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INTRODUCTION 

The concept of Barsotti-Tate group was introduced in [I] where the 

name equidimensional hyperdomain was used (actually for an equivalent 

concept) and in [30] where the name p-divisible group was used. Following 

Grothendieck, we prefer the term Barsotti-Tate group because the concept 

of "p-divisible group" has a meaning for anyabelian group object in an 

arbitrary category and does not indicate any relation with algebraic 

geometry, 

Barsotti-Tate groups arise in "nature" when one considers the 

sequence of kernels of multiplication by successive powers of p on an 

abelian variety. Also, as Orothendieck has observed, there are Barsotti- 

Tare groups which are naturally associated with the crystalline cohomology 

of a proper smooth scheme which is defined over a perfect field of char- 

acteristic p. Since we do not discuss crystalline cohomology no further 

mention is made of this example. 

Returning to the situation where A is an abelian variety over a 

(perfect) field of characteristic p, let A(n) denote the kernel of multi- 

n 
plicationby p on A. The system (A(n))n> 1 constitute a Barsotti-Tate 

group. As opposed to the situation where one looks at the kernel of mul- 

tiplication by ~, (~,p) = i, the groups A(n) are never ~tale unless 

A = (0). Each A(n) can be written uniquely as a product of a connected 

group with an 6tale group. The sequence of these connected components 

yield, by passage to the limit, the formal group obtained by conapleting A 

along the identity. Thus the Barsotti-Tate group contains more information 
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than  j u s t  t h i s  f o r m a l  g r o u p .  A n o t h e r  a d v a n t a g e  w h i c h  B a r s o t t i - T a t e  g r o u p s  

p o s s e s s  o v e r  f o r m a l  g r o u p s  is tha t  t h e r e  is  a dua l i t y  ( g e n e r a l i z i n g  C a r t i e r  

dua l i ty )  de f ined  f o r  t h e m .  

In th is  p a p e r  B a r s o t t i - T a t e  g r o u p s  o v e r  an a r b i t r a r y  b a s e  s c h e m e  

$ (on w h i c h  p is l o c a l l y  n i lpo ten t )  a r e  s t u d i e d .  I n t u i t i v e l y  we  can  th ink  

of  t h e s e  as n i c e l y  v a r y i n g  f a m i l i e s  of  B a r s o t t i - T a t e  g r o u p s  p a r a m e t r i z e d  

by S. The basic theorems are those which allow us to associate various 

crystals to such groups. Actually in order to construct these crystals 

we a s s u m e  tha t  the  B a r s o t t i - T a t e  g r o u p s  in q u e s t i o n  a r e ,  l o c a l l y ,  l if tztble 

to i n f i n i t e s i m a l  n e i g h b o r h o o d s .  Th i s  r e s t r i c t i o n  is s u r e l y  u n n e c e s s a r y .  

In f ac t ,  r e c e n t  w o r k  of  L .  I l l u s i e  (modu lo  s e v e r a l  v e r i f i c a t i o n s  of  c o m p a t -  

a b i l i t i e s  he  has  ye t  to m a k e )  shows that  the  o b s t r u c t i o n  to the  e x i s t e n c e  of  

+ 
such  l i f t l ngs  l i e  in a p a r t i c u l a r  Ext  g roup .  Combin ing  th i s  w i t h  a r e s u l t  of 

G r o t h e n d i e c k  showing  that  the  o b s t r u c t i o n  q u e s t i o n  is  z e r o ,  we  s e e  i t  has  

' ~e s sen t i a l l y  '~ b e e n  p r o v e n  tha t  a l l  B a r s o t t i - T a t e  g r o u p s  s a t i s f y  the  a b o v e  

l i f t ing  h y p o t h e s i s .  Thus ,  f o r  the  r e s t  of  the  i n t r o d u c t i o n ,  a s s u m e  a l l  

B a r s o t t i - T a t e  g r o u p s  a r e  l o c a l l y  l i f t a b l e  in t he  above  s e n s e .  

L e t  us  now g i v e  a m o r e  d e t a i l e d  s u m m a r y  of  the  v a r i o u s  c h a p t e r s .  

F o r  s i m p l i c i t y  we  r e s t r i c t  to the  a / f ine  c a s e :  L e t  A be  a r i n g ,  I a n i l -  

po ten t  i dea /  of  A,  A = A ] I .  A s s u m e  p is n i l p o t e n t  in A. Se t  
o 

S = Spec (A), S = Spec (A O) and generally denote with the subscript "o" 
o 

the result of restricting an object defined over S to S o . 

In Chapter I the concept of a Barsotti-Tate group over S is defined, 

several sorites and several examples are given, This chapter consists 

* These verifications have been made [17 bis]. 
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primarily of definitions. 

In Chapter Li the relation between formal Lie groups and Barsotti- 

Tare groups is studied. First assuming A is of characteristic p, we 
o 

show how to associate a formal Lie group to any Barsotti-Tate group G 

defined on S . Via the use of the relative cotangent complex this result 
o 

is extended to a Barsotti-Tate group G over S (in the case where l=pA). 

The procedure employed is to actually reduce to the case already treated 

when the base is of characteristic p. Next we treat the question of when 

is a formal Lie group a Barsotti-Tate group. The results here are cer- 

tainly p a r t i a l  and only  the  c a s e  when  $ is a r t i n  is  exp l i c i t l y  dea l t  wi th .  

F i n a l l y  n e c e s s a r y  and su f f i c i en t  cond i t ions  fo r  a B a r s o t t i - T a t e  g roup  to 

be  e x p r e s s i b l e  as  an e x t e n s i o n  of an  i n d - ~ t a l e  B a r s o t t i - T a t e  g r o u p  by a 

f o r m a l  L i e  g roup  a r e  g iven .  

Chapter  III is l a r g e l y  p r e l i m i n a r y .  The f i r s t  and t h i r d  s e c t i o n s  

r e c a l l  the r e l e v a n t  d e f i n i t i o n s  and p r o p e r t i e s  of d iv ided  p o w e r s  and 

c r y s t a l s  r e s p e c t i v e l y .  The  s e c o n d  s e c t i o n  t r e a t s  the  " e x p o n e n t i a l "  which  

is u s e d  e x t e n s i v e l y  l a t e r .  In  o r d e r  to i l l u s t r a t e  th i s  concep t  a s s u m e  the 

idea l  I has  n i l p o t e n t  d iv ided  p o w e r s .  Le t  H = Spec (B) be  an  af f ine  

c o m m u t a t i v e  S - g r o u p  such  tha t  L i e  (H) is  l o c a l l y - f r e e  of f i n i t e  type .  

Denote  by ?7: B ~ A the  a u g m e n t a t i o n  c o r r e s p o n d i n g  to the  u n i t  s e c t i o n  

of H. The e x p o n e n t i a l  wi l l  be  a h o m o m o r p h l s m :  

exp:Hom (%, l®Lie(H)) r- ~-Ker [Hom (13 ,H)--~Horn ({3 ,Ho) ]. 
O S .... S - g r .  aS S o - g r .  aSo 

F o r  0: G - - - ~ I ~ L i e ( H ) ,  l e t  9 ( l ) = ~ i .  e D .  w h e r e  D. is a n A - l i n e a r  
a j j J 
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i n v a r i a n t  d e r i v a t i o n  of  B to i t s e l f ,  exp (8) is  to be  a h o n ~ o m o r p h i s m  

~- H and h e n c e  to d e s c r i b e  it  we g i v e  the  c o r r e s p o n d i n g  a l g e b r a  m a p  
a 

B ~- A[T] .  Th is  a l g e b r a  m a p  is  g i v e n  e x p l i c i t l y  v i a :  

b I ~- ~ ~ ( ( ~ i j  Dj) (n) (b)) T n. 
n>O 

Th i s  i s  an a l g e b r a  m a p  by Le ibn iz~s  r u l e ,  and is  a b i - a l g e b r a  m a p  b e c a u s e  

the  D.~s a r e  i n v a r i a n t ,  A d d i t i v i t y  in 8 is  checked  d i r e c t l y  and f ina l ly  it  
J 

is  c l e a r  tha t  exp (O): ~ " ~ K e r  ( H m > H ) .  
a o 

The  e x p o n e n t i a l  is s tud i ed  in v a r i o u s  con tex t s  m o r e  g e n e r a l  than  the 

above .  U n f o r t u n a t e l y  we  h a v e  to r e s o r t  to an ad hoc  c o n s t r u c t i o n  at  one 

po in t  and h e n c e  the  d i s c u s s i o n  can  not  be  r e g a r d e d  as  t r u l y  s a t i s f a c t o r y .  

F i n a l l y  we  u t i l i z e  t he  e x p o n e n t i a l  in o r d e r  to de f ine  a no t ion  of l i n e a r  

e q u i v a l e n c e  b e t w e e n  c e r t a i n  v e c t o r  s u b g r o u p s  of  a g i v e n  s m o o t h  g roup .  

Th i s  a l l ows  us to " l i n e a r l z e "  the  d e f o r m a t i o n  t h e o r y  of  Chap t e r  V. 

Chap te r  IV is  t e c h n i c a l l y  the  h e a r t  of  the  w o r k .  It  is h e r e  tha t  we 

c o n s t r u c t  the  c r y s t a l s  a l l uded  to a b o v e .  The  f i r s t  s e c t i o n  c o n s t r u c t s  f o r  

any B a r s o t t i - T a t e  g roup  G on S a ~ ' un ive r s a l "  e x t e n s i o n  of  G by a 

v e c t o r  g r o u p :  

(*) 0 - - ~ V ( G )  ~ E(G) ' ~-G '"~- 0 

H e r e  V(G) = ~ , t he  i n v a r i a n t  d i f f e r e n t i a l s  on the  C a r t i e r  dua l  of  G.  

Th i s  e x t e n s i o n  is  u n i v e r s a l  in the  s e n s e  tha t  g i v e n  any e x t e n s i o n  

0 - - > - W - - ~  E - - ~  G ~  0 of  G by a v e c t o r  g roup  W, t h e r e  is  a u n i q u e  

l i n e a r  h o m o m o r p h i s m  V(G) ~- Y[ wh ich  i n d u c e s  i t  f r o m  the  e x t e n s i o n  (*). 
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The construction of the universal extension i s  functorial in G and com- 

mutes with all base changes. 

Let us endeavor to explain how the crystals are obtained. For each 

G o , a Barsotti-Tate group on So, crystals IE(Go) , ~(Go) , D(Go) are 

defined. The latter two are obtained from IE (O o) by "completing along 

the identity '~ or by taking the Lie algebra in the respective cases. Thus 

IE (Go) is the fundamental crystal to be constructed. The idea is to 

"crystallize" E(Go) , the universal extension mentioned above. This means 

we want to show that if G 1 and G 2 are two liftings of Go to S, then 

E(GI~ and E(G 2) are canonically isomorphic. The main theorem of 

C h a p t e r  IV p r o v e s  t h i s .  T h e  p r o o f  r e l i e s  h e a v i l y  o n  t h e  e x p o n e n t i a l .  W h y  

is  t h i s ?  W e l l ,  w e  w a n t  an  i s o m o r p h i s m  v :  E(G 1) 

to idE(--)'~o Let us consider the two extensions: 

~- E(G2) which reduces 

I f w e  c o u l d  c o n s t r u c t  v and w s u c h t h a t  v o i  I = i 2 o w ,  t h e n  v w o u l d  

i n d u c e  a h o m o m o r p h i s m  G 1 ~- G 2 r e d u c i n g  to  id  G . I t  i s  e a s y  to  s e e  
0 

that this would imply G I ~ G 2. But it is definitel~ that G I is 

necessarily isomorphic to G 2. In fact if Ao = Z/p2~, A = 7/p22Z , 

Go = ~m X C)p/Yp, then there are (up to canonical isomorphism) precisely 

p distinct liftings of G to S. Thus the comrnutativity condition above 
0 

il 
o---~_V(GI) > E(G l) >G I >0 

i 2 
0 ~ V ( G 2 )  ~ E ( G z )  >G 2 ~ 0 

Let w be any lifting of idV(Go ) to a linear map _V(G I) ~ >-_V(Gz). 



is too strong. Surely though we want d = v0 i I- i2o w to induce zero on 

S (since v is to lift idE( and w is to lift idv( )). Thus d need 
o _% 

not be zero but d should be zero; i.e., d ~ Ker [Horn (V(%), E(GZ)) • > 
o 

Horn (V(Go), E(Oo)) ]. It is precisely maps of this type which will be 

studied in Chapter HI: the exponentials. Thus it is natural to ask if v can 

be chosen such that d is an exponential (it is easy to see the answer is 

independent of the w chosen to lift idv, O )). The answer is yes: there 
--i o 

is a unique such v. 

This enables us to construct the crystal lie (Go). Finally let us note 

that the developments of Chapter IV go through mutatis mutandis to the 

situation when the Barsotti-Tate groups are replaced by abelian schemes. 

This will be of crucial importance in Chapter V. 

Chapter V treats the deformation theory of Barsotti-Tate groups 

and abelian schemes. ~tVe continue to assume the ideal I has nilpotent 

divided powers. ~Ve prove that to lift a Barsotti-Tate group G O to S is 

equivalent to lifting the natural vector subgroup V (G o) r ~ Lie (E(Go)) = 

I) (Go)s^ to an "admissible" filtration Fil I "- > D(Oo) S. Actually a 

more precise result giving us information about lifting homomorphisms 

also, is proven. There is a completely analogous theorem concerning 

abelian schemes. In order to relate the deformation theory for abelian 

schemes with that for Barsotti-Tate groups we prove the following result: 

If A is an abelian scheme on S and X the corresponding Barsotti- 
o o o 

Tare group, then there is a functorial isomorphism D(A o) ''~ ~- D(Ao). 
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C o m b i n i n g  t h i s  r e s u l t  w i t h  t h e  a l r e a d y  s t a t e d  r e s u l t s  o n  d e f o r m a t i o n s  o f  

a b e l i a n  s c h e m e s  a n d  of  B a r s o t t i - T a t e  g r o u p s ,  i t  i s  q u i t e  e a s y  to  o b t a i n  

t h e  t h e o r e m  of  S e r r e - T a t e ,  w h i c h  s a y s  e s s e n t i a l l y :  To l i f t  A to  S i s  o 

e q u i v a l e n t  to  l i f t i n g  A to S ( a n d  s i m i l a r l y  f o r  m o r p h i s m s ) .  ( T h e r e  
o 

a r e  of  c o u r s e  n o  a s s u m p t i o n s  c o n c e r n i n g  d i v i d e d  p o w e r s  in  t h i s  t h e o r e m .  ) 

I n  t h e  f i n a l  s e c t i o n  of  t h e  c h a p t e r  w e  a p p l y  t h e  a b o v e  r e s u l t s  to  

o b t a i n  t h e  S e r r e - T a t e  c a n o n i c a l  l i f t i n g  of  a n  o r d i n a r y  a b e l i a n  v a r i e t y  

d e f i n e d  o v e r  a p e r f e c t  f i e l d .  

R e s u l t s  of  t h e  t y p e  o b t a i n e d  h e r e  h a v e  b e e n  p r e v i o u s l y  a n n o u n c e d  

in  C a r t i e r ' s  B o u r b a k i  t a l k  [ 7 ]  . H e  a s s u m e s  t h e  r i n g  A i s  a p e r f e c t  o 

f i e l d  of  c h a r a c t e r i s t i c  p a n d  t h a t  t h e  B a r s o t t i - T a t e  g r o u p s  in  q u e s t i o n  

a r e  p - d i v i s i b l e  f o r m a l  L i e  g r o u p s .  A p p a r e n t l y  h e  u s e s  a m o r e  " D i e u d o n n ~  

m o d u l e  t h e o r e t i c "  a p p r o a c h .  H e  o b t a i n s  f i n e r  r e s u l t s  a b o u t  t h e  s t r u c t u r e  

of  t h e  c r y s t a l  ]D(G) t h a n  t h o s e  o b t a i n e d  h e r e ,  in  p a r t i c u l a r  t h e  r e s u l t  

l a b e l e d  1) b e l o w .  

In the appendix a characterization of the canonical lifting of 

an ordinaryabelian variety is given. In the case of ordinary elliptic curves 

the theorem of Serre-Tate is illustrated by giving Tate' s elegant formu- 

lation of the result in terms of "q". This portion of the appendix is taken 

entirely from a letter of Tate to Dwork, dated November 1968. 



Professor Serre has kindly informed me that for elliptic curves, 

the canonical lifting has a rather long history. Hasse used it in his first 

demonstration of the Riemann hypothesis for elliptic curves [16bis, 16ter] . 

Deuring in his fundamental paper E9bis] proved that for any elliptic curve E 
O 

over a finite field and any endomorphism ~o of Eo, there exists a 

"lifting" of the pair (Eo, ~o ) to characteristic zero. In our context the 

analogue is proposition (i. 2) of the appendix. For the analytical aspects 

of the theory one should consult [9ter~ . 

There are several results and problems which are not mentioned 

in the text. I shall limit myself to mentioning three such. The first two 

have been announced by Grothendieck while the third is, as far as I know, 

completely open. 

I) If S is a perfect field of characteristic p, then D~(G) = ]D(G*) is 
O 

canonically isomorphic to the ordinary Dieudonn6 module of G. 

2) If ~; A ~-S is an abelian scheme, then D(A:} o 0 is canonically 

isomorphic to R 1 ~,, C~S (OAO, ¢rya }" 

3) Assuming S is of characteristic p and is perfect, to study more closely 
O 

the functor D. In particular to attempt to describe its essential image. 

Also to decide if this functor is fully-faithful. 

As Grothendieck has observed his result i) above renders "plausible" 

the belief that D is fully-faithful since D commutes with base change and is 

an equivalence of categories when the base is a perfect field. 

During the summer of 1970 Grothendieck lectured in Montreal on 

"Barsotti-Tate groups and Dieudonn~ crystals". It was my good fortune 

to not only be able to attend these lectures, but also to have extensive per- 

sonal contact with Grothendieck through which 1 was able to profit greatly. 



Therefore, it is indeed my pleasure to thankA. Grothendieck for the 

time and effort he was so generously willing to devote to me as well as for 

his permission to use many of his unpublished results and ideas. 

During the fall semester, 1970, N. Katz and I conducted a seminar 

at Princeton on Dieudonn~ theory and Barsotti-Tate groups. In the course 

of the seminar I presented most of the results which appear here. Through- 

out the entire seminar and even after it officially terminated Katz showed 

great patience and interest in discussing this work. This is especially 

true of the appendix where his assistance both in its initial conception and 

in the execution of several technical results was invaluable. 



1, 

2. 

3. 

4. 

r e f e r e n c e  in the  4 th  c h a p t e r  of E . G . A .  S i m i l a r l y  S . G . A . •  ** . . . .  

to a p a r t i c u l a r  p l a c e  in e x p o s e  ** of the  , t h  s e m i n a r  he ld  at B u r e s .  

Conventions 

"p" denotes a prime number fixed once and for all. 

"group" always means commutative group. 

"group over S, S-group, . . . " will always mean a f.p.p.f, sheaf of 

(commutative) groups on the site (Sch/S)f.p.p.f.. Groups which 

are representable willbe referred to as such or via a modifying 

adjective (i. e. , flat, finite, and locally-free, . . . ) which makes 

clear that they are group-schemes. 

The r e f e r e n c e s  [8], [9], [iZ], [13] which a r e  frequently cited in the 

text are referred to as: 

a) [8] G.A. 

b) [9] S . C . A .  3 

c) [lZ] E.  c-..~. 

d) [13] S.G.A. 

Following standard conventions E.G.A. IV denotes a particular 

refers 



Chapter I. Definitions and Examples 

§I. (I.0). Let S be a scheme and G a group on S (i.e., following the 

conventions introduced above, C is a commutative f.p.p.f, sheaf of 

groups on the site Sch/S) such that pnG = (0). Then we have the following 

lemma: 

Lemma (i. I). The following conditions are equivalent 

n 
(i) G is a flat Z/p Z-module 

(ii) Ker(p n-l) = Im(p I) for i = 0,...,n 

Proof: First we show (i) implies (ii). From (i) it follows that 

gr" (2~/pn2~) $ gr°(G) "~ gr" (G) (the associated graded group being 

~ I p X  
t a k e n  wi th  r e s p e c t  to the f i l t r a t i o n  def ined  by p o w e r s  of p). B e c a u s e  of 

th is  we  know tha t  pi induces  an i s o m o r p h i s m  f r o m  G / p G  to p i G / p i + l G  

for i<n-l. Thus Ker(pn-l) clm(p) andhence Ker(pn'i) cKer(p n-l) 

_clm(p) which implies that Ker(p n-l) = p- Ker(p n-1+l) = p(pl-IG) = PIG 

(by induction on i). 

To prove that (ii) => (i), we observe by taking 

n-i pn-i G 
and hence that p induces an isomorphism G / p G  "" ~- . Since 

this map factors as O/pG ~- pO/pZO ~- • • • ~- pn-io we see that 

each of these maps is an isomorphism. Thus, since 

we h a v e  

grO(~_/pn~. ) ®2~/p~  g r °  (G) 

gr"  ( 2 ~ / p n z )  ®Z/pT..  g r ° ( G )  

~. g r ° (G) ,  

~'""~ gr" (G). 

i=l  tha t  p G =  K e r ( p  n ' l )  

To c o m p l e t e  the p r o o f  we wan t  to u t i l i ze  a v e r s i o n  of the  " c r i t e r i o n  of 

f l a t n e s s .  " 

By [16;11 §4] to prove the flatness of G it suffices to show 
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n 
To~ ~/p Z(M,G) = 0 for any ~jpnz-rnodule M. But the reasoning of 

[4; Chap. III §5 #3 remark 1 and prop. I] is completely formal and hence 

applies in the general context. Consider the exact sequence: 

M® TorlZ~/Pn=(~./p, G ) ~  TorlZF'/Pn~(M, G ) ~  Tor~/PZ(I~4, G/pG)~ 0 

which arises from the terms of low degree in the spectral sequence for 

"associativity" of Tot. 
n 

TorlP~'J Z(Z/p~, G) = 0 by hypothesis (as noted above) 

TOrl/PZ(Ivi , G/pG) = 0 since ~/p7 is a field. This shows that 

TO rlZ/pn2~ (Iv[, G) is zero for any ~/p~-module Iv[ and thus completes 

the proof. 

Definition (l.Z) If n > 2, a truncated Barsotti-Tate group of level n is 

an S-group G such that: 

I) G is a finite locally-free group scheme 

n 
2) G is killed by p and satisfies the equivalent conditions of 

lemma (I. i). 

Remark (i. 3) For completeness let us define a truncated Barsotti-Tate 

group of level 1 (on a scheme $ where p is locally nilpotent) as a group G 

which satisfies : 

I) G is finite and locally free and killed by p. 

Z) Denoting by S the closed subscheme Var(p.l S) orS and 
o 

Go =G × So, im v G = Kerf G , Im f G = Ker v G (see [II 3.3.11, 3.3.12]). 
S o o o o 

n 
Notation (1.4) If G is a group, we will write G(n) for the kernel of p . 

n 
If G is killed by p , we write G = G(n). 
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Leznrna (I. 5) a) If O(n) is a flat ~/pn~-module then O(n) is a finite 

locally-free group scheme if and only if G(1) is and then all the O(i) are. 

b) If O(n) is finite and locally free then p!O(n) ~- O(n-i) is an 

epimorphism if and only if it is faithfully flat. 

Proof: We prove b) first. Clearly if pi: O(n) ~ O(n-i) is faithfully 

flat it is an epirnorphism. Conversely if it is an epimorphism, then by 

using the criterion for checking flatness fiber by fiber [E.G.A. IV ii.3. ii] 

we are reduced to the case when S is the spectrum of a field and here the 

result is standard. [O. A. III, §3, 7.4] 

To prove a) we observe that if O(n) is flat over ~/pn~ and G(1) 

is finite and locally free, then we have exact sequences: 

0 ~ O(1) ~ O ( g )  - - 'P--~G(1)  - - ~  0 

P 
0 - - ~  G(1) --~ G(3) ~G(2) ~ 0 ..... Therefore by induction we see 

that all the G(i) are finite locally-free (since an extension of two such 

groups is ~nother one by descent theory [G.A. IIl §4, I. 9]). Conversely, 

if G(n) is finite and locally-free, then each G(i) is certainly finite of 

finite presentation over S [E. G.A. II 6.1 5. (iii) and (v) for "finite, " 

E.G.A. IV I. 6. Z. (iii) and (v) for "of finite presentation"]. From part b) 

(proved above) we know each G(i) is flat over S. Hence each G(i) is 

finite and locally-free. 

62. (2.0) Let S be a scheme and G a group on S. Denote by G(n) 

n 
the kernel of multiplication by p on G. O is said to be of p-torsion if 

lirn O(n) = G. O is said to be p-divisible if p" ~'dG: O--~ O is an 



ep imo r p h i s m .  

D e f i n i t i o n  (2.1):  G 

t h r e e  cond i t i ons  : 

(Z. 1.1) G 

(2.1.2) 

(z.l.3) 

Notation (2. Z): 

14 

is a Barsotti-Tate group if it satisfies the following 

is of p - t o r s i o n  

G is p - d i v i s i b l e  

G(1) is a f i n i t e ,  l o c a l l y - f r e e  g roup  s c h e m e  

We w r i t e  B. T. (S) fo r  the  c a t e g o r y  of B a r s o t t i - T a t e  g roups  

on S, whose  ob j ec t s  a r e  the B a r s o t t i - T a t e  g roups  and whose  m o r p h i s m s  

a r e  s i m p l y  h o m o m o r p h i s m s  of S - g r o u p s .  

Remarks (2.3): Let G be a Barsotti-Tate group 

I) G(n) = G(n+l)(n) 

n-i 
2) For any i such that 0 < i < n, p induces an epimorphism 

n-i. 
G(n) --~ O(i) (because multiplication by p is an epimorphism of O). 

3) From remarks I) and Z) and the fact that O(I) is finite and 

locally-free it follows from I. 5 that the G(n) for n > 2 are truncated 

Barsotti-Tate groups and that we have exact sequences: 
pn-i 

(2.3.1) 0--->-G(n-i)--~O(n) >~G(i)--~ 0 

4) It follows from the elementary theory of finite group schemes 

over a field that the rank of the fiber of G(1) at a point s6S is of the 

form ph(S) where h is a locally constant function on $. It also follows 

from remark 3) that the rank of the fiber of G(n) at s is pnh(s) [G.A. 

iv §3, s]. 

5) Assume we have a system of groups O(n) with O(n) finite and 

locally-free such that: 



15 

a) G(n) = O(n+l)(n) 

b) The rank of the fiber of G(n) 

l o c a l l y  c o n s t a n t  f u n c t i o n  o n  S.  

nh(s) 
at s is p where h is a 

"~,re consider the exact sequence 

pn-i 
0 --~ G(n-i) ---~ O(n) ~- G(i) . 

G(n) s 

it follows 
pn-i 

t h a t  O(n )  ' ' ' ~ -  G(i )  i s  f a i t h f u l l y  f l a t  

a n d  h e n c e  a n  e p i m o r p h i s m .  T h u s  w e  s e e  t h a t  G = l i r n  G ( n )  

By looking at each fiber and using the rnultiplicativity of the ranks, 

pn-i 
>" G(i)s is faithfully flat. Therefore since G(n) is flat over S, 

is a Barsotti- 

T a r e  g r o u p  a n d  t h e r e f o r e  ( u s i n g  a l s o  r e m a r k s  I )  a n d  4))  i t  f o l l o w s  t h a t  o u r  

definition of Barsotti-Tate group is equivalent to that of Tare [30]. 

6) From remark 5) it follows that our definition of Barsotti-Tate 

group is essentially independent of the fact that we choose to work with 

f.p.p.f, sheaves. Nevertheless it will be quite convenient to view the 

category B.T.(S) as a full sub-category of the category of abelian sheaves 

(for the f.p.p.f, topology) on S. 

Sorites (2.4) 

(2.4. i) If S j f ~-S is a rnorphism and O is in B.T.(S), then f*(G) is 

in B. T. (S'). 

That f*(O) is of p-torsion and p-divisible follows immediately from 

# * 
the fact that f~ is exact as does the formula f (O)(n) = f (O(n)). But 

since f (O(1)) = 0(I I × S', it is immediate that f (O)(1) is finite and 
S 
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l o c a l l y - f r e e  and h e n c e  f (G) is in B . T .  (S ') .  

R e m a r k  ( 2 . 4 . 2 ) :  The  a s s i g n m e n t  S ~ B. T.  (S) g i v e s  a f i b e r e d  c a t e g o r y  

o v e r  the  c a t e g o r y  of s c h e m e s .  It is in f ac t  a s t a c k  when ( S c h e m e s )  is 

endowed with the f. p. q. c. topology. This follows easily from the definitions 

and descent theory [II, I 3. 2]. 

(2.4.3) If 0 ---> GI---> G 2 ---~ G 3 -'-> 0 is exact and 

a) G 1 and G2 are in B. T. iS) 

b) G 1 and G 3 are in B.T.(S), 

then in either case the third group is in B.T.(S) also. 

Proof: In both cases it follows from the serpent lelnn~a that the sequence 

0--~ qil)--~ G2(1)---> G3(1)--~ 0 is exact. The representability of G3(1) (in 

case a)) is given by [G.A. Ill, ~2 3. Z] while the representability of GZ(1) (in 

case b)) is given by [G.A.III, §4, i. 9] which also tells us GZ(1) is finite and 

locally-free. The fact that %(1) is finite and locally-free (in case a)) is 

somewhat more involved. By [E. O.A. il 5.4.3(i), E.G.A. IV i. 6.2(v)] GI(1) ~-->- 

G2(1) is a proper monomorphism of finite presentation and hence it is a 

closed immersion [E.G.A. I% r8.11.5], By [S.G.A. 3vIBg. Z(x),(x/), (x~), 

(x/fl)] %(I ) is separated, flat, quasi-finite and of finite presentation over S. 

That %(I) is finite and locally-free now follows from [E. G.A. If, 5.4.3 ii), 

IV 8.11.I, 1.4.7]. 

In either case a) or b) it is immediate that the relevant group is of 

p-torsion and p-divisible and thus a Barsotti-Tate group. 

iZ.4.4) By considering the exact sequences (Z. 3. I) we see that the fanxily 

of Cartier duals G(n) together with the maps p : G(n) --~ Gin+l) 
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(coming from the exact sequences) give us a Barsotti-Tate group O , the 

Cartier dual of G, with G (n) = G(n) . The assignment C. ~-~ G 

extends to morphisms so that we obtain a duality on the category of 

Barsotti-Tate groups. Just as with ordinary Cartier duality, this duality 

is compatible with all base changes. 

Remark (2.4.5). The category B.T.(S) is not abelian. Kernels do not 

exist in this category since the kernel of the morphism O P ~ C must be 

killed by p and hence can not be a Barsotti-Tate group (unless O = 0). 

~3. (3.0) We give in this pa rag raph  seve ra l  examples of B a r s o t t i - T a t e  

groups. First though, we recall some terminology about finite, locally- 

free group schemes, O, on an arbitrary base S. 

(3. I) O is said to be of multiplicative type if the following three equiv- 

alent conditions hold: 

(3. I. I) Locally on S for the ~tale topology, O is isomorphic to a group 

of the form Spec (Os[IV[]) where M is an ordinary finite abelian group. 

(3. I. 2) O , the Cartier dual of O, is ~tale. 

(3.1.3) Locally, for the Zariski topology, there is a monomorphism 

G ~ T where T is a torus (i. e. , a group which locally for the ~tale 

topology is isomorphic to ~-~ ). 
m 

That (3. I. I) implies (3. I. Z) is obvious. The reverse implication is 

an immediate consequence of [S.G.A. 3 X4.5, 4.8]. To see that (3.1.1) 

implies (3. I. 3) we can, since the question is local on S, assume S to be 
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a f f i n e  a n d  t h e n  b y  t h e  s t a n d a r d  a r g u m e n t s  a s s u m e  S to  b e  N o e t h e r i a n  

[E.G.A. IV8.9.1, 8.5.5, 8.10.5(x), 17.7. 8(ii)]. We decompose S into 

a disjoint union of open sub-schemes SX, such that for all s belonging to 

a given S~, O~, the l~eometric fiber, is isomorphic to Spec(kis)[M)]) 

for a well-defined finite group M A. Replacing S by Sl and then by a 

connected component of S l (which is open since S is locally noetherian) 

we reduce to the case w,here S is connected. Thenby[S.G. A3 X 7. g] we 

see that to give G is equivalent to giving a finite v-module M where 

is the Z'enlarged'J funda~nental group corresponding to the choice of some 

geometric point of $. But now writing i%.I as a quotient of Z[M] when 

operates on Z[~vi] in the obvious way, we see that the group corresponding 

to the abelian group Z[M] is a torus and hence we achieve the desired 

embedding. 

Finally to prove t[hat (3.1.3) implies (3.1.2) it suffices to check the 

implication when S is the spectrum of a field. But now as G is a finite 

closed sub-group of a torus, the implication follows irnrnediately from 

[C.A. IV §l Z.4(a)]. 

(3, 2) G is said to be infinitesimal if the structural morphism G ~ S is 

radiciel. This is of course a condition which is verified fiber by fiber. 

We shall see in ill 4.4], that this use of the word "infinitesimal" is con- 

sistent with a later meaning we shall give it in connection with formal Lie 

groups. 

(3.3) Recall finally the following definition. 



D e f i n i t i o n  (3.3. I) 

s c h e m e  s u c h  t h a t :  

1) 

Z) 

5) 
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A n  a b e l i a n  s c h e m e  A " '~ '~- S is  a c o m m u t a t i v e  g r o u p  

f is proper 

f i s  smooth 

f has geometrically c o n n e c t e d  fibers. 

Example (3.4). If A/S is an abelian scheme then lirn A(n) is a Barsotti- 

Tate group of rank 2d where d is the relative dimension of A/S and 

hence a locally constant function on S. Since the group lirn A(n) is 
r 

obviously of p-torsion, we must show it is p-divisible and A(1) is finite 

and locally-free of rank p2d. To know it is p-divisible it obviously 

suffices to check that p:A ~ A is an epimorphism. Thus it suffices to 

know p: A--->- A is faithfully flat and hence we are by [E.G.A IV II. 3. Ii] 

reduced to the case when we are over an algebraically closed field. ]But 

as is well known, multiplication by p on an abelian variety is surjective, 

and hence by the lern_rna of generic flatness [21; 6.12] we are done. 

Finally, since A(1) has zero-dimensional and hence finite fibers and 

since A(1) ~ S is proper (being obtained by the base change $ --~ A 

from the map p: A--~ A which is proper by [E.G.A. II 5.4.3(i)]), it 

follows that A(1) --~ S is finite [E.G.A. IV 8. ii. I]. Since A(1) ~ S 

is flat, finite and of finite presentation it is finite and locally free 

[E. G.A. IV I. 4.7]. Finally the statement about the rank follows irnn%e- 

diately from [ZZ; §6]. Later we shall have much more to say about 

Barsotti-Tate groups of this type which we denote by A or A(~). 
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d e f .  
E x a m p l e  ( 3 . 5 )  L e t  T b e  a t o r u s  o n  S and  c o n s i d e r  l i r n  T(n)  - - - - -  T(a*). 

Then T(=o) is a Barsotti-Tate group of rank d when d is the relative 

dimension of T/S. That T(~) is of p-torsion is obvious. To see that T(=o)~is 

p-divisible and T(1) is finite and locally-free of rank d, we are by descent 

reduced to the case where T ~'G d where both are completely trivial. 
m 

Example (3.6) We assume in this example that p is locally nilpotent on 

S. Also, this example will be treated in more detail later. Let G be a 

formal Lie group on S. We will verify in [II 4.2], that G is automatically 

of p-torsion. Assume that multiplication by p is an epimorphism of G 

and that G(1) is finite and locally-free. This last condition follows from 

P 
the hypothesis that G ~- G is an epimorphism when the base S is 

artin. These assumptions imply that G is a Barsotti-Tate group with 

G(1) and hence all G(n) infinitesimal. As we shall verify in detail later 

[II, 4.5] we have an equivalence of categories between the category of 

Barsotti-Tate groups on S with G(1) infinitesimal and that of formal Lie 

groups G such that O P'~- G is an epimorphism and G(1) is finite and 

lo cally-free. 

Example (3.7) Let G be a Barsotti-Tate group on S such that G(1), 

and hence all G(n), is 4tale. ¥~re call such a group ind-4tale. Associated 

P P G'(3) < .... to O is the projective system T (O): G(1) < G(2) < 
P 

By the very definition of the phrase, Tp(O) is a "faisceau p-adique 

constant tordu sans torsion. " [S.G.A. 5 VI l.g] It is immediately checked 

that any homomorphism between Tp(G) and Tp(H) must come from a 
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h o m o m o r p h i s m  f r o m  G to H. Thus  i t  is  e s s e n t i a l l y  a t au to logy  tha t  t he  

c a t e g o r y  of B a r s o t t i - T a t e  g r o u p s  on S wh ich  a r e  i n d - ~ t a l e  is e q u i v a l e n t  

(via  t he  f u n c t o r  G ~-~ T (G)) to the  c a t e g o r y  of  ' q a i s c e a u x  p - a d i q u e  con-  
P 

s tan t  t o r d u  san5  t o r s i o n .  " If S is c o n n e c t e d  and s is a g e o m e t r i c  poin t  

of S, th i s  l a s t  c a t e g o r y  is e q u i v a l e n t  to tha t  of con t inuous  r e p r e s e n t a t i o n s  

of Trl(S,s)  in f i n i t e  f r e e  Z - m o d u l e s .  
P 

Example (3.8) A Barsotti-Tate group G on S is said to be toroidal if 

O(1) is of multiplicative type. Of course this implies that all O(n) are of 

multipl[cative type. From 3. i we know that O , the Cartier dual will be 

ind-~tale and hence that the functor: O ~ T (O) induces an anti- 
P 

equivalence between the category of toro[dal Barsotti-Tate groups on S and 

that of "faisceauxp-adiques constant tordu sans torsion." To obtain a 

covariant equivalence between these two categories, let us first introduce 

the following notation. 

def. (3.8.1) ~ ~m(~) = ,lira ~pn. 

Consider the functor on toroidal groups defined by 

def .  
G ~-~ Homs.g r (~, G). 

the inverse system (HO~.g r ( ~pn, G(n))n> 1 . But this last inverse 

system is identified via Cartier duality with the inverse system 

(Homs_g r (G(n) , x/pnZ))n_>l = Tp(G )v 

[see S.G.A. 3 X 5.8]. 
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E x a m p l e  ( 3 . 9 )  A s s u m e  S to  b e  a r t i n  a n d  l e t  G b e  a B a r s o t t i - T a t e  

g r o u p  o n  S.  T h e n  f o r  e a c h  n ,  w e  h a v e  a n  e x t e n s i o n :  0 ---.- G ( n )  ° 

G ( n )  - - ~  G ( n )  ~t ---~ 0 w h e r e  G ( n )  ° i s  t h e  d i s j o i n t  u n i o n  o£ t h e  c o n n e c t e d  

c o m p o n e n t s  of  t h e  v a r i o u s  f i b e r s  o f  G ( n ) .  B y  r e d u c i n g  to  t h e  c a s e  w h e n  

we are over a field we easily see that the various sequences: 

0 --~ G(n-i) ° --~ O(n) ° Pn-~ G(i)° ---> 0 

• pn-i "t 
0 ---> G(n-i) ~t ~ G(n) et ~- G(i) e --~ 0 

are exact [see S.G.A, 3 VIA 5. 5]. Thus in passing to the limit we have 

an extension 0 ~ G ° --~ O ~ G ~t ~ 0 with O ° having connected fibers 

(and hence, i£ p is nilpotent on S, a formal Lie group) and O ~t ind-~tale. 

o G °*  Applying Cartier duality to G , taking the ~tale quotient of and 

applying Cartier duality again we have a filtration: 

[e~ c G t c G  ° c G  

with G t, toroidal. As shall be seen later such representations of G as 

an extension of an ind-~tale by a group with connected fibers do not in 

general exist. 



Chapter II. The Relation Bet~veen Bars otti-Tate 

and F o r m a l  L i e  G r o u p s  

§i. (I.0). Let S be a scheme, and X and Y with Y ~---> X two 

s h e a v e s  on S for  the f . p . p . f ,  topology.  I¥e  m a k e  the  fo l lowing de f in i t i on .  

~ e f i n i t i o n  (1 .01) :  I n f k ( x )  is  the  s u b s h e a f  of X whose  s e c t i o n s  o v e r  an 

S-scheme T are given as follows: r ( T ,  Infk(x)) = [t¢I"(T,X) I t h e r e  is 

a covering [T. -'~ T) and for each T. a closed subscheme T I. def ined  

by an ideal whose k+ISt power is (0) with the property that tT~ ~ r~T[X) 
1 

is  actually an e l e m e n t  of rlT', Y)]. 
I 

Thus for each integer k > 0 we have defined the k th infinitesimal 

n e i g h b o r h o o d  of Y in X. We f i r s t  o b s e r v e  the fo l lowing s i m p l e  l e r n m a .  

Lemma (I.02) If X and Y are schemes and Y ~-X is an immersion, 

t hen  the above  d e f i n i t i o n  co inc ides  wi th  the  u s u a l  one  of [E. G. A. IV §16]. 

Proof: Let us denote by y(k) the k th infinitesimal neighborhood of Y 

in X in  the s e n s e  of E . G . A .  We can  o b v i o u s l y  a s s u m e  tha t  Y is a 

c lo sed  s u b s c h e m e  of X def ined  by  a q u a s i - c o h e r e n t  i de a l  I c O X. Thus  

Oy(k) = O X / I  k÷l and we c e r t a i n l y  have  a m o n o m o r p h i s m  y(k)  .._, in fk  (x).  

To show this  is an  i s o m o r p h i s m  we m u s t  show that  fo r  any af f ine  s c h e m e  

T (over S) the map r(T, y(k)) ---~ I~(T, infk (X)) is surjective. Thus we 

are reduced to showing that if T = Spec (A), T'= Spec (A') with A ---> A ~ 

faithfully flat, J _c A' is an ideal with jk+l = (0), and ~0: T ----> X is such 

that the composite Spec (A'/J) ~ T' ~ T ~ X factors through Y, 
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then ~ factors through y(k). Let ~ denote the morphism A ~ A' 

corresponding to T' --~ T. Then the hypothesis tells us that I • Ac__ $-l(j). 

But A - ' ~  A '  be ing  f a i t h f u l l y  f l a t  i m p l i e s  t h a t  it  is  i n j e c t i v e ,  and h e n c e  

~ - l ( j )  ha s  i t s  k+ l  s t  p o w e r  equa l  to  (0). But  th i s  c e r t a i n l y  i m p l i e s  tha t  

~ :  T --e- X f a c t o r s  t h r o u g h  y ( k ) .  

L e m m a  ( t .  03) ( C o m p a r a b i l i t y  of t h e  f o r m a t i o n  of i n f i n i t e s i m a l  n e i g h b o r -  

hoods with base change. ) If S' --~ S [s a morphism then Infks (Xs,) = 

k (Infy (x))s,. 
k 

P r o o f :  L e t  T '  ~ S '  b e  g i v e n  and l e t  t ' ¢ P ( T ' ,  InfYs  (XsI)) .  

Then  b y  d e f i n i t i o n  t h e r e  is  a c o v e r i n g  f a m i l y  I T  s. - - ~  T ' ]  and  n i l p o t e n t  

t i m m e r s i o n s  of o r d e r  k T'. ~ T'. such  t ha t  t T, ~r(T~ , YS,). But 
I I io 0 0 

considering T I, T~., T ¢. as S-schemes via S I ---> S we see that this 
O 

th i s  t '  b e l o n g s  to ~ ( T  ~, (Inf (X))s , ) .  C o n v e r s e l y ,  if we  b e g i n  w i th  a 

' T ~ S - s c h e m e s  a s  in  t he  d e f i n i t i o n  in this last set and hence have Ti, i 
O 

then T'.' can obviously be viewed as an S'-scheme in such a way that 
l 

' nfkys ' (X s, I) r(T[,Xs,) : I~(T i ,  X). Thus s u c h  a t ~ must belong to I~(T ', (I 

w h i c h  c o m p l e t e s  t he  p r o o f .  

(1 .1 )  L e t  X b e  a s h e a f  on  S and e x : S  ~:~- X b e  a s e c t i o n .  If  i t  i s  

u n d e r s t o o d  tha t  X is  g i v e n  t o g e t h e r  w i th  a s e c t i o n ,  t hen  we  w i l l  w r i t e  

In fk (x )  r a t h e r  t h a n  In~k(X), t h e  l a t t e r  hav ing  b e e n  d e f i n e d  in (1 .01)  v i a  

our section ex: S =--~- X. 
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D e f i n i t i o n  ( 1 . 1 . 1 )  A p o i n t e d  s h e a f  (X, e x )  as  above  is i n d - i n f i n i t e s i m a l  

if X = lirn Infk(x). 

l%emark (I. I. Z) It follows i m m e d i a t e l y  from the definition that Infk(x) = 

Infk(Infk+i(x)) for any i > O. 

Recall ( I . I . 3 )  L e t  X be  a n S - s c h e m e a n d  e x : S ' - ~  X a s e c t i o n ,  t h e n i f  

(o d e n o t e s  t he  c o n o r m a t  s h e a f  of  the  i m m e r s i o n  e x :  S ~ X, w e  have  
--e x 
co ~" e X (~ X/S). Th i s  is s e e n  by  c h e c k i n g  t ha t  bo th  C)S-modules  r e p r e -  
- e  X 
s e n t  t he  s a m e  f u n c t o r :  n a m e l y  ~ ~ D e r s ( ~ X ,  exx,(~)) o r  e l s e  a s  in 

[G. A.  I §4, Z. 2]. A l s o  r e c a l l  tha t  a s s o c i a t e d  to  such  an  i m m e r s i o n  we  have  

a g r a d e d  q u a s i - c o h e r e n t  s h e a f  of O $ - a l g e b r a s  [ E . G . A .  IV 1 6 . 1 . 5 ] .  

The  fo l l owing  b a s i c  d e f i n i t i o n  can  now be  m a d e .  

D e f i n i t i o n  ( 1 . 1 . 4 )  A p o i n t e d  s h e a f  (X, e X) on S is s a id  to be  a f o r m a l  

Lie variety if the following conditions are satisfied: 

1) X is i n d - i n f i n i t e s i m a l  and In fk (x )  is  r e p r e s e n t a b l e  f o r  a l l  k >  O. 

z) -~x = ex (C~r~'(x)/s = ex ( k(X)/S) 

is locally free of f inite type. 

3) Deno t ing  by g r i n f ( x )  t he  un ique  g r a d e d  O s - a l g e b r a ,  such that 

gr~nf(x)- = gri(Infl(X)) holds for all i_> 0 (see remark I.I.3), we have an 

isomorphism Sym (_~X) ~ '~ grinf(x) induced by the canonical mapping 

~nf 
~0 X ~- g r  1 (X). 

We p r o c e e d  to t r a n s l a t e  t h i s  d e f i n i t i o n  into m o r e  down to e a r t h  t e r m s .  

