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ABSTRACT. We define a t-structure on the category of filtered G-spectra such
that for a Borel G-spectrum X the slice filtration of X is the connective cover
of the homotopy fixed-point filtration of X. Using this, we show that the slice
spectral sequence for the norm N, g2 MUp of Real bordism theory refines canon-
ically to a Eso-algebra in MU-synthetic spectra, when G is a cyclic 2-group.
Concretely, this gives a map of multiplicative spectral sequences from the clas-
sical Adams—Novikov spectral sequence of S to the slice spectral sequence for
Ng2 MUp that respects the higher Eo structure, such as Toda brackets and
power operations.

We give a conjecture on the existence of vanishing lines in the equivariant
Adams—Novikov spectral sequence based at tom Dieck’s homotopical complex
bordism MUg. Conditional on this conjecture, our ¢-structure implies that
the slice filtration for IV, gQ MUy lifts further to an O-algebra in M Ug-synthetic
spectra, where O is the Nog-operad with all norms from nontrivial subgroups

of G.
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1. INTRODUCTION

The equivariant slice spectral sequence was developed by Hill-Hopkins—Ravenel
in their solution to the Kervaire invariant one problem [23], and it has since been at
the center of a renaissance in both computations and theory in equivariant stable
homotopy. The presence of norms in the slice spectral sequence played an essential
role in their solution, and codifying this structure has motivated the study of G-
symmetric monoidal structures [24][38], norms in motivic homotopy theory [3], and
parametrized higher category theory [4]. The slice spectral sequence brought about
an explosion of progress in computations in chromatic homotopy at the prime 2,
with applications ranging from Picard groups [5][22] to the Segal conjecture [35][9].

The slice spectral sequence was intended to give a more tractable analogue of the
homotopy fixed point spectral sequences of higher real K-theories. That is, it gives
a sort of connective model of the latter with good finiteness and sparseness proper-
ties, vanishing "gap" regions, and strong vanishing lines on the Es-page. Our first
result makes this precise. Here, Fil(Sp®) is the functor co-category Fun(Z°P, Sp%),
the group G is finite, and HFP(X) and Slice(X) are equivariant filtrations imple-
menting the homotopy fixed point and slice spectral sequences of a G-spectrum X,
respectively. We postpone the precise definition of these objects to Section 2.

Theorem 1.1. There is an accessible t-structure 8¢ on Fil(Sp®) that is compat-

ible with the G-symmetric monoidal structure such that, for any X € Sp<,
Slice(F(EG,., X)) ~ 3 *HFP(X).

We call the t-structure of Theorem 1.1 the slice t-structure. An immediate con-
sequence is that when X ~ F(EG,, X) (i.e. when X is Borel complete), the slice
filtration (and, in particular, the slice spectral sequence) of X is determined functo-
rially by the homotopy fixed point filtration of X. This includes many examples of
interest, such as Atiyah’s Real K-theory Kg and the Fujii-Landweber Real bordism
spectrum MUg. Our main interest is in the slice spectral sequence for the norms

MU .= N& MUy

of Real bordism theory for G a cyclic 2-group. In [9], we showed that these G-
spectra are Borel complete, so we have that

Slice(MU (D) ~ 78 HFP (MU (D).

Theorem 1.1 contributes to a profitable shift in perspective in homotopy theory,
whereby one replaces a study of spectral sequences with a study of filtrations that
correspond to them. This perspective shift is discussed well by Antieau [1] and van
Nigtevecht [39], for example. The idea is that replacing spectral sequences with
filtrations gives one the sort of flexibility gained by studying spectra over homology
theories.

It is not difficult to lift the slice spectral sequence to the filtered level, and we
show how to implement the slice filtration as a G-commutative monoid in Fil(Sp%)
in Section 4.
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Theorem 1.2. There is a G-symmetric monoidal structure on the G-o0o-category
Fil(Sp®) of filtered G-spectra such that, for a G-commutative monoid R in Sp®,
the filtration Slice(R) is a G-commutative monoid in Fil(Sp®).

This already makes many tools available to the slice spectral sequence: one
may use the 7-formalism to efficiently record hidden extensions, exotic restric-
tions/transfers, differential stretching, and filtration jumps; one may form (co)limits
of diagrams of slice filtrations in Fil(Sp®) to obtained "modified" slice filtrations;
and one has the various versions of the synthetic Leibniz rule for differentials, as
in [13, Section 2.5] and [32, Section 6]. One may, moreover, use the G-symmetric
monoidal co-category

Modpy(s,0) (Slice(MTU (D))

as a kind of synthetic category for slice spectral sequences of MU(%)-modules,
along the lines of [18].

However, we show that Slice(MU(%)) has far more structure. In what follows,
we let AN(S) be the Adams—Novikov filtration of the sphere, which may be imple-
mented as an E..-algebra in Fil(Sp) via décalage as in [18], or via the even filtration
of Hahn-Raksit—-Wilson [19]. The oo-category Syn,,;; denotes Pstragowski’s cate-
gory of MU-synthetic spectra [41].

Theorem 1.3. There is a map of Eo-algebras
AN(S) — Slice(MU(ENE
in Fil(Sp). That is, there is a lift of Slice(MU NG along the forgetful functor
CAlg(Syn,, ;) — CAlg(Fil(Sp)).

Given Theorem 1.1, the proof of Theorem 1.3 is quite straightforward. By ad-
junction one must produce a map

inf AN(S) — Slice(MU ()

in CAlg(Fil(Sp%)), where inf€ is the inflation functor, left adjoint to genuine fixed
points (—). One has a map

inf¢ AN(S) — HFP(MU ()

in CAlg(Fil(Sp%)) by work of the author, Davies, and van Nigtevecht [16]. It
suffices then to check that inf& AN(S) is connective in the slice ¢-structure, and this
follows from the classical vanishing line of slope 1 in the ANSS.

Theorem 1.3 gives lifts of Slice(MU())H to Syn,,; for all H C G, compatible
with restrictions and transfers. This makes Slice(MU(®)) a commutative algebra
in a more structured category.

Definition 1.4. Let Synﬁ,U be the G-co-category
of MU -synthetic spectral Mackey functors.

With this definition, Theorem 1.3 refines to the statement that there exists a lift
of Slice(MU()) along the forgetful map

CAlg(Syn$,;) — CAlg(Fil(Sp%)).



4 CHRISTIAN CARRICK

In fact, for any module M over MU(S)  Slice(M) is naturally a module over
Slice(MU (%)), so one has a canonical lift of Slice(M) to Syn$;;,. That is, Slice(M)
has the structure of an MU-synthetic spectral Mackey functor.

We would like to emphasize now the concrete consequences of Theorem 1.3.

Corollary 1.5. There is a map of multiplicative spectral sequences
ANSS(S) — SliceSS(MU (@)

from the Adams—Novikov spectral sequence of the sphere to the slice spectral sequence
of MU converging to the unit map

TS — WfMU((G)).

This gives one considerable computational control over the slice spectral se-
quence. One can use known information about ANSS(S) to determine differentials
and hidden extensions in SliceSS(MU()) (or in the slice spectral sequence of an
MU _-module like SliceSS(BP(F) (m))) in low degrees and then propagate this
information using the multiplicative structure; see the computation of the descent
spectral sequence for Tmf by the author, Davies, and van Nigtevecht [13] for an
example of this. It also makes it possible to directly detect greek letter elements
in MU(®) using the detection arguments of the author and Davies in [10][11][12].
We intend to return to such applications in future work.

We also use Theorem 1.1 to connect the slice spectral sequence to the equivariant
Adams—Novikov spectral sequence. Following Hausmann’s proof [20] of Greenlees’
conjecture on the homotopy groups m.MUg of tom Dieck’s homotopical complex
bordism, there has been a surge of interest in developing equivariant chromatic
homotopy via MUg; see [6] and [21] for example. In particular, there is an interest
in understanding the Adams-Novikov spectral sequence in Sp© based at MUg. In
Section 2, we give two conjectures on this spectral sequence related to the existence
of vanishing lines on the Es-page. Given these conjectures, one has structured
MUg-synthetic lifts of Slice(MU()), in a precise sense which we discuss in Section
2. For now, we state the concrete consequences of these conjectures in terms of the
corresponding spectral sequences.

Theorem 1.6. Assuming Conjecture 2.3, there is a map of integer graded multi-
plicative spectral sequences

ANSS(S) — SliceSS(MU ()

converging to the unit map

78S — 7EMU©),

Theorem 1.7. Assuming Conjecture 2.6, there is a map of multiplicative RO(G)-
graded spectral sequences

ANSS(S) — SliceSS(MU (@)
converging to the unit map

%S = 7§ MU,
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1.2. Notation and conventions.

(1)

2)

(10)

We use the language of filtered spectra and filtrations, in particular the
T-formalism. We recommend one reads about the 7-formalism and filtered
spectra in [39].

For a filtration F of an object X, we use the notation F(X) and FSS(X)
to denote the filtration and corresponding spectral sequence, respectively.
That is, FSS(X) denotes the 7-Bockstein SS corresponding to F(X). For
example, AN(S) denotes the Adams—Novikov filtration of S, and ANSS(S)
denotes the Adams—Novikov spectral sequence of S.

For a filtered object X : Z°? — C and an integer n, we let X™ denote the
value of the functor X at n. We denote the n-th associated graded of X by

gr" X = (X/7)".
For a filtered spectrum X and a class a € 7, .X, we denote the mod 7
projection of a by [a].

For a filtered spectrum X, we denote by § the boundary map in the multi-
plication by 7 cofiber sequence

oty Tox Ul x/p o w2

See [13] for a discussion of this boundary map and its relationship to dif-
ferentials in the 7-Bockstein SS of X.

We say a filtered spectrum X is complete if @X" =0.

For a G-spectrum X, we use Slice” X — X to denote the n-th slice cover
of X (usually denote P, X — X). We use Wh"X — X to denote the n-th
equivariant Whitehead cover of X (usually denote 7>,X — X), i.e. the
n-th cover with respect to the standard t-structure on X given by Mackey
functor homotopy groups.

The bigraded sphere S™* is the filtered spectrum

e 30 SP =St =...
starting at component n + s, so that for X € Fil(Sp)
Tpns X = [S"°, X] = mp, X" 7.
Similarly, for V a G-representation, let S¥»* be the filtered G-spectrum
e 0SSV =85V =...
starting at component dim(V) + s, so that for X € Fil(Sp%)
my X = [S"*, X] = my X Im(V)+s

For a subgroup H C G and a normal subgroup N C G, we use the no-
tation Resg, Indg, NG, ®H (=" and infg/N to denote the restriction,
induction, norm, geometric fixed points, genuine fixed points, and inflation
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functors on Sp©. In a filtered equivariant context, apart from NS, these
functors are applied pointwise. The norm Ng in these contexts comes from
an implicit G-symmetric monoidal structure.

(11) For a set of objects S in a presentable stable oco-category C, the notation
(S) denotes the smallest subcategory of C containing S and closed under
colimits and extensions.

(12) The group G will always be finite. When discussing the norms MU (@),
the group G will always be a cyclic 2-group.

2. OUTLINE OF RESULTS AND METHODS

Constructing the map of spectral sequences
ANSS(S) — SliceSS(MU (D)

of Corollary 1.5 directly seems quite difficult. The two spectral sequences arise from
completely different constructions; one is an Adams spectral sequence arising from
a descent object and the other is more like an Atiyah—Hirzebruch spectral sequence,
arising from a sequence of t-structures on Sp&. We begin with a discussion of why,
then, one would expect such a map to exist, and use this to motivate our definition
of the slice t-structure.

2.1. The slice spectral sequence and connective models. Intuition from
Ravenel’s solution to the Kervaire invariant problem for primes p > 5 [43] suggested
that the 2-primary Kervaire invariant problem could be solved by understanding
the homotopy fixed point spectral sequences for certain Hopkins—Miller higher real
K-theories. These theories, known also as the FO,’s are formed by taking the
homotopy fixed points of Morava FE-theory with respect to finite subgroups of the
Morava stabilizer group. These spectral sequences, however, can be extremely diffi-
cult to compute. They are not degreewise finitely generated, and in general possess
no good vanishing lines or regions on the Fs-page.

At height 2, EO5 is a K(2)-local model of the topological modular forms spec-
trum TMF. The computations of Hopkins—Mahowald showed that the Adams—
Novikov spectral sequence for the connective topological modular forms spectrum
tmf was much more approachable than the HFPSS for EO5 [30]. In particular,
ANSS(tmf) is a finite type, first quadrant spectral sequence with a vanishing line
of slope 1 on the Es-page. A general approach to producing connective models of
FEO,, theories was thus of great interest, and Hill-Hopkins—Ravenel gave a tech-
nique to do this in certain cases via genuine equivariant homotopy theory. These
connective theories, known as BP(%) (m), were constructed as certain quotients of
MU(G) | See Sections 1 and 2 of [15] for a discussion of these theories.

