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1. INTRODUCTION 

Amitsur [1] gave a complete classification of the finite groups that can 
occur as subgroups of finite dimensional division algebras. He also com- 
puted the finite subgroups of the real quaternions. In this paper, we look 
at groups inside division algebras over local fields of characteristic zero. 
We adopt the following conventions: 

(1) A local field, F, will refer to a complete local field of characteris- 
tic zero with finite residue field. 

(2) A division algebra over F will refer to a division algebra, finite 
dimensional over F. 

(3) A central division algebra over F will be a division algebra over F 
with center equal to F. 

(4) If a/b € © is reduced, ic., O< a <b and (a,b) = 1, then 
D(F, a/b) will denote the central division algebra over F, a local field, 
with Hasse invariant a/b mod Z. 

(5) If (r, m) = 1 then o(r|m) will denote the multiplicative order of r 
mod m. 

(6) (K,o,u) or (K/F,o,u) will denote the cyclic algebra, where 
Gal (K/ F) = (a) is cyclic of order n and o” = u & F. 

Our purpose is to describe the finite subgroups of D(F,a/b)*. This 
calculation falls naturally into two cases depending on whether the residue 
characteristic of F is 2 or an odd prime, p. An important class of groups 
that arises is the metacyclic groups of the form 

G,,, = (A,B: A” = 1, BABTM! = A’, B" = AY), 

where n = o(r|m) and t = m/(r — 1, m). These are analyzed in Section 
4. It turns out that the subgroups of DCF, a/ b)* depend only on F and b. 
Our main results are as follows. 
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THEOREM 1.1. if F is a local field with odd residue characteristic, p, 
then all the nonabelian, finite subgroups of division algebras over F are 
isomorphic to G,, , for some m and r. The group G,,,, embeds in a division 
algebra over F if and only if the following conditions hold: 

(1) m = p*é where a > 1, @ is prime to p and (ry — 1,m) =. 

(2) orlm)ILFG,, &): FGA, 
(3) q- llr -1, 

(4) (¢g - 1/2, o(rim) = 1. 

Here q is the order of the residue field of F(£,,). In particular, G,,, 
embeds in D(F,a/b)* if and only if, in addition to (1) through (4), the 
following holds: 

(5) b =[FC,,): Fls where s is prime to o(r|m). 

Proof. By Proposition 2.6, Theorem 6.8, and Corollary 6.9 below. g 

Remark. If F/ Q, is unramified then we may replace (2) and (5) by 

(2) o(flm)ip — 1. 

(51) b = of p\Orlle \p( p%)s where (s, o(rlm)) = 1, 
and q = pif") g is the Euler function. See Corollary 6.10. 

THeoremM 1.2. Let F be a local field with odd residue characteristic, p. 
The unit group, DCF,a/b)*, contains nonabelian, finite subgroups if and 
only if the extension F(¢,)/F is ramified and b has the form b= 
P'lF,): F Jk for some k prime to p. For such a field, F, and exponent, b, 
we define: 

() ep = e(FU,)/ F), 
(2) BUF) = Max{B: {2 © F(Z,)}, 
(3) y = y(F, @) is the relative degree, fUF(,)/ Q,). 

For B(F) < a < BCF) +n, we have y(F, a + 1) = y(F, a)p*"” where 
e(F, a) is 0 or 1, We set e( F, BUF) + n) = 0. The isomorphism classes of 
nonabelian, maximal, finite subgroups of DUF,a/b)* are in one to one 
correspondence with the integers, a, such that BUF) <a < BUF) + n and 
€(F, a) = 0. This correspondence associates to each a a metacyclic group, 
G where Mola? 

(4) m,, = p*( p*y? 

and r, is a unit modulo m.,, satisfying the conditions: 

A+ BP) -a@ _ 1) 

(5) r, = l mod m,/ p*, 

(6) o(r, |p") = er. 
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The isomorphism class of G,,,_. _ ts independent of the choice of r,, subject 
to (5) and (6). 

Yr, 

Proof. Theorems 6.12 and 6.17 below. 4g 

A special case of this gives the following: 

THEOREM 1.3. /f p is odd then D(Q,,, a/ b)* has noncyclic subgroups if 
and only if b = p"(p — 1k, fer some k prime to p. There are n+ 1 
isomorphism classes of nonabelian, maximal, finite subgroups. These are 
represented by the metacyclic groups, G,,_, where 

(Dlsa<nil, 
(2) m, = pt pe" _ 1), 

(3) r, = 1 mod m,/ p%, 

(4) or lp) =p- 1. 

Proof. Corollary 6.18 below. g 

At 2 the main results are as follows. 

THeoreM 1.4. Jf F is a@ local field with residue characteristic 2 then 
D(F,a/b)* has nonabelian, finite subgroups if and only if |F :Q,] and 
b/2 =k are odd integers. In this case there is one isomorphism class of 
maximal, nonabelian, finite subgroups, namely T x Z/q* — \ where T is 
the binary tetrahedral group and q is the cardinality of the residue field of F. 

Proof. Theorem 7.7 below. 

Again, taking F = o, we get: 

COROLLARY 1.5. The noncyclic, maximal, finite subgroups of 
D(Q,,a/ b)*, where b = 2k and k is odd, are isomorphic to T Xx 7/2* — 1. 

Proof. Corollary 7.8 below. 

These results and Theorem 4.12 allow us to find a characterization of 
the local fields that satisfy Herstein’s conjecture. A field, F, satisfies 
Herstein’s conjecture if every central division algebra over F contains no 
nonabelian, finite subgroups of odd order. 

THeorem 1.6. If F is a local field with odd residue characteristic, p, 
then F satisfies Herstein’s conjecture if and only if the ramification index, 
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e( F(¢,,)/ F), is a power of 2. If the residue characteristic is 2 then F always 
satisfies Herstein’s conjecture. 

Proof. Theorem 6.19 and Proposition 7.9 below. g 

We extend a result by Fein and Schacher [5] to conclude: 

THEOREM 1.7. If F has residue characteristic a Fermat prime then F 
satisfies the Herstein conjecture. For p odd, (,, satisfies the Herstein conjec- 
ture if and only if p is a Fermat prime. 

Proof. Corollary 6.20 and 6.21 below. g 

This investigation was undertaken so as to understand the finite 
subgroups of D(Q,, 1/n)*. These are of interest in homotopy theory for 
the following reason: complex cobordism gives rise to a host of cohomol- 
ogy theories which measure different aspects of homotopy theory. Among 
the best studied of these is the Johnson—Wilson—Morava theory E(1), 
with coefficient ring 

E(n), = Z| Uys. Ut], lu,4 = 2( p" _ 1). 

It turns out that a certain completion of this theory has better properties; 
its homotopy is precisely the coordinate ring of the Lubin~Tate moduli 
space for deformations of formal groups of height nr, 

E, = W,[[uy.--. 4, J] [ut']. 

Here W,, is the ring of Witt vectors of F,.. This cohomology theory has the 
property that the group of automorphisms of the formal group of height n 
over fF, acts by operations on it, in a way compatible with a certain Galois 
action. 

A recent theorem of M. Hopkins and H. Miller shows that this action 
can be “rigidified,”’ so that one may form homotopy fixed point sets with 
respect to closed subgroups. In case n = 1, one has a subgroup of order 2; 
E, is essentially p-adic K-theory, and the homotopy fixed point subspec- 
trum isp-adic real K-theory. One now has a wide extension of “real 
K-theory.” 

The automorphism group in question is precisely the group of units in 
the maximal order of the division algebra D(Q,, 1/n). Finite subgroups of 
this each give rise to “real” versions of higher K-theory. 
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2. Fintre Groups in D(F,a/ b). 

We define some groups as follows. 

Derinition 2.1. (1) G,,, = (A,B: ATM = 1, B” = A‘, BAB“! = A’) 
where r is a residue class mod m, (m,r)=1,n = o(r|lm) and t= 
m/(r — 1,m). 

(2) T = (P,Q, R: P4 = 1, P? = Q?, POP-' = Q-!, RPR-! = 
QO, RQ R7' = PQ, R? = 1). T is the binary tetrahedral group. 

