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ELLIPTIC MODULES
UDC 519.49

V. G. DRINFEL'D

Abstract. The notion of elliptic module is introduced, generalizing the concept
of an elliptic curve, and an analog of the theory of elliptic and modular curves is con-
structed. Here the role of the group GL(2, Q) is played by GL(2, k), where &k is a func-
tion field. A theorem on the coincidence of L-functions of modular curves and Jacquet-
Langlands L -functions corresponding to k& is proved.

Bibliography: 14 items.

Introduction

A) Statement of the problem and main result. Let k be a global field, « a place
of k, d a natural number, and k_ the completion of & at oo.

Definition. The triple (k, o, d) is called admissible if a) all places of &, except
pethaps e, are nonarchimedean, and b) & < [Em: kw].

Admissible triples are of the following types:

1) k=Q, = is the archimedean norm, and d = 1;

2) k=0Q, = is the archimedean norm, and 4 = 2;

3) k is an imaginary quadratic extension of (J, oo is the archimedean norm, and
d=1;

4) k is a function field, and o and 4 are arbitrary.

The goal of this paper is the generalization of three classical theorems (con-
nected with the first three types of admissible triples): 1) the Kronecker-Weber
theorem, 2) the Eichler-Shimura theorem on {-functions of modular curves, and 3)
the fundamental theorem on complex multiplication. This generalization is connected
with the fourth type of admissible triple.

Let (&, o, d) be an admissible triple. We introduce the following notation: A
is the ring of elements of & which are integral at all places except «o; U is the ring
of adéles of k; and ?1/ is the ring of adéles withoutthe ~ component. We formulate
the classical theorems 1)—3) in a form suitable for generalization. First we introduce
some necessary definitions.

Let (k, 0, d) be an admissible triple of type 1)—3), and let K be a field over A

(i.e. there is given a homomorphism i: A - K).
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562 V. G. DRINFEL'D

Definition. An elliptic A-module of rank d over K is the following: in case 1), a
homogeneous torus over K; in case 2), an elliptic curve over K; and in case 3), an
elliptic curve X over K together with a homomorphism ¢: A » End X such that i =
D o¢, where D: End X » K is a differential.

In the same way we introduce the concept of an elliptic A-module of rank d over
S, where § is a scheme over A.

Definition. Let S be a scheme over k&, 1 C A a nonzero ideal, and X an elliptic
A-module of rank d over S. A struciure of level I on X is an isomorphism (of A-
modules over §) (IT 1/A)d x § XI’ where XI C X is the annihilator of I.

If I is sufficiently small, then the functor that associates to the scheme § over
k the set of isomorphism classes of elliptic A-modules of rank d over § with struc-
ture of level I is representable by a smooth (d — 1)-dimensional manifold N;. We set

N =lim/N;. We can define in a natural way an action of the group GL(d, ?'If) on N.

Theorem 1. Let (k, oy d) be a triple of type 1) or 3). Then N is the spectrum of
the maximal abelian extension of k, which is completely split over oo, The action of

?f; cotncides with the action from class field theory.

Theorem 2. Let (k, o, d) be a triple of type 2), let N be a smooth compactifica-
tion of N, and let | be a prime number. Then Hi(lv, (_)l)g @Z. UZ. ® W, where U, is
an z'r_reducible representation of GL(2, ?I/) over Q, and W, is a representation of
Gal(Q/Q) in the space QIZ Let U, =®U€, where U is an irreducible representa-
tion of GL(2, QP)’ and let W? be the restriction of Wz. on Gal(Qp/QP).

VIfptl and Uf.’ is a representation of class 1 (cf. [1]), then Wf is unramified
and L(s, Wf) =L(s -1, ﬁf) Here f/ip is the representation contragredient to Ui.’, and
the L-functions are taken in the sense of Serre and [acquet-Langlands.,

2) GBZ. U, ®6C ~ HomGL(Z,R)(H’ AO), where 11 is a representation of GL(2, R)
in the space of functions on P (R), factored out by the constants, and A is the
space of parabolic forms™ on GL(2, ) in the sense of [10].

In this paper the concept of elliptic module for triples of type 4) is introduced,
modular varieties are constructed, and analogs of Theorems 1 and 2 are proved ford = 1, 2,

B) Outline of the paper. The concept of elliptic module is introduced in $2. In
$3 an analytic theorem is proved on the uniformization of an elliptic module over Em
with the help of a lattice in Ewa In $5 a universal family of elliptic A-modules of
rank d is constructed. The proof of smoothness of the modular varieties uses
propesties of formal modules (cf. $51 and 4) (a formal module is the analog of a
formal group). Also in S5, a congruence relation of the form [14] is proved. In S6 the
modular varieties are constructed analytically (as factors of some domain 04 by a
discrete group). The domain Q¢ is closely connected with the Bruhat-Tits complex
of the group GL(d, k_). In §7 elliptic modules over complete discrete normed fields

are studied. In $8 an analog of Theorem 1 is studied. In $9 the compactifications of

* . . .
Editor’s note. In English the common term is cusp form.
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modular surfaces (for d = 2) are constructed; this uses results of $7. In $510 and 11
the analog of Theorem 2 is proved.

This article was written under the influence of the paper {14] and also of conver-
sations with I. I. Pjateckii-Sapiro. However, modular varieties have been constructed
algebraically (as in [6]). The analytic description of modular varieties is based on
ideas from [3] (although the congruence subgroups of GL(2, A) are not Schottky groups).

The author expresses his deep gratitude to Ju. I. Manin and I. I. Pjateckii-Sapiro

for their valuable remarks and attention to this paper.

$1. Formal modules

A) Definitions and notation. A formal group over a ring B is, by definition, a
formal series F € Bllx, yll such that F(x, y) = F(y, x), F(x, 0} = x, and F(x, F{y, z))=
F(F(x, y), z). A homomorphism from a formal group F into a formal group G is a
series B¢ Bl[x]] such that /3(F(x, y)) = G(ﬁ(x), B(y)) For any formal group F over B
there is a canonical homomorphism D: End F - B that sends the endomorphism ¢ to
the number ¢'(0).

Example. F(x, y) = x + y; this group is called additive.

Let B have characteristic p. Every endomorphism of the additive group over B
is defined by a series E‘Z?iobz.xpl. Henceforth we shall identify the element b€ B with
the endomorphism of multiplication by b, The Frobenius endomorphism (corresponding
to the series x”) will be denoted by 7. Thus the ring of endomorphisms of the additive
group consists of ‘‘series’’ E%obl.ri with the commutation rule b = b?7. We denote
this ring by Bi{ri}.

Let O be aring, B an algebra over O, and y: O - B the natural homomorphism.

Definition. A formal O-module over B is a pair (F, f), where F is a formal group
over B, and [ is a homomorphism from O to End F such that D of=1y.

Example. F(x,y) = x + y and [,(x) = ax for a€ O (we write [, instead of f(a)).
This module is called additive.

The germ of a formal O-module over B mod deg n is a pair (F, /), where F¢
Bllx, yli/(x, )" and /€ Bl[x]1/(x™), and all relations between F and [ which arise
from the definition of a formal module are satisfied mod deg n.

We consider the following functor from the category of O-algebras to the category
of sets: B - set of formal O-modules over B. We can clearly represent this functor

¢

by some algebra A,. (The generators of A, are the “‘indeterminate coefficients”’
of the series F and [, and the relations between them are those which are required
for (F, /) to be a formal O-module.)

A, has a natural gradation. It is easy to check that the set of germs of formal
O-modules over B mod deg(n + 1) is canonically isomorphic to the set of O-module
homomorphisms @Z;J/\g % B such that y(ab) = Y(a)y(b) and (1) = 1. Elements of
the form ab, where a€ Ags €A, dega>1 and deg b> 1, generate a homogeneous
ideal. We denote by A the factor of A, by this ideal.

Proposition 1.1. Let n> 2. Then A'g)—l (as an O-module) can be defined by gen-

erators a and h(a) (for all a€ O) and the relations
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o (a" —a) — {Z (@), 1/ n is Zot a power of a prime number o
@ops if n=pk

h(a - b)—h(a)—h(b) = aCy(a, b), (2)

ah (b) + b"h (a) = h (a, b). (3)

(Here C (x,y) =(x+y)" —x" ~y" if n is not a power of a prime number, and
C, e ) = ((x+ )" =" = y™)/p if n=pP).

Proof. Clearly, Kg'l can be defined by the generators A(a) and ¢, (0 <i < n)
with the relations
a(x + 5+ O (x, ) +h@) (x + 9 =ax ay+h@ v +h @y + D lax,ay),
ax -+ h(a) x" 4+ bx + A (b) x* -+ @ (ax, bx) = (@ + b) x + h(a -+ b) x",
abx -+ h(ab) x" = a (bx + h (b) x") + h (@) (bx)",
D, y) =Dy x), DY) +D(x, y +2) =D(x, y) + D(x +y, 2)

(where ®(x, y) d¢f 27 cixiy""i). It is well known that from the last two relations fol-
lows ®(x, y) = aC (x,y) (cf. [7). O
B) The case when O is a field.

Proposition 1.2, 1) If O is a field, then every formal O-module is isomorphic to
an additive module.
2) If O is infinite, then there exists a unique isomorphism with an additive

module, whose derivative at zero equals 1. In this case Aoz O[cl, Cyy o..], where

2
deg ¢, =1

Proof. The case of characteristic zero is well known (cf. [7]). Let char O = p,
let B be an algebra over O, and let (F, /) be a formal O-module over B. Then multi-
plication by p in F is zero; therefore (cf. [7]) F is isomorphic to an additive group.
We can assume that F is additive. Let f: O - Bi{r}} have the form f(a) = a + (]5(&1)7']e
(mod Tk+1). We shall prove that there exists an s € B such that (1 + srk)/(a)(l + STk)—l
= a (mod rk’”) for all @€ O. Indeed, since [ is a homomorphism then &(a + b) = Hla) +
$(5) and pla o b) = agh(b) + 67 “B(a), and so (B** - b)p(a) = (a®* -~ p(b). 1f O CF_,,
then the existence and uniqueness of s is clear (s = qS(a)/(apk —a), where a€ O, a¢ F L) ?
If OCF ,, then ¢ is differentiation; therefore ¢ =0. O ?

C) Computation of A, when O is the ring of integers of a local nonarchimedean
field. From now on, O will be the ring of integers of a local nonarchimedean field K,

7 will be a prime element of O, p the characteristic of 0/(7) and g the order of

0/(r).

Proposition 1.3. 7\'?)—1 ~ 0. More precisely:

1) If n is not a power of g, then Wa) = (@® - Qu and aC (x, y) = ul(x +y)" = =" =57,
where u is a generator of A{” L

2) If n=q®, then h(a) = (a" = Q)u/m and o = pu/n, where u is a generator of
An-1,

Proof. 1) If » is not a power of p, then h(a) can be expressed through a by
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using formula (1). If n is a power of p, but not a power of ¢, then there exists a€ O
such that 4" — af (7): from (3) it follows that (a” — a)h(b) = (b™ — b)h(a); a can be
determined from (2),
2) Let n be a power of g. There exists an ep1morph1sm A" - O sending h(a) to
(a - a\/ﬂ, and aps //77 It remains to prove that A" is generated by h(w). Let
= A"—l/{b(n)} If xe /\""1, then we denote by X the image of x in M. Since

h(rrb) — wh(b) = 7"h(b), then H(mb) = 0 for any b€ O. In particular, B(p) = 0. But h(p) =
("' _ 1), and so & = 0. Then M is an O/(w)-module, and 5: 0/(r) > M is differen-
tiation. Therefore » =0, i.e. M= 0. O

Proposition 1.4. A, ~ 0lg,, g,, ..., deg g, = i.

