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CATEGORIES AND GROUPOIDS

P. J. HIGGINS

Preface to the TAC Reprint

In 1968, when this book was written, categories had been around for 20 years
and groupoids for twice as long. Category theory had by then become widely
accepted as an essential tool in many parts of mathematics and a number
of books on the subject had appeared, or were about to appear (e.g. [13,
22, 37, 58, 65]1). By contrast, the use of groupoids was confined to a small
number of pioneering articles, notably by Ehresmann [12] and Mackey [57],
which were largely ignored by the mathematical community. Indeed groupoids
were generally considered at that time not to be a subject for serious study. It
was argued by several well-known mathematicians that group theory sufficed
for all situations where groupoids might be used, since a connected groupoid
could be reduced to a group and a set. Curiously, this argument, which makes
no appeal to elegance, was not applied to vector spaces: it was well known that
the analogous reduction in this case is not canonical, and so is not available,
when there is extra structure, even such simple structure as an endomorphism.
Recently, Corfield in [41] has discussed methodological issues in mathematics
with this topic, the resistance to the notion of groupoids, as a prime example.

My book was intended chiefly as an attempt to reverse this general as-
sessment of the time by presenting applications of groupoids to group theory
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and topology which would make clear the advantage and elegance of groupoid
methods. As it happened, between the writing of the book and its publication
(which was delayed by a takeover of Van Nostrand Reinhold) Serre’s notes
[24, 67] on groups acting on trees appeared. They included proofs of the sub-
group theorems of Schreier and Kurosh which in spirit were very similar to
the groupoid proofs in Chapter 14 of my book but were perhaps more easily
assimilated by group-theorists because they involved less preliminary work.
As a result, the acceptance of groupoids as a useful tool in group theory was
further delayed. (In 1976, I gave in [49] an account of the Bass-Serre theory
using the notion of the fundamental groupoid of a graph of groups, and this
work has been followed up recently in Emma Moore’s thesis [63]).

As a graduate student in Cambridge in the early 1950’s, I was much influ-
enced by Philip Hall’s lectures on Group Theory and on Universal Algebra;
these topics were combined in my thesis and in [47]. I knew a little about
groupoids at this time but did not pursue them until 1959 when, listening to
an exposition of the topological covering space proof of the Schreier subgroup
theorem, I realised that the loops at a point, when lifted to the covering space,
formed a category, and that the fundamental group lifted to a groupoid. It
was then clear that the topology was irrelevant to the proof, or at least it
could be reduced to combinatorics by using covering morphisms of groupoids
instead of covering maps of spaces. The proof worked because the theory of
presentations of groups generalised easily to presentations of groupoids, using
generating graphs instead of generating sets. Maria Hasse [15] had the same
idea at about the same time. A simple proof of Kurosh’s Theorem also came
from the same method but, in writing up these results, I was conscious of the
ad hoc nature of some of the arguments concerning free groupoids and presen-
tations of groupoids. The beautiful results of Hall’s universal algebra could
not be used in this context because the operations in categories and groupoids
were not everywhere defined.

To overcome this difficulty and to put the groupoid work on a sound foun-
dation, I set about generalising the Hall-Birkhoff theory so as to include a
class of “many-sorted” algebras. These algebras with a scheme of operators
were essentially partial algebras defined on a family of sets, in which the do-
mains of the operators were specified in advance by combinatorial data. They
included categories and groupoids as well as such classes as modules over vari-
able rings, graded algebras, directed systems of algebras etc. I lectured on
this theory (and its application to categories) at the 1961 British Mathemati-
cal Colloquium and published the results in [48]. This work was later applied
by Birkhoff and Lipton, under the name “heterogeneous algebras”, [30], to
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the theory of automata and state machines, and is still used in that area.
Lawvere’s ground-breaking work [52] on algebraic theories, introducing cate-
gorical methods to the study of general abstract algebra, (the reverse of what
I had done) appeared at about the same time as [48]. An amalgam of the
two approaches was contained in Benabou’s 1966 thesis [29], and this line of
development was continued by many authors using such terms as algebraic
categories, equationally defined categories, monads and triples (e.g. [28, 38,
42, 43, 53, 54, 55, 61]). Eventually the theory encompassed all reasonable
algebraic systems, and certainly all those I have worked on over the years
(Lie structures over modules, cubical complexes with connections, multiple
groupoids, crossed complexes etc.).

The origin of the present book lies, as mentioned in the original Preface, in
my visit to the University of Michigan for the year 1966/67. My papers [16] and
[17] giving the applications of groupoids to the Schreier and Kurosh theorems,
and to a generalisation of Grushko’s theorem, had recently appeared, and I
was asked to lecture on them. The result was a graduate course whose first
semester was on universal algebra and whose second was on categories and
groupoids. Perhaps mistakenly, I decided in conjunction with the Editors,
that the material of the second semester was more suitable than the universal
algebra for the VN Mathematical Studies. I felt that preliminaries should
be kept short, and in any case P.M. Cohn had just published a book [39] on
universal algebra. So, instead, I included specific theorems on the existence of
right limits and left adjoints as the basis for the work on groupoids and rounded
them off as best I could to give a short account of the category theory that
I needed to use. The book was not intended as a systematic exposition of
category theory; its title was chosen partly to make sure that the groupoids in
the title were not mistaken for groupoids in the sense of Bruck (a usage which
was more common at that time and led to many mis-classifications of papers
in Mathematical Reviews!).

In spite of the omission of the universal algebra section of my course,
there are two things the book does owe to Philip Hall’s lectures. The first is
the influence of his general philosophy of algebra, especially the importance
of universal properties and word problems. The second is more tangible: the
book is written using almost exclusively a right-handed notation for operators,
mappings and multiple operations. This was the notation used by Hall in his
lectures and many of his students adopted it in at least part of their work. I
used it in the first semester of my course and therefore also in the second. It
was at that time the most natural notation for me, and there were a number
of mathematicians, mostly algebraists, who were trying to get it adopted as
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standard. So I decided to stick with it for the book. (Regrettably, the right-
hand campaign was not successful, but the notation re-emerges from time to
time when individuals discover its great advantages for themselves.)

The proofs of the Schreier and Kurosh subgroup theorems in Chapter 14
are still, I think, as simple as any in the literature. This chapter also contains
a broad generalisation of Grushko’s theorem which seems to be not very well
known (see Theorem 12, p.123); its proof is along similar lines. In Chapter 15
the same method is applied to colimits of groups rather than free products, and
weaker results hold in this case. In particular, there is a conceptual form of the
theorem of Reidemeister and Schreier deriving a presentation of a subgroup
from a presentation of the containing group (see Theorem 14, p.136). The
case of subgroups of amalgamated free products of groups, first studied by
Hanna Neumann in [64], is discussed at the end of this chapter and a mistake
on this topic in my paper [16] is avoided, giving a correct form (I hope!) of
the corresponding subgroup theorem.

Chapter 16 on homology of groupoids can now be seen as related to
Grothendieck’s important notion of simplicial nerve of a category or groupoid.

The notion of free product with amalgamation of groupoids in [16] strongly
influenced Ronnie Brown to introduce in [5] the fundamental groupoid on a
set of base points, and so to give a van Kampen theorem for unions of non-
connected spaces which allowed the direct deduction of the fundamental group
of the circle, and more. This result appeared too late to be included in the
course, but I added a final Chapter 17 giving a version of it. It was indeed just
the sort of application I had been hoping for – an indication that groupoids
were useful outside algebra. (I was not so aware at the time of the extensive
work of C. Ehresmann on groupoids in differential topology and geometry.)
The reason that groupoids were successful in this case was that they modelled
the geometry of paths more closely than the standard groups: restriction to
groups required the introduction of a single base-point, the choice of which
often had no geometric justification. It is unwise to force the geometry into a
particular mode simply because that mode is more fashionable.

Following discussions with Brown on his van Kampen theorem and on the
result in [35] that double groupoids with connections and one vertex are equiva-
lent to crossed modules over groups, Brown and I embarked on a programme of
constructing higher homotopy groupoids in order to prove higher-dimensional
versions of the van Kampen theorem which would yield non-Abelian informa-
tion not available by standard group methods. The plan was to study the
maps of n-cubes into a space (which have natural operations of gluing, subdi-
viding and collapsing etc.), to determine the algebraic structures which best
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describe the properties of these cubes, and their homotopy classes, and then
to try to use these algebraic models to compute homotopical information in all
dimensions. This collaboration with Brown (involving in this area 11 papers,
1974–2003) and with various students and fellow workers broke new ground
in “higher-dimensional algebra” and its applications to topology. A compre-
hensive account of our main body of work is in preparation in [34]. Brown’s
correspondence on this area in 1982 with Grothendieck stimulated the lat-
ter to writing the increasingly influential ‘Pursuing Stacks’ [46], which makes
good use of groupoids, and is basically in search of non-Abelian homological
algebra.

In order to prove these higher dimensional van Kampen Theorems we
needed not only to develop a new range of appropriate algebra but also to
resort to a different style of proof, avoiding the global retraction argument
used earlier by both of us. Consequently, the higher dimensional van Kam-
pen theorem we proved in [33] specialises to a van Kampen theorem for the
fundamental groupoid π1(X, A) when X is any union of open sets, solving the
problem mentioned on p. 165 of this book. The most precise version for the
required connectivity conditions is in [36].

From the late 1980s I was involved in work with Kirill Mackenzie, whose
innovative and influential book [56] introduced me to the fascinating world
of Lie groupoids and Lie algebroids initiated by C. Ehresmann in the 1950s
and by J. Pradines in the 1960s. See in particular [50, 51] for our algebraic
contributions to this topic. (Lie groupoids and other species of groupoids with
structure are now, of course, studied under the general heading of internal
groupoids in categories with pull-backs).

The progress of groupoids in the last 30 years has been remarkable. I have
summarised above my own contribution to this progress, but cannot do justice
here to the many others who have taken part. A ‘brief survey’ on groupoids
up to 1987 is given in Brown [32], with 160 references as an entry to the
literature. A web search today for groupoids in geometry, analysis, computer
science, or physics, yields thousands of ‘hits’ in each area. Notable examples
are the far-reaching generalisations of Galois theory made possible by the use
of groupoids [31, 60], and the non-commutative geometry initiated by Connes
[40], with its use of the C*-algebra of a measured groupoid. Other examples
will be found in the sample references given below (see [44, 45, 59, 62, 66,]).

I would like to thank the Editors of Theory andApplication of Categories for
suggesting this reprint, and Ronnie Brown, Bill Lawvere and George Janelidze
for helpful comments on a draft of this Preface. I hope my observations and
reminiscences will be interesting to current readers. All the misprints and mis-
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takes in the book of which I am aware have been corrected by pasting before
the book was scanned. Any errors that remain are entirely my responsibility,
but I hope they are few.

Philip Higgins
Durham, England
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Preface 

These notes are based on lectures given at the University of 

Michigan in 1967. Their aim is to present a self-contained account 

of the elementary theory of groupoids and some of its uses in group 

theory and topology. Category theory appears as a secondary topic 

whenever it is relevant to the main issue, and its treatment is by no 

means,systematic. However, the book may serve as an introduction 

to categorical algebra with the emphasis always on specific 

applications. 

One of my hopes in preparing the text was to convince students 

of group theory that it is often profitable to cross the boundary 

between groups and groupoids. The main advantage of the transition 

is that the category of groupoids provides a good model for certain 

aspects of homotopy theory. In it there are algebraic analogues of 

Such notions as path, homotopy, deformation, covering and fibration. 

Most of these become vacuous when restricted to the category of 

groups, although they are clearly relevant to group-theoretical 

problems. This extra freedom is exploited in Chapters 14 and 15 to 

prove various sub-group theorems in the context of groupoids. There 

is another side to the coin: in applications of group theory to other 

topics it is often the case that the natural object of study is a 

groupoid rather than a group, and the algebra of groupoids may pro- 

vide a more convenient tool for handling concrete problems. This 



point is illustrated in Chapter 17, where groupoids are used to 
compute fundamental groups. I hope that other applications will 

occur to the reader and that he will find the basic machinery he 

needs for them in these pages. 

London, 1970. P. J. HIGGINS 
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CHAPTER 1 

Some basic categories 

A category K consists of (i) a collection of objects A, B, C,..., 

(ii) a family of disjoint sets K (A, B), one for each pair (A, B) of 
objects, (iii) a distinguished element e, ot K (A, A) for each A, and 
(iv) a law of composition: if 0 eK (A, B) and 6 €K(B, C) then 
Od EK (A, C); otherwise 0¢ is not defined. The members of K (A, B) 

are called K-morphisms or K-maps from A to B, and we write 

6:A —>Bor A&B instead of 6K (A, B) if it is clear from the 
context what category K is intended. The special element €, is 

called the identity morphism on A. 

There are two axioms: 

1. Associativity: if A2B&3c-4D, then (6¢)W = O(dwW). 
2. Identity : if ASB then ¢,0= 0 = ep. 
If K and £& are categories, then a functor F :K=£ assigns to 

each object A of K an object F(A) of & and to each K-morphism 
a: A—B an °- morphism F(a): F(A)—F(B), in such a way that 

for each A, and F(a) = F(a)F(8) whenever A-SB4C. 
The most familiar examples of categories are the concrete 

Fle4) = €pay 

categories in which the objects are sets and the morphisms are 

certain mappings between them; composition is ordinary composition 

of mappings, and «, is the identity mapping on A. Usually the sets 

are provided with some extra structure (of a given type) and the 

morphisms are all the structure-preserving maps. Thus one has the 

1 
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category of rings and ring-homomorphisms, of topological groups and 

continuous homomorphisms, etc. Functors then arise naturally as 

‘‘canonical constructions’’; for example the following constructions 

all yield functors between the appropriate categories: (i) the 

integer group-ring Z(G) of a group G; (ii) the free group F(X) on a 

set X; (iii) the fundamental group 7(T, x) of a topological space 

(T, x) with base-point. (Note, however, that the centre of a group 

and the automorphism group of a group are not functorial construc- 

tions; always check what happens to the morphisms !) 

The bulk of category theory aims at providing general theorems 

with applications in concrete categories (or in similar ones whose 

objects may be more complicated mathematical structures and whose 

morphisms may be, for example, families of mappings). Theorems of 

this type which appear in these notes will be concerned with such 
categorical notions as products, direct limits and adjoint functors, 

which describe in abstract terms some of the standard constructions 
occurring in many different branches of mathematics. 

From a slightly different point of view one may also regard a 

category as an algebraic structure in its own right, on the same 
footing as a group or a semigroup. The ‘“‘elements’’ of this algebra 

are the morphisms, and their composition is an associative partial 

binary operation; the objects act as labels for the morphisms in order 

to determine the domain of the operation. Functors are now to be 

thought of as structure-preserving maps, i.e. algebra homomorphisms. 

In the extreme case of a category with just one object, any two 

morphisms can be composed and the resulting algebra is a semigroup. 

Thus ‘‘category’’ is a direct generalisation of ‘‘semigroup-with-1’’. 

This algebraic view-point emphasises different aspects of category 

theory and leads to the consideration of such algebraic notions as 
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congruences on a category, generators and relations for a category, 
free categories and word problems. 

These two approaches to category theory will be developed 

side by side and will sometimes impinge on each other. For example, 

in the applications to group theory, categories will enter in both 
roles. A group G can be thought of as a category with one object 

whose morphisms are the elements of G. (This strain on the 

imagination is more fruitful than it appears at first sight; it is, in a 

sense, a reversion to the idea of a group of transformations). On 

the other hand, G is itself one of the objects of a category CG, whose 

morphisms are group homomorphisms. To avoid confusion in such 

Situations we shall adopt a duplicate set of notations. When we are 
treating categories as abstract algebras we shall denote them by 

A, B, C, ..., and their morphisms by a, b, x, y, ..., the same 

notation as we use for groups and their elements. (The objects of 

such categories will only appear as suffixes attached to these 

symbols.) Algebra homomorphisms (functors) will be denoted by 

a, B, y, ... in this notation, and they will be written as operators on 

the right. At other times, when we want to consider arbitrary cate- 

gories (including “‘large’’ ones such as the category of all groups), 

we shall denote them by f, B C. ..., their objects by A, B, C, ... 
and their morphisms by a, 6, y, ...... We shall speak of categories 

and Categories, respectively, in these two contexts. The two 

notations occur simultaneously when the categories A, B, ©, ... are 

objects of the Category C, 

This informal distinction also serves as a set-theoretical 

warning. The reader can choose his own favourite set theory: if he 

likes to distinguish between sets and classes, he will interpret 

‘“category’’ (with a small c) to mean “‘small category’’, that is, one 



4 NOTES ON CATEGORIES AND GROUPOIDS 

whose objects form a set; if he prefers to work with a hierarchy of 

universes he will interpret all categories as belonging to some fixed 

universe, but he may have to move to a larger universe when 

Categories appear. 

We reserve special symbols for four Categories which will 

occur frequently. 

1, The Category S of sets. The objects of S are sets and 
d(A, B) is the set of all maps from A to B. Composition is the 

usual one, and e, is the identity map on A. 
2. The Category D of directed graphs. A directed graph A 

consists of (i) a set V = V(A) of vertices, (ii) a set E = E(A) of 

edges, and (iii) an incidence map 0: E—Vx V. If 6 sends the 

edge x to the pair x0 =(x 5,, x0,), we call x0, the source of x, 

and x0, the target of x. All graphs in these notes will be directed, 

and we call them simply “‘graphs’’. 

A graph-map 0: A—B is a pair of maps V(@): V(A) - V(B) and 
E(@) : E(A) > E(B) which preserves incidences, i.e. such that 

(x E(@) 6, = (x 0.) VO) G = 1,2) for all edges x of A. The category 

1) has as its objects all (directed) graphs, and ) (A, B) is the set of 

all graph-maps from Ato B Composition in \) is the obvious one 
obtained by composing the vertex maps and the edge maps separately. 

«, consists of the identity maps on V(A) and E(A). 

We shall draw the usual pictures of graphs in which vertices are 

represented by points in the plane and edges by arrows from source 

to target. Since the vertices serve mainly as pegs to hang the 

edges on, we also adopt a notation in which they appear as labels. 

Writing J for V(A), we let Ai, denote the set of edges from 17 to j 

(that is, x € Ai S—>x0=(,)j)). Thus E(A) is the disjoint union 

of sets A (i,j €1), and we write x: 1—j or 14j for x cA. 
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3. The Category C of categories. Any category has the 

structure of a directed graph with the objects as vertices and the 

morphisms as edges. In addition, the set of edges has a partial 

multiplication whose domain is determined by the graph structure. 

We may therefore make the following redefinition. A category A is 

a graph (with vertex set J and edge set UA. as above), together 

with multiplications Ai, x A, — A. for all 1, j, k € I, and distin- 

guished edges e.€ A. (1 €1). The product xy of edges is defined 

if and only if the source of y is the target of x. Multiplication is 

associative: ((xy) z = x(yz) whenever one, hence the other, product 

is defined), and the e. are identity elements (e, X= X=X @ for 

XE A. ). In particular, each A, is a semigroup-with-1, the vertex 

semigroup at 1. 

A category-map is a graph map 0: A—B between categories 

which preserves products and identity elements; in other words it is 

a functor from A to B. The Category C has as its objects all 

categories, and C (A, B) is the set of all category-maps from A to B. 

Composition in C is the same as in 9. 

4. The Category G of groupoids. A groupoid A is a category 

in which every edge (morphism) is invertible; that is, every x € Ai 

has an inverse x" € A. with xx? = e. and x *x = e.. In particular, 

each A. is a group, the vertex group at 1. If A and B are groupoids, 

a Sroupoid-map 0: A—B is just a category-map from A to B. Such 

a category-map automatically preserves inverses; indeed in the 

presence of inverses one need only assume that 0 preserves 

products. The Category (J has as its objects all groupoids, and 

© (A, B) is the set of all groupoid-maps (functors) from A to B. 

We have given these four Categories in order of increasing com- 

plexity of their objects, and we obtain ‘“forgetful’’ functors 
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(5 C9 by successively thinking of a groupoid as a category, and 
then merely as a graph. We also have two forgetful functors 

V, E: 2-9 which assign to each graph-map 0 its vertex map V(@) 
and its edge map E(@). By abuse of notation we shall also use V, E 

to denote the obvious composite forgetful functors from C to 5 and 

from (J to ©, 

Useful variants of these Categories are the Categories D C 

C, whose objects are all graphs (resp. categories, groupoids) with 
fixed vertex set ] and whose morphisms are all those graph-maps 

(resp. category-maps, groupoid-maps) which leave all vertices fixed. | 

We refer to [-categories, [-maps, etc. In particular, if J has just one 

member we obtain Ch the Category of semigroups-with-1 and C. 

the Category of groups. L, is indistinguishable from S. 

In all the above Categories one has obvious notions of sub- 

object, injection and surjectiont. A morphism 6: A—B in ‘D, C or 

(J is an injection (resp. surjection) if both V(@) and E(@) are injec- 
tions (resp. surjections) in S, Clearly 6 is an isomorphism (i.e. is 

invertible in the appropriate Category) if and only if it is both an 

injection and a surjection. The same applies to D,, C.. C. If A 

and B are two objects of one of the Categories se C CG D, C, or 

cm we say that A is a.sub-object (Sub-graph, /-subcategory, etc.) 

of Bif AC B (i.e. V(A) C V(B) and E(A) C E(B)) and the two 

inclusion maps form a morphism of that Category. We shall also 
speak of subgraphs of a groupoid, subgroupoids of a category, etc. 

in the obvious sense (apply a forgetful functor to one of the two 

T Injection and surjection must not be confused with monomorphism and 
epimorphism which are defined in an arbitrary Category Ci as follows. 
Q:A-—B is a monomorphism in if, for all b, y: C—Ain (f, Ba = ya 
implies fe = yY. It is an epimorphism in (f if, for all B,y : B-C in (f, 
ap = @Y implies fe) = Yy. (See exercise 5 below). 
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objects). Thus a subgroupoid A of a category B is the same thing 

as a subcategory whose edges are all invertible (in A). A is a full 

subgraph of the graph B if it is obtained from B by selecting a set of 

vertices of B and including all edges of B whose source and target 

are both in this set (i.e. if Ai, = Bi for all 1,j €V(A)). A full sub- 

graph of a category (groupoid) is always a subcategory (subgroupoid). 

Note: In a category or groupoid A, the vertex set V(A) is essen- 

tially determined by the edge set E(A) and the multiplication. (For 

the identity elements e are characterised by the property ‘‘ex = x, 

ye = y whenever the products are defined’’, and there is just one at 

each vertex). It is therefore reasonable to think of A as a set of 

edges with multiplication and to write A for E(A), A =UA,,, x eA 

(where x is an edge) etc. Similarly if 0: A—B is a category-map 

we may think of 0 as a map of edge sets only and write @ for E(@). 

With graphs, more care is required since there may be isolated 

vertices, and such notations would be inadmissible. 

If 6: AB is a graph-map, we denote by A@ the image of A 

i.e. the subgraph of B formed by the images of the vertices and 

edges of A. 

WARNING: if 0: A—B is a category-map (or groupoid-map), the 

image A@ is not usually a subcategory (or subgroupoid) of B. (See 

exercise 1 below). We shall therefore usually be more interested in 

the subcategory or subgroupoid of B generated by AQ, which is 

defined as follows. q ANN € A) are subgraphs of a graph B, their 
intersection A =f) A’ is the subgraph with V(A) = A V(A \y and 
F(A) = A E(A). If B is a category, and each A’ is a subcategory 
then thetr intersection is also a subcategory. Hence, for any sub- 
graph X of a category B we may define cat {|X}, the subcategory 

generated by X, to be the intersection of. all subcategories contain- 

ing X. Similarly if X C B and B is a groupoid, gpd {X} denotes the 
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smallest subgroupoid of B containing X. Clearly X C cat {X} Cc 

gpd {X} in this case. 

PROPOSITION l. If 0: A—B ts a category-map (Sroupoid-map) 
and 1f 1ts vertex map V() is an injection, then the image AO is a 

subcategory (subgroupoid) of B. In particular, this is true for all 

morphisms of C, and C. 

Proof. Let b= a0, b' = a'@ be edges of AO. If bb' is defined in. 

A@é, then bo, = b'0,, so ad, = ad, because of the condition on the 

vertex map. Hence 5b' = (aa')@¢€A@ and AO is closed under the 

product in B. Also A@ contains the identity element at each of its 
vertices and, if A is a groupoid, contains inverses of all its edges. mTM 

PROPOSITION 2. If the category (groupoid) A is generated by the 

subgraph X, then any category-map (groupoid-map) 0 is uniquely 

determined by its restriction to X. 

Proof. The set of vertices and edges of A on which two 

category-maps agree is a subcategory of A. If two such maps agree 

on X they must therefore agree on the whole of A. The same argu- 

ment works for groupoids. M 

To illustrate some of the ideas introduced above we take a 

Simple but important example. Let J be any set and consider the 

graph AC) whose vertex set is J and whose edge set is I x I (with 6 

the identity map on] x J). AU) has exactly one edge (i,j) from 1 to j 

for any 1,j €l, so there is a unique way of defining a category 

structure on A(/), namely by the rule (1,j)G,k) =(,k). The edges 

(1,1) are the identity elements, and (j,i) is inverse to (i,j). Thus 

AC) is a groupoid which we call a simplicial groupoid, and we shall 

always think of AC) as carrying this structure. For any map 
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o : 1—+J, there is a unique groupoid map AU) — ACJ) with o as its 

vertex map, and we see that A is a functor from S to CG. A subgraph 
of AU) is essentially a binary relation on a subset of I; a sub- 

category of AQ) is a pre-ordering on a subset of J; a subgroupoid of 

AG) is an equivalence relation on a subset of J. A full subgroupoid 

of AW) is a groupoid ACJ); an I-subgroupoid of AW) is an equivalence 

relation on I. 

We observe that if A is any /-graph, there is a canonical graph- 

map 0* : A—A() given by the identity map on vertices and the 

incidence map 0 E(A)—I x I on edges. If A is a category (groupoid) 

then 6* is a category-map (groupoid-map) and AOd* is a subcategory 

(subgroupoid) of AW) by Proposition 1. We call a graph A unicursal 

if there is at most one edge from 1 to j for each pair of vertices 1,7). 

If A is a unicursal graph (category, groupoids), then 0* is an injec- 

tion, and A is isomorphic with a subgraph (subcategory, subgroupoid) 

of AW). In particular, any groupoid (or category) with exactly one 

edge from 1 to j for each pair of vertices i,j is isomorphic with AQ), 

and we refer to all such groupoids as simplicial groupoids. 

Exercises 

1. Construct a groupoid map 6: A—B such that A@ is not a sub- 

category of B. 

2. Let X be a subgraph of the category A. Show that a € cat {X} 

(a an edge of A) if and only if either 

Gi) a= e. for some vertex 1 of X 

or (ii) a= xX, X,... x, for suitable edges x,, x,, ..., x, of X. 

State and prove the corresponding result for groupoids. 
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3. Show that if 0: A—B is a groupoid map, then the subcategory 

of B generated by A@ is a subgroupoid. 

4. Let Gbe a groupoid. Show that the lattice of Subgroupoids of 

G is a sublattice of the lattice of subcategories of G. (Note that 

these two lattices are not in general sublattices of the lattice of 

subgraphs of G, so there is something to prove). 

5. Show that in the Categories C and G, monomorphisms are the 

Same as injections. Show also that in C or G if 0: A>Bis.a 

morphism such that AO generates B (as category or groupoid, re- 

spectively) then 6 is an epimorphism. In J the converse is true, 

but is harder to prove. In C the converse is false; find a counter- 
example. 



CHAPTER 2 

Natural equivalence and adjoint functors 

Let Ca ® be Categories, and let F, G be functors from to 8B. 
A natural transformation 7 from F to G (write 7 : FG) is a family 

of $-morphisms 7T(A): F(A), one for each object A of (ff, with the 
property that, for every ({-morphism a: A,—A,, the following dia- 
gram commutes: 

7(A,) 
F(A,) > G(A;) 

F(a) G(a) 

Vv (A) \ f 
F(A.) > G(A,) 

Note. A diagram of objects and morphisms of a Category B is 
called commutative if, whenever two morphisms are obtained by 

composing morphisms in the diagram along different routes between 

the same pair of endpoints, the two morphisms are equal. If the 

diagram is a subgraph X of 8 (that is, if no object or morphism 

occurs more than once in the diagram), this condition says that the 

subcategory of 4 generated by X is unicursal (see p.9, Exercise 2). 

In general, a diagram in 8 is defined to be a graph-map 0: x8 
for some (directed) graph X, and such a diagram is called 

commutative if there exists a unicursal category C, a graph-map 

0, : XC, and a category-map 0, C—'$ with 0, O, = 0 (See p.21, 

Exercise 1, and p.30, Exercise 1). 

11 
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If H : 4-8 is another functor and o: G>H a natural trans- 
formation, one obtains a composite natural transformation 7o : F—H 

by setting (7a) (A) =7(A)o(A) : F(A) A(A). With the obvious defi- 

nition of the identity transformation F —F one therefore obtains a 

Category 8 whose objects are all the functors from @ to 8 and 
whose morphisms are all Ithe natural transformations between them. 
A natural equivalence 7: F +G is an invertible morphism of git 
and it is easy to see that this is the same thing as a natural trans- 
formation 7 such that 7(A) : F(A)—>G(A) is an isomorphism (in 8) for 

all A. F and G are called naturally equivalent functors if there 

exists such a7, and we write F ~ G. 

Examples. 1. The classical example, and one of the origins of 

category theory, concerns the second dual F(A) of a finite dimen- 

sional vector space A over a field K. If O is the category of such 

spaces and their linear maps, then F defines a functor from O to O, 

The standard isomorphism F(A)—A for each A gives a natural 

equivalence F — 1 (where 1 is the identity functor on 0) and it is 

the existence of this natural equivalence which enables one to 

identify A with F(A) for most purposes. | 

2. For any set X, let F(X) denote the free group on X and 

G(X) the free Abelian group on X. Then F and G define functors 

functors from 9 to © and the canonical homomorphisms F(X)— G(X) 
L? 

form a natural transformation F —G. 

3. For any directed graph A, let E(A) be its set of edges and 

let F(A) = V(A) x V(A), where V(A) is its set of vertices. Then E 

and F define functors from ) to 5 and the incidence maps 

O0(A) : E(A)— F(A) form a natural transformation 6: EF. 

| ‘Here one may have to pass to a higher universe or restrict f to be a small 
. category. In the applications (ft wilt always be Suitably small. 
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| Two Categories (t and ® are 1somorphic (a = ) if there exist 
functors F : @ +8 and G: RC such that F o G = IQ and 
Go F=1g. (Since we are writing functors on the left F o G 

denotes “‘first G, then F’’. The symbol o signals departure from our 

usual practice of composing maps the other way round). F and G 
are then isomorphisms of Categories. If, instead, one has only the 

weaker conditions Fo G=landGo Fu=1 (natural equivalence of 
functors), one says that F and G are equivalences of Categories, 

and (t and ® are equivalent (4 ~ R). In most applications of Cate- 

gory theory one does not need to distinguish between equivalent 

Categories since the properties of greatest interest are preserved 
under equivalence. By the same token, naturally equivalent functors 

can be identified for most purposes. However, in the algebraic 

theory of categories there are interesting properties not preserved 
under equivalence, In fact, our main theme is the proposition that 

groupoids are often more useful than groups even though every 

groupoid is equivalent to a family of groups. For groupoids, the 

distinction between isomorphism and equivalence is, as we shall 

see, closely analogous to the distinction between homeomorphism 

and homotopy equivalence of topological spaces. 

The following are some useful examples of isomorphisms of 

Categories. 
1. If @ and 8 are Categories, we define the product Category 

@x in the obvious way. The objects are all pairs (A, B), where A 

is an object of (f, and B is an object of 8. The morphisms from 

(A,,B,) to (A,,B,) are all pairs (a, 6), where a € Ci (A,,A,) and 
Be8 (B,,B.,). Composition is defined by (a, B)(a', B') = (aa', BB'), 
and (A.B) = (€,,€p). Clearly xB=Bx, and 
(a, x ft.) x Qt, = Qt, x (f,, x Qf). Further, the product ft, x t,, has 
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the usual universal property : any pair of functors (F,, F.), F,: 

B— Ct gives rise to a unique functor F : B—> ft, x q,, which, when 
composed with the projection functors COR Gq, and Gx Gt, , 

gives back the functors F, and F >. This fact may be stated as an 

isomorphism of Categories (@, x Cy = @e x @b , which requires 
Some verification as regards the morphisms of the Categories (which 

are natural transformations). We leave this to the reader, who 

Should also convince himself that 

qt * B, = (@" 1) 2 (@* 2% 1 All these isomorphisms are 
canonical (in a sense which would have to be described by natural 

transformations in a higher universe) and we shall use them to 

identify the Categories in question. 

2. If@is any Category, we define the dual or opposite 
Category (°P as follows. The objects A°P of (@°P are in one-one 
Correspondence with the objects A of @. The morphisms 

OPP ; A°P_, BOP are in one-one correspondence with the morphisms 
0: B-—A, and the composition is defined by 6°? f°P = (d6)°P. 
(One can, for example, take the objects and morphisms of @ itself 

with the oppositely oriented graph structure and the opposite multi- 

plication, but this is liable to lead to confusion). There are 

canonical isomorphisms (@°P)°P = @, (GOP x BP) = (A x B)°P and 
O O (Gory P = (G35 P The reader should check the last of these to 

see that the natural transformations go in the right direction. 

O The objects of qb P (functors from B°P to @) are called 
contravariant functors from % to @. They can be thought of as maps 

from & to @ which reverse the graph structure and the multiplication, 
i.e. anti-homomorphisms. The usual notation encourages this 

attitude: we write F: BC, and F( §): F(B,)— F(B,), where 
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B: B,— B, in 8. Natural transformations between such functors 

B which are defined as morphisms in @B°P (not morphisms in ((f9P) 
go the other way). The objects of @B should now be renamed 
covariant functors, but we shall not often use this term; functors 

are always covariant unless otherwise stated. 

