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THE HOMOTOPY OF L2V(1) FOR THE PRIME 3 

PAUL GOERSS, HANS-WERNER HENN AND MARK MAHOWALD 

ABSTRACT. Let V(1) be the Toda-Smith complex for the prime 3. We give a complete calcu- 

lation of the homotopy groups of the L2-localization of V(1) by making use of the higher real 

K-theory EOg2 of Hopkins and Miller and related homotopy fixed point spectra. In particular 

we resolve an ambiguity which was left in an earlier approach of Shimomura whose computation 

was almost complete but left an unspecified parameter still to be determined. 

0. Introduction 

The chromatic approach offers at present the most attractive perspective on the stable ho- 

motopy category of finite complexes. For any natural prime p there is a tower of localization 

functors L,, with natural transformations L, — L,—-; where L,, is Bousfield localization 

with respect to a certain multiplicative homology theory E(n),. For a finite complex X the 

homotopy inverse limit of these localizations gives the p-localization of X. The study of the 

localization functors L,, is sometimes referred to as the study of the chromatic primes in 

stable homotopy theory. For more details the reader may consult [Ra3]. 

The solution of the Adams conjecture lead to a good conceptual and calculational under- 

standing of the localization functor LD, if p is any prime. The case of Lz is reasonably well 

understood for primes p > 3 at least from a computational point of view [SY]. The case 

of Lz at the primes p = 3 and p = 2 is harder. The standard approach to understand the 

L-localization L2S° (at any prime) is to study L2X for a “suitable” finite complex X and 

to work one’s way back to L2,S° through appropriate Bockstein spectral sequences arising 

from the skeletal filtration of X. At odd primes the Toda-Smith complexes V(1) (which are 
defined as cofibre of a self map A of the mod-p Moore spectrum V(0) such that A induces 

multiplication by v; in Brown-Peterson theory BP,) are suitable in this sense. For primes 

p > 3 the homotopy of L2V(1) is relatively easy to understand; the Adams-Novikov spec- 

tral sequence (ANSS for short) converging to 7,.£2V(1) collapses at E2 and its E-term is 

known [Ral]. Starting from this information Shimomura and Yabe were able to compute 
the homotopy of L2S° for all primes p > 3. 

At the prime 3 it is natural to try the same strategy and start with studying 7,.L2V(1). In 

fact, the E2-term of the ANSS converging to 7,L2V(1) has been computed in [H] (see also 
[GSS] and [Sh1]) but this time the ANSS for V(1) does not collapse. Using various informa- 
tion about homotopy groups of spheres and related complexes in low dimensions Shimomura 

studied this spectral sequence and arrived at a calculation modulo some ambiguity; there 

The authors would like to thank (in chronological order) the University of Heidelberg, MPI at Bonn, Uni- 

versité Louis Pasteur at Strasbourg and Northwestern University for providing them with the opportunity 

to work together. 
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was an unspecified parameter k € {0,1,2} and several families of homotopy elements which 

lived in degrees which were only determined up to adding 24k. 

The E2-term of the ANSS for L2V(1) can be identified by Morava’s change of ring isomor- 

phism with the continuous cohomology of a certain p-adic Lie group G2, (the “extended 

Morava stabilizer group”) with coefficients in Fg[u*+]. Devinatz and Hopkins [DH2] have 
given a homotopy theoretic interpretation of Morava’s change of rings isomorphism: the 

localization Lx) 8° of the sphere with respect to the second Morava K-theory K (2) has 

the homotopy type of the homotopy fixed point spectrum ERG2 which is defined by making 

use of the Hopkins-Miller rigidification of the action of Gz on the Lubin-Tate spectrum EF 

[Re]. 

In this paper we analyze the ANSS for L2V(1) by making serious use of group theoretic 

and cohomological properties of Gz. In fact, L2V(1) can be identified with Lx%(2)V(1) = 

LK yS°AV(A) = ERGe AV (1) and we will study L2V(1) by comparing it with E2% a V(1) 

where E#% is the homotopy fixed point spectrum with respect to the normalizer of an 

element of order 3 in Gz. The use of the spectrum E}” was suggested by the calculation of 

the F2-term of the ANSS in [H] which made heavy use of centralizers of elements of order 
3 in Gg. The other good property of ERN on which our method relies is that it can be 

analyzed in terms of the Hopkins-Miller higher real K-theory spectrum EO 2 at the prime 

3. Both properties together allow us to give an independant calculation of 7,£2V(1) which 

is complete and identifies Shimomura’s parameter as k = 1. 

To state our main result we need some notation. First of all, from now on all spaces or 

spectra will be localized at 3. 

The homotopy of L2V(1) is annihilated by 3 and a module over the homotopy of Ly 2) 8°. 

Therefore it can be regarded as a module over the algebra F3[3] © A(¢) where ( is the image 

of the generator 3, € moS° and ¢ is in _;LK(2)S°. The homotopy groups turn out to be 
periodic of period 144 and on the E2-level this periodicity corresponds to multiplication by 

v§ where v2 is the polynomial generator in 71¢BP. We do not prove that this periodicity 

arises geometrically but it is convenient to describe 7,L2V(1) nevertheless as a module over 

P := F3[vx®, 6] @A(¢). We will use notation like P/(G°){v}}i<0,1,5 to denote the direct sum 
of P-modules each of which is killed by 6° (more precisely its annihilator ideal is the ideal 

generated by 6°) and which have generators named 1 = v9, v2 and vs. 

Finally we note that the F2-term has a product structure and it contains elements which 

deserve to be named v2 (which is closely related to the generator v2 € 716(BP)) , a (which 

detects the image of the generator a, € 73(S°)), vy!" vy! a, Ba35, a35, vy!” Bags and 

v/”Baags and which live in total degree 16, 3, 18, 11, 45, 38, 53 and 56 respectively. The 
reason for these names will become clear once we have discussed the spectrum E/?% and in 

particular ESN A, V(1). 

Theorem. As a module over P = F3[v¥°, 3] @ A() there is an isomorphism 

mL2V (1) = P/(S°) {vy }i=0,1,5 ® P/(B?){v20}1=0,1,2,5,6,7 

@ P/(B*){0y? Bhico45 ® P/(B vy? o} 1=0,1,2,4.5.6 

® P/(B*){v}Bags bizo,1,5 ® P/(B°){vzaags }i=0,1,2,5,6,7 

® P/(B°){ v5"? Bags }1=0,4,5 ae P/(B?){vb' /? Baas }1=0,1,2,4,5,6 .
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We note that this result has already been used to carry out the programm to calculate 

™(L2S°) that we mentioned above [Sh2], [SW]. 

The paper is organized as follows. In the first section we discuss the spectrum EO 2 and 

EO, A V(1). In particular we give a detailed discussion of the ANSS converging towards 

m(EOz). In the second section we introduce the homotopy fixed point spectrum EB and 

we relate E?% to EO, and consequently E#% A V(1) to EO2 A V(1). In the final section 
we compare L2V(1) with E2% A V(1) and prove the main theorem. 

1. The homotopy of EO, and EO, A V(1) 

1.1. The spectrum FO3. 

We begin by recalling the construction of the spectrum LO 2 due to Hopkins and Miller. We 

refer to [Re] for more details. 

The point of departure is the Lubin-Tate deformation theory of formal group laws (cf. [LT]), 

in particular the universal deformation of the formal group law [ of height 2 over the field 

Fg with [p]-series [p|(a) = x9. The universal deformation is a lift of [ to a formal group 

law T over We, [[ui]] (where Wp, are the Witt vectors of Fg and uy is a formal power series 
variable), Over the graded ring Wp, [[w:]][u*"] (where u is of degree —2 and wu; of degree 
0) this formal group law is isomorphic to the one induced from the universal p - typical 

formal group law over BP, = Zip) [v1,v2,...] via the map of algebras which sends v, to 

uju!P, vy to ul-P” and v,, to 0 for i > 2. The Landweber exact functor theorem implies 
that there is a homology theory 3 represented by a ring spectrum E» with coefficients 

T(E) = Wp, [[ui]][u*t] such that the cohomology theory E)* is complex oriented with 

orientation u and such that the associated formal group law is isomorphic to I. To simplify 

notation we will abbreviate We, by W and Ey by F throughout. 

The group S2 of automorphisms of T (also known as the Morava stabilizer group) acts on the 

ring spectrum £, up to homotopy, and this action extends in a canonical way to an action 

of the extended stabilizer group, given as the semidirect product Gz := Sz x C2 where the 

cyclic group C2 of order 2 acts on Sz via Galois automorphisms of T. (Note that T is defined 

ove F3 and thus we get an action of the Galois group of the extension F3 C Fg on S82.) 

Hopkins and Miller have shown how to rigidify this action to a genuine action via Aj - maps 

[Re] and subsequently Devinatz and Hopkins [DH2] have shown how to construct homotopy 

fixed point spectra E’” with respect to closed subgroups H of Gg. Their construction has 

the following properties: it agrees in the case of finite subgroups with the naive construction 

of the homotopy fixed point spectrum, if H = G2 then BE?” ~ Lx (2) 8°, and for any closed 

subgroup H and any finite spectrum X there is a spectral sequence 

By (X) = H3,,(A, E:(X)) = m~.(B™ A X) cts 

where H3,, denotes continous cohomology of the p-adic group H. 

