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(In 1)

Introduc-tion

This expose represents an attempt to understand some of the recent work

of Atkin) Swinnerton-Dyer, and Serre on the congruence properties of the

q-expansion coefficients of modular forms f'rom the point of view of the theory

of moduli of elliptic curves, as developed abstractly by Igusa and recently

reconsidered by Deligne. In this optic, 8 modular form of weight k and level

@k
n becomes a section of a certain line bundle ~ on the modular variety Mn

which "classifies" elliptic curves wi-th level n structure (the level n structure

is introduced for purely technical reasons). The modular variety Mn is a

smooth curve ·over Z[l/n], whose "physical appearance" is the same whether we

view it over c: (Where it becomes cp(n) copies of the quo-tient of the upper half

plane by the principal congruence subgroup ren) of SL(2,Z» or over the algebraic

closure of Z /IIL, (by "reduction modulo p") for primes p not dividing n.

This very fact rules out the possibility of obtaining p-adic properties of

modular forms simply by studying the geometry of M ~ 'lJ/pz and its line bundles
--- n

®k
~ ; we can only obtain the reductions modulo p of identical relations which

hold over e .

The key is instead to isolate the finite set of poin~s of M @ r1J/pZn

corresponding to supersingular ellip-tic curves in characteristic p, those whose

Hasse invarian-t vanishes. One then considers various "rigid-analytic" open

subsets of M ~ ~ defined by removing p-adic discs of various radii around
n p

the supersingular points in characteristic p. This makes sense because the

Hasse invariant is the reduction modulo p of a true modular form (namely E 1)p-

over Z , so we can define a rigid analytic open subset of M ® Z by taking-p n p

only those p-adic elliptic curves on which E 1 has p-adic absolute valuep-

greater than some € > O. We may then define various sorts of truly p-adic

modular forms as functions of elliptic curves on which IEp _1 1 > €, or equivalent­

~kly as sections of the line bundles ~ restricted to the above-constructed
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rigid analytic open sets of M ~ Z . [The role of the choice of e is ton p

specify the rate of growth of the coefficients of the Laurent series

development around the "missing" supersingular points].

The most important tool in the study of these p-adic modular forms is

the endomorphism they undergo by a "canonical lifting of the Frobenius

endomorphism" from characteristic p. This endomorphism comes about as follows.

Any elliptic curve on which ~ Ep _l ' > e for suitable e carries a II canonical

subgroup" of order p, whose reduction modulo p is the Kernel of Frobenius.

The "canonical lifting" above is the endomorphism obtain~ by dividing the

universal elliptic curve by its canonical subgroup (over the rigid open set

of M ~~ where it exists).
n p

This endomorphism is related closely to Atkin f s work. His operator U

is simply (! times) the trace of the canonical lifting of Frobenius, and
p --

certain of his results on the q-expansion of the function J may be interpreted

as statements about the spectral theory of the operator U.

The relation to the work of Swinnerton-Dyer and Serre is more subtle,

and depends on the fact that the data of the action of the "canonical lifting

of Frobenius" on ~-l over the rigid open set IEp_ll ::: 1 is equivalent to the

knowledge of the representation of the fundamental group of the open se~ of

M @ zfpz where the Hasse invariant is invertible on the p-adic Tate module
n

T (which for a non-supersingular curve ,in characteristic p is a free
p

Z -module of rank one). Thanks to Igusa, we know that this representation is
p

~s non-trivial 8S possible) Rnd this fact, interpreted in terms of the action

®Itof the canonical Froben1us on the ~ , leads to certain of the congruences

of Swinnerton-Dyer and Serre.

In the first chapter, we review without proof certain aspects of the

moduli of elliptic curves, and deduce various forms of the "q-expansion

principle." This chapter owes much (probably its very existence) to discussions

with Del1gne. It 1s not "p-adic", and may be read more or less independently
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of the rest of the paper.

The gecond chapter develops at length various "p-adien notions ·of modular

form, in the spirit described above. A large part of it (r ~ 1 ) was included

with an eye to Dwork-style applications to Atkin's work, and may be omitted by

the reader interested only in Swinnerton-Dyer and Serre style congruences.

The idea of working at such "p-adic modular forms" is due entirely to Serre i

who in his 1972 College de France course stressed their importance.

The third chapter develops the theory of the "canonical subgroup."

This theory is due entirely to Lubin, who has unfortunately not published

it except for a tiny hint [33]. The second half of the chapter interprets

certAin congruences of Atkin in terms of p-adic Banach spaces, the spectrum

of the operator U, etc. The possibility of this interpretation is due to

Dwork, through his realization that not only is p U integral, but U itself is

t1essentielly" integral (cf[14]).

The fourth chapter explains the relation between the canonical Frobe~i~

and certain congruences of Swinnerton-Dyer and Serre. It begins by recalling

a "coherent sheafl1 description of p-adic representations of the fundamental

group of certain schemes on which p is nilpotent. This description is certainly

well-known, and basically due to Hasse and Witt, but does not seem to be re-

corded elsewhere in the form we require. Using it, we show that the representa-

tion corresponding to ~ with its ~anonical Frobenuis is that afforded by

the (rank-one) p-adic Tate module T of non-supersingular elliptic curves.
p

We then prove the extreme non-triviality of this representation in "canonicel

subgroup" style. This non-triviality is due to Igusa I whose proof is finally

not so different from the one given. We then apply this result of non-

triviality to deduce certain of the congruences of Swinnerton-Dyer and Serre.

In the first appendix, which is a sort of "chapter zero", we explain the

relation between the classical approach to elliptic curves vie their period
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lattices and the "modern" one, the relation of DeRham cohomology of elliptic

curves to modular forms, and the relation between the Gauss-Manin connectionj

Ramanujan's function p(q), and Serre's a-operator on modular forms. The results

are due to Weierstrass and Deligne. It is concluded by a "table" of formulas.

The second appendix explains the relation between the canonical Frobeni~s.

on p-adic modular forms and the Frobenuis endomorphism of the DeRham cohomology

of elliptic curves. It may also be read 8S an appendix to [25].

The third appendix relates Hecke polynomials mod p to L-series, coherent

cohomology and the Fredholm determinant of U.

As should by now be obvious, this expose owes its very existence to Lubin,

Serre, Deligne, Atkin, and Dwork. It is a pleasure to acknowledge my debt

to them, and to thank M. Rapoport for many helpful discussions.
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In this chapter, we will recall sane of the definitions and main results

of the theory of moduli of elliptic curves, and deduce from them various forms

of the "q-expansion principle" for modular f'onns.

1. O. By an elliptic curve over a scheme S , we mean a proper smooth morphism

p: E~ S , whose geometric fibres are connected curves of genus one, together

with a section e: S ~ E •

We denote by f4;/s the invertible sheaf p*(ni/s) on S , whilth is canonically

dual (Serre duality) to the invertible sheaf Rl~(C'E) on S .

1.1 Modular forms of' level 1

A modular form of weight k e Z and level one is a rule f' which

assigns to any elliptic curve ,E over any scheme S a section f{E/S) of

(f4;/sfk over S such that the f'ollowing two conditions are satisf'ied.

1. feEls) depends only on the S-isomorphism class of the elliptic

curve E/S.

2. The formation of f{E/S) commutes with arbitrary change of base

g: S' ~ S (meaning that f{ES'/S') = g*f{E/S».

We denote by M{Z;l,k) the Z-module of such forms.

Equivalently, a modular fonD. of weight k and level 1 is a rule f which

assigns to every pair (E/R,w) consisting of an elliptic curve over (the spec­

trum of) a ring R together with a basis w of f::1E/R (i. e., a nowhere vanish­

ing section of' ni/R on E), an element f'(E/R,w) e R , such that the f'ollow­

ing three conditions are satisfied.
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1. f(E/R,w) depends only on the R-isomorphism class of the pair

(E/R,w) .'

2. f is homogeneous of degree -k in the Itsecond variable"; for

any ").. E RX (the multiplicative group of R ),

feE ,Aw) = A-kf(E, w) •

3. The formation of f(E/R,w) camnutes with arbitrary extension

of scalars g: R~ R' (meaning f(ER,/R',wa,) =g(f(E/R,w»).

(The correspondence between the two notions is given by the formula

f(E/Spec(R» = f(E/R,w). w®k

valid whenever S = Spec(R) and ~/R is a free R-module, with basis w.)

If, in the preceding definitions we consider~ schemes S (or

rings R) lying over a fixed ground-ring Ro ' and only changes of base by

Ro-morphisms, we obtain the notion of a modular form of' weight k and level one

defined over R , the R -module of' which is noted M(R ,l,k).
000

A modular form of of weight k and level one defined over Ro can be

evaluated on the pair (Tate(q), w ) consisting of the Tate curve and its
can Ro

canonical differential, viewed as elliptic curve with differential. over

z«q»~ Ro
(and not just over R «q»).

o

The q-expansion of a modular form f is by definition the finite-tailed

Laurent series

f«Tate(q), w ) ) E Z«q»~ R .
can Ro -Z 0

The modular form f is called holomorphic at 00 if its q-expansion lies in the

subring Z[ [q] ]~ .. R ; the module of all such is noted S(R ;1,k). Notice
-Z 0 0

that the q-expansion lies in Z«q»~ R C R «q» , i.e., it is finite
-Zo 0 ---

R -linear combination of elements of Z( (q». This implies, for example,
o

that if Ro is the field of fractions of a discrete valuation ring, then the

q-expansion coefficients of any modular form of weight k and level one over Ro
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For each integer n 2:: 1 , we denote by nE the kernel of "multiplication

2by nil on E/S ; it is a finite flat commutative group-scheme of rank n over

S , which is etale over S if and only if the integer n is invertible in

r (S, ~S) i. e., if' and only if S is a scheme over Z[~]. A level n struc­

ture on E/S is an isomorphism

It cannot exist unless n is invertible on S , and in that case there aJ.w8\YS

exists one on SEe finite etale covering S I of S. If a level n structure

on E/S exists, and if S is connected,the set of' all such is principal

2
homogeneous under GL(2, Z/nZ) = Aut ( (~nZ)s) •

A modular form of weight k and level n is rule which assigns to each

only on the isomorphism class of

structure a section f(E/S, a )n

pair (E/S, a )n consisting of an elliptic curve together with a level n

~k
of (~/sJ over S , in a wB¥ which depends

(E/S, a ) , and which commutes with arbitraryn

base-change g: S' ~ S. Equiva1.~ntly, it is a rule which assigns to all

triples (E/R,w,a ) , consisting of an elliptic curve over a ring R togethern

with a base w of !:!E/R and a level n structure an ' an element

f(E/R,w,a ) E R which depends only on the isomorphism class of (E/R,w,a) ,
n n

which commutes with arbitrary change of base, and which is homogeneous of

degree -k in the 11 second variable", meaning that for any A E ~ , we have

f(E/R, A.W, a ) = r..-kf(E/R,w,a ). Exactly as for level one, we define then n

notion of a modular form of weight k and level n defined over a ring Ro

The R -module of all such is noted M(R ,n,k) .
o 0

A modular form of' weight k and level n defined oyer a ring Ro which

contains lin and a primitive n'th root of unity S m8¥ be evaluated on-- n
the triples (Tate(qn), w ,a) consisting of the Tate curve Tate (qn)

can n Ro
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with its canonical differential, viewed as defined over X( (q)) ~ Ro ' together

with aIrY of its level n structures (all points of nE are rational over

x( (q)) ~ R ; in fact, being the canonical images of the points ~ iqj ,
;Z 0 n

O:S i, j :s n-l from "Gm
ff

, they all have coordinates in Z[[qJ] ®Z Z(~, ~n] ,

and the non-constant q-coefficients of their (x,y) coordinates even lie in

Z[~n] (cf. [38]), as one sees using the explicit formulas of Jacobi-Tate.

The q-expansions of the modular form f are the finitely many

finite-tailed Laurent series

1.2.1 f«Tate(qn), w ,a) ) € z«q)) ~ R
can n% ;Z 0

obtained by varying an over all the level n structures.

(NB Though it makes sense to speak of a modular form of weight k and level n

defined over~ ring Ro ' we can speak of its q-expansions over Ro ~

when R contains lin and a primitive n'th root ~ of 1 .)o n

A modular form defined over any ring Ro is said to be holomorphic

at 00 if its inverse image on R (lin, ~] has all its q-expansions ino n

z[ [q]] ®Z Ro[l/n, ~n]· (If the ring Ro itself contains l/n and ~n '

this is equivalent to asking that all the q-expansions lie in Z[[q]] ®Z Ro • )

The module of such is denoted S (R ;n,k) •
o

A modular form (resp: holo. at 00) of weight k and level n defined over

a ring Ro ' which does not depend on the "last variable" an is a modulltr

a modular form (resp: holo. at 00) of weight k and level one defined over

R [lIn] •
o

1.3. Modular forms on r 0 (p)

Analogously, for an integer n.2: 1 and a prime number p rn , a modular

form of weight k and level n on r 0 (p) is a rule f which assigns to each triple

(E/s, a ,H) consisting of an elliptic curve, a level n structure, and a finiten

flat subgroup-scheme H C E of rank p , a section f(E/S, an' H) of (~/Sfk
over S , which depends only on the isomorphism class of (E/s, an' H) , and
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whose formation commutes with arbitrary change of base S' ~ S •

Ka-13

Equivalently,

it is a rule which assigns to each quadruple (E/R, w, a ,H) an elementn

f(E/R, w, a , H) € R , which depends' only on the isomorphism class of the quad­n

ruple, whose formation camnutes with arbitrary change of base, and which is

homogeneous of degree -k in the second variable. As before, we define the

notion of a modular form of weight k and level n on ro(p) being defined over

a ring R
o

A modular form of weight k and level n on ro(p) , defined over a ring

Ro which contains lin and ~n m8\Y be evaluated on each of the quadruples

(Tate (qn) , wean' an' Il-Ip)Bo. We will eall the values of' f' on these quad­

ruples the q-expansions of f at the unramified cusps, and s8\Y that f is

holamorphic at the unramified cusps if its q-expansions there all lie in

z[[q]] ~ Ro • We can also evaluate f on each of quadruples

(Tate (qnp ) ,w ,a, (qn)) ,where (qn) denotes the flat rank-p subgroup
can n

scheme generated by (the image of) qn Its values there are called its

q-expansions at the ramified cusps. We s8\Y that f is holomorphic at 00 if

all of its q-expansions, at the ramified and unramified cusps, actuaJJ.y lie in

z[[q]] ~ Ro •

Remark. The distinction between ramified and unramified cusps on ro(p) is

quite a natural one - in the work of Atkin, one deals with modular :functions

(weight 0) of level one on ro(p) which are holomorphic at the unramified

cusp J but not at the ramified one.

1.4. The modular schemes Mn and Mn

For each integer n 2: 3 , the f'unctor "isomorphism classes of elliptic

curves with level n structure" is representable, by a scheme Mn which is an

affine smooth curve over z[*] , finite and fiat of degree =#(GL2 (zjnZ)12: 1)

over the affine j-line Z[~, j] , and ~tale over the open set of the af'fine

j -line where j and j -1728 are invertible. The norma1ization of the projective
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82

in Mn is a proper and smooth curve Mover Z[l/n] ,
n

the global sections of whose structural sheaf are Z[l/n'~n]. The curve

Mn ~[l/n]Z[l/n'~n] (resp. Mn ®Z[l/n]Z[l/n'~n]) is a disjoint union of ~(n)

affine (resp. proper) smooth geometrically connected curves over Z[l/n, ~ ] ,
n

the partitioning into components given by the ~(n) primitive nlth roots of

one occurring as values of the e.m. pairing on the basis of nE specified by

the level n structure. The scheme M - Mover Z[I/n] is finite and etale,n n

and over Z[l/n'~n] , it is a disjoint union of sections, called the cusps of

M ,which in a natural w~ are the set of isomorphism classes of level n
n -

structures on the Tate curve Tate (qn) viewed over Z( (q)) ®Z Z[l/n'Sn] •

The completion of M ®Z[I/n,~] along any of the cusps is isomorphic ton n

Z[1/n,1; nJ [ [q] J. The completion of' the projective j -line IPi[l/n,1; ] along 00

n

is itself isomorphic to Z[l/n,~ ][[q]] , via the formula
n

j(Tate(q) = l/q + 744 + .•. , and the endomorphism of Z[l/n,s ][[q]] arisingn

from the projection M ~]p1 is just given by q ~ qn. In fact, forn

each cusp, the inverse image of the universal elliptic curve with level n

stru.cture (E/M, ex) over (the spectrum of) Z[l/n,~ J«q) (viewed as an n n

punctured disc around the cusp) is isomorphic to the inverse image over

Z[l/n,s ]«q» of the Tate curve Tate(qn) with the level n structure corre­n

spondil1g to that cusp.

1.5. The invertible sheaf ~ on Mn , and modular forms holomorphic at 00

There is a unique invertible sheaf ~ on Mn whose restriction to M
n

is ~/M «E/Mn,exn ) the universal elliptic curve with level n structure),
n

and whose sections over the completion Z[l/n,~ ][[q]] at each cusp are pre­n

cisely the Z[l/n,~ ][[q]] multiples of the canonical differential of then

Irate curve. The Kodaira-Spencer style isomorphism (cf. Al.3.l7 and [7])

( )
®2 r-." 1

~/~ - ~/Z[l/n]
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and, in fact, over Z[l/n,s ][[q]] J the "square" of the canonicaJ. differential.
n

corresponds to n· ~.
q

It follows ttL-at a modular form of' level n and weight k holomorphic at

00 defined over any ring Ro ~ lin is just a section of (JE)®k on

Mn ®Z[l/n]Ro ' or equivalently a section of the quasi-coherent sheaf

®k -
(~) ®Z[l/n]Ro on Mn •

1.6. The q-expansion principle

For~ Z[l/n]-module K, we define a modular form of level n and

weight k, holomorphic at 00 , with coefficients in K, to be an element of

0- (®k )H (Mn '!!2) ~[l/nJK. At each cusp, such a modular form has a q-expansion in

K ~[l/n]Z[l/n,sn] ~ Z[[q]] ·

Theorem 1.6.1. Let n 2: 3 , K a Z[l/n]-module, and f a modular form of

level n and weight k, holomorphic at 00 , with coefficients in K. Suppose

that on each of the cp(n) connected components of Mn ~[l/n]Z[l/n,sn] ,

there is at least~ cusp at which the q-expansion of f vanishes identically.

Then f = 0 •

Before proving it, we give the main corollary.

Corollary 1.6.2. (The q-expansion principle). Let n 2: 3, K a Z[l/n]-modrue,

L C K a Z[l/n]-submodule. Let f be a modular form of weight k, level n,

holomorphic at 00 , with coefficients in K. Suppose that on each of the cp(n)

connected components of Mn ®~l/n]1lIl/n,sn] , there is at least one cusp at

which all the q-coefficients of f lie in L ~[l/nJZ[l/n,snJ. Then f is

a modular form with coefficients in L.
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Proof of corollary.

84

The exact sequence 0 ~ L~ K~ K/L ~ 0 of

Z[l/n]-modules gives an exact sequence of sheaves on M ,
n

1.6.2.1

hence a cohomology exact sequence

1.6.2.2

The theorem (1.6.1) now applies to the image of f in HO(Mn,(K/L)®~®k) ,

0- ®kshowing that image to be zero, whence f E H (M ,L® (w) ) by the cohomologyn -

exact sequence. QED

We now turn to the proof of the theorem. By considering the~ of

dual numbers on K, D(K) = z[l/n] e K, [multiplication

(a ,k) (a' ,k') (aa' ,ak' + a'k)] we are reduced to the case where K is a ring

over Z[l/n]. Because the formation of the cohomology of quasi-coherent

sheaves on quasi-compact schemes commutes with inductive limits, we are first

reduced to the case where K is a finitely generated ring over Z[l/n] ,

then to the case when K is a noetherian local ring. By faithf'ul flatness

of the completion, we further reduce to the case when K is a complete

Noetherian local ring, then by Grothendieck' s comparison theorem

to the case when K is an artin local ring. By Krull's intersection theorem,

f induces the zero-section of (~)®k over an open neighborhood of at l'east

one cusp on each connected component of Mn ®K®Z[l/n'~n] , hence on an open

dense set in M ® K. IT f is not zero, there exists a non-void closedn

subset Z of M®K , containing no maximal point of M®K , on which f
n n

is supported. Over the local ring in M ® K of any maximal point z of Z ,
n

f becomes non-canonically a section of tJz ,Mn ®K which is supported at the

closed point, i. e. for any element g E ')')L (the maximal ideal of (J M- 10\ K ) ,z z, n~
there exists a power gn of g such that gnf = o. Thus every element of

is a zero-divisor, i.e. the point z e if ®K has depth zero.
n

As if ®K
n
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is smooth over an artin local ring K, it is Cohen-Macaulay, and hence only

its maximal points have depth zero. Thus z must be a maxilnal point of

M ® K , a contradiction. Hence f must be zero.
n

1.7. Base-change of modular forms of level n > 3

QED

Theorem 1.7.1. Let n 2 3 , and suppose either that k 2 2 £!: that k = 1

and n < 11. Then for any Z[l/n]-module K, the canonicaJ. map

is an isomorphism.

Proof. By standard base-charging theorems , it suffices to show that

-~(- ®k ( \®2 "-" 1 «-
li Mn'~ ) = o. The isomorphism ~) -- 'M /Z[l/n] log Mn - Mn)) ,

n

together with the fact that each connected component of M®Z[l/n, s] con-n n
• ..p (~)®kta1ns at least one cusp, shows that ~or k 2 2 , the restriction of

to each connected component of M®Z[l/n, S ] has degree strictly greatern n

than 2g-2, g the (common) genus of any of these components, and hence

It-(Mn , (~)®k) = 0 by Rieman-Roch. For 3 ~ n ~ 11 , explicit calculation shows

that ~ restricted to each connected component of M®Z[l/n, S ]n n has degree

strictly greater than 2g-2 , and we conclude as before. QED

Remark. When n > 12 ~ has degree ~ 2g-2 on each connected component

of Mn® Z[l/n, sn] , and equality holds only for n = 12. The author does

not know whether or not the formation of modular forms of wei.ght ~ and

level n > 12 cOIImlutes with base change.

1.8. Base change of modular forms of levelland 2

Theorem 1.8.1. Let Ro be any ring in which 2 is invertible. For every

integer k 2 1 , the canonical map S(Z,2,k) ~ R ~ S(R ,2,k) is an iso-
-~ 0 0

morphism.
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Proof. First we should remark that there are no non-zero modular forms of

level two and odd weight k over Ro ' because the automorphism It_I" of an

elliptic curve transforms (E,w,0:2) into (E,-w,-a2) , hence

f(E,(ll,0:2) = f(E,-w,-a2) , but 0:2 = -a2 ,hence f(E,-w,-a2) = f(E,-w,a2)

(-1) -k f(E,w,0:2) , hence 2f(E,w,a2) = 0 for k odd.

tn any case, modular forms of level two and weight k, ho1omorphic at

infinity, over arry ring R :9 1/2 , are precisely those modular forms of level
o

four and weight k holomorphic at 00 , defined over Ro ' which are invariant

under the action of the subgroup of GL2(zj4 Z) consisting of the matrices

== I mod 2. As this group has order 16, a power of two, we ma;y simply a.pply

the proj ector hi g=.LE(2) g to the base-changing isomorphism (1. 7.1 ) in

level four to produce the desired isomorphism in level two.

Theorem. 1.8.2. Let Ro be any ring in which 2 and 3 a.:re invertible. For every

integer k 2 1 , the canonical map

S(Z,l,k) 6<L R ~ S(R ,l,k)
-Z 0 0

is an isomorphism.

Proof. The proof is similar to the previous one. We view a modular form of

level one over a ring R :9 1/6 as a modular form of level four (resp. three)
o

invariant under GL(2,zj4 Z) (resp.. GL(2,Z/3 Z) , defined over R. As,
o

GL(2,z(4 Z) has order 96 = 32 X 3 (resp. GL(2,Z/3 Z) has order 48 =16 x 3) ,

the projection technique (1.8.1 ) shows that the canonical map

is an isomorphism. Thus it remains only to hancUe the passage from Z[l/6] •

But for ~ ring R, S(R,l,k) is the fibre product of' the diagram:
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0(- ( ,®k 0(- (®kH M12®R'!!lJ )~ H M4®R,!!l) )

Ka-19

(i. e. a modular form of level one over R is a modular from f'3 of level three

over R[1/3] together with a modular form f'4 of level four over R[1/2] ,

such that f
3

and f 4 induce the~ modular form of level 12 over R[l/12]).

As the formation of the diagram (1.8.2.1) and of its fibre product camnutes

with any flat extension of scalars R~ R' , taking R =Z, R' = Z(1/6]

gives the desired result.

Remark 1.8.2.2. The above theorem becomes false when we do not exclude the

primes 2 and 3. For over the finite field Fp ' the Hasse invariant A is a

modular fom of level one and weight p-l, holanorphic at 00. But over Z

there are !!Q. non-zero modular fonns over Z of level one, holomorphic at 00,

of' weight either one or two. Similarly, A·l::1 is a cusp form of level one

and weight 13 (resp. 14) over ]F2 (resp. F
3

), which cannot be the reduction

mod p of' a modular f'orm over Z. See (9] for the full determination of

modular forms over Z.

