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Introduction

This expose represents an gttempt to understand some of the recent work

of Atkin, Swinnerton-Dyer, and Serre on the congruence propertles of the

q-expansion coefficients of modular forms from the point of view of the theory
of moduli of elliptic curves, as developed abstractly by Igusa and recently
reconsidered by Deligne. In this optic, a modular form of weight k and level

n becomes a section of a certain line bundle 2®k on the modular variety Mn
which "classifies" elliptic curves with level n structure (the level n structure
is introduced for purely technical reasons). The modular variety Mn is a
smooth curve over Z[1/n], whose "physical appearance” is the same whether we
view it over € (where it becomes ¢(n) copies of the quotient of the upper half
plane by the principal congruence subgroup I{n) of SL(2,Z)) or over the algebraic
closure of % /pZ , (by "reduction modulo p") for primes p not dividing n.

This very fact rules out the possibility of obtaining p-adic properties of
modular forms simply by studying the geometry of M, ® %/p% and its line bundles
gfbk; we can only cbtein the reductions modulo p of identical relstions which
hold over € .

The key is instead to isolate the finite set of poimus of M ® z/vz
corresponding to supersingular elliptic curves in characteristic p, those whose
Hasse invariant vanishes. One then considers various "rigid-analytic" open
subsets of Mn 8’%5 defined by removing p-sdic discs of various radii around
the supersingular points in characteristic p. This makes sense because the
Heese invariant is the reduction modulo p of a true modular form (namely Ep-l)
over lb, so we can define a rigid analytic open subset of Mn ®Zp by taking
only those p-adic elliptic curves on which Ep-l has p-adic absolute value
greater than some ¢ > 0. We may then define various sorts of truly p-adic
modular forme as functions of elliptic curves on which 'Ep-ll > ¢, or equivalent-

ly as sectlions of the line bundles gfak restricted to the above-constructed
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rigid analytic open sets of M ®zp . [The role of the choice of € is %o
specify the rate of growth of the coefflclents of the Laurent series
development arcund the "missing" supersingular points].

The most Important tool in the study of these p-adic modular forms is
the endomorphism they undergo by a "canonical 1lifting of the Frobenius
endomorphism™ from characteristic p. This endomorphism comes gbout as follows.
Any elliptic curve on which !Ep-l! > € for sultable € carries a "canonical
subgroup"” of order p, whose reduction modulo p is the Kernel of Frobenius.
The "canonical lifting" above is the endomorphism obtained by dividing the
universal elliptic curve by }_’(ﬁ canonical subgroup (over the rigid open set
of M, ®Zp vwhere it exists).

This endomorphism is related closely to Atkin's work. His operator U
is simply (% times) the trace of the canonical 1ifting of Frobenilus, snd
certain of his results on the g-expansion of the function J may be interpreted
as statements about the spectral theory of the operator U.

The relation to the work of Swinnerton-Dyer and Serre is more subtle,
and depends on the fact that the data of the action of the "canonical lifting
of Frobenius" on g-l over the rigid open set lEp_ﬂ > 1 is equivalent to the

knowledge of the representation of the fundamental group of the open set of

Mn ® Z/p% where the Hasse invariant is invertible on the p-adic Tate module

Tp (which. for a non-supersingular curve in characteristic p is a free
Zp—module of rank one). Thanks to Igusa, we know that this representetlon is
ps non-trivial as possible, sand this fact, Interpreted in terms of the action
of the cenonical Frobenius on the 248’1; , leads to certain of the congruences
of Swinnerton-Dyer and Serre.

In the first chapter, we review without proof certaln aspects of the
moduli of elliptic curves, and deduce various forms of the "q-expansion
principle.” This chapter owes much (probebly its very existence) to discussions

with Deligne. Tt is not"p-edic”, and may be reed more or less independently
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of the rest of the paper.

The gecond chapter develops at length various "p-sdic" notions of modular
form, in tke spirit described above. A large part of it (r {:l) was included
with an eye to Dwork-style applications to Atkin's work, and may be omitted by
the resder interested only in Swinnerton-Dyer and Serre style congruences.

The ides of working st such "p-sdic moduler forms" is due entirely to Serre.
who in his 1972 College de France course stressed their importance.

The third chapter develops the theory of the “"canonical subgroup.”

This theory is due entirely to Lubin, who hﬁs unfortunately not published

it except for a tiny hint [33]. The second half of the chapter interprets
certain congruences of Atkin in terms of p-adic Banach spaces, the spectrum
of the operstor U, etc. The bossibility of this interpretation is due to
Dwork, through his realizetion that not only is pU integral, but U itself is
Yessentinlly" integral (cf[1h]).

The fourth chapter explains the relation between the canonical Frobenius
and certain congruences of Swinnerton-Dyer and Serre. It begins by recalling
a "coherent sheaf" description of p-adic representations of the fundamental
group of certain schemes on which p is nilpotent. This description is certainly
well-known, and basically due to Hasse and Witt, but does not seem to be re-
corded elsewhere in the form we require. Using it, we show that the representa-
tion corresponding to w with 1ts canonicel Frobenuis is that afforded by
the (rank-one) p-adic Tate module Tp of non-supersingular elliptic curves.

We then prove the extreme non-triviality of this representation in "egnonical
subgroup” style. This non-triviality is due to Igusa, whose proof is finally
not so different from the one given. We then apply this result of non-

trivislity to deduce certain of the congruences of Swinnerton-Dyer and Serre.

In the first appendix, which is a sort of "chapter zero", we explain the

relation between the classical approach to elliptic curves via their period
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lattices and the "modern” one, the relation of DeRham cohomology of elliptic
curves to modular forms, and the relation between the Gauss-Manin connectioq,
Ramanujan's function P(q), and Serre's d-operator on modular forms. The results
are due to Welerstrass and Deligne. It is concluded by a "table” of formulas.

The second appendix explains the relation between the canonical Frobeniws.
on p-adic modular forms and the Frobenuls endomorphism of the DeRham cohomology
of elliptic curves. It mey also be read as an sppendix to [25].

The third eppendix relates Hecke polynomimls mod p to L-series, coherent
cohomology and the Fredholm determinant of U.

As should by now be obvious, this expose owes 1ts very existence to Lubin,
Serre, Deligne, Atkin, and Dwork. It 1s a pleasure to acknowledge my debt

to them, and to thank M. Rapoport for meny helpful discussions.
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Chapter 1: Moduli schemes and the g-expansion principle

In this chapter, we will recall some of the definitions and main results
of the theory of moduli of elliptic curves, and deduce from them various forms

of the "g-expansion principle" for modular forms.

1.0. By an elliptic curve over a scheme S , we mean a proper smooth morphism
p: E~> S , wvhose geometric fibres are connected curves of genus one, together

with & section e: S —>E .,

S

We denote by [ /s the invertible sheaf p*(‘%‘ /S) on S, whieh is canonically

aual (Serre duality) to the invertible sheaf Kn(0) on S .

1.1 Modular forms of level 1

A modular form of weight k € Z and level one is a rule f which
assigns to any elliptic curve E over any scheme § a section f(E/S) of

(QE /Sjg’k over S such that the following two conditions are satisfied.

1. f(E/S) depends only on the S-isomorphism class of the elliptic

curve E/S .

2. The formation of f(E/S) commutes with arbitrary change of base

g: S' —> 5 (meaning that £(Eg,/S') = g £(E/S)).

We denote by M(Z;1,k) the Z-module of such forms.

Equivalently, a modular form of weight k and level 1 is a rule f which
assigns to every pair (E/R,w) consisting of an elliptic curve over (the spec-
trum of) a ring R together with a basis « of /R (i.e., a nowhere vanish~
ing section of n%: /g On E ), an element f£(E/R,w) € R , such that the follow-

ing three conditions are satisfied.
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1. £(E/R,s) depends only on the R~isomorphism class of the pair
(E/R,w) .~

2. f 1is homogeneous of degree -k in the "second varisble"; for
any A € B° {the multiplicative group of R ),

£(E,\w) = x'kf(E,w) .

3. The formation of f(E/R,w) commtes with arbitrary extension

of scalars g: R —> R!' (meaning f(ER,/R',mR,) = g(£(E/R,w))).
(The correspondence between the two notions is given by the formula
£(E/Spec(R)) = f(E/R,m)'w®k

valid whenever S = Spec(R) and /R is a free R-module, with basis «.)
If, in the preceding definitions we consider only schemes S (or
rings R) lying over a fixed ground-ring Ro , and only changes of base by
Ro-morphisms, we cobtain the notion of a modular form of weight k and level one
defined over R, the R -module of which is noted M(Ro,l,k).
A modular form f of weight k and level one defined over Ro can be

evaluated on the pair (Tate(q), w

) consisting of the Tate curve and its
can’g

canonical differential, viewed as elliptic curve with differential over

%({(q) )&Z R (and not just over Ro((q))).

The g-expansion of a modular form f is by definition the finite-tailed
L
Laurent series

£((Tate(q), mcan)Ro) € Z((a))8 R -

The modular form f is called holomorphic at o« if its q-expansion lies in the
subring Z[ [q]]@gz Ro 3 the module of all such is noted S(Ro;l,k) . Notice
that the q-expension lies in %((q) )®z R C Ro((q)) » i.e., it is finite
Ro-linear combination of elements of 2((q)) . This implies, for example,
that if Ro is the field of fractions of a discrete valuation ring, then the

g-expansion coefficients of any modular form of weight k and level one over Ro



79 Ka-11

have bounded denominators.

1.2. Modular forms of level n

For each integer n >1 , we denote by B the kernel of "multiplication
by n" on E/S ; it is a finite flat commtative group-scheme of rank n° over
S , which is étale over S if and only if the integer n is invertible in
P(S,BS) i.e., if and only if 8 dis a scheme over z[:'—l] . A level n struc-

ture on E/S is an isomorphism

. ~ 2
o E-—=> (Z/nZ)s .

It cennot exist unless n is invertible on S , and in that case there always
exists one onsome finite dtale covering S' of S . If a level n structure
on EfS exists, and if S is connected,the set of all such is principal
homogeneous under GL(2, #%/nZ) = Aut( (Z/nz)g) .

A modular form of weight k and level n is rule which assigns to each
pair (E/S, Oln) consisting of an elliptic curve together with a level n
structure a section f(E/S, Otn) of (-(QE /S)®k over S , in a way which depends
only on the isomorphism class of (E/S, an) , and which commutes with arbitrary
base-change g: S* —> S . Equivalently, it is a rule which assigns to all
triples (E/R,m,an) , consisting of an elliptic curve over a ring R together
with a base w of Yp/R and a level n structure a 5, e element
f(E/R,m,Otn) € R which depends only on the isomorphism class of (E/R,w,otn) ,
which cammtes with arbitrary change of base, and which is homogeneous of
degree ~k in the "second varisble", meaning that for any A € R , we have
£{(E/R, Aw, an) = A" f(E/R,m,an) . Exactly as for level one, we define the
notion of a modulsr form of weight k and level n defined over a ring Ro .
The R -module of all such is noted M(Ro,n,k) .

A modular form of weight k and level n defined over a ring Ro which
contains 1/n and a primitive n'th root of unity ;n may be evaluated on

the triples (Tate(q™), w

oan’ an) consisting of the Tate curve Tate(q")

By
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with its canonical differential, viewed as defined over Z((q)) &, R, , together
with any of its level n structures (g_.ll__ points of nE are rational over
Z((q)) Qz R 3 in fact, being the canonical images of the points giqj s
0<i, J<n-1 from "Gm" , they all have coordinates in Z[{q]] 8& Z[%, ;n] ,
and the non-constant g-coefficients of their (x,y) coordinates even lie in
z[gn] (cf.[38]), as one sees using the explicit formulas of Jacobi-Tate.

The g~-expansions of the modular form f are the finitely many

finite~-tailed Laurent series
n
1.2.1 £({Tate(q ), Waan? an)Ro) e Z((q)) & R,

obtained by varying Otn over all the level n structures.

(N=_I§ Though it makes sense to speak of a modular form of weight k and level n
defined over any ring Ro , we can speek of its g-expansions over Ro only
when Ro contains 1/n and a primitive n'th root l;n of 1.)

A modular form defined over any ring Ro is said to be holomorphic
at o if its inverse image on Ro[l/n, Qn] hes all its g-expansions in
Z([q]] &, Ro[l/n, t,) - <If the ring R itself contains i/n and ¢,
this is equivalent to asking that all the g-expansions lie in Z[[ql] @z Ro . >
The module of such is denoted S(Ro;n,k) .

A modular form (resp: holo. at ») of weight k and level n defined over
a ring R, which does not depend on the "last variable" @ is a modulsr
a modular form (resp: holo. at «) of weight k and level one defined over

Ro[l/n] .

1.3. Moduler forms on T4(p)

Analogously, for an integer n >1 and a prime number p Y'n , amodular
form of weight k and level n on I‘o(p) is a rule f which assigns to each triple
(g/s, e, H) consisting of an elliptic curve, a level n structure, and a finite
flat subgroup-scheme HC E of rank p , a section f(E/S, o, H) of (QE /sjgk

over S , which depends only on the isomorphism class of (E/S, @, H) , and
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whose formation commutes with arbitrary change of base S* —> 8 . Equivalently,
it is a rule which assigns to each quadruple (E/R, w, o, H) an element
£(E/R, w, @, H) € R , vhich depends only on the iscmorphism class of the quad-
ruple, whose formation commutes with arbitrary chenge of base, and which is
homogeneous of degree -k in the second variable. As before, we define the
notion of a modular form of weight k and level n on r‘o(p) being defined over
a ring Ro .

A modular form of weight k and level n on I‘o(p) , defined over a ring
Ro which contains l/n and l;n may be evaluated on each of the quadruples

(Tate(q™) s W We will call the values of f on these quad-

can? ana "JP)RO .
ruples the g-expansions of f at the unramified cusps, and say that f is
holomorphic at the unramified cusps if its g-expansions there all lie in
Zl[q]] ®Z Ro . We can also evaluate f on each of guadruples

(Tate(d™), «

can’ n? {¢"}) , where (q")} denotes the flat rank~p subgroup

scheme generated by (the image of) q° . Tts values there are called its
q-expansions at the ramified cusps. We say that f is holomorphic at « if
all of its q-expansions, at the remified and unramified cusps, actually lie in
2([q]] R, -

Remark. The distinction between ramified and unramified cusps on Ty(p) is
quite a natural one - in the work of Atkin, one deals with modular functions
(weight 0) of level one on T,(p) which are holomorphic at the unramified

cusp, but not at the ramified one.

1.k, The modular schemes Mp and My

For each integer n >3 , the functor "iscmorphism classes of elliptic
curves with level n structure" is representsble, by a scheme M, which is an
affine smooth curve over Z[;L—l] , finite and flat of degree:#(GLa(Z/nZ)/ + 1)
over the affine j-line Z[%, j] , and étale over the open set of the affine

j-line where j and Jj-1728 are invertible. The normalization of the projective
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j-line IIP;[:L /n] in M is a proper and smooth curve ﬁn over Z[i/n] ,

the global sections of whose structural sheaf are Z[l/n,(_',n] . The curve

M ®z[l/n]z[l/n,§n] (resp. ﬁn ®z[l/n]z[l/n,§n]) is a disjoint union of o¢(n)
affine (resp. proper) smooth geometrically connected curves over Z[l/n, Cn] s
the partitioning into components given by the q)(n) primitive n'th roots of
one occurring as values of the e.m. pairing on the basis of nE specified by
the level n structure. The scheme l_rln-Mn over Z[1/n] is finite and &tale,
and over Z[l/n,gn] , it is a disjoint union of sections, called the cusps of
ﬁn , which in a natural way are the set of isomorphism classes of level n
structures on the Tate curve Tate(q") viewed over Z((q)) ®z Z[l/n,gn] .

The completion of ﬁn®z[l/n,§n] along sny of the cusps is isomorphic to

. . s ns 1
Z[l/n,gn][[q]] . The completion of the projective j-line IPZ[l/n,gn] along o«

is itself isomorphic to z[l/n,gn][[q]] , via the formula
j(rate(q)) = 1/q + T4l + ... , and the endomorphism of Z[l/n,gn][[q]] arising

1 is just given by q +—> qn . In fact, for

from the projection ﬁn —_—> P
each cusp, the inverse image of the universal elliptic curve with level n
structure (E/Mn, Otn) over (the spectrum of) Z[l/n,gn]((q)) (viewed as a
punctured disc around the cusp) is isomorphic to the inverse image over

Z[l/n,gn]((q)) of the Tate curve Tate(q") with the level n structure corre-

sponding to that cusp.

1.5. The invertible sheaf w on My, and modular forms holomorphic at o

There is a unique invertible sheaf w on ﬁn whose restriction to Mn
is wp /Mn ((E/Mn,an) the universal elliptic curve with level n structure),
and whose sections over the completion z[l/n,gn][[qJ] at each cusp are pre-
cisely the Z[l/n,gn][[q]] multiples of the canonical differential of the

Tate curve. The Kodaira-Spencer style isomorphism (ef. Al.3.17 and [7])

(-@E/Mn)m = "ﬁn/zu/nl
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extends to an isomorphism

(9)@92 o~ ;%n/z[l/nj(log(ﬁn-Mn)) ,

and, in fact, over Z[l/n,gn][ [q]] , the "square" of the canonical differential
n .4
Woon OB Tate(q ) corresponds to n T

It follows tLat a modular form of level n and weight k holomorphic at

)®k

o defined over any ring Ro » 1/n is just a section of (9 on

L ®Z[1 /n]Ro s Or equivalently a section of the quasi-coherent sheaf
Rk =
(Q) %[l/n]RO on Mn .

1.6. The g-expansion principle

For any Z[l/n]-module K , we define a modular form of level n and
weight k, holamorphic at « , with coefficients in K , to be an element of

O/ Kk . s
H (Mn,(g) ®Z[l /n]K)' At each cusp, such a modular form has a g-expansion in

K Gppq/n1Bl1/nst ] G Ellal] .

Theorem 1.6.1. Let n >3, K a Z[l/n]-module, and f a modular form of
level n and weight k, holomorphic at o , with coefficients in X . Suppose

' M
that on each of the @(n) connected components of M ®Z[1 /ng[l/n,;nJ s
there is at least one cusp at which the g-expansion of f vanishes identically.
Then £ =0.

Before proving it, we give the main corollary.

Corollary 1.6.2. (The g-expansion principle). Let n >3, K a Z[1/n]-module,

LCK a Z[1/n]-submodule. Let f be a modular form of weight k, level n,
holomorphic at « , with coefficients in K . Suppose that on each of the ¢{n)
connected components of Mn ®%[1/n]z[1/n’§n] ,» there is at least one cusp at
which all the g-coefficients of f liein L ®Z[l/n]z[l/n’§n] . Then f is

a modular form with coefficients in L .
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Proof of corollary. The exact sequence 0 —> L —> K —> K/L —> 0 of

Z[1/n]-modules gives an exact sequence of sheaves on ﬁn R

e P s (x/1)® (T —> 0,

1.6.2.1 0 —> L®(w) —>K®(uw

hence a cohomology exact segquence

1.6.2.2 0—> H°(ﬁn,1.®9®k) -— Ho(ﬁn,K®(Q)®k) — Ho(ﬁn,(K/L)®(Q)®k) .

Xk
) s

) by the cohomology

The theorem (1.6.1) now applies to the image of f in Ho(l\_dn,(K/L)®Q
showing that image to be zero, whence f € Ho(ﬁn,L® (9)®k
exact sequence. QED

We now turn to the proof of the theorem. By considering the ring of
dual numbers on K , D(XK) = Z[1/n]®K , [multiplication
(a,k) (2" ,k') = (aa',ak’ +a'k)] we are reduced to the case where K is a ring
over Z[l/n] . Because the formation of the cchomology of quasi-coherent

sheaves on quasi-campact schemes commutes with inductive limits, we are first

reduced to the case where K is a finitely generated ring over Z[1/n] ,

then to the case when K is a noetherian local ring. By faithful flatness

of the completion, we further reduce to the case when K is a complete
Noetherian local ring, then by Grothendieck's comparison theorem

to the case when K is an artin local ring. By Krull's intersection theorem,
f induces the zero-section of (9)‘8k over an open neighborhood of at least
one cusp on each connected component of b_dn®K®Z[l/n,§n] , hence on an open
dense set in l\_dn®K . If £ is not zero, there exists a non-void closed
subset Z of ﬁn®K , containing no maximal point of l_lln®K , on which f

is supported. Over the local ring in ﬁn® K of any maximal point z of Z,
f becomes non-canonically a section of Oz,ﬁn®K which is supported at the
closed point, i.e. for any element g € mz (the maximal ideal of 0z,ﬁn®K )
there exists a power gn of g such that gnf =0 . Thus every element of

M, 1is a zero-divisor, i.e. the point z € ﬁn®K has depth zero. As ﬁn®K
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is smooth over an artin local ring K , it is Cohen-Macaulay, and hence only
its maximal points have depth zero. Thus 2z must be a maximal point of

l\_dn®K , a contradiction. Hence f must be zero. QED

1.7. Base-change of modular forms of level n > 3

Theorem 1.7.1. Let n >3 , and suppose either that k >2 or that k=1
and n <11 . Then for any Z[1/n]-module K , the canonical map

Ok Bk
) ) )

K®H°(I\-/fn,(9 y —> Ho(ﬁn,K®(Q

is an isomorphism.

Proof. By standard base-charging theorems, it suffices to show that

Hl(ﬁn,2®k) = 0 . The isomorphism (Q)®2 Lol s%n/z[l/n](log(ﬁn-Mn)) ,

together with the fact that each connected component of ﬁn® Z[1/n, Cn] con-
tains at least one cusp, shows that for k > 2 , the restriction of (9)®k

to each connected component of ﬁn®z[l/n, t_’,n] has degree strictly greater
than 2g-2 , g the (common) genus of any of these components,and hence

wt (Mn,(9)®k) = 0 by Rieman-Roch. For 3 <n <11 , explicit calculation shows
that w restricted to each connected component of ﬁn®z[l/n, ;n] has degree

strictly greater than 2g-2 , and we conclude as before. QED

Remark. When n > 12 , w has degree < 2g-2 on each connected component
kvl ! .

of M ®Z[1/n, ¢ ] , and equality holds only for n =12 . The author does

not know whether or not the formation of modular forms of weight one and

level n > 12 commutes with base change.

1.8. Base change of modular forms of level 1 and 2

Theorem 1.8.1. Let Ro be any ring in which 2 is invertible. For every
integer k > 1 , the canonical map S(Z,2,k) ®Z R —> S(Ro,z,k) is an iso-

morphism.
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Proof. First we should remark that there are no non-zero modular forms of
level two and odd weight k over Ro , because the automorphism "-1" of an
elliptic curve transforms (E,w,%,) into (E,-w,-¥;) , hence

f(E,m,Oﬁz) = f‘(E,-m,-Otz) » but o, =, ,
= (-1) £(B,u,) , hence 2¢(E,u,a,) =0 for k odd .

hence f(E,-m,-az) = f(E,-m,az) =

In any case, modular forms of level two and weight k, holomorphic at
infinity, over any ring R0 3 1/2 , are precisely those modular forms of level
four and weight k holomorphic at « , defined over Ro » which are invariant
under the action of the subgroup of GLE,(Z/LL Z) consisting of the matrices

=Imod 2. As this group has order 16, a power of two, we may simply spply

the projector %6 Z( )g to the base-changing isomorphism (1.7.1) in
g=1 (2

level four to produce the desired isomorphism in level two.

Theorem 1.8.2., Let Ro be any ring in which 2 and 3 are invertible. For every

integer k > 1 , the canonical map

5(2,1,k) ®, R —> S(Ro,l,k)
is an isomorphism..
Proof. The proof is similar to the previous one. We view a modular form of
level one over a ring R > 1/6 as a modular form of level four (reép. three)
inveriant under GL(2,Z/4 Z) (resp. GL(2,%/3 Z) , defined over R . As
GL(2,%/4 Z) has order 96 = 32 x 3 (resp. GL(2,%/3 Z) has order 48 = 16 x 3) ,

the projection technique (1.8.1 ) shows that the canonical map

S(z[1/6],1,k) @z[l/mRo —> S(Ro,l,k)

is an isomorphism. Thus it remains only to handle the passage from Z[1/6] .

But for any ring R, S(R,1,k) is the fibre product of the diagrem:
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1O, ®R, (™)

(1.8.2.1)

KO, O, (™) <— #O(, OF, (o)

(i.e. a modular form of level one over R is a modular from f3 of level three
over R[1/3] together with a modular form f), of level four over R[1/2] ,
such that fy and f) induce the same modular form of level 12 over R[1/12]).
As the formation of the diagrem (1.8.2.1) and of its fibre product cammutes
with any flat extension of scalars R —> R* , taking R =2, R' = Z[1/6]

gives the desired result.

Remark 1.8.2.2. The above theorem becomes false when we do not exclude the

primes 2 and 3. For over the finite field FP

modular form of level one and weight p-1 , holomorphic at « . But over X

» the Hasse invariant A is a

there are no non-zero modular forms over Z of level one, holomorphic at «,
of weight either one or two. Similarly, A-A 1is a cusp form of level one
and weight 13 (resp. 14) over F, (resp. F3) , which cannot be the reduction
mod p of a modular form over Z . See [9] for the full determination of

modular forms over X .