The group Sz can also be identified with the group of units of the maximal order O of the 

division algebra D2 over the 3-adic rationals Q3. The maximal order is a free W-module of 

rank 2 with basis 1 and S; as a ring it is determined by the relations $? = 3 and Sa = ¢(a)S 

if @ notes the lift of Frobenius from Fy to W [Ra2, Appendix 2]. From this point of view
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the extended group Gz is the split extension S; * C2 where the action of C2 is given by 

conjugation with S$ in Dg. 

Let w be a fixed 8th root of unity in W. The element s := —$(1 +w/5) is easily checked to 

be of order 3. Furthermore w?sw~? = s? so that s and t := w? generate a subgroup G2 of 
Sg which is isomorphic to C3 x C4 with Cy acting non-trivially on C3. The spectrum EO, is 

defined as the homotopy fixed point spectrum E’@2, We add that Gy is a maximal finite 

subgroup of Sp and every other maximal finite subgroup is conjugate to G2. 

1.2. The E2-term of the ANSS converging to 7.(£O2). 

We do not claim any originality for the results in this and the following subsection. The 

ANSS for EO, was first investigated by Hopkins and Miller but unfortunately their work 

remains unpublished. There is a rather brief discussion of this spectral sequence in the still 

unpublished paper [N]. A discussion of its F2-term from a different point of view can be 

found in [GS]. Neither of these sources suits well our needs and therefore we have decided 

to give a self-contained treatment here. 

In order to describe the E2-term BS" =~ H*(Gi2, Fy) we start by analyzing E, as a Gy2- 

algebra. The first step is to locate an appropriate subrepresentation in E_9. 

Let x be the representation of G jz on W which is trivial on s and on which ¢ acts by 

multiplication by w?. Define a Giz - module p by the short exact sequence 

0> x > WIG12] @wicy xX > p> 

in which in the middle term y is considered as a representation of the subgroup C4 generated 

by ¢ and where the first map takes a generator e of vy to 

(l+s4+s’)e:=(1+s4+s7)@e€ W[Gy] Owica X - 

Lemma 1. There is a morphism of G12-modules 

p— E_» 

so that the induced map 

p Sw Fy > B_2 @py Eo/(3,u4) 

is an isomorphism. 

Proof. We need to know something about the action of Gz on E,. Let m = (3,u,) C Eo 

be the maximal ideal. Then Proposition 3.3 and Lemma 4.9 of [DH1] together imply that, 

modulo m?E_» 

1 
8,(u) 5 lu + wuuy) 

1 
3 (Suu +uuy) 

tx (u) wu 

—wuuy . 

8x (uuy) 

ty (wuz)
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In particular, we see that E_2 ®g, Eo/(3,u7) is isomorphic to p @w Fg as a Giz - module 

and that the residue class of u is a Gy2-module generator. Thus we would like to find a class 

x € E_2 with the same reduction as u so that t,(a) = w?2 and x+s,(xz)+s?(x) = 0. In fact, 
because the action of t on E_2 @p, Eo/(3, uj) is diagonalizable with distinct eigenvectors it 

suffices to find x such that z = u mod (3, wv), up to a scalar in Fj. 

Such an z can be obtained as follows: we start with the element u~?u , which is the image 

of v; € BP, with respect to the map BP, — E, which classifies r (we will denoted this 

element simply by v; in the sequel); v; is invariant modulo 3 with respect to the action of 

all of Sg. More precisely, the structure formulae in BP, BP [Ra2, Appendix 2] yield 

gx (v1) = v1 + (3 — 3°)t1(g) = v1 + 3t1(g) mod (37) 

for every g € Sg. Here we use the identification of EF, with the continous functions from 

the profinite group Sp with values in FE, equipped with the profinite topology (see [St, Thm. 

12] for a convenient reference) and tj € E4E is the image of the element with the same name 

in BP,BP. 

By definition of t; we have t1(—$(1+wS)) = wu? mod (3, u1). Hence, if z = $(v1 — s.(v1)) 
then 

z=wu ” mod (3,u1) , 

in particular z is non-zero. Clearly we have z + s,(z) + s2(z) = 0 but z does not yet have 
the right degree. 

Therefore we consider the class 

y = us,(u)s?(u)z . 

Then 

y =wu mod (3,1) 

and we still have 

y + sx(y) + s3(y) =0. 
However, y might not yet have the correct invariance property with respect to the element 

t of order 4. Therefore we average and set 

1 - _ _ 
w= Fy tw *te(y) +o “(y) tw “#3 (y)) . 

Then we get z = wu mod(3, uz) and we are done. O 

The morphism of G'j.-modules constructed in the lemma defines a morphism of W[G)2]- 

algebras 

S(p) — Es 
where S(p) denotes the symmetric algebra on p. We note that as an algebra S(p) is poly- 

nomial over W on two generators e and s,(e), and we can choose e such that its image is 

the element x of the proof of the lemma above and is therefore invertible in E,. Let 

N= [[ ue € Slo); 
gEGiz 

then we have a morphism of W[G2|-algebras 

S(p)N-] By 
Note that inverting N inverts e as well, but in an invariant manner. Let IJ C S(p)[N~+] 
be the preimage of the maximal ideal m = (3, ui) C FE, (now considered as a homogeneous 

graded ideal).
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Proposition 2. The induced map of complete algebras 

S(p)[N-*])} — Es 

is an isomorphism. 

Proof. It is enough to show that the induced maps 

I’ m*® 
kil mkt I m 

are isomorphisms for each k, 

If we identify S(p) with W[e, s.(e)] then we get N = —(es,(e)(e + s.(e)) Furthermore 
it is straightforward to check that the homogeneous graded ideal J is generated by 3 and 

e — 8,(e) and that the maps in question are isomorphisms. O 

Our next step is to study H*(Gj2,5(p)). We will see in Theorem 6 below how the calculation 

of the H2-term can be reduced to that of H*(Gi2,5(p)). 

If e € p is the generator, let d be the multiplicative norm of e with respect to the subgroup 

generated by s, ie. d = es,(e)s?x(e). We note that d is of degree —6, it is invariant with 
respect to s and furthermore d* = —N. 

For a finite group G and any G module M, let 

tro = tr: M —> M° = H°(G,M) 

be the transfer: tr(z) = Y0j<ggz. The following calculates H*(G12,5(p)) completely if 
* > 0 and gives partial information if * = 0; an element listed as being in bidegree (s,t) is 

in H*(G, S:(p)). 
Lemma 3. Let C3 C Gio be the normal subgroup generated by s. Then there is an exact 

sequence 

S(p) “> H*(C3, S(p)) > Folb, d] @ A(a) > 0 
where a has bidegree (1,—2), b has bidegree (2,0) and d has bidegree (0,—6). Furthermore 

the action of t is described by 

tx(a) = —w?a t.(b) = —b t.(d) =w°d. 

(By abuse of notation we have denoted the image of the invariant class d in the quotient 

H°(C3, S_¢(p))/Im tr still by d. ) 

Proof. Let F' be the Gj2-module W[Gi12] @yyjc,) x. We can choose a W-basis 21, 22, x3 of 

F such that x2 := s,(a1) and x3 := s,(#2), and then we get an identification 

S(F) = W[a1, x2, x3] 

with all x; in degree —2. The kernel of the canonical C3-linear algebra map which sends 

F to p is the principal ideal generated by 0, = x1 + 22 + a3, i.e. we have a short exact 

sequence of graded C’3-modules 

(x) 0-> S(F) 8x > S(F) > S(p) 30.
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(In the tensor product y has to be treated as a representation in degree —2 in order to make 

the maps degree preserving. ) 

As a C3-module $(F’) splits into a direct sum of free modules and trivial modules where the 
trivial modules are generated by the powers of the monomial 03 := 21%2%3. Therefore we 

obtain a short exact sequence 

S(F) > H*(C3, S(F)) — Fo|b, 03] > 0 

where b has bidegree (0,2) and o3 has bidegree (0, —6). Here b is a generator of H?(C3, W) = 
W/3 and W C S(F) is the submodule generated by the unit of the algebra S(F’). The action 
of t is given by the following formula 

ty (03) = w°o3 = —wo3 and t.(b) = —b. 

The short exact sequence (*) and the fact that H'(C3,S(F)) = 0 now imply that there is 

an exact sequence 

S(p) “> H*(C3, S(p)) > Fo[a, b, d]/(a2) > 0. 

where d is the image of o3 and a is the preimage of b € H?(C3,W) = H?(C3, So(F) @ x) 
with respect to the isomorphism 

H*(C3, p) = H* (C3, $1(p)) > H? (C3, So(F) ® x) 

given by the obvious connecting homomorphism. Thus a has bidegree (1, —2) and the action 

of t is twisted by yx: 

t.(a) = —-w'a=wra. O 

The next step is to compute the invariants $(p)©* together with the action of t. For this 

we start with the invariants of S(F’) and then we use the exact sequence (*). The action of 
the cyclic group C3 on S(F’) = W[z1, x2, z3] extends in an obvious way to an action of the 
symmetric group 43 on three letters; thus we have an inclusion of algebras 

Wlo1, 02; 03] = Wlx1, 2, 03)" Cc S(F)S. 

It is clear that the following element 

e= rir + 1503 + 30} — 521 — ri£3 — x39 

(the “anti-symmetrization” of x7r2) is also invariant under the action of C3. We use the 
same notation for the images of these elements in S(p) and we note that 0, becomes 0 in 

S(p). 

