
and one may check that the differential is correct. Thus 

2 E’p 0 0 T (3.1.3) E“s Ext (E°A, EM) => Ext” (A,M). 

This is a fourth-octant homology spectral sequence. At this point 
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we return to upper indices, so it becomes an eighth-octant cohomology 

spectral sequence. 

Since the filtration is negative, it is clear that 

0 0 0 
(E,oT@, of EXT) =E,Sr® g Er. 

0 

0 Let Eo? = S, E,A = K. Then clearly (K,S) forms a Hopf algebroid. 
Furthermore, since [ is flatover A, (3.1.1) gives 

EQ? = E,A @, (K ®, 1) 

= E,A ®,5 : 

Suppose that 

0 0 
Eqng = Em: K—~ Ss. 

Then S is a Hopf algebra over K (§2.1). (EQA, E,?) may also be 

regarded as a Hopf algebroid over K. Under 

Eq fpi EgA—> E\T= EA &S, 

E,A becomes an S-comodule-algebra and (§2. 3) 

(E,A, Er) = (E,A, E,A & S). 

Thus in this situation, Proposition 2.3.3 gives 

3.1.4 = ( ) E, = Ext, (K,E)M) 

in the algebraic Novikov spectral sequence. 

(3.1.5) Suppose M=A. Then the I-adic filtration on QT= Q(T;A) respects 

the algebra structure (2.2.12), and (3.1. 3) is a spectral sequence of algebras. 
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We mention two convergence conditions. 

(3.1.6) Suppose that (A,I) is connected (2.1.13), that I, = 0, and that 

M is connective. Then the convergence is "classical": the filtration is 

finite in each degree, and for any tridegree (s,t,u), there exists r such 

t s,t that for r’>r, EY a EN an 

(3.1.7) Suppose that R is Noetherian, that JC R is an ideal such that 

l= JA, andthat A, [T, and M are of finite type over R. Let R be the 

completion of R at J. Then the completion of Q([;M) at I is 

Re Q(T; M); so the spectral sequence converges in the sense of [17] to 
A 

A,M). R @ Ext, ( ) 

§3.2 The Novikov spectral sequence for BP,BP 

We refer to §2.5 for notations and definitions surrounding the Hopf 

algebroid BP BP. In particular, I= (pv), ++. )¢ BP, is an invariant 

ideal, so an algebraic Novikov spectral sequence is defined for any BP,BP- 

0 ae 0 _ 20 comodule M. Furthermore E) BP, =k = a, so Eqn, = EQ Mp? and 

(3.1.3) gives 

(3.2.1) E, = Ext, (k, E)M) 

where 

(3.2.2) P= E° BP BP = k{t,,t ] . * 0 a vor 

We compute the diagonal « in P, and the coaction of P, on 

(3.2.3) Q, = EB) BP, =k[vg.v,.--- ]- 
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Here v eq! (as in (3.1.3)) and v 
n n 

2p -2 
is the class of peBP.. i) 0 

Proposition 3.2.4. In BP_BP, 

n p> 2 
(i) Tp Vpn = Pt, + Ra vito modI 

n pe 

(ii) ated tet. modl. 
i=0 

Proof. (i) Consider 

h 
) (BP) ———"—_> (BP; z% 

cn 
1,(BP)/ -------- e---> HBP; Z/p°) 

(p) 

The definition (2.5.7) of Hazewinkle's generators implies that for all n>l, 

(3.2.6) p|h(v,), 

2 
(3.2.7) ep Xb). 

By (3.2.6) hh exists and by (3.2.7) it injects. The right unit Np maps 

(3.2.5) to the similar diagram featuring BP ABP. Let a bar denote any of 

the vertical reduction homomorphisms. Then (2.5.7) implies 

pm. = h(v) . 

Thus using (2.5.3), 
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"
 

n _ — 

D pm,t* . 
4=0 1 om-2 

This implies (i). 

The idea of working in H_(; Zlp- 2) is due to Dave Johnson. 

(ii) Using (3.2.6) construct h, h’ in (3.2.8), and using (3.2.7) 

show they inject. 

1,(BP ABP)/I ——?__. (pp ,BP; z/pm) 
(3.2.8) A/T A/(p) 

1) hi 
1, (BP ABP ABP) /I ————> H, (BP ABP ABP; Z/pZ). 

