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The Kervaire invariant of framed 
manifolds and its generalization” 

By WILLIAM BROWDER 

In 1960, Kervaire [11] introduced an invariant for almost framed (4k + 2)- 

manifolds, (k 4 0,1, 3), and proved that it was zero for framed 10-manifolds, 

which was a key step in his construction of a piecewise linear 10-manifold 

which was not the homotopy type of a differential manifold. Haefliger [9] 

showed that Kervaire’s invariant and the invariant of Pontrjagin [17] for 2, 

6, and 14 dimensional framed manifolds, could be defined in a common fashion, 

and this invariant is the surgery obstruction in dimensions 4k + 2 (see [12], 
[15], [6]). A central question has remained, for which dimensions can a framed 
manifold have a non-zero Kervaire invariant. Pontrjagin’s invariant is non- 

zero for certain framings on S* x S', S? x S* and S’ x S’, but until now all 

the results for the Kervaire invariant have been in the negative; Kervaire [11] 

showed it was zero in dimensions 10 and 18, and Brown and Peterson [8] show- 
ed it zero in dimensions 8k + 2. 

In this paper we will show that the Kervaire invariant is zero for dimen- 

sions 4 2*— 2, For dimension 2* — 2 we show that there is a framed manifold 

of Kervaire invariant 1 if and only if in the Adams spectral sequence for the 
stable homotopy groups of spheres the element hj in H? persists to E'®, (see 
[1], [2]). But it is a fact due to Mahowald and Tangora, (Topology 6 (1967) 
349-370, § 8) that hi in dimension 30 persists to H@. Hence there is a framed 
30-manifold of Kervaire invariant 1. (We are informed that recently Barratt 

and Mahowald have shown h? persists to H”, so there is a framed 62-manifold 
of Kervaire invariant 1.)! 

Now we list some of the geometric corollaries which follow from our 
result (see [12]). 

COROLLARY 1. The Pontrjagin construction from the group FO, of 
framed homotopy spheres to the stable n-stem 7,.,(S"), k large, is onto if 

n #2" — 2, Its cokernel is Z, in dimensions 2, 6,14, and 30. 

COROLLARY 2. The group bP,., of homotopy n-spheres which bound 
parallelizable manifolds is Z,1f n= 4k +1,n 4 2'—3. It ts zero in dimen- 

* Research supported in part by an NSF grant. 
1 This implies we may add dimension 62 to the lists in Corollaries 1 and 3 below and 

61 to Corollary 2. 
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sions 5, 18, and 29. 

For the following corollaries see [15], [6]. 

COROLLARY 3. Let X be a 1-connected finite complex satisfying Poin- 
caré duality on dimension n,n =5. Suppose that T(é) is the Thom complex 

of a k-plane bundle over X, QE Tn+2( T(E) is such that h(a) 1s a generator 
of H,+(T(6), where h is the Hurewicz homomorphism. If n = 6,14, or 30, 
then X 1s the homotopy of a smooth manifold with normal bundle é. If 

n=4k+2,n 4 2' —2, and & 18 the trivial bundle, then X has the homotopy 
type of a x-manifold with normal invariant a if and only if the Kervaire 

invariant c(ar) of (X, a) is zero (see § 3 for definition of c(r)). 

This corollary covers some cases not solved in [15] or [5]. Unfortunately 
there are some difficulties in defining an absolute invariant, analogous to the 
Kervaire invariant, in the case of a general bundle, but one can do this for 

some bundles. 

Our general approach to the problem of the Kervaire invariant is the 
following. Find the most general possible and simplest situation in which the 

Kervaire invariant can be defined and then study the place of framed mani- 

folds in this situation. | 

The Kervaire invariant is the Arf invariant of a certain quadratic func- 

tion defined in a 2k-connected almost framed (4k + 2)-manifold. In [11] and 
[12] this quadratic function is obtained from the cohomology operation which 

detects the Whitehead product [¢,¢], while in [7] it was shown that this could 
be used to define a generalization of Kervaire’s invariant to Spin-manifolds of 
dimension 8k + 2. In dimensions 8k + 2 the operation is secondary, but in 
other dimensions the operation may have higher order. 

We define here a quadratic operation in a new way, using a functional 
operation associated with Sq‘t' to define a quadratic operation wv in a 2q- 
dimensional Poincaré duality space M*TM with a certain extra structure. This 
extra structure is a lifting of the classifying map of its normal spherical fibre 
space [21] to a classifying space in which the Wu class v,,,=0. Any M* has 
such a lifting, but it is not unique and different lifts lead to different results. 
A framing induces such a lifting. We note that the definition works for all q, 
not just g odd. The operation y is defined on a subgroup of H*(M*; Z,), and 
if this subgroup has certain properties the Arf invariant of » can be defined. 
It coincides with the Kervaire invariant for framed manifolds. 

We show that if M* is a boundary in the cobordism theory above (using 
the theory where v,,, = 0) and if the Arf invariant is defined, then it is zero. 
Then we study this cobordism theory and the image of framed cobordism in 
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it to get our results. 

In §1 and 2, the theory in which v,,, = 0 is developed, and the operation 

ae defined for a Poincaré duality space M*? which is oriented in this theory. 

In § 3 it is shown that the Arf invariant which can be described in certain 

circumstances, coincides in the case of framed manifolds with Kervaire’s and 

Pontrjagin’s invariants. Then it is shown that if a framed MTM is a boundary 

in the theory based on v,,, = 0, then the Kervaire invariant of M” is zero. 

Thus if the image of framed cobordism in this new cobordism theory is zero 
in dimension 2q, the Kervaire invariant is zero for framed 2q-manifolds. This 

is Shown in §§ 6 and 7 for g + 2? — 1. 

In § 4, we discuss some general properties of orientations (or “liftings” 

of the structural group of a bundle). Let z: # — B bea principal fibre space 

with fibre G, where B is the classifying space for a category @ of fibre spaces 
or bundles, y the classifying fibre space or bundle over B, ¥ = z*(Y) over 

ii, 0: Y — 7 the induced fibre space or bundle map. Let é be in the category 

@, with base space X. An #-orientation of é, (or lifting) is a map b: é — ¥ in 

the category @. We define a natural notion of equivalence of #-orientations, 

and show that the equivalence classes of #-orientations of £, are in one-to-one 

correspondence with cross-sections of the fibre space #’ over X induced from 

EK—B by the classifying map of é. This generalizes the many well known 

special cases in the literature, such as Spin structures (see [13]). 