Lemma 4. 

a) There is an isomorphism of W-algebras 

Wlo1,02,03,4/(e — f) = S(F)S 

where f is the following polynomial in 01, 02, 03 

f= —2703 _ 4o3 _ 4030} + 18010203 + o7o5 .
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Furthermore, the action of t € G2 is given by 

tx (01) = wo, t,. (a2) = —a tx(o3) =w®o® t.(€) =we. 

b) There is an isomorphism of W-algebras 

Wor, 03,4/(2 — 9) = S(p) 

where g is the following polynomial in a2, 03 

g = —2703 — 403 

Furthermore, the action of t € G2 is given by 

t,(d2) = —ag tx(o3) = w®o® tx(€) = wre. 

Proof. a) It is clear that €? is ©3 invariant and therefore it can be expressed as a polynomial 

in 01, 02 and og. To find the precise relation is an elementary exercise. We also leave it 

to the reader to verify that the action of t is as claimed. Thus it remains to determine the 

algebra structure of S(F)°. 

As a graded C3-module S(f’) decomposes into a direct sum of free modules of rank 3 and 

of trivial modules of rank 1, and each of these summands contributes a summand W to 

S(F)@. From this it is easy to calculate the Poincare series of the invariants and we find 

1+¢° 
xs) = GG 

(In this calculation we regrade S(F) such that F' is homogeneous of degree +2.) 

On the other hand there is still an action of Cy on S(F)°?, and S(F) splits as direct sum 
of eigenspaces 

S(F)=S(F\t OS(F) . 

Furthermore $(F)+ & S(F)*8 and 9(F)~ is a module over S(F)~. By the Poincaré se- 
ries calculation it is therefore enough to verify that S(F)~ is free as S(F)t-module with 
generator e. 

In fact, it is clear that € is in S(F)~ and because W(x, x2, 23] is without zero divisors it 
is also clear that € generates a free S(F')+ module with the correct Poincaré series. Now 

suppose p € S(F)~. We can choose a constant c € W of mininimal valuation, say r, such 

that cp = eg for a unique polynomial g € W[o1, 02,03]. Then 

e(cp) =eq= fq. 

If c is divisible by 3 then the formula for f shows that q must be divisible by 3 and then r 

was not minimal. Hence r = 0, c € W% and p is in the submodule generated by e. 

b) This is an immediate consequence of (a) and the vanishing of H'(C3,S(F)). O 

The next step is to invert the element N. This element is the image of 04; thus, we are 

effectively inverting the element o3 € S(p)“?. We begin with the observation that if we 

divide 

e= 2703 — 4o3
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by 408 we obtain 

Cony (mye 
(53) + ~ 403" 

Thus if we set 

8 oo € _ 1 

“a= of” 6 953° a 4o3 

then we get the following relation 

ca — ci =27A 

which corresponds to the famous relation from the theory of modular forms [D] (except that 
in our case 2 is invertible and hence the usual factor 1728 can be simplified to 27). The 

reader is referred to [GS] for an explanation of this coincidence. 

Furthermore, cq, cg, and A are all invariant under the action of the entire group G12. The 

elements 

a:=ad te H'(Cs, (S(p)[N~*])a) 

and 

B= bd? € H?(C3,(S(p)[N"])12) 

are clearly fixed by the action of t and by degree reasons they are acted on trivially by c4 

and cg. The following result is now straightforward to verify. 

Proposition 5. 

a) The inclusion 

Wlea,co, A**]/(c§ — cf = 27A) > S(p)[N-*]% 

is an isomorphism. 

b) There is an exact sequence 

S(p)IN-*] “> H* (Giz, S(p)[N~']) > Bola, 6, A**]/(a7) > 0 

and c4 and ce act trivially ona and B. U 

The final step is now to investigate what happens under completion. We continue to use cq, 

ce etc. for the images of these elements in H* (G12, E..) with respect to the map $(p)[N~!] > 
FE, studied in Proposition 2. 

Theorem 6. 

a) There is an isomorphism 

(E,)°? = Wilf A "Jlea,e6, A**]/(c§ — cf = 27A) 

b) There is an exact sequence 

Ex “> H* (Giz, Es) > Fola, 9, A**] > 0 

and c4 and ce act trivially on @ and £3. 

Proof. a) We use Proposition 2 and we use that completion commutes with taking invariants. 

We abbreviate S(p)[N~+] by A and we recall that the ideal J C A is generated by 3 and
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e — s,(e). With this it is straightforward to check that both cy and cg belong to J. The 

relation c2 — c} = 27A implies then that I AG? is generated by 3 and c3A~!. This implies 

(a). 
b) It is also straightforward to verify that 02 = —(e — s.(e))? mod (3) and this implies that 
the ideals I and (3,c?A~+) define the same completion. Abbreviate cfA~! by z. We have 
an isomorphism 

E, & lim, A/(z2*) . 

Now we consider the short exact sequence 

k 

0-A=+A—>A/(z*) 0. 

Because z acts trivially on H4(G12,A) for g > 0 (by Proposition 5b) we obtain for each 
q > 0 a tower (indexed by k) of short exact sequences 

0— H4(Gj2, A) _ H4(Gy2, A/(z*)) _ H4*1 (Gp, A) — 0. 

The maps on the right hand side of this tower are also induced by multiplication with z, 

hence they are trivial and therefore we obtain an isomorphism 

A (Gi, A) = lim, H4 (Gia, A/(z*)) . 

On the other hand the graded quotients A/(z”) are of finite type for each k and this implies 

that the usual short exact sequences 

0 — limtH? 1! (Gy, A/(z*)) = H4(Gy2, lim, A/(2*)) > lim, H4(Gy2, A/I* A) — 0 

degenerate into isomorphisms 

H4 (Gio, lim, A/(z*)) © lim, H4 (Giz, A/I* A) 

and the proof is complete. O 

Remark With the same reasoning we can also compute the E2-terms for the homotopy fixed 

point spectra ERGs and ERCs where C’3 is as before the subgroup generated by s and Ce 

that generated by s and t?. In fact, the Gj2-invariant A = —1/4o$ has a C3-invariant 4-th 

root Al/4 in $(p)[N~*] and we get 

(E,)@ = Wl[c{A~*]][ea, C6; A+ /4) /(¢2 _ G = 27A) . 

Furthermore there is an exact sequence 

E, > H*(C3, Ex) > Fela, 8, A*/4] 5 0 

and cq and cg act trivially on a and @. 

Similarly, 

(E.)% = Wi[ejA “lea, c6, A*7]/(c§ — ef = 27) , 

there is an exact sequence 

B, “> H*(C3, Ex) > Fola, 8, At?) > 0 
and cq and cg act trivially on a and @.
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1.3. The homotopy of FO2. 

Before we turn to the discussion of the differentials of the spectral sequence we relate the 

elements A, c4, cg, @ and @ to well known quantities in homotopy theory. 

We start by recalling that the elements vf € Ext p, pp(BPs. BP,/(3)) define permanent 
cycles in the classical ANSS of the mod-3 Moore space V(0). Similarly, the element v2 € 

Extyp pp(BPs, BP, /(3,v1)) defines a permanent cycle in the classical ANSS for the cofibre 

V(1) of the Adams self map ©4V(0) — V(0). Furthermore v; and v2 give rise via the Greek 
letter construction to generators a, € 73(S$°) © Z/3 resp. 61 € m10($°) & Z/3 which are 
detected in the classical ANSS by elements with the same name in Extyp, pp(BPs, BP,) 

resp. Ext3p pp(BP,, BP,). 
Finally we note that the localization map from a finite spectrum X to Lx (2)X together 

with the Morava change of rings isomorphism and the obvious restriction homomorphism in 

group cohomology induce a natural homomorphism 

Ax: Ext pp( BPs, BP.X) > H*(G2; EX) > H*(Gy2; EX) . 

We will denote the images of the elements v1, v2 with respect to Ay) resp. Avi) still by 

V1 Tesp. v2. 

Proposition 7. 

a) Reduction modulo (3,u1) sends A? to the image of v3 in H®(Gi2, E32/(3,u1)). 

b) The mod-3 reduction map 

H(Gy, Et) - HG, E;/(3)) 

sends c4 resp. Ce to the image of v? resp. v2, up to multiplication by a unit in H°(G2, Eo/(3)) 

~ Fo|[cf}A~']]. Furthermore there is an element & € H+(Gy2, E2/(3)) and an isomorphism 
(of modules over Fo[[vfA~*]][v1, A*!, B] @ A(a)) 

H* (Gyo, E./3) = Fo[[vf A~*]][vr, A*, 2\ ® A(a){1, a}/(v1a, v1G, aa + 1/9) 

c) The map Ago sends a, to a and 3) to B up to a nontrivial constant in W/3. 

Proof. a) The definition of A implies immediately that its reduction modulo (3, u,) is equal 

to that of u~!?. On the other hand the reduction of u~?* is equal to v3. 

b) It is clear from our calculation of H*(Gi2, Es) and the short exact sequence of G2- 

modules 

(*) 0 BE, > E, > E,/(3) > 0 

that v7 and v} are in the image of mod-3 reduction. Furthermore they generate the invariants 

in degree 8 resp. 12 as module over H°(Gj2, Eo/(3)). On the other hand the G2-invariants 
in degree 8 resp. 12 of E, are freely generated (as modules over H°(G12, Eo)) by ca resp. 

cg. This proves the statement on cq and cg and also gives the result for H°(Gi2, E,/(3)). 

We define @ such that 6°(@) = 8 where 5° denotes the boundary homomorphism associated 

to the exact sequence (*). Then everything else except perhaps the relation 113 = aq is 

straightforward to check. This relation is obtained by calculating 

6°(v1 8B + a@) = 6°(v1)8 — a6°(&) = a8 — a8 =0
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and by noting that 6° is a monomorphism in the relevant bidegree. 

c) This is a consequence of the compatibility (with respect to the maps Ax) of the Greek 

letter construction for Extgp,epp(BP,.,—) and an analogous Greek letter construction for 

H* (Gio, —). 