Proof. It follows from Proposition 1.3 that there exists an epimorphism
Olgy, g4» ---1» A consistent with the gradation. Proposition 1.2 implies that A; ®
K~ K[cl, Cyyee .J and deg c; = 1. Therefore the epimorphism we have constructed is

an isomorphism, O

Corollary. 1) Every germ of a formal O-module arises from a formal O-module.
2) If B~ C is an epimorphism of O-algebras, then every formal O-module over
C arises from an O-module over B.

Proposition 1.5. 1) Let (F, f) and (G, g) be formal O-modules over B, and let
(F, /) = (G, g) mod deg n.
a) If n is not a power of g, then
F(x, 5) =G (x, y) + ol (x+y)"—x"—y"] mod deg (n+1),
fa(x) =g.(x) +v(a*—a)x™ mod deg(n+1), vEB;
b) If n is a power of q, then

F(x, y) =G(x, )+h——C (x, y) moddeg (n - 1),

fa(x)zga(x)+ha — 2% moddeg(n + 1), h€B.

2) Let
eEB[[x]], ¢ (x) =x—uvx" mod deg (n+1),

- Gop(x), (9)) =0 (F(x, 9)), &((x)) =0 (fa(x)).

F(x,y) =G (x,y) +v[(x+y)"—x"—y"] mod deg (n+1),
fa(x) =g.(x) +v(a"—a)x" mod deg (n+1).

Proof, Statement 1 is a reformulation of Proposition 1.3, and statement 2 can be
checked directly. 0O

Corollary. The formal O-module (F, f) is isomorphic to an additive module if and
only if the coefficients of {_ are divisible by m.

D) Classification of formal O-modules over fields of ‘‘finite characteristic.”
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A homomorphism of formal O-modules is a homomorphism of formal groups that commutes
with the action of O.

Let E be a field over 0/(n) and let ¢ be a homomorph1sm of formal O-modules
over E. It is known [7] that if ¢ £0, then ¢(x) = lﬁ(xp ) and ¢'(0) £ 0. Since ¢ com-
mutes with the action of O, it follows that logp q|k. The number k/logpq is called
the height of ¢; the height of the zero homomorphism is . The height of a formal O-
module is the height of the endomorphism of multiplication by 7.

Remark. If O' is the integral closure of O in a finite extension of K and n =
[0’: 0], then every formal 0'-module is also an O-module, and its O-height is n times

its O'-height.

Proposition 1.6. 1) There exist modules of arbitrary height.
2) There exist nonzero homomorphisms only between modules of the same height.
3) A formal O-module of height h is isomorphic to the additive module mod deg qh.

Proof. 1) We consider a homomorphism A: A, ~ Olgy, g,, ...] » E such that
)\(gqb_ 1) #0 and )t(gi) =0 for i < qb — 1. To this corresponds a formal O-module over
E of height h.

2) This follows from the fact that the height of the composition of homomorphisms
equals the sum of their heights.

3) This follows from Proposition 1.5. O

Proposition 1.7. 1) All formal O-modules of height h < ~ over a separably closed
field E are isomorpbic.
2) The ring of endomorphisms of such a module is isomorphic to the ring of inte-

gers of a central division algebra over K with invariant 1/b.

Proof. A formal O-module (F, f) will be called normal if the following conditions
are satisfied:

1) f(x) = xqb,

2) FeF ,llx, y11, 7, €F [[x] for a € O,

3) F(x, )‘/I) = x +y mod deg q y fa (x);axmoddegq

a) Every formal O-module over E of height » is isomorphic to a normal one. In-
deed, as in [7], by means of a change of variables we will have /W(x) = th. Then con-
ditions 1) and 2) will be satisfied. By Proposition 1.6 we perform a change of vari-
ables with coefficients from F p» after which condition 3) is satisfied (and, as before,
conditions 1) and 2)).

b) With the help of Proposition 1.5 it can be shown that between any two normal
formal O-modules of height 5 there exists an isomorphism which is the identity
mod deg(qb +1).

¢) Let L be the ring of endomorphisms of a normal formal O-module of height /.
Clearly, O C L, L contains no divisors of zero, and L is complete in the 7-adic
topology. It follows from b) that every germ of an endomorphism of our module

mod deg q” with coefficients from F , arises from an endomorphism. Therefore
q
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it follows that dim L/#L = h?, and that the center of L/7L coincides with O/(7).

Therefore L. ® K is a central division algebra of dimension h2. The height is a norm
. 1

on L ® K, and so L is a maximal order in L ® K. It follows from the relation 7 °&rd,

= a%71°89% that the invariant of L ® K equals 1/h. O

§2. Elliptic modules (algebraic approach)

A) Definitions and notation. Let B be a ring of characteristic p. We denote by 7
the endomorphism of the (algebraic) additive group over B that sends ¢ to ¢ (just as
in $1). We shall identify the element b€ B with the endomorphism of multiplication
by 6. Every endomorphism of the (algebraic) additive group over B has the form
25 biri, and, moreover, 7b = bP1. We denote the ring of such ‘‘polynomials’’ by Bir}.
We have two homomorphisms: ¢: B - Bir}, e(b) = b, and D: Bir} - B, D(Eg birl) = by,

The following notation will be used throughout this paper. & is a global
field of characteristic p; o is a fixed place of k; k  is the completion of %
corresponding to the place v; | | is the normed absolute value corresponding
to v (or its continuation to a finite extension kv); we write | | for | |°o; A =
{x € k| |x| <1 for v# oo}; if v€ Spec A, then A, is the completion of A at ‘ ]v.

Let K be a field over A (i.e. there is defined i: A » K). We call the place
i*(Spec K) € Spec A (i.e. the ideal Ker i) the ‘‘characteristic’’ (notation: ‘‘char’’).
Thus { is an imbedding if and only if K has general “‘characteristic.”

Definition. An elliptic A-module over K is a homomorphism ¢: A - K{r} such
that i =D ocp and ¢ # € oi.

B) Rank and places of finite order. We define a mapping deg: Kir} > Z in the
following way: deg X{ airi =p” for a #0; deg 0 =0.

Proposition 2.1. a) ¢ is an imbedding.
b) There exists d >0 such that deg ¢la) = |a’d for a€ A.

Proof. a) If Ker ¢ # 0, then Ker ¢ would be a maximal ideal (since Ki{r} has no
divisors of zero), and so Im ¢ would be a field, i.e. Im ¢ Ce(K) and so ¢ =¢ o i

b) Clearly

deg ¢(ab) =degq(a)-degp(b), degg(a+b)<max(dego(a), degg(d)),

deg a) =0 if and only if @ =0, deg H(a) > 1 for a #0, and deg ¢(a) > 1 for some
a € A. Therefore deg o ¢ extends to a nontrivial absolute value on &, which cannot
correspond to a finite place. D

Definition. d is called the rank of the elliptic A-module ¢.

Example. Let 4 = Fq[x]. Then ¢|. =€ oi|lp . The representation of ¢ is
equivalent to the representation of ¢(x)€ Kir}. In place of (,‘b(x) one can take any ele-

ment of the form (x) + 2;{:1 a.r logpq, where d> 1, a,#0, a.€ K. The rank of such a

i
module equals 4.
The representation of an elliptic A-module over K changes any K-algebra into an

A-module. Let K be the algebraic closure of K.

Proposition 2.2, Let K be a divisible A-module. If a€ A, a £0, then the number
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of points of order a in K does not exceed [a|d, where d is the rank of the elliptic
A-module. Equality holds if and only if i(a) £ 0. The torsion submodule in K is

isomorphic to ®V€SpecA (Kv/AU)]”, where i, < d for v #£ “‘char’ K.

L . . ) iv
Proof. Every divisible torsion A-module is isomorphic to ®v€SpecA(Kv/A'u) ,

where the j ~are found by counting the number of places of order a. D
Corollary. The rank of an elliptic A=module is a natural number.

Remark. Since K{r} C Ki{r}}, every elliptic A-module over K defines a formal A-
module over K. If K has general characteristic, then every formal A-module over K

’y

uniquely extends to a formal k-module. If “‘char’’ K = v€ Spec A, then every formal
A-module over K is uniquely extended from an A -module. The height of the formal
A rmodule corresponding to the elliptic A-module is equal to d — Ty

C) Isogenies. Let ¢: A > Kir} and ¢: A » K{r} be elliptic A-modules over K.
A homomorphism from ¢ to ¥ is an element a € K{r} such that agla) = la)a fora € A. A
nonzero homomorphism is called an isogeny.

Remark. By comparing powers, it follows that isogenies exist only between
modules of the same rank.

Every homomorphism of elliptic A-modules is also a hor-omorphism of their addi-
tive groups, and so one can consider the kernel of a homomorphism of elliptic modules.

The kernel of an isogeny is a finite A-invariant group subscheme in the additive
group.

Proposition 2.3. Let ¢ be an elliptic A-module. For a finite group subscheme
H of the additive group, invariant with.respect to A, to be the kernel of an isogeny
from & to some other module, it is necessary and sufficient that

"' then H must be reduced,;

a) if K has general ‘‘characteristic
b) if v=""char’’ K€ Spec A and q is the order of the residue [ield of v, then

h .
H,, .= Spec Kl1/¢T), where H, . is the connected component of H.

Proof. An additive group is obtained by factoring the additive group by H. Let
u€ Kir} be a homomorphism whose kernel is H. Since H is invariant with respect
to A, there exists a unique homomorphism y: A - Kir} such that u¢(a) = Y(a)u for
a€ A, Clearly ¢y # € o i, and D(y(a)) = [i(a)]”, where 7 is the order of Hy .- Therefore,
for ¥ to be an elliptic module, it is necessary and sufficient that i(a”) = i(a) for
a€ A. O

Corollary. Any isogeny can be multiplied by another isogeny to an endomorphism
which is multiplication by a €A, a#0.

Proposition 2.4. Let X and Y be elliptic A-modules of rank d over K. Then
Hom(X, Y) is a projective A-module of finite dimension (not exceeding db. If ve Spec A,
v £ “‘char’’ K, then the homomorphism Hom(X, Y) ®, 4, —>HomAU(TvX, TUY) isinjec-
tive (here T X is the v-component of the torsion submodule of K), and its cokernel is

torsion-free.

Proof (cf. [2]). 1) Hom(X, Y) is a torsion-free A-module. If #, w € Hom(X, Y), then
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deg(u + w) < max(deg u, deg w) and deglau) = la|? deg u, deg u>1 for u# 0. There-
fore, if V C Hom(X, Y) ®, k is a finite-dimensional subspace, then V Hom (X, Y) is
a module of finite type.

