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Introduction

European Talbot 2025: Higher Algebra and Chromatic Homotopy Theoryis the seventh European Talbot work-
shop that took place in Kolding, Denmark from June 30th to July 4th, 2025. The workshop is aimed to bring together
a group of 30+ graduate students and post-docs to introduce and study selected topics in higher algebra and chromatic
homotopy theory, under the guidance of two senior mentors working in the area. This workshop is organized by Daniel
Bermudez, Marie-Camille Delarue, Joao Fernandes, Hyeonhee Jin, Filippos Sytilidis and Maxime Wybouw, with the
two senior mentors being Gijs Heuts and Ishan Levy.

This workshop was funded by the Hausdorff Center for Mathematics (HCM) and Deutsche Forschungsgemeinschaft
(DFG - the German Research Foundation) via the Junior Research Retreats program and the European Mathematical
Society (EMS) committee for European Solidarity. For more information, please visit the workshop website here.

The workshop itself is composed of 3-4 main talks per day from Monday (June 30th) to Friday (July 4th), with addi-
tional follow-up activities in the evening. Although not explicitly stated, it appears that a working knowledge of higher
algebra before the stabilization and stable homotopy theory would be helpful pre-requisites before reading the notes.
Below is an outline of the schedule.

Monday (June 30th): Fundamentals of Higher Algebra

• Lecture 1 (Section 1), by Ishan Levy, is an overview of the workshop and its two core topics - higher algebra
and chromatic homotopy theory.

• Lecture 2 (Section 2), by Yuqin Kewang, is about the stable1 -category of spectra, stabilization, and the con-
nections between group-likeE1 -spaces and spectra.

• Lecture 3 (Section 3), by Julie Bannwart, is about presentable stable1 -categories, symmetric monoidal1 -
categories, (commutative) algebras over them, and modules over algebras.

• Lecture 4 (Section 4), by Markus Zetto, is about1 -operads via symmetric sequences, algebras over operads,
the Bar-Cobar duality and Koszul duality.

• Lecture 4.5 (Section 5), by Gijs Heuts and Ishan Levy, was an informal lecture carried out in the evening to
cover the classic story of complex orientations, formal group laws, and Quillen's theorem ofMU carrying the
universal formal group law.

Tuesday (July 1st):The Chromatic Perspective on Stable Homotopy Theory

• Lecture 5 (Section 6), by Henry Rice, is about the nilpotence and periodicity theorem in chromatic homotopy
theory.

• Lecture 6 (Section 7), by Catherine Li, is about the construction of Morava E-theory with an “unique"E1 -ring
structure, the construction of Brown-Peterson spectrum as anE2-ring, and the construction of Morava K-theory
K (n) as anE1-ring.

• Lecture 7 (Section 8), by Maite Carli, is about descendability, the smash product theorem, and the chromatic
convergence theorem.

• Lecture 8 (Section 9), by Florian Riedel, introducesT(n) as the telescope of avn -self map on a typen complex,
the Bous�eld-Kuhn functor, and discusses semi-additivity.

• The First Q and Q session (Section 10) was held by Gijs Heuts and Ishan Levy in the evening.

Wednesday (July 2nd):Power Operations

• Lecture 9 (Section 11), by Azélie Picot, gave the de�nition and some examples of power operations.

• Lecture 10 (Section 12), by Jordan Levin, was about the Dyer-Lashof operations, at least at primen, and for
low n.
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• Lecture 10.5 (Section 13), by Ryan Quinn, explains the construction of anE3-MU-algebra structure on the
truncated Brown-Peterson spectraBPhni .

• There was a Gong Show carried out in the evening where participants are encouraged to eat a relatively spicy
pepper and explain some math topic for 5 minutes on the board.

Thursday (July 3rd): Filtrations

• Lecture 11 (Section 14), by Lucy Grossman, explained t-structures, �ltered objects, and spectral sequences.

• Lecture 12 (Section 15), by Jonathan Pederson, introduced synthetic spectra as a representation of the Adams
spectral sequence.

• Lecture 13 (Section 16), by Mattie Ji, explained an application of synthetic spectra to chromatic homotopy the-
ory that shows there is an equivalence between the homotopy category of the1 -category ofE-local spectra and
the homotopy category1 -category of differentialE � E-comodules, forE ap-local Landweber exact homology
theory of heightn andp > n 2 + n + 1 .

• Lecture 14 (Section 17), by Emma Brink, explains an application of synthetic spectra to giving multiplicative
structures on Moore spectra.

• The Second Q and A session (Section 18) was held by Gijs Heuts and Ishan Levy in the evening.

Friday (July 4th): T(n)-localE1 Rings

• Lecture 15 (Section 19), by Preston Cranford, was about McClure's theorem.

• Lecture 16 (Section 20), by Max Blans, was about the Chromatic Nullstellensatz.

• Lecture 17 (Section 21), by Vignesh Subramanian, was about applications of the Chromatic Nullstellensatz.

• Lecture 18 (Section 22), by Gijs Heuts, concludes the seminar by giving some outlooks on open problems in the
area.

• There were no formal mathematical activities arranged on Friday evening, but there was a karaoke night that
lasted until about 5 am the next day. Nevertheless, the notetaker heard many interesting math conversations
happening at the party.

These notes were originally live-texed by Mattie Ji, with additional editing works done by Mattie Ji after the confer-
ence concluded. We are thankful to the organizers and the mentors for running this conference; we are thankful to each
of the speakers for contributing the talks in the conference and for follow-ing up after the talks; and we are thankful
to the participants for coming to the conference. The notetaker, as the presenter of Lecture 13, would also like to
thank Mark Behrens, Pengkun Huang, Ishan Levy, and Jinghui Yang for helpful conversations during the writing and
preparations of this lecture.

Throughout the notes, we useSpcandS interchangeably to denote the1 -category of spaces. Unless it is a typo or
stated otherwise, the symbol “Ek " denotes the littlek-cubes operad, the symbolEn denotes then-th Morava E-theory
with respect to some primep, and if two superscripts appear above asE � ;�

n , the symbol denotes a certain item on the
n-th page of some spectral sequence.

If you �nd any typos or errors in these notes, please feel free to contact the note taker (Mattie Ji).
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1 Lecture 1: Overview by the mentors (by Ishan Levy)

This workshop is abouthigher algebra and chromatic homotopy theory! What are those about?

We will begin �rst with what higher algebra is about! Let us �rst look at what we mean by “usual algebra". In usual
algebra, we usually study algebraic structures such asSet; Ab; or Rings. In higher algebra, roughly speaking, we
would like to replace these categories with the “1 -categoriy of homotopy types" (or what some people would like to
call Anima!).