In fact, the image of v1 € Exthp, pp, (BPs, BP,/(3)) (which is the class uyu~*) defines an 

element in H°(G2, E,./(3)). The short exact sequence 

0 FE, — BE, > E,/(3) +0 

shows that this class has a nontrivial image 6°(v,) € H!(Gi2, E1) = W/3 and this latter 
group is generated by a. 

Similarly, for @; we just need to check that the result of the Greek letter construction on 

uy® € H°(Gi2, Eie/(3, u1)) yields a nontrivial element in H?(G12, E12). First we note that 

the boundary map 6! associated to the exact sequence 

0 S*B,/(3) “+ E,/(3) = E,/(3,u1) = 0 

maps u ® nontrivially and hence to @, up to a nonconstant multiple. In the proof of (b) we 

have seen that 6°(@) = 8 and hence we are done. O 

In the sequel we redefine a resp. 3 such that a = Ago(a,) and 8 = Xg50(,). We are now 
ready to describe the differentials in our SS. 

Theorem 8. In the spectral sequence 

A*(Gi2, Ex) => m-5(EO2) 

we have an inclusion of subrings 

Eos = Wi[c{A~"T][ea, ce, ca A**, egA*1, 3A*!, A**]/(c} — c§ = 27A) . 

In positive filtration E%:* is additively generated by the elements a, a3, Aa, AaB, (3, 

j = 1,2,3,4 and their multiples by powers of A**. All these elements are of order 3 and ca 

and ce act trivially on elements in positive filtration. 

Proof. First we observe that every element in the image of the transfer is a permanent cycle. 

The last proposition implies furthermore that the elements a and ( are permanent cycles 

detecting homotopy classes with the same name. Next we use Toda’s relation a,(3 = 0 in 

m,(S°). This implies that a3° = 0 in 7,(HOz) and this can only happen if ds(A) = a,a3? 
for some a, € FY. 

Then we use the Toda bracket relation 3; € + < a1,a1,01 > in m,(S°). Consequently 

we have @ € + < a,a,a > in 7,(EO2). This and af? = 0 imply that 6° is in the 
indeterminacy of the bracket < af?,a,a >. This is only possible if aA is a permanent 

cycle and a(aA) = 3°, up to a nontrivial constant. 

The next possible differential is dg. Up to nontrivial constants we have 3° = 676° = 
B?a(aA) = 0 in m,(EOz2) and this forces dg(A?a) = a28° for some az € Fj. Then there is 
no more room for further differentials and E,, = Fio is a stated in the theorem. OU 

Remark With the same reasoning we can also compute the homotopy of ERGs and ERGs, In 

the case of C’3 we obtain an inclusion of subrings 

ES* = Wi{e3A I] [ea, ce, ca A*"/4 cgAF/4 3AF1/4, A*8/4) /(c8 — cz = 27A)
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and in positive filtration E3* is additively generated by the elements a, a3, Aa, AaZ, ’, 

j = 1,2,3,4 and their multiples by powers of A*°/*, These elements are of order 3 and cq 

and cg act trivially on elements in positive filtration. 

In the case of Cg we obtain an inclusion of subrings 

ES = Wl[ciA”"][ca,c6, ce A**/?, co A*1/?, 3A*1/?, A*9/2]/ (cd — 3 = 27A) 

and in positive filtration E38 is additively generated by the elements a, a3, Aa, Aa, 3, 

j = 1,2,3,4 and their multiples by powers of A**/?, Again these elements are of order 3 
and cq and cg act trivially on elements in positive filtration. 

In particular we see that EOz is 72 periodic with periodicity genertor A®, ERCs is 18 periodic 

with periodicity generator A®/4 and E’©* is 36 periodic with periodicity generator A®/?. 

1.4. The ANSS converging to 7,(£O2 A V(1)). 

In this section we calculate 7.(HO2AV(1)). We can do this by using Theorem 8 and the long 
exact sequences associated to the defining cofibre sequences of V(0) and V(1). However, 

later on we will make use of the structure of the ANSS for L2V(1) and so we choose to give 
a presentation in terms of the ANSS 

BS"(V(1)) = H°(Gi2, BV (1)) => m-s(BO2 AV (1) « 

First we note that E,(V(1)) is given as Fg[u*]. The element s € G2 acts necessarily 
trivially on this ring while ¢ acts via t,(u) = wu (cf. the proof of Lemma 1). This gives us 
the following E2-term 

Bx* & (Folu*!,y] @ A(x)“ 
in which the (s,t)-bidegree of u is (0,—2), that of y is (2,0) and that of x is (1,0). The 

invariants can then be identified with Fg[u**, 3] @ A(a) where 6 := u~*y is a permanent 

cycle detecting 3 € m1o(V(1)) and a := u~*z is a permanent cycle detecting a € 73(V(1)) 
and where 3 and a are the images of the classical elements 3; and a; in 7,(S°). (This can 

easily be checked via the long exact sequences of homotopy groups mentioned above). The 

element u~® is the image of v2 in the E2-term of the ANSS for 7,.V(1) with respect to the 

localization map (cp. the proof of Proposition 7 above). 

k/2 
If k is an integer than we will write from now on v;’~ instead of u~4*. If z is an element of 

E, we will denote u~**a by vhl? x, We note that the periodicity generator A? of 772 EO» 

projects to ve? 

Theorem 9. There are elements vl? € mgp(EO2 A V(1)), & = 0,1,2, and vse € 

Tek+3(HO2 A V(1)), & = 0,1,2,3,4,5, such that as a module over Fo[vr 2”, 6] there is 

an isomorphism 

m(HO2 AV(1))  Folvp"/] & (Fol 3]/(B° (1, v3!, v2} @ FolS]/(B){a,+++ ,v37a}) . 

Remark We remark that additively (HO 2) is nontrivial and of dimension 1 over Fo if 

k = 10m + 8k mod (72) withO<m<4,0<k <2, orifk=10m+8k+3if0<m<1 

and 0 <k <5. For all other k the homotopy group is trivial.
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Proof. Because a and (3 are permanent cycles, the first possible non-trivial differential is ds 

and it is determined by its value on the powers of vy! > By using the long exact homotopy 

sequences associated to the defining cofibre sequences of VO) and V(1) together with Theo- 

rem 8 and Proposition 7b it is easy to verify that the elements 1, vy! * and V2 are permanent 

cycles, 

Now E**(V(1)) is a differential graded module over E**(S°), This implies 

k/2 0 if k =0,1,2 mod 9 
ds(v2"") = { k-3/2 92s 

CkV9 ap if k = 3,4,5,6,7,8 mod 9 

for suitable nontrivial constants c;, and therefore 

Es = Fg [ws /?, AltA, V1/2; v2} ® Fo [ws £3) va, va, vst 

© Folvg/”, 6)/(G?){a, 137, v2.0, 09/7 a, v3.0, 09/70} 
The next possible differential is dg and by using the module structure again we obtain 

‘2 0 if k = 0,1,2,3,4,5 mod 9 
dg(v3/~a) = 

chug? 3 36 if k = 6,7,8 mod 9 

for nontrivial constants cj,. The resulting Ey9-term is isomorphic to the stated result, and 

in fact, there is no room for further differentials. OO 

2. The homotopy fixed point spectrum FE’ 

2.1. The subgroups N and N!. 

Next we introduce certain infinite closed subgroups of Sz which are closely related to the 

subgroup G12 which is used to define HO2. We refer to [H, section 3] for more details on the 

following discussion. The centralizer C := Cg, (C3) of the subgroup C3 C G2 generated by 

s can be identified with the maximal order of the units in the cyclotomic extension Q3(¢3) of 

Qs generated by a third of unity ¢3, and is hence isomorphic to C3 x C2 x Z3. Furthermore 

C is of index 2 in its normalizer N := Ng,(C3). The action of the element n of order 2 
in N/C on C is via the Galois automorphism of the cyclotomic extension. The action can 

be diagonalized, i.e. the splitting of C3 x Cz x Z3. can be chosen to be invariant with 

respect to the action of n, and n acts trivially on C2 and on one copy of Z3 while it acts by 

multiplication by —1 on the other copy and on C3. 

Furthermore, there is a homomorphism from S2 > Z} — (Z3)/{+1} given as the compo- 
sition of the reduced norm and the canonical projection. Its kernel is denoted by S4, and 

Sy decomposes as S} x Z3 where the complimentary factor Z3 comes from the center of 

the division algebra. There is a corresponding splitting N & N! x Z3 and this splitting is 

preserved by the action of n (where n acts trivially on the complementary factor Z3). We 

observe that the subgroup G2 is contained in N! and that N! is a (nonsplit) extension of 
Cz by C1 := C3 x Cy x Zz where n preserves the splitting of C! and acts non-trivially on 

the factors C3 and Zs. 

In the sequel we will make use of the homotopy fixed point spectra EB’ and EN’, These 
spectra are closer to LK (2) 8° but we will see that they are also closely related to EO2.
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2.2. EN, BPN* and EOp. 

The splitting N & N+ x Zs implies the following result. 

Theorem 10. There is a cofibration sequence 

EMN _, EhLNt _ EhN* 

where the map ERN® _, BPN" jg given by id—k if k denotes a topological generator of the 

central Z3. 

Proof. There is a canonical map f : E’N — EN” induced by the inclusion N? Cc N. 

