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INTRODUCTION 

| These lectures treat certain topics relating K-theory and cobordisn. 

Since new connections are in the process of being discovered by various 
workers, we make no attempt to be definitive but simply cover a few of 

ur favorite topics. If there is any unified theme it is that we treat 

jous generalizations of the Todd genus. 

In Chapter I we treat the Thom isomorphism in K-theory. The 

amilies U, SU, Sp of unitary, special unitary, symplectic groups 

generate spectra MU, MSU, MSp of Thom spaces. In the fashion of 

W. Whitehead [26], each spectrum generates a generalized cohomology 

theory and a Beneralized homology theory. The cohomology theories are 

denoted ry O* yh? om mG )s oe (+) and are called cobordism theories; 
the homology theories: are denoted vy" a 1 ms A) and are 
called bordism theories. The coefficient groups are, taking one case 
as an example, given py) . =O" (point), as =? (point) and are 
related vy OF =A. Yoreover Q) is just the bordism group of all 
bordism classes [MTM] of closed weakly almost complex manifolds Mo, 

Similarly for “0 and 0 *P. On the other hand there are the 
Grothendieck-Atiyah-Hirzebruch periodic cohomology theories 

K"(+),KO*(-) of K-theory. The main point of Chapter I, then, is to 
define natural transformations 

fed © yt) > KONG) 

% ke 20 yo — x*(.) 

of cohomology theories. Such transformations have been folk theorems 

“Since the work of Atiyah-Hirzebruch [6], Dold [13], and others. It 



should be noted that on the coefficient groups, 

O78 sg KP pt) = Ke. My (pt) = 
is identified up to sign with the Todd genus Td :QO° - 2. 

In Chapter II we show among other things that the cobordism 
theories determine the K-theories. For example, kK, generates a 

ring homomorphism 0) © —> Z and makes Z into a 0 *-module. It is 
shown that 

K (X,A) A G)®@ Q* Zz 
U U 

as Z,~eraded modules. Similarly symplectic cobordism determines 

KO" (-). The isomorphisms are generated by (“or respectively. 
Various topics are treated along the way, in particular cobordism 

characteristic classes. 

There is the sphere spectrum 4, whose homology groups are the 
framed bordism groups {)} wor The coefficient group 
0 . (point) = Q” are just the stable stems TT ce ), kK large. 
The spectrum bis embedded in a natural way in Mu, vend one can thus 
form mu/ of . In Chapter III we study the group 

f OR =F oma S ) = To (MU) /8TM*), 

k large. The elements of Qe are interpreted as bordism classes 
[mM of compact (U,fr)-manifolds uw", where roughly a (U,fr)-manifold 
is a differentiable manifold M with a given complex structure on its 

stable tangent bundle T and a given compatible framing of @ restricted 

to the boundary QM. These bordism classes have Chern numbers and 

hence a Todd genus 



U,fr ta : or — 9, Q the rationals. 
n 

It is proved that given a compact (U,fr)-manifold yen there is a 
closed weakly almost complex manifold having the same Chern numbers 

2 ra as M n if and only if Ta [mM a is an integer; this makes use of re- 
cent theorems of Stong [23] and Hattori [15]. There is a diagram 

om _,oO fr tg _,,5 
en en en-—1 

\ 2 

which gives rise to 4a homomorphism 

fr 
3 ~? . Ey O en-1 V2 

This turns out to coincide with a well-known homomorphism of Adams, 

fr 
3 _—> . So en-1 Q/2 

We are thus able to give a cobordism interpretation of the results of 

Adams [13] on ene It should be pointed out that Chapter III is in 

large part independent of Chapter II. 

It is to be noted that we have omitted spin cobordism completely; 

this is because of our ignorance. However the recent work of Anderson- 

Brown-reterson is a notable example of the application of K-theory to 

cobordisn, 
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CHAPTER I. THE THOM ISOMORPHISM IN K-THEORY. 

Given a U(n)-bundle & over a finite CW complex X there is con- 

structed an element T(z) E K(M( = )) where M( S) is the Thom space 

of = 3 we call F (%) the Thom class of €. Similarly given an 

SU(4k)-bundle there is constructed a Thom class t( 2) e KO(M(S))> 
and given an SU(4k + 2)-bundle there is constructed a class 

s( 5) e KSp(M(&))- These Thom classes give rise to isomorphisms 

K(X) = K(M()) 
Pet 

KO(x) = Kom = )) 

KO(X) © KSp(M(S)) 

in the three cases. Formulas for the Chern character ch J(§) are 

obtained. 

No claims for originality are made in this chapter; the methods 

have been well-known since the work of Atiyah-Hirzebruch [6], Dold [13], 

and others [7]. However since the results are needed explicitly in the 

later chapters we include an exposition. A deviation from the standard 

treatment is made in that exterior algebra is used in all cases, thus 

avoiding the use of Clifford algebras. 

The chapter terminates with the setting up of homomorphisms 

obates — KO (+) and OF) — K («) of cohomology theories, where 
onl Ce), a*) denote the cohomology theories based on the spectra 

MsU. MU. ° 
i. Exterior algebra 

We fix in this section a complex inner product space Vv 

of dimension n, and we also fix a unit vectors €& ATV. If n= 4k + é, 
we make the exterior algebra AV into a quaternionic vector space. If 



n = 4k then a real vector subspace RV of AV is selected so that AV 

is identified with the complexification of RV. The special unitary 

group SU(n) operates in a quaternionic linear fashion on AV in the 

first case, in a real linear fashion on RV in the second case. 

Fix, then, the complex inner product space V of dimension n. 

To fit with quaternionic notation, the complex numbers are taken to 

act on the right and the inner product <,> is taken conjugate linear 

in the first variable and complex linear in the second. 

There is the graded exterior algebra AV = x AXy with A°v = C 
and Aly = V. The inner product on V can be extended to an inner pro- 

duct on AV by 

i) if j ¢ k then A’v is orthogonal to AY, 
ii) if X= Uy Aree A Uy and Y= ¥, Ae9+* Vy where 

Un, E V, then 

KX,Y> = det | Cu,,v, >|. 

If Cj, ee%,8 is an orthonormal basis for V then the e, vn «+A e@ 
n TL bare 

with ry) Keg KS Ty, form an orthonormal basis for Ay. There is also 
a canonical anti-isomorphism od: AV —> AV with 

k(k-1)/2 (k-1)/2, 
eos = eaoeA = as eee * A(v, A Av,) v, A vy (-1) 14 avy 

It is clear that & is unitary. 

DEFINITION. By an SU-structure for V we shall mean a unit vector 

Ove AN; suppose an SU-structure has been fixed for V. Define a real 

linear map T: A*v ~—> An-ky as follows: fix X « A*y and let Y vary 
over ATM*y so that Ko Xa Y> is a linear map An ky —> C3 define 
TX to be the unique element of ATM*) such that 

KUXY> = Lo-,X a Y>, all Ye An *y, 



It is then seen that the above equation holds for all Y « /\W. 

The map 7 is conjugate linear. For 

LU (Xa) ,Y> =a Co ,XaY> = K(UX)a,Y> 

and @(Xa) = ((X)a. 

Fix an orthonormal basis eee of V such that the given SU- 

structure is @ =e, A+++ Ae). By a monomial of AV we mean an 
element X =~ er, A tse er, where r, C++“ ry. It is seen that 

if X and Y are monomials, then 

lify=X i
 

<X,Y >= ~lif Y= -X tl
 

QO otherwise. 

oud ow 

Moreover given a monomial X there is a unique monomial X with X a X = 

(L.1) If X is a monomial then TX is the unique monomial X with 

XA x =o. 
This is readily seen from the definition of TS 

(1.2) We nave v®x = (-1)K\TM)x for xe ANY. 
proof. It is sufficient to prove (1.2) for monomials. For X a 

monomial, @X is the unique monomial with Ka @X= oO. Then 
k(n-k) k(n-k)y TX AX = (-1) oand Ux = (-1) 

Define an operator 4: AY = Arky by A= Td. Then % is 
conjugate linear. 

n{n-1)/2 (1.3) We have Hex = (-1) X for Xe AV. 
vroof. It is seen from (1.2) that per = (-1) 7x where 

W
y tl
 k(k - 1)/2 + (n - k)(n - k - 1)/2 + k(n - k) 

k(n - 1)/2 + (n - k)(mn - 1)/2 = n(n - 1)/2. u
 

The remark follows. 



We now identify U(n) with the group of linear maps g:V —~ V 

with <gu,gv) = <u,v> for all u, ve V. Then U(n) acts on AV by 

B(v, Nore An vy) = BV) Assen BV), Identify the special unitary group 

SU(n) with the set of all g e U(n) for which g(a-) =o. 

(1.4) If ge SU(n), then et = Ve and mME= EK- 

proof. From <@X,Y> = Co,Xa Y > we get 

Le GX, eY > = Ko eka gy > = Keex, BY > , 

hence gt = @g. It follows immediately that gf = /Ké&. 

(1.5) THEOREM. Consider the complex inner product space V of 

dimension n, with given SU-structure o€& AV. If n= 4k + 2 then AV 
becomes a right quaternionic vector space by defining Y-j = AY) for 

Ye AV. Moreover SU(n) acts on AV in a quaternionic linear fashion. 

If n= 4k, let R(V) be ali Xe AV with Ax = KX and R_(V) all X with 

fr% = -X; then 

AV = RV + RB_(V) 

is a splitting into real vector subspaces and multiplication by i takes 

RV into R_(V) and R_(V) into RV. Moreover SU(n) acts on RV in a real 

linear fashion. 

Proof. Consider the case n = 4K + 2. It follows from (1.4) that 

phe = -l. Also “is conjugate linear so that 

Kij = A(Ki) = -(@X)i = -Kii- 

It follows that there is defined an action of the quaternions H on AY, 

and AV is a quaternionic vector space. Consider g € SU(n). Then 

g(Xj) = B K(X) = Ke = (gX)j 



using (1.4), so that SU(n) acts in a quaternionic linear feshion. If 

n= 4k, we have Ke =1. Hence AV = RV@R_(V). If X € RV, then 

AKL) = -( 4 XL = -Xd 

and Xi € R_(V). The theorem is then proved. 

Let Ao = 2 AY, AoYy = = Aey; similarly define Rory 
and R° Vv. If n = 2 mod 4 then SU(n) acts on the quaternionic vector 
spaces A°oy and Aevy. If n = 0 mod 4 then SU(n) acts on the reel 
vector spaces Rody and R°’y. 

Be Tensor products of exterior algebras. 

Let V and W be complex inner product spaces of dimension 

m,n respectively, with given SU-—structures aan and o . Using the 

identification A(V + W) = AV @ AW of graded elgebras, then V + W 
receives the SU-structureo = aa @o. According to section l, if 

m = £ mod 4 we consider AV as a 29-graded quaternionic vector space 
while if m = 0 mod 4 we obtain a Z,~eraded Teal vector space RV. A 

main purpose of this section is to prove the following. 

(2.1) THEOREM. There exist natural isomorphisms 

4k, n = 47 

4k, n=47+8& 

u
 

" R(V + Ww) ~RV)@, R(W), m 

Aw + w) SRV) @, Aw), m 

AW + Ww) ACY) @. R(W), m 

RV + Ww) SAY) @ AW), m 

"
 

"
 4k + 2, n= 47 

"
 4y +2. 4k + 2, n 

In cases 1 and 4, the vector spaces and the isomorphisms are taken to 

be real linear, while in cases 2 and $ they are taken to be quaternionic 

linear. 

For each v $ Q in V we also obtain isomorphisms 



tt $. :A°y~ AV, m= 4k + 2 
9 2 Ry RoVV, m = 4k. 

Vv 

N 

The proof of (2.1) is based on the following lemma. 
r s 

(2.2) LEMMA. If Xe A Vand Ye A W then 

AEOY = -DTM AHO AW) 

where p> Ky Ae denote the maps of section 1 for 

AV + W) =AV @Aw, AV, AW respectively. 

Proof. Fix an orthonormal basis eperttee for V and 

Cnt)? °° man for W such that 

Cp ares AER Aree AL = co 1 1? ems m+n 2° 

By (1.1), © 4x is the unique monomial X with X” X = o, and T is 

the unique monomial Y with Ya 4 =o 2 Then 

(Xa %)@ (Ya XY) =o 
s(m-r) (-1) (X® Ya KRY =o 

and &(x@ y) = (-1)88-?) TX@ CY. Since 
& (X@y) = (-1)75 Kx @® cy, then 

Txcx@ y) = (-1)TM* 7 xx@® Coxe 

and the result follows. Note that if m is even then A = Ay ® Ko: 

We consider now the proof of (£.1) for m = 4k and n = 47. 

There is a natural homomorphism 

xy: AV ©, Aw — AV @ Aw 

whose kernel is generated by all xi@ Y -xX@yYi. On the real tensor 

| 
| 



product there is the involution £4,® Ao» and among its fixed vectors 
there is RV@ RW. Consider then 

R 

RV @ RW > AV @ Aw = AV + W) 

which by (£.1) has image in R(V + W). It is seen that if y « Kernel 7, 

then 

(1@ apy = -(4@l)y. 

If also y « R(V) @ R(W) then the left hand side belongs to 
R 

R_(V) @., R(W) and the right hand side to R(V) ®, R_(W) by (1.5). 

Hence y = 0, and RV ® RW maps monomorphically into R(V + W). Since 

the two are seen to have the same dimension, then 

RV ®, RW R(V + W). 

It is also seen that the actions of SU(m) x SU(n) on the two sides 

are identified. 

If m = 4k and n = 47% + 2 then one sets up similarly an isomorphism 

RV@® AW A(V + ¥W) of quaternionic vector spaces, where q e H acts 
R 

on the left hand side by 1@q. 

Consider finally the case m = 4k + 2, n= 4% + 2. Define a left 

action of H on AW by q-¥ = Yeq, so that we obtain a real vector space 

AY @ AW. Here we write an element q as & + P; where a, fre C 
and define q- A ~~ j; this is an anti-automorphism of H. There is 
a natural epimorphism 

y' 3: AV ®, Aw — AV @ AW. 

If Xe AV and Ye AW, then y! maps A(X ©, ¥) and x®, Y into the 

same value. For we have 



J, 0) = Aa @ Ae Y= x3 O, x5 = -(Ki @, iy). 

(XJ ©, jy) = X @, Y. It is thus seen that 

Kernel 9! =>R.(V + W). 

A check of dimensions reveals that we have Kernel Y' = R_(V + W), 

since 9Y' ts an epimorphism. Hence 

yi: RIV +) SAV ©. An, 

and (2.1) is proved. 

Return now to a single complex inner product space V of finite 

dimension. Given v e« V there is FO : AV —> AV defined by 

F(X) =vaAX. There is also its adjoint (F)* : AV ~> AV defined by 

CX,FY> = CHX,Y >, all X,Y e Av. 

Define : a AV — AV by 9 = Fo + (F)*. 

(2.3) Let V and W be complex inner product spaces, let v « V;, 

we W and consider v+weVtW. Using the identification 

A(V + W) = AV® AW, we have 

- 1) k $ say @ ¥) = 9 XOY + (-1)"XO GF Y, Ke AbV. 

Proof. The element v + w corresponds to v®1+1@we AV@Aw. 

Hence 

Fo yyiX@ ¥) = (vax) @y + (-1)Fx (wea Y) 

= F(x) @y + (-1)* Or Ww), 

Vtw = F,/®1 + Pe (1@ F) 
where p: AV® Aw —> Av@® Aw maps X@xY into (-1)¥x@y. It may 



be verified that 

Pew Sw
e

e
t 

I = (FL) @1+ A® (F)*)e A * 
(F)*@1+ ho a@@y*) "

 

since f° = pf . The remark follows. 
(2.4) For each ve V we have (7 ,)” = ||v|[* 1. 
Proof. As an exercise the reader may check this in case 

dim V=1. If dim V > 1 split V as the direct sum of orthogonal sub- 

space V, + Vo where dim V, > 0, dim V, > O and suppose (2.4) holds 
1 1 2 

for vy and Vo: For ve vy and w é ve we have 

tt
 2 2 _7)k+l _1)k (9 (XD Y) = (9 7) FOX + CD) 7 x® g ) + C1) P X® 9 ¥ 

+
 x® (9 Py = (Ivll% + [{wl]*)(x@ y) 

(lv + wl|®)x@ x. 

The remark follows. 

Recall that U(n) acts naturally on V. 

(2.5) For any v e« V and g e« U(n) we have $ py °& =gee Pf. 

Proof. Since F(X) = va XK we have 

e(F (X)) = ev a ex = Fy (8%) 

i or ge F =F og. Since g is unitary then gm = gg” and 
v gv 

¥ Ho ot * : eo aan 
(FLT 8 = Be (Fiy)"s & © (FY) (Foy) ° 8 

Hence 89, = 9 gv8" 

Suppose now that V has an SU-structure given by o «€ AV; there 

is the induced operator /: AV —> AV. 



10 

(2.6) For each ve V we have © AK=-KF. 
Vv v 

Proof. We show first that on A*y we have UR, = (-1)*(F,)* Ce 
Let Xe A*v. then 

il
 fo-,v A xXaY> 

(-1)* Gx ar) > = 2)" Ctx, FX) > 
(-1)" <(R)* THY >. 

XP (X) 5X > 

ul
 

Hence Cr. = (1k )" ~. Then 

k+k(k+1)/2 k(k-1)/2 
(-1) 

(Ft 

"
 (TAF FR) © = (-1) (Eye 

"
 

_i 

that is, AF, = (FL) and FL = A (F)* A. Then 

_i 

(RIK = ARIE AP = 2 : 
since Re (-1)B(n1)/2y It follows that vf =A Py: 

We summarize the situation thus far, combining previous propositions. 

(2.7) THEOREM. Let V be a complex inner product space of 

dimension n with given SU-structure o ¢« Ay. If n= 4k + 2 then AV 

is a quaternionic vector space which is Z,~graded and for each v ¢ 0 

in V we have an isomorphism g : Aoty ~ ACV which is quaternionic 
v 

linear. If n = 4k then RV is a real vector space which is Z~praded 

and for each v + O in V we have a real linear isomorphism 

Gy? Roy = Rev, In each case @ commutes with the action of SU(n). 
Vv 

If V and W are complex inner product spaces, then 

A Sv + Wi) 
ev 

A (WW+t Ww) 

tt
 APYV © AotW + Acdy ® AoYw 

Amy @ Awe AMV @ AoW. it
 

Fixing ve V, we W, and letting 9= ¢ q = § > Go Sy we viw? 41 



ll 

then have by (&.2): 

(2.8) The map go: Av + w) —> A°%(V 4W) is given by the 

matrix 

1@9, §,@1 

9, @1 “1 @G, } - 
3. Application to bundles. 

cart tans doiiatinnd — Sait — Naat yetanttantcaele 

In this section the constructions of the preceding 

sections are applied to U(n)~bundles and SU(n)-bundles. For example, 

given an SU(2k)-bundle § there are associated two real vector space 

pundles R°4( €') and R°Y( et) over D( =), where D(¥) is the bundle 
8k 

space of the bundle associated with § with fiber the unit ball D . 

There is also a linear isomorphism 

od ev 
9: R (S')| aD(e)~ R (s')| aD( =) 

of the restrictions to the unit sphere bundle 9D( €). Using Atiyah's 

aifference construction, one obtains an element t(€) © KO(D(s), ad(s)) 

where t(©) = d( A &%( $!), Acs, ='),@©)- In passing we review the 

definitions of K-theory and difference classes. 

Let = be an SU(n)-bundle over a finite CW complex X; we take § to 

be a right principal SU(n)-bundle and denote the bundle space by E( €)- 

Fix a complex inner product space V of dimension n with given SU-structure 

ce ATMV. Then SU(n) acts on the left on AV and there is the complex 

vector space bundle A( =) -~> X, where 

ACS) = ECs) AV/SU(n) 
1 

and where SU(n) acts on the right on E( =) x AV by (e,Y)g = (eg,e Y)- 

The orbit of (e,¥) under this action is denoted by ((e,¥)). An operator 



fis defined on A( &) by J (Cest)) = (Ces AY))3 Ais well-defined 

since on V it commutes with the action of SU(n). Replacing AV by 
da A° v', Ao respectively in the above, we obtain bundles 

An's) —> xX and A UE) > x. 