Question 1.1. Why would we want to do this with higher algebras?

The reason why is because homotopy types show up in many places, even if you are not interested in homotopy theory.
They show up in:

1. Geometric topology (ie. when you try to classify manifolds, surgery theory).

2. Algebraic or arithmetic geometry, when you are trying to study algebraic invariants (ex. varieties or arithmetic
objects).

3. (Perhaps a bit more philosophical): Homotopy types are sort of a “natural replacement" ofSets from a
categorical viewpoint.

1.1 What is Higher Algebra?

Let us look at linear algebra for example.

• In usuallinear algebra, we would like to work withabelian categories.

• In higher algebra, the fundamental place where we would like to do linear/homological algebra is called the
stable1 -category.

The following gives a comparision between the two.

Linear Algebra Higher Algebra

Abelian Categories Stable1 -categories
Exact seqeunces Fiber sequences

Universal abelian category that acts on others -Ab! Universal stable1 -category - spectra!
Symmetric Monoidal by
 Symmetric Monoidal bŷ

The unitZ The unitS

There are some interesting things happening in higher algebra that is not captured by linear algebra though!

Linear Algebra Higher Algebra

Hom(Z; Z) = Z Hom(S; S) = colim n 
 n Sn

Commutativity is strict Commutativity is parametrized by operadsE1; E2; :::; E1

Encoding algebras and algebraic maps encodes a lot of data! How would we do this in practice, that we will learn
about this week:

1. Constructions (Thom spectra, algebraic K-theory, ...)

2. Deformation theory (Trying to build non-linear objects (ie.E1-algebras) using linear data).

3. Closely tied to deformation theory isObstruction Theory. Ex. If our goal is to understandEn -algebras (ie.
�guring out what their homotopy groups are), the key thing to �rst understand the freeEn -algebras, which
by the Yoneda lemma is equivalent to understand what are calledPower Operations. Precisely, we have that
Map(FreeS0; R) = 
 1 R. Algebras in general are built under colimits from free ones, so in some sense the
free algebra functor with some extra structure entirely encodes what it means to be anEn -algebra. One key
method in this is theKoszul Duality.
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Example 1.2. Where are the obstructions? Suppose we have the free algebra onf xg asFreef xg and
consider the pushout:

Freef xg R

1 R0

Consider a mapR ! S, one can ask if we can lift this to a mapR0 ! S. It turns out you can lift
this if and only if some obstructions related to the homotopical information ofFreef xg vanishes (more
precisely,x comes to be nullhomotopic inS).

4. Descent: Let f : R ! S befaithfully �at . It was Grothendieck who observed that we can recoverMod(R) as

Mod(R) ��! lim
[n ]2 �

Mod(S
 n ):

In usual algebra we needed faithful �atness for this, but in higher algebra descent is effective way beyond this
setting.

Example 1.3. Considering descent for the unit mapS ! Fp gives theAdams spectral sequence.
Considering descent for the unit mapS ! MU gives theAdams Novikov spectral sequence.

5. Often in higher algebra, we want to study some objectX by �nding a �ltration onX .

De�nition 1.4. Let X 2 C (for Csome category), a�ltration on X is a functorF : Z ! C (whereZ is
interpreted as the poset category). WriteX i = F (i ), we wantcolim X i = X .

Often times we are also interested in the associated gradedgr X i =X i +1 and see the difference between the as-
sociated graded andX .

Principle: All spectral sequences come from �ltered objects!

This is good because we can apply the techniques of higher algebra to �ltered objects.

1.2 What is Chromatic Homotopy Theory?

If spectra is the analog of abelian groups, one natural question we can ask is - what do these spectra look like? In clas-
sical algebra, we have the structure theorem for abelian groups, etc., chromatic homotopy theory asks what a spectrum
looks like.

Let us look at the abelian group case �rst. Consider the natural inclusion mapZ ! Q. The information that this map
is losing is exactly the cokernel, which �ts into

Z ! Q ! Q=Z:

On the other hand, we have that
Q=Z =

M

p

colimk Z=pk Z:

Thus, understandingQ can be thought of as understandingZ and each prime powers!
Similarly, for the sphere spectrum, we have a mapS ! S[p� 1; p prime] �= Q. The cokernel in this case gives a
sequence

S ! S[p� 1; p prime] �= Q ! Q=S �=
M

p

colimk S=pk :
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Question 1.5. Can we decompose this further?

Well in this case, one can check that� � S=pk has an elementvk1
1 that generates� � =nilpotence. In general - to under-

stand some object, we can pick an element in it and ask - what happens when we mod out this element or invert this
element?

In this case, we can consider another map

� S=pk1
v k 1

1��! S=pk0 ! S=(pk0 ; vk1
1 ):

In this case(� � S=pk1 )[v� 1
1 ] are completely understood (in the sense that it is a local ring of Krull dimension0)! On

the other hand,wecanask- whataboutthetermS=(pk0 ; vk1
1 )?

It turns out in this case, we can �nd an elementvk2
2 , so we try doing this again, which will give an elementvk3

3 , and so
on ... Putting this together we de�ne

X n = S=(pk0 ; vk1
1 ; :::; vkn � 1

n � 1 );

and thetelescope object of heightn as
T(n) = X n [vkn � 1

n ]:

There is a more canonical localization functor we can de�ne given by

Sp ! SpT (n ) ; X ! lim k0 ;k 1 ;:::;k n � 1 (X 
 S=(pk1 ; :::; vkn � 1
n � 1 )[vkn � 1

n ]:

De�nition 1.6. When do thesevi 's show up?

Remark 1.7. If we consider the map
S ! MU ! MU 
 MU :

There is an object called the moduli stackM fg of formal groups with a sheaf of invariant differentials! on it.
Doing descent on this map, we have a spectral sequence

H s(M fg ; ! 
 t ) =) � 2t � sS:

It turns out thatvn 2 H 0(M fg ; ! 
 (pn � 1) =(v0; :::; vn � 1)) . This set-up is sometimes called theAdams-
Novikov �ltration.

Let K (n) be the Morava K-theory. If we look at theK (n)-localization ofX , this is tied to

L K (n ) X = lim � L T (n ) (X 
 MU 
 +1 )

which is sometimes more computable tanT(n)-localization. To give some idea on why this might be more
computable, there is an alternative description of the terms in the limit, indeed

L T (n ) (X 
 MU 
 +1 ) �= (X b
 En )hGn

where
 ^ denotes a “completed tensor product" and we have a lot of understanding ofEn , the Morava E-theory.
In fact, we have that

� � En = W (Fpn )[[u1; :::; un � 1]][� � 1]; jui j = 0 ; j� j = 2

HereW (Fpn ) is the ring of Witt vectors.