1.9. Modular forms of levelland 2: q-expansion principle

For n = 1, 2, and any Z[l/n]-module K, we define a modular form of'

level n and weight k , holomorphic at -00 , with coefficients in K to be

for n = 1: an element of the fibre-product of the diagram

HO(~,(!!2)®k ®Z[l/3] (K ®Z :&[1/3]»

(1.9.0.0) j
0- ®k I ..0- ®k

H (l\2,(!!l) ®Z[l/12J(K ®Z(l/12]Z[l 12])~ ti (M4'(~) ®Z(1/4](K®Z(1/~.]»
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•..0 - ®k
for n =2: an element of tl (M4 , (~) ~[1/4 ]K) invariant by

the subgroup of GL
2

(Z/4 Z) consisting of matrices

=Imod2.

The module of all such is noted S(K,n,k) •

(In the case K is a ring, this notion coincides with that aJ.ready

introduced.) An exact sequence 0 ~ L~ K~ K/L ~ 0 gives an exact

sequence (without the final °) of modules of modular forms, analogous to

(1.6.2.2).

As a corollary of (1.6.1), we have

Corollary 1.9.1. (q-expansion principle~ Let n=l or 2, K a Z[l/n]-module,

and L C K a Z[l/n] submodule. Let f be a modular form of weight k ,

level n , ho1omorphic at 00 , with coefficients in K. Suppose that at one

of the cusps (for n = 1 , there is only one, j = 00 , while for n =2 there

are three, A. = 0,1,00 ), the q-coefficients of f all lie in L. Then f

is a modular form with coefficients in L.

1.10. Modular schemes of levelland 2

They don I t exist, in the sense that the corresponding f'unctors are

not representable. However, for each n ~ 3 we can form the quotients

Mn!GL2 (Z/n Z) = the affine j -line J.Ai[l/nJ

Mn!GL2(%/n Z) = the projective j-line IPi[l/nJ

which fit together for variable n to form the affine and projective j-1ines

over Z. We define M1 =tAi ' the a.f:fine j -line, and ~ = ]Pi. The

invertible sheaf w on M , n > 3 , does not udescendu to an invertible- n - --
sheaf on ~ , but its 12th power ~®12 does descend, to C' (1) , the inverse

of the ideal sheaf of 00.
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In particular, modular forms over any ring R of level one and weight

12·k holomorphic at 00 , are just the elements of HO(JP~, O(k)) , and their

fonnation does camnute with arbitraXy change of base.

AnaJ..ogously for n = 2 , we define

M2 =M4/the subgroup of GL2 (Z'/4 Z) of matrices == I mod 2

M2 = M4/the subgroup of GL2(Z/4 Z) of matrices == I mod 2 •

The scheme M2 is Spec Z[A][l/2A(1-A)]) , and M2 is the projective A-line

lPi[l/2]. The invertible sheaf .!!! does not descend to M2 ' but its square

does descend, to () (1) = the inverse of the ideaJ.. sheaf of the cusp A = 00 •

In particular, modular fonns of level two over any ring R 3 1/2 , of (neces­

sarily!)~ weight 2k and holamorphic at all three cusps, are just the

elements of :Ef(:IP~, C'(k)) ; hence their fonnation commutes with arbitrary

change of base.

1.11. Hecke operators

Let i be a prime number, R a ring in which i is invertible, and

n an integer prime to £. For any elliptic curve E/R, the group-scheme

iE of points of order £ is finite etaJ..e over R , and on a finite etaJ..e

over-ring R' it becomes non-canonically isomorphic to ~Z/iZ)~, e Thus

over R' , the elliptic curve ~,/R' has precisely £+1 finite flat sub­

groups- (schemes) of rank i. For any such subgroup H, we denote by

1f: ER,~ ER,/H the projection onto the quotient and by;: ER,/H~ ER,

the duaJ.. map, which is aJ..so finite etale of degree £ e The composition 7fe7f

v

is multiplication by £ on ER,/H , and the composition 7f 0 1f is multipli-

cation by i on ER, e

If w is a nowhere vanishing differentiaJ.. on E/R, then

"*1f (~,) = trace1f(~') is a nowhere vanishing differential on ~,/H e If

ex: E~ (Z/n Z)R2 is a level n structure on E/R, there is unique level nn n
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structure

(l.il.O.O)

1r(a )n

90

on ER,/H such that the diagram

is commutative. (N.B. There is another "natural" choice of level n structure

on ER,/H, namely a 0;;' = '£·1f(a ) , which we will not use.)n n

Given a modular form over R of level n and weight k, for each triple

(E/R,w,a) we mB¥ f'orm the sum over the .£+1 subgroups H of' order .£+1n

(1.11.0.1) 2: f'(ER,/H,;* (w) ,1r(a »
H n

which, while apparently an element of' R' , is in fact an element of' R, and

does not depend on the auxiliary choice of R'. NormaJ.izing this sum by the

k-1factor.£ , we define the Heeke operator T.£ on modular forms of level n

and weight k by the formula

(1.11.0.2)

the sum extended to the .£+1 subgroups of order .£ •

We now consider the effect on the q-expansions. The .£-division points

of the Tate curve Tate (qn) over z( (q» ~ Z[1/n.£] all become rationaJ.

over z«q~/£» ~ Z[l/n£'~.eJ , and the £+1 subgroups of order £ are the

following:

IIl.£ ' generated by ~ .£

(~ ~ ql/.£)nHi ' generated by ~ k for i=O,l, •.• ,.£-l.

For the subgroup fll .£ ' the quotient Tate(qn)~J.l£ is Tate (qn£) (the projection

induced by the l'th power map on Gm) and the dual. isogeny consists of' dividing
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Tate (qnJ,) by the subgroup generated by qn. For the subgroups Hi' the

quotient Tate (qn)/Hi is Tate((~; q1/£)n) , and the dual isogeny consists

iI/I, n '
of dividing (Tate( (~J, q )) by its subgroup IJl1, •

v* n£Thus for the subgroup IJl n , we have 7r (w ) = w on Tate (q ) ,
ZJ can can

v* i 1/£ nwhile for the subgroups Hi' 71" (wcan) = £. (wcan) on Tate( (~.e q ))

(because in the 1at ter case ;;.. is induced by the 1, r th power mapping on G
m

,

on which w is dt/t) •can

The quotient Tate(qn)/fJlJ,!::::::::... Tate(qn.e) may be viewed as obtained

from Tate (qn) by the extension of scalars cp1,: z( (q» ~ z( (q) ) sending

q ~ qJ,. We denote by a~ the unique level n structure on Tate(qn)

*such that cp.t(a~) = 71"J,(an ) , 71"1, (an) denoting the image of an by the pro-

jection of .Tate(qn) onto Tate(qn)/IJlJ, ~ Tate(qn.t) .

The quotients Tate(qn)/Hi '£::::::'" Tate(qn/£ ~~i) , i =0, ••• ,£-1 over

Z[l/n£ '~n£]((q1/£)) , may each be viewed as obtained from

Tate(qn)/H ~ ~ate(qn/1,) by the extension of scalars
o

Cfli: Z[l/n£, ~n£]((q1/.t))~ Z[l/n£, ~n£]((q1/£)) which sends l/£~ ~~q1/.t.

Under this identification, we have (noting 71".: Tate(qn)~ Tate(qn)/H. ,
~ ~

i = 0, ••. ,1,-1 the proj ections) the relation 7r. (a ) = cp~ (7r (a ) , as an. ~ n ~ 0 n

immediate explicit' calculation shows. We denote by a" the level n structure
ni:(71" (a » on Tate(~) obtained from 7r (a) on Tate (qn/.t) by the exten-

ZJ 0 non

sion of scalars it: Z[1/n£'~n.t]((q1/£))~ Z[l/n£, ~n£]((q)) sending

1/1,q to q.

Thus we have .

(1.11.0.3)

nJ, *f(Tate(q },w ,cpfj(a'»can ZJ n



Ka-24 92

(1.11.0.4)

n v* i 1/.£ n *
f(Tate(q )/H.,rr.(w ),7T.(a)) = f(Tate«s q ) ),.£·w ,cp.(rr (a )))]. ]. can ]. n can ]. 0 n

=cp.(f(Tate(qn/.£),.£·w ,rr (a))
]. can 0 n

= cpo 0 (i 0) -l(f(Tate(qn) ,.£. w ,a"))
]. k can n

= .£-l.cp.o(i o)-l(f(Tate(qn),w ,a")).
]. k can n

Combining these, we have the following formula for T.£.

Formula 1.11.1. Let f be a modular form of level n and weight k over a

ring R, and suppose ,e is a prime number not dividing n which is invertible

in R. Let f be a modular form of level n and weight k, with q-expansions

(1.11.1.0) f(Tate( qn) ,w ,a)
can n

I a.(a ).qi .
i>-oo ]. n

Then

(1.11.1.1) (T.f)(Tate(qn),w p.) = I b.(a )qi ,
k can n i > -00 ]. n .

where the coefficients b. (a) are given by the formula]. n

(1.11.1.2) b.(a) = .£k-1a ./ o (a ' ) + ao.(a")
1. n ]. k n k]. n

(with the convention that ai /.£ = 0 unless .£fi).

Corollary 1.11.2. If f is ho1amorphic at 00 , so is T.£ (f). If f is a

cusp-form (meaning that its q-expansions all start in degree 2: 1), theIt so is

T.£ (f). If all the q-expansions of f are poJ;vnomiaJ.s in q, the same is

true of T.£ (f) •

Proof. These follow directly fran the explicit formulae - we note that if f

has poJ.3n,omial. q-expansions of deg:S n , then T.£(f) has expansions of

degree ~ n.£ •

Proposition 1.11.3. Let n 2: 2 and k 2: 2 ,.2!. 3 ~ n :s 11 and k 2: 1 •

For any prime .£ not dividing n, and~ Z[l/n]-module K, there is a

necessarily unique endomorphism of the space of modular forms of weight k and
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level n, holomorphic at 00 , with coefficients in K, whose effect on

q-expansions is that given by the formulas (1.11.1.0-2).
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Proof. By the base-changing theorem, we are reduced to the case K = Z[l/n] •

For a modular form f over ~l/n] , T£ exists a. priori over Z[l/n£] , but

its q-expansions all have coefficients in Z[l/n,~ ] , so by (1.6.2) and (1.9.1),n

T.e(f) is in fact a modular form over Z[l/n] • QED

CorollarY 1.11.4. Let k > 2. For 81JY prime .e, and any Z-module K, there

is a necessarily unique endomorphism of the space of modular forms of weight k

and level one, ho1omorphic at 00 , whose effect on the q-expansion is that

given by the formulas (1.11.1.0-2).

Proof. Choos e relatively prime integers n ,m ~ 3 , both prime to .e, and view

the module of level one modular forms as the fibre-product of the diagrmm

0-.11.4.1)

The desired T£ is the fibre product of the T£ constructed above on this

diagram. QED

1.12. Applications to polynomial q-expansions; the strong q-expansion principle

In this section we will admit the following result, a special case

of Swinnerton-Dyer's structure theorem (cf. [41], [43]), which will be proven

later (cf. 4.4.1).

Result 1.12.0. Let n 2: 1 be an integer, K a field of characteristic p ~ n ,

and f a modular form over K of level n and weight k.2: 1 , ho10m0rphic at

infinity. Suppose p-1 l k. Then if aJ.l the q-expansions of f at the cusps
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of' M @K(s) are constants, f':::;: 0 .n n

Using this result, we will now prove

Theorem 1.12.1. Let n, k 2: 1 be integers, and suppose that f' is a modular

form of' level n and weight k, ho1omorphic a.t 00 , with coefficients in a

Z[l/n]-module K. Suppose that for every prime p such that p-1fk, the

endomorphism "multiplication by pn is injective on K. Then if aJ.l the

q-expansions of f are pO~ilomials in q, f' = 0 •

Proof. We begin by reducing to the case n 2: 3 , using the diagram (1.9.0.0)

to handle the case n=l, and the interpretation (1.9.1.1) for n=2. We

then reduce to the case in which n is divisible by a = II p; by hypothesis
p-Ilk

K C K[l/a] , so we m8¥ replace K by K(l/a] (using the cohomology sequence

(1.6.2.2)), then view f as a modular form of level a·n with coefficients

in K[l/a]. Next we reduce to the case in which K is an arlin 10caJ. ring

over Z[l/n] , as explained in the proof of (1. 6.1) . We will proceed by

induction on the least integer b 2: 1 such that ntb = 0 , In., denoting the

maximaJ. ideaJ.. Thus we begin with the case in which K is a field.

Consider the finite-dimensionaJ. K-space V of such modular forms, and

_(~i'l(an))
A. - •

1. 8.. (ex)
1.,n n

N

F(Tate(qn),w ,a) = L. A. (0 )qi ,
can n . 1. n

J.=O

choose a basis £1' ••• ,fr of V. Let N be the maximum of the degrees of'

the q-expansions of the f
i

at any of the cusps. At each cusp, record the

q-expmwion of F =([:) :

Let J, be 8. prime number such that J, ~ n, l > N. Because V is stable

under the Heeke operator Tt (cf.1.11), we have -a matrix equation (C denoting

an r X r matrix with coe:fficients in K),
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Passing to q-expansions gives the equation

L (Ali(a~) + ;r-lAi / l(a~»qi = C· L Ai (an)qi
i i

i.ewhence, comparing coefficients of q ,we find the relation

A 2 (an) + lk-IA• (a l ) = C·AiD(a ) •
.ei n ]. n ~ n
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(by definition of N).

level n structure a n

As .e is invertible, we have A. (a I) = 0 for each]. n

Hence each q-expansion of each f i is a constant,

hence by (1.12.0) each f. = o. This concludes the proof in case K is a
1

field, and implies the case in which K is a vector space over a field,

as vector spaces have bases.

Now consider the case of an Artin local ring K whose maximal ideal rn,
satisfies m.,b+l = o. By induction, f becomes 0 in K/mb , hence by

the exact cohomology sequence (1.6.2.2) associated to the exact sequence of Z[l/nJ­

modules 0~ mb~ K --7 K/mb~ 0, f comes from a form with

coefficients in mb. But as mb+l = 0 , ntb is a (finite-dimensional!)

vector space over the residue field KjrYU , and the previous case of a field

applies. QED

Corollary 1.12.2. (Strong q-expansion principle) Let n, k 2: 1 , and let

a = II p. Let K be a Z[l/an]-module of which L C K is a Z[l/an]-sub-
p-llk

module, and f a modular form of level n and weight k, holomorphic at 00 ,

such that at each cusp, all but finitely many of its q-expansion coefficients

lie in L ®Z[1/n]~1/n, Sn]. Then f is a modular form with coefficients

in L.

Proof. Apply the theorem to the image of f as modular form with coefficients

in K/L. QED
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1.13.
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Review of the modular scheme associated to ra(p)

For each integer n 2: 3 prime to p , the f'lmctor "isomorphism classes

of elliptic curves with level n structure and a finite flat subgroup (scheme)

of rank p It is representable, by a scheme M , which is an affine curven,p

over Z[l/n] it is a regular scheme, but it fails to be smooth over Z[l/n]

precisely at the finitely closed points on M corresponding to super-n,p

singular elliptic curves in characteristic p . The projection "forget the

subgroup of rank pit makes M finite and flat over Mn of degree p+l.n,p

We define M to be the normalization of M in M ; it is an,p n n,p

regular scheme, proper and flat over Z[l/n]. The difference M - Mn,p n,p

is finite and etale over Z[l/n] , and over Z[l/n, ~] it is a disjoint unionn

of sections, called the cusps of M , two of which lie over each cusp ofn,p

M , and exactly one of which is etale over Mn n

The completion of M ,. ®Z[l/n, ~] along any of the cusps is iso-n,p n

morphic to Z[l/n, ~ ][[q]]. The universal elliptic curve with level n
n

structure and subgroup of order p over Z[ l/n, ~ ] ( (q)) , viewed as a punc­n

tured disc around an unramified cusp , is the Tate curve Tate (qn) with the

level n structure corresponding to the underlying cusp of M ,and the sub-
n

group lJ..Lp . Over one of the ramified cusps, the inverse image is the Tate

curve (qnp) , with the induced (q~ qP) level n structure from the cusp

of M below, and with the subgroup generated by qnn

The automorphism of M given by (Ep ,H) ~ (E/H;lr(a ), E/H)n,p n n p

(7r: E~ E/H denoting the projection, and 7r(an ) the level n structure

explained in (1.11.0.0)) extends to an automorphism of M which inter­n,p

changes the two sorts of cusps.
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This chapter is devoted to the study of various properly p-adic general-

izations of the notion of modular form, as tlfunctions tl of p-adic elliptic curves

whose Hasse invariant is not too near zero.

2.0 The Hasse invariant A as a modular form; its q-expansion

Let R be any ring in which p = 0 (i. e., R is an F - algebra) andp

consider an· elliptic curve E/R. The pIth power mapping Fabs is an additive

p-linear endomorphism of (J E ' hence induces a p-linear endomorphism of the

R-module I2-(E, ~E). If w is a base of ~/R' it determines the dual base

II of I2-(E, () E) , and we define A(E,w) E: R by setting F:bS(ll) = A(E,w)·ll •

Replacing W by ~w, ~ e Ir has the effect of replacing II by ~-Ill , and

F*'l-. (~-lll) = ~-p F*'l-. (ll) = ~-P.A(E,w)·ll = ~1-PA(E,w)·~-Ill ,whence A(E,~w)
aus aus

~1-P.A(E,w) ,which shows that A(E,w) is a modular form of level one and

*weight p-l defined over:IF More intrinsically, we may interpret F 'l-. asp aus

an R-linear homomorphism F:bS : F:bS(r(E, "E)) = (I2-(E, OE))®P~ I2-(E, t)E) ,

so as a section of (~/R)®P-l. In terms of the base w of ~, this section

is A(E,w)· wQ9p-I. To see that A is holomorphic at 00, we simply note that

the Tate curve over :IF p ( (q) ) is the restriction of a plane curve Cover

:IF p [ [q] ] , and that it canonical differential wcan is the restriction of a

base over of the dualizing sheaf of c. Thus determines the

dual base llcan of

*is just the matrix of Fabs

as :IF p[ [q]] -module, and A(Tate (q), wcan)

on I2-(C, () C) with respect to the base llcan.

In particular, A(Tate (q), w E::IF [[q]] .can p

An alternative method of establishing holomorphy is to use the fact that

for any elliptic curve E/R over a.ny base ring R, I2-(E, tJ E) is the tangent

space of E/R at the origin, which is to sB'3 the R-module of all translation­

invariant derivations of E/R, and that when R is an JF -algebra, the actionp

of F:bS on :ffl(E, 6 E) consists of taking the pIth iterate of an invariant
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derivation.
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Now we use the fact that there is a local parameter t on the com-

pletion of the Tate curve along its identity section in terms of which wcan =
dt/l+t. Let D be the invariant derivation dual to wcan • Then

hence D(l+t) = l+t ,hence Dn(l+t} = l+t for all n > 1. Over

is an invariant derivation, and it agrees with D on wcan ' hence

*hence F h (~ ) = ~ ,and A(Tate (q), W ) = 1 .a s can can can

2.1 Deligne's congruence A =E 1 mod p
p-

D(t) = l+t

F nIlp

nP = D ,

For any even integer k > 4 , the Eisenstein series ~ is the modular

form over C of level one and weight k whose q-expansion is

~ - 2k ( ) n
b

k
L: O'k_l n q , O'k_l(n) = E

dJn
d>l

k-ld •

As its q-expansion coefficients all lie in Q, ~ is defined over a». (by

) -2(p-l)1.9.1. For k = p-l, P 2: 5 , the p-adic ordinal of b is 1 , hence
p-l

E 1 has q-expansion coefficients in Q n Z • Thus it makes sense to reduce
p- . p

Ep _1 "modulo P , obtaining a modular form over :IF p , whose q-expansion is the

constant 1. Hence A = E 1 mod p , because both are modular forms of thep-

same weight with the same q-expansions.

For p = 2 and 3, it is not possible to lift A to a modular form of

level one, holomorphic at 00, over Q n Z • However, for p = 2 and,
p

3 ~ n :s 11, 2 ~ n we mB\V lift A to a modular fom of level n and weight 1,

holomorphic at 00 ,over Z[l/n] (by 1.7.1). For p = 3 and any n 2: 3 ,

3 {n we mB\Y lift A to a modular form of level n and weight 2, holomorphic

at 00 ,over Z[I/n] (by 1.7.1).

For p = 2 and 3:S n :s 11, n odd (resp. for p = 3 and n > 2

3..r n), we choose a modular form Ep _l of weight p-l and level n, holo­

morphic at 00, defined over Z[l/n] , which lifts A.
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Remark. For p = 2 , there exists a lifting of A to a modular form of level n

over Z[l/n] for n = 3, 5, 1, 9, ll, and hence for any n divisible by one

of 3, 5, 7, 11. But the author does not know whether A lifts to a form of

level n for other n (even for n = 13! ) • An aJ.ternative approach to the

difficulties caused by p = 2 and 3 might be based on the observation that

the Eisenstein series E4 = 1 + 240 I: 0'3 (n)qn provides a level 1 lifting to Z

of A4 if' p = 2 (resp. of A2 if' p= 3).

2. 2 p-adic modular forms with growth conditions

choose an element r e Ro • For ~~ integer n ~ 1 ,

2.2.0 Let R be a p-adicaJ.ly complete ring (i. e.
o

R ::' lim R /pNR ) , and
o ~ 0 0

prime to p, (resp.

3 ~ n ~ 11 for p =2, and n ~ 2 for p =2) we define the module M(R ,r,n,k)
o

of p-adic modular forms over . Ro of growth r, level n and weight k: An element

f E: M(Ro,r,n,k)

ing of:

is a rule which assigns to any triple (E/s, a , Y)n consist-

(2.2.1)

(2.2.2)

an elliptic curve E/S, where S is a Ro-scheme on which p is nil­

potent (i.e. pN=O for N»O)

a level n structure an

a section Y of ~®(l-P) satisfying Yo Ep_
1

=r

a section f{E/S, a , Y)
n

of ~k
(~/s) over S , which depends o~ on the

isomorphism class of the triple, and whose fo:rmation commutes with arbitrary

change of base of Ro-schemes S I ~ S .

EquivaJ.ently, we may interpret f as a rule which attaches to each

quadruple (E/R, w, a , Y)
n

consisting of:

(2.2.4)

(2.2.6)

an elliptic curve E/R, R an Ro-aJ.gebra in which p is nilpotent;

a base w of ~/R;

a level n-structure;
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an element Y E R satisfying Y·E l(E,w) = r ,
p-

an element f(E/R, w, a ,Y) in R, which depends only on isomorphism class
n

of the quadruple, whose formation commutes with extension of scalars of

V-algebras, and which satisfies the functionaJ. equation:

(2.2.8)

By passage to the limit, we can allow R to be a p-adically complete Ro­

algebra in the above definition.

(2.2.9) We say that f is holomorphic at 00 if for each integer N 2: 1 ,

its value on (Tate (qn), w ,a, r(E l(Tate (qn), w ))-1), considered
c~ n p- can

over Z( (q)) ® (R InNR ) [r] lies in Z[ [q]] ® (R IpNR ) [~ J , for each level n
CJ~ 0 n 0 0 n

structure a
n

We denote by S(R ,r,n,k) the submodule of M(R ,r,n,k)
o 0

consisting of forms holamorphic at ~.