There are other extensions of this terminology. For example, a 

functor F : @°P x ®-3G is described as a functor of two variables, 
contravariant in the first and covariant in the second. If a e((A,,A,) 
and 8 « B(B,, B,) then F(a,B8): F(A,, B,) F(A», By) in ©. The 

standard example of this situation is the functor N@q : @°P x @—S 

(for any Category (ft) given by Hq(A, B) = (((A,B). Fora: A,—-A, 
and 6: B,—B, in (f, the corresponding map 
H@g(a, 8) : Q(A,,B,)—Q(A,,B,) sends o to aof. 

Suppose now that F: @—8% and G: B-@ are (covariant) 

functors. Then, by compoSition with the functors Hg and HP above, 

we obtain two functors P,Q : @°P x Bd which are given on objects 
by P(A, B) = B(F(A), B) and Q(A, B) = @(A,G(B)). Their effect on 

morphisms a: A,— A, and 6: B,—B, is described as follows: 

P(a,P) is the map from D(F(A,),B,) to B(F(A,),B5) sending p to 

F(a)pB; Q(a,P) is the map from (t(A,,G(B,)) to (t(A,, G(B,)) sending 

oto aoG(P). If the two functors P and Q are naturally equivalent, 

we say that (F,G) is an adjoint pair of functors. This relation is 

not symmetric: we say that F is /eft adjoint,to G and that Gis right 
adjoint to F. We also say that F is a left adjoint and has a right 

adjoint, etc. As usual in Category theory, the definition is much 

Simpler than it seems at first sight. It says, first, that there is a 

one-one correspondence between morphisms 0 : A—G(B) in (f and 
morphisms o* : F(A)—B in f and, second, that the correspondences 
o~—>o* can be chosen simultaneously for all A, B so that they are 
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natural with respect to the morphisms of (f and 8, which means that 

whenever one of the diagrams 

* A, g _» GB, ) F(A,) g _»B, 
A A 

a G(B) F(a) B 

7 Y rk Y 
A, > GB,) F(A,) B, 

commutes, so does the other. 

One deduces immediately that if a: AA, O.: A. > G(B,) and 

B. B.—B (i = 1,2), then 

ao, G(B,) =a,0, G(B,) > F (a,) oF B, = F(a,) o% B,. In par- 

ticular, if one of the diagrams 

A, 1 G(B,) F(A,) i iB, 

a G(B) F(a) p 

y Y y Y 
A » G(B F(A , B 9 ne (B,) (A,) = > B, 

commutes, then so does the other. 

Some familiar examples should make this concept clear. 

1. Let @=5 and 8 = Ch the Category of groups. Let 
F : OG, assign to each set A the free group F(A) on A. Let 
G: CF +9 assign to each group B its underlying set G(B). Every 
map from A to the set G(B) extends uniquely to a group homo- 

morphism F(A)—B, and this gives a one-one correspondence 

S(A, G(B))-G, (F(A),B), which is clearly natural (a composite 
map A' — A-—G(B) extends to the composite homomorphism 
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F(A')— F(A) —B etc.). Thus the free group functor dG, is left 
adjoint to the forgetful functor CF >, 

2. More typically, let (ft = Ga and let ‘8 =, the Category of 
rings-with-1. For any group A, let F(A) be its group ring over the 

integers. For any ring B, let G(B) be its group of units. Then we 

have functors F : CF > and G- RG, with the obvious effect cn 

morphisms. Now every group homomorphism from A to the units of B 

induces a ring homomorphism from the group ring of Ato B. The 

converse is also true (we require, of course, that the morphisms in 

preserve the 1) and we have a natural one-one correspondence 
between GA, G(B)) and R (F(A),B). Thus (F,G) is an adjoint pair. 

3. Let@=R=T5 *, the Category of topological spaces with 

base-point. Let S(A) denote the reduced suspension of A, and ()(B) 

the loop space of B. Then (S,Q) is an adjoint pair of functors from 

S* to S*, 

4. An example from Ch.1. The forgetful functor V : G9 

(V(G) is the set of vertices of the groupoid G) has as right adjoint 

the functor A: 5G. (A(D is the simplicial groupoid with vertex set 

I). V also has a left adjoint, namely the functor T : dG which 
assigns to each set / the “‘trivial’’ groupoid T(J) with vertex set J and 

no edges apart from the identity elements e (1 EI). Thus (V,A) and 

(T,V) are adjoint pairs. There is also an adjoint pair (C,7T), as we 

Shall see in the next chapter, but there is no adjoint pair (A, ?). 

We shall prove in a moment that if a functor F has a right (or 

left) adjoint, then that adjoint is uniquely determined by F up to 

natural equivalence. Thus, for example, the description ‘‘left 

adjoint of the forgetful functor from groups to sets’’ characterises 
the construction of free groups (up to isomorphism). The language 

of adjoints provides in this way a very convenient method of des- 

cribing the universal properties of such constructions, and we shall 
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make use of it throughout the following pages. We hasten to add 

that convenience is not the only reason for introducing adjoints, for 
they play a vital role in much of Category theory. Their most 

important property (preservation of limits) will be discussed in Ch.7, 

and will provide a unified treatment of several later topics. 

The connection between adjoints and universal properties 

arises as follows. Suppose that F : @—% and G: R->@ form an 

adjoint pair (F,G), and choose fixed isomorphisms 

(2(A, G(B)) = (F(A), B) which together form a natural equivalence. 
Putting B = F(A) we have, for each A, an isomorphism of sets 

(f(A, G(F(A))) = BUF(A), F(A)). This enables us to pick out a 
special (t-morphism og, : A—G(F(A)) which corresponds to the 
identity morphism e¢ in B. F(A) 

Of the two corresponding diagrams 

7A, ey 
i > G(F(A,)) F(A,) _ F(A,) 

a G(F(a)) F(a) F(a) 

y OA \ f Y E \ A 2» G(F(A.)) F(A.) 2 F(A.) 2 - 2 2 i 2 

the second commutes; therefore so does the first, i.e. the On form a 

natural transformation oc : l@—GoF. Suppose now that an (f- 

morphism a : A G(B) is given, and consider corresponding diagrams 

OA 
A > G(F(A)) F(A) ———_> (A) 

G() a® p 

F 

B &
 

ty
 
e

o
 

=
=

=
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The second commutes if and only if 6 = a*; therefore there is one 

and only one morphism of the form G(8) which makes the first 

commute, namely G(a*). In this sense a, is universal for 
A 

({-morphisms a: A—> G(B). 

PROPOSITION 3. Let F: @=>8% andG: R= be functors. Then 
the following are equivalent: 

(1) (F,G) 1s an adjoint parr. 

(ii) A @-morphisms og, ‘ A—G(F(A)) such that 

(a) 0: 1@—-GoF 1s a natural transtormation, and 

(b) for every @-morphism a: A—G(B) there is a unique 

Q-morphism 6: F(A)—B such that om G(B) =a, 

(i11) A B-morphisms Te: F(G(B))—B such that 

(a) 7: Fo G—I1p 1S a natural transformation and 

(b) for every $-morphism (&: F(A) -B there 1s a unique 

(t-morphism a: A-—-G(B) such that F(a) TR = Bp. 

Proot. (i) == >(ii) has been proved above. 

(ii) ==> (i). The existence and uniqueness of f gives a 

map a +> from (f(A, G(B)) to B(F(A),B). There is a map the other 

way given by B+>o,G(f), and condition (b) ensures that these are 

inverse maps. We write 6 = a*. The naturality of o implies that for 

A: A, >A, Ao, = "A, G(F(A)). Hence, for a: A—G(B) and »: B-B,, 

we have AaG(y) = Ao, G(a*)G(u) =O, OF (A) )G(a*)G(p) = 

a, G(F(A)a*y). Thus (A aG(p))* = F(A)a*p, which is the condition 

for a+>a* to be natural. 

(i) <=> (111) follows by duality. (Think of F and G as functors 

F: @°P RP and G: BOP-.@°P. Then (F,G) is an adjoint pair if 
and only if (G, F) is an adjoint pair). & 

PROPOSITION 4. (1) Let (F,G), (F',G') be adjoint pairs of functors 
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with F,F': 28 andG,G': 8=@. Then F = F' if and only if 

G~=G'. (Thus F determines G to within natural equivalence, and 

vice versa). 

(11) If (F»G,) and(F,, ,G ) are adjoint pairs with qr RZ. =¢ 
Go Gi and C$ $f, then (F,0 F ; G, oG, ) 1S an adjoint pair. 

Proot. (1) Suppose that G*G'. Then (F', G) is an adjoint pair 

since the induced isomorphisms (f(A, G(B)) = (QA, G'(B)) = 

B(F'(A),B) form natural transformations. We may therefore assume 
that G' = G. Denote by Oy and a, the special (t-morphisms 

A-—G(F(A)) and A—G(F'(A)) as above. By the universal property 

of a, there is, for each A, a unique -morphism B,: F(A) -> F'(A) 

such that 0,G(8,)=o',. In the diagram 

CA, 

G . G(F(A,)) a fu > G(F(A,)) 
Vv 

A, 

G(F(a)) G(F (a)) 
G A, Ca, 

Y | 
G(F(A,)) > G(F(A,)) ; CB, ) ? 

the left and right parallelograms commute (since og, o' are natural) 

and the two triangles commute (by definition of B 4. and B A, ). The 

map 0=ao' : A, > G(F'(A,)) can therefore be written as either 
Ay - 
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Oo, OP, ) G(F'(a)) or o 4, Fa) ) G(B, »” in other words, the 

equation 0- =O, GP) has the two solutions 6 = fh Ay F'(a) and 
B= FOB, ,. It follows that Ba, F'(a) = F(a)B, ‘that is, the B, 
form a natural transformation B: PF - >F', In fact 6 is the unique 
transformation from F to F' satisfying On G(B,) =O", for all A. 

Similarly, there is a unique natural transformation y : F' -+F satisfy- 

ing O'", G(y,) = O04: The composite transformation By : F —F is then 
the unique natural transformation satisfying 0, G((By),) = ¢,, 

namely the identity transformation on F, and yf is the identity 

transformation on F'. Thus F = F', as claimed. The converse 

follows by duality. 

(ii) There are natural isomorphisms (t(A, G, (B)) = B(F, (A), B) 
and $(B', G,(C)) ~ C(F, (B'), C). On restricting these to the 

Situation B = G,(C) and B' = F, (A) they can be composed to give 

isomorphisms (f(A, G4(G,(C))) = C(F, (F, (A)), ©) which form a 

natural equivalence. @ 

Exercises 

1. Let X be a graph and 0: XS a diagram in the Category 8. 

Let X* denote the image of X under the canonical map 6*: X—A(N, 

where | = V(X). Writing 0* also for the induced map X — X*, show 

that the diagram is commutative in the sense defined above if and 

only if 9 = 5*¢ for some category-map 6: X*->f. 

2. Let F: d—8 and G: 8-=@ be functors. Show that if both 
(F,G) and (G,F) are adjoint pairs then FoGoF =F and GoFoG =G. 

3. Let E,: DS, E,: C35, E.: 8 denote the forgetful 
functors associating to each graph, category or groupoid its set of 

edges. Find left adjoints for each of EE, Es 
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4. Show that if F: @8 has a right adjoint then F preserves 

epimorphisms (i.e. if a@ is an epimorphism in (@f then F(a) is an epi- 

morphism in 8). Dually, any right adjoint functor preserves mono- 
morphisms. 



CHAPTER 3 

Paths and components 

The existence of free algebras and presentations of algebras 

by generators and relations depends on the notion of words or well- 

formed formulae. These are formulae containing variables and 

operators so constructed that they make sense, i.e. so that when the 

variables are replaced by elements of an appropriate algebra the 

word can be evaluated by calculation in the algebra. In the case of 

semigroups it is usual to omit the symbol for multiplication and also 

the brackets and define a semigroup-word to be just a string of 

variables, and the introduction of inverses of variables leads to the 
notion of group-words. We want to generalise these ideas to the 

case of categories and groupoids, and since multiplication is not 

always defined in these algebras we must somehow specify when 

two variables can be multiplied. To do this we take for our 

variables the set of edges of a fixed graph, and multiply two edges 

if and only if they abut. The resulting category-words are essen- 

tially the same as directed paths in the graph, and groupoid-words 

are undirected paths. In this context ‘‘path’’ and ‘‘word’’ are almost 

Synonymous, and we shall see that the application of standard 

arguments to paths instead of words leads to the construction of 

free categories and free groupoids and to the solution of the word 

problem for these algebras. Our first task is to make these notions 

precise. 

23 
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Let [n] denote the graph 

0) 1 2 _ n-1 n 

with n+1 vertices and n edges joining them in sequence (n>0). If X 

is any (directed) graph and 1, j are vertices of X, we define a 
directed path of length n from 1 to j in X to be a graph map p: [n|—X 

with O+>1 and nt+>j. In particular, there is one directed path of 

length 0 from 1 to 1 for each vertex 1 of X. Equivalently, one may 

think of a directed path as a sequence p = (x,, Xny very X) of edges 

of X which link up in sequence. (There is an ambiguity in this 

notation when n=0 and one should write ( ) or —F for the ‘‘empty’’ 

path at the vertex 1). If p = (x), Xo se0y X,) and q = CAF Yor V) 

are directed paths from i to j and from j to k, respectively, then 

pq = (X,, Xoy very Ky Vy cers y) is a directed path from 1 to k. Thus 
ht 

we have a multiplication of paths: P x P —~ Pas where P. 
denotes the set of all directed paths (of all lengths) from 7 to j. 

This multiplication is associative, so we obtain a category P(X), 
the category of directed paths 1n X. Its vertex set is V(X) and its 

identities are the paths of zero length. 

If 0: X—Y is a graph-map, and p : [n]—X is a directed path 

from 1 to j in X, then p@: [n]—Y is a directed path from i6 to j@ in 

Y. Thus 6 induces a graph-map P(6) P(X) — P(Y), and it is easy 
to check that it is actually a category-map. This shows that we 

have constructed a functor P : )@. We also obtain a canonical 
embedding Oy: X > P(X) by considering each edge of X as a path of 
length 1. o, is a graph-map, and we shall often identify X with its 

image in P(X). Finally, if A is a category, and F : C—‘) is the 
forgetful functor, consider the category P(F(A)) of directed paths in 
F(A). If p = (a,, a,,-+.-, 4) is a path in F(A) then the product 
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a =a, 4)... 4, is defined in A, and we call it the value of p in A. 

(The value of the empty word at 1 is defined to be the identity e. of 

A). We therefore obtain an evaluation map «, : P(F(A)) >A defined 
by p «, = (value of p in A), and it is clear from the definition of 

multiplication for paths that «, is a category-map. 
A 

PROPOSITION 5. P: )—€ is left adjoint to the forgetful functor 
F:CH9. 

Proof. The canonical maps Oy: X —F(P(X)) form a natural 
transformation 0: 1q—Fo P. Ifa: X — F(A) is a graph-map from X 
to a category A, then P(a): P(X) > P(F(A) ) can be composed with 
the evaluation map «, to give a category-map 6 = P(a) Ey: P(X) A. 
The diagram 

X > F(P(X)) 

a F(B) 

Y 
F(A) 

commutes, since the restriction of 6 to (the image of) X in P(X) is 
just a. Also, 6 is unique with this property (by Proposition 2) 

Since X generates P(X). The result follows now from Proposition 3.5 

The universal property of P(X) described above reduces to the 
universal property of free semigroups when X has just one vertex. 

We therefore define free categories as follows. Let X be a given 

graph and 0 : XC a graph-map into a category C. We say that C 

is the free category on X (relative to o) if for every graph-map 

0: X—A, where A is a category, there is a unique category-map 
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0* : CA such that 6 =o 6*. This property determines C and o up 

to isomorphism, and the proof of Proposition 5 shows that there is a 
free category on any graph X, namely P(X). 

We now need the notion of (undirected) path in a graph X. 

Intuitively this means a map of the undirected graph e——e—e ..... 

e——e into the undirected graph corresponding to X. This would be 

an adequate definition in some contexts, but here we need to be 

more careful since we want to use these paths in place of group- 

words and it is essential that to every edge in X from to 1 there 
Should correspond two paths of length 1 from 7 to 1 (one in each 

direction, so to speak). We arrange for this as follows: 

An involution of a graph X is a map E(X)--E(X) which sends 

each x € X to some x CX in such a way that x = x for all x € E(X). 

If X and Y are graphs provided with fixed involutions x Hx, yrry 

then a morphism of graphs-with-involution is a graph-map a: X ~Y 

such that xa = xa for all x € E(X). This defines the Category D of 
graphs-with-involution. Similarly one can define the Category @ of 
categories-with-involution (an involution of a category A is a con- 

travariant functor A—A of order 2). Now to each graph X one can 

associate a graph-with-involution X¥ as follows. Let X°P bea graph 

anti-isomorphic to X and having no edges in common with X, and let 

x denote the element of Xo? corresponding to x € Xi Define X to 
be the graph with the same vertices as X but with edges 

x, = x U Xie for all 1,7. The map x +x, xx is an involution of 
X and we define x = x for x € E(X). This construction obviously 

gives a functor J: 9) and the reader should check that it is left 
adjoint to the forgetful functor V9. 

We now define a path 1n X to be.a directed path in X and denote 

by P(X) = P(X) the category of paths in X. There are now two paths 
x, x of length 1 for each edge of X, but still only one path of zero 
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length at each vertex. If p = (Vy Vor ey ¥, ) iS a path from itoj in X 

(y, € E(X)), then p = (y,, -.+, Yo» ¥,) is a path from j to i, and clearly 
pip is an involution of the category P(X). Thus P is a functor 

from $) to Ce. 

Proposition 5’. P:{-—C is left adjoint to the forgetful functor 

C9, 

Proof. In the proof of Proposition 5, if X and A are provided 

with involutions, and all maps are required to preserve involutions, 

the same argument shows that the induced functor P. VC is left 
adjoint to the forgetful functor C9, Now P=Po J, where 
J: VoD is left adjoint to the forgetful functor V9. Hence P is 
left adjoint to the composite forgetful functor CD by Proposition 
4 (ii). & 

DEFINITIONS. A graph X is connected if there is at least one 

path from 7 to j in X for each pair of vertices 1, j7. A category or 

groupoid is connected if its underlying graph is connected. A graph 

X is the disjoint union of subgraphs xA (AX € A) if V(X) and E(X) 
are, respectively, the disjoint union of their subsets V(x) and 
E(x’); the X are then full subgraphs of X. 

A maximal connected subgraph of X is called a connected com- 

ponent of X, or simply a component of X. If one defines a relation 

1 ~ j on the vertices of X by the rule ‘‘1 ~ j if there is a path from 1 

to j’’ then, because P(X) is a category with involution, ~ is an 

equivalence relation, and it is clear that the components of X are 

just the full subgraphs on the equivalence classes of vertices. We 

leave the reader to verify to following simple facts: 

PROPOSITION 6. (1) Every graph is uniquely expressible as the 

disjoint union of connected subgraphs, namely, its components. 
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(11) The components of a category (category-with-1nvolution, 
groupoid) are themselves categories (categories-with-involution, 

groupoids). 

(111) Any Sraph-map X —Y sends each component of X into some 

component of Y. The image of a connected graph is connected. 

(1v) A groupoid (or even a category-with-involution) A is con- 

nected 1f and only 1f A;, 1s non-empty for all 1, j € V(A). 

(v) The components of a unicursal groupoid are simplicial 

sroupoi ds. @ 

The functors P and P give easy characterisations of the sub- 
category or Subgroupoid generated by a subgraph of a category or 

groupoid (cf. p.9, Exercise 2). We note that every groupoid is a 

category-with-involution in a natural way, the involution being de- 

fined by x = x}, It follows (Proposition 5’) that every graph-map 

0: XA, where A is a groupoid, induces a unique map 0*:P(X)--A 

Satisfying (i) O* is a morphism of categories-with-involution, and 
(ii) 0 = 0 O*, where o is the canonical embedding of X in P(X). If we 

identify X with its image in P(X) these conditions can be replaced _ 

by (i) 6* is a category-map, (ii) x@* = x6, x6* = (x6) + for x an edge 

of X. The path (€,, on, Lees é) where g. stands for xX. oF x, maps to 

the element Aaya, of A, where a= x6 if 'F =X, and a. = (x0)? 

if €.=x. 

PROPOSITION 7. Let X be a subgraph of the category (groupoid) 

A. Let B be the subcategory (subgroupoid) generated by X. Let 

O* : P(X) +A (resp. O* : P(X) —» A) be the map induced by the 
inclusion X C A. Then Im (0*) = B. 

Proof. The inclusion X C B induces a map P(X) —B (or P(X)— B) 
which agrees with 6*, so Im(6*) C B. Since Im(@*) > X it is enough 
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therefore to show that Im(@*) is a subcategory (or subgroupoid). In 

the case of categories this follows from Proposition 1, since the 

vertices of P(X) are the same as the vertices of X. In the case of 
groupoids, Im(@*) is a subcategory-with-involution, and since the 

involution in A is inversion, this means that Im(6@*) is a sub- 

groupoid. & 

Note. This proposition tells us that the subcategory (subgroupoid) 

generated by X has the same vertex set as X and that its edges are 

all products of edges of X (and inverses of edges of X in the case 

of groupoids). But we must include empty products, one at each 

vertex of X. | 
We say that the subgraph X of a graph Y spans Y if, whenever 

there is a path from vertex 1 to vertex j in Y, there is already a path 

from 1 to j in X ( in other words, V(X) = V(Y) and each component of 

X has the same vertex set as some component of Y). 

COROLLARY 1. If the category (or groupoid) B 1s generated by 

the subgraph X then X spans B and each component of B 1s 

generated by a component of X. 

Proof. Since 0* : P(X) —B (or O* , P(X)— B) is surjective and 
fixes all vertices, the components of B are precisely the images of 

the components of P(X) (or P(X) ). But if x4 (\ € A) are the com- 
ponents of X then the components of P(X) and P(X) are B(x) and 
P(X), respectively. These are spanned by xh, and the result 
follows immediately. @ 

COROLLARY 2. Let oh. ANA (\ € A) be category-maps, and 
suppose that the A’ are Sroupoids. Then the subcategory B of A 

'. generated by U are 1s a subgroupoid. 
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Proof. The graphs Arter while not necessarily groupoids, are 
at least closed under inversion; hence X = U aor is-Closed under 
inversion. By the proposition, every element of B is a product 

1-1 _ 10-1) C- , b= x) X,..X (n>0), where x €X, so b =Xo...X, xX) 1s also a 

product of edges of X and is therefore in B. @ 

Exercises 

1. Let X be a graph, and 6: X—% a diagram in the category 8. 

Let 0* : P(X) —+ be the induced category-map. The natural 
definition of commutative diagram is as follows: 6 is commutative 
if, for any pairs of vertices 1, j of X, the elements of P. (X) all have 

the same image under 6*. Show that this is equivalent to the 

definition in Ch. 2. 

2. Let C: §—S assign to each groupoid A the set C(A) whose 
members are the components of A. (This gives a functor by 

Proposition 6(iii)). Find a right adjoint for C, and show that C has 

no left adjoint. 

3. If Cis a free category, show that every full subcategory of C 

(in particular, every vertex semigroup) is free. 



CHAPTER 4 

Free groupoids 

_ We have already constructed the free category P(X) on a graph 
X, and we shall now show how to construct the free groupoid 7(X) 

on X. We look for a groupoid 7(X) and a graph-map 7 : X ->7(X) such 

that for every graph-map 0: X -+A, where A is a groupoid, there is a 

unique groupoid-map 6* : 7(X)->A with 76* = 6. This is our 

definition of free groupoid, and it determines 7(X) up to isomorphism 

of groupoids. Equivalently (by Proposition 3) we look for a functor 

7: I) which is left adjoint to the forgetful functor G1). The 

functor 7, if it exists, is then determined up to natural equivalence. 

Suppose that, for a given graph X, such a groupoid 7(X) and a 

graph-map 7: X >7(X) exist. Then 7 induces a map 7* : P(X)—7(X). 

We identify X=XU X °P with its image in P(X), so that 7* can be 
described as the unique category-map P(X)-»7(X) such that x7* = x7 

and xr* = (xr)! for x an edge of X. Note that with this convention 
the path p = VpVoroV a), whete y= x, or x, is actually the 

product p = ViVo- 3, of the paths Vp Vorr Vn of length 1. If the 

path p = ViVo- ¥, has image ¢t = (y, r*) (y. 7*) under 7*, then the 

‘“‘opposite’’ path p = y Lee y, has image (vy r*)-1 Y, re)-1 =}, 

Thus the path pp (which is not an identity-in P(X), but a path of 

length 2n) maps to te}, an identity of 7(X). We shall show that in 
fact 7(X) is the ‘‘biggest’’ homomorphic image of P(X) in which 

opposite paths cancel in this way. 

31 
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Let p = (V pVoree+ Ve) be a path in X, i.e. a directed path in 

Y=XU X°P. If, for some vp, Yuet = y, (or Yaad = y,, which is the 
same thing), then (Y, 1Yqoe+ Yuya Vy4ores ¥,) is also a path in X, 

which we call a simple reduction of p. We write p~p’ if there is a 

finite sequence of paths p = Por Py» +++) P, =P (k>0) Such that for 

r=1,2,..., k, p, is a Simple reduction of Pj Of vice versa. This 

iS an equivalence relation on the paths, and we write <p» for the 

equivalence class containing p. Since equivalent paths have the 

Same source and the same target we can assign these as source and 

target of the equivalence class, and the set of equivalence classes 

then acquires a graph structure with vertex set V(X). If p,q are 

paths such that the product pq is defined in P(X) and if p~p’, q~q’, 

then pq is defined and p'q'~pg. Hence the equivalence classes of 

paths form a category if we define <> = <pq> whenever pq is 

defined in P(X); the identity elements are the classes <e.», where 

e. 1s the empty path at the vertex i. This category is in fact a 

groupoid since, for any path p, pp and Dp are equivalent to empty 
paths, so <p» <p> and <p> <p> are identity elements. We denote 
this groupoid by 7(X) and call it the fundamental groupoid of the 

graph X. The reason for this name is that the definition of equiva- 

lence of paths is essentially a combinatorial definition of homotopy 

with fixed end-points (see p.169, Exercise 5). We shall also call it 

the free groupoid on X, a name which we now justify. 

There is a canonical graph-map 7 : X ->7(X) given by x7 = Cx». 

Suppose that A is a groupoid and 0: X-+Ais a graph-map. By the 

universal property of P, @ extends uniquely to a map of categories- 

with-involution 6, : P(X)— A; and 6 = .0,, where p is the inclusion 

map X — P(X). 
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X > 7(X) 

-
_
 4
 

—
_
 

Also 7 = up, where p is the map p> <p) from P(X) to a(X), and p is 

also a map of categories-with-involution. Now for any path p in X 

po, and po, are inverses in A, and it follows that any two equivalent 
paths have the same image under 0,. Hence 0, = p0*, where 

0* : 7(X)—A is clearly a category-map. Since 7(X) and A are 

groupoids, 0* is actually a groupoid-map, and 76* = pp0* = pO, = 0. 

It remains to show that 0* is the only groupoid-map with 70* = 0. 

But if also 70’ = @ then p(p0') = p6,, so pO = 0, by the universal 

property of P, and clearly this implies 0‘ = 6*. 

This shows that 7(X) is the free groupoid on X and it follows 

easily that 7 is a functor from ) to GS Gif 0: XY, then 7(6) is the 

groupoid map 7(X)—7(Y) induced by the composite map 

X—-Y-—7(Y)). By Proposition 3 we therefore have: 

PROPOSITION 8. 7: DG is left adjoint to the forgetful functor 
GC. _ 

As usual, the solution of this algebraic universal problem leads 

immediately to a word problem: can we give an algorithm for deciding 

whether two paths in X have the same image in 7(X)? The answer 

here is virtually the same as for free groups. Let p = (Vp Vor Vn) 
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be a path in X, where y, =X, or x, (x. an edge of X). We say that p 
is a reduced path (or reduced word) in X if, for i = 1,2,...,n-1, 

Ying # y i.e. if p has no simple reductions. Clearly, every path is 
equivalent to at least one reduced path, and one can show, by any 

of the standard methods used for free groups, that no two reduced 

paths are equivalent. (Thus to decide whether p and q are equiva- 

lent paths or not, one need only obtain, by a finite number of Simple 

reductions, reduced paths p' ~p and q' ~q, and examine p’,q’ to see 

whether they are the same path or not). An alternative approach, 

often adopted in texts on group theory, is to take the set of reduced 

paths in X and give it the structure of a groupoid as follows. The 

vertices are the same as those of X; if p and q are reduced paths 

from 1 to j and from j to k, respectively, their product is defined to 

be the reduced word obtained from pq by successive simple reduc- 

tions, (there being at most one simple reduction possible at each 

Stage). The problem here is to show that the resulting multiplication 

1S associative; once this is established it is easy to see that one 

has constructed a free groupoid on X. 

We shall not give details of these arguments because, on the 

one hand, they differ very little from the corresponding arguments 

for groups and, on the other hand, we shall later solve a more 

general word problem (see p.73, Theorem 4). We state the result 

here for future reference, and warn the reader to watch for circular 

arguments; if he finds any, he had better do Exercise 1 below. 

PROPOSITION 9. Each equivalence class of paths in a graph X 

contains exactly one reduced path. 

Since the equivalence classes of paths in X form the free groupoid 
m(X), we may restate this result for arbitrary free groupoids: 
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PROPOSITION 9’. Let X be a graph, A a groupoid andr: XA a 

graph-map. Then A 1S a free groupoid on X, with canonical map 7, 

1f an only if | 
(1) 7 induces a bijection V(X) — V(A) and 

(11) each edge of A 1s e1ther an identity element or 1s uniquely 

expressible as a product (x7) 3 (x,1) ? ves (x7) “n (n > 1), where x. 
1s an edge of X, e,=t 1 and if, for some 1 = 1,2,....,n-1, X= Xi 4, 

then 6 = Say 

In particular, 1f A 1s free on X then the canonical graph map X > A 

1S an injection. @ 

In view of the last assertion we can identify X with a subgraph 

of the free groupoid A, and we then say that A is freely generated 

by the subgraph X. The condition for this is that the non-identity 

elements of A should be uniquely expressible in the form 
+] +] 

1 *9 
1 1 a x= (x, edges of X) with no adjacent pairs xx" or x "x. 

Exercises 

1. Let R(X) denote the subgraph of P(X) whose edges are all 

reduced paths in X (including all paths of length 0). Define a 

multiplication in R(X) as described above and use the method of van 

der Waerden to show that R(X) becomes a groupoid (cf. Kurosh, 

Theory of groups Vol II p.13). The trick here is to let M. be the set 

of all reduced paths ending at the vertex 1 and to represent R(X) as 

a groupoid of mappings between the sets M., the mappings being 

given by multiplication on the right in R(X). Show that the repre- 

sentation is faithful and deduce that R(X) is the free groupoid on X. 





CHAPTER 5 

Trees and simplicial groupoids 

Having established the great similarity between free groupoids 

and free groups, we now point out one of the most striking differ- 

ences: free groupoids can be finite! For example, if we take for X 

the graph [1] with two vertices and one edge x joining them, then 

apart from the two paths of length zero, every path consists of a 

sequence of alternating x’s and x’s. Thus every path is equivalent 
to x or x or one of the two empty paths, and7(X) has just two 

vertices and four edges. It is in fact the simplicial groupoid with 

two vertices, which we denote by Al. Similarly z({n]) is isomorphic 
with A”, the simplicial groupoid with n+1 vertices. A” can thus be 

thought of as a free groupoid of rank n, i.e. generated freely by n 

edges (but note that free groupoids of the same rank are not neces- 

sarily isomorphic). More generally, we shall show that the free 

groupoid on any tree is Simplicial and conversely that every sim- 

plicial groupoid is freely generated by any one of its maximal 

sub-trees. For completeness we include the necessary graph theory. 

Let p = Vapor Vy) be a path in the graph X (i.e. a directed 

path in X =X U X°?), with yy: i), 
either y, is an edge of X ory, = x, where X21, 1, 

1, forv =1,2,...,n. Here 

_, iS an edge 

of X. We call p a closed path if 1, = lo: A circuit in X is a closed 

path p as above satisfying (i) n>1, (ii) Lysloyereyl are distinct 

vertices of X, and (iil) if n=2 then Vo#Yy: In particular, any circuit 

37 
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is a reduced path in the sense of Ch. 4. If X has no circuits it is 

called circuit-free; a connected, circuit-free graph is called a tree. 

(Note that this should properly be called a directed tree, but our 

convention is that all graphs are directed). It is clear from the 

definition that any subgraph of a circuit-free graph is circuit-free; 

hence a graph is circuit-free if and only if its components are trees. 

The same ideas can be approached from a different direction. 

If a graph X is such that any two paths between the same endpoints 

are equivalent in X (in the sense of Ch. 4), then we say that X is 

simply-connected (which does not imply connected). This definition 

is harder to work with than the definition of ‘‘circuit-free’’ since the 

equivalence of two paths in X depends on the whole of X, and it is 

not immediately clear, for example, that any subgraph of a simply- 

connected graph is simply-connected. However, the two concepts 

coincide, as we now show; this fact is essentially a special case of 

the solution of the word problem for free groupoids. 

PROPOSITION 10. A graph X is sumply-connected 1f and only if it 

1S circuit-free. 

Proof. Suppose that X is circuit-free. If X contains a pair of 

inequivalent paths p, q joining the same endpoints, we may choose 

such a pair of minimal total length. The closed path pq is then | 

easily seen to be a circuit, which is impossible. Thus X is simply- 

connected. Conversely, if X is simply-connected, then any closed 

path in X is equivalent to a path of length 0 which is, of course, 

reduced. By Proposition 9 (the solution of the word problem), no 

two distinct reduced paths are equivalent, so every reduced closed 

path in X must have length 0. In particular, X contains no 

circuits. 
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COROLLARY 1. 7(X) 18S unicursal 1f and only 1f X 1s circurt-free; 

m(X) 18 simplicial 1f and only 1f X 1s a tree. 