1.9. Moduler forms of level 1 end 2: g-expansion principle

For n =1, 2, and any Z[1/n]-module K , we define a modular form of
level n and weight k , holomorphic at « , with coefficients in X +to be

for n = 1: an element of the fibre-product of the diagram
B0y, (o™ @pp, 13 (K @ 2(1/3D))

(1..9.0.0)

HO(T, 5, (™™ R /127 (K Bppy f107BL/12]) <— K, (™ G147 (KOE[1/41))
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(1.9.0.1) for n=2: an element of H°(ﬁ,4,(9)®k ®z[1/!+]K) invariant by

the subgroup of GLQ(Z/ 4 Z) consisting of matrices

=Imod 2.

The module of all such is noted S(K,n,k) .

(In the case K is a ring, this notion coincides with that already
introduced.) An exact seQuence 0 —> L —> K —> K/L —> 0 gives an exact
sequence (without the final O ) of modules of modular forms, analogous to
(1.6.2.2).

As a corollary of (1.6.1), we have

Corollary 1.9.1. {g-expansion principle} Let n=l or 2, K a Z[1/n]-module,
and LCK a Z[1/n] submodule. Let f be a modular form of weight k ,
level n , holomorphic at « , with coefficients in K . Suppose that at one
of the cusps (for n=1 , there is only one, j=w , while for n=2 there
are three, A = O,l,» ), the g-coefficients of f all liein L . Then f

is a modular form with coefficients in L .

1.10. Modular schemes of level 1 and 2

They don't exist, in the sense that the corresponding functors are

not representable. However, for each n >3 we can form the quotients

. . as 1
Mn/ GL, (Z/n Z) = the affine j-line /Az[ 1/n]

= . . . as 1
Mn/ 6L, (%Z/n Z) = the projective j-line IP Z[1/n]

which fit together for veriable n to form the affine and projective j-lines

. _al s - 1
over Z . We define M1 --IAz , the affine j-line, and Ml = ]Pz .
invertible sheaf w on ﬁn » n >3, does not "descend" to an invertible

sheaf on 171 , but its ]_2ﬂ power 9®12 does descend, to (1) , the inverse

The

of the ideal sheaf of o .
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In particular, moduler forms over any ring R of level one and weight
12k holomorphic at o , are just the elements of HO(IP;L{, 8(k)) , and their
formation does cammute with arbitrary change of base.

Analogously for n=2 , we define

My

Mh/the subgroup of GLQ(Z,/h Z) of matrices = I mod 2

th

Imod 2 .

1712 ﬁu/the subgroup of GLQ(Z/’-L Z) of matrices

The scheme M, is Spec Z[A]J[1/22(1-\)]) , and M, is the projective A-line
1 . . = s

IPZ[l /2] . The invertible sheaf w does not descend to M2 s but its square

does descend, to O (1) = the inverse of the ideal sheaf of the cusp A = .

In particular, modular forms of level two over any ring R 3 1/2 , of (neces-

sarily!) even weight 2k and holamorphic at all three cusps, are just the

elements of H°( IP;, O(k)) ; hence their formation commutes with arbitrary

change of base.

1.11. Hecke operators

Let £ be a prime number, R a ring in which £ is invertible, and
n an integer prime to £ . For any elliptic curve E/R , the group-scheme
zE of points of order £ is finite ¢€tale over R , and on a finite &tale
over-ring R' it becomes non-canonically isomorphic to (Z/ZZ);, . Thus
over R' , the elliptic curve ER,/R' has precisely 4+1 finite flat sub-
groups~-(schemes) of rank £ . For any such subgroup H , we denote by

T B, —> ER,/H the projection onto the quotient and by 1w: ER,/H —> E,

RI
the dual map, which is also finite étale of degree £ . The composition w7
is multiplication by £ on ER'/H , and the composition wew is multipli-

cation by £ on ER' .
If w is a nowhere vanishing differential on E/R , then

£%.3
T {ug,) = trace (wp,) is a nowhere vanishing differential on Ep,/H . If

o E > (Z/n Z)§ is a level n structure on E/R , there is unigque level n



Ka-22 %

structure W(an) on ER,/H such that the diagram

(ZY/n ).,

(1.11.0.0) @ 1r(an)

nER' — n(ER'/H)

is commutative. (N.B. There is another "natural" choice of level n struchure

on ER,/H > namely O o = z-'rr(an) , which we will not use.)
Given a modular form over R of level n and weight k, for each triple

(E/R,w,an) we may form the sum over the £+1 subgroups H of order £+1

of ER' R

(1.11.0.1) )Y f(ER,/H,;r*(w) (@)
H

which, while apparently an element of R' , is in fact an element of R , and

does not depend on the auxiliary choice of R' .

factor Ek-l , we define the Hecke operator T

Normalizing this sum by the

g OB modular forms of level n
and weight k by the formula

(1.11.0.2) (Tlf) (E/R,m,an) = zk'lz f(ER,/H,Er'r*(m) ,w(an)) s

the sum extended to the £+1 subgroups of order £ .

We now consider the effect on the g~expansions. The £-division points

+

of the Tate curve Tate(q") over Z({q)) & Z[1/n £] all become rational

over Z( (q]-‘ Z)) &, Z{1/ns,t E] , and the £+1 subgroups of order £ are the
following:

N 2 generated by { 2

i

n
H, , generated by (1) B for 120,1,...,0-1 .

For the subgroup |u, , the quotient Tate(qn)/iuz is Tate(qnz) (the projection

induced by the £'th power map on Gm) and the dual isogeny consists of dividing
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Tate(qnz) by the subgroup generated by qn . For the subgroups H. , the

quotient Tate(qn)/H is Tate((gl /442

i 1/z

) ) , and the dual isogeny consists

of dividing (Tate((g }) vy its subgroup fu, .

. ni

Thus for the subgroup ;1.12 , we have T ( ca.n) = W, on Tate(q ")

. _ _ i 1/22
while for the subgroups H, , T (“’ca.n) = l-(mcan) on Tate((t_;z g’y )
(because in the latier case % is induced by the £'th power mapping on Gm s
on which w = 1is at/t) .

The quotient Tate(q™) /1;11 = Tate(qnz) may be viewed as obtained
from Tate(q") by the extension of scalars @y Z((a)) —> Z((q)) sending
q ~—> ql . We denote by Otz'1 the unique level n structure on Tate(qn)

*
. . 1 — L e - -
such that (pz(an) =7, (an) s Wl(an) denoting the image of O by the pro

jection of Tate(q™) onto Ta,te(qn)/mz 2‘I‘a.te(qn‘e) .

The quotients Tate{q™ )/H = Tate(q n/4 I;l) s i=0,...,2~1 over

Z[l/nz,cnz]((q 1/ )) , may each be viewed as obtained from

Tate(q" )/H o= Tate(q n/4 } by the extension of scalars

1/2

oyt 2/t £ ((@0) — 2l1/ns, ) M

)) which sends q i 1/3.

—> £
Under this identification, we have (noting LFE Tate(q") —> Tate(qn)/Hi s
i=0,...,4=1 the projections) the relation Wi(an) = q>;(7ro(an)) , as an
immediate explicit calculation shows. We denote by Ot" the level n structure
i.:(wo(an)) on Tate(q™) obtained from L (a ) on Tate(q /2) by the exten-
sion of scalars i, Z[l/nﬂ,; 1/2)) == Z[1/n¢, (9 ]((q)) sending

1/2

q to q .

Thus we have

£(Tate(q®) /Ty lu, ), @) = £(Tate(d™) ,u,,_,9,@0)
(1.11.0.3)

cpg(f(Tate(qn) W o)) .
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£(Tate(q") /8 ) (u00) 573 @) = £(tate((th a4 00 _son(m (@ )))

2
= o, (#(Tate(q" )kt (@)

(t.11.0.4)

= 930(1,) (2 (Tate(a") 0 0y, 01)

z-l,q,io(iz)'l(f(crate(qn),wcan’a;)) )

Combining these, we have the following formula for T 0
Formula 1.11.1. Let f Dbe a modular form of level n and weight k over a
ring R , and suppose £ is a prime number not dividing n which is invertible

in R. Let f be a modular form of level n and weight k, with q-expansions

(1.11.1.0) £(Tate(q") 0, ) = Z 2@ )" .
i>

Then

(1.11.1.1) (Tlf)('l'ate(qn),wcan,an) = Z bi(an)qi s

i> =

where the coefficients bi(an) are given by the formula
(1.11.1.2) bo@) = &Y, (@) +a,,@")
itn i/ n i n

(with the convention that 85/ =0 unless £[i).

Coroliary 1.11.2. If £ is holamorphic at o , so is Tz(f) . If f is a

cusp-form (meaning that its g-expansions all start in degree > 1), thert so is
Tl(f) . If all the g-expansions of £ are polynomials in q , the same is

true of Tz(f‘) .

Proof. These follow directly from the explicit formulae - we note that if f
has polynomial g-expansions of deg <n , then Tt(f) has expansions of

degree < nf .

Proposition 1.11.3. Let n>2 and k>2 ,0or 3<n<1l and k>1.

For any prime £ not dividing n , and any Z[l/n]-module K , there is a

necessarily unique endomorphism of the space of modular forms of weight k and
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level n, holomorphic at « , with coefficients in K , whose effect on

g-expansions is that given by the formulas (1.11.1.0-2).

Proof. By the base-changing theorem, we are reduced to the case K = Z[1/n] .
For a modular form f over Z[1/n] , T , exists 3 priori over ZX[1/n¢] , but
its g-expansions all have coefficients in Z[l/n,gn] , so by (1.6.2) and (1.9.1),

Tz(f) is in fact a modular form over Z[1/n] . QED

Corollary 1.11.L. Let k >2 . For any prime £, and any Z-module K, there

is a necessarily unique endomorphism of the space of modular forms of weight k
and level one, holomorphic at o , whose effect on the g-expansion is that

given by the formulas (1.11.1.0-2).

Proof. Choose relatively prime integers n,m > 3 , both prime to £, and view

the module of level one modular forms as the fibre-product of the diagram

H(_,0®*® (k®2[1/n]))
@.11.4.1)

H°(ﬁmn,(9)®k®(1<®z[1/nm])) e H°(ﬁm,(9®k®(x®z[1/ml)) .

The desired T, is the fibre product of the T, constructed above on this

2 £
diagram. QED

1.12. Applications to polynomial g-expansionsj the strong g-expansion principle

In this section we will edmit the following result, a special case
of Swinnerton-Dyer's structure theorem (cf.[41], [43]), which will be proven

later (cf. h.h.1).

Result 1.,12.0. Let n >1 be an integer, K a field of characteristic p * n,
and f a modular form over K of level n and weight k > 1 , holomorphic at

infinity. Suppose p-1 ‘{. k . Then if all the gq-expansions of f at the cusps
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of ﬁn®K(§n) are constants, f =0 .

Using this result, we will now prove

Theorem 1.12.1. Let n, k > 1 be integers, and suppose that f is a modular
form of level n and weight k, holomorphic at « , with coefficients in a
Z[1/n]-module K . Suppose that for every prime p such that p-1]k , the
endomorphism "multiplication by p" is injective on X . Then if all the

g~expansions of £ are polynmomials in q, £ =0.

Proof. We begin by reducing to the case n >3 , using the diagram (1.9.0.0)
to handle the case n=1 , and the interpretation (1.9.1.1) for n=2 . We
then reduce to the case in which n is divisible by a = glkp; by hypothesis
K C K[1/a] , so we may replace K by K[1/a] (using the I<:c—>homologr sequence
(1.6.2.2)), then view f as a modular form of level a-n with coefficients
in K[1/a] . Next we reduce to the case in which K is an artin local ring
over Z[1l/n] , as explained in the proof of (1.6.1). We will proceed by
induction on the least integer b > 1 such that mb =0, m denoting the
maximel ideal. Thus we begin with the case in which X is a field.

Consider the finite-dimensional K~space V of such modular forms, and

choose a basis fl,...,fr of V. Let N be the maximm of the degrees of

the gq-~expansions of the f, at any of the cusps. At each cusp, record the

i
fl
g-expansion of F = :
by
r
N 3; 1(%)
n . i 1 -
F(Tate(@) upg ) =) A, A=
i=o ay (@)
,n' n

Let £ be a prime number such that 2% n, £ >N . Because V is stable

under the Hecke operator T, (cf.l.11), we have a matrix equation (C denoting

£
an r x r matrix with coefficients in K),

Tz(F) =C-F .
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Passing to g-expansions gives the equation
o X-1 WYyl — o i
Z (Azi(an) * 4 A:i./‘z(an))q =¢ Z A:l(o‘n)q
i i
whence, comparing coefficients of qlz , we find the relation

" k-1 1) == (O
A,e?i(an) + 4 Ai(an) = C Au(otn) .

But for i >1, 4 >N and if°

>N , hence Au(cxn) =0 and Algi(a;) =0
(vy definition of N). As £ is invertible, we have Ai(ar'z) = 0 for each
level n structure an . Hence each g-expasnsion of each fi is a constant,
hence by (1.12.0) each fi = 0 . This concludes the proof in case K is a
field, and implies the case in which K is a vector space over a field,
as vector spaces have bases.

Now consider the case of an Artin local ring K whose maximal ideal m

satisfies MP =0 . By induction, f becomes O in K/ mb , hence by

the exact cohomology sequence (1.6.2.2) associated to the exact sequence of Z[i/n}-

modules O mp K K/ mP 0, f comes from a form with
coefficients in MP . But as MP™ =0, MP is a (finite-dimensional?)
vector space over the residue field K/n’b s and the previous case of a field

applies. QED

Corollary 1.12.2. (Strong q-expansion principle) Let n, k >1 , and let

a8 = 1’[' p . Let X be a E[l/an]-module of which L C X is a Z[1/an]-sub-
p-1ik

module, and f a modular form of level n and weight k, holomorphic at o ,
such that at each cusp, all but finitely many of its q-expansion coefficients
liein L ®z[1 /n}ZIl/n, gn] . Then f is a modular form with coefficients

in L.

Proof. Apply the theorem to the image of F as modular form with coefficients

in K/L . QED
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1.13. Review of the modular scheme associated to To(p)

For each integer n >3 prime to p , the functor "isomorphism classes
of elliptic curves with level n structure and a finite flat subgroup (scheme)
of rank p" is representsble, by a scheme Mn,p , which is an affine curve
over Z[1/n] ; it is a regular scheme, but it fails to be smooth over Z[1/n]
precisely at the finitely closed points on Mn,p corresponding to super=-
singular elliptic curves in characteristic p . The projection "forget the
subgroup of rank p" makes Mn,p finite and flat over M~ of degree p+l .

We define M
n,p

to be the normalization of ﬁn in M 3 it is a
b

n,p
regular scheme, proper and flat over Z[1/n] . The difference ﬁn p " Mn P
2. b
is finite and étale over Z[1/n] , and over Z[1/n, gn] it is a disjoint union
of sections, called the cusps of ﬁn p? two of which lie over each cusp of
2

Mn s and exactly one of which is €tale over l_/ln .

The completion of ﬁn,é®z[1/n, Qn] along any of the cusps is iso-
morphic to Z[1/n, ;n][[q]] . The universal elliptic curve with level n
structure end subgroup of order p over Z[l/n, gn]((q)) , viewed as a punc-
tured disc around sn unramified cusp , is the Tate curve Tate(q") with the
level n structure corresponding to the underlying cusp of ﬁn s and the sub-
group "'lp . Over one of the ramified cusps, the inverse image is the Tate
curve (q"F) , with the induced (q +—> q®) 1level n structure from the cusp
of ﬁn below, and with the subgroup generated by qn .

The automorphism of Mn,p given by (E,an,H) — (E/H,'rr(an) ,pE/H)
{(m: E —> E/H denoting the projection, and 1r(otn) the level n structure
explained in (1.11.0.0)) extends to an automorphism of Hn P which inter-

3
changes the two sorts of cusps.
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Chapter 2: p-adic modular forms

This chapter is devoted to the study of various properly p-adic general-
izations of the notion of modular form, as "functions" of p-adic elliptic curves

whose Hasse invariant is not too near zero.

2.0 The Hasse invariant A as a modular form; its g-expansion

let R be any ring in which p =0 (i.e., R is an Fp- algebra) and
consider an elliptic curve E/R . The p'th power mapping Fabs is an additive
p-linear endomorphism of v E? hence induces a p-linear endomorphism of the
R-module Hl(E, OE) . If  is a base of g /g » it determines the dual base
n of HY(E, O ) » and we define A(E,w) € R by setting F:bs(n) = A(E,0)7 -
Replacing w by Aw , AN € R has the effect of replacing n by A-lq , and
F:bs(h' 7) =AP F:bs(n) = A PA(B,w) o = ATPA(E,w) A Yy 5 whence A(E\w) =
xl'P-A(E,w) , which shows that A(E,w) is a modular form of level one and
weight p-1 defined over IFP . More intrinsically, we may interpret F:bs as
an R-linear homomorphism F:bs: F:bS(Hl(E, OE)) = (Hl(E, OE))®p———> HJ'(E, (?E) ,
so as a section of Q‘—’E/R)@p-l . In terms of the base @ of w , this section
is A(E,m)'m%—l . To see that A is holomorphic at & , we simply note that
the Tate curve over ]Fp((q)) is the restriction of a plane curve C over
]Fp[[q]] , and that it canonical differential Wogn is the restriction of a
base over ]F‘P[[q]] of the dualizing sheaf of C . Thus w,,. determines the

)

*
is just the matrix of F_ - on Hl(C, 00) with respect to the base 1 .

dual base n,. .~ of Hl(C, O’C) as IFP[[q]]-module, and A(Tate (q), Yaan

In particular, A(Tate (@), w

oan € JFP[[qJ] .

An alternative method of establishing holomorphy is to use the fact that
for eny elliptic curve E/R over any base ring R , Hl(E, OE) is the tangent
space of E/R at the origin, which is to say the R-module of all translation-
invariant derivations of E/R , and that when R is an ]Fp-algebra, the action

*
of F,. on Hl(E, O ) consists of taking the p'th iterate of an invariant
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derivation. Now we use the fact that there is a local parameter + on the com-
pletion of the Tate curve along its identity section in terms of which Wogn =
dt/l+t . Let D be the invariant derivation dual to Qoon * Then D(%) = 1+t ,

hence D(1+#t) = 1+t , hence D (14) = 1+t for all n >1 . Over F_

is an invariant derivation, and it agrees with D on Woan ? hence DP =D ,
*
hence Fabs(“ca.n) = Nogn > 204 A(Tate (q), Wogn) =1 -

2.1 Deligne's congruence A = Ep_ nmod p

1

For any even integer k > L , the Eisenstein series E‘k is the modular

form over € of level one and weight k whose g-expansion is

2k n ~ k-1
1 - & 2o e, Oppm) =2 a .
k dln
a>1
As its q-expansion coefficients all lie in @, Ek is defined over @ (by
1.9.1). For k =p-1, p >5 , the p-adic ordinal of %(2"—11 is 1, hence
p~1
E has g-expansion coefficients in QN Z . Thus it mekes sense to reduce

p-1 D

Ep-l modulo >p , obtaining a modular form over ]Fp , whose g-expansion is the
constant 1. Hence A = Ep-l mod p , because both are modular forms of the
same weight with the same g-expansions.

For p=2 and 3, it is not possible to 1ift A to a modular form of
level one, holamorphic at ® , over QN Zp . However, for p =2 and,
3<n<1, 2 4[’ n we may lift A +to a modular form of level n and weight 1,
holemorphic at « , over Z[1/n] (by 1.7.1). For p=3 and any n >3 ,

3 ‘f’ n we may 1lift A +to a modular form of level n and weight 2, holomorphic
at = , over Z{l/nl (vy 1.7.1).

For p=2 and 3<n<11, n odd (resp. for p=3 eand n>2,

3* n) s we choose a modular form Ep-l of weight p-1 and level n, holo-

morphic at « , defined over X 1/n] , which lifts A .
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Remark. For p=2 , there exists a 1lifting of A to a modular form of level n
over Z[1/n] for n=3,5, 7, 9, 11, and hence for any n divisible by one
of 3, 5, 7, 11. But the author does not know whether A 1ifts to a form of
level n for other n {even for n=13!). An alternative approach to the

difficulties caused by p=2 and 3 might be based on the observation that

N

the Eisenstein series E) =1+ 240 3 03(n)qn provides a level 1 1ifting to

of A* if p=2 (vesp. of A% if p=3).

2.2 p-adic modular forms with growth conditions

2.2.0 Let R be a p-adically complete ring (i.e. R = 1im Ro/pNRo) , and
choose an element r € Ro . For any integer n >1, prime to p, (resp.
3<n<11 for p=2, and n >2 for p=2) we define the module M(Ro,r,n,k)
of p-adic modular forms over YRO of growth r, level n and weight k: An element
fe M(Ro,r,n,k) is a rule which assigns to any triple (E/S, &, Y) consist-
ing of:
(2.2.1) an elliptic curve E/S , where § is a R -scheme on which p is nil-
potent (i.e. pN=O for N >>0) ;

(2.2.2) a level n structure o
(2.2.3) a section Y of 9®(1'P) satisfying Y-E ,=r;

. Sk .
a section f(E/S, o, Y) of (%/S) over S , which depends only on the
isomorphism class of the triple, and whose formation commutes with arbitrary

change of base of Ro-schenes St —>S .

Equivalently, we may interpret f as a rule which attaches to each

quadruple (E/R, w, o, Y) consisting of:
(2.2.4) an elliptic curve E/R, R an R -algebra in which p is nilpotent;
(2.2.5) abase w of Up/g

(2.2.6) a level n-structure;
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(2.2.7) ean element Y € R satisfying Y-Ep_l(E,m)=r .

an element f£(E/R, w, o, Y) in R , which depends only on iscmorphism class
of the quadruple, whose formation commutes with extension of scalars of

V-algebras, and which satisfies the functional equation:

(2.2.8) £(E/R, Auw, o, }\p-lY) =x'kf(E/R, w @, Y) for A eR°.

By passage to the limit, we can allow R to be a p-adically complete Ro-
algebra in the sbove definition.

(2.2.9) We say that £ is holomorphic at « I1f for each integer N > 1,

its value on (Tate (qn), Wogn?

over Z((q)) ® (RJ&)NRO)[%] lies in Z[[q]] ® (Ro/pNRo)[gn] , for each level n

n -1 .
oy, (€ (Tate (%), wy,))™) , considered

structure Q . We denote by S(Ro,r,n,k) the submodule of M(Ro,r,n,k)

consisting of forms holomorphic at .
As formal consequence of the definitions, we have

. N
2.2.10 M(Ro,r,n,k) = 1im M(Ro/p Ro,r,n,k) .

: , N
2.2.11 S(Ro,r,n,k) Lim S(Ro/p Ro,r,n,k) .

2.3 Determination of M(Ro,r,n,k) when p is nilpotent in R°

2.3.0 We begin by determining the universal triple (E/S, o, Y) suppos-
ing that p 1is nilpotent in Ro , and n >3 . For notational converience,
let's denote 9®1-P by . By the definition of Mn , the functor

JRdr,n: $ w——> S-isomorphism classes of triples (E/S, an,Y) is the functor

5Rdr,n: S —> Ro-morphlsms g: S —> Mn ®Ro , together with a section

* *
Y of g (z) verifying Yeg (Ep-l) =r
which we may view as a sub-functor of the functor
*
}R 0t S — {Ro-morphisms g: 5 —>M_ , plus a section Y of g (:)} .
o

This last functor is representable, by the Mn® Ro-scheme
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Spec, o g (Sym(Z ))
n (o)

M ®R
n o

Indeed, we may cover Mn®R° by affine opens Spec(Bi) over which Z/ admits

an invertible section ,ei , and cover S by affine opens Spec(Ai such that

)
3
g]Spec(Aij) factors through Spec(Bi) . Over Spec(Bi) » Spec (Sym(.£ ))

is Spec(Bi[zi]) . Asection Y of g (L) determines an element Y-g (zi)

of A,. , and then a lifting of the given homomorphism g: Bi —> A to a

ij ij

homomorphism gij: Bi[.ei] —> A by the formula

i3

B8 b (29 = £ s(o (v ()"

These §i piece together to define a morphism from § to Spec (Symm(Z)) .