(3) O is the binary octahedral group. 
(4) J is the binary icosahedral group. 

The following result is a weak version of Amitsur’s theorem [1, Thm. 7]. 

THEOREM 2.2. If G is a finite subgroup of a division ring then G is one 
of the following types: 

(1) A metacyclic group, G,,, ,, 

(2) A product T X G,, ,; 

(3) Oorl. 

A central part of Amitsur’s classification is the analysis of the following 
algebras: 

DEFINITION 2.3. Let @:G — D* be an embedding of a finite group, G, 
into a division algebra with center F. If K is a subfield of F then we 
define 

KéG = {5 z6C8) :Z,€ K}. 

K@G is a K-algebra and there is a unique K algebra map from the 
group ring, K[G], to KdG that extends ¢. 

K[G]-K6G. 

Amitsur proves the following ([1], Lemma’s 4, 12, 13, and 14): 

THEOREM 2.4. If 6:G — D* is an embedding of a finite group in a 
division algebra then: 

(1) If G is cyclic, then Q6G is a cyclotomic extension of Q. 
(2) If G=G,,,, then Q¢G is isomorphic to the cyclic algebra 

(OE), 0, $),) where o(f,,) =f and t=m/(m,r—-1) via A > £,,, 
B~-o,. 
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1-1 (3) If G = T, then Q@T is isomorphic to the quaternion algebra ( ~'S 
via the identification P > i,Q >), R—-> —-A+i4+j4+k)/2. 

(4) If G = O, then O60 = (< a 
(5) If G = 1, then QO = (cca): 

Proposition 2.5. Let D(F,a/b) and D(F,c/d) be central division 
algebras over a local field F. DUF,c/d) embeds as an F-subalgebra of 
DF, a/ 6) if and only if 

(1) b = df where (4, f) = 1, 

(2) c = af~! mod d. 

Proof. Uf DCF,c/d) < DCF, a/ b) then, by the double centralizer the- 
orem [8], D(F,a/b) = D(F,c/d) @ C(D(F,c/d)) and so the expo- 

nents of D(F,c/d) and C(DUF, ¢/ d)) are relatively prime which proves 
(1). CDW, c/ d)) = DUF, g/ f) for some g and f. Now, a/b =c/d+ 
g/f mod Z implies c = af~' mod d. 

Conversely, if (1) and (2) hold, let g = ad~' mod f. a = cf + gd mod 
df, as (d,f)=1. This gives a/b=c/d+g/f mod Z and hence 
DUF,c/d)c DUF,a/b). 4 

Now we wish to consider which of the groups T,O and J of Theorem 
2.2 can appear as subgroups of D(F,a/b)*. If ¢:G — DCF, a/b) is an 
embedding then there is an algebra surjection 

F ® Q¢G— FG. 
Qo 

FéG is a division algebra. 

Case 1. Mf G=T then F @ QG = (-';1) by Theorem 2.4. Thus, 
F @ Q46G = MF) if p is odd or if p = 2 and [F:Q,] is even. It is a 

a) 
division algebra otherwise, with invariant 1/2 mod Z. It follows that T 
embeds in D(F,a/ b)* if and only if p = 2, [F: 0,] is odd and b = 2f 
for f odd. 

Case2. If G = O or G = 1 then G contains a subgroup isomorphic to 
the binary tetrahedral group 7 and so, by the case above, if G embeds in 
DF, a/ b)* it follows that p = 2. DUF, a/b) would also contain a divi- 
sion algebra quotient of 

0:8 aa) * & (aus) } 
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These algebras are MKQ,V/2 ) and M(Q,(V5 )), respectively, and so, in 
fact, O and / do not embed in DUF,a/6)*. In short, y2¢ @, so 

% @ | auay] = 8 20%),8 | ava] Q a2) 

= 6,112) @ (ia) | au?) 

(a.02)| = M,(@,(V2)). Mt
 

Similarly, 

V5 €0,s00, ® | 25) | = M,(Q,(Y5 )). 
Q 

These considerations give the following: 

Proposition 2.6. Jf a finite group, G, embeds in DCF, a/ b)*, then G is 
of one of the following types: 

(1) Metacyclic, G,, ,. 

(2) A product, T X G, anor? 

Case (2) occurs if and only if p = 2,(F :Q,] is odd and b = 2f where f is 
odd. 

Deeinition 2.7. Given m and r prime to m we define DJ’, to be the 
cyclic algebra, 

D,, = (FE). Sis 
where o,(Z,,) = ¢7, and t = m/(r — 1, m7). 

Zh =Z(DE.,). 
Note. Di, is only defined if o, gives a well defined automorphism of 
F(,,). If G,, , —* , where D is a division algebra over F, then FOG, , 
= DF | and so: mor 

Proposition 2.8. G,,, embeds in a division algebra over F if and only if 
Df. | is defined and is a division algebra. mor 

DF will be a division algebra if and only if its degree equals its 
mir 

exponent. The degree of Dr. is o(rlm). The calculation of the exponent 
is a rather more subtle matter which is solved in Yamada’s book [10]. 
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3. CONJUGACY 

We consider embeddings ¢:G — D* of a finite group, G into the units 
of a central division algebra over F. Two such embeddings, @ and y, are 
“conjugate” if there is an F-algebra automorphism, yp, of D such that the 
following diagram commutes. 

D* 

Y 
G B 

Y\ 
D* 

By the Noether-Skolem Theorem this amounts to the existence of d © D* 
such that #(g) = d(g)d~' for all g € G. 

DeFiniTion 3.1. If ¢:G @ D* then we define a representation of G, 
over F, as follows. R(é) = F@G and for g € G let z, € F, 

B+ Vi z.6(8) = Yo z,h( ke). 
geEG gEO 

Proposition 3.2. Jf & and u& are conjugate, via w € Aut, D, then 
pe RG) — RC) is an FLG)}-module isomorphism. 

Proof. wg «ee = wlb(ge") = bl ge’) = g * hg’ = g * wig’). 
a 

Lemma 3.3. Jf 1: FuG — FG is F-linear and ud = & then ww is an 
F- algebra homomorphism if and only if it is an F(G]-module homomor- 
phism. 

Proof. 

p isan F[G]-module map <> p( gyg') = g * u( He’), 
<> u(bgys') = $(8)¢(8'), 

<> wus: we’) = we): w(bs’), 
«> uw is a ring map. 

Certainly u(1) = 1 and so the result follows. g 

Lemma 3.4. If w: FisG —» FOG is an F[G)-module isomorphism then, 
composing with right multiplication by 4(1)~' we get an algebra isomor- 
phism, p(x) = u(x)u(1)~', such that fib = o. 
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Proof. Let f(x) = w(x)u(1)~'. We want to show that 4 = @ then 
the result would follow from Lemma 3.3, as jf is certainly a G-module 
map. 

A(we) = A(g*1) =e *a(1) =g*1 = d(g). 

Proposition 3.5. Two embeddings $,%:G — D* are conjugate if and 
only if the FiG] modules R(b) and RG) are isomorphic. 

Proof. By Proposition 3.2, Lemma 3.4 and the Noether—Skolem 
Theorem. g 

4. MEracycLic GRouPs 

A group is metacyclic if it is an extension of a cyclic group by a cyclic 
group. That is, there is an exact sequence 

V—-Z/m-GeL/ni- 0. 

Such groups are determined by the following theorem of Hdélder [11]. 

THeoremM 4.1. The metacyclic groups are exactly the groups 

(A,B: ATM = 1, BABTM' = A’, B" = A‘), 

where 0 <n, m, mir" -1landmilt(TVr- 1). g 

DeFinition 4.2.. GOn,r,n, 0) = (A,B: ATM = 1, BAB”! = A’, B" = 
A’), where n, m, r and ¢ satisfy the conditions of Theorem 4.1. 

Proposition 4.3. If @|n then GOm, r°,n/@, t) embeds in Gm, r, n, t). 

