THE GROUP ACTION ON THE CLOSED
FIBER OF THE LUBIN-TATE MODULI SPACE

CHING-L1 CHAI

ABSTRACT. The action of the automorphism group of a 1-dimensional formal A-
module on the closed fiber of the Lubin-Tate deformation space is studied using the
Cartier-Dieudonné theory. We obtain a formula for the leading term of this action
and give some applications.

0. INTRODUCTION

Let Go be a 1-dimensional formal group of height A < co over an algebraically
closed field k of characteristic p > 0. It is known that the deformations of Gy are un-
obstructed. The universal deformation space of Gy is isomorphic to Spf W (k)[[u1, ... ,un—1]],}
and the equicharacteristic deformation space of G is isomorphic to Spfk[[u1, ... ,un—1]].}
The group Aut(Gg) of automorphisms of Gy is isomorphic to the group of units
OE of the maximal order Op in the central division algebra B = B 1 over Qp with

invariant +. There is a natural action of Aut(Go) on SpfW (k)[[u1,... ,up—1]] and
Spfk[[ui,... ,un—1]] “by changing the marking of the closed fiber”. Even though
the deformation space looks so simple, the action of the compact p-adic group
Aut(Gp) on it is extremely complicated. For instance, the equivariant cohomolo-
gies of some naturally defined vector bundles contain deep informations about the
stable homotopy theory. Very little computation of these equivariant cohomology
groups has been done. This action itself remains a mystery in most aspects.

Much insight about this action comes from the p-adic period map
p : Spf W(k)[[u1,... ,up—1]] ® frac(W(k)) — IP’E;CI(W(,C)) )

which was described explicitly in [GH]. Here Spf W (k)[[u1, . .. , up—1]] @ frac(W(k))
denotes the rigid open unit ball, thought of as the generic fiber of Spf W (k)[[u1, ... ,un—1]]-B
The p-adic period map comes from comparing the position of the Hodge filtration
relative to the space of horizontal sections of the covariant isocrystal attached to
Go. The target space is the projective space of 1-dimensional quotients of the co-
variant isocrystal attached to Gy, therefore (End(Go) ®z, Qp)* operates on it via a
natural linear representation on the isocrystal. It is a pleasant fact that the period
map p is étale and surjective (|[GH], [Laf]). The period map p is equivariant with
respect to the inclusion Aut(Go) C (End(Go) ®z, Qp)*, so the complicated action
of Aut(Gy) is ‘linearized’ by the period map p. However the period map is far from
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being defined over W (k). This makes it extremely difficult to extract information
about the action of Aut(Gy) on the closed fiber Spf k[[u1,. .., un—1]].

This article is a report on my attempt to study the orbit structure of this action,
after simplifying the problem by taking the Zariski closure of the orbits. On the
one hand this problem is similar to the problem on the deformation of superspecial
abelian varieties studied in [Ch], which in turn was motivated by Milne’s sharp
formulation of the conjecture on the existence of canonical integral model. On
the other hand I was particularly influence by the inspiring paper [GH] by Gross
and Hopkins. It is a pleasure to thank Gross, Hopkins and Milne for many useful
conversations and correspondences. I would also like to thank the referee for a very
careful and thorough reading of the manuscript, and for useful suggestions. The
bulk of this work was done during a visit to the Mathematical Sciences Research
Institute at Berkeley in the spring of 1993, and I would like to thank the University
of Pennsylvania and MSRI for their financial support, and MSRI for hospitality.

The main results of this paper are stated in Theorems 1 and 2 in section 2. They
give the main term of the action of an automorphism of Gy on k[us,... ,up—1]],
with respect to two different filtrations on k[[uq, ... ,up—1]]. Two applications are
given in section 3. We also formulate a naive guess on the possible structure of the
Zariski closure of orbits of open subgroups of Aut(Gp) (see the “Hope” in section 3).
It is well-known that much of the theory and results for one-dimensional commu-
tative formal groups generalize to one-dimensional formal A-modules, where A is
a complete discrete valuation ring with finite residue field. We therefore formulate
things in this more general context. As a result ¢ takes the place of p. The reader
may recover the formal group case by taking A = Z, and ¢ = p.

1. THE UNIVERSAL GROUP LAW AND ITS CARTIER-DIEUDONNE MODULE

In this section we set up the notation and the coordinates of the Lubin-Tate
space. Let K be a nonarchimedian local field with finite residue field F,, and let A
be the ring of integers in K. (So K is either a finite extension of @Q,, or isomorphic
to Fy[[t]].) Denote by m the maximal ideal of A and 7 a uniformizer of A. Let h be
a positive integer. Let (G; be the one-dimensional formal A-module with logarithm

athm

gi(x) =) —

m>0

The power series g1 () satisfies the functional equation

1 h
gi(z) =z + —gi(z ).
It follows from Hazewinkel’s functional equation lemma ([Ha], Chap. 1, sec. 2,

especially pp. 9-10) that g1 (x) is the logarithm of a formal A-module G; over A.
Explicitly, the group law is

Gi(z,y) = g7 (o1 (2) + 91(y)) ;
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the A-module structure is

[a](2) = g1 (@~ g1(x))

for a € A. The A-module GG reduces modulo m to a one-dimensional formal A-
module Gy over kK = A/m of height h. It is well-known that any one-dimensional
formal A-module of height h over an algebraically closed overfield k of k is iso-
morphic to Gg ®, k over k. This A-module G; may be called a “canonical lifting”
of Go. (In the sense that it underlies a Lubin-Tate formal group for the unramified
extension of K of degree h, and not to be confused with canonical liftings of or-
dinary abelian varieties. The usual convention is that a canonical lifting of Gy is
determined by an embedding of the maximal order of a finite separable extension
of K of degree h into the ring of endomorphisms of Gj.)

The deformation functor Def(Gg) of Gy assigns to any artinian local A-algebra
R the set
Def(Go)(R,a) = {(G, @)} /isomorphisms ,

where G is a one-dimensional formal A-module over R and
a:G®g R/mR = Go Rk R/mR

is an isomorphism of formal A-modules. It is well-known that the functor Def(Gy)
is formally smooth over A, and is represented by a formal scheme isomorphic to
the formal spectrum of a power series ring Spf A[[u1, ... ,up—1]]. For any perfect
field k containing x, we can restrict Def(Gp) to the category of artinian local A-
algebras whose residue fields are overfields of k, and then this deformation functor
is represented by Spf W4 (k)[[u1,... ,un—1]], where W4 (k) is the ring of ramified
Witt vectors soon to be explained in this section.