The subfunctor jR rn is then represented by the closed subscheme
O’ b

1
versal triple (E/S, @, Y) is just the inverse image on Spec (Symm(,C))

of Spec {Symm( L)) defined by the vanishing of EP- -r . Thus the uni-

of the universal elliptic curve with level n structure over Mn®Ro , hence

Proposition 2.3.1. When p is nilpotent in Ro , and n >3 is prime to p,

there is a canonical isomorphism

M(Ro,r,n,k) = H%(Spec M ®R_ (symm( L )(Ep-l- r), Q®k)

0
H (Mn®R°,

]

@ (1t (0-1))
;8 WPEIEV e

2
® (x+j{p~
(M ®FR , ; GZBO (w EHP 1”)))/(Ep_l- r)

(because M is affine)

- ; E_i . M(R , n, k+j(p-l))/(EP_l' r) .
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2.4 Determination of S(Ro,r,n,k) when p is nilpotent in R/

Proposition 2.4.1. Let n >3, p ,{r n . Under the isomorphism (2.3.1), the

submodule S(Ro,r,n,k) C M(Ro,r,n,k) is the submodule

1°(Spec — (s (2 V(E . -1)) m®k) of H°(Spec (Symm(/z)/(E ~r)).
=pec M ®R_ 2y b1 ’ @ =pec M ®R, p-1

Proof. It suffices to treat the case in which Ros gn . Then the ring of

the completion of l_dn® R, along = is a finite number of copies of Ro[[q]] R

hence the ring of the completion of Spec 7 ®R (Symm(z )/(Ep_l- r)) along
n- o

the inverse image of ® is isomorphic to a finite number of copies of
~ . n -
R.[lal] = R [[a]IY]/(Y-E _ (Tate(q"), wyo s @) -7)

. s n . . .
(an isomorphism because Ep_l(’l‘ate(q Ys Woan? an) is invertible in Ro[[q]]).
s o e Rk
Thus the condition that an element f e H" (Spec ﬁn®Ro(SM( yd )/(Ep_l-r)) y @)
have holomorphic g-expansions is precisely the condition that it extend to a

N Rk ) ®k
section of over Spec ﬁn®R°(Sym('C )/(Ep_l-r), w ). QED

Remark 2.4.1.1. Analogously to (2.3.1), we have
Ho(Spee 7 gp (Sym( £)/(5, ;- 1), o)
n [¢]
= B°(_8R_, v®* ® sym( 7 )/(By 5 -1)

= K0 @R , el s VICRIEE

@
J2o

2.5 Determination of S(Ro,r,n,k) in the limit

Theorem 2.5.1. Let n >3, and suppose either that k >2 or that k=1

and n <11 , or that k=0 and p#2 » or that k=0, p=2 ,and n<11.

Let Ro be any p-adically complete ring (Ro 5 1inm Ro/pNRo) s and suppose
-

re Ro is not a gzero divisor in Ro . Then the homomorphism



103 Ka-35

; = k+j(p-1) N
Lin (0, w P ® (R /2 R)/(E,_; -¥)

[
i>o

2.5.1.0 j

S(R ,r,n,k) = lim S(Ro/pNRo,r,n,k)
-

is an isomorphism.

Proof. ILet .5 denote the quasicoherent sheaf G>3 2k+;j (e-1) ﬁn .
Proof. i>o0

and put ’81\1 = Af ® Ro/pNRo . The inverse system of exact sequences

p-1 -
2.5.1.1 0 4 - ,zfl\‘/(.rap_1 r) —> 0
gives an inverse system of six-term cohomology sequences

E -
0 —> 10, Ay) —XE > K, b —> B, B/, - 1) —> B, 4,) —
2.5.1.2
E -r _ _
2> gL, b)) —> H, by/ (B -T)) —> 0 .

Suppose first that k > 0 . Under our hypotheses, the base-changing theorem
(1.7.1) spplies, according to which Ho(ﬁn,,JN) = H°(ifn,,8) ® (Ro/pNRo) , and
Hl(ﬁn,,dN) =0 . Thus the H® temms in (2.5.1.2) form a short exact sequence
of inverse systems, the first of which has surjective transition morphisms.
Hence the inverse limits of these inverse systems form the desired short exact
sequence.

Incase k=0 and p#£2 or k=0, p=2 and n <1l , we have
Hl(ﬁn, 98’1‘) =0 for k >1, hence Hl(ﬁn,é ) = Hl(ﬁn,ﬁ) , and by (1.7.1)),

Ho(ﬁn,,dN) = Ho(l-ﬁ_n,,ﬁ) ® Rc)/pNRo . The exact sequence (2.5.1.2) becomes
O/ N O . —
0 —> M ,L) ®R /p R —> H M,,48) ® R /PR, —> H°(Mn,,6N/(Ep_l-r)) -

- H#H,0)® R /o'R E> H(H_,0) ® R /pR —> KO, 0)@R /(p",r) —>0 .
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For varisble N , these form a six-term exact sequence of inverse systems. If
the sequence of their inverse limits were exact, the theorem would follow, be-
cause the mep 1lin M ,4) ® Ro/pNRo —E> 1 1%, 0) ® Ro/pNRo is injec-
tive (this because Ho(ﬁn,ﬁ) is a finite free Z[i/n]-module, and r is not a
zero divisor in R —> 1(:'tm Ro/pNRo) . To prove the exactness we apply a

general lemma.

Lemma 2.5.2. Let O K° - K ... be a (long) exact sequence
in the category of projective systems of abelian groups indexed by the positive
integers. Suppose that for all 1 # io s the projective system K* has sur-~

jective transition morphisms, and that the sequence

i°+l i+2 io+3
1<:i;m K —_—> 1(i__m K° —s 1(5;m K is exact. Then the sequence

O——>li.mK°—>limKlélimK2%...
is exact.

Proof. Consider the 2 spectral sequences of hypercohomology for the functor
1im .
—

20 - Hp(Rq(lgn) (k) ==> mP*q(1<i_m) (x*)

IIEg’q

By hypothesis, we have I]__Eg’q =0 for all values of q , hence IRp(l(i_m) (k") =0

R (14m) (B3(K")) ==> R¥"%(1mm) (k)

for all n . According to ([48]), we have Ri(l(i;m) =0 for 1 >2, hence

£2'd=0 for a>2. By (48]), we have R (im)(k!) =0 for 1 # i
P

hence
IEg’q =0 unless q=0 or q=1 end p=i° .
1,+2,0
As we have also supposed that IE2 =0 , we have degeneration: Eg ’q=EaI:’q

for a11 p,q . As ES’q-—.O for all p,q , we get in particular I14312”0=0 for

ell p , which is the desired conclusion. QED
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2.6 Determination of a "basis" of S(Ro,r,n,k) in the limit

Lemma 2.6.1. Under the numerical hypotheses of theorem (2.5.1), for each j >0

the injective homomorphism

. " E L. .
2.6.1.1 H°(ﬁn®zp L (p-l)) —p-1 H°(ﬁn®zp,2®k+(a +1) (P-l))

edmits a section.

Proof. We must show that the cokernel of (2.6.1.1) is & finite free Zp-
module. By the base-changing theorem (1.7.1), we have for each j >0 an

exact sequence of finite free Zp-modu_les

: E .
2.6.1.1.1 0 —> H°(ﬁn®zp’9®k+a(p-l)) p-1, Ho(ﬁn®xp"£k+(a+l) (p-1),
- Ho(ﬁn® zp ,£®k+(j+1) (p-1) /Ep-19®k+3 (p-—l)) — Hl(ﬁn®xp ’Qk-x-j (p-l)) o

whose formation commutes with arbitrary change of base (for
9®k+(j+l) (P-l)/Ep_lg®k+'j (®-1) | remark that 1t's % -flat by Igusa's theorem
(e£{17]), and modulo p , it becomes a skyscraper sheaf on Mn® ]FP , hence has
vanishing Hl) . Hence the cokernel of the map (2.6.1.1) is the kernel of a
surjective map of finite free Zp-modules, hence is itself a finite free
xp-module. . QED
For each n, k satisfying the hypotheses of (2.5.1), and each J >0
we choose once and for all a section of (2.6.1.1) , and denote its image by

B(n,k,j¥1) . Thus for J >0 , we have a direct sum decamposition

2.6.1.2 oM, BEI-1)y x5 yoqg  FH(P-1)y @ p(nx,541)
n°= p~1l n’=
and

2.6.1.3 H°(ﬁn,9®k) &8 5(n,k,0) .

We define B(Ro,n,k,j) = B(n,k,j) ® R . TIterating the R -analogue of

4
(2.6.1.2) gives a direct sum decomposition ¥
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S(Ro’n:k+-] (P"l) < ae; 0 B(Rc,n,k,a)
2.6.1.3 o g
- - .
z p-lba z ba
rigid N
et B (Ro,r,n,k) denote the Ro-module consisting of all formal sums
(o]
Z b, b, € B(R,n,k,a)
a=0

whose terms tend to zero in the sense that given any N >0, 3M> 0 such that

b, € p"-B(R,n,k,a) for a >M , the M allowed to depend both upon N and

rigid

upon the series L b, . (Notice that B (Ro,r,n,k) does not depend upon r!)

Proposition 2.6.2. Hypotheses as in (2.5.1), the inclusion of Brlgld(Ro,r,n,k)

in the p-adic completion of HO(M , @ 9k+3(p-l)) induces (via (2.6.1.3))
d 2o
an isomorphism

B8R ron,k) —> S(R ,r,n,k)
2.6.2.1
a
5 b >" 5 r by "
& a
a>o (Ep_l)
ra.ba
where " ¥ —=— " has the value £ b_(8/S, a )-¥Y® on (B/S, a_,Y) .
a a n n
axo (B, ;) 820

rlg:"d(R,n ,k) can be

Proof. For injectivity, we must show that if 3 ba €B
a>o
written (E_.,-r)- £ s with s_ e S(R,n,k+a(p-1)) , and s_ tending to
p-1 a>o & a a
zZero as a —>» o , ~ then all ba=0 . It suffices to show that for any N >0,

baEO mod pN . But mod pN , both zba and z‘,sa become finite sums. To fix

M
= N =
=0 mod p , hence bM =

jdeas, suppose ba s, = 0 mod pN ¥a>M. Let's show b, = Sy =0 mode .

As O =Dp =E .s mode, mode,

ML - Pp-1°M S B %M
hence by =0 mod pN by (2.6.1.3). Now start again with M-1 ... .
For surjectivity, we just use the decomposition (2.6.1.3). Given = S,

s, € S(R,n,k+a(p-1)) tending to zero, we may decompose 5, = I (Ep-l)l bj(a) s
i+j=8.

with bj(a) ¢ B(R,n,k,j) , and bj(a) tends to zero a8 & —3w , uniformly in j.
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Then £s,=Z % (E _)b.(a) =z = b (a)+
a it+j=a P J a it+j=a d

Y22V | hence s, and ¥ = rl‘bj(a)

+ (E l-r)}: r b,(a) g (E
a itj=a

p- a i+j=a 9 wiv=i-1 P71
have the same image in S(Ro,r,n,k) . But for each j , rlbj(i+j) converges
i
to an element b;} € B(R,n,k,j) , and b:'i tends to zero as j —>» o« , and

s . QED

b5 has the same image in S(Ro,r,n,k) as a

z
j>o a

v

o
Corollary 2.6.3. Hypotheses as in (2.5.1), the canonical mapping

S(Ro,r,n,k) e S(Ro,l,n,k) defined modularly by composition with the trans-
formation of functers: (E/S, Otn,Y) — (E/S,Ocn,rY), is injective; the corre-

sponding map . s -
Brlgld(Ro9r’n’k) —> Brlgld(Roslsn:k)

is given by

Zba—>zra'ba.

2.7 Banach norm and g-expansion for r=1

Proposition 2.7.1. Hypotheses as in (2.5.1), let x € R be any element which

divides a power pN, N>1, of p. Then the following conditions on an ele-
ment f € S(Ro,l,n,k) are equivalent, for k >0 :

(1) f£ex8(R,1nk) ,

(2) +the g-expansions of £ all lie in x-Ro[gn][[q]] ,

(3) on each of the ¢(n) connected campcnents of M ® Z[l/n,gn] ,

% 2[1/n]

there is at least one cusp where the g-expansion of f 1lies in
xR [t 1[[a]] .
Proof. Clearly (1) ===> (2) ===> (3) . We will prove (3) ===> (1) . Because

r=1 , we have

S(R /xR ,1,0,k) = B8R /xR ,1,n,k) 2 B"1EL9(R ,1,n,K) /x'Brlgld(Ro,l,n,k) ,
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so replacing Ro by Ro/xRo , we are reduced to the case x=0 , and p nil-
potent in R . In that case f ¢ B' 6%
M .

' _ . n -1
a.Eo b, b, € B(Ro,n,k,a) , and it's g-expansion at (Tate(q ),mcan,an,(Ep_l) )

(Ro,l,n,k) is a finite sum

is that of
N
N-a
T b_-(E
N b (B )&= B & ( p-l)
aio a pl” & )N ’
p-1
N N-a
hence by hypothesis, = ba(Ep l) has q-expansion zero at one or more cusps
a=o0 - -

on each geometric comnected component of ﬁn , hence by the g-expansion prin-

N
ciple (1.6.2), = b (E .)¥®-0. By (2.6.1.3), each b_=0 . QED
a=o & p-1 a

Proposition 2.7.2. Let n,k,R satisfy the hypotheses of (2.5.1). Suppose

given for each cusp @ of L_/In a power series fa(q) € Ro[gn][[q]} . The fol-

lowing conditions are equivalent:
1. The f, are the g-expansions of an (necessarily unique) element
fe S(Ro,l,n,k) -

2. For every power pN of p , there exists a positive integer

M =0 mod pN'l , and a "true" modular form gy € ,S(Ro,n,k+M(p-1))

whose g-expansions are congruent mod pN to the given fa .

Proof. (1) ===> (2). Replacing R by Ro/pNRo , We may suppose P nilpotent

in Ro . We must show that the g-expansion of f is the g-~expansions of a true

N-1 (

modular form of level n and weight k' >k, ' =k mod p p-1l) . But as

we saw above [cf(2.7.1)], for M >> 0, and p nilpotent in R, » f has the

same g-expansions as g/ (Ep-l)M , £ truly modular of weight kM(p-1) .

Multiplying top and bottom by a suitable power of E

P
M =0 mod pN-l . Then the g-expansion congruence Ep-l(q) =1 mod(p) at each

1 » We may suppose

cusp gives (Ep_l)PN-l(q) =1 mod (pN) , hence (Ep_l)M(q) =3 mod(pN) , and

hence £ mod pN has the same g-expansion as g .
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(2) ===> (1). Multiplying necessary g by a power of (Ep-l)p ’

we may assume that the weights kﬂdn(p-l) of the gy are increasing with N .

- . N
Let Ay =M, . =M . Then (gN+1 - & (Ep_l) ) 1ies in
N e
P 'S(Ro’n’k+MN+1(p'l)) by the g-expansion principle (1.6.2), hence

% (8N+1 - gy (Ep_l) } "converges" to an element of S(Ro-,l,n,k) , whose

g-expansions are congruent modulo pN to those of 8y * QED

2.8. Bases for levels one and two

Suppose »p ;4 2,3 . Then Ep-l is a modular form of level &é which 1lifts
the Hasse invariant, and hence for any p-adically complebe ring Ro 3 r and
integer n >3 prime to p , the group GLg(Z/nz) acts on the functor
jRo,r’n by g(E/s, @, Y) = (/s, g« , Y) on the set jRo’r,n(s)] s
hence on M(Ro,r,n,k) and on S(Ro,r,n,k) . Clearly M(Ro,r,l,k) is just
the submodule M(Ro,r,n,k) GLo (Z/n¥) of invariants under this action, and
S(Ro,r,l,k) is the submodule S(Ro,r,n,k) GL(%/nX) of S(Ro,r,n,k) . Now
suppose n=3 or n=U4 ., This choice has the advantage that GLz(Z/nZ)
then has order prime to p (because p # 2,3) , and P = m rg is
then a projection onto the invariants. Using P we may also make the chosen
section of (2.6.1.1) invariant by GL2(2/3Z) , and define
B(1,k,3) = Bln,k,5) 2 _ p(an,x,9))

B(R,1,5,3) = B(1,k,3) ® R = B(R_,n,k,j) GLo(2/mZ) | gimilarly, we define
Z[1/n]

Brigid(Ro,r,l,k) = P(Brigid(Ro,r,n,k)) = (Brigid(Ro,r,n,k))GLZ(z/nz) 5 it is

the subspace of Brigid(Ro,r,n,k) consistiné of the elements £ b each of

whose terms b is invariant by GLQ(Z/nx) .

Applying the projector P to (2.6.2) gives:
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Proposition 2.8.1. Let p ;4 2,3, Ro & p-adically complete ring and r € Ro

not a zero-divisor. Then for each k > 0 , the canonical mapping

Brlgld(Ro,r,l,k) ——> 5(R_,r,1,K)
2.8.1.0 ra’ba
113 "
7P *(x )
p=-1

is en isomorphism.

Now suppose p # 2 , and consider level two. Let Ep_le S(Z[%] »2,p-1)
a lifting of the Hasse invariant. Because the subgroup Gl has order prime to p,
G, = Kernel: GL (Z/42) —> GL(2,%/2%) , considerations similar to the above
1
provide a projector P, = £ g, fram level 4 to level 2. We have
15

G . \G
M(Ro,rseak) = M(Ro’r’hsk) 1= Pl(M(Rosr:h’,k)) > S(R°9r’2’k ) = S(Rosr’h"k) 1=

= P (8(R,7,4,k)) , BEYR ,rok) = B8R r,h,100% , the subspace of

BY Jgid(R sTo4,k) of elements £ b_ with each b_ invariant by G, . Applying
o 8 a 1

P, to (2.6.2) we get:

Proposition 2.8.2. Let p ;é 2, Ro a p-adically complete ring and r € Ro

not a zero-divisor. For each k >0 , the canonical mapping

Brigid(Ro,r,Z,k) ——> 5(R_,r,2,k)

2.8.2.0

b 1
" e )
p~1
is an isomorphism.

Applying the projectors P or P. to (2.7.1) gives

1

Proposition 2.8.3. Let Ro be a p-adically complete ring. Suppose either

that p;é2 and n=2 or that p;é2,3 and n=1. Let xeRo be any
element which divides a power pN 5 N>1 of p . The following conditions
on an element £ ¢ S(Ro,l,n,k) are equivalent:

(1) fex- S(Ro,l,n,k) s

(2) the g-expansions of f all lie on xRo[ [q]] .
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2.9, Interpretation via formal schemes

et n>3, p *n s Ro a p-adically complete ring, and r € Ro .
We denote by Mn(Ro,r) (resp. h_dn(Ro,r)) the formal scheme over R given

. . N. 7
the compatible family of Ro/p R -schemes Spec u_®R o/pNRo(SYM( XY/ (Ep-l -r))
{resp. Spec ﬁn®R°/pNR°(Sym< Z )/(Ep-l -r))). We have

®k
M(R_,7,n,k) = HO(M (R ,v)0 )

S(B_,r,n,K) = E( (B ,r),u®%)

Equivalently, we may view Mn(Ro,r) (resp. ﬁn(Ro,r)) as the completion

v
along p=0 of the usual scheme Spec Mn®R°(Symm(L )/(EP -r))
A
(resp. Spec ﬁn®Ro(Sym(¢( )/(Ep_l-r)) . For any r , the first of these
schemes is affine, because Mn is, and when r=1 both schemes are affine.
The p-adic completions of their coordinate rings are just the rings M(R,r,n,o)

and S(Ro,l,n,o) respectively.
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Chapter 3. Existence of the Canonical Subgroup: Applications

In this chapter we study the "canonical subgroup" of an elliptic curve
whose Hasse invariant is "not too near zero." For simplicity, we assume
throughout this chapter that the groundring Ro is a complete discrete valu-
ation ring of residue characteristic p and generic characteristic zero. We

normalize the ordinal function by requiring that ord(p)=1.

Theorem 3.1. (Iubin) I. Let r e R have ord(r) < p/p+l . There is one
and only one way to attach to every r-situation (E/R, e, Y) (R a p-adically
complete R -algebra, p ¥n, n>1 if p#2,3, n>3 it p=2,3,
Y'Ep_l=r) a finite flat rank p subgroup scheme HC E , called the canonical

subgroup of E/R , such that:

H depends only on the isomorphism class of (E/R, an’ Y) ,

and only on that of (E/R, Y) if p #2,3.

The formation of H commutes with arbitrary change of base

R —> R' of p-adically complete Ro-a.lgebras.

If p/r =0 in R, H is the kernel of Frobenius: E —> E(®),

If E/R is the Tate curve Tate(q") over Ro/pNRo((q)) s

then H is the subgroup r, of Tate(q™) .

II. Suppose r € Ro has ord(r) < l/p+1 . Then there is one and only
one way to attach to every r-situation (E/R, &, Y) (R & p-adically complete

Ro-algebra, p*n, n>1 if p;42,3, n>3 if p=2,3, YE =r)

p-1
an rP-situation (E'/R, al, Y') , where

E' = E/H

o 'n'(an) , T: E—~>E' denoting the projection

Y'-Ep_l(E'/R, al) = g
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such that
Y' depends only on the isomorphism class of (E/R, e, Y) ,

and only on that of (E/R, Y) if p # 2,3 .

The formstion of Y' commutes with arbitrary change of
base R —> R' of p-adically complete Ro-a.lgebras.

If p/r=0 in R, Y' is the inverse image @) e

Y on E(P) =E' .,

Before giving the proof, we give some applications.

Theorem 3.2. Suppose n >3, p 4' n. Let f be a modular form of level n
and weight k on I‘o(p) s defined over Ro , and which is holomorphic at the
wnramified eusps of ﬁn,p . There exists a (necessarily unique) element
Fe S(Ro,l,n,k) whose g-expensions at each cusp of ﬁn is that of © at
the overlying unramified cusp of Mn,p . Furthermore, if r € Ro has
ord(r) < p/p+l , then in fact T € S(Ro,r,n,k) .

Proof. Simply define I(E/R,u@ ,¥) = £(E/R,w ,H) .

Theorem 3.3. Suppose n >3, P ,}'n , and that either k > 2 or k=1 and
n<1l, or that k=0, p#2, or that k=0, p=2 and n<1l. Let

r € R have ord(r) < 1/p+l . For any f € S(Ro,rp,n,k) , there is a unique

element off) € S(Ro,l,n,k) whose g-expansions are given by

o(£) (Tate(q™) ,uw

n
can’an) = £(Tate(q P) ’wcan,'ﬂ'(an))

[where T: Tate(q") —> Tate(qd"™®) is the map "dividing by [ ", and ‘rr((xn)

is the induced level n-structure]. Furthermore, cp(f)-(Ep_l)k € S(Ro,r,n,pk) .

v
Proof. Define o(f) (E/R,m,an,Y) = £(E'/R, T (w) ,a;l,Y') , [B'=E/H, 7: E —> E!
is the projection]. This makes sense if Y-EP_1=1 , for then 7 is étale
and so ;r*(w) is a nowhere venishing differential on E' = E/H . To see that

EX _+o(f) actually lies in S(R_,r,n,kp) , notice that its value on
p-1'% °
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(B/R,0,2 5Y), Y'Ep_l:rp , is given formally by
E _1(E/R,m,an) )k-f(E'/R,;r*(w) ’ar'x’Y') . {In fact this expression has no meaning,
because 1r*(m) may well fail to be nowhere-vanishing on E' .] However, ir

we write T (w) = A-w' with A € R and o nowhere-vanishing on E' , then
/R,m,a ) k
((® )k,q)(f))(E/R’w,a ,Y) =<_E___._ 'f(E'/R,m',Ot',Y') .
p-1 n n
But a simple tangent calculation (cf. 3.6.5 ) shows that A and Ep_l are
essentially equal; they differ multiplicatively by a unit of R . By "reduction

to the universal case", in which R is flat over Zp , we can make sense of

the ratio E 1/>\ > and interpret it as a unit in any R ; this permits us to

(E/R,w,a )
define (Ep_l) -<p(f) (E/R,w,an,Y)) =<—P——) £(E* 0! ,a',Y') . QED

3.4 Construction of the canonical subgroup in case r=1

Let us first note that for r=1 the theorem is very simple. Given
(E/Roc) with E (E/Rcz } invertible, the curve E ® R/pR over R/pR has
invertible Hasse 1nva::'1ant, hence Ker(F: E ® R/pR —> (E ® R/pR) (p)) is a
finite flat subgroup-scheme of E ® R/pR of rank p whose Cartier dual, the
kernel of Verschiebung, is _eftﬁe_. Since R is p-adically complete, Hensel's
lemma allows us to uniquely 1lift Ker F to the desired subgroup-~scheme H of
E/R (by taking for H the Cartier dual of the unique lifting of its etale dual).
Since the Tate curve Tate(q") over ]Fp((q)) has ker F = By the above
argument shows that the canonical subgroup of Tate(q®) over Ro/pNRo((q)) is
gup . This concludes the proof of part I of the Theorem. For part II, still
only in the case r=1 , we simply note that E' = E/H reduces mod p to
(E®R/pR)/Ker F ~ (E ® R/pR) (®) , which certainly has invertible Hasse invar-
ient if E ® R/pR does - indeed E,. ,((E ® B/pR) (P) WP )ar(xp)) =
= (EP_l(E ®R/pR,w,Ocn) )P . Hence Ep_l(E’,Otn) is invertible in R . This

concludes the proof of (3.1) in the case r=1.
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3.5.0 The "general case" is unfortunately more difficult, and involves a
samewhat detailed study of the formal group of an elliptic curve. Our method
of constructing the canonical subgroﬁp will be to first comstruct a finite
flat subscheme of the formal group, then to show that it is in fact a subgroup

which has the desired properties. We begin with scme lemmas on the formal group.

3.6  ILemmas on the formal group

Lemme 3.6.1. Let R be an ]Fp-algebra, E/R an elliptic curve, and « a
nowhere vanishing differential. Let X be a parameter for the formel group
of E/R (i.e., the completion of E along the identity section), which is

dual to w in the sense that the expansion of « along the formal group is

w=(1+

z aan)dX .
n>1
Let A(E,w) denote the Hasse invariant. Then we have the identities
pi-l
p-1
2 n, = (A(E,0)) for nw=1,2,...
-

. 1 1 (p) . . 1) "
Proof. Let C: 05 /R _— (nE /R) denote the Cartier operator, "dual" to

the endomorphism D —> D¥ of i, . We have C (w) = A(E,m)‘w(p) , but we

E/R
may calculate C "locally":
0, p)na
C(a xax) = ol

Hence C(w) = = (ax) (p)’ and

m>o

Clw) = A(E,w)’w®p =3 A(E,w)( am)P(deX) (p) , whence

Sp(m+1)-1

= A(E,m)-(am)p . As a_=1, the result follows easily. QED

ap (m+1)-1 o

Lemma 3.6.2. Let R be any Zp-algebra, and let G be = one-parameter formal

group over R . Then

(1) EndR(G) ) zp and zp lies in the center of EndR(G) .