Thus we compute using (2.5.5) modp. Clearly at,=t,@1+1l@t 11 v 
and the result follows by induction. 

Corollary 3.2.9. With the above notations, 

ok 

(i) Q. is a right P,-comodule-algebra with coaction determined by 

i 
vy = Dvet ; 

n : L n-1 
i=0 

(ii) the diagonal in P, is given by 

n i 
At = Dtetl.. 

n . ion-i 
i=0 
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Notice that P,, is precisely the Hopf algebra of dual Steenrod reduced 

powers, with t = @, conjugate to the Milnor generator gy The Thom 

map BP—>H=H rr is compatible with this identification: consider 

E, BP,(X). ———__> H (x) 

Eb Q 

Se Ey BP BP@ Os E, BP, (X) A,® H(X) 
oo 

f £ 

E BP,(X)@ P,, ——> H,(X)@ A, 

in which each horizontal arrow is induced from the Thom mapand f is as 

in §2.3. Thus Ey BP, (X) —> F(X) is a map of right A,-comodules, using 

the ''corestricted" coaction on the left and the right coaction conjugate to 

the usual one on H(X). 

Now suppose that HX Zp) is torsion-free of finite type. Then 

(1) the Atiyah-Hirzebruch spectral sequence converging to BP, (X) collapses, 

and (2) the A, coaction on H,(X) factors through P,. (2) implies that the 

H-Adams spectral sequence at BP AX has 

E, = Ext, (k, P.@4H (x)) 2 Ay 7 6 

= Baty (18 H,(%), 

E,= E[T,, Ty --. ]; and (1) implies that E,=E_ by a dimension count. 
o 

Thus the H-Adams filtration on BP,(X) coincides with the I-adic filtration. 
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We may identify 

* 
(3.2.10) Ext (kK) = Q) 

Then the multiplicative structure of the H-Adams spectral sequence implies 

that 

~ OK 
(3.2.11) EQBP,(X) = Q,.@ H,(X) 

as Q,-modules. 

Combining these two remarks, we see that (3.2.11) is an isomorphism 

of Q* modules over P,, and the algebraic Novikov spectral sequence has 

- * OA (3.2.12) E, = Ext, (k, Q, 8° H,(X)). 

We now describe a reinterpretation of this group, due to Novikov [50]. 

Consider the multiplicative extension sequence 

(3.2.13) P,—> A, —> E,. 

It is noncocentral; in fact, the P,-coaction on Ext, (k,k) agrees with the 
ae 

P,-coaction (3.2.9) on Q. under the identification (3.2.10). Thus (3.2.12) 

is also E, of the Cartan-Eilenberg spectral sequence converging to 

Ext, (i, HQ) - 

Give A, a second gradation, the "Cartan degree," by setting 

n 

le, | = (0, 2p"-2) 
n 

= (1 -2). |r| = (2, 2p"-2) 

The resulting bigraded object A, remains a Hopf algebra, and H(X) may 
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be regarded as concentrated in Cartan degree 0 (since HX Z,.) is 
(p) 

torsion-free! ). Then the Cartan-Eilenberg spectral sequence collapses 

for degree reasons. In fact, 

* oA - Ext (k, Q,,@°H,(%)) = Ext, ha H,,(X)) 

as trigraded algebras with Steenrod operations and Massey products. 

Thus the H-Adams E,-term may be regraded to give E, of the 
2 

algebraic Novikov spectral sequence. This observation may be exploited 

to compute 'BP-theoretic" differentials in the H-Adams spectral sequence. 

(3.2.14) We investigate next the behavior of the Bockstein in the algebraic 

Novikov spectral sequence. So let M bea BP,BP-comodule. Since 

(p) CBP, is invariant, M= M/pM isa BP, BP-comodule, and we have a 

spectral sequence 

(3.2.15) Extp (k, EQM) = Extap pp (BP,, M). 

Suppose M is flat over By) Then the short exact sequence of 

comodules 

(3.2.16) 0 M2+TMM M 0 

k: : : = rw generates a Bockstein spectral sequence with E) Pxtpp pplBPy: M) and 

differentials 3. of degree (1,0). 