In contrast with ¢tm f, producing the ANSS of these theories was not approachable
and thus Hill-Hopkins—Ravenel developed the slice spectral sequence as a suitable
replacement. While the Detection theorem of Hill-Hopkins—Ravenel is proved using
HFPSS(BP(E) (m)), the proofs of their Gap and Periodicity theorems crucially
require SliceSS(BP(%)(m)). In fact, the Gap theorem is directly visible on the
E>-page of the slice spectral sequence due to its vanishing regions. Similarly, the
Periodicity theorem follows from a family of differentials proven inductively using
the vanishing lines of slope |G| — 1 on the Es-page of the slice spectral sequence.

However, the slice spectral sequences of these theories do indeed behave much
like the Adams—Novikov spectral sequences of theories like tmf. For example,
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direct computation shows that the slice spectral sequence of kr = BP(C2)(1) is
isomorphic (in integer degrees) to ANSS(ko). This leads to the question of whether
an identification SliceSS(BP(%) (m)) =2 ANSS(BP() (m)%) holds in general. The
author and Hill [14] showed that this does not hold for any other BP{(%) (m).
Theorem 1.3 states, however, that SliceSS(BP(%) (m)) gives a modified Adams-
Novikov spectral sequence for BP(S) (m), in the sense of [10, Section 2.2].

2.2. Linear t-structures and slice filtrations. The construction of the map of
Corollary 1.5 proceeds from a few well-known facts. First, there is a diagram of
spectral sequences

SliceSS(MU () — HFPSS(MU(@)) « ANSS(S).

The left map was constructed by Ullman [45], and the right map was constructed
by Hill-Hopkins—Ravenel in [23, Section 11.3.3|, and in a more structured context
by the author, Davies, and van Nigtevecht [16]. The second fact is that the left map
induces an isomorphism on the FEs-page in the region y < x, as shown by Ullman
[45]. The third fact is that ANSS(S) is concentrated in the region y < .

This led the author to suspect that the map of Corollary 1.5 could be constructed
using the linear ¢-structures on filtered spectra introduced in the context of synthetic
spectra by the author and Davies in [10], and in a general filtered context by Lee—
Levy [31]. For a real number «, the y = ax linear ¢-structure has connective
objects those filtered spectra X such that m, , X = 0 for y > azx. We review these
t-structures in Section 5 and prove a sort of omnibus theorem that completely
determines the 7-Bockstein SS of a linear connective cover of a filtered spectrum
X from the 7-Bockstein SS of X.

We implement this idea by defining a slice filtration internal to Fil(Sp®). The
slice filtration on Sp© may be defined in terms of geometric connectivity, as shown
by Hill-Yarnall [26]. From this point of view, slice connectivity is defined by pulling
back the standard ¢-structure on Sp along the geometric fixed-point functors. That
is, we say a G-spectrum X is slice > n if

"X > [n/|H|]

for all H C G. Given any t-structure on Fil(Sp), one may mimic this definition
of the slice filtration to define a slice filtration on Fil(Sp®), via the geometric
fixed point functors ® : Fil(Sp®) — Fil(Sp). Now the target Fil(Sp) has many
interesting ¢-structures, such as the linear t-structures discussed above. We let O
denote the N-operad with all norms from nontrivial subgroups.

Definition 2.1. The slice t-structure on Fil(Sp®) has connective objects those X
such that ®# X is connective in the y = (|H| — 1)z linear t-structure on Fil(Sp),
for all H C G. The O-slice t-structure on Fil(Sp®) has connective objects those X
such that ®7 X is connective in the y = (|H| — 1) linear t-structure on Fil(Sp),
for all {e} # H C G.

To work with these t-structures and understand their monoidality properties, we
revisit the notion of a slice filtration on a category, as well as in a G-oco-categorical
context, in Sections 3 and 4. The O-slice t-structure is a sort of auxiliary ¢-structure
used to deal with the fact that infEGAN(S) is not connective in the slice ¢-structure,
but is connective in the O-slice ¢t-structure. This makes no difference in the context
of Theorem 1.3 since the slice filtration is the connective cover of the homotopy
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fixed point filtration in both t-structures (see Lemma 6.18). This comes from the
fact that the two filtrations agree on the underlying spectra.

The slice t-structure has the property that the slice filtration Slice(X) of a G-
spectrum X is obtained by taking the constant filtration const(X) and then taking
the connective cover with respect to the slice ¢-structure. One may take this as a
definition of Slice(X) and the pointwise Borel completion F(EG., Slice(X)) as a
definition of HFP(X). Since the slice t-structure is defined so analogously to the
ordinary slice filtration, Theorem 1.1 is nearly a tautology with the definitions in
place; see Lemma 6.10.

The proof of Theorem 1.3 is now straightforward.

proof of Theorem 1.3. The classical y = x vanishing line in ANSS(S) implies that
AN(S) is connective in the y = z linear t-structure on Fil(Sp), hence so is

®Hinf¢ AN(S) ~ AN(S),
and therefore inf¢ AN(S) is connective in the O-slice t-structure. O

Remark 2.2. Theorem 1.3 produces Slice(MU(%)) as an E.-algebra in Syn;;;.
There is no hope of lifting this structure further to that of a G-E..-algebra or
an O-algebra because the category Synfﬁj is not G-symmetric monoidal (or even
O-monoidal). Indeed, if it were, then inf AN(S) would have the structure of a
G-Eo-algebra in Fil(Sp) (see Proposition 6.16), and therefore grlinf¢ AN(S) would
have the structure of a G-E-algebra in Sp. However, it is straightforward to see
that this gr® is inf¥(Z), which in general does not possess norms (see [40, Example
3.28] for example).

2.3. Maps from the MUg-based ANSS. One may implement the (integer-
graded) MUg-based Adams spectral sequence in Fil(Sp®) via décalage
ANG(S) := Tot(Wh(MUg) = Wh(MUg @ MUg) = ---),

as in [18], where Wh is the equivariant Whitehead tower. In Section 6, we construct
a map of Ey-algebras AN¢(S) — HFP(MU(%)). We also show that the O-slice
connectivity of ANg(S) follows from the following conjecture on vanishing lines.

Conjecture 2.3. For G = Can, the integer graded Eo-page of the MUg-based ASS
of the sphere vanishes above the line y = (2™ — 1)x. That is

s,t .
EXt(MUG*,MUG*MUG)(MUG*v MUg,) =0

2" —1
it

for s >
Theorem 2.4. Given Conjecture 2.3, there is a map
AN¢(S) — Slice(MU(D)
in CAlg(Fil(Sp%)).
The module category Modpiyspe)(ANG(S)) gives an ad hoc definition of a sort
of "integer-graded" MUg-synthetic category. The above conjecture would thus
provide an M Ug-synthetic lift of Slice(MU()) in this sense.

Remark 2.5. One can always simply "force" Conjecture 2.3 to hold by passing to
a connective cover. That is, there is a map

79 ANG(S) — Slice(MU ()
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in CAlg(Fil(SpY)), where 79, is the connective cover with respect to the O-slice
t-structure. This is not conditional on Conjecture 2.3, and may be in principle
useful since 79 AN (S) is still a filtration of the equivariant sphere spectrum whose

associated spectral sequence is determined from that of ANg(S) via the omnibus
theorem of Section 5.

2.4. RO(G)-indexed filtrations. To implement the full RO(G)-graded MUg-
based Adams—Novikov spectral sequence in a filtered setting, one must work instead
with RO(G)-filtered G-spectra; that is, in the functor category Fun(RO(G)P, Sp©).
Here one sets

ANEO(S) := Tot(Whi (MUg) = Whi°(MUg ® MUg) = ---),
where Wh™ is an RO(G)-filtered Whitehead tower functor defined by
(WhRO(X))V _ EVTzozva’

for V€ RO(G). This definition is due to Lucas Piessevaux, and we thank them for
introducing this to us.

In Sections 3 and 4, we set up these notions carefully. In Section 3, we study a
useful adjunction

Total : Fun(RO(G)°P, Sp¥) —— Fil(Sp®) : dim*

where dim” is the pullback along the dimension function dim : RO(G) — Z. We
describe the left adjoint Total explicitly and show how it resembles the extrac-
tion of a total complex from a double complex. We show that dim*Slice(X) and
dim*HFP(X) implement the RO(G)-graded slice and homotopy fixed point spec-
tral sequences of X, respectively. We show that Total refines to a G-symmetric
monoidal left adjoint, and we construct a map

ANEO(S) — dim* HFP(MU (@)

of G-commutative monoids in Fun(RO(G)°P, Sp%). This motivates the following
conjecture.

Conjecture 2.6. The filtered G-spectrum Total(ANEO(S)) is connective in the
O-slice t-structure on Fil(SpY).

We expect that this conjecture may be reduced to a concrete conjecture about
vanishing lines on the RO(G)-graded pages of the M Ug-based ANSS, along the lines
of Conjecture 2.3. This reduction may be approached by filtering Total(ANZC(S))
in the manner that one filters a double complex to attain the associated spectral
sequence. In the following, we let O denote the Ny,-operad possessing all norms
from nontrivial subgroups of G, as before.

Theorem 2.7. Assuming Conjecture 2.6, there is a map
ANEO(S) — dim*Slice(MU ()
of O-algebras in Fun(RO(G)°P, Sp%).

Remark 2.8. As in Remark 2.5, one may in a sense force Conjecture 2.6 to be true
and obtain a map. In particular, one may define a t-structure on Fun(RO(G)°P, Sp%)



10 CHRISTIAN CARRICK

as having connective objects those X with Total(X) connective in the O-slice t-
structure on Fil(Sp®). Letting Tﬁootal denote the corresponding connective cover

functor, there is a map
TEUAMANEC(S) — dim*Slice(MU(@))
of O-algebras in Fun(RO(G)°P, Sp¥), which is not conditional on Conjecture 2.6.

Remark 2.9. In his proof of Greenlees’ conjecture, Hausmann shows that the Hopf
algebroid (m,®H MUg, 7. @ (MUg ® MUg)) is equivalent to (MU,., MU, MU)
for all H C G [20, Proposition 5.55]. This leads one to expect the formulas
BT ANG(S) ~ AN(S) and ®7TANEO(S) ~ dim* AN(S), from which Conjecture 2.3
and Conjecture 2.6 would follow immediately, respectively. However, these formulas
do not appear to hold, and in particular do not follow from the above identification
of Hopf algebroids. The issue is that the geometric fixed points functors do not pass
through the décalage construction, and understanding the failure of this appears to
be at the heart of understanding these conjectures.

One may obtain an ad hoc definition of MUg-synthetic spectra as before by
setting

Synarvg = Modpun(ro(G)or sp6) (AN (S)).-
This is expected to agree with a definition of M Ug-synthetic spectra given in forth-
coming work of Lucas Piessevaux. According to this definition, Conjecture 2.6 gives
dim*Slice(MU (D) the structure of an O-algebra in Syn ;..

2.5. Questions.

(1) Is there a similar t-structure on filtered motivic spectra that provides an
MU-synthetic structure on the motivic slice spectral sequence for MGL?

(2) What sort of computational leverage can one gain from the G-commutative
monoid structure on Slice(R) for R a G-commutative monoid in terms of
norms? Is there a Cs-equivariant refinement of the synthetic Leibniz rule
of [13, Section 2.2] for a Cy-commutative monoid in Fil(Sp®?) that states
that

On" (NS (@) = tr(uy "y (2)6" (2))?

(3) Do the Meier—Shi-Zeng decompositions of the slice spectral sequence of
BP(&) (m) [36] correspond to Tate square decompositions of Slice( BP(%) (m))
in Syn$;;;, via Theorem 1.3?

(4) Theorem 1.3 gives Slice(MU(®)) /7 the structure of an E.-algebra in
Stablepsy, . Does this algebra arise from a map of (classical) stacks

MMU((G)) — Mpg?

Can this be approached in terms of elliptic curves for tm fo(3) and tm fo(5),
viewed as Eo, forms of BPg(2) and BP(C4)(1), respectively?

3. EQUIVARIANT FILTERED OBJECTS

In this section, we develop the basics of Z- and RO(G)-filtered G-spectra, their
G-symmetric monoidal structures, and the behavior of geometric fixed points. The
results of this section are surely well-known to the experts, and we have only col-
lected the basic tools we need in this article. In particular, forthcoming work of
Kaif Hilman develops many of the notions in this section in more detail and in a
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broader context. We thank Kaif Hilman for discussing some of these results with
us.

3.1. G-symmetric monoidal co-categories and geometric fixed points. In
his thesis, Nardin defined G-equivariant analogues of the co-categories Pr” and PrSLt
of Lurie, with many analogous properties [37]. We refer the reader also to the work
of Hilman [29] for these notions. As in the nonequivariant case, the G-category
Sp of genuine equivariant spectra satisfies a universal property in &é,sr Namely,
specifying a morphism F' : Sp — C in &é’st is equivalent to identifying an object
F(S) € C(G/G). Moreover, Pr§ and Prg , have canonical G-symmetric monoidal
structures, and Sp is the unit in the latter.

