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Introduction 

Model categories and their homotopy categories 

A model category is Quillen’s axiomatization of a place in which you can “do 
homotopy theory” [52]. Homotopy theory often involves treating homotopic maps 
as though they were the same map, but a homotopy relation on maps is not the 
starting point for abstract homotopy theory. Instead, homotopy theory comes from 
choosing a class of maps, called weak equivalences, and studying the passage to 
the homotopy category, which is the category obtained by localizing with respect 
to the weak equivalences, i.e., by making the weak equivalences into isomorphisms 
(see Definition 8.3.2). A model category is a category together with a class of 
maps called weak equivalences plus two other classes of maps (called cofibrations 
and fibrations) satisfying five axioms (see Definition 7.1.3). The cofibrations and 
fibrations of a model category allow for lifting and extending maps as needed to 
study the passage to the homotopy category. 

The homotopy category of a model category. Homotopy theory origi- 
nated in the category of topological spaces, which has unusually good technical 
properties. In this category, the homotopy relation on the set of maps between two 
objects is always an equivalence relation, and composition of homotopy classes is 
well defined. In the classical homotopy theory of topological spaces, the passage 
to the homotopy category was often described as “replacing maps with homotopy 
classes of maps”. Most work was with CW-complexes, though, and whenever a 
construction led to a space that was not a CW-complex the space was replaced by 
a weakly equivalent one that was. Thus, weakly equivalent spaces were recognized 
as somehow “equivalent”, even if that equivalence was never made explicit. If in- 
stead of starting with a homotopy relation we explicitly cause weak equivalences 
to become isomorphisms, then homotopic maps do become the same map (see 
Lemma 8.3.4) and in addition a cell complex weakly equivalent to a space becomes 
isomorphic to that space, which would not be true if we were simply replacing maps 
with homotopy classes of maps. 

In most model categories, the homotopy relation does not have the good prop- 
erties that it has in the category of topological spaces unless you restrict yourself 
to the subcategory of cofibrant-fibrant objects (see Definition 7.1.5). There are ac- 
tually two different homotopy relations on the set of maps between two objects X 
and Y: Left homotopy, defined using cylinder objects for X, and right homotopy, 
defined using path objects for Y (see Definition 7.3.2). For arbitrary objects X 
and Y these are different relations, and neither of them is an equivalence relation. 
However, for cofibrant-fibrant objects, the two homotopy relations are the same, 
they are equivalence relations, and composition of homotopy classes is well defined 
(see Theorem 7.4.9 and Theorem 7.5.5). Every object of a model category is weakly 
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equivalent to a cofibrant-fibrant object, and we could thus define a “homotopy cat- 
egory of cofibrant-fibrant objects” by taking the cofibrant-fibrant objects of the 
model category as our objects and homotopy classes of maps as our morphisms. 
Since a map between cofibrant-fibrant objects is a weak equivalence if and only if it 
is a homotopy equivalence (see Theorem 7.5.10 and Theorem 7.8.5), this would send 
weak equivalences to isomorphisms, and we define the classical homotopy category 
of a model category in exactly this way (see Definition 7.5.8). 

The classical homotopy category is inadequate, though, because most work 
in homotopy theory requires constructions that create objects that may not be 
cofibrant-fibrant, even if we start out with only cofibrant-fibrant objects. Thus, we 
need a “homotopy category” containing all of the objects of the model category. 
We define the Quillen homotopy category of a model category to be the localization 
of the category with respect to the class of weak equivalences (see Definition 8.3.2). 
For the class of weak equivalences of a model category, this always exists (see 
Remark 8.3.3 and Theorem 8.3.5). Thus, the Quillen homotopy category of a model 
category contains all of the objects of the model category. The classical homotopy 
category is a subcategory of the Quillen homotopy category, and the inclusion of 
the classical homotopy category in the Quillen homotopy category is an equivalence 
of categories (see Theorem 8.3.9). We refer to the Quillen homotopy category as 
simply the homotopy category. 

Homotopy function complexes. Homotopy theory involves the construc- 
tion of more than just a homotopy category. Dwyer and Kan [31, 32, 33] construct 
the simplicial localization of a category with respect to a class of weak equivalences 
as the derived functor of the functor that constructs the homotopy category. This 
is a simplicial category, i.e., a category enriched over simplicial sets, and so for each 
pair of objects there is a simplicial set that is the “function complex” of maps be- 
tween the objects. These function complexes capture the “higher order structure” 
of the homotopy theory, and taking the set of components of the function com- 
plex of maps between two objects yields the set of maps in the homotopy category 
between those objects. 

Dwyer and Kan show that if you start with a model category, then simplicial sets 
weakly equivalent to those function complexes can be constructed using cosimplicial 
or simplicial resolutions (see Definition 16.1.2) in the model category. We present a 
self-contained development of these homotopy function complexes (see Chapter 17). 
Constructing homotopy function complexes requires making an arbitrary choice of 
resolutions, but we show that the category of possible choices has a contractible 
classifying space (see Theorem 17.5.28), and so there is a distinguished homotopy 
class of homotopy equivalences between the homotopy function complexes resulting 
from different choices (see Theorem 17.5.29 and Theorem 17.5.30). 

Homotopy theory in model categories. Part 2 of this book studies model 
categories and techniques of homotopy theory in model categories. Part 2 is in- 
tended as a reference, and it logically precedes Part 1. We cover quite a bit of 
ground, but the topics discussed in Part 2 are only those that are needed for the 
discussion of localization in Part 1, fleshed out to give a reasonably complete de- 
velopment. We begin Part 2 with the definition of a model category and with the 
basic results that are by now standard (see, e.g., (52, 54, 14, 35]), but we give 
complete arguments in an attempt to make this accessible to the novice. For a 
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more complete description of the contents of Part 2, see the summary on page 103 
and the introductions to the individual chapters. For a description of Part 1, which 
discusses localizing model category structures, see below, as well as the summary 
on page 3. 

Prerequisites. The category of simplicial sets plays a central role in the homo- 
topy theory of a model category, even for model categories unrelated to simplicial 
sets. This is because a homotopy function complex between objects in a model 
category is a simplicial set (see Chapter 17). Thus, we assume that the reader has 
some familiarity with the homotopy theory of simplicial sets. For readers without 
the necessary background, we recommend the works by Curtis [18], Goerss and 
Jardine [39], and May [49]. 

Localizing model category structures 

Localizing a model category with respect to a class of maps does not mean 
making the maps into isomorphisms; instead, it means making the images of those 
maps in the homotopy category into isomorphisms (see Definition 3.1.1). Since the 
image of a map in the homotopy category is an isomorphism if and only if the 
map is a weak equivalence (see Theorem 8.3.10), localizing a model category with 
respect to a class of maps means making maps into weak equivalences. 

Localized model category structures originated in Bousfield’s work on local- 
ization with respect to homology ([8]). Given a homology theory h,, Bousfield 
established a model category structure on the category of simplicial sets in which 
the weak equivalences were the maps that induced isomorphisms of all homology 
groups. A space (i.e., a simplicial set) W was defined to be local with respect 
to h, if it was a Kan complex such that every map f: X — Y that induced 
isomorphisms f,: h,X ~ h,.Y of homology groups also induced an isomorphism 
f*: n(¥,W) = a(X, W) of the sets of homotopy classes of maps to W. In Bous- 
field’s model category structure, a space was fibrant if and only if it was local with 
respect to h,. 

The problem that led to Bousfield’s model category structure was that of con- 
structing a localization functor for a homology theory. That is, given a homology 
theory h,, the problem was to define for each space X a local space La,X and a 
natural homology equivalence X — L,,X. There had been a number of partial 
solutions to this problem (perhaps the most complete being that of Bousfield and 
Kan [14]), but each of these was valid only for some special class of spaces, and 
only for certain homology theories. In [8], Bousfield constructed a functorial h,- 
localization for an arbitrary homology theory h, and for every simplicial set. In 
Bousfield’s model category structure, a fibrant approximation to a space (i.e., a 
weak equivalence from a space to a fibrant space) was exactly a localization of that 
space with respect to h,. 

Some years later, Bousfield [9, 10, 11, 12] and Dror Farjoun [20, 22, 24] 
independently considered the notion of localizing spaces with respect to an arbitrary 
map, with a definition of “local” slightly different from that used in [8]: Given a 
map of spaces f: A > B, aspace W was defined to be f-local if f induced a weak 
equivalence of mapping spaces f*: Map(B,W) = Map(A, W) (rather than just a 
bijection on components, i.e., an isomorphism of the sets of homotopy classes of 
maps), and a map g: X — Y was defined to be an f-local equivalence if for every f- 
local space W the induced map of mapping spaces g*: Map(Y,W) — Map( xX, W) 
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was a weak equivalence. An f-localization of a space X was then an f-local space 
LyX together with an f-local equivalence X — LyX. Bousfield and Dror Farjoun 
constructed f-localization functors for an arbitrary map f of spaces. 

Given a map f: A — B of spaces, we construct in Chapters 1 and 2 an f- 
local model category structure on the category of spaces. That is, we construct a 
model category structure on the category of spaces in which the weak equivalences 
are the f-local equivalences, and in which an f-localization functor is a fibrant 
approximation functor for the f-local model category. In Chapter 4 we extend 
this to establish S-local model category structures for an arbitrary set S of maps 
in a left proper (see Definition 13.1.1) cellular model category (see page xiii and 
Chapter 12). 

Constructing the localized model category structure. Once we've es- 
tablished the localized model category structure, a localization of an object in the 
category will be exactly a fibrant approximation to that object in the localized 
model category, but it turns out that we must first define a natural localization of 
every object in order to establish the localized model category structure. The rea- 
son for this is that we use the localization functor to identify the local equivalences: 
A map is a local equivalence if and only if its localization is a weak equivalence (see 
Theorem 3.2.18). 

The model categories with which we work are all cofibrantly generated model 
categories (see Definition 11.1.2). That is, there is a set J of cofibrations and a set 
J of trivial cofibrations such that 

e a map is a trivial fibration if and only if it has the right lifting property 
with respect to every element of J, 

e a map is a fibration if and only if it has the right lifting property with 
respect to every element of J, and 

e both of the sets J and J permit the small object argument (see Defini- 
tion 10.5.15). 

For example, in the category Top of (unpointed) topological spaces (see Nota- 
tion 1.1.4), we can take for J the set of inclusions S*~! — D” for n > 0 and for J 
the set of inclusions |A[n, k]| > |A[n]| for n > 0 and 0 <k <n. The left Bousfield 
localization LyTop of Top with respect to a map f in Top (see Definition 3.3.1) 
will have the same class of cofibrations as the standard model category structure 
on Top, and so the set J of generating cofibrations for Top can serve as a set of gen- 
erating cofibrations for LyTop. The difficulty lies in finding a set Jy of generating 
trivial cofibrations for LyTop. 

A first thought might be to let Js be the collection of all cofibrations that are 
f-local equivalences, since the fibrations of LyTop are defined to be the maps with 
the right lifting property with respect to all such maps, but then Jy would not be 
a set. The problem is to find a subcollection J; of the class of all cofibrations that 
are f-local equivalences such that 

e a map has the right lifting property with respect to every element of J; if 

and only if it has the right lifting property with respect to every cofibration 
that is an f-local equivalence, and 

e the collection Js forms a set. 

That is the problem that is solved by the Bousfield-Smith cardinality argument. 
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The Bousfield-Smith cardinality argument. Every map in Top has a cofi- 
brant approximation (see Definition 8.1.22) that is moreover an inclusion of cell 
complexes (see Definition 10.7.1 and Proposition 11.2.8). Since Top is left proper 
(see Definition 13.1.1), this implies that for a map to have the right lifting property 
with respect to all cofibrations that are f-local equivalences, it is sufficient that it 
have the right lifting property with respect to all inclusions of cell complexes that 
are f-local equivalences (see Proposition 13.2.1). 

If we choose a fixed cardinal -y, then the collection of homeomorphism classes 
of cell complexes of size no larger than yy forms a set. The cardinality argument 
shows that there exists a cardinal y such that a map has the right lifting property 
with respect to all inclusions of cell complexes that are f-local equivalences if and 
only if it has the right lifting property with respect to all such inclusions between 
cell complexes of size no larger than y. Thus, we can take as our set J; a set of 
representatives of the isomorphism classes of such “small enough” inclusions of cell 
complexes. 

Our localization functor Ly is defined by choosing a set of inclusions of cell 

complexes A{f} and then attaching the codomains of the elements of A{f} to a 
space by all possible maps from the domains of the elements of A{f}, and then 
repeating this an infinite number of times (see Section 1.3). In order to make the 
cardinality argument, we need to find a cardinal -y such that 

(1) if X is a cell complex, then every subcomplex of its localization LyX of 
size at most ‘+ is contained in the localization of a subcomplex of X of size 
at most yy, and 

(2) if X is a cell complex of size at most y, then LyX is also of size at most 
Y- 

We are able to do this because 

(1) every map from a closed cell to a cell complex factors through a finite 
subcomplex of the cell complex (see Corollary 10.7.7), and 

(2) given two cell complexes, there is an upper bound on the cardinal of the 
set of continuous maps between them, and this upper bound depends only 
on the size of the cell complexes 

(see Section 2.3). 

Cellular model categories. Suppose now that M is a cofibrantly generated 
model category and that we wish to localize M with respect to a set S of maps in 
M (see Definition 3.3.1). If I is a set of generating cofibrations for M, then 

e we define a relative cell complex to be a map built by repeatedly attach- 
ing codomains of elements of J along maps of their domains (see Defini- 
tion 10.5.8), 

e we define a cell complex to be the codomain of a relative cell complex 
whose domain is the initial object of M, and 

e we define an inclusion of cell complexes to be a relative cell complex whose 
domain is a cell complex. 

(If M = Top, the category of topological spaces, our set J of generating cofibrations 
is the set of inclusions S’—1 — D” for n > 0, and so a cell complex is a space built by 
repeatedly attaching disks along maps of their boundary spheres.) In such a model 
category, every map has a cofibrant approximation (see Definition 8.1.22) that is an 
inclusion of cell complexes (see Proposition 11.2.8). Thus, if we assume that © is 
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left proper (see Definition 13.1.1), then for a map to have the right lifting property 
with respect to all cofibrations that are S-local equivalences, it is sufficient that it 
have the right lifting property with respect to all inclusions of cell complexes that 
are S-local equivalences (see Proposition 13.2.1). In order to make the cardinality 
argument, though, we need to assume that maps between cell complexes in M are 
sufficiently well behaved; this leads us to the definition of a cellular model category 
(see Definition 12.1.1). 

A cellular model category is a cofibrantly generated model category with addi- 
tional properties that ensure that 

e the intersection of a pair of subcomplexes (see Definition 12.2.5) of a cell 

complex exists (see Theorem 12.2.6), 
e there is a cardinal o (called the size of the cells of M; see Definition 12.3.3) 

such that if X ‘is a cell complex of size 7, then any map from X to a 
cell complex factors through a subcomplex of size at most or (see Theo- 
rem 12.3.1), and 

e if X is a cell complex, then there is a cardinal 7 such that if Y is a cell 
complex of size v (v > 2), then the set M(X,Y) has cardinal at most v” 
(see Proposition 12.5.1). 

Fortunately, these properties follow from a rather minimal set of conditions on the 
model category M (see Definition 12.1.1), satisfied by almost all model categories 
that come up in practice. 

Left localization and right localization. There are two types of morphisms 
of model categories: Left Quillen functors and right Quillen functors (see Defini- 
tion 8.5.2). The localizations that we have been discussing are all left localizations, 
because the functor from the original model category to the localized model cate- 
gory is a left Quillen functor that is initial among left Quillen functors whose total 
left derived functor takes the images of the designated maps into isomorphisms in 
the homotopy category (see Definition 3.1.1). There is an analogous notion of right 
localization. 

Given a CW-complex A, Dror Farjoun [20, 21, 23, 24] defines a map of 
topological spaces f: X — Y to be an A-cellular equivalence if the induced map 
of function spaces f,: Map(A,X) — Map(A,Y) is a weak equivalence. He also 
defines the class of A-cellular spaces to be the smallest class of cofibrant spaces that 
contains A and is closed under weak equivalences and homotopy colimits. We show 
in Theorem 5.1.1 and Theorem 5.1.6 that this is an example of a right localization, 
i.e., that there is a model category structure in which the weak equivalences are 
the A-cellular equivalences and in which the cofibrant objects are the A-cellular 
spaces. In fact, we do this for an arbitrary right proper cellular model category 
(see Theorem 5.1.1 and Theorem 5.1.6). 

The situation here is not as satisfying as it is for left localizations, though. 
The left localizations that we construct for left proper cellular model categories 
are again left proper cellular model categories (see Theorem 4.1.1), but the right 
localizations that we construct for right proper cellular model categories need not 
even be cofibrantly generated if not every object of the model category is fibrant. 
However, if every object is fibrant, then a right localization will again be right 
proper cellular with every object fibrant; see Theorem 5.1.1. 
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Part 1 

Localization of Model Category 
Structures 





Summary of Part 1 

Part 1 contains our discussion of localization of model categories. Throughout 
Part 1 we freely use the results of Part 2, which is our reference for techniques of 
homotopy theory in model categories, and which logically precedes Part 1. 

In Chapters 1 and 2 we discuss localization in a category of spaces. We work 
in parallel in four different categories: 

e The category of (unpointed) topological spaces. 
e The category of pointed topological spaces. 
e The category of (unpointed) simplicial sets. 

e The category of pointed simplicial sets. 

Given a map f, in Chapter 1 we discuss f-local spaces, f-local equivalences, and 
f-localizations of spaces. We construct an f-localization functor, as well as a con- 
tinuous version of the f-localization functor. We discuss commuting localizations 
with the total singular complex and geometric realization functors, and compare 
localizations in a category of pointed spaces with localizations in a category of 
unpointed spaces. 

In Chapter 2 we establish a model category structure on the category of spaces 
in which the weak equivalences are the f-loca] equivalences and the fibrant ob- 
jects are the f-local spaces. This requires a careful analysis of the cell complexes 
constructed by the f-localization functor defined in Chapter 1, and the main argu- 
ment involves studying the cardinality of the set of cells in the localization of a cell 
complex. 

In Chapter 3 we define left and right localizations of a model category M with 
respect to a class C of maps in M. A left localization of M with respect to € is a 
left Quillen functor defined on M that is initial among those that take the images 
in the homotopy category of the elements of © into isomorphisms. A right locali- 
zation is the analogous notion for right Quillen functors. We also define Bousfield 
localizations, which are localizations obtained by constructing a new model cate- 
gory structure on the original underlying category. (The localization of Chapter 2 
is a left Bousfield localization.) We discuss local objects, local equivalences, and 
localization functors in this more general context. 

Chapter 4 contains our main existence results for left localizations. We show 
that if M is a left proper cellular model category, then the left Bousfield localization 
of M with respect to an arbitrary set S of maps in M exists. The proof requires 
that we first define an S-localization functor for objects of M, and then carefully 
analyze the cardinality of the set of cells in the localization of a cell complex. 

Chapter 5 contains our main existence results for right localizations. If M is 
a model category and K is a set of objects of M, then a map f: X — Y in M is 
defined to be a K-colocal equivalence if for every object A in K the induced map of 

3 
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homotopy function complexes f,: map(A,X) — map(A,Y) is a weak equivalence 
(see Definition 3.1.8). We show that if M is a right proper cellular model category 
and K is an arbitrary set of objects of M, then the right Bousfield localization of 
M with respect to the class of K-colocal equivalences exists. 

In Chapter 6 we study fiberwise localizations in a category of spaces. If M is 
a category of unpointed spaces and S is a set of maps in M, then for every map 
p: X — Z in M we construct a “fiberwise S-localization” p: X — Z of p, which is 
a map X — X over Z such that the induced map from the homotopy fiber of p to 
that of p is an S-localization. We do this by constructing an appropriate localized 
model category structure on the model category of spaces over Z. 



CHAPTER 1 

Local Spaces and Localization 

We describe our categories of spaces in Section 1.1. In Section 1.2 we define 
local spaces and local equivalences, and in Sections 1.3 and 1.4 we define a func- 
torial localization and establish some of its properties. In Section 1.5 we show that 
Postnikov approximations to a space are examples of localizations of the space. In 
Section 1.6 we investigate localizations in the categories of simplicial sets and of 
topological spaces, and the relationship between them. In Section 1.7 we construct 
a continuous variant of our localization functor, and in Section 1.8 we describe the 
relationship between localizations of pointed spaces and of unpointed spaces. 

1.1. Definitions of spaces and mapping spaces 

In Chapters 1 and 2 we will be discussing categories of spaces, where by a space 
we mean either a topological space or a simplicial set. We will be working simul- 
taneously in several different categories of spaces (topological spaces or simplicial 
sets, pointed or unpointed), and a central question will be whether a map of spaces 
induces a weak equivalence of mapping spaces. In order to discuss all of these 
categories simultaneously, we will refer uniformly to the simplicial mapping space 

(i-e., the simplicial set of maps) between two spaces no matter what the category 
of spaces. Section 1.1.1 describes exactly what we will mean by a topological space, 
Section 1.1.3 describes the various categories of topological spaces or of simplicial 
sets that we will consider, and Definition 1.1.6 describes the simplicial mapping 
space for each of these categories. 

1.1.1. Definition of a topological space. There are several different cate 
gories of topological spaces in common use, and any of these is acceptable for our 
purposes. 

NOTATION 1.1.2. We will use Top to denote some category of topological spaces 
with the following properties: 

(1) Top is closed under small colimits and small limits. 
(2) Top contains among its objects the geometric realizations of all simplicial 

sets. 

(3) If X and Y are objects of Top and K is a simplicial set, then there is a 
natural isomorphism of sets 

Top(X x |K|,¥) = Top(x,Yl*!) . 

Thus, the reader is invited to assume that Top denotes, e.g., 

e the category of compactly generated Hausdorff spaces (see, e.g., [62]), or 
e the category of compactly generated weak Hausdorff spaces (see, e.g., [37, 

Appendix A1]), or 
e some other category of spaces with our three properties (see, e.g., [(63]) 
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(see also Section 7.10.1). 

1.1.3. Our categories of spaces. We will be working with both topological 
spaces (see Section 1.1.1) and simplicial sets, and for each of these we will consider 
both the category of pointed spaces and the category of unpointed spaces. In order 
to keep the terminology concise, the word space will be used to mean either a 
topological space or a simplicial set, and we will use the following notation for our 
categories of spaces. 

NOTATION 1.1.4. We will use the following notation for our categories of spaces: 

SS: The category of simplicial sets. 
SS. : The category of pointed simplicial sets. 
Top : The category of topological spaces (see Section 1.1.1). 
Top,: The category of pointed topological spaces. 

Since much of our discussion will apply to more than one of these categories, we 
will use the following notation: 

SS(.) : Either SS or SS,. 
Top,,): Either Top or Top,. 
Spe _ : A category of unpointed spaces, i.e., either Top or SS. 
Spe, : A category of pointed spaces, i.e., either Top, or SS,. 
Spc,): Any of the categories SS, SS,, Top, or Top,. 

1.1.5. Simplicial mapping spaces. Each of our categories of spaces is a 
simplicial model category (see Definition 9.1.6), and our localization results will 
make use of the simplicial mapping space between objects in these categories. We 
will sometimes refer to the simplicial mapping space between two objects as the 
function compler between those objects. 

DEFINITION 1.1.6 (Simplicial mapping spaces). 

e If X and Y are objects of SS, then Map(X, Y) is the simplicial set with n- 
simplices the simplicial maps X x A[n] - Y and face and degeneracy maps 
induced by the standard maps between the A[n] (see Example 9.1.13). 

e If X and Y are objects of SS,, then Map(X, Y) is the simplicial set with 
n-simplices the basepoint preserving simplicial maps X A A[n]+ — Y and 
face and degeneracy maps induced by the standard maps between the 
A{n] (see Example 9.1.14). 

e If X and Y are objects of Top, then Map(X,Y) is the simplicial set 
with n-simplices the continuous functions X x |A[n]| + Y and face and 
degeneracy maps induced by the standard maps between the A[n] (see 
Example 9.1.15). 

e If X and Y are objects of Top,, then Map(X,Y) is the simplicial set 
with n-simplices the continuous functions X A |A(n]|* — Y and face and 
degeneracy maps induced by the standard maps between the A[n] (see 
Example 9.1.16). 

Note that, in all cases, Map(X,Y) is an unpointed simplicial set. 
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1.1.7. Total singular complex and geometric realization. 

DEFINITION 1.1.8. If X and Y are objects of Spc,,) (see Notation 1.1.4) and 

K isa simplicial set, then X @ K and Y* will denote the objects of SPcr) defined 
by the simplicial model category structure on Speci.) (see Example 9.1.13, Exam- 
ple 9.1.14, Example 9.1.15, and Example 9.1.16), which are characterized by the 
natural isomorphisms of sets 

Spc(.)(X @ K,Y) = SS(K, Map(X, Y)) © Spe.)(X,¥*) 
(see Definition 9.1.6). Thus, 

If Spey) =SS, then X@®K=XxK and X* = Map(K,X). 
If Spey =SS., then X@®K=XAK+t and X* = mein ,X). 
If Spe.) = Top, then X@K=Xx|K| and X* = map(|K|,X). 
If Spey.) = Top,, then X@K=XA|K|+ and X¥* =map,(|K|*,X). 

(See Definition 18.2.1.) 

LEMMA 1.1.9. Let K be an unpointed simplicial set. 

(1) If X is a topological space (either pointed or unpointed), then there is a 
natural isomorphism of (pointed or unpointed) simplicial sets Sing(X*) ~ 
(Sing X)* 

(2) IfL is a simplicial set (either pointed or unpointed), then there is a natural 
homeomorphism of (pointed or unpointed) topological spaces |L @ K | me 
|L| @ K. 

PrRooF. If X is a pointed topological space, then there are natural isomor- 
phisms 

(Sing(X*))_ = Top, ( ,X*) 

= Top, (|A[n]|*, map, (|K|*, X)) 
~ Top, (|Aln]|* a |K|*, X) 
r~ Top, (|A[n]t A K*|, X) 
mw 8S, (A[n]* A Kt, Sing X) 

~ SS, (A[n]t, (Sing X)*) 
rw ((Sing X)*) 

The proof for the unpointed case is similar. 
If L is a pointed simplicial set, then there are natural homeomorphisms 

JL@K|=|LAKt| 

= [LA |K|* 
=|LI@K . 

The proof for the unpointed case is similar. CO 

LEMMA 1.1.10. If L is a simplicial set and W is a topological space (either 
both pointed or both unpointed), then the standard adjunction of the geometric 
realization and total singular complex functors extends to a natural isomorphism 
of simplicial mapping spaces 

Map(|L|,W) = Map(L, Sing W) . 
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PROOF. This follows from the natural homeomorphism |L@A[n]] =~ Polat 
(see Lemma 1.1.9). 

PROPOSITION 1.1.11. If A and X are objects of SS(,) and X is fibrant, then 
there is a natural weak equivalence of simplicial sets 

Map(A, X) & Map(|A], |X|) 

PrRooF. Since all simplicial sets are cofibrant, the natural map X — Sing|X'| 
induces a weak equivalence Map(A, X) & Map(A, Sing|X|) (see Corollary 9.3.3). 
The proposition now follows from Lemma 1.1.10. O 

PROPOSITION 1.1.12. If A and X are objects of Top,,) and A is cofibrant, then 
there is a natural weak equivalence of simplicial sets 

Map(A,X) & Map(Sing A, Sing X) . 

PROOF. Since all topological spaces are fibrant, the natural map |Sing A| aA 
induces a weak equivalence Map(A, X) = Map(|Sing A|, X) (see Corollary 9.3.3). 
The proposition now follows from Lemma 1.1.10. O 

DEFINITION 1.1.13. Each of our categories of spaces has a functor to SS, and 
each of these functors has a left adjoint SS — Spc;,), ie., for an unpointed simplicial 
set K and an object X of Spc,,), we have natural isomorphisms 

SS(K, X) = $8(K, X) 

Ss, (Kt, X) © $8(K,X7) 
Top(|K|, X) + SS(K, Sing X) 

Top, (|K|*, X) * SS(K, Sing X7~) 

where “X~” means “forget the basepoint of X”. If K is an (unpointed) simplicial 
set, then we will use Spe.) (K) to denote the image of K in Spc,,) under this left 
adjoint. Thus, 

If Spc, = 5S, then Spe,)(K) = K. 
If Speci.) = SS., then Spc(,)(K) = Kt. 
If Spey,)= Top, then Spc,)(K) = |K). 
If Spey.) = Top,, then Spey,)(K) =|K|*. 

EXAMPLE 1.1.14. In the standard model category structure on Spci,), 2 map 
is a fibration if it has the right lifting property (see Definition 7.2.1) with respect 
to the maps Spc;,)(A[n,k]) + Spe;,)(Afn]) for all n > 0 and 0 < k < 1 (see 
Theorem 7.10.10, Theorem 7.10.11, Theorem 7.10.12, and Theorem 7.10.13). 

1.2. Local spaces and localization 

1.2.1. f-local spaces and f-local equivalences. 

DEFINITION 1.2.2. Let Spce;,) be one of our categories of spaces (see Nota- 
tion 1.1.4) and let f: A — B be a map between cofibrant spaces in Spc,,). 

(1) A space W is f-local if W is fibrant and the induced map of simplicial sets 
f*: Map(B,W) — Map(A, W) is a weak equivalence. If f is a map * > 
A, then an f-local space will also be called A-local or A-null. Bousfield 
((11]) has used the term A-periodic for what we here call A-local. 
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(2) A map g: X — Y is an f-local equivalence if there is a cofibrant ap- 
proximation 9: X — Y tog (see Definition 8.1.22) such that for every 
f-local space W the induced map of simplicial sets g*: Map(Y, W) = 
Map(X ,W) is a weak equivalence. (Proposition 9.7.2 implies that if this 
is true for any one cofibrant approximation to g then it is true for every 
cofibrant approximation to g.) 

If Spc,) = SS;,) then every space is cofibrant, and soa map g: X — Y isan f- 
local equivalence if and only if for every f-local space W the map g*: Map(Y,W) — 
Map(X,W) is a weak equivalence. If Spc,,) = Top,,) then all CW-complexes are 
cofibrant, and so a CW-replacement for a space serves as a cofibrant approximation 
to that space. 

A paraphrase of Definition 1.2.2 is that a fibrant space is f-local if it makes f 
look like a weak equivalence (see Corollary 9.3.3) and a map is an f-local equivalence 
if all f-local spaces make it look like a weak equivalence. In Theorem 2.1.3 we show 
that there is a model category structure on Spcr,) in which the fibrant objects are 
the local spaces (see Proposition 2.1.4) and the weak equivalences are the f-local 
equivalences. For a discussion of the relation of our definition of f-local equivalence 
to earlier definitions, see Remark 1.2.14. 

1.2.3. Local spaces. 

PROPOSITION 1.2.4. Let Spc;,) be one of our categories of spaces (see Nota- 
tion 1.1.4) and let f: A— B be a map of cofibrant spaces. If X and Y are fibrant 
spaces and g: X — Y is a weak equivalence, then X is f-local if and only if Y is 
f-local. 

PROOF. We have a commutative diagram 

Map(B,X) —— Map(A, Xx) 

=| |» 
Map(B, Y) ——> Map(A, Y) 

in which the vertical maps are weak equivalences (see Corollary 9.3.3). Thus, the 
top map is a weak equivalence if and only if the bottom map is a weak equivalence. 

O] 

PROPOSITION 1.2.5. Let Spcy,, be one of our categories of spaces and let 
f: A — B be a map between cofibrant spaces. If X is an f-local space and Y 
is a retract of X, then Y is f-local. 

Proor. Axiom M3 (see Definition 7.1.3) implies that Y is fibrant and the map 
f*: Map(B,Y) > Map(A,Y) is a retract of the weak equivalence f*: Map(B,X) - 
Map(A, X) and is thus a weak equivalence. O 

LEMMA 1.2.6. Let Spc,,) be one of our categories of spaces and let f: A > B be 
a map between cofibrant spaces. If X is an f-local space, then any space consisting 
of a nonempty union of path components of X is an f-local space. 

Proor. A nonempty union of path components of a cofibrant space is a retract 
of that space, and so the result follows from Proposition 1.2.5. O 
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1.2.7. Changing the map f. 

PROPOSITION 1.2.8. Let Spc;,) be one of our categories of spaces (see Nota- 
tion 1.1.4) and let both f and f’ be maps between cofibrant spaces. If the class of 
f-local spaces equals the class of f'-local spaces, then the class of f-local equiva- 
lences equals the class of f’-local equivalences. 

PROOF. This follows directly from the definitions. O 

EXAMPLE 1.2.9. Let A be a simplicial set if Spe.) = SS.) or a cell complex if 
Spc.) = Top,,) (see Notation 1.1.4), and let CA be the cone on A. If f: * — A is 
the inclusion of a vertex and f’: A - CA is the standard inclusion, then a space 
is f-local (i.e., A-local; see Definition 1.2.2) if and only if it is f’-local, and so the 
class of f-local equivalences equals the class of f’-local equivalences. 

PROPOSITION 1.2.10. Let Spe;,) be one of our categories of spaces (see Nota- 
tion 1.1.4) and let both f: A — B and f’: A’ — B’ be maps between cofibrant 
spaces. If there are weak equivalences A — A’ and B — B’ such that the square 

A—>B 
=| |» 
A’ r 5 B’ 

commutes, then 

(1) the class of f-local spaces equals the class of f’-local spaces and 
(2) the class of f-local equivalences equals the class of f’-local equivalences. 

PROoF. Proposition 1.2.8 implies that part 1 implies part 2, and so it is suffi- 
cient to prove part 1. 

If W is a fibrant space, then we have the commutative square 

Map(B’, W) 2 Map(4’, W) 
=| |: 

Map(B, W) > Map(A, W) 

in which the vertical maps are weak equivalences (see Corollary 9.3.3). Thus, f* is 
a weak equivalence if and only if (f’)* is a weak equivalence, and so W is f-local if 
and only if it is f’-local. Oo 

REMARK 1.2.11. Proposition 1.2.10 (see also Proposition 11.2.8) implies that 
we can always replace our map f: A — B with an inclusion of simplicial sets 
(if Spe.) = 55;.)) or an inclusion of cell complexes (if Sper.) = Top,,)) without 
changing the class of f-local spaces or the class of f-local equivalences. We will often 
assume that we have done this, and we will summarize this assumption by saying 
that f is an inclusion of cell complezes. (This usage is consistent with the definition 
of cell complex in a cofibrantly generated model category (see Definition 11.1.4).) 
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1.2.12. f-localization. 

DEFINITION 1.2.13. Let Spc;,) be one of our categories of spaces (see Nota- 
tion 1.1.4), and let f: A + B be a map between cofibrant spaces. 

(1) An f-localization of a space X is an f-local space xX (see Definition 1.2.2) 
together with an f-local equivalence 7x: X — X. We will sometimes 
use the phrase f-localization to refer to the space X without explicitly 
mentioning the f-local equivalence 7. A cofibrant f-localization of X is 
an f-localization in which the f-local equivalence is also a cofibration. 

(2) An f-localization of a map g: X — Y is an f-localization (X, jx) of X, 
an f-localization (Y, jy) of Y, and a map @: X — ¥ such that the square 

xy 
ol | 

Xx yY 

commutes. We will sometimes use the term f-localization to refer to the 
map 9 without explicitly mentioning the f-localizations (X,jx) of X and 
(Y, Jy) of Y. 

We will show in Corollary 1.4.13 that all spaces and maps have f-localizations. 
The reader should note the similarity between the definitions of f-localization 

and fibrant approximation (see Definition 8.1.2 and Definition 8.1.22). In Theo- 
rem 2.1.3, we prove that there is an f-local model category structure on Spe,,) in 
which the fibrant objects are the local spaces and the weak equivalences are the 
f-local equivalences. In the f-local model category, an f-localization of a space or 
map is exactly a fibrant approximation to that space or map. 

REMARK 1.2.14. In most earlier work on localization [22, 20, 25, 24, 11, 16] 
an f-local equivalence was defined to be a map g: X — Y such that for every f- 
local space W the map of function spaces g*: Map(Y,W) — Map(X, W) is a weak 
equivalence. In fact, this earlier work considered only the subcategory of cofibrant 
spaces. Since a cofibrant space is a cofibrant approximation to itself, this earlier 
definition coincides with ours. 

1.2.15. f-local equivalences. 

PROPOSITION 1.2.16. Let Spci,) be one of our categories of spaces (see No- 
tation 1.1.4). If f: A — B is a map between cofibrant spaces, then every weak 
equivalence is an f-local equivalence. 

PrRoor. Since a cofibrant approximation to a weak equivalence must also be a 
weak equivalence, this follows from Corollary 9.3.3. 0 

PROPOSITION 1.2.17. Let Spc;,) be one of our categories of spaces (see Nota- 
tion 1.1.4). If f: A — B is a map between cofibrant spaces, then the class of f-local 
equivalences satisfies the “two out of three” axiom, i.e., if g and h are composable 
maps and if two of g, h, and hg are f-local equivalences, then so is the third. 
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PROOF. Given maps g: X — Y and h: Y — Z, we can apply a functorial 
cofibrant approximation (see Proposition 8.1.17) to g and h to obtain the diagram 

Ay \ 
7 7 

in which g, h, and hg are cofibrant approximations to g, h, and hg, respectively. 
If W is a fibrant space, then two of the maps 9*: Map(Y, W) > Map(X,W), 
h*: Map(Z,W) — Map(Y,W), and (hg)*: Map(Z,W) —- Map(X, W) are weak 
equivalences, and so the third is as well. O 

PROPOSITION 1.2.18. Let SPC.) be one of our categories of spaces (see Nota- 
tion 1.1.4). If f: A — B is a map between cofibrant spaces, then a retract (see 
Definition 7.1.1) of an f-local equivalence is an f-local equivalence. 

ProoF. If g: X — Y is an f-local equivalence and h: V — W is a retract of 
g, then we apply a functorial cofibrant approximation (see Proposition 8.1. 17) to 
obtain cofibrant approximations @: X - ¥ to g and h: V — W such that his a 
retract of g. If Z is an f-local space, then h*: Map(W, Z)— Map(V, Z) is then a 
retract of the weak equivalence g*: Map(Y, Z )— Map(X, Z), and so h* is a weak 
equivalence. 0 

PROPOSITION 1.2.19. Let Spc,) be one of our categories of spaces (see Nota- 
tion 1.1.4) and let f: A— B be a map of cofibrant spaces. If g: X — Y is a cofi- 
bration of cofibrant spaces, then g is an f-local equivalence if and only if it has the 
left lifting property (see Definition 7.2.1) with respect to the map WS"! — wdtr] 
for all n > 0 and all f-local spaces W. 

PROOF. This follows from Proposition 9.4.5 and Lemma 9.4.7. 0 

PROPOSITION 1.2.20. Let Spc;,) be one of.our categories of spaces (see Nota- 
tion 1.1.4) and let f: A — B be amap of cofibrant spaces. If T is a totally ordered 
set and X: T — Spc,,) is @ functor such that if s,t€ T ands <t then X, — X; 
is a cofibration of cofibrant spaces that is an f-loca] equivalence, then for every 
s€T the map X, — colim:>, X; is an f-local equivalence. 

PROOF. This follows from Proposition 1.2.19, Lemma 10.3.5, and Proposi- 
tion 10.3.6. gQ 

PROPOSITION 1.2.21. Let Spc,,) be one of our categories of spaces (see Nota- 
tion 1.1.4) and let f: A — B be a map of cofibrant spaces. If g: C - Disa 
cofibration between cofibrant spaces that is also an f-local equivalence and if the 
square 

C——xX 

>| [> 
D—Y 

is a pushout, then h is an f-loca] equivalence. 
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PRoorF. Factor the map C — X as C > P — X, where u is a cofibration 
and v is a trivial fibration. If we let Q be the pushout D Uc P, then we have the 
commutative diagram 

D—72@-—- Y 

in which u and s are cofibrations, and so P and @ are cofibrant. Since k is a cofibra- 
tion, we are in a proper model category (see Theorem 13.1.11 and Theorem 13.1.13), 
and Proposition 7.2.14 implies that Y is the pushout @ Up X, the map t is a weak 
equivalence. Thus, k is a cofibrant approximation to h (see Definition 8.1.22), and 
so it is sufficient to show that k induces a weak equivalence of mapping spaces to 
every f-local space. Since g is a cofibration and an f-local equivalence and k is a 
cofibration, this follows from Proposition 1.2.19 and Lemma 7.2.11. O 

PROPOSITION 1.2.22. Let Spc;,) be one of our categories of spaces (see Nota- 
tion 1.1.4) and let f: A — B be an inclusion of cell complexes (see Remark 1.2.11). 
If I is a set of f-local equivalences that are cofibrations between cofibrant spaces, 
then a transfinite composition of pushouts of elements of I is also an f-local equiv- 
alence. 

PROOF. Proposition 1.2.21 implies that every pushout of an element of J is an 
f-local equivalence. If 4 is an ordinal and 

Xp 9X) 9 Xp 3 Xp: (B <>) 

is a A-sequence of pushouts of elements of J, then Proposition 17.9.4 implies that 
we can find a A-sequence of cofibrations together with a map of A-sequences 

Xo >X, > Xo pose > Xp pose 

Xo >X4 > Xo pose > Xp dose 

such that 

(1) each vertical map X g — Xg is a cofibrant approximation to Xz, 
(2) each map Xg — Xg +, is a cofibration, and 
(3) the map colimg<, Xg — colimg<,Xg is a cofibrant approximation to 

colimg< Xp- 

If W is an f-local space then the simplicial set Map(colimg< xX B, W) is isomorphic 
to limg<, Map(Xg,W). Since each map Xg — Xg+1 is an f-local equivalence and 
each map Xg — Xg+, is a cofibration, each map Map(Xg41,W) — Map(Xg, W) 
is a trivial fibration. Thus, 

Map(Xo,W) — Map(X1, W) — Map(X2, W) — --- — Map(Xg,W) — --- 
is a tower of trivial fibrations of simplicial sets, and so the composition 

Map(colim Xg, lim Map(Xg, W) > Map(Xo, W ap(colim pW) > lim Map(Xp,W) — ap(Xo, W) 
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is a weak equivalence, and so the composition Xg — colimg<, Xg is an f-local 
equivalence. O 

1.2.23. f-local Whitehead theorems. 

LEMMA 1.2.24. Let Spc;,) be one of our categories of spaces (see Notation 1.1.4) 
and let f: A— B be a map between cofibrant spaces. If W is an f-local space 
and g: X — Y is an f-local equivalence of cofibrant spaces, then g induces an 
isomorphism of the sets of simplicial homotopy classes of maps g”: [Y, W] = [X, W]. 

ProoF. This follows from Proposition 9.5.10. 0 

THEOREM 1.2.25 (Strong f-local Whitehead theorem). Let Spc,,, be one of 
our categories of spaces (see Notation 1.1.4). and let f: A — B be a map between 
cofibrant spaces. If X and Y are cofibrant f-local spaces and g: X — Y is an 
f-local equivalence, then g is a simplicial homotopy equivalence. 

PrRooF. This follows from Lemma 1.2.24 and Proposition 9.6.9. Oo 

THEOREM 1.2.26 (Weak f-local Whitehead theorem). Let Spc;,, be one of our 
categories of spaces (see Notation 1.1.4) and let f: A — B be a map between 
cofibrant spaces. If X and Y are f-local spaces and g: X — Y is an f-local 
equivalence, then g is a weak equivalence. 

PROOF. Choose a cofibrant approximation 9: X —Y tog such that jx: X > 
X and jy: Y > Y are trivial fibrations (see Proposition 8.1.23). Proposition 1.2.4 
implies that X and Y are f-local spaces, and Proposition 1.2.16 and Proposi- 
tion 1.2.17 imply that g is an f-local equivalence. Theorem 1.2.25 and Theo- 
rem 7.8.5 now imply that g is a weak equivalence, which implies that g is a weak 
equivalence. O 

1.2.27. Characterizing f-local spaces and f-local equivalences. 

THEOREM 1.2.28. Let Spc;,, be one of our categories of spaces (see Nota- 
tion 1.1.4) and let f: A — B be a map between cofibrant spaces. If X is a fibrant 
space and j: X — X is an f-localization of X (see Definition 1.2.13), then j is a 
weak equivalence if and only if X is f-local. 

PrRooF. If X is f-local, then Theorem 1.2.26 implies that 7 is a weak equiva- 
lence. Conversely, if j is a weak equivalence, then Proposition 1.2.4 implies that X 
is f-local. 0 

THEOREM 1.2.29. Let Spc;,) be one of our categories of spaces (see Nota- 

tion 1.1.4) and let f: A — B be a map between cofibrant spaces. If §: X =F isan 
f-localization of g: X — Y (see Definition 1.2.13), then g is an f-local equivalence 
if and only if g is a weak equivalence. 

Proor. Proposition 1.2.17 implies that g is an f-local equivalence if and only 
if g is an f-local equivalence, and Theorem 1.2.26 and Proposition 1.2.16 imply 
that 9 is an f-local equivalence if and only if it is a weak equivalence. O 

If Spc,,) is one of our categories of spaces (see Notation 1.1.4) and f: A— B 
is a map between cofibrant spaces, then in Definition 1.4.11 we define a functorial 
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f-localization (Ly,j). Theorem 1.2.28 then implies that a fibrant space X is f- 
local if and only if the localization map j(X): X — LyX is a weak equivalence 
(see Theorem 1.4.14), and Theorem 1.2.29 implies that a map g: X — Y is an 
f-local equivalence if and only if Ly(g): LyX — LsY is a weak equivalence (see 
Theorem 1.4.15). 

1.2.30. Topological spaces and simplicial sets. 

PROPOSITION 1.2.31. Let f: A — B be a map between cofibrant spaces in 
Topi.) (see Notation 1.1.4). 

(1) A space is f-local if and only if it is |Sing f |-local. 
(2) A map g: X —Y is an f-local equivalence if and only if it is a |Sing f|- 

local equivalence. 

PROOF. This follows from Proposition 1.2.10 and Proposition 1.2.8. O 

PROPOSITION 1.2.32. Let f: A — B be a map in SS,,) (see Notation 1.1.4). 

(1) A space is f-local if and only if it is (Sing| f|)-Jocal. 
(2) A map g: X +Y is an f-loca] equivalence if and only if it is a (Sing|f|)- 

loca] equivalence. 

PROOF. Since every simplicial set is cofibrant, the result follows from Propo- 
sition 1.2.10 and Proposition 1.2.8. i) 

PROPOSITION 1.2.33. If f: A — B is a map in SS,,) (see Notation 1.1.4), then 
a topological space W in Top,,) is |f|-local if and only if Sing W is f-local. 

Proor. Lemma 1.1.10 gives us the commutative square 

Map(|B|,W) t—— Map(|A], W) 

~ & 

Map(B, Sing W) ——> Map(A, Sing W) 

in which the vertical maps are isomorphisms, from which the proposition follows. 
O 

PROPOSITION 1.2.34. If f: A — B is a map in SS,,) (see Notation 1.1.4) and 
K is a fibrant simplicial set in SS(,), then K is f-local if and only if |K| is | f|-local. 

PROOF. Since K is fibrant the natural map K — Sing] K| is a weak equivalence 
of fibrant spaces, and so we have the commutative square 

Map(B, K) —————> Map(A, K) 

~ ~ 
~ wn 

Map(B, Sing|K|) ——> Map(A, Sing| K]) 

in which the vertical maps are weak equivalences (see Corollary 9.3.3). Thus, K 
is f-local if and only if Sing|K | is f-local, and so the proposition follows from 
Proposition 1.2.33. 0 
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PROPOSITION 1.2.35. If f: A — B is a map in SS;,) (see Notation 1.1.4), 
then the map g: C — D in SS,,) is an f-local equivalence if and only if the map 
|9|: |C| + |D| in Top,,) is a |f|-local equivalence. 

ProoF. Since every simplicial set is cofibrant, g is an f-local equivalence if and 
only if for every f-local simplicial set K the map of simplicial sets g*: Map(D, K) - 
Map(C, K) is a weak equivalence. If K is an f-local simplicial set then K is fibrant, 
and so Corollary 9.3.3 implies that g is an f-local equivalence if and only if, for 
every f-local simplicial set K, the map of simplicial sets g*: Map(D, Sing|K|) > 
Map(C, Sing|K|) is a weak equivalence. Lemma 1.1.10 implies that this is true 
if and only if Map(|D|,|K|) + Map(|C|,|K]|) is a weak equivalence. Proposi- 
tion 1.2.33 and Proposition 1.2.34 imply that this is true if and only if for every | f |- 
local topological space W the map Map(|D|, W) > Map(|C|, W) is a weak equiv- 
alence. Since |C| and |D| are cofibrant, this is true if and only if |g|: |C| — |D] is 
a | f |-local equivalence. Oo 

PROPOSITION 1.2.36. If f: A — B is a map in SS;,) (see Notation 1.1.4), then 
the map g: X — Y in Top.) is a | f |-local equivalence if and only if the map 
(Singg): Sing X — SingY in SS;,) is an f-local equivalence. 

PRooF. The map |Sing g|: |Sing X| — |SingY| is a cofibrant approximation 
to g (see Definition 8.1.22), and so g is a |f|-local equivalence if and only if, for 
every | f|-local topological space W, the map of simplicial sets Map(|Sing Y|,W) + 
Map(|Sing X|, W) is a weak equivalence. Lemma 1.1.10 implies that this is true if 
and only if, for every | f |-local topological space W, the map Map(Sing Y, Sing W) — 
Map(Sing X, Sing W) is a weak equivalence. If K is an f-local simplicial set, then 
K is fibrant, and so the natural map K — Sing|K | is a weak equivalence of fi- 
brant objects. Thus, Corollary 9.3.3 and Proposition 1.2.34 imply that g is a 

| f |-local equivalence if and only if, for every f-local simplicial set K, the map 
Map(Sing Y, Sing|K'|) + Map(Sing X, Sing|K|) is a weak equivalence. Since every 
simplicial set is cofibrant, this completes the proof. O 

1.3. Constructing an f-localization functor 

If Spc.) is one of our categories of spaces (see Notation 1.1.4) and f: A + B 
is a map between cofibrant spaces, we describe in this section how to construct a 
functorial f-localization on Spc;,) (see Definition 1.2.13). The construction that 
we present is essentially the one used by Bousfield in [9]. 

1.3.1. Horns on f. If Spc;,) is one of our categories of spaces (see Nota- 
tion 1.1.4) and f: A — B is a map between cofibrant spaces, we want to construct 
a functorial f-localization (see Definition 1.2.13) on Spc;,). That is, for every space 

X we want to construct a natural f-local space xX together with a natural f-local 
equivalence X — X. Remark 1.2.11 implies that we can assume that f is an 
inclusion of cell complexes, and we will assume that f is such an inclusion. 

If X is to be an f-local space, then it must first of all be fibrant. Thus, the 
map X — * must have the right lifting property with respect to the inclusions 
Spc(.)(Al[n, k]) + Spe,,)(A[n]) (see Definition 1.1.13) for alln >0 andn>k>0. 
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If X is a fibrant space, then f*: Map(B, X)3 Map(A, X) is already a fibration 
of simplicial sets (see Proposition 9.3.1). Thus, if X is fibrant, then the assertion 
that X is f-local is equivalent to the assertion that f* is a trivial fibration of 
simplicial sets. Since a map of simplicial sets is a trivial fibration if and only if 
it has the right lifting property with respect to the inclusions GA[n| — A[n] for 
n > 0, this implies that a fibrant space X is f-local if and only if the dotted arrow 
exists in every solid arrow diagram of the form 

dA|n] —— Map(B, X) 

A[n] ——> Map(A, X) , 
and the isomorphisms of Definition 1.1.8 imply that this is true if and only if the 
dotted arrow exists in every solid arrow diagram of the form 

X 

* 

Thus, a space X is f-local if and only if the map X — « has the right lifting 
property with respect to the maps Spe,,)(A[n, k]) > Spe,,)(A[n]) for all n > 0 and 
n> k > 0 and the maps A ® A[n] Lagann B® GA[n] — B @ A[n] for all n > 0. 
This is the motivation for the following definition of A{f}, the augmented set of 
f -horns. 

A® A[n] UO sgaain] B® dA{[n} —_ 3 

B@Aln| . 

DEFINITION 1.3.2. Let Spc,,) be one of our categories of spaces (see Nota- 
tion 1.1.4) and let f: A— B be an inclusion of cell complexes (see Remark 1.2.11). 

e The set A{f} of horns on f is the set of maps 

A{f} = {A @Aln] Upgsamn B® dA[n] B@ A[n] | 7 > 0} . 
If Spe,,, = Spe, and f is the map f: * — A, then A{f} is the set of maps 

A{A} = {A@ dA[n] — A@AI[n] | n> 0} , 

and it will also be called the set of horns on A. 
e The augmented set of f-horns A{f} is the set of maps 

(see Definition 1.1.13). 

PROPOSITION 1.3.3. If Spcy,, is one of our categories of spaces (see Nota- 
tion 1.1.4) and f: A — B is an inclusion of cell complexes (see Remark 1.2.11), 
then a space X is f-local if and only if the map X — x has the right lifting property 
with respect to every element of the augmented set of f -horns (see Definition 1.3.2). 

PROOF. This follows from the discussion preceding Definition 1.3.2. 0 

We will construct the map X — X as a transfinite composition (see Defini- 
tion 10.2.2) of inclusions of cell complexes X = E? = BE! — E? 4 --- 4 EP 
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(8 < A), where X = colimg<,E®. To ensure that X is f-local, we will 
construct the E® so that if the map C > D is an element of A{f} then 

(1) for every map h: C > X there is an ordinal a < \ such that h factors 
through the map E* > X, and 

(2) for every ordinal a < the dotted arrow exists in every solid arrow 
diagram of the form 

| 
Thus, if the map C — D is an element of A{f}, then the dotted arrow will exist in 
every solid arrow diagram of the form 

> Ee > Ret 
Y 

C— xX 
| 4 

D 

and so the map X — x will have the right lifting property with respect to every 
element of A{f} (see Proposition 1.3.3). 

1.3.4. Choice of the ordinal X. If A and B are finite complexes, then we 
let be the first infinite cardinal. Otherwise, we let » be the first cardinal greater 
than that of the set of simplices (or cells) of A II B (in which case A is a successor 
cardinal). In either case, A is a regular cardinal (see Proposition 10.1.14). 

Suppose we now construct a A-sequence (see Definition 10.2.1) of inclusions of 
cell complexes 

X =E°4 EGBG... BP o--. (8B <d) 

and let X¥ = colimg< EP. If A® A[n] Dagaatn B® dA[n] — X is any map, then 
for each simplex (or cell) of A@A[n] Igaatny B® OA[n] there is an ordinal 6 < A 
such that that simplex (or cell) lands in E®. (If Spc.) = Top,,), then this follows 
from Corollary 10.7.5.) If we let a be the union of the ordinals 6 obtained in this 
way for each simplex (or cell) in A ®A[n] Uygaatn B® OA[n], then the regularity 
of A ensures that a < A. Thus, our map factors through E®. The same argument 
applies to maps Spe,,)(Aln, k]) > X. 

1.3.5. Constructing the sequence. We begin the sequence by letting E° = 
X. If 8 < and we have constructed the sequence through E?, we let 

Co= J[ C and Dg= JID. 
(C—D)eA{f} (C>D)eA{f} 
Spe,.)(C,E*) Spc(.)(C,E*) 
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We then have a natural map Cg — E’, and we define E+? by letting the square 

Cs ——> EP 

Dg y Eft! 

be a pushout. If 7 is a limit ordinal, we let E? = colimg<.E?. We let X= 
colimg<. BP. 

It remains only to show that the map X — X that we have constructed is an 
f-local equivalence. This will follow from Theorem 1.3.11. 

1.3.6. Horns on f and f-local equivalences. 

PROPOSITION 1.3.7. If Spc,) is one of our categories of spaces (see Nota- 
tion 1.1.4) and f: A > B is an inclusion of cell complexes (see Remark 1.2.11), 
then every horn on f (see Definition 1.3.2) is an f-local equivalence. 

PROOF. Since every horn on f is a cofibration between cofibrant spaces, this 
follows from Proposition 9.4.5 and Proposition 9.4.8. 0 

DEFINITION 1.3.8. Let Spc;,) be one of our categories of spaces (see Nota- 
tion 1.1.4). If f: A — B is an inclusion of cell complexes (see Remark 1.2.11), then 

a relative A{f}-cell complez is defined to be a map that can be constructed as a 
transfinite composition (see Definition 10.2.2) of pushouts (see Definition 7.2.10) 
of elements of A{f} (see Definition 1.3.2). If the map from the initial object to a 
space X is a relative A{f}-cell complex, then X will be called a A{f}-cell complez. 

THEOREM 1.3.9. Let Spc;,) be one of our categories of spaces (see Notation 1.1.4). 
If f: A— B is an inclusion of cell complexes (see Remark 1.2.11), then every rel- 
ative A{ f}-cell complex is both a cofibration and an f-local equivalence. 

PRooF. Since every element of A{f} is a cofibration and cofibrations are closed 
under both pushouts and transfinite compositions (see Proposition 10.3.4), every 
relative A{ f}-cell complex is a cofibration, and Proposition 1.2.22 implies that a 
relative A{f}-cell complex is an f-local equivalence. 0 

PROPOSITION 1.3.10. Let Spe;,, be one of our categories of spaces (see Nota- 
tion 1.1.4). If f: A — B is an inclusion of cell complexes (see Remark 1.2.11), 
then for every space X the map X —> X constructed in Section 1.3.5 is a relative 
A{ f }-cell complex. 

Proor. Themap X > X is constructed as a transfinite composition of pushouts 
of coproducts of elements of A{ f}, and so the result follows from Proposition 10.2.14. 

Oo 

THEOREM 1.3.11. Let Spc.) be one of our categories of spaces (see Nota- 
tion 1.1.4). If f: A — B is an inclusion of cell complexes (see Remark 1.2.11), 
then for every space X the map X — X constructed in Section 1.3.5 is a natural 
f-localization of X. 
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ProoF. This follows from Proposition 1.3.10, Theorem 1.3.9, Proposition 1.3.3, 
and the discussion following Proposition 1.3.3. oO 

1.4. Concise description of the f-localization 

1.4.1. f-cofibrations and f-injectives. 

DEFINITION 1.4.2. Let Spc;,) be one of our categories of spaces (see Nota- 
tion 1.1.4) and let f: A — B be an inclusion of cell complexes (see Remark 1.2.11). 

(1) A A{f}-injective is defined to be a map that has the right lifting property 
(see Definition 7.2.1) with respect to every element of A{f} (see Defini- 
tion 1.3.2). A space X will be called a A{f}-injective if the map X — « 
is a A{f}-injective. If f is a cofibration f: * 4 A, then a A{f}-injective 
will also be called a A{A}-injective. 

(2) A A{f}-cofibration is defined to be a map that has the left lifting property 
with respect to all A{f}-injectives. If the map from the initial object to 
a space X is a A{f}-cofibration, then X will be called A{f}-coftbrant. If 
f is a cofibration f: * — A, then a A{f}-cofibration will also be called a 
A{A}-cofibration, and a A{f}-cofibrant space will also be called a A{A}- 
cofibrant space. 

REMARK 1.4.3. The term A{f}-injective comes from the theory of injective 
classes ([36]). A space X is a A{f}-injective if and only if it is injective in the sense 
of [36] relative to the elements of A{f}, and we will show in Proposition 1.4.5 that 
a map p: X —Y isa A{f}-injective if and only if, in the category (Spc;,) | Y) of 
spaces over Y (see Definition 11.8.1), the object p is injective relative to the class 
of maps whose image under the forgetful functor (Spc,,) | ¥) Spc;,) is a relative 

A{ f }-cell complex (see Definition 1.3.8). 

PROPOSITION 1.4.4. Let Spc;,) be one of our categories of spaces (see Nota- 
tion 1.1.4). If f: A — B is an inclusion of cell complexes (see Remark 1.2.11), 
then a map p: X — Y is a A{f}-injective if and only if it is a fibration with the 
homotopy right lifting property with respect to f. 

PROOF. This follows from Lemma 9.4.7. O 

PROPOSITION 1.4.5. Let Spc;,, be one of our categories of spaces (see Nota- 
tion 1.1.4). If f: A — B is an inclusion of cell complexes (see Remark 1.2.11), then 
every relative A{ f}-cell complex (see Definition 1.3.8) is a A{ f}-cofibration. 

PrRooF. This follows from Proposition 1.4.4. 0 

PROPOSITION 1.4.6. Let Spce;,) be one of our categories of spaces (see Nota- 
tion 1.1.4). If f: A — B is an inclusion of cell complexes (see Remark 1.2.11), then 
every trivial cofibration is a A{ f}-cofibration. 

PROOF. This follows from Proposition 7.2.3. oO 

PROPOSITION 1.4.7. Let Spc;,) be one of our categories of spaces (see Nota- 
tion 1.1.4). If f: A — B is an inclusion of cel] complexes (see Remark 1.2.11), then 
a space X is a A{ f}-injective if and only if it is f-local (see Definition 1.2.2). 
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PRrooFr. This follows from Proposition 9.4.5 and Proposition 1.4.4. O 

1.4.8. The functorial localization. 

PROPOSITION 1.4.9. Let Spci,) be one of our categories of spaces (see Nota- 
tion 1.1.4) and let f: A — B be an inclusion of cell complexes (see Remark 1.2.11). 
If j: X + X is a relative A{f}-cell complex and X is a A{f}-injective, then the 
pair (X,j) is a cofibrant f-localization of X. 

PrRooF. This follows from Proposition 1.4.7 and Theorem 1.3.9. QD 

THEOREM 1.4.10. Let Spc;,, be one of our categories of spaces (see Nota- 
tion 1.1.4). If f: A — B is an inclusion of cell complexes (see Remark 1.2.11), 
then there is a natural factorization of every map X — Y as 

X45, BY 
in which j is a relative A{ f}-cell complex (see Definition 1.3.8) and p is a A{f}- 
injective (see Definition 1.4.2). 

PROOF. This follows from Proposition 10.5.16. Oo 

DEFINITION 1.4.11. Let Spc;,) be one of our categories of spaces (see Nota- 
tion 1.1.4) and let f: A — B be an inchusion of cell complexes (see Remark 1.2.11). 
The f-localization of a space X is the space LyX obtained by applying the fac- 
torization of Theorem 1.4.10 to the map X — * from X to the terminal object of 
Spc, This factorization defines a natural transformation 7: 1 — Ly such that 

jx: X + LX is a relative A{f}-cell complex. 

THEOREM 1.4.12. Let Spc;,) be one of our categories of spaces (see Nota- 
tion 1.1.4). If f: A — B is an inclusion of cell complexes (see Remark 1.2.11), 
then for every space X the f-localization jx: X — LyX (see Definition 1.4.11) is 
a cofibrant f-localization of X. 

PRooF. This follows from Proposition 1.4.9. O 

COROLLARY 1.4.13. Let Spc(,) be one of our categories of spaces (see Nota- 
tion 1.1.4). If f: A — B is an inclusion of cell complexes (see Remark 1.2.11), then 
every space has an f-localization. 

ProoF. This follows from Theorem 1.4.12. O 

THEOREM 1.4.14. Let Spcy,) be one of our categories of spaces (see Nota- 
tion 1.1.4) and let f: A — B be an inclusion of cell complexes (see Remark 1.2.11). 
If X is a fibrant space, then X is f-local if and only if the f-localization map 
jx: X — LyX is a weak equivalence. 

PRooF. This follows from Theorem 1.2.28. O 

THEOREM 1.4.15. Let Spc;,, be one of our categories of spaces (see Nota- 
tion 1.1.4). If f: A — B is an inclusion of cell complexes (see Remark 1.2.11), 
then a map g: X — Y is an f-local equivalence if and only if its f-localization 
Ly(g): LyX — LsY is a weak equivalence. 

PrRooF. This follows from Theorem 1.2.29. 0 
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PROPOSITION 1.4.16. Let Spc, be one of our categories of spaces (see No- 
tation 1.1.4). If f: A — B is an inclusion of cell complexes (see Remark 1.2.11), 
then every A{f}-cofibration (see Definition 1.4.2) is a retract of a relative A{f}-cell 
complex. 

ProoF. This follows form Theorem 1.4.10 and the retract argument (see Prop- 
osition 7.2.2). 0 

COROLLARY 1.4.17. Let Spc;,) be one of our categories of spaces (see Nota- 
tion 1.1.4). If f: A — B is an inclusion of cell complexes (see Remark 1.2.11), then 
every A{ f}-cofibration is an f-local equivalence. 

ProoF. This follows from Proposition 1.4.16, Theorem 1.3.9, and Proposi- 
tion 1.2.18. O 

1.4.18. The localization of a cofibration. 

Lemma 1.4.19. Let Spc,,) be one of our categories of spaces (see Notation 1.1.4) 
and let f: A — B be an inclusion of cell complexes (see Remark 1.2.11). Let 
X — X' and Y — Y’ be cofibrations and let the square 

xX — Y 

x! >y! 

be commutative. If we apply the factorization of Theorem 1.4.10 to each of the 
horizontal maps to obtain the commutative diagram 

XxX > Ey +Y 

| 1 | 
x! > Ey >Y’, 

then the map Ey — E; is a cofibration. 

PRooFr. Using Lemma 7.2.15, one can check inductively that at each stage in 
the construction of the factorization we have a cofibration E® 4 (E°)’. a) 

PROPOSITION 1.4.20. Let Spc(,) be one of our categories of spaces (see Nota- 
tion 1.1.4) and let f: A — B be an inclusion of cell complexes (see Remark 1.2.11). 
Ifg: X — Y is a cofibration, then so is L;(g): LyX — LsY (see Definition 1.4.11). 

ProoF. This follows from Lemma 1.4.19. O 

1.5. Postnikov approximations 

In this section we show that the Postnikov approximations to a space can be 
obtained as localizations of that space. 

PROPOSITION 1.5.1. Ifn > 0 and f,: S"+! — D"*? is the standard inclusion 
in Top, then a space X is f,-local if and only if 7,X =~ 0 fori > n and every choice 
of basepoint in X. 
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Proor. Ifk > 0 then the inclusion grt ® A{k] Ugn+1 gar] Dt ® OAIk] _" 
D"t? ® Alk] is a relative CW-complex that attaches a single cell of dimension 
n+k-+2. Thus, any map $"+! @ A[k] Usn+ig@aajn) D*t? @ GA[k] X can be 
extended over D"+? @ A{k] if and only if 14441 ~ 0 for every choice of basepoint 
in X. The result now follows from Proposition 1.3.3. O 

PROPOSITION 1.5.2. Let n > 0 and let f,: S*+! — D"*? be the standard 
inclusion in Top. If a map g: X — Y induces isomorphisms g.:1;X ~ 1iY for 
i <n and every choice of basepoint in X, then it is an f,-local equivalence. 

ProoF. If g: X — Y induces isomorphisms 9, : TM;X ~ 7;Y fori < n and every 
choice of basepoint in X, then we can choose a cofibrant approximation g: X — Y 
to g such that 

(1) ¥ is a CW-complex, 7 
(2) g is the inclusion of a subcomplex that contains the n-skeleton of Y, and 

(3) every (n+ 1)-cell of Y — X is attached via a constant map of S”. 

If k = 0 then the map X @ A[k] Ue gaarKy Y @ dA[k] — Y @ AJA] is just the map 
xa Y, and if k > 0 it is the inclusion of a subcomplex that contains the (n + k)- 
skeleton. Thus, if Z is an f-local space, then Proposition 1.5.1 implies that every 
map X ® A[k] Uxeaay ¥ @ OAlk] — Z can be extended over Y ® A[k], and so g 
is an f,-local equivalence (see Proposition 9.3.10). O 

THEOREM 1.5.3. If n > 0 and f,: S"*! 4 D+? is the standard inclusion in 
Top, then the projection of a space onto its n-th Postnikov approximation is an 
fn-localization map. 

PROOF. This follows from Proposition 1.5.1 and Proposition 1.5.2. O 

PROPOSITION 1.5.4. Let n > 0 and let f,: S"+! — D"*? be the standard in- 
clusion in Top. Ifg: X — Y is an f,,-local equivalence, then g induces isomorphisms 
Ge: 1X & 1;,Y for 1 <n and every choice of basepoint in X. 

Proor. Theorem 1.5.3 and Theorem 1.2.29 imply that the induced map of 
n-th Postnikov approximations P,g: P,X — PnY is a weak equivalence. Thus, for 
every 7 < n and every choice of basepoint in X we have a commutative diagram 

m,X —*_, m,Y 

TP pX —— 7PaY 

in which every map except the top one is an isomorphism, and so g,: TMX — 7,Y 
is also an isomorphism. 0 

1.5.5. The Postnikov tower. 

LEMMA 1.5.6. Let f: A > B and f: A > B be maps between cofibrant spaces. 
If f is an f- local equivalence, then every f-local equivalence is an f- -local equiva- 
lence. 

PROOF. Since f is an f-local equivalence, every f-local space is f-local. O 
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Lemma 1.5.7. Let f: A— Band f: A—Bbe maps between cofibrant spaces. 
If f is an f-local equivalence, then for every object X the f-localization map X > 
LyX is an f-local equivalence. 

Proor. This follows from Lemma 1.5.6. O 

PROPOSITION 1.5.8. For all n > 0 let f,: S*+! — D+? be the standard 

inclusion in Top. Ifi > 7 > 0 then for every space X an f;-localization map is an 
fj-local equivalence. 

PROOF. This follows from Lemma 1.5.7 and Theorem 1.5.3. 

PROPOSITION 1.5.9. If for all n > 0 we let P,X denote the n-th Postnikov 
approximation of the space X, then for alli > j > 0 there is a map P,X > P,X, 
unique up to simplicial homotopy, that makes the triangle 

xX —P,X 

N! 
P;X 

commute up to simplicial homotopy. 

Proor. This follows from Proposition 1.5.8 and Lemma 1.2.24. O 

1.6. Topological spaces and simplicial sets 

The main results of this section (Corollary 1.6.5 and Corollary 1.6.7) imply, 
roughly speaking, that when using the localization functor of Definition 1.4.11, 
one can pass freely through the geometric realization and total singular complex 
functors at the cost of only a natural weak equivalence. 

LEMMA 1.6.1. Let K and C be simplicial sets and let X be is a topological 
space. 

(1) A map of topological spaces |K | — X defines a map of simplicial sets 
Map(C, K) — Map(|C|,X) that is natural in C and in the map|K| > X. 

(2) A map of simplicial sets K — Sing X defines a map of simplicial sets 
Map(C,K) — Map(|C|,X) that is natural in C and in the map K > 
Sing X. 

Proor. The map of part 1 is defined as the composition 

Map(C, K) > Map(|C|,|K|) ~ Map(|C], X) 

and the map of part 2 is defined as the composition 

Map(C, K) — Map(C, Sing X) — Map(|C], xX) . 
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PROPOSITION 1.6.2. Let C — D be a map of simplicial sets. If K = L is a 
map of simplicial sets, X — Y is a map of topological spaces, and 

|K|-——> x 

|L| — Y 

is a commutative square, then there is a natural map from the geometric realization 
of the pushout P in the diagram 

K 3P 

| + 
L 

IC] x [Map(|C|,X) xvpgeix) Map(|D]¥)| —>x 4@ 

Cx (Map(C, K) XMap(C,L) Map(D, L)) —_—— 

Dx (Map(C, K) XMap(C,L) Map(D, L)) —_-> 

to the pushout Q in the diagram 

= 

|D| x |Map(|C|, X) xmapiici.y) Map(|D|, ¥)] — Y 
that makes the diagram 

Ay 
7 |x| P| 

|_| 
5 
7 

A 5 
f ms 

L| 

Y 

PROOF. Since the geometric realization functor commutes with pushouts, this 
follows from Lemma 1.6.1. O 

comunute. 

PROPOSITION 1.6.3. If K — LZ is a map of simplicia] sets, X — Y is a map of 
topological spaces, and 

K —— Sing X 

L — Sing Y 

a commutative square, then there is a natural map from the pushout P in the 
diagram 

Cx (Map(C, K) XMap(C,L) Map(D, L)) —_ K 3P 

| rR 
Dx (Map(C, K) XMap(C,L) Map(D, L)) —] 
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to the total singular complex of the pushout Q in the diagram 

|C| x |Map(|C|,X) xmapiiciy) Map(|D|,¥)|—> x 5 Q 

Lu 

|D| x |Map(|C],X) xmepqciyv) Map(|D|,¥)] — Y 
that makes the diagram 

K +P — 

a 
Sing X —— Sing Q ——> Sing Y 

commute. 

PROOF. This follows from Lemma 1.6.1, using the natural map from the pushout 
of the total singular complexes to the total singular complex of the pushout. O 

THEOREM 1.6.4. Let f: A — B be a cofibration of simplicia] sets and let 
g: X — Y bea map of topological spaces. If Es (Sing g) is the simplicial set obtained 
by applying the factorization of Theorem 1.4.10 to the map Singg: Sing X — 
Sing Y and Ej sg is the topological space obtained by applying the factorization of 
Theorem 1.4.10 (with respect to the map fl: | A| — |B|) to the map g, then there 
is a natural map |E,(Sing 9)| — Es; g that makes the diagram 

|Sing X| oo) |Es (Sing g)| oo) |Sing Y| 

| | | 
xX ——> Eis| g ————_ Y 

commute. 

PROOF. Using Proposition 1.6.2 we can construct the map inductively at each 
stage in the construction of the factorization. Oo 

COROLLARY 1.6.5. If f: A — B is a cofibration of simplicial sets, then for every 
topological space X there is a natural weak equivalence |Ly Sing X| — Ly,,X that 
makes the square 

|Sing X| ——— x 

| 
[Ly Sing X| _ LyX 

commute. 

PROOF. The existence of the natural map follows from Theorem 1.6.4. Propo- 
sition 1.2.34 implies that |Ly Sing X| is | f|-local, and so Proposition 1.2.35 implies 
that our natural map is a |f|-localization of the weak equivalence |Sing X| > X 
(see Definition 1.2.13). Proposition 1.2.16 and Theorem 1.2.29 now imply that our 
natural map is a weak equivalence. O 
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THEOREM 1.6.6. Let f: A — B be a cofibration of simplicial sets and let 
g: K — L be a map of simplicial sets. If Ey g is the simplicial set obtained by 

applying the factorization of Theorem 1.4.10 to the map g and Eig, | 9| is the topo- 
logical space obtained by applying the factorization of Theorem 1.4.10 (with respect 
to the map | f|: |A] > |B|) to the map |g|: |K| — |L|, then there is a natural map 
Erg — Eng; \9 that makes the diagram 

k ————+ Ey 9 ———__+ L 

ff 
Sing|K| ——> Sing E) \9| —— Sing|Y | 

commute. 

PROOF. Using Proposition 1.6.3 we can construct the map inductively at each 
stage in the construction of the factorization. Oo 

COROLLARY 1.6.7. If f: A — B is a cofibration of simplicial sets, then for 
every Simplicial set K there is a natural simplicial homotopy equivalence LsK — 
Sing Lis, K that makes the square 

K ——— Sing|K| 

| | 
Ly K —— Sing Ly ¢)|K| 

commute. 

PROOF. The existence of the natural map follows from Theorem 1.6.6. Prop- 
osition 1.2.33 implies that Sing Li, \K | is f-local, and Proposition 1.2.17, Proposi- 
tion 1.2.16, and Proposition 1.2.36 imply that our natural map is an f-local equiv- 
alence of cofibrant f-local spaces. The result now follows from Theorem 1.2.25. O 

PROPOSITION 1.6.8. If f: A — B is a cofibration in SS;.) (see Notation 1.1.4), 
(My,j: 1— Mf) is a functorial cofibrant f-localization on SS,,), and (Nj¢|,k: 1 > 
Nj) is a functorial cofibrant | f |-localization on Top(,), then for every topological 
space X there is a map |My Sing X | — NjyX, unique up to simplicial homotopy, 
that makes the square 

(1.6.9) |Sing X| ———— x 

| | 
My Sing X| ——> Nj pg X 

commute, and any such map is a weak equivalence. (Since |M f Sing x| is cofibrant 
and Ni¢|X is fibrant, all notions of homotopy of maps [My Sing X | — Nj¢)X coin- 
cide and are equivalence relations (see Proposition 9.5.24).) This map is natural 
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up to homotopy, i.e., if g: X — Y is a map of topological spaces, then the square 

My Sing X | — Ny 5X 

| 
|My Sing Y | —— > Ni ¥ 

commutes up to homotopy. 

PRooF. Since Proposition 1.2.35 implies that the map |Sing X| > |M, Sing X| 
is a |f |-local equivalence, the existence and uniqueness of the map follow from 
Lemma 1.2.24. Since Proposition 1.2.34 implies that My Sing x| is | f |Hocal, The- 
orem 1.2.26 implies that the map is a weak equivalence. 

For the naturality statement, we note that we have the cube 

|Sing xX | — X ~ 

\Sing Y | is Y 
L |My Sing X| —|— Ny pj X 

~s Si 
\My Sing Y | —— > Nig Y 

in which the top and side squares commute and the front and back squares commute 
up to simplicial homotopy. This implies that the composition 

|Sing X| + |My Sing X| > |My Sng Y| > NY 

is simplicially homotopic to the composition 

|Sing X| > |My Sing X| > Nip.X 4Niyi¥ , 

and so the result follows from Lemma 1.2.24. Oo 

PROPOSITION 1.6.10. If f: A — B is a cofibration in SS;,) (see Notation 1.1.4), 
(My,j: 1— Mf) is a functorial cofibrant f-localization on SS(,), and (Nis),k: 1 
Nj;)) is a functorial cofibrant | f |-localization on Topy.), then for every simplicial 
set K there is a map MysK — Sing Nip |K|, unique up to homotopy, that makes 
the square 

(1.6.11) K ———> Sing|K| 

| 
My, K ———> Sing Nj ,)|.K| 

commute, and any such map is a homotopy equivalence. (Since every simplicial set 
is cofibrant and Sing N) | |K | is fibrant, all notions of homotopy of maps M;K — 
Sing N),||K| coincide and are equivalence relations (see Proposition 9.5.24).) This 
map is natural up to homotopy, i.e., ifg: K — L is a map of simplicial sets, then 
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the square 

M;K ——> Sing Nj ;)| K| 

| | 
M;L —_ Sing Ni,)|L| 

commutes up to homotopy. 

PRoor. Proposition 1.2.36 implies that the map Sing|K| — Sing Nj,||K| is 
an f-local equivalence and Proposition 1.2.33 implies that Sing N) ¢ |K | is f-local. 
Since every simplicial set is cofibrant, the existence and uniqueness of the map 
now follows from Lemma 1.2.24, and Theorem 1.2.25 implies that it is a homotopy 
equivalence. The naturality statement follows as in the proof of Proposition 1.6.8. 

O 

1.7. A continuous localization functor 

Let Spc;,) be one of our categories of spaces (see Notation 1.1.4), and let 
f: A— B be an inclusion of cell complexes (see Remark 1.2.11). In this section, 
we will define a variant L9TM* of the f-localization functor Ly (see Definition 1.4.11) 
that is “continuous”. If we were using topological spaces of functions (instead 
of simplicial sets of functions; see Section 1.1.5) then we would want to define a 
function 

(1.7.1) Map(X,¥) > Map(L;X,L;Y) 

that is a continuous function of topological spaces. Since we are considering Spc;,) 
as a simplicial model category (see Definition 9.1.6), we want to define LP" to be 
a simplicial functor, i.e., we want a functor Ly that defines a map of simplicial 
sets (1.7.1) (see [52, Chapter II, Section 1]). Note that not every functor can be 
extended to a simplicial functor; for a counterexample, see Example 9.8.7. 

1.7.2. Construction of the sequence. We follow the procedure described 
in Section 1.3, using the same ordinal 4, except that we use a new construction 
to define the space E°t! in terms of the space B® (see Section 1.3.5). We first 
define a localization functor L?** that is a variant of the functor Ly defined in 
Definition 1.4.11 (see Theorem 1.7.4), and then we show that L?TM can be extended 
to be a simplicial functor (see Theorem 1.7.5). 

As in Section 1.3.5, we begin the sequence by letting E° = X. If 6 < and we 
have constructed the sequence through E? we let 

cet = |] C@Map(C,E*) 
(C>D)eA{f} 

pe = |] De@Map(C,E*) . 
(C— D)eA{f} 
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We then have a natural map Caen — B* and we define B°*? by letting the square 
cen BE B 

| 
Dy" N Ret} 

be a pushout. If + is a limit ordinal, we let E? = colimg<, EB". We let LE" X = 
colimgc E*. 

PROPOSITION 1.7.3. Let Spc,,) be one of our categories of spaces (see Nota- 
tion 1.1.4). If f: A— B is an inclusion of cell complexes and K is a simplicial set, 
then the maps 

(A ® A[n] Lgaain B® OA[n]) @K 4 (B@A{n])@K forn>0 
and 

Spey.y(Aln, k]) ®@ K — Spe,,)(A[n])@K forn>Qand0<k<n 

are all both cofibrations and f -local equivalences. 

PROOF. Proposition 9.3.9 implies that each of the maps Spc;,)(A[n, k]) @K 
Spc(,)(A[n]) @ K is a trivial cofibration. The result now follows from Proposi- 
tion 1.2.16, Corollary 10.2.21, and Proposition 1.3.7. im) 

THEOREM 1.7.4. Let Spc,,) be one of our categories of spaces (see Notation 1.1.4) 
and let f: A — B be an inclusion of cell complexes (see Remark 1.2.11). If X is 
a space, then the map X —- Lom xX constructed in Section 1.7.2 is a cofibrant 
f-localization of X. 

PROOF. Proposition 1.7.3 and Proposition 1.2.22 imply that the map X —- 
L9*X is both a cofibration and an f-local equivalence, and so it remains only to 
show that L9"'X is f-local. The 0-skeleton of Map(C, E®) is Speyy(C, E*), and so 
C ® Map(C, ‘pe ) contains 

C ® Spey.y(C, EP) = Il C 
Spe,.)(C,E*) 

as a subcomplex. The discussion in Section 1.3.4 now explains why the space 
Lo" X is a A{f}-injective, and so the map X — L?"X is a functorial cofibrant 
f-localization of X. O 

THEOREM 1.7.5. The functor Lyn defined in Section 1.7.2 can be extended to 
a simplicial functor. 

Proor. If C and X are spaces and K is a simplicial set, then there is a 
natural map Map(C, X)® K — Map(C, X @ K) that takes the n-simplex (a: C @ 
A|n} — X,7) of Map(C, X) ® K to the n-simplex o(a,7): C ® A[n] — X @K of 
Map(C, X ®@ K) that is the composition 

C @ Aln] 2222. C @ (A[n] x A[n]) = (C @ Aln)) @ An] © X @K 
where D: A[n] — A[n] x A[n] is the diagonal map and i,: A[n] — K is the map 
that takes the nondegenerate n-simplex of A[{n] to 7. This natural map o has the 
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properties required by Theorem 9.8.5, and so we can use it to inductively define 
o for all the spaces used in the construction of the localization (see Section 1.7.2). 
The theorem now follows from Proposition 9.8.9 and Theorem 9.8.5. O 

1.8. Pointed and unpointed localization 

There is a functor from the category of pointed spaces to the category of un- 
pointed spaces that forgets the basepoint, and so there are two different notions of 
localization that we can define on a category of pointed spaces. If f: A— Bisa 
cofibration of cofibrant pointed spaces, then 

(1) we can consider the notions of pointed f-local spaces and pointed f-local 
equivalences in Spc, (see Notation 1.1.4), or 

(2) we can still consider spaces with basepoint (i.e., spaces in Spc,) but con- 
sider the notions of unpointed f-local spaces and unpointed f-local equiv- 
alences in Spc by forgetting the basepoints. 

DEFINITION 1.8.1. If f: A — B is a cofibration of cofibrant pointed spaces and 
X is a pointed space, then we will say that 

(1) X is pointed f-local if it is an f-local space in Spc,, and 
(2) we will say that X is unpointed f-local if X is an f-local space in Spc 

when we forget the basepoints of all the spaces involved. 

Similarly, a map f: X — Y will be called 

(1) a pointed f-local equivalence if it is an f-loca]l equivalence in Spc,, and 
(2) an unpointed f-local equivalence if it is an f-local equivalence in Spc after 

forgetting all basepoints. 

NOTATION 1.8.2. In this section, if X and Y are objects of Spc, (see Nota- 
tion 1.1.4), then 

(1) Map(X,Y) will continue to denote the unpointed simplicial set of maps 
between the pointed spaces X and Y, and 

(2) UMap(X, Y) will denote the unpointed simplicial set of maps between the 
unpointed spaces obtained from X and Y by forgetting the basepoints. 

Thus, Definition 1.8.1 implies that if f: A — B is a cofibration of cofibrant pointed 
spaces then a fibrant pointed space X is 

(1) pointed f-local if f*: Map(B,X) — Map(A,X) is a weak equivalence of 
(unpointed) simplicial sets and it is 

(2) unpointed f-local if f*: UMap(B,X) — UMap(A, x) is a weak equiva- 
lence of (unpointed) simplicial sets. 

Similarly, a map g: Y — Z of pointed spaces is 

(1) a pointed f-local equivalence if there is a cofibrant approximation g: Y= 
Z to g such that for every pointed f-local space W the induced map of 
simplicial sets 9*: Map(Z,W) — Map(Y,W) is a weak equivalence and 
it is 

(2) an unpointed f-local equivalence if there is a cofibrant approximation 
g: ¥ — Z to g such that for every unpointed f-local space W the in- 
duced map of simplicial sets 9*: UMap(Z, W) — UMap(Y, W) is a weak 
equivalence 
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PROPOSITION 1.8.3. Let A be a cofibrant object of Spc, and let X be a fibrant 
object of Spc,. 

(1) If Spe, = SS,, then there is a natural fibration of unpointed simplicial 
sets 

Map(A, X) — UMap(A, xX) X . 

(2) If Spe, = Top,, then there is a natural fibration of unpointed simplicial 
sets 

Map(A, X) — UMap(A, X) - Sing X . 

Proof. Since * — A is a cofibration of pointed spaces and X is a fibrant 
pointed space, « — A is also a cofibration of unpointed spaces (after forgetting the 
basepoints) and X is also a fibrant pointed space (after forgetting the basepoint). 
Thus, Proposition 9.3.1 implies that we have a natural fibration of simplicial sets 
UMap(A, X) — UMap(«, X). The fiber of this fibration is Map(A, X). If Spc, = 
SS.., then UMap(*, X) is naturally isomorphic to the unpointed simplicial set X. If 
Spe, = Top,, then UMap(«, X) is naturally isomorphic to the unpointed simplicial 
set Sing X. 0 

PROPOSITION 1.8.4. Let A — B be a map of cofibrant pointed spaces and let 
W be a fibrant pointed space. 

(1) If UMap(B,W) — UMap(A, W) (see Notation 1.8.2) is a weak equiva- 
lence, then Map(B, W) — Map(A, W) is a weak equivalence. 

(2) If W is path connected and Map(B, W) — Map(A, W) is a weak equiva- 
lence, then UMap(B, W) — UMap(A, W) is a weak equivalence. 

Proor. This follows from Proposition 1.8.3 and the long exact sequence of 
homotopy groups of a fibration. 0 

PROPOSITION 1.8.5. Let f: A — B be a cofibration of cofibrant pointed spaces 
and let X be a pointed space. 

(1) If X is an unpointed f-local space, then it is also a pointed f -local space. 
(2) If X is a path connected pointed f-local space, then it is also an unpointed 

f-local space. 

PrRooF. This follows from Proposition 1.8.4. Oo 

COROLLARY 1.8.6. Let f: A — B be a cofibration of cofibrant pointed spaces. 
If X is a path connected pointed space, then X is pointed f-local if and only if it 
is unpointed f-local. 

PROOF. This follows from Proposition 1.8.5. a) 

LEMMA 1.8.7. If A is a path connected pointed space, X is a pointed space, 
and Xp is the path component of X containing the basepoint, then the natural map 
Map(A, Xp) — Map(A, X) is an isomorphism. 

PROOF. Since the image of a path connected space is path connected, for every 

n > 0 the image of a pointed map from A @ A[n] to X is contained in Xp. O 

THEOREM 1.8.8. If f: A — B is a map of path connected cofibrant pointed 
spaces and X is a pointed space, then the following are equivalent: 

(1) X is pointed f-local. 
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(2) Every path component of X is fibrant and the path component of X 
containing the basepoint is pointed f -local. 

(3) Every path component of X is fibrant and the path component of X 
containing the basepoint is unpointed f-local. 

Proor. This follows from Lemma 1.8.7 and Corollary 1.8.6. 0 

COROLLARY 1.8.9. If f: A — B is a map of path connected cofibrant pointed 
spaces and X is a fibrant pointed space, then X is unpointed f-local if and only 
if every path component of X is pointed f-local when you choose a basepoint for 
each path component. 

Proor. If the path components of X are {X;}ses, then we have a commutative 
square 

UMap(B, X) — |] UMap(B, X,) 
ses | 

UMap(A, X) —=— |] UMap(A, X.) 
ses 

(see Notation 1.8.2) in which the horizontal maps are isomorphisms. The result 
now follows from Corollary 1.8.6. O 

COROLLARY 1.8.10. If f: A— B is a map of path connected cofibrant pointed 
spaces, X is a pointed space, and X» is the path component of X containing the 
basepoint, then the natural map 

(X — Xp) WL Xy Ly X 

is a weak equivalence (where Ly denotes pointed f-localization). 

PROOF. This follows from Theorem 1.8.8, Lemma 1.8.7, and Theorem 1.2.26. 
O 

PROPOSITION 1.8.11. Let f: A — B be a map of cofibrant pointed spaces. If 
X — Y is an unpointed f-local equivalence of path connected pointed spaces, then 
it is also a pointed f-local equivalence. 

Proor. If X — Y is a pointed cofibrant approximation (see Definition 8.1.22) 
to X — Y, then it is also an unpointed cofibrant approximation. If W is a 
pointed f-local space, let Wy be the path component of W containing the base- 
point. Lemma 1.2.6 and Proposition 1.8.5 imply that W, is an unpointed f-local 
space, and so the map UMap(Y, Wp) - UMap(X, W,) is a weak equivalence. 
Proposition 1.8.4 now implies that the map Map(Y, Wp) — Map(X, Wp) is a weak 
equivalence. Lemma 1.8.7 implies that the horizontal maps in the commutative 
square 

Map(Y, W,) —— Map(Y, W) 

| | 
Map(X, W,) —— Map(X, W) 
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are isomorphisms, and so the map Map(Y, Ww)- Map(X ,W) is a weak equivalence. 
oO 

THEOREM 1.8.12. If f: A— B is a cofibration of cofibrant pointed spaces and 
X is a path connected pointed space, then a pointed f-localization of X is also an 
unpointed f-localization of X. 

Proor. Let X — Y be the unpointed f-localization of X. Proposition 1.8.5 
implies that Y is pointed f-local and Proposition 1.8.11 implies that the map 
X — Y is a pointed f-local equivalence. O 

THEOREM 1.8.13. If f: A — B is a cofibration of path connected cofibrant 
pointed spaces and X is a pointed space, then the unpointed f-localization of X 
is weakly equivalent to the space obtained by choosing a basepoint for each path 
component of X and taking the pointed f-localization of each path component. 

Proor. Let {X;}sesg be the set of path components of X. If for every s € S 
we choose a basepoint for X, and let X, — LyXg be the pointed f-localization 
of X,, then Corollary 1.8.9 implies that [],.¢L,X, is an unpointed f-local space. 
Theorem 1.8.12 implies that for every s € S the map X, — LyX, is an unpointed f- 

local equivalence. Let X, 31 Xs be the geometric realization of the total singular 
complex of X, — L;X, if our “spaces” are topological spaces and let it be the map 
X, — LyX, itself if our “spaces” are simplicial sets. In either case, [],<g Xs — 

Les LyXs is a cofibrant approximation to [[,¢gXs > L,eg LyX, and if W is 

an unpointed f-local space the map Map([],¢5 LyXs,W) > Map([].es X,,W) 
is isomorphic to the map J],¢g Map(LsX5,W) — [lees Map(X,, W). This last 
map is a product of weak equivalences of fibrant simplicial sets and is thus a weak 
equivalence. Thus, the map [],<5 Xs > [,¢5 Ly Xz is an unpointed f-local equiv- 
alence. Ol 



CHAPTER 2 

The Localization Model Category for Spaces 

2.1. The Bousfield localization model category structure 

In this section, we show that for every map f: A — B in Spc,) (see Nota- 
tion 1.1.4) there is a model category structure on SPC(4) in which the weak equiv- 
alences are the f-local equivalences (see Definition 1.2.2) and the fibrant objects 
are the f-local spaces (see Theorem 2.1.3 and Proposition 2.1.4). This is a general- 
ization of the h,-local model category structure for a generalized homology theory 
h, on the category of simplicial sets defined by A.K. Bousfield in [8]. It is also an 
example of a left Bousfield localization (see Definition 3.1.1). This model category 
structure has also been obtained by Bousfield in [12] for the category of simpli- 
cial sets, where he deals as well with localizing certain proper classes of maps of 
simplicial sets. 

2.1.1. Statements of the theorems. 

DEFINITION 2.1.2. Let f: A > B be a map between cofibrant spaces in Spce,,). 

(1) An f-local weak equivalence is defined to be an f-local equivalence (see 
Definition 1.2.2). 

(2) An f-local cofibration is defined to be a cofibration. 
(3) An f-local fibration is defined to be a map with the right lifting prop- 

erty (see Definition 7.2.1) with respect to all maps that are both f-local 
cofibrations and f-local weak equivalences. If the map from a space to 
a point is an f-local fibration, then we will say that the space is f-local 
fibrant. 

THEOREM 2.1.3. If f: A — B is a map between cofibrant spaces in Spc;.), 
then there is a simplicial model category structure on Spc,,) in which the weak 
equivalences are the f -local weak equivalences, the cofibrations are the f-local cofi- 
brations, the fibrations are the f-local fibrations, and the simplicial structure is the 
usual siraplicial structure on Spc,,y. 

PROPOSITION 2.1.4. If f: A — B is an inclusion of cell complexes (see Re- 
mark 1.2.11), then a space is f-local if and only if it is fibrant in the f-local model 
category structure of Theorem 2.1.3. 

The main difficulty in the proof of Theorem 2.1.3 lies in finding a set J+ of gen- 
erating trivial cofibrations for the f-local model category structure. The augmented 
set of f-horns A{f} (see Definition 1.3.2) is a set of cofibrations such that every 
A{ f}-cofibration is a trivial cofibration in the f-local model category structure (see 
Corollary 1.4.17), and Proposition 1.4.7 implies that the set A{f} does suffice to 
determine the f-local spaces, but it is not true that the class of f-local trivial cofi- 
brations must equal the class of A{ f}-cofibrations (see Example 2.1.6). Thus, the 

35 
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proof of Theorem 2.1.3 will use the following proposition, the proof of which we 
will present in Section 2.3 after some necessary preparatory work in Section 2.2. 

PROPOSITION 2.1.5. If f: A — B is a map of cofibrant spaces in Spc,,), then 
there is a set Jy of inclusions of cell complexes (see Remark 1.2.11) such that 

(1) every map in Js is an f-local equivalence, and 
(2) the class of J;-cofibrations (see Definition 10.5.2) equals the class of cofi- 

brations that are also f -local equivalences. 

We will present the proof of Proposition 2.1.5 in Section 2.3, after some neces- 
Sary preparatory work in Section 2.2. 

We present here an example (due to A. K. Bousfield) of a map f such that, 
among the cofibrations that are f-local equivalences, there are maps that are not 
A{ f}-cofibrations. 

EXAMPLE 2.1.6. Let Spc;,) = Top,, let n > 0, and let f: A — B be the 

inclusion S* + D"+). The path space fibration p: P K(Z,n) > K(Z,n) is a A{f}- 
injective (see Definition 1.4.2), and so every A{f}-cofibration has the left lifting 
property with respect to p. The cofibration * — S” does not have the left lifting 
property with respect to p, and so it is not a A{f}-cofibration. However, since 
both the composition * + S$” — D”*) and f itself are f-local equivalences (see 
Proposition 1.2.16), the “two out of three” property of f-local equivalences (see 
Proposition 1.2.17) implies that the inclusion + — S$” is an f-local equivalence. 
Thus, * — S” is both a cofibration and an f-local equivalence, but it is not a 
A{f}-cofibration. 

2.1.7. Proofs. 

PROOF OF THEOREM 2.1.3. We begin by using Theorem 11.3.1 to show that 
there is a cofibrantly generated model category structure on Spc,,) with weak equiv- 
alences, cofibrations, and fibrations as described in the statement of Theorem 2.1.3. 

Proposition 1.2.17 implies that the class of f-local equivalences satisfies the 
“two out of three” axiom, and Proposition 1.2.18 implies that it is closed under 
retracts. 

Let I be the set of maps 

= {Spc,,)(@A[n}) — Spe,,)(Aln]) | n > 0} 
(see Definition 1.1.13) and let J; be the set of maps provided by Proposition 2.1.5. 
Since every map in either J or Jy is an inclusion of simplicial sets (if Spc.) = 
SS(«)) or an inclusion of cell complexes (if Spce,,, = Top,,)), Example 10.4.4 and 
Example 10.4.5 imply that condition 1 of Theorem 11.3.1 is satisfied. 

The subcategory of I-cofibrations is the subcategory of cofibrations in the usual 
model category structure in Spc,y, and the J-injectives are the usual trivial fi- 
brations. Thus, Proposition 2.1.5 implies that condition 2 of Theorem 11.3.1 is 
satisfied. 

Since the Jy-cofibrations are a subcategory of the JI-cofibrations, every I- 
injective must be a Js-injective. Proposition 1.2.16 implies that every Js-injective 
is an f-local equivalence, and so condition 3 is satisfied. 

Proposition 2.1.5 implies that condition 4a of Theorem 11.3.1 is satisfied, and 
so Theorem 11.3.1 now implies that we have a model category. 
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To show that our model category is a simplicial model category, we note that, 
since the simplicial structure is the usual one, axiom M6 of Definition 9.1.6 holds 
because it does so in the usual simplicial model category structure on Spe,). For 
axiom M7 of Definition 9.1.6, we note that the class of f-local cofibrations equals 
the usual class of cofibrations and the class of f-local fibrations is contained in the 
usual class of fibrations. Thus, the first requirement of axiom M7 is clear. In the 
case that the map pis an f-local equivalence, the rest of axiom M7 follows from the 
fact that, since the class of f-local cofibrations equals the usual class of cofibrations, 
the class of f-local trivial fibrations equals the usual class of trivial fibrations (see 
Proposition 7.2.3). 

In the case that the map 7 is an f-local equivalence, we choose a cofibrant 
approximation 7: A — B toi such that 7 is a cofibration (see Proposition 8.1.23). 
Proposition 9.4.5 and Proposition 9.4.8 imply that, for every n > 0, the map 

A®Aln} Digaain B @ @A{n] B @ Ajn] is also an f-local equivalence, and so it 
has the left lifting property with respect to the map p. Lemma 9.4.7 now implies 
that the map 7 has the left lifting property with respect to the map X4I"] — 
YI") xy-aatn) XO4(] for every n > 0. Since Spc,,) is a left proper model category 
(see Theorem 13.1.11 and Theorem 13.1.13), Proposition 13.2.1 implies that the 
map i has the left lifting property with respect to the map X41 4 Y4I") xyoatal 
X®4"] for every n > 0, and so the result follows from Lemma 9.4.7. Oo 

PROOF OF PROPOSITION 2.1.4. If W is fibrant in the f-local model category 
structure, then the map W — * has the right lifting property with respect to every 
cofibration that is an f-local equivalence. Proposition 1.3.7 implies that every horn 
on f is both a cofibration and an f-local equivalence, and so Proposition 1.3.3 
implies that W is f-local. 

Conversely, assume that W is f-local. If i: A — B is both a cofibration and 
an f-local equivalence, then Proposition 8.1.23 implies that there is a cofibrant 
approximation 7: A — B to i such that 7 is a cofibration, and Proposition 13.2.1 
and Proposition 7.2.3 imply that it is sufficient to show that 7 has the left lifting 
property with respect tothe map W — *. Proposition 1.2.16 and Proposition 1.2.17 
imply that 2 is an f-local equivalence, and so Proposition 9.4.5 and Proposition 9.4.3 
imply that 7 has the left lifting property with respect to the map W — x. O 

2.2. Subcomplexes of relative A{f}-cell complexes 

The proof of Proposition 2.1.5 (in Section 2.3) will require a careful analysis 
of the localization of a space. Since the localization map is a relative A{ f}-cell 
complex, we need to study subcomplexes of relative A{ f}-cell complexes. 

DEFINITION 2.2.1. Let f: A — B be an inclusion of cell complexes (see Re- 
mark 1.2.11). 

e If C + D is an element of A{f} (see Definition 1.3.2), then D will also 
be called a A{f}-cell, C will be called the boundary of the A{f}-cell, and 
D —C will be called the interior of the A{f}-cell. (The interior of a 
A{f}-cell is not, in general, a subcomplex.) 
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e If C > Disa map in A{f} and 

C—> xX 

D—Y 

is a pushout, then we will refer to the image of D in Y as a A{ f}-cell. 

2.2.2. Presentations of relative A{f}-cell complexes. A relative A{f}- 
cell complex is a map that can be constructed as a transfinite composition of 
pushouts of elements of A{f} (see Definition 1.3.8). To consider subcomplexes 
of a relative A{ f}-cell complex, we need to choose a particular such construction. 

DEFINITION 2.2.3. If g: X — Y is a relative A{f}-cell complex (see Defini- 
tion 1.3.8), then a presentation of g is a pair consisting of a A-sequence 

X= Xp > X17 Xg 7 Xp: (B <A) 

(for some ordinal A) and a set of ordered triples 

{(T9,€°,n®)} 
such that 

(1) the composition of the A-sequence is the map g: X — Y, 
(2) each T® is a set, 
(3) each e® is a function e®: T° — A{f} (see Definition 1.3.2), 
(4) for every 8 <A, ifi € T® and e? is the A{f}-cell C, > D,, then nh? is a 

map h?: C; + Xz, and 
(5) every Xg41 is the pushout 

I[c:—- [[». 
TA TA 

“| 
Xp —_—_———, X p41 . 

DEFINITION 2.2.4. Let g: X — Y bea relative A{ f}-cell complex with presen- 
tation (X = Xo -— Xy — X2 a oe 2 Xp eee (8 < A), {T,e?, h®} cy). 

(1) Ife is a A{f}-cell of g (see Definition 1.3.2), the presentation ordinal of e 
is defined to be the first ordinal @ such that e is in Xg. 

(2) If 8 < A, then the @-skeleton of g is defined to be Xg. We will sometimes 
abuse language and refer to the image of Xg in Y as the (-skeleton of g. 

2.2.5. Constructing a subcomplex of a relative A{f}-cell complex. 

DEFINITION 2.2.6. If g: X — Y is a relative A{ f}-cell complex with presenta- 
tion (X = Xp 3 Xp 3 Xq 3-3 Xg--- (8B <A), {T%,€%, h¥} gc), then a 
subcomplez of g relative to that presentation consists of a family of sets {T} 62 d 
such that 

(1) for every 8 < X, the set T? is a subset of T4, 
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(2) there is a \-sequence 

X = Xp) 3 XK 3 Xp 9-3 Xp: (B <4) 
(called the A-sequence associated with the subcomplex) and a map of 
A-sequences 

v
 

n
N

 

XxX =— Xo > Xy > XQ aa 

such that, for every 8 < » and every 7 € T8, the map ne :C, — Xg 
factors through the map Xz — Xg, and 

(3) for every B < X, the square 

He —> ]]. 
Té Té 

Xg-—> Xan 
is a pushout. 

REMARK 2.2.7. Although a subcomplex of a relative A{f}-cell complex can 
only be defined relative to some particular presentation of that relative A{f }-cell 
complex, we will often discuss subcomplexes of a relative A{ f}-cell complex with- 
out explicitly mentioning the presentation relative to which the subcomplexes are 
defined. 

REMARK 2.2.8. Although a subcomplex of a relative A{ f}-cell complex with 
some particular presentation is defined to be a family of sets {T?} ge) (see Defi- 
nition 2.2.6), we will often abuse language and refer to the A-sequence associated 
with the subcomplex, or the composition of that \-sequence, as a “subcomplex”. 

_ REMARK 2.2.9. Note that the definition of a subcomplex implies that the maps 
Xg — Xz are all relative A{ f}-cell complexes. Since a relative A{ f}-cell complex is 
a monomorphism, the factorization of each ne through xX g — Xg is unique. Thus, 
a subcomplex of a relative A{f}-cell complex is itself a relative A{f}-cell complex 
with a natural presentation. 

PROPOSITION 2.2.10. Given a relative A{f}-cell complex X — Y with presen- 
tation (X = Xy9 > X, 4 Xp 4? 3 Xp (B <A), {T8,€%, bh} acy), an 
arbitrary subcomplex can be constructed by the following inductive procedure. 

(1) Choose an arbitrary subset T° of T°. 
(2) If B < \ and we have defined {T7},<g, then we have determined the 

space Xp and the map Xz — Xg (where Xp is the space that appears in 
the A-sequence associated to the subcomplex). Consider the set 

{i€ T | h?: Cy 4 X¢ factors through Xg > Xg} 
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Choose an arbitrary subset T® of this set. For every i € T®, there is a 
unique map h?: C, + Xg that makes the diagram 

C; 

“JN 

commute. We let Xpa1 be the pushout 

II CL —_, II D; 
TB Te 

mo | 
Xp —_ Xpar 

Proor. This follows directly from the definitions. 0 

PROPOSITION 2.2.11. Let g: X — Y be a relative A{f}-cell complex with pre- 
sentation (X = Xp + X, > Xp --- 3 Xg--) (8B < Ad), {TP,e% hP}gcy). If 
{{TB}e<ahvey is a set of subcomplexes of g, then the intersection {T°}g<, of the 

set of subcomplexes (where TS = Nuev TP for every 8 < ) is a subcomplex of g. 
PRooF. It is sufficient to show that, if 8 < A and we have constructed the 

{-skeleton of the associated A-sequence X = Xo + xX, = Xo —) Xp, then, 
for every i € T®, the map h®: C, > Xg factors through Xp + Xg. fie TS, then 
1€ Té for every u € U, and so nb factors uniquely through xs — Xg for every 
u €U. Since Xp is the limit of the diagram that contains the map Xu — Xg for 
every u € U, the map he factors uniquely through xX g— Xz. C 

COROLLARY 2.2.12. Let g: X + Y be a relative A{f}-cell complex with pre- 
sentation (X = Xo + Xi > X24 ++: 4 Xg--+ (B< Ad), {T?,e? h®} gy). If 
e is an f-cell of g, then there is a smallest subcomplex of g that contains e, i.e., a 
subcomplex of g containing e that is a subcomplex of every subcomplex of g that 
contains e. 

PROOF. Proposition 2.2.11 implies that we can take the intersection of all 
subcomplexes of g that contain e. 0 

DEFINITION 2.2.13. If eis a A{f}-cell of the relative A{f}-cell complex g: X 3 
Y with some particular presentation, then the smallest subcomplex of g that con- 
tains e (whose existence is guaranteed by Corollary 2.2.12) will be called the sub- 
complex generated by e. 

2.2.14. Subcomplexes of the localization. If f: A — B is an inclusion 
of cell complexes (see Remark 1.2.11), then for every space X, the localization 
jx: X + L;X has a natural presentation as a relative A{ f}-cell complex. When 
we discuss subcomplexes of jx, it will be with respect to that natural presentation. 

LEMMA 2.2.15. Let f: A — B be an inclusion of cell complexes (see Re- 
mark 1.2.11), and let X be asimplicial set (or a cell complex). If W is a subcomplex 
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of X, then Ly W is naturally isomorphic (or homeomorphic) to a subcomplex of Ls X 
(where by “naturally” we mean that this isomorphism is a functor on the category 
of subcomplexes of X ). 

Proor. The construction of L;X from X defines an obvious presentation of 
the relative A{f}-cell complex jx: X — Ly;X. Since an inclusion of a subcomplex 
is a monomorphism, the construction of L;W from W defines an obvious natural 

isomorphism of the relative A{f}-cell complex W — L;W with a subcomplex of 
j(X). C 

PROPOSITION 2.2.16. Let f: A — B be an inclusion of cel] complexes (see 
Remark 1.2.11). If X is a simplicial set (or a cell complex) and W is a subcomplex of 
X, then L; W is naturally isomorphic (or homeomorphic) to the subcomplex of L;X 
consisting of those A{f}-cells of L;X for which the zero skeleton of the subcomplex 
of LyX generated by that A{ f}-cell (see Definition 2.2.13) is a subcomplex of W. 

PROOF. We identify L;W with a subcomplex of LyX as in Lemma 2.2.15, 
and we will show by transfinite induction on the presentation ordinal (see Defini- 
tion 2.2.4) of the A{f}-cell that a A{f}-cell of LyX is in LyW if and only if the 
zero skeleton of the subcomplex of LyX generated by that A{f}-cell (see Defini- 
tion 2.2.13) is a subcomplex of W. 

If e is a A{f}-cell of presentation ordinal 1, then the subcomplex of L;X 
generated by e consists of the union of e and the subcomplexes of X generated by 
those simplices (or cells) of X whose interiors intersect the image of the attaching 
map of e. Thus, the zero skeleton of the subcomplex of LyX generated by e is a 
subcomplex of W if and only if the attaching map of e factors through the inclusion 
W — X, which is true if and only if e is contained in Ly W. 

Since there are no A{f}-cells whose presentation ordinal is a limit ordinal, 
we assume that @ +1 < 2 and that the assertion is true for all A{f}-cells of 
presentation ordinal less than or equal to @. Let e be a A{f}-cell of presentation 
ordinal 6 +1. The subcomplex of L;X generated by e consists of the union of 

e and the subcomplexes of LyX generated by those A{f}-cells and simplices (or 
cells) of X whose interiors intersect the image of the attaching map of e. Each of 
those A{f}-cells is of presentation ordinal at most 8, and so it is in L,W if and 
only if the zero skeleton of the subcomplex of L;X it generates is contained in W, 
and the inductive hypothesis implies that this is true if and only if that A{f}-cell 
isin LyW. Thus, the subcomplex of LyX generated by e is contained in L,W if 
and only if the attaching map for e factors through Wg — Xg, i-e., if and only if e 
is in L,W. CO 

PROPOSITION 2.2.17. Let f: A — B be an inclusion of cell complexes (see 
Remark 1.2.11). If X is a simplicial set (or a cell complex) and {W,},es is a family 
of subcomplexes of X, then Ly(f)\scg Ws) = Macs Ly Ws- 

ProoF. This follows from Proposition 2.2.16. O 

PROPOSITION 2.2.18. Let f: A — B be an inclusion of cell complexes (see 
Remark 1.2.11). If X is a simplicial set (or a cell complex) and Wy C Wy C 
W.C---CWgc-::: (8 < ) is a \-sequence of subcomplexes of X (where 
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A is the ordinal chosen in Section 1.3.4), then the natural map colimg<, LyWg > 
Ly colimg<, Wg is an isomorphism (or a homeomorphism). 

PROOF. Proposition 2.2.16 implies that the map is an isomorphism onto a 
subcomplex; it remains only to show that every A{f}-cell of Ly colimg<, Wg is 
contained in some LyWg,. We will do this by a transfinite induction on the presen- 
tation ordinal of the A{f}-cell (see Definition 2.2.4). 

Ife isa A{f}-cell of Ly colimg<, Wg of presentation ordinal 1, then its attaching 
map is a map to colimg<, Wg, and the discussion in Section 1.3.4 explains why there 
is an ordinal 6 < A such that the image of the attaching map is contained in Wg. 
Thus, the A{f}-cell is in L,Wg. 

Since there are no A{ f}-cells of presentation ordinal equal to a limit ordinal, 
we now let y be an ordinal such that y+ 1 < A, and we assume that the assertion 
is true for all A{f}-cells of presentation ordinal less than or equal to y. If ¢ is a 
A{ f}-cell of presentation ordinal y+ 1, then e has fewer than 4 simplices (or cells). 
Thus, the image of the attaching map of e is contained in the interiors of fewer 
than A many A{f}-cells, each of presentation ordinal less than or equal to y. (If 
Spey.) = Top,,), then this follows from Corollary 10.7.5.) The induction hypothesis 
implies that each of these is contained in some LyWg. Since A is a regular cardinal, 

there must exist @ < » such that the union of these A{f}-cells is contained in 
Ly Wg, and so e is also contained in L;Wg. 0 

2.3. The Bousfield-Smith cardinality argument 

The proof of Proposition 2.1.5 is at the end of this section. The cardinality 
argument that we use here was first used by A. K. Bousfield [8] to define a model 
category structure on the category of simplicial sets in which a weak equivalence was 
a map that induced a homology isomorphism (for some chosen homology theory). 
This was extended to more general localizations of cofibrantly generated model 
categories (see Definition 11.1.2) by J. H. Smith. We are indebted to D. M. Kan 
for explaining this argument to us. 

We will prove Proposition 2.1.5 by showing that there is a set Jy of cofibra- 
tions that are f-local equivalences such that every cofibration that is an f-local 
equivalence has the left lifting property (see Definition 7.2.1) with respect to every 
J;-injective. Proposition 2.1.5 will then follow from Corollary 10.5.22. 

We will find the set J; by showing (in Proposition 2.3.8) that there is a cardinal 
y such that if a map has the right lifting property with respect to all inclusions of 
simplicial sets (or of cell complexes) that are f-local equivalences between complexes 
of size no larger than y, then it has the right lifting property with respect to 
all cofibrations that are f-local equivalences. (By the “size” of a simplicial set 
(or a cell complex) X we mean the cardinal of the set of simplices (or cells) of 
X; see Definition 2.3.2.) We will then let J; be a set of representatives of the 
isomorphism classes of of these “small enough” inclusions of complexes that are 
f-local equivalences. 

We must first deal with an inconvenient aspect of the categories Top and Top,: 
Not all spaces are cell complexes. This requires Lemma 2.3.1, which shows that 
for a fibration to have the right lifting property (see Definition 7.2.1) with respect 
to all cofibrations that are f-local equivalences, it is sufficient for it to have the 
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right lifting property with respect to all such cofibrations that are inclusions of cell 
complexes. 

LEMMA 2.3.1. Let f: A — B be a map of cofibrant spaces in Top,,). Ifp: E > 
B is a fibration with the right lifting property with respect to all inclusions of cell 
complexes that are f-local equivalences, then it has the right lifting property with 
respect to all cofibrations that are f-local equivalences. 

PRoor. Let g: X — Y be acofibration that is an f-local equivalence. Propo- 
sition 11.2.8 implies that there is a cofibrant approximation (see Definition 8.1.22) 
g to g such that g is an inclusion of cell complexes, and Proposition 1.2.16 and 
Proposition 1.2.17 imply that g is an f-local equivalence. Since Topy,) is a left 
proper model category (see Theorem 13.1.11), the lemma now follows from Propo- 
sition 13.2.1. O 

We can now restrict our attention to inclusions of simplicial sets (if Spey.) = 
S5(«)) or inclusions of cell complexes (if Spe;,, = Topy,)). We need to find a cardinal 
‘y with two properties: 

(1) The cardinal y is “large enough” in that for every complex X, every sub- 
complex of L;X of size no greater than ¥ is contained in the localization 
of a subcomplex of X of size no greater than ¥. 

(2) The cardinal + is “stable” in that if X is a complex of size no greater than 
y, then LX will also have size no greater than +. 

Once we have such a cardinal -y, Proposition 2.3.7 (which uses Lemma 2.3.5) will 
show that any inclusion of complexes that is an f-local equivalence can be built out 
of ones of size no greater than y. This will be used in Proposition 2.3.8 to show 
that if a map has the right lifting property with respect to all “small” inclusions of 
complexes that are f-local equivalences then it has the right lifting property with 
respect to all inclusions of complexes that are f-local equivalences. We define our 
cardinal yy in Definition 2.3.4. 

DEFINITION 2.3.2. If the set of simplices (or cells) of the complex X has cardinal 
k, then we will say that X is of size x. 

LEMMA 2.3.3. Let the map f: A — B be an inclusion of cell complexes (see 
Remark 1.2.11) and let X be the first infinite cardinal greater than that of the 
simplices (or cells) of ALL B. For any complex X, we have LyX = colimL;X,g, 
where X, varies over the subcomplexes of X of size less than i. 

PROOF. Proposition 2.2.16 implies that each LyX, is a subcomplex of L;X, 

and so we need only show that every A{f}-cell of LyX is contained in LyX, for 
some small subcomplex X, of X. We will do this by a transfinite induction on the 
presentation ordinal of the A{f}-cell (see Definition 2.2.4). To ease the strain of 
terminology, for the remainder of this proof, the word “small” will mean “of size 
less than X”. 

The induction is begun by noting that the zero skeleton of X + L;X equals 
X. Since there are no A{ f}-cells of presentation ordinal equal to a limit ordinal, 
we need only consider the case of successor ordinals. _ 

Now let @+1 < 4, and assume that each A{f}-cell of presentation ordinal 
less than or equal to @ is contained in LyX, for some small subcomplex X, of 
X. Any A{f}-cell of presentation ordinal @ +1 must be attached by a map of its 
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boundary to the @-skeleton of L;X (see Definition 2.2.4). Since the boundary of 
an Af f}-cell has size less than A, the image of the attaching map can intersect the 
interiors of fewer than \ other simplices (or cells), each of which is either in X or 
in an A{f}-cell of sequential dimension less than or equal to #. (If Spey) = Topsy, 
then this uses Corollary 10.7.5.) Thus, our A{f}-cell is attached to the union of 
X with some A{f}-cells, each of which is contained in the localization of a small 
subcomplex of X. If we let Z be the union of those small subcomplexes of X and 
the subcomplexes of X generated by the (fewer than 4) simplices (or cells) of X in 
the image of the attaching map of our A{f}-cell, then Z is the union a collection 
of size less than » of subcomplexes of X, each of which is of size less than A. Since 
A is a regular cardinal (see Proposition 10.1.14 and Example 10.1.12), this implies 
that Z is of size less than \, and our A{f}-cell is contained in L,Z. i) 

DEFINITION 2.3.4. We let c denote the cardinal of the continuum, i-e., ¢ is the 
cardinal of the set of real numbers. We let \ denote the ordinal (which is also a 
cardinal) selected in Section 1.3.4, ie, if f: A — B, then X is the first infinite 
cardinal greater than that of the set of simplices (or cells) of AIL B. We now define 
y as 

y= M if Spey.) = SS («) 
(Ac)** if Spec) = Top.) . 

Thus, if Spe.) = Top,,), then y = (Ac)** = max(d, c‘) = (M)(c*) (since the 
maximum of two infinite cardinals equals their product (see, e.g., [29, Chapter 2] 
or [17, page 70])). 

LEMMA 2.3.5. Let the map f: A — B be an inclusion of cell complexes (see 
Remark 1.2.11) and let X be a simplicial set (or a cell complex). If Z is a subcom- 
plex of L;X of size less than or equal to y, then there exists a subcomplex W of 
X, of size less than or equal to y, such that Z C L;W. 

Proor. Lemma 2.3.3 implies that each simplex (or cell) of Z is contained in the 
localization of some subcomplex of X of size less than A, and so Proposition 2.2.16 
implies that Z is contained in the localization of the union of those subcomplexes. 
Since \ < ¥ (see Definition 2.3.4), A x y = y, and so that union of subcomplexes is 
of size less than or equal to ¥. O 

LEMMA 2.3.6. Let the map f: A — B be an inclusion of cell complexes (see 
Remark 1.2.11). If X is a simplicial set (or a cell complex) of size less than or equal 
to y (see Definition 2.3.4), then LyX has size less than or equal to ¥. 

ProoFr. Let X = Xp — X1 — X2 - --- ~ Xg > --- (8 < ) be the 
A-sequence that is part of the natural presentation of the relative A{f}-cell com- 
plex X — L;X (see Definition 2.2.3). We will prove by transfinite induction 
that, for every 6 < X, the complex Xg has size less than or equal to yy. Since 
LyX = colimg<, Xg and Succ(7) (see Definition 10.1.10) is a regular cardinal (see 
Definition 10.1.14), this will imply the lemma. 

We begin the induction by noting that Xo = X. If we now assume that Xz 
has size less than or equal to y, then (since the boundary of a A{f}-cell is of 
size less than \) there are fewer than y* = ¥ (if Spc;,) = SSi.)) or 7° = ¥ (if 
Spe.) = Top,,)) (see Proposition 10.1.15) many maps from the boundary of a 
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A{f}-cell to Xg. Since there are only countably many A{f}-cells, there are fewer 
than y many A{f}-cells attached to Xg to form Xg4,. Since each Af{f}-cell has 
fewer than A many simplices (or cells), Xg41 has size less than or equal to y. 

If @ is a limit ordinal, then Xg is a colimit of complexes, each of which is of 
size less than or equal to y. Since G < < 7, this implies that Xg has size less 
than or equal to ¥. O 

The following proposition will be used in Proposition 2.3.8 to extend a map over 
an arbitrary inclusion of a subcomplex that is an f-local equivalence by extending 
it over a subcomplex of size no greater than 7+. 

PROPOSITION 2.3.7. Let f: A — B be an inclusion of cell complexes (see Re- 
mark 1.2.11), and let D be a simplicial set (or a cell complex). If t: C — D is 
the inclusion of a proper subcomplex and an f-local equivalence, then there is a 
subcomplex K of D such that 

(1) the subcomplex K is not contained in the subcomplex C, 
(2) the size of K is less than or equal to y (see Definition 2.3.4), and 
(3) the inclusions KNC — K and C + CUK are both f-local equivalences. 

PROOF. Since i: C — D is the inclusion of a subcomplex and an f-local equiv- 
alence, Lemma 2.2.15 and Theorem 1.4.15 imply that Ly(t): LyC — LyD is a 
trivial cofibration of fibrant spaces, and so it is the inclusion of a strong defor- 
mation retract (see Corollary 9.6.5). We choose a strong deformation retraction 
R: LyD @I — LysD (where I = A[1]), which will remain fixed throughout this 
proof. 

We will show that there exists a subcomplex K of D of size less than or equal 
to y such that 

(1) K is not contained in C, 
(2) Rl, «er is a deformation retraction of Ly K to Ly(K NC), and 
(3) Rlt,(cuxy@r is a deformation retraction of Ly(CU K) to LyC. 

We will do this by constructing a A-sequence 

Ko CK, C Ko C-:-C Kg c-:-:: (8 <A) 

(where is as in Definition 2.3.4) of subcomplexes of D such that, for every 8 < 4, 

(1) Kg has size less than or equal to 7, 

(2) R(LyKe @1) CLysKasi, 
and such that no Kg is contained in C’. If we then let K = Ug, Kg, then Propo- 
sition 2.2.18 will imply that K has the properties that we require. 

We begin by choosing a simplex (or cell) of D that isn’t contained in C’, and 
letting Ko equal the subcomplex generated by that simplex (or cell). 

For successor ordinals, suppose that 6 +1 < y and that we’ve constructed 
Kg. Lemma 2.3.6 implies that LyKg has size less than or equal to y, and so 
R(L;Kg ®@ I) is contained in a subcomplex of Ly D of size less than or equal to 
y. (If Spe,,, = Top,,), then this uses Corollary 10.7.7.) Lemma 2.3.5 now implies 
that we can find a subcomplex Zg of D, of size less than or equal to y, such that 
R(LyKg @1) C LyZg. We let Kgy1 = Kg U Zg. It is clear that Kg+1 has the 
properties required of it, and so the proof is complete. O 

PROPOSITION 2.3.8. Let f: A — B be an inclusion of cell complexes (see Re- 
mark 1.2.11). If p: X — Y has the right lifting property with respect to those 
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inclusions of subcomplexes 1: C — D that are f-local equivalences and such that 
the size of D is less than or equal to y (see Definition 2.3.4), then p has the right 
lifting property with respect to all inclusions of subcomplexes that are f-local equiv- 
alences. 

PRoor. Let i: C — D be an inclusion of a subcomplex that is an f-local 
equivalence, and let the solid arrow diagram 

C—4x 
s 

DY 

be commutative; we must show that there exists a dotted arrow making both tri- 
angles commute. To do this, we will consider the subcomplexes of D over which 
our map can be defined and use Zorn’s lemma to show that we can define it over 
all of D. 

Let S be the set of pairs (D,,9,) such that 
(1) D, is a subcomplex of D containing C such that the inclusioni,: C — D, 

is an f-local equivalence, and 
(2) gs is a function D, — X such that g,i, = h and pg, = klp,. 

We define a preorder on S by defining (Ds, 95) < (Dt, 9) if Ds C D: and g:|p, = gs. 
If S’ C Sis achain (i.e., a totally ordered subset of S), let D, = colimip, 9,)es’ Ds 

and define g,: Dy — X by gu = colimcp, 9,)es’ 9s- The universal mapping prop- 
erty of the colimit implies that gui, = h and pg, = k|p,, and Proposition 1.2.20 
implies that the map C — D, is an f-local equivalence. Thus, (D1, 9.) is an el- 
ement of S, and so it is an upper bound for S’. Zorn’s lemma now implies that 
S has a maximal element (Dm, 9,). We will complete the proof by showing that 
Dm =D. 

If Dm # D, then Proposition 2.3.7 implies that there is a subcomplex K of D 
such that K is not contained in D,,, the size of K is less than or equal to y, and the 
inclusions K 1 Dy, — K and Dy, — DmUK are both f-local equivalences. Thus, 
there is amap gx: K — X such that pgx = k|x and gx|Knp,, = 9m|lKnD,, and so 
Qm and gx combine to define a map gmx: KUDm — X such that pomx = kl Kup,, 
and gmxi = h. Thus, (K UDm,9mx) is an element of S strictly greater than 
(Dm;9m). This contradicts (Dm,9m) being a maximal element of S, and so our 
assumption that D,, # D must have been false, and the proof is complete. 0 

PROOF OF PROPOSITION 2.1.5. Let Jy be a set of representatives of the iso- 
morphism classes of inclusions of subcomplexes that are f-local equivalences of 
complexes of size less than or equal to y. Proposition 2.3.8, Corollary 10.5.22 and 
Lemma 2.3.1 (if Spey) = Topy.)) imply that the J;-cofibrations are exactly the 
cofibrations that are f-local equivalences. O 



CHAPTER 3 

Localization of Model Categories 

The purpose of a model category is to serve as a presentation of its homotopy 
theory, and so a “localization” of a model category should be a construction that 
adds inverses for maps in the homotopy category, rather than one that adds inverses 
for maps in the underlying category. If M is a model category and ©€ is a class of 
maps in M, a localization of M with respect to C will be a map of model categories 
F: M — N such that the images in HoM of the elements of © go to isomorphisms in 
HoWN and such that F is initial among such maps of model categories. Since there 
are two different varieties of maps of model categories, left Quillen functors and 
right Quillen functors (see Definition 8.5.2), we will define two different varieties 
of localizations of model categories, left localizations and right localizations (see 
Definition 3.1.1). 

IfF: M —> Nis a left Quillen functor, g: X — Y isa map in M, and [g]: X ~ Y 
is the image of g in HoM, then the total left derived functor LF: HoM — HoN 
of F (see Definition 8.4.7) takes [g] to the image in HoN of F(g) for some cofibrant 
approximation g to g. Thus, if LF[g] is to be an isomorphism for every element 
g of ©, then Theorem 8.3.10 and Proposition 8.1.24 imply that F must take every 
cofibrant approximation to an element of @ into a weak equivalence. Thus, if C 
is a class of maps in M, then a left localization of M with respect to @ will be a 
left Quillen functor that takes cofibrant approximations to elements of © into weak 
equivalences and is initial among such left Quillen functors (see Theorem 3.1.6). 
Similarly, a right localization of M with respect to € will be a right Quillen functor 
that takes fibrant approximations to elements of © into weak equivalences and is 
initial among such right Quillen functors. 

In Section 3.1 we define left and right localizations of model categories, and 
explain the connection between left localizations, local objects, and local equiv- 
alences (and, dually, the connection between right localizations, colocal objects, 
and colocal equivalences). In Section 3.2 we establish some properties of (co)local 
objects and (co)local equivalences, and in Section 3.3 we discuss (left and right) 
Bousfield localizations of categories, a special case of left and right localizations 
(see Theorem 3.3.19). (The localizations that we construct in Chapters 4 and 5 
are Bousfield localizations.) In Section 3.4 we discuss left Bousfield localizations 
of left proper model categories (and right Bousfield localizations of right proper 
model categories), and in Section 3.5 we establish a method for detecting (co)local 
equivalences. 

3.1. Left localization and right localization 

DEFINITION 3.1.1. Let M be a model category and let C be a class of maps in 
M. 

47 
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(1) A left localization of M with respect to C is a model category LeM together 
with a left Quillen functor (see Definition 8.5.2) 7: 4 — LeM such that 
(a) the total left derived functor Lj: HoM — HoLeM (see Defini- 

tion 8.4.7) of 7 takes the images in HoM of the elements of C into 
isomorphisms in HoLeM, and 

(b) if N is a model category and y: M > N is a left Quillen functor such 
that Ly: HoM — HoN takes the images in HoM of the elements 
of @ into isomorphisms in HoWN, then there is a unique left Quillen 
functor 6: LeM — N such that 67 = y. 

(2) A right localization of M with respect to © is a model category ReM 
together with a right Quillen functor 7: M — ReM such that 
(a) the total right derived functor Rj: HoM — HoReM of j takes the 

images in HoM of the elements of C into isomorphisms in HoReM, 
and 

(b) if Nis a model category and y: M — Nis aright Quillen functor such 
that Ry: HoM — HoN takes the images in HoM of the elements 
of @ into isomorphisms in HoN, then there is a unique right Quillen 
functor 6: LeM — N such that 67 = y. 

PROPOSITION 3.1.2. Let M be a model category and let © be a class of maps 
in M. If a (left or right) localization of M with respect to € exists, it is unique up 
to a unique isomorphism. 

PROOF. The standard argument applies. O 

3.1.3. C-local objects and C-local equivalences. Given a left (respectively, 
right) Quillen functor F, we need to be able to describe when the total left (respec- 
tively, right) derived functor of F inverts a map in the homotopy category by exam- 
ining F itself. We will do this in Theorem 3.1.6, using the notions of C-local object 
and @-local equivalence (respectively, C-colocal object and C-colocal equivalence) 
(see Definition 3.1.4). 

DEFINITION 3.1.4. Let M be a model category and let C be a class of maps in 
M. 

(1) (a) An object W of M is C-local if W is fibrant and for every element 
f: A — B of @ the induced map of homotopy function complexes 
f*: map(B, W) — map(A, W) (see Notation 17.4.2) is a weak equiv- 
alence. (Theorem 17.5.31 implies that if this is true for any one ho- 
motopy function complex then it is true for every homotopy function 
complex.) If © consists of the single map f: A — B then a C-local 
object will also be called f-local, and if € consists of the single map 
from the initial object of M to an object A then a C-local object will 
also be called A-local or A-null. 

(b) A map g:X — Y in M is a C€-local equivalence if for every C- 
local object W the induced map of homotopy function complexes 
g*: map(Y, W) > map(X, W) (see Notation 17.4.2) is a weak equiv- 
alence. (Theorem 17.5.31 implies that if this is true for any one 
homotopy function complex then it is true for every homotopy func- 
tion complex.) If C consists of the single map f: A — B then a 
C-local equivalence will also be called an f-local equivalence, and if © 
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consists of the single map from the initial object of M to an object A 
then a @-local equivalence will also be called an A-local equivalence. 

(2) (a) An object W of M is C-colocal if W is cofibrant and for every ele- 
ment f: A — B of @ the induced map of homotopy function com- 
plexes f,: map(W, A) — map(W, B) (see Notation 17.4.2) is a weak 
equivalence. (Theorem 17.5.31 implies that if this is true for any 
one homotopy function complex then it is true for every homotopy 
function complex.) 

(b) A map g: X — Y in M is a C-colocal equivalence if for every C- 
colocal object W the induced map of homotopy function complexes 
gx: map(W, X) — map(W,Y) (see Notation 17.4.2) is a weak equiv- 
alence. (Theorem 17.5.31 implies that if this is true for any one ho- 
motopy function complex then it is true for every homotopy function 
complex. ) 

PROPOSITION 3.1.5. IfM is a model category and @ is a class of maps in M then 
every weak equivalence is both a C-local equivalence and a C-colocal equivalence. 

ProoF. This follows from Theorem 17.6.3. O 

THEOREM 3.1.6. Let M and N be model categories and let F: M2 N:U bea 
Quillen pair. 

(1) If © is a class of maps in M, then the following are equivalent: 
(a) The total left derived functor LF: HoM — HoN (see Definition 8.4.7) 

of F takes the images in HoM of the elements of © into isomorphisms 
in HoN. 

(b) The functor F takes every cofibrant approximation to an element of 
C into a weak equivalence in N. 

(c) The functor U takes every fibrant object of N into a C-loca] object 
of M. 

(d) The functor F takes every @-loca]l equivalence between cofibrant ob- 
jects into a weak equivalence in N. 

(2) If C is a class of maps in N, then the following are equivalent: 
(a) The total right derived functor RU: HoN — HoM (see Defini- 

tion 8.4.7) of U takes the images in HoN of the elements of C into 
isomorphisms in HoM. 

(b) The functor U takes every fibrant approximation to an element of C 
into a weak equivalence in M. 

(c) The functor F takes every cofibrant object of M into a C-colocal 
object of N. 

(d) The functor U takes every C-colocal equivalence between fibrant ob- 
jects into a weak equivalence in M. 

PROOF. We will prove part 1; the proof of part 2 is dual. 

(a) is equivalent to (b): If g: X — Y is a map in M, then the total left de- 
rived functor of F takes the image of g in HoM to the image in HoN 
of F(g) for some cofibrant approximation g to g (see the proof of Prop- 
osition 8.4.4). Since a map in N is a weak equivalence if and only if its 
image in HoN is an isomorphism (see Theorem 8.3.10), Proposition 8.1.24 
implies that (a) is equivalent to (b). 
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(b) is equivalent to (c): If f: A — B is an element of ©, then Proposi- 
tion 8.1.24 implies that F takes every cofibrant approximation to f into a 
weak equivalence if and only if F takes at least one cofibrant approx- 
imation to f into a weak equivalence. If f: A-> Bisa cosimpli- 
cial resolution of f in M, then fo: Ao Bo is a cofibrant approxima- 
tion to f and F(f): F(A) — F(B) is a cosimplicial resolution in N of 
F(fo): F(Ao) — F(Bo) (see Proposition 16.2.1). Theorem 17.7.7 implies 
that the map of simplicial sets N(F(B),W) — N(F(A),W) is a weak 
equivalence for every fibrant object W in N if and only if F(fp) is a weak 
equivalence. The adjointness of F and U now implies that the map of 
simplicial sets M(B, U(W)) — M(A,U(W)) is a weak equivalence for 
every fibrant object W of N if and only if F( fo) is a weak equivalence, 
and so (b) is equivalent to (c). 

(c) is equivalent to (d): If W is a fibrant object of N and W is a simplicial 
resolution of W in N, then U(W) is a simplicial resolution of U(W) in 
M (see Proposition 16.2.1). Thus, U(W) is C-local if and only if the map 
of simplicial sets g*: M(B, U(W)) — M(A, uU(W)) is a weak equivalence 
for every C-local equivalence between cofibrant objects g: A — B. Theo- 
rem 17.7.7 implies that F(g): F(A) — F(B) is a weak equivalence if and 
only if the map of simplicial sets F(g)*: N(F(B),W) — M (F(A), W) is 
a weak equivalence for every fibrant object W, and so the result follows 
from the adjointness of the pair (F, U). 

O 

3.1.7. Cellularization. 

DEFINITION 3.1.8. Let M be a model category and let K be a set of objects in 
M. 

(1) 

(2) 

A map g: X — Y will be called a K-colocal equivalence or a K -cellular 
equivalence if for every element A of K the induced map of homotopy 
function complexes g,: map(A,X) — map(A,Y) (see Notation 17.4.2) 
is a weak equivalence. (Theorem 17.5.31 implies that if this is true for 
any one homotopy function complex, then it is true for every homotopy 
function complex.) If K consists of the single object A, then a K-colocal 
equivalence will also be called an A-colocal equivalence or an A-cellular 
equivalence. 
If € is the class of K-colocal equivalences, then a C-colocal object (see 
Definition 3.1.4) will also be called K -colocal. 

REMARK 3.1.9. Earlier work on colocalization was exclusively in a category of 
pointed spaces ((20, 21, 23, 24]) and was called cellularization. Given a pointed 
space A, an A-cellular equivalence of pointed spaces was defined to bea map g: X > 
Y for which the induced map g.: Map(A, X) — Map(A,Y) (see Definition 1.1.6) 
is a weak equivalence, and the class of A-cellular spaces was defined to be the 
smallest class of cofibrant spaces containing A and closed under homotopy colimits 
and weak equivalences. Since this earlier work considered only the subcategory of 
fibrant objects (or worked entirely in the category of pointed topological spaces, 
in which every object is fibrant), this earlier definition of an A-cellular equivalence 
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coincides with our definition of an A-colocal equivalence (see Example 17.1.4 and 
Example 17.2.4). We will show in Theorem 5.1.5 that this earlier definition of an 
A-cellular space also coincides with our definition of an A-colocal space. 

REMARK 3.1.10. If M = Spc (a category of unpointed spaces; see Nota- 
tion 1.1.4) and A is a non-empty space, then a one point space is a retract of 
A, and so every space X is a retract of the space of maps X“. This implies that 
if K is a set of nonempty spaces, then a K-colocal equivalence of unpointed spaces 
must actually be a weak equivalence. Thus, to consider the notion of K-colocal 
equivalence of unpointed spaces would be pointless.1 

3.1.11. Localization and Quillen functors. Let ©M and N be model cate- 
gories and let F: M @ N:U be a Quillen pair. If g is a map in M with respect 
to which we intend to localize M, then the corresponding localization of N would 
not be with respect to Fg. This is because the image in HoN of Fg does not, in 
general, equal the image in HoN under LF (see Definition 8.4.7) of the image in 
HoM of g; that is, the square 

M —— 

| | 
HoM +7? HoN 

does not, in general, commute. If g is amap in M and g is a cofibrant approximation 
to g, then Fg is a map in N whose image in HoN is isomorphic to the image under 
LF of the image of g in HoM. Thus, if C is a class of maps in M with respect to 
which we will left localize M, then the corresponding class of maps in N is LFC 
(see Definition 8.5.11). 

PROPOSITION 3.1.12. Let M and N be model categories and let F: M@N:U 
be a Quillen pair. 

(1) If © is a class of maps in M and W is a fibrant object of N, then W is 
LFC-local (see Definition 8.5.11) if and only if UW is C-local. 

(2) If C is a class of maps in N and W is a cofibrant object of M, then W is 
RUC-colocal if and only if FW is C-colocal. 

PROOF. We will prove part 1; the proof of part 2 is dual. _ _ 
Ifi: A — Bisa cofibrant approximation to an element of C and7: A— Bisa 

cosimplicial resolution of 7, then F?: FA — FB is a cosimplicial resolution of LF%. 
The result now follows because the map of simplicial sets N(FB,W) — N(FA, W) 
is isomorphic to the map of simplicial sets M(B, UW) > M(A, UW). 0 

3.2. C-local objects and C-local equivalences 

Theorem 3.1.6 implies that to understand a left localization with respect to C 
we must understand C-local objects and C-local equivalences, and to understand a 
right localization with respect to C we must understand C€-local objects and €-local 
equivalences. 

