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INTRODU CTION

The concept of Barsotti-Tate group was introduced in [1] where the
name equidimensional hyperdomain was used (actually for an equivalent
concept) and in [30] where the name p-divisible group was used. Following
Grothendieck, we prefer the term Barsotti-Tate group because the concept
of "p-divisible group' has a meaning for any abelian group object in an
arbitrary category and does not indicate any relation with algebraic
geometry.

Barsotti-Tate groups arise in "nature' when one considers the
sequence of kernels of multiplication by successive powers of p on an
abelian variety. Also, as Grothendieck has observed, there are Barsotti-
Tate groups which are naturally associated with the crystalline cohomology
of a proper smooth scheme which is defined over a perfect field of char-
acteristic p. Since we do not discuss crystalline cohomology no further
mention is made of this example.

Returning to the situation where A is an abelian variety over a
(perfect) field of characteristic p, let A(n) denote the kernel of multi-
plication by pn on A. The system (A(n))n>1 constitute a Barsotti-Tate
group. As opposed to the situation where on: looks at the kernel of mul-
tiplication by £, (£,p) =1, the groups A(n) are never étale unless
A = (0). Each Af{n) can be written uniquely as a product of a connected
group with an étale group. The sequence of these connected components
vield, by passage to the limit, the formal group obtained by completing A

along the identity. Thus the Barsotti-Tate group contains more information



than just this formal group. Another advantage which Barsotti-Tate groups
possess over formal groups is that there is a duality (generalizing Cartier
duality) defined for them.

In this paper Barsotti-Tate groups over an arbitrary base scheme
S (on which p is locally nilpotent) are studied. Intuitively we can think
of these as nicely varying families of Barsotti- Tate groups parametrized
by S. The basic theorems are those which allow us to associate various
crystals to such groups. Actually in order to construct these crystals
we assume that the Barsotti-Tate groups in question are, locally, liftable
to infinitesimal neighborhoods. This restriction is surely unnecessary.
In fact, recent work of L. Illusie {modulo several verifications of compat-
abilities he has yet to make) shows that the obstruction to the existence of
such liftings lie in a particular Ext group.* Combining this with a result of
Grothendieck showing that the obstruction gquestion is zero, we see it has
"essentially'” been proven that all Barsotti- Tate groups satisfy the above
lifting hypothesis. Thus, for the rest of the introduction, assume all
Barsotti-Tate groups are locally liftable in the above sense.

Let us now give a more detailed summary of the various chapters.
For simplicity we restrict to the affine case: Let A be a ring, I a nil-
potent ideal of A, Ao = A/I. Assume p is nilpotent in A. Set
S =Spec (A), S =Spec (A ) and generally denote with the subscript g™t
the result of restricting an object defined over S to So'

In Chapter I the concept of a Barsotti-Tate group over S is defined,

several sorites and several examples are given. This chapter consists

% These verifications have been made [17 bis].



primarily of definitions.

In Chapter 1l the relation between formal Lie groups and Barsotti-
Tate groups is studied. First assuming Ao is of characteristic p, we
show how to associate a formal Lie group to any Barsotti-Tate group G
defined on So. Via the use of the relative cotangent complex this result
is extended to a Barsotti-Tate group G over S (in the case where I=pA).
The procedure employed is to actually reduce to the case already treated
when the base is of characteristic p. Next we treat the question of when
is a formal Lie group a Barsotti- Tate group., The results here are cer-
tainly partial and only the case when S is artin is explicitly dealt with.
Finally necessary and sufficient conditions for a Barsotti-Tate group to
be expressible as an extension of an ind-étale Barsotti-Tate group by a
formal Lie group are given.

Chapter III is largely preliminary., The first and third sections
recall the relevant definitions and properties of divided powers and
crystals respectively. The second section treats the "exponential’ which
is used extensively later. In order to illustrate this concept assume the
ideal I has nilpotent divided powers. I.et H = Spec (B) be an affine
commutative S-group such that Lie (H) is locally-free of finite type.
Denote by 7: B ——> A the augmentation corresponding to the unit section

of H, The exponential will be a homomorphism:

exp: Hom (G_, 1® Lie (H)) “—> Ker [Hom (G ,H) —> Hom (G_ ,H )]
g ® S-gr. 25 S -gr. % °
O

For 6: G~ 19 Lie (H), let 8(1) =Z)ij® Dj where Dj is an A-linear



invariant derivation of B to itself. exp (8) is to be a homomorphism
Ga-—> H and hence to describe it we give the corresponding algebra map
B — A[T]. This algebra map is given explicitly via:

(n

b T (2 i, D ) by T

)
n>0 J
This is an algebra map by Leibniz's rule, and is a bi-algebra map because

the Dj'a are invariant. Additivity in 8 is checked directly and finally it

is clear that exp (6): [}a——> Ker (H —> Ho).

The exponential is studied in various contexts more general than the
above. Unfortunately we have to resort to an ad hoc construction at one
point and hence the discussion can not be regarded as truly satisfactory.
Finally we utilize the exponential in order to define a notion of linear
equivalence between certain vector subgroups of a given smooth group.
This allows us to "linearize'' the deformation theory of Chapter V.

Chapter IV is technically the heart of the work. It is here that we
construct the crystals alluded to above. The first section constructs for
any Barsotti-Tate group G on S a ''universal' extensionof G by a

vector group:
(*) 0 — V(G) —> E(G) —> G —> 0

Here V{(C) = the invariant differentials on the Cartier dual of G.

W
"”C'* »
This extension is universal in the sense that given any extension

0=>W-—>E—>G—>0 of G by a vector group W, there is a unique

linear homomorphism V(G) —= W which induces it from the extension {¥).



The construction of the universal extension is functorial in G and com-
mutes with all base changes.

Let us endeavor to explain how the crystals are obtained. For each
Go, a Barsotti-Tate group on So, crystals IE(GO), IE(GO), }D(Go) are
defined. The latter two are obtained from IE'.(GO) by "completing along
the identity” or by taking the Lie algebra in the respective cases. Thus
1E(Go) is the fundamental crystal to be constructed. The idea is to
"“"erystallize' E(Go), the universal extension mentioned abhove. This means

we want to show that if GI and G, are two liftings of Go to 5, then

2

E(Gl) and E(GZ) are canonically isomorphic. The main theorem of
Chapter IV proves this, The proof relies heavily on the exponential. Why
is this? Well, we want an isomorphism v: E(Gl) . E(Gz) which reduces

to id Let us consider the two extensions:

E(Go)'

i
0-—‘»,\{(01)-—-—>1 E(G,) —> G, —> 0

i
0—>-_Y(GZ)—-Z—> E(G2)~——->-Gz——>o

Let w be any lifting of id to a linear map V (Gl) >V (GZ).

V(Go)

If we could construct v and w such that ve il = izo w , then v would

induce a homomorphism G1 — GZ reducing to idG . Itis easy to see
-]

that this would imply G, = GZ. But it is definitely false that G1 is

1

2
necessarily isomorphic to G In fact if AO =Z/pZ, A=Z/p Z,

2
C‘xo = (}m X DPIZP, then there are (up to canonical isomorphism) precisely

p distinct liftings of Go to S. Thus the commutativity condition above



is too strong. Surely though we want d = vo il- izo w to induce zero on

So {since v is to lift id and w is to lift id Thus d need

E(G) vig,)"
not be zero but 4 should be zero; i.e., d¢Ker[Hom (V(Gl), E(GZ)) —
Hom ('Y(Go)' E(Go))]. It is precisely maps of this type which will be
studied in Chapter IiI: the exponentials. Thus it is natural to ask if v can
be chosen such that d is an exponential (it is easy to see the answer is

independent of the w chosen to 1ift idV(G )}. The answer is yes: there

is a unique such v. -

This enables us to construct the crystal lE(GO). Finally let us note
that the developments of Chapter IV go through mutatis mutandis to the
situation when the Barsotti-Tate groups are replaced by abelian schemes.
This will be of crucial importance in Chapter V.

Chapter V treats the deformation theory of Barsotti-Tate groups
and abelian schemes. We continue to assume the ideal I has nilpotent
divided powers., We prove that to lift a Barsotti-Tate group Go to 5 is
equivalent to lifting the natural vector subgroup V (Go) C— Lie (E(G)) =
D (Go)so to an ""admissible" filtration Fill S lD(Go)S. Actually a
more precise result giving us information about lifting homomorphisms
also, is proven. There is a completely analogous theorem concerning
abelian schemes. In order to relate the deformation theory for abelian
schemes with that for Barsotti-Tate groups we prove the following result:

If Ao is an abelian scheme on So and Ko the corresponding Barsotti-

Tate group, then there is a functorial isomorphism ID(KO) — D(a ).



Combining this result with the already stated results on deformations of
abelian schemes and of Barsotti- Tate groups, it is quite easy to obtain
the theorem of Serre-Tate, which says essentially: To lift A0 to S is
equivalent to lifting Ao tc S (and similarly for morphisms). (There
are of course no assumptions concerning divided powers in this theorem.)

In the final section of the chapter we apply the above results to
obtain the Serre-Tate canonical lifting of an ordinary abelian variety
defined over a perfect field.

Results of the type obtained here have been previously announced
in Cartier's Bourbaki talk [ 7] . He assumes the ring Ao is a perfect
field of characteristic p and that the Barsotti-Tate groups in question
are p-divisible formal Lie groups. Apparently he uses a more "Dieudonné
module theoretic' approach. He obtains finer results about the structure
of the crystal ID(G) than those obtained here, in particular the result
labeled 1) below.

In the appendix a characterization of the canonical lifting of
an ordinary abelian variety is given. In the case of ordinary elliptic curves *
the theorem of Serre-Tate is illustrated by giving Tate’s elegant formu-
lation of the result in terms of ''q". This portion of the appendix is taken

entirely from a letter of Tate to Dwork, dated November 1968.



Professor Serre has kindly informed me that for elliptic curves,
the canonical lifting has a rather long history. Hasse used it in his first
demonstration of the Riemann hypothesis for elliptic curves [16bis, 16ter] .
Deuring in his fundamental paper ]:9bis] proved that for any elliptic curve E0
over a finite field and any endomorphism @, of EO, there exists a
"lifting'' of the pair (Eo, qoo) to characteristic zero. In our context the
analogue is proposition {1.2) of the appendix. For the analytical aspects

of the theory one should consult [9ter] .

There are several results and problems which are not mentioned
in the text. I shall limit myself to mentioning three such. The first two
have been announced by Grothendieck while the third is, as far as I know,

completely open.

. * .
1) If S0 is a perfect field of characteristic p, then D (G) = D(G*) is

canonically isomorphic to the ordinary Dieudonné module of G.

*
2)1f = Ao e So is an abelian scheme, then D(Ao) is canonically

isomorphic to r! T, crys (OA cwa)-
, o’

3} Assuming So is of characteristic p and is perfect, to study more closely
the functor D. In particular to attempt to describe its essential image.

Also to decide if this functor is fully-faithful.

"plausible"

As Grothendieck has observed his result 1) above renders
the belief that D is fully-faithful since D commutes with base change and is

an equivalence of categories when the base is a perfect field.

During the summer of 1970 Grothendieck lectured in Montreal on
"Barsotti-Tate groups and Dieudonné crystals'. It was my good fortune
to not only be able to attend these lectures, but also to have extensive per-

sonal contact with Grothendieck through which I was able to profit greatly.



Therefore, it is indeed my pleasure to thank A. Grothendieck for the
time and effort he was so generously willing to devote to me as well as for

his permission to use many of his unpublished results and ideas.

During the fall semester, 1970, N. Katz and I conducted a seminar
at Princeton on Dieudonné theory and Barsotti-Tate groups. In the course
of the seminar I presented most of the results which appear here. Through-
out the entire seminar and even after it officially terminated Katz showed
great patience and interest in discussing this work. This is egpecially
true of the appendix where his assistance both in its initial conception and

in the execution of several technical resulis was invaluable.



Conventions

1. "p'" denotes a prime number fixed once and for all.
2. "group'' always means commutative group.
3. '"group over S, S-group,... " will always mean a f.p.p.f. sheaf of

{commutative) groups on the site (Sch/S)f Groups which

p-p.f.°
are representable will be referred to as such or via a modifying
adjective (i.e., flat, finite, and locally-free,... ) which makes
clear that they are group-schemes.

4, The references [8], [9], [12], [13] which are frequently cited in the
text are referred to as:
a) [8] G.A.
b) [9] s.G.A.3

c) [12] E.G.A.

d) [13] S.G.A.

Following standard conventions E,G.A.IV denotes a particular
reference in the 40 chapter of E.G.A. Similarly S.G.A., *%, ... refers

to a particular place in expose ** of the *th seminar held at Bures.



Chapter I. Definiticns and Examples

§1, (1.0). Let S be a scheme and G a group on S (i.e., following the
conventions introduced above, G is a commutative f.p.p.f. sheaf of
groups on the site Sch/S) such that pnG = {0). Then we have the following
lemma:
Lemma (1.1). The following conditions are equivalent

(i) G is a flat Z/p Z-module

(ii) Ker(pn-i) = Im(pi) for i=0,...,n
Proof: First we show (i) implies (ii). From (i) it follows that
gr (Z /an) ® gro(G) T gr'(G) (the associated graded group being

Z/pZ
taken with respect to the filtration defined by powers of p). Because of

this we know that pl induces an isomorphism from G/pG to plG/plﬂG
for i <n-1, Thus Ket(pn-l) < Im(p} and hence Ker(pn-l) < Ker(pn-l)
s iy i1 .
< Im{p) which implies that Ker(pn 1) =p- Ker(pn 1ﬂ) = p(pl G) = plG
(by induction on i).
-1
To prove that {ii) = (i), we observe by taking i=1 that pC}::Ker(pn )
n-1 . . B ~ n-1 )

and hence that p induces an isomorphism G/pG—>p G. Since

this map factors as G/pG —> pG/pZG —— e > pn‘lG we see that

each of these maps is an isomorphism. Thus, since

er’(Z/p"Z) 8y, o gr°(G) > gr (G),

Z/p

we have gr (Z /an) ®Z /p

O ~ .
7 &F (Gy —> gr (G).
To complete the proof we want to utilize a version of the 'criterion of

flatness. "

By [16;11 §4] to prove the flatness of G it suffices to show
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n
Toriz;p z:(M,G) =0 for any Z/pnz-module M. But the reasoning of

[4; Chap. I1II 85 #3 remark 1 and prop. 1] is completely formal and hence

applies in the general context. Consider the exact sequence:

n n
Me TorIZZ/p Z(wp, G) —> Torlwp Z v, G) — Tor?/pZ{M, G/pG) —> 0

which arises from the terms of low degree in the spectral sequence for

"associativity'' of Tor.

Zp"Z
Torl P (Z/pZ, G) = 0 by hypothesis (as noted abovej .
Torlz/pZ(M: G/pG) =0 since Z/pZ is a field, This shows that
Z/p"Z .
’I‘orI (M, G) is zero for any Z/pZ-module M and thus completes
the proof.

Definition (1.2) If n >2, a truncated Barsotti-Tate group of level n is
an S-group G such that:
1) G is a finite locally-free group scheme
2) G is killed by pn and satisfies the equivalent conditions of
lemma (1.1),
Remark (1. 3) For completeness let us define a truncated Barsotti-Tate
group of level 1 {on a scheme § where p is locally nilpotent) as a group G
which satisfies:
1) G is finite and locally free and killed by p.
2} Denoting by S0 the closed subscheme Var(p. ls) of S and

= i = i = .3. L3.2D).
G, =G X 5, im Vg = Kerf. , im fG Ker v {see [II 3.3.11, 3 h
S o} o) o o

Notation (1.4) If G is a group, we will write G(n) for the kernel of pn.

If G is killed by pn, we write G = G(n).
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Lemma (1.5) a) If G(n) is a flat Z/an-module then G{n) is a finite
locally-free group scheme if and only if G{l) is and then all the G(i) are.
b) If G(n) is finite and locally free then pi:G(n) —> G(n~i) is an
epimorphism if and only if it is faithfully flat.
Proof: We prove b) first. Clearly if pi: G(n) —> G{n-i) is faithfully
flat it is an epimorphism. Conversely if it is an epimorphism, then by
using the criterion for checking flatness fiber by fiber [E.G.A.IV 11.3.11]
we are reduced to the case when S is the spectrum of a field and here the
result is standard, [G.A. III, §3, 7.4]
To prove a) we observe that if G(n) is flat over Z/p Z and G(1)
is finite and locally free, then we have exact sequences:

0 — G(l) — G(2) T=>G(1)— 0

0 —> G(l) — G(3) —LG(Z) —> 0,... . Therefore by induction we see
that all the G(i) are finite locally-free {since an extension of two such
groups is another one by descent theory [G.A. III §4, 1.9]). Conversely,
if G(n) is finite and locally-free, then each G{i)} is certainly finite of
finite presentation over 8 [E.G.A. II 6,15, (iii) and (v) for "finite, "
E.G.A. IV 1.6.2, (iii) and (v) for "of finite presentation']. From part b)
(proved above) we know each G(i) is flat over S. Hence each G(i) is

finite and locally-free,

§2. (2.0) Let S be a scheme and G a group on S. Denote by G(n)
the kernel of multiplication by pn on G. G is said to be of p-torsion if

lim G(n) = G. G is said to be p-divisible if p- n'dG: G—> G is an
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epimorphism.
Definition (2.1): G is a Barsotti-Tate group if it satisfies the following
three conditions:

{2.1.1) G is of p-torsion

(2.1.2) G is p-divisible

(2.1.3) G(l) is a finite, locally-free group scheme
Notation (2.2): We write B, T.(S) for the category of Barsotti-Tate groups
on S, whose objects are the Barsotti-Tate groups and whose morphisms
are simply homomorphisms of S-groups.
Remarks (2.3): Let G be a Barsotti-Tate group

1) G(n) = G(n+l)}{n)

2) For any i suchthat 0<i<n, pn-i induces an epimorphism
G{n) > G(i) (because multiplication by pn.i is an epimorphism of G).

3} From remarks 1) and 2) and the fact that G(l) is {inite and
locally-free it follows from 1.5 that the G{(n) for n > 2 are truncated

Barsotti- Tate groups and that we have exact sequences:

n-i
(2.3.1) 0 —> G(n-i) — G(n) T—s G(i) — 0

4) It follows from the elementary theory of finite group schemes

over a field that the rank of the fiber of G(l) at a point s¢S is of the

his) where h is a locally constant function on S. It also follows

nh{s)
P

form p
from remark 3) that the rank of the fiber of G(n) at s is [G.A.
v §3,5].

5) Assume we have a system of groups G(n) with G(n) f{finite and

locally-free such that:
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a) G(n) = G(n+l)(n)

b) The rank of the fiber of G(n) at s is p°)

where h is a
locally constant function on S.

We consider the exact sequence

pn-i
0 = G{n-i) —> G(n) ——+ G(i} .

By looking at each fiber and using the multiplicativity of the ranks,

n-i
G(n)S P e G(i)s is faithfully flat. Therefore since G(n) is flat over S,
it follows
pn-i
that G(n) —— G(i) is faithfully flat

and hence an epimorphism. Thus we see that G = _l_i_n:; G(n) is a Barsotti-
Tate group and therefore (using also remarks 1) and 4)) it follows that our
definition of Barsotti- Tate group is equivalent to that of Tate [30].

6) From remark 5) it follows that our definition of Barsotti-Tate
group is essentially independent of the fact that we choose to work with
f.p.p.f. sheaves. Nevertheless it will be quite convenient to view the
category B.T.(S) as a full sub-category of the category of abelian sheaves
{for the f.p.p.f. topology) on S.

Sorites (2.4)
(2.4.1) 1f 8 —f—->- § is a morphism and G is in B.T.(S)}, then f*(G) is
in B.T.(S").

That {%(G) is of p-torsion and p-divisible follows immediately from

the fact that fIi is exact as does the formula f*(G)(n) = f*(Cr(n)). But

% %
since f {(G(1)) = G(1) x 8’, it is immediate that f (G){l) is finite and
s
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locally-free and hence f*(G) is in B.T.{(8).

Remartk (2.4.2): The assignment S +> B.T.(S} gives a fibered category
over the category of schemes. It is in fact a stack when (Schemes) is
endowed with the f.p.q. c. topology. This follows easily from the definitions
and descent theory [11, I3. 21.

{2.4.3} If 0—>Gl—~>‘c.- —->G3-—;0 is exact and

2

a) Gl and G.2 are in B, T.(8)

b) C}1 and G_ are in B.T.(S),

3
then in either case the third group is in B. T.(S) also.

Proof: In both cases it follows from the serpent lemma that the sequence
0 Gl(n—> GZ(I)—> G3(1)-—> 0 is exact. The representability of G3(l) {in
case 2)) is given by [G.A.III, §2 3.2] while the representability of G,(1) (in
case b)) is given by [G.A.III, §4, 1. 9] which also tells us Gz(l) is finite and
locally-free. The fact that G3(1) is finite and locally-free (in case a)) is
somewhat more involved. By [E.G.A.I15.4.3(i), E.G.A.IV 1.6, 2(v)] Gl(l) <.

Gz(l) is a proper monomorphism of finite presentation and hence it is a
closed immersion [E.G.A.1V8.11.5]. By |[S.G.A.3VIB?9. 2(x)}, (x1), (xii},
{xiii)] G3(I) is separated, flat, quasi-finite and of finite presentation over S.
That G,(1) is finite and locally-free now follows from [E.G.A. 11, 5.4.3 (i),

Iv 8.11.1, 1.4.7].
In either case a) or b} it is immediate that the relevant group is of

p-torsion and p-divisible and thus a Barsotti-Tate group.

(2.4.4) By considering the exact sequences (2.3.1) we see that the family

. * * * *
of Cartier duals G(n) together with the maps p : G(n) ~> G{n+l)
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*
{coming from the exact sequences) give us a Barsotti-Tate group G , the

% * *
Cartier dual of G, with C (n) = G(n) . The assignment G —> G
extends to morphisms so that we obtain a duality on the category of
Barsotti-Tate groups. Just as with ordinary Cartier duality, this duality

is compatible with all base changes.

Remark (2.4.5). The category B.T.(S) is not abelian. Kernels do not
exist in this category since the kernel of the morphism G 2~ ¢ must be

killed by p and hence can not be a Barsotti-Tate group {unless G = 0).

§3. (3.0} We give in this paragraph several examples of Barsotti-Tate
groups. First though, we recall some terminology about finite, locally-

free group schemes, G, on an arbitrary base S.

(3.1} G is said to be of multiplicative type if the following three equiv-

alent conditions hold:

(3.1.1) locallyon S for the étale topology, G is isomorphic to a group

of the form Spec (GS{M}) where M is an ordinary finite abelian group.
¥
{3.1.2) G , the Cartier dual of G, is étale.

(3.1.3) Locally, for the Zariski topology, there is a monomorphism
G - T where T is a torus (i.e,, a group which locally for the étale
topology is isomorphic to Gix)'

That (3.1.1) implies (3.1.2) is obvicus. The reverse implication is
an immediate consequence of [S.G.A. 3 X 4.5, 4.8]. To see that (3.1.1)

implies {3.1.3) we can, since the question is local on 5, assume S to be
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affine and then by the standard arguments assume 5§ to be Noetherian
[E.G.A. IV 8.9.1, 8.5.5, 8.10.5(x), 17.7. 8{ii})]. We decompose S into
a disjoint union of open sub-schemes S)\.’ such that for all s belonging to
a given SI\' C-g , the geometric fiber, is isomorphic to Spec(i-(:)[Mx])
for a well-defined finite group MA' Replacing S by Sh and then by a
connected component of S>\ (which is open since S is locally noetherian)
we reduce to the case where S is connected. Then by[8.G.A3 X 7.2] we
see that to give G is equivalent to giving a finite wm-module M where =
is the "enlarged' fundamental group corresponding to the choice of some
geometric point of §. But now writing M as a quotient of Z[{M] when =
operates on Z[M] in the obvious way, we see that the group corresponding
to the abelian group Z[M] is a torus and hence we achieve the desired
embedding.

Finally to prove that (3.1, 3) implies (3.1.2) it suffices to check the
implication when $§ is the spectrum of a field. But now as G is a finite

closed sub-group of a torus, the implication follows immediately from

[G.A. IV 81 2.4(a)].

(3.2} G is said to be infinitesimal if the structural morphism G -—> S is
radiciel. This is of course a condition which is verified fiber by fiber.

We shall see in [II 4.4], that this use of the word "infinitesimal’ is con-
sistent with a later meaning we shall give it in connection with formal Lie

groups.

(3.3) Recall finally the following definition.
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Definition (3.3.1) An abelian scheme A ——f—> S is a commutative group
scheme such that:

1} £ is proper

2} { is smooth

3} f has geometrically connected fibers.
Example (3.4). If A/S is an abelian scheme then E_rn_> A{n) is a Barsotti-
Tate group of rank 2d where d is the relative dimensionof A/S and
hence a locally constant function on §. Since the group }_1_1’_n_> A(n) is
obviously of p-torsion, we must show it is p-divisible and A(l) is finite
and locally-free of rank pZd. To know it is p-divisible it obviously
suffices to check that p:A —> A is an epimorphism. Thus it suffices to
know p: A—= A is faithfully flat and hence we are by [E.G.A IV 11.3. 11]
reduced to the case when we are over an algebraically closed field. But
as is well known, multiplication by p on an abelian variety is surjective,
and hence by the lemma of generic flatness [21; 6.12] we are done.
Finally, since A(l) has zero-dimensional and hence finite fibers and
since A(l) —> S is proper (being obtained by the base change S—> A
from the map p: A —> A which is proper by [E.G.A. II 5.4.3(i)]), it
follows that A(l) =+ S is finite [E.G.A. IV 8.11.1]. Since A{l)—> S
is flat, finite and of finite presentation it is finite and locally free
[E.G.A. IV 1.4.7]. Finally the statement about the rank follows imme-
diately from [22; §6]. Later we shall have much more to say about

Barsotti- Tate groups of this type which we denote by A or A(«).
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def.
Example (3.5) Let T be a torus on S and consider lim T{n) _.—2-3_ T(e).

Then T(w) is a Barsotti-Tate group of rank d when d is the relative
dimension of T/S. That T(®) is of p-torsion is cbvious. To see that T(=):is
p-divisible and T(1} is finite and locally-free of rank d, we are by descent

reduced to the case where T = ([E:_Z where both are completely trivial.

Example (3.6) We assume in this example that p is locally nilpotent on
S. Also, this example will be treated in more detail later. Let G bea
formal Lie group on §. We will verify in [II 4. 2], that G is automatically
of p-torsion. Assume that multiplication by p is an epimorphism of G
and that G(l) is finite and locally-free. This last condition follows from
the hypothesis that G ~2> G is an epimorphism when the base S is
artin. These assumptions imply that G is a Barsotti-Tate group with
G(l) and hence all G{n) infinitesimal. As we shall verify in detail later
{11, 4.5] we have an equivalence of categories between the category of
Barsotti~-Tate groups on S with G(l) infinitesimal and that of formal Lie
groups G such that G —E'? G is an epimorphism and G(l} is finite and

locally-free.

Example (3,7) Let G be a Barsotti-Tate group on S such that G(l),

and hence all G{(n), is étale. We call such a group ind-étale. Associated

p *
to G is the projective system TP(G): G(1) G(2) < P G(3) e e
By the very definition of the phrase, 'I‘p(G) is a 'faisceau p-adique
constant tordu sans torsion." [S.G.A. 5 VI 1.2] Itis immediately checked

that any homomorphism between Tp(G) and Tp(H) must come from a
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homomorphism from G to H. Thus it is essentially a tautology that the
category of Barsotti-Tate groups on S which are ind-étale is equivalent
{via the functor G —> TP{G)} to the category of "faisceaux p-adique con-
stant tordu sang torsion.' If S is connected and s isa geometric point
of S, this last category is equivalent to that of continuous representations

of ﬁl{S,g) in finite free Q‘Z.p-modules.

Example (3.8) A Barsotti-Tate group G on S is said to be toroidal if
G(1} is of multiplicative type. Of course this implies that all G{n) are of
multiplicative type. From 3.1 we know that G*, the Cartier dual will be
ind-étale and hence that the functor: G —> Tp(G*) induces an anti-
equivalence between the category of toroidal Barsotti-Tate groups on S and
that of 'faisceaux p-adiques constant tordu sans torsion.' To obtain a
covariant equivalence between these two categories, let us first introduce
the following notation.

def
3.8.1 a) = 1i .
( ) i Gm(eta) lim ppn

Consider the functor on toroidal groups defined by

def.
G > HomS—gr (4, G) ==

the inverse system (Homs gr {gJ.pn, G{n))n>1 .  But this last inverse

system is identified via Cartier duality with the inverse system

* n ~ * .
(Homs_gr (Gln) , Z/p %))nzl = TP(G )

[see 5.G.A.3 X 5.8].
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Example (3.9) Assume § to be artin and let G be a Barsotti-Tate
group on S. Then for each n, we have an extension: 0 —> G(n)o —_
G{n) —> G(n)ét —> 0 where G(n)o is the disjoint union of the connected
components of the various fibers of G{n}. By reducing to the case when

we are over a field we easily see that the various sequences:

0 = G(n-1)° —> G(n)° B> G(i)° —> 0

&t é pt ét
0 —> G{n~i} = G(n) —>G(i) —0

are exact [see S.G.A.3 VIA 5.5]. Thus in passing to the limit we have

an extension 0 —> G° —> G —> C}ét ~—> 0 with G° having connected fibers
{and hence, if p is nilpotent on S, a formal Lie group) and Gét ind-étale.
Applying Cartier duality to Go, taking the é&tale quotient of Go* and

applying Cartier duality again we have a filtration:
t o
felcG cG <G
with Gt, toroidal. As shall be seen later such representations of G as

an extension of an ind-étale by a group with connected fibers do not in

general exist,



Chapter II. The Relation Between Barsotti-Tate

and Formal Lie Groups

§1. (1.0). Let S be a scheme, and X and Y with Y <> X two

sheaves on S for the f.p.p.f. topology. We make the following definition.

Definition {1.01}: IMI;(X} is the subsheaf of X whose sections over an
S-scheme T are given as follows: I’'{T, Infs(X)) = {te I'(T, X)| there is
a covering {’I‘i -~ T} and for each T, 2 closed subscheme Tfl defined
by an ideal whose k+15! power is (0) with the property that tTf € I‘(T; X)
is actually an element of I‘(T;, Y)1. ‘

Thus for each integer k> 0 we have defined the kth infinitesimal

neighborhood of ¥ in X. We first observe the following simple lemma.

Lemma (1.02) If X and Y are schemes and ¥ > X is an immersion,
then the above definition coincides with the usual one of [E.G.A. IV §16].

(k)

Proof: Letus denoteby Y the ktP infinitesimal neighborhood of Y

in X inthe sense of E.G.A, We can obviously assume that Y is a
closed subscheme of X defined by a quasi-coherent ideal IC OX. Thus

(k)

GY(k) = Gx/lkﬂ and we certainly have a monomorphism Y —>-Inf};(X).

To show this is an isomorphism we must show that for any affine scheme

T {(over S} the map IV(T, Y(k)

y—> TN(T, Infl,:, (X)) is surjective. Thus we
are reduced to showing that if T = Spec (A), T'= Spec (A’) with A —> A’
faithfully flat, Jc A’ is an ideal with 72 (0), and @: T —> X is such

that the composite Spec (A'/J) “> T' —> T 2> X factors through Y,
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(k)

then ¢ factors through Y' '. Let {§ denote the morphism A—>a'

corresponding to T’ —> T. Then the hypothesis tells us that 1- AC zbql(J}.
But A —> A’ being faithfully flat implies that it is injective, and hence

l[)-l(J) has its k+18' power equal to (0). But this certainly implies that

@: T —> X factors through Y{k).

Lemma (1.03) (Compatability of the formation of infinitesimal neighbor-

hoods with base change.) If 8’ —> S is a morphism then Infi} (XS,) =
1

S
k
(Inf, (X)g,-

Proof: Let T' —> S’ be given and let t'¢ I'(T’, Infl; (XS/))-
Sl

Then by definition there is a covering family {T: — T’} and nilpotent

immersions of order k T'i e T; such that tfr{ el"(T; , Ysz)- But
(o] 10

considering T/, T/, T as S-schemes via §' —> S we see that this
8 i i
©

this t’ belongs to I(T’, (Inft(}())s,). Conversely, if we begin with a t’

in this last set and hence have Tfl, T; S-schemes as in the definition
[

then T;’ can obviously be viewed as an §'~scheme in such a way that

I‘(T;, Xge) = I‘('I‘;, X). Thus such a t' must belong to T'{T’, (Ian;, ,(Xs’))

S

which completes the proof,

{(1.1) Let X be asheafon S and ey’ 8§~ X be a section. If it is

understood that X is given together with a section, then we will write

Infk(X) rather than mf;(X), the latter having been defined in (1.01} via

our section ex: S = X.
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Definition (1.1.1) A pointed sheaf (X, e'X) as above is ind-infinitesimal

i X = lim Infy(X).

