Let {Xof be an arbitrary decomposition into simple cells which satisfies condition (A) of Seec, 5 of [2].
let P=— (1/87r2)H2 be the form which corresponds to the first Pontryagin class of the manifold X, Then the
following agsertion holds.

JHEOREM 5.8, The cohomology class P(X) — &(P, X) coincides with the class which is the dual to the
Poincaré combinatorial cycle T'h—4(X), defined in Sec, 10 of [2].

The proofs of Theorems 5.7 and 5.8 are rather long and we do not give them here.

Remark. If the decomposition {Xa} is linearizable then Theorem 2 of [2] follows from Theorem 5.7 (for
the case where the decomposition is into simple cells); and Theorem 5.8 implies Theorem 1 of [2].
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COVERINGS OF p-ADIC SYMMETRIC REGIONS

V. G. Drinfel'd

Let K be a localnon-Archimedean field, da natural number, and 04 the set of points P&, not lying on any
hyperplane defined over K. 0d is a strict analytic space over K, on which PGL(d, K) acts (see {1}). As opposed
to Archimedean symmetric regions, Q4 is not simply connected. Our basic aim in this article is to construct
some system of finite étale equivariant coverings of Q0 (see §3). The Galois group of this system is the pro-
finite completion of the multiplicative group of the central skew field over K with invariant 1/d. It is probable
that the cohomologies of these coverings are a realization of all the cuspidal representations of GL(d, K).

In fact the analytic space od arises from some formal scheme Q¢ over the ring of integers of K, The
interpretation of Qdasa variety of modules of certain formal groups plays a basic part in constructing a sys-
tem of coverings of Qd (see §2). For d = 1, our method of constructing coverings of 9d becomes the Lyubin—
Tate construction of the maximal Abelian extension of K,

In §4, by means of a local theorem in §2 (for K = Qp, d = 2), we prove again a special case of L. V,
Cherednik's theorem (see [3]). In [3] it is proved that certain curves over Q which admit complex uniformiza-
tion, also admit p-adic uniformization; I V. Cherednik uses an indirect method. The method of §4 is based on
interpreting the curves over Q as varieties of modules of certain Abelian varieties; it turns out that these
Abelian varieties have supersingular reduction by the module p; this allows us to connect the local theorem in
§2 with the Serre—Tate theorem.

The only published proof known to the author of the Serre—Tate theorem (see [5]) uses the theory of
crystals, associated with p-divisible groups. Therefore, at the end of this article there is a proof of the Serre —
Tate theorem, which uses only commonly known facts about Abelian schemes and schemes of finite groups.

The ideas in this article belong to P, Deligne and D. A, Kazhdan; they explained how 1. V. Cherednik's
theorem indicates the existence of an equivariant system of coverings of Qd, Moreover, P. Deligne supplied
a convenient definition of the formal scheme Q9,
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§1. THE DIEUDONNE — CARTIER THEORY FOR FORMAL MODULES
Let O be the ring of integers of a local non~Archimedean field and B be an algebra over O.

Definition, A formal O module over B is a formal group over B (in the sense of [4]) together with an
action on it by O, which induces the natural action on the tangent space.

Let g be the order of the residue field of O, and let 7 be a prime element of O, We denote by A the can-
celling functor from the category of O algebras to the category of sets, and by A™ the functor which sends B
to the product of a countable number of copies of the set B (these copies are enumerated by the nonnegative
integers). For any nonnegative integer n we define the morphism wn: A — A as follows:

n

-
Wy (Lo Ty, Tay ++ ) = 2, Frl
k=0

~k

Define the morphism V: A — A® by the formula V(Xgy Xg» X35 o » o) = (0, Xgo Xy, « . .). We introduce the
notation [a] = (@, 0, 0, . . .).

Proposition 1.1. There exists a unique method of lifting A to a functor into the category of O
algebras such that wy: A*(B) — B is a homomorphism of O algebras for any n and for any O algebra
B. (The functor into the category of O algebras obtained in this way will henceforward be denoted by
Wo or simply W.) There exists a unique morphism F: W — W such that wye F= wp + ;. In addi-
tion, we have the following equations: [ab] = [g]-[b), Flal = (%] for a, b = B; FVz = nz, Vz-y="(z-Fy) for x, y €
W(B); the mapping V is O-linear, If the image of 7 in B is equal to zero, then #(z,, z;, 3, ...) ={zf, af, 2,

.) . I the image of 7 in B is equal fo zero and B is a perfect field, then there exists precisely one complete
discretely normed O algebra with residue field B, in which 7 is a prime element; namely, W(B).

