CHAPTER 7: THE NEW STEMS (ni, 46 = N = 64)

1. Introduction

In Sections 2 through 5§ we continue the computations of Chapter 6 to determine
the next 19 stable stems. The tables of leaders in this chapter only include
those leaders of degree less than 67. We are unable to determine three group
extensions in degrees 54, 62 and 63. In particular we can not determine
whether 2A{54,1] equals zero or nA[81D{45]. Whenever we deal with A[54,1] we
take into account both possibilities for 2A[54,1]. In Section 6 we collect
all the computations of tentative differentials which are determined by the
leading differentials discovered in the previous sections. The results of

this chapter are summarized in Appendices 1 to 4.

The computations of ni, 46 = N = 59, agree with the tentative computation of
these stems by Mark Mahowald using the Adams spectral sequence [55]. Tables

of the Adams spectral sequence through degree 64 are given in Appendix 6.

2. Computation of ni, 46 = N = BO.

In the tables of leaders below, all leaders of degree greater than 52 will
have an asterisk at the left. They will be omitted from all other tables of

leaders in this section except for the last one.

Recall from the table of leaders in Figure 6.3.7 that there are five leaders
of degree 47 and four leaders of degree 48. Let ¢ = ds(nA[40,1]Mj). We show
that ¢ = 0. By Theorem 2.4.2, ¢ € <n°,A[40,1]1,v> = <<2,7,2>,A[40,1],v>

<2,<m,2,A040,11>,v> + <2,71,<2,A[40,11,v>>. Now 2<n,2,Al40,11>

<2,7,2>A040,1] = n°A[40,1] = 0. Hence n° divides <m,2,A[40,11>,

0 € <2,<7,2,A[40,11>,v> and ¢ € <2,7,<2,A140,1],v>>. (¢ is not divisible by v



213

while the other elements of nfe are divisible by 1 and thus have order two.)
Now m<2,A[40,1],v> = <7,2,A[40,1]>v = 0. Thus, <2,A[40,1],v> = 2kC[44].
Therefore, ¢ € <2,7m,2kC[44]> = k<2,1,2>C[44] = anC[44], a contradiction,
since ¢ is not divisible by m. Thus, ¢ = 0 and nA[40,1]Mf must bound. There
is only one possibility: dB(B[34]M‘:M2) = nA[40,1]M:: and

oB[34] = nAl40,1]. [7.1]
Clearly C[44]Mf transgresses. Note that 2C[42]§2 transgresses because 2vC[42]
= 16D[45] = 0. Observe that 2c[2012Ml§2 equals c[zolzﬁ2 times the infinite
cycle 2M, and dG(C[20]2b_42) = A[45,2]. Therefore ds(2C[2012M1§2) = 2A[45,2]M
= 0, and 2C[20]2M1§2 transgresses. Thus, nC[44]M1, D[45]M1, A[45,1]M1 and

A[45,2]M1 can not be boundaries. We have thus proved the following theorem.

THEOREM 7.2.1 nfe = zznZC[44] ® ZnD45] © ZnA[45,1] o Z nAl45,2].

The computations in Section 6 show that we have the following leaders.

Row  Degree Leader Row  Degree Leader

17 51 n271M17 40 48 2cI2012M152

32 50  A[32,1] (MfM3+M2) a2 48 2c[42]Mf

38 50 naA[ao]MTEZ, B[ssmf 42 %0 nzc[zolzmlﬁ2

38 52 2}3[381»1‘:52 44 48 CI44]Mf

39 51 nB[as]Mfﬁz 45 49 A[45,1]Mf, ZSD[45]MT

33 49 A[BS,l]MTMz, A[39,1]Mf, 45 51 8D[45]Mf, AL45,21M
A[39,3]Mf§2 46 48 n2C[44]M1, D45 1M ,

40 52 (nA[39,3]+ncA[32,1])Mfr_42, nAL45, 1M, 7AL45,2]M,
A[40,1]Mf

FIGURE 7.2.1: Leaders from Rows 1 to 46 of Degree at Least 48

LEMMA 7.2.2 (a) o°A[32,1] = 0

(b) ©¢A[39,3]1 =0



214

PROOF. (a) agA[32,1] € Al32,1]<w,0,v> = <A[32,1],v, 0oV ¢ v-nf3 = 0,

(b} Since Al39,3] € <v,B[34],%>, oAl[39,3] € o<v,BI[34],n>

= <o,v,B[34]>n = <o,v,<3,2,A[32,11>>0 > <o, v,7n,2>nA[32,1] = 0 because

<o, v,M,2> € “?3 = 0. Note that the four-fold Toda bracket is defined by
Theorem 2.2.7(a) because <o,v, 7 = 0 and <v,7,2> = 0. Thus,

oA[38,3] € nlIndet <o,v,B{341>) = {0,%0BI38]} since nB[34] = 0 and

7°6°A[30] = 0. Therefore, o(A[39,3] + knB[38]) = O. Note that A[39,3] is
defined as ds(B[34]Mf) and is thus only defined modulo 22n8[38]. Therefore,

we can define A[33,3] so that ¢A[39,3] = 0. Alternatively, we shall see that

oB[38] = 4D[45], and thus O = 3oB[38] = ¢Al39,3].}}

There are seven leaders of degree 48 and six leaders of degree 49. By
Lemma 3.3.14, if nzA[45,1] or nzA[45,2] is nonzero then it must be divisible
by two. Let d’(2C[20)%M M) = BI47]. Since A[45,2] = d°(C[20)°M), it
follows from Theorem 2.4.2 that

B[47] € <n,2,Al45,2]>. [7.2]
Thus 2B[47] € 2<n,2,Al45,2]> = <2,7,2>A045,2] = 1°A[45,2]. Let
AL47] = ¢®(2C[42]M). By Theorem 2.4.4(c),

Af47) € <q,v,2Cl42])>. [7.3.1
Thus, 2A[47] € 2<%,v,2C[42]> = <2,9,»>2C[42] = 0. By 6.18,
2C[44] e <o,v,vAl30]>. Thus, 2vCl44] € v<o,v,vAl30]> = <p,o, v>rA[30]
= c?vA[BO] = 0. Therefore, B{47] is the only elements of CokJ47 which may not
have order two. Thus, nzA[45,1] = 0, and nA[QS,l]M1 must be a boundary. In
addition, nzc[44]M1 must bound because 1°C[44] = 4vC[44] = po”A[30] = O.
There are only three leaders of degree 49 which do not clearly transgress:
A(39,11MM,, A[38,11M] and A[39,31MM . If d°(A[39,11MM)) equals wA[45, 114

or WZC[44]M1 then Tp applied to ds(A[BQ,lleMz) produces a contradiction

1

because there is no possibility for a hidden differential on A[39,1]MTM2.
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Thus, A[39,1]MfM2 transgresses. Therefore, zctzolzmlﬁz. 2cl421E2, c[44]Mf,

nA[45,2]M1 and nD[45]M1 can not bound.

The only possibility for H2C[44)M1 and nA[45,1]M1 to be boundaries is
{d°(A[38,11M)),d°(A[39,3]MM } = {n°C44]M, 7AL45,1IM}. Now

cAl338,1] € o<wAl31],v, %> = <o,vAl31],v>n and v<eo,vA[311,0> = <v, 0, vA[31]>Y

= <,0,v>pA[31] = (¢°)VA[31] = 0. There is only one leader of degree 50 below
the 34 row: A[B2,1](M§M3+Mz}. As we shall see in the proof of Theorem 7.2.4,
At:ss,nmfnz must bound and the only possibility is dB(A[32,1](MfM3+M§))

= A[39,1]MfM2. Thus, A{45,1]Mf can not bound and vA[45,1] is nonzero.
Therefore, <o,vA[31],v> = A[45,1], oAl39,1}1 = nAl45,1) and dB(A{BQ,lle) #
nA[45,1]M . Thus, d°(A[39,11M) = n’Cla4]M, d®(A[39,31MM,) = nA[45,1]M and

oA[39,1) = n°Claa]. [7.4]

We have thus proved the following theorem.

s _ 2
THEOREM 7.2.3 w, = Z,BI47] ® Z,Al47] o 2n'D[45] © ZpCl44] © Z_7,

where 2B[47] =5°A[45,2].

The computations in Section 6 show that we have the following leaders.

Row Degree Leader Row Degree Leader

17 51 7)22’1M17 aa 52 claalM]

32 50 A[32,1](MfM3+MZ) 45 49 A£45,11Mf, 28(9{45]Mf)

38 50 noA{:zo}Mfﬁz, Biss}mf 45 51 8D[4S]Mi, AL45,21M,

38 52  2B[38] M‘:ﬁz 46 52 71A[45,1 }Mf

38 51 mBI3BIMM, *46 66 7 ClaaIMM,

33 49 A[39,11Mf1~12 47 49 7°DI4SIM, nzA[tlS,E]Ml,

0 52 (nA{39,3]+n«A[32,1])Mf§2, AL471M, BI4TIM,
A[40,1]Mf 47 51 uC[44]Mf

42 50  mCl201°M M,
FIGURE 7.2.2: Leaders from Rows 1 to 47 of Degree at Least 48
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There are nine leaders of degree 49 and four leaders of degree 50. Since
d°(C1201°M,) = A[45,2], d®(n°CI201°M M) = 0°A[45,2]M. Note that
g = d'°(Al38,11MM) = d'°(A32,31MM) € <A[37],0,0> by Theorem 2.4.2.
Assume that £ is nonzero. Then EM? can not bound, v€ # 0 and v€ ¢ (n}. Thus,
£ € <<Al32,3],m,v>,0,u> = <A[32,3],<m,v,00,u> + <A[32,3],n, <w,o,v>> =
<A[32,31,0,v> + <A[32,3],n,o?> = <A[32,3],n,02> since £ is not divisible by v.
Since A[32,3] = dlz(aijﬁg) = dlzl(c?Mf)o%g], Theorem 2.4.6(c) implies that

A{32,3] € <Al19],0,v,m>. [7.5]

Then v€ e v<A[32,3],m,06°> = A[32,3]1<n, 07, v> = A[32,3]A[19]

m

Af181kal18]l,0,v, > ¢ <A{19}2,v,v,n> = k<noA{30],0,v, 1> since nA{lS]z = 0

k[da(ogA[BO}Mlgz) + Indet <noAl30],0,v,7>] by Theorem 2.4.8{(c);

k[d8(4c[44]M1§2) + Indet <noAl30],0,v,7>);

Indet <n¢A[30],0,v,n>] since 4C[44]M1§2 is a dB-boundary.
By Theorem 2.3.1(b), there is ng € "fs such that v€ e <naA[301,Bl,n>+<nC,v,n>-
Then v€ € cA[30]<n,31,n> + vzc = UA[3O](U31) + vzc = vZC. Therefore,
v divides €, a contradiction. Thus, A[BQ,I]M?M2 must be a boundary. The only
possibility is: d (A[32,11(MM +M)) = A[39,11MM,. Since a*(4p(4sIM) =
4vD[45] = n°D[45] = O in E', 4D[45]¥ must bound from below the 40 row.
There is only one possibility: dB(B[SS]MT) = 4D[45]Mf and

oB[38] = 4D[45]. [7.6]
Now nsDI45} = 4vD[45] = voB[38] = 0, and nzD[4S]M1 must be a boundary. There
is only one possibility: dB(nUA[3O]Mfﬁ2) = nZDiQSIMl‘ We have thus proved
the following theorem.

S _
THECREM 7.2.4 LI ngD{45] ® ZZVA{45,1] ® ZznA{47] ® 22n8[47] ® Zznys.

The computations in Section 6 show that we have the following leaders.
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Row Degree Leader Row Degree Leader
17 51 n271M17 45 51 8DI4SIM], AL45,21M
*32 62 A[32,11vf§3 48 52 nA[4s,1]Mf
*38 62 B[38}Mfﬁ2§3 *47 53 nQD[45JMf, B{47]§2
38 52 28[38]Mj§2 *47 55 nzAE45,2}M1§2

3 V.
39 51 aBI38IMM_, A[39,11MM *47 57  A[ATIMM

12 12 12
40 52 (nA[39,3}+naA[32,1})Mfﬁ2, a7 51 vc{44}Mf

A[40,1]Mf 48 52 uA[4s,1]Mf, uD(45]Mf

44 52 C[44]M: *18 54 2uD[45]Mf
*45 59 2D[45]M1<MZ> 48 50 mA47IM, mB[4TIM,

*45 53 4D[4S]M1M2

FIGURE 7.2.3: Leaders from Rows 1 to 48 of Degree at Least 50

There are two leaders of degree 50 and six leaders of degree 51. Note that

B[47] € <n,2,Al45,2]> = <n,2,<n,»,Cl201%>

= <n,<2,m,v>,C[201% + &m,2,7>,v,C0201% = <n,0,C1201% + <2v,v,C[201%.

Since oC[20] = 0, B[47] € <2v,»,C[20)%. Thus, nB[47] € n<2v,v,C{201%>

= <n,2v,v>C[20]2 = A{8}C[20]2 = <v,n,v>C[20]2 = v<n,v,C[20]2> = pA[45,2] and
nB{47] = vAl45,2]. {7.7]

Therefore, d4(A[45,2]§é) = mB[47IM . If n”A[47] were nonzero, it would be

divisible by two. Since there is no other possibility for a nonzero element

of CokJ4g, nzA[47] = 0 and nA[47]M1 must bound. Since n271M17 € Image r,
1

it can not hit nA[47]M1. Let X represents A[39,1]MfM2 as an element of E®

with 8 X = (A[38,1] Ao Aw) u (A[38,1] AB_). Since cA[39,1] = n°cl4al,

we can represent A{BQ,I]MTMz by X v {nCl44] A uox) which transgresses. There

remains only one possibility: dia(nB[BBJMfﬁz) = nA{47lMl. We have thus

proved the following theorem.

THEOREM 7.2.5 n° = Za_ ® Z1%..
49 2 6 2 5
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The computations in Section 8 show that we have the following leaders.

Row Degree  Leader Row Degree Leader

17 51 ooy M 45 51 8D[45]M

38 52 2B[38] M':Ez a6 52  7Al45,1 ]Mf

39 51 A[39,1]Mf§2 a7 51 wclaalM

40 52  (nAl39,31+n0cAl32, 1])@&2, 48 52 wDI4SIM, vA{4s,1mf
Al40,1 ]Mf *48 54 nAMﬂMf

a4 52 C[ 44]<M':> *48 56 B[ 471M1§2

FIGURE 7.2.4: Leaders from Rows 1 to 48 of Degree at Least 51

We have four leaders of degree 51 and seven leaders of degree 52. Since
a**(BI381M!M ) = 4DI45]M, it follows that d'°(2BI38IMM)) = 8DI45IM.
Clearly A[50,1] = d34(n23'1M17) and A[S50,2] = dlz(A[SQ,I}Miﬁz) are nonzero.
Recall that C[44] = d“(nA{:&O]MiMz) and note that nA[3O]M1Mz is represented by

R = (u A AA[30] A u) v (p AB ) U (u A an/\ A[30] A p)

MAL[301M
A A A A A A
v (B(o_’v’m A0} A p) v (pAAIBLI Ap ) v (WAB, m,)
A A A .
v (“4 B<v,n,A[30m>v<A[311,n,v>) v (BcrA(:n] “01) v (B<0',A[311,Tl> “1)

Observe that R, without the last term, shows that O = d‘z(nA[:so]MlMi)
= <o, A[31], M. Thus, <o, A[31],mM is zero in E'®.  Therefore,

<o, A[31), 7> € ZznA[39,2] ® ZznA[39,3] ® szf‘1 ¢ Indet <o, A[31],7m>, and

= A A A
0 € <o, Al31],7>. Now 8 R (Bm) Bnusoln) v (B<O‘,vm> A[30] n)
A A A i
v (o B<v,n,A[30]n>U<A[311,T),U>) v (BO‘A[31} Bnu) v (B<0',A[31},T)> v) which
7 O v
represents an element of < ¢, {A[Sl},u}, }: o 1 }, [A[BO]?} } >. Thus,
70 v
cl4a4] € < o, [A[31],v], { 0 }, [nA[BO} } >. [7.8]

Let € denote the mapping cone of A[40,1] with p:S — € the canonical map. In

the Atiyah-Hirzebruch spectral sequence for €,BP, p(nA[SO]Msz) survives to
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E'®.  Since 7A[40,1] # 0O and 7°A[40,1] = O, p:nf2 —> €, is an isomorphisn.

The only possibility for d?z(p(nA[SO]Msz)) to be nonzero is
d‘z(p(nA{:so}Msz)) = p(zc[4sz) which implies that dm(nA[BO]MIMi) = 2cl421M,
which contradicts that nA{BOIMle survives to E''. Thus, p(nA[so}MfMi)

. 14
survives to E° and r

2, shows that d“(p(m{aomfmz)) = p(ci44mf).

Therefore p{(vC{44]) = 0 and A[40,1] divides vC[44]. The only possibility is

oAl40,1] = vC[44]. [7.9]

#

Thus, d°(A[40,11M) = vC[44]M°. Clearly 2A[50,2) = 0. We shall see in
Section 7.3 that nAl50,2] # 0. Therefore 2A[50,1] = 0. We have thus proved
the following theorem.
THEOREM 7.2.6 ns = Z A[50,1] @ Z A[50,2] @ Z na

50 2 2 28
The computations in Section 6 show that we have the following leaders. Since

this is the final table of leaders of this section, we include the leaders of

all degrees.

Row  Degree Leader Row Degree Leader
g 63 oM ME 40 58 A[40,2]M°M
1 2 1 2
i gt gt 1027, 14-3 3
11 57 4B, (MMM +M MM +M ') 40 52 (nA[39,31+70A132, 11)M M,
17 59 nzylmism"zz 4 52 cla4) <M:>
18 64 4c[181M'M MM 44 56 2claa1M’
1 22 3 1
19 55 (32Mi8 42 58 acia4] MZ
21 53 vC{181MM M 45 59 2D[451M <M>>
123 1 2
22 82 VAL 18IM MP<M > a5 53 4D[4S]M M
12 3 12
23 83 szf" 4 52 nAl45, 1 ]M::
1577 2 T
24 60 nA[231M M, 46 66 n°Cl441MM,

30 60 A[30]<M,> 47 55 vCl44IM M, n°AL45, 2]er_42
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32 62 A[32,11Mfr_43 47 53 nZD[45]Mf, 13[47]§2
31 64 2B[34]M°M M 47 87 A[47IMM
123 1 2
36 54 A[36]Mf<n3> 48 52 vD[451Mf, uA[45,1]Mf
38 62 B[38]Mf§zﬁs 48 54 2vD[45]M§‘, nA{471Mf
33 53 cAl32, 1 }M‘:Ez a8 56 nB[47] Mlﬁz
38 61 AI39,1IM M M 50 56 A[S0, 11M°, A[50,11M
12 3 1 2
40 64 noAl32, 1]Mf§3 50 52 AL50,21M
40 60 A[40,1IM M
2 3

FIGURE 7.2.5: Leaders from Rows 1 to 50 of Degree at Least 52

3. Computation of ni, 51 = N = 55.

We continue the computations of Secticon 2. In the tables of leaders below,
all leaders of degree greater than 57 will have an asterisk at the left. They
will be omitted from all tables of leaders in this section except for the last

one.