Ka-48 116

(2) Given any parameter X » there exists a (non-unique!) parameter
X = Xo + higher terms such that for any p-1'st root of unity

¢ € zp , we have [£](X) =¢X .

Proof. Thanks to Lazard, we're reduced to the universal situation, which has
R flat over Zp . So we may use log, exp, and continuity to get (1). As
for (2), it is proven directly in ([31], lemma 4.12), or we can remark that
any choice of a "p-typical coordinate” X (cf.[5], [6]) which is congruent to

Xo mod degree two terms will do the job.

Lemma 3.6.3. Let R be an ]Fp-a.lgebra, G a one-parameter formal group over R.

In terms of any parameter X , [p](X) is a function of X¥: i.e.

3.6.3.0 pIX) =vxF) = » v XP.
n>1 n
Proof. In End (G), p =VeF, F: G —> G(P), v: ¢® ¢, QED

Lemma 3.6.4. Let R be a Zp-algebra., G a one-parameter formal group over R,
X a parameter on G such that [t](X) = (X for any p-1'st root of unity

t e Zp . Then [pl(X) = X-(a series in Xp-l) .

Proof. [pI{[tI(X)) = [tI1([p](X)) because p+t =t'p in Z:p . Thus
[pl(tX) =t-([p](X)) , so writing [pl(X) == ean , we have e t" = et s
hence (;-gn)en=0 . But for n #1 (p-1), t~t™ is invertible in Zp » hence

e =0 . QED

Lemma, 3.6.2. Let R be a Zp-a.lgebra, G a one-parameter formal group over R,

[
~~
i
+
™M

X a parameter, o = anxn)dx the dual invariant differential. Then

we have

3.6.5.0 (pI(x) = ap_l-xP + higher terms mod(p) .
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Proof. [In the application to elliptic curves, we have a = A(E,w) , and

p-1
[pl(x) = V(xP) = tangent(V)-X® + higher terms, so the assertion is that
A(E ,m)

]

tangent(V) = action of F on Hl(E, 8 ) , which is true?]
By Lazard, we are reduced to the universal case, in which R is flat

over Zp . Over R[1/p] , we have w = dp(X), o¢(X) e R[1/pI[[X1] ,

p=2 X_.n+l P

X . .
o(X) =X + n§2 8 T3+ a1 T + higher terms. Let ¢(X) be the inverse

series to @i ¥(X)= X + ... ¥{o(X)) =X . Then [pI(X) = ¥(p-o(X)) .
Because o(X) mod degree p lies in X+X2R[[X]] , for each n>2 ,
o(X)" mod degree ptl lies in X° + X*"IR[[X]] . If we write

¥(X) =X + s § 5 bixl , we see from this and the requirment y(p(X)) = X that
be,.. . ,bp_1 €

[p1(X) = y(pp(X)) dis given by

~-a
R , while bP = _le modulo R . Now the term of degree p in

P . . p-1 .
% b,p-(coef of XP in (p(x})1) = 2 + b.pi (coef of ¥2 in o(x)*) +1v_-BF ,
=1 Loy P

and as pbp € R, we see that all the terms save a lie in DR . QED

p-1

We may summarize our findings in a proposition.

Proposition 3.6.6. ILet R be a Zp-algebra, G a one-parameter formal group
over R, X a coordinate on G which satisfies [t]{X) = ¢(X for every p-l'st
root of unity ¢ € ZP , and © the "dual® differential. Then

P, o (p-1)+1
3.6.6.0 [pI(X) =pX + a® + = cm'Xm

m=2

where 8,CpsC35e4+5 € R, and ¢, € pR unless m{p-1)+1 = 0(p) , i.e.,
c, € PR unless m =1 (p) . Further, if G is the formal group of an ellip-

tic curve E/R , then a = A(E,w) mod pR .

Proof. By (3.6.4), [pl(X)=X-(a series in Xp-l) , but modulo pR, [p](X) is

also a series in X , by (3.6.3). The congruence for a is by (3.6.1).
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3.7 Construction of the canonical subgroup as a subscheme of the formal group

Suppose we are given (E/R, e, Y) with R a p-adically complete

R -algebra, n>1 if p #2,3, n>3 for p=2,3, Y-Ep_ =r, ord(r) < p/p+l.

1
Because it suffices to treat the case when p is nilpotent in R , we may, by
ordinary localization on R , suppose that the formal group of E/R is given
by a one-parameter formal group law over R , with formal paramter X ;

we denote by w the "dual" differential. By reduction to the universal case,
we may now reduce to the case when R is a ﬂ=a§ Zp-algebra. By (3.6.2), we
may suppose that [{](X) = tX for all p-1'st roots of wnity ¢ ¢ Zp .

By (3.6.6), the endomorphism [p] on the formal group looks like

(3.7.0) [pl(X) =pX + ax + % <:mxm(1"1)+1
m > 2

~
)a =E _l(E/R,w,Ctn) mod pR
with { P

¢, =0 mod pR unless m=1 (p) .

We first give a heuristic for the method to be used.

Naively speaking, the kernel of [p] is an ]Fp-vector space, and the
canonical subgroup is just a nice choice of a line in this Fp-space, i.e.,
it is an orbit of IF; in this vector space. But the action of E‘; on
Ker([p]) is induced by the action of Kooy C ZP on the formal group. Thus
we must write down the equation for the orbits of the action of up a o
Ker([p]) , and somehow solve this equation in a "canonical" way. Because
em_y actson X by [£)(X) =X, it is natural to take T 28 xP~

*
a parameter for the space of orbits of the action of IIFP on Ker([pl) .
The formal identity {obtained from (3.6.6.0) by substituting T = xP-1 )
(3.7.1) [PIX) =X-(p +ar + £ cT9
m
m>2

suggests that in fact the equation for the orbits is

(3.7.2) g(r) Eprar+ 3 ce™=0,
m>2 T



19 Ka-51

and that the canonical subgroup is nothing more than a canonical zero of g(T).
We now implement the sbove heuristicelly-motivated procedure. Let

r, € R be the element -p/r ; we have ord(rl) =1 - ord(r) > 1/p+1 , (because

ord(r) < p/p+tl by hypothesis). Let Y = Y(E/R,m,(xn) € R ; we have
Y-Ep_l(E/R,w,Otn) =r ., Because a = Ep_l(E/R,m,an) modulo PR , we may write
Ep_l(E/R,w,an) =atpb, b € R. Thus Y-(a+pb) =r , and an immediate calcu-
lation shows that if we put

rlY
(3.7.4) b = TrrppY

(which makes sense, because r. is topologically nilpotent in R) s then

1
p+at°=0.

Let's define gl(T) = g(toT) 5

(3.7.5) g, (1) =p+at T+ = cm(to)m'lm
n > 2
=p-pT + 5 c (t ).
r 2 2 r. o

= P+l :
Let r, = (rl) /p , en element of R, having ord(rz) >0 . Let r3 € R

be any generator of the ideal (ra,(rl)z) of R, .

Lemma 3.7.6. We may write gl(’l‘) = p-ga(T) , with

(3.7.6.1) g(T) =1-T + mem ,

z
m>2

with 4 er
m

3

R , and dm—>0 as m-—ow,

Proof. We have d = cm(to)m/p . Because cm/p lies in R if mfFlmed p ,

and because (to)P+l/p lies in r,R , we have 4 er.R forall m>2, and

2 3

dm—>0 as m —> o . We next apply Newton's lemma to R, I=r.R and h=g2.

3
Lemma 3.7.7. (Newton) Let R be a ring complete and separated with respect

(-]
to powers of an ideal ICR . Let h(T) =1-T + 3 mem,with 4 €T,
m=2
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and 4 —>0 as m—>w . By "substitution", h gives rise to a continuous
function h: R —> R . There exists a unique element tw € T such that

h(l-tm) =0 .

Proof. Making the substitution T = 18 , we introduce

m s .
hl(S) =h(1-8) = e+ (1+el)S + a § 5 e , with coefficients e, € I.

For s € I, hl(s) = h(1-s) , so our problem is to show that hy

zero S in I. Forany s €I, hi(s) € 1+I , hence is invertible in R ,

has a unique

while hl(s) € I . The Newton process of successive approximations:

8 = 04.044,8

- 1
o Sy hl(sn)/hl(sn) is easily seen to converge to a zero of

¥l
by . 1
0 =n(s+a) =h (s) +hi(s)n + (%) =ni(s)en + (6%) , hence as hi(s) is

If s and s +A are two zeros of h, in I , we have
invertible, we have A € (A2) . Because A € I and R is I-adically sepa-

rated, this implies A =0. QED

Tracing back our steps, we have constructed a zero t . = to(l- tw)
of g(T) . Because tcan lies in rlR , we may expand g in powers of ’1’-teo s
and conclude that g(T) is divisible by Tt n IR R[[T]] . We define the

canonical subscheme to be the finite flat rank p subscheme of Ker([p])

defined by the equation Xp-tcanx . (Tt may be verified that this subscheme
is independent of the choice of coordinate X on the formal group satisfying

[£1(X) =X for all p-l'st roots of unity ¢ € zp 2)

3.8 The canonical subscheme is a subgroup

Let's begin by remarking that if E/R modulo p has invertible Hasse
invariant, then [p](X) = pX + (unit) x° + . By the formal version of
the Weierstrass Preparation Theorem, we see that in R[[X]] , we have
[pI(X) = (xP- *oan X)+(a unit in R[[X]]) . Thus when Hasse is invertible mod p,
the canonical subscheme is all of Ker([p]) in the formal group, hence in

particular it's a subgroup-scheme of the formal group.
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In the general case, the condition that the subscheme of equation
XP - tcanx be a subgroup-scheme of the formal group is that, noting by G(X,Y)

the group law, we have

(3.8.1) 6(xX,Y)P~ toan G(X,Y) =0 in R[[X,Y]]/(Xp-tcan X,YP - tgn ¥) -

Because tca.n lies in rlR , it is topologically nilpotent in R , hence the
R-algebra A = R[[X,Y]]/(xP ~toan X s ®. t,an¥) is finite snd free of rank
p2 with basis X9 s 0<1i, j<p-1. The condition that G(X,Y)p-tmG(X,Y)
vanish in A is simply that the p2 "coefficients" gs; € R defined by the

equation

(3.8.2) (XY’ - ¢ G(X,¥) = Z giniY‘j in A
o<, J <p-1

all vanish in R . Thus it suffices to find a p-adically complete Ro-a.lgebra
R' DR such that, over R' , the canonical subscheme is a subgroup (for then
the gi,j vanish in R' , hence vanish in R). But in the universal situation,
R = M(Ro,r,n,o) CR'= M(Ro,l,n,o) , and over R' , Ep-l

hence Hasse mod p is invertible, and so as noted above the canonical sub-

is invertible,

scheme is a subgroup over R' . This concludes the proof of part I of the

main theorem (3.1).

(3.9) We now turn to proving part II of 3.1, by comstructing Y' . As be-
fore we may suppose R flat over Zp . Let re R0 have ord(r) < l/p+l .

Then 1, = p/r has ord(rl) > p/p+l , and hence r. is divisible by ”°

1
and 1) = rl/rp has ord(rh) >0 . Since t, € r;R, modulo r;R the
canonical subgroup is just the kernel of F: E —> E(p) . Hence E' mod rlR
is E(p) . Let w' be any novhere vanishing one-form on E' which reduces

modulo rlR to w(p) on E(p) . Hence we have the congruence

(3.9.1) E,q(B/Rywt00) = (B, ,(B,00))F modulo xR .
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Because ry = rh-I'P , we may write

(3.9.2) By (B'/Rw' @) = (Ep_l(E/R,w,Otn))p +¥n3, JeR.
Using the equation

(3.9.3) Y(E/R,w,an)-Ep_l(E/R,m,Oln) =7

one immediately checks that if we define

(398 Y(E/Rur ) = (E/Rua )P+ ng (1E5/R60)P

then Y'(E'/R,w' ,a;l)-Ep_l(E'/R,w‘ ’a1'1) = rP . This concludes the proof of

part II. QED

3.10 Finiteness properties of the Frobenius endomorphism of p-adic modular

functions.
Throughout the rest of this chapter, we denote by Ro a complete dis~
crete valuation ring of mixed characteristic with perfect residue field Ro/ n .

The Frobenius endomorphism ¢ of S(Ro,l,n,k) is defined by

-1 v
o{f) (E,u,an,Y = (Ep_l) ) = £(B/H,m*(w) ,w(an) YT = l/Ep_l) , where H denotes
the canonical subgroup of E , 7: E —> E/H denotes the projection. As we
k
)

have seen above, for r € R having ord(r) < 1/p+l , the composite (Ep-l ‘o

"extends" to give a camutative diagram

(B _)*
S(R_,1,0,k) —2> S(R_,1,n,k) —2=E—> §(R_,1,n,1k)

N ]

S(Ro,rp,n,k) :‘/ S(Ro,r,n,pk)
e

For k=0, we find simply that the endomorphism ¢ maps S(Ro ,F ,n,0) to

S(Ro,r,n,o) for any r ¢ R having ord(r) < 1/p+L .
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Theorem 3.10.1., Suppose n >3 and _p* n,and n<li if p=2 . Then

I. For reR with ord(r) < 1/p+l , the Frobenius morphism
o: S(Ro,rp,n,o) e S(Ro,r,n,o) is a finite morphism (but pot in

general flat).
II. If r=1 , then ¢ is a finite flat morphism of degree p .

ITI. For any r with ord(r) < 1/p+l , the homomorphism (X the fraction

field of Ro)
P®K: S(Ro,rp,n,0)®K —> S(R_,7,n,0) ®K
is finite and etale of rank p .

Proof. (I).. Because the ring S(Ro,r,n,O) is complete and separated in the
p-adic topology, to prove finiteness of ¢ it suffices to prove that the

induced homomorphism
3.10.2 ¢®R / m : S(Ro,rp,n,o) ®R /m —> S(R ,r,n,0)®R /u

is finite. Interpreting S(Ro,r,n,o) as H°(ﬁn(R°,r),0) (cf. 2.9), and
noting that I\TIn(Ro,r) is flat over R, we see (by "universal coefficients")
that the canonical homomorphism S(Ro,r,n,0)®Ro/13 — S(Ro/m,r,n,o) is
injective, with cokernel of finite dimension over Ro/x_n_ . Thus S(Ro/m,r,n,o)
is a finite module over S(Ro,r,n,0)®R°/m , and we have a commutative diagram

of ring homomorphisms
S(Ro/x_n,rp,n,o) —e S(Ro/g,r,n,o)

3.10.3
cp®R°/m
S(Ro,rp,n,o) ®R /fm ———> S(R ,7,0,0)®R /u
in which the vertical arrows are finite. Thus the finiteness of the lower
horizontal arrow (which is what we wish to prove) follows from the finiteness

of the upper horizontal arrow.
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Notice that if r=1 , both S(Ro/g,r,n,o) and S(Ro/m,rp,n,o) are
S(Ro/m,l,n,o) , while if O < ord(r) , both S(Ro/m,r,n,o) and S(Ro/m,rp,n,o)
are S(Ro/m,o,n,o) . Because ord(r) < 1/p+l , both p/r and p/r* liein m ,

and hence over Ro/m the canonical subgroup over Mn(Ro/m,r) and over

ﬁn(Ro/m,n,zP) is just the kernel of Frobenius. It follows immediately that in
either case (i.e., r=1 or O <ord(r) < 1/p+l) , the endomorphism ¢ of
S(Ro/xg,r,n,o) is precisely the p'th power mapping (because
o(£) (Byus ,Y) = f(E(P),u(P) ,ar(lp) Y o= Y(E,w,an)P) = (f(E,w,OLn,Y))p) . But
ﬁn(Ro/m,r) is a scheme of finite type over Ro/m , hence S(Ro/x_n_,r,n,o) is
a finitely generated Ro/g-algebra, hence finite over itself by the p'th power
endomorphism, which proves (I).

For (II), we remark that when r=1 , the scheme ﬁn(Ro/m,J.) is simply
the open set of Mn®Ro/n¥ where E__

p-1
curve over Ro/xg . Hence the p'th power endomorphism of its coordinate ring

is invertible, hence is a smooth affine

S(Ro/m,l,n,o) makes that ring finite and flat over itself of rank p. Because
S(Ro,l,n,o)_ is p-adically complete and flat over R, it follows that o
makes S(Ro ,1,n,0) into a finite flat module over itself of degree p.

The proof of (III) is more difficult, and requires Tate's theory of
rigid analytic spaces. The ring S(Ro,r,n,o) is the p~-adic completion of

Ho(ﬁn®Ro,Symm(g_)®p'l)) / (Ep_l- r) , and this last algebra is finitely generated

over R (because w has positive degree, hence is ample). Thus ndting by X
the fraction field of Ro , we see that S(Ro,r,n,O) ®K is a rigid algebra in
the sense of Tate, and contains as dense subalgebra the K-algebra

W (7, @ K, 5m(w PP )/ (B - ) 200, Ok, sym(u®P ™) /(2 _y - 1)

& Ho(ﬁm®K, _S_m(g®P-1)/(Ep_l-l)) , which is precisely the coordinate ring
Dn®K of the open subset of ﬁn®K where Ep-l is invertible. Thanks to
Tate, the ideals of S(Ro,r,n,0)®l( are all closed, hence are the closures of

their intersections with Dn®K . But as Dn ®X is the coordinate ring of a

smooth affine curve over K , its prime ideals are either minimal (corresponding
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to irreducible components) or meximal (corresponding to conjugacy classes of
points with values in finite extensions of K ). Indeed, the closed points of
S(Ro,r,n,O)®K are conjugacy classes of homomorphisms T S(Ro,r,n,o) —> k',
K' a finite extension of K , or equivalently they are homomorphisms

m: D ®K —> K' which satisfy the continuity conditions hr(Dn)[ <1,

1> [v(Ep_l)l > |r] (i.e., that the images of B,y @andof Y= r/EP_l be
"power bou.nd-ed“). Further, the completions of the local rings at corresponding

closed points are isomorphic, hence are reguler local rings of dimension one,

hence S(Ro,r,n,0)®K is a regular ring of dimension one. Thus the map
3.10.1 S(Ro,rp,n,o)®K 0%k 8(R_,r,n,0) ®K

is a finite morphism between regular rings of the same dimension, hence (cf. EGA
v, 17.3.5.2) is flat. To see that it has rank p, it suffices to note that by
(11) s, it has rank p over the dense open set where [Ep_ll =1 . It remains
only to see that (3.10.4) is &tale. TFor this, it suffices to show that the
fibre over each point with values in Q , the completion of the algebraic
closure of K , consists of p distinct points. Over a point at infinity,
corresponding to Tate(q™) over KX({(g)) , the fibre consists of the p curves
Téte(gpqn/p) over K({q)) , each of which gives rise to Tate(q") upon
division by its canonical subgroup up . A finite point is an elliptic curve
E/Q [with level n structure Ctn] having good reduction, such that for any
differential  which extends to a nowhere vanishing differential over the
valuation ring of { , we have 1 > [EP_I(E/K,m)I > |r|? . The curve E has
p+l subgroups of order p, say Ho,Hl,... ,Hp , of which Ho is the canonical
subgroup.

Let E(i) = E/Hi . The points lying over E are smong the p+l
curves E(i) R (E(i) carrying the induced level n structure); indeed,
E(i) lies over if and only if E(i) is a point of S(Ro,r,n,O)®Q whose

canonical subgroup is pE/Hi .
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Consider first the case in which lEp_l(E/K,m)l =1, i.e., a formal
group of height one. Then Ho is the kernel of p in the formal group,
while the H;, 1 >1 , meet the formal group only in {0} . The quotient
E(o) = E/Ho again has a formal group of "height one" hence its canonical sub-
group is the kernel of p in its formal group, while the image of pE in
E(o) meets the formal group only in {0} . Thus E(o) does not lie over E .
For i >1 , the quotient E(i) also haes a formal group of height one, but
now the image of Hc> in E(i) = E/Hi is the kernel of p in the formal
group, i.e., it is the canonical subgroup, and hence the E(i) s i=1,...,p ,
do lie over.

It remains to treat the case of "supersinguler reduction", which we

do by Inbin's original method, and show (part 5 of theorem 3.10.7) that again

onty ..., 2@ 1ie over.

(3.10.5) Let § be an algebraically closed complete {under a rank one valu-
ation) field of characteristic zero and residue characteristic p . Let
RCK be the valuation ring, and let E/R be an elliptic curve over R , and
X a parameter for the formal group of E/R , normalized by the condition
[£1(X) = tX for every p~l'st root of unity in Zp . Suppose that the Hasse
invariant of the special fibre vanishes. Then in the formel group, we have

2
(3.10.6) [pl(X) = px+axP + F ool +1xP + 5 cx@lel)H
m=2 T P m > p+2 m

with ord(a) >0 , ord(Cm) >1 for m#Flmodp , and ord(cp+l) =0,
(this last because we suppose height two for the special fibre). [If ord(a)<1 ,

we have ord(a) = ord Ep_l(E/R,m) for any nowhere vanishing differential w on

E/R, by (2.1).]
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Theorem 3,10.7. (Lubin)

1. If ord(a) < p/p+l , the canonical subgroup H consists of {0}
and the p-~l solutions X of (3.10.6) whose ordinal is l_-g{d_(a). The p2-p
other solutions of (3.10.6) all have ordinal %ﬂi‘) (which is < 1;3%3)).

P -p
If ord{a) > p/p+l , then all non-zero solutions of (3.10.6) have ordinal l/p2-1 .

2. If ord(a) < 1/p+l , then the quotient E' = E/Ho has as normalized

coordinate for its formal group X' = T G(X,x) , where G(X,Y) denotes
x€H
)

the formal group law on E . The expression of [p] on E/Ho is
[pJ(X*') = pX' + ar(x*)? + ...

with ord(a') = p ord(a) .

3. If 3p+l <ord(a) < yyp+l , then ord(a') =1 -~ ord a , and the

cenonical subgroup of E/H is E/H , and (E/Ho)/Ho(E/Ho) is just E ,

Iy
(but a level n structure Otn becomes p-l-an after two divisions by the

canonical subgroup - (compare Dwork { 11 ],8.11)).

L. If ord(a) > p/p+l , there exist p+l curves E(l) , each having
ord(a(l)) = 1/p+L , such that E = E(l)/HO(E<1)) , where HO(E(l)) denotes

the canonical subgroup of E(l) . These curves are E(l) = E/Hi, i=0,1,...,p .

5. If 0 <ord(a) <p/p+l , there exist precisely p curves E(l) having
ord(a;) <1/p+l such that E = E(l)/Ho(E(l)) , namely the curves ) - E/H, ,

i=1,...,p (cf.3.10.4fF) , and ord(a.i) = % ord(a) .
Proof. 1. follows from looking at the Newton polygon of [pl(X) , which is

(1,1)

/‘ if ord(a) > p/p+l

{p,ord a)

if ord(a) < p/p+l

(°,0)
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and remarking that the construction of the canonical subgroup as subscheme of

the formal group consisted precisely of isolating the factor of [p](X)

corresponding to the first slope, when there is a first slope.

2. By Lwbin ([32]), we know that if H is any finite subgroup of a one-

parameter formal group over R, then X —> T G{X,x) is the projection
x € H

onto the quotient. Thus the non-zero points of order p on E/Ho are of

two sorts, the points T  G(y,x) with [pl(y)=0, ord(y) = __lorg(a. R

X€ H0 P ~P
and the points 1 G(z,x) where [p](z) € H , [pl(z) #0 . The first sort
x€H .
0
of point has ordinal given by £  ord(G(y,x)) , and as ord(y) < ord(x)
x€H
o
for any x € Ho , this sum is just plord y) = %%El . The second sort of
point has ordinal » ord(G(z,x)) . Frem the equation [pl(z) € Ho-{o) ,
xeH
o)
we see that ord([pl(z)) = l;;i%—?)— . The Newton polygon of [p](z):ero- {0}
is thus
(O, l-ord(a))
p-1
(p,ord(a))
2
(p7,0)

and hence z has either ordinal ord(a.)/pe-p or 2‘—"2—951&). In either case,
P -p
ord(z) < ord(x) for any x € H . Hence the second sort of point has ordinal

either ord(a)/p-1 or (1~p ord(a)/p-l . Thus among the non-zero points of
order p on E/Ho , there are two distinct ordinals which occur, namely
ord(a)/p~1 and (-p ord(a)/p-l , of which the greater is (1-p ord(a)/p-1 .

1-ord(a')_ 1l-p ord(a)
p~1 p-1

which proves 2. We note that the image of 1:‘E is not the canonical subgroup.

2

Thus by 1, E/H° has ord{a') < p/p+l , and
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3. If we suppose 1/p+l < ord(a) < p/p+l , then on E/H0 the first

sort of points of order p are the points n  G(y,x) for each y such
x€H
o

that [pl(y) =0, v ¢ H . As in 2, these points have ordinal ord(a)/p-1 .