1 According to E. Dror Farjoun, this joke is due to W. G. Dwyer. 
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LEMMA 3.2.1. Let M be a model category and let © be a class of maps in M. 

(1) If X and Y are fibrant objects of M and g: X — Y is a weak equivalence, 
then X is C-local (see Definition 3.1.4) if and only if Y is C-local. 

(2) IfX andY are cofibrant objects of M and g: X — Y is a weak equivalence, 
then X is C-colocal if and only if Y is ©-colocal. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
If f: A— B is an element of C, then we have the commutative diagram 

map(B,X) —— map(A, X) 

-| |- 
map(B, Y) ——> map(A,Y) 

in which the vertical maps are weak equivalences (see Theorem 17.6.3). Thus, the 
top map is a weak equivalence if and only if the bottom map is a weak equivalence. 

0 

PROPOSITION 3.2.2. Let M be a model category and let © be a class of maps 
in M. 

(1) If X and Y are fibrant objects that are weakly equivalent (see Defini- 
tion 7.9.2), then X is C-local if and only if Y is C-local. 

(2) If X and Y are cofibrant objects that are weakly equivalent, then X is 
€-colocal if and only if Y is C-colocal. 

PROOF. This follows from Lemma 3.2.1. oO 

PROPOSITION 3.2.3. Let M be a model category and let © be a class of maps 
in M. 

(1) The class of C-local equivalences (see Definition 3.1.4) satisfies the “two 
out of three” axiom, i.e., if g and h are composable maps and if two of g, 
h, and hg are C-local equivalences, then so is the third. 

(2) The class of C-colocal equivalences satisfies the “two out of three” axiom, 
Le., if g and h are composable maps and if two of g, h, and hg are C-colocal 
equivalences, then so is the third. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
Given maps g: X — Y and h: Y — Z, we can apply a functorial cofibrant 

approximation (see Proposition 8.1.17) to g and h to obtain the diagram 

g h 
— y — 

><
 <

—
—

 
>

 

<
<

—
 

2
 

N
O

 
N

 

re a 

in which 9, h, and hg are cofibrant approximations to g, h, and hg, respectively. 
If W is a C-local object, W isa simplicial resolution of W, and two of the maps 
g*: M(Y,W) — M(X,W), h*: M(Z,W) 5 M(Y,W), and (hg)*: M(Z, W) > 
M(X, W) are weak equivalences, then the third is as well. 0 
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PROPOSITION 3.2.4. Let M be a model category and let © be a class of maps 
in M. 

(1) The class of C-local equivalences is closed under retracts (see Defini- 
tion 7.1.1). 

(2) The class of C-colocal equivalences is closed under retracts. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
If g: X 4 Y is a C-local equivalence and h: V — W is a retract of g, then we 

can apply a functorial factorization to the maps from the initial object to each of 
X,Y,V, and W to obtain cofibrant approximations 9: X 3Y to g and h: ViWw 
to h such that h is a retract of g. If Z is a C-local object and Zisa simplicial 
resolution of Z, then h*: MW, Z) = M(V, Z) is a retract of the weak equivalence 
a: M(Y,Z) 9 M(X, Z), and so h* is a weak equivalence. O 

LEMMA 3.2.5. Let M be a model category, let C be a class of maps in M, let D 
be a small category, and let g: X — Y is a map of D-diagrams in M. 

(1) If the map ga: Xq — Yo is a C-local equivalence between cofibrant 
objects for every object a of D, then the induced map of homotopy colimits 
hocolim g: hocolim X — hocolimY is a C-local equivalence. 

(2) If the map gg: Xa — Yq is a C-colocal equivalence between fibrant 
objects for every object a of D, then the induced map of homotopy limits 
holim g: holim X — hocolim Y is a €-colocal equivalence. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
Let W be a C-local object. Since map(hocolim X,,W) is naturally weakly 

equivalent to holim map(Xq, W) (see Theorem 19.4.4), our map is naturally weakly 
equivalent to the map holimmap(Y.,W) — holim map(X.,W). Since for each a 
the map Xq — Yq is a C-local equivalence, the result follows from Theorem 19.4.2. 

O 

LEMMA 3.2.6. Let M be a model category and let C be a class of maps in M. 

(1) Ift: A-— B is a cofibration of cofibrant objects, then i is a C-local equiv- 
alence if and only if it has the left lifting property (see Definition 7.2.1) 
with respect to the map X4I"] _, X®4l") for every simplicial resolution 
X of every C-local object X and every n > 0. 

(2) Ifp: X — Y is a fibration of fibrant objects, then p is a C-colocal equiv- 
alence if and only if it has the right lifting property with respect to the 
map B ® 0A{n] > B® A{n] for every cosimplicial resolution B of every 
C-colocal object B and every n > 0. 

PROOF. This follows from Proposition 17.8.5 and Proposition 17.8.8. O 

PROPOSITION 3.2.7. Let M be a model category, let € be a class of maps in M, 
and let T be a totally ordered set. 

(1) IfW: T — Misa functor such that, ifs,t € T ands < t, thenW, — W; 
is both a cofibration of cofibrant objects and a C@-local equivalence, then 
for every s € T the map W, — colimt>s W: is both a cofibration of 
cofibrant objects and a C-local equivalence. 

(2) IfW: T°? — M is a functor such that, ifs,t € T ands < t, then W, > 
W,, is both a fibration of fibrant objects and a C-colocal equivalence, then 
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for every s € T the map lim:>, W; — W, is both a fibration of fibrant 
objects and a C-colocal equivalence. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
Part 1 follows from Lemma 3.2.6, Lemma 10.3.5, and Proposition 10.3.6. O 

LEMMA 3.2.8. Let M be a simplicial model category and let © be a class of 
maps in M. If f: A — B 1s a cofibration between cofibrant objects in M that is a 
C-local equivalence and K is a simplicial set, then the map f®lx: AQ K ~ BOK 
is also a cofibration between cofibrant objects that is a C-local equivalence. 

ProoF. If X is a C-local object then we have a commutative square 

Map(B @ K, X) —~~+ Map(K, Map(B, X)) 

| | 
Map(A @ K, X) ——+ Map(K, Map(A, X)) 

in which the horizontal maps are isomorphisms. Since X is C@-local the map 
Map(B, X) — Map(A, X) is a trivial fibration of simplicial sets, and so the map 
on the right is also a trivial fibration of simplicial sets. O 

3.2.9. Left proper model categories. 

PROPOSITION 3.2.10. Let M be a left proper model category, and let © be a set 
of maps in M. If g: C — D is a cofibration that is also a C-local equivalence, then 
any pushout of g is also a C-local equivalence. 

Proor. This follows from Proposition 17.8.5 and Proposition 17.8.16. O 

PROPOSITION 3.2.11. If M is a left proper model category and € is a class 
of maps in M, then a transfinite composition of maps, each of which is both a 
cofibration and a @-local equivalence, is both a cofibration and a C-local equivalence. 

PROOF. Let » be an ordinal and let 

Xq 7 X1 9 Xg 7+: 9 XB: (B < d) 

be a A-sequence of maps that are both cofibrations and @-local equivalences. Propo- 
sition 10.3.4 implies that the composition of that A-sequence is a cofibration, and so 
it remains only to show that it is a C-local equivalence. Proposition 17.9.4 implies 
that we can find a \-sequence of cofibrations together with a map of A-sequences 

Xo *X) > Xp yee > Xe pees 

Xo >Xy > X2 yoo » Xp pose 

such that each vertical map Xp — Xg is a cofibrant approximation to Xg and 
colimg<) Xp — colimg<, Xg is a cofibrant approximation to colimg<, Xg. If W is 
a @-local object and W isa simplicial resolution of W, then, since each Xg + Xg41 
is a C-local equivalence and each Xg + X41 is a cofibration, each M(X p41, W) > 
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M(Xp, W) is a trivial fibration of simplicial sets (see Theorem 17.8.4). Thus, we 
have a tower of trivial fibrations of simplicial sets 

M(Xo,W) — M(X1, W) — M( Xo, W) —--- —M (Xe, W) — 
and so the projection limg<, M(Xa, Ww) M(Xo, W) is a weak equivalence. Since 
M(colimg<, Xg, W) i is isomorphic to limg<, M(Xe, W), this implies that the com- 
position Xo — colimg<, Xg is a C-local equivalence. 0 

3.2.12. C-(co)local Whitehead theorems. 

THEOREM 3.2.13 (Weak C-(co)local Whitehead theorem). Let M is a model 
category and let C be a class of maps in M. 

(1) If X and Y are @-local objects and g: X — Y is a C-local equivalence, 
then g is a weak equivalence. 

(2) If X and Y are C-colocal objects and 9: X — Y is a C-colocal equivalence, 
then g is a weak equivalence. 

PROOF. This follows from Proposition 17.7.6. C) 

THEOREM 3.2.14 (Strong C-(co)local Whitehead theorem). Let M be a model 
category and let C be a class of maps in M. 

(1) If X and Y are cofibrant C-local objects and g: X — Y is a C-local 
equivalence, then g is a homotopy equivalence. 

(2) If X and Y are fibrant C-colocal objects and g: X — Y is a C-colocal 
equivalence, then g is a homotopy equivalence. 

PROOF. This follows from Theorem 3.2.13 and Theorem 7.5.10. 0 

3.2.15. C-localization of objects and maps. 

DEFINITION 3.2.16. Let ¥{ be a model category and let © be a class of maps 
in M. 

(1) (a) A C-localization of an object X is a C-local object x (see Defini- 
tion 3.1.4) together with an C-local equivalence 7: X — X. We will 
sometimes use the phrase C-localization to refer to the object x, 
without explicitly mentioning the C-local equivalence j. A cofibrant 
C-localization of X is a C-localization in which the C-local equivalence 
j is also a cofibration. 

(b) A C-localization of a map g: X > Y is a C@-localization (X, jx) of 
X, a @-localization (Y, jy) of Y, and a map g: X — ¥ such that the 

—iY 

square 

4 

se| |» 
XY 

g 

commutes. We will sometimes use the term C-localization to refer to 
the map 9, without explicitly mentioning the C-localizations (X , 7x ) 
of X and (Y, jy) of Y. 
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(2) (a) A C-colocalization of an object X is a C-colocal object X (see Def- 
inition 3.1.8) together with a @-colocal equivalence i: X + X. We 
will sometimes use the phrase @-colocalization to refer to the object 
X, without explicitly mentioning the C-colocal equivalence i. A fi- 
brant C-colocalization of X is a C-colocalization in which the C-colocal 
equivalence is also a fibration. 

(b) A C-colocalization of a map g: X — Y is a C-colocalization (X,ix) 
of X, a C-colocalization (Y ty) of Y, and a map 9: X = Y such that 
the square 

xX 

x—,7Y 

9 
-=-> l

t
 

ty 

—
 

commutes. We will sometimes use the term C@-colocalization to refer 
to the map g, without explicitly mentioning the C-colocalizations 
(X,7x) of X and (Y,ty) of Y. 

THEOREM 3.2.17. Let M be a model category and let © be a class of maps in 
M. 

(1) If X is a fibrant object and j: X — X is a C-localization of X (see 
Definition 3.2.16), then j is a weak equivalence if and only if X is C-local. 

(2) If X is a cofibrant object and 1: X — X is a C-colocalization of X (see 
Definition 3.2.16), theni is a weak equivalence if and only if X is C-colocal. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
If X is C-local then Theorem 3.2.13 implies that j is a weak equivalence. Con- 

versely, if 7 is a weak equivalence then Lemma 3.2.1 implies that X is C-local. O 

THEOREM 3.2.18. Let M be a model category and let © be a class of maps in 
M. 

(1) If g: X 4 ¥ is a C-localization of g: X 4 Y, then g is a C-local equiva- 
lence if and only if 9 is a weak equivalence. 

(2) If g: X + ¥ is a C-colocalization of g: X + Y, then g is a C-colocal 
equivalence if and only if 9 is a weak equivalence. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
Proposition 3.1.5 and Proposition 3.2.3 imply that g is a C-local equivalence if 

and only if g is an C-local equivalence. Since X and Y are C-local, Theorem 3.2.13 
and Proposition 3.1.5 imply that g is a C-local equivalence if and only if it is a weak 
equivalence. O 

If M is a left proper cellular model category (see Definition 12.1.1) and S$ is 
a set of maps in M, then in Definition 4.3.2 we define a functorial S-localization 
(Ls, 7). Theorem 3.2.17 then implies that a fibrant object X is S-local if and only if 
the S-localization map j(X): X — LsX is a weak equivalence (see Theorem 4.3.5), 
and Theorem 3.2.18 implies that a map g: X — Y is an S-local equivalence if and 
only if Ls(g): LsX — LsY is a weak equivalence (see Theorem 4.3.6). 
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PROPOSITION 3.2.19. Let M be a model category and let C be a class of maps 
in M. 

(1) (a) Ifboth X and X are cofibrant andj: X 3 X is a C-localization of X, 
then for every C-local object W the map j induces an isomorphism 
of the sets of homotopy classes of maps j*: (X,W) = 1(X,W). 

(b) If X is cofibrant and j: X + X is a cofibrant C-localization of X, 
then for every C-local object W and every map f: X — W there is 
a map g: X =W, unique up to homotopy, such that gj = f. 

(2) (a) Ifboth X and X are fibrant andi: X — X is a C-colocalization of X, 
then for every C-colocal object B the map 1 induces an isomorphism 
of the sets of homotopy classes of maps i,: (B, X) = m(B,X). 

(b) If X is fibrant and i: X ~ X is a fibrant C-colocalization of X, then 
for every @-colocal object B and every map f: B — X there is a 
mapg: Bo x, unique up to homotopy, such that ig = f. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
Part la follows from Proposition 17.7.4. Part 1b follows from part la and 

Proposition 7.3.13. oO 

3.3. Bousfield localization 

The (left and right) localizations (see Definition 3.1.1) that we will construct 
will actually be new model category structures on the underlying category of the 
given model category. Since model category structures such as these were originally 
constructed in the foundational work of Bousfield [8, 9, 10, 11, 12], we call these 
(left and right) Bousfield localizations. 

DEFINITION 3.3.1. Let M be a model category and let © be a class of maps in 
M. 

(1) The left Bousfield localization of M with respect to € (if it exists; see Re 
mark 3.3.2) is a model category structure LeM on the underlying category 
of M such that 
(a) the class of weak equivalences of LeM equals the class of C-local 

equivalences of M, 
(b) the class of cofibrations of LeM equals the class of cofibrations of M, 

and 
(c) the class of fibrations of LeM is the class of maps with the right lifting 

property with respect to those maps that are both cofibrations and 
C-local equivalences. 

(2) The right Bousfield localization of M with respect to C (if it exists; see Re- 
mark 3.3.2) is a model category structure ReM on the underlying category 
of M such that 
(a) the class of weak equivalences of ReM equals the class of C-colocal 

equivalences of M, 
(b) the class of fibrations of ReM equals the class of fibrations of M, and 
(c) the class of cofibrations of ReM is the class of maps with the left 

lifting property with respect to those maps that are both fibrations 
and C-colocal equivalences. 
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REMARK 3.3.2. We are not asserting that if M is a model category and C is a 
class of maps in M then the left (or right) Bousfield localization of M with respect 
to € exists; that is, the three classes of maps described in Definition 3.3.1 part 1 
(or part 2) might not constitute a model category structure on M. However, we 
will show in Theorem 3.3.19 that if a Bousfield localization of M with respect to 
C exists (i.e., if the three classes of maps do constitute a model category structure 
on M), then it is a localization of M with respect to © (see Definition 3.1.1). Our 
existence theorem for left Bousfield localizations is Theorem 4.1.1 and our existence 
theorem for right Bousfield localizations is Theorem 5.1.1. 

PROPOSITION 3.3.3. Let M be a model category, and let © be a class of maps 
inM. 

(1) If LeM is the left Bousfield localization of M with respect to €C, then 
(a) every weak equivalence of M is a weak equivalence of LeM, 
(b) the class of trivial fibrations of LeM equals the class of trivial fibra- 

tions of M, 
(c) every fibration of LeM is a fibration of M, and 
(d) every trivial cofibration of M is a trivial cofibration of LsM. 

(2) If ReM is the right Bousfield localization of M with respect to €, then 
(a) every weak equivalence of M is a weak equivalence of ReM, 
(b) the class of trivial cofibrations of ReM equals the class of trivial 

cofibrations of M, 
(c) every cofibration of ReM is a cofibration of M, and 
(d) every trivial fibration of M is a trivial fibration of M. 

PROOF. This follows from Proposition 3.1.5 and Proposition 7.2.3. O 

PROPOSITION 3.3.4. Let M be a model category and let C be a class of maps 
in M. 

(1) If7: M — LeM is the left Bousfield localization of M with respect to C, 
then the identity functors 14: M @ LeM :1m are a Quillen pair (see 
Definition 8.5.2). 

(2) If 7: M — ReM is the right Bousfield localization of M with respect to 
C, then the identity functors ly: ReM @ M :1y are a Quillen pair. 

PROOF. This follows from Proposition 3.3.3. O 

PROPOSITION 3.3.5. Let M be a model category and let © be a class of maps 
in M. 

(1) IfLeM is the left Bousfield localization of M with respect toC, f: X -— Z 
and g: Y — Z are fibrations in LeM, andh: X — Y Is a weak equivalence 
in LeM that makes the triangle 

x ue »Y 

Z 

commute, then h is a weak equivalence in M. 
(2) If ReM is the right Bousfield localization of M with respect toC, f: A 

B and g: A — C are cofibrations in ReM, and h: B = C is a weak 



3.3. BOUSFIELD LOCALIZATION 59 

equivalence in ReM that makes the triangle 

A 

YN 
B h >C 

commute, then h is a weak equivalence in M. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
If we let h: X — Y be a fibrant cofibrant approximation to h in M (see 

Proposition 9.1.9), then we have the diagram 

h 

<
I 

jx Y 

><
 <

—
—

 
2

 

—
_
 

ne
t 

NA 
in which X and ¥ are cofibrant i in M and jx and jy are trivial fibrations. Thus, 
fix: X > Z and gjy: Y > Z are fibrations in LeM (see Proposition 3.3.3), h is 
a weak equivalence in LeM (see Proposition 3.1.5), and it is sufficient to show that 
h is a weak equivalence in M. 

Since h is a weak equivalence of cofibrant-fibrant objects in (LeM | Z) (see 
Theorem 7.6.5), it is a homotopy equivalence in (LeM | Z) (see Proposition 8.3.26). 
Thus, there is a map k: Y > X in (LeM | Z) such that hk ~ ly in (LeM | Z) and 
kh 1z in (LeM | Z). Since the trivial fibrations of LeM are the trivial fibrations 

of M, Proposition 8.3.20 and Proposition 8.4.4 imply that hk ~ 1p in M and kh & 
lz in M. If y: M — HoM is the natural functor from M to its homotopy category 
(see Definition 9.6.2), then Lemma 9.6.3 implies that y(k) 0 7(h) = Ly and 
¥(h) o7(k) = 1%), and so Theorem 9.6.9 implies that his a weak equivalence. O 

PROPOSITION 3.3.6. Let M be a model category and let © be a class of maps 
inM. 

(1) If X is a fibrant object of M, 7: X > X is a cofibrant @-localization of 
X (see Definition 3.2.16), and LeM is the left Bousfield localization of M 
with respect to ©, then the following are equivalent: 
(a) The object X is C-local. . 
(b) The C-localization map 7: X — X is a weak equivalence in M. 
(c) The @-localization map j: X — X isa homotopy equivalence in 

(X | M). . 
(d) The C-localization map 7: X — X is the inclusion of a strong defor- 

mation retract (see Definition 7.6.10). 
(2) If X is a cofibrant object of M, i: X — X is a fibrant C-colocalization of 

X, and ReM is the right Bousfield localization of M with respect to C, 
then the following are equivalent: 
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(a) The object X is C-colocal. 
(b) The @-colocalization map 1: X — X is a weak equivalence in M. 
(c) The C-colocalization map i: X — X is a homotopy equivalence in 

(M | X). 
(d) The C-colocalization map i: X — X has a right inverse s: X ~~ X 

such that si is homotopic to lz in (M|X) (that is, it is the dual of 
a strong deformation retraction). 

PROOF. We will prove part 1; the proof of part 2 is dual. 
A cofibrant C-localization of an object is a @-local trivial cofibration to an 

C-local fibrant object (see Definition 3.3.1 and Proposition 3.4.1). Thus, Propo- 
sition 7.6.11 implies that condition 1 implies condition 4. It follows immediately 
from the definitions that condition 4 implies condition 3 and Theorem 7.8.5 implies 
that condition 3 implies condition 2. Finally, Lemma 3.2.1 implies that condition 2 
implies condition 1. O 

3.3.7. C-local objects. For an explanation of the motivation of the definition 
of a horn, see Section 1.3. 

DEFINITION 3.3.8. Let M be a model category. 

(1) If f: A-— B is a map in M, then a horn on fi is a map constructed by 
(a) choosing a cosimplicial resolution f: A — B (see Definition 16.1.20) 

of f such that f is a Reedy cofibration, 
(b) choosing an integer n > 0, and then 
(c) constructing the map A @ A[n] Again} B@ dA(n| — Be Afni. 

If @ is a class of maps in M then a horn on € is a horn on some element 
of €. 

(2) If f: A— B is a map in M, then a cohorn on f is a map constructed by 

(a) choosing a simplicial resolution f: A — B (see Definition 16.1.20) 
of f such that f is a Reedy fibration, 

(b) choosing an integer n > 0, and then 
(c) constructing the map Ai] _, Ball XFoatn} Aealr), 

If © is a class of maps in M then a cohorn on © is a cohorn on some 
element of €. 

PROPOSITION 3.3.9. If M is a model category and © is a class of maps in M, 
then 

(1) every horn on @ is a cofibration, and 
(2) every cohorn on @ is a fibration. 

ProoF. This follows from Proposition 16.3.10. 0 

PROPOSITION 3.3.10. Let M be a model category and let C be a class of maps 
in M. If every element of © is a weak equivalence, then 

(1) every horn on @ is a trivial cofibration, and 
(2) every cohorn on € is a trivial fibration. 

ProoF. This follows from Proposition 16.1.24 and Proposition 16.3.10. 0 

LEMMA 3.3.11. Let M be a model category and let © be a class of maps in M. 



3.3. BOUSFIELD LOCALIZATION 61 

(1) An object W of M is C-local if and only if W is fibrant and themap W — +* 
(where * is the terminal object of M) has the right lifting property with 
respect to every horn on € (see Definition 3.3.8). 

(2) An object W of M is €-colocal if and only if W is cofibrant and the map 
® + W (where @ is the initial object of M) has the left lifting property 
with respect to every cohorn on € (see Definition 3.3.8). 

PROOF. This follows from Proposition 17.8.5 and Proposition 17.8.8. O 

LEMMA 3.3.12. Let M and N be model categories and let F: M @N:U bea 
Quillen pair. 

(1) If g: A— B is a map of cofibrant objects in M and h: C — D is a horn 
on g (see Definition 3.3.8), then F(h) is a horn on F(g). 

(2) If p: X — Y is a map of fibrant objects in N and q: W — Z is a cohorn 
on p (see Definition 3.3.8), then U(g) is a cohorn on U(p). 

PROOF. Since the left adjoint F commutes with colimits and the right adjoint 
U commutes with limits, this follows from Corollary 16.2.2. O 

LEMMA 3.3.13. Let M be a model category and let © be a class of maps in M. 

(1) IfLeM is the left Bousfield localization of M with respect to€, f: A B 
is @ map in M, and f: A = B is a cosimplicial resolution of f over M 
such that f is a Reedy cofibration, then f is also a cosimplicial resolution 
of f over LeM such that f is a Reedy cofibration. 

(2) If ReM is the right Bousfield localization of M with respect to€, f: A- 
B is a map in M, and f: A — B is a simplicial resolution of f over M 
such that f is a Reedy fibration, then f is also a simplicial resolution of 
f over ReM such that f is a Reedy fibration. 

Proor. Part 1 follows because every cofibration of M is a cofibration of LeM 
and every weak equivalence of M is a weak equivalence of LeM. Part 2 follows 
because every fibration of M is a fibration of ReM and every weak equivalence of 
M is a weak equivalence of ReM. O 

PROPOSITION 3.3.14. Let M be a model category and let © be a class of maps 
in M. 

(1) If LeM is the left Bousfield localization of M with respect to €, Y is C- 
local, and there is a map g: X — Y that is a fibration in LeM, then X is 
C-local. 

(2) If ReM is the right Bousfield localization of M with respect to ©, A is 
€-colocal, and there is a map g: A — B that is a cofibration in ReM, 
then B is €-colocal. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
Since fibrations in LeM are fibrations in M, the composition X —- Y — + is 

a fibration in M, and so Lemma 3.3.11 implies that it is sufficient to show that 
the map X — * has the right lifting property with respect to every horn on ©. If 
a: A > B isa horn on € and s: A ~ X is a map, then we have the solid arrow 
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diagram 

A——+X 

[-* a 9 

Boy 

Since Y is €-local, Lemma 3.3.11 implies that there is a map t: B — Y such that 
ta = gs. Proposition 3.3.10 and Lemma 3.3.13 imply that a is a trivial cofibration 
in LeM, and so there is a map u: B — X such that ua = s and gu =t. CJ 

PROPOSITION 3.3.15. Let M be a model category and let © be a class of maps 
in M. 

(1) IfLeM is the left Bousfield localization of M with respect to€, f: X — Z 
is a fibration in M, g: Y — Z is a fibration in LeM, andh: X —Y isa 
weak equivalence in M that makes the triangle 

XxX >Y 

A 
Z 

commute, then f is also a fibration in LeM. 
(2) IfReM is the right Bousfield localization of M with respect to ©, f: A— 

B is a cofibration in ReM, g: A — C is acofibration inM, andh: B-~C 
is a weak equivalence in M that makes the triangle 

A 

LoN 
B————> C 

commute, then g is also a cofibration in ReM. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
Proposition 7.2.3 implies that it is sufficient to show that if i: A — B is both 

a cofibration and a C-local equivalence then f has the right lifting property with 
respect to 7. If we have the solid arrow oeeen 

[PN A 
then, since g is a fibration in LeM, there is a map v: B > Y such that vi = ht and 
gv =u. Thus, in the category (A | TMM | Z) of objects of M under A and over Z (see 
Theorem 7.6.5), there is a map from B to Y. Since B is cofibrant in (A | TMM | Z) and 
h: X + Y is a weak equivalence of fibrant objects in (A|M |Z), Corollary 7.7.5 
implies that there is also a map w: B > X in (A|M|Z), ie, amapw: BX 
in M such that wi =t and fw =u. Thus, f is a fibration in LeM. D 
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PROPOSITION 3.3.16. Let M be a model category and let © be a class of maps 
in M. 

(1) If LeM is the left Bousfield localization of M with respect to © and X and 
Y are C-local objects in M then a map f: X — Y is a fibration in LeM 
if and only if it is a fibration in M. 

(2) If ReM is the right Bousfield localization of M with respect to C and X 
and Y are @-colocal objects in M then a map f: X — Y is a cofibration 
in ReM if and only if it is a cofibration in M. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
Since every fibration in LeM is a fibration in M, we assume that f is a fibration 

in M and we will show that it is a fibration in LeM. If we factor fas X >W SY 
where 7 is @ trivial cofibration in LeM and p is a fibration in LeM, then we have 
the diagram 

x - >W 

Y. 

Proposition 3.3.14 implies that W is @-local, and so the weak C-local Whitehead 
theorem (see Theorem 4.1.10) implies that 7 is a weak equivalence. The result now 
follows from Proposition 3.3.15. 0 

3.3.17. Bousfield localization is a localization. 

PROPOSITION 3.3.18. Let M be a model category and let C be a class of maps 
in M. 

(1) If LeM is the left Bousfield localization of M with respect to C, N is a 
model category, and F: M > N is a left Quillen functor that takes every 
cofibrant approximation to an element of C into a weak equivalence in N, 
then F is a left Quillen functor when considered as a functor LeM - N. 

(2) If ReM is the right Bousfield localization of M with respect to C, N is a 
model category, and U: M > N is a right Quillen functor that takes every 
fibrant approximation to an element of C into a weak equivalence in N, 
then U is a right Quillen functor when considered as a functor ReM - N. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
Since the underlying category of LeM equals that of M, F has a right adjoint 

whether we consider it to be a functor F: M — N or a functor F: LeM - N. Let 
U: N- LeM be aright adjoint to F. Proposition 8.5.4 implies that it is sufficient 
to show that U preserves fibrations between fibrant objects and all trivial fibrations. 
Since the class of trivial fibrations of LeM equals the class of trivial fibrations of M 
and U is a right Quillen functor when viewed as a functor U: N — M, U preserves 
all trivial fibrations when viewed as a functor U: N — LeM. 

If X and Y are fibrant objects of N and p: X — Y is a fibration in N, then 
Theorem 3.1.6 implies that UX and UY are C-local objects of M. Since Up: UX — 
UY is a fibration in M, Proposition 3.3.16 implies that it is also a fibration in 
LeM. O 

THEOREM 3.3.19. Let M be a model category and let © be a class of maps in 
M. 
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(1) If LeM is the left Bousfield localization of M with respect to © then the 
identity functor M — LeM is a left localization of M with respect to C 
(see Definition 3.1.1). 

(2) If ReM is the right Bousfield localization of M with respect to C then the 
identity functor M — ReM is a right localization of M with respect to €. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
Let LeM be the left Bousfield localization of M with respect to C, let 7: M —- 

LeM be the identity functor, and let F: M @ N:U be a Quillen pair such that 
the total left derived functor LF: HoM — HoN takes the images in HoM of the 
elements of € into isomorphisms in HoN. Since j is the identity functor, the functor 
F: LeM — N is the unique functor such that F o7 = F, and Proposition 3.3.18 
shows that F: LeM — N is a left Quillen functor. Oo 

THEOREM 3.3.20. Let M and N be model categories and let F: M @N:U be 
a Quillen pair. 

(1) If © is a class of maps in M, LeM is the left Bousfield localization of M 
with respect to C, and LyreN is the left Bousfield localization of N with 
respect to LF€ (see Definition 8.5.11), then 
(a) (F,U) is also a Quillen pair when considered as functors F: LeM @ 

LureN :U between the localizations of M and N, and 
(b) if (F, U) is a pair of Quillen equivalences when considered as functors 

F: M @ N:JU, then (F,U) is also a pair of Quillen equivalences 
when considered as functors F: LeM @ LyureN :U between the 
localizations of M and N. 

(2) If © is a class of maps in N, ReN is the right Bousfield localization of N 
with respect to €, and RayeM is the right Bousfield localization of M 
with respect to RUC (see Definition 8.5.11), then 
(a) (F, U) is also a Quillen pair when considered as functors F : RryeM = 

ReN :U between the localizations of M and N, and 
(b) if (F, U) is a pair of Quillen equivalences when considered as functors 

F: M @ N:U, then (F,U) is also a pair of Quillen equivalences 
when considered as functors F: Raye M —@ ReN :U between the 
localizations of M and N. 

PROOF. We will prove part 1; the proof of part 2 is dual. 

Proposition 3.3.18 implies that the composition M Bon 2% LureN is a left 
Quillen functor when considered as a functor LeM — LyreN, which proves part la. 

For part 1b, we must show that if X is cofibrant in LeM and Y is fibrant in 
LureN then a map g: X — UY in LeM is a C-local equivalence if and only if the 
corresponding map g!: FX — Y in LyreN is an LFC-local equivalence. Given such 
a map g, we factor it in M as X 4s UY where A is a cofibration in M and 
k is a trivial fibration in M. Both X and Y are cofibrant, and since k is a weak 
equivalence in M, g is a €-local equivalence if and only if h is a C-local equivalence. 

The corresponding factorization of g! in N is FX **, py #, Y, and since (F, U) is 
a pair of Quillen equivalences between M and N, the map k# is a weak equivalence 
in N. Thus, both FX and FY are cofibrant, and g! is an LFC-local equivalence 
if and only if Fh is an LFC-local equivalence. It remains only to show that h is a 
C-local equivalence if and only if Fh is an LFC-local equivalence. 
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The map Fh is an LFC-local equivalence if and only if for every LFC-local 

object W iin }N and every simplicial resolution W of W in N the map of simplicial 
sets N(FY, W) 3 N(FX, W) is a weak equivalence. This map of simplicial sets is 
isomorphic to the map M(Y, UW) + M(X, UW), and so Theorem 17.6.3 implies 
that it is sufficient to show that every C-local object Z of M is weakly equivalent 
in M to an object of the form UW for some LF€-local object W of N. Thus, 
Proposition 3.1.12 and Lemma 3.2.1 imply that it is sufficient to show that every 
C-local object Z of M is weakly equivalent to an object of the form UW for some 
fibrant object W of N. Given such an object Z, we can choose a trivial fibration 
Z + Zin M with Z cofibrant in M and then choose a trivial cofibration FX + W 
in N with W fibrant in N. Since Z is cofibrant in M, W is fibrant in N, andF: M2 
N :U is a pair of Quillen equivalences, the map Z + UW is a weak equivalence in 
M, and so we have the zig-zag of weak equivalences Z — Z — UW. O 

3.4. Bousfield localization and properness 

PROPOSITION 3.4.1. Let M be a model category and let © be a class of maps 
in M. 

(1) If M is left proper and LeM is the left Bousfield localization of M with 
respect to C, then an object W of M is C-local if and only if it is a fibrant 
object in LeM. 

(2) IfM is right proper and ReM is the right Bousfield localization of M with 
respect to C, then an object W of M is C-colocal if and only if it is a 
cofibrant object in ReM. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
If W is a fibrant object of LeM then Theorem 3.1.6 applied to the Quillen pair 

lym: M @ LeM :liem implies that W is C-local. 

Conversely, assume that W is C-local. Proposition 7.2.3 implies that it is suffi- 
cient to show that ifi: A — B is both a cofibration and an C-local equivalence then 
the map W — * has the right lifting property with respect to 7. Proposition 16.1.22 
implies that we can choose a cosimplicial resolution 7: A — B of i such that 7 is 
a Reedy cofibration, and Proposition 17.8.5 and Proposition 17.8.9 imply that the 
map W — x has the right lifting property with respect to 7°: A° — B®. Since M 
is left proper, Proposition 13.2.1 and Proposition 16.1.5 now imply that the map 
W — x has the right lifting property with respect to 7. O 

LEMMA 3.4.2. Let M be a model category and let © be a class of maps in M. 

(1) If M is left proper and LeM is the left Bousfield localization of M with 
respect to C, g: A — B is a weak equivalence in LeM, h: A X isa 
map, at least one of g and h is a cofibration, and the square 

(3.4.3) A—4O Xx 
o| |: 
B—yY 

is a pushout, then k is a weak equivalence in LeM. 
(2) IfM is right proper and ReM is the right Bousfield localization of M with 

respect to €, k: X — Y is a weak equivalence in ReM, 7: B- Y isa 
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map, at least one of j and k is a fibration, and the square (3.4.3) is a 
pullback, then g is a weak equivalence in ReM. 

PrRooF. This follows from Proposition 17.8.5 and Proposition 17.8.16. O 

PROPOSITION 3.4.4. Let M be a model category and let © be a class of maps 
in M. 

(1) If M is left proper and LeM is the left Bousfield localization of M with 
respect to C, then LeM is left proper. 

(2) If M is right proper and ReM is the right Bousfield localization of M with 
respect to C, then ReM is right proper. 

PrRooF. This follows from Lemma 3.4.2. - oO 

3.4.5. Fibrations in LeM and cofibrations in ReM. 

PROPOSITION 3.4.6. Let M be a model category and let C be a class of maps 
in M. 

(1) IfM is left proper, LeM is the left Bousfield localization of M with respect 
to C, f: X — Z andg: Y — Z are fibrations in M, andh: X > Y isa 
weak equivalence in M that makes the triangle 

x fk +Y 

Z 

commute, then f is a fibration in LeM if and only if g is a fibration in 
LeM. 

(2) If M is right proper, ReM is the right Bousfield localization of M with 
respect to C, f: A— Band g: A—C are cofibrations in M, and h: B= 
C is a weak equivalence in M that makes the triangle 

A 

JN, 
B————>C 

commute, then f is a cofibration in ReM if and only if g is a cofibration 
in ReM. 

Proor. We will prove part 1; the proof of part 2 is dual. 
If g is a fibration in LeM then Proposition 3.3.15 implies that f is also a 

fibration in LeM. 
Conversely, assume that f is a fibration in LeM. Proposition 7.2.3 and Proposi- 

tion 13.2.1 imply that it is sufficient to show that if7: A — B is a trivial cofibration 
in LeM and A is cofibrant, then g has the right lifting property with respect to i. 
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Suppose that we have the solid arrow diagram 

t 

a 
A ">x nS 

4 

; w 

- >Z. B 

Since A is cofibrant in (M]|Z) and h: X — Y is a weak equivalence of fibrant 
objects in (M | Z), Corollary 8.5.4 implies that there isa mapv: A— X in (MY) 
such that hu ~ t in (M|Z). Thus, fv = ui in M and, since f is a fibration in 
LeM, there is a map w: B — X in M such that wi = v and fw = u. Since 
hwi = hv ~t in (M|Z), 7: A - B is a cofibration in (M |Z), and Y is fibrant 
in (M | Z), Proposition 8.3.7 implies that we can find a map s: B > Y in (M |Z) 
such that s ~ hw and si = t. Thus, s2 = ¢ and gs = u, and so s is the map we 
require, and so g is a fibration in LeM. O 

PROPOSITION 3.4.7. Let M be a model category and let © be a class of maps 
inM. 

(1) If M is right proper, LeM is the left Bousfield localization of M with 
respect to ©, f: X — Y is a fibration in M, and there is a homotopy fiber 
square (see Definition 13.3.12) in M 

in which X and Y are C-local and jx and jy are C-local equivalences, 
then f is a fibration in LeM. 

(2) If M is left proper, ReM is the right Bousfield localization of M with 
respect to C, f: A — B is a cofibration in M, and there is a homotopy 
cofiber square in M 

1A A 

I 
B 

in which A and B are @-colocal and i a and ig are C-colocal equivalences, 
then f is a cofibration in ReM. 

>
} 

f 

.
—

_
 

Bz” 

PROOF. We will prove part 1; the proof of part 2 is dual. 

If we factor f as X +, W 2 Y where i is an trivial cofibration in LeM and p 
is a fibration in LeM, then p is a fibration in M and so Proposition 13.3.7 implies 
that the natural map X — Y x> W is a weak equivalence. The result now follows 
from Proposition 3.3.15. Oo 

PROPOSITION 3.4.8. Let M be a model category and let C be a class of maps 
in M. 
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(1) If LeM is the left Bousfield localization of M with respect to ©, both M 
and LeM are right proper, f: X — Y is a fibration in M, and fF: X oY 
is a C-localization of f (see Definition 3.2.16), then f is a fibration in LeM 
if and only if the square 

(3.4.9) xXx — 

is a homotopy fiber square (see Definition 11.2.12) in M. 
(2) IfReM is the right Bousfield localization of M with respect to C, both M 

and ReM are left proper, f: X — Y is a cofibration in M, and f: xX ui¥ 
is a C-colocalization of f (see Definition 3.2.16), then f is a cofibration in 
ReM if and only if the square 

tx 
—3> Xx 

f 

mp
 e

y
 

— TY 
ty 

is a homotopy cofiber square in M. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
If Diagram 3.4.9 is a homotopy fiber square then Proposition 3.4.7 implies that 

f is a fibration in LeM. 

Conversely, assume that f is a fibration in LeM. If we factor fas X4wehy 
where 2 is a trivial cofibration in LeM and p is a fibration in LeM, then we have 
the diagram 

xX >xX 

¢ t 

f Y x9 W5w 
f Pp 

Y yy >Y 

and we must show that the natural map u: X — Y xp W is a weak equivalence in 
M. Since LeM is right proper, s is a weak equivalence in LeM, and so the “two 
out of three” property of weak equivalences implies that u is a weak equivalence 
in LeM. Since t is a pullback of a fibration in LeM, our result now follows from 
Proposition 3.3.5. O 

3.5. Detecting equivalences 

LEMMA 3.5.1. Let M be a model category and let © be a class of maps in M. 
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(1) If LeM is the left Bousfield localization of M with respect to ©, X is a 
cofibrant object of M, and Y is a C-local object of M, then two maps from 
X toY are homotopic in M if and only if they are homotopic in LeM. 

(2) If ReM is the right Bousfield localization of M with respect to ©, A is a 
C-colocal object of M, and B is a fibrant object of M, then two maps from 
A to B are homotopic in M if and only if they are homotopic in ReM. 

PROOF. This follows from Proposition 8.5.16, Proposition 3.4.1, and Proposi- 
tion 3.3.4. Cl 

LEMMA 3.5.2. Let M be a model category and let C be a class of maps in M. 

(1) If LeM is the left Bousfield localization of M with respect to C, X is a 
cofibrant object of M, and Y is a C-local object of M, then the set r(X, Y) 
of homotopy classes of maps from X to Y is independent of whether we 
consider the homotopy relation in M or in LeM. 

(2) If ReM is the right Bousfield localization of M with respect to C, A is a 
C-colocal object of M, and B is a fibrant object of M, then the set r(A, B) 
of homotopy classes of maps from A to B is independent of whether we 
consider the homotopy relation in M or in ReM. 

PROOF. This follows from Lemma 3.5.1. 0D 

PROPOSITION 3.5.3. Let M be a model category and let @ be a class of maps 
in M. 

(1) IfM is left proper, LeM is the left Bousfield localization of M with respect 
to C, and X and Y are cofibrant objects of M, then amap g: X — Y isa 
C-local equivalence if and only if for every C-local object W the induced 
map g*: tm (Y,W) — my(X,W) of sets of homotopy classes of maps in 
M is an isomorphism. 

(2) If M is right proper, ReM is the right Bousfield localization of M with 
respect to ©, and X and Y are fibrant objects of M, then amapg: X — Y 
is a C-colocal equivalence if and only if for every C-colocal object W the 
induced map 9.: Tm (W, X) — mm(W,Y) of sets of homotopy classes of 
maps in M is an isomorphism. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
Theorem 7.8.6 and Proposition 3.4.1 imply that g is a C-local equivalence if and 

only if for every C-local object W the induced map g*: muem(Y, W) - aiem(X, W) 
of sets of homotopy classes of maps in LeM is an isomorphism; the result now follows 
from Lemma 3.5.2. oO 





CHAPTER 4 

Existence of Left Bousfield Localizations 

The main result of this chapter is Theorem 4.1.1, which is our existence theorem 
for left. Bousfield localizations (see Definition 3.3.1). The proof of Theorem 4.1.1 is 
in Section 4.6. 

The main difficulty in establishing the localized model category structure lies 
in finding a set of generating trivial cofibrations (see Definition 11.1.2). That is, we 
need to find a set Js of maps such that a map has the right lifting property with 
respect to every element of Js if and only if it has the right lifting property with 
respect to all cofibrations that are S-local equivalences. Since M is left proper, it 
is sufficient to find a set Js of inclusions of cell complexes (see Definition 11.1.4) 
such that a map with the right lifting property with respect to every element of Js 
will have the right lifting property with respect to every inclusion of cell complexes 
that is an S-local equivalence (see Lemma 4.5.2). We will do this by showing that 
there is a cardinal y such that if a map has the right lifting property with respect 
to all S-local equivalences that are inclusions of cell complexes of size at most y, 
then it has the right lifting property with respect to all S-local equivalences that 
are inclusions of cell complexes (see Proposition 4.5.6). 

In order to make this cardinality argument, we must first define a localization 
functor for objects in our model category M. Section 4.2 has some technical results 
(motivated by the discussion of Section 1.3) needed for the construction of a func- 
torial cofibrant localization in Section 4.3 (see Definition 4.3.2 and Theorem 4.3.3). 
We will then use our localization functor to identify the S-local equivalences (see 
Theorem 4.3.6). Section 4.4 contains some results about the localization functor 
and subcomplexes of a cell complex needed for the cardinality argument in Sec- 
tion 4.5, and the proof of Theorem 4.1.1 is in Section 4.6. 

Theorem 4.2.9 might lead one to hope that the factorization of Theorem 4.3.1 
would serve as the required factorization into an S-local trivial cofibration followed 
by an S-local fibration (see Definition 7.1.3). Unfortunately, Example 2.1.6 shows 

that not all S-local trivial cofibrations need be AS-cofibrations, and so there may 
be AS-injectives that are not S-local fibrations. Thus, we must establish Proposi- 
tion 4.5.1, which shows that there is a set Js of generating trivial cofibrations (see 
Definition 11.1.2) for the S-local model category structure on M. 

4.1. Existence of left Bousfield localizations 

Although the axioms for a model category are self dual, the actual model 
categories in which we work have properties (e.g., cofibrant generation (see Defi- 
nition 11.1.2)) that are not self dual. Thus, it should not be surprising that our 
existence theorems for left and right localizations differ. 

71 
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THEOREM 4.1.1. Let M be a left proper cellular model category (see Defini- 
tion 13.1.1 and Definition 12.1.1) and let S be a set of maps in M. 

(1) The left Bousfield localization of M with respect to S exists (see Defi- 
nition 3.3.1). That is, there is a model category structure LgM on the 
underlying category of M in which 
(a) the class of weak equivalences of LeM equals the class of C-local 

equivalences of M, 
(b) the class of cofibrations of LeM equals the class of cofibrations of M, 

and 
(c) the class of fibrations of LeM is the class of maps with the right lifting 

property with respect to those maps that are both cofibrations and 
C-local equivalences. 

(2) The fibrant objects of LgM are the S-local objects of M (see Defini- 
tion 3.1.4). 

(3) LgM is a left proper cellular model category. 
(4) If M is a simplicial model category, then that simplicial structure gives 

LsM the structure of a simplicial model category. 

The proof of Theorem 4.1.1 is in Section 4.6. 

DEFINITION 4.1.2. Let M be a model category and let S be a set of maps in 
M. 

(1) An S-local weak equivalence is defined to be an S-local equivalence (see 
Definition 3.1.4). 

(2) An S-local cofibration is defined to be a cofibration. 
(3) An S-local fibration is defined to be a map with the right lifting property 

(see Definition 7.2.1) with respect to all maps that are both S-local cofi- 
brations and S-local weak equivalences. If the map X — x from an object 
X to the terminal object of M is an S-local fibration, then we will say 
that X is S-local fibrant. 

Thus, Theorem 4.1.1 asserts that if M is a left proper cellular model category 
and S is a set of maps in M, then the classes of S-local weak equivalences, S-local 
cofibrations, and S-local fibrations form a model category structure on M. 

4.1.3. Examples of left proper cellular model categories. 

PROPOSITION 4.1.4. The categories SS, Top, 5S,, and Top, are left proper 
cellular model categories. 

PROPOSITION 4.1.5. If M is a left proper cellular model category and C is 
a small category, then the diagram category M° is a left proper cellular model 
category. 

PROPOSITION 4.1.6. If M is a left proper cellular model category and Z is an 
object of M, then the overcategory (M | Z) is a left proper cellular model category. 

PROPOSITION 4.1.7. If M is a left proper cellular simplicial model category and 
€ is a small simplicial category, then the category M° of simplicial diagrams is a 
left proper cellular model category. 
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PROPOSITION 4.1.8. If M is a pointed left proper cellular model category with 
an action by pointed simplicial sets, then the category of spectra over M (as in 
[13]) is a left proper cellular model category. 

PROPOSITION 4.1.9. If M is a pointed left proper cellular model category with 
an action by pointed simplicial sets, then J. H. Smith’s category of symmetric 
spectra over M [61, 43] is a left proper cellular model category. 

4.2. Horns on S and S-local equivalences 

DEFINITION 4.2.1. If M is a model category and © is a class of maps in M, 
then a full class of horns on € is a class A(C) of maps obtained by choosing, for 
every element f: A > B of @, a cosimplicial resolution f: A = B of f (see 
Definition 16.1.20) such that f is a Reedy cofibration (see Proposition 16.1.22) and 
letting A(C) be the class of maps 

A(C) = {A @ Aln] Dggoain B® OAln] > B @ Aln] | (A B) € S,n > 0} 
(see Definition 3.3.8). We will use the symbol A(C@) to denote some full class of 
horns on € even though it depends on the choices of cosimplicial resolutions of the 
elements of C. 

DEFINITION 4.2.2. Let M be a cofibrantly generated model category with gen- 
erating cofibrations J and generating trivial cofibrations J. If S is a set of maps of 
M, then an augmented set of S-horns is a set A(S) of maps 

A(S) = A(S) UJ 

for some full set of horns A(S) on S (see Definition 4.2.1). 

PROPOSITION 4.2.3. If M is a left proper cellular model category and S is a 
set of maps in M, then every element of an augmented set of horns on S (see 
Definition 4.2.2) is an S-local equivalence. 

Proor. This follows from Proposition 17.8.5 and Proposition 17.8.14. O 

PROPOSITION 4.2.4. Let M be a left proper cellular model category and let S 
be a set of maps in M. An object X of M is S-local if and only if the map X — * 
(where x is the terminal object of M) has the right lifting property with respect to 
every element of an augmented set of S-horns (see Definition 4.2.2). 

ProoF. This follows from Proposition 11.2.1 and Lemma 3.3.11. O 

PROPOSITION 4.2.5. If M is a left proper cellular model category with gener- 
ating cofibrations I and S is a set of maps in M, then there is a set AS of relative 
I-cell complexes with cofibrant domains such that 

(1) every element of AS is an S-local equivalence, and 
(2) an object X of M is S-local if and only if the map X — * (where x is the 

terminal object of M) is a AS -injective. 
PROOF. Choose a full set of horns on S (see Definition 4.2.1.) Factor each 

element g: C — D of A(S) as C 5, 5 2 D where g is a relative I-cell complexes 
and p is a trivial fibration (see Corollary 11.2.6). The retract argument (see Prop- 
osition 7.2.2) implies that g is a retract of g. Since p and g are S-local equivalences 
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(see Proposition 3.1.5 and Proposition 4.2.3), Proposition 3.2.3 implies that g is an 
S-local equivalence. 

Proposition 11.2.9 implies that there is a set J of generating trivial cofibrations 
for M such that every element of J is a relative J-cell complex with cofibrant 
domain. We let oe 

AS = JU {5} oea(5)- 
It remains only to show that condition 2 is satisfied. If the map X — * is a 
AS-injective, then Proposition 4.2.4 and Lemma 7.2.8 imply that X is S-local. 
Conversely, if X is S-local, then X is fibrant and every element of AS is a cofibra- 
tion between cofibrant objects, and so Proposition 17.8.5, Theorem 16.6.9, Proposi- 

tion 16.6.7, and Proposition 17.8.8 imply that the map X — «isa AS-injective. D 

DEFINITION 4.2.6. If M is a left proper cellular model category and S is a set 
of maps in M, then a relative AS-cell complez is a map that can be constructed as 
a transfinite composition (see Definition 10.2.2) of pushouts (see Definition 7.2.10) 
of elements of AS (see Proposition 4.2.5). 

PROPOSITION 4.2.7. Let M be a left proper cellular model category, and let S 
be a set of maps in M. An object X of M is S-local if and only if the map X — * 
(where * is the terminal object of M) has the right lifting property with respect to 

all relative AS-cell complexes. 
ProoF. This follows from Proposition 4.2.5, Lemma 7.2.11, and Lemma 10.3.1. 

O 

4.2.8. Regular AS-cofibrations and S-local equivalences. The main re- 
sult of this section is Theorem 4.2.9, which asserts that if M is a left proper cellular 
model category and S is a set of maps in M, then every relative A.S-cell complex is 
an S-local equivalence. 

THEOREM 4.2.9. If M is a left proper cellular model category and S is a set 
of maps in M, then every relative AS-cell complex (see Definition 4.2.6) is both a 
cofibration and an S-local equivalence. 

PROOF. This follows from Proposition 3.2.10 and Proposition 3.2.11. Oo 

PROPOSITION 4.2.10. Let M bea left proper cellular model category, and let 
S_be a set of maps in M. If j: X > X is a relative AS-cell complex and X is a 
AS- -injective, then the pair (X, 7) is a cofibrant S-localization of X. 

PROOF. This follows from Theorem 4.2.9 and Proposition 4.2.5. O 

Theorem 4.2.9, Proposition 3.2.4, and Corollary 10.5.23 imply that every AS- 
cofibration is an S-local equivalence. Example 2.1.6 shows that, among the cofibra- 
tions that are S-loca] equivalences, there can be maps that are not AS-cofibrations. 

4.3. A functorial localization 

THEOREM 4.3.1. If M is a left proper cellular model category and S is a set of 
maps in M, then there is a natural factorization of every map X — Y inM as 

XAEs SY 
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in which j is a relative AS-cell complex (see Definition 4.2.6) and p is a AS- injective. 
PROOF. Proposition 4.2.5 and Theorem 12.4.3 imply that the domains of the 

elements of AS are small relative to the subcategory of relative AS-cell complexes, 
and so Lemma 10.4.6 implies that there is a cardinal « such that the domain of every 
element of AS is x-small relative to the subcategory of relative AS-cell complexes. 
We let >» = Succ(«) (see Definition 10.1.10), so that A is a regular cardinal (see 
Proposition 10.1.14). The result now follows from Corollary 10.5.21. 0 

DEFINITION 4.3.2. Let M be a left proper cellular model category, and let 
S be a set of maps in M. The S-localization of an object X is the object LyX 
obtained by applying the factorization of Theorem 4.3.1 to the map X — » (where 
* is the terminal object of M). This factorization defines a natural transformation 

j: 1 Lg such that j(X): X - LgX is a relative AS-cell complex for every object 
X of M. 

THEOREM 4.3.3. If M is a left proper cellular model category and S is a set 
of maps in M, then, for every object X, the S-localization 7(X): X — LsgX (see 
Definition 4.3.2) is a cofibrant S-localization of X. 

PROOF. This follows from Proposition 4.2.10. 0 

COROLLARY 4.3.4. If M is a left proper cellular model category and S is a set 
of maps in M, then every object has an S-localization. 

ProoF. This follows from Theorem 4.3.3. 0 

THEOREM 4.3.5. Let M be a left proper cellular model category, and let S be 
a set of maps in M. If X is a fibrant object, then X is S-local if and only if the 
S-localization map j(X): X — LgX (see Definition 4.3.2) is a weak equivalence. 

PROOF. This follows from Theorem 3.2.17. QO 

THEOREM 4.3.6. Let M be a left proper cellular model category, and let S be 
a set of maps in M. The map g: X — Y is an S-local equivalence if and only if its 
S-localization Lg(g): Lg X — LgY (see Definition 4.3.2) is a weak equivalence. 

PROOF. This follows from Theorem 3.2.18. 0 

4.3.7. Simplicial localization functors. In this section we show that if M 
is a left proper cellular model category that is a simplicial model category and if S 
is a set of maps in M, then we can define a cofibrant S-localization on M that is a 
simplicial functor (see Section 9.8). To do this, we will modify the construction of 
our localization functor (see Definition 4.3.2) in a manner analogous to the way in 
which the functor of Example 9.8.7 was modified to become the simplicial functor 
of Example 9.8.8. Definition 4.3.2 uses the factorization of Proposition 10.5.16 in 
the case in which Y is the terminal object of M, which constructs pushouts of 
diagrams involving a coproduct indexed by the set of maps between objects A; and 
E® (see Diagram 10.5.17). We will construct our simplicial localization functor by 
replacing the coproduct [Ty¢(4,,20) Ai with A; ® Map(Ai, E®). 

THEOREM 4.3.8. If M is a left proper simplicial cellular model category and S 
is a set of maps in M, then there is a cofibrant S-localization functor on M that is 
a simplicial functor. 
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Proor. Let AS be aset of relative J-cell complexes as in Proposition 4.2.5, and 
let \ be a regular cardinal such that the domains of the elements of AS are \-small 
with respect to the subcategory of cofibrations of M (see Theorem 12.4.3). For each 
object X of M we will define a A-sequence X = E° = FE} = EF? 4... 4 EB a... 
(G < A) whose composition will be our simplicial localization functor X — LQ"*X. 

We begin by letting E° = X. If B < \ and we have constructed the sequence 
through E%, we let 

cy" = |] Ce@Map(C,B*) 
(C>D)EAS 

pe = |] De® Map(C,E*) 
(C>D)EAS 

and we define E+! via the pushout square 

cy E B 

fo. 
DRTM -> Berl 

in which the top map on each factor is the natural map that is adjoint to the 
identity map of Map(C, F*). If ¥ is a limit ordinal, we let EY = colimg<, E*. We 
let Le" X = colimg., E*. 

Lemma 3.2.8, Proposition 3.2.10, and Proposition 3.2.11 imply that the map 
X + LE" X is an S-local equivalence. 

For every element C — D of AS and every 3 < A, the 0-skeleton of Map(C, E*) 
is M(C, E*), and so for every map C > E® the composition C 4 E% 4 E+) can 
be factored through C — D. Since C is A-small with respect to the subcategory 
of cofibrations of M, this implies that LG"*X is a AS-injective, and so LQ" X is 
S-local. 

The proof that the functor Lg" can be extended to a simplicial functor is as 
in the proof of Theorem 1.7.5: If C and X are objects in M and K is a simplicial 
set, then there is a natural map Map(C, X) @ K — Map(C, X @ K) that takes the 
n-simplex (a: C @ A[n] — X,7r) of Map(C, X) ® K to the n-simplex o(a,7): C ® 
A[n] — X @ K of Map(C, X @ K) that is the composition 

C @ Al[n] 222; C@ (Aln] x Aln]) & (C @ Afn]) @ An] 22 xX @ K 

(where D: A[n] — A[n] x A[n] is the diagonal map and i,: A[n] — K is the map 
that takes the nondegenerate n-simplex of A[n] to 7). This natural map o has the 
properties required by Theorem 9.8.5, and so we can use it to inductively define o 
for all the objects in the construction of the localization functor. The theorem now 
follows from Proposition 9.8.9 and Theorem 9.8.5. O 

4.4. Localization of subcomplexes 

This section contains some technical results on the S-localization functor (see 
Definition 4.3.2) that are needed for the cardinality argument of Section 4.5. 
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PROPOSITION 4.4.1. Let M be a left proper cellular model category, and let S 
be a set of maps in M. If g: X — Y is the inclusion of a subcomplex, then so is 
Ls(g): LgX — LgY (see Definition 4.3.2). 

PROOF. This follows from Proposition 12.4.7. oO 

REMARK 4.4.2. If we take S to be the empty set, then LgX is a functorial 
fibrant approximation to X (see Definition 8.1.2). In this case, Proposition 4.4.1 
asserts that if W is a subcomplex of X, then this fibrant approximation to W is a 
subcomplex of this fibrant approximation to X. 

PROPOSITION 4.4.3. Let M be a left proper cellular model category and let S 
be a set of maps in M. If g: X — Y is the inclusion of a subcomplex, then it 
is an S-local equivalence if and only if its localization Lg(g): LgX ~ LgY is the 
inclusion of a strong deformation retract (see Definition 7.6.10). 

PRooF. If Lg(g) is the inclusion of a strong deformation retract, then it is a 
weak equivalence, and so Theorem 4.3.6 implies that g is an S-local equivalence. 

Conversely, if g is an S-local equivalence, then Theorem 4.3.6 and Proposi- 
tion 4.4.1 imply that Lg(g) is a trivial cofibration of fibrant objects, and so Corol- 
lary 9.6.5 implies that it is the inclusion of a strong deformation retract. O 

PROPOSITION 4.4.4. Let M be a left proper cellular model category and let 
S be a set of maps in M. If X is a cell complex and Kg C Ky C K2 C-:: Cc 
Kg Cc --: (8 < ) is a A-sequence of subcomplexes (see Remark 10.6.8) of X 
(where X is the ordinal chosen in the proof of Theorem 4.3.1), then the natural 
map colimg<) Ls Kg _ Ls colimg<) Kg is an isomorphism. 

PROOF. Proposition 4.4.1 implies that the map is } an isomorphism onto a sub- 
complex, and so it remains only to show that every AS-cell of Lg colimg<, Kg is 
contained in some LgKg. We will do this by a transfinite induction on the presen- 

tation ordinal of the AS-cell (see Definition 10.6.4). 
Since there are no AS-cells of presentation ordinal equal to a limit ordinal, 

we let y be an ordinal such that y+ 1 < X and we assume that the assertion is 

true for all AS-cells of presentation ordinal at most -y. This assumption implies 
that the y-skeleton of Lg colimg<, Kg is isomorphic to colimg<,((LsKg)7). Thus, 
the +-skeleta of the LgKg form a A-sequence whose colimit is the y-skeleton of 

Lg colimg.<, Kg. If e is a AS-cell of Lg colimg<, Kg of presentation ordinal y+ 1, 
then the attaching map of e must factor through (Ls Kg)” for some G < X, and so 
e is contained in Lg Kg. C 

PROPOSITION 4.4.5. Let M be a left proper cellular model category and let S 
be a set of maps in M. If X is a cell complex and A and B are subcomplexes of 
X, then the natural map Ls(AM B) — (LgA)M(LgB) (see Proposition 4.4.1 and 
Theorem 12.2.6) is an isomorphism. 

PROOF. Proposition 4.4.1 implies that the natural map Ls(AM B) — (LgA)N 
(LsB) is an isomorphism onto a subcomplex, and so it remains only to show that 
every AS-cell of (Lg A)N(LgB) is contained in Ls(ANB). We will do this by a trans- 
finite induction on the presentation ordinal of the AS-cell (see Definition 10.6.4). 

Since there are no AS-cells of presentation ordinal equal to a limit ordinal, 
we let 7 be an ordinal such that y+ 1 < A (where X is the ordinal chosen in the 
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proof of Theorem 4.3.1) and we assume that the assertion is true for all AS-cells of 
presentation ordinal at most y. This assumption implies that the y-skeleton (Ls(AN 
B yy of Lg(ANB) equals the intersection of y-skeleta (Ls A)7?M(LsB)?. Thus, if e 
is a AS-cell of (Lg A) N(LgB) of presentation ordinal +1, then Proposition 12.2.3 
implies that the attaching map of e factors through (Ls(AN B))", and so e is 
contained in Ls(AN B). O 

4.5. The Bousfield-Smith cardinality argument 

The purpose of this section is to prove the following proposition, which will be 
used in Section 4.6 to prove Theorem 4.1.1. 

PROPOSITION 4.5.1. If M is a left proper cellular model category and S is a set 
of maps in M, then there is a set Jg of inclusions of cell complexes such that the 
class of Js-cofibrations (see Definition 10.5.2) equals the class of cofibrations that 
are also S-local equivalences. 

The proof of Proposition 4.5.1 is at the end of this section (on page 81). The 
set Js will serve as our set of generating trivial cofibrations (see Definition 11.1.2) 
for the S-local model category structure on M (see Theorem 4.1.1 and Section 4.6). 

We will prove Proposition 4.5.1 by showing that there is a set Jg of cofibra- 
tions that are S-local equivalences such that every cofibration that is an S-local 
equivalence is a Js-cofibration (see Definition 10.5.2). Proposition 4.5.1 will then 
follow from Corollary 10.5.23. 

We will find the set Js by showing (in Proposition 4.5.6) that there is a cardinal 
7 (see Definition 4.5.3) such that if a map has the right lifting property with respect 
to all inclusions of cell complexes that are S-local equivalences between complexes of 
size at most , then it has the right lifting property with respect to all cofibrations 
that are S-local equivalences. Since the collection of isomorphism classes of cell 
complexes of size at most +y is a set, we can then let Jg be a set of representatives 
of the isomorphism classes of of these “small enough” inclusions of cell complexes 
that are S-local equivalences. 

We begin with the following lemma, which implies that it is sufficient to find 
a set Js such that the Js-injectives have the right lifting property with respect to 
all inclusions of cell complexes that are S-local equivalences. 

LEMMA 4.5.2. Let M bea left proper cellular model category and let S be a set 
of maps inM. Ifp: E — B isa fibration with the right lifting property with respect 
to all inclusions of cell complexes that are S-local equivalences, then it has the right 
lifting property with respect to all cofibrations that are S-local equivalences. 

Proor. Let g: X — Y be a cofibration that is an S-local equivalence. Propo- 
sition 11.2.8 implies that there is a cofibrant approximation (see Definition 8.1.22) 
g to g such that g is an inclusion of cell complexes. Proposition 3.1.5 and Propo- 
sition 3.2.3 imply that g is an S-local equivalence, and so the lemma now follows 
from Proposition 13.2.1. O 

DEFINITION 4.5.3. If M is a left proper cellular model category and S is a set 
of maps in M, we let € is the smallest cardinal that is at least as large as each of 
the following cardinals: 

(1) the size of the cells of M (see Definition 12.3.3), 
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(2) a cardinal 7 such that the domain of every element of J is 7-compact (see 
Proposition 11.4.6), 

(3) the cardinal A selected in the proof of Theorem 4.3.1, __ 

(4) the cardinal « described in Proposition 12.5.3 for the set AS, and 
(5) the cardinal « described in Proposition 12.5.7, 

and we let y denote the cardinal y = é$. 

LEMMA 4.5.4. Let M be a left proper cellular model category and let S be a 
set of maps in M. If X is a cell complex of size at most ‘y (see Definition 4.5.3), 
then Lg X (see Definition 4.3.2) has size at most 7¥. 

PROOF. This follows from Proposition 12.5.3 and conditions 3 and 4 of Defi- 
nition 4.5.3. O 

The following proposition will be used in Proposition 4.5.6 to show that a 
fibration that has the right lifting property with respect to all “small enough” 
inclusions of cell complexes that are S-local equivalences must actually have the 
right lifting property with respect to all inclusions of cell complexes that are S-local 
equivalences. 

PROPOSITION 4.5.5. Let M be a left proper cellular model category, let S be a 
set of maps in M, and let D be a cell complex. Ifi: C — D is the inclusion of a 
proper subcomplex and an S-local equivalence, then there is a subcomplex K of D 
such that 

(1) the subcomplex K is not contained in the subcomplex C, 
(2) the size of K is at most -y (see Definition 4.5.3), and 
(3) the inclusions KNC — K (see Theorem 12.2.6) and C — CUK are both 

S-local equivalences. 

PROOF. Since i: C — D is an inclusion of a subcomplex and an S-local equiv- 
alence, Proposition 4.4.3 implies that Ls(i): LsC — LgD is the inclusion of a 
deformation retract. Thus, there is a retraction r: LgD — LgC, and Proposi- 
tion 7.4.7 implies that we can choose a homotopy R: CylTM(LsD) — LsD (see 
Definition 12.5.5) from the identity map of LgD to Lg(i) or. 

We will show that there exists a subcomplex K of D, of size at most ‘y, such 
that 

(1) K is not contained in C, 
(2) the restriction Rioy*(L,x) of R to LsK (see Definition 12.5.6) is a de- 

formation retraction of Lg K onto Ls(K NC), and 
(3) the restriction R|oy(L5(cux)) of R to Ls(C U K) is a deformation re- 

traction of Ls(C' U K) onto LsC. 

We will do this by constructing a A-sequence Ko C Ki C Ko C::-C Kg C-::: 
(8 < 2) of subcomplexes of D (where 4 is the ordinal selected in the proof of 
Theorem 4.3.1) such that, for every 8 < A, 

(1) Kg has size at most ¥, 
(2) the restriction R\oyim (1.x) of R to Ls Ka factors through the subcomplex 

LgKg4i of LgD (see Proposition 4.4.1), 

and such that no Kg is contained in C. If we then let K = Ug.) Ka, then Propo- 
sition 4.4.4 will imply that Ls K ~ colimg<, LgKg. Thus, Rloy(, 4) will factor 
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through L¢K, rlt,x will factor through (Lg K)M (LgC) = Lg(K NC) (see Propo- 
sition 4.4.5), R|oyim (5x) Will be a deformation retraction of LgK onto Ls(K NC), 
and Rloyim(cuxy Will be a deformation retraction of Ls(C U K) onto LgC. 

We begin by choosing a cell of D that isn’t contained in C. Since the domains 
of the elements of I are y-compact (see condition 2 of Definition 4.5.3), we can 
choose a subcomplex Ko of D, of size at most yy, through which the inclusion of 
that cell factors. 

For successor ordinals, suppose that 6 +1 < y and that we’ve constructed 
Kg. Lemma 4.5.4 implies that LgKg has size at most y. Proposition 12.5.7 and 

condition 5 of Definition 4.5.3 then imply that Cyl" (Lg Ka) has size at most 7, 
and so Definition 12.3.3 implies that Rloy(L,%,) factors through a subcomplex 
of LgD of size at most oy = y where @ is the size of the cells of M (see condition 1 
of Definition 4.5.3). The zero skeleton of this subcomplex is a subcomplex Zg 
of D, of size at most y, such that Rloym(tsx,) factors through LgZg. We let 
Kg+i1 = Kg U Zg. It is clear that Kg4, has the properties required of it, and so 
the proof is complete. OC 

PROPOSITION 4.5.6. Let M be a left proper cellular model category and let S be 
a set of maps in M. Ifp: X — Y has the right lifting property with respect to those 
inclusions of subcomplexes 1: C — D that are S-local equivalences and such that 
the size of D is at most (see Definition 4.5.3), then p has the right lifting property 
with respect to all inclusions of subcomplexes that are S-local equivalences. 

PROOF. Let 1: C — D be an inclusion of a subcomplex that is an S-local 
equivalence, and let the solid arrow diagram 

o—4 x 
6 

| [p 
D——Y 

be commutative; we must show that there exists a dotted arrow making both tri- 
angles commute. To do this, we will consider the subcomplexes of D over which 
our map can be defined, and use Zorn’s lemma to show that it can be defined over 
all of D. 

Let T be the set of pairs (Dz, 9.) such that 

(1) D; is a subcomplex of D containing C’ such that the inclusion 7;: C > Dy 
is an S-local equivalence and 

(2) gz is a function D, + X such that gi, = h and pg, = k|p,. 

We define a preorder on T by defining (Dz, 91) < (Du, gu) if Dp C Dy and gu|p, = 
gt. 1fT’ C T isa chain (i.e., a totally ordered subset of T), let D, = colim(p, ,)er" Di 
and define 9,: Dy — X by 9g, = colimyp, 9,)e7: gt. The universal mapping property 
of the colimit implies that 9,7, = and pg, = k|p,, and Proposition 3.2.7 implies 
that the map C — D, is an S-local equivalence. Thus, (Dy, 9.) is an element of 
T, and so it is an upper bound for T’. Zorn’s lemma now implies that T has a 
maximal element (Dm,9m). We will complete the proof by showing that D,, = D. 

If Dm # D, then Proposition 4.5.5 implies that there is a subcomplex K of D 
such that K is not contained in Dm, the size of K is at most y, and the inclusions 
KND,»,—- K and Dm — Dyn UK are both S-local equivalences. Thus, there is a 
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map gx: K — X such that pgx = k|x and gx|Knp,, = 9m|KND,» aNd So gm and 
gx combine to define a map gmx: K UDm — X such that pgmx = k|xup,, and 
QmKi = h. Thus, (kK UD», gmx) is an element of T strictly greater than (Dn, 9m). 
This contradicts (D,,,9m) being a maximal element of 7’, and so our assumption 
that Dj», # D must have been false. UO 

PROOF OF PROPOSITION 4.5.1. Let Js be a set of representatives of the iso- 
morphism classes of inclusions of subcomplexes that are S-local equivalences of 
complexes of size at most y (see Definition 4.5.3). Proposition 4.5.6, Lemma 4.5.2, 
and Corollary 10.5.22 imply that the Js-cofibrations are exactly the cofibrations 
that are S-local equivalences, and so the proof is complete. O 

4.6. Proof of the main theorem 

This section contains the proof of Theorem 4.1.1. 

4.6.1. Proof of part 1. We will use Theorem 11.3.1. Proposition 3.2.3 im- 
plies that the class of S-local equivalences satisfies the “two out of three” axiom, 
and Proposition 3.2.4 implies that it is closed under retracts. 

Let Js be the set of maps provided by Proposition 4.5.1, and let J be the 
set of generating cofibrations of the original cofibrantly generated model category 
structure on M. Condition 1 of Theorem 11.3.1 is thus satisfied for J and, since 
every element of Jg has a cofibrant domain, Theorem 12.4.3 implies that condition 1 
of Theorem 11.3.1 is satisfied for J. 

The subcategory of I-cofibrations is the subcategory of cofibrations in the given 
model category structure in M, and the /-injectives are the trivial fibrations in that 
model category. Thus, Proposition 4.5.1 implies that condition 2 of Theorem 11.3.1 
is satisfied. 

Since the Js-cofibrations are a subcategory of the J-cofibrations, every I- 
injective must be a Jgs-injective. Proposition 3.1.5 implies that every Js-injective 
is an S-local equivalence, and so condition 3 is satisfied. 

Proposition 4.5.1 implies that condition 4a of Theorem 11.3.1 is satisfied, and 
so Theorem 11.3.1 now implies that we have a model category LsM, and the proof 
of part 1 is complete. 

4.6.2. Proof of part 2. This follows from Proposition 3.4.1. 

4.6.3. Proof of part 3. Condition 1 of Definition 12.1.1 is satisfied because 
the class of generating cofibrations of Ls equals that of M. Since the gener- 
ating trivial cofibrations of LgM are inclusions of cell complexes, condition 2 of 
Definition 12.1.1 follows from Lemma 12.4.1. Condition 3 is satisfied because the 
class of cofibrations of LsM equals that of M, and so LgM is cellular. Finally, 
Proposition 3.4.4 implies that the localization is left proper. 

4.6.4. Proof of part 4. Axiom M6 of Definition 9.1.6 holds for LsM because 
it holds for M. 

For axiom M7, if 1: A — B is a cofibration in LgsM and p: X - Y isa 
fibration in LgM then 7 is a cofibration in M and p is a fibration in M, and so the 
map Map(i,p): Map(B,X) — Map(A,X) xmMepc4,v) Map(B,Y) is a fibration of 
simplicial sets. If p is also a weak equivalence in LgM, then p is a trivial fibration 
in LgM, and thus also in M, and so Map(z,p) is a trivial fibration of simplicial 
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sets. Thus, it remains only to deal with the case in which 7 is a trivial cofibration 
in LsM and p is a fibration in LgM. 

If 7 is a trivial cofibration in LsM and p: is a fibration in M, then Theo- 
rem 17.8.10 implies that (2,p) is a homotopy orthogonal pair. Let 2: A B bea 
cofibrant approximation toz in M such that 7 is a cofibration in M. Example 16.6.13 
implies that if A and B are the cosimplicial objects in M such that A” = A@ An] 
and B® = B® A[n] and A — B is the map induced by 2, then A- Bisa 
cosimplicial resolution of 7 in M such that A-— Bisa Reedy cofibration in M4“. 
Corollary 16.2.2 and Proposition 3.3.4 imply that A = B is also a cosimplicial 
resolution of 7 in LgM such that A > Bisa Reedy cofibration in (LgM)“, and so 
Proposition 16.3.10 implies that the map A® Ale Di gaain} B@dA[n] — B@AIn| 
is a trivial cofibration in LsM for every n > 0. Since p: X — Y is a fibration 
in LsM, Lemma 9.4.7 now implies that the map i: A B has the homotopy left 
lifting property with respect to p, and so Corollary 13.2.2 implies that the map 
i: A— B has the homotopy left lifting property with respect to p. 



CHAPTER 5 

Existence of Right Bousfield Localizations 

This chapter contains the statement and proof of our existence theorem for 
right Bousfield localization (see Definition 3.3.1). The statement is Theorem 5.1.1, 
and it is proved in Section 5.4 after some preparatory work in Sections 5.2 and 5.3. 
Theorem 5.1.5 shows that the class of K-colocal objects (which is the class of 
cofibrant objects of the localization; see Theorem 5.1.1) equals the class of K- 
cellular objects of Dror Farjoun ([20, 21, 23, 24}). 

5.1. Right Bousfield localization: Cellularization 

THEOREM 5.1.1. Let M be a right proper cellular model category, let K be a set 
of objects in M, and let © be the class of K-local equivalences (see Definition 3.1.8). 

(1) The right Bousfield localization of M with respect to © exists (see Defi- 
nition 3.3.1). That is, there is a model category structure ReM on the 
underlying category of M in which 
(a) the class of weak equivalences of ReM equals the class of C-colocal 

equivalences of M, 
(b) the class of fibrations of ReM equals the class of fibrations of M, and 
(c) the class of cofibrations of ReM is the class of maps with the left 

lifting property with respect to those maps that are both fibrations 
and C-colocal equivalences. 

(2) The cofibrant objects of ReM are the C-local objects of M (see Defini- 
tion 3.1.4). 

(3) ReM is a right proper model category. If every object of M is fibrant, 
then ReM is a right proper cellular model category in which every object 
is fibrant. 

(4) If M is a simplicial model category, then that simplicial structure gives 
ReM the structure of a simplicial model category. 

The proof of Theorem 5.1.1 is in Section 5.4. Theorem 5.1.1 for the case in which 
M is the category of pointed topological spaces was first obtained by Nofech [51]. 

REMARK 5.1.2. The model category structure ReM of Theorem 5.1.1 exists 
for a larger class of model categories M than just the right proper cellular ones. 
Although the proof of Theorem 5.1.1 does use the right properness of M, the only 
use made of the assumption that M is cellular is to deduce that 

(1) there is a set J of generating trivial cofibrations, and 
(2) the domains of the elements of A(K) (see Definition 5.2.1) are small rel- 

ative to A(K), and so A(K) permits the small object argument (see Def- 
inition 10.5.15). 

83 
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Thus, if M is a right proper model category with a set J of generating trivial 
cofibrations such that, e.g., every object of M is small relative to the subcategory 
of cofibrations, then the model category of Theorem 5.1.1 exists. 

DEFINITION 5.1.3. Let M be a model category, and let K be a set of objects 
in M. 

(1) A K-colocal weak equivalence is defined to be a K-colocal equivalence (see 
Definition 3.1.8). 

(2) A K-colocal fibration is defined to be a fibration. 
(3) A K-colocal cofibration is defined to be a map with the left lifting property 

with respect to all maps that are both fibrations and K-colocal weak 
equivalences. 

Thus, Theorem 5.1.1 asserts that if M is a right proper cellular model category 
and K is a set of objects in M, then the classes of K-colocal weak equivalences, 
K-colocal cofibrations, and K-local fibrations form a model category structure on 
M. 

DEFINITION 5.1.4. Let M be a model category. If K is a set of cofibrant 
objects of M, then the class of K-cellular objects is defined to be the smallest class 
of cofibrant objects of M that contains K and is closed under homotopy colimits and 
weak equivalences. If AK consists of a single object A, then the class of K-cellular 
objects will also be called the class of A-cellular objects. 

THEOREM 5.1.5. Let M be a model category. If K is a set of cofibrant objects 
of M, then the class of K-cellular objects (see Definition 5.1.4) equals the class of 
K-colocal objects (see Definition 3.1.8). 

The proof of Theorem 5.1.5 is in Section 5.5. 

THEOREM 5.1.6. Let M be a right proper cellular model category and let K be 
a set of cofibrant objects of M. If C is the class of K-cellular equivalences, then the 
class of cofibrant objects of ReM (see Theorem 5.1.1) equals the class of K-cellular 
objects (see Definition 5.1.4). 

PROOF. This follows from Theorem 5.1.5 and part 2 of Theorem 5.1.1. 0 

5.1.7. Examples of right proper cellular model categories. 

PROPOSITION 5.1.8. The categories SS, Top, SS,, and Top, are right proper 
cellular model categories. 

PROPOSITION 5.1.9. If M is a right proper cellular model category and C is 
a small category, then the diagram category M°® is a right proper cellular model 
category. 

PROPOSITION 5.1.10. If M is a right proper cellular model category and Z is 
an object of M, then the overcategory (M |Z) is a right proper cellular model 
category. 

PROPOSITION 5.1.11. If M is a right proper cellular simplicial model category 
and © is a small simplicial category, then the category M° of simplicial diagrams 
is a right proper cellular model category. 
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5.2. Horns on K and K-colocal equivalences 

DEFINITION 5.2.1. Let M be a right proper cellular model category with gen- 
erating cofibrations J and generating trivial cofibrations J, and let K be a set of 
objects of M. 

e A full set of horns on K is a set A(K) of maps obtained by choosing a 

cosimplicial resolution A of every element A of K and letting 

A(K) = {A@ dA[n] = A@Aln] | AE S,n >}. 
(This is exactly a full set of horns on the maps from the initial object of 
M to the elements of K; see Definition 4.2.1.) If K consists of the single 
object A, then A(K) is the set of maps 

A{A} = {A @ dA[n] = A® Afr] | n> 0} 

for some cosimplicial resolution A of A, and it will also be called a full 
set of horns on A. 

e An augmented set of K-horns is a set A(K) of maps 

AUK) = A(K) UJ 

for some full set of horns A(K) on K. If K consists of the single object 
A, then A(K) will also be denoted A{A}, and will be called an augmented 
set of A-horns. 

DEFINITION 5.2.2. Let M be a right proper cellular model category and let K 
be a set of objects of M. 

e A A(K)-injective (see Definition 5.2.1) is a map with the right lifting 
property with respect to every element of A(K). 

e A A(K)-cofibration (see Definition 10.5.2) is a map with the left lifting 
property with respect to every A(K)-injective. 

e A relative A(K)-cell complex (see Definition 10.5.8) is a transfinite com- 
position of pushouts of elements of A(K). 

e An object of M is a A(K)-cell complex if the map to it from the initial 
object of M is a relative A(K)-cell complex. 

PROPOSITION 5.2.3. Let M be a right proper cellular model category. If K is 
a set of objects of M, then there is a functorial factorization of every map X — Y 

as X 2,W 4Y where p is a relative A(K)-cell complex and q is a A(K)-injective. 

PROOF. This follows from Proposition 12.4.6. O 

PROPOSITION 5.2.4. Let M be a right proper cellular model category and let 
K be a set of objects of M. If Y is a fibrant object of M, then a map g: X —Y is 
a A(K)-injective if and only if it is both a fibration and a K-colocal equivalence. 

PROOF. Definition 11.1.2 implies that g is a fibration if and only if it is a J- 
injective. If this is the case, then X is also fibrant, and so Proposition 16.4.5 implies 
that g is a K-colocal equivalence if and only if it is a A(.K’)-injective. 0 

The requirement in Proposition 5.2.4 that Y be fibrant is essential; see Exam- 
ple 5.2.7. 
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PROPOSITION 5.2.5. Let M be a right proper cellular model category. If K is 
a set of objects of M, then a relative A(K)-cell complex is a K-colocal cofibration. 

Proor. Let f: A— B bea relative A(K)-cell complex; we must show that if 
g: X — Y is both a K-colocal weak equivalence and a K-colocal fibration then f 
has the left lifting property with respect to g. Proposition 8.1.23 implies that we 
can choose a fibrant approximation g to g such that @ is a fibration, and Proposi- 
tion 13.2.1 implies that it is sufficient to show that f has the left lifting property 
with respect to g. Since Proposition 5.2.4 implies that g is a A(K)-injective, the 
result follows from Proposition 10.5.10. O 

PROPOSITION 5.2.6. Let M be a right proper cellular model category and let K 
be a set of objects of M. If every object of M is fibrant and A(K) is an augmented 
set of K-horns, then every A(K)-injective is both a fibration and a K -colocal equiv- 
alence and every relative A(K )-cell complex is a K-colocal cofibration. 

PROOF. This follows from Proposition 5.2.4 and Proposition 5.2.5. | 

EXAMPLE 5.2.7. We present here an example of an A(K’)-injective that is not a 
K-colocal equivalence. Let M = SS, (the category of pointed simplicial sets), and 
let K = {A}, where A is the quotient of A[1] obtained by identifying the two vertices 
of A[1] (so that the geometric realization of A is homeomorphic to a circle). Let Y 
be 0A[2], i-e., let Y consist of three 1-simplices with vertices identified so that its 
geometric realization is homeomorphic to a circle. Let X be the simplicial set built 
from six 1-simplices by identifying vertices so that the geometric realization of X is 
homeomorphic to a circle and there is a map g: X — Y whose geometric realization 
is the double cover of the circle. The map g is a fibration, since it is a fiber bundle 
with fiber two discrete points (see [4, Section IV.2] or [49, Lemma 11.9]). 

Since no nondegenerate 1-simplex of X has its vertices equal, the only pointed 
map from A to X is the constant map to the basepoint. One can now show by 
induction on n that the only pointed map from A A A[n]* to X is the constant 
map to the basepoint. Thus, Map(A,X) has only one simplex in each dimension. 
Similarly, Map(A,Y) has only one simplex in each dimension, and so the map 
g«: Map(A, X) — Map(A, Y) is an isomorphism. Thus, g is a A(K)-injective. 

To see that g is not an A-colocal equivalence, we note that Sing|g| : Sing|X | — 
Sing|Y| is a fibrant approximation to g, and the map Map(A,Sing|X|) — 
Map(A, Sing|¥|) is isomorphic to the map Map(|A|, |X|) — Map(|A],|Y|) (see 
Lemma 1.1.10). Since the map |g|: |X| — |¥| is homeomorphic to the double 
covering map of the circle, the induced map Map(|A|, |X|) + Map(|A|,|Y|) is not 
surjective on the set of components, and so g is not an A-colocal equivalence. 

REMARK 5.2.8. Example 5.2.7 shows that, if M = SS,, then not every A(K)- 
injective need be a K-colocal weak equivalence. Since the A(K)-cofibrations are 

exactly the maps with the left lifting property with respect to all A(K)-injectives, 
this implies that the K-colocal cofibrations must consist of more than just the A(K)- 
cofibrations (see Proposition 5.2.5). However, if M is a right proper cellular model 
category in which every object is fibrant (e.g., if M = Top,), then Proposition 5.2.4 
implies that the K-colocal cofibrations are exactly the A(K)-cofibrations. This is 
why the K-colocal model category structure on M is cellular if every object of M 
is fibrant (see Theorem 5.1.1 part 3). 



5.3. K-colocal cofibrations 

The main results of this section are Proposition 5.3.3 and Proposition 5.3.5, 
which together provide the factorizations needed for the proof of Theorem 5.1.1 in 
Section 5.4. 

LEMMA 5.3.1. Let M be a right proper cellular model category. If K is a set of 
objects of M, then every K-colocal cofibration is a cofibration. 

Proor. This follows from Proposition 7.2.3 and Proposition 3.1.5. O 

LEMMA 5.3.2. Let M be a right proper cellular model category. If K is a set of 
objects of M, then a mapg: X — Y is both a K-colocal cofibration and a K -colocal 
weak equivalence if and only if it is a trivial cofibration. 

PROOF. If g is a trivial cofibration then Proposition 3.1.5 implies that it is 
a K-colocal weak equivalence and Proposition 7.2.3 implies that it is a K-colocal 
cofibration. 

Conversely, let g: X — Y be both a K-colocal cofibration and a K-colocal weak 
equivalence. If we factor g as X > W + Y where pis a trivial cofibration and q is 
a fibration, then Proposition 3.1.5 and the “two out of three” property of K-colocal 
equivalences (see Proposition 3.2.3) imply that g is a K-colocal equivalence. Thus, 
p has the left lifting property with respect to g, and so the retract argument (see 
Proposition 7.2.2) implies that g is a retract of the trivial cofibration p and is thus 
a trivial cofibration (see axiom M3 of Definition 7.1.3). O 

PROPOSITION 5.3.3. Let M be a right proper cellular model category. If K is a 
set of objects of M, then there is a functorial factorization of every map g: X — Y 
in M as X % W 4 Y in which p is both a K-colocal cofibration and a K-colocal 
weak equivalence and gq is a K -colocal fibration. 

PROOF. This follows from Lemma 5.3.2 and the existence of the functorial 
factorization into a trivial cofibration followed by a fibration. O 

LEMMA 5.3.4. Let M be a right proper cellular mode! category and let K bea 
set of objects of M. If g: A— B is a cofibration, h: B > C is a weak equivalence, 
and the composition hg: A — C is a K-colocal cofibration, then g is a K-colocal 
cofibration. 

Proor. If f: X — Y is both a K-colocal weak equivalence and a K-colocal fi- 
bration, then Proposition 8.1.23 implies that we can choose a fibrant approximation 
f: XY to f such that f is a fibration. Proposition 3.1.5 and Proposition 3.2.3 
imply that f is a K-colocal weak equivalence, and (since M is a right proper model 
category) Proposition 13.2.1 implies that it is sufficient to show that g has the left 
lifting property with respect to f . 
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Suppose that we have the commutative solid arrow diagram 

A—— ¥ 
x 

g . |s 
a 

In the category (A | M) of objects of M under A, the map A is a weak equivalence of 
cofibrant objects (see Lemma 5.3.1) and Y is fibrant. Thus, Corollary 7.7.4 implies 
that there is a map j: C > ¥ in(A|M) such that jh ~t in (A|M). Since hg is a 
K-colocal cofibration and f is both a K-colocal weak equivalence and a K-colocal 
fibration, there exists a map k: C + X such that khg = s and fk =j. 

Since fkh = jh ~t in (A|M), if we let u= kh, then u: B—> X, and fuxrt 
n (A|M). Since B is cofibrant in (A {TMM) and f is a fibration, the homotopy 
lifting property of fibrations (see Proposition 7.3.11) implies that there is a map 
v:B> Xin (A | M) such that v ~ u and fu=t. The map v satisfies ug = s and 
fu =t, and so g has the left lifting property with respect to f. Oo 

PROPOSITION 5.3.5. Let M be a right proper cellular model category. If K is a 
set of objects of M, then there is a functorial factorization of every map g: X — Y 
in MasX % W 4Y in which p is a K-colocal cofibration and q is both a K-colocal 
weak equivalence and a K-colocal fibration. 

Proor. Choose a functorial cofibrant fibrant approximation j: Y > Y to Y. 
Proposition 5.2.3 implies that there is a functorial factorization of the composition 
jg: X 9 Yas XO W +; ¥ in which r is a relative A(K)-cell complex and sg is a 
A(K)-injective. If we let Z be the pullback Y x¢ W, then we can factor the natural 
map X > Zin M as X 4 W % Z where p is a cofibration and u is a trivial 
fibration. If we let ¢g = vu, then we have the diagram 

Y—7yY 

Since j is a weak equivalence, s is a fibration, and M is a right proper model cat- 
egory, t is a weak equivalence. Thus, the composition tu is a weak equivalence, 
and so s is a fibrant approximation to g. Since Proposition 5.2.4 implies that s 
is a K-colocal equivalence, g (which is the composition of two fibrations) is both 
a K-colocal weak equivalence and a K-colocal fibration. Since r is a K-colocal 
cofibration (see Proposition 5.2.5), Lemma 5.3.4 implies that p is a K-colocal cofi- 
bration. a 
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PROPOSITION 5.3.6. Let M be a right proper cellular model category with gen- 
erating cofibrations I. If K is a set of objects of M, then a map is a K-colocal 
cofibration if and only if it is a retract of a relative I-cell complex X — Y in M for 
which there is a weak equivalence Y — Z in M such that the composition X — Z 
is a relative A(K’)-cell complex. 

Proor. This follows from the factorization constructed in the proof of Propo- 
sition 5.3.5 and the retract argument (see Proposition 7.2.2). Ol 

COROLLARY 5.3.7. Let M be a right proper cellular model category. If K is a 
set of objects of M, then an object is K-colocal if and only if it is a retract of an 
object X such that 

(1) X is a cell complex in M, and 
(2) there is a A(K)-complex Y and a weak equivalence X — Y in M. 

PROOF. This follows from Proposition 3.4.1 and Proposition 5.3.6. O 

5.4. Proof of the main theorem 

This section contains the proof of Theorem 5.1.1. 

5.4.1. Proof of part 1. We must show that axioms M1 through M5 of Defi- 
nition 7.1.3 are satisfied. 

Axiom M1 is satisfied because it is satisfied in M, axiom M2 follows from 
Proposition 3.2.3, and axiom M3 follows from Proposition 3.2.4 and Lemma 7.2.8. 
Axiom M4 part (1) follows from the definition of K-colocal cofibration, and ax- 
iom M4 part (2) follows from Lemma 5.3.2. Axiom M5 part (1) follows from 
Proposition 5.3.5, and axiom M5 part (2) follows from Proposition 5.3.3. 

5.4.2. Proof of part 2. This follows from Proposition 3.4.1. 

5.4.3. Proof of part 3. Proposition 3.4.4 implies that ReM is right proper. 
Suppose now that every object of M is fibrant. Since the classes of fibrations 

and trivial cofibrations of ReM equal those of M, a set J of generating trivial 
cofibrations of M serves as a set of generating trivial cofibrations of ReM. Thus, 
Proposition 5.2.6 implies that if A() is an augmented set of horns on K, then ReM 
is a cofibrantly generated model category with generating cofibrations A(K) and 
generating trivial cofibrations J (see Definition 11.1.2). Since the class of fibrations 
of ReM equals that of M, every object of ReM is fibrant, and so it remains only 
to show that ReM is cellular. ae 

Since the domains and codomains of the elements of A(K) are cofibrant in M 
and every cofibration of ReM is a cofibration of M, Corollary 12.3.4 implies that 
condition 1 of Definition 12.1.1 is satisfied. Theorem 12.4.4 implies that condi- 
tion 2 is satisfied, and condition 3 is satisfied because every cofibration of ReM is 
a cofibration of M. 

5.4.4. Proof of part 4. Axiom M6 of Definition 9.1.6 holds in ReM because 
it holds in M. 

For axiom M7, if i: A — B is a cofibration in ReM and p: X 4 Y is a 
fibration in ReM then 2 is a cofibration in M and p is a fibration in M and so the 
map Map(i,p): Map(B,X) — Map(A, X) xmapca,y) Map(B, Y) is a fibration of 
simplicial sets. If 7 is also a weak equivalence in ReM then i is a trivial cofibration 
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in ReM and thus also in M, and so Map(i, p) is a trivial fibration of simplicial sets. 
Thus, it remains only to deal with the case in which 7 is a cofibration in ReM and 
pisa trivial fibration in ReM. 

If 7 is a cofibration in ReM and p is a trivial fibration in ReM then _Theo- 
rem 17.8.10 implies that (i, p) is a homotopy orthogonal pair. Let p: X—Y¥bea 
fibrant approximation to p in M such that p is a fibration in M. Example 16.6.13 
pees that if X and Y are the simplicial objects in M such that X, = Xl and 

= ¥4I and X = ¥ is the map induced by p, then X oYisa simplicial res- sletion of 6 in M such that Xa Y is a Reedy fibration in M*"". Corollary 16.2.2 
and Proposition 3.3.4 imply that X — ¥ isalsoa simplicial resolution of 6 in ReM 
such that X — Y is a Reedy fibration in (ReM)* °° and so Proposition 16.3.10 
implies that the map X4l"l = Y4lr] XP eal] X4Inl is a trivial fibration in ReM 
for every n > 0. Since i: A — B is a cofibration in ReM, Lemma 9.4.7 now implies 
that the map p: X + ¥ has the homotopy right lifting property with respect to i, 
and so Corollary 13.2.2 implies that the map p: X — Y has the homotopy right 
lifting property with respect to 7. 

5.5. K-colocal objects and K-cellular objects 

This section contains the proof of Theorem 5.1.5. 

PROPOSITION 5.5.1. Let M be a right proper cellular model category. If K is 
a set of objects in M, then the homotopy colimit of a diagram of K-colocal objects 
is a K-colocal object. 

PROOF. Let € be a small category and let B: C — M be a diagram of K- 
colocal objects. Theorem 19.4.1 implies that hocolim B is cofibrant. If p: X = Y 
is a K-colocal equivalence and p: X — ¥ is a fibrant approximation to p, then 
Theorem 19.4.4 implies that the map map(hocolim B,X )- map(hocolim B, Y) 
is weakly equivalent to the map holimmap(B,X) — holimmap(B,¥). Theo- 
rem 19.4.2 implies that this map is a weak equivalence, and so Theorem 17.6.3 
implies that map(hocolim B, X) — map(hocolim B, Y) is a weak equivalence. O 

LEMMA 5.5.2. Let M be a right proper cellular model category and let K be 
a set of objects in M. If X is an K-colocal object of M and L is a simplicial set, 
then the object X @ L is K-colocal. 

PROOF. The result follows from Proposition 5.5.1, Theorem 19.9.1, Proposi- 
tion 15.10.4, and Lemma 3.2.1. O 

PROPOSITION 5.5.3. Let M be a right proper cellular model category and let 
K bea set of cofibrant objects of M. If C is a class of cofibrant objects of M that 
contains K and is closed under homotopy colimits and weak equivalences, then € 
contains all A(K)-cell complexes (see Definition 5.2.2). 

PROOF. We will prove this by a transfinite induction on the ordinal indexing 
the A-sequence whose colimit is the A(K)-cell complex. Lemma 5.5.2 implies that 
C contains A ®@ A[n] for every n > 0 and every cosimplicial resolution A of 
every element A of K, and so the inductive step for successor ordinals follows from 
Proposition 5.5.1 and Proposition 19.9.4. The induction step for limit ordinals 
follows from Proposition 5.5.1 and Theorem 19.9.1. 0 
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PROOF OF THEOREM 5.1.5. Proposition 5.5.1 and Lemma 3.2.1 imply that the 
class of K-colocal objects is closed under homotopy colimits and weak equivalences. 
If C is a class of cofibrant objects of M that contains K and is closed under homo- 
topy colimits and weak equivalences, then Proposition 5.5.3 implies that C contains 
all A(K)-cell complexes, and Proposition 19.9.3 implies that © contains all retracts 
of A(K)-cell complexes, and so the result follows from Proposition 3.4.1 and Prop- 
osition 5.3.6. Oo 





CHAPTER 6 

Fiberwise Localization 

If M is one of our categories of spaces (see Section 1.1.3), € is a class of maps 
in M, and p: Y — Z is a fibration in M, then a fiberwise C-localization of p should 
be a map from p to another fibration g over Z 

Y +7 

A 
Z 

that “localizes the fibers of p”, i.e., for every point z in Z the map p7!(z) > q7}(z) 
should be a €-localization of p~*(z). The actual definition is a generalization of 
this that deals with maps p that may not be fibrations (see Definition 6.1.1). 

In this chapter, we show that if M is a category of unpointed spaces (see Sec- 
tion 1.1.3) and S is a set of maps in M, then every map p: Y — Z in M has a 

natural fiberwise S- localization Y — Y — Z. We also show that if p: Y — Zis 
a map in M and Y + Y’ — Z is some other fiberwise S-localization of p, then 
there is a map Y = Y' under Y and over Z, unique up to simplicial homotopy 
in (Y | MJ] Z) (see Definition 11.8.1 and Definition 11.8.3), and any such map is a 
weak equivalence. 

We construct our fiberwise localization for the categories of unpointed spaces 
Top and SS (see Notation 1.1.4). Since the pointed localization of a connected 
space is weakly equivalent to its unpointed localization (see Theorem 1.8.12), our 
construction will also serve as a fiberwise pointed localization for fibrations with 
connected fibers. This is the strongest possible result; in Proposition 6.1.4, we show 
that it is not possible to construct a fiberwise pointed localization for fibrations with 
fibers that are not connected. 

6.1. Fiberwise localization 

DEFINITION 6.1.1. Let Spc;,) be one of our categories of spaces (see Nota- 
tion 1.1.4) and let € be a class of maps in Spc;,). If p: Y — Z is a map in Spcy,), 

then a fiberwise C-localization of p is a factorization Y 4+Y¥42Z of p such that 
(1) q is a fibration, and 
(2) for every point z of Z the induced map of homotopy fibers (see Defi- 

nition 13.4.3) HFib,(p) - HFib,(g) is a C-localization of HFib,(p) (see 
Definition 3.2.16). 

PROPOSITION 6.1.2. Let Spc;,) be one of our categories of spaces (see Nota- 
tion 1.1.4). If C is a class of maps in Spc,,), p: Y > Z is a fibration in SPCrs), 
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and Y + Y 4% Z is a factorization of p, then this factorization is a fiberwise 
C-localization of p if and only if 

(1) q is a fibration, and 
(2) for every point z of Z the induced map of fibers p~1(z) > g71(z) is a 

C-localization of p~*(z). 

PROOF. This follows from Proposition 13.4.6. O 

The following theorem summarizes the main results of this chapter. 

THEOREM 6.1.3. If Spc is a category of unpointed spaces (see Notation 1.1.4) 
and S is a set of maps in Spc, then there is a natural factorization of every map 
p:X >= ZasX SLgX 4 Z such that 

(1) q is a fibration with S-local fibers, 
(2) for every point z in Z the induced map of homotopy fibers HFib,(p) — 

HF ib,(q) (see Definition 13.4.3) is an S-localization of HFib,(p), 
(3) i is both a cofibration and an S-loca] equivalence, 
(4) if we have a solid arrow diagram 

in which r is a fibration with S-local fibers, then there is a map k: Lo X = 
W, unique up to simplicial homotopy in (X | Spc |Z), such that ki = j, 
and 

(5) if we have a diagram as in the previous part such that for every point z 
in Z the map HFib,(p) — HFib,(r) of homotopy fibers over z induced by 
j is an S-local equivalence (i.e., if j is another fiberwise S-localization of 
p), then the map k is a weak equivalence. 

PROPOSITION 6.1.4. Let f: A — B be the inclusion S? — D9 in Top,, the 
category of pointed topological spaces. If X = S? xR, Z=S!, andp: X + Z 
is the composition of the projection S? x R — R with the universal covering map 
R — S!, then there is no fiberwise f-localization of p in the category Top, of 
pointed spaces. 

PRoor. The fiber F of p is a countable disjoint union of copies of S?, and so 
if there were a fiberwise pointed localization of p, its fiber would have countably 
many path components: one contractible, and the others weakly equivalent to S? 
(see Corollary 1.8.10). 

To see that this is not possible, note that 7,Z acts transitively on mF, and 
so 7 Z would act transitively on the path components of the fiber of any fiberwise 
localization of p. Since 7;Z acts on the fiber through (unpointed) weak equiva- 
lences, this is impossible, and so there does not exist a fiberwise pointed localization 
of p. Oo 
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6.2. The fiberwise local model category structure 

DEFINITION 6.2.1. Let S be a set of maps in Spc. If Z is a space in Spc, then 
we define Fibz(S) (which we call the set of elements of S fiberwise over Z) to be 
the set of maps in (Spc | Z) 

A f_sp 

Z 

where f: A — B is an element of S and the images of the maps A— Z and B — Z 
are a single point of Z. 

PROPOSITION 6.2.2. If Z is a space in Spc, then the category (Spc| Z) of 
objects of Spc over Z is a left proper cellular model category. 

ProoF. This follows from Proposition 4.1.6. D 

THEOREM 6.2.3. Let Z be a space in Spc, and let S be a set of maps in Spc. 
If we define 

(1) a fiberwise over Z S-local equivalence to be a Fibz(S)-local equivalence 
in (Spe | Z) (see Definition 3.1.4), 

(2) a fiberwise over Z S-local cofibration to be a Fibz(S)-local cofibration, 
and 

(3) a fiberwise over Z S-local fibration to be a Fibz(S)-local fibration, 

then there is a simplicial model category structure on (Spc | Z) in which the weak 
equivalences are the fiberwise over Z S-local equivalences, the cofibrations are the 
fiberwise over Z S-local cofibrations, and the fibrations are the fiberwise over Z 
S-local fibrations. 

PROOF. This follows from Theorem 4.1.1 and Proposition 6.2.2. D 

PROPOSITION 6.2.4. If S is a set of maps in Spc and Z is a space in Spc, then 
an object of (Spc| Z) is fibrant in the fiberwise over Z S-local model category 
structure if and only if it is a fibration and the fiber over every point of Z is an 
S-local space. 

PROOF. This follows from Proposition 3.4.1. O 

6.3. Localizing the fiber 

The purpose of this section is to prove the following theorem. 

THEOREM 6.3.1. If S is a set of maps in Spc, Z is a space in Spc, and 

xX >yY 

Z 

is a A(Fibz(S))-cofibration (see Definition 4.2.1), then for every point z of Z the 
induced map of homotopy fibers HF ib,(p) — HF ib.(q) is an S-local equivalence. 

The proof of Theorem 6.3.1 is at the end of this section, on page 98. 
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PROPOSITION 6.3.2. If g: X — Z is a map of simplicial sets and z is a point 
in Z, then there is a contractible simplicial set C (which depends naturally on the 
pair (Z,z)) and a natural (AC)-diagram (see Definition 15.1.16) of simplicial sets 
F: (AC) — SS such that 

(1) for every simplex o of C there is a simplex t of Z such that F(a) = G(r) 
(see Example 18.9.6), and 

(2) there is a natural weak equivalence hocolim F = HF ib,(q) (where HF ib,(q) 
is the homotopy fiber of q over z). 

By “natural” we mean that the simplicial set C is a functor of the pair (Z,z) and, 
for a fixed pair (Z,z), the diagram F is a functor of the object q: X — Z of 
(SS | Z). 

Proor. If * > Z is the map to the point z in Z, let x 4 C 5 Z be a natural 
factorization of it into a trivial cofibration followed by a fibration. The homotopy 
fiber of g over z is then naturally weakly equivalent to the pullback of the diagram 
C2, Z 4 X (see Proposition 13.3.7). If we let F be that pullback and r: F 4 C 
its projection onto C, then the construction of Example 18.9.6 applied to r yields 
a diagram F: (AC) — SS that satisfies condition 1. Proposition 18.9.7 implies 
that F is Reedy cofibrant, and so condition 2 follows from Theorem 19.9.1 and the 
natural isomorphism colim F = F. O 

PROPOSITION 6.3.3 (E. Dror Farjoun, [23]). Let S be a set of maps in SS, let 
Z be a simplicial set, let p: X — Z and q: Y — Z be objects of (SS| Z), and let 

x 3 4 

Z 

be a map in (SS | Z). If for every simplex o of Z the induced map f(a) — Ga) (see 
Example 18.9.6) is an S-local equivalence, then for every point z in Z the induced 
map of homotopy fibers HF ibz(p) — HFib,(q) is an S-local equivalence. 

ProoF. This follows from Proposition 6.3.2 and Lemma 3.2.5. O 

LEMMA 6.3.4. If f: A —- B is a cofibration in SS, Z is a space in Top, 

is a map in (Top| Z), and z is a point in Z, then the induced map of homo- 
topy fibers HFib,(p) — HFib,(q) is a |f|-local equivalence if and only if the in- 
duced map of the corresponding homotopy fibers of (Sing p): Sing X — Sing Z and 
(Sing q): Sing Y — Sing Z is an f-loca] equivalence. 

PROOF. Proposition 13.4.10 implies that the “homotopy fiber” and “total sin- 
gular complex” functors commute up to a natural weak equivalence, and so the 
result follows from Proposition 1.2.36. O 
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PROPOSITION 6.3.5. Let f: A — B be an inclusion of cel] complexes in Spc, 
and Jet Z be a space in Spc. If the map 

x 2 4 

Zz 

in (Spe | Z) is a pushout of an element of A(Fibz{f}) (see Definition 4.2.1), then g 
is both a cofibration and an f-local equivalence in Spc, and for every point z in Z 
the induced map of homotopy fibers HFib,(p) — HF ib,(q) is an f-local equivalence. 

PROOF. There are two types of maps in the set A(Fibz{f}). The first type is 
an element of A(Fibz{f}) (see Definition 4.2.1); a map of this type is an S-local 
equivalence in Spc, and its domain and codomain lie over a single point z of Z. 
The second type is a generating trivial cofibration of Spe. If Y is obtained from X 
by pushing out a map of the second type, then the map g is a weak equivalence, 
and so the induced map of homotopy fibers is a weak equivalence. Thus, we need 
only consider the case in which Y is obtained from X by pushing out an element 

of A(Fibz{f}). 
If Spe = SS, then for each simplex o of Z, the map p(c) — g(c) (see Exam- 

ple 18.9.6) is obtained by pushing out one copy of our element of A(Fibz{f}) for 
each vertex of o that equals z. Thus, p(0) — g(c) is an S-local equivalence, and 
so the lemma follows from Proposition 6.3.3. Thus, we need only consider the case 
Spc = Top. 

If Spe = Top, then Proposition 1.2.36 and Proposition 1.2.10 imply that it 
is sufficient to show that Sing(HFib,(p)) — Sing(HFib,(q)) is a (Sing f)-local 
equivalence, and Proposition 13.4.10 implies that this is equivalent to showing that 
HF ib,(Singp) — HFib,(Sing gq) is a (Sing f)-local equivalence (where we also use 
the symbol z to denote the vertex of Sing Z corresponding to the point z of Z). 

Let Ax|A[n]|Laxjaainy|B x |0A[n|| > Bx|A[n]| be the element of A(Fibz{f}) 
in the pushout that transforms X into Y. We have a pushout square 

Ax |Af[n]| Daxjaanl| Bx |AA [n}| —— xX 

Bx | A[n]| + Y 

and Proposition 13.5.5 implies that Sing Y is weakly equivalent to the pushout 

Sing(A x |A[n}| Daxjeainy| BX |AA[n]|) ——+ Sing X 

Sing (B x |A[n]|) >y! 

If we let g’: Y’ — Z be the structure map of Y’ in (SS | (Sing Z)), then for every 
simplex o € Sing Z the map (Sing p)(o) — q'(c) (see Example 18.9.6) is obtained by 
pushing out one copy of Sing(A x |A[n]| Lax jaamy Bx |OA[n]|) > Sing(B x [A[n]]) 
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for each vertex of o that equals the image of Sing(B x |A[n]|) in Sing Z. Proposi- 
tion 1.2.36 implies that this is a (Sing f)-local equivalence, and so Proposition 6.3.3 
implies that HFib, (Sing p) — HFib,(q’) is a (Sing f)-local equivalence. This im- 
plies that HFib, (Sing p) — HFib,(Sing q) is a (Sing f)-local equivalence, and the 
proof is complete. O 

PROOF OF THEOREM 6.3.1. Every Fibz(S)-cofibration is a retract of a trans- 

finite composition of pushouts of elements of A(F ibz(S)) (see Corollary 10.5.22). 
Since S-local equivalences are closed under retracts, Proposition 13.4.9 implies that 
a retract of a map in (Spc | Z) inducing an S-local equivalence of homotopy fibers 
over z must also induce an S-local equivalence of homotopy fibers over z. Thus, it 
is sufficient to show that if 

Xo > Xy > Xo 

Pi 
P2 

e
X

 | 
Pp 

Z 

v
v
 > Xp bree (B <A) 

is a transfinite composition of pushouts of elements of A(Fib 2(S)) , then the induced 
map of homotopy fibers HFib,(p9) — HF ib, (colimg<, pg) is an S-local equivalence. 

If Spc = SS, then we choose a factorization * > C +, Z of the map * > Z 
whose image is z such that s is a trivial cofibration and ¢t is a fibration, and 
Proposition 13.4.9 implies that each HFib,(Xg) is naturally weakly equivalent 
to C xz Xg. Each map C xz Xg — C xz X41 is an inclusion (and, thus, 
a cofibration), and Proposition 6.3.5 implies that it is an S-local equivalence. 
Thus, it is a trivial cofibration in the S-local model category structure on SS (see 
Theorem 4.1.1). Proposition 10.3.4 now implies that the transfinite composition 
C xz Xo — colimge,(C xz Xe) * C xz (colimge, Xg) is an S-local equiva- 
lence, and Proposition 13.4.9 implies that this is weakly equivalent to the map 
HFib,(po) — HFib,(colimg<, pg). 

If Spe = Top, then Proposition 13.4.10 and Proposition 1.2.36 imply that it 
is sufficient to show that the induced map of homotopy fibers of total singular 
complexes HFibz(po) —~ HFib,(colimg<, Sing pg) + HFib,(Sing colimg<) pg) is a 
(Sing S)-local equivalence (where (Sing S) = {Sing f | f € S} and we use the 
symbol z to also denote the vertex of Sing Z corresponding to z). We choose a 

factorization * » C + Sing Z in SS of the map * — Sing Z whose image is z such 
that s is a trivial cofibration and t is a fibration, and the argument proceeds as in 
the case Spc = SS. O 

6.4. Uniqueness of the fiberwise localization 

PROPOSITION 6.4.1. If S is a set of maps in Spc,,), p: X — Z is an object 
of (Spe |Z), q: Y — Z is a fibration with S-local fibers, g: X — Y is a map in 
(Spe | Z) and X — LgX is the fiberwise S-localization of X over Z, then the dotted 
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arrow exists in the diagram 

and it is unique up to simplicial homotopy in (Spc | Z). 

PROOF. Since g: Y — Z is a (FibzS)-injective, this follows from Proposi- 
tion 9.6.1. O 

THEOREM 6.4.2 (Uniqueness of fiberwise localization). Let S be a set of maps 
in Spey). Ifg: Y — Z is a fibration in Spc with S-local fibers and 

xX >yY 

WA 

is a map in (Spc | Z) such that for every point z of Z the induced map of homotopy 
fibers HFib,(p) — HFib,(g) is an S-local equivalence, then the map LgX — Y of 
Proposition 6.4.1 is a weak equivalence. 

PROOF. Since for every point z € Z the induced map from the homotopy fiber 
of LgX — Z over z to the homotopy fiber of g over z is an S-local equivalence 
between S-local spaces, Theorem 3.2.13 implies that it is a weak equivalence. The 
theorem now follows from the exact homotopy sequence of a fibration applied over 
each path component of Z. O 
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Part 2 

Homotopy Theory in Model 
Categories 





Summary of Part 2 

In Chapters 7 and 8 we present the basic definitions and ideas of model cate- 
gories. We begin Chapter 7 with the definition of a model category, and then discuss 
the lifting and extension properties of maps that follow from the axioms. We define 
the left and right homotopy relations for maps, and show that for maps between 
cofibrant-fibrant objects these are the same relation and are equivalence relations. 
This enables us to define the classical homotopy category of a model category as 
the category whose objects are the cofibrant-fibrant objects and whose maps are 
homotopy classes of maps. We also show that a map between cofibrant-fibrant 
objects is a weak equivalence if and only if it is a homotopy equivalence. 

The classical homotopy category is often useful, but it is not sufficient for 
many purposes since it does not contain all of the objects of the model category. 
In Chapter 8 we discuss cofibrant and fibrant approximations, which we then use 
to construct the Quillen homotopy category of a model category. (The Quillen 
homotopy category is referred to simply as the homotopy category.) 

A cofibrant approximation to an object is a cofibrant object together with a 
weak equivalence to the object. Dually, a fibrant approximation to an object is a 
fibrant object together with a weak equivalence from the object. The importance 
of cofibrant and fibrant approximations to an object is that 

e they are isomorphic in the homotopy category to the original objects, and 
e maps that are “expected” to exist may exist only when the domain is 

cofibrant and the codomain is fibrant. 

In Chapter 8 we construct the homotopy category of a model category by taking 
as objects the objects of the model category and as morphisms between objects 
X and Y the homotopy classes of maps between cofibrant-fibrant objects weakly 
equivalent to X and Y. 

In Chapter 8 we also define Quillen functors, which are the interesting functors 
between model categories. If M and N are model categories and F: M @ N :U is 
an adjoint pair of functors, then the left adjoint F is called a left Quillen functor 
and the right adjoint U is called a right Quillen functor if 

e the left adjoint F preserves cofibrations and trivial cofibrations and 
e the right adjoint U preserves fibrations and trivial fibrations. 

We define the total left derived functor LF: HoM — HoN of F and the total 
right derived functor RU: N — M of U, and show that these form an adjoint pair 
LF: HoM @ HoN :RU. We also define what it means for Quillen functors to 
be Quillen equivalences, and we show that the total derived functors of Quillen 
equivalences are equivalences of categories between the homotopy categories. 

103 
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In Chapter 9 we discuss simplicial model categories. A simplicial model cate- 
gory is a model category together with an enrichment of the category over simpli- 
cial sets, with a suitable interaction between the model structure and the simplicial 
structure. Thus, for every pair of objects there is a simplicial set of morphisms, 
the vertices of which are the maps in the underlying category. 

In Chapter 10 we discuss several constructions needed for our discussions of 
cofibrantly generated model categories in Chapter 11 and of cellular model cate- 
gories in Chapter 12. The main idea is that of a transfinite composition of maps; 
this is the “composition” of an infinitely long sequence of maps indexed by an ordi- 
nal. It is used in the small object argument, which is a method of factoring a map 
into factors with specified lifting properties. 

If \ is an ordinal, then a A-sequence consists of objects Xq fora < \ and maps 
Xq — Xo+, for all a for which a +1 < X such that if @ is a limit ordinal and 
B < X, then Xg = colimg<g Xq (see Definition 10.2.1). The natural map X>p — 
colimg<, Xg is called the composition of the A-sequence. An object W is said to be 
small with respect to a subcategory D if for every large enough regular cardinal » 
(see Definition 10.1.11) and every A-sequence Xp — X) — X27 --- 9 Xg--- 
(@ < A) in D (see Definition 10.2.2) the natural map of sets colimg<, M(W, Xz) - 
M(W, colimg<, Xz) is an isomorphism (see Definition 10.5.12), that is, if every map 
from W to the colimit of the A-sequence factors “essentially uniquely” through some 
object Xg in the A-sequence. 

If J is a set of maps, then we define a relative I-cell complex to be a map that 
can be constructed by repeatedly attaching codomains of elements of J along maps 
of their domains, and we define an J-cell complex to be an object for which the 
map from the initial object is a relative J-cell complex (see Definition 10.5.8). For 
example, in the category Top of topological spaces, if we let J be the set of inclusions 
S"-1 Cc D” for n > 0, then the J-cell complexes include the CW-complexes, but they 
also include cell complexes in which the attaching maps of the cells do not factor 
through a subcomplex of lower dimensional cells. We say that a set I of maps 
permits the small object argument if the domains of the elements of J are small 
relative to the subcategory of relative J-cell complexes (see Definition 10.5.15), 
in which case the small object argument (see Proposition 10.5.16) constructs a 
factorization of every map into a relative J-cell complex followed by a map with the 
right lifting property with respect to every element of J (see Proposition 10.5.16 
and its proof). 

In Chapter 11 we discuss cofibrantly generated model categories. A cofibrantly 
generated model category (see Definition 11.1.2) is a model category in which 

e there is a set J of maps (called a set of generating cofibrations) that permits 
the small object argument and such that a map is a trivial fibration if and 
only if it has the right lifting property with respect to every element of J 
and 

e there is a set J of maps (called a set of generating trivial cofibrations) that 
permits the small object argument and such that a map is a fibration if 
and only if it has the right lifting property with respect to every element 
of J. 

In a cofibrantly generated model category, both of the factorizations required by 
the model category axioms can be constructed using the small object argument 
(see Proposition 10.5.16). The small object argument and the retract argument 
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(see Proposition 7.2.2) then imply that the cofibrations are the relative J-cell com- 
plexes and their retracts and that the trivial cofibrations are the relative J-cell 
complexes and their retracts. If M is a cofibrantly generated model category and 
we have selected a set J of generating cofibrations, then we will refer to relative 
I-cell complexes simply as relative cell complezes, and to I-cell complexes simply 
as cell complexes. We also show in Chapter 11 that there is a cofibrantly gener- 
ated model category structure on a category of diagrams in a cofibrantly generated 
model category. 

A notion related to smallness is compactness. If W is an object, J is a set of 
maps, and ¥ is a cardinal, then we will say that W is y-compact relative to I if 
every map from W to the codomain of a relative J-cell complex factors through 
a sub-relative J-cell complex of size at most yy, and we will say that it is compact 
relative to J if it is y-compact for some cardinal y (see Definition 10.8.1). If J is 
a set of generating cofibrations, then an object that is compact relative to J will 
be called simply compact. If M is a cofibrantly generated model category in which 
cofibrations are monomorphisms, then compact objects are also small relative to J 
(see Proposition 10.8.7). 

In Chapter 12 we discuss cellular model categories. These are cofibrantly gen- 
erated model categories in which the cell complexes are well enough behaved to 
allow the localization arguments of Part 1. In particular, we show that in a cellular 
model category the intersection of a pair of subcomplexes of a cell complex exists, 
and that there is a cardinal o such that a cell complex of size 7 is or-compact. 

In Chapter 13 we discuss properness. A model category is left proper if the 
pushout of a weak equivalence along a cofibration is a weak equivalence, and it 
is right proper if the pullback of a weak equivalence along a fibration is a weak 
equivalence. We discuss homotopy pullbacks and homotopy fibers in right proper 
model categories and homotopy pushouts in left proper model categories. 

In Chapter 14 we discuss the classifying space of a smal] category. Given a 
small category C its classifying space BC is a simplicial set such that 

e the vertices of BC are the objects of C, 
e the 1-simplices of BC are the morphisms of C, and 

e the n-simplices of BC for n > 2 are the strings of n composable morphisms 
in €. 

If the classifying space of a small category is contractible, then any two objects of 
the category are connected by an essentially unique zig-zag of morphisms in the 
category (see Definition 14.4.2 and Theorem 14.4.5). There is also an extension of 
this that applies to categories that may not be small. 

Our main use for this will be to prove the essential uniqueness of various con- 
structions. For example, if X is an object of a model category then there is a 
category whose objects are cofibrant approximations to X and whose morphisms 
are weak equivalences of cofibrant approximations. We show that this category has 
a contractible classifying space, which implies that any two cofibrant approxima- 
tions to X are connected by an essentially unique zig-zag of weak equivalences. 

In Chapter 15 we discuss the Reedy model category structure. This is a com- 
mon generalization of the model categories of simplicial objects in a mode} category 
and of cosimplicial objects in a model category. A Reedy category is a common gen- 
eralization of the indexing category for simplicial objects and the indexing category 
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for cosimplicial objects; the objects of a Reedy category have degrees, and the de- 
grees define a filtration of the Reedy category. The Reedy model category structure 
on a category of diagrams in a model category indexed by a Reedy category is based 
on defining diagrams inductively over the filtrations of the Reedy category. 

In Chapter 16 we discuss cosimplicial and simplicial resolutions. If M is a 
simplicial model category and W_— X is a cofibrant approximation to X, then the 
cosimplicial object X in which X" = W @ AJn] is a cosimplicial resolution of X. 
Dually, if M is a simplicial model category and Y — Z is a fibrant approximation 
to Y, then the simplicial object Y in which Y, = 2417 isa simplicial resolution of 
Y. In this chapter, we define cosimplicial and simplicial resolutions in an arbitrary 
model category (see Definition 16.1.2), and establish a number of their technical 
properties. These will be used in Chapter 17 to define homotopy function complexes 
and in Chapter 19 to define homotopy cotimits and -homotopy Hmits. 

In Chapter 17 we define homotopy function complexes. A homotopy function 
complex between two objects in a model category is a simplicial set whose set of 
components is the set of maps in the homotopy category between those objects. 
These serve as replacements in a general model] category for the enrichment over 
simplicial sets that is part of a simplicial model category. There are three types of 
homotopy function complexes: left homotopy function compleres, defined by resolv- 
ing the first argument (see Definition 17.1.1), right homotopy function complezes, 
defined by resolving the second argument (see Definition 17.2.1), and two-sided 
homotopy function compleres, defined by resolving both arguments (see Defini- 
tion 17.3.1). Each of these requires making choices, but there is a distinguished 
transitive homotopy class of homotopy equivalences connecting any two homotopy 
function complexes (see Theorem 17.5.30). 

Chapters 18 and 19 discuss homotopy colimits and homotopy limits. An object- 
wise weak equivalence between diagrams does not generally induce a weak equiva- 
lence of colimits; the homotopy colimit functor repairs this problem, at least for ob- 
jectwise cofibrant diagrams. Similarly, the homotopy limit functor takes objectwise 
weak equivalences between objectwise fibrant diagrams into weak equivalences. In 
Chapter 18 we discuss homotopy colimits and homotopy limits in simplicial model 
categories, which allows for simpler formulas. In Chapter 19 we generalize this to 
arbitrary model categories. 



CHAPTER 7 

Model Categories 

We define a model category in Section 7.1 (see Definition 7.1.3). We point out 
in Proposition 7.1.9 that the axioms for a model category are self dual, i.e., if M 
is a model category, then there is a model category structure on M°? in which the 
weak equivalences are the opposites of the weak equivalences of M, the cofibrations 
are the opposites of the fibrations of M, and the fibrations are the opposites of 
the cofibrations of M. Thus, any theorem about model categories implies a “dual 
theorem” in which cofibrations are replaced by fibrations, fibrations are replaced 
by cofibrations, colimits are replaced by limits, and limits are replaced by colimits. 

In Section 7.2 we discuss lifting and extending maps, including a technique 
called the retract argument (see Proposition 7.2.2). Together with axiom M3 of 
Definition 7.1.3, this is often used to show that a map is a cofibration, trivial 
cofibration, fibration, or trivial fibration based on its lifting properties (see Propo- 
sition 7.2.3). 

In Section 7.3 we discuss the left and right homotopy relations. Left homotopy 
is defined using a cylinder object (see Definition 7.3.2) for the domain. Cylinder 
objects exist for any object (see Lemma 7.3.3), but there is no distinguished one. 
Dually, right homotopy is defined using a path object (see Definition 7.3.2) for 
the codomain. Path objects exist for any object (see Lemma 7.3.3), but there 
is no distinguished one. Two maps are called homotopic if they are both left 
homotopic and right homotopic (see Definition 7.3.2). We establish the homotopy 
extension property of cofibrations for right homotopies when the codomain is fibrant 
(see Definition 7.1.5 and Proposition 7.3.10) and the homotopy lifting property of 
fibrations for left homotopies when the domain is cofibrant (see Definition 7.1.5 and 
Proposition 7.3.11). 

If we make no assumptions about our objects being cofibrant or fibrant, then 
left and right homotopy need not be the same relation, and neither of them need 
be an equivalence relation. In Section 7.4 we show that: 

e If X is cofibrant, then 

— left homotopy is an equivalence relation on the set of maps from X 
to Y (see Proposition 7.4.5) and 

— if f,g: X — Y are left homotopic then they are also right homo- 
topic, and there exists a right homotopy between them using any 
path object for Y (see Proposition 7.4.7). 

e If Y is fibrant, then 
~ right homotopy is an equivalence relation on the set of maps from X 

to Y (see Proposition 7.4.5) and 
— if f,g: X —Y are right homotopic then they are also left homotopic, 

and there exists a left homotopy between them using any cylinder 
object for X (see Proposition 7.4.7). 

107 
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This implies that if X is cofibrant and Y is fibrant, then the left and right homotopy 
relations coincide and are equivalence relations on the set of maps from X to Y 
(see Theorem 7.4.9), and that if f,g: X — Y are homotopic, then there is a left 
homotopy between them using any cylinder object for X and a right homotopy 
using any path object for Y (see Proposition 7.4.10). 

In Section 7.5 we show that composition of homotopy classes of maps is well 
defined for maps between cofibrant-fibrant objects (see Theorem 7.5.5). This al- 
lows us to define the classical homotopy category of a model category M to be 
the category with objects the cofibrant-fibrant objects of M and with morphisms 
from X to Y the homotopy classes of maps from X to Y (see Definition 7.5.8). 
(This is not the homotopy category of M; for that, see Definition 8.3.2). We also 
prove a Whitehead theorem: If a map between cofibrant-fibrant objects is a weak 
equivalence, then it is a homotopy equivalence (see Theorem 7.5.10). 

In Section 7.6 we discuss the model category of objects under a fixed object of 
a model category (and, dually, the model category of objects over a fixed object of 
a model category). This enables us to prove the uniqueness up to homotopy of the 
lifts guaranteed by axiom M4 of Definition 7.1.3 (see Proposition 7.6.13). 

The main result of Section 7.7 is Kenny Brown’s lemma (see Lemma 7.7.1). This 
is a key result that allows us to show that a weak equivalence between cofibrant 
objects has many of the properties of a trivial cofibration between cofibrant objects 
(with a dual statement about a weak equivalence between fibrant objects); see, e.g., 
Corollary 7.7.2, Corollary 7.7.4, Proposition 8.5.7, and Corollary 9.3.3. 

In Section 7.8 we show that a homotopy equivalence between cofibrant-fibrant 
objects is a weak equivalence (see Theorem 7.8.5), and in Section 7.9 we describe 
the equivalence relation generated by “weak equivalence”. Since a weak equivalence 
need not have an inverse unless its domain and codomain are cofibrant-fibrant, we 
define a “zig-zag” of weak equivalences, and we use this to say what it means for two 
functors to a model category to be naturally weakly equivalent (see Definition 7.9.2). 

In Section 7.10 we describe the model category structures on the categories of 
topological spaces and of simplicial sets. 

7.1. Model categories 

We adopt the definition of a model category used in [30]. This is a strengthening 
of Quillen’s axioms for a closed model category (see [54, page 233]) in that it requires 
the category to contain all small limits and colimits (rather than just the finite ones), 
and it requires the factorizations described in the fifth axiom to be functorial. 

DEFINITION 7.1.1. If there is a commutative diagram 

la 

‘4 Y 
A +C >A 

‘| |» |) 
B >+D +B 
\ J 

lp 

then we will say that the map f is a retract of the map g. 

DEFINITION 7.1.2. Let © be a category. 
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(1) @ is complete if it is closed under small limits, i.e., if limp F exists for 
every small category D and every functor F: D —- €. 

(2) © is cocomplete if it is closed under small colimits, i.e., if colimp F exists 
for every small category D and every functor F: D — @. 

DEFINITION 7.1.3. A model category is a category M together with three classes 
of maps (called the weak equivalences, the cofibrations, and the fibrations), satisfying 
the following five axioms: 

M1: (Limit axiom) The category M is complete and cocomplete (see Defini- 
tion 7.1.2). 

M2: (Two out of three axiom) If f and g are maps in M such that gf is defined 
and two of f, g, and gf are weak equivalences, then so is the third. 

M3: (Retract axiom) If f and g are maps in M such that f is a retract of 
g (in the category of maps of M; see Definition 7.1.1) and g is a weak 
equivalence, a fibration, or a cofibration, then so is f. 

Ma: (Lifting axiom) Given the commutative solid arrow diagram in M 

A—> X 
5 

| P 
B— Y 

the dotted arrow exists if either 
(1) 7 is a cofibration and p is a trivial fibration (i.e., a fibration that is 

also a weak equivalence) or 
(2) 7 is a trivial cofibration (i.e., a cofibration that is also a weak equiv- 

alence) and p is a fibration. 
M5: (Factorization axiom) Every map g in M has two functorial factorizations: 

(1) g = gi, where 7 is a cofibration and g is a trivial fibration (i.e., a 
fibration that is also a weak equivalence), and 

(2) g = pj, where j is a trivial cofibration (i.e., a cofibration that is also 
a weak equivalence) and p is a fibration. 

REMARK 7.1.4. Once we have defined the homotopy relations (see Defini- 
tion 7.3.2), the lifting axiom will imply both the homotopy extension property of 
cofibrations (see Proposition 7.3.10) and the homotopy lifting property of fibrations 
(see Proposition 7.3.11). 

DEFINITION 7.1.5. Let M be a model category. 

(1) A trivial fibration is a map that is both a fibration and a weak equivalence. 
(2) A trivial cofibration is a map that is both a cofibration and a weak equiv- 

alence. 
(3) An object is cofibrant if the map to it from the initial object is a cofibra- 

tion. 
(4) An object is fibrant if the map from it to the terminal object is a-fibration. 
(5) An object is cofibrant-fibrant if it is both cofibrant and fibrant. 

REMARK 7.1.6. The axioms imply that any two of the three classes of maps 
cofibrations, fibrations, and weak equivalences determine the third (see Proposi- 
tion 7.2.7). This was the reason for the use of the name “closed model category” 
for what we call simply a “model category”. 
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PROPOSITION 7.1.7. If S is a set and for every element s of S we have a model 
category M,, then the category [|,-g _M is a model category in which a map is a 
cofibration, a fibration, or a weak equivalence if each of its components is, respec- 
tively, a cofibration, a fibration, or a weak equivalence. 

PROOF. This follows directly from the definitions. O 

7.1.8. Duality in model categories. The axioms for a model category are 
self dual. 

PROPOSITION 7.1.9. If M is a model category, then its opposite category M°P 
is a model category such that 

e the weak equivalences in M°P are the opposites of the weak equivalences 

inM, 
e the cofibrations in M°P are the opposites of the fibrations in M, and 
e the fibrations in M°? are the opposites of the cofibrations in M. 

PROOF. This follows directly from the definitions. O 

REMARK 7.1.10. Proposition 7.1.9 implies that any statement that is proved 
true for all model categories implies a dual statement in which cofibrations are 
replaced by fibrations, fibrations are replaced by cofibrations, colimits are replaced 
by limits, and limits are replaced by colimits. 

7.2. Lifting and the retract argument 

DEFINITION 7.2.1. If i: A— Band p: X -— Y are maps for which the dotted 
arrow exists in every solid arrow diagram of the form 

A—7X 
6 

1 lp 
BY , 

then 

(1) (t,p) is called a lifting-extension pair, 
(2) 2 is said to have the left lifting property with respect to p, and 
(3) pis said to have the right lifting property with respect to 7. 

Thus, axiom M4 (see Definition 7.1.3) says that cofibrations have the left lifting 
property with respect to trivial fibrations and that fibrations have the right lifting 
property with respect to trivial cofibrations. The next proposition is known as the 
retract argument. Together with axiom M8, it will be used in Proposition 7.2.3 to 
show that these lifting properties characterize the cofibrations and the fibrations in 
a model category. 

PROPOSITION 7.2.2 (The retract argument). Let © be a model category and 
let g: X — Y bea map inM. ; 

(1) If g can be factored as g = pi where p has the right lifting property with 
respect to g, then g is a retract of i. 

(2) If g can be factored as g = pi where has the left lifting property with 
respect to g, then g is a retract of p. 
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PROOF. We will prove part 1; the proof of part 2 is dual. 
We have the solid arrow diagram 

x—Z 

[* | g Pp 

Since p has the right lifting property with respect to g, the dotted arrow q exists. 
This yields the commutative diagram 

xX xX x 

| | 9 
Y +Z >Y 

q P ’ 
\ 7 

ly 

and so g is a retract of 7. 0) 

PROPOSITION 7.2.3. Let M be a model category. 

(1) The mapi: A — B is a cofibration if and only if it has the left lifting 
property with respect to all trivial fibrations. 

(2) The mapi: A > B is a trivial cofibration if and only if it has the left 
lifting property with respect to all fibrations. 

(3) The map p: X — Y is a fibration if and only if it has the right lifting 
property with respect to all trivial cofibrations. 

(4) The map p: X — Y is a trivial fibration if and only if it has the right 
lifting property with respect to all cofibrations. 

PROOF. We will prove part 1; the proofs of the other parts are similar. 
One direction is part of axiom M4 (see Definition 7.1.3). For the converse, 

axiom M5 implies that we can factor i as i = pj where p is a trivial fibration and 7 
is a cofibration. Proposition 7.2.2 implies that 7 is a retract of 7, and so the result 
follows from axiom M3 (see Definition 7.1.3). O 

PROPOSITION 7.2.4. If M is a model category, then the classes of cofibrations 
and of fibrations are closed under compositions. 

PROOF. This follows from Proposition 7.2.3. O 

PROPOSITION 7.2.5. Let M be a model category. 

(1) The class of cofibrations is closed under coproducts. 
(2) The class of trivial cofibrations is closed under coproducts. 
(3) The class of fibrations is closed under products. 
(4) The class of trivial fibrations is closed under products. 

ProoF. This follows from Proposition 7.2.3. 0 

PROPOSITION 7.2.6. If M is a model category, then a map in M 1s a weak 
equivalence if and only if it can be factored as a trivial cofibration followed by a 
trivial fibration. 
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Proor. Any map that can be factored as a trivial cofibration followed by a 
trivial fibration is a composition of weak equivalences, and is thus a weak equiva- 
lence. 

Conversely, if g: X — Y is a weak equivalence, then we can factor it as X ,, 
w +, Y with h a trivial cofibration and k a fibration. The “two out of three” 
axiom then implies that k is actually a trivial fibration. O 

PROPOSITION 7.2.7. If M is a model category, then any two of the classes of 
cofibrations, fibrations, and weak equivalences determine the third. 

PRoOoF. Proposition 7.2.3 implies that 
e the cofibrations and weak equivalences determine the fibrations, and that 
e the fibrations and weak equivalences determine the cofibrations. 

Proposition 7.2.4 implies that the trivial cofibrations and trivial fibrations deter- 
mine the weak equivalences, and Proposition 7.2.3 implies that the cofibrations de- 
termine the trivial fibrations and the fibrations determine the trivial cofibrations. 
Thus, 

e the cofibrations and fibrations determine the weak equivalences. 
O 

LEMMA 7.2.8. Let M be a model category, and let p: X — Y is a map inM. 
(1) The class of maps with the left lifting property with respect to p is closed 

under retracts. 
(2) The class of maps with the right lifting property with respect to p is closed 

under retracts. 

PRooF. We will prove part 1; the proof of part 2 is dual. 
Suppose that f: A— B is a retract of g: C — D, and that g has the left lifting 

property with respect to p; we must show that the dotted arrow ¢ exists in any 
solid arrow diagram of the form 

la 

f 45¢—%4 . 3X 
‘| | wy ‘| $ p 
q iB > TB 5 t >Y 

lB 

Since g has the left lifting property with respect to p, there exists a map w: D - X 
such that ~g = srg and py = trp; we define ¢: B — X by letting ¢ = pip. We 
then have ¢f = Wipf =vgia = stata = 8 and pb = pwip = trpig =t. Oo 

7.2.9. Pushouts and pullbacks. 

DEFINITION 7.2.10. If the square 

A—>¢ 
| i 
= k 
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is a pushout, then the map g will be called the pushout of f along h. If the square 
is a pullback, then the map f will be called the pullback of g along k. 

LEMMA 7.2.11. Let M be a model category, and let p: X — Y bea map inM. 

(1) The class of maps with the left lifting property with respect to p is closed 
under pushouts. 

(2) The class of maps with the right lifting property with respect to p is closed 
under pullbacks. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
We must show that if i: A — B has the left lifting property with respect to p 

and we have a solid arrow diagram 

A—HC 3X 
a: 
B—7D— 

in which the square on the left is a pushout, then the dotted arrow ¢ exists. Since 
i has the left lifting property with respect to p, there is a map ~: B — X such 
that yi = us and py = vt. Since D is the pushout B Il, C, this induces a map 
@: D — X such that ¢j = u and dt = wy. We then have p¢t = pw = vt and 
p¢j = pu = vj, and so the universal mapping property of the pushout implies that 
ph = v. O 

PROPOSITION 7.2.12. Let M be a model category. 

(1) The class of cofibrations is closed under pushouts. 
(2) The class of trivial cofibrations is closed under pushouts. 
(3) The class of fibrations is closed under pullbacks. 
(4) The class of trivial fibrations is closed under pullbacks. 

PROOF. This follows from Proposition 7.2.3 and Lemma 7.2.11. O 

LEMMA 7.2.13. If h: E — F is a pushout (see Definition 7.2.10) of g: C + D 
and k: G — H is a pushout of h, then k is a pushout of g. 

