
Let ~X~ be an arbitrary decomposition into simple cells which satisfies condition (A) of Sec. 5 of [2]. 
Let P = - (i/87r2)H2 be the form which corresponds to the first Pontryagin class of the manifold X. Then the 
following assertion holds. 

THEOREM 5.8. The cohomology class P(X) - ~(P, X) coincides with the class which is the dual to the 
Poincar6 combinatorial cycle Fn-4(X), defined in See. I0 of [2]. 

The proofs of Theorems 5.7 and 5.8 are rather long and we do not give them here. 

Remark. If the decomposition {Xc~ } is linearizable then Theorem 2 of [2] follows from Theorem 5.7 (for 
the case where the decomposition is into simple cells); and Theorem 5.8 implies Theorem 1 of [2]. 

2. 

3. 

LITERATURE CITED 

M. F. Atiyah, V. K. Patodi, and I. M. Singer, "Spectral asymmetry and Riemannian geometry," Bull. 
London Math. Soc., 5, 229-234 (1973). 

A. M. Gabri61ov, I. M. Gel'fand, and M. B. Loeik~ "Combinatorial calculation of characteristic classes, ' 
Funklsional'. Analiz i Ego Prilozhen., 9, No. 2, 12-28 (1975); No. 3, 5-26 (1975). 

°p 

D. B. Fuehs, A. M. Gabrlelov, and I. M. Gel'fand, "The Gauss-Bonnet formula and the Atiyah-Patodi- 
Singer functionals for characteristic classes of foliations," Topology (1976). 

COVERINGS OF p-ADIC SYMMETRIC REGIONS 

V. G. Drinfel'd 

Let K be a localnon-Archimedeanfield, da natural number, and ~2 d the set of points PdK-I, not lying on any 
hyperplane defined over K. ~2d is a strict analytic space over K, on which PGL(d, K). acts (see [i]). As opposed 
to Archimedean symmetric regions, ~d is not simply connected. Our basic aim in this article is to construct 
some system of finite 6tale equivariant coverings of fld (see §3). The Galois group of this system is the pro- 
finite completion of the multiplicative group of the central skew field over K with invariant I/d. It is probable 
that the cohomologies of these coverings are a realization of all the euspidal representations of GL(d, K). 

In fact the analytic space ~d arises from some formal scheme ~d over the ring of integers of K. The 
interpretation of ~d as a variety of modules of certain formal groups plays a basic part in constructing a sys- 
tem of coverings of ~2 d (see §2). For d = i, our method of constructing coverings of ~2 d becomes the Lyubin- 
Tare construction of the maximal Abelian extension of K. 

In §4, by means of a local theorem in §2 (for K = Qp, d = 2), we prove again a special case of I. V. 
Cherednik's theorem (see [3]). In [3] it is proved that certain curves over Q which admit complex uniformiza- 
tion, also admit p-adic uniformization; L V. Cherednik uses an indirect method. The method of §4 is based on 
interpreting the curves over Q as varieties of modules of certain Abelian varieties; it turns out that these 
Abelian varieties have supersingular reduction by the module p; this allows us to connect the local theorem in 
§2 with the Serre-Tate theorem. 

The only published proof known to the author of the Serre-Tate theorem (see [5]) uses the theory of 
crystals, associated with p-divisible groups. Therefore, at the end of this article there is a proof of the Serre- 
Tare theorem, which uses only commonly lalown facts about Abelian schemes and schemes of finite groups. 

The ideas in this article belong to P. Deligne and D. A. Kazhdan; they explained how I. V. Cherednik's 
theorem indicates the existence of an equivariant system of coverings of ~2 d. Moreover, P. Deligne supplied 

a convenient definition of the formal scheme ~d. 
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§1.  T H E  D I E U D O N N I ~ -  C A R T I E R  T H E O R Y  F O R  F O R M A L  M O D U L E S  

Let  O be the r ing of i n t ege r s  of a loca l  non -Arch imedean  f ie ld and B be an a l ge b r a  over  O. 

Definition. A fo rma l  0 module over  B is a f o r m a l  group over  B (in the sense  of [4]) toge ther  with an 
act ion on i t  by O, which induces the na tu ra l  ac t ion on the tangent  space .  

Let  q be the o r d e r  of the r e s idue  f ie ld of O, and le t  ~ be a p r i m e  e l emen t  of O. We denote by A the can -  
ee l l ing functor  f rom the ca tegory  of O a lgeb ra s  to the ca tegory  of se t s ,  and by A ~° the f lmctor  which sends  B 
to the product  of a countable number  of copies  of the se t  B (these copies  a r e  enumera t ed  by the nonnegative 
in tegers ) .  F o r  any normegative in t ege r  n we define the m o r p h i s m  wn : A -* A as  follows: 

n - k  
Y3n ( 2 0 ,  X l ,  X2 . . . .  ) = ~/¢X~- . 

Define the m o r p h i s m  V: A ~° -* A ~ by the fo rmula  V(x0, xl, x2, . . .) = (0, x 0, x l , . . . ) .  We in t roduce  the 
notat ion [a] = (a, 0, 0, . . .). 

P ropos i t i on  1.1. There  ex i s t s  a unique method of l i f t ing A ~° to a funetor  into the ca tegory  of 0 
a lgeb ra s  such that  Wn: A~(B) -~ B i s  a ho m om or ph i s m  of O a l g e b r a s  for  any n and for  any 0 a lgeb ra  
B. (The functor  into the ca tegory  of 0 a l g e b r a s  obtained in th is  way will  henceforward  be  denoted by 
WO or  s imply  W,) The re  ex i s t s  a unique m o r p h i s m  F: W ~ W such that  Wno F =  Wn+ 1- In addi -  
t ion, we have the following equations:  [ab] = [a].[b], F[a] -- [a q] for  a, b ~ Bi ~Vx = ux, Vx.y=V(x.~y)  for  x, y E 
W(B); the mapping V is O- l inea r .  If the image  of r in B is  equal  to ze ro ,  then ~(xo, xl, x~ . . . .  ) =(x~, x~, x~, 
• . . ) . If the image  of ~ in B is  equal to ze ro  and B is a pe r f ec t  f ield,  then the re  ex i s t s  p r e c i s e l y  one comple te  
d i s c r e t e l y  normed 0 a lgeb ra  with r e s idue  f ie ld  B, in which ~ is a p r i m e  element ;  namely,  W(B). 

F o r  any 0 a lgeb ra  B cons ide r  the (noncommutative) 0 a lgeb ra  gene ra t ed  by the r ing W(B) and by the two 
e lements  F and V, with the following re l a t ions :  VaF = ra, Fa~Fa.F,  aV= V.Fa , and FV = 7r for  a E W(B) (here 
Fa is the coniposi t ion of the gene ra to r  F onto the e l emen t  a E W(B), whe reas  Fa  is the r e su l t  of applying the 
mapping F to the e l emen t  a). The complet ion of this  0 a l ge b r a  in the topology given by the r igh t  idea ls ,  span-  
ned on V n, wil l  be denoted by Ca r to (B  ) or  s imply  by Cart(B).  Each e l emen t  of Cart(B) may be u n i q u e l y w r i t t e n  

oe ~o 

in the fo rm ~, Vmam -V ~, b , ' F  ~, where  am,  bn E W(B), and bn = 0 for  al l  but a finite number  of n. Moreover ,  
rn=O ~ = 1  oo 

each e l emen t  of Cart(B) may a lso  be wr i t t en  uniquely in the fo rm ~, V ~ [x~, ~] F ~ , where  Xm, n E B and for  

each n Xm, n = 0 fo r  suff ic ient ly  l a r g e  m. 

Note. The cons t ruc t ion  of the functors  W and Car t  depended on the choice of ~, but in fact  these  func- 
t o t s  (to within canonical  i somorph i sm)  do not depend on the choice of ~. 

Let  0 ~ 0 ' be a homomorph i sm,  and le t  f be the degree  of extension of the r e s idue  field.  