In § 5, we use the results of § 4 to show how to construct a structure on 

S? x S$‘, in the theory with v,,, = 0, which has Arf invariant 1. Then in §§ 6 
and 7, it is shown that if g = 2' — 1, the image of framed cobordism in our 

theory is exactly this element if (h,)? in the Adams spectral sequence repre- 

sents an element in the stable homotopy group of the sphere. 

In § 6 it is shown in general how to calculate up to group extensions the 

cobordism groups in the theory with v,,, = 0 in dimensions <2g, in terms of 

the original theory. We get an exact sequence with the original groups, the 
new groups, and relative groups. It happens to be easy to show that the relative 

groups are the homotopy groups of a space with only one non-zero k-invariant 

in stable dimensions <2q + 1. 

In §7 the k-invariant is computed and the case where B=B, is considered. 

In that case it is shown that the image of framed cobordism is zero if q 4 2'— 1 

using Adams results [1], and that if g = 2! — 1 only an element corresponding 

to hj can go non-trivially. In that case, it will go to the element constructed 

in §5, which therefore has Kervaire invariant 1. 

In a later paper we plan to further study the invariants here defined. We 
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shall prove a product formula analogous to formulas of Brown-Peterson [8] 
and Sullivan (unpublished), compare our invariant in dimension 8k + 2 to 
Brown’s, and study the invariant if qg is even. 

I am indebted to Ed Brown for some illuminating conversations. 

1. The operation 

A cospectrum X is defined to be a sequence of spaces X = {X,, X,, X2, °°°} 
and maps f,: Xn+,— A,, (where = is the suspension). If A is a space then 
define a cospectrum A, A = {A, 2A, 2°A,---}, with f, = identity map. If X 
and X’ are cospectra, a map g: X — X’ is a sequence of maps {9,, 914:, °° +} for 
k > 1, some l, g;: X; > X/ such that the diagram 

gies |Z 
f i 

it. > 2X; 
is commutative. 

If g: A— Bis a map of spaces, g induces g: A—>B in the obvious way. 
If X = {X,, X,, ---}isa cospectrum we let S*X = {X,, Xi41,°°-}ifk>0,S*X = 
{x, +++, Xo, X,, °°+}(X, in the —k + 1 place) if k < 0. 

A cospectrum X = {X,, X,, X2, -++} will be called a Wu (q + 1)-cospectrum 
if the following conditions are satisfied: 

(i) X is mod 2 coconnected, i.e., H,(X; Z.) = lime H,.,(X,; Z,) is zero for 
1 > Oand H,(X,; Z,.) = Hai Xnss3 Z) = A(X; Z:) = Z. 

(ii) Sq?*!: H-*-(X; Z,) - H"(X; Z,), is zero (H*(X; Z,) =lim; H"**(X,,; Z,)). 
We note that if X is a cospectrum satisfying (i) then condition (ii) is equiv- 

alent to the statement: 
(ii’) Sq?*!: H"-"-'(X,; Z,) ~ H"(X,; Z) is zero for every n. 
If A is a space and «¢ H,(A) we will denote by x¢ H,(A) = H,(A), the 

corresponding element. 

Let M* be a Z, Poincaré duality space of dimension 2q, i.e., there is an 
element uc H,,(M; Z,) such that ~ uw: H*(M; Z,) — H,_,(M; Z,) is an 1iso- 
morphism for all s. 

Let X be a Wu (g + 1)-cospectrum. An X orientation of MTM is a map of 
cospectra n: X —S-*M. such that n*(a)=p whereac¢ H,(X; Z,) is a generator. 
That is, there are maps 7,,+.,2 X2gin — &"M. for all n > m, some m, such that 
the diagram 

Neqtntl 
5 +1 

Fan| identity 
Log + : 

Xegin — > lM 
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commutes and 773; ,(Q29+n) =2"(“) where @,,,,, is a generator of ED og4n(X2q+nj} Ze). 
Suppose M”TM is X oriented where X is a Wu (q + 1)-cospectrum, 7: X— 

S~"M., let x ¢ H~"(S-*"M.,; Z,) be such that 7*(x) = 0. 
This means that there is an r > 0 such that 7%.,(2’(w)) = 0 (which im- 

plies 725.,(2°«) = 0, fors =r). 
We define a map yw: (ker )-? — Z, as follows. 
Take a map f: M,— K(Z,,q) such that f*(¢) =a, where ¢¢ H%(K(Z,, q); Z,) 

is the fundamental class. Let g = fon 

f x —. S-"M, ——> S-"K(Z,, q) . 
We define w(x) = Sq?*',(¢) where 

HX; Z,) 
im Sq’** + im g* 

Sar: (ker 9") —> 

is the functional Steenrod square (see [22]). 
It is equivalent to consider a single map 7,,.;: Xo: — >*M,, or suppress- 

ing subscripts 7: X > &*M,. We may assume 7*(=*(x)) = 0, and we may take 
w(x) = Sq?*',(2*(c)), where 

H**"(X; Z:) Sq?*!.: (ker g*)¢+* ——+ ; a ee im Sq?*! + im g* g = (X"*f)on. 

These two definitions of » can easily be seen to agree (cf. (1.2)). We 
will use the second for the remainder of this section. 

We note that Sq‘*'(¢) = 0 since dime = q, so Sq?*",(D*(c)) is defined. We 
must take &*K(Z., q) on the right, rather than =*M, in order to make the 
indeterminacy zero, as indicated in the lemma below. 

LEMMA 1.1. The indeterminacy (im Sq'*'! + im g*)*"+* = 0, so that range 

v= Ly. 
PRooF. By hypothesis (im Sq‘*') 9) H*+*(X; Z,) = 0 so it remains to show 

that (im g*)*** — 0. But H*+*(X'K(Z,, q); Z,) = H *"(K(Z., Q); Z.) = (W.)%, by 
a theorem of Serre [1], where (2,)? is the g-dimensional component of 
the Steerod algebra %,. Hence (im g*)’** = (,)%(g*(Z")), and g*(Z*(0)) = 
n*(X"*f)*(X*2) = n* L'a = 0, so (image g*)*7** = 0 and the lemma follows. 