Proof. Consider the subgroup ¢A, B*) ¢ (A, BD = GCm,r,n,t). 
There is a sequence 

0+ Z/m — (A, BY) > 2/(n/l) > 0 

as B‘ has order n/f modulo (A). B‘AB~ = A and (B‘)"/4 = B” = At 
so (A,B’) = Gim,r’,n/l,t). 4 

The following is a result of Beyl (2] and [3]. 

Proposition 4.4. If @=|H*(G(m,r,n,t), C*)|, then 

G(m,r,n,t) = G(m,r,n, 0m/(r-1,m)). 

Proof. Omitted. gy 
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Proposition 4.5. If (v,n) = 1 then Gim,r,n,t) = Gdm, r’,n, vt). 

Proof. (v,n)=1 so (A, B’) =A, B). BYAB~” = A" and (B’)" = 
BY" = A” so (A, BY) = GU, r’,n,vt). gy 

Proposition 4.6. Gm, r,n,t) = (A!) is cyclic of order 
m/(m,r — 1). If n = o(r|m), then Z(G(m, r,n, t)) = (A"/OOETM) has 
order (r — 1, m). 

Proof. Let G = G(m,r,n,t). [B, A] =A’! so A’! EG". Now, 
(A!) = (AMTM?-D). This is a normal subgroup with abelian quotient 
and the first statement follows. The condition = o(r|m) ensures that 
Z(G) c <A). Now, A’ © Z(G) if and only if A” = A', or mli(r — 1), or 
(m/(r — 1, m))|i. The second claim follows. y 

DEFINITION 4.7. The groups G,, , can be described as follows: 

G,,,, = G(m,r,o(rim), m/ (r — 1,m)). 

Remark. If G=G,,, then m =|G'||Z(G)|, so m is an invariant of 
the isomorphism class of G mre 

Proposition 4.8. (HG, ,.C*)| = 1. amr? 

Proof. By Curtis and Reiner [4, Example p. 301], 

m r?—1\(m,r- 1) 
270 *) = _ . . H°(G,, C*) = Z/f where f Fetes - 

Now, mir” — 1 so 

m r~l1 
(rt tt eee tert 1), (r-1,m)](r- 1,m) (7 r+) 

But, m/(r — 1, m) and (r — 1)/(r — 1, m) are relatively prime, thus, 

rTM— 1 

r-] 

m 

(r-1,m) 

andsof=1. g 

Proposition 4.9. If n = o(r|m) and (v,n) = 1 then G,,, = Gy». In 
other words, if <r) = (s) G(Z/m)* then G,, , = Gy. 
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Proof. 

G, 
nir 

= G(m,r,o(rim),m/(r-1,m)) 

= G(m,r’,o(r’im),vm/ (r — 1,m)) (Proposition 4.5) 

= G(m,r’,o(r’lm),m/(r" —1,m)) (Proposition 4.4) 

= Gap 

| 

Proposition 4.10. Jf a metacyclic group, G = G(m,r,n,t), embeds in 
the unit group of @ division algebra, D, then, if v = o(rim) we have 
G = Gyn yy, where r' is the residue mod mn/ v such that 

' r’= r mod m 

= 1moda(r~I,m)/v. 

If v =n, then G = G,, ,. G is cyclic if and only if r = 1 mod m. 

Proof. Let G = Gim,r,n,t) then, as T, O and / are not metacyclic 
(Theorem 7.2), it follows that G = G,, , for some m and f and thus, by 
Proposition 4.8, |H?(G;C*)| = 1. By Proposition 4.4, G = Gm,r,n, 
m/ (r -— 1,m)) = (A, BY where ATM = 1, BY = ATM/°-!1" and BAB"! = 
A’. Now, by Proposition 4.3, we have H = (A,B") = Gim,r’,n/v, 
m/(r ~ 1,m)) ¢ G. #7 is abelian, hence cyclic, so H = Z/(mn/v). H is 
normal in G and hence we have an isomorphism, G = GOmn/v, r',v,t'), 
for some r' and ¢'. The class of r' mod mn/v is determined by the 
automorphism of H induced by conjugating by B, This is given by 
BABTM~' = A’ and BB’BTM' = B” and hence r’ is determined by the congru- 
ences, 

r= rmodm 

= | mod 0( B’) =n(r- l,m)/v. 

o(r'|mn/ v) = v and so, by Proposition 4.4, G = G,,,, ,,,, The last two 
statements of the proposition are evident. g 

Proposition 4.11. éf G,,, i a subgroup of the units of a division 
mor 

algebra, D, and ¢\o(r|m) then G,,, ,- embeds in G,,, ,. 

Proof. 

G,,,, = G(m,r,o(rlm),m/ (m,r ~ 1)) 

2G(m,r%,o(rlm),m/(m,r-1)) (Proposition 4.3) 

=G (Proposition 4.10) mr fs 
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THEOREM 4.12. If G,,., embeds in the unit group of a division algebra, 
D, then the subgroups of G,,, are the groups of the form, Gry jor ns 0) Rr 

where: 

(1) élm. 

(2) n = o(r|m), sin and v = ofr *{f). 
mort ot (3) (=. | . 
f'r’-1}it(r-iym) 

Given @ and s satisfying the above, r(s, €) is determined by: 

(4) rs, £) =r* mod f. 

nr’? - 1, 6) 

Sv 
(5) r{s, 2) = 1 mod 

This group is cyclic if and only if r* = 1 mod &. 

Proof. If, HCG,,, then H = (A"/S A'B*) for some 7, i and s such 
that fim, sin and HO (A) = (A"/*). Now, (ABS = 
All D708 = Dem Mr ha ig in HE CA) and so, 

rim] m1 
i|—- + : (=| (r—- i,m) 

giving (3). We have H = G(?f,r*,n/s.0) for some ¢ and, by 4.10, we 
conclude that H = Gy, 50.949. Where r(s, &) satisfies (4) and (5). If, on 
the other hand, / and s satisfy (1), (2) and (3). By (3), 

rt 

a 

m (5 - -| m 
—|i + 

on (r- l,m) é 

for some i. Then let H = (4/4, A'B"). HO CA) = (A) and so 
H = G(é,r',n/s,t) for some t and, by 4.10, H& Gey ysens ey 

Remark. 4.10-4.12 hold for division algebras with any center, not 
exclusively local fields. 

5. PRELIMINARIES 

THeorem 5.1. if D = (L/K,o,@) is a eyelic division algebra over a 
local field, K, and € is a root of unity in K then L/ K is totally ramified. 
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Proof. Let K CE CL where E is the maximal unramified extension 
of K in L. Gal (L/ K) = (o>) = Z/n and Gal (E/K) = (o>) = Z/m 
where m/l =n; 

a”TM(ac') = (a" . a’) -oTM 

for all a € L and so 

Cyo(K(o"))=E-1+E-aot+::: +E-o"! 

=E(o")-:1+E(o")-ao0+--+ +E(a")- a"! 

= (E(o")/K(o"), 0,0") 

(o”) =a" =£s0 0” isa root of unity. We want to show E(aTM)/ K(aTM) 
is unramified as then C,(K(o”)) splits as a matrix algebra which is 
impossible unless m = 1 so L/ K is totally ramified. Let f be the relative 
degree, f(K(o")/ K). Now, m and f are relatively prime, otherwise 
EO K(o’) would contain a non-trivial cyclotomic extension of K which is 
impossible as K(aTM) A E = K. Let Q be the maximal unramified exten- 
sion of K in K(o”). We have the following diagram: 

E> EQ——> E(o"”) 

om ; Tt [m 

K —~ Q —> K(o”) 

where the integers m, f and e denote the degrees of the extensions. For 
the corresponding residue fields 

Fyn need gi” le qin 

I f I 
FE, —> Fy, —> Fy 

As (f,m) = 1, F,m =EF,¢* Fm =Q-ECEO but, as [EQ: K] = fm, 
EQ/ K is unramified. It follows that EQ/ Q is unramified of degree m 
and K(o”)/ @Q is totally ramified so£(o”)/ K(o”TM) is unramified. This 
finishes the proof. g 

Proposition 5.2. If G is a finite subgroup of the unit group, D*, where 
D is a division algebra with center F then 

(1) C,(ZCFG)) = FG @ C,(G). 
ZUFG) 

If G is a maximal, finite subgroup, then: 

(2) C,(Z(FG)) = FG. 
(3) Cp(FG) = Z(FG). 
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Proof. Let Z = Z(FG) and D’ = C,(Z). Certainly, FG ¢ Cp(Z) and 
these two algebras have the same center, Z. By the Double Centralizer 
Theorem, 

D' = FG ® Cy( FG), 
Zz 

but Cp( FG) = C,(G). If G is maximal then C,(G) = Z, otherwise we 
could find a finite subgroup, H, of C,(G)*, that is not contained in Z. G 
would then be properly contained in the finite group G @ H. This finishes 
the proof. g 

Corouiary 5.3. If G C DUF, a/ b)* is a maximal subgroup, then 

() Invyeq( FG) = [Z(FG): Fla/b + 2. 