A beautiful way to describe the universal deformation G of Gy is to give a
recursive formula for its logarithm, when the coordinates wi,... ,up—1 and the
coordinate x for G are carefully chosen. Let g,(x) be the logarithm of G, so that
the group law for G is

G(z,y) = g4 ' (gu(@) + gu(y)) -

We can choose good coordinates so that g,(x) satisfies the following functional
equation

h—1 h—1
)

1
gu(@) = 2+ =gl @) + gl @) 4o+ gl D@ ) + gl @)
u b 5 i

Here gq(f]i) is obtained from g, by the change of rings A[[u]] — Aly]], u; — u?

This functional equation is really a recursive definition of the coefficients a,,(u) of

glz Zan(ﬂ) an )

n>0

namely
ap(u) =1, an(u)=0 Vn <O,
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Uh—
an(g) - ?lan—l(ﬂ(q))'i‘?an_g(g(‘f))_}...+ h—1

™
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™

a‘n—h—i—l(ﬂ(q
Vn>1.

From this one can write down a closed formula for the coefficients a, (u)’s due
to Jiu-Kang Yu. The closed formula involves ‘ordered partition’ and will not be
reproduced here.

Besides the power series method with functional equations, there is another
method of describing formal A-modules using Cartier-Dieudonné theory due to
Cartier and Drinfel’d. Here we review some aspects of the theory in order to
introduce the relevent notation. For any A-algebra R, let W4(R) be the ring of
ramified Witt vectors (rg,71,... ,7n, ... ), where each r,, € R, and the ring structure
is given by the family of Witt polynomials (w2 ),>0, where

wf (r) = Tgn + ﬂriln_ + -4 ﬂ"_lrfl_l + 7"y,

so that each w? is a functorial homomorphism of commutative A-algebras. Al-
though the Witt polynomials depend on the choice of the uniformizer 7, the rings
W4(R) do not. The Teichmiiller representative (r,0,0,...) € W4 (R) will be de-
noted (r). The Witt ring W4 (R) has the following properties:

- The Verschiebung map

V=0Ua:(T0, "1y sTny---) = (0,70, 71,0 Try.nt)

is an additive homomorphism.

- There is a unique functorial homomorphism of rings 7 = 7, : W4 — W4 such
that wi o 7, = wi, ;.

- The natural A-algebra structure of W4 (R) is given by the composite

A(A
A2 i (4) 5 WaR)

where A(A) is the unique homomorphism from A to Wa(A) such that w? o
A(A) =ida, Yn > 0.

- For every perfect field k over k, W4 (k) is a complete discrete valuation ring over
A with residue field £ and 7 is a uniformizer; moreover W4 (k) is characterized
by this property. Especially when k is an algebraic extension of k, W4 (k) is the
m-adic completion of the unramified extension of A with residue field k.

- (10,715 Ty ) = D50 U™ (rn). When R is a perfect overfield of s, we have

(POy 71y es s Tryevr ) = ZW”(T?L_”> .

n>0

- (a)(b) = (ab), Va,be R.

- 7{a) = (a%), Va € R.

- tvr=mx, Ve Wu(R).

- (vr)y =v(x-Ty), Va,y € Wu(R). Especially vtz = (0,1,0,0,...) - x.
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- When 7 = 0 in R, we have (0,1,0,0,...) =7 in W4(R), and

T(P0y Ty e s Tmyen) = (g, i, oo rd o).

Moreover, (a) + (b) = (a +b), Va,b€ R.

We defined the ring of ramified Witt vectors W4(R) in order to describe the
ramified Cartier ring Cart4(R). For any A-algebra R, Cart(R) is a noncommu-
tative ring functorial in R. Set theoretically Cart4(R) consists of all elements of
the form

> VM rmn ) FR

m,n>0

such that r, , € R for all m,n, and for any m, r,, , = 0 for all but finitely many
n’s.
There is an embedding of rings W4 (R) — Carts(R)

(TO,Tl, .- ) = Z an<rn>F77rl .
n>0

This embedding determines the additive structures of Cart4(R). It also gives an
embedding of A in Carts(R). Explicitly, for any a € A, there exisits a uniquely
determined element (bg,by,...) € Wa(A) such that w? (by,b1,...) = a ¥n > 0.
Then the image of a in Carta(R) is the element Y - V" (bn)Fy. When there is
no danger of confusion, we abbreviate V, by V and F; by F. The Cartier ring
Carta(R) satisfies the following commutation relations:

For any a € A, the image of a in Cart(R) commutes with both V' and F.
F(r) = (r\)F,, Vr € R.

MV = Vy(r?), Vr € R.

- FrVyx = mx = am, Vo € Carta(R).

The main result in the Cartier-Dieudonné theory, extended to formal A-modules
(not necessarily one-dimensional) by Drinfel’d, states that the functor which as-
signs to each smooth formal A-module its group of g-typical curves, establishes an
equivalence of categories between the category of smooth formal A-modules over
any A-algebra R and the category of Vj-reduced left Cart 4 (R)-modules, see [Dr2],
[Ha]. This translates problems about formal A-modules into linear algebra problems
for modules over the Cartier ring.

In order to use this theory, we need to find an explicit form of the Cartier-
Dieudonné module of the universal deformation G = G,. It turns out that our
previous choice of coordinates also gives a very simple presentation of the covariant
Dieudonné module of G,.

Let u1,... ,un—1 be the coordinates for the deformation space of Gy and x be
the coordinate for the group GG. We shall use ¢ as the parameter for curves in G,
(i.e. elements of G(A[[u]][[t]]). The curve v(¢) =t is a g-typical curve in G, since
the group law for G, is ¢-typical. (Its logarithm involves only powers of ¢.) The
following lemma explictly describes the Dieudonné module of G, .
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Lemma 1. The Cartier-Dieudonné module for the universal formal A-module G,
over Al[u]] is isomorphic to

Carta(Allu]))/Carta(All]]) - (F = V"1 = Y7 ViTHug)) .

1<i<h—1

The generator here is the tautological curve ¥(t) = t. The logarithm g,(x) of the
formal group law (in coordinate x) is determined by the functional equation

u u Uh— — — 1

gu(z) =z + _19(;)(96(1) + _29(2612)(95(12) 4t Lg(lqh D? ) + —g(lqh)(th) .
T T T T

The group law for G, 1s

Gu(z,y) = g5 (9ul@) +9u(v) € Al y]] < Allu]][[z,y]] -

The A-module structure for G, is given by

la(@) = gy (a-gu(z)) € Allla]] C Al[u]lz], a€A

Lemma 1 is a specialization of [Ha] (29.5.3); see also [Ha| (27.7.15) and (27.7.19 (ii)) .}
It is also possible to prove it directly. [

Let ¢, be a primitive (¢" — 1)st root of 1 in K. The ring A, = A[(p] is the
unramified extension of degree h of A with residue field k, = A[(]/7TA[(L] = £(Ch),
the cyclic extension of degree h over k. Every element of End(Go®F%) is defined over
kn, and End(Go ® R) is isomorphic to the maximal order in the central division
algebra over K with invariant % The ring A[(] is canonically identified with
End(G1 4, ), such that the action of (, on (i1 sends x to (pz. The ring End(Go®F)
is generated by Ap and ¢ = Frob, € End(Gy):

End(Goy®F) = Ap® Ao @ -+ @ Apg .