C +E +G 

| fC ip 
D > FP +H 

if the two squares are pushouts, then the rectangle is a pushout. O 

PrRoor. In the commutative diagram 

PROPOSITION 7.2.14. Consider the commutative diagram 

C4 E—+G 

1 ob | 
D— FH 

(1) If H is the pushout Dic G and F is the pushout DU E, then H is the 
pushout F Lg G. 
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(2) If C is the pullback D xy G and E is the pullback F xy G, then C is the 
pullback D xp E. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
If W is an object and 7: F — W and k: G — W are maps such that jg = kt, 

then kts = jgs = juf. Since H is the pushout D Uc G, there exists a unique map 
Ll: H — W such that lvu = ju and 1h = k. Since F is the pushout DII¢ EF and 
the maps j and lv satisfy both (lv)u = (j)u and (j)g = kt = lht = (lv)g, we have 
j =lv. Thus, the map! satisfies lh = k and lv = 7. To see that | is the unique such 
map, note that if i were another map satisfying ih = k and lu= j, then Ivu = ju, 
and so the universal property of D I¢ G implies that | = 1. O 

LEMMA 7.2.15 (C. L. Reedy, [57]). Let M be a model category. If we have a 
commutative diagram in M 

A—— B fr 
[> iN 

A’! ——> B 

cB 
Cc’ 5 D’ 

in which the front and back squares are pushouts and both fg and C Uy, A’ —C’ 
are cofibrations, then fp is @ cofibration. 

PROOF. It is sufficient to show that fp has the left lifting property with respect 
to all trivial fibrations (see Proposition 7.2.3). If we have a commutative diagram 

D—xX 

jo) |p 
D'——Y 

in which p is a trivial fibration, then we also have a similar diagram with fg in place 
of fp. Since fg is a cofibration, there is a map hg: B’ + X making both triangles 
commute. Composing hg with A’ > B’ yields a map hy: A’ - X that also makes 
both triangles commute. This induces a map C ly, A’ > X. Since Cll, A’ — C’ 
is a cofibration, there is a map C’ + X making everything commute, and so there 
is an induced map D’ = C’ Dy B’ — X making both triangles commute, and the 
proof is complete. O 

7.2.16. Adjointness. 

PROPOSITION 7.2.17. Let M and N be categories and let F: M @ N :U be 
adjoint functors. Ifi: A — B is a map in M and p: X — Y is a map in N, then 
(Fi, p) is a lifting-extension pair (see Definition 7.2.1) if and only if (i, Up) is a 
lifting-extension pair. 
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PROOF. The adjointness of F and U implies that there is a one to one corre- 
spondence between solid arrow diagrams of the forms 

FA—— X and A— UX 
q ~ 4 

| p if | x [vv 
FB—— Y B— UY. 

The adjointness also implies that, under this correspondence, the dotted arrow h 
exists if and only if the dotted arrow h exists. O 

PROPOSITION 7.2.18. Let M and N be model! categories and let F: M @ N :U 
be adjoint functors. 

(1) The left adjoint F preserves cofibrations if and only if the right adjoint U 
preserves trivial fibrations. 

(2) The left adjoint F preserves trivial cofibrations if and only if the right 
adjoint U preserves fibrations. 

PRooF. This follows from Proposition 7.2.3 and Proposition 7.2.17. 0 

7.3. Homotopy 

7.3.1. Left homotopy, right homotopy, and homotopy. 

DEFINITION 7.3.2. Let M be a model category and let f,g: X — Y be maps 
in M. 

(1) A cylinder object for X is a factorization 

XUX 24, cy(x) 24 x 

of the fold map 1x W1x: X UX — X (so that the compositions pig and 
pi, both equal the identity map of X) such that ip I 7, is a cofibration 
and p is a weak equivalence. Note that, although we will often use the 
notation Cyl(X) for a cylinder object for X, we do not mean to suggest 
that this is a functor of X, or that there is any distinguished choice of 
cylinder object for X. 

(2) A left homotopy from f to g consists of a cylinder object X I X “om, 
Cyl(X) & X for X and a map H: Cyl(X) — Y such that Hip = f and 
Hi, = g. If there exists a left homotopy from f to g, then we say that f 

is left homotopic to g (written f BS 9). 
(3) A path object for Y is a factorization 

Y — > Path(Y) yxy 

of the diagonal map (so that the compositions pos and p,s both equal the 
identity map of Y) ly x ly: Y — Y xY such that s is a weak equivalence 
and po X pi is a fibration. Note that, although we will often use the 
notation Path(Y) for a path object for Y, we do not mean to suggest that 
this is a functor of Y, or that there is any distinguished choice of path 
object for Y. 
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(4) A right homotopy from f to g consists of a path object Y % Path(Y) 22°" 
Y xY for Y andamap H: X — Path(Y) such that pH = f andp, H = g. 
If there exists a right homotopy from f to g, then we say that f is right 
homotopic to g (written f & 9). 

(5) If f is both left homotopic and right homotopic to g, then we say that f 
is homotopic to g (written f ~ g). 

LEMMA 7.3.3. Let M be a model category. 

(1) Every object X of M has a cylinder object X IX 2844 Cyl(X) & X in 
which p is a trivial fibration. 

(2) Every object X of M has a path object X * Path(X) "*?4 xX x X in 
which s is a trivial cofibration. 

PROOF. For part 1, factor the map 1x U1xy: X I X - X into a cofibration 
followed by a trivial fibration. For part 2, factor the map lx x lx: X >= XxX 
into a trivial cofibration followed by a fibration. 0 

PROPOSITION 7.3.4. Let M be a model category. 
(1) If f,g: X — Y are left homotopic and Y is fibrant, then there is a cylinder 

object X Il X > Cyl(X) 5 X in which p is a trivial fibration and a left 
homotopy H: Cyl(X)— Y from f tog. 

(2) If f,g: X — Y are right homotopic and X is cofibrant, then there is a 
path object Y + Path(Y) - Y x Y in which s is a trivial cofibration and 
a right homotopy H: X — Path(Y) from f to g. 

PROOF. We will prove part 1; the proof of part 2 is dual. 

If X UX 3 Cyl(X)Y % X is a cylinder object for X such that there is a left 
homotopy H’: Cyl(X)' - Y from f to g, then we factor p as Cyl(X)’ 4 Cyl(X) & 
X where j is a cofibration and p is a trivial fibration. The “two out of three” axiom 
for weak equivalences (see Definition 7.1.3) implies that j is a trivial cofibration, 
and so the dotted arrow exists in the diagram 

“y Ss Y 

| yl (x) —— * 
which constructs our left homotopy #7. O 

PROPOSITION 7.3.5. Let M be a model category and let f,g: X — Y be maps 
in M. 

(1) The maps f and g are left homotopic if and only if there is a factorization 

XU X 274, C & X of the fold map 1x 1x: X IX — X such that 
p is a weak equivalence and a map H: C — Y such that Hig = f and 
Ai, = @. 

(2) The maps f and g are right homotopic if and only if there is a factorization 

Y + p PP, y x Y of the diagonal map ly x ly: Y > Y x Y such 
that s is a weak equivalence and a map H: X — P such that pH = f 
and pH = g. 
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PROOF. We will prove part 1; the proof of part 2 is dual. 
The necessity of the condition follows directly from the definition. Conversely, 

ig uty co 4 
assume the condition is satisfied. If we factor ip i, as X UX — C where 

tm U7} is a cofibration and gq is a trivial fibration, then X I] X -—4 routs o' 4. X isa 
cylinder object for X and Hq: C’ - Y is a left homotopy from f to g. Oo 

LEMMA 7.3.6. Let M be a model category and let X be an object of M. 

(1) If X is cofibrant, then the injections ig,i,;: X — X UX are cofibrations. 
(2) If X is fibrant, then the projections po,pi: X x X — X are fibrations. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
Since the diagram 

§ ———> X 

|b 
Xt XUX 

(where @ is the initial object of M) is a pushout, the lemma follows from Proposi- 
tion 7.2.12. go 

LEMMA 7.3.7. Let M be a model category and let X be an object of M. 

(1) XOX Cyl(X) 5 X is a cylinder object for X, then the injections 
49,11: X — Cyl(X) are weak equivalences. If X is cofibrant, then they 
are trivial cofibrations. 

(2) IfX Path(X) 2°**4, X xX is a path object for X, then the projections 
Po, Pi: Path(X) — X are weak equivalences. If X is fibrant, then they 
are trivial fibrations. 

Proor. This follows from the “two out of three” axiom for weak equivalences 
(see Definition 7.1.3) and Lemma 7.3.6. O 

LEMMA 7.3.8. Let M and N be model categories and let yp: M — N bea 
functor. 

(1) If » takes trivial cofibrations between cofibrant objects in M to weak 
equivalences in N, f,g: X — Y are left homotopic maps in M, and X is 
cofibrant, then y(f) is left homotopic to y(g). 

(2) If p takes trivial fibrations between fibrant objects in M to weak equiva- 
lences in N, f,g: X — Y are right homotopic maps in M, and Y is fibrant, 
then y(f) is right homotopic to y(g). 

PROOF. We will prove part 1; the proof of part 2 is dual. 

Since f and g are left homotopic, there is a cylinder object X I X —> 
Cyl(X) 2 X for X and a map H: Cyl(X) 3 Y such that Hip = f and Hi, = g. 
Since pip = 1x, we have y(p)yp(to) = lycx), and, since Zo is a trivial cofibration 
(see Lemma 7.3.7), the “two out of three” property of weak equivalences (see Defi- 
nition 7.1.3) implies that y(p) is a weak equivalence. The result now follows from 
Proposition 7.3.5. C 

ig lt, 

LEMMA 7.3.9. Let M be a model category, let C be a category, and let yp: M — € 
be a functor. 
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(1) If y takes trivial cofibrations between cofibrant objects in M to isomor- 
phisms in ©, f,g: X — Y are left homotopic maps in M, and X is cofi- 
brant, then y(f) = y(g). 

(2) If p takes trivial fibrations between fibrant objects in M to isomorphisms 
in @, f,g: X - Y are right homotopic maps in M, and Y is fibrant, then 
of) = (9). 

PROOF. We will prove part 1; the proof of part 2 is dual. 

Since f and g are left homotopic, there is a cylinder object X I] X ae, 
Cyl(X) % X for X and a map H: Cyl(X) > Y such that Hip = f and Hi, = 9. 
Since pio = 1x, we have y(p)p(to) = 1ycx), and, since tq is a trivial cofibration (see 
Lemma 7.3.7), y(io) is an isomorphism, and so y({p) is an isomorphism. Since pio = 

Lx = pis, v(to) = (y(P)) > = pli). Thos, of) = o(A)ylio) = eH) ei) = 
(9). [ 

PROPOSITION 7.3.10 (Homotopy extension property of cofibrations). Let M be 
a model category, let X be fibrant, and let k: A — B be acofibration. If f: A X 

is a map, f: B + X is an extension of f, X > Path(X) Po"P!, XIX is a path 
object for X, and H: A — Path(X) is a right homotopy of f (i.e., a map H such 
that poH = f), then there is a map H: B — Path(X) such that ppH = f and 
Hk=H. 

PROOF. We have the solid arrow diagram 

A—“+ Path(X) 

[Fol k Po 

B Fj X 

and Lemma 7.3.7 implies that po is a trivial fibration. O 

PROPOSITION 7.3.11 (Homotopy lifting property of fibrations). Let M be a 
model category, let A be cofibrant, and let k: X — Y be a fibration. If f: A Y 

is a map, f: A— X is a lift of f, AILA “= Cyl(A) 5 A is a cylinder object for 
A, and H: Cyl(A) — Y is a left homotopy of f (i.e., a map H such that Hig = f), 
then there is a map H: Cyl(A) > X such that Hig = f and kH = H. 

PROOF. We have the solid arrow diagram 

A—> 
_ % 
H al [: 

Cyl(A) =a Y 

and Lemma 7.3.7 implies that ig is a trivial cofibration. O 

COROLLARY 7.3.12. Let M be a model category. 

(1) Let X be fibrant and let k: A — B be a cofibration. If f: A— X and 

g: B — X are maps such that gk ~ f, then there is a map g’: B > X 
such that g' ~ g and g/k = f. 
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(2) Let A be cofibrant and let k: X + Y bea fibration. If f: A— X and 

g: A — Y are maps such that kf ~ g, then there is a map f': A+ X 
such that f’~ f and kf’ =9. 

PROOF. Part 1 follows from Proposition 7.3.10 and part 2 follows from Prop- 
osition 7.3.11. O 

PROPOSITION 7.3.13. Let M be a model category. 

(1) Ift: A— B is a cofibration, X is fibrant, and i induces an isomorphism 
i*: 17(B,X) = 27(A, X), then for every map f: A — X there is a map 
g: B+ X, unique up to right homotopy, such that gi = f. 

(2) If A is cofibrant, p: X — Y is a fibration, and p induces an isomorphism 
pa: w'(A,X) = 2'(A,Y), then for every map f: A — Y there is a map 
g: A— X, unique up to left homotopy, such that pg = f. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
Since i*: 77(B, X) — 17(A, X) is surjective there is a map h: B - X such that 

hi ~ f. Corollary 7.3.12 now implies that there exists a map g: B — X such that 
gi = f, and the uniqueness up to right homotopy follows because 7*: 17(B,X) - 
nm" (A, X) is injective. 

7.4. Homotopy as an equivalence relation 

The main results of this section are 

e Proposition 7.4.5, which asserts that if X is cofibrant, then left homotopy 
is an equivalence relation on the set of maps from X to Y, and, dually, 
that if Y is fibrant, then right homotopy is an equivalence relation on the 
set of maps from X to Y, and 

e Theorem 7.4.9, which asserts that if X is cofibrant and Y is fibrant, then 
the left and right homotopy relations coincide on the set of maps from X 
to Y. 

7.4.1. Left and right homotopy as equivalence relations. We begin with 

Lemma 7.4.2, which shows that if X is cofibrant, then two cylinder objects for X 
can be “composed” to produce a cylinder object that we will use in Proposition 7.4.5 
to show that left homotopy is an equivalence relation when the domain is cofibrant. 
Dually, Lemma 7.4.2 also shows that if Y is fibrant, then two path objects for Y can 
be “composed” to produce a path object that we will use in Proposition 7.4.5 to 
show that right homotopy is an equivalence relation when the codomain is fibrant. 

LEMMA 7.4.2. Let M be a model category and let X and Y be objects in M. 

(1) If X is cofibrant and X UX "2, cyl(xX) % x and XU xX 24, 
Cyl(x)’ ¥, X are cylinder objects for X, then there is a third cylinder 
object XX B48, cyixy" 24 x for X in which 
(a) Cyl(X)” is the pushout of the diagram Cyl(X) a x *, Cyl(x)’, 
(b) ig: X — Cyl(X)” is the composition X 4 Cyl(X) > Cyl(X)”, and 

(c) t/: X — Cyl(X)” is the composition X 4, Cyl(X)! + Cyl(x)”. 
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(2) IFY is fibrant and Y *s Path(Y) 22%?4 y x¥ and ¥ £5 Path(y)! 22%, 
Y x Y are path objects for Y, then there is a third path object Y s, 
Path(vy’ 22%?, y x ¥ for ¥ in which 
(a) Path(Y)" is the pullback of the diagram Path(Y) 2 y 2 Path(YY, 
(b) p¥: Path(Y)” — Y is the composition Path(Y)” > Path(Y) 2% 

and 

(c) pi: Path(Y)” - Y is the composition Path(Y)” — Path(Y)’ Py, 

? 

PRoor. We will prove part 1; the proof of part 2 is dual. 
We have the commutative diagram 

xX 

X — + Cyl(X) 

Lemma 7.3.7 and Proposition 7.2.12 imply that ij and 7] are trivial cofibrations. 
Together with the “two out of three” property of weak equivalences (see Defini- 
tion 7.1.3), this implies that p” is a weak equivalence. 

It remains only to show that the map X II X oe, Cyl(X)” is a cofibration. 
This map equals the composition 

xu x 22%, oyx) xX 2 oy xy”, 
The first of these is the pushout of i9: X — Cyl(X) along the first inclusion 
X — XII X, and so Lemma 7.3.7 and Proposition 7.2.12 imply that it is a trivial 
cofibration. The second is the pushout of 79 II) along 7; 11x: XILX — Cyl(X)IIX, 
and so Proposition 7.2.12 implies that it is a cofibration. Proposition 7.2.4 now im- 
plies that 7g Izy is a cofibration. oO 

DEFINITION 7.4.3. Let M be a model category and let X and Y be objects in 
M. 

(1) If X is cofibrant, XILX 244 Cyl(X) & X and XILX 24 Cyl(xy 2 
X are cylinder objects for X, H: Cyl(X) — Y is a left homotopy from 
f:X —~Y tog: X 4Y, and H': Cyl(X)’ — Y is a left homotopy from 
gtoh: X —Y, then the composition of the left homotopies H and H’ is 
the left homotopy H - H': Cyl(X)” — Y from f to h (where Cyl(X)” is 
as in Lemma 7.4.2) defined by H and H’. 

(2) If Y is fibrant, Y * Path(Y) 2°? y x Y and ¥ + Path(yy 22%" 
Y x are path objects for Y, H: X — Path(Y) is a right homotopy from 
f: X — Y tog: X 4 Y, and H’: X — Path(Y)’ is a right homotopy 
from g to h: X ~ Y, then the composition of the right homotopies H 
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and H’ is the right homotopy H-H’: X — Path(Y)” from f to h (where 
Path(Y)” is as in Lemma 7.4.2) defined by H and H’. 

DEFINITION 7.4.4. Let M be a model category and let X and Y be objects in 
M. 

(1) If XX 24 Cyl(X) 2 X is a cylinder object for X and H: Cyl(X) > 
Y is a left homotopy from f: X — Y to g: X — Y, then the inverse 
of H is the left homotopy H~!: Cyl(X)~! — Y from g to f where X I 

1-1 - 

x 2, Cyl(x)-! ?-, X is the cylinder object for X defined by 
Cyl(X)~? = Cyl(X), ig’ = 4), i7) =%o, and p7! = p, and the map H7? 
equals the map H. 

(2) If Y + Path(Y) 9°". yxy is a path object for Y and H: X — Path(Y) 
is a right homotopy from f: X — Y to g: X — Y, then the inverse 
of H is the right homotopy H7!: X — Path(Y)~! from g to f where 

=) “lv p=} 

Y += Path(Y)~! Po *Pi_ , Y x is the path object for Y defined by 
Path(Y)~! = Path(Y), p>‘ = pi, py’ = po, and s~! = s, and the map 
HTM equals the map H. 

PROPOSITION 7.4.5. Let M be a model category, and let X and Y be objects 
in M. 

(1) IfX is cofibrant, then left homotopy (see Definition 7.3.2) is an equivalence 
relation on the set of maps from X to Y. 

(2) If Y is fibrant, then right homotopy (see Definition 7.3.2) is an equivalence 
relation on the set of maps from X to Y. 

(3) If X is cofibrant and Y is fibrant, then homotopy (see Definition 7.3.2) is 
an equivalence relation on the set of maps from X to Y. 

PROOF. We will prove part 1; the proof of part 2 is dual, and part 3 follows 
from parts 1 and 2. 

Since there is a cylinder object for X in which Cyl(X) = X, left homotopy 
is reflexive. The inverse of a left homotopy (see Definition 7.4.4) implies that left 
homotopy is symmetric. Finally, the composition of left homotopies (see Defini- 
tion 7.4.3) implies that left homotopy is transitive. CO 

7.4.6. Relations between left homotopy and right homotopy. 

PROPOSITION 7.4.7. Let M be a model category and let f,g: X — Y be maps 
in M. 

(1) IfX is cofibrant, f is left homotopic tog, and Y 4 Path(Y) =“*45 yxy 
is a path object for Y, then there is a right homotopy H: X — Path(Y) 
from f tog. 

(2) IfY is fibrant, f is right homotopic to g, and X I X “4 Cyl(x) > x 
is a cylinder object for X, then there is a left homotopy H: Cyl(X) — Y 
from f to g. 

PROOF. We will prove part 1; the proof of part 2 is dual. 

Since f is left homotopic to g, there is a cylinder object X LX fori, Cyl(X) 
X for X and a left homotopy G: Cyl(X) — Y from f to g. Thus, we have the solid 
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arrow diagram 

x —45 Path(y) 
ho . o| [te 

(Xx) ——~3 Cyl( ) te YxyY 

in which (po, pi) is a fibration. Since X is cofibrant, Lemma 7.3.7 implies that io 
is a trivial cofibration, and so the dotted arrow h exists. If we let H = hi,, then H 
is the right homotopy we require. 0 

PROPOSITION 7.4.8. Let M be a model category and let f,g: X — Y be maps 
in M. 

(1) If X is cofibrant and f ~ g (see Definition 7.3.2), then f x g: 
(2) IfY is fibrant and f © g, then f ~ 9. 

PrRoorF. This follows from Lemma 7.3.3 and Proposition 7.4.7. ml) 

THEOREM 7.4.9. Let M be a model category. If X is cofibrant and Y is fibrant, 
then the left homotopy, right homotopy, and homotopy relations coincide and are 
equivalence relations on the set of maps from X to Y. 

ProoF. This follows from Proposition 7.4.8 and Proposition 7.4.5. O 

PROPOSITION 7.4.10. Let M be a model category. If X is cofibrant, Y is fibrant, 
and f,g: X — Y are homotopic maps, then 

(1) if X 0X — Cyl(X) - X is a cylinder object for X, then there is a left 
homotopy H: Cyl(X) — Y from f to g, and 

(2) if Y — Path(Y) — Y x Y is a path object for Y, then there is a right 
homotopy H: X — Path(Y) from f to g. 

PROOF. This follows from Proposition 7.4.7. 0 

7.5. The classical homotopy category 

Theorem 7.4.9 implies that for cofibrant-fibrant objects, all notions of homo- 
topy coincide and are equivalence relations. The main result of this section is 
Theorem 7.5.5, which implies that composition of homotopy classes of maps is well 
defined for cofibrant-fibrant objects. We also prove a Whitehead theorem, which 
asserts that a weak equivalence between cofibrant-fibrant objects is a homotopy 
equivalence (see Theorem 7.5.10). 

7.5.1. Composing homotopy classes of maps. 

NOTATION 7.5.2. Let M be a model category and let X and Y be objects of 
M. 

(1) If X is cofibrant, we let 2'(X,Y) denote the set of left homotopy classes 
of maps from X to Y (see Proposition 7.4.5). 

(2) If Y is fibrant, we let 77(X,Y) denote the set of right homotopy classes 
of maps from X to Y (see Proposition 7.4.5). 

(3) If X is cofibrant and Y is fibrant, we let +(X,Y) denote the set of homo- 
topy classes of maps from X to Y (see Proposition 7.4.5). 
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PROPOSITION 7.5.3. Let M be a model category and let f,g: X —~ Y be maps 
in M. 

(1) If f x g (see Definition 7.3.2) and h: Y — Z is a map, then hf BS hg. 
(2) If f &g (see Definition 7.3.2) and k: W 4 X, then fk & gk. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
If X UX - Cyl(X) — X is a cylinder object for X and F: Cyl(X) 3 Y isa 

left homotopy from f to g, then AF is a left homotopy from hf to hg. O 

COROLLARY 7.5.4. Let M be a model category and let f,g: X — Y be maps 
in M. 

(1) If f ~ g (see Definition 7.3.2) and h: Y — Z is a map, then composition 
with h induces a well defined function h,: 7'(X,Y) > 1'(X, Z). 

(2) If f & g (see Definition 7.3.2) and k: W 3 X, then composition with k 
induces a well defined function k*: 77(X,Y) > 17(W,Y). 

PROOF. This follows from Proposition 7.5.3. 0 

THEOREM 7.5.5. Let M be a model category, let X, Y, and Z be cofibrant- 
fibrant objects of M, and let f,g: X — Y andh,k: Y — Z be maps. If f ~ g and 
h~= k, then hf ~ kg, and so composition is well defined on homotopy classes of 
maps between cofibrant-fibrant objects. 

ProoF. This follows from Corollary 7.5.4 and Theorem 7.4.9. Oo 

7.5.6. The classical homotopy category. 

PROPOSITION 7.5.7. If M is a model category, then there is a category whose 
objects are the cofibrant-fibrant objects in M, whose maps are homotopy classes of 
maps in M, and whose composition of maps is induced by composition of maps in 
M. 

PROOF. This follows from Theorem 7.5.5. O 

DEFINITION 7.5.8. If M is a model category, then (following D. M. Kan) we 
define the classical homotopy category mM er of M to be the category with objects 
the cofibrant-fibrant objects of M, and with morphisms from X to Y the homotopy 
classes of maps from X to Y (see Proposition 7.5.7). 

Note that the classical] homotopy category of a model category does not contain 
all of the objects of the model category, and it is not what is known as the homotopy 
category of the model category. For the homotopy category of a model category, 
see Definition 8.3.2. 

PROPOSITION 7.5.9. Let M be a model category. 

(1) If A is cofibrant and p: X — Y is a trivial fibration, then p induces an 
isomorphism of the sets of left homotopy classes of maps p,: 1'(A, X) > 
m'(A,Y) (see Corollary 7.5.4). 

(2) If X is fibrant andi: A — B is a trivial cofibration, then i induces an 
isomorphism of the sets of right homotopy classes of maps i*: 77(B,X) — 
m*(A,X) (see Corollary 7.5.4). 
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PROOF. We will prove part 1; the proof of part 2 is dual. 
If g: A— Y is a map and @ is the initial object of M, then axiom M4 (see 

Definition 7.1.3) implies that the dotted arrow exists in the diagram 

§——- xX 
4 

|‘ } 
A—=7% 

and so p, is surjective. To see that p, is injective, let f,g: A — X be maps such 

that pf ~ pg. There is then a cylinder object AIA — Cyl(A) — A for A and a left 
homotopy F': Cyl(A) — Y from pf to pg, and so we have the solid arrow diagram 

AWA 25 x 

| ° | 
Cyl(A) ——> ¥. 

Axiom M4 implies that the dotted arrow G exists, and G is a left homotopy from 
f tog. O 

THEOREM 7.5.10 (Whitehead theorem). Let M be a model category. If f: X — 
Y is a weak equivalence between cofibrant-fibrant objects, then it is a homotopy 
equivalence. 

PROOF. If we factor f into a cofibration followed by a trivial fibration to ob- 
tain X > W 4 Y, then W is also cofibrant-fibrant, and the “two out of three” 
axiom (see Definition 7.1.3) implies that p is also a weak equivalence. Since a com- 
position of homotopy equivalences between cofibrant-fibrant objects is a homotopy 
equivalence (see Theorem 7.5.5), it is sufficient to show that a trivial cofibration or 
trivial fibration between cofibrant-fibrant objects is a homotopy equivalence. We 
will show this for the trivial cofibration p; the proof for the trivial fibration q is 
dual. 

We have the solid arrow diagram 

X X 
tT 

>| r | 
w—* 

(in which *« denotes the terminal object), and so there exists a dotted arrow r 
such that rp = 1x. Proposition 7.5.9 implies that p induces an isomorphism 
p*: x’ (W,W) = 27(X,W), and, since p*[pr] = [prp] = [p|[rp] = [p|[1x] = [p] = 
p*(1lw], this implies that pr & lw. Thus, r is a homotopy inverse for p (see Theo- 
rem 7.4.9), and so p is a homotopy equivalence. 0 

PROPOSITION 7.5.11. Let M be a model category, let W, X, Y, and Z be 
cofibrant-fibrant objects, and let f,g: X — Y be a pair of maps. 

(1) If there is a weak equivalence h: Y — Z such that hf ~ hg, then f ~ g. 
(2) If there is a weak equivalence k: W — X such that fk ~ gk, then f ~ g. 
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PROOF. We will prove part 1; the proof of part 2 is similar. 
Theorem 7.5.10 implies that there is a map h: Z > Y such that hh ~ ly. 

Thus, f= lyf ~hhf ~hhg~lyg~ 9. O 

PROPOSITION 7.5.12. Let M be a model category. If X and Y are cofibrant- 
fibrant objects in M, then a map g: X — Y is a homotopy equivalence if either of 
the following two conditions is satisfied: 

(1) The map g induces isomorphisms of the sets of homotopy classes of maps 
gu: W(X, X) we (X,Y) and g.: r(¥,X) = a(Y,Y). 

(2) The map g induces isomorphisms of the sets of homotopy classes of maps 
m(Y, X) = w(X, X) and g*: r(Y,Y) = a(X,Y). 

PROOF. We will prove this using condition 1; the proof using condition 2 is 
similar. 

The isomorphism g,: 7(Y,X) + 2(Y,Y) implies that there isa maph: Y — X 
such that gh ~ ly. Theorem 7.5.5 and the isomorphism g,: 7(X,X) = m(X,Y) 
now imply that h induces an isomorphism h,: 7(X, Y) + a(X, X), and so there is 
a map k: X — Y such that hk ~ ly. Thus, h is a homotopy equivalence and g is 
its inverse, and so g is a homotopy equivalence as well. O 

7.6. Relative homotopy and fiberwise homotopy 

If M is a model category and A is an object of M, then the category (A | M) of 
objects of M under A has objects the maps A — X and morphisms commutative 
triangles (see Definition 7.6.1). If A — X is the inclusion of a subobject, then 
homotopy of maps from A — X to A— Y corresponds to homotopy of maps from 
X to Y relative to A. Dually, the category (M | A) of objects of M over A has objects 
the maps X — A and morphisms commutative triangles (see Definition 7.6.2). If 
X — Aand Y — A are fibrations, then homotopy of maps from X ~ AtoY—A 
corresponds to fiberwise homotopy over A. 

DEFINITION 7.6.1. If M is a category and A is an object of M, then the category 
(A|M) of objects of M under A is the category in which 

e an object is a map A— X in M, 
e a map from A —> X to A— Y is a map X — Y in M such that the 

triangle 

/ , \ 
x >Y 

commutes, and 
® composition of maps is defined by composition of maps in M. 

DEFINITION 7.6.2. If M is a category and A is an object of M, then the category 
(M | A) of objects of M over A is the category in which 

e an object isa map X — A inM, 
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e a map from X — Ato Y — Ais a map X — Y in M such that the 
triangle 

x +Y 

A 

commutes, and 
® composition of maps is defined by composition of maps in M. 

DEFINITION 7.6.3. If M is a category and A and B are objects of M, then the 
category (A | TMM |B) of objects of M under A and over B is the category in which 

® an object is a diagram A X — Bin M, 
e amap fom A— X ~ Bto A> Y — Bisamap X — Y in M such 

that the diagram 

A 

x — Y 

B 

commutes, and 
® composition of maps is defined by composition of maps in M. 

Definition 7.6.1 is a special case of Definition 11.8.3, and Definition 7.6.2 is a 
special case of Definition 11.8.1. 

7.6.4. Homotopy in undercategories and overcategories. 

THEOREM 7.6.5. Let M be a model category. 

(1) If A is an object of M, then the category (A|M) of objects of M under 
A (see Definition 7.6.1) is a model category in which a map is a weak 
equivalence, fibration, or cofibration if it is one in M. 

(2) If X is an object of M, then the category (M | X) of objects of M over 
X (see Definition 7.6.2) is a model category in which a map is a weak 
equivalence, fibration, or cofibration if it is one in M. 

(3) If A and B are objects in M, then the category (A |TMM | B) of objects of 
M under A and over B (see Definition 7.6.3) is a model category in which 
a map is a weak equivalence, fibration, or cofibration if it is one in M. 

PROOF. This follows directly from the definitions. 0 

LEMMA 7.6.6. Let © be a category and let g: X — Y be a map in C. 

(1) The functor (X |) — (Y | C) that takes the object X — Z of (X | C) 
to its pushout along g is left adjoint to the functor g*: (Y | C) (X | C) 
that takes the object Y — W of (Y | C) to its composition with g. 

(2) The functor (C | Y) — (C | X) that takes the object W 4 Y of (CY) to 
its pullback along g is right adjoint to the functor g,: (C| X) 3 (CY) 
that takes the object Z — X of (C | X) to its composition with g. 
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PROOF. This follows directly from the universal mapping properties that define 
the pushout and the pullback. O 

DEFINITION 7.6.7. Let M be a model category, and let A be an object of M. 

(1) If A— X and A — ¥ are objects of the category (A | M) of objects of M 
under A, then maps f,g: X — Y in (A|M) will be called left homotopic 
under A, right homotopic under A, or homotopic under A if they are, 
respectively, left homotopic, right homotopic, or homotopic as maps in 
(A |M). A map will be called a homotopy equivalence under A if it is a 
homotopy equivalence in the category (A | M). 

(2) If X — A and Y — A are objects of the category (M | A) of objects of 
M over A, then maps f,g: X — Y will be called left homotopic over A, 
right homotopic over A, or homotopic over A if they are, respectively, left 
homotopic, right homotopic, or homotopic as maps in (M | A). A map will 
be called a homotopy equivalence over A if it is a homotopy equivalence 
in the category (M | A). 

PROPOSITION 7.6.8. Let M be a model category, and let A be an object of M. 

(1) If maps are left homotopic, right homotopic, or homotopic under A, then 
they are, respectively, left homotopic, right homotopic, or homotopic. 

(2) If maps are left homotopic, right homotopic, or homotopic over A, then 
they are, respectively, left homotopic, right homotopic, or homotopic. 

ProoF. This follows from Proposition 7.3.5. O 

COROLLARY 7.6.9. Let M be a model category, and let A be an object of M. If 
@ map is a homotopy equivalence under A or a homotopy equivalence over A, then 
it 1s a homotopy equivalence in M. 

ProoF. This follows from Proposition 7.6.8. O 

DEFINITION 7.6.10. If M is a model category, then a map 2: A — B will be 
called the inclusion of a deformation retract (and A will be called a deformation 
retract of B) if there is a map r: B — A such that ri = 1,4 and ir ~ 1g. A 
deformation retract will be called a strong deformation retract if ir ~ 1p under A. 

PROPOSITION 7.6.11. Let M be a model category. 

(1) Ifi: A > B is a trivial cofibration of fibrant objects, then A is a strong 
deformation retract of B (see Definition 7.6.10), i.e., there isa mapr: B > 
A such that ri = 1, and ir ~ 1p under A. 

(2) Ifp: X — Y is a trivial fibration of cofibrant objects, then there is a map 
s: Y + X such that ps = ly and sp~ 1x over Y. 

PRooF. We will prove part 1; the proof of part 2 is dual. 
We have the solid arrow diagram 

A A 
i r | 

B— * 

in (A | M) (see Theorem 7.6.5) in which i is a trivial cofibration and the map on 
the right is a fibration. Thus, there exists a map r: B — A in (A|M) such that 
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ri = 1,4. Since 7*(1g) =% = iri = 72" (tr), Proposition 7.5.9 implies that 1p © ir in 
(A |M). Since both A and B are both cofibrant-fibrant in (A | M), Theorem 7.4.9 
implies that 1p ~ ir in (A| M). 0 

7.6.12. Homotopy uniqueness of lifts. 

PROPOSITION 7.6.13. Let M be a model category, and let the solid arrow dia- 
gram 

Y 

be such that either 

(1) 7 is a cofibration and p is a trivial fibration, or 
(2) 7 is a trivial cofibration and p is a fibration. 

—2x 

‘t
y
+

—
—

_
_
 

>
 

—> 

If h, and ha are maps each of which makes both triangles commute, then h, ~ h 
as maps in(A|M|Y), the category of objects of M under A and over Y. 

Proor. We will assume that condition 1 holds; the proof in the case that 
condition 2 holds is similar. 

Factor the map BIL, B = Bas BU, B 4 C % B where j is a cofibration 
and 7 is a trivial fibration. We now have the solid arrow diagram 

Bll, B——*TM" 3 x 

1 "| j Pp 

C — B >Y 

in which j is a cofibration and p is a trivial fibration, and so there exists a dotted 
arrow H making both triangles commute. In the category (A| MJY) of objects 
of M under A and over Y (see Theorem 7.6.5), BU, B — C — B is a cylinder 
object for B (see Definition 7.3.2) and H is a left homotopy from h, to hz. Since 
B is cofibrant and X is fibrant in (A| MY), Proposition 7.4.8 implies that h, is 
also right homotopic to he, and so h; is homotopic to hg in (A|MIY). O 

PROPOSITION 7.6.14. Let M be a model category. If the solid arrow diagram 

A—4> x 

[* | a Pp 

B—,Y 

is such that either 

(1) i and j are cofibrations and p and q are trivial fibrations, or 
(2) 4 and j are trivial cofibrations and p and q are fibrations, 

then there exists a map h: B — X making both triangles commute, unique up to ho- 
motopy in(A|M|Y), and any such map is a homotopy equivalence in(A| MJY). 

PROOF. This follows from Proposition 7.6.13. O 
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7.7. Weak equivalences 

The main result of this section is Kenny Brown’s lemma (see Lemma 7.7.1). 
This asserts that a weak equivalence between cofibrant objects can be factored into 
a trivial cofibration followed by a map that has a trivial cofibration as a one sided 
inverse (with a dual statement for weak equivalences between fibrant objects). This 
implies that a functor between model categories that takes trivial cofibrations into 
weak equivalences must also take weak equivalences between cofibrant objects into 
weak equivalences (see Corollary 7.7.2), which will be important for our discussion 
of Quillen functors (see Definition 8.5.2). 

LEMMA 7.7.1 (K. S. Brown, [15]). Let M be a model category. 

(1) Ifg: X 4 Y is a weak equivalence between cofibrant objects in M then 
there is a functorial factorization of g as g = ji where i is a trivial cofi- 
bration and j is a trivial fibration that has a right inverse that is a trivial 
cofibration. 

(2) Ifg: X + Y is a weak equivalence between fibrant objects in M then there 
is a functorial factorization of g as g = j1 where 1 is a trivial cofibration 
that has a left inverse that is a trivial fibration and 7 is a trivial fibration. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
Since X and Y are cofibrant, both of the injections X — XLILY and Y — XLY 

are cofibrations. If we factor the map g Illy: X UY - Y as 

xuytziy 
where k is a cofibration and j is a trivial fibration, then both compositions X — 
XWY — Zand Y —~ X WY — Z are cofibrations. Since g and j are weak 
equivalences, axiom M2 (see Definition 7.1.3) implies that the cofibration X - Z 
is a weak equivalence, and the composition of cofibrations Y ~ X LY — Z isa 
right inverse to the trivial fibration 7. Ol 

COROLLARY 7.7.2. Let M and N be model categories, and let F: M — N bea 
functor. 

(1) If F takes trivial cofibrations between cofibrant objects in M to weak 
equivalences in N, then F takes all weak equivalences between cofibrant 
objects to weak equivalences in N. 

(2) IfF takes trivial fibrations between fibrant objects in M to weak equiva- 
lences in N, then F takes all weak equivalences between fibrant objects to 
weak equivalences in N. 

ProoF. This follows from Lemma 7.7.1 and the “two out of three” property 
of weak equivalences. O 

COROLLARY 7.7.3. Let M be a model category, let C be a category, and let 
F: M — C be a functor. 

(1) If F takes trivial cofibrations between cofibrant objects in M to isomor- 
phisms in C, then F takes all weak equivalences between cofibrant objects 
to isomorphisms. 

(2) IfF takes trivia] fibrations between fibrant objects in M to isomorphisms 
in @, then F takes all weak equivalences between fibrant objects to iso- 
morphisms. 
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ProoF. This follows from Lemma 7.7.1. O 

COROLLARY 7.7.4. Let M be a model category. 

(1) If g: C — D is a weak equivalence between cofibrant objects in M and 
X is a fibrant object of M, then g induces an isomorphism of the sets of 
homotopy classes of maps g*: 7(D, X) = 2(C, X). 

(2) Ifg: X — Y is a weak equivalence between fibrant objects in M and C 
is a cofibrant object of M, then g induces an isomorphism of the sets of 
homotopy classes of maps g,: 7(C,X) = x(C,Y). 

ProoF. This follows from Lemma 7.7.1, Proposition 7.5.9, and Theorem 7.4.9. 
O 

COROLLARY 7.7.5. Let M be a model category. 

(1) Ifg: C — D is a weak equivalence between cofibrant objects in M and X 
is a fibrant object of M, then there is a map C — X in M if and only if 
there is a map D — X inM. 

(2) Ifg: X = Y is a weak equivalence between fibrant objects in M and C is 
a cofibrant object of M, then there is a map C — X in M if and only if 
there is a map C — Y inM. 

ProoF. This follows from Corollary 7.7.4. O 

PROPOSITION 7.7.6. Let M be a model category, and let f,g: X — Y be maps. 

If f ~ g or f a g, then f is a weak equivalence if and only if g is a weak equivalence. 

PROOF. We will consider the case f AS g; the case f ~ g is dual. 
Since f ~ g, there is a cylinder object X I X ~°*4s Cyl(X) 5 X for X anda 

map H: Cyl(X) — Y such that hig = f and hi; = g. Lemma 7.3.7 and the “two 
out of three” property of weak equivalences imply that f is a weak equivalence if 
and only if H is a weak equivalence, and that this is true if and only if g is a weak 
equivalence. O 

LEMMA 7.7.7. Let M and N be model categories, let 99,9,: X —* Y be maps 
in M, and let F: M -'N be a functor. 

(1) If F takes trivial cofibrations between cofibrant objects in M into weak 
equivalences in N, the object X is cofibrant, and go is left homotopic to gi, 
then F(go) is a weak equivalence if and only if F(g1) is a weak equivalence. 

(2) If F takes trivial fibrations between fibrant objects in M into weak equiv- 
alences in N, the object Y is fibrant, and go is right homotopic to gi (see 
Definition 7.3.2), then F(go) is 2 weak equivalence if and only if F(g,) is 
a weak equivalence. 

ProoF. This follows from Lemma 7.3.8 and Proposition 7.7.6. O 

7.8. Homotopy equivalences 

The main result of this section is Theorem 7.8.5, which asserts that a homo- 
topy equivalence between cofibrant-fibrant objects is a weak equivalence. We also 
prove that a map between cofibrant-fibrant objects that is both a cofibration and 
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a homotopy equivalence is the inclusion of a strong deformation retraction (see 
Proposition 7.8.2). 

LEMMA 7.8.1. Let M be a model category and let X and Y be cofibrant-fibrant 
objects in M. 

(1) Let XIX 7, Cyl(X) 3 X be a cylinder object for X and let 
H: Cyl(X) — Y be a left homotopy from the map f: X — Y to the 
map g: X — Y. If H” is the composition (see Definition 7.4.3) of H and 
H~ (see Definition 7.4.4), then H” is homotopic in ((X UX) | M) to the 

constant left homotopy (i.e., the composition Cyl(X )” Poxt Y). 
(2) Let Y = Path(Y) 2*". Y x Y be a path object for Y and let H: X 3 

Path(Y) be a right homotopy from the map f: X — Y tothemapg: X — 
Y. If H” is the composition (see Definition 7.4.3) of H and H~ (see 
Definition 7.4.4), then H” is homotopic in (M | (Y ILY)) to the constant 

right homotopy (i.e., the composition X Lys Cyl(Y)”). 
PROOF. We will prove part 1; the proof of part 2 is dual. 

Let Y + Path(Y) 72°" y x Y be a path object for Y (see Lemma 7.3.3). We 
have the solid arrow diagram 

_—*!__, path(Y) 
q 

».¢ 

»| K [toon 
Cyl(X) ————> W(X) om OY XY 

in which ig is a trivial cofibration (see Lemma 7.3.7) and (po, 71) is a fibration, and 
so the dotted arrow K exists. If we let the map K’: Cyl(X)’ — Path(Y) equal the 
map K, then K and K’ combine to define a map K”: Cyl(X)” — Path(Y) that 
makes the diagram 

xix <2". path(y) 
. wt K” | |e »P1) 
Cyl(x)” —omn? YxY 

(fp" A") 

commutes. Thus, K” is a right homotopy (see Definition 7.3.2) from the map 
fp": Cyl(X)” + Y to the map H”: Cyl(X)” — Y in the category ((X IX) | M) 
of objects of M under X IX. Since Cyl(X)” is cofibrant in (M | (X I X)) and Y 
is fibrant in (M | (X I X)), Theorem 7.4.9 implies that fp” is also left homotopic 
to H” in (M| (XU X)), and so fp” is homotopic to H” in (M | (X IL X)). Oo 

PROPOSITION 7.8.2. Let M be a model category and let f: X — Y be a map 
between cofibrant-fibrant objects. 

(1) If f is both a cofibration and a homotopy equivalence, then f is the 
inclusion of a strong deformation retract, i.e., there is amapg: Y — X 
such that gf =1x and fg ~ ly in(X |M). 
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(2) If f is both a fibration and a homotopy equivalence, then f is the dual 
of a strong deformation retract, 1.e., there is a map g: Y — X such that 
fg =ly andgf ~1x in(MLY). 

PROOF. We will prove part 1; the proof of part 2 is dual. 
Since f is a homotopy equivalence, there isa maph: Y — X such that fh ~ ly 

and hf ~ lx. The homotopy extension property of cofibrations (see Proposi- 
tion 7.3.10) implies that h is homotopic to a map g: Y — X such that gf = lx 

and fg ~ ly (see Proposition 7.5.3). Let Y + Path(Y) "74. y x Y be a path 
object for Y and let H: Y — Path(Y) be a right homotopy from fg to ly. The 
composition Hf: X — Path(Y) is then a right homotopy from fgf = f toly f = f. 
The composite homotopy (Hfg)-H~!: Y — Path(Y)” (see Definition 7.4.3) com- 
posed with f is the composite homotopy (Hf) -(Hf)~*: X — Path(Y)”, and 
Lemma 7.8.1 implies that (Hf) -(Hf)~? is homotopic in (M|(Y x Y)) to the 
constant homotopy s”f: X — Path(Y)”. The homotopy extension property of 
cofibrations now implies that (H fk)-H~! is homotopic in (M | (Y x Y)) to a right 
homotopy K: Y — Path(Y)” such that Kf: X — Path(Y)” equals s”f, i.e., K is 
a homotopy from gf to ly in (X | M). Oo 

PROPOSITION 7.8.3. Let M be a model category and let X and Y be cofibrant- 
fibrant objects in M. 

(1) Ifg: X — Y is both a cofibration and a homotopy equivalence, then g is 
a weak equivalence. 

(2) If g: X — Y is both a fibration and a homotopy equivalence, then g Is a 
weak equivalence. 

PROOF. We will prove part 1; the proof of part 2 is dual. 

If we factor g as X — W * Y where i is a trivial cofibration and p is a 
fibration, then the retract axiom (see Definition 7.1.3) implies that it is sufficient 
to show that g is a retract of 1. If we can show that the dotted arrow gq exists in 
the diagram 

(7.8.4) X 4 W 
of? ‘| 
Y= Y 

then we would have the diagram 

>. 4 x > 

| | 9 

ee 
ly 

which would show that g is a retract of 71. Thus, it is sufficient to find the dotted 
arrow g in Diagram 7.8.4. Proposition 7.8.2 implies that there isa map h: Y —~ X 
such that hg = 1x and gh ~ ly in (X | M). If we let k: Y — W be defined by 
k = th, then kg = i, and pk = pih = gh = ly in (X | M). The homotopy lifting 
property (see Proposition 7.3.11) of the fibration p in the category (X | M) now 
implies that k is homotopic in (X | M) toa map q: Y — W such that pg=ly. O 
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THEOREM 7.8.5. Let M be a model category. If X and Y are cofibrant-fibrant 
objects in M and g: X — Y is a homotopy equivalence, then g is a weak equivalence. 

PROOF. If we factor g as X “, w 5 Y where h is a cofibration and k is a 
trivial fibration, then the “two out of three” property of weak equivalences implies 
that it is sufficient to show that h is a weak equivalence. Since W is also cofibrant- 
fibrant, Proposition 7.8.3 implies that it is sufficient to show that h is a homotopy 
equivalence. 

If g-!: ¥ + X is a homotopy inverse for g, then let r: W — X be defined by 
r= gk. Since rh = g-!kh = 9719 ~ 1x, it is sufficient to show that hr ~ ly. 
Proposition 7.5.9 and Theorem 7.4.9 imply that k induces an isomorphism of sets 
k.: 1(X,W) = 2(X,Y). Since khr = gr = ggTM'k = k, this implies that hr ~ 
ly. O 

THEOREM 7.8.6. Let M be a model category and let f: X — Y bea map in 
M. 

(1) If X and Y are cofibrant, then f is a weak equivalence if and only if for 
every fibrant object Z of M the induced map of homotopy classes of maps 
f*: «(¥, Z) — 2(X, Z) (see Notation 7.5.2) is an isomorphism. 

(2) If X and Y are fibrant, then f is a weak equivalence if and only if for 
every cofibrant object W of M the induced map of homotopy classes of 
maps f,.: TM(W, X) — x(W,Y) is an isomorphism. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
One direction of part 1 follows from Corollary 7.7.4. For the converse, let 

fi: X — Y be a cofibrant fibrant approximation to f (see Definition 8.1.22). Prop- 
osition 7.5.9 implies that f: X — ¥ also induces an isomorphism of homotopy 
classes of maps f*: n(Y, Zz) n(X, Z) for every fibrant object Z of M, and the 
“two out of three” axiom for weak equivalences (see Definition 7.1.3) implies that 
it is sufficient to show that f is a weak equivalence. This follows from Proposi- 
tion 7.5.12 and Theorem 7.8.5. O 

7.9. The equivalence relation generated by “weak equivalence” 

The equivalence relation on objects of a model category generated by the re- 
lation “there is a weak equivalence from the first object to the second object” is 
made concrete by the notion of a zig-zag of weak equivalences (see Definition 7.9.1 
and Definition 7.9.2). Zig-zags can also used to describe the maps in the localized 
category (see [5, Appendix]). 

DEFINITION 7.9.1. Let K be a category and let W be a class of maps in K. 

(1) If X and Y are objects in K and n > 0, then a zig-zag of elements of W 
of length n from X to Y is a diagram of the form 

fn-1 xfhw,@w,&... 2: w,,2Y 

where 
(a) each f; is an element of W, 
(b) each f; can point either to the left or to the right, and 
(c) consecutive f;’s can point in either the same direction or in opposite 

directions. 
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(2) If X, Y, and Z are objects in K and 

fn-1 xtow, 2... ® wy an YSXy@... #2 y,, 22 

are, respectively, a zig-zag in W from X to Y and a zig-zag in W from Y 
to Z, then the composition of those zig-zags is the zig-zag in W of length 
n+k from X to Z 

fn~1 
__— xiw, &... WryioyY hy &...# yy, & 

DEFINITION 7.9.2. Let M be a model category. 

(1) If X and Y are objects in M, then X and Y are weakly equivalent if there 
is a zig-zag of weak equivalences from X to Y (see Definition 7.9.1). 

(2) If © is a category and F and G are functors from C to M, then F and G 
are naturally weakly equivalent if there is an integer n > 0 and functors 
Wi, We, .-.; Wn from € to M such that for every object A in C there is 
a natural zig-zag of weak equivalences 

F(A) = W,(A) — Wo(A) — W3(A) — --- = W,(A) — G(A) 
from F(A) to G(A). 

7.10. Topological spaces and simplicial sets 

7.10.1. Categories of topological spaces. There are several different cat- 
egories of topological spaces in common use, and any of these is acceptable for our 
purposes. 

NOTATION 7.10.2. We will use Top to denote some category of topological 
spaces with the following properties: 

(1) Top is closed under small colimits and small limits. 
(2) Top contains among its objects the geometric realizations of all simplicial 

sets. 

(3) If X and Y are objects of Top and K is a simplicial set, then there is a 
natural isomorphism of sets 

Top(X x |K|,Y) = Top(X, YI*I) . 

Thus, the reader is invited to assume that Top denotes, e.g., 
e the category of compactly generated Hausdorff spaces (see, e.g., [62]), or 
e the category of compactly generated weak Hausdorff spaces (see, e.g., [37, 

Appendix Al]), or 
® some other category of spaces with our three properties (see, e.g., [63]). 

The category of all topological spaces has Properties 1 and 2 of Notation 7.10.2, 
but not Property 3. Property 3 is needed only when we want to assume that Top 
is a simplicial model category (see Definition 9.1.6), though, and so if we want to 
consider Top as only a model category, then the reader can also choose to let Top 
denote the category of all topological spaces. Chapters 1 and 2 assume that Top 
is a simplicial model category, and so, technically, the category of all topological 
spaces is not acceptable there. In fact, though, the work in Chapters 1 and 2 only 
requires that the adjointness isomorphism in Property 3 exists for finite simplicial 
sets K. Since the realization of a finite simplicial set is locally compact, this makes 
the category of all topological spaces an acceptable definition of Top for Chapters 
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1 and 2 (see, e.g., [29, page 265] or [50, page 287]), although many arguments 
would have to be rephrased so as not to claim that the adjointness isomorphism in 
Property 3 exists for an arbitrary simplicial set K. 

REMARK 7.10.3. Our definition of a simplicial model category (see Defini- 
tion 9.1.6) differs from that of Quillen ({52]) in that we require that we have the 
adjointness isomorphism in Property 3 of Notation 7.10.2 for all simplicial sets K, 
while Quillen requires it only for finite simplicial sets K. Quillen proves that with 
his definition the category of all topological spaces is a simplicial model category 
[52, Chapter II, Section 3). 

7.10.4. The model category structures. We will be working both with 
topological spaces and with simplicial sets, and for each of these we will consider 
both the category of pointed spaces and the category of unpointed spaces. 

NOTATION 7.10.5. We will use the following notation for our categories of 
spaces: 

SS: The category of (unpointed) simplicial sets. 
SS, : The category of pointed simplicial sets. 
Top : The category of (unpointed) topological spaces. 
Top,: The category of pointed topological spaces. 

There is a model category structure on each of these categories of spaces: 

DEFINITION 7.10.6. If f: X — Y is a map of topological spaces, then 

e f is a weak equivalence if f induces an isomorphism of path components 
and an isomorphism of homotopy groups f.: %(X,2Z0) © t(Y, f(zo)) for 
all n > 1 and every choice of basepoint xp in X, 

e f is a fibration if it is a Serre fibration, and 
e f isa cofibration if it has the left lifting property with respect to all maps 

that are both fibrations and weak equivalences. 

DEFINITION 7.10.7. If f: X — Y is a map of pointed topological spaces, then 

e f isa weak equivalence if it is a weak equivalence of unpointed topological 
spaces when you forget about the basepoints, 

e f is a fibration if it is a fibration of unpointed topological spaces when 

you forget about the basepoints, and 
e f isa cofibration if it has the left lifting property with respect to all maps 

that are both fibrations and weak equivalences. 

DEFINITION 7.10.8. If f: X — Y is a map of simplicial sets, then 

e f is a weak equivalence if its geometric realization |f|: |X| — |Y| is a 
weak equivalence of topological spaces, 

e f isa fibration if it is a Kan fibration, i.e., if it has the right lifting property 
with respect to the map A[n,k] — Al[n] for alln > 0 and 0 <k <n, and 

e f is a cofibration if it has the left lifting property with respect to all maps 
that are both fibrations and weak equivalences. 

DEFINITION 7.10.9. If f: X — Y is a map of pointed simplicial sets, then 

e f is a weak equivalence if it is a weak equivalence of unpointed simplicial 
sets when you forget about the basepoints, 
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e f is a fibration if it is a fibration of any simplicial set when you forget 
about the basepoints, and 

e f isa cofibration if it has the left lifting property with respect to all maps 
that are both fibrations and weak equivalences. 

The following four theorems assert the existence of the standard model] category 
structures for the categories of topological spaces and simplicial sets (both pointed 
and unpointed). The proofs are surprisingly long, and we will not present them 
here. The original proofs are due to Quillen [52, Chapter II, Section 3], but more 
detailed and readable versions can be found in the works by Hovey [42, Section 2.4 
and Chapter 3], Dwyer and Spalinski [35, Section 8], and Goerss and Jardine [39, 
Chapter J]. 

THEOREM 7.10.10. The category Top (see Notation 7.10.5) with weak equiva- 
lences, fibrations, and cofibrations as in Definition 7.10.6 is a model category. In 
this model category, 

e a map is a fibration if and only if it has the right lifting property with 
respect to the maps |A(n,k]| — |A[n]| for alln > 0 and0<k <n, and 

e a map is a trivial fibration if and only if it has the right lifting property 
with respect to the maps |OA[n}| > |A[n]| for all n > 0. 

THEOREM 7.10.11. The category Top, (see Notation 7.10.5) with weak equiv- 
alences, fibrations, and cofibrations as in Definition 7.10.7 is a model category. In 
this model category, 

e a map is a fibration if and only if it has the right lifting property with 
respect to the maps |A{n,k]|* — |A{n]|* for alln > 0 andO <k <n, 
and 

e a map is a trivial fibration if and only if it has the right lifting property 
with respect to the maps |OA[n]|+ > |A[n]|+ for all n > 0. 

THEOREM 7.10.12. The category SS (see Notation 7.10.5) with weak equiva- 
lences, fibrations, and cofibrations as in Definition 7.10.8 is a model category. In 
this model category, 

e a map is a fibration if and only if it has the right lifting property with 

respect to the maps A[n,k] — Al[n] for alln > 0 andO<k <n, and 
e a map is a trivial fibration if and only if it has the right lifting property 

with respect to the maps 0A[n| — A[n] for all n > 0. 

THEOREM 7.10.13. The category SS, (see Notation 7.10.5) with weak equiva- 
lences, fibrations, and cofibrations as in Definition 7.10.9 is a model category. In 
this model category, 

e a map is a fibration if and only if it has the right lifting property with 

respect to the maps A[n,k|+ — A[n|t for alln > 0 andO<k <1, and 
e a map is a trivial fibration if and only if it has the right lifting property 

with respect to the maps 0A[n|* — A[n]* for all n > 0. 



CHAPTER 8 

Fibrant and Cofibrant Approximations 

A cofibrant approzimation to an object X is a cofibrant object x weakly equiv- 
alent to X; dually, a fibrant approzimation to an object Y is a fibrant object Y 
weakly equivalent to Y (see Definition 8.1.2). Cofibrant and fibrant approximations 
are among the most fundamental tools in homotopy theory because 

e maps that are “expected” to exist often exist only when the domain is 

cofibrant and the codomain is fibrant and, 
e since weak equivalences become isomorphisms in the homotopy category, 

a cofibrant or fibrant approximation to an object is isomorphic to that 
object in the homotopy category. 

For example, (left or right) homotopy is an equivalence relation on the set of maps 
from X to Y when X is cofibrant and Y is fibrant (see Theorem 7.4.9), and we use 
this in Section 8.3 to construct the homotopy category HoM of a model category 
M by defining HoM(X, Y) to be the set of homotopy classes of maps in M from X’ 
to Y’, where X’ and Y’ are cofibrant-fibrant objects weakly equivalent to X and 
Y respectively (see the proof of Theorem 8.3.5). 

In the category of topological spaces every object is fibrant, and a CW-approx- 
imation to a space X (i.e., a CW-complex weakly equivalent to X) is a cofibrant 
approximation to X. In the category of simplicial sets every object is cofibrant, and 
a Kan complex weakly equivalent to X (e.g., the total singular complex of the geo- 
metric realization of X) is a fibrant approximation to X. When doing homological 
algebra, a resolution of an object is a cofibrant or fibrant approximation in a model 
category of simplicial or cosimplicial objects (see, e.g., {55} or [52, Chapter IJ, 
Section 4]). When constructing function complexes in a model category (see Chap- 
ter 17), a resolution of an object is a cofibrant or fibrant approximation in yet a 
different model category of cosimplicial or simplicial objects (see Definition 16.1.2). 

In Section 8.1 we define cofibrant and fibrant approximations and show that 
they are unique up to a weak equivalence (see Proposition 8.1.9 and Proposi- 
tion 8.1.19); stronger uniqueness theorems will follow in Chapter 14 (see Prop- 
osition 14.6.3 and Theorem 14.6.9). We discuss approximations and homotopy 
relations in Section 8.2, and in Section 8.3 we construct the homotopy category of 
a model category. 

In Section 8.4 we discuss (left and right) derived functors, which are func- 
tors induced on the homotopy category of a model category by a functor on the 
model category. In Section 8.5 we discuss Quillen functors, which are the use- 
ful functors between model categories. Quillen functors arise in adjoint pairs (see 
Definition 8.5.2); the left Quillen functor induces a total left derived functor (see 
Definition 8.4.7) between the homotopy categories and the right Quillen functor 
induces a total right derived functor in the opposite direction. We show that the 
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total left derived functor of the left Quillen functor and the total right derived 
functor of the right Quillen functor are an adjoint pair of functors between the 
homotopy categories (see Theorem 8.5.18). We also define Quillen equivalences, 
which are Quillen functors satisfying an additional condition (see Definition 8.5.20) 
that implies that their total derived functors are equivalences of categories between 
the homotopy categories. 

8.1. Fibrant and cofibrant approximations 

8.1.1. Approximations to objects. 

DEFINITION 8.1.2. Let M be a model category. 

(1) (a) A cofibrant approximation to an object X is a pair (X,i) where X is 
a eofibrant object and ¢: X — X is a weak equivalence. 

(b) A fibrant cofibrant approximation to X is a cofibrant approximation 
(X,i) such that the weak equivalence i is a trivial fibration. 

We will sometimes use the term cofibrant approximation to refer to 
the object X without explicitly mentioning the weak equivalence 2. 

(2) (a) A fibrant approximation to an object X is a pair (X ,j) where X is 
a fibrant object and 7: X - X is a weak equivalence. 

(b) A cofibrant fibrant approximation to X is a fibrant approximation 

(X ,j) such that the weak equivalence j is a trivial cofibration. 
We will sometimes use the term fibrant approximation to refer to the 

object X without explicitly mentioning the weak equivalence j. 
PROPOSITION 8.1.3. If M is a model category, then every object X has both a 

fibrant cofibrant approximation 1: X — X and a cofibrant fibrant approximation 
qa: XA x. 

Proor. Factor the map § — X (where @ is the initial object of M) into a 
cofibration followed by a trivial fibration and factor the map X — * (where + is 
the termina} object of M) into a trivial cofibration followed by a fibration. 0 

DEFINITION 8.1.4. Let M be a mode) category and let X be an object of M. 

(1) If (X,i) and (X",7’) are cofibrant approximations to X, a map of cofibrant 
approximations from (X, t) to (Xi ‘4') is a map g: X > X" such that 
ig =i. 

(2) If (X,j) and (X",j’) are fibrant approximations to X, a map of fibrant 
approximations from (X, 3) to (X’, 7’) is a map g: X — X' such that 
gj = J’. 

LEMMA 8.1.5. Let M be a model category and let X be an object of M. 

(1) If (X,i) and (X’,7’) are cofibrant approximations to X and g: X > X' 
is a map of cofibrant approximations, then g is a weak equivalence. 

(2) If (X,7) and (X’,j’) are fibrant approximations to X and g: X — X' is 
a map of fibrant approximations, then g is a weak equivalence. 

PROOF. This follows from the “two out of three” axiom for weak equivalences 
(see Definition 7.1.3). oO 

LEMMA 8.1.6. Let M be a model category and let X be an object of M. 
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(1) If (X,i) is a fibrant cofibrant approximation to X (see Definition 8.1.2) 
and g: W — X is a map from a cofibrant object W, then there is a map 
o:W—a xX, unique up to homotopy over X (see Definition 7.6.7), such 
that 16 = g. 

(2) If (X, j) is a cofibrant fibrant approximation to X and g: X — Y isa 
map to a fibrant object Y, then there is a map ¢: XY, unique up to 
homotopy under X, such that $j = g. 

PROOF. This follows from Proposition 7.6.13. Oo 

PROPOSITION 8.1.7. Let M be a model category and let X be an object of M. 

(1) If(X, i) is a cofibrant approximation to X and (X’, i’) is a fibrant cofibrant 
approximation to X, then there is a map of cofibrant approximations 

g: X > X’, unique up to homotopy over X (see Definition 7.6.7), and 
any such map g is a weak equivalence. 

(2) If (X,j) is a cofibrant fibrant approximation to X and (X', 7’) is a f- 
brant approximation to X, then there is a map of fibrant approximations 
g: X= xX", unique up to homotopy under X, and any such map g is a 
weak equivalence. 

PROOF. This follows from Proposition 8.1.6 and Lemma 8.1.5. O 

COROLLARY 8.1.8. Let M be a model category and let X be an object of M. 

(1) If (X,i) and (X’,i’) are fibrant cofibrant approximations to X, then there 
is a map of cofibrant approximations g: X = X' , unique up to homotopy 
over X (see Definition 7.6.7), and any such map g is a homotopy equiva- 
lence over X. 

(2) If (X, 3) and (X', 9) are cofibrant fibrant t approximations to X, then there 
is a map of fibrant approximations g: X = X’ , unique up to homotopy 
under X, and any such map g is a homotopy equivalence under X. 

PROOF. This follows from Proposition 8.1.7. O 

PROPOSITION 8.1.9. Let M be a model category and let X be an object of M. 

(1) If (X,i) and (X',i") are cofibrant approximations to X, then X and X’ 
are weakly equivalent (see Definition 7.9.2) over X. 

(2) If (X,j) and (X',j') are fibrant approximations to X, then X and X’ are 
weakly equivalent under X. 

PROOF. This follows from Proposition 8.1.3 and Proposition 8.1.7. O 

REMARK 8.1.10. We will show in Proposition 14.6.3 that there is an essen- 
tially unique zig-zag (see Definition 14.4.2) of weak equivalences between any two 
cofibrant approximations to the same object (or between any two fibrant approxi- 
mations to the same object). 

8.1.11. Augmented and coaugmented functors. 

DEFINITION 8.1.12. Let M be a model category. 

(1) An augmented functor on M is a pair (F,7) where F is a functor F: M — M 
and 7 is a natural transformation i: F > 1. 
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(2) A coaugmented functor on M is a pair (G, 7) where G is a functor G: M = 
M and 7 is a natural transformation 7: 1 > G. 

DEFINITION 8.1.13. Let M be a model category. 

(1) An augmented functor (F,7) on M will be called homotopy idempotent if 
for every object X in M the natural maps ipy, F(ix): FFX — FX are 
homotopic over X (see Definition 7.6.7) and are homotopy equivalences 
over X. 

(2) A coaugmented functor (G, 7) on M will be called homotopy idempotent if 
for every object X in M the natural maps jgx,G(jx): GX — GGX are 
homotopic under X (see Definition 7.6.7) and are homotopy equivalences 
under X. 

REMARK 8.1.14. Definition 8.1.13 is the lifting to M of J. F. Adams’ notion of 
an idempotent functor on the homotopy category of M (see [2]). 

DEFINITION 8.1.15. Let M be a model category. 

(1) (a) A functorial cofibrant approximation on M is an augmented functor 
(F,7) on M such that ix: FX — X is a cofibrant approximation to 
X for every object X of M. 

(b) A functorial fibrant cofibrant approximation on M is a functorial cofi- 
brant approximation such that 7x is a trivial fibration for every object 
X of M. 

(c) If K is a subcategory of M, then a functorial cofibrant approrimation 
on X is a pair (F,i) in which F: K — M is a functor and 7 is a natural 
transformation such that ix: FX — X is a cofibrant approximation 
to X for every object X of K. 

(2) (a) A functorial fibrant approximation on M is a coaugmented functor 
(G,7) on M such that jx: X — GX is a fibrant approximation to X 
for every object X of M. 

(b) A functorial cofibrant fibrant approximation on M is a functorial fi- 
brant approximation such that jx is a trivial cofibration for every 
object X of M. 

(c) If K is a subcategory of M, then a functorial fibrant approximation on 
K is a pair (G,7) in which G: K — M is a functor and 7 is a natural 
transformation such that jx: X — GX is a fibrant approximation 
to X for every object X of K. 

PROPOSITION 8.1.16. Let M be a model category. 

(1) A functorial fibrant cofibrant approximation (F,1) on M is homotopy 
idempotent. 

(2) A functorial cofibrant fibrant approximation (G,j) on M is homotopy 
idempotent. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
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Since 2 is a natural transformation, for every object X of M we have a commu- 
tative square 

FFX —~* > Fx 
Fé0| |» 

FX ———> X . 

Since 7x is a trivial fibration and FFX is cofibrant, Proposition 7.5.9 implies that 

ipx ~ F(ix) in (M|X). Since both of FX and FFX are both cofibrant and 
fibrant in (M |X), Theorem 7.4.9 implies that ipxy ~ F(ix) in (M|X), and so 
Theorem 7.5.10 implies that ipx and F(ix) are homotopy equivalences in (M | X). 

0 

PROPOSITION 8.1.17. If M is a model category and K is a subcategory of 
M, then there is a functorial fibrant cofibrant approximation on K (see Defini- 
tion 8.1.15) and a functorial cofibrant fibrant approximation on K. 

PROOF. This follows from applying part 1 of the factorization axiom (see Defi- 
nition 7.1.3) to the map from the initial object and part 2 of the factorization axiom 
to the map to the terminal object. a) 

DEFINITION 8.1.18. Let M be a model category and let K be a subcategory of 
M. 

(1) If (F,7) and (F’,7’) are functorial cofibrant approximations on K (see 
Definition 8.1.15), a map of functorial cofibrant approximations from (F, 2) 
to (F’,2’) is a natural transformation ¢: F — F’ such that 2’¢ = i. 

(2) If (G,7) and (G’, 7’) are functorial fibrant approximations on K (see Def- 
inition 8.1.15), a map of functorial fibrant approximations from (G,7) to 
(G’, 7’) is a natural transformation ¢: G — G’ such that $7 = 7’. 

PROPOSITION 8.1.19. Let M be a model category and let K be a subcategory 
of catM. 

(1) If i;(X): C,(X) + X and ig(X): G2(X) > X are natural cofibrant ap- 
proximations defined on K, then Ci(-) and Co(-) are naturally weakly 
equivalent (see Definition 7.9.2). 

(2) If \(X): X 3 F(X) and jo(X): X F(X) are natural fibrant ap- 
proximations defined on K, then F,(-) and F.(-) are naturally weakly 
equivalent. 

PRooF. We will prove part 1; the proof of part 2 is dual. 
If we choose a natural fibrant cofibrant approximation i(X): C(X) > X for 

every object X in K (see Proposition 8.1.17), then it is sufficient to show that each 
of Cx(-) and C2(—) is naturally weakly equivalent to C(-). We will do this for 
C1(—); the proof for C2(—) is the same. 
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For every object X in K, we construct the pullback square 

P(x) 2%, 

109 [ro 
C(X) Ta x(x) 

and then we choose a functorial cofibrant approximation k(X): Py(X) > P(X) to 
P,(X). Since 2(X) is a trivial fibration, so is j(X), and so the “two out of three” 
axiom (see Definition 7.1.3) implies that j;(X) is also a weak equivalence. Thus, 

C)(X) BOOK) 5 1(X) BOM) C(X) is a natural zig-zag of weak equivalences 
of cofibrant approximations to X. Oo 

REMARK 8.1.20. We will show in Theorem 14.6.9 that any two functorial cofi- 
brant approximations are connected by an essentially unique zig-zag (see Defini- 
tion 14.4.2) of weak equivalences. 

8.1.21. Approximations to maps. 

DEFINITION 8.1.22. Let M be a model category. 

(1) (a) A cofibrant approximation to a map g: X — Y consists of a cofibrant 

approximation (X,ix) to X (see Definition 8.1.2), a cofibrant approx- 
imation (Y, iy) to Y, and a map g: X + ¥Y such that iyg = gix. 

(b) A fibrant cofibrant approrimation to a map g: X — Y is a cofibrant 
approximation to g in which the cofibrant approximations (xX ,ix) 
and (Y, iy) are fibrant cofibrant approximations. 

We will sometimes use the term cofibrant approximation to refer to the 
map g without explicitly mentioning the cofibrant approximations (X ix) 
and (Y, iy). 

(2) (a) A fibrant approximation to a map g: X — Y consists of a fibrant 
approximation (X, jx) to X (see Definition 8.1.2), a fibrant approx- 
imation (Y, jy) to Y, and a map @: X — ¥ such that g Gix =r. 

(b) A cofibrant fibrant approximation to a map g: X — Y is a fibrant 
approximation to g in which the fibrant approximations (X ,jx) and 
(¥, jy ) are cofibrant fibrant approximations. 

We will sometimes use the term fibrant approrimation to refer to the 
map 9 without explicitly mentioning the fibrant approximations (X Ix) 
and (Y, jy). 

PROPOSITION 8.1.23. Let M be a model category. 

(1) Every map g: X — Y has a natural fibrant cofibrant approximation 
g: X — Y such that g is a cofibration. 

(2) Every map g: X — Y has a natural cofibrant fibrant approximation 
9: X + Y such that @ is a fibration. 

PROOF. We will prove part 1; the proof of part 2 is similar. 
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Choose a natural fibrant cofibrant approximation (X,ix) to X, and then choose 
a natural factorization of the composition gix : KX =Y¥ as KX SY “SY where 9g 
is a cofibration and iy is a trivial fibration. 0 

PROPOSITION 8.1.24. Let © and N be model categories, let g: X — Y bea 
map in M, and let F: M—-N be a functor. 

(1) If F takes trivial cofibrations between cofibrant objects in M into weak 

equivalences in N and there is a cofibrant approximation g: X = Y to 9g 
(see Definition 8.1.22) such that F(g) is a weak equivalence, then F takes 
every cofibrant approximation to g into a weak equivalence. 

(2) If F takes trivial fibrations between fibrant objects in M_ into weak equiv- 
alences in N and there is a fibrant approximation g: X = ¥ to g (see 
Definition 8.1.22) such that F(g) is a weak equivalence, then F takes ev- 
ery fibrant approximation to g into a weak equivalence. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
Proposition 8.1.23 implies that we can choose a cofibrant approximation gg’: X' 3 

Y’ to g such that the weak equivalences i: X’ 4 X and i: Y’ 4 Y are trivial 
fibrations. It is sufficient to show that if g: X — Y is some other cofibrant ap- 
proximation to g, then F(g) is a weak equivalence if and only if F(g’) is a weak 
equivalence. 

If g: X — Y is some other cofibrant approximation to g, then we have the solid 
arrow diagram 

, s 5 y’ 

in which 7’y and i} are trivial fibrations sod ix and ty are weak equivalences. Prop- 
osition 8.1.7 implies that there are weak equivalences hx: X — X' and hy: yay’ 
such that ihy = ix and ijhy = iy. Thus, i)g’hx = giyhx = gix =tyg = 
iy hyg. Since 1} is a trivial fibration and X is cofibrant, Proposition 7.5.9 implies 
that 9’hx is left homotopic to hyg, and so Lemma 7.7.7 implies that F(g’hx) is a 
weak equivalence if and only if F(hyg) is a weak equivalence. Since Corollary 7.7.2 
implies that F(hx) and F(hy) are weak equivalences, the “two out of three” axiom 
for weak equivalences (see Definition 7.1.3) implies that F(g’) is a weak equivalence 
if and only if F(g) is a weak equivalence. 0 

> 
Pe

? 

PROPOSITION 8.1.25. Let M be a model category. 

(1) Ifg: X — Y is a map inM, X — X is a cofibrant approximation to X, 
and Y + Y is a fibrant cofibrant approximation to Y, then there exists a 
cofibrant approximation @: X —Y¥ to g, and g is unique up to homotopy 
over Y, 

(2) If g: X +Y isa map in M, X — X is a cofibrant fibrant approximation 
to X, and Y + Y is a fibrant approximation to Y, then there exists a 
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fibrant approximation g: X = ¥ to g, and g is unique up to homotopy 
under X. 

ProoF. This follows from Proposition 7.6.13. O 

DEFINITION 8.1.26. Let M be a model category and let g: X — Y be a map 
in M. 

(1) If ((X,ix), (Y,iv),g: X > Y) and ((X’,%%), (¥, 4), 9: X’ — Y’) are 
cofibrant approximations to g, then a map of cofibrant approzimations 
from ((X, ix), (Y, iy), ig xX = Y) to o ((X’, vx), (Yi i), g/: X’ > Y’) 
consists of maps hx: X > X’ and hy: Y > Y’ such that the diagram 

Se a 

hx hy 

% >! 
commutes. 7 . m . . 7 

(2) If ((X, ix), (¥,5v),9: ¥ > P) and ((X', 5), (P45), 9: X! > P") are 
fibrant approximations to g, then a map of fibrant approzimations from 
((X, 5x), (Y,dv),9: X > Y) to ((X', 5%), (54), o: X’ > Y’) consists 
of maps hx: X — X' and hy: Y — Y’ such that the diagram 

~ 5 3 
x a4 

9 
hx xX— JY hy 

vy vA ty | 
x 5 yp 

commutes. 

REMARK 8.1.27. We will show in Proposition 14.6.6 that any two cofibrant ap- 
proximations (or fibrant approximations) to a map are connected by an essentially 
unique zig-zag of weak equivalences. 

8.2. Approximations and homotopic maps 

LEMMA 8.2.1. Let M be a model category, let X Il X — Cyl(X) — X bea 
cylinder object for X, and let X — Path(X) — X x X be a path object for X. 

(1) If?: X — X is a fibrant cofibrant approximation to X, then 
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(a) there is a cylinder object XUX = Cyl(X) — X for X and a diagram 

X 0X — Cyl(X) — Xx 
| [ou | 
X UX — Cyl(X) —— Xx 

such that Cyl(i): Cyl(X) = Cyl(X) is a fibrant cofibrant approxi- 
mation to Cyl(X), and oo _ 

(b) there is a path object X — Path(X) - X x X for X and a diagram 

(8.2.2) X —— Path(X) ——> % x X 

‘ [pasa | 
X ——> Path(X) ——> X x X 

such that Path(i): Path(x) — Path(X) is a fibrant cofibrant ap- 
proximation to Path(X) and the right hand square of Diagram 8.2.2 
is a pullback. 

(2) If 7: X — X is a cofibrant fibrant approximation to X, then 

(a) there is a cylinder object XIX — Cyl(X) > X for X and a diagram 

(8.2.3) X UX ——> Cyl(X) —> x 

ws] on [ 
ku xX — cy\X) — ¥ 

such that Cyl(j): Cyl(X) > Cyl(X) is a cofibrant fibrant approx- 
imation to Cyl(X) and the left hand square of Diagram 8.2.3 is a 
pushout, and . . 8 . 

(b) there is a path object X — Path(X) — X x X for X and a diagram 

X — Path(x) ——> X x X 

j | | ross [ xj 
xX —— Path(X) —> ¥ x ¥ 

such that Path(j): Path(X) > Path(X) is a cofibrant fibrant ap- 
proximation to Path(X). 

PROOF. We will prove part 1; the proof of part 2 is dual. 
Cyl(#) Factor the composition X IX > XIX — Cyl(X) as KUX 5, Cyl(X) SA 

Cyl(X) where k is a cofibration and Cyl(i) is a trivial fibration. Since 2 is a trivial 
fibration, the dotted arrow g exists in the solid arrow diagram 
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and the “two out of three” axiom for weak equivalences (see Definition 7.1.3) implies 
that ¢ is a weak equivalence. 

If we let Path(X) be the pullback Path(X) x(xx.x) (X x X), then we have the 
solid arrow diagram 

lgXlxg 

( _» 
~~ Tv X " »Path(X)——> Xx X 

i [anc [> 
X —— > Path(X) —3 XxX 

and the universal mapping property of the pullback implies that the dotted arrow 
r exists. Since 7 is a trivial fibration, so is i x i, and so Path(i) (which is a pullback 
of i x i) is a trivial fibration. The “two out of three” axiom for weak equivalences 
(see Definition 7.1.3) now implies that r is a weak equivalence. O 

PROPOSITION 8.2.4. Let M be a model category, and let f,g: X — Y be maps. 

(1) If f,g: X ~ Y are fibrant cofibrant approximations to, respectively, f and 
g, and if f and g are left homotopic, right homotopic, or homotopic, then 
fandg g are, respectively, left homotopic, right homotopic, or homotopic. 

(2) If fia: X ~ ¥ are cofibrant fibrant approximations to, respectively, f and 
g, and if f and g are left homotopic, right homotopic, or homotopic, then 
f and 9 are, respectively, left homotopic, right homotopic, or homotopic. 

Proor. We will prove part 1; the proof of part 2 is dual. 
If f and g are left homotopic, let X I] X —> Cyl(X) ~ X be a cylinder 

object for X such that there is a left homotopy H: Cyl(X) — Y from f to g. If 
X UW X — Cyl(X) — X is the cylinder object of Lemma 8.2.1, then we have the 
solid arrow diagram 

fug 
Wx ; 4 

c | ots ! Cyl(X) —— Cyl(X) —> 

>
<

 

Since Y — Y is a trivial fibration, the dotted arrow F exists, and is a left homotopy 
from f to 9. 

If f and g are right homotopic, let Y ~ Path(Y) ~ Y x Y be a path object 
for Y such that there is a right homotopy K: X ~ Path(Y) from f to g. If 
Y — Path(Y) + Y x Y is the path object of Lemma 8.2.1, then we have the solid 
arrow diagram 

fxg 
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Since the right hand square is a pullback, the dotted arrow K exists and is a right 
homotopy from f to 9. 0 

8.3. The homotopy category of a model category 

DEFINITION 8.3.1. If M is a category and W is a class of maps in M, then a 
localization of M with respect to W is a category LwM and a functor y: M — LwM 
such that 

(1) if we W, then y(w) is an isomorphism, and 
(2) if N is a category and y: M — N is a functor such that y(w) is an 

isomorphism for every w in W, then there is a unique functor 6: LwM — 
N such that 6y = y. 

The usual argument shows that if a localization of M with respect to W exists, 
then it is unique up to a unique isomorphism. Thus, we will speak of the localization 
of M with respect to W. We will often refer to the category LwM as the localization 
of M with respect to W, without explicitly mentioning the functor +. 

DEFINITION 8.3.2. If M is a model category, then the Quillen homotopy cate- 
gory of M (which we will also call the homotopy category of M) is the localization of 
M with respect to the class of weak equivalences, which we denote by 7: M — HoM. 

REMARK 8.3.3. If M is a small category, then the localization of M with respect 
to any class W of maps in M exists. This is because we can construct the maps of 
the localization using generators and relations to add inverses for the elements of 
‘W, and we can be sure that there will only be a set of maps between two objects of 
M because there is only a set of maps in all of M to begin with. If M is not small, 
though, then using generators and relations might lead to a proper class of maps 
between some pair of objects, in which case we would not have a category. 

Restating this in terms of universes (see, e.g., [60, page 17]): If we start in a 
fixed universe U, then we can attempt to construct the localization of a U-category 
M with respect to a class of maps W using generators and relations. If M is not 
small, though, then we could only be sure of constructing a category in some higher 
universe Ul’. The statement that “the localization of M with respect to W exists” 
is the statement that there is a category in our original universe U that is the 
localization of M with respect to W. 

We will show that the Quillen homotopy category of a model category M exists 
(see Theorem 8.3.5) and that it is equivalent to the classical homotopy category of 
M (see Definition 7.5.8 and Theorem 8.3.9). To do this, we will not use the method 
of generators and relations. Instead, we will construct the set of maps between two 
objects in the localization by starting with the set of maps between two objects in 
the original category, and dividing that set by an equivalence relation. Thus, we 
will be sure of having only a set of maps between any pair of objects. 

LEMMA 8.3.4. Let M be a model category, let N be a category, and let p: M — 
N be a functor that takes weak equivalences in M to isomorphisms in N. If 

f,g: X ~ Y are maps in M such that either f pS g orf ae g (see Definition 7.3.2), 
then y(f) = (9). 

. . t - ose PROOF. We will consider the case f ~ g; the case f x g is similar. 
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If f ~ g, then there is a cylinder object (see Definition 7.3.2) X UX HS 
Cyl(X) & X for X and a map H: Cyl(X) > Y such that Hio = f and Hi, = g. 
Since p is a weak equivalence, y(p) is an isomorphism. Since pig = pi,, this implies 
that y(to) = v(ii). Thus, y(f) = o(H)y(io) = y(H) (ii) = ¥(9)- a 

Lemma 8.3.4 implies that a functor y: M — N that takes weak equivalences 
to isomorphisms must identify homotopic maps. Thus, when searching for the 
Quillen homotopy category of M (see Definition 8.3.2), a natural object to consider 
is the classical homotopy category of M (see Definition 7.5.8). Theorem 7.5.10 
implies that if we restrict ourselves to the full subcategory of M spanned by the 
cofibrant-fibrant objects, then identifying homotopic maps turns weak equivalences 
into isomorphisms, and so the classical homotopy category has the required univer- 
sal property restricted to this subcategory. _ 

To deal with objects that are not cofibrant-fibrant, we note that if X is weakly 
equivalent to X and Y is weakly equivalent to Y, then in any category in which 
weak equivalences have become isomorphisms the set of maps from X to Y will be 

isomorphic to the set of maps from X toY. This suggests that we should choose 
X and Y to be cofibrant-fibrant objects weakly equivalent to X and Y respectively 
and define Ho M(X, Y) to be the set of homotopy classes of maps from X to Y in 
M. This is what we shall do to define HoM. 

THEOREM 8.3.5. IfM is a model category, then the Quillen homotopy category 
of M (see Definition 8.3.2) exists. 

Proor. Choose a functorial fibrant cofibrant approximation zx : CX — X and 
a functorial cofibrant fibrant approximation jx: X — EX for every Object X in M 
(see Proposition 8.1.17). We define the category HoM as follows: 

(1) The objects of HoM are the objects of M. 
(2) If X and Y are objects in M, then HoM(X,Y) = m(FCX,FCY) (see 

Notation 7.5.2). 
(3) If X, Y, and Z are objects in M, then the composition 

HoM(Y, Z) x HoM(X,Y) —- HoM(X, Z) 

is the composition of homotopy classes of maps between cofibrant-fibrant 
objects in M 

n(FCY, FGZ) x 1(FCX, FCY) — 2(FCX, FCZ) 

(see Theorem 7.5.5). 

We define the functor y: 4 — HoM to be the identity on the class of objects and to 

take the map f: X — Y to the homotopy class of the map FC(f): FCX — FCY. 
If f: X — Y is a weak equivalence in M, then the “two out of three” property 

of weak equivalences (see Definition 7.1.3) implies that FC(f) is a weak equivalence, 
and so Theorem 7.5.10 implies that FC(f) is a homotopy equivalence, i-e., y(f) is 
an isomorphism. 

It remains only to show that if y: M — N is a functor that takes weak equiv- 
alences in M to isomorphisms in N, then there is a unique functor 6: HoM > N 
such that dy = y. Let py: M —N be such a functor. For every object X of HoM, 
we let 6(X) = p(X). If g: X — Y is a map in HoM, then g is a homotopy class of 
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maps FCX — FCY in M. Lemma 8.3.4 implies that y takes all elements of that 
homotopy class to the same map of N, and so we can let 

5(9) = pliy) (YGay))” v(eEx (lix)) 
(where by y(g) we mean y applied to some map in the homotopy class g). To see 
that 6 is a functor, we note that an identity map in HoM is a homotopy class of 
maps in M containing an identity map, and composition of maps between cofibrant- 
fibrant objects of M is well defined on homotopy classes (see Theorem 7.5.5). Thus, 
6 is a functor. 

To see that dy = y, we note that ¥ is the identity on objects, and 6 was 
defined to agree with » on objects. If f: X — Y is a map in M, then we have the 
commutative diagram 

Since y takes weak equivalences to isomorphisms in N, we have 

o(f) = viv) (pay) v(FC(A)) eax) (Ylix)) 
Since y(f) is the homotopy class of FC(f), this implies that 6y(f) = (f). 

Finally, to see that 6 is the unique functor satisfying dy = y, we note that 
every map of HoM is a composition of maps in the image of -y and inverses of the 
image under 7 of weak equivalences of M. oO 

THEOREM 8.3.6. If M is a model category, then there is a construction of the 
Quillen homotopy category of M (see Definition 8.3.2) y: @ — HoM such that if 
X and Y are cofibrant-fibrant objects in M, then HoM(y(X),7(Y)) is the set of 
homotopy classes of maps in M from X to Y. 

Proor. For every cofibrant object X, let CX = X and let i x! CX + XxX 
be the identity map. For every non-cofibrant object X, factor the map from the 
initial object to X into a cofibration followed by a trivial fibration to obtain a 

cofibrant object CX and a trivial fibration ix: CX — X. (In the terminology of 
Definition 8.1.2, we have chosen a fibrant cofibrant approximation to X.) 

For every fibrant object X, let FX = X and let jx: X — FX be the identity 
map. For every non-fibrant abject X, factor the map from X to the terminal object 
into a trivial cofibration followed by a fibration to obtain a fibrant object FX and 
a trivial cofibration jx: X — FX. (In the terminology of Definition 8.1.2, we have 
chosen a cofibrant fibrant approximation to X.) 

We define the category HoM as follows: 

(1) The objects of HoM are the objects of M. 
(2) If X and Y are objects in M, then HoM(X,Y) = (FCX,FCY) (see 

Notation 7.5.2). 
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(3) If X, Y, and Z are objects in M, then the composition 

HoM(Y, Z) x HoM(X,Y) — HoM(X, Z) 

is the composition of homotopy classes of maps between cofibrant-fibrant 
objects in M 

n(FCY, FCZ) x 2(FCX,FCY) — m(FCX, FCZ) 
(see Theorem 7.5.5). 

We now define the functor 7: M — HoM. We let ¥ be the identity on the class 
of objects. For every map f: X — Y in M, we have the solid arrow diagram 

G ¢ CY 
| Ef) | 

ty 

CX +X ; +Y 

(where @ denotes the initial object of ©), and we can choose a dotted arrow C( f) 
that makes the diagram commute. (In the terminology of Definition 8.1.22, C(f) is 
a cofibrant approximation to f.) Proposition 7.5.9 implies that Ci f) is well defined 
up to left homotopy, and so Proposition 7.4.8 implies that it is well defined up to 
right homotopy. We now have the solid arrow diagram 

Joy A ~ Cf) ~ 
CX ——> Cy ——> FCY 

. | FC(f) | 
IJEx . 

FCX >* 
(where * denotes the terminal object of ©), and we can choose a dotted arrow 
FC(f) that makes the diagram commute. Proposition 7.5.9 implies that FC(f) is 
well defined up to homotopy, and we define (f) to the the element of n(FCX,FCY) 
represented by FC(f) (see Theorem 7.4.9). 

To see that + is a functor, we note that for every object X in M Proposition 7.5.9 

implies that C(1x) © lgx, and so C(1x)-% 1gy, and so FC(1x) = lgay. Simi 
larly, if f: X — Y and g: Y — Z are maps in M, then Proposition 7.5.9 implies 

that C(g)C(f) © G(gf), and so FC(g)FC(g) ~ FC(gf). Thus, we have defined the 
category HoM and the functor y: M@ — HoM. The proof that + has the required 
universal property is identical to the proof in the case of Theorem 8.3.5. 0 

PROPOSITION 8.3.7. If M is a model category, then there is a unique isomor- 
phism from the category HoM constructed in Theorem 8.3.5 to the category HoM 
constructed in Theorem 8.3.6 that commutes with the functors from M. 

PROOF. This follows from the universal property of the functors from M. O 

THEOREM 8.3.8. If M is a model category, then the classical homotopy category 
of M (see Definition 7.5.8) is naturally isomorphic to the full subcategory of the 
Quillen homotopy category of M spanned by the cofibrant-fibrant objects. 

ProoF. This follows from Theorem 8.3.6. 0 
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THEOREM 8.3.9. IfM is a model category, then the classical homotopy category 
of M is equivalent to the Quillen homotopy category of M. 

Proor. Let v denote the embedding 7M,; — HoM described in Theorem 8.3.6. 
To define 7: HoM — 7M, let G and F be as in the proof of Theorem 8.3.6. If 
X is an object of HoM, let n(X) = FCX. If X and Y are objects of HoM, then 
HoM(X,Y) = 1(FCX,FCY), and we let 7 be the “identity map” from HoM(X, Y) 
to TMe¢(FCX, FCY). 

Since 7 is the identity functor of tM, it remains only to define a natu- 
ral equivalence @ from the identity functor of HoM to vy. If X is an object 
of HoM, then vn(X) = FCX, and so HoM(X,vn(X)) = HoM(X,FCX) = 
n(FCX, FCFCX) = n(FCX, FCX); we let 0(X): X — vyX be the homotopy 
class of the identity map of FCX in M. O 

THEOREM 8.3.10. Let M be a model category and let y: M — HoM be the 
canonical functor to it’s homotopy category. If g: X — Y is a map in M, then g Is 
a weak equivalence if and only if y(g) is an isomorphism in HoM. 

ProoF. If g is a weak equivalence, then the definition of HoM implies that 
y(g) is an isomorphism. Conversely, if y(g) is an isomorphism, then FC(g) (see 
the proof of Theorem 8.3.5) is a homotopy equivalence, and so Theorem 7.8.5 and 
the “two out of three” property of weak equivalences implies that g is a weak 
equivalence. CO 

8.4. Derived functors 

DEFINITION 8.4.1. Let M be a model category, let C be a category, and let 
yp: M — @ be a functor. 

(1) A left derived functor of is a functor Lp: HoM — € together with 
a natural transformation ¢: Lyoy — y such that the pair (Ly,e) is 
“closest to y from the left”, ie., such that if G: HoM — @C is a functor 
and ¢: Goy — » is a natural transformation, then there is a unique 
natural transformation 6: G — Ly such that ¢ = (804). 

(2) A right derived functor of y is a functor Ry: HoM — € together with 
a natural transformation €: » — Ry oy such that the pair (Ry,e) is 
“closest to y from the right”, i.e., such that if G: HoM — €C is a functor 
and ¢: y — Go7y is a natural transformation, then there is a unique 
natural transformation 6: Ry — G such that ¢ = (@oy)e. 

REMARK 8.4.2. The usual argument shows that if a left derived functor of yp 
exists, then it is unique up to a unique natural equivalence. Thus, we will speak of 
the left derived functor of y. A similar remark applies to right derived functors. 

REMARK 8.4.3. The left derived functor of y: M — € is also known as the 
right Kan extension of p along y: M — HoM (see {47, page 232-236]). (Note the 
reversal of left and right.) Similarly, the right derived functor of py: M — C is also 
known as the left Kan extension of yp along y: M — HoM. 

PROPOSITION 8.4.4. Let M be a model category, let C be a category, and let 
y: M — € be a functor. 
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(1) If y takes trivial cofibrations between cofibrant objects to isomorphisms 
in @, then the left derived functor of yp exists. 

(2) If y takes trivial fibrations between fibrant objects to isomorphisms in C, 
then the right derived functor of py exists. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
Let C be as in the proof of Theorem 8.3.5. We define a functor D: M — C 

as follows: If X is an object of M we let D(X) = y(CX), and if f: X — Y is 
a map in M we let D(f) = y(C(f)). To see that D is a functor, we note that 
C(1x) = lg, and so D(1x) = lpx, and if f: X > Y and g: Y > Z are maps in 
M, then C(g)C(f) = C(gf), and so D(g)D(f) = D(gf). 

If f: X — Y is a weak equivalence in M, then C(f) is a weak equivalence 
between cofibrant objects, and so Corollary 7.7.3 implies that D(f) is an iso- 
morphism. Thus, the universal property of HoM (see Definition 8.3.2 and Def- 
inition 8.3.1) implies that there is a unique functor Ly: HoM — € such that 
Lyoy = D. We define a natural transformation e: Lyo y — » by letting 
é(X) = yl(ix): Lyo 7(X) = D(X) = y(CX) — y(X). We will show that the 
pair (Ly,€¢) is the left derived functor of y. 

If G: HoM — € is a functor and ¢: Goy — y is a natural transformation, 
then we have the solid arrow diagram 

~ ¢(CX) ~ 
(8.4.5) G0 7(GX) ———> (EX) = (Lyo 7)(X) 

6(X) ¥ (Goy)(tx | |peoeevn 
G »4 > p(X 0 7(X) <0) o(X) 

and so we define a natural transformation 6: G — Ly by letting 6(X) = (¢(CX)) ° 
((Go y)ix))". If X is cofibrant, then y(ix) is an isomorphism, and so 6(X) 
is the only possible map that makes Diagram 8.4.5 commute. Since CX = X for 
every object X in HoM, this implies the uniqueness of @ in general. O 

8.4.6. Total derived functors. 

DEFINITION 8.4.7. Let M and N be model categories and let yp: M — N be a 
functor. 

(1) A total left derived functor of » is a left derived functor (see Defini- 
tion 8.4.1) of the composition M + N —4 HoN. Thus, a total left 
derived functor of y is a functor Ly: HoM — HoN together with a nat- 
ural transformation ¢: Lyo vy — vy oy such that the pair (Ly, «) is 
“closest to vx 0 y from the left” (see Definition 8.4.1). We will often re- 
fer to Ly: HoM — HoWN as the total left derived functor of y, without 
explicitly mentioning the natural transformation e. 
A total right derived functor of is a right derived functor of the com- 
position M + N ~%4 HoN. Thus, a total right derived functor of y 
is a functor Ry: HoM — HoN together with a natural transformation 
E: Yn oy + Ryovy such that the pair (Ry, e) is “closest to vy oy from 
the right” (see Definition 8.4.1). We will often refer to Ry: HoM — HoN 

(2 

—
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as the total right derived functor of y, without explicitly mentioning the 
natural transformation e€. 

PROPOSITION 8.4.8. Let M and N be model categories and let yp: M — N be 
a functor. 

(1) If p takes trivial cofibrations between cofibrant objects in M into weak 
equivalences in N, then the total left derived functor Lp: HoM ~ HoN 
exists. 

(2) If y takes trivial fibrations between fibrant objects in M into weak equiv- 
alences in N, then the total right derived functor Ry: HoM ~ HoN 
exists. 

PROOF. This follows from Proposition 8.4.4 and Theorem 8.3.10. 

8.5. Quillen functors and total derived functors 

8.5.1. Quillen functors. 

DEFINITION 8.5.2. Let M and N be model categories and let F: M = N:U be 
a pair of adjoint functors. We will say that 

(1) F is a left Quillen functor, 
(2) U is a right Quillen functor, and 
(3) (F,U) ts a Quillen pair, 

(1) the left adjoint F preserves both cofibrations and trivial cofibrations, and 
(2) the right adjoint U preserves both fibrations and trivial fibrations. 

PROPOSITION 8.5.3. If M and N are model categories and F: M @ N:U is a 
pair of adjoint functors, then the following are equivalent: 

1) The pair (F,U) is a Quillen pair. 
2) The left adjoint F preserves both cofibrations and trivial cofibrations. 
3) The right adjoint U preserves both fibrations and trivial fibrations. 
4) The left adjoint F preserves cofibrations and the right adjoint U preserves 

fibrations. 
(5) The left adjoint F preserves trivial cofibrations and the right adjoint U 

preserves trivial fibrations. 

i
 

PROOF. This follows from Proposition 7.2.18. O 

The following strengthening of Proposition 8.5.3, due to D. Dugger [26], is 
useful when dealing with localizations of model category structures (see, e.g., Prop- 
osition 3.3.18). 

PROPOSITION 8.5.4 (D. Dugger). If M and N are model categories andF: M @ 
N :U is a pair of adjoint functors, then the following are equivalent: 

(1) The pair (F, U) is a Quillen pair. 
(2) The left adjoint F preserves cofibrations between cofibrant objects and all 

trivial cofibrations. 
(3) The right adjoint U preserves fibrations between fibrant objects and all 

trivial fibrations. 
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ProorF. It follows directly from the definition that condition 1 implies both 
condition 2 and condition 3. We will show that condition 2 implies condition 1; the 
proof that condition 3 implies condition 1 is dual. 

Assume that F preserves cofibrations between cofibrant objects and all trivial 
cofibrations; Proposition 8.5.3 implies that it is sufficient to show that U preserves 
all trivial fibrations. Let p: X — Y be a trivial fibration in N; Proposition 7.2.18 
implies that Up: UX — UY is a fibration, and so we need only show that it is a 
weak equivalence. 

Proposition 8.1.23 implies that we can choose a fibrant cofibrant approximation 
p’: X’ > Y’ to Up such that p’ is a cofibration, and so we have the diagram 

(8.5.5) x’ —> UX 

Y’ —,> UY 

in which X’ and Y’ are cofibrant, 7 and k are trivial fibrations, and p’ is a cofibra- 
tion. We will complete the proof by showing that the image of p’ in HoM is an 
isomorphism. This will imply that p’ is a weak equivalence (see Theorem 8.3.10), 
and the “two out of three” axiom (see Definition 7.1.3) will then imply that Up is 
a weak equivalence. 

The adjoint of Diagram 8.5.5 is the solid arrow diagram 

Fx’ 24 x 
‘| a P 
FY’, Y 

in which Fp’ is a cofibration and p is a trivial fibration. Thus, there is a map 
g: FY’ > X such that 9(Fp’) = j# and pg = kl. If g’: Y’ — UX is the adjoint of 
g, then we have the solid arrow diagram 

x’ f 

q 

r| ° [ 
y’— 9 UX 

g 

in which p’ is a cofibration and j is a trivial fibration, and so there is a map 
s: Y’ — X’ such that sp’ = ly, and js = g’. We also have 

kp's = (Up)js = (Up)g? =k=kly: . 
Since k is a trivial fibration and Y’ is cofibrant, Proposition 7.5.9 implies that 

p's BS ly’, and so Lemma 8.3.4 implies that the image of p’s in HoM is the identity 
map of Y’. Since we also have sp’ = lx:, the image of p’ in HoM is thus an 
isomorphism, and so p’ is a weak equivalence. 0 

8.5.6. Total derived functors of Quillen functors. 

PROPOSITION 8.5.7. If M and N are model categories and F: MAN :U isa 
Quillen pair, then 
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(1) F takes weak equivalences between cofibrant objects of M into weak equiv- 
alences in N and 

(2) U takes weak equivalences between fibrant object of N into weak equiva- 
lences in M. 

ProoF. This follows from Corollary 7.7.2. O 

THEOREM 8.5.8. If M and N are model categories and F: M = N:U isa 
Quillen pair, then 

(1) the total left derived functor (see Definition 8.4.7) LF: HoM — HoN of 
F exists and 

(2) the total right derived functor (see Definition 8.4.7) RF: HoM — HoN 
of U exists. 

ProoF. This follows from Proposition 8.4.8 and Proposition 8.5.7. O 

LEMMA 8.5.9. Let M and N be model categories. 

(1) IfF: M—N is a left Quillen functor and g: X — Y is a map inM, then 
the total left derived functor LF: HoM — HoN of F (see Definition 8.4.7) 
takes the image in HoM of g to the image in HoN of F(g) for some 
cofibrant approximation 9g: XY to g- 

(2) If F: M — N is a right Quillen functor and g: X — Y is a map in 
M, then the total right derived functor RF: HoM — HoN of F (see 
Definition 8.4.7) takes the image in HoM of g to the image in HoN of 
F(g) for some fibrant approximation §: X > Y to g. 

ProoF. This follows from the proof of Proposition 8.4.4. O 

PROPOSITION 8.5.10. Let © and N be model categories. 

(1) If F: M—N is a left Quillen functor and g: X — Y is a map in M, then 
the following are equivalent: 
(a) The total left derived functor LF: HoM — HoN of F (see Theo- 

rem 8.5.18) of F takes the image in HoM of g to an isomorphism in 
HoNn. 

(b) The functor F takes some cofibrant approximation to g to a weak 
equivalence in N. 

(c) The functor F takes every cofibrant approximation to g to a weak 
equivalence in N. 

(2) If F: M > N is a right Quillen functor and g: X — Y is a map inM, 
then the following are equivalent: 
(a) The total right derived functor RF: HoM — HoN of F (see Theo- 

rem 8.5.18) of F takes the image in HoM of g to an isomorphism in 
Hon. 

(b) The functor F takes some fibrant approximation to g to a weak equiv- 
alence in N. 

(c) The functor F takes every fibrant approximation to g to a weak equiv- 
alence in N. 

PrRooF. This follows from Lemma 8.5.9, Theorem 8.3.10, and Proposition 8.1.24. 
O 



156 8. FIBRANT AND COFIBRANT APPROXIMATIONS 

DEFINITION 8.5.11. Let M and N be model categories, let F: M — N be a 
functor, and let g: X — Y bea map in M. 

(1) If C is the fibrant cofibrant approximation on M used to construct HoM 
(see the proof of Theorem 8.3.5 and the proof of Theorem 8.3.6), then 
we will abuse language and let LF(g) denote F(C(g)), and we will call it 
the left derived functor of F on g. Note that LF(g) is actually a map in 
N whose image in HoW is isomorphic to the image under the total left 
derived functor LF: HoM — HoN of F of the image in HoM of g, and 
that LF(g) depends on the choice of cofibrant approximation C. 

(2) If F is the cofibrant fibrant approximation on M used to construct HoM, 
then we will abuse language and let RF(g) denote F(F(g)), and we will 
call it the right derived functor of F on g. Note that RF(g) is actually a 
map in N whose image in HoN is isomorphic to the image under the total 
right derived functor RF: HoM — HoN of F of the image in HoM of g, 
and that RF(g) depends on the choice of fibrant approximation F. 

8.5.12. Quillen functors and homotopy classes of maps. 

. LEMMA 8.5.13. Let M be a model category and let ix : CX — X and xX: Xn 
FX be the constructions used in the proof of Theorem 8.3.5. 

(1) If W is cofibrant and X is fibrant, then ix induces an isomorphism of 
the sets of homotopy classes of maps (ix )«: TM(W, CX) — 1(W, X) that is 
natural in both W and X. 

(2) If X is cofibrant and Z is fibrant, then jx induces an isomorphism of 
the set of homotopy classes of maps (jx)*: (FX, Z) — m(X,Z) that is 
natural in both X and Z. 

Proor. This follows from Proposition 7.5.9. 0 

LEMMA 8.5.14. Let M and N be model categories, and let F: M@ N:U bea 
Quillen pair (see Definition 8.5.2). 

(1) If B is a cofibrant object of M and B Il B — Cyl(B) — B is a cylinder 
object for B, then FBILFB > F(Cyl(B)) — FB is a cylinder object for 
FB. 

(2) If X is a fibrant object of N and X — Path(X) — X x X is a path object 
for X, then UX — U(Path(X)) — UX x UX is a path object for UX. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
Since B is cofibrant, Lemma 7.3.7 and the “two out of three” property of 

weak equivalences (see Definition 7.1.3) imply that the map F(Cyl{B)) — FB 
is a weak equivalence. Since F is a left adjoint, F(B Il B) ~ FBLUFB, and so 
FBILFB — F(Cyl(B)) > FB is a cylinder object for FB. O 

LEMMA 8.5.15. Let M and N be model categories and let F: M @ N:U bea 
Quillen pair (see Definition 8.5.2). 

(1) If f,g: A — B are left homotopic maps in M and A is cofibrant, then 
F(f) is left homotopic to F(g). 

(2) If f,g: X — Y are right homotopic maps in N and Y is fibrant, then U(f) 
is right homotopic to U(qg). 
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PrRooF. This follows from Lemma 8.5.14. O 

PROPOSITION 8.5.16. Let M and N be model categories, and let F: M2 N:U 
be a Quillen pair (see Definition 8.5.2). If X is a cofibrant object of M and Y is a 
fibrant object of N, then the adjointness isomorphism between F and U induces a 
natural isomorphism of the sets of homotopy classes of maps 7(F X,Y) ~ (X, UY). 

PROOF. The adjointness of F and U gives us a natural isomorphism of sets of 
maps N(FX,Y) = M(X, UY); we must show that this passes to homotopy classes. 
Theorem 7.4.9 implies that the left and right homotopy relations coincide for these 
sets of maps, and Lemma 8.5.14 implies that if two maps X — UY in M are left 
homotopic then the corresponding maps FX — Y are left homotopic and that if two 
maps FX — Y in N are right homotopic then the corresponding maps X — UY 
are right homotopic. Oo 

8.5.17. Adjunction of total derived functors. 

THEOREM 8.5.18. Let M and N be model categories. If F: M@2@N:U isa 
Quillen pair (see Definition 8.5.2), then 

(1) the total left derived functor LF: HoM — HoN of F exists, 
(2) the total right derived functor RU: HoN - HoM of U exists, and 
(3) the functors LF and RU are an adjoint pair. 

PROOF. The existence of the functors LF and RU follows from Theorem 8.5.8. 
To see that LF and RU are adjoint, let X be an object of M, let Y be an object 
of N, let C and F be the constructions in M as in the proof of Theorem 8.3.5, 
and let C’ and F’ be the corresponding constructions in N; then we have natural 
isomorphisms 

HoN(LFX,Y) = HoN(F(CX), Y) 

= n(F’C'F(CX), FC’Y) 

~ m(F(CX), F’C'Y) (see Corollary 7.7.4) 
ms n(F(CX), F’ Y) (see Corollary 7.7.4) 
~ (CX, U(F’Y)) (see Proposition 8.5.16) 

~ t(FCX, U(F’Y)) (see Lernma 8.5.13) 

~ @(FCX, FCU(F’Y)) (see Corollary 7.7.4) 
= HoM(X, U(F'Y)) 
= HoM(X,RUY). 

8.5.19. Quillen equivalences. 

DEFINITION 8.5.20. Let M and N be model categories and let F: M2 N:U 
be a Quillen pair (see Definition 8.5.2). We will say that 

(1) F is a left Quillen equivalence, 
(2) U is a right Quillen equivalence, and 
(3) (F,U) ts a pair of Quillen equivalences 
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if for every cofibrant object B in M, every fibrant object X in N, and every map 
f: B — UX in M, the map f is a weak equivalence in M if and only if the 
corresponding map f!: FB — X is a weak equivalence in N. 

EXAMPLE 8.5.21. The geometric realization functor from SS to Top (see No- 
tation 7.10.5) and the total singular complex functor from Top to SS are Quillen 
equivalences. 

EXAMPLE 8.5.22. The geometric realization functor from SS, to Top, (see 
Notation 7.10.5) and the total singular complex functor from Top, to SS, are 
Quillen equivalences. 

THEOREM 8.5.23. Let M and N be model categories and let F: M 2 N:U be 
a Quillen pair. If (F,U) is a pair of Quillen equivalences (see Definition 8.5.20), 
then the total derived functors LF: HoM @ HoN :RU (see Theorem 8.5.18) are 
equivalences of the homotopy categories HoM and HoN. 

PROOF. Theorem 8.5.18 implies that we have adjoint functors LF: HoM @ 
HoN :RU; we must show that 

(1) for every object X in HoM the natural map nx: X — RUoLF(X) is an 
isomorphism, and 

(2) for every object Y in HoN, the natural map ey: LF o RU(Y) — Y is an 
isomorphism. 

We will prove part 1; the proof of part 2 is similar. 
If X is an object of HoM, then the map nx: X — RUoLF(X) corresponds to 

the identity map lyp,x): LF(X) — LF(X) under the adjunction of Theorem 8.5.18, 

and that identity map is the homotopy class of the identity map of F’C/F(CX ). 
The “two out of three” property of weak equivalences implies that the correspond- 
ing elernent of m(F(CX), F’'F(CX)) (see the proof of Theorem 8.5.18) consists of 
weak equivalences, and so our hypotheses implies that the corresponding element 
of r(CX, U(F’F(C.X))) also consists of weak equivalences. The “two out of three” 
property now implies that the corresponding element of n(FCX ,FCU(F’F(CX ))) 
consists of weak equivalences, and is thus an isomorphism in HoM. O 



CHAPTER 9 

Simplicial Model Categories 

A simplicial category (see Definition 9.1.2) is a category M that is enriched over 
simplicial sets, i.e., that comes with a simplicial set of maps Map(X,Y) for every 
pair of objects X and Y, the vertices of which are the maps from X to Y in M. A 
simplicial model category M is a simplicial category that is also a model category 
for which there are natural constructions of objects X ® K and X* in M for X 
an object of M and K a simplicial set, satisfying two axioms (see Definition 9.1.6). 
The first of these axioms (M6) describes adjointness relations between X @K, Y*, 
and Map(X,Y), and the second (M7) is the homotopy lifting extension theorem 
for the simplicial mapping space Map(X,Y). 

We define simplicial model categories in Section 9.1, and in Section 9.2 we 
discuss commuting function complexes with colimits and limits. In Section 9.3 
we discuss when a map induces a weak equivalences of mapping spaces and, via 
adjointness, obtain results on the tensor product and exponential constructions. In 
Section 9.4 we discuss the homotopy left lifting property and the homotopy right 
lifting property (see Definition 9.4.2), which are analogous to the left lifting property 
and the right lifting property in not necessarily simplicial model categories. 

In Sections 9.5 and 9.6 we discuss the simplicial homotopy relation for maps 
in a simplicial model category. Neither the left homotopy relation nor the right 
homotopy relation is well behaved for maps between objects that are not cofibrant 
or fibrant. The simplicial homotopy relation, however, is an equivalence relation 
by definition (see Definition 9.5.2), and it behaves well with respect to composi- 
tion even when the objects are neither cofibrant nor fibrant (see Corollary 9.5.4). 
Simplicial homotopy implies both left homotopy and right homotopy (see Proposi- 
tion 9.5.23), and it agrees with both left homotopy and right homotopy when the 
domain is cofibrant and the codomain is fibrant (see Proposition 9.5.24). 

In Section 9.7 we discuss detecting when a map is a weak equivalence by exam- 
ining whether it induces weak equivalences of mapping spaces, and in Section 9.8 
we discuss when a functor between the underlying categories of two simplicial cat- 
egories can be extended to a simplicial functor. 

9.1. Simplicial model categories 

9.1.1. Simplicial categories. 

DEFINITION 9.1.2. A simplicial category (or a category enriched over simplicial 
sets) M is a category together with 

(1) for every two objects X and Y of M a simplicial set Map(X, Y) (which we 
will call the stmplicial set of maps from X to Y or the function complex 
from X to Y or the stmplicial mapping space from X to Y), 

159 
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(2) for every three objects X, Y, and Z of M a map of simplicial sets 

cx,y,z: Map(Y, Z) x Map(X, Y) > Map(X, Z) 

(which we will call the composition rule), 
(3) for every object X of M a map of simplicial sets tx: * — Map(X, X) 

(where “«” is the simplicial set consisting of a single point), and 
(4) for every two objects X and Y of M an isomorphism Map(X,Y)o ~ 

M(X,Y) that commutes with the composition rule 

such that for all objects W, X, Y, and Z of M the following three diagrams com- 
mute: 

(Associativity) 

(Map(Y, Z) x Map(X,Y)) x Map(W, X) 
Cx, y, 2 X1map(w, x) 
TY Map(X, Z) x Map(W, X) 

as 

N 

Map(Y, Z) x (Map(X, Y) x Map(W, X)) cw,x,2 

IMap(y,2) XCw,y,z 

Map(¥, Z) x Map(W, Y) » Map(W, Z) cw,Y,.2 

ty Xl mMap(x,Y) 
(Left unit) * x Map(X,Y) > Map(Y,Y) x Map(X,Y) 

R
 

Cx Y 

Map(X,Y) 
IMap(x,¥) Xtx 

—> Map(X, Y) x Map(X, X) 

> —— 
Map(X, Y) 

(Right unit) Map(X,Y) x « 

rg
 

PROPOSITION 9.1.3. Let M be a simplicial category. 

(1) For each object X of M the simplicial mapping space defines a functor 
Map(X,—): M — SS that takes the object Y of M to Map(X,Y) and 
the map g: Y — Z to the map g,: Map(X,Y) — Map(X, Z) that is the 
composition 

Map(X, Y) = * x Map(X,Y) 22?"), Map(¥, Z) x Map(X,Y) 
Sx, Map(X, Z) 

where ig: * — Map(Y, Z) takes the vertex of * to g. 
(2) For each object Y of M the simplicial mapping space defines a functor 

Map(—,Y): M°? — SS that takes the object X of M to Map(X,Y) and 
the map f: W — X to the map f*: Map(X,Y) — Map(W,Y) that is 
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the composition 

Map(X, Y) = Map(X,Y) x « M22", Map x, ¥) x Map(W, X) 
A235 Map(W,Y) 

where i: * +> Map(W, X) takes the vertex of * to f. 

ProorF. This follows directly from the definitions. 0 

EXAMPLE 9.1.4. Let SS denote the category of simplicial sets. 

e If X and Y are simplicial sets, we let Map(X,Y) be the simplicial set 
that in degree n is the set of maps of simplicial sets from X x A[n] to Y, 
with face and degeneracy maps induced by the standard maps between 
the A[n]. 

e If X is a simplicial set and K is a simplicial set, then we let X @ K be 
X x K and we let X* be Map(K, X). 

This gives SS the structure of a simplicial category. 

9.1.5. Simplicial model categories. 

DEFINITION 9.1.6. A simplicial model category is a model category M that is 
also a simplicial category (see Definition 9.1.2) such that the following two axioms 
hold: 

M6: For every two objects X and Y of M and every simplicial set K there 
are objects X @ K and Y* of M such that there are isomorphisms of 
simplicial sets 

Map(X ® K,Y) ~ Map(K,Map(X,Y)) + Map(X,¥*) 
(see Example 9.1.4) that are natural in X, Y, and K. 

M7: Ifz: A — B is a cofibration in M and p: X — Y is a fibration in M, then 
the map of simplicial sets 

Map(B,X) “2+ Map(A, X) xmap(ay) Map(B,Y) 
(see Proposition 9.1.3) is a fibration that is a trivial fibration if either 7 or 
p is a weak equivalence. 

REMARK 9.1.7. Axiom M7 of Definition 9.1.6 is the homotopy lifting extension 
theorem, which was originally a theorem of D. M. Kan for categories of simplicial 
objects (see [45}). 

PROPOSITION 9.1.8. Let M be a simplicial model category. If X and Y are 
objects of M and K is a simplicial set, then there are natural isomorphisms of 
simplicial sets 

Map(X @ K,Y) ~ Map(K, Map(X,Y)) * Map(X, Y*) 

which, in simplicial degree zero, yield natural isomorphisms of the sets of maps 

M(X @ K,Y) = SS(K,Map(X,Y)) ~ M(X,Y*) . 

Proor. This follows from Definition 9.1.2 and axiom M6 of Definition 9.1.6. 
4 
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PROPOSITION 9.1.9. Let M be a simplicial model category. If X and Y are 
objects of M, then for every n > 0 the set of n-simplices of Map(X,Y) is naturally 
isomorphic to the set of maps M(X ® A[n], Y). 

PROOF. Since the set of n-simplices of a simplicial set K is naturally isomor- 
phic to the set of maps SS(A[n], K), axiom M6 of Definition 9.1.6 yields natural 
isomorphisms 

Map(X, Y)n © SS(A[n], Map(X, Y)) 

= Map(A{n], Map(X,Y)), 

~ Map(X ® A[n], Y)o 

= M(X @Al[n],Y) . 

0 

PROPOSITION 9.1.10. If M is a simplicial model category, then for every object 
X of M there are natural isomorphisms 

X@AlO] =X and xXx x . 
Proor. There are natural isomorphisms M(X ® A[0],Y) ~ Map(X,Y)o = 

M(X,Y) for every object Y of M (see Proposition 9.1.9), and the Yoneda lemma 
implies that the composition of these is induced by a unique natural isomorphism 
X = X ®A[0]. The second isomorphism follows in a similar manner. 0 

PROPOSITION 9.1.11. If M is a simplicial model category, then for all objects 
X of M and all simplicial sets K and L there are natural isomorphisms 

X@(KxL)=(X@K)@L and XX) we (XK)e . 

Proor. Proposition 9.1.8 implies that for every object Y of M we have natural 
isomorphisms 

M(X @(K x L),Y) =SS(K x L, Map(X,Y)) 

= SS(L, Map(K, Map(X, Y))) 

= SS(L, Map(X ®@ K,Y)) 

= M((X @K)@L,Y) 

and the Yoneda lemma implies that the composition of these is induced by a unique 
natural isomorphism X @ (K x L) = (X @® K)@L. The proof for the second 
isomorphism is similar. O 

9.1.12. Examples. 

EXAMPLE 9.1.13. Let SS denote the model category of simplicial sets (see 
Theorem 7.10.12), and give SS the simplicial category structure of Example 9.1.4. 
With these definitions, SS has the structure of a simplicial model category (see [42, 
Theorem 3.6.5]), or (89, Chapter I]), or (52, Chapter II, Section 3). 

EXAMPLE 9.1.14. Let SS, denote the model category of pointed simplicial sets 
(see Theorem 7.10.13). 

e If X and Y are pointed simplicial sets, we let Map(X,Y) be the (un- 

pointed) simplicial set that in degree n is the set of maps of pointed 
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simplicial sets from X A (A[n]+) to Y, with face and degeneracy maps 
induced by the standard maps between the A[n]. 

e If X is a pointed simplicial set and K is a simplicial set, then we let X @K 
be X x K+ and we let X* be Map(Kt, X). 

With these definitions, SS, has the structure of a simplicial model category (see 
[42, Corollary 3.6.6]), or {39, Chapter I]), or (52, Chapter II, Section 3}. 

EXAMPLE 9.1.15. Let Top denote the model category of topological spaces (see 
Theorem 7.10.10). 

e If X and Y are topological spaces, we let Map(X,Y) be the simplicial 
set that in degree n is the set of continuous maps from X x |Afn]| to Y, 
with face and degeneracy maps induced by the standard maps between 
the A[n]. 

e If X is a topological space and K is a simplicial set, then we let X ® K 
be X x |K| and we let X* be the space of maps from |K| to X. 

With these definitions, Top has the structure of a simplicial model category (see 
[42, Theorem 2.4.19]) or (52, Chapter IJ, Section 3]. 

EXAMPLE 9.1.16. Let Top, denote the model category of pointed topological 
spaces (see Theorem 7.10.11). 

e If X and Y are pointed topological spaces, we let Map(X,Y) be the 
(unpointed) simplicial set that in degree n is the set of continuous maps 
from X A |A[n]*| to Y, with face and degeneracy maps induced by the 
standard maps between the A[n]. 

e If X is a pointed topological space and K is a simplicial set, then we let 

X ® K be X x |K|* and we let X* be the space of maps from |K|* to 
x. 

With these definitions, Top, has the structure of a simplicial model category (see 
[42, Corollary 2.4.20]) or [52, Chapter II, Section 3}. 

9.2. Colimits and limits 

LEMMA 9.2.1. Let © be a small category and let M be a simplicial model cate- 

Sory. 

(1) If X is a C-diagram in M and K a simplicial set, then there is a natural 
isomorphism 

(colim X) @ K = colim(X @ K) . 

(2) If X is an object of M and K is a C-diagram of simplicial sets, then there 
is a natural isomorphism 

X ® (colim K) = colim(X @ K) . 

Proor. We will prove part 1; the proof of part 2 is similar. 
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If Y is an object of M, then Proposition 9.1.8 implies that we have natural 
isomorphisms 

M((colim.X) ® K,Y) = M(colim.X,Y*) 
= lim M(X,Y*) 
lim M(X @ K,Y) 

= M(colim(X @ K),Y) , 

and the Yoneda Lemma implies that the composition of these must be induced by 
a natural isomorphism (colim X) @ K = colim(X ® K). O 

PROPOSITION 9.2.2. IfM is asimplicial model category, C is a small category, X 
is a @-diagram in M, and Y is an object of M, then there are natural isomorphisms 
of simplicial sets 

Map(colim X,Y) ~ lim Map(X, Y) 

Map(Y, lim X) = lim Map(Y, X) . 

PROOF. We will prove that the first isomorphism exists; the proof that the 
second exists is similar. 

For every n > 0, Proposition 9.1.9 and Lemma 9.2.1 yield natural isomorphisms 

Map(colim X,Y), + M((colim X) @ A[n], Y) 

x M{colim(X ® A[n]), Y) 
~ lim M(X ® Afn], Y) 

= limMap(X,Y¥)n - 

oO 

COROLLARY 9.2.3. Let M bea simplicial model category and let Y be an object 
of M. If S is a set and X, is an object of M for every s € S, then there is a natural 
isomorphism of simplicial sets 

Map(T] X,Y) — Il Map(X,,Y) . 
sES sES 

PROOF. This follows from Proposition 9.2.2. O 

9.3. Weak equivalences of function complexes 

PROPOSITION 9.3.1. Let M be a simplicial model category. 

(1) Ift: A— B isa cofibration in M and X is a fibrant object of M, then the 
map i*: Map(B, X) — Map(A, X) is a fibration of simplicial sets. 

(2) If A is cofibrant in M and p: X — Y is a fibration in M, then the map 
p»: Map(A, X) — Map(A,Y) is a fibration of simplicial sets. 

Proor. This follows from axiom M7 (see Definition 9.1.6). oO 

PROPOSITION 9.3.2. Let M be a simplicial model category and let X, Y, and 
Z be objects of M. 

(1) If X is cofibrant and g: Y — Z is a trivial] fibration, then g induces a 
trivial fibration of simplicial sets 9,: Map(X,¥) — Map(X, Z). 



9.3. WEAK EQUIVALENCES OF FUNCTION COMPLEXES 165 

(2) If Z is fibrant and h: X — Y is a trivial cofibration, then h induces a 
trivial fibration of simplicial sets h*: Map(Y,Z) — Map(X, Z). 

ProoF. This follows from axiom M7 (see Definition 9.1.6). O 

CoROLLARY 9.3.3. Let M be a simplicial model category and let X, Y, and Z 
be objects of M. 

(1) If X is cofibrant and g: Y — Z is a weak equivalence of fibrant objects, 
then g induces a weak equivalence of simplicial sets g,: Map(X,Y) — 
Map(X, Z). 

(2) If Z is fibrant and h: X — Y is a weak equivalence of cofibrant objects, 
then h induces a weak equivalence of simplicial sets h: Map(Y,Z) — 
Map(X, 2). 

ProorF. This follows from Proposition 9.3.2 and Corollary 7.7.2. O) 

9.3.4. Consequences of adjointness. 

DEFINITION 9.3.5. Let M be a simplicial model category, let A — B and 
& — Y be maps in M, and let L — K bea map of simplicial sets. 

(1) The map of simplicial sets 

Map(B, X) —> Map(A, X) XMap(A,Y) Map(B, Y) 

will be called the pullback corner map of the maps A — Band X — Y. 
(2) The map 

A®K Usa, BOL BOK 

will be called the pushout corner map of the maps A — B and L — K. 
(3) The map 

XK 4X4 xy YK 
will be called the pullback corner map of the maps X — Y and L— K. 

LEMMA 9.3.6. Let M be a simplicial model category. If A— B and X — Y are 
maps inM and L — K is a map of simplicial sets, then the following are equivalent: 

(1) The dotted arrow exists in every solid arrow diagram of the form 

L + Map(B, X) 
Y 

| | 
K —~ Map(A, X) xmapca,y) Map(B,Y) . 

(2) The dotted arrow exists in every solid arrow diagram of the form 

A—— x* 

| | 
B— X¥xyiY* . 

(3) The dotted arrow exists in every solid arrow diagram of the form 

A®K Use, B@OL— 2X 

Be K ————yY . 
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ProoF. This follows from Definition 9.1.6. O 

PROPOSITION 9.3.7. If M is a both a model category and a simplicial category 
and M satisfies axiom M6 of Definition 9.1.6, then the following are equivalent: 

(1) M satisfies axiom M7 of Definition 9.1.6 (i.e, M is a simplicial model 
category). 

(2) Ift: A— B is a cofibration in M and p: X — Y is a fibration in M, then 
the pullback corner map Map(B, X) — Map(A, X) Xmapca,y) Map(B, Y) 
is a fibration of simplicial sets that is a trivial fibration if either i or p is 
a weak equivalence. 

(3) Ift: A — B is a cofibration in M and j: L — K is an inclusion of 
simplicial sets, then the pushout corner map A® K User, BOL —- BOK 
is a cofibration in M that is a trivial cofibration if either i or 7 is a weak 
equivalence. 

(4) Ifj: L — K is an inclusion of simplicial sets and p: X — Y is a fibration 
in M, then the pullback corner map X* — X¥” xy. Y* is a fibration in 
M that is a trivial fibration if either 7 or p is a weak equivalence. 

PROOF. Condition 2 is the definition of condition 1. The equivalence of con- 
ditions 2, 3, and 4 follows from Proposition 7.2.3 and Lemma, 9.3.6. QO 

PROPOSITION 9.3.8. Let M be a simplicial model category. 

(1) Ifi: A — B is a cofibration in M and j: L — K is an inclusion of 
Simplicial sets, then the pushout corner map A@K User BOL — BOK 
is a cofibration in M that is a trivial cofibration if either i or 7 is a weak 
equivalence. 

(2) Ifj: L + K is an inclusion of simplicial sets and p: X — Y is a fibration 
in M, then the pullback corner map X* — X* xyz Y* is a fibration in 
M that is a trivial fibration if either j or p is a weak equivalence. 

PrRooF. This follows from Proposition 9.3.7. QO 

PROPOSITION 9.3.9. Let M be a simplicial model category. 

(1) (a) If B is a cofibrant object of M and j: L — K is an inclusion of 
simplicial sets, then the map 1g @j: B@L — B@K is acofibration 
in M that is a weak equivalence if 7 is a weak equivalence. 

(b) Ifi: A— B is a cofibration in M and K is a simplicial set, then the 
mapj@lx: A®K — B@K is a cofibration in M that is a weak 
equivalence if 7 is a weak equivalence. 

(2) (a) IfX is a fibrant object of M andj: L — K is an inclusion of simplicial] 
sets, then the map (1x)’: X* — X¥ is a fibration in M that is a 
weak equivalence if j is a weak equivalence. 

(b) Ifp: X — Y is a fibration in M and K is a simplicial set, then the 
map p“«): XK _, Y* is a fibration in M that is a weak equivalence 
if p is a weak equivalence. 

PROOF. This follows from Proposition 9.3.8. O 

PROPOSITION 9.3.10. Let M be a simplicial model category. 

(1) Ift: A — B is a cofibration and X is fibrant, then i induces a weak 
equivalence of function complexes i*: Map(B,X) = Map(A,X) if and 



9.4. HOMOTOPY LIFTING 167 

only if every map A @ A[n] Lygaan B @ GA[n] — X can be extended 
over B @ A[n] for every n > 0. 

(2) If B is cofibrant and p: X — Y is a fibration, then p induces a weak equiv- 
alence of function complexes if and only if every map B > X®4'l xy oaini 
YI") can be factored through X4TM for every n > 0. 

Proor. We will prove part 1; the proof of part 2 is similar. 
Proposition 9.3.1 implies that <* is a fibration, and so it is a weak equivalence 

if and only if it is a trivial fibration. Since a map of simplicial sets is a trivial 
fibration if and only if it has the right lifting property with respect to the maps 
dA[n| — A{n] for all n > 0, the result follows from Lemma 9.3.6. O 

9.4. Homotopy lifting 

If M is a model category, i: A — B is a cofibration in M, p: X — Y is 
a fibration in M, and at least one of 2 and p is also a weak equivalence, then 
axiom M4 (see Definition 7.1.3) implies that (i, p) is a lifting-extension pair (see 
Definition 7.2.1), ie., that the map of sets 

M(B, X) — M(A, X) xmca,v) M(B, Y) 
is surjective. If M is a simplicial model category, then a stronger statement is 
possible: Axiom M7 (see Definition 9.1.6) implies that, under the same hypotheses 
on 7 and 7, the map of simplicial sets 

(9.4.1) Map(B, X) —> Map(A, X) Xmap(a,y) Map(B, Y) 

is a trivial fibration. This analog for simplicial model categories of being a lifting- 
extension pair is called being a homotopy lifting-extension pair (see Definition 9.4.2). 

DEFINITION 9.4.2. Let M be a simplicial model category. If i: A — B and 
p: X — Y are maps for which the map of simplicial sets (9.4.1) is a trivial fibration, 
then 

e (z,p) is called a homotopy lifting extension pair, 
e i is said to have the homotopy left lifting property with respect to p, and 
e 7 is said to have the homotopy right lifting property with respect to i. 

PROPOSITION 9.4.3. Let M be a simplicial model category. Ifi: A — B and 
p: X —Y are maps in M such that (i,p) is a homotopy lifting-extension pair (see 
Definition 9.4.2), then (i, p) is a lifting-extension pair (see Definition 7.2.1). 

PROOF. This follows because a trivial fibration of simplicial sets is surjective 
on the set of vertices. O 

PROPOSITION 9.4.4. Let M be a simplicial model category. 

(1) A map is a cofibration if and only if it has the homotopy left lifting 
property with respect to all trivial fibrations. 

(2) A map is a trivial cofibration if and only if it has the homotopy left lifting 
property with respect to all fibrations. 

(3) A map is a fibration if and only if it has the homotopy right lifting property 
with respect to all trivial cofibrations. 

(4) A map is a trivial fibration if and only if it has the homotopy right lifting 
property with respect to all cofibrations. 
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ProoF. This follows from axiom M7 (see Definition 9.1.6), Proposition 9.4.3, 
and Proposition 7.2.3. O 

PROPOSITION 9.4.5. Let M be a simplicial model category and let A, B, X, 
and Y be objects of M. 

(1) If B is cofibrant and p: X — Y is a fibration, then p has the homotopy 
right lifting property with respect to the map from the initial object to B 
if and only if p induces a weak equivalence p,: Map{B,X) = Map(B,Y). 

(2) If X is fibrant andi: A — B is a ccofibration, then 1 has the homotopy left 
lifting property with respect to the map from X to the terminal object if 
and only if t induces a weak equivalence i*: Map(B, X) = Map(A, X). 

Proor. Proposition 9.3.1 implies that both p, and * are fibrations of simplicial 
sets, and so each of p, and i* is a weak equivalence if and only if it is a trivial 
fibration. O 

9.4.6. Closure properties of homotopy lifting properties. 

LEMMA 9.4.7. Let M be a simplicial model category. Ift: A— B and p: X > 
Y are maps in M, then the following are equivalent: 

(1) The pair (i, p) is a homotopy lifting-extension pair (see Definition 9.4.2). 
(2) For every pair of simplicial sets (K,L), the map p has the right lifting 

property with respect to the pushout corner map 

A®K User BOL— BOK. 

(3) For every n > 0, the map p has the right lifting property with respect to 
the pushout corner map 

A® Aln] Uggaatny B @ AA[n] — B@ An] . 

(4) For every pair of simplicial sets (K,L), the map 7 has the left lifting 

property with respect to the pullback corner map 

XK 4 Y* xy X¥ 

(5) For every n > 0, the map i has the left lifting property with respect to 
the pullback corner map 

xAlr) _, yAlrl Xy aan xX oAln} 

PROOF. Since a map of simplicial sets is a cofibration if and only if it is an 
inclusion and a trivial fibration if and only if it has the right lifting property with 
respect to the maps GA[n] — Af{n] for n > 0, this follows from Lemma 9.3.6 and 
Proposition 7.2.3. QO 

PROPOSITION 9.4.8. Let M be a simplicial model category. 

(1) Ift: A > B has the homotopy left lifting property with respect top: X > 
Y and (K,L) is a pair of simplicial sets, then the pushout corner map 
A@K Usg, B@L— BOK has the homotopy left lifting property with 
respect to p. 

(2) If p: X — Y has the homotopy right lifting property with respect to 
1: A— B and (K, L) is a pair of simplicial sets, then the pullback corner 
map XX — Y*® xy. X¥ has the homotopy right lifting property with 
respect to 1. 
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Proor. We will prove part 2; the proof of part 1 is dual. 
Lemma 9.4.7 implies that it is sufficient to show that the map 

X*® —1Y* xy. xX? 

has the right lifting property with respect to the map 

A®A[n] Lagann) B® OA(n] — B® Afn} . 

Lemma 9.3.6 implies that this is equivalent to showing that the map p: X — Y 
has the right lifting property with respect to the map 

(A (34) A[n] UW Agaa{n| BO 0A[n]) @K UH (A@ An} agoatn| BOIA[n|@L (B @ A[n]) @L 

Lemma 9.2.1 and the isomorphisms of axiom M6 (see Definition 9.1.6) imply that 
that map is isomorphic to the map 

B® (dA{n} x K Usatnyxt Aln] x L) Use (oata|x Kutsainyxs4lalxt) 4 (A(n] x K) 

and Lemma 9.4.7 implies that that map has the left lifting property with respect 
to p. C] 

LEMMA 9.4.9. Let M be a simplicial model category and let p be a map in M. 

(1) The class of maps with the homotopy left lifting property with respect to 
p is closed under pushouts. 

(2) The class of maps with the homotopy right lifting property with respect 
to p is closed under pullbacks. 

PrRooF. This follows from Lemma 9.4.7 and Lemma 7.2.11. 0 

LEMMA 9.4.10. Let M be a simplicial model category and let p be a map in M. 
(1) The class of maps with the homotopy left lifting property with respect to 

p is closed under retracts. 

(2) The class of maps with the homotopy right lifting property with respect 
to p is closed under retracts. 

PRrooF. This follows from Lemma 9.4.7 and Lemma 7.2.8. a) 

9.4.11. Homotopy lifting and lifting. 

PROPOSITION 9.4.12. Let M be a simplicial model category and let © be a class 
of maps in M. 

(1) If every map g: X + Y in TMM can be factored as X 25 W 2, Y where p 
is in © and j has the homotopy left lifting property with respect to every 
map in ©, then a map has the left lifting property with respect to every 
map in @ if and only if it has the homotopy left lifting property with 
respect to every map in C. 

(2) If every map g: X + Y inTMM can be factored as X 2.W ®,Y where j is 
in @ and p has the homotopy right lifting property with respect to every 
map in @, then a map has the right lifting property with respect to every 
map in @ if and only if it has the homotopy right lifting property with 
respect to every map in C. 
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PROOF. We will prove part 1; the proof of part 2 is dual. 
Proposition 9.4.3 implies that if a map has the homotopy left lifting property 

with respect to every map in € then it has the left lifting property with respect to 
every map in €. 

Conversely, if the map g: X — Y has the left lifting property with respect to 

every map in @, factor g as X 4 W ?,Y where p is in € and 7 has the homotopy 
left lifting property with respect to every map in ©. The retract argument (see 
Proposition 7.2.2) implies that g is a retract of 7, and so the result follows from 
Lemma 9.4.10. O 

9.5. Simplicial homotopy 

9.5.1. Definitions. If X is cofibrant and Y is fibrant then all notions of ho- 
motopy for maps from X to Y coincide and are equivalence relations (see Propo- 
Sition 9.5.24), but this is not true for arbitrary objects X and Y. Thus, it is often 
useful to consider the simplicial homotopy relation (see Definition 9.5.2). The sim- 
plicial homotopy relation is an equivalence relation by definition, it is always well 
behaved under composition (see Corollary 9.5.4), and simplicial homotopy implies 
both left homotopy and right homotopy (see Proposition 9.5.23). In addition, sim- 
plicially homotopic maps of simplicial sets induce simplicially homotopic maps in 
a simplicial model category (see Lemma 9.5.17). 

DEFINITION 9.5.2. Let M be a simplicial model category, let X and Y be 
objects of M, and let g and h be maps from X to Y (i.e., vertices of Map(X, Y); 
see Definition 9.1.6 and Definition 9.1.2). 

(1) g is strictly simplicially homotopic to h (denoted g x h) if there is a 1- 
simplex of Map(X,Y) whose initial vertex is g and whose final vertex is 
h, iie., if there is a map F: X @ A[l] — Y such that the composition 

X= X@AO] ~Z xX @ ATI *, Y equals g and the composition 
X = X @ A[o] 242 xX @ AI] + Y equals A (see Proposition 9.1.9). 

(2) g and A are simplicially homotopic (denoted g a h) if they are equivalent 
under the equivalence relation generated by the relation of strict simplicial 
homotopy. 

PROPOSITION 9.5.3. Let M be a simplicial model category and let X and Y be 

objects of M. If g and h are maps from X to Y, then g ~ h if and only if g and h 
are in the same component of the simplicial set Map( X,Y). 

Proor. This follows directly from the definitions. O 

COROLLARY 9.5.4. Let M be a simplicial model category and let W, X, Y, and 
Z be objects of M. Ifg,h: X — Y are simplicially homotopic maps andj: W — X 
and k: Y — Z are maps, then kg ~ kh and gj ~ hj. 

