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Abstract

For each odd primey, we construct a finite grou@ such thatk (n)*(BP) has nontrivial odd-
degree elements for all> 2. 0 2000 Published by Elsevier Science B.V. All rights reserved.
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1. Introduction

The purpose of this note is to construct odd-degree elements in Mé&rathaories for
all p > 2 and alln > 2, thus generalizing a result of the first author [3] for the case3
andn = 2. The group we consider is theSylow subgroup oG L4(FF,), which is the same
as in [3]. The first author thought that his method [3] might work in the general case, but
could not do all the calculations (a substantial difference is that, unlike the case of [3], the
general case is infinite and hence cannot be verified by computer).

The second author found the correct formula for the odd-degree element in the general
case, and proved that it was non-zero/ice 2. The case: > 2 turns out to require more
difficult cohomological calculations, and was worked out jointly.

Throughout the notey will be an odd prime. Define a group by

P =(Z/p)® x (Z/p)* =L/ p{b1, b2} x Z/ plan1, a1z, az1, aza).
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This is the p-Sylow subgroup of5L4(FF,). Our convention will be to write a semidirect
product in the formA x N whereA acts onN. Thus, N is the normal subgroup. In the
case ofP, b1 commutes withuy;, b commutes withz;2, and

-1
by a1ib1 = aijaz;,

by Yai1by = annain.
Theorem 1. For p > 2andn > 2, K (n)°99BP £ 0.

Theorem 1 generalizes a result from [3] foe= 3 andn = 2.
For the proof of Theorem 1, we use integral Mor&aheory, K (n), a commutative
associative complex-oriented ring spectrum satisfying

K (n)x = Ok vy, v, 1,

whereK is a degree: unramified extension a@, andOg is its integer ring. For odg,
one can choose a formal group laof K (n) satisfying

[plrx = px — x"".

It can be shown that the total degree of the non-vanishing monomials(.ofy) are
congruent to 1 module”™ — 1. If G is any finite group, the Lubin—Tate laws allow us
to interpretE(r;)*BG@ Q to be the ring ofz-characters, or the set of class functions on
conjugacy classes of-tuples of commuting elements i6i. The theory ofn-characters
was introduced by Hopkins, Kuhn and Ravenel [2]. Their characterization is a rational
generalization of Atiyah’s description of the ordingtytheory of finite groups [1].

The initial steps for the proof for Theorem 1 usecharacters and the following result
from [3].

Theorem 2. Given a fibration
F — E— BZ/p,

SUppPOSeEX (n)* E is concentrated in even dimensions. Then

HY(Z/p, K ()®®"F) = 0.

Theorem 1 follows from Theorem 2 if we can construct a non-zero element
¢ e HY(Z/p. K (n)*(BG)),

where G is a good subgroup of and G — P — 7Z/p is a fibration. (Recall that a
group is calledgood|[2] if its Morava K -theory is additively generated by transfers of
Euler classes.) This is what was done in [3] joe= 3 andn = 2. In that particular case,

the Z[Z/ p]-module K(n)*BG is relatively small, and one can completely calculate its
homology. For the general case, a more elaborate scheme is required. This is the main
result of this paper. Some facts from [3] are reviewed in Section 2. Section 3 contains
some preliminary computations. The elemerig constructed in Section 4.
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2. Some facts abouf?(n)*BH and ff(n)*BG

In this section, we recall some results from [3]. We shall examine the groups

H=17/p{b} x Z/plar, az}, whereb ta1b = ayay,
G =7/ p{b1} x Z/plai1, a12, a1, az2} C P.

Both G andH are good groups; the Moravé-theory of G and H is concentrated in even
dimensions. The Morav& -theory for H is calculated in [4]. The main result will come
from the fibration

BG— BP— BZ/p{b2}.
Leta, B,k € K (n)*BH denote, respectively the Euler classes of the representations
wiH—7Z/pla1} C S*, v:H— 7Z/p{b} C St
and the representatigninduced by the inclusioft/ p{a2, b} C H from the representation
o :Z/plaz, b} — Z/plaz} C S*.

The named generators in the source are mapped into the generators with the same name in
the target, or to O if there is no generator with the same name in the target.
Now, consider the dimension 0 homogeneous summand of

K (0)*BH/t(K ()" (Z/ play, az2})),

wherer denotes the transfer map. Let us call tRisFrom [3], we have the following two
lemmas.

Lemma 3. In ﬁ,

af = g~ la.