As formal consequence of the definitions, we have

2.2.10

2.2.11

M(RO,r,n,k) = lim M(R IpNR ,r,n,k) •
~ 0 0

S(R ,r,n,k) = lim S(R IpNR ,r,n,k) •
o ~ 0 0

2.3 Determination of M(Ro,r,n,k) when p is nilpotent in Ro

We begin by determining the universal triple (E/s, a , Y)n suppos-

ing that p is nilpotent in Ro ' and n 2: 3. For notationaJ. converlience,

let's denote ~®l-p by 1:.- • By the definition of Mn ' the f'unctor

.1R : S ~ S-isomorphism classes of triples (E/s, a ,Y) is the f'unctor
drfl n ===

r( '. S ~ iR -morphisms g: S ~ M ®R ,together with a sectionvRarl1- 0 n 0

Y of g*(r.) verifying Yeg* (E 1) = rp-

which we may view as a sub-functor of the functor

rt. * ~-TR : S ~ (R -morphisms g: S ~M ,plus a section Y of g (.,,-)) •
o,n 0 n

This last functor is representable, by the M ®R -scheme
n 0
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~ ®R (Symm( ~ »
n 0

1
M ®R

n 0
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v

Indeed, we ms\y cover Mn ®Ro by affine opens Spec(Bi ) over which ~ admits

an in.vertib1e section £i ' and cover S by affine opens Spec (Aij ) such that

gfSpec(A.. ) factors through Spec(B.). Over Spec(B.) , Spec (~(i »
J.J J. J.

v * * vis Spec(B.[£.]). A section Y of g (,() determines an element Y·g (£J..)
J. J.

of A.. , and then a lifting of the given homomorphism g: B. ~ Ai . to a
J.J v J. J

hanomorphism ~.. : B. [£ .] ~ A.. by the formula
J.J J. J. J.J

v ~ * v kg. .(L bk (£.) ) = L g(b )(Y.g (.e.» •
J.J J. ~ J.

v

These gi piece together to define a morphism from S to Spec (~(,t:. » •

The sub:functor:JR is then represented by the closed subscheme
v o,r,n

of Spec (~(,(» defined by the vanishing of E 1- r. Thus the uni-p-

versal triple (E/s, an' Y) is just the inverse image on Spec (~(~ ) )

of the universal elliptic curve with level n structure over Mn®Ro ' hence

Proposition 2.3.1. When p is nilpotent in Ro ' and n 2: 3 is pr:iJne to p,

there is a canonical isomorphism

v ®k
M(R ,r,n,k) = HO(Spec M ®R (~( t:.) (Ep _1 - r), ~ )

o n 0

(because Mn is affine)

= HO(M ®R, ffi (w)®(k+j (p-1) )/(E - r»
n 0 j ~ 0 - p-1

= HO(M ®R, ffi (w)®(k+j(p-r»)!(E - r)
n 0 j > ° - p-1

= ED M(R, n~ k+j(P-l»/(E 1 - r) •
j 2: ° 0 p-
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2.4 Determination of S(Ro,r,n,k) when p is nilpotent in Ro

Proposition 2.4.1. Let n 2: 3, p {' n. Under the isomorphism (2.3.1), the

submodule S(R ,r,n,k) C M(R ,r,n,k) is the submodule00
o v ®k 0 ~

H (Spec M®R (~(;( )/(Ep _1 -r»), ~ ) of H (Spec M ®R (Symm(A-)/(E _l-r».
non 0 p

Proof. It suffices to treat the case in which Ro 3 ~n. Then the ring of

the completion of M®R along 00 is a finite number of copies of Ro[[q]] ,n 0

hence the ring of the completion of Spec M ®R (S:vmm( l:.. )/ (E -1 - r» along
n 0 p

the inverse image of «) is isomorphic to a finite number of copies of

R Ceq]] :: R ([q]][Y]/{Y·E l(Tate(qn), w ,a) -r)o 0 p- can n

(an isomorphism because E l(Tate(qn), w " a) is invertible in R ([q]]).
p- can n 0

o v ®k
Thus the condition that an element f € H (Spec M ®R (Symm(.t:.. )/ (Ep_l-r», ~ )

n 0

have holamorphic q-expansions is precisely the condition that it extend to a

. ®k p ®ksect10n of ~ over Spec M ®R (Symm(A., )/(Ep _l - r), ~ ). QED
n 0

Remark 2.4.1.1. AnaJ.ogously to (2.3.1), we have

o v ®k
H (Spec M ®R (Symm( t:.- )/(Ep _l - r», ~ )

n 0

= HO(M ®R , w®k ®Symm( ~ )/(E 1- r »n 0 - ~ p-

= HO(M ®R, e wk+j(p-l) /(E - r» •
n 0 j ~ 0 - p-l

2.5 Determination of S(R ,r,n,k) in the limito

Theorem 2.5.1. Let n 2: 3 , and suppose either that k > 2 or that k=l

and n~ll,2!.that k=O and PF2,~that k=O, p=2,and n<ll.

Let R be any p-adically complete ring (R ~ lim R /pNR ) , and suppose
o 0 +- 0 0

r E Ro is not a zero divisor in Ro • Then the homomorphism
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j
S(R ,r,n,k) = Itm S(R /pNR ,r~n,k)

° ~ 0 °
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is an isomorphism.

Proof. Let J<5 denote the quasicoherent sheaf E9 Jt+j (p-l) on M ,
-> - n

N J _ °
and put,J = J ® R /p R • The inverse system of exact sequences

N ° °
E -r

o~ )N p-I ;> AN~ ~i(Ep_I-r) ~ 0

gives an inverse system of six-term cohomology sequences

E -r
o~ HO(Mn,.J

N
) p-I ;> HO(Mn , I N)~ If(Mn,Ji(Ep _l - r) ~ Ifl(Mn,J

N
) -

2.5.1.2
E -r
p-l :> Ifl(M ,.I

N
) ~ Ifl(M , .IN!(E 1- r» ~ 0 •

n n p-

Suppose first that k > o. Under our hypotheses, the base-changing theorem

(1.7.1) applies, according to which HO(M', I N) = HO(M ,,J) ® (R /pNR ) , and
n . n ° °

Ifl(Mn , ,.oN) = o. Thus the HO terms in (2.5.1.2) tom a short exact sequence

of inverse systems, the first of which has surjective transition morphisms.

Hence the inverse limits of these inverse systems form the desired short exact

sequence.

In case k =0 and p 1= 2 or k =0 , p = 2 and n ~ 11 , we have

Ifl(M: , w®k) = 0 for k > 1 , hence Ifl(M,,,J ) = Ifl(M ,t7) , and by (1.7.1»,
n - - n n

HO(M , AN) = HO(M ,,&) ® R /pNR • The exact sequence (2.5.1.2) becanes
n n 0 °
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For variable N, these form a six-term exact sequence of inverse systems. If

the sequence of their inverse limits were exact, the theorem would follow, be­

cause the map lim HO(M ,8) ® R /pNR ~ lim H°(i~ ,tJ) ® RO/pNR is injec-
+- n 0 0 +- n 0

tive (this because HO(M ,fJ) is a finite free Z[l/n]-module, and r is not an

zero divisor in R ~ lim R /pNR ). To prove the exactness we apply a
o +- 0 0

general lemma.

Lemma 2.5.2. Let 0~ KO~ r ~~~ .. _ be a (long) exact sequence

in the category of projective systems of abelian groups indexed by the positive

integers. ~ iSuppose that for all i r i ,the projective system K has sur­
o

jective transition morphisms, and that the sequence

i +1 i +2 i +3
lim K 0 ~ lim K 0 ~ lim K 0 is exact_ Then the sequence
+- +- +-

o~ lim KO~ lim r-~ lim K2~ _.•
+- +- +-

is exact.

Proof. Consider the 2 spectral sequences of hypercohamology for the functor

l~ •

wJ>,q = HP(Rq(lim) (K·» -> :mP+q(lim) (K·)
r2 +- +-

wJ>,q = # (lim) (Hq(K· ) ) > lR P+q(lim) (K- )
Ir2 +- +-

By hypothesis, we have I~,q = 0 for all values of q, hence :nf(lt:n) (K- ) = 0

for all n. According to ([48 ]), we have Ri (lim) = 0 for i 2: 2 , hence
+-

wJ>2,q = 0 for q > 2. By ([48]), we have Rl(lim) (Ki ) = 0 for i ~ i ,r2 - +- 0

hence

~,q = 0 unless q=O 2!: q=l and p=i
o

•

i +2,0
As we have also supposed that ~20 = 0 , we have degeneration: ~,q=~,q

for aJ.l p,q. As E~,q = 0 for all p,q, we get in particular ~'0 = 0 for

all p , which is the desired conclusion. QED
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2.6 Determination of a Itbasis" of S(Ro,r,n,k) in the limit

Lennna 2.6.1. Under the numericaJ. hyp~theses of theorem (2.5.1), for each j > 0

the injective homomorphism

2.6.1.1

admits a section.

Proof. We must show that the cokerne1 of (2.6.1.1) is a finite free Z­
P

module. By the base-changing theorem (1.7.1), we have for each j 2: 0 an

exact sequence of finite free ~ -modules
p

2.6.1.1.1

whose formation commutes with arbitrary change of base (for

w®k+(j+1) (P-1)/E w®k+j(p-1) remark that it's Z -flat by Igusa's theorem
- p-1-' P

(cf[17]), and modulo p , it becomes a skyscraper sheaf on M ®IF ,hence has
n p

vanishing I?-). Hence the cokerne1 of the map (2.6.1.1) is the kernel of a

surjective map of finite free Z -modules, hence is itself a finite free
p

Z -module. Q,ED
p

For each n, k satisfying the hypotheses of (2.5.1), and each j?: 0

we choose once and for aJ.1 a section of (2.6.1.1) ,. and denote its image by

B(n,k,j +1) .

2.6.1.2

and

2.6.1.3

Thus for j 2: 0 , we have a direct sum decanposition

HO(M' w®k+(j+1) (P-1)) .::: E ·Ho(M Jt+j (P-1)) (B B(n k -+1)n'- p-1 n'- , ,J

0(- ®k) dfn ( )H Mn'~ = B n,k,o •

We define B(R ,n,k,j) = B(n,k,j) ® R • Iterating the Ro-anaJ.ogue of
o Z 0

(2.6.1.2) gives a direct sum decomposition p
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rigid( )Let B Ro,r,n,k denote the Ro-module consisting of all formal sums

00

b a e B(R,n,k,a)

whose terms tend to zero in the sense that given any N > 0, :3 M > 0 such that

Nb e p ·B(R,n,k,a) for a.2: M ,the M allowed to depend both upon N anda

( rigid() )upon the series E b a • Notice that B Ro,r,n,k does not depend upon r!

Proposition 2.6.2. Hypotheses as in (2.5.1), the inclusion of Brigid(R ,r,n,k)
o

in the p-adic completion of HO(M, ffi wk +j (p-l» induces (via (2.6.1.3»)
n j ~ 0 -

an isomorphism

Brigid(R ,r,n,k) -~ S(R k)---:;:0'" ,r,n,o 0

2.6.2.1

~"L

a>o

where " L
a>o

Eba

" has the value
(E.P-1) a

ra·ba It

(E-) a
1'-1

E b (E/s, a ).ya on
a>o a n

(E/s, a ,Y) •n

Proof. For injectivity, we must show that if L:
a2:0

can be

written (E 1 - r). E s with s e S (R ,n ,k+a{p-1) ,and s tending to
p- a> 0 a a a

zero as a ~ 00, - then all b =o. It suffices to show that for any N > 0 ,a

b a == 0 mod pN. But mod pN ,both Eba and LSa become finite sums. To fix

ideas, suppose b a == sa == 0 mod pN Va> M Let's show bM == ~4 == 0 mod J1I .
As 0;: b

M
+
1

;: Ep_1S
M

mod pN, riM;: 0 mod pN ,hence b
M

;: Ep_1s
M

_
1

mod pN ,

hence b
M

== 0 mod pN by (2.6.1.3). Now start again with M-l... •

For surjectivity, we just use the decomposition (2.6.1.3). Given E sa '

sa e S(R,n,k+a(p-1» tending to zero, we ms\y decompose sa E (E _l)i b. (a)
i+j=a p J

with b j (a) E B(R,n,k,j) , and b j (a) tends to zero as a ~ 00 , uniformly in j .
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=L 1: r~. (a) +
a i+j=a J
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'u v i..+ (E 1 -r) 1: I: b.(a) 1: (E 1) ·r , hence 1:s and L L r o.(a)
p- a i+j=a J u+v=i-1 p- a a i+j=a J

have the same ilnage in S(Ro,r,n,k). But for each j , t r~j (i+j) converges

to an element b! E B(R,n,k,j) , and b! tends to zero as j ~ 00, and
J J

1: b! has the same image in S(R ,r,n,k) as 1: s QED
j 2:: 0 J 0 a > 0 a

Corollary 2.6.3. Hypotheses as in (2.5.1), the canonical mapping

S(R ,r,n,k) ~ S(R ,1,n,k) defined modularly by composition with the trans-o 0

formation of fUnct0rs: (E/s, a ,Y) ~ (E/s,a ,rY), is injective; the corre-
n n

sponding map

Proposition 2.7.1.

divides a power pN,

is given by

E b ~ 1: r~ •a a

2.7 Banach norm and q-~a.nsion for r =1

Hypotheses as in (2.5.1), let x e R be any element which
o

N 2:: 1, of p. Then the following conditions on an e1e-

ment f E: S(R ,1,n,k) are equivalent, for k > 0
o

on each of the ~(n)

(1)

(2)

f E: x·S(R ,1,n,k) ,
o

the q-expansions of f all lie in x·Ro[Sn][[q]] ,

connected components of M ® Z[l/n,s],
n Z[l/n] n

there is at least one cusp where the q-expansion of f lies in

Proof. Clearly (1) ==> (2) ===> (3). We will prove (3) ---> (1). Because

r =1 , we have

S (R /xR ,1,n,k) =Brigid(R IX£{ ,l,n,k) :: Brigid(R ,1,n,k)/X-Brigid(R ,1,n,k) ,
o 0 d' 0 0 0
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so replacing Ro by R /xR , we are reduced to the case x= 0 , and p nil­
o 0

potent in R • In that case f e Brigid(R ,l,n,k) is a finite sum
MOO

1: b , b e B(R ,n,k,a) , and it's q-expansion at (Tate(qn) ,w ,a ,(E 1)-1)
a=o a a 0 can n p-

is that of

N
1: b • (E )N-a

N a p-l
1: b • (E ) -a = .;;.;a_=o~ _

a=o a p-l (E)N
p-l

N N-a
hence by hypothesis, 1: b (E 1) has q-expansion zero at one or more cusps

a=o a p- ---
on each geometric connected component of M ,hence by the q-expansion prin-

N n
ciple (1.6.2), 1: b (E )N-a=o. By (2.6.1.3), each b =0. QED

a=o a p-l a

Proposition 2.7.2. Let n,k,R satisty the hypotheses of (2.5.1). Suppose

given for each cusp a of Mn a power series fa(q) e Ro[Sn][[q]]. The fol­

lowing conditions are equiValent:

1. The fa are the q-expa.nsions of an (necessarily unique) element

~ e S(R
o

,1,n,k) _

2. NFor eve~ power p of p , there exists a positive integer

M=0 mod pN-l , and a "true" modular form ~ e .s (Ro,n,k-+M(p-l))

Nwhose q-expansions are congruent mod p to the given fa.

Proof. (1) =--> (2). Replacing R by R /pNR ,we m~ suppose p nilpotent
o 0 0

Ep _l ' we m8\Y suppose

E l(q) = 1 mOd(p) at eachp-

(E l)M(q) =1 mod{pN) , and
p-

in R
o

• We must show that the q-expa.nsion of f is the q-expansions of a true

modular form of' level n and weight k' 2: k, k' =k mod pN-l(p_l). But as

we saw above [cf(2. 7.1 )], for M» 0 , and p nilpotent in Ro ' f has the

Msame q-expansions as g/ (Ep _l ) , g truly modular of weight kiM(p-l) •

Multiplying top and bottom by a suitable power of

_ N-l
M = 0 mod p • Then the q-expa.nsion congruence

cusp gives (E l)pN-l(q) =1 mod (pN) , hence
p-

hence f mod pN has the same q-expansion as g.
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Similarly, we define

N-1
(2) =--> (1). Multiplying necessary ~ by a power of (Ep_1)P

we m8\Y assume that the weights k~(p-1) of the ~ are increasing with N.

Let L\ =~+l - ~. Then (~+l - ~. (Ep_l)~) lies in

pN.S(Ro,n,k~+l(p-1» by the q-expansion principle (1.6.2), hence

~i (~+1 - gN·(Ep_1 ) ) "converges" to an element of S(Ro ;l,n,k) , whose

Nq-expansions are congruent modulo p to those of gN. QED

2.8. Bases for levels one and two

Suppose p 1= 2,3. Then E 1 is a modular form of level one which liftsp-
the Hasse invariant, and hence for any p-adically comp1e'be ring Ro :3 r and

integer n ~ 3 prime to p , the group GL2(~nZ) acts on the f'unctor

--L [by g(E/S, ex , Y) = (E/S, gca ,Y) on the set :J 'R_ (S)] ,
~Ro,r,n n n .~,r,n

hence on M(R ,r,n,k) and on S(R ,r,n,k). Clearly M(R ,r,l,k) is just
000

the submodule M(Ro,r,n,k) GL2(~ra;) of invariants under this action, and

( ) . () GL2 ('6,jnZ) ( )S Ro ,r,l,k 1S the submodule S Ro,r,n,k of S Ro,r,n,k • Now

suppose n = 3 .Q!: n = 4. This choice has the advantage that GL2 (Z/rrz.)

then has order pr:illle to p (because p I- 2,3) and P = #GL
2
(ilnZ) I: g is

then a projection onto the invariants. Using P we m8\Y also make the chosen

section of (2.6.1.1) invariant by GL2 (zV3Z) , and define

B(l,k,j) = B(n,k,j) GL2(z(nZ) = P(B(n,k,j» ,

( ) () () GL2(z,!nZ)B R ,l,k,j = B l,k,j ® R = B R ,n,k,j
o Z[l/n] 0 0

Brigid(R ,r,l,k) = p(Brigid(R ,r,n,k» = (Brigid(R ,r,n,k»GL2(z(nZ) ; it is
o 0 . 0

the subspace of Brigid(R ,r,n,k) consisting of the elements L b each ofo a

whose terms ba is invariant by GL2 (Z'/n7L) •

Applying the projector P to (2.6.2) gives:
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Proposition 2.8.1. Let p f: 2,3, Ro a p-adically complete ring and r € Ro

not a zero-divisor.

2.8.1.0

is an isomorphism.

Then for each k 2: 0 , the canonical mapping

Brigid(R ,r,l,k)~ S(R ,r,l,k)
o 0

r~
I:b ~1tE __a_"

a (E )a
p-l

Now suppose p F2 , and consider level two. Let Ep_l e S (Z[~J ,2 ,p-l)

a lifting of the Hasse invariant. Because the subgroup G1 has order prime to p ,

G
1

= Kernel: GL (y/4z) ~ GL(2,z,!2Z) , considerations similar to the above

provide a projector PI = i; I: gl :from level 4 to level 2. We have
I G

M(R ,r,2,k) = M(R ,r,4,k)GI = P1 (M(R ,r,4,k)) , S(R ,r,2,k ) = S(R ,r,4,k) 1 =
o 0 o. 0 0

= FI(S(R ,r,4,k)) , Brigid(R ,r,2,k) =Brigid(R ,r,4,k)Gl , the subspace of
o 0 0

Brjgid(Ro,r,4,k) of elements E ba with each ba invariant by G
I

• Applying

PI to (2.6.2) we get:

Proposition 2.8.2. Let p ~ 2, Ro a p-adically complete ring and r € Ro

not a zero-divisor. For each k > 0 , the canonicaJ. mapping

rigid{ ) ( )B R ,r,2,k ~ S R ,r,2,ko a

2.8.2.0
r~

I:b ~1fL __a_"
a (E )&

p-l
is an isomorphism.

Applying the projectors P or PI to (2.7.1) gives

Proposition 2.8.3. Let Ro be a p-adically complete ring. Suppose either

that p F2 and n= 2 ~ that p 1= 2,3 and n=l. Let x € Ro be any

Nelement which divides a power p, N 2: I of p. The following conditions

on an element f € S(R ,l,n,k) are equivalent:
o

(1) f € x· S(R ,l,n,k) ,
o

(2) the q-expansions of f all lie on xRo[[q]].
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2.9. Interpretation via formal schemes
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Let n > 3, p 1, n, R a p-adicaJ.1y complete ring, and r e R •
- 1 0 0

We denote by M (R ,r) (resp. M(R ,r» the formal scheme over Ro givennon 0

the canpatible fami]y of RJpNRo-schemes Spec M ® R I NR (Symm( 1:. )/ (E -1 - r) )
n ot P 0 p

(resp. Spec M ®R / NR (Symm( 1.. )/(E -1 - r»). We have
n 0 PoP

M(R ,r,n,k) = HO(M (R ,r) ,w ®k)
o n ° -

S(R ,r,n,k) =If(i (R ,r) ,w ®k) •o n 0 -

Equivalently, we may view M (R ,r) (resp. M(R ,r» as the canp1etionnon 0

along p= 0 of the usual scheme Spec ~®Ro(symm(..c )!(Ep - r»

(resp. Spec ~®R
o

(Symm(.( )!(Ep_1 - r». For any r, the first of these

schemes is affine, because Mn is, and when r =1 both schemes are a.f:f'ine.

The p-adic completions of their coordinate rings are just the rings M(R,r,n,O)

and S(R ,1,n,O) respectively.
o
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Chapter 3.
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Existence of the Canonical Subgroup: Applications

In this chapter we study the "canonical subgroup" of an elliptic curve

whose Hasse invariant is "not too near zero." For simplicity, we assume

throughout this chapter that the groundring Ro is a complete discrete valu­

ation ring of residue Characteristic p and generic characteristic zero. We

normalize the ordinal function by requiring that ord(p) = 1 •

Theorem 3.1. (Lubin) I. Let r E R have order) < p/p+l. There is one
o

and only one wa:s to attach to every r-situation (E/R, 0: , Y) (R a p-adically
n

complete R0 -algebra, p {O n, n ~ 1 if P f. 2,3, n ~ 3 if P = 2,3 ,

y. E =r) a finite flat rank p subgroup scheme H C E , called the canonicaJ.p-l

subgroup of E/R, such that:

H depends only on the isomorphism class of

and only on that of (E/R, Y) if P f. 2,3 •

(E/R, 0: , Y) ,
n

The formation of H commutes with arbitrary change of base

R~ R' of p-adically complete Ro-algebras.

If p/r = 0 in R, H is the kernel of Frobenius: E~ E(P).

If E/R is the Tate curve Tate (qn) over R /pNR «q))
o 0

then H is the subgroup 11: of Tate (qn) •
p

II. Suppose r e: R has order) < l/p+l. Then there is one and only
o

one wB¥ to attach to every r-situation (E/R, 0: , Y) (R a p-adically completen

Ro-algebra, p,.( n, n > 1 if p f. 2,3, n ~ 3 if p = 2,3, Y Ep _l =r)

an rP-situation (E' /R, 0:', Y') , where
n

E' = E/H

0:' = 7r(0: ) , 7r: E~ E' denoting the proj ectionn n

Y'· E (E' /R 0:') = rPp-l ' n
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y' depends only on the isomorphism class of (E/R, 0: , Y) ,
n

and only on that of (E/R, Y) if P 1= 2,3 .

The formation of Y' commutes with arbitrary change of

base R~ R' of p-adically complete Ro-aJ.gebras.

If p/r = 0 in R, Y' is the inverse image yep) of

Y on E(P) =E' •

Before giving the proof, we give some applications.

Theorem 3. 2. Suppose n ~ 3, p {n. Let f be a modular form of level n

and weight k on r (p) , defined over R ,and which is holomorphic at the
o 0

unramified CUsps of M • There exists a (necessarily unique) elementn,p

r € S(R ,l,n,k) whose q-expansions at each cusp of M is that of f ato n

the overlying unramified cusp of M Furthermore, if r € Ro hasn,p

order) < p/p+l " then in fact f € S(R ,r,n,k) •
o

Proof. Simply define f(E/R,wp, ,Y) = f(E/R,w,a ,H) •
. n n

Theorem 3.3. Suppose n 2: 3, p {n , and that either k > 2 or k=l and

n < 11 , or that k =0, p 1= 2 , or that k = 0, p = 2 and n < 11. Let

r € R have order) < l/p+l. For any f € S(R ,rP ,n,k) , there is a unique
o 0

element ~(f) € S(R ,l,n,k) whose q-expansions are given by
o

is the induced level n-structureJ.

is the map "dividing by lip", and 1T(an)

kFurthermore, ~(f)·(E 1) € S(R ,r,n,pk)p- 0

v*
Proof. Define ~(f) (E/R,w,O: ,Y) = f(E' /R, 1f (w),o:',Y') , [E' = E/H, 1T: E ---;. E'n n

is the proj ectionJ • This makes sense if y. E 1 = 1 , for then 11- is etale
p-

and so ;*(w) is a nowhere vanishing differential on E' = E/H. To see that

Ek l·~(f) actually lies in S(R ,r,n,kp) , notice that its value onp- 0
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(E/R,w,a ,Y), Y·E 1 = rP , is given formally by
n p-

(E l(E/R,w,a) )k.f(E'/R,:;r*(W},a' ,Y'). [In fact this expression has no meaning,
p- n - n

because ;;.*(w) mB\Y well fail to be nowhere-vanishing on E' .] However, ~f

we write i-*(w) = A· w' with A £ R and w' nowhere-vanishing on E' , then

k (E -1(E/R,WPn»)k
«Ep _l ) .~(f»(E/R,w,an'Y) = p A .f(E'/R,w"a~,y,) •

But a simple tangent-calculation (cf. 3.6.5 ) shows that A and E arep-l

essentially equal; they differ multiplicatively by a unit of R. By "reduction

to the universal case", in which R is flat over Z ,we can make sense ofp

the ratio E l/'A , and interpret it as a unit in any R; this pennits us to
p- --

k (E -1 (E/R'W,an»)k
define (E

p
_1) .~(f)(E/R,w,an'Y» = P A f(E',w' ,a~,y,). QED

3.4 Construction of the canonical subgroup in case r =1

Let us first note that for r =I the theorem is very simple. Given

(E/R,a) with E l(E/R,a) invertible, the curve E ® R/pR over R/pR has
n p- n

inve~tible Hasse invariant, hence Ker(F: E ® R/pR~ (E ® R/pR) (p» is a

finite flat subgroup-scheme of E ® R/pR of' rank p whose Cartier dual, the

kernel of Verschiebung, is etale. Since R is p-adically complete, Hensel's

lemma allows us to uniquely lift Ker F to the desired subgroup-scheme H of

E/R (by taking for H the Cartier dual of the unique lifting of its etale dual).

argument shows that the canonical subgroup of

Since the Tate curve Tate (qn) over :IF « q) )p has ker F = 1M: , the abovep

Tate (qn) over R /pNR «q»
o 0

is

pp • This concludes the proof of part I of the Theorem. For part II, still

only in the case r =1 , we simply note that E I = E/H reduces mod p to

(E ® R/pR) /Ker F '::: (E ® R/pR) (p) , which certainly has invertible Hasse invar­

iant if' E ® RjpR does - indeed Ep_1 ((E ® R/pR)(P) ,w(p) ,a~p» =

= (E leE ® R/pR,w,a »P. Hence E I(E t ,a I) is invertible in R Thisp- n p- n

concludes the proof of (3.1) in the case r =I •
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3.5.0 The "general case" is unfortunately more difficult, and involves a
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sanewhat detailed study of the formal group of' an elliptic curve. Our method

of constructing the canonical subgroup will be to first construct a finite

flat subscheme of the formal group, then to show that it is in fact a subgroup

which has the desired properties. We begin with same lemmas on the formal group.