If M= BP, (X) for a finite-type spectrum X then ([25], 3.10) M is 

% flat iff it is BP, -flat. So assume that M is BP,-flat. Then tensoring 

the exact sequence 



64 

Pp _ 
0 BP, I I 0, 

~ -1 where I = (p, Yoo -) and I=I/plI, with TM M, we obtain an exact sequence 

0 I'M I" mM 0. 

Apply the 3 x3-lemma to the diagram 

0 0 0 

0 mu —2 pty mig 0 

(3.2.17) o> mM 2s "mM mM 0 

1 Yo E) M—> E)M—> Ej M 

0 0 0 

The short exact bottom row generates a Bockstein spectral sequence with 

Ei = Ext, (k, E)M) and differentials 3. of degree (s,t,u) = (1, 1-r, 0). 

Lemma 3.2.18. Let M bea BP, -flat BP, BP-comodule. The spectral 

sequence (3.2.15) carries a natural differential 3 of degree (s,t,u)=(1,0, 0) 

which agrees in E, with 34 and whichat E_ is associated to the differen- 
© 

tial 9, of (3.2.16). 

Proof. In the exact couple 

A, —*—> a, 

\Z 
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defining (3.2.15), 

x 

A, =H O(BP_BP; I M) 

E, = Ho (BP, BP; Ey M) 

= HO(P; Ey M). 

The horizontal sequences of (3.2.17) induce differentials in both terms, and 

u and v respect these differentials. The equation wo = - gw follows from 

[15], Ill, 4.1. The result now follows easily. o 
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CHAPTER FOUR 

EXT NEAR THE VANISHING LINE 

§4.0 Introduction 

In this chapter we apply the tools of Chapters II and III to compute 

part of Ext yp pp'BP,, BP,/I,). If the spectrum V(n-1) exists, this is its 

Novikov E, -term. 

In §4.1 we display a vanishing line for typ ppBPyM), for any 

connective comodule M. §4.2 sets up certain Bockstein spectral sequences 

by specializing the construction of Chapter III, and shows that if P, is the 

Hopf algebra of dual reduced powers then Extp (Ey rr) is an approxima- 

tion to Extpp (BP, BP, /1,) ina certain range. A portion of this algebra 

is computed in §4.3, and in §4.4 is fed into the Bockstein spectral sequences. 

Certain results of §4.4 are tabulated in an Appendix.Comparison with results 

of Tangora [56] and Oka [51], [52] on the stable homotopy algebra yields 

the E, term ina larger range and implies the existence of several "new"! 

nontrivial differentials. 
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§4.1 The vanishing line 

Here we show that the vanishing line stated in [62] as (7.1) for the 

BP Adams spectral sequence at the sphere holds for any connective spec- 

trum X. We also recall various facts from homological algebra which will 

be useful later. 

The following vanishing theorem for coalgebras is proved in straight- 

forward analogy with [2], Lemma 2.3 and Proposition 2.5. 

Proposition 4.1.1. Let B be a connected coalgebra over the field k. 

Let S>1, and let T(s), 1 <6 <8, be integers such that Ext®’* (k,k) is 

(T(s) - 1)-connected for 0<s<S. Extend T to N= {0,1,... } by 

T(aSt+b) = aT(S) + T(b), O<b<sS. 

Let M be an (m-1)-connected B-comodule. Then Ext," (k,M) is 

(T(s) +m - 1)-connected for all s >. 

The proof of [2], Theorem 3.1, extends to give: 

Proposition 4.1.2. Let f: B-+C bea map of connected coalgebras over 

the field k. Suppose that B is injective asa right C-comodule. Let f be 

(u-1)-connected, and let T: IN—>IN bea nondecreasing function such that 

Ext)?” (k,k) is (T(s)-1)-connected for s >0. Let M be an (m-1)-connected 
B-comodule. Then 

s,* s,%* s,%* 
Ext,’ (It, M): Ext,’ “(k,M) —> Ext,’ (kk, M) 

is (T(s-1)+ u + m-1)-connected for s>0. 
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(4.1.3) Next we need to recall (from [33] for example) the structure of the 

loop-homology of the primitive Hopf algebra k[t], where k = EY p is 

odd, and |t] =n is even. We have 

Ext, (k, k) = Sh. ry! i>0] 

where S$ is the free commutative bigraded k-algebra functor and where 

|h,| = (Q,p'n), | = (2,pit ny. The classes h, rs are represented in the 
cobar construction by 