Lemma4d. InR® Q,

F k'
5 Fra=talt )

i=0

Corollary 5. In R/p,
n—1

Zﬂp p1+1 i O

i=0

Proof. Write
K

ﬂ_p.
Note that we have?”" = v. Thus, the formula of Lemma 4 reads

vﬂ+FUpﬂ+F~~~+FUpn71/3=0. (2)

V=



232 I. Kriz, K.P. Lee / Topology and its Applications 103 (2000) 229-241

But this also implies

V' B = (B +r VP B p v T B). 3)

Expanding the left hand side of (2) and substituting recursively (3) to alldxtinear terms
of (2) containingvl’“1 (note that the power of is at mostp”~ times the power of in
each term), we obtain

n—1 . i
O=vB+vPB+---+ P ;8+Zc,~vd’ﬂ’
i>ph

wherec; € K (n)*, d; < p"~1. We see that all the terms after thé-sign are integral. O

The theory forG based upon our results féf. It can be seen that tl#&/ p{b1}-module
K (n)*BZ/ p{a;j} is isomorphic to

Km)*(BZ/play. az}) ® g+ K (n)*(BZ/ plaz, az}).

Consequently, the Tate cohomologyf p{b1} with coefficients inI?(n)*BZ/p{aij} is
isomorphic to

H(Z/p(b}, K ()" (BZ/ plax, az})) ® H(Z/p{b}, K (n)*(BZ/ pla1, az})).

The two factors of the expression above are isomorphic. Now, there are two distinguished
maps of group&; — H. Both sendb; to b while one sends the generatass to «; and

the generators;; to 0; the other map sends generaigtsto ¢; and the generatoes; to

0. Denote the pullbacks of the classesc via these maps bwi, 1, and respectively

a2, k2. Lemmas 3 and 4 imply that the 0-dimensional homogeneous sumifiaofd

K (n)*BG/Imt (wherer is the transfer fronZ/p{a;;}) is isomorphic to

Z/pla, a2, k1, k2, B1/I, where

n—1 )
I: (ﬂpn_l,Z‘Bpn_pHrl/(fl, (4)
i=0

n—1 .
Zﬂptl’lﬂké)l,af — BP Yoy, af — ﬂpla2>.
i=0
Here we are using the naturality of transfer to conclude that, when pulling back by the map
G — H, Imz lands in Imz. Also, note that the compositions of the two maps> H
with the projectionH — Z/p{b} coincide, and hence so do the two pullbacks of the
representatiom, and its Euler clasg.

Now we can examine& (n)*BP. In order to obtain the necessary data, we need to
reconstruct the action df/p{b} on S. The actions orxy and«, are trivial. It is also
obvious (from the action on representations) that the gendratmrts onxg by

a1 = a1 +F ao.

As for the action onr1, we have the following result from [3].



I. Kriz, K.P. Lee / Topology and its Applications 103 (2000) 229-241 233

Lemma 6. Let S be theO-dimensional homogeneous summand?@fz)*BG/ Imz. Then
in S ® Q, b2 has the following action
K1 K1 K2

ﬂpfl = ﬂpfl +F ﬂpfl'

3. An explicit computation of the action ofb;

Before proceeding with our calculations, we shall first need a simple combinatorial
identity. Recall that for G< r < p”, p|(”r").

Lemma 7. For odd primep, n > 0, and0 < r < p"

1<p"> {o (mod p) it pLir, -
p\r (=17~ tj~t(modp) forr=jp"t 1<j<p-1
Proof. We have
AN 2l
r) | R
Hence, the left hand side of (5) may be written as
1 n n—1 r=1 5 )
HOREN L
p\r r : 1
i=1
Eachi may be written in the formp™ such thatpts. Then
n __ ; n—m __ _
p. t_P SE—SE—l(mOdp).
l N N
Calculating modulg, we have
1 n n—1
—(” ) = (-1 (mod p). (6)
P r

If p"~Y4r, then (6) is clearly 0, and the result in (5) clearly holds; it is also easily seen that
the case fop”~1|r also follows from (6). O

The action ofb, can now be expressed more explicitly. Recall thatacts onwy by
a1 a1 +F az. We can show:

Lemma 8. In S, (see(4)) the action ofb, onas is:

p—1
ar > a1 +az + P pZ( 1771 105/0!2 7.
j=1

Proof. Because the total degrees of the monomials in the formal group law are congruent
to 1 modulop™ — 1, we observe that
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1 . n n
a1+rFoar2=o01+ a2+ ;[(0614-062)17 —Olf —af ]
+ (terms with total degree @f; anday)
> (2(p" - D +1).
From (4), we have the relatiomi” = BP~1a;. It can be shown by induction thad;”m =