Write L n to be theBous�eld localization of K (n) � K (n � 1) � ::: � K (0) (or with respect toEn ). L f
n is a �nite

version ofL n . TheseL f
n glue together information ofL K ( i ) andL T ( i ) for i � n.
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Question 1.8. Do theseL n 's capture all the information of (�nite) spectra?

In principle, the answer is yes, due to the chromatic convergence theorem.

Theorem 1.9(Chromatic Convergence Theorem - One Version). S(p) = lim  n L n S.

Thesechromatic localizations have a lot of intetresting propertiesin L T (n ) SpandL K (n ) Sp.

1. Ambidetextrity (which makes the set-up feel like working in characteristic zero). Consider a non-trivial vector
spaceV with G actions on the left and right. In this case there is an eequivalentVG ' V G (from orbits to �xed
points) given by

x 7!
X

g2 G

gx:

In L T (n ) Spor L K (n ) Sp, there is always some canonical mapX hG
��! X hG (from the orbit to the �xed points)

whereG is what is called a� -�nite group.

2. K (n)-local E1 -rings are very nice! For instance, freeK (n)-local E1 � En -algebra at the level of� � is a
completed polynomial algebra over� � En . (HereEn means Morava E-theory).

3. Bous�eld-Kuhn functor : There is a Bous�eld Kuhn functor� n : Spc ! SpT (n ) that allows you to recover a
spectrum from the underlying space afterT(n)-localization. In other words, the following diagram commutes:

Sp SpT (n )

Spc

L T ( n )


 1 � n

Remark 1.10. For MU-modules (ie. complex-oriented), it is true thatK (n) andT(n) localizations are the
same.
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2 Lecture 2: Spectra and stabilization (by Yuqin Kewang)

2.1 Stable1 -categories

One motivation for introducing stable1 -categories is that they provide a better model fortriangulated categories.

De�nition 2.1. Let C be an1 -category, we say thatC is pointed ifC has a zero object0, which is both �nal
and initial.

De�nition 2.2. Let Cbe a pointed1 -category, atriangle in Cis a diagram� 1 � � 1 ! C of the form

X Y

0 Z

A triangle is a �ber sequence(resp.co�ber sequence) if this diagram is apullback square (resp.pushout
square).

Example 2.3. TakeC = S� to be the1 -category of pointed spaces. Here the zero object is the point. For each
X 2 S� , we can de�ne itsloop space
 X andsuspension space� X


 X 0 X 0

0 X 0 � X

where the left square is a pullback and the right square is a pushout.

Similarly, we can de�ne� and
 in general.

Remark 2.4. There is an adjunction� a 
 .

De�nition 2.5. We say an1 -categoryCis stableif

1. Cis pointed.

2. Every morphism inChas a �ber and a co�ber.

3. Every triangle inCis a pullback if and only if it is a pushout.

Proposition 2.6. If C is stable, then the adjunction� a 
 is an equivalence of categories.

Proof. By the de�nition of stability, we know that for a diagram


 X 0

0 X
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Since this is a pullback, it is also a pushout, so�
 X is X . Doing the other diagram gives usX �= 
� X . This proves
the equivalence. �

Proposition 2.7. If C is a stable1 -category, then its underlying homotopy categoryhChas the structure of a
triangulated category.

Remark 2.8. Being triangulated is a property of a stable1 -category, whereas for 1-categories it is an extra
structure.

Now that we have de�ned stable1 -categories, we would like to ask.

Question 2.9. Do we have examples of stable1 -categories?

Yes! In fact, there is a general process calledstabilization which gives you stable1 -categories.

De�nition 2.10. Let Cbe an1 -category that admits �nite limits, then we consider the1 -category of pointed
objects inC(call thisC� ). ThenC� also admits �nite limits and is pointed. Thus,
 X is always well-de�ned.

Thestabilization of Cis Sp(C) := lim( ::: 
�! C �

�! C �


�! C � ) 2 \Cat1 .

Notation: Cat1 is the1 -category of small1 -categories, anddCat1 is the1 -category of large1 -categories. In
general,Spcis not small, but �nite spaces are small.

Proposition 2.11. Sp(C) is a stable1 -category.

Remark 2.12. If Chas �nite limits and colimits, we have that

Sp(C) = lim( ::: ! C �

�! C � ) 2 PR

r

= colim( C�
��! C �

��! :::) 2 PL
r

There is an embeddingPR
r to \Cat1 that recovers the original construction. What are these notations? We will

see them in Lecture 3!

De�nition 2.13. TakeC = Spc the1 -category of spaces, then we de�neSp as the stabilization ofSpc. This
is called the1 -category of spectra.

Concretely, what isSp?

• The objects areX := f (X n )n � 0; � n : X n
��! 
 X n +1 g.

• What are the mapping spaces? Well,

MapSp(X; Y ) = lim( ::: MapS*
(X ;Yn ) 
�! MapS*

(X n ; Yn ) ! :::)

Concretely, a mapf : X ! Y is a sequence of mapsf n : X n ! Yn equipped with a homotopy of the following
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two maps.

X n Yn


 X n +1 
 Yn +1

f n

� n � �
n


 f n +1

Example 2.14. ForA 2 Ab, we have the Eilenberg Maclane spectrumHA given by

f (K (A; i ); K (A; i ) ��! 
 K (A; i + 1)) gi � 0g:

Proposition 2.15. Sp has all limits and colimits (ie.Sp is a presentable1 -category). Limits and �ltered
colimits in Spcan be computed levelwise.

Let us also look at what
 X for a spectrumX is. Indeed,

(
 X )n
�= 
 X n

�= X n � 1;

this implies to
 X = X [� 1] (ie. X shifted down). Similarly, we will also have thatX = X [1].

There is a natural functor
 1 : Sp ! S� by X 7! X 0. Since limits can be computed levelwise, this functor
 1

commutes with all small limits! This admits a left adjoint� 1 : Sp ! Spgiven by

X 7! ((colim i 
 i � i + n X )n ; colim 
 i � i + n X ' 
 colim 
 i � i + n +1 X )

Note that since loop functor commutes with colimits, we have that


 colim 
 i � i + n +1 X = colim 
 i +1 � i + n +1 X;

which gives the desired equivalence.

De�nition 2.16. The image of� 1 are calledsuspension spectra.

Example 2.17. � 1 S0 is the sphere spectrumS.

Now we would like to derive some good properties ofSp.

Proposition 2.18(Property 1). Sp is compactly generated, more preciselySp = Ind(Sp f in ), the1 -category
of �nite spectra.