From Figure 7.2.5, we see that there are six leaders of degree 52 and five
leaders of degree 53. Observe that n, v times 4D[45] and 7, v times nzD[45]
and v times Bl47] are zero. Therefore, 4D[45]M1M2, nzD[45]M? and B[47]b—42 must
transgress. Assume that vA[45,1]Mf is not a boundary. Then v2A[45,1] is
nonzero and not divisible by ». In particular, there is no way for nA[SO,Z]M1
to bound. Therefore, nzA[SO,ZJ is nonzero. By Lemma 3.3.14, nzA[SO,ZJ must
be divisible by two. This is impossible because all the other elements of ngg

have order two. Thus, vA[4S,1}M? must be a boundary.

We show that (nA[39,3I+ncA[32,1]}Mf§2 must be a boundary. Assume that
£ = d12((nA[39,3]+naA[32,1])Mf§2) is nonzero. The only leader of degree 54 or
56 below the 40 row is Awsmfﬁa which we shall see must bound 4D[45]MM .

Thus, €M1 and EM? can not bound. Therefore 7€, v€ are nonzero and v§ is not
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divigible by n. If nzg is nonzero then nZEM1 must be a boundary because

nai = 4p€ = 0. There are only four leaders of degree 56 below row 52:
A[SO,l}Mz, C{44]<Mz>, 2C{44]<M§> and nB{47]Mlﬁ2. Now A[SO,l]M2 transgresses,
and ds(nB[47]M1ﬁ2) = mA[52,2]M .  Since <M2> has a representative with
boundary (o A uz) v Bav' C[44]<M2> hits aC[44]Mf if oC[44] # 0 or transgresses
if oCl44] = 0. Then 2C[44]<M§> hits 20C[44}Mf if 20C[44] # O or transgresses
to an element of <2,0C[441,v> if 20C[44] = 0. Thus, n2§M1 can not be a

boundary, n2§ = 0 and nng must be a boundary. Assume that de(nzA[45,2]Mlﬁ2)

nEMl. Then 7€ € <v,n,n2A[45,2}> c <v,n3,A[45,2]> = <p,4p,Al45,2]>

v

2<v,2v,Al45,2]> = 0 and nf € Indet <v,4v,Al45,2]> = v-nfg + A(45,2]'n§

oAl45,2] € ¢<C[20]2,v,n> = <d,C[20]2,v>n and £ e <G,C[20]2,U>. Then

V€ € v<o,C[20]2,v> = <u,c,C[20]2>v, £ e <v,0,C[20]2> and nE € n<v,¢,C[20]2>

= <n,v,¢>C[20]2 = 0, a contradicition. Thus, ds(nzA{45,2}M1ﬁ2) can not equal

neM . If BZMiS hits m€M, then there is a hidden differential on Bzmig which

can only hit 2C[44]M?. However, there is no possibility for a hidden

differential on BM™M, r., (BM™M) = g M and 2c(4414° ¢ Image r., .
21 2 3A1 21 2 21 1 3A1

There remains only one possibility: ds(vC{44]MlM2) = nng. Then

nE € <wv,n,vCl441> = <p,m,v>Cl[44] = A[8]C[44] € <m,v,2v>Cl44] = n<v,2v,C[44]>

and £ € <v,2v,Cl44]>. Thus, v€ € v<y,2v,Cl44]> ¢ <u2,2v,C[44]>

> <%,2,0C[44]> > <<n,v,7>,2,0C[44]> > n<v,7,2,vC[44]>. This Toda bracket is

defined by Theorem 2.2.7(a) because <v,7,2> = 0 and <7,2,vC[44]> contains an

element of CokJ49 = (0. Since v€ is not divisible by m,

vE € Indet <v2,2u,C[44}> = uz-nfs + ”'“57' Thus, v€ € {cAl47],0B[47]}, and

ngf e {dB(A[47]<Mz>),d8(8{4?}<M2>)}. This contradicts the fact that both

A[47]<Mz> and B[47]<Mz> are boundaries. There remains no possiblity for nf;'M1

to bound. This contradicition implies that £ must be zero, and

(nA[39,3]+n¢A[32,1])M?§2 must bound from below the 37 row. There is only one

possibility: d2°(vc[181Mfﬁ2ﬁ3) = (nA[39,3]+n<rA[32,1])Mfﬁ2.
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Now the only possibility for uA[45,1]Mf to be a boundary is d‘O(aA[az,llM‘:ﬁz)

= uA[45,1]Mf. Then nA[45,1]Mf, C[44]M:, vD[45]Mf and A[50,21M can not

be boundaries. Therefore A = dG(nAMS,qu), oCl441, v°D[45] and nA[50,2] are

nonzero. We shall see that d‘*(zaum’f) = mf. Therefore, 20C[44] = A and
20C[44] € <u,nAl45,11,v>. [7.101

If 21 = knA[50,2] + v°D[45] then d°(4C[44]M]) = v®DI451M since nA[50,21M)

= d‘(uA[45,1]MfM2). This contradicts d*(v°D[45]M]) = nA[8IDI4SIM =+ 0. Thus,

22 = knA[50,2]. Assume that k = 1. We will see that v®A[S50,2] is nonzero and

not divisible by two. Then v°A[50,2] e <m,v,n>Al50,2] ¢ <n,v,nAl50,2]1>

<n,v,40C[44]> » 4C[44])<m,v,0> = 0. Thus, va[50,2] € Indet <m,v,40C[44]> =

(n}, a contradiction. Therefore, k = 0 and 40C[44] 0. We have thus

L}

proved the following theorem.

THEOREM 7.3.1 1:21 = 2,0C[44] © Z,nAl50,2) @ ngzD[45] ® 2B

The computations in Section 6 show that we have the following leaders.

Row Degree Leader Row Degree Leader

11 57 48, ( MZQZE;MiOb_{zﬁ;M?@) 47 57 ALATIMM,

19 55 :32M}8 48 54  2wDl4SIM, vA45, 1M,
36 54 A[as}n’fﬁa nA[471M]

*33 59 oA[32,1] M:Mi 48 56 mBI4TIMM,

*30 66 nA[39,3}Mf§2<M3> 50 56  A[50,11M, A[50,11M,

a4 56 2c(44]M 50 54 A[50,21M

45 53  4D[451MM, 51 53  oC[44]M, mA[50,2]M

47 55 vCla4IMM,, nzA{z;s,zmlﬁz 51 55 200{443»4?

a7 53 w'DI451M), BI4TIM, 51 57 »'DIasIM

FIGURE 7.3.1: Leaders from Rows 1 to 51 of Degree at Least 53



223

There are five leaders of degree 53 and five leaders of degree 54. Let <umn>

= Ay A i
represent <M3> such that a8 <umn> (o p01) v (Bau pl) v B<v,0,n>' Since
oA[38] = 0 and vA[36] = nB[38], A{36]MT<M3> can be represented by

A
[uz B

oore " Moy Y [(n, AAISBD) U (p A BI38])) A <p >] which has

boundary (“1 A B{38]] Ao A ;ai) union elements of filtration degree six.
Thus, d'°(A[3BIM<M>) = oBI38IMM, = 4D[45IM M . Let
Al52,1] = d°(x°D(451M}). Then
Al52,11 € <n,n°D[45],v>. [7.11]
Thus, 2A[52,1] € 2<n,n°D[4S],v> = <2,7n,7°D[45]>v € v-nfg = 0. Let
Al52,2]1 = dB(B[47]§2). Then
Al52,2]1 € <u,v,B[47]>. [7.12]

Thus, 2A[52,2] € 2<7,v,B[47]> = <2,7,v>B[47] 0. By Lemma 3.3.14, nzA{EO,Z}

must be divisible by two. However, there is no possibility for an element of
order four in n§2. Thus, nzA[SO,Zl = 0, and nA[SO,Z]M1 must bound. Clearly
A[50,2]Mf, nA[47]M? and 2vD[45]Mf transgress. Thus,
a*(vAL45,1]M)) = nALSO,21M and
v2Al45,1] = nAl50,2]. [7.13]

Now noCl44], A[52,1] and A[52,2] are nonzero. Observe that A[52,1] can not be
divisible by ¢ because we shall see that wvA[52,1] = 0. If o times Al45,11],
Al[45,2] or DI45] were A[52,2] then A{52,2]ﬁ2 would be dS(A[4S,1]<M3>),
a°(A[45,2]1<M>) or d°(D[451<M>). This would contradict that A[45,1]<M>,
A[45,2]<M3> and D[45]<M3> are boundaries. Note that A[45,1], A[45,2] and
D[45] are only defined modulo nCl{44]. Thus, we can define A[45,1], A[45,2]
and D[45] such that

oAl45,1] = oA[45,2] = oD[45] = O. [7.14]
We have thus proved the following theorem.

THEOREM 7.3.2 uzg = ZzA[SZ,ll ® ZZA[SZ,ZI ® ZznGC{44]
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The computations in Section 6 show that we have the following leaders.

Row Degree Leader Row Degree Leader
11 57 48 (MMM +MOM3M +MM M) 50 58  A[50,1IM°, A[50,11M
1123 1 23 1 2 1 2
19 55 anis 50 54 Atso,z}Mf
*36 60 Aias]Mfﬁi *51 59 oc{44}Mf
24 56 2CI44]Mf 51 55 20C{44]Mf
45 57 4D[451MTM2 51 63 nAiso,elmfﬁz
z2 - 2. MB
47 55 vCl44]MM, n°A[45,2IM M, 51 57  v°DI45M]
47 57 A{47]Mf§2 52 54  moCl4a4]M, A[52,2]M
48 54 2uD[45]Mf, nA{47}Mf 52 58 A[sz,llmf
48 56 nB[47]M1§2

FIGURE 7.3.2: Leaders from Rows 1 to 52 of Degree at Least 54

There are five leaders of degree 54 and five leaders of degree 55. Clearly
oC[44]Mf and 20C[44]Mf transgress. We show that nch[llll]M1 must be a boundary.
Observe that 7°0C[44] = 4voCl[44] = 0. If n°0C[44] # O then nzoC[44]M1 must be
a boundary. There are only three leaders of degree 56 below row 52:

A[SO,I]MZ, 2C[44]<M§> and nB[47]M1§2. Now A[SO,l]M2 transgresses,
a®(C144]1<M>>) = 20C[44]M° and d°(nBI47IM M) = WA[62,2]M, since A[52,2]

= ds(B[47]§2). (If nAI52,2) = O then nB[47}M1§2 transgresses.) Thus,
nch[44]M1 can not be a boundary, HZUC[44] = 0 and noC[44]M1 must be a

boundary.

Assume that € = ds(nA[47}Mf) is nonzero. By Theorem 2.4.2, £ € <n2,A[47],v>

<<2,m,2>,A[47],v> = <2,<n, 2, A[47]>,v> + <2,9,<2.A[47],v>>

<2,0,v> +<2,71,<v,Al47],2>> since CokJ’&9 = 0}

<2,<m,v,A[471>,2> + <<2,7,v>,A[47],2> modulo (2,v};

kn<n, v, Al471> + <0,A[47]1,2> modulo (2,v);
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c (2,n,v). Since € is nonzero in EB, £ must divisible by two. However, there
is no possibility for € to be divisible by two. Thus, £ = O and nA[47]M::

must bound. If dSO(BZMiB) = nA{47}Mf then dSO(BzMiaMz) = nA{4?}M‘;§2. Since

rBAI(BZMienz) = BM°, raAl(nA[zl?]Mfﬁz) = nA47]M not MAL4TIM, a
contradiction. Therefore the only way for nA[47]M? to bound is by a hidden
differential which replaces a tentative differential which originates below
the 39 row and lands above the 48 row, The only possibility is

d32(n271M19) = mALATI.

Now A[SO,I]MT becomes a new leader of degree 54 which can not bound since
there are no leaders of degree 55 below the 17 row. Since A[SO,Z]MT can only
bound from below the 39 row, only BZMiS could hit it. In that case we can

argue as above to show that L (A[SO,2]M§M2) = A[50,2]Mf, a contradicition.
1

Thus, A[50,2]M. can not bound. If BM° hits moCl44]M, A[52,2]M or
2vD[45]M. then there must be a hidden differential on BM,°M, which lands
below the 52 row. There is no possibility for such a hidden differential
because A[SO,l]M2 can only bound from below the 17 row. Thus, BzMi8 must
transgress. Assume that ds(nzA[45,21Ml§2) = HGC[44]MI. Then

n0Cl44] € <v,n,W°AL45,2]> = <v,n,2B[47]> > <v,n,2>Bl47] = 0, and neCl44] is
divisible by v, a contradiction. There remains only one possibility:
d®(vCI44IMM ) = moC[44]M . Now mA[52,2], vA[50,1], vA[50,2] and
dS(ZvDI4S]Mf) = A[8]D[45] must be nonzero. We have thus proved the following
theorem,.

THEOREM 7.3.3 nia = ZZAIS]D[45} ® szA[SO,ll ® ZZVA[SO,2] ® ZznA[SZ,ZI

The computations in Section 6 show that we have the following leaders.
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45
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Degree Leader
57 4B (MMM +M' MM +MM0)
1 123 1 23 1 2
2 15
18
55  BM
56 2c[44]Mf
57  4D[45]M°M
12
. _
55 7n°Al45,2]M M or vC[44]1M M
65 vC[44]Mf<M2>
57  AL471MM
1 2
56 nBLATIM M,
FIGURE 7.3.3:

51

51

52

*52

*52

53

53

53

Degree Leader

56 A[50,11M,

55 2oc[44]Mf

57 v°DI4SIM

56 Al52,11M

58 A[sz,z]ﬁé

60 nB[51]M1b_d2

55  mA[52,2]M, A[81DI45]M,
59 uA[so,lle

57

uA[so,zlmf

Leaders from Rows 1 to 53 of Degree at Least 55

There are four leaders of degree 55 and four leaders of degree 58. Clearly

A[SZ,l]Mf and A[SO,I]M2 transgress. Since A[52,2] = ds(B[47]§2),

nA[52,21M, = ds(nB[47]M1§2). Clearly d8(2cl44]<Mz>) =2

Al54,1]

= dz(A[S]D[45]M1) must be nonzero. By Theorem 2.4.5(a),

Al54,2] € <v,n,n°AL45,2],m>.

aC[44]Mf. Now

dBS(BzM:B), Al54,2] = de(nZA[45,2]M1§2) and MA[81D[45]

{7.15]

Note that d5(3[471§2) = Al52,2] and d8(25[471M1ﬁ2) = de(nZA[45,z]M1§2)

= A[54,2].

Therefore, 2A[54,2] € 2<7,2,A[52,2]> = <2,7,2,>A[52,2]

By Theorem 2.4.2,

AlB4,2] € <n,2,A[52,21>.

[7.186]

= n°Al52,2] = 0.

We show that 2A[54,1] can only be a multiple of nA[8]D[45]. Assume that

2A[54,1] = A[54,2] + AnA[81D[45]. Then

36 16
d (2[32M1 M2)

define an element £ € ngg

= AI54,2]M, vA[54,1] = 0 and A[54,1]ﬁé will transgress to

such that 2€ = dS(A[54,2]ﬁé) = A[S9,1]1. By

Theorem 2.4.4(c), € € <u,v,A[54,1]> and 2€ € 2<n,v,Al54,1]> = <2,7n,v>A[54,1]

= 0, a contradiction.

Thus, 2A[54,1] # A[54,2].

Thus,

2A[54,1]
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= AnA[81D[45]. We are unable to determine whether or not A is zero because
as we shall see, the value of X makes no significant difference in the

computations through degree 64 in our spectral sequence.

Now cA[47] € o<m,2C[42],v> > o<n,2,vCl42]> = ¢<n,2,8D[451> = o<n,2,20B[38]>

> o?<n,2,28[38]> = <o?,n,2>28[38] = 0 since n<o?,n,2> = 2<n,c?,n> = 2po° =
while nAl18] = 0. Thus, c¢Al47] e Indet o<»,2C[42]),v> = na'nfs = n2¢~nfs =
and

ocAl47] = O. {7.

Since B[47] = dS(ZCKZO]leﬁz), Theorem 2.4.5(a) implies that
B[47] € <v,n,2C[201%, 0>, [7.
Then oB[47] € U<v,n,2C[20]2,n> > 0(v,n,2,nC[20]2> c <<¢,v,n>,2,nC[20]2>
= <0,2,7C[20]% = nc[zo]"‘-nf3 = 0 and oB[47] € Indet o<v,n,2C[201°, >
= a<u,n,nfz> + o<v,X,m> with X = 2hC[42] + kn°C[20]% by Theorem 2.3.1(b);

= <¢,u,n>‘nfz + ho<w,2C[42], > + k6<v,n2C(2012,n> = hoAl47] + kc<v,n,n2C[2O]

= k<o, v, >n°CI20)% = 0. Thus,

»

171

18]

2

oB[47] = ©O. [7.19]

We have thus proved the following theorem.
THEOREM 7.3.4 n§4 has a composition series
ZzA[54’1] ® 22A[54,2], ZznA[8]D[45]

where 2A[54,1] = AnAl8]D[45] and 2A[54,2] = 0.

We now have the following table of leaders.

Row Degree Leader Row Degree Leader
11 57 48 (MMM +M MM +M ) s2 56  A[52,11M
17123 1 23 1 2 1

1677 * =

19 57 ZBZM1 M2 53 61 nA[52,2]M1M2

*a4 68 2c[44]MfM2 53 57 uA[so,sz
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45 57 4D[45]MfM2 *53 63 A[8]D[45]Mfﬁ2
47 57 A[471Mf§2 *54 60  A[54, UMf‘
51 57 uzn[451uf 54 56 A[54,2]M ,nAI8ID[45]M

FIGURE 7.3.4: Leaders from Rows 1 to 54 of Degree at Least 56

There are four leaders of degree 56 and six leaders of degree 57. Since

v? = wAl8], d"(v’DI45IM]) = nA[BIDI4SIM . Assume that A[52,1IM. is not a
boundary. Then vA{52,1] is nonzero and not divisible by 1. Since A[52,1]

= d°(n°DI45IM,), AS2,1] € <v,n,7°D[45]> c <v,u°,DI45]> = <v,4v,D[45]>. Then
vA[52,1] € v<v,4v,D[45]> ¢ <vz,4u,D[45]> = <<n,v, ">, 4v,D[45]>

> <y, n,4v,bl451>. Note that this Toda bracket is defined by Theorem 2.2.7{(a}
because <v,7n,4v> = 4A[8] + v-ni = 0 and <m,4v,D[45]> > <n,v,4D[45]>
<n,v,0BI38]> > <n,v,0>B[38] = 0. Thus, vA[52,1] € Indet <v° 4v,D[45]>

= vz'nfg + D[45]-n?o = naiD[AB], a contradiction. Thus, A[SZ,I]M? must be a

L}

boundary. Now A[SZ,l]Mf can only bound from below the 47 row, and we shall
see that A[52,1]M1M2 must also bound. There is only one possibility:

d8(4D[45]MfM2) = A[sz,lle and A[52,1]M M_bounds from below the 45 row.