For any Oalgebra B consider the (noncommutative} O algebra generated by the ring W(B) and by the two
elements F and V, with the following relations: VoF = Va, Fa=Fa-F, aV= V-Fa , and FV = 7 for a € W(B) (here
_Fa is the composition of the generator F onto the element a € W(B), whereas Fa is the result of applying the
mapping F to the element @), The completion of this O algebra in the topology given by the right ideals, span-
ned on VI, wig be denote;l by Cartp(B) or simply by Cart(B). Each element of Cart(B) may be uniquely written

in the form Z V™a,, - 2 b,-F", where am, bn € W(B), and bp = 0 for all but a finite number of n, Moreover,
m=0 n==1 oo
each element of Cart(B) may also be written uniquely in the form >} V" [z, F", where xpy n € B and for
‘ n, m=0

each n xpy n = 0 for sufficiently large m.

Note, The construction of the functors W and Cart depended on the choice of 7, but in fact these func-
tors (to within canonical isomorphism) do not depend on the choice of 7.

Let O — O' be a homomorphism, and let f be the degree of extension of the residue field,

Proposition 1,2. There exists a unique morphism of functors (on the category of O' algebras) u: Wo —
Wo such that wpou=wfn. For any O' algebra B we have the relations u([z]) = [a] for a € B, wFix) = F'(ux),
u (Vo) =(/n')-V'(u (F ) for x € W,(B); all objects relating to O' are written with a dash,

Definition, Let B be an algebra over 0, The Cart(B)~module M is calied reduced if the action of V on
M is injective, M =lim M/V*M, and M/VM is a free B module,

THEOREM. The category of formal O modules over B is equivalent to the category of reduced Cart(B)
modules,

Proof, In the case when O = Zps the theorem is proved by Cartier (see [4]). Therefore, it is sufficient
to prove that if 0 — O' is a homomorphism and the theorem is true for O, then it is also true for O',

a) Let O' be nonramified over O, f = [0': 0], Let B be an algebra over O'. A formal O' module over B
is a reduced Cartg (B)-module Mwith an action by 0, inducing the trivial action on M/VM. The natural homo-
morphism O' — B induces a homomorphism 0! = Wqp(B) [viz., the composition 0' — Wg(0') —~ Wo(B)]. There-
fore, 0' ®o Carip(B) is isomorphic to a produce of f copies of Cartg(B). Therefore, we have a Z/dZ grading
on M withthe following properties: deg a = 0 fora & Carto (B), deg V=1, deg F = —1, V: M'—> M™* ig an
isomorphism for i # —1, and on M" both actions of O' coincide. Define the map U: M’ — M? by the formula

U=v"dF, Associate with D VU (@, o) - F"E Cart or (B) (where m,, = Wo (B), and w:Wo (B) ~ Wo- (B) is
n, m=0 -~
the homomorphism constructed above) the operator 2 Ve, U™ . It is easily verified that this is well

n, m=0
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defined, Starting with a formal 0' module, we have constructed a reduced Cartg{B)-module M°. This functor
is easily seen to be an equivalence.

b) Let the residue fields of O and O' have the same order, and let B be an algebra over O', It is easily
seen that there exists a unique continuous homomorphism Carto(B) — Cartg'(B), whose limit on Wo(B) co-
incides with the homomorphism u constructed above, taking V into V', and F into (z/7n') + F', Usingthis homo-
morphism we may construct a functor from the category of reduced Cartg:(B)-modules into the category of
formal O' modules. On the other hand, let M be a reduced Cartp(B) module with an action by 07, inducing the
trivial action on M/VM. Then we may define a map ®: M — M such that V& = ' — [7']. TLet ¢ € Carto'(B) be
an element such that V'¢ = 7' — [r']. Then each element of Cartpr(B) may be written in the form >, V™"

. , ’ n, m=0
(xm, ) 9" , where xm n € Wo(B). Associate with the element DV u (@m, ) 9" the operator SV 2, , 0™ It can
be verified that this is well defined and that the two functors thus constructed are inverses.

Henceforward, by a formal group over B we shall mean not only a formal group in the sense of 4], but
also an object identified from formal groups over localizations of B. Correspondingly, in the definition of a
reduced Cart(B) module we shall replace the word "free" with the word "projective,"

§2. THE BASIC THEOREM

A) Formulation of the Basic Theorem, ILet K be a fixed local non-Archimedeanfield. Let O C K be the
ring of integers, v: K* — Z a normalization, ORT a strict Henselization of 0, and OF the completion of O1T,
Let D be the central skew field over K with invariant 1/d, and O C D the ring of integers.

By a quasi-isogeny from the formal O module X into the formal O module Y we shall mean an element
of Hom (X, ¥) ®¢ K, for which there exists an inverse element in Hom (Y, X) ®o K. It is easily seen that if B
is an algebra over O, and I C B is an ideal such that I> = 0, 71 = 0, and X, Y are formal O modules over B with
Xp» Y, their reductions by the module I, then Hom (X, Y)®o K = Hom (X,, Yo) ®0 K. '

Definition, A formal Op module over the O algebra B is a formal O module together with an action by
Op which extends the action of 0. A formal Op module of dimension d, such that a representation of the max-
imal nonramified subring of Op on the tangent space is a sum of d different characters in each geometrical
point of Spec B, is called special.