The second sort are the points n  G(z,x) where [pl(z) € H - {0}

b
ero

hence [p]{z) has ordinal —l—'—;—f%ié‘)- . They hypothesis ord(a) > 1/p+l in-

sures that the Newton polygon of [pl(Z) =x € H - {0} is

(© l-OI‘dga2) 4 (p,ord(a))
> -l

(_Pe;o)

hence ord(z) = l?ﬂ_al < ord(x) for any x € H  , hence the second sort of
p(p-1)

point has ordinal 1-brd(a)/p(p-1) . Thus E/Ho has a canonical subgroup,

namely its points of order p of largest ordinal = ord(a)/p-1 . Hence

l-ordf a'l ) -

o1 ord(a)/p-1 , whence ord(a’') = L-ord(a) , and the canonical sub-

group is the image of all the points of order p on E .

4. Ir ord(a) > p/p+l , the Newton polygon of [pl{X) is

(1.1)

¢ (p,ord(a))

(5°,0)

Hence all non-zero points of order p have the same ordinal 1/p2-1 . The

- 2, 2
points z such that [pl(z) =x, [p}(x) =0, x # 0, have ordinal 1/p (p~-1) ,
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because the Newton polygon of [pl(Z) =x , ord(x) = l/p2-l , is

¢ (p,yord a)

(0,1/p%-1)

(p2,0)

Thus for any subgroup Hi of order p of E , the first sort of point of

order p has ord = » ord(G(y,x)) > p ord(y) =p/p2-l (since ord(y) =
x€H,
i

=ord(x) if x # 0 ). The second sort of point has ordinal p-ord(z)=1/p(p2-1) ,
o

(because ord(z) < ord(x) for any x € Hy ). But p/pz-l > 1/p(p“-1) , hence

each E/Hi has a canonical subgroup, which is the image of pE‘. . Looking at

the ordinals of the non-canonical points of order p on E/Hi , we have by

{3.10.7.1) the equality ord(a')/pe-p = l/p(pZ-l) , hence ord(a') = 1/p+l .

5. - We first remark that if ord(a) < p/p+l , then E' = E/H either
has ord(a') > 1/p+l , or its canonical subgroup is not the image of pE and
hence E'/H(E') # E . Indeed, if ord{a) < 1/p+l , then as noted in the proof
of 2., the canonical subgroup is not the image of pE . If ord(a) = 1/p+1 ,
then as proven in 4., ord(a') >p/p+l . If ord(a) > 1/p+l , then

¥
ord(a') = l-ord(a) , and l-ord(a) > 1/p+l because ord(a) < p/p+l . It re-

i

mains to see that for each non-canonical subgroup Hi’ i=1,...,p, E( )=E/Hi

i 1 . . .
has ord(a( )) ) ord(ai) » and its canonical subgroup is the image of pE.
Again we calculate the ordinals of the points of order p on E/Hi .
The first sort of points are all images of points of the canonical subgroup

= @ i = .o . -
H of E (because pE H ®H, for is=1,. »P) For y e H {0} E

ord G(y,0) =ord y = 1-—;’:%&-3-) , while ord(G(y,x)) = ord x = ozd 2 because
P -P

ord(y) >ord x if x € Hi ~ {0} . Hence the image of y ¢ Ho - {0} has



131 Ka-63

—
ordinal = ord(y) + Z ord(x) = Mﬁl + p-1- ord(a) = 1-ord(a) + ord(a) .
x €5;-(0) p-1 p°-p -1 P

What sbout the image of a point z such that ([p](z) € H - {0} ¢

The Newton polygon of [pl(Z) =x, x e H, - {0} , is

» (p,ord a)

(0’ ozdfa[) J
P -r

hence ord(z) = ord(a)/pz(pz-p) = ord(x)/p2 for x € H - {0} . Thus
ord(z) < ord(x) , hence the second sort of points of order p on E(l)

ordinal =p-ord(z) = ord(a)/p(pz-p) . But l—;%si-_a + %f(a)_ > ord(a)/p(pz-p)

have

(because ord(a) < pfp+l < p2/p+l) , hence E(l) has a canonical subgroup,

(i)) =

i
l-ord(a.( )) _ l-ord a ord(a) = ord(a)/p . This con-

and ) = T > , hence ord{a

cludes the proof of 5., and alsc of theorem (3.10.7).

3.11 Applications to the congruences of Atkin - the U operator

We maintain the notations of the previous section. As we have seen,
for each r € R having ord(r) < 1/p+l , the homomorphism
@2 S(Ro,rp,n,o) —_— S(Ro,r,n,o) is finite, and becomes finite and flat of
degree p when we tensor with K . Thus there is defined the trace morphism
3.11.1 tr,: 8(R_,T,n,0) ®K —> S(Ro,rp,n,o)®K .
For r=1, ¢ is itself finite flat of degree p , hence there is defined

3.1L.2 trcp: S(Ro,l,n,o) —> S(Ro,l,n,o) .
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In terms of g-expansion, we have

3113 (tr () (Tate(q") s, 2,) = pZ £(Tate(ta™P) 0, ,
¢P=1

where 1T§ (Otn) denotes the induced level n structure on Ta.te(gqn/ Py , viewed

1
p ™))

as a quotient of Tate(q") . Equivalently, if we write
n i
3.11.3.1 £(Tate(q ),mcan,an) -ZAi(an)q

then we have the formula (in which Ot;:l is the level n structure on Tate(q")
obtained as the inverse image of wo(an) on Tate(qn/ ?) by the extension

of scalars ql/p —> q , compare pp.32-33)

n - . l ] i .
3,11.3.2 (trq)(f))(Ta.te(q )"*’can’“n) =D Api(p a;l)q .

Notice that we have the relation, for any f € S(Ro,r,n,O) ®K ,
*
.11.3. T (£f) = tr (I (f)) + o(f
3.11.3.3 p- T (£) olTIp(E)) + o(f)

. .
(where I (£) (E/R,u,0) L2 £(8/R,u,p@ ) , vhich should be viewed as the
"canonical p-adic lifting" of the Fichler-Shimura congruence relation (compare

Deligne [7]).

Integrality Lemma 3.11.h4. For any T € Ro with ord(r) < 1/p+l , we have
tr(p(S(Ro,r,n,O)) c S(Ro,rp,n,o) (although o: S(ro,rp,n,o) —> S(B_,7,1,0)

is finite but not flat if ord(r) >0 !).

Proof. We may suppose ord(r) >0 , the case r=1 being trivial. It fol-
lows (frem Tate [45]) that for any finite flat morphism ¢: A —> B of rigid
algebras over K , we have trq) (power-bounded elements of B ) C power~bounded
elements of A . Thus we must show that the power-bounded elements of
S(Ro,r,n,0)®K are precisely S(Ro,r,n,o) . For this, we introduce the
finitely generated R -algebra B = Ho(ﬁn®Ro, m(2®p-l) )/(Ep_l- r) . Its

p-adic completion B 32 1im B/p"B is S(R ,r,n,0) , and indeed vie the
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isomorphism (2.6.2.1), B corresponds to the R -submodule of Brigid(Ro,r,n,O)
consisting of all finite sums, which shows incidentally that B is a (free
and hence) flat R -module, and that B/mB ¥ B/uB . The fact that E,; mod-
ulo m has simple zeros implies that B/gB is reduced. (Indeed, B/EB is
Ho(Mn®Ro/x3, Sym(g®p'l))/(Ep_l) , and if g f; represents a nilpotent
element, with minimal N , then e power of fN is divisible by Ep-l , hence
:E'N is divisible by Ep-l , which contredicts the minimality of N.) We may
thus conclude by the following lemma.

Lemma 3.11.5. Let Ro be a complete discrete valuation ring, B a flat
finitely-generated Ro-a.lgebra such that ﬁ/xgﬁ is reduced. Then the set of

power-bounded elements of B®K is B .

Proof. Since g is flat over B , hence over Ro , we have %C §®K s 8O
the statement makes sense. By Tate, we know that any power-bounded element of
§®K is integral over B , 80 we must show that § is integrally closed in
/I;@K . Let 7 be a uniformizing parameter of Ro . If fe ﬁ and £fr is

integral over B , then clearing the denominators in the equation shows that

f is a nilpotent element of B/n_ﬁ , hence £ emB =78 . QED

3.11.6.  We now define Atkin's operator U: S(Ro,rp,n,o)®K — S(Ro,rp,n,o)

to be the composite
L tr
S(Ro,rp,n,o)®K C— 8(R_,7,n,0) ®K 205 S(Ro,rp,n,o)®K .

Thus if f € S(Ro,rp,n,o) has g-expansions

n _Z i
3.11.6.1 £(Tate(q )’“’can’o‘n) = Ai(an)-q
then Uf € S(Ro,rp,n,o) ®K has g-expansions

I _ l wy, 1

3.11.6.2. (U £)(Tate(q ),mcan,an) —ZApi(P an) qQ .

[This formuls shows that U(S(Ro,l,n,o)) C S(Ro,l,n,o)] . Tt is not true in
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general that U (S(Ro,rp,n,o)) c S(Ro,rp,n,o) , but the situation is as good

as if it were true, as Dwork was the first to realize.

Lemma 3.11.7. (Dwork) Suppose p > 7 , and suppose T € R, satisfies the
inequality

2 o ona a1
m < OI‘d\I‘) < P+1 .

Then the R -submodule S(Ro,rp,n,o) + U(S(Ro,rp,n,o)) of s(Ro,rp,n,o)®K

is U-stable.

Remark 3.11.8. The point is that the submodule S(Ro,rp,n,o) + U (S(Ro,rp,n,o))
contains S(Ro,rp,n,o) and is contained in %S(Ro,rp,n,o) , hence it defines
the same topology on S(Ro,rp,n,O) ®K as S(Ro,rp,n,O) . Thus in an equivalent

norm on S(Ro,rp,n,o)®K , U has operator norm <1 .

Proof. Let's use the representation (2.6.2.1) of elements of S(Ro,rp,n,o)
in the form f = —_—a * The hypothesis insures that for a >2,
2 >0 (&)
zZ p-1
ord(rf*/p-r®) >0 , and hence
b 2(p-1)

3.11.9. £=by+3 1, pe(an element of
p-1

S(Ro,r,n,o)) .

Because pU =trq) maps S(Ro,r,n,o) to S(Ro,rp,n,o) , we have

2(p-1)

rpbl
3.11.10. U(f) = U(bo) + U ¢ = ) + an element of

s(R_,7¥,n,0) .
o
p-1

Since bo is just a constant, we have U(bo) = bo , and hence it suffices to
@p—l)
3

show that for any b, € Ho(ﬁn®Ro,_u3 we have
2 rpbl a
3.1..11 U (—E—;) c:s(Ro,rP,n,o) + U(D(Ro,rp,n,o) .
P-

For this, notice that rbl/Ep_l lies in S(Ro,r,n,o) , hence
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3.11.12. tr (

-1
The hypotheses insure that ord(—r:;—— ~rpa/p-ra') >0 if a >2 , and hence

LY -1 b -1 Py
e ) =2 27 pra ol

= ) +
p-1 p A Ep-l P 0 Ep-l

3.11.13  U¢
£3(p-1)
2)

P

+ p (an element of S(Ro,r,n,o) .

Notice that U(————) has g-expansions divisible by r¥ , as does
p-l

p* (any element of S(Ro,rp,n,o)) , and hence so does

P o -1 (bo 51 + P!

-1 1
o)y + ) = 5 = )
p-1 p-1
I_p-l
and hence so does > (b(’) -1 + rpbi) . By the g-expansion prineciple,

®p-l)

there exists an element b; e H (Mn ®R_,w such that

-1 -1 rpb' rpbn
il (b Ept b 1) = Pb" , hence P (v L) = =L, nence
3 1 ECH B2 1

u S(P'l)
1?’ + p-{an element of = 5 S(Ro,r,n,o)) .
p-1 P

Again using the fact that pU = trcp maps S(Ro,r,n,o) to S(Ro,rp,n,o) s

we find

1 ) + an element of S(Ro,rp,n,o) R
p-1 p-1

which proves (3.11.11) and the lemma. QED
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3.12 p-adic Hecke operators

For any prime number £ which is prime to both p and to the level n,

we may define T, on S(Ro,r,n,k) by the usual formula

£

32,1 (0,0 (B/Rw,1) = 2570 ) 2(En /KF () rlay) , 7(0)

the sum extended to the £+1 subgroups K of order £ . The various T P

commute with each other, and for k=0 they all commte with U .

We may consider the "spectral decomposition” of the K-Banach space

S(Ro,rp,n,O)®K with respect to U (which is completely continuous, because
the inclusion S(Ro,rp,n,o)®l( into S(Ro,r,n,0)®K is). For any rational

number v , the subspace

1
3.12.3 b ol e(i” Ker(U-a)®
m>1 aek & of ordinal v

of S(Ro,rp,n,o)®K is finite-dimensional, and is stsble by U and the T, .

By Dwork's lemma (3.11.7), this subspace is reduced to {0} unless v >0 .
The first interesting case is thus to take v =0 , the so-called "unit-root
subspace” of S(Ro,rp,n,o)®K . [Notice that this unit root subspace is
independent of the choice of r € R with 1/p+l > ord(r) > 0 , because U
maps S(Ro,r,n,0)®K to S(Ro,rp,n,o)gK, i.e. it improves growth conditions.
Thus if f € S(R ,r,n,0)®K is annihilated by (U -a)" ,and x f£0,
then f£ is a K(®)-linear combination of U(f), Ue(f),... . Um(f)a, hence
in fact f ¢ S(Ro,rp,n,o)®K,... .1

Lemma 3.12.L4. (Dwork) . Hypotheses as in (3.11.7), the dimension of the unit

. — R p-1
root subpsace of S(Ro,rp,n,0)®K is at most d.im.KHo(Mn®K,Q Py,

Proof. The dimension of the unit root subspace is the number of unit zeros of
the Fredholm determinant of U , which by (3.11.8) 1lies in Ro[[T]] , hence
this dimension is also the degree of this Fredholm determinant reduced modulo m ,

which is to say the degree of the determinsnt of U on

(S(Ry,™P,n,0) + U (S(Ro,l‘p,n,o))®Ro R /o .
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rpa.

ba

But for f € S(Ro,rp,n,o) , £= Z —=2——, we have
a>0 (E

p-1
b,
U(r) = by + U(E—) modulo E-S(Ro,rp,n,o) and
p=1
"

vB() = U (z2) modulo m S(R_,r°,n,0) . Thus the image of U on

p=-1
(S(Ro,rp,n,o) + U (S(Ro,rp,n,o))®R/g is spanned by the images under U of
- rpbl
all elements b, € HO(M ®R , 0) and with
[§] n "o Ep-l

~ . O Sp=-1 O/
by € B(R ,n,k,1) ==> HO( OR ,0 P )/Ep_lH (M ®R_, 0) . Thus the renk

of U on (S(Ro,rp,n,o) + U(S(Ro'-,rp«,n,o))®Ro/g is at most the K-dimension

of HO(T ®K,u> P
L ®Ksw

3.13 Interpretation of Atkin's congruences on j

We denote by J the sbsolute j-invariant, viewed as a modular function
of level one, defined over 2% , having a first order pole at infinity. As is
well known, p-Tp(;j) lies in Z{j] . By inverse image we may view both
and p-'l‘p(j) as elements of M(Ro,r,n,o) for any r € R . Ve may also view
o(3) as an eiement of M(Ro,r,n,o) , for any r € R having ord(r) < p/p#l
[indeed, o(j)(E,Y) = j(E/H) , H the canonical subgroup]. Subtracting,
we define p-U(J) = p-Tp(,j) -g(3) € M(Ro,r,n,O) . Because J has orly a
first order pole at « , U{J) is holamorphic at infinity, indeed its

g-expansion is

3.13.1 U(3) (Tate(q)) = Z c(pn)q” , where
n>0

3.13.2 3(Tate(q)) = Z e(n)® = % P
n> -1

Thus U (j) 1lies in S(Zp,l,n,o) , and DU (j) lies in S(Ro,r,n,O) for

any r € R having ord(r) < p/p+l . Combining this observation with the
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remark (3.11.8), we see that for every m >1 , we have

U™(3) € 5(8,1,m,0) 0 p72S(R ,7,m,0) -

Let us examine explicitly the congruence consequences of the innocuous
statement " U (j) € S(zp,l,n,o) n p'l S(R,ro,n,o) whenever ord(r) < p/p+l ".
Suppose that p # 2,3 , so that we may work directly with S(Ro,r,l,o) via
its basis as constructed in (2.6.2.1). We may write

b
3.13.3.0 U(j) = Z —2 _ , b eB(%,1,0,8) .
2a>0 (Ep_l)a a P
For r e R with ord(r) < p/p+l , we have pb, € ra‘B(Ro,l,O,a) , hence we
have pb_ € p{ap/pﬂ] B(Zp,l,o,a) , where {ap/p+l} denotes the least

integer > ap/p+l . Thus b. € zp, b

8=
> o € B(Zp,l,o,l), b, €D lB(Zp,l,O,a,)

1

for 2 < a <p, ¢ pP‘lsczp,l,o,a),... , certainly b_ e pn+]'B(Zp,0,a)

bp+l
if a>pn,for n>1. Thus

* by n+lq
3.13.3.1 U@ = = ~ modulo p (Z_,1,1,0)
a=0 (B P
p-1
Pn n
5 b(E P8
a0 2 P-L n+
3.13.3.2 u(5) = . modulo p 1s(zp,l,l,o) .
& )P
-1
n
Using the fact that Ep-l has g-expension =1 (p) , and hence that ' (Ep-l)P
has g-expansion =1 (pn+l) , we deduce that for p # 2,3 , the g-expansion of

1 to the g-expansion of a true modular form of

U(3j) dis congruent mod Pn
level one, defined over % , holomorphic at « , of weight p (p-1) . In fact,

n
P to kiil the eonstant term, we £ind that U(j) - 744 has g~expansion
+1

using (Ep-l)

congruent mnod pn to the g-expansion of a cusp form of level one and weight

pn(p-l) , defined over % , a result obtained independently by Koike [28].

We now return to the properly Atkinesque aspects of the UT(3) , and

their interpretation.
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Lemma 3.l§.h. Suppose there exists a p-adic unit a € Zp such that for
every m > 1 , we have the g-expansion congruences
Um+1(j-7hl+) =a U(3-7T44) modulo = in g-expansion
. m+l L.y - m, m
i.ce., c(p i) = ac(p 1) modulo p for all m > 1.
Let cw(i) = 1im aPc(p"i) . Then for r € R, having ord(r) < p/p+l , there
m

is a unique element " lim " a U M(j-Thk) € S(Zp,l,n,o) n p'2 S(Ro,r,n,o)
which is of level one {i.e., invariant under GLg(K/n Z)) , whose g-expansion

36 © ¢ (i)a" , end which is fixed by & U .

m>1

Proof. By (2.7), the hypothesis is in fact equivalent to the congruences
=1 \m+l,, = fo=l. \m,. - m
3.13.L.1 (27U ) T (F-7uk) = (27U ) (3-7Hs) modulo p S(Zp,l,n,o) .

Let's write the expression of (a-lU Y2(5-744) in terms of the base of
S(Zp,l,n,o) :

VU b (m)
3.13.h.2 (a~Ty YR(3-7hb) = 2, =, b (m) e B(Zp,n,o,a) .

a
a>0 (Ep_l)

Then we have the congruences ba(n+l) = ba(n) modulo p" B(Zp,n,O,a) , we may
define b (v) = lim b_(m) € B(Z ,n,0,a) . But for any r € R_ with

a m e D o
ori(r) < 1/p+l , we have pzba(m) € ra'B(Ro,n,O,a) , hence

paba(OO) € r? B(Ro,n,o,a) . Varying (Ro,r) , we see that in fact pzba(oo)
lies in p(apzpﬂ}B(Zp,n,O,a) , where {x} denotes the least integer >x ,

b_(e0)
(3.e., {x} = -[-x]) . Hence Z_(;__F dn "1i.m"(a,'lU Y (5-7k)  1ies in

p-1
S(Zp,l,n,o) np2 S(Ro,r,n,o) , and in S(Zp,l,n,o) it is the limit (in the
Banach space topology of (a-lU YR(5-Thk) .

The last two assertions are obviously true for r=1 , by passage to
the 1imit, and follow for any r of ord(r) < p/p+l because the canonical

map S(Ro,r,n,o) e S(Ro,l,n,o) is injective. QED
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Remark 3.13.5. The hypotheses of the lemma are in fact satisfied for p =13,
a striking result due to Atkin.

(3.13.6) Using the fact that the twelfth power Q®12 of w descends to the

invertible sheaf (1) on the projective j-line over X% , one can copy the
construction of a basis of S(Ro,r,n,o) » n>3, to get a basis of

S(R_,r,1,0) din s(R_,r,n,0) GL (%/n%)

for primes p =1 mod 12. Then one can
copy the proof given in ([14]) to show that the dimension of the unit root sub-
space of S(R ,r,1,0)®K is at most

atn HO(P 1, ®P‘1)= in BO(@ 1, o2 ))_1+P-‘2i,for p=1mod 12. In

13, the unit root space has a base consisting of the

particular, for p
constant function and the function "lim "(a-lU Y2 (3-74k) , and this latter
function is necessarily the unique "unit root cusp form" in S(Ro,r,l,o) .
This unicity, together with the stability of the space of unit root cusp forms

under the Hecke operators T £ #13 , gives a startling result of Atkin.

l’
Theorem 3.13.7. (Atkin) The 13-adic modular function

"1im "(a-lU YR(5-Thb) = Z cw(i)ql is a simultaneous eigenfunction of all
i>1

£ £13.

(3.13.8) Using the fact that 9&2 descends to the invertible sheaf (9 (1)

the Hecke operators T Py

on the projective A-line ﬁz over Z[1/2] s, one may construct as above a base
i

of S(Ro,r,E,O) , and prove as above that the unit root subspace of
S(Ro,r,2,0)®K has dimension at most

A}
dim H°(ﬁ2,9®9'1) dim H°(11>l = )) =1+ P—- , for p odd. In fact, Dwork
has proven that in this case the dimension is exactly 1 + %l , (cf. his exposé
in this volume).
(3.13.9) Dwork's result implies that for p =1 mod 12, the dimension of the

. : . -1 -

unit root subspace of S(Ro,r,l,o) is precisely 1 + % , and hence that

there are precisely L independent unit root cusp forms in S(R ,r,1,0) .
12 [
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i i ' implies
For p = 13 , this fact together with the "accident" ¢(13) # 0 mod 13 , imp

; -l \m, . .
Atkin's result that a and "1lim"(a lU) (G~7hl4) exist.
m
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Chapter 4. p-adic representations and congruences for modular forms

4,1 p~adic representations and locally free sheaves

Let q be a power of p , k =a perfect field containing ]Fq s Wn(k)
its ring of Witt vectors of length n, and S a flat affine Wn(k)-scheme
whose special fibre is normal, reduced and irreducible. Suppose that Sn
admits an endomorphism ¢ which induces the q-th power mapping on the special

fibre. [If Sn is affine and smooth over Wn(k) , then such a ¢ always

exists. ]

Proposition 4.1.1 There is an equivalence of categories between the category

of finite free Wn( Fq)—- modules M on which 1rl(Sn) acts continuously, and
the category of pairs (H,F) consisting of a locally free sheaf of Tfinite

*
rank H on Sn together with an isomorphism F: ¢ H) —H.

Construction-proof. Given a representation M of 'rrl(Sn) , let Tn be a
finite €tale galois Sn-scheme such that the representation factors through
Aut(Tn/Sn) . Because T  is étale over S, » there is a unique ¢-linear
endomorphism of Tn which induces the g~th power endomorphism of T

X k,
Wi (k)

which we denote by . By unicity, commutes with Aut(T /S ). Let H
Py Pp i) T

be the T -module M wf( Fy )OTn » and let Fp be the gy -linear endomorphism

of Hp defined by FT(m® f) = m&pT(f) . For each g € Aut(Sn) , we define
gm®t) = g(m)®(g'l)*(f) , thus defining an action of Aut(Tn/Sn) on (HT,FT) .
By descent, it follows that there is a unique (H,F) on Sn whose inverse
image on T,  is Aut(Tn/Sn) - isomorphic to (HT,FT) . The construction

M ~n—> (H,F) defines the functor we will prove to be an equivalence. Notice

that we can recover M as the fixed points of F acting as ¢@-linear endo~

T
morphisms of the module of global sections of HT , hence our functor is fully
faithful. To show that it is an equivalence, we must show that any (H,F)

arises in this way, or, in concrete terms, we must show that given (H,F) ,

there exists a finite &tale covering Tn of § n Over which H admits a basis
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of F-fixed points. We proceed by induction on the integer n .

Suppose first n=1 . Then § is a k-scheme, and (H,F) is a locally
free finite rank S-module H together with a g-linear endomorphism F of H
which gives an isomorphism F : H(Q) —> H . For any S-scheme T , the inverse
image module HT carries the inverse image g-linear map FT , defined by
(FT(h ®+t) = F(h) ® 2 , which gives an isomorphism Fr: HéQ) —>Hy .