We fix now a C a presentably G-symmetric monoidal stable co-category, i.e. an
object C € CAlg, (&éét) We may define a geometric fixed points functor on C as
follows. By [29, Theorem A], a presentable G-oo-category is specified by a functor
O — Pr, where Og is the orbit category of G.

Definition 3.1. Let ®Sp be the G-oo-category defined by right Kan extension of

S . . G/G
the functor * =2 Pr% along the inclusion * AN OF . Concretely, one has

H=G
H+G

Since ®Sp is fiberwise stable, by [37, Definition 2.3.3], ®Sp € Prg ,, if it is
G-semiadditive in the sense of [29, Definition 4.1.2|, i.e. if indexed coproducts
agree with indexed products in ®Sp. However, since ®Sp(G/H) = * for H proper,
indexed (co)products are trivial unless indexed over trivial finite G-sets. It follows
that ®Sp is G-semiadditive since Sp is semiadditive, and therefore that ®Sp is
G-stable. This allows for the following definition.

Definition 3.2. Let & : Sp — ®Sp be the morphism in ﬂést defined by ®%(S) =
S € Sp. We define the geometric fixed points functor for C via the tensor product

PSp(G/H) = {fp

. G
BF €~ C®Sp 2T Cw dSp

Lemma 3.3. FEvaluating @g at G/G, one recovers the symmetric monoidal left
adjoint
G ided®
C(G/G) ~C(G/G) ®spc Sp” ——— C(G/G) ®@gpe Sp
Proof. This follows directly from the formula for the tensor product of G-presentable
oo-categories
C®D ~ Fun"(CP, D)

of [29, Proposition 6.7.5], and the fact that right adjoints C°? — ®Sp are the same
as right adjoints C(G/G)°? — Sp, by [29, Corollary 2.2.7]. O

We will need the following fact about @f, which generalizes the equivalence
of functors ®¢ o Ng ~ ®H . Spf — Sp shown by Hill-Hopkins-Ravenel in [23,
Proposition 2.57].

Proposition 3.4. Let H be a subgroup of G. The composition
G i3S
C(G/H) Y5 ¢(GG) 255 C(G/G) @5y Sp

is a symmetric monoidal left adjoint.
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Proof. The functors N§ and ®¢ are symmetric monoidal so it remains to show that
the composition preserves colimits. This follows from the distributivity of norms
in C with respect to G-colimits, the fact that @g is a G-left adjoint, and the fact
that G-colimits in C ® ®Sp are given by ordinary colimits. The first fact holds by
assumption for C and expresses the composition of Ng with an H-colimit diagram
as in [28, Recollection 2.1.31]. The second fact is by definition of ®$. The third
fact follows as (CQ®Sp)(G/H) = « for H a proper subgroup, whereby one sees that
(G-colimits of) G-diagrams I — C ® ®Sp are equivalent to (colimits of) diagrams
I(G/G) — (C® ©Sp)(G/G). 0

3.2. Equivariant filtered objects. We fix a G-symmetric monoidal poset I, i.e.
a product preserving functor

I : Span(Fing) — Posets

from the Span category of the category of finite G-sets to the category of posets.
Letting Cat denote the category of co-category of oco-categories, the product pre-
serving inclusion Posets — Cat allows us to regard I as a G-symmetric monoidal
oo-category. For a G-symmetric monoidal poset I, we denote by I the composition

I
Span(Fing) = Posets LN Posets,

where Posets 2 Posets is the (product-preserving) functor sending a poset to its
underlying set regarded as a discrete poset.

FEzample 3.5. We will be most interested in the following examples of G-symmetric
monoidal posets:

(1) Z and Z°, where Z is the constant Mackey functor at Z with the usual poset
structure on the integers.

(2) RO, where RO is the Mackey functor assigning the real representation ring
RO(H) to G/H, where for H representations V,W, V' W' [V] — [W] <
[V/]—[W'] € RO(H) if and only if there is an embedding VW’ — V' &W
of H-representations. One checks this is well-defined using the semisim-
plicity of R[G]. In fact, the latter fact gives an isomorphism of RO(G)
with a product of copies of Z indexed by the (isomorphism classes) of irre-
ducible representations of GG, and this definition makes this an isomorphism
of posets.

(3) RU, where RU is the Mackey functor assigning the complex representation
ring RU(H) to G/H, with poset structure defined as in the RO case.

For C a presentably G-symmetric monoidal stable G-oco-category, a result of
Hilman yields a G-symmetric monoidal structure on the G-functor categories

Fun(I°.C)
extending the Day convolution monoidal structure on each of the functor categories

Fun(I(G/H)°?,C(G/H)). In the following, let Cat denote the G-oo-category of

(small) G-oco-category (denoted by @g—iem(“}) in [29, Proposition 6.7.5]).

Proposition 3.6. There is a lax G-symmetric monoidal functor

Cat — hgst
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sending I — Fun(I°P, Sp), which is left adjoint to the forgetful functor. In particular
there is an induced functor

CAlgg(Cat) — CAlgg(Prf ),

equipping Fun(I°P, Sp) with a presentably G-symmetric monoidal structure, when
I has a G-symmetric monoidal structure.

Proof. The claims are obtained by combining Propositions 2.3.9 and 2.3.12 in [27].
In particular, the identification

Fun(I°P,S) ® Sp ~ Fun(I°?, Sp)

follows as in the nonequivariant case from the equivalences

C® Sp =~ Fun®(C°P, Sp),
of [27, Proposition 2.2.23|. O
Theorem 3.7. There is a presentably G-symmetric monoidal co-category Fun(I°P,C)
with the property that for each H C G,

Fun(I°,C)(G/H) = Fun(I(G/H)™,C(G/H))

with its Day convolution symmetric monoidal structure. Moreover, the functors

colim : Fun(I°?.C) — C

Y : I — Fun(I°?,C)

have canonical G-symmetric monoidal structures. Here colim is given by applying
the functor of the previous proposition to the G-symmetric monoidal functor I — *,
and the functorY is given by the unit of the adjunction of the previous proposition.

Remark 3.8. Unlike in the non-parametrized setting, it is not known if the G-
symmetric monoidal structure on Fun(Z°P, C) given above coincides with the parametrized
Day convolution structure of Nardin—Shah [38]. This would follow if the Yoneda
functor Y : I — Fun(I°P,C) were G-symmetric monoidal with respect to Day con-
volution. We will not need this however, since the induced structure on

Fun(I°°(G/H),C(G/H))

coincides with the Day convolution structure, since in the non-parametrized case,
the Yoneda functor is known to be symmetric monoidal with respect to Day con-
volution. We thank Emma Brink for explaining this to us.

Definition 3.9. In the case I = Z and C = Sp, for V € RO(G), we define the
bigraded sphere
SV :=S" @ Y (s +|V]|) € Fun(Z°, Sp),
i.e. the pointwise tensor of the sphere SV with the filtered object
o30SV =80 —...

starting at component |V|+ s.

Lemma 3.10. The norm N§ : Fil(Sp?) — Fil(Sp¥) in the G-symmetric monoidal
oo-category Fun(Z°P, Sp) satisfies

NS(SV,S) _ Slndg(vmc/ms
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Proof. Since Fun(Z°P, Sp) is a presentably G-symmetric monoidal stable co-category,
it is tensored over Sp, and the norm functor Ng commutes with the tensoring. By
the usual formula NG(SV) = Sd%V in Sp, we therefore have

Nj(8V*) = Ng(sV @ Y(s +|V])
= NG(S") @ NF(Y (s +|V])
=SV @ Y(|G/H]|(s + V),
using the fact that YV is G-symmetric monoidal. O

When I = Z, there is a canonical notion of taking the associated graded of an
object X € Fun(Z°P,(C), namely one has the functor

Fun(Z°P, C) — Fun((Z°)°?,C)
X = (cofib( X" = X™)),ez
This functor also inherits a G-symmetric monoidal structure from C.

Theorem 3.11. There are presentably G-symmetric monoidal co-categories
Fil(C) := Fun(Z°?,C)
gr(C) = Fun((Z°)*",C)
with the property that for each H C G,
Fil(C)(G/H) = Fil(C(G/H))
gr(C) = gr(C(G/H))
with their Day convolution symmetric monoidal structures. Moreover, the functors
colim : Fil(C) — C
gr: Fil(C) — gr(C)
forget : gr(C) — C
all admit the structure of G-symmetric monoidal left adjoints. Here colim and
forget are given by the functor colim of the previous theorem in the cases I = Z

and I = 79, respectively. The functor gr is the associated graded functor discussed
just before the theorem.

Proof. We just need to prove that the functor gr admits a G-symmetric monoidal
structure. It suffices prove this in the universal case C = Sp via the equivalence

Fun(I°?,C) ~ Fun(I°?,Sp) ® C,

as in Proposition 3.6. This is proven in the same way as [34, Proposition 3.2.1]
with small modifications, so we will briefly give the details of adapting this to
the G-equivariant setting. The functor Z° — Z that is the identity on objects is
G-symmetric monoidal, so by the proposition it induces a G-symmetric monoidal
left adjoint L : gr(Sp) — Fil(Sp) with G-lax-symmetric monoidal right adjoint
Res : Fil(Sp) — gr(Sp), and we let S[t] denote the G-commutative algebra Res(1),
with notation as in [34, Remark 3.1.3, Notation 3.1.4].
We follow the proof of [34, Proposition 3.1.6] to show that the functor

F F11(§p) = MOdFil(§y)(ﬂ.) — Modgr@p) (S[t])
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is a G-symmetric monoidal equivalence of categories. First, Lurie shows this is
an equivalence of categories, which goes through without change by replacing
each shifted sphere S%" (denoted S(n) by Lurie) with all induced shifted spheres
Ind%S%”. It suffices then to show that the G-lax symmetric monoidal structure on
F is G-symmetric monoidal. Lurie’s argument goes through again replacing each
shifted sphere S°" with all induced shifted spheres Ind$S%" to show that

F(X) @y F(Y) = F(X®Y)

is an equivalence for all X,Y. This reduces us to showing that F' preserves norms,
that is, for any X € Fil(Sp), and H C K C G, the map

(3.1) NEF(X) — F(NEX)

is an equivalence. By induction on the order of the group G, we may reduce to the
case when K = G. We may check that this map is an equivalence after applying
the geometric fixed point functors ®¥ for each K, and again by induction on |G|,
we may reduce to the case K = G. By use of Proposition 3.4, we see that both
sides of (3.1) commute with colimits in X after applying ®%, so we may as before
reduce to the case when X is an (induced) shifted sphere. This follows as in the
nonequivariant case by a direct check using Lemma 3.10.

The rest of the proof follows exactly as in the nonequivariant case by repeating
the proofs of [34, Propositions 3.2.3, 3.2.5, 3.2.7] in our setting. O

In the general case, there are many ways one might define an associated graded
functor Fun(Z°?,C) — Fun((I%)°P,C). In the RO case, one can opt for a conser-
vative functor to Z-filtered objects that resembles associating the total complex to
a double complex (or more generally a multicomplex). After passing to Z-filtered
objects, one may apply the associated graded functor on Fil(Sp), and the composite
Fun(RO°P, Sp) — gr(Sp) is G-symmetric monoidal.

Proposition 3.12. Let dim : RO — Z be the morphism of G-symmetric monoidal
posets sending a representation V' to its dimension |V|. Restriction along dim
induces a G-lax symmetric monoidal functor

dim” : Fil(C) — Fun(RO°P,()
with G-symmetric monoidal left adjoint

Total : Fun(RO°P,C) — Fil(C)
where

Total"(X)(G/H)= P XY(G/H)

VERO(H)
[V]=n

Proof. The G-symmetric monoidal left adjoint Total is obtained by applying the
functor of Proposition 3.6 to dim : RO — Z, which also gives the lax-G-structure
on its right adjoint, the restriction along dim.

To compute Total”, note that for any G, there is an adjunction

Fil(SpY)

o] o] o5
Sp¢
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where ev,, denotes the evaluation of a filtered G-spectrum X at the n-th component

—

X", and S(n) is the filtered G-spectrum

with
— S t>n
S(n))* -
(S(n)) {0 i n
Indeed, the description of the lefthand adjunction follows by the Yoneda lemma
since S = Y (n). For the righthand adjunction, since colimits are computed
pointwise in Fil(Sp®) it follows that ev,, preserves compact objects, so its right
adjoint preserves colimits. The description of its right adjoint may then be checked
on the induced spheres Inng, where it is seen directly.
By composition of adjoints it follows that the functor ev,, o Total is left adjoint

—

to the composite dim* o (— ® S(n)), and one checks directly that, for Z € Sp®,

: ST Z |Vi>n
dim*(Z @ S(n))Y = =
im™ ( (n)) {0 Vi<n

By the same argument used to compute the right adjoint of ev,,, one sees that the

—

left adjoint to dim™ o (— ® S(n)) is given by

@ evy O

VERO(G)
[V |=n

Remark 3.13. The analogue of Proposition 3.12 holds with RU in place of RO and

the complex dimension function in place of dim.