To prove this proposition, we �rst need to de�ne to notion of �nite spectra.

De�nition 2.19. The category of �nite spectrumSpf in is the colimit

colim(Sf in
�

��! Sf in
� ! :::) 2 Cat1

HereSf in
� refers to the category of pointed �nite spaces. We can view every �nite spectrum as� � n � 1 K

whereK is some �ntie space!
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Proof Idea of Property 1.Recall that forC a small1 -category,Ind(C) = P �ltered (C) � P(C) = Fun( Cop; Spc).
The idea is thatP(C) is the1 -category generated byCfreely under colimits.

Concretely,obj(Ind( C)) are exactly of the formcolimI Fi whereF : I ! C andI is �ltered. Furthermore, we have
that

MapInd( C) (colimI Fi ; colimJ Gj ) �= lim
I

colimJ MapC(Fi ; Gj ):

Now the proof for the case ofSpcomes down the following observations:

1. Sp�n � Sp is compact (ie.MapSp(X; � ) commutes with �ltered colimits).

2. In general forC� ,! C compact, thenInd(C� ) ! C is fully faithful. Hence the induced mapInd(Spf in ) ! Sp
is fully-faithful.

3. Essential Surjecitvity: ForX 2 Sp, we want to show thatX can be written as the colimit of �nite spectrum. By
Yoneda lemma, we can indeed writeX = colim � � n � 1 X n .

�

2.2 The Recognition Principle

The next property we want to estbalish the the recognition principle - the slogan is that connective spectra are exactly
group-likeE1 -spaces!

Write Fin � as the 1-category of pointed �nite spaces. The objects arehni = f� ; 1; :::; ng for n � 0. The maps between
hni andhmi are set functionsf such thatf (� ) = � .

De�nition 2.20. A commutative monoid in spaces(ie. also calledE1 -space) is a functorM : Fin � ! Spc
satisfying theSegal condition, ie. the map

(� i; � ) i : M (hni ) !
nY

i =1

M (h1i )

is an equivalence. Each map� � : hni ! h 1i is the unique map that sendsi ! 1 and everything else to� .

De�nition 2.21. Let M : Fin � ! Spcbe anE1 space. WriteM = M (h1i ) 2 S to be theunderlying space
of M . Now we obtain a multiplicative structure onM given by

M � M �= M (h2i )
m ���! M (h1i ) = M;

wherem : h2i ! h 1i is given by sending1 and2 both to1. One can check this is a monoid structure that is
unitial, associative, and commutativie up to higher coherence.

De�nition 2.22. An E1 -spaceM is group-like if � 0(M ) is a group. We denote the subcategory as
CMongp(Spc).

Fact: CMon(Spc) has 0 objects (ie. the trivial group), and has limits that can be computed level wise.

Proposition 2.23 (Property 2, Recognition Proinciple). There is an equivalence of categories between
CMongp(S) and connective spectraSp� 0 given by the adjunction(B 1 ; 
 1 ).
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HereB 1 : CMon1 (S) ! Sp� 0 is constructed as follows.
We de�ne


 M : Fin � ! Spc; hni 7! 
 M (hni ):

Note that� i (
 M ) �= � i +1 (M ) .CThis suggests that
 from connected group-likeE1 -spectrum gives an equivalence to
group-likeE1 -spaces. The inverse of this is thenB where

BM �= colim� op (Fin � � � op ! Fin �
M
�! S) 2 CMond(Spc)

�= colim� op (:::M � M � M ! 0)

From here, we de�ne
B 1 M = f (M; BM; B 2M; ::: ); B n M ' 
 B n +1 M g

Here, we have the equivalenceB n M ' 
 B n +1 M precisely becauseB is de�ned to be the inverse of
 .

Proposition 2.24. B 1 M is connective, ie.� � n (B 1 M ) = � 0(B n M ) = 0 .

The map
 1 : Sp� 0 ! CMongp(S) is given by

E 7! (
 1 E : hni ! 
 1 (� 1 hni 
 E ):

Proposition 2.25. 
 1 E is grop-like ie.� � (
 1 E) = � 0(E ) is a group.

Finally, we give two examples of spectra.

Example 2.26. The connective complex K-theoryku. Consider a functorVect : Fin � ! Spcgiven by

hni 7! f (v1; :::; vn ) 2 Gn
r j vi ? vj ; i 6= j g

f : hmi ! h ni 7! Vecthmi ! Vecthni ; (v1; :::; vm ) 7! (
M

i 2 f � 1 ( j )

vi )1� j � n :

One can check thissatis�es the Segal condition. Consider another map
Q

x i : V ect(hni ) !
Q n

i =1 V ect(h1i )
given by

(v1; :::; vn ) 7! (v1; :::; vn ):

This is ahomotopy equivalentbecause of the Gram-Schmidt procedure. One can check then that

� � (Vect) = N

which then implies thatB 1 Vectgp = ku.

Note that
 1 ku = 
 1 B 1 V ectgp, which is the underlying space ofV ectgp, which isBU � Z.

Example 2.27. The Thom spectrum: For eachn considerBOn ! S�
� � n � �1

������! Spgiven by

pt 7! Sn (equipped withOn action) ! S:

In this case we can lift the maps
BOn Sp

BOn +1
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To build a map� : BO ! Sp.

From here, we de�neMO := colim( � : BO ! Sp) andMU = colim( BU ! BO ��! Sp).
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3 Lecture 3: Presentable stable1 -categories and (symmetric) monoidal
structures (by Julie Bannwart)

Presentability will be a kind of smallness condition that are well-behaved, and we want to consider them to work with!

3.1 Symmetric Monoidal1 -Categories and Their Algebraic Objects

In the classical case, asymmetric monoidal 1-categoryis the data(C; 
 : C � C ! C ; 1C 2 C) with isomorphisms
witnessing associativity, commutativity, and unitality, in addition to nice compatibility axioms.

For 1 -categories, the challenge is toneatly encodethem. Last lecture, we saw how to give multiplicative structures
for connectedE1 -spaces. Here we want to generalize:

De�nition 3.1. Recall Fin � is the category of pointed �nite sets composing of objects of the form
hmi = f� ; 1; :::; mg and morphisms being base-point preserving set functions.

A (small) symmetric monoidal 1 -category is a functorC : Fin � ! Cat1 that satis�es again theSegal
condition, ie. for maps� i : hmi ! h 1i that sendsi to 1 and the rest to� ,

C(hmi )
f � i g
���!

Y
C(h1i )

is an equivalence.