The action of an element &g € Aut(Gop ® kp,) on Ap[[u]] can be characterized as
follows: There is a unique ring isomorphism

h(®o) : An[[u]] — An[[u]]
such that there is a homomorphism
© 2 1(P0)s Gy ) — G [

which reduces to 9 modulo 7. It is clear that A* operates trivially on Ap[[u]], as
A C End(G 4,[ju)))- The action of an element ¢ € pn_4 (K) is easy to compute:



Lemma 2. For ¢ € ppn_1(K) C Aut(Go ® ky), the corresponding Ap-algebra
homomorphism h(C) : An[[u]] — An[[u]] sends u; to ¢ ~1-wu; for each 1 <i < h—1.

Proof. There is a homomorphism from

Cart(An[[ul]) / Carta(Anllul]) - | Fo— VI = 3 VM ¢! Mu)

1<i<h—1

to

C’artA(Ah[[g]])/C’artA(Ah[[g]])- F, —th_l — Z ti_l(ui>

1<i<h—1

sending the class of (1) to the class of (¢). This finishes the proof of Lemma 2. Tt is
also possible to prove it using the power series method and Hazewinkel’s functional
equation. [

The Cartier-Dieudonné module of Gy ® x((p) is
My = Carta(kp)/Carta(kn) - (Fr — th_l) .

My is a free module of rank h over W4 (ks) = Ap; the classes of 1, V,... V=1
is a free Ap-basis of My. An endomorphism @ of Gy ® k((s) corresponds to an
endomorphism of My, which in turn is completely determined by the image of e : =
the class of 1 under ®q, say &g : ¢ — Z?:_ol a; V' -e, a; € Ap,. This is just the
previous decomposition

h—1

End(Go ® k(¢n)) = €D Ad" .

1=0

The filtration of End(Go ® k(¢n)) by the powers of its maximal ideal is determined
by congruence of the coefficients a;’s of the Vie’s: if m = h-r + s, m,r,s € N,

0 < s < h-—1, then &5 = 0 modulo the mth power of the maximal ideal of
End(Gy ® k(¢p)) iff

TH) and as=---=ap—1 =0 (mod 7") .

ag=---=as—1 =0 (mod 7
In the next section we shall examine the action of an element ®q of Aut(Gy ®
k(Cr)) = End(Go ® k(C))* which is congruent to the identity modulo a high
power of the maximal ideal of End(Go ® k((p)).



2. COMPUTATION OF THE GROUP ACTION

Let &y € End(Go ® k(¢p)), and we assume that
Dole) =e+E&-Vie, € ¢ /J,qh_l(F), leN, £>1.

Clearly the ®¢’s of this type form a system of representatives of

Fill, (Aut(Go ® w((h))) 2 id + V- End(Go ® k()

modulo Filt! ! (Aut(Go ® #(¢r))) . The action of ®q on the closed fiber Spf rp[[u]]
corresponds to a homomorphism

h(®o) : kallu]] — kallul],  wir s
We would like to compute the s;’s. &g extends to a homomorphism ® from

Carta(kn[u]]) - ¢ =
Ca?“tA(%h[[@]])/CGTtA(%hH@]]) : <F - Vit Z Vi_1<5i>>

to

Carta(kpu]]) e =

Carta(sn][ul]) / Carta(mllul]) - (F Syl y Vi—1<ui>>

1=1

Write f=n-h+b,0<b<h-—1, and

Oe)=e + 7" & VPet Y VMam(w) e,

m>0

where a,,(u) are elements of kp[[u]], uniquely determined by ®,. Computing the
action of @y hinges largely on calculating the a,,(u)’s. Clearly ®(e’) must satisfy

the equation
h-1
<F AR Vl_l(si>> -®() = 0.

i=1
Using the fact that every element of Carta(kp[[u]]) - e can be uniquely written
in the form
Y Vi) -e zn € rnllu],
n>0

the above equation for ®(e’) can be translated into a system of equations for the
s;’s and ap,(u)’s. Then we solve this system of equations modulo some suitable
ideal I (which depends on ®() to compute the leading term of s;’s. This would
give us the leading term of the action of ®y on kp[[u]]. The computation itself
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is a bit long and quite messy. Roughly, we first see that for large m’s a,,(u) is
congruent to 0 modulo I. From some my down a,,(u) becomes nonzero modulo 1.
The system of equations give a recursive formula which computes a,,(u) in terms
of the a,(u)’s with n > m. Going from my down to 0 , we compute all a,,(u)’s
modulo I. The system of equations for the s;’s can then be solved easily modulo
I. In fact only ag(w),... ,an—1(u) are needed, but we had to compute the rest of
the a,,(u)’s before we can get to them. Now the computation begins. We use the
assumed form of ®(e’), the commutation relations in the Cartier ring, and the fact
that

h—1
Fe=V""e+ ZVi_l(ui> e
i=1
to get
(F—=V" 1. o)
h—1 L bt
Z 6+Vn+b€0"++zvz 1<;1>Fn_e
=1 i=1
h—1
+ )V (am (u (Z Vi) e+ VL ) =) Ve, (u) e
m>0 =1 m>0

n+b+7, n
—ZVZ Hug) - e+ZV”+b+’ Y ul’) F" e

Y SV a7 ) e+ 3V )

m>0 i=1 m>0

=D VM N ap(w) e

m>0

Here o denotes F'ry, and the £ in the second equality denotes the image of ¢ in
kn, . On the other hand

h—1
D VI i) @(e)

h—1 h—1
— Z Vilis) e+ Z V"+i_1+b(§"n+b . s‘?n+b> F".e

~

h—1
YDV an(w) -

i=1 m>0



Assume now that n > 1. We make some simple estimate:

h—1
(ul ) F" e (ufn> yh=t +ZVJ_1(uq 1> yh=t +ZV]_1<U;1->
Jj=1 j=1
h—1
il 4 ZVJ_I(UJ> e
j=1

Here we have abused notation and used o to denote the rp-algebra homomorphism
from rp[[u]] to itself sending each u; to u?; (u)°" denotes the ideal (uf , ,u?:_1> QI
rnu]], and

(g)an—‘,—nm‘,—a—i—l

@ - (@) () (u) -

Similarly

—~
v2)
<Q
~
B

3
®
Il

0 (mod (u)?" +Hotly

Therefore

si=u; (mod (g)"n+"'+"+1) V1<i: < h-1
am(w) =0 (mod (w)” F ) Vm >0

is a solution modulo ()" T +°+1 hence it is the unique solution modulo the ideal
()"t to+tl Now we ‘peel down the layers’ and try to dig out the first few
nonvanishing terms. From the previous expression for (u] ) F™-e we get

- (2

W'y Froe= (uf - ud Y e (mod (w)e T et

Similarly, modulo (g)"nH+"n_2+"n_3+"'+"+1 we have for 0 < b < h —1,

¢t ) (uf ] )-e 1
(0 ) F"ee= { ifh£0.