Proor. This follows from Proposition 9.5.3. O 

DEFINITION 9.5.5. A generalized interval is a simplicial set that is a union of 
finitely many One simplices with vertices identified so that its geometric realization 
is homeomorphic to a unit interval. If J is a generalized interval, we will let 79 and 
t; denote the inclusions of A[0] into J at the two end vertices of J. 
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PROPOSITION 9.5.6. Let © be a simplicial model category and let X and Y 
be objects of M. If g and h are maps from X to Y, then g and h are simplicially 
homotopic if and only if there is a generalized interval J (see Definition 9.5.5) and 
a map of simplicial sets J - Map( X,Y) taking the ends of J to g and h. 

ProoF. This follows from Proposition 9.5.3. Oo 

DEFINITION 9.5.7. A map J — Map(X,Y) as in Proposition 9.5.6 will be 
called a simplicial homotopy from g to h. The maps X @J — Y and X — Y/ that 
correspond under the isomorphisms of Definition 9.1.6 will also be called simplicial 
homotopies from g to h. 

DEFINITION 9.5.8. Let M be a simplicial model category. The map g: X — Y 

is a stmplicial homotopy equivalence if there is a map h: Y — X such that gh & ly 
and hg ne lx. 

In general, strict simplicial homotopy need not be an equivalence relation, since 
Map(X,Y) need not be a fibrant simplicial set. In Top,,), however, Map(X, Y) is 
isomorphic to the total singular complex of the topological space (in our category 

of spaces) of continuous functions from X to Y, and so it is always a fibrant sim- 
plicial set. (Strict simplicial homotopy in Top,,, is exactly the classical definition 
of homotopy which is, of course, always an equivalence relation.) In SS:,) every 
space is cofibrant, and so Map(X, Y) will be a fibrant simplicial set if Y is a fibrant 
space. 

9.5.9. Isomorphisms of simplicial homotopy classes of maps. 

PROPOSITION 9.5.10. Let M be a simplicial model category, let g: X — Y be 
a map in M, and let W be an object of M. 

(1) If g induces a weak equivalence of simplicial mapping spaces 

gx: Map(W, X) = Map(W,Y) , 

then g induces an isomorphism of the sets of simplicial homotopy classes 
of maps g.: [W,X] = [W,Y]. 

(2) If g induces a weak equivalence of simplicial mapping spaces 

g*: Map(Y,W) = Map(X,W) , 

then g induces an isomorphism of the sets of simplicial homotopy classes 
of maps g*: [Y, W] = [X, W}. 

Proor. This follows from Proposition 9.5.3. O 

COROLLARY 9.5.11. Let M be a simplicial model category and let X, Y, and 
W be objects of M. 

(1) IfW is cofibrant and g: X — Y isa trivial fibration, then g induces an iso- 
morphism of the sets of simplicial homotopy classes of maps gx: [W, X] = 
[W,Y}. 

(2) IfW is fibrant andg: X — Y is a trivial cofibration, then g induces an iso- 
morphism of the sets of simplicial homotopy classes of maps g*: [Y,W] = 

[X, W]. 
Proor. This follows from Proposition 9.3.2 and Proposition 9.5.10. 0 
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COROLLARY 9.5.12. Let M be a simplicial model category and let X, Y, and 
W be objects of M. 

(1) If W is cofibrant and g: X — Y is a weak equivalence of fibrant objects, 
then g induces an isomorphism of the sets of simplicial homotopy classes 
of maps g,: [W, X] = [W, Y]. 

(2) If W is fibrant and g: X ~ Y is a weak equivalence of cofibrant objects, 
then g induces an isomorphism of the sets of simplicial homotopy classes 
of maps g*: [Y,W] = [X, W]}. 

Proor. This follows from Corollary 9.3.3 and Proposition 9.5.10. O 

9.5.13. Simplicial homotopy, left homotopy, and right homotopy. 

LEMMA 9.5.14. Let M be a simplicial model category and let J be a generalized 
interval (see Definition 9.5.5) with endpoint inclusions ig: A(0] — J and i: A{0] — 
J. 

(1) If X is a cofibrant object of M, then 

XIX © (X @ A[0]) 1 (X @ Afg]) “ASHOXSY, X @ J X @ ALO] = X 
is a cylinder object for X (see Definition 7.3.2). 

(2) If Y is a fibrant object of M, then 

¥Y v YS yy GorxGw" yall y yal wy x ¥ 
is a path object for Y (see Definition 7.3.2). 

Proor. We will prove part 1; the proof of part 2 is dual. 

Since A[0] II A{0] 24 J is a cofibration of simplicial sets, Proposition 9.3.9 
implies that our map XILX — X@J is acofibration. Since the inclusion ig: A[0] — 
J is a trivial cofibration of simplicial sets, Proposition 9.3.9 also implies that the 
map X ® A[0] — X @ J is a trivial cofibration, and so the “two out of three” 
property of weak equivalences (see axiom M2 of Definition 7.1.3) implies that the 
composition X @ J — X ® A[0] = X is a weak equivalence. 

LEMMA 9.5.15. Let M be a simplicial model category and let X and Y be 
objects of M. If f,g: X — Y are simplicially homotopic maps, then f and g 
represent the same map in the homotopy category of M. 

ProoF. If f and g are simplicially homotopic, then there is a generalized 
interval J (see Definition 9.5.5) and a simplicial homotopy H: X — Y7 such 
that evo H = f and ev; H = g. If we choose fibrant cofibrant approximations 
px: X + X and py: Y — Y (see Definition 8.1.2), then we have the solid arrow 
diagram 

~ aT y" 
a [one 

XxX py’ 

in which (py)(4): YY s YY is a trivial fibration (see Proposition 9.3.9) and xX 
is cofibrant. Thus, the dotted arrow H exists, and we can define f, 9: X HY by 
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letting f= = evo H and § = ev; H. We then have fpx = evo Hpx = evo(py) 9) H = 
py evo H = pyf and so fpx = pyf. Similarly, 9px = py9. 

Since X is cofibrant, X @ J is a cylinder object for X (see Lemma 9.5.14), 
and so if we let H®4: X @J ~ Y be the map adjoint to H: X + Y! then 
H*4 is a left homotopy from f to g. Thus, if we use square brackets to denote 
the image of a map in HoM, then Lemma 8.3.4 implies that if] = [g]. Thus, 
we have [py]~![f][px] = [py]7'[9][px] and, since [px] and [py] are isomorphisms, 
[f] = [9]. q 

PROPOSITION 9.5.16. If M is @ simplicial model category, then a simplicial 
homotopy equivalence in M is a weak equivalence in M. 

ProoFr. If f: X — Y is a simplicial homotopy equivalence in M then there is 

amap g: Y — X such that gf ~ 1x and f9 & ly. Lemma 9.5.15 implies that 
the images of f and g in the homotopy category of M are isomorphisms, and so 
Theorem 8.3.10 implies that f and g are weak equivalences. O 

LEMMA 9.5.17. Let M be a simplicial model category. If K and L are simplicial 
sets and f,g: K — L are simplicially homotopic maps, then for every object X of 
M 

(1) the induced maps 1x ® f,lx ®g: X ® K — X @L are simplicially 
homotopic, and 

(2) the induced maps (1x)/,(1x)9: X» — X* are simplicially homotopic. 

PRooF. Let J be a generalized interval (see Definition 9.5.5) such that there 
is a simplicial homotopy H: K @ J — L from f to g (see Definition 9.5.7). The 
map lx @H: X @(K x J) =(X @K)@J —X @L is then a simplicial homotopy 
from 1x @ f to 1x @g and the map (lx)*#¥: X* a X(Kxd) = (X*)/ is then a 
simplicial homotopy from (1x) to (1x)°. QO 

PROPOSITION 9.5.18. Let M be a simplicial model category. If K and L are 
simplicial sets and f: K — L is a simplicial homotopy equivalence, then for every 
object X of M 

(1) the induced map 1x @ f: X @ K — X @L is a simplicial homotopy 
equivalence, and 

(2) the induced map (1x)4: X* — X* is a simplicial homotopy equivalence. 

ProoF. This follows from Lemma 9.5.17. O 

LemMA 9.5.19. Ifn > 0, then the inclusion of A{0] into A[n} as either the initial 
vertex or the final vertex is the inclusion of a simplicial strong deformation retract. 

Proor. We will prove this for the inclusion as the initial vertex; the proof for 
the inclusion as the final vertex is similar. 

We will define a homotopy H: A[n] x A[1] — A[n] such that the restriction 
of H to the initial end of A{1| is the constant map from A[n] to its initial vertex 
and the restriction of H to the terminal end of A[1] is the identity map of A{n]. 
If k > O then a k-simplex of A[n} is a (k + 1)-tuple of integers (ip, 41,...,2%) such 
that 0 < in Si) S++: Ste <n. Thus, a ksimplex of A[n] x A[1] is an ordered 
pair ((4o,41,--- 5%), (Jo, dis--+»dk)) Such that 0 < ig <i) <--- Sie <n and there 
is an integer 2,0 < €< k +1, such that j,, = 0 for m < @ and jm =1 for m > @, 
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and we let H((io,41,---,%k), (Jos Jis-+->dk)) = (0,0,0,...,0, 4, %e41,-.-, 4). (That 
is, we replace 7, by 0 for every m such that jm = 0.) It follows directly from 
the definition that H commutes with face and degeneracy operators and that its 
restrictions to the two ends of A[1] are as required. mt) 

PROPOSITION 9.5.20. If M is a simplicial model category, X is an object of M, 
and n > 0, then the maps X ® A[0| — X @ A[n] and x4" — X4!9) induced by 
the inclusion of AO] as the initial vertex of A{n|] are weak equivalences. 

Proor. Lemma 9.5.19 and Proposition 9.5.18 imply that these maps are sim- 
plicial homotopy equivalences, and so the result follows from Proposition 9.5.16. O 

LEMMA 9.5.21. If J is a generalized interval (see Definition 9.5.5) then the 
inclusion of A[0] into J at any vertex of J is a simplicial homotopy equivalence. 

Proor. This follows from Lemma 9.5.19 by induction on the number of non- 
degenerate 1-simplices of J. 0 

LEMMA 9.5.22. Let M be a simplicial model category and let J be a generalized 
interval (see Definition 9.5.5). If X is an object of M, then 

(1) amap X — X @ J induced by the inclusion of A(0] as a vertex of J is a 
weak equivalence, and 

(2) a map X/ — X induced by the inclusion of A[0] as a vertex of J is a 
weak equivalence. 

PRooF. This follows from Lemma 9.5.21, Proposition 9.5.18, and Proposi- 
tion 9.5.16. Oj 

PROPOSITION 9.5.23. Let M be a simplicial model category and let X and Y 
be objects of M. If f,g: X — Y are maps that are simplicially homotopic, then 
they are both left homotopic and right homotopic. 

PrRoor. If f and g are simplicially homotopic, then there is a generalized in- 
terval J and simplicial homotopies H: X ® J — Y and H’: X — Y/Y from f 
to g (see Definition 9.5.7). The result now follows from Proposition 7.3.5 and 
Lerma 9.5.22. ma 

PROPOSITION 9.5.24. Let M be a simplicial model category and let X and Y 
be objects of M. 

(1) Ifg,h: X — Y are simplicially homotopic then they are both left homo- 
topic and right homotopic. 

(2) If X is cofibrant and Y is fibrant, then the strict simplicial, simplicial, left, 
and right homotopy relations on the set of maps from X to Y coincide 
and are equivalence relations. 

PRooF. This follows from Proposition 9.5.23, Lemma 9.5.14, Proposition 7.4.7, 
and Theorem 7.4.9. O 
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9.6. Uniqueness of lifts 

PROPOSITION 9.6.1. Let M be a simplicial model category. If we have the solid 
arrow diagram 

A—-xX 

[* | t P 

BY 

in M and ifi: A — B has the homotopy left Lfting property with respect to 
p: X — Y (see Definition 9.4.2), then there exists a map h: B — X making both 
triangles commute, and the map h is unique up to simplicial homotopy. 

ProoF. This follows from Definition 9.4.2 and Proposition 9.5.3. O 

COROLLARY 9.6.2. Let M be a simplicial model category. If we have the solid 
arrow diagram 

+ 

p 

D r
h

 

in M and if bothi andj have the homotopy left lifting property with respect to each 
of p and q, then there exists a map h: B — C, unique up to simplicial homotopy, 
such that hi = j and ph = q, and any such map is a simplicial homotopy equivalence. 

ProoF. This follows from Proposition 9.6.1. O 

LEMMA 9.6.3. If M is @ simplicial model category, then an isomorphism in M 
has both the homotopy left lifting property and the homotopy right lifting property 
with respect to every map in M. 

ProoF. This follows from the fact that an isomorphism induces an isomor- 
phism of the simplicial set of maps from (or to) any fixed object. O 

PROPOSITION 9.6.4. Let M be a simplicial model category and let g: X — Y 
be a map in M. 

(1) If g has the homotopy left lifting property with respect to the maps from 
each of X and Y to the terminal object of the category, then g is the 
inclusion of a strong deformation retract, i.e., there is a mapr: Y — X 

such that rg = lx and gr ~ ly, where the simplicial homotopy (see 
Definition 9.5.7) is constant on X. 

(2) Ifg has the homotopy right lifting property with respect to the maps from 
the initial object of the category to each of X and Y, then there is a map 

s: Y — X such that gs = ly and sg ae lx, where the simplicial homotopy 
(see Definition 9.5.7) lies over the identity map of Y. 

PROOF. We will prove part 1; the proof of part 2 is similar. 
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We have the solid arrow diagram 

be
 

©
 

¢
—

—
 

nt
 i
 

*
 <

—
_
 

(in which “*” is the terminal object of the category), and so Corollary 9.6.2 and 
Lemma 9.6.3 imply that there exists a map r: Y — X such that rg = 1x. Thus, 
we can construct the solid arrow diagram 

X ® All} Uxegaany Y @ AA[1] —2yY 

| 7 | 
Y @A{]) 

in which the top map is the composition X @ A[}] > X @ A[0] = X 4 Y on 
X @A(]| and gr Illy on Y @GA{I1}. Proposition 9.4.8 implies that the vertical map 
on the left has the homotopy left lifting property with respect to the vertical map on 
the right, and so Proposition 9.4.3 implies that the dotted arrow s: Y @ A{1] — Y 
exists. CO 

COROLLARY 9.6.5. Let M be a simplicial model category and let g: X — Y be 
a map in M. 

(1) If both X and Y are fibrant and g is a trivial cofibration, then g is a 
simplicial homotopy equivalence. In particular, g is the inclusion of a 
strong deformation retract. 

(2) If both X and Y are cofibrant and g is a trivial fibration, then g is a 
simplicial homotopy equivalence. In particular, g has a right inverse that 
is a simplicial homotopy inverse. 

Proor. This follows from Proposition 9.6.4. O 

9.6.6. Weak equivalences of simplicial mapping spaces. It should be 
noted that none of the results of this section make any assumption that any object 
is cofibrant or fibrant. 

PROPOSITION 9.6.7. Let M be a simplicial model category and let W, X, and 

Y be objects of M. If 9,h: X — Y are simplicially homotopic maps, then 9g. x 
h.: Map(W, X) > Map(W,Y) and g* © h*: Map(Y,W) — Map(X, W). 

Proor. Let X — Y% be a simplicial homotopy from g to A (where J is 
a generalized interval; see Definition 9.5.7). This induces the map of simplicial 
sets Map(W,X) — Map(W,Y/7), which corresponds to a map Map(W,X) — 
Map(W @ J,Y), which corresponds to a map Map(W, X) — Map(J, Map(W,Y)), 
which corresponds to a map Map(W, X) @ J — Map(W,Y), which is a simplicial 
homotopy from g, to h,. 

The second assertion is proved similarly, starting with a simplicial homotopy 
XQ@IAY. Oo 

COROLLARY 9.6.8. Let M be a simplicial model category and let X and Y be 
objects of M. If g: X — Y is a simplicial homotopy equivalence, then for any 
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object W of M the maps g.: Map(W,X) — Map(W,Y) and g*: Map(Y,W) — 
Map(X, W) are simplicial homotopy equivalences of simplicia] sets. 

PROOF. This follows from Proposition 9.6.7. O 

PROPOSITION 9.6.9. Let M be a simplicial model category. If g: X — Y is a 
map in M, then g is a simplicial homotopy equivalence if either of the following two 
conditions is satisfied: 

(1) The map g induces isomorphisms of the sets of simplicial homotopy classes 
of maps gz: [X, X] » [X,Y] and g,: [Y, X] = [Y, Y]. 

(2) The map g induces isomorphisms of the sets of simplicial homotopy classes 
of maps g*: [Y, X] = [X, X] and g*: [Y,Y] ~ [X,Y]. 

PROOF. We will prove this using condition 1; the proof using condition 2 is 
similar. 

The isomorphism g,: [Y, X] ~ [Y, Y] implies that there is a map h: Y — X 
such that gh © ly. Corollary 9.5.4 and the isomorphism g,: [X, X] = [X,Y] now 
imply that h induces an isomorphism ha: [X, Y) x~ [X, X], and so there is a map 
k: X + Y such that hk © lx. Thus, g = glx ~ ghk ~ lyk =k, and so g isa 
simplicial homotopy equivalence whose inverse is h. i) 

PROPOSITION 9.6.10. Let M be a simplicial model category. If g: X — Y is 
a map in M, then g is a simplicial homotopy equivalence if either of the following 
two conditions is satisfied: 

(1) The map g induces weak equivalences of simplicial sets g.: Map(X, X) = 
Map(X,Y) and g,: Map(Y, X) = Map(Y,Y). 

(2) The map g induces weak equivalences of simplicial sets g*: Map(Y, X) = 
Map(X,X) and g*: Map(Y,Y) = Map(X,Y). 

ProoF. This follows from Proposition 9.6.9 and Proposition 9.5.10. i) 

9.7. Detecting weak equivalences 

PROPOSITION 9.7.1. Let M be a simplicial model category. If g: X — Y is a 
map in M, then g is a weak equivalence if either of the following two conditions is 
satisfied: 

(1) For every fibrant object Z the map of function spaces g*: Map(Y,Z) - 
Map(X, Z) is a weak equivalence of simplicial sets. 

(2) For every cofibrant object W the map of function spaces g,: Map(W,X) - 
Map(W, Y) is a weak equivalence of simplicial sets. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
Choose cofibrant fibrant approximations (see Definition 8.1.2) jx: X X and 

jviYro Y and a fibrant approximation 9: XK ~¥ to g (see Definition 8.1.22). If 
Z is a fibrant object, then we have the commutative square 

Map(¥, Z) + Map(X, Z) 
on | | oar 
Map(Y, Z) —~+ Map(X, Z) 

g 
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in which all the maps except g* are weak equivalences of simplicial sets (see Prop- 
osition 9.3.2). This implies that 9* is also a weak equivalence, and so Proposi- 
tion 9.6.10 implies implies that g is a simplicial homotopy equivalence. Thus, g is a 
weak equivalence, and so the “two out of three” property implies that g is a weak 
equivalence. O 

PROPOSITION 9.7.2. Let M be a simplicial model category, let g: X - Y bea 
map in M, and let W be an object of M. 

(1) If W is cofibrant and there is a fibrant approximation @: X = ¥ to 
g (see Definition 8.1.22) such that the induced map of simplicial sets 
9.: Map(W, X) + Map(W,Y) is a weak equivalence, then for any other 
fibrant approximation 9’: X’ — Y’ to g the induced map of simplicial sets 
g.: Map(W, X’) + Map(W, Y’) is a weak equivalence. 

(2) If W is fibrant and there is a cofibrant approximation 9: X — Y to 
g (see Definition 8.1.22) such that the induced map of simplicial sets 
9": Map(Y , Ww)~ Map(X,W) is a weak equivalence, then for any other 
cofibrant approximation g/: X’ + Y’ to g the induced map of simplicial 
sets (9’)*: Map(Y’, W) — Map(X’, W) is a weak equivalence. 

PROOF. This follows from Proposition 8.1.24 and Proposition 9.3.2. 0 

PROPOSITION 9.7.3. Let M be a simplicia] model category, let f: X + Y bea 
map in M, and let W be an object of M. 

(1) If X and Y are fibrant and there is a cofibrant approximation WW 
to W such that the induced map of simplicial sets f,: Map(W, X) — 
Map(W, Y) is a weak equivalence, then for any other cofibrant approxima- 
tion W! —» W to W the induced map of simplicial sets f,: Map(W’, X) ~ 
Map(W’, Y) is a weak equivalence. 

(2) If X and Y are cofibrant and there is a fibrant approximation W > WwW 
to W such that the induced map of simplicial sets f*: Map(Y, W) ~~ 
Map(X, W) is a weak equivalence, then for any other fibrant approxima- 
tion W — W’ to W the induced map of simplicial sets f*: Map(Y, Ww \— 
Map(X, W’) is a weak equivalence. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
Let W — W bea fibrant cofibrant approximation to W (see Proposition 8.1.17). 

There are maps of cofibrant approximations (see Definition 8.1.4) W — W and 
Wo W, both of which are weak equivalences (see Proposition 8.1.7). Thus, we 
have the diagram 

Map(W’, X) i Map(W, X) =, Map(W, X) 

Map(W’, Y) + — Map(W, Y) Map(W, Y) 
and Corollary 9.3.3 implies that all the horizontal maps are weak equivalences. O 
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THEOREM 9.7.4. Ifg: X — Y is a map in a simplicia] model category, then the 
following are equivalent: 

(1) The map g is a weak equivalence. 
(2) For some fibrant approximation 9: X — Y to g (see Definition 8.1.22) and 

every cofibrant object W the map of simplicia] sets 9,: Map(W, X )—- 
Map(W,Y) is a weak equivalence. 

(3) For every fibrant approximation §: X — ¥ tog and every cofibrant object 
W the map of simplicial sets g,: Map(W, X) > Map(W, Y) is a weak 
equivalence. 

(4) For some cofibrant approximation @: X +Y tog (see Definition 8.1.22) 
and every fibrant object Z the map of simplicial sets g*: Map(Y, Z)-> 
Map(X, Z) is a weak equivalence. 

(5) For every cofibrant approximation @: XY to g and every fibrant object 
Z the map of simplicial sets §*: Map(Y,Z) — Map(X,Z) is a weak 
equivalence. 

ProoF. Proposition 9.7.2 implies that 2 is equivalent to 3 and that 4 is equiv- 
alent to 5. Proposition 9.7.1 implies that any of 2, 3, 4, or 5 implies 1, and Coro}- 
lary 9.3.3 implies that 1 implies both 2 and 4. O 

COROLLARY 9.7.5. Let M be a simplicial model category and let g: X + Y be 
a map in M. 

(1) If X and Y are fibrant, then g is a weak equivalence if and only if for 
every cofibrant object W in M the map gx: Map(W, X) — Map(W,Y) is 
a weak equivalence of simplicial sets. 

(2) If X and Y are cofibrant, then g is a weak equivalence if and only if for 
every fibrant object Z in M the map g*: Map(Y,Z) — Map(X,Z) is a 
weak equivalence of simplicial sets. 

Proor. This follows from Theorem 9.7.4. 0 

9.8. Simplicial functors 

DEFINITION 9.8.1. If M and N are simplicial model categories, then a simplicial 
functor F from M to N consists of 

(1) an object F(X) of N for every object X of M and 
(2) for every two objects X and Y of M a map of simplicial sets 

Fx,y: Map(X,Y) — Map(FX, FY) 

such that for all objects X, Y, and Z of M the following two diagrams 
commute: 

Map(Y, Z) x Map(X, Y) <7 ___s Map(X, Z) 

Fy,z exr| [Pee 
Map(FY, FZ) x Map(FX, FY) —————>> Map (FX, FZ) 

CFX,FY,FZ 
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4x * > Map(X, X) 

wx Fx,x 

Map(FX,FX) . 

If M and N are simplicial model categories and F: M — N is a functor between 
the underlying categories of M and N, then we often want to consider whether F 
can be extended to a simplicial functor, i.e., whether the definition of F can be 
extended to define a natural map of simplicial sets 

(9.8.2) Map(X, Y) > Map(FX, FY) 

that is compatible with composition and with the isomorphisms Map(X,Y)o ~ 
M(X,Y) and Map(FX, FY)9 = N(FX, FY). 

If F is to be a simplicial functor, then given an n-simplex in Map( X,Y), i.e., 
a map a: X @ A[n] — Y (see Proposition 9.1.9), we must assign to it an n- 
simplex of Map(FX,FY), i.e., a map FX @ A[n] — FY. We can attempt to use 
F(a): F(X ® A[n]) — FY, but then we need a map 

a: FX ®A[n] — F(X ® A[n}) 

to compose with F(a). If we ensure that a yields a natural isomorphism a: FX @ 
A(0] = F(X @Al[0]) that commutes with the natural isomorphisms FX @A[0] + FX 
and X @ A([0| = X (see Proposition 9.1.10), then the map (9.8.2) would be an 
extension of F on Map(X,Y)o = M(X,Y). This would allow us to define the map 
(9.8.2) for each pair of objects X and Y, but even if we require that o be natural 
in both X and A[n], we still could not be sure that the function (9.8.2) commutes 
with composition of functions, i.e., that the diagram 

Map(X,Y) x Map(Y, Z) —————> Map(X, 2) 

| | 
Map(FX, FY) x Map(FY, FZ) ——> Map(FX, FZ) 

commutes. For this, 9 must have an additional property. 
Given n-simplices a € Map(X,Y), and 8 € Map(Y, Z)n, ie., functions a: X @ 

A[n] — Y and 8B: Y @ A{n| — Z, their composition in Map(X, Z), is the compo- 
sition 

X @ Aln) 72°, X @ (Aln] x A[n]) = (X @ Aln]) @ Aln| 2 ¥ @ Ain] 4 Z 
(where D: A[n] — A[n] x A[n] is the diagonal map). If we apply F and compose 
with the natural transformation oc, then we get the n-simplex 

FX @ A[n] & F(X ® Afn}) 

FUSD), F(X @ (A[n] x A[n])) = F((X @ Afn]) ® A[n]) 

<EO", FY @ Aln}) — F(Z) 
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of Map(FX, FZ). Since o is natural, this can also be written as the composition 

(9.8.3) FX ® A[n] 22 FX @ (Aln] x A[n]) 
S F(X @ (A[n] x A[n])) ¥ F((X ® Aln]) ® Aln}) 

SC9), F(Y @ Ajn|) — F(Z) 

If we start with the same n-simplices a and {, apply F to each, and compose 
each with the natural transformation 7, then we get the pair of simplices 

FX ® A[n] & F(X @ A[n]) — FY 
FY ® A[n] 2 F(Y @ A(n}) =, Fz 

in Map(FX,FY)n x Map(FY, FZ). If we compose these, then we get the element 

FX @ A{n} 222 FX @ (A[n] x Afn]) 

x (FX @ A[n]) @ A[n] “= F(X @ Afn]) @ Alm] 
FS" FY @ Aln] 2 F(Y @ A(n]}) © Fz 

of Map(FX,FZ),. Since o is natural, this can also be written as the composition 

(9.8.4) FX @ A[n] 22% FX @ (Afn] x Aln) 
mw (FX ® A[n]) @ A[n] 224 F(X @ A[n}) ® Afn} 

2, F((X @ A[n]) @ Afn]) 22%. FY @ Afn}) % Fz 

Since we want the composition (9.8.3) to equal the composition (9.8.4), we must 
require that the diagram 

FX @ (A[n] x A[n]) — > (FX @ A[n]) @ A[n] 

7@l 

o F(X @ Al[n]) @ A[n] 

oc 

F(X ® (Afn] x Afn])) > F((X ® Aln]) @ A[n]}) 

commute. 

This leads us to the following theorem. 

THEOREM 9.8.5. Let M and N be simplicial model categories. A functor 
F: M — WN can be extended to a simplicial functor if and only if for every fi- 
nite simplicial set K and object X of M there is a mapo: FX @K > F(X @K), 
natural in both X and K, such that 
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(1) for every object X of M, o defines an isomorphism o: (FX) ® A[0] = 
F(X ® A[0]) such that the triangle 

(FX) @ Alo) = > F(X @ Alo) 

FX 

commutes, and 
(2) for every object X of M and finite simplicial sets K and L, the diagram 

FX @(K x L) —> (FX @K)@L 

o@l 

a F(X @K)@L 

o 

N 

F(X ® (K x L)) > F((X @K) ®@ L) 
commutes. 

PROOF. We have isomorphisms 

Map(X,Y)n + SS(A[n], Map(X, Y)) = M(X ® A[n], Y) 

that are natural in X, Y, and A[n], and so we can define F: Map(X,Y)n — 
Map(FX,FY), as the composition 

M(X @ A[n], Y) >. N(F(X @ Afn)), FY) <5 N(FX @ Afn|, FY) . 
The discussion preceding the statement of the theorem explains why this yields a 
simplicial functor. 

Conversely, if F: M — N is simplicial, then we can define o as the map corre- 
sponding to the composition 

K — Map(X,X @ K) ~——s Map(FX, F(X @ K)) 
(where the first map above is adjoint to the identity map of X @ K) under the 
isomorphism 

SS(K, Map(FX, F(X @ K))) © N(FX @ K, F(X @K)) . 

oO 

EXAMPLE 9.8.6. Let M be a simplicial model category. If W is an object of 
M, then the functor Map(W,—): M — SS is simplicial. In this case, for (f,k) € 
(Map(W, X) ® K) we have o(f,k) = f x k, where k is the composition of the 
projection W @ A[n| — Al[n] with the map A[n] — K that takes the nondegenerate 
n-simplex of A[n] to k. 

EXAMPLE 9.8.7 (Counterexample to continuity). If A is any nonempty space 
in Top, we define a functor Wa: Top — Top by W4X =]],_,x A, that is, we take 
the disjoint union of one copy of A for each continuous function g: A > X. This 
defines a functor in which the copy of A corresponding to g as above maps under 
Wa(f): WaX — WaY by the identity map to the copy corresponding to f og, 
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but Wy, cannot be extended to a simplicial functor. To see this, take X = A and 
Y =AxI. The simplicial set Map(X,Y) = Map(A, A x J) has vertices (i.e., maps 
A— Ax I) the inclusions ig and 7, (where io(a) = (a,0) and i;(a@) = (a,1)), and 
these vertices of Map(A,A x I) are connected by a l-simplex A x A[1] ~ Ax I 
of Map(A, A x I). The functions Wa (io) and W4(21), however, take each point of 
W,A into different components of Wa(A x I), and so there can be no 1-simplex of 
Map(W,A, Wa(A x I)) connecting these vertices. 

EXAMPLE 9.8.8. If we change Example 9.8.7 slightly, we can construct a func- 
tor that is continuous. Define W§ by WG X = X4 x A (where X4 is the compactly 
generated topological space of continuous functions A — X). We have a natu- 
ral transformation Wa — W{ such that W4X — WX is always a continuous 
bijection, but it is not, in general, a homeomorphism. 

PROPOSITION 9.8.9. Let M and N be simplicial model categories, let © be a 
small category, and let X be a C-diagram of functors M — N and natural trans- 
formations between them. If for each a € € there is a map og as in Theorem 9.8.5 
that Is natural in a and that extends X, to a simplicial functor, then there is a 
map o that extends colimace Xq to a simplicial functor. 

PROOF. Let o = colimace dq. oO 





CHAPTER 10 

Ordinals, Cardinals, and Transfinite Composition 

The main subject of this chapter is a rigorous treatment of the idea of an infin- 
itely long sequence of maps, and of the composition of such a sequence. These are 
the ideas used in the small object argument (see Proposition 10.5.16), which is a 
fundamental method of constructing factorizations of maps needed both to estab- 
lish model category structures (see Theorem 11.3.1) and to construct localization 
functors (see Section 1.3 and Section 4.3). 

If \ is an ordinal, then a \-seguence X in a category C is a “sequence” of maps 
in © indexed by the ordinal A (see Definition 10.2.1); that is, there are objects Xg 
of € for 6 < A, for every ordinal 8 such that 6+ 1 < \ there is a map Xg — Xg41 
in C, and we require that if 6 is a limit ordinal then Xg = colima<g Xq. We define 
the composition of the A-sequence to be the natural map Xo — colimg<, Xg. A 
composition of a A-sequence is called a transfinite composition. 

An object W in a category C is said to be small with respect to a class D of 
maps in @ if for every large enough regular cardinal (see Definition 10.1.11) A and 
every A-sequence all of whose maps are elements of D, every map W — colimg<, Xg 
from W to the colimit of the sequence factors essentially uniquely through some 
earlier stage Xg in the sequence (see Definition 10.4.1). The small object argument 
is a Method of factoring maps into factors that have appropriate lifting properties, 
and it can be done when the domains of a set of maps are small with respect to the 
class of pushouts of those maps (see Definition 10.5.15 and Proposition 10.5.16). 

We discuss ordinals and cardinals in Section 10.1, transfinite compositions in 
Section 10.2, and the lifting properties of transfinite compositions in Section 10.3. 
We discuss small objects in Section 10.4. 

Given a set I of maps in a category ©, we define a relative I-cell complex in 
Section 10.5 to be a map that can be constructed as a transfinite composition 
of pushouts of elements of I (see Definition 10.5.8). (If C = Top, the category of 
topological spaces, and J is the set of inclusions S"~! — D” for n > 0, thena relative 
T-cell complex is a map that can be constructed as a transfinite composition of maps 
that attach a single cell along a map of its boundary sphere.) This allows us to 
describe the small object argument in Proposition 10.5.16. We discuss subcomplexes 
of relative [-cell complexes in Section 10.6. In Section 10.7 we discuss cell complexes 
in the category of topological spaces. This class of spaces includes the class of CW- 
complexes, but it also contains spaces built by attaching cells via maps that do not 
factor through a subcomplex of lower dimensional cells. 

In Section 10.8 we discuss compactness, which is a variation on the notion of 
smallness: An object W is compact relative to a set J of maps if every map from 
W to an I-cell complex factors through a subcomplex of bounded size (see Defi- 
nition 10.8.1). If relative J-cell complexes are monomorphisms, then compactness 
implies smallness (see Proposition 10.8.7). In Section 10.9 we discuss what it means 

185 
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for a map to be an effective monomorphism (see Definition 10.9.1). In the category 
of sets the effective monomorphisms are the monomorphisms, but the two notions 
do not agree in general. We will use this to define cellular model categories in 
Chapter 12 (see Definition 12.1.1). 

10.1. Ordinals and cardinals 

For a thorough discussion of the definitions and basic properties of ordinals and 
cardinals, see, e.g., [29, Chapter II], [17, Chapters 4 and 5], or [40, Chapter 6]. 

10.1.1. Ordinals. 

DEFINITION 10.1.2. 

(1) A preordered set is a set with a relation that is reflexive and transitive. 
(2) A partially ordered set is a preordered set in which the relation is also 

antisyrometric. 
(3) A totally ordered set is a partially ordered set in which every pair of 

elements is comparable. 
(4) A well ordered set is a totally ordered set in which every nonempty subset 

has a first element. 

We adopt the definition of ordinals that arranges it so that an ordinal is the 
well ordered set of all lesser ordinals, and every well ordered set is isomorphic to a 
unique ordinal (see, e.g., [29, Chapter II], [17, page 47], or [40, page 202]). Thus, 
the union of a set of ordinals is an ordinal, and it is the least upper bound of the 
set. 

REMARK 10.1.3. We will often consider a preordered set to be a small category 
with objects equal to the elements of the set and a single morphism from the object 
s to the object t if s <¢. 

DEFINITION 10.1.4. If S is a totally ordered set and T is a subset of S, then T 
will be called right cofinal (or terminal) in S if for every s € S there exists t € T 
such that s < t. 

THEOREM 10.1.5. If C is a cocomplete category, S is a totally ordered set, T 
is a right cofina] subset of S, and X: S — © is a functor, then the natural map 
colimr X — colimg X is an isomorphism. 

PROOF. We will construct a map colims X — colimy X that is an inverse to 
the natural map colimr X — colims X. For every s € S we choose an element 
t of T such that s < ¢ and define a map X, — colimr X as the composition 
X3; — Xt — colimy X. If we choose a different element t’ of T such that s < t’ 
then either t < t’ or ¢’ < t, and so our map X, — colimy X is independent of 
the choice of the element ¢. Similarly, if s’ € S is such that s < s’, then for 
t € T satisfying s’ < ¢t the composition X, ~ X,y — X; — colimr X equals the 
composition X, — X; — colimr X, and so the maps X, — colimy X combine to 
define a map colims X — colimy X. 

If s € S, then the composition X, — colims X — colimr X — colims X 
equals the map X, — colims X, and so the composition colims X — colimr X > 
colimgs X is the identity map. Similarly, the composition colimr X — colims X ~— 
colimy X is the identity map. 0 
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PROPOSITION 10.1.6. If S is a totally ordered set, then there is a right cofinal 
subset T of S that is well ordered. 

PROOF. We will prove the proposition by considering the set of well ordered 
subsets of S. We will show that this set has a maximal element, and that a maximal 
element must be right cofinal in S. 

Let U be the set of pairs (A, f: 4X 4 S) where is an ordinal and f is a one to 
one order preserving function. We define a preorder on U by defining (A, f) < (x, 9) 
if \<« and f =g|,. If VU’ C U is a chain (i.e., a totally ordered subset of U), let 
A= Vow peu Au and define f: A — S to be the colimit of the f, for (Au, fu) € U’. 
The pair (A, f) is an element of U, and it is an upper bound for the chain. Thus, 
Zorn’s lemma implies that U has a maximal element, and it remains only to show 
that a maximal element of U must be right cofinal. 

If (Am, fm) is a maximal element of U and the image of fm: Am — S is not 
right cofinal, then there is an element s of S such that f,,(@) < s for all B € Am. 
Thus, we can define g: (Am + 1) — S by extending f,, to include s in its image. 
This would imply that (Am, fm) was not a maximal element of U, and so the image 
of fm: Am — S must actually be a right cofinal well ordered subset of S. D 

10.1.7. Cardinals. 

DEFINITION 10.1.8. A cardinal is an ordinal that is of greater cardinality than 
any lesser ordinal. 

DEFINITION 10.1.9. If X is a set, then the cardinal of X is the unique cardinal 
whose underlying set has a bijection with X. 

DEFINITION 10.1.10. If y is a cardinal, then by Succ(7y) we will mean the 
successor of 7, i.e., the first cardinal greater then +. 

DEFINITION 10.1.11. A cardinal y is regular if, whenever A is a set whose 
cardinal is less than ‘y and for every a € A there is a set S, whose cardinal is less 
than 7, the cardinal of the set U,¢ 4 Sa is less than ¥. 

EXAMPLE 10.1.12. The countable cardinal No is a regular cardinal. This is just 
the statement that a finite union of finite sets is finite. 

PROPOSITION 10.1.13. The product of two cardinals, at least one of which is 
infinite, equals the greater of the two cardinals. 

Proor. See [29, page 53], {17, page 69], or [40, page 227]. im) 

PROPOSITION 10.1.14. If is infinite and a successor cardinal, then ¥ is regular. 

Proor. Let 6 be the cardinal such that + = Succ(@); if a set has cardinal 
less than 7, then its cardinal is less than or equal to 6. Let B be a set whose 
cardinal is @ and for every b € B let S, be a set whose cardinal is G. Then, if 
we have sets A and S, for a € A all of whose cardinals are less than -y, then 

card(ae,4 Sa) < card(Uses Sp) <BxXB=B<y. 0 
PROPOSITION 10.1.15. If ys is an infinite cardinal and y = yp", then y4 = ¥. 

Proor. y4 = (y#)# = peXH) = ye = vy, 0 
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LEMMA 10.1.16. Let v be a cardinal with vy > 2 and let S be a set whose 
cardinal is v. If 4 is a cardinal, then the collection T of subsets of S whose cardinal 
is at most p has cardinal at most v¥. 

Proor. Choose a bijection between S and the cardinal vy. This induces a well 
ordering of every subset of S' under which every such subset U is order isomorphic 
to a unique ordinal 7(U) < v. This defines a one to one correspondence between T 
and a subset of the set of functions from yp to S, under which a subset U corresponds 
to the function that takes 7(U) isomorphically onto U and takes every element of 
pp —7(U) to the first element of U. Thus, there is a subset of y+ that maps onto 
T. O 

LEMMA 10.1.17. Let M be a category and let X, Y, and Z be objects of M. If 
X isa retract of Y, then 

(1) the cardinal of M(X, Z) is less than or equal to the cardinal of M(Y, 2), 
and 

(2) the cardinal of M(Z, X) is less than or equal to the cardinal of M(Z,Y). 

Proor. If i: X — Y and r: Y — X are maps such that ri = lx, then 
(ri)*: M(X, Z) — M(X, Z) is the identity map. Thus, i*: M(Y,Z) > M(X, Z) is 
a surjection. Similarly, r.: M(Z,Y) - M(Z, X) is a surjection. O 

10.2. Transfinite composition 

DEFINITION 10.2.1. Let © be a category that is closed under colimits. 

(1) If \ is an ordinal, then a A-sequence in C is a functor X: A ~ @ (see 
Remark 10.1.3) (ie., a diagram 

XX, 7 Xg 9-4 XB: (8 <A) 

in ©) such that for every limit ordinal y < \ the induced map 

eolim Xp Xy 

is an isomorphism. 
(2) The composition of the A-sequence is the map Xo — colimg<y Xz. 

DEFINITION 10.2.2. Let © be a category that is closed under colimits. 
(1) If D is a class of maps in € and J is an ordinal, then a A-seguence of maps 

in D is a A-sequence Xp > X,} > X2 > --- > X¥g—7--- (8 < Aine 
such that the map Xg ~ Xg4, isin D for B+1< 4. 

(2) If D is a class of maps in C, then a transfinite composition of maps in D is 
a map in @ that is the composition of a A-sequence in D (for some ordinal 
A, possibly finite). 

(3) If D is a subcategory of C, then a transfinite composition of maps in D is 
a transfinite composition of maps in the class of maps of D. 

10.2.3. Reindexing. If \ is an ordinal and C is a category, then not every 
functor from 4 to @ is a A-sequence in @, since Definition 10.2.1 requires that at 
every limit ordinal y < A the functor take the value of the colimit of that functor 
restricted to y. However, if \ is a limit ordinal, then any functor from \ to @ can 
be reindezed to define a \-sequence in © with the same composition as that of the 
original functor (see Definition 10.2.5). 
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LEMMA 10.2.4. Let © be a category, let be a limit ordinal, and let X:\ + C 
be a functor. If the functor Y: \ — C is defined by 

Yo = Xo 

Y3 = colim Xy if 8B <2 and B is a limit ordinal 
yy 

then Y is a \-sequence in C and colimg<) Xg = colimgey Y¥g. 

Proor. This follows from the universal mapping property of the colimit. O 

DEFINITION 10.2.5. If © is a category, 4 is a limit ordinal, and X:A4—- Cisa 
functor, then the A-sequence Y obtained from the functor X as in Lemma 10.2.4 
will be called the reindezing of X. 

PROPOSITION 10.2.6. Let C be a category that is closed under colimits, let D 
be a class of maps in C, and let f: P — Q be a map in €. If there is an ordinal y 
and a function X: y — C such that 

e Xo = P, 
® colimg<y XB = Q, 
e the natural map to the colimit P = Xp — colimg<+Xg = Q@ is the map 

f, and 
e for every 8+1< vy the map colimg<g Xe — Xg+1 is an element of D, 

then the map f is a transfinite composition of elements of D. If y is infinite, then 
it is a transfinite composition indexed by an ordinal whose cardinal equals that of 
7. 

Proor. If y is a limit ordinal then let 6 = y; otherwise, let 6 be the first 
limit ordinal greater than y. We can extend X to a functor X: 6 — C by letting 
Xg — Xg+, be an identity map for y < 6+1 < 6 and then reindex X (see 
Definition 10.2.5) to obtain a 6-sequence Y. If we let \ be the smallest ordinal 
such that the map Yg — Yg41 is an identity map for A < 6 +1 < 4, then the 
restriction of Y to 4 is a A-sequence whose composition is f: P — Q and is such 
that Yg — Yg;. is an element of D for every 6 +1 <4. O 

PROPOSITION 10.2.7. If C is a category, S is a set, and g,: C,; — Ds, is a map in 
C for every s € S, then the coproduct Ug,: UC, — UD, is a transfinite composition 
of pushouts of the g,. If S is infinite, then it is a transfinite composition indexed 
by an ordinal whose cardinal equals that of S. 

PrRoor. Choose a well ordering of the set S. There is a unique ordinal \ that 
is isomorphic to the ordered set S (see, e.g., {29, Chapter II], [17, page 47], or [40, 
page 202}), and we will identify S with \. We define a functor X: \4+1 — C by 
letting 

Xe=(J[ De) u( J] Ce) 
a<p BSacrA+1 
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for all 6 < A, with the maps in the sequence being the obvious ones. For each 

+1 <. we have a pushout diagram 

Cg —“4 Dg 

| | 
XB ——}> X e+) 

and for each limit ordinal @ < A we have a pushout diagram 

Cp —“ Dg 

| | 
ep A? —9 Xp 

The result now follows from Proposition 10.2.6. 0 

PROPOSITION 10.2.8. Let C be a category. If the map X — Y is the composition 
of the A-sequence 

(10.2.9) X=Xp7 X39 Xg 3-3 Xe (B <>) 

(for some ordinal ) in which each map Xg ~ Xg 4, is the composition of the 
Yg-Sequence 

(10.2.10) Xp =Wk +~wWwh ow ..-+ Wwe a... (a < yg) 
(for some ordinal yg), then the set P = {(f, a) | B <2,a < yg} is well ordered by 
the dictionary order, i.e., 

(B1,01) < (B2,a2) if By < fe or fy = Bp anda < az. 
We define a quotient P of P as follows: For each Yg that is a successor ordinal we 
let ¥g be the ordinal such that 7g +1 = yg (and, thus, we = wt), and we 
identify (8, 7g) with (@+ 1,0). The well ordering on P induces a well ordering on 
P, and so there is a unique ordinal « for which there is an isomorphism of ordered 
sets fi K = P, and this isomorphism is also unique. If we define a functor Y: x — € 
by Y(y) = W(f(q)), then Y is a K-sequence in €. 

PROOF. We need only show that if y < « and 7 is a limit ordinal, then Y(7) = 
colimg< Y(a). This follows from the universal mapping property of the colimit. 

0 

DEFINITION 10.2.11. The K-Sequenice of Proposition 10.2.8 will be said to have 
been obtained by interpolating the sequences (10.2.10) into the sequence (10.2.9). 

PROPOSITION 10.2.12. The A-sequence of (10.2.9) is right cofinal (see Defini- 
tion 10.1.4) in the x-sequence of Proposition 10.2.8. 

ProoF. This follows directly from the definition. O 

LEMMA 10.2.13. Let © be a category, let D be a class of maps in @, and let 
be an ordinal. If the map X — Y is the composition of a A-sequence X = 

Xo > Xy > Xp 7 ++ > Xg—--: (8 < d) in which each map Xg — Xgx41 is 
a transfinite composition of maps in D, then interpolating (see Definition 10.2.11) 



10.2. TRANSFINITE COMPOSITION 191 

the sequences for each Xg — Xg41 into the original A-sequence gives a K-sequence 
(for some ordinal k) of maps in D whose composition is the map X — Y. 

Proor. This follows directly from the definitions. 0 

PROPOSITION 10.2.14. Let © be a category, and let D be a class of maps in 
C. If the map g: X — Y is a transfinite composition of pushouts of coproducts of 
elements of D, then g is a transfinite composition of pushouts of elements of D. 

Proor. This follows from Proposition 10.2.7 and Lemma 10.2.13. O 

PROPOSITION 10.2.15. Let © be a category, let I be a class of maps in ©, and 
let X be a regular cardinal (see Definition 10.1.11). If the map X — Y is the 
composition of a \-sequence 

in which each map Xg — X41 is a transfinite composition, indexed by an ordinal 
whose cardinal is less than 4, of pushouts of coproducts of elements of I, then 
interpolating the sequences for the Xg — Xg41 into the sequence (10.2.16) (see 
Definition 10.2.11) yields a \-sequence (indexed by the same ordinal i) of pushouts 
of coproducts of elements of J. 

Proor. Lemma 10.2.13 implies that there is an ordinal « such that the map 
X — Y is the composition of a «-sequence of pushouts of coproducts of elements 
of J, and so it remains only to show that the ordinal « constructed in the proof of 
Lemma 10.2.13 equals A. Since the cardinal of « equals that of a union, indexed by 
A, of sets of cardinal less than 4, the cardinal of « equals . Since any ordinal less 
than « is contained within a subunion indexed by an ordinal less than X of sets of 
cardinal less than 4, and is a regular cardinal, that subunion would have cardinal 
less than A, i.e., « is the first ordinal having its cardinal, and so « is a cardinal, and 
so K =X. O 

10.2.17. Simplicial model categories. 

PROPOSITION 10.2.18. If K is a simplicial set and L is a subcomplex of K, 
then the inclusion L — K is a transfinite composition of pushouts of the maps 
{dA[n] > A[n] | n > 0} 

ProoF. For each integer n > 0 let S, be the set of nondegenerate n-simplices 
of K that are not in L, and choose a well ordering of each set S,. Let T= Up39 Sn 
and let T be ordered by the “dictionary order”, i.e., ifo,7 € T, then o < 7 if either 

e o is an n-simplex, 7 is a k-simplex, and n < k, or 

e o and 7 are both n-simplices and o < 7 in the well ordering of S,. 

The set T is then a well ordered set and is thus isomorphic to a unique ordinal ¥ (see, 
e.g., (29, Chapter IJ], [17, page 47], or [40, page 202]). We define a functor X: y+ 
2 — SS by letting Xg (for 8 < y+ 1) be the union of ZL with the nondegenerate 
simplices of K — L of index less than @ and their degeneracies. Proposition 10.2.6 
now implies that there is an ordinal A and a A-sequence Yo — Y) — Yo > --- 
Yg — :-- (8 < A) whose composition is the inclusion L — K and such that each 
Yp — You (for 8 +1 < ) attaches a single nondegenerate simplex, and is thus 
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the bottom arrow of a pushout square 

dA[n] —— Al[n] 

| | 
Ya —— Yar - 

O 

LEMMA 10.2.19. Let M be a simplicial category and let f: A— B be a map in 
M. If M — L — K are maps of simplicial sets, then the square 

A@®LUsgu B® M ————> Bal 

| | 
A® K Useun BOM —>A®K Uyegr BOL 

is a pushout. 

ProoF. For the square to be a pushout, the lower right hand corner must be 
the colimit of the diagram 

BaL 

“| TM 
A®L+— A®M— BEM 

[| ot | 
A®K+— A@M——Be@M . 

The colimit of that diagram is isomorphic to the colimit of the diagram 

B@L 

ZITM 
A@®K+¢— A®L+— A®M—— B@M , 

which the universal mapping property of the colimit implies is isomorphic to A @ 
K User B@L (see Theorem 14.2.5). O 

PROPOSITION 10.2.20. Let M be a simplicial model category and let f: A— B 
be a map in M. If (K, L) is a pair of simplicial sets, then the map 

A®K User BOL BOK 

is a transfinite composition of pushouts of the maps A®A[n] U,gaain| B@OA[n] 
B® A[n] for various values of n. 

PROOF. The inclusion L — K can be written as a transfinite composition 
of pushouts of the inclusions OA[n] — A[n] for various values of n (see Proposi- 
tion 10.2.18), and so the result follows from Lemma 10.2.19. Oo 

COROLLARY 10.2.21. Let M be a simplicial model category. If f: A— B isa 
map in M, K is a simplicial set, and n > 0, then the map 

(A @ A[n] Lagaan B® OA[n]) @ K > (B@A[n]) @K 
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is a transfinite composition of pushouts of the maps A@A[m]Lagaa(m| B@dA[m] — 
B® A[m] for various values of m. 

PROOF. Lemma 9.2.1] and axiom M6 (see Definition 9.1.6) imply that the map 

(A ® A[n] Useaatn] B® GA[n]) @ K > (B@A[n]) @K 

is isomorphic to the map 

A® (Afn] x K) Ungaatn}x x) B® (8A[n] x K) = B® (A[n] x K), 

and so the result follows from Proposition 10.2.20. O 

10.3. Transfinite composition and lifting in model categories 

LEMMA 10.3.1. If M is a category and p: X — Y is a map in M, then the class 
of maps with the left lifting property with respect to p is closed under transfinite 
composition (see Definition 10.2.2). 

PRooF. Given a A-sequence of maps with the left lifting property with respect 
to p and a lifting problem for the composition of the A-sequence, a lift can be 
constructed by a transfinite induction. O 

PROPOSITION 10.3.2. If M is a category and p: X — Y is a map in M, then 
the class of maps with the left lifting property with respect to p is closed under 
pushouts, transfinite composition, and retracts. 

PROOF. This follows from Lemma 7.2.11, Lemma 10.3.1, and Lemma 7.2.8, O 

PROPOSITION 10.3.3. IfM is a simplicia] model category and @ is a class of maps 
in M, then the class of maps in M that have the homotopy left lifting property with 
respect to every element of @ is closed under pushouts, transfinite compositions, 
and retracts. 

Proor. This follows from Lemma 9.4.7 and Proposition 10.3.2. Oo 

PROPOSITION 10.3.4. If M is a model category, then the classes of cofibrations 
and of trivia] cofibrations are closed under pushouts, transfinite compositions, and 
retracts. 

PROOF. This follows from Proposition 7.2.3 and Proposition 10.3.2. a) 

LEMMA 10.3.5. Let M be a model category and let p: X — Y be a map in M. 
If S is a totally ordered set and W: S — M is a functor such that if s,t € S and 
s<t, thenW, — W, has the left lifting property with respect to p, then for every 
sé€S the map W, — colimi>; W, has the left lifting property with respect to p. 

PROOF. Proposition 10.1.6 implies that we can choose a right cofinal subset T 
of {t € S| t > s} such that T is well ordered. There is a unique ordinal \ that 
is isomorphic to T (see, e.g., [{29, Chapter IJ], [17, page 47], or [40, page 202}), 
and so we have a right cofinal functor 4 — M. If we reindex this functor (see 
Definition 10.2.5), then we have a A-sequence of maps with the left lifting property 
with respect to p. The lemma now follows from Lemma 10.3.1 and Theorem 10.1.5. 

a) 
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PROPOSITION 10.3.6. Let M be a model category, and let S be a totally ordered 
set. If W: S — M is a functor such that, ifs,t € S and s <t, then W, — W;, is 
a cofibration, then, for every s € S, the map W, — colim:>, W,, is a cofibration. 

Proor. This follows from Proposition 7.2.3 and Lemma 10.3.5. O 

10.4. Small objects 

DEFINITION 10.4.1. Let €C be a cocomplete category and let D be a subcategory 
of €. 

(1) If « is a cardinal, then an object W in C is «-small relative to D if, for 
every regular cardinal (see Definition 10.1.11) A > « and every A-sequence 
(see Definition 10.2.1) 

Xy 9X, 9 Xg7 + 3 Xe: (8 <A) 

in € such that the map Xg ~ Xg4, is in D for every ordinal @ such that 
8+1 <4, the map of sets colimg<, C(W, Xg) — C(W, colimg<) Xg) is an 
isomorphism. 

(2) An object is small relative to D if it is «-small relative to D for some 
cardinal «, and it is small if it is small relative to C. 

EXAMPLE 10.4.2. In the category SS;,), every simplicial set with finitely many 
nondegenerate simplices is No-small relative to the subcategory of inclusions of 
simplicial sets (where No is the first infinite cardinal). 

EXAMPLE 10.4.3. Let X bea finite cell complex in Top,,) (see Definition 10.7.1). 
Corollary 10.7.7 implies X is No-small relative to the subcategory of inclusions of 
cell complexes (where No is the first infinite cardinal). 

EXAMPLE 10.4.4. Let X be an object of SS,,). If « is the first infinite cardinal 
greater than the cardinal of the set of nondegenerate simplices of X, then X is 
«-small relative to the subcategory of inclusions (see Proposition 10.1.14). Thus, 
every simplicial set is small relative to the subcategory of inclusions. 

EXAMPLE 10.4.5. Let X be a cell complex in Top;,) (see Definition 10.7.1). 
If « is the first infinite cardinal greater than the cardinal of the set of cells of X 
(see Proposition 10.1.14), then Proposition 10.7.4 implies that X is x-small relative 
to the subcategory of relative cell complexes. Thus, every cell complex is small 
relative to the subcategory of relative cell complexes. 

LEMMA 10.4.6. If C is a cocomplete category, D is a subcategory of C, and I 
is a set of objects in € that are small relative to D, then there is a cardinal « such 
that every element of I is k-small relative to D. 

ProoF. For every object A of J let «4 be a cardinal such that A is «4-small 
relative to D. If we let « be the union Unser Ka, then every object of J is «-small 
relative to D. oO 

PROPOSITION 10.4.7. Let C be a cocomplete category and let D be a subcate- 
gory of ©. If x is a cardinal and X is an object of C that is x-small relative to D, 
then any retract of X is K-small relative to D. 
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Proor. Let 1: W — X and r: X — W be maps such that ri=ly. IfA isa 
regular cardinal such that A > « and Zp — Z, > Zg > -:- > Zg—--: (8 <A) is 
a A-sequence in D, then we have the commutative diagram 

leolm e(W,2,g) 

j colim r* j tim 7° j colim C(W, Zp) calmer” , colin C(X, Zp) calms, oglim C(W, Zp) 

| | | 
W col; . ; ” . e( scolim Zg) __7 _, €(X, colim Z) _ vd COW, eolim Zp) 
eT 

le(w,collm Zg) 

Thus, the map colimg<, C(W, Zg) — C(W, colimg<) Zg) is a retract of the isomor- 
phism colimg<, C(X, Zg) > C(X, colimg<, Zg), and is thus an isomorphism. O 

PROPOSITION 10.4.8. Let © be a cocomplete category and let D be a subcate- 
gory of C. IfJ is asmall category and W:J— C is a diagram in € such that W;; is 
small relative to ‘D for every object i in J, then colim,e) W, is small relative to D. 

Proor. Let y be a cardinal such that W; is y-small relative to D for every 
object 7 in J (see Lemma 10.4.6), let 6 be the cardinal of the set of morphisms 
in J, and let « be the first cardinal greater than both y and 6; we will show that 
colim;c7 W, is x-small relative to D. 

Let \ be a regular cardinal such that A > «, and let 

Xo X19 Xg 9-H XB (B <A) 

be a A-sequence in € such that the map Xg — Xg4i is in D for all B < 2. 
If we have a map f: colime) W; — colimg<, Xg, then for every object j in J 
the composition of f with the natural map W, — colimics W; defines a map 
f;: W, — colimg<) Xg. Since W, is small relative to D and 4 is a large enough 
regular cardinal, there exists an ordinal 8, < \ such that f; factors through Xg,. 

If we let 8 = Useous 8,, then (since 4 is a regular cardinal) 6 < 4, and the dotted 
arrow g, exists in the diagram 

Ww; 
- - Sy 
5, 

X; lima X A——_ 8 oN 4B 

for every object j in J, ; 

Ifs: 7 + kis amorphism in J, then the composition W, W., w, X% need 
not equal the map g,: W, — X64, but their compositions with the natural map 
Xg — colimg<, X¢g are equal. Since the natural map of sets colimg<, C(W,, Xg) > 

C(W,,, colimg<, Xg) is an isomorphism, there must exist an ordinal Bs < X such 
that their compositions with the map Xz, — Xa. are equal. If we let B = 

Us: 7 a)e9 Bs, then (since \ is a regular cardinal) we have 6 < X. If, for every 

object 7 of J, we let g; equal the composition W; %, Xg — XQ, then for every 
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morphism s: j > k in J the triangle 

Ww, Ww;— W;,, 

\ | 
9 

Xp 
coramutes, and so the g, define a map g: colimie3 Wi — X A whose composition 
with the natural map Xj — colimg<, Xg equals f. Thus, the map 

colim C(colim W,, Xg) — C(colim W;,colim Xg) 
Ber 2€I 2€9 Ber 

is surjective. 
To show that that map is also injective, let g’: colimie7 W; + Xg be a map 

whose composition with the natural map Xg — colimg<, Xg equals f. For every 
object 7 in J the compositions 

W; > colim W; 4 X4 — colim Xg 
2€9 B<r 

and 

W,; — colimW, 4, Xj > colim Xg 
169 B<r 

are equal, and so there exists an ordinal a; < A such that the compositions 

W,—-colimW, 4 X; > Xa 
; ied B 3 

and 

W,; — colimW; 2+ Xj > Xa, 
i€J 

are equal. If we let @ = U, cop) J, then a < A and the compositions 

colim W; + X3 > Xa and colim W; + Xj > Xa 
ied 163 

are equal, and so the map 

li lim W;, X im W;,, colim X, ogee Cleggyn Wa Xa) — login Ws cpase Xa) 
is an isomorphism. O 

COROLLARY 10.4.9. Let © be a cocomplete category, let D be a subcategory of 
€, and let I be a set of maps in © whose domains and codomains are small relative 
to D. If X is small relative to D and the map X — Y is a transfinite composition 
of pushouts of elements of I, then Y is small relative to D. 

Proor. This follows from Proposition 10.4.8, using a transfinite induction. O 

10.5. The small object argument 

10.5.1. Injectives, cofibrations, and relative cell complexes. 

DEFINITION 10.5.2. Let © be a category, and let J be a set of maps in C. 

(1) The subcategory of I-injectives is the subcategory of maps that have the 
right lifting property (see Definition 7.2.1) with respect to every element 
of I. 
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(2) The subcategory of I-cofibrations is the subcategory of maps that have the 
left lifting property (see Definition 7.2.1) with respect to every J-injective. 
An object is I-cofibrant if the map to it from the initial object of € is an 
I-cofibration. 

REMARK 10.5.3. The term I-injective comes from the theory of injective classes 
((36]). The map p: X — Y is an I-injective if and only if, in the category (C | Y) 
of objects over Y,, the object p is injective relative to the class of maps whose image 
under the forgetful functor (C | ¥Y) — € is an element of J. The term I-cofibration 
comes from Proposition 11.2.1, which asserts that if J is the set of generating 
cofibrations of a cofibrantly generated model category (see Definition 11.1.2), then 
the I-cofibrations are the cofibrations of the model category. 

EXAMPLE 10.5.4. If I is the set of inclusions OA[n] — Al[n] in SS, then the 
I-injectives are the trivial fibrations, and the J-cofibrations are the inclusions of 
simplicial sets (see Proposition 7.2.3). 

EXAMPLE 10.5.5. If J is the set of inclusions A[n, k] > A[n] in SS, then the J- 
injectives are the Kan fibrations, and the J-cofibrations are the trivial cofibrations 
(see Proposition 7.2.3). 

PROPOSITION 10.5.6. Let C be a category and let J and K be sets of maps in 
€. If every J-injective is a K-injective, then every K-cofibration is a J-cofibration. 

ProoF. This follows directly from the definitions (see Definition 10.5.2). 0 

PROPOSITION 10.5.7. Let C be a category and let J and K be sets of maps in 
€. If the subcategory of J-injectives equals the subcategory of K-injectives, then 
the subcategory of J-cofibrations equals the subcategory of K-cofibrations. 

Proor. This follows from Proposition 10.5.6. 0 

DEFINITION 10.5.8. If © is a category that is closed under small colimits and 
I is a set of maps in €, then 

(1) the subcategory of relative I-cell complezes (also known as the subcate- 
gory of regular I-cofibrations) is the subcategory of maps that can be con- 
structed as a transfinite composition (see Definition 10.2.2) of pushouts 
(see Definition 7.2.10) of elements of J, 

(2) an object is an I-cell complex if the map to it from the initial object of € 
is a relative I-cell complex, and 

(3) a map is an inclusion of I-cell complezes if it is a relative I-cell complex 
whose domain is an [-cell complex. 

REMARK 10.5.9. Note that Definition 10.5.8 defines a relative I-cell complex 
to be a map that can be constructed as a transfinite composition of pushouts of 
elements of J, but it does not assume that there is any preferred such construction. 
In Definition 10.6.3 we define a presented relative I-cell complex to be a relative 
T-cell complex together with a choice of such a construction. 

PROPOSITION 10.5.10. If © is a category and I is a set of maps in C, then every 
relative I-cell complex is an I-cofibration (see Definition 10.5.2). 

Proor. This follows from Lemma 7.2.11 and Lemma 10.3.1. O 



198 10. ORDINALS, CARDINALS, AND TRANSFINITE COMPOSITION 

PROPOSITION 10.5.11. If M is a category and I is a set of maps in M, then a 
retract of a relative I-cell complex is an I-cofibration. 

PROOF. This follows from Proposition 10.5.10 and Lemma 7.2.8. O 

DEFINITION 10.5.12. Let M be a cocomplete category and let I be a set of 
maps in M. 

(1) If « is a cardinal, then an object is x-small relative to I if it is x-small rel- 
ative to the subcategory of relative I-cell complexes (see Definition 10.4.1 
and Definition 10.5.8). 

(2) An object is small relative to I if it is x-small relative to I for some cardinal 
K. 

PROPOSITION 10.5.13. Let © be a cocomplete category and let I be a set of 
maps in ©. If K is a set of relative I-cell complexes, then an object that is small 
relative to I is also small relative to K. 

PRoor. Since every relative K-cell complex is also a relative I-cell complex, 
a A-sequence of relative K-cell complexes is also a A-sequence of relative I-cell 
complexes. The result now follows from Proposition 10.2.12 and Theorem 10.1.5. 

O 

10.5.14. The small object argument. 

DEFINITION 10.5.15. If M is a category and J is a set of maps in M, then 
(following D. M. Kan) we say that I permits the small object argument if the 
domains of the elements of J are small relative to J (see Definition 10.5.12 and 
Definition 10.5.8). 

PROPOSITION 10.5.16 (The small object argument). If C is a cocomplete cat- 
egory and I is a set of maps in © that permits the small object argument (see 
Definition 10.5.15), then there is a functorial factorization of every map in © into 
a relative I-cell complex (see Definition 10.5.8) followed by an I-injective (see Def- 
inition 10.5.2). 

Proor. Lemma 10.4.6 implies that we can choose a regular cardinal A such 
that every domain of an element of J is A-small relative to the subcategory of 
relative I-cell complexes. If g: X — Y is a map in C, then we will factor g as 

X 4 E, 2 Y, where j is the transfinite composition of a \-sequence 

X = E° —— EF! —— EE? —> .-. —3 Bf —> --- (B < X) 
Po Pi ae 

Ps 

Y 

in which each B¥ — E%*! is a pushout of a coproduct of elements of I, each 
E? comes with a map PB: E® — Y such that all the triangles commute, and 
p = colimge) pg. 
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We begin by letting E° = X and letting pop: E° > Y equal g. Given E%, we 
have the solid arrow diagram 

(10.5.17) J] 4 ——> pA > pot 
(A,B, eI y 

M(A,,E?) xm ¢4,,.¥) M(B, Y) 
| Pe PB+. 

B, —— Y 
(A,B, )el 

M( Ar, E*°) xm(a,.¥) M(B Y) 

and we let E*+? be the pushout ([] Bi) Uqy4,) E%. If y is a limit ordinal, we 
let EY = colimg<, E®, and we let Ey = colimg<, E*. The construction of the 
factorization X — E; — Y makes it clear that it is functorial. Proposition 10.2.7, 
Lemma 7.2.13, and Lemma 10.2.13 imply that X — Ey, is a relative J-cell complex, 
and so it remains only to show that E; — Y is an J-injective. 

Given an element A — B of I and a solid arrow diagram 

(10.5.18) A—— Er 

[ | 
B— Y 

we must show that the dotted arrow exists. Since E; = colimg<y E* and A is 
A-small relative to J, the natural map of sets colimg<, M(A, E*) — M(A,Ey) is an 
isomorphism. Thus, the map A — E; factors through E* — Ey for some f < 4, 
and we have the solid arrow diagram 

A +P > RP+1 ——4 E, 

| [27 
B——Y 

The construction of F°+! implies that the dotted arrow exists, and this dotted 
arrow defines the dotted arrow in Diagram 10.5.18. O 

DEFINITION 10.5.19. Let € be a cocomplete category, let J be a set of maps 
in @, and let A be an ordinal. If we apply the construction in the proof of Propo- 
sition 10.5.16 to a map g: X — Y using the set J and the ordinal 4 to obtain the 
factorization X — EH; — Y, then we will call Ey; the object obtained by applying 
the small object factorization with the set I and the ordinal X to the map g. 

PROPOSITION 10.5.20. Let € be a cocomplete category, let I be a set of maps in 

€, and let \ be an ordinal. If the map g: X — Y is a retract of the map g: XY 
and we apply the small object factorization to both g and g using the set I and the 
ordinal X (see Definition 10.5.19), then the factorization X — Ey; — Y obtained 
from g is a retract of the factorization X — E; —Y obtained from § g. 

Proor. At each step in the construction of Ey and Er, the factorization X — 
E® Y is a retract of the factorization X — B8 4 Y. oO 
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COROLLARY 10.5.21. Let C be a cocomplete category and let I be a set of maps 
in @. If « is a regular cardinal such that the domains of the elements of I are K- 
small relative to I, then there is a functorial factorization of every map in © into 
the composition of a K-sequence of pushouts of coproducts of elements of I followed 
by an I-injective. 

PROOF. This is identical to the proof of Proposition 10.5.16 if we choose the 
cardinal] \ in that proof to equal «x. oO 

COROLLARY 10.5.22. If © is a cocomplete category, I is a set of maps in C 
that permits the small object argument, and g: X — Y is an I-cofibration (see 
Definition 10.5.2), then g is a retract of a relative I-cell complex. 

PrRooF. If we apply the factorization of Proposition 10.5.16 to g, we obtain 

x4 E; » Y in which j is a relative I-cell complex and p is an J-injective. The 
result now follows from the retract argument (see Proposition 7.2.2). a) 

COROLLARY 10.5.23. Let C be a cocomplete category. If I is a set of maps 
in @ that permits the small object argument, then the class of I-cofibrations (see 
Definition 10.5.2) equals the class of retracts of relative I-cell complexes (see Defi- 
nition 10.5.8). 

ProoF. This follows from Proposition 10.5.10, Proposition 10.5.11, and Corol- 
lary 10.5.22. O 

10.5.24. Smallness and cofibrations. 

LEMMA 10.5.25. Let C be a cocomplete category, let I be a set of maps in M 
that permits the small object argument (see Definition 10.5.15), and let « be a 
regular cardinal such that the domain of every element of I is K-small relative to 
I (see Lemma 10.4.6). If \ is an ordinal and Xp — X,; — Xo ::: => Xz ee 
(8 < A) is a A-sequence of I-cofibrations, then there is a A-sequence Xo 9X1 > 
Xyro-- Xp — +--+» (8 < A) of relative I-cell complexes and maps of -sequences 

os (10.5.26) Xp Xp 9 Ky . 

»| »| _ i 
Xo > &, > Xo zee 4 

Lol tl : 
> Xo 

CO) fof 

Xo 4 Xy ; Seas 
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Se
 

ie
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a
 

i—
—

_—
 

Ta 

pa
th

 
D

B
 

D
B

 

e
—

—
_
 

8 
Ay Se

 
D
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such that, for every 8B < 4, 

(1) the composition rgig is the identity map of Xg, and 

(2) the map Tg: Xg — Xg4q, is the composition of a «-sequence of pushouts 
of coproducts of elements of I. 

Proor. We let Xo = Xo, and we let both ig and ro be the identity map of 
x o- If @ is an ordinal such that @ +1 < A and we’ve defined the sequence through 
Xg, then we apply the factorization of Corollary 10.5.21 to the map ogrg: Xg > 
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Xg4i to obtain Xp 78, X41 Tbh, Xg+41, in which 7g is the composition of a 
K-sequence of pushouts of coproducts of elements of J and rg4, is an J-injective. 
Since rg4iTpig = Sargig = og, we now have the solid arrow diagram 

~ Taig 
Xg —? X p+ 

4 

| tae | 
og TA+tL 

X p41 == Xp+1 
in which og is an JI-cofibration and rg, is an J-injective, and so there exists a 
dotted arrow ig41 such that ig419g = Tgtg and Tastes = Lxeys- 

For every limit ordinal y such that y < A, we let Xx, = colimg<y Xa, ty = 
colimg<y ig, and ry = colimg<, Tg. 

THEOREM 10.5.27. Let C be a cocomplete category and let I be a set of maps 
in @ that permits the small object argument (see Definition 10.5.15). If W is an 
object that is small relative to I, then it is small relative to the subcategory of all 
I-cofibrations. 

PROOF. Let u bea cardinal such that W is u-small relative to J. Lemma 10.4.6 
implies that there is a cardinal « such that the domain of every element of J is x- 
small relative to I. If v is the first cardinal greater than both yu and x, then we will 
show that W is v-small relative to the subcategory of J-cofibrations. 

Let A be a regular cardinal such that A > v and let Xp — X) — X27 --- 
Xg—--- (8 <A) be @ A-sequence of J-cofibrations. Lemma 10.5.25 implies that 

there is a A-sequence Xo = X, = Xo ea Xp —--- (8 < ) of relative I-cell 
complexes and maps of A-sequences as in Diagram 10.5.26 satisfying the conclusion 
of Lemma _10.5.25. Proposition 10.2.15 implies that, after interpolations, the A- 
sequence Xp > X) — Xg > -'- 97 Xg > --- (B < A) is a A-sequence of relative 
T-cell complexes, and so Proposition 10.2.12 and Theorem 10.1.5 imply that the 
map of sets colimg<, M(W, Xg) — M(W,colimg<, Xg) is an isomorphism. Since 
the map of sets colimgc, M(W, Xg) — M(W, colimge, Xg) is a retract of this 
isomorphism, it is also an isomorphism. O 

10.6. Subcomplexes of relative I-cell complexes 

If € is a cocomplete category and J is a set of maps in C, then a relative J-cell 
complex is a map that can be constructed as a transfinite composition of pushouts 
of coproducts of elements of J (see Definition 10.5.8 and Proposition 10.2.14). To 
consider “subcomplexes” of a relative I-cell complex, we need to choose a “presen- 
tation” of it (see Definition 10.6.2), ie., a particular such construction. In Defi- 
nition 10.6.3, we define a presented relative I-cell complex to be a relative J-cell 
complex together with a chosen presentation. 

10.6.1. Presentations of relative [-cell complexes. 

DEFINITION 10.6.2. Let C be a cocomplete category and let J be a set of maps 
in @. If f: X — Y is a relative I-cell complex (see Definition 10.5.8), then a 
presentation of f is a pair consisting of a A-~sequence 

X =X) > Xy 9 Xg 7° XB: (8 < A) 
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(for some ordinal A) and a sequence of ordered triples 

{(7?,e7,h*)} 4, 
such that 

(1) the composition of the \-sequence is isomorphic to f, and 
(2) for every B < X 

e T9 is a set, 
e ef is a function ef: T8 J, 
e if i € T® and ef is the element C; — D,; of I, then nb is a map 

hP: C; + Xg such that there is a pushout diagram 

[[¢: —_ I] D, 
Ts TA 

“|| 
Xg—— Xgai - 

Ifthe map f: @— Y (where @ is the initial object of C) is a relative J-cell complex, 
then a presentation of f will also be called a presentation of Y. 

DEFINITION 10.6.3. If © is a cocomplete category and J is a set of maps in 
C, then a presented relative I-cell complez is a relative I-cell complex f: X — Y 
together with a particular presentation (xX = Xy — Xi — X2 > --- — XB 

(B< d), {79, eh} gen) of it (see Definition 10.6.2). A presented relative 
I-cell complex in which X = @ (the initial object of @) will be called a presented 
I-cell complez. 

DEFINITION 10.6.4. Let © be a cocomplete category and let I be a set of 
maps in ©. If (f: X > ¥Y,X = Xp —> X) — X27 -- O Xper- (B < 
d), {7%,e%, h?}¢~,) is a presented relative I-cell complex (see Definition 10.6.3), 
then 

) the presentation ordinal of f is 4, 
) the set of cells of f is []g.,T®, 
) the size of f is the cardinal of the set of cells of f, 
) if e is a cell of f, the presentation ordinal of e is the ordinal 6 such that 

ee T?, and 
(5) if 6 < 4, then the B-skeleton of f is Xg. 

PROPOSITION 10.6.5. If © is a cocomplete category and I is a set of maps in C, 
then a presented relative I-cell complex is entirely determined by its presentation 
ordinal \ (see Definition 10.6.4) and its sequence of triples {(T, e®, h®)}gey. 

Proor. This follows directly from the definitions. Oo 

10.6.6. Subcomplexes of relative I-ce]l complexes. 

DEFINITION 10.6.7. Let © be a cocomplete category and let I be a set of 
me eee Pree Vis a pete Xp > X, 3 Xg 9 ++ A Xgr-: (BK 
dr), {78,8 h8}g-,) is a presented relative I-cell complex, then a subcomples | of f consists of a presented relative J-cell complex { f: x- Y, X= Xo + X 1— Xo —> 
3 Xg—--) (8 <2), {T?,e, h?} ge) such that 
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(1) for every 6 < X the set T° is a subset of T? and é° is the restriction of 
e® to TF, and 

(2) there is a map of \-sequences 

»
 

oO
o ta
t 

>
) 

n
N

 

such that, for every @ < and every 7 € T®, the map he a OF Xp is a 
factorization of the map h®: C; > Xg through the map Xp — Xz. 

REMARK 10.6.8. Although a subcomplex of a cell complex is defined to be a 
presented relative I-cell complex, we will often abuse language and refer to the 
A-sequence associated with the subcomplex, or the colimit of that A-sequence, as 
the subcomplex. 

10.6.9. The case of monomorphisms. 

PROPOSITION 10.6.10. If C is a cocomplete category and I is a set of maps in C 
such that relative I-cell complexes (see Definition 10.5.8 and Proposition 10.2.14) 
are monomorphisms, then a subcomplex of a presented relative I-cell complex (see 
Definition 10.6.7) is entirely determined by its set of cells {T°}g-, (see Defini- 
tion 10.6.4). 

ProoF. The definition of a subcomplex implies that the maps Xp — Xg are all 
inclusions of subcomplexes. Since inclusions of subcomplexes are monomorphisms, 
there is at most one possible factorization h® of each h? through x gp Xe. 0 

PROPOSITION 10.6.11. Let © be a cocomplete category and let J be a set of maps 
in @ such that relative I-cell complexes are monomorphisms. If (f: X — Y,X = 
Xp 9 X13 X_ + Ker (8 < A), {T%,€%, kh }9,) is a presented 
relative I-cell complex, then an arbitrary subcomplex of f can be constructed by 
the following inductive procedure: 

(1) Choose an arbitrary subset T° of T°. 
(2) If 8 < X and we have defined {T7}.<g, then we have determined the 

object Xp and the map Xp — Xg (where Xp is the object that appears 
in the A-sequence associated with the subcomplex). Consider the set 

{ie T? | h®: C; + Xq factors through Xg — Xp} 

Choose an arbitrary subset T® of this set. For every 1 € T° there is a 
unique map Ae: C; — Xg that makes the diagram 
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commute. Let Xpri be defined by the pushout diagram 

I] C; —) I] D; 
Te Te 

mw | 
Xpg—> Xp - 

ProoF. This follows directly from the definitions. O 

REMARK 10.6.12. If © is a cocomplete category, I is a set of maps in © such 
that relative I-cell complexes are monomorphisms, and (f: X — Y,X = X99 - 
Xi 3 Xp 4+ 4 Xga--- (8B < A), {T%,€%,h?}g<y) is a presented relative 
I-cell complex, then not every sequence {Té Jaca of subsets of {T?}g<, determines 
a subcomplex of f. Given such a sequence {T"},<,, it determines a subcomplex of 
f if and only if it satisfies the inductive conditions described in Proposition 10.6.11. 

10.7. Cell complexes of topological spaces 

A cell complex in Topi.) is a topological space built by a sequential process of 
attaching cells. The class of cell complexes includes the class of CW-complexes, but 
the attaching map of a cell in a cell complex need not be contained in a union of cells 
of lower dimension. Thus, while a CW-complex can be built by a countable process 
of attaching coproducts of cells, a general cell complex may require an arbitrarily 
long transfinite construction. 

The main disadvantage of using cell complexes that are not CW-complexes 
is that the cell structure cannot be used to compute the homology groups of the 
space. Cell complexes, however, have all the convenient mapping properties of 
CW-complexes, and the small object factorization (see Definition 10.5.19) produces 
cell complexes. Cell complexes and their retracts are the cofibrant objects in the 
standard model category of topological spaces (see Example 11.1.8, Example 11.1.9, 
and Corollary 11.2.2). 

DEFINITION 10.7.1. Let Top denote our category of (unpointed) topological 
spaces and let Top, denote our category of pointed topological spaces. 

e A relative cell complex in Top is a map that is a transfinite composition 
(see Definition 10.2.2) of pushouts (see Definition 7.2.10) of maps of the 
form |OA{n|| > |A[n|| for n > 0. The topological space X in Top is a, cell 
complex if the map 9 — X is a relative cell complex, and it is a finite cell 
complez if the map # — X is a finite composition of pushouts of maps of 
the form |@A([n]| > |A[n]| for n > 0. 

e A relative cell complez in Top, is a map that is a transfinite composition 
of pushouts of maps of the form |@A[n]|+ — |A[n]|* for n > 0. The 
topological space X in Top, is a cell complex if the map * > X is a 
relative cell complex, and it is a finite cell complex if the map * — X is 
a finite composition of pushouts of maps of the form |OA(n]|* — |A[n]|* 
for n > 0. 

EXAMPLE 10.7.2. A relative CW-complex in Top;,) is a relative cell complex, 
and a CW-complex in Topy,) is a cell complex. 
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REMARK 10.7.3. Definition 10.7.1 implies that a relative cell complex in Top;,) 
is a map that can be constructed as a transfinite composition of pushouts of in- 
clusions of the boundary of a cell into that cell, but there will generally be many 
different possible such constructions. When dealing with a topological space that 
is a cell complex or a map that is a relative cell complex, we will! often assume that 
we have chosen some specific such construction. Furthermore, we may choose a 

construction of the map as a transfinite composition of pushouts of coproducts of 
cells, i.e., we will consider constructions as transfinite compositions in which more 
than one cell is attached at a time (see Proposition 10.2.7). 

PROPOSITION 10.7.4. If X — Y is a relative cell complex in Top,,), then a 
compact subset of Y can intersect the interiors of only finitely many cells of Y —X. 

Proor. Let C be a subset of Y; we will show that if C intersects the interi- 
ors of infinitely many cells of Y — X, then C has an infinite subset that has no 
accumulation point (which implies that C is not compact). 

Suppose now that C’ intersects the interiors of infinitely many cells of Y — X. 
We construct a subset P of C by choosing one point of C from the interior of each 
cell whose interior intersects C. We will now show that this infinite subset P of C 
has no accumulation point in C. We will do this by showing that for every point 
c € C there is an open subset U of Y such that c € U and UMP is either empty 
or contains the one point c. 

Let e, be the unique cell of Y — X that contains c in its interior. Since there is 
at most one point of P in the interior of any cell of Y — X, we can choose an open 
subset U, of the interior of e, that contains no points of P (except for c, if c € P). 
We will use Zorn’s lemma to show that we can enlarge U, to an open subset of Y 
that contains no points of P (except for c, if c € P). 

Let @ be the presentation ordinal (see Definition 10.6.4) of the cell e,. If the 
presentation ordinal of the relative cell complex X — Y is y, consider the set T' of 
ordered pairs (@,U) where a < 6 < y and U is an open subset of Y% such that 
UnY* =U, and U contains no points of P except possibly c. We define a preorder 
on T by defining (Ai; U;) < (Bo, U2) if B, < Be and Up nye = U,. 

If {(65,Us)}ses is a chain in T, then (Uses Ps, Uses Us) (see Section 10.1.1) 
is an upper bound in T for the chain, and so Zorn’s lemma implies that T' has a 
maximal element (Gm,Um). We will complete the proof by showing that Bn = ¥. 

If Gn < 7, then consider the cells of presentation ordinal 6, + 1. Since Y 
has the weak topology determined by X and the cells of Y — X, we need only 
enlarge U,, so that its intersection with each cell of presentation ordinal 6,, + 1 
is open in that cell, and so that it still contains no points of P except possibly c. 
If h: S*-) — Ym js the attaching map for a cell of presentation ordinal Bm + 1, 
then h-+U,, is open in S*~!, and so we can “thicken” h—~'U,, to an open subset of 
D”, avoiding the (at most one) point of P that is in the interior of the cell. If we 
let U’ equal the union of U,, with these thickenings in the interiors of the cells of 
presentation ordinal 6, + 1, then the pair (G,, +1,U’) is an element of T greater 
than the maximal element (Gn,Um) of T. This contradiction implies that Bn = 7, 
and so the proof is complete. a) 

COROLLARY 10.7.5. A compact subset of a cell complex in Top;,) can intersect 
the interiors of only finitely many cells. 
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ProoF. This follows from Proposition 10.7.4. 0 

PROPOSITION 10.7.6. Every cell of a cell complex in Topi.) is contained in a 

finite subcomplex of the cell complex. 

ProoF. If we choose a presentation of the cell complex X (see Definition 10.6.2), 
then the proposition follows from Corollary 10.7.5, using a transfinite induction on 
the presentation ordinal of the cell. The attaching map of any cell intersects the 
interiors of only finitely many cells, each of which (by the induction hypothesis) is 
contained in a finite subcomplex of X. 

COROLLARY 10.7.7. A compact subset of a cell complex in Top;,) is contained 
in a finite subcomplex of the cell complex. 

PROOF. This follows from Corollary 10.7.5 and Proposition 10.7.6. O 

10.8. Compactness 

DEFINITION 10.8.1. Let € be a cocomplete category and let I be a set of maps 
in C. 

(1) If y is a cardinal, then an object W in € is y-compact relative to I if, for 
every presented relative I-cell complex f: X — Y (see Definition 10.6.3), 
every map from W to Y factors through a subcomplex of f of size (see 
Definition 10.6.4) at most ¥. 

(2) An object W in C is compact relative to I if it is y-compact relative to I 
for some cardinal +. 

EXAMPLE 10.8.2. If C = SS(,) and J is the set of inclusions {@A[n] — A[n| | 
n > 0}, then every finite simplicial set is w-compact relative to I (where w is the 
countable cardinal). If > is an infinite cardinal and X is a simplicial set of size y, 
then X is y-compact relative to I. 

EXAMPLE 10.8.3. If © = Top,,) and J is the set of inclusions {|dA[n]| = 
|A[n|| | n > 0}, then Corollary 10.7.7 implies that every finite cell complex is w- 
compact relative to J (where w is the countable cardinal). If 7 is an infinite cardinal 
and X is a cell complex of size y, then Corollary 10.7.7 implies that X is y-compact 
relative to I. 

PROPOSITION 10.8.4. Let © be a cocomplete category and let I be a set of maps 
in @. If is a cardinal and an object W is y-compact relative to I, then any retract 
of W is y-compact relative to I. 

PrRooF. Let i: V — W and r: W — V be maps such that ri = ly. If 
f: X — Y is a relative I-cell complex and f: V — Y is a map, then the map 

fr: W -Y must factor through some subcomplex Z of Y of size at most y. Thus, 
fri: V —Y factors through Z, and fri = f. O 

PROPOSITION 10.8.5. Let C be a cocomplete category and let I be a set of maps 
in @. If « and X are cardinals such that « < A, then any object that is x-compact 
relative to I is also 4-compact relative to I. 

ProoF. This follows directly from the definitions. O 
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PROPOSITION 10.8.6. If © is a cocomplete category, I is a set of maps in C, and 
S is a set of objects that are compact relative to I, then there is a cardinal yy such 
that every element of S is y-compact relative to I. 

PROOF. For each element X of S, let yx be a cardinal such that X is yx- 
compact relative to I. If y is the cardinal of Uye5 yx, then Proposition 10.8.5 
implies that every element of S is y-cormmpact relative to I. QO 

PROPOSITION 10.8.7. Let © be a cocomplete category and let I be a set of maps 
in @ such that relative I-cell complexes are monomorphisms. If y is a cardinal and 
W is an object that is y-compact relative to I (see Definition 10.8.1), then W is 
(y + 1)-small relative to I. 

Proor. Let be a regular cardinal such that \ > y and let Xp — X, —- 
X27 +++ + Xg > --- (8 < A) be a A-sequence of inclusions of relative I-cell 
complexes. Since inclusions of relative I-cell complexes are monomorphisms, the 
map colimg<, C(W, Xg) — C(W, colimg< Xg) is injective, and it remains only to 
show that it 1s surjective. 

If W — colimg<, Xg is a map, then (since W is y-compact) there is a subcom- 
plex K of colim Xg, of size at most y, such that the map factors through K. For 
each cell of K there is an ordinal @ < A such that that cell is contained in Xg. Since 
A is a regular cardinal, the union py of these @ is less than 4, and K is contained in 

Xp: O 

PROPOSITION 10.8.8. Let @ be a cocomplete category and let I be a set of 
maps in @ such that relative I-cell complexes are monomorphisms. If D is a small 
category and X: D — € is a diagram such that X. is compact relative to I for 
every object a of D, then colimy X is compact relative to I. 

PROOF. Let « be a cardinal such that X, is x-compact relative to I for every 
object a of D (see Proposition 10.8.6), let 4 be the cardinal of the set of objects of 
D, and let y = Kp; we will show that colimp X is y-compact relative to I. 

If f: X — Y isa relative J-cell complex and g: colimp X — Y is a map, then 
for every object @ of D the composition Xg — colimy X 4, Y factors through 
some sub relative J-cell complex X — Wg of f of size at most x. If W is the union 
of the Wg, then W is of size at most ku = 7. If s: a > f is a map in D, then the 
triangle 

Xo 

“tN 
Xg—Y 

commutes; since the inclusion W — Y is a monomorphism, the triangle 

Xo 

x00| \ 
Xg—> W 

must commute as well, and so the maps X, — W define the map colimp X — W 
that we require. | 
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10.9. Effective monomorphisms 

DEFINITION 10.9.1. Let © be a category that is closed under pushouts. The 
map f: A— B in @ is an effective monomorphism if f is the equalizer of the pair 
of natural inclusions B 3 BU, B. 

REMARK 10.9.2. An effective monomorphism is dual to what Quillen has called 
an effective epimorphism (see (52, Part II, page 4.1]). Effective monomorphisms 
have also been called regular monomorphisms (see [1, page 2]), and effective epi- 
morphisms have also been called regular epimorphisms (see [6, Definition 4.3.1]). 

EXAMPLE 10.9.3. If € is the category of sets, then the class of effective monomor- 
phisms is the class of injective maps. 

PROPOSITION 10.9.4. If © is a category that is closed under pushouts, then a 
map is an effective monomorphism if and only if it is the equalizer of some pair of 
parallel maps. 

Proor. If f: A — B is an effective monomorphism, then it is defined to be 
the equalizer of a particular pair of maps. Conversely, if f: A — B is the equalizer 

9 
of the maps B —3 W, then the maps g and A factor as 

A 

4 

BoB, B Sw, 
ay 

and we must show that f is the equalizer of ig and i,. Since (g I1h)io = g and 
(g Uh)i, = h, this follows directly from the definitions. 0 

PROPOSITION 10.9.5. if © is a category that is closed under pushouts, then an 
effective monomorphism is a monomorphism. 

Proor. Let f: A — B be an effective monomorphism and let g: W — A and 
h: W — A be maps such that fg = fh. If ig and 4 are the natural maps from B 
to Bil, B, then iof =1,f, and so igfg = iifg and to fh = i, fh. The uniqueness 
requirement in the definition of equalizer now implies that g = h. O 

PROPOSITION 10.9.6. If C is a category that is closed under pushouts, then the 
class of effective monomorphisms is closed under retracts. 

ProoF. If f: A— B is a retract of g: C — D, then we have the diagram 

A >+C >A 

| - | 
B >D +B 

ole fh 
Bll, B——> Dllg D> BU, B 

in which all of the horizontal compositions are identity maps. If g is an effective 
monomorphism then g is the equalizer of 79 and 7,, and a diagram chase then shows 
that f is the equalizer of ig and 2. 0 



CHAPTER 11 

Cofibrantly Generated Model Categories 

A model category structure on a category consists of three classes of maps 
(the weak equivalences, the cofibrations, and the fibrations) satisfying five axioms 
(see Definition 7.1.3). Any two of these classes determine the third (see Propo- 
sition 7.2.7), but there are other ways to determine the three classes of maps as 
well. For example, the fibrations are the maps with the right lifting property (see 
Definition 7.2.1) with respect to all trivial cofibrations (see Proposition 7.2.3), and 
so the class of trivial cofibrations determines the class of fibrations. Similarly, the 
trivial fibrations are the maps with the right lifting property with respect to all 
cofibrations (see Proposition 7.2.3), and so the class of cofibrations determines the 
class of trivial fibrations. Since the weak equivalences are the maps that can be 
written as the composition of a trivial cofibration followed by a trivial fibration (see 
Proposition 7.2.6), this shows that the classes of cofibrations and of trivial cofibra- 
tions entirely determine the model category structure. In some model categories, 
this leads to a convenient description of the model category structure. 

For example, the standard model category structure on the category of simpli- 
cial sets can be described as follows: 

e A map is a cofibration if it is a retract of a transfinite composition (see 
Definition 10.2.2) of pushouts of the maps 0A[n] — A[n] for all n > 0. 

e A map is a trivial fibration if it has the right lifting property with respect 
to the maps 0A[n] — Af[n] for all n > 0. 

e A map is a trivial cofibration if it is a retract of a transfinite composition 
(see Definition 10.2.2) of pushouts of the maps A[n,k] — Afn] for alln > 1 
andOQ<k<n. 
A map is a fibration if it has the right lifting property with respect to the 
maps A[n,k] > A[n] for alln >landO<k<n. 

e A map is a weak equivalence if it is the composition of a trivial cofibration 
followed by a trivial fibration. 

These ideas lead to the notion (due to D. M. Kan) of a cofibrantly generated model 
category (see Definition 11.1.2). 

We define cofibrantly generated model categories in Section 11.1; this requires 
the notions of transfinite composition (see Definition 10.2.2) and smallness (see 
Definition 10.4.1) discussed in Chapter 10. In Section 11.2 we discuss cofibrations, 
trivial cofibrations, and smallness in cofibrantly generated model categories. 

In Section 11.3 we prove two theorems useful for establishing cofibrantly gen- 
erated model category structures: The first is a set of sufficient conditions to have 
a cofibrantly generated model category structure on a category, and the second 
provides for “lifting” a cofibrantly generated model category structure from one 

209 
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category to another via a pair of adjoint functors. In Section 11.4 we discuss com- 
pactness (see Definition 10.8.1) in a cofibrantly generated model category. 

In the remainder of the chapter we study categories of diagrams, i.e., functor 
categories (see Definition 11.5.2). If M is a cofibrantly generated model category 
and € is a small category, then there is a cofibrantly generated model category 
structure on the category of C-diagrams in M, i.e., the category of functors from 
@ to M (see Theorem 11.6.1). In Section 11.5 we describe free diagrams, which 
are diagrams constructed via the left adjoint to the functor that evaluates a C- 
diagram at a fixed object of © (see Proposition 11.5.8 and Proposition 11.5.26), 
and free cells, which are maps of C-diagrams in M constructed by applying the free 
diagram functor to the generating cofibrations of M (see Definition 11.5.30). The 
free cells will be the generating cofibrations for the model category of C-diagrams 
in M. In Section 11.6 we establish the model category of diagrams in a cofibrantly 
generated model category, and in Section 11.7 we show that if M is a cofibrantly 
generated model category that is also a simplicial category, then the model category 
of C-diagrams in M is also simplicial. 

In Section 11.8 we define overcategories and undercategories, and we use them 
in Section 11.9 to define extensions of diagrams, which generalize the idea of a free 
diagram (see Definition 11.9.1). 

11.1. Cofibrantly generated model categories 

11.1.1. Definitions. 

DEFINITION 11.1.2. A cofibrantly generated model category is a model category 
M such that 

(1) there exists a set J of maps (called a set of generating cofibrations) that 
permits the small object argument (see Definition 10.5.15) and such that 
a map is a trivial fibration if and only if it has the right lifting property 
with respect to every element of J, and 

(2) there exists a set J of maps (called a set of generating trivial cofibrations) 
that permits the small object argument and such that a map is a fibration 
if and only if it has the right lifting property with respect to every element 
of J. 

REMARK 11.1.3. Although the sets J and J of Definition 11.1.2 are not part of 
the structure of a cofibrantly generated model category, we will often assume that 
some particular set J of generating cofibrations has been chosen. 

DEFINITION 11.1.4. Let M be a cofibrantly generated model category with 
generating cofibrations I (see Remark 11.1.3). 

(1) A relative I-cell complex (see Definition 10.5.8) will be called a relative 
cell complex, and an I-cell complex (see Definition 10.5.8) will be called a 
cell complez. 

(2) If X is a cell complex and g: X — Y is a relative cell complex, then g will 
be called an inclusion of a subcomplez. 

(3) If @ + X (where @ is the initial object of M) is a finite composition of 
pushouts of elements of J, then X will be called a finite cell complez. 

We will show in Proposition 11.2.1 that in a cofibrantly generated model cate- 
gory the class of cofibrations equals the class of retracts of relative cell complexes 
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and the class of trivial cofibrations equals the class of retracts of relative J-cell 
complexes. 

11.1.5. Examples. 

EXAMPLE 11.1.6. The model category SS is cofibrantly generated. The gener- 
ating cofibrations are the inclusions @A[n] — A[n} for n > 0, and the generating 
trivial cofibrations are the inclusions A[n, k] > A{n] forn > 0 andO<k<n. 

EXAMPLE 11.1.7. The model category SS, is cofibrantly generated. The gener- 
ating cofibrations are the inclusions dA[n|* — A[n|* for n > 0, and the generating 
trivial cofibrations are the inclusions A[n,k]* — A[n]* forn >OandO<k <n. 

EXAMPLE 11.1.8. The model category Top is cofibrantly generated. The gener- 
ating cofibrations are the inclusions |@A[n]| — |Afn| for n > 0, and the generating 
trivial cofibrations are the inclusions |A[n,k]| > |A[n]| forn > 0 andO<k <n. 

EXAMPLE 11.1.9. The model category Top, is cofibrantly generated. The gen- 
erating cofibrations are the inclusions |OA{n]|+ — |A{n]|+ for n > 0, and the 
generating trivial cofibrations are the inclusions |A[n,k]|* — |A[n]|* for n > 0 
andQ<k<n. 

PROPOSITION 11.1.10. If S is a set and for every element s of S we have a 
cofibrantly generated model category M, with generating cofibrations I, and gen- 
erating trivial cofibrations J,, then the model category structure on [|,<g Mz of 
Proposition 7.1.7 is cofibrantly generated with generating cofibrations I and gen- 
erating trivial cofibrations J where 

r=, x [] 1s.) 
ses ts 

J= UU: x [[ 1s.) 
ses txts 

and where 1g, is the identity map of the initial object of M,. 

ProoF. This follows directly from the definition (see Definition 11.1.2), since 
a map has the right lifting property with respect to J, x Tlizs ly, if and only if 
its s-component is a trivial fibration and a map has the right lifting property with 
respect to Js x [],,, 14, if and only if its s-component is a fibration. 

11.2. Cofibrations in a cofibrantly generated model category 

PROPOSITION 11.2.1. Let M be a cofibrantly generated mode] category (see 
Definition 11.1.2) with generating cofibrations I and generating trivial cofibrations 
J. 

(1) The class of cofibrations of M equals the class of retracts of relative I-cell 
complexes (see Definition 10.5.8), which equals the class of I-cofibrations 
(see Definition 10.5.2). 

(2) The class of trivial fibrations of M equals the class of I-injectives (see 
Definition 10.5.2). 

(3) The class of trivial cofibrations of M equals the class of retracts of rela- 
tive J-cel]l complexes, which equals the class of J-cofibrations (see Defini- 
tion 10.5.2). 
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(4) The class of fibrations of M equals the class of J-injectives. 

Proor. This follows from Proposition 7.2.3, Proposition 10.5.11, and Corol- 
lary 10.5.22. O 

COROLLARY 11.2.2. If M is a cofibrantly generated model category with gener- 
ating cofibrations I, then every cofibrant object of M is a retract of a cell complex 
(see Definition 11.1.4). 

Proor. This follows from Proposition 11.2.1. O 

PROPOSITION 11.2.3. Let M be a cofibrantly generated model category with 
generating cofibrations I. If W is an object that is small relative to I, then it is 
small relative to the subcategory of all cofibrations. 

Proor. This follows from Theorem 10.5.27 and Proposition 11.2.1. O 

COROLLARY 11.2.4. Let M be a cofibrantly generated model category with 
generating cofibrations I. If the codomains of the elements of I are small relative 
to I, then every cofibrant object of M is small relative to the subcategory of all 
cofibrations. 

Proor. This follows from Corollary 10.4.9, Corollary 11.2.2, Proposition 10.4.7 
and Proposition 11.2.3. O 

? 

PROPOSITION 11.2.5. If M is a cofibrantly generated model category and I is 
a set of generating cofibrations for M, then there is a regular cardinal K such that 
the domain of every element of I is x-small relative to I. 

Proor. This follows from Lemma 10.4.6. O 

COROLLARY 11.2.6. Let M be a cofibrantly generated model category. If I is 
a set of generating cofibrations for M and k is a regular cardinal such that the 
domain of every element of I is x-small] relative to I (see Proposition 11.2.5), then 
there is a functorial factorization of every map in M into a cofibration that is the 
composition of a «-sequence of pushouts of coproducts of elements of I followed by 
a trivial fibration. 

Proor. This follows from Corollary 10.5.21 and Proposition 11.2.1. O 

PROPOSITION 11.2.7. If M is a cofibrantly generated model category with gen- 
erating cofibrations I, then every object X has a fibrant cofibrant approximation 
i: X — X such that X is a cell complex. 

PrRooF. This follows from Proposition 10.5.16, Proposition 10.5.10, and Prop- 
osition 11.2.1. oO 

PROPOSITION 11.2.8. If M is a cofibrantly generated model category with gen- 
erating cofibrations I, then every map g: X — Y has a cofibrant approxima- 
tion g: X — Y such _that g: X — Y is an inclusion of a subcomplex and both 

:X — X and iy: ¥Y 3Y are trivial fibrations. 

PROOF. Choose a cofibrant approximation ix: X — X such that X is a cell 
complex and 7x is a trivial fibration (see Proposition 11.2.7). We can then factor 

the composition X “45 xX 4 Y as X 4 Y “4 Y where @ is a relative I-cell 
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complex and ty is a trivial fibration (see Proposition 10.5.16). The result now 
follows from Proposition 10.5.10 and Proposition 11.2.1. 0 

PROPOSITION 11.2.9. Let M be a cofibrantly generated model category, and 
let I be a set of generating cofibrations for M. If J is a set of generating trivial 
cofibrations for M, then there is a set J of generating trivial cofibrations for M such 
that 

(1) there is a bijection between the sets J and J under which corresponding 
elements have the same domain, and 

(2) the elements of J are relative I-cell complexes. 

Proor. Factor each element j: C > D of Jas C > D 2 D where 7 is 
a relative I-cell complex and p is a trivial fibration (see Corollary 11.2.6). The 
retract argument (see Proposition 7.2.2) implies that 7 is a retract of 7. Since 7 and 
p are weak equivalences, 7 is also a weak equivalence, and so 7 is a trivial cofibration. 
Thus, if we let J = {j};e7, then J satisfies conditions 1 and 2, and it remains only 
to show that J is a set of generating trivial cofibrations for M. 

Proposition 10.5.7 implies that it is sufficient to show that the subcategory of J- 
injectives equals the subcategory of J-injectives (i.e., of fibrations). Since every 7 is 
a trivial cofibration, Proposition 7.2.3 implies that every J-injective is a J-injective, 
and since every j is a retract of 7, Lemma 7.2.8 implies that every J-injective is a 
J-injective. mt) 

PROPOSITION 11.2.10. Let M be a cofibrantly generated model category with 
generating cofibrations I. If relative I-cell complexes are effective monomorphisms 
(see Definition 10.9.1), then all cofibrations are effective monomorphisms. 

PROOF. This follows from Proposition 11.2.1 and Proposition 10.9.6. O 

PROPOSITION 11.2.11. Let M be a cofibrantly generated model category with 
generating cofibrations I. If relative I-cell complexes are monomorphisms, then all 
cofibrations are monomorphisms. 

PROOF. Since a retract of a monomorphism is a monomorphism, this follows 
from Proposition 11.2.1. Oo 

11.3. Recognizing cofibrantly generated model categories 

In this section we present two theorems of D. M. Kan that are used to establish 
a cofibrantly generated model category structure on a category. Theorem 11.3.1 is 
a recognition theorem that gives sufficient conditions to have a cofibrantly gener- 
ated model category structure on a category. Theorem 11.3.2 is a lifting theorem 
that gives sufficient conditions for a pair of adjoint functors to “lift” a cofibrantly 
generated model category structure from one category to another. 

THEOREM 11.3.1 (D. M. Kan). Let M be a category that is closed under small 
limits and colimits and let W be a class of maps in M that is closed under retracts 
and Satisfies the “two out of three” axiom (axiom M2 of Definition 7.1.3). If I and 
J are sets of maps in M such that 

(1) both I and J permit the small object argument (see Definition 10.5.15), 
(2) every J-cofibration is both an I-cofibration and an element of W, 
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(3) every I-injective is both a J-injective and an element of W, and 
(4) one of the following two conditions holds: 

(a) a map that is both an I-cofibration and an element of W is a J- 
cofibration, or 

(b) a map that is both a J-injective and an element of W is an I-injective, 

then there is a cofibrantly generated model category structure (see Definition 11.1.2) 
on M in which W is the class of weak equivalences, I is a set of generating cofibra- 
tions, and J is a set of generating trivial cofibrations. 

Proor. We define the weak equivalences to be the elements of W, the cofibra- 
tions to be the J-cofibrations, and the fibrations to be the J-injectives. We must 
show that axioms M1 through M65 are satisfied (see Definition 7.1.3). 

Axioms M1 and M2 are part of our assumptions, and axiom M3 follows from 
the assumptions on W, the definition of J-cofibration (see Definition 10.5.2), and 
Lemma 7.2.8. 

If we apply the small object argument (Proposition 10.5.16) to the set J, then 
assumption 3 implies that this satisfies axiom M5 part 1, and if we apply the small 
object argument to the set J, then assumption 2 implies that this satisfies axiom 
M5 part 2. 

It remains only to show that axiom M4 is satisfied. The proof of axiom M4 
depends on which part of assumption 4 is satisfied. If assumption 4a is satisfied, 
then axiom M4 part 2 is clear. For axiom M4 part 1, if f: X — Y is botha 
fibration and a weak equivalence, we can factor it as X 4 Z /, Y where g is an 
I-cofibration and A is an J-injective. Axiom M2 and assumption 3 imply that g 
is also a weak equivalence, and so assumption 4a implies that g is a J-cofibration. 
Since f is a J-injective, the retract argument (Proposition 7.2.2) implies that f is 
a retract of h, and is thus an J-injective (see Lemma 7.2.8). This proves axiom M4 
part 1, and go the proof in the case that assumption 4a is satisfied is complete. The 
proof in the case in which assumption 4b is satisfied is similar. O 

THEOREM 11.3.2 (D. M. Kan). Let M be a cofibrantly generated model cat- 
egory (see Definition 11.1.2) with generating cofibrations I and generating trivial 
cofibrations J. Let N be a category that is closed under small limits and colimits, 
and let F: M 2N :U be a pair of adjoint functors. If we let FI = {Fu | u € I} 
and FJ = {Fv | v € J} and if 

(1) both of the sets FI and FJ permit the small object argument (see Defi- 
nition 10.5.15) and 

(2) U takes relative F J-cell complexes (see Definition 10.5.8) to weak equiv- 
alences, 

then there is a cofibrantly generated model category structure on N in which FI is 
a set of generating cofibrations, FJ is a set of generating trivial cofibrations, and 
the weak equivalences are the maps that U takes into a weak equivalence in M. 
Furthermore, with respect to this model category structure, (F,U) is a Quillen pair 
(see Definition 8.5.2), 

Proor. Let W be the class of maps in N that U takes to a weak equivalence 
in M; we will show that W, FJ, and FJ satisfy the conditions of Theorem 11.3.1. 

Since any functor preserves retract and compositions, W is closed under retracts 
and satisfies the “two out of three” axiom. 
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Part 1 of Theorem 11.3.1 is one of our assumptions about the sets FJ and FJ. 
For part 2 of Theorem 11.3.1, our assumptions imply that relative F J-cell com- 

plexes are elements of W, and so Corollary 10.5.22 implies that every FJ-cofibration 
is an element of W. Since every J-injective is a J-injective, Proposition 7.2.17 im- 
plies that every FJ-injective is an F J-injective, and so Proposition 10.5.6 implies 
that every FJ-cofibration is an FJ-cofibration. 

For part 3 of Theorem 11.3.1, we showed in the last paragraph that every 
FJ-injective is an FJ-injective, and Proposition 7.2.17 implies that U takes every 
FJ-injective to a trivial fibration in M. 

For part 4 of Theorem 11.3.1, we will show that condition b holds. If g: X —- Y 
is both an FJ-injective and an element of W, then Proposition 7.2.17 implies that 
Ug is both a J-injective and a weak equivalence in M. Thus, Ug is a trivial fibration 
in M, and so it is an J-injective. Proposition 7.2.17 now implies that g is an FJ- 
injective. 

Finally, since left adjoints preserve all colimits, F takes all relative I-cell com- 
plexes to relative FJ-cell complexes and all relative J-cell complexes to relative 
F J-cell complexes. Since every functor preserves retracts, Proposition 11.2.1 im- 
plies that F is a left Quillen functor, and so Proposition 8.5.3 implies that (F, U) 
is a Quillen pair. O 

11.4. Compactness 

DEFINITION 11.4.1. Let M be a cofibrantly generated model category with 
generating cofibrations J. 

(1) If 7 is a cardinal, then an object W in M is y-compact if it is y-compact 
relative to I (see Definition 10.8.1). 

(2) An object W in M is compact if there is a cardinal y for which it is 
7y-compact. 

EXAMPLE 11.4.2. If M = SS), then every finite simplicial set is w-compact 
(where w is the countable cardinal). If 7 is an infinite cardinal and X is a simplicial 
set of size 7, then X is y-compact. 

EXAMPLE 11.4.3. If M = Topy,), then Corollary 10.7.7 implies that every finite 
cell complex is w-compact (where w is the countable cardinal). If y is an infinite 
cardinal and X is a cell complex of size +, then Corollary 10.7.7 implies that X is 
7y-compact. 

PROPOSITION 11.4.4. Let M be a cofibrantly generated model category with 
generating cofibrations I. If y is a cardinal and an object W in M is y-compact, 
then any retract of W is y-compact. 

Proor. This follows from Proposition 10.8.4. O 

PROPOSITION 11.4.5. Let M be a cofibrantly generated model category with 
generating cofibrations I. If « and X are cardinals such that x < 4, then any object 
of M that is x-compact is also \-compact. 

Proor. This follows directly from the definitions. a) 

PROPOSITION 11.4.6. If M is a cofibrantly generated model category with gen- 
erating cofibrations I and S is a set of objects that are compact, then there is a 
cardinal y such that every element of S is y-compact. 
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PROOF. This follows from Proposition 10.8.6. O 

PROPOSITION 11.4.7. Let M beacofibrantly generated model category in which 
cofibrations are monomorphisms and let I be a set of generating cofibrations for 
M. If the domains and codomains of the elements of I are compact (see Defini- 
tion 11.4.1), then every cofibrant object is compact. 

Proor. Since an I-cell complex is the colimit of a A-sequence of codomains 
of elements of J, the result follows from Proposition 10.8.8, Corollary 11.2.2, and 
Proposition 11.4.4. oO 

PROPOSITION 11.4.8. Let M be acofibrantly generated model category in which 
cofibrations are monomorphisms. If y is a cardinal and K is a set of cofibrations 
whose domains are -y-compact (see Definition 11.4.1), then every K-cell of a relative 
K-cell complex (see Definition 10.5.8) is contained in a sub relative K-cell complex 
(see Definition 10.6.7) of size (see Definition 10.6.4) at most +. 

ProoF. If f: X > Y is a relative K-cell complex, then we can write f as the 
composition of a A-sequence X = Xp > X) — X23 --- 3 Xg--: (8 <A)in 
which each map Xg — Xg41 is a pushout of an element of K. We will show by 
induction on that the attaching map of each K-cell factors through a sub relative 
K-cell complex of size at most +. The induction is begun because the attaching 
map of the K-cell of presentation ordinal 1 has codomain X = Xo. 

We now assume that a < A and that every K-cell of X — Xq is contained in 
a subcomplex of size at most 7. Let C — D be the element of K such that Xq4) 
is constructed as a pushout 

C — D 

Xe ->Xasi 5 
we must show that h®° factors through a sub relative K-cell complex of size at most 
y. Lemma 10.5.25 implies that we can find a diagram 

o2 oC o Xo —4 X1 —> X2 poe > Xo 

to ty 22 te 

~ 7) ~ 1 ww 72 ~ 
X24 ¥, 4%, FX, 

TO TI T2 Ta 

w vy Sad o2 a 
oo 1 

Xo —— X) > Xo dose + Xe 

such that rgig = 1x, for @ < a and every 7g is a relative I-cell complex (where 

I is the set of generating cofibrations for M). Thus, the composition Xo — Xa 
is a relative I-cell complex, and so the composition tah®: CoH Xa must factor 
through some sub relative I-cell complex Xo > C of Xo > Xa Of size at most 
y. We will complete the proof by showing that the composition V > X, 7 Xq 
factors through a sub relative K-cell complex of Xp — X,q of size at most ¥. 

For each I-cell of V there is exactly one G < @ such that that cell is a part of 
Tg, and (by the induction hypothesis) the corresponding relative K-cell og: Xg - 
Xg+1 is contained in a sub relative K-cell complex of Xp — X,q of size at most 
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y. If we take the union Z of these sub relative K-cell complexes, then the relative 
K-cell complex Xo — Z has size at most 7 x 7 = ¥ (since ¥ is infinite), and the 
composition V + X, — Xq factors through the inclusion Z > Xq. O 

PROPOSITION 11.4.9. Let M be a cofibrantly generated model category in which 
cofibrations are monomorphisms and let K be a set of cofibrations with compact 
domains (see Definition 11.4.1). If an object W of M is compact, then it is compact 
relative to K. 

Proor. Let y be an infinite cardinal such that W and the domains of the 
elements of K are y-compact (see Proposition 11.4.6); we will show that W is 
y-compact relative to K. 

Let X = Xp — Xi — X2 > --- +> Xg---- (B < A) be a A-sequence of 
pushouts of elements of K, let X, =colimg<, Xg be the colimit of that sequence, 
and let g: W — X) be a map; we will show that g factors through a sub relative 
K-cell complex of f: X9 — X) of size at most ¥. 

Lemma 10.5.25 implies that we can find a diagram 

o2 Xp 24 Xi 4 X, yen » Xe yes 

»| a »| ig 
~ TO ls 72 ~ 
Xo > X1 > X_ 9 9 Xp 

"| n| "| Ts 
o ~~ 

Cc o2 Xp — X,} —— & yo 4 Xe yee 

such that rgig = 1x, for @ < A and every 7g is a relative I-cell complex (where I 

is the set of generating cofibrations for M). Thus, the composition Xo 7 Xy isa 
relative I-cell complex, and so the composition 79: W — X» must factor through 
some sub relative I-cell complex Xo — V of Xo + X) of size at most 7. We 
will complete the proof by showing that the composition V > X\ > X) factors 
through a sub relative K-cell complex of Xp — X) of size at most +. 

For each I-cell of V there is exactly one @ < \ such that that cell is a part of 
7g, and Proposition 11.4.8 implies that the corresponding relative K-cell ag: Xg —- 
Xg+1 is contained in a sub relative K-cell complex of Xo — X) of size at most 
y. If we take the union Z of these sub relative K-cell complexes, then the relative 
K-cell complex Xo — Z has size at most y x 7 = ¥ (since ¥ is infinite), and the 
composition V > Xy — X) factors through the inclusion Z > Xj. O 

11.5. Free cell complexes 

11.5.1. Diagram categories. 

DEFINITION 11.5.2. Let C and M be categories. 

(1) A C-diagram in M is a functor from C to M. 
(2) a map of C-diagrams in M from the diagram X to the diagram Y is a 

natural transformation of functors from X to Y. 
(3) If © is a small category, then the category of C-diagrams in M is the 

category in which the class of objects is the class of functors from C to 
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M and in which the set of morphisms between two functors is the set of 
natural transformations between those functors. 

REMARK 11.5.3. If © is not small, then there may be a proper class of natural 
transformations between two functors from @ to M, and so the collection of all 
functors from @ to M and all natural transformations between them may not form 
a category (except possibly in some higher universe; see, e.g., [60, page 17]). 

DEFINITION 11.5.4. Let C be a category and let M be a model category. 

(1) If X is a C-diagram in M, then X is 
e objectwise cofibrant if Xq is a cofibrant object of M for every object 

a of @ and 
e objectwise fibrant if Xq is a fibrant object of M for every object a of 

e. 
(2) If X and Y are C-diagrams in M, then a map of diagrams f: X — Y is 

e an objectwise cofibration if fa: Xa — Yq is a cofibration for every 
object a of @, 

e an objectwise fibration if fa: Xa — Yq isa fibration for every object 
a of @, and 

e an objectwise weak equivalence if f,: Xo — Ya isa weak equivalence 
for every object a of €, 

DEFINITION 11.5.5. Let M be a category, let C and D be small categories, and 
let F: C + D be a functor. If X is a D-diagram in M (see Definition 11.5.2), then 
composition with F defines a C-diagram F*X = X oF in M, which we will call the 

@-diagram in M induced by F: 

e If a@ is an object of @ then (F*X)_ = Xra, and 
e ifo: a@— a’ is a map in C then (F*X), = Xpo: Xpa 7 XFar. 

In Section 11.6 we will show that if C is a small category and M is a cofibrantly 
generated model category, then there is a model category structure on the category 
of @-diagrams in M (and that this model category of diagrams is also cofibrantly 
generated). The cofibrant objects in this model category will be the free cell com- 
plexes (see Definition 11.5.35) and their retracts. Among the examples of free cell 
complexes are the @°P-diagram of simplicial sets B(— | €)°? (see Definition 14.7.2) 
and the C-diagram of simplicial sets B(C | —) (see Definition 14.7.8), and the fact 
that these are cofibrant diagrams will imply the homotopy invariance of the homo- 
topy colimit and homotopy limit functors (see Theorem 18.5.3 and Theorem 19.4.2). 

11.5.6. Free diagrams of sets. In this section, we define free diagrams of 
sets. This will be used in the next section to define free diagrams in a category of 
diagrams, which will be used in Section 11.5.29 to define free cell complexes in a 
category of diagrams in a cofibrantly generated model category. 

DEFINITION 11.5.7. Let C be a small category. 

(1) If a is an object of ©, then the free C-diagram of sets generated at position 
a: is the C-diagram of sets FS for which 

e F%(8) = C(a, B) for GB an object of C and 
e (F7(g))(h) = gh for h € F2(B) and g: B > yin €. 

(2) A free C-diagram of sets is a C-diagram of sets that is a coproduct of 
@-diagrams of the form F%. 
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PROPOSITION 11.5.8 (The Yoneda lemma). If © is a small category and a is an 
object of C, then for every C-diagram of sets S there is a natural isomorphism 

Set°(F2,S) Sq . 

Proor. This is the Yoneda lemma (see, e.g., [6, page 11] or [47, page 61]). 
If g € Set©(F%, S), then g is a map of diagrams from F® to S, and so gq is a 

function from F°(a) = C(a, a) to Sq; we define a function ¢: Set°(F%, Sa) > Sa 
by letting $(g) = ga(la)- 

To see that ¢ is injective, let g and h be elements of Set®(F2, S) such that 
(9g) = o(h). If B is an object of C and o € Ff (G) = C(a, 8), then 

98(7) = 9p(7 la) 
= 96((FY(7))(1a)) 
= (5(2)) (ga(1a)) 
= (5(o))($(9)) 
= (S(c))(¢(h)) 
= (S(o)) (he(1a)) 
= hg((F2(¢))(12)) 
= hg(oolg) 

= he(o) 
Thus, g =h. 

To see that ¢ is surjective, let s € S,. If B is an object of C and o € F2(8) = 
C(a, B), then S(c) is a function from Sq to Sg. Thus, we can define gg: F? (8) > 
Sg by letting gg(o) = (S(c))(s). If 6 and ¥ are objects of C and r € C(6,7), then 
for every o € F%(@) we have 

(S(7))(9a()) = (S(7)) (S(e))(s)) 
= S(ra)(c) 

= 9,(T0) 
= 9 ((FE(7))(2)) 

and so we have a well defined map of diagrams g: Ff — S for which ¢(g) = 

Ga(la) = (S(1e))(s) = 1s, (s) = s. Oo 
EXAMPLE 11.5.9. The diagram of sets A — B is free if and only if the map 

A — B is an inclusion. 

EXAMPLE 11.5.10. The diagram of sets A —- C — B is free if and only if the 
maps A—- C and B - C are inclusions with disjoint images in C. 

EXAMPLE 11.5.11. The diagram of sets A; — Ag — Az — --- is free if and 
only if all of the maps in the diagram are inclusions. 

EXAMPLE 11.5.12. The diagram of sets Ay — Az + A3 + --- is free if and 
only if all of the maps are inclusions and the inverse limit of the diagram is empty. 

EXAMPLE 11.5.13. If a discrete group G is considered to be a category with 
one object and morphisms equal to the elements of G, then a free G-diagram of 
sets is what classically is called a free G-set. 
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EXAMPLE 11.5.14. If © is a small category and P: C — Set is the constant 
diagram at a point, then P is free if and only if each connected component of C 
has an initial object. 

EXAMPLE 11.5.15. Let A be the cosimplicial indexing category (i.e., for every 
nonnegative integer n let [n] denote the ordered set (0, 1, 2,..., m) and let A be the 
category with objects {[n] | n > 0} and with A((nJ, [k]) the weakly monotone maps 
from [n] to [k]). If C = A%, then a C-diagram of sets is a simplicial set. The free 
C-diagram of sets generated at position [n] is the standard n-simplex A[n]. Thus, 
the set of k-simplices of A[n] equals the set A°?((n], [k]) = A([A], [n]). 

EXAMPLE 11.5.16. If @ is the category A°?, so that FI! is the standard n- 
simplex A[n] (see Example 11.5.15), then Proposition 11.5.8 is the statement that 
for every simplicia] set X the set of simplicial maps SS(A[n], X) is naturally iso- 
morphic to the set of n-simplices of X. 

DEFINITION 11.5.17. If C is a smal] category and S is a set, the free C-diagram 
of sets on the set S generated at position a is the C-diagram of sets FG = |], FY. 
Thus, for every object @ in €, 

F3(8) = [[ Cla, A). 
séS 

PROPOSITION 11.5.18. If © is a small category and @ is an object of €, then 
the functor F®: Set —» Set (see Definition 11.5.17) is left adjoint to the functor 
Set© — Set that evaluates at a, i.e., for every set S and every €-diagram of sets T 
there is a natural isomorphism Set (F%,T’) = Set(S,T.). 

PRooF. Since F§ is a coproduct of diagrams of the form F¢, this follows from 
Proposition 11.5.8. U 

DEFINITION 11.5.19. If C is a smal] category, C1 is the discrete category with 
objects equal to the objects of ©, and S is an object of Set (err) then the free 
C-diagram of sets generated by S is defined by 

F(S)= |] Fs, 
ae Ob(e) 

(see Definition 11.5.17), so that for every object 6 of C we have 

(F(5)),= [] I] eee). 
a€Ob(C) s€Sa 

THEOREM 11.5.20. If © is a small category and C%** is the discrete category 
with objects equal to the objects of C, then the functor F: sete") _, Set® of 
Definition 11.5.19 is left adjoint to the forgetful functor U: Set© Set (en) ie., if 
S is an object of Sete") and T is an ob ject of Set©, there is a natural isomorphism 

Set°(F(S),T) ~ Set" (5, U(T)) . 
PROOF. Since F(S) is a coproduct of diagrams of the form F§_, this follows 

from Proposition 11.5.18. O 
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11.5.21. Free diagrams. In this section, we define free diagrams in a cate- 
gory of diagrams (see Definition 11.5.25). In section Section 11.5.29, we will apply 
this to the generating cofibrations (see Definition 11.1.2) of a cofibrantly generated 
model category M to obtain the free cells, which are the generating cofibrations in 
the category of C-diagrams in M. 

DEFINITION 11.5.22. Let M be a cocomplete category (see Definition 7.1.2). If 
X is an object of M and S is a set, then by X @ S we will mean the object of M 
obtained by taking the coproduct, indexed by S, of copies of X; i.e., X@S = [|X 

REMARK 11.5.23. If the cocomplete category M of Definition 11.5.22 is actually 
a simplicial category (see Definition 9.1.2) and we view the set S as a discrete 
simplicial set, then the object X ® S defined by the simplicial structure is naturally 
isomorphic to the object defined in Definition 11.5.22. 

DEFINITION 11.5.24. If © is a small category, M is a cocomplete category, S 
is a C-diagram of sets, and X is an object of M, then by X ® S we will mean the 
@-diagram in M such that 

(X td S)a =X ® So 
for every object a in © (see Definition 11.5.22). 

DEFINITION 11.5.25. If © is a small category, @ is an object of C, M is a 
cocomplete category, and X is an object of M, then the free diagram on X generated 
at a is the C-diagram in M defined by FX = X @ FS (see Definition Ps 5.24 and 
Definition 11.5.7). Thus, if @ is an object of €, then F& (8) = [era,g) X 

We have the following variant of the Yoneda lemma (see Proposition 11.5.8) 
for free diagrams in M. 

PROPOSITION 11.5.26. If C is a small category, a is an object of C, and M is a 
cocomplete category, then the functor F*: M — M° (see Definition 11.5.25) is left 
adjoint to the functor M° — M that evaluates at a, ie., for every object X in M 
and every diagram Y in M® there is a natural isomorphism 

M° (FS, Y) = M(X,Ya) - 

PROOF. We define ¢: M°(FZ,Y) > M(X,Y aq) by letting ¢(g) be the com- 
position 

C(a,a) 

The remainder of the proof is similar to that of the Yoneda lemma (see Proposi- 
tion 11.5.18). Oo 

DEFINITION 1].5.27. If @ is asmall category, C“'S¢ is the discrete category with 
objects equal to the objects of C, M is a cocomplete category, and X is an object 
of mie’) then the noe a in M generated by X is defined by 

= J[ F%= J] X.@F? 
a€Ob(e) a€Ob(e) 

(see Definition 11.5.25), so that for every object ( of C we have 

(F(X)),= [[ I] Xo 
a€Ob(C) C(a,8) 



222 11. COPFIBRANTLY GENERATED MODEL CATEGORIES 

THEOREM 11.5.28. IfC is a small category and M is a cocomplete category, then 
the functor F: M‘&""") — M® of Definition 11.5.27 is left adjoint to the forgetful 
functor U: M© > cee) Le., if X is an object of MCC") and Y is an object of 
M°, then there is a natural isomorphism 

Mo (F(X), ¥) = MO" xX, UY) . 
PROOF. Since F(X) is a coproduct of diagrams of the form F%, this follows 

from Proposition 11.5.26. Oo 

11.5.29. Free cell complexes. Relative free cell complexes are the analogues 
for diagrams of topological spaces of relative cell complexes for topological spaces 
(see Definition 10.7.1). In a cofibrantly generated model category with generating 
cofibrations J, the relative J-cell complexes play that role, as do the free relative 
I-cell complexes for a category of diagrams in a cofibrantly generated model cat- 
egory. Relative free cell complexes and their retracts will be the cofibrations in 
the model category of @-diagrams in a cofibrantly generated model category (see 
Theorem 11.6.1). 

We first describe free cells, which will be the generating cofibrations (see Defi- 
nition 11.1.2) in this model category structure. 

DEFINITION 11.5.30. Let C be a small category and let a be an object of @. If 
M is a model category and J is a set of maps in M, then a free I-cell generated at 
a in M° is a map of the form 

FS — F% 

(see Definition 11.5.25) where A — B is an element of J. At every object # in C, 
this is the map 

I] 4- JJ 2 
C(a,B) €(a,B) 

EXAMPLE 11.5.31. Let @ be a small category and let a be an object of C. 

e A free cell generated at a in Top® is a map of the form 

|AA[n]| @ FF > |A[n]| @ Fe 

(see Definition 11.5.24) for some n > 0. 
e A free cell generated at a in Top is a map of the form 

|AA{n]|* @ FF — [A[n]|* @Fe 

(see Definition 11.5.24) for some n > 0. 
e A free cell generated at a in SS© is a map of the form 

dA[n] @ FI > Al[n] @ FE 

(see Definition 11.5.24) for some n > 0. 
e A free cell generated at a in SS° is a map of the form 

dA[n]* @ F? > A[n|t @ F2 

(see Definition 11.5.24) for some n > 0. 
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LEMMA 11.5.32. Let © be a small category and let M be a model category. If 
g: A— B is a map in M, a is an object of C, and the square 

A—>Fs 

| | 
xX — Y 

is a pushout diagram in M“, then for every object B of © there is a pushout diagram 
in M 

C— D 

| | 
», ©) —_—> Yep 

in which the map C — D is a coproduct of copies of g. 

PROOF. This follows because pushouts in M© are constructed componentwise 
and the map (F4)g — (F%)g is the map Le(a,a) A [le(a,py B: O 

DEFINITION 11.5.33. If M is a model category, © is a small category, and K is 
a set of maps of M, then F will denote the set of maps of M® of the form 

Fa. oad FS, 

(see Definition 11.5.25) where A, — By, is an element of K and a is an object of C. 

PROPOSITION 11.5.34. IfM is a category, € is a small category, and K is a set of 
maps in M, then the map g: X — Y in M° is an F¢,-injective (see Definition 10.5.2) 
if and only if gg: Xa —~ Yq is a K-injective for every object a of C. 

PROOF. This follows from Proposition 11.5.26. QO 

DEFINITION 11.5.35. If M is a cofibrantly generated model category and ©C is 
a small category, then 

e a relative free cell complez in M° is a map that is a transfinite composition 
(see Definition 10.2.2) of pushouts (see Definition 7.2.10) of free cells (see 
Definition 11.5.30), 

e a free cell compler in M® is a diagram X such that the map from the 
initial object of M° to X is a relative free cell complex, and 

e an inclusion of free cell complexes is a relative free cell complex whose 

domain is a free cell complex. 

The relative free cell complexes and their retracts will be the cofibrations in 
the model category of C-diagrams in a cofibrantly generated model category M (see 
Theorem 11.6.1). 

PROPOSITION 11.5.36. If M is a cofibrantly generated model category, © is a 
small category, and f: X — Y¥ is a relative free cell complex in M©, then fy: Xa 
Yq is a cofibration in M for every object a of C. 

Proor. This follows from Lemma 11.5.32, Proposition 7.2.5, and Proposi- 
tion 7.2.12. Oo 
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11.6. Diagrams in a cofibrantly generated model category 

THEOREM 11.6.1. If © is a small category and M is a cofibrantly generated 
model category (see Definition 11.1.2) with generating cofibrations IJ and generating 
trivial cofibrations J, then the category M° of C-diagrams in M is a cofibrantly 
generated model category with generating cofibrations FF (see Definition 11.5.33) 
and generating trivial cofibrations FS. In this model category structure, a map 
X—-/Y is 

e a weak equivalence if X, — Ya is a weak equivalence in M for every 
object a of C, 

e a fibration if X_ — Yq is a fibration in M for every object a of C, and 
e acofibration if it is a retract of a transfinite composition of pushouts of 

elements of FF. 

Proor. If C48 is the discrete category with objects equal to the objects of 
@, then M(C*"") = Torey M, and so Proposition 11.1.10 gives us a cofibrantly 
generated model category structure on Mic"). We will show that the adjoint 
functors of Theorem 11.5.28 satisfy the conditions of Theorem 11.3.2 and thus 
define a cofibrantly generated model category structure on M°. 

For every object a of C@ let I, be the set of maps in mie") given by 

BEOK(C) 
B#a 

that is, the product of the identity map of the initial object of M at every object 
@ of C other than @ with an element of I at a. If we let Ion(ey = Uneoncey Ja and 
Jove) = Uneou ey Ja (where the definition of Ja is analogous to that of J), then 
Proposition 11.1.10 implies that the cofibrantly generated model category structure 
on MC*®) has Ione) as a set of generating cofibrations and Joy(e) as a set of 
generating trivial cofibrations. If g: A— B is a map in M, then the functor F of 
Definition 11.5.27 takes g x [],., ly to the map F4 — F§, and so F (Ion (ey) = FF 
and F(Jowey) = FS. 

Proposition 11.5.26, Lemma 11.5.32, and Theorem 10.5.27 imply that Ff per- 
mits the small object argument. Similarly,. FS permits the small object argument. 
Finally, Lemma 11.5.32 implies that a relative FS-cell complex is a relative J-cell 
complex at every object a of C, and is thus a weak equivalence at every object a 
of €. O 

PROPOSITION 11.6.2. If © is a small category and M is a cofibrantly generated 
model category, then a free cell complex (see Definition 11.5.35) in M® is cofibrant 
in the model category structure of Theorem 11.6.1. 

Proor. This follows from Theorem 11.6.1. O 

PROPOSITION 11.6.3. If © is a small category and is a cofibrantly generated 
model category, then a cofibration in the model category structure on M© of The- 
orem 11.6.1 is also an objectwise cofibration. 

ProoF. This follows from Theorem 11.6.1 and Proposition 11.5.36. 0 
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LEMMA 11.6.4. Let M and N be categories and let F: M —@ N-U be a pair of 
adjoint functors. If C is a small category, then there is a pair of adjoint functors 
between diagram categories F°: M° = N© : US where F°(X) =FoX for X:@— 
M and US(Y) =UoY forY¥Y: CON. 

PROOF. Let x,y: M(X,UY) — N(FX,Y) be an adjunction isomorphism 
(where X is an object of M and Y is an object of N). We define an adjunc- 
tion isomorphism ¢°: M°(X,USY) — N°(FEX,Y) (where X: © — M and 
Y:@ — N are diagrams) by letting ¢°(f) on an object a of © be (¢°f), = 
?Xa,¥ alfa): (FEX)a = F(Xq) > Ya for fe MS(X,USY). O 

THEOREM 11.6.5. Let M and N be cofibrantly generated model categories and 
let F: M @N:U be a Quillen pair (see Definition 8.5.2). 

(1) If © is a small category, then the adjoint pair F©: M° 2 N© :US (see 
Lemma 11.6.4) is a Quillen pair (see Theorem 11.6.1). 

(2) If @ is a small category and (F, U) is a pair of Quillen equivalences (see 
Definition 8.5.20), then (F©, US) is a pair of Quillen equivalences. 

PROOF. Since fibrations and weak equivalences in M° and N® are defined 
objectwise (see Theorem 11.6.1), US preserves both fibrations and trivial fibrations, 
and so part 1 follows from Proposition 8.5.3. Since weak equivalences in M° and 
N® are defined objectwise, part 2 follows from Proposition 11.5.36. 0 

EXAMPLE 11.6.6. If © is a small category, then the geometric realization and 
total singular complex functors extend to Quillen equivalences between SS° and 
Top® (see Notation 7.10.5). 

EXAMPLE 11.6.7. If © is a small category, then the geometric realization and 
total singular complex functors extend to Quillen equivalences between ss¢ and 
Top® (see Notation 7.10.5). 

THEOREM 11.6.8. If © is a small category and M is a cofibrantly generated 
model category, then 

(1) the colimit functor M© — M and the constant diagram functor M + M° 
are a Quillen pair, and 

(2) the colimit functor M© — M takes objectwise weak equivalences between 
cofibrant C-diagrams in M into weak equivalences between cofibrant ob- 
jects in M. 

PROOF. The colimit and constant diagram functors are an adjoint pair for all 
categories M and small categories ©. Since fibrations and weak equivalences are 
defined objectwise in M°, the constant diagram functor preserves both fibrations 
and trivial fibrations, and so Proposition 8.5.3 implies that this adjoint pair is a 
Quillen pair. Part 2 follows from part 1 and Proposition 8.5.7. O 

11.7. Diagrams in a simplicial model category 

DEFINITION 11.7.1. Let M be a simplicial model category, let C be a small 
category, let X: C + M be a C-diagram in M, and let K be a simplicial set. 

(1) The C-diagram X ® K in M is defined by letting (X @ K)g = X,@®K 
for every object a of © and, if o: a — a’ is a map in @C, by letting 
(X @K), =X, @lx. 
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(2) The @-diagram X* in is defined by letting (X“), = (X4.)* for every 
object a of @ and, if o: a > a is a map in @, by letting (X*), = 
(X,)0%). 

DEFINITION 11.7.2. Let M be a simplicial model category. If € is a small 
category and X,Y: € — M are @-diagrams in M, then Map(X,Y) is defined 
to be the simplicial set whose set of n-simplices is the set of maps of diagrams 
X @ A(n| — Y (see Definition 11.7.1) and whose face and degeneracy maps are 
induced by the standard maps between the A{n]. 

THEOREM 11.7.3. If © is a small category and M is a simplicial cofibrantly 
generated model category, then the model category structure of Theorem 11.6.1 
with the simplicia] structure of Definition 11.7.1 and Definition 11.7.2 makes M° a 
simplicial model category. 

Proof. Definition 11.7.1 and Definition 11.7.2 satisfy axiom M6 (see Defini- 
tion 9.1.6) because the constructions are all done objectwise and MTM is a simplicial 
model category. For axiom M7, Proposition 9.3.7 implies that it is sufficient to show 
that if 7: K — L is an inclusion of simplicial sets and p: X ~ Y is a fibration 
in M°, then X” x* Xyk Y* is a fibration that is also a weak equivalence if 
either 7 or p is a weak equivalence. Since both fibrations and weak equivalences in 
M° are defined objectwise, this follows from the assumption that M is a simplicial 
model category. QO 

11.8. Overcategories and undercategories 

If C and D are categories and F: C + D is a functor, then for each object a of 
D we define the category (a | F) of objects of C under a and the category (F | a) 
of objects of © over a. These reduce to Definition 7.6.2 and Definition 7.6.1 when 
@€ = D and F is the identity functor. 

These more general notions will be used in Section 11.9 to define extensions 
of diagrams (see Definition 11.9.1), in Chapter 15 to define the Reedy model cate- 
gory structure (see Section 15.2), and in in Chapters 18 and 19 to define homotopy 
colimit and homotopy limit functors (see Definition 18.1.2, Definition 18.1.8, Defi- 
nition 19.1.2, and Definition 19.1.5). 

DEFINITION 11.8.1. If €C and D are categories, F: C — D is a functor, and a is 
an object of D, then the category (F | a) of objects of © over a is the category in 
which an object is a pair (8,0) where G is an object of € and o is a map FZ — a in 
D, and a morphism from the object (8,0) to the object ((’,o’) isa map r: B — fi 
in @ such that the triangle 

Fg ——_**___; pg’ 

commutes. 