LEMMA 1.2. The value of yw is independent of k, i.e., if one uses 
>> DX —L SM in place of 7 tt defines the same or. 

LEMMA 1.3. If Y and X are Wu (q + 1)-cospectra and if Y — X isa map 

of degree 1 (i.e., isomorphism on H,) then X orientable spaces get a natural 
Y orientation which defines the same function w on the intersection of their 

domains of definition. 
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THEOREM 1.4. oy is quadratic, i.e., af x,, x, € (ker 7*)‘, 

aay + 2) — ar (24) + ar (2) + 1*(X,— Up) . 
PRooF. Let i :M— K(Z,,q) such that f*(2)=2;. Then 

M—sMx MEX KZ, q) x KZ, ) 7 K(Zy O 
represents x, + %,, where A is the diagonal, and ys is the multiplication in 
K(Z,, q). 

Let X, Y be connected complexes with base points , y, 
i:X—>~XxX Y, Ux) = (&, Y) 

jg. YXX Y, jy) = (%, y) 
po. XxX YX, gq: Xx YY, the projections, 
gs Xx YoXAY=XxY/XVY, the natural identification map, 

and 

h:=(X \ Y)—3(X x Y), the Hopf construction on the identity map. 

Lemma 1.5. Si+ 39 th: DX VUYVUXA VY) UX x Y) 

and 
Yopt+itgq+t+ ds: UXxXVY)RHLXVIYVUXAY) 

are natural inverse homotopy equivalences. 

For a proof see [10]. 
Applying Lemma 1.5 to our situation we get a commutative diagram: 

XA 1 SM .5(M x My 222 UK x K) —". 3K 

Lp + rq +s Xp + Xq + Xs dye (La + LZ + h) 

Lfi t+ Lfe + US 2 SMV SMV S(M A M) SEERA, sey EK SK AK). 
It then follows that the composite map of [M-—- <=K which represents 2, + 2, 
is (D(Li + DI + ALTA, + UA + UA A f))(Zp + Zq + Us)(ZA) = Lr. Now 
(Sp + Bq + Es)(ZA) = 1, + D1, + ZA where A: M—-M x M>MAM,1;:;M—-M 
in i place in M \V M. Now Zf;°21; =0 if i Ag and Dwo(21+ 2X7 + h) = 
DI, + TJ, + h(w) where J; is identity on K in the i" place in K V K. Hence 

LY = LS; + Shs + h(pey(X(f, /\ f,))DA. 
Lemma 1.6. Jf xg: 5A— ZB, Xg = La + Xb, a*(x) = b*(%) = 0 and 

(im a*)*7+* = (im b*)**** = 0, then 

Sa, = Sar. + Say, . 
PrRoor. da + Xb is defined by 

A x Xb A’ SA > EA V SA > EBV EB—— IB, 
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where A’ is the “folding map.” 

~A (EBV EB)~ cesta CEA ——> (2B V EB)~ rayzs C(EA V EA) = (EB~;, EA) V (EB~ ,, CEA) 
aval [ava 

~A (SB)~3,CEA 3 (EB) acess C(ZA V ZA) 
The proof is immediate from the above commutative diagram and the 

calculation of Sq*(A’*(x)) in (ZB ~,, ZA) V (ZB ~, DA). 

LEMMA 1.7. Sq? x.y (Z2) = De A 0. 

The proof is the same as [23, (5.3)]. 
Then it follows from Lemmas 1.5, 1.6, and 1.7 that 

W(%, + %) = SQt seg = Sqr se, (L%e) + Sqt yn, (L%e) + *(ae,~ m2) 
— a(x) + ar (Xz) + n*(%,— Hq) 

which proves Theorem 1.4. 
We shall say that an X oriented Poincaré duality space M* is an X 

boundary if there is a map 1: M*— W**' such that (W, M) isa relative 

Poincare duality pair and the map 

n k Ley k 
Xog +k > » M.. -__ > W.. 

is null-homotopic, some k. 

PROPOSITION 1.8. Image 7* Cc ker 7* and a(x) = 0 for x € Image 7*. 

The proof is obvious. 

2. Wu spectra and cospectra 

Let Y= {Y,, Y,, Y2, --+} be a spectrum, i.e., there are maps DY; — Y;.,. 

Then Y will be called a Wu (q + 1)-spectrum if the following conditions are 

satisfied. 

(i) H(Y5 2) = Hi(Vis Z) = HAY; Z,) = Z, and HAY; Z,) = 0 fori <0, 
and 

(11) x¥(Sq**’): H°(Y; Z,) — H**'(Y; Z,) is zero, (where y is the canonical 

anti-automorphism of the Steenrod algebra, see [23]. 
If Y isa spectrum of Cw-complexes of finite type, we may define the 

Spanier-Whitehead dual of Y to be a cospectrum X = {X,, X,, ---} where X,, = 
Se" — (Y;)", and X34. = £°X,, for ¢ = 1 or 2, (where (Y,)* is the 2i-skeleton 
of Y,). 

LEMMA 2.1. If Yisa Wu(q + 1)-spectrum, the Spanier- Whitehead dual 

of Yisa Wu (q + 1)-cospectrum. 

Proor. This follows immediately from the fact that Sq‘*! and y(Sq‘**) 
correspond under Spanier-Whitehead duality. 
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Now let B,, be the classifying space for an (n — 1)-spherical fibre space 
theory, 1 >2q. (E.g., B, = Bo,, Bru, Be, Br,),, Bsr, ,, ete.) Define the Wu class 
V=1liv,+v+---,v,¢H(B,; Z,) by the formula V = Sq-'W~", where 
Sq-? = 1+ y(Sq') + x(Sq’) + --- so that SqSq-' = Sq-'Sq = 1 (see [23, p. 36]), 
W=1+w,+w,+--- is the total Stiefel-Whitney class defined by W~U = 
Sq U, (Ue H*(T(7); Z,) is the Thom class) and W~W~' = 1. The following 
propositions give some standard properties of V. 

PROPOSITION 2.2. Let Ue H"(T(v,); Z,) be the Thom class. Then V—U = 
Sq7U, sov,;~ U = x(8aq')U. 