Remark (1.1.2) It follows immediately from the definition that Infk(X) =

nfIa (X)) for any i3 o.

Recall (1.1,3) Let X be an S-scheme and ey’ S —> X a section, then if

@ denotes the conormal sheaf of the immersion eyt § = X, we have
X

g ) <
Ze T °x W -
sent the same functor: namely % t+—> Ders(Gx, ex*(%)) or else as in

This is seen by checking that both Gs-modules repre-
[G.A.I 84,2.2]. Also recall that associated to such an immersion we have
a graded quasi-coherent sheaf of Gs-algebras [E.G.A.IV 16.1.5].

The following basic definition can now be made.

Definition (1.1.4) A pointed sheaf (X, ex) on S is said to be a formal
Lie variety if the following conditions are satisfied:

1) X is ind-infinitesirmal and Infk(X) is representable for all k> 0.

2) ey ® e:: o (x)/5 = e; (Do) /5
is locally free of finite type.

3} Denoting by grinf(X) the unique graded Os-algebra, such that
grinf(X) = gri(Infi(X)) holds for all i >0 (see remark 1l.1.3), we have an

isomorphism Sym (Q_X) e grmf(X) induced by the canonical mapping

inf

1 {(X).

~
w, —> gr

X
We proceed to translate this definition into more down to earth terms.

First condition 1} and remark (1.1.2) tell us that for each k Infk{X} is an

affine S-scheme and that both S and Infk(X) have the same underlying
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topological space. Thus Infk(X) is given by a quasi-coherent Os-algebra.

U;k which is augmented:

o-—>1k—-—>ak->esﬁ0

and furthermore I:H’ = {0}, We are also told that 0k+1/1

k+l

= hi
k41 (Zk, which

makes obvious how we define the algebra grmf(X). Conditions 2) and 3)
imply that locally on § we have

k+l

ST

a <=0,[T
k

. 1,...,TN]/(T

17"
these isomorphisms being compatible [4; Chap. LI, §2,#8 Cor.3]. Hence
locally on S, X is given by a power series ring OSHTI' ey TNH in the

sense that for an S-scheme §', IS, X) = Nil(@sl} Xee* X NiI(OS,)

N factors

where Nil(OS,) denotes the locally nilpotent sections of GS,. These
correspond exactly to the continuous homomorphisms
4
GS[[TI, N TN]] — I'(S, OS/)
when the latter is given the discrete topology.
Definition {(1.1,.5) A formal Lie group over S, (eG, G} is a group in the
category of formal Lie varieties.

As usual we consider only commutative formal Lie groups and this

will be always implicitly assumed in the following without further mention.

[ . k
Lemma (1.1.6) Let G be a group on a scheme S. Then G =lim Inf (G)

is also a group.
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Proof: Since G is closed under taking inverses it suffices to show it is
closed under addition. Since G is a sheaf it suffices to check that if
f,geTH{T, Infk(G)) then there is a k' > k such that f+ge (T, Inka(G)).
But since f belongs to I(T, Infk(G)} there is a covering family

{Ti —> T} and nilpotent immersions of order k, ’_l'-i e Ti such that

f'Ti =0. Similarly there is a covering family iT; — Ti and nilpotent immer-
sions of order k¥j' € 'I‘j' corresponding to g. But {Tix Tj'"“r'l"} is a
T

covering family, 7I‘: X "?[‘;' e Ti X TJ.' is a nilpotent immersion of order 2k
T T

and obviously f{ + gr'f; X T; = 0. Thus G is indeed a group.
T

§2. (2.0) In this paragraph we assume that S is of characteristic p

and then associate to any G in B, T.(S) a subgroup G which is a formal
Lie group. Later we will, by reducing to the case when § is of character-
istic p, be able to extend this result to the case where p is locally

nilpotent on S.

(2.1) Recall that if G is a flat S-group scheme there are defined two
homomorphisms:

£ G — ‘P

VG: G(P) — G

tisfvi o0 o
satisfying v o fG pldG and fGo M pxdG(p).

Here G(P) = G x5 when S is viewed as an S-scheme via the
absolute Frobenius F: 8 - §. For the definition of Vo See (G, A IV §3,
4] or [S.G.A.3 VI1 A 4.2]. Note that the definition of fG has nothing to

do with G being either representable or a group but applies to any
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contravariant functor from Sch/S to Sets.

Notation {2.1,1) G{n] will denote the kernel of the nth iterate of the
Frobenius homomorphism:

f

f
¢ m_c® "

n
..~+G{p)

G

Proposition (2.1.2) Assume G is a finite, locally-free S-group such that
G = G[n]. Then the following conditions are equivalent:
- i DR
1) For all i=0,...,n fG. G —> G[n-i] is flat.
. i

2) For all i=0,...,n flc': G —> G[n-i](p ) is an epimorphism of
f.p.p.£f. sheaves of groups.

3) locally on S we have an isomorphism of pointed S-schemes

n n
~ P P
G = Spec {OS[TI"”’TN}/{TI v Ty 3.

Proof: Since we have the following diagram

F

/G\

£

GG G( G
S S

in which the square is cartesian it follows that fG is certainly bijective

p)
F,
S

on the topological space level. Thus 1) implies that each fé} is in fact

faithfully flat. Since it is also certainly locally of finite presentation by

[E.G.A, IV 1.4,3(v})] it is covering for the f.p.p.{. topology and hence an

epimorphism of groups. Conversely if we assume 2) then we can check
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that fé; is flat by looking fiber by {fiber, since to be faithfully flat or an
epimorphism for groups over a field is equivalent by [G.A.III §3, 7.4].

3) implies 2) because being an epimorphism is a local condition and fG on

n
G then corresponds to the map Gs ® OS{T}.’ cee TN}/{TP ) —>
G,
s

n
P : p . .

OS[TI’ cees TN]/(T ) given by Ti —> T, . Hence fG is obviously an

epimorphism. Finally it remains to see that 1) or 2) implies 3). First,

if 85 = Spec (k) where k is a perfect field, then we can write G =
n n

p ! p N

Spec k[Tl""’TN]/(Tl ,...,TN ) with 0 < n . <n by [G.A.III §3 6.3).

But if n, {say) is strictly less than n and if we consider the ring homomor-

n-1

phism corresponding to fg.l we will have 1@ ’I‘1 p— 'I’lp which is
n
[P ! p N :
zero in k[Tl’ N TN] (T1 Yoo, TN ). But this violates the hypothesis

that fgﬁl : G —> G{1] (pn-l) is faithfully flat since the corresponding ring
mapping would then be injective.

To prove the general implication we proceed to reduce to the special
case just treated.

Since G is by hypothesis finite over S we can certainly assume
G = Spec (B) where B is some S = Spec (A) augmented algebra of finite

rank. Furthermore, if pC A is any prime ideal, any isomorphism of

augmented algebras B_—> A [T T ]/(Tpn Tpn) will
g g o S PR S VPR

certainly extend to a neighborhood of p,Hence we can assume 5 =Spec(A)
where A is a local ring.

Let us consider w_ and then look at w_ ® k where k is the residue



30

field. This is a finite dimensional vector space over k and hence we can

find elements t ,...,t

1 N in I, the augmentation ideal of B, which generate

w @ k. Let us then define a map
——GA

/ P’ P’
AT, ... T )/ (T], .., T ) —B

n
via 'I‘i —> ti' Note the hypothesis that G = G[n] insures that tf =0 and
hence the mapping is defined. By Nakayama the elements 1:1, e 'tN have
2
residue classes which generate I/I  and since I is finitely generated

(being a direct summand of the A-module B) it is nilpotent because the

nth

P in fact generate

power of any element in it is zero. Thus t.,...,t

1 N

I and hence the above mapping is surjective. Thus to conclude that the
mapping is an isomorphism it suffices to observe that both source and
target are {free finitely-generated A-modules and that rankA{B) =

nN

rank (B® k) = rank_ (B® k) = = rank, (A[T t 1/ ... ).
KT = AP 7%k L LAARR AL IR ¢

Remark (2.1.3) It follows from the proof that the conditions of the proposi-

tion are equivalent to the conditions

-1 ( n~1)
(1bis) G s G[1] P is flat,
fn"l ( n-1
(2bis) G = G[1]'P ) is an epimorphism.

Remark (2.1.4) It is immmediate from condition 3) of the proposition that

Y is locally free of finite type.

Corollary {(2.1.5) The hypotheses being as in (2.1.2) and 5 being affine,
the three conditions of the proposition are equivalent to

4) ©a is locally free of finite type and G is isomorphic as pointed
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n n

) {p) . :
scheme to Spec (Symos[w }/w ), w denoting the ideal generated
by the p"‘th powers of sections of w_.

Proof: That 4} implies the conditions of the proposition is obvious.
Conversely if G = Spec (B) where B is a finite quasi-coherent Gs—a,lgebra,
then the conditions of the proposition imply that @ T I}’I2 is locally free
where 1 is the augmentation ideal of B. Thus we can choose an A-linear
section of the morphism I—> s (A being the ring of S). This defines a
morphism SyrnA(gG) - B which factors through the algebra
SymA(c_uG)/gcgpn) . From the proof of the proposition it follows
immediately that localizing the above homomorphism at any prime ideal P
of A we obtain an isomorphism. Thus the constructed mapping is an
isomorphism.

Using the corollary we can prove the theorem (2.1.7) below which

gives an alternative definition of a formal Lie group when 8 is of char-

acteristic p.
Definition {2.1.6) A sheaf of groups G on S is said to be of f-torsion
if G =1lim G[n].
—
Definition (2.1.7) A sheaf of groups G on S is said to be f-divisible if
. (p) . . .
fG. GC—=G is an epimorphism.

Theorem (2.1.7): In order that the sheaf of groups G on S be a formal
Lie group it is necessary and sufficient that the following three conditions

hold:
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1) G is of f-torsion.
2) G is f-divisible.

3) The G[n] are finite and locally free S-group schemes.

Proof: The proof is sssentially that of proposition 1 in Tate's paper {30].
From the fact that, locally on S, a formal Lie group is given by a power
series ring, the necessity follows immediately. Since the definition of a
formal Lie group is clearly local on 8 we can assume S is affine, say
S = Spec {A). Then conditions 2) and 3) imply {via proposition (2.1.2) and
its corollary (2.1.5)that Gin] = Spec {Bn) when Bn is a finite locally-

free A-algebra. From the fact that G[1] is the kernel of fG{n}: G[n] —

G[n](p), we deduce from the cartesian diagram G[n] £, G[n](p)
that B /1P 0 B where I  is the J ]
nn 1 n .

(p)

augmentation ideal of Bn and Irl: is the G[l] —— S

ideal generated by the pth powers of elements in In' But this certainly
implies that the natural map In/lfx > I1 /I? is an isomorphism. By
taking S to be smaller we can assume C—OG[I] to be free of finite rank.
But now it is obvious that we can choose isomorphisms Sym(w {1])/m(p )
s Bn in a compatible way (via corollary {2.15) this simply amounts to
choosing inductively liftings of generators of In to In+1)' Passing to the
inverse limit we find that B =}i_rn_ Bn is isomorphic to a power series
ring. Hence, for any A-algebra C, the points of G with values in Spec{(C)

are the elements of lim Hom (Bn’ C) = Nil(C) x--- x Nil(C} and hence G

is a formal Lie variety and therefore a formal Lie group.
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Theorem (2.1.8) Let G be a Barsotti-Tate group over S; then
lim C[n] is af 1 Li d i 1to G 2L 1im NG
n] is a formal Lie group and is equal to == lim (G).

Proof: By theorem (2.17) it suffices to show lim G[n] is of f-torsion,
f-divisible and that the G[n] are finite and locally free. By its very
definition it is obvious that lim G{n] is of f-torsion. Since by hypothesis

p: G(p) - G(p) is an epimorphism and since we have a factorization of

this morphism G(p) .G —£—> G(p) it follows that f: G —> G(p) is an

epimorphism. But now it is clear that f-l[(l’u'n G[n])P] is contained in

(p)

lim G[n] and hence that f:lim G[n] —> (lim G[n]) is an epimorphism.

Thus it remains to show that the G[n] are finite and locally free. Since
we have the exact sequences

fn-i ( n-i)
0 = G[i] = G[n] > G[n-1}P

we are reduced to showing that G[1] is finite and locally free. Notice

first that because p = Vao fG we have G[1] ©G(l) and thus G[1]=G(1)[1]

is certainly representable. Using the usual references [E.G.A.II 6.1.5(v),

E.G.A.IV 1.6.2(v), 1.6.3, 1.4.7] we see that the morphism G(1) —f-*»G(l)(p)

is finite and of finite presentation and hence it is the same for the mor-
phism G[1] — S. Thus to show G[l] is finite and locally free it remains

to show it is flat over S. But vG(l): G(l)(p) —> Gf1] since fov =p, and

we must have vg}l (Gli)) ¢ G(l)(p) for the same reason. But just like f,

“Lail — Gl

v is also an epimorphism, and hence the morphism vG

G

induced by v is an epimorphism. Thus we have an exact sequence:

0 — Ker v — G(1)P s (1] — 0 .
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Passing to the fibers we see that for all seS, vy is faithfully flat and

hence as G(l)(p) is flat over S, it follows that v: G(l)(p)

— G[1] is
faithfully flat [E.G.A. IV 11.3.11]. This of course implies that G[1] is
flat over S and hence we have shown that li_x_'_n_> G[n] is a formal Lie group.
To prove the last statement of the theorem we observe that G’ =lim Gin]
is ind-infinitesimal since this was part of the definition of a formal Lie

n
group. On the other hand for any n >0 we have Infp -1 G)c G[n]. To
see this we observe that for any T over 5, fG: (T, Gl) —> (T, G(p))
is simply the mapping arising because G is a contravariant functor from

the commutative diagram:

F
T—I T

Lo

F
s—2 s

Finally we observe that if T’ <> T is a nilpotent immersion of

n . .
order < p , then we have a2 commutative diagram:

Thus we have G’ = G = lim Inf(G’) C lim Inf(G) C G’ which completes
P = s =

the proof.

§3. (3.0) 1In this section we show that if p is locally nilpotenton S and

G is in B.T.(S), then G = lim Infk(G) is a formal Lie group. In order
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to do this we make a detailed study of the G(n) making use of the relative

cotangent complex LC'}(n) /s .

(3.1) We begin by studying smoothness properties of pointed schemes.

For the next proposition no hypothesis on the base, S, is necessary.

Proposition (3.1.1) Let (G, eG) be a pointed scheme, locally of finite
presentation on S; that is G is a section of the structural morphism
G —> S. Then the following two conditions are equivalent:
1) Locally (for the Zariski topology) on S, IanZ(G) is isomorphic
. / k+1
to a pointed scheme of the form Spec (OS[Tl, cee, Tn] (Tl’ ce, Tn) )s

. _F
i.e., w -eG(Q

“e ) is locally free of finite type, and Symi(gG)—'i—->

G/s
gri(G, eG) for i <k. Here the term gri has the obvious meaning coming
from [E.G.A. IV §16].

2) For any affine scheme X over S, an S-infinitesimal neighbor-
hood X' of Xo of order k, a sub-scheme X of X' containing XO and
any S-morphism f: X —> G such that f|X0 factors through Se—G-> G,
there is a prolongationof f to an f': X' —> G.

Before giving the proof we exhibit the diagram which (hopefully) makes

condition 2) clearer:
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Proof: We first show that 1) implies 2}). Thus consider the data given to

us in the above diagram. We can form the new diagram

Xoc__}___)X L._J_...,.X/
I

s’
/
vl

/7
' 174
X ——>GX

Here X——>GX, is the morphism (f,j) and X &—G is

1./.
x5 eG X X/
It is immediately checked that the left-hand square commutes and
and that if we find an X'-morphism to make the diagram commute

g X —G then composing g with the projection GX/ —=> G we find

X'
an S-morphism which solves our original problem. Since hypothesis 1)
for G —> S evidently implies the analogous statement for GX,"-—-> X’
we have reduced ourselves to the following situation: X' =S and hence S
is affine. Notice also that the morphism f: X —> G factors through the
kth infinitesimal neighborhood of S in G. Thus translating into commu-

tative algebra we have: rings A', A Ao with A = A’/J, Ao= A'/Jo ,

J 27, Jk

1
0 2 0+ = {0), and an A’ algebraB and a map of A'-algebrasi:B —> A.

Furthermore B is an augmented A’-algebra, Let its augmentation ideal
be I. Then under the composite map B —> A —> Ao’ 1 is mapped to (0).
Hence under the map f: B —> A, {(I)C .IO/J. By hypothesis 1)
B =S8Sym,, [w ]/1k+1 and hence we have an A'-linear map w_—> J /J.

A =G -G °
Since w . is projective, we can lift this to a map w . —> Jo. This allows

G =G

us to define 2 map SymA,[&;G} —+ A’ which takes I into J . Hence
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this map takes Ik+1 into J:H = (0) and thus we obtain a map 1B — A
which lifts £: B —> A.

We now turn to the proof that 2) implies 1). Observe that only Infk(G}
enters into condition 2) since the given map f certainly factors through
Infk(G) and any prolongation to an f’ must also factor through lnfk(G).
To prove that 2) implies 1) we can assume S is affine and hence Infk(G)
is also affine. Let the respective rings be A and B where B is an
augmented A-algebra whose augmentation ideal I is such that Ik+1 = {0}.
In order to show that I/I'2 is locally-free, we are led to the case k=l
since condition 2) implies that B/l2 satisfies the same hypotheses for
first order immersions, as B does for kth order immersions. Let us
choose, in the notation of condition 2}, on S = Spec {A). For any two
A-modules M and M’ and any surjective homomorphism M ~—> M’ we
can look at the two rings D, (M) and DA(M') (i.e., the ring D, (M) =

2
ADPM with M = (0),...). Then we find surjective homomorphisms:
’
DA(M)-—>DA(M)-——>A

But now by definition B = DA{SG] and condition 2) now says that any
A-linear map g. —> M’ can be lifted to a map wg —> M. This says
that s is projective. But G being locally of finite presentationon §
implies that us is of finite presentation [E.G.A. IV 16.4.22] and hence
that 5 is locally~free of finite rank.

It remains to prove that Syml[g_)G]*:'? ng(G, e} for i <k. Inorder

to do this let B’ = Sym [gG] /Ii'k‘ihl where I' is the augmentation ideal in
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Sym[_cgc]. Consider the map I— and because w. is projective

2’ =

choose a section O —> 1. This section allows us to define a map

u: B" —> B because Ik+1 = (0). We will show that this map is an isomor-
phism, which will complete the proof that 2) implies 1). Let us apply
hypothesis 2) to X' = Spec (B’), X = Spec (B) and XO = Spec (A). Notice
that u: B’ ——> B is surjective modulo squares of the augmentation ideals
and hence is surjective. Then by 2) the identity morphism B —> B can

be lifted to a homomorphism of A-algebras v:B —=> B’ such that uo v=lB.
But now from the case k=1, we know vou induces the identity on I'/I'Z.

Hence vou induces the identity on gy (B’). Thus as I' is milpotent,

veu is an automorphism of B’ and hence u is an isomorphism.

Definition (3.1.2) G is said to be smooth along the section e_ up to

G
order k if G satisfies the equivalent conditions of proposition (3.1.1).
(3.2) In this section we define the ''naive’' relative cotangent complex in
the special context in which we shall need it. The word ''naive' is used to
distinguish the complex which we define, from that defined in general by
Illusie [17], although in this special case his definition agrees with the

one which we will adopt.

(3.2.1) Let G be a finite and locally-free S group scheme (no hypothesis
on S is necessary). Thus G = Spec (@) where Q is a finite and locally-
free Gs-algebra. To say G is a group amounts to saying @ is a bi-algebra

{i.e., we have algebra homomorphisms A:23—>2®d and €: 0> OS

satisfying well known identities), Thus @, the linear dual of @, is
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equipped with an algebra structure via the transpose of A and that of €.

Definition (3.2,2) The situation being as in (3,2.1) the hyperalgebra,

U(G), of G is by definition @ endowed with its algebra structure.

Remark (3.2.3) As is well known @ is in fact a bi-algebra and Spec (@) =

*
G , the Cartier dual of G.

(3.2.4) Since U(G) is a finite locally free Os-algebra we obtain a smooth
group scheme U(G)X whose points with values in the S scheme T are by

definition the invertible elements in the ring T'(T, U(GT))= I'(T, &@o OT).
S
Also we have a natural monomorphism G > U(G)>< which is defined by
viewing a T-valued point of G as a homomorphism of OT-algebras
. )4 ray
a@o OT _— GT and hence as a global section of I'(T, a%SuT). The fact
that such 2 homomorphism when viewed as an element of IT(T, U(GT)) is

invertible and that the morphism G < U(G}X thus defined is indeed a

homomeorphism of group schemes, results easily from the definitions.

Lemma (3.2.5) The natural monomorphism G <> U(G)x is a closed

immersion.

Proof: Observe U(G)X is of finite presentation and affine over S. Then
by applying [S.G.A.3 XVI (1.8)] with G’ = § (the trivial S-group) and
G”’=G and H = U(G)X we see that G ~—> U(G)X is proper. Since it is also

a monomorphism we use [E.G.A. IV 8.11. 5] to finish.

Lemma (3.2.6) The morphism G <% U(G)x is a regular immersion.
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Proof: By [S.G.A.3 1l 4.15], G is locally 2 complete intersection.
Hence by [S.G.A. 6 VII 1.2, 1.4], we see G —> U(G)X is a regular

immersion.

(3.2.7) The notation being as above, let I be the ideal defining G in

X
U(G) ; then the definition of S.G. A. 6 for L.G/S which we adopt is:

Definition (3.2.8) The relative cotangent complex, LF}/S, is the complex

z 4

of OG-modules /17 — QU(G)X/S G.
. . . * G/S
Since both terms in this complex are locally-free we have LeG(L. )

* G/S
= eG(L. / ). Let w: G —> S be the structural morphism. We have the

following proposition (which we will need later):

® % ~
Proposition (3.2.9) =« eG(L.G/S) —_ L.G/s .

To prove the proposition we use the following general lemma:

Lemma (3.2.10) Let T be atopos, G beagroupof T and P a torseur
under G. Assume we are given a fibered category € over T. Then the
category of objects { in 6P given with descent data is equivalent to the cate-

gory of objects £ in € on which G acts in a manner compatible with its

P

action on P. The last condition means precisely the following: for any

object 8’ in T and @eG(S’) we are to be given a morphism

(;: gP _— EP lying over the mapping multiplication by ¢ on PS, in
s’ s’
such a way that it is compatible with multiplication in G and with restric-

tion morphisms.

Proof: Let data of the above type be given for an object £¢& First

P
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observe that an equivalent way of stating the condition is to say that for
any S in T and any morphism 75 8’ —> P we are to be given an
isomorphism z;*{g) = (o* n)*(g}. The fact that this map must be an iso-
morphism follows from the requirement that G ''acts as a group."
Applying this to §' = PxP and 7 = p, we choose e Hom(PxP, G) to
be the unique element such that ¢ pl= P,- Thus we obtain an isomorphism
0: pl*(g) %p:(g). To check the cocycle condition we observe by the above
restriction and multiplicativity properties that since P}.:(@) ‘ pll = pé s
p:3(w) " P, =Pl p;(w) " py =py (where pl: PxPxP —>P is the ith
projection), we must have p:3(6) ° pfz(e) = p;:‘,i(e) by the multiplicativity
property. Now to check that morphisms between such objects give rise

to morphisms between objects with descent data is trivial. Since this is
all we actually need for the proposition we omit the easy verification that

we indeed have an equivalence of categories.

Proof of proposition (3.2.9) {(continued): Take G = P = our finite locally-
L .
free group scheme G, T = Sch/S with the Zariski topology {for example)
on Sch/S. Take € = fibered category of modules. Observe now that if we
consider G ‘-~—>U{G)X, then sections of G induce commutative diagrams
via translation:
G s uc)

Lo

G —— U(G)"

Therefore by functoriality they induce an action of the above type (i.e., as
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1

. 2
in the lemma) on the conormal bundle 1/I and on QU(G)X/S G. These

translations are obviously compatible with the morphism 1/1% —> Q%J(G)X/S G
[E.G.A. IV 16.2 and 16.4]. Hence as G —> S has a section it is a mor-

phism of effective descent and thus we can write:

*
GIS~ ** .20 w{v)  ** (1
LY Sy eG(I/I ) ————>7 G (QU(G)X/S‘G)

. . * 2 LN |
: . t
for a unique morphism v: eG(I/I y —> ec'(QU{G)xt,SiG) But as

% %k %k # * %k G/S ~
T err (v} =7 (v) we must have v = eG':r (v) and hence L. —_
* % _G/S
T eG{L. ).
. G/s . .
Lemma (3.2.11) The formation of L. commutes with an arbitrary

base change S’ —> 8.

Proof: Since the formation of U(G)X obviously commutes with all base

changes we must only show that the ideal defining GSI

the inverse image of the ideal defining G in U(G)x. Since this problem

in UG)S x 8 is
s

X
is local on 8’, we can assume S’ = Spec (A’), S =Spec (A}, U(G) =
Spec {B), G = Spec (B/I). But since B/I is flat over A the following
sequence is exact; 0 ~—>I® A’ —> B® A’ —> B/I® A’ —> 0. Hence
A A A
I iA’ is identified with its image in B ® A’ which is precisely what we
A

wanted to show.

Recall {3.2.12) The construction of U(G) being functorial in G it
follows that if u: G ~> H is a homomorphism of finite locally-free groups

X
we have a commutative diagram: G ~—=> U(G)

L

H— u@)®
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* G/8
and hence deduce that there is a morphism u {L?/s) — L. / corre-

sponding to u.

* G
Definition (3.2,.13) The co-Lie complex, I,S} is by definition eG(L. /S).

From (3.2.12) we see that G —> z? is a contravariant functor.

(3.3) The following propositions give us the necessary results in order

to associate a formal Lie group to a Barsotti-Tate group.

Proposition {3.3.1) Let G(n) be an inductive system of finite locally-free
groups on an arbitrary scheme S. (The n is just an index which for
typographical is not written as a subscript .) Let J be a quasi-
coherent ideal of OS such that JN = {0). Let SO= Var(J), Go(n) =C(n)>s< So
and in general let the subscript 'o'' denote the restriction to SO. Assume
we are given a mapping ¢: IN —> IN such that ¢(n) >n for all n.

Assume that whenever M is a quasi-coherent module on an affine open

set U s, Extt  (2.5%™ |y M) — Ext' (2.5 @™y M) s the
o~ o 2, o o

U
o

zero map. (In the rest of the proposition we shall omit the O and !Uo

U
°

and simply write So , or S depending on the context. This will not lead
to any confusion.) Let X' be an affine scheme over § and X be the
subscheme defined by an ideal 1 such that 12 = (0). Assume we are given
an S-morphism f: X —>G(n). Then therec is an S-morphism f}X'— G((pN(n))
such that the following diagram commutes:
X > X’
ol | e

G(n) ———> Glg' (n)
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Proof: ILet UC S be any affine open set and let¢ M be a quasi-coherent

module on U which is killed by J so that M is in a natural way an

OU ~module. By hypothesis the map Extl(!,.GO(n),M) —> Extl(f,.Go(w(n”
o

» M)

is zero. But now since U <> U is a closed immersion (and hence an
o

affine morphism) it follows immediately from [S.G.A.4 XVII 4. 1. 3(iii), 16;

1( Go(n)’ 1 G(n)'

16.4] that Ext™ {4£. M} is isomorphic to Ext (Z.

G(n)

M). Thus the

Glo(n))

map EXtIU’/- s, M) — Extl(,ﬁ. , M) is alsc the zero map.

By induction on the integer j we have M(q. coherent on U) killed

J
G(n) Glo (")), M) is the zero map.

j 1
by 7 implies Ext' (2.5 M) —> Ext!(s.
In fact writing the exact sequence

0~ IM-~—>M—> M/IM—>0

and forming the commutative diagram:

Extl{z-c(n), IM) — Extl(z.G(n), M) —> Extl(z.G(n)

! ! |

Ext (2 M) ) o Emxd (15O 1 mxet (0 G \yamy

, M/IM)

we see that the image of Extlfz.G(n)

Extl(f,.G((p(nn, JM). Therefore we can apply the inductive assumption to

j
the map Extl(z.G(‘p(n)), IM}) —> Extl(,e.G(‘p (n)), JM) to conclude.

, M} is contained in that of

This tells us that for any quasi-coherent module M on U the map

1 N . N
Ext (.(’,.G(n), M) et Extl(z.G(w (n)). M) is zero since by hypothesis J =(0).

Now let us return to the situation of the proposition:

S

G(n) = G (a))
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We cover X' Dby affine open sets V; such that the image of each
V; in S is contained in an affine U as above. Denote by V.l the affine
open subscheme of X having Vi' as its underlying space. If we could
prolong f.iVi to an £’ on V;. as desired in the conclusion of the proposi-
tion, then because X is affine we could prolong f to X' itself. This
follows from the standard obstruction theory, which tells us once we have
local solutions of the problem, that the obstruction to having a global sclu-

1
tion is an element of H (X Hom (f j Q

,__‘_M@ and this group is

CN(n)) /s’ )

. 1
zero since (§

GleNm) /s is of finite presentation. [E.G.A.IV 16.4.22].

Thus we see that we can assume S to be affine. But now we know from

N
[14; 11.1.5, 11.1,7] that the obstruction to lifting jo f: X —> Glo (n)) to

Gm) /S .\ .
X' is the image of the "obstruction element’ in Ext9 (Lf LG/ , 1) in

X

. N
Ext:}r (L(jo f)a‘L.G(('o (n))/S’ I> . But now it follows from (3. 2.9) that if
X

G{n)/S

G
:X—=S is the structural map Lf (L. (n),

T } = (!,. and

similarly of course for L(jo f) (LG(‘D {n))/8

*
the image of an element in Exté (L (Z.G(n)

X

). Thus we want to know that

), I) under the map

Ext (Ltr (Z Gln)

), 1} ——> Ext(L‘n (2. G(rp (n))), I) is zero. But by
adjointness (same reference to Hartshorne and 5.G.A. 4 as above) this map

is the same as the map

N
G(n) 1/ Glo (n))
ExtG </&. s Tyx (I)>~—> ExtG <I..

. . )

which we've seen is the zero map. This completes the proof.



46

Corollary (3.3.2) G =1lim G(n) is, under the hypotheses of the proposi-

tion, formally smooth.

Proof: If X is any affine scheme over § T(X,G) = 1'1m> I'(X, G(n)), since

X 1is quasi-compact.

Definition (3.3.3) Writing the cotangent complex L.C'/S so that QlU(G)X/S|G

.. 2 .. . G

is in degree 0 and 1/I  is in degree 1, we define w =H0(Z. ), n:
G

Hl(/&. ). Notice this use of the symbol w is of course consistent with

our previous notation.

Proposition (3, 3.4): Consider an exact sequence of finite locally-free S
groups: 0 —> G’ —> G —> G” —> 0. Then there is an exact triangle in the

derived category, D(S):

4
z.G\
lG et JLG

giving rise to an exact sequence of Os—modules:

{(3.3.5) 0—>5G,,->§G——>EG,——>2G”—>EG—$EG,—>O

Proof: Let us first observe that by [E.G. A, IV 19.3.9(ii)] the morphism
G —> G” makes G locally a complete intersection relative to G”
because after a f.p.q.c. base change G is as G”-scheme isomorphic to
G'G,/ . Since G is a finite and locally-free G” scheme we can certainly

embed G in a smooth G”-scheme; for example if G is defined by the

OG” -algebra G then we can use W (0). [E.G.A.II 1.4.10], Thus the
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7

relative cotangent complex L.G/G is defined [S.G.A. 6 VIII 2.3]. But

now by [14; 10.5.21] we have an exact triangle in the derived category

D(G)
I_,G/G
/
_/
L(.} /8, G - L?/S

which comes from the commutative diagram

G\1T > G”
s/
T e "
and where L.G /8,G _ L‘n'* (I_-.G /S) /K[l] with K the kernel of
* Fa
Hy (L~ (L.G /S)) — HI(L?fS; But now if §' C S is any affine open

then it is immediate that the diagram

Tt

G xSS' = G )éS,
\S’ /
satisfies the hypothesis of [S.G.A. 6 VIII 2.6]. Thus we find an exact
triangle in D(G és’)
I_“GxS' /G" x8’
VAN
G” x8'/s") Gxs'/s’

*
L‘US,(L. 3y L.,

Taking the corresponding homology sequence we see that when restricted

to G éSI the map
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G"/s G/8

Hl(Lw*(I_ )) —> H (L")

is injective (i.e., K!G x 8 = (0)) Since 8§ was any affine open subset of
S 4
-G /8,G G"/s
S it follows that K = (0) and hence L,G S, G La®{L. ) and thus we

obtain an exact triangle:

“
L\?/G

G/s

.