If €C = D and F is the identity functor, then we use (C | a) to denote the 
category (F | a). An object of (C | a) is a map 6 — a in €, and a morphism from 



11.8. OVERCATEGORIES AND UNDERCATEGORIES 227 

B—- ato #’ — aisa map £ —- f@ in C such that the triangle 

B———— > B 

7 
EXAMPLE 11.8.2. Let C and D be categories and let F: C — D be a functor. 

If a is an object of C, then there is a functor F,: (C | a) — (F | Fa) that takes the 
object o: 8 — a of (Cla) to the object (G,Fa: FB — Fa) of (F| Fa) and the 
morphism Tt: 6 — ~ from o: B — a to a’: B’ — a@ to the morphism rT: 6 > £2’ 
from (6, Fo: FB - a) to (f’, Fo’: FB’ > Fa). 

DEFINITION 11.8.3. If C and D are categories, F: C — D is a functor, and a is 
an object of D, then the category (a | F) of objects of C under a is the category in 
which an object is a pair (8,0) where @ is an object of C and o is a mapa — F@ in 
D, and a morphism from the object (G, 0) to the object (@’,0’) isa map Tr: B > f’ 
in @ such that the triangle 

YN 
F38 ——> Ff’ 

commutes. 

commutes. The opposite (a | F)°? is the category in which an object is a pair (8, 0) 
where @ is an object of C and o is a map @ — F@ in D, and a morphism from the 
object (G, a) to the object (@’, 0’) is a map T: B’ > BG in @ such that the triangle 

a 

o o’ 

F6 FB 
commutes. 

If € = D and F is the identity functor, then we use (a|C) to denote the 
category (a | F). An object of (a | ©) is a map a — @ in C, and a morphism from 
a— ££ toa-— f’ isa map 6 — in C such that the triangle 

a 

\ 
p-————_+ 

commutes. The opposite (a |@)°? is the category in which an object is a map 
a — £ in C, and a morphism from a > £ to a > f’ is a map @’ > BG in © such 
that the triangle 

O 

B+-—_—__—- pf?’ 
commutes. 
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EXAMPLE 11.8.4. Let @ and D be categories and let F: C — D be a functor. 
If a is an object of €, then there is a functor F,: (a | €)°? — (Fa | F)°? that takes 
the object 0: a > 6 of (a| ©)? to the object (8, Fa: Fa + F8) of (Fa | F)°? and 
the morphism 7: f#’ — 6 from 0: a > £ to o’: a > f’ to the morphism 7: 6 > 3’ 
from (G,Fo: Fa — F8) to (@’, Fo’: Fa — Ff’). 

PROPOSITION 11.8.5. If C and D are small categories, F: C + D is a functor, 
and F°P: @°P _, D°P is the opposite of F, then for every object a of D there is a 
natural isomorphism of categories 

(a | F)? = (FP la) . 

Proor. An object of (F°? | a) is a map a — F@ in D for some object G of €, 
and a morphism in (F°? | a) from a —- FG to a + F@’ is a map o: Bf’ — Bin e€ 
such that the triangle 

ray (11.8.6) 

FG — >» Ff’ 

commutes. An object of (a | F) is a map a — FG in D for some object 6 of C, and 
a morphism in (a | F) from a + FG toa > Ff’ is a map: B — f’ in C such that 
the triangle 

a 

commutes. Thus, an object of (a | F)°? is a map a — F@ in D and a morphism in 
(a | F)°? from a - FG to a F@’ isa map a: f’ — B in € such that the triangle 
(11.8.6) commutes. Oo 

COROLLARY 11.8.7. If © is a small category and @ is an object of C, then there 
is a natural isomorphism of categories 

(a | €) = (CP La) 
PRrooF. This follows from Proposition 11.8.5. O 

11.9. Extending diagrams 

If 1 is the category with one object and with no non-identity maps, then an 
object X of a category M can be identified with a functor ix: 1— M. If Cisa 
small category, a is an object of C, and ig: 1 — € is the functor that takes the 
object of 1 to a, then, for a diagram X: C — M, evaluation of X at @ is equivalent 
to composing X with ig. In this setting, Proposition 11.5.26 says that there is a 
natural isomorphism 

Mo(FS,Y) = MIX, ¥ cfg) - 
In this section, we will obtain a similar result for functors of indexing categories 
more general than tg: 1— C. 

Let C be a small category, let B be a subcategory of ©, and let i: B — € 
be the inclusion functor. If M is a cocomplete category (see Definition 7.1.2) and 
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X:B—M is a diagram, we want to “extend” X to a diagram LX: € -— M so 
that if Y: C 4 M is a diagram and i*Y = Y 07 is its “restriction” to B, we have 
a natural isomorphism 

Mo(LX,Y)=M*(X,i*Y) . 
If a is an object of C, then we must define (LX), so that for every object ( 

of B and every map a: i(G) — a@ in C we have a map (LX),: Xg > (LX)... If 
Tt: @’ — 2 is a map in B, then we must ensure that the triangle 

X gi x: > XB 

uo, Aw. 
(LX) 

commutes. This suggests that we define (L-X)q to be a colimit indexed by (i | a), 
the category of objects of B over a (see Definition 11.8.1). In fact, this construction 
works well for an arbitrary functor between small categories 7: B —- €. 

DEFINITION 11.9.1. Let 7: B — @ be a functor between small categories, let M 
be a cocomplete category (see Definition 7.1.2), and let X: B — M be a functor. 
The extension LX of X to C is the functor LX: C — M that on an object a of C 
is defined by 

(LX)yg= colim X 
(8,0) €Ob (tla) 

(see Definition 11.8.1) and on a map T: a — a’ in @ is the natural map of colimits 
induced by 7.: (| a) — (i | a’) (where 7, takes the object (G,0) of (i| a) to the 
object (8,70) of (¢ | a’)). 

REMARK 11.9.2. In the setting of Definition 11.9.1, the functor LX is known 
as the left Kan extension of X along i (see, e.g., [6, Section 3.7] or [47, Chapter X]). 

THEOREM 11.9.3. Let i: B - © be a functor between small categories, let M 
be a cocomplete category, and let X: B—M be a functor. If LX is the extension 
of X to © (see Definition 11.9.1), then for every functor Y: C — M there is an 
isomorphism 

M°(LX,Y) =~ M?(X,i*Y) 
(where i*Y = Y 07) that is natural in both X and Y. 

Proor. We will define natural maps ¢: M°(LX,Y) — M*®(X,i*Y) and 
wy: M?(X,7*Y) — M°(LX,Y) that are inverses to each other. If F: LX = Y 
is a natural transformation, we let (¢F): X — i*Y be the natural transformation 
that on an object y of B is the composition 

Wy y (ra¢4)) 6,0) ooB cay XB = (LX) icy fF, Yi) = (*Y), . 

If G: X — 7*Y isa natural transformation, we let (~G): LX — Y be the natural 
transformation that on an object a of € is the composition 

. colim G . o* : 

PX )a = og Sob etitay ~9——” pesContitay(” 8 = (a oS Cbstitay 1) ~ Fe 
where the last map in the composition is the natural map from the colimit. The 
compositions ¢y and w@ are identity natural transformations, and so ¢ and w are 
isomorphisms. O 
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THEOREM 11.9.4. If M is a cofibrantly generated model category andi: B — C 
is a functor between small categories, then the adjoint functors L: M? = ME :i* 
of Theorem 11.9.3 are a Quillen pair. 

PROoF. Since fibrations and weak equivalences in both M® and M® are defined 
objectwise (see Theorem 11.6.1), the right adjoint i* preserves both fibrations and 
trivial fibrations. The result now follows from Proposition 8.5.3. a) 



CHAPTER 12 

Cellular Model Categories 

A cellular model category is a cofibrantly generated model category (see Defi- 
nition 11.1.2) in which the cell complexes (see Definition 11.1.4) are well behaved 
(see Definition 12.1.1). Most of the model categories with which I am acquainted 
are cellular model categories (but not all; see Example 12.1.7). 

We define cellular model categories in Section 12.1. In Section 12.2 we show 
that the intersection of two subcomplexes of a cell complex in a cellular model 
category always exists, and in Section 12.3 we prove that the cell complexes in a 
cellular model category are uniformly compact, i.e., that there is a cardinal o (called 
the “size of the cells”; see Definition 12.3.3) such that if 7 is a cardinal and X is a 
cell complex of size r, then X is or-compact (see Theorem 12.3.1). 

In Section 12.4 we discuss smallness, and prove that every cofibrant object 
in a cellular model category is small relative to the class of all cofibrations (see 
Theorem 12.4.3). The main result of Section 12.5 is Proposition 12.5.3, which 
asserts that if a small object factorization (see Definition 10.5.19) is applied to a 
map between large enough cell complexes, then the resulting cell complex is no 
larger than those with which you started. 

12.1. Cellular model categories 

DEFINITION 12.1.1. A cellular model category is a cofibrantly generated (see 
Definition 11.1.2) model category M for which there are a set I of generating cofi- 
brations and a set J of generating trivial cofibrations such that 

(1) both the domains and the codomains of the elements of I are compact 
(see Definition 11.4.1), 

(2) the domains of the elements of J are small relative to I (see Defini- 
tion 10.5.12), and 

(3) the cofibrations are effective monomorphisms (see Definition 10.9.1). 

REMARK 12.1.2. Although the sets J and J in Definition 12.1.1 are not part 
of the structure of a cellular model category, we will generally assume that some 
specific sets I and J satisfying the conditions of Definition 12.1.1 have been chosen. 

12.1.3. Examples of cellular model categories. 

PROPOSITION 12.1.4. The categories SS, SS,, Top, and Top, are cellular model 
categories. 

Proor. This follows from Example 9.1.13, Example 9.1.14, Example 9.1.15, 
and Example 9.1.16. O 

231 
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PROPOSITION 12.1.5. IfM is a cellular model category and C is a small category, 
then the diagram category M© with the model category structure of Theorem 11.6.1 
is @ cellular model category. 

ProoF. This follows from Theorem 11.6.1. O 

PROPOSITION 12.1.6. IfM is a cellular model category and Z is an object of M, 
then the overcategory (M | Z) (see Definition 11.8.1) is a cellular model category. 

Proor. This follows from Theorem 7.6.5. O 

We are indebted to C. Simpson for the following example. 

EXAMPLE 12.1.7 (C. Simpson). We present here an example of a cofibrantly 
generated model category that fails to be a cellular model category. Let M be the 
category of sets, let the weak equivalences be the isomorphisms, and let both the 
cofibrations and the fibrations be all the maps in M. We let J be the set containing 
the two maps § — » (where 9 is the empty set and * is the one point set) and ** — * 
(where ** is the two point set). We let J be the set containing as its only element 
the identity map of the empty set. The cofibrantly generated model category M is 
not cellular because not all elements of J are monomorphisms. 

12.1.8. Recognizing cellular model categories. 

THEOREM 12.1.9. If M is a model category, then M is a cellular model category 
if there are sets I and J of maps in M such that 

(1) a map is a trivial fibration if and only if it has the right lifting property 
with respect to every element of I, 

(2) a map is a fibration if and only if it has the right lifting property with 
respect to every element of J, 

(3) the domains and codomains of the elements of I are compact relative to 
I, 

(4) the domains of the elements of J are small relative to I, and 
(5) relative I-cell complexes are effective monomorphisms. 

PROOF. Proposition 10.8.7 and Proposition 10.9.5 imply that J permits the 
small object argument (see Definition 10.5.15), and so J is a set of generating 
cofibrations for M. Proposition 11.2.3 now implies that J is a set of generating 
trivial cofibrations for M, and so the theorem follows from Proposition 11.2.10. O 

12.2. Subcomplexes in cellular model categories 

PROPOSITION 12.2.1. If M is a cellular model category, then a subcomplex 
of a presented relative cell complex is entirely determined by its set of cells (see 
Definition 10.6.4). 

Proor. This follows from Proposition 10.6.10 and Proposition 10.6.11. O 

Thus, if f: X — Y is a presented relative cell complex, then the union of a set 
of subcomplexes of f is well defined. The intersection of a family of subcomplexes 
would also be well defined if it was known to exist, i.e., if it was known that the 
attaching maps of the cells factored as necessary to build the subcomplex. We will 
show in Theorem 12.2.6 that the intersection of any two subcomplexes does exist. 
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12.2.2. Intersections of subcomplexes. The main result of this section 
is Theorem 12.2.6, which asserts that the intersection of two subcomplexes of a 
presented cell complex always exists. We have not been able to determine whether 
an arbitrary intersection of subcomplexes must exist. 

PROPOSITION 12.2.3. Let M be a cellular model category and let X be a pre- 
sented cell complex. If K and L are subcomplexes of X such that their intersection 
KL exists (see Remark 10.6.12), then the pushout square 

KN L— K 

| | 
LE—WT KUL 

is &@ pullback square. 

Proor. If f: W — EL and g: W — K are maps such that vg = uf, then we 
have the solid arrow diagram 

Ww 
9 

4 

KAD — 3 KO 3K Den K M 
a1 

| | 1! 

L— > KUL—3(KUL)U, (KUL) 
4 

in which the left hand square commutes, rig = 79v, and ri) = 7,v. We now have 
riog = 1h09 = iguf = tuf = t{vg = riyg; since r is an inclusion of a subcomplex, it 
is a monomorphism (see Proposition 10.9.5), and so i9g = 11g. Since t is an inclusion 
of a subcomplex (and, thus, an effective monomorphism), this implies that there is 
a unique map h: W — KNL such that th = g. Since ush = vth = vg = uf and wis 
an inclusion of a subcomplex (and, thus, a monomorphism; see Proposition 10.9.5), 
we have sh = f. a) 

THEOREM 12.2.4. Let M be a cellular model category and let (X,0 = Xy9 > 
X, > Xg 4 +++ + Xp: (6 < d), {TF,e%,h8}5<,) be a presented cell 
complex. If {U%}g., and {V°}g-, are subcomplexes of X (see Remark 10.6.12), 
then the sequence {T®}g<, such that T? = US NV® for all B < X determines a 
subcomplex of X. 

PROOF. We must show that the sequence {T }e<a can be constructed by the 
inductive procedure of Proposition 10.6.11. Since Proposition 10.6.11 allows T° to 
be any subset of T°, the induction is begun. 

Suppose now that @ is an ordinal such that 8 < \ and that the condition is 
satisfied for T7 for all y < 6. We must show that ifi € T® then ne: C; — Xg factors 
through Xp > Xg. Since T® = U8 nV*, this follows from Proposition 12.2.3. 0 

DEFINITION 12.2.5. The subcomplex {T?} pen of Theorem 12.2.4 will be called 
the intersection of the subcomplexes {U®}g-, and {V9} gy. 
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THEOREM 12.2.6. Let M be a cellular model category and let X be a cell 
complex. If K and L are subcomplexes (see Remark 10.6.8) of X (relative to some 
presentation of X ), then the subcomplex K ML of X exists. 

PROOF. This follows from Theorem 12.2.4. | 

12.3. Compactness in cellular model categories 

THEOREM 12.3.1 (Uniform compactness). If M is a cellular model category 
then there is a cardinal o such that ifr is a cardinal and X is a cell complex of size 
T, then X is or-compact (see Definition 11.4.1). 

PROOF. Since the domains and codomains of the elements of I are compact, 
we can choose an infinite cardinal o such that each of these domains and codomains 
is o-compact (see Proposition 11.4.6). 

If + is a cardinal and X is a cell complex of size 7, then we can choose a 
presentation of X (see Definition 10.6.2), indexed by an ordinal A whose cardinal is 
T, that has no two cells with the same presentation ordinal (see Definition 10.6.4). 
Thus, we have a A-sequence 8 = Xp — X1 — X22 —---- > Xg—--: (GB < d) whose 
colimit is X and such that every Xg4, (for @+ 1 < A) is obtained as a pushout 

(12.3.2) Ca41 —— Darr 

| | 
Xp —— Xpri 

for some element Cg41 — Dg+1 of I. IfY is a presented cell complex and f: X — Y 
is a map, then we must show that there is a subcomplex K of Y of size at most 
or through which f factors. We will do this by showing (by induction on £) that 
for every 8 < A the composition Xg — X — Y factors through a subcomplex 
Kg of Y of size at most or. The map f will then factor through the union of 
the {Kg}g<a (since the inclusion of that union into Y is a monomorphism; see 
Proposition 10.9.5), which is of size at most (or)r = oT. 

The induction is begun by noting that Xo = @ (the initial object of M). If 
6+1< and the composition Xg + X — Y factors through a subcomplex Kg of 
Y of size at most o7, then the composition of the attaching map Dgi1 - Xg41 > 
X — Y (see Diagram 12.3.2) also factors through a subcomplex of size at most or, 
and (since o is infinite) the union of these subcomplexes will be of size at most or 
(see Proposition 10.1.13). Finally, if @ is a limit ordinal such that B < X and for 
every a < § the composition X, — X — Y factors through a subcomplex K, of Y 
of size at most o7, then the composition Xg — X — Y factors through the union 
Uses K,, which is of size at most or. O 

DEFINITION 12.3.3. If M is a cellular model category, then the smallest cardinal 
o satisfying the conclusion of Theorem 12.3.1 will be called the size of the cells of 
M. 

COROLLARY 12.3.4. If M is a cellular model category and X is a cofibrant 
object of M, then X is compact. 

Proor. This follows from Theorem 12.3.1, Proposition 10.8.4, and Corol- 
lary 11.2.2. oO 
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12.4. Smallness in cellular model categories 

The main result of this section is Theorem 12.4.3, which asserts that all cofi- 
brant objects in a cellular model category are small relative to the subcategory of 
all cofibrations. 

LEMMA 12.4.1. If M is a cellular model category with generating cofibrations 
I, then every cell complex (see Definition 11.1.4) is small relative to I. 

ProoF. This follows from Proposition 10.8.7 and Corollary 10.4.9. O 

LEMMA 12.4.2. If M is a cellular model category with generating cofibrations 
I, then every cofibrant object of M is small relative to I. 

PrROooF. Corollary 11.2.2 implies that every cofibrant object of M is a retract of 
a cell complex, and so the result follows from Proposition 10.4.7 and Lemma 12.4.1. 

O 

THEOREM 12.4.3. If M is a cellular model category, then every cofibrant object 
is small relative to the subcategory of cofibrations. 

PROOF. This follows from Lemma 12.4.2 and Proposition 11.2.3. O 

THEOREM 12.4.4. If M is a cellular model category and J is a set of gener- 
ating trivial cofibrations for M as in Definition 12.1.1, then the domains and the 
codomains of the elements of J are small relative to the subcategory of all cofibra- 
tions. 

PROOF. Proposition 11.2.3 implies that the domains are small relative to the 
subcategory of all cofibrations. Since every element of J is a cofibration (and thus 
a retract of a relative I-cell complex), Corollary 10.4.9, Proposition 10.4.7, and 
Proposition 10.8.7 imply that the codomains are small relative to the subcategory 
of all cofibrations. 0 

COROLLARY 12.4.5. IfM is a cellular model category and J is a set of generating 
trivial cofibrations for M as in Definition 12.1.1, then the domains and codomains 
of the elements of J are small relative to J. 

PROOF. Since every element of J is a cofibration, this follows from Theo- 
rem 12.4.4. 2 

PROPOSITION 12.4.6. Let M be a cellular model category. If S is a set of 
cofibrations with cofibrant domains and J is a set of generating trivial cofibrations 
for M as in Definition 12.1.1, then there is a functorial factorization of every map 

X ~Y aX 2,W SY where p is a relative (S U J)-cell complex and q is an 
(SU J)-injective. 

ProoF. Theorem 12.4.3 and Theorem 12.4.4 imply that the domains of the 
elements of SU J are small relative to SU J, and so the result follows from Prop- 
osition 10.5.16. gO 

PROPOSITION 12.4.7. Let M be a cellular model category, and let S be a set 
of inclusions of subcomplexes. If X — X’ is the inclusion of a subcomplex and 
we apply a small object factorization using the set S and some ordinal X (see 
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Definition 10.5.19) to both of the maps X — * and X’ — * to obtain the diagram 

»,¢ >Es > 

x! > Es > 

then the map Es — E’y is the inclusion of a subcomplex. Ss 

PrRooFr. Using Proposition 10.9.5, one can check inductively that, at each stage 
in the construction of the factorization, the map E? ~ (E°)’ is the inclusion of a 
subcomplex. C 

12.5. Bounding the size of cell complexes 

The main result of this section is Proposition 12.5.3, which asserts that if a 
small object factorization (see Definition 10.5.19) is applied to a map between 
“large enough” cell complexes, then the resulting cell complex is no larger than the 
ones with which you started. 

PROPOSITION 12.5.1. Let M be a cellular model category. If X is a cell complex 
(see Definition 11.1.4), then there is a cardinal n such that if v is a cardinal, v > 2, 
and Y is a cell complex of size v, then the set M(X,Y) has cardinal at most v". 

Proor. Let o be the size of the cells of M (see Definition 12.3.3) and let 7 
be the size of X. The collection of isomorphism classes of cell complexes of size at 
most o7 is a set, and so we can choose a set {Ya}acea Of representatives of those 
isomorphism classes. We let 7 be an infinite cardinal at least as large as the set 
(aca M(X, Ya)) x (a7). 

Let v be a cardinal such that v > 2 and let Y be a cell complex of size v. Every 
map from X to Y must factor through a subcomplex of Y that is isomorphic to one 
of the Y, (see Theorem 12.3.1). The set of such subcomplexes of Y has cardinal 
at most v°7 < v” (see Proposition 10.6.10 and Lemma 10.1.16), and so the set 
M(X,Y) has cardinal at most 7 x (v7) = max(n,v7) =v". O 

COROLLARY 12.5.2. Let M be a cellular model category. If X is a cofibrant 
object then there is a cardinal n such that if v is a cardinal, v > 2, and Y is a cell 
complex of size v, then the set M(X,Y) has cardinal at most v”. 

Proor. This follows from Proposition 12.5.1, Lemma 10.1.17, and Corol- 
lary 11.2.2. ‘DO 

PROPOSITION 12.5.3. Let M be a cellular model category with generating cofi- 
brations I. If K is a set of relative I-cell complexes with cofibrant domains and « 
is an infinite cardinal that is at least as large as each of the following cardinals: 

e for each domain of an element of K, the cardinal 7 as in Corollary 12.5.2, 
e for each codomain of an element of K, the cardinal n as in Corollary 12.5.2, 
e for each relative I-cell complex in K, the cardinal of the set of cells in 

that relative I-cell complex, and 
e the cardinal of the set K, 
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then if g: X — Y is a map of cell complexes of size at most «* (or if X is a cell 
complex of size at most x“ and Y is the terminal object of M) and Ex is the 
object constructed by applying the small object factorization with the set K and 
an ordinal p < k* to the map g (see Definition 10.5.19), then Ex is a cell complex 
of size at most k*. 

Proor. Let yu be an ordinal such that p < w*, let g: X — Y be a map of cell 
complexes of size at most x“, and let X = Xp — X; — X2 7 --- +> Xg--- 
(8 < p) be the p-sequence constructed by applying the small object factorization 
with the set K and the ordinal yu to g. We will show by transfinite induction that for 
6B < the complex Xg has size at most K*. Since Succ(K”) (see Definition 10.1.10) 
is a regular cardinal (see Proposition 10.1.14), this will imply the proposition. 

We begin the induction by noting that Xp = X. If we now assume that @ is an 
ordinal such that 6+ 1 < p and that Xg has size at most «”, then the domain of 
each element of K has at most (k")* = «(***) = «* maps to Xg, the codomain has 
at most (x*)" = «(***) = «* maps to Y, and there are at most « elements of K. 
Thus, Xg4; is built from Xg by pushing out at most («*) x («*) x K = «* maps, 
each of which attaches at most « cells to Xg, and so Xg4, has size at most «*. 

If 8 is a limit ordinal such that 6 < p, then Xg is a colimit of complexes of size 
at most «*. Since B < p < kK“, this implies that Xg is of size at most KTM. QO 

12.5.4. Natural cylinder objects. 

DEFINITION 12.5.5. Let M be a cellular model category with generating cofi- 
brations J and let p be the smallest regular cardinal such that the domains of the 
elements of J are p-small relative to J (see Definition 10.5.12). We define a natural 
cylinder object (see Definition 7.3.2) X II X — CylTM(X) — X on M by applying 
the small object factorization with the set J and the ordinal p to the fold map 
ly W1ly: X UX — X (see Definition 10.5.19). 

DEFINITION 12.5.6. Let M be a cellular model category. If X is a cell com- 
plex, H: CylTM(X) — Y (see Definition 12.5.5) is a homotopy of maps from X 
to Y, and K is a subcomplex of X (see Definition 10.6.7), then we will use 
BloyiTM (x): CylTM(K) — Y to denote the composition Cyl (K) > CylTM(X) Ay, 
and we will call this composition the restriction of the homotopy H to the subcom- 
plex K. 

PROPOSITION 12.5.7. If M is a cellular model category with generating cofibra- 
tions I and « is an infinite cardinal that is at least as large as each of the following 
cardinals: 

for each domain of an element of J, the cardinal 7 as in Corollary 12.5.2, 
for each codomain of an element of I, the cardinal n as in Corollary 12.5.2, 
the cardinal p described in Definition 12.5.5, and 
the cardinal of the set I, 

and if X is a cell complex of size at most K*, then the natural cylinder object 
CylTM(X) (see Definition 12.5.5) is of size at most K*. 

PrRooF. This follows from Proposition 12.5.3. O 





CHAPTER 13 

Proper Model Categories 

A model category is left proper if weak equivalences are preserved by pushing 
them out along cofibrations, and it is right proper if they are preserved by pulling 
them back along fibrations (see Definition 13.1.1). Many model categories that come 
up in practice are left proper, right proper, or proper (i.e., both left proper and 
right proper), and even more model categories have homotopy theories equivalent 
to the homotopy theory of a proper model category (see, e.g., [59]). 

In Section 13.1 we define properness and show that our categories of topological 
spaces and of simplicial sets are proper model categories. In Section 13.2 we prove a 
result relating lifting in left or right proper model categories and cofibrant or fibrant 
approximations that will be important for our localization results. In Sections 13.3 
and 13.4 we discuss homotopy pullbacks and homotopy fibers in a right proper 
model category, and in Section 13.5 we discuss homotopy pushouts in a left proper 
model category. 

13.1. Properness 

DEFINITION 13.1.1. Let M be a model category. 

(1) The model category M will be called left proper if every pushout of a weak 
equivalence along a cofibration (see Definition 7.2.10) is a weak equiva- 
lence. 

(2) The model category M will be called right proper if every pullback of 
a weak equivalence along a fibration (see Definition 7.2.10) is a weak 
equivalence. 

(3) The model category M will be called proper if it is both left proper and 
right proper. 

The following proposition of C. L. Reedy shows that for weak equivalences 
between cofibrant objects, it follows from the definition of a model category that a 
pushout along a cofibration must be a weak equivalence (and, dually, that for weak 
equivalences between fibrant objects, a pullback along a fibration must be a weak 
equivalence). 

PROPOSITION 13.1.2 (C. L. Reedy, [57]). Let M be a model category. 

(1) Every pushout of a weak equivalence between cofibrant objects along a 
cofibration (see Definition 7.2.10) is a weak equivalence. 

(2) Every pullback of a weak equivalence between fibrant objects along a 
fibration (see Definition 7.2.10) is a weak equivalence. 

PROOF. We will prove part 1; the proof of part 2 is dual. 

239 
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If we have a pushout diagram 

t 
A—~C 

f le 
B ra D 

in which f is a weak equivalence, A and B are cofibrant, and i is a cofibration, 
then we must show that g is a weak equivalence. Since C' and D are cofibrant (see 
Proposition 7.2.12), Theorem 7.8.6 implies that it is sufficient to show that if Z is 
a fibrant object of M then g induces an isomorphism of homotopy classes of maps 
g*: n(D, Z) = r(C, Z). 

To see that g* is an epimorphism, let s: C — Z be a map. Corollary 7.7.4 
implies that there is a map t: B — Z such that tf ~ si. Since i is a cofibration, 
Proposition 7.3.10 and Theorem 7.4.9 imply that there is a map s’: C — Z such 
that s’ ~ s and s/t =tf. The maps s’ and t combine to define u: D — Z such that 
ug = 3’, and so ug ~ s, and g* is an epimorphism. 

To see that g* is a monomorphism, let u and u’ be maps from D to Z such that 
ug =~ u’g. Proposition 7.4.7 and Theorem 7.4.9 imply that there is a path object 

Z +» Path(Z) Po*P!,Zx Z for Z and amap v: C > Path(Z) such that pov = ug 
and p,v = u’g. Thus, we have the diagram 

A——>C—4 Path(Z) 

B F >D Pt aX . 
Ux 

In the category (M | Z x Z) of object of M over Z x Z (see Theorem 7.6.5), the 
object Path(Z) is fibrant (see Definition 7.3.2), and so Corollary 7.7.4 implies that 
there is a map w: B — Path(Z) in (M|Z x Z) such that wf ~ vi in (M|Z x Z). 
Proposition 7.3.10 implies that there is a map v’: C — Path(Z) in (M|Z x Z) 
such that v’ ~ v in (M |Z x Z) and v't = wf, and the pair (v’, w) induces a map 
H: D — Path(Z) such that pH = u and pH =v’, ie., a right homotopy from u 
to u’. 0 

COROLLARY 13.1.3. Let M be a model category. 

(1) If every object of M is cofibrant, then M is left proper. 
(2) If every object of M is fibrant, then M is right proper. 
(3) If every object of M is both cofibrant and fibrant, then M is proper. 

ProoF. This follows from Proposition 13.1.2. o 

COROLLARY 13.1.4. The categories SS and SS, (see Notation 7.10.5) are both 
left proper. 

ProoF. This follows from Corollary 13.1.3. O 

COROLLARY 13.1.5. The categories Top and Top, (see Notation 7.10.5) are 
both right proper. 

Proor. This follows from Corollary 13.1.3. O 
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We will show in Theorem 13.1.10 that Top and Top, are proper and in Theo- 
rem 13.1.13 that SS and SS, are proper. 

13.1.6. Topological spaces and simplicial sets. 

LEMMA 13.1.7. Let f: X — Y be a map of path connected topological spaces. 
If f induces an isomorphism of fundamental groups f.: TM(X,29) ~ TM1(Y, f(zo)) for 
some point xo € X and an isomorphism of homology f.: H.(X; f*A) ~ H.(Y; A) 
for every local coefficient system A on Y, then f is a weak equivalence. 

PROOF. It is sufficient to show that the induced map of total singular complexes 
is a weak equivalence. Since this is a map of connected simplicial sets inducing 
an isomorphism of fundamental groups, it is sufficient to show that it induces 
isomorphisms of all higher homotopy groups, and for this it is sufficient to show 
that the induced map of universal covers Sing f: Sing X — SingY induces an 
isomorphism of all homology groups. Since the homology groups of the universal 

cover H, (Sing X) are naturally isomorphic to the local coefficient homology groups 
H, (Sing X; Z[m,X]), this follows from our assumptions. O 

THEOREM 13.1.8. A map of topological spaces f: X — Y is a weak equivalence 
if and only if it induces an isomorphism of the sets of path components f,: 9X * 
mTMoY and, for each path component of X and the corresponding path component of 
Y, isomorphisms of fundamental groups and of homology with all local coefficient 
systems. 

PROOF. The conditions are clearly necessary, and the converse follows from 
Lemma 13.1.7. a) 

PROPOSITION 13.1.9. Let f: X — Y be a weak equivalence of topological 
spaces. Ifn > 0 and a: S” + X is a map, then the induced map f: X U, D"+! > 
Y Ufa D"*" is a weak equivalence. 

PROOF. We will use Theorem 13.1.8. It follows immediately that f induces an 
isomorphism on the set of path components. 

If n = 0 or n = 1, then the van Kampen theorem implies that f induces an 
isomorphism on the fundamental group of each path component. If n > 1, then the 
fundamental groups of the components of X and Y were unchanged when the cells 
were attached. 

To see that f induces an isomorphism of homology with arbitrary local coeffi- 
cients, we let 

T= {rE R"TM*" |0< |2| < 1} 

X= X Uf rth 

X =Xu,;pDTM} 

and let Y and Y be the corresponding constructions for Y. Since X is a deformation 
retract of X and Y is a deformation retract of Y, the induced map f: X3Yisa 
weak equivalence. If B”*? is the interior of D"+’, then the subsets X and B"+! of 
X are an excisive pair, and so a Mayer-Vietoris argument shows that f induces an 
isomorphism of homology with arbitrary local coefficients. a) 
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THEOREM 13.1.10. The categories Top and Top, (see Notation 7.10.5) are both 
left proper. 

PROOF. Let f: X — Y bea weak equivalence of topological spaces, let s: X — 
W is a cofibration, and let the square 

xX “Ww 
|| 

is a pushout; we must show that g is a weak equivalence. The cofibration s must bea 
retract of a relative cell complex t: X —» U (see Proposition 11.2.1, Example 11.1.8, 
and Example 11.1.9). If 

x—HU 
i = | 

is a pushout, then g is a retract of h, and so it is sufficient to show that h is a 
weak equivalence. If we write t as a transfinite composition of maps, each of which 
attaches a single cell, then a transfinite induction using Proposition 13.1.9 and 
Proposition 10.7.4 iroplies that h is a weak equivalence. O 

THEOREM 13.1.11. The categories Top and Top, (see Notation 7.10.5) are 
proper model categories. 

Proor. Right properness follows from Corollary 13.1.3 and left properness 
follows from Theorem 13.1.10. O 

PROPOSITION 13.1.12. The geometric realization functor commutes with finite 
limits. 

PROOF. See (38, page 49]. O 

THEOREM 13.1.13. The categories SS and SS, (see Notation 7.10.5) are proper 
model! categories. 

Proor. Left properness follows from Corollary 13.1.3. Right properness fol- 
lows from the right properness of Top and Top, (see Theorem 13.1.11) and the 
facts that 

(1) the geometric realization functor commutes with pullbacks (see Proposi- 
tion 13.1.12) and 

(2) the geometric realization of a fibration of simplicial sets is a fibration of 
topological spaces (see [53]). 

O 

THEOREM 13.1.14. Let © be a small category and let M be a cofibrantly gen- 
erated model category. If M is left proper, right proper, or proper, then the model 
category structure on M° of Theorem 11.6.1 is, respectively, left proper, right 
proper, or proper. 
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ProoF. Pullbacks in M® are constructed objectwise. Since fibrations in M° 
are objectwise fibrations and weak equivalences in M© are objectwise weak equiva- 
lences, if M is right proper then the pullback of a weak equivalence along a fibration 
is an Objectwise weak equivalence, and so M° is right proper. 

Pushouts in M® are also constructed objectwise. Since Proposition 11.6.3 im- 
plies that a cofibration in M® is an objectwise cofibration, if M is left proper then 
the pushout of an objectwise weak equivalence along a cofibration is an objectwise 
weak equivalence, and so M® is left proper. 0 

13.2. Properness and lifting 

We are indebted to D. M. Kan for the following proposition. 

PROPOSITION 13.2.1. Let M be a model category. 

(1) Let M be left proper, let g: A + B be a cofibration, let p: X + Y be 
a fibration, and let g: A — B be a cofibrant approximation (see Defini- 
tion 8.1.22) to g such that g is a cofibration. If p has the right lifting 
property with respect to g, then p has the right lifting property with 
respect to g. 

(2) Let M be right proper, let g: A — B be a cofibration, let p: X + Y be 
a fibration, and let p: X — ¥ be a fibrant approximation (see Defini- 
tion 8.1.22) to p such that f is a fibration. If g has the left lifting property 
with respect to pj, then g has the left lifting property with respect to p. 

PROOF. We will prove part 2; the proof of part 1 is dual. 
We have the diagram 

ix 

><
) 

Pp 

b
y
e

 

<
<

 

—
—

_
 

>
 

= > 

in which both ix and zy are weak equivalences. If we let P be the pullback Y xg xX ; 
then we have the diagram 

+X +x 

9 P P B 

“O L 
B > —Y 

and, since g has the left lifting property with respect to , it also has the left lifting 
property with respect to 7 (see Lemma 7.2.11). 

If we now consider the category (A | MY) of objects of M under A and over 
Y, then B, X, and P are objects in this category. Since g has the left lifting 
property with respect to 7, we know that there is a map in this category from B to 
P, and we must show that there is a map in this category from B to X. 

The category of objects under A and over Y is a model category in which a 
map is a cofibration, fibration, or weak equivalence if and only if it is one in M (see 
Theorem 7.6.5). Since 7 is a pullback of the fibration @, it is also a fibration, and so 
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X and P are fibrant objects in our category, and B is a cofibrant object. If we knew 
that k was a weak equivalence, then the result would follow from Corollary 7.7.5. 

Since ty is a weak equivalence, 9 is a fibration, and M is a right proper model 
category, the map A is also a weak equivalence. Since ix = hk and both ix and h 
are weak equivalences, k is also a weak equivalence, and the proof is complete. O 

COROLLARY 13.2.2. Let M be a simplicial model category. 

(1) Let M be left proper, let g: A — B be a cofibration, let p: X — Y be 
a fibration, and let g: A > B be a cofibrant approximation (see Defini- 
tion 8.1.22) to g such that g is a cofibration. If p has the homotopy right 
lifting property with respect to g (see Definition 9.4.2), then p has the 
homotopy right lifting property with respect to g. 

(2) Let M be right proper, let. g: A — B be a cofibration, let p: X = Y 
be a fibration, and let p: X = Y be a fibrant approximation (see Defi- 
nition 8.1.22) to p such that p is a fibration. If g has the homotopy left 
lifting property with respect to p (see Definition 9.4.2), then g has the 
homotopy left lifting property with respect to p. 

ProoF. This follows from Proposition 13.2.1 and Lemma 9.4.7. O 

13.3. Homotopy pullbacks and homotopy fiber squares 

If all objects in a model category M were fibrant, then we would define homo- 
topy pullbacks and homotopy fibers in terms of the homotopy limit functor (see 
Definition 19.1.5). Unfortunately, homotopy limits are homotopy invariant only for 
diagrams of fibrant objects (see Theorem 19.4.2). However, in a right proper model 
category (see Definition 13.1.1), we can define a homotopy pullback functor (see 
Definition 13.3.2) that is always homotopy invariant (see Proposition 13.3.4) and 
that is naturally weakly equivalent to the homotopy limit when all the objects in 
the diagram are fibrant (see Proposition 19.5.3). 

13.3.1. Homotopy pullbacks. If M is a right proper model category (see 

Definition 13.1.1), then the homotopy pullback of the diagram X % Z Y is 
constructed by replacing g and A by fibrations and then taking a pullback (see 
Definition 13.3.2). In order to have a well defined functor, we need to choose a 
fixed functor to convert our maps into fibrations. We will show, however, that any 
other factorization into a weak equivalence followed by a fibration yields an object 
naturally weakly equivalent to the homotopy pullback and that, in fact, only one of 
the maps must be converted to a fibration (see Proposition 13.3.7). Thus, if either 
of the maps is already a fibration, then the pullback is naturally weakly equivalent 
to the homotopy pullback (see Corollary 13.3.8). 

DEFINITION 13.3.2. Let MM be a right proper model category and let E be an 

arbitrary but fixed functorial factorization of every map g: X — Y into X “2, 
E(g) ?*, y, where tg is a trivial cofibration and pg is a fibration. The homotopy 
pullback of the diagram X % Z “ Y is defined to be the pullback of the diagram 
B(g) “2 Z @ E(h). 

LEMMA 13.3.3. Let M be a right proper model category. If g: X — Y is a 
weak equivalence and h: W — Z is a fibration, then, for any map k: Y + Z, the 
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natural map from the pullback of the diagram X *3, 7” W to the pullback of 
the diagram Y *,Z& W is a weak equivalence. 

PRoor. We have the commutative diagram 

X Xz W — > Y xz W —> W 

{of of 
X—y-— YZ 

in which the vertical maps are all fibrations. Since g is a weak equivalence, the 
result follows from Proposition 7.2.14. O 

PROPOSITION 13.3.4 (Homotopy invariance of the homotopy pullback). Let M 
be a right proper model category. If we have the diagram 

xXx—o7-y 

1 f | 
xX a Z = Y 

in which the vertical maps are weak equivalences, then the induced map of homo- 
topy pullbacks 

E(g) xz E(h) — E(9) xz E(h) 
is a weak equivalence. 

ProorF. It is sufficient to show that if g, h, g, and h are fibrations, then the 
map of pullbacks X xz Y —- xX Xz Y is a weak equivalence. This map equals the 
composition 

X xzY > (X xz Z) xzY XX xz ¥ + X xg ¥ 

Since M is a right proper model category, the map X — xX xz Z is a weak equiv- 
alence, and Lemma 13.3.3 implies that the last map in the composition is a weak 
equivalence. QO 

COROLLARY 13.3.5. Let M be a right proper model category. Ifk: W — X is 

a weak equivalence, then the homotopy pullback of the diagram X % Z “¥Y is 
naturally weakly equivalent to the homotopy pullback of the diagram W Hg bh 
Y. 

PROOF. We have the commutative diagram 

gk h 
W — > Z+—_ Y 

1 ot 
X—7 25 Y 

in which the vertical maps are weak equivalences, and so the result follows from 
Proposition 13.3.4. QO 
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COROLLARY 13.3.6. Let M be a right proper model category. If the maps 
r,s: X — Z are left homotopic (see Definition 7.3.2), right homotopic, or (if M 
is a simplicial model category) simplicially homotopic (see Definition 9.5.2), then 

the homotopy pullback of the diagram X > Z “HY is weakly equivalent to the 
homotopy pullback of the diagram X > Z “Ay. 

PROOF. We will prove this in the case that r and s are left homotopic; the proof 
in the case that they are right homotopic is similar, and either of these cases implies 
the corollary in the case that they are simplicially homotopic, since maps that are 
simplicially homotopic are both left and right homotopic (see Proposition 9.5.24). 

If r and s are left homotopic, there is a diagram 

oy H 
xX Co 

Wy 

such that Hip = r, Hi, = s, and both ip and 2, are weak equivalences. The 
corollary now follows from Corollary 13.3.5. QO 

PROPOSITION 13.3.7. Let M be a right proper model category. If X 22, W, 48, 
ZandY 2s W), 2> Z are factorizations of, respectively, 9: X > Zandh: Y > Z, 
jg and j, are weak equivalences, and qg and qp, are fibrations, then the homotopy 

pullback of the diagram X % Z “ ¥Y is naturally weakly equivalent to each of 
Wo xz Wh, W, xz Y, and X xz Wh. 

Proor. If E is the natural factorization used in Definition 13.3.2, then 
Lemma 13.3.3 implies that the homotopy pullback E(g) xz E(h) is naturally weakly 
equivalent to both E(g) xz Y and X xz E(h). Lemma 13.3.3 implies that these 
are naturally weakly equivalent to E(g) xz W, and W, xz E(h) respectively, and 
that these are naturally weakly equivalent to X xz Wn, and W, xz Y, respec- 
tively. Lemma 13.3.3 implies that both of these are naturally weakly equivalent to 
W, xz Wh. 

OQ 

COROLLARY 13.3.8. Let M be a right proper model category. If at least one 
of the maps g: X — Z and h: Y — Z is a fibration, then the pullback X xz Y is 

naturally weakly equivalent to the homotopy pullback of the diagram X 2 Z “Y. 
PRooF. This follows from Proposition 13.3.7. O 

In Proposition 19.5.3, we show that if M is a nght proper model category 
and X, Y, and Z are fibrant, then the homotopy pullback of the diagram X — 
Z + Y is naturally weakly equivalent to the homotopy limit of that diagram (see 
Definition 19.1.5). 

PROPOSITION 13.3.9. Let M be a right proper model category. If the vertical 
maps In the diagram 

>
<

 —
—

 

N
i
i
—

—
 

N
 

<
i
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are weak equivalences and at least one map in each row is a fibration, then the map 
of pullbacks X xz Y — X Xz Y is a weak equivalence. 

Proor. This follows from Corollary 13.3.8 and Proposition 13.3.4. - 

PROPOSITION 13. 3. 10. Let M be a right proper model category. If we have 

a diagram X £, 7 © Y in which at least one of g and h is a fibration and if 
h: ¥ — Z is a fibrant approximation to h, then the pullback of h along g has a 
fibrant approximation that is a pullback of h. 

Proor. We have the diagram 

— Ww 

a 
Xx => 

yy 

N
e

 

N
s
 

in which W is the pullback X xz Y and iy and iz are weak equivalences, and we 
must show that there is a pullback of A that is a fibrant approximation to k. If 
we factor the composition izg: X — Zas X *, X 4 Z where ix is a trivial 
cofibration and g is a fibration, then we can let W=X Xz Y and we have the 
diagram 

Ww 

x 

in which the front and back squares are pullbacks. Proposition 13.3.9 now implies 
that iw is a weak equivalence, and so the pullback k of h is a fibrant approximation 
to k. C 

—— iY 

ww h aN, 

Ehh 
—— 7 

$ 

a,
 

iL
 |

e 

13.3.11. Homotopy fiber squares. 

DEFINITION 13.3.12. If M is a right proper model category, then a square 

A—C 

| | 
B— D 

will be called a homotopy fiber square if the natural map from A to the homotopy 
pullback (see Definition 13.3.2) of the diagram B — D ~— C is a weak equivalence. 
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PROPOSITION 13.3.13. If M is a right proper model category and we have the 
diagram 

in which fa, fs, fc, and fp are weak equivalences, then the front square is a 
homotopy fiber square if and only if the back square is a homotopy fiber square. 

Proor. If P is the homotopy pullback of the diagram C + D — B and P’ is 
the homotopy pullback of the diagram C’ — D’ — B’, then we have the diagram 

A—P 

r| |» 
A’ + P’ 

and Proposition 13.3.4 implies that fp is a weak equivalence. Since f,4 is a weak 
equivalence, this implies that the top map is a weak equivalence if and only if the 
bottom map is a weak equivalence. O 

PROPOSITION 13.3.14. Let M be a right proper model category. If the front 
and back squares of the diagram 

A ——?> B 
| \fa | \ 
AB 

o— | D | 
fo fo Ss 

are homotopy fiber squares and if fg, fc, and fp are weak equivalences, then f 
is a weak equivalence. 

Proor. This follows from Proposition 13.3.4. O 

PROPOSITION 13.3.15. Let M be a right proper model category. If the right 
hand square in the diagram 

D—~— E——F 

is a homotopy fiber square, then the left hand square is a homotopy fiber square if 
and only if the combined square is a homotopy fiber square. 
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ProoF. Factor C > F as C + G =; F where 7 is a trivial cofibration and 7 is 
a fibration, and let P = E xp G and P’ = Dxpe G. We now have the diagram 

A——~ B— CC 

Pi —~ P——>G 

| | / 
D— E—F 

and Proposition 13.3.7 implies that 7 is a weak equivalence. Proposition 7.2.14 
implies that P’ is the pullback D xg P, and so Proposition 13.3.7 implies that k 
is a weak equivalence if and only if the (original) left hand square is a homotopy 
fiber square. Since Proposition 13.3.7 implies that k is a weak equivalence if and 
only if the (original) combined square is a homotopy fiber square, the proof is 
complete. Oo 

13.4. Homotopy fibers 

The homotopy fiber of the map X — Y over a point (see Definition 13.4.1) of 
Y will be defined so that it is a fibrant object weakly equivalent to the homotopy 
pullback of the diagram X — Y — x (where “+” denotes the terminal object of M) 
(see Definition 13.4.3 and Remark 13.4.5). 

DEFINITION 13.4.1. If M is a model category and Z is an object of M, then by 
a point of Z we will mean a map * — Z (where “«” is the terminal object of M). 

DEFINITION 13.4.2. If M is a model category, g: ¥Y — Z is amap, and z: * > Z 
is a point of Z (see Definition 13.4.1), then the fiber of g over z is the pullback of 

the diagram x > ZY. 

DEFINITION 13.4.3. Let M be a right proper model category. If g: Y - Z isa 
map and z: * > Z is a point of Z, then the homotopy fiber HF ib,(g) of g over z is 
the pullback of the diagram « + Z ee (Y) (see Definition 13.3.2). 

PROPOSITION 13.4.4. If M is a right proper model category, 9: Y — Z is a 
map in M, and z: * — Z is a point of Z, then the homotopy fiber of g over Z is a 
fibrant object of M that is naturally weakly equivalent to the homotopy pullback 
of the diagram * > ZY. 

Proor. This follows from Proposition 7.2.12 and Proposition 13.3.7. 0 

REMARK 13.4.5. The homotopy fiber of the map g: Y — Z over a point z: * > 
Z was not defined to be the homotopy pullback of the diagram * ~ Z 2 Y because 
that homotopy pullback need not be a fibrant object of M. 

PROPOSITION 13.4.6. Let M be a right proper model category. If 9: Y > Z 
is a fibration and z: * — Z is a point of Z, then the fiber of g over z is naturally 
weakly equivalent to the homotopy fiber of g over z. 

PROOF. This follows from Proposition 13.4.4 and Corollary 13.3.8. O 
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PROPOSITION 13.4.7. Let M be a right proper model category. If g: Y - Z 
is a map and z: * — Z and z': * — Z are points of Z that are (either left or 
right) homotopic, then the homotopy fiber of g over z is weakly equivalent to the 
homotopy fiber of g over z’. 

Proor. This follows from Proposition 13.4.4 and Corollary 13.3.6. O 

COROLLARY 13.4.8. If h: Y — Z is a map in Spe and z and 2’ are points in 
the same path component of Z, then the homotopy fiber of h over z is weakly 
equivalent to the homotopy Aber of h over z’. 

ProoF. This follows from Proposition 13.4.7. O 

PROPOSITION 13.4.9. Let M be a right proper model category. If Z is an object 
of M, z: * > Z is a point of Z, and * — P — Z is a factorization of z into a weak 
equivalence followed by a fibration, then the homotopy fiber of any map h: Y — Z 
over z is naturally weakly equivalent to P xz Y. 

PROOF. This follows from Proposition 13.3.7. im) 

PROPOSITION 13.4.10. If h: Y — Z is a map in Top and z is a point of Z, then 
the total singular complex of the homotopy fiber of h over z is naturally homotopy 
equivalent to the corresponding homotopy fiber of (Singh): Sing Y — Sing Z. 

Proor. If E is the factorization in Top of Definition 13.3.2 and iz: * > Z 
is the constant map to z, then Sing(*) — Sing E(i,) — Sing Z is a factorization 
of Sing(*) — Sing Z into a weak equivalence followed by a fibration. Since the 
total singular complex functor commutes with pullbacks and all the simplicial sets 
involved are fibrant, the result now follows from Proposition 13.4.9. O 

PROPOSITION 13.4.11. If h: Y — Z is a map in SS and z is a vertex of Z, 
then the geometric realization of the homotopy fiber of h over z is naturally weakly 
equivalent to the corresponding homotopy fiber of |h| : \Y| — |Z]. 

ProoF. Since the geometric realization functor commutes with pullbacks (see 
[38, page 49]), this is similar to the proof of Proposition 13.4.10. 0 

13.5. Homotopy pushouts and homotopy cofiber squares 

Most of the definitions and results of this section are dual to those of Sec- 
tion 13.3. 

13.5.1. Homotopy pushouts. 

DEFINITION 13.5.2. Let M be a left proper model category and let E be an 

arbitrary but fixed functorial factorization of every map g: X — Y into X “2, 
E(g) 74, Y, where 7, is a cofibration and pz, is a trivial fibration. The homotopy 
pushout of the diagram X 2 Z *, ¥ is defined to be the pushout of the diagram 
B(g) <2 Z 2% E(h). 
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PROPOSITION 13.5.3 (Homotopy invariance of the homotopy pushout). Let M 
be a left proper model category. If we have the diagram 

Xi-7—“H4y 

xX > Z |Z Y 

in which the vertical maps are weak equivalences, then the induced map of homo- 
topy pushouts E(g) Uz E(h) — E(g) Uz Eh) is a weak equivalence. 

ProoFr. This follows from Proposition 13.3.4 and Proposition 7.1.9 (see Re- 
mark 7.1.10). 0 

PROPOSITION 13.5.4. Let M be a left proper model category. If the vertical 
maps in the diagram 

+— X ——> 

1
e

—
_
 

i¢
e

—
_
 

Z*—— X Y 

are weak equivalences and at least one map in each row is a cofibration, then the 
induced map of pushouts Z yx Y — Z Iz Y is a weak equivalence. 

ProoF. This follows from Proposition 13.3.9 and Proposition 7.1.9 (see Re- 
mark 7.1.10). 0 

PROPOSITION 13.5.5. If we have a pushout diagram in Top;,) 

A— > B 

C— D 

in which the map ¢ is a cofibration, then the natural map of simplicial sets 

(Sing C’) Using a) (Sing B) — Sing D 

is a weak equivalence. 

PROOF. Since left adjoints commute with pushouts, there is a natural home- 
omorphism |(SingC’) Using a) (Sing B)| * |Sing C| Using a) |Sing BI], and so it is 
sufficient to show that the map |Sing C| Ljsing 4) |Sing B| — |Sing D| is a weak 
equivalence. We have the diagram 

|Sing C] ~—— |Sing A] ——> |Sing B| 

a 
C¢ A —B 

in which both of the maps pointing to the right are cofibrations (since both the 
geometric realization and total singular complex functors preserve cofibrations), and 

so Proposition 13.5.4 implies that the map |Sing C| LI) sing a) [Sing B| — D is a weak 
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equivalence. Since this map factors through the weak equivalence |Sing D| — D, 
the result follows from the “two out of three” axiom for weak equivalences. O 

PROPOSITION 13.5.6. Let M be a left proper model category. If we have a 

diagram Y 2 X 4, W in which at least one of g and h is a cofibration and if 
g:X Y is a cofibrant approximation to g, then the pushout of g along h has a 
cofibrant approximation that is a pushout of g. 

Proor. This follows from Proposition 13.3.10 and Proposition 7.1.9 (see Re- 
mark 7.1.10). O 

13.5.7. Homotopy cofiber squares. 

DEFINITION 13.5.8. If M is a left proper model category, then a square 

AC 

| | 
B—D 

will be called a homotopy cofiber square if the natural map to D from the homotopy 
pushout (see Definition 13.5.2) of the diagram B + A —C is a weak equivalence. 

PROPOSITION 13.5.9. If M is a left proper model category and we have the 

diagram 
A—— B 
|~4 | \fP 

A’ — B’ 

of D | 
fo fo \ 

C’ 5 D’ 

in which fa, fa, fc, and fp are weak equivalences, then the front square is a 
homotopy cofiber square if and only if the back square is a homotopy cofiber square. 

Proor. This follows from Proposition 13.3.13 and Proposition 7.1.9 (see Re- 
mark 7.1.10). 0 

PROPOSITION 13.5.10. Let M be a left proper model category. If the front and 
back squares of the diagram 

A——B 
\A | \/e 

|e c—lop | 
foTM fo \ 

Cc’ —— D’ 

are homotopy cofiber squares and if fa, fg, and fc are weak equivalences, then fp 
is a weak equivalence. 

PROOF. This follows from Proposition 13.3.14 and Proposition 7.1.9 (see Re- 
mark 7.1.10). a) 



CHAPTER 14 

The Classifying Space of a Small Category 

The classifying space (or nerve) of a small category C is a simplicial set BC in 
which 

e the vertices of BC are the objects of C, 
e the l-simplices of BC are the morphisms of €, and 
e the n-simplices of BC for n > 2 are the strings of n composable morphisms 

in C. 

We will often want to know whether a category “has a contractible classifying 
space”. If © is not small then the class of objects is not a set and so there can- 
not exist a simplicial set BC except possibly in some higher universe, but we are 
still able to describe what it means to say that “C has a contractible classifying 
space” by considering the classifying spaces of the small subcategories of € (see 
Definition 14.3.1). Our main use for this will be to prove the “essential unique- 
ness” of a construction that requires making choices: We build a category C whose 
objects are the possible outcomes and whose morphisms are equivalences between 
them. The assertion that C has a contractible classifying space then implies that 
any two outcomes are connected by an “essentially unique” zig-zag of equivalences 
(see Theorem 14.4.5). 

We define the classifying space of a small category in Section 14.1. In Sec- 
tion 14.2 we define what it means for a functor between small categories to be 
left (or right) cofinal (see Definition 14.2.1). Our definition is in terms of whether 
the classifying spaces of the overcategories (or undercategories) are non-empty and 
connected, and we show in Theorem 14.2.5 that this is the “correct” notion for 
discussing limits (or colimits) of diagrams indexed by these categories. (We define 
the analogous notions of homotopy left (or right) cofinal in Definition 19.6.1 in 
terms of whether those classifying spaces are contractible, and we show in Theo- 
rem 19.6.13 that this is the “correct” notion for discussing homotopy limits and 
homotopy colimits.) 

In Section 14.3 we discuss what it means to say that a category has a contractible 
classifying space. If € is a small category, then this just means that the simplicial set 
BC is contractible. For categories C that may not be small, we define this in terms 
of the classifying spaces of the small subcategories of © (see Definition 14.3.1). In 
Section 14.4 we define equivalent zig-zags in a category, and we say that there is an 
essentially unique zig-zag connecting two objects if the objects are connected by a 
zig-zag, any two of which are equivalent. We then show that if C has a contractible 
classifying space, then any pair of objects of C are connected by an essentially 
unique zig-zag in C. 

In Section 14.5 we discuss the situation in which we have categories K and & 
and our interest is in the functors from K to &. If K is not small then there is 

253 
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no “category of all functors from K to £ and all natural transformations between 
them”, and so we consider collections of functors from K to & and natural trans- 
formations between them that do form categories. The main result is a sufficient 
condition for every small category of functors over a fixed functor to be contained 
in one with a contractible classifying space (see Theorem 14.5.4). Section 14.6 
contains uniqueness results for cofibrant and fibrant approximations as our first 
application of contractible classifying spaces. Similar results for resolutions and 
homotopy function complexes will follow in Chapter 16 and Chapter 17. 

In Sections 14.7 and 14.8 we discuss diagrams of classifying spaces of over- 
categories and undercategories. In Section 14.7 we describe the D°?-diagrams of 
opposites of undercategories and the D-diagram of overcategories defined by a func- 
tor of small categories F: C — D. If we take the classifying spaces of the opposites 
of undercategories (or of the overcategories), then we obtain D°?-diagrams (or D- 
diagrams) of simplicial sets, and we show in Section 14.8 that they are free cell 
complexes (see Proposition 14.8.5). Thus, they are cofibrant objects in the model 
category of D°P-diagrams (or D-diagrams) of simplicial sets. These diagrams will 
be used in Chapters 18 and 19 to define homotopy colimit and homotopy limit 
functors. 

14.1. The classifying space of a small category 

DEFINITION 14.1.1. If @ is a small category, then the classifying space of C 
(also called the nerve of €) is the simplicial set BC in which an n-simplex o is a 
diagram in © of the form 

tome) ony On-} 
a 2 oy “4 on 

and the face and degeneracy maps are defined by 

(14.1.2) 
o o On-) op: a, —> On +--+» “a, if7=0 
fez 01-2 O,01-) Fit on~} . . 

dio = ¢ Ag > --- > 4-1 —— O14 > San If 0<icn 
Oo a. In-2 “pe ao —+ Qy 9 —— On} ifion 

go Tint le, a, Fin On-1 
S4o = 9 F044 > Oj OY 9 ey, 

Iff: €C — D isa functor between small categories, then F induces a map of simplicial 
sets BF: BC — BD defined by 

On~1 Foo Fon-1 F BF(aq 2 ay 4 --- “4 an) = Fag —% Fa, 4 --- Fan . 

EXAMPLE 14.1.3. For every integer n > 0 let [n] denote the category with 
objects {0,1,2,...,n} and with a single morphism from 7 to j when i < j. There 
is a natural isomorphism of simplicial sets B[n] ~ A{n] that takes the k-simplex 
ig > i) > ig > --+ + %% of Bln] to the simplex [io, 71, 72,..-, 7%] of A[n]. 

Let © denote the category with objects the [n] for n > 0 and with O([n], [k]) 
the functors from [n] to [k]. O is a skeletal subcategory of the category of finite 
ordered sets, and we have a functor B: 0 — SS whose image is isomorphic to the 
subcategory of SS consisting of the standard simplices A[n] for n > 0 and the 
standard maps between them. 
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EXAMPLE 14.1.4. Let G be a discrete group. If we consider G to be a category 
with one object and with morphisms equal to the group G, then BG is the standard 
classifying space of the group G, i.e., 7; BG = G and 7;BG ~ 0 for? #1. 

PROPOSITION 14.1.5. If C and D are small categories, then there is a natural 
isomorphism of simplicial sets B(C x D) + BC x BD. 

Proor. This follows directly from the definitions. Oo 

Although there is an obvious One to one correspondence between the simplices of 
BC and the simplices of BC°P, this does not define a map of simplicial sets because it 
does not commute with the face and degeneracy operators. It does, however, define 
a homeomorphism between the geometric realizations of these simplicial sets. 

PROPOSITION 14.1.6. If © is a small category, then there is a natural homeo- 
morphism of topological spaces |BC| ~ |BC°?|. 

PROOF. We define ¢: |Be| — |BeP| by letting ¢ take the realization of the 
. o o on=} . . . on simplex ag 2% a, “+> --- > a, of BC to the realization of the simplex a, —— 

Tn-2 go Qn—) —— ++: += Qo of BC°?P, reversing the orientation of the simplex. This 
commutes with the realizations of the face and degeneracy operators and so we 
have a map |BC| — |BC°?| that has an obvious inverse. oO 

EXAMPLE 14.1.7. Let C and D be small categories, let F: C — D be a functor, 
and let @ be an object of €. 

(1) Ifm > 0 then an n-simplex o of B(F | a) (see Definition 11.8.1) is a pair 

(By “> B, + -.- =, B,),7: FBn > a) 

cod o On-} . : : where (9 — 8; —> --» ——> B, is a string of composable maps in @ and 
T: FB, — ais amap in D. The face and degeneracy maps on the simplex 
oO are 

((B; + Bo “+ -+- + B,),7: FBn > @) ifi =0 
ao O,-2 O19,-1 

do = ((Bo oo —— By —— By 
O14 On-1 +», Bn), T: FB a) if0<i<n 

((o “2 By <b --- "5 By1),70(Fon-1): FPn-1 a) ifian 
fod O-1 lp, Cony oO, On—- 50 = ((Bo 2 --» 4B; 2h BM Bigy SHS -.- 4 B,), 7: FB, a) . 

(2) Ifn > 0 then an n-simplex o of B(a | F)*? (see Definition 11.8.3) is a pair 

(fo “2 B, HL --» = B,), 7: a > Fn) 
fof fo on-) : : P where (ig <> 8, <— --- —"~— f, is a string of composable maps in © and 

T:a— FG, isamap in D. The face and degeneracy maps on the simplex 
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o are 

((B1 @% Bo 2... M8 8.) 7: a > FRn) ifi=0 
dio = ((Bo 2 ++» * By Biss 

* oH 8 Bt: a> FR) if0<i<n 
((B0 2 A) --- * Baa), (Fon-1)oT: @ > Fp-1) ifisn 

5,9 = ((Bo “2... Ae 
EXAMPLE 14.1.8. Let C and D be small categories, let F: C — D be a functor, 

and let @ be an object of C. 

(1) The map of simplicial sets BF.: B(C | a) — B(F | Fa) (see Example 11.8.2) 

takes the n-simplex ((Go 0,3, 24... 21,8) +: Bio a) of B(C | a) 
to the simplex ((@) “% 6; + --- “4 6,), Fr: FG, > Fa) of B(F | Fa). 

(2) The map of simplicial sets BF,: B(a | €)°? + B(Fa|F)® (see Exam- 
ple 11.8.4) takes the n-simplex ((@p 2 B “+ --- “= Bn), 7: @ > Bn) 
of B(C | a) to the simplex ((G “2 6, “ --- =“ 6,), Fr: Fa > FB) 
of B(F | Fa). 

lp 1 ° On-1 Bi — B, > Bigs CH... 4 Br), 7: a = FR) . 

14.2. Cofinal functors 

If @ and D are small categories and F: C — D is a functor, then for ev- 
ery cocomplete and complete category M and every diagram X:D — M there 
is an induced €@-diagram F*X and natural maps colime F*X — colimp X and 
limp X — lime F*X. The main result of this section is Theorem 14.2.5, which 
characterizes those functors F for which that natural map of colimits or that nat- 
ural map of limits is always an isomorphism. 

DEFINITION 14.2.1. Let C and D be small categories and let F: C — D be a 
functor. 

e The functor F is left cofinal (or initial) if for every object a of D the clas- 
sifying space B(F | a) of the overcategory (F | a) (see Definition 11.8.1) 
is non-empty and connected. If in addition F is an inclusion of a sub- 
category, then we will say that © is a left cofinal subcategory (or initial 
subcategory) of D. 

e The functor F is right cofinal (or terminal) if for every object a of D 
the classifying space B(a| F) of the undercategory (a| F) (see Defini- 
tion 11.8.3) is non-empty and connected. If in addition F is an inclusion 
of a subcategory, then we will say that C is a right cofinal subcategory (or 
terminal subcategory) of D. 

There are differing uses of the above terms in the literature; see Remark 19.6.2. 

REMARK 14.2.2. We will show in Theorem 14.2.5 that left cofinal and right 
cofinal are the “correct” notions when considering colimits and limits of functors. 
In Definition 19.6.1 we will define a functor between small categories to be homotopy 
left cofinal or homotopy right cofinal if the classifying spaces of the overcategories 
(or undercategories) are contractible, rather than just non-empty and connected. 
We show in Theorem 19.6.13 that these are the “correct” notions when considering 
homotopy colimits and homotopy Jimits. 
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LEMMA 14.2.3. Let © be a small category. If a is an object of C and FS is the 
free €-diagram of sets generated at a (see Definition 11.5.7), then colime F? is a 
set with one element. 

PROOF. If @ is an object of C and A € F2(@) = C(a, B), then (FS(h)) (le) = 
hol, =h. That is, Ff (h) takes 1, € F?(a) = C(a, a) to h € F9(G), and so h and 
la represent the same element of colime F. 0 

LEMMA 14.2.4. Let © and D be small categories and let G: C — D be a func- 
tor. If a is an object of D and F®% is the free D-diagram of sets generated at a 
(see Definition 11.5.7), then there is a natural one to one correspondence between 
colime G*F% and the components of B(a |G). 

Proor. There is a natural one to one correspondence between the vertices 
of B(a |G) and the set [] cope) F2(G(o)) = L.covce(G*FF)(7). Under this 
correspondence, there is a 1-simplex from the vertex f: a — F(a) to the vertex 
g: a — G(r) if and only if there is a map h: og > 7 in @ such that F(h)o f = g. 
Thus, two vertices of B(a | F) are in the same component of B(a | G) if and only 
if they represent the same element of colime G*F. 

THEOREM 14.2.5. Let © and D be small categories and let G: C — D bea 
functor. 

(1) The functor G is right cofinal (see Definition 14.2.1) if and only if for every 
cocomplete category M and every diagram X:D— M the natural map 
colime G*X — colimp X is an isomorphism. 

(2) The functor G is left cofinal (see Definition 14.2.1) if and only if for every 
complete category M and every diagram X:D — M the natural map 
limp X — lime G*.X is an isomorphism. 

Proof of part 1: Let G be right cofinal, let © be a cocomplete category, and 
let X: D — M be a diagram; we will define a map w: colimp X — 
colime G*X that is an inverse to the natural map @¢: colime G*X — 
colimp X. If a is an object of D, we can choose an object o of © and 
a map f:a — G(o) (since B(a|G) is nonempty) and define a map 

X. — colime G*X as the composition Xq Ss, Xoo) = (G*X), 
colime G*X. If h: 0 — 7 is a map in € then the map (G*X), 7 

colime G* X equals the composition (G*X), Ae, (G*X), — colime G*X. 
Since B(a | G) is connected, this implies that our map X, — colime G* X 
is independent of the choices. If k: a — @ is a map in D, then it also 

implies that the map X, — colime G* X equals the composition Xq ‘, 
Xp, — colime G*X, and so we have an induced map w: coliinp X — 

colime G*X. The composition X, — colimp X 4, colime G*X £, 
colimp X equals the map X, — colimp X, and so ¢¥ = lcolimy x- 

Similarly, the composition (G*X), > colimeG*X % colimp X % 
colime G* X equals the map (G*X), — colime G*X, and so the com- 
position ~@ = leolime G+ xX: 

If G is not right cofinal, then we can choose an object a of D such 
that B(a | G) is either empty or not connected. If we let F° be the free D- 
diagram of sets generated at a (see Definition 11.5.7), then colimy FS is 
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a set with one element (see Lemma 14.2.3) but colime G*F% has as many 
elements as the number of components of B(a |G) (see Lemma 14.2.4). 

Proof of part 2: Proposition 11.8.5 implies that the functor G is left cofinal 
if and only if B(a| F°?)°? is nonempty and connected for every object 
a of D, and Proposition 14.1.6 implies that this is true if and only if 
B(a | F°?) is nonempty and connected for every object a of D. Part 1 im- 
plies that this is true if and only if for every cocomplete category M°? and 
every diagram X°P: D°P — M°P the natural map colimeop(G°P)* XP — 
colim-pop X°P is an isomorphism, and this is true if and only if for every 
complete category M and every diagram X: D — M the natural map 
limp X — lime G*X is an isomorphism. 

14.3. Contractible classifying spaces 

If © is a small category, then its classifying space BC (see Definition 14.1.1) 
exists and is a simplicial set, and it makes sense to ask whether BC is contractible. 
If € is not small, though, then there is no simplicial set BC unless we are working 
in a universe U from which we can pass to a higher universe U’ and construct the 
simplicial set BC in U’. Definition 14.3.1 allows us to say what we mean by “C 
has a contractible classifying space” without assuming that there exists a simplicial 
set BC. Proposition 14.3.3 shows that this definition is equivalent to our intuitive 
notion of having a simplicial set BC that is contractible. 

DEFINITION 14.3.1. If © is a category (that is not necessarily small), then we 
will say that © has a contractible classifying space if for every small subcategory D 
of € there is a small subcategory D’ of © such that D C D’ and BD’ is a contractible 
simplicial set. 

REMARK 14.3.2. If © is a small category, then Definition 14.3.1 is equivalent 
to the assertion that BC is a contractible simplicial set. However, if a category C 
is not small, then there is no simplicial set BC unless we are working in a universe 
from which we can pass to a higher universe in which the class of objects of C is a 
set (see, e.g., [|60, page 17]|), so that BC is a simplicial set in that higher universe. 
For this situation, see Proposition 14.3.3. 

PROPOSITION 14.3.3. If © is a category in a universe U and U’ is a higher 
universe in which BC is a simplicial set, then BC is contractible in the sense of 
Definition 14.3.1 if and only if BC is a contractible simplicial set in U’. 

Proor. If BC is contractible in the sense of Definition 14.3.1 and if f: 5" > 
|BC| is a map of topological spaces in U’, then the image of f factors through the 
image of |BD| — |Be} for some small (in U) subcategory D of ©. There is then a 
small (in U) subcategory D’ of © such that D C D’ and BD’ is contractible, and so 
the map f is nullhomotopic. 

Conversely, let BC be contractible in U’ and let D be a small (in U) subcategory 
of ©. We will inductively define a sequence D = Dg C Dy, C D2 C --: of small 
(in U) subcategories of € such that for every k > 0, n > 0, and map S* — |BD,|, 
the composition S* + |BD,| Cc |BD,4:| is nullhomotopic. If we then let D’ = 
Un>o Pn, then BD’ will be contractible (because any map from a sphere to |BD’ | 
must factor through |BD,| for some n > 0 and will thus be nullhomotopic in 
|BD,43|). 
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If n > 0 and we have defined D,,, then for every k > 0 there is a set (in U) 
of maps f: S* + |BD,|, and for each of these maps there is a nullhomotopy of 
the composition S* — |BD,| C |BC|. The image of each of these nullhomotopies 
is contained in some finite subcomplex of |BC| and the union of all of these finite 
subcomplexes of |Be | is a small subcomplex of |Be|. We can thus find a small 
subcategory Dry of © such that BD,4; contains both BD, and the image of all 
of the nullhomotopies. O 

PROPOSITION 14.3.4. Let K and £ be categories. If both BK and BL are 
contractible (see Definition 14.3.1), then for every small subcategory D of K x £ 
there are small subcategories Di. of K and Di, of £ such that 

(1) BD, and BD, are contractible and 
(2) DC Dy, x Dh. 

PRooF. If D is a small subcategory of K x L, let Dx be the image of D under 
pry: Kx £— K and let Dg be the image of D under prz: Kx ££. Both Dx 
and Dr are small, and so there exist small subcategories Di, of K and Di, of £ 
such that Dx C Dy, De C Di, and both BD, and BD, are contractible. O 

PROPOSITION 14.3.5. Let K and & be categories. If both BK and B& are 
contractible (see Definition 14.3.1), then B(K x £) is contractible. 

ProoF. This follows from Proposition 14.3.4 and Proposition 14.1.5. O 

14.3.6. Homotopic maps of classifying spaces. 

PROPOSITION 14.3.7. If © is a small category then there is a natural isomor- 
phism 

B(€ x [1]) + (Be) x Aft] 
(where |1] is the category of Example 14.1.3). 

ProoF. This follows from Proposition 14.1.5 and Example 14.1.3. O 

LEMMA 14.3.8. Let [1] be the category of Example 14.1.3. If © is a small 
category, then 

e the objects of the category € x [1] consist of two objects (a,0) and (a, 1) 
for every object a of C, and 

e the morphisms of @ x [1] consist of three morphisms (0,10), (0,11), and 
(0,0 — 1) for every morphism o of © (where 0 — 1 is the unique non- 
identity map of [1]). 

ProoF. This follows directly from the definitions. O 

LEMMA 14.3.9. Let C and D be categories, let F,G: C —+ D be functors from @ 
to D, and let [1] be the category of Example 14.1.3. If ig: C + Cx [1] is the functor 
that takes an object a to (a,0) and a morphism g to (g,1lo) and i;: €C > € x [1] is 
the functor that takes an object a to (a,1) and a morphism g to (g,1,), then there 
is a natural transformation ¢: F — G if and only if there is a functor ®: Cx[1] — D 
such that Pip = F and 1, = G. 

ProoF. If ¢: F— G is a natural transformation, then we define ® by letting 

e $(a,0) = F(a) and (a, 1) = G(a) for every object a of C, and 
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e S(c,1o) = F(o), @(0,1,) = G(c), and ®(0,0 — 1) = ¢(c) for every 
morphism o of © (see Lemma 14.3.8). 

Conversely, if &: € x [1] — D is a functor such that dig = F and ®2,; = G, 
define a natural transformation ¢: F — G by letting ¢(a) = 6(a,0 — 1) for every 
object a of €. (J 

PROPOSITION 14.3.10. Let © and D be small categories and let F,G: C — D 
be functors from © to D. If there is a natural transformation from F to G, then 
the induced maps of classifying spaces BF, BG: BC — BD are homotopic. 

ProoF. This follows from Lemma 14.3.9 and Proposition 14.3.7. O 

DEFINITION 14.3.11. If © and D are categories and @ is an object of D, then 
the constant functor from © to D at a is the functor that takes every object of C 
to a and every morphism of € to lg. 

COROLLARY 14.3.12. Let © be a category and let a be an object of €. 
(1) If there is a natural transformation from the identity functor of © to the 

constant functor from © to © at a (see Definition 14.3.11), then BC is 
contractible (see Definition 14.3.1). 

(2) If there is a natural transformation from the constant functor from © to 
C at a (see Definition 14.3.11) to the identity functor of C, then BC is 
contractible (see Definition 14.3.1). 

PROOF. We will prove part 1; the proof of part 2 is similar. 
If D is a small subcategory of ©, let D’ be the subcategory of € consisting 

of D, the object a, and the maps {¢(@) | @ € Ob(D)}. D” is also small, and 
Proposition 14.3.10 implies that BD’ is contractible. O 

PROPOSITION 14.3.13. Let € be a category. 

(1) Ifa is an initial object of C, then there is @ natural transformation from 
the constant functor at a (see Definition 14.3.11) to the identity functor 
of @. 

(2) If @ is a terminal object of ©, then there is a natural transformation 
from the identity functor of © to the constant functor at a (see Defini- 
tion 14.3.11). 

PROOF. We will prove part 1; the proof of part 2 is dual. 
For every object of ©, let ¢(8) be the unique map from a to ~. Since a is an 

initial object of C, it follows that ¢ is a natural transformation, and so the result 
follows from Corollary 14.3.12. 0 

PROPOSITION 14.3.14. If the small category © has either a terminal or an initial 
object, then BC is contractible (see Definition 14.3.1.) 

PROOF. This follows from Corollary 14.3.12 and Proposition 14.3.13. J 

14.4. Uniqueness of weak equivalences 

DEFINITION 14.4.1. Let © be a category. If X and Y are objects of C, then 
two zig-zags (see Definition 7.9.1) in C from X to Y are equivalent if one can be 
changed into the other by a finite sequence of the following transformations and 
their inverses: 
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(1) Iftwo consecutive arrows in a zig-zag point in the same direction, compose 
them; i.e., 

XW, e+ 3 Wye MS Wy 5 Wag ee OY 
is equivalent to 

XSW Wye EE Wig OY 

and 
xX Br 1 Bear — W, ++ > Wye Wye Wig Oo OY 

is equivalent to 

XW, Oo -- Wy, COM Weg ee OY. 
(2) If an arrow is immediately followed by the same arrow pointing in the 

opposite direction, remove the pair; i.e., both 

XSW, e+e 3 Wey A We OE Wei ee OY 

and 

are equivalent to 

X > Wy, — + Weag > Wee — Wega OY. 
DEFINITION 14.4.2. Let © be a category and let X and Y be objects of ©. If 

any two zig-zags in © from X to Y are equivalent (see Definition 14.4.1), then we 
will say that there is an essentially unique zig-zag in C from X to Y. 

PROPOSITION 14.4.3. Let M be a model category and let K be a small and 
full subcategory of M. If X, Y, and Z are objects in K, then composition of 
zig-zags of weak equivalences (see Definition 7.9.1) passes to equivalence classes of 
zig-zags of weak equivalences in K (see Definition 14.4.1) to define the composition 
of an equivalence class of zig-zags of weak equivalences from X to Y in K with an 
equivalence class of zig-zags of weak equivalences from Y to Z in XK. 

Proor. This follows directory from the definitions. QO 

PROPOSITION 14.4.4. Let K be a small category. If X and Y are objects of K, 
then the set of equivalence classes of zig-zags in K from X to Y is isomorphic to 
the set of maps from X to Y in the edge path groupoid of BK. 

PRooF. This almost follows directly from the definitions. If a and @ are com- 
posable maps in K, then there is a 2-simplex in BK with faces a, 6, and Boa, and 
so the definition of the edge path groupoid contains the relation (Goa)~!-8 = a7}, 
which is not part of the definition of equivalence of zig-zags. However, this relation 
is a consequence of the definition of equivalence of zig-zags because (80a)7!- 8 = 
a! . B-1. 8 = a7 (and similarly for the other relations derived from the 2- 
simplex). O 

THEOREM 14.4.5. Let © be a category and let X and Y be objects of ©. If BC 
is contractible (see Definition 14.3.1), then there is an essentially unique zig-zag in 
@ from X to Y (see Definition 14.4.2). 

PROOF. This follows from Proposition 14.4.4. 0 
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14.4.6. Homotopy equivalences. 

PROPOSITION 14.4.7. Let M be a model category, let C be a category, and let 
F: € = M be a functor such that F(a) is a weak equivalence between cofibrant- 
fibrant objects of M for every map a of @. If 

a a a O&n-) [s4 X SG W, WW, --- CK WwW) “DY 

is @ zig-zag in C from X to Y, then we can choose a homotopy inverse g, to F(ax) 
for each a, that points to the left and let g, = F(ax) for each a, that points to the 
right and the composition gn9n-1°'+-91: X — Y will be a homotopy equivalence 
whose homotopy class is independent of the choices made. 

PROOF. This follows from Theorem 7.5.10. O 

DEFINITION 14.4.8. If M is a model category, © is a category, F: C —- Misa 
functor such that F(a) is a weak equivalence between cofibrant-fibrant objects of 
M for every map a of €, and if 

Aan X SOW, 2 We Ss --. C=] WwW, SY 

is a zig-zag in C from X to Y, then any homotopy equivalence from F(X) to F(Y) 
that is homotopic to one obtained from the zig-zag as in Proposition 14.4.7 will be 
called a homotopy equivalence determined by that zig-zag. 

LEMMA 14.4.9. Let M be a model category, let © be a category, and let F: C = 
M be a functor such that F(a) is a weak equivalence between cofibrant-fibrant 
objects of M for every map a of ©. If X and Y are objects of C and we have 
two equivalent zig-zags (see Definition 14.4.1) from X to Y, then those zig-zags 
determine (see Definition 14.4.8) the same homotopy class of homotopy equivalences 
from F(X) to F(Y). 

PrRooF. This follows immediately from the definitions. QO 

PROPOSITION 14.4.10. Let M be a model category, let C be a category, and let 
F: CC + MM be a functor such that F(a) is a weak equivalence between cofibrant- 
fibrant objects of M for every map a of ©. If there is an essentially unique zig-zag 
(see Definition 14.4.2) in C from X to Y then the zig-zags from X to Y determine 
(see Definition 14.4.8) a homotopy class of homotopy equivalences from F(X) to 
F(Y). 

PROOF. This follows from Lemma 14.4.9. O 

PROPOSITION 14.4.11. Let M be a model category, let C be a category, and let 
F: C 4M be a functor such that F(a) is a weak equivalence between cofibrant- 
fibrant objects of M for every map a of C@. If there is an essentially unique zig-zag 
(see Definition 14.4.2) in @ between any two objects of C, then for any two objects 
X and Y of € those zig-zags define a homotopy class of homotopy equivalences 
hxy: F(X) — F(Y) such that if X, Y, and Z are objects of C, then hyzhxy = 
hxz. 

PrRooF. This follows from Proposition 14.4.10. oO 
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14.5. Categories of functors 

In this section, we consider a situation in which we have categories K and £ and 
a functor X: K — £. We would like to discuss what would be called “subcategories 
of the overcategory (L* | X)” (see Definition 11.8.1), where £* is the “category of 
functors from K to &”, but we cannot do this because the collection of functors from 
K to & and all natural transformations between them maght not form a category. 
This is because if K is not small, then there might be a proper class of natural 
transformations between any pair of functors from K to £. 

There are two ways to deal with this situation. The first is to work in a universe 
that allows us to pass, temporarily, to a “higher universe” (see, e.g., [60, page 17]) in 
which X and £ are small and so there is a category of “all functors from K to £ and 
all natural transformations between them”. We could pass to such a higher universe, 
prove theorems there, and then state the implications of those theorems for our 
original universe. The second is to work with subcollections of those functors and 
natural transformations, restricting ourselves to those subcollections that do form 
categories, and draw our reSults from the relationships between those categories of 
functors and natural transformations. This second method is the one that we shall 
use (see Definition 14.5.2 and Remark 14.5.3). We are indebted to D. Dugger for 
suggesting this approach. 

DEFINITION 14.5.1. Let K and & be categories, let W be a class of maps in L, 
and let X: K — £& be a functor. 

(1) A functor over X relative to W is a pair (X,i) in which X:K > Lisa 
functor and 7: X — X is a natural transformation such that 7,: X. — 
X q is in W for every object a of K. _ _ 

(2) A functor under X relative to W is a pair (X,j) in which X:K > Lisa 
functor and 7: X — X is a natural transformation such that ja: Xa 
X,, is in W for every object a of K. 

DEFINITION 14.5.2. Let K and £ be categories, let W be a class of maps in £, 
and let X: K — £& be a functor. 

(1) A category of functors over X relative to W is a category @ such that 
(a) every object of @ is a functor over X relative to W (see Defini- 

tion 14.5.1), 
(b) if (X,i) and (X’,7’) are objects of C, then e((X, 4), (X’,7’)) is a set 

of natural transformations ¢: X — X’ such that i ’p =i, 
(c) if (X, 2) is an object of C, then the identity natural transformation 

of X is an element of e((X, i), (X, i)), and 
(d) composition of morphisms in @ is defined by composition of natural 

transformations. 
(2) A category of functors under X relative to W is a category © such that 

(a) every object of € is a functor under X relative to W (see Defini- 
tion 14.5.1), 

(b) if (X,j) and (X’,7’) are objects of @, then e((X, 9); (X", j’)) isa 
set of natural transformations ¢: X — X’ such that oj =7', 

(c) if (X, j) is an object of ©, then the identity natural transformation 
of X is an element of e[(x, 9); (X, j)), and 
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(d) composition of morphisms in © is defined by composition of natural 
transformations. 

REMARK 14.5.3. If K is a small category and & is a category, then there is a 
category &* with objects all the functors from K to £ and morphisms all natural 
transformations between such functors. In this case, a category of functors over X 
is just a subcategory of (£* | X) (see Definition 11.8.1) and a category of functors 
under X is just a subcategory of (X | £*) (see Definition 11.8.3). If K is not small, 
however, then the collection of natural transformations between two functors may 
not be a set, and so there may not be a “category of all functors and al] natural 
transformations” except in a universe higher than the one in which we work. 

We are indebted to D. M. Kan for the following theorem. 

THEOREM 14.5.4. Let K and £ be categories, let X: K — L£ be a functor, and 
let W be.a class of maps in £ that is closed under composition. 

(1) If there is an augmented functor (see Definition 8.1.12) (F,p) on & such 
that py: FY — Y is in W for every object Y of £, then for every small 
category D of functors over X relative to W (see Definition 14.5.2) there 
is a small category D’ of functors over X relative to W such that D C D’ 
and BD’ is contractible. 

(2) If there is a coaugmented functor (see Definition 8.1.12) (G,q) on & such 
that gy: Y — GY is in W for every object Y of &, then for every small 
category D of functors under X relative to W (see Definition 14.5.2) there 
is asmall category D’ of functors under X relative to W such that D C D’ 
and BD’ is contractible. 

Proor. We will prove part 1; the proof of part 2 is dual. 
Let D be a small category of functors over X relative to W. If we let D’ be 

the category generated by 

D, 
the objects {(FX,io pg) | (X,i) € Ob(D)}, 
the object (FX,px), 
the maps {F(g) | g is a map in D}, 
the maps {F(z): (FX,iop x) — (FX, px) | (X,i) € Ob(D)}, and 

e the maps {pz | (X,i) € Ob(D)}, 
then D’ is a small category and D C D’. We will show that BD’ is contractible by 
showing that there is a subcategory D C D’ such that 

(1) D has a terminal object (and so BD is contractible; see Proposition 14.3.14) 
and 

(2) BD is a deformation retract of BD’. 
Let D be the subcategory of D’ generated by 

the objects {(FX,i0 px) | (X,é) € Ob(D)}, 
the object (FX,px), 
the maps {F(g) | g is a map in D}, and 
the maps {F(i): (FX,iopz) > (FX, px) | (X, i) € Ob(D)}. 

The object (FX, px) is a terminal object of D, and so it remains only to show that 
BD is a deformation retract of BD’. 
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We define a retraction F: D’ = D by letting 
F(X, i) = (FX,iopg) for (X,i) € Ob(D), 
F(g: (X,i) 3 (X’, i’)) =F(g): (FX,iops) > (FX’,i! o pg.) for g a map in D, 
F(py: (FX,iopz) > (X,i)) =lpg, iopz) Ot (X14) € Ob(D), 

and by letting F be the identity on the subcategory D. Proposition 14.3.10 implies 
that it is sufficient to construct a natural transformation ¢ from F to lp. We do 
this by letting o(X, i) = pz for (X, z) € Ob(D) and by letting ¢ take every object 
of D to the identity map of that object. am 

THEOREM 14.5.5. Let K and & be categories, let X: K — £& be a functor, and 
let W be a class of maps in & that is closed under composition. 

(1) If there is an augmented functor (see Definition 8.1.12) (F,p) on & such 
that py: FY — Y is in W for every object Y of & and if (X: K = 
Lyi: X + X) and (X': K — L,i': X’ 4 X) are functors over X 
relative to W (see Definition 14.5. 1), then there is an essentially unique 
zig-zag (see Definition 14.4.2) of natural transformations of functors over 
X relative to W from X to X’. 

(2) If there is a coaugmented functor (see Definition 8.1.12) (G,q) on & such 
that qv: Y — GY is in W for every object Y of & and if (X: K = 
Lj: X X) and (X’: K 7 L,7’: X X’) are functors under X 
relative to W (see Definition 14.5.1), then there is an essentially unique 
zig-zag (see Definition 14.4.2) of natural transformations of functors under 
X relative to W from X to X". 

Proor. This follows from Proposition 14.5.7 and Theorem 14.5.4. J 

THEOREM 14.5.6. Let € be a category and let W be a class of maps in € that 
is closed under composition. 

(1) Let X be an object of © and let @x be the full subcategory of (C| xX) 
determined by the objects X — X that are in W. If there is an augmented 
functor (see Definition 8.1.12) (F,7) on © such that iy: FY - Y is in W 
for every object Y of ©, then Bx is contractible (see Definition 14.3.1). 

(2) Let X be an object of © and let Cx be the full subcategory of (X | C) 
determined by the objects X — X that are in W. Ifthere isa coaugmented 
functor (see Definition 8.1.12) (G,7) on © such that jy: Y — GY is inW 
for every object Y of C, then BC x is contractible. 

PROOF. If we let K be the category with one object and one (identity) map, 
then this follows from Theorem 14.5.4. O 

PROPOSITION 14.5.7. Let K and & be categories, let W be a class of maps in 
&, and let X:K — & be a functor. 

(1) If every small category D of functors over X relative to W (see Defini- 
tion 14.5.2) is contained in a smal] category D' of functors over X relative 
to W such that BD’ is contractible, then there is an essentially unique zig- 
zag (see Definition 14.4.2) of natural transformations of functors over X 
relative to W connecting any two functors over X. 



266 14. THE CLASSIFYING SPACE OF A SMALL CATEGORY 

(2) If every small category D of functors under X relative to W (see Def- 
inition 14.5.2) is contained in a small category D’ of functors under X 
relative to W such that BD’ is contractible, then there is an essentially 
unique zig-zag (see Definition 14.4.2) of natural transformations of func- 
tors under X relative to W connecting any two functors under X. 

PROOF. This follows from Theorem 14.4.5. O 

14.6. Cofibrant approximations and fibrant approximations 

DEFINITION 14.6.1. Let M be a model category. 

(1) If X is an object of M, we let CofAp(X) denote the category whose 
objects are cofibrant approximations to X (see Definition 8.1.2) and whose 
morphisms are maps of cofibrant approximations (see Definition 8.1.4). 

(2) If X is an object of M, we let FibAp(X) denote the category whose objects 
are fibrant approximations to X and whose morphisms are maps of fibrant 
approximations. 

THEOREM 14.6.2. Let M be a model category. 

(1) If X is an object of M, then BCofAp(X) is contractible (see Defini- 
tion 14.3.1). 

(2) If X is an object of M, then BFibAp(X) is contractible (see Defini- 
tion 14.3.1). 

PROOF. We will prove part 1; the proof of part 2 is dual. 
If we let W be the class of weak equivalences in M with cofibrant domain, then 

the result follows from Theorem 14.5.6 and Proposition 8.1.17. a) 

PROPOSITION 14.6.3. Let M be a model category and let X be an object of M. 

(1) If (X, i) and (X’,7’) are cofibrant approximations to X, then there is an 
essentially unique zig-zag (see Definition 14.4.2) of weak equivalences of 
cofibrant approximations to X from (X,i) to (X',7’). 

(2) If (X, j) and (X’, 7’) are fibrant approximations to X, then there is an 
essentially unique zig-zag (see Definition 14.4.2) of weak equivalences of 
fibrant approximations to X from (X,j) to (X’,j’). 

Proor. This follows from Theorem 14.4.5 and Theorem 14.6.2. O 

DEFINITION 14.6.4. Let M be a model category. 

(1) If g: X — Y is a map in M, we let CofAp(g) denote the category whose 
objects are cofibrant approximations to g (see Definition 8.1.22) and whose 
morphisms are maps of cofibrant approximations (see Definition 8.1.26). 

(2) If g: X — Y is a map in M, we let FibAp(g) denote the category whose 
objects are fibrant approximations to g and whose morphisms are maps 
of fibrant approximations. 

PROPOSITION 14.6.5. Let M be a model category. 

(1) Ifg: X — Y is a map inM, then BCofAp(g) is contractible (see Defini- 
tion 14.3.1). 

(2) Ifg: X — Y is a map in M, then BFibAp(g) is contractible. 



14.6. COFIBRANT APPROXIMATIONS AND FIBRANT APPROXIMATIONS 267 

PROOF. We will prove part 1; the proof of part 2 is dual. 
Let K be the category of maps in M, in which a map from f: A ~ B to 

f’: A’! > B’ is a commutative square 

A— A’ 

‘| lr 
B—W B’ ) 

and let W be the class of maps for which both s and t are weak equivalences with 
cofibrant domains. If (F,7) is a functorial cofibrant approximation on M, then (F, 2) 
defines a functorial cofibrant approximation on K, and so the result follows from 
Theorem 14.5.6. O 

PROPOSITION 14.6.6. Let M be a model category and let f: X — Y be a map 
in M. 

(1) If ((X,ix),(Y,iv),g: X + Y) and ((X',i%), (Y,#), /: X’ + Y’) are 
cofibrant approximations to g, then they are connected by an essentially 
unique zig-zag (see Definition 14.4.2) of weak equivalences of cofibrant 
approximations tog. 7 . . . . 

(2) If ((X, 5x), (Y, jy), 9: X~ Y) and (X', 5%); (Y 9), 9: X'— Y’) are 
fibrant approximations to g, then they are connected by an essentially 
unique zig-zag (see Definition 14.4.2) of weak equivalences of fibrant ap- 
proximations to g. 

ProoF. This follows from Theorem 14.4.5 and Proposition 14.6.5. O 

DEFINITION 14.6.7. Let M be a model category and let K be a subcategory of 
M. 

(1) A category of functorial cofibrant approximations on K is category of 
functors from K to M over the inclusion functor with respect to those 
maps in M that are weak equivalences with cofibrant domains (see Defi- 
nition 14.5.2). 

(2) A category of functorial fibrant approximations on K is category of func- 

tors from K to M under the inclusion functor with respect to those 
maps in M that are weak equivalences with fibrant codomains (see Defi- 
nition 14.5.2). 

THEOREM 14.6.8. Let M be a model category and let K be a subcategory of 

M. 

(1) For every small category D of functorial cofibrant approximations on K 
(see Definition 14.6.7) there is a small category D’ of functorial cofibrant 
approximations on K such that D C D’ and BD’ is contractible. 

(2) For every small category D of functorial fibrant approximations on K 
(see Definition 14.6.7) there is a small category D’ of functorial fibrant 
approximations on K such that D Cc D’ and BD’ is contractible. 

PROOF. This follows from Theorem 14.5.4 and Proposition 8.1.17. O 

THEOREM 14.6.9. Let M be a model category and let K be a subcategory of 
M. 
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(1) If (X,3) and (X',7’) are functorial cofibrant approximations on K, then 
there is an essentially unique zig-zag _of weak equivalences of functorial 
cofibrant approximations on K from (X,i) to (X’,?’). 

) If (X, j)3) and (Xj ’) are functorial fibrant approximations on K, then 
there is an essentially unique zig-zag of weak k equivalences of functorial 
fibrant approximations on K from (X,j) to (X’, j'). 

Proor. This follows from Proposition 14.5.7 and Theorem 14.6.8. O 

14.7. Diagrams of undercategories and overcategories 

In this section, for every small category © we define a natural C°P-diagram of 
simplicial sets B(— | @)°? that will be used to define the homotopy colimit of a 
€-diagram in a model category (see Definition 18.1.2 and Definition 19.1.2) and 
a natural €-diagram of simplicial sets B(C | —) that will be used to define the 
homotopy limit of a C-diagram in a model category (see Definition 18.1.8 and Defi- 
nition 19.1.5). We also derive a relation between them (see Corollary 14.7.13) that 
we will use to obtain a relation between the homotopy colimit and the homotopy 
limit functors (see Theorem 18.1.10). We will show in Proposition 14.8.5 that these 
diagrams are free cell complexes (see Definition 11.5.35). 

14.7.1. Diagrams of undercategories. 

DEFINITION 14.7.2. If C and D are small categories and F: C — D is a functor, 
then for every object a of D we have the category (a | F)°?, the opposite of the 
category of objects of € under a (see Definition 11.8.3). If o: a — a’ is a map in 
D, then o induces a functor o*: (a’ | F)°? = (a | F)°?, defined on objects by 

o*(a' + FB) =a 7S FB. 
If we take the classifying space (see Definition 14.1.1) of each undercategory, we 
obtain the D°P-diagram of simplicial sets B(— | F)°P that on the object a of D 
takes the value B(a | F)°?. Thus, an n-simplex of B(—! F)°?(a) = B(a | F)"” is a 
pair 

(Bo “2 B, A... = B,),7: a > FB) 
on-t where By <2 f, «—— (G, is a string of composable maps in € and T: a > 

FG, is a map in D, with face and degeneracy maps defined as in (14.1.2). 
As in Definition 11.8.3, if C = D and F is the identity functor, then we use 

B(— | €)°? to denote the diagram of classifying spaces of the opposites of the un- 
dercategories, and an n-simplex of B(— | €)°?(a) = Bia] C)” is a commutative 
diagram in € 

v2 < eet Qo ¢ Zo a ¢ aA Ta an 

with face and degeneracy maps defined as in (14.1.2). 

LEMMA 14.7.3. IfC and D are small categories and F: C — D is a functor, then 
for every object a of € there is a map of simplicial sets F,: B(a | €)°? — B(Fa | F)*? 
that takes the simplex 

((ao ay he. ATM O), 7: 3 On) 
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of B(a | €)°P to the simplex 

((a0 Aq, A... Qn), Fr: Fa + Fan) 
of B(Fa | F). 

PROOF. This follows directly from the definitions. a) 

LEMMA 14.7.4. If C is a small category and a is an object of C, then B(a | €)°P 
is contractible. 

PROOF. This follows from Proposition 14.3.14, since (a | C)°P has the terminal 
object le: a—-a. i) 

The C°P-diagram B(— | @)°P will be used to define the homotopy colimit functor 
(see Definition 18.1.2 and Definition 19.1.2). Lemma 14.7.4 implies that, in the 
model category of C°P-diagrams of simplicial sets (see Theorem 11.6.1), the C°P- 
diagram B(— | @)°? is weakly equivalent to the constant diagram at a point. We 
will show in Corollary 14.8.8 that B(—|€)°? is also a free cell complex, and so 
B(—!@)°? is a cofibrant approximation to the constant diagram at a point (see 
Definition 8.1.2). This will imply (in Theorem 19.4.7) that if we use a different 
cofibrant approximation to the constant diagram at a point in the definition of the- 
homotopy colimit of a diagram, then for objectwise cofibrant diagrams we will get 
a functor naturally weakly equivalent to the homotopy colimit functor. 

PROPOSITION 14.7.5. If C and D are small categories and F: C — D is a func- 
tor, then the colimit of the D°?-diagram of classifying spaces of undercategories 
colimper B(— | F) is naturally isomorphic to BC. 

PROOF. We define a map colimpop B(— | F) — BC by taking the simplex (8 - 
By > ---— Br,o: a > Fp) of B(a! F) to the simplex By — 8, — --- > G, of BC. 
This map is onto because the simplex 89 — 8, —--- — Bn of BC is in the image of 
(Bo — Bi + --:— Bn, leg,: FBo — FGo), and it is one to one because the simplex 
(Bo ~ Bi > --- — Ba,o: a — Fo) of Bla | F) is identified with the simplex 

(Bo —> By > >» > Bn, Lp : Fo > FGo) of BOF LF) in colimB(-|F). 0 
REMARK 14.7.6. We will show in Proposition 14.8.5 that the D°P-diagram 

B(—|F) is also a free cell complex (see Definition 11.5.35). It will then follow 
from Proposition 18.9.4 that the natural map hocolim B(— | F) — colim B(- | F) is 
a weak equivalence, and so hocolim B(— | F) is naturally weakly equivalent to BC 
(see Proposition 18.9.5). 

14.7.7. Diagrams of overcategories. 

DEFINITION 14.7.8. If © and D are small categories and F: C + Dis a functor, 
then for every object a of D we have the category (F | a), the category of objects 
of © over a (see Definition 11.8.1). If o: a — a’ is a map in D, then o induces a 
functor o.: (F |a@) > (F | a’), defined on objects by 

o.(FB > a)=FB Sa’. 

If we take the classifying space of each overcategory (see Definition 14.1.1), we 
obtain the D-diagram of simplicial sets B(F | —) that on the object a of D takes 
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the value B(F | a). Thus, an n-simplex of B(F | —)(a) = B(F | a) is a pair 

((Bo “S+ By + --- “"=4+ Ba), 7: FBn > a) 

where fp ~2 8, 3+... “24 8, is a string of composable maps in © andr: FB, > 
a@ is a map in D, with face and degeneracy maps defined as in (14.1.2). 

As in Definition 14.7.2, if C = D and F is the identity functor, then we use 
B(C | —) to denote the diagram of overcategories, and an 7-simplex of B(€ | —)(a) = 
B(C | a) is a commutative diagram in C 

with face and degeneracy maps defined as in (14.1.2). 

LEMMA 14.7.9. IfC and D are small] categories and F: C — D is a functor, then 
for every object a of © there is a map of simplicial sets F,: B(C | a) > B(F | Fa) 
that takes the simplex 

70 coal Jn-1l ((a9 > ay > --- an), T! On > @) 

of B(a | €)°? to the simplex 

((ao “> a, Ss--- 22", a,), Fr: Fan 2 Fa) 
of B(Fa | F). 

Proor. This follows directly from the definitions. 0 

LEMMA 14.7.10. If € is a small category and a is an object of C, then B(C | a) 
is contractible. 

Proor. This follows from Proposition 14.3.14, since (C | a) has the terminal 
object 1,: a> a. O 

The C-diagram B(C|—) will be used to define the homotopy limit functor 
(see Definition 18.1.8 and Definition 19.1.5). Lemma 14.7.10 implies that in the 
model category of C-diagrams of simplicial sets (see Theorem 11.6.1), the C-diagram 
B(C | —) is weakly equivalent to the constant diagram at a point. We will show 
in Corollary 14.8.8 that B(C | —) is also a free cell complex, and so B(@ | —) is a 
cofibrant approximation to the constant diagram at a point (see Definition 8.1.2). 
This will imply (in Theorem 19.4.7) that if we use a different cofibrant approxima- 
tion to the constant diagram at a point in the definition of the homotopy limit of 
a diagram, then, for objectwise fibrant diagrams, we will get a functor naturally 
weakly equivalent to the homotopy limit functor. 

14.7.11. Relations. 

PROPOSITION 14.7.12. IfC is a small category, then the isomorphism (a | C)°? ~ 
(C°P | a) of Corollary 11.8.7 is natural in the object a of €. 

Proor. This follows directly from the definitions. C 
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COROLLARY 14.7.13. If © is a small category, then there is a natural isomor- 
phism of C°?-diagrams of simplicial sets 

B(-—| €)°P = B(CEP |) . 

Proor. This follows from Proposition 14.7.12. O 

14.8. Free cell complexes of simplicial sets 

In this section, we characterize those diagrams of simplicial sets that are free 
cell complexes (see Theorem 14.8.4). Our main application of this will be to the di- 
agrams of opposites of undercategories and of overcategories (see Proposition 14.8.5 
and Corollary 14.8.8), which will be used to define the homotopy colimit and homo- 
topy limit functors (see Definition 18.1.2, Definition 18.1.8, Definition 19.1.2, and 
Definition 19.1.5). 

PROPOSITION 14.8.1. If € is a small category and X is a C-diagram of simplicial 
sets, then X is a free cell complex if and only if there is a sequence S = {s°, Ss}, 
S?,...} of @4i8¢_diagrams of sets (where C4i** is the discrete category with objects 
equal to the objects of C) such that 

(1) for n > 0 and @ an object of ©, the set St is a subset of the set of 
n-simplices of X , 

(2) for0 <i <n and a an object of C, we have s,(S%) C Szt’ (ie, S is 
closed under degeneracies), and 

(3) for n > 0 the natural map F(S") ~ X,, (see Theorem 11.5.20) is an 
isomorphism of C-diagrams of sets (where X,, is the C-diagram of n- 
simplices of X. at every object a of C). 

PROOF. We first assume that there is a sequence {s°, Ss}, S?,...3 of Cdise_ 
diagrams of sets satisfying conditions 1 through 3, and we will show that the n- 
skeleton X” of X can be obtained from the (n — 1)-skeleton X"~' of X as a 
pushout of a coproduct of free cells. Proposition 10.2.14 will then imply that X is 
a free cell complex. 

We begin by noting that X° = A[0] @ F(S°) (see Definition 11.5.19 and Def- 
inition 11.5.24). We now assume that n is a positive integer. If a is an object of 

C, let S2 C STM be the subset of nondegenerate simplices. If o € 5”, then all faces 
of o are contained in X%~", and so o defines a map 0c: 8A{n| + X27'. Proposi- 
tion 11.5.26 implies that this defines a map of C-diagrams 0c @ F%: dA[n] @ FF > 
X”"' and we can take the coproduct of these to obtain 

[] des: [] Aare =dApjarg, > xX"! . 
c€S2 o€St 

If we combine these for all objects a of C, we obtain the map 

[[ Af] @ Fg, = dA[n] @ F(S”) > x7! 
a€Ov(C) . 
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(see Definition 11.5.19), and condition (3) implies that the square 

dA[n] @ F(S") ——> x} 

| 
A[n] @ F(S") ——— x” 

is a pushout, which completes the first direction of the proof. 
We now assume that X is a free cell complex. If y is an ordinal and 

93> X,- X_g7---7- Xg-- (B<+7) 

is a presentation of X as a transfinite composition of pushouts of free cells, then 
for every 3 < ¥ there is an integer n > 0, an object ag of C, and a pushout diagram 

dA[n] @ Fx? ——> Xp 

| 
A[n] @ FS? —— Xp - 

For every object a of € let S, be the union over all 6 for which ag = a of the images 
in X of 5, ® la, and its degeneracies (where 6, is the nondegenerate n-simplex of 
Afn] and we mean the image under the composition 6, @ 1, ¢ A[n] @ FY’ (ag) — 
(X641)e)- Let S% be the set of n-simplices in S,. Since for every 0 < 6 < ¥ the 
diagram X is enlarged by adding the free diagram of simplices generated by the 
images of 6, @1,, and its degeneracies, it follows that the sets S” satisfy conditions 
(1) through (3). O 

DEFINITION 14.8.2. If C is a small category and X is a C-diagram of simplicial 
sets that is a free cell complex, then a sequence {S°, S', S?, ...} as in Proposi- 
tion 14.8.1 will be called a basis for X, and an element of an S% will be called 
a generator of the free cell complex X. We will use S to denote the sequence 
{s°, Ss’, 8”, ..-}. We will let sn C S% be the subset of nondegenerate simplices, 
and we will call an element of an sn a nondegenerate generator of X. An element 
of an So - Sn will be called a degenerate generator. 

REMARK 14.8.3. The reader should note the similarity between the free cell 
complexes among diagrams of simplicial sets and the free simplicial groups among 
simplicial groups (see, e.g., [46, Section 5]). Since a C-diagram of simplicial sets 
is equivalently a simplicial object in the category of C-diagrams of sets, we are 
comparing the definitions of free simplicial groups and free simplicial C-diagrams of 
sets. This similarity can be made more precise by noting that a group is an algebra 
over the “underlying set of the free group” triple on the category of sets (see, 
e.g., (3, page 339] or [48, pages 176-177]), while a C-diagram of sets is an algebra 
over the “underlying C%'5*-diagram of sets on the free C-diagram of sets” triple on 
the category of C48*-diagrams of sets. The sequence S in Proposition 14.8.1 is 
the analogue for €-diagrams of simplicial sets of a basis of a free simplicial group 
(see Definition 14.8.2). Free cell complexes are also free objects in the category of 
simplicial C-diagrams of sets in the sense of [45, Definition 5.1]. 
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THEOREM 14.8.4. Let © be a small category and let X be a C-diagram of 
simplicial sets. If S = {S°, S', S?,...} is a sequence of C**-diagrams of sets, then 
X is a free cell complex with basis S (see Definition 14.8.2) if and only if: 

(1) for n > 0 and a an object of ©, the set S® is a subset of the set of 
n-simplices of X q, 

(2) for0 <i <n and @ an object of C, we have s,(S%) C Sat’ (i.e, S is 
closed under degeneracies), and 

(3) ifn > 0, B is an object of C, andr is an n-simplex of X g, then there exist 
an object a of C, an element o of St, and a map y: a —> f in € such that 
X (a) =7, and such a triple (a,o,7¥) is unique. 

ProoF. This follows directly from Proposition 14.8.1 and Definition 11.5.19. 
O 

PROPOSITION 14.8.5. Let C and D be small categories and let F: C + D bea 
functor. 

(1) The D°?-diagram of simplicial sets B(— | F)°P (see Definition 14.7.2) is 
a free cell complex with a basis (see Definition 14.8.2) consisting of the 
simplices of the form 

(14.8.6) ((Bo “2 B, + --- = B,), Ipa,: FBn > FBn) 
(see Definition 14.7.2). 

(2) The D°?-diagram of simplicial sets B(— | F) is a free cell complex with a 
basis consisting of the simplices of the form 

((Bo 22 By +--+ Bp), 1p, : FBn > FBp) 
(3) The D-diagram of simplicial sets B(F | —) (see Definition 14.7.8) is a free 

cell complex with a basis consisting of the simplices of the form 

(14.8.7) ((Bo “2 6, “++ 4 Bp), 1e2,: FBn > FBn) 
(see Definition 14.7.8). 

PROOF. We will prove part 1; the proof of the other parts are similar. 
For every object a of D and every n > 0, let S% be the set of n-simplices of the 

form (14.8.6) for which FG, = a; the result now follows from Theorem 14.8.4. 0 

COROLLARY 14.8.8. If © is a small category, then 

e the C°?-diagram of simplicial sets B(— | @)°? (see Definition 14.7.2) and 
e the C-diagram of simplicial sets B(C | —) (see Definition 14.7.8) 

are both free cell complexes. 

Proor. This follows from Proposition 14.8.5. CO 

PROPOSITION 14.8.9. Let € be a small category. 

(1) The €°?-diagram of simplicial sets B(—| @) (see Definition 14.7.2) is a 
cofibrant approximation (see Theorem 11.6.1) to the constant C°?-diagram 
at & point. 

(2) The C-diagram of simplicial sets B(C | —) (see Definition 14.7.8) is a cofi- 
brant approximation (see Theorem 11.6.1) to the constant diagram at a 
point. 
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ProoF. This follows from Corollary 14.8.8, Proposition 11.6.2, Lemma 14.7.4, 
and Lemma 14.7.9. 5 

COROLLARY 14.8.10. Let C and D be small categories and let F: C + D be a 
functor. 

(1) (a) There is a basis for the free cell complex B(— | F)°? in SS?”” con- 

(14.8.11) 

(2) (a) 

(14.8.13) 

(14.8.14) 

(b ) 

—
 

sisting of the simplices of the form 

((Bo H2 By ee. 2 B,), leg, : FBn > FBn) 
(where (3p “2 8, <2 -.. <2 G,) is a string of n composable maps 
in C). The simplex of (14.8.11) is a nondegenerate generator when 
none of the maps 00, 0), ..-, On—) is an identity map. 

There is a basis for the free cell complex B(— | €)°? in SS°”” consist- 
ing of the simplices of the form 

((Bo <2 By +.» "= Ba), 16,: Ba > Bn) 
(where (Bp @2 B, + --: ast Bn) is a string of n composable maps 
in @). The simplex of (14.8.12) is a nondegenerate generator when 
none of the maps 09, 0}, ..-, On— is an identity map. 
The maps of simplicial sets F, of Lemma 14.7.3 induce a natural 
one to one correspondence F, from the set of simplices in the basis 
of B(—| F)°? to the set of simplices in the basis of B(— | @)°? that 
takes the simplex of (14.8.11) to the simplex of (14.8.12). This 
one to one correspondence restricts to a one to one correspondence 
between the sets of nondegenerate generators. Furthermore, if y is 
the simplex of (14.8.11) andi <n, then d;F.(y) = F.di(y), and if 7 
is a nondegenerate generator then there is a nondegenerate (n — 1)- 
dimensional generator 7 such that d,(y) = o%_,(7) and F.xdn(y) = 

(Fon=1)*(Fe(n)) = daFa(7) 
There is a basis for the free cell complex B(F | —) in SS” consisting 
of the simplices of the form 

((Bo 22+ B, + --- 2-4 B,), leg, : FBn > FBn) 
(where (By —% B,; 4 --- an, Bn) is a string ofn composable maps 
in €). The simplex of (14.8.13) is a nondegenerate generator when 
none of the maps do, 0), ..-, On— is an identity map. 
There is a basis for the free cell complex B(@ | —) in SS© consisting 
of the simplices of the form 

((Bo 2% By 2 --- 4 Ba), 18.: Bn > Bn) 
(where (By = By 24 --- =, Bn) is a string of n composable maps 
in ©). The simplex of (14.8.14) is a nondegenerate generator when 
none of the maps do, 0), ..., Gn—) is an identity map. 
The maps of simplicial sets F, of Lemma 14.7.9 induce a natural 
one to one correspondence F, from the set of simplices in the ba- 
sis of B(F | —) to the set of simplices in the basis of B(C | —) that 
takes the simplex of (14.8.13) to the simplex of (14.8.14). This 
one to one correspondence restricts to a one to one correspondence 
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between the sets of nondegenerate generators. Furthermore, if 
is the simplex of (14.8.13) andi < n, then djF,(y) = F.di(y), 
and if y is a nondegenerate generator then there is a nondegener- 
ate (n — 1)-dimensional generator n such that d,(y) = (On-1)«(7) 
and Fydn(y) = (Fon—1)«(Fs(7)) = daFs(7) 

ProoF. This follows from Proposition 14.8.5 and Example 14.1.8. ] 

PROPOSITION 14.8.15. Let © be a small category, let X be a C-diagram of 
simplicial sets that is a free cell complex with basis {S°, S', S’,.. .} (see Defini- 
tion 14.8.2), and for every n > 0 let X” be the C-diagram of n-skeletons of X {i.e., 
let XT. be the n-skeleton of Xq for every object @ of ©). If Y is a C-diagram of 
simplicial sets and g: X” — Y is a map of C-diagrams, then extensions of g to the 
(n + 1)-skeleton of X correspond to maps of C*'**-diagrams h: S°*! = ¥ 4, such 
that djha = Jad, for every object a of C and everyO <i<n+l. 

PrRooF. This follows from Theorem 14.8.4. im 

PROPOSITION 14.8.16. Let © be a small category. 

(1) If X is a C-diagram of unpointed simplicia] sets that is a free cell complex, 
then X*: C — SS, (defined by Xt =(X.)* for every object a of @) is 
a free cell complex of pointed simplicial sets. 

(2) If X is a C-diagram of (pointed or unpointed) simplicial sets that is a free 
cell complex, then |X|: € — Top.) (defined by |X| = |Xa|) is a free 
cell complex of (pointed or unpointed) topological] spaces. 

PROOF. This follows from the definition of free cell complex and the facts that 
if 

(14.8.17) 0A @ FS —— Xe 

A @ Fe —> Xe+1 

is a pushout of C-diagrams of (pointed or unpointed) simplicial sets, then 

dA @ (F¢)t —— X 3 

A @ (F2)+ —— Xi, 

is a pushout of C-diagrams of pointed simplicial sets, and if Diagram 14.8.17 is a 
pushout of @-diagrams of unpointed simplicial sets, then 

|AA| @ F? —— |X| 

|A| @ FS —— |Xe+1| 
is a pushout of @-diagrams of (pointed or unpointed) topological spaces. Oo 





CHAPTER 15 

The Reedy Model Category Structure 

The model category structures on a category of simplicial objects in a model 
category and a category of cosimplicial objects in a model category of (14, Chap- 
ter X], [57, Section 1}, [13, Theorem B.6], and [34, Section 2.4] have a common 
generalization: the Reedy model category structure on a category of diagrams 
in a model category indexed by a Reedy category. A Reedy category (see Defini- 
tion 15.1.2) is D. M. Kan’s generalization of both the indexing category for simplicial 
objects and the indexing category for cosimplicial objects (see Definition 15.1.8). 
The Reedy model category structure will be defined for diagrams in a model cat- 
egory indexed by a Reedy category (see Definition 15.3.3). The main examples of 
Reedy categories are the cosimplicial and simplicial indexing categories (see Defi- 
nition 15.1.8) and, more generally, the category of simplices of a simplicial set (see 
Definition 15.1.16) and its opposite. 

If € is a Reedy category and M is a cofibrantly generated model category, 
then we have already defined a model category structure on M®, the category 
of €-diagrams in M (see Theorem 11.6.1). The Reedy model category structure 
on M® has the same weak equivalences as that model category structure but has 
more cofibrations (see Proposition 15.6.3 and Corollary 15.9.11) and, thus, fewer 
fibrations (see Proposition 7.2.3). 

Most of the definitions and results of this chapter are due to D. M. Kan. 
In Section 15.1 we define Reedy categories and describe the main examples. 

In Section 15.2 we describe how to construct a diagram indexed by a Reedy cat- 
egory inductively over the filtrations of the Reedy category. This leads us to the 
definition of the latching and matching categories of a Reedy category (see Def- 
inition 15.2.3) and the latching and matching objects of a diagram indexed by a 

Reedy category (see Definition 15.2.5). We also show how maps between diagrams 
indexed by a Reedy category are naturally analyzed inductively over the filtrations 
(see Section 15.2.11). 

In Section 15.3 we define the Reedy model category structure and prove that 
it is a model category. In Section 15.4 we show that if F: M @ N :U is a Quillen 
pair and @ is a Reedy category, then the induced functors F©: M© @ N© :U® form 
a Quillen pair and that F© and U® are Quillen equivalences if F and U are Quillen 
equivalences. In Section 15.5 we discuss diagrams indexed by a product of Reedy 
categories, and show that the various possible model category structures are the 
same. In Section 15.6 we discuss diagrams in a cofibrantly generated model category 
indexed by a Reedy category, and we show that the two possible model category 
structures are different, although they are Quillen equivalent. We also show that 
the Reedy model category structure is also cofibrantly generated. In Section 15.7 
we show that the model category of diagrams in a cellular model category indexed 
by a Reedy category is a cellular model category. 

277 
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We discuss the model category of bisimplicial sets (i.e., simplicial simplicial sets) 
in Section 15.8 and the model category of cosimplicial simplicial sets in Section 15.9. 
In Section 15.10 we discuss Reedy categories with fibrant constants, which are Reedy 
categories for which an objectwise weak equivalence of cofibrant diagrams induces 
a weak equivalence of their colimits, and Reedy categories with cofibrant constants, 
which have the dual property. We will show in Theorem 19.9.1 that if C is a Reedy 
category with fibrant constants and X is a cofibrant C-diagram in a model category, 
then the homotopy colimit of X is naturally weakly equivalent to the colimit of X 
(with a dual statement for Reedy categories with cofibrant constants). 

In Section 15.11 we discuss bisimplicial sets. We define the realization of a 
bisimplicial set and show that it is isomorphic to the diagonal, and we show that a 
levelwise weak equivalence of bisimplicial sets induces a weak equivalence of their 
realizations. 

15.1. Reedy categories 

15.1.1. Reedy categories. 

DEFINITION 15.1.2. A Reedy Category isa small category € together with two 
subcategories e (the direct subcategory) and e (the inverse subcategory), both 
of which contain all the objects of ©, in which every object can be assigned a 
nonnegative integer (called its degree) such that 

(1) Every non-identity morphism of € raises degree. 
(2) Every non-identity morphism of © lowers degree. 
(3) Every morphism g in € has a unique factorization g = gg where 9 is 

in © and @ isin €. 
REMARK 15.1.3. According to Definition 15.1.2, a Reedy category consists of 

a category and two subcategories, subject to certain conditions. The function that 
assigns to each object its degree is not a part of the structure, but we will often 
implicitly assume that a degree function has been chosen. 

REMARK 15.1.4. It is possible to use a more general definition of a Reedy 
category in which the degree function takes values that are ordinal, rather than 
just positive integers. All of the results of this chapter would go through, although 
some arguments would have to be rephrased slightly to be correct for limit ordinals. 

PROPOSITION 15.1.5. If © is a Reedy category, then C°? is a Reedy category in 
—_ i — —_ 

which C°P = (€ )°P and C°P = (C)P. 

Proor. A degree function for € will serve as a degree function for C°P. O 

PROPOSITION 15.1. 6. If and D are Reedy categories, then © x D is a Reedy 
—_— <—_ Ee 

category with C x D= @ xD and@xD=€ x D. 

Proor. If we have chosen degree functions for C and D, we define a degree 
function for © x D by deg(X x Y) = deg X + deg Y. The existence and uniqueness 
of the required factorization of maps in € x D follows from that of Cand D. QO 

15.1.7. Examples: The simplicial and cosimplicial indexing categories. 

DEFINITION 15.1.8 (The cosimplicial and simplicial indexing categories). If n is 
a nonnegative integer, we let [n] denote the ordered set (0,1,2,...,). The category 
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A is the category with objects the [n| for n > 0 and with morphisms A([n}, [k]) 
the weakly monotone functions [n] — [k], i-e., the functions a: [n] — [k] such that 
a(i) <o(j) forO<t<j<n. 

(1) The cosimplictal indezing category is the category A. 
(2) The simplicial indezing category is the category A°P. 

REMARK 15.1.9. The cosimplicial indexing category A (see Definition 15.1.8) 
is a skeletal subcategory of the category whose objects are the finite ordered sets 
and whose morphisms are the weakly monotone maps. 

DEFINITION 15.1.10. Let M be a category. 

(1) A simplicial object in M is a functor A°? + M. 
(2) A cosimplicial object in M is a functor A > M. 

NOTATION 15.1.11. Let M be a category. 

(1) If X is a simplicial object in 4, we will usually denote the object X{q) 
by Xp. 

(2) If X is a cosimplicial object in M, we will usually denote the object Xp) 
by X”. 

EXAMPLE 15.1.12. The cosimplicial indexing category A (see Definition 15.1.8) 
is a Reedy category in which the object [n] has degree n, the direct subcategory 
consists of the injective maps, and the inverse subcategory consists of the surjective 
maps. 

EXAMPLE 15.1.13. The simplicial indexing category A°P (see Definition 15.1.8) 
is a Reedy category in which the object [n| has degree n, the direct subcategory 
consists of the opposites of the surjective maps, and the inverse subcategory consists 
of the opposites of the injective maps (see Proposition 15.1.5). 

15.1.14. Example: The category of simplices of a simplicial set. If X 
is a simplicial set, we will define a category AX whose objects are the simplices 
of X and whose morphisms from the simplex o to the simplex 7 are the simplicial 
operators that take r to o (see Definition 15.1.16). Note the reversal of direction: 
If djr = 0, then d; corresponds to a morphism that takes 0 to r. This is because 
a simplicial set is a functor A°P — Set, while AX is defined as an overcategory 
using a covariant functor A — SS. A diagram indexed by AX is a sort of gener- 
alized cosimplicial object, and a diagram indexed by A°? X is a sort of generalized 
simplicial object (see Example 15.1.18 and Definition 15.1.10). 

DEFINITION 15.1.15. The costmplicial standard simplex is the cosimplicial sim- 
plicial set A: A — SS (see Definition 15.1.10) that takes the object [n! of A to 
the standard n-simplex A[n]. The simplicial set A[n] has as k-simplices the weakly 
monotone functions [k}] — [n], i-e., A[n], = A([K], [n]). 

DEFINITION 15.1.16. Let A be the cosimplicial indexing category (see Defini- 
tion 15.1.8), and let A: A — SS be the cosimplicial standard simplex (see Defini- 
tion 15.1.15). 

(1) If K is a simplicial set, then AK, the category of simplices of K, is defined 
to be the overcategory (A | K) (see Definition 11.8.1). Thus, AK is the 
category with objects the simplicial maps A|n] — K (for some n > 0) 
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and with morphisms from a: A{n] — K tor: A[k] — K the commutative 
triangles of simplicial maps 

A(n] ————— Ak] 

o T 

(2) if K is a simplicial set, then A°?K is defined to be (AK)°?, the opposite 
of the category of simplices of K. 

PROPOSITION 15.1.17. If K is a simplicial set, then there is a natural isomor- 
phism of sets Ob(AK) & ]],,5) Kn. If is an n-simplex (for some n > 0), k is 
an integer satisfying 0 < k <n, and dyr = 0, then dx corresponds under this 
isomorphism to a morphism from x,: A{n — 1] + K tox,: A{n] - K (where the 
characteristic map x, Of an n-simplex + of K is the unique map A{n] — K that 
takes the non-degenerate n-simplex of A[{n] to rT; see Example 11.5.16). 

Proor. This follows from the one to one correspondence between n-simplices 
of K and maps of simplicial sets A{n] + K (see Example 11.5.16). O 

EXAMPLE 15.1.18. If K is the one point simplicial set (ie., Ky, = * for all 
n > 0), then AK is the cosimplicial indexing category A (see Definition 15.1.8). 

EXAMPLE 15.1.19. If X is a simplicial set, then the category AX of simplices 
of X (see Definition 15.1.16) is a Reedy category in which the degree of an object 
is the dimension of the simplex of X to which it corresponds, the direct subcate- 
gory consists of the morphisms corresponding to iterated face maps in X, and the 
inverse subcategory consists of the morphisms corresponding to iterated degener- 
acy maps of X. Note that Example 15.1.12 is a special case of this example (see 
Example 15.1-.18). 

PROPOSITION 15.1.20. If K is a simplicial set and G: AK — SS is the AK- 
diagram of simplicial sets that takes the object o: A[n] > K of AK to A[nl, then 
there is a natural isomorphism colimaK G& K. 

PROOF. The objects a: A[n] + K.of AK come with natural maps G(c) > 
K that commute with the structure maps of G, and so there is a natural map 
coliman G — K. Since every n-simplex o of K defines an object x,: Aln] ~ K 
of AK for which the image of the natural map G(y,) — K contains o, the map 
colimax G — K is surjective. 

To show that the map colimayn G — K is injective, assume that there are 
objects g: A[m] — K and r: A[n} — K of AK together with a k-simplex 7 of 
Alm] and a k-simplex ys of A{n] such that the image in K of 7 under G(o) — K 
equals the image in K of 4 under G(r) — K. Example 11.5.16 implies that there 
is a commutative square in SS 

Ak] 45 Aln] 

A[m!] > K 
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which we can regard as a diagram in AK. This diagram in AK implies that the 
image of 7 in colimax G equals the image of uw in colimax G, and so the natural 
surjection colimax G — K is a natural isomorphism. O 

15.1.21. Filtrations. Most arguments involving diagrams indexed by a Reedy 
category are done inductively on the degree of the object in the Reedy category. 
We define the filtrations of a Reedy category in order to facilitate such arguments. 

DEFINITION 15.1.22. If © is a Reedy category with a degree function (see Re- 
mark 15.1.3) and n is a nonnegative integer, the n-filtration FC is the full sub- 
category of © whose objects are the objects of © of degree less than or equal to 
Nn. 

EXAMPLE 15.1.23. If © is a Reedy category, then the O-filtration of @ is a 
category with no non-identity maps. 

EXAMPLE 15.1.24. If X is a simplicial set and C = AX (see Example 15.1.19), 
then the n-filtration F"AX of AX is not the same as A(X”), the category of 
simplices of the n-skeleton of the simplicial set X. This is because F*AX has 
no objects of degree greater than n, while A(X”) has among its objects the high 
dimensional simplices of X that are degeneracies of simplices of dimension less than 
or equal to n. 

PROPOSITION 15.1.25. If C is a Reedy category, then each of its filtrations F"C 
(see Definition 15.1.22) is a Reedy category with F°C = © N(F"C) and F7C = 
en (F"C), and © equals the union of the increasing sequence of subcategories 
FPecFeckec-:--. 

PROOF. This follows directly from the definitions. Oo 

15.2. Diagrams indexed by a Reedy category 

Diagrams indexed by a Reedy category and maps of such diagrams are most 
naturally analyzed inductively on the degree of the object. In this section, we 
assume that we have a Reedy category with a degree function (see Remark 15.1.3), 
and we describe how to define a diagram indexed by the Reedy category by defining 
it inductively over the filtrations of the Reedy category (see Definition 15.1.22 and 
Proposition 15.1.25). In Remark 15.2.10, we summarize this description in terms 
of the latching objects and matching objects of the diagram, which we define in 
Definition 15.2.5. In Section 15.2.11, we will describe how to define a map between 
two such diagrams. We will use this analysis in Section 15.3 to define a model 
category structure on a category of diagrams in a model category indexed by a 
Reedy category. 

Since the O-filtration of a Reedy category (see Definition 15.1.22) contains no 
non-identity maps, we can define a diagram X: F°C — M by choosing an object 
X « of M for each object a@ of © of degree 0. 

Suppose that we have a diagram X:F"-1@ — M indexed by the (n — 1)- 
filtration of a Reedy category C, and we wish to extend it to a diagram X: F"C > 
M. We begin by choosing an object Xq in M for each object a of © of degree 
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n. For each object 8 of F"~'C and map 8 — a in FC, we must choose a map 
Xg— Xq in M. We must do this so that if 8 — @’ is a map in F"~!C and 

is a commutative triangle in F"C, then the triangle in M 

Xg > X gr 

Xa 

commutes. If I*: F"~!@ — F*€ is the inclusion functor, then this is equiva- 
lent to choosing a map colimyjnjq) X — Xa (see Definition 11.8.1). (The object 
colim(inja) X is the value on @ of the left Kan extension of X: Fle — M along 
the inclusion F"—1@ — F"@ (see Remark 8.4.3 and [47, page 232-236]).) We will 
show in Proposition 15.2.8 that this colimit is actually independent of the choice 
of degree function (see Remark 15.1.3). 

Similarly, for each object y of F"~1C and map a — ¥ in F”@, we must choose 
amap Xq_— X, such that if y 7’ is a map in F"~!@ and 

is a commutative triangle in F”C, then the triangle in M 

Xo 

xX, > Xv 

commutes. This is equivalent to choosing a map Xq — limyaym) X (see Defini- 
tion 11.8.3). (The object limcayj) X is the value on a of the right Kan extension 
of X: F"~1@ — M along the inclusion F?~!C — F"@ (see Remark 8.4.3 and [47, 
page 232-236]).) We will show in Proposition 15.2.8 that this limit is actually 
independent of the choice of degree function. 

The maps colimy=),)X — Xq and Xq — lim(a)jn) X cannot be totally 
arbitrary. If 8 > y is a map in F"~“!@ and 



15.2. DIAGRAMS INDEXED BY A REEDY CATEGORY 283 

is a commutative triangle in F"C, then the triangle in M 

Xa 

SON 
».¢ B +X OY 

must commute. This is equivalent to requiring that the composition 

colm X — X,— lim X 
(I" la) (ain) 

be a factorization of the natural map 

colim X — lim X. 
(17 Ja) (a fk") 

We will now show that the definition of a Reedy category implies that this last 
condition suffices to construct an extension of X from F"—!@ to F@. 

THEOREM 15.2.1. Let C be a Reedy category, let M be a category closed 
under limits and colimits, let n be a positive integer, and let X: FTM-1C = M 
be a diagram. If for every object a of © of degree n we choose an object Xq 
of M and a factorization colimgs;4)X — Xa — limaym) X of the natural 
map colimg»ja) X — limyaym) X, then this uniquely determines an extension 
X:F"C —M of the diagram X. 

PROoF. The discussion above explains why our choices determine everything 
except the maps X, — Xq for a map a — a’ in F"C€ between objects of de 

gree n. Given such a map, if a ~» @ > a’ is the factorization described 
in Definition 15.1.2, then we must define X, — Xa to be the composition 
Xq — Xg — Xq. It remains only to show that, if a — a’ — a” are com- 
posable maps in F"€ between objects of n, then the triangle 

ZN 
> Xo ” 

commutes. — 

Let a > 9,82 2, q@ anda’ +> AL gb _", ” be the factorization of Definition 15.1.2 
applied toa — a’ and a’ — a”, respectively. If the factorization of Definition 15.1.2 

applied to ROD: a => Bisa +» BY” *, B', then we have the commutative 
diagram 

a 
_ 

9g _ Yu“ k 
po og" 

v - 

k 

h ~ R 
a’ > 3’ do”. 

. arsare Pe ee TT... F : . a hk 
Sinceeh Kk =hhggandhk isin C, the factorization a —» 8” ——> a” must 
be the factorization of a — a” described in Definition 15.1.2. Thus, it is sufficient to 
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show that the composition X, ~*» X gir ++, x gr equals the composition X ++, 
Xp to Xq +-, Xg:. Since both of the maps X, — Xg and X, — Xz are 
defined as the composition of our map X, ~— lim(giyn) X with a projection from 
the limit, the first of these maps equals the composition 

Xen ii X 3 Xan 2 Xe “ (ali) p 8 
while the second equals the composition 

Xe lim X + Xp 2+, xX 24 Xe . 
fo4 n 

The universal property of the limit implies that these are equal. a) 

15.2.2. Latching objects and matching objects. In this section, we show 
that the colimits and limits used in Section 15.2 to construct diagrams indexed by 
a Reedy category (which will also be used in Section 15.2.11 to construct maps of 
such diagrams) are independent of the choice of degree function (see Remark 15.1.3) 
and have a particularly convenient form. These colimits and limits are the latching 
objects and matching objects (see Definition 15.2.5). We continue to assume that 
we have chosen a degree function for our Reedy category (see Remark 15.1.3). 

DEFINITION 15.2.3. Let © be a Reedy category and let a be an object of C. 

(1) The latching category ae | a) of © at a is the full subcategory of (e | a) 
containing all the objects except the identity map of a. a 

(2) The matching category O(a | C) of € at a is the full subcategory of (a | C) 
containing all the objects except the identity map of a. 

PROPOSITION 15.2.4. Let © be a Reedy category and let a be an object of €. 

(1) The opposite of the latching category of C at a is naturally isomorphic to 
the matching category of C°P at a (see Proposition 15.1.5). 

(2) The opposite of the matching category of C at a is naturally isomorphic 
to the latching category of C°P at a. 

ProoF. This follows from Corollary 11.8.7. oO 

DEFINITION 15.2.5. Let @ be a Reedy category, let M be a model category, let 
X bea C-diagram in M, and let @ be an object of C. We use X to denote also the 
induced O(C | a)-diagram (defined on objects by X (g-+0) = Xg) and the induced 

d(a | ‘C )-diagram (defined on objects by X (a_.g) = Xa). 
(1) The latching object of X at a is La X = colims |) X and the latching 

map of X at a is the natural map L,X — X,. We will sometimes use 
L&X to denote LX when we want to emphasize the indexing category 
e. 

(2) The matching object of X at ais MaX = ims 41 @) X and the matching 

map of X at a is the natural map X, — MaX. We will sometimes use 
MX to denote MaX when we want to emphasize the indexing category 
e. 
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Matching objects were first defined for cosimplicial simplicial sets, in (14, 
page 274], where they were called matching spaces. The following proposition shows 
that the definition used there agrees with Definition 15.2.5. 

PROPOSITION 15.2.6. Let M be a model category. 

(1) If X is a simplicial object in M (see Definition 15.1.10) and n > 2, then 
the latching object of X at [n] is the colimit of the diagram obtained by 

restricting X (see Definition 15.2.5) to the full subcategory of (A? { [r]) 
(see Definition 15.1.10) with objects the maps [k] — [n] with k =n—1 or 
k=n-—-2., 

(2) If X is a cosimplicial object in M and n > 2, then the matching object of 
X at (n] is the limit of the diagram obtained by restricting X to the full 
subcategory of O(|n] | A) with objects the maps {n] — [k] withk =n—1 
ork=n-—2. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
—_ 

Let D denote the full subcategory of 0(A°? | [n]) with objects the maps [k] > 
— 

[n] with k = n—1 or k =n — 2; we will show that the inclusion D — 0(A° | [n]) 
is right cofinal (see Theorem 14.2.5). 

Ifk =n—1 or k =n-—2 then the identity map of [k] is an initial object of 
({k] | D), and so B(|k] | ‘D) is connected. If k < n— 2, then there are morphisms 
from the object 3;, 8: :-+ i,_,_,: [k] — [n — 1] to each of the objects 

5082, Sig -** Sing: [k] mad [nl, 
$191, Sig *** Sin_ya: [kK] > [n],--., and 

8n—19%; Sig °° Sigg? [k] — [nr], 
and so it is sufficient to show that the object 3;,5:.-+-8i,_,_, is connected to the 
object (So)”—*: [k] — [n]. Since s;,5;, --- $;,_,_, i8 connected to 

80(3:, $i. oe Sin -n-1) = 84,413i242 °° Sing +150 
which is connected to 

_ 2 S0S8ig4 1 °° Siggy 4150 = Sig 42Si342 °° * Sin» —1+2(S0) 

which is connected to ...which is connected to 

k—2 ~k- $0Sin4-1+n—k-2(59) = Sinagaatn—k-1(80)7 
which is connected to (s9)"~*, the proof is complete. oO 

DEFINITION 15.2.7. If © is a Reedy category and a is an object of C of degree 
n, then 

(1) O(a | F"C) is the full subcategory of (a 3 Fre )\ with objects the e maps a 
B for_v which there is a factorization a + y > 6 with G € e, GE e, 
and ‘9 #14, and 

(2) O(F7C | a) is the full subcategory of ere | a) with objects the © maps gs 

aa for r which there is a factorization @ > 5,4 with G € e, GE e, 
GF # la. 
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The objects colimyn jo) X and limiqjy) X (where I”: Fr-1@ —. F"C is the 
inclusion functor and X is a diagram defined on F”~!€) were used in Section 15.2 to 
construct diagrams indexed by a Reedy category. The objects colimap- ej) X and 
limg(ajrne) X (where X is a diagram defined on F”€) will be used in Section 15.2.11 
to analyze maps between such diagrams. Corollary 15.2.9 shows that all of these 
colimits are latching objects of X and all of these limits are matching objects of 
Xx, 

PROPOSITION 15.2.8. Let C be a Reedy category, let a be an object of © of 
degree n, and let I": F"~1@ — F"C be the inclusion functor. 

(1) The latching category ace | @) is a right cofinal subcategory (see Defini- 
tion 19.6.1) of both (I" | a) and O(F"C€ | a) (see Definition 15.2.7). 

(2) The matching category (a | @) is a left cofinal subcategory of both 
(a ]1I") and O(a | F"C) (see Definition 15.2.7). 

PROOF. We will prove part 1; the proof of part 2 is dual. 
Let J”: ae la) — (I" | a) be the inclusion functor. If 9°) 6—aisan n object 

of (I” | a), then we can factor it as 6 4 p’ -, a where G € e and g € €. This 
gives us the object 

g——_2? 4 

\ /s 
(04 

of ((8 — a) | J”); we will show that there is a map from this object to every other 
object of ((8 — a) | J"), which will imply that ((@ — a)| J”) is nonempty and 
connected (see Definition 14.2.1). 