P ropos i t ion  1.2. There  exis t s  a unique m o r p h i s m  of functors  (on the ca tegory  of O' a lgebras )  u: WO 
WO, such that  WnoU =Wfn. F o r  any O' a l geb ra  B we have the r e l a t ions  u([a]) = [a] fo r  a E B, u(Ffx) = F'(u(x)),  
u (vx) =(n/n').V'(u-(~-~x)) fo r  x E W0(B); a l l  objects  r e l a t ing  to O' a r e  wr i t t en  with a dash. 

Definition. Let B be an a lgeb ra  over  O. The Car t (B)-module  M is ca l l ed  reduced  if the act ion of V on 
M is in jec t ive ,  M =l i ra  M/V~M, and M/VM is a f r ee  B module.  

THEOREM. The ca t ego ry  of f o r m a l  0 modules ove r  B is equivalent  to the ca tegory  of reduced Cart(B) 
modules.  

Proof.  In the ca se  when 0 = Zp, the t heo r e m  is p roved  by C a r t i e r  (see [4]). There fo re ,  i t  is suff ic ient  
to p rove  that  ff 0 ~ O' is  a homomorph i sm and the t heo rem is t rue  for  O, then i t  is a l so  t rue  for  0 ' .  

a) Let  O' be nonramif ied  over  O, f = [O' : 0]. Let  B be an a l ge b r a  over  0 ' .  A fo rma l  O' module over  B 
is a reduced C a r t o  (B) -modu leMwi th  an act ion by 0 ' ,  inducing the t r i v i a l  act ion on M/VM. The na tu ra l  homo-  
morph i sm O' -* B induces a homomorph i sm  O' -*W0(B) [viz., the compos i t ion  O' ~ Wo(O') ~ Wo(B)]. T h e r e -  
fore ,  O' ®o Carto (B) is  i somorph ic  to a produce of f copies  of Car to(B) .  There fo re ,  we have a Z / d Z  grad ing  
o n M w i t h t h e f o l l o w i n g p r o p e r t i e s ,  d e g a =  O f o r a ~ C a r t o ( B ) ,  d e g V =  1, d e g F = - - t ,  V: M i - ~ M  ~+~ is an 

i s o m o r p h i s m  fo r  i ~ - 1 ,  and on M ° both act ions  of O' coincide.  Define the map U: M ° ~ M ° by the fo rmula  
cc 

U = v I - d F .  Assoc i a t e  with ~, Y"~u (x~,,,) . F ' ~  Cart o' (B) (where x,~,,~ E Wo (B), and u:Wo (B) -~ Wo, (B) is  

the homomorph i sm cons t ruc ted  above) the o p e r a t o r  ~, V~'x~, ~U ~ .  It is ea s i ly  ve r i f i ed  that  this  is wel l  
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def ined .  S t a r t i n g  with a f o r m a l  O' modu le ,  we have  c o n s t r u c t e d  a r e d u c e d  C a r t o ~ ( B ) - m o d u l e  M °. Th i s  f u n e t o r  
i s  e a s i l y  s e e n  to be  an  e q u i v a l e n c e .  

b) Le t  the  r e s i d u e  f i e ld s  of O and O' have  the s a m e  o r d e r ,  and l e t  B be an a l g e b r a  o v e r  O'.  It is  e a s i l y  
s e e n  tha t  t h e r e  e x i s t s  a unique con t inuous  h o m o m o r p h i s m  C a r t O ( B )  ~ C a r t o , ( B ) ,  w h o s e  l i m i t  on Wo(B)  c o -  
i n c i d e s  wi th  the  h o m o m o r p h i s m  u c o n s t r u c t e d  above ,  t ak ing  V into V ' ,  and  F in to  (7r/~r T) • F ~. U s i n g t h i s  h o m o -  
m o r p h i s m  we m a y  c o n s t r u c t  a f u n c t o r  f r o m  the  c a t e g o r y  of r e d u c e d  C a r t  O, ( B ) - m o d u l e s  into the  c a t e g o r y  of 
f o r m a l  O' m o d u l e s .  On the o t h e r  hand,  l e t  M be a r e d u c e d  C a r t o ( B )  modu le  wi th  an ac t i on  by  O ~, induc ing  the 
t r i v i a l  a c t i on  on M/VM.  Then we m a y  def ine  a m a p  O: M ~ M such  tha t  VO = 7r' - [Tr']. Le t  go E C a r t o , ( B )  be 

c ~  

an e l e m e n t  such  tha t  V'go = 7r' - [TRY]. Then  each  e l e m e n t  of C a r t o , ( B )  m a y  be w r i t t e n  in  the  f o r m  ~, V'~u 
n ,  r t ~ O  

(x~,,,d q0 TM , w h e r e  Xm, n E W o ( B  ). A s s o c i a t e  wi th  the  e l e m e n t  ~ V  '~ u (x . . . . .  ). ~ the  o p e r a t o r  ~,V '~ x ..... (I~ m. It c a n  

be v e r i f i e d  tha t  t h i s  i s  weI1 de f ined  and tha t  the  two f u n c t o r s  thus  c o n s t r u c t e d  a r e  i n v e r s e s .  

H e n c e f o r w a r d ,  by a f o r m a l  g roup  o v e r  B we s h a l l  m e a n  not  only  a f o r m a l  g roup  in  the  s e n s e  of [4], but  
a I so  an o b j e c t  i d e n t i f i e d  f r o m  f o r m a l  g r o u p s  o v e r  l o c a l i z a t i o n s  of B. C o r r e s p o n d i n g l y ,  in the  de f in i t i on  of a 
r e d u c e d  Car t (B)  modu le  we shai1 r e p l a c e  the  w o r d  " f r e e "  wi th  the  w o r d  " p r o j e c t i v e . "  

§ 2 .  T H E  B A S I C  T H E O R E M  

_A) F o r m u l a t i o n  of the B a s i c  T h e o r e m .  L e t  K be  a f ixed  l o c a l  n o n - A r c h i m e d e a n  f i e ld .  L e t O  C K be the 
r i n g  of i n t e g e r s ,  v: K* - -  Z a n o r m a l i z a t i o n ,  O n r  a s t r i c t  H e n s e l i z a t i o n  of O, and (~nr the c o m p l e t i o n  of O hr .  
Le t  D be the c e n t r a l  skew f i e ld  o v e r  K with  i n v a r i a n t  l / d ,  and OD C D the  r i n g  of i n t e g e r s .  

By a q u a s i - i s o g e n y  f r o m  the  f o r m a l  O modu le  X into the  f o r m a l  O modu le  Y we s h a l l  m e a n  an  e l e m e n t  
of Horn (X, Y) @o K, f o r  which  t h e r e  e x i s t s  an i n v e r s e  e l e m e n t  in Horn (Y, X) @ o K .  It is  e a s i l y  s e e n  tha t  if B 
is  an a l g e b r a  o v e r  O, and I c B i s  an i d e a l  such  tha t  12 = 0, ~I = 0, and X, Y a r e  f o r m a l  O m o d u l e s  o v e r  B with  
Xo, Yo t h e i r  r e d u c t i o n s  by  the  modu le  I, then  Horn (X, Y) ®o K = Horn (X0, Y0) 0 o  K. 

Def in i t ion .  A f o r m a l  OD modu le  o v e r  the  O a l g e b r a  B is  a f o r m a l  O modu le  t o g e t h e r  wi th  an a c t i o n  by 
OD which ex tends  the a c t i o n  of O. A f o r m a l  OD m o d u l e  of  d i m e n s i o n  d, such  tha t  a r e p r e s e n t a t i o n  of the  m a x -  
i m a l  n o n r a m i f i e d  s u b r i n g  of O D on the  t angen t  s p a c e  is  a s u m  of d d i f f e r e n t  c h a r a c t e r s  in each  g e o m e t r i c a l  
po in t  of  Spee B, is  c a l l e d  s p e c i a l .  