If n = 2 mod 4 then - defines a quaternionic bundle structure on 

A), so-that in this case we consider A(S) —> X a quaternionic 

vector space bundle. Clearly Ave) splits as the Whitney sum 

APs) AM s)- 
If n = 0 mod 4, we get a real vector space bundle R( 3) —> X%, 

where R(E) = {x 7 KE AC S)s 4x = x}. Alternatively, 
RCE) = E(&)X RV/SU(n). 

Moreover R( &) splits as ROo( =')@R( zE'). It also follows from 
section 1 that as complex bundles A( 8) is isomorphic to the com- 

plexification of R(&); we write this asA( =) = R(§) @. Cc. 
We transpose the results of section & into bundle notation. 

Let © be an SU(m)-bundle over space X, and “4 an SU(n)-bundle over Y. 

There is the SU(m) x SU(n)-bundle 

BX y E(z ) x Ey) —> Xx Y. 

By extending the structural group, we also consider © x ? an 

SU(m + n)-bundle. We now have from (2.1): 

(3.1) There are isomorphisms of vector space bundles 

R( 5x7) - RE) ©, Rly), m= 4k, n= 4f 
AC Exx) =H) @ Mba ds m= Alcs n= 41 +2 
Msi = M5) O R(y), m= 4k + 2, n= af 

4k +2, n= 47 + 2. H
 tt
 AC &) wo ACs m RCS x7) 



13 

In the above, given vector space bundles p —> X and Y —> Y we 
mean by p ® > — X KY the vector space bundle whose fiber above 
(x,y) is 7 (x) ® y7Yy). Also in cases 1 and 4, the two bundles are 
equivalent as real vector space bundles while in cases 2 and 3 they 

are equivalent as quaternionic vector space bundles. 

We next give the significance of the maps 9 of section 2. Let 
. Vv 

= be an SU(n)-bundle over the finite Cw complex X. Let 

DUS) = ECS) x De" /su(n) 
2 where D@"c Vy is the unit disk fv : [[v]| £18. also let 

en-1 
aD( 5s) = E(§)x S /SU(n). 

A point of D(=) is an orbit ((e,v)) where ||v|| £ i and 
(eg,e7 v)) = ((e,v)). Regard X = E( &)/SU(n) as embedded in D(€) as 
the set of ((e,0)). 

There is the SU(n})-bundle =! = f¥( E) over D( =), induced from 

& by the natural map f : D( 5) —> X. We then have the complex 

bundle A(s') —> DUB); it may be seen that points of A({ et) can 

be taken to be the orbits ((e,v,Y¥)) of points of E( =) x pe x AV, 
where 

((e,v,¥)) = ((eg” »8v,eY))- : 

Define 9: A(e') —> Als") by 

FY (e,v,¥)) = ((e,Vv, 9 X)). 

Note that Gg is well-defined since 



14 

1 

(Ces 28%) yy (8Y))) 

((eeTM s8v.e O (¥))) dy (2-5) 
P((e,v,¥))- 

"
 G(ee” 8v, 8¥)) 

i
 

(3.2) If = is an SU(n)-bundle over X, n= 4k + &, then we have 

quaternionic vector space bundles A°t( S") and A®&*( Ss"), and a map 

g $ An ce!) > Av ( =') which above D( 2) -X isa quaternionic 
bundle equivalence. Similarly if n = 4k we get a map 

§ : RoF( g')-— Rev =!) which above D(&) - X is a real bundle 

equivalence. 
em en 

We can also restate (3.1). For we can identify D x D_ with 

pemten thus D(E xy) with D(S) x Diy) and (5 xx)! with 

St x Then (3.1) becomes 

, A 

R(SI KH) R(E')@R 7"), etc. 

Also the map g: Rod, E'y %') —_ Rev ( etx y") can be written in 

matrix notation exactly as in (£.8). 

We now digress to define the groups K(X,A), KO(X,A), KSp(X,A), 

using a definition that builds in Atiyah's difference construction 

[7,22]. Fix a pair (X,A) of finite CW complexes; also fix one of 

the classes of complex, real or quaternionic bundles. Consider 

triples (20> ae 7) where an and ant are vector space bundies over 

X and P is a vector space isomorphism : AX 5 lA. Define 

(5 5 G) to be isomorphic to C2 7179)» written 

(eo ae 7) = (2 0 0,79)» if there exist bundle equivalences 

51% re) and 5 ~ Do such that commutativity holds in 

¥ ar 42> BAIA 

J v 

1,14 ~— (Als 
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Define (Eo Bs G9) ~ (a 49) if there exist vector space 

bundles p, yY over X such that 

(G5, 8 1 9G1) (7, @ I,7,G Y eOH19). 

This is checked to be an equivalence relation. Denote by acs o> 54> ) 

the equivalence class containing (¢€ , 54° 9) and by K(X,A), KU(X,A), 
. ° 

KSp(X,A) the set of equivalence classes. 

A unique operation is defined on the set of equivalence classes by 

acs» S.> G) + df Zo? 7429) = ats. © to? EL 7G H @)3 

a zero element is given by d( ©, €,1) where € is any bundle over X. 

It is clear that addition is abelian. 

It is not difficult to show the existence of negatives, so that 

the set of equivalence classes becomes an abelian group. For fix 

( 5? Sy 9); given a positive integer n denote by ny the trivial bundle 

of dimension n over X. For n large there is an exact sequence of bundles 

— nH» nn. -—- — 0. 0 ° x Po 

It may be verified that for n large there exists a linear monomorphism 

SB, Oy extending the composition Ela ¥, 5 lA —> n,. There is 
then an exact sequence 

o— 5, —> n—> p, —> 0. 

Define 9 ; p, 1A — pla so that commutativity holds in 
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uv > FlA an Dp [A> 0 
1 A 1 

|e Je to 
o—- Fla —- —> A- OU. 

Then 

a5 > Ey ?) + d(p. +P, 28) = d(n,n,1) = QO. 

We must compare the above definitions with the usual definitions 

of K(X), KO(X), KSp(X) in case A is empty [6]. In that case the 

difference classes can merely be written as d( By 54)- If we assign 

to a(S os 54) the class sy - aT it is seen that we get an isomorphism 

of the above group with the classical K-groups. 

If X is a finite CW complex with base point Xx then the map 

}x,§ — X induces K(X) —> K({x55)3 it is customary to denote the 
kernel by K(X). There is a homomorphism K(X,x,) —> KW) sending 
aE o> Sy g) into 5, - a: We assume the fact that this is an iso- 

morphism. If (X,A) is a finite CW pair we also assume a natural 

isomorphism 

oo ~ 
K(XyA) —> K(X/A,x,) = KA); 

similarly for KO and KSp. 

We return now to the main business of this section. 

DEFINITION. Let § be an SU(n)-bundle over a finite CW complex X. 

Define the Thom space M( &) to be D(E)/9D( 5). If n= 4k + &, Con- 

sider the triple CAL E'), Pd 5'), Pp) of (3.2), where the bundles 
are quaternionic bundles over D(s) and P is a bundle equivalence over 

PD( 8). Define 
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s(S) = aC AE"), A EN), G) © KSP(D E), 2D 5) 

or s( 5) ¢€ KSp(M( =)). Similarly if n = 4k we get 

ev od ~ t(S) = a(R ( §'),R ( S'), §) e KO(D(S), AD. E)) = KO(M( S)). 

Finally given a U(n)-bundle BS over X, one defines 
. 4 _ 

LE) = WANE) AMES p) © KDE), ADL S)) = KUM) 

where A(t) and G are considered as complex linear. 

Since AV is the complexification of RV for a vector space V of 

dimension 4k with given SU~structure, we obtain the following. 

(3.3) Let Sbe an SU(4k)-bundle. The complexification homo- 

morphism KO(M( &)) —> K(M( S)) maps # t( ©) into Z(e). 

We now outline very briefly the products in K-theory; for more 

details, see Atiyah [7] or Solovay [22]. One obtains homomorphisms 

K(X,A) ® K(Y,B) —> K(X x Y, A x Y UX xB) 

KO(+) @ KO(-) —> KO(-) 

KO(-) ® KSp(-) —> KSp(-) 

KSp(-) © KSp(-) —> KO(.). 

Take the first case, and fix d(<, a 9") e K(X,A) and 
fe) 

aC 9» Cy ¥'") é K({¥,B). It can be shown that F and can be extended 

to linear homomorphisms P: ay ——> Fo and @: 71 —> Vo" Consider 

A(p»Pys FY) © K(X XY, A XY “X XB) 

where 

4 A A 

P - #6 1 * +, © oro =F @ %.* 1 © (ay 1 ra) 

and where 9: Py —_ Po is given by the matrix 



1@ 9" 9'@1 

g'@ I -I@®gi/. 

In a fashion similar to that ef Solovay [22], one sees that 

AP 9P19 9) = df 5 Sy) 9") x G07 4» 21 gt") 

is identified with the usual product of K~theory 

K(X,4)@S K(¥,B) —> K(X x Y, Ax YUX xB), 

K(X/A) ® K(X/B) —> K(cx/a) a (¥/B)). 

Let © denote a U(m)-bundle over a space X and ie U(n) -bundle 

over Y. Then we identify MC = * 7) with M( 5) a M( X)- The product 

Kame 5 )) © KM y)) > Kates) a mC) = Kee «7 )) 

maps a ®) bd into an element denoted by aX b. 

(3.4) THEOREM. In K(M(= * 7)) we have Lie xy) = Lle) x L(y). 
This follows from the remarks after (3.2). If § is an SU(m)-bundle 

and ” an SU(n)-bundle, we have similarly 

tL Ss ¥7) = tls) x t( 2), m= 4k, n= 47 
s(e xy) = t(F) xX sty), m= 4k, n= af + 2 

te xX) = SCE) x (7), m= 4k + 2, n= Al + Be 

4. Thom classes of line bundles. 

Suppose that = is an SU(2)-bundle over a finite complex 

X; according to section 3 we receive an element s( 5) € KSp(M( ~)). 

A purpose of this section is to compute s(€). Similarly if Fis a 

U(1)-bundle over X, we compute J( =) © K(M(3)). 

So let © be an SU(£)-bundle over X. Since SU(2) = Sp(l), then 
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Form the join E(¥)e° Sp(l), and denote its 
< 

an Sp(i)-bundle. 
< 

ats by (1 - t)e + th where U- t-1, ee BLE), he Sp(l). Then 

principal action of Sp(1) is given by 

(GQ - t)e + th)e = Gl - theg + trhg. 

(4.1) ‘The Thom space M( =) is Camonically isomorphic to 

° Sp(1)/Sp(1). 
4 4 

‘Proof. Recall that D( =) = E( 5) x D /Sp(1), where D is the unit 

nm the space H of quaternions. Points of D(€) are denoted by 

v)). Define ft : E(E)% DY —> ECE) = sp(1) by 
fi(e,v) = (2 - IwDe + IvlQ/|v]), 

note that f! is well-defined and equivariant with respect to Sp(1)- 

dons. Passing to orbit spaces, we have a map 

(DCE), 9D. E)) —> (ECE) ° SPC)/SP(1),x,) where x, is the orbit 
taining all 1°h where he Sp(1)- We thus get a map 
e)— E(=)° Sp(1)/sp(1); which we also denote by f. It is 

eked that f is one-to-one and onto, thus a homeomorphism since all 

paces are compact Hausdorff. 

(4.2) THEORFM. Let = be ap SU(2)-bundle over a finite CW complex, 

ind identify M(=) with E( 5) ° Sp(1)/Sp(1). There is the principal 
(1)-bundle E( =) ¢ Ssp(l) — M(&); denote the associated quaternionic 

ne bundle over M( =) by 7+ Then s(=) = 1 - 7 an KSp(M( £)). 
Proof. Fix a 2-dimensional complex inner product space V with 

iven SU-structure. Then Ae and A°'V can both be identified with 
e guaternions H. Moreover SU(2) = Sp(1) acts on voy = V = H by 
t multiplication by elements of Sp(1) and su(2) acts trivially on 

od 
©%y = H. Hence by (2.5), 9? A —? /°Y has 
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Goi) = 9 (g7 +w) for ge Sp(l). 
Now aw g') is the trivial quaternionic line bundle over DCE) 

let 1 denote the trivial quaternionic line bundle over E(§€)° Sp(1)/Sp(1). 

There is the bundle map F s/\e"( ¥') —> 1 defined by F(x,w) = (f£(x),w) 
for x e« D(&) and we H, where f is defined in the proof of (4.1). 

We next obtain a bundle map Gi: Aol E1) —> 7. There is 

Gt: (E() * p‘) x H— (E(¥) °Sp(1)) x # 

given by G'(y,w) = (fty,w) where f' is defined in the proof of (4.1).. 

G' is equivariant with respect to Sp(1)-actions since f' is equivariant. 

There is induced 

G: (ECS) x D* x H)/Sp(1) —> (EC) Sp(1)) * H/Sp(1) 

or G: Arts") —> 4° 

We define finally an isomorphism © : 11 oS —_ LI fxofs where 
x, is the natural base point of E* Sp(1)/Sp(1). The bundle space of 

4 | Xy consists of all orbits ((h,w)) for h © Sp(1) and we H, where 

((h,w)) = ((he,e” w)) + Identify the bundle space of 1] fx,§ with the 
quaternions H. Define @ : ’ [{x,§ — ul{x,§ by @((h,w)) = GF -tCw)s 
where oi is the map of section 2; this is well-defined by (2.5). 

We see that commutativity holds in 

ncicet)| avs) > ri Ex, § 

)3 te 
ATC E)| Ds) => Ux J. 
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For @G((e,v,w)) = @((v~ yw) = 9g yi) and 

F @((esv,w)) = F((e,vs 9 (w))) = F ,(w)> 

for ||v|| = 1. 

It now follows from general properties of the difference class 

that 

fs KSp(E° Sp(1)/Sp(1),x,) —> KSp(D( =), aD(F)) 

has 

f a(1, 7,0) = aC AS (51), AMC END, @), 
or identifying the spaces, 1 - 1 = s(&) in KSp(M( &)). The theorem 
follows. 

. 4n-1 
Consider now the sphere 5 as all n-tuples (AW) of 

quaternions with Z|”, |? = 1. Let Sp(1) act on s*"* by 

(A, > "yA 8 = (A,B A 83 
4n-1 

quaternionic projective space HP(n - 1) is defined to be & /Sp(1). 

Thus there is the natural Sp(1)-bundle 5 al over HP(n - 1); we also 

denote by so the associated quaternionic line bundle over HP(n - 1). 
-l 

We may regard 

4n-1 
Ss = Sp(1)° +++ ° Sp(1),He(n - 1) = Sp(1)° +++ * Sp(1)/Sp(i). 

We thus have the following corollary. 

(4.3) COROLLARY. The Sp(i)-bundle = 1 over HP(n - 1) has Thom 
~~ Oe 

space Hb(n), and s( & n ? =] - 5 in KSp(HP(n)). 

Naturally, entirely similar results hold for complex line bundles. 
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In particular, 

(4.4) The Hopf arn Fn-1 over CP(n - 1) has Thom space 

Cr(n), and ic an =] - Sn in K(CP(n)). 

If we apply a. '» to the trivial complex line bundle So over a 
point, then Z( Fo ) « K(S”) isl - im where fa is the Hops bundle over 
s* = p,(C). In particular US, ) is a generator of Ks® )x 

DEFINITION. Consider the category 6 of finite CW complexes with 
base point, and of base point preserving maps. Denote by Y the category 
of Z-graded abelian groups and degree preserving homomorphisms. A 

cohomology theory on ¢ is a contravariant functor e +» 4, assigning 
to aa Xa grove n(X) = Sn (X) and to each f : X —~> Y homomorphisms 
Pe 3 nt (Y) -~ is (X), such that 

1) if f,g : X —~ Y are homotopic as base point preserving maps 

then f* = gi, 

2) given a finite CW pair (X,A), and letting 1 : AC X be inclusion 

and ! :; X —> X/A the natural map, then 

thxya) > Boy 2% ty) 

is exact, 

i 
3) letting SX denote the suspension S A X, there exist isomorphisms 

h x) htt (sx) such that if f : X —~> ¥ then commutativity holds in 
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The cohomology theory is multiplicative if there are homomorphisms 

h(x) @ BY (xy) — “hi (x « y) 

sending a@ b into a x b, such that 

4) if a e h(x), b e h'(¥), cg wit), then (ax b) x c =a <x(b xc) 
in nititkyy «yy a yt), 

5) if fT: Xa Y —> Ya X is induced by the map (x,y) —> (y,x) 

of X x Y, and ifaes n(x), be hoy), then a x d= (-1) 9 p%(b x a), 
6) there exists an element ve h(s’) such that hi (x) &S i sx) 

is given by a-~% l* a, 

7) given maps f : X —> Xt and g : Y —~> Y' and a e h(x"), 
b e W(x"), then (f an g)*(a x b) = f¥a x g*b. 

It can be seen that in a multiplicative cohomology theory, the 

coefficient group n*(S°) is a graded associative, anti-commutative ring 
with unit. The cohomology theory is periodic of period n if 

‘nicxy) = hit®(x) for all X and i. 
It follows from Bott periodicity [9] that corresponding to each 

generator of K(S*), we get a periodic cohomology theory K*(-) of period @. 
For define 

OK) = Ka, Ow = Kx). 

There is to be defined an isomorphism Kx) —> Ket oy) or 
K(X) —> K(S"x). Given a generator T « K(s"), periodicity gives such 
an isomorphism a-—> T x a Otherwise put, de x (st) = K(S*) is defined 
to be T. Hereafter we fix Té Kis") to be 7( fo =] - fy: 

(4.5) Let © denote the SU(4)-bundle over a point. Then 

M( 5) =S85 8 and t( $) « Ko(S°) is a generator. 
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Proof. According to (2.3), complexification ®os°) — Ks°) maps 
t(&) into Qe). It is sufficient to prove that F( &) is a generator. 

Regard Sas & x Ex S x S. where Z is the U(1)-bundle over 

a point. Then 

so = MCE) = MCE) A MCS) a ME) 4 MCE). 

From (3.4), we have 

NE) XN Eq) XJ. 54) x SF) "
 Ve) 

ow nd 

in K(s°). Since JS o) is a generator of K(S”), it follows from 
periodicity that J(€) is a generator of K(S°). 

~~ 

There is also the periodic cohomology theory KO*(-+). Namely define 

~ - Fal 

Roe? F(x) = Ko(st vA Xx) 

for i = 0,1,°°*,7. The element ie Kol(s1) = Ko(S8) is here chosen / 
to be the generator t( ©) of (4.5). L 

According to the proof of (4.5), if Sis the U(n)-bundle over a . 
point, then7(£) is a generator of Kis*4). Also if Fis an 
8U(n)-bundle over a point then 

oy , ok 
1) if n = 4k then t(€) is a generator of KO(S ), 

~ 8k+4 
£) if n= 4k + 2 then s(Z) is a generator of KSp(S )- 

We assume the following theorem of Dold [13]. 

(4.6) Suppose that h* is a multiplicative cohomoiogy theory. 

Let § be an 0(n)~bundle over a finite CW complex X. Let 

te nTM(D( S$), @D( §)) be such that inclusion 
(De, ao") <(D(S), JDC E)), where Dy is the cell over x e X, i=

 

o
o

 

»
 

u
w

 n'(De, aD) a free h*(pt)-module with generator i*(t). Then there 
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is an isomorphism 

k ~ Kt n(x) he (DS), 9D S)) 

mapping a into 7r*a-t where 77: D( =) —> X. 

The reader may supply a proof of (4.6) along the lines of the 

proof of (7.4). 

As a corollary suppose that Sis ag U(n)-bundle over X, and 
let J(S) e¢ K(D(E), DDC S)). Then i*F( =) is a generator of 

KD, any) = K(s"4), and is a generator of the free K*(pt)-module 
K¥( Ss"), Hence we get an isomorphism 

K(X) & K(DCE), ADL E)) eK s))- 

By a similar argument, if S is an SU(4k)-bundle over X, we get an 

isomorphism 

KO(X) XS Ko(M( =)), 

and if €is an SU(4k + 2)-bundle over X, we get 

| od 

Ko(X) = KSp(M(S ))- 
5. Cobordism and homomorphisms into K-theory. 