Proof. The edges of 7(X) are the equivalence classes of paths 
in X, so 7(X) is unicursal if and only if X is simply-connected, and 

the first assertion follows. Obviously, 7(X) is connected if and 

only if X is connected. & 

COROLLARY 2. Let A be a groupoid and let X be a circuit-free 

subgraph of A. Then the subgroupoid of A generated by X 1s freely 

generated by 1t and 1s unicursal. 

Proof. Let B be the subgroupoid generated by X. The inclusion 

map X —~B induces. a groupoid-map @: 7(X)->B which is surjective 
(see Proposition 7). Also, ¢ fixes all vertices of 7(X), and since 

mX) is unicursal, it is clear that d must be injective. Hence ¢ is 

an isomorphism of groupoids. @ 

The following lemma is intuitively obvious, but requires some 

justification. 

LEMMA. Let X be a graph, x an edge of X, and X* the result of 

removing x from X (but not removing any vertices). Then X 1s a tree 

if and only 1f (1) X* 1s the disjoint union of two trees and (11) the 

two ends of x l1e one 1n each component of X*. 

Proof. Suppose first that X is a tree. Then X* is circuit-free and 

its components are trees. Let x EX. Then 1 and j lie in different 

components of X*, for if p is a path in X* from 1 to j of minimal 

length, it is easy to see that px iS a circuit in X. On the other hand, 
if k is an arbitrary vertex of X, there is a path in X from k to1 and 

one from k to j. From amongst all such paths choose q of minimal 

length. If q = Q1XQ Of g = q1*Q then q, is a shorter path from k to 
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i or j. Hence q does not contain x or x, soisa path in X*. It 
follows that X* has exactly two components. 

Conversely, suppose that (i) and (ii) hold. Then certainly X is 

connected, and we have to show that it is circuit-free. Any circuit 

p in X must contain x or x, So we may assume that the first term of 

pis xor x. By definition of ‘‘circuit’’, p contains only one term x 
or x, and if we delete this we obtain a path in X* connecting 7 and 
], which is impossible. @ 

THEOREM 1. (1) Every circuit-free subgraph of a graph X is con- 

tained in a maximal circuit-free subgraph of X. 

(11) A circuit-free subgraph of X is maximal (amon§ all circuit- 

free subgraphs) if and only if it spans X. 

Proof. (i) Let ty} (A €A) be a chain, with respect to inclusion, 
of circuit-free subgraphs of X. If p is a circuit in Y = U yA then, 
Since p involves only a finite number of edges, it lies in some y*, 
a contradiction. Thus Y is circuit-free and the result follows from 

Zorn’s lemma. 

(ii) Suppose that Y C X is circuit-free and spans X. Since Y 

contains all vertices of X, any strictly larger subgraph contains an 

edge x not in Y. Since Y spans X the ends of x lie in the same com- 

ponent Y, of Y. By the lemma, Y, with x adjoined contains a 

circuit, so Y is a maximal circuit-free subgraph. 
On the other hand, suppose that Y C X is circuit-free and does 

not span X. Then there is an edge x of X whose ends lie in differ- 

ent components Y,, Y,, of Y (otherwise any path in X would lie in a 

component of Y). By the lemma Y,U Y, with x adjoined is a tree, 

so Y with x adjoined is circuit-free and Y is not maximal. @ 

COROLLARY 1. Every connected graph is spanned by a tree. & 
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COROLLARY 2. Let A be aunicursal groupoid. Then A 1s free, 

and the subgraph X of A generates 1t freely 1f and only 1f X 1s a 

maximal circuit-free subgraph of A. If A.1s simplicial then it 1s 

éenerated freely by X 1f and only 1f X 1s a tree spanning A. 

Proof. If A is unicursal and is freely generated by X then X spans 

A and is circuit-free (Propositions 7 (Cor. 1) and 10(Cor. 1)). Hence 

X iS a maximal circuit-free subgraph of A. Conversely, if A is 

unicursal and X is any maximal circuit-free subgraph, then X spans 

A and generates freely a unicursal subgroupoid B of A (Proposition 

10 (Cor. 2)). Since B spans A and A is unicursal, we must have 

B=A. The last assertion follows immediately. @ 

Of course we do not need Zorn’s lemma to show that the sim- 

plicial groupoid A(J is free: if 1 is a fixed vertex, the edges (1, j), 

j#1, forma spanning tree and generate A(/) freely. However we 
certainly need the axiom of choice or its equivalent to prove that 

all unicursal groupoids are free, and the graph-theoretical form of 

Zorn’s lemma given above is the one we need for later applications. 

We shall also need a standard numerical result for circuit-free 

graphs. 

PROPOSITION 11. Let X bea finite graph with e edges, v vertices 

and c components (c = 01f X 1s empty). Then X 1s circuit-free 1f 

and only ife-v+c=0. 

Proof. Suppose that X is circuit-free. We use induction on e to 

show that e-v+c=0. If e=o0 then the vertices are all in distinct 

components, So c =v as required. If e>0o, let x be any edge. Let 

Xo be the component of X containing x and let X*, X6 be the result 

of deleting x from X,X, respectively. Then X, is a tree, so by the 

lemma, X5 has two components. All other components of X are 
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components of X*. Thus X* has c* = c+1 components, v* = v 

vertices and e* = e-1 edges. By induction hypothesis e*-v*+c*=0 

Since X* is circuit-free. Hence e-v+c=0. 

Conversely, suppose that e~v+c=0. Let X'be a maximal 

circuit-free subgraph of X, with parameters e’, v’, c’. By Theorem l, 

X spans X,so v'=vandc'=c. But e’-v'+c’ =0, soe’ =e and 
X'=X. Thus X is circuit-free. m 

COROLLARY. A circuit-free finite graph is a tree if and only if 

e=v-1. A connected finite graph is a tree if and only if 

e=v-1@ 

Exercises 

1. Show that e—~v+c3o0 for any finite graph. 

2. Call the edge x of the graph X critical if, when x is deleted, 

the resulting graph X* does not span X. Prove that X is circuit-free 

if and only if every edge of X is critical. 

3. Show that if X is circuit-free then P(X) iS a unicursal category 
with no invertible elements except the identities (i.e. P(X) iS an 
order relation on ] = V(X)). The converse is false: see the next 

exercise. 

4. Let (I,<) be a pre-ordered set, and let C be the corresponding 

category (with vertex set J and edges all (1, j) with 1 < j). Show that 

C is a free category if and only if (J, <) satisfies the following con- 

dition: for all 1, j EI the interval [1, j] = {k |i<k<j}is finite and 

linearly ordered. 



CHAPTER 6 

Fundamental groupoids of topological spaces 

Let T be a topological space and ] a subspace of JT. We shall 

describe a groupoid 7(T,/) with vertex set ] and edges the homotopy 

classes (with fixed end-points) of paths in T. A path in T of length 

r from 1 to j iS a continuous map p from the real closed interval LO, r] 

to T sending 0 toi and rtoj. If qis a path of length s fromj tok 

then the map 

tt-(t)p (O<t<nr) <t¢ 

t+>(t-r)q (r<t<r+s) 

is a path of length r+s from 1 to k, which we denote by p-q. This 

partial multiplication of paths is associative and has identities (the 

paths of zero length). We therefore obtain a category P(T) with 

vertex set J. The full subcategory with vertex set J C T is denoted 

by P(T,I); its edges are paths in T with ends in /. This category 

has a natural involution: if p is as above then p defined by 
(t)p = (r-t)p is a path of length r from j to 1, and clearly D-q = aD, 
p =p. The constant paths (mapping [0,r] to a point) are fixed under 
this involution. 

If p,p’ are paths of length r from 1 to j, write p~p if p and p’ 

are homotopic (rel. end-points), that is, if there is a continuous map 

h from the rectangle [0,r] x [0,1] to T such that 

43 
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(t,.0)h=(tp, (t,Dh=(Hp' O<t<n 

(0,A)z = 1, (1, A)h =] (0 < AX 1) 

For arbitrary paths p,p fromi to j, write p~p and say that p,p’ are 
equivalent paths, if there exist constant paths c,c’ at j such that 

p:c = p-c in the above sense. It is boring (but not difficult) to 

verify the following facts: 

(i) the definition of ~ is unambiguous for paths of equal length; 

(11) ~ iS an equivalence relation on the set of paths from i to j; 

(iii) if p=p’ @—j) and q=q' (j&) then p-q~p'q' (ik). 
For details, see Brown [6]. It follows that the equivalence classes 

<p» of paths in P(T,/) form a category 7(T,I) with vertex set I and 

multiplication <p>. <q> = <p:q>. The identity element at i is the 

class containing the path of zero length at 1; it contains also all 

constant paths atz. Finally, if p is a path of length r from i to j 

then the function 

(Ap (<t<r0<dA<1) < 1 
(t,)A = 

| ((2r- t)A)p (r<t<2r,0<A< 1) 

is a homotopy c ~ Dp, where c is the constant path of length 2r at 1. 
Thus <p> -<p> = <c» is the identity class at 1, and since D = D, 
mT,I) is a’groupoid with <p>" = <p>. The groupoid 7(T) = 7(T, T) 
is the fundamental groupoid of T. At the other extreme, if I is a 

point 1, we get the fundamental group 7(T,i) of T at the point 1; these 

fundamental groups are just the vertex groups of 7(T). 

In a path-connected space the fundamental groups at different 

points are isomorphic (but not canonically isomorphic). The proof 

is a groupoid argument and the result can be stated as 

PROPOSITION-12. All vertex groups of a connected groupoid G 

are 1Somorphic. 
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Proof. Let i,j be arbitrary vertices of G. Then d g EG; ,, and the 

map x i» ol xg iS a group isomorphism G.. > G... a 

The constructions P and 7 have obvious functorial properties. 

Ifa: X—Yis a continuous map then composition with a sends paths 

in X to paths in Y, and equivalent paths in X go to equivalent paths 

in Y. If CX, J] CY andlaC J we therefore obtain a category-map 

P(a) : P(X,I)—P(Y,J) and a groupoid-map n(a) : r(X,D—a7(Y,J). If 

S' denotes the Category whose objects are pairs (X,I) of spaces 

with J C X and whose morphisms a: (X,1) 3 (¥,]) are continuous 
maps a: X-—Y with Ja C J, then we have defined functors P : Gh se 
and 7 : S'=G. By restriction we also have functors P : § -@, 

1:3 —>GandP: J, C,, 7: J —G,, where J is the Category of 
topological spaces and J, is the Category of topological spaces 

with base-point. 

PROPOSITION 13. Ifa, 6: X—Y are homotopic, andla C J, 

I8 Cc J, then the groupoid-maps n(a), mB) : m(X,I) > 7n(Y,J) are 

naturally equivalent. 

Proof. Let H be a homotopy from a to f, that is, a continuous map 

H:Xx{0,1]—Y such that (x, 0)H = xa, (x, I)H = xB. Then, for 

each x € X, the map p, : tr>(x, OH is a path of length 1 in Y from 

xa to xB. In particular, for 1 eI, p, is a path from 1g to 18, So is an 

edge of P(Y, J). Now let q be any path in X, of length r, from 1 to j, 

where 1,7 €7. Then the paths (qa)-P, and p.-(9B) from 1a to jf are 

equivalent by means of the function h defined, forO< t<r+1, 

0<A< 1, as follows: 

(1, )H if t-A<0 
(t,\h = 2 ((t-Ajq NH if OKt-Ac<r 

G, t-nH if t-A>dr. 
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Hence, for any edge <q : 1—j in m(X,D we have, in 7(Y,/]), the 

relation (<q> ma) ) <P> = Cp. >-( <q> n(B)), and this says that the 

family 1<p;>} iS a natural transformation from 7(a) to 7(8). 
1 €] 

Since the <(P;> are invertible, it is a natural equivalence. TM 

_ This proposition suggests some useful analogies: 

(1) We shall sometimes speak of a natural equivalence between 

groupoid-maps 6,@ : A—B as a homotopy. Such a homotopy con- 

sists of a family |; of edges of B (one for each vertex of A) such 
that, for x € Aj) (x Ab. = b (x d), that is, xf = b> *(x O)b . We 

write 6 ~ do. 

(ii) A groupoid-map a : A—A which is homotopic to the identity 

map on A is of the form xr> a“! x a, (x cA), where a. is an 
arbitrarily chosen edge with source 1, for each i. Any such choice 

gives a groupoid-map A—A since if x € Aj, ye Ai, then 

(az? x a.) (arty ay) = arh(x y)a,. We call such a map a deformation 
of A and picture it as moving the vertex i along the edge a. and 

transforming edges accordingly. The same deformation can result 

from different choices of the a.. For example, if A is a group then a 

deformation of A is just an inner automorphism, and the same inner 

automorphism may be induced by different elements of the group. 

(iii) A special type of deformation will play an important role 

later on. Let a: A—A be a deformation. Then Aa is a subgroupoid 

of A; for if a product a-*x a, a, ty a, is defined (x EA: YEA,» a. 
as above) then it is the image under a of the element xa, a, ty of 

A.) 

and target as xa = ae 

In fact Aa is a full subgroupoid since if z has the same source 

ly a, then z = (a. Zz a-*a, Write B = Aa and 
let p be the corresponding map from A to B. If p restricted to B is 

Ip (or equivalently qa? = a) we say that p is a deformation retraction. 
Thus a groupoid-map p : A—B, where B is a subgroupoid of A with 
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inclusion map p : BA, is a deformation retraction if and only if 

pp =1, and pp=1,. The name is clumsy and we shall usually 

abbreviate it to retraction since we do not need this word for any 

other purpose. We also call B a retract of A if there is a retraction 

from A to B; this implies, of course, that A and B are equivalent 

groupoids. 

THEOREM 2. Let A be a groupoid and B any full subgroupoid of A 

which meets each component of A. Then B 1s a retract of A. 

Proof. It is enough to take A connected and B any non-empty full 
subgroupoid. Let A have vertex set J, and B have vertex set J CI, 
J #8. The identity map on J can be extended to a mapa: !— J, 

and since A is connected we can choose a. € A; ic for each 1 € IT, 
with a.=e.if1e¢J. The resulting deformation 

a: xX rrallx a, (x € Ai) maps A to B and its restriction to B is 
1.2 

COROLLARY l. Every vertex group of a connected groupoid A 1s 

a retract of A. Hence every connected groupoid 1s equivalent to a 

group. & 

COROLLARY 2. Two groupoids G and H are equivalent if and only 

if there 1S a one-one correspondence between their components such 

that corresponding components Gs HY have 1somorphic vertex groups. 

Proof. If such a correspondence exists then G and H can be re- 

tracted to groupoids G’, H’ consisting of one vertex group from each 

component of G, H respectively. Since G, H’ are isomorphic, G and 

H are equivalent. Conversely, if G, H are equivalent by maps 

a: G—H and 6 : H-G, then af and Ba are deformations and there- 

fore map each component of G or H into itself. It follows that a and 
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6 set up a correspondence Ges H’ between the components of G 
and H such that Ga C Hn HB C Gs and G\ HH’. Each of Gs HA 
is equivalent to one of its vertex groups, so it remains to shaw that 

equivalent groups are isomorphic. But this is clear since a deforma- 

tion of a group is an (inner) automorphism. & 

Exercises 

1. Define deformation retractions for categories exactly as for 
groupoids. A skeleton of a category A is a full subcategory con- 

taining exactly one vertex of each component of the groupoid of 

isomorphisms of A. Show that every skeleton of A is a retract of A, 

and that two categories are equivalent if and only if they possess 

isomorphic skeletons. 

2. Let A be a groupoid and p: A—A a groupoid-map with p7 =p. 
Show that p induces a (deformation) retraction A — Ap if and only if 

it maps each A, bijectively to some AL y 

3. A retraction p of a groupoid A onto a subgroupoid B is a strong 

retraction if it can be defined by a family rt, with r, =e. forr in 

B. Show that all retractions of groupoids are strong retractions. 



CHAPTER 7 

Limits in Categories 

Throughout these notes we try to adopt the following policy. | 

Whenever a new concept appears which is characterised by a univer- 

sal property, we use this property as its definition. For example, 

free categories and free groupoids were defined in this way, not by 

the constructions of P(X) and m(X), which are treated as existence 
proofs. Many other examples of such definitions will occur, and 

most of them are special cases of the definition of limits in arbitrary 

Categories. We pause here to discuss this general concept. The 

resulting delay in reaching the interesting parts of the theory will 

be compensated for in two ways. Firstly, we shall avoid some 

tedious repitition of standard arguments in different contexts, and 

secondly, the use of general theorems:‘on limits will show clearly 

which parts of the theory are trivial consequences of universal 

properties and which depend on deeper results such as the solution 

of word problems. 

Let K be any Category and D a non-empty directed graph. A 
D-diagram in K is a graph-map A: D—K. If D has vertex set I and 

edge set E, then the diagram A consists of a family Ait; eT of 

objects of K and a family jo, fof K-morphisms, where 
x € 

a A. > A. if x is an edge fromitoj. If A’ is another D-diagram 

in K with objects A’ and morphisms a,, then a diagram-map or 

D-map f: AA’ is a family f = {fit <7 of K-morphisms f. : A.A, 
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such that, for every edge x of D from i to j, fra, =a,t.. In the special 

case when D is a category and A,A’ are functors, this is the 

definition of natural transformation. It is clear that all D-diagrams 

in kK are the objects of a Category KP whose morphisms are all 
D-maps (cf. the Category of functors and natural transformations 

described in Ch. 2). A trivial (or constant) D-diagram in K is one in 

which all vertices are mapped to the same object A and all edges 

are mapped to the identity morphism on A. There is just one such 

diagram for each object A of K, and we denote it by [(A). Also, for 
each K-morphism a: A-—B there is a D-map I(a) : (A) >I(B) 
whose components are all a. Thus we have a canonical functor 
i, KOK? | | 

_ Suppose now that we are given a D-diagram A in K, an object L 

of K, and a D-map f: AIL). We say that f is a right limit of the 
diagram A if it has the following universal property: for every object 
_K of K and every diagram-map g : AI(K) there is a unique 

K-morphism 8 : L—K such that g = f1() (i.e. 6, = £,B for all i€/). 
As usual, if L and f exist for a given diagram they are uniquely 

determined up to K-isomorphism of L, and we write L = lim A. By 
abuse of language we also call L the right limit of A. Dually, if 

f: 1(L)—A is a diagram-map such that every diagram-map 

§:1(K)—A is uniquely of the form g = I(6)f, we say that fis a 

left limit of A and write L = lim A. (Freyd [13] uses the terms right 

root and left root. Mitchell {22] calls them colimit and limit, re- 

spectively). _ 

If the Category K is such that, for given D, every D-diagram in 
K has a right limit, we say that K admits right limits over D. In 
this case we have a functor lim : KP .K since ifh: A>Bis a 

diagram-map then the composite diagram-map A—B — Tdim B) 

induces a unique K-map lim A: lim A-—lim B. Similarly, if K admits 
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left limits over D, then lim is a functor from K? .K. The universal 

properties of limits can then be reinterpreted in terms of adjoint 

functors as in Proposition 3 to give: 

PROPOSITION 14. If K admits right limits over D then the functor 
lim - KP —.K is left adjoint to the canonical functor: K-K?. it 

K admits left limits over D then lim : KP —K is right adjoint tol) @ 

Example 1. Let D have vertex set J] and no edges. Then a 

D-diagram in K is just a family A = {Aj}; <, of objects of K. If 

lim A exists it is called the product in K of the objects A. and is 

denoted by TT = TT A,. The canonical maps 7, : Ta are 
1 €T] 

called projections, and the universal property says there is a one- 

one correspondence between families of maps ‘0. : B >A, (1€I) and 

maps 0: B ITT, given by 0. = O7.. For a finite set I we write 
TT = A, xA, Xeee x A. Similarly, lim A, if it exists, is called the 
coproduct in K of the objects A. and is denoted by tL A. (some 

i€] 

authors write A,). For finite coproducts we write 
ic! 

A, it A, LA. 
n 

Example 2. Let D be the graph e——>—e—<——e.. Then the left 
a a 

limit L of a D-diagram A, +A, =4 A, (if it exists) is called the pull- 
back of a, and a, (or the fibred product of A, and A, over A). The 

diagram 

_
 

a
 | 
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is then called a pull-back square in Kk. It is commutative and has 

the universal property : for any K-maps g.: KA. (i = 1,2) such 

that §,a, = &.,4., there is a unique -map y : KL such that 

g,=yl,, g,= yt. Of course the right limit of the diagram 

A,> Ayw A, always exists and is equal to A>: 

a a 
Example 3. The right limit of a diagram A, A,—~4, is called 

the push-out of a, and a, (or the fibred coproduct), and we speak of 

push-out squares in the same way. 

Example 4. Let D be the grapheC >>». Then the left limit of a 

and a,, and the 
a 

_D-diagram A = B is the difference kernel of ay 9? 
a 

2 

right limit is their difference cokernel, (also called the equaliser 

and coequaliser of a, and a5). 

IfF:K—2£ is 2 functor and D is a graph, then from any 
D-diagram A in K we can obtain a D-diagram F(A) in & by composing 

the maps D—K-— &. In fact F induces a functor KP? ©? in this 

way. We Say that F preserves right limits over D if, whenever the 

D-diagram A in Kk has a right limit, the diagram F(A) has a right 

limit in £ and lim F(A) = F(lim A). (Strictly, if the K-maps 

t | AL give a right limit for A then the -maps F(f.) give a right 

limit for F(A)). If this is true for arbitrary graphs D we say that F 

preserves right limits. Similar definitions apply to left limits. 

PROPOSITION 15. LetF: K=>8 andG: £—K be functors such 

that (F,G) 1s an adjoint pair. Then F preserves right limits and G 

preserves left limits. 

Proof. Suppose that A is a D-diagram in K with a right limit given 

by the K-maps f A.— A. Applying F we obtain °-maps 

F(t.) : F(A.)— F(A) which form a diagram-map 
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F(f) : F(A) IT (F(A)) = F(I(A)), and we have to verify the universal 

property. Let B be any object of © and g: F(A) >T'(B) any diagram- 
map, consisting of £-maps g.: F(A,)—-B. By the adjoint property 

of F and G, we have a natural isomorphism K(A,G(B))=£(F(A), B), 
where A, B denote arbitrary objects of K, £, respectively. Applying 

this isomorphism to the maps g. we obtain K-maps gF. A. — G(B) 

which, by naturality, form a map of diagrams. Since A = lim A, there 

is a unique K-map y* : A—G(B) such that g* = f. y* for all z. Going 

back to £ by the natural isomorphism we deduce that there is a 

unique £-morphism y : F(A)—B such that g§. = F(t )y for alli. This 

Shows that F(A) = lim F(A) and the other assertion is proved by a 

dual argument. & 

Note. If K and & admit right limits over D then one half of 
Proposition 15 says that F o (lim) and (lim) o F are equivalent 
functors from K? to © where F? is the functor from K? to ©? 

induced by F. This is a special case of Proposition 4 (ii) since if 

(F,G) is an adjoint pair, so is (F?, G?), and clearly the functors 
[oGand G? OT from & to KP are equivalent. 

If the Category K admits right (left) limits over arbitrary graphs 

D, we say simply that K admits right (left) limits or that K is right 
(left) complete. Some set-theoretical restriction on the graphs D is 

necessary to avoid triviality, and this is implied by our conventions. 

The graphs D considered are small, or lie in some fixed universe, 

whereas the complete Category K will usually be large or lie in a 
bigger universe. For example, the (true) statement that the Category 

S of sets is complete (i.e. left and right complete) means that it 

admits limits over graphs D for which V(D) and E(D) are objects of 

S. One does not allow ‘‘Graphs’’ as big as 95 itself. We do not wish 

to labour this point but will always have a fixed set theory 9 in 
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mind, and all graphs, categories and groupoids are understood to be 

constructed in 5. In this sense the Categories 9, C, OF D,. C,, C, 
are all complete, as we shall show in due course. The left com- 

pleteness is easy; right limits in algebra are always harder, and we 

postpone the proof of right completeness until we have dealt with 

Some special cases. 

The easiest method of establishing completeness is to use the 

following result. 

PROPOSITION 16. The Category K is left complete if and only if 

it admits products and difference kernels. It is right complete if and 

only 1f 1t admits coproducts and difference cokernels. 

Proof. We prove the first assertion only. Let D be any graph with 

vertex set ] and edge set X = UX,, (1,j €l). Let Abe a diagram in K 
over D with objects A. (1 €I) and morphisms a, (x € X), where 

a, A. >A, if XEX,.. For convenience, we write s(x), f(x) for the 

source and target of the edge x, so that a: A oxy Aten’ Suppose 

that A admits products and difference kernels. Then we may form 

products over the set X (i.e. left limits over the graph X with one 

vertex for each edge of D and no edges). Let S = TT Ag x) and 
; xE€X 

T=] Arcxy’ Since I] is a functor from K* to K the maps 
x EX 

a, A oxy Ace) have a product a - HT a, :S—T. Now let 

R=I11 A, and let 7: RA, be the projections. By definition of 
1€] 

products, the morphisms T(x) ° RA, (y) for x €X induce a 

morphism go : R—S, and the morphisms Trex) ° R- Ary) (x €X) 

induce a morphism 7: R-—T. By hypothesis the two morphisms 7 

and aa from R to T have a difference cokernel f : L—R, and we 

claim that L = lim A, i.e. the morphisms f. = f7.: L—A. form a left 



LIMITS IN CATEGORIES 55 

limit for A. To see this, consider any family of morphisms 

g.:K—A. (el), and let g be the unique morphism K — R such that 

&7.= §.. These morphisms form a diagram map from the trivial 

diagram [‘(K) to A if and only if g for all x EX, i.e. s(x) %x = 8t(x) 
Ei. (xy tx = Ex) for all x. By definition of o and 7, this is equiva- 

lent to §0a= 67. Now f: L—R, being the difference kernel of oa 

and 7, is universal amongst such maps g¢: K—R, and it follows 

easily that L = lim A. This shows that K is left complete. The 

converse is trivial since products and difference kernels are special 

cases of left limits. 

In the Category of sets 5 the product q A. is the ordinary 
i 

Cartesian product; its members are all families fat, «, Witha €A. 

The coproduct i A, is the disjoint union of the sets A, (i.e. the 

union of disjoint copies of the A,). The difference kernel of maps 

a, B:S-—T is the subset of S on which a and B agree. The dif- 

ference cokernel is the set of equivalence classes on T of the 

equivalence relation generated by all pairs (sa, sB) with seS. 

These statements are easy to verify and show that 5 is a complete 

Category. In general, the left limit of a diagram A in 5, with sets 

A, and maps a,, is the subset of ITA, consisting of all families 
Jat, Er such that aa, = a, for all x: 1-—j. The right limit of A is 

the set of equivalence classes on U A, of the equivalence relation 
generated by all pairs (a, aa_) where a EA. and x:1—j. (Here we 

assume, aS we always may, that the A, are disjoint and are subsets 

of Ll A.). 
In most algebraic Categories left limits are easily constructed 

using the left limits of sets as building blocks. The reason for this 

is that one usually has forgetful functors to the Category 5 which 
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have left adjoints and therefore preserve left limits (Proposition 15). 

For example the Categories Sf), C and J each have two forgetful 
functors V and E to the Category 8 and in each case these functors 
have left adjoints of a rather simple form. The left adjoints of V in 

the three cases are the ‘‘trivial functors’’ T, where T(A) is the 

trivial graph, category or groupoid with vertex set A. (We define a 

trivial graph to be one with no edges, and a trivial category or 

groupoid to be one with no edges other than its identity elements). 

The left adjoints of E are the functors F Gy F eC F Q; respectively, 

where Fq)(A), F(A), Fe(A) are the absolute free graph, category 

and groupoid on the set A. F 9A) consists of the disjoint union of 

copies of the graph e—»—e , one for each element of A. Fe(A) is 

a Similar disjoint union of categories of type @—>—,,, and 

Fe(A) is a disjoint union of simplicial groupoids of type A}: 
ZO . Clearly Fe(A) is the free category on the graph 
Fq(A), and Fe(A) is the free groupoid on the graph Fq)(A). We shall 

use these constructions later, but for the present we observe that 

their existence implies that the forgetful functors V and E preserve 

left limits. Hence if a diagram A in ), C or G has a left limit L 

then V(L) = lim V(A) and E(L) = lim E(A) (left limits in S). This 

tells us where to look for left limits in these Categories and the 

rest is mere verification. 

PROPOSITION 17. The Categories ), ©, C, D,, C. Cc. admit left 

limits. 

Proof. If {art « A is a family of graphs then the incidence maps 
54, dA E(A‘) — V(AA) induce maps 6. 5, : Ly E(A4) — i V(A) 

which define a graph A with E(A) = |] E(A4) and V(A) = TT va. 
It is clear that A is the product in {) of the AN. The edges from 
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vertex 1 = {iA} toj = iA} are all families { A} where x i\_, 7A 
in A‘. If the A’ are categories then A is a category with e. == fe Ni; 
and multiplication defined by components : {xt yt = 1x nN yt. 
Since the projections 7” : A— A” are then category maps it follows 

that A is the product in @ of the AN, Similarly, if the A’ are group- 
oids then A becomes a groupoid if we define {A} = {(xAy-1h, and 
A is then the product in ¢ of the AN, Again, if Ay, Ay | X —Y are 
graph maps then the vertices 1 of X such that 1a, = 1a, and the 

edges x of X such that Xa, = Xa, form a subgraph K of X which is 

the difference kernel in Sf) of a, anda,. If a,,a 
1 2 1’ 2 

(groupoid-maps) then K is a subcategory (subgroupoid) of X and is 

are category-maps 

the difference kernel in C (in G) of ay and A, The left complete- 

ness of {), C and & follows from Proposition 16, and the proof of that 

proposition shows that in all cases lim A can be constructed as the 

Subgraph, subcategory or subgroupoid of TT Ah consisting of all 
vertices and edges whose projections in the A’ are compatible with 
the maps of the diagram A. 

For D C, CG the construction is somewhat different. Here the 
vertex set is fixed and only the identity map on / is allowed as 

vertex map. We now have a family of forgetful functors Ej) where 

Ei (A) = Ai and each of these has a left adjoint (which the reader 

may construct for himself). Accordingly, if products exist in these 

Categories we must find them by taking products separately on all 
the (, j)-pieces. It is easy to check that if {ar}, cA iS a family of 
I-graphs then the graph A with vertex set J and with A; - Mai 
for all 1, j is in fact the product in D, of the AN, and also that when 
the A’ are categories (groupoids) this A carries a natural category 
(groupoid) structure which makes it the product in C, (in C ). As 

for difference kernels, if a,,a@, are morphisms X—Y in D,, their 
2 

difference kernel in {) is in D, and is therefore their difference 
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kernel in D) . The same applies to C, and C and the result 
follows. | 

Note. When we write IT A’ or lim A etc. for a diagram of graphs 
categories or groupoids we shall always mean the product or limit 

in the appropriate Category ‘), © or (J even when the A’ all have 
the same vertex set. Thus A! x A! means A? (simplicial groupoid 
with four vertices), not A! which is the product of A! and A! in the 
Category of groupoids with two vertices. 

There is one other general result on limits, closely related to 

Proposition 15, which will be used in many special cases later. It 

Says essentially that right limits commute with right limits (and left 

with left). Let K be any Category and let C, D be arbitrary graphs 
with vertex sets | and J respectively. It is easy to see that the 
diagram Categories (K©)? and (K?)° are isomorphic. A C-diagram 
in KP assigns to each i €] a D-diagram consisting of a family of 
objects fA; Ey 

d: j—j is an edge of D. It assigns to each edge c: i> i' of Ca 

and a family of morphisms ae: A; A, where 

D-map consisting of morphisms Oe Ai, Aj! ;: Thus an object of 

(K?)© consists of objects Ai and morphisms a, ,, a (of K), as 
above, satisfying the relations a. By transposing id cj!) ~ Mcp Ai’ a 
all pairs of suffixes we obtain the corresponding object of (KEP. 

For simplicity we denote both diagrams by A and call Aa 

(C, D)-diagram in K. The morphisms A—B of (K°y? or (K?)° are 

then all families of K-maps Qj A; ~B; compatible with the maps 

a.. and §.. in the two diagrams A and B. Thus the two Categories 

(KEP and (KP)© can be identified with each other. 
Now suppose that Kk admits right limits. Then the canonical 

functor Dy -K—K? has a left adjoint lim ; KP — k, and these two 
D 

functors induce an adjoint pair of functors K° == (K?)°. Replacing 
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(KP)o by (KO), we see that the canonical functor Ty: Ko (KOPP 
has a left adjoint; in other words, Ko admits right limits over D 
(and this for all graphs C,D). Furthermore, the functor Lim ; Ko = K, 
being a left adjoint, preserves right limits over D, by Proposition 15. 

Thus, for any (C,D)-diagram A, lim (lim A) = lim (lim A), and we have 
C D D C 

PROPOSITION 18. If admits right limits then, for all graphs 

C,D, the functors lim o lim and lim o lim from (KOyP = (KP) tok 
C D D C 

are naturally equivalent. A similar statement 1s true for left limits. TM 

Note. It is not true that K© *? is isomorphic with (KC)? and 
(KP), because of the lack of ‘‘identity edges’’ in the graphs. One 
may, without loss of generality (but with some loss of convenience) 

restrict C and D to be categories and consider only diagrams Co K 

etc. which are category-maps. In this case the functor Categories 

(KEP, (KP) and Ko X? are all isomorphic, and the functor lim 
C xD 

is also equivalent to the two composite limit functors. 

Exercises 

1. Show that {) admits right limits. 

2. Leta, 6 be the two groupoid-maps from A® to Al. Show that 
the difference cokernel in G of a and B is an infinite cyclic group. 