Assume that £ = da(A[SO,l]Mz) is nonzero. Then €M1 can not bound because we
will show that the only leader of degree 58 below the 50 row must hit
A[47]Mf§2‘ Thus, 7€ # 0. By Theorem 2.4.4(b), € € <v,n,Al50,1]> and

n€ € n<v,m, Al50,11> = <n,v,n>Al50,1] = »°A[50,1]. Thus, nEM,

= dA(vA[SO,llM?). However, we shall see in the derivation of n§8 that
vA[SO,l]Mf must be a boundary. Thus, £ = 0 and A[SO,l]M2 must bound from

below the 17 row. There is only one possibility: A[50,1]H, = d“°(4r31MZEzb_43).

Clearly 28.M° = 2M 2B M.° survives to E* and hits 2A[54,1]M = 0, i.e.
ZﬁzMig transgresses. Since A{54,2}M1 can only bound from below the 47 row,

nA[54,2] is nonzero. We have thus proved the following theorem.
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THEOREM 7.3.5 HS = 2 nAl54,2] @ Z_ 7
55 2 1886

The computations of Section 6 show that we have the following leaders. This

table contains the leaders of all degrees.

Row  Degree Leader Row Degree Leader
3 63  nooMo M a4 86 2C[441MM
1 2 1 2
11 85 B (5M°M +4MM)) a4 58  4C[44]M
1 1 3 1 2 1
2 15, 2
17 858wy M ﬁi 45 58 2D(45)M <>
18 64  4C[18]M'M MM 45 B3  4D[45M°M
1 223 1 2
1677 2 7
18 57 28M°N 48 86 nCl44IMM,
7.2 3 2
22 82 vA[19IMM<M > 47 85  wClaaIM<M>
1 2 3 1 2
23 63 ¢ MP° 47 57  Al47IMM
21 12
24 60 nA[zsmisﬁz 51 63  mA[50, 2]Mf§2
30 60 AL301<M,> 51 59 oc[44]M‘1‘
32 B2 A[32,1]M?§3 52 58  A[S2, 1]Mf, A[52,21H2
38 64  2BI34IMMM 52 60  moCl441M M
1 2 3 1 2
36 B0 A[ssm‘fﬁi 53 61 nA[sz,amlﬁz
38 62 B[ 38]Mfﬁ2§3 53 59  vA[50,1 ]Mf
33 61 AL39, 1IM MM 53 57 uA[SO,sz
39 66 nA{39,3]Mf§2<M3> 53 63 A{8]D{4s]uf§2
38 58  cAl32, 1}M':M2 54 60  A[S4, 11Mf, A{54,21§2
40 64  noA[32,1 IMfEB 54 66  mAl8IDI 45]Mfﬁ2
40 60 Al40, 1]§2ﬁ3 55 57 nAL54,2]M,
40 58 A[4o,21Mf§2
FIGURE 7.3.5: Leaders from Rows 1 to 55 of Degree at Least 57
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4. Computation of ni, 56 = N = 80.

We continue the computations of Section 3. In the tables of leaders below,
all leaders of degree greater than 62 will have an asterisk at the left. They
will be omitted from all tables of leaders in this section except for the last

one.

From Figure 7.3.5, we see that there are four leaders of degree 57 and four

leaders of degree 58. Note that vA[52,2] € v<n,v,B[47]> = <v,n,v>B[47]

A[81B[47] = <n,2v,v>B[47] = n<2p,v,B[47]> = n<<n,2,n>,v,B[47]>

n<n, <2, m,v>,B[47]> + n<n, 2,<n,v,Bl47]>> = 9<n,0,B[47])> + n<n,2,Al52,2]>

nA[54,2] since nz-n§3 = 0 and oB[47] = 0. We will show in the derivation

of nii that vA[52,1] equals O and does not equal vA[52,2]. Therefore,
VA[52,2] = nA[54,2] and vA[52,1] = O. [7.201

Thus, d‘(A[sz,Z]ﬁz) = mAI54,2]M . Observe that AC[44]M] survives to E' since

40C[44] = 0. Assume that d1°(4C[44]MZ) = vAlso,zlmf. Then

VA[50,2] € <n,4C[44],0> = <n,0°A[30],0> and vA[50,2] € <n,0°,cA[30]> because

o-ns = nw-nfs which can not contain vA[S50,2]1. Thus, vA[S50,2] € <n,o;,A[30]>

46

= <n,vC[18],A[30]> and vA[S0,2] € <n,v,C[18]A[30]>. Then vA[50,21M =
dS(C[IS}A{SO]Msz), a contradiction. Therefore, 4C{44}M: transgresses. (Note
that A[QO]'TIE3 =(¢A[16]A[30],vC[20]A[30],A[30]72). Now A[16]A[30] is
divisible by 7. Also, A[BO]y2 € A[BO]<271,18,U> = <A[3O],271,18>0 which is
divisible by 1. In addition, A[30]A[14] e A[30]<2,Al8],v, >

< <<A[301,2,Al8]>,v,n> which projects to zero in ES. However, an projects
monomorphicly into E°. Thus, A[30]A[14] = 0. Now C[20]A[30] e
A[301<A{14},2,7m,v> < <<A[301,Al14],2>,n,v>. Thus, C[20]A[30] is zero in o
Since ngo projects monomerphically into Es, CI20]A[30} = 0.) We will use the

following lemma to continue our analysis of the leaders of degree 57.
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LEMMA 7.4.1 (a) oAl40,2] = A[47]

(b) v2Al50,11 = 0

(c) va[50,2] is not divisible by 7.

PROOOF. (a) By 6.20, 2C[42] € <u,2,A[40,2]>. Thus, Al47] e <n,v,2C[42]>
c <m,v,<m,2,A{40,2]>> = <<n,v,n>,2,A040,2]> + <y,<v,7n,2>,A[40,2]>

<v2,2,A[40,2]> + <71,0,A[40,2]> and A[47] € <v2,2,A[4O,2]> c <v,2v,Al40,2]>

> <2v,v,Al40,2]> = <<,2,7>,v,Al40,2]> > 0<2,7n,v,Al40,2]>. Note that this
four-fold Toda bracket is defined by Theorem 2.2.7(a) because <2,7n,v> = 0 and
0 = d°(A[40,2]M)) € <n,»,A[40,2]>. Therefore, A[47] € Indet <" 2,A[40,2]>
2 S S S
=v ‘n41 + A[40,2]-1r7 = {cA[40,2]} because v'n41 = 0. Thus, oA[40,2) = A[47].
(b) The hidden differential from the 17 row which hits nA[47]M1§2 instead of
A[50,1]§2 shows that these elements have homologous representatives.
Therefore, representatives of 0 = vnA[47]M1ﬁ2 and VA[SO,I]H2 are also
homologous. Hence vA[SO,l]ﬁ2 must bound. In addition,
d4(A[50,1]M1M2) = vA[50,1]M. Thus, »°Al50,1] = 0.
(c) By (a), ds(A[40,2]Mfﬁz) = A[47]Mf§2. There remains no possibility for
uA[SO,Z]MT to be a boundary. Thus, va[SO,ZJ is nonzero and is not divisible
by 7. ]
2= 8 5 2 19
By Lemma 7.4.1(a), A[47]M1M2 = d (A[4O,2]M1M2). Thus, vA[SO,Z]Ml, 2[32M1 can
2 38 19 .

not bound and v"A[50,2], A[56] = d (ZBle ) are nonzero. Since
2A[54,1] = AnA[8]D[45] and dSB(BZMiB) = A[54,1], Theorem 2.4.2 implies that

AlB6] e <m, (2,7mA[8]), (A[54,1],AD[45]1) 7>, [7.21]

Then 2A[56] e 2<n, (2,7A[8]), (A[54,1],AD[45]) ">

<2,7, (2, A[81)>(A[54,1]1,AD[45])7 = <2,7,2>A[54,1] + A<2,7n, nA[8]>D[45]

n°A[54,1] + 21’ B DI45] since <2,7,7mAl8]> = <2,m,v> > <2,m,v>0° = 0.
Now nzA[54,1] = 0. Moreover, A’ = 0 because nA[58] # 0 so that A[56]

# A’BID[45]. Thus, 2A[56} = 0. We have now proved the following theorem.
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S

_ 2
THECREM 7.4.2 Mo = ZZA[SSI ® sz Al50,2] @ Zznys

The computations in Section 6 show that we have the following leaders.

Row Degree Leader Row Degree Leader
17 59 2y MOM° a4 58 ac[aalM’
11 2 1
19 61 B M'*M 45 59 2D(45 1M <M>>
21 3 1 2
22 62 VA 19]M:M§<M3> 51 59 o€[44m':
24 60 nA[23] M:Sﬁz 52 58 Al52,1 ]M:;
30 60 AL301<M,> 52 60 'nOC[44]M1§2
32 62 Aisz,mf 53 61 nA[sz,zmlﬁz
36 60 A[se]M‘fﬁz 53 59 vA[50, 1]Mf
38 62 B[38]Mfﬁ2§3 54 60 A[54,1]Mj’, A[54,2];12
. _
39 61 AL39, 11M M M_ 55 63 nA[54,2]M M,
39 59 oAl32,1 }M‘;Mi 56 58 ALSBIM,
40 60 Al 40, 1]ﬁ2§3 56 62 v2A[50, 2]Mf

FIGURE 7.4.1: Leaders from Rows 1 to 56 of Degree at Least 58

There are three leaders of degree 58 and five leaders of degree 539. Clearly
cC[44]M: transgresses. Since D[45]<M:> bounds from the 18 row, 2D[45] bounds
from the 34 row and 2M2 is an infinite cycle, 2D{45]M2<M:> must bound from the
r-row for some 18 = r < 34. There are two such leader of degree 60: A[BO]<M4>
and nA[23]Pq5§2. In the derivation of nia, we will show that dls(A[30]<M4>)

= oA[32, 1IM)M.. Thus, we must have d**(nA[231M°M,) = 2D[451M <M}>. By

Lemma 7.4.1(b), uA[so,ﬂMf transgresses. Since 0°A[32,1] = 0,
0A[32,1]<M:><Mz> survives to E'°. Since A[SS]M1 can only bound from below the

19 row, 0A{32,1]<M:><M§> transgresses.

We show that A{SZ,I]M? is a boundary. Assume that £ = dB(AISZ,llM?) = 0.

There is no possibility for EMl to bound from below the 52 row, and thus
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m€ # 0. (We shall see that A{40,11ﬁzia, A{sslmfﬁz, A[30]<M,> and nA[231M§5§2
are needed to bound other elements.) By Theorem 2.4.4(a), € € <n,A[52,1],»>
and 7€ € n<m, AL52,11,0> c <n°, A[52,1],p> = <<2,7,2>, A[52,1],v>

5 2<n,2,A(52,11,v> ¢ 2-n§8 which, as we shall see, must be zero. Thus,

7€ € Indet <n2,A[52,1],v> and € ¢ v-nis = 0. Therefore, £ = 0 and A[52,1]M?

must be a boundary. The only possibility is das(nzwlMisgz) = A[SZ,I}M?

(Use Theorem 2.2.7(e) to show that the four-fold Toda bracket is defined. By
Theorem 2.4.2, <%,2,A[52,1]> contains d8(2n2D[45]M1M2) = (. Therefore,
<,2,A[52,1]> is zero in E8, and the only possibility is <n,2,Al82,1]>

= nA[8]D[45] € Indet <m,2,A[52,1]1>. Thus, <7n,2,Al52,1]> contains 0. Now
<2, Al52,1),v> = v<n,2,Al52,1]1> = <v,7,2>A[52,1] = 0. Observe that if

nA[S6] = O then A[SBIM_ = d4°(n271M15§2

), £ # 0 and 7€ # 0 as we remarked
above. Since 2£€ € 2<w,v,AlB2,1]> = <2,9,v>Al82,1] = 0, n2§ is divisible by
two which we shall see is impossible. Thus, nzi = 0 and n§M1 must bound. The
only possibility is d®(nA[52,21M M) = n€M, and nio = 2nAl59,2].  However,
we shall see that nA[59,2] is divisible by two, a contradiciton. Therefore,
nA[56] # 0 and <2,A[52,11,v> ¢ szzA[50,2] < Indet <2,A[52,1],v>. Thus,

0 € <2,Al52,1),v>. Finally, "ia is generated by A[81D[45], nA[B2,2], vA[50,1]
and vA[50,2]. Note that v times A[8]D[45] and nAl52,2] are zero while 7m times
vAlS50,1] and vAl50,2] are zero.)

Now A[56]M1 and 4C[44]M: can not be boundaries. Thus, nA[56] and

A{57] = d14(4C[44]MZ) are nonzero. Since <o,4C[44]1,v> € CokJ55 = v-ni2

<o, 4C[44],v> contains 0. Also 0 € <4C[44],v,n> because CokJ4g = 0. Since

onS = 0, <0,4C[44],v,n> is defined by Theorem 2.2.7(c). By Theorem 2.4.6(c),

48

A[B7] € <o,4C[441, v, >, [7.22]
Then A[S57] e <v,o?A[30],v,n> > <02A[3O],v,v,n> = <4Cl44],0,v, > and
2A[57] € 2<m,v,0,4C[44]1> + 2-Indet <U,02A[301,v,n>;

C <<2,7m,v>,0,4C[44]> + 2[<0o, X, > + <Y,v,n>] by Theorem 2.3.1(b);
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i

<0,0,4C[441> + o<X,1,2> + Y<u,m,2> = 0<X,3,2>. If vX = 0 then v<X,n,2>

i

<, X,m2 = 0 and <X,7,2> = 0 since multiplication by v is a monomorphism on
CokJso. Thus, X = hvD[45]1+kvAl45,1] and 2A[57] = o<hwD[45]1+kvAl45,1],n,2>

= o(hD[45]1+kA[45,1]1)<v,n,2> = 0. Since A[57] bounds from the 44 row which is
below the 50 row, A[57] can not be divisible by o. Thus, o¢Al50,2] = knA[56]
and

noA[50,2] = 0. [7.231]

We have thus proved the following theorem.
S _ 2
THEOCREM 7.4.4 n_, = ZznAISBI ® 22A[S7] ® 25&7 @ Zzn L

We now have the following table of leaders.

Row Degree Leader Row Degree Leader

147 v
19 61 B MM, 40 60 AL40, 11M M,
22 62 VAL 19]M M<H > 45 59 2D[4S 1M <M>>

i 2 3 1 2

24 60 nAtzsmisﬁz 51 59 OC[44]M:
30 60 AL30]<HM > 52 60 Al52,1IM M, noC[44]M1§2
32 62 Al32, 1]M":b_43 53 61 nAl52, 2]M1F4'2
36 60 A[36]M‘:HZ 53 59 vA[50, 1 ]Mf
38 62 B[381Mfﬁ2ﬁ3 54 60 A[54,11Mf, :-*«[54,2]'1&2
39 61 AL39, 1IM MM 56 62 v2A[50, 2]M:13
39 59 cA[:sz,quMz 57 59 AISTIM,, nASE1M,

FIGURE 7.4.2: Leaders from Rows 1 to 57 of Degree at Least 59

There are six leaders of degree 53 and eight leaders of degree 60. We
digress to show that A[32,1] e <u,2,A[30]>. Note that d8(4Mf<M':>2§3)

- 13 - . 2 4 2= : 10

] 40M1 modulo (8¢). In addition, if 4M1<M1> M3 survived to E~ it would hit

nszfgs. Thus, A[32,1] is represented by the boundary of a representative of
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*qetﬂ{?§3 which is homologous to the boundary of a representative of 46’“:3. By
Theorem 2.4.2, the boundary of a representative of 40’M23 = M1°2-20'M;2 is an
element of <7m,2,A[30]> and

Al32,1] € <7,2,A[30]>. [7.24]

Recall that d°<M > = 20M M <M >, and p, pu ., <g_ > is a representative of
4 12 3 1 001

01

M1’ Mz’ <M3>, respectively. Then A[301<M4> is represented by

A Ay Ay A i
A{BO]<M4> u{cAB AN <p001>) which has boundary

Al301-2

A A A<y > A ApgAug A< >
(oA[30] an Hor Hoo1 Ju e BA[301-2 Ty Moo )
= o<Al[30],2,m> A ;01 A Mo, modulo elements of filtration degree 18.
Thus, d'°(A[30]<M >) = oA[32,11M <M > = oA[32,11M*M° + a®(A[32,1IM*M M)
4 2 3 1 2 123

= aA[SZ,l]M?Mi in E°.

Since vA[54,2] € v<n,2,Al52,21> = <p,n,2>Al52,2]1 = 0, A{54,2]§2 must trans-
gress. If ds(no‘CIQQ]Mlﬁz) = nA[SG]Ml then ds(cCiétl}gz) = A[56], a contradic-
tion. Since A[S7]M1 can only bound from below the 44 row, noC[44]M1§2 must
transgress. In the derivation of nig, we show that A[52,1]M1M2 is a boundary.
Since there is no possibility for an element of order four in nig, 17A[5E3]M1
must be a boundary. Since oA{40,1] = vC[44], a representative R of
M Av A A A
A[40,1]M2<M3> has boundary (C[44] v <,u02>) v (C[44] er pz). Then
R u (Cl44] A Ky A <p.02>) has boundary C[44] A K, Ao A K, union elements of
filtration degree 4. Thus, dIS(A[4O,1]§2<Ms>) = ac{44]M’:. Recall that in the
. . S 22 1577 4
derivation of n_ we showed that d (1)A[223]M1 M2) = 2D[45]<M1>M2. In the
proof of lemma 7.4.1(b) we showed that vA[SO,l]Fﬂ—2 must be a boundary. Since
uA{so,llﬁzz uA[so,qu in E%, vA[SO,l]M:: must bound from below the 50 row.
cyias . 18 652 3 .

The only possibility is 4 (A[BG}Mle) = vA[SO,l}Mi. There remains only one
way for nA[SB]MI to bound: d4(A[54,1]Mf) = nA{SB]Ml, Thus,

vA[54,1] = nAlB6] and vAl[54,2] = O. {7.251]

Now A[S'I]M1 can not be a boundary. We have thus proved the following theorem.
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THEOREM 7.4.5 nS = Z nA[57] ® Z no
58 2 27

The computations in Section 6 show that we have the following leaders.