F'
Lo S /S)-m->- L

Let e.:8 —> G be the unit section. Then applying Legr to the above

exact triangle we obtain an exact triangle:

w8/

L e*
G
/TN
G” G

L, T——f

But using that #: G —> G” is flat and [S.G.A.6 VIII 2. 2] we see {just as

in 3.2.11) from the cartesian diagram:

.

G et (G

JS' .

V”
Comie G

eGll
" 4
that Li* (L8/G,) LG /8
’ . ’ Glt
and therefore Z,G = Lea, (L.G /S) = Leé (L.G/ ).

This gives us our desired exact triangle and completes the proof of the

proposition,



49

Lemma (3.3.6) Suppose G is finite and locally-free on S. Then Y is
locally free if and only if it is flat. If this is the case then L9 is also

locally free {of finite rank)} and rank (EG) = rank (gG).

Proof: Let us write JZ,G = Ll —= L . Then with obvious notation we have
B o
exact sequences:
— b —_ i by
0 n Ll im 0

Oﬁim—*v‘l_,o—-';- —> 0

=G
Hence, since Y is of finite presentation,if it is flat, then it is locally-
free which implies the image of the morphism Ll — Lo is locally-free
of finite rank. But certainly this implies L is locally-free of finite rank.
In this case we have rank (LO) - rank (Ll) = rank (QG) - rank (gG).
Because the relative dimension of G over S is zero it follows that

rank (%) = rank (QG).

The following are corollaries of 3.3.4.

Corollary (3.3.7) Given 0~ G’ —> G —> G“ > 0 as in (3. 3.4) then:

a) The following conditions are equivalent and if S is of characteristic

p , they are implied by G’ G[1]

1) © e @ is an isomorphism
2} N — ©e is the zero map
3) oo — B is surjective
b} Suppose Qv is locally-free and D is of finite type and that
rankk(s) (EG' ® kis)) < rankk(s) (gG,, ® k{(s)) holds for all se¢85. Then the

above conditions of a) are equivalent to
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3 bis) Do T g is an isomorphism and in this case B, —>n.

is the zero map.

Proof: That the three conditions of a) are equivalent is immediate from
(3.3.5). Ii S is of characteristic p, then G’ cG[l] implies G [1]=G[1]
and hence since Inf.1 {G) = G[1] (see the end of the proof of 2.1.8) we have
Ve T 8 which is condition 1}.

%G

b) Assume the additional conditions and that BGI — EG" is surjective.

Then because L is locally free we must {locally on S} have a splitting

—> w_u. BYy

n_, = Ker Xw_, where Ker denotes the kernel of D L5

-G -
our assumption on the ranks we must have Ker ® k(s) = {0) for all s¢S.
Ker is of finite type because B is. Therefore by Nakayama we must

have each stalk of Ker is zero and therefore Ker = (0). This completes

the proof since the last assertion is obvious.

Remark (3.3.8) From (3.3.6) it follows that the inequality in the last

«) for all seS.
5

corollary can be written rank (_ch,s) < rank (&)G
Corollary (3.3.9) Assume given the exact sequence 0—> G'—> G—> G”

—> 0 as above and assume further that:

1) @ T @ is an isomorphism
2) BG and EG” are locally free
3} rank (EG;) < rank (QG;) holds for all se¢ S

Then for any affine open U CS and for any quasi-coherent module M on

U, the map

k4

1. G 1..G
Ext (£ |U, M)— Ext (£, |U, M)
% %y
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is the zero map. In particular for any quasi-coherent M on 8 the map

Z

1 G 1 G
Ext (2. , M) — Ext (£, , M} is zero.

Proof: Because %1“@’ M)} is the sheaf associated to the presheaf
Uk Extl(z_G!U, M| U} it follows that the last assertion follows from the
preceding one. We can obviously assume S is affine. Let I' bean
injective resolution of M. By inspecting the complex Hom' (Z,G, 1")

whose component of degree m is
Hom (L, ™Y @ Hom (L°, I™)
G . -1 o . .
(£ being L —> L~ of course), wefind a functorial exact sequence:

1 1, G 2
0— Ext (EG" M)—> Ext" (4., M)— Hom (n_, M) —> Ext (_ugG, M)

-G
and a similar sequence for G’. Hence because w_. and W are locally

...G

free we have isomorphisms:

l s
Ext'(4C, M) —~—> Hom (g M)

I

1 ~
Ext (Z,G , M) ———> Hom (EG" M)

But now we know from {3. 3. 8) that our hypotheses insure that B/ > Do

is the zero map and hence we are done.
N+l .
Corollary (3.3.10) Let S be a scheme such that p kills 8, and G
be a finite locally-free S-group satisfying the equivalent conditions of
lemma (1.1) of Chapter I for an n > N+l. Then for any affine open subset
1, G(n~-N-1)

U of S, the mapping (defined for any q. coherent M) Ext (£, , M)

1
— Ext (ES}, M) is zero.
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Proof: Just as in the proof of (3.3.1) we are immediately led, via the
adjointness relation recalled there, to the case when N = 0, i,e., when

S is of characteristic p. Thenif n=1, G(n-N-1) = G{0) = {(0) and there
is nothing to prove. If n >2 we must verify the conditions of the previous
corollary for G’ = G{n-1), Condition 1) is clear as G'[1] = G[1] and hence
¥g T> @y is an isomorphism. Condition 3) is also trivial as G* =G(1).
To verify that condition 2) holds we use the following proposition.
Proposition (3.3.11) Let S8 be a scheme of characteristic p and

G = G(n) =2 truncated Barsotti-Tate groupon §, or if n =1 assume

there is a truncated B. T. group G{2) giving rise to G. Then

a) For all i suchthat 0 <i<n we have

. n-i
£ Gln] ——> G[i]p is an epimorphism

b) Ker fn = im vn and Ker vn = im fﬂ

c) G[n] is finite and locally free on S

Proof: Let us first observe that ¢) allows us to appeal to [I, (2. 1.4)] to
conclude the proof of (3.3.10). Condition a) is trivial if n=1. If n>2

we have {for each i) the following comunutative diagram:

Pn-i .
n-i id_(p7~%) n-i
G > ol® !

As the morphism pnﬂ-idG(pnnl) is an epimorphism, it follows that £
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is also. To prove b) let us first assume that G(n) comes from a G(2n)
which is a truncated Barsotti-Tate group. But then we have an exact
sequence:
n
0 —> G{n) —> G(2n) —F—> G(n) — 0

Therefore G[n] < G{n) and the map (pn)‘1 (G[n]) —> G[n] is an epi-

. . . n n_mn . .
morphism. But once again we can write p = v o and since obvicusly

-1 n n .
o (pn) G [n]j— G{n)(p ) we see v i G{n](P ) Gln] is an epi-
morphism. That im = ker vn, is of course handled analogously.
Thus we have in particular proved b) if n = 1. We proceed to establish

its truth in general by induction on n. Consider the diagram:

n n
Gn)P A4 G{n]
{
P £
/ n
G(n-l)me G{n-1)P
v

By the induction hypothesis &L G[n-l]pn —— G[n-1]P is an epi-
morphism. Therefore fq v' is an epimorphism. Hence if we can show
Gl1] < im v it will follow that v is an epimorphism. But by the case
n =1 settled above G[l] = v(G)YP) = vo pn-1 (G(n)p) = Vn(fn-l(G(n)p)) <
vn(G(n){Pn>). The other case is of course handled in the same way. 7To
prove c) we observe that G[n] is certainly finite and of finite presentation
over S. Therefore to conclude it is locally free it suffices to show it is
flat. But this follows immediately from b) because we have a commutative

diagram:
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n on
G(n)P _ G[n]

N,

and v being an epimorphism is faithfully flat while Gm)P s certainly

flat over S.

Remark (3.3.12} The condition that G(1} comes from a G2} can not be
dropped. To see this consider the following example. Let k be a field
of characteristic p, 8 = Spec(k[[t]]) and G = Spec(k[[t]] [X]/(Xp-’cX))
with addition as group law. Then at the generic point G is étale while

at the closed point G becomes ap. But this implies @ has rank 0 at

the generic point and rank 1 at the closed point. As S is connected,

“c certainly can not be locally free.

Theorem (3.3.13) If p is locally nilpotenton S and G is in B.T.(S),

then G is formally smooth.

Proof: Let X' be an affine scheme over 8 and X a closed subscheme
defined by an ideal of square zero. Let f: X ~—> G be in X, G). We
must show f can be lifted to an £: X' —> G. As X is quasi-compact
we have I'(X, G) = lim I’X, G(n)) and hence can assume f:X-—> G(n)
for some n. We cover X by a finite number of affine opens Ui izl...,m
such that the image of Ui in S is contained in an affine open Vi' Since
A . . N4l |,
P is nilpotent on each Vi there is an integer N such that p is zero

on U Vi. Replacing S by 8 =y Vi and G by GS, we are led to the
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case when p is nilpotenton S, pNH' 1,= 0. Butnowby (3.3.10) and

S
(3.3.1) we see f can be lifted to an f and the theorem is proved.

The following example shows that if p is not locally nilpotent on S,

a Barsotti-Tate group need not be formally smooth.

Example (3.3.14) Let S = Spec (A) and consider the Barsotti-Tate
group . (I,3.8.1). To say g is formally smooth means that whenever
C is an A-algebra, 1 a nilpotent ideal of C (of square zero) and xe C/I
is such that xpn= 1, then there is an x ¢ C which reduces modulo 1 to
x and has the property that for some m > n, <P = 1.

Writing x'=u +y where u is some definite lifting of x and yel
we have x'P" = uP” 4 p"y (since 1 has square zero) and since x P"= 1

/pm

n
we see uP =1+ for some fel. Since x =1 this means

m-n
{1+ C)P + pmy =1 and hence pm-nﬁ + pmy = 0, or equivalently
m-n n . -

P (+p y)=0. Since given x we have chosen u and thus {, we
see that we can find an x’ so as to lift the point of g with values in

Spec (C/1) to Spec (C) if and only if we can find a ye¢l and integer m’

7
such that pm (€ + pny) = 0. But this is true if and only if the element

£

- in Ip belongs to the image of 1. But now (n being fixed)} we have
p
n
2 . .
¢ = o -1 and £ =0 and hence there is a homomorphism of the ring

n

A[T]/(Tp - 1)2 into C which takes T > u and induces a homomor-
n

phism A[T]/(TP - 1)~ C/1 taking T > x. Thus we see it suffices
< . / P 2

to check our condition for the ring C = A[{T}/(T" - 1)  and the element

n n
= P _ ) in this ring. Since C/(Tp -1} is a free A-module we have
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n n
C= (Tp -1} ® C/(Tp - 1} as A-module. Thus we see % is in the image

n P
of the ideal (TP - 1) if and only if it is in the image of C in G, But

2pP-1

since C is a free A-module with base 1,7T,...,T we see this will

be true if and only if —1;1- belongs to the image of A in .Ap (i.e., if and
only if % belongs to tie image of A in Ap). Thus we can conclude that
it is formally smooth if and only if é belongs to the image of A in Ap.
Therefore if A = Z or ZP {the p-adic integer and not the localization
of Z with respect to the element p) we see p is not formally smooth
over A.

Finally we shall prove that if p is locally nilpotent on S then G

is a formal Lie group. We begin with a lemma.

Lemma (3.3.15) Let G be a p-torsion group on S with all G(n) repre-
sentable. Assume we are given an S-scheme X' and a subscheme X
defined by an ideal I such that Ik'H = {0) and pN . I/IZ = 0. Then if’

f': X' —> G is such that f = f"X: X —> G(n), we have £:X — G{n+kN}.

Proof: The problem is local on X' and hence we can assume X to be
affine and thus quasi-compact. But then { ¢ I{X’, G) = lm (X', G(m))
and hence we can assume f': X' —> G(n’) for some n'. Therefore we
can assume that G is representable. We use induction on k. If we
could show f'|Var (xk): Var (xk) —>= G{n + (k-1} N}, then by the case k=l
we would know f': X’ —> G(n+kN). Thus it suffices to treat the case
k=1, i.e., 12= 0. Since f: X —> G(n} we have pn‘ f=0 and thus

pnf' ¢ G(X') has the property that its restriction to G(X) is zero. Since
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2
1~ is zero and G is representable we know the group of sections of G
over X’ whose restriction to X is zerc is isomorphic to the group

Hom ((_4 2 0., 1) [S.G.A.3 11 0.9]. But since p kills I, we
o\ g, Tx

certainly have pN(pnf’) = 0 which implies f'¢ G(n+N) (X).

Corollary (3.3.16) Let pN kill S and let G be as in the proposition.
Then the ktP infinitesimal neighborhood of G(n) in G is the same as that
of G{n} in G{n+kN). In particular Infk(G) = Infk(G(kN)) and is therefore

representable.

Proof: If f: T — G belongs to the kth infinitesimal neighborhood of G{(n)
in G, then there is a covering family {'I"l ~—> T’} and schemes T, such
that Ti e T; is a nilpotent immersion of order k and f!Ti: 'Ill--% G{(n).
But then by the proposition f] T;: T; ~—> G(n+kN)} and hence f¢ I'(T’, G(ntkN))

which proves the corollary,

Corollary (3.3.17) If pN kills S and if k<pn we have Infk(Cx)E

G{n+N-1) and hence Infk(G) = Infk(G(n+N-l).

Proof: Let X' be an S-scheme and X ©> X' be a nilpotent immersion
of order k. Denocte with the subscript ''o'' the object obtained by reducing
a given object modulo p. Given f': X' —> G whose restrictionto X is
zero, then we have f;: X(’) — Go belongs to Infk(Go). By the reasoning
at the end of the proof of (2.1.8) (where we show that lim Gln] =

lim Infk(G)) we know that Infk((}o) - Go[n] c Go(n). But this means that

¢ G(X') has its restriction to c,(x;) = GO(X;) belonging to G(n)(X;).
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If we now apply the proposition {3.3.15) with 1= p@xf , k=N-1 and

N=1, we find ¢ Gn+N-1)(X")

Theorem (3.3.18) ILet p be locally nilpotent on S and G be a Barsotti-

Tate groupon S. Then G = lim Infk{G} is a formal Lie group.

Proof: By (1.1.6) we know G isa subgroup of G and hence we must
show it is a formal Lie variety. By (3.3.16) Infk(G) is, locally on S,
representable and therefore since it is a sheaf it is representable.

By Theorem (3.3,13) we know G is formally smooth and obviously
this implies that E‘x. is formally smooth. This tells us that In.fk(G)
satisfies the lifting condition 2) of {(3.1. 1) and hence, since locally on
s Inf.k(G) = Infk(G(m)) for an appropriate m, it follows from (3.1.1)
that locally on S Infk(G) satisfies condition 1) of that proposition. But
now it is obvious that G satisfies condition 2) of Definition (1.1.4) and

hence is a formal Lie group.

Definition (3.3.19) We define for a Barsotti-Tate group G on S {(p

locally nilpotent on 8) w

G tobe w_ .

G

Remark (3.3.20) It follows immediately from (3, 3.18) that TN is

locally-free of finite rank and from (3.3.16) or, for a better estimate,

{3.3.17) that locally on § @ = '@G(m) if m is sufficiently large. If
N

i = .3.17).
p kills S, then ggG QG(N) as follows from (3.3.17)

Remark (3.3.21) Let p be nilpotenton S and G,H two B.T. groups

on S. Let So = Var(p). The map Hom (G, H) —> Hom (GO,HO) is
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injective.

Proof: Let u: G —> H be such that u = 0. If pN kills S, this implies
N
im{u) € Inf® {H). By (3.3.17) imf{u) CH{n) for n sufficiently large.

But then uo p - id,, = p"e id o u=0. Since G is p-divisible, u=0.

§4. In this section we study the relation between formal Lie groups and

Barsotti-Tate groups on a scheme S, with p locally nilpotent on §.

Lemma {4.1) XLet B be a ring in which p is nilpotent and I be a nil-
potent ideal of B. Define a sequence of ideals II= pl + IZ, - ’In+1 =

2
pIn+ (In) . Then for n sufficiently large In= {0}.

+1
Proof: Let J =pB + 1. Then one checks immediately that Ing > y

from which the result follows.

Lemma (4.2) If p is locally nilpotent on S5 and G is a formal Lie

group over S, then G is of p-torsion.

Proof: We must show G = lim a(n) and since this is a statement about

sheaves it suffices to check it locally on 5. Thus we can assume

S = Spec (A} with p nilpotenton A and G is given by a power series
ring A[[Xl,. .. 'XN]]' If T is any affine S-scheme, say T =8pec (B),
then an element of E(T) will be an N-tuple (bl' ve ,bN) with each bi

nilpotent. Lt I be the ideal generated by {bl, - ,bN}. Then each

component of p- (b . ,bN) belongs to pl + IZ and pz(bl, v ,bN) ¢

17
2 2.2 - . .
p{pl+I }4+{pl+1),.... Thus by {4.1) we see G is of p-torsion.

Let S be the spectrum of an artin local ring with residue field of
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characteristic p and let G be a p-divisible formal Lie groupon S. We
shall show that G is a Barsotti-Tate group. To do this it suffices to

prove that G(l) is finite and locally-free.

Proposition (4.3) Let A be an artin local ring with residue field k of
characteristic p and let u: G —> G be an epimorphism of a formal Lie

group to itself. Then Ker(u) is finite and locally-free.

Proof: Denote by the subscript 'o" the result of reducing an object
defined over A to k the residue field of A. Let (Sch/k)’ denote the
full sub-category of (Sch/k) consisting of those schemes which are
locally of finite type over k. Endow (Sch/k)’ with the topology induced
by the f.p.p.f. topology on (Sch/k). Observe that the restriction of

u: G—> G to (Sch/k)’ is obviously an epimorphism. By [S.G.A.3VIIB

1.3.4] there is a morphism of sites v: (V£{/k) —> (Sch/k); o given

p.f.
by the "inverse image' functor v-l: {Sch/k) — V£/k which is defined
by v MX) = X/k in the notation of [S.G.A.3 VIIB 1.2.6]. Since the
extension of v.1 to sheaves is exact it transforms G into itself thought
of as a 'formal variety'! in the sense of [$.G.A.3 VIIB] and transforms

u into an epimorphism in the category of formal groups over k. Since k
is a field [S.G.A.3 VIIB 1.4] implies that the map Go: K[ [X]]— K[[x]]
corresponding to u is "topologically flat' and because the power series
ring is Noetherian this means it is flat.

Because the category of commutative formal groups over k is

antiequivalent to the category of commutative affine groups over k
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[S.G.A.3 VIIB 2,2.2] it follows from [G.A. III §3, 5.5a)] that Ker(uo)
is finite over k. Since A is artin this implies Ker(u) is finite over A.
To see Ker(u) is flat over A it suffices to show the map u: A[[X]] —
A[[X]] corresponding to u is flat. Let m, denote the maximal ideal of

A. Consider the following sequence of maps

~

A — A[[X]] 7= Al[x]] .

Because the first map and the composite are flat, the map

m,* A[[X]]®

A A[[X]] Al[X]] — 4 (mA- Al[XID - aAllx]]

is bijective. Since we already know ’Eo is flat we can because m, is
nilpotent apply the criterion of flatness [4, Chap. 3 §5 Theorem 1] to

conclude u is flat. This completes the proof.

Proposition (4.4) Let p be locally nilpotent on S and let G bein
B. T. {S). Then the following conditions are equivalent:

1) G=G.

2) G is a formal Lie group.

3) For all n G(n) is radiciel.

4} G{1) tis radiciel,

Proof: 1) implies 2) by (3.3.18). 2) implies 1) because, by definijtion,

a formal Lie group is ind~-infinitesimal. Since property 2} is stable under
base change by {1.03), to prove that 2) implies 3) we must show the map
G(n) —~ 5 is injective. Clearly we can assume S is affine and hence

G{n) is quasi-compact and therefore G(n}C Infk(G) for some k. But
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since the map Infk(G) —> § is obviously injective it follows that G(n} is
radiciel. Conversely if G{n)} is radiciel, then since the closed immersion
S —> G{(n) is surjective, the ideal of this immersion must be locally
nilpotent. Obviously this implies that G{n) is ind-infinitesimal {(and in
fact is equal to one of its infinitesimal neighborhoods locally on 8) and
hence G = lim Gfn) is ind-infinitesimal. Thus G = G and 3) implies 1)
{and 2)}. Finally as 3) obviously implies 4) we must see that 4) implies 3).

But this follows immediately via using the exact sequence 0 —> G(n-1) —>

Pn-l
G(n) = G(1} — 0.

Corollary (4.5) If p is locally nilpotent on S, there is an equivalence
of categories between that of Barsotti-Tate groups on 8, with G(1) radiciel,
and the category of formal Lie groups G with p: G —> G an epimorphism

and G(l) finite and locally-free.

Proof: By (4.2) and (4.4) both categories are identified with the same full

sub-category of f.p.p.{. sheaves of groups on S.

Corollary (4.6) If S is artin, a p-divisible formal Lie group is a
Barsotti- Tate group with G{l} radiciel and conversely

Proof:(4.3) and (4.5).

Proposition {4.7) Let p be loc.nilpotent on 8§ and G in B.T.{S).

In order that G = 0 it is necessary and sufficient that G be ind-étale.

Proof: If G is ind-étale, then for all k, lnfk(G}=(0}, since locally a
point of Infk(G) with values in an S-scheme T must be a point of G(n)

with values in T for some n, and hence must be zero since G(n) is
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étale. Conversely if G = 0, then for any s ¢S, ES = 0, which implies
(G(n))S has no connected (= radiciel) part and hence is étale. But G(n)
being flat over 8, this implies that G{(n) is étale.

Apologies are offered in advance to the reader for the proof in the

following lemma.

Lemma (4.8} Let X “'£°->- S be finite and locally-free. Then the function
s +—> separable rank (Xs) is locally constant if and only if there are
morphisms i: X —> X', f': X’ —> 8§ which are finite and locally-free with
i radiciel and surjective, f’ étale and f =f{ oi. The factorization is

"unique' up to unique isomorphism and is functorial in X/S.

Proof: Observe that because of the uniqueness assertion it suffices to
prove the lemma locally on S. Thus we can assume S affine and separable
rank (XS) =n for all s¢ S (n some integer). Also observe that the "if"
assertion is trivial. Now, by [E.G.A. IV 8.9.1, 8.10.5 (x), 11.2.6 {ii),
9.7.8, 9.3.3] we can assume S is noetherian in order to prove the
existence uniqueness and functoriality assertions. We proceed in several
steps which we outline:

1) existence and uniqueness when S is a field.

2) existence and uniqueness when S is a complete (Noetherian) local ring.
3) uniquenass for arbitrary S = Spec (A), A Noetherian.

4) existenceof £ :X —> S when S is a local ring.

5) existence of i; X — X' when S 1is a local ring.

6) existence for arbitrary S = Spec (A}, A Noetherian.
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7) functoriality.

1) If S =8pec (k) and X = 8pec (B), we write B = le. e X Bt as a
product of finite dimensional local k-algebras. For each i we let k’.l be
the maximal separable extension of k in the residue class field of Bi'
Since Bi is artin we see there is a unique homomoxrphism k; — Bi
lifting the natural inclusion. Thus we can take X'= Spec(kix. I k;)-
This gives us existence. Uniqueness is clear because of the uniqueness of
a field of representatives for k; in B..
2} Using the constancy of the separable rank to show X —1-'% X is
radiciel and surjective we see from [E.G.A. IV 18.3.2, 18.5.14, 18.5.12,
11.3.11, 1.5.4 (v) ] that there is a unique solution of the problem when

S = Spec (A), A a complete Noetherian local ring,

3)  Let Xi»X --£——> S and x L % £, S be two solutions. To
construct a unique isomorphism between them it suffices to show that there
is a unique isomorphism between their localizations at any point s ¢S.

For, if this were done, then for each s¢S, there would be a neighborhood
US of s to which this isomorphism extends, since we are really dealing
with modules of finite type over a2 Noetherian ring. But by the uniqueness
these isomorphisms would have to agree on Us n Us, for any two points

s, s'¢S. Therefore they could be patched together to give the desired
uniqueness statement for all of S. Hence we have reduced ourselves to
the case when S is a Noetherian local ring A. Let S'= Spec (;x) and

Y

$”= Spec (A i A). The morphism S’ —> § is faithfully flat and quasi-
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compact and hence we will apply descent [S.G.A. 1VII 2.1}. By 2} we

have a commutative diagram:

We must show that 1 is a morphism of objects with descent data. To see

this let TX(resp. T TX,,) denote the canonical isomorphism

% ~ * * #
pl(XS') —>p, (XS,) (resp. ... ) We must show Ty © pl(n) = pz(n)° Ty

But we know pin)e Ty o by lig) = byln)e Bylig)o Ty = Pylgs) o Ty =

Ty © P’i (ié,) = Tyuo P;i(n) ° p*l(is,). But i: X —> X' is faithfully flat and
hence pi (iS,) is faithfully flat. But this implies it is an epimorphism
v o p*l(n), completing the proof,

"
of schemes and hence pz(n)o Tapt =T

X X

4) To show f': X —> 8 exists we shall show that, using the notation
of 3} above, the X' which we know from 2) to exist over S’ can be

u T et
descended to S. Thus we have the standard situation § —> § — S and

we have a solution of our problem for X call this solution Y. We

S/ ’
want to descend Y to S. But by the uniqueness proved in 3) we see
there is an isomorphism p:i(Y) i p;;(Y) {since both are solution for
XS,,). But using the uniqueness of isomorphisms between solutions we see
the isomorphism pa; (Y) ":'-%p)};(Y) must satisfy the cocycle condition and

hence Y can be descended to an X' étale and finite over S [E.G.A. IV

17.7.3(ii), 2.7.1 ].



66

5) From 2) and 4) we know that over S’ we have a morphism
iS/: Xs/ — X:s: . We want to see that this implies the existence of a

similar morphism i: X > X' . When we pull back to S” we find a com-

XS,,
- ) PR
PI‘(‘S ) Y\ (¢ s%
_—_.::...—_.._> X’S”
B

mutative diagram

+
Sll

because of the uniqueness established in part 3). While p need not be the
identity it follows again from part 3) that the isomorphism p must satisfy
the cocycle condition pj 3(|J.) = p23(p.)0 pa;;z(p). But now this implies (same
reference to 8.G.A.l as above) that there is a scheme T f{inite and étale
over S and an isomorphism ¢: Xé, — TS, such that ¢ establishes an
isomorphism between X' with descent datum p, and TS, with its canon-
ical descent datum. If we now replace i: Xgr > X’S, by o i:Xg,—> T
we see easily from the following calculation that ¢oi is 2 morphism
between objects equipped with descent data and hence can be descended.

Consider the following diagram in which all morphisms ¢,p have

obvious meaning:
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9 X 4—5'2(——— X X g X
pl( SI) S// e — PZ( S/)
* *
Pl(lsl) PZ(IS/)
;OXI [o ] A
* y 7 X * ’
pl(XS,) }%u T—— PZ(XSI)
[
Xsﬂ

*
%’ ° pz(is,)o Oy and that

- *
We are told that po ‘DXl' ° pl(is,)o Py =0

S ~ o o
O'X/ oo DX/ :pl(XIS/) —— pZ(X'S,) satisfies the cocycle condition.

Thus we find a T/S and an isomorphism ¢: X'S, —_— Tg which makes

the following diagram commute:

P O, "
* ; X ¢ ; x E3
P, (Xg) —=— X —bE— Xo —=— p,(X()
* E3
p, o) Py ()
a opm1
* T T *

-1 ® * . -
Therefore we have AL px, o pl(xs,) ° Py = pz(ls,) ° 0y giving

* -1 % * *
P(@) 0 oy oo pos o plig) ® py = p,(0) ° pylig/) © Oy But by the

diagram above, the left-hand side is

-1 *® .
Op°Pp © pl(tpo le) ° Py
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Therefore ¢, °

* . L X . -1 .
T° P ° pl(gp o 18,) = pz(cp ° ;S,) ° 0y ° Py which tells us

®o is, is a morphism between objects with descent data. This completes
the proof of 5).

6) We observe that the solution which we know from 4) and 5) to exist at
each local ring C‘s can be prolonged to some neighborhood of s. See
[E.G.A. IV 10.8.5]. By the uniqueness proved in part 3) these solutions
can be patched together to give us a solution valid over all of S.

7) Since functoriality is obvious when S is a field, it follows formally
from [E.G.A. IV 18.5,12] for the case when S is a complete Noetherian
local ring. To know we can descend the morphism from 8 to S {in the
notation used above) we use the fact that all faces except possibly the
bottom one in the following diagram commute and that p*l(i) is an
epimorphism.

R
; £My)

/ | /
i
AN '  BEy)

!

This gives us functoriality when S is a local ring. Now just as
above, we extend this first to an open neighborhood of any point and finally

to all of our scheme S.
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Proposition (4.9) Let p be locally nilpotent on 8 and G be in B. T.(S).
The following conditions are equivalent

1) 5 is a B.T. group.

2} G is an extension of an ind-étale B.T. group G” by an ind-infini-
tesimal B.T. group G'.

Z bis) G is an extension of an ind-étale B. T. group by a p-divisible
formal Lie group.

3) For all n Gi{n) is an extension of a finite étale group by a finite
locally-free radiciel group.

3 bis) G{1) is an extension of a finite étale group by a finite locally
free radiciel group.

4) s > separable rank (G(l)s) is a locally constant function.

Proof: 4) implies 3 bis) by the lermma, since the functoriality assertion
together with the obvious fact that the construction of the scheme X' in
the lemma commutes with products, tells us that if G is a group then the
associated scheme G’ is also a group and G —> G’ is a homomorphism
which is an epimorphism since it is faithfully flat.

It is clear that 3 bis) implies 4) Since the separable rank of G(1)
at s will then be equal to the rank of the étale quotient of G(l) at s and
hence is certainly a locally constant function.

Obviously 3) implies 3 bis) and conversely 3 bis) implies 3) via 4}

since the separable rank of L’.}(n}S = {separable rank G(l)s)n as follows

n-1
from the exact sequences: 0 —> G(n-1) —> G{(n) ’I')"—'? G{l) — 0.
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Now let us assume that 3) holds so that for each n we have an exact
sequence: 0 —>G’(n) —> G(n) —> G (n) > 0 with G’(n) finite, locally
free and radiciel, G”(n) finite and étale. We will show that the systems
(G'(n)) and (G“(n)) give us Barsotti-Tate groups. To do this it suffices
to see that if 0 —> G —> H —> K —*> 0 is an exact sequence of finite
locally-free groups satisfying the condition of the lemma, then the corre-
sponding sequences of étale quotients or radiciel kernels are exact. But
this will follow from {4.10) proved below. For by {4.10) and [E.G.A. IV
2.61(i), 2.7.1 (viii), 2.2.11 (iv)] it then suffices to check the corre-
sponding when S is the spectrum of an algebraically closed field. Baut in
this case it is obvious because for any finite group H we have H=HoxHét.
Therefore by applying the above discussion to the sequences

i

0 —> G(i) —> G{(n) 2 G(n-i) —> 0 we see that G'= lim G'(n) and

G” = lim G"“(n) are Barsotti-Tate groups. Furthermore by passage to

the limit we see we have an exact sequence 0 = G’ —> G—> G¢"—0

with G’ ind-infinitesimal and G” ind-étale. This shows that 3) implies 2}.
2) implies 3) is trivial because from the exactness of the sequence

0—> G —> G—> G" —> 0 follows that of 0-—> G'(n)~—> G(n)—> G"(n)—>0

{1, 2.4.3]. 2) implies 2bis) is also clear because G’ being ind-infinites-

imal we have G’ = G’ and is therefore a formal Lie group by (3. 3.18).