3. Show that the forgetful funtor E : G9 does not have a right 
adjoint. (Hint: show that E does not preserve right limits). 

4. Prove that if T, T’ are topological spaces with subspaces J, I’, 

then np(TxT’, Ixl') = aA(T, 1D x xT, T'). 





CHAPTER 8 

Universal morphisms in S), C and § 

In order to prove the existence of right limits of diagrams of 

graphs, categories or groupoids, it is convenient to separate the 

roles of the vertices and of the edges. For the vertices we know 

what to expect. The forgetful functor V has a right adjoint A in all 

three cases (A(J) is the simplicial groupoid with vertex set I, con- 

sidered as a graph, a category or a groupoid according to the 

context). Hence V preserves right limits (Proposition 15), that 1s, 

the vertex set of a right limit of groupoids (etc.) is the right limit of 

the vertex sets. Given a diagram A of (Say) groupoids A’ with 
vertex sets I* we can start by constructing J = lim [ and looking 
for an appropriate [-groupoid. We show now that one can pass from 

the given diagram to a diagram in C (where the problem is often 

easier) by means of ‘‘universal morphisms’’ A, BY induced by the 
Canonical maps I\_.1. The construction is a special case of right 
limit and includes such basic constructions as free categories, free 

groupoids and free products of groups. Furthermore, we can solve 

the word problem in this special case, which is not possible for 

general right limits. 

Let 6: A—B be a groupoid-map and write I = V(A), J = V(B), 

o = V(@):I—J. Let TU), T(J) denote the trivial groupoids with 

vertex sets I and jJ respectively. Then o induces a groupoid-map 
T(o): TU) — T(J) and we have canonical injections T() — A, T(J)—B 

making the diagram 

61 
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T T() ap 

0 

commute. If this diagram is a push-out square in G, we Say that 6 

is a universal groupoid-map. Thus @ is universal if, for every 

groupoid-map ¢ : A—C whose vertex map is of the form 7 = a7*, 

there is a unique groupoid-map ¢* : B-—>C such that d = 06¢* and 

V(pt) = r* 
Suppose that we are given the groupoid A with vertex set J and 

the mapa: !—J. Then, by the uniqueness of push-outs, the 

groupoid B and the map @ (if they exist) are determined up to iso- 

morphism. We are therefore faced with two problems: (i) to prove 

the existence of universal morphisms and (ii) to find the structure 

of B, i.e. to solve the word problem for B. The same problems can 

be posed for graphs and categories, and we shall deal with these 

first. The definitions of universal graph-maps and universal 

category-maps are exactly as above with J replaced by ) or C. In 

C, T(D denotes the trivial category with vertex set J, and in 9, T(N) 
denotes the graph with vertex set J and no edges. 

For graphs the solution is trivial. Let X be a graph with vertex 

set [ and leta : [J be any map. We form a new graph X° as 

follows: the vertex set of X° is J, the edges of X% are just the 

edges of X, and the incidence maps E(X)—/ are 0,0 and 0,0; 

where 6,, 0, are the incidence maps of X. Then the identity map 

on E(X), together with o : 1— J, gives a graph map o* : X > X°, and 

we leave it to the reader to check that o* is the required universal 

graph-map. 
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Now suppose that A is a category and go: |— J a map, where 

I = V(A). We may view A as a graph and form the graph A? and the 

canonical map A—A®%, which we now denote by g,- Letgd: AC 

be any category-map whose vertex map is of the form 7 =o7*. Then, 

by the universal property of a, in §), there is a unique graph-map 

ob, : A°>C such that 6 = 0, ¢, and V(d,) = 7*. Of course A® is 

not in general a category, and 0,,, are not category-maps. How- 

ever, the graph-map P, from A? into the category C induces a 

category-map ~, P(A’) 3C, where P(A’) is the category of 
directed paths in A? (see Ch. 3), and we have a commutative diagram 

O71 lL 5 
A > AP > P(A”) 

Po 

where p is the inclusion map of A® in P(A?) (with the usual identifi- 
cation of edges and paths of length 1). Since P(A’) has the same 
vertex set as A?, namely J, the map Oy =O, ph: A—P(A°) has vertex 
map o and looks very like the hoped-for universal map. The only 

Snag is that it is not a category-map since we have not yet used the 

category structure of A. If x is an edge of A we denote by x” the 

corresponding edge of A? to avoid ambiguity. If xy = z in A then 

x? y? is defined in P(A?) and is a path of length 2; it cannot be 
equal to 2° which is a path of length 1. We must therefore replace 

P(A°) by an image category in which x7 y? and 27 become equal. 
Also, if 17 = j, we must equate the paths e? and e; (of lengths 1, 0, 

respectively). 

Let p = Xp Kg Xe, be an edge of P(A®), that is, a path of length 
nin A®°, from j to j. If for some v (1 < v < n) the product x Xa 
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is defined in A and has the value x, then XU oe xO x? x4 1. X° is 

a path from j to j’. Also if some x (1 <v<_n) is an identity element 

of A then XG ee xo xe i ad is a path from j to j’. (If n= 1 this is 
the empty path at j). We call these two types of modified paths 

elementary reductions of p, and we write p~p’ if there exist paths 

P= Py Poy eres Py = p' such that, for each r = 1,2,..., k-1, P.4, is an 

elementary reduction of p., OF vice versa. This is an equivalence 

relation on the edges of P(A°), and equivalent paths have the same 
source and the same target. Thus the equivalence classes ([p] form 

a graph with vertex set J. We denote it by U (A). Ifp~p, q~q 

and pq is defined in P(A°), then p q' is defined and pq~p'q', so 
U (A) is a category with multiplication (p][q] = [pq] and identity 
elements Le] (Gj €J), where e, is the empty path at j. Further, if 7 is 

the canonical map p+>|p] from P(A") to U, (A), then the map 
0, = 0,7 =0,p7 from A to U (A) is a category-map; for if xy = z in 

A then x? y? ~ 2%, which implies [x7] [y7] = [2°], and if eis an 
identity of A then e? ~ e; G = 10), which implies that e, maps to the 

identity element le] of U (A). 

Now if xy = zin A, then the paths x?y? and 2° have the same 

image in C under the category map @,, namely (xd)(y¢) = zd. Also 

e” has the same image e.g as the empty path e, (j = 10). Since ¢, 
is a category-map, it follows that any elementary reduction of a 

path p has the same image in C as p. Hence equivalent paths have 

the same image in C and there is a category-map @,:U{A)-C 

such that the diagram 

O71 A > AP__F _, P(A) __7_, U (A) 

OP, P b, 
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commutes. Thus the category-map ¢ : A—C factorises through 

U (A) in the form ¢ = OP. where 0, = O,pm and Vip) = V(d,) =. 

The map o, is uniquely determined by ¢ since U,(A) is generated 

by the image of A under o,, except possibly for some isolated 

identity elements whose images are determined by the vertex map 

7*, This shows that o, is the universal category-map corresponding 
3 

to the vertex map o applied to A. 

PROPOSITION 19. (1) For every I-category A and every map 

o: |—J there 1s a universal category-map A—U_,(A) with vertex 

map o. 

(11) U, 1s a functor from C, to C, uniquely determined up to 

natural 1somorphism by a. 

(11) Ifr: JK thenU,_=U_oU,. Products of universal 
T 

category-maps are universal. 

Proof. (i) has already been proved. 

(ii) If 0: A—B is a morphism of C, then the universal 

category-map B —U_(B) composed with 0 gives a category-map 

A--U_(B) whose vertex map is o. It therefore induces a unique 

map U (0) : U_(A)--U,(B) such that the diagram 

A > U_(A) 

6 U_(¢) 

Y Y 

B > U_(B) 

commutes, It is clear that this gives us a functor U : CC. We 

know also that U,(A) is determined up to isomorphism by A anda, 

and it is trivial to check that these isomorphisms are natural. 

(iii) Let p=o7:1—K. If 6: A—C is any category-map whose 

vertex map has p as a left factor, then d induces @, - UL(A)-C. 
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The vertex map of ¢, has 7 as a left factor, so @, induces 

P, : U(U(A))-C. If follows easily that the product of the 

universal maps A—U_(A)—-U_(U,(A)) is universal with vertex map 

p, and hence that U_(U,(A)) = U (A) (natural equivalence of 

functors). 

When we turn to the corresponding problem for groupoids we 

find an unexpected bonus. If the category A above happens to be a 

groupoid then U_(A), being generated as a category (apart from 

isolated identity elements) by the image of a groupoid, is itself a 

groupoid (see Proposition 7, Corollary 2). The categories T(I),T(J) 

are also groupoids and the maps in the diagram 

T(o) T(I) Os ay 

Y Y 
A > U_ (A) 

are all groupoid-maps. Since this is a push-out square in C it is 

a fortiori a push-out square in GY, so the universal category-map 

A-—-U_(A) is also a universal groupoid-map in this case. (We are, 

of couse, identifying § with a sub-Category of C by the forgetful 
functor). Hence we have 

PROPOSITION 19’. (i) For every I-groupoid A and every map 

go: I—J there 1s a universal groupoid-map A—U (A) with vertex 

map o. | 

(11) U_ 1s a tunctor from CF to G uniquely determined up to 

natural 1somorphism by o. It is the restriction to ce Gi of the 

functor U, of Proposition 19. 
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(111) If7: J—K, then U._, = U_o U.,. Products of universal 

groupoid-maps are universal groupoid-maps. @ 

PROPOSITION 20. Let X be a graph with vertex set I, and let o 

be map from! to J. It A1s the free category (free groupoid) on X 

then U,(A) 1s the free category (free groupoid) on the graph x”. 

Proof. Check the universal property; or see the examples below. ® 

Example 1. Free categories. Any graph X is of the form Xo where 

X, is the result of ‘‘pulling X apart’’. More precisely, let E = E(X) 

and let Xo be the absolute free graph Ff (E) (see p.56). X, can be 

described as the product T(E) x [1], where [1] denotes the graph 

eo—>—e, and T(E) is the trivial graph with vertex set E. Or 

again, Xo - | [1], where LL denotes coproduct in {), which is 
xE€F 

obviously just disjoint union. There is a unique graph-map Xo —X 
sending each edge to itself and this map is a universal graph-map. 

Thus X = Xo where o denotes the corresponding vertex map. 
Let C,be the free category on XQ: Then C= F e(E) = || {1}. 

x€E 

where {1} denotes the free category <}——>——-E ° generated by [1]. 

One sees easily that U,(C,,) is the free category on X, either by 

checking the universal property or by noticing that the free category 

functor P : ) >@ is a left adjoint and so preserves push-outs. 

Example 2. Free groupoids. The free groupoid on the graph [1] is 

the simplicial groupoid A'. The free groupoid Gp on X_, is therefore 

Gy = Fe (E)= ll Al, and as above, U,(Go) is the free groupoid on 
xe | 

X. Proposition 20 is now seen as an application of the relation 

U ~ Uo U .. 

Example 3. Free products of groups. Let G be a totally discon- 

nected groupoid, i.e. the disjoint union of groups Gi(i¢/). Let J be 
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a one-element set and o the unique map ]— J. Then U_(G) is a 

group, and there are canonical group-maps y : G! > U_(G) induced 

by G--U_(G). The universal property of U (G) says that for any 

family of group-maps 6! : GH there is a unique group-map 

6: U_(G)—H such that 6! = y'6 for allicel. This is precisely the 
Statement that U_(G) is the coproduct in G, (the Category of groups) 

of the groups G’, i.e. (definition) U_(G) is the free product of the 

groups G'. Free products of semigroups-with-1 can be treated in 
the same way. 

Exercises 

1. Given a J-groupoid B and a mapa: ]—], let W_(B) denote the 

graph whose vertex set is J and whose edges from 1, to z, are (in 
2 

one-one correspondence with) the edges of B from 1 1:7 to1,0. Show 
2 

that W (B) has a natural groupoid structure and that Wis a functor 

from G to GC . Show also that Wis a right adjoint to U_: GG. 
(Hence U_ preserves right limits, which is easy to check directly). 

2. Let 0, 

be a push-out square in GY. Show that if 6G, is a universal groupoid- 
map, then so is @,- In particular, if A, and A, are trivial groupoids 

and 0, is arbitrary then @, iS universal. (Hint: the forgetful functor 

V: GS preserves push-outs). 



CHAPTER 9 

Right limits in C and G 

The existence of right limits in ) has been set as an exercise 
and is easy enough. One simply takes right limits of the vertex 

sets and the edge sets separately and verifies that the resulting 
limit sets have a graph structure with the required properties. In C 

and g this construction fails in general (see Exercises 1,2,3, p.59) 

but it is clear that for coproducts it still works. Coproducts in © or 

g are just disjoint unions, and we use the notations Ul AN, Alun A?, 
etc. According to Proposition 16 we need only show, therefore, that 

difference cokernels always exist in C and G. 

Let 0, 6: A—B be category-maps with corresponding vertex 

maps 6,,¢):1—J, and let 0, : JK be the difference cokernel of 

9, and dp (in S). Then Oo 

a: BU, , 8), and if y : B-—>C is any category-map such that 

induces a universal category-map 

Oy = dy, then y has the form y = oy*, where y* US. (B)—Cisa 
category-map, uniquely determined by y. It follows immediately from 

the definitions that y is the difference cokernel in C of 6 and ¢ if 

and only if y* is the difference cokernel of 6' = 60 and ¢' = do. 

(6'.6': AmB = U,. (B)). Now if x is any edge of A, the edges x0’, 

xd of B’ have the same source and the same target, and this makes 

the rest of the construction easy. For edges p, g of B’ we write 

~q whenever p = b,(a0')b,, q= 5, (ad) b, for some a€ A, b,,b, €B: 

This relation on B’ generates an equivalence relation =, and the 

69 
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equivalence classes form a graph D with the same vertex set K as 

B’. Since p~q implies bp ~ bq and pb~ gb, it is clear that p=q 

implies bp =bq and pb=qb. Hence p =q and p =q implies 

pp’ =qp =qq (whenever pp’ is defined). Thus D inherits a category 

structure from B’ and the canonical map 7: B’—D is the difference 

cokernel (in ©) of 6’ and ¢’. It follows that 6, é have difference 

cokerel o7 : B-—D. If A and B are groupoids, and 0, ¢ are 

groupoid-maps, then B’ = Us (B) and D = Bz are groupoids, and 

om: B->D is the difference cokernel in G of 9 and d. Thus @ and 

G ‘admit right limits. 

For right limits in Dy, C, and C, we may proceed as follows. 
Let A be a D-diagram in one of these Categories, and let T(I) denote 

the trivial graph, category or groupoid with vertex set J. Let D’ be 

the graph obtained by adjoining to D one new vertex 0 and new edges 

Xy : O-— A one for each vertex A of D. Let A’ be the D-diagram in 

which D maps as before (with A > Ar say), 0 maps to 7(J), and X) 
maps to the canonical embedding T(I) > A’, for each X. Then the 
right limit of A’in D, C or ( is (with the obvious abuse of language) 

the right limit of A in D,, C, or C. In particular, we may recover 

right limits in the Category of groups by adjoining the trivial group 

to all diagrams in this way and taking limits in the Category of 

groupoids. 

Combining these results with Proposition 17, we have now 

proved 

THEOREM 3. The Categories ), @, Gg D,, C., C, are complete. & 

The presentation of categories and groupoids by generators and 

relations is a special case of the above construction.. Suppose that 

we are given a graph X and a set R whose members are ordered 

pairs of category-words on the alphabet X (i.e. ordered pairs of 
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- edges of the free category P(X)). Let F@(R) be the absolute free 
category on R. Then there are unique category-maps @,, 

J, : Fe(R)— P(X) given by r0, =1,, 10, =1,, 

If f : P(X)—C is the difference cokernel (in C) of 6, and 6, we 

write C = cat (X; R) and say that C is the category with generators 

where r= (r,,17,)€R. 

X and defining relations R (or defining relations t= To, (t,; ry) ER). 

We also say that the triple (X, R, 6,), where ¢, : XC is the 

restriction of d to X, is a presentation of C in the Category C. if 

A is any category and a: X —A is a graph-map, we say that the 

relations R holdin A under the map a if for all (r,, r,)€R we have 

tak = Fy 
The category C = cat (X; R) and the canonical graph-map Pp: XC 

a*, where a* : P(X) A is the category-map induced by a. 

can then be characterised by the following properties: 

(i) the relations R hold in C under ¢,; 

(ii) if the relations R hold in A under a : XA, thena=¢,@ 

uniquely, where a : C—A is a category-map. 

Note that if R is empty then so is Fe(k), and C = P(X). 
Similarly, if R is a set of ordered pairs of groupoid-words on 

the alphabet X (i.e. edges of 7(X)) we obtain a groupoid 

G = gpd(X; R) as the difference cokernel in § of the groupoid-maps 

0, 0, F@(R) > aX) given by r@, = ry ro, =T, (r = (r,,r,) €R), and 

all the above remarks apply (with obvious modifications). 

Exercises 

1. Let C = cat (X;R), where X has vertex set J, and leta: I>] 

be any map. Let R” be the set of pairs (r{, r5) (ty, T)) €R), where 

ry, denotes the image of r, in P(X°), i.e. re-interpret the words 1 as 
words on the alphabet X°. Prove that U_(C) = cat(X°; R°). Prove 
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also that U_(C) = cat(X; RUS), where S is the set of pairs (e., e./) 

such that io = 1a. 

2. Show that the forgetful functor § >C has both a left and a right 

adjoint (hence preserves left and right limits). 



CHAPTER 10 

The word problem for U_ 

Let A be a category with vertex set J, and let o be a map from 

I toaset J. Then U,(A) is a category with vertex set J and its 

edges, according to the construction in Ch. 8, are equivalence 

classes of (directed) paths in the graph A“. The equivalence relation 

was defined in terms of “‘elementary reductions’’ of two types: 

deleting identity elements and multiplying in A when possible. We 

shall say that a path in A® is o-reduced if it has no elementary 

reductions. (See p.64 for the precise definitions). 

We shall identify edges of A with their images in A° to simplify 

the notation. We cannot, of course, do this with vertices. A path p 

in A° is then either one of the empty paths e,(j€J) or is of the form 

Xp Xe X, (strictly a sequence (x,, x,,... X,)) where the x, are ae 

edges of A satisfying incidence relations x,6,0 = x, , 16,0 

(vy =1,2,...,n-1). The o-reduced paths are of two types: 

(i) the empty paths e, GeéeJ); 

(ii) paths x, x,... X, (n>1), where the x, are non-identity 

edges of A satisfying x,0,0 = x, ,,0,0 (v= 1,2... n-1) but such 

that the products x, x, 

(v = 1,2,..., n-1). 
+ 1 

are not defined in A, i.e. x0, EX ay 0, 

THEOREM 4. Each edge of U_(A) 1s represented by exactly one 

o-reduced path. 
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Proof. It is clear from the definition of equivalence of paths that 

each equivalence class contains at least one o-reduced path. To 

show that it contains at most one, we adapt the method of van der 

Waerden for the case of free groups. 

Each o-reduced path has a source and target in J. Let S; be the 

set of all o-reduced paths with target j. If x is an edge of A from 

i toi, not an identity element, and if ig = j, io = j, we define a 

map p, | S, 3S. as follows: 

(i) if p ar is empty then Pp, = KES; 

1°2°° 

(a) if the product x, xis not defined in A then 

(ii) if p= x,x,... x_€ S; (n>1) there are three cases: 

PP, = X14 Xo XX 

(b) if xX X= x in A and x’ is not an identity element then 
/ 

PPy = XyXq-+ XX 

(c) if x x=evin A then PP, =X Xoo XY if n >1 and 

Pp, = &' if n =1. 

In all cases we obtain pp, ES. , SO p, is indeed a map from S. to Si! 

For x = e, we also define p, to be the identity map on So 

Consider now the map p : A—® defined on vertices by IroS. 0 

and on edges by x >p, This is clearly a graph-map and it is a 

routine matter to check that Puy = Px Py whenever the product xy is 

defined in A. Thus p is a representation of A, i.e. a category-map 

from A to 5. Since p identifies any two vertices of A which are 
identified by o it induces category-maps p’ : P(A’) > Sand 
p':U. (A)->8 such that the diagram 

A——__+ P(A) ——"_+ (A) 

a
n

t
l,

 

<
<
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commutes, where the horizontal arrows are the canonical maps. (The 

fact that 9 is large is obviously irrelevant here since it can be re- 
placed by a small subcategory). The reason for the commutativity 

relation 7p =p is that rap" =p=rtp'and Ar genérates P(A). 
To prove the theorem we have to show that distinct o-reduced 

paths have distinct images in U,(A) under the map 7, so it is enough 

to show that they have distinct images in 5 under p. By definition 
p sends the edge x of A (or strictly, its image in A°) to the map p,- 

Since p is a category map it sends any path p = X,Xpee X, in A to 

the map p, = Px, Py ce Px and we want to show that the maps Py: 

for p o-reduced, are all distinct. But if p =x, Xo vee X (n>1)isa 

o-reduced path from j to j then the effect of the map p, on the 

Px = Xy Px Pxa*TM p,. 

=...=X,) Xo. X, =D. If p is the empty path e., then Pp is the 

identity map on Si, and again Py sends e, to p. Hence, if the 

element e. of S. is to send it to e. Pp. Pp 
j j jUx,'xX n 

o-reduced paths p,q are such that Py = Pg’ F S54, then p,q have 

the same source j, and p = ep, =e: Py = 4 This proves the 

theorem. 

Note. The theorem and its proof are valid for groupoids since the 

construction of U_ (A) in this case is exactly the same as for 

categories; the inverses take care of themselves. The theorem 
solves the word problem for U_(A) (modulo that for A) since, if we 

want to know whether two paths in A” represent the same element 

of U_(A) we need only apply successive elementary reductions to 

them until we arrive at o-reduced paths, and check to see whether 

the reduced forms are the same or not. This can be done if we can 

tell (i) when products are defined in A and (ii) when two products in 

A give the same element of A. (Of course o must be given in such a 

way that we can tell whether or not two vertices of A have the same 

image). 
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COROLLARY 1. If two distinct edges of A have the same image In 

U (A) then they are identity elements at vertices i,i' such that 
° o/ 

10=10.8 

COROLLARY 2. If Bis a subcategory of A, ando is the restriction 

of o to the vertices of B, then U_:(B) can be identified with a sub- 

category of U_ (A). 

Proof. B° can be identified with a subgraph of A°, and then the 

o-reduced paths in B° are a subset of the o-reduced paths in A”. m 

COROLLARY 3. (=Proposition 9). If G is the free groupoid on a 

Sraph X then (1) V(G) = V(X), (11) X 1s embedded in G, (iii) every 

non-identity of Gis uniquely expressible in the form 

x, x, %. 1 

no adjacent pairs xx” 

E 

1X “(n>1), where x,, are edges of X, the <, are +1, and 

: ly occur, and (1v) the 1dentities of G are Or XxX 

not so expressible. Conversely, if G satisfies (1) (111) and (iv) for a 

subgraph X, then X generates G freely. 

Proof. The free groupoid on X can be constructed as U,(Go), 

where G, is the disjoint union of simplicial groupoids G* of type 

Al one for each edge x of X, and where o is determined by the 
incidence maps of X. (See p.67, Example 2). We denote the non- 

identity edges of G* by x and x7}. Then the only products of non- 

identity edges which are defined in G_ are the products xx’! and 

xx, so the o-reduced paths in G, are precisely the empty paths and 
E E E 

the paths x," Xy a. x" described above. The corollary follows 
now from the theorem. @ 

COROLLARY 4. (The word problem for free products of groups 
and semigroups-with-1). Let AA € A) and B be semigroups-with-l, 
and let 6%: AX_.B be homomorphisms (1.e. morphisms of C,). Then 
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B 1s the free product of the AN relative to the maps or (1.e. their 
coproduct 1n Ci) 1f and only if for every element b¢€B there 1s a 
unique sequence hj, A)... A, (n>0) in A, with 4, # A, 4, Q<v<a-d), 
and unique elements a, #1in A “(1<v<n) such that b = b, b,--.B, 

where b, = ao “. The empty product stands for 1. In particular, 

the 6 are all injections and for A # yp the images of A’ and A" in B 
have only the identity in common. The same 1s true for free products 

of groups (coproducts in CG). 

Proof. Let A be the disjoint union of the AN (their coproduct in C 
or §, as the case may be). Then their coproduct in C or ce is 
U (A), where o maps the vertices of A to a single vertex. Assuming, 

as we may, that the A’ are disjoint, the product aa of edges of A is 
defined if and only if a and a lie in the same A’. Consequently the 
o-reduced words are precisely the empty path and the paths 

@, Ane a (n>1) satisfying the stated conditions. 

Exercises 

1, Show that U_(A) is a groupoid if and only if A is a groupoid. 

2. Show that a groupoid-map 0: A—B is universal if and only if 

(i) A@ and the identities of B generate B and (ii) whenever 

(a, 9) (a, 0) -_ (a_0) = 1 (n>1) in B there exist 1<r<s<n such that 

aa a =1l1inA. Here ‘‘x, x.... x =1’’ is short for 
ror S 1° 2 k 

woe 

“Xa Xye+.X, is defined and is an identity element’’. 





CHAPTER 11 

Free products of categories and groupoids 

Coproducts of categories and groupoids are disjoint unions and 

might be called ‘‘absolute free products’’. The usual free product 

of groups is obtained from the absolute free product by imposing 

extra relations which equate all the identity elements and so might 

be called ‘‘free products with identities amalgamated’’. We shall 

use free products intermediate between these extremes, which in- 

clude as a Special case coproducts in the Categories C, and C. 
The solution of the word problem for these products is again con- 

tained in Theorem 4.1 
Let 0: A*X_.B (\ €A) be category-maps with vertex maps 

o* A, ]. We call B the free product of the categories AN (with 
respect to the maps gh) if the following universal property holds: for 
any family of category-maps ph . AX_.C whose vertex maps are of 
the form oy : I4 
unique category-map ¢ : B-—>C such that go’ = ord for all Ac A. 
Suppose that this is true, and write A = ul An r=\l [*. Then the 

—K (where 7: J —K is independent of A), there is a 

maps gp’ induce a map 0: A-—-B with vertex map 0 : !— J induced 
by the o. We claim that o is surjective and that B is canonically 
isomorphic with U_(A). For let Jo = Ig, let To ° [> J, be the map 

induced by o and let a: A—U_ (A) be the canonical map. If the 

As are all empty it is easy to see that B is empty, and our assertion 
is valid. In all other cases Jo iS non-empty and there is at least 

TSee p.73. A list of theorems with page references is given in the index. 
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one map7: J/—J, such that or =0,. Hence, by the definition of 0° 

free product, there is a unique category-map a* : B—> U_ (A) 

(induced by the restrictions of a to the A) such that ba =a. Also 
there is a unique map 1 : Jo — J such that Oo = 9, so @ induces a 

unique category-map 0* : Us (A) — B (with vertex map p) such that 

af* = 6, It follows easily that a* and 6* are inverse isomorphisms. 

This shows that B is determined up to isomorphism by the AN and 
the o* and we write B = ey CN (A*. oy, which will often be 
abbreviated to B = x AN. If the AA are Subcategories of B and the © 
on are the inclusion maps, we say that B is the free product of sub- 
categories A‘. Note that if the A’ are all sroupoids and B = AD 
then B = en (Li AN) is also a groupoid, and the universal property 
for free products holds in G as well as in C. There is therefore no 
need to consider free products of groupoids separately except for 

special purposes. | | 

If the AN and the o’ IA _,] are given, and if J = Ur then 
it is clear that u_ (Ll AN) (where o : Ll IA_,] is induced by the oy 
is in fact the free product of the AN with respect to the obvious _ 
maps. Corollary 2 of Theorem 4 shows that U Ge, is embedded in 
this product. The subcategory generated by the image of AN 
coincides with this subcategory U \ (Ar) if os 

Oo 

is surjective; other- 

wise it differs from it only in the deletion of certain isolated identity 
elements. We sum up in the following proposition; the reader can 

check any missing details for himself. 

PROPOSITION 21. (1) Let AN (A € A) be categories (groupoids) 
with vertex sets IA and let oN IA_,]7 be maps such that J ~UIo4. 
Then the free product (Ar. oy exists. (11) Let pr: AX_,B (A€ A) 
be arbitrary category-maps (groupoid-maps) and let BA be the sub- 
category (subgroupoid) of B generated by ANA, Then B = eA with 
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respect to the op if and only if the maps 6’ are all universal and B 
is the free product of the subcategories (subgroupoids) B.. = 

We may now restrict attention, for most purposes, to free 

products of subcategories or subgroupoids, and the next theorem 

gives various characterisations of this situation. 

THEOREM.5. Let BA (A€ A) be subcategories (subgroupoids) of 
the category (groupoid) B, and let V(BY) = yh V(B) = J. Then the 
following are equivalent: 

(1) B 1s the free product of the BS. 
(11) 1f g’ | BA_.C are morphisms which agree on common 

identity elements of the Br there 1S a unique morphism ¢: BC 
such that the restriction of ®@ to B is gh for all X€ A; 

(111) Uy* = J; for every non-identity element 6 of B there 1s a 
unique sequence A,, Noy eee AL EA with AF Ay4, A<v<rl) and 

unique non-identity elements b,€ B ” such that b = b, b, Dd; and 

for identity elements b there 1s no such factortsation with n?1. 

In the case of groupoids these are also equivalent to 

(1v) the BA generate B, and whenever b, b, a b_ 1S an identity 
of B, (where n>l, b€B ” and r,, of Nap) at least one of the b, 1s 

an identity. 

Proof. (ii) is a restatement of the definition of (i) in this special 

case. (i) is equivalent to the statement that the map Ll BA_, B 
induced by the inclusion maps is universal with surjective vertex 

map, and (iii) is a restatement of this in terms of the solution of the 

word problem given by Theorem 4. Also, (iii) implies (iv) trivially, 

for categories as well as for groupoids. Finally, in the groupoid 

case, Suppose that (iv) is true. Then the first and last statements 

in (iii) are true. Also every non-identity 6 of B can be written as a 
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product of edges of the B’ and hence (by multiplying in the B A 
where possible and omitting identities) as a reduced word, i.e. as a 

product b= b, b,... b, of the stated type. If b= c, Cy+..C, is also 

-1 Cc -l 
2 1 

identity of B, so by (iv), b. and on both lie in BS for some A, and 
a factorisation of this type, then b, by... b, cn 122 C is an 

their product is an identity. Thus c_, = 5,, and induction shows that 

the two factorisations are the same. 

PROPOSITION 22. (The associative law for free products). Let 

BYA€A) be subcategories (subgroupoids) of the category (groupoid) 
B, and suppose that A = U. el A, where the A. are mutually disjoint. 

Let B' be the subcategory (subgroupoid) of B generated by the BA 
forAeA.. Then B= *) -n BA if and only if (i) B’ = "eA B’ for 
all 1 €I and (11) B = Ko cy B’. 

Proof. Check the universal properties as stated in Theorem 

5 (ii). a 

Similar results hold for arbitrary free products but are more trouble- 

some to state. 

It is clear that free products can be thought of as right limits. 

In the notation above, to say that B is the free product of the AA 
with respect to the gh is to say that B is the right limit of the 
diagram whose objects are the AN and the trivial categories 
TI) , (J) and whose morphisms are the injections T(I*) _,Ah and 
the maps T(oa) T(I) > T(J) (plus the assertion that J -U Io, 
Or one can easily construct maps A. Kh whose right limit is / 
(with respect to the oy and then B is the right limit of the diagram 
with morphisms T(r) T(K) > A. Consequently the formation of 
free products commutes with other types of direct limit (see 

Proposition 18). We state some useful special cases and leave the 

reader to supply the details. 



FREE PRODUCTS OF CATEGORIES AND GROUPOIDS 83 

PROPOSITION 23. (1) Let or . AX _.B be category-maps with 
vertex maps o’ : In_, ], and let; : J]—K be any map. If B = AN 
with respect to the on then U AB) = = *U » (A" ) with respect to the 
maps induced by the gh and7. The same 1s true for groupoids. 

(11) Let on. o’ be as in (1) and suppose that AN = cat(X". RA), 
Let X be the graph with vertex set UroAcy, and edge set. 
iat E(x), with incidences determined by the maps x\_, A _, B. 
Let R be the union of the 1mages of the RA in P(X) x P(X). Then 
B = 2A if and only if B = cat(X; R). The same 1s true for groupoids 
with the obvious changes of wording. & 

Exercises 

1. Show that any free groupoid with no trivial components is the 

free product of subgroupoids which are either infinite cyclic groups 

or simplicial groupoids of type Al, 

2. Show that if the groupoid A is the free product of subgroupoids 

A then, forA ¥ p, A* 1 At is trivial. 

3. Define free products of graphs by appropriate universal proper- 

ties and determine their structure. Show that if x4 _.X (AeA) is a 
free product diagram of graphs then n(X'*) —» m(X) (A€ A) is a free 
product diagram of groupoids (cf. Proposition 23 (ii) ). 

4. Suppose that the connected groupoid G is the free product of 

subgroupoids A and B. Prove that if A is a full subgroupoid then 

B is unicursal. 

5. Show that the forgetful functor J —+C has both a left and a right 

adjoint, and therefore preserves both left and right limits. 





CHAPTER 12 

Quotient maps of groupoids 

From now on these notes will be concerned almost exclusively 

with groupoids. It is helpful to analyse groupoid-maps by defining 

classes of well-behaved maps and using these to factorise arbitrary 

maps. We have already met two such classes: the universal 

groupoid-maps and the (deformation) retractions. In the case of 

group-maps these reduce to isomorphisms and identity-maps 

respectively. We now introduce the class of quotient maps, which 

includes all group homomorphisms, and we shall see that most of 

the standard properties of group homomorphisms carry over to this 

larger class of groupoid-maps. 