3. 6 Lemmas on the formal group

Lemma 3.6.1. Let R be an :IF p-algebra, E/R an elliptic curve, and w a

nowhere vanishing differential. Let X be a parameter for the formaJ. group

of E/R (i.e., the completion of E along the identity section), which is

dual to w in the sense that the expansion of w along the formal group is

w = (1 + i:
n>l

a ~)dX •n

Let A(E,w) denote the Hasse "invariant. Then we have the identities
pn_l

an = (A(E,w»p-l for n-l,2, •••.
p -1

/t 1 1 ) (p)
Proof. Let v: 0E/R~ (OE/R
the endomorphism D~ DP of' Ti/R.
may calculate C "~ocaJ.ly":

denote the Cartier operator, "dual" to

We have e (w) = A(E,w)· w(p) , but we

{

0, p t n+l

C(a :flax) = n+1 1

n a (XP - dX)(P) if pfn+1
n

Hence C (w) = L: ap (m+1)-l (rndX) (p), and
m > a

C (w) = A(E,w)· w~p = L: A(E,w) ( a )P(xmdX) (p) , whence
m

a p (m+l)_l = A(E,w)· (am)p. As a o =1 , the result follows easily. QED

Lennna 3.6.2. Let R be any Zp-algebra, and let G be a one-parameter formal

group over R. Then

(1) En~(G) :J zp and Zp lies in the center of EndR(G) •
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(2)
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Given any parameter Xo ' there exists a (non-unique!) parameter

X = Xo + hig~er terms such that for any p-l'st root of unity

~ e Z ,we have [~](X) = ~X •
P

Proof. Thanks to Lazard, we're reduced to the universal situation, which has

R flat over Z • So we may use log, exp, and continuity to get (1). Asp

for (2), it is proven directly in ([31], lemma 4.12), or we can remark that

~ choice of a "p-typical coordinate" X (cf. [5], [6]) which is congruent to

Xo mod degree two terms will do the job.

Lemma 3.6.3. Let R be an:IF -algebra, G a one-parameter formal group over R.
p

In terms of any parameter X, [p] (X) is a fUnction of XP : i. e.

[p] (X) = V(XP) E v JfP .
n > 1 n

Proof. In En~(G), P = VoF, F: G~ G(p) , V: G(p) ~ G • Q,ED

Lemma 3.6.4. Let R be a Z -algebra, G a one-parameter formaJ. group over R,
P

X a parameter on G such that [~ ] (X) = ~ X for any p-1' stroot of unity

~ e Z . Then [p](X) = X·(a series in Xp- 1) •
P

Proof. [p]([~](X)) = [~]([p](X)) because p.~ = ~.p in Zp. Thus

[p] (~X) = ~. ([p] (X)) , so writing [p] (X) = E e Jf , we have e ~n = e ~ ,n n n

hence (s-~n)e =0. But for n 1= 1 (p-1) , ~_~n is invertible in ~ , hence
n p

e =0 •
n QED

Lemma 3.6.5. Let R be a Z -algebra, G a one-parameter formal group over R,
P

X a parameter, w = (1 + E a Jf)dX the dual invariant differential. Then
n>l n

we have

[p](X) - ap _
1
·xP + higher terms mod(p) •
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Proof. [In the application to elliptic curves, we have
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a 1 =A(E,w) , andp-
[p](X) = V(Xp ) = tangent(V)·XP + higher terms, so the assertion is that

A(E,w) = tangent(V) = action of F on r(E, b ) , which is true!]

By Lazard, we are reduced to the l.Uliversal case, in which R is fiat

over Z . Overp
p-2

cp(X) = X + L
n=2

R[l/p] , we have w = ~(X), cp(X) E R[l/p][[X]] ,

~+l xP
a --=----+1 + a 1 - + higher terms. Let VeX) be the inverse
n n p- p

series to cp: V(X)= X + ••• ,V(cp(X)) = X. Then [p](X) = V(p-cp(X))

Because cp(X) mod degree p lies in X+~R[ [X]] , for each n > 2

cp(X)n mod degree It!:! lies in "J!l + ~+J..R[ (X]]. If we write

i
VeX) = X + i ~ 2 biX , we see from this and the requirment W(cp(X)) = X that

- a p _
lb2 , ••• ,bp _l E R , while bp == P modulo R _ Now the term of degree p in

[p](X) = V(pcp(X)) is given by

Pi·
L b.p • (coef of xP in (cp(X))l)

i=l 1

p-l i
a 1 + L b.p (coef of xP in cp(X) i) +b .pI'

p- i=2 1 P

and as pbp E R , we see that all the terms save a p-l lie in pR. QED

We may summarize our findings in a proposition.

Proposition 3.6.6. Let R be a Z -algebra, G a one-parameter formal group
p

over R, X a coordinate on G which satisfies [s] (X) = sX for every p-l' st

root of unity

3.6.6.0

S E Z , and w the "dual" differential.
p

[p] (X) = pX + aXP + ~ c .)(ll(p-l) +1
m=2 m

Then

where a,c2 ,c
3

, ••• , € R , and cr E pR unless m(p-l) + 1 == O(p) i.e.,

c
m

E pR unless m == 1 (p). Further, if G is the formal group of an ellip­

tic curve E/R, then a =A(E,w) mod pR .

Proof. By (3.6.4), [p](X)=X'(a series in Xp -1 ) , but modulo pR, [p](X) is

also a series in xP , by (3.6.3). The congruence for a is by (3.6.1).
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3.7 Construction of" the canonical subgroup as a subscheme o:f the :formal group

Suppose we are given (E/R, a ,Y) with R a p-adically completen

Ro-algebra, n ~ I if p # 2,3, n ~ 3 for p = 2,3, Y·Ep _1 =r, order) < p/p+1.

Because it suffices to treat the case when p is nilpotent in R, we may, by

ordinary localization on R, suppose that the formal group of E/R is given

by a one-parameter formal group law over R, with formaJ.. paramter X;

we denote by w the "dual" differential. By reduction to the universal case,

we may now reduce to the case when R is a flat Zp-algebra. By (3.6.2), we

may suppose that [s] (X) = ~X for all p-l' st roots of unity S e Z •
P

By (3.6.6), the endomorphism [p] on the formal group looks like

[p] (X) = pX + aXP + L
m>2

c xn(p-1)+1
m

r)a == E -1(E/R,w,an ) mod pR
with - p

Lcm'" 0 mod pH unless m =1 (p) •

We first give a heuristic for the method to be used.

Naively speaking, the kernel of [p] is an JF -vector space, and thep

canonical subgroup is just a nice choice of a line in this F -space, i.e.,
-- p

it is an orbit of :IF x in this vector space. But the action of :IF x on
-- p p

Ker ( [p] ) is induced by the action of Ii 1 C Z on the formal group. Thusp- p

we must write down the equation for the orbits of the action of Pp...:I. on

Ker([p]) , and somehow solve this equation in a "canonical" way. Because

~ e II 1 acts on X by [~] (X) = sX , it is natural to take T dfn Xp- 1 asp-
*a parameter for the space of orbits of the action of:IF on Ker ( [p] ) •
p

The formal identity (obtained from (3.6.6.-0) by substituting T = Xp -1 )

[p] (X) = X· (p + aT + E
m>2

c ~)
m

suggests that in fact the equation for the orbits is

g (T) dfn p + aT + L c ryn = 0
m > 2 r
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and that the canonical subgroup is nothing more than a canonical zero of' geT).

We now implement the above heuristically-motivated procedure. Let

r l E Ro be the element -p/r; we have ord(rl ) = 1 - order) > 1/p+1 , (because

ord(r) < p/p+l by hypothesis)~ Let Y = Y(E!R,w,a ) E R ; we haven

Because a == E l(E/R,w,a) modulo pR , we may writep- n

Thus y. (a+pb) = r , and an immediate calcu-

Y·E l(E/R,w,a) = r •p- n

E l(E/R,w,a) = a+pb, b E R •p- n

lation shows that if we put

(which makes sense, because r 1 is topologically nilpotent in R) , then

p + ato = 0 •

Let's define gl(T) = g(toT) ;

gl (T) = P + at T + E c (t )V
om> 2 m 0

= p- pT + E
r>2

c (t )V .r 0

Let r 2 = (rl )P+1/p , an element of Ro having ord(r2) > o. Let r
3

EO Ro

be any generator of the ideal (r2,(r1 )2) of R
o

•

(3.7. 6.1) g2 (T) = 1 - T + 1: d rfll ,
m > 2 m

as m--+oo.

Proof'. We have d = c (t )m/p • Because c /p lies in R if m 1= 1 mod p ,m mom

(t
o

)P+1/p fand because lies in r 2R, we have d
m

E r
3

R or all m 2: 2 , and

dm~ 0 as m -~ 00. We next apply Newton's lemma to R, I=r
3

R and h=g2.

Lemma 3.7.7. (Newton)

to powers of' an ideal

Let R be a ring complete and separated with respect

reR. Let h(T)=l-T+ ~ drJ!!1,with dmE-,!:,
m=2 m
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and d ~O as m~oo.
m

120

By "substitution", h gives rise to a continuous

function h: R~ R • There exists a unique element t E T such that
00

Proof. Making the substitution T = 1-8 , we introduce

h- (S) = h(l- S) = e + (1 + e1)S + L: e Sm , with coefficients eJ.- E I •
-~ 0 m>2 m

For s E I, hI(s) = h(l- s) , so our problem is to show that hI has a unique

zero Soo in I. For any s E I, hi (s) E I + I , hence is invertible in R,

while hl(s) E I. The Newton process of successive approximations:

s =O, .•• ,s +1 = s - hl(s )/h1'(s) is easily seen to converge to a zero ofo n n n n

hI. If s and s + ~ are two zeros of hI in I, we have

2 2 (o = hI(s +.6) = hI(s) + hi (s) •.6 + (.6 ) = hi(s) •.6 + (.6) , hence as hi s) is

invertible, we have .6 e: (.6
2
). Because .6 E I and R is I-adically sepa-

rated, this implies .6 = 0 . QED

Tracing back our steps, we have constructed a zero t can = to(l- too)

of g(T). Because t can lies in rlR, we ma;r expand g in powers of T-too '

and conclude that geT) is divisible by T-tcan in R[ [T]]. We define the

canonical subschem.e to be the finite flat rank p subschem.e of Ker( [p])

defined by the equation xP - t X. (It m~ be verified that this subschemecan

is independent of the choice of coordinate X on the formal group satisfYing

[s] (X) = ~X for all p-l'st roots of unity ~ E Z .)p

3.8 The canonical subscheme is a subgroup

Let's begin by remarking that if ~/R modulo p has invertible Hasse

invariant, then [p] (X) = pX + (unit) xP + ••• • By the formal version of

the Weierstrass Preparation Theorem, we see that in R[ [X]] , we have

[p](X) = (X
p

- t X)· (a 1IDit in R[[X]]). Thus when Hasse is invertible mod p,can

the canonical subscheme is aJ.1 of Ker([p]) in the formal group, hence in

particular it's a subgroup-scheme of the formal group.



121 Ka-53

In the generaJ. case, the condition that the subscheme of equation

xP - t X be a subgroup-scheme of the formaJ. group is that, noting by G(X,Y)can

the group law, we have

G(x,y)p- t G(X,Y) =0 in R[[X,Y]]/(XP-t X,yP-t Y).
can can can

Because t can lies in rlR , it is topologically nilpotent in R, hence the

R-aJ.gebra A = R[ [X,Y] ]/ (XP - t X , yP - t Y) is finite and :free of rankcan can

p2 with basis xiYj
, O:S i, j:S p-l. The condition that G(X,Y)p-t G(X,Y)

00

vanish in .A is simply that the p2 "coe:fficients" g.. e R defined by the
~J

equation

G(x,Yl - t G(X,Y) = L g •.xY
00 0 :s j, j :s p-l ~J

in A

aJ.l vanish in R. Thus it suffices to find a p-adically complete Ro-aJ.gebra

R' :::> R such that, over R' , the canonical subscheme is a subgroup (for then

the gij vanish· in R' , hence vanish in R). But in the universaJ. situation,

R =M(R ,r,n,o) C R' =M(R ,l,n,o) , and over R' , E 1 is invertible,
o 0 p-

hence Hasse mod p is invertible, and so as noted above the canonical sub-

scheme is a subgroup over RI. This concludes the proof of part I of the

main theorem (3.1)~

(3.9) We now turn to proving part II of 3.1, by constructing YI. As be­

fore we m8\Y suppose R flat over Z • Let r e R have order) < l/p+l .P 0

Then r
l

= p/r has ord(r
1

) > p/p+l , and hence r l is divisible by :z.P ,

and r4 = rl/r"P has ord(r4) > o. Since t can e rlR, modulo rlR the

canonical subgroup is just the kernel of' F: E~ E(P). Hence E' mod rlR

is E(P). Let Wi be any nowhere vanishing one-form on E' which reduces

modulo r 1R to on E(P) . Hence we have the congruence
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Because

122

E l(E' /R,w' ~(J,,) = (E l(E/R,w,a»)p + ~r4jp- n p- n
j e R •

Using the equation

(3.9.3) Y(E/R,w,a )·E l(E/R,w,a) = rn p- n

one immediately checks that if we define

Y'(E'/R,w',O') = (Y(E/R,w,a »P/1 + r4j ·(Y(E/R,w,a »p ,n n /- n

then Y' (E'/R w' (X').E (E'/R w' a') = r P • This concludes the proof' of', 'n p-l " n

part II. Q,ED

3.10 Finiteness properties of' the Frobenius endomorphism of' p-adic modular

functions.

Throughout the rest of' this chapter, we denote by Ro a complete dis­

crete valuation ring of' mixed characteristic with perf'ect residue field Ro/m •

The Frobenius endomorphism cp of' S(R ,1,n,k) is def'ined by
o

cp(f)(E,~,a ;Y = (E 1)-1) = f'(E/H,~*(w),~(o ),Y' = liE 1) ,where H denotesn p- n p-

the canonical subgroup of' E, ~: E~ E/H denotes the projection. As we

have seen above, f'or r e Ro having order) < l/p+l , the composite

"extends" to give a cOIIDIlutative diagram

(Ep_1)k ( )
S(R ,1,n,k)~ S(R ,l,n,k) > S R ,1,n,Pk
000

3.10.0 J J
S(R ,rP,n,k) ------------------------~~S(R ,r,n,Pk)o ,,' 0

For k=O, we f'ind simply that the endomorphism cp maps S(R ,rP,n,O) to
o

S(R ,r,n,O) f'or any r e R having order) < l/p+l •
o 0
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Theorem 3.10.1. Suppose n?: 3 and p.( n , and n ~ 11 if p= 2. Then

I. For r e R with order) < IIp+l , the Frobenius morphism
o ,

cp: S(R ,rP ,n,O)~ S(R ,r,n,O) is a finite morphism (but not in
o 0

general flat).

II. If r =1 , then cp is a finite flat morphism of degree p.

III. For~ r with ord(r) < IIp+l , the homomorphism (K the fraction

field of R)
o

cp®K: S(R ,rP,n,O)®K~ S(R ,r,n,O) ®K
o 0

is finite and etale of rank p •
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Proof. (I) .. Because the ring S(R ,r,n,O)
o

is complete and separated in the

p-adic topology, to prove finiteness of' cp it suf'fices to prove that the

induced homomorphism

3.10.2 cp®Ro·/..!!! : S(R ,rP,n,O)®R 1m ~ S(R ,r,n,O)®R 1m
o 0 - 0 0'-

is finite. Interpreting S(R ,r ,n,O) as HO (M (R ,r), tJ ) (cf. 2.9), ando n 0

noting that M (R ,r) is flat over R ,we see (by "universal coefficients")n 0 ---- 0

that the canonical homomorphism S(R ,r,n,O)®R 1m~ S(R Im,r,n,O) is
o 0 - 0

injective, with cokernel of finite dimension over R 1m. Thus S{R Im,r,n,O)
- 0 - 0

is a finite module over S(R ,r,n,O) ®R 1m , and 'tie have a commutative diagram
o 0

of ring homomorphisms

1 <p@R 1m
S(R ,rP,n,O)®R 1m 0) S(R ,r,n,O)®R 1m

o 0- 0 0-

in which the vertical arrows are finite. Thus the finiteness of the lower

horizontal arrow (which is what we wish to prove) follows from the finiteness

of the upper horizontal arrow.
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Notice that if r=l, both S(RO/!!!,r,n,O) and S(Ro/m,rP,n,o) are
S(R /m,l,n,O) , while if °< order) ,both S(R /m,r,n,O) and S(R /m,rP,n,O)
000

are S(Ro/m,O,n,o). Because order) < l/p+l ,both p/r and p/rr' lie in !!,
and hence over Ro/m the canonicaJ. subgroup over Mn (Ro/m,r) and over
M (R /m,n,~) is just the kernel of Frobenius. It follows immediately that in

n 0

either case (i. e., r = 1 .2!. °< ord(r) < l/p+l) , the endomorphism cp of
S(R /m,r,n,O) is precisely the pIth power mapping (because0-

~(f)(E,w,a ,Y) = f(E(P) ,w(p) ,a(p) ,Y' =Y(E,w,a )1') = (f(E,w.O ,Y)p). Butn n n nM(R /m,r) is a scheme of finite type over R /m , hence S(R Im,r,n,O) is
n 0

0 0 -a finitely generated R 1m-algebra, hence finite over itself by the p'th power0-

endomorphism, which proves (r).

For (II), we remark that when r =1 , the scheme M (R Im,l) is simplyn 0the open set of M®R 1m where E 1 is invertible, hence is a smooth affinen 0 - p-
curve over R 1m. Hence the pIth power endomorphism of its coordinate ring
-- 0-

S(R /m,l,n,O) makes that ring finite and flat over itself of rank p. Because
o

S(R ,1,n,O) is :p-adical~ complete and flat over R ,it follows that cp
o '

0
makes S(R ,1,n,O) into a finite flat module over itself of degree p.o

The proof of (III) is more difficult, and requires Tate's theory of
rigid analytic spaces. The ring S(R ,r,n,O) is the p-adic completion of°HO(M ®R ,symm(w®p-l))/(E 1- r) , and this last algebra is finitely generated

n 0 - p-
over Ro (because ~ has positive degree, hence is ample). Thus noting by K
the fraction field of R ,we see that S(R ,r,n,O) ®K is a rigid algebra in00-the sense of Tate, and contains as dense subaJ..gebra the K-aJ.gebra
HO(M @K,Svmm(w®P-l))/(E l- r ) ~Ho(M ®K,Symm(w@p-l)/(E 1-1) ~n ~- p- n - p-~ HO(M ®K, Svmm(w®p-l)/(E 1-1)) , which is precisely the coordinate ring

m ~ - p-
-D ®K of the open subset of M ®K where E 1 is invertible. Thanks to

n
n p-

Tate, the ideaJ..s of S(R ,r,n,O)®K are all~, hence are the closures of--- 0
their intersections with Dn ®K. But as Dn ®K is the coordinate ring of a
smooth affine curve over K, its prime ideals are either minimal (corresponding
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to irreducible components) or maximal (corresponding to conjugacy classes of

points with values in finite extensions of K ). Indeed, the closed points of

S(R ,r,n,O) ®K are conjugacy classes of homomorphisms 7f: S(R ,r,n,O)~ K'
o 0

K' a finite extension of K, or equivalently they are homomorphisms

7f: Dn ®K~ K' which satisfy the continuity conditions '7f(Dn ) I .:s 1 ,

1 2: hr(Ep_1)! 2: Irl (1. e., that the images o:f Ep_1 and o:f Y = r/Ep _1 be

"power bounded"). Further, the completions of the local rings at corresponding

closed points are isomorphic, hence are regular local rings of' dimension one,

hence S (R ,r ,n,O) ®K is a regular ring of dimension one. Thus the map
o

3.10.4 ( n ) cp®K ( )S Ro,r ,n,O ®K :> S Ro,r,n,O ®K

is a finite morphism between regular rings of the same dimension, hence (cr. EGA

IV,17.3.5.2) is flat. To see that it has rank p, it suffices to note that by

(II), it has rank p over the dense open set where IE If =1 ·p- It remains

only to see that (3.10.4) is ~tale. For this, it suffices to show that the

fibre over each point with values in n, the completion of the algebraic

closure of K, consists of p distinct points. Over ~ point at infinity,

corresponding to Tate (qn) over K«q)) , the fibre consists of the p curves

T~te(~ qn/p) over K( (q)) , each of which gives rise to Tate(qn) upon
p

division by its canonical subgroup pp. A finite point is an elliptic curve

E/n [with level n structure a: ] having good reduction, such that for anyn

differential w which extends to a nowhere vanishing differential over the

valuation ring of (1, we have 1 2: IEp_l (E/K,w) I 2: IrIP. The curve E has

is the canonical

curves

p+l subgroups of order p, sa:y Ho,H1 , ••• ,Hp , of which Ho

subgroup.

Let E(i) = E/H
i

• The points J.ying over E are among the p+l

E(i) ,(E(i) carrying the induced level n structure); indeed,

E(i) lies over i:f and onJ.y i:f E(i) is a point o:f S(Ro,r,n,O)® n whose

canonical subgroup is E/H••P ].
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Consider first the case in which fE l(E/K,w) I =1 , i. e., a formaJ.p-
group of height one. Then Ho is the kernel of p in the f'ormaJ. group,

while the H., i > 1 , meet the formal group only in (oJ. The quotient
). -

E(o) = EjH again has a formal group of "height one" hence its canonical. sub­
o

group is the kernel of p in its formaJ. group, while the image of E in
- P

E(0
) meets the formaJ. group onJy in (0J. Thus E( 0

) does not lie over E.

For i.2: 1 , the quotient E(i) also has a formaJ. group of height one, but

now the image of H in E(i) = E/H
i

is the kernel of p in the formaJ.
o -

group, i. e., it is the canonicaJ. subgroup, and hence the E(i) , i = 1,•.. ,p ,

do lie over.

It remains to treat the case of "supersingular reduction", which we

do by Inbin's original method, and show (part 5 of theorem 3.10.7) that again

only E(l) , ••• ,E(P) lie over.

(3.10.5) Let n be an algeb:racally closed complete (under a rank one valu-

ation) field of characteristic zero and residue characteristic p. Let

R C K be the vaJ.uation ring, and let E/R be an elliptic curve over R, and

X a parameter for the formaJ. group of E/R, normaJ.ized by the condition

[s] (X) = sX for every p-l' st root of unity in Z • Suppose that the Hasse
p

invariant of the speciaJ. fibre vanishes. Then in the formaJ. group, we have

(3.10.6) [p](x) = pX + weI' + t c :JfD-(P-l)+l + c xl + L
m p+l

m=2 m .2: p+2

C 'Jfl(p-l) +1
m

with ord(a) > 0, ord(C
m

) > 1 for m F 1 mod p , and ord(Cp +l ) = 0 ,

(this last because we suppose height two for the speciaJ. fibre). [If ord(a) < 1 ,

we have ord(a) = ord E 1(E/R,w) :£or arty nowhere vanishing differential w onp-

E/R, by (2.1).]
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Theorem 3.10.7. (Lubin)

1. If ord( a) < p/p+1 , the canonical subgroup H consists of (0)
o

and the p-l solutions X of (3.10.6) whose ordinal is l;Id(a). The i-p
other solutions of (3.10.6) all have ordinal o~(a) (which is < l~~(a»).

p -p p
If ord(a) 2: p/p+1 , then~ non-zero solutions of (3.10.6) have ordinal 1/p2_1 •

2. If ord(a) < l/p+l , then the quotient E' = E/H has as normalized
o

coordinate for its formal group X' = IT G(X,x), where G(X,Y) denotes
xeH

o
the formal group law on E. The expression of' [p] on E/H is

o

[p](X') = pX' + a' (X')p + •..

with ord(a') = p ord(a) •

3. If l/p+l < ord(a) < p/p+l , then ord{a') = 1 - ord a , and the

canonical subgroup of E/H is E/H ,and
o p 0

(
-1but a level n structure an becomes p .an after two d.ivisions by the

canonical subgroup - (compare Dwork (11 ] ,8.11 » .

4. If ord(a) 2: p/p+1 , there exist p+l curves E(i) , each having

ord(a(i» = 1/p+1 , such that E = E(i)/H (E(i» ,where H (E(i» denotes
o 0

the canonical subgroup of E(i). These curves are E(i) = E/H., i =O,l, •.. ,p •
1.

5. If 0 < ord( a) < p/p+l , there exist precisely p curves E(i) having

ord(ail < IIp+1 such that E = E(i)/Ho(E( i» , namely the curves E(i) = E/H
i

'

i = 1, ... ,p (cf.3.l0.4ff}, and ord(a.) =! ord(a) •
1. P

Proof. 1. follows from looking at the Newton polygon of [p] (X) , which is

(1,1)

if ord( a) 2: p/P+1
~

{
{p,ord a)

if ord(a)
(p2,O)o..-.... --=..._=._
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and remarking that the construction of the canonical subgroup as subscheme of

the formal group consisted precisely of isolating the factor of [p](X)

corresponding to the first slope, when there is a first slope.