2) Let @€ A such that |a| <1 and |a|, =1 for w# v, . Then the homomor-
phism Hom(X, Y)/(a®) » HomAU(TUX, TvY)/(ak) is injective, and so }i_n}Hom(X, V(&)
<Hom, (T X, T,Y). Onthe other hand, Hom(X, ¥) ®, 4, ~ lim Hom(X, Y)/(") is a

monomorphism. O

Corollary. Let X be an elliptic A-module of rank d over K. Then End X is a
projective module, dim End X < d?, and End X ®, k., is a division ring. 1f K has

general ‘‘characteristic’’, then End X is commutative and dim End X < d.

$3. Elliptic modules (analytic approach)

Let L be a finite extension of k&, and let L*° be the separable closure of L.
A lattice over L is a finitely-generated discrete A-submodule in L°, invariant with
respect to Gal(L"/L). Let I'} and I", be lattices over L of dimension d. A mor-
phism from I'| into I', is a number a € L such that al'; CI',. Composition of mor-

phisms is defined by multiplication of numbers.

Proposition 3.1, The category of elliptic modules of rank d over L is isomorphic

to the category of lattices of dimension d over L.

Proof. 1) Let L be a lattice of dimension d over L. We set

f@=z]] (lﬁf).

aer
a0

(This product clearly converges uniformly in every circle, since  is an entire func-

tion.) First we prove the following lemma.

Lemma. Let E be a field, char E = p, and let A be a finite subgroup of E. Let
gl2) =11 _ (z-a). Then gz +w) = glz) + glw).

Proof. Clearly glz + w) - g(z) — glw) =0 for ze A or we A. Therefore glz)g(w)
divides glz + w) - g(z) - g(w). Comparing powers, we obtain gz + w) =
gz) + gw). o

Since I is the union of an increasing sequence of finite subgroups, we see that
flz + w) = f(z) + f(w). Clearly [ induces a group isomorphism E/r'z L. Since I is an
A-module, the structure of an A-module passes over from L/TtoL.1f a€A and a £0
then /(az) and Hﬁe(l/a)r/r(/(z) - f(ﬁ)) are analytic functions of z with the same di-
visors. Therefore f(az) = P (f(2)), where P_ is a polynomial of degree al9.

2) Let ¢ be an elliptic A-module of rank d over L. There is a corresponding
formal k-module over L (cf. the remark at the end of §2B). According to Proposition
1.2, there exists a unique [ =1 + ET biri € L{{r}} such that fa = g{)(a)j’ for a€e A, We
shall prove that the formal homomorphism [ is an analytic homomorphism. Let a€ A,
la| >1 and ¢la) = a + 251 a]r’ Let i > s. From the identity fa = ¢la)f we obtain

(a"i —a)b; = Z a,-bi-’i,-.

P =1
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Let ¢, = ‘bi1p"1, Then \a1ci < max; .. ( l._].). Let 1/]a]l <6<1, and c, %0

max; .. ¢, . for sufficiently large i. Therefore c;» 0. Let I' CL be the kernel of /.
Clearly I' CL®, T' is invariant with respect to Gal{L*/L), " is an A-module, and
(1/a)/T =~ (A/(a)?. Since I is discrete, I is a lattice over L of dimension d.

3) Let I'} and T, be lattices of dimension d over L, a € L, and al’, CT,.

a.\p-ic
i

Let f, and f, be the entire functions constructed in 1) from the lattices I') and T',,.
The function /z(az) is invariant with respect to I';. Repeating the discussion from
step 1), we get fz(az) = P(/I(Z)), where P is a polynomial. P defines a homomor-
phism of elliptic A-modules. On the other hand, let the polynomial P define a homo-
morphism of elliptic A-modules. Then P o f, is a formal homomorphism from an addi-
tive k-module into a formal k-module corresponding to the second elliptic A-module. It
follows from Proposition 1.2 that P(/I(Z)) = fz(az) for a uniquely defined a € L.
Clearly, al', CT',. O

Corollary. For any A and d there exist elliptic A-modules of rank d over kS,

$4. Universal deformations of formal modules

A) Deformations of zero level (cf. [13]). We shall use the same notation as in
$1C. Let O™ be a maximal unramified extension of 0, and let 0™ be the comple-
tion of O™ . We consider the category C whose objects are complete local 0"’-
algebras whose residue fields are isomorphic to 0""/(x). The morphisms of C are
local homomorphisms of 6”'-algebras.

Let (G, g) be a formal O-module over 6'"/(77), and let R€ C. A deformation of
the module (G, g) with basis R is a formal O-module (F, /) over R whose reduction

modulo a maximal ideal is (G, g).

Proposition 4.1. Let (F, f) and (F', [') be deformations of the modules (G, g)
and (G', g") with basis R. Let ¢: (F, ) > (F', /') be a homomorphism inducing the
zero homomorphism (G, g) - (G', g'). If the height of (G, g) is finite, then ¢ =0,

Proof. Let m C R be a maximal ideal. It suffices to consider the case when
m*1 =0 and ¢ =0 mod m", r > 1. Then F'(¢(x), ¢(y)) = p(x) + ply), [1(p(x) =
ag(x), and so H(Flx, y)) = ¢(x) + ply) and &(f (x) = agp(x). Let I: m" > R/m be a
linear function, ¢’ = /(¢). Then ¢ is a homomorphism from (G, g) into an additive
O-module, and so ¢’ =0. O

Deformations (Fl’ /1) and (FZ’ fy) of the module (G, g) are called isomorphic
if there exists an isomorphism (F,, f,) S (F,, {,) inducing the identity automor-

phism on (G, g). (If (G, g) has finite height, then such an isomorphism is unique.)

Proposition 4.2. Let (G, g) be a formal O-module over 0" of finite height b.
The functor that associates to R€ C the set of deformations of the module (G, g)up
to isomorphism is represented by the algebra O™'[lz,, ..., 1, 1}

Proof. Let Olg,, g,,...0=Ag 0""/(m) be the homomorphism corresponding

to (G, g). We can assume that under this homomorphism g, » 0 for i < ¢" - 1. Let
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(FO, /0) be a deformation of (G, g) with basis 6"'[[l oty 1]] such that the

corresponding homomorphism AO - 6’"[[z1, e by 1]] sends g; into L for 1<i<

‘ b
h -1 and g, into zero for j < ¢" ~ 1, i # 4" = 1. We shall show that (F°, /%) is a uni-
versal deformation.

Let M be a vector space over 0™ /(). A 2-dimensional cocycle of the module

(G, g) with coefficients in M is a set {A e M[x, yll, o, € M[[x]] for a€ O} such that

Ay, 2)+A(x, G(y,2) =A(x, y) + A G (x, p), 2 A(x, y) =A(y, x),
84 (x) + 0a(y) + A(ga(x), ga(y)) = aA(x, y) + 8a (G (x, y)),
Oa (x) + 8p(x) + A (&a (x)’ 8b (%)) = dasn(x), ady (X) + 0a(go (%)) = Bap (x).

A coboundary of the series i € M[[x]] is a cocycle (A, 8), where
Ax, ) =9(G(x,9)) —P(x) —P(y), 8a(x) = (galx)) — ap ().
Let Re C, mC R a maximal ideal, m = 0, r> 1, and (F, /) a deformation of

the module (G, g) with basis R.

Lemma. 1) The exists a one-to-one correspondence between formal O-modules
(F', {") over R that are congruent to (F, ) modulo m” and 2-dimensional cocycles of
the module (G, g) with coefficients in m". To the cocycle (A, 8) corresponds the
module (F', ["), where F'(x,y) = F(F(x, y), Alx,y)), /'a(x) = F({ (x), & (x)).

2) Two cocycles with coefficients in m" are cohomologous if and only if the

corresponding deformations are isomorphic.
g

Proof. If (F', /") = (F", /") mod m’, then the isomorphism of the deformations
(F', ") and (F", /") is the identity mod m" (by Proposition 4.1). The remaining
assertions can be verified directly. O

Let ¢: 5"'[[t1, cees tb-l]] > R be a homomorphism such that qS(FO, /) =
(F, /) mod m". For the proof of the proposition it suffices to show the existence and
uniqueness of a homomorphism ! anr[hl, ceen by 1]] - R such that ¢y = ¢ mod m"
and y,(F%, /Y~ (F, ). Let y: O0™Mlz, ..., 1, _,]1> R be a homomorphism such that
l,b(ti) = qS(ti) +¢;»€,€m’. Then the difference between the cocycles corresponding to
qS*(FO, /°) and 1/1*(F0, %) has the form 2:.:11 Ei(Ai’ 51.), where (Ai’ Si) is a cocycle

with coefficients in 6"’/(77) (which depends neither on €, nor on 7). Then

(Ai, 8:) =0 moddeggq’, (A &) =0 moddeg(qg'+1).
[t remains to show that the classes (Ai’ 31.) form a basis for the cohomology with
coefficients in 0""/(7). This follows from the following two assertions (the first is
clear, and the second was essentially proved in S1B).

a) The coboundary x™ is congruent to

{(x - p)* — x"— y", (@" — a) x*} moddeg (n + 1),

i,
The coboundary x? is congruent to

qi+h = A
{hi —E-— qu+h (X, y), h; %1' quh} mod deg (q1+h —+ l), h; =+ 0.
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b) Let (A, 8) be a cocycle, and let (A, §) =0 mod deg n. If 7 is not a power of g,
then

(A, 8) = {v(x + )" — x"— y", v (a® —a) x*} moddeg (n + 1).

If n is a power of g, then
(A, 8) = {h LGy, )y b T2 e} moddeg (n+ 1. o
1 1

B) Deformations of arbitrary level. Let R€ C, and let m C R be a maximal ideal.
The assignment of a formal O-module (F, [) over R turns m into an O-module. Let the
reduction of (F, /) modulo m have finite height . Let n€Z, n>0.

Definition. A structure of level n on a formal O-module (F, f) is an O-module
homomorphism ¢:((1/7")0/0)? » m such that {(x) is divisible by

[T —e(@).
‘ h
“EU_IO/O)
For > 1 it follows that /”(x) and Ilcus((l/rr)O/O)h (x — ¢p(a)) divide each other.
In the case R = 0™ /(7) there exists exactly one structure of level n. Let (G, g) be

a formal O-module over 0""/(7) of finite height 5. A deformation of the module (G, g)

with structure of level n will be called a deformation of level n.

Proposition 4.3. 1) The functor that associates to R € C the set of deformations
of level n of the module (G, g) up to isomorphism is represented by some ring D,

2) D,isa regular ring. Let n> 1, and let e, (i=1,..., h) be a basis for
((l/nn)O/O)b as an O/(m)"*-module. The images of e, in Dn under the universal de-
formation of level n form a system of local parameters.

3) Let m <n. The homomorphism D, ~ D, is finite and flat.

Proof. a) Let (F, f) be a universal deformation with basis DOQ 5"'[[!1, e, tb-—l]]'
Let 0 <r <h. Consider the functor @, that associates to each D -algebra R€ C the
set of homomorphisms ¢ from ((1/7)0/0)" into a maximal ideal of R such that fn_(x)

is divisible by

H (x — (o).
ae(20/0)"
Lemma. ®_is represented by a ring L having the following properties:
1 Lr is a regular ring. Let e, (i=1,...,7r) beabasis for ((1/7)0/0)". Then
the images of e, in L and also t,, ..., t, , form a system of local parameters.
2) The homomorphism L _, > L_ is finite and [lat.