Remark 3.14. For X € Fun(RO, Sp), the filtered object Total(X) is a filtration of
colim(X) because dim* oconst = const and 7~ oTotal is left adjoint to dim* oconst.

3.3. Geometric fixed points and dilation. There is an equivalence of functors
PC o Nﬁ ~ ®H . Sp — Sp, and as we saw in Proposition 3.4, for a general G-
symmetric monoidal stable co-category C, we at least know that ®¢ o Ng preserves
colimits. In the filtered case, the classical formula ®¢ o NE ~ & holds up to
dilation. To define this, we first need to recall a universal property of filtered
objects.

Proposition 3.15. Let I be a symmetric monoidal poset and C a presentably sym-
metric monoidal stable co-category. There is a symmetric monoidal equivalence

Fun(I°?,C) ~ C @ Fun(I°?, Sp).

Moreover, for any presentably symmetric monoidal stable category D, the functor
Y induces a natural equivalence

Fun®(I,D) x LFun®(C, D) ~ LFun®(Fun(I°?,C), D),

where Fun® denotes symmetric monoidal functors, and LFun® denotes symmetric
monoidal colimit preserving functors.

Proof. The first statement follows as in Proposition 3.6 from the formula C ® D ~
Fun®(C°P, D) for the tensor product in Pr”. Since ® is the coproduct in CAlg(Pr%),
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the first statement allows us to reduce the second statement to the case C = Sp,
which states that

LFun® (Fun(I°?, Sp), D) ~ Fun®(I, D).

Note that there is a symmetric monoidal equivalence Fun(I°P,Sp) ~ Sp(Psh(I)).
Using that stabilization is a smashing localization in Pr”, we see that

LFun® (Fun(I°?, Sp), D) ~ LFun® (Psh(I), D),

and now the claim follows by universal property of Day convolution on presheaf
categories. 0

Definition 3.16. Let C be a presentably symmetric monoidal stable co-category,
and let p : I — J be a morphism of symmetric monoidal posets. We define the
dilation operator

DP : Fun(I°?,C) — Fun(J°P,C)
to be the symmetric monoidal colimit preserving functor defined by the symmetric
monoidal functor

15 75 Fun(J°P, Sp) — Fun(J°,C),

where the last functor is postcomposition with the unique symmetric monoidal
colimit preserving functor Sp — C, and

fe:C=C®S8p BEEVNYG ® Fun(J°P, Sp) ~ Fun(J°P,C),

under the equivalences of Proposition 3.15, where f is the unique symmetric monoidal
colimit preserving functor

Sp — Fun(J°P,C).

Example 3.17. Consider the multiplication map n : Z — Z. This induces a dilation
operator D™ : Fil(C) — Fil(C). This may be equivalently defined as satisfying
(D"X)™ = X[%1, as may be checked using Proposition 3.15.

This construction appears in the case n = 2 in the work of Meier—Shi—Zeng |36,
Definition 3.5], where it is called the doubling operator and denoted D.

In the following, we will use the notation ®¢ for the geometric fixed points
functor of Definition 3.2 on Fun(Z°P, Sp). By Lemma 3.3, this coincides at the G/G
level with the functor given by applying ®¢ : Sp& — Sp pointwise. Moreover, for
I a G-symmetric monoidal poset, we let Dg be the dilation operator induced by
the norm I(G/H) — I(G/G).

Corollary 3.18. There is an equivalence
®Y o NG ~ DG o o
of symmetric-monoidal colimit preserving functors
Fun(L(G/H)*P, Sp') — Fun(L(G/G)", Sp).

Proof. Note that by Proposition 3.4, the lefthand side is colimit preserving. By
Proposition 3.15, it therefore suffices to produce an equivalence of symmetric monoidal
functors as in the statement of the corollary after precomposing with fs,u : SpH —
Fil(SpH) and Yy : I(G/H) — Fil(Sp™), respectively. The former follows from the
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fact that fs,n : Spfl — Fun(L(G/H)°P,Sp™) refines to the unique G-symmetric
monoidal left adjoint Sp — Fun(I°P, Sp), so that

(DGONgOfSpH o~ @Gofspc ONE
o~ fspo@GoNg
~ fspoq)H
>~ (DHOfSPH
~Df o @ o fopm,

where we use the equivalence ®% o N§ ~ & of functors Sp? — Sp.
The latter case follows similarly from the fact that

Yy : I(G/H) — Fun(I(G/H)?, Spf)
refines to the G-symmetric monoidal functor Y : I — Fun(I°?,Sp). Indeed, this
implies that
‘I)GONEOYHﬁ(I)GOYGONg ZYONE,

where the latter N§ is the norm I(G/H) — I(G/G) in I. One must therefore
produce an equivalence of symmetric monoidal functors between

1(G/H) Y5 1G/G) X Pun(L(G/G)*, Sp)
and
1(G/H) %> Fun(L(G/H)®, Sp) 25 Fun(I(G/G)°P, Sp),
which is how D is defined. O

4. THE RO(G)-GRADED WHITEHEAD FILTRATION AND EQUIVARIANT
t-STRUCTURES

In this section, we revisit the notion of a slice filtration on a category in the
context of t-structures on filtered objects. We set these up also in a G-oco-categorical
context so as to obtain G-symmetric monoidal structures on slice connective covers.

4.1. Filtered t-structures and slice filtrations. Fix I a symmetric monoidal
poset and C a presentably symmetric monoidal stable co-category. By [33, Propo-
sition 1.4.4.11], given a small collection of objects {g,} in C, there is a t-structure
on C whose connective objects consist of the closure C’ of {g,} under colimits and
extensions. When we speak of ¢-structures on C, we will always mean a t-structure
that arises in this way, and we will refer to a ¢-structure both by its corresponding
category of connective objects C’ and by its connective cover functor 7.
Following the notation of the previous section, we let Y denote the functor

Y : I — Fun(I°?,Sp) — Fun(I°?,C),

where the first functor is (X3° of) the Yoneda embedding and the latter is post-
composition with the unique symmetric monoidal left adjoint Sp — C.

Proposition 4.1. For each i € I, fix a t-structure C; on C generated by a small
set of objects {ga,i} with connective cover functor Téo. We have the following
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(1) There is a t-structure on Fun(I°P,C) such that X € Fun(I°P,C) is connec-
tive if and only if X* € C; for all i € I. This t-structure is generated by the
set

{ga,i & Y(i)}i,a
ranging over all o and i.
Suppose now that wheneveri > j, one has an inclusion C; C Cj, and let Fun(I°P,C)>q
and T>q denote the corresponding connective objects and connective cover functor
on Fun(I°P,C), respectively. Then one has the following:

(3) The functor T>o satisfies the formula
(T20X)" = 740(X")
for X € Fun(I°P,C), for alli € I.

(4) Suppose the unit 1 € Cy and that go,; @ gs,; € Cigj, for alli,j, o, 5. Then
the t-structure T>¢ is compatible with the monoidal structure in the sense
that the inclusion Fun(I°?,C)>¢ — Fun(I°P,C) is a symmetric monoidal
left adjoint with respect to Day convolution.

(5) If, for alli € I, the t-structure generated by C; is (left/right) complete, then
the t-structure on Fun(I°P,C) is (left/right) complete.

Proof. Ttem (1) of the proposition follows directly from [33, Proposition 1.4.4.11].
For (2), let ev; : Fun(I°?,C) — C denote the evaluation functor at ¢ € I. We
determine the functor

Fun(I°?,C) =% Fun(I°,C)s¢ < C

by computing its left adjoint. First, note that since colimits and extensions in
Fun(I°P,C) are determined pointwise, one has a factorization

FUH(IOP, C)ZO Emd CZ

| J

Fun(I°?,¢) —— C

where the vertical arrows are the inclusions. Conversely, the left adjoint L; to the
functor ev; is given by the composite

Li :C~{i} xC I xC % Fun(I°?,C) x C

Idxconst, Fun(I°P,C) x Fun(I°?,C)
2, Fun(I°?,C)

and it follows directly from the assumption that ¢ > j = C; C C; that one has a

factorization
Lilc,
Ci & Fun(IOp, C)ZO

¢ — s Fun(I°?,C)

where the vertical arrows are the inclusions. It follows that L;
Fun(I°?,C)>o = C;, and that the composite

c; is left adjoint to

C; < C £ Fun(I°?,C)
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is left adjoint to
Fun(I°,C) =% Fun(I°?,C)>0 —% C;,
which produces the desired formula.
For (3), we need to check that Fun(I°P,C)>( contains the unit Y (1) and is closed
under tensor products. The former follows from the fact that 1 € Cy and the key

assumption that ¢ > j == C; C C;. For the latter, we must check that, if
X4 Y? e for all i € I, then

(X ®Y)" = colimjgr>i (X! @ Y*) € C;.
This follows by the assumption on generators and the fact that C; is closed under

colimits. Finally, (4) follows from the connective cover formula of (2) and [33,
p. 1.2.1.19].

Definition 4.2. We call an I-indexed sequence of t-structures C; satisfying
1>7 = C; C Cj

and item (4) of Proposition 4.1 an I-indexed slice filtration on C. We will use
this term to refer to both this data and to the t-structure on Fun(I°P,C) given by
Proposition 4.1.

Ezample 4.3. Let C = Sp© and I = Z with its standard poset structure. For each
n € Z the set {Ind$S™## : m|H| > n} generates a t-structure €’ = Spgn on Sp¢
with the property that Spgn 41 C Spgn for all n. This gives a slice filtration on

Sp% in the above sense, and it recovers the usual equivariant slice filtration, as the
composite

Sp& L2 Fil(SpT) =2 Fil(Sp©)
sends a G-spectrum to its slice tower. We return to this example in Definition 6.1
We will need also a G-co-categorical version of Proposition 4.1 for the purposes

of obtaining G-lax symmetric monoidal structures on the connective cover functors
T>0 : Fun(I°P,C) — Fun(I°?,C)>¢ from Proposition 4.1.

Proposition 4.4. Fiz I a G-symmetric monoidal poset and C a presentably G-
symmetric monoidal stable co-category, and for each H C G, fix an I(G/H)-indezed
slice filtration on C(G/H). For H C G, let {gll, @ Y (i)}i o be the generators of
Fun(I(G/H)°?,C(G/H))>0 as in Proposition 4.1. Suppose that for any subgroups
H,H' C G and any map of G-sets f : G/H — G/H', one has inclusions
F*({9ai © Y (1)}ia) CC(G/H)g-s)
for alli € I(G/H') and that for any H C H' C G, one has inclusions
fo/({gf,i ®Y(i)}ia) C Q(G/H/)Ng’(i)
for alli € I(G/H). Then the assignment
Fun(I,C)>o(G/H) := Fun(L(G/H)*,C(G/H))>0

defines a G-symmetric monoidal subcategory of Fun(I°P,C), and the connective
cover functors of Proposition 4.1 on Fun(I(G/H)°?,C(G/H)) assemble into a lax
G-symmetric monoidal right adjoint

T>0 : Fun(Z°?,C) — Fun(Z°?,C) >0
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Proof. The assumption that
f1(C(G/H')i) C C(G/H)p- i)

for all f : G/H — G/H' guarantees that Fun(l°?,C)>¢ is a sub G-category of
Fun(I°P,C) and that the inclusion

Fun(I°,C)>o — Fun(I°",C)

is a G-left adjoint by applying [17, Lemma 5.12]. It remains to show that Fun(Z°P,C)>¢
is closed under the G-symmetric monoidal structure. This is guaranteed levelwise
by Proposition 4.1 (3) since we have fixed a slice filtration levelwise, so it remains
to show that for each H C H' C G, there is an inclusion

NH (Fun(L(G/H)®,C(G/H))s0) C Fun(L(G/H')*P,C(G/H'))so.

By induction on the order of the group, we may reduce to the case H' = G. By
assumption, we have that

N§i (g2 ®Y (i) € Fun(L(G/G)P, C(G/G))>0

for all «,i. For a general X € Fun(I(G/H)°?,C(G/H))>0, consider the cofiber
sequence
EP, ® N§(X) = N§(X) = EP ® N(X).

Since the functor EP ® N§(—) commutes with colimits by Proposition 3.4, it
follows that EP ® N§(X) € Fun(I(G/G)°?,C(G/G))>o, so it remains to show
that EPy ® N (X) € Fun(L(G/G)°P,C(G/G))>o. Since EP4 has a filtration with
associated graded consisting of sums of G-spectra of the form Ind$ (S™) for n > 0
and K a proper subgroup, this case follows by induction. (Il

Definition 4.5. For I and C as above, we call a collection of I(G/H)-indexed
slice filtrations on C(G/H) satisfying the conditions of Proposition 4.4 a normed
I-indexed slice filtration on C.