Cf). BD ae ewe'y, jel 

respectively. The action of the Steenrod operations (in Liulevicius' indexing 

[33]) is determined by the Cartan formula, the Adam relations, the expression 

Pix= x? for |x| = (2s,t), t even, and the formulae 

0 

P at een : 
Oe BP hea; 

(4.1.4) Notice also that the quotient Hopf algebra k[t 7 has loop- Pp! P 
homology S{h, Aol 

(4.1.5) Let P,, denote the Hopf algebra of Steenrod reduced powers. As 

in Chapter III, let t be the Hopf conjugate of the Milnor generator ¢ , 

so that P= Kt), t,, ...] as algebras. Then D = ke, 1} ) is a quotient 

Hopf algebra by a (pq-1)-connected projection f: P, —> D, q=2p-2. From 

(4.1.2) with T(s) = 0 for all 8, we see that 
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s,* Ss, a Extp (kk) —> Ext? (4.1.6) £ * Og, k) 
* is (pq-1)-connected for s >0. But (4.1.4) implies that Ext)’ (k,k) is 

(T(s) - 1)-connected for s=0, 1, 2, where T(0)=0, T(1) = q, T(2) = pq. 

Thus (4.1.2) implies: 

Proposition 4.1.7. Let M be an (m-1)-connected P,-comodule. Then 

x Ext)? * (k,M) is (T(s)+ m-1)-connected, where, for n>0, 
* 

T(2n) in
 

opq 

T(2n41) = (np+1)q. 

It will be convenient later to set T(s) =0 for s <0. 

(4.1.8) Let M bean (m-1)-connected BP, BP-comodule. Then in the 

augmentation filtration of §3.2, EQM is (m-1)-connected for all t> 0; 

so in the E,-term of the algebraic Novikov spectral sequence, 

ext®?*(k, E’ Mo) ep MS %o 

is (T(s)+m-1)-connected for all s,t >0. Now if M is of finite type, then 

the spectral sequence converges by (3.1.7), and 

8,* 
Ext aD BP (BP,, M) 

is (T(s)+m-1)-connected for s > 0. Inthe general case, note that M is 

a union of comodules of finite type. Thus: 

Theorem 4.1.9. Let M be an (m-1)-connected BP,BP-comodule. Then 
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s,%* 

Extap BP (BP,, M) 

is (T(s)+m-1)-connected for s > 0. 

§4.2 Bockstein spectral sequences 

Here we set up several spectral sequences which, in various contexts, 

add one Bockstein ata time. The prime p remains odd. 

(4.2.1) Let A, be the dual Steenrod algebra bigraded as in §3.2, and 

consider the quotient Hopf algebra 

Aln) = ALM (Toss 5 T 4) O<n. 

There is a noncocentral multiplicative extension sequence 

E[r,]— A(n)—> A(n+1) 

which gives rise to a Cartan-Kilenberg spectral sequence with 

E,= Ka] ® Ext (k, k), 
A(n+1) 

lal=(, 1, 2p"- 2). 

(4.2.2) Let Q, = k[vgevy> ...] be the right P,-comodule-algebra studied 

in §3.2, and consider the quotient comodule-algebra 

Qln} = QV wy, ye ), O<n. 
n-l = 

Then 

ext®tt t,u Atm) O&rk) = Ext)" (, Qtn)'). 
8 

Filter the cobar construction f(Q(n), PL, k) by powers of the ideal 
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Wie Q(n). There arises a spectral sequence identical with the Cartan- 

Eilenberg spectral sequence above. The grading is such that 

0,j,t,u 

rl = Ext!" (k, Q(n4)'), P,. 
n 7 2 1,-1,1,2p"-2 a civtF Je E) ‘ 

x 1 (4.2.3) Note that a survives to v ¢ Ext?’ (k, Q(n)”). Let k(a ) be n n P, n 

the graded field of fractions of the graded integral domain k[a)]. Then 

the differential modules 

(4.2.4) Ka) 13 Fy 
n 

form a spectral sequence, since Ka.) is flat over k[a]. 

The exact sequence of P,,-comodules 

Vv 

0 Q(n) —*-> Qn) Q(n41) 0 

gives rise to an exact couple in Ext, . The associated spectral sequence 

may be identified, after tensoring over k with Ka)), with (4.2.4). 