Let  us f ix  a s p e c i a l  f o r m a l  OD modu le  • o v e r  o n r / ( ~ )  wi th  d i m e n s i o n  d and he igh t  d 2. [It is  e a s y  to s e e  
tha t  up to i sogeny  t h e r e  is  p r e c i s e l y  one such  modu le ,  and (End qb) @o K is i s o m o r p h i c  to the  a l g e b r a  of m a -  
t r i c e s  of o r d e r  d o v e r  K.] F i x  an i s o m o r p h i s m  Mat  (d, K) ~ (End qb) 0 o K .  

Let  Nilp be the  c a t e g o r y  of O a l g e b r a s  in which the i m a g e  of ~ is  n i lpo ten t .  We now def ine  a f un c to r  G 
f r o m  Nilp into the  c a t e g o r y  of s e t s .  Le t  B E Ob Nilp; G(B) i s  b y  de f in i t ion  the  s e t  of i s o m o r p h i s m  c l a s s e s  of 
t r i p l e s  c o n s i s t i n g  of 1) a h o m o m o r p h i s m  ¢ : o n r / ( ~ )  --" B/ (~) ,  2) a s p e c i a l  f o r m a l  O D - m o d u l e  Y o v e r  B with  
he igh t  d 2, and 3) a q u a s i - i s o g e n y  p of he igh t  0 f r o m  ¢. (O)  into the r e d u c t i o n  of Y by the modu le  ~. The g roup  
GL(d,  K) × D* ac t s  on G(B) a c c o r d i n g  to the  f o r m u l a  

(gl, g~.)' (% Y, 9) = (q ;~Fr-~, g'Y, pg~lg~ Frob~), 

w h e r e  gl E GL (d, K), g2 ~ D*, n = v (det gl) + v (det g2), Fr : O ~ / (a) --~ 0 ~ / (a) is  the  F r o b e n i u s  m o r p h i s m ,  
and F r o b  n is  the  n a t u r a l  q u a s i - i s o g e n y  0p.Fr- '% (q)) - ~ P .  (q)); ~"'Y is  a f o r m a l  OD modu le  co inc id ing  with Y as  

an O modu le ,  but  wi th  a d i f f e r e n t  OD ac t ion;  v i z . ,  a E OD ac t s  on g2y in the  s a m e  way  as  g~lag  2 ac t s  on Y. O~) 
and e l e m e n t s  of the  f o r m  (a, a - t ) ,  a E K*, ac t  on G t r i v i a l l y .  

The a i m  of th i s  p a r a g r a p h  is  the  p r o o f  of the  fo l Iowing t h e o r e m .  

THEOREM.  We m a y  r e p r e s e n t  the  func to r  G by the f o r m a l  s c h e m e  ~ @ 0 ~ .  The ac t ion  of GL(d, K) x 
D* on the f u n c t o r  G c o r r e s p o n d s  to the  n a t u r a l  a c t i o n  of PGL(d ,  K) on ~d and the fo l lowing  ac t ion  of GL(d,  K) x 
D* on Onr:(gl, g~) ~-~ (Fr)-V( det g,)-v (det f2) 

H e r e  ~d  i s  the  f o r m a l  s c h e m e  o v e r  0 de f ined  by  P.  De l igne .  We s h a l l  i n t r o d u c e  a v a r i a n t  of h i s  de f i n i -  
t ion  which  w i l l  be  u s e f u l  in the  fu tu re .  We s h a l l  deno te  by B[II] the  r i n g  B[II] / (H d - 7r) t o g e t h e r  wi th  the  fo l low-  
ing  Z/dZ g rad ing :  deg  b = 0 f o r  b E B, deg II = 1. Le t  S be  a s c h e m e  o v e r  O on which  7r is  n i lpo ten t .  An S 
po in t  of the  f o r m a l  s c h e m e  ~d is by de f in i t ion  an o b j e c t  c o n s i s t i n g  of 1) a Z / d Z - g r a d e d  p l a n a r  O[ I I ] - shea f  ~ on 
S, 2) a Z / d Z - g r a d e d  s h e a f  T of os[rl]  m o d u l e s ,  whose  h o m o g e n e o u s  c o m p o n e n t s  a r e  i n v e r t i b l e ,  3) a h o m o g e -  
nous  ( d e g r e e  0) O [ I I ] - l i n e a r  m o r p h i s m  u : V ~ T such  tha t  ~ 0 0 s  -~  T is an e p i m o r p h i s m ,  and 4) a K - l i n e a r  
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i s o m o r p h i s m  r : K__ ~ --~ ~]0 • K ,  fo r  which  the  fo l lowing  cond i t i ons  hold ;  a) l e t  S i c  S be  the  s e t  of z e r o s  of the  
m o r p h i s m  II : T ~ -+ T~+I; then  H i [Si is  a f i xed  s h e a f  wi th  f i b e r  od ,  b) f o r  any s E S the m a p  ~]~/H~],--~ (TJIIT~) ® ×~ 
i s  i n j e c t i v e ,  w h e r e  ~ s  i s  the  r e s i d u e  f i e l d  of s,  and c) A ~ (~) Is i = ~-~A a (II~rO ~) [s~ f o r  i E Z. 

B) P r o o f  of the  B a s i c  T h e o r e m .  Le t  O~ r C O n r  be  a n o n r a m i f i e d  s u b r i n g  of d e g r e e  d o v e r  O. Then  
n r  OD is  g e n e r a t e d  by  O n r  p lus  the  e l e m e n t  I Iwi~hthe  fo l lowing  r e l a t i o n s :  11 d = ~, Ha = Fr (a) .II  f o r  a E O d . 

d 
T h e r e f o r e ,  the  c a t e g o r y  of f o r m a l  OD m o d u l e s  o v e r  the  o n r - a l g e b r a  B i s  equ iva l en t  to the  c a t e g o r y  of Z / d Z -  
g r a d e d  r e d u c e d  Car t (B)  modu le s  [the r i n g  Car t (B)  i s  g r a d e d  such  tha t  deg  a = 0 f o r  a E W(B), deg  V = 1, deg  
F = - 1 ] ,  t o g e t h e r  with an e n d o m o r p h i s m  II of d e g r e e  1 which  c o m m u t e s  wi th  the  ac t ion  of Car t (B)  and s a t i s -  
f i e s  IId = w. A f o r m a l  OD modu le  i s  s p e c i a l  if  and only  if a l l  homogeneous  componen t s  of the t angen t  s p a c e  

have  d i m e n s i o n  1. 

P r o p o s i t i o n  2.1. Le t  B be an a l g e b r a  o v e r  O hr .  Given  a s e t  of e l e m e n t s  a m , i  ~ B, w h e r e  m E Z,  i E Z / d Z ,  

m -> 0, and 1-I a0, ~ = n ,  t h e r e  e x i s t s  a s p e c i a l  f o r m a l  OD modu le  o v e r  B and a h o m o g e n e o u s  b a s i s  s y s t e m  
i~z/dz 

{Vi, i E Z/dZ} (7i lies in the i-th component of the Dieudonn~ module) such that II T~ = ~, Vm [a~,, ~] 7~+x-m. The 

pair, consisting of the formal OD module and the basis system, possessing the properties enumerated above, 

is defined uniquely up to isomorphism. 