2. By Lubin ([32]), we know that if H is any finite subgroup of a one­

parameter formal group over Ro' then X~ II G(X,x) is the projection
x € H

and the points

two sorts, the points

onto the quotient. Thus the non-zero points of order p on E/H are of
o

II G(y,x) with [p](y) = 0, ord(y) = o~(a) ,
X€ Ho P -p

II G(z,x) where (p](z) € Ho ' [p](z) /=.'p. The first sort
X€ Ho

of point has ordinal given by E ord(G(y,x)), and as ord(y) < ord(x)
x€Ho

for any x € H ,this sum is just P(ord y) = ord
l
(a). The second sort of

o p-

point has ordinal E ord(G(z,x)). Frem the equation [p](z) € H -(oj ,
x €Ho 0

we see that ord([p](z» = l-o~(a). The Newton polygon of [p](z)=xeH - (o}
p- 0

is thus

(0, l-ord( a))
p-l

(p,ord(a))

(p~,o)

and hence z has either ordinaJ. ord(a)/p2-p 2!: l-~ ord(a). In either case,
p -p

ord(z) < ord(x) for any x € Ho . Hence the second sort of point has ordinal

either ord(a)/p-l or (l-p ord(a~/p-l. Thus among the non-zero points of

order p on E/Ho ' there are two distinct ordinals which occur, namely

ord(a)/p-l and U-p ord(a))/p-l , of which the greater is (l-p ord(a~/p-l •

Thus by 1, E/H has ord(a') < p/p+l and l-ord(a')= l-p ord(a)
o ' p-l p-l'

which proves 2. We note that the image of E is not the canonicaJ. subgroup.
p
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3. If' we suppose

sort of points of order p

that [p] (y) = 0, y ~ H •
o

l/p+l < ord(a) < p/p+l , then on E/H the first
o

are the points II G(y ,x) for each y such
xeH

o
As in 2, these points have ordinal ord(a)/p-l.

The second sort are the points II G(z,x) where [p](z) e H - (O} ,
xe Ho 0

hence [p] (z) has ordinal l-~~~(a) They hypothesis ord(a) > IIp+1 in-

sures that the Newton polygon of [p](Z) = x e Ho - {oj is

(0 l-ord(a))
, p-l

• (p ,ord( a»)

2(p ,0)

Thus E/H has a canonical subgroup,
o

namely its points of order p of largest ordinal = ord(a)/p-l. Hence

l-o~(a') = ord( a) Ip-l , whence ord(a') = 1 - ord( a) , and the canonical. sub­
p-

hence ord(z) = +;ord(a) < ord(x) for any x E Ho ' hence the second sort of
p (p-l)

point has ordinaJ. 1- brd(a)/p(p-l)) .

group is the image' of aU. the points of order p on E.

4. If ord( a) 2 p/p+l , the Newton polygon of [p] (X) is

(1.1)

Hence all non-zero points of order p have the same ordinal l/p2-1. The

points z such that [p](z) = x, [p](x) = 0, x f ° , have ordinal l/p2(p2_1} ,



Ka-62 130

because the Newton polygon of [pJ(Z) = x, ord(x) = 1/p2_1 , is

• (p,ord a)

2(O,l/p -1)

2(p ,0)

Thus for aIJy subgroup Hi of order p of E , the first sort of point of

order p has ord = E ord(G(y,x)) ~ p ord(y) = p/p2_1 (since ord(y) =
xEH

i
= ord(x) if x ~ 0). The second sort of point has ordinal peord(Z)=1/p(p2_1) ,

(because ord(z) < ord(x) for any x E H.). But p/p2_1 > 1/p(p2_1 ) , hence
~

each E/H. has a canonical subgroup, which is the image of E. Looking at
1- p

the ordinals of the !!.2!!-canonical. points of order p on E/H
i

' we have by

(3.10~7.1) the equality ord(a')/p2.p = 1/P(p2_1 ) , hence ord(a') = 1/p+1 .

5. -We first remark that if ord(a) < p/p+1 ,then E' = E/H either

has ord(a') > l/p+l , 2!. its canonical subgroup is not the image of E and
p

hence E'/H(E') 1= E. Indeed, if ord(a) < 1/p+1 , then as noted in the proof

of 2., the canonical subgroup is not the image of E. If ord(a) = l/p+1 ,
P

then as proven in 4., ord(a ' ) 2: p/p+1. If ord(a) > 1/p+1 , then

ord(a ' ) = l-ord(a) , and l-ord(a) > 1/p+1 because ord(a) < p/P+l
i

• It re­

mains to see that for each non-canonical subgroup H., i = l, ••• ,p, E(i) = E/H.
~ ~

h d( (i)) 1 d() .. ..as or a =p or ai ' and 1ts canon1cal subgroup 1S the lmage of pEe

Again we calculate the ordinals of the points of order p on E/H.•
J.

The first sort of points are all images of points of the canonicaJ. subgroup

H of E (because E = H E9H. for i =1, .•• ,p). For y E H - (oj ,
o p 0 J. 0

l-ord(a). «)) ord(a)ord G(y,o) = ord y = -1 ' wh~le ord G y,~ = ord x = 2 because
p p -p

ord(y) > ord x if x E Hi - (oJ. Hence the image of y E Ho - (oj has
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ordinal. = ord(y) + I ord(x) = I-ord(al + p-I' ordeal = I-ord(a) + ordeal .
xeH.-(O} p-l p2_p p-1 P

J.

What about the image of a po~nt Z such that [p] (z) E H. - (OJ?
J.

The Newton polygon of [p](Z) = x, x E H. - (0) , is
J.

(0, o~d(a))
p -p

• (p,ord a)

----__ (p2 ,0)
~

hence ord(z) = ord(a)/p2(p2_p) = ord(x)/p2 for x € H. - (O}. Thus
J.

ord{z) < ord(x) , hence the second sort of points of order p on E(i) have

ordinal.=p.ord(z) = ord(a)/p(p2_p). But I-O~ a + ordeal > ord(a)fp(i-p)
- p- p

(because ord(a) < p/p+1 < p2/p+1 ) ) hence E(i) has a canonical subgroup,

l-ord(a(i» l-ord a + ord(a) h (i)and - - - ence ord(a ) =ord(a)/p. This con-p-l - p-l p'

eludes the proof of 5., and also of theorem (3.10.7).

3.11 Applications to the congruences of Atkin - the U operator

We maintain the notations of the previous section. As we have seen,

for each r € R having order) < l/p+l , the homomorphism
o

cp: S(R ,rP,n,O)~ S(R ,r,n,O) is finite, and becomes finite and flat ofo 0

degree p when we tensor with K. Thus there is defined the trace morphism

3.11.1

For r= l, cp

3.11.2

tr : S(R ,r,n,O)®K~ S(R ,:rl',n,O)®K .
cp 0 0

is itself finite flat of degree p, hence there is defined

tr : S(R ,1,n,O)~ S(R ,1,n,O) •
cp o. 0
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In terms of q-expansion, we have

132

3.11.3 (tr (f')(Tate(~),w p) = I f'(Tate(tqn/p),w , !'Tr~(a ))cp can n - can p ~ n
sP=l

where 'Tr
t

(an) denotes the induced level n structure on Tate(tqn/p) , viewed

as a quotient of Tate (qn) • EquivaJ.ently, if we write

f(Tate(qn),w ,a) =\ A. (a )qi
can n ~ 1 n

then we have the formula (in which a" is the level n structure on Tate(qn)n

obtained as the inverse image of 7r (a) on Tate (qn/p ) by the extensiono n
of scaJ.ars ql/P ~ q , compare pp.32-33)

(tr (f))(Tate(qn) ,w ,a) = p. \A . (! a")qi •
cp can n L p1 P n

Notice that we have the relation, for any f E S(R ,r,n,O) ®K ,
o

*p·T (f) = tr (I (f)) + cp(f)
p cp p

(where r; (f')(E/R,w,an) df'n f'(E/R,w,p·an)) , which should ~e viewed as the

"canonical p-adic lifting" of the Eichler-Shimura congruence relation (compare

Deligne [7]).

Integrality Lemma 3.11.4. For any r E R with order) < l/p+l , we have
o

tr (S(R ,r,n,O)) C S(R ,rP,n,O) (although cp: S(r ,rP,n,O)~ S(R ,r,n,O)cp 0 0 0 0

is finite but not flat if order) > ° !).

Proof. We may suppose order) > ° , the case r =1 being trivial. It fol­

lows (from Tate [45]) that for any finite flat morphism cp: A~ B of rigid

algebras over K, we have tr (power-bounded elements of B ) C power-boundedcp

elements of A. Thus we must show that the power-bounded elements of

S(RO,r,n,O)®K are precisely S(Ro,r,n,O). For this, we introduce the

finitely generated R -algebra B = HO(M ®R , ~(w®P-l))/ (E 1- r). Its
o n 0 - p-

p-adic completion 13 d.fn lim B/pNB is S(R ,r,n,O) , and indeed via the
Eo- - 0
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isomorphism (2.6.2.1), B corresponds to the R -submodule of Brigid(R ,r,n,O)
o 0

consisting of all finite sums, which shows incidentally that B is a (free

and hence) flat R -module, and that B/mB z: ~/mB. The fact that E mod-o - - p-l

ulo ~ has simple zeros implies that B/~ is reduced. (Indeed, B/~ is

HO(M ®R /m, Symm(w®p-l))/(E 1) , and if ~ f. represents a nilpotent
n 0 - - p- 0 ~

element, with minimal N , then a power of fN is divisible by Ep_l ' hence

f
N

is divisible by Ep _l ' which contradicts the minimality of N .) We ms\y

thus conclude by the following lemma.

Lemma 3.11.5. Let Ro be a complete discrete valuation ring, B a flat

finitely-generated Ro-algebra such that B/Tfffi is reduced. Then the set of

power-bounded elements of B® K is B.

A A A

Proof. Since B is flat over B , hence over Ro ' we have B C B®K , so

the statement makes sense. By Tate, we know that~ power-bounded element of

B® K is integral over B , so we must show that B is integrally closed in

B® K. Let 7r be a uniformizing parameter of Ro . If fEB and f/7r is
A

integral over B , then clearing the denominators in the equation shows that

f is a nilpotent element of B/~ , hence
A A

f E ~ = TTB • QED

3.11.6. We now define Atkin's operator U: S(R ,rI',n,O)®K~ S(R ,rI',n,O)
o 0

to be the composite

! tr
S(R ,rP,n,O)®K~ S(R ,r,n,O)®K pcp) S(R ,rP,n,O)®K
000

Thus if f E S(R ,r'P ,n ,0) has q-expansions
o

3.11.6.1

then U f e S (R ,rP ,n,O) ®K has q-expansions
o

3.11.6.2. (Uf)(Tate(qn),w p) = 'A .(!aft).qi.
can n L p~ p n

[This formula shows that U(S(R ,1,n,0)) C S(R ,1,n,0)]. It is not true ino 0
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general that

134

U (S(R ,rP ,n,O» C S(R ,rP ,n,O) , but the situation is as good
o 0

as if it were true, as Dwork was the first to realize.

Lemma 3.11.7.

inequaJ.ity

(Dwork) Suppose p ~ 1 , and suppose r € R
o

satisfies the

2
3(p-1) < ord(r)

1
< p+1 •

Then the R -submodule S(R ,z.P,n,O) + U (S(R ,rP,n,O» of S(R ,rI',n,O)®K
o 0 0 0

is U-stable.

Remark 3.11.8. The point is that the submodule S(R ,rP ,n,O) + U (S(R ,rP ,n,O»o 0

contains S(R,z.P ,n,O) and is contained in ! S(R ,TP ,n,O) , hence it defineso p 0

the~ topology on S(Ro'rP ,n,O) @K as S(Ro'r'P ,n,O). Thus in an equivalent

norm on S(R ,r"P ,n,O) ~K, U has operator norm < 1 •o -

Proof. Let's use the representation (2.6.2.1) of elements of S(R ,rP,n,O)
o

\ rPa·b
in the form f' = L a • The hypothesis insures that for a > 2

a 2: ° (Ep _l ) a

ord(rPa/p.ra) > ° , and hence

rP·b 2(p-1)
, f = b

O
+~ + p. (an element of _r__ S(R ,r,n,O» .

p-1 P 0

Because p U = tr maps S(R ,r,n,O) to S(Ro'rP ,n,O) , we havecp 0

rPb 2(p-l)
3.11.10. U(f) = U(b

e
) + U (--t=--) + an element of _r__ S(R ,r'P,n,e)

p-1 p 0

Since be is just a constant, we have U(bO) = be ' and hence it suffices to

show that for any b
l

€ HO(M @R ,w@P-l) , we have
n 0-

3.11.11
2 rPbl n

U (-E--) C S (R ,rP,n,O) + UebeR ,zl' ,n,O) .
p-l 0 0

For this, notice that rbl/Ep _I lies in S(R ,r,n,O) , hence
o
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rb
1

\ ~ab'
3.11.12. tr (-E-) = L a .

~ p-l a ~ 1 (Ep_
1
)a

rP-1
The hypotheses insure that ord(-- .~a/p.ra) > 0 if a > 2 , and hence

p

3.11.13
~ b rP-1 rb1 rP-1 r Pb '

U( 1) =-- tr (r- ) =-- (b' + _1_) +
Ep _l p cP p-l P ° Ep _1

r 3(p-1)
+ P (an element of -2-- S(Ro,r,n,O).

p
rPb

Notice that U(~) has q-expa.nsions divisible by rP , as does
p-l

p.(any element of S(R ,rl',n,O» , and hence so does
° rPb l -1 b'E + rPb'

(?-l/p)(bO+~) = ~ (0 P~l 1 ) ,
p-1 p-1

and hence so does ~-l (be Ep_l + rPbi). By the q-expansion principle,

there exists an element b
l
" e HO(M ®R ,w ®p-1) such thatn 0-

~-1 rP-1 rPb' rPb"
-p- (bO Ep _1 + rPbi) = rPbi ,hence -- (b + __1_ ) =~ ' hence

p 0 Ep _1 p-l

rPb rPbu 3(p-1)
U (__1_) = -E- + p. (an element of ~ S(Ro,r,n,o» •
\~ p~ p

Again using the fact that pU = trcp maps S(Ro,r,n,o) to S(Ro,rP,n,o) ,

we find

rPb"
U(__1_) + an element of S(R ,rl' ,n,O)

Ep _1 °

which proves (3.11.11) and the lemma. QED
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3.12 p-adic Hecke operators

For any prime number £ which is prime to both p and to the level n,

we may d.efine T£ on S(R ,r,n,k) by the usual fonnula
o

3.12.1

the smn extended to the £+1 subgroups K of order £. The various T£

commute with each other, and for k =° they all commute with U.

We may consider the "spectral decomposition" of the K-Banach space

S(R ,:rl',n,O)®K with respect to U (which is completely continuous, because
o

the inclusion S(Ro':rl' ,n,O) ®K into S(Ro,r,n,O)®K is). For any rational

number v ,the subspace

u UaJ.. cl Ker(U - o:)m
m > 1 0: e K ~. •of ordinal v

of S (Ro'rI' ,n,O) ®K is finite-dimensional, and is stable by U and the T£ •

By Dwork's lemma (3.11.7), this subspace is reduced to (0) unless v > ° .
The first interesting case is thus to take v =0 , the so-called "unit-root

subspace" of S(R ,:rl' ,n,O) ®K. [Notice that this unit root subspace is
o

independent of the choice of r e R with l/p+l > order) > ° ,because Uo

maps S(R ,r,n,O)®K to S(R,:rl' ,n,O~K. i.e. it improves growth conditions.
o 0

Thus if f e S(R , r ,n,°)® K is annihilated by (U - 0: )m , and 0: 1= ° ,o

then :f is a K(o:) -linear combination of U(f), U2(f) , •.• , Um(f) i , hence

in fact f e S(R ,~,n,O)®K,•••• ]
o

Lemma 3.12.4. (Dwork) Hypotheses as in (3.11.7), the dimension of the unit

root subpsace of S(R ,rP ,n,O)®K is at most dinLHo(M" ®K,w®p-l) •o --x-- n -

Proof. The dimension of the unit root subspace is the number of unit zeros of

the Fredholm detenninant of U , which by (3.11.8) lies in R [[T]] , hence
o

this dimension is also the degree of this Fredholm detenninant reduced modulo ~ ,

which is to sB:¥ the degree of the detenninant of U on
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o

137

\ ~ab
f = L __a__ , we have

a > ° (E )ap-l

and
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rPb"
U2(f) := U (__1) modulo m S(R ,zl' ,n,O). Thus the image of U onE

p
_
l

- 0

(S(R ,rP,n,O) + U(S(R ,rI',n,O)®R/m is spanned by the images under U of
o 0 --

~l
aJ.l elements bO € HO (M' ® R , (j) and -E with

n 0 p-l

b1 E B(Ro,n,k,l) """-'> HO(Mn ®Ro '!!!®P-l)/Ep_1Ifl(Mn ®Ro ' tJ) 0 Thus the rank

of U on (S(R ,rP ,n,O) + U (S(R ·,rP.,n,O) ®R /m is at most the K-dimensiono 0 0-

of HO(M ®K,w®p-l) •
n -

3.13 Interpretation of Atkin's congruences on j

We denote by j the absolute j-invariant, viewed as a modular :f'unction

of level one, defined over Z, having a :first order pole at infinity. As is

well known, p·T (j) lies in Z[j]. By inverse image we may view both j
p

and p.T (j) as elements of M(R ,r,n,O) for AJ'lV r € R. We may also view
p' 0 ~

cp(j) as an element of M(R ,r,n,O) , for any r € R having order) < p/p+lo 0

[indeed, cp(j)(E,y) = j(E/H) , H the canonical subgroup]. Subtracting,

we define p. U( j) = p·T (j) - cp(j) € M(R ,r,n,O). Because j has only a
p 0

first order pole at 00, U(j) is holomorphic at infinity, indeed its

q-expansion is

3.13.1 U(j)(Tate(q)) = I c(pn)qn, where
n>O

j(Tate(q)) = ~ c(n)qn =! + 744 + 000

n > -1 q

Thus U (j) lies in S(Zp,l,n,O) ,and p. U (j) lies in S(Ro,r,n,O) for

any r € Ro having order) < p/p+l. Combining this observation with the
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remark (3.11.8), we see that for every m 2: 1 , we have

Um(j) € S(Z ,1,n,O) n p-2. S (R ,r,n,O) •
p _ 0

Let us examine explicitly the congruence consequences of the innocuous

statement tt U (j) € S(X ,1,n,O) n p-l S(R,r ,n,O) whenever order) < p/p+l ".
P 0

Suppose that p 1= 2,3 , so that we m~ work directly with S(R ,r,I,O) via
o

its basis as constructed in (2.6.2.1). We mB¥ write

U(j) = I
a>O

b
a ,b e B(Z ,1,O,a) •

(E)a a p
p-l

For r € R with order) < p/p+l , we have p·b e: r~(R ,1,0,a) , hence weo a 0

have pb
a

E p(ap/p+l) B(Zp,l,O,a) ,where (ap/p+l) denotes the least

integer 2: ap/p+l. Thus bO e Z, b1 e B(Z ,1,0,1), b e pa-~(Z ,1,O,a)
p pap

for 2:5 a :5 p, bp +l E pP-~C:Zp,l,O,a) , ••• , certa.i.nly b a E pn+~(Zp,o,a)

if a > pn ,for n 2: 1. Thus

3.13.3.1 U(j)
b

a modulo pn+ls (Z ,1,1,0)
(E )a p

p-l

np n
Lb. (E )p-a

a p-lU(j) == _a=O _
n

(E
p

_1)P

n
Using the fact that Ep_l has q-expansion == 1 (p) , and. hence that i (Ep _

1
)P

has q-expansion == 1 (pn+l) ,we deduce that for p 1= 2,3 , the q-expansion of

U (j) is congruent mod pn+l to the q-expansion of a true modular form of

level one, defined over Z, holomorphic at 00, of weight pn(p_l). In fact,
n

using (E l)P to kill the constant term, we find that U(j) - 744 has q-expansionp-
congruent mod pn+l to the q-expansion of a cusp form of level one and weight

pn(p_l) , defined over Z, a result obtained independently by Koike [28].

We now return to the properly Atkinesque aspects of the Un(j) , and

their interpretation.
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Lemma 3.13.4. Suppose there exists a p-adic unit a € Z such that for
p

every m > 1 we have the q-expansion congruences

tf+1 (j-744) == a Um(j-744) modulo pm in q-expansion

i.e. , modulo pm for all m ~ 1 •

Let coo(i) = lim a-rnc(pmi ). Then for r € R havirlg ord(r) < p/p+l , there
m 0

is a unique element "lim" a-.tnU m(j-744) € S(Z ,1,n,0) n p-2 S(R ,r,n,O)
p 0

which is of level one (i.e., invariant under GL2 (?Z!n Z») , whose q-expansion

is L c (i)qi , and which is fixed by a-1U
m>loo --

Proof. By (2.7), the hypothesis is in fact equivalent to the congruences

3.13.4.1

Let's write the expression of (a-lU )m(j-744) in terms of the base of

S(Z ,1,n,0)
p

b (m) € B(Z ,n,O,a) .
a p

b (m)
a

a>O (E )a
p-l

b (n+1) == b (n) modulo pn B(Z ,n,O,a) , we maya a p

3.13.4.2

Then we have the congruences

define b (00) = Ihn b (m) € B(Z ,n,O,a). But for any r € Ro with
a map

order) < 1/p+1 , we have p~ (m) € r~(R ,n,O,a) , hencea 0

p~ (00) € r a B(R ,n,O,a). Varying (R ,r) , we see that in fact p~ (00)a 0 0 a

lies in p(apLp+1}B(Z ,n,O,a) ,where (x} denotes the least integer ~ x ,
p

I ba(oo) df'n -
(i.e., (x, = -[-x]). Hence = "lim"(a lu )m(j_744) lies in

(E ) a
p-1

S(Z ,1,n,0) n p-2 S(R ,r,n,O) , and in S(Z ,1,n,0) it is the limit (in the
pop

Banach space topology of (a-1U )m(j-744) .

The last two assertions are obviously true for r =1 , by passage to

the limit, and follow for any r of order) < p/p+l because the canonical

map S(Ro,r,n,O)~ S(Ro,l,n,o) is injective. QED
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Remark 3.13.5.
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The hypotheses of the lemma are in fact satisfied for p = 13 ,

a striking result due to Atkin.

(3.13.6) Using the fact that the twelfth power ®12 f
~ 0 ~ descends to the

In

invertible sheaf (J (1) on the projective j -line over ~,one can copy the

construction of a basis of S(R ,r,n,O) , n > 3 , to get a basis of
o -

( ) dfn ( ) GL2 (Z/nZG)S Ro,r,l,O = S Ro,r,n,O for primes p == 1 mod 12. Then one can

copy the proof given in ([14]) to show that the dimension of the unit root sub­

space of S(Ro,r,l,o) ®K is at most

dim HO(Fl,~®p-l) = dim HO(lP l , LJ(Ijff)) = 1 + Ifj ,for p == 1 mod 12.

parti.cular, for p = 13, the unit root space has a base consisting of the

constant function and the f'unction "lim" (a-1U )n(j-744) , and this latter

f'unction is necessarily the unique "unit root cusp form" in S(Ro,r,l,O) •

This unicity, together with the stability of the space of 1Ulit root cusp forms

under the Hecke operators T£, £ ~ 13 , gives a startling result of Atkin.

Theorem 3.13.7- (Atkin) The 13-adic modular function

"lim"(a-lu )m(j-744) = L c (i)qi is a simultaneous eigenfunction of all
i > 1 00

the Hecke operators Tl , £ ~ 13 •

®2Using the fact that ~ descends to the invertible sheaf t1 (1)

on the projective A.-line M2 over Z[1/2] , one m8\Y construct as above a base
i

of S (R ,r,2 ,0) , and prove as above that the unit root subspace of
o

S (R ,r,2,0) ®K has dimension at most
o \

dim HO(M2,~®P-1) = dim H°(:IP 1 , b(~)) = 1 +~ ,for p odd. In fact, Dwork

has proven that in this case the dimension is exactly 1 +~ (cf. his expose

in this volume).

(3.13.9) Dwork's result implies that for p == 1 mod 12, the dimension of the

unit root subspace of S(Ro,r,l,O) is precisely 1 + Tf ' and hence that

there are precisely E=! independent unit root cusp forms in S(R ,r,l,O) •12 0
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For p = 13 , this fact together with the "accident"
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C(13) 1= 0 mod 13 , implies

Atkin's result that a and "lim" (a-~)m(j-744) exist.
m



Ka-74

Chapter 4.
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p-adic representations and congruences for modular forms

4.1 p-adic representations and locally free sheaves

Let q be a power of p ,

its ring of Witt vectors of length

k a perfect field containing JF W (k)q n

n, and S a flat affine W (k)-scheme
n n

whose special fibre is normal, reduced and irreducible. Suppose that S
n

admits an endomorphism ~ which induces the q-th power mapping on the special

fibre.

exists.]

is affine and smooth over W (k) , then such a cp alwaysn

Proposition 4.1.1 There is an equivalence of categories between the category

of finite free W (JF ) - modules M on which Trl(S) acts continuously, andn q n

the category of pairs (H,F) consisting of a locally free sheaf of finite

*rank H on S together with an isomorphism F: cP (H) ~ H •
n

Construction-proof. Given a representation M of 1rl (Sn) , let T be a
n

finite etale galois Sn-sch~ne such that the representation factors through

Aut(T Is ). Because T is etale over S ,there is a lmique cp-linearn n n n

endomorphism of Tn which induces the q-th power endomorphism of T X k,
n Wn(k)

which we denote by CPT. By unicity , Cf4r commutes with Aut (TjSn). Let HT

be the Tn-module M W~( F
q

) ()T
n

' and let FT be the CPT-linear endomorphism

of HT defined by FT(m®f) =m~T(f). For each g € Aut(Sn) ,we define

g(m®f) = gem) ® (g-l)*(f) , thus defining an action of Aut (Tn/sn) on (~,FT).