)

We shall work for a while modulo the ideal (w)o" " o T " T okl Opserve
that sgj = ugj if 5 > 1, and a,,(u)?

0if j > 1.
the easier case char(A) = p > 0, ie. A

Let us consider first
F,[[t]] for some ¢ = p". Modulo

el
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n+1 n—2 n—=3_4 ...
(U)O' +o +o +-+o+1 we have

(F -V . o)

h—1
EZVi_1<Ui> e — Z Vm+h_1<am(ﬂ)> €

0<m<n—h+b

h—1 h—1
. n+b+ti n n 1 1
+ § Vn+b+’L 1<€0’ U;I ul +-+g+ E Vn+b+1 1<an+b+l ( )> .e
=1 =1

- Y VM w) e

m>n+b+h—1

h—1
Ezvi_1<ui> e — Z Vm<am—h+1(ﬂ)> €

h—1<m<n+b—1

b 1 ’”«+b+7« n n_1+...+ +1
E V"Jr +i= ul ul T —apypri-n(u) - e

’L

B R

m>n+b+h—1

We also have

h—1
D> VI s) - ®()
=1
_sz 1 Sz e+ Z Y rtbti— 1<€ ugn+b .ul{n—1+...+q+1> e
1<i <h-—1
T Z vy Si am(u)) - €
0o<m<n
1<i<h—1
( h—1 }
—J
ZVlez-l—Zs ai—j(u))-e
=1 1<5<4
m—i+1
+ > vy st Wm—it1(w)) - €
h—1<m<n-+h—2 1<i<h—1
(Gf b+ 0),
= ZVllsz-i-ZS ‘alj)>-e
1<5<4
m—i+1
S D AL O N Wm—it1(u)) - €
h—1<m<n-1 1<i<h-—1
+ Z Vn-‘rl 1 u;}” _uz{"_l-l,-...-‘,-q—i—l + Z S;”-H—g an—H_j(g» e
1<i<h—1 1<j<h—1
| (fb=0)
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Now we can compare “the coefficients of the V7’s” to get information. When
n+1 n—2 n—
b # 0, we get modulo (u)” B e e R

am =0 VYm>n+b

u; =8; + Z u?i_j ai—j(u) + s; ap(uw) (1<i<h-1)
1<5<i—1

Thus we need ag(w), ... ,ap—1(u) in order to get the functions si,... ,sp—1. They
are given recursively as follows:

ntbti  gn n—1y . ,
Aniprin(u) =E&° ul ud et V1i<i<h-1.
This gives antp—1(1), ... ,antp+1-n(u); and for h —1 <m <n+ b — 1 we have
m—it1
am-n(W)=— Y s Am—i+1(w) -
1<i<h—1

In other words, for 0 <m <n-+b—h,

mAh—i
am(w)=— > s Amth—i (W) -

1<i<h—1
Hence for b # 0 (i.e. 1 <b < h—1), we get

)

an+b+i—h(u)

(

A ( 0 Vm>n+b

=

ntbti gn n—1_ . )
£ ul tootatl V1<i<h-1

(2

amw=— Y u" apan-ilu)  VO<m<n+b—h
1<i<h—1
u =s; (14+aop(w) + Z u?lﬂ a;i—j(u)

1<j<i—1

(mod (w)" "o e

. n+1 n—2 n—3_ ...
When b = 0, again modulo (u)°  To ~+o" " Fo+l we have

am(u) =0 Ym>n

N L
7wl uf et nti—j(u)
n n n—1, . n+i—j i
=& ul u teetatl Z s? ’ Anti—j(u) (1<i<h-1)
i+1<j<h—1
This gives an—1(w), ... ,an—p+1(u). Also
gt
m-ht1(u) = — Z s; Am—iv1(w) (h—=1<m<n-1)
1<i<h—1

12



This gives an—p(u),... ,a0(u). Moreover

wu = s; + Z s?i_j ai—j(u) + s; ap(uw) (1<i<h-1)
1<5<i—1

In other words we have

( am(u) =0 Ym>n
Anti-h(u) = <fan+i —fan> uf e
_ Z s?n+i_j Anti—j(u) V1<i<h-1)
i+1<j<h—1
am(u) = — Z ugm%_l At h—i (W) V0O<m<n-—h)
1<i<h—1
wi = s L+aw)+ Y. wl lajw) (Y1<i<h-1)
1<j<i—1
(mod (w)”" " oA et

\

Consider now the case when char(A) = 0. Let e be the absolute ramification
index of A, ¢ = p". We shall see need some simple calculation about ramified
Witt vectors. We need information about the Witt components of the sum of two
Teichmiiller representatives. Suppose

<3§’> + <y> - (507517527"')7

so So=x+v, Slzi(xq—l—yq—(x-l-y)q),....
Ife=1,qg=p,ie A=Zy,, then

S = —aP Ly mod Z ()P (y)* + (7)

2<i<p—1

So = —xp2_1y mod Z (x)pZ_i(y)i + (m)

2<i<p2—1

S = —aP "y mod Z ()P " (y)" + ()

2<i<pm—1

If e > 1, then no matter whether ¢ = p or not,
Sm=0 (modmw) ifetm

Sm

— 27"~y | mod Z ()"~ (y)" + (7) if e|lm

2<i<qgm—1

13



While if ¢ = p", » > 1, then

Sm=0 mod Z ()7 " (y)" + (n) Vm>1.

pr—lgigqm _p'r—l

Moreover, we always have

Sm =0 <m0d (ac,y)qm> .