ProoFr. V = Sq-'W~, so that 

Sq(V~U) = SqV~SqU = (SqSqctw)~(W~U) 

= WwW *~W-U=U. 

Hence applying Sq-', we get V—~U = Sq'U. 
Let (X, Y) be a connected Poincaré duality pair of dimension N and let 

h: X —B, be a map which induces the normal spherical fibre space v of X 
from 7, (see [21]). 

PROPOSITION 2.3. The map Sq‘: H*~(X, Y; Z,) ~ H"(X, Y; Z,) is equal 
to =" h*(v;). 

Proor. h*(V)~U = Sq-'U, where U is the Thom class in H"(T(v); Z,), 
by naturallity. Now Hy.,(T(v), T(v | Y); Z,) is in the image of the Hurewicz 
homomorphism since v is the normal spherical fibre space of X (see [21]). 
Hence, if A=a,+a,4+---,a,¢€H(T(), TY| Y); Z,), it follows that 
(Sq-!A)"+" = ay,,, (Since no non-trivial cohomology operation can hit the top 
dimension). 

Note that ~ U: H*(X, Y; Z,) ~ H**"(T(v), Tv | Y); Z,) is an isomor- 
phism. Then if «¢ H*-*(X, Y; Z,), (Squ~—U)**" = (Sq'x)~U. But 

(Sq-(Sq a~U))*"*" = (@~ Sqr U)***" = (w@—h* V—U)*** = a~h*v,~U , 
but 

(Sq-(Sq «—U))**" = ((Sqx)~—U)*** = (Sqiz)~—U. 

Hence «~h*v,~ U = (Sqi x) ~U, and since ~ U is an isomorphism, «~ h*v; = 
Sq’ x. 

Definition. B,<v,.,> is the total space of the fibre space z: B,SViai Ba 
with K(Z,, qg) (the Eilenberg-MacLane space) as fibre induced from the space 
of paths of K(Z,,q +1) by a map f: B, — K(Z,, q¢ + 1) such that f*(¢) = qi. 

The space B,<v,.,> and its associated spaces and theories will play a 
central role in this work. 



KERVAIRE INVARIANT 165 

We let ¥, = 2*(7Y,) be the canonical fibre space pulled back to BV, 
and we note that since z*(v,,,) = 0, it follows that y(Sq?4)U = 0 where 
Ue H"(T(7,); Z,) is the Thom class. Therefore we have proved 

PROPOSITION 2.4. T(¥,) defines a Wu (q + 1)-spectrum, so that the dual 
X of T(7,) defines a Wu(q + 1)-cospectrum. 

Since the index x plays no role if it is large enough, we will suppress it 
from now on, i.e., B = B,, y = 7,, ete. 

If M* is a Poincaré duality space (or smooth manifold, PL manifold, etc.), 
a B¢v,,,>-structure on M* will be a map of fibre spaces (or vector bundles, or 
PL bundles) of vy into ¥, where v is the normal spherical fibre space (or normal 
bundle) of M* in S**", Then this gives a map of T(v) — T(¥) and hence the 
S-dual is a map of the Wu (q + 1)-cospectrum X — S-"M. which gives M an 
X orientation. | 

M” is a Bév,,,>-boundary if there is an 1: M—>» W such that (W, M) is 
a relative Poincaré duality space and the map vy, — 7 extends toa map of 
Yy—> 7, where v, is the normal spherical fibre space of W?4*! in Datitn, 
(M4 Cc S744" — ODP +) | 

PROPOSITION 2.5. If M* is a Bév,,,>-boundary, then M is an X-bound- 
ary in the sense of §1, (where X is dual to T(7)). 

PROOF. Considering the map of vy, as going into ¥ x I over Buy. x I 
we get a map of pairs (¥,,, Yy) + (¥ x I, 7 x 0), inducing a map 

T(Yy)/T (xy) ——> T(7) x I/* x ITU T(7) x 0 

such that the diagram commutes: 

T(Yy)/T(¥y) —> T(7) x I/* x ITU T(7) x 0 

2g _ 
LT(Yy) — xT) 

where g: T(v,,) > T(7) is the map induced by the Bév,,.,5-orientation. Taking 
S-duals and using the Milnor-Spanier-Atiyah theorem [4] that the S-dual of 
T(Y,)/T(vy) is L***W., we get 

2X —> L**'M, 

Y — yp. 

where Y is the dual of T(7) x I/* x IU T(¥) x 0. But the latter space is 
clearly contractible, so Y is also contractible and the result follows. 
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3. The Kervaire invariant 

Using the results of § 1 and 2 we may now define an Arf invariant in 
certain circumstances. 

Let M* be a Bdv,.,>-oriented Poincaré duality space and suppose that 
the bilinear form given by the ~ product is symplectic and non-singular on 
a subspace A c (ker 7*)*, Then the Arf invariant [3] of + on A may be defined 
as follows. 

Let x,, y;¢ A be a symplectic basis, i.e., x7; = yy; = 0, all 2,9, wy; = 0;;. 
Then e(r, A) = >>, w(x,)¥(y,) is the Arf invariant of yr on A and is independent 
of the choice of basis, (see [3]). Note that it is defined this way for any gq. 

In general e(4, A) will depend on the choice of A, as well as the B¢v,,,>- 
orientation of M”?. 

LEMMA 3.1. If MTM is BXv,.,>-boundary of W and rf (imi*)?) Aisa 
submodule of rank = 1/2(rank A), then c(ar, A) = 0 (4: M— W is the inclusion). 

PRoor. (Image i*)! is a self-annihilating subspace, so that a basis of 
(Image i*)? A is 1/2 a symplectic basis for A. By Proposition 1.8, x = 0 on 
image 2* so that c(yr, A) = 0. 

An important case is when the ~ product is symplectic and non-singular 
on all of (ker 7*)’. In that case we set c(y, (ker 7*)*) = c(yp). (We emphasize 
again that the definition of » and hence c¢(x) depends strongly on the B¢v,;,>- 
orientation, as will be demonstrated in § 5.) This will be the case for example 
if (ker 7*)? = H*(M; Z,), which will be the case if M is a z-manifold. 

Now if M* is framed, then the framing is a reduction of v, to the trivial 
bundle, i.e., the fibre over a point of y,. Thus a framing induces a Bév,,,>- 
structure of M*. (In fact a trivialization over the q-skeleton of v,, induces a 
Bév,.,>-structure on M*.) Now we relate the Kervaire invariant (see [11], [9], 
[12]) to c(). 

