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Abstract. The lambda algebra has been a useful tool both for making Eat 
calculations in a limited range and for understanding Et on the chain level, 
both stably and unstably. For odd primes, the lambda algebra is inherently 
more complex and much less intuitive. This article presents a replacement for 
the lambda algebra at odd primes which is smaller, simpler, yields unstable 
analogs, and displays um periodicity both stably and unstably. 

1 Introduction 

The object of this work is to present a differential graded algebra (dga) A at 
primes p > 2 together with unstable approximations A(n). These objects are a 
significant improvement over the classical A algebra [B]. The advantages are: 

(1) It is considerably smaller. 

(2) The relations, and consequently the description of a basis is simpler. 
(3) There is a natural generalization to a dga Kon) form > -1 (A= Aa) 

whose homology is Ext’ (H..(V(m))), where V (m) is the Smith-Toda com- 
plex. Agny is actually smaller than ‘A, as is its homology. ‘This is contrary 
to what happens when a standard approach is used to calculate the Ext 
groups of a finite complex [B]. 

(4) The classes v, which figure prominently in the periodic approach to homo- 
topy theory are clearly visible as generators in A. 

Some important features of the classical lambda algebra are preserved. In particu- 
lar: 
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(1) There is a multiplicative epimorphic chain equivalence 

O*(As) OK 
where C "(A,) is the cobar construction on the dual of the Steenrod algebra. 
Consequently, A can be used to calculate Massey products. 

(2) There is a natural filtration by subcomplexes A(2n-+ 1) whose homology is 
the appropriate unstable Ext group for $?°+}, 

(3) Amy is likewise filtered by subcomplexes A(n)(2n+1) in a way suggestive of 
unstable analogs to the spectra V(m) with corresponding EHP sequences, 
periodicity operators, and unstable compositions as in [G2]. (The com- 
plexes described in [G2] are a generalization of results of Mahowald [M] 
and Harper and Miller [HM]). 

We now state our result: 

Theorem 3.2. There is a trigraded dga ae a? and a multiplicative epimorphic 
chain equivalence: 

vie (Ay) —> A 
where CO” (A,) is the cobar construction on. the dual of the Steenrod algebra. Fur- 
thermore A is generated by classes \, € Koes for k > 1 and u, € n° apr —1 for 
n 2 0 subject to the relations: 

(i) Airpigk = B(-1IE (PME DD) Nee ping 
(ii) UnUk = UEUn, 
(iii) AkUn = UnAk + Un—1Ak4pe-2 ifn > 0 

(30) . (iv) ARVO = vork 
(v) OUn = Un—1Apn-1 ifn > 0 
(vi) Ovg = 0 
(vit) Ag = E(t (PVE DN), dg. 

Furthermore, let Kom) = A/ (vorva-;¥m)) Write Army for the subalgebra of A 
generated by the P” and Q;, with k > m > —1. Then there is an epimorphic 
multiplicative chain equivalence: 

©" (Aem)e) > Kem): 
Finally, if L is aright A(m) module (m > ~1), Ext*(E(1o,... , 7m) ®L) is isomor- phic with H, (Atm) ® L) where the Vieventi is determined by 

AL @z) =) > dj @aP? + (-1)"! S$ vn @ 2Qn. 

Stably the complex A appears in Haynes Miller’s thesis [Mil] without the 
algebra structure. In fact the multiplicative structure can be derived by applying 
the results of [Mi2]. It does not appear explicitly in the literature, however. We 
choose an alternative route which is, in some sense, more elementary: we show that 
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the Milnor basis for the Steenrod algebra [Miln| is a Koszul basis and apply the 
results of Priddy [P 2]. 

This material was developed after conversations with $. Pemmaraju [P 1] who, 
without the aid of the multiplicative structure, has been making calculations in Ext 
for V(1) when p = 3 for use in his thesis. Our interest in this is as a theoretical and 
practical calculational tool, both stably and unstably. We believe that a systematic 
use of these results, using a downward induction on m, is a considerable improve- 
ment over standard methods of obtaining the Ext groups. For example, Tangora 
(T} calculates the homology of A in dimensions less than 94 and the homology of 
the subalgebra A’ generated by all 2;, in dimensions less than 242 when p= 3. 

2 Koszul Resolutions 

We begin by paraphrasing and summarizing the results in [P 2]. Let A be a 
pre-Koszul algebra; ie., a connected augmented algebra over Z/p together with a 
presentation as an algebra with generators a;, i € J modulo relations of the form: 

So fia + So) finajan = 0. 