4.2. The RO(G)-graded Whitehead tower and the equivariant AN filtra-
tion. We begin by recalling the definition of the Whitehead tower functor. Let
C; C Sp& be those G-spectra X with 7, X = 0 for k < 4, i.e. C; = (Inngi>HCg.
The C; together form a Z-indexed slice filtration on Sp“ in the sense of Definition
4.2.

Definition 4.6. The Whitehead tower functor is the composite
{C;}
Wh : Sp¢ const, Fun(Z°P, Sp%) SN Fun(ZOp,SpG)ZO

This functor has a lax symmetric monoidal structure since the {C;} define a
slice filtration. However, this structure does not extend to that of a normed slice
filtration in the sense of Definition 4.5. For example, while S! € Sp>1, the Ca-
spectrum SP = N2(S1) ¢ Spgg2 as one has the nonzero Euler class a, € mSP. As
a consequence, Wh(—) does not admit a lax G-symmetric monoidal structure.

There are at least two “corrections” to this issue. One is to use the Hill-Hopkins—
Ravenel slice tower in place of the Whitehead tower, as in Example 4.3. Another
is to replace the indexing category Z with RO. For each H C G and V € RO(H),
define

Cy = {X € Sp¥ : 7V X is a connective H-spectrum}.
We thank Lucas Piessevaux for explaining the following construction to us.
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Proposition 4.7. There is a normed RO-indexed slice filtration on Sp in the sense
of Definition 4.5 with connective objects at the V -th component given by Cyy C Sp™,
for V.€ RO(H). The connective cover functor corresponding to Cy is given by

746(X) = EVr50(57V X)
for X € Sp | where 7>¢ is the standard connective cover functor in Sp©.

Proof. One must check the conditions of Proposition 4.4, and this is straightforward
using the fact that each Cy is generated by

{ZVInng}KcH

and the distributive law of [23, Proposition A.37] expressing norms of indexed
coproducts in terms of indexed coproducts of norms (cf. [25, Proposition 11.1.10]).
The description of Tgo follows by composing adjunctions and the equivalence

»WiCh —=Cy:x7V . O

Definition 4.8 (Piessevaux). The RO-indexed Whitehead tower functor is the
composite

{Cv}

Wh© : Sp < Fun(RO, Sp) —=>— Fun(RO, Sp)=o

Wh*® has a canonical lax G-symmetric monoidal structure as const is the right
adjoint to the G-symmetric monoidal functor colim : Fun(RO°P, Sp) — Sp of The-
orem 3.7, and 7>¢ has the lax G-symmetric monoidal structure of Proposition 4.4.

The monoidality present on Whitehead tower functors allows one to define struc-
tured multiplication on the décalages of an Adams type filtration. We apply this
to the MUg-based Adams filtration in Sp® using our two variants above of the
Whitehead tower.

Definition 4.9. We define the filtrations
ANg(S) :== Tot(Wh(MUqg) = Wh(MUg ® MUg) = ---)
in CAlg(Fil(Sp®)),
ANEO(S) := Tot(Wh??(MUg) = Whi°(MU; @ MUg) = ---)
in CAlg,(Fun(RO®P, Sp)), and
AN(S) := AN (S)
in CAlg(Fil(Sp)).

4.3. Partially normed slice filtrations. There is a version of the theory of G-
symmetric monoidal co-categories and the corresponding G-commutative monoids
where one has precisely the norms determined by a particular Ny,-operad. We
refer the reader to the appendices of [44] for an implementation of such a theory,
using the theory of algebraic patterns. Taking the initial N,,-operad gives no
nontrivial norms and hence the "pointwise monoidal" theory of symmetric monoidal
parametrized oo-categories and their commutative algebras. Taking the terminal
Noo-operad gives all norms and hence the theory of G-symmetric monoidal oco-
categories and G-commutative monoids discussed above. We will need to make
use of this theory for the N,-operad parametrizing all norms N5 from nontrivial
subgroups {e} # H C K C G.
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All we will need from this theory is an analogue of Proposition 4.4 for an N.-
operad O. In the following, we fix a finite group G, an Ny-operad O, I a G-
symmetric monoidal poset, a presentably G-symmetric monoidal oco-category C,
and for each H C G, an I(G/H)-indexed slice filtration on C(G/H).

Proposition 4.10. For H C G, let {g{; @ Y (i)}i,a be the generators of
Fun(Z(G/H)?,C(G/H))>o

as in Proposition 4.1. Suppose that for any subgroups H, H' C G and any map of
G-sets f : G/H — G/H’, one has inclusions

F U @Y (i)}ia) CCG/H) p)

foralli e I(G/H') and that for any H C H' C G such that H — H' belongs to the
transfer system corresponding to O, one has inclusions

Ng'({gﬁfi ®Y(i)}ia) C Q(G/H/)Ng’(i)
for alli € I(G/H). Then the assignment
Fun(I°,C)>o(G/H) := Fun(L(G/H)™,C(G/H))>0

defines an O-symmetric monoidal subcategory of Fun(I°P,C), and the connective
cover functors of Proposition 4.1 on Fun(I(G/H)°?,C(G/H) assemble into a lax
O-symmetric monoidal right adjoint

T>0 : Fun(I°?,C) — Fun(I°?,C)>o.

Proof. By applying [44, Corollary D.5|, one may copy the proof of Proposition
4.4. O

Definition 4.11. For I, C, and O as above, we call a collection of I(G/H)-
indexed slice filtrations on C(G/H) satisfying the conditions of Proposition 4.10
an O-normed I-indexed slice filtration on C.

5. LINEAR t-STRUCTURES ON FILTERED SPECTRA

We recall the linear t-structures on filtered spectra introduced in the context of
synthetic spectra by the author and Davies in [10], and in a general filtered context
by Lee-Levy [31]. For our purposes, we will work with ¢-structures on filtered
spectra determined by lines of the form y = ax for @ > —1 a real number.

Definition 5.1. Let the linear t-structure on Fil(Sp) with respect to the line
y = ax be the Z-indexed slice filtration on Sp with n-th ¢-structure generated by
sfail,

We will use 74.“" and 7%£,"" to denote the n-th cover and truncation functors
respectively for the t-structure associated with y = ax. Proposition 4.1 yields the
following.

Proposition 5.2 ([10]). The linear t-structure with respect to y = ax on Fil(Sp) is
an accessible t-structure, which is both right and left complete and compatible with
the Day convolution symmetric monoidal structure on Fil(Sp).

For any Y € Fil(Sp), a map f : X — Y exhibits X as 74,*"Y if and only if
TeyX = 0 whenever y > ax and f induces an isomorphism 71';7yX — Tz yY for all
y < azr.
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For filtered spectra satisfying the following property, connectivity with respect
to a linear t-structure is equivalent to connectivity on associated graded.

Definition 5.3. We say a filtered spectrum Y is strongly complete if Y is complete
and, for all integers x,y, we have

PLnl (M2 Y) /7" =0
so that, by the Milnor sequence,
7oy & lim(m, ,Y) /7"

Remark 5.4. The condition that Y is strongly complete precludes the existence of
infinitely 7-divisible elements in , .Y

Proposition 5.5. Let X € Fil(Sp) be strongly complete. Then X is connective in
the y = ax linear t-structure if and only if X/T is connective in the y = ax linear
t-structure.

Proof. By completeness we may write X = l&n X/7™, and via the cofiber sequences
20X/ = X/ — X

one concludes that if X/7 is connective, then X /7™ is connective for all n. By use
of the Milnor sequence and strongly completeness, we see that X is connective.
Conversely, if X is connective, the cofiber sequence

X = X/r—-2b7X
implies that X /7 is also connective. O

In [10], we computed the heart of these linear ¢-structures, and we determined the
effect of taking connective covers on mod 7 homotopy groups in the case of vertical
lines. Here we will spell out the nonvertical case, for which we first introduce some
terminology.

Definition 5.6. Let X € Fil(Sp). For the line y = ax, we say a differential d,-(a) =
b # 0 in the 7-Bockstein spectral sequence for X is a line-crossing differential if
a € my y(X/7), y < ax, and y+r > a(x —1). That is, the source of the differential
lies on or below the line y = ax, and the target lies strictly above it (see the ds
leaving bidegree (4,0) in Figure 1 for an example).

Let f: X — Y be a map of filtered spectra and let b € 7, Y such that y > ax
and [b] # 0. Let I be the smallest positive integer such that 7'b € T, |lax) Y and
suppose that 7'b # 0. In this case, we say b drops to the line y = ax and a lift
a € Ty laz)Y of 7!b along f is called a dropped lift of b to X.

Theorem 5.7. Let f: X — Y be a map of filtered spectra. The map f exhibits X
as 74, “"Y if and only if the following conditions hold.
(1) X is strongly complete.
(2) The filtered spectrum X/ is connective in the linear t-structure for y = azx,
so that my (X/7) =0 for y > az.
3) The map 7= f : 771X — 771Y is an equivalence.
(4) For allr > 2, the map
(5.1) E, — tBSS(X) — E,. — 7BSS(Y)

has the following properties:
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(a) Itis an iso wheny+r < alx —1). Ify+r > alz —1) and y < az,
the image of this map consists precisely of those classes b € my ,(Y/T)
that do not support a line-crossing differential in the T-BSS of Y.
(b) It is an injection in bidegree (x,y) unless y = |azx].
Suppose Y is strongly complete. If f exhibits X as 74,°"Y, the map f has the
following additional properties. B
(5) If b € my Y drops to the line y = ax in the sense of Definition 5.6, then
b admits a unique dropped lift a € 7,1 X, and tha =0 < 7Fth =0,
for all k > 0.
(6) The kernel of the map (5.1) in bidegree (x,|ax]) consists precisely of the
mod T-projections of dropped lifts of classes b € m, Y to X with THr=2p £
0.
(7) If b € m, Y drops to the line y = ax in the sense of Definition 5.6, and
THT=1h = 0 for r > 1 minimal with respect to this property, then there is
a nonzero line-crossing differential dj4,(z) = [b] in the 7-BSS of Y. The
class z admits a unique lift Z along (5.1), and d.(Z) = [a], where a is the
dropped lift to X of b. Conversely, every differential in the 7-BSS of X
whose target is the mod T-projection of a dropped lift arises in this way.
(8) Every differential in the 7-BSS of X is a lift of a differential in the T-BSS
of X oris of the form appearing in condition (7).

Proof. We begin with the first half of the theorem statement and suppose that
conditions (1)-(4) hold. To see that f must be injective on bigraded homotopy
groups, suppose that 0 # a € 7, , X and f(a) = 0. By Proposition 5.5, conditions
(1) and (2) guarantee that X is connective in the linear ¢-structure for y = ax, so we
may assume wlog that y < ax. Since 771 f is injective by condition (3), there exists
r > 0 such that 77a = 0 and we may suppose wlog that r is minimal with respect
to this property. By exactness, there exists 2z € my41 y—r—1X/7 with 6(z) = 77 la.
Since y —r — 1 < |a(xz 4+ 1)], by condition (4b) we have that f(z) # 0, and since
d(f(2)) = 0, the class f(z) is a nonzero permanent cycle. Now, using connectivity
of X to write a = 7%a with k > 0 and [a] # 0, we have that d,;+1(2) = [a], so
f(2) is not in the image of f on the E,;xi2-page. By (4a), f(z) must therefore
support a line crossing differential, contradicting that it is a permanent cycle.

To see that f is surjective in bidegrees (x,y) with y < ax, let b € 7, ,Y with
y < ax and suppose that 776 # 0. Since 771 f is surjective by condition (3),
there exists a € 7, xX with f(a) = 7%b and we may take k > 0 wlog. Using
connectivity of X to write a = 7" with r > 0 and [a] # 0, we have f(7"a) = 7Fb.
Suppose first that r > k, then it follows that 7%(b — 77=%f(a)) = 0, so there
exists 2z € Tupq1,y—k—1Y/7 such that 6(2) = 7F71(b — 777k f(a)). The class z is
on or below the line y + 2 < a(x — 1), so by (4a), it admits a lift Z to X/7. We
have f(6(2)) = 7*~1(b — 777* f(a)), so it follows that 7%~1b is in the image of f.
Repeating the argument with 7575 in place of 7%b, we may proceed until k = 0,
and therefore b is in the image of f. A similar argument works when r < k.

Suppose then that b € 7, ,Y with y < oz, now with 7F+1p = 0, and let k be
minimal with respect to this property. As before, there exists z with §(z) = 7Fb,
and z admits a lift Z to X/7 by (4a). But then 7%b = f(§(2)) is in the image of f,
and we may produce a lift of b exactly as in the previous paragraph.