THEOREM 3.2. If (MTM, F’) is a framed manifold, q odd, and wis defined 
using the induced B<v,.,>-structure, then cir) = Kervaire invariant of 
(M, F). 

(Actually this holds with similar proof if F' is a framing on the qg-skeleton 
of M.) 

ProoF. To define the Kervaire invariant, we do framed surgery on M* 
to make it (¢ — 1)-connected. By Lemma 38.1, this will not affect the invariant 
ce(ar), Thus we may assume M” is (q — 1)-connected, and in fact using more 
surgery we may assume H"(M; Z,) = Z, + Z,, with generators x, y, such that 
t—~u=y—-y =0,4~y = 1, (see [12)]). 
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Now q #1,3,7 the Kervaire invariant is defined as é(x)e(y) where é(x) = 0 
if the normal bundle of an embedded S‘% dual to x is trivial, and ¢(~) = 1 if 

the normal bundle is non-trivial. Hence to prove the theorem when g +1, 3,7, 
it suffices to show that a(x”) = é(x) in this case. 

Let S'< M”TM be an embedded sphere, £% its normal bundle and let a: M** — 

T(&*) be the natural collapsing map. Let Ue H(T(é); Z,) be the Thom class, 
so that a*U = x, the cohomology class dual to S’. Then the map f: M— 

K(Z,, dq) such that f*c = « may be factored 

M—> T() > KZ 0 
where f’*(¢) = U. 

Now the map T(v,,) — T(7,) factors through T(v,,) ~ S” — T(7,,) since it 

comes from a framing, so that the dual map 7 factors 

X— > Swre_8, sky, , 
Hence by Lemma 1.3, » may be defined using @ instead of 7. 

Now suppose é is trivial, so that T(é) = S’ V S*. Then we have 

5 De Leer (+) gre, vem, —*, sire) —S ZEK(Z,, a) 
so that we may look at the map 

Lka- spe 2 ST) 
a! [2+ 

Vv Deer 
S'K(Z,, q) SS" 

where p: T(é) — S‘% comes from the trivialization of é and f”: S’— K(Z,, q) is 
such that f’"(c) = w, generator of H%(S!; Z,). It follows easily that 

Sq7*7,(2*(¢)) = Sat** (2*(@)) 
where 

g = (2°f")-(2"p)- (28a) +8 

and 

g = (2*p)-(2*a)-B: S** — §*. 

But if Sq*** ;(2*(@)) # 0, then g is a map of Hopf invariant 1, so that is im- 
possible by the Theorem of Adams [1], if gq #1, 3,7. Hence if e(~) = 0, then 

p(x) = 0. 
Now suppose é(x) = 1 so that £7 is non-trivial, and since &’ is stably triv- 

ial, it follows that €? = tT,7. So we must consider a map 0, 
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gut, serie) 5 DEK(Z,, @) « 
Set ¢ = (2*f"’)-0. 

If 6 = (Z'a)-8, then w(x) = Sq?*?,(2*(c)). Then the result follows from 
the following. 

LEMMA 3.3. If & = tsa, q #1,3,7, and 6: S**** — T(€) 1s any map such 
that 

O*: H+! T(E); Z,) —> H*t*(S***; Z,) 

is an isomorphism, then Sq?*',(=*(2)) # 0. 

Proor. First let us note that t.¢ = normal bundle of the diagonal in 

S* x S*, Hence we have the natural map S? x S? —, T(é) such that 
a*(U) = 0Q1+1QwEeH(S! x 8%; Z,). Hence, if f”: T(6) — K(Z, q) 1s 
such that f’*(c) = U, then (f” oa)*(t) = 9@1+1@®o. Embedding S* x S? 
in S7%+! with trivial normal line bundle, we get 

gen, (gt x 8) 4 EK(Z, @) 
where f = f”-a@. 

Now 6 is the Hopf construction on the identity S’ x S'—S‘ x S‘, and 
f = wa x a), where a: S'— K(Z,, q) such that a*(¢) = w. Hence Sf +d = 
h(f), the Hopf construction on f. But h(f) = h(w)-s, where s: S**— 
X(K(Z,, 9) A K(Z,, q)) is a map such that s* is an isomorphism on H***", so that 
Sq?" ,.7)(D(2) = s* Sat an(Z(O). But Sq?*,.(Z@) #0 by Lemma 1.7. Hence 
the lemma is proved for 6 = (2a@)-6. 

Now if 6’ is another map 6’: S*** — =*7(é) such that 6’* is an isomorphism 
on H***, then 6’ =6+%,C, where € € 7,.,(S%**) and 1: S’** — 2*T(é) is the 
suspension of S?— 7(é), which comes from the inclusion of the fibre. Let 
a = > f-6, l=D*f-(i-C) so that a+ l=(2"f)-0’. Then by Lemma 1.6, Sq?”...= 
Sq?! + Sq?*!,. But, if Sq?*?,(2*(2)) 0, it follows easily that ¢ has Hopf invari- 
ant 1, which is impossible by Adams [1]. Hence Sq’**, = 0 and the lemma 
follows. 

This completes the proof of Theorem 3.2 if gq 4 1, 3, 7. 
In case g = 1, 3 or 7, one may give a similar proof, using the different 

definition of the Kervaire invariant (i.e., the Pontrjagin invariant) in these 
dimensions, which depends on a framing. Here the normal bundle é* to an 
embedding S‘c M is always trivial, but the map 6: S*** — T(é) (as in (3.8)) 
plays an important role. We omit the details. (See [6, Ch. III, § 4].) 

COROLLARY 3.4. If (M*, F) is a framed manifold and as a BXv,,,>- 
manifold (M, F) is cobordant to zero, then the Kervaire invariant of 
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(M, F’) = 0. 

This follows immediately from Theorem 3.2 and Lemma 3.1, using 
Poincaré duality. 

Hence if the image of Q3°"* in B¢v,.,>-cobordism of smooth manifolds in 

dimension 2q is zero, then the Kervaire invariant of any framed 2q-manifold 
is zero. We will show in §7 that this is the case if gq # 2” — 1. 