Conversely let 0 —> G —> G —> G” —> 0 be an exact sequence with G’

a p-divisible formal Lie group and G” an ind-étale B.T. group. In order

to show 2bis) implies 2) we must prove G’ is a B.T. group. To do this
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it suffices (because of {4.2)) to show G’{l) is finite and locally free. But
from our exact sequence we obtain a sequence O—>G'(1)-—>~ G)—c")— 0
since G’ is p-divisible. Therefore G'(l) is finite and locally-free.
Finally it remains to show 1) and 2) are equivalent. To do this we
shall utilize (4.11) which is proved below. Assuming 2) we have from {4.11)
and {4.7) that G'= G and hence G is a Barsotti-Tate group. Conversely
if G isaB.T. group then we can form the sequence 0 - G—> G—> G/G
—> 0. From [I2.4.3] we know G/G is a Barsotti-Tate group. But by

(4.11) (G/G)= (0) and hence by (4.7) G/G is ind-étale. This completes

the proof.

Lemma (4.10) Let 0—> G —>H-» K—> 0 be a complex of finite locally-
free groups on 8. The sequence is exact if and only if for all s ¢S, the

sequence 0 > Gs—> HS—> Ks - (0 is exact.

Proof: Only the "if" part requires proof. By the criterion for checking
flatness fiber by fiber [E.G.A, IV 11,3.11] we know that H ~—> K is an
epimorphism if all maps HS—-> Ks are epimorphisms. Thus it remains
to prove the map G —> Ker (u) is an isomorphism. This can be checked
locally on S8 and hence we can assume S is affine, say S = Spec(A),

G = Spec (C), Ker (u) = Spec (B) where B and C are projective (finitely
generated) A-modules. To show B —> C is an isomorphism it suffices to
prove this at each point. Hence we can assume A is a local ring with
maximal ideal m. By hypothesis B/m B ~—> C/m C is an isomorphism.

By Nakayama (since C is finitely generated) the map B —> C is surjective.
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To show it is injective let W be its kernel. Then because C is projec-
tive the sequence 0 —> W —> B —> C—> 0 splits and hence W is finitely
generated since B is. But then we have W/mW = (0) and hence using

Nakayama again we see W = (0).

Lemma (4.11) Let p be locally nilpotent on S and let §0 —> Gl—'? Cr2
— G3 —> 0 be an exact sequence of Barsotti-Tate groups on S. Then

0 — El —_— 62 — 53 —> 0 is also exact.

Proof: The exactness of 0 —> El — EZ —= 53 is trivial. We must
prove EZ — 63 is an epimorphism. Let T be an S-scheme and

y 563(T) be given. Then because GZ — G3 is an epimorphism we can
find a covering {Ti —> T} such that for each i, there is an X, in
GZ(Ti) with the image of %, being yi Ti' By passing to a covering of
each Ti we can assume yi’I’i has the property that Y!Ei= {0} where
Fi < Ti is a nilpotent immersion and Ti is affine. But this tells us

that xiﬁ:i belongs to Gl(?i). Since G, is formally smooth by (3. 3.13),

1
we know there is an x! in G (T.) which lifts x, i.'f Then x.- x ¢ G_(T)
i R it i i 2'

maps to y{ 'I’i and has its restriction to :.[-‘i equal to zero. Therefore

X~ X; € EZ(Ti) and hence the map 62 — .G—3 is indeed an epimorphism.

Let A be an adic ring for the topology defined by the powers of an ideal
. 2 . n+l
I with I/I7 of finite type over A/l. Set A = A/T", 8 = Spec {A),

Sn= Spec (An}.

Lemma (4.13): The natural functor Formal Lie Varieties (S)

e &im Formal Lie Varieties (Sn) is an equivalence of categories. In
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particular it induces an equivalence of categories between the category of
formal Lie groups on S and the inverse limit of the categories of formal

Lie groups on the various S8 's.
n

Proof: First observe that a formal Lie variety X on S can be thought
of as the sheaf corresponding to the formal scheme Spf (Sym,\[gx]) where
the symmetric algebra is completed with respect to the topology defined
by powers of the augmentation ideal. Under this identification X|Sn is

identified with Spf (Sym [EX @ An}> . But a mapping Y —> X of formal
A

. L. . +
Lie varieties on S then corresponds to an A-linear map _ch - Sym[_oiY}

=1 Si[_u_{

Y] where the '+'" denotes the augmentation ideal and S’[gY]
izl

is the ith symmetric power of 'Q‘)Y' Thus Hom {Y, X) is identified with

i ‘ i
T Hom, (uy, S [_ugY]) =11 lim HomAn(gxaa A5 (0, ®A))

i»1 i>1

. i
{E.G.A.OI 7.2.10] = Ym 01 HomAn(gx(aAn, s (9Y®An)) , as
inverse limits commute. But this last is via the above simply identified
with lim Hom (YiSn, X!Sn}. Thus the functor is fully faithful. To show
it is essentially surjective assume we are given a compatible family of

formal Lie varieties Xn. Then we obtain a family of finite locally-free

with EX ®An-l:EX . Butlet w=lm Wy -o@ is

An-modules @
n n n-1 n

X
of finite type over A by [E.G.A. 017.2.9]. Butby [E.G.A. IV 18.3.2.1
(ii)] we know w is projective. But now it is clear that setting X =
Spf (SymA[_cg]) we have X‘Sn = Xn and hence our functor is indeed an

equivalence of categories.
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{4.14) Let us assume that p is nilpotent on So and let G belong to
B.T. (S). Then for each n, we have the formal Lie group En and since
these obviously are compatible we can by (4.13) define a formal Lie group
G . Thus we obtain a functor G+ G from B.T. (§) —> Form Lie Gr. (S).
But notice that we can not in general define a homomorphism G—>G
inducing the given map En s Gn on Sn. To see this take S =
Spec (}Zp) and let G be any Barsotti-Tate group on S. Then since
G = lim Infk(G), any homomorphism G —> G induces for each k a
morphism of pointed sheaves Infk(G) ~—> G, Butas S is affine, any
such morphism must factor through some G(n). Thus we are led to

. » - k
examine a morphism of pointed schemes Inf (G) -2 G(n). Thus we have

a commutative diagram

InfS (G) —Z—>  G(n)

DN

s

and restricting to the generic fiber we still have such a diagram. But we
know:

1) Infk(G) is an infinitesimal thickening of 8.

2) G} Qp is étale.

3) Yo ekzeo wInfk(G}o ek.
Therefore @}Qp is the trivial map. But since ¢ corresponds to a

mapping of free Zp-modules, it is determined by its restriction to the

generic fiber. Thus ¢ is trivial and we see there is no non-zero way to
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map G to G.

(4.15) Keeping the same notation as above, we see that the obvious functor
from finite locally free groups on S to gn_ fin. loc. free gr. (Sn) is an
equivalence of categories, because such groups are given in terms of
modules of finite type over the appropriate ring with additional structure
making them into bi-algebras alsoc defined in terms of the underlying

modules. Thus using [E.G.A. 0. 7.2.9, 7.2.10] and the criterion of

1
flatness we obtain the equivalence. This equivalence preserves exact
sequences. To see this observe that it suffices to treat the case of epi~
morphisms and show it is kernel preserving. For epimorphisms this
follows from the fact that they can be expressed in terms of the bi-algebras
of the groups, Thus if Gn—7~ Hn is an epimorphism of groups on Sn’

then we have Cn is a finite locally free Bn-module for all n where

G = Spec (c.) H = Spec (Bn). But B = Lim Bn satisfies the same ring
theoretic hypotheses made on A ({for the ideal IB). Thus C is a finite
locally free B-module (C =_E_1;n_ Cn), and hence the morphism G -—> H,
between the two groups associated to the families (Gn) and (Hn), is an
epimorphism. The kernel preserving property is proved in an analogous
manner using the fact that the kernel is expressed in terms of a tensor
product of rings. But now it is clear, since exact sequences of the form

g —> G{i}) ~—> G{(n) —Rl—'# G{n-i) —> 0 are preserved under the equivalence,

that we have the following lemma.

Lemma (4.16) The natural functor establishes an equivalence of

categories B.T. {S) —> Lim B.T. (Sn).
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This equivalence is clearly compatible with extensions. Thus, if
we assume p is nilpotent on SO and G is a B, T, groupon S such that
Go satisfies the conditions of (4.9), we can associate to G an exact
sequence 0 = G’ =+ G —> G” —> 0 with the property that G(; is ind-
infinitesimal (i.e., a formal Lie group by (4.9)) and with G” ind-étale
since each G“(n) is étale by [E.G. A, IV 18.3.2].

Note that G’ need not be ind-infinitesimal even though G(; is, For
example take a family of elliptic curves near a point where the Hasse
invariant is zero. Then G0 is ind-infinitesimal while G is not. Thus

’

even when p =0 on S we can not say G’ = G'. The difficulty arises

because the function st separable rank (G&)s) is not locally constant.



Chapter III. Divided Powers, Exponentials and Crystals

{1.0) Let A bearing and I an ideal of A. Recall that I is said
to be equipped with divided powers if we are given a family of mappings

Yy 1—1, n>1 which satisfy the following conditions:

{1.0.1) —yn {(xx) =)ln ),n(x) , reA, xel
(1.0.2) 'yn(x) ) j/m(x) = (er'li;—l?; m+n(x)

n-1
(1.0.3) Valty) = v )+ Ty ) )+ )

=l

_ _{mn)!
(1.0.4) YoV () = ==y (%)
(ni} ml!

Given such a system we define y_ via 'yo(x) =1 for all x¢l and refer
°

to (I,y) as an ideal with divided powers. Also the map yn is some-~

(n) ]

times written as x > x

Definition (1.1} Given (A,I,y) as above we say the divided powers are
nilpotent if there is an N such that the ideal generated by elements of

the form . (x,) ... vy (x) i,+ ... +1i >N is zero.
L 1 1kxk 1 k

Remark (1.2) This is the definition of Berthelot [2, pg. 298].
Other variants (for example requiring that for each x¢I, therebean n

depending on x such that 'yi(x) =0 for i>n) are possible, but we shall

use the condition {(1.1). The definition implies (taking k=N, ilz. Lo=io= 1)

N
that T = (0).
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Definition (1.3) Given an A-module M, I’(M) is the graded A-algebra
(n)

generated by elements m' ', meM, n>1 with the relations:

(.3.1) om)™ =" m®, xca, mem

(1.3.2) m® @), (4! (o)
n. .

n-1 . :
{1.3.3) (m+m')(n) = m(n) + 5 m{n-l) m'(l) + m'(n}
n=1
Remark (1.4) We shall use (sometimes implicitly) the following proper-

ties of T(M} which are proved by Roby [26,27].

1)

1) The map M —> I"(M) givenby m > m is an isomorphism of

A-modules M — I‘I(M).

2) There is a unique system of divided powers on the augmentation

(n)

ideal T'M) = @ T"(M) suchthat y (m) =m™ forall meM and all

n>1
n>1.

3) Consider the category of augmented A-algebras B whose augmen-
tation ideal B+ is equipped with divided powers. Morphisms are of
course to be compatible with the augmentations and with the divided power
structures. Then the functor on this category B (> HomA(M, B+) is
represented by I'(M). This implies that M +—> T(M) is a functor
commuting with filtering direct limits and with direct sums (i. e.,

T(M @& N) = T'(M) @ T'(N)).

4) The functor MH> I'(M) is compatible with a base change A —> A,
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Definition (1.5) A meorphism u:(A,L %) —> (B,J,§) is a ring homomor-

phism u such that uw(I) £ J and u('yn(x)) = 5n(u(x)) holds for all x¢l.

(1.6) If the divided powers (A,I,v) are nilpotent we define two maps:
*
exp: I —> (141I)

s
log: (1+1) — 1

via the formulas exp (x) = = vy (x) and log(l+x)=2 (—l)n-l(rhl)l yn(x).
n>0 n n>1

To check that exp and log are inverse we can clearly reduce to
. A * . »
the 'universal'' case where A = I‘Z (Z), the completion being taken with
respect to the filtration coming from the gradation on I'(Z). But then
we are reduced to checking an assertion coefficient by coefficient. This
means it suffices to verify the desired identities over L (i.e., for the

ring Q[{T]]) and hence we win.

(1.7) The considerations of this section can all be globalized as
follows: We replace A by a scheme S, 1 by a quasi-coherent ideal of

GS ,

M by a quasi-coherent Os-module. Divided powers on I are given
by assigning to each open set U a system of divided powers on T'(U,1I)
such that the restriction maps commute with the divided powers.

Given (8,1,y) and (S, I',y’) a divided power morphism f between
them is a morphism of schemes {: S~ S’ such that f‘l(ll) maps into
I under the map f-l(GS,) — OS and such that the divided powers induced
on the image of f-l(I') Yieoincide'' with those defined by 'y".

T(M) is obtained by looking at the sheaf associated to the presheaf
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U s (M{U)). The divided powers on 1< O, are said to be nil-

T
Gg(U) S

potent if, locally on S, they satisfy the condition in Definition (1.1},

The following lemma was observed by Berthelot {2].

Lemma (1.8) Let {A,I,y) be as above and assume that B is a flat

A-algebra. The divided powers extend to the ideal I*B.

Proof: We define a sequence (-v;}n of mappings of 18 B to itself
A

>1
via requiring that 7;1 {(i®h) = ‘yn(i) ® b™ and that these mappings satisfy

the axioms for divided powers. To show this procedure works we proceed

inductively. Obviously 'y’l is well-defined as Assume ’}’i, ey

Higp
y;l 1 have been defined so as to satisfy the above condition. Consider

{(IxB)

IXB and define a map @: A — B via the formula

© (al (il,bl) +oee. + al(il'bf,))

k k
) 1 L
= 2 (albl} 'ykl(xl) - (azbz) ykg(lf’}

where this surmn runs over the {-tuples (kl, ey kz) satisfying kj >0

b2
and 2 k, = n. As this map is to factor through I ;8; B, it must be
j=1

(IxB)

shown that ¢@(x+y) = ¢{x) if y belongs to the kernel of A - 1@ B.

This kernel is generated by elements of one of the following forms:
1) (i;+1,,b) - (i,,b) - (i,,Db)
2) (i, by+b,) - (i, by) - (i, b))

3) {ai, b} - (i, ab)
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Thus it suffices to show that @(x+y)} = ¢(x) where y is an element
of the form a’ - z and 2z is either of types 1), 2), or 3). We shall deal

with type 1) for example (the others being entirely similar).

L33

*
- s oty : _
Let x=a b1)+...+az(1£, bz) and y=a(i +1 , b)

l(ilr

/.* I-**
a'(i, b)-ai , bl

} =

Since ¢ is well-defined we can obviously assume that (il, b1

* s * *% fo
(i +i , b), (iz, bz) ={(i, b), (i3, b3) =({i , b)., (If this is not the

0 Hok
case then we canput 0 ° (i +1i , b) into our sum defining x without

affecting the value of ¢, etc.) Thus we must show

L EE
3" a'{i ,b)+...)=0p(x).

pla+ 2T+ iob) + a,-a’ (i, b) +a
For every f£-tuple of indices which defines a term in either of the
sums, the factors appearing after the third in the correspending term
are identical, Hence to show @(x+y) = @{(x) it is sufficient to show that
for any fixed t we have:
k k k

' o ' . / 3 R
L (apralh) Ty (1 ) (ay-ab) Zykz(x*)((a3-a by Py, 67

1
= 3
kl+k2+k t 1

2
k k k
E wex 2 % 3 K
= D ey ey 6ty ()

k1+k2+k3=t 1 3

But the first sum is

t * &% * Aok
LI ¥, (apra’li 4 )y [(ay-a)i ]y [ag-2"(0)]
k1+k2+k2=t 1 2 3

_ bt ( E Ex
= A (a1+a2) i+ (a1+a3) i 3]

which is obviously the same as the second sum. This shows that ¢
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factors through I1® B and enables us to define 'y;l via composing ¢ with
the inverse of the map 1 i B — IB (using the flatness of B over A).

It is now obvious that the sequence of maps ('y;l) define ''divided powers"

on 1® B and hence by transport of structure (as 1 ® B :—>IB) we obtain

A
the desired divided powers on I.B.

§2. (2.0) Let S be a scheme and U a quasi-coherent Oy co-algebra
which is co-commutative. Recall that this means we have two $S-linear
maps A:U—>U®U and n: U —> OS satisfying identities which are
obtained by reversing the arrows in the diagrams which define a commuta-

tive algebra.

Definition (2.1) Cospec (U) is the functor (Sch/S'? —> Sets given by
§' > {yeT(s", U laly) =1, aly) =y &y}

It is clear that Cospec (U) is a sheaf for the f.p.q.c. topology
because by descent 8 > T'(S/ US,) is a sheaf [S.G.A. 1 VII 1.7] and
the above subset is obviously stable under descent conditions. Thus we
obtain a covariant functor U = Cospec (U) from the category of
(co-commutative) OS co-algebras to the category of f.p.q. c. sheaves on

S. This functor is obviously compatible with inverse images.

{2.1.1)  Recall the category of co-algebras has finite products: Given
U and V, two co-algebras, the underlying module of their product is
U® V. The two projections are idU ® Ny and 'QU ® idv while the ''co-

product' morphism is given by the following composition where T denotes
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the interchange of factors map:

A ® . .
U@V—U———AX» vevevev N8 yeveuev.

Given W, a third co-algebra, and two morphisms
£:W—U,g: W—>V; (f,g: W—>URYV
is (f®g)e AW .

This allows us to see that Cospec (U® V) —= Cospec (U) x Cospec (V)

because T(S’, Cospec (U)} = Hom

GS:-'co-alg, (C’S; , Usz) via the identifica-

tion which associates to ¢ OS, — U, , the element ©(l) ¢ (S, US,).

S
(2.1.2) If A is a finite locally-free GS algebra, then A =Hom(A, OS)

V. o~
is a co-algebra. We have a natural identification Cospec (A) — Spec(A)

v
(Bgyr» Agr) = Homas/ alg

. 7 X b
via I'(8', Cospec (A)) = Hom@ ,~co-alg.

(A /’G I)
s . S

S

= IT'(S, Spec (A)).

Hence Cospec (K) is representable and the category of finite locally-iree
S-schemes is equivalent to the category of finite locally-free (co-commuta-

tive) C}s co-algebras.

(2.1.3) Let U= 1}2_ Ui be a filtered direct limit of co-algebras. Then
liin,_ Cospec (Ui) s Cospec {(U). To check this it is sufficient to look

at sections over an affine S’ which maps into an affine open subset of S.
This reduces us to the assertion in the affine case. But if ye¢U satisfies
nly) =1 and A{y)=y®y and if y’ €U, isa representative of y, then
r'(y") =1 and Aly) -y ®y is mapped to zero in U ® U. Thus there is

a j > i such that the image of y’ in Uj satisfies the two conditions.
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From the above we know a filtered direct limit of finite locally-iree
S-schemes is given by Cospec (U) for an appropriate OS co-algebra U.

If Cf is the category of finite locally-free GS co-algebras and C=ind (Cf),
then by (2.1.2) we have an equivalence of C with ind (finite locally-free
S-schemes). The functor l}‘_rg, is faithful from ind (finite locally-free
S-schemes) to sheaves on 8. Furthermore if S is affine then this
functor is full. Because Hom (U,V) and Hom (Cospec (U), Cospec (V))}
are the sets of global sections of locally isomorphic sheaves we see that
the functor is full without any hypothesis on S. Thus the category of GS
co-algebras which are filtering direct limits of finite locally-free co-
algebras is equivalent to the category of sheaves on S which are filtering
direct limits of finite locally-free S-schemes. In particular either a

Barsotti-Tate group or a formal Lie variety can be written as Cospec (U)

for an appropriate co-algebra U.

(2.1.4) Let M be a quasi-coherent C}S module and T(M) the associated
divided power algebra [(1.6)]. The diagonalmap A:M—>MBM and

the zero map M —> (0) give rise by functoriality to morphisms

rovw) 2> rov) © T(M) and r(M)JL»,»oS which make T(M) into an O
co-algebra. Recall that M b~ M) is compatible with all base changes

[(1.4),4]. We come to our first instance of an ''exponential'' map.

Definition (2.1.5) -1\7[ is the sheaf on 8 whose sections over an S-scheme

S’ are given by
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T(S’, M) = Ker [r(s', Mg) —> r(s’red, M )] .

Remark (2.1.6) The fact that M is a sheaf is a consequence of the fact
that it can also be described as the image in M of the sheaf Nilrad 3 M
(where M is thought of as an f.p.q. c. sheaf in the obvious way [S.G.A,,
1 VIII 1. 7] and Nilrad denotes the sheaf 8 = I'(S’, Nil (Og))-

We can think of M as being the "formal group' associated to M.

Indeed, if M =0, then M = Ea.

Definition {(2.1.7) expM: M — Cospec {I'(M)) is the mapping given by
exp {(m)= 2 m(n).
M
n>0

To check that this definition makes sense it suffices to look at the

case S = Spec {A), § = Spec (A”). Then me¢M® A’ can be written as
A

d N
2 mi® )\i where the ;Ll‘s are nilpotent. If )\i =0 for i=l,...,r then
i=1
m(n) =0 if n> Nr. This shows that the series terminates and thus eXPy
is well-defined locally and hence is really well-defined. A priori we have
eXpM(m) e, T(M) @ GS,) but it is clear that expM(m) actually lies
in T8’, Cospec (T{M))).

Recall that M being an abelian group in the category of Ss-modules,
T'{M) is an abelian group in the category of GS co-algebras and hence
Cospec (I'(M}) is an abelian sheaf on S. Explicitly p, the multiplication

map making T{M) an algebra is, when viewed as a co-algebra map

T (M) ® (M) — T'(M), the map defining the addition law on Cospec(I'(M)).
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Since we have expM(m+m') =25 (m+m’){n) = (Em(n)) - @ (m,in))'

exp, ¢ M —> Cospec (I'(M)) is an additive map.
Proposition {(2.1.8) If M is flat, then exp, is an isomorphism.

Proof: Since we are dealing with sheaves it suffices to prove the state-
ment locally. Thus we assume S = Spec {(4), 8’ = Spec (A’), I=nil-
radical of A’, M'=M® A’. We must show exp, ¢ M —

A
{ye I‘(M')‘r)(y) =1, Aly) =y ®y] is an isomorphism. The injectivity

(2)

is clear because expM(Eximi) =1 +24A,imi +Eximi) + ... where
)\i ¢l. To prove surjectivity we use Lazard's result that M can be
written as lim F. where the F. are free of finite type [18].
— i i
Then M = lim F, T(M) = lim I'(F) {1.4.3), Cospec (I'M)} =
lim Cospec (INF)) [2.1.3], Cospec (T(F,) = Cospec(T(A)® *-@T(A))
if Fi = DA [1.4.3), Cospec(T(A)® --®T(A)) = Cospec(T'(A)) x-++X
Cospec(T{A)) [2.1.1]. Since expM is functorial in M, this reduces
us to the case M = A. But now D(A') = A.'éBA'x‘l EBA'xZGB ... where
n-1

= (s = y ® 1. i

Xixj (l-ii:_]) X'H-j and A(xn) le@ x + E&@ x + x Thus if

y=l4ax +a X, +... +anxn is such that Aly) = y®y we have
a=a and hence an+1 = 0. Thus expM(alxl) =y and the map is sur-

jective.

Remark (2.1.9) The following example shows that the flatness assump-
tion can not be eliminated. Let A be an integral domain and B a non-
reduced quotient of A. Then B(A) = 0 while I'(A, Cospec(B)) has

elements such as 1 + ;1' lB +;§ I(BZ) + ... where ;1 is a non-zero
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nilpotent element in B.

Remark (2. 10) Cospec (I'(M)) is naturally equipped with a structure of
gs-module and eXPy s is a homomorphism of Qs-modules. Indeed if
y = Ey(l) € T'(M) is suchthat Aly) =y®y and nly) =1, then\-y=L le(l)

satisfies the same conditions.

(2.2) Let U be an augmented co-algebra on S. This means we have

a co-algebra map O, S U and hence €(1, ) =1
S OS U

will be a distinguished

element in IS, Cospec {U)).

Definition (2.2.1) A section x of U is said to be primitive if A{x) =
x®1+1®&x. This implies 7(x) = 0 for (idU dn)e A= idU and hence

x - n{l) + n{x)-1 =x. But nl) = 10 and thus 7(x).1 = 0 which implies
S

ninix)- 1) = pix)-nll) = n(x) = 0.
We denote by Lie (U) the sheaf of Qs-modules whose sections over
S’ are the primitive elements in D(S’, US,) and where the operations are

induced by those on the underlying module of U.

Example {2.2.2) Let U be finite and locally-free and X = Cospec (U} =
Spec (¥). Then Lie (U) = V(g,) = Lie (X), where w is defined via the
section e: S X corresponding to the augmentation € , and where V

applied to an arbitrary Gs-module M is the Qs-module s

HomGS,{MS" OS/). More generally this description is valid if U = lim Ui

a filtered direct limit with Ui finite locally-free and augmented and the

transition morphisms compatible with the augmentations. In particular it
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applies if Cospec (U) is a formal Lie variety.

{2.2.3) Let S0 ©—> 8§ be an immersion defined by an ideal I with
nilpotent divided powers. Let U be a flat Gs-bi-algebra (i.e., an aug-
mentated co-algebra together with a co-algebra map p: U® U~—> U and
a co-algebra map c¢: U—> U such that p,e,c make U a commutative
group in the category of co-algebras). By (l.8), the ideal I-U in the
algebra U has divided powers extending those on 1. Since I-Lie{(U)c
I-U N Lie(U), the divided powers of sections of I-Lie(U) are defined.
If V is a second flat bi-algebra and ¢: U —> V 1is an algebra map then
¢ is compatible with the divided powers on 1-U. In particular taking
V=U®U wesee A is compatible with the divided powers. ILet x be

a section of Lie(U) N I-U and define exp (x) to be 2 x(n). The sum

n>0
makes sense because the divided powers on 1 are nilpotent. Since

Mexp(x)) = a8 ™) =D (™ =S xo1 + 100

= 2, (x® 1)(” (1® x)m = 2 (x(i) ®1)(1® x(j)}= exp (x) @ exp (%),

i,j>0 i,j>0

it is clear that exp(x) determines an element of TS, Cospec(U)).

Let us restrict this map to I-Lie(U) < Lie(U) N I-U so to obtain:
exp: I'(S, 1I-Lie(U)) —/ I'(S, Cospec (U))

is additive. Furthermore the image of exp must lie in Ker[IT'(S, Cospec(U))
— I‘(So, Cospec{U)})] because So = Var {I}. Thus we have the following

lemma;:
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Lemma (2.2.4) Let So < § be an immersion defined by an ideal with
nilpotent divided powers and let U be a flat OS bi-algebra. The map
exp: I'(8, 1. Lie(U)) — I'(S, Cospec{(U)} defined by exp(x) = z x(n) is a
homomorphism whose image lies in Ker [I'(S, Cospec{U}) —>

I‘(SO, Cospec(U))].

Lemma (2.2.5) Assume (in the notation of (2.2.4)) that U/Lie(U) is a
flat @S module. Then exp: IS, I-Lie(U)) —> Ker|[T(S, Cospec(U}} —

I"(So, Cospec (U})})] is an isomorphism.

Proof: Without hypothesis on U/Lie (U) observe we can define a map

log: Ker — I-U N Lie (U) via log(lty) = & . 0% Y- v, The map

n>
is defined since y belongs to I. U, log (l1+y) lies in Lie (U) since log
is a functorial mapping and A(l+y) = (1+y) @ (l+y). Thus we see exp and
log are inverse isomorphisms between T'(S, 1- UN Lie (U)) and

Ker [T'S, Cospec (U)) — T(S,, Cospec (U))]. But the flatness hypothesis

insures that I-U N Lie (U) = I- Lie (U) [4, Chapter I, §2 #6 Corollaire].

Remark (2.2.6) We note explicitly the fact mentioned in the proof that
there is always an isomorphism Lie (U) N 1.U~=> Ker[T(S, Cospec (U))

— I’(So, Cospec (U)})], U of course being assumed flat,

{2.2.7) Note the above discussion will apply if U is the hyperalgebra
of a formal Lie group or a Barsotti-Tate group or more generally of a
group G which can be written as a filtering direct limit of finite locally-

free S-schemes (2.1.3).
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(2.3} Let 8 be a scheme, I an ideal of GS with divided powers,
U a flat bi-algebraon S and M a quasi-coherent i}s-mcdule' Consider

the Os-algebra Os @©1I-U. Itis obvious that the set of Gs-algebra homo-
morphisms T(M)—> U which send T'(M) into 1-U and which are com-
patible with the divided powers is in bijective correspondence with the set
of divided power homomorphisms of augmented Gs-algebras (M) =

GS ©1-U. By (1.4) part 3, this last set is simply Ho (M, IU). Let

mos
u: T(M) —> U be a map compatible with divided powers {so that

u(I’+(M)) <I-U). Let 8: M —> .U be the corresponding linear map,

Then it is clear that u is compatible with the augmentations if and only
if 0M)SIU 0 UT =10 (since U/UT= 0 is flat over S). For u to
be compatible with the co-product mappings A, it is necessary and
sufficient that A(uw(m)) = u @ u (A(m)} since M generates T'(M). But
AMm)=m®1+1®m and hence ABm)) =pAMu(m))=u{m)®1l+1®ulm)=

B8(m)®1+1®8(m) is the necessary and sufficient condition. Hence we

+
can say u is a bi-algebra map if and only if 8 e Hom (M, Lie(U) N LU ).

Lemma (2.3.1) The above correspondence 6§ k> u establishes an
isomo rphism between Hom (M, Lie(U) N1-U) and the group of bi-algebra
homomorphisms, u, such that u(I‘+(M)) CIU and suchthat u is

compatible with divided powers.

Proof: We have already defined a set-theoretic bijection. To show
that the above bi-algebra homomorphisms constitute a group and that

8 > u is an isomorphism, it suffices to show 8 r— u is additive., If
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§ —>u and 8 ++u’, then u+u'(m)=po (u®u’')A(m)) = u(m) + v’ (m)

and it is clear that 8 + 8§’ corresponds to this homomorphism.

Remark (2.3.2) The target of the above isomorphism is contained in

Ker {Homos—bi—alg.(r(M)’ Uy — Homos-bi-alg.

[e]

(I"(Mo), UO)] where

MO and Uo denote the respective restrictions of M and U to So=Var(I).

Also there is an evident functoriality in the above construction.

(2.3.3) Assume that M is flat. Let G = Cospec (U). Recall that

M= Cospec (I'(M)) [2.18]. Thus we have defined a monomorphism:

(2.3.3.1) Hom(M, Lie(G) N1+ U) > Ker[Hom(M,G)—> Hom (M _, G )]
S-gr. So-gr." o

We make the map explicit as follows: Let 6: M —> Lie{G) N I-U and let
u correspond to 6 as in (2.3). Thus u defines a homomorphism
Cospec (I'(M)) —~ G and by composing with the isomorphism -1\./[—%
Cospec (I'(M) we obtain our desired morphism u' =uo exp, - The map
-ﬁ(S) —> G(S) can be written as u'(%) = u({2 x(n) =23 (9(x))(n) where this
last sum makes sense since 8(x) ¢ Nil(OS) +I-U. Thus we can write

w(x) = exp (8 (x)).

Intuitively we can think of an ' in

Ker {HomS—gr. (M, G) —> Homso_

gr. (Mo’ Go)}
as having a tangent mapping 6: M —> Lie(G) N1-U and thus we think of

certain u’'s as being the exponentials of their tangent mappings (i.e.,

u’ = exp (8)).
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(2.3.4) Let U =TIT{N) where N is a flat Gs-mcdule. We have

Lie (G) = Lie (Cospec (T'(N))) = N (as is seen immediately by reducing to
the affine case, writing N = h_rn> Li each Li free of finite type,...,
and eventually observing that the assertion is trivial if N = Os). In this
case we have Lie (G)NI-T'(N)=1-Lie{G)=1-N. If 8: M—>1I'N,

exp (8) : I'(M) —> I'(N) is the natural prolongation of 6: M —> N. This
follows because the divided powers on I-NCI-T'(N) arising from those
on 1, coincide with the divided powers on I'N coming from those on
1"+(N): (in)(j) = i(j) nj = i(j) it n(j) = ijn(j). Hence the map M —> N
corresponding to # is the obvious prolongation of 8: M —> N. Clearly

this map respects the module structures.