Let us fix a special formal Op module & over ONT/(r) with dimension d and height d°. [It is easy to see
that up to isogeny there is precisely one such module, and (End @) Xo K is isomorphic to the algebra of ma~
trices of order d over K.] Fix an isomorphism Mat (d, K) ~ (End ®) Qo K.

Let Nilp be the category of O algebras in which the image of 7 is nilpotent, We now define a functor G
from Nilp into the category of sets. Let B € Ob Nilp; G(B) is by definition the set of isomorphism classes of
triples consisting of 1) a homomorphism @ ; ORY/(m) — B/(7), 2) a special formal Op~module Y over B with
height d?, and 3) a quasi-isogeny p of height 0 from ¥x(®) into the reduction of Y by the module 7. The group
GL(d, K) x D* acts on G(B) according to the formula

g

(glv g‘_’.)(lpv Y1 p) = (*P”Fr_n, blY7 szlggl FI‘Obn),
where g, = GL (d, K), g, = D*, n = v (det g;) -+ v (det g,), Fr: 0" / (n) - 0" / (n) is the Frobenius morphism,
and Frob! isthenatural quasi-isogeny (p-Fr™), (®) -, (D); Y is a formal Op module coinciding with Y as
an O module, but with a different Op action; viz., a € Op acts on 82Y in the same way as gg 1ag2 acts on Y. OB
and elements of the form (a, a™!), a € K*, act on G trivially,

The aim of this paragraph is the proof of the following theorem.

THEOREM. We may represent the functor G by the formal scheme Q° ® O™, The action of GL(d, K) x
D* on the functor G corresponds to the natural action of PGL(d, K) on $d and the following action of GL(d, K) x
D* on 0™:(g,, ga) > (Fr)-v(det gn-z (det ),

Here (9 is the formal scheme over O defined by P. Deligne. We shall introduce a variant of his defini-
tion which will be useful in the future. We shall denote by B[] the ring B[]/ (md — 1) together with the follow-
ing Z/7Z grading: degb=0forb € B, deg I =1. Let S be a scheme over O on which 7 is nilpotent, An 8
point of the formal scheme Od is by definition an object consisting of 1) a Z/dZ-graded planar O[Il]-sheaf 1 on
S, 2) a ZAZ-graded sheaf T of 0g[ll] modules, whose homogeneous components are invertible, 3) a homoge-
nous (degree 0) O [[1]-linear morphism u:7n — T such that 4 ® Os — T is an epimorphism, and 4) a K-linear
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isomorphism r: K2 3 n° ® K, for which the following conditions hold; a) let 8§ C S be the set of zeros of the
morphism IT: 7% — T™; then 7l [g; is a fixed sheaf with fiber Od, b) for any s € S the map n,/IIn, — (T,/T17T%) ® x.
is injective, where ng is the residue field of s, and c) A% (n) |s, = n-*A? (ITr0?) s, for i€ Z.

B) Proof of the Basic Theorem. ILet OBT C ODT be a nonramified subring of degree d over O. Then
Op is generated by Ogr plus the element Tl withthe following relations: 11¢ = n, Tla = Fr (a)-TI for a € Ogr.
Therefore, the category of formal Op modules over the O -algebra B is equivalent to the category of Z/dZ-
graded reduced Cart(B) modules [the ring Cart(B) is graded such that deg @ = 0 for a € W(B), deg V = 1, deg
F = —1], together with an endomorphism II of degree 1 which commutes with the action of Cart(B) and satis-
fies M9 = 7. A formal Op module is special if and only if all homogeneous components of the tangent space
have dimension 1.

Proposition 2.1. Let B be an algebra over OPF, Given a set of elements ay, i € B, where m € Z, i € Z/dZ,

m = 0, and H a4, ; = 1 , there exists a special formal Op module over B and a homogeneous basis system
iEZ/dZ

{vi, 1 € Z/AZ} (y; lies in the i-th component of the Dieudonné module) such that I17: = s [@m, ;] Yis1-m. The
m,i

pair, consisting of the formal ¢ p module and the basis system, possessing the properties enumerated above,
is defined uniquely up to isomorphism,

Definition, ILet Y be a special formal Op module over the O1T-algebra B, and My its Dieudonné module,
We call the factor of (My)d by the subgroup generated by elements of the form (0, 0,..., 0, Vu, —Ily, 0, . . .,
0) the modified Dieudonné module; we denote it by Ny. Define the map Ay : Ny — My by the formula (z, 2, - . .,
Zg) > 187z, + 82z, + . .. + Vg,

All operators acting on My also act on Ny, if they commute with Ay (but, as opposed to My, the Cart(B)-
module Ny is not in general reduced), There exist canonical maps Ny — My/VMy (viz., Xiy « o 09 Xd) ™ Xy
mod VMy), and My= Ny [viz., x = (0, 0, . . ., x)]. We introduce a grading on Ny: deg(x;, ..., xd) =1, if
deg x; = deg Xy =, , . = deg xd = 1. It is easily seen that if B is an algebra over K, then Ay is an isomorphism.