A subgroupoid N of a groupoid A is a normal .subgroupoid if 

(i) NV contains all the identity elements of A and (ii) x EN. , acA,. 
implies atxa EN. For any groupoid-map 0: A—B we define the 
kernel of 6 (denoted by Ker 0) to be the set of all elements of A 

which map to identity elements of B. Clearly Ker 0 is always a 

normal subgroupoid of A, and we now show that every normal sub- 

groupoid is the kernel of a groupoid-map. The situation differs from 

that of groups in that there will usually be many quite different 

groupoid-maps with the same kernel (for example all universal 

groupoid-maps have trivial kernel). The particular map we construct 
for a given kernel is the ‘‘best’’ one: it is a factor of all maps with 

the given kernel. 
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Let NV be any normal subgroupoid of the groupoid A. The com- 

components of WV define a partition on / = V(A), and we write i for 
‘the class containing 1, and I for the set of classes. N also defines 
an equivalence relation on E(A) as follows: a = b (mod JN) if and 
only if a= xby for some x,yeN. (This is clearly an equivalence 

relation for any subgroupoid WV containing all identities of A). Two 

equivalent edges of A must have their sources in the same compon- 

ent of NV, and similarly for their targets, so each class a of edges 
can be assigned a unique source and target in I. This assignment 
defines a graph A/N, and the map 7 : ara, imiisa surjective 
graph-map from A to A/N. We now define a partial multiplication on 

the edges of A/WN as follows: the product ab is defined if and only 
if there exist ay ca, b, €b such that ay b, is defined in A, and then 
ab = a, by. To see that this multiplication is well-defined, suppose 
that also a, Ea b, €b and a,b, 1s defined in A. Then a, = Xayy, 
b, = zb,t with x,y, z,téN, and a,b, = Xa,yzbyt in A, Since a,b, 

is defined in A, yz lies in a vertex group of N, so u = by y zb, is 

defined and lies in N. Hence a,b,=xa,b, ut = a,b, (mod NV). (This 

argument, of course, depends on the normality of NV). Now for 

aii- j and b: k—l in A/N, the product ab is defined if and only 
if axb is defined for some x in N, i.e. if and only if j- k, and then 
we have ab=axb:i—l. Moreover, if (ab) c is defined, then 
axbyc is defined for some x, y€N, and the associative law in A/N 

follows immediately. Thus A/MN is now a category whose identities 

are the components of NV, and 7: A—A/N is a category-map. It 

follows that A/N is a groupoid since A is a groupoid and 7 is sur- 

jective. We call 7: A—A/N a quotient map of groupoids. Note 
that A/A is not in general the one-element groupoid; it is the trivial 

groupoid with one vertex for each component of A. Note also that if 

B is a subgroupoid of A containing N then B/N is a subgroupoid of 

A/N. 
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PROPOSITION 24. Leta: A—A/N be a quotient map and let 
0: A-—B be any groupoid-map with kernel M> N. Then there 1s a 

unique groupoid-map 0* ::A/N—B such that 0 = 7 0*. The kernel of 

0* is M/N. In particular, if Ker 6 = N then 0* has trivial kernel. 

Proof. a,7=a,m =>a, = a,(mod N) =a, = xany(xyEN) 

=>a,0 = (x0)(a, )(y9)= a0. 

Thus there is a unique map 6* : A/N >B with 0 = 76*, and it is 

easy to see that 6* is a groupoid-map with the stated kernel. m 

This universal property of A/N can be described in terms of 

push-outs as follows. For any groupoid G let C(G) denote the set 

of components of G, and TC(G) the trivial groupoid on C(G). Then 

the canonical map G—»>TC(G) is universal amongst maps from G to 

trivial groupoids (in fact (C, T) is an adjoint pair of functors). 

Proposition 24 says that for a normal subgroupoid NW of A the 

diagram 

N- >A 

Vv 

TC(N) |
 A/N 

is a pushout square. We shall say that any groupoid-map 0: A—B 

is a quotient map if 

Ker 0 v
 

a
 

TC(Ker @) \ f
 

O
& 

is a pushout square. This is equivalent to the statement that the 

induced map 6* : A lke g—8 is an isomorphism. 
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Any groupoid-map 6: A—B induces a vertex map 

V(@) : V(A) => V(B), say 0: I— J, and a family of edge maps 

0. A, > Bis jo (1,j El). It is convenient to classify groupoid-maps 

by properties of these induced maps. We shall say that 0 is vertex- 

_ surjective if o is a surjection, that 0 is piece-wise surjective if 

each O is surjective, and that 6 is group-surjective if each group 

homomorphism @.. is a surjection. The terms vertex-injective, 

vertex- bijective, etc. are similarly defined. Each of these classes 
of groupoid-maps is closed under composition and contains all iso- 

morphisms. There are some obvious relations between them: 

Gi) 6 is piece-wise injective if and only if it is group-injective, 

and this is equivalent to saying that Ker 0 is unicursal; 

(ii) If A is connected, then 0: A—B is piece-wise surjective 

if and only if it is group-surjective; 

(iii) 0 is an injection if and only if it is vertex-injective and 

piece-wise injective; 

(iv) if 0 is vertex-surjective and piece-wise surjective then it 

iS a Surjection. 

Note that the converse of (iv) is false: the non-trivial map from A! 

to acylic group of order 2 is a counter-example. In fact we have: 

PROPOSITION 25. The following are equivalent for a groupoid- 
map 0: A—B with kernel N: 

G@ 0 is a quotient map; 
(11) 0 1s vertex surjective and piece-wise surjective; 

(111) 0 is surjective, and any two vertices of A having the same 

image in B lie in the same component of N. 

Proof. (i) = (ii) is clear from the construction of A/N. 

Gi) => (iii). Ois certainly surjective. If i,j are vertices of 

A such that 10 = j0 =k, say, then e, €B. 646 has a counter-image 
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y in Aji, and y EN, Since its image is an identity. 

Giii) — > (i). By Proposition 24, 0 induces a unique groupoid- 

map 0* ; A/N-—+B, and * has trivial kernel, i.e. is piece-wise 

injective. By (iii) the vertex map of 0* is injective, since the 

vertices of A/N correspond to components of N. Thus 6* is an 

injection. But 0 is surjective, therefore 0* is surjective, hence an 

isomorphism. @ 

COROLLARY. If0: A—Bandqd: B—C are quotient maps then 

so is 066 : A—>C (by criterion (i1)). @ 

This corollary can be stated in the more familiar form: if M,N are 

normal subgroupoids of A with MDW, then (A/N)/(M/N) = A/M. The 

other isomorphism theorems of group theory fail in general, but a 

Special case is worth noting. Suppose that the normal subgroupoid 

N of A is totally disconnected (that is, its components are groups). 

Then the construction of A/N is simplified: a = 6 (mod WN) if and 

only if a a= bx for some x in WN, and the quotient map 7: A—A/N 

is vertex-bijective. 

PROPOSITION 26. Let 6: A—B bea groupoid-map with kernel N. 

If 0 1s vertex-injective, then N is totally disconnected and 

0* : A/N— B is an injection. Hence A@ is a subgroupoid of B iso- 

morphic with A/N. In particular this is true for all morphisms in cm 

Proof. WN is obviously totally disconnected. 6* is vertex-injective 

and has trivial kernel N/N, so is an injection.mTM (See Exercise 2 

below for further results in this direction). 

COROLLARY. Every groupoid-map 0 can be written 0 = 0,0, 0., 

where @, 1s universal, 0, 1S a quotient-map and 0, 1s an injection. 

0, may be chosen so that 0, and 0. are vertex-bijective. 
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Proof. Take 6, the universal map induced by V(@) and apply 

Proposition 26. m 

Since quotient groupoids can be defined as pushouts, i.e. as 

tight limits of suitable diagrams we can again formulate special 

cases of Proposition 18 which say that, in an appropriate sense, 

quotients commute with universals and with free products. For 

these we need the obvious notion of the normal subgroupoid of A 

generated by a subgraph X of A; it is the intersection of all normal 
subgroupoids containing X. (See Exercise 4 below for a description 

of its elements). 

PROPOSITION 27. (i) Let A= {A} be a diagram in § with right 
limit L and canonical maps oh : AN_,L. For each A, let nA be a 
normal subgroupoid of AN such that every morphism A*_, At in A 
maps NA into NY. Then the éroupoids AN/wh are the objects of a 
diagram A/N with morphisms induced by those of A. If M ts the 

normal subgroupoid of L generated by all the n»6r then L/M is the 
right limit of A/N with respect to the induced maps 64: AV NAL/M. 

(11) Let @: A—B be a universal groupoid-map, and let 

a:A—-Abea quotient map with kernel N. Let M be the normal 
subgroupoid of B generated by NO, and let B: B—B be a quotient 
map with kernel M. Then the induced map 6: A—>B is universal. 

(111) Let B be the free product of groupoids AN with respect to 
maps gh » AA_, B, and let a: AM_, A be quotient maps with 
kernels NA. Let M be the normal subgroupoid of B generated by all 
the nr6A, and let PB: B—B bea quotient map with kernel M. Then 
B is the free product of the A with respect to the induced maps 
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Proof. We leave this as an exercise. Either apply Proposition 18 

to suitable diagrams or proceed directly from the particular universal 

properties involved. @ 

COROLLARY. Let A be the free product of subgroupoids AN let 
N* be a normal subgroupoid of AM for each A, and let N be the 
normal subgroupoid of A generated by all the NY. If C= A/N and 
za: A—C 18s the quotient map, then C = «ec where Cris the sub- 
groupoid generated by ANn, and the induced maps A\/w_,c4 are 
universal. Moreover, NN AA = nA for all X. 

Proof. By part (iii) of the proposition, with 6 the inclusion map 
AA_A, C is the free product of the groupoids ANNA with respect 
to the induced maps AN/NA_, C. By Proposition 21(i), this implies 
that C = #C’ and that A\/nA_,C is universal. The kernel of 
Ah/nA_. CA is (WN Ary /N*, and since universal morphisms have 
trivial kernel (Theorem 4, Cor. 1, p.76) it follows that VN A‘ = n* 
for all A. & 

We now apply these ideas to obtain a detailed analysis of 

retractions. We recall that a retraction is a groupoid-map p: A—B, 

where B is a subgroupoid of A with inclusion map w: B—A, such 

that up = 1, and pu 1, (see p.47). 

PROPOSITION 28. Let B be a subgroupoid of the groupoid A with 

inclusion map p: B->A. Let p: A—B bea groupoid-map with 

kernel N. Then the following are equivalent: 

(1) p 18 a retraction; 

(11) p 18 precewise bijective and pp = 1,; 

(111) p 18 a quotient map, N 1s unicursal, and pp = 1p. 
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Proof. (i) == (ii). Let 0: IK be the vertex map of p. Since 

pp ~ 1,, there exist elements r.: i—io of A (for all i €1) such that, 
1 for any x cA, xp=r- Xr. It follows that p maps Ai, bijectively 

to Aig io the inverse map being given by yt> ry ri for y CA cio 

Hence B is a full subgroupoid and p is piecewise bijective. 

(ii) ==> (iii). Since pp = 1, p is surjective. Since p is also 
piecewise surjective, it is a quotient map (Proposition 25). Since 

p 1S piecewise injective, NW is unicursal. 

(iii) => Gi). Let x cA. and consider xp EBig jo Since 

up = 1,, x and xp have the same image under p. But p is a quotient 

map, so this implies xp = x (mod N). Hence xp = ri xr, for Some 

r.: 1—>10 and r > j—join N. Since N is unicursal, r. is uniquely 

determined (independently of x) for each i él, and the case x = e. 

Shows that r, exists for each i. The family wie -] now gives the 

required homotopy pr=1,. » 

THEOREM 6. (i) Let p: A—B be a retraction with kernel N. Then 

N 1s unicursal, B 1s a full subgroupoid containing exactly one 

vertex of each component of N, and A = B x N (free product of sub- 

Sroupoids). Moreover, if B’ is any subgroupoid of A such that 

A = B’*N then the map B’—>B induced by p 18 universal. 

(11) Let N be any unicursal subgroupoid of A containing all 

vertices of A. (N 1s then normal). Let B be any full subgroupoid of 

A containing exactly one vertex of each component of N. Then 

A = BN and there is a unique retraction A— B with kernel N. 

Proof. We prove (ii) first. Suppose that NV and B are as stated 

there. For each vertex 1 of A, let i’ denote the unique vertex of B 

lying in the same component of N as i does, and let r, be the unique 
1 element of Nt. For x cA, we have x = r xt, cAit = Bit, and the 

map p: x+»x is clearly a retraction from A to B since if xé€B, 
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then r= et, = & and x = x. To show that A = B*WN we use cri- 

terion (ii) of Theorem 5(p.81). Suppose that 6: B—>C and w:N—-C 

are groupoid maps which agree on the vertices of B. We look for a 

groupoid-map 0: A-—»C whose restrictions to B and NW are ¢ and W 

respectively. For x cA, we have x = r(x p) rt, and since xpeB 

we have no choice but to define x0 =(r, Ws) (xp) (r, Ww) +. It is easy 

to check that this gives a groupoid-map 0: A—C with the required 

properties, and it is clearly unique. Thus A= BxWN. The unique- 

ness of p follows from this since any two retractions A —B with 

kernel NV induce the same map B-— B (namely 1,,) and the same map 

N — B (each component of NV maps to the identity element of B lying 

in it). 

To prove (i), let p : A—B be any retraction with kernel V¥. We 

already know that B is then a full subgroupoid of A, and WN is 

unicursal (see the proof of Proposition 28). Also, since p is a 

quotient map and induces the identity map on B, each congruence 

class (mod NV) contains exactly one edge of B, so each component 

of NV contains exactly one identity of B. It follows from (ii) that 

A=BxN. Suppose, finally, that we also have A = B’x N. The 

trivial normal subgroupoid N’ of B' and the normal subgroupoid N of 

N together generate the normal subgroupoid WN of A. Hence, by the 

corollary to Proposition 27, the map p: A—B (which is a quotient 

map with kernel V) induces a decomposition B = B, *B,, where 

DB, = gpd 1B’ p} and B, =gpd 1Npt, and the induced map 
B'= B/N B, is universal. But B, contains only the identity 

elements of B, so clearly the inclusion map B, —B is universal, 

and it follows (Proposition 19‘) that the composite map 

B'B, — Bis universal. m 
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COROLLARY 1. Every groupoid A has a free decomposition 

A=B NN, where B 1s a totally disconnected subgroupoid consisting 

of one (arbitrary) vertex group from each component of A, and N is 

a unicursal subgroupoid generated by an arbitrary maximal circuit- 

free subgraph of A. In particular, 1f A is connected then A = B * N, 

where B 1s an arbitrary vertex group of A and N 1s a simplicial 

groupoid generated by an arbitrary maximal tree in A. 

Proof. Choose a maximal circuit-free graph X in A. By Theorem 

I, such a graph exists and spans A. By Proposition 10, Corollary 2, 

the subgroupoid WV generated by X is unicursal, and it spans A. If A 

is connected then X is a tree and N is simplicial. Now any sub- 

groupoid B consisting of vertex groups, one from each component of 

A, is a full subgroupoid and has one vertex in each component of N. 

The result now follows from part (ii) of the theorem. (See also 

Theorem 2, p.47). g 

COROLLARY 2. If G = gpd(X; R) is connected and T is any 

maximal tree in G, then the vertex group G.. of G at the vertex 1 has 

a presentation G.. = gpd(X; RU T*), where T* is the set of all pairs 

(t, e.) with t an edge of T written as a word in X. 

Proof. Let N be the normal subgroupoid generated by T. By part 

(ii) of the theorem, G = G.. * N and G..= G/N. The result follows 

from the universal properties of quotients and presentations. & 

Exercises | 

1, Let 6: A—B be a quotient map and C a subgroupoid of A. Show 

that the induced map C->C@ is a quotient map if and only if each 

component of WV = Ker @ contains at most one component of CNN. 
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2. Show that in the Category Cg all the isomorphism theorems of 

group theory are valid (including the Zassenhaus lemma and hence 

the Schreier refinement theorem). All normal subgroupoids appearing 

must be totally disconnected. 

3. Show that any groupoid-map @ can be written 0 = 0, 0, 0,, where 

0, is vertex-injective, 7, is a retraction and @, has trivial kernel. 

4. Let X be a subgraph of the groupoid A. Let H be the sub- 

groupoid generated by X and let H be the subgroupoid generated by 
H and all conjugates atha of elements h of H. Show that H is the 
normal subgroupoid of A generated by X. (N.B. This is not as 

obvious as it looks. The trouble is that only elements of vertex 

groups have conjugates, and it is certainly not enough to take the 

subgroupoid generated by X and its conjugates as in the group case). 

5. Let a, 6 be groupoid-maps, and call 6 a push-out of a if there 

exists a push-out Square 

e e 

e | 
in §. Show that push-outs of universal maps are universal and 

—__ 2 

p 

push-outs of quotient maps are quotient maps. 

6. Let A be a free product of subgroupoids A = B « C, let N be the 

normal subgroupoid of A generated by C, and let 7: A—Abea 
quotient map with kernel N. Prove that (i) the induced map BoA 
is universal, and (ii) there is a subgroupoid B of A such that 

A = B’* C and the induced map B'— Ais an 1Somorphism. 

7. Prove that the vertex groups of a free groupoid are free groups. 





CHAPTER 13 

Covering maps 

The covering spaces of a topological space T can be classified 

by their fundamental groupoids. The properties of the groupoids 

which make this possible are as follows. Let T—T be a covering 

map and y: mT) — mT) the corresponding map of fundamental 
groupoids. Let 7 be any vertex of 7(T) (i.e. a point of T) and let i 
be any vertex of 7(T) with iy =i. Then for each edge x of xT) with 

source i, there is exactly one edge x of mT) with source i such that 

xy = x. We take this property of the groupoid map y as the 

definition of covering maps of groupoids, and extend it to include 

coverings of graphs and categories. These coverings have interest- 

ing algebraic properties. 

Let A be a graph with vertex set J]. The star of A at the vertex 

1 is the set U A, of all edges of A with source 1. We denote it by 

A. or $1,(A). If 0: A—-B is a graph-map then 0 induces star maps 
Oi Ai By (where k = 10) for each i el. We say that 0 is 

star-injective (star-surjective, Star-bijective) if each of the maps 

O. is injective (surjective, bijective). In this terminology a 

covering map of graphs is a star-bijective graph-map. Similarly, a 

covering map of categories or groupoids is a star-bijective category- 

map or groupoid-map. There is a dual notion of co-covering i.e. a 

morphism which maps all the co-stars AL; -U Ai bijectively. 
i€l 

97 
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For groupoids the two notions coincide since we have an involution 

xox! which interchanges stars and co-stars. 

Notes: (i) We do not insist that coverings 0: A—B should be 

Surjective, nor that A and B should be connected, as is sometimes 

assumed for coverings of topological spaces. 

(ii) Groupoid-maps which are star-surjective might reasonably 

be called fibrations; they imitate closely the basic properties of 

topological fibrations (see Exercises 2,3, p.115). We shall not 

discuss them here apart from noting that fibrations can be character- 

ised as quotient maps followed by covering maps. This makes them 

superfluous for our present purposes. (See also Brown [7]}). 

Examples. 1. Let T be a trivial category and A any category. 

Then the projection map A x T —A is a covering (and a co-covering). 

2. The inclusion map C —A, where C is a component of the 

groupoid A, is a covering. 

3. The non-trivial groupoid-map from the simplicial groupoid 

A+ to the cyclic group of order 2 is a covering. 
4. Let G be a group, and let G be the simplicial groupoid 

with vertex set G and edges (4, h) (g, h €G), with multiplication 

(g, h)(h, k) = (6,k). Then the map y: G-—>G given by (g, h) > 61h 
iS a covering map of groupoids. (Example 3 is a special case). 
“”TM 

G is the universal cover of G. 

PROPOSITION 29. Pull-backs of coverings are coverings; that 1s 1f 

D
I
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is a pull-back square in D, C or ( and if B is a covering morphism, 
then So 1S a. 

Proof. The construction of pull-backs is the same in all three 

Categories. The vertices of A are pairs (1,j)(i€ V(A), j¢ V(B)) such 

that i@ = 78. The edges of A with source (i, j) are pairs (a, b) 

(a cA. ,b c Be ) such that a0 = 6B. The vertex (i, j) of A lies over 
the vertex 1 of A, and for any acA, , AO éB, , where j = 10 = 7. 

Since 8 is a covering, there is a unique 5 in the star of B at j such 

that 5B = a9, and (a, db) is then the unique element lying over a in 

the star of A at (i, j). & 

Given 6 and 0 as above, we call a the induced covering of A. 

There is a close connection between covering maps A— A and 

representations of A. We define a representation of a graph A to be 

a graph-map @: Ad, i.e. an A-diagram in the Category of sets. 

A representation of a category or groupoid A is a functor ¢: Ad, 

The representations of a fixed A are the objects of a Category of 

whose morphisms are the natural transformations (or morphisms of 

A-diagrams), and two representations are equivalent if they are 

isomorphic in this Category. When A is a group this definition 

coincides with the usual definition of equivalence for permutational 

representations of A. Similarly we can form a Category Cov(A) from 

the coverings of A. The objects of Cov(A) are all covering 

morphisms 6 : B—A, and the morphisms from f to y are all com- 

mutative diagrams 



100 NOTES ON CATEGORIES AND GROUPOIDS 

where 0 is a morphism of the appropriate Category ), C or S. Two 
coverings §, y as above are equivalent if there is an isomorphism 

0: BC with Oy = B, i.e. if B, y are isomorphic objects of Cov(A). 

We shall show that the Categories Sand Cov(A) are equivalent in 
a very natural way. 

Suppose that 6 : B->A is a covering map and let 7 = V(A). For 

i€I write Bi = ipo} = {veV(B)|\ vB =i}. If a cA, then (by definition 
of covering maps) there is, for each ve B’, a unique edge a with 

source v such that aB =a. Denoting the target of a by w, we have 
wf = j, so the assignation v >w defines a map 8B? : B'—>B/, 

uniquely determined by a cA... The covering 6 therefore determines 

a graph-map 8* : A—>9 defined by i Bi, a 1» 6". Further, if 6 is 
a covering of categories or groupoids, it is clear that B* is a 
category-map. Note that we may have B! = for some i, in which 
case every a cA, is represented by the empty map 0— Bi. 

If y : C—A is another covering of A with corresponding 

representation y* : 1 — Cl, army", andif9: B—>Cisa morphism 
such that Gy = 6, then 0 induces maps #’ : B'+C!. Also if a cA. 

and a is the edge of B lying over it with source v, then a9 is the 

unique edge of C lying over a with source v0, so B?@= @'y?, and 

iG? }. -, is a natural transformation from B* to y*. After a little more 
checking we see that we have a functor Cov(A) > defined by 

Bro P*, O16; -/. 
_ Conversely, suppose we have a representation 0 : Ao given 

by i++ S', a 0%, where o7 : Si_,S) if acd... We define a covering 
O! S—A as follows. The vertex set of S is Ie St which we take 
to be the set of all pairs (1, v) with ve S'.. The edges of S from (i, v) 

to (Yj, w) are all pairs (a, v) where a cA, and o° maps v to w. 

O: S—A is defined by (7, v) 1, (a, v) ~ a, and the reader will 

eaSily verify that this is a covering morphism. If 7: A—>9d is another 
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representation and 6 : 0-7 is a natural transformation given by 

maps 6’ : §'T! we obtain a morphism 0 : S— T by mapping the 

vertex (i, v) to (i, v9") and the edge (a, v) (a cA; ) to the edge (a, v0"), 
This O defines a morphism 0 —7_ in Cov(A), and we now have a 

functor 04 — Cov(A) given by 0 oO, fOr G 1€l 

If we start with a representation o : A->9, pass to the covering 
O.. and then to the induced representation (o_)* = ao, say, we find 
that the sets S’ are replaced by the disjoint sets S’= {Gi,v)|veS"} 
and o is equivalent too. It is obvious that the functor 0 0 from 
S4 to 4 is naturally isomorphic to the identity functor. Similarly, 

if we start with a covering 8 : B—A and form the new covering 

(6*)x we find that the vertices of B are now provided with (super- 
fluous) labels indicating their images in A, and the edges of B are 

replaced by an indication of their images in A and their sources in 

B. It is again clear that the functor 6 — (6*) «is naturally iso- 

morphic to the identity functor on Cov(B). This proves the 

equivalence of the two Categories, and the reader will have no 

difficulty in proving the last part of the following: 

PROPOSITION 30. Let A be a graph, a category or a groupoid. 

Then the Categories $4 and Cov(A) are equivalent. Ifo : A> dis a 
representation with corresponding cover O° S—A, andif@?: BoA 

1S any morphism (in ), Cor ©) then the induced covering of B (the 

pull-back of 0.) corresponds to the representation Oc : B-9 of B. 

(Hence &“ and Cov(A), thought of as contravariant Functors of A, 
are naturally equivalent). & 

It is interesting to note that there is a prototype ‘‘Covering”’ 

which induces all coverings. Let 5 denote the Category of sets 

with base-point. Its objects are pairs (S, s), where S is a set and 

s¢€S. Its morphisms from (S, s) to (T, #) are pairs (9, s), where 0 is a 
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map from S to T such that s? = t. The forgetful functor F : $_.S is 
a covering of : it corresponds to the identity representation of S. 
If nowa: A>disa representation of A then the covering of A 
induced by F is (equivalent to) the covering a. defined above. 

Coverings of groupoids have most of the formal properties of 

coverings of topological spaces, and we now give some examples. 

We can usually reduce to the case of connected coverings, i.e. 

coverings in which both base groupoid and covering groupoid 

are connected and non-empty. These correspond to representations 

which are transitive in an obvious sense. 

PROPOSITION 31. Leta: A—>A bea covering map of groupoids. 
Then 

(1) Ker a is trivial, whence ais sroup-injective; 
(ii) each component of A covers a component of A (but several 

components of A may cover the same component of A); 
(111) if a is a connected covering then it 1S surjective; 

(iv) 1f a is connected and maps some vertex group of A 
surjectively to a vertex group of A then a is an isomorphism. 

Proof. (i) If x cA, is in Ker a then xa is an identity of A and 
must be equal to e.a, Since @ is star-injective this implies x = e.. 

Group-maps with trivial kernel are injections. 

(ii) Any groupoid-map a : A A sends each component C of A 
into a component C of A. Since each star of A or A is contained in 
a component, the induced map C—C is still star-bijective. 

(iii) If @ is connected then A is not empty, so at least one star 

of A is in the image of a. Since A is connected, it follows that all 

vertices of A are in Aa and hence all stars of A are in Aa. 
(iv) Let the vertex group Ayo be mapped surjectively (there- 

fore isomorphically) to the vertex group Aj, by a. Suppose that the 
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vertices i, j of A map to the same vertex k of A. Since A is con- 
nected there are edges kx: 0-1 andy: O0-—j in A. Their images 
x, y in A both lie in A,,, so z= xy} €Apo. By hypothesis, there is 

Ok’ 

a Z € Ano such that za = z. Consider the edge x! Zy:1—-jin A. 
Its image under a is x} zy =&,. By (i) it must be an identity of A, 
so we have 1=j. Thus a is vertex-injective and therefore injective 

(since it is star-injective). By (iii) a is also surjective, so it is an 

isomorphism. @ 

Note. If the covering a: AA is group-surjective (therefore group- 
bijective) then A consists of a number (possibly 0) of disjoint 

isomorphic copies of the various components of A. Such coverings 

are called trivial; they correspond to trivial representations of A in 

which all edges are represented by identity maps (one identity map 

for each component of A). Of course they also correspond to repre- 

sentations equivalent to such trivial ones i.e. to representations 

which map A into a unicursal subgroupoid of 5. 

PROPOSITION 32. If a: A—A is a covering map of groupoids then 

the fibres aa”! as a runs through a component of A all have the same 
cardinal. 

Proof. In the corresponding representation of A each aé A, is 

represented by an invertible map S. >S,, so the S. all have the same 

cardinal for 1 in a fixed component. These are the fibres over the 

vertices. The fibre over a cA. has exactly one element for each 

vertex over 1. @ 

If a is a connected covering and its fibres have finite cardinal 

n, we call a an n-fold covering. 



104 NOTES ON CATEGORIES AND GROUPOIDS 

PROPOSITION 33. Let AS3B3C be morphisms in D, C or G. It 
0 and @ are coverings, so 1s 6%. If d and 0¢ are coverings, so is 

0. If 0 and 0@ are coverings and 6 is surjective, then ¢ is a 

covering. 

Proof. This is an immediate consequence of the definition of 

coverings. @ 

Next we turn to ‘‘homotopy lifting properties’’ of covering 

maps of groupoids. The analogue for groupoids of the closed unit 

interval of homotopy theory is the simplicial groupoid Al (the 
absolute free groupoid on one generator). . 

We shall denote the vertices of At by 0, 1 and its edges by 
Co, €,, S; st where s: Q-—1. If Gis any groupoid there are two 
canonical embeddings Hy, Hy : G>G x A’ defined on vertices by 
1++(1, t) and on edges by §+>(¢, e,) (t= 0,1). These two maps are 

homotopic (naturally equivalent) under the natural transformation 

0: LU y—-, given by the edges S.= (e., s) of G x A! for i€1 = V(G); 
for if g EG, then so (s Ho)s; = (e., s+) (g, ey) (e,, S) = g4,. Conse- 
quently any groupoid-map 0: Gx A'_,A defines a homotopy 
a: 0,—9, where 0, — HOt = 0,1), and a is given by the edges 
sO of A. Conversely, if Oo: 0, : G—A are groupoid-maps, and 
a: 4,0, is a homotopy given by edges a: 10,10, of A, then 

there is a unique groupoid-map 0: G x A+_.A such that 0 = Lo 
(t = 0,1) and s,@ = a. (1 él). This can be checked directly, but the 

following argument is instructive. To simplify notation we shall 
denote a trivial groupoid by the same symbol as its vertex set, and 

in the case of a trivial group, by the same symbol as its vertex. 

G x A* then has subgroupoids G x 0, G x 1 which are the images of 
G under fy, /4;, and a subgroupoid / x A' which is unicursal. Now 
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G x 0 is a full subgroupoid and meets each component of I x A} in 
one vertex. By Theorem 6 (p.92) we therefore have 

GxAl-= (G x 0) x (I x A+). Now 6 : GA induces a map 
a5: G x O— A, and since I! x A+ is the absolute free groupoid 
generated by the edges S.= (1, s), any choice of edges a. in A gives 

a groupoid-map a*: I x Ai _.A with S.a* = a.. In our case a, has 
source 14, so 0¢ and a* agree on the vertices of G x 0 and there- 

fore induce a groupoid-map @: G x A' _. A with the required 
properties. (The fact that up, 9 = 0, follows from the equations 

£0, = at (g 9) a for g EG which assert that a: 6,0, isa 
homotopy). We are now justified in speaking of homotopies 

Gx At A. 

Note. For category-maps 9,,9, : CA, natural transformations 

0,9, are given by category-maps 0: C x {1}-+A where {1} is the 

absolute free category on one generator. Natural equivalences are 

given by maps 0: C x A} — A, and a modified version of the above 
argument can still be used in this case. 

We want to investigate the question when a groupoid-map 

0: GA can be lifted to a covering of A. Ifa: A>Aisa 

covering map, we say that @ can be Jifted to A if there is a 

groupoid-map 6: G—A with 6a = 0, and we then call Aa lifting of 0. 

PROPOSITION 34. (Unique homotopy lifting). Leta: A>A bea 
covering map of groupoids, let 6: G x A!—+A be a homotopy and let 
Uy : GG x A! be the canonical map with image Gx 0. If the map 
Oy) = Hg? : GA has a lifting 0, : GA, then 6 has a unique lifting 

6: Gx A! which makes the following diagram commutative 
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0 ~ 
G > A 

Ae a : 

y f y 
GxA —__» A 

Proof. First note that when G is the trivial group, this assertion 

is precisely the definition of a covering map, since mapping At into 
a groupoid is the same as choosing an edge. Similarly, if Gis a 

trivial groupoid, G x A? is the disjoint union of copies of A} and 
the assertion follows immediately. In the general case, let / = V(G) 

and apply these remarks to / x A’. We then obtain a unique 
groupoid-map dh -I x Al_.A which makes the diagram 

Foti 

Po 

Lo P a. 

’ \ f tai p 
commutative, where do: ® are restrictions of Oo; 0. But, as shown 
above, G x A is the free product of G x 0 and! x A’. If we think 
of 0, as a map from G x 0 to A, it agrees with d on the vertex set 
Ix 0 of G x 0; hence there is a unique groupoid-map 6:GxA >A 
which restricts to 6, and @ on Gx 0 and! x Al. It is easy to see 
that 0 has the required properties; its uniqueness follows from that 
of d. & 

To answer the general lifting problem for coverings we need a 

stronger result than this. Its proof runs along the same lines. 
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PROPOSITION 35. Leta: A>A bea covering of groupoids and 
let 0: GA be a groupoid-map. Let H be a retract of G (1.e. a full 

subgroupoid meeting each component of G), and let 6, be the 

restriction of @ to. If Oo lifts to 6, - HA then @ has a unique 
lifting 0: G—A which extends 9). 

Proof. By Theorem 6 (p.92), G =H * N, where WN is a unicursal 

subgroupoid of G, and H contains exactly one vertex of each com- 

ponent of N. Consider first the case when H is a trivial group. 