Equivalently, by thestraightening and unstraightening theorems, it turns out this condition is equivalent to
specifying aco-Cartesian �bration C
 ! Fin � with the Segal conditions. Here, by a co-Cartesian �bration,
we mean for eachhmi ! h ni , we have an induced �ber functorC


hm i ! C 

hn i satisfying some speci�ed

conditions (ie. certain diagram lifting - “coCarteisan lifts").

Idea:

• The underlying1 -categoryCis denoted byCh1i or C

h1i .

• The unit1C is given byC(h0i ) ' � ! C (h1i ) ' C .

• The tensor product is given byC � C ' C (h2i )
f
�! C (h1i ) ' C , where the mapf is induced by

f 0 : h2i 7! h 1i ; f 0(1) = f 0(2) = 1 :

• There are some coherence conditions enforced byFin � .

Proposition 3.2 (2.1.2.20-21 of [Lur17]). Let C be a symmetric monoidal 1-category, there existsN C with
N Ch1i �= N C.

The analogous description is - IfC is a symmetric monoidal1 -category, thenhCh1i is a symmetric monoidal
1-category.

Proposition 3.3 (2.4.1 of [Lur17]). Let C be an1 -category with �nite products (resp. coproduct), thenC
has a symmetric monoidal structure with tensor products being the categorical product� (resp. categorical
coproduct

F
). (In this case we writeC
 to denote eitherC� or Ct )

Classically, alax symmetric monoidal functor F : C ! is equipped with maps� c;c0Fc
 Fc0 ! F (c
 c0) (structure)
satisfying some coherence. Astrong symmetric monoidal functor requires the� c;c0 are equivalences (property).



Symmetric Monoidal1 -Categories and Their Algebraic Objects Page 16 of 107

De�nition 3.4. Given symmetric monoidal1 -categoriesC
 ! Fin � andD 
 ! Fin � , a lax (resp. strong)
symmetric monoidal functor is a commutative diagram:

C
 D 


Fin �

F

such thatF carries coCartesian lifts of inert edges (de�ned asF : hmi ! h mi such thatf � 1(i ) is a singleton
for all 1 � i � m) (resp. all edges) to coCartesian edges.

Note that symmetric monoidal functors betweenC; D : F in � ! Cat1 are exactly natural transformations.

Example 3.5. Symmetric monoidal functors between (co)Cartesian symmetric monoidal structures (that is,
C� ! D � or Ct ! D t are exactly those that preserves �nite (co)products.

The (partial) idea is that tenosring inCare coCartesian liftsm : h2i ! h 1i of the form[c; c0] ! c
 c0. For a symmetric
monoidal functorF , we would have a coCartesian lift[Fc; Fc0] ! F (c 
 c0). The uniqueness of coCarteisna lifts
implies thatF (c 
 c0) ' Fc 
 Fc0.

Classically, for symmetric monoidal 1-category, we can use them to de�ne associative and commutative algebra objects
over them.

De�nition 3.6. An algebra object is E 2 (C; 
 ; 1C) (for 1-categories) is equipped with maps1C ! E and
E 
 E ! E , satisfying suitable axioms.

Let us try to generalize this de�nition.

De�nition 3.7. A commutative algebra in � : C
 ! Fin � is a section of� that sends inert edges to co-
Cartesian ones (lax symmetric monoidal functorFin � ! C 
 ).

To be able to obtain theassociative algebrasfor C
 ! Fin � , we would like to consider the functor/diagram

� op C


Fin �

mappingconvex edgesto co-Cartesian ones. Here by convex edges, we meaninjective + image is an interval
(consecutive integers).

Remark 3.8. Why should� op serve as the model for associative algebras? Well, the intuitive idea is that since
the maps are order-preserving in� , there is no way to “swap". Thus, we lose the commutativity part.

Example 3.9.Commutative algebras inSpc� is exactly anE1 -space in Lecture 2! HereSpc� is the symmetric
monoidal structure onSpcgiven by product of spaces.

We can now view
CAlg(C
 ) � Fun(Fin � ; C
 ) and Alg(C
 ) � Fun(� op; C
 )
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Remark 3.10. In 1-categories, we always have thatCAlg(C) � Alg(C), and being commutative is just extra
property. This is in general false for1 -categories! There is only really a forgetful map.

Example 3.11.CAlg(Cat �
1 ) can be identi�ed with the collection of symmetric monoidal small1 -categories.

Again,Cat �
1 denotesCat1 with a symmetric monoidal structure given by its product� .

Proposition 3.12. Let F be a lax symmetric monoidal functorC
 ! D 
 , then it induces a mapAlg(C
 ) !
Alg(D 
 ) (and similarly forCAlg).

3.2 Spectra and Presentable Categories

What is a presentable category?

De�nition 3.13. An 1 -categoryCis presentableif:

1. Cadmits small colimits.

2. C is accessible in the following sense - it is generated under� -�ltered colimits by a small sub-category,
where� is a regular ordinal.

By a theorem of Simpson, this is equivalent toCbe an “accessible localization of a presheaf category".

Fun Fact: If C is presentable andCop is presentable, thenCis a POSET.

De�nition 3.14. We de�nePrL � \Cat1 is the subcategory ofpresentable categorieswhose morphisms are
left adjoint functors .

We usePrL
st � PrL to denote the full sub-category of stable presentable categories.

Proposition 3.15(4.8.15 of [Lur17]). There exists a symmetric monoidal structure onPrL such that:

1. PrL ,! \Cat1 is lax symmetric monoidal.

2. The mapC � D ! C 
 Pr L D in Cat1 is initial amongst functors preserving colimits in both vari-
ables. Note that we can identifyC 
 Pr L D as the category of right adjoint functors fromCop ! D (ie.
RFun(Cop; D) ' RFun(Cop; D) � ).

3. � 
 P r L � preserveing colimits in both

4. PrL
st has an induced symmetric monoidal structure.

Fact: (from 4.8.2 of [Lur17])

1. Spc2 PrL is the unit of the symmetric monoidal structure.

2. C 
 Spc� ' C � .

3. The stabilizationSp(C) is C 
 Sp ' RFun(Cop; Sp) = lim RFun( Cop; Spc� ) = lim C� ' Sp(C). Sp is the unit
in PrL

st
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4. CAlg(Pr L; 
 ) are precisely the presentably symmetric monoidal categories

Theorem 3.16(4.8.2.19 of [Lur17]). There exists a unique symmetric monoidal structure onSp such that the
unit isSand� 
 � preserves small colimits in both variables.