Remark (2.3.5) If U/Lie {U) is flat then we will have Lie(U)NI1-U =

I-Lie (U) and the homomorphism (2.3.3.1) can be written as

Hom (M, I-Lie (G)) <> Ker [Hom(M, G) —= Hom ('ﬁo, )]

Remark {2.3.6) Let G = Spec (B) be a finite locally-free group scheme
and assume that s is locally-free. Then BV/_I___J_i_g_(G) is flat., To see
this observe that it suffices by [E.G.A. IV 11.9.18] to know the map
Lie(G) —> B” is universally injective. But after an arbitrary base
change S’ —> S‘_I:i_g(G) ®OSOS, = Lie (GS,) and hence the map is clearly
injective.

Remark (2.3.7) Let U and V be two pointed co-algebras over a ring

A, ILet I be an ideal in A with 12 = (0). Assume that I1-U N Prim(U) =
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I-Prim (U) and similarly for V.
Claim: U®YV has the same property.

Proof: Let Ale] be the pointed co-algebra which is the linear dual of
the “dual numbers' so that it has a base {1,¢] aA(l)=1® 1, ple} =e®@1 +
1®e, n{l) =1, n(e) = 0. It is obvious that to give a homomorphism of
pointed co-algebras Afe] —> U we simply have to tell the image of €
which must be primitive. Therefore on the category of pointed co-algebras
the functor U p— Prim (U) is represented by Alc]. Clearly this category
admits a product (namely the ordinary product of two co~algebras with the

obvious 'pointing’). Hence:

Prim{U® V) = Hom (ale], ue V)
pt. -co-algebras

= Hom (A[e], U) x Hom (Ale], V)

= Prim (U) X Prim (V).

Thus the map Prim (U ® V) —> Prim (U) x Prim (V) of components

idU ? Ny and My ® idv is an isomorphism. Let ue¢Prim(U) and
vePrim (V). The element u®1 +1®v is primitive and maps to the
pair (u,v) under the isomorphism. This means any primitive element
of U® YV can be uniquely writtenas u®1 +1®v as above.

Let x=u®l +1®v belong to I-{U8V)N Prim(UBV)., This implies

w=id @7, (x)el-U N Prim (U) and hence u =2, i,u, with u ¢ Prim{U},

i ¢I. Similarly write v=2i" v,. Then x=Xi (u @1 +1®v) +
¢ BB A
Eilﬁ (u®l +1® vﬁ) since the ia- (1 ®v) and ié(u@ 1) = 0 because of
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the hypothesis I2 = {0).

(2.4) So far we have {(under appropriate circumstances) associated

to a linear map 8: M ~—> I-Lie(G) an element u = exp (8) in

Ker [Hom (M, G) — Hom ('ﬁo, G)]. We now investigate the question of
when M (resp. -I\—/IO) can be replaced by M (resp. Mo). For simplicity
assume S = Spec (A) is affine (this is the only case used later). Let

1< A be an ideal with nilpotent divided powers and let A= Al So =

Spec (Ao). Let G beagroupon S and V a locally-free of finite type
GS-»module. Assume G = _1_1_:_7; Infk(G) is Cospec (U} for a flat augmented
co~algebra U and that all Infk(G) are finite and locally-free. Let

8:V > 1-Lie (U) be given. Then 6 corresponds to a w:I(V)—>TU

(n)

given by u(x) = 23 (8(x)) for x%x¢V. Because the divided powers on 1

are nilpotent u will map 9 I"l(V) to zero if n is sufficiently large.
i>n

Thus u can be extended to the completion T' (V) of T(V). If Infk(G) =
Spec (B;) so that U =lim B’ then G = Spf ( Lim B,) where cach B, is
given the discrete topology. Since G isa group, B = EBi is a
"topelogical' bi-algebra (i.e., & replaces ® in the ordinary bi~algebra
axioms). By taking the transpose of u: I‘“(V) —> U we find a bi-algebra
mapping B —> Sym ({/ ) and this defines a group homomorphism V —> G.
Since given u: FA(V) —> U, the taking of its transpose commutes with
the base change A —> AG, we see that the induced homomorphism

Vo — E;"O is trivial. Thus we have defined a mapping:

Hom (V, I-Lie (G)) > Ker [Hom (V,G) —= Hom (V_,G_)I.
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The fact that it is additive and injective comes from the fact that
@ > u had these properties.

Notice the above construction is valid if G is a smooth group scheme
over S, if G is a formal Lie group or if G is a Barsotti-Tate group.

Note that it is clear that for the above mapping of Hom(V,1- Lie{U))
to Ker [Hom (V,G) ~—> Hom (VO,GO)] we have § > uT and uT(x) =

z (G(X))(n} = exp {8 (x)) an element of Ker [G(S}) —> G(SO)] for xeV.

(2.5) Let A be a ring and B an A-bi-algebra which is complete
with respect to a topology defined by a family of (open) ideals. Thus we

have continuous maps (A being given the discrete topology)

€:A—>B, p:B& B —> B, : B—> A, A:B-—>DB® B which satisfy
the usual identities. Consider B~ = Hom (B,A). As B is a co-
cont.
s T
algebra via 5 and A we can use the transposes 'qT and A~ to make
BY into an algebra:

T

(multiplication) B ®BY— (B® B)” whs B

(structure map) nT: A—=>B" .

Also via €T: BY = A, B” becomes an augmented algebra.

In general B~ will not be a co-algebra because the canonical map
B"®2 B —> (B é B)v is not necessarily invertible. But, observing that
BE&B isa co~algebra we see (just as above) (B ® B)v has a structure
of augmented algebra. Corresponding to the two projections = idBé n

and T, =0 & idB we have by transposition two algebra maps
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rrlf , vgz BY —= (B ® B)'. Consider the algebra map 'R;I‘@* Tl’g: B'®BY —>

(B® B)', Using (1r1® 1r2)o ABéB = 1dBéB 5
T

T » - 2 v . . . .
L ® w, B"®B —— (B ® B) coincides with the canonical map

it follows that

B ® B —> (B B)".
(2.5.1) Assume in the above notation that B~ is flat over A and that
we are given an ideal 1 C A with nilpotent divided powers. Thus using
{1.8) the maps exp: IBY —=> 1 +1.B”

log: 1 +IB” —=> 1B~
are defined and are (1.7) inverse isomorphisms. These maps are of course
functorial in flat A-algebras. An element y¢ B~ is said to be primitive

T -
if ¢el(y)=0 and pT(y):v;r®1rg y®1=1®7y) e (B&B).

(2.5.2) On I-Prim(B”) there are defined divided powers induced from

those on I*BY. Consider an element i-+y in I.Prim (B”). Then writing

x = exp (iy) = 2 i{n)yn and applying }LT: pT(x) =2 i(n) (FT(Y))H
% (w;r-@n;r(y ®8l+leyy’= w;% "2’1‘ Zi™ yol + 18y)%)

T T .
LB ® 112 (x®x), we find that x is a "'group-like element' in the following

n

sense:

Definition (2.5.3) An element x of B is said to be group-like if

T

eT(x) =1 and p.T(x) =T

® 11’:‘ (x®x).

Remark (2.5.4) This is an obvious generalization of the usual definition.

Notice that for 8,8 in B we have (8-8', x) = {p(888'), x) =

(Beg’, I*T(X)> = (BB, w'lr® wZT(x® x)) = {B,x) + (8',x) by the final
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T
remark of (2.5.1). Also (l,x) = (e(lA),x) ={l ,e (x)) = IA. Thus x
"'"group-like” implies x: B —> A is an algebra homomorphism,
{2.5.5) If (B ® B)Y is also flat over A then since divided powers are
defined on 1+B” and I+(B® B)* we have:

For yel-B” NPrim(B"), p.T(exp {v)) =
T T, T
exp (7 (y)) = exp (v, @7, (y®1 +12y)) =
T, T . . -
LM ® T, (exp (y)® exp (yv)). Thus x = exp (y) is a group-like elementof B’.

In this case we can also define the log mapping and have for

1+z ¢l +1.B" :
T T . . .
€ o log (l4z) =log {e” {(I+z)}) =0 if 1 + z is group-like.
Also p.To log (142z) = logo p.T (14z) = logo 1r;[‘® -rrg ((1+z}8’ (1+z))

=1r;r® 'rrg [log (1+2®1) + log (1®1+z)]

= 'n;r® Trg {log (1+2)® 1 4+ 1 ® log (14z)) whenever 1 + z is group-like.

Thus in summary, we can state:
Lemma (2.5.6) Assume B~ and (B ® B)” are flat over A. Then exp

and log are inverse isomorphisms:

1+B” N Prim (B”) ——abesy {group-like elements in 1 +1-B"}
K log

Application {2.5.7) Let G be a commutative group scheme which is
L. i~ . k nfk
locally of finite type over S. Let G = im Inf (G) and I (G) =

Spec (Bk) where Bk is a finite A-algebra [E.G.A. IV 16.1.7]. Also set
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B = Ym Bn, a complete adic ring whose topology is defined by the ideal
J = Ker (B — B) [E.G.A. 017.2.7]. If C is any A-algebra then

G (C) = HomcontSB, C) where C is given the discrete topology. Let us
define the hyper-algebra of G to be BY. B is, as was noted above in
(2.5.1), an algebra and not in general a bi-algebra. For y in Prim(B")
and 8,8, ¢ B, (B, B,.y) = (By)e  (B,)+(B,y) e (8)). Thus y

. 2 . g .
kills J and hence gives us an A-linear derivation of B, —> A (i.e., an

1
element in Lie (G})). Conversely it is obvious that any such derivation
comes from an element in Prim(B”). Thus Prim(B") = Lie (G).
Also the set of ''group-like' elements in B~ is identical with G (A).
If BY is flat over A, the exponential defines a map: exp:I-:Lie (G) —>

Ker [G(A) —> G(A/I)]. If furthermore (B ® B)” is flat over A, we

have an isomorphism given by the exponential:
{2.5.7.1) Lie (G) N1-B” —> Ker [G(A) — G(A/T)].

(2.6) Unfortunately, what has preceded is not general enough. Thus
in this section we give an ad hoc construction of the exponential in a
sitnation which we will meet again later. Some preliminary comments are

necessary.

Remark {2.6.1) In {1.8) it suffices to assume that I® B—> IB is an

isomorphism (i.e., To::‘:fL {A/I,B) = {0)).

Remark (2.6.2) In the constructions of the exponential in 2.2 through
2.5 the hypothesis that the bi-algebra was flat can be replaced by the

hypothesis that the divided powers on 1 extend to it as well as to its tensor
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product with itself {(obvious modification with regard to section 2.5). In
effect all that was used was that it made sense to write down expressions

i 11
such as 2 x(n).
n>0

Remark (2,6.3) Given a bi-algebra U it was its structure of augmented
co-algebra which played the predominant role in the preceding sections.
The concepts of primitive element and group-like element (or points with
values in Cospec {U)} did not make use of the multiplication p: U®U—> U,
Thus if the underlying augmented co-algebra of the bi-algebra U satisfies

the appropriate conditions we will have the exponential defined.

{(2.6.4) let A bearing, I anidealof A with nilpotent divided
powers, AO‘-: A/I. Let V be a locally-free of finite rank A-module and

G a finite locally-free group scheme over S = Spec (A). Let G =Spec(B).
Consider the S-group V 33( G whose ring is Sym (\; )i B, Let H bean
S-group which, as pointed scheme, is isomorphic to V é( G. We will
show that there is a "'theory of the exponential' for H (at least when

Lie {G) is locally-free}.

o
(2.6.5) Set C=Sym (V)® B so that H = Spec (C). C possesses two
different structures of co-algebra corresponding to the two distinct group
structures on Spec {C}). Because V x G and H are isomorphic as

pointed schemes, _u_)H = w. and hence is locally-free of finite type.

V xG
S

Thus Lie (H) is locally-free. Let W be a locally-free module and

§: W —-1:Lie {H) an A-linear map. Before defining exp (8), 2 lemuna
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is needed.

Lemma (2.6.6) Let C” = Hom C,A). The natural map

con‘c(

C°® ¢ > (C® Q)" is an isomorphism.

~ v ~ A
Proof: C® C—> (Sym (V)@ B) ® (Sym (V) ® B) —=(Sym (V)®@Sym(V))

® (B ® B). Therefore (C® C)" > [(VAV)® (B”®B")—> T'(V8V)

~

®(B"®B") (since B"® B” is of finite presentation) —> (T{V)® T'(V))
3 (B*®B") = (I(V) @ B") ® (T(V) ® B") > (I(V)®B") §(T(V)  B")
by [E.G.A. 01 7.7.1] for example. This establishes the lemma.

Let A: C" = C” & C” be the transpose of the multiplication map
p on C. If yel-Prim(C")= I+Lie (H), Aly)=y®l +1®y belongs to
I‘Lie(H)®1 +1® I1.Lie (H) and this last is isomorphicto I- (l_ig(H) b

Lie (H)).

Lemma (2.6.7) Let B1 and BZ be A-algebras, Ml’ M2 sub-A-

modules of Bl and BZ respectively. Assume Ml and M2 are both

finite and locally-free so that the divided powers on I extend to

I.Sym (MI) and I-Sym (M 1

2). Let pl(resp. pz): Sym (Ml) —> B

(resp. Sym (M,) —> B,) be the canonical mapping. Finally let

©: Bl —> B, be an algebra map taking M, to MZ' Then for yel-M

2 1 1

®° Py {exp y) = p,o exp (oly)).

Proof: Obviously it suffices to verify the assertion for y of the form

{n) /m

i.y’, iel. Then we have @o pl(exp(iy')) =¢.op1(2 i ) =
n>0

Zi'™ oy )™ Qlearly this is p,o exp (o (y')).
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Applying the lemma to B, = C7, B, = C” ®c, M

1 = Lie {H),

2
M, = Lie (H)® I + 1® Lie (H), ¢ = 4, we find Alexp(y)) = exp(y®1 + 1®y)

1

= exp(y®1l)-exp(1®y) = exp(y) ® exp(y), where the last equality follows

=Cc", B2 = C' 8 C”, © = “inclusion along

= Lie (H)®1,... . Hence for yelrLie(H),

by applying the lemma to B1

first factor, ™ M1 = Lie {H]}, M2
exp {y) (= p; (Zy(n)) in the above notation) is a ''group-~like' element.
From (2.6.7) it is clear that C” is a bi-algebra and thus exp (y) is in
Cospec {C”) (A}, But this is certainly H(A) since (Cv)v = C. Thus there
is a homomorphism I:Lie (H) —> Ker [H(A) —> H(Ao)]. As usual it is

injective. By looking at exp (8(x)) for xe¢ W (notation of (2.6.5), we

obtain our desired homomorphism:

(2.6.8) exp: Hom (W, 1-Lie (H)) <> Ker [Hom (W, H) —> Hom (W_,H )]
defined by exp (6)(x) = exp (8 (x)).

More precisely, by looking at the mapping (W) —> C” given by
x > exp (B (x)), and repeating the reasoning of (2.4) we obtain the above

inclusion.

Remark (2.6.9) This construction is obviously functorial with respect

to both arguments. If H' is a sheaf of groups and H is a group scheme
as above and we assume H “—> H’, H’ is a formal Lie group,

Lie {H) = Lie H) = Lie (E' }, then the above definition of the exponential
coincides with the one given in (2.4) in the following sense: any homo-
morphism u: W —> H which restricts to zero over So must have its

image contained in H > H'. Then for 6: W — I*Lie (H), exp (8):
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W — H' is the mapping defined in (2. 4).

Remark (2.6.10) The introduction of the symmetric algebra above seems
necessary because I"(V) is not necessarily flat over A [4, Chapter !,
exercises §2,#12]. Thus although the divided powers on I will extend

to I‘A(V) , it is no longer clear that they will extend to I"A(V) ® B” when
this module is given the non-standard algebra structure (corresponding

to H as opposed to V xG).
S

(2.7) In this section we study prolongations of homomorphisms and

the relation between these and the exponential. Let S be an affine scheme,
Spec (A), I an ideal of A with nilpotent divided powers, and So=Spec(A/I).
Let G be a group on S. Assume that G is a filtering direct limit of
sub-groups Ga each of which is representable. Alsoc assume that

Infl(G) = Infl(Ga) for some «, so that Lie (G) = Lie (Ga) and that the
"theory of the exponential" exists for G. The last requirement means

that the homomorphism

exp: Hom (V, I-Lie (G)) > Ker [Hom (V,G) - Hom (VO,GO)]
S-gr. So-gr.

is defined. Examples of groups which satisfy these conditions are the

following:
1) smooth group scheme
2) Barsotti-Tate group, say over a base where p is nilpotent

3) a group of the type discussed in (2.6.4) or more generally a direct

limit of such (provided the condition on the Lie algebra is satisfied).
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Actually, we shall later use the following discussion in connection

with groups of the third type.

(2.7.1) Let H be an 5-group and u : Ho —> Go a homomorphism.

It is clear that the set of liftings of U, to homomorphisms u: H—> G is
either empty or principal homogeneous under the group Ker[Hom (H,G) —
Hom (HO,GO)]. Assume that V = H is a vector group (i.e., the group
associated to a locally free of finite rank, Os-module). Then the theory

of the exponential permits us to make the following definitions:

Definition (2.7.2) Two liftings u', v’ of u s V0 — Go are linearly

compatible if their difference is in the image of
Hom (V, I-Lie (G)) <> Ker [Hom (V,G) —> Hom (Vo’Go)]'

This is obviously an equivalence relation on the set of liftings of u

toa u: V—»G0G,

{2.7.3) Assume uO: Vo —n Go is a monomorphism with image HOS Go.
We want to exarine the set of liftings H of HO to subgroups of G, flat
over S, together with structure of locally-free module on H, lifting that
defined on Ho' Let H be a solution of this problem. Then H is given
by V where V is a finite locally-free @S-module. Any such V is
determined up to {non-unique) isomorphism [S.G.A 1 III 7.1]. Let us fix
once and for all such a V lifting Vo" Then, to give an H as above is
equivalent to giving a monomorphism V —> G lifting U, modulo identi-

fying two such u and u’ if they differ by an Os-automorphism of V
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which reduces to the identity on So' In fact given such a monomorphism
u: V-—> G, itis obvious that H = im{u) is a solution of the problem.
Conversely,let H be a solution of the problem. Via u;lz Ho — VO, H
becomes a lifting of V. Thus by {§.G.A. 1111 7.1] there is an isomor-
phism w between H and V which reduces to u;l . By taking u to be
the composite of wul and the inclusion of H into G, we finda w:iV—>G
of the desired type., Finally it is clear that if and only if u and u' differ

by an O-linear automorphism of V (reducing to id, } is it the case that

S v
o

H=im (u) and H  =im (1) give the same solution of the problem (after

all one makes H into an Qs-module via transport of structure).

Lemma (2.7.4) Any homomeorphism u: V —> G lifting u: Vo — G0

is 2 monomorphism.

Proof: Since V is quasi-compact and G satisfies the conditions of (2.7),
u: V—=> G factors through a representable sub-group G’ of G. The
induced morphism u': V—=> G’ is locally of finite type [E.G.A. IV,
1.3.4(v)], and hence So ©—> S being a nilpotent immersion implies that

u': V== G’ is a monomorphism [S.G.A.3 VI B 2.11L

Definition (2.7.5) Two homomorphisms u, w:V—G lifting uo are
said to be congruent if they differ by an Gsulinear automorphism of V
reducing to the identity on Vo.

Thus u and u’ are congruent if and only if they define the same

solution of our problem. The next lemma allows us to speak of two solu-

tions of our problem as being linearly compatible.



105

Lemma {2.7.6) If u and u’ are congruent, then they are linearly

compatible.

Proof: Write ¢ =uo (idv+ n) where n: V—>1:V since 7 reduces
to zero. w’-wu=ue n and hence by the functoriality of the exponential it
suffices to show that 7 is an exponential. But V is given by the co-
algebra I‘A(V) via the identification of its "'group-like' elements with
elements of V givenby 1 + vu) + v{z) Faes b v(l). Hence under this
identification we see that 7 = exp (n).

Thus we see that the exponential allows us to define an equivalence
relation on the set of solutions H of our problem.

Let h< Lie (G) be a locally-free sub-module lifting h =Lie(H) with
necessarily locally free quotient by the criterion for flatness [4, Chap. III

§5, Theorem 1]}. The following proposition will be quite important later.

Proposition (2,7.7) In each linear equivalence class of solutions of our

problem, there is exactly one H with Lie (H) =h.

Proof: Choose a particular class and let u: V—=> G be a representative
(lifting uo) in it. By the previous lemma we are allowed to modify u by

exactly one element in Hom (V, I.Lie (G))/Au‘!;G (V, inducing idv e
S o

Here the quotient has an obvious meaning. On the other hand if we look
at Lie (u): V—=> Lie (G), which lifts Lie (uo):Vb—>I.ie(C-o), it is clear
that we are permitted to modify Lie (u) by exactly one element in

Hom (V, I-Lie (G))/Aut9 (V, inducing idv ) in order to get any possible
-s o
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locally-free lifting of Eo < Lie (Go). {Note that any such modification will
give rise to a monomorphism V — Lie (G) by [E.G.A. IV 11.9.18]).
Hence in modifying Lie (u) by an appropriate element so as to obtain h,

we obtain an element u': V —=> G such that im {Lie {u')) = h.

§3. (3.0) In this paragraph we define crystals and discuss the trivial

"'general nonsense' aspect of this theory which we will need later.

Remark (3.1) The definition of crystal which we adopt is a very naive
one. The crystalline site should be defined with reference to a base scheme
and a compatibility condition on the divided powers should be imposed.

Also the nilpotent site must in characteristic 2 be replaced by the Berthelot
site. It is essentially because we do not utilize crystalline cohomology,
that the naive definition suffices. For a more detailed discussion along

with example see: [2,3,15],

Definition (3.2) For a scheme X, its crystalline site Crys (X) consists
of the category whose objects are triples (U <> T, y) where:

1) U is an open sub-scheme of X

2) U <= T is a locally nilpotent immersion

3) v = ('yn) are divided powers {which are locally nilpotent) on the ideal
1 of U in T. The morphisms from (U > T,y) to (U < T/,8)
are the commutative diagrams:

Uy s——> T

£ ] lr

U,L—? TI
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such that U — U’ is the inclusion and T -f—-> T is a divided power

morphism {i.e., the sheaf of rings morphism f'l (GT,) —_— GT is a
divided power morphism).
The topology on Crys (X) is 'that induced by the Zariski topology':

it is defined by a pre-topology where
{(Ui 5-‘—-——>Ti,'yi) — (U <> T, y)}

is a covering family when Ti is the open sub-scheme of T whose under-

lying set is Ui and when U u.=U.

Remark (3.3} Sheaves {(of sets for example} on this site admit the fol-
lowing description: To give a sheaf F is equivalent to giving for each

object (U = T,y an ordinary sheaf F on T together with

(U =T,
morphisms Ft (F(U, s T',é)) —_— F(U T,y whenever we have a
morphism:
Us—— T
(3.3.1) £ l i?
U e— 1’

These maps are to satisfy an obvious transitivity condition and

f -1 (F ) ——> F is to be an isomorphism

(U/ Q_>_T/’6) (U C—.,T’y)

whenever T is the open sub-scheme of T’ carried by set U.

Remark (3.4) The site Crys (X) is ringed in a natural way. Namely

OX crys corresponds, according to (3.3}, to the system (}(U T, ) = OT.
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A sheaf of modules M on Crys (X), thus is given by a family MT of
QT-modules, «+. « M is said to be special if for any diagram (3.3.1) we

=%
have f (MT,) =M A module M is quasi-coherent if and only if it is

T

special and all M are quasi-coherent.

(U —~=T,v)
(3.5) We now turn to the definition of crystals. Let F be a fibered
category on (Sch) which is a stack with respect to the Zariski topology.
This means that both morphisms and objects can be glued together. For

a precise definition see [11, I 3,2].

Definition (3.6) An F-crystalon X is a cartesian section of the fibered
category fﬁséh Crys (X), where Crys (X) > (Sch) is given by

{U > T,y) -—> T. A morphism of F-crystals is a morphism of
cartesian sections. This means that for each object (U = T,vy) in
Crys (X} we are given an object Q in %__ and that for each

(U &T,v) T

morphism (3.3.1) in Crys (X) we are given an isomorphism

%
L fuesT, T Qe
% -
These isomorphisms are to satisfy f (u J)ou =u _ where g comes

g f gof

from a morphism in Crys (X)
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Remark (3.7) For details on the above definition see [10, 81]. We will
systematically assume the fibered categories dealt with are 'split, " which
again by [10, §5] is harmless. Finally we will in general be careless about

the canonical isomorphism u and assume we have an actual identity of

f
.
j < = . is wi t
objects f (Q(U, T',G)) Q(U T, ) This will never lead to
confusion.
(3.8) We want now to define the notion of "inverse image' for crystals.

Let Y —2-+ X bea morphism of schemes. Fix a fibered category ¥

as above and let O be an F-crystal on X. (p*(Q) is to be an F-crystal
on Y. To define tp*(Q), observe that since ¥ is a stack it suffices to
give the value of (p*(Q) on "sufficiently small' objects in Crys (Y).
Specifically "sufficiently small'' means an object {U <= T,v) in Crys (Y)
such that @(U) is contained in an affine open subset V of X, and where
U (and hence T) is affine. To define <p$(Q) on such an object we proceed
as follows: Choose V D¢(U), an affine. Let U = Spec(A), T=Spec A',

A’/1 = A, V = Spec (B) and consider the diagram of rings:

A <———— A

a6 T

B <———— B xA’
A

Obviocusly BiA' —> B is surjective with kernel {0} xI. On this ideal
we define divided powers via 7111 (0,1) = (0, 'yn(i)). Obviously these divided

powers are nilpotent and Bx A’ — A’ is a divided power morphism.
A
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Taking W = Spec (BzA') we see that {V <> W,v') is an object of

Crys (X). Furthermore we have a diagram;:

U&c&— 7T

(3.8.2) (pl LZ
N\

V &—— W=V _u T (in the category of affine schemes).
U

*
By definition ¢ {Q2) ©

(U esT,y "¢ QO csw,y)-

It must be shown that this object is independent of the V chosen. Butif
V' is a second affine open in X such that ¢(U) S V', then repeating the

above construction we obtain V' <+ W' and #': T —=> W’'. What must

- ¥ A .
be shown is that ¢ (Q )= (Q To do this it suffices,

V W v/ eyl
since ¥ is a stack, to show these objects are equal locally. Thus choose
U’ T, with T’ the open sub-scheme of T induced on U “— U,

so that ga(U') is contained in an affine V* oV N V', and U’ is affine.

For U’ = T’ the above construction can be performed to obtain

U — 7

Lo

V” I W//

By locking at the definitions of the various diagrams it is immediate that

there are morphisms: V’ & Ww” v — W

U U

vV &—s W v/ —w’
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making the following diagrams commute:

/

LLC——"‘—‘*"—-—-—')T’/
/|
¥
v ‘ /
I
1
1
% y ees
’U.C PR B 'T'
L
%4

bt
v sy | T = 87 Qpre gy

* 7
& Qe yw!lT

This shows the definition above is independent of the choice of V. Having
*
defined ¢ (Q) for "sufficiently small" objects it is immediate (since ¥ is

a stack) that this partial definition can be uniquely completed so that

*
© (Q) is a crystal,



Chapter IV. The Crystals Associated to

Barsotti- Tate Groups

§1. (1.0) In this chapter we shall associate to Barsotti-Tate groups G
on a scheme S (where p is locally nilpotent) certain crystals. For
applications in the next chapter it is necessary to know that via (essentially)
the same method, crystals can also be associated to abelian schemes on

S. The constructions in the case of an abelian scheme go through by
repeating word for word the reasoning in the case of a Barsotti-Tate group.
For this reason only the case of a Barsotti-Tate group is explicitly dis-
cussed, but from time to time certain minor differences in the two situa-

tions are explicitly noted.

(1.1} This paragraph is devoted to showing that when p is locally
nilpotent on the base scheme S, a Barsotti-Tate group G admits a
universal extension by a vector group. The first proposition below makes
no hypothesis on the base, but afterwards it shall always be assumed that

p is locally nilpotent on S.

(1.2} Let S be a scheme and G a finite locally-free S-group.
Recall that associated to a quasi-coherent Gs-module M is a group W(M)
(in the notation of [S.G.A. 3.1 4,6]) whose sections over an S-scheme T
are given by
(T, W{M)) = T(T, @T 8 M}.
s
Because no confusion will result, the W{M) notation is below shortened

to M.
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Proposition (1. 3) The functor (on quasi-coherent modules)

M —> Hom, gr (G,M) is represented by G" being the Cartier

s =G*

dual of G.

Proof: Fix a module M and let DOS{M] = @S &M, viewed as an
algebra via M2 = (0) and D = Spec (DO [M]). The S scheme D coincides
with 8§ as topological space and has anibvious section en! S =D cor~
responding to the augmentation DC} [M] ——> OS. Hence D~groups can be

S
pulled back to S along this section and it makes sense to speak of

Ker [HomD-gr.(GD' (BmD) —— Homs_gr. (G, G}ms)].

Because G is fixed, this kernel depends only on M (as D depends only
on M) and hence can be written as G{M). Note that M > Q(M)} is a
covariant functor, for given a linear u: M —> M’ there is a commutative
diagram:

Spec (D, [u))

S
Spec (DOS[M']) =D’ D = Spec (D, [MD)

\ S
(1.3.1) °p’ \ °D

s

Assume momentarily that there is a functorial isomorphism:

Horns‘_gr (G, M) — @ (M). Let us show how the proposition follows.
By definition (or by [S.G.A.3 VII A 3.3]) O(M) = Ker [G*(D)-'-% G*(S)}.

But by [S.G.A. 3 III 0. 9] this group is given by Hom (w ., M). It is clear
G
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from the explicit construction of the isomorphism between the two groups
[E.G.A. IV 16.5.14] that it is functorial in M and thus the functor is

indeed represented by w

G*

Thus we must establish the isomorphism

{1.3.2) Hom (G, M) == ¢ (M).

M being fixed, let Tt T —> 1) be a D-scheme. There is to be
associatedtoa ¢: G—> M a ¢': GD E— (l'xm . Sucha <p' is given by
D
a family ¢'(T): G (T)—> G (T). But G_(T) = G(T) when T is
D my, D
T
viewed as an S-scheme via T D S. Thus

* £
¢'(T): G(T) ——> T'(T, Op ). To define ¢'(T) proceed as follows:

Corresponding to the fact that T is a D-scheme there is a ring hornomor-

-1 (GS SO M) = 'rr,-I,1 (GS) 23] TT-Tl (M) —> OT . Under this homomor-

phism Pyt T

T

-1
to ¢ thereis a o(T): G(T)— I'(T, 0. © T (M)). Hence for

T -1
T (OS)

phism the image of = _ (M) has square zero. On the other hand associated

xe G(T), 1 + pTo © {T) {(x}) has an obvious meaning. It is a unit and the
map x P> 1+ pTo © (T) {x) is a group homomorphism G(T) -ﬁI‘(T,@’;).
By definition this is ¢'(T). It is now obvious because ¢ is a homomor-
phism of functors, that for variable T, the family ©’'(T) defines a
morphism GD — GmD. Furthermore, it is clear since ((ol+t02)' (T) =

<p'1 {(T) +<pf2(T) that ¢ F—> ¢’ is a homomorphism. Since the restriction

morphism Hom (G_, G}m }—> Hom (G, & )} is '‘obtained’ by viewing
m

D D
e

a given S-scheme T as a D-scheme via T —> S C'D—‘» D it is immediate
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that the map Pyt 'rr“Tl ((}S) D -rr:rl (M) —> OT must map n;,l (M) to zero and

/ -—
hence ¢ actually belongs to G (M) = Ker {HomD—gr.(GD’ (I“sz ) —=

Horns_gr.(G, (!}m)].