Row Degree Leader Row Degree Leader
147 2=
19 61 B MM 51 61 oCl44]MM
21 3 1 2
7.2 o
22 62 VAL19]M Mo<M > 52 60 A[52,11M M, moCl441M M,
32 62 A[32,1]Mf§3 53 61 nA[52,2]M1ﬁ2
38 62 B[38IM°M M *53 63 pA[50, 11M°M
1 23 1 2
*33 63 aA[32,1]MfM§ 54 60 A[54,2]ﬁé
39 61 AL39, 11M M M_ 56 62 uzA[so,lef
45 61 2D[46]1M <M > 58 60 nA[STIM,

FIGURE 7.4.3: Leaders from Rows 1 to 58 of Degree at Least 60

There are four leaders of degree 60 and five leaders of degree 61. Since
nAS6] = vA[54,1], d'(Al54,1]M)) = nA[S8IM . Since DI45)<M> is a
d28—boundary and 2M1 is an infinite cycle, 2M1D[45]<M3> must be a boundary.
Let A[59,2] = dB(A[54,2]ﬁ2). By Theorem 2.4.4(c),

Al59,2] € <n,v,Al54,2]>. [7.28]
Thus, 2A[59,2] € 2<n,v,Al54,2]1> = <2,79,v>A[54,2] = 0. Let
Al59,1] = ds(noc[44]Mlﬁ2). By Theorem 2.4.5(a),

Al59,1] € <m,noCl44]1,m,v>. [7.27]

Thus, 2A[59,1] € 2<n,noCl44]),1,v> c <<2,m,m0C[44]>,0,v> = <<noC[44],m,2>,n,v>

<noCl44],<m,2,7>,v> + <noC[44],7m,<2,n,v>> = <noC[44],2v,v> + <noC[44],7,0>

AL81(oCl44]) + ven>_ = (v A[50,2],vA[56]} = {nA[8]A[50,2]} because

vA[58] e v<n,(2,nA[8]),(A[54,1],AD[45])T> = <v,n,(2,nA[8])>(A[54,1],AD[45])T
= <v,n,2>A[54,1] + A<v,n,nA[8]>D[45] = A<w,n,v°>D[45] = Aw°A[8]D[4S] = 0.
Observe that <n2,v,n,2> is defined by Theorem 2.2.7(a) since <n2,u,n>

= <v,m,2> = 0. Then n<n2,v,n,2> = <n2,v,<n,2,n>> = <n2,v,2v> = nA[8]. Since
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multiplication by n is a monomorphism on nz,
Al8] € <n°v,m,2>. [7.28]

Thus, A[S50,2]A[8] = A[50,2]<n2,v,n,2> c <<A[50,2],n2,v>,n,2>. Now
<A[50,21,7°,v> > <nAl50,2],m,v> which contains d°(nA[50,2]M)) = 0. Therefore,
A[S0,21A[8] = k<v2A[50,2],n,2> = kvA[50,21<v,7n,2> = 0 since 2'n§8 = 0. Thus,
2A[59,1] = 0 and

v°A[50,2] = vA[56] = 0. [7.29]
We show that A[52,1]M1M2 must be a boundary. Assume that £ = dB(A[SZ,llMle)
is not zero. Let €& denote the mapping cone of 2vD[45] with p:S — € the
canonical map. In the Atiyah-Hirzebruch spectral sequence for €_BP,
p(2D[45])M?M2 clearly survives to E®.  The only possibility for
ds(p(20[45])MfM2) is a'l(n)Mf. In that case, d°(p(2D[451)M M) = 87 ()M and
0 = na_l(n) = 8_1(n2), a contradiction. Thus, p(2D[45])MTM2 survives to E8
and da(p(zn[45])MfM2) = p(A[52,11)M M. Then p(£) must be zero in . i1r
p(€) = d°(87! (n o+knA8])M,) then in S, € € <n,hn’o+knAl81,2vD[45]>
> <n, hn°o+knAl8],2>vD[45) = 0, a contradiction. If p(€) = d‘*(a"(o)Mf) then
£ € <v,0,20D[45]> > <v,o,v>2D{45] = 02(2D[45]) = 0, a contradiction. Note
that p(€) can not be in Image d® because ni = 0. Thus, £ € 2vD[45]-n?l = 0,
and A[52,1]MM_nmust bound from below the 47 row. Note that if a” (BM ‘M)

= A[52,1IM M then r ods“(BZMiSMz) = A[52,1]MM_, an impossibility. There is

A
2

is only one remaining possibility: d“(A[39,1]M1M2M3) = AIS2,1IM M .

Since oC[44]Mfﬁ2 survives to ES, it must transgress. Observe that the
argument above that BZM14§3 can not hit A[52,1]M1M2 also shows that 32M14§3
can not hit A[54,2IM_ nor moC[44]M M . Thus, A[54,2]M,, 70C[44]M M, can not
be boundaries, and A[59,1], A[59,2] are nonzero. By Lemma 3.3.14, n2A[57]
must be zero since it can not be divisible by two. Thus, nA[57]M1 must be a

boundary. In Lemma 7.4.7(c) we shall see that nA[52,2] = nC[20]A[32,2], and
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thus nA[52,2]M M, = C[20](nA[32,2]M M ) transgresses. If d®(oCl441M M)
= nA[57]M1 then BZM14§3 transgresses to a nonzero element B which is
indecomposable by Lemma 1.3.10. However, in the proof of Lemma 7.4.7(e)
we shall see that 2B = 5Al59,2] and B = C[ZO]S. a contradiction. Thus,
d‘%ﬁg«i?ﬁ; = MAIS7IM.  Since ch[44}Mfﬁz transgresses,
o’claa] = o. [7.30]

Since A[52,1] € <v,n,7°D[45]>, ¢A[52,1] € o<v,n,n°D[45]>
= <¢,v,n>nzn[45} = 0. Since A[52,2] € <B[47],v,nw>, oAl82,2] € <¢,B{47],v>n
< n-CokJ58 = 0. Thus,

oAl52,1] = oAl52,2] = O. [7.31]
We have thus proved the following theorem.

THEOREM 7.4.6 n° = Z A[59,1] © Z A[59,2] o Z8
59 2 2 8 7

The computations in Section 6 show that we have the following leaders.

Row Degree Leader Row Degree Leader
. 19= v

19 63 ag MM, 51 61 0C[44]Msz
22 62 VA[19]M M<M > *52 64 Al52, 11MM

1 2 3 1 2

32 62 A[32,1]M‘:ﬁ3 53 61 nA[52,2]M1§2
38 62 B[38] Mfﬁzﬁ3 56 62 v2A[50, 2] Mf
45 61 2D[45]1M <M > 59 61 Al59,11M, A[5S,21M

FIGURE 7.4.4: Leaders from Rows 1 to 59 of Degree at Least 61

There are five leaders of degree 81 and four leaders of degree 62. Since
A[SS,UM1 and A[SS,Z]M1 can only bound from below the 54 row, vaA[SO,Z}Mf must
transgress. Recall that in the derivation of nig we showed that 2D[45]M1<M3>
must bound from below the 34 row. Moreover, 2D{45]M2<M3> equals ZM2 times the

boundary D[45]<M3> and must bound from below the 34 row. The lowest row of
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such an element of degree 66 is the 24 row. Therefore, d14(A[32,1]M?§3)

= 2D[451M <M >.
1 3

Let £ = dlo(cC[44]MfM2). Then oC{44]MfM2 has a representative

= Ay Ao Ay A A
R = (Cl44] w, Ao Ay ) v (Clag) A M, A B, A ”1) v (C[4a} AB, A p )

A A A i
v (Cl44] K, B<w,v,n>) U (80[44]<v,«,v> ui) with
= A A A A
8 R = C[44} [(va an) u (v B<0Jhn>)] v [Bu44hw,¢¢» n]l. Observe
that 4 [{B_._AB )Yu (v AB )1 = <v,0,v> Ay, Thus, 8 R represents an
vo vy <oV,

element of <Cl44],<v,c,v>, > = <C[44],o?,n>. By Theorem 2.4.2,

M = dls(m-zA{SOIM::Mz} = 0, and €M must bound from between the 45 and 51
rows, i.e. from the 47 row. There is no leader of degree B3 in the 47 row.
Thus, £ = 0 and oC[44}Mfﬁ2 must bound from below the 40 row. Assume that

a"(BI38IMM M) = oC[44]MM . Since d'°(A[40,1]M <M >) = oCl[44IM', r, shows
123 12 2 3 1 A1
that a representative of B[38]M:§3 is homologous to a representative of

A[4O,1]§é<M3>. Then r, shows that a representative of B[38]M: is homologous

A

3
to a representative of A[40,1]§2. Therefore, 4D[45] = oB[38] = dS(A[40,1]§2),
a contradiction. The only other possibility for 0C[44]M?§2 to bound from

below the 40 row is d3°(vA[19]M;’M2<M3>) = oC[44}Mfﬁ2.

We show that mA[59,1] = 0. Assume that nA[(59,1] # 0. Since we shall see that
there is no possibility for an element of nil to have order 4, nzA[SQ,l} =0
by Lemma 3.3.14. Thus, nA[S9,1]M1 must be a boundary. Clearly
ds(nA{54,2]M1§2) = nA{SS,Z]Ml. The arguments in the derivation of nil that
show that nzaﬁflMi, QBzMigﬁz and 7éMfo can not bound B{SO}M1 also apply to
show that these elements do not bound nA[SQ,l]Ml. {The argument there shows
that if d(48M°M) = mA[59,1IM then d°(nA[54,2]MM) = nA[59,11M. Hence
dS{A[S4,2]§2) = A[58,1], a contradiction.) 1In the derivation of H§1 we will

also show that de(nA[so,z}Mfﬁz) = va{so,z}M“;’ and that 4D[45]MTM2,

GA[SZ,l]MfMi are boundaries. Since vA[SO,l]Msz =T, (vA[SO,l]M?MZ) and there
1
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is no possibility for a hidden differential on vA[SO,l]MfMZ, vA[SO,l]MfM2 must
transgress. Note that dB(AIB]D[4S]Mf§é) = D[45]d8(A[8]Mf§2) = DI45]nAl14]M,
1 d’(A(8ID[451MM) = nA[59,1]M, then A[59,1] = A[14]D[45]. Since

AI59,1] = d°(noCl441M M) and A[14] = a'*(4vMM), it would follow that twice
a representative of 2vD[4S]M?§2 union

8 [(B4VM4S] A M A K, A ;51) v (2vD[45] A an A By A ;;1}} represents
noCl441MM . Thus, moC[44] € <2D[45],2v,v>  <DI45],4v,v> = <DI45],7°,v>

= <n2D[45],n,v>. Therefore, 1)0'C[44]M1 = dS(nZD[45]M1§2), a contradiction.
Hence dB(AKS]D[45}Mf§2) * nA[SQ,l]Ml. Thus, nA{SQ,l]M1 can not be a boundary,

a contradiction. Hence 7A[59,1] = 0 and A[SQ,l]M1 must bound from below the

52 row. The only possibility is dzz(B[SB]Mfﬁéﬁs) = Al59,11M .

Now nA[59,2] and B[B0] = dS(nAISZ,z]Mle) are nonzero. To identify 2B[860] as

nA[59,2], we derive several relations.

LEMMA 7.4.7 (a) n°Al45,2] = nA[14]1A[32,2] and

nA[45,2] = A[14]A[32,2] modulo (1°C[44],7A[45,11).

(b) A[54,2] = A[14]C[20]?

{(e¢) wal52,2] = vC[20]A[32,2] and

Al52,2] = C[20]A[32,2] modulo (A[52,1],70C[44]).

(d) A[59,2] = A[14]A[45,2]

(e) B[B0] = C[20]° and 2B[60] = nA[59,2].

(£) nBl47] = Al8Ic[201°

(g) mCI201° = vA[14]A[45,2]

PROOF. (a) d°(A[8ICI20IM M) = mA[32,2]M . Thus, n°AL45, 21M,

= a°(n°Cl201M M,) = d°(AIBIAL14]CI20IM M) = A[141d°(A[8ICI201M M )
= A[14]A[32,2]M,.

]2

(b} A[14]C[201" e Al14]<n,mAl32,2]1,n,v> ¢ <n,nAal14]A[32,2],9,v>

= <n,n2A[45,2],n,v> = A[B4,2].
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(c) wvAl52,2] = 9A[54,2] = nA[14]C[20]1% = vA[32,2]C[20].

(d) A[59,2] € <n,v,A[54,2]> = <n,v,Al14]1C[20]%> = A[14]<n,v,Cl201%>
= A[14]A[45,2].

(e) 2c1201° = cl[201%w, n, nAl14]> = <C[201%, v, n>nAl14] = A[45,2]1nAl14]
= 7A[59,2] # 0. The only possibility for C[201° is BI[80].

(f) mBI47] = vAl45,2] = v<n,v,Cl201% = <w,n,v>Cl201°% = Al8]CI20]1%.

(g) vA[14]A[45,2] = nA[14]B[47] = A[14]A[8]C[20]% = n°C[201° |}

The above relations were motivated by relations (d) and (e) which were
observed by Mark Mahowald from the Adams spectral sequence. We have now

proved the following theorem.

THEOREM 7.4.8 nio = Z4B[60] and 2B[60] = 7nAl59,2].

The computations of Section 6 show that we have the following leaders. Since

this is the final table of leaders of this section, we inlcude the leaders of

all degrees.

Row Degree Leader Row Degree Leader
9 63 nZoM M 46 66 n°ClaaIM'M
i 2 12
11 65 g8 MM 47 65 pCLAd MM
11 3 1 2
18 64 4C[181M'M MM 51 65 oClaaIM™M
1223 1 2
18 63 ag M 51 63 nAl50, 21MM
21 2 1 2
23 63 ¥ M 52 64 Al52, 11M°M
21 12
32 66 Al32, 1mf<n4> 53 63 vA[50, 1]MfM2, A[s}D[as}Mfﬁz
34 64 2B[34] Mfﬁ2§3 54 66 nA[81D[45] Mfﬁz
39 63 oAl32,1 }MfMi 55 63 nAls4,2) Mlﬁz
— 2 3
40 66 nA[39,3]MfM2<M3> 56 62 v*AL50,21M]
40 64 noAl32,1] M'f<M3> 56 66 Al56] M'fﬁz

44 66 2C[44]MTM2 59 65 A[59,1]M2, A[SQ,l]Mz,
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45 65 2D[45]<M’:><Mz> A[ssa,z]fi2
45 63 4D[45] M;SMZ 60 62 Z,BI6OIM,

FIGURE 7.4.5: Leaders from Rows 1 to 60 of Degree at lLeast 862

5. Computation of ni, 61 = N = 64.

We continue the computations of Section 4. In the tables of leaders we
include all leaders of degree less than 87. This will suffice to compute
through the 64 stem modulo group extension problems which we can not resolve
in the 62 and B3 stems. We use Tangora’s computation [53] of E2 of the Adams
spectral sequence through degree 70 to see that A[61] is not divisible by o,
to eliminate one group extension in degree 62 and to eliminate several
possible differentials in degree 64. Diagrams summarizing his computation are

given in Appendix 6.

From Figure 7.4.5, we see that there are three leaders of degree 62 and nine
leaders of degree 83. Let ¢ denote the mapping cone of nz with p:S — € the
canonical map. If d°(nAl50,21MM,) = v®A[50,2]M] then in the
Atiyah-Hirzebruch spectral sequence for €,BP, ds(p(n)Mfﬁz) = p(v)sz. Thus,
d*(p()®) = p(nAI81IM, 1is zero, and nA[8] is divisible by 7°, a
contradiction. If d’°(nA[50,2]Mf§2) = BI60]M, then A[so,zlmfﬁ2 shows that
nA{SO,Z]Mfﬁg is homologous to nA[SZ,leiﬁé since B[B0O] = da(nAISZ,ZIMIQZ).
Then r shows that A[SO,Z]M? has a representative with boundary nA[S52,2]

(1,1)

which contradicts that vA[50,2] is nonzero and not divisible by 7.

We show that vA[57] = 0. Assume that vA[57] = nAl[59,2]. Since
d“(4€[44m:§2) = A{S’zlﬁz and d8(2c144]MZ§2) = z«cw;mfﬁz, there must be a
hidden differential dr(4C[44]M:§2) = X with X in either the 53 or 55 row.

There are three possibilities for X: uA[50,1]M'fM2, A[8]D[45]Mfﬁ2 and
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nA[54,2]M1§2. Now vA[SO,l]M:fM2 can only bound from below the 36 row, and
thus X = vA[SO,l]Msz. A representative of X will be homologous to a
representative of A[57]§2. Thus, a representative of X will have boundary
which represents nA[SS,Z]Ml. We know that this true if X = nA[54,2]M1§2
because A[54,2]§2 has a representative with boundary A[59,2]. Moreover, we
know that this is false if X = A[BIDI4SIMIM: d°(A[BIMM) = Al14lM,
A[14]1D[45] # A[59,1] (see the derivation of "io)’ Al[59,2] = A[14]A[45,2] and
we can thus choose a representative of D[45] such that A[14]1D[45] = O.
Therefore, d12(4C[44]M:M2) = nA[54,2]M1§2. Let € denote the mapping cone of
nA[54,2] with p:S —> € the canonical map. In the Atiyah-Hirzebruch spectral
sequence for €,BP, d“(p(4C[44])MZM2) = p(A[sﬂ)H2 and d“(p(A[Sﬂ)ﬁz) =
P(DA[SQ,Z])MI. Thus, p(nAl59,2]) = 0 and nAl[59,2] € nA[54,2]-n§ =0, a
contradiction. Therefore, vA[57] # nA[59,2] and

vA[S7] = 0. [7.32]

Since B[B0]} = ds(nA[SZ,Z]Mlgz), we see from Theorem 2.4.5(a) that

B[B0] € <m,nAlS2,2],7n,v>. [7.33]
Thus, 2B[60] € 2<n,1A[52,2],n,v> c <<2,1,1A[52,2]>,0,v> = <nA[54,2},7,v>
because v | 2B[80], nis = ZznA[54,2] ® 2276 and <278,n,u> = 78<2,n,v> = 0.
Thus, nA[S4,2]M2 has a representative with boundary 2B[(60] and
d°(nA[54,2]M M) = 2B[EOIM . Note that mA[54,2]M M must be nonzero in E°.
Thus, d4(A[52,1]M?M2) can not equal nA[54,2]M1§2. Therefore, vA[52,1] equals

0 and not 3A[S54,2]. Since d‘2(3[34]M‘:) = 2D[45], d’2(28[34]M‘fﬁzﬁ3)

1}

40[45](M':M2+MTM3). We will show in the derivation of ni’z that aA[32,1}Msz

dzz(qc[18]MZ§2Mz§3). Since BIBOIM, could only bound from below the 53 row,
vA[SO,l]Msz, A[8]D[45]Mfg2 and nA[54,2]M1§2 transgress. Since 72MTO =

ry (72Mf1) and there is no possibility for a hidden differential on szfl,
1

38(

d WZMTO) can not equal B[SO]Ml. Thus, 72Mfo transgresses. We shall see in
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Section 8.3 that es exists and that the only possibility is for nzcﬁflMg to

transgress to 95. Assume that d42(4BZMig§2) = B[BO]MI. Recall that

AL54,1] = a(B M), By Theorem 2.2.7(b), <A[54,1),4,n,v> is defined. By

Theorem 2.4.6 {(d), B[60] € <A[54,11,4,n,v> > <2A[54,11,2,7,v>

= A<nAl81D[451,2,7n,v> > AnD[451<Al8],2,n,v> = 0. By Theocrem 2.3.1(bJ},

BI[60] € Indet <A[54,11,4,7n,v> = <nAl54,2],n,v> + <A[54,1],n2,v> =

ds(nA[54,2]M2) modulo (m,v). Thus B[60] = 0 in Es, a contradiction. Therefore

432M:9§2 transgresses. Let A[B61] = da(vaISO,z}Mf). By Theorem 2.4.4(c),
AlB1] € <u,v,v°Al50,21>. [7.34]

Then 2A[61] € 2<n,v,v°A[50,2]> = <2,7,v>0°A[50,2] = 0. Note that

noAl54,11 = 0 and noAlS54,2] = ¢(vA[52,2]) = 0. We shall see that n28[60] is

nonzero. Moreover, A[61] projects to hO(A+A’) in the Adams spectral sequence,

an element of filtration degree 8 which can not be divisible by o. Therefore,
cAl54,1) = oAl54,2] = O. [7.38]

We have thus proved the following theorem.