Notice that the functors on S-~schemes

X(T) = global sections of H,
Y(T) = bases of i, & q-1somorphisms ((3,1,)r —> Hy, where
r = rank(H))

Z(T) = bases of Hy consisting of fixed points of Fu

are all representsble, the first by Specs(Symm(\I-’I)) , the second by the open
subset of the r = rank(H)-fold product X(r/S) =X XX oen Xg X over which
the tautogical map (Ox(r/s))r —> H (r/s) 1s an isomorphism, the third

by the closed subscheme of Y over which the universal basis is fixed by F

Y -
We must show that Z is finite and étale over S . This problem is local
on S , hence we may assume S affine and H free. Choose a basis hl,... ’hr
of H , and let (ai_j) be the invertible matrix of F : F(hi) =3 ajihj .

Consider the functor on S-schemes
. - . .
Y'(T) = sections of H, fixed by Fj .

It is representable by a scheme finite and étale of rank qr over S , because

. e pieed . - q
a section ¥ Xjh, of H is F-fixed if and only if % thj E (Xi) bl ajihj s

thus Y¥' 1is the closed subscheme of A\é‘ defined by the equation

X, =2i_ aji(xi)q s G=l,e..,r .

Because the matrix (aij) is invertible, if we denote by (bij) its inverse,

the equations are the same as the equations
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a_)
(xi) = ; binJ. i=1,0.0,T ,

which define a finite &tale S-scheme of rank qr .

The scheme Z is the open subscheme of Y‘(r/s) =Y Xg ees X Y! where
the universal r-tuple of F-fixed sections form a base of H , and hence .Z is
g'_t’;a.ﬁ over S . It remains to check that Z is proper over S , and non-void.
By the valuative criterion, we must show that for ¥hy valuation ring V over
§ , any F-fixed basis of H (K the fraction field of V) prolongs to an
F-fixed basis of HV . Because the scheme Y' of fixed points is finite over
S , each basis element prolongs to a unique F-fixed section of HV . To see
that the corresponding may Vv — HV is an isomorphism, we look at its
determinant, which reduces us to the case of a rank one module. Then the
matrix of F is F(hl) = ah:L s, with a invertible in V , and an F-fixed basis
of HK is a vector k-hl , with k € K satisfying k = P . As a eV is
invertible in V , any such k is an invertible element of V , hence k-hl
"is" an F-fixed base of H; .

It remains to see that Z is non~empty. As its formation commutes
with arbitrary change of base S' —> S , it's enough to check the case when
S is the spectrum of an algebraically closed field. But a finite-dimensional
vector space over an algebraically closed field with a g-linear automorphism
is always spanned by its fixed points (Lang's trick; cf.[23]) and theaset of
fixed bases is a GL( Fq)-torseu.r. Thus Z is finite étale of rank = #GLr(]Fq)
over S , and the action of GLR(]Fq) on Z (induced by its action on the
functor of F-fixed bases) makes Z into a GLr(]Fq)S-torseur. The cohomology
class of this torseur is an element of Hit(s ,GLr(IE‘q)) = Hom(w’l(S),GLr(IFq))
which is none other than the desired representation. This concludes the
construction-proof for n=1. .

Suppose the result known for n~1 . Then there is a finite étale

covering Tn- of 'S =S

- . n- .
1 el n Wz(k) Wn_l(k) over which H/p 1y admits a
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basis of F-fixed points. There is a unique finite étale covering Tn of Sn

1% . .
such that Tn S, Sn—l is Tn-l , and replacing Sn by Tn we may suppose

that H/pn'lH admits a basis of F-fixed points. Let hl"" ’hr be a basis

of H which lifts an F-fixed basis of H/pn-]H (sn is affine!). Writing
by n-1

h=|¢ , we have F(h) = (1 +p "A)h . In order for (1 + pn-lE)'g to
hr

be an F-fixed basis, we must have
(1+ " o) (1+ " a)h = (1" 'E)n
or equivalently (Sn being flat over Wn(k))

o(E) +A=E mod (p) ,

which is a set of r2 Artin-Schreier equations (eij)q - ei,j = -Aij over

= x r3 ry s =
Sl Sn Wi (1) k . On a finite etale covering Tl of Sl N

admit solutions, and hence on the unique finite étale covering Tn of Sn

these equations

X c - 3 - 3 P
such that Tn gy Sl T1 , the module HTn admits an F-fixed basis. QED

Remarks 4.1.2.1 The operation "tensor product” in the category of repre-

sentations of ’ITl(Sn) in finite free Wn( Fq) modules corresponds to the

tensor product (H,F)® (H',F') = (H6® H,F®F') , defined by
: S
(F®F)(h®h') = F(h) ®F'(h') . "

(4.1.2.2) The "internal Hom" in the category of representations corresponds
to the internal Hom defined by Hﬂ((H,F),(Hl,Fl)) = (Hom O(H,Hl) ,F2) where

F, is the unique g-linear endomorphism of Hom O(H’Hl) such that for

heH fe H_om_(H,Hl) , we have Fz(f) (F(n)) = Fl(f(h)) . In particular,

v v
Hom((H,F),(0 ,0)) is the"contragredient" (H,F) , defined by the requirement
Hom /s 9P ’ ’

that for h € H, h € H , we have <F(h),F(h)> = o(<h,h>) .

(4.1.2.3) Because S, is normal, reduced and irreducible, a representation

1
of 1rl(Sm) = Wl(Sl) is just a suitably unramified representation of the Galois

group of the function field of &S Thus for any non-void open set U C Sn 5

1
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the functor "restriction" from the category of representations of 1T1(Sn) to
the category of representations of 7Tl(U) is fully faithful. Hence the functor

"restriction" from the category of (H,F)'s over Sn to the category of those

over U is fully faithful.

4.2, Application to modular schemes

k.2.0. Let n>3 , p a prime not dividing n, ¢ a power of p such
that q =1 mod n , and choose an isomorphism between ]pn and Z/nZ over
W(]Fq) , i.e. choose a primitive n'th root of unity ¢ . Let Sg’l (resp. 551)
be the open subset of Mn®wm(1Fq) (resp. of ﬁn®wm( ]Fq)) where E ., is
invertible and where the e.m. pairing on the basis of nE has the value ¢ ,
i.e. where the determinant of the level n structure is the chosen isomorphism
of Z/nZ with B, - The schemes SICn (resp. 5%1) are smooth affine Wm(IFq)
schemes with geometrically connected fibres. In the notation of (2.9), we
have Mn(wm( IFq),l) =y sfn , the union taken over the primitive n'th roots of
umity, and- ﬁn(wm(JFq) ,1) = U §I§n .
Let ¢ denote the Frobenius automorphism of wm( ]Fq) . We have
G(C) = CP , and hence Sglp = (Slgn)(a), §§lp = (5‘1‘%1)(0) . The endomorphism ¢ of
ﬁn(wm(Fq) ,1) defined by "division by the canonical subgroup” does not respect
the various 51% , but rather it maps §I§n to §1§np (vecause modulo p, the
canonical subgroup is the kernel of absolute Frobenius). As -S-EIP = ('S_fn) (o) s
we may and will view ¢ as a g-linear endomorphism of each Slgn , which modulo p
becomes the p'th power mapping. In a similar fashion, the endomozphis‘m ¢ of
the invertible sheaf Q®k on b_dn(Wm(]Fq) ,1) , defined by
o(£) (E,m,an) = f(E/H,'\r,r*(m) ,Tr(an)) [where H denotes the canonical subgroup
and 7: E —> E/H the projection], may be viewed as a ¢-linear endomorphism

of 9®k]§§1 , Tor each primitive n'th root of unity ¢ . [Notice that 2®k

is generated by q>(g®k) as a sheaf; indeed for a local section f of g®k 5

a glance at q-expansions shows that ¢(f) = i‘p/{EP_l)k , hence o(f) is an
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invertible section wherever f is.]

We wish to determine which representation of 'n‘l(gi) in a free
Z/p'% = Wm(]Fp)—module of rank one c.;orresponds via (4.11) to (Q®k,q>) on
§I§n . Of course it suffices to do this for k=1, by (4.1.2.1). There is an
obvious candidate, namely the representation of 'n’l(SlCn) on the étale quotient
of the kernel of pm on the universal curve E . [Noting by
7: E —> E(q’) = E/H the projection onto the quotient by the canonical sub-
group, the composite Tt E—> E1(r:§m) induces an inslomorphism of the &tale
quotient  E/ m’ﬁ = mE/Ker(‘le) 27y Ker(M)® 4n (O ) .] If this candidate is

", 1 p P .
to "work", we must have:

Lemma 4.2.1. The representation of 'rrl(Sgl) on Ker(;/r)m extends to a repre-

sentation of Wl(gg) s i.e., it is "unramified at o ".

Proof. Since the étale topology cannot distinguish §§1 and §§_

equivalent to show that the representation of 'n'l(S%_) on Ker(V®) extends

, it is

to a representation of 1Tl(§§_) on Ker(V®) . Let K denote the function
field of §§_ 3 we must see that the inertia group of Gal(Ksep/K) at each
cusp acts trivially on Ker(V") in EI({pm) (x°°P) . To decide, we mey replace
K by its completion at each cusp, which is just k((q)), k = .TFq.', and the
inverse image of E over this completion is the Tate curve Tate(q™)/k((q)) .
The curve E(Pm) becomes Tate(qnpm) , and (M® is the map

Tate(qnpm) —> Tate(q") given by "division by the subgroup generated by q™.

As this subgroup consists entirely of rational points, the inertial group

(and even the decomposition group) at each cusp acts trivially.

Theorem 4.2.2, The representation of T 51%) on Ker(m)™ (= to the Stale

l(
guotient of Ker pm on the universal curve) corresponds, via the equivalence

(k.1.1), to {(w,®) -

Proof. By the "full-faithfulness" of restriction to open sets, it suffices

to prove this over S&l . Let's take a finite &tale covering T of Sm which
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trivializes the representation - in concrete terms, we adjoin the coordinates
of a point of Ker('rvr)m of order precisely pm . Over T , each point of
Ker(’rvr)m gives a morphism (Z,/pmz)T = (Ker(v\;')m)T , whose Cartier dual is a
morphism (Ker p" in %)T = (Ker 'nrm)T —_ (ppm)T [ (Gm)T . The inverse
image of the invariant differential dt/t on (Gm)T furnishes an invariant
differential on the kermel of pm in E. Since T is killed by pm , the
first infinitesmal neighborhood of the identity section of E 1lies in the
kernel of pm in ,E\: , and hence there is a unique invariant differential on
E vhose restriction to the kernel of pm in % is the given one. Thus we
have defined a morphism from (Ker(;r)m)T to wp . Further, if we take a
point of Ker(’\flr)m of order precisely ", the map (Z/pmx)T _— (Ker(;r)m)T
is an isomorphism, hence the Cartier dual is an isomorphism, and hence the
inverse image of dt/t on Ker pm in /ﬁ: is nowhere vanishing. Thus the
induced map (Ker(;;)m)T ® g OT —> wp is an isomorphism of invertible
sheaves on T . It is cleIa),r that this map commutes with the obvious action
of Aut(T/Slcn) . [In concrete terms, and locally on § , Ker(p") in E has
coordinate ring free on 1,X,... ,Xpm"l , @ point P of (Ker('\r’r)m),l1 gives
rise to a map Ko defined by f(X) =% ai(P)Xi , the corresponding differ-
ential is w, = af/f , and for any g € Aut(T/Sm) , we have ai(g(P)) =g(ai(P)) s
and hence Og(p) = g(mP) .] By descent, we have constructed an isomorphism
between  and the invertible sheaf on chn associated to the €tale quotient

of E .

pIIl

It remains to see that this isomorphism is compatible with the g@-linear
endomorphisms. Tensoring one with the inverse of the other, we obtain a
@=linear endomorphism on Gsm 3 we must show that it carries "1" to "1" .

To check this, it suffices to do so in a "punctured disc at ", over
Wm( qu)((q))m when we look at the Tate curve Tate(q") . The morphism
™ Tate(q®'? ) —> Tate(qn) has kernel the subgroup generated by & . The

point qn is a rational point of Ker('lvr)m , and the corresponding differential
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is precisely the Tate differential Wogn = at/t . As qn is a rational point,
the section [qn]®1 of Ker(11')m Z? Pnz@' is fixed by the canonicel F , and
the corresponding section Woan of w 1is fixed by ¢ (because Woon has

g-expansion identically "1"). Hence our isomorphism respects the g-linear
¢

endomorphisms in a punctured disc around o , and hence respects it everywhere.

Remark 4.2.2.1. One may prove this theorem in a non-constructive way by
showing that both of the associated p-adic characters X,: "1(351) — (z/p"m)*

have the same value on all Frobenius elements, namely the reciprocal of the

"unit root" of the ordinary elliptic curve which is the fibre over the corre-

sponding closed point of S%] .

Theorem 4.3. (Igusa [21]) The homomorphism
Wl(glgn) _— Aut(Ker(;r)I,;) Z (®P"E)F is surjective, and for every non-void

open set UC 5&1 , the camposite 7r1(U) —_— 7rl(§l§n) —> (2/p"%)* remains
surjective.

Proof. It suffices to show that, denoting by K the function field of

st X F
mWy(Fg) ~q

is surjective. In fact, we will prove that the inertial group of Ga.l(KseP/K)

uith
, the homomorphism Gal(K°®P/K) — Aut(Ker V® in g(P ) (x5€P))

at any supersingular elliptic curve already maps surjectively. Let ¥ be any
; 4

closed point of Sl where Ep-l

closure k , we may assume ¥ is a rational point. The completion of S§_®k

vanishes; replacing ]Fq by its algebraic

at 7 is isomorphic to Spec(k[[A]]) , and the inverse image of the universal
curve over k{[A]] admits a nowhere vanishing differential  such that
Ep_l(E,w) = A . {This is just Igusa's theorem that the Hasse invariant has

only simple zeros.} So we must prove

Theorem 4.3 bis(Igusa). Let E,w be an elliptic curve over k[[A]] with
Hasse invariant A , k being an algebraically closed field of characteristic p.
Then the extension of k{(A)) obtained by adjoining the points of

Ker V™: E<pm) —> E 1is fully remified of degree pm-l(p-l) , with Galois group
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canonically isomorphic to Aut(%/p™Z) .

Proof. The first statement implies the second, since Ker v is cyclic of
order p- over k( (a))®*°P . In terms of a normelized parameter X for the
formal group (i.e. [t]{X) =X for any p-1'st root of unity ¢ ¢ z;f) , the

endomorphism ([p] hss the shape
2
4.3.1 [pl(X) = V(xP) = ax® + xP + ...

with a invertible in k[[A]] (because modulo A , we have a supersingular
curve by hypothesis, hence its formal group is of height §_w_g). Thus
V(X) = AX +0xX® + ... , and the composite V': E(pm) —> E 1is the composite

m-2)

m-1
o™ 3B ) e v @) Vg,

v v v v
The expression of V(p ) is V(P )(X) =2’ x +aP xP + ... . A point of Ker V"

sep of order precisely pm may be viewed as a sequence

with values in k((A))
Ygse+«s¥y 3 Of elements of the maximal ideal of k((A))5®P  vhich satisfy the

successive equations

0 =Vly,) = Ay, +aly,)® + ...

_ v(p) _ AP P, \P
yO - v (yl) = A Yl +Q (Yl) + ..
m-1. mel

Vo = V(P Yy ) =A%y

Pt P
m- m-1 o (ym-l) Foeee

But a glance at the Newton polygons of these equations shows successively that
the ordinals of Vgseeos¥y_q 2re given by (noting by ord the ordinal normalized

so that ord(A) = 1):

ord(y,) =1/p-1
ord(y,) = 1/p(p-1)
ord(y, ,) = /5% p-1) .
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Corollery 4.h.1. Let k be an integer, and suppose m > 1 . The following

conditions are equivalent:

1) k =0mod(p-1)-2"L if pA2, and k=0ma &® ¢ pu2,

vwhere a(1) =0, a(2) =1, and 0(m) =m-2 if m >3 .

2) The k'th (tensor) power of the representation of 7r1(§lcn) on the

étale quotient of E is trivial.

o
®k =t : .
3) The sheaf w on S» admits a nowhere vanishing section fixed
by o .
4) Over a non-void open set UC §1§n s 9_®k admits a nowhere vanishing
section fixed by o .
=t ®k . .
5) Over Sm s W admits a section whose g-expansion at one of the

cusps of §!§n is identiecally 1.

6) Over a non-void open set U C §x§n which contains a cusp, 2®k

admits a section whose g-expansion at that cusp is identically 1.

Further, if 1) holds, then any section verifying either L) or 6) extends

uniquely to a section over all of §x§n verifying 3) and 5), and is in fact the

k/p-1'st power of

.

p-1

Proof. 1) <===> 2), because the image of "1(§§1) is all of

* -
Aut(Z/p"E) = (%/v"2)” , a group of exponent p= l(p-l) for p #2 and of

(m)

exponent 2(1

for p=2 . By (4.3), 2) <==>3) equivalence 3) <===>4)

is by full-faithfulness of "restriction to U", ef.(k.1.2.3). By the explicit

formula for ¢ and the g-expansion principle, we have 3) <===>5) and ) <==> 6).

When 1) holds, the unicity of the section satisfying 4) or 6) or 3) or 5) follows

from the full-faithfulness of restriction to U j; that this section is

(5, /P

p-1 follows from the g-expansion principle.
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Corollary 4.4.2. (Serre) Suppose fi’ i=1,2 are elements of S(W(Fq),l,n,ki) s

i=1,2 , and that kl > k2 . Suppose that the g-expansions of fl and f2 at

at least one cusp of ﬁm(w( Fq),l) are congruent modulo ", and that

fl(q) #Omod p at that cusp. Then k = k, modulo pm'l(p-l) if pfeo,

1

and k, =k, modulo ao‘(m) if p=2 , where a(l) =0, a(2) =1, and

a(m) =m-2 for m >3 . If these congruences hold at at least one cusp on each

)kz-kl/p-l
1

irreducible camponent, then f,=f- (Ep_ modulo pmS(W(]Fq) ,l,n,kz) .

Proof. Once we prove the congruence on the ki , the final assertion results

from the g-expansion principle. To prove the conéruence on the weights, we

reduce the situation modulo pm . Then fl and f2 are sections of 9®k1

and 9®k2 respectively over §§n . By hypothesis, fl and hence f2 are

invertible on a non-void open set U of §1§n , and the ratio fz/fl is thus
kn=k

an invertible section of w ° ' over U, and by hypothesis f,/f, has

g-expansion identically one at at least one cusp on each §1§n . By (4.h.1), we

have the desired congruence on kl-k2 . QED

Corollary 4.4.3. (Serre) Let f be a true modular form of level n and

weight k on I‘o(p) , holomorphic at the unramified cusps, and defined over the
fraction field X of W(]Fq) . Suppose that at each unramified cusp, the
g-expansion has all its non-constant q-coefficients in W(]Fq) . Then the
constant terms of the g-expansions lie in p'm-W(IE‘q) , where, for p #‘2 ,

m is the largest integer such that (") = #(Z/me)X divides k , and for

p=2, m=1 if Xk is odd, and m=ord2(k) +2 if k is even.

Proof. For N >0, pr is a true moduwlar form of level n and weight k on
I‘o(p) , defined over W(Fq) . By (3.2),there is a unique element g of

S(w( I'q) ,1,n,k) whose g-expansions are those of pr at the corresponding
unramified cusps. If - denotes the minimm of the ordinals of the constant
terms of these g-expansions, then g is divisible by pN'mO in S(W(Fq),l,n,k),

N
by (2.7). Thus we may write g =p '©h, with h € SM(F ),1,n,k) having the
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same g-expansions as does pmof at the corresponding unramified cusps. Then
h has integral q-expansions, and at least one of them is congruent modulo pm°
to a constant which is a unit on w( ]Fq) . Multiplying f by the reciprocal
of this unit, we get a g-expansion which is congruent mod pN to "1 . As
the constant function "1" is modular of weight zero, we must have

-1
K=0modp® (p-1) if p#2, k =0mod M) gor p=o . QED

Remark 4.h4.b., If we apply these estimates to the constant terms of the class-
ical level one Eisenstein series Ek , we get precisely the correct bounds for
the denominators of the Bernoulli mumbers (cf. [42], [43] for more on Bernoulli

numbers ).

4.5. Applications to Serre's "modular forms of weight X"

4.5.0. Let X € End(%) . For each power p° of p , X induces an endo-
morphism of (Z/pmz)x . For any primitive n'th root of unity ¢ , and for any
representation p of Trl(§§n) in a free %/p™% module of rank one, we may
define the representation px dn Xep . Taking for p the representation
given by the étale quotient of me , we denote by (gx,cp) the invertible sheaf
with @-linear endomorphism which corresponds to px. For variable m , the sheaves
QX on an are compatible, and we define a compatible family of global sections
to be a p-adic modular form of weight X and level n , holomorphic at « ,
defined over W(IFq) . If X=keZC End(z};) , we just recover the elements
of S(W(]Fq) ,l,n,k) . For p#2, Z is dense in Ema(z;) , and indeed
End(x.’;) <= Lin Z/o(p™)Z% ; for p=2, E, has index four in the (non-commu-
tative) ring End(%) . If p#2, then for any X (resp. if p=2, for any

X € 22) , the pair (Qx,cp) on §§n is isomorphic to (£®km,cp) for any

k € Z such that k =X modulo o(p™) (resp. if p=2, modulo 0 if m=1 .
ot if =2 , and P2 if m >3) . The isomorphism between (uw ®k’n,q>)

1
and (Q®km,cp) for different choices k , k' ¢ Z approximating X is given
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(;-k )/ (p-1)
by multiplication by (Ep_l) . As this isomorphism leaves invariant

the g-expansion modulo pm‘ (resp. modulo P -1 for p=2), it follows that a
p-adic modular form of weight X and level n , holomorphic at « , defined over
(W(]Fq) , has a well defined q-expansion in W[[q]] at each cusp, and that for

given X , f is uniquely determined by its g-expansions.

Theorem 4.5.1. Let X € End(z;) , and suppose X € &, if p=2 . Let f be
a modular form of weight X and level n, holomorphic at o« , defined over

w(]Fq) - Then there exists a sequence of integers 0 <k, <k, <k, <...,

1 3
satisfying
k =xmod olp") if p#2
kmEXmodEm"2 if p=2 and m >3

and a sequence of true modular forms fi of weight ki and level n, holo-
morphic at o« , defined over W(IFq) , such that
£ =f mod p° in g-expansion, if p # 2

£, =f mod 21 5n g-expansion if p=2, m >3 .

Conversely. Let {km}m >1 be an arbitrary sequence of integers, and suppose

given a sequence fm e S(w( IFq) ,1,n,km) of p-adic modular forms of integral

weights ki such that

£

- m .
il o fm mod p in q-expansmp at each cusp

£ #0 mod p* in g-expension.

Then the sequence of weights k ~converges to an element X ¢ F_‘nd(z;f) , and
there is a unique modular form f = "lim" f, of weight X and level n,

holomorphic at « , defined over W(IFq) , such that

fm =f mod pm in g-expansion.
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Corollary 4.5.2. (Serre) If a collection of elements of W[[q]] is the set
of g-expensions of a p-adic modular form f of weight X € End(z: ) (resp.
X € 22 if p=2) and level n, holdnorphic at o and defined over W(qu) s

then both £ and X are uniquely determined.

Proof of the theorem. The first part follows directly from the definitions.

For the second part, we will reduce to the case in which the fm are all true
modular forms, whose weights satisfy 0 < ki < k‘2 < +e. . Indeed, if we
replace f by I} = fm(EP_l) (pn-l)nm with N >>0 , then we may suppose all
k >0, and by (2.7.2), for N, >0, f has g-expansion mod ¢ of a
true modular form. Rechoosing the Nm to be sufficiently increasing with m,
we have the desired reduction. Now consider the limit g~expansions. We may
and will work on each irreducible component of ﬁn®w(IE‘q) separately. If on
a given component, the limit g-expansion is identically zero at any cusp, it

0 (pm) on that component, and there

1}

is so at every cusp, hence each f‘m is

is nothing to prove. In the contrary case, the limit g-expansion is divisible
mg mo+1

by p but not by »p at each cusp (mo is independent of the choice of
m
cusp on each irreducible component: cf.(2.7.1)). Then for m > m, £ =p 0%

where & is a true modular form with g-expansions # 0 (p) . So replacing

£ {£'} =
the sequence f = by the sequence lfm} {gmoﬂn} , we may suppose that each

£ has all q-expansions FOmod p . Then by (4.4.1), the congruence
- moL ..
fm a5 fm mod p in g-expansion implies that km 1

and modulo 2°°2 if p=2 and m >3 , and that £

=k modulo o(@") forp £2,

= (k41 =) / {p-1
a =i (Ep-l) k11 -ky)/ (p-1)

modulo pm - Hence X =1limk exists in Ead(z;f) , and (fm mod pm}m S1

define a compatible family of sections of the sheaves QX on the schemes 5&1 .

QED
Corollary 4.5.3. (Serre) Let X ¢ End(z;) » end suppose X € %, if p=2.

Let 0 < kl < k2 < ... be a sequence of integers such that km = X modulo (p(pm)
if p #£2 , and modulo B2 s p=2 and m >3 . Let {fm} be a sequence

of true modular forms of weight km and level n on I‘o(p) , holamorphic at
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the unremified cusps, and defined over the fraction field K of W( ]Fq) . Sup-
pose that the non-constant terms of all the g-expansions of the fm are in

W(]Fq) , and that at each cusp,

£, - £ .00 =£(a) - £(0) modp".

m
Then if X ;4 0, let mo be the largest integer such that X =0 mod q)(p °)
if p#2, for p=2, m =1 if X is invertible in %, , and m°=2+ord2(x)
m
if X dis not invertible in %, . Then for m>m_ , P °fm has integral

(e W(]Fq)) g-expansions, and at each cusp we have the congruence on constant

m m nm-m

terms: p °fm+1(0) =p °f ,(0) mod p ® for all m>m if pA2, and
m-l-m
o

2f(0)—2 f(O)mod2 if m>3 and m2m .

m
Proof. The integrality of the g-expansions of the p ofm follows from (4.4.3).

m
Let gm =p °f , which has integral q-expansions. Then & and.