Definition. Let Y be a special formal O D module over the onr-algebra B, and My its Dieudonn~ module. 
We call the factor of (My) d by the subgroup generated by elements of the form (0, 0 ..... 0, Vu, -flu, 0 ..... 
0) the modified Dieudonn6 module; we denote it by Ny. Define the map ;%y : Ny -* My by the formula (xl, xf, • •., 

Xd) ~ "  [ I d - l X l  Jr- H 4 - S V x 2  -~- • • • 2C V d - l x d  • 

A l l  o p e r a t o r s  a c t i n g  on M y  a l s o  ac t  on N y ,  if  t hey  c o m m u t e  with  k y  (but, a s  o p p o s e d  to M y ,  the  C a r t ( B ) -  
modu le  N y  i s  not  in g e n e r a l  r educed ) .  T h e r e  e x i s t  c a n o n i c a l  m a p s  N y  - -  M y / V M y  (viz. ,  x 1 . . . . .  xd) -* x 1 
rood VMy) ,  and l~lzc--'.Ny [ViZ., X --" (0 ,  0 . . . .  , x)].  We i n t r o d u c e  a g r a d i n g  on Ny:  deg(x  l,  . . . .  Xd) = i,  i f  
deg  x 1 = deg  x2 = . . .  = deg  Xd = i .  It  is  e a s i l y  s e e n  tha t  if  B i s  an a l g e b r a  o v e r  K, then  k y  is  an i s o m o r p h i s m .  

P r o p o s i t i o n  2.2. T h e r e  e x i s t s  a unique f u n c t o r i a l  (with r e s p e c t  to B) method  of def in ing ,  f o r  each  O n r  
a l g e b r a  B and e a c h  s p e c i a l  f o r m a l  OD-module  Y o v e r  B, a m a p  L y  : M y  - -  Ny  such tha t  t y L y  = F. 

P roof .  It is  su f f i c i en t  to c o n s i d e r  t h o s e  f o r m a l  modu le s  fo r  which  a l l  the  homogeneous  c o m p o n e n t s  of 
the  t angen t  s p a c e  a r e  f r e e .  P r o p o s i t i o n  2.1 shows  tha t  i t  is  su f f i c i en t  to p r o v e  the  i n c l u s i o n  F ( M y )  C k y ( N y )  = 
H d - l M y  + I I d - f V M y  + . . .  + v d - l M y  ( s ince  in the  u n i v e r s a l  c a s e  ~ is  i n j e c t i v e ) .  Le t  {7~, i ~ Z/dZ} be a h o m o -  
geneous  b a s i s  s y s t e m  in M, deg  ~/i = i. Since FVMy nMy ~ IV-~M~, i t  is  su f f i c i en t  to p r o v e  tha t  F7 i  E k y ( N y ) .  
Since  ; - [~] = Ve, w h e r e  ~ i s  an i n v e r t i b l e  e l e m e n t  of W(O), i t  is  su f f i c i en t  to p r o v e  tha t  (~ - [~])Yi E V k y ( N y ) .  

Le t  II7~ = [al]7~+l ÷ Vx~. Then  (~ - -  [~])~ = (H~--[~])7~ = II~-iVx~ + [a~l]H~-~Vx~+l -5 • • • + [a~a~+l. • . a~_~]Vx~_l, 

and i t  r e m a i n s  only to  u se  the  t r i v i a l  r e l a t i o n  [a:]M~l ~ IIM~ +VM~:  

Define the  m a p  ~0y : N y  --" N y  by the f o r m u l a  ~y (xl . . . . .  x~) = Ly (xl) + (x~, xa . . . . .  x~, 0) (this i s  e a s i l y  
s e e n  to be  we l l  def ined) .  C l e a r l y ,  ~ y  p r e s e r v e s  the  g r a d i n g  and c o m m u t e s  with the ac t i on  of O[II]. 

P r o p o s i t i o n  2.3. L e t  B be  an a l g e b r a  o v e r  O n r ,  I c B an i d e a l  such  tha t  I 2 = 0, ~I = 0. L e t  Y be a s p e c i a l  
f o r m a l  OD modu le  o v e r  B, and Y0 the  r e d u c t i o n  of Y by the  modu le  L Then  the  a c t i o n  of ~ y  on K e r ( N y  - -  N y  0) 

i s  n i lpo ten t .  

Now l e t  B be  an a l g e b r a  o v e r  O n r  and  l e t  the  i m a g e  of ~ in  B be  n i lpo ten t .  L e t  Y be  a s p e c i a l  f o r m a l  
OD modu le  o v e r  B of h e i g h t  d 2. Def ine  a s h e a f  ~?y on Spec B in the  fo l lowing  way:  If Spec B'  C Spec B is  an 

open se t ,  then  H ~ (Spec B' ,  ~)~_~r {z ~ Ny®B, 1 ~  (z) = z). Denote  by T y  the  t angen t  s h e a f  to Y. The  c a n o n i c a l  
m a p s  Ny®B, "-+ My®B,/VMy®B, def ine  a m o r p h i s m  u y  : Uy --" T y .  F i n a l l y ,  def in ing  a q u a s i - i s o g e n y  of d e g r e e  0 

f r o m  ¢ to the  r e d u c t i o n  of Y by the  modu le  r i nduces  a m o r p h i s m  r~,: K__ ~ - ~  ® K. 

P r o p o s i t i o n  2.4. (~y ,  T y ,  u y ,  r y )  s a t i s f i e s  the  cond i t ions  a),  b), and c) a t  the  end of §2A). If B'  i s  an  

a l g e b r a  o v e r  B, then  O]Y®~,, F~®~,, uy®~,, r~®B,) i s  the  i n v e r s e  i m a g e  of  (~y,  T y ,  u y ,  r y ) .  

P roo f .  a) If I C B is a n i l po t en t  i d e a l  and the p r o p o s i t i o n  i s  p r o v e d  f o r  B / I ,  then  i t  c a n  be p r o v e d  f o r  B 

by m e a n s  of P r o p o s i t i o n  2.3. 

b)  I f  I1, 12 a r e  i d e a l s  in  B, I t ~ 12 = 0 and  the p r o p o s i t i o n  is  t r u e  f o r  B / I  1 a n d  B / I f ,  then  i t  is  t r u e  f o r  B 

as  wel l .  
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c) It remains  to consider  the case when for  some i ~ Z/dZ the morphism II: T~-~ T~ ~ is equal to zero.  
It is easi ly seen that the subgroup ViM~ ~N~.  ~ is invariant with respec t  to ~o for  j > 0, and moreover ,  that 
HV~M~r~ V~+~M~. Clearly, for  each j > 0 there exists an affine scheme Zj over  B such that Z~ (B') = {z 
Nr®B,/VMr®s, 19 (z) = z). From Proposi t ion 2.3 it follows that the schemes are  ~tale over B. If B is an al- 
gebraical ly  closed field, then the f i rs t  par t  of Proposi t ion 2.4 may be immediately verif ied,  for in this case 
Z~ = 8~/g~l~:, and for 0 <k < d, Zdj_ k is the image of ~ - k  in Zdj. Hence, it follows that even if B is not a field, 
Zdj is an ~tale covering of Spec B with f iber (O/(~r)j)d, ~nd for  0 < k < d, Zdj-k is an open subset  in Zdj. r y  
induces a morph ism of some d-dimensional  O-submodule K d into lira Z~ (B), which induces in each geomet r i -  

cal point of Spec E -~ Spec B an i som orph i smK ~ ~ K ~ o  li__m Zd~ (E). Hence, it follows that Zdj ~ Spec B x 
(O/(~r)J) d. Proposi t ion 2.4 is now evident. 

Introduce the notation: H (B) ~e_t (~a ~ dsr) (B), Nilp~ ~ Nilp is the complete subcategory consist ing of 
those O algebras in which the image of ~r n is equal to zero.  We have constructed a morphism ~: G ~ H (Prop- 
osition 2.4); it remains  to prove that ~ is an i somorphism.  

Proposi t ion 2.5. tf ~ I Nilp~ is an i somorphism then ~ is an i somorphism.  

Proof. Let n -> i and ~ ]Nilpn be an isomorphism.  We prove that ~ Is~,~+~ is an isomorphism. Let B ~ Ob 
Nilp~+~. Fix c~ ~G(B/(~n)). For  any C ~Ob Nilp and any morphism C ~ B/(~rn), we denote by G~(C) the inverse 
image of ~ in G(C), and by H~(C) the inverse image of ~(~) in H(C). It is necessa ry  to prove that G~ (B) ~ H ~  
(B). IfH(~(B) = ~, there  is nothing to prove. IfH~(B) ~ ~ thenG~(B) ~ gb (this follows f rom Propost ion2.1) .  It is easily 
seen that there exists a natural  group s t ructure  on G~ (B/(a") O (u~)) and on H~ (B / (n s) • (us)), and that on 
Gc~(B) and I-t~(B) there  exists a s t ruc ture  of principal homogeneous spaces over  them, and that ~ is consistent 
with these s t ruc tures .  But B / (a s) ~ (gs) ~ Ob Nilp~, and therefore ,  G: (B / (u s) ~ (~")) _~ H~ (B / (U~) Q (~)). 