BP"~1a;. In the higher terms, either; or o is raised to a power at leagt. But by (4),
pP"~1=0,s0a” = pP" ~la; = 0. Hence we may ignore the higher terms. We thus have:

pnfl

1P\ o
051+F012=Ol1+012+z;<l; )oellag "
i=1

Using (4) and Lemma 7, we observe

p—l 1 pn s on—1 n_ ;. n—1
o1 a1+ o2+ Z ; (jp"l)a{p 065 —Jjp
j=1
p—l . n—1_; n—1_,_;
=artaz+y (/7o ) (ef )"
j=1
p-1 ) )
—q1+ap+ Z(_l)jfljfl(ﬂpnflflal)j (ﬂpnflflaz)P*J
j=1

and the result follows. O
We shall now construct the corresponding explicit description of the actibp oifi «1.

Lemma 9. In S, the action o, onk1 is:
pil . - on—2 N oon—2
Kj_l—)K1+K2+ﬁp_lz(—1)‘/j_lKip /cép*j)p (modpB?).
j=1

Proof. By Lemma 6, we have the action

K1 K1 " K2
—
pr-1 pr-1 £ pr-1

in S®Q. Similarly as in [3], there is no torsion i§. When multiplied bys? 2, the formula
of Lemma 6 involves elements 8fonly. Using similar reasoning to that used for Lemma 8,
we can write the formula of Lemma 6 as:

-1

K1 K1 K2 1/p" k1 N[ k2 \P'
T TRl T E( i )(ﬂ"‘1> (W)

i=1

K2

pr-t

+ (terms with total degree of;1; and >2(p" -1+ 1).
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This can be simplified modulg using n-characters. Ins, we haveg?'~1 = p and
kP = pPk; (see [3]). These facts imply that the terms with total degee p” — 1) + 1

1

in the above expression will vanish modylpg?.

In fact,
NP p ) .
Ki D ki Ki
(ﬁ”‘l> “ it et "
Moreover, for some e 5,
n—1 _ n_ i+l i
ki \P =SBkl + py
ﬂpil - ﬂpn_pnfl
—2 1_ i+l i -1
:_Zﬂp”’ -p' ,{il7 _ng” ,1y
i=0
(by (4)), so
) pnfl _
(—K’ > es. ®)
pr

Now the terms of
X1+F X2
of total degree= 2(p" — 1) +1in
Ki
pr-1
contain at least one factor (7), zero or more factors (8), and

() 5%)

with s, < p"~1. Now if the degree in; of our term is exactly 2p" — 1) + 1, then
g

Xi =

s+t=-1 modp"‘l,
and hence

s+r=p' -1 (10)
(ass +t=2p" 1 —1impliess > p"~* orr > p"~1). But the denominator of (9) with (10)
is

BP=DG" =D _ gp"—p"Tt=p+1
Now since the numerator contains a multiplepofnote that we have a factor (7) and are

also multiplying the entire formula of Lemma 6 i87~1), we are left with a numerator
containing a multiple of

pP"=1=(p"=p" I =p+D) _ gp" T Hp—2
- ki

which vanishes modulg? (asp” 1+ p — 2> p).
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If our term has degree 3(p" — 1) + 1, we know that at least two factors of the form (7)
occur, so the numerator contains a multiple of

2
p _ ﬂZp”—p—l
= '
Then

s, t < p"*1 -1
implies that the denominator contains at most the power
2(p-1(p"t-1 2p"—2p"1-2p42
pAP—Dp ) = p2ri-er P2
Similarly as above, we are left with a factor of at least the power

5<2p"fpfl)f(Zp”fZP"’lePJrZ) _ ﬁZp"’1+pf3

in the numerator, which is divisible b§”, as 2"~1 + p — 3> p.

Now Lemma 7 allows us to simplify the terms with total degpge most of these terms
vanish. Sinceé; respectg, we can multiply through bp?—1. As a result, we observe that
the action ofb in S is,

p-l k1 P kg PP
s s S ()

= ﬂpfl ﬂpfl

In S, we have the following identity from (4),
-2
n—1 n i i
Kl.p =— Zﬂp —r Hl(ip .
=0

Thus, we observe that the actioniefmust be

n—1

K1+ K1+ k2

p—1 —2 oyt pitl piNJ 2 i pitl pi\ P—J
+ﬂp_1z(—1)./—1j—l<_27:o5” b "1) (_ o BY P "2)
n—1

~ ﬂpnfp ﬂpnfpnfl
]=

p—1 n—2 ) L J/n=2 ) L P—J
_ T n—1_ i+ ! n—1_ i+ !
= k14 K2+ Pt E (=17 l( E gy r Kf) (E gy r K;) :
i=0 i=0

j=1
In the summation, nearly all the terms will have some factgs.of hus when computing

n—2
modulo A7, only those terms involving”  need to be considered, and the result
follows. O