(k, q 7K}/ (p-1) "
) have g-expansions which are congruent modulo p

h, g, (5
if p 42, {resp. modulo &1 i p=2) and g,(0) =n (0) . Tmus g -
has g-expansions congruent to the constants g +1(0) - hm(O) modulo p- if
p #2 , (resp. modulo 21 ip p=2) . Applying (4.4.3) to the function
(gm+1 - hm)/pm for p # 2 , (resp. to Y-S hm/am'l for p=2) we find

m
that its constant term has denominator at most p © . Thus

€,,1(0) =1 (0) modulo p"° if p A2, and Bl 5 pa2. QED

Example 4.5.4, (Serre) Take £ = Ky the classical Eisenstein series of
level 1, whose g-expansions are given by '(bk )/ Ko+ T o _l(n)qn .
i} n>1 "m

Choose the km to be strictly increasing with m , so that they tend archi-

medeanly to o . One checks immediately that the hypotheses of (4.5.3) are

m
verified. The limit "1im" p f dfn P OG; is thus a modular form of

weight X = 1lim km , whose q-expansion is given by

Q@ =L00 + 819" aluippa XO/a
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»*
where Z (X) is the (prime to p part of the) Kubota-Leopoldt zeta function,
in the notation of Serre [42 ]. We hasten to point out that even if the
Iy ry ry » )
character X is an even positive integer 2k >4 , the sbove defined GEk is
a p-adic modular form of weight 2k , but it is not the usual Eisenstein series

*
Indeed, the g-expansion of G,

Gak . ok is given by
() = 3™yt (1-2) + gkt
q P ) 2 " 4 xé va

while the g-expansion of G2k is given by

Gy (@) = 3 £(1-2%) + Z an‘ a1
djn

n>1

*
Both Gak and Ga{ are p-adic modular forms of weight 2k , which, as Serre

explained to me, are related as follows:

G‘;k = Gy - pE-L, 9(Gpy)

Oy = /Z (2 ) (6] -
Taking k=1 , we obtain a p-adic modular form G2 of weight 2 , and we may
define G, as a p-adic modular form by setting

Z "M () .

n>o
An immediate calculation gives the g-expansion of G, (ef. Al.3 for the series P)
e ) @)
G,(a) —1; n>l & d= P(q)
and shows that, for any prime p , the series P(q) is the g-expansion of a
p-adic modular form of weight two and level one. We refer the reader to A2.b4
for an "intrinsic" proof of this fact for p # 2,3 , based on the classical

interpretation of P as a ratio of periods (cf.Al.3).



Ka-90 158

Appendix 1: Motivations

In this "motivational" appendix we will first recall the relation be-
tween camplex elliptic curves and lattices in € , then the relation between
modular forms and the de Rahm cohomology of elliptic curves, and finsally the
relation between the Gauss-Manin connection and Serre's J operator on modular

forms. These relations are due to Welerstrass and Deligne.

Al.1 Lattices and elliptic curves

Given a lattice L C C , we may form the quotient C/L , a one-dimen-
sional complex torus, and endow it with the translation-invarient one-form
w=4dz (z the coordinate on C). Thanks to Weierstrass , we know that C/L

"is" an elliptic curve, given as a cubic ]P2 by the inhomogeneous equation
2 _ 4.3
Al.1.1 v = bx’ - gX - g3 s

such that « is the differential dx/y . The isomorphism from €/L to this

curve is explicitly given by the 50 ~-function:

Al.1.2 z € /L —> (x = P (z;L), v = P (z;5L))

where

Al.1.2.1 3L) = l—' '_"l—— - _l"> ’
& zsn) 22 +/zeLz-[o} ((2-1)2 2

AL1.2.2 gyr) = L8z _ =2, Z -2
7 dz 23 2el-(0) (z-2)3

N 6
A1.1.2.3 g, = 60 Z /¢, g, =140 /e .
2 £ eL- (0} 3 EGLZ{O}

Conversely, given an elliptic curve E over € together with a non-
zero everywhere holomorphic differential w , it arises in the sbove way from

the lattice of periods of w ,

y eH.l(E; z}cc .

Al.1.2.4 L(E,w) = {fw
7
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Under this correspondence, the effect of replacing (E,w) by (E,Aw) ,
A€ C‘* , is to replace L by A-L:
AL.1.2.5 L(E,hw) = AL(E,0) .
Recall that classically, a complex modular form of weight k (and level 1) is

a holomorphic function on the upper-half plane f{t) which satisfies the

transformation equation

AL1.3 £(&E2D) = £(7)- (er+a)® V(D) e sL(®) .

As explained in [h?%], there is associated to £ a unique function of lattices
F(L) such thet f£(1) = F{@t+%) , and which is homogeneous of degree -k in
L: FOL) = A YF(L) for AeC . (Explicitly, PF(L) = W (u fuy)  if
L =%y +%Z, and Im(ml/ma) >0.)

By Weierstrass , we may now associate to £ a "holomorphic" function
F of pairs (E,w) consisting of an elliptic curve/c together with a nowhere-~
vanishing differential which is homogeneous of degree -k in the second varisble:
T (E\w) = A EF (E,00) , defined by T (E,w) = F(L(E,w)) . This is the point of

view taken in the text.

Al.2 Homomorphy at « and the Tate curve

Recall further that a complex modular form £(%) is said to be mero-
morphic (resp. holomorphic) at = , if the periodic function f£() = £(v+1) ,
when viewed as a function of q = exp(2mit) , holamorphic for O < Iq] <1,
in fact extends to a meromorphic (resp. holomorphic) function of q in [q] <1.

In terms of IF, we are asking sbout the behavior of
*
T (C/2miZ + 2rithk, 2widz) = F (€ /qz,dt/t)
*
(vhere t = exp(2miz) is the parameter on € , and qz denotes the subgroup

*
of € Ggenerated by q), as q tends to zero. By standard calculations (ct.

[38]), the curve €/L, L = 2miZ + 2yitE with differential 27idz is given
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as the plane cubic

¥ =4y - -—X+ _6 , with differential dX/Y
Al.2.1
= Plemiz,l), Y =@ (2miz,L))

with coefficients the Eisenstein series

" 1o- (omi)* gy(7) = B =1+240 3 03(n)qn >—'—-
Al.2.2 5 ok(n) = &

216+ (2r1)® gy(7) = Bg=1-50k2 05(n)qn ddl>n1

1§
i

Thus to ask that the modular form f be meromorphic (resp. holomorphic)

at ® is to ask that IE‘( =13 - l‘ X+ ——6 s dX/Y\ lie in the ring €((q))
of finite-tailed Laurent series (resp. , that it lie in C[[ql] , the ring of
formal power series in q ).

The equation Al.2.1 in fact defines an elliptic curve over the ring
Z[1/61({(q)) ; in fact, if we introduce

X=x+ L N Y=x+2y
12

then we may rewrite the equation in the form

Al.2.3 y2 + Xy = % + B(q)x + c(a)

with coefficients

li
V)
N
o} =
;-lsr
(o]
)
N’
1]
]
N
—
=]
~
i~

B(q) = _
Al.2.h
Eh-l) E6-1)
o) = -5 (".QW -7(51; ~ Z -503(n) -705(n) n
v= 12 - n>1 12 d

This last equation defines an elliptic curve over Z((q)) whose restriction to
1 .
Z[g]((q)) is the sbove curve, snd the nowhere venishing differential dx/2y+x

restricts to give dX/Y over Z[%]((q)) .
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By definition, the Tate curve Tate(q) with its canonical differential

W,ap 15 the elliptic curve over Z({q)) defined by (A1.2.3), with differential

Wopn = dx/2y+x . For each integer n > 1 , the Tate curve Tate(qn) with its

canonical differential Yyan is deduced from (Tate(q), “’ca.n) by the extension

of scalars Z((q)) —> %({(q)) givenby = a.iql — 5 a.iqnl . Explicitly,
n o .
(Tate(q"), “’can) is given by
2 3 n n
Al.2.5 ¥y +xy =x"+B(q )x + C(q) ; w = dx/2y+x .

can

Let ;n be a primitive n'th root of unity. The points of order n

*
on C /qnz are clearly the (images of the) n° points
iJd e s
A1.2.6 ¢,)7e 0<i,j<n-l.

Using the explicit expressions for x and y as functions of t = exp(oriz)

vx(t)=z _qxit_____gi .&n_k_
=1

keZ (l-ant)2 1-an

0
PN Gt G Yl
y(t) = 3t =
keZ (1-g %) k=1 1-q
one sees that each of the n°.1 points (gn)lqj s 0<i, j<n-1, (i,j) # (0,0)
has x and y coordinates in 22[[q]]®z Z[gn,l/n] . Hence all level n struc-
tures on Tate(q®) over Z((q)) are defined over Z( (q))®Z[§n,l/n] (rather
than just over Z[;n,l/nj((q)) . This implies that the g-expansions of a

modular form of level n have bounded denominators (cf.1.2.1).

Al.2 Modular forms andde Rham cohomology

We can now give a purely algebraic definition of modular forms of
weight k , (meromorphic at « ) as being certain "functions’ f(E,w) defined

whenever
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is any elliptic curve over any ring R , and w € I‘(E, QEl/R) is a nowhere
vanishing differential on E , whose values £(E sw) are elements of the ground-

ring R . The conditions to be satisfied are
0) f£(Epw) = A"Ef(E,w) for all A € KX

1) f£(B,w) depends only on the isomorphism class of (E,w) over R ;

2) if ¢: R —> R!' is 2 ring homomorphism, then, denoting by (Eq),wq))
the curve with differential over R' deduced by extension of scalars,

we have f(Ecp’mcp) = o(f(B,w)) .

{Such modular forms are automatically meromorphic at infinity, simply because
the Tate curve Tate(q) is an elliptic curve over Z((q)).}
Given a modular form f of weight k , we may form the k~ple differ-

k

ential f(E,w)-w® on E , which is independent of the choice of w , and

view it as a global section over R of the (invertible) sheaf (QE /R)®k , where

g /R g"”*(‘%ﬂz) :

This permits us to interpret a (meromorphic at =) modular form of weight k as
a function f£(E) , defined on any elliptic curve E over any ring R , with

values in the global sections of (&’E /R)®k , which satisfies

1) if a: E—> E' 1is an isomorphism of elliptic curves over R , then

i

*
a (£(E") = £(E) ;
*
2) if ¢: R —> R' is a ring homomorphism, then f(Eq)) =¢ (£(E)) .
Why bother to look at the de Rham cchomology? Over any base ring R,
the (lﬂ) de Rham cohomology of an elliptic curve E/R , noted H%R(E/R) and

defined as ]Hl(E, ﬁE /R) , sits in a short exact sequence, its "Hodge filtration")

of Re~modules
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0 —> wpp —> I-%R(E/R) ——> Lie(B/R) —> 0

"

AL.2.1 (£, O)

(/P

Furthermore, when the integer 6 is invertible in R , this sequence has a

canonical (but not functorial) splitting,

}%R(E/ R) — /R @ (i‘r«,/R)@—1

which may be obtained as follows. Given (E,w) over R, R 3 1/6 , then there
are unique meromorphic functions with poles only along the identity section,
of orders 2 and 3 respectively, X and Y on E such that w= dX/Y and such

that E is defined by (inhomogeneous) equation
2 3
¥ =X - g X - gy, gy> 83 € R

(wvhen R=C , we have X = P(z3L), Y = P'{z;L) , I the lattice of periods
of w) . To specify the dependence on w , let's write X(B,w), ¥(E,uw),

gz(E,w), g3(E,m) . By uniqueness, we necessarily have

X(EAw) = X-Q-Y(E,w)

Y(E ) = 7\-3°Y(E,m)
Al.2.2 i
82 (E ,7‘-0’) =M\ g2 (E’w)

83 (B 3}\‘*’) >\-6g3(Esw)

But over any base-ring R , the first de Rham cohomology of an elliptic
curve E/R is nothing other than the module of differentials on E/R having
at worst double poles at « (i.e. along the identity section). More precisely,

the inclusion of the de Rham complex O’E —_— Qé /R in the complex

Dgle) — i /p(2)
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induces an isomorphism on HY . Because ' (E, OE(°°)) =0= Hl(E,n%/R(Zoo )) =0

for i >0 , we have

]Hl(E, 0E(oo) — n}l:/R(em)) Coker(HO(E, 6E(oo)) —_ HO(E,;%/R(zm))

Al.2.3 Coker(R —2— HO(E,O%/R(Z ©)))

HO(E, 05 (2 ) -

If we suppose 6 +to be invertible in R , then as soon as we choose a
nowhere vanishing differential w on E , we may canonically specify a basis
1
of Hl(E,nE/R(Qoo )) , namely

_ d&X(E,w _ o X(E,w) -dX(E,w
Al1.2.4 © = FlErw and 1 = X(E,w)'w = Y(E,u .

Replacing w by Aw , A € RX, has the effect of replacing this basis by

_ d&X(B,\w -1 _ X(E,\w)dX(E A
Al.2.5 )\.m——Yéf’)\’—wg' and A T‘__:?(E%éu-’-)—_l’

which is to say that we have defined an isomorphism
AL.2.6 5l (g/r) <== ® ot
e DR 25/~ ¥E/R

given locally on R in terms of the choice of a nowhere vanishing w by

a.m+bn<—-—>a.w@bw-l.

For every integer k > 1 , the k'th symmetric power of this isomorphism
provides an isomorphism

AL2.7  Sym S(HL(E/R)) = (%/R)g’k @ (up/p) k29 ... 0 (%/Rjg‘k .
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Al.3 The Gauss-Manin connection, and the function P

We begin by computing the Gauss-Manin connection on H%R(E/R) in the
case where R 1is the ring of holomorphic functions of T , and E is the
relative elliptic curve defined by the lattice % + Zt . The dual Hl(E/R) of

H%‘R(E/R) is R-free on the two families of paths y, and 7, :

(A1.3.1 on E_ = C/Z+ %

71

0 75 1

The Gauss-Manin connection in this context is the action VT= v (;‘—T of -(;1—1-

on H%R(E/R) given by the formula (cf.[26], L4.1.2)

d 1
(81.3.2) ] v(e) =q- [ & for te HDR(E/R) , and 1=1,2
75 75
(i.e., it is the dual of the connection on H._L(E/R) for which 7, and 7,
are the horizontal sections).
To actually compute, let's note by w (reSp. q) the cohomology classes
dx xdx

of ¥ and 5 respectively, and denote by wss i=1,2 and UPP i=1,2

the periods _[7 w and fy 1 , which we view simply as elements of R . We
i i

will also denote by 7y, and 7y, the elements of H%‘R(E/R) defined by Poincard
duality and the requirement that for any ¢ € H’%R(E/R) s j7 £ = <§,7i> .

i
Thus <72,7l> =1= -<7l,72> , and <7l,yl> = <72,72> =0 . We have

wy = <w,7i> and ng = <’q,71> for i1=1,2 . Hence we necessarily have

W= Wy, = Wy W TWN\/72 w
(41.3.3) 3 =

n= 71172 - 71271 Tll -qe 71 1

(because both sides have the same periods over both 41 and 72) .
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But the classical "period relation” of Legendre

Al-3.l'|- = 2mi

M =~ M
[which expresses that the topological cup-product <w,n> is 2wi , or equiva-

lently that the DR-cup-product <w,n 1]. This allows us to express w and

“pR™
n in terms of 141 and 75t

Y -T‘ W, @
A1.3.5 o 2) = 2 2 ( >
71 "Tll n

Applying VT , we annihilate 71 and Y5 s hence, noting % by a prime ‘' ,

-1 wl\/w - w, V)
A1.3.6 0= 2 2)( + 2 2)(1(
. .
-1y @ /\n T RANA LY
an equation we may solve using Legendre's relation:
W) g (4 X % X )
2ri
Y{n) LT WA LM YAN

I A TS VO 2“&)(‘“’ ) _

LR L P T R PO VAN

Al.3.7

At this point we must recall that W =T, wy =1 and Legendre's relation be-

i

comes: 1, - T, = 2rmi . Fed back into (Al.3.7), this information gives

Z(U) -1 nz -1 ]
A.l-3.8 = m 2 .
%(n) (y)-2ring  -n,/\n
Lemma Al.3.9. 1, =~ Z° ;2 = # P , where X' means that the term
nn (mtn)

2mit

(m=0, n=0) is omitted, and P is the function of q = e given by

Pg) =1 — 2h & cl(n)qn , where o, (n) = 5 a.
n>1 a>1,d|n
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Proof. The first follows from the definition of 1, &8s a8 period of
n = XdX/Y = P(z)dz , and the fact that n = ~df , where [ is the Weierstrauss

¢ ~-function

(A1.3.10) t(z) =%+Zn§1 {z-m%—n +m1']-+n + ’ 2} :

{mt+n)

Indeed 1, = ]7 n = fl (~a(2) = f:+l(-d§(z)) = t(z) - t(z+l) , and hence

o 0
11 o1 1 1
o =7 " z4 +§; lz-m't-n T Zemt-n+l (mrm)a}
11 -1 -1 1 i
(A1.3.11) =—-—-+Zz_____.+ {_ s 1
z z+1 mfo 5 (m'r+n)2 oZ o n2 Z=11 z+1l-n

The second equelity is ubiquitous {cf.[423], pp.154-155).

Remark Al.3.12. A similar calculation, based on the fact that the { is an

absolutely convergent double sum, hence also given by function

1 ! 1 1

T

shows that 1, = t(z) - t(z+t) = =z &' . Comparing these two formulas,

nm (mT+n)2
we see that qg(-l/r) = 'cql('r) , and hence Legendre's formula ql(r)-mz(m’) =ori

is equivalent to the transformation formuls

(-1,
(A1.3.12.2) 1?—1—/2 - () =2m ,
i.e. ﬂz('l/") = rzqz(r) + 2t

or equivalently P(-1/7) = °p(7) - é_’j;_" .
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Remark (A1.3.13). Viewing Legendre's relation as saying that <wm>pp =1,

one can prove it easily using Serre's cup-product formule, valid on any complete
nonsingular curve over € : for any dfk w and any dsk n , the cup-product
<Nq,wpp 1s given by the sum % res?(f,p'w) , where at each point P, tp

is an element of the fP-adic completion of the function field such that n= df? .
If one bears in mind that, analytically, we have n=-d{ , then the usual proof
of Legendre's relation on an elliptic curve (ef. [U6], 20.4.11) just becomes

an analytic proof of Serre's cup-product formule in that particular case.

Returning to the relative elliptic curve c/z+z T over R , we have

1r2P
V_{w) 1 3 1 w
(A1.3.14) = 5
vin) *oe 12 2Ll
9 2ri 3
Consider now the differentials Wogn = 2w 5 N, = 511-1— n , and let

=1 &_., 4
"3 ar - %%y -
Tate curve Tate(q) over €((q)) ,

) Then «  ~ 1s the canonical differential dt/t on the

n 1t
Nagn 15 the d.s.k. "dual® to Wogn iR

the sense of the splitting (Al.2.6), snd the Gauss-Manin connection on

1 s 1 -
HDR(Tate(q)/c((q))) is given in terms of w=37 w, and n=2mqg by
2
“ A/ OANN Lr 1 \/fe
V(o) =53 =—
7 v 'q) by’ 2 Ul
{ "9-1: (P°-126P) = ’13—13 /
(1.3.15)
=P =1
- 12 b Y@
’3'—2 (F°-126P) % 0
and hence is given in terms of Wogn * Togn ©Y
~P
wcgn -15 1 “ca.n
(41.3.16) v(6) =
2
Nean F-izee PE Tean
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(A1.3.17) The iscmorphism g% w2 .

Iet T be an arbitrary scheme, S a smooth T-scheme, and E/S an
elliptic curve. For any derivation D e _De;r_(S/T) and any nowhere vanishing
inveriant one-form © on E/S , we may apply V(D) to w , view V(D) as an
element of H%R(E/S) ,. and compute the cup-product <w,V(D)w> ¢ @ g + We view

this construction as defining a pairing between ]ﬁ‘_(S/T) end 9®2 s

denoting the line bundle f*n%' /S on S , or equivalently as e morphism from

2®2 to n:sL/T . The dual mapping Der(s/T) —> (le*( %))®2

is precisely
the tangent mapping of the classifying map from S to the modular stack (or
to the modular scheme M , if we rigidify the situation with a level n
structure). When this map is an isomorphism, the classifying map is etald,

and we say that E/S is "almost modular”.

Corollary Al.3.18. Consider the Tate curve Tate(q) over Z((q)) . The

image of (";eafx is the differential dg/q on X((q)) .

Proof. The assertion is that q.;can,v(e) Wogn™ = 1 - It suffices to check
- =P +
=12 Yean * Mean °

>=1, GQED.

this over €((g)) , where we have V(8) (“’ca.n) As

<w Wy > =0, and <w .

can’ “can s Tean

Al.L The Gauss-Manin connection and Serre's O operator ([41]): d'aprds Deligne

A series f£(q) € €{[a]] is (the g-expansion of) a modular form of
weight k if and only if f(q)-(‘.,c&n)®k extends to a "global" section of Q®k ,
i.e. one which is "defined" for all familles of elliptic curves /€ , or equiva-~
lently if there exist integers a,b with a~b=k such that
. ®8.. b 1" " . a+b .
£(q) (“’can) (ncan) extends to a "global" section of Symm (HER) , in
the same sense.
We now view the Gauss-Manin connection on H’;R(E/S) , where S is a
. 1 ' -
smooth T-scheme, as an arrow V: I{JJ)‘R(E/S) — H%'R(E/S)®QS/T . TIts k'th sym

metric power is a connection on Synnnk(ﬂl) s SO an arrow
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Synnnk(Hl) —_— Symmk(ﬁl)&fsl/T . If E/S is "almost" modular, we have iso-
morphism (%/TN _1,3®2 , SO we may view this last arrow as an arrow

Syma* (i) —> Sym (1) ® w®2 . Suppose now that 6 = 2:3 is invertible
in S . Then we have a splitting I-%R(E/S) ~u® 9_1 , whose k'th symmetric

m®k-23

k
power is a splitting Syxmuk(}%R(E/S)) ~ T , and we may interpret
j=0

the Gauss-Manin connection as an arrow

k k k
AL Z B2 Z B2 B2 _ Z Br22d
=0 J=0 J=0

Suppose that f is the g-expansion of a modular form of weight k.

s . - e ®a &b
Then for any integers a and b such that a-b=k , f (“’ca.n) ® (ncan)

extends to a global section of Symmaﬂ)(Hl) . Hence its image under the Gauss-
Manin connection extends to a global section of Symna*b(ﬁl) ®(_u®2 . But its

image under Gauss-Manin is

0(8 (0o P2 () ()™

)®8.—l ( i ©

b
12 “can * Tcan )

o PP (n

+ fear (wca.n can

can
® ®b-1,P%120P
) ) ( W

®2
1 Yoan * iz T]cza.n)'( can)

a
*E (“’ca.n > (Moon

a+b ~ s
which we group according to the decomposition Syxmna+b (Hl) ®92 - 5 ga+b+¢-23
J=0,

- {G(f) - (a=b)-f- i%}.(mcan)®a+2_ (T\can) &b

+ [af}'(wcan)®a+l' (ncan) Rb+1

P126P ®at ®b-1
i {bf. TanL (0ogy) =3, (1 egn) :
Thus we conclude that if f is modular of weight k=a-b , then

o(f) - kf. —1112 is modular of weight k+2 = a+2-b

(a1.4.2) af is modular of weight k = a-b

is modular of weight k+k = a+3 - (b-1) .

b £ [P2—112 op
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[Serre’s O operator is J(f) = 12 8(f) - k-P-f for f modular of weight k ,
hence of is modular of weight k+2 .)

Corollary Al.k.3. P° - 12 0P is modular of weight 4 , hence

P2-126P=E,+dgq.

Proof. Take f =1 which is modular of weight O = 1-1 , to see that PE- 12 6P

is modular of weight I . As it has constant term 1, it is necessarily ELL .

Corollary Al.k.h. (Deligne) P = GA—A , where A denotes the unique normalized

cusp form of weight 12, the discriminant (Ei’ - El;)/ 1728 .