THEOREM 7.5.1 n§1 = 2 Al61] o Z_nB[60]

The computations of Section 6 show that we have the following leaders.

Row Degree Leader Row Degree Leader
9 63 oMM 46 66 n°Cl441M'M
1 2 1 2
11 65 B8 MM a7 65 pCl a4 IM<M>>
11 3 1 2
18 64 4CI18IM'M MM 51 63 nAl50, 2]1M°M
122 3 12
19 63 4B MM 51 65 oClaalM'M
21 2 1 2
20
23 63 7 M 52 64 AlS2,1 ]M?Mz
32 66 A[32,1]Mf<M4> 53 63 uA[so,1]MfM2, A[81D[45]Mf§2
38 64 2B[34] Mfﬁzﬁ3 54 66 nA[81D145] Mfl?a

39 83 oAl 32, 1]MTM§ 56 66 A[ssmfﬁz, v2A[50, szMz
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20 66 nA[39,3]MfF4'2<M3> 59 65 A[59,11M,, A[S9, 1]§2,
0 64 noAl32, 1]Mf<m3> A[Sg,zlﬁz

a4 66 2cl44) MfMZ 60 66 B[60] ﬁz

45 85 2D{45}<M‘:><M§> 61 63 AI611M, 7B[6OIM,

45 83 41)[45]»4?»42

FIGURE 7.5.1: Leaders from Rows 1 to 61 of Degree at least B3

From Figure 7.5.1, we see that there are eleven leaders of degree 63 and four
leaders of degree 64. We observed in the derivation of nil that
d'%(2BI34IM°M M ) = 4D[45](M°M +M®M ). If 4C[18]M'M M°M_ survives to E°° then

12 3 12 13 122 3
a*®(acl181M'M MM ) = 2D[45]M°M_ since d°°(4cl18IM''M ) = D[45] and

122 3 13 1 2
2D{45](MTM2+MZ) is a d'%-boundary. However, d“(znmsmfma) = 2vD[451M_ = 0.
Thus, 4C[18]MZEQM2§3 must hit an element below the 45 row. The only
possibility is d°2(4C[18IM'M MM ) = cAl32, 1IMM°.

1223 12

We show that naA{32,13Mf<M3> transgresses and that dw(Aisz,UMfmz) = A[B1IM.
Since v-ni‘s = 0, AIBIAIS0,2] € <n,v,20>A[50,2] = n<v,2v, A[S0,2]>
c <v,2v,nA[50,21> = <v,2v,v°A[45,1]1> = <v,2v,0>>Al45,1] = 0. Thus,

A[8]A[50,2] = 0. Observe that nA[61] € n<w?A[50,2],v,m> ¢ n<Al50,21,v°, n>

7<A[50,2],1A[8], 7> > n<A[50,21,Al81,n%>c <A[50,2],A[8],7°>

1

<A[50,21,Al8], 4v> > 2v<A[50,2],Al81,2> ¢ 2v~n§9 = 0. Thus, nAlB1] e
(nz,né[SO,Z}), nAl61] = 0 and A[Gl]Ml must be a boundary. Since

5 - 3 . . S
noA[BZ,l]M1<M3> =T, (nA[39,3]M1M2<M3>) (see the derivation of n64) and there

1

is no possibility for a hidden differential on nA[BQ,B]M?

M <M >,

2 3

n«rA[32,1)Mf<M3> can bound neither A[S]DMS}MfEZ, nA[SO,2]be-42, AIB11M  nor
nB[GO]Ml. Thus, nvA[BZ,l]MT<M3> transgresses. The only remaining possibility

. 10 3 _
is d (A{52,1]M1M2) = A[SI]M}.

Now B[62] = dm(a'szo), Al62,1] = d“(nZoMflmi), Al62,2] = d“(4[32M:952),

Al62,3] = dm(uAiso,quMz), Al62,4] = d‘z(nAiso,z}Mfﬁz),
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A’[B2] = dlo(A[S]D[45]M§ﬁ2) and 1°BI60] are nonzero. We shall see in
Section 8.3 that A[62,1] = Bs and that 295 = 0. By Theorem 2.4.5(b),

Al62,3] € <n,v,vA[B0,1]1,v>. [7.36]
Thus, 2A[62,3] € 2<y,v,vA[50,1]1,v> c <<2,7,v>,vAl[50,1],p> = <0,vA[50,1},v>

= v-nzg. Now »A[B9,2] = nzB[SO] and A[SQ,I]M? bounds. Thus, vA[538,1] € (n)

Zz'nzB[BO], and there is a choice of A[59,1] such that
vAl59,1] = 0. [7.37]
As observed by Mark Mahowald, A[62,3] is represented by by hsn in the Adams

spectral sequence from which it follows that

A[862,3] e <A[30],2,A[31]>. [7.38]
Then 2A[62,3] € 2<A[301,2,A[311> = <2,A[30],2>A[31] = nAal30]A[31] = 0. Note
that v<2,mn,nAl14]> = 2<n,nAl14],v> = 2(2C[20]) = v(vAl[14]) and

2,1, Al 141> = <n,2,p>nAl14] = 2v(nAl14]1) = 0. Thus,
<2,7m,mAl14]> = vA[14]. {7.39]

Since de(Ats}nmsmfﬁz) = D[451d°(A[BIMM ) = DI45](nAl14]M), A’[62] e
<m,nA[14],D{45]1>. Thus, 2A’[62] € 2<n,nAl14],D[45]> = <2,7,7nAl[14]1>D[45]
= pA[141D{45] = 0. VWe shall see in the derivation of "za that

2B[62] = A’[62]. Thus,
2B[621 e <n,nAl14],D[45]>. [7.40]

Since A[62,2] = d“(4[32M19ﬁ2) and A[56] = d38(232M;5ﬁ2), Theorem 2.4.6(d)

implies that
Al62,2] € <v,n,2,A[56]>. [7.41]

Now 2A[82,2] € 2<A[581,2,7n,v> ¢ <<2,A[581,2>,n,v> ¢ <pAlS58]1,7m,v>

#

<pA[54,1),m,v> > Al54,11<v,n,v> = A[B]A[54,1] = <n,v,2v0>A[54,1]

]

n<v,2v,Al54,11>. Thus, 2Al[62,2] € (n,v) = ZznzB{SOI. Assume that 2A[862,2]

nzB[GO]. Let € denote the mapping cone of A[56] with p:S — € the
canonical map and 3: w8 — ﬁf—sv the connecting homomorphism in the long
exact sequence induced by multiplication by A[56]. In the Atiyah-Hirzebruch

spectral sequence for €,BP, p(A[BZ,Z])M1 is nonzero in E° because
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vanl(nz) = p(A[62,2]) would imply A[62,2] € <v,A[56],n2> and

2A[62,2] € 2<n°, AL56],v> = <2,70°, A[S6]>», A[59,2] e <2,71°, A[56]> and

nA[59,2] € 9<2,7n°, A[S6]> = <n,2,7°>A[56] = 0, a contradiction. By 7.41,

ds(a'l(Z)Mle) = p(A[62,2])M_ and p(A[62,2]) e <v,7n,8 1(2)>. Then

20(A[62,2]) € 2<v,m,8 1 (2)> ¢ <2v,1,8 ' (2)> > v<2,m,8 (2)>. Thus, p(A[59,2])
is an element of <2,7,8 (2)>. Then p(nAl59,2]) € n<2,m,8 1 (2)>

= <n,2,m8 (2) = 2v8”1(2) and p(B[60]) is divisible by v. Thus,

p(nB[60]) = 0 and 5nB[B0] is divisible by A[56], a contradiction.

Therefore, 2A[62,2] = nzB[SO] and 2A[62,2] = 0. We shall see that

nAl[62,4] # 0. Therefore, A[62,4] is not divisible by 2. We have thus proved

the following theorem.

THEOREM 7.5.2 niz has a composition series
22A[82,4], ZZA[82,1] ® ZZA[82,2] ® 22A[62,3] ® Z4B[82] ® 22n28[60]

where 2A[62,4] e zznzg[so].

The computations of Section 6 show that we have the following leaders.

Row Degree Leader Row Degree Leader
11 65 8 MM 52 66 Al52,11M
11 3 1
187 3
23 65 2y MM 54 66 nAI8IDI4SIMM,
32 66 A[32,1]MT<M4> 56 66 A[ssleﬁz, va[50,2]me2
40 64 ncrA[32,1]Mf<M3> 59 65 AI59, 1M, A[59,1]ﬁ2,
40 66 nA[39, 3IMM <M > A[53,2]M
1 2 3 2
. -
44 66 2C[44]M1Mz 60 66 BI6OIM,
a5 65 2D[45]<M‘1‘><M§> 62 64 ALB2, 11M , A[62,21M ,
46 66 nzc[44]M;’ﬁ2 A[62,4]M1,28[62]M1,nZB[SO]Ml
47 65 vCla4] Mf<M2> 62 66 Al62, 3] Mf
51 65 oC[44]M’:ﬁ2]

FIGURE 7.5.2: Leaders from Rows 1 to 62 of Degree at Least 64
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From Figure 7.5.2 we see that there are six leaders of degree 64 and eight

leaders of degree 65. Clearly A[SQ,I]M2 transgresses. Since vA[59,1] = 0,

AL58,11M, transgresses. Since vA[59,2]1 = 7°BI6O], d'(A[58,2]M) = 2°BI6OIM .

Since 2D[45]<M:><M:> is twice a boundary, it must be a boundary. Observe that
20, 2

a representative of 8MfSM2+M32 has boundary 21120‘}4?1&-: union BlMl M2

modulo (2[31) and elements of filtration degree 50. Since r, (B1MTO§3)
1

= BleoMz, BIMTOE:; has a representative R with boundary

A A A
(AlB2,1]2 “1) v (A[B2,1] an). Then R v (BA[62,1]2 ul) represents

20— 207
A A
{31M1 M3 and has boundary (B n) v (AlB2,1] an). Thus, {3‘1M1 M3

Al62,1]2
transgresses to an element B[64,1] of <A[62,1],2,7n> and

2B[64,1] € 2<n,2,Al62,1]> = <2,71,2>A[62,1] = n°Al62,1].

We show that mA’[62] = 0 and that A’[B2] = 2B[62]. By 7.40,

A'[62] € <n2,A[14],D[45]> and 1A’ [B62] € n<n2,A[14],D[45]> C <n3,A[14],D[45]> =
<4v,A[14]1,D[45]> ¢ <2v,0,D[45]> = 2v-n§o + D[45]'nf8 = {C[18]D[45],na2D[45]).
Now C[181D[45] e D[451<0o,20,v> = <D[45], 0,205 < v-nio = 0. Since n-n§3 =
Z,nA[8]D[45], 7« DI45] € nDi45]<c,16,a > = na <D[45],0, 16> = kna A[81D[45]

= koclv3D[45] = 0. Thus, nA’[62] = 0 and A’ [GZ]M1 must be a boundary. Assume
that dlz(ocl44]M‘:§2) = A'[62]M . Then a representative of A[40,1]Mf§2<M3>
would show that O‘C[44]ME: is homologous to A[8]D[45]MT§2. It would follow that
d"(nAL40, 11MM <M >) = nA[8IDI4SIMM,. However, this would contradict the
fact that nA[4O,1]M::§2<M3> is a d8—boundary. Thus, ch[44]M:§2 transgresses.
Similarly, if dls(vC[44]M?<M2>) = A’[SZ]M1 then a representative of
A[40,1]M’f<Mz> would show that vC[44]Mf<M2> is homologous to A[8]D[45]Mf§2.
Then d'*(nAl40, 1]M<M>>) = 7A[8ID[45]MM which contradicts the fact that
nA[40,1]MZ<M§> is a dB-boundary. The only remaining possibility is

a2y M) = A'[62IM,. Since 27 = (@) M), a2y M) = 2Bl62]M

and A’ [62] = 2B[62].



249

We show that A[62,4]M1 can not be a boundary. Assume that dls(vC[44]Mf<Mz>)
= A[82,4]M1. Let € denote the mapping cone of mC[44] with p:S —> € the
canonical map. Let a:nf — n§_4s denote the connecting homomorphism in the
long exact sequence induced by multiplication by nC[44]. The following
observations show that p(A[SZ,é])M1 is nonzero in E'° of the Atiyah-Hirzebruch
spectral sequence for €,BP.

1) =n does not divide A[62,4].

2) d((a7 (y M) = 37 () and 87 (nAl1A1IM, = d°(37 (ALBIIMM,).

3) The only elements from 283_1(61) ® HSBP which surivive to E° are

d'®-boundaries.
4) The only elments from [Zzaq(nA[8]) ® Zzaﬂ(nzv) ® Zzad(al)] ® HBBP

s . 8 10 .
which survive to E are d "-boundaries.

§) The only element from Z8  (20) ® H BP which survives to E' is
87 (200, and a'%(87 (200) = 57 (A[16]).

6) The only elements from 288'1(91 & H1SBP which survive to E'* are
226_1(v){Mf,M1<M3>}. Assume that one of these elements & (v)X bounds
p(A[82,4])M1. Let €’ denote the mapping cone of 5 with p’:S —> €’ the
canonical map and a,the connecting homomorphism in the long exact
sequence induced by multiplication by n. In the Atiyah-Hirzebruch
spectral sequence for €’ BP, p'(A[82,4])M1 = dlz(C[44]8’_1(v)X) =
Claa1a®(8 "'(»)X). Thus, o’ (Al62,4]) is divisible by C[44]. The only
possibility is p’(A[62,4]) € (C[44]p’(C[18}),C{44]p'(na2)} and
A62,4] € {C[44]C[18],Cl44)na }+Z °BI6O]. Now Cl44]Cl18] =
d'*(20C[44]M)) = 0 in E'® and A[62,4] is nonzero in E'®. Thus, Al62,4]
is divisible by n, a contradiction. Therefore, neither element of

-1 8
228 (v){Ml,M1<M3>} can bound p(A{82,4])Mf
Now dls(p(vC[44])M?<M§>) = p(A[82,4])M1. Applying r,» We see that
1

p(C[44])M1M2<M2> shows that p(vC[44])M?<Mz> is homologous to p(cC[44])M?M2 not
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p(nA[so,z])Mfﬁz, a contradiction. Thus, d’stvc{44m§’<M§>) is not A[62,4]M .
There is no other way for A[62,4]M1 to bound from below the 51 row, and

A[62,4]M1 is not a boundary.

Now A[SZ,l}Ml, A{SZ,Z]M1 and naA[SZ,l}M?<M3> can only bound from below the

40 row. There are no such leaders of degree 65 remaining which could bound
any of these elements. Thus, A[B3] = d24(n0A[32,1]Mf<M3>), nAl62,11, nAlB2,2]
and nAl[62,4] are nonzero. Since nZA{SZ,ll and nzA[82,4] will be seen to be

nonzero, 2A[63] € ZznA[BZ,ZI. We have thus proved the following theorem.

THEOREM 7.5. 3. "33 has a composition series:
Z_Al63], Z mA[62,1] © Z nAlB2,2] o Z nAl62,4] © Z ¥,
where 2A[863] ¢ ZznA{SZ,Z].

The computations of Section 6 show that we have the following leaders.

Row Degree Leader Row Degree Leader
11 65 g MM 54 66 A[81D[451MM
11 3 n 1 2
32 66 A[32, 11M%<M > 56 66 AIS61MM_, v2Al50,2]1M°M
1 4 12 1 2
40 66 nA[ss,s]Mfﬁz<M3> 59 85 A[Ss,ﬂiz, A5, 1]M,
44 66 zc[44]Msz 60 66 B[so]ﬁ2
45 65 213[45]<M‘:><M§> 62 66 A[sz,1]Mf,A[82,2]Mf,A[62,3]Mf,
46 66 nzc[zmm;’ﬁz ZB{SZ]Mf, Aiez,a}Mf
47 65 uc:{44mf<M§> 63 65 AIB3IM,, mAI62,11M,
51 65 ac[441M‘l*r—42 nA[62,21M , nA[62,41M
52 66 A[SZ,]]MZ

FIGURE 7.5.3: Leaders from Rows 1 to 63 of Degree at Least 65

There are ten leaders of degree 65 and fourteen leaders of degree 66. In
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the derivation of nig we showed that 2DI45}<M:><M2> must bound. Since
2D[45]<M‘1‘><M§> can only bound from below the 34 row, the only possibility is
d14(A[32,1]MT<M¢>) = 2D[45]<M‘:><M§>. Clearly A[az,lmf, A[sz,lef, A[Bz,smf,
2B[82]Mf and A[62,4]Mf transgress. Since vB[B0] = vCi201° = 0, B[ESO]E2

38 207 . _ 4 205 . 22
transgresses. Note that d (2[32M1 Mz) = A[SB]Ml, PA1(232M1 Mz) = 2{32M1 and

d“(zﬁszz) = A[62,2]. Thus, A[SB]M: is homologous to A[62,2]M,
dS(A[ss]Mfﬁg) = nA[62,2]M and

cAl56] = nAl[62,2] [7.42]
In addition, uzA[so,szMZ can not hit nAI62,11M, nA[62,41M or A[E3]M,

because 1)2/*.[50,2]}4fM2 is in Image r, and there is no possibility for a hidden

A

1

differential on ueA[so,szMz. Thus, va[so,lesz also transgresses.
37 . 10 10 3

Clearly nA[8]D[45]M1M2 survives to E and d (nA[B]D[llS]Mle) =

nd”’(/\[&‘3]13[45]Mi’Fiz)M1 = W(2Bl62])M_ = 0. Therefore, nA[8]D[45]Mf§2 must

transgress. Since vA[371 = noal32,1] + 7Al39,3], nA[BS,B}MT<M3> =

wA{32,1}Mf<M3> in E°.  Applying r,. we see that dz“(nA[39,3]Mf§2<M3>) =
i

A[63IM,. Since Bleoﬁa, vc{:;z;mfm}, aC{zM]M‘:ﬁz and A[59,1]M, can only bound

from below the 40 row, none of these elements can be a boundary.