4. A non-zero element ofK (n)°99BP

With the action ofb, explicitly defined, we observe that 5
p—1
(1 — b2 (ezer — aare) = B Yy Y (=)7L 1" PP mod (87).
j=1
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It follows that in 5,

(1— b2)(B(azx1 — a1k2))
p-1 s on— -\ n—
= pla Y (1)L " i mod (87 p). (11)
=1

and sincepB = ﬁ”", we can conclude thatl — b2)(azk1 — a1k2) differs from the
summation on the right hand side of (11) by some sBrof multiples of g7+ in .
We thus have

(1— b2)(Bazk1 — a1k2))
p7l Ph— ) p— ~
—(,6”012 P e L il 2) +Belmr c R(n)*BG. (12)
=1

Now, 1— b, respects th@g-filtration of I?(n)*BG. Hence, (1 — b2)(B(a2k1 — a1k2)) IS
in filtration > 1, and it follows that the left hand side of (12) is alsgifiltration > 1.

We now claim that an element of Imwhich is in g-filtration > 1 is 0. Recall that the
B-filtration of K (n)*BG is the one associated to the Hochschild—Serre spectral sequence
of the fibration

BZ/ p{a11, a12, a1, a2} — BG— BZ/p{b1}.
The E»-term of this spectral sequence is
H*(BZ/p{b1}, K (n)*(BZ/ plai})).

In this term, an element(q) is weakly represented in filtration 0 by the element
A+br+---+ bf_l)q. Since, in our case;,(q) is in filtration > 0, we have

A+bi+-+b Hg=0.

Since HY(Z/ p{b1}, K (n)* BZ/ pla;;}) = O, for anyq € K (n)* BZ{a;j}, L+ b1 + - +
bf_l)q = 0 impliesqg € Im(1 — b1), which impliest(¢) = 0. Thus, an element in I(a)
represented in filtratio: 1 in K (n)*BG s zero, as claimed (see also [3]).

We conclude that

p—1
. in—2 _\yph—2
(1— b2)(B(azr1 — a1k2)) — (ﬂ”azZ(—l)flle{” egP P ) +B
j=1

=0e K(n)*BG. (13)
Now, selectz such that
[7—1 . ;on—2 o n—2
‘Bpflé.z (ﬁPaZZ(_l)]llej{p Kép_/)p ) — B.
j=1

We observe that is in the kernel oizlf:ol bg: since¢ is a multiple of, we have
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p-1l p-1l
p(Z’?’z)E =ﬂ"”l(2b‘z);
i=0 i=0

p—1 p—1
n__ . F1 . ;on—2 _ =2
:ﬁp p(§ bé)((ﬂpaz § (_1)] l] 1K{P Kép p ) _ B)
i=0 j=1

=0e K(n)*BG.
But K (n)*BGiis torsion free; we hence observe that
¢ € HY(Z/piba), K (n)*BG).

Now, we have

p—1
¢ =Pazy (=77 NP zxépfm’ * _ (terms with higher powers gf).
i=1

To finish the proof, we only need to establish the following resuilt.
Theorem 10. 0 ¢ € HY(Z/ p{b2}, K (n)*BG).

Proof. We only need to show that the statement is true vitin)*BG replaced withs.
Consider the decreasing filtration by powers of the idealg). In the associated graded
moduleEpS, ¢ is represented by an element in filtration degree 1. By (4) and Lemmas 8
and 9, the structure ¢f is the same as the structureffS modulo error terms with powers

of g which are> 2. If an element in filtration degree 1 is in (ih— b2) C S, then it is also

in Im(1 — b2) C EgS. The reason is that in the spectral sequence

H*(Z/p, EoS) = H*(Z/p, S)
corresponding to the filtration &f by powers ofg, we have
d1=0

(because the error terms to the structure formula$ ave in filtration degreeg 2). We
hence only need to show that®; € HY(Z/ p{b2}, EoS).
First, consider th&/ p[Z/ p]-module

K (a,b)=7/pla,bl/(a?, b?),
where the generaté® acts by
ara+b, b—b. (14)

PutT = 1— by. Recall that as usual;” = 0. Similarly as in [3], we have

Lemma 11.

p—1
= (@ (Z/pITYTH) @ (¢ H a?bP™ k}> (Z/pITY/T? @ (aP™Y).