Proof. 6(A) - A+ P is a cusp form of weight 14 and level 1 , and there are

none save zero. QED

Corollary Al.4.5. The Gauss-Manin connection on X-%R of Tate(q) over

%[1/6]1((a)) is given by

V() (“’ca.n) % 1 Yean
(A1.4.6) = . » .
v(e) (nca.n) WL 12 Aean

Proof. Yaon® Nean

have the desired assertion by transcendental means over C((q)) .

give a base of H]])‘R over Z(%)((q)) c c((a)) , and we

Remarks.
-1/12 1

/8 1/12
which is a nilpotent matrix. This shows that the canonical extension (in the

1. The value at O of the connection matrix is

senseof ( [ 8]) of I-I%R with its Gauss-Manin connection to o is given

by the free module with base Woon® Pean

2. We have (V(G))z(wcan) = 0 (because the periods of « are 1 and
2
T both killed by (a%) } , hence by Igusa [17], the Hasse-invariant has a
g-expansion f(g) € Fp[[q]] which satisfies 6°f = 0 , so writing =32 anqn s

2
we have (a,)” = 0 , hence 8,=0 , hence f =a, + apqp + ... . By direct
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calculation (of the coefficient of Xp-l in the ;%l'th power of

3-Eh(0) E6(O) 3 X 1

=Xt = ux- - it g (cf.[26], 2.3.7.14) , we compute

ay = 1, hence £ =1 mod(qp) . As the same is also true for the reduction
= P -f i
mod p of Ep-l , we have Ep—l £ mod(p,q*) , hence Ep-l £ dis a cusp form

mod p of weight p-1 and level 1 with a zero of order > p , hence vanishes
mod p . Thus Ep-l mod p is the Hasse invariant, and f£(q) is identically 1 .

(We gave Deligne's original and more conceptual proof of this fact in 2.1.)
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(a1.5) Formulas

(A1.5.0) For n>3, ﬁn is proper and smooth over Z[1/n] , and its
inverse imsge over %Z[1/n, gn] is the disjoint union of ¢(n) proper smooth
schemes with geometrically connected fibres ﬁg , one for each primitive n'th
root of unity ¢ (corresponding to the value of the e.m. pairing on the given
basis of points of order n). The z[l/n,gn] schemes ﬁ:i are non-canonically
isomorphic to each other. We give below the formulas for their (common) genus,
the (common) number of their cusps, and the degree of the invertible sheaf g .
The method of deducing such relations is very simple: one notes that by flat-
ness, the fact that ﬁg -Mg is a dis,joint union of sections, and the isomor-

phism Q®2.~_'. ml (1log "cusps") , it suffices to calculate these
_t
W/E(1/n, (]
invariants for any geometric fibre ng@k [k any algebraically closed field

containing 1/n ]. One then applies the standard Hurwitz formula to.the mor-
1

x P
other than « "is" an elliptic curve E over k , up to isomorphism. The

phism ﬁg®k —> P rovided by the j-inveriant. A closed point of ]Pi
points of ﬂg®k lying over it are the set of all level n structures on E
such that the value of the e.m. pairing on the given basis of nE is ¢,
modulo the natural action of Aut(BE) of nE . The cardinality of the fibre
over the point "E" is thus #SL2(Z/n Z)/# aut(E) . For j(E) #0, 1728,
Aut(E) = +1 , and hence over ]PIJ:- - {0, 1728, »} , the projection is étale of
degree #SLZ(Z/nZ)/Z . The fibre over O has #SLz(Z/nz)/6 points, and that
over 1728 has #SLQ(Z'/nZ)/Ll points. The points over « are the cusps, each
of which is ramified of degree n, hence the number of cusps is #SLZ(Z/nZ)/ 2n .
Letting X denote the topological Euler characteristic, we thus have the

formule.:

X(L®K) = #51,(B/nB) [} +§ + 2] + L0 B[1/2]- (B - (0, 1728, =) ,

i.e., X(ﬁg@k) = #SLz(Z/n Z) [% + % + —2]; - %] = #st(z/n z) - [%% . Now
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#SLZ(Z/nZ) =3 1 (1- 32) s S0 we have finally
pi|n b

(A1.5.1) Formulas

2
(11.5.2)  1-gems(i) = S2 #or,(fem = 2L0M ¢ g1y,
pin P

o o 1 n° 1
(A1.5.3) # cusps on b = Z#SI?(Z’/I’Z) = ?p]ltn (- ? 5

(A1.5.4)  aegree(w) on ﬁg = %deg(nl(log cusps)) = !2'-(23-2 + # cusps)

- G2+ L) #on, (@/nz)

= 511; #SL, (8/nZ) .

(A1.5.5) Sample consequences

ﬂg has genus zero only for n = 3,4,5, and genus one only for n=6 .,
We always have deg(Q®2) > 2g-2 , but deg(w) > 2g~2 only for 3<n <1.
For n = 3,4,5, ﬁg is a @t , hence y is uniquely determined by its
degree; 2=0(l) on ﬁg, c_.,=0'(2) on ﬁﬁ, g=0(5) on %.
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Appendix 2 - Frobenius

In this appendix we will explain the relation between the Frobenius
endomorphism on p-adic modular forms and the action of Frobenius on the de Rham

cohomology of "the" universal elliptic curve.

(A2.0) Let R be a p-adically complete ring, E/R an elliptie curve which
modulo p has invertible Hasse invariant, and HCE its canonical subgroup.

Let E' =E/H , and let 7: E —> E' denote the projection. Then 7 induces

an Re-morphism T : H%‘R(E'/R) _— }%R(E/R) . Suppose now thet R=M(W(F,),1,,0),
the ring of p-adic modular functions of level n defined over W(]Fq) , where q
is a power of p such that g =1l mod n . Let E/R be the universal curve
with level n structure, such that Hasse is invertible mod p . As E' = E/H

is a curve over R with level n structure and Hasse invertible mod p , it is
"classified" by a unique homomorphism ¢@: R —> R such that E' = E(q’) .

This homomorphism ¢ is precisely the Frobenius endomorphism of the ring

M(w( Fq ),1,n,0) defined in [11] (the "Deligne-Tate mapping”). The induced
homomorphism ‘IT*: H%R(E'/R) = H]])'R(E(q))/R) = (HJ‘(E/R))(q’) — I-%R(E/R) gives a
¢~linear endomorphism of H%R(E/R) , which we denote F(g) = Tr*ocp-l (to be
compatible with the notations of [25]). Because 7r* is induced by an R~morphism
E —> E' , the endomorphism F(¢p) respects the Hodge filtration

1

0 ~—> w—> l—[ll)R(E/R) —> 4y —>0 , and thus induces g-linear endomorphisms

(sti1l noted F(p)) of w and of 2'1 .

Lemma (A2.1). On w, Flg) =pp ; on Q-l , Flo) =9.

Proof. (We will suppress the level n structures, for simplicity.) ILet £ be
a section of g . Then f(E,w):w is a section of n%‘/R . By definition,
o(f) is the section f(E/H, T (w))-w of n%‘/R . Because 7 is étale and
E/H = 5 (@) , we have 7 (w) = rw® with A invertible in R . Thus

£(B/H, T (W) w = f(E(q’), xw(q’))-m = )\-l-(p(f(E,w))'m . On the other hand,
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P(0) (£(8,0) 222 (22,00 0P) = o(2(E,) -7 (P = ol2(5,)- B, [the
last equality because pw = [p](w) = 77 (@) = (e u(®) = aer* ({7 .
Thus F(¢) = pp as g-linear endomorphism.

Similerly, for o' , a section f is a section £(E,w)-w . of
H'(E, 0p) , and () is the section £(E/H, T (W) 0 of KY(E, O . But
as before E/H =E® , 7°(w) =Aw with A invertible in R , and so o(£)
is the section x-cp(f(E,w))-w'l . But
(o) (2(E,0) ) = 7% (0(# (B0 (6 () = o2, 7 ()@ . 5o ve mst
show that 7 (w1)(® = -0l , or by Serre duality, that ) = aw,

which was the definition of A . QED

A2,2 Calculation at «

The canonical subgroup of Tate(q) over Z({q)) is Fp 2 and the
quotient is Tate(q®) = Tate(q) (9) , where (gf)(q) = £(q®) . Thus we also
have a ¢@-linear endomorphism of }%R(Tate(q)/x((q)) . Passing to €((q)) and
viewing the situation analytically, Woon becomes the differential 2midz on
c/z + Zt , and the canonical subgroup becomes %z/z . The quotient is
c/% Z+Zt P C/Z + Z-pt . In terms of the bases y,(7) , 1=1,2 and
7i(p1‘) » 1=1,2 of H , we have 1r71(1:) = 7l(p'r) s 7(72(1)) = pya(p'r) .

Tt follows that ﬂ*(mcan(qp)) = w*((mcan(q))(q’)) = pewy,(a) becsnse both

have the same periods:

*
I 7 (wcan(qp)) = [ wcan(qp) = [ wcan(qp) = pT
71(7) T, 7, (7)
A2.,2.1
Jomlag (@) = [ w (@ = [ e @) =p.
7,(7) Ty p-7,(p7)
2 2 2
By functionality, F(cp) respects the Gauss-Manin connection, and
v(e) (“’ca.n) = ig Wogn * Moy 1S the mnique (up to scalars) element of

I-%R(Tate(q)/z( (a))) killed by V(0) (as a direct calculation shows - indeed
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by (ALL.6 ), this rank two differential equation over € has non-trivial
{unipotent) monodrony around g = O , hence has at most one solution which is

single~valued at gq = 0). It follows that

(az.2.2) (o) (v(e)(wcan)) = a-V(Q)wcan for some a & 2 ; explicitly,

(a2.2.3) ﬂvr (w (q))) + T (n(q’)) = 12 Wogn + &' MNggy » Whence

can

(2.2.8)  Flo)(ny,) = BEB=L 1y

12 can

v . < R
Because w_ . and (6)(.)%1l give a base of HY such that Wognh (O)u»can is

a constant base of H2 , the fact that 7 has degree p shows that a=1, so

a2.2.5) Flo) (nca.n) = m&_g)_-j Yoan ¥ Mean °

Thus the matrix of F(p) on Hl(Ta.te(q)/z[l/6]((q))) is given by

F(o) (m 0 Yopn
(a2.2.6)
F(9) (nypy) Pﬂt_ 1/ \n
To give formulas valid over Z((g)) , we use the base w,, v(6) (w ) of
1 (Tate(q)/2((q))) 3 we have
Fo) (wyyy) P O\/ @y
#2.2.7) = .
F(o) (V(6) ("’can)) 0 1/\¥(6)(u,,,)

A2,3 'The "canonical direction” in I‘%R (a special case of [25], [13])

We return to the universal situation R = M(W(IFq) ,1,n,0) , E/R uni-
versel. In terms of a base w, n of HIl)R(E/R) adopted to the Hodge filtration,

the matrix of F(p) has the shape:
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© /A Oo\/w A € R invertible
with —
CeR

(A2.3.1) F(q))(
7 C  Af\n

An argument of successive approximation shows that there is a unique element

f € R such that F(p)(n+fw) € R-(n +fw) 3 indeed

(a2.3.2) Fp)(n+fw) =cu+ )\.q+(p(f)£' w={c+ % e(£)Jw+rg ,
so we want f € R to satisfy

B -
(A2.3.3) te. PR o) = .

f=%+f§¢(f)

Let us define a mapping T: R —>R by T(£f) = % + P-é— o(f) . It is immediate
A

that T is a contraction mapping of R in its p-adic topology, so has a

unique fixed point 1im T°(0) , which is explicitly given by

nfn-l}
n 2 n
A2.3.4) =S4 Z Do (1/2) -9 (e)
( ‘ ’ » n>1 cv—g-—lngﬂ(x)

Of course, the choice of base is not canonical, nor need there exist a global
basis (over all of R), but the given construction does construct an F(p)-splitting
of the Hodge filtration

-

k .
(A2.3.5) 0 —> w—> }%R(E/R) wl—o0.

Looking at « , we see that in terms of the base w ., v(e) (mca.n) of
- (Tate(q)/Z({q)) , we have simply “"constructed" the vector V{(8)(w_ ) , which
R > —— can’ ?

is indeed fixed by F{p) . Hence we have proven

w (Dwork) Let ﬁn(W(IE‘q) ,1) denote the formal scheme over
W(]Fq) which mod p° is the open subset of ﬁn®wm(n~“q) where Ep-l is

invertible. The locally free rank two module on Mn(W(]Fq,l)) given by
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H%R(E/Mn(w(]Fq) ,1)) admits a locally free extension I%R(E/ﬁn(w(]Fq) ,1))
which along any cusp is the W(E‘q)([q}] submodule of Hl(Ta.te(qn)/W(]Fq)((q)))

spanned by w

oan 204 DY v(8) (wca.n) . The Gauss-Manin connection over

Mn(w(qu) ,1) extends to a "connection with logarithmic poles" over ﬁn(W(Fq,l)) R
and the g-linear endomorphism F(p) over Mn(w(]Fq) ,1) extends to a g-linear
endomorphism, still noted F(p) , over all of ﬁn(W(]Fq) 51)  (ef(A2.2.6) and
(A2.2.7) for the explicit formulas defining these extensions). There is a

canonical F((p) ~stable splitting of the Hodge filtration

SRS
00— y —> H%R(E/Mn( W (Fq),l)) —>u

—> 0, (the image of which we
denote U C }%R(E/ﬁn(w(mq),l)); it is a horizontal (by unicity!) F(g)-stable

rank one submodule).

A2,y P as a p-adic modular form of weight 2

Suppose now that p # 2,3 . Let R be any ring in which p is nil-
potent, E/R an elliptic curve whose Hasse invariant modulo p is invertible,
and UC H%R(E/R) the inverse image of the canonical rank one submodule con-
structed above. (Strictly speaking, we must first choose a level n structure
for some n >3 prime to p defined over an étale over-ring R' of R, and
check that the U obtained in Hl(ER,/R') descends to a U C Hl(E/R) which
is independent of choices.) Let « be a nowhere-vanishing differential on E/R
(which in any case exists locaelly on R) , and let 7 be the corresponding
differential of the second kind (i.e. w = % sy M = % as explained in
(A1.2.4)). Because - R'w + U, we see that if u € U is a base of U
(which in any case exists locally on R) then the de Rham cup-product <w,u>

is invertible on R . We may then define a "function" P by the formula
B =12 v
(A2.4.1) P(E/R,w) = 1o gt~ for any base u of U.
b4

Clearly the right-hand expression is independent of the choice of base u of

U , and the effect of replacing w by Aw , A € R® is to replace 17 by A-ln s
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nence B(E/R,Aw) = N"°B(E/R,w) . Hence B is a p-adic modular form of weight

two and level one. Its gq-expansion is

) = 12 Neans™ = 12 <nca.n’v(6)(mcan)>
Wopn Woan V(6){ “’can) >

A2.h.2 P(Tate(q) "Woan

because, formally at « , U is spanned by V(@) (wca.n) . If we denote by P(q)

the series 1 - 24¥ ol(n)qn , then by (Al.3.16) we have

(0) () = 2

> can * Noan + Substituting into (A2.4,2) gives
~ <ﬂcan’-_§iégl Yoan * Ncan” 12-P(q) Nean?Yean”
(a2.4.3) P(Tate(q),w_ ) =12 =
can P 12 <, , 10, >
< .= S can’ lcan

can? 12 wcan+ncan
= P(q) .

This provides a modular proof that P is p-adically modular.
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Appendix 3: Hecke polynomials, coherent cohamology, and U

In this final appendix, we explain the relation between Hecke poly-
nomials mod p, coherent cohomology, and the endomorphism U of S(R,r,n,0)®K

(notations as in (3.11)).

(A3.1.0) Let us begin by computing the trace of o , using the Dwork-Monsky
fixed point formula. For simplicity, we take R to have residue field I‘p .
Let Rm be its unramified extension of degree m , and Km the fraction field
of R . The endomorphism ¢ acts on the points of ﬁn( ]Fp,l) with values

in the algebraic closure f‘p of ]Fp as the relative Frobenius. For each
integer m > 1 we denote by T: the set of ﬁp ~valued points of ﬁn(]Fp,l)
which ave fixed by the m'th iterate ¢ , i.e., T is the set of T p-velued
points of ﬁn(rp ,1) . It is known (cf.[36]) that each element of ‘I‘n‘? 1ifts
to a unique Rm-valued point of the formal scheme ﬁn(R,l) which is fixed by o.
We denote by T the set of such g-fixed R -valued points of ﬁn(R,l) (so

T = T: by reduction mod P ). The tangent space to ﬁn(R,l) at a point
t e 'I.‘m is a free Rm-module of rank one, on which cpm acts as an Rm-linea.r
endomorphism. We denote by dgpm(t) €R its "matrix". The Dwork-Monsky
trace formula [36] is as follows:

(A3.1.1) trace(U") = Z -Lodgi(y)

ter P 1-dgi(t)

It remains to determine the "local terms" in this formula. We begin
with the cusps, i.e., the points t € Tm whose image to € T; is a cusp of
ﬁn(Fq ,1) . Then, as we have seen, the overlying point t eTm is itself a cusp
of ﬁn(Rm,l) , the completion of its local ring is Rm[[q]] , and the action
of cpm is given by q —> qpm , whose linear term is zero. Hence dq)m(t) =0
at the cusps.

Now suppose t € Tm is not a cusp. Then the corresponding elliptic

t

curve E, is the so~called canonical 1lifting of its reduction Et (because
o
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the m'th iterate of the Frobenius endamorphism of Eto 1ifts to an endomorphism

of Et , nemely m-fold division by the canonical subgroup ~{cf.Messing [34]).

In this case it is known that the completion of the local ring at + dis iso-
morphic to Rm[[X]] , where 1+X is the Serre-Tate parameter (cf. ft note, p.186).
Let Q € Z; = a(m,to) be the "matrix" of the action of the automorphism "pm-th
power" acting on the Tate module Tp(Eto(f'P }) of the reduced curve. Then
(cf.Messing [34]), the action of cpm on Rm[[x]] is the one sending

1+X —> (1+X)pm/(x2 , hence dcpm(t) = p’:n/ot(m,‘l:c,)2 . Combining all this, we

find the formula

(A3.1.2) trace(U™) = Z S SE—

t €T, " - cx(m,to)2
t not a cusp .

Denoting by 'I‘l’nO the set of F , -valued points of Mn(]Fp,l) , i.e. the set of
P

ordinary elliptic curves over ]FPm with level n structure, we have

(83.1.3) trace(U™) = Z

1
m 2
t, € ‘Igo P - Ot(m,to)

The next step is to assemble this data into an expression for the
Fredholm determinant det(l-tU) as a product of L-series on Mn(]Fp ,1) . For
any closed point x of Mn(]Fp ,1) (i.e., an orbit of Gal(]Fp /Fp) acting
on the f‘p— valued ppints of Mn(]Fp »1)) , we define a(x) = a(deg(x),X) ,
where Xx is any ]Fp deg(x) -valued point of Mn(]Fp ,1) lying over x . For
each integer r , the L-series L(Mn(]["p ,1);053t) is the element of zp[[t}]

given by the infinite product over all closed points x of Mn( ]Fp »1)

-1
(A3.1.4) T (l-ar(x)-tdeg(x)) .
b 4
An elementary calculation now yields the following identity.

Identity A3.1.5
det (1L-tU) = @ L(Mn(]I"p »1) ,a'z(rﬂ) ,p°t) (which is the key point
r>0
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of [12]). It shows independently of (3.11.7) that det(1l-tU) 1ies in zp[[t]] ,

and gives as a corollary the following congruence formula.

Corollary A3.1.6.  det(1-tU) = L(M (¥ ,1), o3 4) modulo p5 )] .

Proof. the term with r=0 remains modulo p, and modulo p the characters
a'2 and ap-3 are equal, hence give L-series which coincide mod p .

But the character ao =0 mod p 1is the one associated to the locally

constant rank-one ]FP ~ etalé sheaf le*]Fp , and the L-series

-3 se s 1 ®p-3
L(Mn(]Fp ,1), ozg ,t) dis just the L-series L(Mn(IFP ,1), (® f*]Fp) P-3 t)
associated to (le*mp PP3 n (4.1.1).

[N=B the apparent inversion is due to the fact that O describes the
action of the arithmetic Frobenius on the etalé quotient of Ker p , and hence
by duality it is the action of the geometric Frobenius on its dual le*]Fp .l

Furthermore, the sheaf le*]Fp extends to a locally constant rank-one
F - etalé sheaf on M (T ,1) , and the value of the extended character (still

P n'p —
denoted OLO) is 1 at each cusp (cf.(4.2.1)). Thus we have
- d - 1 & p-
A3.0.7) 104 (F, 00036 = [n (1-+%8 M (w,1), (R, ® B3 ).
nop 0 x closed L 4 P

point among
the cusps

Q3.2.! Let Hiomp denote the etalé cohomology groups with compact supports
i = = Bp- . =
Hcomp(Mn(Fp ,1) ,(R]T*JFP) P 3) , which are Gal(FP / ]Fp)-modules over ]Fp .
1
Only Hcmp is £0 . Let Fge

automorphism x —> xP . According to {[47]), we have the formula

om € Ga.l(]Fp /]Fp) denote the inverse of the

(a3.2.1) L(ﬁn(mp ,1),(1111‘*11?p )®P'3,t) = det(1l-t F Iﬂimp) .

geom

By (b.2.2), the invertible sheaf with p-linear "automorphism" corresponding to
(le*]Fp )®p-3 is (93—p,q5) over ﬁn(IFP ,1) . But the pair (9®3-p,<p)
extends to an invertible sheaf with p-linear endomorphism on all of ﬁn® ]Fp s

namely to the invertible sheaf 9@3-}) on D_'in® IE‘P » with p-linear endomorphism
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5: %) N _u_:®3-p
given by

7 g —> APT3.gP

where A = Ep-l mod p denotes the Hasse invariant e I‘(b—dn® IFP ’9®P-l) ,
(campare g-expansions!)
Because this extended endomorphism vanishes at the fibres outside

Mn(]Fp ,1) , we have an isomorphism

(a3.2.2) Hz 2= the fixed points of ¢ acting p-linearly on

iz o %3P
H (Mn®]Fp »W )

under which the action of the arithmetic Frobenius on Hz is its obvious

action on the fixed points of 5 . It follows formally that we have the
identity

i - = ® 3=
n3.2.3) det(1-t FgeomIHcomp) = det(l- tplH (Mn®Fp sw 3 Py .

Putting this all together, we have the following congruence relation
modulo p Zp[[t]] .

(a3.2.4)  det(1-tU) = [ T (1 - t3%€ Xy.det(1 - to|H (M O F ,98’3‘1’)),
x closed n P

point lying
among the cusps

(a3.3) We now wish to calculate the determinant of g on Hl(l\_dn® ]Fp ’2®3"P)
by using Serre duality and the Cartier operator. For this it is convenient
to abstract the situation slightly in the following lemma - in which X is
M® E,, X 1s W®P3 g B 18 AP73,

Lemma A3.3.1. Let X bYe a projective smooth curve over Fp , o =an invertible

sheaf, and B a section of 2% e composition

(A3.3.2) Lod 2> <-®P®n}1(—i> £ og



185
Ka-117

(where C is the Cartier operation, defined locally by C(£P®u) = 2®C(w))
induces an endomorphism of HO(X, I ® al) which is dual to the endamorphism
of H(X,£."1) induced by the endcmorphism £ —> B(£)? of £ T .

Proof. We begin by remarking that although X C > " need not be geo-
metrically connected, Serre duality on »° gives a perfect pairing between
(X, ) end Ext]g;:(.; ,ng‘() with values in ff’(mn,n’;n) == F, for any co-
herent Fon X, which just as in the usual case may be camputed via repartitions
and residues. The desired duality now follows from the fact that if x € X

is a closed point, and 2 and ¢ are meromorphic sections of .( -1 and

e nl , then residuex(B- (£)Pe8) = (resiclu.ex(t-C(Bg)))p , (the usual Cartier

formula applied to the one-form B(g)Fe) . QED
Lemms A3:3.3. Teke X =N T, L= W k>0, and B =A% in the

previous lemma. Under the isomorphism

® 2k ®2k+2

Ho(ﬁn® ]Fi),g ®nl) 2’Ho(ﬁn® ]Fp »w ® I(cusps)) = the space of cusp forms

of level n and weight 2k+2 over ]Fp , the endomorphism ¢ —> C(Aakg) is

the Hecke operator Tp .

Proof. It suffices to check the g-expansions. But in terms of g-expansions
®2
w

k+1
, if ¢ in g-expansion is f{q) (%q)

®(2kp+2)/
then C(Akg) in g-expansion is C(f(q)-(df‘)

and the isomorphism n)];(log cusps) =

2 Rk
st

) =c(e(a)gh- (Gh

But if f(q) =% a.nqn s C(f(q)%) =3 (a,lm)l/p-qn %‘ . Comparing this with
the explicit formula (1.11.1.2) for Tp gives the desired result (because

=0 (1) . QED

Putting this all together, we obtain the congruence relation

mod p zp[[t]] :
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- deg x .
det(1~t0) = [ 1 (1-t Y+detf 1~tT |cusp forms of weight p-1
X closed P and level n
point lying
among the cusps
(43.3.3) ne P

det {1—tT cusp forms of weight p-l) = det(l-t-coAP‘3lH°(ﬁ ®T ,Q®P‘3®nl))
\ P and level n n P

This formula is the starting point for recent work of Adolphson [0].

FOOTNOTE : the first new sentence on page 182 is incorrect, though the tangent calcula-
tion we deduce from it is correct. The difficulty is that the Serre-Tate parameter is
not "rational" over Rm, but only over R_, the completion of the maximal unramified ex-
tension of R. "However, if we view t as defining, by extension of scalars, a rational
point of En(R“,l), then the completion of its local ring is indeed isomorphic to

R (XN , where 1+X is the Serre-Tate parameter (cf. Messing [34]). Further, the R -
linear endomorphism of R_[[X]] deduced from d)m by extension of scalars is given by

L
1+x e (1+x)P /o , in the notation of page 182, and the formula (A3.1.2) remains true.
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