Proof. For r =0 the lemma is true. Suppose that 7> 1 and that the lemma has
been proved for ® _,. Let ¢ _: (( 1/m)0/0) =1 » L,_, be the homomorphism men-
tioned in the definition of (I)r_ 1+ Ve set 61‘ = <;Sr__ 1(ez.) (1<i<r-1) and
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fr (%)
gx) = . :
I e—¢, @
ae(i;—t— 0/0‘)’_1
Let Lr =L, _ 1[[0r]]/g(07). We define a homomorphism

o (% O/O>H @ (—i— O/O) -1,

so that the restriction of q‘)r to the first summand coincides with qu_l and the restric-
tion of (;Sr to the second summand sends 1/7 into 97. Clearly, Lr is finite and flat
over L ; furthermore,
r—1
Anr
Ly oovy O by oony ) = O (),

and so L isregular, and 6, ...,0,,¢,...,t, | form a system of local parameters.
It remains to prove that L represents @ . It is enough to show that f”(x) is divisible

by

H (x — @, (@).
a€ (;T:O/o‘)’

Indeed, /n(x) is divisible by x — d)r(a) for a € ((1/m0/0)". Since Lr is regular, it
remains to show that ¢_ is injective. Indeed, if ¢r(2’1 O’iez’) =0, then a0, belongs
to the square of the maximal ideal of L ,» and so @, € (m). O

Setting 7 = b, we obtain assertions 1)-3) for n = 1.

b) Suppose that » > 1 and that statements 1) and 2) about D have been proved.
Let e, (1 <i< b) be a basis for ((l/ﬂn)O/O)h, and let bi be the image of e, in Dn.
Clearly

Dn+1 == Dn [[yp L] yn]]/(fn (yl)—bl’ ey fﬂ (yh)_ bh)-

Therefore D ., is regular, (ygreoes yh) is a system of local parameters in D_,,

and the homomorphism D_ - D_, . is finite and flat. O
n ntl

Proposition 4.4. Let (F, /) be a formal O-module over R € C with structure ¢
of level n. Let P C ((l/n")O/O)b be a submodule. Then
H 2L Spi RLx1Y ] (x — @ (@) = Sp R {[x]]
a€P
is an O-invariant group subscheme, and the [actor G = F/H is a formal O-module. If
1 v h 1 \h
(}F 0/0) — (;,L_O/o) /P
is an imbedding, then the corresponding homomorphism from ((1/2™0/0)" into the

maximal ideal of R is a structure of level m.

Prool. It is enough to consider the case R = D, (cf. Proposition 4.3). Clearly H
is the minimal closed subscheme in Spf R[]} containing Spf RILx11/(x - ';b(a)) for
all a € P. Since F(Ha), HPB)) = ¢ + B) and Spf RIx11/(x ~ o + A)) is contained in H
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for q, B€ P, it follows that H is invariant under addition. Similarly it is proved that
H is invariant under the action of O. Since ¢(a) # 0 for a # 0, the homomorphism
from F to G induces a nonzero tangent mapping. Since D has no divisors of zero,
G is a formal O-module. Since the homomorphism from ((l/ﬂm)O/O)b into the maximal
ideal D, is injective, and D  is regular, it follows that this homomorphism is a struc-
ture of level m. 8]

C) Deformations of divisible modules. In this section, a formal group will be a
group object in the category of formal schemes. (For example, a discrete group is a
formal group.) Let R€ C. A divisible O-module over R is a formal group F over R

together with a homomorphism f: O » End F such that F|__is a formal O-module, and
F/F, .~Spi RX (K/O)’
(j < ). (For R = 0" /(n), the sequence 0> F__ » F~» F/F,__ >0 splits.)
Let the reduction of F,  modulo the maximal ideal have finite height h. A struc-

ture of level n on the divisible module (F, /) is a homomorphism (( 1/77")O/O)j+b ib

Mor(Spf R, F), including a structure of level n on F, . and an epimorphism
14 j+h 1 i
(-,,—O/o) — (—;0/0)  F/Fie.
n n

The contept of a deformation of level » is introduced as for formal modules. Propo-

sition 4.1 is easily generalized to the case of divisible modules.

Proposition 4.5. Let (G, g) be a divisible O-module over O™ /(z) with structure
of level n such that G, _has height b, and G/G, = (K/0).

Let n€Z, n>0. The functor that associates to R€ C the set of deformations of
level n of the module (G, g) with basis R up to isomorphism is represented by the
ring E, = Dn[[dl’ ceey dj]], where Dn is defined as in Proposz'tiim 4.3. In particular,
E, is a regular ring of dimension j + b, and E is smooth over O™. If m <n, then

the homomorphism E_ - E, is finite and flat.

Proof. Let R€ C, and let (F, /) be a deformation of level n of the formal module
Gloc‘
by the elements of Exp(I’, MoSpf R, F)), where I' is a factor of G/G, _ by elements
of order #”. If M is a module over O, complete in the z-adic topology, then M =
Exp(K/O, M). Therefore, fixing an isomorphism I" = (K/0)’, we can identify

Exp (T, Mor(Spi R, F))

Clearly its extensions by a deformation of the divisible module G are classified

with [Mor(Spf R, F)]j. a

Remark. Let O' be the integral closure of O in a finite extension of K. By 0"’
we mean the maximal unramified extension of O in 0'". Let (G, g) be a divisible
0'-module such that Gioe has finite height, and let E' be the basis of a universal
deformation (of level zero) of (G, g). We can consider (G, g) as an O-module; let E be
the basis of a universal deformation of the O-module (G, g). Clearly the group of auto-
morphisms of (G, g) acts on E, and, in particular, O'" acts on E. It is easy to show

that if I' CO'* is a subgroup which generates O’ as an O-module, then Spf E' - (Spf E)L.
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$5. Modular manifolds

A) Endomorphisms of the additive group.

Proposition 5.1. Let B be a ring of characteristic p with Spec B connected. Let
1 1,€ Blr), f; = Eﬁo a; 7, d) >0, a, . invertible for j=1,2. Let h€ Bir} and bf, = [,

1 If d1¥d2, then h =0. y .

D Ifd, =d, and h £0, then h has the form 32 b 7, and hgy is invertible.

d]]

Proof. It suffices to consider the case when B is a local Artinian ring. We pro-
ceed by induction on the length of B.

1) Assume that the coefficients of » are nilpotent. (This is also true if dl £ dz)'
We shall show that » = 0. Let M C B be an ideal such that m? =0 and b = 375 .7,
h,€m. Then hf, = [,h =a h. Since d; >0, we have h =0.

2) Let d=d,=d and h = 26’ hz.ri; let m C B be an ideal, m? -0, h, € m. Equa-

+n

ting the coefficients for 7 we obtain h,=0. 0O

Proposition 5.2, Let B be a ring, char B = p. Let [=3( airi € Bir}, and let
d >0, with ay invertible and a; nilpotent for i > d. Then there exists a unique ele-
ment of the form 1 + quajri € Bir} such that the . are nilpotent and

(1 +3 a,-rl')f (1+ 3 a,-1:f>-l
has degree d. ! I

Proof. The uniqueness follows from Proposition 5.1.

Let m C B be an ideal, m? =0, a,€m for i> d, and n > d. Then the degree of

a a -1
" _ tn-d —_ n -d
a4 a4

is less than n. From this follows the existence. 0O

B) Construction of modular schemes.

Definition. Let S be a scheme over A. An elliptic A-module over S of rank d is
a line bundle L over § together with a homomorphism ¢: A > End L (where End L
is the ring of endomorphisms of L as a group scheme over §) such that 1) for
any a€ A the differential of (@) is multiplication by a; and 2) for any field K and
morphism Spec K - §, the corresponding homomorphism A - K{r} is an elliptic module
of rank d in the sense of $1. A homomorphism of elliptic modules is a homomorphism
of group schemes over § that agrees with the action of A

Remark. An elliptic module over S is called standard if for every a€ A the
d10gpe] biri, where b € HO(S, Ll"pi). According to

i=0
Proposition 5.2, every elliptic module is isomorphic to a standard module, and every

endomorphism ¥(a) has the form X

isomorphism of a standard module is linear.

Let I C A be an ideal. We denote by V(I) the set of simple ideals containing I.
Let X be an elliptic module over § of rank d; let I £ 0, and let X; C X be the
annihilator of I. Clearly X, is a finite flat group scheme over §. If the image of §

in Spec A does not intersect V(I), then X, is étale over S.
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Definition. A structure of level 1 on X is a homomorphism of A-modules i:
(- I/A)d > Mor(S, X) such that, for any m € V(I), X, asa divisor coincides with the
sum of the divisors Y(a), a e m~ /A

Remark. If the image of § in Spec A does not intersect V(I), then a structure of
level I is an isomorphism (I~1/A)% x S Xp

Proposition 5.3. Let 1 C A be an ideal such that 1 £0 and V(I) contains more
than one element. The functor that associates to the scheme S over A the set of
elliptic A-modules of rank d with structure of level I up to isomorphism is represented

by a scheme M;’ of finite type over A..

Proof. Let m € V(). It is enough to prove that the restriction of our functor to
the category of schemes over Spec A — m is representable. Indeed, if § is a scheme
over Spec A —m and X is an elliptic A-module of rank d over § with structure of
level I, then a choice of nonzero elements (m~!/A)? defines a trivialization of the
bundle X. O

C) Deformations of elliptic modules. Let V € Spec A and O = A . The definition
of the category C was given in $4. Let X be an elliptic module of rank d over }{Z’/U
with structure of level ™.

We consider the functor that associates to R € C the set of deformations of level

" of the module X with basis R up to isomorphism. This functor can be represented

in the following way: Let I C A be nonzero ideal, V(I) # v, I # A. We lift in any way
the structure of level »™ on X to a structure of level [v”. Let y be the corresponding
point in M;Iv,, ® A7, and F its completion at a local ring. Then F  represents our
functor.

Let Re€ C, and let Y be an elliptic module over R. Then Y= lim Y is a
divisible A -module. A structure of level v” on Y defines a structure of level n on Y.

Thus there is a homomorphism E - Fn, where En was defined in §4C).
Proposition 5.4. This homomorphism E, > F, is an isomorphism.