(4.2.5) Let (BP,, BP, BP) be the Hopf algebroid of BP cooperations 

described in §2.5, and consider the quotient Hopf algebroid 

(Bin), T(n)) = (BPL/L,, BP,BP/I), 0 <n, 

where I, is the invariant ideal @v, pee wv ye BP,. In particular, 

(B(), D(*)) = (k, P,). From (2.4.8 ) we have 

Extpp BP (BP,, BP, /1,) = Ext yin) (B(n), B(n)). 
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Now I.(9) = Ww Vy pe B(n), n<k, is an invariant ideal, and 

we wish to study the algebraic Novikov spectral sequence associated to 

Thi) = (v vi) As algebras, 

E(B(n) = k[a_]@ B(n+1) 

E (nm) = k[a J@ P(ntl) 

0 : For degree reasons, Eo tp (4, jeza n and EO ne and EQ A agree with Tp 

and q on (B(nt+l), [(n+l)). That is, E, Tt) is obtained from [(n+1) 

by extending the ground-ring from k to k[a.]. Therefore, in the Novikov 

spectral sequence, 

E, = k[a]@ Ext (B(nt1), B(n+1)). T(n+1) 

It is convenient to regrade this slightly so that E, becomes Ely 

This is accomplished by neglecting the shift in filtration of a suspension in 

the construction (p.56) of the spectral sequence. The algebra structure is 

unharmed, and we obtain a cohomological spectral sequence lying in the 

6th, 7th, and gth octants, with 

Eye = Ext} m1) (B+), Bint), 

jel Lape 

(4.2.6) Note that a survives to we € Ext? 2 2) (B(n), B(n)). The differential 

modules 

(4.2.7) Ka )® k[a. al _ 
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form a spectral sequence since (a) is flat over ka). 

The exact sequence of BP,BP-comodules 

v 
n 

0 BP,/I, BP, /1, BP./I 4) 0 

gives rise to an exact couple in Extpp BP’ The associated spectral sequence 
* 

may be identified, after tensoring over k with ka), with (4.2.7). 

We shall call all these spectral sequences "Bockstein spectral sequences.!! 

(4.2.8) There are also Novikov spectral sequences 

Baty (k, Q(n)) => Exty, (B(n), B(n)). 
(n) 

A proof identical to that of (3.2.18) shows that the differentials ay in the 

respective Bockstein spectral sequences are respected by this spectral 

sequence. 

To get started on this ladder of spectral sequences let us note the 

exact sequences 

0 J(n) Q(n) k 0 

0 I(n) B(n) k 0 

of P,, resp. I(n), -comodules. The appropriate long exact sequence in 

Ext then proves that 

(4.2.9) Ext) * a, Q(n)°) —— > Exty) * Og, k) 

is (T(s)+ (2p"-2)t- 1)-connected and (using (4.1. 9)) that 

s,* (4.2.10) Bxth a) (Bla), Bin) —exty (k, k) 
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is (T(s)+ (2p-2) -1)-connected. Notice also that for t = 0, 

Ext, (, Q(n)°) > ext (ic, ky), 
* P. 

So our first goal is to compute a portion of the loop-homology of the 

reduced powers. 

§4.3 A portion of Ext. (k, k) 
Py 

Consider the sub Hopf algebra 

Lt k[t) ,t,]oP, , 

with reduced diagonal determined by Bt, = 8 a . We shall compute 

Ext, (k,k) in the modest range where t, Maps isomorphically. To define 
ok 

that range, note that in the Cartan-Eilenberg spectral sequence defined by 

L, Ey) * is (T(i)+ (p-4+p+ 1)T(j) - 1)-connected. Then it is obvious that 
the edge-homomorphism by is (T(s-2)+ (2p°-2) - 1)-connected in degree s. 

To compute part of Ext, [t,t] (k,k) we use the cocentral multiplic- 

ative extension sequence 

k[t)]—> k[t),t,] —_— k[t,]. 

From (4.1.3), 

E,= S[h.,A,: i> ole Slay i AZ «i> Ol). 
2,i 

In our area of interest we may restrict our attention to 

S[hg, hy h,,Ap,A,] @ [hy hy) D Ayo! where [X] denotes the spanof X. 