Proposition 2.2, There exists a unique functorial (with respect to B} method of defining, for each ORY
algebra B and each special formal Op-module Y over B, a map Ly : My — Ny such that AyLy = F.

Proof. It is sufficient to consider those formal modules for which all the homogeneous components of
the tangent dpace are free, Proposition 2.1 shows that it is sufficient to prove the inclusion F(My) C Ay(NY) =
"iMY + %72y My +. .. + Vd 1MY (since in the universal case A is injective), Let {y:, i = Z/dZ} be a homo-
geneous basis system in M, deg vi = 1. Since FVMy = aMy C II*My, it is sufficient to prove that Fyj € Ay(Ny).
Since 7 — [7] = Ve, where ¢ is an invertible element of W(0), it is sufficient to prove that (7 — [7])y; € VAY(NY).
LetIy; = la;Wi1 + V. Then (n — [nl)y; = (¢ —[aly; = 27 Wa; + [0 )T Way, + . oo + [a83040 - - - 212l Viziy,

and it remains only to use the trivial relation [a;lM%*  TIMk +V MYy

Define the map ¢y : Ny — Ny by the formula ¢y (z,, . . ., 2)) = Ly () + (22, 23, - . -, Zq, 0) (this is easily
seen to be well defined). Clearly, ¢y preserves the grading and commutes with the action of O[II].

Proposition 2.3, Let B be an algebra over ORT, I C B an ideal such that I’ = 0, 71 = 0. Let Y be a special
formal Op module over B, and Y, the reduction of Y by the module L. Then the action of ¢y on Ker(Ny — NYo)
is nilpotent.

Now let B be an algebra over O1T and let the image of 7 in B be nilpotent, Let Y be a special formal
Op module over B of height d%, Define a sheaf ny on Spec B in the following way: If Spec B' C Spec B is an

open set, then H® (Spec B', 1) {z & Nygs l¢¥ (2) = z}. Denote by Ty the tangent sheaf to Y. The canonical
maps Nygp — Myep/VMyep define a morphism uy: 7y — Ty. Finally, defining a quasi-isogeny of degree 0
from @ to the reduction of Y by the module 7 induces a morphism ry: K¢ — 9% @ K.

Proposition 2,4, (ny, Ty, uy, ry) satisfies the conditions a), b), and ¢) at the end of §2A). I B'is an
algebra over B, then (Wres, Tves, Uvew, r'ver) is the inverse image of (v, Ty, uy, ry).

Proof, a) If I C B is a nilpotent ideal and the proposition is proved for B/I, then it can be proved for B
by means of Proposition 2.3.

b) If I, I, are ideals in B, I; N I, = 0 and the proposition is true for B/I; and B/I,, then it is true for B
as well,
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c) It remains to consider the case when for some i € Z/dZ the morphism II: 7% — 7% is equal to zero.
It is easily seen that the subgroup V'M%  N¥' is invariant with respect to ¢ for j > 0, and moreover, that
H}/":M@C Yf“Af{} . Clearly, for each j > 0 there exists an affine scheme Zj over B such that Z; (B") = {z &
NY¥%4e/V’Mygs |9 (z) =2} . From Proposition 2.3 it follows that the schemes are étale over B. I B is an al-
gebraically closed field, then the first part of Proposition 2.4 may be immediately verified, for in this case
Zg; = ni/wik,., and for 0 <k <d, Zgj-k s the image of 1~% in Zgj. Hence, it follows that even if B is not a field,
Zdj is an étale covering of Spec B with fiber (0/(7r)1)d, and for 0 <k <d, Zdj-k is an open subset in Zgj. rY
induces a morphism of some d-dimensional O-submodule K4 into 1}_13 Z4;(B), which induces in each geometri-

3

cal point of Spec E — Spec B an isomorphism K¢ = K Qo lim Zy; (E). Hence, it follows that Zgj ~ Spec B x
0/, Proposition 2.4 is now evident,
Introduce the notation; H (B) = (&¢ & 0™ (B), Nilp, C Nilp is the complete subcategory consisting of

those O algebras in which the image of @ is equal to zero. We have constructed a morphism &; G — H (Prop-
osition 2.4); it remains to prove that ¢ is an isomorphism.