Proof. a) If R€ C and Y is an elliptic module over R, Y = lim Y » then a struc-
ture of level 7 on Y defines a structure of level v” on Y. Thus it sufﬁces to prove
the proposition for n = 0.

b) We reduce the proof to the case A=F [x] v={(x). Let x€v. We may con-
sider an elhpuc A-module as an F [x]-module, and a divisible A -module as an F_ [{x]]~
module. Let E be a basis of the umversal deformation of the Fp[[x”—module X and
F, a basis of the universal deformation of the F [x]-module X. The diagram

Ey — F,
(A
E,— F,
is commutative.
Let A, be the localization of A by the set of elements of A which are relatively

prime to x. We define an action of Ai on Fz). Letae AN Az, and let Y be a deforma-
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tion of the elliptic Fp[x]-module X with R € C. Then there exists a unique, up to
isomorphism, deformation Y' with basis R for which the endomorphism X £ X extends
to a homomorphism Y - Y'. (Y' is obtained in the following way: Let b€ Fp[x],

b(0) £0, alb. Since Y, (@ € Xip)
extends to a subscheme HCY by étale and finite over Spec R. Let Y' = Y/H.) Thus

is étale over Spec R, the subscheme X uniquely

the subgroup Aim/\ acts on F , and A NrF [x] acts trivially, This allows us to de-
fine an action of Aj: on Fé). It follows from Proposumn 5.1 that Spf F{) = (Spf F )A

* v A%,
On the other hand (cf. §4C)), the group A C Aj acts on I:O, and SPf E, = (Spf EO) .
Thus the homomorphism E;) -> F;) is consistent with the action of Aj;. Since the bottom
row of the commutative diagram is an isomorphism, so is the upper row.

c) It remains to clear up the case n=0, A = Fp[x] v = (x). Suppose the elliptic

F [x]-module X is defined by a homomorphism F [x] > F {r}, where x > E‘i} ar + A
w1th a, # 0. Clearly, F = F [[x, Lo Otd ]] and the universal deformatlon of the

elhptxc module X has the form XFx 4 Ed airi + . Since E, ~F, it suffices to

show that a morphism Spf F; - Spf E,, mduces a monomorphism of tangent spaces. In

other words, we must prove that if 8, ..., 8,_; € F and the deformation
d-1
X 2 Bievi 4 Z} a;tt 4 1d
i=1 i=h

with basis ip[r]/(ez) induces the trivial deformation of the divisible module ;(, then
B; =0 for 1 <i<h~ 1 Indeed, it follows from the triviality of the deformation of the
formal module )?loc that 3, =0 for 1 <i<h-1. Let re€ Fp be a point of order x of

~

the module X. Then it follows from the triviality of the deformation X that
d-1

2 (@i + pie) o' rri=0

i=h
and so Z‘f;hl Birpz = 0. Since r can assume pd_b different values, it follows that
B,=0 for h<i<d-1. O

Corollary. Suppose the conditions of Proposition 5.3 are satisfied. Then M;” is a
smooth d-dimensional manifold. The morphism M;l - Spec A is smooth over Spec A -

V(D). If ] CI, then the morphism M‘]i > M‘Ii is finite and flat.

D) Group actions. We set M% - lim M;J. Let U be the ring of adéles of k&, and let
?l/ be the ring of adéles without the component at e. (Thus U = 91/ x k_ and A=
lim A/I.)

We define an action of the group GL(d, 21/)//6* on M. Let S be a scheme over A,
and let X be an elliptic module over S of rank d together with a homomorphism
(/A)? > Mor(S, X) such that for any nonzero ideal I C A the restriction of ¥ to
(- 1/A)d is a structure of level I. Let g€ GL(d, A ) be a matrix with coefficients in
A We can regard g as an endomorphism of (k/. 4)7. Its kernel P is finite. It follows
from Proposition 4.4 that the divisor H C P, which is equal to the sum of the divisors
yla), a € P, is an A-invariant group subscheme, and X/H is an elliptic A-module.

We define i : (B/A)4 Mor(S, X/H) so the diagram
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k4¢3 Mor¢ (S, X)

£

(k1A ¥ Mor (S, X/H)

is commutative.

It follows from Proposition 4.4 that for any I the restriction of i, to (I~ 1/4)? is
a structure of level I. We obtain a left action on M? of the subgroup of matrices in
GL(d, 2[]) with coefficients in A. Since the subgroup of nonzero elements of A acts
trivially on Md, we obtain an action of GL(d, 21/)/1@*.

Let 1 CA be an ideal satisfying the conditions of Proposition 5.3, and let U; be
the kernel of the homomorphism GL{(d, A) > GL(d, A/I). Then Mld = U[\Md. Indeed, if
J CI, then the morphism

M5 X spec a (Spec A—V (1)) — M X spec 4 (Spec A — V (J))

is a bundle with structure group U, /U]. It follows from the normality of M;i that MId =
UAVES

E) Congruence relations. Recall the construction of the induced ring [4). Let G
be a topological group, H C G a closed subgroup, and B a discrete ring on which the
group H acts continuously on the right. Consider the ring C of continuous functions
/2 G > B such that /(gh) =f(g) - b for g€ G and h€ H, This is called the induced
ring; G acts on it by the formula f(g) - (g') = f(gg'). We shall say that Spec C is in-

duced by the scheme Spec B,

d
(v)
there corresponds an elliptic A-module, to which in turn corresponds a formal A -

module. Let W C Md

(v

module has height 1.

Let v€ Spec A, and let Mfu) be the fiber of M? over v. To each point of M

) be the set of points for which the corresponding formal A -

Proposition 5.5. 1) W is an open, affine, everywhere dense GL(d, Szlf)dnvariant
subset.
2) Let BCGL(d, k,) be a group of matrices (az.].) such that a;y =0 for i> 1.
Let B’ be the preimage of B in GL(d, 2[[). Then the GL(d, H/)»scheme W induced
by any B'-scheme W has the following properties:
a) The matrices (al.j)E B CB' for which |ay, |, = 1 and the lower right corner
(i, j > 1) coincides with the identity matrix acts trivially on W?ed .
b) Let n be a simple element of A . The matrix
i 0
1
0 1
acts on W?ed like the Frobenius of the field A /().
Proof. Statement 1) is clear (the density of W follows from Proposition 5.4).
2) To each point w€ W corresponds an elliptic module X and a homomorphism
(/av/AU)d » X whose kernel is isomorphic to kv/Av. This defines a GL{(d, SH/)-invalriant
mapping of the set W » GL(d, S21/)/8'. Let I C A be an ideal, I #0. The mapping
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U\W - GL(d, U )/B is clearly continuous. Let WO be the prexmage in UA\W of the
image of the 1dent1ty in U; \GL(d, U )/B We set WO = = lim W Then WO is invariant
with respect to B, and W is mduced by the scheme wo. Every morphism W “’W?ed
is uniquely defined by its action on the set of places. Statements a) and b) follow

from this. O

$6. Uniformization of modular manifolds

A) Three analogs of the upper bhalf-plane. Let K be a local nonarchimedean field,

O CK its ring of integers, and 7€ O a prime element. Let 4 be a natural number.
1) “Analytic’’ analog. Let Pi"l be projective space, considered as a rigid
analytic space. The group GL(d, K) acts on P"i_l according to the formula
(@ @y coes 2))=> (2 -vvr 29) - 87N
Let Q7 be a set of points of Pﬁ'l not lying in any hyperplane defined over K. The
set Q% is a GL(d, K)-invariant subset of Pz'

2) “Homogeneous’ analog [S). Let S% = GL(d, K)/GL(d, 0). The group GL(d, K)
acts on the left on Kd, and so the elements of S? can be interpreted as similarity
classes of free d-dimensional O-submodules in K?. We introduce a metric p on 4.
Let MCK?Y NCKYL, MAN®OY MOND7*M, N¢M and N 278~ M. Let iM}
and {N} be the corresponding elements of s?. We set p(iM}, IN]) = k.

A simplex is a subset A C s that satisfies one of the following equivalent con-
ditions: a) p(x, y) <1 for x, y € A; b) there exist submodules M, C K (1<i<k)
such that M, 0%, M, DM for i <k, M, DM, and A= {{M}, ..., {M,}}. Thus
s% isa simplicial scheme of codimension d — 1. The corresponding polyhedron is de-
noted S%R), and the set of points of s%R) with rational barycentric coordinates is
denoted Sd(Q)-

3) “Topological’’ analog [9). We fix a norm | | on K, and use the same symbol
to denote the extension of this norm to K We set g = [77 . We call the nom v on
K4 integral (rational) if for every x € K x # 0, we have log wx) € Z (respectively
log, (%) € Q). It can be shown that the set of noms on K? up to similarity can be
1dent1fled with S%R); the class of rational norms corresponds to § 4(Q) and the class

of mtegral norms corresponds to S, Here is the construction. Let K% > M, DOM,D

-DOM, DaM, ceey 0, 20, Eka = 1. Let v, be the nom on K4 corresponding
to M. To the pomt of ) (R) with coordmates (oy, .., @) corresponds the class
a;te..ta
k

of norms v =max; ., lg " v.}. The metric p on 59 extends to a metric on S4R)

which we shall also denote by p: If v, and v, are nomms on K%, then
P ({vi}s {va}) gt lqu {SUP — « Syp ——1
Ve Kd V1 J
If (Zl’ e, zd)E Q% then the function (PN ad) }—«»l‘-l aizil is a rational
norm on K% This defines a GL(d, K)-invariant mapping A: Q% - SUQ). (e is easy

to check that A is surjective.)

Proposition 6.1. 1) Let Xy eery X, € $? and ce Q Let
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X, = {zeQd

é 0 (%2, A (2)) éc}.
=1

Then X_ is an open affine subset of Pi' Ly c,<c,, then XC1 is in the interior
of X

€2

2) O is an admissible open subset of Pd"l.

Proof Let n be a natural number, n > c. For each i (1 <i<k), let v; be a norm
on K% whose class is x, o let Co=tlye Kdlvi(y) =1}, andlet P, CC, bea fxmte q~ "
t. To each pair (a, b),where a=(a;, ..., aye K% and b = (b, ey by)€ K9,
on Pﬁ'lz

Eaizi
2 bz '

Let WC Pd ! be the intersection of the domains of definition of the functions %

there corresponds a rational function r‘z

rs @y oy 2)=

b’
where @, b€ P, 1 <i <k. Itis easy to check that the set of functions Hﬁ UZ, (where
1

u, v, € Pi) induces a closed imbedding of W into an affine space. Clearly X_ is the
preimage of the polydisc of radius ¢° under this mapping. From this, 1) follows.

To deduce 2) from 1), it is sufficient to prove that if B is a Tate algebra over K,
and ¢: Max B » P&~ 1 is a morphism such that Im ¢ C Q% then In(A o ¢) isa
bounded subset of Sd(Q). Indeed, let ¢ be defined by functions ¢, € B (1 <i < d),
|t;l < 1. Let

Z ait; (x)

Yidp, .., @) = inf
xEMax B

Then ¢ is a continuous function on K%, and ¢ vanishes only at zero. Let

V(@ ..., Gz = max |a],

1<

and let {v} be the corresponding element of $%, and ¢ = inf, ¥ a). Clearly
Im()A o @) is contained in a ball with center {v} and radius log e O

Let Sd be the barycentric subdivision of 5% (i.e. the points of 5% are the sim-
plices of 5%, s if AI’ e, Am are simplices of $9 such that Al D) A2 DeeeD Am,

then {A Am} is a simplex of 54,

12 =
Proposition 6.2. Let c€Q, 0 < c < 1. For each simplex A C 59 of codimension
k-1, set

sz{yeS‘(Q)lP(y, n<1—2

S for x€A, D Py ) <k—1+ ‘“},
x€A 4k
US = A" HVE). The sets U generate a GL(d, K)-invariant admissible affine covering
of Q% with nerve % If ¢, <c,, then Usl eug?.