(2) Degazgf FG) = b/[ZUFG): F}. 

Proof. By Proposition 5.2, part (2). g 

Coro.iary 5.4. If G G DCF,a/ b)* is a maximal, finite subgroup and 
G =G,,, is nonabelian, then: 

(1) pln, 
(2) [FG,,): F) = 6, 

(3) pF) = <f,)- 

Proof. fm is prime to p then FG = (F(£,,), a,, £4) splits completely, 
as F(é,,)/ F is unramified and so ¢/, is a norm. This cannot occur, unless 
G is cyclic, but it is not. This proves (1). Let Z = Z(FG). [F(Z,,): F) = 
[F(,,): ZI Z:F] = Deg(FGVZ: F) = 6, by Corollary 5.3. This proves 
(2). The final claim follows from the containment G ¢ (y(F(A)), BD, 
where A and B are the generators of G = G,,, , as per Definition 2.1, part 
(1). g 

6. Opp REsipveE CHARACTERISTIC 

Proposition 6.1. If G,,, and G,,, are metacyclic groups that embed 
in division algebras over F, a local field with odd residue characteristic, p, 
then then following are equivalent: 

() Grr = Gays 
(2) m = m' and (r) = ¢r') C(Z/m)*, 
(3) m = m' and (G,, ,| = |Gay, 1 

Proof. Proposition 4.9 proves that (2) implies (1). By the remark after 
Definition 4.7, we see that (1) implies G). It remains to show that (3) 
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implies (2). Let m = m’ = p*f, where / is prime to p. Applying Theorem 
5.1 to thecyclic algebras FG,,, and FG,, ,, we see that r =r’ = 1 mod 
f. If we write (Z/m)* = (Z/ p*)* x (7/0)*, then (r> and (r’) are 
contained in the first factor. This is cyclic, for p odd, and so (3) implies 
Kr)>| = [¢r'>| which, in turn, implies (2). g 

Proposition 6.2. Let F be a local field with odd residue characteristic, 
p. Let G C DF, a/ b)* be a nonabelian subgroup with G = (A,B: ATM = 
1, BAB"! = A’, B” = A‘) = G,, ,, where n = o(r|m), t =m/(r - 1,m) 
and m = p“fé with & prime to p. 

Q) nl FC), g,): FO). 
(2) a> 1land(r—- i,m) =f. 

(3) ZIG) = Z/é. 

(4) G’ = Z/ p* is a p-Sylow subgroup of G. 

(5) (A> = Z(G).G’ is a characteristic subgroup of G. 
(6) G —» G* is an isomorphism on <B). 
(7) G = G(p*,r, @n,Q) is a semidirect product. 

(8) FG = (F(A)/ Z, B, A‘) is a cyclic division algebra of degree n, 
where Z = Z(FG) is the fixed field of Av» A". FCA) = Z(¢,) = Z(G,«) 
and F(A)/ Z ts totally ramified. 

Proof. By Theorem 5.1, we have r = | mod @ and so, n|[F(,,): FCC, DI. 
G is nonabelian, so x # 1, and thus a > 1. By Yamada [10, Th. 4.7], 
nlp ~ I but 

[FS FGA] = (FG) FS) [FG Ge) FS], 
where the former factor is a power of p. It follows that n|[F(Z,, ,): FI, 
proving (1). Thus, ¢, ¢ F. Apply this to the algebra FG to get ¢, € ZFG) 
and so, |Z(G)| is prime to p. Proposition 4.6 then gives (2), (3), (4) and (5). 
By (2), ¢ = p* and thus (8) has order fn which is prime to p. This gives 
(6). We have a short exact sequence, G’ —» G —» G*", The corresponding 
presentation of G is (7), To show (8) all we need to check is that 
F(A) = Z(g,), but plm and so ZC Z(g,) ¢ F(A). [FCA): Z(,)] is a 
power of p and, as nip — 1, by (1), we have Z(¢,) = F(A). gg 

Proposition 6.3. Let F be a local field with odd residue characteristic, 
p, and let K/ F be a totally ramified, cyclic extension of degree e dividing 
p — 1. Let p'(F) be the group of p' roots of unity in F. Let N = Nx ,,. The 
canonical map 

u(F)/w(F) — F*/ N(K*) 
is an isomorphism. 
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Proof. For a local field, L, let Us” denote the group of units in L, 
congruent to 1 modulo the prime. Let A be a uniformizing parameter in 
K. Then K* = (A) X p(F) X UL and F* = (NQ)) X pF) x UL, 
where N is the norm from K to F. N maps {A> to (N(A)), p'(F) to itself 
and Uf” to Uf, thus w'(F)/ N('(F)) injects into F*/ NC(K*). As p'(F) 
CF, the restriction of N to u'(F) maps x to x*. Now, elp ~— 1 and 
lu'(F)| = |FI- 1, so elly’(F)| and thus u'(F)/ p'(F)* is isomorphic to 
Z/e. By Class Field Theory [7], so is F*/ N(K*), and thus the result 
follows. g 

THEOREM 6.4. Let F be a local field with odd residue characteristic, p, 
such that the residue field of F is ¥,. Assume that F(¢,) = F(g,«) and 
F({,)/ F is totally ramified of degree e with Galois generator, o,, that 
satisfies o(f,«) = Chu. Denote the group of p°’th roots of unity in F(g,) by 
My« and, for Cig — 1, the group of th roots of unity in F by w,. Let 
G=<x,yix? = ly" = lyr) =x"). For every © pa — {1} and 
¥ € py there is a surjection of F algebras, 

F(G] 22 (F(6,)/ Fo. 5), 
taking x > X and y+ 0,. The F algebra isomorphism type of the cyclic 
algebra is determined by the residue of ¥ in w,_\/ &q~1. The representations 
of F[G] induced by &(X, §) and O(%,, ¥,) are isomorphic if and only if 
y= 9, and ¥ and X, are conjugate over F. There are N = (p* — 1)/e 
distinct conjugacy classes of ¥ © jk,« — {1} over F, Let X,,%3,...,¥y be 
representatives of these classes. There is an isomorphism of F-algebras, 

N 

F[G] = Il TI <F(¢,)/ F.4,,9)] X F[Z/ée]. 
Yep, 

The projection maps to the cyclic algebra factors are the maps $(X,, 9) for 
i= 1,2,..., Nandy € w,. The map to the final factor, a product of fields, 
is induced by the quotient map G —> Z/ €e. 

Proof. The existence of the maps, (x, ¥), is immediate. The state- 
ment concerning the isomorphism type of the cyclic algebras follows from 
Theorem 6.3. The representations induced by $(%, }) and #(%,,¥,) are 
isomorphic if and only if there is a map of F algebras, 6, such that 
66(x, §) = 6(X,, ¥,). This corresponds to the condition that ¥ be conju- 
gate to x, and y = y,. As F(Z,.) = F(Z,) has degree e over F, it follows 
that every element of 4. — {1} has e conjugates which gives the equation 
N = (p* — 1)/e. We know that the maps 6(%,, §), for i = 1,2,..., N and 
y € w,, correspond to distinct simple factors of the group ring, F[G]. To 
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prove the isomorphism, we only need to show that the dimension of the 
right hand side is large enough. This follows from the equation, Nfe? + 
fe=p*te=\|Gl. gq 

In fact, we will not be concerned with all the factors of the semisimple 
decomposition in the theorem above, but only with those such that 
o(%;, ¥) maps G injectively into a division algebra. 