With the above estimates, we can go back to our calculation. We have

(F =V o)

h—1
= Vilu)e — > Vvt e () e

i=1 0<m<n—h+b
h—1

+ Z Vn+b+i_1<€o_n+b+i uqn ul{n—1+...+q+1> e

(3

=1
h—1

= D VT g n(w) e — > V™am-nia(w) e
=1 m>n+b+h—1

<m0d (u)"n+1+0"_2+~-+a+1 >

h—1

= Viclu) e — > V™ np1(w)) e
=1 h—1<m<n+b—1
h—1

. ntbti o gm o gn—ly
+ Vn-i—b-i—z 1 <€cf u;] Ul{ totatl an-l,-b—i—i—h(ﬂ» €
1

1=

Y VT (e W) e

m>n+b+h—1
<m0d ()" e ek (u)Q(0"+0"_1+"'+0+1)>

Casel.gq=p", r> 1.
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Then modulo  (w)P" P=DF+p " (o™ +0" 4o t1) e get

h—1
Z Vi (si) @(e)

(ifb#0:
h—1 o
Z it <si - Z s?z_j ai_j(g)> e
i=1 1<j<i

h—1 .
T > v <ngm_z+l am—i+1(@)> e

h—1<m<n-+h—2 =1

_ or,if b=0:
h—1 o
Z it <si + Z s?z_j ai_j(g)> e
i=1 1<j<i

h—1 ,
+ Z ym <Z s?m_ZH am—i+1(ﬂ)> e
i—1

h—1<m<n-1

h—1
. n n n—1,4 ntied
n Z yntiel <€a " g e § 5§ an+i—j(ﬂ)> el

L i=1 1<j<h-—1

Comparing this with the formula for the case char(A) = p, we see that the
formula is the same if read modulo the ideal (w)P P=D+p" (0" +o" Tt fotl)

Case 2. ¢ = p.
This time we get a slightly different formula:

-1
Vit (s;) ®(€)
=1
=S v s SV (S )
i=1 i=1 1<5<i
(ifb#0:
h—1
m—i+1
> v (S ) o
h—1<m<n4+h-—2 i=1
4 J or, ifb=0:

h—1 .
> Ve <Z s am—i+1(@)> e

h—1<m<n-1 =1

h—1
i1 n n n_1+"'+ +1 n+i—j
£y v <f" AR D DI w—j@>e
=1

1<j<h—1

\
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modulo the ideal ()2(c"++o+1),
Modulo the ideal (w)P“+2(0"+ o) 4 (u)P"=1 S22 ()" (a;(u)) , we still have

h—1
Vit (si) @(e)
=1
h—1 h—1 o
= Vitlis)) e + Z VZ_1< Z 5§ ai_j(g)> e
i=1 i=1 1<;<i
(ifb#0:
h—1 »
> v <ngm_z+ am—i+1(@)> e
h—1<m<n-+h—2 i=1
or,if b=0:

h—1 .
> v <Z s am—i+1(@)> e

h—1<m<n-1 =1

h—1
. n n n—1_, 1 n+i—j
+ Z Vn-i—z 1<£0 U? uill +-+qg+ + Z S;]- an+i—j(ﬂ)> e
=1

1<j<h—1

\

In the case ¢ = p” > p, we conclude that the following formulae (x) for the case
b+ 0 (resp. () for the case b= 0) hold modulo (u)?" P=D+p" " (e"+-Fo+1).

( am(u) =0 Vm>n-+b
_ eontbti gm qn_l—‘,—m—i—q—i—l .
Apybtri—n(u) =& u;, uj 1<i<h-1
h—1 o
(%) am(u) = —Z uf Ut h—i (1) 0<m<n+b-—nh
i=1
1—1 o
i—j
u; =58 (1+ap(u) + ui o oai—j(u) 1<i<h-1
\ Jj=1

( am(u) =0 Ym>n
n—+1 n n n—1
an—l—i—h(ﬂ) = (ga + _ ga > U;I Ul{ +-t+g+1
_ Z s?nﬂ_g Anti—j(u) 1<i<h-1
/ i+1<j<h—1
(*) h—1 s
am(u) = —Z uf At h—i (1) 0<m<n-—h
i=1
i-1
i—j
u, =8 (14+ap(w)) + ui o oai—j(u) 1<i<h-1
\ Jj=1




Notice that (x) and (x)" differ only in how an4p—1,--- , @ntp—ht1 are defined.

When ¢ = p, although the congruence becomes a little worse, we can still con-
clude that the formulae for the s;’s given by () and (x)" at least give the correct
initial terms of s; — w; in the (u)-adic filtration of k[[u]]:

Theorem 1. Let &g € Aut(Go) be an automorphism of Gy such that ®o(e) =
e+ & Vle, where £ € Hgh—1 (WA(th)), C=nh+b, with0<b<h-—1,n>1. Let
si = h(®o)(u;) fori=1,... ,h —1.

(1) If char(A) = p > 0 (i.e. A2 F,[[t]]), then modulo (w)°"" To" "+ +1 the
si’s are given recursively by the formulae (x) and ().

(2) In the case char(A) =0, when q = p" > p, the s;’s are given recursively by
the formulae (x) and (x)' modulo (w)P" @=D+p" (@ ++0+D)  When g = p, the
same formulae give at least the correct initial term of s; — w;’s in the (u)-adic
filtration of k[[u]].

Remarks. (1) When n = 0, some slight modification is necessary. If 1 <b <h — 1,
the formula which gives the leading term of s; — u;’s is:
ao(u) = un—y

wi+ € uimy =5 (1+a,(w) b+1<i<h—1

We leave the proof to the patient reader. When n = 0, b = 0, then ®( is congruent
to a (¢" — 1)st root of unity modulo V', and the main term of the action is given by
lemma 2.

(2) These formulae relate the m-adic filtration of Aut(Gy) with the filtration

Fil" = {qb € Aut(Go) il

¢ extends to an automorphism of

G Xspee myfu)) SPeC #a[[u]l/(u) }

(3) Similar results can be obtained for the action of Aut(Gy) on
Spf knllut, ... yun—1]]/ (w1, ... yun,—1)

the maximal subscheme of Spf kj[[u]] over which the height of the universal defor-
mation is at least h;. K. Keating has investigated the case hy = h — 1 in [Ke].

We shall reformulate theorem 1 using matrix notation so that the role of the
Hasse invariant u; becomes apparent. Let u and s denote the column vectors

Uh—1 Sh—1
u= : y 8=
(51 S1
respectively. Denote by R the (h —1) x (h — 1) matrix
h—2 h—3
ui u3 Up_y Uh-1
q"? q
0 Uy cee Up_3 Up—2
R — : ’
0 0 uf U9
0 0 0 Uy
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and let R’ be the (h — 1) x (h — 1) matrix

h—2 h—3
uf ul ul 5 spea
h—3
q q
0 Uy Up_3  Sh—2
R =
0 0 uf S9
0 0 0 s1
Let C,, denote the (h — 1) x (h — 1) matrix
0 1 0 0 0
0 0 1 0 0
C, = : : : : :
0 0 0 1 0
0+h 1 0+h 2 0+h 3 0 +2 1 +1
qmT T qmT T qmT T qm qm
U Uy —Uus —Up_o  TUR_4
. h—=2, . _ m+h—1
Notice that det(R) = w? T T and det(Cp,) = (—1)" 1 u?
Forb=1,... ,h—1,let d,, ¢ be the (h — 1) x 1 column vector
n+bt+h—1 n n—1y ...
ga ul}]l_l . Ul{ +-t+q+1
n+bt+h—2 n n—1y ...
ga i ul}]L—Q . Ul{ +-+g+1
dypne =
€0n+b+2 ) q" ) uqn—1+...+q+1
2 1
€0n+b+1 q" g g+l
1 U
gntbth—1
q" §
Up_q 0 1
— . . : q" T+ tgtl
- : : Gt T Uy :
0 u[{ €0n+b+1
Let dy,, ¢ be the (h — 1) x 1 column vector
n+h—1 n q" qn_1+~~~+q+1
(&° —&7) up g - uf
n+h—2 n q" qn_1+~~~+q+1
(&° — &%) s up_o - uf
/
done = :
nt2 n n n—1y
(6" =) g uf T
n+1 n " n—
(60 . ga ) i ul{ . Ul{ +-+q+1
0_n+h—1 o™
q" § - £
Up_q 0 ' 1
: ¢" g+l
— . : . U .
: ‘- go_n-i—Z . So_n 1
q
0 uq €0n+1 B fgn
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Fori=1,... ,h—1, let D; be the (h — 1) x (h — 1) matrix