Thus A has a Z/p basis consisting of words in the aj. Filter A by minimal word 
length. Then E°A, the associated graded, is generated by a; € E®A subject to the 
relations: 

S- fj kGjOk = 0. 

If J = (fi,.--45n) with j, € I, write a; for the word a;,...a;,. Suppose that we 
have choosen a Z/p basis B for E° A consisting of all words a, for J € S, where S is 
a distinguished set of sequences of indices from T. We will call the sequences J € S$ 
and the corresponding words ay admissible. We define coefficients f (; 5) by 
the rule: 

a,ag = xu I (j 5) 88 in FPA 
(@,J)ES . 

and f (®°) by the consequent formula: 

k,2 ; . OpGe =D (Mont > f (3 i) ava; in A. 
m . Ges 

We suppose that the indexing set J is countable and totally ordered. We order the 
set of sequences J € S lexicographically. If J; = {irs} and Jo = {Js+i,+-- dnt 
we will write J = J; Jz for the sequence {j1,... jx}. We will now say that E°A is 
a Poincaré-Birkhoff- Witt (PBW) algebra if the following criteria are met: 

(3) Cutting: If J=SiJp € S, then J, ¢ § and Jo €S, 

(2) Expansion: If Jj, Jo € S and J = JiJo, then either J € S or each term of 
the expansion of a, in the basis of admissible sequence, involves only ax with 
Ko>J. 

With this in mind, Priddy [P 2] shows that each PBW algebra is a Koszul 
algebra (which we needn’t define) and concludes with the following result, which 
we summarize and paraphrase. 
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Theorem 2.1 [P 2]. Suppose A is a pre-Koszul algebra and E°A is a PBW algebra. 
Then there is a dga K” (A) called the co-Koszul complex satisfying the following 
conditions: 

a) There is an epimorphism of dga’s 

*: C(A*) — K"(A) 

where C(A*) is the cobar construction on A*. 

b) s* induces an isomorphism in homology, and hence H*(A) © H,(K’(A)). 

c) K"(A) is generated by classes G; € EPA foriel corresponding to [a*] in 
the cobar construction. Write |6;| = 1+ deg a;. Then K” (A) has defining 
relations: 

(yas + So (ner (FF) piee=0 
(k.Q€S 

for each (i,j) € S, where My = |Bul + ([8ul — 1) (IGo| - 1). 

d) The differential in K” (A). is defined by: _ 

68m = So (17 (6B 
(A.QHES 

e) Suppose L is a left A module. Then H*(A; L) is the homology of the 
complex K”(A) @ L*, where L* has the induced right A module structure, 
and the differential is determined by d) above and 

5(6@ A) = $0 (-1) P18; @ day. 

Proof Everything except the last statement can be found in [P 2]. The last 
statement follows since if uz: A@ L — L is the left action with dual By LY 
A* @ L*, then 

, pid) = So (HUMID g @ rE 

eB 

using the sign conventions in [P 2]. Thus the projection onto E?A, 7%, is given by 

Ti (d) = So (-1) 1614s HD g, ® Aaj. 

The formula then follows from [P 2; 4.2]. O 

3 Application to the Milnor basis 

We now apply the above theory to some subalgebras of the Steenrod algebra. 
Milnor [Miln] has described the Steenrod algebra as having generators P”, Q;, for 
n > 0 and k > 0 where |Q,| = 2p* — 1 and |P"| = ng subject to the following 
relations: 
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(i) ifa< pb, P@P? = (-1)2(P- 2) pate 
+ Se ayer (@- Det) patb—t pt 

t=1 
a—pt 

(3A) (ii) QnQe = —QeQx 
QP" + QrirP”?, n>pk 

(iii) P"Q, = QuP" + Qn, n=p* 
QuP", n<p*. 

We define the subalgebra Aim) to be the algebra generated by all P” and all 
Q; with k > m > —1. Clearly Exta,,,).(Z/p, L) = Exta, (Z/p, E(70,--+ »Tm) @L) 
for each left Aym)+ comodule L. 

It is clear from (3A) that Aim) is a pre-Koszul algebra for each m > —1. Now 
let I be the ordered set 2w = {1,2,... ,w,w+1,...} and define a, = P” forn<w 
and Quin = Qmtin+i- We now write any monomial in A») as a sum of monomials 
in which: 

(a) all the Q,’s occur prior to all the P”’s using (3A iii), 

(3B) (b) the Q;’s are ordered in decreasing order using (3A ii), 
(c) the P”’s are in standard admissible ordering using (3A i). 