Proof Idea. Foruniqueness, let E 2 Sp, recall we could writeE = colim m � m � 1
+ X m for spacesX m from Lecture

2. LetF 2 Sp, then

E 
 F = (colim m � m � 1
+ X m ) 
 F

= colim m � m colimX m ((� 1
+ � ) 
 F )

= colim m � m colimX m (S
 F ) � 1
+ � ' S

= colim m � m colimX m (F )

For existence, this is becauseSp is the unit inPrL
st , which implies thatSp 2 CAlg(Pr L

st ). Alternatively, this follows

from Sp“being idempotent" inPrL , that is -Sp ' Sp
 Spc
id 
 � 1

+�����! Sp
 Sp is an equivalence. �

3.3 Ring Spectra and Examples

From now on, we always assumeSp is equipped with the aforementioned symmetric monoidal structure.

De�nition 3.17. CAlg(Sp) is calledE1 -rings.Alg(Sp) is calledE1-rings.

Our goal now is to look at interpolations between the two. Let us look atku for Lecture 2 for example. Now before,
this we should �rst discuss how what we talked about last lecture �ts within the context:

1. The group-likeE1 -spacesCMon(Spc)gp are exactlyCAlg(Spc� )gp.

2. Vectgp
C is given as an element inCMon(Spc)gp.

3. Because tensor product of vector bundles exist, this actually makesVectgp
C into a commutative algebra:

Vectgp
C 2 CAlg(CMon(Spc)gp;
 )

4. The functorB 1 : CMon(Spc)gp;
 ! Sp

� 0 is symmetric monoidal!

Now let us see howku �ts into this:

Example 3.18. Recall last lecture, we constructedku asB 1 Vectgp
C 2 CAlg(Sp


� 0). In other words,ku is a
commutative algebra over connective spectra - in particular this means that

B 1 V ectgp
C 2 CAlg(Sp
 )

soku is anE1 -ring spectrum.

We can also construct a non-connective version ofku as follows.

De�nition 3.19. Thebott elementis the map� : S2 ! ku corresponding to� : S2 ! 
 1 ku = Z � BU =
(
F

m BUm )gp given by the map1 � � (1) (here1 is the trivial bundle and� (1) is the tautological line bundle).

From here we de�neKU := ku[� � 1] 2 CAlg(Sp). Note that in this case

� 2KU ' S2 
 KU
� 
 id
���! KU 
 KU

�
�! KU
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is an equivalence. This is calledBott periodicity .

In the last lecture, we also sawMU as the colimit in SpectracolimSp(BU ! BO
j
�! Sp) (here we usej : BO ! Sp

to denote this being the J-homomorphism).

Theorem 3.20(Matthew Ando, Andrew J. Blumberg, David Gepner, Michael J. Hopkins, Charles Rezk
[ARB+ 13]). Let Pic be1 -groupoid of invertible objects inSp. There is a symmetric monoidal functor (called
theThom spectrum functor) M : Spc=Pic ! Sp

(X F�! Pic) 7! colimSp
X F

left-Kan-extending the inclusion� =Pic ' Pic ,! Sp wit respect to theDay convolution on Spc=Pic '
P(Pic) . Here by Day convolution, we mean

(X ! Pic) 
 (Y ! Pic) ' (X � Y ! Pic � Pic
�
�! Pic):

Remark 3.21. In general, there is a Day convolution that can be considered as follows:

• There is a symmetric monoidal structure onFun(C; D) for C; D both symmetric monoidal. In this case,
commutative algebras over lax symmetric monoidal functors.

• Now F 
 Day Gis the left Kan extension ofC � C F � G���! D � D

 D��! D alongC � C


 C��! C .

Example 3.22. We can realizeMU asM (BU ! BO
j
�! Pic). Here thej -homomorphism is given by the

diagram

BO Pic

Z � BO ' (
F

m BOm )gp

F
m BOm

j

where the map
F

m BOm ! Pic is induced by sending a real vector space to the� 1 of the one-point-
compacti�cation of its Thom space.

Note that thej -homomorphism is anE1 -map, so this yields anE1 -algebra inSpc=Pic. Thus,MU is an
E1 -ring.

3.4 Modules

Recall how modules are de�ned for 1-categories:

De�nition 3.23. Let E 2 Alg(C; 
 ), a moduleF overE is a the data of a mapE 
 F ! F satisfying relevant
unitality and associativity.

Let us try to look at the set-up for1 -categories:
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De�nition 3.24. Let A : � op ! C 
 be an (associative) algebra inC. A left A-module is F : � op � [1] ! C 


such that:

• Post-composition withC
 ! Fin � is a map� op � [1] ! Fin � such that

([m]; 0) 7! hm + 1 i ; ([m]; 1) 7! hmi :

• Restriction to� op � f 1g is the functorA.

• F (id [m ]; 0 ! 1) andF (� op; id0) are coCartesian inC
 for all inert � : [m] ! [m] with � (m) = m.

Note that there is a similar notion of rightA-module, and ifA 2 CAlg(C), the two notions agree.

Remark 3.25. We could recover the underlying moduleM := F ([0]; 0) 2 C

h1i . F ([n]; 0) has to be

(A; :::; A; M ) 2 C

hm +1 i ' (C


h1i )
m +1 (whereA spansm times). Any coCartesian lifth2i ! h 1i with source

(A; M ) = F ([1]; 0) has to have targetF ([0]; 0) = M . This gives the required mapA 
 M ! M .

For our purposes, we mostly work overSpwith E1 or E1 -ringsR.

Proposition 3.26(7.1.2.7 of [Lur17]). The 1 -category of left R-modules -LModR (Sp) - is a presentable,
symmetric monoidal category that is functorial with respect toR 2 CAlg(Sp). There is a forgetful functor
LModR (Sp) ! Spwith left-adjoint given underlying byR 
 � .
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4 Lecture 4: Operads, algebras, and Koszul duality (by Markus Zetto)

4.1 Operads via Symmetric Sequences

Let us �x V 2 CAlg(Pr L
st ), ie. V is a presentable, stable, symmetric monoidal1 -category. In this case, we have a

sequence of forgetful functors

CAlg(Mod V (Cat colim )) ! CAlg(Cat colim ) ! CAlg( dCat) ! dCat:

This sequence admits a sequence of left adjoints back as

CAlg(Mod V (Cat colim )) �
V ��� CAlg(Cat colim ) P colim

 ���� CAlg( dCat)
Sym

 ��� dCat:

By composing the left-adjoints and restricting toCat, one obtains a functor

Cat ! CAlg(Mod V (Pr L )) ; C ! P (Sym C) 
 V ;

where one should think ofP as the presheaves valued in spaces. Thematically, one can interpret the right term as

P(Sym C) 
 V �= Fun(
G

n � 0

(C� n
h � n

)op; V):

De�nition 4.1. A V-enriched operad with colorsX 2 S is a monad on

P(Sym X ) 
 V 2 CAlg(Mod V (Pr L ))

Explicitly, aV-enriched operad with colorsX , as a monad, is an algebra in the endomorphism categoryEndL; 

V (PSym X 


V) = Fun( X; PSymX 
 V ). Note that

Fun(X; PSymX 
 V ) = Fun( X �
G

n � 0

X � n
h � n

; V) =: SSeqX (V):

Here,SSeqX (V) denotes the1 -category of symmetric sequences valued inV with colorsX , and is de�ned as above.