For the converse, assume that f exhibits X as the connective cover. Conditions
(1) and (2) follow for degree reasons from the fact that X is connective in the linear
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t-structure for y = ax. For (3), the cofiber 74~{"Y of f has 7, ,72"7"Y = 0 for

y < az. Since 7 has bidegree (0, —1), it follows that every element of 7, ,7%=5"Y is
T-power torsion, so 7 !7Y71"Y =0 and 77! f is an equivalence. For (4), we begin

with the case 7 = 2. Consider the diagram of long exact sequences

§ T
Toy+1X — Moy X — Ty (X/7) —— Moot yi2 X —— M1y X

! I | J !

4 T
Toy+1Y — Ty —— Ty (Y/T) —— Too1y42Y —— M1 y1Y

induced by the multiplication by 7 cofiber sequence. When y + 2 < a(x — 1), all
vertical maps except the middle one are isomorphisms by assumption, hence so is
the middle by the five lemma. If a € 7, ,(X/7) for y +2 > a(x — 1), then a is
a permanent cycle in the 7-BSS for X for degree reasons, as X/7 is connective.
By naturality of the 7-BSS, f(a) is a permanent cycle in the 7-Bockstein SS for Y.
Conversely, if b € m, (X /7) for y+2 > a(xr—1) and y < ax does not support a line
crossing differential, then it is a permanent cycle, so it admits a lift be TeyY along
the 7-reduction map. Since 7, ,X — 7, ,Y is an iso in this bidegree, naturality
of the mod 7 projection map now implies b is in the image of f, as desired. This
proves (4a) in the case r = 2.
For (4b), suppose
a € ker(my o (X/7T) = 75 (Y/T))

for y+2 > a(z—1) and y < |ax]. For degree reasons, a must be a permanent cycle,
so it admits a lift @ € 7, , X along the 7-reduction map such that f(a) is divisible
by 7 by assumption. But since y < |az|, y+1 < ax and hence 7y y 11X — 75 1Y
is an iso, so that a must also be divisible by 7. Therefore a = 0 as desired. The
proof of (4) for r > 2 now proceeds by induction using using what we have just
proved as a base case and analogous arguments.

For the second part of the theorem, we assume now that Y is strongly complete
and that f exhibits X as the connective cover. Condition (5) follows from the
fact that 7, y X — m,,Y is an isomorphism for all y < az. For (6), suppose that
a € Ty |az)(X/7) is in the kernel of (5.1). The unique lift @ € 7, |42 X of a has the
property that f(a) is divisible by 7, since [f(a)] = 0 by assumption. It follows that
a is a dropped lift of a class b in Y since we may use strong completeness of Y to
produce the class b with [b] # 0 by dividing f(a@) by sufficiently many powers of 7.
The fact that a is nonzero on E, implies that 7"~1a # 0, so by condition (6), we see
that 7/77=2b £ 0. Conversely, every dropped lift a of a class b in Y is the kernel of
f mod 7 by definition as [ > 0. For degree reasons [a] must be a permanent cycle
and it is hit by a d,» for 7/ < r if and only if 7+7~2h = 0. Therefore a determines
a nonzero class on E, if 7147=2b #£ 0.

For (7), the first statement follows from the usual relationship between 7-power
torsion and differentials in the 7-BSS. The class z is in the region of E, in which
(5.1) is an isomorphism, hence it admits the lift Z. One has §(z) = 7/7"72b so
that f(6(2)) = 7'77=2b , so that 6(2) = 7" 2a where a is the dropped lift of
b to X, by injectivity of f in this region. This further implies the differential
d, (%) = [a]. Conversely, if there is a differential d,(Z) = [a] in the 7-BSS of X, for
a a dropped lift of b in Y, then by connectivity of X, one has 6(Z) = 7"~2a, so that
§(f(2)) = 77*'=2b. The integer r is minimal with respect to this latter property by
the second half of condition (5).
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For (8), suppose there is a differential d,-(z) = [a] in the 7-BSS of X that is not
a lift of a d, in the 7-BSS of Y. This means that f([a]) = 0, so by (4b) and (6),
the class a must be a dropped lift of a class b in Y, as desired. O

Remark 5.8. We highlight separately the Fs-page case of Theorem 5.7 conditions
(4) and (6) since this describes the behavior of the map f on the homotopy groups
of the associated graded of these filtrations. We assume that f : X — Y exhibits X
as the connective cover of Y in the y = ax linear t-structure and that Y is strongly
complete. We then have the following.
(1) The map
Tag(X)7) = Ty (Y/7)
is an iso when y 4+ 2 < a(z — 1), i.e. when the bidegree (z — 1,y + 2) is on
or below the line y = ax. If y+2 > a(z —1) and y < ax, the image of this
map consists precisely of those classes b € 7, ,(Y/7) that are permanent
cycles in the 7-Bockstein SS for Y.
(2) The map
T,y (X/7) = 7oy (Y/7)
is injective unless y = |ax]. The kernel of the map in bidegree (x, |ax])
consists precisely of the mod 7-projections of dropped lifts of classes b €
TeyY to X, and every class b € m, Y that drops to the line y = ax admits
a unique such dropped lift.

We give an example that illustrates the above theorem, where Y = AN(ko) is the
Adams—Novikov filtration of ko, which one may implement as a filtered spectrum
via the signature functor o : Syn,;; — Fil(Sp) discussed in [16, Section 1.4]. Here
we take o = 1/2, and in Figure 1, we show the ANSS for ko, with the line y = (1/2)x

drawn in green. In Figure 2, we show the 7-Bockstein SS for T§§(1/2)IANU€O).
The lines y = (1/2)z and y + 2 = (1/2)(x — 1) are drawn in these figures
in green. The black squares (copies of Z) and dots (copies of Fs) in Figure 2
map isomorphically to the black squares and dots in Figure 1 via the map f :
X — Y, the blue square in Figure 2 in bidegree (4,0) maps to the black square
in Figure 1 in bidegree (4,0) via multiplication by 2. The orange dots in Figure
2 in (1,0),(2,1),(17,8),(18,9) are the mod 7 projections of the dropped lifts of
the black dots in Figure 1 in (1,1),(2,2),(17,9), (18,10), respectively. The two
orange do-differentials leaving bidegrees (18,6) and (19, 7) respectively are those of
the form described in Proposition 5.7 (7). Finally, structure lines indicate hidden
n-multiplications of the appropriate filtration jumps, where np € 71 _1 1.

Remark 5.9. The class 1 € mpoAN(ko) lifts to 71'0,0(7’%3(1/2)”“'AN(1€0))7 but n €
71,1AN(ko) does not. This implies that the map of filtered spectra

7450/P% AN (ko) — AN(ko)

does not lift to one of modules over AN(S), i.e. to one of MU-synthetic spectra.
This reflects the fact that AN(S) is not connective in the linear t-structure on
Fil(Sp) associated to y = (1/2)z.

We end the section with a simple criterion for checking that a map of filtered
spectra induces an equivalence on connective covers, which we will apply in our
comparison of the slice and homotopy fixed point filtrations.
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FIGURE 2. The 7-BSS for 745"/ AN (ko).
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Proposition 5.10. Let f : X — Y be a map of filtered spectra. If f induces
equivalences

(1) T>[zn (X)) — Torzm (Y=™) for all n sufficiently large
(2) 72" (X/7) = 7L, (Y/7),
then f induces an equivalence
50X — LY.
Proof. By Proposition 4.1 (2), it suffices to show that f induces an equivalence
TZ[#W(X") — T2 1(Y")

a+1

for all n. By the first assumption this holds for all sufficiently small n, so we may
assume by induction that f induces an equivalence

Topazt) (X771 = o paoyy (V70),

Fix k > faLH} and consider the morphism of long exact sequences

,/T]H_an—l _— 7rk+1,n_2_k(X/7‘) 7Tan ,/Tan—l _— '/Tk,n—l—lc(X/T)
T Y —— Tht1,n—2-k(Y/T) Y™ Y "l —— Ten—1—k(Y/T).

The first and fourth vertical arrows are isomorphisms by the inductive hypothesis,
and the second and fifth are isomorphisms by assumption (2), so the result follows
by the five lemma. ([

Remark 5.11. In practice, we will verify condition (1) of Proposition 5.10 in the
case that X and Y are eventually constant in the sense that there exists N € Z
such that for all n > N, the map X" — X ~"~! is an equivalence. In this case, it
suffices to show that f induces an equivalence 77! X — 771Y to establish condition
(1).

If X is a connective spectrum and F a connective Adams-type spectrum, the
FE-based Adams spectral sequence of X, regarded as a filtered spectrum via the
signature functor o : Syny — Fil(Sp) (see [16, Section 1.4]), is eventually constant.
In fact, here N may be taken to be zero. Other examples include (variants of)
Whitehead towers for bounded below objects.

6. THE SLICE FILTRATION AS A CONNECTIVE COVER

In this section, we complete the proofs of our main theorems, by showing that
the slice filtration is obtained as a connective cover of the homotopy fixed point
filtration, and we use this to construct canonical maps to the slice filtration.

6.1. The slice filtration and t-structures on Fil(Sp“). We will define two Z-
indexed slice filtrations on Sp, in the sense of Definition 4.5. By evaluating at G/G,
these give Z-indexed slice filtrations on Sp®, in the sense of Definition 4.2. In what

follows, we let O denote the Ny,-operad corresponding to the transfer system with
all norms H — H' for {e} # H.

Definition 6.1. Let the slice t-structure on Fil(Sp) be the Z-indexed slice filtration
on Sp defined by, for each i € Z and H C G, the t-structure on Sp'’ generated by

{Ind¥sker  k|L| > i}pcn
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Let the O-slice t-structure on Fil(Sp) be the Z-indexed slice filtration on Sp defined
by, for each i € Z and H C G, the t-structure on Sp” generated by

{Ind?s"},,cz U{EG @ Ind¥S*Pr - kL] > i}pcn

We use the notation 78lic® and 75, respectively to denote the connective cover

functors of these two t-structures.

Remark 6.2. In terms of the geometric connectivity perspective of Hill-Yarnall [26]
(see also |25, Theorem 11.1.27]), X € Fil(Sp¥) is connective in the slice t-structure
if and only if ®# X € Fil(Sp) is connective in the y = (|H| — 1) linear ¢-structure
for all H C G. A filtered G-spectrum X € Fil(Sp®) is connective in the O-slice
t-structure if and only if ®# X € Fil(Sp) is connective in the y = (|H| — 1)x linear
t-structure for all {e} # H C G. Indeed, this follows immediately from loc. cit.
since these filtered t-structures are defined pointwise in terms of the ordinary slice
filtration. Alternatively, this may be argued directly by induction on |G| using
isotropy separation, as in loc. cit. (see also [25, Chapter 11]).

These slice filtrations also have the expected (partially) normed structures.

Proposition 6.3. The slice t-structure defines a normed Z-indexed slice filtration
on Fil(Sp) in the sense of Definition 4.5. The O-slice t-structure defines an O-
normed Z-indezed slice filtration on Fil(Sp) in the sense of Definition 4.11.

Proof. Tt suffices to check the conditions of Propositions 4.4 and 4.10 respectively,
on the generators of these t-structures, which follow immediately from Lemma
3.10 and the distributive law of [23, Proposition A.37], which expresses norms of
indexed coproducts in terms of indexed coproducts of norms (cf. [25, Proposition
11.1.10]). O

As in Example 4.3, the slice t-structure recovers the usual equivariant slice fil-
tration of a G-spectrum in the following manner.

Definition 6.4. The slice filtration Slice(X) of X € Sp© is the image of X under
the composition

slice
SpC <o Fil(Sp®) = Fil(Sp©)
Since const is lax G-symmetric monoidal, and the slice ¢-structure defines a normed
slice filtration, if X has a G-Eo-structure, so does Slice(X).

Our main result of this section is a comparison of the slice and homotopy fixed
point spectral sequences in a filtered context. We first define the homotopy fixed
point filtration and discuss its multiplicative structure. In the following, we let
F(EG4,—) : Fil(8p®) — Fil(Sp®) be the functor given by applying F(EG, —)
pointwise.

Definition 6.5. The homotopy fixed point filtration HFP(X) of X € Sp is the
image of X under the composite

Sp® W pi(spS) LEGHT), piy(sp6)

where Wh denotes the Whitehead tower functor of Definition 4.6.

As discussed in Section 4.2, the Whitehead tower functor is not lax G-symmetric
monoidal, so one does not expect a priori a lax G-symmetric monoidal structure on
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HFP(—). However, one does have this structure due to the "monoidal Borelifica-
tion principle", whereby Borelification F(EG,,—) turns naive commutative data
into genuine commutative data. This phenomenon was observed by Blumberg—Hill
[7, Theorem 6.26] and was codified into the setting of G-symmetric monoidal oo-
categories by Hilman [28, Section 2.4]. In particular, using the naive E-structure
on HFP(—) and applying [28, Theorem 2.4.10] gives the following.