Oe eee Nara Se eee ne ate att eneetinneall Se aeatiantiel eee 

In this section we outline the existence of the cobordism 

theories, and show the existence of natural transformations 
# % 

U SU 
A spectrum M is a sequence 

eee My sMoscccsMe os 
of CW complexes with base point, together with base point preserving 

maps st a My, — Masi: Given a finite CW complex X with base point, 
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MJ the homotopy classes of base point preserving 

oe os M,- Given f:x-- M,, there is the composition 
gs a xX sf, gt aA wt —> Mel which we also denote by 

1 
Sf: 8S a k-—-— Mot Define 1° 

mM iv. — ns A k H’(X3M) = Dir Lim [S* ~ XM pds 

n 
It is easily checked that H (-3M) is a cohomology theory. 

Note that it is sufficient to have only M 

Ss’ AM 
ortttaMo ates and maps 

n Mf For one then defines ra gente 

ek-n Ho(Xsm) = Dir Lim [s A X,Mo,J- 

The spectrum M is convergent if each My is (n - 1)-connected. We 

then have 

Box;m) ~ [sk a XM, +k? k large. 

There is a spectrum MSU defined as follows. Let nr denote a 

universal SU(n)-bundle over a CW complex BSU(n), and let 

MSU(n) = M( 1 n" Since 1 + Pn is an SU(n + 1)-bundle, there is a 

unique homotopy class of bundle maps 1 + ” n — VENSE also 

£ i+ — A —_—> + 1). t M( 1 wv M( ” nel? hence § MSU(n) MSU(n ) It is 

also seen that MSU(n) is (&n - 1)-connected. We thus obtain a con- 

vergent spectrum MSU, and a cohomology theory 

~n ~n 
OV (&) = F (Xsmu) 

SU 
= {sg , x,msu(k)}, k large 

The unique class of bundle maps ” k x ? ri —> 1 ict yields a unique 

homotopy class of maps MSU(k) a MSU(Y) —~> MSU(k + ZY), and a product 
~ # 

in the cohomology theory O 5 (+) 
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. om 

ay be seen that (+) is a multiplicative cohomology theory. 
SU 

t give details here; it may be helpful for the reader to see 

one part, we define the element 

i oul 2k ze (8s) = [S~ ,MSU(k)] 
8U 

a multiplicative theory. Denote by 7 the SU(k)-bundle over 
2k 

hat M = § . Bundle maps —> induce a at (2) PS 7 1 x: 
otpy class of maps 

ek s" = mC) —_—> m(7,) = MSU(k). 

ement represent 2 « 05,68) 
dmilarly there are multiplicative cohomology theories 

pa ~ 

Sr W' (+) given by 
* - Q) = [s** A X,MU(k)], k large 

x % _ 

Qe (x) = (s**- 4 x,Msp(k)], &k large 
Pp 

T(x) = ts* A x,sn**], k large. 

1 < Sp(k) C su(2k) C U(2k) 

4k 
S"" ——> MSp(k) -—> MSU(2k) —> MU(2k) 
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and multiplicative transformations 

~#e) > A* (ey) 3 A*(-) — A*. Tee) A OB) > Mg) ah? 

of cohomology theories. 

There is the element t,, = t( 7 4k?) e KO(MSU(4k)), also 
id 

Saxsp = (17 akee) © KSp(MSU(4k + 2)) as defined in section 3. It 

follows from section 4 that the map 

GP: MSU(m) A MSU(n) —> MSU(m + n) 

has 

ui I 

= t = 4k + + . @ (Sgerayee? = Sate * “az? TM 2, n+ 4f etc 
Also the natural map @ : S* ~ MSU(4k) —> MSU(4k + 2) has 

t o~ 

9 (s ) =s xt, where s € KSp(s*) is s(>) with n the SU(2)-bundle 
4k+2 4k 

over a point. Similarly et : Ss?» mSU(4k) —> MSU(4k + 4) has 
{ (@') (t )=tx te for appropriate t «€ Ko(s®). 

4k+4 ~ on ~ 

We now define A: Q (X)—> Ko"(x). Let Ke O88) be repre- 
8k- SU sented by f : 5 mA X —> mSU(4k). Let KA) pe the image of tay 

in the composition 

t 
~ f _ KO (MSU(4k)) -——> Ko(s®%® 4 x) ~ KOR (xX) = KOTM(x). 

We leave it to the reader to verify the following. 

(5.1) THEOREM. The transformation i Oye? —> KO*(*) is a 
multiplicative transformation of cohomology theories. 

We can also define K 04 (XxX) --> KSp(X)- Let 
fp: Ska x—- MSU(4k + &) nepresent an element /7 of DF ( - De- su 
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fine 3? to be the image of Saeep under the composition 

€é r! 8k eS KSp(MSU(4k + 2)) ———> KSp(S~~ “X) = KSp(X). 

(5.2) For each finite CW complex X with base point, commutativity 

holds in 

Ko*(x) = Ko(s* ~ x) 
aE 0 <a 218 NS Bw 

where d (7) = (l - 3) ©, 1] with at the Hopf Sp(1)-bundle over s4, 
Proof. There is the diagram 

4 8k-4 S*AL . <4 s* a (s ax) 2 > s*A (msu(4k)) 
{ e! 

g&k x x —2> msu(4k + 2) 
4 t 

where f and g represent an element of 0) (X). Then(@)(s J=Hs xt 
4k+2 4k 

su 
yields the information necessary to prove the remark. 

In an entirely similar fashion there is a multiplicative trans- 
+ * -~n 

formation A c 3 Qe) —> K (.) sending the element a é ome) repre- 

sented by f : sek", x —> MUCK) into the image of J (5 y) in 
| _ ~ 

Kiwky) £-> K(s*TM a xy eK Px) = OU). 
ot 

There is a natural transformation aS ys )—_ ONG)s and commutativity. 
is seen to hold in 

SUy 
A) 2) 

Q *-) —> K*(.). 
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6. The homomorphism “% - 
hw Call Cc 

After discussing the cohomology of MU(n) and the 

classical Thom isomorphism theorem, we go on to associate with 
x * % 

each element of H (BU) a homomorphism () (x) —> H (X). In 
terms of these homomorphisms we can characterize the composite 

~ OR) Ac, K*(x) Ss w*(x;3z) 
U 

where ch is Chern character. In particular, for X a point, the 

composite 

* lad fe) Q(t) —> K (pt) = 2 

is characterized in terms of the classical Todd genus [i6] and 

thus /-. is determined on the coefficient groups. 

Let E(&) be the bundle space of a right principal U(n)-bundle 

© over a space X. The associated sphere bundle is given by 

E( =) * (U(n)/U(m - 1))/U(n) —> X. 

There is an identification 

E(S) x (U(n)/U(n - 1))/U(n) ~ EC 5)/U(m - 1) 

which identifies the orbit ((e,gU(m - 1))) on the left with the 

orbit ((eg)) on the right, where e e E(@) and ge U(n). The 

sphere bundle S( =) —> X associated with sis thus identified 

with the natural map 

E( =)/U(m - 1) —> X. 

If © is taken to be a universal bundle for U(n) so that 

X = BU(n), then Sis also universal with respect to the subgroup 
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U(n ~ 1) of U(n), hence E(&)/U(n - 1) = BU(n - 1). That is, 

the natural map 

p : BU(n - 1) —> BU(n) 

induced by U(n - 1) C U(n) (see Borel [8]) may be taken to be 

the sphere bundle over BU(n). Considering the pair (D(3),S(&)), 

we get the exact cohomology sequence 

see > HE(D(),8(-5)) —> BKC E)) > BSCE) 9, oF 
tee > (wu (n)) 45 # (BU(n)) Ls H(BU(n -1)) re 

Using the fact that p is an epimorphism with p(c;) = Cs, i<n, 

and p(c,) = Q, we get the following. 

(6.1) The inclusion i : BU(n) C MU(n) induces 

i* ; H” (MU (n)) — H” (BU(n)) which maps H” (MU(n)) isomorphically 
onto the ideal of H*(BU(n)) generated by co 

n 

Next let § be an arbitrary U(n)-bundle over a CW complex X. 

Define v_ ¢ He2 (MU (n)) by i*(v,) =e 

There is a unique homotopy class of bundle maps f : E(=)—~ Byun)? 

inducing a unique homotopy class of maps fF: M( =) —> MU(n). 

Define 

v(S)eé Heim S)) 

i 

ue 
by vie) =f (v)- 

It is easily seen that if g: E(Z ) —> E(¥) isa bundle 

map of U(n)-bundles, inducing ¢: M(Z7) —> Mm 7)> then 

e*(v(7)) = v5). 
It may also be seen that if 59% are U(m), U(n)-bundles 

over X,Y respectively, then in 
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gm PE x 7)) Be) A MCD) 

we have v(& X% ) =v(b)x v(y)- 

Finally let § be the U(1)-bundle over a point, so that 

M(§) = s° Also we may consider M( =) Co MU(1) = Crp( %&) as the 
standard embedding CP(1) <CP( %). Since from (6.1) it follows 

that v, is a generator of H“(CP( °4)), we see that v( 5) is a 

generator of HY (s”). Using the multiplicative property of the 
preceding paragraph we see also that if is the U(n)-bundle over 
a point then v( =) is a generator of Hes) | 

We can now deduce the original theorem of Thom as a corollary 

of Dold's Theorem (4.6). 

(6.2) THOM. Let § be a U(n)-bundle over a finite CW complex 

X. There is the isomorphism 

gp: B(x) SH*T DCE), 8(5)) 
* 

mapping a into 7 (a)-v( =) where 7): D( =) —7 X. 

We also denote G by 5, & and consider it as an isomorphism 

w(x) & HEPC E)). Note that if f : E(B) —> E() isa 

U(n)-bundle map, inducing Fs M( 5) -— M( 0) and a map 

f : X — Y of base spaces, then commutativity holds in 

“mt 

HX(y) f> wX(x) 
Vy NS 

BPO MC 7 )) > wkttiyce)). 

Also suppose that 5 and 7 are U(m),U(n)-bundles respectively. 

There is 
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Ps xy BOX D) —> WOME #7) 
r 

H(MCE) AMC»), 

and if a 6 H(X),b ¢ H(¥), then fx x 7 (2 Xb) = Py lA) K Hy (b). 

There are also Thom isomorphisms ¥ for an arbitrary co- 

efficient ring. 

At this stage we assume the ring homomorphism 

ch : K°(X) — Ho (X3Q), Q the rationals, for a finite CW 
complex X. Namely if Sis a U(n)-bundle over X, from 

n > exp ty» express as a formal power series in the 
i=1 

elementary symmetric functions, and replace by the rational 

Chern classes C1 (E)s° 5c, =) respectively. The resulting 

element of H°%(X3Q) is ch &. By suspension we also get 

ch ; x (x) —_— HetF x39). For the properties of ch, see {¢]. 
(6.3) LEMMA. Let ¢ be a U(n)-bundle over a finite CW 

complex X. Let d(®)e KM ©)) be as in section 3. Then 

g "(ch Jk E)) e He” (X3Q) is the formal power series obtained 

from 

(1 - exp tyre ~- exp ty) 

t\° e th 

by replacing the elementary symmetric functions by the Chern 

classes c,(5),°°*.¢ (8). 

Proof. Assign to each § the element 
-1 

riz) = 9 (ch J (F)) ¢ H(X;Q). Note that iff: § —> 7 is 

a bundle map covering f :X-— Y, then Pr(7)) =r( =e). Also 
for bundles = and 0? we have 
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TS * 2) = Fie) «I g)sch (T(E XY)) = ch J. 5) x ch Tin), 

Eryn (ch J (E «2)) =9 ch Tis) «py ch In); 
so that if § and 1 are bundles over the same space X, then 

r(5 ® 7) = 3r(E)er(y) in H(%5Q). 
Also let u( &) denote the element of H’ (X3Q) obtained from 

(1 - exp t))++-(1 - exp t,) 

tye--t, 

by replacing the elementary symmetric functions by 

CCE dere ree ( &). It can be seen that F*(u(y ) = u( ©) and 
u( 50 4 ) = ul F)cul 1)- A standard splitting argument shows 

that r(&) = ul &) for all © if it is true for universal line 

bundles. 

Consider then the Hopf complex line bundle fn over Cr(n). 

We have M = Crp(n + 1) and =l- by (4.3). Hence (CF) = Ce(n + 1) and TF ) Dnt y (4.3) 
an 

ch J ( tn) = 1 - exp t where t = (Fy awe must know the Thom 

class v( Yn) e H°(CP(n + 1)). It follows from (6.1) that 
_# _ i: CP(n) c CP(n + 1) has i VF) = 01 (7) so that 

VP a) = t. Hence 

1 
F ch TP) = (1 - exp t)/t. 

Thus r(&) = u(§) for the universal line bundles, and it then 

follows for all ¥. 

DEFINITION. Consider a partition # = (4y,°° 54.) of positive 
n 

integers, and let s = £1, +...+ ei. For each K « Q (X,A), 
1 

U 
where (X,A) is a finite CW pair, we define a cohomology class 

ef Xd) € HS*9(x, A). Namely,let & be represented by 
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f: gek-n a (X/A) —> MU(k), k 2 i; for all j 

Let C (0) & Het (x, A) denote the image of the product c,, = C; ered 

1, i 
k 

of Chern classes in 

#5(BU(k)) <> Bet2K (Mp (K)) fH > wS+2k(g2k-m a (x/a)) 
os ~ T sex n 

sn ~stn 
(X,A), H (X,A) = 

un v4 
that is, ¢ (%) = (s** ny f* 4 (c,,)- It may be verified that 
(XK) is independent of the choice of k. 

Similarly given a formal power series 5 = ane o, where n, is 
n 

rational and deg w —> caas i —> os, and given Ke CL yh A), we get 
i 

S(&) ¢ H’*(x,A) defined by S(K) = Ln,c,, ACor 
(6.4) THEOREM. For (¥,A) a finite CW pair, the composition 

h QO © (x, a) Ac, K°(X, A) <>, H’ (X,A3Q) 
U 

takes «& into S(&) where S is the formal power series in the Chern 

classes obtained by replacing the elementary symmetric functions in 

{l - exp ty) - exp t) 

treet, | 

by Cyt tte and letting n-—7> %. 

Proof. It is sufficient to consider a map f : X/A —> MU(k) re- 
2 presenting an element Ke NEE (x, A). Then 

fh hA) = £' J EL) © KOA) 
by section 5, and 
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r" ch J (Ey) 
f*p P-* ch IE) 
f P(S) = S(X). 

ch AchA) 

it
 

We now consider 

-2n Ko? 0. ©" (pt) —> K°(pt) = Z. 
c U 

Note that 

Ot) = Os?) = (seek wy (ic) ]. 

en is a closed differentiable submanifold of Suppose now that M 

gentek | with normal bundle 7° Suppose also that ” has a given reduction 

of structural group to U(k). The cell bundle N associated with 1 may 

be identified with the tubular neighborhood of ww", A bundle map 
f 
ow 

f 

2 Lan into the universal U(k)-bundle induces a map 

o
e

 m7) —> MU(k) where MC) = N/ @N. The composition 
iad 

ente2k __, m7) ty, Mu(k), 
rs) 

where the first map shrinks ghntek ~ Int N to a point, represents an 
~ en+ek element « of 70 pt) = [s »MU(k)]. There is the diagram 
U 

p* onthk qenrek gent2ky g_ yenteKy, ay) <t- (MU (k) ) 

Ne = 
it 

wee?) — BP? (BU(K)). 

We then see from (6.4) that 

fi Oe) —> K°(pt) = 2 

maps ~ into the number <S(»), o » where o-, is the orientation ? en > n 2 
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class of yen » and S(7) is for 7 the element of H” (M“2; Q) constructed 
in (6.2). 

Wow (1 “*"(pt) can be identified with the group(Q on of closed 
weakly complex 2n-dimensional manifolds (see [12]). In the above 

construction one simply puts a suitable complex structure on the 

stable tangent bundle of we? 
(6.5) COROLLARY. The composition 

- a OF ~ Apt) +S Cpt) = z 
en U 

maps a cobordism class [MPP] of closed weakly complex manifolds into 
the integer (-1)" ta [MeTM], where Td (Me? is the Todd genus of yen 
as in Hirzebruch. 

en 
Proof. Consider a stable tangent bundle © for M , where 

ras gentek as above. Since § +7 is trivial, then 
J(E +4) = SE) F(y) =1, hence J(7) = 1/ J(E). Tat is, 

the image of ey in the integers is <s(7); a >= 281(E), 0 
n 

S'(§) is generated by 

on var) 

tyeeet, 

P(t ooe tt ~— ( 1? ; w (1 - exp ty)---(G ~ exp ta) 
m large. We may as well suppose m even. The Todd genus Td my of 
Hirzebruch is the similar number using 

tyeeet. 

(1 - exp (-t,)) °° - exp (-t)) 

Note that P(t,,°**,t,) = Q(-ty,**ts-t,)- The corollary follows readily. 

Q(t, ,°**,t,) = 



CHAPTER II. COBORDISM CHARACTERISTIC CLASSES. 

* 
Let h (+) be a given multiplicative cohomology theory. The main 

purpose of section 7 is to give the general sufficient conditions so 

that we may be able to assign to every Sp(m)-bundle € over a finite 

CW complex X, an element 

p(=) = 1+ p(s) t+ pS) 

inh" (X) where ,( 5) £ n** (x), Roughly speaking, it is sufficient 
that we be able to assign suitable classes p, ( =) for Sp(1)-bundles 

§. In order to make such classes, we prove a general theorem of 

Dold [13]. 

In section 8, the above generality is applied to the symplectic 

cobordism theory a* (+) to assign p,(=) ew to every 
Sp(m)-bundle =. since p; ( =@Q@ 0) = pe) (5) + NCEE we get 

Pp, ? KSp(X) —_ 0.590): 

For a finite connected CW complex this turns out to embed KSp(X) 
4 

additively in QO (X). Proceeding slightly differently, we define a 
Sp 

homomorphism 

3° 
: KO(X,A) -~ X,A Po (X, A) O. (XA) 

which embeds KO(X,A) additively as a direct summand of O55 (KA). There 
is a similar embedding of KO(X,A) in the special unitary groups 

oO CL” (X,A)- 
5U 

Quite similarly, there is a homomorphism 

(e) gt K(X,A) — 01% A) 
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embedding K(X,A) additively as a direct summand. 
% 

These are applied in section 10 to determine K (X,A) from 

Cy a) and KO" (X, A) from a (X,A). Specifically we have for 
~2n -e2n . each n the homomorphism A , H Ny _—> Ky = Z giving rise to a 

ring homomorphism 0O* —- Z, essentially the classical Todd genus. 
U * 

This allows Z to be considered as a left QQ” -module. We show that 
. U 

* * K (X,A)~ O° (x,a)® , yZ. 
U O45 

Similarly 

KOA) (LT AG KONE). 
Pp 

Sp 
As another application we consider in section 1] the Anderson- 

Brown-Peterson results concerning the image of 7 ae, showing 
that they can be formally reduced to questions concerning KO-theory 

solved by J. F. Adams. 

7. A theorem of Dold. 

In this section we state and prove a theorem of Dold [13] 

which generalizes to an arbitrary multiplicative cohomology theory 

the Leray—Hirsch theorem on fiberings. As a consequence we obtain 

uniqueness and existence theorems for characteristic classes of 

quaternionic and complex bundles. 

Fix once and for all a multiplicative cohomology theory h(*) as 
in section 4, defined on the category of finite CW complexes with 

base point. As is well-known, there is generated a multiplicative 

cohomology theory h(*) on the category of finite CW pairs. For a 

finite CW pair (X,A), one lets h(X,A) = h(X/A). The external product 
of section 4 gives rise to an external product 
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h(X, A) @ h(¥,B) —> n(K x Y¥),A x ¥ UX xB) 

sending a@ b into a x b. Maps f: (X,A) —> (Y,B) give rise to 

homomorphisms f* : h(Y¥,B) —> h(X,A). We have that h (point) is 

n(s°) 3 hence we call the nt (pt) the coefficient groups. In terms 
out in the fashionof Puppe that for each finite CW pair (X,A) there 

is an exact sequence 

n+] een — nTM(X, A) —_—> nTM (Xx) —" nTM(A) yy h (X,A) mma OH 

Hence h(-+) satisfies the Eilenberg-Steenrod axioms except for the 

dimensional axiom. There is also a cup product 

h(X,A) 3) h(X,B) —> h(x,AvV B) 

sending a @ b into a’b. 