k=1
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Put, more generally,
Kn(a,b)=7/pla,bl/@"",b""),
Thus,K1(a, b) = K (a, b). It is immediate that
EoS = K (a1, a2) ® Kn—1(k1, k2) ® Z/p[B1/BP~*

(whereby = B).
Now forn = 2, the structure oES is entirely determined by Lemma 11. We have

r—1 ) )
¢ =Baz ) (=1l e K (@1, a2) ® K (k1 k2) (B).
j=1

Note that, a¥/ p[Z/ p]-modules,
2p—2

K(a,b)= @ K'(a, b),

t=0

whereK'(a, b) is the submodule generated by monomials of total degrbew we see
that, forn = 2, neglecting the generatgr(which plays no role),

¢ € K(a1,02) @ K (k1,k2)
=Z/pIT)/ T e} ® Z/p[TY TP i} "2} =: Q.
Now note that
T(Kfflxz) = Kfflxz — (k1 + k2)P ko
contains no monomial with a factor mffl. Next, we have a submodule
0 D Qo="7Z/plaz} ® K (k1, k2).
We have
T (1T (! 2))
= T! (Kffll(z) — (o1 + a2)boT! (Kffll(z)
= T! (Kffll(z) — (a1 +a2)(1— T)Ti (Kffll(z)
= alT"'H(Kffle) +x,

. . . -1 ..
wherex € Qg and, moreovery contains no monomials with a factor mf if i >0.

Consequently, polynomials in If#) N Qp contain no monomials with a factor mf‘l.
Therefore; € Qg does not belong to 16T). This concludes the argument foe= 2.
Next, we observe that the above argument also proves that

a2®& ¢ Im(T)
for every& € K?(x1, k2) such that

& ¢ Im(T).
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Thus, for everyZ/p[Z/p]-moduleM and every elemerit € M which generates a direct
7./ pIZ/ pl-summand isomorphic té/p[T]/T?~1, we have

@ ®E¢Im(T) in Kl(ag, a2) @ M.
Now we turn to the case > 2. In this case, Lemma 11 is replaced by the following slightly
more complicated
Lemma 12. Let

w=aP —ab? 1 e Ky(a,b).

Then, of coursel’'w = 0. Moreover,

K. (a,b)
p—1
(Z/p[w]/ (EB (Z/pIT) T) ® {a*~ 1,a”lb"'""})>
k=1

p"—p
ea( P z/piT)T?)® {aP—lbk}).

k=0
Similarly as abovek, (a, b) is graded by total power af, b. Let
Ky (a.b)

be the subZ/p[Z/p]-module spanned by monomials of total degkeeNote that, by
Lemma 12,

KY ~F®7/p[T]/T' ™, (15)
whereF is a freeZ/ p[Z/ p]-module. Now consider
n—1
= ®& e KHag,a2) @ K | (k1,k2),
where

E Z( 1)/ l -2 (17 )4

n—2

By the above arguments, we will be done if we can showhgdans a direct/p[Z/ p]-
n—1
summand isomorphic t8/p[T1/T?~1in K" | (k1, k2).

From now on, we shall work iﬂ(,,’;m (a, b). Note that, because of the homogeneous
degree, we can substantially simplify notation by settirg 1, without losing information.

2
Lemma13.In K} (a,1),
a’? eIm(T) forj<p—1. (16)
Further,

aPP=Y _gqP~Lelm(T) forsomel<e<p—1. (17)
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Note that then, we can deduce our result as follows: idewrtifwith a andx, with 1.
Then for every X j < n — 3, we have a map ¢t/ p[Z/ p]-modules

V=" KS @D > K @),

For j =n — 3, (16) of Lemma 13 then implies thétis an._laf’"fz(l"l) modulo Im(T).
Similarly now, usingy;, (17) of Lemma 13 implies that?’ ™ (?=1 = ¢ ;a?'(»~1 modulo
Im(T) (1<e; < p—1).

Finally, a?~1 spans a summand isomorphicZgp[T]/T?~* by Lemma 12. Hence, so
doest by (15).

Proof of Lemma 13. We will first show by induction that

a'tiP eIm(T) for0<i,j<p.i+j<p—1 (18)
In effect, we have

T(aT+D+IP) = g 1P _ (g 4 1) L(aP 4+ 1)),
The right hand side is a sum af /7 and termsz!'+/'? wherej’ < j andi’ <i +1 or

j'=j andi’ <i.Hence, induction.
Next, we see in the same way that if

then

T(aUDHiP) = p1ai P 4 ppq+D+G=Dp
modulo terms of the form (18) (@ ¢; < p). Thus,
e1a' TP 4 g2aTDTUDP e 1m(T),

Adding these formulas, we obtain (17)0
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