By descent, it follows that there is a unique (H,F) on Sn whose inverse

image on Tn is Aut (T /S ) - isomorphic to
n n

The construction

M~ (H,F) defines the f'unctor we will prove to be an equivalence. Notice

that we can recover M as the fixed points of FT acting as cp-linear endo­

morphisms of the module of global sections of H.r, hence our f'unctor is :fully

faithful. To show that it is an equivalence, we must show that any (H,F)

arises in this way, or, in concrete terms, we must show that given (H,F) ,

there exists a finite etale covering Tn of Sn over which H admits a basis
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of F-fixed points. We p~oceed by induction on the integer n.
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j =1, ... ,r .

Suppose first n = I. Then S is a k-scheme, and (H,F) is a locally

free finite rank S-module H together with a q-linear endomorphism F of H

which gives an isomorphism F : H(q) ~ H. For any S-scheme T , the inverse

image module ~ carries the inverse image q-linear map FT ' defined by

(FT(h ® t) = F(h) ® t q , which gives an isomorphism FT: ~q) ~ H.r •
Notice that the functors on S-schemes

(X(T) = global sections of H.r
YeT) = bases of i~ (6 T-isomorphisms «(j T)r ~ HT ' wnere

r = rank (H) )

Z(T) =bases of HT consisting of fixed points of FT

are all representable, the first by ~(Symm(H)) , the second by the open

subset of the r = rank(H)-fold product x(rfS) =X xsx .,. xs X over which

the tautogical map (t]x(r/s))r~ ~(r/S) is an isomorphism, the third

by the closed subscheme of Y over which the universal basis is fixed by Fy •

We must show that Z is finite and etale over S. This problem is local

on S , hence we m~ assume S affine and H free. Choose a basis hl ,··· ,hr

of H and let (a .. ) be the invertible matrix of F : F(h.) = L a ..h ..
J.J J. JJ. J

Consider the f\Ulctor on S-schemes

Y'(T) = sections of H.r fixed by FT •

It is representable by a scheme finite and etale of rank qr over S , because

a section L X.;h.; of H is F-fixed if and only if L X.h. = L (X. )qL a ..h. ,
oJ.. oJ.. J J i]. JJ. J

thus Y' is the closed subscheme of ~ defined by the equation

Xj =~ aji(Xi) q ,

Because the matrix (aij ) is invertible, if we denote by (bij ) its inverse,

the equations are the same as the equations
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i=l, ••• ,r,

which define a finite etale S-scheme of rank qr

The scheme Z is the open subscheme of y. (r/S) = y. xs ..• X Y' where

the universal r-tuple of F-fixed sections form a base of H, and hence . Z is

etale over S. It remains to check that Z is proper over S , and non-void.

By the valuative criterion, we must show that for ~ valuation ring V over

S , any F-fixed basis of !1c (K the fraction field of V) prolongs to an

F-fixed basis of Hv. Because the scheme yl of fixed points is finite over

S , each basis element prolongs to a unique F-fixed section of Hv. To see

that the corresponding may r ~ ltv is an isomorphism, we look at its

determinant, which reduces us to the case of a rank one module. Then the

matrix of F is F(hl ) = alll ' with a invertible in V, and an F-fixed basis

of HK is a vector k·~ ,with k e K satisfying k = akP • As a e V is

invertible in V , any such k is an invertible element of V, hence k-hl

"is" an F-fixed base of H.y.

It remains to see that Z is non-empty. As its formation commutes

with arbitrary change of base S' ~ S , it I S enough to check the case when

S is the spectrum of an algebraically closed field. But a finite-dimensional

vector space over an algebraically closed field with a q-linear automorphism
i

is alW8\Ys spanned by its fixed points (Lang's trick; cr. [23]) and the set of

fixed bases is a GL (:IF )-torseur. Thus Z is finite €tale of rank = #GL (:IF )r q r q

over S , and the action of GLR(F q) on Z (induced by its action on the

f'unctor of F-fixed bases) makes Z into a GL (::IF )S-torseur. The cohomologyr q

class of this torseur is an element of I2-t (S ,GL (:IF )) = Hom(7Tl (S) ,GL (F ))e r q r q

which is none other than the desired representation. This concludes the

construction-proof for n = 1 •

Suppose the result known for n - l. Then there is a finite etaJ.e

covering T 1 of S . 1 = S X(k) W l(k) o'-ver which H/pn-~ admits an- n- n Wn n-
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basis of F-fixed points. There is a unique finite etale covering T of S
n n

such that T X S 1 is T l' and replacing Sn by Tn we mB\V supposen Sn n- n-

that H/pn-J,.r admits a basis of F-fixed points. Let hI' ••. ,hr be a basis

of H which lifts an F-fixed basis of H/pn-J,.r (Sn is affine!). Writing

h =(t) ,we have F(!!) =(1 + pn-1Ll)h· In order for (1 + pn-~)"h to

be an F-fixed basis, we must have

or equivalently (Sn being flat over Wn(k))

mod (p) ,

which is a set of r 2 Artin-&ilireier equations (ei)q - eij =-Llij over

Sl = S X() k. On a finite etale covering T1 of Sl ' these equations
n Wn k .

admit solutions, and hence on the unique finite etale covering Tn of Sn

such that T X Sl = T1 ' the module H.r admits an F-fixed basis. Q,ED
n Sn n

Remarks 4.1.2.1 The operation "tensor product" in the category of repre-

(F®F)(h®h') = F(h) ®F'(h') •

sentations of ~l(S) in finite free W (F ) modules corresponds to then n q

tensor product (H,F)® (H' ,F') (H l5 ® H,F®F') , defined by
Sn

(4.1.2.2) The "internal Hom" in the category of representations corresponds

to the internal Hom defined by Hom( (H,F), (H1 ,F1)) = (Hom ~ (H,~) ,F2) where

F2 is t~e unique cp-linear endomorphism of Hom" (H,H1) such that for

h € H, f € Hom(H,Hl ) , we have F2 (f)(F(h)) =Fl(f(h)). In particular,

Hom( (H,F), (6 ,cp)) is the "contragredient" (H,F), defined by the requirement

that for h € H, h € H , we have <F(h) ,F(h» = cp(<h,h» .

(4.1.2.3) Because Sl is normal, reduced and irreducible, a representation

of ~1 (Sm) = ~l (Sl) is just a suitably unramified representation of the Galois

group of the f'unction field of Sl. Thu..~ for any non-void open set U C Sn '



Ka-78 146

the :rtmctor "restriction" from the category of representations of 7fl (Sn) to

the category of representations of 1Tl (U) is f'u.lly faithful. Hence the functor

"restriction" from the category of (H,F)'s over Sn to the category of those

over U is fully faithful.

4.2. Application to modular schemes

4.2.0. Let n 2: 3 , p a prime not dividing n, q a power of p such

that q == 1 mod n , and choose an isomorphism between IIJ. and 7i/nZ over
n

W(JF q) , i. e. choose a primitive n'th root of unity s. Let SS (resp. st)
m m

be the open subset of M ®W (:IF )n m q (resp. of M ®W (IF »)n m q where E isp-1

invertible and where the e.m. pairing on the basis of nE has the value S ,

i. e. where the determinant of the level n structure is the chosen isomorphism

of' zjr:J!Z with ~ • The schemes SS (resp.n m

schemes with geometrically connected fibres.

~ ) are smooth affine W (:IF )m m q

In the notation of (2.9), we

have M (W (:IF ) ,1) = U SS , the union taken over the primitive n'th roots ofn m q m

unity, and, M (W (F ) ,1) = U ~ •n m q m

(because modulo p, the

ciP _ ('~)(O)
Sm - Sm '

as a a-linear endomorphism of each SS , which modulo p
m

we may and will view cp

Let 0 denote the Frobenius automorphism of W (IF ). We havem q

o(t) = 1"P and hence S~p = (SS) (0) stP = (st) (0). The endomorphism rn of
::J 'J' m m 'm m 't'

M (W (IF ) ,1) defined by "division by the canonical SUbgroup" does not respectn m q

the various st ,but rather it maps ~ to ~ p
m m m

canonical subgroup is the kernel of absolute Frobenius). As

becomes the p' th power mapping. In a s :i.mi.1ar fashion, the endomorphism cp of

the invertible sheaf' ~®k on M(W (F ) ,1) , de.fined byn m q

cp(f)(E,w,a) = f(E/H,~*(w),1T(a») [where H denotes the canonical subgroupn n

and 1T: E~ E/H the proj ectionJ, may be viewed as a cp-1inear endomorphism

of w®kJ st , for each primitive n'th root of unity s. [Notice that ~®k
- m

is generated by cp(~®k) as a sheaf; indeed for a local section f of ~®k

a glance at q-expansions shows that cp(f) == ~J.Ep_l)k ,hence cp(f) is an
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invertible section wherever f is.J

We wish to determine which representation of 71"1(~) in a free

Z/pInz = W (IF )-module of rank one corresponds via (4.11) to (~®k,cp) onm p

st. Of' course it suf'fices to do this for k =1 , by (4.1.2.1). There is an
m

obvious candidate, namely the representation ,of 71"1 (Si) on the Eftale quotient

of the kernel of' pm on the universal. curve E. [Noting by

7T: E~ E(~) = E/H the projection onto the quotient by the canonical sub­

group, the composite 71": E~ E(qrn) induces an isomorphism of the etale
m 1fffi m

quotient E/ E = E/Ker(.,f'-) 1'''-'> Ker(;:;.)m in E(CP ) • ] If this candidate ism m m
p p p

to "work", we must have:

Lemma 4.2.1. The representation of 71"1 (Si) on Ker(;)m extends to a repre-

t t · .p (~S)· •t·" ·... d t "sen a 10n o~ 71"1 m ,1.e., ~ 1S unram1~1e a 00 •

Proof. Since the etal.e topology cannot distingui,sh ~ and ~1 ' it is
--- m

equivalent to show that the representation of 71"l(Sl) on Ker(VID) extends

to a representation of 71"l(Si) on Ker(vm). Let K denote the function

field of Si; we must see that the inertia group of Gal(Ksep/K) at each

cusp acts trivially on Ker(VD') in ~vn) (Ksep). To decide, we ma:y replace

K by its completion at each cusp, which is just k ( (q) ) , k = lF !, and the
q

inverse image of E over this completion is the Tate curve Tate(qn)/k«q» •

The curve E(pID) becomes Tate (qnplU) ,and (~)m is the map

Tate(qn
pm

)~ Tate(qn) given by "division by the subgroup generated by qn".

As this subgroup consists entirely of rational points, the inertial group

(and even the decomposition group) at each cusp acts trivially.

Theorem 4.2.2. The representation of 71"1(~) on Ker(1T)m (.::: to the etale

quotient of Ker pm on the universal curve) corresponds, via the equivalence

(4.1.1), to (~,cp) •

Proof. By the ":full-faithfulness" of restriction to open sets, it suffices

to prove this over SS •
m

Let's take a finite ~tale covering T of' S which
m
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trivializes the representation - in concrete terms, we adjoin the coordinates

of a point of Ker(1T)m of order precisely pm. Over T, each point of

Ker(;)m gives a morphism (Z/pIDz)T~ (Ker(n-)m)T ' whose Cartier dual is a

m. A m ~ ....
morphism (Ker p J.Il E)T = (Ker 1f )T~ (Jivn)T~ (Gm)T. The inverse

image of the invariant differential dt/t on (Gm)T f'urnishes an invariant

differential on the kernel of pm in E. Since T is killed by pm , the

first infinitesmal neighborhood of the identity section of E lies in the

kernel of pm in E, and hence there is a unique invariant differential on

E whose restriction to the kernel of pm
A

in E is the given one. Thus we
v m

have defined a morphism from (Ker(1f) )T to ~. Further, if we take a

point of Ker(;)m of order precisely pm, the map (Z/P'IIlz)T~ (Ker(;.)m)T

is an isomorphism, hence the Cartier dual is an isomorphism, and hence the
m A

inverse image of dt/t on Ker p in E is nowhere vanishing. Thus the

induced map

sheaves on

(Ker(;.)m)T ® (JT~~ is an isomorphism of invertible
zjpIllz

T. It is clear that this map commutes with the obvious action

of Aut(T/SS). [In concrete terms, and locally on S ,
m

coordinate ring free on 1,X, ... ,Xpm-l, a point P of

Ker(pm)

(Ker(;)m)T

A

in E has

gives

rise to a map ~ n defined by f(X) = L a.(P)Xi , the corresponding differ-
p ~

entia! is w = M/t , and for any g € Aut(T/S ) , we have a. (g(p)) = g(a. (p)) ,
p m ~ ~

and hence Wg(p) = g(Wp) .] By descent, we have constructed an isomorphism

between ~ and the invertible sheaf on SS associated to the etale quotient
m

of mE.
p

It remains to see that this isomorphism is compatible with the cp-linear

endomorphisms. Tensoring one with the inverse of the other, we obtain a

cp-linear endomorphism on (J S ; we must show that it carries "I" to "I" .
m

To check. this, it suffices to do so in a "punctured disc at 00", over

W (IF ) «q)) when we look at the Tate curve Tate (qn) • The morphism
m q m

;: Tate(qn. p )~ Tate(qn) has kernel the subgroup generated by qn. The

point qn is a rational point of Ker(;)m, and the corresponding differential
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is precisely the Tate differential wcan = dt/t. As qn is a rational point,
n v m I:V

the section [q] ®l of Ker(1T) "ffpnZl../ is fixed by the canonical. F, and

the corresponding section wcan of ~ is fixed by ~ (because has

q-expansion identically "1"). Hence our isomorphism respects the ~-linea.r

endomorphisms in a punctured disc around 00 , and hence respects it everywhere.

Remark 4.2.2.1. One may prove this theorem in a non-constructive wa::y by

showing that both of the associated p-adic characters X.: 7rl(S~) ~ (Z/p~)x
1 m

have the same value on all Frobenius elements, namely the reciprocal of the

"unit root" of the ordinary elliptic curve which is the fibre over the corre­

sponding closed point of S~ •
m

Theorem 4.3. (Igus a [21]) The homomorphism

1T
l
(~) ~ Aut (Ker(;;');) .::. (zjp'lDz)x is surjective, and for every non-void

open set U C ~ , the composite 71"1 (u) ~ 71"1(~) ~ (Z/p'lDz)x remains

surjective.

Proof. It suffices to show that, denoting by K the function field of

S~ x JF, the homomorphism Gal(Ksep/K) ~ Aut(Ker vm in E(pm) (Ksep))
m Wm(JF q) q

is surjective. In fact, we will prove that the inertial group of Gal (Ksep/K)

at any supersingular elliptic curve already maps surjectively. Let cP be any

closed point of' S1 where Ep_l vanishes; replacing :JF q by its algebraic

closure k, we ma::y assume 'f is a rational point. The completion of S1 ®k

at 10 is isomorphic to Spec (k[ [A] ]) , and the inverse image of the universal

curve over k[[A]] admits a nowhere vanishing differential w such that

E l(E,w) = A. (This is just Igusa's theorem that the Hasse invariant hasp-

only simple zeros.} So we must prove

Theorem 4.3 bis(Igusa). Let E,w be an elliptic curve over k[[A]] with

Hasse invariant A, k being an algebraically closed field of characteristic p.

Then the extension of k«A)) obtained by adjoining the points of

Ker VID: E(pm) ~ E is f'ully ramified of degree pm-l(p_l) , with Galois group
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canonica.lly isomorphic to Aut(Z/p~) .

Proof. The first statement implies the second, since Ker vn is cyclic of

order pm over k«A»sep. In terms of a normalized parameter X for the

formaJ. group (i. e. [~] (X) = ~X for a:ny p-l'st root of unity ~ E Y!) , thep

endomorphism [p] has the shape

4.3.1
2

[p] (X) =V(XP) =AXP + a;xP + •••

with 0: invertible in k[[A]] (because modulo A , we have a supersingular

curve by hypothesis, hence its formaJ. group is of height two). Thus

V(X) = AX + o:XP + ••• , and the composite vm: E(ptn) ~ E is the composite

The expression of v(pV) is v(pV)(X) =APVX +o:pVxp + •••• A point of Ker'vm

with values in k( (A) )sep of order precisely pm mq be viewed as a sequence

YO'. • • 'Ym- l of elements of the maximaJ. ideal. of k( (A» sep which satisf'y the

successive equations

o = V(Yo) = AyO + a(yO)P + •••

Y = yep) (y ) = APy + aP(y )p +o 1 1 1

( m-l) m-l m-l
Ym-2 =V P (Ym-I) =AP Ym-l +CXP (ym-l)p + ••• •

But a glance at the Newton polygons of these equations shows successively that

the ordinals of YO' ... 'Ym- I are given by (noting by ord the ordinal. normalized

so that ord(A) =1):

= l/p-l

= l/p(p-l)

ord(y 1) = l/pm-l(p_l) ·m-

QED
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Corollary 4.4.1. Let k be an integer, and suppose m ~ 1. The following

conditions are equival.ent :

1) k == 0 mod(p-l) . pm-l if p 1= 2 , and k == 0 mod 2a (m) if p = 2 ,

where a(l) = 0, a(2) = 1 , and a(m) = m-2 if m ~ 3 •

2) The k'th (tensor) power of the representation of 71"1(~) on the

etale quotient of IflE is triviaJ..

3) The sheaf w®k on st admits a nowhere vanishing section fixed
- m

by cp.

4) Over a non-void open set

section fixed by cp.

uc stm ®k
~ admits a nowhere vanishing

~ ®k5) Over S ,~ admits a section whose q-expansion at one of them

cusps of st is identicaJ.ly 1.m

6) Over a non-void open set U C st which contains a cusp,m

admits a section whose q-expansion at that cusp is identicaJJ.y 1.

Further, if 1) holds, then azry section verif'ying either 4) or 6) extends

uniquely to a section over a.1.1 of st verifying 3) and 5), and is in fact them

k/p-l'st power of E 1.p-

Proof. 1) < => 2), because the image of 71"1(~) is aJ.l of

Aut (Z/pInz) ::. (zjrJDz) * , a group of exponent pm-l(p_l) for 1> 1= 2 and of

exponent 2a (m) for p =2. By (4.3), 2) <-> 3) equivaJ.ence 3) <==> 4)

is by full-faith:f'u.lness of "restriction to 0", cf'. (4.1.2.3). By the explicit

formula for cp and the q-expansion principle, we have 3) <==> 5) and 4) <~-> 6).

When 1) holds, the unicity of the section satisfying 4) or 6) or 3) or 5) follows

from the full-faithfulness of restriction to U; that this section is

(E l)k/P-l follows fram the q-expansion principle.
p-
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Corollary 4.4.2. (Serre) Suppose fJ..' i = 1,2 are elements of S(W(lF ) ,1,n,k.) ,q J.

i =1,2 , and that ~ 2: k 2 • Suppose that the q-expansions of f 1 and f 2 at

at least one cusp of M (W(F ) ,1) are congruent modulo pm, and thatm q

:J:. m-l() 1=f
1

(q) r 0 mod p at that cusp. Then kl == k 2 modulo p p-l if p 2,

and k == k modulo 2a (m) if p=2 ,where a(l) = 0, a(2) = 1 , and1 2

a(m) = m-2 for m ~ 3. If these congruences hold at at least one cusp on each

k -k /p-l
in-educib1e component, then f 2 ;: fl· (Ep_1) 2 1 modulo p!lls (W (:IF q) ,1,n,k2) •

Proof. Once we prove the congruence on the ki ' the final assertion results

from the q-expansion principle. To prove the congruence on the weights, we

reduce the situation modulo pm. Then f
1

and f
2

are sections of ~®kl

and .\!!®k2 respectively over ~. By hypothesis, f 1 and hence f 2 are

invertible on a non-void open set U of ~ , and the ratio f 2/f1 is thus
k2-klan invertible section of ~ over U, and by hypothesis f 2/f1 has

q-expansion identically one at at least one cusp on each ~. By (4.4.1), wem

have the desired congruence on kl -k2 • QED

Corollary 4. 4. 3. (serre ) Let f be a true modular form of level n and

weight k on r (p) , holomorphic at the unramified cusps, and defined over the
o

fraction field K of W(lF q). Suppose that at each unramified cusp, the

q-expansion has all its non-constant q-coefficients in W(lF ). Then the
q Ii

constant terms of the q-expansi.ons lie in p-m. W(IF ) , where, for p 1= 2 ,q

m is the largest integer such that <p(pm) = #(Z/p'IDz)X divides k, and for

p=2, m=l if k is odd, and m = ord2 (k) +2 if k is even.

NProof. For N» 0, p f is a true modular form of level n and weight k on

r (p) , defined over W(F ). By (3.2), there is a unique element g ofo q

S (W(F ) ,l,n,k) whose q-expansions are those of pNf at the correspondingq

unramified cusps. If -mo denotes the minimum of the ordinals of the constant

terms of these q-expansions, then g is divisible by pN-ma in S (W( IF ),1 ,n,k) ,
q

by (2.7). Thus we ma;y write g = l-lIIoh , with h E S(W(F q) ,1,n,k) having the
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mo
same q-expansions as does p f at the corresponding unramified cusps. Then

m
h has integral q-expansions, and at least one of them is congruent modulo p 0

to a constant which is a unit on W(lF ) . Multiplying f by the reciprocal
-- q

Nof this unit, we get a q-expansion which is congruent mod p to trl". As

the constant fUnction "I" is modular of weight zero, we must have

k == 0 mod pIIlo-I (p-l) if p 1= 2, k == 0 mod 2CX (Inc) for p = 2 • Q,ED

Remark 4.4.4. If we apply these estimates to the constant terms of the class-

ical level one Eisenstein series ~,we get precisely the correct bounds for

the denominators of the Bernoulli nmnbers (cf. [42], [43] for more on Bernoulli

nmnbers).

4.5. Applications to Serre's trmodular forms of weight X"

4.5.0. Let X € End(Z;) . For each power pm of p, X induces an endo­

morphism of (zjp"Inz)x. For any primitive n'th root of unity t , and for any

representation p of 1Tl(S~) in a free Z/p'IDz module of rank one, we may

define the representation pX d.fn Xop. Taking for p the representation

given by the etaJ.e quotient of' rF' ' we denote by (f:E\CP) the invertible sheaf'

with cp-linear endomorphism which corresponds to pX. For variable m , the sheaves

wX on st are compatible, and we define a compatible family of global sections
- m

to be a p-adic modular fonD. of weight X and level n, holomorphic at 00 ,

defined over W( IF q). If X = k € Z C End(Z;) ,we just recover the elements

of S(W(F ) ,l,n,k) • For :p 1= 2, Z is dense in End(r) , and indeedq p

End(r) ~ lim Z/cp(pm)Z ; for p = 2, Z- has index four in the (non-commu-
p ~ ~

tative) ring End(~). If p 1= 2 , then for aIrY X (resp. if p = 2, for any

X €~) , the pair (!:!.X ,cp) on ~ is isomorphic to (~®km,cp) for any

k € Z such that k == X modulo cp(pm) (resp. if p =2, modulo 2° if m=1 ,m m

~ if m= 2 ,and ~-2 if m 2: 3). The isomorphism between (~®km,cp)

®~and (~ ,cp) for different choices km, k~ € Z approximating X is given
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(k'-k )/(p-l)
by multiplication by (E

p
_

l
) m m • As this isomorphism leaves invariant

the q-expansion modulo pm, (resp. modulo zn-l for p= 2), it follows that a

p-adic modular form of weight X and level n , holomorphic at 00 , defined over

(W (:IF ) , has a well defined q-expansion in W[ [q] ] at each cusp, and that for
q

given X, f is uniquely determined by its q-expansions.

Theorem 4.5.1. Let X E End(Z;) , and suppose X E ~ if P = 2. Let f be

a modular form of weight X and level n, holomorphic at 00 , defined over

W(JF q). Then there exists a sequence of integers 0::: k1 ~ k2 ~ k
3
~ .•• ,

satisf'ying

if p 1= 2

if P =2 and m 2: 3

and a sequence of true modular forms f i of weight ki and level n, holo­

morphic at 00 , defined over W(lF ) , such thatq

lf == f mod pm in q-expansion, if p 1= 2f: == fmod zn-l in q-expansion if p =2, m 2: 3

Conversely. Let

given a sequence

(kmlm > 1 be an arbitrary sequence of integers, and suppose

f E S(W(lF ) ,l,n,k) of p-adic modular forms of integral.m q m

weights ki such that

~
fm+l == fm mod pm in q-expansion at each cusp

f -; 0 mod pm in q-expansion.m

Then the sequence of weights km converges to an element

there is a unique modular form f = "lim" f m of weight X and level n,

ho1omorphic at 00 , defined over W(IF ) , such that
q

f == f mod pm in q-expansion.m
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Corollary 4.5.2. (Serre) If a collection of elements of W[[q]] is the set

ot" q-expansions of a p-adic modular form f of' weight X € End(i') (resp.
p

X € ~ if p =2) and level n, holanorphic at 00 and defined over W(lF q) ,

then both f and X are unique~ determined.

Proof of the theorem. The first part follows directly from the definitions.