F i r s t  cond i t i on  1) and r e m a r k  ( 1 . 1 .  Z) t e l l  us  tha t  f o r  e a c h  k In fk (x )  i s  an 

a f f ine  S - s c h e m e  and t ha t  bo th  S and I n f k ( x )  have  the  s a m e  u n d e r l y i n g  
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Infk(x) is given by a quasi-coherent Os-algebra 

0 --~ Ik ---~ (~k --~ C~ S --> 0 

k+l 
and furthermore I k = (0). We are also told that ak+i/Ik+i/k+l .~ CI k' which 

makes obvious how wc define the algebra grinf(x). Conditions 2) and 3) 

imply that locally on S we have 

<~--- TN]/(T 1 ,TN )k+l °s iT 1 . . . . . . . . . .  

these isomorphisms being compatible [4; Chap. Ill, §Z, #8 Cor. 3]. Hence 

locally on S, X is given by a power series ring Os[[T 1 ..... TN] ] in the 

sense that for an S-scheme S', I~(S; X) ~ NiI(Os,) ×''" × NiI(Os,) 

N factors 

where NiI(Os, ) denotes the locally nilpotent sections of OSI. These 

correspond exactly to the continuous homomorphisms 

O~[T 1 . . . . .  TNI] > rtS'. OS,) 

when the latter is given the discrete topology. 

Definition (I. I. 5) A formal Lie group over S, (eG, G) is a group in the 

category of formal Lie varieties. 

As usual we consider only cornrnutative formal Lie groups and this 

will be always implicitly assumed in the following without further mention. 

- -  infk(G ) Lernrna (I.I.6) Let G be a group on a scheme S. Then G = ~lim 

is also a group. 
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P r o o f :  S i n c e  O is  c l o s e d  u n d e r  t a k i n g  i n v e r s e s  i t  s u f f i c e s  to s h o w  i t  is  

c l o s e d  u n d e r  a d d i t i o n .  S i n c e  O is  a s h e a f  i t  s u f f i c e s  to  c h e c k  t h a t  i f  

k '  
f ,  g c F ( T ,  Infk(G))  t h e n t h e r e  i s  a k '  > k s u c h t h a t  f + g ~ F ( T ,  LuI (O)) .  

B u t  s i n c e  f b e l o n g s  to  F(T, Inlk(G)) t h e r e  i s  a c o v e r i n g  f a m i l y  

i T .  - - ~  T ]  and n i l p o t e n t  i m m e r s i o n s  o f  o r d e r  k, T.  % T. s u c h  t h a t  
I I ! 

f I ¥ , - - 0  Similarly  there is a covering family - -> Ti and nilpotent immer -  

s i o n s  of  o r d e r  k T" ~ T:  c o r r e s p o n d i n g  to  g. B u t  {T, x T . ' - - ~ T ]  is a 
J .1 I T  ~ 

covering family, T. X T' --~ T. x T" is a nilpotent immersion of order Zk 
tT J I T 2 

and obviously f + gl'~.x~. = 0. Thus G is indeeda group. 
T J 

§2. ( 2 . 0 )  I n  t h i s  p a r a g r a p h  w e  a s s u m e  t h a t  S i s  o f  c h a r a c t e r i s t i c  p 

and  t h e n  a s s o c i a t e  to any  C in B . T .  (S) a s u b g r o u p  G w h i c h  is  a f o r m a l  

L i e  g r o u p .  L a t e r  w e  w i l l ,  by  r e d u c i n g  to t h e  c a s e  w h e n  S is  of  c h a r a c t e r -  

i s t i c  p ,  b e  a b l e  to e x t e n d  t h i s  r e s u l t  to t h e  c a s e  w h e r e  p is  l o c a l l y  

n i l p o t e n t  on S. 

( 2 . 1 )  R e c a l l  t h a t  i f  G is  a f l a t  S - g r o u p  s c h e m e  t h e r e  a r e  d e f i n e d  two 

homomorphisms : 

fG: G --~ G (p) 

VG: G (p) --~ G 

s a t i s f y i n g  vG°  fG = p idG and  fG o v G = p i d G ( p ) .  

H e r e  G(P ) = G × S w h e n  S is  v i e w e d  as  an  S - s c h e m e  v i a  t h e  
S 

a b s o l u t e  F r o b e n i u s  F :  S - - ~ S .  F o r  t h e  d e f i n i t i o n  of  v G s e e  [ G , A .  IV §3, 

4] o r  [ S . G . A .  3 VII  A 4 . 2 ] ,  N o t e  t h a t  t h e  d e f i n i t i o n  o f  f h a s  n o t h i n g  to 
G 

do w i t h  G b e i n g  e i t h e r  r e p r e s e n t a b l e  o r  a g r o u p  b u t  a p p l i e s  to any  



28 

c o n t r a v a r i a n t  f u n c t o r  f r o m  Sch /S  to Se t s .  

Nota t ion  ( 2 . 1 . 1 )  Gin] w i l l  deno te  the k e r n e l  of the  n th i t e r a t e  of the  

F r o b e n i u s  h o m o m o  r p h i s m :  

G fG >G(P) fG (p) ~ G(p n) ... > G(p n) 

P r o p o s i t i o n  (Z. 1. Z) A s s u m e  G is a f i n i t e ,  l o c a l l y - f r e e  S - g r o u p  such  that  

G = Gin] .  Then  the fo l lowing cond i t ions  a r e  e q u i v a l e n t :  

, f i  . G ---> G i n - i ]  (pi) is  f la t .  1) F o r  a l l  i = 0 , . . ,  n G" 

• G - - ~  G i n - i ]  (pi) is an e p i m o r p h i s m  of i 2) F o r  all i=0 .... ,n fG" 

f.p.p.f. 

3) 

sheaves  of g r o u p s .  

L o c a l l y  on S we have  an i s o m o r p h i s m  of po in ted  S - s c h e m e s  

S >S 

in which  the  s q u a r e  is c a r t e s i a n  i t  fo l lows tha t  fG is c e r t a i n l y  b i j e c t i v e  

i is in fac t  on the  t o p o l o g i c a l  space  l e v e l .  Thus  1) i m p l i e s  tha t  each  fG 

fa i th fu l ly  f la t .  S ince  it is a l so  c e r t a i n l y  l o c a l l y  of f in i t e  p r e s e n t a t i o n  by 

[ E . G . A .  IV 1 .4 .3 (v ) ]  it  is c o v e r i n g  for  the  f . p . p . f ,  topology and h e n c e  an  

e p i m o r p h i s m  of g r o u p s .  C o n v e r s e l y  if we a s s u m e  g} t hen  we can  check  

pn 
G ~Spec (Os[T 1 ..... TN]/{T pn ..... T N )). 

Proof: Since we have the following diagram 

F G 

G ~-G 
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i is flat by looking fiber by fiber, since to be faithfully flat or an t h a t  fo 

epimorphism for groups over a field is equivalent by [G.A. Ill 93, 7.4]. 

3) implies 2) because being an epirnorphism is a local condition and fG 

O t h e n  c o r r e s p o n d s  to t h e  m a p  O S ~ O s [ T  1 . . . . .  T N ] / ( T p n )  
Os 

%iT 1 , TN]/(Tpn .... ) given by T. ~ T p. Hence fG is obviously an 
1 X 

epimorphism. Finally it remains to see that I) or 2) implies 3). First, 

o n  

if  S = S p e c  (k) w h e r e  k i s  a p e r f e c t  f i e l d ,  t h e n  w e  c a n  w r i t e  G = 

n 1 n 

S p e c  k [ T l , . . .  T N ] / ( T P  . . . . .  Tp  'N ' N ) w i t h  0 < n . l _  < n  by  [ G . A .  I I I  §3 6 . 3 ] .  

]But i f  n 1 ( say )  i s  s t r i c t l y  l e s s  t h a n  n and  if  w e  c o n s i d e r  t h e  r i n g  h o m o m o r -  
pn-i 

phism corresponding to 4 -1 w e  w i l l  h a v e  1 ® T 1 ; = > T 1 w h i c h  is  
n n 

1/ pN z e r o  in  k [ T 1 , . . . ,  T N (T , . . . ,  T N ). ]But t h i s  v i o l a t e s  t h e  h y p o t h e s i s  

t h a t  ~G -I (pn-l) : G ~ G[ l J  i s  f a i t h f u l l y  f l a t  s i n c e  t h e  c o r r e s p o n d i n g  r i n g  

mapping would t h e n  be injective. 

To p r o v e  t h e  g e n e r a l  i m p l i c a t i o n  w e  p r o c e e d  to r e d u c e  to t h e  s p e c i a l  

c a s e  j u s t  t r e a t e d .  

Since G is by hypothesis finite over S we can certainly assume 

G = S p e c  (B) w h e r e  B is  s o m e  $ = S p e c  (A) a u g m e n t e d  a l g e b r a  of  f i n i t e  

rank. F u r t h e r m o r e ,  i f  [ ~ A  is  any p r i m e  i d e a l ,  any i s o m o r p h i s m  of 
pn pn 

augmented algebras B ~-A iT 1 ..... TN]/(T 1 ..... T N ) will 
P P 

c e r t a i n l y  e x t e n d  to a n e i g h b o r h o o d  of  p .  H e n c e  w e  c a n  a s s u m e  S = S p e c ( A )  

w h e r e  A is a locs21 ring. 

L e t  us  c o n s i d e r  ~ and  t h e n  l o o k  a t  ~ ® k w h e r e  k i s  t h e  r e s i d u e  --%z ,% 



30 

field. This is a finite dimensional vector space over k and hence we can 

find elements tl,...,t N in I, the augmentation ideal of B, which generate 

~(3 @ k. Let us then define a map 
A 

n n 
ArT l ..... TNJ/CT ..... I 

n 
via T. ~ t.. Note the hypothesis that G = Gin] insures that t p = 0 and 

i i i 

hence the mapping is defined. By Nakayama the elements tl,... ,t N have 

residue classes which generate I/l 2 and since I is finitely generated 

(being a direct surnrnand of the A-module B) it is nilpotent because the 

p nth power of any element in it is zero. Thus t I ..... t N in fact generate 

I and hence the above mapping is surjective. Thus to conclude that the 

mapping is an isomorphism it suffices to observe that both source and 

target are free finitely-generated A-modules and that rankA(B) = 
pn pn 

nN r~nkA(A[ Tl TN]/(T 1 , ) ) .  rankk(B® k) = rank (B® k) = p = ,..., .... TI~ 
A ~ A 

Remark (2. i. 3) It follows from the proof that the conditions of the proposi- 

tion a r e  e q u i v a l e n t  t o  t h e  c o n d i t i o n s  

fn-I ](pn-l) 
(I ~ is) O ~- oil is flat. 

fn-i 
(26is) O ....... ~-" Gill (pn-l) is an epimorphism. 

Remark (2. I. 4) It is irnn~ediate from condition 3) of the proposition that 

-~3 is locally free of finite type. 

Corollary {2. i. 5) The hypotheses being as in (g. i. 2) and S being s/fine, 

the three conditions of the proposition are equivalent to 

4) ~(3 is locally free of finite type and O is isomorphic as pointed 
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scheme  to Spec (Symo [_~] ( n )  ), denoting the ideal  genera ted  

by the p nth powers  of sect ions of -~3" 

Proof: That 4) implies the conditions of the proposition is obvious. 

Conversely if G = Spec (B) where B is a finite quasi-coherent Os-algebra, 

then the conditions of the proposition imply that ~ = I/I z is locally free 

where 1 is the augmentation ideal of B. Thus we can choose an A-llnear 

section of the morphism I ---> .~ (A being the ring of S). This defines a 

morphisrn SyrnA(.~_G ) --~ B which factors through the algebra 

SymA( )/_ Pn) . F om the p oof of the p r o p o s i t i o n  it f o l l ows  

immediately that localizing the above homornorphism at any prime ideal p 

of A we obtain an isomorphism. Thus the constructed mapping is an 

isomorphism. 

Using the corollary we can prove the theorem (2. I. 7) below which 

gives an alternative definition of a formal Lie group when S is of char- 

acteristic p. 

Definition (2.1.6) A sheaf of groups G on S is said to be of f-torsion 

if G =Um Gin]. 

Definition (2. I. 7) A sheaf of groups G on S is said to be f-divisible if 

fG: G ~- G (p) is an epimorphism. 

Theorem (Z. I. 7): In order that the sheaf of groups G on S be a formal 

Lie group it is necessary and sufficient that the following three conditions 

hold: 
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I) G is of f-torsion. 

2) G is f - d i v i s i b l e .  

3) The  Gin]  a r e  f in i t e  and l o c a l l y  f r e e  S - g r o u p  s c h e m e s .  

P r o o f :  The  p roof  is  e s s e n t i a l l y  tha t  of p r o p o s i t i o n  1 in  T a t e ' s  p a p e r  [30]. 

From the fact that, locally on S, a formal Lie group is given by a power 

series ring, the necessity follows immediately. Since the definition of a 

f o r m a l  Lie  g roup  is c l e a r l y  loca l  on S we can a s s u m e  S is a f f ine ,  say  

S = Spec (A). T h e n  cond i t ions  2) and 3) i mp l y  (via p r o p o s i t i o n  (2 .1 .  Z) and 

i ts  c o r o l l a r y  ( 2 . 1 . 5 ) ) t h a t  Gin]  = Spec ( B )  when  B is  a f i n i t e  l o c a l l y -  
n n 

f r e e  A - a l g e b r a .  F r o m  the fac t  tha t  G i l l  is the  k e r n e l  of fG[n]:  G [ n ] - - ~  

Gin] (P), we deduce  f r o m  the c a r t e s i a n  d i a g r a m  Gin] f > Gin] (P) 

that B /I(P) ~ >'BI where I is t h e n  n n I t" 

a u g m e n t a t i o n  idea l  of B and I (p) is  the  G[1] ~- S 
n n 

idea l  g e n e r a t e d  by the pth p o w e r s  of e l e m e n t s  in I . But  th i s  c e r t a i n l y  
n 

i m p l i e s  tha t  the  n a t u r a l  m a p  In/IZn = > I 1/I~ is an i s o m o r p h i s m .  By 

tak ing  S to be s m a l l e r  we can a s s u m e  - ~ [ 1 ]  to be  f r e e  of f in i t e  r ank .  

But now it is obvious that we can choose isomorphisms Sym(~0 - _)/(pn)-- 
~[i] =(311] 

'~- B in a compatible way (via corollary (Z. 15) this simply amounts to 
n 

choosing inductively liftings of generators of In to In+l )" Passing to the 

inverse limit we find that B = him B is isomorphic to a power series 
n 

ring. Hence, for any A-algebra C, the points of G with values in Spec(C) 

are the elements of lirn Horn (Bn, C) = Nil(C) x.. • x Nil(C) 

is a f o r m a l  Lie  v a r i e t y  and t h e r e f o r e  a f o r m a l  Lie  g roup .  

and he nc e  G 
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T h e o r e m  ( 2 . 1 . 8 )  L e t  G b e  a B a r s o t t i - T a t e  g r o u p  o v e r  S; t h e n  

- -  d e f .  i n fk (G) .  l i r n  C in] i s  a f o r m a l  L i e  g r o u p  and  is  e q u a l  to C- ' l i r n  

P r o o f :  By  t h e o r e m  ( 2 . 1 7 )  i t  s u f f i c e s  to s h o w  l i r a  Gin]  is  of  f - t o r s i o n ,  

f - d i v i s i b l e  and  t h a t  t h e  Gin]  a r e  f i n i t e  and l o c a l l y  f r e e .  B y  i t s  v e r y  

d e f i n i t i o n  it  is  o b v i o u s  t h a t  l i r n  Gin]  is  of  f - t o r s i o n .  S i n c e  by  h y p o t h e s i s  

p :  G (p) ---> G (p) is  an  e p i m o r p h i s m  and  s i n c e  w e  h a v e  a f a c t o r i z a t i o n  of  

this morphism G (p) v f G(p) G(p) G ~ it follows that f: G --~ is an 

epimorphism. But now it is clear that f-l[(lin%> Gin]) p] is contained in 

lirn Gin] and hence that f: lirn Gin] ~- (lin~ Gin]) (p) is an epimorphism. 

Thus it remains to show that the Gin] are finite and locally free. Since 

we have the exact sequences 

fn-[ _ _ n- i 
0 ---> G[i] ---> Gin] ~ GLn-iJ (p ) ~ 0 

we are reduced to showing that G[I] is finite and locally free. Notice 

f i r s t  t h a t  b e c a u s e  p = vGo fG w e  h a v e  G [ I ] _ c G ( 1 )  and t h u s  G [ 1 ] = G ( 1 ) [ 1 ]  

is  c e r t a i n l y  r e p r e s e n t a b l e .  U s i n g  t h e  u s u a l  r e f e r e n c e s  [ E . G . A . I I  6 . 1 . 5 ( v ) ,  

E . G . A .  IV 1 . 6 . 2 ( v ) ,  1 . 6 . 3 ,  1 . 4 . 7 ]  w e  s e e  t h a t  t h e  m o r p h i s m  G(1) f---~G(1) (P) 

i s  f i n i t e  and of  f i n i t e  p r e s e n t a t i o n  and h e n c e  i t  is  t h e  s a m e  f o r  t h e  m o r -  

p h i s m  G[1] ---> S. T h u s  to s h o w  G[1] is  f i n i t e  and l o c a l l y  f r e e  i t  r e m a i n s  

to s h o w  i t  is  f l a t  o v e r  S. Bu t  G(1) {P) ~ G[1] s i n c e  fo v = p,  and  vc(1) : 

we must have vG I(G[I])c_G(1) (p) for the same reason. But just like f, 

v G is also an epimorphism, and hence the morphism vG 1 (Gill) --~ G[I] 

induced by v is an epimorphism. Thus we have an exact sequence: 

0---> Ker v--~ G(1) (p) v ~- G[I]---> 0 . 
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P a s s i n g  to t h e  f i b e r s  w e  s e e  t h a t  f o r  a l l  s~S ,  v i s  f a i t h f u l l y  f l a t  and  s 

h e n c e  a s  G(1) (p) is  f l a t  o v e r  S,  it  f o l l o w s  t h a t  v:  G(1) (p) ...... >- G[1]  is  

fai th_fully f l a t  [ E . G . A .  IV 1 1 . 3 . 1 1 ] .  T h i s  o f  c o u r s e  i m p l i e s  t h a t  G[1]  i s  

f l a t  o v e r  S and  h e n c e  w e  h a v e  s h o w n  t h a t  l i r a  Gin]  is  a f o r m a l  L i e  g r o u p .  >- 

To p r o v e  t h e  l a s t  s t a t e m e n t  o f  t h e  t h e o r e m  w e  o b s e r v e  t h a t  G'  = l i r a >  Gin]  

is  i n d - i n f i n i t e s i m a l  s i n c e  t h i s  w a s  p a r t  of  t h e  d e f i n i t i o n  o f  a f o r m a l  L i e  
n 1 

g r o u p .  O n  t h e  o t h e r  h a n d  f o r  a n y  n > _ 0  w e  h a v e  In f  p " (G) C_G[n].  To 

s e e  t h i s  w e  o b s e r v e  t h a t  f o r  a n y  T o v e r  S, fG:  F ( T ,  G 1) ~ F ( T ,  G (p)) 

i s  s i m p l y  t h e  m a p p i n g  a r i s i n g  b e c a u s e  G i s  a c o n t r a v a r i a n t  f u n c t o r  f r o m  

t h e  c o m m u t a t i v e  d i a g r a m :  

F 
T T> T 

F S 
S ~ S 

F i n a l l y  w e  o b s e r v e  t h a t  if T '  ~ ~ T is  a n i l p o t e n t  i m m e r s i o n  of  

n 
o r d e r  < p , t h e n  w e  h a v e  a c o m m u t a t i v e  d i a g r a m :  

F n 
T 

T > T 

- -  In fk (G ' ) In f  k (G) Thus we have G' = G I = lirnr c_ lira c__ G i which completes 

t h e  p r o o f .  

§3. (3.0) In  t h i s  s e c t i o n  w e  s h o w  t h a t  i f  p is  l o c a l l y  n i l p o t e n t  o n  S and  

- -  i n fk (G)  G i s  in  B.  T.  (S), t h e n  G = l i r a  is  a f o r m a l  L i e  g r o u p .  In  o r d e r  
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to do this we make a detailed study of the G(n) making use of the relat ive 

cotangent complex L ?  (n)]S. 

(3.1) We begin by studying smoothness  p rope r t i e s  of pointed schemes .  

For the next proposition no hypothesis on the base, S, is necessary. 

Propos i t ion  (3 .1 .1)  Let (G, eG) be a pointed scheme,  locally of finite 

presentation on S; that is e G is a section of the structural morphism 

O ~- S. Then the following two conditions are equivalent: 

I) Locally (for the Zariski topology) on S, Infk(o) is isomorphic 
e 

to a pointed scheme of the form Spec (C>s[T 1 .... ,Tn]/(TI,...,Tn)k+l ); 

i. e. , -~3 = eG([~ O/S ) is locally free of finite type, and Symi(~_~ > 

gri(O, eG) for i <__k. Here the term gr i has the obvious meaning coming 

from [E.G.A. IV §16]. 

2) For any affine scheme Xo over S, an S-infinitesimal neighbor- 

hood X' of X of order k, a sub-scheme X of X' containing X and 
O O 

e G 
any S-morphism f: X ~- O such that fl X factors through S > O, 

O 

X' there is a prolongation of f to an f': )- O. 

Before giving the proof we exhibit the diagram which (hopefully) makes 

condition 2) clearer: 

X f i ~-X ~i'-~ X' 
0 I 

t I " f / 
/ I  f i 

I 
/ 

S ~ e G ~  - G 
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Proof: We first show that i) implies 2). Thus consider the data given to 

us in the above diagram. ~'/e can form the new diagram 

X r i "-- X e J ~_ X j 
0 / /  

/ 

joi , /  
i 

I 

X' " ~- G X 

H e r e  X ~ - G  x ,  i s  t h e  m o r p h i s m  (f ,  j )  a n d  X ~ c > G X,  i s  e G X l x , .  

I t  i s  i m m e d i a t e l y  c h e c k e d  t h a t  t h e  l e f t - h a n d  s q u a r e  c o m m u t e s  a n d  

a n d  t h a t  i f  w e  f i n d  a n  X ' - m o r p h i s m  to  m a k e  t h e  d i a g r a m  c o m m u t e  

g: X I "" ~- GX,, then composing g with the projection GXJ ' ~- G we find 

an S-morphism which solves our original problem. Since hypothesis 1 ) 

for G > S evidently implies the analogous statement for GXI ............... >- X ~ 

we have reduced ourselves to the following situation: X' = S and hence S 

is affine. Notice also that the morphism f: X > G factors through the 

k th infinitesimal neighborhood of S in G. Thus translating into cornmu- 

tative algebra we have: rings A', A A with A = A'/J, A = A'/J , 
O O O 

j ~ j, jk+l = (0), and an A' algebraB and a map of A'-algebrasf: B >- A. 
O-- O 

Furthermore B i s  an augmented A'-algebra. Let its augmentation ideal 

be I. Then under the composite map B --> A ---> A , I is mapped to (0). 
O 

Hence under the map f: B ~- A, f(I) c J /J. By hypothesis I) 
-- O 

B = Sym A, [.~.G]/I k+l and hence we have an A'-linear map ~3 ' "  >" Jo/J" 

Since ~G is projective, we can lift this to a map -~3 ~- Jo" This allows 

[.~.G] . Hence us to define a map Sym A, ~-A' which takes I into Jo 
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t h i s  m a p  t a k e s  I k+l  in to  j k + l  = (0) and t h u s  w e  o b t a i n  a m a p  f~ B ---~ A '  
o 

w h i c h  l i f t s  f:  B - - >  A .  

~ / e  n o w  t u r n  to t h e  p r o o f  t h a t  2) i m p l i e s  i ) .  O b s e r v e  t h a t  o n l y  In fk(G)  

e n t e r s  in to  c o n d i t i o n  2) s i n c e  t h e  g i v e n  m a p  f c e r t a i n l y  f a c t o r s  t h r o u g h  

Infk(G)  and  any  p r o l o n g a t i o n  to  an  f '  m u s t  a l s o  f a c t o r  t h r o u g h  In fk (G) .  

To p r o v e  t h a t  2) i m p l i e s  1) w e  c a n  a s s u m e  S is  a f f i n e  and  h e n c e  Infk(G)  

is  a l s o  a f f i n e .  L e t  t h e  r e s p e c t i v e  r i n g s  b e  A and B w h e r e  B is  an  

a u g m e n t e d  A - a l g e b r a  w h o s e  a u g m e n t a t i o n  i d e a l  I i s  s u c h  t h a t  I k+l  = (0).  

In  o r d e r  to  s h o w  t h a t  I / I  2 i s  l o c a l l y - f r e e ,  w e  a r e  l e d  to  t h e  c a s e  k = l  

s i n c e  c o n d i t i o n  2) i m p l i e s  t h a t  B / I  2 s a t i s f i e s  t h e  s a m e  h y p o t h e s e s  f o r  

f i r s t  o r d e r  i m m e r s i o n s ,  a s  B d o e s  f o r  k th o r d e r  i m m e r s i o n s .  L e t  u s  

c h o o s e ,  in t h e  n o t a t i o n  of  c o n d i t i o n  2), X = S = S p e c  (A).  F o r  any  two 
o 

A - m o d u l e s  M and iV[' and a n y  s u r j e c t i v e  h o m o m o r p h i s m  1%4 - - ~  M '  w e  

can  l o o k  a t  t h e  two  r i n g s  D A ( M )  and  D A ( M ' )  (i .  e . ,  t h e  r i n g  D A ( M )  = 

A • M w i t h  M2= (0) . . . .  ). T h e n  w e  f ind  s u r j e c t i v e  h o m o m o r p h i s m s :  

DAClVi) , ~ D A C M ' )  ~ A 

But  now by  d e f i n i t i o n  B = DA[_~<3 ] and  c o n d i t i o n  Z) n o w  s a y s  t h a t  a n y  

A - l i n e a r  m a p  ~ ........ ~- IV[ 1 c a n  b e  l i f t e d  to  a m a p  -~3 ~- M.  T h i s  s a y s  

that -~G is projective. But G being locally of finite presentation on S 

implies that ~G is of finite presentation [E.G.A. IV 16.4.2Z] and hence 

that .~ is locally-free of finite rank. 

i I t  remains to prove that Sym [.~G ] ''~ ~- gr1(G, e) for i < k. in order 

to do this let B I = Sym [W<3]/I 'k+l where I J is the augmentation ideal in 
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Sym[.~]. Consider the map I ~- 9<3, and because 9_(3 is projective 

choose a section ~ ~- 1. This section allows us to define a map 

u: B' ~- B because I k+l = (0). We will show that this map is an isomor- 

phism, which will complete the proof that Z) implies i). Let us apply 

hypothesis Z) to X' = Spec (B'), X = Spec (B) and X = Spec (A). Notice 
O 

that u: B' > B is surjective modulo squares of the augmentation ideals 

and hence is surjective. Then by 2) the identity morphism B '-- B can 

be lifted to ahomomorphism of A-algebras v: B :- B' such that uo v=l B. 

But now from the case k=l, we know vou induces the identity on I'/I 'z. 

Hence vou induces the identity on gr I, (B'). Thus as I' is milpotent, 

vou is an automorphism of B' and hence u is an isomorphism. 

Definition (3. I.Z) G is said to be smooth along the section e o up to 

order k if G satisfies the equivalent conditions of proposition (3. I.I). 

(3.2) In this section we define the "naive" relative cotangent complex in 

the special context in which we shall need it. The word "naive" is used to 

distinguish the complex which we define, from that defined in general by 

lllusie [17], although in this special case his definition agrees with the 

one which we will adopt. 

(3.2. I) Let G be a finite and locally-free S group scheme (no hypothesis 

on S is necessary). Thus G = Spec (a) where a is a finite and locally- 

free Os-algebra. To say G is a group amounts to saying (~ is a bi-algebra 

(i.e., wehave algebrahomomorphisms A: ~---~a®a and c: (~--~C> S 

satisfying well known identities). Thus ~ , the linear dual of a, is 



39 

e q u i p p e d  w i t h  an  a l g e b r a  s t r u c t u r e  v i a  t h e  t r a n s p o s e  o f  ~ and  t h a t  of  s .  

D e f i n i t i o n  ( 3 . 2 . 2 )  T h e  s i t u a t i o n  b e i n g  a s  in  ( 3 . 2 . 1 )  t h e  h y p e r a l g e b r a ,  

U(G) ,  of  G is by  d e f i n i t i o n  ~ e n d o w e d  w i t h  i t s  a l g e b r a  s t r u c t u r e .  

P~emark  ( 3 . 2 . 3 )  A s  is  w e l l  k n o w n  6 is  in f a c t  a b i - a l g e b r a  and  S p e c  (~) = 

G , t h e  C a r t i e r  d u a l  of  G.  

(3. Z . 4 )  S i n c e  U(G) is  a f i n i t e  l o c a l l y  f r e e  O s - a l g e b r a  w e  o b t a i n  a s m o o t h  

g r o u p  s c h e m e  U(G) x w h o s e  p o i n t s  w i t h  v a l u e s  in t h e  S s c h e m e  T a r e  by  

d e f i n i t i o n  t h e  i n v e r t i b l e  e l e m e n t s  in t h e  r i n g  r ( T ,  U ( C T ) ) = r ( T ,  (~ ®OsOT) .  

A l s o  w e  h a v e  a n a t u r a l  m o n o m o r p h i s m  G c__., U(G) x w h i c h  is d e f i n e d  by  

v i e w i n g  a T - v a l u e d  p o i n t  of  G a s  a h o m o m o r p h i s m  of  O T - a l g e b r a s  

(2®OSO T - - ~  C~ T and  h e n c e  a s  a g l o b a l  s e c t i o n  of  T ,  . T h e  f a c t  

t h a t  s u c h  a h o m o m o r p h i s m  w h e n  v i e w e d  a s  an  e l e m e n t  o f  F ( T ,  U(GT) )  i s  

i n v e r t i b l e  and  t h a t  t h e  m o r p h i s m  G ~ U(G)  x t h u s  d e f i n e d  is  i n d e e d  a 

h o m o m o r p h i s m  of g r o u p  s c h e m e s ,  r e s u l t s  e a s i l y  f r o m  t h e  d e i i n i t i o n s .  

/ e m m a  ( 3 . 2 . 5 )  T h e  n a t u r a l  m o n o m o r p h i s m  G ~ U(G)  x i s  a c l o s e d  

i m m e r s i o n .  

P r o o f :  O b s e r v e  U(G)  x i s  of  f i n i t e  p r e s e n t a t i o n  and  a f f i n e  o v e r  S. T h e n  

by  a p p l y i n g  iS.  G . A .  3 XVI ( 1 . 8 ) ]  w i t h  G '  = S ( the  t r i v i a l  S - g r o u p )  and 

G ~'= G and  H = U(G) x w e  s e e  t h a t  G ~ U(G) x is  p r o p e r .  S i n c e  i t  i s  a l s o  

a m o n o m o r p h i s m w e  u s e  [ E . G . A .  IV 8 . 1 1 . 5 ]  to f i n i s h .  

L e m m a  (3. Z . 6 )  T h e  m o r p h i s m  G ~ - ~  U(G) × is  a r e g u l a r  i m m e r s i o n .  
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Proof: By [S.G.A. 3 Ill 4.15], G is locally a complete intersection. 

Hence by [S.G.A. 6 VII 1.P, 1.4], we see O --~ U(G) × is a regular 

immersion. 

(3. Z.7) The notation being as above, let I be the ideal defining G in 

U(G)x; then the definition of S. G. A. 6 for L9/S which we adopt is: 

Definition (3.2.8) The relative cotangent complex, L. G/S, is the complex 

of (}G-mOdules III z ~ f/U(G)Xls G . 

Since both terms in this complex are locally-free we have L:G(L.G/S ) 

= e~(L.G/S). Let w: G --~ S be the structural morphism. We have the 

following proposition (which we will need later): 

Proposition (3 Z 91 Je IL?/Sl -- L c/s 

To prove the proposition we use the following general lernrna: 

L e m m a  (3.  2 . 1 0 )  L e t  T b e a t o p o s ,  G b e  a g r o u p o f  T a n d  P a t o r s e u r  

u n d e r  G .  A s s u m e  w e  a r e  g i v e n  a £ i b e r e d  c a t e g o r y  8 o v e r  T .  T h e n  t h e  

c a t e g o r y  of  o b j e c t s  ~ in  8 p  g i v e n  w i t h  d e s c e n t  d a t a  i s  e q u i v a l e n t  to  t h e  c a t e -  

g o r y  of o b j e c t s  ~ in  8 p  o n  w h i c h  G a c t s  in  a m a n n e r  c o m p a t i b l e  w i t h  i t s  

a c t i o n  o n  1 =. T h e  l a s t  c o n d i t i o n  m e a n s  p r e c i s e l y  t h e  f o l l o w i n g :  f o r  a n y  

o b j e c t  S I in  T a n d  ( p ~ G ( S ' )  w e  a r e  to  b e  g i v e n  a m o r p h i s m  

qg: ~PS' '~ ~Ps' lying over the mapping multiplication by ¢p on PS I in 

such a way that it is compatible with multiplication in G and with restric- 

tion mo rphisms. 

P r o o f :  L e t  d a t a  of  t h e  a b o v e  t y p e  b e  g i v e n  f o r  a n  o b j e c t  ~ E ~ p .  F i r s t  
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o b s e r v e  t h a t  a n  e q u i v a l e n t  w a y  o f  s t a t i n g  t h e  c o n d i t i o n  i s  to  s a y  t h a t  f o r  

a n y  S '  i n  T a n d  a n y  m o r p h i s m  r l : S '  ~ P w e  a r e  to  b e  g i v e n  a n  

isomorphism ~ (~) -~ (¢p. ?7) (~)- The fact that this map must be an iso- 

morphism follows from the requirement that O "acts as a group." 

Applying this to S I = P×P and ~ = Pl we choose (pEHom(P×P, G) to 

be the unique element such that ~ • pl = P2" Thus we obtain an isomorphism 

0: Pl (~) --~P2 (~)" To check the cocycle condition we observe by the above 

~k t I 
restriction and multiplicativity properties that since PI2 (~) " Pl = P2 ' 

, t ~ J ~ , 
PZ3 (O) " P2 = P3' P13 (~0) " Pl = P3 (where Pi: PxPXP-'~ P is the i th 

projection), we must have p23(0) o p12(8) = P13(0) by the rnultiplicativity 

property. Now to check that morphisms between such objects give rise 

to morphisms between objects with descent data is trivial. Since this is 

all we actually need for the proposition we omit the easy verification that 

we indeed have an equivalence of categories. 

Proof of proposition (3. Z.9) (continued): Take G = P = our finite locally- 

free group scheme G, T = Sch~ with the Zariski topology (for example) 

on Sch/S. Take ~ = fibered category of modules. Observe now that if we 

>-U(G) X, then sections of G induce cornrnutative diagrams c o n s i d e r  G ¢ 

v i a  t r a n s l a t i o n :  

0 ~ ~- U(O) × 

G : ~ U(G) x 

Therefore by functoriality they induce an action of the above type (i. e., as 
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i IG.  T h e s e  in the l e m m a )  on the c o n o r m a l  b u n d l e  I / I  2 and on QU(G)x / s  

translations are obviously compatible with the morphism I/I 2 1 --> 0U(G)X/S I G 

[ E . G . A .  IV 16 .2  and 16 .4] .  H e n c e a s  G - - - ~ S  has  a s e c t i o n i t  is a m o r -  

p h i s m  of e f fec t ive  d e s c e n t  and thus we can  w r i t e :  

~-~ e G QU(G)X/S O 

for a unique morphism v: eo(I/I ) ~- e G (o)X/S G . But as 

T¢ eG• (v)= ~ (v) we must have v = eo~ (v) and hence L /S~_~ 
~r~e~(L9/S) .  

Lemma (3.2. I I) The formation of L9/S commutes with an arbitrary 

b a s e  change  S'  ~ S. 

P r o o f :  S ince  the  f o r m a t i o n  of U(G) x o b v i o u s l y  co rnmutes  wi th  a l l  b a s e  

changes  we m u s t  on ly  show that  the  idea l  de f in ing  G S, i n  U(G) x x S' is 
S 

the i n v e r s e  i m a g e  of the  idea l  de f in ing  O in U(G) ×. S ince  th is  p r o b l e m  

s '  u(o) x is local on S', we can assume = Spec (A'), S = Spec (A), = 

Spec (B), G = Spec ( B / I ) .  But  s i n c e  B / I  is f la t  o v e r  A the  fo l lowing  

sequence is exact: 0 ~ I® A z --* B®A' ~ B/I@ A' ~ 0. Hence 
A A A 

I ® A j is i den t i f i ed  wi th  i t s  i m a g e  in  B @ A'  wh ich  is p r e c i s e l y  what  we 
A A 

wan ted  to show. 

R e c a l l  (3. Z. 12) The  c o n s t r u c t i o n  of U(G) b e i n g  f u n c t o r i a l  in G i t  

fo l lows tha t  if u:  G - - ~  H is a h o m o m o r p h i s m  of f in i t e  l o c a l l y - f r e e  g roups  

we have  a c o m m u t a t i v e  d i a g r a m :  o ~ ~ U(G) x 

H ~ > U(H) x 



43 

and  h e n c e  d e d u c e  t h a t  t h e r e  is  a m o r p h i s m  u * ( L  H / S )  ~- L ? / S  c o r r e -  

s p o n d i n g  to  u.  

c * . L G / S ) .  D e f i n i t i o n  ( 3 . Z , 1 3 )  T h e  c o - L i e  c o m p l e x ,  £-- is  by  d e f i n i t i o n  eG( . 

F r o m  (3, 2 . 1 2 )  w e  s e e  t h a t  G ~- i s  a c o n t r a v a r i a n t  f u n c t o r .  

(3.3) The following propositions give us the necessary results in order 

to  a s s o c i a t e  a f o r m a l  L i e  g r o u p  to  a B a r s o t t i - T a t e  g r o u p .  

P r o p o s i t i o n  ( 3 . 3 . 1 )  L e t  G(n)  b e  an  i n d u c t i v e  s y s t e m  of  f i n i t e  l o c a l l y - f r e e  

g r o u p s  on  an  a r b i t r a r y  s c h e m e  S. ( T h e  n is  j u s t  an  i n d e x  w h i c h  f o r  

t y p o g r a p h i c a l  i s  no t  w r i t t e n  as  a s u b s c r i p t  . ) L e t  J b e  a q u a s i -  

c o h e r e n t  i d e a l o f  0 S s u c h t h a t  J N  = (0).  L e t  S = V a r ( J ) , G ( n ) = C ( n ) × S  
o o S o 

and in g e n e r a l  l e t  t h e  s u b s c r i p t  " o "  d e n o t e  t h e  r e s t r i c t i o n  to S . A s s u m e  
O 

w e  a r e  g i v e n  a m a p p i n g  ~O: 1N ~ IN s u c h  t h a t  c0(n) > n f o r  a l l  n.  

A s s u m e  t h a t  w h e n e v e r  M is  a q u a s i - c o h e r e n t  m o d u l e  on an  a f f i n e  o p e n  

s e t  Uo cS_ o '  E x t l  U ( ~ ' G ° ( n ) I U o  ' M) .................. > EXtI(~ 'G°(CO(n)IUo'  M) is t h e  

O 

z e r o  m a p .  (In t h e  r e s t  of  t h e  p r o p o s i t i o n  w e  s h a l l  o m i t  t h e  O U and ]U ° 
o 

and s i m p l y  w r i t e  S , o r  S d e p e n d i n g  on  t h e  c o n t e x t .  T h i s  w i l t  n o t  l e a d  o 

to  any  c o n f u s i o n .  ) L e t  X '  b e  an  a f f i n e  s c h e m e  o v e r  S and  X b e  t h e  

s u b s c h e m e  d e f i n e d  by  an  i d e a l  I s u c h  t h a t  12 = (0).  A s s u m e  w e  a r e  g i v e n  

an  S - m o r p h i s m  f:  X - - ~ G ( n ) .  T h e n t h e r e  is  an  S - m o r p h i s m  f~ X'  ~- G(CON(n)) 

s u c h  t h a t  t h e  f o l l o w i n g  d i a g r a m  c o m m u t e s :  

X r ) X '  

G(n)  ~ G (oN(n))  
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Proof: Let U c_ S be any affine open set and let M be a quasi-coherent 

module on U which is killed by J so that M is in a natural way an 

0 U -module. By hypothesis the map E×tI(~P °(n), M) m>. E×tI(z.Go (~O{n)), M) 
o 

is zero. But now since U ~->- U is a closed immersion (and hence an 
o 

affine morphism) it follows immediately from is. O. A. 4 XVII 4. I. 3(iii), 16; 

1 6.4] that ExtI(z. G°(n), M) is isomorphic to Extl(~. G(n), M). Thus the 

map EXtI(~. G(n), M) ~- Extl(%. G(~D(n)), M) is also the zero map. 

By induction on the integer j we have M(q. coherent on U) killed 

by JJ implies Extl(~. G(n), M) " ~- ExtI(~. G(@j(n)), M) is the zero map. 

In fact writing the exact sequence 

0--~ JM--~ M---~ M/JM--~- 0 

and forming the commutative diagram: 

ExtI(~. G(n), JM) ~ Extl(£. G(n), M)---> Extl(~. G(n), M/JM) 

I [ i 
Extl(,~ ?(~(n)), JM) - - >  Extl(~P {o(n)), M)- -~  Extl(~. G(o(n)), M/JM) 

we see  tha t  the  image  of Extl(,g G(n),  M) is contained in tha t  of 

Ext l (~  G(~(nl),  JM).  T h e r e f o r e  we can apply the induct ive  a s s u m p t i o n  to 

the map  Extl(l~ G(~(n)). , JM) ~ Extl(,g Gl~j{n)l. , JM) to conclude.  

This te l l s  us that  for  any q u a s i - c o h e r e n t  module  M on U the map  

EXtI(~P (n), M) > EXtI(%P (~0N(n)), M) is zero since by hypothesis jN=(0). 

Now let us return to the situation of the proposition: 

X " ~- X t 

f; l 
G(n) j ' ~ G(~N(n)) 
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%~re c o v e r  X I such  that  the  i m a g e  of  each  by  aff ine  open  se t s  V 1, 1 

V'. in S is con ta ined  in an aff ine U as above .  Denote  by V. the aff ine l 1 

open s u b s c h e m e  of X hav ing  V/ as  its unde r ly ing  space .  If we  could 1 

p ro long  f lV  i to an f~ on V ~. as  d e s i r e d  in the c o n c l u s i o n  of the p r o p o s i -  1 

t ion, then b e c a u s e  X is aff ine we could p ro long  f to X' i t se l f .  This  

follows from the standard obstruction theory, which tells us once we have 

l oca l  so lu t ions  of  the p r o b l e m ,  tha t  the  o b s t r u c t i o n  to having a g loba l  so lu -  

t i o n i s  e l e m e n t o f  H I ( x ,  " * * I I ) )  a n d t h i s  g roup  is an tlom_ox(f j flG(~gN(n))/S, 

1 ze ro  s ince  flO(~gN(n))/S is of  f in i te  p r e s e n t a t i o n .  

Thus  we s ee  tha t  we  can a s s u m e  S to be aff ine.  

[14; 1 1 . 1 . 5 ,  1 1 . 1 . 7 ]  tha t  the  o b s t r u c t i o n  to l if t ing 

[E. G.A. IV 16.4.22]. 

But now we know from 

jo  f: X - - ~  G(q~N(n)) to 

X' is the  i m a g e  of  the  " o b s t r u c t i o n  e l e m e n t "  in E × t l x ( L f * L ? ( n ) / S ,  I )  in 

1 f ) $ L ?  (~pm(n)) Ext ( L ( j o  /S I ) .  But now it fo l lows f r o m  (3 .2 .9 )  tha t  if 
o x 

~X: X - - >  S is the  s t r u c t u r a l  m a p  Lf  ( L ? ( n ) / S )  = LTrX ( z ? ( n ) )  and 

s i m i l a r l y  of c o u r s e  fo r  L( jo  f ) ~ ( L ? ( ° N ( n ) ) / S ) .  Thus  we want  to know that  

E X t l x ( L ,  X G(n)), the i m a g e  of an e l e m e n t  in (,e. I) unde r  the map  

$ 
Ext l (LTtx (Z?(n ) )  , I) ~ E X t ( L ~  X (zG(~N(n))) ,  I )  is z e r o .  But by 

ad jo in tnes s  ( s a m e  r e f e r e n c e  to H a r t s h o r n e  and S . G . A .  4 as above)  this  m a p  

is the  s a m e  as the  m a p  

E 1 / Q(n) (I))  > ~ 1 ! O(<0N(n)) 
x t o s ~ "  ' ~X* ~Xtos~"  ' ~X *(I))  

which  w e ' v e  seen  is the  z e r o  m a p .  This c o m p l e t e s  the  p roo f .  



C o r o l l a r y  ( 3 . 3 . 2 )  

t i o n ,  f o r m a l l y  s m o o t h .  

P r o o f :  If  X is  any  a f f i n e  s c h e m e  o v e r  S 

X is quasi-compact. 

Definition (3.3.3) ¥,rriting the cotangent complex LP/S 
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G = l i r n  G(n) i s ,  u n d e r  t h e  h y p o t h e s e s  o f  t h e  p r o p o s i -  

r ( X , G )  = l i r a  > F ( X ,  G(n) ) ,  s i n c e  

so  that ~U(G)X/sIG 
is in degree 0 and 1/I 2 is in degree I, w e  define -~3 = Ho ( ~ G ) '  -n-G = 

HI(%P). Notice this use of the symbol -~3 is of course consistent with 

our previous notation. 

p r o p o s i t i o n  ( 3 . 3 . 4 ) :  C o n s i d e r  an  e x a c t  s e q u e n c e  o f  f i n i t e  l o c a l l y - f r e e  S 

g r o u p s :  0 ---> G ~ - - ~  G ---> G"  ~ 0. T h e n  t h e r e  i s  an  e x a c t  t r i a n g l e  in t h e  

d e r i v e d  c a t e g o r y ,  D(S): 

/\ 
G ') G 

g i v i n g  r i s e  to an  e x a c t  s e q u e n c e  o f  O S - m O d u l e s :  

c 3 . 3 . 5 )  o - - ~  ~ , ,  --.~. ~ - - ~  _ ~ ,  - - ~  ~ , ,  - - ~  ~.o - - ~  ~ ,  ~ o 

P r o o f :  L e t  us  f i r s t  o b s e r v e  t h a t  by [ E . G . A .  IV 1 9 . 3 . 9 ( i i ) ]  t h e  m o r p h i s m  

G ~ G u makes G locally a complete intersection relative to G" 

because after a f.p.q.c, base change G is as GU-scheme isomorphic to 

t GG,, . Since G is a finite and locally-free G" scheme we can certainly 

embed G in a smooth G"-scheme; for example if G is defined by the 

%11 -algebra a thenwe canuse ~V ((I). [E.G.A. II 1.4.10]. Thus the 
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r e l a t i v e  c o t a n g e n t  c o m p l e x  L G / G ' t  • i s  d e f i n e d  [ S . G . A .  6 VIII Z. 3]. B u t  

n o w  by  [14;  1 0 . 5 . 2 1 ]  w e  h a v e  an  e x a c t  t r i a n g l e  in  t h e  d e r i v e d  c a t e g o r y  

D(G) 

L .G/G" / \  
w h i c h  c o m e s  f r o m  t h e  c o m m u t a t i v e  d i a g r a m  

G ~ > G ~ \ /  
G a -  = . tl 

and w h e r e  L .  / S , G  L= (L. G /Sl  / K [ 1 ]  wi th  K the k e rne l  of  

H _ * G a I(L~ (L. /S)) >- HI(L?/S ) But now if S t _c S is any affine open 

then it is immediate that the diagram 

G X S' WS' > G a X S' 

satisfies the hypothesis of [S.G.A. 6 VIII 2.6]. 

triangle in D(G xS') 
S 

L G x S'/G" xS' 

LWS, (L.U × S ' / s t )  > L.GxS'/S' 

T h u s  w e  f i n d  a n  e x a c t  

Taking the corresponding homology sequence we see that when restricted 

to  G x S  t t h e  m a p  
S 
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H1 (L Tr"~(L. G " / S ) )  > HI(L?/S ) 

i s  i n j e c t i v e  ( i .  e . ,  K IG x S 1 = (0)) S i n c e  S 1 w a s  a n y  a / f i n e  o p e n  s u b s e t  o f  
S 

S it follows that K= (0) a n d  h e n c e  L? '~/S~'G . , G" = ~ ( L .  /S )  a n d  t h u s  w e  

o b t a i n  a n  e x a c t  t r i a n g l e :  

. G / G  ~ 

.... > 

L e t  e G :  S > G b e  t h e  u n i t  s e c t i o n .  T h e n  a p p l y i n g  L e  G to  t h e  a b o v e  

e x a c t  t r i a n g l e  w e  o b t a i n  a n  e x a c t  t r i a n g l e :  

G" ~ ' G  £. , ......... ~ £. 