We will call such a monomial an admissible monomial. For a sequence {t1,.-- , in} 
to be admissible, i; € I we have tq > th+1 if ing, > w and i, > pipas if, <u. 
Let S be the set of sequences satisfying these conditions and Bim) the basis of 
admissible monomials. Then we have: 

Proposition 3.1. E°A(,) is a PBW algebra. 

Proof Clearly if J = JiJe is admissible, J, and Jp are as well. Suppose now that 
J, and Jz are admissible, J = J; Jz and a; is not admissible. Then we can write a, 
as a sum of admissible monomials as described in (3B). Each move writes a term 
as a sum of terms with a higher order in the lexicographic ordering. o 

Consequently, we may describe the co-Koszul complex whose homology is the 
sought after Ext group. As in the usual case, we obtain the opposite algebra 
structure. Thus we define Ajn) = K (A(m))°?. This has no consequence since 
H,(A(m)) is commutative. 

Proof of 3.2 (see Section 1). Write vu, = [Qn] and Ax = [P*]. The relations 
in (3C) then follow immediately from the corresponding relations in (3A) and 2.1¢ 
and d. Since Ain) is a subalgebra of A, Avm), is a quotient co-algebra of A, and 
hence Ac») is a quotient of A. The Koszul generators correspond, excepting that 
vy, = 0m Ken) if i <m. The formula for the boundary in Aim) ® L follows from 
2.1¢. Oo 

Notes 

(1) The trigrading is possible since all the formulas in (3C) respect the polyno- 
mial degree in the v;’s. This induces a trigrading in the corresponding Ext 
groups. This trigrading is probably the same as that given by the number 
of p’s. 
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(2) By the description in (3B), Aj) has a basis consisting of elements of the 
form f(v)A; where f(v) is a monomial in the um,’s, n > m and i; is an 
admissible monomial in A’. We could have just as well written as a basis, 
all A; f(v), since by (3C) 

Un Ak = AkUn — Agtpn-1Un—1 + Abppr~ttpn-2Un—2 mee 

(3) It is easy to see that there is no multiplicative chain equivalence either from 
Ato A or from A to A, since in A, A1o 4 0 while uA; = 0. This suggests 
an interesting question. Define a partial ordering of dga’s by A, < Ag if 
there is a multiplicative chain equivalence y : Ag —> Ay. Then A < C"(A,) 
and A < ©" (A,), but A and A are not comparable. What are the minimal 
elements in the set of all M with M<C" (A,)? 

Let Um : Agn—1) — Aim-1) be left multiplication by the central cycle um. 
Then there is an exact sequence: 

0o— Aon—1) am, Kon—1) 4, Kom) — 0. (3E) 
This induces a long exact sequence in homology, and in particular, a connecting 
homomorphism 6 : Hy (A(m)) —+ H+(Aqm—1)) of tridegree (—1,1,—(2pTM — 1). 
Using this we can define the rth Bockstein 6 : H.(A(m)) —* Hx(Aqm)) of tride- 
gree (—r,1,—-r(2pTM — 1)) by BO (rx) = [uZ"z]. One can easily see for example 
that 6?) (uP. 41) = Aprtn-1. These Bocksteins are the differentials in the spectral 
sequence of a filtered dga. 

Theorem 3.3. There is a Bockstein spectral sequence which is a spectral sequence 
of graded rings such that: 

E34 = Z/p(Um) ® He(Aumy) 
di ¢(Um ® ¢) = Uae” ® BM (c) 
dye : E3t _ Ey +rt—rdm 
ES, is the associated graded to the filtration 

Fe = vs, Hi(AGn—1)) Cc Hesqm+t(A(m—t)): 

_1 Where Gm = 2p” —2: 

Proof Filter A¢m—1) by F*Atm—1) = v$,A(@m—1)- This makes A(—1) into a filtered 
dga. The spectral sequence is then the standard one in this. situation. im 

4 An unstable filtration of Ai) 

In [G2] we gave a filtration of a dga Atm) whose homology for each m > —1 
is Exta, (Z/p{t0,...,7m}). The filtration F"A(m) = Aqm)(n) generalized to the 
context of V(m) the chain complex A(_1)(n) = A(n) whose homology is the E? term 
for the unstable Adams spectral sequence converging to 7.(5"). The case m = 0 
had been considered by Mahowald [Ma] and Harper and Miller [HM]. This filtration 
provided an algebraic glimpse of unstable periodic homotopy. These constructions 
used the full lambda algebra A, and it is our purpose here to show that An) has 
a similar filtration. In particular, in case m = —1, we construct subcomplexes 
A(2n +1) C A whose homology is the appropriate Ext group for 7,(S?"+). 
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Let us write A’ for the subalgebra of A generated by the 4; for 7 > 0. Write 
A'(Qn+1) = A'nNA(2n+ 1); this is spanned by all admissible Ay = Ai, ... i, with 
iy <n. Define H,, : A’(2n-+1) —> A‘(2np — 1) by? A, (Az) = 0 if Ay € A’(2n— 1) 
and I is admissible, and H,(A,Ar) = Ar if Ar € A’(2np — 1) and I is admissible. 
This covers all cases and we have a short exact sequence of chain complexes: 