CoroLiarRy 6.5. With the assumptions of Theorem 6.4, a factor, 
CFC p>» o,, ¥), in the decomposition of F(G] is a division algebra if and only 
if the residue of y has order e in 1,_,/ "4-1. Such factors exist if and only if 
Me Bg-i/ HG-1 is surjective, i.e., (q — 1)/@,e) = 1. If they exist, there 
are Néd(e)/ e of them, where & is the Euler function. As F-algebras they 
are the $(e) central division algebras over F with degree equal to e. Each 
one appears N¢/e times. 

Proof. Immediate from Proposition 6.3 and Theorem 6.4. g 

CorOLiary 6.6. With the assumptions of Theorem 6.4, bCX, ¥) is injec- 
tive on G if and only if x and y are generators of j1,. and w,, respectively. 

Proof. \(%, YMG) = CX, a1 = KXA1KWle. wo 

CoroLiary 6.7. Let the assumptions of Theorem 64 hold and let 
(q - 1)/¢,e) = 1. If C is a central division algebra, over F, of degree e 
then there are F-algebra maps, 6;: F[G)-> C fori =1,...,.M=Né/e, 
and a subgroup, H, of C*, such that 

(1) AG) CH, fori = 1,2,...,M, 

(2) H=G, 

(3) The representations of G induced by the , are exactly the irre- 
ducible representations of F[G] with endomorphism algebras isomorphic 
toc. 

Proof. By Corollary 6.5, we see that C corresponds to a choice of 
generator of u,_,/"G-,. We may pick a generator, y, of mw, so that 
C = (F(,)/ F,o,, 9). Let H = (w,«,0,), then certainly (2) holds. The 
projections corresponding to the representations described in (3) are the 
maps $(x,, ¥(¥')"), where i = 1,2,...,N, ¥'@ w,_, and (y’)° © wy. In 
fact, this implies that ¥’ © 4,. Suppose z is a generator of w,_,, then 
y’ = z*, for some a, and (j')* € yw, implies that z*°’ = 1 so q — llae? 
and, as (q — 1)/f,¢) = 1, (g — 1)f)\a. Thus, ¥'’ = z? has exponent ¢. 
There is an algebra isomorphism, @(y'), that takes 

(F(£,)/ F,0,,0(9')°) > (F(G,)/ F.6,, 9). 
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which fixes ¢, and takes a, to oy’. The maps ¢,, d),...,,, are the maps 
of the form 6(¥6(%,, 3(¥')°). Note, the image of G under this map is 
(X;, 0,9"), which is contained in H, as x; © w,« and y’ € yw, is a power of 
y and hence of o,. g 

Remark. $;:G — H will be an isomorphism if and only if (x,,9(¥')°) 
is injective on G. Using Corollary 6.6, we see that this happens $(m)/ 
ed(e) times, where @ is the Euler function. 

THEOREM 6.8. Let F be a local field with odd residue characteristic, p. 
Let G = G,,, be a nonabelian group. G embeds in a division algebra over F 
if and only if the following conditions are satisfied: 

(1) m = p*¢ where a > 1, & is prime to p and (r — 1,m) =@, 

(2) o(rim)([FU,, ): F/I] 
G3) q-ilr-1, 

(4) (q — 1)/¢, o(r|m)) = 1. 

where q is the order of the residue field of F(¢,,). 

Proof. Proposition 6.2 gives (1) and (2). (3) is the statement that 
F(A)/ Z is totally ramified, in the notation of Proposition 6 part (8). 
Consequently (1), (2), and (3) are necessary conditions. Now, suppose (1), 
(2) and (3) hold. There is a map @:Gal(F(,,)/ F(¢,)) > (Z/ m)* = 
(2/€)* x (Z/ p*)* given by O(o,) =s mod m if o,(Z,,) = g3. Im(@) ¢ 
(Z/p*)* which is cyclic and so has a unique subgroup of order 
(F(é,,): F(¢,)], consisting of those s mod p®% with o(s|pILFC,,): F(Z, )] 
and thus, by (1) and (2), o, € Gal(F(,,)/ F(@,)). Now, let Z be the fixed 
field of o, in F(Z,,). By G), F(,,)/ Z is totally ramified. Also, Z ¢ Z(¢,) 
c Fé,,) and [F(g,,): Z] = o(rlm) divides p — 1, by (2), while 
[F(,,): Z@,)] is a power of p, thus, Z(¢,) = F(,,). It follows that Z 
satisfies the conditions on the coefficient field of Theorem 6.4. Part (1) and 
the proof of Proposition 6.2, part (7) show that G = G(p*,r, fo(r|m), 0) 
is the group of Theorem 6.4. Now, G embeds in a division algebra over F 
if and only if it embeds in a division algebra over Z. By Corollary 6.5 and 
Corollary 6.6, this occurs if and only if (4) holds. g 

Coro.iary 6.9. If F is a local field with odd residue characteristic, p, 
and G = G,,, is nonabelian, then G embeds in DUF, a/ b)* if and only if 

mr 

(1) through (4) of Theorem 6.8 hold and, in addition, 

(5) b = [F(Z,,): Fs for some integer, s, prime to e = o(r|m). 

if & is an embedding of G in DUF, a/ b)*, then 

FOG = D(Z,as~'/e) and Cyer.as»(¢G) = D(Z,ae"'/s), 
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where s_' denotes the inverse of s mod e and e~' denotes the inverse of e 
mod s. 

Proof. Let Z be the fixed field of a, in F(Z,,). Given (1)-(4), Z[G] has 
o(e) distinct division algebras as simple factors, namely D(Z, c/ e) where 
c is prime to e. G embeds in D(F,a/ b)* if and only if one of these is a 
subalgebra of D(F, a/b). We know that G embeds in the D(Z,c/e) by 
Corollaries 6.5 and 6.6. The condition Z C D(F, a/b) is equivalent to 
b =[Z: F]s’ for some integer, s'. Then, Invz(Cyy¢4/5(Z)) = 4/5’ mod 
Z and so, by Proposition 2.5, D(Z,c/e) C D(F,a/b) if and only if 
s' = es where s is prime to e and c = as~' mod ¢, ie., b=e[Z: F]s = 
[F(,,): F]s. All that remains is to calculate Inv,(Cy p45 (¢G)) but this 
follows from Proposition 5.2 which gives us the identity, 

a as”! 
— = —— + Inve (Cre. /o(@G)) mod Z. 
és é 

The above two results give criteria, involving F, m, and r, to determine 
when a given metacyclic group, G,,,,, embeds in a division algebra over F. 
If F/ Q, is unramified these conditions simplify further, in particular, for 
F=Q,, 

CorRaLiary 6.10. Let F/ Q,, be an unramified extension. Let G = G,,, 
be nonabelian. G embeds in DUF,a/b)* if and only if the following 
conditions are satisfied: 

(1) m = p*é@ where a 2 1, @ is prime to p and (r — 1,m) =@, 

(2) o(rlm)|p — 1, 
(3) q~ 1\r - 1, 

(4) (¢ - 2/2, 0(r|m)) = 1, 
(5) b = of pl! rllé p( p®)s, where (s, o(r|m)) = 1. 

g = plh Alot BPN and @ is the Euler function. 
Proof. For any a we have: 

O,(£,«) — F(é,«) 9 F(E,, fp) 
f I I 

A 

Q, >F F(é,) 

Now, F/ dQ, and F(¢,)/ F are unramified and OE ,0)/ Q, is totally 
ramified. It follows that the horizontal extensions are unramified and the 
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vertical ones are totally ramified, also Q, =F O,(Z,«) and F = F(Z,.) 
F(é,). (F(%,): F) =t where t = Minfs’: @ipl’ Sl" — 1}, ie, 
[F(Z,): F] = o(pl**%llé). From the diagram we also have [F(¢,«): F] = 
[FC ,, 6,0): F(S,)] = b(p*). Thus, [FC,, ¢,): F/I) = p — 1, hence (2), 
and [F(Z,,): F(Z,)] = o(p*), giving [F(Z,,): F] = o( pl?! lle (pp, 
hence (5). Finally, q = pls Gpl=rlF Qplool rhe), 

Proposition 6.11. ff F is a local field with odd residue characteristic, p, 
and G = G,, , is nonabelian then any two subgroups of DCF, a/ b)* that are 
isomorphic to G are conjugate 

Proof. Let @ and w be embeddings of G in D(F,a/b)*. From the 
proof of Corollary 6.9 we see that FOG = FWG = D(Z, as~'/ e), where 
b =[F,,): Fls, e = o(rlm) and (s, e) = 1. By the Noether-Skolem The- 
orem, we may assume that F(6G = FikG = C. By Corollary 6.7, there are 
maps #,, $2,-..,¢y of G — C* with d(G) c A for some subgroup 
of C*, isomorphic to G and the representations R(d) and R(w) (Defini- 
tion 3.1) are among the representations R(¢,), R(¢,),..., Rd). By 
Proposition 3.5, 6G and WG are conjugate to H. 