This yields an equivalent de�nition for operads.

De�nition 4.2. We callOpX (V) as theAlg(SSeqX (V) (ie. we call them the operads overV.)

We also give a similar de�nition for co-operads.

De�nition 4.3. We callcoOpX (V) as thecoAlg(SSeqX (V). WhenX = � , we may drop the symbolX .

Remark 4.4. Observe that an operadO 2 OpX (V) speci�es a functor

Mul O : X �
G

n � 0

X � n
h � n ! V ;

with the identi�es and compositions onMul O speci�ed by the algebra structure onO.

Let us specialize to the case whereX = � is a point. In this case one recovers the set-up where

SSeq(V) = Fun(
G

n � 0

B � n ; V):
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An operadO here can be thought of as a collectionO(n); n � 0 equipped with� n -action onO(n).

There is an operation on operadsO; P given by

(O � P )(n) =
G

r � 0

(O(r ) 
 P 
 r (n))h� n

Here the operation in the middle is seen as aDay-Convolution, andP 
 r (n) := colim n +1+ ::: + n r = r O(ni ). There is a
multiplicative unit given by

1(n) =

(
; ; n � 1
1V ; n = 1

:

De�nition 4.5. Let O be an operad overSSeq(V). An O-algebra is the data of a map1V ! O (1) (called the
unit map) and a map

(O � O )(n) ! O (n)

for eachn, satisfying some compatibility conditions.

Here we give some examples of operads.

Example 4.6. 1. The unit operad1 given above.

2. The commutative operadE1 given byE1 (n) := 1 V for all n.

3. WhenV = Spc, theEk -operads are given by con�guration spacesE k (n) := Emb( f 1; :::; ng; Rk ).

4. WhenV = Vect k with k having characteristic zero, the Lie operadLie is given by the operad freely
generated by[� ; � ] 2 Lie(2) with respect to the relations of anti-symmetry and the Jacobi identity.

Remark 4.7. If P 2 SSeq(V) is concentrated in only degree0, then so isO � P This gives an action of
SSeq(V) onV, or equivalently, it speci�es a map

SSeq(V) 
�! End(V); P 7! (SymP : v 7! P � v[0]);

whereP � v[0] is in degree0 and hence stays inV.

De�nition 4.8. We de�neAlgO (V) asLModSym O (V) for O 2 Op(V) with respect to the action speci�ed in
the action above. Similarly, we also de�necoAlgnil;d:p:

Q (V) ascoLModSym Q (V) for Q 2 coOp(V).

Remark 4.9. An actual co-algebra should have a mapA !
Q

(Q(n) 
 A 
 n )h� n .

Explicitly, the algebra structure speci�ed above gives a map

(O � v[0])(0) =
G

r � 0

(O(r ) 
 v
 r )h� r ! v:

Remark 4.10. The presentation of operads here is different from that of Lurie's in [Lur17]. The notetaker
believe they are equal over spaces whenX is one point. References for this presentation of operads in the notes
here can be found in [Bra17, BCN24, Hau22].
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4.2 Bar-Cobar Duality

De�nition 4.11. For Ca monoidal1 -category andA 2 Algaug (C) := Alg( C)=1C, we sayBar(C) is thebar
construction of A if for all c 2 C, we have that

MapC(Bar A; c) ' Map
A BiMod A (C) (A; � (c))

where� : C ! A BiMod A (C) restrocts scalars along the augmentation.

Proposition 4.12. If Cadmits a geometric realization and
 is compatible with them (in fact this is not neces-
sary), thenBar(A) := 1 
 A 1 ' 1 
 A A 
 A 1 = colim [n ]2 � op (1 
 A 
 n 
 1).

Observe thatBar(A) is in fact a co-algebra. Indeed, we have a clear sequence of maps

Bar(A) = 1 
 A 1 ��! 1 
 A A 
 A 1 ! 1 
 A (1 
 A 1) 
 A 1 ��! (1 
 A 1) 
 A (1 
 A 1) = Bar( A) 
 A Bar(A):

This now de�nes a functor
Bar : Alg aug (C) ! coAlgaug (C):

Similarly, if Cadmits totalization, we can get a similar construction called theCoBar. Now we have a pair of functors

Bar : Alg aug (C) $ coAlgaug (C) : coBar :

Proposition 4.13. The pair of functors above form an adjunction.

Proof Idea. we �rst set-up a few preliminary de�nitions.

De�nition 4.14. A pairing of 1 -categoriesC; D is a right �brationM ! C �D (in other words, it is a functor
Cop � D op ! S . Thepairing is left representableif for all c 2 C, M � C f cg has a �nal object (ie. there is
a factorizationD : Cop ! D � P (D)). The pairing isright representable if for all d 2 D , M � D f dg has a
�nal object (ie. there is a factorizationD0 : Dop ! C � P (C)).

It is a general fact that if the pairing is both left and right representable, then there is an adjunction(D0)op a D.

Example 4.15. Lurie's straightening mapMapC : C � C op ! S is both left and right representable, and it
corresponds to the adjunctionid : C $ C : id. This corresponds to a map� : Tw( C) ! C op � C .

This de�nition can now be applied to conclude the proposition. �

Let us now consider the setting withEk -monoidal1 -categories.

De�nition 4.16. A pairing of Ek -monoidal categories is anEk -monoidal functorM ! C � D whose under-
lying functor is still a right �bration.

Observe in this case that the induced map below is still a pairing:

AlgEk
(M ) ! AlgEk

(C) � AlgEk
(D):
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Theorem 4.17. Let � : M ! C � D be a pairing ofEk -monoidal1 -categories such that:

• M � D f 1D g ' C .

• Cis left representable.

• D has totalizations.

ThenAlgEk
(� ) is a left presentable pairing.