Furthermore k induces a self map of BPN" and (id—k)o f is null. This gives us a map g 

from E’ to the fibre F of id —k. The one shows that g, or equivalently Lx2)(g A tdg) 

is an equivalence. In fact, a slight modification of the argument in [DH2, Prop. 7.1] allows 

to identify mL (2)(E" A E) with map,,,(G2/N, Ex), the continuous maps from the coset 

space G2/N to E,, and likewise 7, Lx (2) (E"N" \ E) with map,,,(G2/Ni, Es). Then one sees 
that the map id—k induces a surjection on 7,(Lx(2)(— A £)) and g induces an isomorphism 
between map,;,(G2/N, Ex) and the kernel. O 

The spectrum E’" " itself can be obtained from FO in a slightly more sophisticated fashion. 

For this we consider the ring spectrum E’@s = E’(Cs*C2), The group Cg is normal in Gy. 

and we obtain an induced action of the quotient G2/Cg & Cz on the ring spectrum E’@s, 

The spectrum Es splits with respect to this action as E+ VE~ where E+ and E~ are the 
“eigenspectra” of E’Ce with respect to the two non-trivial characters of C). Furthermore 

Et x (BhCs)hC2 can be identified with EO and thus E’@* and E~ become EOo-module 
spectra. The following elementary observation introduces a suspension which may seem 

surprising at first but which becomes very important for the sequel. 

Proposition 11. There is an equivalence of EO2-module spectra 

E7~ ~ > FO, . 

Proof. We have seen in section 1.3 above that E’©¢ is a periodic ring spectrum with pe- 

riodicity generator A°/? of degree 36. Furthermore, the periodicity generator is in the —1 

eigenspace of the action of Cy on 7,(E"°*) and represents an element in 736(E~). Using 

the structure of E~ as a module spectrum it defines an equivalence between ©°°HO.2 and 

BE. O 

We have other elements of order 2 acting on E’@, e.g. all elements of order 2 in the 

group N!/Cg & Zs x C2. In particular, if ky is a topological generator of Z3 and if we 

choose the image of t € Gy2 as generator of C2, then k,t is such an element. We refer to 

the corresponding eigenspectra of any element 7 of order 2 as Et. In particular we have 

E} = EQ2, E, =™d°°EOp. 

Theorem 12. 

a) There is a cofibration sequence 

hNt + - EB — EL; — Ext 

and the map between the eigenspectra is induced by id — ky (on the level of EhCs ),
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b) There is an equivalence 
Ex, & UP EO, . 

Proof. a) This follows the same strategy as the proof of Theorem 10. The map (id — ky) 
induces a self map of E”©* which we can easily check to induce a map Ej’ —> Exe Let F 

be the fibre of this map. As before the canonical map f : E’% ‘_, Ey becomes null after 

composing it with id — k, so that we obtain a map g: E®N* _, F. This time we get an 

identification 

TL K (2) (prs A E) = mapers(G2/Ce, Ex) = Homets(Z3[[G2/Cel], Ex) 

where for a profinite Gp-set X = limy Xq with finite Go-sets X_ we write Z3|[X]] for 

lime,n Z3/(3”)[Xq] and where Hom.ts denotes continuous homomomorphisms. The elements 
t and kyt act on the coset space and after linearization we can pass to the corresponding + 

eigenspaces which we denote Hom?:* etc. 

Now id — ky induces as before a surjective map 

Hom¢; (Zs|[G2/Ce]], Bs) + Home” (Zs[[G2/Ce]], Es) 

whose kernel gets identified via g with Homets(Z3[[G2/N*]], Ex). This finishes the proof of 

(a). 
b) This is an immediate consequence of Proposition 11 and the fact that the elements t 

and k,t are conjugate in N! because 2 is a unit in Z3. Hence they have equivalent eigen- 

spectra. O 

Remark Theorem 10 and Theorem 12 have the following discrete analogues which may, in 

particular in the case of Theorem 12, help to explain the situation. 

It is well known that in the case of an action a discrete infinite cyclic group C., on a spectrum 

(or suspension) X one can obtain X’°~, up to homotopy as the fibre of the map X — X, 

given by 7d —k and this fibration may be thought of as being induced from the equivariant 

skeletal filtration of the real line R thought of as universal C..-space EC with Ca acting 

via translations. If we consider C,, Cp as acting on R via translation and reflections and 

if we ignore 2-primary phenomena then R is still a “reasonable model” for the universal 

Cy. ™ Cy space E(Cy xX C2). This time the 0 - simplices are the integral points on the 

real line with isotropy isomorphic to C2 and the isotropy group of a | - simplex is C2 with 

Cz acting nontrivially on the 1 - simplex. By using the skeletal filtration once again the 

homotopy fixed points X/(C~*C2) can, under suitable assumptions, be obtained as the fibre 

of a map as in Theorem 12. 

Corollary 13. There is a cofibration sequence 

EPN" __, £O, — °°EO,. O 

2.3. The homotopy groups of E’ \ V(1) and of E”’ (\ V(1). 

It is not hard to see that the spectrum BE’ “is no longer periodic. Nevertheless the following 
1 

lemma shows that the homotopy groups m,(E’% A V(1)) remain 72-periodic.
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Lemma 14. The map 

m(EO2 A V(1)) > 1 (°° EO A V(1)) 

which is induced by id — ky is trivial. 

Proof. Theorem 9 implies that if 7,(HO2 A V(1)) and m,,(%°°EO2 A V(1)) are both nonzero 
then 

n € {0, 10,20, 36, 46,56} mod 72. 

Because 7d—k, commutes with the action of 9 we see that the map is trivial ifn = 36, 46, 56 

and that it suffices to concentrate on the case n = 0. Now the periodicity generator vs! 2 € 

m™72(HOz A V(1)) comes from A® € 772(HOz2) and therefore it suffices to show that the 
composition 

T72 (EO2) _ 172 (°° EO2) _ 172 (°° EO2 /\ V(1))) 

annihilates A°. In fact, we see from Proposition 7b and Theorem 8 that the image of 

772(H°°EO2) in 772(H2°HO2 A V(0)) is divisible by v, and becomes therefore trivial in 
772(U°° EOg A V(1))). O 

The lemma allows us to analyze the ANSS 

ES" = H°(N!, B,V(1)) => m~s(B"™ AV(1)) . 

Its F2-term is easily calculated to be 

H*(N*, E,V(1)) = (Folu**, y] ® A(z, a’))“" = Fo[ux/?, 6] @ A(a,u7*8a’) 

where as before a = u~2x, 8 = u-®y, vy!” =u“ and the exterior generator a’ is the 
contribution of the factor Z3 in the centralizer C! & C3 x C2 x Z3. Its bidegree is (1,0) 

and the generator ¢ of C4 acts on it by multiplication by —1. Therefore ag5 := u~ 48a’ is a 
new invariant class, We note that the elements z and y are a priori not canonically defined, 

not even up to a nontrivial constant because the corresponding groups are of rank 2 over 

Fy. We can and will choose them such that a and 6 detect the images of a; and (; in 

m,(ELN* \ V(1) for example by defining them via Greek letter constructions in H*(N,—). 

Proposition 15. 

a) The ANSS 

BS" = H(N*,B,V(1)) © Folvy/?, 6] @ A(a){1, aa5} => m-s(B"™ A V(1)) 

splits as the direct sum of the ANSS for EOz \V(1) and that of %°°EO2 \V(1) (where the 

summand indexed by 1 corresponds to EO2 \ V(1) and that by a35 to =°°EO2 A V(1)). 

b) As modules over Fo[uz?”?, 8 there is an isomorphism 

m,(EP1 \ V(1)) & m(BO2 A V(1)) {1,435} « 

Remark We emphasize that the module structure over vy 9/? is (at least at this point) a 

purely algebraic accident induced by an algebraic module structure on the level of E2-terms.
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Proof. The fibration sequence 

E®N" AV (1) 3 BOg A V(1) = 88 BO AV (1) 

induces an exact sequence 

0 B,(E’ \V(1)) > B,(BO2 \V(1)) > EB, (58° B02 AV(1)) > 0 

where E,.X has to be interpreted as 7.(Lx(2)(E A X)). In fact, as in the proof of Theorem 
12 this sequence can be identified with the sequence 

0 > Homers (Z3[[G2/N+]],E.V (1)) ~ Hom’; (Z3[[G2/Ce]], E.V (1) cts 

— Hom!” (Z3[[G2/Ce]], ExV (1)) - 0. cts 

In cohomology (i.e. on £-terms of the relevant ANSS) this sequence induces short exact 

sequences for all s > 0 

0 H®* (Gry, Ee(E°°V(1))) = HA(N*, E:V(1)) > H* (Giz, e(V(1)) > 0 

where the monomorphism converges towards the map 

T™-s(S°°EO2 A V(1)) > m-s(B"™’ A V(1)) 

by the geometric boundary theorem and the epimorphism converges towards the map 

m_s(B"™ A V(1)) 3 m_s(EO2 A V(1)) - 

by naturality. The proposition follows. O 

Now we turn towards BE’ ( V(1) and consider the ANSS spectral sequence 

ES’ = H°(N,E,V(1)) => m~5(E"™ AV(1)) . 

The EF, -term of the SS is easily calculated to be 

H*(N,E,V(1)) = (Folu*4,y] @ A(e,a’,))* & Folvg"/?, 8] @ Ma, ass. ¢) 
where the new exterior generator ¢ is the contribution of the central factor Z3 in the cen- 

tralizer C’. Its bidegree is (1,0) and it is fixed by the action of t. 