Proposgition 2.5, If ¢ |Nilp1 is an isomorphism then £ is an isomorphism,

Proof, Letn =1 and £ INj_lpn be an isomorphism, We prove that & [wi,,, is an isomorphism. LetB = Ob
Nilpnw . Fix @ €G(B/(™)). For any C €0b Nilp and any morphism C — B/(#m, we denote by G (C) the inverse
image of a in G(C), and by Hq(C) the inverse image of £(a) in H(C). It is necessary to prove that G, (B) =5 H,
(B). IfHy(B) = ¢, there is nothingtoprove, If Ha(B) = ¢ then Gg(B) # ¢ (thisfollows from Propostion2.1). Kiseasily
seen that there exists a natural group structure on G, (B/(n™) @ («™) and on H, (B / («") & (x")), and that on
Gq(B) and Hy(B) there exists a structure of principal homogeneous spaces over them, and that £ is consistent
with these structures, But B/ (z") @ (n") & Ob Nilp,, and therefore, G, (B / (n") @& (=) = H, (B / (™) @ (=)

It remains to prove that ¢ [Nﬂp1 is an isomorphism, It is not hard to prove that GlNilp1 may be repre-

sented by a scheme which is projective over Q! ® O™ / (). Therefore, it is sufficient to prove the bijectivity
of the map G(B) — H(B) in the case when B = (O"T/(m)[c])/(e?), and this can be done immediately.

§3. THE BASIC CONSTRUCTION

Let X be a universal formal Op module over oL @ o, Itis easily seen that the action of (GL(d, K) x
D¥/K* on ©F ® O™ lifts in a natural way to the action of this same group on the formal group X; in view of
this the action of OB coincides with the action arising from the Op-module structure., For any natural num-

™
ber n we denote the kernel of the homomorphism X — Xby T'n. It is easily seen that I'y is a finite planar
scheme of Op/(n"y modules over & @ Ov, of order ¢@™

We introduce the notation k™0 ®0K, R"E0"®K . Clearly, I,®;m-K™ is an étale covering of Q*®@oK™
whose geometrical fibers are isomorphic to Op/(m™). (Here I‘n®amfff"’ and §d®OIA("’ are strict analytic spaces
over ROT, corresponding to the formal schemes Ty and @%®0™.) set =%™L (I, ® juwrR™) — Tna®pnrK™) for
n > 0, and 3P0 EHIGE™ . (GL(d, K) x D¥/K* acts on 2ds0, and 251 is a principal homogeneous (Op/(m))*
space over Q?®K™ . Multiplication by 7 induces equivariant epimorphisms 3% ™1, 3% ",

Note. I Bis a Tate algebra over K, the categories of finite étale algebras over B @ K™ and B ® K™ are
mutually equivalent, Therefore, the projective system of étale coverings of & arK™" constructed above de~
fines a projective system of étale coverings of Q7 ® K.

We shall now describe the connection between the spaces £ constructed for different fields. Let K, be
an extension of K of degree m: All objects relating to K; will have index 1 in the following. Let d; be a natural
number, d = d;m, D and D, the central skew fields over K and K, with invariants 1/d and 1/d,, and let D; — D
be an embedding. For any formal Op,~module Y, we may construct a formal Op module, which we shall de-
note by Op ®o,, Y, (the construction is the same as for ordinary modules). It is easily verified that if Y, is
special, then so is Op ®o,, Y. Fix an embedding OPF — O[T and a special formal On,~module &, over O}Y/
(m;) of height d%. Set ® = Op Qop, P;. Fix isomorphisms (End @,) @ K =~ Mat (d,, K,) and (End ®) ® K =~ Mat (d,
K) ; they induce an embedding Mat(d,, ;) — Mat(d, K). For any O;-algebra B € Ob Nilp,, define a map G;(B)—~
G(B) as follows: with the triple (;, Y;, p;) (where ¥, Y, and p are the same as in §2A)) we associate the triple
(¢, Y, p) where a) ¥ is defined by the commutative diagram

0% J(y) % B ()
I 1

0" [y % B(x),
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b)Y = Op ®o,, Y1, and ¢) p is chosen such that the quasi-isogeny (¢;) x(®) = Y mod (), induced by p,, coin-
cides with that which comes from .

The functor Gy — GINilp, is consistent with the action of GL(d;, K;) x Dl . We have thus obtained the
equivariant map v: Q{&o,00 ._>Qd®00’" which is easily seen fo be a closed embedding. Let X be a universal
formal OD module over Qd® 0™ and let X; be the same for K;: then+v*(X) = 0D®0D1X1 The natural embed-
ding X, — v¥(X) allows us to define, for any natural number n, equivariant embeddings X% * — %", where e
is the ramification index of K over Kj.

Proposition 3.1, a) (@) = O,
b) 8 X @ler) =" " = (D*/(1 + 1"0p) x =™ )/ Dy.