Proof. We shall show that the sets Vi form a covering of S4Q) with nerve 5%
(This is sufficient by Proposition 6.1.)
Let ® C S% be a simplex of dimension d — 1, and let ®(Q) be the corresponding
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closed subset of Sd(Q). If x€ ®(Q) has barycentric coordinates (al, e, ad)’ then it
is easy to check that the distance from x to the ith point of ® equals 1 - a. If

4 N®Q) £ &, then A Cd. Indeed, if ye A, ze® and x€ vgﬂ ®(Q), then plx, y)
<1, plz, x) <1, and so ply, z) < 2. Consequently AU® is a simplex, and A C ®. Let
A, C® and A, C® be simplices of dimensions ky~1landk,~1, k, <k, withA, ZAl.
Let the jth point of @ lie in A - A,. If a point of ®(Q) with coordinates (@, ..., a)
lies in V ﬂV 5 then

andz(h>1 1+C

i=f 4 *

3 —¢
a; >

This verifies the condition Elai = 1.

Denote by M, the set of the first & points of the simplex ®. Clearly a point of
®(Q) with coordinates (al’ cee, ad), where a, = (3= c¢)/4" for i > 1, will lie in
ﬂ:zl V;’k' It remains to show that the sets V, cover SUQ). Let xe ®(Q) have
coordinates (a;, ..., a,), a; >a, >+ >a, There exists n > 1 such that a_ >
(3-¢)/4" and a, <(3— c)/4" for i>n Then x€ VC ..o

B) Factorzzatzon of rigid analytic spaces by the actzon of a discrete group. Let K

be a field which is complete with respect to a nonarchimedean absolute value.

Proposition 6.3. Let B be a Tate algebra over K, and let the finite group G act
on B. Then B® is a Tate algebra and B is finite over BC.

Proof. We represent B as a factor of the algebra of convergent power series R.
Let C be a tensor product of copies of R which correspond to elements of G. Then
G acts on C, and there exists a G-invariant epimorphism C - B. It is easy to check
that CC is a Tate algebra and C is finite over CC. Therefore B is finite over cC,
and BC is finite over CO. It follows from this that BC is a Tate algebra and B is

finite over B®. O

Proposition 6.4. Let B, and B, be Tate algebras, and Max B, CMax B an
open affine subset. Let the finite group G act on B,, with Max B, invariant with re-
spect to G. Then the morphism Max Bg - Max B? is an open imbedding. If Max B, €
Max B 1 then Max Bg € Max B?.

Proof. Clearly the morphism Max BZG - Max B? induces a one-to-one correspon-
dence between sets of points and isomorphisms of complete local rings. By a basis
theorem [8] this morphism is an open imbedding. If Max B, € Max B, then there
exists a closed imbedding ¢: Max B, - Max Kit}, ..., t,} such that ¢Max Bz) is
contained in the set |¢; | <1-¢ €>0. Let s; be the jth symmetric function in trans-

lations ¢ (t ) by elements of G. The funcnons S . define a finite morphism from

Max BY | into the identity polydisc which sends Max B 5 into the polydisc of radius 1 —¢. O
If B is a Tate algebra under the action of a finite group G, we shall write
G\Max B in place of Max B®. Let X be an affine analytic space under the action of
the finite group G, let Y = G\X, and let Z be a separable space. Let ¢: X > Z be
a morphism invariant under the action of G. Then there exists a unique morphism ¢

Y 5> Z such that ¢ =y ©m, where n: X » Y is the projection. Indeed, let Z = UZi
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be an admissible affine covering. Then the sets X, = ¢~ 1(ZZ.) are affine and G-
invariant, and a finite number of sets X; cover X. We set Y, = G\Xl. = ﬂ(Xi). The
sets Y, form an admissible covering Y. It remains to check that for each i there
exists an identity morphism ¢: Y. > Z consistent with ¢.

Definition. Let X be a separable rigid analytic space. The action of a group I’
on X is called discrete if there exists a set I and an action of I' on I and an ad-
missible affine covering of X by sets X, (i€ I) for which the following conditions are
satisfied:

1) y(Xl.) = X’}’(i) for ye€I and i€l

2) Let i€l and T, = ly € T'|y (i) = i}. Then the group I, is finite.

3) If y)él_‘i, then Xiﬂ X . If i€l and j€l, then X(].)ﬂ X'y(i):g for
all but finitely many ye€T.

4) Let i €1. Then the covering of U ,y( ) by the sets Xy iy is admissible.

In the situation described by the defmmon, let Y =T\X, and let Y, be the image

v~

of X, in Y. It is easy to check that in a unique way Y can be made into a separable
analytic space, and the mapping X » Y into a morphism such that the covering of Y by
the sets Y, is admissible and affine, and Y, coincides with Fi\Xi as a space. If ¢
is a I'-invariant morphism from X into the separable space Z, it is easy to check that
there exists a unique morphism : Y > Z consistent with ¢. It follows from Proposi-
tion 6.2 that the discrete subgroup I C GL(d, K)/K*, where K is a local nonarchi-
medean field, acts discretely on Q4.

C) Uniformization of modular manifolds. In this subsection K = k_. If the
ideal I C A satisfies the conditions of Proposition 5.3, we set ‘m;’ = (Mf@kw)‘m
Indeed, as is clear from the proof of Proposition 5.3, the manifold m;i makes sense for
any nonzero ideal I, I £ A.

Let Qd = GL(d, k)\(Qd GL(d, ?I ). (Here GL(d, U ) is con51dered as a discrete
set.) We introduce a left action of the group GL(d, U )/K on Q Also, 0 is an
open-closed subset of Qd In the same way we defme Sd, Sd(R) etc.

A projective A-module P of dimension d together with a norm v on P ® 4 k_
will be called a metrized A-module of dimension d. Metrized A-modules (P - Vl) and
P, VZ) will be called similar if there exists an isomorphism f: P ¥ P, such that v,
and f*(Vz) are proportional. Let I C A be an ideal, I # A, I £0. A structure of level
I on a d-dimensional metrized A-module (P, v) is an isomorphism : (I~ 1/4)4 ~
1~ 1P/P. Clearly the set of similarity classes of dadrimensional metrized A-modules
with structure of level I can be identified with UI\Sd(R).

Let (P, 1) be a metrized A-module. We define a function v on P ® k /P by the
formula p(u) = inf V(v) Let x, y€ (I~ 1/A)d, x£0, y#£0. We set ¢ fhy
(%)) /oy, Then #, , can be considered as a function on U \Sd(R)

Proposition 6.5. The subset H C UI\S (R) is bounded if and only if the functions
I ylH are bounded for x, y€ (I~1/4)%, x40, y £ 0.

Proof. The necessity is clear. We shall prove sufficiency. Let (P, v) be a
metrized d-dimensional A-module, and let e, ..., e, be a basis for I7 1p/P. Let

e;. be an element in the class of e, which is smallest in norm, and let z be an element
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of I" P which is smallest in norm. Let B, < c for all x and y. Then e; /]ul <y
where ¢, depends only on c. We define a norm v’ on P ® k_ by the formula v (Ea )
= max; |4;|. Then V(@) > 1/c,. By Minkowski’s lemma, the order of I~ IP/Ef:I Aez. is
bounded by a constant depending only on c. On the other hand, it follows from Min-
kowski’'s lemma that p({v}, {+'}) is bounded by a constant depending only on c. (For
the definition of p, see $6A). o

Proposition 6.6. Let [ C A be an ideal, [ £0, [ £ A. Then UNQ = W&, This
identification is consistent with the projection 911}{ - Wld for | Cl, and also with the
action of the group GL(d, ?l/).

Proof. a) In §3 we essentially obtained the identity md(z )=U \5"(% ) con-
sistent with the projections and the action of GL(d, U ) (That is, a point of Qd with
coordinates (ZI’ v ) corresponds to the Iattlce 2 Az with the natural structure
of level 1.) It is easy to check that the mapping Q (k ) - md(k ) induces a morphism
Qd > W Since this morphism is invariant with respect to U/, there is a corresponding
morphxsm ¢ U \Qd - 31("

b) Let xe U \Qd, y = qS(x) and let O and O be the completions of the local
rings of the manifolds U \Q and ‘ﬂd at the points x and y. We shall prove that gS
Oy = O, is an isomorphism. Let m,, C Oy be a maximal ideal, and let #» be a natural
number. There is an elliptic A-module X with structure of level I over the ring
(0] /m Let f€O /M"[[z]] be a formal isomorphism from the additive A-module into
X (cf Proposuxon 1. 2) Just as in $3, it can be verified that [ is an entire function.
Let O;" be a maximal unramified extension of Oy, and let " be the set of zeros of
[ in the ring O;”/mz. Then I is an A-module, the homomorphism [ - O;"/my is
injective, and its image is a lattice. In this way we obtain a homomorphism O -
O;'/mz that is invariant with respect to Gal(O™’/0_). Thus there irsv constructed a
homomorphism : O - Oy such that ¢*x// = id. Since m;i and UI\Qd are smooth
manifolds of the same dimension (cf. Proposition 5.4), it follows that ¢>* is an isomor-

phism.

Lemma. Let 2 C W;’ be an affine open subset. Then the image of X in U,\S d(Q)
is bounded,

Proof. It suffices to consider the case I = () with |B] > 1. Let x, y€ (I_I/A)d,
x#£0, y#£0, let /x,y be the function on ?ﬂ;" equal to the quotient of the images of x
and y in the universal elliptic A-module; and let ¢ = sup supzlfx |. To each ele-
ment of E(/e. ) there corresponds a d-dimensional lattice I C k together with an
isomorphism : (I71/A)¢> I~ IT/T. Let f(z) = zI, (1 - z/a). Let ¢(x) be the
smallest (in modulus) element in the class of y¥(x), and let u be the smallest (in
modulus) element of T', «# £ 0. Then

[Fee>]oe) |7 ( —| %] =it G eo.

Therefore |/ (x)/¥(y)| < ¢ for x, ye (I™ Lyad, x 4o, y # 0. It remains only to apply
Proposition 6.5. 0O
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It follows from the lemma that ¢~ }(2) can be covered by a finite number of affine

sets. It follows from the fundamental theorem of [8] that ¢ is an isomorphism. O

$7. Tate uniformization

Let O be a complete discrete normed ring over A, m C O a maximal ideal, K the
field of fractions of O, and K° the separable closure of K. In this section | | denotes
the norm on K and not on &_.

Let ¢: A > Kir} be an elliptic module of rank d. We shall say that ¢ has stable
reduction if there exists an elliptic A-module ¢": 4 - K{r} such that ¢’ ~ ¢, ¢'(A) C
Ofr}, and the reduction of ¢’ modulo m is an elliptic A-module (i.e. there exists an
a€ A such that the degree of the reduction of ¢'(a) is greater than 1). Clearly the
rank of the reduction ¢ is not greater than d. In case of equality we shall say that ¢
has good reduction. Then ¢ has good reduction if and only if ¢ is obtained from some

elliptic A-module over O by an extension of the ring of scalars.
Proposition 7.1. Every elliptic A-module over K has potentially stable reduction.
Proof. Let v be an (additive) valuation in K. We set

w (zaﬂi) == :r;fo {pii_ N v (a;)} .

Let y,, ..., y, be generators of the ring A, and let 7= infls;'sk w((ﬁ(yi)). If K'isa

finite extension of K such that 7. e(K'/K) € Z (where e(K'/K) is the index of ramifi-
cation), then ¢ has stable reduction over K'. 0O
Remark. For modules of rank 1 the concepts of stable and good reduction coincide.
Let X be an elliptic A-module over K. By a laitice in X we mean a projective
Gal (K®/K)-invariant A-submodule of finite type I' C X(K®) such that a finite number

of elements of T' are contained in every disc.