(7.1) Let X be a finite CW complex and let x® denote its n-skeleton. 

Define a filtration 

Fn(X) DF'R(X) Dees DF R(X) De 
T . of h(X) by F"h(X) = Kernel [1" : h(x) — n(X 1)]. Then if a e FTn(X) 

and b ¢ F°h(X) we have a-b e FY °h(X). 
Proof. Consider X x X as a CW complex using the product of cells. 

Then 

r+s-l c rel 1 (X x X) xr x x Ux x x7 

as is easily seen. By exactness we see that a = j* (at), b= x" (b!) where 

y* : n¢x,xP 2) —> nex) kTM s n(x, x81) —> n(x). 

The element 
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r-1 atx bt e h(x x x,x7 2 « xX UX x x84) 

* 
then has Y (at x bt!) = ax b where 

1 XY: xx x(x ~ xx x xox x x84). 

It follows readily from exactness that 

n(x x xX) > (Cx x x)PtS-4) 

maps ax b into zero. 

Consider the diagonal map f : X —> X x X mapping x into (x,x). 

There is a cellular map g :XK--> X x K homotopic to f, and having 

aux S*) (XX x xyTtst, In 

n(x x x) —> n((X x x)7*S7) 
J g* er 

‘7 

n(x) ——> n¢xt*s-)) 

we see that m*g*(a x b) = m*(ab) = 0, hence ab ¢ FF+8h(x). 

(7.2) COROLLARY. Let X be a finite connected CW complex of 

dimension n, and let x, —¢ X. Suppose ays" *s8 4, h(X) are in the 
# 

kernel of i : h(X) —> h(x,). Then ajap**ra = 0. 
n+l] 

Proof. In the notation of (7.1) we have a, € F+n(x), hence 
+1 ayss+a,,, € FY n(x) = 0. Thus aj‘r+a,,)= 0. 

The external product 

h(X,A) @ h(¥) —> h(X x Y,A x Y) 

is of particular interest for Y a point. In that case h(Y) is the co- 

efficient group h(pt), which we denote simply by h. We also identify 

(X x Y,A x Y) with (X,A) thus obtaining 
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o

e
 

h(X,A) @ h — h(X,A). 

Hence h(X,A) is a right h-module; we denote the image of a@ ~ by 

awW, where ae h(X,A) andw e¢ h. Similarly we can define ~ a so 

that h(X,A) is also a left h-module. Associativity of the product 

implies that in 

h(X,4) © h(y,B) —> h(x x Y,A x Y YX *X B) 

we have (a~) xX b=ax({whb) foraece h(X,A), we h, b e h(Y,B). 

We thus obtain a homomorphism 

h(X,A) @ h h(Y,B) —> h(Xx Y,A xY UX XB) 

sending a@®b into a x b. The following theorem can be proved just 

as was a similar theorem in our previous work [10]. 

(7.3) THEOREM. Let h(-) be a multiplicative cohomology theory. 

Also let X and Y be finite CW complexes such that h(Y) is a free 

h-module. Then the homomorphism h(X) @,, h(Y) —> h(X x Y) is an 

isomorphism. 

We can now prove the theorem of Dola [12]. 

(7.4) DOLD. Suppose that 7: E> X isa locally trivial 

fibering with fiber F, where X and F are finite CW complexes. Suppose 

that Cyt ttaly, e h(E) are such that for each x, « X the h-module 
1 n(W 7 (x )) is a free h-module with basis i*(c,)sere,4%(e) where 

oO 
1 

i 3:7” (x5) CE. Then h(E) is a free h(X)-module with basis 

c_,*r+,c . That is, every Xe h(E) has a unique representation as 
1’ n 

l= W#(a,) +e, teeet W#(a,)ec, 

for a eorsa e€ W(X). for aj, ++a, € h(x) 
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Proof. We first prove the theorem in case // is trivial, that 
— s4/:xX* F -— x is a projection. It is sufficient to prove this 

case when X is connected. Fix XQ & X. There isi: F —~ X xF 

R 

ome 

where i(y) = (Xo.y). Denote by #: h(x) @, h(F) —> h(x x F) the 

isomorphism of (7.3), and denote by fp : h(x) @, HUF) —> h(F) the 
mposition 

pi n(x) @, nF) % n(x x F) +> n(F). 

e inclusion j : {x9 CX induces * : h(X) —> h(x,) = h, and 
(2 @®b) = j"(a)-b, where the right hand side uses the structure of 
F) as a left h-module. j * 

Put otherwise, the maps X > fxof induce h(X) ai h and a 
plitting h(X) =h @ h(x). If a= ay, ® ap in this splitting then 

Bla @ b) = a,-b. 

Consider the elements dy,+++,d, € h(X) @. h(F) where d, = tn" ley); 
and let y, & H(F) be defined by ¥y = Atay) Then Yys***s¥y, is an 

-basis for h(F) and 

a, =1@y, +2 xO yy, 
where ic € T(x). Let Y denote the column vector whose entries are 

3 Vues D the column vector whose entries are dj; I the n by n unit 

Prix and A the matrix (x55) Then 

D (I + A)Y. 

it it is seen from (7.2) that A" = O for n sufficiently large. Hence 

Y=qI--At ae ~ ae +°°")D, 

prt, generate h(X) @ ,, DIF) as an h-module. 
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Suppose that B = (b) ,*°*,b,) is a row vector in h(X) with 

BD = 0. Then B(I + A) = U, hence multiplying by I - A + a’... 
we get B=0Q0. Hence Gy yereyd, is a basis and the theorem holds in 

case the fibring is trivial. 

Consider next the general case. Let X' be a subcomplex of X 

and let Et = Ext). Let M be a free h-module with basis 
clyessyety Define 

1 n 

Tz n(x!) @, w —> hl") 

by Cla ®Ges) = Take, where jt: E' —> X' and kk: E' ck. 
According to the first case, if WT: EY — X!' is trivial then @is an 

isomorphism. We shall show inductively that tis an isomorphism for 

every subcomplex of X. 

Let X' and Xt! be subcomplexes of X. There is the exact Mayer- 

Vietoris triangle 

h(Xt'U Xt) —> h(X!) + h(Kt!) 

"A 
n(X' O Xt). 

Since M is free, we also have the exact triangle 

W(X' Xt) @, mM —> n(xt) @, w+ h(xtt) @,TM 
i 

n(X' Xft) @, M. 

There is then a commutative diagram 
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nixte xt!) @, M —> h(x!) O w+ nuxtt) @ 
Ty Vas +o 

: 5 
h(E! UV Ett) — > hE!) + hel!) 

| K x 
h(E'Q Et!) 

Te, 
h(X!'O Xt) ®, M. 

‘the five lemma, if Ths %, and @, are isomorphism so is %,+ Hence 

Cr is an isomorphism and if E'' —> X'!' is trivial (so that 

QVEtt —> X' A Xtt is also trivial), then ec is an isomorphism. 

theorem then follows readily. 

We use Dold's theorem as a basic device in constructing 

sharacteristic classes. The following two theorems give the 

generalities. 

(7.5) THEUREM. Let h(-) be a multiplicative cohomology theory 

on the category of finite CW pairs. Suppose for each n > U there is 
4 

given an element Pp, & h (Hy(n)) such that 

* (a) h (Hp(n)) is a free n-module with basis 1, pole deserts (es 
7 . > .* — 

(b) inclusion i : Hr(n) CHr(n + 1) has i pyy) = Pp: 

nen there exists a unique function assigning to each Sp(m)-bundle § 

ver a finite CW complex X (m arbitrary) an element 

pS) = 1+ py(S) ++ Py §) 

here pC) E n**(x), such that 
sal 

(1) a bundle mapf:3 — 1 covering a map f : X —> Y¥ of 
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base spaces has f"p(y) = p(s), 

(2) if €, 4 are Sp(m), Sp(n)-bundles over X respectively, then 

p(B +7) = p(s) p(y), 

(3) if & is the Hopf Sp(1)-bundle over HP(n) (see section 4), 
n 

th = ]+ . enen PS) Pa 
Proof. We shall first prove uniqueness. It is clear from (1) 

and (3) that p(¥) is uniquely determined for Sp(1)-bundles. Suppose 

that Sis an Sp(m)-bundle over X, and that uniqueness holds for 
Sp(n)-bundles, n<m. There is the associated sphere bundle 

S( 8) — > X; moreover Sp(1), the unit sphere of quaternions, acts 

freely on the right of S(&). Let HP( =) = S(&)/Sp(1), and denote 

by 7 the Sp(1)-bundle S(&) —~> HP( ©). Let pe n* (HP( €)) be defined 
by p= pi): _ 

There is the natural map 7/7: HP( ©) —> X, a locally trivial 

fibering with fiber HP(m - 1). An inclusion gin-t <S( se), where 
gfn-l is a fiber of S(§), induces an inclusion i : HP(m-1) Cc HP(&). 

It is then seen that h’ (HP(m ~ 1)) is a free h-module with basis 1, 
i*p, . +o i*pm-l, We may then apply (7.4); in particular 

7” : hn” (X) — h* (HP( ©)) is a monomorphism. The bundle Tr = over 
He( &) is easily seen to split as ae = Et +» where €' is an 
Sp(m - 1)-bundle. Hence p( 77 Me) = T* p( &) is uniquely determined. 
Since W* isa monomorphism, p( §) is uniquely determined. 

We outline without full details the well-known process of showing 

existence [11]. First of all it follows easily that line bundles have 

well-defined classes P, ( &). Assuming for the moment that existence 

holds, we would have N*p(z) = (1 + p)-p( S!) as above and 

P(E") = TT’ p( E)(l + p)” . Since ©' is an Sp(m - 1)-bundle we 
would then have p,(s') = 0, hence 
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m-1L (-1)MpTM + (-2)B + ap, (e)-pB eee ap S) = 0. 

In view of (7.4) we can use the above equation to define p( =). 

Namely define Pi (ES )ssssP CS) to be the unique elements of h(X) 

with & (-1)4 (pC 5)) pe = 0. It is not difficult to check 
(1) and (3); we outline the proof of (2). 

To show that p( 507) = P(S)+p( 7), note first that 

HP( =) < HPC E@® 0) sHP( 72) C HPC can) 1), that He(§) is a defor- 

HP( S@ 7) - He( 7) and HP(%) is a defor- 

HP( = @ 7) - HPCE). Also HPCE @ 0) = UY Y; 

in this outline we treat U and V as subcomplexes whose union is 

it
 

mation retract of U 

it
 

mation retract of V 

HP(§). 
om . m i _* m-i In h (HP( § @ 7 )), consider 2 (-1)" WF (py S)) pe. 

i=0 
Upon restriction to U this gives zero. Also consider 

n 

> (-1)4 T (p56 y))rped, which upon restriction to V gives zero. 
i=0 

Since HP( = @ 2) = ULV, one sees that 

mM . n 

CE (24 grep 5) PBA) CZ 
i=0 j=0 

_1)4 n-j) _ (-1) 7 (py(7))e ) =0 

in h*(HP( = @ 7): Also 
mtn k 

>. (-1) * mtn-k _ 
t0 TT (PCS *0)) p = 0. 

By Dold's Theorem one sees that 

= . Pr, 5@ 7) jek p,(S)-P3(7) 

nd p( 5 ® 1) = p(f)*P( 2)- 
Naturally there is an analogue of (7.5) for unitary bundles. 

(7.6) THEOREM. Let h(-) be a multiplicative cohomology theory 

on the category of finite CW pairs. Suppose for each n > 0 there are 
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given elements a E n”(CP(n)) such that 
(a) hn” (Cb(n)) is a free h-module with basis Xn ( ae eee a)" 

. . . * _ 
(b) inclusion i : Crp(n) CCP(n + 1) has i rel = a 

Then there exists a unique function assigning to each U(m)-bundle € 

over a finite CW complex X (m arbitrary) an element 

Pe) = 1+ FE) toe Be) 

where { (E) e h°“(x), such that 
k 

(1) a bundle map f: & 4 covering a map f : X —~» Y of base 

spaces has F £( 7) = e( 5), 
(2) if €, ? are U(m),U(n)-bundles over X respectively then 

c(5 © 2) = c(S)-e( 7), 

(3) if f'n 1s the Hopf U(1)-bundle over CP(n), then 
eC Fy) =l+o. 

Naturally the proof is just as above, based on the fibering 

3: CP(S) —> X with fiber Cp(m - 1). 

8. Characteristic classes in cobordism. 
Ne tetimtint ttn Ee eee Le antiilllineatnetinntmmatentnetibetiong’ 

In this section we set up central tools for tnis chapter. 

Recall that in section 5 we have considered the cohomology theories 

* A * * 
+) a> 01%.) > . Og) sy) 2 By 

of symplectic, special unitary, unitary cobordism. Given an 

Sp(m)~bundle 3 over a finite CW complex, we will define characteristic 

classes p (8) & 0** (x); it will sometimes be convenient to use 
Q * (-) — oO" (.) to consider p,( =) € obetcor Also given a 

Sp SU 
U(m)-bundle §, we will define characteristic classes 

oC E) © QRE(x). 
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We first make some remarks about the above cobordism theories. 

The best understood of these is O70): For example the coefficient 
ring os has Qu nee » the cobordism group of closed weakly 
complex manifolds of dimension @n. Hence oe is a polynomial ring 
over the integers with one generator in each dimension ~2£n 

(Milnor [19], Novikov [21]). In many cases Ow can be computed 
[12]. Turning to yh) the additive structure of the coefficient 

. group few has been determined [12]; few computations have been made 
tor Q* (x). The structure of * (+) has been hardly touched. The 
coefficient groups Oo have not oe en computed; however there is the 
following partial information (Liulevicious [18]): 

n | n>O OQ -l -2 ~3 -4 -5 -6 

n OQ. | 0 Z Zo Zo 0 Z Zo Zo . 
Pp 

We now turn to the problem of using (7.5) to give cobordism 

characteristic classes. We have first to understand MSp(1). Let 

S , denote the Hopf Sp(1)-bundle over HP(n). According to (4.3), 

the Thom space M(é ) is identified with HP(n + 1). Letting 

n— o, we obtain a universal Sp(1)-bundle F over HP( ©), and 

MSp(l) = M(5) HP(%). 

For each n, the inclusion i : HP(n) < HP(%) represents an element 

of [HP(n),MSp(1)]. By suspension we obtain an element 

4k ~ 4 Py, & [Sa HP(n),MSp(k + 1)] = O15, (HP(n))- 

We also need a Thom homomorphism 

2QO2 .. Ni ..7), fey? AG) > HAG) 
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As in section 6 we can make the identification 

MSp(n) % BSp(n)/BSp(n - 1), 

hence we may identify H’ (MSp(n)) with the ideal in H(BSp(n)) 
generated by the ordinary Chern class Con & H*"(Bsp(n)). Let 
un & Hy, Sp (a) ) be the element corresponding to c Given 2n° 

Ke [SP TM 4 (X/A) ,MSp(n) | = O15 a) 
represented by a map f, then define AAA) & (x, A) to be the image 
of Qn under the composition 

* 

H*2 msp(n)) ——> H42(s42-K a (x, A) 

a) sank 

BE (x/a) = HY (x, A) . 

We thus obtain a natural transformation Fz of cohomology theories. 

It is easily seen that 

a” 4 Fiz : gp iri) — H'(ArP(n)) 

maps p. into a generator of H*(Hp(n)). 
¥% * # 

(8.1) The CQ. -module ()| (Hr(n)) is a free Q -module with 
— "8p ~~ SP en) © ns 

basis l, Py a) (p)R- 

Proof. The proof is by induction on n, the proposition being 

obvious for n= U. Suppose it is true for n, and consider 

WT _anva 0 —> Hein) +> Bein +1) —9> S 7" —> 0. 

There is the exact sequence 
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oS a.) ave piivin + 1)) it > ow p(iP(n)) r+. 

By the induction hypotheses, i* is an epimorphism, hence we get a 

commutative diagram 

* : 

o— ar (s4nt4) cL 015 (HP (a + 1)) 2, Op (HP(a)) — 0 

Vee v2 Wz 
o > Hstt4) Zs wap + 1) * . u®(up(n)) > o- 

Using the notation of (7.1), we have p.., € FQ sp them + 1)), 

hence i" (on) = Q by (7.1). Hence there exists y ef Sos gint4) 
with T*y = (Pay pa. Then /,, ()) is a generator of H4nt4, g4nt4) , 

It may be seen by induction on k that as 3s ) is a free A module 
with generator any element ? with A, ()) 2 generator (see [10, p. 15]). 

(sant4 Hence OF ) has basis y - It follows easily from the above 
* diagram that Q gp\HP(n + 1)) is a free module with basis 

ntl 
i, Pro+i2°**> (P41) 

(8.2) COROLLARY. There exists a unique function assigning to 

each Sp(m)-bundle ¥ over a finite CW complex an element 

p(E) = 1 + py(E) ter-+ pie) 

where p, ( 5) e 05,0) such that (1), (2), (3) of (7.5) hold where 
€ oem (HP(n)) is defined as above. 

We could equally well define that Pp, ( ©) as elements of hes 
In fact Sp(1) = SU(2) so we could also consider p, eQ) Sora 
Clearly (8.1) holds for 06 y? 80 that (7.5) holds in that case. The 

| natural map Q* Sp (-) -— ao* su’ ) maps the one p,(&) into the other. 
In later sections we will consider p( =) as in rommes or By 0s 
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trying to make it clear in each case. 

Naturally we may also use (7.6). We have MU(1) = CP(0). Thus 

4: CP(n) CCP(%) yields an element ¥, oO cP(m)). Then (7.6) 
applies to prove the following: 

(8.3) COROLLARY. There exists a unique function which assigns 

to each U(m)-bundle gover a finite Cw complex X an element 

g(S) = 1+ 9,(5) ++ 08) 

where ¢, (5) e OR (x), such that (1), (2) and (3) of (7.6) hola, 

where 7 is defined in the above paragraph. 
n 

9. Characteristic classes in K-theory. 

There was defined in section 5 a homomorphism 

fr Qe) —> KO" (.)3 we also denote the composition 

* * BA * 
Q . —_—> Q . —_— s 

by Vas! QO. > })—- Ko" (+). Given an Sp(m)-bundle S over a finite 

CW complexe X, we study (J (Pf E)) e Ko** (x). In order to do this, we 
define characteristic classes p(s) & xo** (x) and show that 
/& (p,(S)) = P(e): A similar study is made of the classes 

L£;( ©) of a U(m)-bundle. First we need some generalities about 

K-theory. 

There is a natural ring homomorphism KO" (X) —> K(x) which is 
given on bundles by complexification. There is also 

* * 
ch : K (X) —? H (X3Q) 

mapping KK (x) into H°” (X;Q) and Ket x) into H°9 (x3Q). The natural 
ring homomorphism given by the composite 
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Ko*(x) —> K*(x) 2s a*(x;@) 

is denoted by 

ph : KO"(xX) —> H’(X;Q). 

It follows by induction on k that KoTM (s*) is a free KO" -module with 
a basis Consisting of one element 9 of Kok sk), namely any element 

with ph y the image of a generator under HX (sk; z) —_— H*(sK;Q). 
We also need a little information concerning KSp(X) = KSp°(X). 

There is the product 

KSp(X) * KSp(X) —~> KO(X) 

mapping (=, 7 ) into the tensor product § ©, 2 as in section 4. 

By neglecting symplectic structure we can regard S and 7 as unitary 

pundles and thus form © ©, 1 . The complexification homomorphism 

Ko(X) —> K(X) maps © ©, 7 into = ®. 4. This follows from the 

fact that if V and W are quaternionic vector spaces then 

(v ®, Ww) @ c xv Y, we 

For instance define a map from the left hand side to the right hand 

side by 

—> j + ° (vy © wv) @a > Wi ©, wi + v ©, wea 

This may be checked to be well-defined and an epimorphism. A check 

of dimensions then reveals it to be an isomorphism. 