Remark. From the remark after Corollary 6.7 we see that, although 
isomorphic subgroups are conjugate, there are d()/ ed@(e) nonconjugate 
embeddings of such a G. 

The preceding results enable us to determine when a particular group 
embeds in a particular division algebra. Next we look at determining which 
division algebras contain nonabelian groups. In view of Corollary 5.4 we 
show: 

THEOREM 6.12. For a p-adic field, F, and a positive integer, b, the 
integers, m, that satisfy: 

(1) [F(Z,,): F] = 5, 

(2°) plm, 

(3') pl FCS) = <)> 

are those of the form, 

m = m(F,b,a) = pa{ per" — 1), 

where BCF), n, k, y and @ are defined by the following: 

(1) BUF) = Max{B: f,4 © F(Z, )}, 

(2) b = p"[F(,): Fk where (k, p) = 1, 

(33) BOF) sa < BUF) +a, 
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(4) y = y(F, a) is the relative degree, f(F(,«)/ Q,), 
(5) F(Z,a+)/ F(¢,«) is totally ramified or a = BUF) + n. 

Proof. Suppose mi satisfies (1), (29 and G’). Let m = pf where 
(f, p) = 1. We have the following diagram: 

F F(é,) > F(é,+) 
I I 

Q,(é,) — F(é,) a O,(¢,«) —> O(L,«) 
Now, Gal(O,(Z,«)/ Q,%,)) = Z/p*~' and the intermediate field exten- 
sions are 

Q,(¢,) S Q,(£,2) Gee O,(fp-1) = O,(£,+)- 
(2'), (3) and (1) imply that a > B(F) so, F(Z,) 0 6,0) = O,(¢,mn) and 
so [F(é,«): F] = p? 8 F(Z,): F]. The residue field F(Z,«) is F,». Also, 
F(C,,)/ F@,«) is unramified and so [F(¢,,) : Fp’) =[FC,) : FU, 
giving F(Z,,) = F,rrcparri By (3'), 2 = IF(Z,,)| — 1 so, as 

yb _ yp"| F(Z,): Fk 
[F(g.): Fl pt PPT FC): F| 

= ykp" +B) a 

we get m = m(F,b, a). Also y[F(G,,) :F,] = ykp" *8-* and (k, p) = 1 
so a <n + B(F). Suppose that a <n + B(F). The formula [F(,«): F] 
= pe PN E(Z): F} implies that [F(,e+1): F(Z, «1 = p so this extension 

is either unramified or totally ramified. Suppose it were unramified, then 
we have F(,«+))p = F(G,«, ¢,) where (t, p) = 1 and F,,» = F,,(g,). As 
a <P(F)+n, p divides [F(Z,,): FG,0)] = kp"*PP-* so Few C F(Z,,) 
and so ¢, € F(Z,,,) thus F(Z,«+0p © F(¢,,) which contradicts (3). Thus we 
conclude that, if a < B(F) +n, then F(Z,0+/ F(,«) is totally ramified. 
This completes the proof that m has the form described. 

Conversely, let m = m(F, b, a) where a, n, BCF), & and y are as in the 
statement of the theorem. By definition B(F) > 1 so a > 1 and so p|m 
proving (2'). 

Now, B(F) and y are defined in such a way that 

[F(g,«): F] =p? 8 F(¢,): F] 

F(é,«) = Ey. 
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We have the following diagram: 

F(¢,) 

Q,(g,) F({,«) 

Q,(¢,) a F(¢,2) 

A 

Q, 

[FUSn): F(G«)] = [0,(2):0,(£) 9 F(g,«)] 
= [,(¢-):O,|/7 

nt AP) ~a = kp 

and so 

[F(Sm)!F] = [FlEn) FEo)][F Soe) F] 
= kp" *BF ya pa BP Fe) . Fl 

= p"[F(é,): F]k 
= b, 

This proves (1'). In the diagram above, the extension a) Ag AYA" » is 
unramified and F(¢,«)/ a) 667) O FU, «) is totally ramified, as F(Z, a\l- 1 
divides /. It follows that F ()/ a) Rts ,) is totally ramified and thus 

F(En) = ,(¢,) = F rep + AP ia, 

We conclude that the p’ parts of (Z,,) and w(F(Z,,)) coincide. To prove 
(3’) all we need to show is that {,«+1 is not in F(Z,,). If it were, we would 
have F({,«) C F(g,0+1) G F(Z,,) which would imply that F(g,0+1)/ F(,«) 
were unramified, contrary to the assumption of the theorem, unless 

= B(F) + n. In this case we would, however, have 
[F(Z,0+0: FUL, OLE, FZ] so plkp"*PU~@ and so plk. This is 
also a contradiction. g 
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Remark. The condition that F(Z,«-/ F(,.«) is totally ramified can be 
characterized in terms of the function y = YF, a) = fUFU,. )/Q, ). It 
satisfies 

y(F,a+ 1) =y(Fra)ype®, 

where e(F,a)=0 or 1. e(F,a) = 0 if and only if F(,«.-0/ FG) is 
totally ramified. y(F, a) = fCF(,0)/ a(g, ,)) which divides [F:Q,] and 
so y(F, a) is constant for large a. Now 

y(Fa) | [F:,] . 
y(F, B(F))| f(F/ O,} = [F/ 2), 

thus, if e(F/ Q,) is prime to p, every a such that B(F) <a < B(F)4n 
gives m(F, b, a) satisfying the conditions of Theorem 6.12. In particular, 
this holds for F = Q,,. 

Proposition 6.13. if m = mCF, b, @), as above, then there is a unique 
subfield K such that FO KO F(é,,) and K is minimal subject to the 
conditions: 

(1) FG, / K is totally ramified, 

(2) [F(,,): Klip — 1. 

The extension F(¢,,)/ K is cyclic of degree e,., where e,. is the ramification 
index, eC F(¢,)/ F). 

Proof. Now, m = p*(p* — 1). Write = p® — 1. 1f F(%,,)/ K is totally 
ramified then ¢, € K. F(,,) = F(C¢, ¢,«) so Gal(F(¢,,)/ F%,)) maps in- 
jectively by restriction to Gal (QO Ate )/ Q, ) which is isomorphic to Z/ 
p*'(p — 1). This has a unique subgroup of exponent p — 1 which is ‘yelic of order p — 1. It follows that Gal(F(%,,)/ F(,)) has a unique 
maximal subgroup of order dividing p — 1. The fixed field of this group is 
K.(F(,,): K]is the p’ part of [FC,,): F(¢,)I. 

It remains to prove that [F(Z,,): K] = e,. We let F = Fors F(S,) = Fors mn. 