4. Orientations 

In this section we discuss some generalities about “orientations” or 

“liftings of the structural group” of a bundle, which will be convenient to 

have. Special cases of these results are well known such as in the case of 

Spin structures [13]. We then apply these generalities to the case of B<v,,.,>- 
orientations. 

Let 7, be the canonical bundle over B, the classifying space for “bundles” 

in some category, (such as linear or PL bundles, or even spherical fibre spaces), 

and let 7,, = 2*(7,), the induced bundle over H, where z: H—B is a fibre map. 

Let 0: ¥—>7 be the natural bundle map, and let € be a bundle in the category 

over a space X. An H-orventation of € is a bundle map b:£—7. Two E£-orienta- 

tions b,, b,: & — ¥ are equivalent if there is an orientation 6: € x I[— ¥ where 
€ x Tis the induced bundle over X x J and b(x, i) = b,(x), 71 = Oorl, veé. 

Let c:€— vy be a bundle map, and call an H-orientation b: € — ¥ canonical 

(with respect toc) if 0b = c. Two canonical orientations },, b, will be called 

canonically equivalent if there is an equivalence 6:é x I—7 which is canonical 
for each te J. 

Let us denote by O(é) the set of equivalence classes of H-orientations of 

€, and by O(é, c) the set of canonical equivalence classes of canonical #-orienta- 

tions of €. There is a natural map 7: O(é, c) — O(é). 

LEMMA 4.1. 7 1s a one-to-one correspondence. 

PROOF. First we show 7 is onto. Let b:é-—7¥ be an E-orientation of &. 

Since ¥ is universal, the maps c and ob, on é x 0 and € x 1 respectively, extend 
toa bundle map e:é x J. If h: X x I—B is the map of base spaces covered 

by e, then by the covering homotopy theorem for z: H — B, h is covered by 

h: X x I-+E. Then the pair of maps (e, h) defines a map of é x I into the 
induced bundle z*(v) = ¥ which defines an equivalence of 6 with a canonical 

orientation. 
Now we show 7 is one-to-one. Let },, b, be canonical H-orientations and 

let 6: € x I-—-¥ bean (ordinary) equivalence between them. We must find a 
canonical equivalence. 
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Now we define a bundle map a:é x I’?| X x ol’— 7 as follows. On 
Ex IxQ0UExOxXIUVE X1xI we take a(a, t, s) = c(x), ee&,s=Oort=0 
orl. Oné x1 x J define a(x, t, s) = b(a, t). Since y is universal, a extends 
toa:é x [?— 7. Let h be the map, h: X x I x I—B covered by @, and note 
thatif Y= Xx Ix OUXxIx1UXxXxi1*x=LZh\| Y is covered by a map 
H:Y—E. Since Y isa deformation retract of X x J’, the covering homotopy 
theorem implies that H extends to H: X x I?—E. Then (a, H) together 
define a map é x J?—7, and on € x I x 0 it yields a canonical equivalence be- 
tween b, and 0,. 

This proves (4.1). 

THEOREM 4.2. The set O(&) of E-orientations of 1s vn one-to-one corres- 
nondence with the set of homotopy classes of cross-sections of f*(E'), where 
f:X—Bisaclassifying map for &. 

Proor. By Lemma 4.1 it suffices to prove this for O(&, c), where c covers 
f. Now homotopy classes of cross-sections of f*(E) are in one-to-one corres- 
pondence with homotopy classes of maps g: X — EF such that zg = f, (where 
the projections of the homotopies are also constantly f). Nowamap 9: X—£# 
such that zg = f, together with c:¢—7, induces a bundle map 6:€—-7 = 7*(7) 
such that ob = ¢, i.e., a canonical H-orientation. Similarly a homotopy lying 
over f induces a canonical equivalence so that a map is defined from classes 
of cross-sections to O(é, c). On the other hand, if b¢ O(&, c), 6 covers a map 

g: XE such that zg = f (since 0b = c). Similarly, canonical equivalences 
yield homotopies lying over f, so that a map is defined from O(§, c) to cross- 
sections. It is easy to verify these two maps are inverses, which proves 
Theorem 4.2. 

CoROLLARY 4.3. If z:E—B is a principal fibre space with group G, 
and if has an E-orientation, then O(€) is in one-to-one correspondence with 
[X, G](= the homotopy classes of maps X —G). 

For [X, G] is in one-to-one correspondence with sections of a trivial G- 
bundle, and since f*(£) has a section, it is trivial. 

CoROLLARY 4.4. If a bundle é over X has a Bivy4,>-structure, then the 
equivalence classes of B<v,,,>-structures are in one-to-one correspondence 
with elements of H%(X; Z,). 

For B<v,.,> — B is a principal fibre space with group K(Z,, q). 
We note that if 6: X > G and g: X — EF such that zg = f, the new map 

corresponding to £ is given by g’(x) = u(A(x), g(x)), where xe X and ¢:G x H- 
E is the action of the group on &. 
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3. Examples of manifolds with c(y) = 1 

LEMMA 5.1. With any BXv,;,>-orientation on a z-manifold M 4 
(ker y*)’ = H(M; Z.). 

PRoor. Since z: Bév,.,5— B is a fibre space with K(Z,, q) as fibre, and 
non-zero k-invariant v,,,, 

t,: H,(BXv,..>; Z,) —> H,(B; Z,) 
ismono. Since M is a z-manifold, the classifying map c: M—B is null-homo- 
topic and if a: M— Bév,,,> is an orientation, za = C, SO 7,a, = ¢C,. Hence 
a,: H(M; Z,) — H,(BXv,,,>; Z,) is zero, and by the Thom isomorphism, 

T(0),: Ayal T(Y 5); Z,) —> | T(7n); Z;) 
is zero. Since for the map of Spanier-Whitehead duals, 

n: X ——> XM, , 

n* = (T(0),)*, 7*: H**(M; Z,) —> Ht*(X; Z,) 
is zero. 

Let us consider S* x S* framed in S”+', so that it is naturally framed 
cobordant to zero. Then, of course, ¢(a) = 0, for the » coming from this 
framing. We will construct a new Bév,,,)-orientation on S* x S* so that 
c(y) = 1, for each g. (Here B may be taken to be Bo, Boz,, Bg,, ete.) 