B u t  u s i n g  t h a t  ~r: G > G "  i s  f l a t  a n d  [ S . G . A ,  6 V i i /  2.  Z] w e  s e e  ( j u s t  a s  

in  3 . 2 . 1 1 )  f r o m  t h e  c a r t e s i a n  d i a g r a m :  

G,  c i ~- G 

S e', >. :" 
eG// 

that Li* (L. G l d ' )  = L.  d / s  

G / / and the re ,  o re  ~. Le~,, ( L ?  /S) Le  G ( L ? / G "  

T h i s  gives u s  o u r  d e s i r e d  e x a c t  t r i a n g l e  a n d  c o m p l e t e s  t h e  proof of  t h e  

p r o p o  s i t i o n .  
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L e m m a  {3. 3 . 6 )  S u p p o s e  G is  f i n i t e  a n d  l o c a l l y - f r e e  o n  S.  T h e n  -~3 i s  

l o c a l l y  f r e e  i f  a n d  o n l y  if  i t  i s  f l a t .  If  t h i s  i s  t h e  c a s e  t h e n  n i s  a l s o  
- 'G 

l o c a l l y  f r e e  (of  f i n i t e  r a n k )  a n d  r a n k  (~.G) = r a n k ( n . G ) .  

P r o o f :  L e t  u s  w r i t e  £.G = L ~ L . T h e n  w i t h  o b v i o u s  n o t a t i o n  w e  h a v e  
1 o 

exact sequences : 

0 --~ ~3 --~ LI ---~ im --> 0 

---~0 0 ~ im --~ L ° 

Hence, since -~3 is of finite presentation~if it is flat, then it is locally- 

free which implies the image of the morphism L 1 ---~ L is loca/ly-free 
o 

of finite rank. But certainly this implies ~ is locally-free of finite rank. 

In this case we have rank (L) - rank (LI) = rank (~C) - rank (~nG). 
o 

Because the relative dimension of O over S is zero it follows that 

rank (~3) = rank (n<3). 

The following are corollaries of 3.3.4. 

Corollary (3.3.7) Given 0 --~ G' ---> G ~ G ~ -->" 0 as in (3.3.4) then: 

a) The following conditions are equivalent and if S is of characteristic 

p , they are implied by G'_C G[I] 

1 ) -~O --> -~3' is an isomorphism 

2) -~3" "--> -~O is the zero map 

3) _~, -->_~G# is surjective 

b) Suppose _~3~ is locally-free and .n_Gi is of finite type and that 

rankk(s) (9-G' ®k(s))--< rankk(s) (-~-G" ®k(s)) holds for all sES. Thenthe 

above conditions of a) are equivalent to 
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3 b i s )  -~O' ---> - ~ "  is  an  i s o m o r p h i s m  and  in  t h i s  c a s e  -~O ---~ -n-G' 

is  t he  z e r o  m a p .  

Proof: That the three conditions of a) are equivalent is immediate from 

I 

1 3 . 3 . 5 ) .  If S i s  of  c h a r a c t e r i s t i c  p,  t h e n  G' _cOil] i m p l i e s  G i l l = G [ 1 ]  

and hence since Infl(G) c_G[l] (see the end of the proof of 2. I.8) we have 

= _ ~ ,  w h i c h  i s  c o n d i t i o n  1). 

b)  A s s u m e  t h e  a d d i t i o n a l  c o n d i t i o n s  and  t h a t  _9<3' - - ~ - ~ G "  i s  s u r j e c t i v e .  

T h e n  b e c a u s e  -~G" i s  l o c a l l y  f r e e  w e  m u s t  ( l o c a l l y  o n  S) h a v e  a s p l i t t i n g  

-~G' = Ker x -~O" where Ker denotes the kernel of _n_G, -->_~O,. By 

our assumption on the ranks we must have Ker® k(s) = (0) for all sES. 

os 
Ker is of finite type because .9.G~ is. Therefore by Nakayama we must 

have each stalk of Ker is zero and therefore Ker = (0). This completes 

the proof since the last assertion is obvious. 

R e m a r k  ( 3 . 3 . 8 )  F r o m  ( 3 . 3 . 6 )  i t  f o l l o w s  t h a t  t he  i n e q u a l i t y  in  the  l a s t  

c o r o l l a r y  c an  b e  w r i t t e n  r a n k  (~.13~) < r a n k  (.W.G,) f o r  a l l  s ~S .  
S S 

C o r o l l a r y  ( 3 . 3 . 9 )  A s s u m e  g i v e n  t h e  e x a c t  s e q u e n c e  0 - - ~  G ' - - ~  G - - ~  G" 

---> 0 as  a b o v e  and  a s s u m e  f u r t h e r  t h a t :  

I) 

z) 

3) 

T h e n  f o r  any  a f f i n e  o p e n  

- ~  - - '~  "~G' is  an  i s o m o r p h i s m  

a n d  _ ~ .  a r e  l o c a l l y  f r e e  

r a n k  ( . ~ , )  < r a n k  ( . ~ , , )  h o l d s  f o r  a l l  s ~ S 
S S 

U C S a n d  fo r  a n y  q u a s i - c o h e r e n t  m o d u l e  M o n  

U, t h e  m a p  
G ! Ex t  1 1~, I U, M) ~ Ex t  1 ( f , ? [ U ,  M) 

Ou °u 
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is the zero map. In particular for any quasi-coherent M on S the map 

EXtI(~? ', M) ...... ~- E x t l ( ~ , ? ,  M) is  zero. 

Proof: Because Extl(~ G, M) is the sheaf associated to the presheaf 

U ~ EXt 1(~?[u, IV[] U) it follows that the last assertion follows from the 

preceding one. We can obviously assume S is affine. Let I" be an 

injective resolution of M. By inspecting the complex Horn" (£?, I" ) 

whose component of degree m is 

Horn (L -I, I re'l) •Hom (L °, I m) 

( O being L -I--> L ° of course), we find a functorial exact sequence: 

0--~ Extl(9.G, M)-->- Extl(~?, M)-~ Horn (-~G' M) ~- Ext2 (~-G' M) 

and a similar sequence for G'. Hence because -~3 and ~<3' are locally 

free we have isomorphisms: 

Extl(£?, M) "" > Horn (-~D' M) 

Ext I(~?', M) -- ;- Horn (_n<D, , M) 

But  n o v / w e  k n o w  f r o m  ( 3 . 3 . 8 )  t h a t  o u r  h y p o t h e s e s  i n s u r e  t h a t  _ ~ , - - ~  -qO 

is t h e  z e r o  m a p  and  h e n c e  w e  a r e  d o n e .  

Corollary (3.3.10) Let S be a scheme suchthat pN+I kills S, and G 

be a finite locally-free S-group satisfying the equivalent conditions of 

lemma (I. I) of Chapter I for an n > N+I. Then for any affine open subset 

U of S, the mapping (defined for any q. coherent M) Extl(z? (n'N-]), M) 

~- Extl(£?, M) is zero. 
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Proof: Just as in the proof of (3.3. I) we are immediately led, via the 

adjointness relation recalled there, to the case when N = 0, i. e., when 

S is of characteristic p. Then if n = i, O(n-N-l) = G(0) = (0) and there 

is nothing to prove. If n > 2 we must verify the conditions of the previous 

corollary for G' = G(n-l), Condition i) is clear as G'[I] = G[I] and hence 

-~D ---> -~J is an isomorphism. Condition 3) is also trivial as G I' =G(1). 

To verify that condition 2) holds we use the following proposition. 

Proposition (3.3.11) Let S be a scheme of characteristic p and 

G = G(n) a truncated Barsotti-Tate group on S, or if n = 1 assume 

there is a truncated B. T. group G(2) giving rise to O. Then 

a) For all i such that 0 < i < n we have 

n-i 
fn-i: Gin] ---~ G[i] p is an epimorphism 

b) Ker fn n n =im v and Ker v =im fn 

c) Gin] is finite and locally free on S 

Proof: Let us first observe that c) allows us to appeal to [I~ (2.1.4)] to 

conclude the proof of (3.3. I0). Condition a) is trivial if n=l. If n_> 2 

we have (for each i) the followLng corninutative diagram: 

n-i  pn-%-I (oc p 
n-i 

P idG(pn-i ) n-i 
. . . .  > .  G[i] (p ) 

n-i., , n-i, 
As the morphism p ,laGt P # is an epimorphism, it follows that fn-i 



53 

is also, To prove b) let us first assume that G(n) comes from a G(Zn) 

which is a truncated Barsotti-Tate group. But then we have an exact 

s equenee : 
n 

0 --~ O(n) ~ O(Zn) P >- G(n) ~ 0 

Therefore Gin] c__ G(n) and the map (pn)-I (Gin]) ~- Gin] is an epi- 

n fn and since obviously morphism. But once again we can write p = vno 

fn: (pn)-I (G in]) >- G(n) (pn) we see v n." G[n](pn) ".~ Gin] is an epi- 

n 
morphism. That im fn = kerv , is of course handled analogously. 

Thus we have in particular proved b) if n = I. We proceed to establish 

its truth in general by induction on n. Consider the diagram: 

pn n 
G(n) v 

' ' , ~  Gin] 

n 

G(n-l)P ...... n-i ~ G[n-l]P 
V 

n-i n 
By the induction hypothesis v : Gin-l] p ~ Gin-l] p is an epi- 

n . 
morphism. Therefore fo v Is an epimorphism. Hence if we can show 

n n 
G[I] _c imv it will follow that v is an epimorphism. But by the case 

n-I vn(fn-l(G(n)p)) n = ] settled above Oil] = v(G(1) P) = vop (G(n) p) = _c 

n (pn) 
v (G(n) ). The other case is of course handled in the same way. To 

prove c) we observe that G[n] is certainly finite and of finite presentation 

over S. Therefore to conclude it is locally free it suffices to show it is 

flat. But this follows immediately from b) because we have a commutative 

diagram: 



n n 
G(n) p v ~- G[n] \ /  

S 

n 
a n d  v n b e i n g  a n  e p i m o r p h i s m  is  f a i t h f u l l y  f l a t  w h i l e  G ( n )  p i s  c e r t a i n l y  

f l a t  o v e r  N. 

R e m a r k  ( 3 . 3 . 1 2 )  T h e  c o n d i t i o n  t h a t  G ( 1 )  c o m e s  f r o m  a G(Z)  c a n  n o t  b e  

d r o p p e d .  To  s e e  t h i s  c o n s i d e r  t h e  f o l l o w i n g  e x a m p l e .  L e t  k b e  a f i e l d  

of characteristic p, S = Spec(k[[t]]) and G = Spec(k[[t]] [X]/(xP-tx)) 

w i t h  a d d i t i o n  a s  g r o u p  t a w .  T h e n  a t  t h e  g e n e r i c  p o i n t  G i s  ~ t a l e  w h i l e  

a t  t h e  c l o s e d  p o i n t  G b e c o m e s  % .  B u t  t h i s  i m p l i e s  -~3 h a s  r a n k  0 a t  

t h e  g e n e r i c  p o i n t  a n d  r a n k  1 a t  t h e  c l o s e d  p o i n t .  A s  S i s  c o n n e c t e d ,  

c e r t a i n l y  c a n  n o t  b e  l o c a l l y  f r e e .  

Theorem(3.3.13) If p is locallynilpotenton S and G isinB. T.(S), 

t h e n  G i s  f o r m a l l y  s m o o t h .  

P r o o f :  L e t  X '  b e  a n  a f f i n e  s c h e m e  o v e r  S a n d  X a c l o s e d  s u b s c h e m e  

d e f i n e d  b y  a n  i d e a l  o f  s q u a r e  z e r o .  L e t  f :  X - - ~  G b e  i n  r ( x ,  G ) .  W e  

m u s t  s h o w  f c a n  b e  l i f t e d  t o  a n  f~: X '  - - ~  G .  A s  X i s  q u a s i - c o m p a c t  

w e  h a v e  r ( x ,  G)  = l i n ~  r ( X ,  G ( n ) )  a n d  h e n c e  c a n  a s s u m e  f : X - - ~  G ( n )  

f o r  s o m e  n .  W e  c o v e r  X b y  a f i n i t e  n u m b e r  of  a f f i n e  o p e n s  U i i=l, . . . .  m 

s u c h  t h a t  t h e  i m a g e  o f  U.  i n  S i s  c o n t a i n e d  in  a n  a f f i n e  o p e n  V . .  S i n c e  t 1 
N+I 

p i s  n i l p o t e n t  o n  e a c h  V.  t h e r e  i s  a n  i n t e g e r  N s u c h  t h a t  p i s  z e r o  

o n  U V..I R e p l a c i n g  S b y  S '  = D V.I a n d  G b y  GS~ w e  a r e  l e d  to  t h e  
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N+I 
c a s e  w h e n  p is  n i l p o t e n t  o n  S,  p i s =  0.  B u t  n o w  b y  ( 3 . 3 . 1 0 )  a n d  

(3.3. I) we see f can be lifted to an f' and the theorem is proved. 

T h e  f o l l o w i n g  e x a m p l e  s h o w s  t h a t  i f  p i s  n o t  l o c a l l y  n i l p o t e n t  o n  S ,  

a Barsotti-Tate group need not be formally smooth. 

Example (3.3.14) Let S = Spec (A) and consider the Barsotti-Tate 

g r o u p  ~ (I, 3 . 8 . 1 ) .  To s a y  ,~ i s  f o r m a l l y  s m o o t h  m e a n s  t h a t  w h e n e v e r  

C i s  a n  A - a l g e b r a ,  I a n i l p o t e n t  i d e a l  of  C (of  s q u a r e  z e r o )  a n d  x¢ C / I  
n 

i s  s u c h  t h a t  x p = 1, t h e n  t h e r e  i s  a n  x~¢ C w h i c h  r e d u c e s  m o d u l o  I to  
m 

x a n d  h a s  t h e  p r o p e r t y  t h a t  f o r  s o m e  r e > n ,  x ' p  = 1 . 

W r i t i n g  x ' =  u + y w h e r e  u i s  s o m e  d e f i n i t e  l i f t i n g  o f  x a n d  y ¢ I  

= p n  w e  h a v e  x ' p n  u p n  + p n y  ( s i n c e  I h a s  s q u a r e  z e r o )  a n d  s i n c e  x = 1 

n 
w e  s e e  u p = 1 + ~ f o r  s o m e  ~ E 1 .  S i n c e  x ' P m = t  t h i s  m e a n s  

m - n  
m m - n ~  m (1 + ~ ) P  + p  y = 1 a n d  h e n c e  p + p  y = 0,  o r  e q u i v a l e n t l y  

m - n ( ~  = 
P + p n y )  0.  S i n c e  g i v e n  x w e  h a v e  c h o s e n  u a n d  t h u s  ~ , w e  

s e e  t h a t  w e  c a n  f i n d  a n  x ~ s o  a s  to  l i f t  t h e  p o i n t  o f  I~ w i t h  v a l u e s  i n  

S p e c  ( C / I )  to  S p e c  (C)  i f  a n d  o n l y  i f  w e  c a n  f i n d  a y ~ I  a n d  i n t e g e r  m '  
/ 

s u c h  t h a t  p m  (~ + p n y )  = 0. B u t  t h i s  i s  t r u e  i f  a n d  o n l y  i f  t h e  e l e m e n t  

i n  I b e l o n g s  to  t h e  i m a g e  o f  I .  B u t  n o w  (n b e i n g  f i x e d )  w e  h a v e  n p 
P 

n 

= u p - 1 a n d  ~2= 0 a n d  h e n c e  t h e r e  i s  a h o m o m o r p h i s m  of  t h e  r i n g  

A [ T ] / ( T  p n -  1) Z i n t o  C w h i c h  t a k e s  T ~ u a n d  i n d u c e s  a h o m o m o r -  

p h i s m  A [ T ] / ( T  p n -  1) --*- C / I  t a k i n g  T i > x .  T h u s  w e  s e e  i t  s u f f i c e s  

to  c h e c k  o u r  c o n d i t i o n  f o r  t h e  r i n g  C = A [ T ] / ( T  p n -  1) 2- a n d  t h e  e l e m e n t  

= T p n -  1 in  t h i s  r i n g .  S i n c e  C / ( T p n - 1 )  i s  a f r e e  A - m o d u l e  w e  h a v e  
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n / (  T p n  
C = t t T  p _ 1) ® C - 1) a s  A - m o d u l e .  T h u s  w e  s e e  ~ i s  in  t h e  i m a g e  

n 
P n 

( T  p _ of  t h e  i d e a l  1) if  a n d  o n l y  i f  i t  i s  in  t h e  i m a g e  of  C in  C . B u t  
P 

s i n c e  C i s  a f r e e  A - m o d u l e  w i t h  b a s e  I , T ,  . . . .  T Z p n ' I  w e  s e e t h i s  w i l l  

b e  t r u e  i f  a n d  o n l y  i f  1 _  b e l o n g s  to  t h e  i m a g e  of  A in  A ( i . e . ,  i f  a n d  n p 
P 1 

o n l y  i f  "--p b e l o n g s  to  t h e  i m a g e  of  A i n  A p ) .  T h u s  w e  c a n  c o n c l u d e  t h a t  

I~ i s  f o r m a l l y  s m o o t h  i f  a n d  o n l y  i f  1 b e l o n g s  t o  t h e  i m a g e  o f  A i n  A . 
P P 

T h e r e f o r e  if  A = Z o r  Z ( t h e  p - a d i c  i n t e g e r  a n d  n o t  t h e  l o c a l i z a t i o n  
P 

o f  Z w i t h  r e s p e c t  to  t h e  e l e m e n t  p) w e  s e e  IV i s  n o t  f o r m a l l y  s m o o t h  

over A .  

F i n a l l y  w e  s h a l l  p r o v e  t h a t  i f  p i s  l o c a l l y  n i l p o t e n t  o n  S t h e n  G 

is  a f o r m a l  L i e  g r o u p .  W e  b e g i n  w i t h  a l e m r n a .  

L e m m a  (3.  3 . 1 5 )  L e t  G b e  a p - t o r s i o n g r o u p o n  S w i t h a l l  G ( n )  r e p r e -  

s e n t a b l e .  A s s u m e  w e  a r e  g i v e n  a n  S - s c h e m e  X '  a n d  a s u b s c h e m e  X 

d e f i n e d  b y  a n i d e a l  I s u c h  t h a t  I k + l  = (0) a n d  p N  . i / I Z  = 0.  T h e n i f  ° 

= f '  X ~ f ' :  X ~ - - ~  G is  s u c h  t h a t  f f ~ l X :  X - - >  G ( n ) ,  w e  h a v e  : ---~ G ( n + k N ) .  

P r o o f :  T h e  p r o b l e m  is  l o c a l  o n  X '  a n d  h e n c e  w e  c a n  a s s u m e  X '  to  b e  

a f f i n e  a n d  t h u s  q u a s i - c o m p a c t .  B u t  t h e n  f '  E r (  x t ,  G) = l i r n  ~ F ( X ' ,  G ( m ) )  

a n d  h e n c e  w e  c a n  a s s u m e  f ' :  X '  - - ~  G ( n ' )  f o r  s o m e  n ' .  T h e r e f o r e  w e  

c a n  a s s u m e  t h a t  G i s  r e p r e s e n t a b l e .  W e  u s e  i n d u c t i o n  o n  k.  i f  w e  

c o u l d  s h o w  f ~ l V a r  ( Ik ) :  V a r  (I k) - - ~  G ( n  + ( k - l )  N) ,  t h e n  b y  t h e  c a s e  k = l  

w e  w o u l d  k n o w  f~: X '  - - ~  G ( n + k N ) .  T h u s  i t  s u f f i c e s  to  t r e a t  t h e  c a s e  

2 n 
k = l ,  i . e . ,  I = 0.  S i n c e  f :  X - - > - G ( n )  w e  h a v e  p - f = 0 a n d  t h u s  

pnf~ C G ( X  ~) h a s  t h e  p r o p e r t y  t h a t  i t s  r e s t r i c t i o n  to  G(X)  i s  z e r o .  S i n c e  
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I 2 is z e ro  and G is r e p r e s e n t a b l e  we know the g roup  of s e c t i o n s  of G 

over X' whose restriction to X is zero is isomorphic to the group 

Hom o (~O®~. O X, I) [S.G.A. 3 III 0.9]. 
x % 

certainly have pN(pnf,) = 0 which implies 

N But since p kills I, we 

f'¢ G(n+N) (X). 

C o r o l l a r y  ( 3 . 3 . 1 6 )  Let  pN k i l l  S and le t  G be as in the  p r o p o s i t i o n .  

Then  the k th i n f i n i t e s i m a l  ne ighbo rhood  of C(n) in G is the s a m e  as tha t  

of G(n) in G(n+kN). In p a r t i c u l a r  Infk(G) = Infk(G(kN)) and is t h e r e f o r e  

r epr  es en t ab l e .  

P r o o f :  If f: T '  - - ~  G b e l o n g s  to the  k th  i n f i n i t e s i m a l  n e i g h b o r h o o d  of G(n) 

in G, t h e n t h e r e  is  a cove r ing  f a m i l y  I T  ~. -----z T ' ]  and s c h e m e s  T. such  
1 1 

that  T. ¢---> T~ is a n i l po t en t  i n a m e r s i o n  of o r d e r  k and f i T . :  ~ = >- G(n).  
i i i l 

But then by the proposition fl T'.: T~ ---~ G(n+kN) and hence f E F(T',G(n+kN)) 
i i 

which  p r o v e s  the  c o r o l l a r y ,  

C o r o l l a r y  ( 3 . 3 . 1 7 )  if pN k i l l s  S and if k < pn we have  Infk(G) c_ 

G(n+N-I) and hence Infk(G) = Infk(G(n+N-l). 

P r o o f :  Let  X' be  an S - s c h e m e  and X e-_> X' be  a n i l po t e n t  i m m e r s i o n  

of o r d e r  k. Denote  wi th  the s u b s c r i p t  "o" the  o b j e c t  ob t a ined  by r e d u c i n g  

a g iven  o b j e c t  modulo  p. G i v e n  f ' :  X ' - - - ~ G  whose  r e s t r i c t i o n  to X is  

z e r o ,  t hen  we have  f '  : X' - - ~  G be lo ngs  to Infk(Oo ). By the  r e a s o n i n g  
o o o 

at the  end of the p roof  of ( 2 . 1 . 8 )  (where  we show tha t  l i r n  Gin]  = 

li~ Infk(G)) we know that Infk(Oo ) c__ Go[n ] _c_ Go(n ) . But this means that 

f'EO(X') has its restriction to G(Xo)= Go(X o) belonging to G(n)(X'o). 
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If we now apply the proposition (3.3.15) with I = pO X , , k = N-I and 

N = I, we find f'~G(n+N-l)(X') 

Theorem (3.3.18) 

Tare group on S. 

Proof: By (I. 1.6) we know O is a subgroup of G and hence we must 

show it is a formal Lie variety. By (3.3.16) Infk(G) is, locally on S, 

representable and therefore since it is a sheaf it is representable. 

By Theorem (3.3.13) we Icaaow G is formally smooth and obviously 

this implies that ~ is formally smooth. This tells us that Infk(G) 

satisfies the lifting condition 2) of (3. I. I) and hence, since locally on 

S Infk(G) = Infk(G(m)) for an appropriate m, it follows from (3. I. I) 

that locally on S Infk(G) satisfies condition I) of that proposition. But 

now it is obvious that G satisfies condition 2) of Definition (I. 1.4) and 

hence is a formal Lie group. 

Definition (3.3.19) ~re define for a Barsotti-Tate group G on S (p 

locally nilpotent on S) -~G to be ¢e . 
G 

Remark (3.3. Z0) It follows immediately from (3.3.18) that ~(3 is 

locally-free of finite rank and from (3.3.16) or, for a better estimate, 

(3.3.17) that locally on S ~ = -~3(m) if m is sufficiently large. If 

N 
p kills S, then WIG = -~G(N) as follows from (3.3.17). 

Remark (3. 3. Zl) Let p benilpotent on S and G,H two B.T. groups 

on S. Let So = Var(p). The map Horn (G,H) --~ Hom (Go,H o) is 

L e t  p b e  l o c a l l y  n i l p o t e n t  o n  S a n d  G b e  a B a r s o t t i -  

- -  i n f k { G )  Then G = lim is a formal Lie group. 
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i n j e c t i v e .  

P r o o f :  Le t  u:  G- - -~  H be such  that  u = 0. If pN k i l l s  S, th is  i m p l i e s  
O 

ira(u) c tnfpN(H).  By ( 3 . 3 . 1 7 )  ira(u} _c H(n) fo r  n s u f f i c i e n t l y  l a r g e .  

n n 
But then uo p • id G =p • idHO u =0. Since O is p-divisible, u = O. 

§_44. In th is  s~c t ion  we study the  r e l a t i o n  b e t w e e n  f o r m a l  L ie  ~ roups  and 

B a r s o t t i - T a t e  g roups  on a s c h e m e  S, wi th  p l oca l ly  n i l p o t e n t  on S.  

L e m m a  (4.1)  Le t  B be  a r ing  in  which  p is  n i l p o t e n t  and I be  a n i l -  

po ten t  idea l  of B. Def ine  a s e q u e n c e  of idea l s  I i=  pI + I Z, , In+ 1 . . .  _- 

P i n +  (In)2. Then  for  n s u f f i c i e n t l y  l a r g e  In= (0). 

P r o o f :  Le t  J = pB + I .  Then  one  checks  i m m e d i a t e l y  tha t  I c j n + l  
n ~  

f r o m  which  the r e s u l t  fo l lows .  

L e m m a  (4.2)  If p is l oca l l y  n i l po t en t  on S and G is a f o r m a l  Lie  

g roup  o v e r  S, t h e n  G is of p - t o r s i o n .  

P r o o f :  We m u s t  show G = l i r a  G (n) and s i n c e  th i s  is a s t a t e m e n t  about  

s h e a v e s  it  su f f i ces  to check it l o ca l l y  on S. Thus  we can a s s u m e  

S = Spec (A) wi th  p n i l p o t e n t  on A and O is g i ve n  by a p o w e r  s e r i e s  

r ing  A[[X 1 . . . .  ,XN] ]. If T is any aff ine  S - s c h e m e ,  say T = S p e c  (B), 

t hen  an  e l e m e n t  of G ( T )  wi l l  be  an N - t u p l e  (b 1 , . . .  b N) wi th  each  b. 
' 1 

n i l p o t e n t .  L e t  I be  the  idea l  g e n e r a t e d  by [b  I . . . .  , b N ] .  T h e n  each  

c o m p o n e n t  of p .  ( b l , . . . , b  N) be longs  to pI + 1 2 and pZ(b 1 , . . . , b  N) E 

p"  (pI + I z) + (pI + IZ)  2 , . . .  . Thus  by ( 4 . 1 ) w e  see  ~ is of p - t o r s i o n .  

Le t  S be  the  s p e c t r u m  of an a r t i n  l oc a l  r i ng  wi th  r e s i d u e  f ie ld  of 
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characteristic p and let G be a p-divisible formal Lie g r o u p  o n  S.  We 

shall show that G is a Barsotti-Tate group. To do this it suffices to 

prove that G(1) is finite and locally-free. 

Proposition (4.3) Let A be an artin local ring with residue field k of 

characteristic p and let u: G ~ G be an epimorphism of a formal Lie 

group to itself. Then i<er(u) is finite and locally-free. 

Proof: Denote by the subscript "o" the result of reducing an object 

defined over A to k the residue field of A. Let (Sch/k)' denote the 

full sub-category of (Sch/k) consisting of those schemes which are 

locally of finite type over k. Endow (Sch/k/ with the topology induced 

by the f.p.p.f, topology on (Sch/k). Observe that the restriction of 

u: G ---~ G to (Sch/k/ is obviously an epimorphism. By iS, G.A. 3 VII B 

1.3.4] there is a morphism of sites v: (Vf/k)--~ (Sch/k/f.p.p.f. given 

-I 
by the "inverse image" functor v : (Sch/k/ ~ Vf/k which is defined 

by v'l(x) = X~k in the notation of [S.O.A. 3 VIIB 1.2.6]. Since the 

extension of v -I to sheaves is exact it transforms G into itself thought 

of as a "formal variety '~ i~n the sense of [S.G.A. 3 VIIB] and transforms 

u into an epimorph[sm in the category of formal groups over k. Since k 

is a field [S.G.A. 3 VHB 1.4] implies that the map ~ : k[[X]]--~ k[[X]] 
o 

corresponding to u is "topologically flat" and because the power series 
o 

r i n g  is  N o e t h e r i a n  t h i s  m e a n s  i t  i s  f l a t .  

B e c a u s e  t h e  c a t e g o r y  o f  c o m m u t a t i v e  f o r m a l  g r o u p s  o v e r  k i s  

a n t i e q u i v a l e n t  to  t h e  c a t e g o r y  of  c o m m u t a t i v e  a f f i n e  g r o u p s  o v e r  k 
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[S.G.A. 3 VIIB Z.Z.Z] it follows from [G.A. III §3, 5.5a)] that Ker(Uo) 

is finite over k. Since A is artin this implies Ker(u) is finite over A. 

To see l<er(u) is flat over A it suffices to show the map ~: A[[X]] .... ~- 

A[[X]] corresponding to u is flat. Let rn A denote the maximal ideal of 

A. Consider the following sequence of maps 

A > A[[X]] : . . . . . .  ~ A [ [ x ] ] .  

B e c a u s e  the f i r s t  m a p  and the  c o m p o s i t e  a r e  f la t ,  the  m a p  

m A" A[[X]]®A[[X]]  A[[X]] ..... ~ - ~ ( m  A- A[[X]]) -  A[[X]] 

is  b i j e c t i v e .  S i n c e  we  a l r e a d y  know u is f l a t  we  can  b e c a u s e  m A is 
o 

n i l po t en t  apply  the  c r i t e r i o n  of  f l a t n e s s  [4, Chap. 3 95 T h e o r e m  1] to 

conc lude  ~ is f la t .  Th i s  c o m p l e t e s  the  p r o o f .  

P r o p o s i t i o n  (4 .4)  L e t  p be  i o c a l l y  n i l p o t e n t  on S and l e t  G be in 

B. T. (S). Then  the  fo l lowing  condi t ions  a r e  e q u i v a l e n t :  

l )  G = G .  

2) G is a f o r m a l  L i e  g r o u p .  

3) F o r  a l l  n G(n) is r a d i c i e l .  

4) G(1) is radiciel. 

Proof: 1) implies 2) by (3.3.18). 2) implies I) because, by definition, 

a formal Lie group is ind-infinitesimal. Since property Z) is stable under 

base change by (I. 03), to prove that Z) implies 3) we n-lust show the map 

O(n) --~ S is injective. Clearly we can assume S is affine and hence 

G(n) is quasi-compact and therefore O(n) G Infk(G) for some k. But 



62 

since the map Infk(o) --~ S is obviously injective it follows that O(n) is 

radiciel. Conversely if G(n) is radiciel, then since the closed irnrnersion 

S ---> G(n) is surjective, the ideal of this immersion must be locally 

nilpotent. Obviously this implies that O(n) is ind-infinitesimal (and in 

fact is equal to one of its infinitesimal neighborhoods locally on S) and 

hence O = lira O(n) is ind-infinitesimal. Thus O = G and 3) implies i) 

(and 2)). Finally as 3) obviously implies 4) we must see that 4) implies 3). 

But this follows immediately via using the exact sequence 0 --~ O(n-l) 
pn-i 

O(n) ~ O(I) ---~ 0. 

~rollary (4.5) If p is locally nilpotent on S, there is an equivalence 

of categories between that of Barsotti-Tate groups on S, with G(1) radiciel, 

and the category of formal Lie groups G with p: G ~ G an epimorphism 

and G(1) finite and locally-free. 

Proof: By (4. Z) and (4.4) both categories are identified with the same full 

sub-category of f.p.p.f, sheaves of groups on S. 

Corollary (4.6) If S is artin, a p-divisible formal lie group is a 

Barsotti-Tate group with G(1) radiciel and conversely 

Proof:(4.3) and (4.5). 

Proposition (4.7) Let p be loc.nilpotent on $ and G in B. T. (S). 

In order that ~ = 0 it is necessary and sufficient that G be ind-~tale. 

Proof: If G is ind-~tale, then for all k, Infk(G) = (0), since locally a 

point of Infk(G) with values in an S-schenne T must be a point of G(n) 

with values in T for some n, and hence must be zero since G(n) is 
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~ t a l e .  C o n v e r s e l y  i f  C = 0, t h e n  f o r  a n y  s ¢ S ,  G = 0, w h i c h  i m p l i e s  
S 

(G(n)) s has no connected (= radiciel) part and hence is ~tale. But O(n) 

being flat over S, this implies that G(n) is ~tale. 

Apologies are offered in advance to the reader for the proof in the 

following lernrna. 

Lemma (4.8) Let X ''~ >- S be finite and locally-free. Then the function 

s ~ separable rank (Ms) is locally constant if and only if there are 

morphisms i: X ~ X', f~: X ' --~ S which are finite and locally-free with 

i radiciel and surjective, ft ~tale and f = fJo i. The factorization is 

"unique" up to unique isomorphism and is functorial in X/S. 

Proof: Observe that because of the uniqueness assertion it suffices to 

prove the lernnaa locally on S. Thus we can assume S affine and separable 

rank (X) = n for all s¢ S (n some integer). Also observe that the "if '~ 
s 

assertion is trivial. Now, by [E.G.A. IV 8.9.1, 8.10.5 (x), 11.2.6 (ii), 

9.7.8, 9.3.3] we can assume S is noetherian in order to prove the 

existence uniqueness and functoriality assertions. Vle proceed in several 

steps which we outline: 

t )  e x i s t e n c e  a n d  u n i q u e n e s s  w h e n  S i s  a f i e l d .  

Z) e x i s t e n c e  a n d  u n i q u e n e s s  w h e n  S i s  a c o m p l e t e  ( N o e t h e r i a n )  l o c a l  r i n g .  

3) u n i q u e n e s s  f o r  a r b i t r a r y  S = S p e c  (A) ,  A N o e t h e r i a n .  

4)  e x i s t e n c e  of  f l :  X '  - - ~  S w h e n  S i s  a l o c a l  r i n g .  

5) e x i s t e n c e  of  i :  X - - ~  X '  w h e n  S is  a l o c a l  r i n g .  

6) existence for arbitrary S = Spec (A), A Noetherian. 
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7) functo riality. 

I) 

product of finite dimensional local k-algebras. For each i w e  let k' 
I 

If  S = S p e c  (k) a n d  X = S p e c  (B) ,  w e  w r i t e  B = B I × . . . ×  B t a s  a 

b e  

t h e  m a x i m a l  s e p a r a b l e  e x t e n s i o n  of  k in  t h e  r e s i d u e  c l a s s  f i e l d  of  B . .  
1 

Since B. is artin we see there is a unique homomorphism k'. ~ B. 

lifting the natural inclusion. Thus we can take X'= Spec(k'l×. • • × k't). 

This gives us e x i s t e n c e .  Uniqueness is clear because of the uniqueness of 

a field of representatives for k~ in B . 
1 l 

Z) Using the constancy of the separable rank to show X ~ X' is 

r a d i c i e l  a n d  s u r j e c t i v e w e  s e e  f r o m  [ E . G . A .  IV 1 8 . 3 . 2 ,  1 8 . 5 . 1 4 ,  1 8 . 5 . 1 2 ,  

1 1 . 3 . 1  1, 1 . 5 . 4  (v) ] t h a t  t h e r e  i s  a u n i q u e  s o l u t i o n  of  t h e  p r o b l e m  w h e n  

S = S p e c  (A),  A a c o m p l e t e  N o e t h e r i a n  l o c a l  r i n g .  

3) Let X i--~X I f~ >" S and X ~  X II f'~ ..... >- S b e  two  s o l u t i o n s .  T o  

c o n s t r u c t  a u n i q u e  i s o m o r p h i s m  b e t w e e n  t h e m  i t  s u f f i c e s  to  s h o w  t h a t  t h e r e  

i s  a u n i q u e  i s o m o r p h i s m  b e t w e e n  t h e i r  l o c a l i z a t i o n s  a t  a n y  p o i n t  s ¢ S .  

F o r ,  i f  t h i s  w e r e  d o n e ,  t h e n  f o r  e a c h  s ~ S, t h e r e  w o u l d  b e  a n e i g h b o r h o o d  

U of s to  w h i c h  t h i s  i s o m o r p h i s m  e x t e n d s ,  s i n c e  w e  a r e  r e a l l y  d e a l i n g  
S 

w i t h  m o d u l e s  o f  f i n i t e  t y p e  o v e r  a N o e t h e r i a n  r i n g .  B u t  b y  t h e  u n i q u e n e s s  

these isomorphisms would have to agree o n  U • U , for any two points 
S S 

s ,  s ' ~ S .  T h e r e f o r e  t h e y  c o u l d  b e  p a t c h e d  t o g e t h e r  to  g i v e  t h e  d e s i r e d  

uniqueness statement for all of S. Hence we have reduced ourselves to 

the case when S is a Noetherian local ring A. Let S'= Spec (7%) and 

S'~= Spec (A ® ]k}. The morphism S' ~ S is faithfully flat and quasi- 
A 
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compact and hence we will apply descent [S.G.A. I VIII 2. I]. By 2) we 

have a commutative diagram: 

X ' - /  ~ . . . . .  ~ X s ,  

W e  m u s t  show tha t  r I is  a m o r p h i s m o f  o b j e c t s  w i t h  d e s c e n t  d a t a .  To s e e  

t h i s  l e t  " rx ( res  p. "r X, , TX~) d e n o t e  t he  c a n o n i c a l  i s o m o r p h i s m  

P l ( X s  ' )  ~" P2. (Xs ' )  ( r e s p  . . . .  ) W e  m u s t  show ,rX,J o p l ( f l )  = p2(rl)o ~'X' " 

But we k n o w  p2(~)o rX, O Pl(iS,) = pz(~)o P2(is,)O ~X = Pz(iS ') o rX = 

TXI, o Pl(iS,) = TX,, o pl(~ ) 0 pl(iS,). But i: X ---> X ~ is faithfully flat and 

# 
hence pl(iS~) is faithfully flat. But this implies it is an epimorphism 

of schemes and hence p2(~)o r X, = TXll o pl(~7), completing the proof. 

4) To show f1: X ~ S exists we shall show that, using the notation 

of 3) above, the X' which we know from 2) to exist over S' can be 

descended to S. Thus we have the standard situation S" ~ S I ~ S and 

we have a solution of our problem for X S, , call this solution Y. %Ve 

want to descend Y to S. But by the uniqueness proved in 3) we see 

there is an isomorphism pl(Y) .... ~ pz(Y) (since both are solution for 

XS~,). But using the uniqueness of isomorphisms between solutions we see 

the isomorphism pl(Y)" ~-pz(Y) must satisfy the cocycle condition and 

hence Y can be descended to an X' 4tale and finite over S [E.G.A. IV 

1 7 . 7 . 3 ( i i ) ,  2 . 7 . 1  ]. 
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5) F r o m  2) a n d  4) w e  k n o w  t h a t  o v e r  S '  w e  h a v e  a m o r p h i s m  

J 
i s , :  X S. ---~ X S, . W e  w a n t  to s e e  t h a t  t h i s  i m p l i e s  t h e  e x i s t e n c e  of  a 

s i m i l a r  m o r p h i s m  i:  X - - ~  X '  . W h e n  w e  p u l l  b a c k  to  S" w e  f i n d  a c o r n -  

m u t a t i v e  d i a g r a m  

XS~ 

x i 

because of the uniqueness established in part 3). While ~ need not be the 

i~entity it follows again from part 3) that the isomorphism ~ must satisfy 

the cocycle condition P13(~) = pz3(~)o plZ(}i). But now this implies (same 

reference to S.G.A. 1 as above) that there is a scheme T finite and ~tale 

over S and an isbrnorphism ~: X~, ~ ~- T S, such that ~D establishes an 

isomorphism between X' with descent datum }i, and TS, with its canon- 

I ical descent datum. If we now replace i: X S, --~ X S, by ~o i:Xs,--~ T$, 

we see easily from the following calculation that (po i is a morphism 

between objects equipped with descent data and hence can be descended. 

Consider the following diagram in which all morphisms (y,p have 

o b v i o u s  m e a n i n g  : 
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PI(Xs ') 

P l ( i S  , ) 

/ 

Pl(Xs i) 

PX 

~x ~ x~,, 

XS,, 

~X * 
Xsi, > p z ( X s , )  ['- 

PZ(IS ' ) 

Cr x ' , 
i 

pz(Xs,) 

-I * -I * 
We are told that ~ODX , o Pl(iSt)opX = Crx'OP2(is ~)° (TX and that 

-I * i 
~ODXi : PI(XsI) CrxJ pz(XsI) satisfies t he  c o c y c l e  condition. 

Thus we find a T/S and an isomorphism ~o: X S, ~" ~- T S, which makes 

the following diagram cornrnute: 

-i 
, fiX' * 

• PX' ' ~ > XS ~ > pz(X,sD Pl (Xs') ....... ~ XS" 

pl (~)  * z(~) 

-I 
~T o PT * 

pl (Ts,) > pz(Ts,) 

-I • * 
Therefore we have ffX, O Fro PX' o Pl(iS,) o PX = Pz(is ') o (x X giving 

* -i * * * 
pz(q) ) o ~X' o ~ o PX' o pl(iS, ) o PX = p2((0) o pz(is~) o (;X" But by the 

d i a g r a m  a b o v e ,  t h e  l e f t - h a n d  s i d e  is 

-I 
c; T o PT o pl(~O ~Sl) o PX 
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-I '~ $ -I 
Therefore (;T °PT o pl(~ o iS,) = p2(~0 o iS, ) o ~X o PX which tells us 

~0 o iS, is a morphism between objects with descent data. This completes 

the proof of 5). 

6) W e  o b s e r v e  t h a t  t h e  s o l u t i o n  w h i c h  w e  k n o w  f r o m  4)  a n d  5) to  e x i s t  a t  

each local ring 0 can be prolonged to some neighborhood of s. See 
s 

[E.G.A. IV I0.8.5]. By the uniqueness proved in part 3) these solutions 

can be patched together to give us a solution valid over all of S. 

7) S i n c e  f u n c t o r i a l i t y  i s  o b v i o u s  w h e n  S i s  a f i e l d ,  i t  f o l l o w s  f o r m a l l y  

f r o m  [ E . G . A .  I V  1 8 . 5 . 1 2 ]  f o r  t h e  c a s e  w h e n  S i s  a c o m p l e t e  N o e t h e r i a n  

l o c a l  r i n g .  To  k n o w  w e  c a n  d e s c e n d  t h e  m o r p h i s m  f r o m  S '  to  S ( i n  t h e  

notation used above) we use the fact that all faces except possibly the 

bottom one in the following diagram commute and that Pl (i) is an 

epimo rphi s m. 

71 
4 ~// f 

~2(~' ~ ............ ~ P:<~ ' ) 

T h i s  g i v e s  u s  f u n c t o r i a l i t y  w h e n  S i s  a l o c a l  r i n g .  N o w  j u s t  a s  

above, we extend this first to an open neighborhood of any point and finally 

to all of our scheme S. 
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Proposition (4.9) Let p be locally nilpotent on S 

The following conditions are equivalent 

i) O is a B.T. group, 

2) G is an extension of an ind-~tale B. T, group G" by an ind-infini- 

tesimal B,T. group O'. 

Z his) O is an extension of an ind-~tale B.T. group by a p-divisible 

formal Lie group. 

3) For all n G(n) is an extension of a finite ~tale group by a finite 

locally-free radiciel group. 

3 his) G(1) is an extension of a finite ~tale group by a finite locally 

free radiciel group. 

4) s ~ separable rank (O(1)) is a locally constant function. 
S 

Proof: 4) implies 3 his) by the lernrna, since the functoriality assertion 

together with the obvious fact that the construction of the scheme X' in 

the lernrna commutes with products, tells us that if G is a group then the 

associated scheme O' is also a group and G --~ G' is a homomorphism 

which is an epimorphism since it is faithfully flat. 

It is clear that 3 his) implies 4) Since the separable rank of G(1) 

at s will then be equal to the rank of the ~tale quotient of G(1) at s and 

hence is certainly a locally constant function. 

Obviously 3) implies 3 b~s) and conversely 3 his) implies 3) via 4) 

since the separable rank of O(n)s = (separable rank G(1)s)n as follows 

from the exact sequences: 0--~ G(n-l)--~ O(n) pn 1¢_-i G(1)--~ 0. 

and O be inB. T.(S). 
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Now let us assume that 3) holds so that for each n we have an exact 

sequence: 0 --~G1(n) ~ G(n) ~ Gti(n) ~ 0 with Gi(n) finite, locally 

free and radiciel, G"(n) finite and ~tale. We will show that the systems 

(C'(n)) and (G"(n)) give us Barsotti-Tate groups. To do this it suffices 

to see that if 0 ~ O --~ H ~ K --~ 0 is an exact sequence of finite 

locally-free groups satisfying the condition of the lernrna, then the corre- 

sponding sequences of ~tale quotients or radiciel kernels are exact. But 

this will follow from (4. I0) proved below. For by (4. I0) and [E.G.A. IV 

2.61(i), 2.7. I (viii), 2.2. ii (iv)] it then suffices to check the corre- 

sponding when S is the spectrum of an algebraically closed field. But in 

this case it is obvious because for any finite group H we have H=H°×H ~t. 

Therefore by applying the above discussion to the sequences 

pl 
0 ~ O(i) --~ O(n) ~- G(n-i) ~ 0 we see that O' = lira G'(n) and 

G" = !!rn G"(n) are Barsotti-Tate groups. Furthermore by passage to 

the limit we see we have an exact sequence 0 --> O'---> O--~ Gi'--~ 0 

with G' ind-infinitesimal and O" ind-4tale. This shows that 3) implies Z). 

Z) implies 3) is trivial because from the exactness of the sequence 

0 --~ O' ~ G ~ O" ~ 0 follows that of 0--~ G'(n)---~ G(n)---~ G"(n)---~0 

[I, 2.4.3]. 2) implies 2bis) is also clear because G' being ind-infinites- 

imal we have O' = G' and is therefore a formal Lie group by (3.3.18). 

Conversely let 0 ---> O' --~ O --9- O # ~ 0 be an exact sequence with O ~ 

a p-divisible formal Lie group and O" an ind-~tale B.T. group. In order 

to show Zbis) implies 2) we must prove O' is a B.T. group. To do this 
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it  s u f f i c e s  ( b e c a u s e  of  (4 .2))  to show G~(1) is f i n i t e  and l o c a l l y  f r e e .  But  

f r o m  o u r  exac t  s e q u e n c e  we ob t a in  a s e q u e n c e  0 - -~G' (1) - -~  G(1)-->G"(1)--~ 0 

s i n c e  O t is p - d i v i s i b l e .  T h e r e f o r e  G' (1)  is f i n i t e  and l o c a l l y - f r e e .  