Recall also an isomorphism of Bott [9], 

~ Cs 4 
db: KSp(xX) —> KO*(x). 
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Namely, Ko*(x) = Ko(s* A X) and given ye KSp(X) we let 
o) (%) = (1 - 5) ®, 1 where Sy is the Hopf Sp(1)-bundle over 

s*, It follows from the above paragraph that ph ore 0) = ch 7 . 
(9.1) The KO*-module KO"(HP(n)) is a free KO’-module with 

basis 1, $,--+,p" where p is the image of 1 - ae (5 the Hopf 

Sp(1)-bundle over HP(n)) under 

O: Kop(ue(n)) —> KO" (HP(n)) 
Proof. We may use the proof of (8.1), making suitable replace- 

ments including the replacement of fo by ph. In order to use that 

proof, we need ph ? = ch(2 - Sy)- There is the natural diagram 

gtntd 

VA f 
cp(2ntl) —> 4HP(n) 

{I
 from which it follows that CP(2n + 1) CP(E)- Using the properties 

if = of CP(E_), it can be seen that f Fy = fren * Pens in K(Ce(2n + 1)), 
hence 

i
 f che ch + ch n fens J enti 

& cosh t "
 

where t is a generator of H’ (CP(2n + 1)). Hence 

ph p= u + terms of higher order 

where u is a generator of H*(HP(n)), and ph oo = u", a generator of 
H*7(Hp(n)) The proof now goes exactly as (8.1). 

(9.2) COROLLARY. There exists a unique function assigning to 

each Sp(m)-bundle gover a finite CW complex X an element 
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P(E) = 1+ P(E) t+ PS) 

where B,C 5) & Ko** (x), such that (1) and (2) of (7.5) hold and such 

that D(E,) = 1+ 9. 
As promised, we now consider ft: Q* ())-— KO" (+); the com- 

Sp 
position 

One) —_ ene A, Ko" (+) 
(9.3) THEOREM. Let Sdenote an Sp(m)-bundle over a finite CW 

complex X, and let PA E)e 05,09 and PA E)e Ko (x) be the classes 
of (8.2) and (9.2). Then A(p,( 5)) = P.(F)- 

nw * 
Proof. We have that / (eC ¥)) and p( ©) are elements of KO (X) 

satisfying (1) and (2) of (7.5); this follows since A is natural, and 

also multiplicative. Hence to prove the theorem, it suffices to prove 

that 

4 4 je 11 oHP Kad) —> KO"(HP(n)) 

maps the Pn of (8.1) into the element p of (9.1). Let pr denote the 
4 4 . 4 image of p, in 0 5 (HP(n)) — C2 5 (AP (n)) - Then pr 6} gute a) 

and it suffices in view of (5.2) to show that 

~~ 4 a 

Ke? @) gy HP (A) —> KSp(HP(n)) 

maps Pe into 1 - Lae We may consider BSU(2) = HP(N) for N large and 

that the universal SU(2)-bundle ? is bao Then s( 7) e KSp(MSU(2)) is 

_given by MSU(2) = HP(N + 1), s( 7) =l- according to (4.2). 
Nei 

n is represented by i: HP(n)CHP(N + 1), hence 

AighPty) = 8 (8(7)) = 2 - Fy 
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The theorem then follows. 

It is convenient to extract from the proof of the preceding 

theorem an interesting fact. First note that if 3, "4 are Sp(m), 

Sp(n)-bundles over X respectively then p,(= 7 ) = p(s) + Py(7)- 

Hence there exists a unique homomorphism 

4 
H —> p, : Ksp(X) 1 55(%) 

taking a bundle = into p, ( e)- 

(9.4) THEOREM. The homomorphisms 

fSp(x) Pho Oo ow 28> Kew 
have A 3P1 6 1) = = 7 for all 7 e KSp(X), where X is a connected finite 

complex. 

Proof. The proof will be made for § - k where © is an Sp(k)-bundle 

over X. For the bundle By over HP(n), that A 5P1 6 Fn) =l- aan is 

just the computation of the proof of (9.3). Hence 

i sP1 Fn ~-l)=l1- an We proceed by induction on k. Now let 

~be a Sp(k)-bundle. There is Wf: HP( ) —> X as in the proof of 

(7.5) and according to (9.1) and (7.5), 

t 4 4 
tr : KO (X) —> ko (BP(=)) 

is a monomorphism, as is then 

t oN om 
“VT : KSp(X) —> KSp(HP( &))- 

Following the proof of uniqueness of (7.5), we see that 

A sPil F - k) = -CE - k) by induction on k. Hence 

Ashil 4) = 7 for all (a 

We now define a somewhat more functorial form of py» in particular 
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with no connectedness hypothesis. Consider the diagram 

_ Po oe rey x 
KO) ~-- 8% > sp! ) 

=| st =| s* 
Ko*(s* a X) 04 (s* a X) 

~ SP d x ‘KSp(S* a X) A 
and define Py : KO(X) —> O3_ > for X a finite complex with base 
point, by 

_ pa4y-? & G -7 of pty) = 7 Hb sty). 

Passing to pairs (X,A), we get 

p.: KO(x,A)—> O°? (,A)- 
ce) Sp 

(9.5) COROLLARY. fhe homomorphisms 

KO(X,A) ~2> O° (%,A) Fy xox) 
Sp 

have P( 1) = % for every 1® KO(X,A), for any finite pair (X,A)- 

Proof. Consider the diagram 

~ Po ~ oO 
KO(X) qo) 
~ K Sp 

~ 

s# “NN g4 

Ko*(s# A X) << af n X) 
~ ft 

\ we 
KSP(S* a X) . 



4,-1 § - 24 We have FP = (S*) fi Po s*., It follows from (5.2) and 
1 (9.4) that Ain @ “= - id, hence AP, = - id. 

(9.6) COROLLARY. For every finite CW pair (X,A), KO(X,A) is 

embedded as a direct summand of 15,0) and also of () 2 (%4)- 
It must be emphasized that no doubt Po is not multiplicative. 

Hence we have only embedded KO(X,A) additively in Oy %A)- 
We may now redo the above for unitary pundles. There is a 

homomorphism 

2 ge, K(X) ~@O]TM 
U 

~ Ts a periodicity isomorphism o : K(X) -> K” (x). For a finite 
connected CW complex the composition 

~ £ ~\ 2 Ke 2 
K(X) => OF(K) > K(X) <— KC) 

U 

is the negative of the identity. For any X with base point, define 
~ ~ 

> —_ Q° Ly K(X) > mC) 

as the composition 

~ ok _ £9 7 ohae 
crus _~-> OOP. 

2, 8 2,2 
K(S aX) _, Q (Ss a x) 

Q There is ¢, : K(X,A) —> 0 O&A) and in 

K(X, A) => OKA) fe, K(X, A) 

we have Ff &o = ~ 4d. Thus K(X,A) is embedded additively in 
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ar (X,4) as a direct summand. 
10. A cobordism interpretation for K" (X). 

a ate 

In this section we improve upon the results of 

gection 9 by showing how to construct the Z.~graded ring K" (x, A) 
knowing only the graded algebra OQ yee) over the module one 
‘In fact, K *ix,ay= 1*(x,a)@ o* "2 where Z is a Q”-ring ina 
; atural way. Ina similar fashion, ra (X, A) determines KO *(x,A)- 

There is the homomorphism ”, 2 OF Bn —> K*2 = 7; thus for 
w oO” Qe n+ é U we consider Fe (a) as an integer. Since = 0 

“(see Milnor [19]), we thus have a ring homomorphism ° 
Feo : oN —> Z. Hence we can regard Z as a left Q/ module by 

defining ~-°a for @e Q7 and a eé Z to be the integer fe bo) 
For (X,A) a finite pair define 

A" sa) = OF g® oe? 

where A* (X58) is regarded as Z.-graded by 
fo) = ev 1 = (jod : AGA) = 0, (X,A)® o* Zy A~ (KA) On (X,4) @ at Zz 

U U 
Alternatively it is easily seen that 

Awa x O * (eA)/RO%A) 

where R(X,A) is the least subgroup of O* yee) generated by all 
C+W- ce & 6 (w) for ce OG A) and € a 

It is seen that An (-) has many properties ofa Z.~eraded co- 
homology theory, in particular all except exactness. It will 

eventually turn out that An (-) is also exact. 
There is the natural epimorphism pi Q* yw _—> hn (X,A) 



60 

defined by Pe) = c¢ Mi. There is seen to be a unique homomorphism 

A, + * 
ane) (A@® , 2 > K (XA) 

U Q A U 

of Z~eraded groups with -- (c ® n) = nf (0)5 existence follows from 

the fact that la is multiplicative. Commutativity holds in 

OFA) > A (xa) 

ma WZ: 
K*(x,A) 

* 

Here A (X,A) and K(X, A) are both considered Zo-eraded. There is 

Aa 
c ot KA) > A“ (X,A), 

4 AX (x, A). Moreover the * c * 
the composition K (X,A) =20o OL (Xr) 

composition 
A A 

* fe * ae + 
K'(X,A) ——> A (X,A) —> K (GA) 

h AA id 
as fi Co = - id. 

(10.1) THEOREM. For every finite CW pair (X,A) we have 
A 

fer A*(X,A) ~ K*(X,A) as Z,-graded rings; hence 

Ow, A@ . 22K", A). 
U Q* 

U 
Proof. We consider first the case in which H*(X, A3Z) is a free 

abelian group having only even dimensional elements. In this case it 

follows from a standard spectral sequence argument [10, p. 49] that 

* ~ ait * A G4) = H'(X,A)@ io” 
# as 0 -modules. More precisely there exists a homogeneous basis 
U 
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{a5 for OA) as an Cy -modute such that KhAY is a basis 
for H’(X,A), where At ORWA) H"(x,A). It follows from (6.4) 

that ch /hK 4) has lead term = fi ghA4)- It then follows from 

Atiyah-Hirzebruch [6] that the fh 3) generate K* (x, A) as a free 
K*-module, where K(x, A) is taken as Zo~graded. 

We need to compute the kernel of Ae : 0 GGA) —> K (XA). 
An element is in this kernel if and only if the coefficients from | 

| a* used in expressing this element in terms of the A; all lie in 
the ernel of fo : 05 —> Z. Hence Kernel fo c Kernel p> hence 
i is an isomorphism in 

Q* (x,a) —+—> "Ux, A) 
” KON y JA 

K (X,A) 

* As a second case, consider anXe “A (X,A) with £ (o() = 0 in 
K"(x,A) such that there exists a map f : (X,A) —> (¥,B) with H (¥,B) 
free abelian with even dimensional generators and with of = £"( /) for 
some fe A*(x,B)3; we then show X= 0. For consider 

AWB) => A&A) 

Khe. Alte, 
t 

K*(y,B) 2» K*(x,a). 
A Since Ff is an isomorphism and j* ét = - id then et is onto, and 

a 1 i g { A ° I 
li = erat At) for some f'- Then <= ¢,(f f'ds ALA) = -f fp" = 0, 

We see finally that the second case is, roughly speaking, the 

general case. Let y € yp UG A)s say Y= Fo + Voyo t+ FT oron 

where & e () Bk+ed x ay, There exists fp 
2k+27 U “2 

eX) ~8 with 
U 
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Fé ( ) = 1, say by (6.5). Then 
c -2 

= . wee . zx JV) = (Pag * Tera Be tt Vesey \F—)) 
in Ao (XA) « That is, there exists Y! « OA) with 
A x) = fi 7'). Now 7' is represented by @ map 

° f : S&TM A (X/A) —> MU(k + n) 

for n sufficiently large. Then the suspension 

sea yx!) & Qekten sen a(S/A)) is in the image of 

e* : Q* (muck + n)) C*(s2n p (X/A)), 
U U 

hence S~" f\®) is in the image of 

es Au +n) A’ sk" pn (X/A))- 

if fe: A*(X/A) —_ K" (X/A) maps f\ x) into zero, then so does 

Pe AMP n/a) > Rs nova) 
en ‘ en 

map S$ a yx) into zero, hence by case two we have & lk xy) = 0 and 
¥ 

(ir) = 0 in A (X,A)- That is 

pe Ao (Xa 8) —> K(X, A) 

is an isomorphism. Similarly A: NGA) — Ki (x, A) is an isomorphism 
and the theorem follows. 

We now point out the changes which must be made in order to relate 
+ Os) and KO"(+)+ In section 5 we have defined a ring homomorphism 

* *% 
fe Og 8) —> KO’ (X,A), 

a Pa % es 

the composition DO, (-) —> Q yb? ——» ko (+). Specializing to the 
Pp 
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coefficient group, we get a ring homomorphism 

* * * 
fed — KO = KO (pt) 

Sp 
* * 

n particular we can consider KO as a left O, -module, letting 
Pp 

Ge K = fC) AK 

% or wel) and K€ KO". 
Pp 

We thus obtain a homomorphism 

@1 Np 9 « Ko*TM Ae. 5 Ko*(X,A) © ko" = KO*(X,A). 
Sp KO 

(10.2) THEOREM. For every finite CW pair (X,A) we have 

* 

0.0%) ® _,, Ko*(pt) = Ko*(x, A). 
Sp 

Proof. With a crucial change, the proof is quite similar to the 

roof of (10.1). The minor changes we leave to the reader, and go 
irectly to the critical point. Note that the proof of (10.1) pro- 

eded in three stages. While the first stage held there is con- 

iderable generality for pairs (X,A) with H*(x,A) free abelian and 

snly having even dimensional elements, it was only necessary in the 

Latter stages to apply it in one particular case only, namely to 

MU(n),-00). There MU(n) could be taken to be the Thom space of a 

universal bundle over an N-classifying space BU(n) for n large. 

ime then needed only in part 1 that 
Zs 

ond 

CQ eau) = H*(Mu(n))@ 0 i 

iY equivalently that 

Ooo) ~ a ar)@ 0." 
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by (5.3). 

A similar fact is all that is used to generalize completely the 

proof of (10.1) to (10.2). It is convenient to choose a particular 

model for BSp(n). Namely let MAN denote all n-dim. quaternionic 

subspaces of an N-dim. quaternionic space, N large, and take 

BSp(n) = Man’ 

We then need that 

* * % 

01, (8sp(n)) = BBs) ® Asp, 

more precisely that there exists elements jx 3 in O15 (BSP) such 
that kK, 2 OE espa) H(BSp) has iAh& 4) § a basis for the 
free abelian group H* (BSp(n)). It then will follow, using the methods 

of [10, p. 49], that 1 gp (BSP (n) = HB (BSP) @ 0. Sp" 
The universal bundle over BSp(n) has Chern classes Co,C4s°""sCon- 

It is known that H’ (BSp(n) ) = HM, y) has a basis consisting of poly- 
nomials Ps in the Chern classes. We shall see that every Ps is in 

the image of 

Q *(esp(n)) —> #*(Bsp(n))- 
Sp 

It is sufficient to show that every Coy is in this image. 

Consider the natural transformation 

* % 
Kx :Q (-) > #H(:)- 

vA Sp 

It may be verified that if Fis a Sp(m)-bundle over X then 4 , maps 
+ 4k 

p(S) & ares into - Co, € H (X). In particular taking & to be 

universal bundle over BSp(n) we get that 
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gy (PSPTM) — > H(BSp(n)) 

4s an epimorphism. The theorem then follows: 

11. Mappings into spheres. 

In preceding sections, we have indicated connections 

etween KO" (+) and oh AG ), also between KO"(-) and cue The 
latter is the more erat tful because ar uO ) is better understood than 
o* (-)3; in this section we prove a theorem which illustrates this 
ane. The theorem arises from an attempt to understand a theorem 
f D. Anderson-Brown-Peterson [4] from other points of view. As we 

consider the question here, which homotopy classes of maps 

; gontk —» g8M inguce a non-trivial f* : a (s88) —> Q* (sont) ) 
It follows from our formalism, and some information on <2” » that 
¢* is non-trivial if and only if f : Ko(s°") — Ko(s°3* a is non- 
privial. Then one uses the results of Adams [3] concerning when f 

is non-trivial. 

We need some information concering the coefficient ring Qo 
: * Recall that @) (S82) is a free Noy -nodule with a generator Y 3; also > 

SU 8n 
@ ae (98) —> Ko*(s®") is an epimorphism by (9. 5). Hence 

KM a, a g KS g8") = Ko°(s°") = % must be a generator, i.e. 
KO) oa! = 11. Consider 

7 > ~o 

Ko(se") —2> Oo) £y Ko(s°") = z, 
. , aon 

-~ id. If Kis a generator of KO(S ), then 

1. However py(<) = lig .) where la e (78 
-~8n 8n ~8n SU 

ad. Fo (A) = Kf en!” AV ay) Considering 

~8n ey Ko? Mipt) = % as having integer values, we get 
1. We need now the following lemma. 

-8n . . 
E have = — i. Then ~8n 0 gy /\f-2n! 

-8n? 
(11.1) LEMMA. Let 6 
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% 

lid is not a divisor of zero in the ring 
-8n su 

proof. The proof is based on our previous paper {12}. First we 

have to convert the statement to one in terms of pordism. According 

to section 5, 

* F % OQ. (-) > Ko"(-) 
U lipo J 

A) K (.) 
-8n _+ commutes, hence p' _an eQy has A, (fF on) = 21. Using the 

isomorphism a, a Q — the clement cue Me oe corresponding to 
ia has rod genus ome Ms * 1 according to (6. 5). 

8n It is then sufficient to switch to bordism. Denote by ae he 
bordism ring of closed SU-manifolds (denoted by [? in [12]). We 

Pa 
8n SU must prove that if [M ] « O. has Todd genus T[M°2] = $1, then 

n 
Bn. . : SU [M ] is not a zero divisor in ()". In order to prove this we re- 

as 2 aR Ly 

call some facts [sz]. There is a boundary eperator 

9: ar — Qu taking wey into ryen-*y where V°2-© cy*" is 
n en-2 2n-2 

dual to the ordinary Chern class eV ). Moreover 

Im[ 8 > 0") DIn[ 0: Qe —_ a*), 

and Im .89/1m @ is a polynomial algebra over Zo with generators in 

each dimension 8k. Also all torsion of ae is of the form cw) (st ] 
or [WOM] [S4](S1] where [Ww] « O°" 
Im Oe" ImQ. Finally if [MoD] & a has odd Todd genus, then 

represents a non-zero element of 

n 

rye], represents a non-zero element of Im QO + /109 [12, p. 70]. 
We can now prove our assertion. Suppose nue my has odd Todd genus 

k SU and that [W ] « OY has (weny we] = Q. Then (we is a torsion 
U 

element, for Q 8u —> Oe has only torsion in its kernel and Os is 

Se:
 

o
 ee

 
. 
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a polynomial algebra. Hence we may suppose (we = yomy (sty or 
(we) = [yoTM] rst}. then [MeTM] yom] represents 0 in Im. SU /Tm 2. 
Since this is a polynomial algebra, then fyomy represents zero in 
Im Of" 1m @ and (we) = 0. The lemma follows. 

(11.2) THEOREM. Suppose that X is a finite CW complex with 
~~ ~ 

O, y a free Os -module. If f : X — gon then 

at (s8n) —> Or (X) is non-trivial if and only if 
su, fo: Ko(s° a) —> UN) is non-trivial. 

Proof. Consider the diagram 

~ £[*¥ aes) > fowanes) 

Bu | / pt 8U yh 
Ko(s8") —— > xo(x) 

—o Y Po bP, 
CQ (sen) 25 0. 50: 

~* A 8 Suppose that f” : Q* (s-") —> fowl (X) is non-trivial. Now 
SU 

SU SU 8n SU 
to the frst of this section, p, Ko? en) = (3 -an : Y. n Where 

(on & has KF an = 21. Then 

f"p. a = P on f()). 
8n 

ES Since f (y ) is a non-zero element of the tree Q ay-noaute 06* yO? 
8n it follows from (11.1) that (° en’! "CD ay) # QO. Hence r! #0 and the 

theorem follows. 

Note that in particular the theorem holds for XK = Jgoatk | 
(11.3) COROLLARY. Suppose that X is a finite CW complex with 

base point such that Qt yi? is a free oy y module. In the diagram 

~ SU‘ ~ 
” (88) is a free (Q -module with basis 9 €¢ 2582), according 

e
e
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we have Image s ~ Image Ss. 

Proof. It is sufficient to show that Kernel $ = Kernel s. If 
Ke I(x) is represented by f : 8n-J yx —> s8" then by (11.2) | 

£*() gn) = 0 if and only if 7 lan ae ) = 0. The corollary follows. 
(11.4) ANDERSON-BROWN-PETERSON. The image ar74 (pt) —> 675 (pt) 

is Zp if j = 8m + 1 or 8m+ 2, O otherwise. 