The remaining leaders of degree 66 are nZC[llIl]M;’ﬁz, 2C[44]M‘:M3 and A[SZ,l]MZ.

Note that A[59,1]M2, A[SS,l]g2 can only bound from below the 38 row, 52 row,
18, 2 7= = 2 7

respectively. If d (g C[44]M1M2) = A[59,1]M2 then 7 C[lM]M1 has a

representative with boundary A[59,1] and d14(n2C[44]Mf§2) = A[59,1]M1 which

contradicts that 7)2C(44)M?F4'Z is a dB—boundary and that A[SQ,HM1 bounds from

the 38 row. Thus, the only possible differentials are dw(nzCifiz;}M;'ﬁz)

= MA[62,41M,, d16(2C{441MfM2) = A[59,11M,, d2°(20{44mfmz) = MA[62,41M or

dlz(A{SZ,llMZ) = 'nA[82,4]M1. However, we see from the Adams spectral sequence
S . 8 2 i o 2 .3 7

that the order of w, is 2. Thus, 7m C[44]M1M2, 2C[44]M1M2 and 1"&[52,1]M1 must

transgress.
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Let Al64,1] = d‘*(oc[44]Mf§2), Al64,2] = dG(A[59,1]Mf), Al64,3] =
dS(A[59,1]M2), BI64,1] = d54(BiMf0§3) and B[64,2] = dis(vC[44]Mf<M2>). Then
Al64,11, Al84,21, Al64,3], B[64,1], BI64,2], n°Al62,1] and n°Al62,4] must be

nonzero., By Theorem 2.4.6(c),

AlB4,1] € <n,v,0C[44],0>. [7.43]

Thus modulo 2:Indet <w,v,oC[44]1,0>, 2A[64,1) € 2<n,v,0C[44], 0>
= 2<n,v,0,0C[44]> = <<2,7m,v>,0,0C[44]> = <0,0,0C[44]> = 0C{44]~nf3 = 0. Then
2A[64,1] € 2-Indet <m,v,0C[44],0> = 240, v, X> U 2<70,Y,0> u 2<Z,0C[44],0> where

S . S R S
Xen withvX =0, Yen with nY¥ = oY = 0 and 2 € . = 0. Thus,

58 55 5
2A[864,1] € <2,m,v>X U <2,7,MAl54,2]1>0 v 20-n§7 = ¢<2,7m,nAl54,2]>. Now

n<2,m,mAl54,2]> = <3,2,7>Al54,2] = 2vA[54,2] = 0. Thus, 2A[64,1] = ¢(nAl56])

= 0. vA[B1] e v<n,v, v Al50,21> = <v,n,v>p°A[50,2] = A[8]v7A[50,2] = 0, and

vA[B1] = O. [7.44]
By Theorem 2.4.4(a),
AlB4,2] € <n, A[59,1],v>. [7.45]
Thus, 2A[64,2] e 2<n, A[59,1]1,v> = <2,7,A[58, 11> c v-nil = 0. By
Theorem 2.4.4(b),
Al84,3] € <A[B9,1],7m,v>. [7.46]

Thus, 2A[64,3] € 2<A[59,1],n,v> = <2,A[59,1]1,»v ¢ V-n§1 = 0. Recall that in
the derivation of "§3 we showed that 2B[64,1] = nzA[82,1] and

BiB4,1] € <n,2,A[82,1]>. [7.47]
If 2A[62,4] = 0 then, by Lemma 3.3.14, nzA[82,4] must be divisble by 2. If
2A182,4]1 = n28[80} then nzA[82,4] € <2,7,2>Al62,4] < <2,7n,2A182,41>
= <2,n,n2B[60]> = <2,7,VvA[59,2]> = <2,71,v>A[59,2] = O modulo (2). Thus, in

both cases nzA[62,4] is divisible by 2. The only possiblity is

2B[64,2] = 1°A[62,4]. We have thus proved the following theorem.

THEOREM 7.5.4 n§4 = ZzA[64,1] ] ZzA[84’2] ® ZZA[64,3] ® Z4B[84,1] ®

248[84,2] @ ngr7

where 2B[64,1] = nzA[82,1] and 2B[64,2] = n2A[62,4].
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In the Adams spectral sequence gg, = Cl{20]Cl44] and h3Q2 = ¢A[57] are nonzero

infinite cylces distinct from B[64,1], 2B[64,1], B[64,2] and 2B[64,2]. Since

both C[20]1C[44] and cA[57] are zero in E'*, {Cl[201C[44],cA[571}

= {Al64,2],A164,3]}. Note that oA[571Mf = da(A[57]<Mz>) = 0 in E° because
2, 14 . . 6 2

A{57]<M2> is a d -boundary. Since A{84,2]Mf is a d -boundary and AISQ,B]M1

. . 8

is nonzero in E,

oA[57] = A[64,2] and C[20]C[44] = Al64,3]. [7.48]}

6. Tentative Differentials

In this section we give the tentative differentials determined by the
differentials on leaders of degree greater than or equal to 47 which were
determined in this chapter. We continue the computations made in Chapter B,
Section 4 and use the same format and notation. These computations are

complete through degree 68.

DEGREE 8: n° and o

The only differential in degrees less than 70 is dBO(nvaflMi) = A[B62,1].

DEGREE 11: 8,

The leading differential d40(481(MZR2§3+M1 MM M) = AIS0,1]M, deternmines
tentative differentials whose kernel in degrees less than 70 is given below.
These differentials are computed by making the following assignments to
monomials in 2831 ® H46BP: M:MzMs is assigned 1 and all other monomials are

assigned O.
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DEGREE  GROUP  GENERATOR DEGREE  GROUP  GENERATOR

(54,11) Z2 20010 (58,11) 22 4/ 7011
4/ 13310
6/ 486180
6/ 10410
17 203 00
5/ 22010
1/ 26100

The leading differential dsz(Blecﬁs) = B[64,1] determines tentative

differentials by making the following assignments to monomials in

a2 3= —3 33— 5o = 9 1372 175 o
Z :
881 ® H54BP MxMzMa’ M1M2M3, M1M2M4, M1M3M4, MI;IZ , M1 Mg, M1 M2M3, M} M2 are

assigned 1 and all other monomials are assigned 0. We have the tentative

differential dsz(Blezgzg) B{84,1}Mf. There are no remaining elements in

degrees less than 70.
DEGREE_17: nzyl and a_

The leading differential d32(n271Mi9) = nA[47]Mf is computed by assigning 1 to
. 2 5 2 7T 2 1372 2 .19 e s

the monomials na’lMle, n’leiMz, n ylMl Mz’ n 3'1M1 and assigning 0 to all

the other monomials of degree 55. The tentative differentials have kernel in

degrees less than 70 given by the table below, and the new leader is a1M14§2.

DEGREE BASIS DEGREE BASIS DEGREE BASIS
(34,17) 14100 (36,17) 151060 (42,17} 14010
15200 (44,17} 1850160 (46,17) 13110
23000

14300 (48,17) 14110 15300

(50,17) 12210 15110 (62,17) 13210
189010

The leading differential daz(oczMi&;{'z) = A[50,1] is computed by assigning 1 to

the monomials 7323 Msﬁ4, nzy Mugz’ nza' Mﬂ, ocletfs, aMsl?, aMmﬁ and 0O to
112 112 11 212 212 21 2

all other monomials of degree 51. These tentative differentials have the

following kernel in degrees less than 70:



DEGREE BASIS

(42,17) 15200

DEGREE
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BASIS

(46,17} 13110
23000

The leading differential d38(n2y1M15§2) = A{SZ,I]M? determines tentative

differentials which are a monomorphism on the remaining elements in degrees

less than 70. Thus,

DEGREE 18: C[18]

The differential d22(40[18]MZ§2M§ﬁ3) =

there are no remaining elements.

elements in degrees less than 69.

DEGREE 19: B,

The leading differential dSB(BZMiS) = A[54,1]

differentials whose kernel in degrees less than 70 is given below.

oA[32,1]Msz leaves no remaining

determines tentative

These

differentials are computed by making the following assignments to monomials of

2B ® H BP: M®
8 2 36 1

new Bz—leader is ZBQMisﬁz‘

DEGREE GROUP GENERATOR

is assigned 1,

DEGREE GROUP GENERATOR

and all other monomials are assigned O.

The

DEGREE GROUP GENERATOR

(38,19) Z2 2/ 18100
(44,19} Z4 2/ 18100

8/ 22000
(48, 19) Z4 14110

(42, 19) Z2 14010
(46,19) 22 1/ 14300
6/ 20100
(50, 19) 22 1/ 15110
7/ 180 10
1/ 22100

22 2/ 18100

Z 2/
2

26001 00

22 2/ 16300

22 2/ 22100

The leading differentials dBS(ZBZMisgz) = A[56] determines tentative

differentials by making the following assignments to monomials of

ZB ® H BP: M°
8 2 38 1

is assigned 1, MiaMz is assigned 6 and all other monomials
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are assigned 0. The kernel of these differentials in degrees less than 70 is

given by the table below and the new Bz—leader is 32M14§3.

DEGREE GROUP GENERATOR DEGREE GROUP GENERATOR  DEGREE GROUP GENERATOR

(42,18) Z 1/ 14010 (44,18) 2 4/ 19100 (46,18) 2,1/ 14300
26/ 18100 2 6/ 20100
(48,19) 2, 14110 (50,18) Z, 1/ 15110
7/ 18010
7/ 22100

The leading differential d4O(BzM;4§3) = mA[S7IM  determines tentative
differentials which are computed by assigning 1 to BZMiSMz and 0 to all other
monomials of 2832 ® H4gBP . The kernel of these differentials in degrees less

than 70 is given by the table below.

DEGREE GROUP GENERATOR DEGREE GROUP GENERATOR

(44,19) Z2 4/ 189100 (48, 19) Z2 2/ 14110

The leading differential d“(4{32M:9§2) = A[62,2] determines tentative
differentials which are computed by making the following asgignments to

. 19 . . 16,2 22 .
monomials of ZB @ H BP: M "M is assigned 1, M M and M~ are assigned 2,

8 2 44 12 12 1
13,3 . . 15 12 . .

b& M2 is assigned 6, M1 M3 and M1 Mng are assigned 4 while all other
monomials are assigned 0. There are no tentative differentials in degrees

less than 70. The only remaining element is 232Mi4§2§3.

DEGREE 21: vC[18]

The leading differential dz‘*(ucnsm‘:ﬁzx?s) = (nA{39,3]+m~A[32,1])Mf§2
determines tentative differentials which are a monomorphism on the remaining

elements of ZZ(VC[18]) ® H,BP in degrees less than 68.

DEGREE 22: vAl18]

The leading differential d3o(vA[19]MZMzM3) = aC[44]Mf§2 leaves no remaining

elements in degrees less than 69,
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DEGREE 23: Y,

The leading differential d4o(72Mfo) = B[62] determines tentative
differentials by assigning 1 to szfo and O to all other monomials of
21832 @ H4OBP’ The kernel in degrees less than 70 is given by the table

below, and the new 32—1eader is ZvéMigﬁz.

DEGREE GROUP GENERATOR DEGREE GROUP GENERATOR  DEGREE GROUP GENERATOR

(42,23) Z2 2/ 18100 (44,23) Z& 2/ 22000 (46,23) 22 2/ 23000
6/ 201020

Za 2/ 20100

The leading differential d‘“’(z;zMisﬁz) = 2BI62]M, determines tentative
differentials by assigning 1 to 72Mf1 and 0 to all other monomials of
21672 ® H42BP. The kernel in degrees less than 70 is given by the table

below, and the new 72—1eader is 272M??

DEGREE GROUP GENERATOR DEGREE GROUP GENERATOR

(44,23) Z4 2/ 22000 (48, 23) Z4 4/ 20100

DEGREE 24: nA[23]

The leading differential d22(nA[23]MiSE2) = 2D[45]M:M2 determines tentative
differentials which are a monomorphism on the remaining elements of degree

less than 869,

DEGREE 30: A[30]

The leading differential dlS(A[BO}<M4>} = 0A[32,1]M:M2 determines tentative

differentials which are a monomorphism on

Z A[301<M > © 2 [<M>2, <% <M >% <M > {M)},...,{M},...]1. There are no
2 4 2 1 2 3 4 5 n

remaining elements.
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DEGREE 32: A[32,1]

The leading differential ds(A[32,11(MfM3+M:) = A[39,11MfM2 determines
tentative differentials with kernel in degrees less than 68 given by
Z A[32, 11080M, MM MMM+ M "M } . The new A[32, 11-leader is A[32,11M°M_.

2 13 14 12 12 1 2 13
The leading differential d“(A[32,1]Mfﬁ3) = 2D[45]M <M_> determines no
tentative differentials by assigning 1 to A{BZ,l]MfM3 and O to all other
monomials of ZzA[32'1] ® HSOBP. The only remaining element in degree less
than 638 is A[32,1](M2§ MMM MM ) Moreover,

18 12 12 1 2

d2(A132, 11O0CM MOEMMM'M ) = 2D1451<Mb> <M.
14 12 12 1 2 1 2
DEGREE 34: B[34]

The leading differential d8(8{341M:M2) = nA{4o,1}Mf determines tentative
differentials by making the following assignments to monomials of

Ze [248[34] ® H, BP1: M‘:M2 and MZ are assigned 1 and all other monomials
are assigned 0. The kernel of these tentative differentials in degrees less
than 69 is given by the table below.

DEGREE GENERATOR DEGREE GENERATOR DEGREE  GENERATOR

(12,34) 6000 (14,34) ©00 10 (18,34) 2010

4100 6100

(20,34) 4200 {22,34) 4010 (24,34) 6620¢C
8100

(26,34) 0210 6010 (28,34) 14000
4300 10100

(30,34) 8010 2210 (34,34) 4210

12100 6300 8300

1001¢0

14100

The leading differential dG(B{34}Mf) = 2D[45] determines tentative

differentials by assigning 1 to B[34]M? and 0 to all other monomoials of
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Z2 ® (248[34] ® leBP). These tentative differentials are a monomorphism on
the elements of the table above. There are no elements of

22® [ZqB[34} ® H14 BP] remaining in degrees less than 63.

The leading differential d12(28[34]Mfi2E3) = 4D[45]M‘1‘M2 determines the

tentative differential dm(zs[aleMlEZﬁa) = 2D[45]Mf<M§>. There are no

remaining elements in degrees less than 68.

DEGREE 36: Al36]

The leading differential dlo(A[saleﬁa) = 4D[45]M M, determines tentative
differentials which have kernel in degrees less than 69 equal to

zz(Atssm‘f'M‘;). Moreover, d”uwm@@ = uA[so,uuj_

DEGREE 38: mcA[30] = nAl37]

The leading differential dlo(nGA[3O]Mfg2) = nzD[llS]M1 determines tentative
differentials which are a monomorphsim on ZanoA[3O}Mf§2 ® B<4>, There are no

remaining elements.

DEGREE 38: BI[38]

The relation oB{38] = 4D[45] determines tentative d®-differentials in degrees
less than 89 with kernel ZQ(B[BS}Mfgzﬁa}. Moreover, d22(B{381Mf§2E3)

= A[SS,I]Mf

DEGREE 39: nB[38]

The leading differential diz(nB[BS]Mzgzl = nA[4’7]M1 determines tentative
differentials which are a monomorphism on Zan[BB}Mfﬁz ® B<4>. There are no

remaining elements.
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DEGREE 39: A[38,1] = oAl32,3]

The leading differential dB(A[SQ,l}M?) = 7?0{44]}41 determines tentative
differentials which in degrees less than 70 have kernel

Z AL39, 114, MM MO O3, MME M M M, MM M, MO MM M MM, MM MOy
2 12 12 12 12 12 123 123 1 2 123 12 1 2 12

Thus, the new A[39,1]-leader is A[39,1]MfM2.

The leading differential dB(A[32,1](MfM3+MZ) = A[BS,I]MTMZ determines
tentative differentials which in degrees less than 70 have cokernel

Z AI39, 11{MOM MM, MM M, MM M, MM MM, M, MOM0) Thus, the new
2 1 2 12 123 12 3 123 12 1 2 12

Al39,1]1-leader is A{BS,l}M?Mi

The leading differential dXO(A[BQ,llM?MZ) = A[50,2] determines tentative
differentials which are a monomorphism on Zz(A[39,1]M?M2) ® B<4>, The only
remaining elements in degrees less than 70 are A[39,1]{M1M2M3.Mfﬁz}-

Moreover, d *(A[39,11M MM ) = A[52,1]1M M .
12 3 12
DEGREE 39: A[39,3]

The leading differential ds(A[SQ,B]Mfﬁz) = nA[45,1]M1 determines tentative
differentials which are a monomorphism on ZZ(A[BQ,SIMTEZ) ® B<4>, There are

no remaining elements.

DEGREE 38: oAl32,1]

The leading differential dm(crA{32,1]M:§2) = uz\{qs,lmf determines tentative
differentials with kernel in degrees less than 68 equal to
ZZUA[32,1](M:M2,ME:M2}. Moreover, d'°(A[30]<M>) = cAlsz,nM’l‘Mz and

d(4Cl18IMM MM ) = oAl32, 11MM.
1223 12
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DEGREE 40: C[20]2

The leading differential d8(2C[20]2M1§2) = B[47] determines tentative
differentials which are a monomorphism on 22(2C[20]2)(M1H2,Mf§2} ® B<4>.

There are no remaining elements.

DEGREE 40: Al40,1]

The leading differential dB(A[4O,1]ME:) = uc:[44]Mf determines tentative
differentials with kernel in degrees less than 63 equal to

Z Al40,1]{MM MM M }. Thus, the new A[40,1]-leader is A[40, 1](M M +MM ).
2 2 3 1 23 2 3 12

The leading differential dlz(A[40,l]ﬁ2§3) = O'C[44]M: determines the tentative

differential dlz(A[40,1]Mfﬁ2E3) = oc[44]M'f. There are no remaining elements.

DEGREE 40: Al[40,2]

The leading differential dB(A[4o,2]Mf§2) = A[47]Mfﬁ2 determines only the
tentative differential dB(A(4o,2]Mfﬁ3) = A[47]Mfﬁ2 in degrees less than 69.

There are no remaining elements.

DEGREE 40: mAI[38,3]

The leading differential dzo(ucusm’fizms) = (nA[39,31+noA[32,1])MfR2
determines tentative differentials with image

3= 3= 4 2 4.2,
Zz(nA[38,31M1M2+n0A[32,1]M1M2){1,<M1>,<M2>,<M1> } in degrees less than 68.

The only remaining element is nA[39,3]Mfﬁ2<M3>‘

DEGREE 40: noAl32,1]

The leading differential dls(naA[32,1]Mf<M3>) = A[63] determines the tentative
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differential dls(nwA[32,11M1<Mz><M3>) = A[63]Mi. There are no remaining

elements in degrees less than 69.

DEGREE 41: nA[40,1]

The leading differential dB(B[34]M:M2) = nA[40,1]M? determines tentative
differentials which are a monomorphsim on the remaining elements in degrees

less than B68.