Proposition 7.2. The isomorphism classes of elliptic modules of rank d over K
are in one-to-one correspondence with the isomorphism classes of pairs (X, I'), where
X is an elliptic A-module over K of rank d (d| <d) with potentially good reduction,

and 1" is a lattice in X of dimension d - d,.

Proof. 1) Just as in $3, one can construct an elliptic A-module of rank d for the
pair (X, I').

2) Let ¢: A » Ofr} be an elliptic A-module of rank d over K, and let the reduc-
tion of ¢ modulo m be an elliptic module of rank 4. The existence and uniqueness
of a pair (¢, «) follows from Proposition 5.2, where : A » Olr} is an elliptic A-

module over O of rank dl,

=1+ i av'€0{{z}}, up(a) =9 (a)u

=1

for ac A, a;€m, a,> 0.
Lemma. u is an analytic homomorphism.

Proof. It follows from the relation ¢(a)u = uiy(a) that there exist k& and s such that
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pk+l ph+s
k>1, |a|<max (@it .. |Qur]s |Gies | , lass IP)
for i>s. Let ¢, =sup; >1|a |- Since a, ~>O we have c; jSmaxy . € s for i > s.
Let d.=c?”". Then a’.<max1<.<a7 d, <1 for i>s, andsod—)O a
i i i - <j<s Ti-p?

Let T be the kernel of the homomorphism z. Clearly, ' CK®. If yeT', y £0,
then |y| > 1. Let a€ A, |a|_> 1, be Such that the image of @ in O is not zero. We
set [=y(a). Clearly [~ W) /T~ [A/(a)] 1, and the kernel of the homomorphlsm

1(F)/F I'//(I) is isomorphic to LA/(a)) 1. Therefore /(") ~ [A/(a)] - 1. If
z€ K®, |z| > 1, then |f(2)] = |2|lm°3. It follows from this that I is a lattice of dimen-
sion d —d .

3) Thus we have obtained a one-to-one correspondence between the isomorphism

—l

classes of elliptic A-modules of rank & over K having stable reduction, and the iso-
morphism classes of pairs (X, I'), where X is an elliptic A-module over K of rank
d, (d, <d) with good reduction, and I is a lattice in X of dimension d - d,. It re-

mains only to apply Galois descent. O
$8. Complex multiplication (d= 1)

Theorem 1. The scheme M' is the spectrum of the ring of integers of the maximum
abelian extension of k, completely split at ~. The action of ?17/1@* on M! coincides

with the action in class field theory.

Proof. Let I C A be an ideal satisfying the conditions of Proposition 5.3. It fol-
lows from Proposition 7.1 that the morphism MI1 > Spec A is finite. It follows from
Proposition 5.4 that MI1 is a smooth curve, and that the morphism MI1 -» Spec A rami-
fies only over V(I). Let v€Spec A, v£ V(I), and let 7 be a prime elementin A . It
follows from Proposition 5.5 that # acts on the fiber of MI1 over v like the Frobenius
of the field A /(77) Therefore each connected component of M1 is invariant with re-
spect to ?l . On the other hand, Ml(k ) = 1(k ) = S?l*/le (cf. §3) and this identifica-
tion is con31stent with the action of ?Ij/k Therefore Ml is connected, the action of
217/}3 on M! is exact, and %//M = Spec A. It remains only to apply class field
theory. O

Corollary. Over any algebraically closed field over A there exist elliptic A-

modules of any rank.

$9. Compactification of modular surfaces (4 = 2)

A) Construction of the boundary. Let X be an elliptic module over S. We denote
by X the bundle of projective lines over S obtained by joining to X an infinitely dis-
tant section. The multiplicative semigroup A acts on X.

The functor that associates to the scheme § over A the set of isomorphism
classes of elliptic A-modules X of rank 1 over §, together with a consistent struc-
ture of level I (forall 1 C A, #0) and homomorphism & - Mor(S, 5(.), is represented
by a scheme N

The group B, consisting of matrices of the form ( ) with x € ?I and y € ?1

acts on N!. Let I C A be an ideal satisfying the condltlons of Propos:mon 5.3.
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Let V, be the group of matrices ( ) where «x, yEA x=1mod I, -y =0 mod I and

1 defy \N It is easy to check that the morphism N, > MI is smooth. Let N be
the completion of NI along an infinitely dlstant secnon (We shall consider N1 as a
scheme and not as a formal scheme.) Let N C N be the complement at the infinitely
distant section, and let N N1 = lim Nl and N1 = hm N1 Let M2 and M? be the schemes
induces by the schemes N and N! with respect to the imbedding B C GL(2, U )/k

Let I C A be an ideal satisfying the conditions of Proposition 5.3, and let M2

U \M2 and M,2 = U,\Mz. Let O be a complete discrete normed ring over A with field

of fractions K.

Proposition 9.1. 1) The morphism Spec K - MI2 extends to a morphism Spec O -
MI2 if and only if the corresponding elliptic module over K has potenlially good reduction.

2) There exists a unique GL{(2, U ) invariant morphism s: M2 > M? that induces a
one-to-one mappmg from the set of tbose morphisms Spec O > M such that the pre-
image of MI is Spec K into the set of those morphisms Spec K - M12 which do not ex-
tend to morphisms Spec O - Mlz.

Proof. Assertion 1) is clear. Let a morphism Spec K - M12 not extend to a morphism
Spec O » MIZ. To this morphism corresponds an elliptic A-module over K of rank 2, having
potentially bad reduction, with structure of level I. This is the same (cf. Proposition 7.2) as an
elliptic A-module X over K of rank 1 together with a one-dimensional lattice T" in X such that
Gal(K®/K) acts on I~ ‘F/I‘ trivially and an epimorphism (I~ 1/A)2 N - lr/r. (By
definition, I~ !T" is the set of points of X(K®) that fall in I" under “‘multiplication’’
by any element @ €1.) Every automorphism of the A-module I~ IT" which is trivial on
I7T/T is the identity. Therefore I~ 'I" C X(K). The bijection 2) is thus constructed.

~

It is easy to check that it induced by a morphism M2s M2 o

Corollary. Let v € Spec A, v £ V(I), and let Y be the fiber of M2 over v and Y a
smooth compactz/zcatzon of Y. The completion of Y along Y — Y is canonically iso-

morphic to the fiber MI over v.
B) Compactification of M.

Proposition 9.2. Let X, and X, be normal surfaces, n;: X -~ Spec A proper
morphisms, D,CX, closed subschemes finite over Spec A, and ¢: X1 -D,-X,-
D, a finite morphism over Spec A. Then ¢ extends.to a finite morphism X > X

Proof. Let G C X, x X, be the graph of ¢, and let G be its closure. Since G is
finite over X; - D, and X, - D, it follows that G is closed in (Xl - Dl) x X, and
Xy x (X2 - Dz)‘ Therefore G — G is finite over Spec A. It follows from this that the
projection G, - X, is a finite morphism and birational isomorphism, i.e. G= X;. O

Proposition 9.3. 1) Let I CA be an ideal satisfying the conditions of Proposition
5.3. There exists a unique (up to isomorphism) smooth surface /T/IIZ containing MI2 as
an open everywhere dense set such that the morphism M]2 > Spec A extends to a proper

morphism ZT/IIZ > Spec A, and lT/lIz - M,2 is finite over Spec A.
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2 If ] CI, then the projection M; > MI2 extends to a finite morphism M]z - MIZ
Set M2 = hﬂﬂf The action of GL(2, 91/) on M? extends to an action on M°.
3) The completion of M,z along ’WIZ - MI2 is canonically i somorphic to Mlz. In
particular, the morphism [T/IIZ > Spec A is smooth over Spec A — V(I).

Proof. Let «€ A, |a| > 1 and & = logpla|. Let the image of a have the form
Eairi in the universal elliptic module over MIZ.

We set ¢t = CLLa‘H/GZk. We obtain a morphism d¢: MI2 - Spec Alt]. It follows from
Proposition 9.1 that ¢ is a finite morphism. It is easy to check that ¢ is flat. On the
other hand, it is easy to construct a finite flac morphism #: M12 - Spec A[[1/t]] such
that ¢ o s coincides with the composition MIZ”’ > Spec A((1/t)) » Spec Alt]. (Here
A((1/ 1)) is the localization of A[[1/¢]] at 1/, and =’ is obtained from 7 by change

of basis.) There arises a morphism
6: Mj— M; X specae] Spec A ((ti)) .

Lemma. Let X = {1, 2, 3}, and take the sets ¢, X, {1, 2}, 12, 3} and 12} to be open.
Let Oy be a sheaf of rings on X such that

H'({1, 2}, Ox)=A[[y]],
H({3, 2},0x)=Aly.y7'], H'({2}, Ox) =A((¥))

The category of quasicoherent O y-modules is equivalent to the category of Alyl-

modules.

Proof. 1) Let M be a module over Aly). We set HO(U, M) = HO(U, 0y) ®al,] M-

M is a quasicoherent sheaf, and M > M is a functor. It remains to prove that the func-
torial homomorphisms M -» HO(X, M) and HO(X, F) » F (where F is a quasicoherent
sheaf) are isomorphisms.

20 - A[y] > A[y, y~ 1] x A[[y]] > A((y)) - 0 is an exact sequence of flat A[y%modn
ules. Therefore HO(X, M) =M and H(X, M) = 0.

.. . vt . . .
3) The restriction of the homomorphism H"(X, F) -~ F on {2, 3} is an isomorphism.
- 0
4) If Supp F C {1}, then H(X, F)3F.
s) If HO(X,‘F) =0, then F = 0. (This follows from 3) and 4).)
’O‘——’
6) Let 0 » G,~»H (X,F)>F > G, 0 be an exact sequence. Then HO(X, Gl) =
A ——"

0, and so G, =0. Since HI(X, HO(X, F)) = 0, we have Ho(X, Gz) = 0. Therefore
G 5 = 0.

It remains to check that ¢ is an isomorphism. It is easy to check that deg ¢ =
deg =. (It is necessary to use the Corollary to Proposition 9.1.) It follows from Propo-
sition 9.1 that the fibers of 0 consist of one point (and not necessarily reduced). On
the other hand, one can check that the restriction of ¢ to each connected component

of /’V\ilz is a closed imbedding. O

$10. Connection with automorphic forms (d = 2)
A) Frale cohomology of rigid analytic spaces. Let K be a field complete with

respect to a nonarchimedean absolute value, let K° be the separable closure of K,
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and let n be a natural number such that 1/ € K. Let X be a rigid analytic space
over K.
Definition. 1) The set of pairs (L, ¢), where L is an invertible sheaf over X and
0. 3L isd H! . i 1 )
W0 2 " and Oy o 2
det rigid v Byl = Hgia b By
(On the right side of these equalities Z/(n) is the constant sheaf and p_ is the sheaf

of nth roots of unity; this is a sheaf in the rigid topology.)
. def 1»
3) Ha (X @ K, po) S 1M Het X ® L, i),
L

where K CL CK® and [L: K] < c. In the same way we define H%I(X ®K*, pn ) and
H%t(X ® K*, Z/(n)). (Gal(KS/K) acts on all of these groups.)

4) He (X ® K°, Z/() = HY (X ® K, ) @ pir™
(Here p;l is a Gal(K®/K)-module homomorphism from the group of nth roots of unity
of the field K into Z/(n).