Proof. Apply (11.3) to X = S°. Then 

Im Cw ~J (pt) > 10) = IM [173 (pt) —> Ko7J (pt) ]. According 
to a result of Adams [3], the right hand side is as stated and the 

assertion follows. In a later section we give a bordism proof of 

the theorem of Adams. 
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‘CHAPTER III. U-MANIFOLDS WITH FRAMED BOUNDARIES 

In this chapter we shift from our very general point of view of 

the previous chapters to some very concrete problems on the relation- 

ship between U-bordism and K-theory. In section 1 we consider the 

pordism group (4 of closed U-manifolds of dimension n; the elements 
f fale are the bordism classes (Me ] of closed differentiable manifolds 
ith a given complex structure on the stabie tangent bundle. In 
ection 13 we begin to study the numbers 

> 

x(M] = <ch xT (M), o(M)> 

where x ¢ K(M), T7'(M) is the Todd polynomial of M and o(M) e H,(M) 

is the orientation class. In particular there are the integers 

s o[M] where the s .,€ K(M) are certain K-theory characteristic classes 

of the stable tangent bundle. In section 14 we give the proof of 

Stong [23] that every homomorphism (2° —> Zis an integral linear 
combination of the S 3 this theorem has also been proved by 
Hattori [15]. 

In section 15 we shift to the compact U-manifolds M with 

stably framed boundary; we call such a manifold a (U,fr)-manifold. 

Such a manifold M has a complex structure on its stable tangent 

bundle Yt together with a compatible framing of the restriction 

tl @M to the boundary. Such manifolds have Chern classes and Chern 

_mumbers, hence also a Todd genus Td [M] which is now a rational 

number. It is proved that if yen is a compact (U,fr)-manifolda, 
shen there exists a closed U-manifold with the same Chern numbers 

if and only if Td cme} is an integer. 
In section 16 we consider bordism classes of compact (U,fr)-mani- 

olds mM"; these may be identified with elements of the homotopy group 
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TW oy (MU ()/8TM*), k large. For n> 0 there is the short exact 
sequence 

o 3 OY —» aufr _+, ni — 0. 
en en 2n-1 

U,fr 
The homomorphism Td ; OQ. — > Q then gives rise to a homomorphism 

fr BE: Q —> /Z, 
2n-1 

‘which turns out to be equal to a well-known homomorphism 

fr 

& ? Opn > Vz 
of J. F. Adams [7]. Thus we obtain a complete description of the 

image of 
U,fr 

Td a) , —?> Qs 
en 

U,fr 

and considerable knowledge concerning the bordism groups QO. and 
() 8 tr n 

en - 
12. ‘The U-bordism groups ay. 

Let MTM denote a differentiable manifold and let Tv de- 

note its tangent bundle. We shall call the Whitney sum wT + (2k - n) 

of T and the trivial (2k - n)-bundle the stable tangent bundle of uw, 
where 2k - n 2 2, Note that 7 + (2k - n) is a real 2k-bundle with 

space 

E(U + (ek - n)) = E(v) x RA 

A U-structure } on M"TM is a homotopy class of maps 

Jo: E(t + (2k -n)) —- E( ¢ + (2k - n)) 

each of which maps each fiber linearly onto itself and has 

y® = - identity (see [12]). 
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Given such an operator J on E( 7) x pen there is induced 
an operator J' on E(T) x ReK-N x pe given by J' = J x J. where 
Jo : R° —> R© is given by J (ss t) = (-t,s). It may be seen from 
this that the giving of a U-structure dis independent of the precise 
value of k at least if 2k -n2 2 (see [12, p. 16]). Similarly if 
E(@) admits such a natural operator J, then MTM" receives a natural 

U-structure. Thus every almost complex manifold and hence every 

complex analytic manifold also has a natural U-structure. 

A U-manifold cm”, oD) is a pair consisting of a differentiable 
manifold MTM and a U-structure g on M", Often we take the U-structure 

for granted and denote the U-manifold simply by uM’. 
Fix a U-manifolid vn and let J be a representative of the U-structure 

). Then J converts UT + (2k - n) into a complex vector space bundle. 

This complex vector space bundle has Chern classes, which are denoted 

by 

eM) « H°Kiw), k = 0,1,2,°°°. 

Moreover (+ (2k - n) receives a natural orientation as a complex 

bundle. Now if we take two different representatives of } it is not 

hard to see that we obtain the same Chern classes c, (it) and the 

Same orientation for @+ (2k - n). Since R°K-" has a preferred 
orientation, the tangent bundle @ thus receives a natural orientation. 

If M" is compact, denote by 

o(M") ¢ HLGM, aM”) 

he orientation class. 

Every closed U-manifold yen has Chern numbers. Namely given 
ositive integers ijoi reredy with i, +e+++ 1. =n there is the 

2’ 1 
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integer 

“,.,2n en 2n en Cy Ci vents [M ] = Key (M )eerey (M ds o- (M ) >> 
12 P 1 p 

on. ,,,on . 
the value of the cup product Cy seeCs H (M ') on the orientation 

1 P an class ove H(t )- 

We shall be first of all concerned in this chapter with the pro- 

blem of Milnor [24] and Hirzebruch. 

PROBLEM. Suppose that n is given and that for each partition 

fiys-4,} of n we are given an integer Bi ettted + What are 
necessary and sufficient conditions that there exists a closed 

U-manifold M°" with 

Pyeny — c, eeec, [MP] =a . 
i, i Tyeeeest, 

for each irr d§? 5 
It is convenient to have at hand the U-bordism groups. . We 

shall not give complete definitions (see [12]) but simply a quick 

sketch. It is possible to associate with each U-structure @ on ve 
a "negative" complex structure - d - ‘Thus given a U-manifold cM", d) 
there is the U-manifoid -(M", >) = (u",- @). It is also possible 
to associate with each U-structure i) on M" a U-structure oo on om”. 
Define ou, >) = ( om", a p)- So given a U-manifola mM” it is 
possible to define ~MTM and @M" and these are also U-manifolds. One 

can then define a bordism relation on closed U-manifolds by 

aa if there exists a compact U-manifold w°t! with gw®*! the 
disjoint union My (-Mp) as U-manifolds. This is an equivalence 
relation; denote the bordism class containing Mm" py [MTM]. The set 

U OF of bordism classes [M7] is an abelian group with addition being 
disjoint union. Moreover the cartesian product of two U-manifolds is 
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also a U-manifold and a = z ole is a graded ring under cartesian 
‘product. 8 

We assume the results of Milnor [19] on the structure of OY. 
pinsly O, is a polynomial algebra with a generator in each dimension 
ek, k > 0. Moreover the Chern numbers ceneane’ oes} of any closed 
J-manifold wen are functions only of the bordism class cn’ TM4 and also 
etermine the bordism class uniquely as ijstrtsdy range over all 

artitions of n. 

It follows readily from the results of Milnor that every homo- 

morphism 9: Ne —> Z is a linear combination 
n 

en n glu] = 2a weed C4. C4 te wer] i, ip i 1, 1, 

with each a4 veep rational. The problem of Milnor and Hirzebruch can 

pe restated as follows: 

PROBLEM: Determine all homomorphisms O, — > Ze 
We shall discuss a solution of Stong [23] and Hattori [15] to 

this problem in later sections, and go on to further applications. 

We shall need a slightly more careful statement of a Milnor 

result. Given positive integers i, 2 lo 2.442 ip» denote by 
<= i, i i See a 

1 2 p 

the least symmetric potynomit in variables th» creat, (n large) which 
i, i 

contains the term tytePeet The symmetric polynomial can be 

written as a polynomial in the elementary symmetric functions 

> t > Ztytos wre, ty tor “te 

Replace these by ¢ netgc and thus obtain a polynomial 
1?°2? 
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eoe GJ = eae 4 - s aC,» 2c) where ftp ib. Given a closed U-manifold 
M©D and © with ij tr+++ i, =n, there is the integer 

—_ 2 ra z s lM) = Ssyley(M Deeerscyi )), oo (M) > 

an integral linear combination of Chern numbers. This number is also 

en). According to Milnor, if 2n is not of the denoted by Sy se+e54 {M 

i en k form 2p" ~ 2 for p a prime then there exists a closed U-~manifold M 

with s(M"] = 1. If gn= 2p" - 2 for p prime, there exists #°” with 
s_ [M“2] = p. Moreover, coy is the polynomial algebra a! 

z((M"1,(w4],---,(w°"J,---]. 

We put this aside now for later use. 

We now take from Chapter I and Chapter II some necessary K-theory 

for the later sections. First we need the Atiyah classes ¥, (see [5])3 

their existence follows easily from (7.6). 

(13.1) There exists a unique function associating with every 

complex vector space bundle ©: E( 5) —> X, over @ finite CW complex, 

elements 05) e K(X) for k = 0,1,°°* with r (5) = 1 and such that: 

(a) if =, 1 are bundles over X,Y respectively and if 

f:E(¥) — E(y) is a bundle map covering f:X—> Y, then 
t 
PCL) = A655 

(bo) aif ©, 7 are bundles over the same space X, then 

+ = . 3 HOEY Be wey Hoy) 
(c) if gis a line bundle over X then ¥, (8) = € -~-1 and 

vs) = 0 for k>l. 

Of course the . are up to sign just the K-theory Chern classes 

of Chapter II. Just as for cohomology Chern classes, we can form elements 

_ > > >, ame] 
8 ,( 8) © K(X) for every partition w= ji, - ip -**:- ip}. Namely 
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instead of the Syl srrrse ) of a few paragraphs ago, take 

8 y() = s(7)» Pee 7 As a special definition denote by 

w= 0 the empty partition and let 8, (5) = 1. As with ordinary 

Chern classes, there is the formula 

S (5 +m) = tet §,65)8 00: 

if “ is a U-manifold we may consider the stable tangent bundle 
T (2k - n) as a complex vector space bundle. The Atiyah classes 

of this complex vector space bundle are denoted simply by 

7 Oe) & K(M) ; similarly there are the classes s Uh) E K(MTM). 

The totel class y (MP) is defined to be the formal polynomial 

y(t) = =" 7 (Mt) ti; more generally there is ¥%( €) for any =. 
As an example consider the U-manifold CP(n). Denote by & the 

conjugate f of the Hopf bundle over Cr(n). Then 

+1 

y(CP(n)) 

(a+ LE 

(2 + Ce - 1)t) 

D+ (MT) Cg -L)t tert CIE) CE -1)B theres, 

ntl 

i
 

Given a U(n)-bundle 3: E( =) —> X recall that in Chapter I we 

have denoted by J ( €) a particular Thom class in K(M(5)) = K(D(z),8($)). 

Yo make a better fit with standard usage, we shift to a slightly different 

hom class 

T(E) = JF (E) © KME)) 

mere 47 denotes the complex conjugate of gd. We will then use the 

om isomorphism 

@ : K(X) —> K(D(=),8(#)) 
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b 

+ § 5 

sending x « K(X) into p (x)°-T( =) where p : D(S) —> X is a 

bundle projection. More generally, given a finite CW pair (X,A) 

there is the Thom isomorphism 

Q : K(X,A) —> K(D(¥),8( 8) UDC FJA)) 

I 
sending x into p (x)*T(®). This is meaningful since 

p(x) © K(D(¥),DCE)A))sTCE) © K(D(E)S(5))> 

and there is the cup product 

K(Y,B) @ K(¥,C) —> K(Y,B\/C). 

Recall also that there is the ordinary Thom isomorphism 

Q: Hex, A) = BPR DEE), DEE |A) Y SCE) 

on cohomology; similarly on homology there is 

: ~ Qs W(X A) > HL. (DUE), DC ELA) YS B))- 

~ev . 
Denote by H (X,A;@) the commutative ring 

~ ek 
HOY (X,A3Q) = 2H (KAS) 

Denote py HeY(x,AsQ) Lit] | all formal power series 

eee Koo. 1 + a,t + + a,t + 

ev ev 
where a, © H (X,A3@). Then H (X,A;Q){[t]] is an abelian group under 

formal multiplication. 

Given a U(n)-bundle $: E( §) — > X there is 

T(S) e K(D(S),S( 5)) and 
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eh TCS) © H°M(D( 7) ,8(y)5)Q)[[t]] 

po ch (ES) © HEM GQ)LLE] 

Define T © #°"(x;0) [[t]] by 
s 

i 

t =@ cht . 5 9 chT(s) 

It has been pointed out in Chapter I that 

T =T T,,T =1. 
y+7 SN? 1 

ev 

-Hence there exists a unique homomorphism K(X) -—~> H (X3Q)L[t]] 

assigning to each x e K(X) an element tT, and extending the function 

3 —> T, on bundles. 
3 

In particular there is such a homomorphism 

~ ~ev 
K(X/A) —> HB (X/A;Q) [Tt] ]. 

~ ev ev 
Identifying K(X/A) with K(X,A) and a (X/A3Q) with H (X,4;Q) we thus 
get a homomorphism 

- ~ev 
T : K(X,A) —-> H (X,A;Q)[([t]] 

assigning to each x 6 K({X,A) an element TY. 

In an entirely similar way given &, there are the elements 

os) = Le (sts, Ws) = = Ne) r* 
meV : 

H (X;Q)([t]]. Just as above these lead to homomorphisms 

K(X, A) —> H®%(x,a;Q) [tJ] oO
 

o
e

 

K(X,A) —> K(x, 4) [[t]] o
o
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c(x) 1+ c, (x)t $0 ott c (x) tH +e0° 

8(x) 1 + St feo et bt ort, 

1 owt 
The element (T,)” 6 He%(x,43Q)[[t]] will be called the Todd 

polynomial of x. Letting c. = C(x); it is the famous polynomial 

2 1 c ec," +c c.c¢ (ny ea + be ETB 1°2,3 
5 is og tt 

of Hirzebruch [16]. 

Suppose now that wm" is a U-manifold. The stable tangent bundle 

T+ (2k - n) is then a complex vector space bundle, unique up to 

equivalence. Denote by T' = @'(M) € K(w") the element represented 
by this complex bundle. Then let 

nM) = T(¢1),T () = [testy 
1 n 

Then T (M") is the Todd polynomial of the U-manifold M. 

It should be noted from (6. 4“) that the precise value of tT, 
is given as follows: namely in 

-t -t 
(lee tyes -e %) 

typeset, 

replace Et, by c,(¥),°**, Et, *t, by a (F)s°*'- 
13. Characteristic numbers from K~theory. 

atti atin ameenal se siineatiiaettiiiess cel 

Assume that we are given a compact U-manifold wen 
and an element x e K(M, @M). Embed M as a smooth submanifold of the 

oC 

cube 12M*2K) oy 2 on + 2, so that Ma O1*TM*** = am, so that this 
en+ek 

intersection is in the interior of one face of I and so that M 

is orthogonal to gyentek at this intersection. Denote by 7 the 

normal bundle to M in ponte Since “en is a U-manifold, its stable 
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tangent bundle @T! is a complex vector space bundle. We can then 
entek suppose that the normal bundle X to M in I is a complex vector 

space bundle with @' + #trivial (see fl2, p.16]). Then 
lL 1 

= T> = T° (M). The disk bundle D(») may be identified with T 
{ % 

ent2k the tubular neighborhood of @M in @I We then have the Thom 

class 

TC) € K(D(4),8( 7)), and 

P(x) e K(D( y),D( 2| OM) 
where p 3: (D( » ) D6 7\ @M)) —> (M4, @M) is bundle projection. Using 

the cup product 

K(X, A) @ K(X,B) —> K(X,A ~B) 

we then get 

@: K(M, OM) K(D( 2) »8(y) DE | aM) ) 

sending x into (p'x) 2). There is the diagram 

entek ant+ek 
K(M, 2M) K(I ol )wz 3 

ef= 1 t;! 
i 

K(D( 980) Y DEAL OM) <r KUTPPFPK, a TPMPRY TEMES — Int D(x )))- 

en and the element By definition, given the compact U-manifold M 

x e K(M, @M), denote by x[M] the integer which is the image of x under 

the composite homomorphism K(M, @M) ——> Z. 

(13.1) Given a compact U-manifold M and x « K(M, OM), the integer 

x(M] is given by 

x{M] = Cech xT" (M), oo (M)>.~ 

Im particular it is independent of the choices made. 
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Proof. We have 

-i 2 K Zen j'(4') @(x)) eX (1D ) > 
Kch a(x), o-(D( 7)) > 
CP ch O(x), o (> 
KP (ch pixreh T(%)), 2 (iM) > 
ch x* @ ch T(y)> a (M) > 

x{M] ul
 

u
 

i
 

ul
 

tt
 

N
 ch xT" (M), o(M)>. 

The remark follows. 

In particular if vee is a closed U-manifold and x = 1, then 
2 wt 

xi} = <r PM), @ GP) > 
on . en 

is the Todd index of M***. We denote it by Ta [M ]. 

As an example, consider the integers x[{CP(n)] where x ranges 

over the elements of K(CP(n)). Note that 

i -t,,ntl 
T (Cp(n)) = (t/(1 - e °)) 

where t is the appropriate generator of H”(CP(n)). We assume the 
fact (see Hirzebruch [16]) that the coefficient of tTM in the above is 

one, and thus that Td [CP(n)] = 1. 
< < Let x = (1 - pox where fis the Hopf bundle and 0 =k - n. Then 

1 

I
 (a - ety) Baya - ety)” 

Kt _ e7ty)n-ktl | 

ch x-T~ (CP(n)) 

It follows that the coefficient of t” in ch x‘T~ (CP(n)) is 1, thus 

a - f*(op(n)] -1,0SKk‘in. 
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(13.2) Let x e K(CP(n)). Then 

xX =a, + a,(1 - f) teert an(1 - fp” 

for integers on ie and 

x{CP(n)] = a, + a, tettt ap. 

Consider the conjugate gS of J: Then Ff f = 1 and 

u
 il - (1 -£) 

1+ -f) +Q-f)F + 
Pp -i QQ-f)+a- fore 

f 
u

 
tt

 

1)*[cP(n)] is equal to ()- 

Proof. We have only to expand (f - 1)* by the above formula 
(13.3) The number (f 

and use (13.2). We see that the result is the number of sequences 
. < < eoon sg 8 . . 

dyocttsdy with i - 1, - n and with i) + +i, =n. Using induction, 

we see that the remark is implied by the identity 

@) = Gh) + Go ee GED. 

Suppose now that va is a closed U-manifold and that c « HM). 
Since K(Z,2) = CP(%), there is a map f : M—> CP(N), N large, with 

f*(t) = c. Since CP(%) = BU(1), we see that there exists a complex 

line bundle ” on M with ©, (0%) = c. Making f transverse regular on 

P(N - 1), denote by yn-® the inverse image £7 (CP(N ~ 1)). By 
[12, p. 16], we can make yn-k into a U-manifold whose stable tangent 

bundle TV! has Yt + i> % = a* T1(W9), where i: WP cm. 
We call N°” a u-submanifold dual to ¢ « YM). 

(13.4) Suppose that mM" is a closed U-manifold and that 

ee H’ (MP). Denote by 78 complex line bundle on X with c, 1) = ¢ 
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and by woe a U-submanifold dual toc. If xe K(M") and 
4: ND-* ow then 

(aby (v*] = x(l - 7 ) UP). 
t ie (M), we have u

 Proof. Since eM) + i"y 
wi gmat 

T7(N)/T,, = i*TTM (M) 

q-7(N) = AN(Ty .T-"(M)). 

Hence 

<ch itx.t7 (MN), & (N)> 
<a" (ch x-T » Or e~ (N)> 
Cch xT ” -T (M),ix o(N)> 

<ch xT 7 -T7 (M4), ca o (M)> 
<ch x-cf TOM, o (> 
£ch x(l - eS) TOD, (a) > 

x(1 - y Ue). 