For the second part, we will reduce to the case in which the fm are all true

modular forms, whose weights satisf'y 0::: k i ::: k2 ~ •••• Indeed, if we
( n-l)

replace f by f" = f (E ) p lim with N »0 then we may suppose allm m m p-l m'
km ~ 0 , and by (2.7.2), for N »0, f" has q-expansion mod pm of' am m

true modular form. Rechoosing the Nm to be su.fficient~ increasing with m,

we have the desired reduction. Now consider the limit q-expansions. We may

a...~d will work on each irreducible component of M ®W(JF) separate~. If' onn q

a given component, the limit'q-expansion is identically zero at any cusp, it

· t h h f' · =0 (pm)~s so a every ~p, ence eac m ~s on that component, and there

is nothing to prove. In the contrary case, the limit q-expansion is divisible

Ina IDo+l
by P but not by p at each cusp (mo is independent of the choice of

mocusp on each irreducible component: cf.(2.7.l». Then for m>mo ' f'm=P ~

where ~ is a true modular form with q-expansions F 0 (p). So replacing

the sequence f' by the sequence (f') = (~ -tID} , we may suppose that each
m m 0

f' has aJ.l q-ex:pansions t= 0 mod p. Then by (4.4.1), the congruence
m

f' 1 = f mod pm in q-expansion implies that k +1 = k modulo cp(pm) for p of 2 ,m+ m m m

and modulo zn-2 if' p = 2 and m > 3 and that f == f . (E ) (km+l-km) / (p-l)
- '- m+l m p-l

modulo pm. Hence X = lim k exists in End(r) ,and. (f' mod pm} > 1m p m m

define a compatible f'amil¥ of' sections of' the sheaves !!lX on the schem:s ~

QED

Corolla.ry4.5.3. (Serre) Let X€End(Z;) ,andsuppose X€~ if p=2.

Let 0 =5 kl =5 k2 ~ ••• be a sequence of integers such that km =X modulo cp(pm)

if p of 2 , and modulo zn-2 if p = 2 and m ~ 3. Let (fro} be a sequence

of true modular forms of weight km and level n on r 0 (p) , holanorphic at
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the unramifi.ed cusps, and defined over the :fraction field K of W( :IF ). Sup­
q

pose that the non-constant tenns of aJ.1 the q-expansions of the fm are in

W(F q) , and that at each cusp,

fm+l (q) - fm+l CO) == fm(q) - f m(0) mod pm •

mo
Then if X F 0 ,let mo be the largest integer such that X == 0 mod cp(p )

if P F 2 ,for p = 2 , mo = 1 if X is invertible in ~ , and mo = 2+or~ (X)

m
if' X is not invertible in ~. Then for m 2 mo ' p ofm has integral

(E: W(JF )) q-expansions, and at each cusp we have the congruence on constantq
m m m~

terms: p Of +1(0) == p Of (0) mod p a for all m > m if p 1= 2 , and
m m °

m m -' m-l-m
2 Of (0) == 2 Of (0) mod 2 0 if > 3 and m > m •m m' m_ - °

m
Proof. The integraJ.ity of the q-expansions of the p °fm follows:from (4.4.3).

m
Let ~ = p °fm ' which has integral q-expansions. Then ~ and

~~ (k +1-k )/ (p-l)
h u.Ln • (E ) m m have q-expansions which are cOI'..gruent modulo pm
-""In ~ p-l

if p 1= 2 , -(resp. modulo zn-l if p=2) and ~(O) = hm(O). Thus ~+1 -hm

has q-expansions congruent to the constants ~+l(0) - hm(O) modulo pm if

p 1= 2 , (resp. modulo zn-1 if p = 2) . Applying (4.4.3) to the function

(~+1 - hm)/pm for p F 2 , (resp. to ' ~+1 - hm/zn-1
for p= 2) we find

that its constant term has denominator at most pmo. Thus

~+l (0) == hm(O) modulo pm-mo if p 1= 2 ,and zn-1-ma if p =2 • QED

Example 4.5.4. (Serre) Take fm = Gkm ' the classical Eisenstein series of

level 1, whose q-expansions are given by -(bk )/2km + I: Ok -1 (n)qn •
m n>l m

Choose the km to be strictly increasing with m , so that they tend archi-

medeanly to 00. One checks immediately that the hypotheses of (4.5.3) are

m m
verified. The limit "lim" p °fm d:fn p °G~ is thus a modular form of

weight X = lim km ' whose q-expansion is given by
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,.
where :t:. (X). is the (prime to p part of the) Kubota-Leopoldt zeta function,

in the notation of Serre [42 ]. We hasten to point out that even it the
.,..

character X is an even positive integer 2k ~ 4 , the above defined G2k is

a p-adic modular form of weight 2k, but it is not the usuaJ. Eisenstein series..
G2k • Indeed, the q-expansion of G2k is given by

* () l( 2k-l) ( ) \ n '\ 2k-lG2k q = 2' l-p S l-2k + L q L . d
n ~ 1 dln,p(d

while the q-expansion of G2k is given by

G (q) = 1. ~ (1-2k) + I qn I d2k- 1 •
2k 2 n ~ 1 din

*Both G2k and G
2k

are p-adic modular forms of weight 2k, which, as Serre

explained to me, are related as follows:

Taking k =1 , we obtain a p-adic modular torm G; of weight 2, and we may

define G2 as a p-adic modular form by setting

An immediate calculation gives the q-expansion of G2 (cf. Al.3 for the series p)

G2 (q) =~ + L qn I d = ~ p(q)
n 2: 1 dIn

and shows that, for any prime p, the series p(q) is the q-expansion of a

p-adic modular form of weight two and level one. We refer the reader to A2.4

for an n intrinsic" proof of this fact for p 1= 2,3 , based on the classicaJ.

interpretation of P as a ratio of periods (cf.A1.3).



Ka-90 158

Appendix 1: Motivations

In this "motivational" appendix we will first recall the relation be-

tween complex elliptic curves and lattices in C, then the relation between

modular f·onns and the de Rahm cohomology of elliptic curves, and finally the

relation between the Gauss-Manin connection and Serre's 0 operator on modular

forms. These relations are due to Weierstrat!!s and Deligne.

AI.I Lattices and elliptic curves

Given a lattice Lee, we m~ form the quotient elL, a one-dimen-

siona! complex torus, and endow it with the translation-invariant one-form

w = dz (z the .coordinate on e). Thanks to Weierstrass , we know that clL

"is II an elliptic curve , given as a cubic lP 2 by the inhomogeneous equation

Al.I.I

such that w is the differentiaJ. dx/y. The isomorphism from elL to this

curve is explicitly given by the ~ -function:

Al.I.2 z e elL~ (x = 1'(z;L), y = ~'(z;L»

where

Al.I.2.l ~ (z;L) =!..+ \ (_1 _1:..)
2 ~ 22'z leL-(O) (z-l) I

Al.l.2.2 1" (z;L) = d ::(Z;L) = -2 + I -2
z3 J, e L- {oj (z_t)3

Al.l.2.3 ~ = 60 L 1/J,4,
t EL- (oj

Al.I.2.4

Conversely, given an elliptic curve E over c: together with a non­

zero everywhere h010m0rphic differential. w, it arises 1n the above w8:3 from

the lattice of periods of w,

L(E,w) = Itw I:>, E ~(E; ZJC C •
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Under this correspondence, the e:ff'ect of replacing (E,w) by (E,Aw) ,

*A € C ,is to replace L by A·L :

Al.l.2.5 L(E,AW) = A·L(E,w) •

Reca.ll that classically, a complex modular form of weight k (and level 1) is

a holomorphic function on the upper-half plane f(T) which satisfies the

transformation equation

Al.l.3

As explained in (4~], there is associated to f a unique function of lattices

F(L) such that t(T) = F(zT + Z) and which is homogeneous of degree -k in

L: F(AL) = A-k:F(L) for A E C*. (Explicitly, F(L) = w;kt(~/w2) if

L = Zw:J. + &J2 and Tm. (U1./w2) > 0 .)

By Weierstrass , we mB\V now associate to f a "holomorphic" function

IF of pairs (E,w) consisting of an elliptic curve/C together with a nowhere-

vanishing differential which is homogeneous of degree -k in the second variable:

JF (E,Aw) = A-kF (E,w) , defined by IF (E,w) = F(L(E,w». This is the point ot

view taken in the text.

Al.2 Homomorpby at 00 and the Tate curve

Recall f'urther that a complex modu1.ar form f( 'f) is said to be mero­

morphic (resp. holamorphic) at eo , if the periodic function t(T) = f(T +1) ,

when viewed as a function ot q = exp(21TiT) , holanorphic tor 0 < 'ql < 1 ,

in fact extends to a meromorphic (resp. ho1.anorphic) function of q in 'ql < 1 .

In terms of IF, we are asking about the behavior ot

(where t = exp (27r:i.z) is the parameter on C* ,and qZ denotes the subgroup

*of C generated by ,q ), as q tends to zero. By standard caICu1.ations (cf.

[ 38J ), the curve C/L, L = 27r1Z + 2ni:rZ with di:fferentiaJ. 27ridz is given
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as the plane cubic

_2 3 E4 E6
Y- = 4x - 12X + 21b ' with differentiaJ. dX/Y

A1.2.1

(x = '1'(2TTiz,L), Y = ~ t (27Tiz,L)

with coefficients the Eisenstein series

A1.2.2
{

4 n
12·(2rri) g2(T) = E4 =1 + 240 L 03(n)Q

2160 (2rri)6 g3(T) E6 =1 - 504 E a5(n)~

Y=x+2y

Thus to ask that the modular form f be meromorphic (resp. ho1anorphic)

at 00 is to ask that IF(Y2 =4x3 - ~~ X +~ ,dX/Y) lie in the ring C«q))

of finite-tailed Laurent series (resp., that it lie in C[[q]] , the ring of

formaJ.. power series in q) .

The equation Al.2.1 in fact defines an elliptic curve over the ring

Z(1/6]«q)) ; in fact, if we introduce

1X=x+ 12 ,

then we mB\Y rewrite the equation in the form

Al.2.3 y2 + xy = x3 + B(q)x + C(q)

with coefficients

(E4-1) \
B(q) = -5 ~ = ~5 L:- 03(n)qn

n>l

Al.2.4

C(q)

This last equation defines an elliptic curve over Z«q) whose restriction to
1Z(b'] «q») is the above curve, and the nowhere vanishing differential. dx./2y+x

restricts to give dX/Y over Z[g]«q)) •
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By definition, the Tate curve Tate(q) with its canonical differentiaJ.

Wcan is the elliptic curve over Z( (q) defined by (Al..2.3), with differentiaJ.

W = dx/2y+x. For each integer n_> 1 , the Tate curve Tate (qn) with itscan

canonicaJ. differentiaJ. wcan

of scalars Z«q)) ~ Z«q»

(Tate(qn), wcan) is given by

is deduced from (Tate(q), W )can
given by L a.qi~ .E a.qni

J. 1.

by the extension

Explicitly,

Al.2.5 W = dx/2y+x •can

Let ~n be a primitive n'th root of unity. The points of order n

on C*/qnZ are clearly the (images of the) n2 points

Al.2.6 o :5 i, j S n-1 •

Using the explicit expressions for x and y as functions of t = exp(2rriz)

_I qnkt
~ nk

. x(t) 2~ -q-- nk 2 =1 1_qnkk € zt; (l-q t)

Al.2·7 00I (qnkt )2 +1 nk
yet) = ....L-

k € Z (1_qnkt )3 nk'k=l 1-q

one sees that each of the n2_1 points (~n)iqj, °S i, j S n-1, (i,j) f (0,0)

has x and y coordinates in Z[[q]]®Z Z[Sn,l/n]. Hence all level n struc-

tures on Tate (qn) over Z( (q» are defined over Z( (q» ®Z[~ ,lin] (rather
n

than just over Z[~ ,1/n] «q». This implies that the q-expansions of an

modular form of level n have bounded denominators (cf.1.2.l).

Al.2 Modular forms and de Rham cohomology

We can now give a purely algebraic definition of modular forms of

weight k , (meromorphic at 00) as being certain "functions' feE ,w) defined

whenever
E ; w

wj
R
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1is aQY elliptic curve over any ring R, and w E r(E, OE/R) is a nowhere

vanishing differential on E, whose vaJ..ues f(E,w) are elements of the ground-

ring R. The conditions to be satisfied are

1) f(E,w) depends only on the isomoryhism class of (E,w) over R;

2) if cp: R~ R' is a ring homomorphism, then, denoting by (E ,w )
cp cp

the curve with di:fferentiaJ.. over R I deduced by extension of scaJ..ars,

we have f(E ,w ) = cp(f(E,w» •cp cp

{Such modular forms are automatically meromorphic at infinity, simply because

the Tate curve Tate(q) is an elliptic curve over Z( (q» .')

Given a modular form f of weight k, we may form the k-ple differ­

ential f(E,w). w®k on E, which is independent of the choice of' w, and

view it as a global secti.on over R of the (invertible) sheaf

dfu (1
~/R = 7r* f1i/R) •

®k
(~/R) ,where

This permits us to interpret a (meromorphic at (0) modular form of weight k as

a f'unction feE) , defined on any elliptic curve E over any ring R, with

values in the global sections of (f4;/Rrk ,which satisfies

1) if' a: E~ E I is an isomorphism of elliptic curves over R then

*a (f(E I» = f(E)

2) if cp: R~ R' *is a ring homomorphism, then f(E) = cp (f(E» .cp

Why bother to look at the de Rham cohomology? Over!!!l. base ring R,

the (1st) de Rham cohomology of an elliptic curve E/R, noted I£R(E/R) and

defined as ]l:[l(E, ~/R) , sits in a short exact sequence, its "Hodge filtration")

of R-modules
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Al.2.l
11

Furthermore, when the integer 6 is invertible in R, this sequence has a

canonical (but not functorial) splitting,

which may be obtained as follows. Given (E,w) over R, R 3 1/6 , then there

are unique meramorphic functions with poles only along the identity section,

of orders 2 and 3 respectively, X and Y on E such that W:I: dX/Y and such

that E is defined by (inhomogeneous) equation

(when R = C , we have X = 8> (z;L), Y = ~'(z;L) , L the lattice of periods

of w). To specifY the dependence on w, let's write X(E,w), Y(E,w),

g2(E,w), g3(E,w). By uniqueness, we necessarily have

Al.2.2

X(E,AW) = A-2· Y(E,w)

Y(E,~w) =A-3·Y(E,w)

g2(E,AW) =A-4g2(E,w)

g3(E,AW) = A-6g3(E,w)

But over ~ base-ring R, the first de Rham cohomology of an elliptic

curve E/R is nothing other than the module of differentials on E/R having

at worst double poles at 00 (i.e. along the identity section). More precisely,

the inclusion of: the de Rham complex tJE~ ni/R in the complex
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induces an isomorphism on

for i > 0 , we have

164

lHhE, b'E(oo) ~ ni/R(200» = Coker(HO(E, O"E(oo» ~ HO(E,ni/R(2oo»

( 0 0 1 (Al.2.3 = Coker R~ H (E'f!EjR 2 00 )))

o 1=H (E'0E/R(200)) •

If we suppose 6 to be invertible in R, then as soon as we choose a

nowhere vanishing differential W on E , we ma¥ canonicaJ.ly specif'y a basis

of' ~(E,ni/R(200» , namely

Al.2.4 dX~E.W~W -- Y E,w and - X(E ). - X(E.W~.dXfE.W)1) - ,w w - Y E,w ·

Replacing w by AW, A € RX
, has the effect of replacing this basis by

Al.2·5 and -1 _ X(E,AW)dX(E,AW)
A 1) - Y{E,AW) ,

whic~ is to' s8¥ that we have defined an isomorphism

Al.2.6 1 ( /) r-- -1
HDR E R ~~/R Ea ~/R

given locally on R in terms of the choice of a nowhere vanishing W by

-1au> + b1)~ aw Ea bw •

For every integer k > 1 , the k'th symmetric power of this isomorphism

provides an isomorphism

Al.2·7
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We begin by computing the Gauss-Manin cormection on H~R{E/R) in the

case where R is the ring of holamorphic functions of 1', and E is the

relative elliptic curve defined by the lattice Z + Z1'. The dual ~ (E/R) of

HtR(E/R) is R-free on the two families of paths 11 and '12 :

o 1

The Gauss-Manin cormection in this context is the action '\71' = '\7 (:1') of :1'
on H~R(E/R) given by the formula (cf.[26], 4.1.2)

for ~ e H~R(E/R) , and i = 1,2

(i.e., it is the dual of the cormect10n on ~(E/R) for which '11 and 12

axe the horizontaJ. sections).

To actuaJ.1y compute, let's note by w (resp. 11) the cohomology classes

of ~ and X;X respectively, and denote by wi' i =1,2 and Tli' i =1,2

the periods J w and J 11 , which we view simply as elements of R. We
'1i 1i

will also denote by 11 and '12 the elements of H~R(E/R) defined by Poincaxe

duality and the requirement that for any ~ e ~R (E/R) , J'Y i ~ = <~, 'Yi> •

Thus <'12 ''11> = 1 = -<11 ,'12> , and <'11 ''11> = <'12,12> =o. We have

Wi = <w,'1i> and 111 = <"1,'1i> for i =1,2. Hence we necessaxily have

(Al.3.3)

(because both sides have the same periods over both '11 and '12) •
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But the classical "period relation" of Legendre

[which expresses that the topological cup-product <w,.rl> is 27ri., or equiva­

lently that the DR-cup-product <W,11>DR =1]. This allows us to express w and

11 in terms of 1'1 and '12 :

d
Applying ~, we annihilate "11 and I'2 ' hence, noting d T by a prime

an equation we may solve using Legendre's relation:

Al.3.7

At this point we must recaJ..1 that U'J. =T, w
2

= 1 and Legendre's relation be­

comes: 111 - T112 = 27Ti. Fed back into (Al. 3.1), this information gives

Lemma Al.3.9.

(m= 0, n = 0)

1 -~112 = -I: 1: I 2 = -3 P, where 1: I mf:!ans that the term
m n (m-r+n)

2lriTis amitted, and P is the function of q = e given by

p(q) = 1 - .24 1: 01{n)qn ,where 01(n)
n>1

1: d
d ~ 1,dfn
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Proof. The first follows from the definition of Tl 2 as a period of

Tl &I XdX/Y = P(z)dz , and the fact that Tl = -~ ,where S is the Weierstrauss

~-function

1 'i 1 1 z]Z =-+ --- +-- +~() z LI z-mT-n mT+n ( )2·m n m1'+ n

Indeed Tl 2 = J 11 = J~ (- ~ (~) = Jz+l(- ~ (z» = ~ (z) - ~ (z+l) , and hence
72 z

TJ =!_.l:...+L>'I_l_ _ 1 _ 1 }
2 z z+l m"n lz-m-r-n z-m-r-n+l (m1'+n) 2

(Al.3.11)

=IT' 1 2 •
m n (m1'+n)

~ r-1 1 1 1+ - +----n 0 n2 z-n z+1-n

The second equality is ubiquitous (cf. [4~], pp.154-155).

Remark Al.3.12. A similar calculation, based on the fact that the ~ is an

absolutely convergent double sum, hence also given by function

~ (z) =! +II' [_1_ + _1 + z 1
Z n m z-m1'-n m1'+n (m1'+n)2j

shows that 111 = ~ (z) - ~ (Z+1") = -I: I:' T 2 • Comparing these two formulas,
n m (m1'+n)

we see that 112 (-1/1') = 1'111 (1') , and hence Legendre's formula 111 (T) -1'112 (1') =27ri

is equivalent to the transfonnation formula

(Al.3.12.2)

i.e.

or equivaJ.ently p(-l/T) = lP(T) _ 6;T .
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Remark (Al. 3.13).
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Viewing Legendre's relation as S8\Ying that <W,Tl>DR = 1 ,

one can prove it easily using Serre's cup-product fonnuJ.a, valid on arry complete

nonsingula.r curve over C: for any dfk w and any dsk 11 , the cup-product

<1')'w>DR is given by the sum ~ resif(t'P ·w) ,where at each point 1', tf'
is an element of the f-adic canp1etion of the function field such that 11·= d:fr .
If one bears in mind that, analyticaJ.ly, we have 11 = -~ , then the usual. proof

of Legendre's relation on an elliptic curve (cf. [46], 2o.4.ll) just becomes

an analytic proof of Serre's cup-product formula in that particular case.

Returning to the re1ative elliptic curve C/Z + Z l' over R, we have

Consider now the differentials w = 27ri.w, 11 =~ 11 , and letcan can c.II,J.

e =...L ~ = q ~ • Then wcan is the canonical differential dt/t on the27T1 d1' dq

Tate curve Tate(q) over C«q» , 11can is the d.s.k. "dual" to wcan in

the sense of the splitting (Al. 2. 6), and the Gauss-Manin cormection on

E~R(Tate(q)/c«q») is given in terms of W =~ wcan and 11 = 27ri 11can by

V'(e) (w) = ~(V1W)\ = _1
2

( 1T~P
1') Vj.1')) ) 41T w4

· '9 (p2-128P)

and hence is given in terms of wcan ' Tlcan by
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Let T be an arbitrary scherJ!.e, S a smooth T-scheme, and E/S an

elliptic curve. For any derivation D E Der(S/T) and any noWhere vanishing

invariant one-form w on E/S , we mB\Y apply ~(D) to w, view ~(D) as an

element of I£R(E/S) ,. and compute the cup-product <w,V7{D)w> E (J S. We view

this construction as defining a pairing between Der{S/T) and ~®2, ~

denoting the line bundle f*ni/s on S , or equivalently as a morphism from

JE.®2 to ~/T. The dual mapping Der(S/T) ~ (R1f*( £l:)f2 is precisely

the tangent mapping of the c1assif'ying map:from S to the modular stack (or

to the modular scheme ~ , if we rigidify the situation with a level n

structure). .When this map is an isomorphism, the c1assif'ying map is etale,

and we sa'S that E/S is "almost modular".

Corollary Al.3.18. Consider the Tate curve Tate{q) over Z{ (q». The

image of w~~ is the differential dqJq on Z( (q» •

Proof. The assertion is that <w ,V7(e) w > = 1. It su.:f:fices to checkcan can

this over C( (q» , where we have \7(e) (w ) = 1-2P w + 11 • Ascan can can

Al.4 The Gauss-Manin connection and Serre's 0 operator ([41]): d'ap~s Deligne

A series f(q) E C[[q]] is (the q-expansion of) a modular form of

weight k if and only if f(q)· (w {i!;k extends to a "global" section of w®k ,can -

i. e. one which is "defined" for aJ.l families of elliptic curves /CC, or equiva-

lently if there exist integers a,b with a-b =k such that

f(q)· (w
can

) ®a. (Tl
can

) ®b extends to a "global" section of symma+b(I£R) in

the same sense.

We now view the Gauss-Manin connection on I£R(E/S) ,where S is a

smooth T-scheme, as an arrow 'V: I£R(E/S) ~ ~R(E/S)®~/T. Its k'th sym­

metric power is a connection on s~(J?-) , so an arrow
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.A1..4.1

Symmk(lh~ symmk(12-) ®~/T 0 If E/S is "almost" modular, we have iso-

h o 1 ®2 ° the 1 tmorp 1sm asIT ~ ~ ,so we m8\Y new J.S as arrow as an arrow

Symmk(12-)~ Symmk(12-) ® ~®2 e Suppose now that 6 = 2- 3 is invertible

in S. Then we have a splitting ~R(E/S) r-..J ~ EB ~-l , whose k'th symmetric

k ul k ®k-2"
power is a splitting Symm (~R (E/s» "-'" I: ~ J, and we may interpret

j=O

the Gauss-Manin cOmlection as an arrow

k k k
\ ® k-2j~ \ ®k-2j to. ® 2 _ ~ ® k+2-2jL W ~ L W IOIW - L W •
j=O - j=O - j=O

Suppose that

Then for any integers

f is the q-expansion of a modular form of weight k •

a and b such that a-b =k, fo (w f~a ® (1"} )f6lb
can can

extends to a global section of Symma+b(H1). Hence its image under the Gauss­

Manin cOIUlection extends to a globaJ. section of Symma+b (12-) ®!:E® 2. But its

image under Gauss-Manin is

2
+ f ( )®a b ( )®b-1(P -lajP + P ) ( )®2

• wean •• "lcan ~ wean 12 "lcan · wean

which we group according to the decomposition Symma+b c12-) ®!:22

= fe(f) P~ ®a+2 ( )®b- (a-b) ·f· - · (w) • T}12 can can

+ (at)-( )®a+l_ (1"} )®b+1
wcan can

+ lbfo p2~ep1 ( )®a+3. ( ) ®b-1 •L ~ wcan "lcan

_ a+b a+b+2-2j
!: W

j=O :-

Thus we conclude that if f is modular of weight k = a-b , then

(Al.4.2)

e(f) - kf. 1:.12

af

b. f. [p2 - 12 BP]
144

is modular of weight k+2 = a+2-b

is modular of weight k = a-b

is modular of weight k+4 = a+3 - (b-l) •
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[Serre's 0 operator is o(f) = 12 e(f) - k·P·f for f modular of weight k ,

hence of is modular of weight k+2.]

2Corollary Al. 4.3. P - 12 ep is modular of weight 4 , hence

p2 _ 12 6P = E4 ~ Q .

Proof. Take f =1 which is modular of weight 0 = 1-1 , to see that p
2 - 12 ep

is modular of weight 4. As it has constant term 1, it is necessarily E4 .