Proof. The proof of a) is immediate, The identification of (Q%)"" with O and the embedding O]¥ — OVT,
which we fixed above, allow us to define an embedding 0“®(,0.7=-0°Q®,0™ . We will prove that the images
of i and v coincide; from this it is not hard to derive b), It is sufficient to prove that the image of v is contained
in the image of i. In fact, since the elements (a, a™%), a € K|, act trivially on Oy, &,,07", we have
v (@007 C (@) o0 = 08 @oD™ = QG (D00,

From the commutative diagram

03007 — G0
Slpf oy — Si)f o™
it follows that the image of v is contained in the image of i.
Note. From the equivariance of v and i and from the fact that their images coincide, it is easy to derive
the equation v =1i.
4. THE THEOREM OF I. V. CHEREDNIK

Let A be an algebra of quaternions over Q and T a set of points of Q, over which A is ramified; suppose
oo & T . let L be a maximal order in A (the choice of L plays no part, since all maximal orders in A are
mutually conjugate; this follows from the strong approximation theorem).

Definition, An Abelian L scheme is an Abelian scheme with an action by L. A - two-dimensional Abelian
L-scheme A over S is called special if for any p € T and any point of s of characteristic p, the action of L ® Z,,
on the tangent space to A at this point is special in the sense of §2,

Proposition 4.1, a) Any two-dimensional Abelian L variety over a field of characteristic p € T is super-
singular,

b) Any two-dimensional Abelian L variety over a discretely normed field has potentially good reduetion.

Proof, a) follows from the fact that the dimension (over Zp) of a L ® Z, module cannot equal 1 or 2.
b) follows from the fact that the dimension (over Z) of an I module cannot equal 1 or 2,

Proposition 4.2, Let p € T. There exists precisely one (up to L-isogeny) two-dimensional Abelian L
variety over Fp. ILet A be such a variety and A" = (Endy, 4) ® Q. Then A’ is an algebra of quaternions for
which invjA' = inviA for I #p, o, invpA' = 0, and inveA' = 1/2,

Proof, It is sufficient to prove that any two-dimensional supersingular Abelian variety over Fp is iso-
genic to the direct sum of two supersingular elliptic curves. In fact, such a variety is defined over some finite
field Fq. Let a be the Frobenius characteristic of Fg. Since the formal group of a two-dimensional super-
singular Abelian variety is isogenic to the direct sum of two one-dimensional formal groups of height 2, we
see that o®/q is the reciprocal of a whole algebraic miimber. From Weil's theorem it follows that o?/q is a
root of unity. It now remains to use Tate's theorem (see [2]).

Let 6 be a product of prime numbers in T; then there exists an element a € L such that a®> = —5. Define
an involution o: L — L by the formula o(x) = ax*a”!, where * is the standard involution.

Proposition 4.3, Let A be a special L variety, Then there exists a unique principal polarization on A,
for which the restriction of Rosatti's involution on L coincides with o,
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Proof, a) It may be immediately verified that if S is the spectrum of an algebraically closed field, then
there exists a unique (up to multiplication by a positive number) polarization, for which the restriction of
Rosatti's involution on L coincides with o.

b) Let S be the spectrum of an algebraically closed field of characteristic p. Then we may choose the
polarization in a) such that its degree is of the form pk (here we are using a® = —§).

c) LEMMA. Let F be a p-divisible group of dimension 2 and height 4 over a local Artin ring with resi-
due field F p» OB which L & Q Z, acts in a special way., We define the action of L ® Z, on the dual group F by
the comp051t1onL R Ly 5 (L ® Z,)° — (End 7)* = End F. Then there exists a unique (up to a constant) cosym-—
metric homomorphism F — F, which commutes with L. Moreover, there is an isomorphism between these
homomorphisms.

From the lemma we deduce the_proposition; first, when S = Spec IT‘p, and then when S is the spectrum of
a local Artin ring with residue field Fp, (by means of the Serre—Tate theorem), then when S is a scheme of
finite type over Z, and lastly, for any S.

Proof of the Iemma. 1) Let p § T. Then it is sufficient to prove the following statement: For any one-
dimensional p-divisible group G of height 2 over a 10931 Artin ring with residue field fp, there exists a unique
(up to a constant) cosymmetric homomorphism G — G, and between these homomorphisms there is an isomor-
phism. This follows from the Serre —Tate theorem and from the fact that all one-dimensional p-divisible
groups of height 2 over F-p come from elliptic curves.