(i'x) [NP-2] it
 

il
 

14. The theorem of Stong and Hattori. 

We have mentioned in section 12 the standard invariants 

S, 4 [Mey of a closed U-manifold aan defined whenever 
°°”? k 

dy oct i. =n. Using section 13 we now have the integers 

iH s _ UPL = s, ‘ GP?) 1?) 
1? 3 " 1? % kK 

defined whenever i, t++++ ip Son. If i, tere 4 =m dt is readily 
checked that 

en 2a $ M s M * Syed J Liotteody! ] 



8S 

en 
It follows readily from (13.1) that the 8, geeeeg [M ] are rational 

1 

combinations of the Chern numbers, thus they are bordism invariants 

of closed U-manifolds. Hence we receive homomorphisms 

s. . 2O¥ —> 2; 
Lysesesty en 

defined whenever dy ni 2 iy. $n. For the empty partitionw = 0, we 

have 

en -t) gn en en 
se] = <t OP"), © )> = ta [']. 

(14.1) Ifw = fiptpe ttt) is a partition consisting of 1 
an 

repeated Ty times, 2 repeated To times,***, s repeated Tr, times, then 

Ss 4 [CP(n)] = a (, n ; ) ryisrergi(a + 1 — rj-"*'-T.) 44 fee rd qh . 

Proof. The tangent bundle Tof CP(n) is given by 

T+l=(n+1)B,5= 

hence 

(0) =2 8, (SE) (5), 

there being (n + L)t/rylee-rgt(a +1- ry-""'-r,)t such terms. Now 

(e)eees. (€) = (eB -1)tl tet tk, 
L 1k 

i tere LT n (e-1)+ *(cP(n)] -(,, fered .). 
The remark follows. 

Sy 
and 

We have next a fundamental computation of Stong [23]. 

(14.2) Consider (cp(p))® = ce(p*) x eee xX cr(p¥), for p a given 

6 ere ay eereN ae Re ae Nets emt yn ree me mmm crema mary SS 
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prime, and let ce a” (cP(p%)P) be given by 

c= t@1® --- O@1 + 1@t ©1O---@] +--+ 191 --- MB, 
k+l “2 

be ep where t is the preferred generator of H”(CP(p*)). Let N=N 
be the U-submanifold of (op (py)? dual to c. Then 

i) s. ,...,i_[N] = 0 mod p, iy feet iy? pitt ~ p 
iy Z — 

If i, treet i, = pktl — p, then See 1 va intniotcheed 

ii) Ss. y° vty = 0 mod p, Zz < p 

iii) s ported = Q mod p unless ij = p* ~ 1 for each j 
1 

iv s one = 1 mod . ) pk? 7 pK oe Pp 

p terms 

Proof. Let M = (cp(p*))?. Let X,,°+',X,) € K(M) be given by 
p 

x, = 1®@-+@1@ (= - 1 @!G---@| 

where —& - 1 is ini” position and where 5 = r - Then K(M) consists 
of all polynomials 

r r eee = Levey PD 
x x )=2a x x G ( 1? 2x) mer P 

pX, Moreover l
A

 

for which each rT. 

{tt
 

Tr. Tr 

Ce - 1) TYopcp§y)]--°¢ = - 1) Plce(p*)] r r lee- i x, x PIM] 

which is, by (13.3), 0 mod p unless each rs is either O or o*, 
We will be especially interested in the symmetric polynomials, 

therefore for@= fr 2 Tr. 26262 pj» Ty £ 2, in the symmetric poly- 
nomials 

T r r 

Xy = ee ee 

Note that x ,,[M] = 0 mod p unlessw = 0 orw= (p*,..-, 0%). 
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For each |, let 

Pp 
x. 

¥% UO unless Ty meretar 
aw 

xX, if ry =e6+= Ty: 

Extend x,, —"~> x*, to a homomorphism assigning to each symmetric 
* 

polynomial 9a symmetric polynomial @ . Note that 

* (xy) = x"y* mod p for x,y symmetric. Adding this to the previous 
fact that x, [M] = 0 unless ~ = 0 or w= (pH,.-+,pé) we get 

*% 

(xy*+ew) [M] mod p 
x y*.+ ow [M| mod p 

i
 (xy ssw) [M] 

ul
 

for symmetric x,y,***’,w « K(M). 

Consider in particular the line bundle ? over M with c, ( 7) = C. 

Then 

7=5@E ® ---OFs 

(l+ (E -1))@-**@(l + (= -1)) 
1+ dx, + 2%) Xo feet Xp Xo 

(g- 0)" X,%5° . **° 

Also (1 - Pde(p-Ve(qa-veer 

1 — \* _ + 2 2 + 
( _ 7? = Rok, mcr" * «eomod p 

Note for later reference that [Cx -i)*a - 7 )]* mod p has term of 
j+l1, jtl lowest degree x ok, - Hence if x is a homogeneous polynomial 

of degree gq and q + j 2 pXtl — p, where j > 0, then 

il xy - DIG = 7D = x - 4G - 7 "LH aoa p 
O mod p il
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if either j > 0 or if q > peti - p and j = 0. This is true because 

* + —~ .* x (% - 1) Ja - 2 ) is of degree > pétl, 
* 

Let i: NCM and let yt = iy. Then i” "(M) = 7(N) + 7! 
and 

i
 al i 

i*s (WM) =s_(N) +258, (N)*( t = 1S 
prety a tyapety 

i 

s(N) = 4i"s 00 -Zs 2m - vd. 
TM GJ ~ ef one 1 oti yen > z 

it
 

Proceeding inductively, we see that 

* > J ! 
s(N) =i (sg) + 2a yik il | -1) w) 

where the ao are integers, the X 4, are homogeneous polynomials 
! 

and deg x + j = deg w, Also j > 0. Here we use the fact 
Wt Wy wt 

that s is homogeneous of degree deg ~ in Hyp" sXe 

Let ®& be a partition of degree > pett - p. Then 
_ | j _ 

s,W]=sQ)GQ - 7M + Fax (yt - Vw - 7) D0 

By an earlier computation we then get 

s ,) = sQO(1 - 7) IM) mod p 

for deg 2 pitt - p. Also by our earlier computation we get 

- k+l 
s(M)(1 - 7)[M] = 9 mod p, deg > p - p. 

Hence i) is established. 

Suppose next that w= fay 2.4.2 ivf, with 1, tert dy = pitt ~ De 
Then 

(N] = (s (H)*(x,++-x,) [M] mod p. c 

* 
— w 

If XY < p then 
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s y[M] = Es, (op(a)]O++ @s, [orn] @1@---@1 
* 

clearly has (s.,(M]) = 0 and hence 4i) follows. Similarly if ZY = p 

then (s oa)" = 0 unless i, meses i, and hence iii) follows. If 

iy eters ip = pe - 1 then 
ii
 s o(if)"(1 - %) D4] mod p 

Ee oP] mod p ul
 

ul
 i mod p. 

Both Stong [23] and Hattori [15] have given proofs of the following 

theorem. We are using Stong's proof here. 

(14.3) STONG. Suppose that 9: Oo — > Z is a homomorphism. 
en ~ 

Then 9 can be expressed as an integral linear combination of the 

homomorphism 

U < 
: Q — > Z, dy tee et i, 7 n- 8 Ayyrttsty “Cen 

Proof. Given a partitiony = {4, 2 lo 2.242 if, let 
let d(w) 

wo! = {3 
i, tered i. and n(w) = k. Suppose that 

ceed iy}. Define i
v
 

w! >w if d(wt) > a(w), 

Wt >Wif d(w!) = d(w) and n( wt) <n(v), 

wt >Waif dwt) = d(w),n(w!) = n(w) 

and if Jy = Liserred, = Lor Jeai >i . This is a linear ordering of 
stl 

all partitions. We leave it as an exercise to show that if ow) S wt 
< ' < Qo = Ww + & = Wi + wl, and 2 2 oe aa 2 i > 

Let [M] « QO}: Say that [M] is of type wif SLM] # O mod p and 

ifs ,(M] = 0 mod p for all wt > w, If Mis of type ~, and if N 
w 

if of type w then M x Nis of type Ws + Wo: For instance, suppose 
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M& > al + Wo. Then 

x = 2 . 8 [Mt N] wit ott wor so ,, EN 

If wt + wtt = W> w+ We then clearly either wt > “’, or 

wit > Mo Hence 

sw(M x NJ] = 0 mod p, W> , + Wo. 

Similarly s [M x N] #0 mod p. 
1442 

In each positive dimension 2k, we now select 4 closed U-manifold 

x*Kk, irk # pf -~ 1, for p a given prime, let xek be such that 

Then x°*] is of type TM(k) =k. 
If k=p-1, let xr* = CP(p - 1). It follows readily from 

(15.1) that [x°P-®] is of type #(¥ - 1) = 0. 

tf k = phtt ~ 1, (n 21) let x*TM be the U-submanifold of 
p apttle 

(Ce(pT))* dual to c as in (14.2). According to (15.2), [X J is 

of type (ptt -1) = (pTM - 1,---,p" - 1). 
U Fix now the positive integer n, and consider {). @®Z. = Oe /p Qe . 
2n p en en 

Consider partitions fisting} of n. For each such we have 
ei ei U U 

Lx eee X k M M oO, 72, 

and the partition 

w (ijseresdy) = w(i,) teoet w (i) 

2i 2i 
of degree Sn. Moreover [M 1]x.---x [M ky is of type w (Lyyerrsdy) 
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2i ai U U f(x} =2a Lx..-x k Q Q If [x] i vt nome on’ P en potted 

with some a # 0 mod p, summed over all {i pores } with Lys,er+,iy i K 
i, teoet dp =n, let *Iysteeody be such that OS seesdy) takes its 

maximum. Then [X] is of type O(Jystttsdy)- 

That is, let (25) 7) be a direct product of W(n) copies of 
Z (7 (n) = number of partitions of n), and let it be indexed by the 

partitions fi, 24462 i, ¢ of n. Define 
U U 

6:0 7A su Wn) 
en en 

p) 

by 

Gi) = (s wpe ga) 

Then Dis an isomorphism, as follows from the above paragraph. 
U 

It follows readily that every homomorphism 6 ; om —_ Zp is 
n 

equal, mod p, to an integral linear combination of the 

s . In particular, every @ is equal mod p to an integral 
w(izpsssesti) 

linear combination of the s ,, as ~ varies over all partitions. 
U 

Consider the free abelian group Hom (10 2 »Z) of rank 7r(n) and 
n 

let 

U 
K CHom (Q ~ ,Z) =G 

en 

be the subgroup spanned by all the s ., as W varies over ail partitions 
< 

with d(w) -n. Now G/K is clearly a finite abelian group. Hence 

there exists a basis Pisces, 9 arn) for G and positive integers 

r so that Fn) 

1 Gyo oP an) 8 ain) 

is a basis for K. Suppose r, > 1. Some prime p is then a divisor 
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of r;. Then K@Z. #4G@Z.. But from the preceding part of the 
j p Pp 

proof we have 

K®z2 = 6@z. = Hom ( Q" ,z). 
P n° p Pp 

The theorem follows. 

(14.4) COROLLARY. Recall that for each partition 
< GJ) = Jagseersty} with d(w) - n the integer 

yey 8 wen ; te , 
s,,[M J = Dry). dy C3, Cd pe Oj y lM ] where the r's are rational 

and Jy Zee? jy varies over all partitions of n. Given integers 

Bjyeeesdy’? one for each partition of n, let 

aon oo: +eeet J =n) and let “ (8jyeeeady jy "y ) ana let 
= a . : a. : oe S 4(4) Thptttdy “Speedy 

A necessary and sufficient condition that there exist a closed 

U-manifold N©" with c. c, «--c, Ine? =a, . for each 
J1 Jo Jy Jystrrsdy 

}ayoeeeady} is that S ,, 64) be an integer for all partitions 
w with d(w) Sn. 

Proof. It is clear that this is a necessary condition. We 

have only to prove it sufficient. Since a ~ (Z) u () it follows 
n 

from (14.3) that there exists integral linear combinations 

Byte 9 ain) of the s ,, such that 

pt LHP] > (9 [HP ee, Gap egy LH) 
J | 

is an isomorphism" ~(z)"\TM. ‘here is also the embedding 
on 

om <(z) "TM using Chern numbers, namely [M“"] is identified with 
n 

the set of W(n) Chern numbers c, ,,,¢ [Mery , ordered in some way. 
Jy Jy 

Finally there is 

wee en em ee NE IOI RE ee TE OT nee Si Sn I te eR Rn Rt mon eee RS a a aa 
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W(n) pt : (2) — (a) ma) 
sending a = (a, , ) into (91 (a)sees (a)). Com- , F an) eoee sdy 
mutativity holds in 

Q° L_ (2) 
en ~ 

O) | 
(2) ") —» (a) 

Wn) 

Wn) 

n Moreover (z) ae is of finite order. Hence ep! is 4 mono- 
en 

morphism and the corollary follows readily. 

15. U-manifolds with stably framed boundaries. 

Let M@ denote a differentiable manifold and let 

VT denote its tangent bundle. Denote as usual the stable tangent 

bundle of M” to be T + (£k - n where ek -n 2 &. A stable framing 
@ of M" is a homotopy class of maps 

Q: BCU + (2k - n)) —> RB 
ek 

each of which maps every fiber of @+ (2k - n) linearly onto R . 

As with U-structures, this is independent of the value of k as long 

as 2k -n2 2 (see [1£, p. 16]). 

A stably framed manifold is a pair at ,e) consisting of a 

differentiable manifold M" and a stable framing 6 of w. 
There is a bordism group Qit of bordism classes of stably 

framed closed manifolds. As with U-structures, given a stable 
framing 9 of mTM one can define a stable framing - 9; one can also 

define a stable framing @O on am" and thus define 

-(M7,0) = (M",- 6), acmTM,e) = ( 9m", Je). 
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For more details see [12]. One can then define a bordism relation 

on closed stably framed manifolds by ay 

compact stably framed manifola w+ with awo*! the disjoint union 
~ MS if there exists a 

ra v (-Mp) as stably framed manifolds. Denote the bordism class 
containing van by (w" and denote the abelian group of bordism 

r 

classes by at, The cartesian product of two stably framed mani- 
n fr folds is stably framed and om = a Qi is a graded ring under 

cartesian product [12]. 

The abelian group Qit is known to be isomorphic to the stable 
sten Wo (8), 2k 2n : 2, by the method of Thom. In particular 
Q xz ana Nf? is finite for n> 0. 

6) n 
Every stable framing 6 on ve gives rise to a U-structure on vw. 

For given 

@: E(t + (2k - n)) —> RB 
ek ek, 

the natural operator J :R —>R given by 

J (Xp oF got 9% yyy Xp) = (Rye oe Foy s% oy 9) 
pulls back to an operator 

Jo: E(t + (2k - n)) —> ECT + (2K - n)) 

representing a U~structure 9! on mM", This leads to a homomorphism 

tt qt _ Qu 

n n 

mapping [M",0].. into [mMTM,a! For n> 0, one is finite ana QY Jae 
u n 

is free abelian. Hence r = 0 for n> Q. 

That is, given a closed stably framed manifold uw, n> OQ, then 
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gn closed U-manifold N having the same Chern numbers ? That is, 

to what extent can [ ane?) E qit be detected by the Chern 
on fr 2n-1 

numbers of M ¢ 

Note that the Todd genus of a compact (U,fr)-manifold is de- 

fined as a rational number. For closed U-manifolds, there is a 

rational linear combination of Chern numbers giving ta{M""]. 
£n 

Simply 

use this to define ta(M@"} for M*TM a compact (U,fr)-manifold. More 
precisely, since Te K(M, OM) there is T( 7) « ao’ cM, amM3sG)[[t]], 
also T7 (M) = (T(7%))7~ in He%(M, @M3Q){[t]], ana 

2n, _ -1 ta[M~ ] = <T (M), o (M) >. 

We give now a few examples. Let mM" be a compact differentiable 

oriented manifold and let x € Kia", am”) be such that the composition 

~ n K(M?, amTM) —> Kc") — KO(M ) 

maps x into the class of the stable tangent bundle in Ko(MTM) . We may 

then use x to put a complex vector space structure on the stable 

tangent bundle and one with a trivialization on its restriction to 

the boundary. That is, we can make M”TM into a (U,fr)-manifold (not 

uniquely) with T(M, 8M) = x e K(M, @M). Moreover eH) = C(x) 

Thus on the en-disk ps, let x € Kips, have 
Leo(x)s o-(D°t) > =(n-1)t Since Rov") = 0, we may consider 
en D a (U,fr)-manifold with t= x. Thus there exists a compact 

(U,fr)-manifold pen with 

ny = c,[D (n - 1)! 

and all other Chern numbers zero. Then 
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M" is a U-manifold and [M"] 0 in Q)Y. Hence there exists a compact 

U-manifold wart with awatt = mM. The point of the remainder of this 
. : n+l ,n 

chapter is to consider such pairs (W »M)- 

A (U,fr)-manifold is a triple (TMTM, @,9) consisting of a diffe- 

rentiable manifold Mu", a U-structure @ on mM? and a stable framing @ 
of @M" such that @! = ao. Many non-trivial examples exist by 
virtue of the above construction. picking representatives of @ and 
6, we may regard the stable tangent bundle @+ (2k - n) as a complex 

vector space bundle on von with a given trivialization, 4s 4 complex 

vector space bundle, when restricted to em”. 
Denote by V@’! the stable tangent bundle of uw", a bundle of 

k-dimensional complex vector spaces. Moreover we are given an 

isomorphism 9 of rv | om" with the trivial bundle k on am". The 
difference class 

d( U',k, gy) & K(M", OM”) 

will be called the stable tangent bundle of the (U, fr)-manifold mu”, 
It is independent of the various choices made. Define 

T= TM, OM) « K(M, GM) 

to be this element. The (U,fr)-manifold M then has Chern classes 
Kk ce, (H) = e. (7) in ae (M, @M). Therefore we can define Chern numbers 

of a compact (U,fr)-manifold by 

en am ec. serc, [MSP] = Ce, (M)ccre, (HM), o(M) DO. 

fhe main purpose of this chapter is to solve the following. 
en 

PROBLEM. Given a compact (U,fr)-manifold M , when is there a 
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na[D" | = e, (D* 1/2 = 1/2 
Ta(D*] = e,[D*]/12 = 1/12 
ta{D°] = e4[D*]/720 = 1/120 

etc. 

For compact (U,fr)-manifolds of dimension 8, the above value 

1/120 is not best possible. Denote by 7 the Hopf symplectic line 

bundle over s*. There is the disk bundle D( 2) with stable tangent 
bundle p( 7 ~ 2) & K(DC V))> where p : D(7) ~—> st is projection. 
Now D( y)/S( 7) TMHP(2), and there is Hopf symplectic line bundle 

”! on QP(<). It is easily seen that 

av
] K(QP(E)) SK(D(7),8(%)) —> K(D( %)) maps 7' - 

into p(y - 2). Thus we may consider D( 7) as a compact 
(U,fr)-manifold with stable tangent bundle x! -~ 2. Then 

z 
<c,(0(7)), o (D( )) >= 

for an appropriate orientation, and all other Chern numbers of maar ) 

are zero. Then 

Tal D( 7 )J = -3 8 (D7) 1/720 = - 1/240. 

The value 1/240 is best possibile in dimension 8. 

(15.1) THEOREM. Let M°" be a compact (U,fr)-manifold. A 
—_ 

necessary and sufficient condition that there exist a closed U-manifold 

w*" with the same Chern numbers as M@" is that Ta[{"J be an integer. 
rroof. The necessity is clear. We prove the sufficiency. 

en Suppose that M”TM” is a compact (U,fr)-manifold with ta [MeTM an integer. 

Let 
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As eee =O, ole, [MPR 

for each partition of n, and let 

* > > $ $ — 
a= (a, : Seeelt pec ey =n). ( Jystttady Jy Jy, dy ) 

We show that 8 ,,(a) is an integer for each partition © with 

d(w) Sn. 

There is T= @(M, @M) © K(M, M) and the Atiyah classes 
7.4 t) « K(M, 9M). Thus for “> Q there are the classes 

& (7) é K(M, QM). According to section 13, 

s,() = s (7) [mM] 

is then an integer for > Q. But 

S§ (4) = s JIM], 

hence s.,(a) is an integer for~ > Q. But S$ (a) = tatu] | which by 

assumption is an integer. The theorem now follows from (14.4). 