Proposition 16. 

a) The ANSS 

BS" © H*(N, E:V(1)) & Folvy/”, 8] ® A(a, C){ 1,035} => m-9(E"Y AV (1) 

splits as the direct sum of the ANSS of E"N’ \ V(1) and of S~1BN” A V(1) (where the 
summand indexed by 1 corresponds to E2?®* \ V(1) and that by ¢ to SL ER™ ~ V(1).) 

b) As modules over Fo[ve?/”, 3] there is an isomorphism 

(BRN AV (1) ¥ 1e(BO2 AV(1)){ 1,435.6, ¢a35}. O 

Remark We emphasize that as before the module structure over vy 9? is (at least at this 
point) a purely algebraic accident on the level of E - terms. 

Proof. As before the proof will be an easy consequence of the following result (which is 

analogous to Lemma 14) whose proof will, however, make use of the structure of the SS 

considered in Proposition 16. OU
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Lemma 17. The map 

(id —k)e 2m (B"™" AV(1)) 3 me (B"™’ A V(1)) 

is trivial. 

Proof. The action of k on H*(N1, E;V(1)) is trivial except perhaps on u. The generator k 

of the central Z3 C D5 is necessarily congruent 1 mod 3 (for example, one can take k = 4). 

Then u € 7_2F gets multiplied with k = 1 mod 3. Therefore the action of id — k is trivial 

on the E2 - term of the ANSS. This shows that the action on m(E"” A V(1)) is trivial 
except possibly in degrees 

n = 0,3,8, 11, 16, 19, 35, 38, 43, 45, 46, 48, 53,56 mod 72 

where the total degree n of the FE. - term of the SS is made of two copies of F9. Degrees 

35 and 43 resp. 45 and 53 can be excluded from the list because both copies have the same 

filtration (= 1 resp. 3). Next the action of a and @ and the compatibility of k with the 

fibration sequence of Theorem 12 resp. Corollary 13 imply that degrees 38, 46, 48 and 56 

can also be excluded. Similarly the action of a and ( show that it is enough to consider the 

cases n = 0,8,16 mod 72. If 7d — k acts nontrivially in one of these dimensions then there 

exists some integer p and there exists g € {0,1,2} such that 

(id — b) (vp?) = evyXP TO” Baas 
for some nontrivial constant c. This implies then that in the ANSS for E”% A V(1) the 

element yP—V+It9)/? Ba Cags (which is a permanent cycle by Proposition 14 and the fact 

that ¢ detects a homotopy class which comes from LK2)8°) does not survive and hence 

that it is in the image of a differential. At this point we turn attention towards the analysis 

of the SS to show that htis cannot happen. 

In the ANSS converging to 7,(E"" ( V(1)) the elements a, 6 and ¢ come from the sphere 
(or at least from the K(2)-local sphere). Furthermore we know from [Ra2, Table A3.4] that 

the Greek letter element (g/3 € Ext 3p pp(BP*, BP,) is a permanent cycle in the ANSS 

for S°, By [Shl, Lemma 2.4] and Corollary 19 below this element is detected in E;* in 

our SS and therefore agrees with vy! G3, up to a nontrivial constant. Because FE is free over 

Fo[G] we deduce that the first differential is linear with respect to vs! a 

So for the first differential we need to study the elements 

vy! agsvy? ifr =0,1,...,8 mod9. 

Degree reasons (i.e. calculating modulo total degree 8) shows that the first possibility for a 

differential is d;. The possible targets are as follows: 

e ds(v}/”) is a linear combination of vy’ 9)? ap, vs" Ol? Bags and vs’ 9)? aBCags. 

e ds(a3sv)/”) is a multiple of vs 9)? a Bags. 

Now we use that 1, v2 and v3 are permanent cycles coming from V(1) (see [Shl, Thm 2.6]). 
This implies that for r = 0,1,2 mod 9 we have 

ds(v)/”) =0 5 

in particular yP—VHF9)? Ba Cags is not in the image of ds, hence it survives and the proof 

of the lemma is complete. UO



& u ��'(�2W*),+ $.- mdm	�h��'��qm0/�� $.- � $1- � $ ���2'���3 ��' - � ��'{�4+?�5'2W!3

� � 	������{£1�A£�¡=£.¥J¦E£.§�� � �±� �� 

� ¸�²P©4³´·�·®ªj«=²o³´­�¸�Éfª�É]³�¼´¼�«j°�¼´«jÇ?¼�°�²oª�²o©4ª�©4­�¯±­�²o­�µ9¾±­�Á!� � �Ä� �� £X Õ S�T(U [ �Ä� �� »�¾Ú«=­�¯±µ4°�¬P³´¸4À�³´²q²o­
²o©4°�²]­�Á�Õ S�\� [ �Ä� �� o� ¨]©?ªÚÕb�j½|²oª=¬P¯ ­�Á{²P©4ª�á���è4èº«j­�¸�¹�ªj¬®À�³´¸4À¿²P­
�*×j�����Ä� �� ³�·]³´·®­�¯±­�¬®µ4©4³´«�²o­

Â × �}AJ� ; E F Þ H I Ñ à  � ê ��Â × �`º�� ; E F Þ H I Ñ à  å U
É]©4ªj¬®ª5¼2��°�«=²o·2¹9³�°�«j­�¸NâoÇ4À�°�²o³´­�¸�­�¸8º���°�¸4Ó�¹�³´° Æ ¬P­�»�ª=¸4³´Ç4·{­�¸�E F ��©4ª=¸4«jª�²o©?ªf°�«j²o³´­�¸¿³�·2Á�¬Pª=ªf°�¸4Ó�²P©4ª
·PµVªj«=²o¬®°�¼4·®ªjõ9Ç4ª=¸4«jª]­�Á�²P©4ªÃª=Å�²Pªj¸4·®³´­�¸¾º���Í AJ��Í ¼��ÃÓ?ªjÀ�ª=¸4ªj¬®°�²Pªj·*³´¸9²o­�²o©?ª]·P²P°�²oª=Ó±³�·®­�¯±­�¬®µ4©4³´·®¯  P�
Æ Ç4¬®²o©?ªj¬®¯Ä­�¬Pª�²P©4ªj¬®ª�³�·Ã°±«=°�¸4­�¸4³�«=°�¼�³´·P­�¯Ä­�¬Pµ?©4³�·®¯

Â × �`º�� ; E F Þ H I Ñ à  � ê ��Â × � ì � ; E F  c ® ¯JE F Þ H I Ñ à  ®ZÀ¯

É]©4ªj¬®ª ì ��³´·q²o©4ª�&�½sè4¾9¼´­NÉ ·PÇ4»?À�¬®­�Ç4µ0­�ÁGº���°�¸4Ó�°�«=²o·q²o¬®³�¹9³´°�¼´¼�¾!��°�¸4Ó�²o©4ª�³�¸9¹d°�¬®³´°�¸9²o·�°�¬®ªJ²P°�ò�ª=¸0É]³´²o©
¬Pª=·PµVªj«=²J²P­0²o©4ª¿°�«j²P³�­�¸
­�Á�²o©?ª¿õ9Ç4­�²P³�ª=¸9²Yº��Bq ì ��É]©?³�«�©
«=°�¸
»Vª�¸4°�²PÇ4¬®°�¼´¼�¾ó³�Ó?ªj¸9²o³´Â4ªjÓ
É]³´²o©jE øF À�ª=¸4½
ªj¬®°�²PªjÓ�»9¾
Ñ � ¨]©4ª�À�ª=¸4ªj¬®°�²P­�¬£ÑE­�Á.E øF °�«=²o·qÓ4³´°�À�­�¸4°�¼�¼´¾±­�¸�²P©4³´·]²oªj¸?·P­�¬fµ4¬®­9Ó4Ç4«=²	��¹9³�°Ä«j­�¸dâoÇ4À�°�²o³´­�¸
­�¸ ì �¿°�¸?Ó
¹�³´°�¯�Ç4¼´²o³´µ4¼�³´«j°�²o³´­�¸
É]³´²o©#ÑÎ­�¸jH£�?·®­0²o©4°�²J²P°�ò9³�¸?À0³�¸9¹d°�¬®³´°�¸9²o·�°�¯±­�Ç4¸9²P·J²o­�²o°�ò9³´¸4À0²P©4ª
ªj³´À�ª=¸4·Pµ?°�«jªóÓ4ª=«j­�¯±µV­�·®³�²P³�­�¸B­�ÁVÂ × � ì � ; E F  É]³�²P©G¬®ªj·®µVªj«j²Ä²o­Û²P©4ªº°�«j²P³�­�¸B­�Á4Ñ �îÓ4ªj²Pªj¬®¯Ä³´¸4ª=ÓG³´¯±½
µ4¼´³�«=³�²P¼�¾
»9¾ó¨]©4ªj­�¬Pª=¯ �%� »�ª=¼�­NÉ  °�¸4ÓÜ²Pªj¸4·®­�¬®³´¸4À0²o©?ª¿ªj³´À�ª=¸4·®µ4°�«=ªÚÕ?ÁNÂJ��É]³´²o©ãª=³�À�ªj¸9¹d°�¼´Ç4ªYÑ B  É]³´²o©
µ�­NÉ�ªj¬®·iH Ð B � � � ²o­ÚÀ�ªj²q³´¸�¹d°�¬P³´°�¸9²o· �
� ¸@Þ �8��û!¬®­�µ � & � > °�¸4Ó ¨]©4¯ �^>V� � à�Â × � ì?�l; E a� É�°�·Ú·®²oÇ4Ó?³�ª=ÓG¹9³´°A²o©4ª
¬®ªj·®²o¬®³´«j²o³´­�¸G¯±°�µG²o­A²P©4ª
«jª=¸�²P¬P°�¼�³´Êjª=¬P·:¼ _ U �ZÕ B  Q� ê ¼Gax¨ ´ �a �h·Eê �d;P� �qÉ]©?ªj¬®ªã²o©?ªGÕ B °�¬Pªã¬Pª=µ4¬Pª=·Pª=¸9²o°�²P³�¹�ªj·�­�Á�²P©4ªÝ² É�­
Ó4³´¶�ª=¬Pª=¸�²�«j­�¸dâoÇ4À�°�«j¾º«=¼�°�·P·®ªj·�­�Á4¼Gahô ·�³´¸ ì � ��o ª±«j°�¸Ü«�©4­9­�·®ª�Õ�ÑJ²o­ó»Vª�²P©4ª�·®Ç4»4À�¬P­�Ç4µÜÀ�ªj¸4ª=¬P°�²oªjÓ
»9¾�Ò�7QÖ¿Ñ_��°�¸4Óº²o©?ªj¸ÛÕb��«j°�¸�»Vª�«�©4­9­�·®ªj¸ó²o­±»Vª5Ñ Ð�Ñ Õ�Ñ`Ñ ·P­±²P©4°�²]²P©4ª�¬Pª=·P²P¬P³´«j²P³�­�¸�¯±°�µ