[ F(Z, be): F(é,)| = akphhytn—a 

and, as [F(Z,): F] = pep, we get 

[F(Z,. 7) : F] = pepirkpRPytn-a 

Now, [F(Z,): F] = prkp®*"~* and thus [F(Z,, ¢,): F(¢,)] = e,. From 
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the diagram 

F(ép) ————-——> F (£6) ——> F(Z) 

Q, ———> F(é,) r" Q,(f,«) —_ F(é,. ge) ‘o 0,(,«) SF Q,(Z,«) 
we see that | F(¢,,): ¢,] is a power of p and so, indeed, e,. is the p' part of 
[FCY,): FC) og 

DerFINivTion 6.14. Let m = m(F, b, a) satisfy the conditions of 6.12, Ict 
rn © (Z/ m)* be such that a, (¢,,) = gj” is a generator of Gal(F(¢,,)/ K) 
where K is the field described in Proposition 6.13. Define G, = G,,_,. . 

Note. By Proposition 4.9, G, is independent of the choice of genera- 
tor, r,,,- 

Note. If a, is an integer such that the residue of a, mod p generates 

(Z/p)*, then af" represents an element of order p ~ 1 in (Z/ p")* and 
so al" ‘p-D/ee represents an element of order e,. We may take r,, to be 
the solution of the congruences 

_ kyprt Reina 

r,, = 1 mod (Pp YP - 1) 
ail eee ay J (p- D/eg¢ a Ny = ap * mod p®. 

CoROLLary 6.15. G,, is abelian if and only if F(¢,)/ F is unramified. 
.4 

Proof. Let m = m(F, b, a) as in 6.1. 

G,, is cyclic <> e,; = 1 <> F(g,)/ F is unramified. 

Proposition 6.16. /f a satisfies the conditions of Theorem 6.12 then G,, 
embeds in DOF, a/ by". 

Proof. Let m = m(F,b, a) = p“(p® — 1). Let Z be the fixed field of 
o,, in F(Z,,). Then F(é,,)/ Z is totally ramified of degree e,. By Proposi- 
tion 6.3, we have an isomorphism, 

Mey (Mpa) > Z*/ N(F(E,,)*). 
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Now, [F(Z,,): F] = b so F(%,,) is a subfield of D(F, a/ b) and we consider 
D' = Coe a/pXhZ)- 

Inv, D' = a[Z: F]/b mod Z, 

but then Deg(D') = [F(,,): Z]. It follows that F(¢,,) is a strictly maximal 
subfield of D’, so D’ can be written as a cyclic algebra (F(,,), G,, n>. By 
the isomorphism above we know that we can chose 7 to be a root of unity. 
With this choice we consider the group (lino Tr > This is metacyclic of 
the form Gm, r,,, 0(7,,|m), t). By Theorem 4.10, this is isomorphic to +! om? 

Gin, rp = G,. a 
Remark, Alternatively we could simply observe that conditions (1)—(5) 

of Theorem 6.8 and Corollary 6.9 hold. 

THEOREM 6.17. DCF, a/b)* contains nonabelian finite subgroups if and 
only if F(¢,)/ F is ramified and [F(¢,): F lb. If ep is the ramification index 
of F(£,)/ F then the isomorphism classes of the maximal such subgroups are 
exactly represented by the groups, G,, of Definition 6.3. These have order 

IG.) = p@( prerrr"TM" — Nex, 

where k,n, BCF), y and a are as per Theorem 6.12. The number of such 
groups is 

1+ Log,e(F(f,sm+)/ F(g,)). 

Proof. Let D = D(F, a/b). lf F(Z,)/ F is ramified then e, > 1 so the 
groups G, are nonabelian, by Corollary 6.15, and, by Proposition 6.16, 
there is a subgroup, G,, in D*, if [F(g,): F]|b. Conversely, suppose 
G =G,,., is a finite, nonabelian, metacyclic subgroup of D*, then, by 
Proposition 6.2, p|m' and so [F(¢,): F]ib. G is contained in a maximal, 
finite, metacyclic subgroup, H = G,,,. By Corollary 5.4 and Theorem 
6.12, we have m = m, for some a. By Yamada, [10, Th. 4.7], o(rlm)|p — 1. 
By Theorem 5.1, Proposition 6.13, and Definition 6.14, we get (r)> ¢ ¢r,,) 
c (2/ m)*. It follows that o(r|m)le, and so ey > 1 and thus F(¢,)/ F is 
ramified. This proves the first claim of the theorem. 

Suppose we show that every nonabelian, finite subgroup of D* is 
contained in a larger subgroup that is isomorphic to G, for some a, then 
we are done, as no G, embeds in G,. unless a = a’. If it did we would 
have m(b, F, a)|m(b, F, a’) and then, by (1’) and (3’) of Theorem 6.12, 
a = a’. We have seen above that any finite subgroup, G, is contained in a 
maximal, metacyclic subgroup, H, and that H = G,, ,,, where m = m,, 
r=r,, and sle,;. By Proposition 6.16, we have G, ¢ D* and this has a 
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subgroup, K, isomorphic to H, by Proposition 4.11. However, H and K 
are isomorphic and so, by Proposition 6.11, are conjugate in D*. It then 
follows by maximality of H that H = G, and we are done. g 

CoROLLary 6.18. If p is odd then D(Q,, a/ b)* has noncyclic subgroups 
if and only if b = pTM p — Dk for (k, p) = 1. The isomorphism classes of 
maximal, noncyclic subgroups are represented by the groups G.,, where 

m(F, b,a) = p*{ pir _ 1), 

IG.| = p*( pk?" * — 1)(p — 1) 

fora =1,2,:-: n +1. 

Proof. This is an immediate consequence of Theorem 6.17 and the 
remark preceding 6.13 given that, for F = Q,, B(F) = 1, [FW,): F) = 
p-~landers=p-l. g 

Now we look for subgroups of odd order in G,. In fact, using Proposi- 
tion 6.2, it is not difficult to see that any G,, , C D(F, a/ b)* has a unique 
largest odd order subgroup. This is nonabelian if and only if o(r|m) is not 
a power of 2. In the notation of 6.2, we let 7 = 2°f' and n = 2'n’, where 
é’ and n' are odd. Then B has order 2°*°f'n' and, if C = B?’””, then 
H = (A.C) is a normal subgroup with odd order, |H| = p%/’n', such 
that the quotient has order 27*°. It follows that H contains all subgroups 
off G,,,, of odd order. H is abelian if and only if 1 = [C, A = Ae =, 
That is, if p*lr?’"” — 1, or, if o(rlp*)|2¢*°. Now, r= 1 mod ¢ so 
o(rlp*) = o(rlm) = n. It follows that H is abelian if and only of o(r|77) is 
a power of 2. 

We will say that Herstein’s conjecture holds for a field F if every central 
division algebra, D, over F has the property that all its subgroups of odd 
order are cyclic. 

THeoreM 6.19. Uf F is a local field with odd residue characteristic, p, 
then Herstein’s conjecture holds for F if and only if the ramification index, 
e(F(¢,)/ F), is a power of 2. 

Proof. This follows from the remarks above and 6.17. g 

In their paper, Fein and Schacher [5] prove the following which follows 
from the above. 

CoroO.iary 6.20. If p is a Fermat prime then the Herstein conjecture 
holds for any p-adic field F. 

Proof. e,;|p ~ 1 which is a power of 2. g 



544 THOMAS HEWETT 

In fact, we get: 

CoROLLARY 6.21. Herstein’s conjecture holds for a) > P Odd, if and only 
if p is a Fermat prime. 

Proof. eg, =P l. @ 

Proposition 6.22. If F is a local field with odd residue characteristic, p, 
and p is a Fermat prime, i.e.. p = 2?" + 1 for some n, then 2?"*! divides 
the order of any nonabelian subgroup of DCF, a/b)*. 

Proof. Let G=G,,, be such a subgroup. Then, by Theorem 6.8, 
o(r|m)|lp — 1, so o(rim) is even. (gq — D/¢, o(rlm)) = 1 so (gq — I/F is 
odd and, as g — 1 = (2?" + 1)” — 1 for some y, we have 2°"|g — 1 and 
thus 2°"|/ giving 27"*'| (Gl. g 

This result is sharp in the sense that: 

Proposition 6.23. If p = 27" + 1 is a Fermat prime, then there is a 
. me a an . sone nonabelian subgroup, G, of order p2*'*" that embeds in a central division 

algebra over Q,,. 