7:th
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
D, = jth 0 0 0 - 1 0 0 01,
n—l n_2 mn—1 mn—1
Uy TUp_iq _Uz—Q _U%—1 o 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

and let dy ,, . be the (h — 1) X 1 column vector

C_Zo,n,g = Dh—1'--D2-D1-6_16’n,5 .

With the above notation, Theorem 1 says that
_R/'00'01"'Cn+b—h'£lb,n’g = s—u (mod (g)o_n+1+0_n—2+.“+0_+1>

if char(A) = p > 0. If char(A) = 0 and ¢ = p" > p, this congruence holds modulo
(w)P"~(p=D+p" T (@"++0+1) Replacing o by ¢ in the above congruence, we get a
cruder congruence, and one sees that the column vector —R-Cy-C - - - Cpqp— h-c_ib’n’ ¢
gives the initial form of s — u with respect to the (u)-adic filtration on k[[u]].

The matricial reformulation above makes it clear that theorem 1 is not well-suited
for many applications: for each row of the matrix R, the entries are monomials of
different degrees, and similarly for the C,,’s. However a natural remedy suggests

itself. Instead of giving u1,... ,un—1 weight 1, we decree that u; has weight ¢* !,
and let
ww') = iy +ig g+ Fino1 ¢
for a multi-index I = (i1,... ,i,_1) € N*=! | Define
Filv = Z ar-ul €rpllu]] | ar € kn p C kalfu]] -
w(I)>w

Clearly each Fil" is an ideal of k[[u]]. Now we shall re-examine the calculation
using this filtration. Computing as before:

h—1
Wl) F* e = (ul") <Vh—1 +y° ViTld" ) )

=1

h—1 h—1
<Vh_1 +> 0 Vi) ) (V’H +> 0 Vi) )

i=1 i=1
Lo mti—1 n—1_,
=0 (mod Fil? e ety

19



Similarly,

<S[.1 > F'e = 0 (mOd Filqn+i+b_1+qn_1+"'+q+1) .

Therefore
Si = u 4 Fya b
mo i
am(u) =0 ¥YVm >0 < >
Moreover
n n n—1_,4 . e n=2, ..
Wiy Fre = (uf -uf Totethy g <m0d File T +q+1> :
n+b n+b n—1, . L n+bti n—2_ .
(s Y Fve = (uf . TUTIthy ¢ <m0d Fild te Tt +q+1> .
We get

m>0
h—1
> VI (si) ®(e)
=1
h=1 o B
= STV (si) e 4 VI S g ey
=1
b v s e @) e (mod pid R et )
1<i<h—1
m>0
If b # 0, then

-1
Z Vil (i) ®(€)
h—1 o
ZVZ Visi)e + Z ym < sl am_i+1(g)> e

m>o =1
h—1
EZVi_1<sZ+Z alj)>e
i=1 1<j<i
h—1 .
+ o, v <Z s am—i+1(@)> e
h—1<m<n i=1

Lo+l n—2_,
<m0d a2 +q+1> .
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While if b = 0, then
h—1
> VT (i) @)
i=1
h—1
ZVi_1<sl+Z alj)>e
i=1 1<5<4

h—1 .
T > v < ST i (w) > e

Lo+l n—2_,
<m0d Fia e T+ +q+1> '

When b # 0,
h—1
(F=V"1) @) = > Vi (w) e — > V™ (am-ns1(w) ) e
i=1 h—1<m<n+b—1

L pnth < €U"+b+1 u£11"+q"_1+~~+q+1

Y VT W) e

m>n—+b+1

. n+1 n—2
<m0d Fia T e T+ +q+1> '

- an+b—h+1(ﬂ)> €

Comparing this with the expression for 2?2—11 Vit (s;) ®(e), we get

(

uiEsz—i-Zs ‘alj (uw) 1<i<h-1

am(u) =0 ‘v’mZn—i—b—h—i—Q

=

n4b+1 ny =1 1
an+b—h+1(@) — ga q +q +-tq+

Am-n+1(w) =0 m=n+b—1,... , n+1
h—1 o
Am-ht1(u) = —Z 57 Am—i+1(w) h—1<m<n
i=1
h—1 s
((:) am(g)z—z sl g h—i (W) 0§m§n—h+1)
i=1

< mod Fild T Ha" T et >
\

From the above recursive formulae we can extract the leading terms of the
A (u)’s:
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1) anab_nit(u) € Fild"+a" " +-+atl and its leading term is
+b—ht

ot gt g T gt
€ uy .

(2) Qn— h—l—b(@) == an_h+2(g) =0 < mod Filq"+1+q"—2+...+q+1 >

(3) an—nt+1(u) € Fiqun+qn_1+"'+q+1, with leading term

0_n+b+1 qn+b—h+1 qn+qn—1++q+1 .
—£ Up—p Uy ;

apn—n(u) has leading term

_€O_n+b+1 uqn-{—b—h—l—l uq"+q"_1+~"+q+1
h—b—1 1 ’

and similarly for a,—p—1(w),... ,an—2n+p+2(w). For instance, a,_op4pt2(u) has

leading term

0_n+b+1 qn+b—h+1 qn+qn_1++q+1
=€ Uy Uy

(4) an—2n+v+1(u) has leading term

€0n+b+1 N e e oee S e
h—1 1 ;

ap—2h+b(u) has leading term

fgn+b+1 uqn—2h+b+2 uq”+b‘h+1+q"+q"_1+-~~+q+1 .
h—2 1 !

similarly for a,—op4p—1(2),... ,an—3sntb+3(w). For instance, a,_sp4p+3(w) has
leading term

€0n+b+1 uqn—2h+b+2 uqn+b—h+1+qn+qn—1+m+q+1
1 1

The pattern for the leading terms of the a,,(u)’s should be very clear by now. We
shall give the leadlng term of the first few a,,(u)’s; they appear in the expression
for the s; — u;’s.