Following [33], from the cobar construction of k[t, rt] we have 

d,h. proba 2°2,% 1’ 
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Hence the Steenrod action implies that dro =0 and 

43229 = Bodgm YAY 

In our range of E, there are new generators 

Hy = (-hohag} = (hy, hy, ho) 
Vo = thy hyo} = (hy, hy, hy). 

Passage to E, merely kills rz and adds the relation hyd hA,- Thus 

in our range E_ has generators 
co 

and relations 

2 2 
oor PyYqr ByHo-Bgy> gr gg: YQ} 

Boo 7 bry . 
For degree reasons all algebra extensions are trivial if p>3. If 

p= 3, recall the Massey triple product [40] 

A. = (nh, , h,, h,). 
1 

Now compute, using [40] Cor. 3.2 (iii), 

hy) byrg = By (hy, hy, by 1°0 

&, hy, bod by = Boho, 

and similarly hor, = Yoh, Using [40] Cor. 3.2 (i) 

2 
Ho = Hg (ys hy, hy)= (ghy, hy, hy) 

= (Yyho» ho, hy) = Yo hy» bo, hy) = Yor? 



and similarly v = Bod Finally, = 

Mab glo = hy rpg = (gvglRy = BorGAy 
so HoYy = Ary: We have proved; 
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3 Proposition 4.3.1. Inthe range u< T(s-2)+ (2p -2), Ext)" (k,k) has 

generators 

hy» hy, 4h ror Xd 0? M17 927 Agr Aye Bg? Ug? 
and relations: 

BoPyy ByRL, ywg-hovgs ByAy-hyAys 
if p>3, 

2 2 ko hog La hyvo: Voi 

and if p = 3, 

2 h hod Agr Fo Moro» Poko ~ Biro» Hgg - Agape 
2 
0 r BY Borys Yo = BoA: 

§4.4 A computation 

* 
Let k= ry Qin) = QMvo, sae Yay) T= BP,BP, and B(n)= BP,/I 

asin §4.2. Let 

H(P,; Q(n)) = Ext, (k, Q(n)), 

H(T; B(n)) = Ext (BP, B(n)). 

We summarize our intentions in this section by the following diagram of 

spectral sequences. 

, 
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H(P,5 Q(3)) =} H(P,; Q(2)) => H(P,;Q(1)) ==) H(P,; Q(0)) 

(4.4.1) | | 
A(T; B(3)) =) A(T; B(2)) =) H(T;B(1)) =} H(T;B(0)) 

Here the horizontal triple arrows denote Bockstein spectral sequences. 

For lack of time we shall be brief. 

By (4.2.9) and (4.2.10), Proposition 4.3.1 provides us with the left- 

most algebras in (4.4.1) in the range u < T(s-2)+ (2p°-2). 

(4.4.2) The first Bockstein spectral sequences must collapse in this region. 

The Cartan degree implies that in the homology spectral sequence, all 

algebra extensions are trivial. In the BP case, note that the given relations 

in Ext, (k,k) all arise from boundaries of chains in QP, involving only t 
* 

and t,. Modulo (p.v)), t and t, have the same diagonal in [ as in Py, 

so the same relations must hold. Hence there are no extensions in the BP 

spectral sequence either. 

(4.4.3) Pass now to the homology Bockstein spectral sequence 

k[a,] ® H(P,; Q(2) => H(P,;Q(1)). 

For reasons of degree, v3é Ho! (P,;aq1)}) is the only generator which 
may support a nonzero ay° From the cobar construction O(P,;Q(1)) (with 

the right comodule Q(1) as coefficients) we have 

Thus E, has generators 
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hy, am Ap Ho» 

% = {vo} 

m, = tet ny} l<i<p 

bd. 7 five hy} l<isp-1 

b, - ive tn 

bh = tility v5" yg) 2<i<p-1 

Bos (by 9) 
so that 

m, = thy}, m= (my), by, a) 

b= {hy} b == (bi ys hy ay) 
bL = {vp}, wy = 52 oe, hy, a,) 

(with no indete rminancy). 