If u;: M——> M’, then there is the map D' —= D corresponding to

D, [M]—>D_ [M’']. Let ¢: G—>M and T be aD’'-scheme via m/_,*

G, G, T

s s
Denote by ¢: GD e (i the map associated to ¢ above. It must be
shown that ¢’ [ D': G, —> G is the same as (u° ¢) (i.e., the
D mD,
map associated to G L., M > M'). But ((p"D') {T") def
wﬁr,

¢ (T'"—— D' —> D) == themap x —>1 + Py © @ (T') (x) where

-1 -1 . A .
Pyt T (G‘S) @ T (M) ——> GT, . But obvicusly this is the composite
nn (0) ® 'I(M)—-———> (O @ (M) —>
T s ¥ T T Y T T/

(since w_, =7", D and D’ having the same underlying topological

T T

space). From this it is clear that the map HomS-gr.(G’ M) ———> 0 (M)
is functorial.

It remains to show that this map is bijective. Let us first observe

that the map is compatible with any base change 8’ —> 8. To see this

take T' tocbea D’ =Dx8 = Spec [GS, P{M® GS,)} scheme and note
s 6'5

that for xe G (T) and @: G—>M, (@]8') (x)=1+pro S HT )x) =

1+pn 0@ (T) (x) = @|D) (x).

Thus to prove the injectivity it suffices to show ¢’ (D) = 0 implies



116

©(S) = 0. But ¢ (D) = 0 says that for xe¢ G(D) 1 +ppo @) (%) =1, ie.,

Pp° ®(D) (x) = 0, Here @(D): G(D) — T (D, DOS{M] ®GSM) and Pp is

the identity map D{} [M] de D, [M]. Now over an affine open set U

s s
of S, (D) (x) will be given by 2 (ai @ mi) ® m; and hence the hypothesis

that o'(D) = 0 says that Zaim; = 0, Notice that over this affine open U
©(S) (e; %) =2 aimf1 = 0, This means ¢(S) must vanish on the image of
G(D} in G(S). But from the fact that ey is a section of the structural
map D —>§ it follows that G{(D) — G(S) is onto. Thus the map
Hom (G, M) — G(M) is injective,

To show surjectivity let @ e QM) be given. For any & over S
5 defines a homomorphism @ (DS,):G(DS,) —_— (l}m(Ds,). Consider the

inclusion G{8') C—+G(DS,). For x¢ G(S'), G(DS,) (x) is "killed'' under

the augmentation D _ [O., & M]—> Q.,. Hence ¢ (D_/) (x)} is of the form
@Sz s 95 S )

1 +y where ye T(S, G ® M). If 0:G—>M is defined via
s

o(S’) (%) = vy (in the above notation), it is clear that since @ is a homo-

morphism of functors ¢ is also. To show the <,o' associated to ¢ under
o

the map Hom (G, M) —% G(M) is the same as ¢, let T —L> D bea

D-scheme and let x¢ G{T). o' (T)(x) =1+ pp o © (T) (x). Here
o{D
©o{T) (x} = image of x under G(T) &> G(DT) M,, (EIVI(DT) minus

1 =9(T) (x) - | because there is a commutative diagram



® (DT)
G(D,) G}m(DT)
@ (T)
G(T) G‘:m(’l’)

But in this case it is immediate that pT (@ (T)) (x) =@ (T) {(x). Hence

@(T) (x) =1 +(T) (x) =1 +@(T) (x) -1 =¢ (T) (x).

Remark (1.4) By the proposition there is defined a hornomorphism
w G —> Yo with the property that given 8: G ——> M, there is a2 unique

linear u: w

G*’—>M such that 8 =uo o

Remark (1.5) If x is locally-free it is easy to make & ''explicit'’:

*
Let G =Spec (B), G =Spec(B” ), 1CB’, the augmentation ideal

s

corresponding to the unit section of Gm, 7n: B —> OS the augmentation.

Define ¢: B —— D@ [I/IZ] via ¢(b) = n(b)+residue class of (b-7(b)) in I/IZ.
S

Since @: G —™> Ok it corresponds to an algebra homomoxphism

Sym [é . ]—> B, thatis to a linear map & -—> B or by transposi-
G* ~

#*

tion a linear map B —> w

%" This last linear map is given by
G

b > ¢(b) - n(b).
Remark (1.6) It is easy to check that the above constructed isomorphism

Homs_gr.(G, M) — Homes(gc*, M) is functorial in G. Thus for

u: G —> H, a homomorphism of finite locally-free groups, the diagram:
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1.
G = >

H
% J/ Yy
@

e
QG %

commutes. (The lower horizontal arrow is induced by the Cartier dual of u).
In fact since the isomorphism Hom (G, M) —» Hom (&)’G*’ M) is

composed f{rom three isomorphisms:

1)  Hom (G, M) —= Q (M)

2) e (M) "> Ker [GT (D) —> G (9)]

3)  Ker [G'(D)—> G (5)] => Hom (@ 40 M)
G

it suffices to show that each is functorial in G.

1) For T a D-scheme and ¢: H—> M,
@@ (T) () =1 +p 0@ (T)u(T) (x) = (pou)(x) for any x in G(T).
2) This follows immediately from the proof that
Hom (G, G_) = G* [S.G.A. 3 VII A 3,3]

* *
3) Let G =Spec(C), H =S8pec(B), C and B two finite locally-free
Os-algebras. The Cartier dual of u: G —> H corresponds to a bi-algebra

homomorphism f: C— B. The identification of Hom (@ ,, M) with
* *

the kernel of H (D) — H (S} is made via thinking of 7:w x > M as

H

an Gs-linear derivation B —=> M {with M viewed as B module via

ng: B—> GS} and then associating to T the homomorphism B —> D%{M]



119

given by b > nB(b) + 7(b) for b a local section of B. Composing this
with {f we find the homomorphism C—* DO (M) with ¢ t—> nc(c) +

S
7{f{c)). This makes obvious the functoriality in question.

(1.7) Let S be a scheme on which pN is zero. For G a
Barsotti-Tate group on S and M a quasi-coherent module, HomS gr(G’M)
= {0} because G is p-divisible and pN times any homomorphism

f: G —> M is zero, i.e., there is a commutative diagram:

o)
2

o]
S

Therefore an extension of G by M admits no trivial automorphism

1
and an extension is uniquely determined by its class in Ext (G, M}.

Definition (1.8) An extension (E) 0 V(G) E(G) G 0

of G by a vector group V(G) (i.e., a quasi-coherent module) is said to

be universal if given any extension 0 M * > G >0 of G
by another vector group there is a unique linear map V (G) o M such

that go*((E)) is the given extension.

Remark (1.9) Because of the rigidity of the category of extensions
EXT (G, M), it follows that there is no ambiguity in the way in which
go*((E)) ''is' the given extension and that a universal extension is deter-

mined up to unique isomorphism (rather than just its extension class).
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Proposition {1.10) The hypotheses being those of {(1.7), there is a

universal extension of G by a vector group.

Proof: Consider the exact sequence

N
(1.10.1) 0 —> G(N) —> G +—> G —> 0.
"Applying" Hom (_, M) we find a long exact sequence:

0 —> Hom (G, M) —> Hom (G, M) — Hom (G(N), M) =3 Ext'(G, M) —>
Extl(G, M.

Since Ext is a bi-functor, the map Extl(G,M) — Extl{G, M)} comes
from multiplication by pN on M., Hence it is zero. This means there is
an isomorphism induced by the coboundary map 6§, §: Hom (G(N), M) =
Extl((}, M). This isomorphism is certainly functorial in M. But by {(1.3)
the functor which occurs on the left-hand side above is represented by

w
G(N)

follows that the extension induced from {(1.10.1) by

«» Therefore by definition of the connecting homomorphism § , it

pN
0 —> G{N) > G > G 0
UCH .
G(N)
0w —_— .-U-G—->G——>0

hed * ——
G{N) G(N)
is universal.

Remark (1.11) The integer N could have been replaced with any n >N

and the extension obtained would certainly be universal. In fact the unique
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isomorphism between two such extensions comes from the commutative

diagram (1.6} pi
G(N+1) G(N)
47 (43
« % —_— w %
G{N+i) G(N)
The fact that w T . is an isomorphism is [II 3.3.20].
G(N+) G(N)

Definition (1.12) For n sufficiently large we write w = V(G) and
G(n)

the universal extension constructed above is written 0 —> V(G) —> E(G)

—> G —> 0, Thus E(G) is an f.p.p.f. sheaf of groups on 8, determined

up to unique isomorphism .

Lemma (1.13) The universal extension 0 —> V(G) —> E(G)—> G —> 0

commutes with an arbitrary base change $' — S.
Proof: From its construction via the di"éxgram

N

0—s G(N)—> G ——s G 0
H

0 —>V(G) —> E(G) —> G —> 0

s

what must be shown is that ¢ G(N) > w . commutes with base
G{N)

change. Since Cartier duality is compatible with base change and since

w 5 18 [II 3.3.20] locally-free, this follows from the explicit description
G(N)
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of o given in (1.5).

Corollary (1.14): Assume p is locally nilpotenton S and let G bea
Barsotti-Tate group on S. There is a universal extension 0 —> V(G)

— E(G) —>G—> 0 of G by a vector group with V(G) = w
G

£

Proof: Cover S by affine open sets Ui and consider for each i the
universal extension of G|Ui by _\_/(GlUi) = EG*|Ui' By the lemma, the
two extensions obtained on Ui n Uj are canonically isomorphic. This
guarantees the co-cycle condition for Ui n Uj N Uk and tells us that the
E(G‘Ui) can be glued together to give us a sheaf of groups E(G) on S.
We obviously obtain an exact sequence 0 —> S'G* > EG)~> G—>0

which gives us the desired universal extension.

Proposition (1.15) Let p be locally nilpotent on S and G, H two
Barsotti-Tate groups on S with u: G —> H a homomorphism. There is
a unique homomorphism E(u): E(G) —> E(H) such that we obtain a

morphism of extensions:

0 ——> V(G) — E(G) —> G —>0

1
Vi(u) E(u) W

L v

0 —— V(H) E(H) H 0

(where \_/(u) is the map induced on the invariant differentials by the

Cartier dual of u).
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Proof: Because of the uniqueness assertion it suffices to prove the prop-
N
osition locally on S and hence it can be assumed that p  kills S,

Consider the following two diagrams:

0~ w « > E(G) G 0
G(N) i‘g
Vi) 1
{I) Vo %
G(N)
0—>w 0 *_L]_E(G) > G — 0
H(N) H(N)
0 —>w . — E(H) xG G >0
H(N) H
(11) " ! u
I
l .
I / v
0—>w > E(H) H—>0
H{N)
Since the uniqueness assertion is a consequence of Hom (G, w « = (0),

H(N)
it suffices to know that the lower row of (I) is isomorphic to the upper row

of (I1}.
From the functoriality of the connecting homomorphism we have a

commutative diagram:

Hom (H(N), w ) —">Ext (H, o )
. TH(N) ;H(N)
J
Hom (G(N), w %) —_— Extl(G, \g %)
H(N) H(N)

By the functoriality of (1.6), there is also a commutative diagram:
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Hom {© ., ® ) ———> Hom (H(N), » )
H(N) | H(N) H(N)
\ ~
Hom (@ ) ) ———> Hom (G(N), » )
G(N) H(N) H(N)

Combining these two diagrams it is immediate that the lower row of

(I) and the upper row of (II) correspond to the two ways of taking idw
“HN*

1
into Ext (G, w *). Thus the two rows are isomorphic as claimed.
H(N)

(1,16) We wish to show that E(G) is a formal Lie group on S. This
is a local question and hence S can be assumed to be affine.

Lemma (1.17) lnfk (E(G))} is representable and of finite presentation.

Proof: Let pN kill 8 so that Infk(G) C G(n+N-1) if k< pn {11(3.3.17)].

Consider the extension
(1.17.1) 0 — V(G) —> E(G) x G(n+N-1) — G(n+N-1) — 0
G

Since Infk(E(G)) maps to In.fk(G), it follows that Infk{E(G)) =

Infk(E(G)x G{n+N-1)). Because V{G) and G(niN-1} are schemes it follows
G

that E(G)éG(n+N-1) is a scheme of finite presentation since it is a torseur

on G(ntN-1) under V(G) [G.A. 11T §4 1.9]. Thus Infk(E(G)) is

G(n+N-1)

representable by a scheme of finite presentation.
Lemma (1.18) {Assuming 8 is affine) E{(G) is formally smooth.

Proof: Let T & T’ be a nilpotent immersion with T’ an (absolutely)

affine S-scheme. Let ¢: T —> E(G) be given:
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Since T is affine and E(G) = lim (E(G)X G(n)}), ©€ E{G}x G(n) (T) for
’ G G
some n.

Consider the exact sequence:
0 — V(G) —> E(G) —> G —> 0

vT((p) € G{n) (T) and hence by the formal smoothness of G [II (3.3.13)]
it can be assumed ( by augmenting n if necessary) that WT((D): T —> G{n)
can be lifted to T’.

Since S is affine and V(G) is a quasi-coherent module all torseurs

under V{G) are trivial [G.A. I §1, 2.7; S.G. A, 4 VIl 4.4]. This

Gin}
implies that the morphism E(G) éG(n) —> G{n) admits a section. Thus
the morphism T’ -~ G{n) gives rise to §: T' —= E(G)éG(n). $| T and
¢ certainly have the same image in G(n) (T). Hence ¢ - d)l T belongs to
V(GNT). Since V(CG) is smooth, c,o-zb‘T can be lifted to n:T""‘.‘«-:\[(G). Thus

n+zb:T'~¢-E(G)éG(n)and ?7+l’)lT=<D- This proves E(G) is formally smooth.

Proposition {1.19) E(G) is a formal Lie group.

Proof: Since E(G) is by (1.18) formally smooth (locally at least) it
follows immediately from [II 3.1.1] and (1.17) that E(G) is a formal Lie

group. In particular E{(G) is formally smooth.

Definition (1.20) Lie (E(G)) = Lie (E(G)) = (if pN kills S) Lie(E(G}éG(N)}.
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It is a locally free (of finite rank) sheaf of Gs-modules.

Proposition (1.21) The sequence 0 —> V(G)—> E(G) —> G —> 0 is exact.

Proof: The only non-trivial fact is that :EE——-% G is an epimorphism.
Because this is a statement about sheaves it suffices to prove it locally.
Hence it can be assumed that 8§ 1is affine and killed by pN. It must be
shown that the map Infk(E(G)) — Infk(G) is an epimorphism (for all k).
As was noted in the proof of (1,18}, E(G)éG{n+N-1) is as G(n+N-1)-

scheme isomorphic to V(G) and therefore is smooth over

G(n+N-1)’
G{n+N-1). Consider the following diagram, with T affine:

By the smoothness noted above, the dotted arrow can be filled in so as to

obtain a commutative diagram. Clearly this implies that
k k . : .
Inf (E(G)) = Inf (G} is an epimorphism.

Proposition (1.22) The sequence 0 > \_/(G) — Lie (E{(G)) —> Lie (G}—>0

is exact.

Proof: Once again the assertion is local so it can be assumed that S is
affine and pN kills 8. Then the map E(G)x G(N) —> G{N) admits a
G

section (see the proof of 1,18) and hence it is an epimorphism of
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presheaves. This certainly implies that Lie {E(G)) —* Lie (G) is an
epimorphism (as both are finite and locally free: see [S.G.A.3 I 4.11}).

The exactness of the rest of the sequence is obvious.

Remark (1.23) We indicate how the results of this paragraph are to be
modified (usually simplified) so as to apply to abelian schemes. By [1(3.4)]
the morphism p: A —> A is an epimorphism of the abelian scheme A

and hence (1.7) - (1.12) are carried over with only the change of replacing
everywhere the words ""Barsotti-~-Tate group'' with the words "'abelian
scheme' (i.e., with no change). In (1.14) the symbol SG* is to be

replaced by w where A(w) d—i" lim Afn). (1.15} goes through with
TA(=) ’

no change. (1.16) -~ (1.19) can be simplified since from the exact sequence

#*

0 —V(A) — E(A)—> A—+0 (where V(A) is locally given as w ),

~AMN)F
it follows that E(A) is a smooth S-scheme and E{A}) —> A is a smooth
morphism: [G.A, III §4 1.9, E.G.A. IV 17.7.3(ii})]. This immediately
implies E(A) is a formal Lie group. (l.20) remains unchanged and the
proof of {1.21) can be simplified by repeating the r easoning of {II (4.11)]

utilizing the fact that E{A) —> A is smooth to make the simplification.

The proof of (1.22) can be simplified using smoothness just as before.

§2. (2.0) The purpose of this paragraph is to associate to certain
Barsotti-Tate groups on a scheme So (where p is locally nilpotent)
various crystals., The word ''certain’ is undoubtedly unnecessary as was

already noted in the introduction. To such a B, T. group G, there will be
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associated:

1) a crystal in (f.p.p.f) groups: IE(G)

2) a crystal in formal Lie groups: TE?(G}

3) a crystal in finite locally-free modules: ID(G)

(i. e., a locally-free sheaf on the crystalline site).

The constructions will be such that E(G) is {as the notation suggests)
obtained from 1E(G) by 'completing along the unit section, " while D (G)
will be obtained from IE(G) by applying Lie. Hence it is clear that
IE(G) is the basic crystal to construct. Again, as the notation is intended

to suggest, IE(G) will be obtained by ''crystallizing' E(G).

Notation (2. 1) So will denote a scheme with p locally nilpotent on it.

B. T/ (So) will denote the full sub-category of B.T. (So) consisting of those
Go with the following property: There is an open cover of So (depending on
Go) formed of affine open sets Uo < So such that for any nilpotent immer-

sion Uo"—>U there is a B.T. group G on U with GlU = GO!UO.

Remark (2.1.1) Since amalgamated sums of affine schemes exist, a
morphism f: To —_— S0 induces f*: B.T. '(So) — B . ‘I‘.'(To). Also the
condition of {2.1) implies that any affine open subset of an element of the
cover satisfies the same hypothesis. The B.T. groups in B. T.'(So) are
"locally infinitesimally liftable, "

We can now formulate the main theorem which allows the construc~

tion of the crystal IE (G).
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Theorem (2.2) Let S = Spec (A}, pN- 1 .=0, S°= Var (I) where 1 1is an

S
ideal of A with nilpotent divided powers. Let G and H be two B.T.
groups on S and assume u s Go — Ho is a homomorphism between

their restrictions to So' u defines a morphism v = E(uo): E(Go) —

E(Ho) of extensions:

00— V(G ) > E(G ) G 0
- [o] | o) IO
Y(uo) vo ‘ uo
N Np;
0 — _Y(Ho)-———-> E(HO) > H0 0

There is a unique morphism of groups v: E(G) —% E(H) (not nec-
essarily respecting the structure of extensions) with the following properties:
1) v is a lifting of v0
2) Given w: V(G) —> V(H), a lifting of \_/'(uo), denote by i the inclu-
sion V(H) — E(H), sothat d =iow - v{V(G): V(G) —> E(H) induces
zero on So' Then, d is an exponential (an assertion which makes sense

by [III 2. 4]).

Remark (2. 3) The morphism v is independent of w. For if w=w+h
was a second lifting of y_(uo), h would map V(G) to m and would
obviously be an exponential. But defining d’ (corresponding to w') as
above, d'=d +ih. Since ioh is clearly identified with ich,i: V(H) —>
E—(I-T) )it is obvious that (denoting by B the hyperalgebra of the formal Lie

(n) brrEeTy

group E(H)) ioh(x) = i (Z (hx)™) =2 (To h(x))™ (identifying 1: V(H)

—> E(H) with the corresponding I'(V(H)) — B) and thus that ioh is
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an exponential. Hence d’ is an exponential if and only if d is one.

(2.4) Prior to proving the theorem let us give the corollaries which

allow the construction of IE(G).

Corollary (2.4.1) Let K be a third B.T. groupon S and u:):HO-—> KQ
a homomorphism. Denote the v whose existence is guaranteed by the
theorem, by Es(uo). Then Es(u;o uo) = Es(u;)o Es(uo).

Proof: Let v' = Eglu)). Since v'ev is alifting of E(u ou ), it must
be shown that v o v satisfies the condition concerning the exponential.
Let w:V(G) —> V(H) and w': V(H) —> V(K) be liftings of V(a ) and
X(u;). Note such liftings exist by [4(bis) Algebre Chap. 1I §5, prop. 7(ii)].
Let i': V(K)—>E(K) be the inclusion and set d”= i‘o(w'ow)- (vov)V(G).
It must be shown that d“ is an exponential. Consider the following

diagram:

0 ——> V(G) —> E(G)

N N

0 ——> V(K) —— E(K)

By hypothesis i'ow’ = v/oi + exp (8'), where 8': V(H) —> I Lie (E(K)).
Thus i'o{w'ow) = vio(iow) + exp (8')ow. But iow = v|V(G) + exp (),
8: V(G) — I- Lie (E(H)). Hence i'e(w'ow) = v'ov!’\_/'(G) + v exp (8) +

exp (8'ocw). Just as in remark (2.3) it is clear that v'o exp(@) + exp(8’ow)
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is an exponential, This proves the corollary.

Corollary (2.4.2) If G=H and u°= idG , then Es(uo) =1id
o

o
Proof: This is immediate from the uniqueness assertion.

Corollary (2.4.3) Let G, H, uo be as above and assume Uy is an

isomorphism. Es{uo) is an isomorphism.
Proof: This is a formal consequence of (2.4.1) and (2.4, 2).

Corollary (2.4.4) Suppose there is a commutative diagram:

S

f

S/
]

where So C—-5 and S; &> 8’ are nilpotent immersions of the type

e s
™~
———

~

I
l
S

hypothesized in the statement of the theorem. Let S'o = Var (J}, Soz Var({l})
and assume S’ —> 5 is a divided power morphism. Let G and H be
two B, T. groups on S and u s Go s Ho be given. Under these cir-
cumstances the construction of the theorem is compatible with the base

4
change S —> S: Es/(uoSl) = (ES(uo))S, = vs/ .
o
Proof: Since Vg lifts U it must be shown that the exponential
SI
o

condition is verified by Vg (We are of course using (1.13) to know the

corollary makes sense. )

In the notation of the theorem let w: V(G) — V(H) lift _Y(uo).
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W lifts -Y(uosz) and it must be shown that d’ = isl° Wy - VS/|_Y(GS/)
o
is an exponential. By its definition 4’ is d_, where d is as in the state-

S
ment of the theorem. If d = exp (8) where 8: V{(G)—> I-Lie (E(H)), then

ad is {obviously) exp (GS,) where GS,: —Y(GS') —> J» Lie{E(HS,)) is

s’
deduced from 8 via extension of scalars.

(2.5) Let us show how the corollaries permit the construction of the
crystals, Let SO be an arbitrary scheme (with p locally nilpotent on it)
and let GO be in B. T.' (So). By the reasoning recalled in [III (3. 8)]:
namely that {.p.p.f. groups form a stack with respect to the Zariski
topology, it suffices to give the value of the crystal }E(GO) on objects
US> U of the crystalline site of S_ with the property that Goiuo can
be lifted to U, and Uo is affine.

It is precisely the content of (2.4.1) and (2.4. 3) that up to canonical
isomorphism the group E(G) is independent of the lifting of Gol Uo which
has been chosen.

If V0 &~V was a second object of the crystalline site and there

was given a morphism

o
[+]
<—>a
-

<
)
Y

then for a lifting G, of G ‘U to U and a lifting G,, of G Vv to Vv
U o o o' o

v

—% ~
the same corollaries give a canonical isomorphism f (E(GU)) — E(GV)-

It is now clear that the value of the crystal lE(GO) on an object
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Uo C— U (as above) is simply E(G) for some choice of lifting of Go!Uo
to U (i.e., chosen via the Hilbert ¢-function).

In the same way it is clear that for u Go — HO a homomorphism
between two B.T.” groups, there is a morphism lE(uo) between the asso-
ciated crystals which is defined on a 'sufficiently small" open set UOC—> 9]

via EU(uo) in the notation introduced above.

#
Let f: T0 —— S0 be an arbitrary morphism. The crystal f (lE(Go))
is determined by its values on ''sufficiently small' open sets in the cry-
stalline site of TO. Choose ''sufficiently small" to mean that the object

v, ©&— V has two properties:

1) VvV )cU_ and Goon can be lifted to infinitesimal neighborhoods.

2} V  is affine.
o

Then using the amalgamated sum construction, as in [III {3.8)], we

build the diagram v

[}

o

]

vV ——
(¢}

U ——s

<—>a
ral
o]

It is immediate that, for a lifting G of Goluo to U,

- *
f (E(G)) = E(G,) = IE{ (G))
v ° VeV

* *
Thus f (IE(GO)} = IE(f (Go))-

Of course the last equalities have to be taken with a grain of salt and a

more precise statement would be that the following diagram is commutative
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up to a unigue natural equivalence:
/ E .
B.T. (So) ————> (Crystals in f.p.p.f. groups on So)
*
(2.5.1) £ £
; I .
B.T. ('I‘O) —— (Crystals in f.p.p.£f. groups on To)
It is obvious that IE is an additive functor and therefore that the
functors 1E and 1D defined below are additive.

E is defined via

(2.5.2) I (GO)UOL—> v - (m(Go)UO G U)

for any object U S U of the crystalline site of S,

D is defined via:

(2.5.3) DGy ey * Lie (IE(GO)UOM u)

for any object U’0 <> U of the crystalline site.

(2.5.4) To surmnmarize: if So ©— S is a nilpotent divided power immer-

sion and Go can be lifted to a B. T. group G on S, then (up to canonical

isomorphism)

1) E(G ) c_, g = E(G)
o

2) E(Go)s e, g = E@
o

3) D(G )g o, g = Lie (E@G).
o

(2.6) We now turn to the proof of the theorem (2.2). Several preliminary
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lemmas are necessary. It is Lemma (2.6.3) which plays the crucial role.

Lemma (2.6.1) Under the hypotheses of (2.2) madeon S, let G bea
Barsotti-Tate group on S. For n >N, thegroup L = E(G)éG(n) satisfies
the hypotheses of (III 2.6.4) and hence the exponential mapping exp:

Hom (M, I-Lie (L)) = Ker [Hom (M, L) —> Hom (Mo, LO)] is defined

for any locally-free module M.

Proof: The first sentence of the proof of (1.2 Z) tells us that E{G)éG(n)
— G{(n) admits a section. Since E(G)éG(n) is a group and the section
is a morphism of §-schemes, by translation by an appropriate element of
the kernel V(G) (8) it can be assumed that the section preserves the unit
section. Consider the isomorphism of G{n)-schemes E(G)éG(n) —
}_f(G)gG(n) determined by this section. It is obvious that it takes unit

section to unit section and hence is an isomorphism of pointed §-schemes.

(2.6.2) Let 8, So be as in the statement of the theorem. Let T bea

finite locally-free group on S such that w . = V is locally-free. Denote
T

by o the canonical map I'—> V of (1.4)? Let F beagroupon §

which is one of the three types given as examples in [III {2.7)]. In partic-

ular this means the exponential map Hom (V,I.Lie (F))&Ker{Hom(V,F)

——> Hom (VO,FO)] is defined. Assume further that @p is finite and

locally free . (This is only an assumption for F of the third type [c.f.

III (2.7)] and here it has an obvious meaning.)

Lemma (2.6.3) et Wo: Vo——-> Fo be a homomorphism and let 8 be

a linear class of liftings [II1 {(2.7.2)] w:V—>F. Let v:T—> F
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satisfy V.= WOO 040. There is a unique w' in © such that woa=v.
In other words: given a diagram
r
!
x|
N
A%

- F
w

which becomes commutative when pulled back to S0 , there is a unique

w': V —=> F such that

1) v=woq
2) w =w
o o
3) w’'- w is an exponential.

(2.6.4) We first make two simple reductions.

15t reduction: Set w =w+h and v = v - wo o

Then the conditions 1) - 3) to be satisfied become:

1) v zhog

it

2} ho= 0

3) h is an exponential.

This reduces us to considering the case w = 0, v, = 0.

20d reduction: Take a finite filtration of S: S =Sr2 Sr-12 cae D So such
that each Si is defined by an ideal Ii stable under the divided powers
induced by 1. Assume that the lemma is true step by step. We claim

then, that the lemma is true. To verify this it obviously suffices to

consider a filtration S _D_Sl 2 So and to verify the claim in this case.
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Let the subscript 'l1" denote the objects obtained by making the base
change §, <~ S. By hypothesis there is a unique Olzwr*—>~ I.!I1 + Lie(F)
1

such that exp (91)0 @,;=v,. Consider the diagram

----------------------- ~> I-Lie(F)

]

> /1 Lie (F,)

| |

0

Since V is projective {being finite and locally-free) there is a 62: vV —
I-Lie(F) which will make the diagram commutative.

The functoriality of the exponential implies that exp {82): V—F
will reduce to exp (61).

Let us apply the hypothesis that the lemma is true to the pair (S,Sl)
and the map exp (62). Thus there is a unique ,:V —> Il'_I:}_g(F) such
that exp (62+ 93)0 o = v. This gives us the existence of a solution. To
show uniqueness let §’: V — I-Lie(F) be any solution. Then exp 8"
restricted to S1 is clearly a solution of the problem for the pair (Sl,So).

By the uniqueness of such a solution 8'1 =@, and hence (8'- 62)1 = 0.

1
This implies that exp (8') and exp (92) are linearly equivalent and hence,

by the uniqueness assumption made for the pair (S'Sl)’ implies 8'= 62+93.

Application: The ideals defined in [II (4.1)] are clearly stable under the
divided powers of I. Hence it suffices to prove the lemma under the

additional hypothesis that p:1 = 1%= (0).
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{(2.6.5) Let us observe that without loss of generality F can be assumed
to be a group scheme. The reason for this is: By hypothesis F is either
a group scheme or a filtering direct limit of (sub) group schemes. The
map v: '—> F will factor through one of the representable sub-groups
since T is quasi-compact. Furthermore if F is not representable, our
hypothesis on F tells us that the exponential is defined for each of the
representable sub-groups in question,

Finally let us observe that F can be assumed to be Cospec (B) for
some bi-algebra B. This is obvious for the groups in the second and
third examples of [III (2.7)]. If F is a smooth group; then, since the
exponential really depends only on the formal Lie group F , this is clearly

permissible [c.f. III (2.4)],

(2.6.6) Proof of (2.6.3):
Let i: So ©—5 § be the inclusion and consider the canonical homo-

morphism F —> i (F ). Let K be its kernel. By {S.G.A.3 111 (0.9)]

(2.6.6.1) K(T) = Homy, <3F ®, O . 1.@T>
S o S ©

o o
for any S-scheme T. For typographical reasons, the ""W( )' notation of
[8.G.A, 314.6] will not be used below and the same symbol will be used
for a quasi-coherent @S-module and the corresponding Qs-module, cae e

By {S.G.A. 3 1III (0.6)] the restriction of K to the full sub-category
of Sch. /S consisting of flat S-schemes is i* (_I_-Iﬁ_nos (3F0,1)>. Since

o
v: '—> F reduces to zero over S , v is a homomorphism I'— K.
o
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*
A homomorphism I'—> K is an element ve K{(I') such that pl_, (v) =
pK((v xv)) in K{(I'x I) (here }xr :Tx D—=> T is the group lawon T
and p.K: K x K— K is the group law on K). But because I’ and T'xT

are flat over S, this implies that a homomorphism I'~—> K 'is" a

=,

homomorphism I'— ‘1* (Horn (EF ,I)). Finally by adjointness we
S o

see v 'is'" a homomorphism:

{2.6.6.2) v: I‘o e Ho% (QFO, 1).

S
o

We are trying to find a homomorphism w: V —> F which is an
exponential. To give w is thus equivalent to giving a linear homomor-

phism u: V—= Lie (F) ®O I.

S
Since 1°= 0, Lie(F)®. I= Lie(F)® (o ® 1>—L' (F)®. I=
-Yo=e 6. T =& o \"s “o. )T =22V %
S S o) S So
HOEES (EFO, I) because &)"Fo is locally-free. Thus the giving of w is
[o]

equivalent by adjointness to the giving of an OS ~-linear homomorphism:
o

: B —
u: Vo HOE%SS (QFO) I)
o

Since w: V —> F is to be an exponential it can be interpreted

(just as v was above) as a map w: V0 —> Hom (EF , 1)
o

From the way in which this identification is made it is immediate
that the translation of the requirement wo g =v is wo 010= v where w
is interpreted as a homomorphism Vo —> Hom (w_, , I) and v is

interpreted as a homomorphism I‘o - Hom (2 , I).
o
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Let us write F = Cospec (B} where B is (a not necessarily flat)
bi-algebra. In each of the three cases being treated I-B N Prim (B) =
I-Prim (B). For the case of a formal Lie group this is obvious. For the
remaining two cases it follows from [III (2. 3.6), (2.3.7)] since the state-
ment is certainly true for B = I' [M], M locally free.