DEGREE 42: Cl[42]

The leading differential d8(2C[42]Mf) = A[47] determines tentative
differentials which are a monomorphism on ZZ(QC[42]){M3,MTM2,MTM2} ® B<4>.

There are no remaining elements in degrees less than 69.

DEGREE 42: %°C[20]2

The leading differential ds(nchzol"‘miﬁz) = nzA{45,2]Mi determines tentative
differentials which are a monomorphism on Zznzc[ZO]a{Mlﬁz,Mfﬁz} ® B<4>. There

are no remaining elements.

DEGREE 44: C[44]

The leading differential d'(C[44]M) = vC[44] determines tentative
differentials which are a monomorphism on Z2 ® (ZBC[44]{MT,§2,Mf§2} @ B<4>).
The remaining elements from Z2 ® (ZSC[44] ® H,BP) in degrees less than 89 are
ZEC[44]{<M:>,<M2>,<M3>,<Mj><Mz>,<M:><M3>,<M:>3}. Thus, the new C{44]-leader

is c£441<M‘:>.

The leading differential dB(C[44}<M:>) = ¢C[44] determines tentative
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differentials which are a monomorphism on
2%C{44}{<M:>,<Mz>,<M3>,<M:><M§>,<M:><M3>,<M:>3}. There are no remaining

elements from Z e (ZSC[44] ® H,BP) in degrees less than 69.

The leading differential d12(2c[44]M'f) = 20C[44]Mf determines tentative
differentials with kernel on Z2 ® [24(2C[44]) ® H,BP] in degrees less than 69

2.3 .5 5.2 3 3
equal to ZZ(ZC[44]){MIMZ,M1M3+M1M2+M1M2}.

The leading differential d14{4C[44]M:) = A[S57] determines tentative
differentials which are a monomorphism on 22(4C[44]){MZ,MTHZ,MZEZ,M:§3}. The
3,3

only remaing element in degrees less than 69 is 4C[44]M1M2.

DEGREE 45: D[45]

The leading differential d12(8[34]Mf) = 2D{45] determines tentative
differentials with cokernel in Z2 ® (ZB(ZD[451) ® H,BP) in degrees less

than 68 given by the table below. The 2D[45]-leader is 2D[45]Mf.

DEGREE GENERATOR  DEGREE GENERATOR  DEGREE GENERATOR

(4,45) 2000 (6,45) 3000 (8,45) 1100

(10, 45) 2100 (12, 45) 31060 6000

(14,45) 12060 7000 (16,45} 1010
2200 5100 (18,45) 2010
3200 6100 (20,45) 3010
0110 1300 4200
7100 10000 (22,45) 1110
4010 23060 5200
11000

The d°-differentials determined by the relation ¢B[38] = 4D[45] have cokernel

on the elements from Z4(4D[45]) ® H,BP in degrees less than 68 equal to
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(22(4D[451)<M1M2,Mfr42) ® B<4>) o 224D[451M’f§2. Thus, the new 4D[451-leader is

4D[45]M1M2, and the new 8D[45]-leader is O.

The leading differential dQ(D[45]M?) = pD[45] determines leading differentials
which are a monomorphism on [Z e (Z D[45]{M2,ﬁ ,Mzﬁ } ® B<4>)]
1 18 1721 2
® I22 ® ((ZS(EDIILB]){Mlﬁz,MfF{Z} ® B<4>)1. The remaining elements from
z, ® (ZISD[45] @ H,BP) in degrees less than 68 are
Z (2D1451){M <M>>, M <M >, M <M >, <M><M®>, <M*>M_,M<M>>}.  Thus, the new
2 1727 T3 e s 17 2 13 1 2

D[45]-leader is O, and the new 2D[45]-leader is 2D[45]M2<M‘:>.

The leading differential dag{nA[ZBIMzsgz) = 2D[45]M‘:M2 determines tentative
differentials with image 22(2D[45]){M:MZ,M2<M3>,M3<M:>} in degrees less
than 68. The remaining elements from Z_ © [28(2D[45}) ® H,BP] are

22(213[45]){M1<M3>,<Mj><M§>,M‘f<M§>}, and the new 2D[45]-leader is 2D[45]M <M_>.

The leading differentials d“(A[sz,quﬁS) = 2D[45]M <M> and
d“(A[32,1]Mf<M4>) = 2D[45]<M‘:><Mz> determine no tentative differentials in
degrees less than 68. The only remaining element from

z, ® [2,(2D[45]) © H,BP] is 2D{4S}MT<M2>.

The leading differential d‘O(A[aeleﬁg) = 4D[451M M, determines tentative
differentials with cokernel on the remaining elements from 24(4D[45]) ® H,BP
in degrees less than 68 equal to 22(4D[45]){M‘:‘MZ,be_dz,M::M;M:». Thus, the

new 4D[45]-leader is 413[453»4?»42.

The leading differential d'“(4D[45]MM)) = A[52,1]M] determines tentative
differentials which are a monomorphism on 22{413{45]){MfMZ,M::M2<M:>}. Thus,
the only remaining element from 24(4[)[45]) @ H,BP in degrees less than 68 is

ap[4a51MOM .
12

The leading differential d‘2(28[341Mfﬁ2§3) 41:)[45]»4‘3}42 determines the
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tentative differential d’2(28[34]M1M—32ﬁ3) = 2D[45]Mf<M§>. There are no

remaining elements from 28C[44] ® H,BP in degrees less than 69.

DEGREE 45: A[45,1]

The leading differential d4(A[45,1]Mf) = pA[45,1] determines tentative
differentials which are a monomorphism on ZEA[45,1]{Mf,ﬁé,Mf§2} ® B<4>.

are no remaining elements.
DEGREE 45: A[45,2]

The leading differential d4(A[45,2}E2) = nB[47]M1 determines tentative

There

differentials which are a monomorphism on ZZA[45,2]{ﬁ2,Mf§2} ® B<4>. There

are no remaining elements.

DEGREE 46: mD[45] and nAl45,2]

Both n20[45] and nzA[45,2] are nonzero. Thus, the only element of E* with a

representative in {Zan[45] ® ZznA{45,2]) e H,BP is O.
DEGREE 46: n°Cl44]

The leading differential dz(nC[44]M1) = nZC[44] determines tentative

differentials with image ZZ(nZC[44]) ® B<2> and cokernel ZZ(nZC{44]M1) ® B<2>.

The 7°Cl44]-leader is nZC[44]M1.

The leading differential d8(A[39,1]Mf) = nQC[44]M1 determines tentative
differentials with cokernel in degrees less than 89 equal to

2 7= 52 12, 2 7 =
Zzn C[44]{M1M2,M1M2}. Moreover, d (x C[44}M1M2] = A[59,1]M2.
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DEGREE 46: 1nA[45,1]

The leading differential dz(A[4S,1}M1) = ynA[45,1] determines tentative
differentials with image Zz(nA[45,1]) ® B<2> and cokernel

Zz(nA[45,1]M1) ® B<2». The nA[45,1]1-leader is nA[45,1]Mf

The leading differential dB(Alsg,sleﬁz) = MA[45,1]M, determines tentative
differentials with image 227;A[4'5,1]M1 ® B<4>. The remaining elements are

ZznA[4S.1]{Mf,M1§2,Mf§2} @ B<4>, and the new nA[45,1]l-leader is nA{llS,UM?.

The leading differential ds(nA{z;s,l}Mf) = 20C[44] determines tentative
differentials which are a monomorphism on ZZnA[45,1]{Mf,M1§2,MfE2} ® B<4>,

There are no remaining elements.

DEGREE 47: nzA[45,2] = 2B[47] = nAl14]A[32,2]

The leading differential dz(nA{4S,2}M1) = ngA{i;S,ZI determines tentative
differentials with image 22(7;21\{45.2]) ® B<2> and cokernel

Zz(nzA[45,2]M1) ® B<2>. The 1°Al45,2]-leader is nzA[45,2]M1.

The leading differential ds(nZC[ZO]ZMlﬁe) = 7n°Al45,2]M determines tentative
differentials with image ZznZA[llB,Z](MI,M?} ® B<4>. The remaining elements

are ZznzA[45,2}{Miﬁz,Mf§2} ® B<4>, and the new naA{LlS,Z]—leader is

2 -
n A[45,2]M1M2.

The leading differential de(nzA[45,2]MlM2) = A[54,2] determines tentative
differentials which are a monomorphism on ZgnzA[45,2]{Mlﬁz,MfE2} @ B<4>.

Thus, there are no remaining elements.

DEGREE 47: 7°D[45)

The leading differential dE(nD[flS]Ml) = TpZDMS] determines tentative
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differentials with image Zz(nzD[45]) ® B<2> and cokernel Zz(nzD[45]Ml) ® B<2>.

The n°Di45]-leader is nzD[45]M1.

The tentative differentials determined by the leading differential
dw(wA{so]Mfﬁz) = nzntzlsm11 have image zzneumsml @ B<4>. The remaining
elements are ZZ(WZD{45}){M?’Mlgz’Mfﬁz} ® B<4>, and the new nzD[45]~1eader is

nzu[z;smj

The leading differential ds(nzmzlsmf) = A[52,1] determines tentative
differentials which are a monomorphism on Zz(nzD[45]){Mf,Mlﬁz,Mfgg} ® B<4>.

There are no remaining elements.

DEGREE 47: vC{44]

The leading differential d4{C[44]Mf) = pC{44] determines tentative
differentials with image ZavC[44]{1,M1,M2} @ B<4> and cokernel

Z vClaa1{M M MM MM .MM } ® B<4>. The vC[44]-leader is vC[441M.
2 171 12 12 12 1

The leading differential dB(A[40,1]Mf) = vC[44]Mf determines tentative
differentials whose image in degrees less than 68 is all of
zzuc[44]{Mf,Mf,MfM2} ® B<4> except for zzuc[44]Mf<Mz>. The remaining ele-
ments in degrees less than 68 are zzvc[44]Mf<Mz> ® zzuc[44](M1M2,MfM2} ® B<4>,

and the new vC[44]~leader is vC[44]M1Mz

The leading differential ds(vC[44]MlM2} = ncC[illllM1 determines tentative
differentials which are a monomorphism on ZZUC[44]{M1M2,M3M2} ® B<4>. The
only remaining element in degrees less than B8 is UC[44}M?<M2>. Moreover,

3

a*®(wclaa M <M§>) = BI[64,2].

1

DEGREE 47: A[47] = oA[40,2]

The leading differential dB(ZC[42]Mf) = A[47] determines leading differentials
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with image 22A[47](1,Mf,ﬁ2} ® B<4>». Since nA[47] # 0, the remaining elements

are ZzA[47]Mf§é ® B<4>, and the new A[47]-leader is A{47]Mf§2.

The leading differential ds(A[z;o,z]Mfﬁz) = A[zmmfﬁz determines tentative
differentials with image in degrees less than 68 equal to ng[47]Mf§é ® B<4>.

There are no remaining elements.

DEGREE 47: B[471]

The leading differential d6(2C[2012M1ﬁ2) = B[47] determines tentative
differentials with image ZzB[47]{1,Mf} ® B<4>. Since nB[47] # 0, the
remaining elements are Z2 ® (Z4B[47]{ﬁé,M?ﬁ2) ® B<4>), and the new

Bl47]-leader is B[47]ﬁ2.

The leading differential dG(B[47]§2) = A[52,2] determines tentative
differentials which are a monomorphism on Z2 ® (Z4B[47]{g2,M?ﬁé} ® B<4>).

There are no remaining elements.

DEGREE 48: nAl47]

The leading differential dz(A{47}Ml) = nA[47] determines tentative
differentials with image Zz(nA(47]) ® B<2> and cokernel Zz(nA[47]M1) ® B<2>.

The nAl47]-leader is nA[47]Mr

The leading differential d4(n8[38]Mf§2) = nA[47}M1 determines tentative
differentials with image ZznA(47]M1 ® B<4>. The remaining elements are

ZznA[47]{Mf,Mlﬁ2,Mfﬁz} ® B<4>, and the new nA[47]-leader is nA[47]Mf.

The leading differential daz(nzylMig) = nA[47]Mf determines tentative
differentials which are surjective in degrees less than 639. Thus, there are

no remaining elements.
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DEGREE 48: wvA[45,1]

The leading differential d“(Atas,uuf) = vA[45,1] determines tentative
differentials with cokernel szAMS,1]{Mf,Mf,M}M2,MfM2,MfM2} ® B<4>. The new

VAL45,1]-1eader is uA[45,1]Mf.

The leading differential dlo(«ABZ,l]M‘:EZ) = uA{45,1}Mf determines tentative
differentials with image in degrees less than B8 equal to
ZzuA{45,1]{MT,MlM2} ® B<4>. The remaining elements in degrees less than 83 are

Z vA[45, 11{M°, M°M
2 1 1

Z,Mfmz} ® B<4>, and the new vA[45,1]-leader is vA[45,1]Mf.

The leading differential d'(vA[45,11M)) = v?A[45,1]M = 7A[50,2]M deternmines
tentative differentials which are a monomorphism on
szA[45,1]{MT,MTM2,M?M2} ® B<4>. There are no remaining elements in degrees

less than 68.

DEGREE 48: wD[45]

The leading differential d“(mz;smf) = vD[45] determines tentative differen-
tials with image [Z, (vD[451){1,M M} © B<&>] o [2,(2vD(451) (M), MM} © B<a>].
The remaining elements are {ZQ(VD[45]){M?,Msz,Msz} ® B<4>] o

[zz(uD[45]){Mf,M1M2) ® B<4>]. Thus, the vD[45]-leader is uD[45]Mf.

The leading differential d4(uD[45]Mf) = sz[45] determines tentative
differentials which are a monomorphism on
2 2 3 -
2 ® (ZvD[451{M°,M>,MM ,M°M ,M°M } e B<4>). The remaining elements are
2 4 1712 2 12

22(2uD[45]){Mf,MfM2,MfM2}, and the new vD[45]-leader is 2uD{45]Mf.

The leading differential ds(zun[z;smf) = A[8]D[45] determines tentative
differentials which are a monomorphism on 22(200[45}){M?’Msz'M?Mz}' Thus,

there are no remalning elements.
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DEGREE 48: nB[47]

The leading differential dz(B[47]Ml) = 7B[47] determines tentative
differentials with image 22(n8[47]) ® B<2> and cokernel Zz(nB[47}M1) ® B<2>.

The 7B[47]-1leader is nB[47]Mf

The leading differential dg(A[4S,2}§2) = nB{47]M1 determines tentative
differentials with image 22n8[47]{M1,Mf} ® B<4>. The remaining elements are
22n8[47]{M1ﬁ2,Mf§2} ® B<4>, and the new 7B{47]-leader is nB[47]M1§2.

The leading differential ds(nB[47]Mlﬁ2) = nA[52,2]M1 determines tentative
differentials which are a monomorphism on ZZnB[47]{Miﬁé,Mfﬁz) ® B<4>. Thus,

there are no remaining elements.

DEGREE 50: A[50,1]

The leading differential d34(n271Mi7) = A[50,1] determines tentative differen-
tials with imege in degrees less than 69 equal to ZzA[50’1]{1’Mi} ® B<4>.
3 2 3
i <4>
Thus, the remaining elements are ZzA[SO'11{“?'“1’”2'M1M2'M1M2’M1M2} ® B<4>,
and the new A[B0, 1]-leader is A[SO,i}M?.

The leading differential d4(A[50,1}Mf) = pA[50,1] determines tentative
differentials which are a monomorphism on
ZzA[SO,1}{Mf,Mf,M1M2,MfM2,M?M2} ® B<4>. The remaining elements in degrees

less than 69 are ZZA[SO,UM2 ® B<4>, and the new A[50,1]-leader is A[SO,l]M2

The leading differential d*°(4g (MMM +M'OMM +M'*M’)) = A[50,1]M
17123 1 23 1 2 2
determines tentative differentials with image ZEA[SO,I]M2 ® B<4> in degrees

less than 68. Thus, there are no remaining elements.

DEGREE 50: A[50, 2]

The leading differential d‘z(A{39,1}r§M2) = A[50,2] determines tentative
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differentials with image equal to ZZA[SO,Z] ® B<4>. Since nAl[50,2] is
nonzero, the remaining elements are 22A[50,2]{Mf,ﬁ2,M3§2} ® B<4>, and the

Al50,2]-leader is Atso,sz.

The leading differential d4(A[50,2]Mf) = pA[50,2] determines tentative
differentials which are a monomorphism on ZZA[SO,ZI{MT,EZ,Mfﬁz) ® B<4>. Thus,

there are no remaining elements.

DEGREE 51: oC[44]

The leading differential ds(C[44]<M:>) = oC[44) determines tenatiative
differentials with image ZZ(GC[44])(1,Mf,§2,Mz,ﬁ3,M?} in degrees less than 68.
Since moC[44] # 0, the remaining elements are

Z (oCcl4a]){M*, MM ,M° M*M ,M°M%}. Thus, the oCl44]-leader is oC[44]M".
2 1 1 2 1 1 2 1 2 1

The leading differential d‘z(A[40,1]§2<M3>) = cC[44]M: determines the

tentative differential dlz(A[40,1]MfH2<M3>) oC[44]M‘f. The remaining
elements in degrees less than 68 are Zz(oC[44])(M?ﬁz,Miﬁz,Msz), and the new

oCl44]-1eader is oC[44]be_12.

The leading differential dso(uA[lglMZMz<M3>) = nc[44]Mf§2 determines no
tentative differentials in degrees less than 68. The remaining elements in
degrees less than B8 are 22(°C[44])(M:ﬁ2’MTM2} and the new oCl{44l-leader is

cC[44]M:§2. Moreover, d14(oC[44]Miﬁ2) = Al64,1].

DEGREE 51: 20C[44]

The leading differential de(nA[45,1]M::) = 20C[44] determines tentative differ-
entials with image ZZ(ZcC[44]){1,M1,M2} ® B<4>. The remaining elements are

22(2oC[44]){Mf,Mf,Mlmz,Msz,Msz) ® B<4>, and the 20C[44]-leader is 2oC[44]Mf.
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The leading differential d8(2C[44]<M2>) = 20C{44}Mf determines tentative

differentials with image in degrees less than 68 equal to all the remaining

elements listed above.

DEGREE 51: v°D[45]

The leading differential dg(vD[45]Mf) = v°D[45] determines tentative differen-
tials with image szzD{ésl{i,Ml,Mf,Mz,MiMz} ® B<4>., The remaining elements

are zzuzn[45}{Mj,MfM2,MfM2} ® B<4>, and the v°Dl45]-leader is sz{llSIM::.

The leading differential d4(02D[45]M?) = nA[8]D[4S]M1 determines tentative
differentials which are a monomorphism on zauznms]mj,mfmz,mfmz} ® B<4>.

There are no remaining elements.

DEGREE 51: mnAl50,2]

The leading differential dz(A[SO,ZlMl) = pAl50,2] determines tentative
differentials with image ZznA[SO,ZI ® B<2> and cokernel ZznAISO,Z]M1 ® B<2>.