Proposition 6.6. For R € Sp© a naive Eo -algebra, the Eo, structure on HFP(R)
refines canonically to a G-Eo structure.

Proof. The Borelification adjunction

Fil(Sp) s Bor(Fil(Sp))
F(EG+7_)

of [28, Proposition 2.4.1] refines canonically to a G-symmetric monoidal adjunction
by [28, Theorem 2.4.10(2)], and there is an equivalence

CAlg (Bor(Fil(Sp))) ~ CAlg(Fil(SpP?))

by [28, Theorem 2.4.10(3)]. The E.o-structure on R canonically defines the object
HFP(R) € CAlg(Fil(SpP©2)). The desired G-E,, structure is then given by regard-
ing HFP(R) as an object in CAlg,(Bor(Fil(Sp))) via the above equivalence and
applying the right adjoint of the above Borelification adjunction. (|

In fact, there is a map of E-algebras Slice(R) — HFP(R). This map was
defined by Ullman [45, Theorem 9.1], and we follow his ideas to construct this map
in our context. For this we will need another filtration, which Ullman calls the
mized filtration, to interpolate between HFP(—) and Slice(—).

Definition 6.7. Let the mized t-structure on Fil(Sp®) be the Z-indexed slice fil-
tration on Sp® defined by, for i € Z, the t-structure on Sp® generated by

{nd% S} e U{IndSS™ 5 |m|H| > i} yca.

Let 7ixed denote the corresponding connective cover functor on Fil(Sp®). For

X € SpY, define the mixed filtration Mixed(X) of X to be the image of X under
the composite

mixed

Spl L Fil(SpY) 20— Fil(Sp©)

The mixed filtration is an auxiliary filtration defined so that we can prove the
following proposition.

Proposition 6.8. For any X € Sp©, there exists a span in Fil(Sp®)
HFP(X) — Mixed(X) <« Slice(X)

such that both maps become equivalences upon applying Borelification F(EG4, —).
If X has a naive Eo-structure, this span lifts to CAlg(Fil(Sp®)).

Proof. Define
eV = ({Ind$S' )
colice .= ({Ind$S™# . m|H| > i}uce)

crixed .= ({Ind%S*, IndGS™# = m|H| > i} pca).
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By definition, there are inclusions CPlice C Cmixed and CVh C Cmixed for all i €
Z. These inclusions determine corresponding inclusions of connective objects in
the respective t-structures defined on Fil(Sp®) by the C;’s. By composition of
adjoints, one has the above span. When X has an E, structure, the span lifts to
span in [E,.-algebras since each of the inclusions is symmetric monoidal, so that
they lift to left adjoints on categories of commutative algebras. Each of the maps
induces an equivalence on underlying spectra because, for all ¢ € Z, one checks that
ResS (CPlie) = ResC(CV™) using that ResC is a left adjoint. It follows that the
maps induce equivalences upon Borelification. (I

Corollary 6.9. For any X € Sp®, there exists a map in Fil(Sp®)
Slice(X) — HFP(X)

inducing an equivalence upon Borelification. If X has a G-Eoo-structure, this map
lifts to CAlg(Fil(Sp)).

Proof. One has the Borelification map
Slice(X) — F(EG4, Slice(X)),

which lifts to CAlge (Fil(Sp®)) when X has a G-E.-structure, by [28, Theorem
2.4.10(2)]. By the previous proposition, there is an equivalence

F(EG.,Slice(X)) ~ HFP(X),

which gives the claimed map, and this is an equivalence of naive E,,-algebras when
X has an E-structure. By applying the monoidal Borelification principle as in
the proof of Proposition 6.6, this refines canonically to an equivalence of G-E.-
algebras. O

The map
Slice(X) — HFP(X)
factors canonically through
Slice(F(EG4+,X)) — HFP(X)

via the diagram
Slice(X) ———  HFP(X)
Slice(F(EG4+, X)) —— HFP(F(EG4, X))

We show now that the map Slice(F(EG,, X)) — HFP(X) is actually a connective
cover in the slice t-structure.

Lemma 6.10. For all n € Z and X € Sp®, the natural map Slice™(X) — X
induces an equivalence

Slice™ (F(EG, Slice™(X))) — Slice"(F(EG4, X))
Proof. Tt suffices to show that if Z € Sp© is slice > n, then
12, F(EGy., Stice” (X))|sye — [Z, F(EG+, X)|spe

is an iso. By Corollary 6.9, we may replace Slice”(X) with 7>,X here, and the
skeletal filtration of the G-space EG reduces this to showing that the map

(2, F(2*G1, 750 X)|sp0 — [Z, F(ZFG 1y, X)) spe
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is an iso for k > 0, which by adjunction is the map
[2*ResC Z, 750 XC)sp — [EFResS Z, Rest X s

This map is an iso because the fact that Z is slice > n implies that ReseGZ and
therefore ZkResz is > n in the usual t-structure on Sp. O

By definition of the slice tower, the filtered G-spectrum Slice(F(EG4, X)) is
connective in the slice t-structure. This results in a canonical map

Slice(F(EG4, X)) — 34 °HFP(X),

which is an equivalence pointwise by the lemma, and we have proved the following.

Theorem 6.11. For any X € Sp©, the map Slice(X) — HFP(X) factors canoni-
cally through an equivalence

~

Slice(F(EG,, X)) = mS°HFP(X).

If X has a naive Eo-structure, this is an equivalence of G-Eo.-algebras in Fil(Sp).

Corollary 6.12. For a Borel-complete G-spectrum X, the slice filtration of X is
the connective cover of the homotopy fixed point filtration of X with respect to the
slice t-structure.

If G is a p-group, the Segal conjecture states that the p-completion of any finite
G-spectrum is Borel-complete, which gives the following.

Corollary 6.13. Let X be the p-completion of a finite G-spectrum. Then the slice
filtration of X is the connective cover of the homotopy fized-point filtration of X
with respect to the filtered slice t-structure, i.e.

Slice(X) ~ 79y °HFP(X).
If X has a naive Eo-structure, this is an equivalence of G-Eo-algebras in Fil(Sp).

In [9], the author showed that the norms of Real bordism theory MU(®) are
Borel complete, which gives the following.

Corollary 6.14. The slice filtration of MU(S) is the connective cover of the ho-
motopy fized point filtration of MU(G) | i.e. there is an equivalence

Slice(MU (D)) ~ 8 HFP (MU (D).

of G-Ex-algebras in Fil(Sp).

The following equivalence is also a useful identification.
Theorem 6.15. There is an equivalence

7457 Slice(MU (NG ~ 7Y THFP (MU (9))C
of commutative algebras in filtered spectra.
Proof. Note that since MU() is Borel-complete and connective, the map
Slice™ (MU )y - HFP™ (MU (D)

is an equivalence for all n < 0. By Proposition 5.10, it therefore suffices to show
that the map Slice(MU(%)) — HFP(MU(%)) induces an equivalence of filtered
spectra

ngx(Slice(MU((G»)G/T) — T;?w(SﬁCQ(MU((G»)G/T),
which was shown by Ullman [45, Theorem 9.4]. O



34 CHRISTIAN CARRICK

6.2. MU-synthetic lifts of the slice filtration. The slice ¢-structure allows us to
implement the slice filtration as an E..-algebra in the category of synthetic spectral
Mackey functors

Synﬁw i= Mack(G; Synyy ).
In the following, we will denote by inf the inflation functor Fil(Sp) — Fil(Sp®)
given by applying inff : Sp — Sp© pointwise to a filtered spectrum.

Proposition 6.16. There is an equivalence of symmetric monoidal co-categories
G e
SynMU ~ MOdFil(SpG)<1nfe AN(S))

Proof. We first note that Syn,,;;; is compactly generated by the bigraded spheres,
by [41, Theorem 6.3]. It follows from [2, Observation 1.9] that there is a symmetric
monoidal equivalence

Syn§; ~ Sp® @ Syn -

We therefore define the symmetric monoidal left adjoint f¢ : Fil(Sp%) — Synf/[U
to be the tensor product

f& : Fil(Sp¥) ~ Sp® @ Fil(Sp) der, Sp® @ Syn i =~ Syn$ry,

where f* is the symmetric monoidal left adjoint defined by the symmetric monoidal
functor Z — Syn,,;;; sending i to the bigraded sphere S**. Let f& denote the right
adjoint to f&. Combining [41, Theorem 6.3] with [8, Proposition A.4], we see that
f& factors through a symmetric monoidal equivalence

Modgii(spe) (£E (1)) ~ Syn$u,

and it remains to identify the E.-algebra f& (1) with inf ANSS(S). For this, note
that since f, commutes with colimits, the right adjoint f¢ is given by the tensor
product

£ Syn§,; ~ Sp® @ Syn,, RCEEN Sp® @ Fil(Sp) ~ Fil(Sp¥)

which implies a commutative diagram
infS ®id G
Synpy Synyru
£ lff
infS ®id
Fil(Sp) —< 25 Fil(Sp€)

The result now follows from the fact that f.(1) ~ AN(S) (see [16, Proposition
1.25)). O

In [16], the author, Davies, and van Nigtevecht showed how to implement homo-
topy fixed point spectral sequences and, more generally, descent spectral sequences
as commutative algebras in Syn;;;;. This yields the following, which we reprove in
our setting.

Proposition 6.17. Let R € Fun(BG, CAlg(Sp)) have the property that Reng 18
complez-orientable. Then HFP(R) admits a canonical lift along the forgetful functor

CAlg(Syn$;) — CAlg(Fil(Sp%))
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Proof. By Proposition 6.16, it suffices to produce a map
inf¢ AN(S) — HFP(R)

in CAlg(Fil(Sp®)). Let CAlg®(Sp) denote the full subcategory of CAlg(Sp) con-
sisting of those R with the property that R is complex orientable, and denote by 14
the inclusion CAlg®(Sp) — CAlg(Sp). Consider the functor

Dec : CAlg(Sp) — CAlg(Fil(Sp))
R+ Tot(Wh(R @ MU®*th))

There is an equivalence of functors Dec o i ~ Wh o 4, obtained by combining [16,
Lemma 1.19 and Proposition 1.25].
Consider now the functor

Dec® : CAlg(Sp®) — CAlg(Fil(Sp%))
R~ Tot(Wh(R @ inf& (MU)®*+1))
Via the unit S — inf%(MU), there is a map
Wh(R) ~ Tot(const(Wh(R)) — Tot(Wh(R ® infS (MU)®**+1)) = Dec®(R)

in CAlg(Sp“), where const(Wh(R)) is the constant cosimplicial object at Wh(R).
We have shown this map induces an equivalence on underlying filtered spectra when
ReseGR is complex-orientable, so this gives an equivalence

HFP(R) = F(EG,,Wh(R)) ~ F(EG,,Dec(R))
in CAlg(Fil(Sp%)) in this case. This gives a map

F(EG,,Dec®(S)) — F(EG,,Dec’(R)) ~ HFP(R)
in CAlg(Fil(Sp®)) by functoriality of Dec.

The proof is complete if we can produce an equivalence
F(EG.,,inf%(AN(S))) ~ F(EG,Dec®(S))
in CAlg(Fil(Sp®)), as the desired map is then the composite
infY AN(S) — F(EG,,inf9(AN(S))) ~ F(EG,,Dec®(S)) — HFP(R)
There is a limit comparison map
inf AN(S) — Tot(inf& (Wh(MU®*+1)))
which induces the identity on underlying filtered spectra. For R € CAlg(Sp), there
is a natural map
inf¢(Wh(R)) — Wh(inf%(R))

in CAlg(Fil(Sp®)), which induces the identity on underlying filtered spectra. This

is given by the definition of Wh(inf%(R)) as a connective cover of const(inf(R))
(Definition 4.6), the inflated map

inf%(Wh(R)) — inf® (const(R)) ~ const(inf% (R)),
and the fact that inf(r>,R) is n-connective in Sp&. These maps determine a
natural map
Tot (infS (Wh(MU®*+1))) — Tot(Wh(inf& (MU)®*+1))
in CAlg(Fil(Sp®)) which induces the identity on underlying filtered spectra and
therefore induces an equivalence on Borelification, completing the proof. (I
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We will combine Proposition 6.17 and Corollary 6.14 to produce a map
inf¢ AN(S) — Slice(MU ()

in CAlg(Fil(Sp%)). First we need to trade the slice t-structure for the O-slice t-
structure of Definition 6.1 in the statement of Corollary 6.14, since infS AN(S) is
not connective in the slice t-structure, but it is connective in the O-slice t-structure.

Lemma 6.18. For X € Sp©, there is a natural equivalence
TS HFP(X) ~ 7S HFP(X)

in Fil(Sp%). If X has a naive Eo-structure, this is an equivalence of O-commutative
monoids in Fil(Sp).