Any object of ((@ — a) | J”) is of the form 2 4, y =+, awherek eC , k # la, 
=> i 

and the composition kh equals our map 6 — a. If we factor hash = hh, then 
the uniqueness of the factorization in Definition 15.1.2 implies that h = 9 and 

kh=7 e., h isa map from 6% p’ 3,0 top va. 
The root ‘that a( e { a) is right cofinal in 0(F"C | a) is identical to this. O 
COROLLARY 15.2.9. Let © be a Reedy category, let M be a model category, let a 

be an object of © of degree n, and let X be a C-diagram in M. IfI?: F"~1C + F7C 
is the inclusion functor, then there are natural isomorphisms — 

colimX =L,X = colim X and lim X ®M,X x _ lim 
(I7 la) OF" Cla) (alI7) O(a) FC) 

(see Definition 15.2.7). 

ProoF. This follows from Proposition 15.2.8 and Theorem 14.2.5. O 

REMARK 15.2.10. In light of Definition 15.2.5 and Corollary 15.2.9, the discus- 
sion in Section 15.2 can be summarized as follows: If C is a Reedy category, M is a 
model category, X: F"—'C > M is a diagram indexed by the (n — 1)-filtration of 
@, and a is an object of C of degree n, then there is a natural map La. X ~ MyX 
from the latching object of X at a to the matching object of X at a. Extending 
X toa diagram F”C — M is equivalent to choosing, for every object a of degree n, 
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an object X, and a factorization Lg X —- Xq —~ M,X of that natural map, and 
this can be done independently for each of the objects of degree n. 

15.2.11. Maps between diagrams. Maps between diagrams indexed by a 
Reedy category are most naturally defined inductively over the filtrations of the 
Reedy category (see Definition 15.1.22). We assume that we have chosen a degree 
function for our Reedy category (see Remark 15.1.3). 

Let € be a Reedy category, let M be a model category, and let X and Y be 
C-diagrams in M. Since the 0-filtration (see Definition 15.1.22) of a Reedy category 
contains no non-identity maps, amap f: X|poe — Y |poe is determined by choosing 
amap X,. ~— Yq for every object a of degree 0. 

Suppose that f: X|px-.e — Y|pn-1e is a map of the restrictions of the dia- 
grams to the (n — 1)-filtration of €. For every object a of © of degree n we have 
the solid arrow diagram 

colim X >Xo > lim X 
(I" la) (a lI") 

| | 
colim Y »>Yo. > lim Y 
(In {a} (a]I*) 

(where I”: F"~'C — F"€ is the inclusion functor) and Corollary 15.2.9 implies that 
this diagram is isomorphic to the diagram 

colim X a, On > lim 
a(F" Cla) a(a| FC) 

| | 
colim Y a an > lim 

O(F"@]a) O(a |F*C) 

Thus, extensions of f to the n-filtration of € correspond to a choice, for every object 
a of degree n, of a dotted arrow that makes both squares commute. Corollary 15.2.9 
implies that this diagram is also isomorphic to the diagram 

| | 
La¥ —~>Y¥,—— M.Y . 

Thus, if A, B, X, and Y are C-diagrams in M and we have a diagram 

(15.2.12) A——xX 

[* | 
B—Y 

in which the dotted arrow h is defined only on the restriction of B to the (n — 1)- 
filtration of ©, then for every object a of © of degree n we have an induced solid 
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arrow diagram 

Ag Up, a LeB —+ Xa 

[| 
Ba — Ya xm,y Ma X 

and there is a map B, — Xgq for every object a of degree n that makes both 
triangles commute if and only if kh can be extended over the restriction of B to the 
n-filtration of € so that both triangles in Diagram 15.2.12 commute. This is the 
motivation for the definitions of the relative latching map and relative matching map 
(see Definition 15.3.2) and their appearance in the definitions of Reedy cofibration 
and Reedy fibration (see Definition 15.3.3). 

15.3. The Reedy model category structure 

If © is a Reedy category and M is a model category, we will define a model 
category structure on M°, the category of C-diagrams in M, called the Reedy model 
category structure. If M is a simplicial model category, then we will show that 
the simplicial structure of Definition 11.7.1 and Definition 11.7.2 makes the Reedy 
model category structure on M® a simplicial model category. 

If M is a cofibrantly generated model category, then the Reedy model category 
structure will have the same weak equivalences as the model category structure 
of Theorem 11.6.1, but it will have a larger class of cofibrations (see Proposi- 
tion 15.6.3). Thus, free cell complexes and their retracts will be cofibrant in the 
Reedy model category structure, as will some diagrams that are not retracts of free 
cell complexes. 

15.3.1. Statement of the theorem. 

DEFINITION 15.3.2. Let © be a Reedy category, let M be a model category, let 
X and Y be C-diagrams in M, and let f: X — Y be a map of C@-diagrams. 

(1) If @ is an object of C, then the relative latching map of f at a is the map 
Xo Upox LeY — Yao (see Definition 15.2.5). 

(2) If a is an object of C, then the relative matching map of f at a is the map 
Xa _ Yo XMoY M,X. 

DEFINITION 15.3.3. Let C be a Reedy category, let M be a model category, and 
let X,Y: C€ —M be C-diagrams in M. 

(1) A map of diagrams f: X — Y is a Reedy weak equivalence if, for every 
object a of C, the map fa: Xo — Yea is a weak equivalence in M. 

(2) A map of diagrams f: X — Y is a Reedy cofibration if, for every object 
a of @, the relative latching map (see Definition 15.3.2) 

is a cofibration in M. 
(3) A map of diagrams f: X — Y is a Reedy fibration if, for every object a 

of @, the relative matching map (see Definition 15.3.2) 

Xa Yo xmy MaX 

is a fibration in M. 
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THEOREM 15.3.4 (D. M. Kan). Let © be a Reedy category and let M be a 
model category. 

(1) The category M®© of C-diagrams in M with the Reedy weak equivalences, 
Reedy cofibrations, and Reedy fibrations (see Definition 15.3.3) is a model 
category. 

(2) If M is a left proper, right proper, or proper model category (see Defini- 
tion 13.1.1), then the model category of part 1 is, respectively, left proper, 
right proper, or proper. 

(3) If M is a simplicial model category (see Definition 9.1.6), then the model 
category of part 1 with the simplicial structure defined in Definition 11.7.1 
and Definition 11.7.2 is a simplicial model category. 

The proof of Theorem 15.3.4 is in Section 15.3.16. 

EXAMPLE 15.3.5. If M is a model category, then the category M*” of simplicial 
objects in M has a model category structure from the Reedy category structure of 
A°P (see Definition 15.1.10 and Proposition 15.1.5). 

EXAMPLE 15.3.6. If M is a model category, then the category M“ of cosimpli- 
cial objects in M has a model category structure from the Reedy category structure 
of A. 

LEMMA 15.3.7. Let © be a Reedy category, let M be a model category, and let 
X be a C-diagram in M. 

(1) If X is Reedy cofibrant then for every object a of C the restriction of X 
to ace | a) (see Definition 15.2.3) is Reedy cofibrant. 

(2) If X is Reedy fibrant then for every object a of © the restriction of X to 

O(a] e) (see Definition 15.2.3) is Reedy fibrant. 
PROOF. We will prove part 1; the proof of part 2 is similar. 
If 8 > a is an object of O( © | a), then the latching category of 6 in € equals 

the latching category of 6 in ae | a), and so the latching map of the restriction 
of X at 6 — a equals the latching map of X at £. O 

15.3.8. Trivial cofibrations and trivial fibrations. In order to prove The- 
orem 15.3.4, we need to identify those maps of diagrams that are both Reedy 
cofibrations and Reedy weak equivalences and those maps that are both Reedy 
fibrations and Reedy weak equivalences. In this section, we will show that f is 
both a Reedy cofibration and a Reedy weak equivalence if and only if each of the 
maps X, Ut,x LaY ~— Yq is a trivial cofibration in M, and that f is both a 
Reedy fibration and a Reedy weak equivalence if and only if each of the maps 
Xq— Yo Xm.y MeX is a trivial fibration in M (see Theorem 15.3.15). We will 
use this theorem in Section 15.3.16 to prove Theorem 15.3.4. 

LEMMA 15.3.9. Let C be a Reedy category, let M be a model category, let 
f: X — Y be a map of C-diagrams in M, let a be an object of C, and let S be a 
class of maps in M. 

(1) If for every object 8 of C whose degree is less than that of @ the relative 
latching map 

Xs Up,x LgY — Yg 
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has the left lifting property (see Definition 7.2.1) with respect to every 
element of S, then the induced map of latching objects La X — LaY has 
the left lifting property with respect to every element of S. 

(2) If for every object § of C whose degree is less than that of a the relative 
matching map 

Xg—> Ys Xmgy MgX 

has the right lifting property (see Definition 7.2.1) with respect to every 
element of S, then the induced map of matching objects MaX — M,Y 
has the right lifting property with respect to every element of S. 

PROOF. We will prove part 1; the proof of part 2 is dual. We assume that we 
have chosen a degree function for C (see Remark 15.1.3). 

There is a filtration of the category ace | @) in which Fra @ | @) is the full 
subcategory of ae | a) whose objects are the maps 8 — a in @ such that the 
degree of ( is less than or equal to k. Thus, Fog C | @) has no non-identity maps, 
and Fées(a)—19( la) = ace la). If B — B is an element of S and we have the 
solid arrow diagram 

LaX —+>E 

i 
LeY B 

then we will define the map h by defining it inductively over colim,, a(S La) Y. 

For objects G — a of (ce | @) such that @ is of degree zero, the latching objects 
LgX and LgY are the initial object of M, and so the map Xg — Yg equals the 
relative latching map Xg Il_,% LgY — Yg, which we have assumed has the left 
lifting property with respect to # — B. Thus, there exists a dotted arrow h that 
makes both triangles commute in the diagram 

XB —_ EF 
2 

I ° | 
Ye 4 B 

Since Fa @ | a) has no non-identity maps, this defines h on Fae la). 
For the inductive step, we assume that 0 < k < deg(a) and that the map 

= 

has been defined on colimpy 198 1a) Y. Let 6 — @ be an object of 0(€ | a) such 

that @ is of degree k. The map G — a defines a functor ae lB Pe-19(e la) 
which, defines the map Ah on LgY. Thus, we have the commutative diagram 

X, UiL,x LgY ——+E 

Y g ————— B 

and the vertical map on the left is assumed to have the left lifting property with 
respect to & — B. This implies that the map A can be defined on Yg, and the 
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discussion in Section 15.2.11 explains why this can be done independently for the 
various objects of degree k. This completes the induction, and the proof. 0 

LEMMA 15.3.10. Let C be a Reedy category, let M be a model category, let 
f: X —Y bea map of C-diagrams in M, and let S be a class of maps in M. 

(1) If for every object a of © the relative latching map 

Xo Upix LeY — Yo 

has the left lifting property with respect to every element of S, then for 
every object a of © the map fa: Xq — Yq has the left lifting property 
with respect to every element of S. 

(2) If for every object a of C the relative matching map 

Xa Ya Xm,y Mao X 

has the right lifting property with respect to every element of S, then for 
every object a of © the map fa: Xq — Yq has the right lifting property 
with respect to every element of S. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
The map fy: X, — Yq equals the composition X, — X.U,t,xleY — Yo. 

Since the first of these maps is the pushout of LL X — L,Y along LaX — Xq, 
the result follows from Lemma 15.3.9 and Lemma 7.2.11. a) 

PROPOSITION 15.3.11. Let © be a Reedy category, let M be a model category, 
and let f: X — Y bea map of C-diagrams in M. 

(1) If f is a Reedy cofibration, then for every object a of © both the map 
fa: Xq— Yq and the induced map of latching objects LyX — L,Y are 
cofibrations in M. 

(2) If f is a Reedy fibration, then for every object a of © both the map 
fa: Xq — Yo and the induced map of matching objects M,X — M,Y 
are fibrations in M. 

PROOF. This follows from Lemma 15.3.9, Lemma 15.3.10, and Proposition 7.2.3. 
i) 

COROLLARY 15.3.12. Let © be a Reedy category, let M be a model category, 
and let X be a C-diagram in M. 

(1) If X is Reedy cofibrant, then for every object a of © both the object X . 
and the latching object L,X are cofibrant objects of M. 

(2) If X is Reedy fibrant, then for every object a of © both the object Xq 
and the matching object M,X are fibrant objects of M. 

PROOF. This follows from Proposition 15.3.11. 0 

PROPOSITION 15.3.13. Let © be a Reedy category, let M be a model category, 
and let f: X — Y be a map of C-diagrams in M. 

(1) If for every object a of © the relative latching map X. UL,x L.Y — 
Yq is a trivial cofibration, then for every object a of © both the map 
fo: Xq — Yq and the induced map of latching objects La X — LaY are 
trivial cofibrations. 
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(2) If for every object a of © the relative matching map Xg —- Yoxm,yMoX 
is a trivial fibration, then for every object a of © both the map fa: Xa — 
Y,,, and the induced map of matching objects M,X — MY are trivial 
fibrations. 

PROOF. This follows from Lemma 15.3.9, Lemma 15.3.10, and Proposition 7.2.3. 
a) 

PROPOSITION 15.3.14. Let © be a Reedy category, let M be a model category, 
and let f: X — Y be a map of C-diagrams in M. 

(1) If f is both a Reedy cofibration and a Reedy weak equivalence, then for 
every object a of © the map fa: Xa — Yq, the induced map of latching 
objects La X — LeY, and the relative latching map XaUL,xleY - Ya 
are trivial cofibrations. 

(2) If f is both a Reedy fibration and a Reedy weak equivalence, then for 
every object a of C the map fa: Xq — Ya, the induced map of matching 
objects M,X — MY, and the relative matching map Xq —- Ya XM,Y 
M..X are trivial fibrations. 

PROOF. We will prove part 1; the proof of part 2 is dual. We assume that we 
have chosen a degree function for C (see Remark 15.1.3). 

Proposition 15.3.11 implies that f, is a cofibration for every object a in €. 
Since f is a Reedy weak equivalence, this implies that f, is a trivial cofibration for 
every object a of C. 

We will prove that the maps L,X — L,Y and X_ UL,x LaY — Ya are 
trivial cofibrations for every object a of © by induction on the degree of a. If 
LX — L,Y is a trivial cofibration in M for some particular object a of C, then, 
since X_ > Xq Ub, x LaY is a pushout of La X — LeY, this map is also a trivial 
cofibration. Since the weak equivalence f,: Xo — Yo equals the composition 
Xa 7 Xo Uh,x LaY — Ya, this implies that the cofibration X_ Ut,x LaY - 
Yq is actually a trivial cofibration. 

If a is of degree 0, then Lg X and L,Y are both the initial object of M, and 
so LaX — L,Y is the identity map, which is certainly a trivial cofibration. 

We now assume that n is a positive integer, Lg X — LgY is a trivial cofibration 
for all objects 6 of degree less than n, and a is an object of degree n. The discussion 
above explains why our inductive hypothesis implies that Xg UL,x Lg¥Y — Y¢g is 
a trivial cofibration for all objects @ of degree less than n, and so Lemma 15.3.9 
and Proposition 7.2.3 imply that La X — LY is a trivial cofibration. O 

THEOREM 15.3.15. Let © be a Reedy category, let M be a model category, and 
let f: X — Y be a map of C-diagrams in M. 

(1) The map f is both a Reedy cofibration and a Reedy weak equivalence if 
and only if for every object a of © the relative latching map X. Un, x 
LaY - Yq is a trivial cofibration in M. 

(2) The map f is both a Reedy fibration and a Reedy weak equivalence if 
and only if for every object a of © the relative matching map X, — 
Ya Xm,y MX is a trivial fibration in M. 

ProoF. This follows from Proposition 15.3.13 and Proposition 15.3.14. O 



15.3. THE REEDY MODEL CATEGORY STRUCTURE 293 

15.3.16. Proof of Theorem 15.3.4. For part 1, we must show that axioms 
M1 through M5 of Definition 7.1.3 are satisfied. Axioms M1 and M2 follow from 
the fact that limits, colimits, and weak equivalences of diagrams are all defined 
objectwise. 

Axiom M3 follows from the observation that if the map g: X — Y is a retract 
of the map h: W — Z, then for every object a of € the relative latching map 
X,UL,xLleY — Y«, is aretract of the relative latching map WU, wlh.Z —- Za 
and the relative matching map X, — Yo xm,y MaX is a retract of the relative 
matching map W, — Za xm,z MaW. 

If we choose a degree function for C (see Remark 15.1.3), then the maps required 
by axiom M4 are constructed inductively on the degree of the objects of C, using 
Theorem 15.3.15 (see the discussion in Section 15.2.11). 

The factorizations required by axiom M65 are also constructed inductively on 
the degree of the objects of ©. For axiom M5 part 1, if g: X — Y isa map in M°, 
then, for every object a@ of degree zero of ©, we have a functorial factorization of go 

in Mas Xq + Za» Yq with i acofibration and A a trivial fibration. If we now 
assume that g has been factored on all objects of degree less than n and that a is an 
object of degree n, then we have an induced map X, Uy, x LeaZ — Ya uey MeZ. 
We can factor this map (functorially) in M as 

Xe lh.x L.Z 4, Ze 4, Ya XMaY M,Z 
with 7 a cofibration and A a trivial fibration to obtain Z,. This completes the 
construction, and Theorem 15.3.15 implies that it has the required properties. The 
proof for axiom M5 part 2 is similar, and so M° is a model category, and the proof 
of part 1 is complete. 

For part 2, Proposition 15.3.11 implies that a Reedy cofibration is an objectwise 
cofibration and a Reedy fibration is an objectwise fibration. Since weak equivalences 
are defined objectwise and both pushouts and pullbacks are constructed objectwise, 
the conditions of Definition 13.1.1 follow if they hold in M. 

For part 3, if M is a simplicial model category, then axiom M6 of Definition 9.1.6 
follows because the constructions are all done objectwise and M is a simplicial 
model category, and so it remains only to show that axiom M7 follows as well. 
Proposition 9.3.7 implies that it is sufficient to show that if i: A — B is a Reedy 
cofibration and j: K — L is a cofibration of simplicial sets, then A@ LU sgn B® 
K — B®@Lisa Reedy cofibration that is also a weak equivalence if either z or 7 is 
a weak equivalence. Thus, we must show that for every object a of C the map 

(A 4) L WaeK B @K)a Uy, (A@Lua@x BOK) La(B i) L) > (B®L)q 

is a cofibration in M that is also a weak equivalence if either i or 7 is a weak 
equivalence. Since each latching object is a colimit, Lemma 9.2.1 implies that this 
map is isomorphic to the map 

(Bo @K) Wii Bur, .A.)ek ((leB Uta Aa) @L) > Ba ®L. 

Since 2: A — B is a Reedy cofibration and M is a simplicial model category, this 
map is a cofibration that is a weak equivalence if either ¢ or j is a weak equivalence, 
and so the proof is complete. 
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15.4. Quillen functors 

PROPOSITION 15.4.1. Let © be a Reedy category and let M and N be model 
categories. 

(1) IfF: M2 N:U is a Quillen pair (see Definition 8.5.2), then the induced 
functors F©: M© 2 N® :U® form a Quillen pair. 

(2) If (F,U) is a pair of Quillen equivalences, then so is the induced pair 
(FE, US). 

Proor. The induced functors F© and U© are adjoint (see Lemma 11.6.4), 
and so for part 1 it is sufficient to show that F© preserves both cofibrations and 
trivial cofibrations (see Proposition 8.5.3). If f: A — B is a cofibration or a 
trivial cofibration in M°, then for every object a of @ the relative latching map 
LaBUi,aAa — Ba is, respectively, a cofibration or a trivial cofibration in M (see 
Theorem 15.3.15). Since the latching objects L,A and L,B are defined as colimits 
(see Definition 15.2.5) and left adjoints commute with colimits, the relative latching 
map LaF BU, raF Ag ~ FB, is isomorphic to the map F(L,BUL, aAa) — FBa, 
and is thus, respectively, a cofibration or a trivial cofibration in N. Thus, F° is 
a left Quillen functor. Part 2 follows immediately, since weak equivalences in M° 
and N®© are defined objectwise in €. O 

COROLLARY 15.4.2. Let © be a Reedy category, let M and N be model cate- 
gories, and let F: M @N:U be a Quillen pair. 

(1) if B: © = M is a cofibrant @-diagram in M, then FB: C — N is a 
cofibrant C-diagram in N. 

(2) If X: C 4 N is a fibrant C-diagram in N, then UX: C > M is a fibrant 
C-diagram in M. 

ProoF. This follows from Proposition 15.4.1. Oo 

15.5. Products of Reedy categories 

In this section, we show that if C and D are Reedy categories and M is a model 
category, then the three possible Reedy model category structures on M°*®? are 
all the same (see Theorem 15.5.2). 

LEMMA 15.5.1. Let © and D be Reedy categories, let M be a model category, 
and let X be a @ x D-diagram in M. 

(1) For every object (a,8) of @ x D (see Proposition 15.1.6) the latching 
object Lixnx is naturally isomorphic to the pushout LEX (_ ) Oy erpx 
La xX (a,—): 

(2) For every object (a, 8) of Cx D the matching object M€*? X is naturally (a,8)* 
isomorphic to the pullback ME X (_ gy XMeM? x M2 X (a,-): 

PROOF. We will prove part 1; the proof of part 2 is similar. 
We begin by defining a map LEX _ _ Lx We define an embedding of 

ace | aq) in a(ex D| (a, 8)) by taking the object f: a’ — a of ae | a) to (f, 1g) 
in a(ex DI (a, B)). This defines a map LEX _,g) > Lexx: Similarly, we have 
an embedding of a(D 18) in a(ex DI (a, 8)) that defines a map L3 X (a,-) — 
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Lixax . We have natural isomorphisms 

LEL3 X = colim (L2 X (a,-)) 
(a! +a) € Ob A( © Ja) 

~ colim ( colim X(o9") 
(a’ +0) € Ob A( © Ja) \(B’ +8) E Ob A(D 1B) 

~ colim_ _ X (a'B’) 
(a! +a,8’ + B)E Ob(A( © la) x8(D1B)) 

and natural maps LEX (~,2) - L§L}X — LB X (a,-) such that the composition 
LELZ X — LEX (~~) > Lie equals the composition L§L3 X > L3 X(a,-) > 
Lars): Thus, we have a well defined map LEX (_,) Terr x L3 X (a,-) — LixgyX- 

The latching object Live x is a colimit indexed by pairs (f, 9) € ov(ace |a)x 
aD | 8)) in which at least one of f and g is not an identity map. The pushout 
LEX (_,g) Ize LPx L3 X (a,—) is the same coproduct with the indexing category par- 
titioned into three subcategories according to whether f Al. andg=1g,f#la 
and g # lg, or f = 1, and g # lg, and so our map is an isomorphism. O 

THEOREM 15.5.2. If C and D are Reedy categories and M is a model category, 
then the category M©*? of (C x D)-diagrams in M has the same model category 
structure when viewed as either 

(1) diagrams in M indexed by the Reedy category (C x D) (see Proposi- 
tion 15.1.6), 

(2) the category (M?)°®, i.e., diagrams in M? indexed by the Reedy category 
€, or 

(3) the category (M“°)®, ie., diagrams in M° indexed by the Reedy category 
D. 

PROOF. We will prove that the model category structure of 1 equals that of 2; 
the proof that the model category structure of 1 equals that of 3 is similar. 

Since the weak equivalences of both M°*? and (M”)° are defined objectwise, 
these two model categories have he same weak equivalences. Thus, Proposition 7.2.3 
implies that it is sufficient to show that they have the same cofibrations. 

A map f: X — Y is a cofibration in (M?)* if and only if, for every object a 
of €, the relative latching map X, Uyex LSY — Yq is a cofibration in M?. This 
is the case if and only if, for every object @ of D, the relative latching map 

(15.5.3) (Xo Urex LEY a Ube xoupe,ter) Lp Ya > Yas) 

is a cofibration in M. Since colimits commute, the domain of this map is isomorphic 
to 

(X(a,8) Urex, LEY) Np XatpprexLPLgY) LgYa , 
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which is the colimit of the diagram 

X (a,8) ——— LEX, ——> LEY 

L@ +——— L@L§X ——>L#LEY 

a 
LaYa - 

This is isomorphic to the pushout 

D e X («,8) Tipp Xeat PrexbeXs) (La Yo Upppey LeYg) ) 

and so Lemma 15.5.1 implies that the map (15.5.3) is isomorphic to the map 
X (a,) Upex x Ligigy¥ — ¥ (a,6), which is the relative latching map of f at (a, 6) 
in M©*”. Thus, the class of cofibrations of (M?)® equals that of M°*?. oO 

15.6. Reedy diagrams in a cofibrantly generated model category 

If © is a Reedy category and M is a cofibrantly generated model category (see 
Definition 11.1.2), then we have two model category structures on M®, the category 
of @-diagrams in M: The first is constructed using the cofibrantly generated model 
category structure on M (see Theorem 11.6.1), and the second is constructed using 
the Reedy category structure on © (see Theorem 15.3.4). Although these two 
model category structures have the same class of weak equivalences, they are not, 
in general, equal (see Example 15.6.2). 

We begin by showing (in Section 15.6.1) that although these two model cate- 
gory structures are not, in general, equal, they are always Quillen equivalent (see 
Theorem 15.6.4). In Section 15.6.22 we will show that the Reedy model category 
structure on M° is nearly always cofibrantly generated (see Theorem 15.6.27). 

15.6.1. Two model category structures. We begin with an example that 
shows that if M is a cofibrantly generated model category and © is a Reedy cat- 
egory, then the two model category structures on M° (see Theorem 11.6.1 and 
Theorem 15.3.4) are not, in general, equal. In Theorem 15.6.4 we will show that 
these two model category structures are always Quillen equivalent. 

EXAMPLE 15.6.2. Let © be A°?, the simplicial indexing category (see Exam- 
ple 15.1.13), and let M be the standard model category of simplicial sets. If X 
is a simplicial object in M, then X is fibrant in the cofibrantly generated model 
category structure on M“” whenever X,, is a fibrant simplicial set for all n > 0. 
However, for X to be fibrant in the Reedy structure the map X, xh, x ox Xo 
must be a fibration, which is a strictly stronger requirement. (For example, let Z 
be a nontrivial fibrant simplicial set and let X be the constant simplicial object at 

Z. The map X, #041, Xo x Xq is then the diagonal map Z — Z x Z, which is 
not, in general, a fibration.) 
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PROPOSITION 15.6.3. Let C be a Reedy category, let M be a cofibrantly gen- 
erated model category (see Definition 11.1.2), and let X and Y be C-diagrams in 
M. 

(1) If the map f: X — Y is a Reedy fibration (see Definition 15.3.3) then it 
is also a fibration in the cofibrantly generated model category structure 
on M® (see Theorem 11.6.1). 

(2) If the map f: X — Y is a cofibration in the cofibrantly generated model 
category structure on M® then it is a Reedy cofibration. 

PROOF. Part 1 follows from Proposition 15.3.11. 
Part 2 follows from part 1 and Proposition 7.2.3, since the weak equivalences 

are the same in both model category structures. Oo 

THEOREM 15.6.4. If C is a Reedy category and M is a cofibrantly generated 
model category, then the identity functor of M° is a left Quillen equivalence (see 
Definition 8.5.20) from the cofibrantly generated model category structure (see 
Theorem 11.6.1) to the Reedy model category structure (see Theorem 15.3.4) and 
aright Quillen equivalence in the opposite direction. 

ProoF. This follows from Proposition 15.6.3. Oo 

COROLLARY 15.6.5. If C is a Reedy category, M is a cofibrantly generated 
model category, X and Y are C-diagrams in M, and f: X — Y is a relative free 
cell complex (see Definition 11.5.35), then f is a Reedy cofibration. 

ProoF. This follows from Theorem 11.6.1 and Proposition 15.6.3. O 

COROLLARY 15.6.6. Let © be a Reedy category, let M be a cofibrantly generated 
model category, and let X be a C-diagram in M. If X is a free cell complex (see 
Definition 11.5.35) then X is Reedy cofibrant. 

Proor. This follows from Corollary 15.6.5. 0 

COROLLARY 15.6.7. If is a Reedy category then the C°?-diagram of simplicial 
sets B(— | €)°? and the C-diagram of simplicial sets B(C | —) (see Section 14.7) are 
Reedy cofibrant diagrams. 

Proor. This follows from Corollary 14.8.8 and Corollary 15.6.6. Oo 

COROLLARY 15.6.8. Let © be a Reedy category. 

(1) The €°?-diagram of simplicial sets B(— | @)°? is a Reedy cofibrant approx- 
imation to the constant C°P-diagram at a point. 

(2) The @-diagram of simplicial sets B(C | —) is a Reedy cofibrant approxi- 
mation to the constant C-diagram at a point. 

PROOF. Corollary 15.6.7 implies that these diagrams are Reedy cofibrant, and 
Lemma 14.7.4 and Lemma 14.7.10 imply that for every object a of C the maps from 
B(a@| €)°? and B(C | a) to a point are weak equivalences. 0 

15.6.9. An adjoint to the matching object. If C is a Reedy category, a is 
an object of C, and M is a category, then we construct in this section a left adjoint 
to the matching object functor Ma: M° — M (see Proposition 15.6.20). This will 
be used in Section 15.6.22 to show that the Reedy model category structure is 
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cofibrantly generated if M is almost any cofibrantly generated model category (see 
Theorem 15.6.27). 

DEFINITION 15.6.10. If © is a Reedy category and a and @ are objects of C 
then the boundary OC(a, f B) of C(a, B) i is the set of maps g: a — B for which there 
is a factorization g = gg with 9 € e, 9« e, and 9 # lq. That is, OC(a, f) is 
the set of maps from a to 8 that factor through an object of degree less than that 
of a. 

LEMMA 15.6.11. Let C be a Reedy category. If a, 8, and y are objects of C, 
g € OC(a, B), and h: B — ¥ is any map, then hg € OC(a,y). 

Proor. Let 9 = 99 with g € €, 9 <« e, and ‘“g # la. The composition 
=> (hg) has a factorization (hg) = kk with k € © and k € €, and s so the 

composition (hg) has the factorization (hg) = K(K GY ) with Kk € @ and (k Q)<€ 
C, and (k J) # la because ‘9 # la. oO 

PROPOSITION 15.6.12. If © is a Reedy category and a is an object of C then 
there is a sub-diagram of F¢, the free C-diagram of sets generated at a (see Defi- 
nition 11.5.7), that on an object 8 of C equals GC(a, 8). 

PROOF. This follows from Lemma 15.6.11. 0 

DEFINITION 15.6.13. If © is a Reedy category and a is an object of C then the 
@-diagram of sets described in Proposition 15.6.12 will be called the boundary OF? 
of FY. 

EXAMPLE 15.6.14. If €C = A®? (the simplicial indexing category (see Defini- 
tion 15.1.8)) and n > 0, then Fl”! is the simplicial set A{n] (see Example 11.5.15) 
and OF"! is what is commonly called GA(n]. 

PROPOSITION 15.6.15. If @ isa Reedy category and a is an object of © then OF? 
(see Definition 15.6.13) is naturally isomorphic to the colimit of the O(a | @ op. 
diagram (see Definition 15.2.3) of C-diagrams of sets that takes the object g: a > B 

of O(a | ‘@ jp to the diagram F® (see Definition 11.5.7) and the morphism 
(15.6.16) 

a 
p+—_—— 7 

from g:a—> 8 toh:a—y in dal © )P to the map of diagrams k*: F® — FY 
determined (see Proposition 11.5.8) by the element k: y — 6 of FY(8). 

Proor. If g: a — B is an object of A(a | ©), then composition with g 
defines a map of diagrams g*: F° — F% whose image is contained in OF® (see 
Lemma 15.6.11). For each morphism (15.6.16) of O(a | @)P, the map k*: F? — FY 
is defined by composition with k. Since kh = g, we have k*h* = g*, and so we have 
a well defined map of diagrams 

(15.6.17) colm FY — OF? . 
Bal S)or 
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The map (15.6.17) is surjective because if g: a — G is an element of OF¢({), 

then we can factor gasa 7% 6withhe ©,ke ©, andh# lg, and g is in 
the image of k under h*: F? — OF?. 

To see that the map (15.6.17) is injective, suppose that g:a— Bandh:a— ¥ 
are objects of O(a] ‘@ op and s € F*(6) and t € F7(5) are elements such that 
g*(s) = h*(t). We then have sg = th. If we factor s: @ — 6 as B 4, n =, § 
ue. & > 7 r v a ren-7 

with ‘s € © and s € @ and factor t: y > 46 asy — wp — 6 with t € © and 

Toe ©, then 8 (39) = sg =th = ¢ (fh), and so (S)(Tg) and (€)( 
two factorizations of the same map into a map in © followed by a map in c. By 
the uniqueness of such factorizations, we must have s’ = ¥ and 3g= 
of course, 7 = ys), and so we have the diagram 

oN 
Ns 

Thus (7 )*: F? 4 FY takes @ = ¢ to ft =tand (3)*: F? F? takes @ = & 
to ss = s, and so s and t represent the same element of colim, 41 Sop Fy, and 
the map (15.6.17) is injective. O 

Y - 

DEFINITION 15.6.18. If C is a Reedy category, M is a cocomplete category, X is 
an object of M, and a is an object of ©, then the boundary OF of the free diagram 
on X generated at a@ is the C-diagram OFZ = X @ OFS (see Definition 15.6.13, 
Definition 11.5.25, Definition 11.5.24, and Definition 11.5.7). 

PROPOSITION 15.6.19. Let M be a cocomplete category and let C be a Reedy 

category. If X is an object of M and a is an object of C, then OF (see Defini- 
tion 15.6.18) is naturally isomorphic to the colimit of the a(€ | a)°P-diagram of 
@-diagrams in M that takes the object g: a — G of a(e | a)? to the diagram Fe 
(see Definition 11.5.25) and the morphism 

a 

vN 
rr 

from g:a—>f toh:a— 7 in a(@ | a)? to the map of diagrams k*: Fe + FY 
determined (see Proposition 11.5.8) be the element k: y — 6 of F7(8). 

ProorF. This follows from Proposition 15.6.15. a) 

PROPOSITION 15.6.20. Let C be a Reedy category and let M be a model cate- 
gory. For every object a of © the functor M — M® that takes the object X of M to 
the C-diagram OF (see Definition 15.6.18) is left adjoint to the matching object 



300 15. THE REEDY MODEL CATEGORY STRUCTURE 

functor Ma: M© — M (see Definition 15.2.5), i.e., for every C-diagram Y there is 
a natural isomorphism of sets 

M°(OFZ,Y) = M(X,MQY) . 

PROOF. We have natural isomorphisms 

M°(aF%,Y) =M°( colim_ F&,Y) (see Proposition 15.6.19) 
(a8)€0b 8( C Layer 

te lim — M°(F%,Y) 
(a B)EOb & C La) 

Re lim _ M(X,¥z) 
(a+A)€0b4(E la) 

= M(X, lim Y,) 
(a— B)EOb A(@ Ja) 

= M(X,MaY) . 

i) 

COROLLARY 15.6.21. Let © be a Reedy category and let M be a model category. 
If A— B is a map in M and X —Y is a map of @-diagrams in M, then for every 
object a of © the following are equivalent: 

(1) The dotted arrow exists in every solid arrow diagram of the form 

A —? Xo 

B— Ya xmay MoX . 

(2) The dotted arrow exists in every solid arrow diagram of the form 

F%4 Uerg OFZ —> X 

|| 
BY 

Proor. This follows from Proposition, 15.6.20. CJ 

15.6.22. Cofibrant generation of the Reedy model category struc- 
ture. In this section, we show that if © is a Reedy category and M is a cofibrantly 
generated model category in which both the domains and the codomains of the el- 
ements of J are small relative to J and both the domains and the codomains of the 
elements of J are small] relative to J, then the Reedy model category structure on 
M® (see Theorem 15.3.4) is cofibrantly generated (see Theorem 15.6.27). Although 
this seems to be a restriction on the class of cofibrantly generated model categories 
to which our results apply, it includes all cofibrantly generated model categories of 
which I am aware. 

DEFINITION 15.6.23. If © is a Reedy category, M is a model category, and K 
is a set of maps in M, then RF¥ will denote the set of maps in M® of the form 

a a Or FA, Ilarg, OFS, - FS, 
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(see Definition 11.5.25 and Definition 15.6.13) for @ an object of © and A, — B, 
an element of K. 

PROPOSITION 15.6.24. If is a Reedy category and M is a cofibrantly generated 
model category with generating cofibrations I and generating trivial cofibrations J, 
then a map of C-diagrams in M is a Reedy fibration if and only if it has the right 
lifting property with respect to every element of RFS (see Definition 15.6.23) and 
it is a Reedy trivial fibration if and only if it has the right lifting property with 
respect to every element of RFS. 

PROOF. This follows from Corollary 15.6.21 and Theorem 15.3.15. C 

LEMMA 15.6.25. If © is a Reedy category, M is a cocomplete category, and I is 
a set of maps in M, then for every object B of C and every element F%4 Lape OF 5 > 

% of RFF (see Definition 15.6.23) the map 

F4 Warg OF 3(8) — Fi(8) 
is & relative I-cell complex. 

Proor. If A > B isa map in M and a and @ are objects of €, then the map 
OF4(8) > F4(8) is the inclusion of asummand. Thus, the pushout F4(@) ars (a) 
@F%(8) is isomorphic to the coproduct (]](~ag)—are(ay) 4) Ut (Llareyg) B) and 
the map F4(8) Wers a) OF Z(8) — F4(8) is isomorphic to the coproduct of the 
identity map of Llarg (a) B with the map [| (peg) areca) 4 > Lcre(g)-are (gy) B- 
Proposition 10.2.7 now implies that the map F4(8) Ware gy OF 3(8) — Fia(F) is 
a transfinite composition of pushouts of the map A > B 

LEMMA 15.6.26. Let C be a Reedy category and let M be a cocomplete category. 
If I and K are sets of maps in M such that the domains and codomains of the 
elements of K are small relative to I, then the domains and codomains of the 
elements of RFS, (see Definition 15.6.23) are small relative to RFS. 

PRooF. Proposition 10.5.13, Proposition 11.5.26, and Lemma 15.6.25 imply 
that if A is a domain or a codomain of an element of K and a is an object of € 
then F% is small relative to RF¢. Proposition 10.4.8 and Proposition 15.6.15 now 
imply that the domains and codomains of the elements of RF are small relative 
to RFF. O 

The next theorem may seem to be weak in that it applies only to those cofi- 
brantly generated model categories M for which there are a set I of generating 
cofibrations whose domains and codomains are small relative to J and a set J of 
generating trivial cofibrations whose domains and codomains are small relative to 
J. However, this is a property shared by every cofibrantly generated model category 
of which J am aware. 

THEOREM 15.6.27. Let M be a cofibrantly generated model category for which 
there are a set I of generating cofibrations whose domains and codomains are small 
relative to I (see Definition 10.5.12) and a set J of generating trivial cofibrations 
whose domains and codomains are small relative to J. If © is a Reedy category then 
the Reedy model category structure on M° is cofibrantly generated with generating 
cofibrations RF (see Definition 15.6.23) and generating trivial cofibrations RFS. 
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ProoF. This follows from Proposition 15.6.24, Lemma 15.6.25, and 
Lemma 15.6.26. 

O 

15.7. Reedy diagrams in a cellular model category 

In this section we show that if C is a Reedy category and M is a cellular model 
category (see Definition 12.1.1), then the Reedy model category structure on M° 
(see Theorem 15.3.4) is a cellular model category (see Theorem 15.7.6). 

PROPOSITION 15.7.1. If M is a cellular model category and C is a Reedy cat- 
egory, then the cofibrations of the Reedy model category structure on M® (see 
Theorem 15.3.4) are effective monomorphisms. 

Proor. Let f: X — Y be a Reedy cofibration in M°. Proposition 15.3.11 
implies that for every object a of C the map f,: X_ — Yq is a cofibration in M, 
and so fy is an effective monomorphism. Thus, for every object a of C the map 
fa: Xq — Yo is the equalizer of the natural inclusions Y, 3 Yo Ux, Ya. Since 
the pushout Y Ily Y on an object a of Cis YgUx, Ya, this implies that the map 
f: X — Y is the equalizer of the natural inclusion Y 3 Y Ux Y. O 

COROLLARY 15.7.2. If M is a cellular model category and © is a Reedy cat- 
egory, then the cofibrations of the Reedy model category structure on M° (see 
Theorem 15.3.4) are monomorphisms. 

Proor. This follows from Proposition 15.7.1 and Proposition 10.9.5. QO 

COROLLARY 15.7.3. If M is a cellular model category with generating cofi- 
brations I and © is @ Reedy category then the relative RF -cell complexes (see 
Definition 15.6.23) are monomorphisms. 

PROOF. This follows from Corollary 15.7.2 and Theorem 15.6.27. O 

LEMMA 15.7.4. Let M be acellular model category with generating cofibrations 
I and let © be a Reedy category. If 8 is an object of C and W is an object of M 
that is compact relative to I, then Fe, (see Definition 11.5.25) is compact relative 
to REY. , 

PROOF. Proposition 11.5.26 and Proposition 11.4.9 imply that it is sufficient 

to show that for every element A — B of I and every object a of @ the map 
(F4 Usre OF§)(G) — F§(BG) is a cofibration whose domain js compact relative 
to J. Lemma 15.6.25 implies that that map is a cofibration, and (since (F4 Hare 
OF§)(G) = F4(6) Ware a) OF §(8) and both A and B are compact relative to I) 
Proposition 10.8.8 implies that its domain is compact relative to I. | 

PROPOSITION 15.7.5. If M is a cellular model category with generating cofibra- 
tions I and C is a Reedy category, then the domains and codomains of the elements 
of RFE (see Definition 15.6.23) are compact relative to RF¥. 

Proor. Since the domains and codomains of the elements of J are compact 
relative to I, this follows from Proposition 15.6.15, Proposition 10.8.8, Corol- 
lary 15.7.3, and Lemma 15.7.4. O 
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THEOREM 15.7.6. If M is a cellular model category and C is a Reedy category 
then the Reedy model category structure on M® (see Theorem 15.3.4) is @ cellular 
model category. 

Proor. This follows from Theorem 15.6.27, Proposition 15.7.5, Lemma 15.6.26, 
Corollary 12.4.5, and Proposition 15.7.1. 0 

15.8. Bisimplicial sets 

There are two possible Reedy model category structures on the category of 
bisimplicial sets, obtained by viewing a bisimplicial set as a simplicial object in the 
category of simplicial sets in two different ways. We show in Proposition 15.8.1 that 
these model category structures have different classes of weak equivalences. (This 
does not contradict Theorem 15.5.2 because the category of simplicial sets is not a 
Reedy model category structure obtained from some model category of sets.) We 
also show (in Theorem 15.8.7) that in either of these model category structures the 
cofibrations are the monomorphisms. 

PROPOSITION 15.8.1. The two possible Reedy model category structures on 
the category of bisimplicial sets (obtained by viewing a bisimplicial set as either a 
horizontal simplicial object in the category of vertical simplicial sets or as a vertical 
simplicial object in the category of horizontal simplicial sets) are not the same. 

PROOF. We will show that these two model category structures have different 
classes of weak equivalences. Let X be the bisimplicial set such that X,,. = Af]], 
with all horizontal face and degeneracy maps equal to the identity, let Y be the 
bisimplicial set such that Y,, is a single point for all n > 0 and k > 0, and let 
f:X —Y be the unique map from X to Y. 

As a map of horizontal simplicial objects in the category of vertical simplicial 
sets, f is a weak equivalence, because for every n > 0 the map of simplicial sets 
Xn» + Yn, is the map A[l] — A[O], which is a weak equivalence of simplicial 
sets. However, as a map of vertical simplicial objects in the category of horizontal 
simplicial sets, f is not a weak equivalence, because (for example) the map of 
simplicial sets f,o: X+,0 + Yo is the map (A[0] Hi A[0]) - AO], which is not a 
weak equivalence of simplicial sets. a) 

LEMMA 15.8.2. Let X be a simplicial set, let n > 0, and let o and 7 be el- 
ements of X, for which there are iterated degeneracy operators 3;,8,.--*5,, and 
8}, Sj, °°°S3, Such that 81, 5:,°--8:i,(0) = S),53,-°-8;,(7). If o is nondegenerate, 
then so is T. 

PRooF. If r= Smv for some 0 << m<n-1l, then 

o = d,, --: dig di, 85, Si, *** $4, 0 

= di,» Gegdy, 89485 °° $54.7 
= di, +++ indi, 85,852 °°" Sj_8mY 

and this last expression for o has k face operators and (k + 1)-degeneracy opera- 
tors. The simplicial identities would then imply that o was degenerate, which was 
assumed not to be the case. O 
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LEMMA 15.8.3. If M is a category and X is a simplicial object in M, then 
every iterated degeneracy operator X,, ~ Xn4+ in X has a unique expression in 
the form $1, Sig *'* Si, with 11 > tq > +--+ > bg. 

ProoF. Such an iterated degeneracy operator corresponds to an epimorphism 
a: [n+ k] — [n] in A (see Definition 15.1.8), and the set {i1,72,...,7,} is the set 
of integers 7 in [n + k] such that a(i+1) = a(i). oO 

LEMMA 15.8.4. If X is a simplicial set and p is a degenerate simplex of X, then 
there is a unique nondegenerate simplex v of X and a unique iterated degeneracy 
operator @ such that a(v) = yp. 

Proor. Lemma 15.8.2 implies that it is sufficient to show that 

(1) ifn > 0 and o and 7 are nondegenerate n-simplices such that some degen- 
eracy of o equals some (possibly different) degeneracy of 7, then o = 1, 
and 

(2) if o is a nondegenerate simplex and a and £ are iterated degeneracy 
operators such that a(o) = G(r), then a = 8. 

For assertion 1, let k be the smallest positive integer for which there are iterated 
degeneracy operators $;,$;,°::S;, With 7; > ig > --- > t, and 8;,8;,---8;, with 
ji >j2>-+++ > jx (see Lemma 15.8.3) such that 52, 5: °-+ $i,(0) = $3, Sj. °- + 83,(T). 
If we apply the face operator d;, to both sides of this equation, we obtain 

Sig Sig '*' Si, (0) = di, 54, Sj "°° 35, (r) ’ 
and the simplicial identities imply that the right hand side is either a (k — 1)-fold 
iterated degeneracy of r or a k-fold iterated degeneracy of a face of r. Lemma 15.8.2 
implies that it cannot be the latter, and so our assumption that k was the smallest 
positive integer of its type implies that k = 1, ie., s;,0 = 8;,7. If i: > jy, then 
o = di, 415i,0 = d:,418;T = 5;4;,7, which is impossible because o is nondegenerate. 
Similarly, we cannot have 2; < 7,. Thus, 7; = j,, and so o = T (because degeneracy 
operators have left inverses). 

For assertion 2, let k be the smallest positive integer for which there are iterated 
degeneracy operators $;,5:,-+-S;, With i) > ig > ++: > i, and s;,8,,+++8;, with 
ji > jo >+++ > je such that $;, 5; +-+5i,(0) = $;,3;,°+* $;,(0) (see Lemma 15.8.3). 
Because k is the smallest such integer and degeneracy operators have left inverses, 
we must have i; # j). If 4; > j,, then we can apply d;,4) to obtain 

Sig Sig '° St, (o) = di, +185, 85 oe 83,(0) 
= 85,852 °** 85, 4i, 41-4 (2) 

which contradicts Lemma 15.8.2. Similarly, we cannot have i; < j,. Thus, 7) = ji, 

and SO $j. Si, +++ $i, (7) = $528; °- + 84, (0), which implies that k = 1 (or else we have 
contradicted our assumption that k is the smallest positive integer of its type). O 

LEMMA 15.8.5. Let X be a simplicial set. Ifn > 0 and a is an n-simplex of X, 
then o is nondegenerate if and only if no two of the simplices 890, $10, ..., Sno are 
equal. 

ProoF. If o is degenerate, then o = s;7 for some 0 < i < n and some (n — 1)- 
simplex 7, and So $;410 = 8;415;T = $45:T = S40. 

Conversely, if ssa = sjo forO Si <j <n, then o = Oj8,0 = Oj8;0 = 8510.0, 
and so o is degenerate. 
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PROPOSITION 15.8.6. If A°P is the indexing category for simplicial sets (see 
Example 15.1.13 and Definition 15.1.10) and X is an object of SS*”” (i.e., a bisim- 
plicial set, which we view as a “horizontal” simplicial object in the category of 
“vertical” simplicial sets, so that the object of degree n is the simplicial set Xn,«), 
then for n > 0 the latching object L,X of X at n (see Definition 15.2.5) is naturally 
isomorphic to the subcomplex of X,,, consisting of those simplices that are in the 
image of a horizontal degeneracy operator. 

Proof. For every k > 0 there is a natural map from the set (L,X), of k- 
simplices of L,X onto the set of “horizontally” degenerate k-simplices of the “hori- 
zontal” simplicial set X.,,; we must show that this map is one to one. Lemma 15.8.4 
implies that for every horizontally degenerate simplex o € X,~ there is a unique 
horizontally nondegenerate simplex 7 € Xm (for some m <n) and a unique hor- 
izontal iterated degeneracy operator a such that a(r) = o, and that if w is any 
other simplex for which there is an iterated horizontal degeneracy operator 8 such 
that @(4) = o then there is an iterated horizontal degeneracy operator y such that 
(rT) = wand yB=a. Oo 

THEOREM 15.8.7. In the Reedy model category structure on sg” (the cat- 
egory of simplicial simplicial sets; see Example 15.1.13 and Definition 15.1.10) a 
map f: X — Y of simplicial simplicial sets is a cofibration if and only if it is a 
monomorphism. 

PROOF. Proposition 15.3.11 implies that if f is a Reedy cofibration, then for 
every n > 0 the map f,: X, — Y>p is a cofibration (i-e., a monomorphism) of 
simplicial sets. 

Conversely, assume that f,: X, — Y, is a monomorphism of simplicial sets 
for every n > 0. Proposition 15.8.6 implies that each latching object L,X is a 
subcomplex of X, and that each L,Y is a subcomplex of Y,,, and Lemma 15.8.5 
implies that the intersection of X, and L,Y in Y,isL,X. Thus, X,UL,xLb,Y — 
Y,, is an inclusion of simplicial sets, and so f: X — Y is a Reedy cofibration. O 

COROLLARY 15.8.8. A simplicial object in the category of simplicial sets is 
always Reedy cofibrant. 

Proor. This follows from Theorem 15.8.7. 0 

15.9. Cosimplicial simplicial sets 

Lemma. 15.8.4 implies that the cofibrations in the Reedy model category struc- 
ture on simplicial simplicial sets are the monomorphisms (see Theorem 15.8.7) 
and that every object is cofibrant (see Corollary 15.8.8). The precise analogue of 
Lemma 15.8.4 for cosimplicial simplicial sets is false, because there can be sim- 
plices of codegree zero whose images under the coface operators d° and d? coincide. 
Thus, we define the maximal augmentation (see Definition 15.9.2) of a cosimplicial 
simplicial set to be the subspace of simplices of codegree 0 with this property, and 
we establish Lemma, 15.9.5 as our replacement for Lemma 15.8.4. We then show 
in Theorem 15.9.9 and Corollary 15.9.10 that, except for the special attention re- 
quired by the maximal augmentation, the situation for cosimplicial simplicial sets 
is as convenient as that for simplicial simplicial sets. 
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LEMMA 15.9.1. If M is a category and X is a cosimplicial object in M, then 
every iterated coface operator X" > X"+* in X has a unique expression in the 
form dd? -.-d** with iy > ig >--- > ig. 

PrROoF. Such an iterated coface operator corresponds to a monomorphism 
[n] — [n + k] in A, the cosimplicial indexing category (see Definition 15.1.8), 
and the set {i),i2,...,ix} is the complement of the image of [n] in [n + k]. O 

DEFINITION 15.9.2. If X is a cosimplicial simplicial set, then the mazimal 
augmentation of X is the simplicial set that is the equalizer of the coface operators 
d and d! from X° to X'. That is, an n-simplex of the maximal augmentation of 
X is an n-simplex o of X° such that do = do. 

If X is a cosimplicial set, then by the mazimal augmentation of X we mean 
the maximal augmentation of the cosimplicial discrete simplicial set determined by 
x. 

DEFINITION 15.9.3. If X is a cosimplicial set, n > 0, ando € X”, then we will 
say that o is a coface if o is in the image of some coface operator, and that o is a 
non-coface if o is not in the image of any coface operator. 

LEMMA 15.9.4. Let X be a cosimplicial set, let n > 0, and let o andr be 
elements of X” for which there are iterated coface operators d*'d'?---d** and 
di diz... d3* such that dTMdi2...d'*g = diidit...di*r. If o is a non-coface (see 
Definition 15.9.3), then so is T. 

Proor. If r = dTMv, then 

go = sik}... gai gti] gi gi2... d'e(g) 
= git}... gta~h gti) gai giz... Qk (7) 

= gtk}... gt2—h gti Nir gia... PedTM(y) , 

and this last expression for o has k codegeneracy operators and (k + 1) coface 
operators. The cosimplicial identities would then imply that o was a coface, which 
was assumed not to be the case. LJ 

LEMMA 15.9.5. If X is a cosimplicial set, n > 0, and p is an element of X” that 
is not the image of an element of the maximal augmentation (see Definition 15.9.2) 
under an iterated coface operator, then there is a unique non-coface a (see Defini- 
tion 15.9.3) and a unique iterated coface operator a such that a(o) = p. 

Proor. Lemma 15.9.4 implies that it is sufficient to show that 

(1) if m > 0 and o and 7 are non-coface elements of XTM for which some 
iterated coface of 0 equals some (possibly different) iterated coface of 
7, then either o = 7 or one of o and 7 is an element of the maximal 
augmentation, and 

(2) if o is not a coface and not an element of the maximal augmentation and 
a and @ are iterated coface operators such that a(c) = G(c), then a = Pf. 

For assertion 1, let k be the smallest positive integer for which there are iterated co- 
face operators dé} d?2---d** and d?'d?2---dJ* with i, > ig > +++ > i, and jy > jo > 
-+» > jp (see Lemma 15.9.1) such that d*! diz... d**(o) = d1d?2--- d*(r). If we ap- 
ply the operator s*—! to both sides of this equation, the we obtain d??d*? .-- d**(o) = 
gi} q)1 q)2 ... dJ*(r) and the cosimplicial identities imply that the right hand side 
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is either a (k — 1)-fold iterated coface of r or a k-fold iterated coface of a code- 
generacy of r. Lemma 15.9.4 implies that it cannot be the latter, and so our 
assumption that k was the smallest positive integer of its type implies that k = 1, 
ie., d(c) = d3(r). If iy = ji, then o = 7 (because coface operators have left 
inverses) and we are done. If i; # 9, then we assume that 7, > 7) (the case 7) <j) 
is similar). 

e If s* is defined on di(c), then g = s"d¥(¢) = st d(T) = d¥s%—l(r), 
which contradicts Lemma 15.9.4. 

e lft) > jf, +1, then o = s®~!d8(¢) = st! g(r) = d)'s41~2(7), which 
contradicts Lemma 15.9.4. 

e If 7, > 0, then tr = s¥t71 g(r) = 531—1g¥(g) = d2—"'53:-1(¢), which 
contradicts Lemma 15.9.4. 

Thus, we must have j; = 0, i) = 1, and m = 0; that is, o,r € X° and d!o = @r. 
Thus, ¢ = sgd'o = s°d°r = 1, ie., d’o = d'o, and so o is an element of the 
maximal augmentation. 

For assertion 2, let k be the smallest positive integer for which there are iterated 
coface operators d*'d*?.--d'* with 4, > ig >+-- > ig and @1di2---dJ* with 7, > 
ja > +++ > je such that dd ---d*(c) = ditdi2---dJ*(o) (see Lemma 15.9.1). 
Applying s*—? to both sides of this equation, we obtain 

di? d3 .. . i* (c) = git} git gia . -d*(c) . 

The right hand side of this equation is either a (k — 1)-fold coface of o or a k-fold 
coface of a codegeneracy of o. The latter would contradict Lemma 15.9.4, and so 
we must have k = 1, ie., d'*(a) = d*(c), and we must show that 7, = j). If not, 
then we’ll assume that i; > 7, (the other case is similar). If 7; > 7, +1, then 
og = st—1q4(g) = st—ldi(¢) = di1s4~2(c), which contradicts out assumption 
about o. Thus, i; = 7, +1. Similarly, 7} =0 and ij =n+l,ie, oe X°, i) =1, 
and j; = 0. This would imply that o is an element of the maximal augmentation, 
which was assumed not to be the case, and so we are done. Oo 

PROPOSITION 15.9.6. Let X be a cosimplicial simplicial set (i.e., an object of 
SS4). 

(1) Ifnm > 2, then the latching object L,X of X at codegree n is naturally 
isomorphic to the subcomplex of X” consisting of those simplices that are 
in the image of a coface operator. 

(2) The latching object L1X of X at codegree 1 is naturally isomorphic to 
the pushout C,X ln, x C;X where C,X is the subspace of X* consisting 
of the simplices that are cofaces (see Definition 15.9.3) and N,X is the 
subspace of C,.X consisting of those cofaces that are not in the image of 
the maximal augmentation (see Definition 15.9.2) under a coface operator. 

(3) The latching object LyX of X at codegree 0 is the empty simplicial set. 

ProoF. This follows from Lemma 15.9.5. i) 

LEMMA 15.9.7. Let X be a cosimplicia] set. If n > 1 and o is an element 
of X”, then o is a non-coface (see Definition 15.9.3) if and only if no two of the 
elements d°c, d'g, ..., d*t!o of X"*! are equal. 

ProoF. If a is a coface, then o = d'r for some r € X”TM~! and0 <i<n, and 
so détlg = dttlgiz = d'd'r = d'o. 



308 15. THE REEDY MODEL CATEGORY STRUCTURE 

Conversely, suppose d’a0 = dio for0 <i <j <n+4+1. There are three (non- 
exclusive) cases: 

elfj<ntl, theng = sido = sidtao = d's? o. 
e ifi<j—1, theng=3) !@o = 5) “!d'a = d'sio. 
elfj =n+landi=j-—1, theni =n; sinceen >1,0 = s*!d'¢ = 
so = d-15'1¢9, 

Thus, in each case, o is a coface. a) 

REMARK 15.9.8. The assertion of Lemma 15.9.7 for n = 0 is false; this is why 
we needed Definition 15.9.2. 

THEOREM 15.9.9. In the Reedy model category structure on SS* (the category 
of cosimplicial simplicial sets; see Definition 15.1.8 and Example 15.1.12), a map 
f: X — Y of cosimplicial simplicial sets is a cofibration if and only if it is a 
monomorphism that takes the maximal augmentation (see Definition 15.9.2) of X 
isomorphically onto that of Y. 

ProoF. If f is a cofibration, then Proposition 15.3.1] implies that f": X” — 
Y” is a monomorphism for every n > 0. Since the relative latching map X' II,,x 
WY -Y! isa monomorphism, Proposition 15.9.6 implies that f must map the 
maximal augmentation of X isomorphically onto that of Y. 

Conversely, if f is a monomorphism, then Proposition 15.9.6 and Lemma 15.9.7 
imply that for n # 1, the intersection of X” and L,Y in Y” is L,,X, and so the 
relative latching map X” Il,_x L,Y — YTM is a monomorphism. If f takes the 
maximal augmentation of X isomorphically onto that of Y, then Proposition 15.9.6 
implies that the relative latching map X} l,,y Li: Y — Y? is a monomorphism, 
and so f is a cofibration. Oo 

COROLLARY 15.9.10. A cosimplicial simplicial set is Reedy cofibrant if and only 
if its maximal augmentation (see Definition 15.9.2) is empty. 

Proor. This follows from Theorem 15.9.9. O 

COROLLARY 15.9.11. The cosimplicial standard simplex (see Definition 15.1.15) 
is a Reedy cofibrant cosimplicial set. 

ProorFr. This follows from Corollary 15.9.10. Oo 

COROLLARY 15.9.12. The cosimplicial standard simplex (see Definition 15.1.15) 
is a Reedy cofibrant approximation (see Definition 8.1.2) to the constant A-diagram 
at a point. 

PROOF. Since for every n > 0 the map from A[n] to a point is a weak equiva- 
lence, this follows from Corollary 15.9.11. Oo 

15.10. Cofibrant constants and fibrant constants 

Some Reedy categories C have the property that, for every model category M, 
the colimit of an objectwise weak equivalence of Reedy cofibrant @-diagrams in M is 
a weak equivalence of cofibrant objects. These are the Reedy categories with fibrant 
constants (see Definition 15.10.1 and Theorem 15.10.9). Dually, a Reedy category 
€ with cofibrant constants has the property that, for every model category M, the 
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limit of an objectwise weak equivalence of Reedy fibrant C-diagrams in M is a weak 
equivalence of fibrant objects. 

DEFINITION 15.10.1. Let C be a Reedy category. 

(1) We will say that © has cofibrant constants if for every mode] category 
M and every cofibrant object B of M the constant C-diagram at B is 
cofibrant in the Reedy model category structure on M°. 

(2) We will say that C has fibrant constants if for every model category M 
and every fibrant object X of M the constant C-diagram at X is fibrant 
in the Reedy model category structure on M°. 

PROPOSITION 15.10.2. Let C be a Reedy category. 

(1) The Reedy category © has cofibrant constants (see Definition 15.10.1) 
if and only if for every object a of © the latching category (see Defini- 
tion 15.2.3) of C at a is either connected or empty. 

(2) The Reedy category C has fibrant constants if and only if for every object 
a of © the matching category of C at a is either connected or empty. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
If M is a model category, B is an object of M, X: CC — M is the constant 

diagram at B, and a is an object of ©, then the latching object of X at a (see 
Definition 15.2.5) is the colimit of a diagram in which every map is the identity 
map of B, and so it is isomorphic to a coproduct, indexed by the components of 
8(C | a), of copies of B. Thus, if A( © | a) is either connected or empty for every 
object a@ of €, then the latching map of X at a is either the identity map of B or 
the map § — B (where “®” is the initial object of M) for every object a of C, and 
so if B is cofibrant then so is X. , 

Conversely, if there is an object a of C such that 0(€ | a) has more than one 
component, B is a nonempty simplicial set, and X : C — SS is the constant diagram 
at B, then the latching map of X at C will not be a monomorphism. O 

PROPOSITION 15.10.3. If © is a Reedy category, then © has cofibrant constants 
if and only if C°P has fibrant constants. 

PROOF. This follows from Proposition 15.10.2 and Proposition 15.2.4. O 

PROPOSITION 15.10.4. If © is the category of simplices of a simplicial set (see 
Definition 15.1.16), then 

(1) the category C has fibrant constants (see Definition 15.10.1), and 
(2) the category C°P has cofibrant constants. 

PRooF. Proposition 15.10.3 implies that it is sufficient to prove part 1. Let 
K bea simplicial set such that C = AK. If oc is a nondegenerate simplex of K, 
then O(a | ©) is empty. If o is a degenerate simplex of K, then there is a unique 
nondegenerate simplex + such that o is the image of T under a degeneracy operator 
(see Lemma 15.8.4), and the map o — 7 is a terminal object of A(a| C). The 
proposition now follows from Proposition 15.10.2. Oo 

COROLLARY 15.10.5. The cosimplicial indexing category (see Definition 15.1.8) 
is a Reedy category with fibrant constants and the simplicial indexing category is 
a Reedy category with cofibrant constants. 
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ProoF. This follows from Proposition 15.10.4 and Example 15.1.18. QO 

PROPOSITION 15.10.6. Let © be a Reedy category and let a be an object of C. 

(1) The latching category ae | a) of © at @ is a Reedy category with fbrant 
=> = => 

constants in which 0(C |a) = O( © | a) and O(C | a) has only identity 
maps. _ 

(2) The matching category O(a | C) of © at a is a Reedy category with cofi- 
ee 

brant constants in which O(a| C) = A(a | C) and A(a| ©) has only 
identity maps. 

PROOF. We will prove part 1; the proof of part 2 is dual. 

The restriction of a degree function for © yields a degree function for ae La), 
and so ace | a) is a Reedy category. Since the matching category at every object 
of ace | a) is empty, the result follows from Proposition 15.10.2. 0 

PROPOSITION 15.10.7. Let C be a Reedy category. 
(1) The Reedy category © has cofibrant constants if and only if the C-diagram 

of simplicial sets that is a single point at every object of C is a Reedy 
cofibrant diagram. 

(2) The Reedy category © has fibrant constants if and only if the C°?-diagram 
of simplicial sets that is a single point at every object of C°P is a Reedy 
cofibrant diagram. 

PROOF. We will prove part 1; part 2 will then follow from part 1 and Propo- 
sition 15.10.3. 

Definition 15.10.1 implies one direction of part 1. Conversely. if the constant 
diagram at a point is cofibrant, then every latching object is the domain of a 
cofibration with codomain a single point. Thus, every latching object is either 
empty or a single point, and so every latching category is either empty or connected. 
The result now follows from Proposition 15.10.2. O 

THEOREM 15.10.8. Let C be a Reedy category. 

(1) The Reedy category © has cofibrant constants if and only if, for every 
model category M, the constant diagram functor M — M° and the limit 
functor M° — M are a Quillen pair (see Definition 8.5.2). 

(2) The Reedy category © has fibrant constants if and only if, for every model 
category M, the colimit functor M° — M and the constant diagram 
functor M — M® are a Quillen pair (see Definition 8.5.2). 

PROOF. We will prove part 1; part 2 will then follow from Proposition 15.10.3, 
Proposition 15.10.2, and Proposition 15.2.4. 

The colimit and constant diagram functors are an adjoint pair for al] categories 
M and small categories C. Proposition 15.10.7 implies that if the constant diagram 
functor is a left Quillen functor, then © has cofibrant constants. For the converse, 
Proposition 15.10.2 implies that if C has cofibrant constants, 7: A — B is a cofibra- 
tion in a model category M, and a@ is an object of C, then the relative latching map 
(see Definition 15.3.2) at a of the induced map of constant C-diagrams is either the 
identity map of B or is isomorphic to the map i, and is thus a cofibration. 0 

THEOREM 15.10.9. Let M be a model category and let C be a Reedy category. 
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(1) If © has cofibrant constants, then the limit functor lime: M° — M takes 
Reedy fibrant diagrams to fibrant objects of M and takes objectwise weak 
equivalences between Reedy fibrant diagrams to weak equivalences be- 
tween fibrant objects of M. 

(2) If has fibrant constants, then the colimit functor colime: M° — M takes 
Reedy cofibrant diagrams to cofibrant objects of M and takes objectwise 
weak equivalences between Reedy cofibrant diagrams to weak equivalences 
between cofibrant objects of M. 

ProoF. This follows from Theorem 15.10.8 and Corollary 7.7.2. O 

PROPOSITION 15.10.10. Let M be a model category and let 

(15.10.11) A——B 

be a diagram in M. 

(1) If all of the objects of Diagram 15.10.11 are cofibrant, the front and back 
Squares are pushouts, i and i’ are cofibrations, and all of fa, fp, and fo 
are weak equivalences, then fp is a weak equivalence. 

(2) If all of the objects of Diagram 15.10.11 are fibrant, the front and back 
Squares are pullbacks, p and p’ are fibrations, and all of fg, fc,and fp 
are weak equivalences, then f4 is a weak equivalence. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
Let © be the Reedy category with three objects and two non-identity maps 

y + a — @, in which we let deg(a) = 2, deg(f) = 3, and deg(y) = 1. The 
Reedy category € has fibrant constants (see Proposition 15.10.2), and we have an 
objectwise weak equivalence of Reedy cofibrant C-diagrams in M 

C+— A— B 
el |e |p 

c's A’ ——> B’ . 
a 

Theorem 15.10.9 now implies that the induced map of pushouts fp: D — D’ is a 
weak equivalence. O 

PROPOSITION 15.10.12. Let M be a model category. 

(1) If we have a map of sequences in M 

2 0) a1 t2 Xo +X, > Xo pone 

ee 
Yo —— YF) —— YL 

Jo wel 32 
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in which all of the objects are cofibrant, the mapSip and jp, are cofibrations 
for alln > 0, and the maps f, are weak equivalences for all n > 0, then 
the induced map of colimits colim fy: colim X, — colimY, is a weak 
equivalence. 

(2) If we have a map of towers in M 

Pos Xo Pox, Xo 

jp [np 
> Yo >Y; > Yo 

q3 q2 q1 

in which all of the objects are fibrant, the maps p, and q, are fibrations 
for alln > 0, and the maps f, are weak equivalences for all n > 0, then 
the induced map of limits lim f,: lim X, — lim Y, is a weak equivalence. 

PrRooF. This follows from Theorem 15.10.9. 0 

15.11. The realization of a bisimplicial set 

DEFINITION 15.11.1. If X is a simplicial object in the category of simplicial 
sets (i.e., a bisimplicial set), then the realization |X| of X is the simplicial set 
built from X and the cosimplicial standard simplex (see Definition 15.1.15) as the 
coequalizer of the diagram 

7) 
XnxAlk) 3 [] Xax Afr] 

(a: [n] [keer v nd0 
where the map ¢ on the summand a: [n] — [k] is lx, xa*: X, x A[k] ~ X,xAln] 
composed with the natural injection into the coproduct and the map w# on the 
summand a: {n] — |k] is ae x Lata: Xn x A[k] — X, x A[k] composed with the 
natural injection into the coproduct. 

REMARK 15.11.2. The realization of a bisimplicial set is an example of a tensor 
product of functors; see Definition 18.3.2. 

DEFINITION 15.11.3. If X is a bisimplicial set, its diagonal is the simplicial 
set diag X for which (diag X), = Xnn for n > 0, dj: (diag X), — (diag X)p-) 
is d?d?: Xnn > Xn—1n-1 for 0 <i <n, and s;: (diag X)n > (diag X)n4i is 
ght: Xan 7 Xnoingi forO<Sicn. 

PROPOSITION 15.11.4. If X is a simplicial set and cs,.X denotes the constant 
simplicial object at X (i.e., the bisimplicial set such that (cs.X)i,3 = Xj and such 
that all horizontal face and degeneracy maps are the identity), then there is a 
natural isomorphism X ~ diag(cs,X). 

ProoF. This follows directly from the definitions. 0 

DEFINITION 15.11.5. If X is asimplicial object in the category of simplicial sets, 
then there is a natural map cs.{Xo) — X from the constant simplicial simplicial 
set at Xo to X that on (cs,(Xo)), = Xo is the map (s9)”: Xo > Xn. We will 
call the composition Xo = diagcs.(Xo) — diag X (see Proposition 15.11.4) the 
natural map Xo — diag X. 
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THEOREM 15.11.6. If X is a bisimplicial set, then its realization |X| is naturally 
isomorphic to its diagonal diag X. 

PROOF. We first define a map f: (diag X) > |x|. If o € (diag X), = Xan, 
we let f(o) be the image of (0, 1j,3) € Xn A[n] in |X|, where 1, is the nondegen- 
erate n-simplex of A{n] (see Definition 15.11.1). If a € A°?([n}, [k]) is a simplicial 
operator, then lx, x a*: Xn x A[k] — X, x Aln] takes (7,1,,)) to (, 1pn)) and 
Ou X Lay: Xn x Alk] + X_ x Ak] takes (0, 1,4) to (@(), 1Y,}) in |X]. Thus, 
f(a(c)) = a(f(c)), and so f is a map of simplicial sets. 

We now define a map g: |X| ~ (diag X). Since A[n] is the free A°?-diagram 
generated at {n] (see Example 11.5.15), a k-simplex of A[n] is a simplicial operator 
a: [n]| — [k], and so a k-simplex of X,, x A[n] is of the form (o,a) foro € Xnx 
and a € A°?((n], [k]). We define gn: Xn x A{n] — (diag X) by letting gn(o,a) = 
ab(o) € Xen. If 8 € A°?([k],[m]) is a simplicial operator, then @.(o,a) = 
(G2(c), 80a), and s0 gn(G.(0,a)) = gn(B2 (7), Ba) = Brak By(c) = BP B2a2(c) = 
B" B2gn(0,a) = Bxgn(o,a), SO gn is a map of simplicial sets. To see that the 
gn define a map on |X|, let a € A°?({nl, [k]) (see Definition 15.11.1), and let 
(o, 8) be a simplex of Xn, x A[k]; then gx¢(0,8) = ge (o,a*(@)) = 9.(0,8a) = 
(Ba) (co) = Bra®(c) = gn (a2 (co), 8) = gn(o,). Thus, the g, combine to define 
g: |x| — (diag X). 

We first show that gf = l(djag x). Ifo € (diag X)n = Xn, then gf(c) = 

dn(,1n) = (1jn))«(9) = 0. 
We now show that fg = lx). Ifo € Xnn, then fg(o, ln) = f (Un) «(7)) = 

f(7) = (2,1}n)) in |X], and so it is sufficient to show that every simplex of |X| is 
equivalent to one of the form (¢, l{,)). If (¢, a) is a k-simplex of X,, x A[n], then o € 
Xz and a € A°P({n}, [k]), and so (7,14) is a k-simplex of X,, x A[k]. We have 
P(O, Ley) = (0, 0" (1paq)) = (0, @) and (o, 114}) = (a(7), 1f_}) and a(o) € Xxx, and 
so the simplex of |X| represented by (0, a) is also represented by (o(a), 1p). O 

THEOREM 15.11.7 (A. K. Bousfield and E. M. Friedlander, [13]). If f: X —~Y 
is a map of bisimplicial sets such that 

(1) as a map of horizontal simplicial objects in the category of vertical sim- 
plicial sets (i.e., (Xn)k = Xn), f is a Reedy fibration, and 

(2) as a map of vertical simplicial objects in the category of horizontal sim- 
plicial sets (i.e., (Xn)k = Xkn), f is an objectwise fibration (i.e., every 
induced map Xun — Y«,n is a fibration of simplicial sets), 

then the induced map of diagonals diag f: (diag X) — (diag Y) is a fibration of 
simplicial sets. 

Proor. This is (13, Lemma B.9]. 0 

DEFINITION 15.11.8. If X is a bisimplicial set, i.e., an object of SS“”, and 
Y is a simplicial set, then Map(X,Y) is the cosimplicial simplicial set given by 
Map(X,Y)” = Map(X,,Y), with coface and codegeneracy maps induced by the 
face and degeneracy maps of X. 
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THEOREM 15.11.9. If X: A°? — SS is a bisimplicial set, ¥: A — SS is a 
cosimplicial simplicial set, and Z is a simplicial set, then there is a natural isomor- 
phism of simplicial sets 

Map(X @a Y, Z) = Map(Y, Map(X, Z)). 

PROOF. We have the coequalizer diagram of simplicial sets 

Ul XmxY” 4 [] x. x ¥” + X@aY. 
(a: [n]>[m)ea v ndd 

Since the functor — x A[k]: SS — SS is a left adjoint, the diagram 

Xmx¥"x Ok] = |] Xn x ¥" x Mlk] = (X @a Y) x ATA] 
(a: [n]o[mpea n>0 

is also a coequalizer diagram, and so we have the equalizer diagram 

SS((X @a Y) x A[k],Z) > ]] SS(Xp x ¥” x Afk], Z) 
n>0 

3 I] SS(Xm x ¥" x Ak], Z) 
(o: [n]>[m])EA 

which is isomorphic to the diagram 

88((X @a Y) x A[k],Z) > |] SS(¥” x A[k}, Map(X,, Z)) 
n>0 

3 II SS(¥” x A[k], Map(Xm, Z)). 
(o: [n]s[m])ea 

This implies that the diagram 

Map(X @a Y, Z) > | | Map(¥”, Map(Xn, Z)) 
n>o0 

3 [[ = Map(¥, Map(Xm, Z)) 
(c: [n]o[m)ed 

is an equalizer diagram, from which the result follows. QO 

LEMMA 15.11.10. Let € be a Reedy category and let M be a simplicial model 
category. If X is a Reedy cofibrant @-diagram in M and Y is a fibrant object 
of M, then the @°?-diagram of simplicial sets Map(X,Y) is Reedy fibrant (see 
Proposition 15.1.5). 

ProoF. If @ is an object of C and L,X is the latching object of X at a (see 
Definition 15.2.5), then Proposition 15.2.4 implies that there are natural isomor- 
phisms 

Map(L,. X,Y) = Map ( colim X, Y) 
a(@ Ja) 

= lim Map(X,Y) 
8( © Ja)joP 

w~ lim_ Map(X,Y) 
8(a] &°°) 

= M, Map(X,Y) , 
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i.e., Map(LgX,Y) is naturally isomorphic to the matching object at a of the C°P- 
diagram Map(X,Y). Since the latching map L,X — Xq is a cofibration and 
Y is fibrant, Proposition 9.3.1 implies that the matching map Map(X,.,Y) — 
M. Map(X,Y) is a fibration, and so Map(X,Y) is a Reedy fibrant C°P-diagram of 
simplicial sets. J 

THEOREM 15.11.11. If f: X — Y is a map of bisimplicia] sets such that 
fn: Xn — Y,, is a weak equivalence of simplicial sets for every n > 0, then the 
induced map of realizations | f|: |X| — |Y| is a weak equivalence of simplicial sets. 

ProoF. It is sufficient to show that if Z is a fibrant simplicial set, then the 
induced map | f|*: Map(|¥|, Z) + Map(|X], Z) is a weak equivalence (see Corol- 
lary 9.7.5). 

Corollary 15.8.8 implies that X and Y are Reedy cofibrant. Since Z is fi- 
brant, Lemma 15.11.10 implies that the map Map(Y,Z) — Map(X, Z) is a map 
of Reedy fibrant cosimplicial simplicial sets, and Corollary 9.3.3 implies that it 
is a Reedy weak equivalence of cosimplicial simplicial sets. Since A (see Defini- 
tion 15.1.15) is a cofibrant cosimplicial simplicial set (see Corollary 15.9.11), the 
map Map(A,Map(Y,Z)) — Map(A,Map(X,Z)) is a weak equivalence of sim- 
plicial sets (see Corollary 9.3.3 and Theorem 15.3.4). This is isomorphic to the 
map Map(Y @a A, Z) — Map(.X @, A, Z) (see Theorem 15.11.9), which is the 
definition of the map Map(|¥|,Z) - Map(|X|, Z) (see Definition 15.11.1). O 

CoROLLARY 15.11.12. If X is a simplicial object in the category of simplicial 
sets in which all the face and degeneracy operators are weak equivalences, then the 
natural map Xo -+ |X| (defined as the composition Xo — diag X ~ |X|; see 
Definition 15.11.5) is a weak equivalence. 

PROOF. This follows from Theorem 15.11.11. O 





CHAPTER 16 

Cosimplicial and Simplicial Resolutions 

If M is a simplicial model category and W — X is a cofibrant approximation 
to X, then the cosimplicial object X in which X" = W @ Ajfn] is a cosimplicial 
resolution of X. Dually, if M is a simplicial model category and Y — Z is a 
fibrant approximation to Y, then the simplicia) object Y in which ¥, = Z4§7) is 
a simplicial resolution of Y. In this chapter, we define cosimplicial and simplicial 
resolutions in an arbitrary model category (see Definition 16.1.2), and establish a 
number of their technical properties. The constructions of this chapter will be used 
in Chapter 17 to define homotopy function complexes between objects in a model 
category (see Definition 17.4.1) and in Chapter 19 to define homotopy colimits 
and homotopy limits of diagrams in model categories (see Definition 19.1.2 and 
Definition 19.1.5). 

In Section 16.1 we define cosimplicial and simplicial resolutions of objects and 
maps, and we establish existence and uniqueness theorems. In Section 16.2 we show 
that left Quillen functors preserve cosimplicial resolutions of cofibrant objects and 
that right Quillen functors preserve simplicial resolutions of fibrant objects. 

In Section 16.3 we define the realization X @K of a cosimplicial object X in M 
and a simplicial set K. This is an object of M that is the colimit of a diagram of the 
X,, indexed by the simplices of the simplicial set K. If M = Top and X” = |A[n] , 
then X @ K is the geometric realization of K (see Example 16.3.5). Dually, we 
also define the corealization Y* of a simplicial object Y in M and a simplicial set 
K. This is an object of M that is the limit of a diagram of the Y, indexed by the 
simplices of K. 

If X is a simplicial object in M and Y is an object of M, then there is a simplicial 
set M(X,Y) in which M(X,Y), = M(X",Y) (with face and degeneracy operators 
induced by the coface and codegeneracy operators of X). Dually, if X is an object of 
M and Y is a simplicial object in M, then there is a simplicial set M(X, Y) in which 
M(X,Y)n = M(X,Y,,), and if X is a cosimplicial object in M and Y is a simplicial 
object in M then there is a bisimplicial set M(X,¥Y) in which M(X,Y)nx = 
M(X*, Yn) (see Notation 16.4.1). We will use these constructions in Chapter 17 
to define homotopy function complexes (see Definition 17.1.1, Definition 17.2.1, and 
Definition 17.3.1). In Section 16.4 we establish some adjointness properties for these 
constructions, and we use these in Section 16.5 to prove several homotopy lifting 
extension theorems (see Theorem 16.5.2, Theorem 16.5.13, and Theorem 16.5.18). 

If M is a simplicial model category and X is an object of M, then the cosim- 
plicial object X in which X” = X @ A{n] will not be a cosimplicial resolution of X 
unless X is cofibrant. In Section 16.6 we define cosimplicial and simplicial frames 
on an object to describe this situation, and we show that a cosimplicial resolution 
of an object is exactly a cosimplicial frame on a cofibrant approximation to that 

317 
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object (with dual definitions and results for stmplicial frames.) These will be used 
in Chapter 19 to define homotopy colimit and homotopy limit functors. _ 

If C is a Reedy category, X is a @-diagram in a model category M, and X is 
a natural cosimplicial frame on X, then even if X is a Reedy cofibrant diagram 
it need not be true that X is a Reedy cofibrant diagram of cosimplicial objects 
in M. (A dual statement applies to simplicial frames.) In Section 16.7 we define 
a Reedy frame on a diagram (see Definition 16.7.8) as one in which this difficulty 
does not arise, and we obtain existence and uniqueness results (see Theorem 16.7.6, 
Proposition 16.7.11, and Theorem 16.7.14). These will be used in Chapter 19 to 
discuss homotopy colimits of Reedy cofibrant diagrams and homotopy limits of 
Reedy fibrant diagrams (see Theorem 19.9.1). 

16.1. Resolutions 

NOTATION 16.1.1. Let M be a model category. 

e The category of cosimplicial objects in M will be denoted M4. 
e The category of simplicial objects in M will be denoted M*”. 
e If X is an object of M, then 

— the constant cosimplicial object at X will be denoted cc, X, and 
— the constant simplicial object at X will be denoted cs,X. 

DEFINITION 16.1.2. Let M be a model category and let X be an object of M. 

(1) e A cosimplicial resolution of X is a cofibrant approximation (see Def- 

inition 8.1.2) X + cc, X to ce. X (see Notation 16.1.1) in the Reedy 
model category structure (see Definition 15.3.3) on M*. 

e A fibrant cosimplicial resolution is a cosimplicial resolution in which 
the weak equivalence X — cc,X is a Reedy trivial fibration. 

We will sometimes use the term cosimplicial resolution to refer to the 

object X without explicitly mentioning the weak equivalence X — cc, X. 
(2) © A simplicial resolution of X is a fibrant approximation cs,X = x 

to cs,X in the Reedy model category structure on M“’”. 
e A cofibrant simplicial resolution is a simplicial resolution in which 

the weak equivalence cs,X — X is a Reedy trivial cofibration. 
We > will sometimes use the term simplicial resolution to refer to the 

object X without explicitly mentioning the weak equivalence cs,X —- x. 

PROPOSITION 16.1.3. Let M be a simplicial model category. 

(1) If X is an object of M and W — X is a cofibrant approximation to X, 
then the cosimplicial object W in which W" =W® AJ|n] is a cosimplicial 
resolution of X. 

(2) If Y is an object of M and Y — Z is a fibrant approximation to Y, then 
the simplicial object Z in which Z, = Z4! is a simplicial resolution of 
Y. 

PROOF. We will prove part 1; the proof of part 2 is similar. 
Since all of the inclusions A[0] — Ajn] are trivial cofibrations and W is cofi- 

brant, all of the maps W = W@A(0] — W@Al[n] are trivial cofibrations (see Prop- 
osition 9.3.9). Thus, W is weakly equivalent to cc.X. Since each GA[n] — A[n] is 
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a cofibration and W is cofibrant, each latching map W @ dA[n| — W ® A[n] (see 
Lemma 9.2.1) is a cofibration, and so W is cofibrant. Oo 

COROLLARY 16.1.4. Let M be a simplicial model category. 

(1) If X is a cofibrant object of M, then the cosimplicial object X in which 
X"=X® A[n] is a cosimplicial resolution of X. 

(2) If Y is a fibrant object of M, then the simplicial object Y in which Y, = 
Y4I"! js a simplicial resolution of Y. 

PROOF. This follows from Proposition 16.1.3. O 

The next two propositions show that if X is an object in a model category 
and X — cc,X is a cosimplicial resolution of X, then X ® _, X is a cofibrant 
approximation to X and X+ is a cylinder object for X°. Thus, a cosimplicial 
resolution of X is a sort of collection of “higher cylinder objects” for a cofibrant 
approximation to X. Dually, a simplicial resolution is a sort of collection of “higher 
path objects” for a fibrant approximation to X. 

PROPOSITION 16.1.5. Let M be a model category and let X be an object of M. 

(1) If X= cc,X is a cosimplicial resolution of X (see Definition 16.1.2), 
then X° — X is a cofibrant approximation to X. If X — cce,X is a 
fibrant cosimplicial resolution of X, then X®° — X is a fibrant cofibrant 
approximation to X. 

(2) If cs.X — X is a simplicial resolution of X, then X — Xo is a fibrant 
approximation to X. Ifces,X X is a cofibrant simplicial resolution of 
X, then X — Xo is a cofibrant fibrant approximation to X. 

ProorF. This follows from Proposition 15.3.11. 0 

PROPOSITION 16.1.6. Let M be a model category. 

(1) If X is a cosimplicial resolution in M, then X° ll X° S**,Pud' X15 xo 
is a cylinder object (see Definition 7.3.2) for X°. 

(2) IfX isa simplicial resolution in M, then Xo 2, xX, foxdr, ¥Xo xX Xo is 
a path object for Xo. 

ProoF. This follows directory from the definitions. O 

16.1.7. Existence of functorial resolutions. 

DEFINITION 16.1.8. Let M be a model category and let K be a subcategory of 

(1) A functorial cosimplicial resolution on K is a pair (F,2) in which F: K > 
M*“ is a functor and i is a natural transformation such that ix: FX — 
cc,X is a cosimplicial resolution of X for every object X of K. 

(2) A functorial simplicial resolution on K is a pair (G,j) in which G: K > 
M*” is a functor and 7 is anatural transformation such that jx: cs.X 3 
GX is asimplicial resolution of X for every object X of K. 

PROPOSITION 16.1.9. Let M be a model category. 
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(1) There is a functorial cosimplicial resolution (F,i) on M such that for every 
object X of M the cosimplicial resolution ix: FX — cc,X is a fibrant 
cosimplicial resolution of X 

(2) There is a functorial simplicia] resolution (G,7) on M such that for every 
object X of M the simplicial resolution jx: cs,X — GX is a cofibrant 
simplicial resolution of X 

PrRooF. This follows from Proposition 8.1.17. O 

16.1.10. Uniqueness of resolutions. 

DEFINITION 16.1.11. Let M be a model category and let X be an object of M. 

(1) If xi cc,.X and xX’ 2, cc, X are cosimplicial resolutions of X, then a 
map of cosimplicial resolutions from (X ,1) to (X’,i’) isa map g: X — X’ 
such that i’g = 1. 

(2) If cs,X 4, X and cs,X 2+ X’ are simplicial resolutions of X, then a map 
of simplicial resolutions from (Xj) to (X',j’) isa map g: X — X’ such 
that gj = 7’. 

LEMMA 16.1.12. Let M be a model category and let X be an object of M. 

(1) If (X, i) and (X’, 7") are cosimplicial resolutions of X and g: X > X’ is 
a map of cosimplicial resolutions, then g is a Reedy weak equivalence. 

(2) If (X, j) and (X',j’) are simplicial resolutions of X and g: X= X' isa 
map of simplicial resolutions, then g is a Reedy weak equivalence. 

Proor. This follows from Lemma 8.1.5. O 

PROPOSITION 16.1.13. Let M be a model category and let X be an object of 

(1) fx cc,.X is cosimplicial resolution of X and x’ — c¢.X is a fibrant 
cosimplicial resolution of X, then there is a map X — X’ of cosimplicial 
resolutions, unique up to homotopy over cc,X, and any such map is a 
weak equivalence. 

(2) Ifcs,.X X isa simplicial resolution of X and cs,X — x’ is a cofibrant 
simplicial resolution of X, then there is a map X’ — X of simplicia] 
resolutions, unique up to homotopy under cs,X, and any such map is a 
weak equivalence. 

ProoF. This follows from Proposition 8.1.7. 0 

DEFINITION 16.1.14. Let M be a model category and let X be an object of M. 

(1) The category CRes(X) is the category whose objects are cosimplicial res- 
olutions of X and whose morphisms are maps of cosimplicial resolutions. 

(2) The category SRes(X) is the category whose objects are simplicial reso- 
lutions of X and whose morphisms are maps of simplicial resolutions. 

PROPOSITION 16.1.15. Let M be a model category and let X be an object of 
M. 

(1) The classifying space B CRes(X) of the category of cosimplicial resolutions 
of X (see Definition 16.1.14) is contractible (see Definition 14.3.1). 
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(2) The classifying space B SRes(X) of the category of simplicial resolutions 
of X (see Definition 16.1.14) is contractible (see Definition 14.3.1). 

PROOF. This follows from Theorem 14.6.2. O 

PROPOSITION 16.1.16. Let M be a model category and let K be a subcategory 
of M. 

(1) For every small category D of functorial cosimplicial resolutions on K (see 
Definition 14.6.7) there is a small category D’ of functorial cosimplicial 
resolutions on K such that D C D’ and BD’ is contractible. 

(2) For every small category D of functorial simplicial resolutions on K (see 
Definition 14.6.7) there is a small category D’ of functorial simplicial res- 
olutions on K such that D C D’ and BD’ is contractible. 

PROOF. This follows from Theorem 14.6.8. O 

PROPOSITION 16.1.17. Let M be a model category and let X be an object of 
M. 

(1) Any two cosimplicia]l resolutions of X are connected by an essentially 
unique zig-zag (see Definition 14.4.2) of weak equivalences. 

(2) Any two simplicial resolutions of X are connected by an essentially unique 
zig-zag (see Definition 14.4.2) of weak equivalences. 

ProoF. This follows from Proposition 16.1.15. O 

PROPOSITION 16.1.18. Let M be a model category and let K be a subcategory 
of M. 

(1) Any two functorial cosimplicial resolutions on K are connected by an 
essentially unique zig-zag (see Definition 14.4.2) of weak equivalences. 

(2) Any two functorial simplicial resolutions on K are connected by an essen- 
tially unique zig-zag (see Definition 14.4.2) of weak equivalences. 

ProoF. This follows from Proposition 16.1.16. O 

16.1.19. Resolutions of maps. 

DEFINITION 16.1.20. Let M be a model category, and let g: X — Y be a map 
in M. 

(1) A cosimplicial resolution of g consists of a cosimplicial resolution x ~ 
cc,X of X, a cosimplicial resolution Y — cc,Y of Y, and a map 9: X — 
Y that makes the square 

XU 

| | 
cc, X —— cc, Y 

commute. 
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(2) A simplicial resolution of g consists of a simplicial resolution cs,.X > X 
of X, a simplicia] resolution cs, Y — Y of Y, and a map g: X — Y that 
makes the square 

cs,.X —cs, Y 

| | 
x—¥ 

commute. 

REMARK 16.1.21. The effect of Definition 16.1.2 and Definition 16.1.20 is that 

e acosimplicial resolution of an object or map in a model category is exactly 
a Reedy cofibrant approximation to a constant cosimplicial object or map, 
and 

e asimplicial resolution of an object or map in a model category is exactly 

a Reedy fibrant approximation to a constant simplicial object or map. 

This is the explanation of the terminology “fibrant cosimplicial resolution” and 
“cofibrant simplicial resolution”. 

PROPOSITION 16,.1.22. Let M be a model category and let g: X — Y be a map 
inM. 

(1) There exists a natural cosimplicial resolution §: X —Y¥ of g such that 
X and ¥ are fibrant cosimplicial resolutions of, respectively, X and Y, 
and g is a Reedy cofibration. 

(2) There exists a natural simplicial resolution 9: X — Y of g such that X 
and Y are cofibrant simplicial resolutions of, respectively, X and Y, and 
g is a Reedy fibration. 

PROOF. This follows from Proposition 8.1.23. O 

PROPOSITION 16.1.23. Let M be a model category and let g: X — Y be a map 
in M. 

(1) If X > cc, X isa cosimplicial resolution of X and ¥ > cc, Y is a fibrant 
cosimplicial resolution of Y, then there exists a resolution g: X —Y of 
g, and @ is unique up to homotopy in (M* | ce. Y). 

(2) Ifces.Y Y is a simplicial resolution of Y and cs,X > x isa cofibrant 
simplicial resolution of X, then there exists a resolution §: X — ¥ of 9g, 
and @ is unique up to homotopy in (cs.X | M“"). 

PROOF. This follows from Proposition 8.1.25. O 

PROPOSITION 16.1.24. If M is a model category and g: X — Y is a weak equiv- 
alence in M, then every cosimplicia] resolution of g and every simplicial resolution 
of g are Reedy weak equivalences. 

PRooF. This follows from the “two out of three” axiom for weak equivalences. 
0 
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16.1.25. Recognizing resolutions. 

DEFINITION 16.1.26. Let M be a model category. 

(1) If X isa cosimplicial object in M, then we will say that X isa cosimplicial 
resolution if there is an object X in M and a map Xo cc, X that is a 
cosimplicial resolution of X (see Definition 16.1.2). 

(2) If Y isa simplicial object in M, then we will say that ¥ isa simplicial 
resolution if there is an object Y in M and a map cs, Y — Y that is a 
simplicial resolution of Y. 

PROPOSITION 16.1.27. Let M be a model category. 

(1) If X is a cosimplicial object in M, then X is a cosimplicial resolution (see 
Definition 16.1.26) if and only if X is Reedy cofibrant and all of the coface 
and codegeneracy operators of X are weak equivalences. 

(2) If Y is a simplicial object in M, then Y is a simplicial resolution if and 
only if Y is Reedy fibrant and all of the face and degeneracy operators of 
Y are weak equivalences. 

PRoor. We will prove part 1; the proof of part 2 is dual. 
If X is a cosimplicial resolution, then it follows directly from the definitions 

that X is Reedy cofibrant and all of the coface and codegeneracy operators of X 
are weak equivalences. For the converse, the map X — cc,X° defined on X” as 
any n-fold iterated coface map is a cosimplicial resolution of X o. O 

LEMMA 16.1.28. Let M be a model category. 

(1) Ift: A — B is a weak equivalence of cosimplicial resolutions in M, then 
there is a natural factorization of i as A + C — B such that C is a 
cosimplicial resolution in M, q is a Reedy trivial cofibration, andr has a 
right inverse that is a Reedy trivial cofibration. 

(2) If p: X — Y is a weak equivalence of simplicial resolutions in M, then 

there is a natural factorization of p as X 4 ZY such that Z is a 
simplicial resolution in M, r is a Reedy trivial fibration, and q has a left 
inverse that is a Reedy trivial fibration. 

PROOF. This follows from Lemma 7.7.1 and Proposition 16.1.27. O 

16.2. Quillen functors and resolutions 

PROPOSITION 16.2.1. Let M and N be model categories and let F: MAN :U 
be a Quillen pair (see Definition 8.5.2). 

(1) If X is a cofibrant object of M and X — cc,X is a cosimplicial resolution 
of X (see Definition 16.1.2), thenF X — cc, FX is a cosimplicial resolution 
of FX. 

(2) If Y is a fibrant object of N andcs,Y — Y¥ is a simplicial resolution of 
Y, then cs, UY — UY isa simplicial resolution of UY. 

Proor. We will prove part 1; the proof of part 2 is dual. _ 
Corollary 15.4.2 implies that FX is Reedy cofibrant. Since X and X” for all 

n > 0 are cofibrant, Proposition 8.5.7 implies that FX — cc,FX is a Reedy weak 
equivalence. O 
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COROLLARY 16.2.2. Let € be a Reedy category, let M and 'N be small categories, 
and let F: M @ N:U be a Quillen pair. 

(1) Ifi: A — B isa map of cofibrant objects in M and?: A — Bisa cosimpli- 
cial resolution of i such that 7 is a Reedy cofibration, then F?: FA = FB 
is a cosimplicial resolution of Fi and F% is a Reedy cofibration. 

(2) Ifp: X + Y isa map of fibrant objects in N andp: X — ¥ isa simplicial 
resolution of p such that p is a Reedy fibration, then Up is a simplicial 
resolution of Up and U® is a Reedy fibration. 

Proor. This follows from Proposition 15.4.1 and Proposition 16.2.1. O 

16.3. Realizations 

This section contains a number of technical results needed for the homotopy 
lifting extension theorems of Section 16.5. 

DEFINITION 16.3.1. Let M be a model category. 

(1) If X is a cosimplicial object in M and K is a simplicial set, then X @K is 
defined to be the object of M that is the colimit of the (AK)-diagram in M 
(see Definition 15.1.16) that takes the object A[n] — K of AK =(A|K) 
to X” and takes the commutative triangle 

(16.3.2) A[n] ————> AJ] 

K 

to the map a: X" + X*, 
(2) If Y is a simplicial object in M and K is a simplicial set, then Y” is 

defined to be the object of M that is the limit of the (A°?.K)-diagram in 
M (see Definition 15.1.16) that takes the object A[n] — K of AP? K = 
(A | K)°? to Y, and takes the commutative triangle (16.3.2) to the map 
a*: Y;, —_ Yn: 

PROPOSITION 16.3.3. If M is a model category, then the constructions of Defi- 
nition 16.3.1 are natural in X,Y and K. 

ProoF. This follows directly from the definitions. i) 

PROPOSITION 16.3.4. If M = SS, the cosimplicial object X is the cosimplicial 
standard simplex (see Definition 15.1.15), and K is a simplicial set, then X ® K is 
naturally isomorphic to K. 

Proor. This is a restatement of Proposition 15.1.20. Oo 

EXAMPLE 16.3.5. If M = Top, the cosimplicial object X is the geometric 
realization of the cosimplicial standard simplex (i.e, X" = |A[n]|), and K is a 
simplicial set, then X @ K is the usual geometric realization of K. 

LEMMA 16.3.6. Let M be a model category. 

(1) If B is a cosimplicial object in M and n > 0, then B @ A[n] is naturally 
isomorphic to B”. 
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(2) If X is a simplicial object in M and n > 0, then X47) is naturally 
isomorphic to X pn. 

Proor. The nondegenerate n-simplex of A[n] is a terminal object of A(A[n]) 
and an initial object of A°?(A[n]). 

LEMMA 16.3.7. Let M be a model category. 

(1) If B is a cosimplicial object in M and n > 0, then B® OA[n| is naturally 
isomorphic to L, B, the latching object of B at [n] (see Definition 15.2.5). 

(2) If X is a simplicial object in M and n > 0, then XA! is naturally 
isomorphic to M,,X, the matching object of X at [n]. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
If n > 0, then the latching object of B at n is 

L,B= colim Be colim B 

Aim) Ain) 
(see Corollary 15.2.9). Since A([k],[n]) is naturally isomorphic to the set of k- 
simplices of An], this is the colimit of the diagram with one copy of B* for every 
k-simplex of A[n] for k <n. The result now follows from Definition 16.3.1. im 

PROPOSITION 16.3.8. Let M be a model category. 

(1) If B is a cosimplicial object in M and n > 0, then the latching map 
(see Definition 15.2.5) of B at [n] is naturally isomorphic to the map 
B® dA{n] — B® A[n]. 

(2) If X is a simplicial object in M and n > 0, then the matching map of X 
at {n] is naturally isomorphic to the map X41 — x94l} 

PrRooF. This follows from Lemma 16.3.6, Lemma 16.3.7, and the proof of 
Lemma 16.3.7. g 

COROLLARY 16.3.9. Let M be a model category. 

(1) If B is a Reedy cofibrant cosimplicial object in M and n > 0, then both 
B® dA(n] and B® A[n| are cofibrant objects of M. 

(2) If X is a Reedy fibrant simplicial object in M and n > 0, then both X4!"I 
and X°4I"l are fibrant objects of M. 

PrRooF. This follows from Proposition 16.3.8 and Corollary 15.3.12. O 

PROPOSITION 16.3.10. Let M be a model category. 

(1) If A > B is a Reedy cofibration of cosimplicial objects in M and n > 0, 
then the induced map A @ A[n] U,gaain) B @ OAln] — B® A[n] is a 
cofibration in M that is a trivial cofibration if A + B is a Reedy trivial 
cofibration. 

(2) If X —Y is a Reedy fibration of simplicial objects in M and n > 0, then 
the induced map x4 _, y Aten) Xyaain] X4I"I is a fibration in M that 
is a trivial fibration if X — Y is a Reedy trivial fibration. 

Proor. This follows from Proposition 16.3.8 and Theorem 15.3.15. C 

Coro.Liary 16.3.11. Let M be a model category. 
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(1) If A — B is a Reedy cofibration of Reedy cofibrant cosimplicial objects 
in M and n > 0, then the induced map A @ A[n] Uagaajn, B® OA[n] > 
B® A[n] is a cofibration between cofibrant objects in M that is a trivial 
cofibration if A + B is a Reedy trivial cofibration. 

(2) If X — Y is a Reedy fibration of Reedy fibrant simplicial objects in M 
and n > 0, then the induced map x4) _, yo Xy 8ajn} xX! is a 
fibration between fibrant objects in M that is a trivial fibration if X + Y 
is a Reedy trivial fibration. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
Proposition 16.3.8 and Corollary 16.3.9 imply that A @ A[n] Uagaamny B® 

dA[n| and B @ A[n] are cofibrant objects, and so the result follows from Proposi- 
tion 16.3.10. O 

PROPOSITION 16.3.12. Let M be a model category. 

(1) If X is a Reedy cofibrant cosimplicial object in M and K is a simplicial 
set, then the (AK)-diagram in M whose colimit is defined to be X ® K 
(see Definition 16.3.1) is a Reedy cofibrant diagram (see Example 15.1.19). 

(2) If Y is a Reedy fibrant simplicial object in M and K is a simplicial set, 
then the (A°PK)-diagram in M whose limit is defined to be Y* (see 
Definition 16.3.1) is a Reedy fibrant diagram. 

PROOF. We will prove part 1; the proof of part 2 is similar. _, 
If ¢: Aln| — K is an object of AK, then the latching category O(AK | a) of 

AK at o has an object for each k < n and each iterated coface operator a: A[k] = 
A[n]. Thus, the latching category of AK at o is isomorphic to the latching category 
of A at [n], and the latching map of our diagram at ¢ is isomorphic to the latching 
map of X at [n]. Since X is Reedy cofibrant, so is our diagram. Oo 

16.4. Adjointness 

This section contains technical results for various simplicial sets constructed 
from cosimplicial objects and simplicial objects in a category (see Notation 16.4.1). 
These constructions will be used in Chapter 17 to define homotopy function com- 
plexes between objects in a model category (see Definition 17.1.1, Definition 17.2.1, 
and Definition 17.3.1). 

NOTATION 16.4.1. Let M be a model category. 

(1) If X is a cosimplicial object in M and Y is an object of M, then M(X,Y) 
will denote the simplicial set, natural in both X and Y, defined by 
M(X,Y)n = M(X",Y), with face and degeneracy maps induced by the 
coface and codegeneracy maps in X. 

(2) If X is an object of M and Y is a simplicial object in M, then M(X,Y) 
will denote the simplicial set, natural in both X and Y, defined by 
M(X,Y)n = M(X,Y,,), with face and degeneracy maps induced by those 
inY. 

(3) If X is a cosimplicial object in M and Y is a simplicial object in M, 
then M(X,Y) will denote the bisimplicial set, natural in both X and Y, 
defined by M(X,Y)n,x = M(X*,Y,), with face and degeneracy maps 
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induced by the coface and codegeneracy maps in X and the face and 
degeneracy maps in Y. 

(4) If X is a cosimplicial object in M and Y is a simplicial object in M, then 
diag M(X,Y) will denote the simplicial set, natural in both X and Y, 
defined by (diag M(X,Y)), = M(X",Y,,), with face and degeneracy 
maps induced by the coface and codegeneracy maps in X and the face 
and degeneracy maps in Y. 

THEOREM 16.4.2. Let M be a model category. 

(1) If A is a cosimplicial object in M, X is an object of M, and K is a 
simplicial set, then there is a natural isomorphism of sets 

S8(K,M(A, X)) + M(A@ K,X) 

(see Notation 16.4.1 and Definition 16.3.1). 
(2) If B is an object of M, Y is a simplicial object in M, and K is a simplicial 

set, then there is a natural isomorphism of sets 

SS(K,M(B,Y)) = M(B, Y*) 
(see Notation 16.4.1 and Definition 16.3.1). 

PROOF. We will prove part 1; the proof of part 2 is similar. 
Since A @ K is the colimit of a (AK)-diagram, a map in M from A ®@ K to 

X corresponds to a coherent set of maps from each object in the diagram to X. 
Thus, a map A@ K — X is defined by a map A” — X for each n-simplex of K 
that commute with the simplicial operators. This is also a description of a map of 
simplicial sets from K to M(A, X). a) 

PROPOSITION 16.4.3. Let M be a model category. 

(1) If A is a cosimplicia] object in M, C is a small category, and K: €C — SS 
is a C-diagram of simplicial sets, then the natural map colime(A@ K) —> 
A ® (colime K) is an isomorphism. 

(2) If X is a simplicial object in M, € is a small category, and K: C — SS 
is a C-diagram of simplicial sets, then the natural map X‘°lime K) _, 
limeop(X*) is an isomorphism. 

Proor. This follows from the adjointness relations of Theorem 16.4.2. O 

LEMMA 16.4.4. Let M be a model category, and let (K, L) be a pair of simplicial 
Sets. 

(1) If A is a Reedy cofibrant cosimplicial object in M, then the map A@L > 
A®K is a cofibration in M. 

(2) If X is a Reedy fibrant simplicial object in M, then the map X* — x? 
is a fibration in M. 

PrRooF. Since an inclusion L — K of simplicial sets is a transfinite composition 
of pushouts of the maps @A[n] — A[n] for n > 0 (see Proposition 10.2.18), the map 
A®L— A®K isa transfinite composition of pushouts of the maps A@ 0A[n] > 
A@A|[n] for n > 0, and so part 1 follows from Proposition 16.4.3, Proposition 16.3.8, 
and Proposition 10.3.4. The proof of part 2 is similar. O 

PROPOSITION 16.4.5. Let M be a model category. 



328 16. COSIMPLICIAL AND SIMPLICIAL RESOLUTIONS 

(1) Ifit: A— B is a map of cosimplicial objects in M, p: X — Y is a map in 
M, and (K, L) is a pair of simplicial sets, then the following are equivalent: 
(a) The dotted arrow exists in every solid arrow diagram of the form 

L 72 M(B, xX) 
Y 

| 
K — > MA, X) xmyay) M(B,Y) . 

(b) The dotted arrow exists in every solid arrow diagram of the form 

A®K User B@L— +x 

B® K ——yY . 

(2) Ift: A Bisa mapinM, p: X — Y is a map of simplicial objects inM, 
and (K,L) is a pair of simplicial sets, then the following are equivalent: 
(a) The dotted arrow exists in every solid arrow diagram of the form 

L > M(B, X) 
q 

| 
K —>M(A,X) xmya,yy M(B,Y) . 

(b) The dotted arrow exists in every solid arrow diagram of the form 

A——> x* 

| | 
BX? xy. Y* . 

Proor. This follows from Theorem 16.4.2. a) 

PROPOSITION 16.4.6 (Partial homotopy lifting extension theorem). Let M be 
a model category. 

(1) Ift: A —- B is a Reedy cofibration of cosimplicial objects in M, p: X — Y 
is a fibration in M, and at least one of i and p is also a weak equivalence, 
then the map of simplicial sets 

M(B, X) — M(A, Xx) XM(A,Y) M(B, Y) 

is a trivial fibration. 
(2) Ift: A — B is a cofibration in M, p: X — Y is a Reedy fibration of sim- 

plicial objects in M, and at least one of i and p is also a weak equivalence, 
then the map of simplicial sets 

M(B, X) — M(A, X) xmca,y) M(B, Y) 
is a trivial fibration. 

PRooFr. A map of simplicial sets is a trivial fibration if and only if it has the 
right lifting property with respect to the maps GA[n] ~ A[n] for n > 0, and so the 
result follows from Proposition 16.4.5 and Proposition 16.3.10. 0 
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Proposition 16.4.6 may seem to be incomplete in that it does not assert the 

full homotopy lifting extension theorem. We will show in Theorem 16.5.2 that if 
the cosimplicial and simplicial objects are assumed to be cosimplicial and simplicial 
resolutions (see Definition 16.1.26) then the full homotopy lifting extension theorem 
does hold. Example 16.4.7 shows that it does not hold without the assumption that 
the cosimplicial or simplicial objects are resolutions. 

EXAMPLE 16.4.7. We present here an example of a model category M, a Reedy 
cofibrant cosimplicial object B in M, and a fibration p: X — Y in M such that 
the map of simplicial sets M(B, X) — M(B,Y) is not a fibration. (This implies 
that the partial homotopy lifting extension theorem of Proposition 16.4.6 is the 
strongest result possible without assuming that the cosimplicial objects A and B 
are cosimplicial resolutions; see also Theorem 16.5.2.) 

Let M be the category SS, of pointed simplicial sets. Let B be the cosimplicial 
object in M that is the free diagram on S' generated at [1] (see Definition 11.5.25 
and Definition 15.1.8), so that B” = Va (14), 4,)) S’ (where A((1], {n]) is the set of 1- 
simplices of A[n]). Corollary 15.6.6 implies that B is a Reedy cofibrant cosimplicial 
object. 

Let p: X — Y be any fibration of fibrant pointed simplicial sets for which the 
induced homomorphism of fundamental groups p,: 7X — 7,Y is not surjective. 
We will show that the map of simplicial sets M(B, X) + M(B, Y) is not a fibration. 

B' is the wedge of three copies of S} (indexed by {0,0], {1,1], and {0,1]), B° 
is a single copy of S1, and the maps d®,d!: B® — B? take the S! in B® to the 
summand indexed by, respectively, [0,0] and [1, 1]. Thus, we can define a 1-simplex 
of M(B,Y) by sending the summands of B' corresponding to {0,0] and [1, 1] to 
the basepoint of Y and sending the summand S$! of B' corresponding to (0, 1] to 
some l-simplex of Y that represents an element of 7,Y that is not in the image 
of p.: 1X — 1,Y. If we define a 0-simplex of M(B, X) by sending B° to the 
basepoint of X, then we have a solid arrow diagram 

A[o] —— M(B, X) 

A(1] ——> M(B, Y) 

for which there is no dotted arrow making the triangles commute. 

Lemma 16.4.8. Let M be a model category. 

(1) If A — B is a Reedy cofibration of cosimplicial objects in M, n > 1, 
and n > k > 0, then the induced map A ® A[n| Uagatn x) B® A(n, k] > 
B @ A\n] is a cofibration. 

(2) If X — Y is a Reedy fibration of simplicial objects in M, n > 1, and 
n > k > 0, then the induced map X°") 4 YOR") xv ata XA is a 
fibration. 

PROOF. We will prove part 1; the proof of part 2 is similar. 
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We have the diagram 

A® A[n - 1] Dageatn— 1) B® dA|n _- 1] — ~A® A{n] Uagatn,k) Be A[n, k] 

Be@Aln-]] »A®Aln| Lagoain B® OA(n] 

B @ Aln} 
in which the square is a pushout, and so Proposition 16.3.10 implies that all of the 
vertical maps are cofibrations. Our map is thus the composition of two cofibrations. 

0 

16.4.9. Resolutions. 

LEMMA 16.4.10. Ifnm > 1 andn > k > 0, then there is a finite sequence of 
inclusions of simplicial sets 

A[0] = Ko — Ky ~ Kz > --- > Ky = An, k] 

where each map K, — K,4, fori <p is constructed as a pushout 

Alm,, i] ———_ K, 

| 
Ami] > Kas 

with m, <n. 

Proor. We let A[0| = Ko be vertex k of A[n]. We can then add in all the 
1-simplices of A[n, k] that contain that vertex, followed by the 2-simplices of A[n, k] 
that contain that vertex, etc., until we’ve added in all of A[n, k]. 

LEMMA 16.4.11. Let M be a model category. 

(1) If A is a cosimplicial resolution in M, n > 1, andn > k > 0, then the 
natural map A ® A{n,k] - A® An] is a trivial cofibration. 

(2) If X is a simplicial resolution in M, n > 1, andn > k > 0, then the 

natural map X4TM) —, XAl-*] is a trivial fibration. 

PROOF. We will prove part 1; the proof of part 2 is similar. 
We will prove the lemma by induction on n. If n = 1, then the result follows 

from Lemma 16.3.6, Proposition 16.1.27, and Lemma 16.4.4. 
We now assume that A @ A[m,/] + A@ A[m] is a trivial cofibration for 1 < 

m <n. Lemma 16.4.10 implies that there is a finite sequence of maps in M 

A®Al0I] =A® Kp ~AQK, > AQK2>-:->—~ AWK, = ABAIn, k] 

where each A@® K; — A® Ki+, fori < p is constructed as a pushout 

A® Alm, li] _——_— A@K; 

| 
A® Alm] »¥A® Kini 
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with m, <n. The induction hypothesis implies that each of these maps is a 
trivial cofibration, and so A @ A[0| — A @ Afn,k] is a trivial cofibration. Since 
A ® A[0] — A® A[n] is a weak equivalence, the “two out of three” property of 
weak equivalences implies that A @ A[n,k] + A® A[n] is a weak equivalence and 
Lemma 16.4.4 implies that it is a cofibration. 0 

PROPOSITION 16.4.12. Let M be a model category. 

(1) If A — B is a Reedy cofibration of cosimplicial resolutions in M, n > 1, 
and n > k > 0, then the map A® A[n] Lagann) B® Aln, k| — B® A[n] 
is a trivial cofibration. 

(2) If X + Y is a Reedy fibration of simplicial resolutions in M, n > 1, and 
n >k> 0, then the map XI" — xl Al Xy Alek) Y4!"! is a trivial 
fibration. 

PROOF. We will prove part 1; the proof of part 2 is similar. 
Lemma 16.4.8 implies that our map is a cofibration, and so it remains only 

to show that it is a weak equivalence. Lemma 16.4.11 implies that A @ A[n,k] > 
A ® Ajn] is a trivial cofibration. Since the diagram 

A® Aln, k] > B® Aln,k] 

A ® A[n] —— A® A[n] Lagajn,x) B® An, k] 

is a pushout, the map B@A{n, k] — A@A[n] Lagan, BAIN, k] is also a trivial 
cofibration. Since Lemma 16.4.11 implies that the map B @ A[n,k] -— B@ A[n] is 
a weak equivalence, the result follows from the “two out of three” property of weak 
equivalences. 0 

16.5. Homotopy lifting extension theorems 

This section contains several versions of the homotopy lifting extension theorem 
(Theorem 16.5.2, Theorem 16.5.13, and Theorem 16.5.18). These will be used in 
Chapters 17 and 19 to obtain homotopy invariance results for homotopy function 
complexes (see Definition 17.1.1, Definition 17.2.1, and Definition 17.3.1), homotopy 
colimits (see Definition 19.1.2), and homotopy limits (see Definition 19.1.5). 

16.5.1. One-sided constructions. 

THEOREM 16.5.2 (The one-sided homotopy lifting extension theorem). Let M 
be a model category. 

(1) Ift: A — B is a Reedy cofibration of cosimplicial resolutions in M and 
p: X — Y is a fibration in M, then the map of simplicial sets 

M(B, X) + M(A, X) xuca,y) M(B, Y) 
is a fibration that is a trivial fibration if at least one of 1 and p is also a 
weak equivalence. 

(2) Ift: A — B is a cofibration in M and p: X — Y is a Reedy fibration of 
simplicial resolutions in M, then the map of simplicial sets 

M(B,X)— M(A,X) xmca,y) M(B, Y) 
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is a fibration that is a trivial fibration if at least one of i and p is also a 
weak equivalence. 

PROOF. A map of simplicial sets is a fibration if and only if it has the right 
lifting property with respect to the maps Afn,k] ~ Afn] for n > 0 and n > 
k > 0, and so the result follows from Proposition 16.4.5, Proposition 16.4.12, and 
Proposition 16.4.6. C 

COROLLARY 16.5.3. Let M be a model category. 

(1) If B is a cosimplicial resolution in M and X jis a fibrant object of M, then 
M(B, X) is a fibrant simplicial set. 

(2) If B is a cofibrant object of M and X is a simplicial resolution in M, then 
M(B,X) is a fibrant simplicial set. 

PROOF. This follows from Theorem 16.5.2. oO 

COROLLARY 16.5.4. Let M be a model category. 

(1) Ift: A — B is a Reedy cofibration of cosimplicial resolutions in M and 
X is a fibrant object in M, then the map i*: M(B, X) — M(A,X) isa 
fibration of simplicial sets that is a trivial fibration if i is a Reedy trivial 
cofibration. 

(2) If B is a cosimplicial resolution in M and p: X — Y is a fibration in M, 
then the map px: M(B, X) ~ M(B,Y) is a fibration of simplicial sets 
that is a trivial fibration if p is a trivial fibration. 

(3) Ifi: A — B is a cofibration in M and X is a simplicial resolution in M, 
then the map i*: M(B,X) — M(A,X) is a fibration of simplicial sets 
that is a trivial fibration if i is a trivial cofibration. 

(4) If B is a cofibrant object of M and p: X ~— Y is a Reedy fibration of 
simplicial resolutions in M, then the map px: M(B, X) > M(B,Y) is a 
fibration of simplicial sets that is a trivial fibration if p is a Reedy trivial 
cofibration. 

Proor. This follows from Theorem 16.5.2. O 

COROLLARY 16.5.5. Let M be a model category. 

(1) Ift: A — B is a Reedy weak equivalence of cosimplicial resolutions in M 
and X is a fibrant object of M, then the map i*: M(B, X) — M(A,X) 
is a weak equivalence of fibrant simplicial sets. 

(2) If B is a cosimplicial resolution in M and p: X — Y is a weak equivalence 
of fibrant objects of M, then the map px: M(B, X) — M(B,Y) is a weak 
equivalence of fibrant simplicial sets. 

(3) Ifi: A — B is a weak equivalence of cofibrant objects of M and X is a 
simplicial resolution in M, then the map 7*: M(B, X) — M(A,Y) is a 
weak equivalence of fibrant simplicial sets. 

(4) If B is a cofibrant object of M andp: X — Y is a Reedy weak equivalence 
of simplicial resolutions in M, then the map px: M(B, X) > M(B,Y) is 
a weak equivalence of fibrant simplicial sets. 

PROOF. This follows from Corollary 16.5.4, Corollary 7.7.2, and Corollary 16.5.3. 
O 

PROPOSITION 16.5.6. Let M be a model category. 
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(1) Ift: A — B is a Reedy cofibration of cosimplicial resolutions in M and 
3: L — K is a cofibration of simplicial sets, then the map A® K User 
B®L— B®K isa cofibration in M that is a trivial cofibration if either 
7 Or] is a weak equivalence. 

(2) Ifp: X — Y is a Reedy fibration of simplicial resolutions in M andj: L + 
K is a cofibration of simplicial sets, then the map X* — X¥ xy. ¥* 
is a fibration in M that is a trivial fibration if either p or j is a weak 
equivalence. 

Proor. This follows from Proposition 7.2.3, Proposition 16.4.5, and Theo- 
rem 16.5.2. 0 

THEOREM 16.5.7. Let M be a model category. 

(1) Ifi: A — B is a Reedy cofibration of cosimplicial resolutions in M and 
y: L — K is an inclusion of simplicial sets, then the pushout corner map 
A®K User B®L — BK is a cofibration in M that is a trivial 
cofibration if at least one of i and p is a weak equivalence. 

(2) If 7: L — K is an inclusion of simplicial sets and p: X — Y is a Reedy 
fibration of simplicial resolutions in M, then the pullback corner map 
X*® _, X" x. Y* is a fibration in M that is a trivial fibration if at 
least one of j and p is a weak equivalence. 

PRooF. This follows from Proposition 7.2.3, Proposition 16.4.5, and Theo- 
rem 16.5.2. 0 

16.5.8. Two-sided constructions. The main theorems of this section are 
the bisimplicial homotopy lifting extension theorem (Theorem 16.5.13) and the 
two-sided homotopy lifting extension theorem (Theorem 16.5.18). 

LEMMA 16.5.9. Let C and D be Reedy categories, let M be a complete and 
cocomplete category, let X be a C-diagram in M, and let Y be a D-diagram in M. 

(1) If we view M(X,Y) as a C°P-diagram in the category of D-diagrams of 
sets (see Proposition 15.1.5), then for every object a of © there is a natural 
isomorphism of D-diagrams of sets MaM(X,Y) = M(LeX,Y). 

(2) If we view M(X,Y) as a D-diagram in the category of C°P-diagrams of 
sets, then for every object a of D there is a natural isomorphism of C°P- 
diagrams of sets M.M(X,Y) = M(X,M.Y). 

PROOF. We will prove part 1; the proof of part 2 is similar. 
Proposition 15.2.4 implies that we have natural isomorphisms 

MoM(X,¥) = lim | M(Xp,Y) 
(a-B)EOb A(al C°P) 

=~ lim _ M(X,,¥) 
(8a) €Ob ( € La) 

eM( colim_ X,Y) 
(B2a)EOb 4(@ La) 

=M(LaX,¥) . 
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DEFINITION 16.5.10. Let M be a model category. If B is a cosimplicial object in 
M and X is a simplicial object in M, then the bisimplicial set M(B, X) (for which 
M(B, X)ak = M(B*, X,,)) can be considered a simplicial object in the category 
of simplicial objects in M in two ways. We define the horizontal simplicial object to 
be the one whose object in degree n is M(B, X)n. = M(B, X,) and the vertical 
simplicial object to be the one whose object in degree k is M(B, X).,. = M(B*, X). 

LEMMA 16.5.11. Let M be a model category, let B be a cosimplicial object in 
M, and let X be a simplicial object in M. 

(1) If we view M(B, X) as a horizontal simplicial object in the category of 
simplicial sets (see Definition 16.5.10), then for every n > 0 there is a nat- 
ural isomorphism of simplicial sets (see Definition 15.2.5) M, M(B, X) = 
M(B,M,X). 

(2) If we view M(B,X) as a vertical simplicial object in the category of 
simplicial sets (see Definition 16.5.10), then for every n > 0 there is a 
natural isomorphism of simplicial sets M,M(B,X) = M(L»AB, X). 

ProoF. This follows from Lemma 16.5.9, letting C be the cosimplicial indexing 
category and letting D be the simplicial indexing category (see Definition 15.1.8). 

a) 

LEMMA 16.5.12. Let M be a model category, let A — B be a map of cosimpli- 
cial objects in M, and let X — Y be a map of simplicial objects in M. 

(1) If all bisimplicial sets are viewed as horizontal simplicial objects, then 
for every n > 0 there is a natural isomorphism of simplicial sets (see 
Definition 15.2.5) 

Ma (M(A, Xx) XM(A,Y) M(B, Y)) nd M(A, M,X) XM(A,MnY) M(B, MnY) : 

(2) If all bisimplicial sets are viewed as vertical simplicial objects, then for 
every n > 0 there is a natural isomorphism of simplicial sets 

M, (M(A, XxX) XM(A,Y) M(B, Y)) wy M(LyA, X) XM(Ln ALY) M(L, B,Y) : 

ProoF. This follows from Lemma 16.5.11. 0 

THEOREM 16.5.13 (The bisimplicial homotopy lifting extension theorem). Let 
M be a model category. Ift: A — B is a Reedy cofibration of cosimplicial res- 
olutions in M and p: X — Y is a Reedy fibration of simplicial resolutions in 
M, then for both the horizontal and the vertical simplicial object structures (see 
Definition 16.5.10), the induced map of bisimplicial sets 

M(B, X) —- M(A, X) XM (A,Y) M(B,Y) 

is a Reedy fibration of simplicial objects that is a Reedy trivial fibration if at least 
one of i and p is a weak equivalence. 

PrRooF. We will prove this for the horizontal structure; the proof for the ver- 
tical structure is similar. 

Theorem 15.3.15 implies that it is sufficient to show that for every n > 0 the 
map 

M(B, X)n 

> (M(A, X) xonca,y) M(B, Y)),, XM (M(A,X) 0«¢4,1) (BY) Mn M(B, X) 
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is a fibration of simplicial sets that is a trivial fibration if either of 2 and p is a weak 
equivalence. Lemma 16.5.11 and Lemma 16.5.12 imply that this map is isomorphic 
to the map 

M(B, Xp) 

— (M(A, Xn) xma,y,) M(B, Yn) XA Ma X) o0(a.ma ¥)M(BMaY)) M(B, Mp X) 
The codomain of this map is the limit of the diagram 

M(A,X,) ——— M(A, Y,,) *——__ M(B, Yn) 

| 
M(A,M,X) ——> M(A, Mn¥’) —— M(B, MnY) 

4 

M(B,M,X) 

and so our map is isomorphic to the map 

M(B, Xn) 

+ M(A, Xn) X(M(A,Y n)%m(a.Ma¥) M(AMa x) (M(B, ¥n)X(8,M,¥) M(B, MpX)) 
Since p is a Reedy fibration, the map X, ~ Yn xm,y M,X is a fibration of 
simplicial sets, and so the result now follows from Theorem 16.5.2 and Theo- 
rem 15.3.15. i) 

COROLLARY 16.5.14. If M is a model category, B is a cosimplicial resolution 
in M, and X is a simplicial resolution in M, then M(B,X) is a Reedy fibrant 
simplicial object in both the horizontal and vertical simplicial object structures 
(see Definition 16.5.10). 

Proor. This follows from Theorem 16.5.13. 0 

COROLLARY 16.5.15. Let M be a model category, let B be a cosimplicial reso- 
lution in M, and let X be a simplicial resolution in M. 

(1) If we consider the bisimplicial set M(B,X) as a horizontal simplicial 
object (see Definition 16.5.10) in the category of simplicial sets (so that in 
simplicial degree n we have the simplicial set M(B, X,)), then M(B, X) 
is @ simplicial resolution of the simplicial set M(B, Xo). 

(2) If we consider the bisimplicial set M(B, .X) as a vertical simplicial object 
in the category of simplicial sets (so that in simplicial degree n we have 
the simplicial set M(B", X)), then M(B, X) is a simplicial resolution of 
the simplicial set M(B°, X). 

PROOF. Corollary 16.5.14 implies that M(B, X) is a Reedy fibrant simpli- 
cial object, and Corollary 16.5.5 implies that, for every n > 0, the natural maps 
M(B, Xo) —- M(B, X,) and M(Bo, X) — M(B,,-X) are weak equivalences. O 

COROLLARY 16.5.16. Let M be a model category, let B be a cofibrant object of 
M with cosimplicial resolution B, and let X be a fibrant object of M with simplicial 
resolution X. 
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(1) If we consider the bisimplicial set M(B, X) as a horizontal simplicial 
object (see Definition 16.5.10) in the category of simplicial sets (so that in 
simplicial degree n we have the simplicial set M(B, Xxn)), then M(B, X) 
is a simplicial resolution of the simplicial set M(B, X). 

(2) If we consider the bisimplicial set M(B, X) as a vertical simplicial object 
in the category of simplicial sets (so that in simplicial degree n we have 
tne simplicial set M(B" X)), then M(B, X) is a simplicial resolution of d 

— 

the simplicial set M(B, X). 

Proor. This follows from Corollary 16.5.15 and Corollary 16.5.5. i) 

COROLLARY 16.5.17. Let M be a model category. 

(1) Ift: A — B is a Reedy cofibration of cosimplicial resolutions in M and 
X is a simplicial resolution in M then, for both the horizontal and verti- 
cal simplicial object structures (see Definition 16.5.10), the induced map 
i*: M(B, X) — M(A, X) is a Reedy fibration of Reedy fibrant simplicial 
objects that is a Reedy trivial fibration if i is a Reedy trivial cofibration. 

(2) If B is a cosimplicia] resolution in M and p: X -+ Y is a Reedy fibration 
of simplicial resolutions in M then, for both the horizontal and vertical 
simplicia]l object structures, the induced map p,: M(B, X) — M(B,Y) 
is a Reedy fibration of Reedy fibrant simplicial objects that is a Reedy 
trivia] fibration if p is a Reedy trivial fibration. 

ProoF. This follows from Theorem 16.5.13. 0 

THEOREM 16.5.18 (The two-sided homotopy lifting extension theorem). Let M 
be a model category. Ifi: A — B is a Reedy cofibration of cosimplicial resolutions 
in M and p: X — Y is a Reedy fibration of simplicial resolutions in M, then the 
induced map of simplicial sets 

diag M(B, X) ~ diag M(A, xX) Xdiag M(A,Y) diag M(B, Y) 

is a fibration of fibrant simplicial sets that is a trivial fibration if at least one of i 
and p is a weak equivalence. 

Proor. The result follows from Theorem 16.5.13, Proposition 15.3.11, Theo- 
rem 15.11.7, Proposition 15.3.13, Theorem 15.11.11, and Theorem 15.11.6. 0 

COROLLARY 16.5.19. If M is a model category, B is a cosimplicial resolution in 
M, and X is a simplicial resolution in M, then diag M(B, X) is a fibrant simplicial 
set. 

Proor. This follows from Theorem 16.5.18. 0 

COROLLARY 16.5.20. Let M be a model category. 

(1) Ift: A — B is a Reedy cofibration of cosimplicial resolutions in M and 
X is a simplicial resolution in M, then the induced map 

diag i*: diag M(B, X) — diag M(A, X) 

is a fibration of fibrant simplicial sets that is a trivial fibration if i is a 
Reedy trivial cofibration. 
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(2) If B is a cosimplicial resolution in M and p: X — Y is a Reedy fibration 
of simplicial resolutions in M, then the induced map 

diag p,: diag M(B, X) — diag M(B,Y) 

is a fibration of fibrant simplicial sets that is a trivial fibration if p is a 
Reedy trivial fibration. 

PROOF. This follows from Theorem 16.5.18 and Corollary 16.5.19. a) 

COROLLARY 16.5.21. Let M be a model category. 

(1) Ift: A — B is a Reedy weak equivalence of cosimplicial resolutions in M 
and X is a simplicial resolution in M, then the induced map 

diagi*: diag M(B, X) — diag M(A, X) 

is a weak equivalence of fibrant simplicial sets. 
(2) If B is a cosimplicial resolution in M and p: X — Y is a Reedy weak 

equivalence of simplicial resolutions in M, then the induced map 

diagp,: diag M(B, X) — diag M(B,Y) 

is a weak equivalence of fibrant simplicial sets. 

PRrooF. This follows from Corollary 16.5.20 and Corollary 7.7.2. 0 

16.6. Frames 

Proposition 16.1.5 shows how a cosimplicial resolution of an object in a model 
category yields a cofibrant approximation to that object (and how a simplicial 
resolution yields a fibrant approximation). Frames (see Definition 16.6.1) allow us 
to discuss the reverse operation (see Proposition 16.6.7). Frames will also be used 
to define the homotopy colimit and homotopy limit functors (see Definition 19.1.2 
and Definition 19.1.5). 

DEFINITION 16.6.1. Let M be a model category and let X be an object of M. 

e A cosimplicial frame on X is a cosimplicial object X inM together with 
a weak equivalence X —> cc,.X (see Notation 16.1.1) in the Reedy model 
category structure (see Definition 15.3.3) on M*“ such that 
(1) the induced map X° — X is an isomorphism, and 
(2) if X is a cofibrant object of M, then X is a cofibrant object of M*. 

We will sometimes refer to X_as a cosimplicial frame on X, without 
explicitly mentioning the map X — cc, X. _ 

e A simplicial frame on X is a simplicial object X in M together with a 

weak equivalence cs..X — X in the Reedy model category structure on 
mM" such that _ 
(1) the induced map X — Xo is an isomorphism, and 
(2) if X is a fibrant object of M, then X is a fibrant object of M&”. 

We will sometimes refer to X asa simplicial frame on X, without explicitly 
mentioning the map cs..X — X. 

REMARK 16.6.2. Note that Definition 16.6.1 does not require cosimplicial frames 
on non-cofibrant objects to be cofibrant or simplicial frames on non-fibrant objects 
to be fibrant. This was done in order to make Proposition 16.6.4 true. 
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PROPOSITION 16.6.3. Let M be a model category and let X be an object of M. 

(1) If X is cofibrant, then any cosimplicial frame on X is a cosimplicial reso- 
lution of X. 

(2) If X is fibrant, then any simplicial frame on X is a simplicial resolution 
of X. 

Proor. This follows directly from the definitions. O 

PROPOSITION 16.6.4. If M is a simplicial model category and X is an object of 
M, then 

e the cosimplicial object X in which X" = X® A|n] is a cosimplicial frame 
on X, and . . 

e the simplicial object Y in which ¥Y, = X4!"| is a simplicial frame on X. 

PROOF. This follows from Proposition 9.5.20 and Proposition 16.1.3. CO 

DEFINITION 16.6.5. If M is a simplicial model category and X is an object of M, 
then the cosimplicial frame on X of Proposition 16.6.4 will be called the standard 
cosimplicial frame on X, and the simplicial frame on X of Proposition 16.6.4 will 
be called the standard simplicial frame on X. 

PROPOSITION 16.6.6. Let M be a simplicial model category. 

(1) If X is an object of M, X is the standard cosimplicial frame on X (see 
Proposition 16.6.23), and K is a simplicial set, then X @K is naturally 
isomorphic to X @ K. 

(2) If X is an object of M, X is the standard simplicial frame on X, and K 
is a simplicial set, then X* is naturally isomorphic to X*. 

ProoF. This follows from Proposition 16.4.3 and Proposition 15.1.20. O 

PROPOSITION 16.6.7. Let M be a model category. 

(1) If X is an object of M, X — X is a cofibrant approximation to X, and 
X’ 5 cc, X is a cosimplicial frame on X, then the induced map xX! = 
cc,X is a cosimplicial resolution of X, and every cosimplicial resolution 
of X can be constructed in this way. 

(2) If X is an object of M, X > X is a fibrant approximation to X, and 
cs, % > X' isa simplicial frame on X, then the induced map cs,.X —> x’ 
is a simplicial resolution of X , and every simplicial resolution of X can be 
constructed in this way. 

ProoF. This follows from Proposition 16.1.5. O 

PROPOSITION 16.6.8. Let M be a model category. 

(1) There is an augmented functor (F,i) on M& (see Definition 8.1.12) such 
that 
(a) ix: FX — X is a Reedy trivial fibration for every object X of M“, 
(b) (tx)°: (FX)° — X° is an isomorphism for every object X of M4, 

and 
(c) if X° is cofibrant in M, then FX is Reedy cofibrant. 

(2) There is a coaugmented functor (G,j) on M*” (see Definition 8.1.12) 
such that 
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(a) 9x: X — GX is a Reedy trivial cofibration for every object X of 
Me, 

(b) (jx)o: Xo — (GX)po is an isomorphism for every object X of M*”, 
and 

(c) if Xo is fibrant in M, then GX is Reedy fibrant. 

PRooF. We will construct FX and the map FX — X inductively, and we 
begin by letting (FX)° = X°. If n > 0 and we have constructed FX — X in 
degrees less than n, then we have the induced map L, (FX) — X”TM xm, x Mn(FX). 
We can factor this map functorially in M as 

L,(FX) —-> (PX)” + X” xu x Mn(FX) 

with i a cofibration and 7 a trivial fibration. This completes the construction, and 
Theorem 15.3.15 implies that the map FX — X is always a Reedy trivial fibration. 
If X° is cofibrant, then L,(FX) > (FX)* is a cofibration for all n > 0, and so 
FX is Reedy cofibrant. Oo 

THEOREM 16.6.9. If M is a model category then there exists a functorial cosim- 
plicial frame on M and a functorial simplicial frame on M. 

PRoor. This follows from Proposition 16.6.8. Oo 

THEOREM 16.6.10. Let M be a model category and let K be a subcategory of 
M. 

(1) Any two functorial cosimplicial frames on K are connected by an essen- 
tially unique zig-zag (see Definition 14.4.2) of weak equivalences of func- 
torial cosimplicial frames on K. 

(2) Any two functorial simplicial frames on K are connected by an essentially 
unique zig-zag (see Definition 14.4.2) of weak equivalences of functorial 
simplicial frames on K. 

Proor. This follows from Theorem 14.5.5 and Proposition 16.6.8. Oo 

16.6.11. Frames on maps. 

DEFINITION 16.6.12. Let M be a model category and let g: X — Y bea map 
in M. 

(1) A cosimplicial frame on g consists of a cosimplicial frame x > cc, X on 
X, a cosimplicial frame Y — cc.Y on Y, and a map g: X — ¥ that 
makes the square 

x —~O 

| | 
cc, X ——> cc. Y 

commute. 
(2) A simplicial frame on g consists of a simplicial frame cs,X — X on X,a 

simplicial frame cs. Y — Y on Y, and a map g: X — Y that makes the 
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square 

CS xX —_ cs, Y 

x g Y 

commute. 

EXAMPLE 16.6.13. Let M be a simplicial model category. 

(1) Let :: A— B bea map in M, let A and B be the cosimplicial objects in 
M such that A® = A@ A[n| and B® = B® Afnl, and let 7: A > B be 
the obvious map. Proposition 16.6.4 implies that 2 is a cosimplicial frame 
on 2, and Proposition 9.3.8 implies that 7 is a Reedy cofibration if 7 is a 
cofibration in M. 

(2) Let p: X > Y be a map in M, let X and Y be the simplicial objects in 
M such that Xn = X4l and Y, = yl and let p: X — ¥ be the 
obvious map. Proposition 16.6.4 implies that ® is a simplicial frame on p, 
and Proposition 9.3.8 implies that p is a Reedy fibration if p is a fibration 
in M. 

PROPOSITION 16.6.14. Let M be a model category and let g: X — Y be a map 
inM. 

(1) There is a natural cosimplicial frame @: X > Y on g that is a Reedy 
cofibration if g is a cofibration. 

(2) There is a natural simplicial frame 9: X = ¥ on g that is a Reedy 
fibration if g is a fibration. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
We begin by constructing a natural cosimplicial frame X — cc,X on X as in 

the proof of Theorem 16.6.9. 
We will define Y and @ inductively. We let Yo = Y. If n > 0 and we 

have constructed Y and g in degrees less than n, then we have the induced map 
LaY Yh xX" (cc. ¥)” Xmince.¥ Mn Y. We factor this map functorially in M as 

La¥ Uy y X* 4 ¥" * (cesY)" Xmncc.y Mn¥ 
with 7 a cofibration and p a trivial fibration. This completes the construction, 
and Theorem 15.3.15 implies that the map Y — cc,Y is always a Reedy trivial 
fibration. Since L,X — X” was constructed to be a cofibration for all n > 0, 
and lnY 3 LaY Uy, x X” isa pushout of that cofibration, the composition 

LaY + Ly YIl, % X" — Y" is a cofibration for all n > 0. Thus, if Y is cofibrant, 
then Y is Reedy "“ofibrant. Finally, if g is a cofibration, then LaY Wy xx" YTM 
is a cofibration for all n > 0, and so g is a Reedy cofibration. O) 

16.6.15. Uniqueness of frames. 

DEFINITION 16.6.16. Let M be a model category and let X be an object of M. 