Example 4.18. Suppose1C is �nal and C has totalization in Example 4.15 (yes, here we are applying the
theorem above withD = CandC = Cop), then the theorem above tells us thatAlgEk

(� ) is a left representable
pairing. This de�nes a functor

AlgEk
(C)op Bat ( k )

����! AlgEk
(Cop):

Here is another example:

Example 4.19. Consider the case whereC = D. If D has geometric realizations and totalizations and1D is
the zero object, then we have an adjunction

AlgEk
(C) coAlgEk

(C)
Bar ( k )

CoBar ( k )
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5 Lecture 4.5: Complex Orientations and Quillen's Theorem (by Gijs Heuts
and Ishan Levy)

This is a very improvised last minute addition to the workshop. As a result, the two mentos are �guring out what to
cover live as this is being written. The content division is roughly:

1. Complex orientations

2. The role ofMU and Quillen's theorem.

3. M fg and height.

Let us begin with complex orientations!

De�nition 5.1. We say a ring spectrumE is complex orientableif the inclusion mapCP1 ! CP1 induces
a map ~E 2(CP1 ) ! ~E 2(CP1) �= ~E 0(S0) is surjective. A choice of an elementt 2 ~E 2(CP1 ) that is mapped
to 1 2 ~E 0(S0).

Complex orientations give, in essence, a good method to compute analogs ofChern classes. Here are some interesting
facts about them:

1. If E is complex orientable, then theAtiyah-Hirzeburch spectral sequenceimplies

E � (CP1 ) �= E � [[t]] andE � (CP1 � CP1 ) �= E � [[x; y]]

This t should be thought of as the �rst Chern class of the universal line bundle onCP1 , adopted for the setting
of E speci�cally.

2. c1(L 1 
 L 2) = c1(L 1) + c1(L 2) may not be true for a general complex orientableE ! To be precise, consider
the classifying map of tensor product of line bundles:

m : CP1 � CP1 ! CP1

This induces a map
m� : E � [[t]] ! E � [[x; y]]:

Write f (x; y) = m� (t) 2 E � [[x; y]].

3. The up-shot is that this power seriesf is an example of what is called aformal group law overE � , that is:

• (Symmetric):f (x; y) = f (y; x).

• (Unital): f (x; 0) = x andf (0; y) = y.

• (Associativity):f (x; f (y; z)) = f (f (x; y); z).

Here are some examples of complex-oriented cohomology theories.

Example 5.2. H Z is complex orientable.KU is complex orientable.MU is also complex orientable.

In fact, we have the following:

Proposition 5.3. Let E be such that� � (E ) is concentrated in even degrees, thenE is complex orientable.
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Proof Sketch.The proof comes from obstruction theory. Consider a lift

CP1

CP1 
 1� 2E

The obstructions for these lifts existing all exist in odd homotopy groups. �

Consider the functorFGL : CRings ! Setsthat assigns any ringR to the collection of formal group laws overR.

Proposition 5.4. It turns out this functorFGL is corepresentableby some ringL .

Proof. We can construct the Lazard ringL asZ[aij ]1i;j =0 = � where� the minimal set of relations such thatF (x; y) =P 1
i;j aij x i yj is a formal group law. This is the desired ring. �

Theorem 5.5(Lazard's Theorem). The Lazard ringL is in fact isomorphic to a polynomial ring asZ[a1; a2; :::]
with jai j = 2 i .

Now MU � carries a formal group law, so there is a classifying map fromL ! MU � .

Theorem 5.6(Quillen's Theorem, First Part). The mapL ! MU � is an isomorphism.

A much easier result is as follows: for a complex orientable cohomology theoryE , the data of a complex orientation
of E is exactly a mapMU ! E, soMU can be thought of as atopological lift of L . What we can do is we can write

MU = colim n � � n � 1 Th(
 n ! BU (n)) :

One can compute thatE � (BU (n)) �= E � [[c1; :::; cn ]] using the Atiyah-Hirzeburch spectral sequence, and this will
give the desired topological lift.

Theorem 5.7(Quillen's Theorem, Second Part). If E is complex oriented, thenE � (MU ) �= E � [b1; b2; :::].
Now observe thatE � MU = � � (E 
 MU ), now we have two formal group lawsE 
 MU [[tE ] =
(E 
 MU )CP 1

= E 
 MU [[tM ]] given by E and MU respectively. Since they are isomorphic to the
same underlying ring, they must differ by somepower series, say

g(t) = t + b1t2 + b2t3 + :::

Claim: Thesebi 's are exactly the ones appearing inE � [b1; b2; :::].

As a result - When we takeE = MU , we learn thatMU � (MU ) is exactlythe ring parametrizing a universal
graded formal group law AND a (strict) automorphism of the fgl.

Now consider the diagram

MU MU 
 MU
i R

i L

m

wherei L ; i R are inclusions to the left and right factors andm is multiplication. Taking homotopy groups on both
sides, we have that

fgls over R isomorphisms of fglsidentity

source

target
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This whole fact relates to the Adams-Novikov spectral sequence. Now recall we considered the following co-simplicial
objectMU 
 +1 as

S MU MU 
 MU :::

Now considerlim � � n MU � +1 . Via some Dold-Kan correspondence, there is apparently a way to extract a spectral
sequence out of this business.

Now MU � de�nes a map fromCRings ! Sets. Because of the simplicial object given inMU 
 +1 , this really gives
a mapCRings ! sSets, from then we can extend into

CRings ! sSet! Spc:

In this case, it turns out we have a commutative diagram of the following, whereM fg sends a ringR to the groupoid of
formal groups overR, whose morphisms are isomorphisms of the formal groups themselves. The inclusionGrpd !
Spcis just the inclusion of 1-groupoids to1 -groupoids.

Grpd

CRing sSet Spc

M �
fg

Question 5.8. What can we say about classifying formal groups?

Let us try to classify formal groups over algebraic closed �elds, up to isomorphisms.

Claim: There is one formal group up to isomorphism in characteristic0 (which is the additive formal group). In
characteristicp, there are in�nitely many formals groups up to isomorphism, and they are classi�ed by an invariant
called theirheight, which is valued inN [ f + 1g .

How do we de�ne this height? Well, writef (x; y) = x + F y notationally, we de�ne

[p]F (t) = t + F t + F ::: + F t

where+ F is givenp � 1 times. Now weclaim that there is ang and a uniqueh such that

[p]F (t) = g(tph
)

whereg is power series anddg
dt (0) 6= 0 . In this case,h is called theheight of F at primep.

What this height help us is as follows. So far, we haveM fg as a geometric object, and we would like to ask: what are
the points ofM fg ? Well, not being super rigorous, but the claim we had above tells us the points roughly look like:

1. There is one point corresponding to0 (in characteristic0) at the top.

2. The �rst row consists of(2; 1); (3; 1); (5; 1); (7; 1)::: going over the primes in the �rst coordinate.

3. The second row consists of(2; 2); (3; 2); (5; 2); (7; 2); ::: and so on.

4. The specialization of each point goes downward, forming a “strati�cation" given by height.
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