(5) Write n+b = (h—1)-d+c, with¢,d € Z,0 < ¢ < h—2. Then n+b—(h—1)(d—1) =
c+ h—1, and acyp—1(u) has leading term

1 d pontbtl get2(h=1) g ontb=2(h—1) L gntb—(h—1) g ony on—1 o1
(-1)%¢ Uy

ac+h—2(w) has leading term

_ n4b+1 c+h—1 c4+2(h—1), ., n+b=2(h—1) nt+b—(h—1), n n—1_, 1
(_1)d 1 £ u;]z—l u[{ +-+q +q +q " +q" T+ Fgt :

similarly for ac+n—3(u),... ,ac(u). For instance, a.(u) has leading term

(_1)d—1 €0n+b+1 uqc+(h—1)+qc+2(h—1)+m+qn+b—2(h—1)+qn+b—(h—1)+qn+qn—1+m+q+1
1
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For the rest of the a,,(u)’s: a.—1(u) has leading term

_1 d 0_n+b+1 qc qc+(h—1)+qc+2(h—1)_,’_...+qn+b—2(h—1)+qn+b—(h—1)+qn+qn—1+“.+q+1
( ) € Up_q Ug )

ac—2(u) has leading term

_1 d 0_n+b+1 qc qc+(h—1)+qc+2(h—1)_,’_...+qn+b—2(h—1)+qn+b—(h—1)+qn+qn—1+“.+q+1
( ) € Up_o Ug )

similarly for a.—3(u),... ,ao0(u). Especially, ap(u) has leading term

d 0_n+b+1 qc qc+(h—1)+qc+2(h—1)_,’_...+qn+b—2(h—1)+qn+b—(h—1)+qn+qn—1+“.+q+1
(—1)%¢ Up—c U1 :

For1<i:<h-1,

i—j L+l n—2_ ..
u = 8; + Z s? a;i—j(u) <m0d Fila ta °F +q+1>
1<5<i

Hence sp_1 — up—1 has leading term

(_1)d 5O_n-l—b-l—l uqc uqc+(h—1)+qc+2(h—1)_,’_...+qn+b—2(h—1)+qn+b—(h—1)+qn+qn—1+“.+q+1 I

h—c—1 "1 ,
similarly for sp_o — up—2,...,Scq41 — Uer1, With the leading term of sq41 — Uet1
being

n+b+1 c c+(h—1) c+2(h—1), . n+b—2(h—1) n+b—(h—1) n n—1_ . 1
(_1)d ga u[{ u[{ +q +--+q +q +q"+q +--+q+

Next, s. — u. has leading term

_ n+4+b+1 c c+(h—1) c+2(h—1) , . n+b—2(h—1) n+b—(h—1) n n—1_
(—1)d-1¢o el ul +q +otgq +q +q"+q" " g+l ,I

Se—1 — U.—1 has leading term

d—1 0_n+b+1 qc qc+(h—1)+qc+2(h—1)_,’_...+qn+b—2(h—1)+qn+b—(h—1)+ LR n_1+"'+ +1
(_1) € Uec—1 Up,_ . Uy e ? s

similarly for s._o — u¢c—2,...,81 — u1. The leading term of s; — uq is

(_1)d—1 €0_n+b+1 qc qc+(h—1)+qc+2(h—1)_,’_...+qn+b—2(h—1)+qn+b—(h—1)+qn+qn—1+“.+q+1 I

Notice that the leading terms of s;,_1 —up_1,... ,s1 —u1 have different weights;
the weight of s.41 — uc41 is the lowest. So the leading terms of the matrix

Sh—1 — Uh—-1
Sc4+1 — Ue+1

S1 — U1
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is

0

ntbtl  geyqget(h—1) et2(h—=1) 4 4 ntb—(h—=1) 4 ny n—1_ 1

(c4+1)°t (_1)d ga u[{ +q +q +--+q +q"+q +-tq+
0

0
This finishes our discussion of the case b # 0.

When b = 0,

(F-V"1) o)

h—1
= Z Viel (u) e — Z V™ (am—nt1(w)) e

h—1<m<n-1

n+1 n n—1_ .
L oyn <€0 u? +q" " gl an_h+1(g)> e
gl L gn—2 4 .
— Z V™ {am—nt+1(u)) e <m0d File ta °F +q+1>
m>n+1

Again by comparing with the expression for Z?;ll Vit (s;) ®(e), we get

( am(u) =0 Vm>n—h+2

n n i n—1_ .
an—ht1(u) = (50 - -&° ) ug e
h—1 s
am(u) = —Z sl At h—i (W) 0<m<n-—h
=1
u; =s; + Z s?iﬂai_j(g) 1<i<h-1
\ 1<5<i

It follows from the above inductive formulae that
n n n—h+1 n n—1, .
an_n(u) = _(ga +1 ¢ ) U;]z—l u[{ +q" T 4 4g 1 :

ap—n—1(u) has leading term

n+1 n n—h+1 n+ n_1+"'+ +1
SGER R P a

similarly for a,—p—2(w),... ,an—2n4+2(w); an—2nt+2(u) has leading term
n+1 n n—h+1 n n—1_ .
_(60 o ga ) Ul{ q +q +-+g+1 )

Uq
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The leading terms for the rest of the a,,(u)’s follow the same pattern, descending
in blocks of h-1 steps. When going down from one block to another, an additional
factor has to be added. Within the same block, most factors stay the same. The

changing factor is the extra factor which was inserted when stepping one block
n—(h—1)k

down and has the form —u? . Here k is a natural number fixed for the block

and increases by one when going down from one block to the next, and ¢ varies
within the block downward from h —1 to 1. We write n as n = (h—1) -d + ¢, with
c,de N;0<c<h—2 Thenn—(h—1)-(d—1) =c+h—1, and the leading term
of acyp—1(u) is

(_1)d (£O'n+1 _ go_n) uqc+2(h—1)+qc+3(h—1)_,’_“._,’_qn—(h—l)+qn+qn—1+.“+q+1
1 .
ac+h—2(w) has leading term