(1) The category CosFr(X) is the category whose objects are cosimplicial 
frames on X and whose morphisms are maps of cosimplicial frames on X. 
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(2) The category SimpFr(X) is the category whose objects are simplicial 
frames on X and whose morphisms are maps of simplicial frames on X. 

THEOREM 16.6.17. Let M be a model category. 

(1) If X is an object of M, then the category CosFr(X) of cosimplicial frames 
on X (see Definition 16.6.16) has a contractible classifying space (see 
Definition 14.3.1). 

(2) If X is an object of M, then the category SimpFr({X) of simplicial frames 
on X (see Definition 16.6.16) has a contractible classifying space (see 
Definition 14.3.1). 

PROoF. We will prove part 1; the proof of part 2 is dual. 
Let W be the class of Reedy weak equivalences X — Y in M% such that 

X° — Y° is an isomorphism and such that if Y° is cofibrant in M then X is Reedy 
cofibrant. The result now follows from Theorem 14.5.6 and Proposition 16.6.8. © 

THEOREM 16.6.18. Let M be a model category and let X be an object of M. 

(1) Any two cosimplicial frames on X are connected by an essentially unique 
zig-zag (see Definition 14.4.2) of weak equivalences of cosimplicial frames 
on X. 

(2) Any two simplicial frames on X are connected by an essentially unique 
zig-zag (see Definition 14.4.2) of weak equivalences of simplicial frames on 

Proor. This follows from Theorem 16.6.17 and Theorem 14.4.5. C 

PROPOSITION 16.6.19. Let M and N be model categories and let FP: MA@N:U 
be a Quillen pair (see Definition 8.5.2). 

(1) If X is a cofibrant object of M and X > cc,.X isa cosimplicial frame on 
X, then FX — cc,FX isa cosimplicial frame on FX. 

(2) If Y is a fibrant object of N and cs,Y — Y is a simplicial frame on Y, 
then cs,UY — UY isa simplicial frame on UY. 

PROOF. This follows from Proposition 16.2.1 and Proposition 16.6.7. C] 

16.6.20. Framed model categories. 

DEFINITION 16.6.21. A framed model category is a model category M together 
with 

(1) a functorial cosimplicial frame (see Definition 16.6.1) X on every object 
X in M, and _ 

(2) a functorial simplicial frame X on every object X in M. 

PROPOSITION 16.6.22. If M is a model category, then there exists a framed 
model category structure on M. 

PROOF. This follows from Theorem 16.6.9. a) 

PROPOSITION 16.6.23. If M is a simplicial model category, then there is a nat- 
ural framing on M (called the standard framing) defined on objects X in M by 
X* =X @Aln| and X, = X4TM. 

Proor. This follows from Proposition 16.6.4. O 
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REMARK 16.6.24. If M is a simplicial model category and we make reference 
to M in a context that calls for a framed model category, then we will consider M 
as a framed model category using the standard framing of Proposition 16.6.23. 

16.7. Reedy frames 

If M is a framed model category, € is a small category, and X is a C-diagram in 
M, then the framing defines a C-diagram X in M4, i.e., a C-diagram of cosimplicial 
objects in M. If € is a Reedy category and X is Reedy cofibrant, though, there 
is no reason to expect X to be Reedy cofibrant. Thus, we define a Reedy frame 
on a diagram (see Definition 16.7.8), and we show that Reedy frames always exist 
(see Proposition 16.7.11). We also show that any two frames on a diagram (see 
Definition 16.7.2) are connected by an essentially unique zig-zag of equivalences 
(see Theorem 16.7.6), so that a frame on a diagram defined by a framed model 
category structure can always be replaced by a Reedy frame. 

16.7.1. Frames on diagrams. 

DEFINITION 16.7.2. Let M be a model category, let C be a small category, and 
let X be a C-diagram in M. 

(1) A cosimplicial frame on X is a diagram X:C€ M4 of cosimplicial ob- 
jects in M together with a map of diagrams 27: X — cc,X to the diagram 
of constant cosimplicial objects such that, for every object a in €, the map 
tg: Xa — cc.Xq is a cosimplicial frame on Xq (see Definition 16.6.1). 

(2) A simplicial frame on X is a diagram X: C+ M4” of simplicial objects 
in M together with a map of diagrams j: cs,.X — X from the diagram 
of constant simplicial objects such that, for every object a in C, the map 
Ja: CSeZa Xa is a simplicia] frame on Xq. 

EXAMPLE 16.7.3. Let M be a framed model category (see Definition 16.6.21). 
If C is a small category and X is a C-diagram in M, then the framing on M defines 
a natural cosimplicial frame X: C — M on X and a natural simplicial frame 
— 

X:@C—M on X. 

DEFINITION 16.7.4. Let M be a model category, let C be a small category, and 
let X be a C-diagram in M. 

(1) The category CosFr(X)is the category whose objects are cosimplicial 
frames on X and whose morphisms are maps of cosimplicial frames on 
Xx. 

(2) The category SimpFr(X)is the category whose objects are simplicial frames 
on X and whose morphisms are maps of simplicial frames on X. 

THEOREM 16.7.5. Let M be a model category, let © be a small category, and 
let X be a C-diagram in M. 

(1) The category CosFr(X) of cosimplicial frames on X has a contractible 
classifying space (see Definition 14.3.1). 

(2) The category SimpFr(X) of simplicial frames on X has a contractible 
classifying space. 
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PROOF. We will prove part 1; the proof of part 2 is dual. 
Let W be the class of maps of @-diagrams X — X in M“ such that for every 

object a@ of 

(1) the map Xa—7X, isa Reedy weak equivalence, 
(2) (Xq)° > (Xq)° is an isomorphism, and 
(3) if (Xq)° is cofibrant in M then Xq is Reedy cofibrant. 

The result now follows from Theorem 14.5.6 and Proposition 16.6.8. Oj 

THEOREM 16.7.6. Let M be a model category, let © be a small category, and 
let X be a C-diagram in M. 

(1) Any two cosimplicia] frames on X are connected by an essentially unique 
zig-zag of maps of cosimplicia] frames on X. 

(2) Any two simplicial frames on X are connected by an essentially unique 
zig-zag of maps of simplicial frames on X. 

Proor. This follows from Theorem 14.4.5 and Theorem 16.7.5. O 

16.7.7. Reedy frames. The notion of a Reedy frame (see Definition 16.7.8) 
on a diagram will be used in our discussion of homotopy limits and homotopy 
colimits of diagrams indexed by a Reedy category (see Section 19.9). 

DEFINITION 16.7.8. Let M be a model category, let C be a Reedy category (see 
Definition 15.1.2), and let X be a C-diagram in M. 

(1) A Reedy cosimplicial frame on X is a cosimplicial frame X:C3 M4 on 
X (see Definition 16.7.2) such that if X is a Reedy cofibrant diagram in 

M. (see Definition 15.3.3) then X is a Reedy cofibrant diagram in M4. 
(2) A Reedy simplicial frame on X is a simplicial frame X: C3 M%” on X 

such that if X is a Reedy fibrant diagram in M then X isa Reedy fibrant 
diagram in M*”. 

PROPOSITION 16.7.9. Let M be a simplicial model category, let C be a Reedy 
category, and let X be a C-diagram in M. 

(1) The cosimplicial frame on X defined by the standard frame on M (see 
Definition 16.6.5) is a Reedy cosimplicial frame on X. 

(2) The simplicial frame on X defined by the standard frame on M is a Reedy 
simplicial frame on X. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
Let X be Reedy cofibrant, and let X:C— M4 be the cosimplicial frame on 

X defined by the standard frame on M. For every | object a in €, let LMX 3X, 
denote the latching map of X in M, and let Lat® X — X denote the latching map 
of X in M4. For every object a in €C, LMX — X, is a cofibration in M, and we 
roust show that Lex + X, is a cofibration in M4. Thus, Proposition 16.3.8 
implies that we must show that for every n > 0 the relative latching map 

(16.7.10) Xa @ OA[n] U (LM %@oA In| (LTM@°'X) @ A[n] — X_ @ Aln] 

(see Proposition 16.3.8) is a cofibration in M. Since the latching object LMO*xX 
is defined as a colimit (see Definition 15.2.5), Proposition 16.6.6 and Lemma 9.2.1 
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imply that the map (16.7.10) is isomorphic to the map 

Xe @ AAln| Wx xy@aajny (LAX) @ Aln] — X_ @Aln] . 
Since LM@X — X, is a cofibration in the simplicial model category M, Proposi- 
tion 9.3.8 implies that this is a cofibration. O 

PROPOSITION 16.7.11. If M is a model category and © is a Reedy category, 
then 

(1) there is a functorial Reedy cosimplicial frame on every C-diagram in M, 
and 

(2) there is a functorial Reedy simplicial frame on every C-diagram in M. 

PROOF. We will prove part 1; the proof of part 2 is similar. _ 
Theorem 16.6.9 implies that we can choose a functorial cosimplicial frame X on 

every object X of the model category M°. _The definition of a frame on an object 
implies that if X is Reedy cofibrant, then X is a cofibrant object of (M°)4, and 
Theorem 15.5.2 implies that this is equivalent to the assertion that X is cofibrant 
in (M4)°. 0 

DEFINITION 16.7.12. Let M be a model category, let C be a Reedy category, 
and let X be a C-diagram in M. 

(1) The category ReCosFr(X) is the category whose objects are Reedy cosim- 
plicial frames on X and whose morphisms are maps of cosimplicial frames 
on X. 

(2) The category ReSimpFr(X) is the category whose objects are Reedy sim- 
plicial frames on X and whose morphisms are maps of simplicial frames 
on X. 

THEOREM 16.7.13. Let M be a model category, let C be a Reedy category, and 
let X be a C-diagram in M. 

(1) The classifying space of the category of Reedy cosimplicial frames on X 
is contractible (see Definition 14.3.1). 

(2) The classifying space of the category of Reedy simplicial frames on X is 
contractible. 

PRooF. We will prove part 1; the proof of part 2 is dual. 
Let W be the class of maps X — X of C-diagrams in M“ such that 

(1) for every object a of C the map X,.—7X a is a Reedy weak equivalence, 
(2) for every object a of C the map (X.)° —+ (X,)° is an isomorphism, and 
(3) if X° is a Reedy cofibrant diagram in M then X isa Reedy cofibrant 

diagram in M4. 
The result now follows from Theorem 14.5.6 and Proposition 16.7.11. a) 

THEOREM 16.7.14. Let M be a model category, let C be a Reedy category, and 
let X be a C-diagram in M. 

(1) Any two Reedy cosimplicial frames on X are connected by an essentially 
unique zig-zag of maps of Reedy cosimplicial frames on X. 

(2) Any two Reedy simplicial frames on X are connected by an essentially 
unique zig-zag of maps of Reedy simplicial frames on X. 
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Proor. This follows from Theorem 14.4.5 and Theorem 16.7.13. O 

DEFINITION 16.7.15. A Reedy framed diagram category consists of 

(1) a Reedy category C, 
(2) a model category M, 
(3) a choice of a functorial Reedy cosimplicial frame on every C-diagram in 

M, and 
(4) a choice of a functorial Reedy simplicial frame on every C-diagram in M 

(see Proposition 16.7.11). We will often denote a Reedy framed diagram cate- 
gory by (C,M), without making explicit reference to the choice of functorial Reedy 
cosimplicial frame or the choice of functorial Reedy simplicial frame. 

PROPOSITION 16.7.16. Let © be a Reedy category, let M be a model category, 
and let X be a C-diagram in M. 

(1) If X is Reedy cofibrant and X: C3 MA isa Reedy cosimplicial frame on 
X, then for every object a of C the latching object La X = colims,2 4) x 

of X ataisa cosimplicial frame on Lo X. 
(2) If X is Reedy fibrant and X: C + M*" is a Reedy simplicial frame on 

X, then for every object a of © the matching object MX = lim 564 @) x 
of X ataisa simplicial frame on M, X. 

PROOF. We will prove part 1; the proof of part 2 is dual. 

Lemma 15.3.7 and Theorem 15.10.9 imply that L,X is a cofibrant cosimplicial 
object. Corollary 15.3.12 implies that Xg is cofibrant in M for every object B + a 

of ae | a), and so every coface and codegeneracy operator of La X is a colimit of 
an objectwise weak equivalence between cofibrant objects. Theorem 15.10.9 thus 
implies that every coface and codegeneracy operator of L,X is a weak equivalence. 

O 





CHAPTER 17 

Homotopy Function Complexes 

In this chapter, we define homotopy function complexes between objects in 
a model category. A homotopy function complex between a pair of objects is a 
simplicial set that plays the role of the “space of functions” between those objects, 
and its set of components is isomorphic to the set of maps in the homotopy category 
between those objects. 

In a simplicial model category, a homotopy function complex between a cofi- 
brant object and a fibrant object is weakly equivalent to the simplicial mapping 
space between those objects, and in the category of topological spaces it is weakly 
equivalent to the total singular complex of the topological space of continuous 
functions between them. Homotopy function complexes are defined for all model 
categories, though, and for a simplicial model category they give the “correct” func- 
tion space even between objects that may not be cofibrant or fibrant (which is not 
true of the space of maps obtained from the simplicial structure). 

If M is a model category and X and Y are objects of M, then there are three 
varieties of homotopy function complexes from X to Y: 

e Left homotopy function complezes, obtained by resolving the first object 
(see Definition 17.1.1), 

e Right homotopy function compleres, obtained by resolving the second ob- 
ject (see Definition 17.2.1), and 

e Two-sided homotopy function complezes, obtained by resolving both ob- 
jects (see Definition 17.3.1). 

We can work with any one of these three varieties, or work with all three combined. 
Although constructing a homotopy function complex requires making choices, 

there is an essentially unique zig-zag (see Definition 14.4.2) of change of homotopy 
function complex maps (see Definition 17.4.7) connecting any two homotopy func- 
tion complexes between a pair of objects (see Theorem 17.1.11, Theorem 17.2.11, 
Theorem 17.3.9, and Theorem 17.4.14). Since every change of homotopy function 
complex map is a weak equivalence of fibrant simplicial sets (see Theorem 17.4.8), 
this implies that there is a distinguished homotopy class of homotopy equivalences 
connecting any two homotopy function complexes between a pair of objects, and 
the composition of two of these distinguished homotopy classes of homotopy equiv- 
alences is another (see Theorem 17.5.30). 

Homotopy function complexes are actually only a part of the larger theory of 
the simplicial localization of W. G. Dwyer and D. M. Kan ((33, 31, 32]). Dwyer 
and Kan start with a category © and a subcategory W of C, the maps of which are 
called “weak equivalences”. They then construct the simplicial localization sLwC 
of € with respect to W, which is a simplicial category, i.e., a category enriched over 
simplicial sets. (If C is not assumed to be small, then the simplicial localization may 

347 
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exist only in a higher universe; see, e.g., [60, page 17].) The simplicial localization of 
€ with respect to W is the derived functor of the localization of © with respect to W 
(which also may exist only in a higher universe if € is not small; see Remark 8.3.3). 
The simplicial localization thus constructs composable function complexes between 
objects in the category, and the sets of components of these function complexes are 
the sets of maps in the localization of © with respect to W. 

Dwyer and Kan show that if M is a simplicial model category and W is its 
subcategory of weak equivalences, then when X is cofibrant and Y is fibrant the 
simplicial set Map( X,Y) that is part of the simplicial structure of M is naturally 
weakly equivalent to sLwM(X,Y). They show that a weak equivalence Y - Z 
in M always induces a weak equivalence sLwM(X,Y) = sLwM(X, Z), while the 
map Map(X,Y) — Map(X, Z) is guaranteed to be a weak equivalence only when 
X is cofibrant and both Y and Z are fibrant (and a similar statement is true for 
weak equivalences of the first argument). Thus, the simplicial set shwM(X, Y) is 
the “correct” function complex of maps from X to Y, even for simplicial model 
categories. 

Dwyer and Kan also show that if M is a model category and W is the sub- 
category of weak equivalences in M, then the simplicial sets sLwM(X,Y) can be 
computed (up to weak equivalence) using resolutions (see Definition 16.1.2) in the 
model category M (see (32, Section 4]), with no need to consider higher universes. 
In this chapter, we define a homotopy function complez to be a simplicial set ob- 
tained from the Dwyer-Kan construction using resolutions in the model category 
M (see Definition 17.4.1). We present a self-contained development of the proper- 
ties of these homotopy function complexes, with no explicit reference to the more 
general construction of the simplicial localization of Dwyer and Kan. 

We define left homotopy function complexes in Section 17.1, right homotopy 
function complexes in Section 17.2, and two-sided homotopy function complexes 
in Section 17.3, proving existence and uniqueness theorems for each of these. In 
Section 17.4 we discuss homotopy function complexes in general (left, right, and 
two-sided). We define left to two-sided change of homotopy function complex maps 
and right to two-sided change of homotopy function complex maps, and we prove a 
uniqueness theorem for homotopy function complexes. We also show that a Quillen 
pair induces isomorphisms of homotopy function complexes for cofibrant domains 
and fibrant codomains. 

In Section 17.5 we discuss functorial homotopy function complexes. We prove 
existence and uniqueness theorems for functorial left homotopy function complexes, 
functorial right homotopy function complexes, functorial two-sided homotopy func- 
tion complexes, and for all functorial homotopy function complexes combined. In 
Section 17.6 we show that (left or right) homotopic maps induced homotopic maps 
of homotopy function complexes. In Section 17.7 we show that the set of compo- 
nents of a homotopy function complex between a pair of objects is isomorphic to 
the set of maps in the homotopy category between those objects, and that weak 
equivalences can be detected as maps that induce weak equivalences of homotopy 
function complexes. 

In Section 17.8 we discuss homotopy orthogonal maps, which is the general- 
ization for homotopy function complexes of homotopy lifting-extension pairs in a 
simplicial model category, and in Section 17.9 we use homotopy function complexes 
to obtain some results on colimits of A-sequences of weak equivalences. 
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17.1. Left homotopy function complexes 

DEFINITION 17.1.1. If M is a model category and X and Y are objects of M, 
then a left homotopy function compler from X to Y is a triple 

(X,Y, M(x, ¥)) 

where 

e X is a cosimplicial resolution of X (see Definition 16.1.2), 
e Y is a fibrant approximation to Y (see Definition 8.1.2), and 
e M(X,Y) is the simplicial set of Notation 16.4.1. 

The left homotopy function complex (X, Y,M(X,¥ )) is thus entirely determined 
by the cosimplicial resolution x and the fibrant approximation Y, but we will com- 
monly refer to the simplicial set M(X , Y) that is a part of the left homotopy func- 
tion complex as though it were the left homotopy function complex (see also Nota- 
tion 17.4.2). Strictly speaking, though, a left homotopy function complex from X to 
Y can be identified with an object of the undercategory ((cc. X,Y) | (M“)°P x M) 
(see Notation 16.1.1 and Definition 11.8.3)). 

REMARK 17.1.2. If we embed M in M*” as the subcategory of constant simpli- 
cial objects, then a left homotopy function complex from X to Y can be identified 
with an object of the undercategory ((cc.X,cs«Y) | (M4)°P x M4") (see Nota- 
tion 16.1.1), in which case the simplicial set M(X, Y) is naturally isomorphic to 
diag M(X,cc.¥). 

PROPOSITION 17.1.3. If M is a model category and X and Y are objects of M, 
then a left homotopy function complex from X to Y is a fibrant simplicial set. 

ProoF. This follows from Corollary 16.5.3. O 

EXAMPLE 17.1.4. If M is a simplicial model category, X is a cofibrant object 
of M, and Y is a fibrant object of M, then Corollary 16.1.4 implies that Map(X, Y) 
(i.e., the simplicial set that is part of the simplicial structure of M) is a left homotopy 
function complex from X to Y. 

DEFINITION 17.1.5. A change of left homotopy function complezr map 

(X,¥,M(X,¥)) > (X,Y MX’) 

is a triple (f,g,h) where 

ef: X' +X isa map of cosimplicial resolutions of X, 
eg: Y — Y’ is a map of fibrant approximations to Y (see Definition 8.1.4), 

and 
eh: M(X, Y) aa MCX’, Y’) is the map of simplicial sets induced by f and 

g. 

The change of left homotopy function complex map is thus entirely determined by 
f and g, but we will commonly refer to the map of simplicial sets h as though it 
were the change of left homotopy function complex map. Strictly speaking, though, 
a change of left homotopy function complex map can be identified with a map in 
the undercategory ((cc. X,cs.Y) | (M4)? x M*"") (see Remark 17.1.2). 
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PROPOSITION 17.1.6. If M is a model category and X and Y are objects of 

M, then a change of left homotopy function complex map is a weak equivalence of 
fibrant simplicial sets. 

ProoF. This follows from Corollary 16.5.5, Lemma 16.1.12, and Lemma 8.1.5. 
i) 

DEFINITION 17.1.7. If M is a model category and X and Y are objects of M, 
then the category of left homotopy function complezes from X to Y is the category 
LHFC(X,Y) whose objects are left homotopy function complexes from X to Y and 
whose maps are change of left homotopy function complex maps. 

PROPOSITION 17.1.8. If M is a mode] category and X and Y are objects of 
M, then the category LHFC(X,Y) (see Definition 17.1.7) can be identified with 
a full subcategory of ((cc.X,cs.¥) | (M4)? x M*"") (see Notation 16.1.1 and 
Definition 11.8.3). 

ProoF. This follows from Remark 17.1.2. O 

PROPOSITION 17.1.9. If M is a model category and X and Y are objects of M, 
then the category LHFC(X,Y) (see Definition 17.1.7) is naturally isomorphic to 
CRes(X)°P x FibAp(Y) (see Definition 16.1.14). 

ProoF. This follows directly from the definitions. O 

PROPOSITION 17.1.10. If M is a model category and X and Y are objects of M, 
then the classifying space BLHFC(X, Y) of the category of left homotopy function 
complexes from X to Y (see Definition 17.1.7) is contractible. 

PRooF. This follows from Proposition 14.3.5, Proposition 17.1.9, Proposi- 
tion 14.1.5, Theorem 14.6.2, and Proposition 16.1.15. O 

THEOREM 17.1.11. If M is a model category and X and Y are objects of M, 
then any two left homotopy function complexes from X to Y are connected by an 
essentially unique (see Definition 14.4.2) zig-zag of change of left homotopy function 
complex maps. 

PROOF. This follows from Theorem 14.4.5 and Proposition 17.1.10. O 

17.2. Right homotopy function complexes 

DEFINITION 17.2.1. If M is a model category and X and Y are objects of M, 
then a right homotopy function complez from X to Y is a triple 

(X,¥,M(X, Y)) 
where 

e X is a cofibrant approximation to X (see Definition 8.1.2), 
e Y is a simplicial resolution of Y (see Definition 16.1.2), and 
e M(X,Y) is the simplicial set of Notation 16.4.1. 

The right homotopy function complex (X, Y M(X, Y)) is thus entirely determined 
by the cofibrant approximation X and the simplicial resolution Y, but we will 
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commonly refer to the simplicial set M(X,¥) that is a part of the right homo- 
topy function complex as though it were the right homotopy function complex 
(see also Notation 17.4.2). Strictly speaking, though, a right homotopy func- 
tion complex from X to Y can be identified with an object of the undercategory 
((X,csa¥) | MP x M4") (see Notation 16.1.1 and Definition 11.8.3). 

REMARK 17.2.2. If we embed M in M% as the subcategory of constant cosimpli- 
cial objects, then a right homotopy function complex from X to Y can be identified 
with an object of the undercategory ((cc.X, 0s,¥) | (MA)°P x M4") (see Nota- 
tion 16.1.1), in which case the simplicial set M(X,¥) is naturally isomorphic to 
diag M(cc,X, Y). 

PROPOSITION 17.2.3. If M is a model category and X and Y are objects of M, 
then a right homotopy function complex from X to Y is a fibrant simplicial sets. 

ProoF. This follows from Corollary 16.5.3. a) 

EXAMPLE 17.2.4. If M is a simplicial model category, X is a cofibrant object 
of M, and Y is a fibrant object of M, then Corollary 16.1.4 implies that Map(X, Y) 
(i.e., the simplicial set that is part of the simplicial structure of M) is a right 
homotopy function complex from X to Y. 

DEFINITION 17.2.5. A change of right homotopy function complex map 

(X,¥,M(X,¥)) (X,Y, M(x’, Y’)) 
is a triple (f, 9,4) where 

e f: X’' + X is a map of cofibrant approximations to X (see Defini- 
tion 8.1.4), 

e g: ¥Y —Y’ isa map of simplicial resolutions of Y (see Definition 16.1.11), 
and 

eh: M(X,Y) — M(X’, Y’) is the map of simplicial sets induced by f and 
g. 

The change of right homotopy function complex map is thus entirely determined 
by f and g, but we will commonly refer to the map of simplicial sets h as though 
it were the change of right homotopy function complex map. Strictly speaking, 
though, a change of right homotopy function complex map can be identified with 
a map in the undercategory ((cc.X,cs.Y) | (M4)°P x M4") (see Remark 17.2.2). 

PROPOSITION 17.2.6. If M is a model category and X and Y are objects of M, 
then a change of right homotopy function complex map is a weak equivalence of 
fibrant simplicial sets. 

PROOF. This follows from Corollary 16.5.5, Lemma 16.1.12, and Lemma 8.1.5. 
0D 

DEFINITION 17.2.7. If M is a model category and X and Y are objects of M, 
then the category of right homotopy function complexes from X to Y is the category 
RHFC(X,Y) whose objects are right homotopy function complexes from X to Y 
and whose maps are change of right homotopy function complex maps. 

PROPOSITION 17.2.8. If M is a model category and X and Y are objects of 
M, then the category RHFC(X,Y) (see Definition 17.2.7) can be identified with 
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a full subcategory of ((cc,X,cs,Y) | (M4)°P x M4") (see Notation 16.1.1 and 
Definition 11.8.3). 

Proor. This follows from Remark 17.2.2. O 

PROPOSITION 17.2.9. If M is a model category and X and Y are objects of M, 
then the category RHFC(X,Y) (see Definition 17.2.7) is naturally isomorphic to 
CofAp(X)°P x SRes(Y) (see Definition 16.1.14). 

PROOF. This follows directly from the definitions. O 

PROPOSITION 17.2.10. If M is a model category and X and Y are objects of 
M, then the classifying space BRHFC(X,Y) of the category of right homotopy 
function complexes from X to Y (see Definition 17.2.7) is contractible. 

Proor. This follows from Proposition 14.3.5, Proposition 17.2.9, Proposi- 
tion 14.1.5, Theorem 14.6.2, and Proposition 16.1.15. Oo 

THEOREM 17.2.11. If M is a model category and X and Y are objects of M, 
then any two right homotopy function complexes from X to Y are connected by 

an essentially unique (see Definition 14.4.2) zig-zag of change of right homotopy 
function complex maps. 

PROOF. This follows from Theorem 14.4.5 and Proposition 17.2.10. oO 

17.3. Two-sided homotopy function complexes 

DEFINITION 17.3.1. If M is a model category and X and Y are objects of M, 
then a two-sided homotopy function compler from X to Y is a triple 

(X,Y, diag M(X,¥Y)) 
where 

e Xisa cosiroplicial resolution of X (see Definition 16.1.2), 
e Y isa simplicial resolution of Y (see Definition 16.1.2), and 
e diag M(X,Y) is the simplicial set of Notation 16.4.1. 

The two-sided homotopy function complex (X, Y, diag M(X, Y)) is thus entirely 
determined by the cosimplicial resolution X and the simplicial resolution Y, but 
we will commonly refer to the simplicial set diag M(X, Y) that is a part of the 
two-sided homotopy function complex as though it were the two-sided homotopy 
function complex (see also Notation 17.4.2). Strictly speaking, though, a two-sided 
homotopy function complex from X to Y can be identified with an object of the 
undercategory ((cc.X,cs,¥) | (M4)°P x M4") (see Notation 16.1.1). 

PROPOSITION 17.3.2. If M is a model category and X and Y are objects of M, 
then a two-sided homotopy function complex from X to Y is a fibrant simplicial 
set. 

ProoF. This follows from Corollary 16.5.19. Oo 

DEFINITION 17.3.3. A change of two-sided homotopy function complez map 

(X,Y, diag M(X,¥)) — (X', ¥’, diag M(X’, ¥’)) 
is a triple (f,g,h) where 
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ef: x +X isa map of cosimplicial resolutions of X, 
eg: ¥ Y’ is a map of simplicial resolutions of Y (see Definition 16.1.11), 

and 
eh: diag M(X,Y) — diag M(X’, Y’) is the map of simplicial sets induced 

by f and g. 

The change of two-sided homotopy function complex map is thus entirely deter- 
mined by f and g, but we will commonly refer to the map of simplicial sets h as 
though it were the change of two-sided homotopy function complex map. Strictly 
speaking, though, a change of two-sided homotopy function complex map can be 
identified with a map in the undercategory ((cc.X,cs.Y) | (M“)°P x me"?). 

PROPOSITION 17.3.4. If M is a model category and X and Y are objects of M, 
then a change of two-sided homotopy function complex map is a weak equivalence 
of fibrant simplicial sets. 

PROOF. This follows from Corollary 16.5.21 and Lemma 16.1.12. O 

DEFINITION 17.3.5. If M is a model category and X and Y are objects of M, 
then the category of two-sided homotopy function complezes from X to Y is the 
category TSHFC(X, ¥) whose objects are two-sided homotopy function complexes 
from X to Y and whose maps are change of two-sided homotopy function complex 
maps. 

PROPOSITION 17.3.6. If M is a model category and X and Y are objects of 
M, then the category TSHFC(X,Y) (see Definition 17.3.5) can be identified with 
a full subcategory of ((cc.X,cs.¥) | (M4)? x M*”) (see Notation 16.1.1 and 
Definition 11.8.3). 

Proor. This follows directly from the definitions. | 

PROPOSITION 17.3.7. If M is a model category and X and Y are objects of M, 
then the category TSHFC(X,Y) (see Definition 17.3.5) is naturally isomorphic to 
CRes(X)°P x SRes(Y) (see Definition 16.1.14). 

PrRooF. This follows directly from the definitions. O 

PROPOSITION 17.3.8. If M is a model category and X and Y are objects of M, 
then the classifying space BTSHFC(X, Y) of the category of two-sided homotopy 
function complexes from X to Y (see Definition 17.3.5) is contractible. 

Proor. This follows from Proposition 14.3.5, Proposition 17.3.7, Proposi- 
tion 14.1.5, and Proposition 16.1.15. a) 

THEOREM 17.3.9. If M is a model category and X and Y are objects of M, then 
any two two-sided homotopy function complexes from X to Y are connected by an 
essentially unique (see Definition 14.4.2) zig-zag of change of two-sided homotopy 
function complex maps. 

ProoF. This follows from Theorem 14.4.5 and Proposition 17.3.8. OQ 
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17.4. Homotopy function complexes 

DEFINITION 17.4.1. A homotopy function complex from X to Y is either 

e a left homotopy function complex from X to Y (see Definition 17.1.1), 
e aright homotopy function complex from X to Y (see Definition 17.2.1), 

or 

e a two-sided homotopy function complex from X to Y (see Definition 17.3.1). 

Every homotopy function complex from X to Y can be identified with an ob- 
ject of the undercategory ((cc.X,cs,.¥) | (M4)? x M4") (see Remark 17.1.2, Re- 
mark 17.2.2, and Definition 17.3.1), but we will commonly refer to the simplicial set 
diag M(X,Y) that is a part of the homotopy function complex ((cc.X,cs«Y) > 
(X, Y)) as though it were the homotopy function complex. 

NOTATION 17.4.2. If M is a model category and X and Y are objects of M, 
then we will use the notation map(X,Y) to denote a simplicial set that is some 
unspecified homotopy function complex from X to Y (see Definition 17.4.1). Thus, 
map(X, Y) will denote either 

e the simplicial set et M(X, Y) that is part of a left homotopy function com- 
plex (Xx, Y M(x ,Y)), 

e the simplicial | set M(X,¥ that is part of a right homotopy function complex (X, Y, M( xX Por 
e the simplicial set diag M( (xX ) that is part of a two-sided homotopy 

function complex (x, Y diag M(X, Y)) ; 
PROPOSITION 17.4.3. If M is a model category and X and Y are objects of M, 

then a homotopy function complex from X to Y is a fibrant simplicial set. 

Proor. This follows from Proposition 17.1.3, Proposition 17.2.3, and Propo- 
sition 17.3.2. 0 

PROPOSITION 17.4.4. Let M be a model category and let X and Y be objects 
of M. If (X, Y¥ diag M(X, Y)) is a two-sided homotopy function complex from X 
to Y, then 

(1) there is a left homotopy function complex (X, Fo, M(X, ¥o)) obtained 
by replacing the simplicial resolution Y with the fibrant approximation 
Yo, and 

(2) there is a right homotopy function complex (X°, Y, M(X°, Y)) obtained 
by replacing the cosimplicial resolution X with the cofibrant approxima- 
tion X°. 

PrRooF. This follows from Proposition 16.1.5. O 

DEFINITION 17.4.5. Let M be a model category and let X and Y be objects of 
M. If (X, ¥ diag M(X, Y)) is a two-sided homotopy function complex from X to 
Y, then 

(1) We will let 

LTS(X, ¥): (Xx, cs, ¥o, diag M(X, cs. ¥o)) (X, Y diag M(X, Y)) 
denote the natural map in ((cc,X, cs¥) | | (mA)oP x M*"") defined by the 
identity of X and the natural map cs.¥9 > Y¥ (see Notation 16.1.1 and 
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Remark 17.1.2), and we will call such a map a left to two-sided change of 
homotopy function complex map. Although this map is, strictly speak 
ing, a map in the undercategory ((cc.X,cs.¥) | (M4)? x M& *)) 
will commonly refer to the map of simplicial sets diag M(X, cs, Yo) = 
diag M(x ; Y) that is a part of the left to two-sided change of homotopy 
function complex map as though it were the left to two-sided change of 
homotopy function complex map. 

(2) We will let 

RTS(X,Y¥): (cc. X°, ¥, diag M(cc.X°, ¥)) — (X,Y, diag M(X, Y)) 
denote the natural map in n (( cc. X, CS. y) LM)" x Me”) defined by 
the natural map X — cc, X° and the identity of Y (see Notation 16.1.1 
and Remark 17.2.2), and we will call such a map a right to two-sided 
change of homotopy function complez map. ey) we map is, strictly 
speaking, a map in the undercategory ((cc.X,cs,Y (MA)? > x mM") we will commonly refer to the map of simplicial sets fee M( cen X° YY) 
diag M(X, Y) that is a part of the right to two-sided change of homotopy 
function complex map as though it were the right to two-sided change of 
homotopy function complex map. 

PROPOSITION 17.4.6. Let M be a model category. If X isa cosimplicial resolu- 
tion in M and ¥ is a simplicial resolution in M, then the left to two-sided change of 
homotopy function complex map M(X, Yo) diag M(X, cs. Yo) — diag M( (xX Y) 
(see Definition 17.4.5) and the right to two-sided change of homotopy function com- 
plex map M(X°, Y) ~) diag M(cc,.X°, Y) 3 diag M(X,Y) are weak equivalences 
of fibrant simplicial sets. 

PRooF. Corollary 16.5.5 implies that the bisimplicial set M(X, Y) satisfies the 
hypotheses of Corollary 15.11.12, and so Theorem 15.11.6 implies that the natural 
map M(X°, Y)= diag M(X, ¥)i is a weak equivalence. Similarly, reversing the in- 
dices of the bisimplicial] set M(X, Y), the natural map M(X, ¥0) — diag M(X, Y) 
is a weak equivalence. 0 

DEFINITION 17.4.7. If M is a model category and X and Y are objects of 
M, then a change of homotopy function complex map is a finite composition (in 
((cc.X,cs.¥) | (MAP x Ma"); see Notation 16.1.1) of 

e change of left homotopy function complex maps (see Definition 17.1.5), 
e change of right homotopy function complex maps (see Definition 17.2.5), 
e change of two-sided homotopy function complex maps (see Definition 

17.3.3), 
e left to two-sided change of homotopy function complex maps (see Defini- 

tion 17.4.5), and 
e right to two-sided change of homotopy function complex maps (see Defi- 

nition 17.4.5). 

Although these maps are, strictly speaking, maps in the undercategory 

((ce,X,cs.¥) | (M)°P x mo”) , 
we will commonly refer to the corresponding maps of simplicial sets as though they 
were the change of homotopy function complex maps. 



356 17. HOMOTOPY FUNCTION COMPLEXES 

THEOREM 17.4.8. If M is a model category and X and Y are objects of M, 
then a change of homotopy function complex map (see Definition 17.4.1) is a weak 
equivalence of fibrant simplicial sets. 

Proor. This follows from Proposition 17.1.6, Proposition 17.2.6, Proposi- 
tion 17.3.4, and Proposition 17.4.6. O 

DEFINITION 17.4.9. If M is a model category and X and Y are objects of M, 
then the category of homotopy function complezes from X to Y is the category 
HFC(X,Y) whose objects are homotopy function complexes from X to Y and 
whose maps are change of homotopy function complex maps. 

PROPOSITION 17.4.10. If M is a model category and X and Y are objects of 
M, then the category HFC(X,Y) (see Definition 17.4.9) can be identified with a 
subcategory of ((cc«X,cs.¥) | (M4) x M*"") (see Notation 16.1.1 and Defini- 
tion 11.8.3). 

ProoFr. This follows from Proposition 17.1.8, Proposition 17.2.8, and Propo- 
sition 17.3.6. O 

DEFINITION 17.4.11. Let M be a model category and let X and Y be objects 
of M. We will call an object (X,Y) of (M“)°? x M*? 

(1) a left resolving pair if X is a cosimplicial resolution (see Definition 16.1.26) 
and Y is isomorphic to cs, Y (see Notation 16.1.1) for some fibrant object 
Y of M, 

(2) a right resolving pair if X is isomorphic to cc,X (see Notation 16.1.1) 
for some cofibrant object X of M and Y is a simplicial resolution (see 
Definition 16.1.26), or 

(3) a two-sided resolving pair if X is a cosimplicial resolution and Y is a 
simplicial resolution (see Definition 16.1.26). 

An object (X,Y) of (M4)°? x M*”* will be called a resolving pair if it is either a 
left resolving pair, a right resolving pair, or a two-sided resolving pair. 

REMARK 17.4.12. The conditions of Definition 17.4.11 are not mutually ex- 
clusive. For example, in the category of simplicial simplicial sets, the constant 
simplicial object at the one point simplicial set is both a simplicial resolution and 
a constant simplicial object at a fibrant simplicial set. 

THEOREM 17.4.13. If M is a model category and X and Y are objects of M, 
then the classifying space BHFC(X,Y) of homotopy function complexes from X 
to Y (see Definition 17.4.9) is contractible (see Definition 14.3.1). 

Proor. We view HFC(X,Y’) as a subcategory of the undercategory 

((cc. X, c5e¥) | (M4)? x MA?) 

(see Remark 17.1.2, Remark 17.2.2, and Definition 17.3.1), and we let W be the 
class of maps h = (f°?,g) in (M“)°P x M*” such that 

(1) both f and g are degreewise weak equivalences and 
(2) the codomain of fh is a resolving pair (see Definition 17.4.11). 

The result now follows from Theorem 14.5.6 and Proposition 8.1.17. im 
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THEOREM 17.4.14. Let M be a model category. If X and Y are objects of 
M, then any two homotopy function complexes from X to Y are connected by an 
essentially unique (see Definition 14.4.2) zig-zag of change of homotopy function 
complex maps. 

Proor. This follows from Theorem 14.4.5 and Theorem 17.4.13. | 

17.4.15. Quillen functors and homotopy function complexes. 

PROPOSITION 17.4.16. Let M and N be small categories, let F: M @N:U be 
a Quillen pair (see Definition 8.5.2), let X be a cofibrant object of M and let Y be 
a fibrant object of N. 

(1) If X isa cosimplicial resolution of X then FX isa cosimplicial resolution 
of FX and the adjointness isomorphism defines a natural isomorphism of 
left homotopy function complexes N(F X,Y) =~ M(X, UY). 

(2) If ¥ is a simplicial resolution of Y then UY is a simplicial resolution of 
UY and the adjointness isomorphism defines a natural isomorphism of 
right homotopy function complexes N(FX, Y) = M(X, UY). 

(3) IfX isa cosimplicial resolution of X and ¥ is a simplicial resolution of Y,, 
then the adjointness isomorphism defines a natural isomorphism of two- 
sided homotopy function complexes diag N(F_X, Y) os diag M(X, UY). 

ProoF. This follows from Proposition 16.2.1. O 

17.5. Functorial homotopy function complexes 

17.5.1. Functorial left homotopy function complexes. 

DEFINITION 17.5.2. If M is a model category and K is a subcategory of M°? xM, 
then a functorial left homotopy function complez on K is a pair (F, ¢) where F is a 
functor F: K > (M4)°PxM*" and ¢ is a natural transformation ¢: (cc,X,cs.¥) > 
F(X,Y) (see Remark 17.1.2) such that 

(1) (X,Y) is a left homotopy function complex from X to Y for every object 
(X,Y) of K (see Proposition 17.1.8) and 

(2) F takes maps of K into compositions of maps of left homotopy function 
complexes. 

DEFINITION 17.5.3. Let M be a model category and let K be a subcategory 
of M°P x M. If (F, ¢) and (F’, ¢’) are functorial left homotopy function complexes 
on K, then a change of functorial left homotopy function compler map from (F, ¢) 
to (F’, ¢’) is a natural transformation g: F — F’ such that g(X,Y): F(X,Y) - 
¥’(X, Y) is a change of left homotopy function complex map for every object (X,Y) 
of K. 

PROPOSITION 17.5.4. If M is a model category, then there exists a functorial 
left homotopy function complex defined on all of M°P x M. 

PROOF. This follows from Proposition 16.1.9 and Proposition 8.1.17. O 

DEFINITION 17.5.5. If M is a model category and K is a subcategory of M°P xM, 
then a category of functorial left homotopy function complexes on K is a category 
of functors from K to (M“)°P x M4“? under the “constant object” functor (that 
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takes (X,Y) to (cc. X,cs,¥)) with respect to those maps in (M4)°? x M4” that 
are componentwise Reedy weak equivalences with codomain a left resolving pair 
(see Definition 17.4.11). 

THEOREM 17.5.6. If M is a model category and K is a subcategory of M°? x M, 
then for every small category D of functorial left homotopy function complexes on 
K there is a small category D’ of functorial left homotopy function complexes on 
K such that D C D’ and BD’ is contractible. 

PROOF. This follows from Theorem 14.5.4, Proposition 16.1.9, and Proposi- 
tion 8.1.17. C) 

THEOREM 17.5.7. If M is a model category, K is a subcategory of M°P x M, 
and (F,@) and (F’, ¢’) are functorial left homotopy function complexes on K, then 
there is an essentially unique zig-zag (see Definition 14.4.2) of change of functorial 
left homotopy function complex maps from (F, ¢) to (F’, ¢’). 

PROOF. This follows from Proposition 14.5.7 and Theorem 17.5.6. O 

17.5.8. Functorial right homotopy function complexes. 

DEFINITION 17.5.9. If M isa model category and K is a subcategory of M°?xM, 
then a functorial right homotopy function complez on a subcategory K of M°? x M 
is a pair (F,@) where F is a functor F: K — (M4)? x M*” and ¢ is a natural 
transformation @: (cc,X,cs.¥) — F(X,Y) such that 

(1) ¢(X,Y) is a right homotopy function complex from X to Y for every 
object (X,¥) of K (see Proposition 17.2.8) and 

(2) F takes maps of K into compositions of maps of right homotopy function 
complexes. 

DEFINITION 17.5.10. Let M be a model category and let K be a subcategory 
of M°P x M. If (F, ¢) and (F’, ¢’) are functorial right homotopy function complexes 
on K, then a change of functorial right homotopy function complex map from (F, ¢) 
to (F’, ¢’) is a natural transformation g: F — F’ such that 9(X,Y): F(X,Y) - 
F’(X,Y) is a change of right homotopy function complex map for every object 
(X,Y) of K. 

PROPOSITION 17.5.11. If M is a model category, then there exists a functorial 
right homotopy function complex defined on all of M°P x M. 

PROOF. This follows from Proposition 16.1.9 and Proposition 8.1.17. 0 

DEFINITION 17.5.12. If M is a model category and K is a subcategory of M°P x 
M, then a category of functorial right homotopy function complezes on K is a 
category of functors from K to (M4)°? x M*" under the “constant object” functor 
(that takes (X,Y) to (cc,X,cs.¥)) with respect to those maps in (M“)oP x M4" 
that are componentwise Reedy weak equivalences with codomain a right resolving 
pair (see Definition 17.4.11). 

THEOREM 17.5.13. IfM is a model category and K is a subcategory of M°? xM, 
then for every small category D of functorial right homotopy function complexes 
on K there is a small category D’ of functorial right homotopy function complexes 
on K such that D C D’ and BD’ is contractible. 
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Proor. This follows from Theorem 14.5.4, Proposition 16.1.9, and Proposi- 
tion 8.1.17. oO 

THEOREM 17.5.14. If M is a model category, K is a subcategory of M°P x M, 
and (F, #) and (F’, ¢’) are functorial right homotopy function complexes on K, then 
there is an essentially unique zig-zag (see Definition 14.4.2) of change of functorial 
right homotopy function complex maps from (F, ¢) to (F’, ¢’). 

ProoFr. This follows from Proposition 14.5.7 and Theorem 17.5.13. O 

17.5.15. Functorial two-sided homotopy function complexes. 

DEFINITION 17.5.16. If M is a model category and K is asubcategory of M°P x 
M, then a functorial two-sided homotopy function complez on a subcategory K of 
MP x M is a pair (F, #) where F is a functor F: K — (M*)°P x M4" and ¢ is a 
natural transformation ¢: (cc,X,cs,Y) — F(X,Y) such that 

(1) $(X,Y) is a two-sided homotopy function complex from X to Y for every 
object (X,Y) of K (see Proposition 17.3.6) and 

(2) F takes maps of K into compositions of maps of two-sided homotopy 
function complexes. 

DEFINITION 17.5.17. Let M be a model category and let K be a subcategory 
of M°? x M. If (F,@) and (F’,¢’) are functorial two-sided homotopy function 
complexes on K, then a change of functorial two-sided homotopy function com- 
plez map from (F,¢) to (F’,¢’) is a natural transformation g: F — F’ such that 
g(X,¥): F(X, Y) > F’(X,Y) is a change of two-sided homotopy function complex 
map for every object (X,Y) of K. 

PROPOSITION 17.5.18. If M is a model category, then there exists a functorial 
two-sided homotopy function complex defined on all of M°P x M. 

Proor. This follows from Proposition 16.1.9. O 

DEFINITION 17.5.19. If M is a model category and K is a subcategory of M°?P x 
M, then a category of functorial two-sided homotopy function complexes on XK is 
a category of functors from K to (M4)? x M*” under the “constant object” 
functor (that takes (X,Y) to (cc.X,cs,Y)) with respect to those maps in (M“)°P x 
M4” that are componentwise Reedy weak equivalences with codomain a two-sided 
resolving pair (see Definition 17.4.11). 

THEOREM 17.5.20. If M is a model category and K is a subcategory of M°? x 
M, then for every small category D of functorial two-sided homotopy function 
complexes on K there is a small category D’ of functorial two-sided homotopy 
function complexes on K such that D C D’ and BD’ is contractible. 

ProoFr. This follows from Theorem 14.5.4 and Proposition 16.1.9. O 

THEOREM 17.5.21. If M is a model category, K is a subcategory of M°P x M, 
and (F,¢) and (F’,¢’) are functorial two-sided homotopy function complexes on 
K, then there is-an essentially unique zig-zag (see Definition 14.4.2) of change of 
functorial two-sided homotopy function complex maps from (F, ¢) to (F’, ¢’). 

Proor. This follows from Proposition 14.5.7 and Theorem 17.5.20. O 
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17.5.22. Functorial homotopy function complexes. 

DEFINITION 17.5.23. If M is a model category and XK is a subcategory of M°P x 
M, then a functorial homotopy function complex on a subcategory K of M°P x M 
is either 

e a functorial left homotopy function complex on XK, 
e a functorial right homotopy function complex on XK, or 
e a functorial two-sided homotopy function complex on XK. 

PROPOSITION 17.5.24. Let M be a model category and let K be a subcategory 
of M°? x M. If (F,@) is a functorial two-sided homotopy function complex on K 
(see Definition 17.5.16) such that F(X, Y) = (F(X,Y), F(X, Y)) for every object 
(X,Y) of K, then 

(1) there is a functorial left homotopy function complex (F, Fo) obtained by 
replacing the functorial simplicial resolution F with the functorial fibrant 
approximation Fo, and 

(2) there is a functorial right homotopy function complex (F°, F) obtained 
by replacing the functorial cosimplicial resolution F with the functorial 
cofibrant approximation F°. 

PROOF. This follows from Proposition 17.4.4. a 

DEFINITION 17.5.25. Let M be a model category, let K be a subcategory of 
MP x M, and let F = (F, F, diag M(F, F)) be a functorial two-sided homotopy 
function complex on XK. 

(1) We will let 

LTS(F): (F, cs, Fo, diag M(F, cs. Fo)) > (F, F, diag M(F, F)) 

denote the natural map defined by the identity of F and the natural trans- 
formation cs. Fo ~ F, and we will call such a map a functorial left to two- 
sided change of homotopy function compler map. We will commonly refer 
to the natural map of simplicial sets diag M(F, cs, Fo) ~ diag M(F, F) 
as though it were the functorial left to two-sided change of homotopy 
function complex map. 
We will let 

RTS(F): (cc. F°, F, diag M(cc.F°, F)) > (F, F, diag M(F, F)) 

(2 

—
 

denote the natural map defined by the natural transformation F + cc, F° 
and the identity of F, and we will call such a map a functorial right to two- 
sided change of homotopy function complex map. We will commonly refer 
to the natural map of simplicial sets diag M(cs,F°, F) + diag M(F, F) as 
though it wee the functorial left to two-sided change of homotopy function 
complex map. 

DEFINITION 17.5.26. If M is a model category and K is a subcategory of M°P x 
M, then a functorial change of homotopy function compler map on XK is a finite 
composition of 

(1) functorial change of left homotopy function complex maps (see Defini- 
tion 17.5.3), 
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(2) functorial change of right homotopy function complex maps (see Defini- 
tion 17.5.10), 

(3) functorial change of two-sided homotopy function complex maps (see Def- 
inition 17.5.17), 

(4) functorial left to two-sided change of homotopy function complex maps 
(see Definition 17.5.25), and 

(5) functorial right to two-sided change of homotopy function complex maps 
(see Definition 17.5.25). 

We will commonly refer to the natural map of simplicial sets that is a part of 
the change of functorial homotopy function complex map as though it were the 
functorial change of homotopy function complex map. 

DEFINITION 17.5.27. If M is a model category and K is a subcategory of M°P x 
M, then a category of functorial homotopy function compleres on K is a category 
of functors from K to (M4)? x M*” under the “constant object” functor (that 
takes (X,Y) to (cc, X,cs,Y)) with respect to those maps in (M*)°? x M4" that 
are componentwise Reedy weak equivalences with codomain a resolving pair (see 
Definition 17.4.11). 

THEOREM 17.5.28. If M is a model category and K is a subcategory of M°? x M, 
then for every small category D of functorial homotopy function complexes on K 
there is a small category D’ of functorial homotopy function complexes on K such 
that D C D’ and BD’ is contractible. 

PROOF. This follows from Theorem 14.5.4 and Proposition 16.1.9. O 

THEOREM 17.5.29. If M is a model category, K is a subcategory of M°P x M, 
and (F,¢) and (F’,¢’) are functorial homotopy function complexes on K, then 
there is an essentially unique zig-zag (see Definition 14.4.2) of change of functorial 
homotopy function complex maps from (F,¢) to (F’, ¢’). 

PROOF. This follows from Proposition 14.5.7 and Theorem 17.5.28. C) 

THEOREM 17.5.30. Let M be a model category and let K be a subcategory of 
MP x M. 

(1) For every ordered pair of functorial left homotopy function complexes 
map,(X,¥) and map,(X,Y) defined on K there is a homotopy equiv- 
alence h, 2: map,(X,Y) — map,{X,Y), defined up to homotopy and 
natural up to homotopy, such that if map3(X,Y) is a third one and 
hy 3: map,(X,¥) > map3(X,Y) and ho3: map,(X,Y) > map3(X,Y) 
are the corresponding homotopy equivalences, then h23h,,2 ~ hy, 3. 

(2) For every ordered pair of functorial right homotopy function complexes 
map,(X,Y) and map,(X,Y) defined on K there is a homotopy equiv- 
alence hy 2: map,(X,Y) ~ map,(X,Y), defined up to homotopy and 
natural up to homotopy, such that if map3(X,Y) is a third one and 
hy3: map,(X,Y) — map3(X,Y) and ho3: map,(X,Y) — map3(X,Y) 
are the corresponding homotopy equivalences, then ha,3h,,2 ~ hy, 3. 
For every ordered pair of functorial two-sided homotopy function com- 
plexes map,(X,¥) and map,{(X,Y) defined on K there is a homotopy 
equivalence hy,2: map,(X,Y) — map,(X,Y), defined up to homotopy 
and natural up to homotopy, such that if map3(X,Y) is a third one and 

—
 

w
 

—
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hig: map,(X,Y) — map,(X,Y) and ho3: map.(X,Y) — map,(X,Y) 
are the corresponding homotopy equivalences, then h2,3h\,2 ~ hy13. 

(4) For every ordered pair of functorial homotopy function complexes (see 
Definition 17.4.1) map,(X,¥) and map,(X,Y) defined on K there is a 
homotopy equivalence h,,.: map,(X,Y) — map.(X,Y), defined up to 
homotopy and natural up to homotopy, such that if map3;(X,Y) is a 
third one and hy,3: map,(X,Y) —- map,(X,Y) and hoa3: map.(X,Y) > 
map3(X, Y) are the corresponding homotopy equivalences, then he,3h1,2 ~ 
hy 3. 

PrRooF. This follows from Proposition 14.4.11 and Theorem 17.5.29. OC 

THEOREM 17.5.31. Let M be a model category. 

(1) If B is an object of M and g: X — Y is a map for which there is some 
map of homotopy function complexes g,: map(B,X)— map(B,Y) (see 
Notation 17.4.2) induced by g that is a weak equivalence, then every such 
map of homotopy function complexes induced by g is a weak equivalence. 

(2) If X is an object of M and f: A — B is a map for which there is some map 
of homotopy function complexes (see Definition 17.6.2) f*: map(B, X) — 
map(A, X) (see Notation 17.4.2) induced by f that is a weak equivalence, 
then every such map of homotopy function complexes induced by f is a 
weak equivalence. 

Proor. This follows from Theorem 17.5.30, Proposition 7.7.6, and the “two 
out of three” axiom (see Definition 7.1.3). QO 

17.6. Homotopic maps of homotopy function complexes 

17.6.1. Induced maps of homotopy function complexes. 

DEFINITION 17.6.2. Let M be a model category, let W, X, Y, and Z be objects 
of M, and let g: X — Y be a map. 

(1) A map of left homotopy function complezes induced by g will mean either 
(a) the map 9.4: M(W,X) — M(W,Y) where W is a cosimplicial res- 

olution of W and 9: X — Y is a fibrant approximation to g (see 
Definition 8.1.22), or 

(b) the map g*: M(Y,Z) + M(X, Z) where §: X = ¥ is a cosimplicial 
resolution of g (see Definition 16.1.20), and Z is a fibrant approxi- 
mation to Z. ‘ 

(2) A map of right homotopy function compleres induced by g will mean either 

(a) the map §.: M(W, X) > (W,Y) where W is a cofibrant approx- 
imation to W and @: X -Yisa simplicial resolution of g, or 

(b) the map g*: M(Y, Z) = M(X, Z) where @ is a cofibrant approxima- 
tion to g (see Definition 8.1.22) and Z is a simplicial resolution of 
Z. 

(3) A map of two-sided homotopy function complexes induced by g will mean 
either 
(a) the map diag §.: diag M(W,_X) = diag M(W, Y) where W is a 

cosimplicial resolution of W and @: X-Yisa simplicial resolution 
of g, or 
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(b) the map diag g*: diag M(Y,Z) — diag M(X, Z) where 9: X > Y 
is a cosimplicial resolution of g and Z isa simplicial resolution of Z. 

(4) A map of homotopy function compleres induced by g will mean either a 
map of left homotopy function complexes induced by g, a map of right ho- 
motopy function complexes induced by g, or a map of two-sided homotopy 
function complexes induced by g. 

THEOREM 17.6.3. Let M be a model category and let W, X, Y, and Z be 
objects in M. If g: X — Y is a weak equivalence, then 

(1) any map of homotopy function complexes g,: map(W, X) — map(W,Y) 
induced by g (see Notation 17.4.2 and Definition 17.6.2) is a weak equiv- 
alence of fibrant simplicial sets, and 

(2) any map of homotopy function complexes g*: map(Y,Z) — map(X, Z) 
induced by g is a weak equivalence of fibrant simplicial sets. 

PROOF. This follows from Corollary 16.5.5, Corollary 16.5.21, and Proposi- 
tion 16.1.24. O 

17.6.4. Homotopic maps of homotopy function complexes. The main 
result of this section is Theorem 17.6.7, which implies that if © is a model category 
and if f and g are maps in M that are either left homotopic or right homotopic, 
then any maps of homotopy function complexes induced by f and g are homotopic 
maps of fibrant simplicial sets. 

LEMMA 17.6.5. If M is a model category and f,g: X — Y are left homotopic, 
right homotopic, or homotopic, then both the induced maps of constant cosimpli- 
cial objects cc, f,cc.g: cc.X —> cc, Y and the induced maps of constant simplicial 
objects cs, f,cs.g: cs, X — cs.Y are, respectively, left homotopic, right homotopic, 
or homotopic. 

ProoF. The constant cosimplicial and constant simplicial objects obtained 
from either a cylinder object for X or a path object for Y satisfy the conditions of 
Proposition 7.3.5. C] 

PROPOSITION 17.6.6. Let M be a model category. 

(1) (a) If B is a cosimplicial resolution in M and f,g: X ~ Y are left 
homotopic, right homotopic, or homotopic maps of fibrant objects 
in M, then the induced maps of left homotopy function complexes 
fas a: M(B, X) > M(B, Y) are homotopic. 

(b) If IE A — B are left homotopic, right homotopic, or homotopic 
maps of cosimplicial resolutions in M and X is a fibrant object 
of M, then the induced maps of left homotopy function complexes 
fg: M(B, X) ~ M(A, X) are homotopic. 

(2) (a) If B is a cofibrant object of M and f,§: X = ¥ are left homo- 
topic, right homotopic, or homotopic maps of simplicial resolutions 
in M, then the induced maps of right homotopy function complexes 
fide: M(B, X) > M(B,Y) are homotopic. 

(b) If f,g: A > B are left homotopic, right homotopic, or homotopic 
maps of cofibrant objects in M and X isa simplicial resolution in 
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M, then the induced maps of right homotopy function complexes 
fg g*: M(B, X) => M(A, X) are homotopic. 

(3) (a) IfB is a cosimplicial resolution in M and f,g: X — ¥ are left homo- 
topic, right homotopic, or homotopic maps of simplicial resolutions in 
M, then the induced maps of two-sided homotopy function complexes 
diag f,, diag 9.: diag M(B, X) — diag M(B, Y) are homotopic. 

(b) If f,g: A — B are left homotopic, right homotopic, or homotopic 
maps of cosimplicial resolutions in M and X isa simplicial resolu- 
tion in M, then the induced maps of two-sided homotopy function 
complexes diag f*, diag 9*: diag M(B, X) — diag M(A, X) are ho- 
motopic. 

PROOF. We will prove part l(a); the proofs of the other parts are similar. 

If f and @ are left homotopic, then Proposition 7.3.4 implies that there is a 
cylinder object X U X 3 Cyl(X) ?,X for X such that p is a trivial fibration and 
a left homotopy H: Cyl(X) — ¥ from f to g. Corollary 16.5.4 implies that the 
map M(B, Cyl(X)) — M(B,X) is a weak equivalence, and so Proposition 7.3.5 
implies that f, and gs are left homotopic. Proposition 17.1.3 and Theorem 7.4.9 
now imply that f, and 9, are homotopic. 

If f and @ are right homotopic and if Y= Path(Y) 3>YxVYisa path object 
for Y and H: X > Path(Y) is a right homotopy from f to g, then Corollary 16.5.5 
implies that the map M(B,Y) > M(B, Path(¥)) is a weak equivalence. Thus, 
Proposition 7.3.5 implies that f, and g. are right homotopic. Proposition 17.1.3 
and Theorem 7.4.9 now imply that f, and g. are homotopic. O 

THEOREM 17.6.7. Let M be a model category, and let W, X, Y, and Z be 
objects in M. 

(1) If f,g: X — Y are left homotopic, right homotopic, or homotopic, and 
if f.,ge: map(W, X) — map(W,Y) (see Notation 17.4.2) are maps of 
homotopy function complexes induced by, respectively, f and g, then f, 
and gx are homotopic maps of fibrant simplicial sets. 

(2) If f,g: X — Y are left homotopic, right homotopic, or homotopic, and 
if f*,g*: map(Z,W) — map(Z,W) (see Notation 17.4.2) are maps of 
homotopy function complexes induced by, respectively, f and g, then f* 
and gTM* are homotopic maps of fibrant simplicial sets. 

PRoor. We will prove part 1 in the case in which f, and g, are maps of left 
homotopy function complexes; the proofs in the other cases (and of part 2) are 
similar. __ 7 

Let W be a cosimplicial resolution of W and let f,g: X — Y be fibrant approx- 
imations to, respec f and_g, such that the maps f, and g, are, respectively, 
the maps f.: M(W, X) > M(W, Y) and §.: M(W, X) > mW, Y). if we factor 
the weak equivalences X > XandY +¥Y as, respectively, X > X' 2%, ¥ and 
yY Sy POP such that ix and ty are trivial cofibrations and px and py are 
fibrations, then the “two out of three” axiom implies that py and py are trivial 
fibrations. 
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The dotted arrow exists in the solid arrow diagram 

xo y—4 p 

[ * | x PY 

X' GI XY 

and a similar diagram implies that the corresponding map 9’: X’ + Y’ exists. 
Thus, f’ and @’ are cofibrant fibrant approximations to, respectively, f and g, and 
we have the diagram 

f' 

xX’ —} y’ 

g rx| |» 
“~~ fy, ~ 
XY 

g 

in which py f’ = fox and py g’ = gpx. Lemma 17.6.5 and Proposition 8.2.4 imply 
that if f and g are left homotopic, right homotopic, or homotopic, then fl and g’ 
are, respectively, left homotopic, right homotopic, or homotopic. In any of these 
cases, Proposition 17.6.6 implies that the maps f’: M(W, X') > M(W, Y’) and 
gi: MW, X’) > M(W, Y’) are homotopic. Since px and py are weak equivalences 
of fibrant objects, Corollary 16.5.5 implies that the maps M(W, X’) > M(W, X) 
and M(W, Y’) — M(W,Y) are homotopy equivalences of fibrant simplicial sets, 
and this implies that f,: M(W,X) > M(W, Y) and 9.: M(W,X) > M(W,Y) 
are homotopic. The result now follows from Proposition 17.4.3. O 

17.7. Homotopy classes of maps 

PROPOSITION 17.7.1. Let M be a model category. 

(1) If B isa cosimplicial resolution in M and X is a fibrant object of M, then 
the set ToM(B, X) is naturally isomorphic to the set of homotopy classes 
of maps from B° to X. 

(2) If B is a cofibrant object of M and X isa simplicial resolution in M, then 
the set To M(B, X) is naturally isomorphic to the set of homotopy classes 
of maps from B to Xo. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
The set of vertices of M(B, X) is the set of maps from B® to X and Prop- 

osition 16.1.6 implies that if two vertices of M(B, X) represent the same element 
of ToM(B, X) then those vertices (i.e., maps from Bo to X) are homotopic. Fi- 
nally, if two maps from B® to X are homotopic, then Proposition 7.4.7 and Prop- 
osition 16.1.6 imply that there is a 1-simplex of M(B, X) whose faces are those 
maps. O 

THEOREM 17.7.2. Let M be a model category. If X and Y are objects of M 
and map(X,Y) is a homotopy function complex from X to Y, then mo map(X, Y) 
is naturally isomorphic to the set of maps from X to Y in HoM. 
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PROOF. This follows from Proposition 17.7.1 and Proposition 16.1.5. Oo 

LEMMA 17.7.3. Let M be a model category. 

(1) If B is a cosimplicial resolution in M and p: X — Y is a map of fi- 
brant objects in M that induces a weak equivalence of simplicial sets 
De: M(B, X) = M(B,Y), then p induces an isomorphism of the sets of 
homotopy classes of maps p.: t(B°, X) = 1(B°,Y). 

(2) If X is a simplicial resolution in M and i: A > B is a map of cofi- 
brant objects in M that induces a weak equivalence of simplicial sets 

*: M(B, X) = M(A,X), then 7 induces an isomorphism of the sets of 
homotopy classes of maps 1*: m(B, Xo) pe (A, Xo). 

PROOF. This follows from Proposition 17.7.1. O 

PROPOSITION 17.7.4. Let M be a model category. 

(1) If B is cofibrant and p: X — Y is a map of fibrant objects that induces 
a weak equivalence of homotopy function complexes p,: map(B, X) — 
map(B,Y) (see Notation 17.4.2), then p induces an isomorphism of the 
sets of homotopy classes of maps p,: 7(B, X) = 7(B,Y). 

(2) If X is fibrant andi: A — B is a map of cofibrant objects that induces 
a weak equivalence of homotopy function complexes i*: map(B,X) — 
map(A,X) (see Notation 17.4.2), then i induces an isomorphism of the 
sets of homotopy classes of maps i*: m(B, X) = 1(A, X). 

PROOF. We will prove part 1; the proof of part 2 is dual. 
If Bisa cosimplicial resolution of B, then p induces a weak equivalence 

De: M(B, X) — M(B,Y) (see Theorem 17.5.31), and so Lemma 17.7.3 implies 
that p induces an isomorphism p, : (B®, xX) 7(B°, Y). Since B® — Bis a weak 
equivalence of cofibrant objects, the result now follows from Corollary 7.7.4. O 

COROLLARY 17.7.5. Let M be a model category. 

(1) If B is cofibrant and p: X — Y is a fibration of fibrant objects for which 
the induced map of homotopy function complexes ps: map(B,X) — 
map(B,Y) is a weak equivalence, then for every map f: B — Y there 
is a map g: B~— X, unique up to homotopy, such that pg = f. 

(2) If X is fibrant and i: A — B is a cofibration of cofibrant objects for 
which the induced map of homotopy function complexesi*: map(B, X) — 
map(A, X) is a weak equivalence, then for every map f: A > X there is 
a map g: B — X, unique up to homotopy, such that gi = f. 

PROOF. This follows from Proposition 17.7.4, Proposition 7.3.13, and Theo- 
rem 7.4.9. O 

PROPOSITION 17.7.6. If M is a model category, then a map g: X ~ Y isa 
weak equivalence if either of the following two conditions is satisfied: 

(1) The map g induces weak equivalences of homotopy function complexes 

gs: map(X,X)=map(X,Y) and g,: map(Y,X) = map(Y,Y) 

(see Notation 17.4.2). 
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(2) The map g induces weak equivalences of homotopy function complexes 

g’: map(Y,X) =map(X,X) and g*: map(Y,Y) = map(x,Y) 

(see Notation 17.4.2). 

PROOF. We will prove this using condition 1; the proof using condition 2 is 
dual. - 

Ifg: X — Y is acofibrant approximation to g, then Theorem 17.6.3 implies that 
g induces weak equivalences of homotopy function complexes 5 Gs: map(X,X) = 
map(X,¥) and g.: map(Y,X) ~ map(¥,Y). If 9: X — Y is a cofibrant fi- 
brant approximation to g, then g is a map of cofibrant-fibrant objects, and The- 
orem 17.6.3 implies that g induces weak equivalences of homotopy function com- 
plexes 9.: map(X,X) = map(X,Y) and 9: map(Y,X) = map(Y, Y). Prop- 
osition 17.7.4 now implies that g induces isomorphisms of the sets of homotopy 
classes of maps g.: (X,X) = 1(X, Y) and 9.: 7(Y, X) # 2(¥,¥), and so Propo- 
sition 7.5.12 implies that, 9 is a homotopy equivalence. Thus, g is a weak equivalence 
(see Theorem 7.8.5), and so g is a weak equivalence, and so g is a weak equiva- 
lence. O 

THEOREM 17.7.7. IfM is a model category and g: X — Y isa map inM, then 
the following are equivalent: 

(1) The map g is a weak equivalence. 
(2) For every object W in M the map g induces a weak equivalence of homo- 

topy function complexes g.: map(W,X) = map(W,Y). 
(3) For every cofibrant object W in M the map g induces a weak equivalence 

of homotopy function complexes g,: map(W, X) = map(W,Y). 
(4) For every object Z in M the map g induces a weak equivalence of homotopy 

function complexes g*: map(Y, Z) = map(X, Z). 
(5) For every fibrant object Z in M the map g induces a weak equivalence of 

homotopy function complexes g*: map(Y,Z) = map(X, Z). 

Proor. This follows from Theorem 17.6.3, Proposition 17.7.6, and Proposi- 
tion 8.1.17. O 

17.8. Homotopy orthogonal maps 

If M is a simplicial model category and if7: A — B and p: X — Y are maps 
in M such that either 

(1) 7 is a trivial cofibration and p is a fibration, or 
(2) 2 is a cofibration and p is a trivial fibration, 

then the map of function complexes Map(B, X) — Map(A, X) xmapca,y) Map(B, Y) 
is a trivial fibration (see Definition 9.1.6). If at least one of A and B is cofibrant then 

at least one of the maps Map(A, X) — Map(A,Y) and Map(B, Y) — Map(A,Y) is 
a fibration, and so the pullback Map(A, X) xmapca,y) Map(B, Y) is weakly equiva- 
lent to the homotopy pullback (see Corollary 13.3.8 and Theorem 13.1.13). If both 
A and 8 are cofibrant and both X and Y are fibrant, then these function complexes 
are homotopy function complexes (see Example 17.1.4 and Example 17.2.4), and 
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in this case the “orthogonality” condition is equivalent to saying that the square 

Map(B, X) —— Map(B,Y) 

| | 
Map(A, X) ——> Map(A, Y) 

is a homotopy fiber square (see Definition 13.3.12). 

DEFINITION 17.8.1. If M is a model category andi: A— Bandp: X — Y 
are maps in M, then we will say that 

(1) (i,p) is a homotopy orthogonal pair, 
(2) 4 ts left homotopy orthogonal to p, and 
(3) p is right homotopy orthogonal to i 

if there is a homotopy function complex map(—, —) on M (see Notation 17.4.2) such 
that the square 

map(B,X) —— map(B,Y) 

| | 
map(A, X) ——> map({A,Y) 

is a homotopy fiber square (see Definition 13.3.12). (We will show in Proposi- 
tion 17.8.2 that if this is true for any one homotopy function complex, then it is 
true for every homotopy function complex.) 

PROPOSITION 17.8.2. Let M be a model category, andleti: A— Bandp: X — 
Y be maps in M. If there is some homotopy function complex map(—,—) (see 
Notation 17.4.2) such that the square 

(17.8.3) map(B,X) ——> map(B,Y) 

| | 
map(A, X) ——> map(A, Y) 

is a homotopy fiber square of simplicial sets (see Definition 13.3.12), then Dia- 
gram 17.8.3 for any other homotopy function complex is also a homotopy fiber 
square. 

PRooF. If map,(—,—) and map,(—,—) are homotopy function complexes on 
M, then Theorem 17.5.30 implies that there is a homotopy equivalence map, {(--, -) = 
map,(—-,—) that is natural up to homotopy. If we can alter these homotopy equiva- 
lences by homotopies to get maps from Diagram 17.8.3 for map, to Diagram 17.8.3 
for map, that commute on the nose, then the result will follow from Proposi- 
tion 13.3.13. If the maps map,(A, X) — map.(A,Y), mapo(B,Y) — map,(A,Y), 
and map2(B, X) — map2(A, X) Xmap,(4,Y) Mapo(B, Y) are fibrations, then we can 
use the homotopy lifting property (see Proposition 7.3.11) to alter the homotopy 
equivalences from map, to mapg in our diagrams by homotopies so that we do get 
a map of diagrams. Thus, it is sufficient to show that for any homotopy function 
complex, Diagram 17.8.3 maps to one with fibrations as described. We will do this 
for left homotopy function complexes; the proofs for right and two-sided homotopy 
function complexes are similar. 
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If map is a left homotopy function complex defined by the cosimplicial resolu- 
tion 7: A > B to i and the fibrant approximation p: xX — ¥ top, ‘then we can 
factor 7 into a cofibration followed by a trivial fibration A> B’ — B and factor 
p into a trivial cofibration followed by a fibration X > X’ 4 Y. This yields a 
diagram 

in which all four maps from the back square to the front square are weak equiva- 
lences (see Corollary 16.5.5), and Corollary 16.5.4 and Theorem 16.5.2 imply that 
the front square has the fibrations required. O 

THEOREM 17.8.4. Let M be a model category. Ifi: A— B and p: X — Y are 
maps in M, then the following are equivalent: 

(1) (%,p) is a homotopy orthogonal pair. 
(2) For some cosimplicial resolution t: A + B of i such that i is a Reedy 

cofibration and some fibrant approximation p: X =F to p such that p is 
a fibration, the map of simplicial sets 

M(B, X) > M(A,X) Xy4,9) M(B,Y) 

Is a trivial fibration. _ _ 
(3) For every cosimplicial resolution 1: A — B of i such that 7 is a Reedy 

cofibration and every fibrant approximation p: X =¥ to p such that p 
is a fibration, the map of simplicial sets 

M(B, X) > M(A, X) Xqa,9) M(B,Y) 
is a trivial fibration. ee 

(4) For some cofibrant approximationi: A — B toi such that? is acofibration 
and some simplicial resolution p: X — ¥ of p such that p is a Reedy 
fibration, the map of simplicial sets 

M(B, X) > M(A,X) xq a9) M(B, ¥) 
is a trivial fibration. - 

(5) For every cofibrant approximation i: A — B toi such that i is a cofibra- 
tion and every simplicial resolution p: X — Y of p such that p is a Reedy 
fibration, the map of simplicial sets 

M(B, X) > M(A,X) Xyea.¢) M(B, Y) 
is a trivial fibration. 7 7 

(6) For some cosimplicial resolution t: A — B of 7 such that 7 is a Reedy 
cofibration and some simplicial resolution pb: X — Y of p such that p is 
a Reedy fibration, the map of simplicial sets 

diag M(B, X) > diag M(A, X) X diag M(A,Y) diag M(B, Y) 
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is a trivial fibration. _ 7 
(7) For every cosimplicial resolution i: A — B of i such that 7 is a Reedy 

cofibration and every simplicial resolution p: X —¥ of p such that p is 
a Reedy fibration, the map of simplicial sets 

diag M(B, X) — diag M(A, X) Xaing mca.) diag M(B, ¥) 
is a trivial fibration. 

ProoF. This follows from Proposition 17.8.2, Theorem 16.5.2, and Theorem 
16.5.18. oO 

PROPOSITION 17.8.5. Let M be a model category. 

(1) Ift: A— B isamapinTMM and p: X — * is the map to the terminal object 
of M, then (i,p) is a homotopy orthogonal pair if and only if i induces 
a weak equivalence of homotopy function complexes 1*: map(B,X) = 
map(A, X) (see Notation 17.4.2). 

(2) Ifp: X > Y isamapinM andi: 0 —- B is the map from the initial object 
of M, then (i,p) is a homotopy orthogonal pair if and only if p induces 
a weak equivalence of homotopy function complexes p,: map(B,X) = 
map(B,Y) (see Notation 17.4.2). 

PROOF. This follows directly from the definitions. O 

PROPOSITION 17.8.6. Let M be a model category. 

(1) Ifp: X > Y is a map in M and we have a square 

A—> A’ 

B- ZB’ 

in which the horizontal maps are weak equivalences, then (i, p) is a homo- 
topy orthogonal pair if and only if (i’, p) is one. 

(2) Ift: A— B is a map in M and we have a square 

x —> x’ 

{} 
Y—Y’ 

in which the horizontal maps are weak equivalences, then (i, p) is a homo- 
topy orthogonal pair if and only if (i,p’) is one. 

PROOF. This follows from Proposition 13.3.13 and Theorem 17.6.3. 0 

PROPOSITION 17.8.7. Let M be a model category and lett: A — Bandp: X — 
Y be maps in M such that (i, p) is a homotopy orthogonal pair. 

(1) If 1’: A’ = B’ is a retract of i (see Definition 7.1.1), then (i’,p) is a 
homotopy orthogonal pair. 

(2) Ifp’: X’ + Y’ is a retract of p, then (i,p’) is a homotopy orthogonal pair. 
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PROOF. We will prove part 1; the proof of part 2 is dual. 
Let p: X ~Y bea simplicial resolution of p such that p is a Reedy fibration 

(see Proposition 16.1.22). Proposition 8.1.23 implies that there are cofibrant ap- 
proximations 7: A = B toiand 7’: A’ B’ to?’ such that 7 and? are cofibrations 
and 7’ is a retract of 7. The map M(B’, X) M(A’, X) (AF) M(B’, Y) is thus 
a retract of the map M(B, X) = M(A, X) Xu AP) M(B,Y), and so the result 
follows from Theorem 17.8.4. a) 

PROPOSITION 17.8.8. Let M be a model category. Ifi: A— B and p: X —Y 
are maps in M, then the following are equivalent: 

(1) (i,p) is a homotopy orthogonal pair. _ 
(2) For some cosimplicial resolution i: A — B of i such that 7 is a Reedy 

cofibration, some fibrant approximation p: X — Y to p such that p is a 
fibration, and every n > 0, the dotted arrow exists in every solid arrow 
diagram of the form 

x 

Y 

(3) For every cosimplicial resolution 7: A = B of i such that 7 is a Reedy 
cofibration, every fibrant approximation p: X = ¥ to p such that p is a 
fibration, and every n > 0, the dotted arrow exists in every solid arrow 
diagram of the form 

A®Aln] Lagoa B® OAln] —3 

| 
B® Ajnl ? 

A® Al] La goainj B® OAln] — ¥ 

Y Be An] > 

(4) For some cofibrant approximation 7: A — B toi such that i is a cofibra- 
tion, some simplicial resolution p: xX = ¥ to p such that p is a Reedy 
fibration, and every n > 0, the dotted arrow exists in every solid arrow 
diagram of the form 

&————— x40) 

a 
cond vA yaa BPP xc yaya KOON 

o
o

 

(5) For every cofibrant approximation 7: A — B toi such that i is a cofibra- 
tion, every simplicial resolution p: X — Y top such that p is a Reedy 
fibration, and every n > 0, the dotted arrow exists in every solid arrow 
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diagram of the form 

4 ———— an 
1 

e
—

.
 

p— Fon x oata YOAln] 

PROOF. Since a map of simplicial sets is a trivial fibration if and only if it has 
the right lifting property with respect to the map GA[n] — A[n] for every n > 0, 
this follows from Theorem 17.8.4 and Proposition 16.4.5. 

PROPOSITION 17.8.9. Let M be a model category. Ifi: A — B is a cofibra- 
tion between cofibrant objects, p: X — Y is a fibration between fibrant objects, 
and (i,p) is a homotopy orthogonal pair, then (i, p) is a lifting-extension pair (see 
Definition 7.2.1). 

Proor. Proposition 16.6.14 implies that there is a cosimplicial frame 7: A 
B oni such that 7is a Reedy cofibration. Proposition 17.8.8 now implies that A® 
A[0)] > BS A{0| has the left lifting property with respect to p, and Lemma 16.3.6 
implies that A ®@ A{0] + B @ A(0] is isomorphic to the map i. 0 

THEOREM 17.8.10. If M is a model category and g: X — Y is a map in M, 
then the following are equivalent: 

(1) g is a weak equivalence. 
(2) g is right homotopy orthogonal to every map in M. 
(3) For every cofibrant object W of M, g is right homotopy orthogonal to the 

map § + W (where @ is the initial object of M). 
(4) g is left homotopy orthogonal to every map in M. 
(5) For every fibrant object Z of M, g is left homotopy orthogonal to the map 

Z — * (where * is the terminal object of M). 

PROOF. We will prove that conditions 1, 2, and 3 are equivalent. The proof 
that conditions 1, 4, and 5 are equivalent is dual. 

1 implies 2: If 7: A — B is a map in M, choose a cofibrant approximation 
i: A > B toi such that 7 is a cofibration (see Proposition 8.1.23) and 
choose a simplicial resolution g: X — ¥ such that g is a Reedy trivial 
fibration (see Proposition 16.1.22 and Proposition 16.1.24); the result now 
follows from Theorem 16.5.2. 

2 implies 3: This is immediate. 
3 implies 1: This follows from Proposition 17.8.5 and Theorem 17.7.7. 

PROPOSITION 17.8.11. Let M be a model category. 

(1) Ift: A — B is a cofibration between cofibrant objects and p: X — Y is 
a map such that i is left homotopy orthogonal to p, then for every map 
3: A—C such that C is cofibrant the map C — BL 4 C is left homotopy 
orthogonal to p. 

(2) Ifp: X — Y is a fibration between fibrant objects andi: A > B isa 
map such that p is right homotopy orthogonal to i, then for every map 



17.8. HOMOTOPY ORTHOGONAL MAPS 373 

W — Y such that W is fibrant the map W xy X — W is right homotopy 
orthogonal to i. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
If we choose a simplicial resolution p: xX Y of p such that p is a Reedy 

fibration (see Proposition 16.1.22), then Proposition 17.8.8 implies that 2 has the 
left lifting property with respect to the map Ko) VSP) xs sta) XO for 
every n > 0. Since the map C > B Il4 C is also a cofibration between cofibrant 
objects, the result follows from Lemma 7.2.11 and Proposition 17.8.8. O 

COROLLARY 17.8.12. Let M be a model category. 

(1) If X is an object of M andi: A— Bisa cofibration between cofibrant 
objects that induces a weak equivalence of homotopy function complexes 
i*: map(B,X) = map(A, X) (see Notation 17.4.2), then for every map 
A — C such that C is cofibrant the map C > BUC also induces a weak 
equivalence of homotopy function complexes to X. 

(2) If B is an object of M and p: X ~ Y is a fibration between fibrant 
objects that induces a weak equivalence of homotopy function complexes 
p.»: map(B,X) & map(B,Y) (see Notation 17.4.2), then for every map 
W — Y such that W is fibrant the map W xv X — W also induces a 
weak equivalence of homotopy function complexes from B. 

ProoF. This follows from Proposition 17.8.5 and Proposition 17.8.11. O 

PROPOSITION 17.8.13. Let M be a model category. 

(1) Ifi: A- B, j: Bo C, and Dp: X — Y are maps in M such that (i, p) is 
a homotopy orthogonal pair, then (j,p) is 4 homotopy orthogonal pair if 
and only if (ji, p) is one. 

(2) Ifi: A> B,p: X 4Y, andq: Y — Z are maps in M such that (i,q) is 
a homotopy orthogonal pair, then (i,p) is 4 homotopy orthogonal pair if 
and only if (i, gp) is one. 

Proor. This follows from Proposition 13.3.15. CO) 
PROPOSITION 17.8.14. Let M be a model category, and let i: A > B and 

p: X +Y be maps in such that (i, p) is a homotopy orthogonal pair. 

(1) Ift: A— Bisa cosimplicial resolution of 4 such that 2 is a Reedy cofi- 
bration, then for every n > 0 the pushout corner map A®Aln| Taga Aln] 
Be dAln] — B Q A[n] is left homotopy orthogonal to p. 

(2) Ifp: X > ¥ isa simplicial resolution of p such that p is a Reedy fibration, 
then for every n > 0 the pullback corner map X4h) Yt X¥ aatn] 
XA] is right homotopy orthogonal to 7. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
Corollary 16.3.1limplies that for every n > 0 the map on: A®Aln] DA gaatn| 

B @8A{n| > Be A[n] is a cofibration between cofibrant objects. Thus, Proposi- 
tion 17.8.8 implies that if p: X -Yisa simplicial resolution of p such that 7p is 
a Reedy fibration, then it is sufficient to show that On has the left lifting property 
with respect to the map r: Xl] = YS xgoates KOS) for every k > 0. We 
will do this by induction on n. 
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Lemma 16.3.6 and Proposition 17.8.6 imply that for every n > 0 the map 
A® Aln) > B® Aln] is left homotopy orthogonal to p. Since the map do is the 
map A ®@ A[0| > B ® A[0], the induction is begun. 

We now assume that n > 0 and that the result is true for all lesser values of 
n. Lemma 15.3.9 now implies that L,A — L,B has the left lifting property with 
respect to 7; for every k > 0. Proposition 15.3.11 and Corollary 15.3.12 imply that 
L,A > L,B is a cofibration between cofibrant objects and Lemma 16.3.7 implies 
that this map is isomorphic to the map A ® dA[n] > B® dA[n]. Since the map 
A®A[n] > A@A[n] A@0a(n B@OAMn) is the pushout of A@GA[n] > B@AA[n] 
along the map A @ GA[n] > A® Afn], Proposition 17.8.11 implies that it is left 
homotopy orthogonal to p. Since the composition A @ A[n] > A@ Afn} Iz A@AaB [n] 

B @ 8A{n] > B ® A[n] is also left homotopy orthogonal to p, Proposition 17.8.13 
completes the inductive step. i) 

17.8.15. Properness. 

PROPOSITION 17.8.16. Let M be a left proper model category and leti: A— B 
and p: X — Y be maps in M such that (i,p) is a homotopy orthogonal pair (see 
Definition 17.8.1). 

(1) If the diagram 

is a pushout and at least one of i and j is a cofibration, then (k,p) is a 
homotopy orthogonal pair. 

(2) If the diagram | Ww X 

‘| p 
Zz Y 

is a pullback and at least one of p and q is a fibration, then (i,7r) is a 
homotopy orthogonal pair. 

‘ 

Proor. We will prove part 1, the proof of part 2 is dual.. 
Let 7: A > B bea cofibrant approximation to i such that j is a cofibration (see 

Proposition 8.1.23). Proposition 17.8.6 implies that 7 is left homotopy orthogonal 
to p, and Proposition 13.5.6 implies that k has a cofibrant approximation k that is 
a pushout of 7 (which must be a pushout of k along a map to a cofibrant object). 
Thus, Proposition 17.8.11 implies that (k, p) is a homotopy orthogonal pair, and so 
Proposition 17.8.6 implies that (k,p) is a homotopy orthogonal pair. 0 

17.8.17. Cofibrantly generated model categories. 

THEOREM 17.8.18. Let M be a cofibrantly generated model category. If there 
is a set I of generating cofibrations for M such that either 

(1) the domains of the elements of I are cofibrant, or 
(2) M is left proper, 
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then a map g: X — Y in M is a weak equivalence if and only if it is homotopy 
right orthogonal to every element of I. 

PROOF. If g is a weak equivalence, then Theorem 17.8.10 implies that g is 
right homotopy orthogonal to every map in M. Conversely, assume that g is right 
homotopy orthogonal to every element of J. We will show that if W is a cofibrant 
object of M, then g is right homotopy orthogonal to the map 6 — W (where @ is 
the initial object of M); the result will then follow from Theorem 17.8.10. 

Since every cofibrant object of M is a retract of a cell complex (see Corol- 
lary 11.2.2), it is sufficient to assume that W is a cell complex (see Proposi- 
tion 17.8.7). Thus, there is an ordinal and a A-sequence § — W, — Wz >--- 
Wg—---: (6 <A) such that W = colimg<, Wg and each map Wg — Wg, for 
@ < X is a pushout of an element of J. We will show by induction on @ that § - W 
is left homotopy orthogonal to g. 

The induction is begun because § —> Wo is the identity map of 0. If 6 < A and 
® — Wg is left homotopy orthogonal to g, then there is an element A — B of I and 
a pushout diagram 

A——B 

{| 
We rans We+i . 

Either Proposition 17.8.11 or Proposition 17.8.16 implies that h is left homotopy 
orthogonal to g, and so Proposition 17.8.13 implies that @ + Wg, is left homotopy 
orthogonal to g. 

Finally, let -y be a limit ordinal with y < A and assume that 0 — Wg is left 

homotopy orthogonal to g for all 6 < +. If §: XY isa simplicial resolution of 
g such that g@ is a Reedy fibration, then we have a map of towers of simplicial sets 

TMM (0, -X) —— M(W,, X) —— M(W2, X) ing M (Wg, X)— 

TMM(0, ¥) +— M(W,, ¥) —— M(W2, ¥)< Ling M(W,, ¥) — > 

in which all the horizontal maps are fibrations and all the vertical maps are weak 
equivalences of fibrant simplicial sets. Thus, the induced map limg<, M(Wg, X) > 
limg<c, M(Wg,, Y) is a weak equivalence, and so we have weak equivalences 

W. me ~ . ated ~ . —~— 

MW, X) A: (coli Wa, X) = lim (We, X) 

= lim M(Wg, Y) = M(colim Wz, ¥) = M(W,,¥) , 
B<y B<y 

and the result follows from Proposition 17.8.5. Oo 
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17.9. Sequential colimits 

PROPOSITION 17.9.1. If M is a model category, » is an ordinal, and 

Xo > Xy > Xo pres 

a 
Yo >Yy > Yo yore 

is a map of A-sequences in M such that 

(1) each of the maps ga: Xa > Yo fora < 2 is a weak equivalence of cofibrant 
objects and 

(2) each of the maps X_ — Xea4; and Ya — Ya4; for a < 2 is a cofibration, 

then the induced map of colimits (colim gg): colim X, — colim Y, is a weak equiv- 
alence. 

PrROoF. If Z is an object of M and cs,Z — Z isa simplicial resolution 
of Z, then Theorem 17.7.7 implies that it is sufficient to show that the map 
M(colim Yq, Z ) > M(colim Xq, Z ) is a weak equivalence of simplicial : sets. 

Corollary 16.5.5 implies that the map g’*: M (Ya, Z) = M(Xe, Z) is a weak 
equivalence of fibrant simplicial sets for every a < \, and so the diagram 

+ —> M(¥2, Z) ——> M(%1, Z) ——> M(Yo, Z) 

| | | 
— M(X2, Z) —_ M(Xy, Z) —_— M(Xo, Z) 

is a weak equivalence of towers of fibrations of fibrant simplicial sets. Thus, the 
induced map lim M(Y2,Z) — lim M(Xq, Z) is a weak equivalence, and that map 
is isomorphic to the map M(colim Y,, Z) — M(colim X,, Z). oO 

17.9.2. Properness. We are indebted to D. M. Kan for the following propo- 
sition. 

PROPOSITION 17.9.3. Let M be a left proper model category. If \ is an ordinal 
and 

Xo >X >+Xg-— 

vo| a | o| 
Yo >Y, > Yo pose 

is a map of X-sequences in M such that 

(1) each of the maps ga: Xa — Yo for a < X is a weak equivalence and 
(2) each of the maps X_ > Xq41 and Yo — Yo41 for a < X is a cofibration, 

then the induced map of colimits (colim g,): colim X_ — colim Y, is a weak equiv- 
alence. 

PROOF. We construct a A-sequence Zy — Z, — Z2 — --- intermediate be 
tween the given ones by letting Z, be the pushout Yo Ix, Xa for every a < 8. 
Proposition 7.2.14 implies that Z, — Za4, is a cofbration for every a < 4, and 
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we have maps of A-sequences 

Xo >X > Xo ) 

bo| m| m| 
Zo > Zy > Zo > 

Yo >Y + Yo . 

such that 

(1) each of the maps Z — Z, (for a < 4) is a cofibration, 
(2) the map kg: Zp — Yo is an isomorphism, and 
(3) (since M is left proper) each of the maps ka: Zg — Yq (fora < A) isa 

weak equivalence. 

Since left adjoints commute with colimits, colim Z, is isomorphic to the pushout 
Yo Ix, (colim X,) (see Lemma 7.6.6); thus, the map colim X, — colimZ, is a 
weak equivalence. Thus, it is sufficient to show that colim Z, — colim Y, is a weak 
equivalence. Since kg: Zo) — Yo is an isomorphism, each of the maps kg: Zag — Yo 
(for a < 4) is a weak equivalence of cofibrant objects in the category (Zo | M) of 
objects under Z (see Theorem 7.6.5). Thus, Proposition 17.9.1 implies that the 
map colim Z, — colim Y, is a weak equivalence, and the proof is complete. 0 

PROPOSITION 17.9.4. Let M be a left proper model category. If \ is an ordinal 
and 

Xp 9 Xy 9 Xg +--+ 9 XB: (8 <A) 

is a A-sequence in M such that Xg — Xg4, is a cofibration for every B < A, then 
there is a \-sequence 

and a map of A-sequences 

Xo >X, > Xo pore » Xz poe (B <<) 

J 
Xo >Xy »Xy—-: »Xz yee (B <>) 

such that 

(1) every Xg is cofibrant, 
(2) every 9g: Xp + Xg is a weak equivalence, 
(3) every Xp > Xpar is a cofibration, and 
(4) the map colimg<) Xz — colimg<, Xg is a weak equivalence. 

PROOF. We will define the Xp inductively. We begin by choosing a cofibrant 
approximation go: Xo — Xo to Xo (see Proposition 8.1.17). If @ +1 < A and we 
have defined gg: Xz — Xg, then we factor the composition Xz — Xg— Xg4 into 
a cofibration followed by a trivial fibration, to obtain Xp = Xora 5843, Xg4i. If 
6B < and £ is a limit ordinal, then Proposition 17.9.3 implies that colima<g Xy- 
colimg<g Xq is a weak equivalence, and so we can construct the Xz as required. 
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Proposition 17.9.3 implies that the map colimg<) Xp — colimg<, Xg is a weak 
equivalence, and so the proof is complete. Oo 



CHAPTER 18 

Homotopy Limits in Simplicial Model Categories 

If € is a small category and M is a model category, then the colimit functor 
takes a C-diagram X in M to an object colim X of M. For most diagrams, though, 
the colimit functor does not have good homotopy properties: If f: X — Y is an 
objectwise weak equivalence of C-diagrams in M, then it will not in general be true 
that (colim f): colim X — colimY is a weak equivalence. The homotopy colimit 
functor is an attempt to repair this deficiency of the ordinary colimit. 

There is a class of C-diagrams in M for which the colimit functor does take 
objectwise weak equivalences of diagrams into weak equivalences. For example, 
if C is a Reedy category with fibrant constants (see Definition 15.10.1), then the 
Reedy cofibrant diagrams are in that class (see Theorem 15.10.9). It can be shown 
that our definition of the homotopy colimit of a diagram X (see | Definition 18.1.2) 
is equivalent to constructing an objectwise weak equivalence X —+ X such that 
X is in this “special class” when X is objectwise cofibrant, and then defining 
hocolim X to be colim X. Thus, at the cost of replacing our original diagram with 
an objectwise weakly equivalent one, we obtain a version of the colimit functor 
that takes objectwise weak equivalences between objectwise cofibrant diagrams into 
weak equivalences in M. It can be shown that, although there may not be a model 
category structure on the category of all C-diagrams in M, the localization of that 
category of diagrams with respect to the objectwise weak equivalences does exist 
(see Remark 8.3.3), and that the homotopy colimit functor represents the total left 
derived functor (see Definition 8.4.7) of the colimit functor. For this, see [30]. 

The definition that we use (see Definition 18.1.2) is homotopy invariant only for 
objectwise cofibrant diagrams. To obtain a definition that is homotopy invariant 
for all diagrams, we could first functorially take a cofibrant approximation to each 
object in the diagram and then apply Definition 18.1.2. Our definition provides 
simpler formulas, though, and it is the standard definition that is already in wide 
use. 

All of the above remarks can be dualized to describe the homotopy limit functor 
as a replacement for the ordinary limit. The formula that we give below for the 
homotopy limit (see Definition 18.1.8) is homotopy invariant only for objectwise 
fibrant diagrams, and it can also be made completely homotopy invariant by first 
functorially taking a fibrant approximation to each object in the diagram. 

The standard reference for homotopy colimits and homotopy limits of diagrams 
of simplicial sets, total spaces of cosimplicial simplicial sets, and realizations of 
bisimplicial sets is [14, Chapters X through XI]], and our definitions are essentially 
the ones used there (but see Remark 18.1.11). The reference [19] gives a useful 
discussion of the idea of a free diagram (see Definition 11.5.35), and [35] gives a 
careful development of the homotopy colimit of certain small diagrams in a model 
category. 

379 
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In this chapter we restrict ourselves to diagrams in a simplicial model category. 
This includes most of the examples of interest and makes for simpler formulas. In 
Chapter 19 we will work with general model categories, providing definitions and 
results that specialize to those in this chapter for simplicial model categories with 
the standard framing (see Proposition 16.6.23). 

In Section 18.1 we define the homotopy colimit and homotopy limit of a dia- 
gram in a simplicial model category and give several examples. In Section 18.2 we 
show that the homotopy limit of a diagram of spaces can be described as a space 
of maps between diagrams. In Section 18.3 we discuss coends and ends, which 
are constructions that generalize the definitions of the homotopy colimit and the 
homotopy limit. If € is a small category, M is a simplicial model category, X is a 
@-diagram in M, and K is a ©°?-diagram of simplicial sets, then the coend X @®e K 
(also called the tensor product of the functors X and K) reduces to the homotopy 
colimit of X when K is the C°P-diagram B(— | €)°?. Dually, if K is a C-diagram 
of simplicial sets, then the end hom°(K, X) (also called the hom of the functors 
K and X) reduces to the homotopy limit of X when K is the C-diagram B(C | —). 
We also establish adjointness properties for ends and coends, and we use those 
adjointness properties in Section 18.4 together with the homotopy lifting extension 
theorem (see Remark 9.1.7) to obtain homotopy invariance results for the pushout 
corner map for coends and the pullback corner map for ends (see Theorem 18.4.1). 
We also establish a homotopy lifting extension theorem for diagram indexed by 
a Reedy category. In Section 18.5 we obtain homotopy invariance results for the 
homotopy colimit and homotopy limit functors. 

In Section 18.6 we discuss realizations of simplicial objects and total objects of 
cosimplicial objects, and establish homotopy invariance results. In Section 18.7 we 
discuss the Bousfield-Kan maps from the homotopy colimit of a simplicial object 
to its realization and from the total object of a cosimplicial object to its homotopy 
limit. In Section 18.8 we compare the homotopy colimit of a diagram of pointed 
spaces with the homotopy colimit of the diagram of unpointed spaces obtained by 
forgetting the basepoints, and in Section 18.9 we discuss diagrams of simplicial sets. 

18.1. Homotopy colimits and homotopy limits 

In this section we define the homotopy colimit and homotopy limit of a diagram 
in a simplicial model category, and give several examples. 

18.1.1. Homotopy colimits. 

DEFINITION 18.1.2. Let M be a simplicial model category and let C be a small 
category. If X is a @-diagram in M (see Definition 11.5.2), then the homotopy 
colimit hocolim X of X is defined to be the coequalizer of the maps 

fr) 

I] X.@Ba’ley? — 3 J] xX.@Blale)? . 
(0: a—a'JEe ¥ a€Ob(€C) 

(see Definition 14.1.1 and Definition 11.8.3) where the map ¢ on the summand 
g:a— a’ is the composition of the map 

O% ® lB(ate): Xa @ Bla’ | €)°? — Xq @ Bia’ | €)°? 
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with the natural injection into the coproduct, and the map w on the summand 
a: a~ a’ is the composition of the map 

lx, ® B(o*): X_ @ Bla’ | ©)? — X, @®Bi(al ce)” 

(where o*: (a’ | C)°? — (a! C)°”; see Definition 14.7.2) with the natural injection 
into the coproduct. 

For a discussion of the relation of our definition of the homotopy colimit to 
that of [14], see Remark 18.1.11. 

REMARK 18.1.3. If Spc,,) is one of our categories of spaces (see Notation 7.10.5), 
€ is a small category, and X is a C-diagram in Spe;,), then 

Xq x Bla} ©)? if Spe,,) = SS 
XaA(Blal€))” if Spey.) = SS, 
Xa x |Blale)?| — if Spey.) = Top 
XqA|Blal@)?|+ if Spe.) = Top, 

Xa @ Bla} €)? x 

(see Example 9.1.13, Example 9.1.14, Example 9.1.15, and Example 9.1.16). 

EXAMPLE 18.1.4. If Spc;,) is one of our categories of spaces (see Notation 7.10.5) 
and g: X — Y is a map in Spc,,), then the homotopy colimit of the diagram con- 
sisting of just the map g is the mapping cylinder of g. 

EXAMPLE 18.1.5. If Specs) is one of our categories of spaces (see Notation 7.10.5) 

and ZZ“ X SYisa diagram in Spc,,), then the homotopy colimit of this diagram 
is the double mapping cylinder of g and h. 

PROPOSITION 18.1.6. If C is a small category and P is the diagram of simplicial 
sets in which P, is a single point for every object a of © (i.e., P is the constant 
diagram at a point), then there is a natural isomorphism hocolim P = BC°P. 

PROOF. Definition 18.1.2 defines hocolim P to be the coequalizer of the maps 

° ¢ 
TT Belo? = J] Bele” 

(c: aa’')Ee aéOvn(C} 

where the map ¢ is induced by the identity map on each summand and the map 
w on the summand ¢: a ~ a’ is the composition of the map B(o*): B(a’ | €)°? + 
B(a!@)°? with the natural injection into the coproduct. We define a map from 
B(a@ | €)°P to BE°P by sending the simplex 

JQ ¢ ¢ on 

of B(a | @)°? to the simplex a9 + 0) + -'- — op Of BOP. This defines a sur- 
jective map hocolim P ~— BC°? which is also injective because every simplex of 
Leconce Bla! €)°? that is mapped to go + a) — --- © Gp is equal (in hocolim P) 
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to the simplex 

on 
Y | lo, 

00 ¢ O71 ¢ ree On - 

18.1.7. Homotopy limits. 

DEFINITION 18.1.8. Let M be a simplicial model category and let C be a small 
category. If X is a C-diagram in M (see Definition 11.5.2), then the homotopy limit 
holim X of X is defined to be the equalizer of the maps 

¢ 
I] (X ,)B(ELe) — II (X q/)B(ELe) 

ace Ob(C) ¥ (o: asa’)EC 

(see Definition 14.1.1 and Definition 11.8.1) where the projection of the map ¢ on 
the factor 0: a — a’ is the composition of a natural projection from the product 
with the map 

ol ela) , (X,)BELe) _> (X4/)BELe) 

and the projection of the map ~ on the factor 0: a — a’ is the composition of a 
natural projection from the product with the map 

(1x /)Bles); (X qr) B(ELe) _, (Xq/)BEle) 

(where ox: (C | a) — (C| a’); see Definition 14.7.8). 

For a discussion of the relation of our definition of the homotopy limit to that 
of [14], see Remark 18.1.11. 

EXAMPLE 18.1.9. If Spc,,) is one of our categories of spaces (see Notation 7.10.5) 
and g: X — Y is a map in SPC(x) , then the homotopy limit of the diagram con- 
sisting of just the map g is what is usually called the mapping path space of g. 

THEOREM 18.1.10. Let M be a simplicial model category and let © be a small 
category. If X is a C-diagram in M and Y is an object of M then there is a natural 
isomorphism of simplicial sets Map(hocolime X,Y) ~ holimeop Map(X,Y). 

PROOF. Definition 18.1.2 and Proposition 9.2.2 imply that Map(hocolime X,Y) 
is naturally isomorphic to the limit of the diagram 

[[ Map(X.@Blale)*,Y) = [] Map(X. @ Ba’ | €)°?, Y) 
a€OR(C) (og: a-a’)EC 

Axiom M6 (see Definition 9.1.6) and Corollary 14.7.13 imply that there are natural 
isomorphisms 

Map(X, ® B(a’ | Cy? Y) = Map(B(a’ | e)°P, Map(Xa, Y)) 
~~ Map(B(C°P | a’),Map(Xa, Y)) 

w= (Map(Xo,Y))O'TM? , 
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and so Map(hocolime X,Y) is naturally isomorphic to the limit of the diagram 

B(C°? la B(C°? a’ TT (Map(xa x)?" = JT (Map(x., ¥)) 1? 
a€Ob(C°P)} (a: al’ —ajEcor 

which is the definition of holimeos Map(X, Y) (see Definition 18.1.8). 0 

REMARK 18.1.11. There are two respects in which our definitions of the ho- 
motopy colimit and homotopy limit differ from those of {14] (which uses the term 
homotopy direct limit for the homotopy colimit and homotopy inverse limit for 
the homotopy limit). First, we use the diagrams of simplicial sets B(— | C)°? and 
B(C€ | —) (see Definition 19.1.2 and Definition 19.1.5) where [14] uses the diagrams 
B(— | @) and B(C | —) (see {14, Chapter XH, Paragraph 2.1 and Chapter XI, Para- 
graph 3.2]. Since both B(—|@)°? and B(—| ©) are cofibrant approximations to 
the constant C°P-diagram at a point (see Corollary 14.8.8), these two choices give 
definitions that are naturally weakly equivalent for C-diagrams of cofibrant objects 
(see Theorem 19.4.7), but our definition was chosen to make Theorem 18.1.10 true. 
It is incorrectly stated in (14, Chapter XII, Proposition 4.1] that this is true for 
the definitions used in {14]; this is due to an error in the proof of {14, Chapter XII, 
Proposition 4.1]. This error is a minor one, since the spaces claimed there to be 
isomorphic are in fact naturally weakly equivalent, which is all that was needed. 

The second difference between our definitions and those of [14] is that the defi- 
nition of the classifying space (i.e., the nerve) of a category used in [14] is “opposite” 
to our definition (see Definition 14.1.1 and [14, Chapter XI, Paragraph 2.1]), i-e., 
if © is a small category, then the definition of BC used in [14] (which is called there 
the underlying space of the category) is isomorphic to our definition of BC°P. 

The combined effect of the above two differences is that our definition of the 
homotopy colimit is isomorphic to that of [14], but our definition of the homotopy 
limit is different. Since the C-diagrams of simplicial sets B(C | —) and B(C | —)°? 
are both free cell complexes (see Definition 11.5.35), these two definitions of the 
homotopy limit are naturally weakly equivalent for diagrams of fibrant objects (see 
Theorem 19.4.7). 

18.2. The homotopy limit of a diagram of spaces 

Each of our categories of spaces (see Notation 7.10.5) has an internal mapping 
space, and these can be used to describe the homotopy limit of a diagram of spaces 
as a space of maps. 

DEFINITION 18.2.1 (Internal mapping spaces). 
e If X and Y are objects of SS, then the internal mapping space Y* equals 

the simplicial mapping space Map( X,Y) (see Example 9.1.13). 
e If X and Y are objects of SS,, then the internal mapping space Y* 

is the pointed simplicial set with n-simplices the basepoint preserving 
simplicial maps X A Aln|*+ — Y, and face and degeneracy maps induced 
by the standard maps between the Ajn]. When we need to emphasize the 
category in which we work, we will use the notation Map,(X,Y) for the 
pointed simplicial set of basepoint preserving maps. 

e If X and Y are objects of Top, then the internal mapping space Y~ is 
the topological space (see Notation 7.10.2) of continuous functions from 
X to Y. When we need to emphasize the category in which we work, we 
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will use the notation map(X,Y) for the unpointed topological space of 
continuous functions. 
If X and Y are objects of Top,, then the internal mapping space Y~ is 
the pointed topological space (see Notation 7.10.2) of basepoint preserving 
continuous functions from X to Y. When we need to emphasize the 
category in which we work, we will use the notation map,(X,Y) for the 
pointed topological space of basepoint preserving continuous functions. 

PROPOSITION 18.2.2. The internal mapping spaces Y* of Definition 18.2.1 are 
related to the simplicial mapping spaces Map(X,Y) of Example 9.1.13, Exam- 
ple 9.1.14, Example 9.1.15, and Example 9.1.16 as follows: 

e If X and Y are objects of SS, then Map(X,Y) equals Y~. 
e If X and Y are objects of SS,, then Map(X,Y) is obtained from Y* by 

forgetting the basepoint. 
e If X and Y are objects of Top, then the simplicial set Map(X,Y) is the 

total singular complex of Y*. 
e If X and Y are objects of Top,, then the simplicial set Map(X,Y) is 

the total singular complex of the unpointed space obtained from Y* by 
forgetting the basepoint. 

ProoF. This follows from the natural isomorphisms of sets 

Top(|A[n]], ¥*) ~ Top(X x |Af{n]|, Y) 

Top, (|A[n]|*, ¥*) + Top, (X A|Afn]|*,Y) . 

0 

DEFINITION 18.2.3. Let C be a small category. 

(1) If X and Y are €-diagrams of unpointed simplicial sets, then Y~ is the 
unpointed simplicial set of maps of diagrams (i-e., natural transforma- 
tions) from X to Y whose set of n-simplices is the set of maps of diagrams 
from X @ A[n] to Y (see Definition 11.7.1). When we need to emphasize 
the category in which we work, we will use the notation Map(X, Y) for 
the unpointed simplicial set of maps from X to Y. 

(2) If X and Y are C-diagrams of pointed simplicial sets, then Y* is the 

—
 

—
*

 

pointed simplicial set of maps of diagrams (i.e., natural transformations) 
from X to Y whose set of n-simplices is the set of maps of diagrams from 
X @ An] to Y (see Definition 11.7.1). When we need to emphasize the 
category in which we work, we will use the notation Map,(X,Y) for the 
pointed simplicial set of maps from X to Y. 
If X and Y are C-diagrams of unpointed topological spaces, then y* 
is the unpointed topological space of maps of diagrams (i.e., natural 
transformations) from X to Y topologized as a subset of the product 
[T.cov(e) map(X.a, Ya) (see Definition 18.2.1). When we need to empha- 
size the category in which we work, we will use the notation map( X,Y) 
for the unpointed topological space of maps from X to Y. 
If X and Y are C-diagrams of pointed topological spaces, then Y~ is the 
pointed topological space of maps of diagrams (i.e., natural transforma- 
tions) from X to Y topologized as a subset of [] ,eouce) MaP,(Xa, Ya) 
(see Definition 18.2.1). When we need to emphasize the category in which 
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we work, we will use the notation map, (X,Y) for the pointed topological 
space of maps from X to Y. 

LEMMA 18.2.4. If © is a small category and X and Y are C-diagrams of un- 
pointed topological spaces, then there is a natural isomorphism of simplicial sets 

Sing(¥~*) ~ Map(X,Y) 
(see Definition 11.7.2 and Definition 18.2.3). 

PRooF. Since the total singular complex functor is a right adjoint it commutes 
with limits, and so the result follows from Proposition 18.2.2. Oo 

PROPOSITION 18.2.5. If © is a small category, Spc(,) is one of our categories 
of spaces (see Notation 7.10.5), and X and Y are C-diagrams in Spc,), then 

the internal mapping spaces Y~* of Definition 18.2.3 are related to the simplicial 
mapping spaces Map( X,Y) of Definition 11.7.2 as follows: 

e IfSpe,,, = Top, then the simplicial set Map(X,Y) is the total singular 

complex of Y*. 
e IfSpe(,) = Top,, the simplicial set Map(X, Y) is the total singular com- 

plex of the unpointed space obtained from ¥Y~ by forgetting the basepoint. 
e If Spe.) = SS, then Map(X, Y) equals y~*. 
e IfSpe;,, = SS., then Map(X, ¥) is obtained from Y~ by forgetting the 

basepoint. 

Proor. This follows from Proposition 18.2.2 and Lemma 18.2.4. O 

PROPOSITION 18.2.6. If SPcy.) is one of our categories of spaces (see Nota- 
tion 7.10.5), € is a small category, and X is a C-diagram in Spc,,), then holim X 
is naturally isomorphic to the space of maps between diagrams 

Map(B(C|—),X), if Spe) = SS 
Map, (B(€| -)*, X), if Spe) = SS. 
map(|B(€ | --)|, X), if Spey.) = Top 
map, (|B(€|—)|*,X), if Spe.) = Top, 

(see Definition 18.2.3). 

PRooF. For each object a of C the space (Xq)?(©!) is a Spc;,)-object of 
maps in Spc;,) (see Example 9.1.13, Example 9.1.14, Example 9.1.15, and Exam- 
ple 9.1.16) 

Map(B(C | a), X) if Spey, = 8S 

x B(CLe) mw Map, (B(C i) a)t, X) if Spey.) = SS, 
map(|B(€ | @)|, X) if Spey.) = Top 
map, (|B(C@ La)|*,X) i 

and so the result follows from Definition 18.1.8. O 

r
y
 

a
r
) 

Spc.) = Top, 

18.3. Coends and ends 

In this section we define general constructions (see Definition 18.3.2) that al- 
low us to analyze the colimit and homotopy colimit as two examples of the same 
construction (and, similarly, the limit and homotopy limit as two examples of the 
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same construction) (see Example 18.3.8). These definitions also enable us to obtain 
adjointness relations (see Section 18.3.9) that will be used to obtain the homotopy 
invariance results of Section 18.5. 

18.3.1. Definitions. 

DEFINITION 18.3.2. Let M be a simplicial model category and let © be a small 
category. 

(1) 

(18.3.3) 

(2) 

(18.3.4) 

If X is a C-diagram in M and K is a C°P-diagram of simplicial sets, then 
X @e K is defined to be the object of M that is the coequalizer of the 
maps 

¢ 

Xo@Ke — 3 [] X.@Ka 
(a: a—-+a’)Ee v aéOb(C) 

where the map ¢ on the summand o: a — a’ is the composition of the 
map 

oO. ® lx, >Xq® Key — Xq ® Ka 
(where o,: Xq — Xgq-) with the natural injection into the coproduct, 
and the map w on the summand o@: a — a’ is the composition of the map 

lx, Qo": X_e@Kq — X,®@Ke 
(where o*: K, — Ka) with the natural injection into the coproduct. 

The construction of the object X @e K in M from the functor X @ 
Kk: € x C9? — M is an example of the general construction known as 
a coend (see [47, pages 222-223]). In the notation of [47], X @e K = 
[°X_@Kag. 
If X is a C-diagram in M and K is a @-diagram of simplicial sets, then 

hom*(K, X) is defined to be the object of M that is the equalizer of the 
maps 

¢ 

Il (X%2)¥* = I] (%a)*« 
ae Ob(C) (a: a-a’)E€ 

where the projection of the map ¢ on the factor 0: a — a’ is the compo- 
sition of a natural projection from the product with the map 

on@ : (Xq)Ke —4 (Xqr)Ke 
(where 04: Xq — Xa’) and the projection of the map w on the factor 
a: a — a’ is the composition of a natural projection from the product 
with the map 

(1x, Me: (Xq)Ke’ — (Xq/)*e 

(where o,: (C | a) — (C] a’); see Definition 14.7.8). 
The construction of the object hom°(K ,X) of M from the functor 

X*TM-@ x @°P — M is an example of the general construction known as 
an end (see [47, pages 218-223] or [7, page 329]). In the notation of [47], 
hom®(K, X) = f.(Xa)*=. 
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REMARK 18.3.5. The tensor product of functors (see Definition 18.3.2) is a 
special case of a coend of a functor H: € x C°? + SS, where H(K, L) = K x L (see 
Definition 18.3.2). We use the name “tensor product” because of the similarity to 
the case in which a ring R is viewed as an additive category (with one object, and 
with morphisms equal to the elements of R). In that case, a left R-module is just 
an additive functor G: R — A from R to the category of abelian groups, and a 
right R-module is an additive functor F: R°? + A. If H: R°P x R — A is defined 
by H(a, a) = F(a) ® G(a), then F @pop G is the usual tensor product of a right 
R-module F with a left R-module G. 

EXAMPLE 18.3.6. Let M be a simplicial model category and let © be a small 
category. 

(1) If X is a C-diagram in M, then X @e B(— | C)°? (see Definition 14.7.2) 
is the homotopy colimit of X (see Definition 18.1.2). 

(2) If X is a C-diagram in M, then hom*(B(€ | —), X) (see Definition 14.7.8) 
is the homotopy limit of X (see Definition 18.1.8). 

PROPOSITION 18.3.7. Let M be a simplicial model category and let © be a small 
category. 

(1) If X is a C-diagram in M and P: @° — SS is a single point for every 
object a of C, then X @e FP is naturally isomorphic to colim X. 

(2) If X is a C-diagram in M and P: € — SS is a single point for every object 
a of ©, then hom®(P, X) is naturally isomorphic to lim X. 

Proor. For part 1, P is naturally isomorphic to A[0] for every object a of 
€°P, and so we have natural isomorphisms 

Xe@Py xX, @Al0] ~ Xe . 

Under these isomorphisms, the map ¢ of Definition 18.3.2 is defined by 04: Xq — 
Xq and the map w is the identity. 

For part 2, Pq is naturally isomorphic to A[0] for every object a of ©, and so 
we have natural isomorphisms 

XPe RS x All me X 
Under these isomorphisms, the map ¢ of Definition 18.3.2 is defined by o,: Xa — 
Xq and the map ~ is the identity. O 

EXAMPLE 18.3.8. Let M be a simplicial model category and let C be a small 
category. 

(1) If P is the C°P-diagram of simplicial sets that is a single point for every 
object a of ©, then the unique map of @°P-diagrams B(— | @)°? + P 
induces a natural map 

hocolim X = X @e B(— | €)°? — X ®e P = colim X 

for all C-diagrams X in M (see Example 18.3.6 and Proposition 18.3.7). 
(2) If P is the C-diagram of simplicial sets that is a single point for every 

object a of ©, then the unique map of C-diagrams B(C | —) + P induces 
a natural map ; 

lim X = hom*(P, X) — hom‘ (B(€ | —), X) = holim X 
for all @-diagrams X in M. 
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18.3.9. Adjointness. 

PROPOSITION 18.3.10. Let M be a simplicial model category and let © be a 
small category. 

(1) If X is a C-diagram in M, K is a €°?-diagram of simplicial sets, and Z is 
an object of M, then there is a natural isomorphism of sets 

M(X @e K,Z) = 88°" (K,M(X, Z)) 
(where X @e K is as in Definition 18.3.2). 

(2) If X is a C-diagram in M, K is a C-diagram of simplicial sets, and W is 
an object of M, then there is a natural isomorphism of sets 

M(W, hom*(.K, X)) = SS°(K,M(W, X)) 

(where hom®(K, X) is as in Definition 18.3.2). 

PROOF. We will prove part 1; the proof of part 2 is similar. 
The object X @e K is defined as the colimit of Diagram 18.3.3, and so M(X @e 

K, Z) is naturally isomorphic to the limit of the diagram 

. 

¢ 
Il M(xX.®Ka,Z) = TL M(X.@ Ka,Z) . 

a€Ob(C) v (0: a-a')JEe 

Axiom M6 (see Definition 9.1.6) implies that this limit is naturally isomorphic to 
the limit of the diagram 

e 

[I SS8(Ka.M(Xa,Z)) = [[ 88(Ka,M(Xa,Z)) , 
a€Ob(C) ¥ (0: a—a')Ee 

which is the definition of SS°" (K, M(X, Z)). Oo 

LEMMA 18.3.11. Let M be a simplicial model category and let © be a small 
category. 

(1) If A— B is a map of C-diagrams in M, K — L is a map of ©°?-diagrams 
of simplicial sets, and X — Y is a map of objects in M, then the dotted 
arrow exists in every solid arrow diagram of the form 

A Ge Lilagex B ®e K —2 X 

| 
B ®e L —————L Y 

if and only if the dotted arrow exists in every solid arrow diagram of the 
form 

>Map(B, X) 
y | | 

——> Map(A, X) xmapca,y) Map(B,Y) . 
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(2) If X — Y is a map of @-diagrams in M, K — L is a map of C-diagrams 
of simplicial sets, and A — B is a map of objects in M, then the dotted 
arrow exists in every solid arrow diagram of the form 

A > hom" (L, X) 

| | 
B—> hom*(K, X) Xjomecx,y) hom® (L,Y) 

if and only if the dotted arrow exists in every solid arrow diagram of the 
form 

K > Map(B, X) 

| | 
L ——> Map(A, X) xMapca,y) Map(B,Y) . 

PROOF. This follows from Proposition 18.3.10. O 

18.4. Consequences of adjointness 

In this section we combine the adjointness relations of Section 18.3.9 with the 
homotopy lifting extension theorem (see Remark 9.1.7) to obtain the technical 
results that imply the homotopy invariance results of Section 18.5. 

THEOREM 18.4.1. Let M be a simplicial model category and let © be a small 
category. 

(1) Ifj: A — B is an objectwise cofibration of C-diagrams in M andi: K — 
L is a cofibration of C°P-diagrams of simplicial sets (see Theorem 11.6.1), 
then the pushout corner map 

A@®e LU sgex Be K — BSeL 

is a cofibration in M that is a weak equivalence if either j is an objectwise 
weak equivalence or 1 is a weak equivalence. 

(2) Ifp: X — Y is an objectwise fibration of C-diagrams in M andi: K — L 
is a cofibration of C-diagrams of simplicial sets (see Theorem 11.6.1), then 
the pullback corner map 

hom®(L, X) — hom®(K,X) Xnom®cc,y) hom®(L, ¥) 

is a fibration in M that is a weak equivalence if either p is an objectwise 
weak equivalence or i is a weak equivalence. 

PROOF. We will prove part 1; the proof of part 2 is similar. 
If p: X + Y is a fibration in M, then axiom M7 (see Definition 9.1.6) implies 

that the map of €°P-diagrams of simplicial sets Map(B, X) + Map(A, X) xmap(a,Y) 
Map(B, Y) is an objectwise fibration that is an objectwise weak equivalence if either 
j is an Objectwise weak equivalence or p is a weak equivalence. The result now 
follows from Lemma 18.3.11, Proposition 7.2.3, and Theorem 11.6.1. O 

COROLLARY 18.4.2. Let M be a simplicial model category and let © be a small 
category. 
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(1) If K is a cofibrant C°?-diagram of simplicial sets (see Theorem 11.6.1) 
and j: A — B is an objectwise cofibration of C-diagrams in M, then the 
map A®e K — B@e¢ K is a cofibration in M that is a weak equivalence 
if j is an objectwise weak equivalence. 

(2) If K is a cofibrant C-diagram of sinplicial sets (see Theorem 11.6.1) and 
p: X — Y is an objectwise fibration of C-diagrams in M, then the map 
hom*(K,X) — hom*(K,Y) is a fibration in M that is a weak equiva- 
lence if p is an objectwise weak equivalence. 

PROOF. This follows from Theorem 18.4.1. O 

COROLLARY 18.4.3. Let M be a simplicia] model category and let © be a small 
category. 

(1) If is a cofibrant C°?-diagram of simplicial sets (see Theorem 11.6.1) and 
X is an objectwise cofibrant C-diagram in M, then X @e K is a cofibrant 
object of M. 

(2) If K is a cofibrant C-diagram of simplicial sets (see Theorem 11.6.1) and 
X is an objectwise fibrant C-diagram in M, then hom®(K, X) is a fibrant 
object of M. 

Proor. This follows from Theorem 18.4.1. 0 

COROLLARY 18.4.4. Let M be a simplicial model category and let © be a small 
category. 

(1) If K& is a cofibrant C°?-diagram of simplicial sets (see Theorem 11.6.1) 
and f: X — Y is an objectwise weak equivalence of objectwise cofibrant 
@-diagrams in M, then the induced map f,: X ®e K -~ Y @c K isa 
weak equivalence. 

(2) If K is a cofibrant C-diagram of simplicial sets (see Theorem 11.6.1) and 
f: X — Y is an objectwise weak equivalence of objectwise fibrant C- 
diagrams in M, then the induced map f,: hom°(K, X)— hom*(K, Y) 
is a weak equivalence. 

ProoF. This follows from Corollary 18.4.2 and Lemma 7.7.1. O 

COROLLARY 18.4.5. Let M be a simplicial model category and let C be a small 
category. 

(1) If X is an objectwise cofibrant C-diagram in M and f: K — K’ isa 
weak equivalence of cofibrant C°P-diagrams of simplicial sets (see Theo- 
rem 11.6.1), then the induced map f,: X ®e K + X @e K’ is a weak 
equivalence of cofibrant objects in M. 

(2) If X is an objectwise fibrant C-diagram in M and f: K — K’ is a weak 
equivalence of cofibrant @-diagrams of simplicial sets (see Theorem 11.6.1), 
then the induced map f*: hom*(K’, X) > hom°(K, X) is a weak equiv- 
alence of fibrant objects in M. 

PRooF. This follows from Theorem 18.4.1 and Corollary 7.7.2. O 

COROLLARY 18.4.6. Let M be a simplicial model category and let © be a small 
category. 
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(1) If K is a C°?-diagram of simplicial sets and both K > K and K'> K 
are cofibrant approximations to K (see Theorem 11.6.1), then for ev- 
ery objectwise cofibrant C-diagram X in M there is an essentially unique 
(see Definition 14.4.2) natural zig-zag of weak equivalences (see Defini- 
tion 14.4.1) in M from X @e K to X @e K’. _ _ 

(2) If K is a C-diagram of simplicial sets and both K ~ K and K’ — K are 
cofibrant approximations to K (see Theorem 11.6.1), then for every ob- 
jectwise fibrant C-diagram X in M there is an essentially unique (see Def- 
inition 14.4.2) natural zig-zag of weak equivalences (see Definition 14.4.1) 
in M from hom®(K, X) to hom°(K’, X). 

PROOF. This follows from Corollary 18.4.5 and Proposition 14.6.3. O 

18.4.7. Reedy diagrams. 

LEMMA 18.4.8. Let © be a Reedy category and let M be a simplicial model 
category. 

(1) If B is a C-diagram in M and X is an object of M, then Map(B, X) is 
a @°P-diagram of simplicial sets and for every object a of © there is a 
natural isomorphism M, Map(B,X) = Map(L,B,X). 

(2) If B is an object of M and X is a C-diagram in M, then Map(B,X) is a 
C-diagram of simplicial sets and for every object a of € there is a natural 
isomorphism M, Map(B, X) + Map(B,M,.X). 

PROOF. We will prove part 1; the proof of part 2 is similar. 
We have natural isomorphisms 

M. Map(B,X)= lim_ Map(B, x) (see Definition 15.2.5) 
B(al ©) 

~Map( colin B,xX) (see Proposition 9.2.2) 
(A(al € })or 

sz Map(colim B, X) (see Proposition 15.2.4) 
a(@ La) 

= Map(LaB,X) . 

Oo 

THEOREM 18.4.9 (The Reedy diagram homotopy lifting extension theorem). 
Let © be a Reedy category and let M be a simplicial model category. 

(1) Ifi: A~— B is a Reedy cofibration of C-diagrams in M and p: X ~ Y is 
a fibration in M, then the map of C°?-diagrams of simplicial sets 

Map(B, X) — Map(A, X) Xmap(a,y) Map(B, Y) 
is a Reedy fibration that is a Reedy weak equivalence if either of 1 or p is 
a weak equivalence. 

(2) Ift: A — B is a cofibration in M and p: X — Y is a Reedy fibration of 
C-diagrams in M, then the map of @-diagrams of simplicial sets 

Map(B, X) — Map(A, X) xmep(4,y) Map(B, Y) 
is a Reedy fibration that is a weak equivalence if either i or p is a weak 
equivalence. 
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PROOF. We will prove part 1; the proof of part 2 is similar. 
We must show that for every object a of € the map of simplicial sets 

(18.4.10) 

/ Map(Aa, xX) XMap(Aa,Y) Map(B.,Y) \ 

| 
Map(Ba,X)— Pullback of | Ma(Map(A, X) xmap.a,y) Map(B, Y)) 

\ Ma Map(B, X) / 

is a fibration that is a weak equivalence if either 2 or p is a weak equivalence. 
Lemma 18.4.8 implies that this map is isomorphic to the map 

{ Map(Aa, X) Xmap(a.,v) Map(Ba, Y) \ 

| 
Map(Ba, X) —_ Pullback of Map(Le A, X) XMap(Le4,Y) Map(L.B, Y) 

\ Map(LaB, X) y) 

and the codomain of this map is the limit of the diagram 

Map(Aa, X) ——— Map(Aa, Y) —— Map(Ba, Y) 

| | | 
Map(LoA, X) ——> Map(L.A, Y) +—— Map(L.B,Y) 

Map(LaB,X) . 

Thus, the map (18.4.10) is isomorphic to the map 

{ Map(Aa, X) XMap(Lo A,X) Map(LaB, X) \ 

Map(B.,X)— Pullback of | Map(Aa,Y) xmapct.a,y) Map(Le B, Y) 

| 
Map(By,Y) y 

Since A, Up,4 LaB ~ Ba is a cofibration that is a weak equivalence if 7 is a 
weak equivalence (see Theorem 15.3.15), the result now follows from axiom M7 
(see Definition 9.1.6). O 

THEOREM 18.4.1]. Let © be a Reedy category and let M be a simplicial model 
category. 
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(1) Ifj: A— B is a Reedy cofibration of C-diagrams in M andi: K — L is 
a Reedy cofibration of @°?-diagrams of simplicial sets, then the pushout 
corner map A®e Lil ageK BSe K — Be L is a cofibration in M that 
is a weak equivalence if either i or j is a Reedy weak equivalence. 

(2) If p: X — Y is a Reedy fibration of C-diagrams in M andi: K + L 
is a Reedy cofibration of C-diagrams of simplicial sets, then the pullback 
corner map hom*(L,.X) — hom©(K,X) Xhom®(K,Y) hom(L,¥) is a 
fibration in M that is a weak equivalence if either i or p is a Reedy weak 
equivalence. 

Proor. This is similar to the proof of Theorem 18.4.1, using Theorem 18.4.9 
in place of axiom M7. Oo 

COROLLARY 18.4.12. Let © be a Reedy category and let M be a simplicial 
model category. 

(1) If K is a Reedy cofibrant C°?-diagram of simplicial sets and X is a Reedy 
cofibrant diagram in M, then X @e K is a cofibrant object in M. 

(2) If K is a Reedy cofibrant C-diagram of simplicial sets and X is a Reedy 
fibrant C-diagram in M, then hom*(K, X) is a fibrant object in M. 

PROOF. This follows from Theorem 18.4.11. Oo 

COROLLARY 18.4.13. Let © be a Reedy category and let M be a simplicial 
model category. 

(1) If K is a Reedy cofibrant €°?-diagram of simplicial sets and f: X — Y is 
a weak equivalence of Reedy cofibrant C-diagrams in M, then the induced 
map f,: X @e K — Y @e K is a weak equivalence of cofibrant objects 
in M. 

(2) If K is a Reedy cofibrant @-diagram of simplicial sets and f: X — Y is 
a weak equivalence of Reedy fibrant C-diagrams in M, then the induced 
map f.: homS(K,X) > hom*(K,Y) is a weak equivalence of fibrant 
objects in M. 

ProoF. This follows from Corollary 18.4.12, Theorem 18.4.11, and Corol- 
lary 7.7.2. im) 

COROLLARY 18.4.14. Let © be a Reedy category and let M be a simplicial 
model category. 

(1) If X is a Reedy cofibrant C-diagram in M and f: K — K’ is a weak 
equivalence of Reedy cofibrant C°°-diagrams of simplicial sets, then the 
induced map f,: X @®e K — X @e K’ is a weak equivalence of cofibrant 
objects in M. 

(2) If X is a Reedy fibrant C-diagram in M and f: K — K’ is a weak equiv- 
alence of Reedy cofibrant @-diagrams of simpli sets, then the induced 
map f*: hom*(K’,X) > hom®(K, X) is a weak equivalence of fibrant 
objects in M. 

Proor. This follows from Corollary 18.4.12, Theorem 18.4.11, and Corol- 
lary 7.7.2. C) 

COROLLARY 18.4.15. Let © be a Reedy category and let M be a simplicial 
model category. 
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(1) If K is a ©°P-diagram of simplicial sets and both K + K and K' + K 
are Reedy cofibrant approximations to K, then for every Reedy cofibrant 
C@-diagram X in M there is an essentially unique (see DDefinition 14.4.2) 
natural zig-zag of weak equivalences in M from X @e K to X @e K’. 

(2) If K is a C-diagram of simplicial sets and both K — K and K’ > K are 
cofibrant approximations to K, then for every Reedy fibrant C-diagram X 
in M there is an essentially unique (see Definition 14.4.2) natural zig-zag 
of weak equivalences from hom*(K,-X) to hom®(K’, X). 

PrOoF. This follows from Corollary 18.4.14 and Proposition 14.6.3. O 

THEOREM 18.4.16. Let C be a Reedy category and let M be a simplicial model 
category. 

(1) If P is a Reedy cofibrant C°?-diagram of simplicial sets such that P, is 
contractible for every object a of C, then for every Reedy cofibrant C- 
diagram X in M the object X @e P is naturally weakly equivalent to 

hocolim X. 
(2) If P is a Reedy cofibrant C-diagram of simplicial sets such that P, is con- 

tractible for every object a of C, then for every Reedy fibrant C-diagram X 
in M the object hom‘ (P, X) is naturally weakly equivalent to holim X. 

ProoF. This follows from Corollary 18.4.15 and Corollary 15.6.7. O 

18.5. Homotopy invariance 

THEOREM 18.5.1. Let M be a simplicial model category and let © be a small 
category. 

(1) If f: X — Y is a map of @-diagrams in M that is an objectwise cofi- 
bration, then the induced map of homotopy colimits f,: hocolim X ~— 
hocolim Y is a cofibration that is a weak equivalence if f is an objectwise 
weak equivalence. 

(2) If f: X + Y is a map of C-diagrams in M that is an objectwise fibration, 
then the induced map of homotopy limits f,: holim X — holimY is a 
fibration that is a weak equivalence if f is an objectwise weak equivalence. 

Proor. This follows from Corollary 18.4.2 and Corollary 14.8.8. O 

THEOREM 18.5.2. Let M be a simplicial model category and let © be a small 
category. 

(1) If X is an objectwise cofibrant C-diagram in M, then hocolim X is cofi- 
brant. 

(2) If X is an objectwise fibrant C-diagram in M, then holim X is fibrant. 

Proor. This follows from Corollary 18.4.3 and Corollary 14.8.8. O 

THEOREM 18.5.3. Let M be a simplicial model category and let © be a small 
category. 

(1) If f: X + Y is a map of C-diagrams in M that is an objectwise weak 
equivalence of cofibrant objects, then the induced map of homotopy co- 
limits f,: hocolim X — hocolimY is a weak equivalence of cofibrant 
objects of M. 
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(2) If f: X — Y is a map of C-diagrams in M that is an objectwise weak 
equivalence of fibrant objects, then the induced map of homotopy limits 
fx: bolim X — holimY is a weak equivalence of fibrant objects of M. 

PROOF. This follows from Corollary 18.4.4 and Theorem 18.5.2. O 

REMARK 18.5.4. D. Dugger and D. Isaksen [28] have proved that if C is a 
small category and X is a @-diagram of topological spaces, then hocolim X has 
the “correct” weak equivalence type even if X is not an objectwise cofibrant dia- 
gram. That is, they prove that if X is an objectwise cofibrant diagram of topo- 
logical spaces and 7: X —+ X is an objectwise weak equivalence, then the map 
hocolim7: hocolim X — hocolim X is a weak equivalence. Thus, their results 
imply that if f: X — Y is an objectwise weak equivalence of C-diagrams of topo- 
logical spaces, then hocolim f: hocolim X — hocolim Y is a weak equivalence even 
if none of the spaces involved are cofibrant. 

18.6. Simplicial objects and cosimplicial objects 

18.6.1. Definitions. 

DEFINITION 18.6.2. If M is a simplicial model category and X is a simplicial 
object in M (see Definition 15.1.10), then the realization |x | of X is the coequalizer 
of the maps 

o 

I] *X.e@4h 3 [] Xa 24h) 
(a: [nJo[AJEa (nJEOb(A) 

where the map ¢ on the summand g: [n] — [k] is the composition of the map 

0+ @ Lay: Xn @ Ak] — X, @ ALK 

(where o,: X, — X,) with the natural injection into the coproduct and the map 
w on the summand ga: [n] — [k] is the composition of the map 

lx, @o*: Xn @A[k] — X, @A[n] 

(where o*: A[k] — A[n]) with the natural injection into the coproduct. In the 
notation of Definition 18.3.2, |X| = X @ace A (see Definition 15.1.15). 

DEFINITION 18.6.3. If M is a simplicial model category and X is a cosimplicial 
object in M (see Definition 15.1.10), then the total object Tot X of X is the equalizer 
of the maps 

$ 
I] (x")4t) —?> I] (x*)4te] 

[n]eOb(A) ¥ (oe: [nj [ADEA 

where the projection of the map ¢ on the factor a: [n] — [k] is the composition of 
the natural projection from the product with the map 

oat). (xy din] _, (x*) Ala 
and the projection of the map w on the factor o: [n] — [k] is the composition of 
the natural projection from the product with the map 

(Lyn): (XS (x*) AI 
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(where o.: A[n] > A[k}). In the notation of Definition 18.3.2, Tot X = hom“(A, X) 
(see Definition 15.1.15), 

REMARK 18.6.4. If Spey, is one of our categories of spaces (see Notation 7.10.5), 

then the space (X")4I! is a space of maps: 

map{|A[n]|, x7) if Spe, = Top 
map, (|A[n]|*,X") if Spey, = Top, 
Map(A[n], X”) if Spey) = SS 
Map,(A[n]*,X”) if Spe;,) = SS. 

(see Example 9.1.13, Example 9.1.14, Example 9.1.15, and Example 9.1.16). Thus, 
in each case the total] space is constructed by first taking the codegreewise mapping 
space from the cosimplicial space |A| (or |A|+, or A, or At) to the cosimplicial 
space X , and then taking a subspace of the product of these mapping spaces. In the 
notation of Definition 18.2.3, the total space of a cosimplicial space is Tot X = X%. 

(xn)Atrl = 

18.6.5. Homotopy invariance. 

THEOREM 18.6.6. Let M be a simplicial model category. 

(1) Ifg: X — Y is a level-wise weak equivalence of Reedy cofibrant simplicial 
objects in M, then the induced map of realizations g,: |X| — |¥| is a 
weak equivalence of cofibrant objects in M. 

(2) Ifg: X — Y is a level-wise weak equivalence of Reedy fibrant cosimplicial 
objects in M, then the induced map of total objects g,: Tot X — Tot Y 
is @ weak equivalence of fibrant objects in M. 

PROOF. This follows from Corollary 18.4.13 and Corollary 15.9.11. 0 

THEOREM 18.6.7. Let M be a simplicial model category. 

(1) ift: A — B is a Reedy cofibration of simplicial objects in M, then the 
induced map of realizations |i|: |A| — |B] is a cofibration in M that is a 
trivial cofibration if i is a trivial cofibration. 

(2) Ifp: X — Y is a Reedy fibration of cosimplicial objects in M, then the 
induced map of total objects Totp: Tot X — TotY is a fibration in M 
that is a trivial fibration if p is a trivial fibration. 

ProoF. This follows from Theorem 18.4.11 and Corollary 15.9.11. O 

18.7. The Bousfield-Kan map 

If M is a simplicial model category and X is a cosimplicial object in M (see 
Definition 15.1.10), then 

e the total object Tot X of X is defined (see Definition 18.6.3) as the 
end hom“(A, X), using the cosimplicial standard simplex A (see Defi- 
nition 15.1.15), and 

e the homotopy limit holim X is defined (see Example 18.3.6) as the end 
homTM(B(A | —),X), using the A-diagram of classifying spaces of over- 
categories B(A | —). 