F i n a l l y  it r e m a i n s  to show 1) and 2) a r e  e q u i v a l e n t .  To do th is  we  

s h a l l  u t i l i z e  (4.1 1) w h i c h  is p r o v e d  be low.  A s s u m i n g  2) we h a v e  f r o m  (4.1 I) 

and (4 .7)  t ha t  G '=  G and h e n c e  G is a B a r s o t t i - T a t e  g r o u p .  C o n v e r s e l y  

i f  G is a B . T .  g r o u p  then  we  can f o r m  the  s e q u e n c e  0 - - ~ G ~ G - - ~ G / G  

---* 0. F r o m  [I Z . 4 . 3 ]  we  know G / G  is a B a r s o t t i - T a t e  g roup .  But  by 

(4 .11)  (G/G) = (0) and h e n c e  by (4 .7)  G / G  is i n d - ~ t a l e .  Th is  c o m p l e t e s  

the  p r o o f .  

i u 
Lemma (4. I0) Let 0 --~ G ---~H ~ K ~ 0 be a complex of finite locally- 

free groups on S. The sequence is exact if and only if for all s 6S , the 

sequence 0 --~ O ~ H ---~ K --~ 0 is exact. 
S S S 

Proof: Only the "if" part requires proof. By the criterion for checking 

flatness fiber by fiber [E.G.A. IV 11.3. ll] we know that H ~  K is an 

epimorphism if all maps H ~ K are epimorphisms. Thus it remains 
s s 

to prove the map O ~ Ker (u) is an isomorphism. This can be checked 

locally on S and hence we can assume S is affine, say S = Spec(A), 

G = Spec (C), Ker (u) = Spec (B) where B and C are projective {finitely 

generated) A-modules. To show B --~ C is an isomorphism it suffices to 

prove this at each point. Hence we can assume A is a local ring with 

maximal ideal rn. By hypothesis B/rn B --~ C/rn C is an isomorphism. 

By Nakayarna (since C is finitely generated) the map B --~ C is surjective. 
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To s h o w  i t  i s  i n j e c t i v e  l e t  W b e  i t s  k e r n e l .  T h e n  b e c a u s e  C i s  p r o j e c -  

t i v e  t h e  s e q u e n c e  0 - -> -  ~r ~ B - - ~  C - - ~  0 s p l i t s  a n d  h e n c e  W i s  f i n i t e l y  

g e n e r a t e d  s i n c e  B i s .  B u t  t h e n  w e  h a v e  W / m I V  = (0) a n d  h e n c e  u s i n g  

Nakayarna again we see W = (0). 

L e r n n u a  ( 4 . 1 1 )  L e t  p b e  l o c a l l y  n i l p o t e n t  o n  S a n d  l e t  0 ~ G I - - - ~  G 2 

- - ~  G 3 ~ 0 b e  a n  e x a c t  s e q u e n c e  o f  B a r s o t t i - T a t e  g r o u p s  o n  S.  T h e n  

0 - - ~  G 1 - - ~  GE - - ~  G 3 - - ~  0 i s  a l s o  e x a c t .  

P r o o f :  T h e  e x a c t n e s s  of  0 ---~ G 1 ~ G Z - - ~  G 3 i s  t r i v i a l .  "6re m u s t  

p r o v e  G 2 - - ~  G 3 i s  a n  e p i m o r p h i s m .  L e t  T b e  a n  S - s c h e m e  a n d  

y E G 3 ( T )  b e  g i v e n .  T h e n  b e c a u s e  G 2 ~ G 3 i s  a n  e p i m o r p h i s m  w e  c a n  

f i n d  a c o v e r i n g  i T .  ~ T ]  s u c h  t h a t  f o r  e a c h  i, t h e r e  i s  a n  x. in  
1 1 

G 2 ( T  i) w i t h  t h e  i m a g e  o f  x.1 b e i n g  y I T  i .  B y  p a s s i n g  to  a c o v e r i n g  o f  

e a c h  T.  w e  c a n  a s s u m e  Y t T -  h a s  t h e  p r o p e r t y  t h a t  y I ' T  i =  (0) w h e r e  
1 1 

T.  ~ - ~  T. i s  a n i l p o t e n t  i m m e r s i o n  a n d  T.  i s  a f f i n e .  B u t  t h i s  t e l l s  u s  
1 1 1 

that xil'T- i belongs to GI('T-i). Since G 1 is formally smooth by (3.3.13), 

we k~ow there is an x'~ in GICT i) which lifts xit¥ i. Then x i- x'i~ GzlT i) 

maps to Yl T.  and has its restriction to "T. equal to  zero. Therefore 
I I 

x i- x i E Gz(T i) and hence the map O 2 ~ O 3 is indeed an epimorphism. 

Let A be an adic ring for the topology defined by the powers of an ideal 

I with I/I 2 of finite type over A/I. Set A = A/I n+l , S = Spec (A), 
n 

Sn = Spec (An). 

Lernnla (4.13): The natural functor Formal Lie Varieties (S) 

>- ~im Formal Lie Varieties (Sn) is an equivalence of categories. In 
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p a r t i c u l a r  i t  i n d u c e s  an  e q u i v a l e n c e  of  c a t e g o r i e s  b e t w e e n  t he  c a t e g o r y  of 

f o r m a l  L i e  g r o u p s  on  S and  t h e  i n v e r s e  l i m i t  of  the  c a t e g o r i e s  of f o r m a l  

L i e  g r o u p s  on  t h e  v a r i o u s  S ' s .  
n 

P r o o f :  F i r s t  o b s e r v e  t h a t  a f o r m a l  L i e  v a r i e t y  X o n  S c a n  be  t h o u g h t  

of a s  the  s h e a f  c o r r e s p o n d i n g  to t h e  f o r m a l  s c h e m e  Spf ( S y m [ ! x ] )  w h e r e  

t h e  s y m m e t r i c  a l g e b r a  is  c o m p l e t e d  w i t h  r e s p e c t  to the  t o p o l o g y  d e f i n e d  

by  p o w e r s  of t h e  a u g m e n t a t i o n  i d e a l .  U n d e r  t h i s  i d e n t i f i c a t i o n  XIS n is  
1 A 

identified with .(SYm f i x  ® An ). But a mapping Y X of , o rmal  
A 

L i e  v a r i e t i e s  on  S t h e n  c o r r e s p o n d s  to a n  A - l i n e a r  m a p  i X - - +  Sym[_~y] + 

It. S i [ ! y ]  w h e r e  the  "+" d e n o t e s  t h e  a u g m e n t a t i o n  i d e a l  and  S [COy] 
i=l  

is  t h e  i th  s y m m e t r i c  p o w e r  of  COy. T h u s  Horn  (Y, X) i s  i d e n t i f i e d  w i t h  

S i H H o m  A ( i X ,  [_COy]) rI ~im Horn  A ( i X  ® A n ,  Si  = ...... (!y ® An)) 
i>l i> 1 n 

[E.G.A.0 7 7.2.10] l~m l'I Horn A (!x@A n , S i = (COy ® An)) , as 
i > l  n 

i n v e r s e  l i m i t s  c o m m u t e .  Bu t  t h i s  l a s t  is  v i a  t he  a b o v e  s i m p l y  i d e n t i f i e d  

w i t h  1)m~ H o r n  ( Y I S n ,  X l S n  )" T h u s  t h e  f u n c t o r  is  f u l l y  f a i t h f u l .  To s h o w  

it i s  e s s e n t i a l l y  s u r j e c t i v e  a s s u m e  we a r e  g i v e n  a c o m p a t i b l e  f a m i l y  of 

formal Lie varieties X . Then we obtain a family of finite locally-free 
n 

A n - m o d u l e s  COX w i t h  iX 
n n 

= ~ . But let ! = ~  ! x " i is 
® An- 1 --Xn - i n 

of f i n i t e  t y p e  o v e r  A b y [ E . G . A .  0 1 7 . 2 . 9 ] .  B u t b y [ E . G . A .  IV 1 8 . 3 . 2 . 1  

(i i)]  w e  k n o w  CO is  p r o j e c t i v e .  B u t  n ow i t  i s  c l e a r  t h a t  s e t t i n g  X = 
/ k  

Spf ( S y m  [ i ] )  we  h a v e  XIS  = X and  h e n c e  o u r  f u n c t o r  is  i n d e e d  a n  
n n 

e q u i v a l e n c e  of c a t e g o r i e s .  
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(4. 14) Let us assume that p is nilpotent on S and let G belong to 
O 

B.T. (S). Then for each n, we have the formal Lie group O and since 
n 

these obviously are compatible we can by (4.13) define a formal Lie group 

O . Thus ~ve obtain a functor O ~-> O from B.T. (S) ---~ Form Lie Or. (S). 

But notice that ~ve can not in general define a homomorphism G ->- O 

inducing the given map O c >. O on S . To see this take S = 
n n n 

Spec (Zp) and let O be any Barsotti-Tate group on S. Then since 

-- infk(G), G = lirn any homomorphism G --~ G induces for each k a 

morphism of pointed sheaves Infk(G) --~ G. But as S is affine, any 

s u c h  m o r p h i s m  m u s t  f a c t o r  t h r o u g h  s o m e  G ( n ) .  T h u s  w e  a r e  l e d  to 

e x a m i n e  a m o r p h i s m  of  p o i n t e d  s c h e m e s  I n f k ( G )  to >_ O ( n ) .  T h u s  w e  h a v e  

a commutative diagram 

In/k (G) ~9 ~ G(n) 

a n d  r e s t r i c t i n g  to  t h e  g e n e r i c  f i b e r  w e  s t i l l  h a v e  s u c h  a d i a g r a m .  B u t  w e  

k n o w  : 

I) Infk(G) is an infinitesimal thickening of S. 

2) G(n) I ~ is ~tale. 
P 

3) ~o e k = eo Irlnfk(G ) o e k • 

Therefore ~DIQp is the trivial map. But since (~ corresponds to a 

mapping of free Z -modules, it is determined by its restriction to the 
P 

generic fiber. Thus (D is trivial and we see there is no non-zero way to 
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map G to G. 

(4.15) Keeping the same notation as above, w e  s e e  t h a t  t h e  o b v i o u s  f u n e t o r  

f r o m  f i n i t e  l o c a l l y  f r e e  g r o u p s  on  S to ~ i r n  f in .  l o c .  f r e e  g r .  (Sn) i s  an  

equivalence of categories, because such groups are given in terms of 

modules of finite type over the appropriate ring with additional structure 

making them into bi-algebras also defined in terms of the underlying 

modules. Thus using [E.G.A. 0 i 7.2.9, 7.2. I0] and the criterion of 

flatness we obtain the equivalence. This equivalence preserves exact 

sequences. To see this observe that it suffices to treat the case of epi- 

morphisms and show it is kernel preserving. For epimorphisms this 

follows from the fact that they can be expressed in terms of the bi-algebras 

of the groups. Thus if G ---', H is an epimorphism of groups on Sn, 
n n 

then we have C is a finite locally free B -module for all n where 
n n 

Gn = S p e c  (Cn) , Hn  = S p e c  (Bn) .  Bu t  B = ~ m  Bn s a t i s f i e s  t h e  s a m e  r i n g  

t h e o r e t i c  hypotheses made on A 

l o c a l l y  f r e e  B = m o d u l e  (C= ~m 

(for the ideal IB). Thus C is a finite 

On) , and h e n c e  t h e  morphism G - - ~  H, 

b e t w e e n  t h e  two  g r o u p s  a s s o c i a t e d  to t h e  f a m i l i e s  (G n) and  (Hn),  i s  an  

e p i m o r p h i s m .  T h e  k e r n e l  p r e s e r v i n g  p r o p e r t y  i s  p r o v e d  in an  a n a l o g o u s  

m a n n e r  u s i n g  t h e  f a c t  t h a t  t h e  k e r n e l  i s  e x p r e s s e d  in t e r m s  of  a t e n s o r  

p r o d u c t  o f  r i n g s .  Bu t  n o w  i t  i s  c l e a r ,  s i n c e  e x a c t  s e q u e n c e s  o f  t h e  f o r m  
p i  

0 ~ G{i) - - ~  G(n)  .... >- G ( n - i )  ~ 0 a r e  p r e s e r v e d  u n d e r  t h e  e q u i v a l e n c e ,  

t h a t  w e  h a v e  t h e  f o l l o w i n g  l e r n m a .  

L e m m a  ( 4 . 1 6 )  T h e  n a t u r a l  f u n c t o r  e s t a b l i s h e s  an  e q u i v a l e n c e  of  

c a t e g o r i e s  B.T. (S) ~> l~im B.T. (Sn). 
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This equivalence is clearly compatible with extensions. Thus, if 

we assume p i s  nilpotent on S and G is a B.T. group on S such that 
O 

G satisfies the conditions of (4.9), we can associate to G an exact 
O 

sequence 0 - - - ~  G'  ~ G ~  G" ~ 0 w i t h  the p r o p e r t y  that G ~ i s  i n d -  
O 

i n f i n i t e s i m a l  ( i .  e.  , a f o r m a l  L i e  g r o u p  b y  ( 4 . 9 ) )  a n d  w i t h  G" i n d - 4 t a l e  

since each G~(n) is ~taleby [E.G.A. IV 18.3.2]. 

Note that G' need not be ind-infinitesimal even though G' is. 
O 

example take a family of elliptic curves near a point where the Hasse 

For 

invariant is zero. Then G is ind-infinitesimal while G is not. Thus 
O 

even when p = 0 on S we can not say G' = O'. The difficulty arises 

b e c a u s e  t h e  f u n c t i o n  s i ~- s e p a r a b l e  r a n k  ( G ( i ) s )  i s  n o t  l o c a l l y  c o n s t a n t .  



Chapter III. Divided Powers, Exponentials and Crystals 

(I.0) Let A be a ring and l an ideal of A. Recall that I is said 

to be equipped with divided powers if we are given a family of mappings 

S/n: I ~ I , n >__ 1 which satisfy the following conditions: 

(I.0. I) 7n (kx) =X n Yn(X) , ~.¢A, xEI 

(m~n): 
(I. 0.2) Yn (x) " Ym (x) - m: n: 7m+n (x) 

n-I 

(i. 0.3) ~n(X+y) = 7n(X ) + ~ 7n_i(x) $/i(y) + 9/n(y) 
i=l! 

(i. 0.4) ?m(Yn(X)) .... Iron): 
(n:)ram: 7ran(X) 

Given such a systemwe define To via To(X) = 1 for all x(l and refer 

to (l,y) as an idealwith divided powers. Also the map yn is some- 

times written as x ~ x (n). 

Definition (I. I) Given (A, I, y) as above we say the divided powers are 

nilpotent if there is an N such that the ideal generated by elements of 

the form ~il(Xl)... Yik(Xk) if+ ... + ik>N is zero. 

Remark (I. 2) This is the definition of Berthelot [2, pg. 298]. 

Other variants (for example requiring that for each xEl, there be an n 

depending on x such that yi(x) = 0 for i > n) are possible, but we shall 

use the condition (I. I). The definition implies (taking k=N, i 1 =. . . =IN= I) 

that I N = (0). 
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D e f i n i t i o n  (1.3)  G i v e n  an A - m o d u l e  hA, 

g e n e r a t e d  by e l e m e n t s  m (n), m c M ,  n >  I 

(I. 3. I) (Xm)(n) = ,~n (n) m , t E A ,  m(1~i 

(n) (n') (n+n'): (n+n') 
(I. 3. Z) m m - n ~. a T "  m 

r ( M )  is the  g r a d e d  A - a l g e b r a  

wi th  the  r e l a t i o n s  : 

n-I 
(I. 3. 3) (m+m') (n) = m (n) + ~ m (n-i) 

n=l 

,(i) ,(n) 
m +m 

R e m a r  k (1 .4)  ~Ve sha l l  u s e  ( s o m e t i m e s  i m p l i c i t l y )  the fo l lowing p r o p e r -  

t i e s  of F(M) which  a r e  p r o v e d  by Roby [26, 27]. 

1) The  m a p  N I ~  F(M) g iven  by 

A - m o d u l e s  M ~ ~- F I(M).  

m F-~ m (i) is an isomorphism of 

2) T h e r e  is a u n i q u e  s y s t e m  of d iv ided  p o w e r s  on the a u g m e n t a t i o n  

idea l  r '+{M)=  ~ rn (M)  such  tha t  7 n ( m ) =  m (n} for  a l l  m c M  and a l l  
n > l  

n>l. 

3) C o n s i d e r  the  c a t e g o r y  of a u g m e n t e d  A - a l g e b r a s  B whose  a u g m e n -  

t a t i on  idea l  B + is equipped  wi th  d iv ided  p o w e r s .  M o r p h i s m s  a r e  of 

c o u r s e  to be  c o m p a t i b l e  wi th  the  a u g m e n t a t i o n s  and wi th  the  d iv ided  power  

s t r u c t u r e s .  Then  the  f u n c t o r  on th is  c a t e g o r y  B b-~ HomA{M,B +) is  

r e p r e s e n t e d  by r ( M ) .  This  i m p l i e s  tha t  M ~ F(M) is a f u n c t o r  

c o m m u t i n g  wi th  f i l t e r i n g  d i r e c t  l i m i t s  and wi th  d i r e c t  s u m s  ( i .  e . ,  

F ( M ~ N ) ~  F ( M ) ® r ( N D .  

4) The f u n c t o r  M ~  r ( M )  is c o m p a t i b l e  wi th  a b a s e  change  A ~ A ' .  
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Definition (I. 5) A morphism u: (A, I, 7) ---> (B, J, 6) is a ring homomor- 

phism u such that u(1) c J and U(Yn(X)) = 6n(U(X)) holds for all x(l. 

(I. 6) If the divided powers (A, I, y) are nilpotent we define two maps: 
$ 

exp: I ---> (l+l) 

log: (I+I) --~ 1 

v ia  the  f o r m u l a s  exp (x )=  ~ Wn(X) and l o g ( l + x ) = ~  ( -1)n ' l (n-1) :  7n(X). 
n>O n > l  

To check that exp and log are inverse we can clearly reduce to 

the "universal" case where A = rz (~), the completion being taken with 

respect to the filtration coming from the gradation on ~(Z). But then 

we are reduced to checking an assertion coefficient by coefficient. This 

means it suffices to verify the desired identities over ~ (i.e., for the 

ring Q [[T]D =d hence we win. 

(I.7) The considerations of this section can all be globalized as 

follows: We replace A by a scheme S, I by a quasi-coherent ideal of 

0 S , M by a quasi-coherent OS-module. Divided powers on I are given 

by assigning to each open set U a system of divided powers on I~(U,I) 

such that the restriction maps commute with the divided powers. 

Given (S,I, 7) and (S', I',7') a divided power morphism f be tween  

t h e m  is a m o r p h i s m  of  s c h e m e s  f:  S ......... > S '  such  tha t  f ' l ( I ' )  m a p s  into 

I u n d e r  the m a p  f'l(os,)__ ~ 0 S and such  tha t  the  d iv ided  p o w e r s  induced 

on the i m a g e  of  f - l ( I ' )  " c o i n c i d e  ~ wi th  t h o s e  def ined  by 7 ~. 

1/'(lvt) is ob ta ined  by  looking at the  sheaf  a s s o c i a t e d  to the p r e s h e a f  
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U ~ rC~s(U) (M(U)). The divided powers on I _c C~ S are said to be nil- 

potent if, locally on S, they satisfy the condition in Definition (i. i). 

T h e  f o l l o w i n g  l e m m a  w a s  o b s e r v e d  by  B e r t h e l o t  [2].  

L e m m a  ( 1 . 8 )  L e t  ( A , I , y )  b e  a s  a b o v e  and  a s s u m e  t h a t  B i s  a f l a t  

A - a l g e b r a .  T h e  d i v i d e d  p o w e r s  e x t e n d  to t h e  i d e a l  I "  B.  

/ 
Proof: We define a sequence (~n)n>l of mappings of 1® B to itself 

_ A 

l via requiring that 7n (i ® b) = Yn(i) ® b n and that these mappings satisfy 

the axioms for divided powers. To show this procedure works we proceed 

t 
inductively. Obviously 9,11 is well-defined as idl® B. Assume 71'"""' 

1 have been defined so as to satisfy the above condition. Consider 
7n. 1 

IxB and define amap ~0:A (IxB) ~- B viatheformula 

~0 (a 1 ( i l , b l )  + . . .  + a ( i j , b j ) )  

k I k 
(albl) " (a bz) ~ ~kl(11) ... ~k (i~) 

where this sum runs over the ~-tuples (kl, .... k ) satisfying k. > 0 j-- 

and ~ k. = n. As this map is to factor through I® B , it must be 
j = l  ~] A 

shownthat ¢p(x+y) =q~(x) if y belongs to thekernelof A(IXB)--~I®B. 

This kernel is generated by elements of one of the following forms: 

I) (ii+ iz,b) - (il,b) - (iz,b) 

Z) (i, bl+b 2) - (i, b I) - (i, b Z) 

3) (ai, b)- (i, ab) 
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T h u s  it  s u f f i c e s  to s h o w  t h a t  @(x+y) = ~0(x) w h e r e  y is an  e l e m e n t  

of  t he  f o r m  a '  • z and z is  e i t h e r  of  t y p e s  1), 2), o r  3). We  s h a l l  d e a l  

w i t h  t y p e  I)for e x a m p l e  ( the o t h e r s  b e i n g  e n t i r e l y  s i m i l a r ) .  

L e t  x = a l ( i l ,  h l )  + . . .  + a (i£, b~) and  y = a ' ( i *  + i , b) - 

a ' ( i * ,  b ) -  a ' l i * * ,  b).  

Since ~0 is well-defined we can obviously assume that (i I, b I) = 

(i + i , b), (i Z, b z) = (i , b ), (i3, b3) = (i , b). (If this is not the 

case then we can put 0 " (i + i , b) into our sum defining x without 

affecting the value of q), etc.) Thus we must show 

~ ( a l +  a ' ( i * +  i , b )  + a z-  (i , b) + a 3-  (i , b ) + . . . ) = ( p ( x ) .  

For every £-tuple of indices which defines a term in either of the 

sums, the factors appearing after the third in the corresponding term 

a r e  i d e n t i c a l .  H e n c e  to s h o w  %0 (x+y) = <p(x) it is  s u f f i c i e n t  to s h o w  t h a t  

f o r  any  f ixed  t we  h a v e :  

k 2 , , k3 , .** 
kl  * ** ' b 'ykz(i ) ( ( a 3 - a  )b) Yk31 ) ((al+a')b) 7k l(i +i )((aZ-a) ) 

kl+kz+k2 =t 

k I , k Z , k 3 ** 
= ~ (alb) 7kl(i +i**)(azb) (i)(a3b) (i ) 

kl+kz+k3=t ~k z Yk 3 

But the first sum is 

t ~ * *  i r s , . * ~  

b t ~ 7 k l l a l + a  (i +i ))- 7 k 2 [ ( a 2 - a ) i * ]  7 k 3 [ a 3 - a  t~ )] 
kl+ k2+k2--t  

= b t * ** ) ]  
- 7t  [ ( a l + a 2 )  i + ( a l + a  3) i 

w h i c h  is o b v i o u s l y  the  s a m e  as  t he  s e c o n d  s u m .  T h i s  s h o w s  tha t  ~9 
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' v i a  c o m p o s i n g  q~ wi th  f a c t o r s  t h r o u g h  I ® B and enab l e s  us to de f ine  7n 
A 

the  i n v e r s e  of the  m a p  I ® B --v- IB (us ing the  f l a t n e s s  of B o v e r  A).  
A 

I t  is  now obv ious  that  the  s e q u e n c e  of m a p s  (y'n) de f ine  " d i v i d e d  p o w e r s "  

on I ® B and hence by transport of structure (as I ® B ~IB) we obtain 
A 

the  d e s i r e d  d iv ided  p o w e r s  on t . B .  

§2. (Z. 0) L e t  S be  a s c h e m e  and U a q u a s i - c o h e r e n t  O S c o - a l g e b r a  

w h i c h  is  c o - c o m m u t a t i v e .  R e c a l l  tha t  th is  m e a n s  we  h a v e  two 5 s - l i n e a r  

m a p s  4: U - - ~  U ® U and 77: U --v- O S s a t i s f y i n g  i d e n t i t i e s  wh ich  a r e  

o b t a i n e d  by r e v e r s i n g  the  a r r o w s  in the  d i a g r a m s  w h i c h  d e f i n e  a c o m m u t a -  

t i v e  a l g e b r a .  

D e f i n i t i o n  (Z. I) Cospec  (U) 

s s e-~ [y~r(s s, us~)l~(y ) = x 

is the  f u n c t o r  ( S c h / ~  O --*- Se t s  g i v e n  by 

• A ( y ) = y ® y ] .  

It is c l e a r  tha t  Cospec  (U) is a s h e a f  f o r  the  f . p . q . c ,  t opo logy  

b e c a u s e  by d e s c e n t  S '  ~--> r ( s ' ,  US,) is a shea f  [ S . G . A .  1 VIII, 1.7] and 

the  above  s u b s e t  is o b v i o u s l y  s t a b l e  u n d e r  d e s c e n t  c o n d i t i o n s .  Thus we 

ob ta in  a c o v a r i a n t  f u n c t o r  U p--v- Cospec  (U) f r o m  the c a t e g o r y  of 

( c o - c o m m u t a t i v e )  O S c o - a l g e b r a s  to the  c a t e g o r y  of  f . p . q . c ,  s h e a v e s  on 

S. Th i s  f u n c t o r  is  o b v i o u s l y  c o m p a t i b l e  w i t h  i n v e r s e  i m a g e s .  

(2. i .  1) lZecal l  t he  c a t e g o r y  of  c o - a l g e b r a s  has  f i n i t e  p r o d u c t s :  G i v e n  

U and V, two c o - a l g e b r a s ,  the  u n d e r l y i n g  m o d u l e  of  t h e i r  p r o d u c t  is  

U ® V. T h e  two p r o j e c t i o n s  a r e  id U ® ~V and ~yU ® id V w h i l e  the  " c o -  

p r o d u c t "  m o r p h i s m  is g i v e n  by the  f o l l o w i n g  c o m p o s i t i o n  w h e r e  "F d e n o t e s  
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the  i n t e r c h a n g e  of f a c t o r s  m a p :  

AuG h V 
U ® V  > U ® U ® V ® V  i d ® ~ ® i d > u @ v @ u ® v .  

G i v e n  W, a t h i r d  c o - a l g e b r a ,  and two m o r p h i s m s  

f : W - - - >  U , g : W - - - - > V ;  ( f , g ) : W - - ~ U @ V  

is ( f ®  g) o ~W " 

This  a l lows  us  to see  tha t  Cospec  (U@ V) - Cospec (U) x Cospec (V) 

because r(S', Cospec (U)) = HOmos,_Co_alg" (OSI , US,) via the identifica- 

tion which associates to ¢~: O S, --~ U S , , the element ¢D(1) ( r(s', Us,). 

(Z.l.Z) if A is a finite locally-free 0 S algebra, then /~=Hom(A,O S) 

is a co-algebra. We have a natural identification Cospec (~k) ~ ~- Spec(A) 

"4 v 

ASJ) = OS I alg.(As l' via F(S", Cospec (A)) = HOmos,_CO_alg ' (OS,, Hom %, )  

= r(s', Spec (A)~. 

v 
Hence  Cospec  (A) is  r e p r e s e n t a b l e  and the  c a t e g o r y  of f in i t e  l o c a l l y - f r e e  

S - s c h e m e s  is  e q u i v a l e n t  to the  c a t e g o r y  of f i n i t e  l o c a l l y - f r e e  ( c o - c o m m u t a -  

t ive)  C> S c o - a l g e b r a s .  

( 2 . 1 . 3 )  Le t  U = l i r a  U. be  a f i l t e r e d  d i r e c t  l i m i t  of c o - a l g e b r a s .  Then  

i i r n  Cospec  (Ui) ~ >  Cospec  (U). To check  th is  it  is s u f f i c i e n t  to look 

at s e c t i o n s  o v e r  an  af f ine  S'  which  m a p s  into an af f ine  open  s u b s e t  of S. 

This  r e d u c e s  us  to the a s s e r t i o n  in the aff ine  case .  But  if y ( U  s a t i s f i e s  

~/(y) = 1 and A(y) = y ® y  and if y ~ ( U .  is a r e p r e s e n t a t i v e  of y,  t hen  
1 

~/(y') = I and A(Y') - y' ®y' is mapped to zero in U@ U. Thus there is 

a j _> i such that the image of y' in U. satisfies the two conditions. 
3 
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]From the above we know a filtered direct limit of finite locally-free 

S-schemes is given by Cospec (U) for an appropriate O S co-algebra U. 

If Cf is the category of finite locally-free O S co-algebras and C= ind {Cf), 

then by (Z. i. Z) we have an equivalence of C with ind (finite locally-free 

S-schemes). The functor lira is faithful from ind (finite locally-free 
.... >_ 

S-schemes) to sheaves on S. Furthermore if S is affine then this 

functor is full. Because Horn (U,V) and Horn (Cospec (U), Cospec (V)) 

are the sets of global sections of locally isomorphic sheaves we see that 

the functor is full without any hypothesis on S. Thus the category of O S 

co-algebras which are filtering direct limits of finite locally-free co- 

algebras is equivalent to the category of sheaves on S which are filtering 

direct limits of finite locally-free S-schemes. In particular either a 

Barsotti-Tate group or a formal Lie variety can be written as Cospec (U) 

for an appropriate co-algebra U. 

(Z. 1.4) Let M be a quasi-coherent ~S module and r(M) the associated 

divided power algebra [(I. 6)]. The diagonal map A: M ~ M ~ M and 

the zero map M --~ (0) give rise by funetoriality to morphisms 

I"(M) A ~ I~(M) ® F(M) and F(M)n > OS which make r~(M) into an O S 

co-algebra. Recall that M ~ F(M) is compatible with all base changes 

[(1.4),4]. We come to our first instance of an "exponential" map. 

Definition (Z.I.5) M is the sheaf on S whose sections over an S-scheme 

S' are given by 
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r~s', ~ ,  = Ker [r(s' ,  MS,)  ~ r(S're d, M{, )]. 
r e d  

R e m a r k  ( 2. 1 . 6 )  T h e  f a c t  t h a t  M i s  a s h e a f  i s  a c o n s e q u e n c e  of  t h e  f a c t  

t h a t  i t  c a n  a l s o  b e  d e s c r i b e d  a s  t h e  i m a g e  i n  M of  t h e  s h e a f  N i l r a d  .9 M 

( w h e r e  M is  t h o u g h t  o f  a s  a n  f . p . q . c ,  s h e a f  in  t h e  o b v i o u s  w a y  [ S . G . A . ,  

1 VIII I. 7] and Nilrad denotes the sheaf S' ~ r(s', Nil (<)S,))). 

We can think of M as being the "formal group" associated to M. 

Indeed, if M = O~, then M = f~ . a 

Definition (Z.l.7) exPM: M---~ Cospec (I"(M)) is the mapping given by 

e x P M ( m )  = ~ m In) .  
n > O  

To check that this definition makes sense it suffices to look at the 

case S = Spec (i), 5' = Spec (AJ). Then mE M® A' can be written as 
A 

r 

m. ®),. wherethe ~t.'s are nilpotent. If AN = 0 for i=l,...,r then 
i 1 I 1 

i = l  

(n) m = 0 if  n > N r .  T h i s  s h o w s  t h a t  t h e  s e r i e s  t e r m i n a t e s  a n d  t h u s  e x P M  

i s  w e l l - d e f i n e d  l o c a l l y  a n d  h e n c e  is  r e a l l y  w e l l - d e f i n e d ,  A p r i o r i  w e  h a v e  

exPM(m) ¢ r(s', F(M) ® os,) but it is clear that exPM(m) actually lies 

in F{S', Cospec iF(M))). 

Recall that M being an abelian group in the category of OS-modules, 

I~(M) is an abelian group in the category of O S co-algebras and hence 

Cospec (I~(M)) is an abelian sheaf on S. Explicitly }~, the multiplication 

map making F(M) an algebra is) when viewed as a co-algebra map 

F(M) ® riM) ---> r(i%l), the map defining the addition law on Cospec (F(M)). 
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Since we have exPM(m+m' ) = D (m+m') (n) = ~m(n)) • ~ (m'ib, 

exPM: M --~ Cospec (r(iv~)) is an additive map. 

proposition (Z. i. 8) If /%4 is flat, then explv~ is an isomorphism. 

Proof: Since we are dealing with sheaves it suffices to prove the state- 

ment locally. Thus we assume S = Spec (A), S' = Spec (A'), I = nil- 

radical of A', M' = M ® A'. We must show exPM: IA~' > 
A 

lye ~(iV[')l~(y) = i, A(y) = y ® y] is an isomorphism. The injectivity 

is clear because expM(~.imi) = 1 +~_Jlim i +~-~,limi)(g) + ... where 

k. E I. To prove surjectivity we use Lazard's result that iV[ can be 
1 

wri t ten  as lira. F i where  the F.1 are f ree  of finite type [18]. 

Then M = lirn Fi, F(R4) = lirn r(Fi) [1.4.3], Cospec (I'(Iv[)) = 

lin~,,. Cospec (l'(Fi)) [2 .1 .3] ,  Cospec (F(Fi)) ~ Cospec( l~(A)®' ' '®F(A))  

if F. ~ ~gA [1.4.3], Cospec(r(A)®--.eF(A)) --~ Cospec(r(A)) x...x 
I 

Cospec(r(A)) [2. I.i]. Since expk 4 is functorial in M, this reduces 

us to the case M = A. But now I~(A ') = A'~gA'x I~gA'xz~ ... where 

n-I 
xix j = (i+j) xi+ j and ~(Xn) = 1 ® x + ~×~®x + x ® I. Thus if 

i n i=l n-1 n 

y = 1 + alx I + aZx z + ... +a x is such that A(y) = y®y we have 
n n 

i n+l 
ai= a I and hence a I = 0. Thus exp!%4(alXl) = y and the map is sur- 

jec t ive .  

R e m a r k  (2 .1 .9)  The following example shows that the f la tness  a s sump-  

tion can not be eliminated. Let A be an integral domain and B a non- 

reduced quotient of A. Then B(A)= 0 while F(A, Cospec(B)) has 

~Z 1 (2) a I- + ... where a I is a non-zero elements such as I + IB + al B 
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n i l p o t e n t  e l e m e n t  in B .  

Remark (Z. I0) Cospec (r(M)) is naturally equipped with a structure of 

=OS-module and exPM is a homomorphismof ~S-mOdules. Indeed if 

Y =~y(i) I"(M) is suchthat A(Y) = Y®Y and ~(y) = I, thenl-y=~),~y (I) 

satisfies the same conditions. 

(Z.2) Let U be an augmented co-algebra on S, 

a eo-algebramap O S ¢ 9-U and hence e(lo$)= 1U 

element in ~(S, Cospec (U)). 

This means we have 

will be a distinguished 

D e f i n i t i o n  ( 2 . 2 . 1 )  A s e c t i o n  x o f  U is  s a i d  to b e  p r i m i t i v e  i f  A(x) = 

x® 1 + 1 ®x. This implies ~7(x) = O for (idu@~)o d = id U andhence 

x • D(1) + 77(x ). 1 = x. But 77(1 ) = IOS and thus ~(x). 1 = 0 which implies 

~707(x)- i) = ~(x)-~7(l ) = ~(x) = 0. 

~{e d e n o t e  by  L i e  (U) t h e  s h e a f  of  =O$-modules  w h o s e  s e c t i o n s  o v e r  

S' are the primitive elements in I~(S ', U S , ) and where the operations are 

induced by those on the underlying module of U. 

E x a m p l e  ( 2 . 2 . 2 )  L e t  U b e  f i n i t e  and  l o c a l l y - f r e e  and  X = C o s p e c  (U) = 

S p e c  (U).  T h e n  L i e  (U) = V(~0X) = L i e  (X),  w h e r e  co x i s  d e f i n e d  v i a  t h e  

section e: S='-~ X corresponding to the augmentation ¢ , and where V 

applied to an arbitrary OS-module M is the ~S-mOdule S j I ~- 

HOmoS (Ms: , OSI). More generally this description is valid if U = lira U. 
- ->~ I 

a filtered direct limit with U. finite locally-free and augmented and the 
1 

transition morphisms compatible with the augmentations. In particular it 
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C o s p e c  (U)  i s  a f o r m a l  L i e  v a r i e t y .  

L e t  S ~ S b e  a n  i m m e r s i o n  d e f i n e d  b y  a n  i d e a l  I w i t h  
O 

n i l p o t e n t  d i v i d e d  p o w e r s .  L e t  U b e  a f l a t  O s - b i - a l g e b r a  ( i .  e . ,  a n  a u g -  

m e n t a t e d  c o - a l g e b r a  t o g e t h e r  w i t h  a c o - a l g e b r a  m a p  ~ :  U ~ U ~ U a n d  

a c o - a l g e b r a  m a p  c:  U - - ~  U s u c h  t h a t  ~ ,  e,  c m a k e  U a c o m m u t a t i v e  

g r o u p  in  t h e  c a t e g o r y  of  c o - a l g e b r a s ) .  ]By ( 1 . 8 ) ,  t h e  i d e a l  I" U in  t h e  

a l g e b r a  U h a s  d i v i d e d  p o w e r s  e x t e n d i n g  t h o s e  o n  I.  S i n c e  I" L i e  (U) _c 

I - U  N L i e ( U ) ,  t h e  d i v i d e d  p o w e r s  of  s e c t i o n s  o f  I- L i e ( U )  a r e  d e f i n e d .  

I f  V i s  a s e c o n d  f l a t  b i - a l g e b r a  a n d  q~: U - - ~  V i s  a n  a l g e b r a  m a p  t h e n  

~p i s  c o m p a t i b l e  w i t h  t h e  d i v i d e d  p o w e r s  o n  I . U .  I n  p a r t i c u l a r  t a k i n g  

V = U ® U w e  s e e  A i s  c o m p a t i b l e  w i t h  t h e  d i v i d e d  p o w e r s .  L e t  x b e  

a s e c t i o n  o f  L i e ( U )  • I . U  a n d  d e f i n e  exp  (x) to  b e  ~_~ x {n). T h e  s u m  
n > 0  

m 

m a k e s  s e n s e  b e c a u s e  t h e  d i v i d e d  p o w e r s  o n  I a r e  n i l p o t e n t .  S i n c e  

&(exp(x) )  = / ~ ( ~ x  (n))  = ~ (A(x)) (n)  = ~ (x  ® I + 1 ® x) (n)  

= ~ (x~l) (i) (l®x) (j)= ~ (x (i)®l)(l®x(j)~=exp(x)®exp(x), 
i , j > O  i , j > O  

i t  i s  c l e a r  t h a t  exp  (x) d e t e r m i n e s  a n  e l e m e n t  o f  r ( s ,  C o s p e c  ( u ) ) .  

L e t  u s  r e s t r i c t  t h i s  m a p  to  I" L i e ( U )  ~ Li___ee (U) fl I" U so  to o b t a i n :  

exp: r(s, I. Lie(U)) ~ I'(S, Cospec (U)) 

is additive. Furthermore the image of exp must lie in Ker[r(s, Cospec(U)) 

~- r(So, Cospec (U))] because S O = Vat (1). Thus we have the following 

I emma: 
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L e m m a  ( 2 . 2 . 4 )  Le t  S ~ S be  an i m m e r s i o n  def ined  by an idea l  wi th  
o 

n i l p o t e n t  d iv ided  p o w e r s  and le t  U be a f la t  0 3 h i - a l g e b r a .  The  m a p  

exp: ~ ( S , I .  L ie (U)) - - -~  r ( s ,  Cospec(U)) de f ined  by exp(x) = ~  x {n) is a 

h o m o m o r p h i s m  whose  i m a g e  l i e s  in K e r  [ r ( s ,  Cospec(U))  - - >  

r(s, Cospec(U))]. 
O 

Lemma (Z. Z. 5) Assume (in the notation of (2.2.4)) that U/Lie(U) is a 

flat ~S module. Then exp: I~(S, I.Lie(U)) --> Ker[r(S, Cospec(U)) ---* 

r(So, Cospec (U))] is an isomorphism. 

Proof: Without hypothesis on U/Lie (U) observe we can define a map 

log: Ker ~ l-U N Lie (U) via log(l+y) = 7~, (.l)n-l(n_l): y(n). The map 
n>l 

is defined since y belongs to I. U. log (l+y) lies in Lie (U) since log 

is a functorial mapping and A(l+y) = (l+y) ® (l+y). Thus we see exp and 

log are inverse isomorphisms between F(S, I. U • Lie (U)) and 

Met itS, Cospec (U)) ~ r(So, Cospec (U))]. But the flatness hypothesis 

i n s u r e s  tha t  I .U f] .Lie (U) = I -  L i e  (U) [4, Chapter  I, §Z #6 C o r o l l a i r e ] .  

R e m a r k  (Z. Z. 6) We no te  exp l i c i t l y  the  fac t  m e n t i o n e d  in  the p roo f  that  

t h e r e  is a lways  an i s o m o r p h i s m  Lie  (U) (] I .  U ='~ ~- K e r  [I~(S, Cospec (U)) 

---~ r(So, Cospec (U))], U of course being assumed flat. 

(Z. Z. 7) Note the above discussion will apply if U is the hyperalgebra 

of a formal Lie group or a Barsotti-Tate group or more generally of a 

g roup  G which  can  be  w r i t t e n  as  a f i l t e r i n g  d i r e c t  l i m i t  of f in i t e  l o c a l l y -  

f r e e  S-schemes (Z.I.3). 
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(Z. 3) L e t  S b e  a s c h e m e ,  I a n  i d e a l  o f  (3 S w i t h  d i v i d e d  p o w e r s ,  

U a f l a t  b i - a l g e b r a  o n  S a n d  M a q u a s i - c o h e r e n t  O S - m O d u l e .  C o n s i d e r  

the %-algebra % ~9 I. U. It is obvious that the set of %-algebra homo- 

morphisms r(M)--~ u which send r+(l~) into l.U and which are com- 

patible with the divided powers is in bijective correspondence with the set 

of divided power homomorphisms of augmented Os-algebras r(M) ' ~- 

O S @ I" U. By (i. 4) part 3, this last set is simply HOmos(M, I-U). Let 

u :  r ( M )  - - ~  u b e  a m a p  c o m p a t i b l e  w i t h  d i v i d e d  p o w e r s  ( s o  t h a t  

u(r+(M)) c I. u). Let 8: M ~ I-U be the corresponding linear map. 

Then it is clear that u is compatible with the augmentations if and only 

if 0(M) cI.U N U + = I'U + (since U/U += O$ is flat over S). For u to 

be compatible with the co-product mappings ~ , it is necessary and 

sufficient that h(~(m)) = u ® u (A(m)) since M generates F(M). But 

~(m) = m@ I + 1 @ m and hence A(0(m)) = A(u(m)) = u(m) e 1 + 1 ®u(m) = 

e (m) @ 1 + 1 ® 0 (m) is the necessary and sufficient condition. Hence we 

can say u is a bi-algebra map if and only if 8 (Horn (M, Lie (U) N I-U+). 

Lemma (Z.3.1) The above correspondence 0 I ",- u establishes an 

isomorphism between Horn (M, Lie(U) N I'U) and the group of hi-algebra 

h o m o m o r p h i s m s ,  u ,  s u c h t h a t  u(r+(M))cI.U a n d  s u c h t h a t  u i s  

c o m p a t i b l e  w i t h  d i v i d e d  p o w e r s .  

P r o o f :  W e  h a v e  a l r e a d y  d e f i n e d  a s e t - t h e o r e t i c  b i j e c t i o n .  T o  s h o w  

t h a t  t h e  a b o v e  b i - a l g e b r a  h o m o m o r p h i s m a  c o n s t i t u t e  a g r o u p  a n d  t h a t  

0 ~ - ~  u i s  a n  i s o m o r p h i s m ,  i t  s u f f i c e s  to  s h o w  0 ~ - ~  u i s  a d d i t i v e .  I f  
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(9 ~ - ~ u  and 8 '  e - ' ~ u  l ,  t h e n  u + u / ( m )  =}~o ( u ® u ' ) ( h ( m ) )  = u ( m ) + u ' ( m )  

and it is clear that 8 + e' corresponds to this homomorphism. 

P~emark (2.3.2) The target of the above isomorphism is contained in 

Ker [HomOs.hi_alg" (F(M~, U) ---~ HOmoS_bi_alg" (r(MoL Uol] where 
O 

M and U denote the respective restrictions of M and U to S =Var(1). 
O O O 

Also there is an evident functoriality in the above construction. 

(Z. 3.3) Assume that M is flat. Let O = Cospec (U). Recall that 

M ~- C o s p e c  ( r ( M ) )  [ 2 . 1 ~ ] .  T h u s  w e  h a v e  d e f i n e d  a m o n o m o r p h i s m :  

(2.3.3.1) Horn(M, Lie(G) D l-U) ~- >Ker[Hom(M,G)-~ Horn (M , Go) ] 
S - g r .  S o _ g r .  o 

W e  m a k e  t h e  m a p  e x p l i c i t  a s  f o l l o w s :  L e t  8 :  M ~ L i e ( G )  (] I 'U and  l e t  

u c o r r e s p o n d  to {9 as  in ( 2 . 3 ) .  T h u s  u d e f i n e s  a h o m o m o r p h i s m  

C o s p e c  (F (M))  - -v-  G and by  c o m p o s i n g  w i t h  t h e  i s o m o r p h i s m  M ~- 

C o s p e c  (~ (M)  w e  o b t a i n  o u r  d e s i r e d  m o r p h i s m  u '  = u o exp  M.  T h e  m a p  

M(S)  - - ~  G(S) can  b e  w r i t t e n  a s  u ' (x )  = u ( ~  x (n) = ~, (O(x)) (n) w h e r e  t h i s  

l a s t  s u m  m a k e s  s e n s e  s i n c e  e i x )  ( Nil(C~ S) . I -U.  T h u s  w e  c a n  w r i t e  

u'(x) = exp CO (x)). 

I n t u i t i v e l y  w e  c a n  t h i n k  o f  an  u S in  

K e r  [ H o m s _ g r .  (M, G) ~" H ° m s  - g r .  ( M o '  Go)]  
O 

as  h a v i n g  a t a n g e n t  m a p p i n g  8:  M ~ L i e ( G )  N I -  U and  t h u s  w e  t h i n k  of  

certain ut's as b e i n g  the exponentials of their tangent mappings (i. e., 

u' = exp (8)). 
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(2.3.4) Let U= r(N) where N is aflat OS-module. Wehave 

Lie (O) = Lie (Cospec (I~(N))) = N (as is seen immediately by reducing to 

the affine case, writing N = lira L. each L. free of finite type, .... 

and eventually observing that the assertion is trivial if N = %). In this 

casewehave Lie (O) DI-I~(N) =I.Lie (G) =I-N. If 8:M--~I.N, 

exp (e) : r(M) ---> r(N) is the natural prolongation of 8: M --> N. This 

follows because the divided powers on 1 • N c I" I~(N) arising from those 

on I, coincide with the divided powers on i • N coming from those on 

r+(N): (in) (j) = i (j) n j = i (j) j: n (j) = iJn (j). Hence the map M ~+ 

corresponding to @ is the obvious prolongation of 8: M ~ N. Clearly 

this map respects the module structures. 