Now the chain 

2 ptl 2,,2pt] ip 1 . 2 volt, ]+ aviv [ty 7 t]+ vy [ty -t t,] EQ (P,5Q(]1)") 

is a representative mod filtration 3 for m,- This chain has boundary 

vie (t, [eP]+ [t, 1P)), which is a representative for - vw v Consequently, 7 

1 2., 
B2TM3 =~ 2 4, b,- 

Hence ([40], Cor. 4.4) for 4 icp, 
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Bgmy — ~C@gTM yr Bye ay? 
= 2,, 

— 4, @ ae by, ay) 

24, 
~ a, by 

by induction; here — indicates equality up to a nonzero scalar factor. 

We now skip ahead in the spectral sequence. This is the Cartan- 

Eilenberg spectral sequence of a multiplicative extension, so Steenrod oper- 

ations behave in the expected way; cf. [33], [41]. In particular, there is a 

0,2 Kudo theorem, which asserts that if r - l=2s and xeE s transgresses 
eRestl,o 

r 

-1 to dx=y » then xP y transgresses to 

49541 txP hy )s - (epty} 
for q= 2p-2. Consequently, from a%5 = a,hy it follows that 

p-l = _aP Bp-1 f4y%y Ry} = apa p-1 1 

and so 

p-l _ p-l 
apaifyy Ry} = -ap ay. 

Also, 

- 1) _pl =aP 3 Vp = ayP v,=P 3) %2 = a, p 2 2° 

Now look back. Suppose p> 3. Then 

= p-1 = api O= dp-1'%2 hoh,) = ay hoary: 

To avoida contradiction, we must have 

ei) & aP-2 35-2 (b) ay hay: 
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If p = 3, we have 

31 %Q¥q) = ay By Vg = ay Hy Ay: 
In either case, this differential introduces a new indecomposable in ES i 

= fh bi y= fyvP-2 = {vP-2 a= {hobe}= (vy hy yy} = vP oh wyD- 

Taking cognizance of the Cartan degree one can see that no differen- 

tials enter the region of interest from an uncomputed group. Thus for 

example we know that 

p-l _ p-l 
35-1 % 2 BH) =A] By Ay 

The spectral sequence collapses at Boel’ and the abutment is displayed 

in Table I of the Appendix. 

(4.4.4) Consider next the algebraic Novikov spectral sequence 

H(P,;Q(1)) = H(T; B(1)). 

For reasons of degree, the only generators on which a, may be nontrivial 

are m and Ho: The class m is represented in F* 9(7;B(1)) by 

m = [v,t,]-[v,tPY] - tt] 12 11 21°" 

Now by §2.5, we have modulo p: 

A t =0 > 

p-l (%) : + _ _ p i L p-i At, = t ety - vy) D> [ty \t} J 

MR “1 
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Therefore 

mhelvP 1) p-i dm = [v) t, [tj] + 2 = [vet It ] 

Pp p-l (-) F a — [t* |e? *] mod F 1 p bl 
i=l 

Consequently, 

= 2 
d,m =v ro : 

A similar argument shows that 

Aho = Av body: 
For p>3, wr nad becomes an indecomposable class in E,. 

There are no further differentials, for reasons of degree. We indicate 

some extensions in the abutment. 

hob, = ~VyXo 

hob, = -v, bi, 2<iep-1 

Bohra = — MALAg 

‘py p-3 as p>3: bibs — {vy boa) itj=p+l 

Most of these can be seen from the behavior of the Bockstein differential 

in H(T;B(1)), which we take up in (4.4.6). 

(4.4.5) It is now an easy matter to decide the structure of the BP Bockstein 
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spectral sequence 

ka, ]@H(T;B(2)) => H(T;B(1)). 

We indicate the differentials: 

31% = a,h 
171 

ByBy = Ay bOAQ 

81% = - a, by AQ 
2 

dg(Vahg)= ay Ap 
i = 4,2 i+2,,, 32(¥5 ho) tay vp “((i-1) Vt % Ag)s 2<i<pd. 

p-2) ~ i p-2 Bp-2'¥2 Yp) —, y Ay 
p-l =_,P-! Bp-i%2 Ry) =-ap Ay 

P) _ oP %» (vo) = ap hy 

, . 7 0, a ee Consider the extension hoh, = “vy Ao: Apply P ihyh, = “vy 4 = 0 by 

the behavior of 3 pel Thus hb =0 in H(T;B(1)) for ipl. 

(4.4.6) In the homology Bockstein spectral sequence 

la J@H(P520)) => HP; Q(0)) 

we have easily: 

3,5 =b, 2<i<p-l. 