It remains  to prove that ~ I NilPl is an i somorphism.  It is not hard  to prove that G ] Nilpl may be r ep re -  

sented by a scheme which is project ive over ~ ® 0 "~ / (u). Therefore,  it is sufficient to prove the bijectivity 
of the map G(B) --* H(B) in the case when B = (onr/(~r) [e])/(e2), and this can be done immediately.  

§3.  T H E  B A S I C  C O N S T R U C T I O N  

Let X be a universal  formal  O D module over ~d ~ ~)sr. It is easi ly seen that the action of (GL(d, K) x 
D*)/K* on ~ O (~sr lifts in a natural  way to the action of this same group on the formal  group X; in view of 
this the action of O~ coincides with the action ar is ing f rom the OD-module s t ructure .  For  any natural  num- 

ber  n we denote the kernel  of the homomorphism X --* X by Fn. It is easily seen that Fn is a finite planar  
scheme of O,/(n~) , modules over  ~d ~ (~s~, of o rder  q d~ 

A d A A S r  We introduce the notation g'~r~eto'~'®og, ~n~d~er()*~®og . Clearly,  ~ ® S S r ~ : i s  a n  ~tale covering of ~ @oK 
whose geometr ical  f ibers are  isomorphic to OD/(Trn). (Here 1 ~ ® 5 ~  and ~ ®oK are s t r i c t  analytic spaces 

over  K nr, corresponding to the formal  schemes Fn and ~ s ~  .) Set Z d'~der (F~® 5 ~ r ~ )  --  (Fs_~®Ss~ ~) for 

n > 0, and ~ d . 0 d e ~ d ~ .  (GL(d, K) x D*)/K* acts on z d , n  and zd,  n is a principal  homogeneous (OD/(Trn))* 
space over  ~ : ~ .  Multiplication by 7r induces equivariant ep imorphisms Z d, s+~-~Zd, ~. 

Note. If B is a Tare algebra over  K, the categories  of finite ~tale algebras over  B ® K ~ and B ~ ~s~ are 
mutually equivalent. Therefore,  the projective sys tem of ~tale coverings of ~ ~ 5~IC ~ constructed above de- 
fines a project ive sys tem of ~tale coverings of ~d ® K. 

We shall now descr ibe  the connection between the spaces Z constructed for different fields. Let K 1 be 
an extension of K of degree m: All objects relating to K 1 will have index 1 in the following. Let d 1 be a natural 
number,  d = dlm, D and D 1 the central  skew fields over  K and K 1 with invariants 1/d and 1/dl,  and let D 1 ~ D 
be an embedding. For  any formal  ODl~module ¥1 we may construct  a formal  OD module, which we shall de- 
note by OD ®ooY~ (the construct ion is the same as for  ordinary modules). It is easily verif ied that if Y1 is 
special,  then so is OD ®OD~ Yl" Fix an embedding O nr ~ O~ r and a special  formal  ODi-module ¢1 over o ~ r /  
{~1) of height d 2. Set(l) = OD OOD(1)i. Fix i somorphisms (End (I)~) Q K -~ Mat (di, K1) and (End (I)) Q K _~ Mat (d, 
K) ; they induce an embedding Mat(dl, K1) -~ Mat(d, K). For  any Ol-a lgebra  B E Ob Nilpl, define a map GI(B) 
G(B) as follows: with the tr iple (¢1, Y1, Pl) (where ¢, Y, and p are the same as in §2A))we associate  the tr iple 
(~b, y ,  p) where a) ¢ is defined by the commutative diagram 

o.~/(a) ~ ~/(~), 
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b)Y = OD '~OD, YD and c) p i s  c h o s e n  such  t ha t  the  q u a s i - i s o g e n y  (¢1) , (¢)  --* Y rood (~1), i nduced  by  Pl, c o i n -  
c i d e s  with tha t  which c o m e s  f r o m  ¢. 

, 
The f u n c t o r  G 1 ~ G INilp 1 i s  c o n s i s t e n t  wi th  the  ac t ion  of GL(d l ,  K l) × D 1 , We have  thus  o b t a i n e d  the  

e q m v a r m n t  m a p  ~;: ~ ®o,O~ --~ .6. ® o 0  whmh i s  e a m l y  s e e n  to be  a c l o s e d  embedd ing .  Le t  X be  a u m v e r s a l  
f o r m a l  OD modu le  o v e r  ~"~o~)  -~, and l e t  X 1 b e  the  s a m e  f o r  KI: then~* (X)  = O D ® o D X ~ .  T h e  n a t u r a l  e m b e d -  
ding X 1 - -  v* (X) a l lows  us  to def ine ,  f o r  any n a t u r a l  n u m b e r  n, e q u i v a r i a n t  e m b e d d i n g s  ~ . . . .  -+ Z d' ~, w h e r e  e 
i s  the  r a m i f i c a t i o n  index  of K o v e r  K I. 

Proposition 3.1. a) (¢_~ I)L* = ~Q~,, 

b) ~ '  x (a%~:)Z '~'" --- (D* / ( t  + a"OD) x z ~ ..... )/D[. 

Proo f .  The p r o o f  of a) i s  i m m e d i a t e .  The i d e n t i f i c a t i o n  of (~a)L* wi th  ~ '  and the  e m b e d d i n g  O~ r --* O n r ,  
which we f ixed  above ,  a l l ow us to de f ine  an  e m b e d d i n g  ~ a ' ( ~ o , d ~ - - , ~ d ~ o b  ~ . We wi l l  p r o v e  t h a t  the  i m a g e s  
of i and u c o i n c i d e ;  f r o m  th i s  i t  i s  not  h a r d  to d e r i v e  b). It i s  s u f f i c i e n t  to p r o v e  tha t  the  i m a g e  of u i s  con t a ined  
in the  i m a g e  of i. In fac t ,  s i n c e  the  e l e m e n t s  (a, a - i ) ,  a E K t ,  a c t  t r i v i a l l y  on ~z,, ~ b~, ,,.~o, , , we  have  

i ~ d l , ~  ~ n r ~  . . . . .  ~r  ~ ( l t  ~ ~ n r  
'; ~o~ ~o,~ '~  j C ( ~ d )  L* ® o U  ~ = P-~'®oO = -.~ ® o , ( 0  ~ o 0 0 .  

F r o m  the c o m m u t a t i v e  d i a g r a m  

;b,,~ s~pf b~ ~ -~ sp~ 

i t  fo l lows  tha t  the  i m a g e  of u i s  con ta ined  in the  i m a g e  of i. 

Note.  F r o m  the  e q u i v a r i a n c e  of u and i and f r o m  the  f ac t  t ha t  t h e i r  i m a g e s  c o i n c i d e ,  i t  i s  e a s y  to d e r i v e  
the  equa t ion  u = i. 

4 .  T H E  T H E O R E M  O F  I .  V .  C H E R E D N I K  

Le t  A be an a l g e b r a  of q u a t e r n i o n s  o v e r  Q and T a s e t  of po in t s  of Q, o v e r  which  A i s  r a m i f i e d ;  suppose  
co ~ T .  Le t  L be  a m a x i m a l  o r d e r  in A (the cho i ce  of L p l a y s  no p a r t ,  s i n c e  a l l  m a x i m a l  o r d e r s  in A a r e  
mu tua l ly  con juga te ;  t h i s  fo l lows  f r o m  the  s t r o n g  a p p r o x i m a t i o n  t h e o r e m ) .  