0 — A'(2n—1) — A'(2n +1) 2% A! (2np — 1) — 0. (5A) 
‘By [HM; 1.6], we have 

ApA'(2n+1) Cc A'(Qn-kg+1) if n>pk. (5B) 

Now let PVim) = Z/pltm+i;Um+2,+-.] form > —1. This is bigraded with vu; € 
PV? "1. For each n > 0 we define Agn)(2n +1) as a subspace of Aga) by: 

Aon) (Qn + 1) = @PVE @ M'(2n +s+t+1). (5C) 
Ié is easy to check that for each k>m: | 

at € Kmy(2n+1) iff vgx € AGny(2n — 2p* + 1). (5D) 

Notice that when m =—1 and k = 0, this corresponds to the geometric fact, due 
to Cohen, Moore, and Neisendorfer, that p-.(S?"*+) ¢ 7,($2"7}). 

By induction on the first degree s(Ar) = length of I, and use of (5B) one can 
easily see that: 

NeAom) (2 +1) C Rgmy)(2n— kq+1) if n> pk. (5E) 

Combining (5D), (5E), and induction, one can then prove: 

AGS (Qn t 1) + Mem) (Qn t+ t+ $1 +1) C Aumy(2n +1). (5F) 

This is reminiscent of unstable composition and is slightly stronger than [G 2; 6.6]. 
Consider « = f(v)Ar € Am) (2n +1) with f(v) € PVN and Ay € A'(Q2n+8+ 

#+1). Then 

de = [Of(v)] Art f(v)Odr € [OF(w)]A/(2n + 6+t+1) 
+ f(v)A'(Qn+s+t+1) C Amy(2n +1) 

when nz > 0 by (5D) and (5E). Hence. 
A(m)(2n+1) is a subcomplex of Ajmy when n> 0. (5G) 

We now define ¢, : Atm) (2n +1)—+ Komi) (2np — 1) forn>0 by 
bn (Viz +. Vi,AT) = Voy 41-+- 01,41 Ansys (Ar) (5H) 

where pt =p +-.-+ p's; ¢, has tridegree (0,1, —ngq). It is straightforward but 
somewhat tedious to check that ¢,0 = —O¢n, and there is a short exact sequence®: 

0 —+ Kony (Qn — 1) —+ Kem (20 +1) 2 Kemen)(Qnp-1) 0. (61) 

2see (G2; 3.1] where H, is called Hi, 
Compare to [G 2; 3.5] 
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In case m = —1, this corresponds to the fibration sequence: 
gent — QQ? g2nti — BW, 

of [G1]. 
Using (5D) we see that there is a short exact sequence of chain complexes: 

0 —+ Aum—1)(2n + 2pTM + 1) 3 Kom—1)(2n +1) + Aum) (2nt1)—0 (5d) 

which is a desuspension of (3E). In particular, we can desuspend the Bockstein 
spectral sequence in Theorem 3.3 by setting F8A(m—1)(2n + 1) = vs, Aum) (2n + 
2spTM +1). This spectral sequence has E}, = Z/p(v;,) ® Hy (Atm) (2n + 2spTM + 1)) 
and converges to Hy (Am—1)(2n + 1)). 

In [G2], we defined Ay,)(n) for all n and it would be desireable to have a 
suitable definition for Atm)(2n). Such a definition can be obtained in the form of a 
pull back diagram: 

Aum(2n) Aim) (2n + 1) 
|6 

Kem(2np—1) > Aemsr)(2np - 1) — 0 (5K) 

0. 

Although Atm)(2n) contains Agn)(2n — 1) as a subcomplex, the natural map 
Aumy(2n) — Kom) (2n +1) is an epimorphism. Thus Ajm)(2n) sits more awk- 
wardly between A()(2n — 1) and AGm)(2n +1) than in the corresponding case in 
[G2], where both suspensions are monomorphisms. Nevertheless, there are EHP 
sequences: 

0 — Agny(2n — 1) — Ag) (2n) — > Aum(2np-1) —> 0 
0 — Kea)(2npt+2pTMt?-1) — Kony(2n) —+ Am (2n+1) — 0 

(5L) 
corresponding to [G2; 4.2]. 
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