Remark (2.3.5) If U/Lie (U) is flat then we will have Lie(U) N I" U = 

I" Li___se (U) and the homomorphism (2.3.3. I) can be written as 

Hom (M, I" Lie (G)) ~ Ker [Hom(M,G) --~ Hom(Mo, Go) ] 

Remark (Z.3.6) Let O = Spec (B) be a finite locally-free group scheme 

and assume that ~ is locally-free. Then BY/Lie(G) is flat. To see 

this observe that it suffices by [E.G.A. IV II. 9.18] to know the map 

Lie (O) ~ B" is universally injective. But after an arbitrary base 

change S' ~ S; Lie(O) ®OSOS, = Lie (OS,) and hence the map is clearly 

inj ective. 

Remark {2.3.7) Let U and V be two pointed co-algebras over a ring 

A. Let I be an ideal in A with 12 = {0). Assume that I-U 0 Prim(U) = 



1 .pr~n (u) 

Claim: 

Proof: 
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and similarly for V. 

U ® V has the same property. 

Let A[c] be the pointed co-algebra which is the linear dual of 

the "dual numbers" so that it has abase [l,s] 4(I)=i® I, ~(s) = ¢®I + 

1 ® ~, 7/(i) = i, ~(~) = 0. It is obvious that to give a homomorphism of 

pointed co-algebras A[£] ~ U we simply have to tell the image of 

which must be primitive. Therefore on the category of pointed co-algebzas 

the functor U ~-~ Prim(U) is represented by A[~]. Clearly this category 

admits a product (namely the ordinary product of two co-algebras v¢ith the 

obvious "pointing"). Hence: 

Prim(U®V) -- Horn (A[~], U® V) 
pt. -co-algebras 

= Horn (A[¢], U) x Horn (A[¢], V) 

= P r i m  (U) × Prim (V). 

Thus the map Prim (U ® V) --~ Prim (U) X Prim (V) of components 

id u ® 77V and ~U ® idv is an isomorphism. Let u (Prim(U) and 

vcPrim(V). The element u® I + I ® v is primitive and maps to the 

pair (u,v) under the isomorphism. This means any primitive element 

of U® V can be uniquely written as u~ 1 + 1 ®v as above. 

Let x = u® 1 + 1 ®v belong to I'(U®V) A Prim(U®V). This implies 

u with u ¢ Prim(U), u = id U ®~V (x)(l.U N Prim (U) and hence u =~i ~ (x 

i,~(l. Similarly write v =~i~v~. Then x=~ic~(ua®l, + l®v) + 

ni'~Cu®l+,®v^) s~cethe i (lev) =d ~(u®ll:0 b~causeof 
P 0L P 
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the hypothesis 12 = (0). 

(2.4) So far we have (under appropriate circumstances) associated 

to a linear map 8:M--~ l-Lie(G) an element u = exp (8) in 

Ker [Hom (M,G) ---~ Horn (Mo, CQ]. We now investigate the question of 

when M (resp. M ) can be replaced by M (resp. Mo). For simplicity 
O 

assume S = Spec (A) is a/fine (this is the only case used later). Let 

I c A be an ideal with nilpotent divided powers and let A = A/I, S = 
O O 

Spec (Ao). Let G be a group on S and V a locally-free of finite type 

OS-mOdule. Assume ~ = lim~ - Infk(G) is Cospec (U) for a flat augmented 

co-algebra U and that all Infk(o) are finite and locally-free. Let 

8:V---~l'Lie(U) begiven. Then 8 corresponds to a u:I~(V)---~U 

givenby u(x) =~(8(x)) (n) for xEV. Because the divided powers on I 

are nilpotent u will map ~ l"i(v) to zero if n is sufficiently large. 
i>n 

^ infk(o) Thus u can be extended to the completion r ~ (v) of i~(v), if = 

Spec (Bi) so that U = lirn B. ~ then O = Spf ( ~rn Bi) where each B is 
1 1 

given the discrete topology. Since O is a group, B = ~ B i is a 

"topological" bi-algebra (i. e., ~ replaces ~ in the ordinary bi-algebra 

axioms). By taking the transpose of u: r^(v) >- u we find a hi-algebra 

mapping B ~ Sym (V) and this defines a group homomorphism V ~ ~. 

Since given u: !~(V) ~ U, the taking of its transpose commutes with 

the base change A ~ Ao, we see that the induced homomorphism 

V --~ O is trivial. Thus we have defined a mapping: 
O O 

Horn (V, l. Lie (G)) ~''~- Ker [Hom (V,G)~ Horn (Vo,Oo) ]. 
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The fact that it is additive and injective comes from the fact that 

e I ~- u had these properties. 

Notice the above construction is valid if G is a smooth group scheme 

over S, if O is a formal Lie group or if O is a Barsotti-Tate group. 

Note that it is clear that for the above mapping of Hom(V, I- Lie (U)) 

T 
to Her [Hom (V,G) ~ Horn (Vo,Go) ] we have @ ~ u and uT(x) 

(e(x)) (n) = exp (O (x)) an element Of Ker [O(S)--~ O(So)] for xEV. D 

(2. 5) Let A be a ring and B an A-hi-algebra which is complete 

with respect to a topology defined by a family of (open) ideals. Thus we 

have continuous maps (A being given the discrete topology) 

¢:A--~B, ~:B~ B--~ B, N:B--~ A, A:B---~L$ B which satisfy 

Consider B ~ = Homcont. (B, A). As B is a co- 

T T 
we can use the transposes ~7 and to make 

the usual identities. 

algebra via D and 

B v into an algebra: 

(multipli cation) 
T 

B ~ ® B  ~ .. ~ ( B ~ B )  ~ ~ B ~ 

T 
(structure map) W : A ~ B V . 

Also via T: B V ..... ~ A, B V becomes an augmented algebra. 

In general B v will not be a co-algebra because the canonical map 

B v ~ B v ~- (B ~ B) ~ is not necessarily invertible. But, observing that 

B ~ B is a co-algebra we see (just as above) (B @ B) v has a structure 

of augmented algebra. Corresponding to the two projections Wl= idB@ 

and w 2 = ~ ~ id B we have by transposition two algebra maps 
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T T i T T BV® By __~ 71 ' w2: By ~- (B ~ B) V. Consider the algebra map ~ ®72 : 

(B @ B) V. Using (Wl@ w2) o AB@B = idB@ B , it follows that 

T T B v 71 ® 1'2 : ® By ~ (B @ B) v coincides with the canonical map 

BV®B ~-- ~_(B@B) ~. 

(2.5. l) Assume in the above notation that B V is flat over A and that 

we are given an ideal I c A with nilpotent divided powers. Thus using 

(1.8) the maps exp: I.B ~ ~- 1 + I.B ~ 

log: I + I-B ~ )- I.B v 

are defined and are (1.7) inverse isomorphisms. These maps are of course 

functorial in flat A-algebras. An element y E BY is said to be prin~itive 

y if cT(y)  = 0 and T ( y )  =71  ® 7  (y® I = i ® y )  ~ (B @ B) ~. 

(Z. 5.2)  On I • P r i m ( B  ~) t h e r e  a r e  de f ined  d iv ided  p o w e r s  induced  f r o m  

those  on  I ' B  ". C o n s i d e r  an e l e m e n t  i . y  in  I - P r i m  (B~). Then  w r i t i n g  

T i(n) x = exp (iy) = }2, i(n)y n and applying ~ : T(x ) = ~ ( T(y))n 

i (n) ®y)n) 

T T 
= Vl ® ~Z (x®x),  we f ind that  x is a " g r o u p - l i k e  e l e m e n t "  in  the fo l lowing  

sense: 

Definition (Z. 5.3) An element x of B ~ is said to be group-like if 

IT T (xex). cT(x) = 1 and }~T(x) = 7 @w2 

Remark (2.5.4) This is an obvious generalization of the usual definition. 

Notice that for ~,~i in B we have <~.~', x> = (~(~®~'), x> = 

IT x)> = <~,x> <~',x> by <~®~" ~W(x)> : < ~ "  ~ ~z T ( x ®  the  final e 
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r e m a r k o f  ( 2 . 5 . 1 ) .  Also  < l , x )  = ( s (1A) ,x>  = (1A,¢T(x)> = 1A. Thus  x 

" g r o u p - l i k e "  i m p l i e s  x: B - - ~  A is an a l g e b r a  h o m o m o r p h i s m .  

(2.5. 5) If (B ~ B) ~ is also flat over A then since divided powers are 

defined on I.B" and I.(B ~ B) V we have: 

For y¢ I-B v NPrirn(BV), ~T(exp (y)) = 

exp ( T (y)) = exp (IrlT®~zT(y®I + l®y)) = 

niT® ~r T (exp (y) ® exp (y)). Thus x = exp (y) is a group-like element of B ~ . 

In this case we can also define the log mapping and have for 

1 +z E 1 +l.BV : 

T (¢T 
o log (l+z) = log (l+z)) = 0 if 1 + z is group-like. 

~so To log ( l + ~  : logo T (l+z~ : logo ~ ~ ( ( l + ~  ( l + ~ ,  

:,~® ~-z T [log (1+:®1) + log (l®~+~)] 

= T@ T (log (l+z)® i+ 1 @log (l+z)) whenever 1 + z is group-like. 

Thus in summary, we can state: 

Lemma (Z. 5.6) Assume B v and (B ~ B) v are flat over A. Then exp 

and log are inverse isomorphisms: 

I-B ~ N Prim{B ~) exp " [group-like elements in I + I-B v} 
log 

Application (Z. 5.7) Let G be a commutative group scheme which is 

locally of finite type over S. Let ~ : lira> Inf k (G) and Inf k (G) = 

Spec (Bk) where B k is a finiteA-algebra [E.G.A. IV 16.1.7]. Also set 
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B = ~im Bn,  a c o m p l e t e  ad ic  r i ng  whose  topology is  de f ined  by the  idea l  

J ; K e r  ( B - - - ~ B  o) [ E . G . A .  0 1 7 . 2 . 7 ] .  If C is  any  A - a l g e b r a  t h e n  

G (C) = Horn ~(B, C) w h e r e  C is  g i ve n  the  d i s c r e t e  topology .  Le t  u s  
c o n ~ ,  

def ine  the  h y p e r - a l g e b r a  of G to be B v. B V i s ,  as was  no ted  above  in  

( 2 . 5 . 1 ) ,  an  a l g e b r a  and no t  in g e n e r a l  a b i - a l g e b r a .  F o r  y in  P r i m ( B ' )  

and ~ 1 , ~  2 ¢ B, (E l "  jSz,y ) = < E l , y  ) s T  (82) + ( ~ 2 , y )  T ( ~ I ) "  Thus  y 

k i l l s  32 and hence  g ives  us  an A - l i n e a r  d e r i v a t i o n  of B 1 - - ~  A (i. e . ,  an  

e l e m e n t  in  L ie  (G)). C o n v e r s e l y  it is obv ious  tha t  any such  d e r i v a t i o n  

comes  f r o m  an e l e m e n t  in  P r i m { B ~ ) .  Thus  P r i m ( B  v) ~ '~  L i e  (G). 

Also  the  se t  of Hgroup- l ike"  e l e m e n t s  in B ~ is i d e n t i c a l  wi th  G (A). 

If B ~ is f la t  o v e r  A, the  exponen t i a l  de f ines  a m a p :  exp: I .  L ie  (G) ; 

Ker  [G(A) - - - ~  G(A/I ) ] .  If f u r t h e r m o r e  (B ~ B) V is f la t  o v e r  A, we 

have  an i s o m o r p h i s m  g iven  by the e x p o n e n t i a l :  

(2.5.7.1) Lie (G) NI-B ~ ~> Ker [G(A)----~G(A/I)]. 

(2.6) Unfortunately, what has preceded is  not general enough. Thus 

in this section we give an ad hoc construction of the exponential in a 

situation which we will meet again later. Some preliminary comments are 

necessary. 

iTemark (Z. 6. i) In (i. 8) it suffices to assume that I ® B ~ I.B is an 

isomorphism (i. e., Tor A (A/I,B) = (0)) . 

Remark (2.6.2) In the constructions of the exponential in 2.2 through 

2.5 the hypothesis that the hi-algebra was flat can be replaced by the 

hypothesis that the divided powers on I extend to it as well as to its tensor 
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product with itself (obvious modification with regard to section 2.5). In 

effect all that was used was that it made sense to write down expressions 

" (n) " 
s u c h  a s  ~ x . 

n > 0  

R e m a r k  ( 2 . 6 . 3 )  G i v e n  a b i - a l g e b r a  U i t  was  i ts  s t r u c t u r e  of  a u g m e n t e d  

c o - a l g e b r a  w h i c h  p l a y e d  the  p r e d o m i n a n t  r o l e  in the  p r e c e d i n g  s e c t i o n s .  

The  c o n c e p t s  of  p r i m i t i v e  e l e m e n t  and g r o u p - l i k e  e l e m e n t  (o r  po in t s  wi th  

v a l u e s  in C o s p e c  (U)) did no t  m a k e  u s e  of  t he  m u l t i p l i c a t i o n  ~: U ® U - - ~  U. 

Thus  if the  u n d e r l y i n g  a u g m e n t e d  c o - a l g e b r a  of  the  b i - a l g e b r a  U s a t i s f i e s  

the  a p p r o p r i a t e  cond i t ions  we  wi l l  h a v e  the  e x p o n e n t i a l  de f ined .  

( 2 . 6 . 4 )  ]Let A be  a r i ng ,  I an i d e a l  of  A wi th  n i l p o t e n t  d i v i d e d  

p o w e r s ,  A = A / I .  L e t  V be  a l o c a l l y - f r e e  of  f i n i t e  r a n k  A - m o d u l e  and 
o 

G a finite locally-free group scheme over S = Spec (A). Let G =Spec(B). 

Consider the S-group V x G whose ring is Sym (V) ® B. Let H be an 
s A 

S-group which, as pointed scheme, is isomorphic to V × G. We will 
S 

show that there is a "theory of the exponential" for H (at least when 

Lie (O) is locally-free). 

V 

(Z.6.5) Set C=Sym (V)®B so that H =Spec (C). C possesses two 

different structures of co-algebra corresponding to the two distinct group 

structures on Spec (C). Because V x G arid H are isomorphic as 
s 

pointed schemes, to H "~> ~V xG and hence is locally-free of finite £ype. 

s 
Thus Lie (H) is locally-free. Let ~r be a locally-free module and 

8: W --~ I- Lie (H) an A-linear map. Before defining exp (0), a lernrna 
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i s  n e e d e d .  

L e m m a  ( Z . 6 . 6 )  L e t  C ~ = H o m c o n t (  G, A ) .  

C ~ ~ C ~ ~)- (C® C) ~ is an isomorphism. 

The natural map 

xj x/ 

Proof: C® C ~- (Sym (V) ® B) ® (Sym (~J) ® B) "~ ~-(Sym (V)®Sym(V)) 

®(B®B). Therefore (C® C)V ~ F(V~V)®(B"®B ~) ~> iV(V~V) 

(B V ® B v) (since B"® B v is of finite presentation) ~)~ (I~(V)®F(V)) 

(B ~®B ~)'~'- (r(V)®B')~ (r(V)®B ~) ~~- (r(V)®B')~(FCV)®B ~) 

by [E.G.A. 0 I 7.7. i] for example. This establishes the lemma. 

Let /~: C ~ ~ C ~ ~ C ~ be the transpose of the multiplication map 

}~ on C. If yEI.Prim(C") = I-Lie (H), ~(y) =y®l + l®y belongs to 

I'Lie (H)® 1 + l®l. Lie (H) and this last is isomorphic to I.(Lie(H) $ 

L i e  (H)) .  

Lernma (7.6.7) 

modules of B 1 

L e t  B 1 a n d  B 2 b e  A - a l g e b r a s ,  M I ,  M z s u b - A -  

a n d  B z r e s p e c t i v e l y .  A s s u m e  M 1 a n d  M z a r e  b o t h  

f i n i t e  a n d  l o c a l l y - f r e e  s o  t h a t  t h e  d i v i d e d  p o w e r s  o n  I e x t e n d  to  

I-Sym (MI) and I-Sym (Mz). Let Pl(resp. pZ): Sym (M I) > ]51 

(resp. Sym (M2) >- B2) be the canonical mapping. 

(~: B 1 ~ B Z be an algebra map taking M 1 to M 2. 

cpo Pl (exp y) = pzo exp (O(Y)). 

Proof: Obviously it suffices to verify the assertion for y of the form 

, . i t.3-~ i(n) y,n) = i.y , i~I. Thenwehave <0ODl(exp(ly )) =(~°Pln>0 

~i (n) (~9(y')) n. Clearly this is pzo exp (q~(y')). -- 

Finally let 

Then for ycI'M 1 
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A p p l y i n g  t h e  l e m m a t o  B I = C ' ,  B 2 = C ~ ~ C V, M I =  L i e  (H) ,  

M 2 = Lie (H) ® I + I® Lie (H), $ = A, we find A(exp(y)) = exp(y®l + l®y) 

= exp(y~l)" exp(l@y) = exp(y) ® exp(y), where the last equality follows 

by applying the lernma to B 1 = C v , B z = C ~ ~ C ~, tO = "inclxision along 

first factor," Ivl I = Lie (H), M 2 = Lie (H) ® I ..... Hence for yEI'Lie(H), 

exp (y) (= Pl (~y(n)) in the above notation) is a "group-llke" element. 

From (Z. 6.7) it is clear that C v is a hi-algebra and thus exp (y) is in 

v 

Cospec (C ~) (A). But this is certainly H(A) since (C v) = C. Thus there 

is a homomorphism I. Lie (H) --~ Ker [H(A) ~ H(Ao) ]. As usual it is 

injective. By looking at exp (e(x)) for x E w (notation of (2.6.5), we 

obtain our desired homomorphism: 

(2.6.8) exp:Hom (V$, l .  L i e  (H)) "- ~ Ker [Hom (W, H)=> Hom(Wo,Ho)] 

defined by exp ((}) (x) = exp (8 (x)). 

More precisely, by looking at the mapping r(%v) ~- C ~ given by 

and repeating the reasoning of (2.4) we obtain the above x ~ exp (8 (x)), 

inclusion. 

Remark (2.6.9) T h i s  c o n s t r u c t i o n  i s  o b v i o u s l y  f u n c t o r i a l  w i t h  r e s p e c t  

to  b o t h  a r g u m e n t s ,  i f  H '  i s  a s h e a f  of  g r o u p s  a n d  H i s  a g r o u p  s c h e m e  

a s  a b o v e  a n d  w e  a s s u m e  H t- >- H ' ,  H~ i s  a f o r m a l  L i e  g r o u p ,  

L i e  (H) = L i e  ( H ' )  = L i e  ( H ' ) ,  t h e n  t h e  a b o v e  d e f i n i t i o n  of  t h e  e x p o n e n t i a l  

c o i n c i d e s  w i t h  t h e  o n e  g i v e n  i n  ( 2 . 4 )  in  t h e  f o l l o w i n g  s e n s e :  a n y  h o m o -  

morphism u: W --~ H which restricts to zero over S O must have its 

image contained in H r'' ~-H'. Thenfor O:W---~l'Lie (H), exp(8): 
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W ~- H '  is the  m a p p i n g  de f ined  in (2 .4) .  

R e m a r k  {2 .6 .10 )  The  i n t r o d u c t i o n  of the  s y m m e t r i c  a l g e b r a  above  s e e m s  

n e c e s s a r y  b e c a u s e  I'~(V) is  not  n e c e s s a r i l y  f l a t  o v e r  A [4, Chap te r  1, 

e x e r c i s e s  §Z, #1Z]. Thus  a l though  the  d i v i d e d  p o w e r s  on I w i l l  ex tend  

to r ^ ( v ) ,  it is  no l o n g e r  c l e a r  tha t  t hey  w i l l  ex tend  to F^(V) ® B V when  

th i s  m o d u l e  is  g i v e n  the  n o n - s t a n d a r d  a l g e b r a  s t r u c t u r e  ( c o r r e s p o n d i n g  

to H as o p p o s e d t o  VXG) .  
S 

(Z. 7) In th is  s e c t i o n  we  s tudy  p r o l o n g a t i o n s  of  h o m o m o r p h i s m s  and 

the  r e l a t i o n  b e t w e e n  t h e s e  and the  e x p o n e n t i a l .  L e t  S be  an a f f ine  s c h e m e ,  

Spec  (A), I an idea l  of A wi th  n i l p o t e n t  d iv ided  p o w e r s ,  and S = S p e c ( M I ) .  o 

L e t  G be  a g r o u p  on S. A s s u m e  tha t  G is a f i l t e r i n g  d i r e c t  l i m i t  of 

s u b - g r o u p s  G e a c h  of  wh ich  is r e p r e s e n t a b l e .  A l s o  a s s u m e  tha t  r¢ 

infl(G) -- Infl(G ) for some ~, so that Lie (G) = Lie (Grv) and that the 
rv 

"theory of the exponential" exists for G. The last requirement means 

tha t  the  h o m o m o r p h i s m  

exp: Hom (V, I.Lie (G)) '- 

is de f ined .  

fo l l owing  : 

1) 

Z) 

3) 

~- K e r  [ H o m  (V, G) ~-Horn (V o, Go)] 
S - g r .  S - g r .  

o 

E x a m p l e s  of  g r o u p s  wh ich  s a t i s f y  t h e s e  cond i t i ons  a r e  the  

s m o o t h  g roup  s c h e m e  

B a r s o t t i - T a t e  g r o u p ,  say  o v e r  a b a s e  w h e r e  p is  n i l p o t e n t  

a g r o u p  of  t he  type  d i s c u s s e d  in ( 2 . 6 . 4 )  o r  m o r e  g e n e r a l l y  a d i r e c t  

l i m i t  of  s u c h  ( p r o v i d e d  the  cond i t ion  on the L i e  a l g e b r a  is s a t i s f i e d ) .  
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Actually, we shall later use the following discussion in connection 

with groups of the third type. 

(2.7.1) Let H be anS-group and u :H )~G ahomomorphism. 
o o o 

I t  i s  c l e a r  t h a t  t h e  s e t  of  l i f t i n g s  of  u to  h o m o m o r p h i s m s  u :  H ---~ G i s  
o 

e i t h e r  e m p t y  o r  p r i n c i p a l  h o m o g e n e o u s  u n d e r  t h e  g r o u p  K e r  [ H o m  (H, G)  - - ~  

H o m ( H o , G o )  ] . A s s u m e  t h a t  V = H is  a v e c t o r  g r o u p  ( i .  e . ,  t h e  g r o u p  

a s s o c i a t e d  to  a l o c a l l y  f r e e  o f  f i n i t e  r a n k ,  O S - m O d u l e ) .  T h e n  t h e  t h e o r y  

o f  t h e  e x p o n e n t i a l  p e r m i t s  u s  to  m a k e  t h e  f o l l o w i n g  d e f i n i t i o n s :  

D e f i n i t i o n  ( Z . 7 .  Z) T w o  l i f t i n g s  u ' , u "  of  u : V > G a r e  l i n e a r l y  o o o 

c o m p a t i b l e  i f  t h e i r  d i f f e r e n c e  i s  i n  t h e  i m a g e  o f  

Hom (V, l. Lie (G)) r .)_ Ker [Hom (V,G) >Hom (L'%)]" 

T h i s  i s  o b v i o u s l y  a n  e q u i v a l e n c e  r e l a t i o n  o n  t h e  s e t  o f  l i f t i n g s  o f  u o 

toa u:V ~G. 

(Z. 7 . 3 )  A s s u m e  u : V ~- G i s  a m o n o m o r p h i s m  w i t h  i m a g e  H c G . 
0 0 0 O - -  0 

W-e w a n t  to  e x a m i n e  t h e  s e t  of  l i f t i n g s  H of  H to s u b g r o u p s  o f  G,  f l a t  o 

o v e r  S ,  t o g e t h e r  w i t h  s t r u c t u r e  o f  l o c a l l y - f r e e  m o d u l e  o n  H,  l i f t i n g  t h a t  

d e f i n e d  o n  H . L e t  H b e  a s o l u t i o n  o f  t h i s  p r o b l e m .  T h e n  H i s  g i v e n  
o 

b y  V w h e r e  V i s  a f i n i t e  l o c a l l y - f r e e  O S - m o d u l e .  A n y  s u c h  V i s  

determined up to (non-unique) isomorphism iS. G.A 1 lld 7. I]. Let us fix 

once and for all such a V lifting V . Then, to give an H as above is 
o 

equivalent to g i v i n g  a monomorphism V )- G lifting Uo, modulo identi- 

fying two such u and u' if they differ by an OS-automorphism of V 
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w h i c h  r e d u c e s  to  t h e  i d e n t i t y  o n  S . I n  f a c t  g i v e n  s u c h  a m o n o m o r p h i s m  
O 

u :  V ---*  G ,  i t  i s  o b v i o u s  t h a t  H = i r a ( u )  i s  a s o l u t i o n  o f  t h e  p r o b l e m .  

C o n v e r s e l y ,  l e t  H b e  a s o l u t i o n  o f  t h e  p r o b l e m .  V i a  u - l :  H - - ~  V , H 
O O O 

b e c o m e s  a l i f t i n g  o f  V . T h u s  b y  [ S . G . A .  1 I I I  7 . 1 ]  t h e r e  i s  a n  i s o m o r -  
o 

-1 
p h i s m  w b e t w e e n  H a n d  V w h i c h  r e d u c e s  to  u . B y  t a k i n g  u to  b e  

O 

-1 t h e  c o m p o s i t e  o f  w a n d  t h e  i n c l u s i o n  o f  H i n t o  G ,  w e  f i n d  a u : V  ---> G 

o f  t h e  d e s i r e d  t y p e .  F i n a l l y  i t  i s  c l e a r  t h a t  i f  a n d  o n l y  i f  u a n d  u ~ d i f f e r  

b y  a n  © s - l i n e a r  a u t o r n o r p h i s m  of  V ( r e d u c i n g  to  id  V ) i s  i t  t h e  c a s e  t h a t  
o 

H = i m  (u) a n d  I-I" = i m  (u ~) g i v e  t h e  s a m e  s o l u t i o n  o f  t h e  p r o b l e m  ( a f t e r  

a l l  o n e  m a k e s  H i n t o  a n  __OS-mOdule v i a  t r a n s p o r t  of  s t r u c t u r e ) .  

L e m m a  (Z. 7 . 4 )  A n y  h o m o m o r p h i s m  

i s  a m o n o m o r p h i s m .  

u:V ~G lifting u : V > G 
O 0 o 

P r o o f :  S i n c e  V i s  q u a s i - c o m p a c t  a n d  G s a t i s f i e s  t h e  c o n d i t i o n s  o f  ( Z . 7 ) ,  

u :  V ~ G f a c t o r s  t h r o u g h  a r e p r e s e n t a b l e  s u b - g r o u p  G '  o f  G .  T h e  

induced morphism u': V ~- G' is locally of finite type [E. G.A. IV, 

1 . 3 . 4 ( v ) ] ,  a n d  h e n c e  S ~- J,- S b e i n g  a n i l p o t e n t  i m m e r s i o n  i m p l i e s  t h a t  
o 

u I : V - - - - > G  1 i s  a m o n o m o r p h i s m [ S . G . A .  3 VI  B Z. 11] .  

D e f i n i t i o n  (Z. 7 .  5) T w o h o m o m o r p h i s m s  u , u ~ : V - - - - ~ G  l i f t i n g  u ° a r e  

s a i d  to  b e  c o n g r u e n t  i f  t h e y  d i f f e r  b y  a n  O s - l i n e a r  a u t o m o r p h i s m  of  V 

r e d u c i n g  to  t h e  i d e n t i t y  o n  V . 
o 

T h u s  u a n d  u '  a r e  c o n g r u e n t  i f  a n d  o n l y  i f  t h e y  d e f i n e  t h e  s a m e  

solution of our problem. The next lernrna allows us to speak of two solu- 

t i o n s  o f  o u r  p r o b l e m  a s  b e i n g  l i n e a r l y  c o m p a t i b l e ,  
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compatible. 
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If u and u '  a r e  c o n g r u e n t ,  t hen  they  a r e  l i n e a r l y  

P r o o f :  W r i t e  u '  = u o  ( idv+7; )  w h e r e  7:  V ~ - I - V  s i n c e  ~ r e d u c e s  

to z e r o .  u / -  u = u o 7; and h e n c e  by the  f u n c t o r i a l i t y  of the  e x p o n e n t i a l  i t  

su f f i ces  to show that  71 is an e x p o n e n t i a l .  But  V is g i ve n  by the  co-  

a l g e b r a  I~(V) v i a  the  i d e n t i f i c a t i o n  of i t s  ' ~g roup- l ike"  e l e m e n t s  wi th  

e l e m e n t s  of V g i v e n b y  1 + v  (1) + v  (Z) + . . .  ! ~ v (1). H e n c e  u n d e r  th i s  

identification we see that 7; = exp (~). 

Thus we s ee that the exponential allows us to define an equivalence 

relation on the set of solutions H of our problem. 

Let h c Lie (G) be a locally-free sub-module lifting h = Lie(H o) (with --o - -  

necessarily locally free quotient by the criterion for flatness [4, Chap. Ill 

§5, Theorem i]). The following proposition will be quite important later. 

Proposition (Z. 7.7) In each linear equivalence class of solutions of our 

problem, there is exactly one H with Li e (H) = h . 

Proof: Choose a particular class and let u: V ~ G be a representative 

(lifting Uo) in it. By the previous lenuna we are allowed to modify u by 

exactly one element in Horn (V, l- Lie (G))/Autos(V, inducing idVo )" 

Here the quotient has an obvious me,ruing. On the other hand if we look 

at L ie  (u): V >- L ie  (G), wh ich  l i f ts  L i e  (Uo):Vo= ~ - i ! e ( % ) ,  it is c l e a r  

that we are permitted to modify Lie (u) by exactly one element in 

Horn (V, I" Lie (G))/Autos(V, inducing idVo ) in order to get any possible 
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l o c a l l y - f r e e  l i f t i n g  o f  h c L i e  ( G ) .  ( N o t e  t h a t  a n y  s u c h  m o d i f i c a t i o n  w i l l  
~O O 

g i v e  r i s e  to  a m o n o m o r p h i s m  V ~ L i e  (G) b y  [ E . G . A o  IV 1 1 . 9 . 1 8 ] ) 0  

H e n c e  i n  m o d i f y i n g  L i e  (u) b y  a n  a p p r o p r i a t e  e l e m e n t  s o  a s  to  o b t a i n  h , 

w e  o b t a i n  a n  e l e m e n t  u '  = - : V ~- G s u c h  t h a t  i m  ( L i e  ( u ' ) )  h 

§ 3 .  ( 3 . 0 )  In  t h i s  p a r a g r a p h  w e  d e f i n e  c r y s t a l s  a n d  d i s c u s s  t h e  t r i v i a l  

" g e n e r a l  n o n s e n s e "  a s p e c t  o f  t h i s  t h e o r y  w h i c h  w e  w i l l  n e e d  l a t e r .  

R e m a r k  ( 3 . 1 )  T h e  d e f i n i t i o n  o f  c r y s t a l  w h i c h  w e  a d o p t  i s  a v e r y  n a i v e  

o n e .  T h e  c r y s t a l l i n e  s i t e  s h o u l d  b e  d e f i n e d  w i t h  r e f e r e n c e  to a b a s e  s c h e m e  

a n d  a c o m p a t i b i l i t y  c o n d i t i o n  o n  t h e  d i v i d e d  p o w e r s  s h o u l d  b e  i m p o s e d .  

A l s o  t h e  n i l p o t e n t  s i t e  m u s t  in  c h a r a c t e r i s t i c  2 b e  r e p l a c e d  b y  t h e  B e r t h e l o t  

s i t e .  I t  i s  e s s e n t i a l l y  b e c a u s e  w e  do  n o t  u t i l i z e  c r y s t a l l i n e  c o h o m o l o g y ,  

t h a t  t h e  n a i v e  d e f i n i t i o n  s u f f i c e s .  F o r  a m o r e  d e t a i l e d  d i s c u s s i o n  a l o n g  

w i t h  e x a m p l e  s e e :  [2 ,  3, 15] .  

D e f i n i t i o n  (3.  Z) F o r  a s c h e m e  X,  i t s  c r y s t a l l i n e  s i t e  C r y s  (X) c o n s i s t s  

of  t h e  c a t e g o r y  w h o s e  o b j e c t s  a r e  t r i p l e s  (U ~" ~ T ,  7) w h e r e :  

1) U i s  a n  o p e n  s u b - s c h e m e  o f  X 

Z) U . . . . .  > T i s  a l o c a l l y  n i l p o t e n t  i m m e r s i o n  

3) 7 = (Y n)  a r e  d i v i d e d  p o w e r s  ( w h i c h  a r e  l o c a l l y  n i l p o t e n t )  o n  t h e  i d e a l  

I o f  U i n  T .  T h e m o r p h i s m s  f r o m  (U ,~ ~ T,9 , )  to  ( U '  c > T j , 6 )  

a r e  t h e  c o m m u t a t i v e  d i a g r a m s :  

U ¢ '  ~ T 

U' "- > T' 
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such  tha t  U ~- U' is the i n c l u s i o n  and T [ ~ T'  is a d iv ided  power  

- - 1  
m o r p h i s m  (i.  e . ,  the  shea f  of r i n g s  m o r p h i s m  f (OT,) ~- O T is  a 

d iv ided  power  m o r p h i s r n ) .  

The topology on Crys (X) is "that induced by the Zariski topology": 

i t  is  de f ined  by a p r e - t o p o l o g y  w h e r e  

[(U i c---+ Ti, gJi) • ~ (U ~" ~- T,y)] 

is  a c o v e r i n g  f a m i l y  when  T. is the  open  s u b - s c h e m e  of T whose  u n d e r -  
1 

ly ing  se t  is U. and when [J U.= U. 
1 1 

Remark (3.3) Sheaves (of sets for example) on this site admit the fol- 

lowing description: To give a sheaf F is equivalent to giving for each 

object (U c ~-T, 7 ) an ordinary sheaf F(U c_.~T,~) on T together with 

m o r p h i s m s  [ -1  ( F ( u  ' c__> T ' ,  6) ) ~ F (U =---> T, y) w h e n e v e r  we have  a 

morphism: 

(3.3.1) f 

U c' ~- T 

U' ~" >- T' 

These maps are to satisfy an obvious transitivity condition and 

--i 
f (F(u, c__> T', 5) ) > F(U ~ T, 7) is to be an isomorphism 

w h e n e v e r  T is  the  open  s u b - s c h e m e  of T j c a r r i e d  by s e t  U. 

R e m a r k  (3 .4)  The s i t e  Crys  (X) is r i n g e d  in  a n a t u r a l  way.  

OX crys 

Namely 

corresponds, according to (3.3), to the system O(U c__~T, 7) = OT" 
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A shea f  of  m o d u l e s  M on Crys  (X), thus  is g i v e n  by a f a m i l y  M T of 

O T - m O d u l e s  , . . . .  M is  sa id  to be  s P e c i a l  if  f o r  any d i a g r a m  (3 .3 .  l )  we  

h a v e  f (MTI) = M T. A m o d u l e  M is q u a s i - c o h e r e n t  if and only  if it is 

s p e c i a l  and a l l  M(U ~ T , T )  a r e  q u a s i - c o h e r e n t .  

(3. 5) We now turn to the definition of crystals. Let ~ be a fibered 

category on (Sch) which is a stack with respect to the Zariski topology. 

This means that both morphisms and objects can be glued together. For 

a precise definition see [II, I 3.2]. 

Definition (3.6) An 5~-crystal on X is a cartesian section of the fibered 

category ~ x Crys (X), where Crys (X) • ~- (Sch) is given by 
Sch 

(U = > T,T) .... > T. A morphlsm of S-crystals is a morphism of 

cartesian sections. This means that for each object (U c ~ T, T) in 

Crys (X) we are given an object Q(U ~- > T, y) in ~T and that for each 

rnorphism (3.3.1) in Crys (X) we are given an isomorphism 

u ~ ~" f (Q(U' ~T',6) ) y Q(U c--+ T, W) 

These isomorphisms are to satisfy f (u)o u = u where g comes 

f r o m  a m o r p h i s m  in Crys  (X) 

U' ~ ~ T' 

U" ~ ~ T ~ 
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R e m a r k  (3 .7)  F o r  d e t a i l s  on the  above  d e f i n i t i o n  see  [10, 91]. We wi l l  

s y s t e m a t i c a l l y  a s s u m e  the  f i b e r e d  c a t e g o r i e s  d e a l t  wi th  a r e  " sp l i t ,  " which  

aga in  by [10, §5] is h a r m l e s s .  F i n a l l y  we wi l l  in  g e n e r a l  be  c a r e l e s s  about  

the  c a n o n i c a l  i s o m o r p h i s m  u and a s s u m e  we have  an  a c t u a l  i den t i t y  of 

ob j ec t s  f (Q(U' ~ T ' ,  6) ) = Q(U c + T , ? ) "  Th i s  wi l l  n e v e r  l ead  to 

confus ion .  

(3.8) ~/e want now to define the notion of "inverse image" for crystals. 

Let Y <0 ~ X be a morphism of schemes. Fix a fibered category 

as above and let O be an ~-crystal on X. (p (Q) is to be an q-crystal 

on Y. To define ~0 (Q), observe that since ~ is a stack it suffices to 

give the value of q9 (Q) on "sufficiently small" objects in Crys (Y). 

Specifically "sufficiently small '~ means an object (U ~-~ T, ~) in Crys (Y) 

such that ~0(U) is contained in an affine open subset V of X, and where 

U (and hence T) is affine. To define ~0 (Q) on such an object we proceed 

as follows: C~oose V_D~0(U), an affine. Let U = Spec(A), T=Spec A', 

A'/I = A, V = Spec (B) and consider the diagram of rings: 

(3.8.1) 

A < - -  A ~ 

T T 
B < B X A  ~ 

A 

Obviously B × A ~ > B is surjective with kernel [0} xl. On this ideal 
A 

t we define divided powers via 9J n (0, i) = (0, 91n(i) ). Obviously these divided 

powers are nilpotent and B × A' > A' is a divided power morphism. 
A 
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Tak ing  W = S p e c  ( B × A ' )  we  s e e t h a t  (V ~ - - ~ W , T ' )  
A 

Crys  (X). F u r t h e r m o r e  we h a v e  a d i a g r a m :  

(3.8. z) 

is  an o b j e c t  of  

U r ~ T 

V c ~ W = V /1 T (in the  c a t e g o r y  of  a f f ine  s c h e m e s ) .  
U 

By d e f i n i t i o n  ~ (O)(U ~ T, 7) = ~ (°(v ~-.w, ~/)) " 

It m u s t  be  shown tha t  th is  o b j e c t  is  i n d e p e n d e n t  of the  

V '  is a s e c o n d  a / f ine  open  in X such  tha t  ¢p(U) c_ V ' ,  

V chosen. But if 

t hen  r e p e a t i n g  the  

a b o v e  c o n s t r u c t i o n  we  ob t a in  V' ~ -~  W'  and ~ '  : T - - ~  W ' .  What  m u s t  

be  shown is  tha t  ~ (QV ¢--~W ) = ~ (QV' c ' -~W' ) "  To do th i s  i t  s u f f i c e s ,  

s i n c e  ? is  a s t a c k ,  to show t h e s e  o b j e c t s  a r e  equa l  l o c a l l y .  Thus  c h o o s e  

U '  ~ T ' ,  w i th  T" the  o p e n  s u b - s c h e m e  of  T induced  on U'  ~- ~- U , 

so tha t  ¢p(U') is con ta ined  in an a f f ine  V" c V N V ' ,  and U ~ is a f f ine .  

F o r  U'  ~ T '  the  above  c o n s t r u c t i o n  can be  p e r f o r m e d  to ob t a in  

U' r ~ T' 

V" ~ '~ W ~' 

By looking at the definitions of the various diagrams it is immediate that 

there are morphisms: V ~' c ~ W 'I V" ~- > W "  

; i I ; 
V C ,  ~ W V '  ~- ~ W '  
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m a k i n g  the  fo l lowing d i a g r a m s  c o m m u t e :  

1 
t 

V , s  #.. I ! >- 
i 

• [.l~c . . . .  
p . J  

Vk~r" > 

Thus ~ (QV c'-~W)l T' = ~ " *  ( O V ~  _~_V¢.) 

: ~' (QV, ,- ~_W,)I T' 

This  shows the def in i t ion  above  is independen t  of the  cho ice  of  V. Having 

defined ~ (Q) for "sufficiently small" objects it is immediate (since ~ is 

a stack) that this partial definition can be uniquely completed so that 

(Q) is a crystal. 



Chap te r  IV. The  C r y s t a l s  A s s o c i a t e d  to  

Barsotti- Tats Groups 

§1. (1 .0 )  In th i s  c h a p t e r  we  s h a l l  a s s o c i a t e  to B a r s o t t i - T a t e  g r o u p s  G 

on a s c h e m e  S ( w h e r e  p is  l o c a l l y  n i l po t en t )  c e r t a i n  c r y s t a l s .  F o r  

a p p l i c a t i o n s  in the  nex t  c h a p t e r  it  is  n e c e s s a r y  to know tha t  v i a  ( e s s e n t i a l l y )  

the  s a m e  m e t h o d ,  c r y s t a l s  can  a l so  be  a s s o c i a t e d  to a b e l i a n  s c h e m e s  on 

S. The  c o n s t r u c t i o n s  in the  c a s e  of an a b e l i a n  s c h e m e  go t h r o u g h  by 

r e p e a t i n g  w o r d  f o r  w o r d  the  r e a s o n i n g  in  the  c a s e  of  a B a r s o t t i - T a t e  g r o u p .  

F o r  th i s  r e a s o n  on ly  the  c a s e  of  a B a r s o t t i - T a t e  g r o u p  is  e x p l i c i t l y  d i s -  

cussed~ but f r o m  t i m e  to t i m e  c e r t a i n  m i n o r  d i f f e r e n c e s  in the  two s i t u a -  

t i ons  a r e  e x p l i c i t l y  no ted .  

(1 .1)  T h i s  p a r a g r a p h  is  d e v o t e d  to showing  tha t  w h e n  p is  l o c a l l y  

n i l p o t e n t  on the  b a s e  s c h e m e  S, a B a r s o t t i - T a t e  g roup  G a d m i t s  a 

u n i v e r s a l  e x t e n s i o n  by a v e c t o r  g roup .  The  f i r s t  p r o p o s i t i o n  be low  m a k e s  

no h y p o t h e s i s  on the  b a s e ,  but  a f t e r w a r d s  it s h a l l  a lways  be  a s s u m e d  tha t  

p is l o c a l l y  n i l po t en t  on S. 

(1.Z) L e t  S be  a s c h e m e  and G a f i n i t e  l o c a l l y - f r e e  S - g r o u p .  

R e c a l l  tha t  a s s o c i a t e d  to a q u a s i - c o h e r e n t  ~ S - m O d u l e  M is a g r o u p  W(M) 

(in the  no t a t i on  of IS. G . A .  3. I 4 .6 ] )  w h o s e  s e c t i o n s  o v e r  an S - s c h e m e  T 

a r e  given by 

roT, w(M ) = r(T, % ®% 
Because no confusion will result, the W(M) notation is below shortened 

to M. 
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P r o p o s i t i o n  ( I .  3) 

M [ '~  H o m s . g r .  

dual  of  G. 

The  func t o r  (on q u a s i - c o h e r e n t  m o d u l e s )  

G $ (G,M) is r e p r e s e n t e d  by , ~ $  , be ing  the  C a r t i e r  

P r o o f :  F i x  a m o d u l e  M and le t  D ~ [ M ]  = % ~ M, v iewed  as an 

a l g e b r a  v ia  M 2 = (0) and D = Spec  IDos[M]) .  The  S s c h e m e  D co inc ides  

wi th  S as  t opo log i ca l  s p a c e  and has  an obv ious  s e c t i o n  eD: S ~ D c o r -  

r e s p o n d i n g  to the  a u g m e n t a t i o n  D ~ [ M ]  >- O S. H e n c e  D - g r o u p s  can  be  

pul led b a c k  to S along this  s e c t i on  and it m a k e s  s e n s e  to speak  of  

Ke r  [ H ° m D _ g r .  (G D, ~na D) ~ - H H o m s . g r .  (G, GINS)]" 

B e c a u s e  G is f ixed,  this  k e r n e l  depends  only  on M (as D depends  only  

on M) and h e n c e  can be  w r i t t e n  as  aiM}. Note  tha t  M I ~- aiM) is a 

c o v a r i a n t  func to r ,  f o r  g iven  a l i n e a r  u:  M ---~ M'  t h e r e  is a c o m m u t a t i v e  

d i a g r a m :  

Spec  (Dos[u]) 

Spec  iD,~[M']) = D'  "- D = Spec  iDA[M])  

S 

A s s u m e  m o m e n t a r i l y  tha t  t h e r e  is a f u n c t o r i a l  i s o m o r p h i s m :  

H o m s . g r .  iG, M) ~ ~- a (M). L e t  us show how the p r o p o s i t i o n  fo l lows .  

By def in i t ion  (or  by [ S . G . A .  3 VH A 3 .3] )  a(M) = K e r  [G~(D)--~ G$(S)]. 

B u t b y  [ S . G . A .  3 HI 0 .9 ]  th is  g r o u p  is g iven  by Horn (--~G*' M). It  is c l e a r  
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f r o m  the exp l i c i t  c o n s t r u c t i o n  of the  i s o m o r p h i s m  b e t w e e n  the two g r o u p s  

[ E . G . A .  IV 1 6 . 5 . 1 4 ]  tha t  it is f u n c t o r i a l  in  M and thus  the  f u n c t o r  is  

indeed  r e p r e s e n t e d  by _~ , .  
G 

Thus  we m u s t  e s t a b l i s h  the i s o m o r p h i s m  

(1 .3 .  Z) Hom (G, M) '~ ~- (2 (M). 

M be ing  f ixed ,  l e t  ~T: T ~- D be  a D - s c h e m e .  T h e r e  is to be  

• ~9 s associated to a (p: O ---~ M a (p': O D '~ @mD Such a is given by 

a family ¢~'(T): GD(T ) ~- GrnD(T). But GD(T) = G(T) when T is 

Ir T 
viewed as an S-scheme via T ..... > D '> S. Thus 

~'(T): G(T) ;- F(T, 0 T ). To define ~'(T) proceed as follows: 

Corresponding to the fact that T is a D-scheme there is a ring homomor- 

phism pT:1 rTI (o$  @ M ) = ~ T I ( o s ) ~ B W T I ( I v i ) - ' - - ' ~ O  T . U nde r  th is  homomor- 

phism the image of ~r (iV[) has square zero. On the other hand associated 

-i 
to q~ there is a (p(T): G(T) .... ~- F(T, 0 T ®~T 1 (%) ~T (M)). Hence for 

x¢ G(T), 1 + pT o ~9 (T) (x) has an obvious meaning. It is a unit and the 

map x ~ ;- 1 + DTO (p (T) (x) is a group homomorphism G(T) --~ F(T, Of). 

By definition this is (D'(T). It is now obvious because ~ is a homomor- 

p h i s m  of f u n c t o r s ,  tha t  fo r  v a r i a b l e  T,  the  f a m i l y  (p'(T) de f ines  a 

n~o r p h i s m  G D ~- rn(~ D Furthermore, it is clear since (~i+~2) (T) 

! 