Both the cosimplicial standard simplex A and the A-diagram of classifying spaces 
of overcategories B{A | —) are Reedy cofibrant approximations to the constant A- 
diagram at a point (see Corollary 15.9.12 and Corollary 15.6.8), but since neither 
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of these diagrams is a fibrant cofibrant approximation we cannot apply Proposi- 
tion 8.1.7 to obtain a map between them. Bousfield and Kan, however, directly 
defined such a map in [14, Chapter XI, Example 2.6]. In this section we define the 
Bousfield-Kan map, modified from [14] to accommodate our different definition of 
the classifying space of a category (see Remark 18.1.11). 

DEFINITION 18.7.1. The Bousfield-Kan map of cosimplicial simplicial sets is 
the map ¢: B(A | —) — A (see Definition 14.7.8 and Definition 15.1.15) that for 
k > 0 and n > O takes the n-simplex 

(({éo] 22> fia] 2 --- 2+ finl),7: inl > [A)) 
of B(A | k) to the n-simplex 

[TOn—10n—-2°+* Fo(to), TOn—-1 9 n~2 °° Or (41), ---,TOn-1(in-1), T(in)] 

of A[k]. We will also abuse notation and let ¢: B(— | A°P)°? — A denote the 
composition of the isomorphism B(— | A°P)°P ~ B(A | —) (see Corollary 14.7.13) 
with the map ¢: B(A | —-) 4 A. 

PROPOSITION 18.7.2. The Bousfield-Kan map of cosimplicial simplicial sets is 
a weak equivalence of Reedy cofibrant cosimplicial simplicial sets. 

PRroor. For every k > 0 both B(A | [k]) and A[k] are contractible simplicial 
sets (see Lemma 14.7.10), and so every map B(A | [k]) — Ak] is a weak equiva- 
lence. The result now follows from Corollary 15.6.7 and Corollary 15.9.11. O 

DEFINITION 18.7.3. Let M be a simplicial model category. 

(1) If X is a simplicial object in M, then the Bousfield-Kan map is the map 

$x: hocolim X —+ |X| , 

natural in X, that is the composition 

hocolim X = X @ace B(— | A°%”)°?P Axa0r$, X @roe AX |x| 
where ¢ is the Bousfield-Kan map of cosimplicial simplicial sets (see Def- 
inition 18.7.1). 

(2) If X is a cosimplicial object in M, then the Bousfield-Kan map is the map 

g*: Tot X — holimX , 

natural in X, that is the composition 
a 

Tot X + hom*(A, X) "2"4%), pom4(B(A | -), X) © holim.X 
where ¢ is the Bousfield-Kan map of cosimplicial simplicial sets. 

THEOREM 18.7.4. Let M be a simplicial model category. 

(1) If X is a Reedy cofibrant simplicial object in M, then the Bousfield-Kan 
map $.: hocolim X — |x | is @ natural weak equivalence. 

(2) If X is a Reedy fibrant cosimplicial object in M, then the Bousfield-Kan 
map ¢*: Tot X — holim X is a natural weak equivalence. 

PROOF. This follows from Corollary 18.4.14 and Proposition 18.7.2. O 

COROLLARY 18.7.5. If X is @ simplicial simplicial set (either pointed or un- 
pointed), then the Bousfield-Kan map ¢,: hocolim X — |X| is a weak equivalence. 
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PROOF. This follows from Theorem 18.7.4 and Corollary 15.8.8. O 

THEOREM 18.7.6. Let M be a simplicial model category. 

(1) If X is a Reedy cofibrant simplicial object in M, then there is a natural 
essentially unique zig-zag of weak equivalences from the realization of X 
to the homotopy colimit of X, containing the Bousfield-Kan map. 

(2) If X is a Reedy fibrant cosimplicial object in M, then there is a natural 
essentially unique zig-zag of weak equivalences from the total object of X 
to the homotopy limit of X, containing the Bousfield-Kan map. 

PROOF. This follows from Corollary 18.4.15, Corollary 15.9.11, and Corol- 
lary 15.6.7. 0 

COROLLARY 18.7.7. If X is a simplicial simplicial set (either pointed or un- 
pointed), then there is a natural weak equivalence hocolim X — diag X (see Defi- 
nition 15.11.3). 

PROOF. This follows from Corollary 18.7.5 and Theorem 15.11.6. O 

18.8. Diagrams of pointed or unpointed spaces 

Given a small category © and a C-diagram of pointed spaces X (where by a 
“space” we mean either a topological space or a simplicial set), there are two ways 
to construct an unpointed version of its homotopy limit: 

(1) Take the homotopy limit of the diagram in the category of pointed spaces 
and then forget the basepoint, or 

(2) forget the basepoints of the spaces in the diagram and take the homotopy 
limit in the category of unpointed spaces. 

These two homotopy limits will be homeomorphic (respectively, isomorphic) be- 
cause if X is an unpointed space and Y is a pointed space, then the space of pointed 
maps map,(X+,Y) (respectively, Map,(X*,Y)) (see Definition 18.2.1) is homeo- 
morphic (respectively, isomorphic) to the space of unpointed maps map(.X, Y) (re- 
spectively, Map(X,Y)) once we’ve forgotten the basepoint of the pointed mapping 
space. On the other hand, the homotopy colimit of X will generally have different 
homotopy types when taken in the categories of pointed and unpointed spaces (see 
Proposition 18.8.4). In this section, we describe the difference between the pointed 
and unpointed homotopy colimit. 

NoTaTION 18.8.1. In this section only, if X is a diagram of pointed spaces, 
then 

e hocolim, X will denote the homotopy colimit formed in the category of 
pointed spaces and 

e hocolim X will denote the homotopy colimit formed in the category of 

unpointed spaces after forgetting the basepoints of the spaces in the dia- 
gram. 

DEFINITION 18.8.2. A pointed space X will be called well pointed if the inclu- 
sion of the basepoint into the space is a cofibration in the model category Spc, (see 
Notation 7.10.5). Since the one point space is the initial object of Spc,, a pointed 
space X is well pointed if and only if it is a cofibrant space. 

PROPOSITION 18.8.3. Every pointed simplicial set is well pointed. 
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ProoF. Every inclusion of simplicial sets is a cofibration. O 

The following proposition is due to E. Dror Farjoun ([23]). 

PROPOSITION 18.8.4. Let C be a small category, let Spc, denote either SS, or 
Top, (see Notation 7.10.5), let X be a C-diagram in Spc,, and let BC°P be the 
classifying space of the category C°P (see Definition 14.1.1). 

e If Spc, = SS., then there is a natural cofibration BC°? — hocolim X and 
a natural isomorphism (hocolim X)/(BC°?) = hocolim, X. 

e If Spe, = Top,, then there is a natural inclusion |BeoP| ~— hocolim X 
that is a cofibration if X is a diagram of well pointed spaces and a natural 
homeomorphism (hocolim X )/(|BC?|) ~ hocolim, X. 

PROOF. This follows from the definition of the homotopy colimit (see Defini- 
tion 19.1.2), Proposition 18.1.6, and Theorem 18.5.1. O 

COROLLARY 18.8.5. Let Spc, denote either SS, or Top, (see Notation 7.10.5). 
If C is a small category and X is a C-diagram of well pointed spaces in Spc, such 
that the space Xq is contractible for every object a in C, then hocolim, X is 
contractible (see Notation 18.8.1). 

PROOF. We will prove this in the case Spc, = Top,; the case Spc, = SS, is 
similar. 

Proposition 18.8.4, Proposition 18.1.6 and Theorem 18.5.3 imply that the 
map |BeoP| — hocolim X is a trivial cofibration. Since the quotient space 
(hocolim X)/ (|BeoP|) is naturally homeomorphic to the pushout of the diagram 
« — |BC?| — hocolim X, this implies that the map * ~ hocolim, X (see Nota- 
tion 18.8.1) is a trivial cofibration. 

Oo 

PROPOSITION 18.8.6. Let Spc, denote either SS, or Top, (see Notation 7.10.5). 
If C is a small category such that the classifying space of © is contractible, then 
for any C-diagram of well pointed spaces X in Spc, the natural map (see Proposi- 
tion 18.8.4) hocolim X ~ hocolim, X is a weak equivalence. 

PROOF. We will prove this in the case Spc, = Top,; the case Spc, = SS, is 
similar. 

The quotient space (hocolim X)/(|BC°?|) is naturally homeomorphic to the 
pushout of the diagram * — |Be>P| ~— hocolim X. Since Spc is a proper model 
category (see Theorem 13.1.1] and Theorem 13.1.13), the result now follows from 
Proposition 18.8.4. O 

EXAMPLE 18.8.7. If @ is the category - — - — - then the homotopy colimit 
of a C-diagram of well pointed spaces has the same weak homotopy type whether 
formed in the category of pointed spaces or in the category of unpointed spaces. 

EXAMPLE 18.8.8. If © is the category - ~-— - — ---, then the homotopy 
colimit of a C-diagram of well pointed spaces has the same weak homotopy type 
whether formed in the category of pointed spaces or in the category of unpointed 
spaces. 

EXAMPLE 18.8.9. The homotopy colimit of a diagram indexed by a discrete 
group does not, in general, have the same weak homotopy type when formed in 
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the category of pointed spaces as it does when formed in the category of unpointed 
spaces since the classifying space of a nontrivial discrete group is not contractible 
(see Example 14.1.4, Proposition 14.1.6, and Proposition 18.8.4.) 

18.9. Diagrams of simplicial sets 

LEMMA 18.9.1. Let M be asimplicial model category, let X be a simplicial set, 
and let AX be the category of simplices of X (see Definition 15.1.16). 

(1) IfY is a (A°?X)-diagram in M, then the homotopy colimit of Y is natu- 
rally isomorphic to the homotopy colimit of the simplicial object Z in M 
for which Z, = U.ex, Y.. 

(2) IfY is a (AX)-diagram in M, then the homotopy limit of Y is naturally 
isomorphic to the homotopy limit of the cosimplicial object Z in M for 
which Z” = |J,¢x, Yo- 

PrRooF. We will prove part 1; the proof of part 2 is similar. 
Definition 18.1.2 describes hocolim Y as the colimit of the diagram 

[J] ¥. @B(o'l (AX)? = I] ¥. @B(o1 (Ax))°? 
(a a' EAP X oE€Ob( APP X) 

Lemma 9.2.1 implies that there are natural isomorphisms 

I] ¥.@B(o'l(aPx))"°= JT J] Y.@B({h 1a)? 
(aa')EAP xX n>O0 cEXy, k>0 é: X,—-X~ 

~II Il (II Y 2) @B( ({k] | AP)? 
n>0d: Xn—-X, cEXn 
k>0 

~T] |] 2, @B((k1acr)” 
nz A-r(Inl,{k]) 

and natural isomorphisms 

I] ¥o@B(ol (ax)? ~ II ( Il ¥ 2) @B (o | (A°P.X))? 
awEOb( AP X) n>0 cEXy 

w [] Z, @B([nJ} Arr)” 
n>0 

and so hocolim Y is naturally isomorphic to the colimit of the diagram 

Il Il Zn ® B({k] | A°P)°P — Il Zn @ B([n] | A°P)°P 

fe en Injeoo(acr) 
which is the definition of hocolim Z. a) 

PROPOSITION 18.9.2. If X is a simplicial set, AX is the category of simplices 
of X (see Definition 15.1.16), and P is the (A°? X)-diagram of simplicia] sets such 
that P, is a single point for every object o of A°?X, then there is a natural weak 
equivalence from the homotopy colimit of P to X. 
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Proor. Lemma 18.9.1 implies that the homotopy colimit of P is naturally 
isomorphic to hocolim Z where Z is the simplicial simplicial set such that 

Zn = I] P, = I] x = Xn 
TEXn cEX, 

(where we view the set X, as a constant (i.e., discrete) simplicial set). Since the 
diagonal of Z is naturally isomorphic to the original simplicial set X, the result 
follows from Corollary 18.7.5. 0 

THEOREM 18.9.3. If X is a simplicial set and AX is the category of simplices 
of X (see Definition 15.1.16) then there is a natural weak equivalence from B(AX) 
to X. 

PROOF. Proposition 18.1.6 implies that if P is the (A°P.X)-diagram of simpli- 
cial sets such that P, is a single point for every object o of A°PX, then B(AX) is 
naturally isomorphic to hocolim P. The result now follows from Proposition 18.9.2. 

i) 

PROPOSITION 18.9.4. IfC is a small category and X is a C-diagram of simplicial 
sets that is cofibrant in the model category structure of Theorem 11.6.1, then the 
natural map hocolim X ~ colim X is a weak equivalence. 

PROOF. This follows from Corollary 18.4.4, Example 18.3.8, Lemma 14.7.4, 
and the isomorphism between the map X @e B(— | @)°? + X @e P and the map 
B(- yeyeP Weep D4 _ P Weep x. O 

PROPOSITION 18.9.5. IfC and D are small categories and F: C — Dis a functor, 
then the homotopy colimit of the D°?-diagram of classifying spaces of undercate- 
gories colimpep B(— | F) is naturally weakly equivalent to BC. 

PROOF. This follows from Proposition 14.7.5, Proposition 18.9.4, and Propo- 
sition 14.8.5. | 

EXAMPLE 18.9.6. If p: E — B is a map of simplicial sets, we will decompose F 
into a (AB)-diagram (see Definition 15.1.16) of simplicial sets p. If o is an n-simplex 
of B, then the characteristic map of ¢ is the unique map x,: A[n] — B that takes 
the non-degenerate n-simplex of A[n] to o, and we let p(c) be the pullback of the 
diagram. 

E 

p 

If 6: B, — By is a simplicial operator, then 6 corresponds to a map Ak] > A[n], 
and so we get a map p(o,6): p(5(¢)) — p(c). For each simplex o in B there is 
an obvious map p(¢) — FE, and these induce an isomorphism of simplicial sets 
colimycon(aB) D(a) * E. We will show in Corollary 19.9.2 that the natural map 
hocolim, cov(aB) p(o) —_ colimgeon(aB) p(c) ~~ Fis a weak equivalence. 

PROPOSITION 18.9.7. Ifp: EF — B is a map of simplicial sets, then the (AB)- 
diagram of simplicial sets constructed in Example 18.9.6 is Reedy cofibrant. 

ProoF. The latching map at the n-simplex ¢ is the inclusion of the part of 
p(c) above OA{n] into p(c). 0 
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Proposition 18.9.7 allows us to prove in Corollary 19.9.2 that if p: EB — B is 
a map of simplicial sets and p: AB — SS is the diagram constructed in Exam- 
ple 18.9.6, then the natural map hocolimpj — EF is a weak equivalence. 

18.9.8. Geometric realization and total singular complex. 

PROPOSITION 18.9.9. Let © be a small category. 

(1) If X is a C-diagram of unpointed (respectively, pointed) simplicial sets and 
K is a C°P-diagram of unpointed simplicial sets, then there is a natural 
homeomorphism 

|X @e K| + |X| @eK 

of unpointed (respectively, pointed) topological] spaces. 
(2) If X is a C-diagram of unpointed (respectively, pointed) topological spaces 

and K is a C-diagram of unpointed simplicial sets, then there is a natural 
isomorphism 

Sing (hom*(K, X)) = hom®(K, Sing X) 
of unpointed (respectively, pointed) simplicial sets. 

PROOF. We will prove part 1; the proof of part 2 is similar. 
Definition 18.3.2 defines X @e K as a colimit. Since the geometric realization 

functor is a left adjoint, it commutes with colimits, and so the result follows from 
Lemma 1.1.9. O 

THEOREM 18.9.10. Let © be a small category. 

(1) If X is a C-diagram of unpointed (respectively, pointed) simplicial sets, 
then there is a natural homeomorphism 

|hocolim X| = hocolim|X | 

of unpointed (respectively, pointed) topological spaces. 
(2) If X is a C-diagram of unpointed (respectively, pointed) topological spaces 

then there is a natural isomorphism 

Sing(holim X) = holim(Sing X) 

of unpointed (respectively, pointed) simplicial sets. 

PROOF. This follows from Proposition 18.9.9 and Example 18.3.6. O 

THEOREM 18.9.11. 

(1) If X is a simplicial unpointed (respectively, pointed) simplicial set, then 
there is a natural homeomorphism from the geometric realization of the 
simplicia] set |X| (see Definition 18.6.2) to the realization (see Defini- 
tion 18.6.2) of the simplicial unpointed (respectively, pointed) topological 
space obtained by taking the geometric realization in each simplicial de- 
pree. 

(2) If X is a cosimplicial unpointed (respectively, pointed) topological space, 
then there is a natural isomorphism Sing(Tot X) = Tot(Sing X). 

PRooF. This follows from Proposition 18.9.9. O 

PROPOSITION 18.9.12. Let C be a small category. 
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(1) If X is an objectwise cofibrant C-diagram of unpointed (respectively, 
pointed) topological spaces, then there is a natural weak equivalence 
hocolim(Sing X) — Sing(hocolim X). 

(2) If X is an objectwise fibrant C-diagram of unpointed (respectively, pointed) 
simplicial sets, then there is a natural weak equivalence |holim X | = 
holim|_.x |. 

PROOF. We will prove part 1; the proof of part 2 is similar. 
The natural map of diagrams |Sing »,¢ | — X induces a natural weak equivalence 

hocolim|Sing X| — hocolim X (see Theorem 19.4.2). Theorem 18.9.10 implies that 
this is isomorphic to a natural weak equivalence \hocolim Sing X | — hocolim X, 
which corresponds (under the standard adjunction) to a natural weak equivalence 
hocolim(Sing X) — Sing(hocolim X). ma) 





CHAPTER 19 

Homotopy Limits in General Model Categories 

In this chapter we generalize the definitions of homotopy colimit and homotopy 
limit from diagrams in a simplicial model category to diagrams in an arbitrary 
model category, using frames (see Definition 16.6.21) in place of the simplicial model 
category structure. Our definitions are due to D. M. Kan, who also established their 
properties (using methods different from the ones used here). 

We define homotopy colimits and homotopy limits in Section 19.1. In Sec- 
tion 19.2 we define coends and ends, which are constructions that generalize the 
definitions of the homotopy colimit and the homotopy limit, and we establish some 
adjointness results. In Section 19.3 we use the adjointness results to obtain ho- 
motopy invariance results for the pushout corner map of coends and the pullback 
corner map of ends. 

In Section 19.4 we establish our homotopy invariance results for homotopy 
colimits and homotopy limits and show that changing the choice of frame results 
in naturally weakly equivalent homotopy colimit and homotopy limit functors. We 
also prove an adjointness result connecting the homotopy colimit and the homotopy 
limit functors. In Section 19.5 we show that a homotopy pullback in a right proper 
model category is weakly equivalent to the homotopy limit of the diagram if each 
of the objects in the diagram is fibrant. 

In Section 19.6 we define what it means for a functor between small categories 
to be homotopy left cofinal or homotopy right cofinal. We show that such a functor 
is homotopy left cofinal if and only if it induces a weak equivalence of homotopy 
limits for all diagrams of fibrant objects, and that it is homotopy right cofinal if 
and only if it induces a weak equivalence of homotopy colimits for all diagrams of 
cofibrant objects. In Section 19.7 we prove a homotopy lifting extension theorem 
for diagrams indexed by a Reedy category. In Section 19.8 we discuss the Bousfield- 
Kan maps from the homotopy colimit of a simplicial object to its realization and 
from the total object of a cosimplicial object to its homotopy limit. 

In Section 19.9 we discuss diagrams indexed by a Reedy category. We prove that 
the homotopy colimit of a Reedy cofibrant diagram indexed by a Reedy category 
with fibrant constants is naturally weakly equivalent to its colimit, and that the 
homotopy limit of a Reedy fibrant diagram indexed by a Reedy category with 
cofibrant constants is naturally weakly equivalent to its limit. 

19.1. Homotopy colimits and homotopy limits 

In this section we define the homotopy colimit and homotopy limit of a diagram 
in a model category; this generalizes the definitions of Chapter 18 for diagrams in a 
simplicial model category (see Remark 19.1.3 and Remark 19.1.6). Our definitions 
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depend on the choice of a framing for the model category, but we show in Theo- 
rem 19.4.3 that two different framings yield naturally weakly equivalent homotopy 
colimit and homotopy limit functors. 

19.1.1. Homotopy colimits. 

DEFINITION 19.1.2. Let M be a framed model category (see Definition 16.6.21) 
and let C be a small category. If X is a C-diagram in M (see Definition 11.5.2), 
then the homotopy colimit hocolim X of X is defined to be the coequalizer of the 
maps 

~ $ ~ 
[] Xa@Blao’'ley? == [I X.@Blale)” 

(0: ama’)EC % a€Ob(C) 

(see Definition 16.3.1, Definition 14.1.1, and Definition 11.8.3) where X,, is the 
natural cosimplicial frame on X,, the map ¢ on the summand ¢c: a — a’ is the 
composition of the map 

0+ ® 1ly(a'1@): Xa @ Bla’ | C)? —+ Xq, @ Ba’ | €)” 
with the natural injection into the coproduct, and the map # on the summand 
go: a@-—a’ is the composition of the map 

ly @ Blo"): Xo @B(a' 1 €)°? —+ X, @B(al eC)” 

(where o*: (a’ | C)°? — (a | C)°?: see Definition 14.7.2) with the natural injection 
into the coproduct. 

For a discussion of the relation of our definition of the homotopy colimit to 
that of [14], see Remark 18.1.11. 

REMARK 19.1.3. If M is a simplicial model_category, then for every object 
X of M and every simplicial set K the object X @® K (where X is the natural 
cosimplicial frame on X; see Proposition 16.6.23) is naturally isomorphic to X ® 
K (see Proposition 16.6.6). Thus, if © is a simplicial model category with the 
natural framing induced by the simplicial structure, Definition 19.1.2 agrees with 
Definition 18.1.2. 

19.1.4. Homotopy limits. 

DEFINITION 19.1.5. Let M be a framed model category (see Definition 16.6.21) 
and let © be a small category. If X is a C-diagram in M (see Definition 11.5.2), 
then the homotopy limit holim X of X is defined to be the equalizer of the maps 

— — ¢ 
Il (X,,)BCl®) — II (Xq/)B(Cle) 

a€Ob(C) % (o: aa’ )EC 

(see Definition 16.3.1, Definition 14.1.1, and Definition 11.8.1) where X., is the 
natural simplicial frame on X q, the projection of the map ¢ on the factor 7: a > a’ 
is the composition of a natural projection from the product with the map 

— Biel) . (X ,)B(Cle) _, (X g)BUEla) 
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and the projection of the map w on the factor 7: a — a’ is the composition of a 
natural projection from the product with the map 

— — (1 )Bles); (X q)BCle”) _, (X 4 )B(Et@) 

(where o4: (C | a) > (C1 a’); see Definition 14.7.8). 

REMARK 19.1.6. If M is a simplicial model category then for every object X 
of M and every simplicial set K the object Xx* (where X is the natural simplicial 
frame on X; see Proposition 16.6.23) is naturally isomorphic to x* (see Propo- 
sition 16.6.6). Thus, if M is a simplicial model category with the natural framing 
induced by the simplicial structure, Definition 19.1.5 agrees with Definition 18.1.8. 

19.1.7. Induced diagrams. 

PROPOSITION 19.1.8. Let M be a framed model category. If C and D are small 
categories, F: C — D is a functor, X is a D-diagram in M, and F*X is the €- 
diagram in M induced by F (see Definition 11.5.5), then 

(1) there is a natural map 

hocolim F*_X —> hocolim X 
e D 

defined by sending F*X, ® B(a| €) = Xero ® B(a}e)TM to Xro @ 
B(Fa|D)°? by the map lg, @F. (see Lemma 14.7.3), and 

(2) there is a natural map 

holim X —> holim F*_X 
D e 

induced by the natural map F,: B(C | a) > B(D | Fa) (see Lemma 14.7.9). 

ProoF. This follows directly from the definitions. O 

It is often of interest to know conditions on a functor F that ensure that the 
natural map of homotopy colimits of Proposition 19.1.8 part 1 is a weak equivalence 
for all D-diagrams of cofibrant objects, or that the natural map of homotopy limits 
of Proposition 19.1.8 part 2 is a weak equivalence for all D-diagrams of fibrant 
objects. For this, see Theorem 19.6.13. 

19.2. Coends and ends 

In this section we define general constructions (see Definition 19.2.2) that allow 
us to analyze the colimit and homotopy colimit as two examples of the same con- 
struction and, dually, the limit and homotopy limit as two examples of the same 
construction (see’ Example 19.2.10). These definitions also enable us to obtain ad- 
jointness relations (see Section 19.2.12) that will be used to obtain the homotopy 
invariance results of Section 19.4. 

19.2.1. Definitions. 

DEFINITION 19.2.2. Let M be a model category and let C be a small category. 

(1) If X is a C-diagram in M, X isa cosimplicial frame on X (see Defini- 
tion 16.7.2), and K is a C°?-diagram of simplicial sets, then X @X K is 
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defined to be the object of M that is the coequalizer of the maps 

~ $ ~ 
Xa ® Ky ———_ I] Xa ® Ka 

(a: a-a’)EC v a€Ob(C) 

(see Definition 16.3.1) where the map ¢ on the summand g: a — a’ is 
the composition of the map 

0. @1x,,: Xa @ Ke + Xy @ Ka 

(where o,: Xo = Xa’) with the natural injection into the coproduct, 
and the map j on the summand ¢: @ — a’ is the composition of the map 

lg, @0°: X.@Ka — X,@K. 

(where o*: Ky — K,) with the natural injection into the coproduct. 
If X is a C-diagram in M, X isa simplicial frame on X, and K is a €- 
diagram of simplicial sets, then hom (K, X) is defined to be the object 
of M that is the equalizer of the maps 

_ b _ 
I] (%.)* = IL e)* 

a€Ob(C) (og: ama’)EC 

(see Definition 16.3.1) where the projection of the map ¢ on the factor 
g: a — a’ is the composition of a natural projection from the product 
with the map 

onke; (X,)*e —_— (Xq)Ke 

(where o,: Xa Xa’) and the projection of the map ~ on the factor 
g:a— a’ is the composition of a natural projection from the product 
with the map 

— 

(1g, Mer: (Kor)Ke! — (Xan) 
(where ox: (C1 a) — (C1 a’); see Definition 14.7.8). 

PROPOSITION 19.2.5. Let M be a simplicial model category, let C be a small 
category, and let X be a C-diagram in M. 

(1) 

(2) 

If X is the natural cosimplicial frame on X defined by the simplicial 
structure on M and K is a C°?-diagram of simplicial sets, then X @x K 
(see Definition 19.2.2) is naturally isomorphic to X @e K (see Defini- 
tion 18.3.2). 
If X is the natural simplicial frame on X defined by the simplicial struc- 
ture on M and K is a @-diagram of simplicial sets, then hom ( kK) 
(see Definition 19.2.2) is naturally isomorphic to hom©(K,X) (see Def- 
nition 18.3.2). 

ProoF. This follows directly from the definitions. O 
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19.2:i6. Framed model categories. 

NOTATION 19.2.7. Let M be a framed model category, let € be a small category, 
and let X be a €@-diagram in M. 

(1) If X is the natural cosimplicial frame on X induced by the framing on 
M (see Example 16.7.3), then X @%& K will be denoted X @e K (see 
Proposition 19.2.5). 

(2) If X is the natural simplicial frame induced by the framing on M, then 
hom$ (K, X) will be denoted hom®(K, X) (see Proposition 19.2.5). 

EXAMPLE 19.2.8. Let M be a framed model category and let € be a small 
category. 

(1) If X is a C-diagram in M, then X @e B(— | €)°? (see Notation 19.2.7) is 
the homotopy colimit of X (see Definition 19.1.2). 

(2) If X is a @-diagram in M, then hom®(B(€ | —), X) is the homotopy limit 
of X (see Definition 19.1.5). 

PROPOSITION 19.2.9. Let M be a framed model category and let € be a small 
category. 

(1) If X is a C-diagram in M and P: C° — SS is a single point for every 
object a of C, then X ®e P (see Notation 19.2.7) is naturally isomorphic 
to colim X. 

(2) If X is a C-diagram in M and P: © — SS is a single point for every object 
a of @, then hom®(P, X) is naturally isomorphic to lim X. 

PROOF. For part 1, P, is naturally isomorphic to A{0} for every object @ of 
€°P, and so we have natural isomorphisms 

Xo ® Pa Xo @Al0] + (Xa)o~ Xa 
(where X is the natural cosimplicial frame on X induced by the framing on M) 
(see Lemma 16.3.6). Under these isomorphisms, the map ¢ of Definition 19.2.2 is 
defined by o,: X, — Xq’ and the map yw is the identity. 

For part 2, P, is naturally isomorphic to A[0] for every object @ of C, and so 
we have natural isomorphisms 

XP —) x40 ~) (X.)° a Xo 

(where X is the natural simplicial frame on X induced by the framing on M) 
(see Lemma 16.3.6). Under these isomorphisms, the map ¢ of Definition 19.2.2 is 
defined by 04: Xq — Xa’ and the map y is the identity. 0 

EXAMPLE 19.2.10. Let M be a framed model category and let © be a small 
category. 

(1) If P: C9? — SS is a single point for every object a of C°?, then the unique 
map of @°P-diagrams B(— | @)°? — P induces a natural map 

hocolim X = X @X B(—| ©)? — X @*X P =colimX 
for all €-diagrams X in M (see Example 19.2.8 and Proposition 19.2.9). 

(2) If P: €C — SS is a single point for every object a of @, then the unique 
map of C-diagrams B(€ | -) — P induces a natural map 

lim X = hom (P, X) + hom§ (B(C| —), X) = holim X 
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for all C-diagrams X in M. 

PROPOSITION 19.2,11. Let M and N be model categories and let F: M@N:U 

be a Quillen pair (see Definition 8.5.2). 

(1) If © is a small category, K is a C°P-diagram of simplicial sets, X is a C- 
diagram in M, and X isa cosimplicial frame on X (see Definition 16.7.2), 
then FX: CN isa cosimplicial frame on FX and there is a natural 
isomorphism 

F(X @X K) = (FX) @E* K . 
(2) If © is a small category, K is a C-diagram of simplicial sets, X is a C- 

diagram in N, and X isa simplicial frame on X (see Definition 16.7.2), 
then UX is a simplicial frame on UX and there is a natural isomorphism 

U(hom§ (K,X)) + homi.(K, UX) . 

PROOF. We will prove part 1; the proof of part 2 is dual. 

The coend X @& K is the coequalizer of Diagram 19.2.3. As a functor of 
X, this is a composition of functors that commute with left adjoints, and so it 
commutes with left adjoints. The result now follows from Proposition 16.6.19. O 

19.2.12. Adjointness. 

PROPOSITION 19.2.13. Let M be a model category and let C be a small category. 

(1) If X is a C-diagram in M, X is a cosimplicial frame on X (see Defini- 
tion 16.7.2), K is a C°P-diagram of simplicial sets, and Z is an object of 
M, then there is a natural isomorphism of sets 

M(X @& K, Z) » SS°" (K,M(X, Z)) 

(where X @x K is as in Definition 19.2.2). 
(2) If X is a C-diagram in M, X is a simplicial frame on X (see Defini- 

tion 16.7.2), K is a C-diagram of simplicial sets, and W is an object of 
M, then there is a natural isomorphism of sets 

M(W, hom (K, X)) ~ SS° (UK, M(W, X)) 

(where hom§ %(K, X) is as in Definition 19.2.2). 

PROOF. We will prove part 1; the proof of part 2 is similar. 
The object X@k Ki is defined as the colimit of Diagram 19.2.3, and so M(X@x 

K, Z) is naturally isomorphic to the limit of the diagram 

~ a 

I] M(X.@K.,Z) I] TM(X.@Ka,Z) . 
ae Ob(C) v (9: ama’)EC 

Theorem 16.4.2 implies that this limit is naturally isomorphic to the limit of the 
diagram 

Tl ssUo(%e.2)) —=3 J] ssa. m(%.,2)) , 
aeOb(C) (¢: ama'jJEe 



19.3. CONSEQUENCES OF ADJOINTNESS 41 

which is the definition of SS°” (K,M(X, Z)). o 

LEMMA 19.2.14. Let M be a model category and let C be a small category. 

(1) Ifj7: A — B is a map of C-diagrams in M, 7: A> Bisa cosimplicial 
frame on j (see Definition 16.7.2), K — L is a map of €°?-diagrams of 
simplicial sets, and X — Y is a map of objects in M, then the dotted 
arrow exists in every solid arrow diagram of the form 

A®é LU ygix BEE K —4X 

| | 
Bee L —¥ 

if and only if the dotted arrow exists in every solid arrow diagram of the 
form 

>M(B,X) K 

| | | 
L—— M(A, X) XM(A,Y) M(B,Y) . 

(2) Ifp: X — Y is a map of €-diagrams in M, p: XY isa simplicial 
frame on p (see Definition 16.7.2), kK — L is a map of C-diagrams of 
simplicial sets, and A — B is a map of objects in M, then the dotted 
arrow exists in every solid arrow diagram of the form 

A > hom*(L, X) 

Cl 
B— hom$ (K,X) Xhom (K,Y) hom (L, Y) 

if and only if the dotted arrow exists in every solid arrow diagram of the 
form 

K + M(B, X) 

‘| 
L— M(A, X) ca.) M(BLY) - 

Proor. This follows from Proposition 19.2.13. Oo 

19.3. Consequences of adjointness 

In this section we combine the adjointness results of Section 19.2 with the 
homotopy lifting extension theorem to obtain results for the pushout corner map 
of coends and the pullback corner map of ends, which we will use in Section 19.4 
to obtain our homotopy invariance results. 

THEOREM 19.3.1. Let M be a model category and let © be a small category. 
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(1) Ifj: A — B is an objectwise cofibration of C-diagrams in M, 7: AB 
is a cosimplicial frame on j (see Definition 16.7.2) that is an objectwise 
Reedy cofibration, and i: K — L is a cofibration of @°?-diagrams of 
simplicial sets (see Theorem 11.6.1), then the pushout corner map 

A®@E LU gin BOE K — BOE L 

is a cofibration in M that is a weak equivalence if either j is an objectwise 
weak equivalence or i is a weak equivalence. _ 

(2) Ifp: X — Y is an objectwise fibration of C-diagrams in M, p: X — Y is 
a simplicial frame on p (see Definition 16.7.2) that is an objectwise Reedy 
fibration, andi: K — L is a cofibration of ©C°?-diagrams of simplicial sets 
(see Theorem 11.6.1), then the pullback corner map 

hom§ (L,.X) —+ hom§,(K, X) Xhom$. (KY) hom$(L, Y) 

is a fibration in M that is a weak equivalence if either p is an objectwise 
weak equivalence or 2 is a weak equivalence. 

PRooF. We will prove part 1; the proof of part 2 is similar. 
If p: X — Y is a fibration in M, then Theorem 16.5.2 implies that the map 

of @°P-diagrams of simplicial sets M(B, X) > M(A,X) (AY) M(B,Y) is an 
objectwise fibration that is an objectwise weak equivalence if either 7 is an object- 
wise weak equivalence or p is a weak equivalence. The result now follows from 
Lemma 19.2.14, Proposition 7.2.3, and Theorem 11.6.1. O 

PROPOSITION 19.3.2. Let M be a model category and let © be a small category. 

(1) If X is an objectwise cofibrant C-diagram in M, X is a cosimplicial frame 
on X, and K is a C°?-diagram of simplicial sets that is a cofibrant object 
of ss°”” (see Theorem 11.6.1), then X @X K is a cofibrant object of M. 

(2) If X is an objectwise fibrant C-diagram in M, X isa simplicial frame on 
X, and K is a @-diagram of simplicial sets that is a cofibrant object of 
SS° (see Theorem 11.6.1), then hom$(K, X) is a fibrant object of M. 

ProoFr. This follows form Theorem 19.3.1. O 

PROPOSITION 19.3.3. Let M be a model category and let C be a small category. 

(1) If X is an objectwise cofibrant C-diagram in M, X isa cosimplicial frame 
on X, and f: K — K’ is a weak equivalence of cofibrant C°?-diagrams of 
simplicial sets (see Theorem 11.6.1), then the induced map f, : X@xK > 
».¢ @x K’ is a weak equivalence of cofibrant objects in M. 

(2) If X is an objectwise fibrant C-diagram M, X is a simplicial frame on X, 
and f: K — K’ is a weak equivalence of cofibrant C-diagrams of simplicial 
sets (see Theorem 11.6.1), then the induced map f*: hom (K’, X) =" 
hom§ (KK, X) is a weak equivalence of fibrant objects in M. 

Proor. This follows from Theorem 19.3.1 and Corollary 7.7.2. a) 

PROPOSITION 19.3.4. Let M be a model category and let © be a small category. 

(1) If K is a C°P-diagram of simplicial sets and both K = K and K' 5 K 
are cofibrant approximations to K (see Theorem 11.6.1), then for every 
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objectwise cofibrant C-diagram X in M and every cosimplicial frame x 
on X there is an essentially unique natural zig-zag of weak equivalences 
(see Definition 14.4.1) in M from X @X K to X @& K’ that is natural 
up to weak equivalence. _ _ 
If K is a C-diagram of simplicial sets and both K — K and K' — Kk 
are cofibrant approximations to K (see Theorem 11.6.1), then for every 

objectwise fibrant C-diagram X in M and every simplicial frame X on 
X there is an essentially unique natural zig-zag of weak equivalences (see 

Definition 14.4.1) in M from hom§ SK, X) to hom& S(K’, X) that is nat- 
ural up to weak equivalence. 

PROOF. This follows from Proposition 19.3.3 and Proposition 14.6.3. O 

PROPOSITION 19.3.5. Let M be a model category and let C be a small category. 

(1) 

(2) 

If K is a cofibrant ©°°-diagram of simplicial sets (see Theorem 11.6.1), 
f: X — Y is a map of C-diagrams in M that is an objectwise weak 
equivalence of cofibrant objects, and f : XY isa cosimplicial frame on 
f (see Definition 16.6.12), then the induced map of coends f, : X @x K=- 
Y ex K is a weak equivalence. 
If K is a cofibrant @-diagram of simplicial sets (see Theorem 11.6.1), 
f: X — Y is a map of C-diagrams in M that is an objectwise weak 
equivalence of fibrant objects, and fi: X > YVisa simplicial frame on 
f (see Definition 16.6.12), then the induced map f,: hom y(K,xX) - 
hom§ (K ,Y) is a weak equivalence. 

PrRooF. This follows from Theorem 19.3.1 and Corollary 7.7.2. O 

COROLLARY 19.3.6. Let M be a model category and let © be a small category. 

(1) 

(2) 

If K is a cofibrant C°?-diagram of simplicial sets (see 1 Theorem 11.6.1), X 
is an objectwise cofibrant @-diagram in M, and f: X + X’ isa map of 
cosimplicial frames on X , then the induced map of coends f,: X ex Ko 
x ox’ K is a weak equivalence. 
If K is a cofibrant C-diagram of simplicial sets (see Theorem 11.6.1), X 
is an objectwise fibrant C-diagram in M, and f: X 3 X' isa map of sim- 
plicial frames on X, then the induced map of ends f, : hom (K, x)—- 
hom 2,(F, X) is a weak equivalence. 

Proor. This follows from Proposition 19.3.5. O 

COROLLARY 19.3.7. Let M be a model category and let C be a small category. 

(1) 

(2) 

If K is a cofibrant ©°P-diagram of simplicial sets (see Theorem 11.6.1), 
X is an objectwise cofibrant C-diagram in M, and both X and X’ are 
cosimplicial frames on X, then there is an essentially unique zig-zag (see 
Definition 14.4.2) of weak equivalences induced by maps of frames from 

the coend X @t K to the coend X @x’ K. 
If K is a cofibrant C-diagram of simplicial sets (see Theorem 11.6.1), 
X is an objectwise fibrant C-diagram in M, and both X and X’ are 
simplicial frames on X, then there is an essentially unique zig-zag of 
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weak equivalences induced by maps of frames from the end hom (K, X) 

to the end hom§,(K, X) 
Proor. This follows from Corollary 19.3.6 and Theorem 16.7.6. O 

PROPOSITION 19.3.8. Let M and N be framed model categories and let F: M @ 
N :U be a Quillen pair (see Definition 8.5.2). 

(1) If © is a small category and K is a cofibrant C°P-diagram of simplicial 
sets (see Theorem 11.6.1), then there is an essentially unique zig-zag (see 
Definition 11.7.2) of natural transformations of functors M° — N induced 
by maps of frames from F(— ®e K) to (F—) @e K that is a zig-zag of 
natural weak equivalences on objectwise cofibrant diagrams. 

(2) If © is a small category and K is a cofibrant C-diagram of simplicial 
sets (see Theorem 11.6.1), then there is an essentially unique zig-zag (see 
Definition 11.7.2) of natural transformations of functors N° — M induced 
by maps of frames from Uhom*(K, —) to hom® (K,U-—) that is a zig-zag 
of natural weak equivalences on objectwise fibrant diagrams. 

Proor. This follows from Corollary 19.3.6, Proposition 19.2.11, and Theo- 
rem 16.6.10. | 

19.4. Homotopy invariance 

This section contains our homotopy invariance results for the homotopy colimit 
and homotopy limit functors (see Theorem 19.4.2). We also show that changing 
the framing of the model category results in naturally weakly equivalent homotopy 
colimit and homotopy limit functors (see Theorem 19.4.3), and we establish an 
adjointness result connecting the homotopy colimit and homotopy limit functors 
(see Theorem 19.4.4). 

THEOREM 19.4.1. Let M be a framed model category and let C be a small 
category. 

(1) If X is an objectwise cofibrant C-diagram in M, then hocolim X is cofi- 
brant. 

(2) If X is an objectwise fibrant C-diagram in M, then holim X is fibrant. 

PROOF. This follows from Proposition 19.3.2 and Corollary 14.8.8. Ol 

THEOREM 19.4.2. Let M be a framed model category, and let © be a small 
category. 

(1) If f: X — Y is a map of C-diagrams in M such that fo: Xa ~ Ya is 
a weak equivalence of cofibrant objects for every object a of C, then the 
induced map of homotopy colimits f,: hocolim X — hocolimY is a weak 
equivalence of cofibrant objects of M. 

(2) If f: X — Y is a map of C-diagrams in M such that fa: Xa - Ya 
is a weak equivalence of fibrant objects for every object a of C, then 
the induced map of homotopy limits f,: holimX — holimY is a weak 
equivalence of fibrant objects of M. 

PROOF. This follows from Proposition 19.3.5 and Theorem 19.4.1. O 
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THEOREM 19.4.3. Let M be a model category, let M’ and M” be framed model 
categories for which the underlying model category is M, and let © be a small 
category. 

(1) There is an essentially unique zig-zag (see Definition 14.4.2) of natural 
transformations induced by maps of framings connecting the homotopy 
colimit constructed using the framing of M’ to the homotopy colimit con- 
structed using the framing of M” that is a zig-zag of weak equivalences 
on objectwise cofibrant diagrams. 

(2) There is an essentially unique zig-zag (see Definition 14.4.2) of natural 
transformations induced by maps of framings connecting the homotopy 
limit constructed using the framing of M’ to the homotopy limit con- 
structed using the framing of M” that is a zig-zag of weak equivalences 
on objectwise fibrant diagrams. 

PRooF. This follows from Example 19.2.8, Corollary 19.3.6, and Theorem 
16.6.10. QO 

THEOREM 19.4.4. Let M be a framed model category and let © be a small 
category. 

(1) If X is an objectwise cofibrant C-diagram in M and Y is a fibrant object 
of M, then map(hocolim X,Y) (see Notation 17.4.2) is naturally weakly 
equivalent to holim map(X,Y). 

(2) If X is a cofibrant object of M and Y is an objectwise fibrant C-diagram 
in M, then map(X,holimY) (see Notation 17.4.2) is naturally weakly 
equivalent to holim map(X,Y). 

PROOF. We will prove part 1; the proof of part 2 is similar. 
Since Y is fibrant, the simplicial frame Y on Y defined by the framing of M is a 

simplicial resolution of Y, and so M(hocolim X, Y) is a homotopy function complex 
map(hocolim X,Y). Example 19.2.8, Proposition 19.2.13, and Corollary 11.8.7 im- 
ply that M(hocolim X, Y) is naturally isomorphic to SS°”” (B(e°? | -), M(X, Y)) 
(where X:C~+ M4 is the frame on X induced by the framing of M). Since each 
X, is cofibrant, we can take the M(Xa,¥) as our homotopy function complexes 
map(X,, Y), and Corollary 16.5.16 implies that the bisimplicial set M(Xe, Y) is 
a resolution of the simplicial set M(Xa, Y). Example 17.2.4 and Theorem 17.5.14 
imply that each simplicial set SS (B(e°P La), M(Xe, Y)) is naturally weakly equiv- 
alent to Map (B(C°? | a), map(X.,Y)), and so the result follows from Proposi- 
tion 18.2.6. 0 

THEOREM 19.4.5. Let M and N be framed model categories and let F: M 2 
N:U be a Quillen pair (see Definition 8.5.2). 

(1) If @ is a small category, then there is an essentially unique zig-zag of 
natural transformations of functors M° — N induced by maps of frames 
from F hocolim to hocolim F that is a natural zig-zag of weak equivalences 
on objectwise cofibrant diagrams. 

(2) If © is a small category, then there is an essentially unique zig-zag of 
natural transformations of functors N° — M induced by maps of frames 
from U holim to holim U that is a natural zig-zag of weak equivalences on 
objectwise fibrant diagrams. 
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PrRooF. This follows from Proposition 19.3.8 and Corollary 14.8.8. O 

19.4.6. The significance of overcategories and undercategories. 

THEOREM 19.4.7. Let © be a small category and let M be a model category. 

(1) If P is a C°P-diagram of simplicial sets that is a cofibrant approxima- 
tion (see Definition 8.1.2) to the constant C°P-diagram at a point, then 
for every objectwise cofibrant C-diagram X in M there is an essentially 
unique natural zig-zag of weak equivalences induced by maps of cofibrant 
approximations from X @e P to hocolim X. 

(2) If P is a C-diagram of simplicial sets that is a cofibrant approximation 
(see Definition 8.1.2) to the constant C-diagram at a point, then for every 
objectwise fibrant C-diagram X inM there is an essentially unique natural 
zig-zag of weak equivalences induced by maps of cofibrant approximations 
from hom*(P, X) to holim X. 

Proor. This follows from Proposition 19.3.4, Example 19.2.8, and Proposi- 
tion 14.8.9. 0 

19.5. Homotopy pullbacks and homotopy pushouts 

If M is a right proper framed model category, then the diagram X — Z — Y 
has both a homotopy pullback (see Definition 13.3.2) and a homotopy limit (see 
Definition 19.1.5). We will show that for fibrant X, Y, and Z, the homotopy pull- 
back of the diagram X — Z — Y is naturally weakly equivalent to the homotopy 
limit of that diagram (see Proposition 19.5.3). We begin by showing that, for a 
map of fibrant objects, the “classical” method of converting a map into a fibration 
does provide a factorization into a weak equivalence followed by a fibration. 

Lemma 19.5.1. Let M be a framed model category and let g: X — Z be a map 

of fibrant objects. If evo: Z4!) — Z is the composition Z4') +2", ZA wy 2x 
Z (see Lemma 16.3.6) and the square 

w —24 gan 

x57 
is a pullback, then 

(1) the map ev) g: W — @Z is a fibration (where ev,: Zl) _, Z is the 
composition Zan) so, a" Z) we Zo x Z), 

(2) if 7: X — W is defined by the requirements that kj = 1x and gj: X — 

ZA) equals the composition X 4 Z = Z~ Z40 “+,( ZA) then j 
is a weak equivalence, and 

(3) (ev 9) oj = 9. 
Proor. Since Z is fibrant, Z is Reedy fibrant, and so evo is a trivial fibration. 

Thus, * is a trivial fibration. Since Ne = lx, this implies that 7 is a weak equiva- 

lence. Since the composition Zar 29", Zou) 27,2", ZA is the identity map, it 
follows that (ev, 9)j = g, and so it remains only to show that ev, g is a fibration. 
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Let i: A — B be a trivial cofibration, and suppose that we have the solid arrow 

— Ww 

diagram 

A 

| [ow g 
(19.5.2) 

B—Z ; 

Proposition 7.2.3 implies that it is sufficient to show that there exists a dotted 
arrow making both triangles commute. Since X is fibrant, the map kr: A — X 
can be extended over B to a map t: B — X such that tt = kr. We thus have a 
map (gtx s): Bo ZxZx ZA x ZAG ~ ZO that fits into the commutative 
solid arrow diagram 

Am Zant 

| | 
B— ZeA{1) | 

Since Z is Reedy fibrant, Proposition 16.3.8 implies that ZAvl —, ZO) is a fibra- 
tion, and so the dotted arrow exists in this diagram. This dotted arrow combines 
with the map t: B — X to define the dotted arrow in Diagram 19.5.2. O 

PROPOSITION 19.5.3. Let M be a right proper framed model category. If X, 
Y, and Z are fibrant objects, then the homotopy pullback (see Definition 13.3.2) 

of the diagram X LZAY is naturally weakly equivalent to the homotopy limit 
(see Definition 19.1.5) of that diagram. 

ProorF. If K is the simplicial set that is the union of two copies of A[}] with 
vertex 1 of both copies identified to a single point, then the homotopy limit of the 

diagram X 1Z2Y is naturally isomorphic to the limit of the diagram 
x ZK Y 

Z Z 

where the two maps with domain Z* are defined by evaluation on vertex 0 of the 
two copies of A[1] (see Definition 19.1.5). The limit of this last diagram is naturally 
isomorphic to the limit of the diagram 

(19.5.4) zal Zou 

No NZ SY 
(see Proposition 16.4.3). If Wg is the pullback of the diagram X 4 Z &2 ZAI 
and Wr, is the pullback of the diagram Y ~ Z “¥2 Zl, then the limit of Dia- 
gram 19.5.4 is naturally isomorphic to the pullback of the diagram W, — Z — Wh. 
Lemma 19.5.1 implies that the maps Wy — Z and Wy - Z arise as factorizations 
of, respectively, g and h into a weak equivalence followed by a fibration, and so the 
result follows from Proposition 13.3.7. 0 
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19.6. Homotopy cofinal functors 

In this section we describe those functors of small categories that induce weak 
equivalences of homotopy colimits for all objectwise cofibrant diagrams and, dually, 
those that induce weak equivalences of homotopy limits for all objectwise fibrant 
diagrams. 

DEFINITION 19.6.1. Let C and D be small categories and let F: C — D bea 
functor. 

e The functor F is homotopy left cofinal (or homotopy initial) if for every ob- 
ject a of D the space B(F | a) (see Definition 14.1.1 and Definition 11.8.1) 
is contractible. 

e The functor F is homotopy right cofinal (or homotopy terminal) if for every 
object a of D the space B(a | F) (see Definition 11.8.3) is contractible. 

If € is a subcategory of D and F is the inclusion, then if F is homotopy left cofinal 
or homotopy right cofinal we will say that © is, respectively, a homotopy left cofinal 
subcategory or a homotopy right cofinal subcategory of D. 

We will show in Theorem 19.6.13 that these are the correct notions when con- 
sidering homotopy limits and homotopy colimits. 

REMARK 19.6.2. The reader should be aware that there are conflicting uses of 
the above terms in the literature. The definitions of Heller ([41, page 54]) agree 
with ours, but Bousfield and Kan ([14, page 316]) use the terms initial and left 
cofinal for what we call homotopy initial and homotopy left cofinal and the terms 
final and right cofinal for what we call homotopy final and homotopy right cofinal. 

PROPOSITION 19.6.3. Let €C and D be small categories, and let F: C — D bea 
functor. 

(1) If F is homotopy left cofinal, then it is left cofinal (see Definition 14.2.1). 
(2) IfF is homotopy right cofinal, then it is right cofinal (see Definition 14.2.1). 

ProoF. This follows directly from the definitions. im 

COROLLARY 19.6.4. Let M be a category that is complete and cocomplete. 

(1) If € and D are small categories and F: €C — D is a homotopy left cofinal 
functor, then for every D-diagram X in M the natural map limp X — 
lime F*.X is an isomorphism. 

(2) If€ and D are small categories and F: C — D is a homotopy right cofinal 
functor, then for every D-diagram X inM the natural map colime F* X — 
colimp X is an isomorphism. 

ProoF. This follows from Proposition 19.6.3 and Theorem 14.2.5. QO 

19.6.5. Homotopy colimits and homotopy limits. In this section, we 
prove that a homotopy right cofinal functor induces a weak equivalence of homotopy 
colimits for every objectwise cofibrant diagram (see Theorem 19.6.7), and that any 
functor with this property must be homotopy right cofinal (see Theorem 19.6.13). 
Dually, we prove that a homotopy left cofinal functor induces a weak equivalence 
of homotopy limits for every objectwise fibrant diagram, and that any functor with 
this property must be homotopy left cofinal. 
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PROPOSITION 19.6.6. Let M be a framed model category, let C and D be small 
categories, let F: C + D be a functor, let X be a D-diagram in M, and let F* X 
be the C-diagram in M induced by F (see Definition 11.5.5). 

(1) There is a natural isomorphism of objects of M 

hocolim F*X x X @p B(— | F)°P 

(Definition 14.7.2). 
(2) There is a natural isomorphism of objects of M 

holim F* X = hom? (B(F | —),X) 

(see Definition 19.2.2 and Definition 14.7.8). 

Proor. Example 19.2.8 implies that hocolime F*X is naturally isomorphic to 
(F*X) @e B(-| €)°?. For every object a of C we have a map F,: B(a| €)°? = 
B(Fa | F)°? (see Example 14.1.8), and we use this to define a map ¢: (F*X) @e 
B(— | €)°? — X @p B(—| F)*? as the map induced by the composition 

I] @X)eBalQr= J] Xra@Blale” 
a€Ob(C) a€(Ob €) 

J] Xro@B(FalF)?—> J] X,@BiylF)” 
a€(ObC) yE(Ob D) 

WX pq OFe 
x“ 

(see Definition 19.2.2). We will show that ¢ is an isomorphism by showing that for 
every object Z of M the map 

$°: M(X @p B(- | F)°?, Z) — M((F*X) ®e B(— | ©)”, Z) 
is an isomorphism of sets. Proposition 19.2.13 implies that the map ¢* is isomorphic 
to the map 

: SS?” (B(— | F)°?, M(X, Z)) — SS°" (B(— | €)°?, M(F*X, Z)) 

(where X and FX are defined using the natural cosimplicial frame on M). We 
will show that ¢ is an isomorphism by using Proposition 14.8.15 to define an inverse 
wp to ¢. 

If g € SS“ (B(— | €)”, M(FX, Z)), then we will define 7(g) inductively over 
the skeleta of B(- | F)°?. Corollary 14.8.10 defines a one to one correspondence 
between the elements of a basis of B(—|F)°? (a typical element of which is the 
simplex ((f <2 B, <2 --- “" Bn), 1p—,: FBn — FBn)) and the elements 
of a basis of B(— | €)°? (in which the corresponding simplex is ((G@) <*> A, 

On-i -<— Bn), 1g.: Bn > Bn)). The map g takes this simplex to an n-simplex of 
M((F*X), ,Z) = M(X Fa, Z) = M(Xo,Z); since the correspondence of Corol- 
lary 14.8.10 commutes with face operators, Proposition 14.8.15 implies that we 
can define ~(g) by letting w(g) take the first simplex above to this simplex of 
M(Xa,Z). If g € SS°"(B(— | €)°?, M(F*X,Z)), then dY(g) agrees with g on 
our basis of B(— | @)°?, and if h ¢ SS?” (B(— | F)°?, M(X, Z)), then w¢(h) agrees 
with h on our basis of B(— | F)°?. Thus, Proposition 14.8.15 implies that ¢y = 1 
and po = 1. Oo 
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THEOREM 19.6.7. Let M be a framed model category, let C and D be small 
categories, and let F: C — D be a functor. 

(1) If F is homotopy right cofinal (see Definition 19.6.1), then for every object- 
wise cofibrant D-diagram X in M, the natural map of homotopy colimits 
(see Proposition 19.1.8) 

hocglim F* x — hocolim >< 

is a weak equivalence. 
(2) If F is homotopy left cofinal (see Definition 19.6.1), then for every object- 

wise fibrant D-diagram X in M, the natural map of homotopy limits (see 
Proposition 19.1.8) 

holim X —= holim F" X 
D e 

is a weak equivalence. 

PROOF. We will prove part 1; the proof of part 2 is similar. 
Proposition 19.6.6 and Example 19.2.8 imply that our map of homotopy co- 

limits is isomorphic to the map 

X @p B(-| F)? — X @p B(-| D)” . 

Proposition 14.8.5 and Corollary 14.8.8 imply that both of the D°P-diagrams of 
simplicial sets B(— | F)°? and B(-|D)° are free cell complexes, and are thus 
cofibrant objects in SS?°”. Lemma 14.7.4 implies that B(a | ‘D)°” is contractible 
for every object a of D, and so F is homotopy right cofinal if and only if the map 
B(— | F)°? > B(— | D)°? is a weak equivalence of cofibrant objects in SS?””. The 
result now follows from Proposition 19.3.3. O 

COROLLARY 19.6.8. Let M be a framed model category and let © be a small 
category. 

(1) If a is a terminal object of C and X is an objectwise cofibrant C-diagram 
in M, then the natural map X, — hocolim X is a weak equivalence. 

(2) If @ is an initial object of C and X is an objectwise fibrant C-diagram in 
M, then the natural map holim X — X, is a weak equivalence. 

PROOF. We will prove part 1; the proof of part 2 is similar. 
Let a@ be a terminal object of © and let 1 be the category with one object and 

no non-identity maps. If F,: 1 — @ is the functor that takes the object of 1 to 
a, then for every object 6 of © the undercategory (G| Fo) has one object and no 
non-identity maps, and so the result follows from Theorem 19.6.7. O 

We are indebted to W. G. Dwyer for the following proposition. 

PROPOSITION 19.6.9. Let © be a small category, let a be an object of C, and 
let F% be the free C-diagram of sets generated at a (see Definition 11.5.7) regarded 
as a C-diagram of discrete simplicial sets. 

(1) If kK: €°? — SS is a ©C°P-diagram of simplicial sets, then the natural map 

Ka & {la} x Ka C FS(a) x Ka — Fo @e K 

(see Definition 19.2.2) is an isomorphism. 
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(2) If K:C— SS is a C-diagram of simplicial sets, then the natural map 

GaCFE(a)) oa 1 
hom®(F2,K) — KF (2) Xe KO x Ky 

is an isomorphism. 

ProoF. We will prove part 1; the proof of part 2 is similar. 
We let f: Ka — F? @e K denote our natural map, and we will construct on 

inverse g to f. If G is an object of C, then (since F({) is discrete) F°(G)® Kg = 
Lle(a,p) Ke (see Lemma 9.2.1) and so 

I] Fi@ekex [TT I] Ke. 
BEOb(C) BEOb(C) C(a,B) 

We define h: [|geon(e) Ks — Ka by defining h on the summand g:a ~ B 
C(a,f) 

to be o*: Kg — Ka. To show that A defines a map g: F? @e K > Ka (see 
Definition 19.2.2 and Proposition 19.2.5) we must show that h¢ = hy (see (19.2.3)). 
We have 

F°(G)@Ke~ fT |] Ke, 
(7: B3f’)Ee (o: Bf’ )E€ C(a,B) 

and on the summand indexed by (0: B — f',r: a — B) the map ¢ takes Kg, 
by the identity map onto the summand indexed by or: a — #’, and so h¢ on 
that summand is (or)*: Kg — Ka. On that same summand, the map yw is 
o*: Kg — Kg where the Kg is the summand indexed by T: a — #, and so hy on 
that summand is t*o*: Kg — Ka. Since (or)* = T*o*, we have a well defined 
map g: F? @e K > Kg. 

The composition gf: Ka — Ka is (le)* = 1lx,. The composition fg on the 
summand Kg indexed by o: a — f is induced by 

Kg <> Ke {la} x Ka C (FS(a)) x Ka 
which the relations defined by (19.2.3) imply is the identity map. oO 

COROLLARY 19.6.10. If © is a small category, @ is an object of C, and we regard 
F¢ (see Definition 11.5.7) as a diagram of discrete simplicial sets, then there are 
natural isomorphisms 

hocolim F¢ + B(a | @)°P 

holim F? = B(C] a) . 

PROoP. This follows from Proposition 19.6.9 and Example 19.2.8. 0 

COROLLARY 19.6.11. If C and D are small categories, F: C — D is a functor, a 
is an object of D, and we regard F¢ (see Definition 11.5.7) as a diagram of discrete 
simplicial sets, then there are natural isomorphisms 

FE @p B(— | F)°? = B(a| F)? 
hom? (F°%,B(F | —)) *B(F La) . 

PROOF. This follows from Proposition 19.6.9. 0 

PROPOSITION 19.6.12. Let C and D be small categories and let F: C+ D bea 
functor. 
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(1) If for every D-diagram X of simplicial sets the induced map of homotopy 
colimits 

hocolim F* X — > hocolim X 
e D 

is a weak equivalence, then F is a homotopy right cofinal functor. 
(2) If for every D-diagram X of fibrant simplicial sets the induced map of 

homotopy limits 

holim X —> holim F* X 
D e 

is 2 weak equivalence, then F is a homotopy left cofinal functor. 

ProorF. For part 1, if a is an object of D, we can let X = FE (see Defini- 
tion 11.5.7), regarded as a diagram of discrete simplicial sets. Proposition 19.6.6, 
Corollary 19.6.10, and Corollary 19.6.11 imply that B(a|F) and B(a|D) are 
weakly equivalent. Since B(a|D)°? is always contractible (see Lemma 14.7.4), 
Proposition 14.1.6 implies that F is homotopy right cofinal. 

For part 2, Example 19.2.8 and Proposition 19.6.6 imply that our natural map 
of homotopy limits is isomorphic to the map 

hom” (B(D | -), X) — hom? (B(F | —), X) ; 

Proposition 19.2.5 and Example 9.1.13 imply that this is isomorphic to the map 

Map(B(D | —), X) — Map(B(F |-),X) . 

The D-diagrams of simplicial sets B(F | —) and B(D | —) are always free cell com- 
plexes (see Proposition 14.8.5 and Corollary 14.8.8), and are thus cofibrant D- 
diagrams (see Proposition 11.6.2). Since B(D|-—) is a diagram of contractible 
simplicial sets (see Lemma 14.7.10), the map B(F | —) ~ B(D | —) is a weak equiv- 
alence of D-diagrams if and only if the functor F is homotopy left cofinal. Since 
a D-diagram of simplicial sets is fibrant exactly when it is a diagram of fibrant 
simplicial sets (see Theorem 11.6.1), we are trying to prove that a map of cofibrant 
diagrams is a weak equivalence if it induces a weak equivalence of simplicial map- 
ping spaces to an arbitrary fibrant object. This follows from Corollary 9.7.5. O 

THEOREM 19.6.13. Let © and D be small categories. 

(1) A functor F: € — D is homotopy right cofinal (see Definition 19.6.1) if and 
only if for every framed model category M and every objectwise cofibrant 
D-diagram X in M, the natural map 

hocolim F* xX — hocolim X 

(see Proposition 19.1.8) is a weak equivalence. 
(2) A functor F: C + D is homotopy left cofinal if and only if for every framed 

model category M and every objectwise fibrant D-diagram X in M, the 
natural map 

holim X —> holim F*X 
D e 

(see Proposition 19.1.8) is a weak equivalence. 

Proor. This follows from Theorem 19.6.7 and Proposition 19.6.12. OJ 

As a corollary, we obtain Quillen’s “Theorem A” (see (56, Page 93]). 
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THEOREM 19.6.14 (Quillen). If C and D are small categories and F: C ~ D is 
a homotopy right cofinal functor, then F induces a weak equivalence of classifying 
spaces BC = BD. 

ProoF. This follows from Theorem 19.6.13, Proposition 18.1.6, and Proposi- 
tion 14.1.6. oO 

19.7. The Reedy diagram homotopy lifting extension theorem 

THEOREM 19.7.1 (The Reedy diagram homotopy lifting extension theorem). 
Let © be a Reedy category and let M be a model category. 

(1) Ift: A — B is a Reedy cofibration of Reedy cofibrant C-diagrams in M, 
i: A> Bisa Reedy cosimplicial frame on i that is a Reedy cofibration, 
and p: X — Y is a fibration in M, then the map of ©°?-diagrams of 
simplicial sets 

M(B, X) — M(A,X) xy ay) M(B, Y) 

is a Reedy fibration (see Proposition 15.1.5) that is a Reedy trivial fibra- 
tion if at least one of i and p is a weak equivalence. 

(2) Ift: A — B isa cofibration inM, p: X — Y isa Reedy fibration of Reedy 

fibrant @-diagrams in M, and p: XY isa Reedy simplicial frame on 
p that is a Reedy fibration, then the map of C-diagrams of simplicial sets 

M(B, X) — M(A,X) X47) M(B, Y) 
is a Reedy fibration that is a Reedy trivial fibration if at least one of i 
and p is a weak equivalence. 

PROOF. We will prove part 1; the proof of part 2 is similar. 
Theorem 15.3.15 implies that it is sufficient to show that for every object a of 

C°P the map 

M(Ba,X) — 
(M(Aa, X) XM (AaY) M(Ba,Y)) *Ma(M(A,X) X94 (Ky) (BLY) MoM(B, X) 

is a fibration of simplicial sets that is a trivial fibration if at least one of i and p is 
a weak equivalence. Lemma 16.5.9 implies that this map is isomorphic to the map 

M(Ba, x)— 

(M(Aas X) XnqAq,v) MBarY)) Xe A,X) x4 nea.y) Mea.¥)) Mla B, X) - 
The codomain of this map is the limit of the diagram 

M(Ag,X)——? M(Ag, Y) <——- M (Ba, Y) 

| | | 
M(LaA, X) ——> M(L,.A, Y) +— M(L,B,Y) 

NN 
M(LoB,X) 
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and so our map is isomorphic to the map 

M(Ba,X) — 

M(Ba,Y) *(M(AaY) Xm (Lav) (Le BY) (M(Aa, X) XM(LaA,X) M(LaB,X)) . 
Proposition 16.7.16 implies that LeA is a cosimplicial frame on LgA and that 
LaB is a cosimplicial frame on LB. Since 7 is a Reedy cofibration, this implies 
that the relative latching map A, WA L.B — Bz is a cofibration that is a 
weak equivalence if 7 is a weak equivalence. Theorem 16.5.2 now implies that our 
map is a fibration that is a weak equivalence if at least one of 7 and p is a weak 
equivalence. O 

THEOREM 19.7.2. Let © be a Reedy category and let M be a model category. 

(1) Ifi: A > B is a Reedy cofibration of Reedy cofibrant C-diagrams in M, 
71: A — B is a Reedy cosimplicial frame on i that is a Reedy cofibration, 
and j: K — L is a Reedy cofibration of C°?-diagrams of simplicial sets, 
then the pushout corner map 

AE LU ygs, BOE K — BG L 
is a cofibration in M that is a weak equivalence if at least one of i and j 
is a weak equivalence. 

(2) If p: X — Y is a Reedy fibration of Reedy fibrant C-diagrams in M, 
D: XY isa Reedy simplicial frame on p that is a Reedy fibration, and 
j: K — L is a Reedy cofibration of C-diagrams of simplicial sets, then 
the pullback corner map 

hom §Z(L, Xx) — hom} (K, XxX) Xnom$ (KY) hom$ 9(L,Y) 

is a fibration that is a weak equivalence if at least one of p and j is a weak 
equivalence. 

PROOF. The result follows from Proposition 7.2.3, Lemma 19.2.14, and Theo- 
rem 19.7.1. C) 

COROLLARY 19.7.3. Let © be a Reedy. category and let M be a model category. 

(1) If X is a Reedy cofibrant C-diagram in M, X isa Reedy cosimplicial 
frame on X, and K is a Reedy cofibrant C°?-diagram of simplicial sets, 
then X @% K is a cofibrant object of M. 

(2) If X is a Reedy fibrant @-diagram in M, X is a Reedy simplicial frame 
on X, and K is a Reedy cofibrant C-diagram of simplicial sets, then 
hom (K, X) is a fibrant object of M. 

Proor. This follows from Theorem 19.7.2. O 

COROLLARY 19.7.4. Let € be a Reedy category and let M be a model category. 
(1) If K& is a Reedy cofibrant C°?-diagram of simplicial sets, f: X — Y Js a 

weak equivalence of Reedy cofibrant C-diagrams in M, and f: X - + Y is 
a Reedy cosimplicial frame on f, then the induced map f,: X @x Ko 
Y @r K is a weak equivalence of cofibrant objects in M. 
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(2) If K is a Reedy cofibrant C-diagram of simplicial sets, f: X - Y isa 
weak equivalence of Reedy fibrant C-diagrams in M, and fi: XV isa 
Reedy simplicial frame on f, then the induced map f;,: hom& Z(K,X) > 
hom§ (K, Y) is a weak equivalence of fibrant objects in M. 

PROOF. This follows from Corollary 19.7.3, Theorem 19.7.2, and Corollary 7.7.2 
0 

COROLLARY 19.7.5. Let © be a Reedy category and let M be a model category. 

(1) 

(2) 

If X is a Reedy cofibrant C-diagram in M, X isa Reedy cosimplicial 
frame on X, and f: K — K’ is a weak equivalence of Reedy cofibrant 
€°P.diagrams of simplicial sets, then the induced map f.: X et K = 
xX ex K' is a weak equivalence of cofibrant objects in M. 
If X is a Reedy fibrant C-diagram in M, X isa Reedy simplicial frame 
on X, and f: K — K’ is a weak equivalence of Reedy | cofibrant C- 
diagrams of simplicial sets, then the induced map f*: hom& SK, xX)—- 
hom& (K, X) is a weak equivalence of fibrant objects in M. 

Proor. This follows from Theorem 19.7.2 and Corollary 7.7.2. O 

COROLLARY 19.7.6. Let © be a Reedy category and let M be a model category. 

(1) If K is a ©°P-diagram of simplicial sets and both K > K and K'’ + K 
are Reedy cofibrant approximations to K, then for every Reedy cofibrant 
C-diagram X in M and Reedy cosimplicial frame X on X there is an 
essentially u. unique natural zig-zag of weak equivalences in M from X @x K 
to X ex K'. 
If K is a @-diagram of simplicial sets and both K => K and K' +> K 
are Reedy cofibrant approximations to K, then for every Reedy fibrant 
C-diagram X in M and Reedy simplicia] frame X on X there is an | essen- 
tially unique natural zig-zag of weak equivalences in M from hom& C(K, X) 
to hom (K’, X). 

Proor. This follows from Corollary 19.7.5 and Proposition 14.6.3. O 

PROPOSITION 19.7.7. Let M be a model category and let C be a Reedy category. 
If B is a C-diagram in M that is Reedy cofibrant and X is a simplicial resolution 
in M, then the €°P-diagram of simplicial sets M(B, X) (which on an object a of © 
is M(Ba,X)) is Reedy fibrant. 

ProoF. If @ is an object of C and L.B is the latching object of B at a (see 
Definition 15.2.5), then Proposition 15.2.4 implies that 

M(LeB,X) = M( colim B, X) 
8( € la) 

=~ lim M(B,X) 
a(@ layer 

=~ lim M(B,X) 
A(x] CP) 

~ MaM(B, X) 
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and so M(L,B,X) is naturally isomorphic to the matching object at a of the 
C°P-diagram of simplicial sets M(B,X). Since the latching map L,B — By, 
is a cofibration, Corollary 16.5.4 implies that the matching map M(By,X) — 
M.M(B, X) is a fibration, and so M(B, X) is a Reedy fibrant diagram. O 

19.8. Realizations and total objects 

DEFINITION 19.8.1. Let M be a model category. 

(1) 

(2) 

If (A°?,M) is a Reedy framed diagram category structure (see Defini- 
tion 16.7.15) on the category of simplicial objects in M, then the real- 
ization functor M“" — M is defined to be the functor that takes the 
simplicial object X in M to |x| = X @aocp A where A is the cosimpli- 
cial standard simplex (see Definition 15.1.15) and the tensor product is 
defined relative to the functorial Reedy cosimplicial frame on M“*". 
If (A, M) is a Reedy framed diagram category structure on the category 
of cosimplicial objects in M, then the total object functor M“ — M is 
defined to be the functor that takes the cosimplicial object X in M to 
Tot X = hom“(A, X) where A is the cosimplicial standard simplex and 
the hom is defined relative to the functorial Reedy simplicial frame on 
M4. 

THEOREM 19.8.2. Let M be a model category. 

(1) 

(2) 

If (A°?, M) is a Reedy framed diagram category structure on the category 
of simplicia] objects in M and X is a Reedy cofibrant simplicial object in 
M, then the realization |X| of X is a cofibrant object of M. 
If (A,M) is a Reedy framed diagram category structure on the category 
of cosimplicial objects in M and X is a cosimplicial object in M, then the 
total object Tot X of X is a fibrant object of M. 

ProoF. This follows from Corollary 19.7.3 and Corollary 15.9.11. D 

THEOREM 19.8.3. Let M be a model category. 

(1) If (A°?, M) is a Reedy framed diagram category structure on the category 
of simplicial objects in M and f: X — Y is an objectwise weak equiva- 
lence of Reedy cofibrant simplicial objects in M, then the induced map of 
realizations | f|: |X| — |¥| is a weak equivalence of cafibrant objects of 

If (A,M) is a Reedy framed diagram category structure on the category 
of cosimplicia]l objects in M and f: X — Y is an objectwise weak equiv- 
alence of Reedy fibrant cosimplicial objects in M, then the induced map 
of total objects (Tot f): Tot X — Tot Y is a weak equivalence of fibrant 
objects of M. 

Proor. This follows from Corollary 19.7.4 and Corollary 15.9.11. O 

THEOREM 19.8.4. Let M be a model category. 

(1) If (A°?, M) is a Reedy framed diagram category structuye on the category 
of simplicial objects in M and X is a Reedy cofibrant simplicial object 
in M, then the realization |x| of X is naturally weakly equivalent to the 
homotopy colimit hocolim X of X. 
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(2) If (A,M) is a Reedy framed diagram category structure on the category 
of cosimplicial objects in M and X is a cosimplicial object in M, then the 
total object Tot X of X is naturally weakly equivalent to the homotopy 
limit holim X of X. 

19.8.5. The Bousfield-Kan map. 

DEFINITION 19.8.6. Let M be a model category. 

(1) If (A°?, M) is a Reedy framed diagram category structure on the category 
of simplicial objects in M and X is a simplicial object in M, then the 
Bousfield-Kan map is the map 

¢,: hocolim X —> |x| ; 

natural in X, that is the composition 

hocolim X ~ X @por B(— | AP)? 20°70, xX @rwy Aw |X| 
where ¢ is the Bousfield-Kan map of cosimplicial simplicial sets (see Def- 
inition 18.7.1). 

(2) If (A,M) is a Reedy framed diagram category structure on the category 
of cosimplicial objects in M and X is a cosimplicial object in M, then the 
Bousfield-Kan map is the map 

g¢*: Tot X —holimX , 

natural in X, that is the composition 

om’ Tot X ~ hom“ (A,X) 22-22%), hom (B(A | -), X) © holim X 
where ¢ is the Bousfield-Kan map of cosimplicial simplicial sets. 

THEOREM 19.8.7. Let M be a simplicial model category. 

(1) If X is a Reedy cofibrant simplicial object in M, then the Bousfield-Kan 
map $,: hocolim X — |X| is a weak equivalence. 

(2) If X is a Reedy fibrant cosimplicial object in M, then the Bousfield-Kan 
map ¢*: Tot X — holim X is a weak equivalence. 

PrRooF. This follows from Corollary 19.7.5. O 

19.9. Reedy cofibrant diagrams and Reedy fibrant diagrams 

THEOREM 19.9.1. Let M be a framed model category. 

(1) If © is a Reedy category with fibrant constants (see Definition 15.10.1) 
and X is a Reedy cofibrant C-diagram in M, then the natural map 
hocolim X ~— colim X (see Example 19.2.10) is a weak equivalence. 

(2) If © is a Reedy category with cofibrant constants and X is a Reedy fi- 
brant C-diagram in M, then the natural map lim X — holim X (see Ex- 
ample 19.2.10) is a weak equivalence. 

PROOF. We will prove part 1; the proof of part 2 is similar. _ 

The map hocolim X ~ colimX is naturally isomorphic to the map X ax 
(—|¢)°? + X @& P where X is the cosimplicial frame on X induced by the 
framing on M and P: €°P — SS is the constant diagram at a point. If X’ is some 
other cosimplicial frame on X, then there is a zig-zag of weak equivalences from this 



428 19. HOMOTOPY LIMITS IN GENERAL MODEL CATEGORIES 

map to the map X @<’ (-le)? + x @x" P (see Corollary 19.3.7), and so it is 
sufficient to show that this map is a weak equivalence for some cosimplicial frame x! 
on X. If we let X’ be a Reedy cosimplicial frame on X (see Proposition 16.7.11), 
then (since © has fibrant constants) the result follows from Corollary 19.7.5 and 
Proposition 15.10.3. 0 

I am indebted to E. Dror Farjoun for the following result. (For an alternative 
approach to the same result, see [44, Lemma 2.7]): 

COROLLARY 19.9.2. Ifp: E — B is a map of simplicial sets andj: AB — SS is 
the diagram constructed in Example 18.9.6, then the natural map hocolimp — 
is a weak equivalence. 

PrRrooF. This follows from Theorem 19.9.1 and Proposition 18.9.7. 0 

PROPOSITION 19.9.3. Let M be a framed model category. If the object X 
is a retract of the cofibrant object Y (with inclusion i: X — Y and retraction 
r:Y + X), then X is weakly equivalent to the homotopy colimit of the diagram 

yy %y 2%... 
PROOF. We have the w-sequence (where w is the first infinite ordinal) 

Xiyaxityux4y... 
which has the two subdiagrams 

xox x... 
and ; ; 

Y¥>yYyoy-... 
Both of the subdiagrams are homotopy right cofinal because all of the undercat- 
egories have an initial object (see Proposition 14.3.14). Thus, Theorem 19.6.13 
implies that the homotopy colimits of the three diagrams are all weakly equivalent. 
Since X is a retract of a cofibrant object, it is cofibrant, and so the second diagram 
is a Reedy cofibrant diagram. Since this diagram shape has fibrant constants (see 
Definition 15.10.1), the homotopy colimit of this diagram is weakly equivalent to 
its colimit (see Theorem 19.9.1), which is isomorphic to X. O 

PROPOSITION 19.9.4. Let M be a framed model category. 

(1) If X is the diagram C — A — B in M, the objects A, B, and C are 
cofibrant, and at least one of the maps A + B and A — C is acofibration, 
then the natural map hocolim X — colim X (see Example 19.2.10) is a 
weak equivalence. 

(2) If X is the diagram C + A — B in M, the objects A, B, and C are 
fibrant, and at least one of the maps B — A and C — A is a fibration, 
then the natural map lim X — holim X is a weak equivalence. 

PROOF. We will prove part 1; the proof of part 2 is dual. 
We will assume that the map A — B is a cofibration (the other case is similar). 

If the indexing category for the diagram X is y — a — G and we let deg(a) = 2, 
deg() = 3, and deg(y) = 1, then the indexing category is a Reedy category with 
fibrant constants (see Definition 15.10.1) and X is a cofibrant diagram. The result 
now follows from Theorem 19.9.1. QO 
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and essentially unique zig-zags, 261 
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coend, 386, 386-394, 407, 407-414 
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and derived functors, 155 
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to a map, 142 
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cofibrantly generated 
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homotopy extension property, 118 
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colimit 
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as a coend, 387, 409 
as a left Quillen functor, 310 
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of Reedy cofibrant diagrams, 310 
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310 
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colocal cofibrant object 
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and cofibration, 87 
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characterization, 89 
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and Quillen functors, 49, 51 
and tensor product, 90 
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and homotopy classes, 56 
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of a map, 55, 56 
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216 
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complete, 108 
component, 9, 33 
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193 
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contractible, 258, 259 
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264, 265, 320, 321, 342, 344, 350, 352, 

353, 356, 358, 359, 361, 399, 418 
of cofibrant approximations, 266 
of fibrant approximations, 266 
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corealization, 324, 324-326 

and adjointness, 326-331 
and fibrations, 327 
and limits, 327 
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and cosimplicial resolutions, 338 
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functorial 

existence, 339 
on a map, 340 

uniqueness, 339 
natural, 406, 408, 409 
on a diagram, 342, 342-345 

uniqueness, 343 

on a latching object, 345 
on a map, 339, 340, 411 
Reedy, 343-345, 423 
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existence, 344 
uniqueness, 344 

standard, 338 
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category of 
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homotopy invariance, 396, 426 
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and left Quillen functors, 49, 323-324 
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existence, 322 
functorial, 319 
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uniqueness, 321 
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map of, 320 
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cofibrant, 308 
cofibration, 308 

latching object, 307 
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cosimplicial space 

Bousfield-Kan map from the total space 
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total space 
fibrant, 396 
homotopy invariance, 396 
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cofibrant, 308 
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and cofibrant approximations, 144 
and cosimplicial resolution, 319 
and fibrant approximations, 144 
and homotopy classes, 365 
and left Quillen functors, 156 
and trivial fibration, 116 
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injections, 117 
natural, 79, 80, 237 

size of, 237 

deformation retract, 45, 77, 79, 80, 127, 127, 
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and homotopy lifting, 175 
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degeneracy operator 
iterated, 304 

degenerate simplex 
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304 
degree of an object 

induction on, 293 
degree of an object in a Reedy category, 281 

induction on, 290, 292 
derived functor, 151, 151-153, 156 

existence, 151 
detecting €-local equivalences, 69 
detecting local equivalences, 75 
detecting local objects, 74, 75 
detecting S-local equivalences, 69 
detecting weak equivalences, 133, 177-179, 

366, 367, 372 
in a cofibrantly generated model category, 

374 
diagonal 

of a bisimplicial set, 312 
diagonal of a bisimplicial set 

fibrant, 336 
fibration, 336 

fibration of, 313 
isomorphic to realization, 313 

weak equivalence of, 337 
weakly equivajent to the homotopy colimit, 

398 
diagram, 217 

extending, 228-230, 281-284 
free, 221, 221-222 

and adjoints, 221, 222 
on an object, 221 

in a cofibrantly generated model category, 
223-225 

and properness, 242 
mode} category structure, 224 

in a simplicial model category, 225-226 
mode} category structure, 226 

indexed by a Reedy category, 281-288 
extending over a filtration, 283 

induced, 218 
and homotopy colimits, 419 
and homotopy limits, 419 

map of, 217 
objectwise cofibrant, 218 
objectwise fibrant, 218 
of classifying spaces of undercategories, 401 
of diagrams 

matching object, 333 
of homotopy function complexes 

Reedy fibrant, 425 
of opposites of undercategories, 268-269, 

271 
as a free cell complex, 273-275 

cofibrant approximation to the constant 
diagram at a point, 273 

map induced by a functor, 268 
Reedy cofibrant approximation to the 

constant diagram at a point, 297 
of opposites undercategories, 268 
of overcategories, 269, 269-271 

as a free cell complex, 273-275 
cofibrant approximation to the constant 

diagram at a point, 273 
map induced by a functor, 270 

Reedy cofibrant, 297 
Reedy cofibrant approximation to the 

constant diagram at a point, 297 
of sets 

free, 218, 220, 218-220 
free on the set S, 220 

of simplicial sets, 271-275 
of spaces 

space of maps, 384 
of undercategories, 269 

Reedy cofibrant, 297 
Reedy cofibrant 

colimit of, 310, 427 
Reedy fibrant 

limit of, 310, 427 
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and zig-zags, 261 
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and monomorphisms, 208 
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213 
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end, 386, 386-394, 407, 407-414 

adjointness, 388, 410 
and lifting, 388, 411 
and right Quillen functors, 410, 414 
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fibrant, 390, 412, 424 
homotopy invariance, 389, 390, 412, 413, 

424, 425 
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uniqueness, 390 
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local, 48 
pointed, 31 
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fibration, 166 
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cofibration, 35 
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fibration, 35 
model category structure, 35 
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weak equivalence, 35 
Whitehead theorem, 14 
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of diagonals of bisimplicial sets, 313 
of simplicial mapping spaces, 164 
preserving, 153 
trivial, 109 

fibrewise localization, 93~99 
filtration 
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of a Reedy category, 281-284, 287-288 

filtration of a Reedy category, 281 
final, 418 
finite cell complex, 210 
finite ordered sets, 254, 279 
finite subcomplex, 206 

in Top,,), 206 
frame, 337, 337-341 

INDEX 

cosimplicial 
on a map, 339 

on a diagram, 342, 342-345 
simplicial 

on a map, 339 
framed model category, 341, 341-342, 409- 

410 
homotopy colimit, 406 
homotopy limit, 406 

framing 

existence, 341 

free 
I-cell, 222 

free cell, 222 
free cell complex, 223, 222-223, 271-275 

basis of, 272, 272, 273, 274 
map, 275 

nondegenerate generator of, 274 
recognizing, 271, 273 
Reedy cofibrant, 297 
relative 

and Reedy cofibration, 297 
free diagram, 221 

adjointness, 220 
and adjoints, 221, 222, 228 
and classifying space of opposites of un- 

dercategories, 421 
and classifying space of overcategories, 421 
boundary of, 299 
colimit of, 257 
in a category, 221-222 
of sets, 218, 220, 218-220, 298 

boundary of, 298, 298 
on the set S, 220 

on an object, 221 
free simplicial group, 272 
full class of horns, 73 
full set of horns, 85 
function complex, 6, 6, 159, 170, see also 

simplicial mapping space 
and homotopy colimit, 382 
and homotopy limit, 382 
as a functor, 160 
as sets of maps, 162 
pointed versus unpointed, 32 

function space, 6, see also function complex 
and simplicial mapping space 

functor 
and cofibrant approximations, 143 
and fibrant approximations, 143 
and homotopic maps, 130, 147 
augmented, 139, 139-140, 264 
coaugmented, 139, 139-140, 264 
cofinal, 256-258 
constant, 260 
extending to a simplicial functor, 179-183 
initial, 256, 257 
inverting weak equivalences, 147 



left cofinal, 256, 257 
opposite, 228 
over X, 263 
right cofinal, 256, 257 
simplicial, 75-76, 179 
taking maps to weak equivalences, 130, 

143 

terminal, 256, 257 

under X, 263 
functor category, 263-266 
functorial change of homotopy function com- 

plex map, 360 
functorial cofibrant approximation, 140, 140— 

142 

category of, 267, 267 
existence, 141 

homotopy idempotent, 140 
map of, 141 

uniqueness, 267 
functorial cosimplicial frame 

existence, 339 
on a map, 340 

uniqueness, 339 

functorial cosimplicial resolution, 319 
existence, 319 
uniqueness, 321 

functorial factorization 
colocal, 87, 88 
existence, 200 

functorial fibrant approximation, 140, 140- 
142 

category of, 267, 267 
existence, 141 
homotopy idempotent, 140 

map of, 141 
uniqueness, 267 

functorial fibrant cofibrant approximation, 
148 

functorial homotopy function complex, 360, 
360-362 

uniqueness, 361 
functorial homotopy function complexes 

category of, 361 
contractible classifying space, 361 
homotopy equivalences, 361 

functorial left homotopy function complex, 
357, 357-358 

category of, 357 

contractible classifying space, 358 
existence, 357 
homotopy equivalence of, 361 
uniqueness, 358 

functorial left to two-sided change of homo- 
topy function complex map, 360 

functorial localization, 21~22 
functorial right homotopy function complex, 

358, 358-359 
category of, 358 
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contractible classifying space, 358 
existence, 358 
homotopy equivalence of, 361 
uniqueness, 359 

functorial right to two-sided change of ho- 
motopy function complex map, 360 

functorial simplicial frame 
existence, 339 
on a map, 340 
uniqueness, 339 

functorial simplicial resolution, 319 
existence, 319 
uniqueness, 321 

functorial two-sided homotopy function com- 
plex, 359, 359 

category of, 359 
contractible classifying space, 359 
existence, 359 
homotopy equivalences, 361 
uniqueness, 359 

functors 
naturally weakly equivalent, 134 

fundamental group, 241 

y-compact, 206, 215 
generalized interval, 170, 172 

and simplicial homotopy, 171 
exponentiate to, 174 

simplicially contractible, 174 
tensor with, 174 

generating cofibrations, 81, 89, 210, 231 
generating trivial cofibrations, 78, 81, 89, 

210, 231 
and relative cell complexes, 213 

generator 

of a free cell complex, 272 
geometric realization, 7, 15-16, 24-29, 158, 

324 

and coends, 402 
and diagram categories, 225 
and finite limits, 242 
and homotopy colimits, 402 
and homotopy fibers, 250 
and homotopy limits, 402 
and the realization of a simplicial simpli- 

cial set, 402 

half properness, 239 
Hausdorff, 5, 134 
higher universe, 258, 263 
HLEP, see also homotopy lifting extension 

theorem 
HLET, see also homotopy lifting extension 

theorem 
HoM, 147, 147-155 

existence, 148, 149 
hocolim, see also homotopy colimit 
holim, see also homotopy limit 
hom 
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of functors, 386, 386-394, 407, see also 
end 

adjointness, 388, 410 
homology 

localization, xi 
with local coefficients, 241 

and weak equivalences, 241 
homotopic, 115 
homotopic maps, 130, 148, 156 

inducing homotopic maps of homotopy func- 
tion complexes, 363-365 

homotopic maps of classifying spaces, 259- 
260 

homotopically constant bisimplicial set, 315 

homotopy, 115-128 
and Bousfield localization, 68 
and cancellation, 124 
and cofibrant approximations, 146 
and fibrant approximations, 146 
and homotopy fibers, 250 
and homotopy pullbacks, 246 
and relative homotopy, 127 
and weak equivalence, 130 
equivalence relation, 119-122 
left, 115, 174 
left versus right, 122 
of homotopies, 131 
over an object, 99, 127, 126-128 
relative, 127 
restriction of, 237 
right, 115, 174 
simplicial, 99, 171, 174 
under an object, 127, 126-128 
using any cylinder object, 122 

using any path object, 122 
homotopy category, 147 

classical, 123, 123-125, 150 
equivalent to Quillen, 151 

existence, 148 
Quillen, 147, 147-151 

equivalent to classical, 151 
existence, 149 

homotopy classes of maps, xi, 122-123, 148, 
149, 151, 156-158, 240 

and Bousfield localization, 69 
and cylinder objects, 365 
and detecting equivalences, 69 
and homotopy equivalences, 125 
and homotopy function complexes, 365- 

366 
and path objects, 365 
and Quillen functors, 157 
and weak equivalences, 133 
and weak equivalences of homotopy func- 

tion complexes, 366 
composition, 122-123, 148, 150 

well defined, 123 
isomorphism 

and factorizations of maps, 119 
induced by a weak equivalence, 130 

homotopy cofiber square, 67, 68, 252, 252 
homotopy colimit, 50, 84, 90, 91, 380, 380— 

382, 406 
and cofibrations, 394 
and function complex, 382 

and geometric realization, 402 
and homotopy function complex, 415 
and homotopy right cofinal, 420-422 
and induced diagrams, 407, 419 
and left Quillen functors, 415 
and maps of simplicial sets, 428 
and terminal objects, 420 
and total singular complex, 402 

as a coend, 387, 409 
cofibrant, 394, 414 
duality with homotopy limit, 382, 415 
homotopy invariance, 394, 414 
natural map to the colimit, 387, 409 
of a bisimplicial set 

weakly equivalent to the diagonal, 398 
of a diagram indexed by the opposite of a 

category of simplices, 400 
of a Reedy diagram 

alternate construction, 394 
of a simplicial object 

weakly equivalent to the realization, 397, 
398, 426 

of colocal objects, 90 
of contractible pointed spaces, 399 
of induced diagrams, 420 
pointed or unpointed, 398-400 
weakly equivalent to colimit, 401, 427, 428 

homotopy direct limit, 383, see also homo- 
topy colimit 

homotopy equivalence, 131-133, 148 
and relative homotopy, 127 
and weak equivalence, 132 
detecting, 125 
determined by a zig-zag, 262, 262 
is a weak equivalence, 133 
of functorial homotepy function complexes, 

361 
over an object, 127 
simplicial, 171 
under an object, 127 
unique, 262 

homotopy extension property, 118 
homotopy factorization 

and factorization, 118 
homotopy fiber, 95-98, 249, 249-250 

alternate constructions, 250 
and fiber, 249 
and geometric realization, 250 
and homotopic maps, 250 
and homotopy pullback, 249 
and path components, 250 



and total singular complex, 250 
decomposing, 96 

homotopy fiber square, 67, 68, 247, 247-249 
of homotopy function complexes, 368 

homotopy function complex, 48, 354, 354- 

357 
and detecting weak equivalences, 366, 367 
and homotopic maps, 363-365 
and homotopy classes of maps, 365-366 
and homotopy colimits, 415 
and homotopy fiber squares, 368 
and Quillen functors, 357 
contractible classifying space, 356 
fibrant, 354 
functorial, 360, 360-362 
homotopy limit, 415 
induced weak equivalence, 362 
left, 349, 349-350 

fibrant, 349 
one-sided from two-sided, 354 
right, 350, 350-352 

fibrant, 351 
functorial, 358 

two-sided, 352, 352-353 
fibrant, 352 
functorial, 359 

uniqueness, 357 
weak equivalence of 

and lifting maps, 366 
homotopy function space, see also homotopy 

function complex 
homotopy groups, 241 
homotopy idempotent, 140, 140 
homotopy initial, 418, see also homotopy 

left cofinal 
homotopy invariance, 332, 334, 336, 337 

of coends, 424, 425 
of ends, 424, 425 
of homotopy colimits, 414 
of homotopy limits, 414 
of homotopy pullbacks, 245 
of homotopy pushouts, 251 
of realizations of simplicial objects, 426 

of simplicial mapping spaces, 164, 165 
of the total object of a cosimplicial object, 

426 
homotopy inverse limit, 383, see also homo- 

topy limit 
homotopy left cofinal, 418, 418-423 

and homotopy limits, 420-422 
and left cofinal, 418 
and limits, 418 

homotopy left lifting property, 167, 167-170 
and jeft properness, 244 
and pushouts, 169 
and retracts, 169 

and the pushout corner map, 168 
closure under transfinite composition, 193 
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homotopy lifting extension theorem, 161, 331- 
337, 389, 411 

and homotopy orthogonal maps, 369 
bisimplicial, 334 
equivalent conditions, 166 
left, 331 
one-sided, 331 
partial, 328, 329 
Reedy diagram, 391, 423 
right, 331 
two-sided, 336 

homotopy lifting property, 118, 167, 167- 

170 
and deformation retracts, 175 
and lifting, 167, 169 
and properness, 244 
and retracts, 169 
and the pullback corner map, 168 
and the pushout corner map, 168 

and uniqueness of factorizations, 175 
and uniqueness of lifts, 175 
and weak equivalence of function complexes, 

168 
characterization of cofibrations, 167 
characterization of fibrations, 167 
characterization of trivial cofibrations, 167 
characterization of trivial fibrations, 167 
in terms of lifting, 168 

homotopy lifting-extension pair, 167 
and lifting-extension pair, 167 

homotopy limit, 382, 382-385, 406 
ad an end, 387 
alternative definitions, 383 
and fibrations, 394 
and function complex, 382 
and geometric realization, 402 
and homotopy left cofinal, 420-422 
and homotopy pullbacks, 244, 416-418 
and induced diagrams, 407, 419 
and initial objects, 420 
and right Quillen functors, 415 
and the total singular complex, 402 
as a space of maps, 385 
as an end, 409 
duality with homotopy colimit, 382, 415 
fibrant, 394, 414 
homotopy invariance, 394, 414 
natural map from the limit, 387, 409 
of a cosimplicial object 

weakly equivalent to the total object, 
397, 398, 426 

of a cosimplicial space 
weakly equivalent to the total space, 397, 

398 
of a diagram indexed by a category of sim- 

plices, 400 
of a Reedy diagram 

alternate construction, 394 
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of homotopy function complexes, 415 
of induced diagrams, 420 
of mapping complexes, 90 
pointed versus unpointed, 398 
weakly equivalent to limit, 427, 428 
weakly equivalent to the homotopy pull- 

back, 417 
homotopy mapping space, see also homo- 

topy function complex 
homotopy orthogonal, 90 

partial two out of three, 373 
homotopy orthogonal maps, 82, 368, 367- 

375 
and lifting, 371 
and lifting-extension pairs, 372 
and properness, 374 
and resolutions, 373 
and retracts, 370 
and weak equivalences of homotopy func- 

tion complexes, 370 

characterizing, 369 
detecting weak equivalences, 372 
homotopy invariance, 370 
homotopy lifting extension theorem, 369 

homotopy pullback, 244, 244-250 
alternative constructions, 246 

and homotopic maps, 246 
and homotopy limits, 244, 416-418 
and weak equivalences, 244, 245 
homotopy invariance, 245 
weakly equivalent to the homotopy limit, 

417 

homotopy pushout, 250, 250-252 
homotopy invariance, 251 

homotopy right cofinal, 418, 418-423 
and colimits, 418 
and homotopy colimits, 420-422 

and right cofinal, 418 
homotopy right lifting property, 20, 90, 167, 

167-170 
and pullbacks, 169 
and retracts, 169 
and right properness, 244 
and the pullback corner map, 168 

homotopy terminal, 418, see also homotopy 
right cofinal 

homotopy uniqueness 
of factorizations, 128 
of lifts, 128 

horizontal simplicial object, 334, 333-336 
matching object of, 334 

horns, 17, 16-17, 19, 60, 60-61 
and Socal equivalences, 73 
and Quillen functors, 61 
augmented set, 73, 85 
augmented set of, 17, 73, 86 
full class, 73 
full set, 85 

INDEX 

on A, 17 

on f, 17 
on K, 85 

I-cell complex, 197 
I-cofibrant, 196 
I-cofibration, 81, 196, 196-201 

and relative J-cell complexes, 197, 200 
regular, 197 

I-injective, 81, 196, 196-201 
idempotent, 140 
inclusion of a subcomplex, 210, 212 
inclusion of cell complexes, 10, 81, 197 
inclusion of free cell complexes, 223 
inclusion of J-cell complexes, 197 

induced diagram, 218 
and homotopy colimits, 407, 419 
and homotopy limits, 407, 419 

induced map 
of homotopy function complexes, 362-363 
of left homotopy function complexes, 363 
of right homotopy function complexes, 363 
of two-sided homotopy function complexes, 

363 
induced map of homotopy function complexes, 

362 

induced map of left homotopy function com- 
plexes, 362 

induced map of right homotopy function com- 
plexes, 362 

induced map of two-sided homotopy func- 
tion complexes, 362 

induction 
on the degree of an object in a Reedy cat- 

egory, 290 
transfinite, 41, 237 

initial, 418 
initial functor, 256, 257, see also left cofinal 

functor 
initial object 

and contractible classifying space, 260 
and homotopy limits, 420 
and natural transformations, 260 

initial subcategory, 256 
injective, 20, 20-21, 36, 74, 81, 196, 196- 

201 
and diagram categories, 223 
and Kan fibration, 197 
and overcategories, 197 
and trivial fibrations, 197 

interior 
of a cell, 37 

internal mapping space, 7, 383, 384 
interpolating sequences, 190, 190-191 
intersection of subcomplexes, 40, 233, 233- 

234 
and localization, 77 
pullback square, 233 



inverse left homotopy, 121 
inverse right homotopy, 121 
inverse subcategory, 278 
inverting 

a map in the homotopy category, 47-50 
Isaksen, D., 395 
isomorphism 

of colimlts, 257 
of limits, 257 

iterated coface operator, 306 

joke, pointless, 51 

K-cellular object, 84, 84 
K-colocal, 50, see also A-colocal and colocal 

cofibration, 84, 86 
sufficient conditions, 87 

cofibrations, 87-89 
equivalence, 50 

equivalences, 85-87 
fibration, 84 
model category 

cellular model category, 86 
model category structure, 83 
object, 84 

and tensor product, 90 
characterization, 89 

objects, 90-91 
weak equivalence, 84 

K-colocal Whitehead theorem, 55 
Kan extension, 151, 151-153, 229, 228-230, 

282 
and adjointness, 229 
and Quillen functors, 230 

Kan fibration 
and injectives, 197 

Kan, D. M., x, 161, 209, 213, 214, 243, 264, 
277, 347, 376, 397 

«-small, 194, 200, 212 
«small relative to J, 198 
Kenny Brown’s lemma, 129 
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f}-cell, 37 
f }-cell complex, 19 

}-cofibration, 20, 22 
A{f}-injective, 20, 21 
A(K)-cell complex, 85, 90 
A(K)-cofibration, 85 
A(K)-injective, 85, 85, 86 

characterization, 85 
AS-injective, 74 
A-sequence, 13, 17, 18, 38, 39, 45, 54, 76, 79, 

90, 188, 188-193, 201, 216, 375, 376 
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cofibrant approximation, 377 
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composition, 202 
in a subclass of maps, 188 
interpolating, 190, 190-191 
map of, 200, 203 
of \-sequences, 190 
reindexed, 189 

latching category, 284, 284-287, 310 
and Reedy cofibrant diagrams, 289 
filtration, 290 
opposite, 284 

latching map, 284 
of a cosimplicial object, 325 
relative, 288, 289-292 

trivial cofibration, 292 
latching object, 284, 284-287, 333 

and cosimplicial frames, 345 
cofibrant, 291 
of a bisimplicial set, 305 
of a cosimplicial object, 325 
of a cosimplicial simplicial set, 307 
of a diagram of mapping spaces, 391 
of a simplicial object, 285 

left adjoint, 153-158 
to the matching object, 297-300 

left Bousfield localization, 57, 57-69 
and fibrations, 58, 62 
and left localization, 63 
and left properness, 66 
existence, 71 

left cofinal, 285, 418 
functor, 256, 256-258 
subcategory, 256 

left derived functor, 47, 151, 151-153, 156 
existence, 151 
total, 152, 155, 158 

and cofibrant approximation, 155 
existence, 157 

left homotopic maps, 130, 147 
inducing homotopic maps of homotopy func- 

tion complexes, 364 
left homotopy, 115, 115-128, 174 

and cofibrant approximations, 146 
and cylinder objects, 121 
and fibrant approximations, 146 
and fibrant objects, 116 
and homotopy, 122 
and homotopy fibers, 250 
and homotopy pullbacks, 246 
and right homotopy, 121-123 

and trivial fibrations, 123 
composition of, 120 
equivalence relation, 121 
inverse, 121 
over an object, 127, 126-128 
preserving, 117, 156, 157 
under an object, 127, 126-128 

left homotopy classes of maps, 119, 122 
induced maps, 123 
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isomorphism of, 123 
left homotopy function complex, 349, 349- 

350 
category of, 350 
fibrant, 349 
functorial, 357, 357-358 
uniqueness, 350 

left homotopy lifting extension theorem, 331 
left homotopy orthogonal, 368 

and pushouts, 372, 374 
and the pushout corner map, 373 
partial two out of three, 373 

left Kan extension, 151, 151-153, 229, 228- 
230, 282 

and adjointness, 229 

and Quillen functors, 230 
left lifting property, 20, 110, 197 

and cofibrant approximation, 243 
and colimits, 193 
and left properness, 243 
and local equivalence, 53 
and pushouts, 113 
and retracts, 112 
and transfinite composition, 193-194 
closure, 193 

left localization, 47, 47-69 
Bousfield, 57 

left proper, 43, 78, 239, 239-252 
and cofibrant approximations, 252 
and homotopy left lifting property, 244 
and left Bousfield localization, 66 
and left lifting property, 243 
and local equivalence, 54-55 
simplicial sets, 240 
5S., 240 
SS, 240 
sufficient condition, 240 

left Quillen equivalence, 157, 157-158 
left Quillen functor, 47-50, 153, 153-158 

and coends, 410, 414 

and cosimpliciaJ frames, 341 
and cosimplicial resolutions, 49, 323-324 
and cylinder objects, 156 
and homotopy colimits, 415 
and horns, 61 
existence of total left derived functor, 155 
preserving weak equivalences between cofi- 

brant objects, 154 
left resolving pair, 356 
left to two-sided change of homotopy func- 

tion complex map, 355 
functorial, 360 

lift 
unique up to homotopy, 128 

lifting, 193 
and adjoints, 114 
and homotopy lifting, 169 
and retracts, 112 

and simplicial homotopy, 175 
and transfinite composition, 193-194 
axiom, 109 
uniqueness, 175 

lifting model category structures, 214, 224 
lifting-extension pair, 110 

and adjoints, 114 
and homotopy lifting-extension pair, 167 
and homotopy orthogonal maps, 372 

limit 
and corealizations, 327 
and homotopy left cofinal, 418 
and weak equivalences, 311 
as aright Quillen functor, 310 
as an end, 387, 409 
of a diagram of simplicial mapping spaces, 

164 
of a tower of weak equivalences, 311 
of induced diagram, 257 
of Reedy fibrant diagrams, 310 
preserving objectwise weak equivalences, 

310 
limit axiom, 109 
limit ordinal, 189 
local, see also f-local, C-local, and S-local 
local coefficient homology, 241 

and weak equivalences, 241 
local equivalence, 11-14, 48, 52-55 

and colimits, 53 
and left lifting property, 53 
and left properness, 54-55 
and pushouts, 54, 65 
and retracts, 53 
and tensor products, 54 
and transfinite composition, 54 
and weak equivalences, 49, 56 
detecting, 75 
recognizing, 21 
two out of three, 52 

local fibrant objects 
and local objects, 65 

loca) fibration, 66-68 
and local objects, 63 
detecting, 62, 63 

local object, 48, 51-52 
and fibrant objects, 45 
and horns, 73 
and injectives, 73 
and lifting, 74 
and local fibrations, 63 
and Quillen functors, 49, 51 
and weak equivalences, 52 
detecting, 61, 73-75 

local space, 14-15 , 

path components of, 33 
recognizing, 21 

local Whitehead theorem, 55 
locajization, 11, 19, 47-69, 75 



and cofibrant approximation, 49 
and cofibrations, 22 
and fibrant approximation, 49 
and geometric realization, 24-29 
and homotopy classes, 56, 69 
and Quillen equivalences, 64 
and Quillen pairs, 64 
and total singular complex, 24-29 
Bousfield, 57, 57-69 
cofibrant, 11, 21, 55, 75 
comparing, 10, 23, 24 
continuous, 29-31 
existence, 21, 71, 147 
fiberwise, 93, 93-99 

pointed, 94 
uniqueness, 99 

functor, 21-22, 76-78 
simplicial, 75-76 
uniqueness, 27-29 

homology, xi 
left, 47 
natural presentation, 40 
of a category, 147 
of a cell complex, 79 
of a colimit, 41, 43, 77, 79 
of a A-sequence, 77 
of a map, 55, 56 
of a subcomplex, 44, 76-78 
of an intersection, 41, 77, 80 
of an object, 55, 56 

existence, 75 
pointed versus unpointed, 31-34 
right, 47 
simplicial, 29-31 
uniqueness, 48 

universal mapping property, 47 
with respect to weak equivalences, 147 

localizing the fiber, 95-98 

map 

of homotopy function complexes, 355 
of left homotopy function complexes, 349 

as a map in an undercategory, 349 
weak equivalence, 350 

from a free cell complex, 275 
left to two-sided change of homotopy func- 

tion complex, 354 
of cofibrant approximations, 138, 138-139 

uniqueness, 139 
of cofibrant fibrant approximations to a 

map, 144 

of cosimplicial resolutions, 320 
existence, 320 
weak equivalence, 320 

of diagrams, 217 
objectwise weak equivalence, 218 

of fibrant approximations, 138, 138-139 
uniqueness, 139 
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of fibrant cofibrant approximations to a 
map, 144 

of free diagrams, 219-222 
of functorial cofibrant approximations, 141 
of functorial fibrant approximations, 141 
of functorial homotopy function complexes, 

360 

of functorial left homotopy function com- 
plexes, 357 

of functorial right homotopy function com- 
plexes, 358 

of functorial two-sided homotopy function 
complexes, 359 

of homotopy function complexes 
induced, 362, 363 
induced by homotopic maps, 363-365 
weak equivalence, 356 

of A-sequences, 200, 203 
of left homotopy function complexes 

induced, 362, 363 
of right homotopy function complexes, 351 

as a map in an undercategory, 351 
induced, 362, 363 
weak equivalence, 351 

of simplicial resolutions, 320 
existence, 320 
weak equivalence, 320 

of two-sided homotopy function complexes, 
352, 352-353 
induced, 362, 363 
weak equivalence, 353 

right to two-sided change of homotopy func- 
tion complex map, 354 

map(X,Y), 354 
mapping complex 

as a functor, 160 
mapping cylinder 

as a homotopy colimit, 381 
mapping object 

from a bisimplicial set to a simplicial set, 
313 

mapping path space, 416 
as a homotopy limit, 382 

mapping space, 6, see also function complex 
adjointness, 7 
and realization, 8 
between diagrams in a simplicial model 

category, 226 
between diagrams of spaces, 384 
from a Reedy diagram to an object, 314 
internal, 7, 383, 384 
simplicial, 6, 8, 159, 384 

weak equivalence of, 7 
space of maps, 385 

matching category, 284, 284-287, 310 
and Reedy fibrant diagrams, 289 
opposite, 284 

matching map, 284 
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of a simplicial object, 325 
relative, 288, 289-292 

trivial fibration, 292 
matching object, 284, 284-287 

and pullbacks, 334 
and simplicial frames, 345 
fibrant, 291 
in a diagram of diagrams, 333 
left adjoint, 297-300 
of a cosimplicial object, 285 
of a diagram of mapping spaces, 391 
of a horizontal simplicial object, 334 
of a simplicial object, 325 
of a vertical simplicial object, 334 
right adjoint to boundary of a free dia- 

gram, 299 
matching space, 285 
maximal augmentation, 306, 306, 307, 308 

and cofibrant cosimplicial simplicial sets, 
308 

model category, 109 
and overcategories, 126 
and undercategories, 126 
cellular, 71, 83, 231, 231-237, 302-303 

cofibrant object, 234 
compactness, 234-235 
existence of factorizations, 235 
recognizing, 232 
smallness, 235-236 

closed, 109, 112 
cofibrantly generated, 210, 209-230 

and Reedy category, 296-302 
not a cellular model category, 232 
recognizing, 213 

fiberwise, 95 
framed, 341, 341-342, 409-410 

homotopy colimit, 406 
homotopy limit, 406 

K-colocal, 83 
left proper, 239, 239-252 
of diagrams 

in a cofibrantly generated model cate- 
gory, 224 

in a simplicial model category, 226 
opposite of, 110 

product of, 110 
proper, 239, 239-252 
Reedy, 288, 277-315 
right proper, 239, 239-252 
S-local, 71 
simplicial, 75-76, 161, 159-183 

and Reedy categories, 289 
model category structure 

lifting, 214, 224 
monomorphism, 216 

and compactness, 207 
and subcomplexes, 203-204 

effective, 208, 208, 213, 231 

INDEX 

and equalizers, 208 
and monomorphisms, 208 
of sets, 208 

in a cofibrantly generated model category, 
213 

natural cosimplicial frame, 406, 408, 409 
natural cylinder object, 79, 80, 237 

size of, 237 
natural localization, 19 
natural map 

to a bisimplicial set from its zero-th de- 
gree, 312 

natural simplicial frame, 406, 408, 409 
natural transformation 

and homotopic maps of classifying spaces, 
260 

naturally weakly equivalent, 134 
nerve, 254, see also classifying space 
non-coface, 306 

characterizing, 307 
nondegenerate generator 

of a free cell complex, 272 
nondegenerate simplex 

characterizing, 304 

object 
colocal, 48 
local, 48 

objectwise cofibrant, 218 
objectwise cofibration, 218 

objectwise fibrant, 218 
objectwise fibration, 218, 224 
objectwise weak equivalence, 218, 224 
one-sided homotopy lifting extension theo- 

rem, 331 
opposite, 228 

of a Reedy category, 278 
opposite model category, 110 
opposite of undercategory 

isomorphic to overcategory, 270, 271 
orderings, 186 
ordinal, 186, 186-187, 205, 206 

limit, 189 
presentation, 38, 202, 202 

overcategory, 95, 99, 125, 125-128, 226, 226- 
229, 284 

and model category structures, 126 
classifying space of, 255, 256 

and free diagrams, 421 
as a homotopy colimit, 421 

contractible classifying space, 270 
diagram of, 269, 269-271 

cofibrant approximation to the constant 
diagram at a point, 273 

Reedy cofibrant, 297 
Reedy cofibrant approximation to the 

constant diagram at a point, 297 
in a cellular model category, 232 
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induced functor, 126 
isomorphic to opposite of undercategory, 

270, 371 
opposite, 228 * 

partially ordered set, 186 
path component, 33 
path object, 115, 115-122, 131, 146, 240 

and cofibrant approximations, 144 
and fibrant approximations, 144 
and homotopy classes, 365 
and right Quillen functors, 156 
and simplicial resolutions, 319 
and trivial cofibrations, 116 
composition of, 119 
in a Simplicial model category, 172 

projections, 117 
Periodic, 8 
permits the small object argument, 198, 200, 

224 
point, 249 

Pointed 

f-local, 31-34 
function complex, 31, 32 

pointed equivalence, 31 
pointed f-local, 31 
pointed localization, 31 
pointless joke, 51 
Postnikov approximation, 22-24 
preorder, 80 
preordered set, 186 

as a category, 186 
presentation, 272 

natural, 39 
of a cell complex, 38, 201 
of a relative cell complex, 38, 39, 201 

presentation ordinal, 38, 41-43, 77, 202, 202, 
205, 206, 216 

presented 
cell complex, 202, 233 
I-cell complex, 202 
relative cell complex, 202 
relative I-cell complex, 202 

preserving 
left homotopy, 117 
right homotopy, 117 
weak equivalences, 129 

product 
of cardinals, 187 
of categories 

classifying space, 259 
of cofibrantly generated model categories, 

211 
of Reedy categories, 278, 294-296, 333 
of simplicial mapping spaces, 164 

product model category, 110 
proper, 43, 239, 239-252 
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category of diagrams in a cofibrantly gen- 
erated model category, 242 

category of simplicial sets, 242 
category of topological spaces, 242 
half, 239 
left, 78 

properness 

and Bousfield localization, 65-68 
and cofibrant approximations, 252, 377 
and fibrant approximations, 247 
and homotopy lifting, 244 
and homotopy orthogonal maps, 374 
and Jifting, 243 
and Reedy categories, 289 
and sequential colimits, 376 

pullback, 112, 112-114 
and colocal equivalences, 65 
and fibrant approximation, 247 
and fibrations, 113 
and homotopy orthogonal maps, 372 
and trivial fibrations, 113 
and weak equivalences of homotopy func- 

tion complexes, 373 

as a homotopy limit, 428 
homotopy, 244, 244-250 

alternative constructions, 246 
and weak equivalences, 244, 245 
homotopy invariance, 245 

of a weak equivalence, 239 
preserving weak equivalences, 311 

pullback corner map, 161, 165, 167 
adjointness, 165 
and homotopy right lifting property, 168 
and right lifting property, 165 
and the homotopy lifting extension theo- 

rem, 166 
and the homotopy lifting property, 168 
fibration, 166 
of corealizations, 333 
Reedy diagram, 424 

pushout, 112, 112-114 
and cofibrations, 113, 114 
and homotopy orthogonal maps, 372 
and local equivalences, 54, 65 
and total singular complex, 251 
and trivial cofibrations, 113 
and weak equivalences of homotopy func- 

tion complexes, 373 
as a homotopy colimit, 428 
as a Reedy category, 311 
homotopy, 250, 250-252 

homotopy invariance, 251 
of a weak equivalence, 239 
preserving weak equivalences, 311 

pushout corner map, 165 
adjointness, 165 
and homotopy left lifting property, 168 
and left lifting property, 165 
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and the homotopy lifting extension theo- 
rem, 166 

and the homotopy lifting property, 168 

and weak equivalence of simplicial map- 
ping spaces, 166 

cofibration, 166 
of realizations, 333 

Reedy diagram, 424 

Quillen equivalence, 64, 157, 157-158, 297 
and Reedy model category structure, 294 
extending to diagram categories, 225 

Quillen functor, 153, 153-158, 323, 324, 414 

415 
and cofibrant approximations, 49 
and colocal objects, 49 
and fibrant approximations, 49 
and frames, 341 
and homotopy function complexes, 357 
and local objects, 49 
and Reedy model category structure, 294 
existence of total derived functor, 155 
left, 47 
preserving weak equivalences, 154 

right, 47 
Quillen functors, see also Quillen pair 

and Kan extensions, 230 
and Reedy cofibrant diagrams, 294 
and Reedy fibrant diagrams, 294 

Quillen homotopy category, 147, 147-151 

equivalent to classical homotopy category, 
151 

existence, 148, 149 
Quillen pair, 48-50, 58, 64, 153, 153-158, 

214 

and localization, 51 
and resolutions, 323-324 
extending to diagram categories, 225 
preserving weak equivalences, 154 

Quillen, D. G., 108, 135, 423 

realization, 324, 324-326 
and adjointness, 326-331 
and cofibrations, 327 
and colimits, 327 
and mapping space, 8 
in a simplicial model category, 338 
of a bisimplicial set, 312, 312-315 

isomorphic to the diagonal, 313 
of a simplicial object, 395, 426 

cofibrant, 396, 426 
homotopy invariance, 396, 426 
weakly equivalent to the homotopy co- 

limit, 397, 398, 426 
of a simplicial simplicial set 

and geometric realization, 402 
pushout corner map, 333 

recognizing free cell complexes, 271, 273 
Reedy category, 278, 278-281 
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and Quillen functors, 294 
diagram indexed by, 281-288 

extending over a filtration, 283 
filtration of, 281-284, 287-288 
opposite of, 278 
product of, 278, 294-296 

product of Reedy categories, 333 
with cofibrant constants, 309, 308-312, 

427 

and Quillen functors, 310 

and weak equivalences, 310 
characterizing, 309, 310 

with fibrant constants, 309, 308-312, 427 
and Quillen functors, 310 
and weak equivalences, 310 

characterizing, 309, 310 
Reedy cofibrant diagram, 291, 297, 326, 401 

and homotopy function complexes, 425 
and Quillen functors, 294 
colimit of, 310, 427 

Reedy cofibration, 288, 291, 297 
and realizations, 325 

Reedy cosimplicial frame, 343, 343-345, 423 
contractible classifying space, 344 
existence, 344 
uniqueness, 344 

Reedy diagram, 391-394 
coend 

cofibrant, 393 
homotopy invariance, 393 
puShout corner map, 392 

end 

fibrant, 393 
homotopy invariance, 393 
pullback corner map, 392 

homotopy colimit 
alternate construction, 394 

homotopy lifting extension theorem, 391, 
423 

homotopy limit 

alternate construction, 394 
of diagrams 

matching object, 333 

pullback corner map, 424 
pushout corner map, 424 

Reedy fibrant diagram, 291, 326 
and Quillen functors, 294 

bisimplicial set, 335 
limit of, 310, 427 

Reedy fibration, 288, 291, 297 

and corealizations, 325 
of bisimplicial sets, 336 
of simplicial resolutians, 334 

Reedy frame, 343, 343--345 
Reedy framed diagram category, 345 
Reedy model category, 288, 277-315 

and cellular model categories, 302-303 



and cofibrantly generated model categories, 
296-302 
compared, 296-297 

and properness, 289 
cofibrantly generated, 300-302 
Quillen equivalent to cofibrantly generated 

model category structure, 297 
Reedy model category structure, 288-293 
Reedy simplicial frame, 343, 343-345, 423 

contractible classifying space, 344 

existence, 344 
uniqueness, 344 

Reedy trivial cofibration, 289-292 
Reedy trivial fibration, 289-292 
Reedy weak equivalence, 288 
Reedy, C. L., 114, 239 
regular cardinal, 18, 42, 44, 75, 76, 187, 187, 

191, 195, 198, 200, 201, 207, 212, 237 
and smallness, 194 
and transfinite composition, 191 

regular cofibration, 197, 197-201 
regular I-cofibration, 197, 197-201 
reindex, 189, 189 
relative cell complex, 19, 19-20, 74, 74-75, 

85, 85, 89, 197, 197-201, 210 
and cofibrations, 197, 201 
and monomorphism, 213 
of topological spaces, 204 
presentation of, 38, 39, 201 
presented, 202 

subcomplex of, 202 
set. of cells, 202 
subcomplex, 38, 203 

relative CW-complex, 204 
relative free cell complex, 223 

and cofibrations, 223 
and Reedy cofibration, 297 

relative I-cell complex, 197, 197-201 
and I-cofibrations, 197 
and retracts, 198 

relative A{ f}-cell complex, 19, 20-22 

relative A(K)-cell complex, 85, 85, 86 
relative AS-cell complex, 74, 74, 74-75 
relative latching map, 288, 289~292 

and lifting, 291 
trivial cofibration, 291, 292 

relative matching map, 288, 289-292 

and lifting, 291 
trivial fibration, 292 

resolution, 318-323, 338 
and localization, 61 
cosimplicial, 318 

functorial, 319 
functorial, 339 
of a map, 321, 321-322, 339 
of a simplicial set, 335 
simplicial, 318 

functorial, 319 
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two-sided constructions, 335 

uniqueness, 320-321 

resolving pair, 356 
left, 356 
right, 356 
two-sided, 356 

restriction of a homotopy, 237 
retract, 9, 12, 22, 89, 108, 200, 211 

and cardinals, 188 
and colocal equivalences, 53 
and compactness, 206, 215 
and homotopy orthogonal maps, 370 
and local equivalences, 53 
and small object factorization, 199 
and smallness, 194 
as a homotopy colimit, 428 
of a cell complex, 212 
of a A-sequence, 200 
of a relative J-cell complex, 198 
of an effective monomorphism, 208 

retract argument, 73, 87, 89, 110, 169, 200 
retract axiom, 109 
right adjoint, 153-158 
right Bousfield localization, 57, 57-69, 83- 

91 
and cofibrations, 58, 62 
and right localization, 63 
and right properness, 66 
existence, 83 

right cofinal, 186-187, 285, 418 
and colimits, 186 
functor, 256, 256-258 
A-sequence, 190 
subcategory, 256 
subset, 186 

right derived functor, 47, 151, 151-153, 156 

existence, 151 
total, 152, 155, 158 

and fibrant approximation, 155 
existence, 157 

right homotopic maps, 130, 147 
inducing homotopic maps of homotopy func- 

tion complexes, 364 
right homotopy, 115, 115-128, 174 

and cofibrant approximations, 146 
and cofibrant objects, 116 
and fibrant approximations, 146 
and homotopy, 122 
and homotopy fibers, 250 
and homotopy pullbacks, 246 
and left homotopy, 121-123 
and path objects, 121 
and trivial cofibrations, 123 
composition of, 120 
equivalence relation, 121 
inverse, 121 

over an object, 127, 126-128 
preserving, 117, 156, 157 
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under an object, 127, 126-128 
right homotopy classes of maps, 119, 122 

induced maps, 123 
isomorphism of, 123 

right homotopy function complex, 350, 350- 

352 
category of, 351 
fibrant, 351 
functorial, 358, 358-359 
uniqueness, 352 

right homotopy lifting extension theorem, 331 
right homotopy orthogonal, 368 

and pullbacks, 372, 374 
and the pullback corner map, 373 
partial two out of three, 373 

right Kan extension, 151, 151-153, 282 
right lifting property, 20, 110, 196 

and colocal equivalence, 53 
and fibrant approximation, 243 
and pullbacks, 113 
and retracts, 112 
and right properness, 243 

right localization, 47, 47-69 
Bousfield, 57 

right proper, 239, 239-252, 416 
and homotopy right lifting property, 244 
sufficient condition, 240 
Top,, 240 
Top, 240 
topological spaces, 240 

Tight properness 
and fibrant approximations, 247 
and right Bousfield localization, 66 
and right lifting property, 243 

right Quillen equivalence, 157, 157~158 
right Quillen functor, 47-50, 153, 153-158 

and cohorns, 61 

and ends, 410, 414 
and homotopy limits, 415 
and path objects, 156 
and simplicial frames, 341 
and simplicial resolutions, 323-324 
existence of total right derived functor, 

155 
preserving weak equivalences between fi- 

brant objects, 154 
right resolving pair, 356 
right to two-sided change of homotopy func- 

tion complex map, 355 
functorial, 360 

S-colocal, see also K-colocal] and colocal 
S-colocal equivalence, 48, 49 
S-colocal object, 48, 49 
S-local, 65, see also f-local, C-local, and lo- 

cal 
S-local cofibration, 72 
S-local equivalence, 48, 49 

detecting, 69 
S-local fibration, 72 
S-local model category structure, 71 
S-local object, 48, 49 
S-local weak equivalence, 72 
S-local Whitehead theorem, 55 
S-localization, 75 

cofibrant, 75 
functor, 76-78 

saturation, 151 
self dual, 110 
sequence 

as a Reedy diagram, 311 
sequential colimits, 376-378 
set of representatives, 46 
set of cells 

of a cell complex, 202 
of a relative cell complex, 202 

set of elements of S fiberwise over Z, 95 
set of maps 

bounding the size, 236 
bounding the size of, 236 

set of representatives, 236 
simplicial model category, 37 
simplicial category, 159, 159-161 
simplicial frame, 337, 337-341, 408 

and right Quillen functors, 341 
and simplicial resolutions, 338 
category of 

contractible classifying space, 341 
functorial 

existence, 339 
on a map, 340 
uniqueness, 339 

natural, 406, 408, 409 
on a diagram, 342, 342-345 

uniqueness, 343 
on a map, 339, 340, 411 
on a matching object, 345 
Reedy, 343-345, 423 

contractible classifying space, 344 
existence, 344 
uniqueness, 344 

standard, 338 
uniqueness, 341 

simplicial frame on a diagram 
category of 

contractible classifying space, 342 
simplicial functor, 75-76, 179, 179-183 

colimit of, 183 
extending a functor, 181 

simplicial homotopy, 99, 170, 171, 170-177 
and components of the simplicial mapping 

space, 170 
and composition, 170 
and generalized intervals, 171 
and homotopic maps of simplicial map- 

ping spaces, 176 
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and homotopy pullbacks, 246 latching object, 285 

and left homotopy, 174 matching map of, 325 
and right homotopy, 174 matching object of, 325 
and the homotopy category, 172 partial homotopy lifting extension theo- 
induced by simplicial homotopy of maps rem, 328, 329 

of simplicial sets, 173 realization, 395, 426 
simplicial homotopy classes of maps, 14 cofibrant, 396, 426 

and simplicial homotopy equivalences, 177 homotopy invariance, 396, 426 
and weak equivalences, 171 realization weakly equivalent to the homo- 
isomorphism of, 171, 172 topy colimit, 397, 426 

simplicial homotopy equivalence, 14, 471, Reedy model category structure, 289 
176 vertical, 334, 333-336 

and equivalence of simplicial mapping spaces, simplicial resolution, 318, 323, 318-323, 338, 
176 350, 352 

and isomorphisms of simplicial homotopy and fibrant approximation, 319 
classes, 177 and path objects, 319 

and weak equivalence, 173 and right Quillen functors, 323-324 
detecting, 177 and simplicial frames, 338 
induced by simplicial homotopy equiva- category of, 320 

lence of simplicial sets, 173 contractible classifying space, 320 
simplicial indexing category, 278, 279, 309 existence, 322 
simplicial localization functor, 29-31, 75-76 functorial, 319 
simplicial mapping space, 6, 8, 159, 384, existence, 319 

see also function complex and homo- uniqueness, 321 
topy function complex in a simplicial model category, 318, 319 

as a functor, 160 map of, 320 
as sets of maps, 162 existence, 320 
fibration, 164 weak equivalence, 320 
from a colimit, 164 of a map, 321, 321-322 
from a coproduct, 164 recognizing, 323 

homotopy invariance, 164, 165 uniqueness, 320-321 
to a limit, 164 simplicial set, 6, 135 
weak equivalence of, 7 and smallness, 194 

simplicial model category, 75-76, 161, 159- and topological spaces, 7, 24-29 
183, 338, 340, 341, 349, 351 as a homotopy colimit, 400 

and colimits, 164 as a simplicial category, 161 
and coproducts, 164 as a Simplicial model category, 162 
and Reedy categories, 289 category of 
cosimplicial frame on, 338 proper, 242 
diagrams cofibrantly generated, 211 

mapping space, 226 colimit of its diagram of simplices, 280 
diagrams in, 225-226 compactness, 206, 215 

model category structure, 226 decomposing via a map, 401, 428 
fibration of simplicial mapping spaces, 164 diagram of, 271-275 
resolutions, 318, 319 inclusion of 
simplices of space of maps, 162 as a transfinite composition, 191 
simplicial frame on, 338 left proper, 240 
trivial fibration of simplicial mapping spaces, map of 

164 decomposing, 428 
weak equivalence of simplicial mapping spaces, pointed 

165, 176-177 as a simplicial model category, 162 
simplicial object, 279 weakly equivalent to the classifying space 

Bousfield-Kan map from the homotopy co- of its category of simplices, 401 
limit to the realization, 397 simplicial simplicial set, 303-305, see also 

category of, 318 bisimplicial set 
constant, 318 Simpson, C., 232 
horizontal, 334, 333-336 singular functor, 7 
iterated degeneracy operator in, 304 size, 79-81, 216 
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of a cell complex, 43, 46, 202 
and factorization, 236 

of a natural cylinder object, 237 
of a relative cell complex, 202 
of a subcomplex, 43-45, 206 
of the cells, 80, 234, 236 

skeleton, 38 
of a cell complex, 202 
of a relative cell complex, 202 

small, 75, 76, 212 
relative to D, 194 
relative to J, 198 

small category, 264 
small enough, 42, 78, 79 
small object, 194 
small object argument, 17-19, 21, 29-30, 198, 

196-201 
permits, 198, 224 

small object factorization, 199, 198-201 
and retracts, 199 

small subcategory, 258 

small subcomplex, 216 
smallness, 194, 194-196, 231 

and colimits, 195 
and compactness, 207 
and relative cell complexes, 198 
and retracts, 194 
and sets of objects, 194 
and simplicial sets, 194 
and transfinite compositions, 196 
in a cofibrantly generated model category, 

212 
in Cellular model categories, 235-236 
relative to cofibrations, 201 
simplicial set, 194 
topological spaces, 194 

Smith, J. H., xiii, 42, 73, 78 
space, 6, 5-6 

cell complex 
compact subset of, 205 

compactness, 215 
notation, 6, 135 
pointed or unpointed, 398-400 
relative cell complex, 204 

space of maps 
between mapping spaces, 385 

Specs), 8 
of a simplicial set, 8 

SS(.) 
proper, 242 

standard cosimplicia] frame, 338, 338, 343 
standard framing, 341 
standard simplex, 279 

as a classifying space, 254 
boundary, 298 
deformation retraction to a point, 173 
simplicially contractible, 173 
weak equivalences, 174 

INDEX 

standard simplicial frame, 338, 338, 343 

strict simplicial homotopy, 170 
strong deformation retract, 45, 77, 127, 131 
subcategory 

small, 258 
subcomplex, 201-204, 216 

and factorizations, 235 
and fibrant approximation, 77 
and monomorphism, 203-204 

constructing, 39, 203 
determined by its set of cells, 203, 232 
finite, 206 
generated by a cell, 40 
in Top,.) 

finite, 206 
intersection of, 40 

localization of, 76-78 
of a presented celi complex, 202 
of a presented relative cell complex, 202 
of a relative cell complex, 38, 38-42 

natural presentation, 39 
of the localization, 40-42 

size of, 206 
small, 43, 216 

subcomplexes 
in a cellular model category, 232-234 
intersection, 233, 233-234 

Succ, 187, 237 
successor cardinal, 187, 187 

tensor 

with a set, 221, 221 
with a simplicial set, 221, 225, 324-326 

and colimits, 163 
and local equivalence, 54 

associativity, 162 
cofibration, 166 
left adjoint to exponentiation, 161 

tensor product 
and pushouts, 191-193 
and transfinite composition, 191-193 
of functors, 386, 386-394, 407, see also 

coend 
adjointness, 388 
and adjointness, 410 

tensor with a simplicial set, 324 
terminal, 186-187 

subset, 186 
terminal functor, 256, 257, see also right 

cofinal functor 
terminal object 

and contractible chassifying space, 260 
and homotopy colimits, 420 
and natural transformations, 260 

terminal subcategory, 256 
Theorem A, 422 

Top(s) 
proper, 242 1 



weak equivalence in, 241 

topological space, 5, 5, 6, 135, 204-206, 241- 
242 

and simplicial sets, 7, 24-29 
and smallness, 194 
as a Simplicial model category, 163 
category of 

proper, 242 
cell complex, 204 

cofibrantly generated, 211 
compactness, 206, 215 
pointed 

as a simplicial model category, 163 
relative cell complex, 204 

compact subset of, 205 
right proper, 240 
weak equivalence, 241 

total derived functor, 49, 152~153 
adjointness, 157 
and localization, 51 

total left derived functor, 47, 49, 152, 152- 
153, 155 

and cofibrant approximation, 155 
existence, 153, 155, 157 

total object, 426 
of a cosimplicial object, 395 

total object of a cosimplicial object 
fibrant, 396, 426 
homotopy invariance, 396, 426 
weakly equivalent to the homotopy limit, 

397, 398, 426 
total right derived functor, 47, 49, 152, 152- 

153, 155 
and fibrant approximation, 155 
existence, 153, 155, 157 

total singular complex, 7, 15-16, 24-29, 158 

and diagram categories, 225 
and ends, 402 
and homotopy colimit, 402 
and homotopy fiber, 250 
and homotopy limit, 402 
and pushouts, 251 
and total space of a cosimplicial space, 402 

total space of a cosimplicial space, 395 
and total singular complex, 402 
fibrant, 396 
homotopy invariance, 396 
weakly equivalent to the homotopy limit, 

397, 398 
totally ordered set, 53, 186, 193, 194 

well ordered subset, 187 
transfinite composition, 13, 17-20, 98, 188, 

188-193, 198, 204, 272 
and coproducts, 189, 191 
and homotopy left lifting property, 193 
and inclusion of simplicial sets, 191 
and lifting, 193-194 
and local equivalence, 54 
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and regular cardinals, 191 
and simplicial model categories, 191-193 
and smallness, 196 
identifying, 189 
of transfinite compositions, 190, 191 

transfinite induction, 41-43, 77, 90, 193, 216, 
237, 375 

trivial cofibration, 109 
and coproducts, 111 
and A-sequences, 193 
and lifting, 111 
and pushouts, 113 
characterization of, 111 
closure under transfinite composition, 193 
generating, 210 
in acofibrantly generated model category, 

211 

in a simplicial model category 
characterizing, 167 

preserving, 115, 153 
Reedy, 289-292 

trivial fibration, 109 
and injectives, 197 
and lifting, 111 
and products, 111 

and pullbacks, 113 
characterization of, 111 
in a cofibrantly generated model category, 

211 

in a simplicial model category 
characterizing, 167 

preserving, 115, 153 
Reedy, 289-292 

two out of three, 109 
for colocal equivalences, 52 
for local equivalences, 52 
partial, 373 

two-sided homotopy function complex, 352, 
352-353 

fibrant, 352 
functorial, 359, 359 

two-sided homotopy function complexes 
category of, 353, 353 
uniqueness, 353 

two-sided homotopy lifting extension theo- 
rem, 336 

two-sided resolving pair, 356 

under-over-category, 126 

undercategory, 125, 125-128, 227, 226-228, 
284, 349, 351-355 

and model category structures, 126 
classifying space of, 255, 256 
classifying space of opposite of 

and free diagrams, 421 
as a homotopy colimit, 421 

contractible classifying space, 269 
diagram of, 268, 269, 401 
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Reedy cofibrant, 297 
diagram of opposites, 268 
diagram of opposites of, 268-269 

cofibrant approximation to the constant 
diagram at a point, 273 

Reedy cofibrant approximation to the 
constant diagram at a point, 297 

induced functor, 126 
opposite, 227, 228 

isomorphic to overcategory, 270, 271 
opposite of 

diagram of, 271 
underlying space 

of a category, 383 
uniform compactness, 234 
uniqueness 

of cofibrant approximations, 266, 267 
of fiberwise localization, 99 
of fibrant approximations, 266, 267 

of functorial cofibrant approximations, 267 
of functorial fibrant approximations, 267 
of functorial homotopy function complexes, 

361 
of functors over X, 265 
of functors under X, 265 
of homotopy equivalences, 262 

INDEX 

equivalence relation generated by, 133 
if and only if an isomorphism in the ho- 

motopy category, 151 
induces a weak equivalence of homotopy 

function complexes, 363 
induces isomorphism of homotopy classes, 

130 
localizing, 147 
natural, 134 

objectwise, 224 
of classifying spaces, 423 
of cofibrant objects, 172 
of colimits, 311 
of fibrant objects, 172 
of function complexes, 8, 16-17 

and homotopy lifting, 168 
of homotopy function complexes, 362 

and homotopy classes of maps, 366 
and homotopy orthogonal maps, 370 
and lifting maps, 366 
and pullbacks, 373 
and pushouts, 373 

of limits, 311 
of realizations of bisimplicial sets, 315 
of simplicial mapping space 

independent of cofibrant approximation, 
universal cover, 241 178 
universal mapping property of localization, independent of fibrant approximation, 

47 178 

universe, 258, 263, 264 of simplicial mapping spaces, 176-177 
unpointed 

equivalence, 31 
f-local, 31, 31-34 
function complex, 31, 32 
localization, 31 
spaces 

and colocalization, 51 

vertical simplicial object, 334, 333-336 
matching object of, 334 

weak equivalence, 109, 129-130, 132, 174 
and colimits, 376 
and existence of maps, 130 
and homotopy, 130 
and homotopy equivalence, 124 
and homotopy function complexes, 366, 

367 
and homotopy orthogonal maps, 372 
and homotopy pullbacks, 244, 245 
and induced map of simplicial mapping 

space, 178, 179 
and local equivalences, 49, 56 
and simplicial homotopy classes of maps, 

171 
between cofibrant-fibrant objects, 124 
characterizing, 111 
detecting, 133, 177-179, 366, 367, 374 

via homotopy orthogonal maps, 372 

and the pullback corner map, 166 
and the pushout corner map, 166 

of topological spaces, 241 
and attaching a cell, 241 
characterizing, 241 

preservation by limits and colimits, 310 
preservation by pushouts and pullbacks, 

311 
preserving, 129 
pullback of, 239 
pushout of, 239 
resolution is a weak equivalence, 322 

weak Hausdorff, 5, 134 
weakly equivalent, 134 

naturally, 134 
well ordered 

subset of a totally ordered set, 187 
well ordered set, 186, 189 
well pointed, 398 
Whitehead theorem, 124 

colocal, 55 
local, 14, 55 

Yoneda lemma, 219, 221 

zig-zag, 133 
and edge path groupoid, 261 
composition of, 261 



determining a homotopy equivalence, 262, 
262 

equivalent, 260 

essentially unique, 261, 265-267, 321, 339, 
341, 343, 344, 350, 352, 353, 357-359, 
361, 390, 393, 398, 412, 425 
and contractible classifying spaces, 261 

Zorn’s lemma, 46, 80, 205 
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