Def in i t ion .  An A b e l i a n  L s c h e m e  is an A b e l i a n  s c h e m e  wi th  an a c t i o n  by  L. A t w o - d i m e n s i o n a l  A b e l i a n  
L - s c h e m e  A o v e r  S is  c a l l e d  s p e c i a l  if  fo r  any  p ~ T and any po in t  of s of c h a r a c t e r i s t i c  p, the  ac t i on  of L ® Z~ 
on the t angen t  s p a c e  to A at  t h i s  po in t  i s  s p e c i a l  in the s e n s e  of §2. 

P r o p o s i t i o n  4.1.  a) Any t w o - d i m e n s i o n a l  A b e l i a n  L v a r i e t y  o v e r  a f i e l d  of c h a r a c t e r i s t i c  p ~ T is  s u p e r -  
s i n g u l a r .  

b) Any t w o - d i m e n s i o n a l  A b e l i a n  L v a r i e t y  o v e r  a d i s c r e t e l y  n o r m e d  f i e l d  has  p o t e n t i a l l y  good r educ t i on .  

P roof .  a) fo l lows  f r o m  the  f a c t  t ha t  the  d i m e n s i o n  (over  Zp) of a L ® Z~ module  canno t  equa l  1 o r  2. 
b) fo l lows  f r o m  the  f ac t  tha t  the  d i m e n s i o n  (over  Z) of an L modu le  canno t  equa l  1 o r  2. 

P r o p o s i t i o n  4.2.  Le t  p E T. T h e r e  e x i s t s  p r e c i s e l y  one (up to L - i s o g e n y )  t w o - d i m e n s i o n a l  A b e l i a n  L 
v a r i e t y  o v e r  Fp .  Le t  A be such  a v a r i e t y  and h '  = (EndL A) ® Q .  Then A' is  an a l g e b r a  of q u a t e r n i o n s  fo r  
which  inv /A '  = inv /A f o r  l ~p ,  % invpA'  = 0, and i n v ~ A '  = 1 /2 .  

P roo f .  It is  su f f i c i en t  to p r o v e  tha t  any t w o - d i m e n s i o n a l  s u p e r s i n g u l a r  A b e l i a n  v a r i e t y  o v e r  F p  is  i s o -  
gen ic  to the  d i r e c t  s u m  of two s u p e r s i n g u l a r  e l l i p t i c  c u r v e s .  In f ac t ,  such  a v a r i e t y  is  de f ined  o v e r  s o m e  f in i t e  
f i e ld  Fq .  Le t  a be  the  F r o b e n i u s  c h a r a c t e r i s t i c  of Fq .  S ince  the  f o r m a l  g r o u p  of a t w o - d i m e n s i o n a l  s u p e r -  
s i n g u l a r  A b e l i a n  v a r i e t y  is  i s o g e n i c  to the d i r e c t  s u m  of two o n e - d i m e n s i o n a l  f o r m a l  g roups  of he igh t  2, we 
s e e  tha t  a 2 / q  i s  the  r e c i p r o c a l  of a whole  a l g e b r a i c  n u m b e r .  F r o m  W e l l ' s  t h e o r e m  i t  fo l lows  tha t  a 2 / q  i s  a 
r o o t  of uni ty .  I t  now r e m a i n s  to use  T a t e ' s  t h e o r e m  (see  [2]). 

Le t  5 be  a p r o d u c t  of p r i m e  n u m b e r s  in T; then  t h e r e  e x i s t s  an e l e m e n t  a E L such tha t  a 2 = - - 5 .  Def ine  
an invo lu t ion  G: L - -  L by  the f o r m u l a  a(x) = a x * a  -1 ,  w h e r e  * is  the  s t a n d a r d  involu t ion .  

P r o p o s i t i o n  4.3.  Le t  A be  a s p e c i a l  L v a r i e t y .  Then  t h e r e  e x i s t s  a un ique  p r i n c i p a l  p o l a r i z a t i o n  on A, 
fo r  which  the r e s t r i c t i o n  of R o s a t t i ' s  i nvo lu t ion  on L c o i n c i d e s  wi th  or. 

112 



Proof .  a) It m ay  be i m m e d i a t e l y  ve r i f i ed  that  if S is the s p e c t r u m  of an a lgeb ra i ca l l y  c losed  field,  then 
t h e r e  ex is t s  a unique (up to mul t ip l ica t ion  by a pos i t ive  number )  po la r i za t ion ,  f o r  which the r e s t r i c t i o n  of 
Rosa t t i ' s  involution on L co inc ides  with ~. 

b) Let  S be the s p e c t r u m  of an a lgeb ra i ca l l y  c losed  f ield of c h a r a c t e r i s t i c  p. Then we may  choose  the 
po la r i za t ion  in a) such that  its d e g r e e  is of the f o r m  pk (here we a r e  using a 2 = - - 5  ) .  

c) LEMMA. Let  F be a p -d iv i s ib l e  g roup  of d imens ion  2 and height  4 o v e r  a loca l  Ar t in  r ing  with r e s i -  
due field l~p, on which L Q Zp ac ts  in a spec ia l  way.  We def ine  the ac t ion  of L (~ Zp on the dual  group F by 
the compos i t ion  L • Z~ -~ (L ~ Zp) ° -* (End F) ° ~ End F .  Then t h e r e  ex is t s  a unique (up to a constant)  c o s y m -  
m e t r i c  h o m o m o r p h i s m  F ~ 1~, which c o m m u t e s  with L. M o r e o v e r ,  t h e r e  i s  an i s o m o r p h i s m  between these  

h o m o m o r p h i s m s .  

F r o m  the l e m m a  we deduce the p ropos i t ion ;  f i r s t ,  when S = Spec l~p, and then when S is the s p e c t r u m  of 
a loca l  Ar t in  r ing  with res idue  field F-p, (by means  of the S e r r e - T a t e  t heo rem) ,  then when S is a s c h e m e  of 
f ini te  type over  Z, and las t ly ,  f o r  any S. 

P r o o f  of the Lemma .  1) Let  p ~/T. Then it  is  suf f ic ien t  to p r o v e  the fol lowing s t a t ement :  F o r  any one -  
d imens iona l  p -d iv i s ib l e  g roup  G of height  2 ove r  a local  Ar t in  r ing  with r e s idue  field l~p, the re  exis ts  a unique 
(up to a constant)  c o s y m m e t r i c  h o m o m o r p h i s m  G ~ G, and between these  h o m o m o r p h i s m s  the re  is an i s o m o r -  
ph i sm.  This fol lows f r o m  the S e r r e - T a t e  t h e o r e m  and f r o m  the fac t  that  all o n e - d i m e n s i o n a l  p -d iv i s ib l e  
g roups  of he ight  2 ove r  Fp come  f r o m  el l ipt ic  c u rve s .  

2) Let  p E T. Then F is a spec ia l  f o r m a l  L ® Zp module  of he ight  4. Let  • be a spec ia l  f o r m a l  
module  of he ight  4 ove r  t~p, which is the d i r ec t  sum of two o n e - d i m e n s i o n a l  f o r m a l  L ® Zp modules .  The 
l e m m a  can  be i m m e d i a t e l y  ve r i f i ed  fo r  O. It r e m a i n s  to p rove  the following: Le t  Y be a spec ia l  f o r m a l  L ® Zp 
module  of height  4 ove r  a loca l  Ar t in  r ing  with r e s idue  field tTp, Y0 i ts  r educ t ion  by the module  of the m a x i -  
mal  ideal,  and • ~ Y0 a q u a s i - i s o g e n y  of height  0; then t h e r e  ex i s t s  an i s o m o r p h i s m  Y ~ ~" such  that  the 
i s o m o r p h i s m  Y0 -~ 1~0 induced by it is conta ined in the commuta t i ve  d i a g r a m  

1 t 
qb ~ ¢p. 