Then G = N is simplicial and H lies at some vertex 0 of G. Let i, 1 
be the images of 0 in A, A under the maps 0, 05. Now G is freely 
generated by the subgraph X whose edges are all the elements of the 
star Go, except e,) (see Theorem 1, Corollary 2,p.41). Each edge x of 

X is mapped by @ to an element of the star A., and this element lifts 

uniquely to an element x of A. . The graph-map X A given by 
x++¥ induces a unique groupoid-map 6 : G—A which is a lifting of 

0 and an extension of 0. Next, suppose that H is a trivial groupoid. 
Then G = WN is unicursal and the result follows by treating the 

(simplicial) components of G separately. In the general case, let 

T=HN. Then T is a trivial groupoid with one vertex in each 

component of N, i.e. a retract of ¥. We can therefore apply the 

special case above to obtain a unique groupoid-map @:N-— A which 
lifts the restriction ¢ : NA of @ and agrees with A. on T. The 
maps d / NA and 6, : HA now induce a groupoid map 
6:G=H»N-—A with the required properties. @ 

COROLLARY. Leta: A—-A bea covering of groupoids and let 
0: GA be a groupoid-map with G connected. Let 0 be a fixed 

vertex of G andi a fixed vertex of A. Then 6 lifts to a groupoid-map 

6: G— >A sending 0 to 1 1f and only if Gy 9CA,, a, and 1n this case 
6 1s unique. 
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Proof. ‘‘Only if’’ is obvious. If Go ICA. a then, Since ais 

group-injective (Proposition 31), there is a unique group-map 

64: Gy A sending 0 to 7 such that Re is the restriction of @ to 
Goo: But Goo is a full subgroupoid of the connected groupoid G, so 
6 extends uniquely to a lifting of 0. m 

It is worth noting an alternative proof of Proposition 35 (and 

hence of Proposition 34 which is a special case). First we may 

assume that G is connected; H is then also connected since it is a 

full subgroupoid. Let y: G—G be the covering of G induced by 
a: A+Aand 0: G—>A. Since y is a pull-back of a, there is a 
unique morphism W : HG which makes the diagram 

H 

Y g \ | 

G > A 

commutative, where » : H—G is the inclusion map. W maps H into 

Some component Gy of G, and Wy = p is group-surjective. Therefore, 
Since H is not empty, at least one vertex group of Gy maps Sur- 

jectively to a vertex group of G. By Proposition 31(iv), Yo is an 

isomorphism, and we obtain the required lifting of 6 by mapping G 

first to G, by Yo. and then to A by 0, (the pull-back of 0 by a). m 

We are now in a position to classify all connected coverings of 

a given connected groupoid. If H is a subgroup of the groupoid G, 

say HCG.., then a conjugate of H is a subgroup of the form x 7Hx 11 
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where x EG; for some j. A conjugacy class of subgroups of G is 

the set of all subgroups conjugate to some given subgroup. For 

example, the vertex groups of a connected groupoid form a conjugacy 

class. If a: A—A is a connected covering of groupoids then the 
vertex groups of A are mapped injectively into vertex groups of A. 
Since they are conjugate in A their images are conjugate in A. 
Further, if the vertex group H of A has image H in A and x 'Hx is 
any conjugate of H, then x has source in H and lifts uniquely to an 

edge x of A with source in H. Thus x /!Hx is the image of a vertex 
group x1 HE of A, and the image groups form a complete conjugacy 
class of subgroups of A. We denote this class by C(a), and we write 
Cla » < C(a,) if each member of C(a,) is contained in a member of 

C(a,). 

PROPOSITION 36. Let a,: A,-A and a, : A,—A be connected 
coverings. Then there 1s a (covering) morphism @: A, >A, such 

that a,= Ja, if and only if C(a,)< C(a,). Hence a,, a, are 

equivalent coverings 1f and only if C(a,) = C(a,). 

Proof. If @: A,—A, satisfies a, = a, then @ is a covering, by 

Proposition 33. If H, is a vertex group of A, then H,@ is contained 

in a vertex group H, of A, and H,a,C H,a,. Hence C(a,)< C(a,). 

If 0 is an isomorphism then clearly C(a,) = C(a,). Conversely, 

suppose that C(a,)< C(a,). Then any vertex group H, of A, 

satisfies H, a, CH,a, for some vertex group H, of A, and by 

Proposition 35, Corollary, the map a, : A, —A lifts uniquely to a 

groupoid-map 0: A,—A, sending H, into H,. If C(a,) = C(a,) then 

H,a, =H,a, tor some H, and there are unique morphisms 

6: A,—-A,, o: A,-A, such that Oa, =a,, da, =a, O maps H, to 

H, and @ maps H, to H,. Clearly 6 and ¢ are inverse 

isomorphisms. 
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THEOREM 7. Let A be a connected groupoid. Then the mapping 

a+» C(a) sets up a one-one correspondence between equivalence 

classes of connected coverings a: AA and conjugacy classes of 
subgroups of A. 

Proof. In view of the last proposition we need only construct, for 

each conjugacy class C of subgroups of A, a covering a with 

C(a) = C. This basic construction can be described most easily in 

terms of the corresponding representation of A. Let H be a fixed 

member of the given conjugacy class C lying at the vertex 0 of A. 

For any edge a in the star of 0 we define the (right) coset Ha of H 

to be the set of all edges ha (h¢€H). Distinct cosets are disjoint, 

and Ha = Hb <—>ap'! EH. If a €Ay. then Ha © Ag: 
for the set of distinct cosets contained in Aj. For any x cA, and 

and we write F 

any Ha C Ay. we have H(ax) C Ag; so x defines a map S;-S; by 

Hat>Hax. Clearly this gives us a representation of A on the 

disjoint sets S (i € V(A)), and we denote by a: A—A the corres- 

ponding covering of A. The fibre of a over the vertex 7 is the set 

S,; the fibre over the edge x € Ai consists of one edge from Ha € S. 

to Hbe S; whenever Hax = Hb. A is connected since for any two 

Ha, Hb we have Ha (a7!p) — Hb. Now A has one vertex corresponding 
to the coset H itself. The vertex group at this vertex contains one 

element lying over each x in A such that Hx =H i.e. x € H. Thus 

the image of this vertex group in A is precisely H, and it follows 

that C(a)=C. m 

We can also describe this covering groupoid Aof Aasa 

concrete groupoid. If H €« C as above and if Hax = Hb, then x 

induces a mapping Ha—Hb by the rule har-hax. These 

translations form a groupoid Tr(A : H) under composition of 

mappings, the objects of this groupoid being the cosets of H 
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themselves. If x and y induce the same map Ha-—>Hb then ax = ay, 

so x=y. It follows that the obvious map from A to Tr(A : H) is an 

isomorphism. Or, one can see directly that there is a groupoid-map 

y: Tr(A : H)—A which sends, each translation to the unique element 

of A inducing it. Since each x cA. induces a unique translation 

from Ha to some other coset, for each Ha C AL» it is clear that y is 

a covering morphism. That y is connected, with C(y) = C, follows 

as before. 

If we take C to be the class of trivial subgroups of A then the 

covering groupoid A has trivial vertex groups, So it is Simplicial. 
It has one vertex for each edge of a star in A. By Proposition 36 

this groupoid covers all connected covering groupoids of A and is 

called the universal covering groupoid of A. Example 4 at the 

beginning of this chapter describes the universal covering groupoid 

of a group. 

It should be noted that the construction of universal covering 

groupoids is not functorial since if 9: A—B is a groupoid-map there 

will usually be many maps 6: AB between their universal cover- 
ing groupoids which lie over 6. The induced maps of Proposition 36 

are unique only when one Specifies the image of one vertex. To 

rectify this situation one can work in the Category of connected 

groupoids with base-point (as in [6]). This seems a pity since one 

of the advantages of using groupoids in topology is that they often 

make base-points unnecessary. However, the only alternative seems 

to be a more complicated construction on the following lines. The 

universal covering of A corresponds to the regular representation of 

A by means of the sets S. = Ao, for some fixed vertex 0. It is the 

choice of 0 that makes the construction not canonical. If instead 

we take the canonical regular representation of A in which A acts 
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on its costars S = A, by right multiplication then we obtain a. 

covering groupoid A which is no longer connected but has a com- 

ponent isomorphic to the universal cover for each vertex of A. 

There is now a canonical map V(A)—> A, and A is universal (and 
functorial) in the Category of coverings with such a lifting of 
vertices. It is doubtful whether this procedure has any advantage 

over the use of groupoids with base-point. 

Our last theorem on coverings is the crucial result for 

applications to group theory. It enables us to lift, for example, a 

free decomposition A=x A of a groupoid to any covering groupoid. 
Although the statement looks categorical, its proof is not of the 

‘““general nonsense’’ type. This is one of the few occasions when 

we need the full force of the solution of the word problem for U,, 

and it would be interesting to know if there is any way of by- 
passing this use of it. 

THEOREM 8. Suppose thata: A—Aisa covering map of 

categories and that 

Y Y 
B u > A 

is a pull-back square in ©. If 9 is a universal morphism, then So 1s 
0. The sameis true for groupoids. 

Proof. We need only treat the case of categories since the terms 

covering, universal morphism and pull-back have the same meanings 

for groupoids as they do when the groupoids are considered as 

categories. 
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LEMMA. Leta: A->A bea covering of categories, and suppose 
that 4a =a=aj,a,...a_ (n >1)in A. Then there exist unique 

elements ay, a, oy AL of A such that a a =a. (r=1,2,...,n) and 
aA2a-2.4,....a. 

1° 2 n 

For n = 1 this is trivial. For n = 2 we observe that there is a 

unique 4, Covering a, whose source is the source of 4 and a unique 

a, covering a, whose source is the target of a). Then 4 and 4,4, 

have the same source and the same image under a, so they are 

equal. The lemma follows by induction. 

To prove the theorem we show that the elements of A are 
uniquely representable as 6-reduced words in elements of B via the 
map 6, where 0 = V(@). We represent B in standard form as a sub- 
category of B x A. Its edges are pairs (b, 4), where b € B, a € A 
and h@ =4a. The product (b,, a,) (b., a.) is defined in B if and only 
if both products b, b, and a, 4, are defined in B, A respectively. 

Let & be any non-identity element of A and let a = 4a. Then a 

is not an identity of A (Proposition 31(i)). Now @:B—Aisa 

universal morphism, so by Theorem 4 (p.73), we can write 

a= a, a)... a (n > 1) where a = b 0, the b are not identities of B, 

and the products 6 - b.,, are not defined in B. By the lemma we 

can write 4 =4, 4... , where 4.a=a_=b. @ and then the pairs 

b= (2, a.) are in B. They are not identities of B (since the b, are 

are not identities of B) and the products b. bay are not defined in 

B (since b. : b +4 is not defined in B). Since b 0 = a. a can be 
written as a o-reduced product 4 = (b, 0, 0)...(b_ 6). It remains to 
show that this factorisation is unique and that the identities of A 

have no such factorisation. 

Suppose that we have another such factorisation 

a= (b, Ob, 8) _ (b' 8) (m > 1) where b= (b, a) is a non-identity 
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of B and b- bias is not defined. Since 8 : B—B is a covering 
(Proposition 29) b. = b'B is not an identity of B. Since the products 
~ | 4-4 ,_, are defined in A, the products b’- 5 ,, are not defined in B. 

r rtl ro rtl 

Now A= 4,4)...4 , SO a= 4a = or or , wherea =a a=b 06. 
m 2 m r r r 

By Theorem 4 we must therefore have m=n and b. = b (r= 1,2...,n), 

since 0 is a universal morphism. It follows that a. = a_ and there- 

fore,by the lemma, that G =. This shows that be = b . Finally 

Suppose that (b, 9) (b, Q)... (b, 6) is an identity of A, where 
b. = (B , a) €B. Then b 6 = aa =a, Say, and A, 4+ a is an 
identity of A. If the first product is d6-reduced then, as above, the 

product (4, 9) (b, 0)... (b. 0) is o-reduced, and this is impossible by 

Theorem 4 since it represents an identity of A. & 

COROLLARY 1. Ifa: A—Aisa covering morphism of categories 
and A = * AN where the A’ are subcategories of A, then A = * Ay, 
where Ah - Akg}, The same 1s true for groupoids. 

Proof. Let B -L1 a. Then the map 6: B—A induced by the 
inclusion maps AN_,A iS a universal morphism. The induced cover 
B of B is clearly LI Ar where A* = Arg"! is the induced cover of 
AN so by the theorem the map LI AAA iS universal. Since every 
vertex of A is in some A” it follows that A = * Aw a 

COROLLARY 2. Leta: A—A bea covering morphism of 
categories. If A 1s the free category on a subgraph X, then A is the 

free category on X = Xa}. If A is the free groupoid on X then A is 
the free groupoid on x. 

Proof. Let Y be the absolute free graph on E(X), i.e. Y is the 

disjoint union of graphs e—>—e, one for each edge of X. Let B 

be the free category (groupoid) on Y and let 0: B—A be the 

morphism induced by the canonical graph-map Y—-X. Then @ is a 
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universal morphism in both cases. If Y, B are the induced covers of 
Y and B, then Y C B and 6: BA is a universal morphism. Since 
Y6 = X and X contains all vertices of A it is enough to show that B 
is the free category (groupoid) on Y. In other words we need only 
verify the corollary when X is an absolute free graph, and this 

0 x 1 

For groupoids the result is then obvious since A is a simplicial 

reduces immediately to the case when X is the graph 

groupoid of type Al, and any covering of A’ consists of disjoint 
copies of Al mapped isomorphically to A. For categories there are 
more possibilities since the covering need not be a co-covering. 

But it is clear that every edge of A not an identity must cover x, So 

X certainly generates A. Since X has no paths of length greater than 
1, it generates A freely as a category. 

Exercises 

1. Prove Corollary 2 above for groupoids by a direct argument 
E € E 

using the normal form x," Xp “oe. x" for the edges of a free groupoid. 

2. (Definition of fibrations). Prove that the following are equiva- 

lent for a groupoid-map 0: A—B : 

(i) 0 is star-surjective, 

(ii) 0 is a quotient map A— A/WN followed by a covering 

(iii) If 

H~x0 g > A 

y ' Y 
H —P>- x A B B 
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is a commutative square in Cc (with p the inclusion map) then 
there is at least one groupoid-map y : Hx A‘—.A such that 
vy =a and y0 = B. 

(iv) If 

ep
) 

D
B

 Y
 

ee
) 

is a commutative square in G, where H is a retract of G and UL 
the inclusion map, then there is at least one groupoid-map 

y : GA such that py = a and yO = B. 

3. Show that any groupoid map ¢ has a factorisation ¢ = P1 Po: 

where @, is an equivalence of groupoids and @, is a fibration (as 

defined in Exercise 2). 

4. Let A be a connected groupoid and construct a graph C as 

follows. The vertices of C are all subgroups of A. If H,K are sub- 

groups of A, the edges of C from H to K are all triples (H, X, K) 

where X is a left coset of K which contains a right coset of H. Show 

that the multiplication (H, X, K)(K, Y, L) = (H, XY, L) makes C a 

category, and show that this category is equivalent to the Category 

of connected coverings of A. (XY denotes the set of all products xy 

which are defined in A, with xeX, yeY). 
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Applications to group theory 

In this section we use the machinery of groupoids to prove the 

theorems on groups which are usually known by the names of 

Nielsen-Schreier, Kurosh and Grushko. For the first two of these 

we only have to piece together results which we have already 

proved. We refer the reader to [18], p.28, for the fact that the rank 

of a free group (i.e. the cardinal of a set of free generators) is ap 

invariant of the group. 

THEOREM 9. (Nielsen-Schreier). Any subgroup H of a free group 

Gis free. If G has finite rank r and H has finite index nin G then 

H has rank rn-n+1l. 

Proof. By Theorem 7 (p.110) there is a connected covering y: G=oG 

and a vertex group H, of G such that y maps H, isomorphically to H. 
For example we may take G= Tr(G:H). If X is a set of free 

generators for G, considered as a graph with one vertex, then 

X = Xy} generates G freely (Theorem 8, Corollary 2). Since G is 
connected, X is also connected, and it spans G. Hence, by Theorem 
1, there is a tree T C X which Spans G. Let Y = X\T be the graph 
obtained from X by deleting the edges of T. Then G= Ax N, where 
A and WN are the subgroupoids generated by Y and T, respectively, 

and Y, T generate A, W freely (cf. p.83, Exercise 3). Now N isa 

simplicial (normal) subgroupoid spanning G, so by Theorem 6, we 

117 
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also have a free decomposition G = H, « N,and there is a unique 
retraction p : G—H 9 With kernel NV. Moreover, this retraction 
induces a universal morphism A—H,, and since A is free on Y, Hy 

is freely generated by the image of Y (Proposition 20). This shows 

that H is free. (Alternatively, one can use Corollary 2 to Theorem 

6). If H has index n in G then G has n vertices and y is an n-fold 

covering. Hence if X has r edges, X has rn edges. But T has n-l 
edges (Proposition 11, Corollary), so Y has rn-(n-1) edges, and this 

number is therefore the rank of H. @ 

Note. This proof shows that the standard algebraic and topological 

proofs of the theorem are essentially the same. On the one hand it 

is just an algebraic model of the proof by covering spaces and 

fundamental groups. On the other hand, the choice of the tree TC X 
is equivalent to the choice of a Schreier transversal of H in G, and 

one can recover the standard form for the free generators of H by 

writing down the retraction p in terms of the edges of T. 

THEOREM 10. (Kurosh). Let G be a group and suppose that 

G = \ an G*. where the GA are subgroups. Then any subgroup H of 
€ 

G has a free decomposition H = Cs WMP with the following 
properties: 

(1) each HAE CD eA, p eM’) 1s of the form Hf) Xu GA xl, 
where, aS LL varies in us, xy, runs through a (suitably chosen) Set 
of representatives of the double cosets H x G*. 

(ii) F 1s a free group; if 1 = |A| is finite, and H has finite 

index n in G, then F has rank In -m-n+1, where mis the total 

number of double cosets H x Gs (A € A). 

Proof. Let y: G—>G and H, =H be as in the proof of Theorem 9. 

Then G = 26h, where GA = Gry}, For each A let GAH eM) be 
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the components of GA. Then GA - = * GAu and therefore G= * GAu 
LL A, be 

(Proposition 22). Now GAu being connected has a decomposition 
GAu _ KAM» SAH where KAE is an arbitrary vertex group of Gan 
and SAH is a simplicial groupoid spanning GAH Hence G = K * 9, 
where K = * KM is totally disconrected and S = \* ; SAH is free 

rR »b 
(since each shu is simplicial, therefore free). Now S spans G 
because SH Spans GAH and the GAH span G. Hence, as in the proof 
of Theorem 9, we can choose a maximal tree contained in a free 

generating graph of S and obtain a decomposition S = A « N where A 

is free and N is a simplicial groupoid spanning G. Again, there is a 
unique retraction p: G—H, with kernel NV, and since G = (K x A)#N, 
p induces a universal morphism from K * A = (x KM) * Ato Ho. 
Passing to H by y we now obtain, by Proposition 23(i), a decompos- 

ition H = (* HAL) * F, Here F is generated by Apy and is a free 
»L 

group, by Proposition 20. Since KAY is a group its image under py 
yA = KH py, 

It remains to show that this decomposition of H has the stated 

is already a group, so we have 

properties. The covering GA of GS corresponds to the representation 
of cs (by right multiplication) on the right cosets of H. The com- 
ponents of GA correspond to the orbits of this representation and are 
therefore in one-one correspondence with the distinct double cosets 

H x Gh. For simplicity we take H, to be the vertex group of G at 
the vertex corresponding to the coset H itself. Having chosen a 

vertex group K¥ from the component GAH of GA there is a unique 
edge ru of N with source in H, and target in KAE. and the image 
XY 0 of this edge under y lies in the corresponding double coset 

H x ok Also, since p is the retraction to H, with kernel NV we have 
KA - =k), KAH gs) so HAH = KM oy = x), (K My) But KM is 
the stabiliser in G”’ of the coset Hx) i.e. | My Gin x Hxy 
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and it follows that HM _ Xp) Gxy/, NH. This proves (i). 
In the finite case G* has a finite number m, of components and 

n vertices (n the index of H). Each shu is freely generated by a 
maximal tree in GA SO SA = x SAH is freely generated by a maximal 

L- 

circuit-free graph in GA. By Proposition 11, such a graph 
has n-m) edges. Hence S = *s" is freely generated by a graph with 

In-m edges, where / = |A|, and m = 2 m, is the total number of com- 

ponents of all the GA. It follows that A is freely generated by a 
graph with 1 n-m-(n-1) edges (since we have removed a tree with n-l 
edges) and F, being of the form U_(A), is a free group with this 

rank. 

For the proof of Grushko’s theorem we need some auxiliary 
results on quotients of free products. We say that the normal sub- 

groupoid W of the groupoid A is adapted to the free decomposition 

A= xA* (where AX c A) if the quotient groupoid B = A/N is the 
free product of the subgroupoids BA generated by the images of the 
AX. For example, this is the case, by Proposition 27, Corollary, if 
N is generated as normal subgroupoid by its intersections with the 

AN, For groups the converse of this statement is also true; for 
groupoids, unfortunately, it is not true, and we must examine the 

Situation more closely. 

All free products in the rest of this section are free products of 

subgroupoids. 

PROPOSITION 37. Let A=*A* and let M, N be normal subgroupoids 
of AwithM CN. Assume that M is adapted to the decomposition 

A= «AX and let B = «BY be the corresponding decomposition of 
B=A/M. Then.N is adapted to xA* if and only if N/M is adapted 
to «BA, 
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Proof. Let wp: A—A/M and v: A--A/N be the quotient maps. 

The induced map 7 : A/M-—A/N is a quotient map with kernel M/N. 

The subgroupoids of A/N generated by the Ban are the same as the 
subgroupoids generated by the ANY, and the result follows 
immediately. @ 

PROPOSITION 38. Let Nit <y be a family of normal subgroupoids 

of A, and let N be the normal subgroupoid generated by their union. 

If each N, 1s adapted to the decomposition A = x AN then so 1s N. 

Proof. This is another example of Proposition 18 (right limits 

commute with right limits). Write B. = A/N ., B =A/N, with quotient 

maps 7. : A—B. , 7: A+B. Then B is the right limit of the diagram 

with objects A, B. and morphisms Tr (i € 1). Each of A, B. is a free 

product indexed by A € A, so can be expressed as the right limit of 

an appropriate diagram (over the same graph D in each case). The 

| maps 7. respect the free decompositions, so give rise to maps of 
D-diagrams, and the rest is tedious checking. 

More directly, writing BM and BA for the groupoids generated by 
the images of Ah in B. and B, we have B. = * BM for all 1 and we 
wish to prove B = « BA. Since N CN, there is a unique morphism 
p. B. — B such that 7 Q. = 7; and 7 ., 7 induce morphisms 

such that nA gh = 7 for all 1, A. Suppose that ee . BA_.C are 
morphisms which agree on identities. Then the morphisms 
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a’ = gh ANC agree on identities and therefore induce a 
morphisms a: A-—»C. Also, for each 1 € I, the morphisms 

p* = gh gh B,C agree on identities and induce a morphism 
B, : B.—C. Now, for each A, the restriction of 7. B. to A’ is 
nw p* = 7 p* = a som, B.=a. In particular Ker a > Ker 7 =N_, 
and this for all 1 ¢ 7. Hence Ker a DWN and there is a unique 

morphism 6B : B-»C such that 78 = a. This B agrees with p* on 
AN oh and Ah 7A generates B. so the restriction of B to BA is B*. 
The uniqueness of 6 subject to this last condition is obvious since 

any such f must satisfy 78 = a. This proves that B= «BY a 

PROPOSITION 39. Let A= *A* and let N be a normal subgroupoid 
of A adapted to this decomposition. If each N Nl Ah 1s totally dis- 
connected then so 1s N. 

Proof. Every non-identity a of A is uniquely expressible as a 

reduced word a= a, a)... a, (n > 1, a. €A 2 A, f N44) a. not an 

identity ). We call n the length of a; identities have length zero. 

Suppose that W is not totally disconnected, and let a be an element 

of N joining distinct vertices and of minimal length subject to these 

conditions. If a = 4,4)... a, is its standard form and if b. = a, 

where 7 : A+B =A/N is the quotient map, then b, b,...b| is an 

identity of B. But B=* BY where B’ is generated by AN n, and 
b. cB (A.#A., 4). By Theorem 5(p.81) it follows, that some b. is an 
identity, ie. a. €N NA‘ forsome i. But NN A ‘is totally dis- 

connected, So this a. lies in a vertex group of NV. Hence the product 
a=4a,a a._14,4,--.4@, is defined in A, and the element a has 1aQ- 

length at most n-1. However, a has the same source and target as 

j-1 p47 
of B. This contradiction proves the proposition. 

a, anda €WN since az = b,b,... b bis still an identity 
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THEOREM 11. Let A = x AN and let N be a normal subgroupoid 
adapted to this decomposition. Then there 1s a untcursal normal 

subgroupoid N. C N which spans N and 1s also adapted to the 

decomposition. 

Proof. Let Jl be the set of all unicursal normal subgroupoids 

contained in N which are adapted to the decomposition. JU is not 
empty since it contains the trivial normal subgroupoid T of A. Note 

that a unicursal subgroupoid is normal if and only if it contains TI. 

If {Nt <7 iS a chain in Jl (ordered by inclusion) then U N. is 
1§ 1 i€él !' 

clearly unicursal, normal and contained in N. Since it is generated 

by the N which are all adapted to the decomposition, Proposition 

38 tells us that UN. is also adapted. Thus JI is inductively ordered 
by inclusion and contains a maximal member N,, by Zorn’s lemma. 

It remains to show that N) spans N, i.e. that N = N/N, is totally 
disconnected. Let A = 4/ Ny, with quotient map 7 : A-—A. Then 
A=* AN, where A’ is generated by ANn. By Proposition 37, N is 
adapted to this decomposition. Suppose that N is not totally dis- 
connected. Then, by Proposition 39, some AN NN is not totally dis- 
connected, so there is an xe AN N joining distinct vertices. The 
normal subgroupoid Xx generated by x consists of x, x’! and all the 
identities of A. It is clearly adapted to the decomposition A= A‘ 
(see Proposition 27, Corollary), and is contained in N. Now 
X= X/N, , where X = X77} is a normal subgroupoid of A contained 
in N. By Proposition 37, X is adapted to the decomposition 

A=«A. Also X is unicursal since X/N, and No are both 
unicursal. Thus X «Jl. But X/N, is not trivial, so X contains N, 
properly, and this contradiction proves the theorem. @ 

THEOREM 12. Let G, B be groups with free decompositions 

G=+G, B= «Br(V\€ A), andlety : GB be a group 
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homomorphism such that chy — B’ for all X € A. If H ts any 
subgroup of G such that HW = B, then H has a decomposition 

H = x H* such that HW = BY for all d. 

Proof. Let A = Tr(G:4) and let a: A—G be the standard covering 

morphism. Then A is connected and has a vertex group Hy = Ago 

which maps isomorphically to H under a. Consider the groupoid-map 

O=ay:A—B. If i,j are vertices of A then there exist edges 

XE Agi E Ay. Since H,@ = Hw = B (a group) we can find, for 

each b € B an element h € H, such that hO = (x0) b(y0)"}. Then 
a= xt hy E A, and af = b, so @ is piece-wise surjective. Since 6 
is obviously vertex-surjective it follows that it is a quotient map, 

by Proposition 25. Thus B = A/N, where N = Ker 0, and since B is 

a group, NV spans A. Also, by Theorem 8, Corollary 1, A = * AN 
where At Gra . Since A” 6 = Gy = BY N is adapted to this 
decomposition of A. Hence, by Theorem 11, there is a unicursal 

normal subgroupoid NV, spanning N which is also adapted to the 

decomposition. MN, spans A (since W does), so by Theorem 6 (p.92), 

A=H, * Ny, and there is a unique retraction p : A —H with kernel 

N,- Since p is a quotient map (Proposition 28) it follows that 

Hy =* H* where HA is generated by ANo, Hence H = x Hu, where 
H* = HA a. Finally, since Ker p = NV CN there is a unique morphism 
O* : H, > B such that p 6* = 6. Hence Hs = H’ 6 = H’ pO = H* 6+ 
(since p restricted to H, is the identity), and HG is therefore 
generated by (AX) gx — ANG - BY. But BA iS a group, SO Hw = BY 
aS required. @ 

COROLLARY. (Grushko’s Theorem). Let B be a group with a free 

decomposition B = * BY, and let F be a free group. If 6: F->B is 
a surjective group homomorphism, then F has a decomposition 

F =F such that FA ¢ - BY 
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Proof. Let X be a set of free generators for F, and let the image 

xf of each x € X be written in some fashion as x= b 1 by Ie be 

where r = r(x) > 1 and each by lies in some BY. This is certainly 
possible, and we take a fixed representation of this form for each x. 

We also fix, for each pair x,1 a A = A(x,1) such that by E BY. (This 
is necessary Since some of the bi may be identities and lie in 

several BY), Now let Y be a set whose members are distinct — 
symbols Vici for x € X andi = 1,2,...,r(x).. Then Y = ul y* where 
y* _ Vy; | ACx, 2) = dM. The free group G on the set Y has a free 
decomposition G = * G* where Gs is free on y*. The unique 
homomorphism W : G—»B defined by Veit? bi maps Gs into BA. 
Also, the unique homomorphism o : F -+G defined by 

KY Wy a Vay iS an injection, since the y, ; are all distinct 

free generators of G. For each x € X we have xow = b i by 9 Les 

b= xh, soow =. Hence the subgroup H = Fo of G satisfies 

Hu =FgG=B. By the theorem H = * Hy where Hw = BA, and it 
follows that F = x F*, Fé = BY, where F* = Ho"). 

Problem. Can one strengthen the conclusion of Theorem 12 so that 

in the special case when B is trivial it reduces to the Kurosh 

subgroup theorem? A suitable conjecture would be that under the 

hypotheses of Theorem 12, H has a free decomposition H = * Hy 
such that (i) Hd = BA and (ii) each HA has a decomposition 
H* = (x HM» x FA where F’ is free, HM oHN XY y GAxy 71, and for 

[lL 

fixed A the x) 1 are a set of representatives of the double cosets 

HxG". This conjecture is true when H has finite index in G, as one 

can show by the following line of argument. The covering A of G in 

the proof of Theorem 12 is mapped to H, by a retraction p whose 

kernel NV, is adapted to the decomposition A = * AY. Suppose that A 
has a finite number n > 2 of vertices (n is the index of H in G). By 
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Proposition 39, N, contains an edge x of some AA joining distinct 
vertices. We may retract A to a full subgroupoid A, with n-1 

vertices using as kernel the normal subgroupoid X generated by x. 

By Proposition 27, Corollary, A, = * AN where At |; is generated by 
the image of A’. Also, if x -A then the induced map AP, At is 
universal if u # A and a retraction if h=A. Now N o/X is adapted to 

this decomposition, so we can do the same trick again. Thus we 

obtain successive retractions A = A)—A,—...—> A. = with 

A. = . A’ and induced maps AA + AN either universal or 
r retractions. The composite of these maps is p, so An , is the H, 

of the theorem. Now let KAL be chosen as in the Kurosh theorem, 
i.e. one vertex group from each component of each AN. Then by 
induction one can prove that any subgroupoid ps of A’ consisting of 
one vertex group from each component has the form (* KM) * F \ 

where ra is free,and K¥ is a suitable conjugate in A of KM. This 
is true when 1 = 0 since all vertex groups of a component of A are 
conjugate in AN. The hypothesis clearly carries over from Ay to 
AN if the induced map AM, Ad is a retraction since AN is then 
a full subgroupoid of As meeting each component. Suppose on the 
other hand that the map aN ad is universal and assume that p* 
(a totally disconnected retract of Aa ) has the stated form. Then 
An . ps * P where P is free. The map AMAA, being induced by 
a retraction A. Asp sends any subgroup of A’ to a conjugate 

subgroup. Since the map is universal it preserves all free 

decompositions; hence AN = p* * QO, where p* is a free product of 
a set of conjugates of the K”” and a free group, while Q is a free 

groupoid (of the form U_(P)). It follows that Q spans An and is of 
the form Q = R * S where R is a totally disconnected free groupoid 

and S is unicursal spanning An. Now take any subgroupoid Dr, 
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of An +1 consisting of one vertex group from each component. Then 
there is a unique retraction AN DA, with kernel S. Since 
AN = D* * O = (D" * R) * S, the induced map (Ds * R)— Ds, , is 
universal (Theorem 6). Again it sends subgroups to conjugates of 

themselves, and we deduce that Di, has the required form. This 
completes the induction, and it follows that Hy = * HY where 
HA =A. , = C HAH of FA where FA is free and Hav is some 
conjugate in A of KAE- The corresponding decomposition of H then 
has all the stated properties. 

A similar inductive proof for the general case would require a 

limit argument, and this seems rather elusive. 

Note added 1n proof. Some results related to this problem have 

been proved recently by E. T. Ordman [26], [27]. 

Exercises 

1. Prove that any subgroupoid of a free groupoid is free. 

2. Let A= +x A’ and B = x BA be groupoids and let 0: A—B bea 
morphism such that A*@ c BY. Prove that Ker 0 is adapted to the 
decomposition A = * A’. 

3. Prove that if a totally disconnected normal subgroupoid NW of A 

is adapted to a decomposition A = x A* then NV is generated as 
normal subgroupoid by all the NV fl AN. 

4. LetA =x AN let 06: A-—-B be a universal morphism of 
groupoids, and let B = x BA be the corresponding decomposition of 
B. Prove that if M is a normal subgroupoid of A, and N is the 

normal subgroupoid of B generated by M6, then M is adapted to nA 
if and only if V is adapted to «BY. 





CHAPTER 15 

Coverings of right limits 

Let A be a diagram in C consisting of categories ANA € A) and 
morphisms $° (o € &). Let A = lim A with canonical morphisms 

a: AX_.A. If y : AA is a covering morphism then we obtain, 
via the maps a’, induced coverings yr . A_, A’ and maps 
a’: AMA. For any f° : A*_, A such that d° a” = a there is a 
unique f° : A‘ _, A" such that b° ar = a and hb? y" = Vg". We 
therefore obtain a diagram A and a diagram-map from A to the trivial 
diagram I'(A). We aim to prove 

THEOREM 13. Ify: A—=Aisa covering of categories and 

A= lim A in C. then A = lim A, where A is the diagram of induced 

covers. The same is true in G. 