2) Let p€ T. Then F is a special formal L ® Z, module of height 4. Let ¢ be a special formal
module of height 4 over F, , which is the direct sum of two one-dimensional formal L ® Z, modules, The
lemma can be immediately verified for ¢. It remains to prove the following: Let Y be a special formal LR Z,
module of height 4 over a local Artin ring with residue field Fp, Y, its reduction by the module of the maxi-
mal ideal, and ¢ — Yo a quasi-isogeny of height 0; then there exists an isomorphism Y =5 Y such that the
isomorphism Y, = ¥, induced by it is contained in the commutative diagram
Y, Y,

A
| ¥

O == O,
In other words, we need to prove that any involutory isomorphism of the scheme Q! & Z/ is the identity, For
this it is sufficient to prove that it commutes with the action of GL(2, Qp) and acts trivially on VA

Let n be a natural number, S a scheme over Z[1/n], A a two-dimensional Abelian I, scheme over 8, and
Ay the kernel of the homomorphism 4 " 4. We shall call the L-linear isomorphism n't L/L x § = A, over S
a structure of level n on A,

Proposition 4,4, The functor, associating with the scheme S over Z[1/n], the set of isomorphism classes
of special Abelian L schemes over S with structure of level n, may be represented by a projective scheme
over Z[1/Mm] if n = 3,

Proof., The representability and quasiprojectivity of the representative scheme follow from Proposi-
tion 4.3 and Mumford's theorem (see [6]). Projectivity follows from Proposition 4.1 b).

Denote by Sp the scheme whose existence is stated in Proposition 4.4, Fix a prime number p € T. For
any n such that n = 3, p f n, we denote by Sy the completion of Sp by the ideal (p). Denote by Af the ring of
finite adeles of the field Q: by Af) the ring of finite adeles of Q without the p components. The group (A ® A/)*
/Q* acts on lim S, » and ‘this action lifts in a natural way to an action on the formal group of the universal

——

pin

Abelian variety.

Let A' be an algebra of quaternions over Q such that invooA' =1/2, invpA' = 0, invjA' = invA for ! # p,
w, Fix isomorphisms A’ ® Q, ~ Mat (2, Q,), A’ ® A, ~ A* ® AL, where A is the inverse algebra to A We
identify (A ® Aly*and (A° ® ALy* by means of the 1somorph1sm g — gl SetX, = U, \ (A @ Ay*/A'*, where
U, H (L ® 7,y is the principal congruence-subgroup of level n,

15#p

Theorem of I. V. Cherednik, There exists a (A ® Afy*-equivariant isomorphism 5, ~ GL (2, Q;) \
(2 ® Z%) X X,), which may be lifted to an equivariant isomorphism of the formal groups on these formal
schemes,
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Note. I is easily verified that GL (2, Qp)\( (@* & Z7) x X,) is the union of a finite number of components,
each of which is of the formT \ Q2 ® ZZ , where T is a discrete subgroup of GL(2, Qp) with a compact factor
and with no elements of finite order, which contains some power of p.

Proof, Let & be the special formal L&Z, module over fp, which we fixed in §2A. We call a two-dimen-
sional Abelian L variety whose formal group is identified (as an L ® Z, module) with ¢, an algebraization
of &, Denote by X the set of algebraizations of ®, which have mutually consistent structures of all levels not
divisible by p. X is acted on in a natural way by the group GL (2, Q) X (A ® Aly* or, which is the same
thing, by (A’ @ Af)*, It follows from Proposition 4.2 that X and (A’ ® A’)* / A’* are isomorphic as A" ® Asets.
Therefore, X, is the set of algebraizations of & which have structure of level n. -

We shall construct a morphism (Q* ® F,) x X, -8, ® F,. For this we need fo construct a special
Abelian L scheme with-structure of level n over (@2 ® T, X X, Denote by Y a universal formal L ® Z, mod-
ule over Q* ® F,, and by Y its inverse image over (Q2 ® Fp) X X . Denote by & the inverse image of ¢ over
@@ F,) X X, . The canonical quasi- 1sogeny & ¥ allows us to define, for any algebraization of <I> with
structure of level n, an algebraization of Y with structure of level n, Therefore, in order to define a morphism
(¥ ® F,) X X, - S, ® F, it remains to construct an algebraization of & with structure of level n; the inter-
pretation of Xy as a set of algebraizations of & with structure of level n allows us to do this canonically,

It is easily verified that the morphism constructed in this way induces a morphism GL (2, Q,) \\ (@ ®
F,) x X,) -8, ®F, . Itis easy to show that this morphism in turn induces a bijection of sets of Fp points,
1t follows from the Serre—Tate theorem that it also induces a bijection of sets of B points, where B is any
local Artin ring with residue field Fp. Since GL (2, Qp)\((@Z ®_Fp)_><X,,) is a projective scheme, the mor-
phism thus constructed is an isomorphism. It follows from the Serre—Tate theorem that the isomorphism
S, ® F,= GL(2; Q,) \ (8 ® F;) X X,) can be extended to an isomorphism §, = GL (2, Q,) \ (@ & Zy) X
X,

COROLLARY., Ietkbea nonnegative integer. Then (S ik ® Qp)en = GL (2, Qp) \\ Z2F X X, (here
(8,5 ® Qplarn 1s a strict analytic space over Qp, corresponding to Sk ® Q..