_ n+1 n c+(h—1) c+2(h—1) c+3(h—1) ... n—(h—1) n n—1_ . 1
(_1)d 1 (ga —¢e ) u;;l_l u[{ +q +-tq +q +q" T+ tgt :
similarly for acqp—3(w),... ,ac.(w); a.(u) has leading term

d—1 n+1 n c+(h—1) c+2(h—1)+ c+3(h—1)+“.+ n—(h—1)+ n+ n—l_'_“._'_ 41
() (€ gy g g PO e

ac—1(u) has leading term

d n+1 n c c+(h—1)+ c+2(h—1)+“.+ n—(h—1)+ n n—l_i_.“_'_ 41
(_1) (€O' _5‘0' ) ,u’l}]l_l u‘{ q q q q q ;

similarly for ac.—2(w),... ,ao(u); the leading term of ag(u) is

d 0_n+1 g qc qc-l—(h—l)+qc+2(h—1)+.“+qn—(h—1)+qn+qn—1+.“+q+1
(_1) (S _5 ) Up_o Uy .
Sp—1 — up—1 has leading term

d n+1 n c c+(h—1)+ c+2(h—1)+“.+ n—(h—1)+ ny n_1+"'+ +1
(=D (67 &7 ) up_ey uf ! ! o R
similarly for sp—2,... ,Sc+1 — Uct1; the leading term of s.y1 — ueyq is

d n+1 n c c+(h—1)+ c+2(h—1)+“.+ n—(h—1)+ ny n_1+"'+ +1
1) () o

The leading term of s, — u. is

d—1 n+1 n c c+(h—1)+ c+2(h—1)+“.+ n—(h—1)+ n n—l_i_“._'_ 41
(1 (e e g g O e

the leading term of s._1 — U1 is

d—1 n+1 n c c+(h—1)+ c+2(h—1)+“.+ n—(h—1)+ n+ n_1+"'+ +1
(=DM (&7 —€7 ) ue—y ui_, uf a e 4t EA
similarly for s._o — uc_2,...,81 — u1. For instance, the leading term of s; — uq is

(—1)47 (" — ") ug e e
—C .
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Notice that the leading terms of the matrix

Sh—1 — Uh—-1
Sc4+1 — Ue+1

S1 — Ul

is

0
nt1 ny gttt T gt g (D g gt gt T
( 1)d (60 ga ) Ul{ q q q q Tq q

(C_,’_l)st
0
0
In the case when char(A) = 0, the calculation is more complicated, but the

conclusion about the leading term still holds. We leave this assertion to the patient
reader to verify. We summarize our discussion above as

Theorem 2. Let ( Fil" ), .y be the decreasing filtration of rkn[[u]] by

Filv = Z ar u' €rpld] | ar € Kn oy,
w(I)>w

where
h—1

w(I):Z ;¢ for I=(i1,...,in_1) € N.
j=1

For @ € Aut(Gp) such that ®o(e) = e + & V' e, where & € pgn_1 (Wa(Fyn)),
C=nh+b0<b<h—-1,n>1,nbeN. Writen+b=(h—1)d+ c, with
c,deN,0<c<h—2. Then for 1 <i < h—c—1, the leading term of Scqi — Uc+i
with respect to ( Fil® ), oy is

¢ Zd;l qc+j(h—1)+ZZ: qa
(1) e :

(2

where

{ e f1<b<h-1
/',] - n
(&

—&7") ifb=0
For 1 <i < c, the leading term of s; — u; with respect to ( Fil" ), o 18

d—1 ct+j(h—1) n a
d q° Zj:l q +>n—0 ¢
(=D m-ui-up_ - ui ’
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and 1 is the same as before. Especially, the leading term of the vector
(81 —Uly.-. ySh—1 — uh_l)

18

d—1 ct+j(h—1) n a
(0,...,0,(—1)d- 7 -ui=o ¢ +Zﬂ—°q,0,...,0) ,

where only the (¢ + 1)st entry is nonzero.

3. CONSEQUENCES OF THE CALCULATION
The first application of Theorem 2 is

Proposition 3. Let k be an overfield of kn. If a function f € k[[u]] is invariant
under a compact open subgroup of Aut(Gy), then f is a constant, i.e. f € k.

Corollary. Let k be an overfield of k. If W C k[[u]] is a finite dimensional
k-vector subspace stable under an open subgroup of Aut(Gy), then W C k.

Remarks.

(1) Heuristically, the quotient of Spec (k[[u]]) by an open subgroup H of Aut(Gp)
in the category of affine schemes should be the spectrum of the H-invariants in
k[[u]]. From this point of view Proposition 3 indicates that “the generic orbits”
of any compact open subgroup of Aut(Gy) operating naturally on Spec (k[[u]])
(or Spf(k[[u]])) are likely to be big in the sense that they are Zariski dense in
Spec (k[[u]])-

(2) The infinite dimensional continuous representation (u) - k[[u]] of Aut(Gy) is a
very poorly understood representation. One can view it as being “topologically
nilpotent”. It is highly reducible yet indecomposable.

Proof of Corollary. Suppose that W is a finite dimensional k-vector subspace of
k[[u]] stable under a compact open subgroup H C Aut(Gy). Since the decreasing
sequence of vector spaces

wn(w)"

stablizes as n — oo, and

there exists ng € N such that W N (u)" = 0. There exists an open subgroup
H' C H such that

o(f)-few™ VoeH,V fek|u].

Hence all elements of W are invariant under H’, therefore W C k by Proposition
3. O
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Proof of Proposition 3. Suppose that f € (u)k[[u]] is fixed by an open subgroup
H C Aut(Gp). There exists a positive integer ng such that id + 70 End(Gp) C H.
There exists a unique s € N and a unique fo € (w)k[[u]] such that f = f§ and

Vi (G0 ) 20

Oour’ T Oup—1

fo is fixed by H since f is. Therefore we may and do assume that V f is non-
zero, hence for a suitable choice of a positive integer ¢ (subject to some congruence
condition) and @ € Aut(Go) with ®g(e) = e+&Vie, € € pgn 1 \ fig—1, the pairing
of the initial form of V f with the initial form of

( h(@o)(ul) —Ul,.-. , h(@o)(uh_l) — Uh—1 )

is not 0. Note that the condition £ ¢ ji4,—1 ensures that the element 7 defined as
in Theorem 2 is not equal to zero. The Taylor expansion of f gives a contradiction
if ¢ is sufficiently large to force &g € H. [

The same argument using the Taylor expansion also proves

Proposition 4. Suppose that k is an overfield of k. Let I C k[[u]] be an ideal sta-
ble under an open subgroup of Aut(Gy). Suppose that the image of uy in gri;. (k[[u)]/I)}}
is not a zero-dwisor of gri.. (k[[u]]/I). Then I = (0).

The two propositions above are only pretty weak statements concerning the orbit
structure of Spf k[[u]] with respect to the action of Aut(Gy) or an open subgroup
of Aut(Gp). These orbits under the compact group Aut(Gp) are very complicated,
but we can take the Zariski closure of the orbits to simplify the problem. Then an
optimist may harbor the following

Hope. Any reduced irreducible formal subscheme of Spf(k[[u]]) stable under an
open subgroup of Aut(Gy) is of the form

Spf (kl[u]]/(u1,ug, ... ,ui—1)) for somei, 1<i<h.

(Notice that Spf (k[[u)]/(u1,us, ... ,ui—1)) is the locus over which the universal de-
formation has height at least i.)

Proposition 4 can be viewed as a weak evidence for the hope. To prove the hope
by computation, one would need much better control of the error term than what
is provided by this paper.
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