Proof. By definition of these t-structures, if Y € Fil(Sp) is connective in the slice
t-structure, then it is connective in the O-slice t-structure. This gives a map

(6.1) S HFP(X) — 7S HFP(X),

which is a map of O-commutative monoids in Fil(Sp) when X has a naive Eoo-
structure, and we claim this map is an equivalence. The map (6.1) is a slice con-
nective cover, so
[Z, Clpispey =0

for all generators Z of the slice t-structure, where C' is the cofiber of the map (6.1).
Since both the domain and codomain of (6.1) are O-slice connective, it suffices to
show that the map induces an equivalence on O-slice connective covers, i.e. that
[W, Clpispey = 0 for all generators W of the O-slice t-structure. A generator W
of the O-slice t-structure is either of the form Ind® (Y) for Y € Fil(Sp) or EG ® Z
for Z a generator of the slice t-structure. We claim that C' ~ EG ® C, and this
completes the proof, as

[mdS (Y), Clpispe) = [mdS (Y), EG @ Clpisyo)
[Y,Res{ (EG ® O)]rii(sy)
0

1

and

1%

[EG@Za C]Fil(SpG) [EG®27 EG@C]FiI(SpG)
= [Z, EG & C]Fil(SpG)
=

Z, Clpi(spo)
=0
To prove the claim, note that the composition
i °HFP(X) — 7S HFP(X) — HFP(X)
gives a cofiber sequence
C — TI°HFP(X) — 19 HFP(X)
so it suffices to prove that 73i*HFP(X) ~ EG @ r3i°HFP(X) and &, HFP(X) ~
EG®TtEHFP(X). By checking on generators, applying Res? to the slice t-structure

gives the y = 0 linear ¢-structure on Fil(Sp), and applying Resf to the O-slice t-
structure gives the trivial ¢-structure on Fil(Sp), i.e. the t-structure where all
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objects are connective. The filtered spectrum ResCHFP(X) = Wh(ResC X) is
connective in both these t-structures, so the claim follows. ([l

We now have all the pieces in place to prove our main theorem.

Theorem 6.19. Let R € CAlg(Sp©) have the property that ResS R is complez-
orientable. Then Slice(F(EG4, R)) admits a canonical lift along the forgetful func-
tor

CAlg(Syn$y) — CAlg(Fil(Sp©))
Proof. By Proposition 6.17, there is a map
infY AN(S) — HFP(R)

in CAlg(Fil(SpY)), and combining Lemma 6.18 with Theorem 6.11, we have that
Slice(F(EG4, R)) is the O-slice connective cover of HFP(R). It therefore suffices
to show that inf¥ AN(S) is O-slice connective.

We claim that the filtered spectrum AN(S) is connective in the y = x linear
t-structure on Fil(Sp). Given this, it follows that AN"(S) is contained in the
subcategory (SI%1) of Sp. Since inf% is a left adjoint, infY AN™(S) is in the sub-
category (SI%1) of Sp&. The G-spectrum EG, ® infS AN™(S) is in the subcate-
gory of Sp© generated by the induced spheres Indei, via the skeletal filtration of
EG,, and hence EG, ®infS AN"(S) is connective in the n-th t-structure in the O-
slice filtration. Via isotropy separation, it suffices to show that EG @ infS AN™(S)
is connective in the n-th ¢-structure in the O-slice filtration. The G-spectrum
EG @ S'%1 is contained in (S™# : m|H| > n)pcg by applying the geomet-
ric connectivity criterion of [25, Theorem 11.1.27], so EG ® Sl is contained in
(EG®S™PH : m|H| > n)gcq. This implies now that EG®infS AN™(S) is contained
in (EG ® S™#H : m|H| > n)gcq as desired.

The fact that AN(S) is connective in the y = z linear t-structure on Fil(Sp) boils
down to the well known fact that the Adams—Novikov spectral sequence has ay = «
vanishing line on the Fs-page. Setting (A,T') = (MU,, MU.MU), the Es-page is
the cohomology of the cobar complex

A= T=T@ul---

where I = ker(e : ' — A), by [42, Corollary A1.2.12]. Since T is concentrated in

degrees > 2, the s-th term T%4° of this cobar complex is concentrated in degrees
> 2s, and it follows that Extfir) (A, A) is concentrated in degres t > 2s, ie.
s < t—s. This implies that AN(S)/7 is connective in the y = x linear t-structure
on Fil(Sp), by the identification m,, sAN(S)/7 = Ext?ﬁ'lf)s (A, A) of [18, Proposition
3.3]. The filtered spectrum AN(S) is complete because it is defined as a limit of
Whitehead towers, which are complete. Moreover, it is strongly complete in the
sense of Definition 5.3 since ANSS(S) converges strongly, as shown in [42, Chapter
2, Section 2|. Proposition 5.5 now implies that AN(S) is also connective in the
y = z linear t-structure. O

We have the following concrete consequence for the spectral sequences corre-
sponding to these filtrations.
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Corollary 6.20. Let R € CAlg(Sp®) have the property that ResC R is complea-
orientable and R is Borel complete. There is a map of multiplicative spectral se-
quences
ANSS(S) — SliceSS(R)
converging to the unit map
S = 1¢R
This is only a shadow of the structure given by the E,, map
AN(S) — Slice(R).
The map on spectral sequences also respects all higher structures furnished by
the E,, structures, such as Toda brackets and power operations. Moreover, since
Slice(R) lifts to Syn$;;;, for any R-module M, Slice(M) also lifts to Syn$,,;. We
give the following example, which was our motivating example.
Corollary 6.21. There is a map of spectral sequences
ANSS(S) — SliceSS(BP(E) (m)),

which is a map of modules over ANSS(S) converging to the unit map

7.8 = ¢ BP(&) (m).

Remark 6.22. In the above results on spectral sequences, we have stated things
in terms of integer gradings. However, these statements all hold in full RO(G)-
grading by replacing ANSS(S) with the inf%(MU)-based ASS of the equivariant
sphere spectrum S.

6.3. MUg-synthetic lifts of the slice filtration. The results of the previous
subsection give us a way to produce maps into the slice filtration, by first producing
a map to the homotopy fixed point filtration and then checking a connectivity
condition. We apply this now to the (integer-graded) MUg-based ASS.

Proposition 6.23. Let R € Fun(BG, CAlg(Sp)) have the property that ReseaR is
complez-orientable. Then there is a map

ANg(S) — HFP(R)
in CAlg(Fil(Sp%)).
Proof. As in the proof of Proposition 6.17, we have a map
Wh(R) = Tot(const(Wh(R))) — Tot(const(Wh(MUE*™ @ R))),
which induces an equivalence on underlying filtered spectra. This gives a diagram
ANg(S)
7 Tot(Wh(MUE*))

Tot(Wh(MUZ*™ ® R))
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and the dotted arrow completes the proof. O
We now let G be a cyclic 2-group, as in the context of Conjecture 2.3.

Theorem 6.24. Assuming Conjecture 2.3, there is a map of O-algebras
ANg(S) — Slice(MU))
in Fil(Sp%).

Proof. Combining Proposition 6.23 with Lemma 6.18 and Theorem 6.11, it suffices
to show that ANg(S) is connective in the O-slice t-structure on Fil(Sp®). Using
Proposition 5.5 it suffices to establish this on associated graded, and the conjecture
states that the filtered spectrum ANg(S)# is connective in the y = (|H|—1)z linear
t-structure, for all nontrivial subgroups H. Since, for a family of subgroups F of G,
the G-spectrum EF is connective, it follows that the filtered spectrm ®H ANg(S) is
also connective in the y = (|H| — 1) linear t-structure, for all nontrivial subgroups
H. This completes the proof by Remark 6.2. (I

Remark 6.25. The O-algebra structure on the map of Theorem 6.24 implies that
corresponding map of spectral sequences respects norms from nontrivial subgroups.
It is possible to make this precise, e.g. in the framework of the spectral sequences
with norm structure of Meier—Shi—Zeng [35], but we do not pursue this here.

6.4. G-commutative MUg-synthetic lifts of the slice filtration. We show
that, given our conjecture on the MUg-based Adams spectral sequence, there is

an analogue of Theorem 6.19 in this context. In the following, we let F(EG4, —) :
Fun(RO(G)°P, Sp®) — Fun(RO(G)°P, Sp%) be the functor given by applying F(EG,, —)
pointwise.

Definition 6.26. The RO-indexed homotopy fixed point filtration HFPRO(X) of
X € SpY is the image of X under the composite
RO —
Sp& W pii(spS) LEGT, piyspt),
where Wh® denotes the Whitehead tower functor of Definition 4.8.

Proposition 6.27. For X € Sp©, there is a canonical equivalence
HFP?C(X) ~ dim*"HFP(X).
If X has a naive Eo, structure, this is an equivalence in CAlgs(Fun(RO°P, Sp)).

Proof. The filtration WhRO(X ) is obtained by applying the connective cover func-
tor to const(X) with respect to the RO-indexed slice filration on Sp®, gener-
ated at the pair (H,V € RO(H)) by {SVInd¥S}xcr. On the other hand,
dim*Wh(X) is seen to be obtained by applying the connective cover functor to
const(X) with respect to the RO-indexed slice filration on Sp®, generated at
the pair (H,V € RO(H)) by {2IVInd#S}xcy. One may consider a mixed fil-
tration given by the RO-indexed slice filration on Sp®, generated at the pair
(H,V € RO(H)) by the union of the two above generating sets. This gives a
natural diagram
Wh©(X) = Mixed(X) + dim*Wh(X),

which induces the identity on underlying RO(G)-filtered spectra and therefore
equivalences on Borelification. ([
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In light of the previous proposition, we make the following definition.
Definition 6.28. For X € Sp, let
Slice™? (X)) := dim*Slice(X) € Fun(RO?, Sp).

Remark 6.29. This definition of an RO-indexed slice filtration may also be obtained
as follows. One defines the RO-indexed slice filtration on Sp with ¢-structure at
the pair (H,V € RO(H)) given by the category of slice |V|-connective H-spectra,
i.e. the t-structure generated by {Ind$S™’r : m|L| > |V|}, as in Definition 6.1.
Then, one takes the connective cover of const(X) with respect to the corresponding
t-structure on Fun(RO®P, Sp) to obtain Slice®° (X). This correctly implements the
RO(G)-graded slice spectral sequence in the usual way, since the FEs-page of the
latter is defined as 7y _gr!VISlice(X).

It is straightforward now to give a G-Eo, map ANZ(S) — HFP®C(R) when R is
a naive E-algebra with Resz complex-orientable, along the lines of Proposition
6.17. This gives HFPRC (R) an MUg-synthetic structure, according to the following
ad hoc definition, along the lines of [18].

Definition 6.30. Define the G-symmetric monoidal co-category of M Ug-synthetic
spectra by

SYHMUG = MOdFun(mopéy) (ANgO(S))-

Proposition 6.31. Let R € Fun(BG, CAlg(Sp)) have the property that Res R
is complex-orientable. Then HFPRO(R) admits a canonical lift along the forgetful
functor

CAlgg(Synyy,,) — CAlgg(Fil(SpY)).
Proof. Tt suffices to produce a map
ANEO(S) — HFPRO(R)
in CAlg.(Fil(Sp)). As in the proof of Proposition 6.17, we have a map
WhHC(R) = Tot(const(Wh'®(R))) — Tot(const(Wh?®(MUE*** @ R))),

which induces an equivalence on underlying RO(G)-filtered spectra. This gives a
diagram

ANZO(S)

- Tot(Wh O (MUE* ™))

Tot(Wh @ (MUE**! @ R))

HFP#O(R) == F(EG,,Wh"°(R)) —=— F(EG,Tot(Wh"°(MUZ*** @ R)))

and the dotted arrow completes the proof. O
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By adjunction and use of Proposition 6.27, the map of G-E., rings ANZ9(S) —
HFP®C(R) of Proposition 6.31 gives a map of G-E,, rings Total(ANZY(S)) —
HFP(R) in Fil(Sp). This gives now the following, where as before O is the Ny-
operad corresponding to the transfer system with all norms H — H' for {e} # H C
H' C G, and CAlg,, denotes the category of O-algebras.

Theorem 6.32. Let R € Fun(BG,CAlg(Sp)) have the property that ResC R is
complez-orientable. Assuming Conjecture 2.6, Slice™ (F(EG,, R)) admits a canon-
ical lift along the forgetful functor

CAlg@(SynMUc) — CAlgy, (Fun(ROP, Sp)).
Proof. By adjunction it suffices to produce a map of O-algebras
Total(ANEO(S)) — Slice(F(EG,, R)).

The conjecture states that Total(ANEP(S)) is connective in the O-slice t-structure,
so by Lemma 6.18, it suffices to produce a map of O-algebras

Total(ANEO(S)) — HFP(R),
which is given by Proposition 6.31. (|
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