In o the r  words ,  we need to p rove  that  any involu tory  i s o m o r p h i s m  of the s c h e m e  ~ ~ Z'~,~ is the identity.  F o r  
this it is suff ic ient  to p rove  that  i t  c o m m u t e s  with the act ion of GL(2, Qp) and ac ts  t r i v i a l ly  on Zp 

Let  n be a na tu ra l  number ,  S a s c h e m e  o v e r  Z[1/n] ,  A a two-d imens iona l  Abel ian  L s c h e m e  o v e r  S, and 
An the ke rne l  of the h o m o m o r p h i s m A  ~ A.  We shal l  cal l  the L - l i n e a r  i s o m o r p h i s m  n ~ L / L  × S --~ A,~ o v e r  S 

a s t r u c t u r e  of level  n on Ao 

Propos i t ion  4.4. The functor ,  a s soc ia t ing  with the s c h e m e  S o v e r  Z[1/n] ,  the se t  of i s o m o r p h i s m  c l a s s e s  
of spec ia l  Abel ian  L s c h e m e s  o v e r  S with s t r u c t u r e  of level  n, may  be r e p r e s e n t e d  by a p ro j ec t i ve  s c h e m e  

o v e r  Z [l/h] if n -> 3. 

Proof .  The r e p r e s e n t a b i l i t y  and quas ip ro jec t iv i ty  of the r e p r e s e n t a t i v e  s c h e m e  follow f r o m  P r o p o s i -  
t ion 4.3 and M u m f o r d ' s  t h e o r e m  (see [6]). P r o j e c t i v i t y  follows f r o m  P ropos i t i on  4.1 b). 

Denote by Sn the s c h e m e  whose  ex i s tence  is s ta ted  in P r o p o s i t i o n  4.4. Fix a p r i m e  n u m b e r  p E T. F o r  
any n such that  n -> 3, p ~ n ,  we denote by Sn the comple t ion  of Sn by the ideal (p). Denote by A f the r ing  of 
finite adeles  of the f ield Q: by A f the r ing  of finite adeles  of Q without  the p componen t s .  The group  (h ® A/)* 
/Q* acts  on lim S ~ ,  and th is  ac t ion  lifts in a na tu ra l  way to an act ion on the f o r m a l  g roup  of the un ive r sa l  

p,~n 

Abel ian  va r i e ty .  

Let  A' be an a lgeb ra  of qua te rn ions  o v e r  Q such that  invooA' = 1 /2 ,  invpA' = 0, inv/A'  = inv/A fo r  l ~ p, 
oo. Fix  i s o m o r p h i s m s  h '  ® Qp ~ Mat (2, Q~), h '  ® A~ ~-~ h ° Q A~, where  A ° is the i nve r se  a lgebra  to A. We 
identify (h ® A~)* and (A ° ® A~)* by means  of the i s o m o r p h i s m  g ~ g - 1  Set X~ = U~ \ (A' (~ AI)*/A '*  , where  

U~ ~ [ I  (L ® Zl)* is the p r inc ipa l  c o n g r u e n c e - s u b g r o u p  of level  n. 

T h e o r e m  of I. V. Cherednik .  The re  ex is t s  a (h (~ A~)*-equivariant i s o m o r p h i s m  S~ ~--- GL (2, Qp) \ 

6 , Zp) x X~) which may  be l if ted t o  an equ iva r i an t  i s o m o r p h i s m  of the f o r m a l  g roups  on these  f o r m a l  

s c h e m e s .  
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Note.  It i s  e a s i l y  v e r i f i e d  tha t  GL (2, q p ) \ ( ( O ~  ~ ^nr Zp ) X Xn) is  the  union of a f i n i t e  n u m b e r  of c o m p o n e n t s ,  
each  of which  i s  of the  f o r m  F \ ~12 (~ ~..pT, w h e r e  F is a d i s c r e t e  s u b g r o u p  of GL(2,  Qp) with a c o m p a c t  f a c t o r  
and with no e l e m e n t s  of f in i te  o r d e r ,  which  con ta in s  s o m e  p o w e r  of p. 

P roof .  Le t  ¢ be  the  s p e c i a l  f o r m a l  L(~Zp module  o v e r  F p ,  which  we f ixed  in §2A. We c a l l  a t w o - d i m e n -  
s i ona l  A b e l l a n  L v a r i e t y  whose  f o r m a l  g roup  is  i den t i f i ed  {as an  L ® Zp module)  wi th  if, an a l g e b r a i z a t i o n  
of ¢ .  Denote  by X the s e t  of a l g e b r a i z a t i o n s  of ¢ ,  which  have  m u t u a l l y  c o n s i s t e n t  s t r u c t u r e s  of a l l  l e v e l s  not  
d i v i s i b l e  by p. X is  a c t e d  on in  a n a t u r a l  way by the  g r o u p  GL (2, Qp) x (A ® A~)* o r ,  which is  the  s a m e  
thing,  by (A' ® At) *. It fo l lows  f r o m  P r o p o s i t i o n  4.2 tha t  X and (A' ® AI) * / h '*  a r e  i s o m o r p h i c  as  A' ® At s e t s .  
T h e r e f o r e ,  Xn i s  the  s e t  of a l g e b r a i z a t i o n s  of • which have  s t r u c t u r e  of l e v e l  n. 

We s h a l l  c o n s t r u c t  a m o r p h i s m  ( ~  ® Fp) X X~ -+ Sn ® Fp .  F o r  th i s  we need  to c o n s t r u c t  a s p e c i a l  
A b e l i a n  L s c h e m e  w i t h s t r u c t u r e  of l e v e l  n o v e r  (t} 2 ® F , )  x X~.  Denote  by Y a u n i v e r s a l  f o r m a l  L ® Z ,  m o d -  
ule  o v e r  ~2 (~ Fp , and  b y  Y i t s  i n v e r s e  i m a g e  o v e r  ( ~  (~ F-p) × Xn . Denote  by  ~ the  i n v e r s e  image~of  ¢ o v e r  
(~2 ® ~p) × X ~ .  The c a n o n i c a l  q u a s i - i s o g e n y  • -+ Y a l lows  us to de f ine ,  f o r  any a l g e b r a i z a t i o n  of • wi th  
s t r u c t u r e  of l eve l  n, an a l g e b r a i z a t i o n  of Y with  s t r u c t u r e  of l e v e l  n. T h e r e f o r e ,  in o r d e r  to def ine  a m o r p h i s m  
( ~  ® Fp) X X ,  --~ S ,  ® F ,  i t  r e m a i n s  to c o n s t r u c t  an a l g e b r a i z a t i o n  of ~ wi th  s t r u c t u r e  of l e v e l  n; the  i n t e r -  
p r e t a t i o n  of Xn as  a s e t  of a l g e b r a i z a t i o n s  of • with s t r u c t u r e  of l e v e l  n a l lows  us to do th i s  c a n o n i c a l l y .  

It is  e a s i l y  v e r i f i e d  tha t  the  m o r p h i s m  c o n s t r u c t e d  in th is  way induces  a m o r p h i s m  GL (2, Qp) \ ((h2 ® 
Fp)  × X, )  - -~S,  ® F p  . It i s  e a s y  to show tha t  t h i s  m o r p h i s m  in t u r n  induces  a b i j e c t i o n  of  s e t s  of F p  po in t s .  
It fo l lows  f r o m  the S e r r e - T a t e  t h e o r e m  tha t  i t  a l s o  induces  a b i j e c t i o n  of s e t s  of B po in t s ,  w h e r e  B i s  any 
loca l  A r t i n  r i n g  with  r e s i d u e  f i e l d  Fp.  Since  GL (2, q p ) \ ( ( ~ 2  ® ] ~ p ) x X , )  i s  a p r o j e c t i v e  s c h e m e ,  the m o r -  
p h i s m  thus  c o n s t r u c t e d  is  an i s o m o r p h i s m .  It  fo l lows  f r o m  the S e r r e - T a t e  t h e o r e m  tha t  the  i s o m o r p h i s m  
S~ ® Fp ~ GL (2; Qp) \ ((~2 ® ~ )  x X~) can  be  e x t e n d e d  to an  i s o m o r p h i s m  S~ --~ GL (2, Qp) \ ((~2 ~ 7,p,) × 

X~). 