Note. The forgetful functor F : CNG has a right adjoint, namely, 

the functor which assigns to each category its groupoid of invertible 

elements. Hence F preserves right limits, by Proposition 15. We 

already know that F preserves left limits, in particular pull-backs, 

and F also sends coverings to coverings. Hence we need only 

prove Theorem 13 for categories. 

There is another convenient formulation of this result. If Z is 

any object of a Category K, we can form the Category K , of 
K-objects and morphisms over Z as follows. The objects of K, are 
K-morphisms 8: BZ, for arbitrary B in K, and if B: BZ is 

129 
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another such then the K ,-morphisms from B to B are commutative 
triangles 

Z 

in K. A D-diagram in K is essentially the same thing as a 
D-diagram A in K together with a diagram-map from A to the trivial 
diagram I'(Z). If K is right complete then lim A exists in K, and the 
induced map lim A-—Z is clearly the right limit of the corresponding 

diagram in K,. Thus K, is also right complete. 
Now let €: YZ be a fixed K-morphism.and suppose that K 

admits pull-backs. Then for each object 6B : B— Z of K, we have a 

pull-back square 

P (B) 
P r (B) > Y 

wD
 ~

 y 
> Z 

p 

which gives us an object Py (8) of Ky. Any K, -morphism lifts 
uniquely to a K -morphism, and we obtain a pull-back functor 
P, K, Ky. It is an easy exercise to show that Theorem 13 is 
equivalent to the following: 

THEOREM 13°. If ¢: Z—Zisa covering morphism in C then the 
pull-back functor P, C, Cz preserves right limits. 
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Now a functor F : K—£, where K is right complete, preserves 
right limits if and only if it preserves coproducts and difference 

cokernels. This is clear from the proof of Proposition 16 (or rather 

the dual of this proof) since all the constructions involved are 

preserved by such a functor. Hence we need only prove that P, in 

Theorem 13’ preserves coproducts and difference cokernels, and this 

is again equivalent to proving Theorem 13 in these special cases. 

For coproducts the result is trivial since any cover of a disjoint 

union of categories AN is the disjoint union of the induced covers of 
the A’. Theorem 13 is therefore reduced to the following: 

PROPOSITION 40. In the diagram of categories 

ss, 

oN _
 |
 

=
_
 

Y 
>» A 

let 6 be the difference cokernel of ¢ and Ww, with 60 = Wé = «, and 

let a be a covering morphism. Let (6, 8) be the pull-back of (a, 6) 
and let (€, y) be the pull-back of (a,¢). Finally, let d, " be the 

unique morphisms satisfying $6 = Ud = é, dB = y¢@ and us B =yw. 
Then 8 is the difference cokernel of d and w. 

Proof. First suppose that V(d) = V(W):K-—I. We recall from Ch. 9 

the following facts which characterise 0 in this case: (i) V(A) =I 

and 0 is an /-morphism (that is V(6) = 1); Gi) O is surjective; 

(iii) for x, y € B, xO = yd if and only if x = y, where = is the 
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equivalence relation on the edges of B generated by all pairs of the 

form (b,(cd)by, 5 (c)b,), where c € C and b,, 6, €B. If V(A) =1, 

then V(B) can be identified with J, and with this identification 

6 is an I-morphism. Clearly 5 is surjective, so it remains to prove 
the analogue of (iii) for 5. We write x ~ y if x and y are of the form 
b,(cp)b, and b,(cW)b, respectively, and we also use the symbols 

~ and = for the corresponding relations in B defined in terms of d 

and ws. Since bd = a) by construction, x ~ y implies x6 = yo. Hence 
x = y implies %5 = 70. Conversely, suppose that x, y € B and 
%5 = 7d = a say. Then, taking BCBxAandCCCxAas usual, 
we have x = (x, a), y = (y, a), where xd = yd = 4a = a, say. By (iii) 

above, there exist edges x = xp, x),..., x, =y in B such that for 

1=1,2,...,n, either X,~ KO xX, ~ X.. Since x.0 = a= 4a for all 

1, there are corresponding edges X= (x., a) in B, and we need only 

show that x. ~ K., Or ky ~ x. Thus it suffices to assume that 

x ~ y and deduce that x ~ y. Suppose that x = b,(cp)b, and 

y = b,(cwW)b,, and let 6,6 = a,, b,0 = ay, cd = cf = a) Then 

a,a)a, = x0 = yO=a. Since a is a covering, this factorisation of a 

lifts (uniquely) to a factorisation 4 = ay Gy 4, with a a= a. for 

1 = 0,1,2 (see the lemma on p.113). This gives us elements 

~ (b,, a,), by = (b,, a.) in B and é =(c, Ay) in C such that 
b)b, = kX and b, (ebh)b > =y- Hence x~¥ as required. 
In the general case, let g = V(6) and write By =U (8), with 

2
 

G
2

 

Q
t 

1 

16 

Canonical map € : BB. Then we have a diagram 

w
ry

, 

aN
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with Q, = b€, Wo = WE and £6, = 0. The pull-back functor P, gives 

a corresponding diagram 

O
n

 

S
Y

?
 

e
e

 

which covers the first diagram in the sense that the coverings a,B,y 

and the induced covering By : BB, form a morphism of diagrams. 
Now 0, is vertex-bijective and is the difference cokernel of @, and 

Uo. By the special case already dealt with, it follows that by is the 
difference cokernel of do and Vo: It is easy to check also that 

p> og 

Y é Y 

B - B 

is a pull-back square. Since € is a universal morphism, it follows 

from Theorem 8(p.112) that é is a universal morphism. Finally, since 
V(é) = V(6) is the difference cokernel (in d) of V(d) and Vw), an 
easy argument shows that VA = V(d) is the difference cokernel of 
V(d) and Vw). These facts imply that © is the difference cokernel 
of d and we. For if dO = we then V(@) factorises through vA, SO 
6-€6, uniquely. 9, satisfies $,0, = J, 9,, so 0, = 5,9, 
uniquely. Hence 0 = 66, and @, is clearly unique with respect to 

this property. This proves the proposition and hence Theorems 13 

and 13’. g 
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Example 1. Free products can be expressed as right limits, so 

Theorem 13 includes Corollary 1 of Theorem 8. More generally, call 

the category (or groupoid) A the generalised free product of sub- 

categories (subgroupoids) As if, for arbitrary morphisms oh A. _,B 
such that 6” and 6” agree on AM _ A. 1 AF for all A, p, there is a 
unique morphism 0 : A—B whose restriction to An is OW for all A. 
This is equivalent to saying that A is the right limit of the diagram 

with objects all A* AM and morphisms all the inclusions AMH_,A , 
AS H.AK Wewrite A=% AS in this situation. Ifa: A>A isa 
covering then the induced covers AN of AN and Anu of AN are all 
subcategories (subgroupoids) of A with Ahe = AN N Ab and Theorem 
13 implies that A = # A. (Generalised free products are also called 
free products with amalgamations, but there is some ambiguity since 

the latter term is also used to describe arbitrary right limits A of 

diagrams consisting of categories (or groupoids) AN ANH and 
injective morphisms Ahu_, Ar ANE_, AP. In this situation the A’ 
are not necessarily embedded in A. 

Example 2. Presentations of categories and groupoids are 

examples of right limits, so presentations can be lifted to coverings. 

A little care is needed in formulating the result correctly since the 

construction is different in the two cases. First suppose that 

A = cat(X; R). Then we have a diagram F e(R) = P(X) A, where 
6 is the difference cokernel of d and Ww. If a:A —A is both a 

covering and a co-covering then the induced cover of F @(R) is again 

an absolute free category, while the induced cover of P(X) is P(X) 

(X the induced cover of X). Thus we obtain a presentation 
A = cat(X: R), where R consists of pairs (7, r) of edges of P(X) 
which, in the standard model for induced covers, are of the form 

fr, =(r,, 4), fr, = (r., &) with (r,, r,) € R and 4a = r,0= r,0- Ifaisa 
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covering but not a co-covering the induced cover of Fe(R) may 

contain isolated identities and one must introduce extra relations 

corresponding to these. For groupoids all coverings are co- 

coverings, so this last complication disappears and from a covering 

Qa: A—A = gpd(X ; R) we get a presentation A= gpd (X: R), where 
R consists of all pairs (71, 7,) of edges of 7(X) of the form 
ft, =(r,, 4), ft, = (r,, a) with (r4; ry) € R and 4a = r,0 = r,0. 

Example 3. Normal presentations of groupoids. If in a presentation 

A = Gpd(X; R) a relation r= (ry, ro) € R is such that fy) Tt, have the 

Same source, then we can replace r by the relation (s, e) where © 

S =r, "Ty and e is the identity at the target of, say, r,- A similar 
replacement can be made if r, and r, have the same target. If all 

relations are of this type then we obtain a normal presentation of A 

which we write as A = gpd(X; S=1). Here S denotes a subgraph of 

m(X), and for each s € S with source 7 and target j, we are imposing 

one of the relations (s, e.) or (s, e.) (or both, it makes no difference). 

It is clear that in this case the map 6: 7(X)—A is a quotient map — 

whose kernel is the normal subgroupoid of 7(X) generated by S. 

Applying the result of Example 2 to this case we obtain: | 

PROPOSITION 41. Let A= Gpd(X;S = 1) and leta: A—A bea 
covering morphism in G. Then A = Gpd(X; § = 1), where X and § 
are the induced covers of X and S. @ 

If we now repeat the arguments of Ch.14 using this proposition 

we obtain a form of Reidemeister-Schreier theorem, which provides a 

presentation of a subgroup H of a group G when a presentation of G 

is known. One can also use Theorem 6, Corollary 2(p.94). For con- 

venience, when X is a graph and S C 7X), we write gp(X; S = 1) to 

mean the universal group of gpd(X;S =1). (The universal group of 
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a groupoid A is U_(A), where o maps V(A) to a one-element set). In 

other words, the relations imposed in gp(X; S = 1) say not only that 

all s € S map to identities but that all identities map to the same 

identity. With this notation we have: 

THEOREM 14. Let G = Gp(X; S = 1), where X is a graph with one 

vertex, and let H bea subgroup of G. Let y: G = Tr(G:H) > G be the 
standard covering, and let xX, S be the induced covers of X,S. Then 
H = gp(X; § U T*= 1), where T* is obtained from a maximal tree T 
in G by writing its edges as words in X. The canonical map X —>H 
1s constructed as follows: for each vertex i of G there is a unique 
element t. of G such that the translation H— Ht. induced by it has 

target 1 and lies in the groupoid generated by T; if X € x and 

ky = x then X+>t. x t eH. 

Proof. An exercise. @ 

The same type of argument can be used to prove subgroup 
theorems for right limits of groups, but one cannot expect such 

precise information as in the case of free products. We will indicate 

the procedures which may give useful information in special cases. 

First suppose that we have a diagram in g with objects AN (and 
unspecified morphisms between them). If A = lim A* is connected 
then any vertex group H of A is isomorphic with A/N, where N is a 

Simplicial groupoid spanning A. Let AS have components ANE. 
Then A = lim AAe where the morphisms are now those induced on 
components by the original ones. If ost AAH_, A are the canonical 
maps then X = U ANH hu spans A, so we can choose a tree contained 
in X and spanning A. Now take N to be the groupoid generated by 

this tree and write nau = N(a4y-2. The ny are normal sub- 
groupoids of the AXH and their images in A generate W as normal 
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subgroupoid. Also the morphisms of the diagram {AH} induce 
morphisms between the vie. Hence, by yet another application of 
Proposition 18, we have H =A/N = lim ANE yA. 

| Suppose now that G = lim Gs is a right limit of groups, and let 
H be any subgroup of G. Taking A = Tr(G: H) we have A = lim AN 
where A’ is the induced cover of G* Hence we obtain as above a 
description of H (which is effectively a vertex group of A) as a right 

limit H = lim (AAE/ VAP) of groupoids. Writing U(C) for the universal 
group of a groupoid C, we obtain H as a right limit of groups: 

H = lim U(ASE/ NAB), Now if Gs denotes the image of Gh in G, and 
A‘ its induced cover, then the map AN_, AA is surjective and vertex 
bijective, So it is a quotient map. Passing to components we have 

quotient maps AMH_, AAP C A, and Ahty/ yA = AnH yA where 
NAL = NN AN is unicursal. Thus AME yA iS isomorphic with a 
retract of ANE so is the free product of a vertex group of ANY and a 
free groupoid. The vertex groups of ANE are isomorphic. with groups 
of the form Hf x Gs xl so we have finally H = lim BAL where each 
ph€ — u(A*#/N) has the form (HN xG4 x!) x FAY with FA“ a free 
group. The Bu will not generally be embedded in H, but their free 
factors H N xG* x"! will be embedded in H since A> A/N maps 
vertex groups injectively. 

The case of generalised free products gives most of the above 

information since if A = lim AA then A= A , where A* is generated 
by the image of As in A. Suppose that the group G is a generalised 
free product G = * Gs and that H is a subgroup of G. Taking 
A = Tr(G:H) and Ah the induced cover of Gs we have A = * Ah 
(see Example 1 above). It follows that A = * Au where the ANE 
are the components of the An, If T is a maximal tree in U Ahe and 
N the subgroupoid generated by TJ, then a slight modification of the 

above argument gives H = * He where HAY is the subgroup of H 
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generated by the image of AM under the quotient map A—4H with 
kernel N. Writing NAM NA AM and Bie = y( Ay) we see 
that Bh is of the form (H N x G* xh) o FAL with FAL free, and HAY 
is a homomorphic image of BAH, There is a mistake (found by 
B. Baumslag) in [16], p.19 at this point, and the result stated at the 

bottom of that page is false. The mistake lies in assuming that (in 

the present notation) the map ANH AH _, HAH iS universal, i.e. that 
HAY = BAe. The following example (due to B.H. Neumann) shows 
that this is not so. Let G = gp(x, y, z; xlyx = yt, yizy = zh 
zhxz =x!) ThenGaX#Y# Z, where X,Y,Z are generated by 
ty, z}, tz,x}, {x,y} respectively. Also, G has a subgroup H of order 2, 

generated by the element xyz. The groups X,Y, Z are torsion-free, 

so H meets their conjugates trivially, and the groups Bau are there- 
fore free (possibly trivial). But H is generated by their images, so 

they cannot all be embedded in H. The argument does, however, 

Show that H =* HAH where each HAH contains some H f 1 Gh Xy 
and as in the Kurosh theorem the XY», (for fixed A) are a set of 

representatives of the double cosets H x ch. In special cases one 
can say more. For example, suppose that G = Gl ¥ G*, with 
Gin G? = G°, and let H be a subgroup of G such that HN xG°xt=1 
for all x € G. Then the induced cover A® of G° in A = Tr(G:H) is 
unicursal and is the intersection of the induced covers Al A’ of 
ql G*. We therefore have A! = A° x Cc! (i = 1,2), where C’ is a 
suitable retract of A’, and clearly A = A° x C! * C7. We may now 
choose a maximal circuit-free graph in A° and extend it to a maximal 
circuit-free subgraph T of A°UC!UC?. Then T is a tree Spanning 
A, and H = A/N, where N is generated by T. Since we are dealing 

with a free product, and since N > A°, we can apply Proposition 27, 
Corollary, to obtain H = H} x H?, where H? = U(C!/NNC!) = 
U(A'/NN A’). The full conclusion of the Kurosh theorem now 
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follows: H is the free product of groups Hi H*" where 
Hi¥ = (HN x, Gi xl)» FI!" (See Ordman [26], [27] for further 
information on subgroups of generalised free products.) 

Exercises 

1. <A category-map 0: A—B has the unique factor-lifting property 

(u.f.1.p.) if whenever a € A and af = b,b,...b, in B, there are unique 

edges a,,a,,...,a, in A such that a = Ajay... and a. = b. 

(i = 1,2,...,n).. Show that such a map has trivial kernel but need not . 

be piece-wise injective. Show that a groupoid-map has u.f.l.p. if 

and only if it is a covering. 

2. Prove the following extension of Theorem 13 : if C: ZZ in€ 
has u.f.l.p. (see Exercise 1) then the pull-back functor P, CoC; 
preserves right limits. (Prove the analogue of Theorem 8 first). 





CHAPTER 16 

Homology of groups and groupoids 

In this section we shall describe an approach to the homology 

theory of groups which has a more geometric flavour than the usual 

algebraic method. The basic idea is to use the simplicial groupoids 

A" in place of geometric simplexes and to imitate the singular sim- 

plicial homology theory of topological spaces as closely as possible. 

The method gives a homology theory for groupoids as well as for 

groups, and can easily be modified to apply to categories and mon- 

oids. The homology of a connected groupoid is the same as the 

homology of a vertex group, and for a general groupoid it is the direct 
sum of the homologies of the components. Thus nothing essentially 

new emerges; but the fact that all groupoid-maps induce maps of 

homology groups gives one some useful extra freedom. 

We first recall some basic definitions of homological algebra. 

A complex is a family A = 1Antn -z of Abelian groups together with 

homomorphisms 0: A_—A_, such thatd 0, =O foralln. The 
n n ne n ne 

homology groups of this complex are defined as H_(A) = Z_/B_, 

where Z_=Kerd_ is the group of n-cycles and B_ =Imd_,, is the 
nN n . n n 

group of n-boundaries. A is a positive complex if A_ = 0 forn <0 

and is a negative complex if A. = 0 forn>O. In the latter case one 

often writes A" for A__, 0" : ATM = AP"? fox OZ for Z_, BY for | 
B and H"(A) for Hs (A). A morphism of complexes 0: A—>A’ is a 

family of homomorphisms 6. : A_—+A_ such that 0 0 =0 6 , for 
n n n non nm n- 

all n. (One writes 00 = 06 for brevity). Such a morphism maps Zz. 
141 
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into Z B into B_ and so induces a homomorphism 

H (9) : H(A) >H, (A), making H_ a functor from the Category of 

complexes to the Category of Abelian groups. If 0, dé: A—A are 

two morphisms of complexes then a homotopy from @ to ¢ is a family 

h = 4, of homomorphisms h, : A_—A_,, such that 
h. O44 +0 h,_,=9, - @, for all n (abbreviated hd’ + 0h =6- 9). 
If such a homotopy exists then C. -P, maps Zs into B for all n, 
and it follows that 0 and ¢ induce the same maps in homology, i.e. 

H (9) = A (Dd) : H (A) H(A’) for all n. Note also that if 
h_: AL A, are arbitrary homomorphisms then o = ho'+dhisa 
morphisms of complexes and we get a homotopy from @ to @-a for 

any morphism 0 : AA. 

To construct homology groups for a groupoid we start by taking 

a Standard model for the simplicial groupoid A”. Its vertices are 
are the integers 0, 1, 2,...,n and its edges are all pairs (i,j), where 

i,j € 10,1,...,n}. In particular A° is a trivial group, and we take Av! 
to be the empty groupoid. There are obvious face-maps 

Py: An! _, A" (O0<k<n), where ¢, is defined to be the unique 
groupoid-map which sends the vertices of A”~! in order to the 
vertices of A” other than k. (Thus 1+>1if1<k, and 1— 141 if 
1 > k). 

One has the usual relations between these maps: 

+1 +], P,P; = 1-1 Px if 0<k<l<n+1. 

Now let G be any groupoid and define a (singular) n-simplex in 

G to be a groupoid-map A” >G. If we denote the set of such | 
n-simplexes by 2 (4), then the face-maps ¢7 : An-!_, A" induce 
maps yi 2X (G2 _(@ satisfying 

Te ys = yk yt if 0< k< le n+l. 
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The Abelian groups C (G) and C"(G) of n-chains and n-cochains in 
G are defined by 

c - lz ec. llz, 
n TED TED 

n n 

where Z is the additive group of the integers and Ul ; TT denote 
coproduct (direct sum) and product (Cartesian product) in the 

Category of Abelian groups. Thus an n-chain can be thought of as a 

finite collection of n-simplexes, each with an integer multiplicity 

(passibly negative), and an n-cochain as a map from x to Z. The 

face-maps We 2 dy induce additive maps on :C_—C__, and 
oi cnr-!_.C®" satisfying 

(1) of, ak =ok ntloén neon and aor = OF ont if O<k<l<nrl. I-1 ~k 

n 

If we now define the boundary maps 0, = 2 (-1)* a : CC, 
n 

and the coboundary maps &° = > (-1* OF - C2-1_,C" then the 
k=0 

n 
relations (1) imply 0. +1 0, = 9, gr antl _g (n > 0), and we obtain 
two complexes 

0, 01 .3C BC 1 3...C, FC, 0 
n n-1l 

1 n 
0.0C°8cl_,.. .crt ice... 

called the chain complex and cochain complex of G. The homology 

groups H_(G) and H"(G) of these complexes (n > 0) are called the 

homology and cohomology groups of G (with integer coefficients). 

The groups Z_ = Ker d_, Z" = Ker 67" are the groups of n-cycles 
and n-cocycles in G; the groups B_ = Im 0_,,, B” = Im 6" are the 

groups of n-boundaries and n-coboundaries. (If one extends these 

complexes by including C_,, C-! and the maps Jo: 5°, one obtains 
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the augmented chain and cochain complexes which give rise to the 
reduced homology and cohomology groups. We shall not discuss 

these further. Note that for the unaugmented complexes we have 

H)(G) = C,/B,, HG) = 2°). 
Any groupoid-map @ : XY induces maps = (9) : 2X (x) 2 (¥) 

which are compatible with the face-maps yr : 2% 2 ,. These in 

turn induce additive maps C(O) : C (X)-C_(Y) and 

C"(@) : C"(Y) > C"(X) which form morphisms of complexes. Hence 

0 induces maps H_ (O) : H (X) > H, (Y) and H"(6) : H"(Y)—> A" (X). 

One easily verifies that x is a covariant functor from J to S, C 

and H_ are covariant functors from © to @, and C", H" are 

contravariant functors from J to @ (@ the Category of Abelian 
groups). | 

We shall now show that H_ and H” are homotopy invariants of 

groupoids, i.e. if 0, 0, : XY are homotopic groupoid-maps, then 

H_ (95) = H_(@,) and H"(6) = H"(6,) for alln >0. To see this, we 

recall from Ch. 13 that any homotopy (natural transformation) a, 9, 

induces a groupoid-map 7 : X x A!-.Y such that Hy T= 9, by 7 = 9, 
where fy, fy: XX x A} are the canonical embeddings. It is 
therefore enough to show that [ty and #., induce the same maps in 
homology and in cohomology. We do this by constructing homotopies 

between the corresponding maps of chain and cochain complexes. 

Any n-simplex A’ —X induces canonically an ‘‘n-prism’’ 

A? x Al_, Xx A! , so we have a canonical map 
€: » (X)— P(X x A, where P (G) denotes the set of n-prisms in 
G (i:e. groupoid-maps A’ x At _,G). By analogy with a geometric 
n-prism (which is an (n+1)-dimensional solid) we can ‘‘sub-divide’’ 

the prism A” x A? into (n+1)-simplexes Or -AMTT any Al (O<k<n), 
where on is the unique groupoid-map which sends the vertices 

0,1,...,n+1 of A”*! to the vertices 



HOMOLOGY OF GROUPS AND GROUPOIDS 145 

(0,0), (1,0), ..., (k,0), (k, D), (k+1,D, ..., (n, 1), respectively, of A? x A}, 
(This map is unique because A” x A! is again a simplicial groupoid). 
If we denote by gr the ‘‘face-map” A?! x At A” x Ae induced by 
the standard face-map o, - A®-1_, A" then the simplexes g, Satisfy 
the following relations: 

on} gn if O<1<k<n, 
pret on = 

“1 Gr if O<k<l-1<n, m
h n 

1-1 

+] +] . 
(2) gett on = ght on | if 1<k<n, 

1 3 
ntl +1 
0% = MO? Putin = 

where ), Vv, are the two “‘ends”’ of the prism, i.e. the canonical 

embeddings A” — A” x A‘. Formally, these relations imply 

3) ACL! oF ") CECDE of) + BCD of) CUCL! 6") = ¥9 = ¥y. 

For any groupoid G, the maps a; : An*t_.An y Al induce maps 
from Pe (G) to ae (G). Taking G =X x A} and composing with the 
canonical map «: 2(X)—P_ (X x A}) we therefore obtain correspond- 
ing maps a & (XI 44 (X x Al). These in turn induce maps 
px C (ADOC, x x Al. The face-maps gre similarly induce 
the standard face-maps Oa C44(X x At) C(x x At) and the 
maps gr of prisms induce a C(X)—C_ (X). The relations (2) 
therefore imply corresponding relations involving the p’s and O’s 

(with order of factors reversed) and the formal relations (3) imply 

genuine relations 

_ , (0) 1 Pr Ontt + Fn Pat = Hn - Hy , 
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where p, = > (-1)* px and po), pi?) are the maps induced on n-chains 
k 

by the embeddings yo, pw, : XX x Al, Thus p= {Pat is a homotopy 
from {ue to oma? A similar argument applies to the correspond- 
ing maps of cochain complexes and proves 

THEOREM l5. If X is any groupoid and ig, p, : XX x A! are 
the canonical embeddings, then H_(u,) = H,(u,) and H"(u5) = A"(p,) 

foralln>0. & 

COROLLARY 1. If the groupoid-maps O,, 9, : XY are homotopic 

then H_ (99) = H_(9,) and H"(60) = H"(@,) for all n > 0. 

Proof. There is a groupoid-map 7 : X x A _, Y such that Oo, = Lo? 
0, = p17, so H (00) = H (Ho) H_(7) = H (Hy) H_(7) = H_(9,), and — 

Similarly for cohomology. gm 

COROLLARY 2. Inner automorphisms of groups induce identity 

maps in homology and cohomology. 

Proof. Inner automorphisms of a group G are homotopic to the 

identity map on G. & 

COROLLARY 3. Equivalent groupoids have isomorphic homology 

groups and 1somorphic cohomology groups. 

Proof. If 6: X—Y is an equivalence then for some ¢ : Y—X, 

Op ~1y and d6~1,. Thus H_ (0p) and H_ (#9) are identity maps 

and H_(@), H_(#) are inverse isomorphisms. The same applies to 

cohomology. @ 

Definition. A groupoid G is acyclic if H_(G) = H"(G) = 0 forn>0O 

and H,(G) =H °(G) =Z. (This definition is more reasonable in terms 
of reduced homology: it says that all the reduced homology and 

cohomology groups vanish). 
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COROLLARY 4. Any non-empty simplicial groupoid A 1s acyclic. 

Proof. By Theorem 2, since A is connected with trivial vertex 
group, it is equivalent to the trivial group A°. Hence it is enough 
to show that A® is acyclic. Now A° has exactly one n-simplex for 
each n, so all the groups C_(A°) and C"(A®) are isomorphic to Z. 
One checks that 0. and 6” are zero if n is odd, and are isomorphisms 

if n is even, and the result follows. mTM 

COROLLARY 5. If Gis any groupoid with components Gt and if 
AN 1S any vertex group of c* then 

(i) H(G)=@H(G) , HG) = ITT He, 
r r 

(Gi) H(G)=H (AY, HT(G) = H(A), 
(iii) HG) = Z , Ha) 2 ITZ 

r r 

Proof. Since the simplicial groupoids A” are connected, it is 

clear that a (G) = ial x (Gy, with face-maps induces by those of 
r 

the separate components. Hence C_(G)=@ c (a), C"(G) = TT c (ay, 
r 

and (i) follows easily since the boundary and coboundary maps 

respect these decompositions. Item (ii) is a consequence of 

Corollary 3 above and Theorem 2. Item (iii) will follow from (i) and 

(ii) if we can show that H)(A) =H °(A) = Z for any group A. This is 
left as an exercise. i | 

To illustrate the fact that the homology of groupoids has 

interesting features not easily expressible in terms of groups, we 

shall now show that universal morphisms of groupoids induce 

isomorphisms in homology and cohomology in dimension n 32. This 

can, of course, be proved by looking at the vertex groups and using 

known facts about the homology of free groups and free products of 
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groups; but there may be some point in doing things the other way 

round. The groupoid result is a natural one and should have a direct 

proof. The geometric technique we adopt is that of barycentric 

subdivision of simplexes, which we use to construct chain and 

cochain homotopies in much the same way as we used subdivision 

of prisms above. The method is somewhat complicated and we shall 

not give all the details. It would be interesting to know whether 

there is a simpler direct proof of the theorem. 

Starting with the standard simplicial groupoid A” with vertices 

0,1,...,n, we take as our model for its full barycentric subdivision 
the simplicial groupoid A” whose vertices are all the non-empty 
subsets of {0,1,...,2} (a barycentre for each subsimplex). We are 

interested chiefly in certain n-simplexes in AD, which may be 
defined by specifying their vertices as follows: 

(i) define a® : A? A? byirel} (O<i<n); 
(ii) for any permutation 7 of {0,1,...,n}, say j oT, define 
Bt: A” A by ising, m,....7,} O<i <n). 

We can think of a", B" as n-chains, i.e. elements of C (A"), and we 
now define B” « C_(A") by 

B" = > (sign 7) Br. 

(0" may be thought of as a standard subdivision of a”). 
_ The face-map Py: A"! _, A? sends each set of vertices of 

A"! to a set of vertices of A” and so induces a groupoid-map 
br : A" _, A". We shall refer to A” as a subdivided n-Simplex and 
to the gr as its subdivided faces. The formal sum >(-1)* br 

k 
induces, for each m > 0, a map on C_(ATM ‘)>C_(A"), and we also 
have the usual boundary maps 0” : C (A")_5C (A”). One 

m m m- 

verifies (omitting superfluous labels) that 
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(4) a d=aTM19, BPA = BTM!0, dd=0, dd=00. 

PROPOSITION 42. There exist chains 7" €C_ 4, (A”) (n > 0) such 
that 7° 0 + 7! 0 = a® - B" for all n >0 (where 7+ is to be 
interpreted as Q). 

Proof. We use induction on n. Since A® is a trivial group we have 
qa? = B°, So we may take 7° = 0. Letn >1 and suppose that 7 is 
defined for 0O< i <n-1 and that 7’ 0 + nil da= a! — B' forO<i <n-l. 
Applying 0 to the last of these equations we get 
nt ad = (a! — BP), ie. 100 = (a" — B")d. Thus 
a? — BP — 7} dis an n-cylce in A". But A” is Simplicial, therefore 
acyclic (Corollary 4 to Theorem 15), so there is an (n+1)-chain 

nf? in A" such that 7” 0 = aTM — B® — 710, and this completes the 
inductive step. & 

For any groupoid G, let > (G) denote the set of all subdivided 
n-simplexes in G (i.e. all groupoid-maps A” — G), and let 

C_(G), C"(G) denote the corresponding groups of subdivided chains 
and cochains. The subdivided face-maps gr : A®-!_. A” induce 
maps 2 24 whose alternating sums give ‘‘subdivided’’ boundary 

and coboundary maps a. C, oC, and é - Cc?! _,C"_ We thus 
have two new complexes {C. , {crt and the relations (4) imply that 
the a" and B" induce morphisms of complexes a; B. {c @} — 
{C (Gf and a*, B*: {C"(G)}{C"@}. Further, the chains 
n’ €C_,, (A") of Proposition 42 induce maps C_(G)—C_ ,,(G) and 

cn*l(G)_.C(G), and the proposition implies that these maps give 
homotopies 7 : a —B., n* : ak B*. 

We define a subdivision for G to be an assignment, to each 

n-simplex a: A"-»G(n 0,1,...), of a subdivided n-simplex 

o : A"_,G in such a way that 
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(5) | ag =o and Go = P09 

for all n-simplexes o and all k=0,1,...,n. Such a subdivision gives 

rise to morphisms of complexes AL 1C,(@)} — {C,@ and 
A* : {c7(@)} —{cr(@)} such that A. a= l and a* AX* = 1. If we 
define the corresponding subdivision chain and cochain maps to be 

Ss = AY B. 1C,,(G)} —{c @} and s* = B* d*: {o"(a)} — {cra} 
we see thath, =A_7, is a homotopy fomA. a, =ltodrA B =s, *K * OK * Ok *K *K oK 

and h* = 7* A* is a homotopy from 1 to s* We therefore have: 

PROPOSITION 43. Any subdivision chain or cochain map for a 

groupoid G 1s homotopic to the identity and so induces the identity 

map in the homology or cohomology of G. & 

Now let 6 : AG be a universal groupoid-map. Then each 

edge x of G has a canonical form x = X, X>-..X_, where the x, are 

images of edges a. of A and the products a.a.,, are not defined in 

A (see Theorem 4, p.73). We write |x| =n for the /ength of x in this 

reduced form; |x| = 0 if and only if x is an identity of G. Fora 

Simplex o in G we define the diameter |o| of o to be the length of 

its longest edge, and for a chain c in G we define the mesh tc| of c 

to be the maximum of diameters of the simplexes occurring in c. 

LEMMA. There is a subdivision chain map s : {C,(@} — 1¢,@)} 

such that, for every c € C (G), Jcs| <> (Jc| + 1). 

Proof. We have to assign to each n-simplex 0 : A°->Ga 

subdivided n-simplex a: A" _.G Satisfying conditions (5) above. 
This is easily seen to be equivalent to choosing, for each n-Simplex 

a (n 21), an (n+1)-simplex o' with e. 4 o =o (adding a barycentre). 
For we may then define o recursively as follows: o =o if n=0, and 
forn >1, 0 is the unique map A? _,G whose subdivided faces are 
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given by dro = dro (already defined) and such that Lo =o, where 
p: Ant] _. At is given by 1+> {1} (0<i<n) andn+1+>(0,1,2,..., n} 
(the barycentre of A” in AY), 

Our choice of barycentres is governed by the reduced forms of 

the edges of G. For any edge x with reduced form x = a, a)... 4, 

a. € A (strictly, x = (a, 0) (a, 0)... (a, 0)), we define a bisection 

X= X,X, by X, = 4y age 4p, X= Ap aye a, where k = [n/2], with 
I 

the obvious conventions ifn=0or 1. Then |x,| and |x_| are both at 

least => (|x| -1) and at most + > (lx }+1). If7 is a 2-simplex in G with 
edges X, Y, Z, say zZ = xy, we ‘define the median from the edge x to be 

~ylye m=xX, X=X_y. 