Â × � ì � ; EGa  Í
�

B u Ñ
Â × ��¼ _ U �ZÕ B  �; E,a  � ê

�

B u Ñ
EGa9Þ ý B à.cQe���¬ B ; f B ; ~ B £  

»�ª=«j­�¯Äª=·hE øF ½sª=õ9Ç4³�¹d°�¬P³´°�¸9²ÃÉ]©4ª=¬Pª�²o©4ªYE øF ½|°�«=²o³´­�¸
­�¸ã²o©4ªÄ¬P³´À�©9²Ã³´·�³�¸4Ó?Ç4«jª=ÓãÁ�¬®­�¯ ²o©4ªÄ«j­�¸dâoÇ4À�°�²o³´­�¸
°�«=²o³´­�¸Ô­�Á � § U � Õ B  ql¼ _ U � Õ B  � ê ¼ � ¿ E�øF �#o ªó¸4­�²Pª0²o©?°�²VÔ¾7pÖ¿Ñî�½¿ � § U � Õ�Ñ  µ?¬P­Râoªj«j²P·¿²P­ã°À�ª=¸4ªj¬®°�²P­�¬Ã³´¸*¼ � ��o ª�«j°�¸Ü«�©4­9­�·®ª�²o©?ª¿«j­�©4­�¯±­�¼�­�À�¾�«=¼�°�·P·®ªj·J·PÇ4«�©ã²o©4°�² ý B °�¸4Ój¬ B «=­�¬®¬Pª=·PµV­�¸?Ó
²o­²o©4ª�À�ª=¸4ªj¬®°�²P­�¬®·2­�Á�²o©4ª�«j­�©?­�¯±­�¼´­�À�¾�­�Á�²o©4ªJ«j¾9«j¼´³�«J·PÇ4»?À�¬®­�Ç4µ���f B ²P­�²o©4ª�«j­�©4­�¯±­�¼´­�À�¾�­�Á�²o©?ªJ«jª=¸9²o¬®°�¼
Á�°�«=²o­�¬ ´ a ��°�¸4ÓR~�BI£2²o­�²o©4°�²J­�Á*²P©4ª¿¸?­�¸4«=ªj¸9²o¬®°�¼{Á�°�«j²P­�¬ ´ a ­�¸
É]©4³�«�©]ÔJ°�«j²P·J»9¾º¯¿Ç4¼´²o³´µ4¼´³�«=°�²P³�­�¸Ü»9¾
² ��� ¨]©4³�·�¸4­�²P°�²P³�­�¸óÓ?³�¶Vªj¬®·Ã·®­�¯±ªjÉ]©4°�²]Á�¬P­�¯ ²P©4°�²Ã³´¸ÔÞ ��à�»4Ç?²Ã³�·�«j­�¸4·P³´·®²oªj¸9²]É]³´²o©
­�Ç4¬]¸4­�²P°�²P³�­�¸ó³´¸
·Pª=«j²P³�­�¸ ���
	�����£V¢��!� ¤ �]Ã 
 Ä �
�9>:ë � �
�g�	� � �k��î � ���l���
�k�

Â × � ì4�l; E a� Í
�

B u Ñ
Â × ��¼ _ U �ZÕ?B  �; E a9 � ê

�

B u Ñ
E a Þ ý Bîà.cQe���¬lB ; f/B ; ~�B £  

������� E øF í ���ç�	���k���l� � �
���ç�l���l�}� � ���Z� - � �����]���
�9	y�j��� �}� � EGayí �Z��
��l� 	!��
	�g�z	y�	�ç�	�g� � ���x
�" ¬*Ñ . ¬�� .
ý Ñ�. ý �m. f ÑWÓ f ��. ¬ Ñ ~ Ñ £.²#¬ � ~ � £ . ý Ñ ~ Ñ £ �l�ç� ý � ~ � £ ñ

5>��	���y��� � ��î��y���l� Â × � ì � ; EGa  �����Wì	�ú�Z���
�	���y�����l���	� EGa�Þ ý Ñ Ó ý �%à�c¾e��gf=Ñ Ó fZ�  	y���.���ú� � �Z��
�" ��. ¬bÑ .
¬V� . ý Ñ . ¬bÑ ~4Ñ5£.²#¬V�B~7��£ . ý Ñk~4Ñ4£ . ý �l~7��£ �l�ç� ý Ñ}¬bÑ ~4Ñ4£ ñ þ
o ª�¸4­�²oª�²o©4°�²!°¿µ?¬P³´­�¬®³�²P©4ªJª=¼�ª=¯±ªj¸9²o·�¬ B � ý B °�¸4Ó�~ B £V°�¬PªJ¸4­�²�«j°�¸4­�¸4³´«j°�¼2�î»�ª=«j°�Ç?·Pª�²o©4ª=¾ÚÓ4ªjµVªj¸4Ó�­�¸
²o©4ª�«�©4­�·®ªj¸ÝÓ4ªj«=­�¯±µ�­�·P³´²o³´­�¸Ì­�Á5¼ _ U �ZÕ�Ñ  P o� ¨]©?ªÚ²o©4ª=­�¬®ªj¯ç³´¯±µ4¼�³´ªj·d�6©?­NÉfª=¹�ªj¬d�V²o©?°�²5¬ B °�¸4Ó ý B ��°�·
²o©4ª�Òq­9«�ò9·P²Pªj³´¸�­�Á(¬CB  °�¬Pª�Ó4³´·P²P³�¸?À�Ç4³´·P©?ªjÓÔ��°�²]¼�ª=°�·®²�Ç?µó²P­±¸4­�¸9²o¬®³´¹�³´°�¼6«=­�¸4·®²o°�¸9²o·  o�

20 PAUL GOERSS, HANS-WERNER HENN AND MARK MAHOWALD 

3. The homotopy of L2V(1) 

In this section we will calculate the homotopy of L2V (1) ~ E"S2 A V(1) by comparing it to 
that of ER’ \ V(1). The E2-term of the ANSS converging to 7L2V(1) is isomorphic to 

H* (G2, Folu**]) = (H* (So, Folu**]) 

where C2 acts via conjugation on Sz and via Frobenius on F9 (hence the action is free and the 

spectral sequence of the extension S; — G2 — C2 degenerates into the stated isomorphism). 

Furthermore there is a canonical isomorphism 

H* (So, Fo[u*!]) © (H*(S2,F9) @p, Folu*"])*? 

where S$ is the 3-Sylow subgroup of S2 and acts trivially, and the invariants are taken with 

respect to the action of the quotient S2/$2 which can be naturally identified with Fj gen- 

erated by w. The generator w of F} acts diagonally on this tensor product, via conjugation 

on $ and via multiplication with w on u, so that taking invariants amounts to taking the 

eigenspace decomposition of H*(S2,F9) with respect to the action of w (determined im- 

plicitly by Theorem 18 below) and tensoring the eigenspace Ei (with eigenvalue w’) with 
powers u—‘'t®* to get invariants. 

In [H, Prop. 3.4 and Thm. 4.2] H*(S2,F3) was studied via the restriction map to the 

centralizers Cs,(E;) = C3 x Z3, i = 1,2, where the E; are representatives of the two 

different conjugacy classes of C3’s in S2. We can choose FE; to be the subgroup generated 

by s € Gy and then E> can be choosen to be w7!FEyw so that the restriction map 

2 2 

H*(S2,F3) > | [ A*(Cs, (Ei), Fs) = [ [Esl] @ Aas. G, a’) 
i=l i=1 

becomes F¢-equivariant where the Fj-action on the right is induced from the conjugation 

action of Ng, (E;)/Cs,(E;) = Cs C Fy. We note that t € Giz C Ng,(E1) projects to a 
generator in Cy. We can choose the cohomology classes such that y; and x; correspond to 

the generators of the cohomology of the cyclic subgroup, ¢; to the cohomology of the central 

factor Z3, and a;’ to that of the noncentral factor Z3 on which t acts by multiplication by 

—1. This notation differs somewhat from that in [H] but is consistent with our notation in 
section 2. 