Thus, the 75A[S50,2]-leader is nA{SO,lef

i

The leading differential d4(vA[45,1]M?) nA[SO,Z]M1 determines tentative
differentials with image ZznA{SO,Z}{Ml,MT,Mlgz} ® B<4>. The remaining ele-
ments are ZenA[SO,Z]Mggz ® B<4>, and the new MAl{S0,2]-leader is nA{SO,Z]Mfgz.
The leading differential ds(nA[so,szﬁz) = A[62,4] determines tentative

differentials which are a monomorphism on ZznA[SO,Z]Mfﬁ2 ® B<4>. There are no

remaining elements.

DEGREE 52: Al52,1]

The leading differential dS(naD[45]M?) = A[52,1] determines tentative differ-
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entials with image ZZA[SZ,II{l,Ml,Mz} ® B<4>., The remaining elements are

7 Al52,11{M>,M°>,M M ,M>M .MM } ® B<4>, and the A[52,1]-leader is A[52, 11M".
2 1 1 12 12 1 2 1

The leading differential d8(4D[45]MfM2) = Atsz,lmf determines tentative
differentials with image ZZA[SZ,lle ® B<4>. The remaining elements are

Z AI52,11{M>,M M MM .MM} ® B<4>, and the A[52,1]-leader is A[52,11M.
2 1712 12 12 1

The leading differential dSB(nzyiMisﬁz) = A[SZ,l]MT determines tentative
differentials with image in degrees less than 69 equal to 22A[52,1]{MT.M3M2).
The remaining elements in degrees less than 69 are

Z AI52,11{M M MM ,M MM }, and the new A[52,1]-leader is A[52,1IM M.
2 12 1 2 1 12 1 2

The leading differential dlq(A[BQ,llMleMa) = A[52,1]M1M2 determines no
tentative differentials in degrees less than 69. The remaining elements in
degrees less than 69 are 22A[52,1]{M?M2,MZ,MTM2}, and the new A[52,1]-leader

is A[S2, 11M°M .
12

The leading differential d“’(A[sz,quMz) = A[B1]M deternmines tentative
differentials which are a monomorphism on ZZA[52,1]M:13M2 ® B<4>. The only

remianing elements in degrees less than 69 are ZZA[52,1]{MZ,M?M2}.
DEGREE 52: A[52,2]

The leading differential ds(B[47]§2) = A[52,2] determines tentative
differentials with image ZZA[SZ,Z]{l,Mf} ® B<4>. Since mMA[S52,2] is nonzero,
the remaining elements are ZZA[SZ,Zl{ﬁg,Mfﬁz} ® B<4>, and the A[52,2]-leader

is A[52,2]}~_‘!2.

The leading differential dA(A[52,2]§2) = nA[54,2]M1 determines tentative
differentials which are a monomorphism on ZZA[52,2]<HZ,Mfﬁ2} ® B<4>. There

are no remaining elements.
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DEGREE 52: mnoC[44]

The leading differential dz(aC[44]M1) = noC[44] determines tentative differen-

tials with cokernel ZzncC[44]M1 ® B<2>, and the yeCl44l-leader is ncC[44JM1.

The leading differential ds(uC[44]M1M2) = noC[44]M1 determines tentative
differentials with image ZzncC{44]{M1,M?} ® B<4>. The remaining elements are

zzncc[m]mlﬁz,mfﬁz) ® B<4>, and the new noC[44]-leader is 'noC[44]M1§2.

The leading differential d"(no—cmuulﬁa) = A[59,1] determines tentative
differentials which are a monomorphism on Zz(nac[44]){M1§2,Mfﬁ2} ® B<4>.

There are no remaining elements.

DEGREE 53: nA[52,2]

The leading differential da(A[SZ,Z]Ml) = mA[52,2] determines tentative
differentials with image ZznA[SZ,Zl ® B<2> and cokernel ZznA[SZ,ZIM1 ® B<2>.

The nA[B52,2]1-leader is nA[SZ,Z]Mf

The leading differential ds(n8[47]M1§2) = nA{SZ,Z]M1 determines tentative
differentials with image ZznA[SZ,Z](Ml,Mf} ® B<4>. The remaining elements are

zznA[sz,z}{Mlﬁz,Mi’ﬁz} ® B<4>, and the new MA[52,2]-leader is nAtsz,zmlﬁz.

The leading differential dB(nAE52,21M1ﬁ2) = B[60] determines tentative
differentials which are a monomorphsim on ZznA[52,2]{Mlﬁz,M?ﬁé) ® B<4>. There

are no remaining elements.

DEGREE 53: A[8]D[45]

The leading differential d6(2vD145}Mf) = A[8]D[45] determines tentative

differentials with image ZzAIB]D[45]{1’Mf’H2} ® B<4>, Since nA[8]1D[45] = O,
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the remaining elements are ZZA[S]D[45]Ff§2 ® B<4>, and the A{81D[45]-leader

is A[SID[451MM .
12

The leading differential dS(A{B]D[45]Mfﬁ;) = 2B[{B82] determines tentative
differentials which are a monomorphism on ZzA[S]D[45}Mf§2 ® B<4>. There are

no remaining elements.
DEGREE 53: vAl50,1]

The leading differential d‘(AiSO,l]M’f) = vA[50,1] determines tentative
differentials with image szAISO,1]{1,M1,Mf,M2,MIM2) ® B<4». The remaining
elements are ZZUAESO,ll{Mf,Msz,MfMZ} ® B<4>, and the vA[S50,1l-leader is

vA[50, l]M::.

The leading differential d‘B(AlasJM‘:ﬁg) = vA[so,uM‘: determines no
tentative differentialsg in degrees less than B88. The remaining elements are
(ZZUA[SO,ll{Msz,Msz} ® B<4>) © szA[SO,llM;’, and the new vA[50,1]-leader

is VA[50, 1I1M°M .
1 2

The tentative differential dm(uA[so,quMz) = A[62,3] determines tentative
differentials which are a monomorphism on Z_VAIS50, 1]»{MfM2,Mi’M2} ® B<4>.

The only remaining element in degrees less than B8 is vA[SO,llMZ.
DEGREE 53: vAlS0,21

The leading differential d“(Aiso,sz) = pA[50,2] determines tentative

differentials with image Z vA[SO,Z]{l,MI,Mz} ® B<4>., The remaining elements

NN

are ZJA{SO,Z]{M?,Mf,MlMg,M Mz,MfMZ} ® B<4>, and the vA[50,2]-leader is

o

vA[SO.Z]Mf.

The leading differential d‘(vAtso,le’f) = »2A[50,2] determines tentative
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differentials which are a monomorphism on

zzuA[so,2](Mf,Mf,M1M2,MfM2,MfM2} ® B<4>. There are no remaining elements.

DEGREE 54: A[54,1]

The leading differential dSS(BZMia) = A[54,1] determines tentative
differentials with image ZZA[S4,1]{1,M1,M3,M2,M1M2} ® B<4> in degrees less
than 69. The remaining elements in degrees less than 68 are

ZZA[54,1}{Mf,MfM2,MfM2} ® B<4>, and the A[54,1]-leader is A[54,1}Mf.

The leading differential d4(A[54,1]Mf) = nA[SB]M1 determines tentative
differentials which are a monomorphism on ZZA[54,1]{M?,MfM2,M?M2) ® B<4>.
There are no remaining elements in degrees less than 69.

DEGREE 54: Al[54,2] = Al14)cC[20]°

The leading differential de(nzA[45,2]Mlg2) = A[54,2] determines tentative

differentials with image ZzA{54,2}{1,Mf} ® B<4>. Since 7nAl[54,2] # 0, the

remaining elements are ZZA[54,2]{§2,MTEZ} ® B<4>, and the A[54,2]-leader is

A[54,2]M2.

The leading differential dB(A[54,2]ﬁ2) = A[58,2] determines tentative
differentials which are a monomorphism on ZZA[54,2]{§2,M?§2} ® B<4>. There

are no remaining elements.

DEGREE 54: nA[8]D[45]

The leading differential dz(AIS]D{QS}Ml) = nA[8]D[45] determines tentative
differentials with image ZZnA[8]D[45] ® B<2> and cokernel

ZznA[S]D[llB]M1 ® B<2>. The nAl81D[45]-leader is nA[8]D[45]Mr
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The leading differential d4(v2D[4S]Mi) = nA[8]D[45]M1 determines tentative
differentials with image equal to ZZ(HA[S]D[45]){MI,M?,Miiz} ® B<4>. The
remaining elements are ZznA[8]D[45]Mfﬁ2 ® B<4>, and the new nAl[8]1D[45]~leader

is nA[B]D[45]Mfﬁ2.

DEGREE 55: nA[54,2]

The leading differential dz(A[54,2]M1) = mA[54,2] determines tentative
differentials with image ZznA[54,2] ® B<2> and cokernel ZznA[54,2]M1 ® B<2>.

The 71A{54,2]-leader is nA[54,2]MY

The leading differential d4(A[52,2}§2) = mA[54,2]M determines tentative
differentials with image ZznA[54,2]{M1,M?} ® B<4>. The remaining elements are

zznA[54,2]{M1M2,MfM2} ® B<4>.

The leading differential ds(nA{54,2]M1§2) = *;}A[SQ,Z]M1 determines tentative
differentials which are a monomorphism on ZznA[54,2]{M1§2,Mfﬁ2} ® B<4>., There

are no remaining elements.

DEGREE 56: Al56]

The leading differential d38(282M18g2) = A[56] determines tentative differen-
tials with image in degrees less than 68 equal to ZZA[SS](l,MT,gz} ® B<4>.

Since mA[56] # 0, the only remaining element is A[56]Mf§2.

DEGREE 56: v°A[50,2]

The leading differential dé(vA[SO,lef) = va[SO,Z] determines tentative
differentials with image Zz(va[SO,Z]){l,Ml,MT,Mz,Mle} ® B<4>. The remaining
elements are Zz(va[SO,Z]){M?,MfMZ,M?MZ} ® B<4>, and the va[SO,Zl—leader is

valso,zlmf.
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The leading differential da(va[SO,Z]Mz} =A[61] determines tentative
X X X . 2 W 3
differentials which are a monomorphism on Zg(v A[50,2])(M?, 1MQ,Mle} ® B<4r.

There are no remaining elements.

DEGREE 57: A[S57]

The leading differential d14(4C[44]M:) = A[57] determines tentative
differentials with image 22A[57]{1,Mf,ﬁé,M:} in degrees less than 68. Since

NA[{87] # 0, the only remaining element in degrees less than 68 is A[S?]M?ﬁ?
DEGREE 57: mnAlS6]

The leading differential dz(A[SB}Ml) = NA[56] determines tentative
differentials with image ZZnAISB] ® B<2> and cokernel ZznA[SSIMI ® B<2>. The

nA[58]-leader is nA[SB]Mf

The leading differential d&(A[54,1]Mf) = nA[SS,Z]M1 determines tentative
differentials with image ZznA[SBl{Mi,M?,Mﬁz} ® B<4>. The remaining elements

are Zz(nA[SG]M?ﬁz) ® B<4>, and the new nAl[56]-leader is nA[SB]M?ﬁZ.

DEGREE 58: 9nAlS7]

The leading differential dz(A[57]M1) = nA[57] determines tentative differen-
tials with image ZznA[S7] ® B<2> and cokernel ZznA[57]M1 ® B<2>. The

nA[S57]1-leader is nA[S?]Mf
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The leading differential dg(BZMi“ﬁs) = 7A[57]M, determines tentative differen-
tials with image in degrees less than 68 equal to ZZDA[57}(M1»Mf,M1ﬁ2»Mf}-

There are no remaining elements.

DEGREE 59: A[59,1]

The leading differential da(noC[44]M1§2) = A[59,1] determines tentative
differentials with image ZzA[SQ,I](l,Mf) ® B<4>. The remaining elements are
Z A[59,11{M ,M,M MM MM MM} ® B<4>, and the A[59,1]-leader is

2 171722 1212 1 2

A[SS,l]Mr

The leading differential d22(8[38]Mfg2§3) = A[SQ,l]M1 determines no tentative

differentials in degrees less than 68. The remaining elements are
ZzA{SQ’II{Mf’Mz’Mle}’ and the new A[59,1]-leaders are A[SS,l]M? and

AlSS,11M .
2

The leading differentials dG(A[ss,an) = Al64,2] and dB(A[SS,lle) = AlB4,3]
determine tentative differentials which are a monomorphism on
Z A[59,11{M>,M MM ,M°M ,M°'M} ® B<4>. (The first leading differential

2 1772 2 e 2
determines tentative differentials by assigning 1 to A[SS,l]Mf and 0 to
A[59,1]M2. The second leading differential determines tentative differentials
by assigning 1 to A[SS,l]Mj and A[59,11M2.) There are no remaining elements

in degrees less than 68.

DEGREE 58: A[58,2] = A[14]A[45,2]

The leading differential dS(A[54,2}§2) = A[59,2] determines tentative
differentials with image ZZA[59,2](1,MT} ® B<4>. Since MA[59,2] # 0, the
remaining elements are ZgA[SQ,Zl(gé,Mfﬁz} ® B<4>, and the A[59,2]-leader

is A[sg,zlﬁz.
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The leading differential d4(A[59,2]§2)

nZBlao}M1 determines tentative
differentials which are a monomorphism on ZZAISS,Z]{EZ,MTEé) ® B<4>. There

are no remaining elements.

DEGREE 60: BI80] = C[20]°

The leading differential ds(nA[SZ,Z]Mlﬁa) = B{B0] determines tentative
differentials with image equal to 228[80]{1,Mf} ® B<4>. Since nB[B0] # 0, the
remaining elements from Z2 ® (248[80] ® H,BP) are ZgB[SO]{ﬁz,Mfﬁz) ® B<4>, and

the B[601-leader is 8{60132.

DEGREE 60: 2B[60] = nA[59,2]

The leading differential dz(A[59,2]M1) = pA[59,2] determines differentials
with image ZZ(nA{SS,Z]) ® B<2> and cokernel ZZ(nA[SS,Z]MI) ® B<2>. The

nAl[59,2]-leader is nA[SQ,Z}M{

The leading differential de(nA[54,2]M1§2) = nA[SS,Z]M1 determines tentative
differentials with image ZanA[SQ,Z](Ml,Mf} ® B<4>. The remaining elements are

ZznA{SS,Z]{MIEZ,Mfﬁz} @ B<4>, and the new nA[59,2)-leader is nA[se,zlmxﬁz‘

DEGREE 81: A[B1]

The leading differential dﬁ(uZAlso,Z]Mf) = A[61] determines tentative
differntials with image ZZA{SI]{l,Mf,ﬁé} ® B<4>. The remaining elements are

Z AIB11{M , M, MM MM ,M°M } ® B<4>, and the A[B1]-leader is A[61IM
2 11 12 12 12 1

The leading differential le(A[SZ,I]M?Ma) = A[Sl]M1 determines tentative
differentials with image ZzA[tSl]Msz ® B<4>. The remaining elements are

Z AB1]{M>,M M ,MM ,M°M } @ B<4>, and the new Al61]-leader is A[B1IM .
2 1 1 2 12 1 2 1
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DEGREE 61: 7B{60]

Since nzB[SO] # 0, the only element of E* with a representative in

Zan[SO] ® H,BP is zero.

DEGREE 62: Al62,1] = 95

The leading differential d54(n20MflM2) = A[62,1] determines no tentative
differentials in degrees less than 639. Since nAl62,1] # 0, the remaining
elements in degrees less than 69 are ZzA[62,1](Mf,ﬁ2}, and the A[62,1]-leader

is A[62,1]Mf.

DEGREE 82: A[62,2]

The leading differential d44(4BZM;gg2) = A[B62,2] determines no tentative
differentials in degrees less than 69. Since nA[(62,2] # 0 the remaining

elements are ZZA[BZ,Z]{MT,EZ}, and the A[{B2,2]-leader is A[BZ,Z]MT

DEGREE 62: Al62,3]

The leading differential d’o(uA[so,lleMz) = A[62,3] determines tentative
differentials with image ZzA[GZ,Bl{l,Ml} ® B<4>. The remaining elements are
Z Al62,31{M°, M, M ,M M MM MM} e B<4>, and the A[62,3]-leader is

2 11 2 12 12 1 2

A[62,3]Mf.
DEGREE 62: Al62,4]

The leading differential dlz(nA[so,lefﬁz) = A[B2,4] determines tentative
differentials with image ZzA[62,4] ® B<4>. Since mA(62,4] # 0, the remaining
elements are 22A[62,4]{Mf,§2,mf§2} ® B<4>, and the A[62,4]-leader is

A[62,4]Mf.
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DEGREE 82: BI[862]

The leading differential d40(72Mfo) = B[62] determines tentative differentials
whose image in degrees less than 69 equals 223[82](1,M1,Mf,§2}. The only

remaining element is B[slef.

DEGREE 82: 2BI[62]

The leading differential d“’(A{smws]Mfﬁz) = 2B[62] determines tentative
differentials with image 22(28[82]) ® B<4>. The remaining elements are

Z (2BI621){M , M, M>,M ,M M ,M°M ,M°M } @ B<4>, and the 2B[62]-leader

2 1 1 1 2 12 12 1 2

is ZB[BZ]My

The leading differential d“(zgzl«iisﬁz) = 2BIB2]M determines a tentative
differential with image 28{82]M2 in degrees less than 68. The only

remaining elements are 22(2B[82]){M3,M2).

DECREE 62: n°B[60]

The leading differential dz(nB[GO]Ml) = nzB[SO] determines tentative
differentials with image 227728[60} ® B<2> and cokernel Z n’BI6OIM ® B<2>.

The nzB{SO}—leader is nzB[SO]Mr

The leading differential d“(A[se,zlﬁz) = 1;2}3[601M1 determines tentative
differentials with image Zz(nzB[SO]){Ml,Mf) ® B<4>. There are no elements

remaining in degrees less than 69.

DEGREE 63; Al863]

The leading differential dz‘(naA[32,1]Mf<M3>) = A[B3] determines tentative
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differentials with image ZZA[63]{1,MT) in degrees less than 68. The only
remaining element in degrees less than 68 is A[BS]M1 and d24(A[39,3]M?§2) =

A[SB]My

DEGREE 63: mnAl62,1] and 7nAl62,4]

Since n°Al62,1] # 0 and #°Al62,4] # 0, the only element of E' with a

representative in (ZznA{SZ,ll @ ZznA[82,4]) ® H,BP is zero.

DEGREE 83: nAl62,2]

The leading differential dz(A[BZ,ZIMl) = nA[B2,2] determines tentative
differentials with image ZznA[BZ,Z] ® B<2>. The remaining elements are

ZznA[SZ,Z]M1 ® B<2>, and the nAl62,2]~leader is nA[GZ,Z]Mf

The leading differential dB(A[SB]Mfgz) = nA[SZ,Z]M1 determines tentative

differentials with image 227;A[62,2]M1 ® B<4>., The remaining elements are

Z nAl62,21{M°, M, M ,M M , MM , MM } ® B<4>, and the new nA[62,2]-leader is
2 17717 22 122 12’ e

nAl62, 2]Mf.