Let gq: S* x S’— Bxv,,,> be the map coming from the framing above, 
which we may take to be the constant map, and let d: S? x S¢—> K(Z., q) be 
such that d*(¢) = 9@1+1@g,Qg = generator of HS‘; Z,). Then let us 
consider the B¢v,,,>-orientation corresponding to Q(x) = p(d(x), q(a)) (see § 4). 

THEOREM 5.2. With the BXv,,,>-orientation on S*% x S2 corresponding 
to q, evr) = 1. 

PRroor. By (5.1), » is defined on all of HS‘ x § 1: Z.). We must show 
that (9 ® 1) = w(1®g) = 1, for this ». Now the map f:S’ x S’— K(Z,, q) 
such that f*(¢) = 9@1, factors through the projection p: S*x S’—S%, p(x, y) = 
v,1.e., f = rp where r: S‘— K(Z,, q) is such that r*(c) = g. Hence we have 
X42, SHS" x S$), —% sigs = skK(Z,, g) and if t = (Z*p)-7, and t = 
(2*r)-t, then clearly Sq?*?,((Z*r)*(Z*)) = Sq?*",,(2*(0)), and then w(g @1) = 
Sq‘*#,(Z*(g)). 

Now considering the natural embedding of S’ x S* in S "+1 one can 
deduce from the Milnor-Spanier theorem that (S* x S "), 18 stably (2q + 1)- 
dual to itself (see [4]) and that the inclusion in the second factor 1: S¢— S*x S¢ 
is S-dual to p. Hence =*i: X*S’— =(S* x S%), is S-dual to », and the 
composite 1: &*"S?— =x"S* x S%), —> T(7,) is S-dual to t. It follows from 



172 WILLIAM BROWDER 

[16] (see also [23]) that Sq?,: H**(2'S*; Z,) > H*"(X; Z,) is dual to 
y(Sq?*?),: H"(T(7,); Z.) ~ H"*(2"S4; Z,). We will show y(Sq?*"), is non-zero 
so that Sq’*', is onto, and hence Sq**',(Z*(g)) # 0. (We use here the fact that 
if f:x—Y, i 1. is calculated from Sq**' in the space Y~,cX, and 
(Y~,cX)* = ~ ,»cY*, where * denotes S-dual.) 

Now the compote map s = qu, S? —.,s1x gsr. Biv,+.> generates 
the (kernel 7,),, 74: Z,(B<v,+:>) ~7,(B). Hence, 7: B&v,4.2>~—, 7" ~ B which 
extends z, is an isomorphism on 7,2 < q. 

If g =1,3, or 7, then the inclusion 7: K(Z,, ¢) — Bv,4:>, 18 zero on 
t(K(Z,, q)) = Z,, while if q # 1, 3, 7, 

t(K(Z,, q)) —> 2,(Biv,+1)) 

is mono. This comes from the fact that there is a spherical fibre space over 
S« with v,., 0 if and only if gq + 1 = 2, 4 or 8, (cf. proof of (5.8)). 

Hence if g 1, 3, 7, then Z, is onto z,,,(B), for any choice of 7 extending 
z, while if g = 1, 3 or 7, then s is homotopic to a constant so that 

Biv, et = Bw VS, 

and if we choose Z on S**! to go onto a generator of z,,,(B), 7 will map onto 
,.,(B). Therefore we may assume 7,:7,(B¢v,..>~,e"*') >7,(B) is an isomor- 
phism for i <q and onto for 7 = q + 1, and hence z,(z) = 0 for ti<qit+l. By 
the relative Hurewicz theorem, H,(z) = 0 fori <q+1s0 that H,(Z7; Z,) = 0 
and H(z; Z,)=0 fori<q+1. Hence z*: H‘(B; Z,) > H'(Bivy.) ~. "5 Z:) 
is mono for 7 < q + 1, and hence 7*(v,,,) # 0. 

Now S‘— S?% x S’— Biv,,,> is covered by a bundle map inducing l, 

x"St —— I"(S!% x Ss, — Tn) 

and hence 7(7,,) —; e*%*! is the Thom complex of the induced bundle 7*(7,) 
over Bév,..>~, "1. Since 7*(v,4:) # 0, it follows from (2.2) that ¥(Sq?7*')U 40 
in T(z*(y,)), and hence x(Sq‘*"), # 0 on A" T(7,); Z.), and Sq**?,(2*g) # 0, 
which completes the proof of Theorem 5.2. 

We note the following 

PROPOSITION 5.3. The structure g on S? x S* comes from a framing if 
and only if q = I, 3, or 7. 

Proor. If g comes from a framing, then ¢g is homotopic to a constant 
map into Biv,,,, so that if 7: K(Z,, q) > Bees), d .(,(K(Z,, q))) = 0 and 
0: T,+,(B) ~2,(K(Z,, q)) is onto, where 0 is the boundary in the exact sequence 
of the fibre space. By the natural relation between 0 and the transgression 
in cohomology, since ¢¢ H "( K(Zo, q); Z,) transgresses to v,.,, it follows that if 
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da generates 7,(K(Z,, q)), a: S**— B, then a*(v,,,) #0 and a@ induces a 
spherical fibre space over S**' with v,,, 40. But then the Thom complex has 
two cells and 7(Sq‘*") # 0 (by (2.2)) so that g = 1, 3, or 7 by Adams [1]. 

If gq =1, 8, or 7, then there are linear bundles over S**! with V9i1 # YO, 
and by an argument similar to the above, we may deduce from this that qg is 
homotopic to a constant. 

The structure g on S? x S*% determines an element of Bév,,,>-cobordism 
for any classifying space B, any g, which is non-zero since it has e(yr) = 1. 

THEOREM 5.4. The structure q on S* x S* has Thom invariant (in 
Tn+2q(1(7))) which is equal to j,(w), where J: "K(Z,, q) > T(7) coming from 
the wnclusion of K(Z,, q) > BXv,.,>, and where we Tntoq(&"K(Z,, q)) = Z, is 
a generator. 

The proof is routine from the definitions, using the fact that the Hopf 
construction on 4: K(Z,,q) <x K(Z,,q) — K(Z,, q) sends the generator of 
Teq+(DK(Z:, q) A K(Z,, q)) into the generator of Toq+(LK(Z,, @)). 