We now use (3.2.18) to feed these differentials into the BP Bockstein 

spectral sequence. Thus ay b = bi » 2@<i<p-1l. Inaddition, aT; B(1)) 

is the normalization of the mod p reduction of a cosimplicial commutative 
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Zpy-algebra which is %()-flat in each degree. Hence [41], Prop. 2.3 (v), 

forall s>0, 

vP » O<is<prl, 

Pity ieieptl; ‘1 0? St Sptes 

p-l 
a hh, 

¢ 

-1 ~ It is known [62] that 3, (wP hoh,) — @, but we shall not prove this here. 

Turn instead to the first collection of classes. 

Let A(n) be as in §4.2. Consider 

mA(1) —> St), 7,]/(tP) = x. 

Then Ext, (k,k) = S[hy, Ao vi] and w, hits the generators. Thus TM, sur- 
jects. By placement, S[h, vi] survives nontrivially in the mod p algebraic 

Novikov spectral sequence 

H(A(1);k) => H(T;B(1)). 

Recall the formula of W. Browder, [12] Theorem 5.11 and [41] Prop. 

6.8: if xe BoP in the Bockstein spectral sequence of a sufficiently homotopy- 
commutative DG %(p)-algebra has dix=y, then af} = poly}. The 
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cosimplicial structure of Q([) guarantees infinite homotopy commutativity. 

Now ay v= h,; so by induction, 
0 

Thus we have 

Proposition 4.4.7. (Novikov, {[50]). If p>2, (a,p)=1, and q=2p-2, then 

s 

HPAP VD) = zp? x, 

(4.4.8) The end-result of this computation is included in Tables II and III 

of the Appendix for the primes 3 and 5. In this range, u <T(s-2) +(2p>-2), 

primes >5 behave uniformly. 
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Table I. We give an etal for 

Ext, “ar, af /(v,)) P, Sp? So 

in the range 

a <T(s-2) + (2p-2)t + (2p°-2). 

Degree s is plotted horizontally and t vertically. Vertical lines indicate 

multiplication by 

0, 2p-2 1 vie Extp (f Q,/ (vq). 

Arrows of bidegree (1,1) indicate differentials in the algebraic Novikov 

spectral sequence converging to 

Extpp pp (BP,, BP,/(p)). 

We display degrees s=0,... »4; thereafter multiplication by 

2,2p(p-1) 0 Aye Ext, | (E Q,/ (vq) 

is an isomorphism. 

Tables Il andIll. We display 

s,2u(p-1) 
Extpp BP (BP, BP.) 

for p=3, u<23, and p=5, u<59, combining results of Chapter IV 

with those of Tangora [56] and Oka [51], [52]. Homological degree is plotted 

vertically and (internal degree) /(2p-2) horizontally. In addition to the listed 

relations, one has 



Mi) = 91 Figg 

%i4182,5 7 %1 ©2 ity 

KBB; = 18,8, 

and possibly others; for example, it is likely that ¢ = ay By 

for p=3. The symbol — indicates equality up to a nonzero factor. 

entials in the Adams-Novikov spectral sequence are determined by: 

pew aseg = 218 

45 By = a1 Bie, 

an = &B, 

a6 = By 

pes dye ~ aye 
5 ; 

91 = BL Buy Tsis4 (57). 
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ABSTRACT 

Let E bea ring-spectrum such that E,E is flat over E, = u,(E). 

In this thesis we study homological algebra over the "Hopf algebra" of 

cooperations EE, after Adams. We construct a cobar construction and 

use it to produce U;-products, and if pE, = 0 Steenrod operations, in 

Ext, gE An ideal Ic E, invariant under the E,E-coaction determines a 
* 

spectral sequence by filtering the resolution by powers of I. Cases of this 

construction are various Bockstein spectral sequences and the "algebraic 

Adams spectral sequence" of Novikov. With these tools we obtain a vanishing 

line for Extap pp(BP,.M) for a comodule M, and we compute 

Extyp pp(BP,BP,) in a band of width pa, q=2p-2, above the vanishing 
line. Combined with known facts about T; (s°), this yields 

Ext®?'4 (BP,, BP,) ina larger range: throught =23 for p=3 and 
through t= 49 for p=5. This comparison reveals several nontrivial 

differentials besides the Cohen-Toda-Zahler differential. 