APPENDIX

In this appendix we shall prove the Serre— Tate theorem,

Theorem of Serre and Tate. Let B be a ring, I C B a nilpotent ideal, p a prime number, and let some
power of p annihilate I, Let A; be an Abelian scheme over B/I, and T its p-divisible group. Then the natural
map {isomorphism classes of hfts of A;to an Abelian scheme over B} — {isomorphism classes of lifts of TO
to p-divisible groups over B} is bijective.

The Serre—Tate theorem is a result of the following two statements.

Special Case of the Serre—Tate Theorem, We add the following to the conditions of the Serre-— Tate
theorem: I° = 0 and pI= 0,

Lemma on Strictness for p-Divisible Groups. Let Bbe a ring, I C B an ideal, I = 0, pI = 0, and let Ty
and T, be p-divisible groups over B. If the homomorphism ¢: Iy — I induces the zero homomorphism by
the module I, then it is the zero homomorphism.

Starting here we shall suppose that I* = 0, pI = 0.

Proof of the Strictness Lemma. It is easily verified that pg = 0,

Since I’} £ I, is surjective, ¢ = 0.
It remains to prove the special case of the Serre—Tate theorem,
LEMMA 1. Aj can be lifted to an Abelian scheme over B,

LEMMA 2. Let A and A' be lifts of A, to Abelian schemes over B. Then there exists a homomorphism
A — A’ which induces on A, multiplication by p.

LEMMA 3, Let T and I'" be lifts of Ty to p-divisible groups over B. Then there exists a homomorphism
I' — T'* which induces on I'y multiplication by p.

To Deduce the Special Case of the Serre—Tate Theorem from the Lemmas. a) Let I be a lift of T'j, We
shall prove that T is induced by some lift of A;. In fact, let A' be some lift of Ay, and let I be the corresponding
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lift of I'y. Then there exists a homomorphism ¢: T' — T, which induces on Ty multiplication by p. The kernel
of ¥ is a finite locally free group scheme H over B. Set A = A'/H, Then A is the required lift,

b) Let A and A' be lifts of Ay, T and I'" the corresponding lifts of I';, Let T’ ~ I'': Weshall prove that
A =~ A', In fact, there exists a homomorphism ¥: A — A', which induces on A, multiplication by p. It is suf-

¢ ]
ficient to prove that Ker (4 — A’y = Ker (4 — 4). The homomorphism ¥: A — A' induces a homomorphism %4:
T — T" such that the corresponding homomorphism I'y — T’y is multiplication by p. By the strictness lemma,

73 ' U
U is a composition I' > P=T", Therefore, Ker (I' —»I") = Ker (T 2>T), and hence Ker (4 — 4') = Ker (4 — A).

Proof of Lemma 1, Suppose a lift is prevented by the element o & H2 (4,, © ® I) = H? (4,, 04) ® Lie
(Ay) ® I (where @ is the relative tangent sheaf to Ay). It is necessary to prove that a = 0, This is easily done
for p # 2. In fact, @ must be mapped to itself under automorphisms of A, in particular, under multiplication
by —1. Therefore, o =—a, hence, a =0. If now p = 2, we need to apply analogous arguments to A; x A; and
11
01)'

aiutomorphism with the matrix (

Proof of Lemma 2. Let A and A" be lifts of A;. Cover A with affine charts. On each chart we may de-
fine a map into A', the identity for the module I, These maps are not defined uniquely, but after composition

with the map A’ 2 A’ the arbitrariness is easily seen to disappear, and we obtain a morphism A — A",

Proof of Lemma 3. Let G and G' be finite locally free group schemes over B, G, and G their reductions
by the module I, and ¢y: G; — G(') a homomorphism, We will construct a homomorphism : G — G' inducing
by the module I a homomorphism pg,, and this construction will be functorial (by G, G', B). Hence, the state-
ment of the lemma will be proved.

To construct a homomorphism ¥: G — G', we need to construct for any B~algebra C a map ¥¢:G(C)—
G‘(C‘)A. g‘he pair (C, IC) possesses the same properties as (B, 1), and therefore, we may consider that C = B.
Let G, G be the dual groups. We need to define a map Hom (&, G,,) — Hom (6, G,,). We define it as the com-
position of the obvious map Hom (& G,,) ~> Hom (Gy, Gn) , the map (go)« : Hom (G), Gn)—>Hom (&, G), and the
following map Hom (@.;, Gp) -~ Hom (&', G,,); the character x of the group G(') is associated with P, where f is

any function on G' which induces x.
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