Proof. Let m = p.2*" and let r be the solution, mod m, to the 
congruences r = 1 mod 2*" and r = —1 mod p. Let b = 2's, where s is 
odd, It is easy to check that G,,,_, satisfies the conditions of Corollary 6.10 
and so embeds in D(Q » a/b)*, for any a prime to b. 

Theorem 6.17 and Theorem 4.12 enable us to write down all the finite 
subgroups of a specified division algebra and Theorem 6.1 enables us to 
determine when two such groups are isomorphic. 

Examere. Using Corollary 6.18 and Theorem 4.12 we may show, for 
example, that, if a is prime to 6, then the isomorphism classes of 
nonabelian subgroups of D(),, a / 36)* are: 

(1) Gy y3%_, where 24/f and ¢[3(3'* — 1). 

(2) G, yw, where 24|f and /|3203° ~ 1). 
(3) Gy 4132-3) Where 24/f and ¢|3°(37 - 1). 

Two such groups are isomorphic exactly when they have the same order. 

Examp.e. Amitsur [1] proves that the smallest noncyclic group of odd 
order to embed in a division algebra has order 63 and is unique up to 
isomorphism. This group occurs in the simplest possible case. The smallest 
odd prime that is not a Fermat prime is 7. The index of any division 
algebra over (), that contains a noncyclic subgroup is at least 6, (Corollary 
6.18). D(2,,1/6) contains a maximal subgroup isomorphic to G43 ,9- 
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Taking f= 21 and s = 2 in Theorem 4.12, we see that Gy, 4 © Gy jo. 
G,, 4 is the desired group of order 63. 

7. MAXIMAL SUBGROUPS IN THE CASE p = 2 

Finally, we consider the case p = 2. Let F be a local field with residue 
characteristic equal to 2. In addition to the metacyclic groups, we need to 
consider the products of binary tetrahedral and metacyclic groups as 
described in Proposition 2.6. First, we consider which groups G = T x 
G,,,, can embed in a division algebra, D, over F. Certainly |G, ,| must be 
prime 2 and 3, otherwise, as |7| = 27.3, we get Z, x Z, or 7, Z, 
embedded in a division algebra. This is impossible. Since |G,, ,| = 
m.o(r|m), m_must be odd. Suppose ¢: T Xx G,,,< D*. We have 
0,4G,,, = <QL¢,,),0,,/,) which splits, if m is odd. This cannot be, 
unless r = 1 modm, so G,,, = Z/m. We must also have D = D(F, 

mr 

a/ 2k), where k and [F:@,] are odd (by Case 1 after Proposition 2.5); 

D=D(F,a/2k) = D(F,1/2) @ C,(T) 
F 

and 2/m embeds in the second factor which has index k. It follows that 
[F(G,): FIA and so [F(,,):Q,] is odd. If, on the other hand, m and 
[F(¢,,):Q,] are odd, then 

-~l-1 

F( om) 

is a division algebra and the group (i,j,-( +i+j+k)/2,¢,,) is 
isomorphic to T x 2/m. This lets us state: 

THEOREM 7.1. Jf p= 2 then TXG, 
over F if and only if: 

() Gy, = 2/m, 
(2) m is odd, 

(3) [F(Z,,): Q5] is odd. 

Proof. This follows from the remarks above. 

embeds in a division algebra 
oo 

Proposition 7.2. T is not metacyclic and hence T x Z/m does not 
embed in a metacyclic group. 

Proof. If T were metacyclic it would have a cyclic commutator sub- 
group, by Proposition 4.6. With P, Q and R as per Definition 2.1 part (2), 
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we have, [R, Q] = P,[R, P] = QP?, so (QO, P) C T' and so T’ is not even 
abelian. 4g 

THEOREM 7.3. If [F :0,] is odd and b = 2k where k is odd, then the 
maximal subgroups of DCF, a@/b)* that contain a binary tetrahedral group 
are isomorphic to T x Z/q* — 1 where the residue field of F is F,. 

Proof. A maximal group of this type can be written as G = T ® ¢¢,,) 
where (¢,,) = Z/m is a maximal cyclic subgroup of Cyr g/5{T). 
D(F, a/b) = FT ® Cyr 4 /4T) and so the latter factor has exponent, k. 

(0,(¢,):0,] = 2 and [F :Q,] is odd so £, ¢ F and [F(£,), F] = 2 which is 
prime to k and thus ¢, € Crp 4 p(T). Now, 2|m as -1€ ©, and ¢Z,,) 
is maximal. It follows that m has the form m = 2n where n is odd. As 
Cocr.a/b(T) has exponent, k, the maximal value of n is q* — 1. Thus 
G =T ®Z/2q* — 1). But, if H and K are subgroups of F algebras A 
and B, then H ®,K CA ®,B is a subgroup and we have an exact 
sequence 

0O-N-HxXK—-H®K-—-0, 
P 

where N = ((f, f°: fE€ HOF and fo! e KO F}. Now, TO F = {41} 
and so we have 

0 — {(1,1),(~1, -1)} ~ Tx Z/2-(q* - 1) > 

T®@®Z/2°(q*-1) 0. 

By counting, G=TxZ/q*-1. yg 

Proposition 7.4. Let G C D(F,a/b)* be nonabelian and G = G,, , 
then 

(1) m = 2°? where a = 2 and f is odd, 

(2) G=Q, x £/¢, where Q, is the generalized quaternion group of 
order 2°*!, 

Proof. lf m is odd or 2 mod 4, then F({,,,)/ F is unramified and so FG 
splits. This would imply that G is abelian. Consequently, a 2 2. By 
Theorem 5.1, ¢[r ~ 1 and thus, by Proposition 4.6, G has a central, cyclic 
subgroup, H, of order 7. By Yamada [10, Thm. 5.15], Deg (FG) = 2, and 
so |G| = 2°*'#. G is then a product of H and its 2-Sylow subgroup. By [1, 
Th. 2 part (2B)], we get (2). g 

Coro.iary 7.5. D(F,a/b)* contains nonabelian finite subgroups if 
and only if [F :Q,] is odd and b = 2k, where k is odd. 
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Proof. By Proposition 7.4 and the observation that Q, C T, we see that 
D(F, a/ b)* contains nonabelian finite subgroups if and only if it contains 
Q,, or equivalently, (F(¢,)/ F, a_,, — 1). This is a division algebra if and 
only if [F,Q,] is odd, and embeds in D(F, a/b)* if and only if b = 2k, 
fork odd. g 

Coroiary 7.6. If Q, is a subgroup of DF, a/ b)* then a = 2. 

Proof. Let Z = Z(FQ,). Now, Q, = Ga, and so FQ, = (F(f,0)/ 
Z,o_,, —1), but then, by Corollary 7.5, [Z :Q,] is odd and so e( F(¢,2)/ 
Q,) = 2 mod 4. However, e(Q,(f,.)/ Q,) = 2%"! giving a = 2. 

a 

We know, however, that Q, C (F(Z,), 7_,, — 1) is contained in a binary 
tetrahedral group and so we get: 

THEOREM 7.7. D(F,a/b)* contains nonabelian finite subgroups if and 
only if (F: Q,] is odd and b = 2k, where k is odd. The maximal such groups 
are isomorphic to T X Z/q* — \ where q is the cardinality of the residue 
field of F. Any two such groups are conjugate. 

Proof. AU that remains is to show the final statement. This follows by 
the Noether—Skolem Theorem and the fact that for any T ¢ DCF, a/b)* 

there is an isomorphism — 1) _. FT identifying (i,j, -(+itj + 
k)/ 2) with T, Theorem 2.4 part (3). The cyclic factor comes from a choice 
of a maximal odd root of unity in the centralizer of 7. All such cyclic 
groups are conjugate. 4 

CoROLLARY 7.8. DQ, a/b)* has nonabelian, finite subgroups if and 
only if b/2 =k is odd. The maximal such groups are isomorphic to 
TX Z/2* -1. 

Proof. Immediate. yg 

Finally we observe: 

Proposition 7.9. Herstein’s conjecture holds for all 2-adic fields, F. 

Proof. This follows from Corollary 7.6 and the observation that the 
groups T x Z/q* — 1 have no noncyclic subgroups of odd order. 
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