16. The bordism groups (147*". 
Suppose that M” is a compact (U,fr)-manifold. Embed 

M" smoothly in 1Mt®K 5, 2 ny 2, so that Mn Or"**K = au, so that 
this intersection is ina Single face of gyBtek | and so that M is 

perpendicular to @rRt&K a: this intersection. ‘The normal bundle ” 
to Min gratek may be supposed a complex vector space bundle with a 
given trivialization on @M [12]. Let an : EC =) —> BU(k) be a 

universal U(k)-bundle, let x, & BU(k) and denote by F the fiber of 

ey above Xg- There is then a unique homotopy class of bundle maps 
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f 

(BC 7) 5B 7) OM)) —> (ECB) oF) 
J 

(M, @M) ———> (BU(K),X,) 

passing to disk bundles, we may consider f as 4 map 

(DE 7) SC) 4 DE QL 98) — (DCE) 8(F SD) 

and passing to quotients we get a map 

gs D()/8( 7) ~ DU | 2M) —> MUCK)/STMTM. 

There is the natural map 

rnteky arntPk 5 p(y) /S(y) 4 D(A | OW) 

collapsing patek - Int D(y) to a point. Composing these, we get 

from MTM@ a map gntkk __, MU (ik) /s°* thus an element of 

Waa pye OU H)/ 8"), ek 2nt 2. 

We shall in fact interpret oy (MUCK) /STM) as bordism classes 
n+ 

of compact (U,fr)-manifolds. Thus we define 

U, fx 2K > 
= W a + 2, 0 o (MU (k) /S ), &k n z 

The method of Thom shows that every element of Qu tt is represented 
by some compact (U,fr)-manifold. We could give a complete pordism 
description of this group, but we forego the tedious details. 

Given an M“TM, n > 0, and the associated map 

zg: gentek —, wu(k)/s**, there is 
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H-"(BU(k)) HeNteK centek ) 

~lo t | g* 
ent+2Z ; qe ante yet * (Mu (i) ) — ant * mc) /s°*) . 
4 

The image ang Qiei es sCay)s i, tert ly =n, are invariants of 
the homotopy class of g. But it can be seen that these can be con- 

sidered as normal Chern numbers, namely 

Kg ah GO 0y,)s o (gentek) y = key Yori yl 1)» o-(M) > 

where T+H = Q. Since the Chern numbers c [M] can be expressed 3, °° "4, 

in terms of the normal Chern numbers, it follows that they are bordism 

2 invariants. Hence so also is Td[M my a bordism invariant. Thus we 
may consider Td a homomorphism 

U,fr ta: 0°" —>@. 
en 

The following interpretation of Td we cwe to P. S. Landweber. 

(16.1) Let u”TM 
2n+£k 

» n> QO, be a compact (U,fr)-manifold and let 

——> MU(k) /s** be an associated map. Denote by \*) the 
gentek 

fF: 5S 

Thom class in K(MU(k)), let «be the orientation cless of and 

consider 

fy, q 
z + 

Hon sey (SOT) > H (MU(k)/s®*) a Fe, UT TM))- entek 

Then 

k at 

raw") = Ken Th) 0 ee) >. 

Proof. If wen is a closed U-manifold with assoclated map 

: gentex —> MU(K), it may be verified that 

TEE RR ee ne RR ERR REDONTIREIR E RE EIEEWENE OREE T 
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niu?) = Cen Tg (o) >. 

Define for any compact (U,fr)-manifold wen, 
1 

artes = <ch pi) ge fylo)>. 
U,fr Consider T,T't : 0,” —> @. It follows that T = T! on the image of 

U,fr u: QU > QUfr. since O _’""/Image u is finite, we must have 
2n én en 

T= Tt in all cases. The remark follows. 

In the diagram 

o p> Oy 2, qQUfr a, gif _, 4 
en en On-1 

Td 

note that the image of (Td)u is the integers, hence we get a homo- 

morphism 

fr U,fr Ta 
~ a % . 55-1 ~ 0.3 /Image u Q/Z 

Denote by E the composite homomorphism 

Be: Q'F —» o/z. 
en-1 

Recall now the homomorphism 

en: f s2n-1 of —> O/Z 

of J. F. Adams [3]. Namely let 

f: gentek-1 : gek 

represent an element Kof fs2-l, <0? Attach a (2n + 2k)-cell to gee 
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via f, thus obtaining a space X. Denote by 

2n+t2k Ron & Hix), A eH (x) 
ent+2k 

generators induced by the standard orientations of the spheres. 

According to Atiyah-Hirzebruch [6], there exists x ¢ K(X) with 

chx= Al +r DP onvox? rational. 

Then r mod 1 « Q/Z is a function only of ~ and Adams defines 

e(X) =rmod le Q/Z. 

We give a proof due to P. S. Landweber of the following theorem; 

it replaces a more awkward proof of our own. 

(16.2) THEOREM. Using the natural identifications 

a” a (s®*) ~ fs2n-1, 50 

en-l entcx-l 

for 2k large, the homomorphism E : a” 1 —> Q/Z coincides with the 
n- 

homomorphism e, : f s@n-1 50? —> 0/Z of Adams. 
Proof. Suppose given a map f : gentek-1 —_—> g&k representing 

an element of O fr - Using the natural embedding 
2k En-1 2n+2k-1 i: S°< MU(k), we get f' = if : sv °°" —» muck). Regard ft 

_ U i L it = = as representing an element of oneek_1 MUU) 10) on-1 0, there 

exists an extension of f' to a map 

ent2&k ; geatek-1 —> (MU(k), gk) ; (D 

from which, passing to quotients, we get a map 

g: SeOtEK w(x) se, 

U,fr fr representing an element A of 0) aaa Moreover @: é) on, nm DQ. 1 
n 

_ 

SE Ra OS I mi NR oe me rere correrwenncenn ae 

. . 
: 

: 
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clearly maps 7 into the given element & of Qt - Hence 
en-1 

E(&) = md A mod 1. By (16.1) we have 
1 ta @ = <ch Te a5 &y(o) >. 

Recall now the space X obtained by attaching prntek to gre via 
gentek-1 ek fo: ——» 5°. The above map 

entek entek-1 
ras) (D )— u(x), s**) 

gives rise to a map h : X ——> MU(K) so that 

h 
X ——~> MUCK) 

Jed. 
Qnt+ek & S — > mu(k)/s”* 

entek = entek ;gentek-1 is commutative. Here p is the collapsing map KX —> S&S D 

From 

ek entek 

gk > MU(k) —> mu («)/s°* 

we see that h” : BTM(MU(k))——> HTM(X) maps the Thom class of H©<(mU(k) 

into 7 . The Thom class is the lead term of ch ck, hence 
ek 

t ik 
chh(T)=A_ +7ra 

2k Ont+£k 

t hence we may choose x = h cr) in Adams definition. Let 
(X) have <P = 1. Then t 1 o © Hote. entex? 7? 
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E(k) = <en TU) ,qz"ey(o-)> mod 1 
gen TM) p(t) > mod 1 
gn* ch Th), Cty mod 1 

r mod 1 

e,(K)- 
il
 

u
 

The theorem follows. 

We are now in a position to borrow the results of Adams [3] which 

completely analyze the image of er For each positive integer n, de- 

note by Bu the nth Bernoulli number. Denote by an the denominator of 

B/4n in lowest terms (for references, see [£,20]). Let 

d d on = 8on?Fene1 = Fensi/®: 

According to Adams [3], the image of e, : fs2n-1, sof —> G@/Z consists 
precisely of the integral multiples of the following numbers; 

(a) {s®*1+,s°}, multiples of 1/dg, 
(vb) {s®*-3,5°f?, miltiples of 1 

(c) fsSK-9 5°, multiples of 1/d 
2k-1 

(a) {s*-", 5°}, multiples of 1/2. 
f (16.3) CORULLARY. The homomorphism Td : a F —> Q maps pre- 

n 

cisely onto the integral multiples of the following numbers: 

a> fr 

8k 

U,fr ; 
onto multiples of 1 

8k-~2 

q*t onto multiples of 1/d 
Bk-4 
U,fr ; 

4 onto multiples of 1/2. 
8k- 6 

onto multiples of I/doy 
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We can now answer completely the question of section 15. In 

U U,fr fr o—- OQ ~Y> QO” 0, © —» 0, 
en en en-1 

U,fr 
define Dc. Qf" to be the image under Qof Tor QQ” . It is 
easily verified that < « D if and only if given (wy « Q)U>*t 

en 

with aime = g@there exists a closed U-manifold having the same 

Chern numbers as yen | Now @maps a.” fl /(tmage u + Tor ane) 
n n fr 

isomorphically onto /D. But by (16.3) and (15.1), 

Q /D is then a cyclic group; in fact 
2n-1 

fr fr 
Q /D i Q /D= 0, 

8k-1 ek 8k-~3 

Qt xz, , A /0¥ 2. 
8k-5 2k-1 . 8k-7 

Put negatively, an element of at can be detected by Chern numbers 
en-L 

if and only if it can be detected by the Adams homomorphism ene 

Note also that @ maps Tor a” fr isomorphically onto D. This 
n U,fr . 

can be used to give Tor Q in low dimensions: 
en 

(see Toda [25]). 

. It is possible to define them fr We can also define groups QU, 
n 

as all bordism classes of compact (SU,fr)-manifold. However we define 

them here by 

QSt*t _ 2k 
ww MSU(K)/S k large. n ntok’ ( )/ )> g 

There is an exact sequence 

Su SU,fr fr SU 
3 DO >OQ ? — QQ >» Q mm OOH 

n n n-1 n-1 
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Also there are homomorphisms Td : ae — > Zand Td : Qt 5 Q. 
n n 

Generalizations of the following are very well-known. 

Bk+4 (16.4) Let M Sk+4) be a closed SU-manifold. Then Td[M 
“+f Proof. The manifold wok 4 gives rise to an associated map 

is even. 

a: gont8k 
° — > MSU(4k - 2) 

and 

ra(Meet4] = Cen 14-*) 6 o) > 
ch g r(4n-2) | oP, it

 

_(4n-2) However it follows from Chapter I that is symplectic, hence 

gip(4n-£) is in the image of 
od ~ 

8k+4 
which maps a generator onto twice a generator. Hence Td[M ] is 

even. 

SU Since (1 = 0 and Qe = 0 [12], we have the diagram 
8k+3 8k+5 

u o> OV , fr _ , ofr _, 4 
Bk+4 Bk+4 Bk+3 

| (1/2) Ta 
Q 

and we see from (16.4) that (1/2)Td maps image u into Z. Hence we 

get an induced homomorphism 

fr 
3 —?> OfZ Bou Q) Bk+3 Vz 

which coincides with the homomorphism e, of Adams [3]. Let 

EB = E on Q *T . 
SU U 8k-1 

R 
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(16.5) The homomorphism Ey O70 1 — Q/Z maps onto all 

integral multiples of lfa, where ay is the denominator of By /4k 

in lowest terms. 
U,SsU 

17. The groups oO, . 

In these last two sections we shall outline within the 

framework of these notes a complete proof of the assertions that 

en? Qi ——> Q/Z is trivial and that the image of 
k+5 en : ae — Q/Z is Zoe In particular the argument for the second 

8k+1 
part will complete our proof of the Anderson-brown-Peterson theorem 

discussed in section ll. 

By analogy with Qu tr we shall geometrically define the bordism 
n 

9 SU Let (2m - n)ROV—- B" be the stable tangent bundle groups ae 
a n n of a compact manifold with boundary. Let uW— Band 3U > B 

respectively denote the associated bundle with fibre O(2m)/U(m) and 

O(2m)/SU(m). There is the principal fibring JX —> YU with fibre 
U(m)/SU(m) = U(1). A (U,SU)-structure on BM is a pair consisting of tt

 

a homotopy class of cross-sections or JU —> Bo defined over QB" 
together with a compatible class of cross-sections of X— B" defined 

over all of B@. This is independent of m for m large {[12,(2.3)]. 

Such a (U,SU)-structure induces a natural SU-structure on ap” of 

course. Note that the cross-section of u — 8" induces « principal 

U(1)-bundle over B", which along @B"TM already has a homotopy class 

of cross-sections; thus, the first Chern class c, (B") lies in 

H’(B", gp";z). The remaining Chern classes lie in H”(B";z) of course. 
we shall say B" pords if and only if Bo cawntt as a compact 

regular submanifold where 

i) Vie awott .(g%)° aamits an SU-structure extending that on 

gp? = gv 

fe cmt na a CETTE ma ne 
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ii) watt admits a U-structure compatible with that on watt | 
We should observe that c,(WTM*t) « H®(w"*t,v";z) ana under the 

induced homomorphism A’ (watt y2s7) —_— H”(B2, aB"5z),c, (wo**) —> c,(B"). 

We can define -B suitably and in the usual way arrive at the bordism 

groups QU su together with an exact sequence 
n 

U,SU S ree ey Q) 1 OO” — 1 —>*+ 
n-L 

. U,SU If n = 2 (mod 4) we can define Td : Q — > Q. We recall 
n 

[16] that for n/2 odd, Ta/eley? tt 2 ene) = CP ajeleprtt teen yg) Since 

Cc, & H”(B", @B";z) and Py/geysttsnye) E H®-©(B4;9) we have 

Tyee 8 nso) e H"(B", @B";Z) so we can put 

Ta(B"] = (T n/oler? nse)? Py > e Q. Suppose BTM bords, then 

BD < wtl as described, and 

ce, e Hwtt v95z), Pajeltys*t*sepye) © Hm = wt 7), hence 
T/2'°2 perege n/2 de HB (wath yn, 7). On the other hand, the fundamental 

class generates the kernel of HB 9B"; Z) _ H (wt v5), so 

Ta(B@) = 0 by the usual reasoning. This shows Td 2 0980 — Gis 

well defined if n = 2 (mod 4). 

(17.1) LEMMA: If n = 6 (mod 8) then QU9SY _» o/z is trivial, 
n 

ut if n = 2 (mod 8) the image is 2 ———— 2° 

We showed in [12,(18.3)] that Ons = 0, hence we have 

Oe One —> 0, thus Td : On. — > Q is integral valued. 
In the second case, Q.*U consists entirely of elements of order 2, 

8k+1 
hence we see immediately that 2 Ta : 1 nan 

+ 

Finally we must see that the value 1/2 is taken on for 8k + 2. 

— > Q is integral valued. ! 

The tangent bundle of the closed 2-cell i 
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DY = ‘eile <4} 
1 may be identified with D° x Cc. Along 9D” = s+ there is a non- 

zero cross-section z — > (z,z). Thus p* becomes a (U,SU)-manifold. 
It is well known that ce, (D*), the obstruction to the extension of this 
particular cross-section, is the generator of Hu” (D*, QD" yZ)> hence 
Td [D*| =t 1/2. In general, let y8k be a closed SU-manifold. Since 
Q(p® « wB*) = st x w8TM this product is naturally a (U,SU)-manifold. 

The reader can show Ta[D© x M¢X} = 1/2 ta[M®*}. we take Ta{M®*] = 1 
to see that the value 1/2 is taken on in dimension 8k + 2. 

n 
If we also define we obtain a commutative diagram 

\ | 
Me 

NSN, Sue 
n 

“4 
rhea a —~ ane — oan 

| too / \ ye — flay va 
i 

where the two vertical sequences and the two hroizontal are both 

>* re 

exact. Note that for n = 2 mod 4 

qu? tt 
n Td 

us > Q 

sree rem on mm ee ne omnes 
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is commutative. From this diagram we see that if <e ker (Q 7) aa) 
n- 

su then e (<) = 0 & Q/Z, but if n = 6 mod (8) Oats = 0, thus 
en: O ores —> Q/Z is trivial. On the other hand 2& lies in the 

fr ; kernel for 8k + 1, hence en? QO aetl —> Q/Z has image at most Zoe 

To show this image is exactly Ze we need 

(17.2) LEMMA: There is an otenent [Mek] E ae for which 

ta[ Mo] = l, and for which (ue Ki eso ty is in the image of 
fr SU Oo. Ot 1° 

If Ke OF is the element, then e,(K) # 0 since if 
U,fr Pe 0”? has of - A then the image ohm Q928U 280 a@iffers from ak okt +2 oo80 

D by an el t of th and [Mm] [D~] by element o e image One N33? 2 
ta ( (MP ] (D® J) = 1/2. The proof of this lemma is done in the next 
section. 

U,SU The groups Q , n are isomorphic to Wn+2(e+1) (CP (8) /Cr (1) a MSU(x)). 

In [12,(14.5)] the homotopy groups were computed, and 

080 Tet, + OU. In fact the present exact sequence involving 
O.U>SU is the same as [18,(15.1)]. 

18. The image of QF? in 9) SU 
The purpose of this section is the construction of 

those elements in which can be represented by a stably framed k+l 
closed manifold. 

(18.1) LEMMA: Let [v7] eit be an element of order € and let 
n 

(ME & Q su be an element whose image in SU, fr is divisible by 2. k= ene’ matasite oY 
There is then en element puet sy e '* whose image in Q*U is 

nt+K nt (a ] [v7] and 2fu®t*) =o ¢ Qtr, 
n+k 

proof: Let (Bk, g, 9) be such that 2[B*] = (#*] in. §U>fr then 
K £[ ops] = Q in ae There is a compact stably framed manifold c* 

whese boundary, ack » is the disjoint union of two copies of apt, 
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k k 
Labeled 93, and JB, - There is also a compact stably framed manifold 

gntl whose boundary is the disjoint union of two copies of v", labeled 
n n 

vy and Vo- | . : 

We consider ch = (c® x vy W(-1)* gatxcTM*). since 
kK n k k k k ntl Cx Vy) = OBL XV; Y BOX Vy and (-1)" a aByxcTMTM) = 

- any x vu - apy x ve we see that C®*K is a compact stably framed 
manifold with 

gchtk BS xv)uU -( ape x v3). 1 (a yp 7 ~0 45) *V,) 
+1 The two ends of cy can be identified to form a closed stably framed 

manifold york | We also have 

cht = cK x vB (-1)TM ap® x catty 
2 £ 2) 

and 

nt+k k n k n 
= x - x aC, (78, Vo) -( OB, xV,) 

Of course cme and ont are diffeomorphic as stably framed manifolds, 
thus the closed stably framed manifold a vom +k represents atuer* 
Observe, however, that (-1)* aic* x cot a) = (-1)! “[aBy xc” th -)* (o* x VI 
UIC aBs x cath (1) Ke “x vey = cMK cM, so e(uTM*) = 0 in am. 

n+k 
To see that the image of [M+] in ast is (MK][{v8] we first note 

+ 

that 

k aK n+l, _ k k ntl k n K n 
(-1) He xe ) = (-1)*( By x CN) UY (BL XV UBS x VQ) 

since 2[B*] = eel in ad fT there is a w*+ with uf U(-BY) YU BS) 
in a whtt, There is ne loss of generality in assuming 
awit = of U (-BE) WU (-BE) UC, we now form vitae so 
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K+L n, — yn n _( pk n _( Rk n tek n a (Ww x Vy) = M KVP YU (By x VY (Box VY (Cc xVi)- 

1 1 n k k+ n K n No] . to W x vy along By x vy Be xVy The boundary 

of the result is a disjoint copy of wt x vi together with a copy of 
nt+k 

} + We glue (-1)*p* x cTM 

wrk that is, of -(c#x Vy aBy xv} V dBK xVv5) with 
a Bs xv) = aBy xve nence [(MTM*E) = [vw] [v2] in QS . 

n+ 

(18.2) THEOREM. There is an element cm? } é lola with Todd genus 1 
for which co |? x (s4y # 0 lies in the image onTM su 

8nt+1 8nt1 
Proof: We first see that we]? x (sty #0 by (11.1) since fvaal 

is to have odd Todd genus. In section 15 we showed that 

Oma EX N .) > 2 540 and we constructed a bordism class in 
Qf? with Todd genus 1/240. There is, then 2 [B°j « LUE? with 

ra[B8] = 1/2, and [#8] e as with [M8] —» efpe) « 86,8) 
We prove (18.2) for this bordism class by induction. [It is 

valid for n= 0. Suppose there is [v8Mtl] ¢ Oe with e[ventl} = o, 

whose image is (m8 |? x iS] & OF We apply (18.1) with 
[ve] = fyontt | and cw | = (a | to obtain yo (ntl) +1), 

This provides a full proof of the Anderson-Brown-Peterson theorem 

of section 1l. Geometric constructions used in (18.2) are « para- 

phrase of the Toda bracket formation used by Adams. 
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