Properties of ‘‘étale cohomologies’’.

t

1) If X=Y_ , where Y is a projective scheme over K, then the ‘cohomology’’
of X coincides with the cohomology of Y. (This follows from theorems of type GAGA;
cf. [11] and [12].)

2) There exists an exact sequence
0 — HO (X, pn) — H* (X, O3> H® (X, O%) — H* (X, p,) - H' (X, O%) —HYX, 0%).

(Here HU(X, O,) is the rigid cohomology.)
3) Let the sets Xl. form an admissible open covering of X whose nerve has
dimension not greater than 1. There exists an exact sequence
0— H* (X, wn) — LT H° (X0 oy — TTHO(X: N X, 1)
i i=f
> H (X, ) — ] H Xown) — LD HY OGO XG0 ).
i if
4) If X, > X, is a finite étale morphism of rigid analytic spaces with Galois

group G whose order is prime to n, then H 1(Xz, pn) = HI(Xl, p.n)G.

Proposition 10.1. Let z,€K, ¢, € K® (1<i<k) and c€ K® Let |z] <lcl,
0 <|e,l <|el, and let |z, —Z,‘I >le,| for i £j. Set X = {z||z| <|cl, |z -z | > e, 13
Then
HY(XQK®, Z/(n))=1[(n), H'(X®K", p.)>(Z/(n))*".
(Gal(K*/K) acts trivially.)

Proof. a) The circle of radius |c| is the union of circles of radius |c;| and sets
X. Since the circle is connected, and the circles which intersect X and circles of
radius [cil are connected, it follows that X is connected. Analogously, X ® L is
connected if L is a finite extension of K.

b) H 1(X, O;) =0 since every divisor on X is principal. The set of rational func-

tions without poles on X is everywhere dense in HO(X, 04). Clearly, if f€ HO(X, 0y)
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and sup, y |/(z) = 1] <1, then [ =g", where g€ HO(X, 0,). Therefore every element
of HO(X, O’;) ® Z./(n) can be represented as a rational function. It is easy to check
that if { is a rational function whose divisor on P; is contained in one of the & small

circles or is outside of the large circle, then there exists c€ K such that
sup {cf () —1|< 1.
26X

We obtain an epimorphism ¢: (Z/(n))k - H 1(X, #n)/[K*/(K*)"]. Let X, be a circle of
radius |c,|. We consider the homomorphism H W(x, p,) > H 1(Xi’ it,). In order to prove that
¢ is an isomorphism, it is sufficient to check that H 1(Xi, yn)/[K*/(K*)"] ~7/(n) for 1<
i <k. This follows from the fact that Z™ is not an nth power in Kiz, z~ U for n 4 m. (In-
deed, if { = 2% a z"€Kiz, z=1} and /7 = 2™, then max,, |a,| = 1. We reduce the
equation f” = z™ modulo the maximal ideal and obtain a contradiction.) Thus we ob-

tain an exact sequence

0 — K*/(K"Y' — H' (X, o) — Z/(w)" O,
and so H 1(X ® K*®, p,") ~ Z/(n)k. O
B) Cohomology of Q2 Let C be an abelian group. A l-cochain on a graph with
coefficients in C is an antisymmetric function on the set of oriented edges of the
graph with values in C. Al-cochain is harmonic if the sum of its values on all edges

emanating from a single vertex of the graph is equal to 0.

Proposition 10.2. The group
HY(Q @ koo Z/(n) = Z/(n) - H* (Q* ® kisy o)
is isomorphic to the group of harmonic l-cochains on S* with coefficients in 7./(n).

(The isomorphism is consistent with the action of GL(2, /eoo); the action of
Gal(k;/kw) is trivial.)

Proof (cf. $6A). Let 0 <c < 1, and let A, cs? and A, CS? be simplices. Let
F = UACIHUXZ,' where F is isomorphic to the space X studied in Proposition 10.1.
Since F is absolutely irreducible and SXR) is connected, we see that Q? is con-
nected. We shall describe H {(F ® k> pn) in invariant terms. Let v be an (additive)
valuation in k. such that u(k:) =7. Let b, CL CkS with [L: k_] <o, and let f
be a holomorphic invertible function on F ® L. There exists a function [: AM(F) > Q

such that [ o A=v o /. The function / has the following properties:

1) { is linear on every edge intersecting A(F), and its “‘derivative’’ is an integer.
2) If x € MF)(S?, then the sum of its ‘‘derivatives’’ on directions emanating
from x is equal to 0.
Every function on A(F) satisfying 1) and 2) is equal to / for some L and some
function f on F ® L. A function [ on F ® L corresponds to the zero class in
H(F ® kS, un) if and only if the ‘‘derivative’” of [ on every edge is divisible by n O
C) Cobhomology of M’ KS.

Proposition 10.3. Let Il be a representation of GL(2, k_) in the space of locally
constant functions Pl(km) - Q, factored out by the constants, and let A be the space
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of parabolic automorphic forms on GL(2, K\GL(2, ¥) (cf. [10]). Let

V=Homere, ry (71, Ao).
Let 1 £p, and let W* be a 2-dimensional l-adic representation of Gal(k: /k_)
such that there exists a nonsplit exact sequence 0 -» Ql S WS QI(— 1) > 0. Then
HYM2 @ kS, Q) >~V @ W (isomorphism of GL(2, U ) x Gal(kZ /k )-modules) and
HOM? ® k>, Ql) is isomorphic to the space of locally constant functions k \21* - Ql
(Gal(k>, /k ) acts trivially, and g € GL(2, U ) acts according to the formula (g[)(x) =
f(x det g))

Proof. a) Let I CA be an ideal, 1 # 0, I # A. Thei 1mages of the sets UA and their
GL(2, U ) translates form an adm1551ble open covering of Q Clearly, the stabilizer

in U, of any vertex or edge of S is a p-group. Using properties 3) and 4) of the

¥e

étale cohomologies’’, we obtain an isomorphism

HO (] ® keoy Z/(n)) = H° U\ S? R), Z/(n))

and an exact sequence
0—H U N\SER), Z/(0)—H! (U3 Q ks Z/(n) — [HY QR Sy ua)] 1,0,

H 1(% Rk :;, #n) coincides (cf. Proposition 10.2) with the group of harmonic 1-cochains
on §? with coefficients in Z./(n).
b) Let I, C Gal(k /k_)) be the inertial group. The mapping
I X HY (MIQ By Z/(n)) — H*(U\NSER), Z/(n))

defined by the formula (x, 0) > 0x — x is bilinear, and Gal(k> /k_) is invariant.

IO/Ig and p, are isomorphic as Gal(k;/km)—modules. Therefore there is a homomorphism

(H (@ ® Koy )] — HL U R), Z/(1).

It is easy to check that this homomorphism associates to a U -invariant harmonic
1-cochain on S the cohomology class of the corresponding cocham on U \3 2
c) Let K be a complete archimedean field, Y a smooth projective analytic curve

over K, and D CY a finite subspace. It is easy to show that

H (Y, Z/(n) = H(Y — D, Z/(n)), H' (Y ® k2 pin) C H' (Y — D) @ ke pin)-
More precisely, if Y - D = UzeN

each 7 € N intersects only a funte number of sets of the covering, then
H (Y @ k&, 1)
= U Kerl (¥ —D)® koo, pn) — H € Ya® Ko, n)]

. is an admissible affine covering such that Y for

(where @ runs through the finite subsets of N). Therefore

H® (M} ® ke, Z/(n)) =H® (U1./S* R), Z/(n)),
and H 1([7/112 ® k-, 1) consists of those elements of Hl(?ﬂf ® k2, ) for which the

corresponding harmonic 1-form is finite modulo U, (or, equivalently, parabolic).
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d) Going to the limit, we obtain an isomorphism

HO (M ® kS, Q) = HY(U,\SR), Q)

and an exact sequence
0— H' (UNS; R), Q) > H' (M} @ kS, Q) -V Q@ Qu(— 1) — 0

where V, is the space of parabolic U;-invariant harmonic l-cochains on S with co-
efficients in Q. It is easy to check that the homomorphism U, - HYU \S 2(“) Q) con-
structed in b) is an isomorphism. It follows from this that Hl(M ® k;, Ql) ~VeW”
where V = lim, V.

e) It remains to show that V = V. For this it suffices to verify that the space of
harmonic l-cochains on S2 with coefficients in Q is canonically isomorphic to
Hom(I1, Q). This isomorphism is constructed in the following way. Let x and y be
adjacent points in §?, and let L be the set of points z € Pl ) such that y is
between x and z. If p is a distribution on P (k ) with values in  such that

fpl(km)# =0, then the l-cochain [, which has the value fo,y” on xy is harmonic. O

§11. Fundamental theorem
The group Gal(k®/k) x GL(2, ?lf) acts on H*(M? ® k°, Ql) (The group GL(2, .?lf)
acts on M2 on the left, and on the cohomology on the right; we shall consider the
corresponding left action on the cohomology.) We set V ® Q @Ze’l ;» Where V_ is
an irreducible representation of GL(2, ?If). (It is proved in [10] that v, # v, for i £ ).
It follows from Proposition 10.3 that
HY (VB ® ke Q) =~ ® V:QWi,

where W, is a representation of Gal(k®/k) in the space 612 Let V, = ®v€,§pec‘4 Y,
and let W” be the restriction of W, on Gal(ks/k ). Let V” be the representation

contragredxent to Vz..
Theorem 2. 1)
H (M*Qk, Q) =H (M'®F, Q).
(The group GL(2, W) acts on M by the homomorphism det: GL(2, U) » UT)

2) Forany i€ T and ve Spec A such that V! is a representation of class 1,

W? “‘coincides’’ with \7:’ (ive. W:.’ is unramified and L(s, ") =L(s -1, ”))

Proof, 1) In S9A) we defined an imbedding ML M2 consistent with the action
of the group B CGL(2, 91/). It follows from Proposition 10.3 that the corresponding
homomorphism

H* (M? ® ko, Q) — HO (M @ ks, Qi)
is an isomorphism.

2) Let

L (s, Vi) = (1 =g )™ (1 — g™

Just as in [14], it is proved that W;.J is unramified and each eigenvalue of the Frobenius
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-%

(arithmetical) on W” coincides either with [y 1q or with p" lq'% We shall show

that if one of the e1genvalues of the Frobenius coincides with p} q =%, then another
is equal to p3 q =%, It is known that V ~ VJ for some j € T. If the restriction of v,
to the center of the group GL(2, ¥ ) is the multiple character w € det, then V ~V,
® ™! (cf. [10]). It follows from propertxes of the cup product that one of the eigen-
values of the Frobenius on W] coincides with g % Let se HUM? ® kS, Ql) s.£0,
and gs = cu(det g)s for ge GL(2, U ) Multiplication by s induces an automorphism of

1(M ®k° ) Q ). It follows from assernon 1) and Theorem 1 that one of the eigenvalues
of the Frobenius on Wl.” is plq m(rr), where 7 is a prime element of Av. But o(7) =
w0

Remark. The action of GL(2, U ) in [14] is different from the action described in

$5D) on the outer automorphisms of GL (2, ¥ ) This explains the different formulations

of Theorem 2 and the corresponding theorem in [14].
Received 17/DEC/73
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