We now want to make explicit how to interpret exp (u): V—>F as
a homomorphism Vo — _I-i?.(Fo) ®1=1-Lie(F). First identifying V

with Cospec (I‘A(V)) we know exp (u){x) =2 (u(x))(n) for any x¢V.
n>0

(If B is not flat then (u(x))(n) is defined via the procedure of [III {2.6.7)].

The extension of the definition of exp(u) to points of V with values in

an S-8&cheme T is obvious.}

Let us observe that the element & (u(x)){n) of B is primitive.
n>1

This follows from

A(l +2 u(x)(n)> = (1 +Z u(x)(n))®<l +2 u(x)(n))

n>1 n>1 n>1

=191 +(Z wx)™e1+10 T u(x)(n)>
n>1 nzl

+ (2 u(x)(n)> ? (E u(x)(n)>

n>1 n>1l
and the fact that the last term is zero since each 'factor' in the tensor

product is in I-B and IZ= {0}.

Thus & u(x)(n) is primitive and obviously belongs to I-B and
n>1

hence from the above remarks it belongs to Lie(F) 3 I.
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Hence exp{u) viewed as a map Vo — Lie(F)}®1 is given via

x — 2 ux)'®.
nzl

Now having interpreted what exp {u} means we must utilize our
hypothesis that p-I = (0} in order to show that a unique u:Vo%Lie(Fo)®I
can be found so as to satisfy the conditions of the lemma.

Because w

" is locally free and p-I1 = (0) the giving of a linear

u: Vo —— Lie(Fo) @1 is equivalent to giving a linear map

Vo/p v,o—> Prim (B/(pHl) - B) ® = Prim(B ) 9 L.

I
A jprl

On Prim(B/{prlI)-B) there is a pth-power mapping "B since this is a
Lie ~algebra in characteristic p.

If v denotes the divided powers on I, then

Yo8) = ¥ 0 4y () + D) vy =y ) + () since 1= (0).

Because -yp(kx) = ;\P y?(x) it is immediate that -yp is a p~-linear mapping
of 1 to itself.

Hence 7 = LIS ® yp is an additive mapping of _I_.:_i_e’(Fo) ®1 to itself.
It is immediate that this map extends to any scheme To over So and
hence m defines a homomorphism of the group l‘_iE(Fo) ® 1 to itself.

Since Vp.t; ('yp)l {5 Exposé 3, §3, Theorem 3] the hypothesis that the

: [y . . - . » n 4
divided powers are nilpotent implies m is nilpotent. Hence Z T is an
n>0

automorphism of the So~group Lie (Fo) ®1I,
Let u: Vo — Lie (FO) ®1 be any linear map. Let ero and

write u(x) = Z}bj ® iJ_. Then
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(Z 7heutn= (D =" (b,91)

n>0 J n>0

n n
=2 (Z bP ®ij(P ))

i n>0

n (n
=2 (ZbP ®ijp )

n>0 j

(n
=2 (Zm.oi)P)
n>0 j J

n
=2 (Zp.01)P ) as P=0

n
=5 @en® .

n>0

)(n)

2
But unless n is a power of p, u(x isin I +B = 0 because of the

explicit formulas in [5 Exposé 3 §3 Theorem 3].

n
Thus = uwx® ) = T ww®™ = exp ) (x.
n>0 n>1

Thus we can state:

(2.6.6, 3) (Z)'rrn) ou = exp (u).

In the above computation Lie(F)® I, _I:i_g(Fo) ®1, I-Lie(F) have
been systematically identified.

To complete the proof let us observe that because Zn" is an iso-
morphism, the problem of finding a wu: Vo —_— _I__,_i_g(Fo) ® 1 such that the

following diagram commutes:
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exp(u)\

Lle(F )1

is equivalent to the problem of finding a u which makes the following

diagram commute:

|

-—-—~—>- Lze(F)@I

<

But by the universal property of &, there is a unique u making

the diagram commute. This completes the proof of the lemma.

(2.7) Proof of Theorem (2. 2):
Consider the following diagram from which the universal extension
E{G) is obtained (and consider the corresponding diagram for H).

L

0 —> G(N) G G 3G > 0
(2.7.1) «
0 —> V(Q) > E(G) G > 0

L " _ -
Let v = E (uo)\c;o and v'=E (uo)ly(co) =i oV ).



(2.7.2) i EEEEEE 3 E(H)

Observe that {2.7.2) (above) is commutative. This is obvious except

{possibly) for the face

u
C ——f
o o

Ef(u )
E(GO) e E(Ho)

But by a trivial diagram chase both ways of going around the diagram
when composed with GO(N) — Go give the same morphism, GO(N) —n
E(Ho). Of course, the analogous statement is true with GO(N) replaced
by G (n), n >N. Since G_=1lim G (n), the desired commutativity

o = o —/ "o
follows.

To prolong E(uo) at all is equivalent to finding:

{2.7.3) v/: G —> E(H), v":V(G)—> E(H) satisfying
1) v lifts v, v” lifts v”

[¢] o
2) vio . .=v"0o .

G
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Lemma (2.7.4) Suppose there is a unique way to prolong v(; to

v': G > E(H). Then the problem of the theorem can be solved uniquely.

Proof: By the statement of the problem it is clear that the set of solutions

is in one to one correspondence with the set of v”: V(G) — E{H} such

that:
1) v’ olifts v”
o
2 vioe g=vo
) g
3) d=iow-v" isan exponential.

Consider the diagrams:

G(N)

Y(G)_é.?_‘_”_____, ﬂH)

Since v’ lifts v; and w lifts ‘_J(uo), the pullback of this diagram
to So is commutative. Thus by {2. 6. 3) there is a unique v’ having the
same restriction to So as iow (namely ioo X(uo)), making the diagram
commute (v" ox=vo LG), and differing from iow by an exponential.

This completes the proof of the lemma.

Let j: So G S be the inclusion and let M = Ker[E(H) ﬁ;(E(HO))]-
By {1.1 8) E(H) is formally smooth and this implies that E(H)} —>
j*(E(HO)) is an epimorphism. (In fact if T is an affine scheme over 5,
the map (T, E(H)) —> (T, j, (E(Ho))) = I"(To, E(H)) is surjective.)

Consider the exact sequence
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0 =2 M — E(H)-——->j*(E{HO))——->- 0.
1
The obstruction to lifting v;: Go e E(HO) is an element of Ext (G, M).

Let us assume for the moment that this obstruction can be calculated
by locking at the restrictions of G and M to the full sub-category con-
sisting of schemes T over S which are flat,

Since M is clearly equal to the kernel of E(H) —> i (E.—(ﬁ)o) ,
and since E(Itl_f is a formal Lie group, [III (2.2.5),(2.2.6)] can be applied

to tell us that I'(S, M) — Homo {2 R I).
s E(H)

More generally if T is flat over S, then since

(T, M) = (T, MT) = Kernel of r(T, E(HT))———> r(T, jT*(E(HT)o)>

we see T{T, M)~> Hom (w , 1-0 ) since the divided powers
G, \=rr— T
T E(HT)

on 1 extend. pN kills S, and hence pN kills the restriction of M to
flat arguments,

Consider the exact sequence

PN
0 — G(N) G G o,

Applying Extq‘(-, M)} to it there is an exact sequence

N

Ext (G, M) 2— Extl(G, M) —> Ext!(G(N), M).

Thus there is an injection Extl(G, M) Extl(G(N), M).

Hence we are reduced to showing that the obstruction to lifting
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V;IGO(N) te G(N) is zero.

By its definition v; is the composite of G_—> E(G ) with E(u ).
By looking at (2.7.2) it is obvious that if w is a lifting of y(uo), then
iowo @ is a lifting of v;!GO(N). But as has been noted several times
V{G) is a projective module and hence such a lifting w certainly exists.
This gives us the existence of v'.

The set of all such v’ is principal homogeneous under the group
Hom (G, M). But this group is zero because it can be written as

lim Hom {(G(n}, M), If (qon) were an element of this inverse limit, then:

pN
G(n+N) > G(n) & >  G{n+N)

2.7. ¢
(2.7.5) .

m¥

(pn-!-N

N . id
(pn+N °P ' G{n+N)

= 0 since G{n+N) is flat and (pn+N€ M(G(n+N))

C v s N N R . - . N
which is killed by p . Thus ®oP = 0 which implies ®.= 0, since p
is an epimorphism.

This tells us v’ is unique and hence completes the proof of the

theorem.

In the course of the proof the following lemma has been used.

Lemma (2.7,6): Let denote the ordinary f.p.p.f. site of S and

SFlat

let Sflat denote the site which is the full sub-category of Sch/S consisting

of those T over § which are flat (provided with the induced topology).

t s s s
For a sheaf F onm SFlat denote by F its restriction to Sflat . Then,
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the map G —> i, E(Ho) can be lifted to a map G —>E(H) if (and only

if) the map G' —> (i, E(Ho))' can be lifted to a map G' —> (E(H))'

Proof: Let w : G' —> (E(H))' be a lifting. Because G{m) 1is flat, w

is an element in lim I(G(n), (E(H))') = lim T(GM), EMH)) = Hom , {G, E(H)Y
= sFlat

Because the Gf™) are affine and E(H) is a filtering direct limit of
sub-group schemes, w , when viewed as a morphism G —>E(H) , is a
homomorphism of groups, Since the mapping E(H) ~—> i*(E(HO)) induces the

same mapping on G{n)-valued points as the mapping (E(H))' —> (i*E(HO))’

w when viewed as a homomorphism G ——>E(H) is a lifting of G —> i*E(Ho)

(2. 8) Let us examine how the preceding results are to be modified so
as to apply to abelian schemes. The only difference is that no restriction
on the abelian scheme need be made. This follows from the following

lemma.

Lemma (2.8.1) Let A be a ring, 1 an ideal of square zero in A and
A0 = A/I. Let XO be an abelian scheme on Ao' Then there is an

abelian scheme X on A lifting Xo.

Proof: Letus write A = 1@ A}\ where A)‘ is a Noetherian subring of

A, Then A =lim A_/INA_,. By [E.G.A. IV 8.8.3, 8.10.5 (xii},
o > by A

9.7.7, 17.7.9] there is an abelian scheme Xo on A\/I n A)\ {for some

’

sufficiently large ) which satisfies X A = Xo. It is

®
o, A A)L/I HAA [

obvicus that if we could lift XO,K to A/\’ then there would be a lifting
X of Xo to A. This allows us to assume A is Noetherian and hence
Spec {A) is locally connected.

By [25, 2.2] the scheme Xo can be lifted to a smooth X over A.

This scheme X is separated over A by [E.G.A. I3.4.8, 5.3.4]. Thus

3
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it is proper by [E.G.A. II 5.4.6]. Now following Mumford's argument

in Geometric Invariant Theory {prop. 6.15) we construct a map

p: X® X —> X which lifts the subtractionmap p : X ® X —>X .
A oo O o

[o]

It remains only to see that p defines a group law on X. Again, following
Mumford we want to apply the rigidity lemuma to see that certain identities
(i. e., associative law, ...} are satisfied.

Now we use the local connectedness of Spec {A}. Namely consider
for a connected open set U C Spec (A), X| U, p.l U,... . Applying the
reasoning of [21, pg. 126}, we see X|U is an abelian scheme over U.

Obviously this implies X is an abelian scheme.

(2.8.2) Thus as was mentioned above the arguments of §2 apply to
abelian schemes exactly as they are stated. Hence we conclude that if p
is locally-nilpotent on S0 ami A is an abelian scheme on So’ then
crystals

IE(A), IE (A), D(A) are defined.



Chapter V. The Deformation Theory and Applications

§1. Notation (1.4) Let S be a scheme with p locally nilpotent on it,

I a quasi-coherent ideal of O

S
powers. Let SO = Var {I) so that So & S is an object of the crystal-

endowed with locally nilpotent divided

line site of So. Denote by B. T.'(SO) the full sub-category of B.T. (So)
consisting of those Go’s which can locally (for Zariski) be lifted to a G

in B.T. (S).

Remark (1.2) The definition of B. T.’(SO) adopted above differs from
that of [IV (2.1)]. The reason for this is that we shall in this chapter
usually not be concerned with the crystals per se but rather only with their
values on particular objects of the crystalline site (i.e., So & S). By
{IV (2.2)] it is clear that with the new definition of B. T.’(SO) the values of
what would be the crystals 1E (Go), E(Go), D(Go) are all defined on

S0 - 8. Again it is appropriate to refer to the comments made in the

introduction, ... .

. . , —_
Notation (1.3} For Go in B. T, (SO) the symbols IE(GO)S, IE(GO)S,
D{GO)S refer to the values of the appropriate crystals on SOL> S as
explained in (l.2). Thus locally on 8§, lE(Go)S is the universal extension

E(G) of any lifting of Go to § and similarly for ]E(GO)S, D(GO)S.

Definition (1.4) A filtration Fill _(_:_D(GO)S is said to be admissible if
1 . .
Fil" is a locally-free vector sub-group with locally-free quotient, which

reduces to \_/(GO)C"——> Lie (E(Go)) on So'
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1
(1,5) We define an obvious category whose objects are pairs (Go' Fil™)
1
with G_ in B.T.'(So), Fil' an admissible filtration on D(G )g. Moz-
phisms are defined as pairs (uo, £} where u: Go —— Ho and £ is a

morphism of filtered objects, i.e., a commutative diagram
F111 C——a D(G )
o'S
£ D(uo)S
Fil! C———>~D(HO)S
which reduces on So to
\_/'(Go)c——>- Lie (E(Go))
A% i
Ya) Lie (E(u,))
y(HO)L——> Lie (E(H ))

Having introduced all the terminology and notation, the following

theorem can be stated.

Theorem (1.6} The functor G H—> (Go’ V{G)~——> Lie (E(G)) = D(GO)S)
establishes an equivalence of categories:
~ 1
B.T. (8} —> category of pairs (GO, Fil ).

Prior to proving the theorem some preliminary remarks are necessary.

Remark (1.7) 1) Let G_ be in B. 'r.’(so). On S there is defined a
(Zariski} sheaf of sets £ in the following way: For an affine open
UcS T(U,L) = set of linear equivalence classes of prolongations of

y(co)l U > E(GO)IUO to a vector subgroup V'&—> m(co)slu {111 2.7.2].
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It is immediate that this definition gives us a sheaf on the affine open sets

and hence can be extended to give a sheaf on S.

2) By the construction of IE(C}O)S it is clear that £ has a canonical
section ® ¢ I'(S, #£ ) which is determined on any sufficiently small affine
open set U by the equivalence class of V(G) where G is any lifting of
Goon to U. In fact from [IV 2.2] if G, and G, aretwo liftings of

Goi Uo there is a commutative diagram:

V(G,) S—> E(G))
i i

w § l{.v

i
V(G,)—> E(G,)

with 10 w - vl\_f(Gl) an exponential. This ways exactly that i o w and

v‘\_/(Gl) are linearly equivalent.

3) If G is a global lifting of G_, then E(G) —— E(G )g (canonically)
and hence V(G) gives us an element in @ (i.e., a distinguished vector

subgroup in the linear equivalence class of prolongations of X(Go)).

4) Recall that by [III 2.7.7] to givea V C ]E(Go)S which belongs to ©
is precisely equivalent to the giving of an admissible filtration Fil1 -
D(GQ)S' In particular to know V(G)&—> lE(Go)S where G is as in 3),
is the same as knowing \_/(G)% D(GO)S. But from knowing \_/(G)‘%

lE(Go)S, G can be reconstructed via G — IE (GO)S/_Y(G).

(1.8) Proof of (1.6): We prove successively that the functor is:
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1) faithful
2) full
3) essentially surjective.

1) Let G and H betwo B.T. groupson S and u,v:G—=>H, be two
homomorphisms. By taking their difference we are led to show that if

uO: Go —_— Ho is the zero map and if Lie (E(u)): Lie (E(G))—> Lie (E(H))
is the zero map, then u is the zero map. This is a local question and
hence S can be assumed to be affine. Since V(u} is zero, as follows
from the commutative diagram

V(G) = Lie(E(G)

| ]
V(H) S—> Lie (E(H))

it follows that both E(u): E(G) — E(H) and 0: E{G) —> E(H) can be

used to fill in the dotted arrow to give a commutative diagram:

V(G) &> E(G)
!

! i
|

N/
V(H) > E(H)
Thus by {IV 2.2] E(u) = 0 and hence u = 0.

2) Let u s Go — Ho and B: V(G) —> V(H) be given such that

Bo = '\_e’(uo) and the following diagram commutes:
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V(G)S—> Lie (E(G))
|

i

B J/ J‘/D(uo)S

V(H)S—> Lie (E(H))

We must find a u: G —> H lifting u with B = V(u). Because of the
faithfulness proved above it suffices to consider the case in which § is
affine. Let us apply [IV 2.2] so as to obtain Es(uo): E(G) —> E(H).
Then Es(uo)l_Y(G) -io B (i being the inclusion X(H)C“" E(H)) is an
exponential. Applying Lie to this homomorphism gives zero since
}E(Es(uo)) = D(uc)s. This means ES{uoHX{G) =ieo B and hence passing

to the quotient we obtain a map u which lifts u .

0 —> V(G) E(G) G 0
| 5
8 | Egla) l u
v N/
0 ——> V(H) = E(H) H 0

Since E(u) = Es(uo), B must be V{(u) and thus the functor is full.

3) Let (GO, Fi11°—> D(C}o)s be given. The problem is to construct
from this data a B.T. group G which gives rise to it when our functor
is applied. By the fourth remark of (1.7) the giving of Fﬂl"—> D(GO)S
is the same as giving V ¢ ®, V&— IE(GO)S lifting __Y(GO)C——-> E(Go)'
Assume for the moment that lE(GO)S/V = G is a Barsotti-Tate group.

Constructing its universal extension, there is a map
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0 V(G) — E{G) G 0
|
| | |
| A
0—----——-—>v--'--—---,-lE(GO)s —_— G—>0

Since G = IE(GO)S/V restricts on So to E(Go)/_\_?(Go) = Go' it is clear
(because both extensions restrict to the universal extension for Go) that
V{(G) —> V restricts to an isomorphism. By restricting to an affine open
set of § and using the nilpotence of 1 and the flatness of V it is clear
that X(G) — V is an isomorphism. {This is essentially Nakayama.]}
Thus the above mapping of extensions is an isomorphism and by taking Lie
of the left-hand square we find (Go' Filla—-% D(GO)S) is isomorphic to
(G_, VIG)=—> Lie (E(G))).

Hence we have reduced ocurselves to proving G = ]E{GO)S/V is a
Barsotti-Tate group. This is a local question on S and hence S can be
assumed to be affine with pN. 1S = 0, and furthermore it may be assumed
that Go can be lifted to S.

Under these hypotheses IE(GO}S is a direct limit of groups E(n)
which are flat of finite presentation over S. In fact if G’ lifts Go 50
E{G"}—:" E(G )g, take E(n) = E(G) c’}‘, G’(n) to obtain groups which
satisfy the statement. Because V is quasi-compact and ]E(GO)S =
li_m)_ E{n), V=~ E{n) for n>> 0, and thus G =Er_r_1>_ E(n)/V {the direct
limit being taken over n sufficiently large). By construction E(n)/VISo
= G_(n) and hence is representable. From [G.A. 111 §2, 7.1] it follows

that E(n)/V is representable. This quotient is affine since modulo a
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nilpotent ideal it is and is furthermore flat and of finite presentation
(5.G.A.3 VIb 9.2 xi, xiiil. Let G (n) = E(n)/V so that G =lim G({n)
and G(n}iSo = Go(n}. Let 8 = Spec {(A), G{(n) = Spec (Bn}. Since Bn/IBn
is a finite A/I module, the nilpotence of I implies that B is a finite
A-module. By [E.G.A. IV 1.4.7] G{(n) is a finite locally-free S group.
To show G is a Barsotti-Tate group, it must be shown that G is
of p-torsion, is p-divisible and that the G(n) are finite and locally-free.
To see C is of p-torsion observe that by [III 2.2.6] I- B; nLie (Bn) —
Ker [T'(S, G{(n}) —> TS, G{n))] and that the analogous statement is true
when S is replaced by a2 T which is flat over S. Since IS, G{n)) =
T(S_. G_(n)) is killed by p and the left side IB] N Lie (B) is killed

by p, T(S, G(n)) is killed by p "

Because G{n) is flat over S,
this implies pN.h’1 kills G{n). Hence G is of p-torsion.

Since multiplication by p on IE (Co)S maps E(n+l) to E(n),
multiplication by p on G induces a map G{n+l) — G{n) which reduces
to Go(nﬂ) £, Gg(n). This last map is an epimorphism and thus by
[E.G.A. IV 11.3.11] the map G{n+l) —> G<{n) is faithfully flat and
hence an epimorphism. Clearly this implies that G = }g_}; G{n) is p-
divisible.

Let us observe that with the E(n) chosen as above that the kernel
of pn on ]'E(Go)s is contained in E(n) and hence V — lE(GO)S factors
through E(N). Since G(n) = Ker p® on lE(Go)S/V it is obvious that

G(n) is contained in the image of Ker(pn"'N . idlE{G ) ) and hence
o'S
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G(n) € G{a+N). Consider the following cartesian square:

n

G (n4N) —E—s G (N)

G(n) ——————— §

Since pn: G{(n+N) —> G(N) is an epimorphism, it follows that G{n} is
flat of finite presentation over S. G(n) is in fact finite over S since
modulo the nilpotent ideal 1 it becomes equal to Go(n) which is certainly
finite., Thus just as above inthe case of G{(n), G{n}) is finite and locally-
free. This completes the proof that G is a Barsotti-Tate group and hence

the proof of the theorem as well.

(1.9) The notation being that of (1.0), let us indicate how the results

of this section are to be modified so as to apply to abelian schemes. By
{1V 2.8.1] the crystals }.E(Ao), E(Ao), D(Ao) are defined for all abelian
schemes A on S_. The notation IE(A ), E(AO)S, D(A )g will
indicate the values of these crystals on the object SOC———> S of the cry-
stalline site of So. The definition of an admissible filtration, (l.4),
carries over without change. The category of pairs (Ao' Fxll) is defined
in the same way as in {1.5)., Remark (l.7) also is repeated without change

in this context., Finally we have:

Theorem (1.10} The functor A r—> (Ao, V{A)~ Lie{E(A))) is an

equivalence of categories between the category of abelian schemes on S
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1
and the category of pairs (Ao, Fil') with AO an (arbitrary) abelian

1
scheme on So and Fil an admissible filtration on D(AO)S'

Proof: That the functor is faithful and full is proved exactly as in (1. 8).
To prove it is essentially surjective, we reason in the same way as in the
proof of the corresponding statement of {1.8). Thus we are led to show
that if V& ]E(Ao)s is a vector subgroup lifting X(Ao)c—'# E(AO),
then A = lE(AO)S/V is an abelian scheme on S.

Locally on S, A is representable by [G.A.II §2, 7.1] since A
reduces to the abelian scheme Ao on So. Because A is a sheaf, it
follows that A is representable. By [S.G.A. 3 VIB 9.2 xii, xiii ]

A —> S is smooth and of finite presentation, V~—> ]E(AO)S is a
closed immersion because Ao being separated over So implies that
X(Ao)c—% E(Ao) is a closed immersion. Thus A is separated over 5
[S.G.A. 3VIB 9.2 (x)]. Since A is separated and of finite type over §,
it follows immediately that A is proper over S because Ao is proper
over S0 and this certainly implies that A —> S is universally closed.
Because the fibers of A~ S are the same as those of A0 —_— Se, it

is clear that A is an abelian S-scheme.

§2. {2.0] Let So be a scheme with p locally nilpotent on it. For any
abelian scheme Ao on So’ let _7;;0 denote its associated Barsotti-Tate
group {I (3.4)]. Because of the way in which Ko is defined it is obvious

that [IV 2.8.1] implies that Ko can always be locally lifted so that Eo
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belongs to B, T.’(So) in the notation of [IV 2.1]. The following theorem
will be of critical importance in proving the Serre-Tate theorem on lifting

abelian schemes.

Theorem (2.1) There is a canonical homomorphism of crystals in groups
]E(Ko) — lE(Ao) which induces an isomorphism of crystals D(Ko) -
D(Ao). This homomorphism is functorial in Ao and is compatible with

all base changes.

Proof: Let UOC"'-'# U denote an object of the crystalline site. We are
to define a homomorphism IE(XO)U — IE(AO)U which induces an iso-
morphism when ''Lie' is applied to it (or more precisely to the associated
map of formal Lie groups). Both the source and the target are {.p.p.{.
sheaves on U. Hence it suffices to define the homomorphism locally on

U {for the Zariski topology) provided we can show that these local defini-
tions patch together. Hence we first turn to the problem of giving the

local definition.

Local definition: S0 and S can be assumed affine, with So defined by
an ideal I having nilpotent divided powers and such that pN kills S.
Let A and B be two liftings of Ao so that A and B (the associated
B.T. groups) are two liftings of 1_\0. Recall the universal extension of
A by V(A) is obtained via a: A(n) —> V(A) from the extension:

n

(*) 0"—'?'A.(n)—>A—p——‘>AW+O {n>N)

Similarly the universal extension of K by _Y(K) = V{A) is obtained via «
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from the extension

n

(%) 0 Afn) —> A~ A——s 0

Thus we conclude the universal extension of A by V(A) is obtained from
that of A by V{(A) by pulling back along AS—s A, This means there
is the following commutative diagram in which the right-hand square is
cartesian:

0 — V(A) —> E(A) --——»fe%-—-—e» 0

H
2.1.1
( ) wb

0 —> V(A) —> E(A) —> A —> 0
Of course there is a completely analogous diagram for the situation

arising from B. By [IV 2.2] and the analogous statement for abelian

schemes, there are canonical isomorphisms

(2.1.2) T__: E(A) == E(B)
AB
(2.1.3) T, p} El&) = E(B)

We want to show that the following square is commutative:

Tm—.
E(A) = E(B)
(2.1.4) N G
Ry TAB 2
E(A) - E(B)

Since E(K) is the amalgamated sum of A and V{A), to show



161

V{B)

T e e oo ot o S

2 -

{n)

(2.1.5)
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TAp® Py “Pp° T__ it suffices to show that both mappings have the same

AB
restrictionto A and to V(A).

First let us deal with the restrictions to A. It is immediately

checked (see accompanying diagram) that 1, _o@ A and 0o T A
ABTA B A8

both reduce on So to the natural map Ko > Ao —— E(Ao). This means

that (denoting by i the inclusion i: So’:*—> S)

A: A —> Ker where Ker denotes the kernel of

(’r °OP, ~PrCT_ _)
AB TA B iB
*
the mapping E(B) — i:;c i (E(B)). But as has been seen in the proof of
[IV 2. 2] this kernel (or at least its restriction to flat arguments) is killed
N -
by p . Again just as in the proof of [IV 2. 2] this implies Hom{A, Ker)=0

as A is p-divisible. Hence N and oge T have the same

AB
restriction to A, Let this common restriction be denoted by (p'.

B® “a

Let us examine the restrictions of 7

to V{A}).
AB°@a and @y T o V(A)

AB
Consider the following diagram:

A(n) .
) 2 7
(2 * 1' 6) o ‘ \/%\
\i’ Tag e bal VA -

V(A) “E(B)
$g° e l }./(/\\

Aln) —————> A
Since & IL J/ is commutative it is immediate that

Y(A) ——— E(A)

both horizontal maps make the diagram commutative. Furthermore, both
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horizontal maps have the same restriction to SO: namely _\_/'(AO)C—> E(Ao).
Let g: V{A)—> V{(B)} be any linear lifting of }_/(AO} _1_(;1;___} \_}’{Ao) {since

S 1is affine and V(A) is projective such a lifting exists). By the way in

which T was constructed it is clear that 7

AB aB°Pal YA =gl Y(A) is

the composite of V(A) £ V(B) with V(B) = E(B), plus an exponen-
tisl. On the other hand oo TEEI V(A) = oo (VIA)E>V(B) > E(B) + an
exponential). An exponential from V(A) to either E(B) or E(E) factors
through their common formal Lie group. {The fact that they have a
common formal Lie group follows immediately from [IV 1.2.1], the anal-
ogous statement for abelian schemes, and the obvious fact that B and B
have the same formal Lie group.) It is thus clear that og° {an exponen-
tial) is an exponential and thus UN wA‘X(A) differs from q)Bo TK E]\_/'(A)
by an exponential. Therefore applying [IV 2. 6. 3] it follows that

T, o0, V(A =o o1 |V(a).
AB A B Kﬁ

This gives us the local definition of our mapping. The passage
from the above local definition to a global one is now immediate. For,
in effect, we've shown that the morphisms we have defined locally are
independent (up to canonical isomorphism) of all choices. Since the
morphism Pyt E(A) — E(A) whcn restricted to an open subset U of
S gives (DAIU: E(m) —_ E(AiU}, it is obvious that because the sources
and targets patch together the morphisms will also. This gives us our
Because we are dealing

definition of m(io) — IE(A )

S &8 S — 8’
[¢] o

with crystals it is again immediate that these morphisms are compatible
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and hence give us the desired morphism of crystals lE(.TXO) — 1E (A).

It is now immediate that the induced homomorphism D(Ko)*——*»D(AO)
is an isomorphism. In fact the question is local and hence the statement
follows from the observation that the middle vertical arrow in the following

diagram is an isomorphism (since the two ends are):

0 —> V(A) ~—> Lie (E(A)) — Lie (&) —> 0
}

§ S

0 —> V{(A) — Lie (E(A)) —> Lie (A) — 0

See [IV 1.2.2] where it was observed that the above sequences are exact.

Also, the fact that the above morphism of crystals is compatible
with base change is obvious from the manner in which the inverse image
of crystals is constructed [III 3.8] and the explicit local definition of the
morphism (using [IV 2.4.4]).

Finally to show the functoriality of the morphism IE(KO) — lE(AO),
it is clearly sufficient to show that when S and So are affine (pN kills S,
...} and liftings A of Ao, B of BO are given, then for any homomor-

phism u s Ao — Bo’ the following diagram commutes:

_ ES(GO) _

E(A) E(B)

’ i

(2.1.7) © | Lo
Ai/ hé:

E_ (u) N7

E(A) S o >~ E(B)

(Here ES(ﬁo) and Es(uo) are the unique morphisms whose existence is
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guaranteed by [IV 2.2]. This is the notation which was used in [IV 2.4.1]).

To prove the commutativity of (2.1.7) we reason as above where the

special case involving T and T was proven., Namely if in (2.1.5)
AB PR,
AB
TAB and T_ _ are replaced by Es(uo} and Es(uo), it is clear that
ABRB
u
- . - o
(ES(uo)owA)lA restricts on §_ to A A B E(B )

{using the analogue of the commutative diagram [IV 2.7.2] for abelian
schemes). On the other hand Pp ° ES(GO)IK restricts on SO to
u

Ro-"?-‘» 50 — E(—Bo) — E(Bo}. Since these composites are obviously

equal, the reasoning applied above (in the case with T and T )
AB ==
AB
show Es(uo)owA\A = ppo Es(uo)iA .
To conclude the proof that Es(uo)o o, = Py Es(ﬁo) it suffices to

show both maps have the same restriction to V(A).

But both restrictions to V{A) when pulled back to So become

V{u }
X(AO) —L _Y(Bo) s E(Bo). The rest of the reasoning used in the

special case =E(u}, 71 = E (1-10) goes through word for word

T
AB S AB S
(changing g to be a linear lifting of \_/‘(uo) of course). This completes

the proof of the theorem.

(2.2) We shall prove the theorem of Serre-Tate on lifting abelian
schemes. Let us first recall its statement. Let S be a scheme with p
locally nilpotent on it and let I be a locally nilpotent quasi-coherent ideal

of GS. Set SO = Var {I). Consider the category of pairs (Ao, A) con-
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sisting of an abelian scheme Ao on So and a Barsotti-Tate group A on
S which lifts Ko’ the Barsotti-Tate group associated to Ao. Morphisms
between (AO, A) and (BO, B) are defined to be pairs (uO, u) where

u :A —>B_ is a homomorphism and @:A—=> B is a homomorphism
lifting KO.

Theorem (Serre-Tate) (2.3): The functor A H—— (Aéso, A) is an equiv-
alence of categories between the category of abelian schemes cn S and

the above defined category of pairs.

We proceed to prove the theorem via a series of reduction steps.