Corollary Al.4.4. (Deligne) P = ~~ ,where ~ denotes the unique normalized

cusp form of weight 12, the discriminant (E~ - Ej)/1728 .

Proof. e(~) - ~ • P is a cusp form of weight 14 and levell, and there are

none save z~ro. QED

CorollaJ:'Y Al.4.5. The Gauss-Manin connection on I£R of Tate{q) over

Z[1/6]«q» is given by

(Al.4.6) 1) (wcan
)

~ Tl can

Proof. wcan ' T)can give a base of ~R over Z(~)«q» C C«q» , and we

have the desired assertion by transcendental means over C«q» •

Remarks.

1. The value at 0 of the connection matrix is (-:~: 1~12)

which is a nilpotent matrix. This shows that the canonical. extension (in the

1s ense of ( [ 8 ]) of HDR with its Gau.s s -Manin connection to 00 is giyen

by the free module with base wcan ' Tl can .

2. We have ('7(e) )2(w ) = 0 (because the periocLq of W are 1 andcan

'f both killed by (d~)2) , hence by Igusa [17], the Hasse-invariant has a

q-expansion f( q) € :IF [[q]] which satisfies e2f = 0 , so writing f = E anqn ,
p

2
we have (8n) = 0 , hence an=o, hence f = aO + apqP + •••• By~
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calculation (of the coefficient of X
p

- 1 in the ¥'th power of

3 E4(0 ) E6(0 ) 3 X 1
4x - --r2X + 2J1)"" = 4x - 12 + 2ib ' (cf. [26], 2.3. 7.1~·) , we compute

ao = 1 , hence f == 1 mod(qP). As the same is also true for the reduction

mod p of E l' we have E 1 == f mod(p,qP) ,hence E 1- f is a cusp form
P- P- P-

mod P of weight p-1 and level 1 with a zero of order ~ p , hence vanishes

mod p. Thus E 1 mod P is the Hasse invariant, and f( q) is identically 1 •p-

(We gave De1igne's original and more conceptual proof of this fact in 2.1.)



173
Ka-l05

Formulas

For n 2: 3 , M is proper and smooth over Z[l/n] , and itsn

inverse image over Z[l/n, ~ ] is the disjoint union of ~(n) proper smooth
n

schemes with geometricaJ.1y connected fibres 'f!, , one for each primitive n'th
n

root of unity ~ (corresponding to the vaJ.ue of the e.m. pairing on the given

basis of points of order n). The Z[l/n,~] schemes 'f!, are non-canonicaJ.lyn n

isomorphic to each other. We give below the fonnulas for their (common) genus,

the (common) number of their cusps, and the degree of the invertible sheaf ~.

The method of' deducing such relations is very simple: one notes that by flat­

ness, the fact that ~ -M~ is a disjoint union of sections, and the isomor-
n n .

phism !!!®2~nl (log "cusps") , it suffices to caJ.culate these

~/Z[l/n, ~n]

invariants for azry geometric fibre ~®k [k ~ algebraica.l]y closed field

containing l/n]. One then applies the standard Hurwitz formula to. the mor­

phism ~®k~ lP~ provided by the j-invariant. A closed point of lP~

other than 00 "is" an elliptic curve E over k, up to isomorphism. The

points of ~ ®k lying over it are the set of aJ.l level n structures on En

such that the value of the e.m. pairing on the given basis of nE is ~ ,

modulo the natural action of Aut (E) of E.n The cardinality of the fibre

over the point "E" is thus #SL2(zjn Z)/# Aut(E). For j(E) 1= 0, 1728,

Aut (E) =~1 , and hence over JP~ - (0, 1728, oo) , the proj ection is ~taJ.e of

degree #SL2(Z/nZ)/2. The fibre over 0 has #SL2(Z/nZ)/6 points, and that

over 1728 has #SL2 (Z/nz.) /4 points. The points over 00 are the cusps, each

of which is ramified of degree n, hence the number of cusps is #SL2(Z/nZ)/2n.

Letting X denote the topological Euler characteristic, we thus have the

fonnula:
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#SL2 (Z/nZ) = n3 II (1 - !2) , so we have fin~
pJn p

(ll.5.1) Formulas

1 - genus (f!, )n

2
n (6-n) TI (1 _ !-)

24 I 2P n P

(AJ..5.4) degree(~) on ~ = ¥eg(n1 (10g cusps» = ~(2g-2 + # cusps)

= (~ + tn) #SL2 ('lJ/nZ)

= ~ #SL2 (Z/nZ) •

cu.,.,) Sample consequences

f!, has genus zero only for n = 3,4,5, and genus one only for n= 6 .
n -

®2
We aJ..w8¥S have deg(~ ) > 2g-2 , but deg(~) > 2g-2 ~ for 3 ~ n .:s 11 •

For n = 3,4,5, f!, is a ]pI, hence ~ is uniquely determined by its
n

degree; .!!! = "(1) on ~ • .!!! = 0'(2) on Nt• .!!! = D(5) on ~ •
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Appendix 2 - Frobenius

In this appendix we will explain the r~lation between the Frobenius

Ka-107

endomorphism on p-adic modular forms and the action of Frobenius on the de Rham

cohomology of "the" universal elliptic curve.

(A2.0) Let R be a p-adically complete ring, E/R an elliptic curve which

modulo p has invertible Hasse invariant, and H C E its canonical. subgroup.

Let E' = E/H , and let 71": E~ E' denote the projection. Then 71" induces

an R-morphism 1T*: ~R(EI/R) ~ ~R(E/R). Suppose now that R=M(W(lFq), l,n,O),

the ring of p-adic modular functions of level n defined over W{lF ) , where q
q

is a power of p such that q == 1 mod n. Let E/R be the universal. curve

with level n structure, such that Hasse is invertible mod p. As E' = E/H

is a curve over R with level n structure and Hasse invertible mod p , it is

"classified" by a unique homomorphism ep: R~ R such that E' = E{ep) •

This homomorphism cp is precisely the Frobenius endomorphism of the ring

M{W(F ) ,1,n,0) defined in [11] (the "De1igne-Tate mappingtl). The inducedq

hanomorphism 1T*: ~R(E'/R) = ~R(E(q» /R) = (I?-(E/R» (cp) ~ ~R(E/R) gives a

cp-linear endomorphism of ~R(E/R) , which we denote ]'(ep) = 71"*oep-1 (to be

compatible wi.th the notations of [25]). Because 71"* is induced by an R-morphism

E~ E' , the endomorphism F(ep) respects the Hodge filtration

o~ ~ --? ~R(E/R) ~ ~-1 --? ° , and thus induces ep-1inear endanorphisms

(still noted F(cp» of ~ and of ~-1

Lemma (A2.1). On ~, F(cp) = pep ; on ~-1, F(ep) = ep .

Proof. (We will suppress the level n structures, for simplicity.) Let f be

a section of ~. Then f(E,w)·w is a section of ni/R. By definition,

/

v* 1 v
<p{f) is the section feE H, 7r (w»·w of riEjR. Because 7r is etal.e and

E/H = E(CP) , we have 1i-*(w) = A·W(ep) with A invertible in R. Thus

f(E/H, ~*(w»·w = f(E(CP), AW(ep»·w = A-1 .cp(f(E,w»·w. On the other hand,
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F(~)(f(E,w) din ~*«f(E,W)o~(~» = ~(f(E,W»o~*(w(~» =~(f(E,w»o ~ ,[the

last equality because pw = [p]*(w) = ~*(~*(w)) = ~*(~·w(~)) = A·~*(W(~))] •

Thus F(~) = W as ~-linear endomorphism.

Similarly, for ~-1 , a section f is a section f(E,w)·w-1 of

r(E, ()E) ,and ~(f) is the section f(E/H,;'*(w))· W-1 of I?-(E, ttE). But

as before E/H = E(~) , ;.*(w) = Aw with ~ invertible in R, and so ~(f)

is the section A.~(f(E,w))·w-l. But

F(~)(f(E,w)·w-l) =~*.(~(f(E,w).(w-l)(~)) = ~(f(E,w))·~*(w-l)(~). So we must

show that ~*(w-1)(~) = A·W-1 , or by Serre duality, that ;.*(w(~)) = A·W ,

which was the definition of A •

A2.2 Calculation at 00

QED

The canonical subgroup of Tate (q) over Z( (q) ) is Jl ,and the
p

quotient is Tate(qP) = Tate(q)(~) , where (~)(q) = f(qP). Thus we also

have a ~-linear endomorphism of ~R(Tate(q)/i«q)). Passing to C«q)) and

viewing the situation ana.ly1;ically, wcan becomes the differential 27ridz on

cjz + Z1" , and the canonical subgroup becanes .!. Z/Z. The quotient is
P

1 pC/p Z + ZT ~ > C/Z + Z"p1". In terms of the bases '1i(1") , i=1,2 and

r i (P1") , i = 1,2 of HI' we have ~'11 (1") = r 1 (P1") , 71"( 'Y2 ( T)) = pr2 (p1") •

It follows that ~*(wcan(qP» =~*«wcan(ct» (~» = powcan(q) because both

have the same periods:

A2.2.l

w (qP) = p •can

By functionality, F(~) respects the Gauss-Manin connection, and

~(e) (w ) = 1-P2 w + 11 is the unique (up to scalars) element ofcan can can

~R(Tate(q)/z((q))) killed by 'V(e) (as a direct calculation shows - indeed
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by (AL.4.6 ), this rank two differential equation over C has non-trivial

(unipotent) monodrony around q = 0 , hence has at most ~ solution which is

single-valued at q = 0). It follows that

(A2. 2. 2)

(A2.2.4)

F(~)(V(e)(w » = a-v(e)w for same a' ~ ; explicitly,can can

( ) ( ) p. pCp) - aP
F cP 'rlcan = 12 wcan + a·1)can •

Because w and v(e)w give a base of r such that w AV(e)w iscan can -- can can

a constant base of Ff , the fact that 7r has degree p shows that a= 1 , so

F(q» (1) ) = p.cp(p) - p +
can 12 wcan 'rlcan •

Thus the matrix of F(~) on r(Tate(q)/Z[l/6] «q)) is given by

(A2.2.6)

To give formulas vaJ..id over Z( (q» , we use the base w ,vee) (w ) ofcan call

~R(Tate(q)/z«q») ; we have

(A2. 2.7)

A2.3 The "canonical direction" in ~R (a special case of [25], [13])

We return to the \Uliversal situation R = M(W(:IF q) ,1,n,O) , E/R uni­

versal. In terms of a base w, 11 of ~R(E/R) adopted to the Hodge filtration,

the matrix of F(q» has the shape:
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e R invertible

e R

An argument of successive approximation shows that there is a unique element

feR such that F(cp) (11 + fw) e R· (11 + fw) ; indeed

so we want feR to satis:f'y

c + ~ cp(f) = Af

f = £. + E.-.. cp{f)
A. A.2

Let us define a mapping T: R~ R by T(r) = f + T cp(r). It is immediate
A

that T is a contraction mapping of R in its p-adic topology, so has a

unique fixed point lim ?'(O) , which is explicitly given by

(A2.3.4) f=.£+ I
A. n>l

Of' course, the choice of' base is not canonical, nor need there exist a global

basis (over all of R), but the given construction does construct an F(cp)-splitting

of the Hodge filtration

(A2.3.5)
):; -- - .......

o~~~ ~R(E/R) > ~-1 ~ 0 •

Looking at 00, we see that in terms of the base w ,'V(e) (w ) ofcan can

~R(Tate(q)/z«q)) , we have simply "constructed" the vector \7(8)(wcan) , which

is indeed fixed by F(cp). Hence we have proven

Theorem A2.3.6. (Dwork) Let M (W(IF ) ,1) denote the formal. scheme over
n q

W(lF ) which mod pm is the open subset of M ~W (:IF) where E 1 is
q n m q p-

invertible. The locally free rank two module on M
n

(W (IF q ,1) ) giyen by
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I£R(E!Mn(W(lF q) ,1)) admits a locally free extension I£R(E!Mn(W(lF q) ,1))

which along any cusp is the W(JF ) [[q]] submodule of r(Tate(qn)/W(lF) «q»)
q . q

spanned by w and by \7(e) (w ). The Gauss-Manin connection overcan can

M (W(JF ) ,1) extends to a IIcormection with logarithmic poles" over M(W(F ,1» ,
n q n q

and the cp-1inear endanorphism F(cp) over M (W(JF ) ,1) extends to a cp-linearn q

endomorphism, still noted F(cp) , over all of M (W(F ) ,1) (cf(A2.2.6) and
n q

(A2.2.7) for the explicit formulas defining these extensions). There is a

canonical F(cp)-stahle splitting of the Hodge filtration

~--- ....
o~ w~ ulR(E!M: (W(JF ),1» ~~-l~ 0, (the image of which we

- ~. n q -

denote U C ~R(EjMn(W(lFq).l)); it is a horizontal (by unicity!) F(~)-stah1e

rank one submodule).

A2. ~ P as a p-adic modular form of weight 2

Suppose now that p 1= 2,3. Let R be any ring in which p is nil-

potent, E/R an elliptic curve whose Hasse invariant modulo p is invertible,

and U C I£R(E/R) the inverse image of the canonical rank one submodule con­

structed above. (Strictly speaking, we must first choose a level n structure

for some n 2: 3 ~rime to p defined over an etale over-ring R' of R, and

check that the U obtained in r(ER,IR') descends to a U C r(E/R) which

is independent of choices.) Let w be a nowhere-vanishing differential on E/R

(which in any case exists locally on R) , and let ~ be the corresponding

( dX XdX ••differential of the second kind i. e. w = y' T} = y as explaJ.ned J.n

(Al.2.4». Because r = R·w + U , we see that if U E U is a base of U

(which in any case exists locally on R) then the de Rham cup-product <w,u>

is invertible on R. We ma;y then define a "fUnction" P by the formula

(A2.4.l) - <: u>P(E/R,w} = 12.~ for any base u of U.

C1earty the right-hand expression is independent of the choice of base u of

U , and the effect of replacing w by AW, A E RX is to replace ~
-1

by A ~ ,
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hence P(E/R,AW) = A-2p(E/R,w) • Hence P is a p-adic modular form of weight

two and level one. Its q-expansion is

A2.4.2 P(Tate(q),w )can

<11 ;\1(e) (w »
12 can can

<w ;\7(8) (w »can can

because, formally at 00, U is sparmed by ~(e)(w ). If' we denote by p(q)can

the series 1 - 24E O"l(n)qn , then by (Al.3.16) we have

~(e) (w ) = -lP2(q) w + Tl • Substituting into (A2.4.2) givescan can can

_pI,.. \
<11 ,~w +11 >

P(Tate(q) ,w ) = 12 can 12 can can
can _"01 .... \

<w ~ w +" >can' 12 can can

= p(q) •

12·P(q) <" ,-w >can can
12<w ,,, >

can can

This provides a modular proof that P is p-adically modular.
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Appendix 3: Hecke polynomials 2 coherent cohanology 2 and U

In this final appendix, we explain the relation between Hecke poly­

nomials mod p, coherent cohomology, and the endomorphism U of S(R,r,n,O)®K

(notations as in (3.11».

(A3.l.0) Let us begin by computing the trace of If, using the Dwork-Monsky

fixed point formula. For simplicity, we take R to have residue field F p

Let I\n be its unramified extension of degree m , and Km the fraction field

of R • The endomorphism cp acts on the points of M (F ,1) with vaJ.uesm n p

in the algebraic closure FIp of lFp as the relative Frobenius. For each

integer m 2: 1 we denote by T~ the set of IF -vaJ.ued points of M(:IF ,1)
p n p

which are fixed by the m'th iterate cpm i.e., TO is the set of:IF m-valued
m p

points of M (F ,1). It is known (cf. [36]) that each element of TO liftsn p m

to a unique R -valued point of the formal scheme M (R,l) which is fixed by cp.m n

We denote by T the set of such cp-fixed R -valued points of M(R,l) (som m n

T "-"> TO by reduction mod f'). The tangent space to M (R,l) at a pointm m n

t E T is a free R -module of rank one, on which ~ acts as an R -linearm m m

endomorphism. We denote by dcpm(t) E R its "matrix". The Dwork-Monskym

trace formula [36] is as follows:

(A3.l.l) trace(ifl) = I
t E T

m

-1 dcpm(t)

pm I_d.cpm(t)

It remains to determine the "local terms" in this formula. We begin

with the cusps, i. e., the points t E Tm whose image to E T~ is a cusp of

M (F ,1). Then, as we have seen, the overlying point t E Tm is itself a cuspn q

of M(R ,1) , the completion of its local ring is R [[q]] , and the actionn m m
m

of cpm is given by q ~ qP , whose linear term is~. Hence dcpm( t) =°
at the cusps.

Now suppose t E Tm is not a cusp. Then the corresponding elliptic

curve Et is the so-called canonical lifting of its reduction Et (because
o
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the m'th iterate of the Frobenius endomorphism of Et
o

lifts to an endomorphism

of Et , namely m-fold division by the canonicaJ. subgroup - (cf.Messing [34J).

In this case it is known that the completion of the local ring at t is iso­

morphic to Rm[ [X]] , where 1 + X is the Serre-Tate parameter (cf. ft note, p .186).

Let a € ZX = a(m,t) be the "matrix" of the action of the automorphism "pm_th
p 0

power" acting on the Tate module T (Et (i » of the reduced curve. Then
PoP

(cf.Messing [34]), the action of cpm on R [[X]] is the one sendingm
pm/a.2 m m 2l+X~ (l+X) , hence dcp (t) = P !a(m,t) . Combining all this, we

o

find the formula

(A3.1.2) trace(tfl) = L
t € Tm.

t not a cusp

1
m 2 •P - a(m,t )o

Denoting by ,.po the set of :IF m-valued points of M (JF ,1) i.e. the set ofm p n p

ordinary elliptic curves over JF m with level n structure, we have
p

trace(tF) = I 1 2 0

t € rf'O pm - a(m,t )o m 0

The next step is to assemble this data into an expression for the

FredhoJJn determinant det(l- tU) as a product of L-series on M (lF ,1). Forn p

any closed point x of M (F ,1) (i__ e., an orbit of GaJ.(JF IF ) acting
n p -- p p

on the "iF - valued ppints of M (lF ,1» , we define a(x) =a(deg(x),X) ,
p n P i

where x is any IF d () -vaJ.ued point of M (lF ,1) lying over x. For:p eg x n p

each integer r, the L-series L(M (F ,1);ar;t) is the element of Z [[t]]n p p

given by the infinite product over all closed points x of M(F ,1)
n p

(A3.1.4) II (l_ar(x) otdeg(x» -1 0

x

An elementary calculation now yields the following identity •

Identity A3.1.5

det (1- tU) II L(Mn(lFp ,1) ,0:-2 (r+l) ,prt ) (which is the key point
r>O
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It shows independently of (3.11.7) that det(l- tU)
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lies in z [[t]] ,
p

and gives as a corollary the following congruence formula.

Corollary A3.l.6. det(l-tU) == L(M (:IF ,1), o:p-3,t) modulo p·Z [[t]] •n p p

Proof. the term with r =0 remains modulo p, and modulo p the characters

0:-
2 and o:p-3 are equaJ., hence give L-series which coincide mod p •

But the character 0:0 =0: mod P is the one associated to the locally

1constant rank-one:IF - etaJ.e sheaf R f*lF ,and the L-seriesp p

L(M (IF ,1), o:Po-3, t) is just the L-series L(M (IF 1) (R1:f lF )®p-3 t)n p n p" * p ,

associated to (R1f*lF )@P-3 in (4.1.1).
P

[NB the apparent inversion is due to the fact that a describes the

action of the arithmetic Frobenius on the etaJ.~ quotient of Ker p , and hence

by duaJ.ity it is the action of the geometric Frobenius on its dual R1f.)t..JF' .]
- " p

Furthermore, the shea:f ilf'*lF'p extends to a locaJ.ly constant rllllk-one

:IF - etaJ.e sheaf on M(IF ,1) , and the value of the extended character (still
p n p

denoted ad is 1 at each cusp (cf. (4.2.1». Thus we have

(A3.l.7) L(Mn (JFp ,1) ,o:r3 , t) = [n (1- t deg X)}L(Mn (JFy l), (R1f'*lF' )® p-3,t) •
xc~sed p

point among
the cusps

(11':> ':>, i ,
~ Let H denote the etale cohomology groups with compact supports

canp

Hi (M (iF ,1), (R~*1F )®p-3) ,which are Gal(lF IJF )-modules over :IF •compnp p pp p

Only HI is 1= o. Let F E Gal(lF /:IF) denote the inverse of thecamp geom p p

automorphism x ~ xp • According to «(47]), we have the tpnnula

(A3.2.l) L(i (IF ,1),(Rlf*JF' )®P-3,t) = det(l-t F IIfL ).n P p geom comp

By (4.2.2), the invertible sheaf with p-1inear "automorphism" corresponding to

(R1f'*lF'p )®1l-3 is (~3-p,~) over Mn (lFp ,1). But the pair (~®3-P,q»

extends to an invertible sheaf with p-linear endomorphism on all of M ® IF ,
--- n p

namely to the invertible sheaf w® 3-p on M®:IF ,with p-1inear endomorphism
- n p -
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given by
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cp •• ® 3-p _~ ®3-p
~ ----="'" ~

where A = E 1 mod p denotes the Hasse invariant
1'-

(canpare q-expansions!)

Because this extended endomorphism vanishes at the fibres outside

M (:IF ,1) , we have an isomorphism
n l'

(A3. 2. 2) Hi ~ the fixed points of cp acting p-linearly on
comp --

Hi(M ®1F w®3-p)
n p '-

under which the action of the arithmetic Frobenius on Hi is its obviouscomp

action on the fixed points of cp. It follows fonnaJ.ly that we have the

identity

Putting this aJ.l together, we have the following congruence relation

modulo l' Z [[t]] .
p

(A3.2.4) det(l- tU) == [ II (1 - t deg x)}det(l - tcpl ~(Mn® JF ,~®3-P».
x closed l'

point lying
among the cusps

We now wish to calculate the determinant of -cp on ~(M ®:IF ,w® 3-1')
n 1'-

by using Serre duality and the Cartier operator. For this it is convenient

to abstract the situation slightly in the following lemma - in which X is

M®F ~ is w®p-3 and B is AP- 3 •n 1" - ,

Lemma A3.3.l. Let X be a projective smooth curve over

sheaf, and B a section of ~®p-l. The composition

F , Df:.. an invertible
p

(A3.3.2)



185
Ka-1 17

(where C is the Cartier operation, defined locally by C(I,p ® w) = I, ® C(w) )

induces an endomorphism of HO(X, J:. ® 01 ) which is dual to the endanorphism
_i 1 . v v tP 1

of l1(X, I:--) induced by the endomorphism I, ~ B(I,)P of tJI...- - •

Proof. We begin by remarking that although X~ JPn need not be geo­

metrically connected, Serre duality on lPn gives a perfect pairing between

Hi (X,3) and Ext~-i(1- ,ni) with values in W(lPn,nm ) ~:IF for any co-
vX F n p

herent j on X, which· just as in the usuaJ. case may- be canputed via repartitions

and residues. The desired duality now follows from the fact that if x E: X

is a closed point, and I, and ~ are meromorphic sections of .(. -1 and
1 v v

~ ® n ,then residue (B.(I,)P.~) = (residue (I,.C(B~)))P , (the usual Cartier
x x

formula applied to the one-form B(;)P~) • QED

Lemma A3.3.3. - -I' = _,.,®2k 2kTeke X = M ® IF, ~ UJ ,k 2: ° ,and B =A in then p

previous lemma. Under the isomorphism

HO(M ®1F,w®2k®n1 ) ~HO(M ®::IF ,w®2k+2®I(cUSpS)) C:::=the space of cusp forms
n p- n p-

of level n and weight 2k+2 over :IF ,the endomorphism ~ ---? C(A2ks) is
p

the Heeke operator T •
P

Proof. It suffices, to check the q-expansions. But in terms of q-expansions
1 ®2 d k+l

and the isomorphism n (log cusps) -::' w ,if ~ in q-expansion is f( q) (~)
x - q

d ®(2kp+2)/2 d d ®k
then C(Ak~) in q-expansion is C(f(q)· (S) ) = C(f(q)-S). (~)

q q q

But if f(q) = L a qn, C(f(q)~) = E (a )l/p.qn ~q . Comparing this withn q np

the explicit formula (1.11.1.2) for T gives the desired result (becausep
2k-l )

P == ° (p)! •

Putting this all together, we obtain the congruence relation

mod p Z [[tJ] :
p

QED
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\ P and level n n P /I
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det(l-tU)

186

- [II (l_tdeg X»)'de.Jl_tT Icusp forms of weight p-l\
x closed \' P and level n J

point lying
among the cusps

This formula is the starting point for recent work of Adolphson [0]_

FOOTNOTE: the first new sentence on page 182 is incorrect, though the tangent calcula-

tion we deduce from it is correct. The difficulty is that the Serre-Tate parameter is

not "rational" over Rm, but only over Roo' the completion of the maximal unramified ex­

tension, of R.. However, if we view t as defining, by extension of scalars, a rational

point of Mn(Roo,1), then the completion of its local ring is indeed isomorphic to

Roo IT xll , where 1 + X is the Serre-Tate parameter (cf. Messing [34] ). Further, the R -
00

linear endomorphism of 1\0 IT xl] deduced from cP
m by extension of scalars is given by

m/ 2
1 + X f-+ (1 + X)p a, in the notation of page 182, and the formula (A3.1.2) remains true.
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