~i (T) +~92(T ) that ~ I ~-~9' is a homomorphism. Since the restriction 

morphism Horn (GD, ~rnD) "~- Horn (G, ~rn D) is "obtained" by viewing 

e D 
a given S-scheme T as a D-scheme via T ~- S '- ~- D it is immediate 
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tha t  the  m a p  p T : = T I ( O s  ) @~TI(M)  ~-0  T m u s t  m a p  ~rTI(M) to z e r o  and 

h e n c e  O' a c t u a l l y  b e l o n g s  to a (M) = K e r [ H o m D _ g r / G  D, ~rn D ) ~- 

H ° m s _ g r  (G, Grn)  ] - 

if u: M .... ~- M', then there is the map D' '~- D corresponding to 

I 

DOs[M ] ~- DOs[MI ]. L e t  ¢~: G ~- M and T' be  a D'-scheme via ~T'" 

D e n o t e  by  (p': G D ;- (~ t he  m a p  a s s o c i a t e d  to ~ above .  I t  m u s t  be  
m D 

shown that (p' I D': GDI :> GraD ' is the same as (uo ~)' (i. e. , the 

m a p  a s s o c i a t e d  to O @ >" M u > M ' ) .  But  (~9'ID') (T ' )  
I 

WTt 
~' (T z ~- D' ~- D) = the map x t ~ I + PT' o (p (T ~) (x) where 

-I (OS) • ~rTl , (M) > O T, But obviously this is the composite 
PT': ~T ~ 

7r T ,  (OS)@W ( M )  ' ' ~-lr T, ( O S ) ~ W T ' ; 1  ( M ' )  ......... ~,-0 T ,  

I (since WT, = w T, ) D and D' having the same underlying topological 

space). From this it is clear that the map H°ms-gr.(G' M) >~ (2 (M) 

is functorial. 

I t  r e m a i n s  to show tha t  t h i s  m a p  i s  b i j e c t i v e .  L e t  us  f i r s t  o b s e r v e  

t ha t  t he  m a p  i s  c o m p a t i b l e  w i th  any b a s e  c h a n g e  S '  ......... ~- S.  To s e e  t h i s  

t a k e  T '  to b e  a D '  = D x S '  = S p e c  [O S, 69(M® % , ) ]  s c h e m e  and n o t e  
s % 

t ha t  f o r  x (  G (T ' )  and ~ :  G - - ~ M ,  ( ~ l S ' ) ' ( x ) =  1 + p T ,  o ( ~ I S ' ) ( T ' ) ( x )  = 

1 +PT' o ~(T') (x) : (~011D ') (x). 

Thus  to p r o v e  the  i n j e c t i v i t y  i t  s u f f i c e s  to show oI(D) = 0 i m p l i e s  
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~0(S) = 0. Bu t  ~p'(D) = 0 s a y s  t h a t f o r  x ¢  G(D) 1 + p D o  ~0(D) (x) = 1 , i . e , ,  

pD o O(D) (x) = 0. H e r e  (p(D): G(D) ........ ~- r ( D ,  Dos [M]  ® %  M) and  PD i s  

t h e  i d e n t i f y  m a p  D ~ s [ M  ] id .  OS [ ~- D M].  Now o v e r  a n  a f f i n e  o p e n  s e t  U 

of S,  ~p(D) (x) w i l l  b e  g i v e n  by  ~, (a i • m . )  ® m'. and  h e n c e  t he  h y p o t h e s i s  
1 1 

t h a t  (Dr(D) = 0 s a y s  t h a t  ~,, a .m~ = 0. N o t i c e  t h a t  o v e r  t h i s  a f f i n e  o p e n  U 
l 1 

(D(S) ( e ;  (x)) = ~,, a . m  ~. = 0. T h i s  m e a n s  (p(S) m u s t  v a n i s h  on  t h e  i m a g e  of 1 1 

G(D) i n  G(S) .  Bu t  f r o m  t h e  f a c t  t h a t  e D i s  a s e c t i o n  of  t h e  s t r u c t u r a l  

m a p  D > S if  f o l l o w s  t h a t  G(D) ......... ~- G(S) is  o n t o ,  T h u s  t h e  m a p  

H o m  (G, M) ~ (~(M) is  i n j e c t i v e .  

To show s u r j e c t i v i t y  l e t  ~ E  C~(M) b e  g i v e n .  F o r  a n y  S '  o v e r  S 

d e f i n e s  a h o m o m o r p h i s m  ~ ( D s , ) : G ( D s , )  ~- @m(Ds,) .  C o n s i d e r  t he  

inclusion G(S l) ~ G(Ds,). For x~ G(SI), ~(Ds,) (x) is "killed" under 

the augmentation DOSI[OS, ®%M]--~ %,. Hence ~ (Dst) (x) is of the form 

1 + y where y ~  ~'(S', %, ®OS M).  If ~0: G- ~- M is d e f i n e d  via 

c0(S ~) (x) = y (in the above notation), it is clear that since ~ is a homo- 

morphism of functors ~9 is also. To show the (0' associated to ~9 under 

ZT the map Horn (C-, M) ' ~ ~(M) is the same as ~ , let T ~- D be a 

D-scheme and let x¢ G(T). ~0'(T) (x) = 1 + PT o ~9 (T) (x). Here 

~(T) (x) = image of x under G(T) > G(DT) ~(DT)~ %~(DT) minus 

1 = ~(T) (x) - 1 because there is a commutative diagram 
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~(D T) 
G(DT) .......... .~ %(D T) 

,~(T) 
G(T) . . . . .  ~ ( r ,  (T) 

m 

B u t  in  t h i s  c a s e  i t  i s  i m m e d i a t e  t h a t  P T  (~ (T))  (x) = ~0 (T) (x).  H e n c e  

~p'(T) (x) = 1 +~(T) (x) : 1 +~(T) (x) - ] : ~(T) (x). 

t ~ e m a r k  ( 1 . 4 )  B y  t h e  p r o p o s i t i o n  t h e r e  i s  d e f i n e d  a h o m o m o r p h i s m  

~: G ~- -~<3" w i t h  t h e  p r o p e r t y  t h a t  g i v e n  /3: G > M,  t h e r e  i s  a u n i q u e  

linear u:_~G~ ...... ~- M such that ~ = u o 0~. 

R e m a r k  (1. 5) If  -~-G* is  l o c a l l y - f r e e  it i s  e a s y  to  m a k e  ~ " e x p l i c i t " :  

Let G = Spec (B), G = Spec (B ~ ), IC_B v, the augmentation ideal 

corresponding to the unit section of G , ~: B V ' >- O S the augmentation. 

Define ~9: B V ' ....... ~-DOS[I/IZ ] via qg(b) = ~(b)+residue class of (b-u(b)) in I/I Z, 

Since (~: G ............. ~" .~<3.~; , it corresponds to an algebra homomorphism 

Sym[_~O, ] ............. . B , 

tion a linear map BV 

b ~ ~(b) - N(b). 

that is to a linear map _~ ~ > B or by transposi- 
G 

~- 0~_C./; . T h i s  l a s t  l i n e a r  m a p  is  g i v e n  by  

Remark (I. 6) It is easy to check that the above constructed isomorphism 

HOrnS_gr (G, M)' ~>- Hom O (~ ~, M) is functorial in G. Thus for 
S G 

u: O >- H, a homomorphism of finite locally-free groups, the diagram: 
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G ............ ~ ............... > H 

.,~G ~I~ ....... ;~ _~S~ 

c o m m u t e s .  (The l o w e r  h o r i z o n t a l  a r r o w  i s  i n d u c e d  b y  t h e  C a r t i e r  d u a l  o f  u ) .  

In fact since the isomorphism Hom (G, M) ~> Hom (~0 ~i) is 
--G $' 

composed from three isomorphisms : 

1) Horn (G, IVi) ~ -  a ( M )  

2) (2 (M) .... ~- Ker [G~(D) v G (S)] 

3) Ker [G~(D) ~ G (S)] ~- Hom (~ M) 
--O*' 

it suffices to show that each is functorial in G. 

I) F o r  T a D - s c h e m e  a n d  ~:H - ~ M ,  

¢p'(u (T) (x)) = 1 +pT o @ (T) u (T) (x) = (~pou)'(x) for any x inG(T). 

Z) This follows immediately from the proof that 

Horn (G, (~ ) 
m 

[S.G.A. 3 VIIA 3.3] 

3) Let G = Spec (C), H = Spec (B), C and B two finite locally-free 

O s - a l g e b r a s .  T h e  C a r t i e r  d u a l  o f  u :  O . . . . .  > H c o r r e s p o n d s  to  a h i - a l g e b r a  

homomorphism f: C ~- B. The identification of Horn (~ ~ M) with 
--H ~ , 

the kernel of H (D) ~- H (S) is made via thinking of T: ~ )- M as 
--H # 

an Os-linear derivation B ~ M (with M viewed as B module via 

~B: B )- %) and then associating to T the homomorphism B --~ Drk[M] 
-S 
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g i v e n  by  b ! ~- ~TB(b) + T(b) f o r  b a l o c a l  s e c t i o n  o f  B .  C o m p o s i n g  t h i s  

w i t h  f w e  f ind  t h e  h o m o m o r p h i s m  C ~- Doe(M) w i t h  c ~ Nc(C) + 

T(f(c)). This makes o b v i o u s  the functoriality in question. 

N 
(1.7) Let S be a scheme on which p is zero. For G a 

Barsotti-Tate group on S and M a quasi-coherent module, Homs_gr!G,M) 

= (0) because G is p-divisible and pN times any homomorphism 

f: G • ~- M is zero, i.e., there is a commutative diagram: 

G > M 

"L 1" P P 

~ f 
G .......... > M 

Therefore a~ extension of G by iV[ admits no trivial automorphism 

and an extension is uniquely determined by its class in ExtI(G, iVl). 

Definition (I. 8) An extension (E) 0 "~ V(G) ~ E(G) > G ~- 0 

of G by a vector group V(G) (i.e., a quasi-coherent module) is said to 

be universal if given any extension 0 ~ M " ~- * > G >- 0 of G 

by another vector group there is a unique linear map __V (G) (p ~- M such 

that ~z,((E)) is the given extension. 

Remark (I. 9) Because of the rigidity of the category of extensions 

EXT (G, M), it follows that there is no ambiguity in the way in which 

~0,((E)) "is" the given extension and that a universal extension is deter- 

mined up to unique isomorphism (rather than just its extension class). 
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P r o p o s i t i o n  (1 .10)  The  h y p o t h e s e s  be ing  t h o s e  of  (1 .7 ) ,  t h e r e  is  a 

u n i v e r s a l  e x t e n s i o n  of G by a v e c t o r  g r o u p .  

Proof: Consider the exact sequence 

N 
( i .  t 0 . 1 )  0 - - - ~  G(N) ~-O p >- G ~-0. 

" A p p l y i n g "  H o m  ( _ ,  M) we  find a long exac t  s e q u e n c e :  

0 ---> Horn (G, M) - - >  H o m  (G, M) - - ~  H o m  (G(N), M) 5 . E x t l ( G ,  M) - - ~  

E x t l  (G, M).  

S i n c e  Ext  is  a b i - f u n c t o r ,  the  m a p  E x t l ( G , M )  == => Ext l (G,  M) c o m e s  

N 
from multiplication by p on M. Hence it is zero. This means there is 

an isomorphism induced by the coboundary map 6 , 5: Horn (G(N), M) "~> 

Extl(o, M). This isomorphism is  certainly functorial in M. But by (I. 3) 

the  f u n c t o r  wh ich  o c c u r s  on the  l e f t - h a n d  s i d e  above  is  r e p r e s e n t e d  by 

G(N) 
T h e r e f o r e  by d e f i n i t i o n  of the  connec t i ng  h o m o m o r p h i s m  6 , i t  

f o l l ows  tha t  the  e x t e n s i o n  induced  f r o m  ( 1 . 1 0 . 1 )  by ~: 

pN 
0 .. ~-G(N) ~-G ~ G ->.0 

- -  * - -  * G 
G(N) G(N) 

is universal. 

R e m a r k  (1 .11)  The  i n t e g e r  N could h a v e  b e e n  r e p l a c e d  wi th  any n _> N 

and the  e x t e n s i o n  o b t a i n e d  would  c e r t a i n l y  be  u n i v e r s a l .  In f a c t  the  un ique  
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i s o m o r p h i s m  b e t w e e n  two s u c h  e x t e n s i o n s  c o m e s  f r o m  the  c o m m u t a t i v e  

d i a g r a m  (1 .6 )  pi  
G(N+i) 

l 
~ , '  

G(N+i) 

.......... ~- G(N) 

° l° 
GIN) 

The  f a c t  t ha t  ¢o ~ 
G(N+i) G(N) 

is an isomorphism is  [II 3.3.20]. 

D e f i n i t i o n  ( I .  12) F o r  n s u f f i c i e n t l y  l a r g e  we w r i t e  ~ , = V (G) and 
G(n) 

the  u n i v e r s a l  e x t e n s i o n  c o n s t r u c t e d  above  is w r i t t e n  0 ---> V(G) - - ~  E(G) 

G => 0. Thus  E(G) is  an f . p . p . f ,  s h e a f  of  g r o u p s  on S, d e t e r m i n e d  

up to unique isomorphism . 

L e m m a  (1.13)  The  u n i v e r s a l  e x t e n s i o n  0 ---~ V(G) ---~ E(G) - - ~  G- - -~  0 

commutes with an arbitrary base change S' ~- S. 

P r o o f :  F r o m  its  c o n s t r u c t i o n  v i a  the  d i l g r a m  

pN 
0 ~ G(N) ~ G ....... ~ G 

0 > V ( G )  ~ E ( G )  ...... ~ G 

> 0 

> 0  

wha t  m u s t  be  shown is  tha t  a:  G(N) 
- -  # 

G(N) 

c o m m u t e s  wi th  b a s e  

c h a n g e .  S i n c e  C a r t i e r  dua l i ty  i s  c o m p a t i b l e  w i t h  b a s e  change  and s i n c e  

G(N) 

i s  [II 3 .3 .  Z0] l o c a l l y - f r e e ,  th is  f o l l ow s  f r o m  the  e x p l i c i t  d e s c r i p t i o n  
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of  C~ g i v e n  in (I. 5). 

C o r o l l a r y  ( 1 . 1 4 ) :  A s s u m e  p is  l o c a l l y  n i l p o t e n t  o n  S a n d  l e t  G b e  a 

B a r s o t t i - T a t e  g r o u p  o n  S.  T h e r e  i s  a u n i v e r s a l  e x t e n s i o n  0 - - ~  V(G)  

' ",- E (G)  ~-G > 0 of  G b y  a v e c t o r  g r o u p w i t h  _V(G) =_c0 , .  
G 

Proof: Cover S by affine open sets U. and consider for each i the 
l 

co U. universal extension of GIU i by _V(OIUi) =_G,I i By the lernma, the 

two extensions obtained on U. f]U are canonically isomorphic. This 
i j 

guarantees the co-cycle condition for U i N U. ~ U k and tells us that the 
J 

E(GIU.) can be glued together to give us a sheaf of groups E(G) on S. l 

We obviously obtain an exact sequence 0 ~ --~G* --~ E(G) ---> G --~ 0 

which gives us the desired universal extension. 

Proposition (I. 15) Let p be locally nilpotent on S and G, H two 

B a r s o t t i - T a t e  g r o u p s  on  S w i t h  u :  G • ~- H a h o m o m o r p h i s m .  T h e r e  i s  

a u n i q u e  h o m o m o r p h i s m  E ( u ) :  E (G)  ~- E(H)  s u c h  t h a t  w e  o b t a i n  a 

m o r p h i s m  of  e x t e n s i o n s :  

~_v(G) 

_V(u) 

_V(H) 

E(G) - G ~ 0 

~- E(H) ~-H ~ 0 

(where V(u) is the map induced on the invariant differentials by the 

Cartier dual of u). 
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Proof: Because of the uniqueness assertion it suffices to prove the prop- 

o s i t i o n  l o c a l l y  o n  S a n d  h e n c e  i t  c a n  b e  a s s u m e d  t h a t  p N  k i l l s  S .  

C o n s i d e r  t h e  f o l l o w i n g  two d i a g r a m s :  

(i) 

0 .... >" _~ , > E(G) 

)IG(N) I~0' V(u/ _ • 

G(N)  

o ' ' ~ ± , ~ _ ~  , ILE(C-) 
H(N) H(N) 

~ G >0 

>G '~-0 

(n) 
0 ' 'N'C0 

H(N) 

r 
0 ~- w 

HCN) 

~-E(H) xG ~G ~0 

t u 
I 

..... ~ E(H) ..... ~-H ~- 0 

S i n c e  t h e  u n i q u e n e s s  a s s e r t i o n  i s  a c o n s e q u e n c e  of  H o r n  (G,_~  , )  = (0) ,  
H(N) 

it suffices to know that the lower row of (1) is isomorphic to the upper row 

of (n). 

F r o m  t h e  f u n c t o r i a l i t y  o f  t h e  c o n n e c t i n g  h o m o m o r p h i s m  w e  h a v e  a 

c o m m u t a t i v e  d i a g r a m :  

_~ , )  Horn (H(N)'II "~H(N)*) ~ Extl(H' I H(N) 

$ + 
Horn (G(N), co ,) ~ ~- Extl(G, ~ ,) 

H(N) H(N) 

B y  t h e  f u n c t o r i a l i t y  of  ( 1 . 6 ) ,  t h e r e  i s  a l s o  a c o m m u t a t i v e  d i a g r a m :  
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Hom (~ . ,  a~ , )  P Horn (H(N), _~ , )  

Horn (~ , ,  a) , )  "'~ H om (G(N), ~ , )  
G(N) H(N) H(N) 

Combin ing  t h e s e  two d i a g r a m s  i t  is i m m e d i a t e  tha t  the l ow e r  row of 

(I) and the upper row of (H) correspond to the two ways of taking id 

-H(N)* 
into E x t l ( G ,  ~ , ) .  Thus  the  two rows a r e  i s o m o r p h i c  as c l a i m e d .  

H(N) 

( i ,  16) We wi sh  to show tha t  E(G) is a f o r m a l  L ie  group  on S. This  

is a local question and hence S can be assumed to be a/fine. 

Lern rna  (1 .17)  in f  k (E(G)) is  r e p r e s e n t a b l e  and of f in i t e  p r e s e n t a t i o n .  

Proof: Let pN kill S sothat Infk(o) cO(n+N-l) if k< pn [II(3.3.17)]. 

C o n s i d e r  the e x t e n s i o n  

( i .  17. i )  0 ~ _V(G) - - ~  E(G) × G(n+N-I)  - - ~  G(n+N-I)  ~ 0 
G 

S i n c e  Infk(E(G)) m a p s  to Infk(G),  it  fo l lows tha t  Infk(E(G)) = 

Infk(E(G) × G(n+N-1)).  B e c a u s e  V(G) and G(n+N-1) a r e  s c h e m e s  it  fo l lows 
G 

that E(G) × G(n+N-I) is a scheme of finite presentation since it is a torseur 
G 

under V(G)G(n+N_I ) [G.A. Ill §4 1.9]. Thus Infk(E(G)) is G(n+N-1) o n  

r e p r e s e n t a b l e  by a s c h e m e  of f in i t e  p r e s e n t a t i o n .  

L e m m a  ( I .  18) ( A s s u m i n g  S is  aff ine)  E(G) is  f o r m a l l y  smoo t h .  

P r o o f :  Le t  T C ~- T '  be  a n i l p o t e n t  i m m e r s i o n  wi th  T '  an (abso lu te ly )  

aff ine  S - s c h e m e .  Le t  ¢p: T ~- E(G) be  g iven :  
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E(G) 

~0 "- \  
\ 

T c > T' 

Since T is affine and E(G) = lirn (E(G) x O(n)), ~ ¢ E(G) x G(n) (T) for 
G G 

some n. 

Consider the exact sequence: 

0 ~_V(G) ~- E(G) ~ ~ G ~- 0 

~T((p) E G(n) (T) and hence by the formal smoothness of G ill (3.3.13)] 

i% can be assumed (by augmenting n if necessary) that ~T(<0): T >- G(n) 

can be lifted to T'. 

Since S is affine and V(G) is a quasi-coherent module all torseurs 

under __V(G)G(n ) aretrivial [G.A. I §I, 2.7;S.G.A. 4 VII4.4]. This 

implies that the morphism E(G) x G(n) ~ ~- G(n) admits a section. Thus 
G 

the morphism T' ~- G(n) gives rise to ~: T ~ '~ E(G) X G(n). @I T and 
G 

~9 certainly have the same image in G(n) (T). Hence ~ - ~I T belongs to 

_V(G)(T). Since _V(O) is src~.ooth, ~0-~IT can be lifted to u:T'--~V(G). Thus 

~7+~!):T' ~ E(G) ~O(n) and ~+01T=~. This proves E(G) is formally smooth. 

Proposition (l. 19) EiG) is a formal Lie group. 

Proof: Since E(G) is by (i. 18) formally smooth (locally at least) it 

follows immediately from [II 3. I. I] and (I. 17) that E(G) is a formal Lie 

group. In particular '~-(G) is formally smooth. 

pN × G(N)). Definition (i.20) Lie (E(G)) = Lie (E(G)) = (if kills S) Lie(E(G) o 
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I t  i s  a l o c a l l y  f r e e  (of f i n i t e  r a n k )  s h e a f  o f  O S - m O d u l e s .  

P r o p o s i t i o n  ( I . 2 1 )  T h e  s e q u e n c e  0 ......... > V ( G ) - - - ~  E ( G ) - - ~  G ........ > 0 i s  e x a c t .  

P r o o f :  T h e  o n l y  n o n - t r i v i a l  f a c t  is  t h a t  E(G)  ..... >~ G i s  an  e p i m o r p h i s m .  

B e c a u s e  t h i s  i s  a s t a t e m e n t  a b o u t  s h e a v e s  i t  s u f f i c e s  to p r o v e  i t  l o c a l l y .  

N 
H e n c e  i t  c a n  b e  a s s u m e d  t h a t  S i s  a f f i n e  and k i l l e d  by  p . I t  m u s t  b e  

s h o w n  t h a t  t h e  m a p  In fk (E (G) )  ~ Infk(G)  is  an  e p i m o r p h i s m  ( f o r  a l l  k). 

A s  w a s  n o t e d  in t h e  p r o o f  of  ( 1 . 1 8 ) ,  E ( G ) ×  G(n+N-1)  i s  a s  G ( n + N - 1 ) -  
G 

s c h e m e  i s o m o r p h i c  to _V(G)G(n+N_I),  and t h e r e f o r e  i s  s m o o t h  o v e r  

O(n+N-1) .  C o n s i d e r  t h e  f o l l o w i n g  d i a g r a m ,  w i t h  T a f f i n e :  

;,xe/ _ .  ¢ 

T ~  G(n+N-1)  < E(G) x G(n+N-I) 
G 

By t h e  s m o o t h n e s s  n o t e d  a b o v e ,  t h e  d o t t e d  a r r o w  c a n  b e  f i l l e d  in so  as  to  

obtain a commutative diagram, Clearly this implies that 

I n f k ( E ( G )  ) 

Proposition (I. 22) 

is exact. 

~-Infk(G)  is  an  e p i m o r p h i s m .  

T h e  s e q u e n c e  0 ---~ _V(G) ~ Li.e ' (E(G))  - - ~  L i e  (G) - -~  0 

P r o o f :  O n c e  a g a i n  t h e  a s s e r t i o n  i s  l o c a l  so  i t  c a n  b e  a s s u m e d  t h a t  S 

a f f i n e  and p N  k i l l s  S .  T h e n  t h e  m a p  E(G) × G(N) > G(N)  a d m i t s  a 
G 

s e c t i o n  ( s e e  t h e  p r o o f  of  1 . 1 8 )  and h e n c e  i t  i s  an  e p i m o r p h i s m  of  

i s  
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presheaves. This certainly implies that Lie (E(G)) v Lie (G) is an 

epimorphism (as both are finite and locally free: see [S.G.A. 3 II 4. II]). 

The exactness of the rest of the sequence is obvious. 

Remark (I. 23) ~Ve indicate how the results of this paragraph are to be 

modified (usually simplified) so as to apply to abelian schemes. By [[(3.4)] 

the morphism p: A ~- A is an epimorphism of the abellan scheme A 

and hence (1.7) - (I. 12) are carried over with only the change of replacing 

everywhere the words "Barsotti-Tate group" with the words "abelian 

scheme ~ (i. e. , with no change). In (I. 14) the symbol 0~ is to be 

replaced by o~ ~ where A(~) def. lira A(n). (lo 15) goes through with 
--A(~) 

no change. (I. 16) - (1.19) can be simplified since from the exact sequence 

0 ~ V(A) ~ E(A) ~ A ~ 0 (where V(A) is locally given as _~A(N),), 

it follows that E(A) is a smooth S-scheme and E(A) ~ A is a smooth 

morphism: [G.A. HI §4 1.9, E.G.A. IV 17.7.3(ii)]. This immediately 

implies E(A) is a formal Lie group. (i. 20) remains unchanged and the 

proof of (l. Zl) can be simplified by repeating the reasoning of ill (4.11)] 

utilizing the fact that E(A) ~ A is smooth to make the simplification. 

The proof of (I. 22) can be simplified using smoothness just as before. 

§2. (Z. 0) The purpose of this paragraph is to associate to certain 

Barsotti-Tate groups on a scheme 5 (where p is locally nilpotent) 
o 

various crystals. The word "certain" is undoubtedly unnecessary as was 

already noted in the introduction. To such a B.T. group G, there will be 
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associated: 

1) a c r y s t a l  in ( f . p . p .  f) g r o u p s :  1E(G) 

2) a c r y s t a l  in  f o r m a l  L i e  g r o u p s :  1E(G) 

3) a c r y s t a l  in f i n i t e  l o c a l l y - f r e e  m o d u l e s :  ]O{G) 

{i. e . ,  a l o c a l l y - f r e e  sheaf  on the c r y s t a l l i n e  s i te ) .  

The c o n s t r u c t i o n s  w i l l  be  such  that  1E{G) is (as the  n o t a t i o n  s u g g e s t s )  

o b t a i n e d  f r o m  1E (G) by " c o m p l e t i n g  along the  un i t  s e c t i o n ,  " whi le  D (G) 

w i l l  be  o b t a i n e d  f r o m  tE(G) by  app ly ing  L ie .  H e nc e  it is c l e a r  tha t  

1E{G) is the  b a s i c  c r y s t a l  to c o n s t r u c t .  Aga in ,  as the n o t a t i o n  is i n t ended  

to s u g g e s t ,  1E(G) will be  o b t a i n e d  by " c r y s t a l l i z i n g "  E{G). 

Nota t ion  (Z. 1) S w i l l  deno te  a s c h e m e  wi th  p l o c a l l y  n i l p o t e n t  on i t .  
o 

B.T.~(S ) wi l l  deno te  the fu l l  s u b - c a t e g o r y  of B. T. (S o) c o n s i s t i n g  of t hose  
O 

G with the following property: There is an open cover of S {depending on 
o o 

Go) f o r m e d  of a f f ine  open se t s  U ~ S such  tha t  for  any n i l p o t e n t  i m m e r -  
0 - -  0 

s ion  Uo ~---~U t h e r e i s  a B . T .  g roup  C on U with G I U o = G o t U  o. 

R e m a r k  ( 2 . 1 . 1 )  S ince  a m a l g a m a t e d  s u m s  of a f f ine  s c h e m e s  ex i s t ,  a 

m o r p h i s m  f: To '~ So induces  f : B. T. '(So) > B . T . I ( T o ) .  Also  the  

cond i t ion  of {2.1) i m p l i e s  tha t  any  aff ine  open  s u b s e t  of an e l e m e n t  of the  

cove r  s a t i s f i e s  the s a m e  h y p o t h e s i s .  The B . T .  g roups  in  B . T . ' ( S  o) a r e  

' 'io cally infinite s imally liftabl e. " 

We can  now f o r m u l a t e  the  m a i n  t h e o r e m  which  a l lows the c o n s t r u c -  

t ion  of the c r y s t a l  1E (G). 
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T h e o r e m  (Z.Z)  L e t  S = S p e c  (A), p N .  1S = 0, So = V a r  (I) w h e r e  I i s  an  

i d e a l  of  A w i t h  n i l p o t e n t  d i v i d e d  p o w e r s .  L e t  G and H b e  two  B.  T .  

g r o u p s  on  S and  a s s u m e  u : G ~- H is  a h o m o m o r p h i s m  b e t w e e n  
O O O 

t h e i r  r e s t r i c t i o n s  to S . u d e f i n e s  a m o r p h i s m  v = E(Uo):  E(G o) 
O O O 

E(H ) of extensions: 
O 

0 >- V(G o) ~-E(G ) ~- G > 0 

'i ,o V(u ) v 
0 0 t U - -  0 

0 '- V(Ho) ~- E(H ) ~H ~0 
- -  O O 

sion V(H) 

zero on S . 
o 

by [III  Z. 4]) .  

Remark (Z. 3) 

T h e r e  i s  a u n i q u e  m o r p h i s m  of  g r o u p s  v :  E(G)  "~- E(H) (not  n e c -  

e s s a r i l y  r e s p e c t i n g  t h e  s t r u c t u r e  of  e x t e n s i o n s )  w i t h  t h e  f o l l o w i n g  p r o p e r t i e s :  

1) v i s  a l i f t i n g  o f  v 
O 

2) G i v e n  w:  V(G)  ~- V(H) ,  a l i f t i n g  of  V(Uo) ,  d e n o t e  by  i t h e  i n c l u -  

E(H) ,  so t h a t  d = l o w  - v [ V ( G ) : V ( G )  ~ E(H) i n d u c e s  

T h e n ,  d i s  an  e x p o n e n t i a l  (an a s s e r t i o n  w h i c h  m a k e s  s e n s e  

T h e  m o r p h i s m  v is  i n d e p e n d e n t  o f  w .  F o r  i f  w ~= w + h 

w a s  a s e c o n d  l i f t i n g  o f  V(Uo),  h w o u l d  m a p  V(G)  to _V(H) and  w o u l d  

o b v i o u s l y  b e  an  e x p o n e n t i a l .  Bu t  d e f i n i n g  d '  ( c o r r e s p o n d i n g  to  w ' )  a s  

a b o v e ,  d ' =  d + ih .  S i n c e  io  h i s  c l e a r l y  i d e n t i f i e d  w i t h  ~ o h  j [ : V{H) > 

E(H) I i t  i s  o b v i o u s  t h a t  ( d e n o t i n g  by  B t h e  h y p e r a l g e b r a  of  t h e  f o r m a l  L i e  

g r o u p  E(H))  - io  h(x)  = ~  (Y~ (h(x)) (n)) = 2~ ('~o h(x))  (n) ( i d e n t i f y i n g  i : V(H)  

~ E(H) with the corresponding r(V(H)) ~ B) and thus that io h is 
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an exponential. Hence d' is an exponential if and only if d is one. 

(2 .4)  P r i o r  to p rov ing  the  t h e o r e m  le t  us g ive  the c o r o l l a r i e s  which  

a l low the  c o n s t r u c t i o n  of 1E (G). 

C o r o l l a r y  ( 2 . 4 . 1 )  Le t  K b e a t h i r d B . T ,  g r o u p o n  S and u' :H- - ->K 
O O O 

a h o m o m o r p h i s m .  Deno te  the  v whose  e x i s t e n c e  is g u a r a n t e e d  by the 

I 

theorem, by ES(Uo). Then Es(u ° o Uo) = Es(U'o)O Es(Uo). 

Proof: Let v' ~ ~o = Es(Uo). Since v'o v is a lifting of E(u o Uo) , it must 

be shown that v'o v satisfies the condition concerning the exponential. 

Let  w:__V(G)-----~_V(H) and w':_V(H) ~ _V(K) b e l i f t i n g s  of V(u o) and 

_V(Uo). Note such  l i f t ings  ex i s t  by [4(bis)  A l g ~ b r e  Chap. II §5, prop .  7(ii)] .  

Let i': V(K) >-E(K) be the inclusion and set d#= i'o(wlow)- (v'ov)~_V(G). 

It  m u s t  be  shown that  d • is an exponen t i a l .  C o n s i d e r  the  fo l lowing 

d i a g r a m :  

0 ~ v(o) ~ Z(O) 

i 
0 ~- _V(H) ~- E(H) 

! v' w I 

By hypothesis i'ew' = v'oi + exp (0'), where 8': _V(H) --~ I'Zie (E(K)). 

Thus i'o(w'ow) = vlo(iow) + exp (e')ow. But low = vl_V(C- ) + exp (8), 

8: V(G) ~ I. Lie(E(H)). Hence i'o(w'ow) = vlovIV(G) + v'o exp (@) + 

exp (8'ow). Just as in remark (Z. 3) it is clear that v'o exp(8)+ exp(O~ow) 
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is an exponential. This proves the corollary, 

Corollary (2.4.2) If O = H and Uo = idG ' then Es(U o) = id O. 
o 

Proof: This is irnrnediate from the uniqueness assertion. 

~r0!lary (2.4.3) Let G, H, u be as above and assume u is an 
o o 

i s omorph i sm .  Es(Uo) is an i som orph i sm .  

Proof: This is a formal consequence of (Z. 4. i) and (2.4.2). 

Corol,lary (2 .4 .4)  Suppose the re  is a commutat ive  d i ag ram:  

S c ".- S 

f t 
S' C > S t 
o 

where S c ~ S and S' c >- S' are nilpotent immersions of the type 
o o 

hypothesized in the statement of the theorem. Let S' = Vat (J), S = Vat (I) 
o o 

and assume S I ~- S is a divided power morphism. Let G and H be 

two B.T. groups on S and u :G 
o o 

~- H be given. Under these cir- 
o 

cumstances the construction of the theorem is compatible with the base 

change S' ~-S: Es,(Uos ,) = (Es(Uo)) S, = v S, . 

o 

Proof: Since Vst lifts u 
Ost 

o 

condition is verified by Vst. 

corollary makes sense. ) 

, it must be shown that the exponential 

(We are of course using (i. 13) to know the 

In the notation of the theorem let w: _V(O) ' ~- _V(H) lift _V(Uo). 
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w S,  l i f t s  V ( U o s i )  a n d  i t  m u s t  b e  s h o w n  t h a t  d '  = iS," o Ws , - Vs, I V i G s ,  ) 
IJ  

i s  a n  e x p o n e n t i a l .  By i t s  d e f i n i t i o n  d '  i s  d s ,  w h e r e  d is  as  i n  t h e  s t a t e -  

m e n t  of  t h e  t h e o r e m .  If d = exp ({)) w h e r e  @: _V(G) ---> I- L i e  (E(H)) ,  t h e n  

d S, i s  ( o b v i o u s l y )  exp (OS,) w h e r e  {}S~: V ( G s , )  - - >  J - L i e ( E ( H s , ) )  i s  

d e d u c e d  f r o m  8 v i a  e x t e n s i o n  of s c a l a r s .  

( 2 . 5 )  L e t  us  show how t h e  c o r o l l a r i e s  p e r m i t  t he  c o n s t r u c t i o n  of t he  

c r y s t a l s .  L e t  S b e  a n  a r b i t r a r y  s c h e m e  (wi th  p l o c a l l y  n i l p o t e n t  o n  it) 
O 

and let Go be in B.T.' (So). By the reasoning recalled in [III (3.8)]: 

n a m e l y  t h a t  f . p . p . f ,  g r o u p s  f o r m  a s t a c k  w i t h  r e s p e c t  to t h e  Z a r i s k i  

t o p o l o g y ,  i t  s u f f i c e s  to g i v e  t h e  v a l u e  of  t h e  c r y s t a l  1E (Go) on  o b j e c t s  

U c- > U of  t h e  c r y s t a l l i n e  s i t e  o f  S w i t h  t h e  p r o p e r t y  t h a t  G tU  c a n  
O O O O 

b e  l i f t e d  to U, an d  U is  a f f i n e .  
O 

I t  i s  p r e c i s e l y  the  c o n t e n t  of  ( 2 . 4 . 1 )  and  ( 2 . 4 . 3 )  t h a t  up  to c a n o n i c a l  

i s o m o r p h i s m  t h e  g r o u p  E(G) is  i n d e p e n d e n t  of t he  l i f t i n g  of Gol  U ° w h i c h  

h a s  b e e n  c h o s e n .  

I f  V C > V wa s  a s e c o n d  o b j e c t  of  t h e  c r y s t a l l i n e  s i t e  and  t h e r e  
O 

was  g i v e n  a m o r p h i s m  

U '~ > U 

f~o T7 
V ~ >V 

0 

t h e n  f o r  a l i f t i n g  G U of C o l U o  to U and  a l i f t i n g  G V of G o l V  ° to V 

the  s a m e  c o r o l l a r i e s  g i v e  a c a n o n i c a l  i s o m o r p h i s m  f (E (Gu) )  "~ > E ( G v ) .  

I t  i s  n o w  c l e a r  t ha t  t h e  v a l u e  of t he  c r y s t a l  1E(G o) o n  a n  o b j e c t  
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U C ~- U (as  a b o v e )  i s  s i m p l y  E(G)  f o r  s o m e  c h o i c e  o f  l i f t i n g  o f  % 1 %  
0 

to  U ( i .  e.  , c h o s e n  v i a  t h e  H i l b e r t  ~ - f u n c t i o n ) .  

I n  t h e  s a m e  w a y  i t  i s  c l e a r  t h a t  f o r  u : G >- H a h o m o m o r p h i s m  
0 0 0 

b e t w e e n  two  B.T.' g r o u p s ,  t h e r e  i s  a m o r p h i s m  1E(u o) b e t w e e n  t h e  a s s o -  

c i a t e d  c r y s t a l s  w h i c h  i s  d e f i n e d  o n  a " s u f f i c i e n t l y  s m a l l "  o p e n  s e t  U ~ U 
0 

v i a  E u ( U o )  in  t h e  n o t a t i o n  i n t r o d u c e d  a b o v e .  

L e t  f :  T > S b e  a n  a r b i t r a r y  m o r p h i s m .  T h e  c r y s t a l  f (1E(Go)) 
O O 

i s  determined by its values on "sufficiently small" open sets in the cry- 

s t a l l i n e  s i t e  of  T . C h o o s e  " s u f f i c i e n t l y  s m a l l "  to  m e a n  t h a t  t h e  o b j e c t  
O 

V c > V h a s  two  p r o p e r t i e s :  
0 

Ii f(Vo)  % tic ° 

Z) V is affine. 
0 

c a n  b e  l i f t e d  to i n f i n i t e s i m a l  n e i g h b o r h o o d s .  

T h e n  u s i n g  t h e  a m a l g a m a t e d  s u m  c o n s t r u c t i o n ,  a s  i n  [III { 3 . 8 ) ] ,  w e  

b u i l d  t h e  d i a g r a m  

U c ~ U = 

.T ° 
V ¢ > V 

0 

V 
O 

u o _[[ V 

I t  i s  i m m e d i a t e  t h a t ,  f o r  a l i f t i n g  G of  % 1 %  to  U,  

f (E(G))= E(G v ) =  n~(f (Go)) 
V c---> V 

O 

T h u s  f ( 1 E ( G o ) )  : 1E(f  ( G o ) ) .  

Of c o u r s e  t h e  l a s t  e q u a l i t i e s  h a v e  to b e  t a k e n  w i t h  a g r a i n  of  s a l t  a n d  a 

more precise statement would be that the following diagram is commutative 
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up to a unique n a t u r a l  equivalence: 

(z. s . i )  

B . T . ' ( S  ) 1E > ( C r y s t a l s  in f . p . p . f ,  g r o u p s  on  S o ) 

L f* f* 

B.T.'(%) IE ~- ( Crystals in f. p. p.f. groups on To ) 

It is obvious that ZE is an additive functor and therefore that the 

m 

functors IE and ID defined below are additive. 

I 

IE is defined via 

- ( ) 
(Z.5. Z) IE (Go) U c, > U = IE(Go) U ~ U 

O O 

f o r  any  o b j e c t  U ~ > U of  t h e  c r y s t a l l i n e  s i t e  o f  S . 
O O 

~D is defined via: 

0 0 

for any object U <---> U of t h e  c r y s t a l l i n e  site. 
0 

(Z.  5 . 4 )  To s u m m a r i z e :  i f  S ~ ~- S is  a n i l p o t e n t  d i v i d e d  p o w e r  i m m e r -  
O 

s i o n  and  O c a n  b e  l i f t e d  to a B . T .  g r o u p  G on  S,  t h e n  (up to c a n o n i c a l  
0 

i s o m o r p h i s m )  

1) E ( G o )  S e > S = E(G)  
O 

z) 1E(Go)S " > S = E (G)  
O 

3) © ( G o ) s  ' ~ S = L i e  ( E ( G ) ) .  
O 

(Z. 6) W e  n o w  t u r n  to t h e  p r o o f  of  t h e  t h e o r e m  (Z. 2).  S e v e r a l  p r e l i m i n a r y  
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l e m m a s  a r e  n e c e s s a r y .  I t  is  L e m m a  ( 2 . 6 . 3 )  which  p l a ys  the  c r u c i a l  r o l e .  

L e m m a  (Z. 6 .1)  Unde r  the  h y p o t h e s e s  of (2 .2)  m a d e  on S, l e t  G be  a 

B a r s o t t i - T a t e  g roup  on S. F o r  n > N, the g roup  L = E(G) × G(n) s a t i s f i e s  
G 

the h y p o t h e s e s  of (IlI 2 . 6 . 4 )  and h e n c e  the e x p o n e n t i a l  m a p p i n g  exp: 

Horn (M, I" L ie  (L)) ~ Ker  [Hom (M, L) .> Hom (Mo, Lo) ] is de f ined  

for  any  l o c a l l y - f r e e  m o d u l e  M. 

Proof: The first sentence of the proof of (I. 2 2) tells us that E(G) × G(n) 
G 

~- G(n) admits a section. Since E(G) x G(n) is a group and the section 
G 

is a morphism of S-schemes, by translation by an appropriate element of 

the k e r n e l  _V(G) (S) it  can be  a s s u m e d  tha t  the  s e c t i o n  p r e s e r v e s  the un i t  

section. Consider the isomorphism of G(n)-schemes E(G)~G(n) ~- 

_V(G) xO(n) determined by this section. It is obvious that it takes unit 
S 

section to unit section and hence is an isomorphism of pointed S-schemes. 

(2.6.2) Let S, S be as in the statement of the theorem. Let r be a 
o 

finite locally-free group on S such that ~ e = V is locally-free. Denote 
A~ 

by o~ the canonical map I" ~- V of (1.4). Let F be a group on S 

which is one of the three types given as examples in [Ill (2.7)]. In partic- 

ular this means the exponential map Horn (V, I. Lie (F)) ~exp--~ Ker[Hom(V, F) 

~- Horn (Vo, Fo) ] is defined. Assume further that _w F is finite and 

locally free . (This is only an assumption for F of the third type [c.f. 

III (2.7)] and here it has an obvious meaning. ) 

Lemma (2.6.3) Let w : V ~- F be a homomorphism and let ® be 
O O O 

alinear class of liftings [IH (2.7.2)] w:V " ~ F. Let v: 1 ~ > F 
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# 
satisfy v = w o CZ . There is aunique w in @ such that w'o ~= v. 

O O O 

I n  o t h e r  w o r d s :  g i v e n  a d i a g r a m  

*v 
W 

w h i c h  b e c o m e s  c o m m u t a t i v e  w h e n  p u l l e d  b a c k  t o  S , t h e r e  i s  a u n i q u e  
O 

w': V ~- F such that 

I) v = w'o 

Z) W I = W 
O O 

3) w'- w is an exponential. 

(Z.  6 . 4 )  W e  f i r s t  m a k e  t w o  s i m p l e  r e d u c t i o n s .  

I 1 s t  r e d u c t i o n :  S e t  w = w + h a n d  v '  = v - w o  iv. 

T h e n  t h e  c o n d i t i o n s  1) - 3) t o  b e  s a t i s f i e d  b e c o m e :  

1} v '  = h o  e, 

2} h = 0  
O 

3) h i s  a n  e x p o n e n t i a l .  

T h i s  r e d u c e s  u s  t o  c o n s i d e r i n g  t h e  c a s e  w = 0 ,  v = 0 .  
O 

2 n d  r e d u c t i o n :  T a k e  a f i n i t e  f i l t r a t i o n  o f  S :  S = S  D S D . . .  D S s u c h  r - -  r - l - -  - -  o 

t h a t  e a c h  S i s  d e f i n e d  b y  a n  i d e a l  I .  s t a b l e  u n d e r  t h e  d i v i d e d  p o w e r s  
1 i 

i n d u c e d  b y  I .  A s s u m e  t h a t  t h e  l e m m a  i s  t r u e  s t e p  b y  s t e p .  W e  c l a i m  

t h e n ,  t h a t  t h e  l e r n m a  i s  t r u e .  T o  v e r i f y  t h i s  i t  o b v i o u s l y  s u f f i c e s  t o  

c o n s i d e r  a f i l t r a t i o n  S _D S 1 _D S o  a n d  t o  v e r i f y  t h e  c l a i m  i n  t h i s  c a s e .  
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"I '~ denote the objects obtained by making the base 

I / I  1 • Lie(F I) By hypothesis there is a unique 01 ~r~ 1 

exp (81)c C~l= v I. Consider the diagram 

tO 

V ....................... -> I- Lie (F) 

= V I ................................ ~ I/I l'LielF I) 

l 
0 

Since V 

I- Lie (F) 

The functoriality of the exponential implies that 

will reduce to exp (81). 

i s  p r o j e c t i v e  ( b e i n g  f i n i t e  and l o c a l l y - f r e e )  t h e r e  i s  a 0 2 :  V ~- 

w h i c h  w i l l  m a k e  t h e  d i a g r a m  c o m m u t a t i v e .  

exp (e2): v ,~ F 

L e t  us  a p p l y  t h e  h y p o t h e s i s  t h a t  t h e  l e m m a  is  t r u e  to  t h e  p a i r  (S, SI) 

and the map exp (82). Thus there is a unique e3: v > ll. Lie(F ) such 

that exp (82+ 83)o c~ = v. This gives us the existence of a solution. To 

show uniqueness let 8': V ~ I. Lie (F) be any solution. Then exp (0') 

restricted to S 1 is clearly a solution of the problem for the pair (S1,So). 

I By the uniqueness of such a solution 81 = 81 and hence (0'- 02) I = 0. 

This implies that exp (e') and exp (@2) are linearly equivalent and hence, 

by the uniqueness assumption made for the pair (S,SI) , implies 8~=~)2+8 3. 

Application: The ideals defined in [II (4.1)] are clearly stable under the 

divided powers of I. Hence it suffices to prove the lemma under the 

additional hypothesis that p" I = I2= (0). 
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(g. 6 . 5 )  L e t  u s  o b s e r v e  t h a t  w i t h o u t  l o s s  of  g e n e r a l i t y  F c a n  b e  a s s u m e d  

to b e  a g r o u p  schen%e.  T h e  r e a s o n  f o r  t h i s  i s :  By  h y p o t h e s i s  F is  e i t h e r  

a g r o u p  s c h e m e  o r  a f i l t e r i n g  d i r e c t  l i m i t  o f  ( sub)  g r o u p  s c h e m e s .  T h e  

m a p  v :  1 ~ ~ F w i l l  f a c t o r  t h r o u g h  o n e  of  t h e  r e p r e s e n t a b l e  s u b - g r o u p s  

s i n c e  r is  q u a s i - c o m p a c t .  F u r t h e r m o r e  if  F i s  n o t  r e p r e s e n t a b l e ,  o u r  

h y p o t h e s i s  on  F t e l l s  us  t h a t  t h e  e x p o n e n t i a l  i s  d e f i n e d  f o r  e a c h  o f  t h e  

r e p r e s e n t a b l e  s u b - g r o u p s  in  q u e s t i o n .  

F i n a l l y  l e t  us  o b s e r v e  t h a t  F can  b e  a s s u m e d  to b e  C o s p e c  (B) f o r  

s o m e  b i - a l g e b r a  B .  T h i s  i s  o b v i o u s  f o r  t h e  g r o u p s  in  t h e  s e c o n d  and 

t h i r d  e x a m p l e s  of  [III ( 2 . 7 ) ] .  If  F i s  a s m o o t h  g r o u p ;  t h e n ,  s i n c e  t h e  

e x p o n e n t i a l  r e a l l y  d e p e n d s  o n l y  o n  t h e  f o r m a l  L i e  g r o u p  F , 

p e r m i s s i b l e  [ c . f .  I I I  ( 2 . 4 ) ] .  