COROLLARY.  Le t  k be a nonnega t ive  i n t e g e r .  Then (S,v ~ Q qp),n = GL (2, Qp) \ Y~,~ x x ,  {here 
(S~pk ® Q~),~ is a s t r i c t  ana ly t i c  s p a c e  o v e r  Qp, c o r r e s p o n d i n g  to S ~® Qv). 

A P P E N D I X  

In th i s  append ix  we s h a l l  p r o v e  the S e r r e - T a t e  t h e o r e m .  

T h e o r e m  of S e r r e  and Ta te .  Le t  B be  a r i n g ,  I C B a n i lpo ten t  i dea l ,  p a p r i m e  n u m b e r ,  and l e t  s o m e  
p o w e r  of p ann ih i l a t e  I. Le t  A 0 be  an A b e l i a n  s c h e m e  o v e r  B / I ,  and F 0 i t s  p - d i v i s i b l e  g roup .  Then  the n a t u r a l  
m a p  { i s o m o r p h i s m  c l a s s e s  of l i f t s  of A 0 to an A b e l i a n  s c h e m e  o v e r  B} --* { i s o m o r p h i s m  c l a s s e s  of l i f t s  o f  r 0 
to p - d i v i s i b l e  g r o u p s  o v e r  B} i s  b i j e c t i v e .  

The S e r r e - T a t e  t h e o r e m  is  a r e s u l t  of the  fo l lowing  two s t a t e m e n t s .  

S p e c i a l  Case  of the  S e r r e - T a t e  T h e o r e m .  We add the fo l lowing  to the  cond i t ions  of the S e r r e - T a t e  
t h e o r e m :  1 2 = 0 a n d p I =  0. 

L e m m a  on S t r i c t n e s s  f o r  p - D i v i s i b l e  Groups .  Le t  B be  a r ing ,  I C B an i dea l ,  12 = 0,  p I  = 0, and l e t  F 1 
and r 2 be  p - d i v i s i b l e  g r o u p s  o v e r  B. If the  h o m o m o r p h i s m  ~: F 1 --* F 2 i nduces  the  z e r o  h o m o m o r p h i s m  by 
the module  I, then  i t  is  the z e r o  h o m o m o r p h i s m .  

S t a r t i n g  h e r e  we  s h a l l  s u p p o s e  tha t  12 = 0, pI  = 0. 

P r o o f  of the  S t r i c t n e s s  L e m m a .  It i s  e a s i l y  v e r i f i e d  tha t  p ~  = 0. 

Since  F~ P~ F 1 i s  s u r j e c t i v e ,  ~ = 0. 

I t  r e m a i n s  to p r o v e  the  s p e c i a l  c a s e  of the S e r r e - T a t e  t h e o r e m .  

LEMMA 1. A 0 can  be  l i f t ed  to an A b e l i a n  s c h e m e  o v e r  B. 

LEMMA 2. Le t  A and A '  be  l i f t s  of A 0 to A b e l i a n  s c h e m e s  o v e r  B. Then  t h e r e  e x i s t s  a h o m o m o r p h i s m  
A - -  A '  which  induces  on A 0 m u l t i p l i c a t i o n  by  p. 

LEMMA 3. Le t  F and F '  be  l i f t s  of F 0 to p - d i v i s i b l e  g r o u p s  o v e r  B. Then t h e r e  e x i s t s  a h o m o m o r p h i s m  
r ~ r' which induces on F 0 multiplication by p. 

To Deduce the Special Case of the Serre-Tate Theorem from the Lemmas. a) Let r be a lift of r 0. We 

shall prove that F is induced by some lift of A 0. In fact, let A' be some lift of A 0, and let F' be the corresponding 
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lift of F 0. Then there exists a homomorphism ¢: F' ~ F, which induces on F 0 multiplication by p. The kernel 
of ¢ is a finite locally free group scheme H over B. Set A = A'/H. Then A is the required lift. 

b) Let A and A' be lifts of A 0, F and F' the corresponding lifts of F 0. Let F ~- F': Weshall prove that 

A ~ A'. In fact, there exists a homomorphism ¢: A ~ A', which induces on A 0 multiplication by p. It is suf- 

ficient to prove that Ker (4-~ A') ~ Ker (A-~ A). The homomorphism ¢: A ~ A' induces a homomorphism ¢,: 

F ~ F' such that the corresponding homomorphism F 0 ~ F 0 is multiplication by p. By the strictness lemma, 
P +, P ~ p 

• l~t ____> ~ .  is  a compos i t i on  F-->l  -~ . T h e r e f o r e ,  I(er(F F') Ker(F--->F), and hence  Ker(A--~A') = Ker(A-~A).  

P roof  of L e m m a  1. Suppose a l i f t  is  p r e v e n t e d  by the e l e m e n t  a ~ H ~ (Ao, @ Q I) = H ~ (A0, O~t0) ® Lie 
(Ao) Q I (where ® is  the r e l a t i v e  t angen t  sheaf  to A0). It is  n e c e s s a r y  to p rove  that  ~ = 0. This  is e a s i l y  done 
fo r  p ~ 2. In fact ,  a m u s t  be mapped  to i t se l f  u n d e r  a u t o m o r p h i s m s  of A 0, in  p a r t i c u l a r ,  u n d e r  m u l t i p l i c a t i o n  

by - 1 .  T h e r e f o r e ,  (~ = - ~ ,  hence ,  ~ = 0. If now p = 2, we need  to apply analogous  a r g u m e n t s  to A 0 × A 0 and 

a u ~ o m o r p h i s m  w i t h  t h e  m a t r i x  (~0~). 

P roo f  of L e m m a  2. Let  A and A T be l i f ts  of A 0. Cover  A with affine cha r t s .  On each cha r t  we may de-  

f ine a map into A' ,  the iden t i ty  for  the module  I. These  maps  a r e  not def ined un ique ly ,  but  a f t e r  compos i t i on  

with the map A' P-L A'  the a r b i t r a r i n e s s  is e a s i l y  seen  to d i s appea r ,  and we obta in  a m o r p h i s m  A ~ A'.  

Proof  of L e m m a  3. Let  G and G' be f in i te  loca l ly  f r ee  group s c h e m e s  ove r  B, G o and G O t he i r  reduc t ions  
by the module  I, and ~0: Go ~ Go a h o m o m o r p h i s m .  We wil l  c o n s t r u c t  a h o m o m o r p h i s m  ~: G -~ G' inducing 
by the module  I a h o m o m o r p h i s m  P~0, and this c o n s t r u c t i o n  wi l l  be func to r i a l  (by G, G',  B). Hence, the s t a t e -  

men t  of the l e m m a  wii1 be proved.  

To c o n s t r u c t  a h o m o m o r p h i s m  ¢: G ~ G',  we need to c o n s t r u c t  for  any B - a l g e b r a  C a map ~C: G ( C ) ~  
G'(C)_ The p a i r  (C, IC) p o s s e s s e s  the s a m e  p r o p e r t i e s  as (B, I), and t h e r e f o r e ,  we ma y  c o n s i d e r  tha t  C = B. 
Let G, G' be the dual  g roups .  We need  to def ine a map Horn (G, G~) -~ Horn (G', G~) .  We define it  as the c o m -  

pos i t i on  of the obvious map Horn (G, G~) -+ Hom (G0, G~),  the map (~o). : Horn (Go, Gm)-~Hom (G', G~),  and the 
fol lowing map Horn (G~, G,~) --~ Horn (G', Gin); the c h a r a c t e r  X of the group G' 0 is a s s o c i a t e d  with fP, w he re  f is 

any func t ion  on G' which induces  ~(. 

i. 

2. 

3. 

4. 

5. 

6. 
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