Since (in the above notation) the target of a, is different from the 

source of a there cannot be cancellation in both the products 
kt 

x,:m and xo -m; hence either |z| = |x,| + |m| or |y| = |x,| + |ml. 
follows that |m|<max (|y|, |z|). Moreover, if x is a longest edge of 

r (i.e. |x| = |7|) then |x,| and |x| are both at least > (\-| -1), so 
Jm| < |r| - 5 ([r| -1) = 5 ({r] 41). 

We now choose as barycentre for each simplex of G the bisector 

of a longest edge. More precisely, for a 1-simplex o : Al_.G we 
regard o as an edge of G and define o' to be the unique 2-simplex 

1 with faces $5 o =O, p: o=30,, 6 o =o. For an n-simplex o(n>2) 
we define o inductively as follows: choose an integer 7 such that — 
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the 7th face ' o of o has maximal diameter, and let o' be the unique 

(n+1)-simplex with oF 4 Go =o and p: 1G’. (p70). This con- 
struction defines a subdivision chain map s, and it remains to show 

that los|<> (\o| +1) for all n-simplexes o. This is clear for n=0. 
For n>1, let g be any edge of a simplex occurring in os. If ¢ 

already occurs in 7s for some face 7 of o, then || <> (\o| +1) by 

induction hypothesis, since |7|<|o|. If not, then g has one end at 

the barycentre b of o (which is a bisector of a longest edge) and is 

of one of two types: (i) g joins b to a vertex of 9; (ii) g joins b to a 

bisector of some edge x of o. In case (i) g is the median from a 

longest edge of a 2-simplex in a, so || <> (lo +1) by the argument 
above. In case (ii) g is the median from x in a 2-simplex whose 

other edges y,z meet at b and are of type (i). Since |g|< max(|y|,|z|) 

the inequality lél<> (lo +1) follows. & 

THEOREM 16. I[f@: A—G is a universal groupoid-map then H (9) 

and H"(@) are isomorphisms for n>2. 

Proof. Let C= C_(G) and let DiC C_ be the subgroup generated 

by all n-simplexes in G whose diameters are 0 or 1. Clearly 12, 

is a Subcomplex of ct and we shall show that the inclusion map 
\D.} — {ct is a homotopy equivalence (whence 1c, and |D_,thave 
isomorphic homology groups in all dimensions). To do this it is 

enough to construct maps ¢, k : C>C(t, : CC, Kk, C= Cc. +p 

satisfying (i) 1-t = ko + Ok, (ii) t_ maps C_ into D_ and (iii) ¢ 

induces the identity map on D_. For then t, viewed as a map from 

C to D is a homotopy inverse to the inclusion map. We have at our 

disposal the subdivision map s: CC. given by the lemma and a 

homotopy h: C_—C_., with l-s = hd + Oh given by Proposition 43. 

Note that h is constructed from the standard chains 7” of 

Proposition 42, and since s maps D to D, h will map D_ to D +H 
n n 
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If o is any n-simplex of diameter >1 then, by the lemma, |os|<|a|. 

Hence some iterate s“") of s maps 0 into D_. We choose r = r(a) to 
be the least such integer and define ok = o(1 +5454... +g" )yp 
with ok = 0 if gis in D| already. This defines a map k: C Cia 

by additivity, and if we put t = 1-ko - Ok, we have t : C=C, 

satisfying (i) and (iii). To show that t satisfies (ii), we observe 

that o(1-s)k = o({1- s(t hh = oh (mod D). Hence modulo D, 

o(1-s)t = o(1-s)-o(1-s)ko - oo(1- s)k (since sd = 0s) 

= o(1-s)-cho -a0h 

— Q. 

Thus ot = ost (mod D) and, by induction, ot = os)t = 0 (mod D) for 

sufficiently large r. 

A similar argument works for cohomology. Here we take D” to 

be TT Z, where o runs through all n-simplexes of diameter 0 or 1. 
Oo 

Then D" = Hom (D_, LZ), CTM = Hom (C_, Z), and applying the functor 

Hom (-, Z) to everything above, we obtain maps ¢? : D"TM-+C" which 

form a homotopy inverse to the canonical map jor} _, {D"}. 
Now 0 : A-»G induces a morphism of complexes 

0 $C (A)} —~ 1D} . If we denote by T (A) the group generated by 
all trivial n-simplexes in A (those with all edges equal to an identity 

of A), then {7,(A)} is a subcomplex of 1C,,(A) and is mapped by 
Oe into {7 (@}. which is generated by simplexes of diameter 0 in 
G. It is an easy consequence of the solution of the word problem 

for G, that every simplex of diameter 1 in G is the image of a unique 

(non-trivial) simplex in A. Hence @ induces an isomorphism of 

complexes 1C,(A)/T,(A)} —{D,/T,(@t, hence induces isomorphisms 
between their homology groups. We leave it as an exercise to show 

that the homology groups of $C (A)/ T (A)} are, for n>2, canonically 
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isomorphic with the homology groups of 1C,, (A)} i.e. the homology 
groups of A. Similarly the homology groups of \D_/ T(A)} are, for 

n22, canonically isomorphic with the homology groups of \D,}, 

which we have already shown are canonically isomorphic with the 

homology groups of G. Hence @ induces isomorphisms H_(A)-H, (G) 

for n 22, as claimed. In the case of cohomology one has complexes 

{T"(A)} }T"(G)} of cochains on trivial simplexes, and canonical 
Surjections jor(Ay} — }T%A)} {pn} — {TTM@)} whose kernels are 
complexes with homology groups H"(A), H"(G) in dimension n>2. 

Again 0 induces an isomorphism of complexes between these kernels 

and hence induces isomorphisms H"(G)—H"(A) for n>2. &@ 

COROLLARY l. If Gus a free groupoid then H_(G) = H"(G) = 0 for 
n>2. 

Proof. There is a universal groupoid-map 0: A—G with A 

unicursal (e.g. A can be an absolute free groupoid with all com- 

ponents isomorphic with A+), Since the components of A are 
simplicial they are acyclic, so H_(A) =H"(A) =0 forn>1. The 

result follows now from the theorem. ® 

COROLLARY 2. If G =» G* then, for n>2, H,(G) = @H_ (G») and 
H"(q) =IT H"(G, 

Proof. There is a universal groupoid-map 6 : A—G where 

A= ul G’. By Corollary 5. to Theorem 15, we have H(A) =@ H_(G), 
H"(A) =|] 4"(G), and the result follows. 

There are two directions in which the simplicial homology 

theory of groupoids can be extended. Firstly, one can apply the 

same methods to categories and monoids, replacing A” by the free 

category on the graph [n], i.e. the category with vertices 0,1,...n 
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and edges all pairs U1,j) with 1<j. Theorem 15 goes through almost 

unchanged, but Theorem 16 requires more care, and we shall not 

pursue the topic further. Secondly, one can consider homology and 

cohomology with arbitrary coefficients (instead of the integer 

coefficients used so far). It is perhaps worth looking at this second 

generalisation briefly in the case of groupoids. 
In defining the homology of a group G with general coefficients 

one is provided with a G-module M. i.e. a representation of G by 

automorphisms of an Abelian group. The corresponding notion for a 

groupoid G is an additive representation of G, i.e. a functor from 

G to @. Such a representation is given by a family M = |" of — 
Abelian groups (7 € V(G)) and isomorphisms 68 . M'—.M! (for edges 

gE Gi). If we forget the group structure on the M we get a 

representation G—5 to which corresponds a covering y : G—G 

(see Ch. 13, Proposition 30 and the preceding discussion). It is 

natural to consider the groups H_ (G) and H"(G), and this would be 
the correct procedure if we were dealing simply with a permutational 

representation. But the additive structure of M gives extra structure 

to G which we must take into account. Without loss of generality 
we can take the fibres of y: G —G over the vertices of G to be 

iy7t = M'. These are Abelian groups, and so are the fibres sy} 
over the edges of G since, for g € G,,, the edges covering g are in 

one-one correspondence (canonically) with pairs (mn) € M! x M 
such that m6 =n. Since 0® is an isomorphism these pairs form a 

subgroup M® of M’ x M! isomorphic with M! and M/. We may identify 
the fibre gy “1 vith M&. More generally, if o is any n-simplex in G 
then oy “l the set of n-simplexes in G which cover o, can be 
identified with a subgroup M° of M OM x Mf n where 
Loy Lys ees 1, are the vertices of o. Apply ththe corollary to - 
Proposition 35 to maps A” >G. M” is isomorphic with M! for each 
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vertex j of o). Thus = = 2 _(G) has an additive structure; it is the 
disjoint union of Abelian groups M° for a «€ x => (G). Further- 
more, the face-maps > >, .1 preserve this oattial addition. We 
may therefore define modified chain and cochain groups by 

C(GM)= @ M?, came IT we. 
n O€E 2 ome 2 

The alternating sums of the face-maps induce boundary and 

_ coboundary maps which are group homomorphisms, and the homology 

groups of the resulting complexes are denoted by H_(G,M) and 

H"(G,M). An equivalent construction is to take the ordinary chain 

and cochain complexes of G and pass to the quotient complex 

(subcomplex in the case of cochain) obtained by imposing all the 

additive relations in 2. Note that if we take the trivial 

representation of G on Z (i.e. all M’ = Z and all 6€ = identity) we 
just obtain the original groups H_(G) and H"(G). 

For the case of permutational representations the situation is 

as follows. From a representation G9 in which G acts on sets X! 
we can form two natural additive representations given by families 

of groups M = } Mit and NV = | vi t where M! = ; @ Z, N' = qT, Z. 
Thus M’ is the free Abelian group with basis X’, and G acts by 
moving the basis elements; N’ is the set of all functions Pp: X'_Z, 
and g € Gi, acts on ¢ by the rule dg = w : X!-—+Z, where 

xy = (xg)d. If G is the covering groupoid of G corresponding to 
the original representation G—>9 then H (G,M) = H (G) and 
H"(G,N) = H"(G). For example, if G is a group and we take the 

right regular representation of G, then X = G, and G is the universal 

covering groupoid of G, which is simplicial. Since simplicial 

groupoids are acyclic we have H (GM) = H"(G,N) = 0 for n>, 

where now M is the group ring of G and N is the module of integer- 

valued functions on G. 
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Now consider any additive representation of a groupoid G on a 

family M = Mit of Abelian groups, with corresponding covering 
y:G—G. If 6: KG is any groupoid-map we get an induced 

representation of K on the family M = }Mi t where Me = Mj ° 
j € V(K). The corresponding covering x : K--+K is the pull-back of 

y by 6 (Proposition 30), and we have an induced groupoid-map 

6: K-—>G. It is clear that 6 preserves all the additive structure of 
> _(K), and therefore induces morphisms of complexes 
{C_(K,M_)t — {C_(G,M)t and {c7(G, mt > {C"(K,M_)}. Hence we 
obtain morphisms H_(K,M_)—H_(G, M) and H"(G,M)->H"(K, M.) 

induced by @. If 6: K-+Gis a universal morphism, then so is 

6:K.G (Theorem 8). We may therefore apply the barycentric 
subdivision argument to 6 with a little extra care. The definition of 
subdivision for G must be modified to include the condition that the 

assignment 0 +o should be compatible with the extra additive 

structure on 2 _(G) and x _(G) arising from the representation. One 
can obtain such a subdivision for G satisfying the required mesh 

inequality by lifting the given subdivision for G in an obvious way. 

Since 0 preserves the addition in > (kK), all the other constructions 
used in proving Theorem 16 yield maps preserving addition and 

therefore lead to chain maps and chain homotopies as before. It 

follows that 0 induces isomorphisms H_(K,M_) HG, M) and 

H"(G,M) > HTMK,M. ) forn>2. This implies that free groupoids have 

trivial homology and cohomology in dimension > 2 (for arbitrary 

coefficients) and that, for a free product of groupoids 

G=*G*, H(G.M)= @ H(G4My, Hx~G,M)= TT H(G4,m), where 
M* is the “induced module’’ for G’. 
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Exercises 

1. If Gis a group, verify that the complexes 1c (@} and }c7G@)} 

defined above are isomorphic with the standard (inhomogeneous) 

chain and cochain complexes of G. 

2. Show that if Gis a group and M is a G-module, then the groups 

H_(G,M), H"(G,M) defined simplicially are the usual homology and 

cohomology groups of G with coefficients in M. 

3. Use the simplicial definitions to show that if Gis a group and 
M is any G-module then H_(G,M’) = 0 and H"(G,M") = 0 for n > 1, 

where M'=M @ ZG and M" = Hom, (ZG,M). (ZG is the group ring 
of G). G 

4. Show that if 0: A—G is a universal morphism of groupoids then 

H ,(9) is an injection and H'(6) is a surjection. Show, further, that 
if V(@) restricted to each component of A is an injection then both 

H ,(@) and H}(0) are isomorphisms. 



CHAPTER 17 

Calculation of fundamental groups 

As our last application of the theory of groupoids we shall 

prove a van Kampen-type theorem for fundamental groupoids which 

is a convenient tool for the calculation of the fundamental groups of 

cell-complexes. It provides another illustration of the usefulness 

of transferring attention from groups to groupoids; the corresponding 

theorem for groups is less natural and harder to apply. 

We have defined in Ch. 6, for a topological space T and a sub- 

space I, the category P(T,/) of paths in T with end-points in J, and 

the groupoid 7(T,I) of homotopy classes of such paths. The funda- 

mental groupoid of T is “T) = x{T,T), and the fundamental group of 

T at a point 7 is the vertex group of 7(T) at 1, so knowledge of the 

fundamental groupoid is enough to determine the fundamental groups. 

Our object is to compute 7(T) from the fundamental groupoids of 

suitable subspaces, and we shall confine attention to the simplest 

case in which 7 is given as the union of two subspaces. . 

THEOREM 17. Let T,, T., be subspaces of T such that T 1s the 

union of the interiors of T,, r,, and let Lo = T, ‘a r’,. Then the 

diagram 

mT 4) > mT) 

Y \ a 

mT») —»~ 7(T) 

159 
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1S a pushout square in G, the maps being those induced by the 
inclusion maps of spaces. 

Proof. We first prove the analogous assertion for the categories 

of paths. Write P(T) for P(T,T), etc. and consider the diagram 

By P(T,) > P(T,) 

B, oy 
Vv Y 

P(T,)—z—> PD), 

where the a,, 8, are induced by inclusions of spaces. Let C be any 

category, and let y, : P(T_,)->C be category-maps such that 

B,¥1= Bb, Y- We want to construct y : P(T)->C such that 

Y, = a,y Vv = 1,2). | 

Since a,, B,, are obviously injections we shall make 

identifications so that P(T,) C P(T,,) CP(T) W=1,2). If 

p:\0,r|—T is any path in T then, since the interiors of r,, lr, 

cover I’, there is (by the Lebesgue covering theorem) a positive 6 

such that all (closed) intervals of length < 6 in [0, r] are mapped 

either into I’, or into I, by p. Hence there is a finite dissection 

O = rg <ry<...<r, =r of [0,1] such that each [r, ,, 1,]p is contained 

in r, or in T,. This gives a factorisation p = Py Pots Pin 

P(T) with each p, : lr, _,, 1,1 T lying either in P(T,) or in P(T,), 

and shows that P(T) is generated as a category by P(T ,) and P(T,). 

Since y, and Yp agree on P(T,) 1 P(T.) we may unambiguously 

define Py, Y¥ =P, V¥, €C if p, € P(T,). Now define 

py = (Py) (py) ...(p_y), observing that this product exists in C 

because the common end-point of P,.1 and p, lies in T, N T,, so is 
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mapped to the same vertex of C by both y, and y,. We must, of 

course, show that py is independent of the particular dissection of 

[0,r] chosen. If 0 = s)<s,<... <s_ =r is another dissection with 

each Is. s|p in r, or r,, then the common refinement with 

dissection points all the distinct r,, s. has the same property, so 

we may assume that }s,} is a refinement of }r, 3 The resulting 
factorisation p = q,-q,-----q_, then has the property that each p, 

is a product of q’s lying in the same P(T,,) as P,- The equation 

(p,y)(P5y) _ (py) = (ayo) _ (q_y) follows since each y,, is a 

category-map. 

The map y : P(T)-—C, which is now well-defined, is obviously 

a category-map. Its restriction to P(T,) is y,, and it is unique with 

this property since P(T) is generated by P(T,) and P(T,). Hence 

(1) is a pushout square in C. 
Next, suppose that the category-maps y,,: P(T,)—-C (v = 1,2) 

are such that equivalent paths in T, have the same image under y_, 

(see p.32 for the definition of equivalent paths). We shall show that 

the induced map y : P(T)-—C then has the same property with 

respect to equivalence of paths in T. Observe that any constant 

path in T is a constant path in T, for v = 1 or v = 2 and is therefore 

equivalent, in T,, to a path of length zero, i.e. to an identity of 

P(T_). Hence, by our assumption on y,, its image under y, is an 

identity of C. Thus y maps all constant paths in T to identities of 

C. If p,q are equivalent paths in T then there exist constant paths 

c,d such that p =p-cand q = q-d are of the same length and are 

homotopic with fixed end-points. This means that there is a 

continuous map h : R->T, where R is the rectangle [0, r] x [0,1], 

which on two opposite edges of R induces the paths p, q, and on the 

other two edges induces constant paths a,b, as indicated in the 

diagram below. Again, by the Lebesgue covering theorem, there is 
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a dissection of R into small rectangles Ri = lr r | x Ls. P SI, 

where 0 =f) <ry<... <roear and 0 = $9 <SySa<S = 1, such that 

each Rij h is contained in T, or in T,. The edges of the Ri 

determine paths Pj» a; as shown. 

~
~

 

(0,1) t> (r,1) 
Pif 

ah K Mo Fh RG A 
Ri, > 

Pi j-1 
(0,0) > ~( 1,0) 

p 

Clearly, p = P19°Po9°+++ "Prop g = Pin’ Pan’ ‘Pmn: 
@ = 81° 4g7° +++ * a, and b = Anl’4m2'**' Amn Now the rectangle 

Ri is mapped by h into T,, say, and it is easy to construct from 
this map Ki — I, a homotopy in T, from Pi j-1° 9;; tO 4). 17° Pi; It 

follows that y,, (and therefore y) maps these two paths to the same 

edge of C. Now consider the diagram in C consisting of all the 

images under y of the paths Ais Di; It is a rectangular grid in which 

each small rectangle commutes, as we have just Shown. It follows 

easily that the whole diagram commutes, and in particular, that the 

large rectangle consisting of the images of the edges of R commutes. 

Therefore (p’y)(by) = (ay)(q'y), that is (py)(cy\by) = (ay qy)\(dy). 
But a,b, c,d, being constant paths, are mapped by y to identities, and 
we deduce that py = qy, as claimed. 

~ 
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Finally, consider the diagram 

Py mT, ) > 7(T, ) 

(2) B, a, 
y Y 

n(T, ) ~ > 7(T) 
. a, 

in which the a,, B., are induced by a,, B,. (Note that a,, B,, are 
no longer injections in general). The groupoids 7(T), 7(T,,) are 

quotients of P(T), P(T,,) by the appropriate relations of equivalence 

for paths, and we denote the canonical surjections by a0: P(T)—7(T) 

anda, : P(T,,)—-a(T,) Vv = 0,1,2). If G is a groupoid and 

y, : WT,)— Gv = 1,2) are groupoid-maps satisfying B, y, = B,y. 

then, forv = 1,2, y,, = O1 Yy: P(T,)—=G is a category-map which maps 
equivalent paths in [| to the same edge of G. Since 

Bi Y1 = %B1Y1 = % Po Vo = Po Vo ¥1 and yy induce a category-map 

y : P(T)-—G which maps equivalent paths in T to the same edge of 

G. Therefore there is a groupoid-map y: mT) G such that y = oy. 
It is easy to check that a,y = Vy (v = 1,2) and that y is unique with 
this property, and this shows that (2) is a pushout square in Cs 

The vertex set of 7(T) is inconveniently large for applications, 

SO we prove a modified version of Theorem 17 with more manageable 

vertex sets. 

THEOREM 17. Let T, T 9 T,; r, be as 1n Theorem 17, and let J 

be a subset of T which meets every path-component of I), I, and 

T; ( and therefore meets every path-component of T). Then the 

diagram 
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MT 5 ,J 9) > mT, J 4) 

(3) 

Y | 
mT, J, ) —» 7(T, J) 

1s a pushout square in CF where J, denotes J 1) T, (v =0,1,2). 

Proof. The deduction of this result from Theorem 17 is purely 

algebraic. Suppose that we have a pushout square 

(4) 0, Py 
\ | 

G > é, © 

in § with all maps vertex-injective. The vertex sets I , of G,, 
(v = 0,1, 2) can be taken as subsets of J = V(G), and then [,U I, =, 

LOL = I. Let J be a subset of / containing at least one vertex 

of each component of Go, G, and G,, and let H, H, be the full 

subgroupoids of G, G,, with vertex sets J, Jy, where J = J NT. 

Then (4) induces a commutative diagram 

(5) 0, oy 

H; ¢, 7 

which, as we shall show, is also a pushout square in GC, The 

theorem then follows on putting G = 7(T), G = 7(T,,). By Theorem 

2, H, H,, are retracts of G, G,, and we shall construct retractions 
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p: GH, p,,: G,—-H, which form a morphism of diagrams from (4) 

to (5). First choose for each 1 € ly an edge x in Go from 1 to some 
vertex j € Jo: with x =e. if 1 € Jo: These xh generate a unicursal 
normal subgroupoid M, of G, which is the kernel of a retraction 

Po | Gy HH. Next for each1 € I, (v = 1,2) choose an edge xe in 

G,, from 1 to some j € J,, such that (i) x/ =e. fori € J, and (ii) 

x* = x O,,if 1 €1). Again we have unique retractions p,,: G,—-H,, 
with kernels V generated by the Xie We may now define, for each 

1 él, x, = x" p, if1 €1,, and so obtain a retraction p : GH with 

kernel N generated by the images of V,, N,. If we think of G as the 

tight limit of the G, with maps 0,, 0, we are in precisely the 

situation described by Proposition 27 (i) (quotients commute with 

right limits). We conclude that H = G/N is the right limit of the 

H_,,=G,/N,, with respect to the appropriate maps, and it is clear 

that the appropriate maps are those in (5). It follows that (5) is a 
pushout square. (Another argument is indicated in Excercise 1 

below). 

Note. One might hope that this algebraic argument would work for 

arbitrary right limits, but there are difficult combinatorial problems 

involved in the choice of retractions. Some general conditions 

under which a coherent choice is possible are given in [5]. Perhaps 

a Study of the question would throw light on the difficulties 

encountered in Ch.15 when attempting to prove subgroup theorems 

for right limits of groups. 

| We end by indicating how Theorem 17 is used to calculate 

fundamental groups in simple cases. If a space X is contractible 

(i.e. 1, is homotopic to a constant map X— X) then X is homotopy 

equivalent to a one-point space, so 7(X) is equivalent to a trivial 

group, that is, 7(X) is simplicial. This is the case, for example if 
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X is the unit interval J = [0,1] or the n-cube [”. If a space T can be 

covered by the interiors of a finite number of contractible spaces 

which intersect decently then repeated application of the theorem 

yields a presentation of 7(T,J) for suitable J] C T. For if we know 

presentations of WT, J,) for v = 1,2 and a set of generators for 

mT) , J), the pushout square (3) immediately gives a presentation 

of 7(T, J). If T is path-connected one can then obtain a presentation 

of its fundamental group by retracting 7(T, J) to a vertex, which is 

equivalent to adding relations R = 1, where R is a maximal tree 

(see Theorem 6, Corollary 2, p.94). 

The simplest non-trivial case is that of a circle S'. It can be 

covered by the interiors of two copies I, , T, of the unit interval / 

whose intersection I, has two path-components each homeomorphic 

tol. If we take for J a pair of points, 1,j, one in each component of 

I’), then the groupoids G, = mT, J), G, = nT, JD are both 

simplicial with two vertices (i.e. isomorphic with At) and 
Go = TMT 6, J) is the trivial groupoid with two vertices. If we let Xy 

be the edge of G, from 1 to j and x, the edge of G, from 7 to j then 

G,, G, are freely generated by X,, X, respectively. It follows from 

Theorem 17 that G = 7(T, J) is freely generated by the images 

Vy Vo Of x, and x». If we now retract to the vertex 1 by imposing 

the relation y, = 1 we see that the fundamental group of S ‘isa free 

group on one generator, i.e. an infinite cyclic group. 

The cylinder S! xis homotopy equivalent to S', so also has 
infinite cyclic fundamental group. This space can be used to 

compute the fundamental groups of the torus S$! x S! and the Klein 

bottle K, each of which can be covered by the interiors of two 

subspaces T,, I’, homeomorphic with S x I so that the intersection 

ry = rion I’, has two components each homeomorphic with St x I, 

We take for J a pair of points i,j, one in each component of Ty. The 
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groupoid G, = 7(T,, J) is then a free groupoid on two generators 

which we may take as edges x,, y, :1->j. The two elements 

a,=X, y; and b, = yy x, are then free generators of the two 
vertex groups at 1 and j, respectively, and they can be represented 

by loops round T, in the same direction since they are conjugate 

(b, = yy a,Y}). Similarly G, = mT ,, J) is freely generated by 
Xo Vo 11>], and its vertex groups at 1, j are freely generated by 

a, = Xo Yo and b, = > X»5, respectively. Gp, = mT, J) is the 
disjoint union of two infinite cyclic groups at 1,j, generated by 

ay, bo, Say. 

In the case of the torus S* x S! the end segments of I’, and T, 
are overlapped so that loops in T, at 1 and j which go round T, in 
the same sense, also go round T,, in the same sense. Thus we may 

define the map G)+>G, by a) +» aj, by +b, and the map G)—G, 

by Ag +? ay; bo +> Dp. The pushout G = nS? x st J) then has 
generators X1, ¥4, Xo) Yo with defining relations a, = 4), and b, = b,, 

1.€. Xy yy = Xp Y5 and yy xX, = y> xy. If we retract to the vertex 1 
by means of the tree consisting of y,, say, we obtain a presentation 

of the fundamental group of S' x $! in the form 
gp 1, Vy Xoi Xy yy = Xp, y; X, = Xo} (just put Yo= l in the given 
presentation of G). This is equivalent to gp 4x4, Vie yy, = 91 x,t, 
which is the direct product of two infinite cyclic groups. This 

conclusion could also be reached by Exercise 4 of 4, p.59. The actual 

generators of the vertex group at 1 are the images of x,, y, under the 
: -1 -1 retraction, namely € = X,Y, andy=y,y,- 

In the case of the Klein bottle K, the ends of T, and r, 

overlap in opposite senses, so we may define G, —G, by 

ay Pay by r>b, and Gy) -G, by Ag tay by > by. The pushout 
m(K, J) now has generators x,, yy, Xy, Yq with defining relations 

Xi, =X, 5" and yi xX, = (y5" Ky). Retracting to 1 by putting 
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Y, = 1 we get a presentation of the fundamental group of K in the 

form gp xy, Vy Xqi Xy y; = Xp, y; xX, = x; 'f , which is equivalent to 
gp 4X, yy x4 = yit. Again the corresponding generators of the 
fundamental group at i are & = Xy Yo» Nn=Y, Yp 

Exercises 

1. In any Category K, leta : A-I‘(A), 8 : B-I(B) be morphisms 

of D-diagrams, where I'(A) denotes the constant diagram at the 

object A of K. Suppose that @ is a morphism from a to B (i.e. a pair 

of morphisms 0, : A--B and 0, : [(A)—T(B) such that As = ad.) 

and that 0 has a left inverse ¢ (a morphism ¢ : B—a such that 60 

is the identity morphism on 6). Prove that if a is a right limit for A 
then f is a right limit for B. Use this result to complete the proof 

of Theorem 17’ instead of using Proposition 27. 

2. Prove that the n-sphere 8” has trivial fundamental group for 

n >2. 

3. Prove that the fundamental group of S* with k points removed 
is a free group on k-1 generators. 

4. Find the fundamental group of the complement T in real 3-space 

R> of the knotted curve C below. 

C£ 
(Hint. Take two neighbouring parallel planes H,,H, perpendicular 

to the plane of the page each cutting C in four points. Let U,U, 
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be open half-spaces bounded by H,,H, with U, M U, the region 

between H, and H,. Take T, = U.N T, a half-space with two arcs 

removed. ) 

>. Let X be a graph with vertex set V, edge set E and incidences 

55, 0, : EV. Let (0,1), [0,1] denote open and closed real unit 

intervals. Let |X| = (E x (0,1)) U V (disjoint union), and topologise 

X as follows. Give E the discrete topology, E x [0,1] the product 

topology, and |X| the identification topology induced by the obvious 

map E x [0,1] |X| ((x,0) — xd, EV, (x,1)— xd, EV, (x,A)— (x,A) 

for 0<A<1). Prove that 7(|X|, V) = 7(X) (natural equivalence of 

functors). 





Bibliographical Notes 

All the category theory contained in these pages is to be found 

in the textbooks of Freyd [13], Mitchell [22] and Bucur and Deleanu 

[8]. The reader who wants to pursue the subject further should 

consult these and the excellent survey by MacLane [20]. 

It is interesting to note that groupoids appeared in the literature 

nearly twenty years before categories. They were introduced by 

Brandt [3], who discovered them in his study of composition of 

quadratic forms and used them again in [4] to describe multiplication 

of ideals in orders over Dedekind domains. At about the same time 

Loewy [19] introduced similar ‘‘compound groups’’ to describe 

isomorphisms between conjugate field extensions. His ideas were 

developed by Baer in [2]. Apart from a small number of passing 

references, the two concepts seem to have been quickly forgotten, 

probably because of a general distaste for partial operations. It was 

not until categories were generally accepted (Some ten years after 

their introduction by Eilenberg and MacLane [11] in 1945) that 

interest in groupoids revived. Their systematic study was initiated 

by Ehresmann in a long series of papers on local structures 

summarised in [12]. They have also been used by Dedecker to 

describe cohomology with non-Abelian coefficients (see [10] and 

the references given there) and by Michler [21], who continued, in 

the language of groupoids, the work of Loewy and Baer on Galois 

_ theory. 
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The applications to group theory described in Chs. 14, 15 above 

are due to M. Hasse [15] and the author [16, 17]. The methods are 

derived on the one hand from the graph-theoretical methods initiated 

by Cayley (see Burnside [9], Ch. XIX) and generalised by 
Reidemeister [23], and on the other hand from the related method of 

covering spaces. More recently, Serre [24] has given a similar 

treatment of the Kurosh theorem using the notion of a group acting 

ona graph. For a topological proof of Grushko’s theorem, see 

Stallings [25], 

The simplicial approach to the homology of groups, described 

in Ch.16, was suggested by C. Rourke (unpublished), and is closely 
related to the work of André{1} and others. The application of 

groupoids to homotopy theory has been nicely exploited by R. Brown 

in his book [6], and it is his version of the van Kampen theorem 

which we have described in Ch.17. In [5], Brown proves a-stronger 

‘‘adjunction theorem’’ and also treats the interesting case of an — 

infinite union of spaces. 

Suggested further reading: André [1], Brown [5, 6, 7], Gabriel 

and Zisman [14], Serre [24]. 
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”? 4, 73 
”? 5, 81 
”? 6, 92 
”? 7, 110 
7 8, 112 
”? 9, 117 
”? 10, 118 

> 41, 123 
> 12, 123 
> 13, 130 
7 13'*131 
> - 14° 136 
7» 15 146 
> 16, 152 
17, 159 
> -17' 163 

INDEX 

Torus, 166 
Totally disconnected, 67 
Translation, 110 
Tree, 38 
Trivial 

category, 56 
covering, 103 

diagram, 50 
graph, 56 
groupoid, 17, 56 

representation, 103 

U_, 64 
Unicursal, 9 
Universal category-map, 62 

cover, 98, 111 
graph-map, 62 
group (of groupoid), 135 
groupoid-map, 62 

van Kampen theorem, 159 
Vertex, 4 
Vertex group, 5 

map, 6 

semigroup, 5 
Vertex-surjective, etc., 88 

Word, 23, 70 
reduced, 34 

Word problem, 33 



REPRINTS IN THEORY AND APPLICATIONS OF CATEGORIES will disseminate articles
from the body of important literature in Category Theory and closely related subjects which
have never been published in journal form, or which have been published in journals whose narrow
circulation makes access very difficult. Publication in ‘Reprints in Theory and Applications of
Categories’ will permit free and full dissemination of such documents over the Internet. Articles
appearing have been critically reviewed by the Editorial Board of Theory and Applications of
Categories. Only articles of lasting significance are considered for publication. Distribution is via
the Internet tools WWW/ftp.

Subscription information. Individual subscribers receive (by e-mail) abstracts of ar-
ticles as they are published. To subscribe, send e-mail to tac@mta.ca including a full name and
postal address. For institutional subscription, send enquiries to the Managing Editor, Robert
Rosebrugh, rrosebrugh@mta.ca.

Selection of reprints. After obtaining written permission from any copyright holder,
any three TAC Editors may propose a work for TAC Reprints to the Managing Editor. The
proposal will be reported to all Editors. The Managing Editor may either accept the proposal or
require that the Editors vote on it. Before such a vote, the author, title and original publication
data will be circulated to Editors. If a 2/3 majority of those TAC Editors responding within one
month agrees, the work will be accepted for TAC Reprints. After a work is accepted, the author
or proposer must provide to TAC either a usable TeX source or a PDF document acceptable to the
Managing Editor that reproduces a typeset version. Up to five pages of corrections, commentary
and forward pointers may be appended by the author. When submitting commentary, authors
should read and follow the Format for submission of Theory and Applications of Categories at
http://www.tac.mta.ca/tac/.

Editorial board.
Michael Barr, McGill University: barr@barrs.org, Associate Managing Editor
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