Theorem 18 [H]. 

a) The restriction map 

2 2 
H*(S2,F3) > [[ A*(Cs,(£i). Fs) = [[ Fslyi] ® A(ai. G. ai’) 

i=1 i=1 

is an Fj -invariant monomorphism whose image is the F3-subalgebra generated by x1, £2, 

Yr, Y2, Gi + C2, way’ — &2a9', yay’ and y2ay’. 

b) In particular H*(S2,F3) is a free module over F3[y1 + yo] ® A(¢i + C2) generated by 1, x1, 
2, Yi, ©1a1' — TQa2Q’, yar", Y2a2’ and yyx,a1'. O 

We note that a priori the elements 2;, y; and a,’ are not canonical (because they depend on 

the chosen decomposition of C's,(£1)). The theorem implies, however, that x; and y; (as 

the Bockstein of z;) are distinguished (at least up to nontrivial constants).
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Next we describe the invariants of H*(S2,Fg[u*1]) with respect to the action of F¥ (which 
is determined by w,(u) = wu). By using the Fj -linear monomorphism these invariants can 

be identified with a subring of 

(T] 2°(Cs.(#),Bolw**)® = HH" (C's, (Er), Bolu) © HN, (Ex). Bolu) 

where C4 is as before generated by t € Gj. Its action on H*(Cg, (£1), F3) is given by 

(where we have omitted the indices for simplicity). The following corollary is now straight- 

forward to verify. As in section 1.4. and chapter 2 we write us! ? for ua 4k, 

Corollary 19. 

a) The restriction map 

H” (Sa, Folu**]) > H"(N,Fo[u*"]) © (Folu**,y] @ Aw, ¢,a'))™ 
is a monomorphism. Its target is isomorphic to 

Foloy/”, 3] ® A(a, ¢, a3s) 

(with 8 = u~®y, a = u?a, € and az35 = u 8a’) and its image is the Fo-subalgebra of 

Fo[us/?, 8] @A(a, C, a5) generated by vy, Q, vy! "a, B, v9!" 8, ¢, aa35, Bags and vy!” Bags. 

b) In particular H*(S2;F9[u*!]) is the free Fo[vux!, 6] @ A(C)-submodule of Foluz’/?, 8] ® 

A(a,¢,a35) generated by 1, a, vy! "a, vy! 8, aa35 3az5, v3! Bass, and v3! Baass. oO 

The restriction map above is the comparison map at the F2-level between the two ANSS 

converging to m_~5(E"2 \ V(1)) resp. ™~3(E" A V(1)). We still have to deal with the 
Galois action of C2 if we want to get at LoV(1). 

Now the Galois generator ¢ € C2 acts on Sy C DJ by conjugation by S, hence it is clear 

that w@ centralizes s = —$(1 +wS') and thus everything in the commutative subfield of 

D, generated by s. In particular wé commutes with the units in the maximal order of this 

subfield, i.e. with Cg, (£)). Therefore the group Cg, (£1) (which is generated by Cg, (£1) 
and w®@) is an abelian group and w¢ acts trivially on H*(Cg,(£)),F3). The action on the 

coefficient ring Fo[u*"] is given by (w@),.(cu”) = o(c)w*u® if ¢ € Fo. 

The monomorphism of Theorem 18 (with coefficients extended to Fg[u*!]) is actually linear 
even with respect to Fj x Cz where the Galois generator ¢ acts on the target on the level 

of groups by conjugation by S$ while it acts on Fo[u*1] by Frobenius again. The Fy x C2- 
invariants in the target of this monomorphism can therefore be identified with 

2 
* FX “Co * <wo> ([] 2° (Cs.(Bi), Bolu hy?“ = (Hs, (£1), Fol) 

i=1 

The preceding two paragraphs show that we can modify (if necessary) the elements vy! > 

B, a, € and ags of Corollary 19 by scalars in Fg so that they become invariant with respect
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to the action of wd. After having done this H*(G2,Fg[u*]) can be identified with the 

F3-subalgebra of Fg [v3/?, 2] ® A(a,¢,a35) generated by elements with the same name as in 

Corollary 19a and H*(G2, Fg[u*!]) is a free module over F3[v$", 3] @ A(¢) on elements with 
the same name as in Corollary 19b. 

Now we are ready to compare the differentials in the two ANSS converging to L2V(1) & 

ERG? AV(1) resp. E2N A V(1). We refer to them as the source SS resp. the target SS. 

For the target SS we deduce from section 2.3 that vp”, B, a, ¢ and ag5 are permanent 

cycles and that the differentials are linear with respect to the algebra 

R= Fo[uy/?, 8] ® A(a,¢,ags) « 

To better compare with the spectral sequence of the source we should consider this SS as 

one of modules over S$ := Fo[v¥?, 6] @ A(a,¢,a35). In fact, the E2-term of the target SS is 

a free module over S on generators uh? k=0,... ,17. 

We consider the E2-term of the ANSS of the source as a free module over 

P :=Fs{vz°, 6] @ ACC) 

(note that here we have taken the prime field) on the following generators (where | = 

0,1,... ,8): 

° vs, eg, v} Bags 5 > vy 2p Bags 

1+1/2 i 
e vha, Uy / Q, vhaazs, ht ? Baa3s 

We have seen in section 1 and 2 that the first differential for the target SS is ds. It is 

determined by 

0 if k =0,1,2 mod 9 de (yb/? -{ 
(v2") cpu?) ag2 ifk =3,...,8mod9. 

This implies that the first differential of the source SS is also ds. Furthermore by the 

discussion above the nontrivial constants c, have to be in F3 and ds in the source SS is 

given by 

0 if =0,1,5 mod 9 
as(ot) = { 1241/2 

tu, af? if |= 2,3,4,6,7,8 mod 9 

0 if 1 =0,4,5 mod 9 141/2 aa) 

ds(vy"'/? 8) = {. I-1,93 se¢7 — 
Uy ah if] =1,2,3,6,7,8 mod 9 

0 if 1 =0,1,5 mod 9 

af a3, if | = 2,3,4,6,7,8 mod 9 

0 if 1 =0,4,5 mod 9 

tub laG8azs if 1 = 1,2,3,6,7,8 mod 9 

ds (v5 Bags) = { yl 2tl2 
2 

as(us'" Bass) = { 

ds(va) = ds(vyh 7a) =0 iff=0,...,8 mod 9 

ds(vaazs) = ds(v5"*/? Baags) =0 if/=0,...,8mod9.
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This yields the following E¢-term (which is already presented in a form which is adapted to 

the discussion of the next differential): 

Eg = P{vy}inoas ® P{rya}isas & P/(3°){v,0}1=0,1,2,5,6,7 

@ Ploy!" B} 04,5 ® Pv a}igzs ® P/(B {oy a} o2.4,5,6 

®D P{v},8a35 }1=0,1,5 ® P{vbaags }i=3.4,8 ® P/(8°) {v5 aags }1=0,1,2,5,6,7 

© P{us' Bags} ia04,5 ® Pf"? Baags }i-a,z8 ® P/(G?){05""” Baas} 1=0.1,2,4,5.6 

We know that the next differential in the target SS is dg and is determined by 

k/2 0 if k = 0,1,2,3,4,5 mod 9 
dg(vy""a) = { ) k/2-395  : 

CEU B if k = 6,7,8 mod 9 

for suitable nontrivial constants c),. Again by comparing with the spectral sequence of the 

target we deduce that the next differential in the source SS is also dg, the constants have to 

be in Fz and dg in the source SS is given by 

0 if 1 =0,1,2,5,6,7 mod 9 

toh 365 if 1 =3,4,8 mod 9 

0 if 1 =0,1,2,4,5,6 mod 9 

tuh 24255 if] =3,7,8 mod 9 

0 if ] =0,1,2,5,6,7 mod 9 

tuh°6°a35 if l= 3,4,8 mod 9 

0 if 1 =0,1,2,4,5,6 mod 9 

tv) 3/2363, if |= 3,7,8 mod 9 

and we obtain the following Ej -term 

Exo & P/(8°){vbhicor,s ® P/(B?){vha}i=0,1,2,5,6,7 

& P/(S fo? Bhicoas ® P/(B) {oy ahico,1,2,4,5,6 

@ P/(8*){v}Ba35}1=0,1,5 © P/(8°){vhaazs }1=0,1,2,5,6,7 

5) f,e+1/2 2\ 5, l+4+1/2 
B® P/(B){v9" "Bags }iso,4,5 ® P/(B) {vg Bags }1=0,1,2,4,5,6 + 

At this point there is no more room for further nontrivial differentials and we arrive at the 

desired result below in which the names of the generators are chosen so as to describe their 

image in the E2-term of the ANSS for 7,(E2% A V(1)). 

dg(v3a) = { 

dg(vy' 7a) = { 

dg(v;0a35) = { 

dg(vy"!/? Baags) _ { 

Theorem 20. As a module over P = F3[v¢°, 3] @ A(C) there is an isomorphism 

WL2V (1) & P/(S°){vg}iso,5 © P/ (3°) {v20}1=0,1,2,5,6,7 

© P/(B* {0 Bhiz045 © P/(B?){0y"a}1=0.1,2,4,5. 
© P/(8*){v}Bags5}i=0,1,5 © P/(B"){v,aa35 }1=0,1,2,5,6,7 

® P/(B°){v9' /? Bass }1=0,4,5 ae P/(B?){o5 ? Baags }1=0,1,2,4,5,6 . oO 

We finish by observing that this matches with Shimomura’s result (if his parameter is taken 

to be k = 11).
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