Lemma {2.3.1) It suffices to prove the theorem locally on S. More
precisely if we can find a basis for the open sets of S such that the theorem

is true for each set in the basis, then the theorem is true,

Proof: Let {Ui} be such a basis. We prove successively that the functor
is faithful, full, and essentially surjective.

1) faithful: Let u,v: A ~—> B be homomorphisms of abelian schemes
such that v = v Ao e Bo and ©=v:A—> B ("o" denotes reduction
to S0 and '—' denotes passage to the associated B, T. group). Restricting
to each Ui , it is clear that ulUi= VIUi since the theorem is assumed
true for Ui and since reducing to So and taking the associated B.T.
group commutes with localization. This obviously implies u = v.

2) full: Let a Ao — BO, G: A—> B be given where A and B

are abelian schemes on S. Assume of course that (E)o = ii'o. For each

Ui’ by hypothesis there is a unique u, AlUi — B|Ui which gives rise
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to u fU. and iﬂU.. By this uniqueness u,iU. NU, and u.{U, N U, must
o' i i itoi i) i i j

agree on all open sets U

x in our base which are contained in Ui n Uj.

Thus u, and uj agree on Ui N Uj and therefore patch together to give

a morphism u: A —> B, Obviously u!SO =u and u is a homomor-
phism (since the fact that it is 2 homomorphism is expressed by the
commutativity of a certain diagram and this diagram does indeed commute
because on sufficiently small open sets it does). Knowing that u is a
homomozrphism, it induces a mapping A —> B. But since ulUi= u, and
U= | u.: Al U, EIUi we see the homomorphism that u induces from
A—>B isindeed u.

3) essential surjectivity: Let Ao be an abelian scheme on So and

A’ a B,T. group on § with (A')o = Ro' For each U.1 in our base choose

an abelian scheme Ai on Ui and an isomorphism cpi: (Ai , Ai) —
o

(Aini, A'iUi). We want to construct an isomorphism between Aj‘Ui n Uj
-1 .
. c i )
and Ai‘Uiﬂ U’j For each Uk‘ Uiﬂ Uj in our base (cpi ‘Uk)oka]Uk) is

an isomorphism between (Aj {Uk, Aj[Uk) and (Ai ‘Uk' AiEUk). Thus
o o

it comes from a unique isomorphism AJ.\Uk e Ai‘Uk. Because these

isomorphisms are unique they patch together to give an isomorphism

: — . =£,. impl
Eij Aj‘Ui N Uj Ai‘Ui n Uj To show that Eik giJO gjk we simply
observe that for any UI, c Ui N Uj N Uk in our base, the restriction of the
functor to Uz transforms both sides into ((p;l‘UE)o (tpk*Uﬁ). Thus since
the functor is by hypothesis faithful on U, the cocycle condition is

2

satisfied, Hence the Ai can be glued together to obtain an A. Since by
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construction there are isomorphisms (A‘Ui)o = AOIUi which patch
together, it is clear that A; S0 — AO. Since A is obviously locally

of finite type over S and the morphism A —> 8§ is quasi-compact {as

Ao R So is}, A is of finite type over 8., Furthermore A —=> S is
separated since Ao - So is and the morphism A —> 8§ is universally
closed since Ao — So is. Thus A is proper over S. A is an
S-group scheme because the transition morphisms used to define A
respected the algebraic structure on the various Ai' Since A is obviously
smooth with geometrically connected fibers, A is an abelian scheme.

We have already observed that A ><S0 —:~>Ao. Alsc by construction there
are local isomorphisms ﬁiUi —’:ﬂ»AliUi which patch together. Thus it

is clear that A is mapped by our functor into an object which is isomorphic

’
to (Ao' AT

Lemma (2.3.2) Let Sog SIE e Sr = 8 be a sequence of {closed}
subschemes of § corresponding to ideals I=x I 25,22 1.= o).
Assume the theorem is true for each pair (Si, Si+1)' Then the theorem

is true,

Proof: We prove this by an obvious inductionon r. For r =0 itis
trivial, Thus assume the theorem is true for the pairs (So, Sr 1) and

(Sr-l’ Sr)' Again we show successively that the functor is faithful, full,

and essentially surjective.
1) faithful: Let u,v: A—> B be such that u =V and 4 =V. Since

Elsr“1 =¥|s,_;, it follows that uls = vlSr_I: Alsr_1 —> B|s__, since
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}. But since it is also true for (S S5

the theorem is true for (8 , S ’
o' 'r r-1’ "r

-1

we must have u = v.
2} full: Let u s Ao — Bo, §: A—+> B where A and B are abelian

schemes on S_. Then thereisa v:AlS_ . —> B|S such that v =u
r r-1 r-1 o o

and Vv = G|S Now we can apply the fullness to the pair (v,u: (als A)

r-1 r-1’

— (Bls B) to conclude there is 2 u: A—> B inducing u:A—> B

r-1’

and with ulS = v. Butthen ulS =v|S =u.
r ° o

-1 [+

3} essentially surjective: Let Ao be an abelian scheme on So and A’

a B.T. group on Sr such that A"SO = Ao' Since the theorem is true for

s =A , A
(o]

oAt
1o r-l~A Is

(S ,8 .} there is an abelian scheme A with A
o’ Tr-l T r-

1 r-1"

Applying the theorem to (Sr v Sr) there is an A with A= A’ and

Als_ . =A and hence AlS =A_ IS =4 .
r o] o

r-1 -1 1:~1§ o
(2.3.3) By (2.3.1) it suffices to prove the theorem when S is affine,
say S = Spec {A}). By [II14.1] and (2.3.2) we can assume Soz Spec (Ao)

where A= A/I, pl= 12 = (0).

Lemma {2.3.4) Let A be a ring and I be an ideal in it satisfying
2
pl =1 =(0). Giving divided powers on 1 is equivalent to giving a p-linear

mapping w:I1—>1 (I being viewed as an A/pA-module).

Proof: Given divided powers {y )} on I, certainly vy =7 is sucha
Irool P n ¥y P

mapping. Conversely given r define divided powers on 1 explicitly by

ao al a
x % m(x)) S e (mixn T
] ]

a . LA 2 .
o r

‘}’n(x) = when the p-digit expansion of n is

n= a.o+ ap + ... 4+ arpr. One checks directly that the (‘yn) defined in this
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2
way satisfy the axioms (it being quite trivial as I = (0) ). Clearly the

only non-zero divided powers are the 7pi .

{2.3.5) 1t is obvious that divided powers defined on the ideal I by the
procedure of {2.3.4) are nilpotent exactly when 7 is nilpotent. In par-
ticular by choosing m = 0 we obtain nilpotent divided powers on 1. Thus

we conclude our proof of (2. 3) by proving:

Theorem (2.3.6) Let 8 be a scheme with p locally nilpotent on it,

I an ideal with nilpotent divided powers, So = Var (I). The functor

A (Ao, A) is an equivalence of categories between the category of
abelian schemes on S and the category of pairs consisting of an abelian

scheme on SO and a lifting of its B, T, group to S.

Proof: Again let us show successively that the functor is faithful, full,
and essentially surjective,

1) faithful: ILet u,v: A——= B be given. Assume u = vo:Ao-—-—-> Bo
and T=¥:A—+ B . Then W and ¥ induce the same mapping

vy — D(KO)S) —> (V(B) &> D(EO)S) , mamely D(d ),. Thus u

and v induce the same mapping (y{A)C—>D(AO)S)——->-(.Y(B) = D(B)g)

by (2.1). Hence by the assertion of faithfulness in (1.10) u = v.

2) full: Let u :A ——> B and u': A—> B be given with u’ =% .
— o o o o o

The giving of u’ lifting Eo gives us a map of admissible filtrations
(V(A) — D(AO)S) —— (V(B) &> D(Eo)s) and hence by (2.1) a map of
admissible filtrations (V(A)<~—> D(Ao)s) - (V(B) “—> D(Bo)s). By

the fullness assertion of (1.10) there is a u: A —= B reducing to u
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and giving rise to the same map on the admissible filtrations. But then
T and u’ give the same map on filtrations and ('1?)O = ('ﬁo) = u; . Thus
the faithfulness assertion in (1. 6) implies that uw = u’., Hence our functor

is full.

3) essentially surjective: Let Ao be an abelian scheme on So’ A a
B.T. groupon S with A'o = Ao' The giving of A’ is equivalent to giving
an admissible filtration on D(KO)S = D(AO)S (by (2.1) ). Thus by the
essential surjectivity assertion of (1.10) there is an abelian scheme A on
S reducing to Ao and giving the desired filtration on D(Ao)s' But A
and A’ reduce to the same B.T. group and give rise to the same filtration
on D(RO}S. Hence by (1. 6) we conclude that there is an isomoxrphism
between A and A’ such that (Agso, A} is isomorphic to (Ao, Ay,

Thus the functor is essentially surjective.

§3. (3.0) As an application of what has preceded we give here the
Serre-Tate construction of the canonical lifting of an ordinary abelian

variety over a perfect field k of characteristic p.

Definition (3.1) A g-dimensional abelian variety Ao over k is said to

be ordinary if Ao(l) has separable rank equal to pg.

Lemma {3.2) Let k be a perfect field of characteristic p, W(k) its
ring of Witt vectors. The functor A’ — (A;, A’) is an equivalence of
categories between the category of formal abelian schemes on W(k) and

the catagory of pairs consisting of an abelian variety Ao on k and a
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Barsotti-Tate group A on W(k) lifting ;‘o (the B.T. group associated

to A ).
o

Proof: By [E.G.A. 110.12.3, E.G.A. III 3.4.1] there is an equivalence
of categories:
Formal abelian schemes/W(k) —:->}irn (Abelian schemes /Wn(k) IR

By [II 4.16] there is an equivalence of categories:

o~

. .
B.T. (W(k)) > kxm B.T. (Wn(k) ).

The equivalence is now an immediate consequence of (2, 3: to the com-
patible family (An) of abelian schemes is associated (Ao, (Kn)) which

in turn is identified with a pair consisting of an abelian variety Ao and

a B.T. group on W(k).

Theorem (3.3} Let Ao be an ordinary abelian variety on k. There is

a projective abelian scheme A on W(k) lifting Ao such that the map

End (A) > End (A ) is bijective. We call A, which is constructed
o
W(k)-gr. k-gr.

explicitly below (up to canonical isomorphism), the canonical lifting of Ao.
Procf: Since k is perfect and Ao is ordinary, it follows from {22,
page 147} that Zo’ the Barsotti-Tate group associated to Ao’ is equal

it X K:or' of an étale and a toroidal B.T. group {both of

to a product A
height g). By [E.G.A. IV 18.3.2] there is a "unique' lifting of .Kft to
each Wn(k). Applying Cartier duality to .K.otor', it is clear that this
group can also be lifted uniquely to each Wn(k). Let us call these lift-
ings A'n and A.'I; respectively. Then A'nXA;; lifts :5:.0 (for any choice

of n). By (3.2) there is associated to (Ao’ (A'n X A;; 0) a formal

s



173

abelian scheme A'. It is immediate from [II 3.3.21] and the above refer-
ence to E.G.A., that the map End (A’n X A'r; ) = End (AO) is bijective
for all n. Thus the map End {A') ~—> End (A) is bijective.

It remains to show that A’ can be algebraicized. First let us
observe that by [26, XII 4.1(i)] A'| Wn(k) is quasi-projective and hence
projective [E.G. A, II 5.5, 3(ii)], Thus by [21, pp. 117-118] the dual

abelian scheme (A"Wn(k))'v exists. Using either {23, 1.8} or [24, 19.2]

we have (@‘Wf;ﬁ?ﬁ)’k = @l|w ) .

Now choose an ample LO on AO, so as to obtain in the usual way a
homomorphism A A > (AO)* [21, pg. 120]. Xo can be lifted to each
A'n X A'r; by simply looking at the unique lifting of A.n —_ Af;' {obvious
notation) and similarly for the toroidal parts, By (2.3) this gives us for
each n a mapping N A'an(k) —— (A'an(k))* and it is obvious that
)LnHan(k) =\ By [25, 2.3.2] this means there is a compatible system
of invertible sheaves Ln on (A’ an(k)) such that An is associated to
Ln. By [E.G.A. III 5.4.5] A’ comes from a projective scheme A over
Wi(k). [E.G.A. III 5.4.1] simultaneously implies that A is a group scheme
and that the map End (A) —> End (Ao) is bijective (since we already know
End (A') —> End (A ) is bijective). By [E.G.A. IV 12.2.4 (viii)] A has
geometrically integral fibers. Finally by [4, Chap. 3 §5, Theoreml, Prop. 2]

A is flat and hence since the generic fiber is smooth [G.A. II §6, 1.1] A

is smooth [E.G.A. IV 17.5.1].
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Corollary (3.4) Let Ao’ B0 be ordinary abelian varieties over k and
A,B their respective canonical liftings. The map Hom(A, B)-—->Horn(Ao,Bo)

is bijective.

Proof: Injectivity follows immediately from the rigidity lemma [21, 6.2].
If £f:A ~—> B is a homomorphism, it induces f : A —> B  which
o o c o "o o
can be lifted to A'n X A;; — B X B’r; {notation as above) by defining the
n
lifting separately on the étale and toroidal parts. This gives a homomor-
phism between the formal abelian schemes f : A’ = B’ lifting fo. By

[E.G.A. I 5,41] f comes from a homomorphism f: A—> B.



APPENDIX

Our purpose here is to give some additional results on the canonical
lifting of on ordinary abelian variety and to give consequences of the theorem
of Serre-Tate in the case of ordinary elliptic curves. The first section gives
a characterization of the canonical lifting. The second section is a techmical
interlude necessary for the applications to ordinary elliptic curves given

in the third section.

Lemme (1.0). Let A be an ordinary abelian variety on a field k of

characteristic p . Then, the Verschiebung, V : AC()P) —> A, is étale.

Proof. It may be assumed that k is algebraically closed [EGAIV 17.7.3 (ii)].
As AO is ordinary thereis a non-canonical isomorphism

Ac()p)(l) == (Z /pZ 8 % ((up)g , where g = dim(AO). Since V kills Z /pZ
and is the identity ou B, the kernel of V 1is the étale part of A(p)(l).

o
From the exactness of 0 —> Ker(V) ——> A(P)

\
o —_—> AO -— 0 , it follows

by descent [EGA 17.7.3 (ii)] that V is étale,

(1.1) Let k be a perfect field of characteristic p , W(k) the ring
of Witt vectors of k , Ao an ordinary abelian variety on k and A an

abelian scheme on W(k) which lifts AO

Proposition (1.2). A is a canonical lifting if (and only if) there is an
i,

i
L .
integer i and a homomorphism W : A(p ) —> A (where A{P is the inverse

th
image of A under the 1— power of the canonical Frobenius on W(k)) which

1ifts the ith iterate of Verschiebung, Vz
o
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Proof. Let us begin by showing W is étale. By [EGA 17.7.3 (ii)] it
suffices to consider the case when k is algebraically closed. Fix a prime
2 # p and let us temporarily denote by A(RY)  (resp. AO(LU)) the kernel
of multiplication by 4° on A (resp. Ao). The sequence

0 —> Ker(Vz ) —> V;i(Ao(Lu)) —_— Ao(Lu) —= 0 1is exact because Vi
o o [
is an epimorphism, By (1.0) the sequence can be interpreted as an ordinary
extension of ap-group by an 4~group, which necessarily splits. Then the map
Vi‘ : Aépl)(éu) E— AO(LU) is an isomorphism. Hence the map
W ? A(pi)(Lu) — A(pi)(&u) is an isomorphism, In particular W induces an
[¢] 3 : P .
isomorphism between the 4~divisible groups of the generic fibres of A(pl)
and A . Since the points of A of order a power of 4 with values in some
algebraic closure of the fraction field of W(k) are dense and since W is
proper [EGAII 5.4.3 (i)], it follows that on the generic fibers W is
surjective. Thus by the lemma of generic flatmess [21, 6.1.2] it follows
that W induces a flat morphism on the generic fibers, Because the kernel
of W 1is proper and has zero-dimensional fibres, it is finite [EGAIV 8.11.1].
Thus the kernel is finite, and locally-free. From (1.0) and [EGAIV 17,6.2 ¢']

it follows that Ker W is étale, which implies that W 1is étale.

We can of course repeat the above reasoning with W replaced by
W) a5 7H 20 W@ L a5 a2 g each of
the corresponding kernels is an étale subgroup of A . Call the nEE such
subgroup A < n > . Then pin : A<n>—>A<n > reduces to zero and
hence as A <n > is étale we have A<n > € A(in). Let A = l}g; A<m >,
We wish to show it is a Barsotti-Tate group. Certainly it is of p~-torsion.
To show A is p-divisible, it suffices to show the map pi PA< Ll >—>A<n>
is an epimorphism (notice that this has a sense because

: -in . ~i .
(V: )(p ) cel ® (Vz )(f" ), p- = 0). Because A < ntl > is étale, the
o )



177

) i
Log <l >—>a <nbl 5P
Ao [e] [}

and the lifting is in faet an isomorphism since it lifts one, Again using

map F can be lifted to a homomorphism F ;

the fact that A < n+l > 1is étale the map

i . .
S —E—> A < nt+l > which lifts pl , is equal to pl .

(")

A < n+l >'~E—> A < ntl >

Thus it suffices to show W : A < n+l >
i
A(p )

—2> A <n> is an epimorphism,

But this is immediate since W : ~—3 A is an epimorphism (because it

is faithfully flat) and W (A<n>) CA <+l > "
From [I 1.1, 1.5] it follows that to show A is a Barsotti-Tate
group is suffices to show X(i) is finite, locally-free. Let us show
(i) = A< 1 >. since A(i) =lim A <n > (i) it sufficegto show the
inclusion A <1 > % A< n > (i) is an isomorphism for all n . Because
A<n> is étale, p' : A<n>—>A<n> is étale and thus A <n > (i)
is étale and in particular finite, locally-free. The inclusion
A<1>%~5 A<n> (i) corresponds to a homomorphism of free (of
finite rank) W-algehras which reduces to an isomorphism modulo p and hence is

an isomorphism,

Consider now the inclusion A C—> A(«). Over k , there is a map
Ao{w) — Xo = A.o(m)ét which when composed with the inclusion is the
identity on X; (since Ao(w) = Ao(m)t'm' X Ao(w)et). Because A is ind-étale

this splitting can be lifted, which shows that A is a canonical lifting of Ab'

Corollary (1.2). A is a canonical lifting if and only if there is a homomcrphism
(p)

F:A—>A lifting Frobenius.

Proof. There is such an F 1if and only if there is a W 1lifting Verschiebung
on Aﬁ (because Cartier duality interchanges F and V), hence if and only

if A% is a canonical lifting. Since by Cartier duality A¥(w) =(A(x)}¥, it
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follows that A{®} 1is a product of an étale and a toroidal part and hence

that A is a canonical lifting.

Corollary (1.3). f k is finite, A is a canonical lifting if and only

if End(A,A) —> End(AO,AO) is bijective.

Proof. If k has pl elements, then the iEE iterate of Verschiebung

is an endomorphism of Ab .

(2.0). Let So be a sheme with p locally nilpotent on it and SOC——€> 8
an immersion defined by a locally nilpotent ideal. Let Gé be a toroidal
B.T. group on §_ Gg an ind-étale B.T. group on S_ and fix liftings G'
and G" to B.T. groups on 8' ., We wish to consider liftings of G; X Gg

to Barsotti-Tate groupson §

o

Proposition (2.1). Thereis an equivalence of categories between the category

of extensions of G" by G' provided with a trivialization of the induced

] " 1 3 3 1 "
extension of GO by G0 and the category of lifting of Go X G0 .

Proof. Let G be a lifting. Because G" 1is ind-étale there is a unique
homomorphism G —3 G" reducing to the projection Gé X Gg —— Gg . By
the criterion for checking flatness fiber by fiber [EGAIV 11.3.117, this
map is an epimorphism. Let K denote its kernef so that we have an exact

sequence

0 K G G" 0

Obviously K is of p-torsion. Because the maps G{(n) —> G¢"(n) are actually

epimorphisms (since they 1ift epimorphisms), K 1is p-divisible. K(1) is flat,
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finite [EGAI 6.1.5 (i11)] and of finite presentation LEGAIV 1.6.2 (v)]

I
over S, and thus it is finite locally-free [EGAIV 1.4.73). Th s shows that
K is a B.T. group. The given isomorphism X X §_ - Gé is uniquely

s
liftable to an isomorphism K —= G' as is seen by using Cartier duality

and the fact that Gé is toroidal. Via this isomorphism we make G an

extension of G" by G'.

This construction defines a functor from the category of liftings
to the category of trivialized extensions. It is obviously an equivalence of
categories which is quasi-inverse to the functor "forget the structure of

extension®.

Remark (2.2). An easy passage to the limit gives the corresponding assertion
when R is an adic¢ ring whose topology is defined by an ideal I such that
I/I2 is of finite type over R/I [cf. II 4.15, 4.16). We note the following

consequence.

Corollary (2.3). Let R be a complete noetherian local ring with perfect residue

field k of characterictic p . Let Gé (resp. G;) be a toroidal (resp.

ind-étale) B.T.group on k and G' (resp. G") a lifting to R . Then the

set of isomorphism classes of lifting of G; X G; is in bijective correspondence

with Extl(G",G').

Proof. This follows immediately from the proposition and the fact that since
k is perfect, there is exactly one way to trivialize an extension of Gg

H
by GO .
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(2.4) The calculation of Extl(Qp/Zqup) made below in (2.5) will be
utilized in section 3 to give the results on ordinary elliptic curves

alluded to above,

(2.4.1) Let R be an artin local ring with perfect residue field, k ,

of characteristic p and maximal ideal m . Consider the inductive system

of sheaves on R : Z 2= 7z -L /A ... which is indexed by the
natural numbers N . Writin /Z = 1lim Z we see that there is
’ ¢ Qp P n=0 /anZ

an exact sequence of sheaves on R :

(2.4.2) 0—>Z —>1lim Z —~——>Q /Z -—>0
— PP

Looking at the relevant portion of the long exact sequence arising

from applying the functor Hom(-ﬂu) we obtain the sequence

o
R 1 1,..
(2.4.3) lim Hom(Z ,ju) —2> Hom(Z ) ‘—R—> Ext (Qp/ﬂp,\p) — gxt (1im Z ,\u)

Proposition (2.5). As R varies over artin local rings with residue field k ,

the homomorphism 6R of (2.4.3) defines a functorial isomorphism :

1+ @ =puR —=> Ext;(Qp/Z%))Q 4 ) 5 the subscript "R" denoting Ext

of sheaves on Spec(R).

Proof. Hom(Z, ) =(R) = l4m and because for n sufficiently large

(1+m) pn = {1}, it follows that the inverse limit , Lig_ﬁom (Z:,lu), is zéro.
Thus 6R is injective, To show it is surjective it suffices to show the next
mapping in (2.4.3) is zero or equivalently that the map

Extl(lim Z, ) —> Extl(z ,“ﬁ is injective. This map factors as shown

in the diagram :
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1., . 1
Ext (lim Z , W lim Ext (Z, |u)
(2.5.1) projection onto 128 component
1
Ext (Z, ) .

We shall show that each of the maps occuring in the factorization is injective,
1,... . 1 R .
Lemma (2.5.2). The map Ext (lim Z,]p) —— 1im Ext (Z ,‘p.) is _injective.

Proof. Let C' be the category of abelian sheaves on Spec(R), C the category
of projective systems of abelian groups indexed by N (i.e. the category of
abelian presheaves on IN , which thus has enough injectives), (" the
category of abelian groups. The functor F |—3> Hom(l_irE)Z ,F) from (' to

C" can be factored as follows :

F = (Hom(Z ’F))iEIN T

c' o ¢" . We want to write down

the associatdgpectral sequence of a composite functor :
Ps4 _ pP q . . : s
E2’ = R I ((Ext(Z ’\“))iE]N) == Ext(lim Z , ). This will be permissible

once it is shown

(2.5.2.1) For I an injective object in (', the projective system

(Hom(Z , I))iélN is [-acyclic.

But quite generally if 0 —>¢' —> 6 —> G"' —> 0 is an exact
sequence in C with the transition morphisms of G' surjective, then

0 —>T(¢') —> I(G) —> I(¢") —=> 0 is exact, On the other hand given an
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exact sequence 0 —>G' —> G —> (" —> 0 , then G having surjective
transition morphisms implies G" does also. 8ince injective objects in G

have surjective transition morphisms the last two remarks imply : if G' in C

has surjective transition morphisms, then G' is T-acyclic. Thus the definition
cf an injective object together with the fact that Z-P-—> Z is a monomorphism
implies (2.5.2.1) and allows us to form the spectral sequence. The corres-

ponding sequence of termsof low degree is

1 1,.. . 1
(2.5.2.2) 0-—>R r((l“”ﬂ)iem) — EXT (}im‘)z ) —> lim Ext (Z g0 .

n
Since for n sufficiently large, (1+E}p = {1}, the inverse system {1+g)iem
satisfies the Mittag-leffler condition. Hence by [EGAO 13.2.2]

er((1+2}iéli) = (0} and by (2.5.2.2) we conclude.

1
(2.5.3). The injectivity of the map lim Extl(z op) 2> Ext (Z ,u) follows
<

from the more precise:;
Lemma (2.5.4). H (Spec(R), W) = (0)

Proof; By an obvious modification of [SGA4 VII 3.1] if follows from
[SGA4 VI 6 1.2 (3)] that Hl(Spec(R)ﬁJ) = lim Hl(Spec(R),p(n)) and hence
is of p-torsion. Thus to prove the lemma it suffices to know Hl(Spec(R),‘u)
n
has no p-torsion. To see this choose n sufficiently large so that (14m)P ={1}.

Consider the morphism of exact sequences



n
P
0 —>u(n) ™ o 0
n
P
0 ———3>un) € G 0
o n
Because k is perfect the map 1+x_n/(1+m)p = lim ——> R¥/(ROP  is

bijective. Thus writing the relevant position of the cohomology sequences

we find:

0 l+m 1 (Spec(R) ju(n) ——> nHI(Spec(R), W —> 0
P

n
0 —> R¥/(RYP -> Hl(Spec R, u(n) —>  H (Spec R, ¢)—>0
n
P
This shows the p -torsion in Hl(SpeC(R), ) is isomorphic to that im

Hl(Spec(R), Gm) . Since R is a local ring it follows from [G.A ITI § 4,6.10)

that H (Spec(R), €) = (0).

(2.5.5). Let us now explicate the mapping which is the inverse of 6R . Thus
let the extension {(¢) O —>u —>E —> prZZp —> 0 arise from pushing
out the extension (2.5.1) along a homomorphism ¢ : Z —>y so that we have

a commutative diagram :



184

0 Z lim Z ——éQp/Zp*—}O

l

(2.5.6) ¢
0 —>pu—> E ————>Qp/2p — 0

Restricting (e} to Z/pBZ is the same as pushing out

0 Z Z Z /pnz—é/ 0 along Cb .

We have the exact sequence,
" °r 1 n 1
(2.6) Hom(Z 1) £ 5 Hom(z, |u) —== Ext (Z/p ) —> Ext (Z ’IU) .
By (2.5.4) this gives us the isomorphism : Hom(Z ’!u)/anom(ZZ I o, Extl(z /pnzz1u)

The inverse is furnished is follows : lift the section

1 ¢ T (spec(R)), Z /an) to an arbitrary section in E X Z /p"Z , multiply

0 /Z

4 P up to pn t_h

. n . . . . .
it by p to obtain a section of |u which is unique
powers.

Passing to the inverse limit we obtain a map

1 . 1 n ~
Ext (prZZp, p —> lim Ext (Z /p Z, ) ~=—> m

which is the inverse of the map 6R of proposition (2.5). Incidentally this
shows the map Extl(Qp/Zp,lu) _ éﬁ!ﬂ Extl(Z /pnﬂ s ) is an isomorphism,
(2.7) 1If R is a complete noetherian local ring (whose maximal ideal is
denoted by m) with perfect residue class field of characteristic p, then
passing to the limit as n 1increases and utilizing [II 4,15, 4.16] we find
from (2.5)

o1 n, ~ , .
l+m = E(Biﬂ/g ) —> %_13 ExtR/En(Qp/ZP,]p) = ExtR(Qp/Zp,lu)
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(3.0) In order to apply the above results to giving a "down -to-earth”
spelling out of the theorem of Serre-Tate in the case of elliptic curves,

let us fix an algebraically closed field, k , of characteristic p, and

an ordinary elliptic curve Eo over k . Let us choose an isomorphism

ro Qp/ZZp — Eo(w)ét . Because E_ 1is canonically isomorphic to
its dual, the choice of L furnishes us an isomorphism between ju and

the toroidal part of Eo(w). The product of these two isomorphisms gives us
an isomorphism QP/ZP X ——> EO(m) . If E, is another ordinary elliptic

curve let us choose an isomorphism Tyt QP/Zp ———> El(c’)ét . A homomorphism

P :EO—->E

o induces a homomorphism Eo(w) — El(w) and thus via the

1

identifications made using T and r. a homomorphism

i
QP/ZP X ——> Qp/zp X |M . Because Hom(Qp/Zp,lu) = Hom(|p, QP/ZP) =0
and End(QP/Zp) = End(}p) = Zp s 0 furnishes us with a pair (zo, zl) of

p-adic integers such that P induces multiplication by z, on Qp/zp and

.

multiplication by zZy on .

(3.1) Let R be a complete noetherian local ring of residue field k and
E a lifting of E_ to R. Then E(®) is a lifting of Eo(m) and hence

determines an extension (once we've chosen r as above )

0 I E(e) Qp/zp —>0

by (2.3). This extension determines via (2.5),(2.6),(2.7) an element in l4m ,

which we denote by q(E,rO).

Proposition (3.2.) Given an ordinary elliptic cure EO over k , fix

At ét .
ro s 02})/2p ——— E0(°°) . Then, the map E +> q(E,ro) establishes a

bijective correspondence between the set of isomorphism classes of lifting

of EO and the elements in 1 + m .
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Proof. The map Et+—> E(®) is a bijection between formal liftingsof E_
and liftings of E (=) by the theorem of Serre-Tate {v 2.3, 11 4.157.
Hence the proposition follows immediately from (2.3), (2.5), (2.6), (2.7)
and the fact that formal liftings of curves are automatically uniquely

algebraisable [EGAIH 5.4.1, 5.4.5, SGA, III 7.1].

1

Proposition (3.3). Let (Eo,ro), (El’rl) be two ordinary elliptic curves

provided with isomorphisms r, o Q/Zp = = Ei(w)Et . Let p i Ej —>E

be a homomorphism (thus determining (Zo’zl) as in (3.0)). Let E (resp. E")

correspond via proposition (3.2) to elements ¢ {resp. q') in 14m . Then
z z
p, can be lifted to a homomorphism p : E—> E' if and only if ¢ L. q' O,

and in this case the lifting is unique.

Proof. To lift p  is equivalent to lifting po(oo) : Eo(w) _ El(m) to
a homomorphism p(w) E(e) —= E'(«) [V 2.3, II 4.15]. Assume that such a
lifting p(=) exists. E(w) and E'(x) are both extensions of Qp/zp by |

Consider the diagram :

0 i E(w) Qp/zp 3 0
(3.3.1) z, ple) z,
0 M E(«) «SIP/Zp —3 0

By definition of zys ple) , z, (3.3.1) commutes when restricted to k .
Using [II 4.15, 4.16] together with an obvious modification of [II 3.3.2.1]
obtained by employing [II 3.3.17], it follows that (3.3.1) commutes. This says
that the upper row when "pushed out" via zq ¢ > is isomorphic to
the lower row when '"pulled back" via z) : QP/ZP —_—> Qp/zp . Because

~

of the isomorphism 1l+m —> Extl(Qp/Zp,m) "pushing out" corresponds to

raising q to the power z1 . From this isomorphism and the bi-functoriality
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of Ext, it follows that "pulling back" corresponds to raising q' to the
power z_ Thus the existence of a lifting implies quo = qzl . Conversely

if this equality holds the push out of onc extension is isomorphic to the pull
back of the other and hence there exists a map p(®): E(®) —2 E'(«) rendering
(3.3.1) commutative, Reducing this diagram we obtain a commutative diagram

over k . Because there are no homomorphism from QP/Z to |u this tells

p
us that the reduction of p(w) is p («) . The uniqueness of the homomorphism

follows immediately from [EGAHI 5.4.17 and [V 2.3, II 4.15, 4.16].
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