(2.6.6) Proof of (2.6.3): 

Let i:S 
o 

morphism F 

(2.6.6.1) 

this i s  c l e a r l y  

e- > S b e  t h e  i n c l u s i o n  and  c o n s i d e r  t h e  c a n o n i c a l  h o m o -  

i , ( F o ) .  L e t  K b e  i t s  k e r n e l .  B y  [ S . G . A .  3 ILl ( 0 . 9 ) ]  

o o 

f o r  any  S - s c h e m e  T .  F o r  t y p o g r a p h i c a l  r e a s o n s ,  t h e  "W( )"  n o t a t i o n  o f  

IS. G . A .  3 I 4 . 6 ]  w i l l  no t  b e  u s e d  b e l o w  and t h e  s a m e  s y m b o l  w i l l  b e  u s e d  

f o r  a q u a s i - c o h e r e n t  O S - m o d u l e  and  t h e  c o r r e s p o n d i n g  =OS-mOdule . . . . .  

B y  [ S . G . A .  3 ILl {0 .6 ) ]  t h e  r e s t r i c t i o n  o f  K to  t h e  f u l l  s u b - c a t e g o r y  

Of S e h . / S  c o n s i s t i n g  of  f l a t  S - s c h e m e s  i s  i,.__(H~m_7~ ~ ( £ F  ,l))._ S i n c e  
~ o  o 

v :  F ~- F r e d u c e s  to  z e r o  o v e r  S , v i s  a h o m o m o r p h i s m  r ~ K. 
o 
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A h o m o m o r p h i s m  F > K i s  a n  e l e m e n t  v ~ K ( r )  s u c h  t h a t  ~I" (v) = 

t*K((V x v) )  in  K(F × D ( h e r e  b~ r : 1 ~ x 1 ~ ; F i s  t h e  g r o u p  l a w  o n  r 

a n d  FtK: K × K ••~- K is  t h e  g r o u p  l a w  o n  K) .  B u t  b e c a u s e  r a n d  r x  

a r e  f l a t  o v e r  S,  t h i s  i m p l i e s  t h a t  a h o m o m o r p h i s m  r > K , ' i s "  a 

h o m o m o r p h i s m  r ~ i ,  ( . H _ t ~  S ( ! F o  , I ) ) .  

o s e e  v " i s "  a h o m o r n o r p h i s m :  

F i n a l l y  b y  a d j o i n t n e s s  w e  

(2.6.6.2) v: % > Hornos (!Fo, I). 

o 

We are trying to find a homomorphism w: V ~- F which is an 

e x p o n e n t i a l .  To g i v e  w i s  t h u s  e q u i v a l e n t  to  g i v i n g  a l i n e a r  h o m o m o r -  

p h i s m  u :  V >- L i e  (F)  ®OS I.  

o 

HOmOs (iL, I) because ~Fo is locally-free. 

o 

Thus the giving of w is 

equivalent by adjointness to the giving of an 0 S -linear homomorphism: 
o 

u: Vo > H°rnOs (!Fo) l) 

o 

S i n c e  w :  V ....... ~- F i s  to  b e  a n  e x p o n e n t i a l  i t  c a n  b e  i n t e r p r e t e d  

( j u s t  a s  v w a s  a b o v e )  a s  a m a p  w:  V 
o Hom (iF , I ) .  

o 

From the way in which this identification is made it is immediate 

that the translation of the requirement wo 0~ = v is wo 0~ = v where w 
o 

i s  i n t e r p r e t e d  as a h o m o m o r p h i s m  V 
o 

i n t e r p r e t e d  a s  a h o m o m o r p h i s m  r 
o 

Horn (iF , I) 
o 

~- Horn (iF , I). 
o 

a n d  v is 
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Le t  us  w r i t e  F = Cospec (B) w h e r e  B is (a not  n e c e s s a r i l y  f lat)  

b i - a l g e b r a .  In each  of the  t h r e e  c a s e s  be ing  t r e a t e d  I - B  N P r i m  (B) = 

I" P r i m  (B). F o r  the c a s e  of a f o r m a l  L ie  group th i s  is o b v i o u s .  F o r  the 

r e m a i n i n g  two ca se s  it  fol lows f r o m  [ILl (2, 3 .6) ,  (Z. 3.7)]  s i nc e  the  s t a t e -  

m e n t  is c e r t a i n l y  t r u e  for  B = I"~[M], M loca l ly  f r e e .  

We now w a n t  to m a k e  exp l i c i t  how to i n t e r p r e t  exp (u): V ~ F as 

a h o m o m o r p h i s m  V > L i e  ( F )  ® I = I" L i e  (F).  F i r s t  i den t i fy ing  V 
O O 

with  Cospec  (r^(V)) we know exp (u)(x) = ~  (u(x))(n) fo r  any x c V .  
n> O  

(If B is not flat then (u(x)) (n) is defined via the procedure of [Ill (Z. 6.7)]. 

The extension of the definition of exp(u) to points of V with values in 

an  S - S c h e m e  T is o b v i o u s . )  

Le t  us  o b s e r v e  that  the  e l e m e n t  

Th i s  fo l lows f r o m  

~) (u(x)) (n) of 15 is primitive. 
n>l 

o(x,,°,) 
n > l  

= (1 + ~  U(X) (n))  ® (1 +~-J U(X) (n))  
n > l  n > l  

= 1 ~ 1 + /{~3 U(X) (n) ® 1 + I ® ~ U(X) (n)} "~ 
l n > l  n >  1 

+ (~"  u(x) ( n ) ) ~  ( ~  u(x) (n))  
n > l  n > l  

and the  f ac t  tha t  the  l a s t  t e r m  is ze ro  s i n c e  each  " f a c t o r "  in  the  t e n s o r  

product is in I-B and IZ= (0). 

Thus  7~, u(x) {n) is p r i m i t i v e  and o b v i o u s l y  be l ongs  to I, B and 
n > l  

h e n c e  f r o m  the above  r e m a r k s  it  b e longs  to Lie  (F) ® I. 
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H e n c e  exp(u)  v i e w e d  a s  a m a p  V 
O 

X ~ .............. > ~ U(X) (n). 
n>l 

~- Lie(F) ~I is given via 

Now h a v i n g  i n t e r p r e t e d  w h a t  exp  (u) m e a n s  w e  m u s t  u t i l i z e  o u r  

h y p o t h e s i s  t h a t  p - I  = (0) in  o r d e r  to  s h o w  t h a t  a u n i q u e  u : V  - - ~ L i e ( F o ) ® I  
O 

c a n  b e  found  so  a s  to s a t i s f y  t h e  c o n d i t i o n s  of  t h e  l e m m a .  

u:V 
O 

B e c a u s e  --~F is  l o c a l l y  f r e e  and  p . I  = (0) t h e  g i v i n g  of  a l i n e a r  

~- L i e  (Fo) ® I i s  e q u i v a l e n t  to  g i v i n g  a l i n e a r  m a p  

Vo/PVo ~- Prim(B/((D+l)- B) ®A/(p~+I I = Prim(B o) ~ I. 

On P r i m ( B / ~ p ) + I )  - B )  t h e r e  i s  a p t h - p o w e r  m a p p i n g  ~r B s i n c e  t h i s  i s  a 

L i e - a l g e b r a  in c h a r a c t e r i s t i c  p.  

If ~/ denotes the divided powers on I, then 

7p(X+Y) = Tp(x) + 7p(Y) + 7~,7i(x ) 7p_i(y ) = 7p(X) + yp(y) since 12= (0). 

Because 7p(IX) = l p yp(X) it is immediate that ~p is a p-linear mapping 

of 1 to itself. 

H e n c e  ~ = =B ® Yp is  an a d d i t i v e  m a p p i n g  of  L i e  (F  o)  ® I to i t s e l f .  

I t  is  i m m e d i a t e  t h a t  t h i s  m a p  e x t e n d s  to  a n y  s c h e m e  T o v e r  S and  
O O 

h e n c e  ~ d e f i n e s  a h o m o m o r p h i s m  of  t h e  g r o u p  L i e ( F o )  ~ I to i t s e l f .  

Since Tp<= (Yp)~ [5 Expos~ 3, 93, Theorem 3] the hypothesis that the 

divided powers are nilpotent implies ~ is nilpotent. Hence 

a u t o m o r p h i s n u  of  t h e  S o - g r o u  p L i e  (F o) ® I.  

n 
w IS an 

n>O 

w r i t e  u(x)  = 7 ) , b .®  i . .  T h e n  
J 

Let u: Vo "- Lie(Fo) ® I be any linear map. Let XEVo and 



1 4 2  

(~ n) o u (x) = ~-a(7], n (b.® i.)) 
n > 0  J n > O  J 3 

=7], (~ b Pn® i! pn)) 

j n > 0  J J 

n n 

=D (Db p ei! p )) 
n>O j 3 J 

( n 
=~,, ( ~ (b.®i.) p )) 
n > O  j J J 

( n IZ =~ (~'.b.® i.) p ) as = 0 
n > 0  "] "] 

= ~ (u(x)) (pn) . 

n > 0  

B u t  u n l e s s  n i s  a p o w e r  of  p ,  u(x)  (n) is  in 12-B = 0 

e x p l i c i t  f o r m u l a s  in [5 E x p o s ~  3 §3 T h e o r e m  3]. 

because of the 

Thus ~ u(x)(pn) = ~ u(x)(n) = exp (u)(x). 
n>O n>l 

Thus w e  can state: 

(Z.6.6.3) (~ n) o u = exp(u). 

Inthe above computation Lie(F)®I, Lie(Fo)®I, l. Lie(F) have 

been systematically identified. 

To complete the proof let us observe that because ~Tr n is an iso- 

morphism, the problem of finding a u: V ~ Lie (Fo) ® I such that the 
O 

following diagram commutes : 
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V exp !u) ..... '~ Lie(Fo) ® I 
O ........... 

is equivalent to the problem of finding a u which makes the following 

diagram commute : 

F o ( 

V ~ ~ Lie (F) ® I 
0 0 

But by the universal property of ~ , there is a unique u making 
O 

the diagram commute. This completes the proof of the lemma. 

(2.7) Proof of Theorem (2.2): 

Consider the following diagram from which the universal extension 

E(G) is obtained (and consider the corresponding diagram for H). 

(z.7.1) 

~ G  
0 ...... ~- G ( N )  > G 

0 ..... ~ V ( G )  ~ E ( G )  "' 

>G ;~ 0 

~ G . . . .  ~- 0 

Let V'o = E (Uo)IG ° and v ts=o E (Uo)IV(G o)_ : I o" o_V(Uo). 
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(z.7. z) 

0 

,, / /  ~ , /  

O b s e r v e  that  (Z. 7. Z) (above) is c o m m u t a t i v e .  This  is obvious  except  

(poss ib ly )  for  the  f ace  

U 
O G ~- H 

io E(Uo) io 
E{C o) ~ E(H o) 

But by a t r i v i a l  d i a g r a m  chase  both ways  of going a r o u n d  the  d i a g r a m  

when  c o m p o s e d  wi th  G (N) 
O 

~- G give  the s a m e  m o r p h i s m ,  G (N) .... >- 
O O 

E(Ho). Of c o u r s e ,  the ana logous  s t a t e m e n t  is t r u e  wi th  Go(N) r e p l a c e d  

by Go(n) , n _> N. S ince  Go = l i rn ,  Go(n),  the d e s i r e d  c o m m u t a t i v i t y  

fo l lows .  

To p ro long  E(Uo) at a l l  is  e q u i v a l e n t  to f ind ing :  

{Z. 7 .3)  v ' :  G ~- E{H), v" :  V(G) ~- E(H) s a t i s f y i n g  

1) v '  l i f ts  v '  " " , v l i f t s  v 
O O 

2) v ' o  ~G = v ' °  a .  
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Lemma (2.7.4) 

i 
v : G ~- E(H). 

Suppose there is a unique way to prolong v z to 
O 

Then the problem of the theorem can be solved uniquely. 

Proof: By the statement of the problem it is clear that the set of solutions 

i s  in  o n e  to  o n e  c o r r e s p o n d e n c e  w i t h  t h e  s e t  of  vJ ' :  _V(G) > E (H)  s u c h  

that: 

i) v ° lifts v" 
O 

2) v o (X= v o CG 

3) d = iow - v is an exponential. 

C o n s i d e r  t h e  d i a g r a m :  

G(N)~ 

V(G) low Y if(H) 

S i n c e  v '  l i f t s  v / a n d  w l i f t s  V ( u  ), t h e  p u l l b a c k  of  t h i s  d i a g r a m  
0 - -  0 

to S is commutative. Thus by (2.6.3) there is a unique v having the 
O 

same restriction to S as iow (namely iooV(Uo)), making the diagram 
O 

commute (v ~ o & = v I o CO) , and differing from io w by an exponential. 

This completes the proof of the lernrna. 

L e t  j: S c ..... ~- S b e  t h e  i n c l u s i o n  a n d  l e t  M = K e r [ E ( H )  - - - ~ ( E ( H o ) ) ] .  
O 

B y  (1.  t 8) E (H)  i s  f o r m a l l y  s m o o t h  a n d  t h i s  i m p l i e s  t h a t  E ( H )  

j ~ ( E ( H o ) )  i s  a n  e p i m o r p h i s m .  ( In  f a c t  if T i s  a n  a f f i n e  s c h e m e  o v e r  S,  

the map I'(T, E(H)) ~- F(T, j. (E(Ho))) = I~(T o, E(H)) is surjective.) 

Consider the exact sequence 
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0 >- M ~- E(H) > j , ( E ( H  }) > 0 . o 

T h e  o b s t r u c t i o n  to l i f t i n g  v '  : G >- E(Ho)  i s  an  e l e m e n t  of E x t l ( G ,  M) .  o o 

L e t  us  a s s u m e  f o r  t he  m o m e n t  t h a t  t h i s  o b s t r u c t i o n  can  b e  c a l c u l a t e d  

b y  l o o k i n g  a t  t h e  r e s t r i c t i o n s  of  G and  M to  t h e  f u l l  s u b - c a t e g o r y  c o n -  

s i s t i n g  of  s c h e m e s  T o v e r  S w h i c h  a r e  f l a t .  

{E{H}o Since M is clearly equal to the kernel of E(H) ~ j$ ), 

and since E(H) is a formal Lie group, Jill (2.2.5), (2.2.6)] can be applied 

to t e l l  u s  tha t  r { s ,  M} ~ ~ H o r n %  (~ 
E(H)  

More generally if T is flat over S, 

r { r ,  M) = ~ ( T ,  M T) = K e r n e l  of  I " ( T ,  E ( H T )  ) 

w e  s e e  r{T,  M) Horn_ (¢0 , I - O T ~  / 
OTV "E(HT ) 

pN N 
on I extend, kills S, and hence p 

flat arguments. 

Consider the exact sequence 

Applying 

_ , 1). 

then since 

since the divided powers 

kills the restriction of iVi to 

0 ~ G(N)  ~- G pN > G ' '~-~ .  

Ext (-, M) to it there is an exact sequence 

N 
E x t l ( G ,  M) p ~- E x t l ( G ,  M) .... > E x t l ( G ( N ) ,  M) .  

T h u s  t h e r e  i s  an  i n j e c t i o n  E x t l ( G ,  M) c ~- E x t l ( G ( N ) ,  M) .  

Hence we are reduced to showing that the obstruction to lifting 
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v '  IGo(N) to G(N) is  z e r o .  
o 

By i t s  d e f i n i t i o n  V~o is  t he  c o m p o s i t e  of Go .... ~- E(Go) wi th  E(Uo). 

By look ing  at  ( 2 . 7 . 2 )  i t  is  obv ious  tha t  if w is a l i f t i ng  of V(Uo), t hen  

io w0 ~ is a lifting of V'olGo(N). But as has been noted several times 

V(G) is a projective module and hence such a lifting w certainly exists. 

This gives us the existence of v'. 

The  se t  of a l l  such  v '  is p r i n c i p a l  h o m o g e n e o u s  u n d e r  the  g r o u p  

H o m  (G, M).  But  th i s  g r o u p  i s  z e r o  b e c a u s e  i t  can  b e  w r i t t e n  as  

l<im H o m  (G(n),  M).  If (Cpn) w e r e  an  e l e m e n t  of t h i s  i n v e r s e  l i m i t ,  t hen :  

(2.7.5) 

O(n+N) 
pN 

v- G(n) r ' ~  G(n+N) 

N 
qgn+ N o p • idG(n+N) = 0 since G(n+N) is flat and ~Pn+N E M(G(n+N)) 

N N N 
which is killed by p Thus ~pn o p = 0 which implies ~pn = 0, since p 

is an epimorphism. 

This tells us v' is unique and hence completes the proof of the 

th eo r era. 

In the course of the proof the following lemma has been used. 

Lemma (2.7.6): Let SFlat denote the ordinary f.p.p.f, site of S and 

let Sflat denote the site which is the full sub-category of Seh/S consisting 

of those T over S which are flat (provided with the induced topology). 

For a sheaf F on SFlat denote by F' its restriction to Sflat . Then, 
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the map G > i. E(H ) can be lifted to a map G --> E(H) if (and only 
O 

if) the map G' > (i. E(Ho))' can be lifted to a map G' > (E(H))' 

Proof: Let w : G' --> (E(H))' be a lifting. Because G(%) is flat, w 

is an element in lim F(G(n), (E(H))') = lim F(G(~), E(H)) = Homr.~(G, E(H>) . 
< <-- SFlat 

Because the G(~) are affine and E(H) is a filtering direct limit of 

sub-group schemes, w , when viewed as a morphism G--> E(H) , is a 

homomorphism of groups. Since the mapping E(H) ....... > i.(E(Ho)) induces the 

same mapping on G(~)-valued points as the mapping (E(H))' > (i~E(Ho))' 

w when viewed as a homomorphism G .......... > E(H) is a lifting of G --> i~E(H ) 
O 

( 2 . 8 )  L e t  us  e x a m i n e  h o w  t h e  p r e c e d i n g  r e s u l t s  a r e  to b e  m o d i f i e d  so  

as  to a p p l y  to a b e l i a n  s c h e m e s .  T h e  o n l y  d i f f e r e n c e  is  t h a t  no r e s t r i c t i o n  

on  t h e  a b e l i a n  s c h e m e  n e e d  b e  m a d e .  T h i s  f o l l o w s  f r o m  t h e  f o l l o w i n g  

l e m m a .  

L e m m a  ( 2 . 8 . 1 )  L e t  A be  a r i n g ,  I an  i d e a l  of  s q u a r e  z e r o  in A and 

A = A/I. Let X be an abelian scheme on A . Then there is an 
O O O 

a b e l i a n  s c h e m e  X on  A l i f t i n g  X . 
o 

P r o o f :  L e t  u s  w r i t e  A = !in~ A k w h e r e  A>, i s  a N o e t h e r i a n  s u b r i n g  of  

A. Then A = lira A /I OA~k. By [E.G,A. IV 8.8.3, 8.10.5 (xii), 
o ' ~ ' ~  ~. 

9 . 7 . 7 ,  1 7 . 7 . 9 ]  t h e r e  i s  an  a b e l i a n  s c h e m e  Xo,  k on  A X / I  D A  k ( f o r  s o m e  

s u f f i c i e n t l y  l a r g e  X) w h i c h  s a t i s f i e s  Xo ,  X ® A x / I N A  k Ao  = Xo.  I t  i s  

o b v i o u s  t h a t  if  w e  c o u l d  l i f t  Xo,  X to  AX, t h e n  t h e r e  w o u l d  b e  a l i f t i n g  

X o f  X to  A .  T h i s  a l l o w s  u s  to a s s u m e  A is  N o e t h e r i a n  and h e n c e  
O 

S p e c  (A) is  l o c a l l y  c o n n e c t e d .  

By  [ 2 5 ,  2 . 2 ]  t h e  s c h e m e  X c a n  b e  l i f t e d  to a s m o o t h  X o v e r  A .  
o 

T h i s  s c h e m e  X is  s e p a r a t e d  o v e r  A b y [ E . G . A .  I 3 . 4 . 8 ,  5 . 3 . 4 ] .  T h u s  
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it is proper by [E.G.A. II 5.4.6]. Now following Murnford's argument 

in Geometric Invariant Theory (prop. 6.15) we construct a map 

}~: X® X ....... >- X whichlifts the subtraction map ~o: X ® X >- X . 
A o A o o 

o 

It remains only to see that }~ defines a group law on X. Again, following 

Mumford we want to apply the rigidity lemma to see that certain identities 

(i.e., associative law .... ) are satisfied. 

Now we use the local connectedness of Spec (A). Namely consider 

for a connected open set U_CSpec (A), X IU, ~IU,"" • Applying the 

reasoning of [21, pg. 126], we see X Iu is an abelian scheme over U. 

Obviously this implies X is an abelian scheme. 

(Z, 8.2) Thus as was mentioned above the arguments of §2 apply to 

abelian schemes exactly as they are stated. Hence we conclude that if p 

is iocally-nilpotent on S and A is an abelian scheme on S then 
O O' 

crystals 

IE (A), IE (A), D(A) are defined, 



Chapter  V. The D e f o r m a t i o n  T h e o r y  and A p p l i c a t i o n s  

§I .  Notation (1 .4)  Le t  S be  a s c h e m e  wi th  p l o c a l l y  n i l p o t e n t  on i t ,  

I a quasi-coherent ideal of O S endowed with locally nilpotent divided 

powers. Let S = Var (1) so that S c >- S is an object of the crystal- 
o o 

line site of S . Denote by B.T.'(So) the full sub-category of B.T.(So) 
o 

consisting of those G )s which can locally (for Zariski) be lifted to a G 
o 

in B.T. (S). 

R e m a r k  (1 .2)  The d e f i n i t i o n  of B . T . ' ( S o )  adopted above  d i f f e r s  f r o m  

tha t  of [IV (Z. 1)]. The r e a s o n  for  this  is that  we sha l l  in th is  chap te r  

u s u a l l y  not  be  c o n c e r n e d  wi th  the c r y s t a l s  p e r  se but  r a t h e r  on ly  wi th  t h e i r  

v a l u e s  on p a r t i c u l a r  ob j ec t s  of the  c r y s t a l l i n e  s i t e  (i. e . ,  S ~ S). By o 

[IV (2. Z)] it is clear that with the new definition of B. T.'(S o) the values of 

what would be the crystals IE (Go) , IE (Go) ' D(Go) are all defined on 

S ~ S. Again it is appropriate to refer to the comments made in the 
o 

introduction, . . . . 

Notation (i. 3) For G in B. T,'(So) the symbols IE (Go)s, IE (Go)s, 
o 

D(Go) S refer to the values of the appropriate crystals on Sot" >- S as 

explained in (I. 2). Thus locally on S, IE (Go) S is the universal extension 

E(G) of any lifting of O to S and similarly for IE(Go)S, D(Go) S. 
o 

Definition (I. 4) A filtration Fil I _c D(Go) S is said to be admissible if 

Fil I is a locally-free vector sub-group with locally-free quotient, which 

r e d u c e s  to V(Go)"_ >" Lie  . . __(E(Go)) on S @ 

~ 0 
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(1 .5 )  W e  d e f i n e  an  o b v i o u s  c a t e g o r y  w h o s e  o b j e c t s  a r e  p a i r s  ( % ,  F i l  1 ) 

w i t h  Go in  B.  T . ' ( S o )  , F i l  1 an  a d m i s s i b l e  f i l t r a t i o n  o n  D(Go) S. M o r -  

phisms are defined as pairs (Uo,~) where Uo: Go .... ~ Ho and ~ is a 

morphism of filtered objects, i. e. , a commutative diagram 

l q l  1 r ~_ D(Go)s 

Fi l  1 c >_ D(Ho)s  

w h i c h  r e d u c e s  on S to 
0 

v(G )c 
- -  O 

Z(Uo) 

_V(Ho)< ' 

Lie (E(Go)) 

Lie (E(Uo)) 

Lie (E(Ho)) 

H a v i n g  i n t r o d u c e d  a l l  t h e  t e r m i n o l o g y  and  n o t a t i o n ,  the  f o l l o w i n g  

t h e o r e m  can be s t a t e d .  

T h e o r e m  ( I .  6) T h e  f u n c t o r  G ~ ~- (Go, _V(G) c > L i e  (E(G))  = D(Go) S) 

e s t a b l i s h e s  an equivalence of categories: 

B . T . ( S )  ~ >  c a t e g o r y  of  p a i r s  (G O , F i l l ) .  

Prior to proving the theorem some preliminary remarks are necessary. 

R e m a r k  (1 .7 )  1) L e t  G b e  in  B.  T . ' ( S o ) .  On $ t h e r e  is  d e f i n e d  a 
O 

( Z a r i s k i )  s h e a f  of  s e t s  ~ i n  t h e  f o l l o w i n g  w a y :  F o r  an a f f i n e  o p e n  

U C S I~(U,~)  = s e t  of  l i n e a r  e q u i v a l e n c e  c l a s s e s  of  p r o l o n g a t i o n s  of 
w 

_V(Co)IUo~ >E(Co)IUo to a vector subgroup V '~- ~ m(Co)sIU [nlz. 7. z]. 
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It is immediate that this definition gives us a sheaf on the affine open sets 

and hence can be extended to give a sheaf on S. 

2) By the construction of IE (0o) S it is clear that =5 has a canonical 

section @ E I~(S, =5 ) which is determined on any sufficiently small affine 

o p e n  s e t  U by  t h e  e q u i v a l e n c e  c l a s s  of  V(G)  w h e r e  G is any  l i f t i n g  o f  

G o l U o  to  U. In  f a c t  f r o m  [IV 2 . 2 ]  i f  G 1 and  G Z a r e t w o  l i f t i n g s  o f  

G i U t h e r e  i s  a c o m m u t a t i v e  d i a g r a m :  o o 

_V(GI) c ~_ E(GI ) 

\ 
i 

V(O2)~ > E(G z) 

v 

w i t h  i o w - v l V ( G 1 )  an  e x p o n e n t i a l .  T h i s  ~ a y s  e x a c t l y  t h a t  i o w and 

vI_V(G1) a r e  l i n e a r l y  e q u i v a l e n t .  

3) If G is a global lifting of Go, then E(G) ~ ~- IE (Go) S (canonically) 

and hence _V(G) gives us an element in 8 (i. e. , a distinguished vector 

subgroup in the linear equivalence class of prolongations of V(Go)). 

4) R e c a l l  t h a t  by  [III 2 . 7 . 7 ]  to g i v e  a V c 1E (Go) S w h i c h  b e l o n g s  to @ 

is precisely equivalent to the giving of an admissible filtration Fil I r 

D(Go)  S. In  p a r t i c u l a r  to k n o w  _V(G) c ~ 1E(Go) S w h e r e  G is  a s  in 3), 

i s  t h e  s a m e  as  k n o w i n g  _V(G) r ~- D(Oo)  S.  B u t  f r o m  k n o w i n g  V(G)  C ~- 

1E(Go)s, O can be reconstructed via O ~ ~- IE (Go)S/__V(G). 

(1.8) Proof of (1.6): V/e prove successively that the functor is: 
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1 ) f a i t h f u l  

Z ) f u l l  

3) e s s e n t i a l l y  s u r j e c t i v e .  

1) L e t  G a n d  H b e t w o B .  T .  g r o u p s  o n  S a n d  u , v : G  ~-H,  b e t w o  

h o m o m o r p h i s m s .  B y  t a k i n g  t h e i r  d i f f e r e n c e  w e  a r e  l e d  to  s h o w  t h a t  i f  

U : G ~- H is the zero map and if Lie (E(u)): Lie (E(G)) '~ Lie (E(H)) 
0 0 0 . . . . . . . . . . . . . . . .  

i s  t h e  z e r o  m a p ,  t h e n  u i s  t h e  z e r o  m a p .  T h i s  i s  a l o c a l  q u e s t i o n  a n d  

h e n c e  S c a n  b e  a s s u m e d  to b e  a f f i n e .  S i n c e  _V(u) i s  z e r o ,  a s  f o l l o w s  

f r o m  t h e  c o m m u t a t i v e  d i a g r a m  

__V(G) r ~- L i e  (E(G)) 

l i 
V ( H )  c ~ L i e ( E I H ) )  

i t  f o l l o w s  t h a t  b o t h  E ( u ) :  E(G)  - - - ->  E(H)  a n d  0:  E ( G )  > E(H)  c a n  b e  

u s e d  to  f i l l  i n  t h e  d o t t e d  a r r o w  to g i v e  a c o m m u t a t i v e  d i a g r a m :  

_ V ( G )  ~" ~- E ( G )  
t 

l ' 
</ 

V(H) < ' > E(H) 

T h u s  b y  [ IV 2. Z] E (u )  = 0 a n d  h e n c e  u = 0.  

2) L e t  u : G >- H a n d  /~: V(G)  . . . .  ~- V(H} b e  g i v e n  s u c h  t h a t  
0 0 0 -- -- 

~o = --V(Uo) a n d  t h e  f o l l o w i n g  d i a g r a m  c o m m u t e s :  
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V(G) c ;- Lie (E(G)) 

! r 
,i 

V(H) c )- L i e  (E(H)) 

We must find a u: G ~- H l i f t i n g  u w i t h  ~] = V ( u ) .  B e c a u s e  of t he  
0 

faithfulness proved above it suffices to consider the case in which S is 

affine. Let us apply [IV 2.2] so as to obtain Es(Uo): E(G) ~- E(H). 

Then Es(Uo)IV(G ) - i o /~ (i being the inclusion V(H)c---~ E(H)) is an 

exponential. Applying Lie to this homomorphism gives zero since 

Lie(Es(Uo)) = D(Uo) S. This means Es(Uo)I_V(G ) = i o ~ and hence passing 

to the quotient we obtain a map u which lifts u . 
0 

0 ~ v(o) ~ E(G) .... ~ O 

B Es(U o) 

0 ~- V(H) ....... ~ E(H) > H 

20 

U 

20 

S i n c e  E(u)  = Es(Uo)  , /3 m u s t  b e  _V(u) and  t h u s  t h e  f u n c t o r  is  f u l l .  

3) L e t  (Go,  F i l  l "  ~- D(Oo) S b e  g i v e n .  T h e  p r o b l e m  is  to c o n s t r u c t  

from this data a B. T, group O which gives rise to it when our functor 

is applied. By the fourth remark of (I. 7) the giving of F'll I'- ~- D(Go) S 

is the same as giving V E @ , V c ~- IE (Go) S lifting V(Oo)~- ~- E(Go). 

Assume for the moment that lie (Oo)s/V = O is a Barsotti-Tate group. 

Constructing its universal extension, there is a map 
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0 .... ~- __V(G) ~- E ( G )  ~" G ~- 0 

0 - - - - - - - ~  V .... > I E  (Go)  S > G  ~ -0  

! / 
Since O = IE (Go )s _ restricts on So to E(Go)/V(Go)_ _ = Go, it is clear 

( b e c a u s e  b o t h  e x t e n s i o n s  r e s t r i c t  t o  t h e  u n i v e r s a l  e x t e n s i o n  f o r  G ) t h a t  
0 

V ( G )  > -  V r e s t r i c t s  t o  a n  i s o m o r p h i s m .  B y  r e s t r i c t i n g  t o  a n  a / f i n e  o p e n  

set of S and using the nilpotence of I and the flatness of V i t  is clear 

that V(G) - >- V is an isomorphism. (This is essentially Nakayama. ) 

Thus the above mapping of extensions is an isomorphism and by taking Lie 

of the left-hand square we find (Go, Fil I¢- ~ D(Go)s) is isomorphic to 

(O o, V(G) ':r > ,Lie (E(G))).  

Hence we have reduced ourselves to proving G = lie {Go)s/V is a 

Barsotti-Tate group. This is a local question on S and hence S can be 

assumed to be affine with pN. is = 0, and furthermore it may be assumed 

that G can be lifted to S. 
O 

Under these hypotheses iE(Oo) S is a direct limit of groups E(n) 

which are flat of finite presentation over S. In fact if O' lifts G so 
O 

lie (Go)s, take E(n) = E(G')~, G'(n) to obtain groups which 

satisfy the statement. Because V is quasi-compact and IE(Go) S = 

lirn> E(n), V r- >- E(n) for n >> 0, and thus O=lim> E(n)/V (the direct 

limit being taken over n sufficiently large). By construction E(n)/V[S 
O 

= O (n) and hence is representable. From [G. A_ III §2, 7. I] it follows 
o 

that E(n)/V is representable. This quotient is affine since modulo a 
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nilpotent ideal it is and is furthermore flat and of finite presentation 

[S.G.A. 3 Vl b 9.2 xi, xiii]. Let G <n) = E(n)/V so that O=lirn G<n> 

and G<n>IS ° = Go(n ). Let S = Spec (A), G<n> = Spec (Bn). Since B /IB n n 

is a finite A/I module, the nilpotence of I implies that B n is a finite 

A-module. By [E.O.A. IV 1.4.7] G<n> is a finite locally-free S group. 

To show G is a Barsott[-Tate group, it must be shown that G is 

of p-torsion, is p-divisible and that the G(n) are finite and locally-free. 

To see C- is of p-torsion observe that by [llI 2.2.6] l'BV nLie (B n) ~- 
n ............... 

Ker [!"(S, C-<n)) >- l~(So, G<n))] and that the analogous statement is true 

when S is replaced by a T which is flat over S. Since F(S O, G<n>)= 

n 
!~(So, Go(n)) is killed by p and the left side IB" ~ Lie (Bn) is killed 

n ..... 
N N+n 

by p , l~(S, G<n>) is killed by p Because G(n> is flat over S, 

N+n 
this implies p kills G(n). Hence O is of p-torsion. 

Since  m u l t i p l i c a t i o n  by p on 1E(Co) S m a p s  E(n+l) to E(n),  

m u l t i p l i c a t i o n  by p on G induces  a map  G<n+l)  ." O(n> which  r e d u c e s  

P to G (n+l) ~- G (n). This  l a s t  m a p  is  an e p i m o r p h i s m  and thus  by 
0 0 

[E.G.A. IV 11.3.11] themap O(n+l) ~-O(n> is faithfully flat and 

h e n c e  an e p i m o r p h i s m .  

d i v i s i b l e .  

C l e a r l y  th i s  i m p l i e s  tha t  G = l i r n  G<n)  is p -  
r 

Let us observe that with the E(n) chosen as above that the kernel 

n 
of p on IE(Go) S is contained in E(n) and hence V '~-IE(Go) S factors 

through E(N). Since G(n) = Ker pn on IE (Go)s/V it is obvious that 

< ) and hence G(n) is contained in the image of Ker pn+N. idlE(%)S 
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Consider t h e  following c a r t e s i a n  square: 

pn 
G<n+N> > G<N> 

G (n) ........ > S 

n 
Since p :G<n+N> G<N> is  an  e p i m o r p h i s m ,  i t  f o l l o w s  t h a t  G(n)  i s  

flat of finite presentation over S. G(n) is in fact finite over S since 

m o d u l o  t h e  n i t p o t e n t  i d e a l  I i t  b e c o m e s  e q u a l  to G o ( n  ) w h i c h  is  c e r t a i n l y  

finite. Thus just as above inthe case of G<n>, G(n) is finite and locally- 

f r e e .  T h i s  c o m p l e t e s  t h e  p r o o f  t h a t  G is a B a r s o t t i - T a t e  g r o u p  and h e n c e  

t h e  p r o o f  o f  t h e  t h e o r e m  a s  w e l l .  

(1 .9 )  T h e  n o t a t i o n  b e i n g  t h a t  o f  ( 1 . 0 ) ,  l e t  us  i n d i c a t e  h o w  t h e  r e s u l t s  

of this section are to be modified so as to apply to abelian schemes. By 

[IV 2.8. I] the crystals IE (Ao) , IE(Ao) , D(Ao) are defined for all abelian 

schemes Ao on So. The notation IE(Ao)s, IE(Ao)S, D(Ao) S will 

indicate the values of these crystals on the object S c ~- S of the cry- 
o 

stalline site of S . The definition of an admissible filtration, (1.4), 
O 

carries over without change. The category of pairs (Ao, l~,l I) is defined 

in the same way as in (i. 5). Remark (I. 7) also is repeated without change 

in this context. Finally we have: 

T h e o r e m  ( I .  i 0 )  T h e  f u n c t o r  A ~ > (A V ( A J C - - ~  L i e ( E ( A ) ) )  i s  an  

equivalence of categories between the category of abelian schemes on S 
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a n d  t h e  c a t e g o r y  o f  p a i r s  

s c h e m e  on  S a n d  F i l  1 
o 

(Ao ,  Fi l  I ) w i t h  Ao an  ( a r b i t r a r y ) a b e l i a n  

a n  a d m i s s i b l e  f i l t r a t i o n  o n  D(Ao)  S.  

Proof: That the functor is faithful and full is proved exactly as in (I. 8). 

To p r o v e  i t  i s  e s s e n t i a l l y  s u r j e c t i v e ,  w e  r e a s o n  in t h e  s a m e  w a y  a s  in  t h e  

p r o o f  o f  t h e  c o r r e s p o n d i n g  s t a t e m e n t  o f  ( 1 . 8 ) .  T h u s  w e  a r e  l e d  to  s h o w  

t h a t  i f  V ¢" ~- 1E(Ao) S is  a v e c t o r  s u b g r o u p  l i f t i n g  V(A ) c  ~_ -- o ' E(Ao)' 

then A = IE(Ao)s/V is an abelian scheme on S. 

Locally on S, A is representable by [G.A. III 92, 7. i] since h 

r e d u c e s  to  t h e  a b e l i a n  s c h e m e  A 
o 

follows t h a t  A is representable. 

on S . Because A is a sheaf, it  
o 

By [S.G.A. 3 VIB 9. Z xii, xili ] 

A >- S is  s m o o t h  and  of  f i n i t e  p r e s e n t a t i o n .  V c ~- 1E(Ao) S is  a 

c l o s e d  i m m e r s i o n  b e c a u s e  A b e i n g  s e p a r a t e d  o v e r  S i m p l i e s  t h a t  
o o 

_V(Ao)'~ ~ E(AO) is a closed irnrnersion. Thus A is separated over S 

[S.G.A. 3 VI B 9. Z (x)]. Since A is separated and of finite type over S, 

i t  f o l l o w s  i m m e d i a t e l y  t h a t  A i s  p r o p e r  o v e r  S b e c a u s e  A i s  p r o p e r  
o 

o v e r  S and  t h i s  c e r t a i n l y  i m p l i e s  t h a t  A ~- S i s  u n i v e r s a l l y  c l o s e d .  
o 

B e c a u s e  t h e  f i b e r s  o f  A ~- S a r e  t h e  s a m e  a s  t h o s e  o f  A ~- S,  i t  
o 

i s  c l e a r  t h a t  A is  an  a b e l i a n  S - s c h e m e .  

~ Z :  ( 2 . 0 )  L e t  S b e  a s c h e m e  w i t h  p l o c a l l y  n i l p o t e n t  on  i t .  F o r  a n y  
o 

a b e l i a n  s c h e m e  A o n  S , l e t  A d e n o t e  i t s  a s s o c i a t e d  B a r s o t t i - T a t e  
o o o 

g r o u p  [I ( 3 . 4 ) ] .  B e c a u s e  of  t h e  w a y  in  w h i c h  A i s  d e f i n e d  i t  i s  o b v i o u s  
o 

t h a t  [IV 2 . 8 . 1 ]  i m p l i e s  t h a t  A can  a l w a y s  b e  l o c a l l y  l i f t e d  so  t h a t  
o o 
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b e l o n g s  to B. T . ' (S  o) in t he  n o t a t i o n  of [IV 2. i ] .  The  fo l lowing  t h e o r e m  

w i l l  be  of  c r i t i c a l  i m p o r t a n c e  in p r o v i n g  the  S e r r e - T a t e  t h e o r e m  on l i f t ing  

a b e l i a n  s c h e m e s ,  

T h e o r e m  (2.1)  T h e r e  is a c a n o n i c a l  h o m o m o r p h i s m  of c r y s t a l s  in g r o u p s  

IE (Ao) ~ IE (Ao) which induces an isomorphism of crystals D(Ao) ~ 

D(Ao). This homomorphism is functorial in A and is compatible with 
o 

all base changes. 

P r o o f :  L e t  U c- >- U d e n o t e  an o b j e c t  of the  c r y s t a l l i n e  s i t e .  We a r e  
o 

to de f ine  a h o m o m o r p h i s m  IE(Ao) U ..... ->- IE(Ao) U wh ich  induces  an i s o -  

m o r p h i s m  when  " L i e "  is app l i ed  to it  (or  m o r e  p r e c i s e l y  to the  a s s o c i a t e d  

m a p  of f o r m a l  L i e  g r o u p s ) .  Bo th  the  s o u r c e  and t h e  t a r g e t  a r e  f , p . p . f .  

s h e a v e s  on U. H e n c e  i t  s u f f i c e s  to d e f i n e  t he  h o m o m o r p h i s m  l o c a l l y  on 

U (for  the  Z a r i s k i  topo logy)  p r o v i d e d  we  can show tha t  t h e s e  l o c a l  d e f i n i -  

t ions  patch together. Hence we first turn to the problem of giving the 

l o c a l  d e f i n i t i o n .  

Local definition: S and S can be assumed a/fine, with S defined by 
o o 

an ideal I having nilpotent divided powers and such that pN kills S. 

Let A and B be two liftings of A 
o 

B.T. groups) are two liftings of A . 
o 

A by __V(A) is obtained via rv: A(n) 

pn 
(*) 0 ~ A(n) "' ~ A 

so tha t  A and B (the a s s o c i a t e d  

R e c a l l  the  u n i v e r s a l  e x t e n s i o n  of 

~- _V(A) f r o m  the  e x t e n s i o n :  

> A > 0 (n>N) 

S i m i l a r l y  the  u n i v e r s a l  e x t e n s i o n  of  A by _V(A) = V(A) is  ob t a ined  v i a  
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f r o m  the e x t e n s i o n  

n 

(**) o.- >A(n)' '~A,, p' ~X ..... >o 

Thus  we conc lude  the  u n i v e r s a l  e x t e n s i o n  of A by V(A) is ob ta ined  f r o m  

that of A by V(A) by pulling back along A ~ > A. This means there 

is the following commutative diagram in which the right-hand square is 

c a r t e s i a n :  

(Z.I.I) 

o ~ _V(A) 

0 > V(A) 

,~z~) ...... ~ '~ o 

.... ~A > 0 

Of c o u r s e  t h e r e  is a c o m p l e t e l y  ana logous  d i a g r a m  for  the s i t u a t i o n  

a r i s i n g  f r o m  B. By [IV 2. Z] and the ana logous  s t a t e m e n t  for  a b e l i a n  

s c h e m e s ,  t h e r e  a r e  c a n o n i c a l  i s o m o r p h i s m s  

(2. i. Z) T : E(A) '~ ~ E(B) 
AB 

(2. I.3) TAB: E(A) ~ E(B) 

We want to show that the following square is commutative: 

(z . l .4)  

AB 
E(~) ~ ~ E(~) 

tab 
EIA)- > E(B) 

S i n c e  E(A) is the  a m a l g a m a t e d  s u m  of A and _V(A), to show 
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VAB o OA, = ¢PB o ? _ _  i t  s u f f i c e s  to  s h o w  t h a t  b o t h  m a p p i n g s  h a v e  t h e  s a m e  
A B  

r e s t r i c t i o n  to  A and to  _V(A). 

F i r s t  l e t  u s  d e a l  w i t h  t h e  r e s t r i c t i o n s  to A .  I t  i s  i m m e d i a t e l y  

b o t h  r e d u c e  on  S to  t h e  n a t u r a l  m a p  A ' -  ~ A ...... ~- E(Ao}.  T h i s  m e a n s  
O O O 

t h a t  ( d e n o t i n g  by  i t h e  i n c l u s i o n  i :  S r ,  > S) 
0 

(T~B°fPA-~OB°T ~I A : A  > K e r  w h e r e  K e r  d e n o t e s  t h e  k e r n e l  of  
/ l  

t h e  m a p p i n g  E(B)  ~ i ,  i (E (B) ) .  B u t  a s  h a s  b e e n  s e e n  in t h e  p r o o f  o f  

[IV Z. 2] t h i s  k e r n e l  ( o r  a t  l e a s t  i t s  r e s t r i c t i o n  to f l a t  a r g u m e n t s }  is  k i l l e d  

N 
by p . Again just as in the proof of [IV 2. Z] this implies Horn(A, Ker) =0 

as  A is  p - d i v i s i b l e .  H e n c e  TAB o q~A and  epBO ~ - _  h a v e  t h e  s a m e  
A B  

r e s t r i c t i o n  to A .  L e t  t h i s  c o m m o n  r e s t r i c t i o n  b e  d e n o t e d  by  (p'. 

L e t  u s  e x a m i n e  t h e  r e s t r i c t i o n s  of  TABO (0A and  q~Bo 7 _ 
A B  

C o n s i d e r  t h e  f o l l o w i n g  d i a g r a m :  

t o  X(A). 

(Z.l. 6} 

S i n c e  

A!n)  ""'---,. 

V(A) 
~b~ ¢~r" _ 

A(n) '" >- E 

V I A )  ......... ~ E(A. )  

E ( B )  > 
V(,.A'~ 

is  c o m m u t a t i v e  i t  i s  i m m e d i a t e  t h a t  

b o t h  h o r i z o n t a l  m a p s  m a k e  t h e  d i a g r a m  c o m m u t a t i v e .  F u r t h e r m o r e ,  b o t h  
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h o r i z o n t a l  m a p s  h a v e  the  s a m e  r e s t r i c t i o n  to S : n a m e l y  V ( A o ) ~ - ~ E ( A o ) .  o 
id.  

Let g: V(A) ...... ~-_V(B) be any linear lifting of _V(A o) > __V(A o) (since 

S is affine and _V(A) is projective such a lifting exists). By the way in 

which tAB was constructed it is clear that ~'ABO@AIV(A)=rABI_V(A) is 

the composite of V(A) g > V(B) with V(B) c ...... • E(B), plus an exponen- 

tial. On the other hand ~OB o ~'__ IV(A) = q~B o (_V(A) g--~V(B) "~" ~ E(fi) + an 
AB 

exponential). An exponential from V(A) to either E(B) or E(B) factors 

through their common formal Lie group. (The fact that they have a 

common formal Lie group follows immediately from [IV i. 2. I], the anal- 

ogous statement for abelian schemes, and the obvious fact that B and B 

h a v e  the  s a m e  f o r m a l  L i e  g r o u p .  ) It is thus  c l e a r  t ha t  COBO (an exponen -  

t ia l )  is an exponential and thus tAB o ¢AI__V(A) differs f r o m  ~ o  %_ JV(A) 
AB 

by an exponential. Therefore applying [IV 2.6.3] it follows that 

TAB o ¢pAI_V(A) = qgBO T -IV(A)" 
AB 

This gives us the local definition of our mapping. The passage 

from the above local definition to a global one is now immediate. For, 

in e f fec t ,  w e ' v e  shown tha t  the  m o r p h i s m s  we  h a v e  de f i ned  l o c a l l y  a r e  

i n d e p e n d e n t  (up to c a n o n i c a l  i s o m o r p h i s m )  of  a l l  c h o i c e s .  S i n c e  the  

m o r p h i s m  q0A: E(A) > E(A) whcn  r e s t r i c t e d  to an open  s u b s e t  U of 

S gives @AIU: E(A---TU) ~- E(AIU), it is obvious that because the sources 

and targets patch together the morphisms will also. This gives us our 

E(/*o)S; >S > IE'Ao's¢~ " ">S" definition of 
o o 

Because we are dealing 

wi th  c r y s t a l s  i t  is aga in  i m m e d i a t e  that  t h e s e  m o r p h i s m s  a r e  c o m p a t i b l e  
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and h e n c e  give  us the d e s i r e d  m o r p h i s m  of c r y s t a l s  1E(Ao) .... > 1E(2~). 

I t  is  now i m m e d i a t e  tha t  the induced  h o m o m o r p h i s m  D(Ao) >D(A o) 

is an isomorphism. In fact the question is local and hence the statement 

fo l lows f r o m  the o b s e r v a t i o n  that  the m i d d l e  v e r t i c a l  a r r o w  in the  fo l lowing 

d i a g r a m  is an i s o m o r p h i s m  ( s i n c e  the two ends a r e ) :  

0 ~- _V(A) ~- Li e (E(A)) ' ~- Lie (A) ~- 0 

See [IV 1. Z. 2] w h e r e  it was  o b s e r v e d  tha t  the  above  s e q u e n c e s  a r e  exact .  

A l so ,  the fac t  tha t  the above  m o r p h i s m  of c r y s t a l s  is  c o m p a t i b l e  

wi th  b a s e  change  is obv ious  f r o m  the  m a n n e r  in which  the i n v e r s e  i m a g e  

of crystals is constructed [III 3.8] and the explicit local definition of the 

r n o r p h i s m  (us ing  [IV 2 . 4 . 4 ] ) .  

F i n a l l y  to show the f u n c t o r i a l i t y  of the m o r p h i s m  E ( A  o) ~- 1E(Ao), 

it is c l e a r l y  su f f i c i en t  to show that  when  S and S a r e  af f ine  (pN k i l l s  S, 
o 

• . . )  and l i f t ings  A of Ao, B of Bo a r e  g iven ,  then  for  any h o m o m o r -  

phism u : A ~ B the following diagram commutes: 
O O O' 

(Z.l. 7) 

Es(U o) 

i ! t 

~A ~ ~B 

ES (u o) ,~ 
E(A ) ........ >- E(B) 

(Here  Es(Uo) and Es(Uo) a r e  the  un ique  m o r p h i s m s  whose  e x i s t e n c e  is 
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g u a r a n t e e d  by  [IV Z. 2]. Th i s  is  the  n o t a t i o n  wh ich  was  u s e d  in [IV Z .4 .1 ] ) .  

To p r o v e  the  c o m m u t a t i v i t y  of (2 .1 .7 )  we  r e a s o n  as  a b o v e  w h e r e  t he  

s p e c i a l  c a s e  i nvo lv ing  ~'AB and V _ was  p r o v e n .  N a m e l y  if in (2 .1 .5 )  
A B  

TAB and T _ _  a r e  r e p l a c e d  by  Es(U o) and Es(Uo),  i t  is  c l e a r  t ha t  
A B  

(Es(Uo)O~A)IA,  r e s t r i c t s  on So to ~-o > Ao u° > Bo ~ E(Bo) 

(us ing  the  a n a l o g u e  of  the  c o m m u t a t i v e  d i a g r a m  [IV 2 . 7 . 2 ]  f o r  a b e l i a n  

s c h e m e s ) .  On the  o t h e r  hand  =B~-° ES(Uo)IA, r e s t r i c t s  on So to 

U 

o t g  ~- " ~" g ~ E ) ~- E(Bo) .  S i n c e  t h e s e  c o m p o s i t e s  a r e  o b v i o u s l y  
O O 

equal, the reasoning applied above (in the case with TAB and ~-_ _ ) 
AB 

show Es(Uo)O~alE = ¢pB o Es(Uo)IA.. 

To conclude the proof that Es(Uo)O ~0 A = ~pB o Es(U o) it suffices to 

show both maps have the same restriction to V(A). 

But  bo th  r e s t r i c t i o n s  to V(A) when p u l l e d  b a c k  to S b e c o m e  
- -  O 

__V(u ) 
V(Ao ) . o . . ~. V(B ) m :~ E(Bo) .  The  r e s t  of the  r e a s o n i n g  u s e d  in the  

~ O 

s p e c i a l  c a s e  TAB = Es(Uo),  " r  _ = Es(U o) goes  t h r o u g h  w o r d  f o r  w o r d  
A B  

(changing  g to be  a l i n e a r  l i f t i ng  of V(u o) of c o u r s e ) .  Th i s  c o m p l e t e s  

t he  p r o o f  of  the  t h e o r e m .  

(Z. 2) ~e shall prove the theorem of Serre-Tate on lifting abelian 

s c h e m e s .  L e t  us  f i r s t  r e c a l l  i t s  s t a t e m e n t .  L e t  S b e  a s c h e m e  wi th  p 

locally nilpotent on it and let I be a locally nilpotent quasi-coherent ideal 

of %" Set S ° = Var (I). Consider the category of pairs (A o, ~.) con- 
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s i s t i n g  of  a n  a b e l i a n  s c h e m e  A o n  S a n d  a B a r s o t t l - T a t e  g r o u p  ~- o n  
o o 

S w h i c h  l i f t s  Ao' t h e  B a r s o t t i - T a t e  g r o u p  a s s o c i a t e d  to  A o. M o r p h i s m s  

b e t w e e n  ( A  ,o  ~ )  a n d  ( B o ,  B )  a r e  d e f i n e d  to  b e  p a i r s  (Uo, ~ )  w h e r e  

u : A ~- B is a homomorphism and ~: .~ ~ B is a homomorphism 
o o o 

l i f t i n g  ~ .  
o 

T h e o r e m ( S e r r e - T a t e )  ( Z . 3 ) :  T h e f u n c t o r  A I ~ - ( A x S  , ~-) i s  a n e q u i v -  
S o 

a l e n c e  of  c a t e g o r i e s  b e t w e e n  t h e  c a t e g o r y  o f  a b e l i a n  s c h e m e s  o n  S a n d  

t h e  a b o v e  d e f i n e d  c a t e g o r y  of  p a i r s .  

W e  p r o c e e d  to  p r o v e  t h e  t h e o r e m  v i a  a s e r i e s  o f  r e d u c t i o n  s t e p s .  

L e m m a  ( 2 . 3 . 1 )  I t  s u f f i c e s  t o  p r o v e  t h e  t h e o r e m  l o c a l l y  o n  S.  M o r e  

p r e c i s e l y  i f  w e  c a n  f i n d  a b a s i s  f o r  t h e  o p e n  s e t s  of  S s u c h  t h a t  t h e  t h e o r e m  

i s  t r u e  f o r  e a c h  s e t  in  t h e  b a s i s ,  t h e n  t h e  t h e o r e m  i s  t r u e .  

P r o o f :  L e t  [ U . ]  b e  s u c h  a b a s i s .  W e  p r o v e  s u c c e s s i v e l y  t h a t  t h e  f u n c t o r  
1 

i s  f a i t h f u l ,  f u l l ,  a n d  e s s e n t i a l l y  s u r j e c t i v e .  

1) f a i t h f u l :  L e t  u , v :  A ;- B b e  h o m o m o r p h i s m s  o f  a b e l i a n  s c h e m e s  

s u c h  t h a t  u = v : A ..... ~- B a n d  ~ =  ~ :  X > B ( " o "  d e n o t e s  r e d u c t i o n  
O O O O 

to  S a n d  "--"  d e n o t e s  p a s s a g e  to  t h e  a s s o c i a t e d  B . T .  g r o u p ) .  R e s t r i c t i n g  o 

to  e a c h  U.1 " i t  i s  c l e a r  t h a t  u l U i =  v l U  i s i n c e  t h e  t h e o r e m  i s  a s s u m e d  

t r u e  f o r  U. a n d  s i n c e  r e d u c i n g  to  S a n d  t a k i n g  t h e  a s s o c i a t e d  B .  T .  
1 o 

g r o u p  c o m m u t e s  w i t h  l o c a l i z a t i o n .  T h i s  o b v i o u s l y  i m p l i e s  u = v .  

2) f u l l :  L e t  u : A  > B , ~ :  A ~- B b e  g i v e n  w h e r e  A a n d  B 
o o o 

a r e  a b e l i a n  s c h e m e s  o n  S.  A s s u m e  of  c o u r s e  t h a t  . _{E}o = ~o"  F o r  e a c h  

U. ,  b y  h y p o t h e s i s  t h e r e  i s  a u n i q u e  u . :  A I U .  ~ B I U .  w h i c h  g i v e s  r i s e  
1 l 1 l 
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to  u o l  U i 

a g r e e  o n  a l l  o p e n  s e t s  U k 

T h u s  u. and  u .  a g r e e  on  
1 j 

a m o r p h i s m  u:  A ......... ~- B .  

and  E I U  i.  By t h i s  u n i q u e n e s s  u i l U  i O U2 and u j f U  i N Uj m u s t  

in  our base w h i c h  are contained in 17. 0 U.. 
l j 

U, N U. and therefore patch together to give 
i j 

Obviously uIS ° = u O and u is a homomor- 

p h i s m  ( s i n c e  t h e  f a c t  t h a t  i t  i s  a h o m o m o r p h i s m  i s  e x p r e s s e d  by  t h e  

c o m m u t a t i v i t y  of a c e r t a i n  d i a g r a m  and t h i s  d i a g r a m  d o e s  i n d e e d  c o m m u t e  

b e c a u s e  on  s u f f i c i e n t l y  s m a l l  o p e n  s e t s  i t  d o e s ) .  K n o w i n g  t h a t  u is  a 

h o m o m o r p h i s m ,  i t  i n d u c e s  a m a p p i n g  A > B.  B u t  s i n c e  u l U  = u.  and 
t 1 

~i=ulUi:EIUi >'filU'1 we see the homomorphism that u induces from 

~, > B is indeed ~. 

3) e s s e n t i a l  s u r j e c t i v i t y :  L e t  A b e  an  a b e l i a n  s c h e m e  on S and 
O O 

A '  a B . T .  g r o u p  on  S w i t h  (A ' )  ° = A . F o r  e a c h  U. in  o u r  b a s e  c h o o s e  
O l 

Ei ) an abelian scheme A. on U. and an isomorphism _~9i: (A i , 
1 i 

O 

(AolU i, A'IUi). W e  w a n t  to  c o n s t r u c t  an  isomorphism b e t w e e n  A j l U i N  U. 
3 

and AilUiN U.. For each U~UiN U. in our base (qgillUk)O{(pjIUk) is 
J J 

an isomorphism between (AjolUk, Aj---~k) and (AiolU k, Ai-----[~k). Thus 

it comes from a unique isomorphism AjlU k ~ ~- AilU k. Because these 

i s o m o r p h i s m s  a r e  u n i q u e  t h e y  p a t c h  t o g e t h e r  to g i v e  an  i s o m o r p h i s m  

~ij: AjlUi n U.j ~ ~- AilU i O U..3 To show that ~ik = ~ij ° ~jk we simply 

observe that for any Uj~ c U i f] U. N U k in our base, the restriction of the 
-- j 

functor to U% transforms both sides into (qgillu~)o (¢PklU~). Thus since 

the functor is by hypothesis faithful on U%, the cocycle condition is 

satisfied. Hence the A. can be glued together to obtain an A. Since by 
I 
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c o n s t r u c t i o n  t h e r e  a r e  i s o m o r p h i s m s  (A IUi )  ° ~ ~- A o l U  i w h i c h  p a t c h  

t o g e t h e r ,  i t  is  c l e a r  t h a t  A × S ~ A . S i n c e  A is  o b v i o u s l y  l o c a l l y  
S o o 

of  f i n i t e  t y p e  o v e r  S and  t h e  m o r p h i s m  A ~ S is  q u a s i - c o m p a c t  (as  

A > S i s ) ,  A i s  o f  f i n i t e  t y p e  o v e r  S.  F u r t h e r m o r e  A ~ S i s  
O O 

s e p a r a t e d  s i n c e  A ~ =~ S is  and t h e  m o r p h i s m  A 
O O 

~- S is universally 

c l o s e d  s i n c e  A ~- S i s .  T h u s  A is  p r o p e r  o v e r  S.  A is  an  
O O 

S - g r o u p  s c h e m e  b e c a u s e  t h e  t r a n s i t i o n  m o r p h i s m s  u s e d  to  d e f i n e  A 

r e s p e c t e d  t h e  a l g e b r a i c  s t r u c t u r e  on  t h e  v a r i o u s  A . .  S i n c e  A i s  o b v i o u s l y  
1 

s m o o t h  w i t h  g e o m e t r i c a l l y  c o n n e c t e d  f i b e r s ,  A is  an  a b e l i a n  s c h e m e .  

W e  h a v e  a l r e a d y  o b s e r v e d  t h a t  A ×S - ~ - - ~ A  . A l s o  by c o n s t r u c t i o n  t h e r e  
S o o 

a r e  l o c a l  i s o m o r p h i s m s  -~IU-  ~ ~-A' IU.  w h i c h  p a t c h  t o g e t h e r .  T h u s  i t  
i 1 

i s  c l e a r  t h a t  A is  m a p p e d  by  o u r  f u n c t o r  in to  an  o b j e c t  w h i c h  i s  i s o m o r p h i c  

to (A o ,  A ' ) .  

L e m m a  ( 2 . 3 . 2 )  L e t  S o ,  Sic_ - - "  ~ S r = S b e  a s e q u e n c e  o f  ( c l o s e d )  

subschemes of S corresponding to ideals lu I D I 1 D-.. D I r = (0). 

A s s u m e  t h e  t h e o r e m  is  t r u e  f o r  e a c h  p a i r  (Si ,  S i+ l ) .  T h e n  t h e  t h e o r e m  

is true. 

P r o o f :  W e  p r o v e  t h i s  by  a n  o b v i o u s  i n d u c t i o n  on  r .  F o r  r = 0 i t  i s  

t r i v i a l .  T h u s  a s s u m e  t h e  t h e o r e m  is  t r u e  f o r  t h e  p a i r s  (So, S r _ l )  and  

(Sr_ 1, S r ) .  A g a i n  w e  s h o w  s u c c e s s i v e l y  t h a t  t h e  f u n c t o r  i s  f a i t h f u l ,  f u l l ,  

and  e s s e n t i a l l y  s u r j e c t i v e .  

i )  f a i t h f u l :  L e t  u , v : A  > B  b e s u c h t h a t  u = v  and u = v .  S i n c e  
0 0 

EISr. 1 =V{Sr_l, it follows that UlSr_l= VlSr.l:A{Sr. 1 > BISr. I since 
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t h e  t h e o r e m  i s  t r u e  f o r  (So,  S t _ l ) .  B u t  s i n c e  i t  i s  a l s o  t r u e  f o r  ( S r _ l ,  S r )  

w e  m u s t  h a v e  u = v .  

Z) f u l l :  L e t  u : A ~- B , ~ :  ~, ;- B w h e r e  A a n d  B a r e  a b e l i a n  
O O O 

s c h e m e s  o n  S . T h e n t h e r e  i s  a v : A I S r _ I - - - ~ B I S r _ I  s u c h t h a t  v = u  
r o o 

a n d  ~ = ~ l S r _  1. N o w  w e  c a n  a p p l y  t h e  f u t l n e s s  to  t h e  p a i r  ( v , E :  ( A I S r . I , A }  

~- (BISr_I, B) to conclude there i s  a u: A ~- B inducing u:b,---* 

a n d  w i t h  U t S r _  1 : v .  B u t  t h e n  u ] S  ° = v l S  ° : u O. 

3) e s s e n t i a l l y  s u r j e c t i v e :  L e t  A b e  a n  a b e l i a n  s c h e m e  o n  S a n d  A '  
" O O 

s u c h  t h a t  A ' I S  ° = A S i n c e  t h e  t h e o r e m  i s  t r u e  f o r  a B . T .  g r o u p  o n  S r o" 

(So, St_ I) there is an abelian scheme Ar_ 1 with Ar_llSo=Ao , Ar_I=A ISr_ I. 

A p p l y i n g  t h e  t h e o r e m  to  ( S r . 1 ,  S r )  t h e r e  i s  a n  A w i t h  ~-= A ~ a n d  

AISr_ 1 = Ar_ 1 and hence AIS ° = Ar_IIS ° = A o. 

(2.3.3) By (2.3. I) it suffices to prove the theorem when S is affine, 

say S = Spec (A). 

where A = A/I, 
O 

B y  [II  4 . 1 ]  a n d  ( Z . 3 . 2 )  w e  c a n  a s s u m e  S = S p e c  (Ao)  
O 

pl = i z = (0). 

L e m r n a  ( Z . 3 . 4 )  L e t  A b e  a r i n g  a n d  I b e  a n  i d e a l  i n  i t  s a t i s f y i n g  

p I  = I z = (0) .  G i v i n g  d i v i d e d  p o w e r s  o n  I i s  e q u i v a l e n t  to  g i v i n g  a p - l i n e a r  

m a p p i n g  ~ :  I . . . .  ~ I (I b e i n g  v i e w e d  a s  a n  A / p A - m o d u l e ) .  

P r o o f :  G i v e n  d i v i d e d  p o w e r s  (Tn) o n  I ,  c e r t a i n l y  "/p = Ir i s  s u c h  a 

m a p p i n g .  C o n v e r s e l y  g i v e n  7r d e f i n e  d i v i d e d  p o w e r s  o n  I e x p l i c i t l y  by  

a a a o ! 
7n(X ) = x a(~(x)): ..." "" (rr(X))a: r when the p-digit expansion of n is 

O r 

r 
n = ao+ alp + ... + arP . One checks directly that the (9~n) defined in this 
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way satisfy the axioms (it being quite trivial as I 2 = (0)). Clearly the 

only non-zero divided powers are the yp i . 

(2.3.5) It is obvious that divided powers defined on the ideal I by the 

procedure of (2.3.4) are nilpotent exactly when ~r is nilpotent. In par- 

ticular by choosing w = 0 we obtain nilpotent divided powers on I. Thus 

we conclude our proof of (2.3) by proving: 

Theorem (2.3.6) Let S be a scheme with p locally nilpotent on it, 

I an ideal with nilpotent divided powers, S = Vat (I). The functor 
o 

A ~ (Ao, A) is an equivalence of categories between the category of 

abelian schemes on S and the category of pairs consisting of an abelian 

scheme on S and a lifting of its B.T. group to S. 
o 

Proof: Again let us show successively that the functor is faithful, full, 

and essentially surjective. 

I) faithful: Let u,v:A----~B begiven. Assume u = v :A ~-B 
o o o o 

and ~ = V: .~ .... ~- B . Then ~ and ~ induce the same mapping 

(__V(A) ~- D(Ao)s) ~ (_V(B) c ~_ D(~o)S ) , namely D(~o) S. Thus u 

and v induce the same mapping (_V(A)C--~D(Ao) S) >(V(B) c--->D(Bo) S) 

by (2. I). Hence by the assertion of faithfulness in (i. i0) u = v. 

2) full: Let u :A ..... ~- B and u': A ~- B be given with u' =5 . 
o o o o o 

The giving of u' lifting ~ gives us a map of admissible filtrations 
o 

(__V(A) c ~- D(Ao)s) ~ (V(B) ~ ~- D(Bo)s) and hence by (2. i) a map of 

admissible filtrations (V(A) c > D(Ao)s) > (V(B) D(Bo)s). By 

the fullness assertion of (I. I0) there is a u: A ~ B reducing to u o 
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a n d  g i v i n g  r i s e  to  t h e  s a m e  m a p  o n  t h e  a d m i s s i b l e  f i l t r a t i o n s .  B u t  t h e n  

and u' give the same map on filtrations and (U)o = (%) = U'o " Thus 

the faithfulness assertion in (I. 6) implies that ~ = u'. Hence our functor 

is full. 

3) essentially surjective: Let A be an abelian scheme on S A' a 
o 0 2 

B.T. group on S with A' = A . The giving of A' is equivalent to giving 
o o 

an admissible filtration on D(Ao) S = D(Ao) S (by (Z. I) ). Thus by the 

essential surjectivity assertion of (I.I0) there is an abelian scheme A on 

S reducing to A and giving the desired filtration on D(Ao) S. But 
o 

and A' reduce to the same B.T. group and give rise to the same filtration 

on D(~o) S. Hence by (i. 6) we conclude that there is an isomorphism 

between X a n d  A' suchthat (A×S , A) is isomorphic to (Ao, A')- 
S o 

Thus the functor is essentially surjective. 

§3.  ( 3 . 0 )  A s  a n  a p p l i c a t i o n  of  w h a t  h a s  p r e c e d e d  w e  g i v e  h e r e  t h e  

S e r r e - T a t e  c o n s t r u c t i o n  o f  t h e  c a n o n i c a l  l i f t i n g  of  a n  o r d i n a r y  a b e l i a n  

v a r i e t y  o v e r  a p e r f e c t  f i e l d  k of  c h a r a c t e r i s t i c  p .  

Definition (3. I) A g-dimensional abelian variety A over k is said to 
o 

be ordinary if Ao(l ) has separable rank equal to pg. 

Lemma (3.2) Let k be a perfect field of characteristic p, W(k) its 

ring of Witt vectors. The functor A' I ~- (A' , A') is an equivalence of 
o 

categories between the category of formal abelian schemes on ~/(k) and 

the catagory of pairs consisting of an abelian variety A on k and a 
o 
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B a r s o t t i - T a t e  g roup  A on W(k) l i f t ing  ~_ 
O 

toA ). 
O 

(the B.T. group associated 

Proof: By [E.G.A. 1 10.12.3, E.G.A. HI 3.4.1] there is an equivalence 

of c a t e g o r i e s :  

F o r m a l  a b e l i a n  s c h e m e s / W ( k )  --T-+ ¢Lirn (Abe l i an  s c h e m e s / W n ( k )  ). 

By [II 4 .16]  t h e r e  is an  e q u i v a l e n c e  of c a t e g o r i e s :  

B.T. (W(k)) : ~  > ~ i m  B.T. (Wn(k) ). 

The e q u i v a l e n c e  is now an i m m e d i a t e  c o n s e q u e n c e  of (2 .3 :  to the  c o m -  

p a t i b l e  f a m i l y  (An) of a b e l i a n  s c h e m e s  is a s s o c i a t e d  (Ao, (An)) which  

in  t u r n  is iden t i f i ed  wi th  a p a i r  c o n s i s t i n g  of an  a b e l i a n  v a r i e t y  A and 
O 

a B.T. group on W(k). 

T h e o r e m  (3 .3)  Le t  A be  an  o r d i n a r y  a b e l i a n  v a r i e t y  on k. T h e r e  is  
O 

a p r o j e c t i v e  a b e l i a n  s c h e m e  A on W(k) l i f t ing  A such  that  the  m a p  
O 

End (A) > End (Ao) is  b i j e c t i v e .  We ca l l  A, which  is c o n s t r u c t e d  
W ( k ) - g r .  k - g r .  

exp l i c i t l y  be low (up to c anon i ca l  i s o m o r p h i s m ) ,  the c a n o n i c a l  l i f t ing  of A . 
O 

is p e r f e c t  and A is o r d i n a r y ,  i t  fo l lows f r o m  [22, Proof: Since  k 
0 

page 147] that A the Barsotti-Tate group associated to A is equal 
O '  O' 

- ~ t  ~tor. to a p r o d u c t  A o x of an  ~ ta le  and a t o r o i d a l  B . T .  g roup  (both of 
O 

height g). By [E.G.A. IV 18. 3. 2] there is a "unique" lifting of ~,~t to 
O 

-- tot. 
each Wn(k). Applying Cartier duality to A , it is clear that this 

O 

group  can a lso  be l i f t ed  u n i q u e l y  to each W (k). 
n 

Let  us ca l l  t h e s e  l i f t -  

ings A" and A'" r e s p e c t i v e l y .  Then  A" X A'" l i f t s  ~. (for any choice  
n n n n o 

of n) .  By (3.2)  t h e r e  is a s s o c i a t e d  to (Ao, (A n XA" n ) n > 0  ) a f o r m a l  
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a b e l i a n  s c h e m e  A ' .  I t  i s  i m m e d i a t e  f r o m  [II  3 . 3 . 2 1 ]  and  t h e  a b o v e  r e f e r -  

e n c e  to E . G . A . ,  t h a t  t h e  m a p  End  (A" × A'" ) . . . .  ~- End  (Ao) i s  b i j e c t i v e  
n n 

f o r  a l l  n.  T h u s  t h e  m a p  End  (A ~) " ~- E n d  (A o) i s  b i j e e t i v e .  

It remains to show that A' can be algebraicized. First let us 

observe that by [26, Ell 4. l(i)] A'] Wn(k) is quasi-projective and hence 

projective [E.G.A. II 5.5.3(ii)]. Thus by [21, pp. 117-118] the dual 

abelian scheme (i'l~/n(k))* exists. Using either [23, 1.8] or [24, 19. Z] 

we have ((A'IVIn(k))) ~ (A' IWn(k))* 

Now choose an ample L on Ao, so as to obtain in the usual way a 
o 

: A ~ )4 [21, pg. 120]. ~ can be lifted to each homomorphism ~'o o (Ao o 

A" x A'" by simply looking at the unique lifting of A" ~ A*" (obvious 
n n n n 

notation) and similarly for the toroidal parts. By (2.3) this gives us for 

each n a mapping kn: A ~IWn(k ) >- (i ~ I Wn(k))* and it is obvious that 

~tn+ll~/n(k) = ~n" By [25, Z. 3.2] this means there is a compatible system 

of invertible sheaves L on (A'IWn(k)) such that I is associated to 
n n 

L . By [E.G.A. III 5.4.5] A j comes from a projective scheme A over n 

~V(k). [E.G.A. Ill 5.4. I] simultaneously implies that A is a group scheme 

and that the map End (A) > End (Ao) is bijective (since we already know 

End (A') ~ End (Ao) is bijective). By [E.G.A. IV 12.2.4 (viii)] A has 

geometrically integral fibers. Finally by [4, Chap. 3 §5, Theoreml, Prop. 2] 

A is flat and hence since the generic fiber is smooth [G.A. II §6, I.I] A 

is smooth [E.G.A. IV 17.5.1]. 
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C o r o l l a r y  (3 .4)  L e t  Ao,  Be be o r d i n a r y  a b e l i a n  v a r i e t i e s  o v e r  k and 

A , B  t h e i r  r e s p e c t i v e  c a n o n i c a l  l i f t i n g s .  T h e  m a p  H o m ( A , B ) - - ~ H o m ( A o , B  o) 

is bijective. 

Proof: Injectivity, follows immediately from the rigidity lemma [21, 6.2]. 

If f : A ~ B is a h o m o m o r p h i s m ,  it i n d u c e s  f : A ~- B wh ich  
0 0 0 0 0 0 

can be  l i f t ed  to A" x A'" ~- B" x B'" (no ta t ion  as  above)  by de f in ing  the  
n n n n 

l i f t ing  s e p a r a t e l y  on the ~ ta le  and t o r o i d a l  p a r t s .  T h i s  g i v e s  a h o m o m o r -  

phism between the formal abelian schemes f~: A' ~ B' lifting fo" By 

[E.G.A. III 5.41] f' comes from a homomorphism f: A ~- B. 



APPENDIX 

Our purpose here is to give some additional results on the canonical 

lifting of on ordinary abelian variety and to give consequences of the theorem 

of Serre-Tate in the case of ordinary elliptic curves. The first section gives 

a characterization of the canonical lifting. The second section is a technical 

interlude necessary for the applications to ordinary elliptic curves given 

in the third section. 

be an ordinary abelian variety on a field k of Lemme (i.0). Let A ° . . . . . . . . .  

characteristic p . Then, the Verschiebung, V : A (p) > A is etale. o o 

Proof. It may be assumed that k is algebraically closed [EGAIv 17.7.3 (ii)]. 

As A is ordinary there is a non-canonical isomorphism 
o 

A(P)(1)o ~ ) (~/P~)g X ~p)g , where g = dim(Ao )" Since V kills ~/p~ 

identity ou l~ the kernel of V is the ~tale part of A(P)(1). and is the 
o 

A(p) V From the exactness of 0 > Ker(V) ....... > > A > 0 , it follows 
o o 

by descent [EGA 17.7,3 (ii)] that V is 4tale. 

(i.i) Let k be a perfect field of characteristic p , W(k) the ring 

of Witt vectors of k , A an ordinary abelian variety on k and A an 
o 

abelian scheme on W(k) which lifts A 
o 

Pr0position (1.2). A is a canonical lifting if (and only if) there is an 

integer i and a homomorphism W : A (pi) > A (where A (pi) ......... is the inverse 

th 
i m a g e  o f  A u n d e r  t h e  1 - -  power  o f  t h e  c a n o n i c a l  F r o b e n i u s  on W ( k ) )  w h i c h  

t h  i l i f t s  t h e  i i t e r a t e  o f  V e r s c h i e b u n g ,  V A 
o 
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Proof. Let us begin by showing W is ~tale. By [EGA 17.7.3 (ii)] it 

suffices to consider the case when k is algebraically closed. Fix a prime 

# p and let us temporarily denote by A(~ u) (resp. Ao(~U)) the kernel 

of multiplication by ~u on A (resp. A ). The sequence 
o 

i(Ao(~U)) i O > Ker(V ) > V]= > Ao(~ u) > O is exact because V A 
o O O 

is an epimorphism. By (I.0) the sequence can be interpreted as an ordinary 

extension of ap-group by an g-group, which necessarily splits. Then the map 

i A(p i) 
VA : o (~u) ) Ao(~U) is an isomorphism• Hence the map 

O - • 

W : A(Pl)(~ u) > A(PZ)(~ u) is an isomorphism. In particular W induces an 
o A(pi ) 

isomorphism between the 6-divisible groups of the generic fibres of 

and A ° Since the points of A of order a power of ~ with values in some 

algebraic closure of th~ fraction field of W(k) are dense and since W is 

proper [EGAII 5.4.3 (i)], it follows t~at on the generic fibers W is 

surjective. Thus by the lermma of generic flatness [21, 6.1.2] it follows 

that W induces a flat morphism on the generic fibers. Because the kernel 

of W is proper and has zero-dimensional fibres, it is finite [EGAIv 8.11.1]. 

Thus the kernel is finite~ and locally-free. From (1.O) and [EGAIv 17.6.2 c'] 

it follows that Ker W is ~tale, which implies that W is ~tale. 

We can of course repeat the above reasoning with W replaced by 

A(p_i) ' -i A(P_2i ) W (p-i) : A > W (p-2i) ~ W (p ) : A > ..... Thus each of 

th 
the corresponding kernels is an ~tale subgroup of A . Call the ~ such 

subgroup A < n > . Then pin : A < n > ) A < n > reduces to zero and 

hence as A < n > is ~tale we have A < n > ~ A(in). Let A = lim A < n >. 

We wish to show it is a Barsotti-Tate group• Certainly it is of p-torsion. 

i 
To show A is p-divisible, it suffices to show the map p : A < n+l > > A < n > 

is an epimorphism (notice that this has a sense because 

)( #i) pi (V~)(p-in) .... ~ (V~ o = 0). Because A < n+l > is ~tale, the 
o O 
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>(pi) 
map FAi : A ° < n+l > > Ao < n+l can be lifted to a homomorphism 

o 
and the lifting is in fa~t an isomorphism since it lifts one. Again using 

F ; 

the fact that A < n+l > is ~tale the map 

...... (pi) i 
A < n+l > F > A < n+l > W > A < n+l > which lifts pi , is equal to p 

Thus it suffices to show W : A < n+l > (pi) --~ A <n> is an epimorphism. 
i 

But this is immediate since W : A (p) > A is an epimorphism (because it 

is faithfully flat) and W-I(A < n > ) ~A < n+l > (pi) 

From [I i.i, 1.5] it follows that to show A is a Barsotti-Tate 

group is suffices to show ~(i) is finite, locally-free. Let us show 

A(i) = A < 1 > . Since A(i) =lim A < n > (i) it suffice~to show the 

inclusion A < 1 > ¢ > A < n > (i) is an isomorphism for all n . Because 

i 
A < n > is ~tale, p : A < n > .... > A < n > is ~tale and thus A < n > (i) 

is ~tale and in particular finite, locally-free. The inclusion 

A < 1 >C---> A < n > (i) corresponds to a homomorphism of free (of 

finite rank) W-algeh~rss which reduces to an isomorphism modulo p and hence is 

an isomorphism. 

Consider now the inclusion ~ C > A(~). Over k , there is a map 

A (=) > ~ = A (m)~t which when composed with the inclusion is the 
o o o 

identity on Ao (since Ao(~) = Ao(~) t'm" × Ao(~)~t). Because A is ind-~tale 

this splitting can be lifted, which shows that A is a canonical lifting of A . o 

Corollary (1.2). 

F : A > A (p) 

A !...$ a canonical lifting if and only if there is a homomorphism 

liftin$ Frobenius. 

Proof. There is such an F if and only if there is a W lifting Verschiebung 

on A ¢~ (because Cartier duality interchanges F and V), hence if and only 
o 

if A ~ is a canonical lifting. Since by Cartier duality A~(~) =(A(~))~, it 
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follows that A(=) is a product of an ~tale and a toroidal part and hence 

that A is a canonical lifting. 

Corollary (1.3). If k is finite, A is a canonical lifting if and only 

i__f End(A,A) > End(Ao,A o) is bijective. 

i .th 
Proof. If k has p elements, then the l-- 

is an endomorphism of A 
O 

iterate of Verschiebung 

(2.0). Let S be a sheme with p locally nilpotent on it and S C > S 
O O 

an immersion defined by a locally nilpotent ideal. Let G' be a toroidal 
O 

B.T. group on S , G" an ind-~tale B.T. group on S and fix liftings G' 
o o o 

and G" to B.T. groups on S' We wish to consider liftings of G' X G" 
' O O 

to Barsotti-Tate groupS on S 
o 

Proposition (2.1). There is an e~uivalence of categories between the category 

of extensions of G" by G' provided with a trivialization of the induced 

extension of G" by G' and the category of lifting of G' X G" . 
0 0 ' "  0 0 

Proof. Let G be a lifting. Because G" is ind-~tale there is a unique 

homomorphism G > G" reducing to the projection G' X G" > G" . By 
O O o 

the criterion for checking flatness fiber by fiber [EGAIv 11.3.11], this 

map is an epimorphism. Let K denote its kerne| so that we have an exact 

sequence 

0 ............ > K > G ) G" 

Obviously K is of p-torsion. Because the maps 

epimorphisms (since they lift epimorphisms), K 

.... >O 

G(n) .... > G"(n) are actually 

is p-divisible. K(1) is flat, 
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finite [EGAII 6.1.5 (iii)~ and of finite presentation [EGAIv 1.6.2 (v)] 

over S, and thus it is finite locally-free [EGAIv 1.4.7]. Th s shows that 

K is a B.T. group. The given isomorphism K X S ...... N > G' is uniquely 
S o o 

liftable to an isomorphism K N > G' as is seen by using Cartier duality 

and the fact that G' is toroidal. Via this isomorphism we make G an 
o 

extension of G" by G'. 

This construction defines a functor from the category of liftings 

to the category of trivialized extensions. It is obviously an equivalence of 

categories which is quasi-inverse to the functor "forget the structure of 

extension". 

Remark (2.2). An easy passage to the limit gives the corresponding assertion 

when R is an adic ring whose topology is defined by an ideal I such that 

I/12 is of finite type over R/I [cf. II 4.15, 4.16]. We note the following 

consequence. 

Corollary (2.3). Let R be a complete noetherian local ring with perfect residue 

field k of characterictic p . Let G' (resp. G") be a toroidal (resp. 
o o 

ind-4tale) B.T.group on k and G' (resp. G") a lifting to R . Then the 

set of isomorphism classes of lifting of G' X G" is in bijective correspondence 
o o 

with ExtI(G",G'). 

Proof. This follows immediately from the proposition and the fact that since 

k is perfect, there is exactly one way to trivialize an extension of G" o 

by G' 
o 
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(2.4) The calculation of Extl(~p/~p,i~) made below in (2.5) will be 

utilized in section 3 to give the results on ordinary elliptic curves 

alluded to above. 

(2.4.1) Let R be an artin local ring with perfect residue field, k , 

of characteristic p and maximal ideal m . Consider the inductive system 

of sheaves on R : ~ P > ~ P > ~ > ... which is indexed by the 

= ~lim ~$n~ we see that there is natural numbers, ~ . Writing ~p/~ 
P 

an exact sequence of sheaves on R : 

(2.4.2) 0 > Z~ > lin~ ZZ > ~p/~Z p ............. > 0 

Looking at the relevant portion of the long exact sequence arising 

from applying the functor Hom(-,l ~) we obtain the sequence : 

8 
(2.4.3) ~im Hom(m ,~) > Hom(m ,i~) ~ Extl(~p/mp,~) > Extl(lim m ,~) 

Proposition (2.5). As R varies over artin local rings with residue field 

the homomorphism 8 R of (2.4.3) defines a functorial isomorphism : 

1 + ~ =[~(R) ~ ~ Ext~(~p/~p )Q , ~ ) ; the subscript "R" denoting Ext 

of sheaves on $pec(R). 

k , 

Proof. Hom(~ , |~) = I~(R) = 14~_ and because for n sufficiently large 
n 

(l+m) p = [I} it follows that the inverse limit lim Hom (~ , IV), is z~ro. 

Thus 8 R is injective. To show it is surjective it suffices to show the next 

mapping in (2.4.3) is zero or equivalently that the map 

Extl(lim ~ , IV) > Extl(~ IV) is injective. This map factors as shown 

in the diagram : 
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(2.5.1) 

Extl(lim)~, ~) , > ~im Extl(~ , ~) 

tion onto I s~ component 

Extl(zg , ~) 

We shall show that each of the maps occuring in the factorization is injective. 

Lemma (2.5.2). The map Extl(li~Tz, i~) > lim Extl( 7z ,~) is injective. 

Proof. Let C' be the category of abelian sheaves on Spec(R), C the category 

of projective systems of abelian groups indexed by ~ (i.e. the category of 

abelian presheaves on ~ , which thus has enough injectives), C" the 

category of abelian groups. The functor F I > Hom(lim ~ ,F) from C' to > 

C" can be factored as follows : 

F | > (Hom(~ ,F))iE ~ F C" 
C' > C > . We want to write down 

the associa~edspectral sequence of a composite functor : 

E2P'q = RPF((Extq(~ 'l~))iE~ ) ~ > Ext(lim~ , ~). This will be permissible 

once it is shown : 

(2.5.2.1) For I an injective object in 

(Hom(~ , l))iE ~ is F-acyclic. 

But quite generally if O > G' > G 

sequence in C with the transition morphisms of 

O > F(G') > F(G) > F(G") > O 

C', the projective system 

> G" > O is an exact 

G' surjective, then 

is exact. On the other hand given an 
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exact sequence 0 > G' > G > G" > O , then G having surjective 

transition morphisms implies G" does also. Since injective objects in G 

have surjective transition morphisms the last two remarks imply : if G' in C 

has surjective transition morphisms, then G' is r-acyclic. Thus the definition 

of an injective object together with the fact that 2Z ~ > Z~ is a monomorphism 

implies (2.5.2.1) and allows us to form the spectral sequence. The corres- 

ponding sequence of term~of low degree is 

(2.5.2.2) 0 ....... > RIF((I+_m)iE]N ) Extl(lim 7z @~) 7~ lira Extl(zg ,~) 

n 

Since for n sufficiently large, (I-~_) p = {I}, the inverse system 

satisfies the Mittag-Leffler condition. Hence by [EGA 0 13.2.2] 

Rlr((l+m)iE~) = (O) and by (2.5.2.2) we conclude. 

(l+m)i~ ~ 

(2.5.3). The injectivity of the map 

from the more precise: 

lim Extl(zg ,I~) .... > Extl( 7z ,l~i) follows 

Lemma (2.5.4). Hl(Spec(R), ~) = (O) . 

Proof; By an obvious modification of [SGA 4 VII 3.1] if follows from 

[SGA 4 VI 6 1.2 (3.)] that Hl(Spec(R),~) = l~Hl(Spec(R),~(n)) and hence 

is of p-torsion. Thus to prove the lemma it suffices to know Hl(Spec(R),~) 
n 

has no p-torsion. To see this choose n sufficiently large so that (l+_m) p ={I}. 

Consider the morphism of exact sequences : 
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n 
P 

0 " > I~ a ( n )  > I~ > I~ > 0 

II Ipn[ 
0 > l~i(n) ~" ~m > ~rn > 0 

n 
n 

Because k is perfect the map l+m_/(l+m) p = i+~--------> R~/(R~) p is 

b i j e c t i v e .  Thus w r i t i n g  the  r e l e v a n t  p o s i t i o n  o f  t h e  cohomology  s e q u e n c e s  

we find: 

O > l+m > Hl(Spee(R),l~i(n)) > HI(spec(R), I~) 
-- n 

n 
O ) R~/(R~) p --> Hl(Spec R, I~(n) > Hl(Spec R, ~ ) 

n m 
P 

>0 

>0 

This shows the pn-torsion in Hl(Spec(R), I~) is isomorphic 

Hl(Spec(R), ~ ) . Since R is a local ring it follows from 
m 

that Hl(Spec(R), @ ) = (O). m 

to that in 

[G.A III § 4,6.10] 

(2.5.5). Let us now explicate the mapping which is the inverse of 6 R ° Thus 

let the extension (e) O >I~---> E > Qp/~ > O arise from pushing 
P 

out the extension (2.5.1) along a homomorphism ~ : ~ )~i so that we have 

a commutative diagram : 



0 > ~ > %/~ > 0 
P 

(2.5.6) 

0 >'l~ ) > ~ p l ~ p  > 0 
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> lim 7z 

E 

Restricting (C) to 

O > ~ > ~ > ~ /pn~ 

We have the exact sequence, 

n 
(2.6) Hom(~ ,~) P > 

/pn~ is the same as pushing out 

> O along ~ . 

6 R 
Hom(~ , ~) > ExtI(2z /pn,l~l) ....... > Extl( 7z ,I~) 

By (2.5.4) this gives us the isomorphism : Hom(Zg ,igl)/pnHom(ZZ ,i~) "~> Extl( zz /pnZZ~gi~ 

The inverse is furnished is follows : lift the section 

i E F (Spec(R)), ~ /pn~ ) to an arbitrary section in 

it by pn to obtain a section of I~ which is unique 

E X ~/pn~ , multiply 

~p/~ n th P up to p -- 

powers. 

Passing to the inverse limit we obtain a map 

Extl(~p/~z p, J~) 

which is the inverse of the map 

shows the map Extl(~p/~ p,lgi) 

> l i r a  Extl(~ /pnm, i~) ~ > l+m 

6 R of proposition (2.5). 

> lim Extl(~/pn~ , ~) 

Incidentally this 

is an isomorphism. 

(2.7) If R is a complete noetherian local ring (whose maximal ideal is 

denoted by 2) with perfect residue class field of characteristic p, then 

passing to the limit as n increases and utilizing [II 4.15, 4.16] we find 

from (2.5) : 

l-~n = lim(Mm/m n) "~> lim Ext_, n(~ /~p,~) = EXtR(~p/~p,~) 
-- ~ - - ~ K / m  p 
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(3.0) In order to apply the above results to giving a "down -to-earth" 

spelling out of the theorem of Serre-Tate in the case of elliptic curves, 

let us fix an algebraically closed field, k , of characteristic Pl and 

an ordinary elliptic curve E over k . Let us choose an isomorphism 
o 

ro : ~p/~ p N ~ Eo(~)~t . Because Eo is canonically isomorphic to 

its dual, the choice of r ° furnishes us an isomorphism between ~ and 

the toroidal part of E (=). The product of these two isomorphisms gives us 
O 

an isomorphism ~p/~p ×~ > Eo(~) . If E 1 is another ordinary elliptic 

curve let us choose an isomorphism r 1 : ~ p / ~  P > E l ( = ) g t  . A homomorphism 

Po : Eo > E 1 induces a homomorphism Eo(~) > EI(~) and thus via the 

identifications made using r ° and r I a homomorphism 

~p/mp ×l~ > ~p/mp ×I~ . Because Hom(~p/2Zp,l~) = Hom(l~ , ~p/mp) = 0 

and End(~p/~ ) = End(~) = ~ ' Po furnishes us with a pair (Zo, z I) of 
P P 

p - a d i c  i n t e g e r s  such tha t  Po induces m u l t i p l i c a t i o n  by Zo on ~ p / ~ p  and 

multiplication by z I on l~ . 

(3.1) Let R be a complete noetherian local ring of residue field k and 

E a lifting of E to R. Then E(=) is a lifting of E (=) and hence 
O O 

determines an extension (once we've chosen r as above) 
O 

O ........ >I~ .......... > E(o=) > ~p/2Ep ) O 

by (2.3). This extension determines via (2.5),(2.6),(2.7) an element in i+~_ 

which we denote by q(E,r ). 
O 

Proposition (3.2.) Given an ordinary elliptic cure E over k , fix 
O 

~p/~ " ~'~ > E (=)~t . Then, the map E I > q(E,r o) establishes a r 
o p o 

b i j e c t i v e  correspondence between the s e t  of, , isomorphism clas,,,ses of  l i f t i n $  

of E and the elements in i + m . 
- -  0 
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Proof. The map E ! ~ E(~) is a bijection between formal lifting~of E 
O 

and liftings of E (=) by the theorem of Serre-Tate IV 2.3, II 4.15]. 
O 

Hence the proposition follows immediately from (2.3), (2.5), (2.6), (2.7) 

and the fact that formal liftings of curves are automatically uniquely 

algebraisable [EGAII 1 5.4.1, 5.4.5, SGA I III 7.1]. 

Proposition (3.3). Let (Eo,ro) , (El,r I) be two ordinary elliptic ' curves 

provided with isomorphisms r i : @/~ "~ > E.(~) ~t . Let Po : Eo .... ) E1 . . . . . . . . . .  p z 

be a.....homomorphism (thus determining (Zo,Z I) as in (3.0)). Let E (resp. E') 

correspond via proposition (3.2) to elements q (resp. q') in l+m . Then 
z I z 

Po can be lifted to a homomorphism p : E > E' if and only if q = q, o 

and in this case the lifting is unique. 

Proof. To lift Po is equivalent to lifting po(~) : Eo(=) > EI(~) to 

a homomorphism p(=) E(=) ..... > E'(=) IV 2.3, Ii 4.15]. Assume that such a 

~p/~ by I~ lifting p(~) exists. E(~) and E'(~) are both extensions of P 

Consider the diagram : 

(3.3.1) 

O > I~ :~ E(==) > ~p/~ P 

0 ' > [Ia > E'(o=) > ~p/TZ. P 

0 i 

> O  

By definition of Zl, p(~) , z ° (3.3.1) commutes when restricted to k . 

Using [II 4.15, 4.16] together with an obvious modification of [II 3.3.2.1] 

obtained by employing [II 3.3.17], it follows that (3.3.1) commutes. This says 

that the upper row when "pushed out" via z I : I~ >[~ is isomorphic to 

the lower row when "pulled back" via z I : ~p/~p > ~p/~p . Because 

of the isomorphism l+m ") Extl(~p/~ p,|~) "pushing out" corresponds to 

raising q to the power z I . From this isomorphism and the bi-functoriality 
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of Ext, it follows that "pulling back" corresponds to raising q' to the 

,z o z I 
power z . Thus the existence of a lifting implies q = q . Conversely o 

if this equality holds the push out of one extension is isomorphic to the pull 

back of the other and hence there exists a map p(~): E(~) ........ > E'(=) rendering 

(3.3.1) commutative. Reducing this diagram we obtain a commutative diagram 

@p/~ to I~ this tells over k ° Because there are no homomorphism from P 

us that the reduction of p(=) is po (~) . The uniqueness of the homomorphism 

follows immediately from [EG~I I 5.4.1] and Iv 2.3, II 4.15, 4.16]. 
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