6. B<x>-cobordism 

Let B be a classifying space as usual and let 7: E— B be a fibre space 
with K(Z,,q) as fibre, induced by f: B— K(Z,,q + 1) such that f*(c) = 
we H"(B; Z,). Let ¥ = r*(7). In this section we shall compute m,( T(¥)) for 
tS + 2q up to a group extension in terms of z,(7(7)) and H .(T(Y); Z,). If 
% = v,., and B is a classifying space for which transversality holds (such as 
Bo, Bso,,B ex, ete.), this gives us a computation of Bév,.,>-cobordism in dimen- 
sions <2q in terms of B-cobordism and H,(B; Z,). We will use these results 
in §7 to prove that the Kervaire invariant of a framed manifold M% is zero 
unless g = 2” — 1, and in that case that the Kervaire invariant is related to 
the element h;, in the Adams spectral sequence. 

Below we use concepts of “disk” bundle associated with a fibre space with 
some fibre F’, etc., notions which are explained in detail in an appendix. In- 
tuitively one may think of the “disk” bundle as the mapping cylinder of the 
projection and make analogous constructions as in the case of linear bundles. 

Let z: HB be a fibre space with fibre K(Z,, q), let B be connected, and 
let y be an (n — 1)-spherical fibre space over B, n very large, Y = z*y. Let 
z: E+ B be the disk bundle associated with z, with contractible fibre 
cK(Z,, q), (see appendix) and let #: H— B be the sum of z with a trivial S° 
bundle, so that the fibre of # is K(Z,, q). Let 7*(y) also be denoted by 7, 
and let 7 = #*(7). The fibre space # = #, U E_, where E,, E_ are two copies 
of H, ZH, H_ = E, and let ,, y_ be the restrictions of 4 to E.,, E_, (80 Ys. 
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corresponds to yY under the identification of #, with EF). 
Now we have the exact sequence of the pair (T(7), T(7)), 

_—_? Tn+i+tl T(Y), T(7)) —_ Tn se( T(7)) 
—> Tns:(T(1)) — Baia TX), T)) — °° 

THEOREM 6.1. There is a map h: T(y)/T(7) — K(Z,,¢4+) AT) which 
is an tsomorphism on H"**( ; Z,) fori < 2q + 1, and with kernel h* in di- 
mension n + 2q + 2 generated by a single element X. 

THEOREM 6.2. 7,4:(T(7), T(7)) = HnsiosA(TY); Z), for 1S 2q and is 
detected by the Hurewicz homomorphism mod 2, and for 1 = 2q +1, the 
sequence 

0 —> ZL: —> Tn-+-2q-+1( T(Y), T(7)) —? n+l T(Y); Z:) — 0 
is exact, and the Z, on the left is the kernel of the Hurewicz homomorphism 
and generated by the wmage of 

Tn+2q+(CL"K(Zp, Q), L"K(Z,, q)) = Zz iM Wn ssqi( T(7), T(7)) . 
The first part of (6.2) is equivalent to 

THEOREM 6.2’. K(Z,,qg +1) A T(Y) is a product of K(Z,, t;) im dimen- 
sions <n + 2q + 2, with 7,(K(Z,,g +1) A T(7)) in these dimensions iso- 
morphic to H,+,(K(Z., ¢ + 1); Z,) ®@ H,(T(7); Z,). 

PROOF OF THEOREM 6.1. If we include the pair (E,, FE) > (E, E_), this is 
an excision map so that it induces an isomorphism on H,( ; Z,). Hence the 
map of Thom complexes above this inclusion (T(7,), T(7)) > (T(%), T(7v_)) also 
induces an isomorphism in H,( ; Z,). We are interested in stable homotopy 
groups and since n is assumed very large, we have that (T7(7;), T(¥))— 
(T(7,)/T(7), *) and (T(%), T(v_)) > (T(*)/T(_), *) induce isomorphisms on 
stable homotopy groups. Hence we shall deal with 7(¥7)/T(y_). But if a: B— 
EB is the canonical cross-section a(B) C E_, then (Ef, E_) is homotopy equiva- 
lent to (BE, a(B)), and T(7)/T(v_) is homotopy equivalent to T(7)/7(%), where 
Y is identified with ¥ | a(B). 

Now #t: H— B is a fibre space with =K(Z,, qg) as fibre, and with a cross- 
section a: B—E (as above). Hence, it follows that there exists a 
g ¢H a+ fy. Z,) such that j*(g’) = X(c) the generator of H + K(Z,, qg); Z2), 
where j: [K(Z,, q) E is the inclusion. If g = g’ — #*a*(g’), then j*(g) = X(¢) 
also, for j*#* = (#7)* = 0 as #7 is the constant map. Further 

a*(g) = aX(g’) — a*n*a*(g') = a*g’ — arg = 0, 
since a*f#* = (f#a)* = (identity)*, (a being a section of 7). Let B:E— 
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K(Z, ,g + 1) be such that 8*(¢) = g and define 

f:E— K(Z,q+1)x B by fla) = (@(@), #(@)) . 
Then the diagram 

E A > K(Z,,¢g+1)x B 
| | projection 

identity B 

clearly commutes, so that fis a map of fibre spaces. Now 

fi = J | LK(Z,, q): LK(Z,, q)-— K(Z,, Q+ 1) 
is the usual suspension map, so that f’* is an isomorphism on H‘*( ; Z,) for 
1S 2q +1, and (kernel f’*)*"*? is generated by Sat '(q41) € H**(K(Z,,q +1); Z,), 
(see [19]). 

Now from the commutative diagram 

on KZ, q) —> B __.B 
8 a J | K(Zyq+1) > K(Z,q¢+1)x B—>B 
we get a commutative diagram of Thom complexes 

D(EK(Z,, q)) 6 T(9) — T(7) 

m | ; 
2(K(Z,,q + 1).) > K(Z,,¢ + 1), A Tir) — Tr). 

Now the section a: B— FE has the property that p, fa is null-homotopic where 
p:K(Z,,qg+1) x B—K(Z,,q+1) is the projection. Hence fa: B—K(Z,,q+ 1)xB 
is homotopic to the inclusion of the second factor B-«, x B,x,€ K(Z,,q +1). 
Then we get 

T(%) — T(¥)/T(7_) 
(R) 7| ji] 

K(Z:,q + 1). AT(Y) — K(Z,,q +1). AT(Y)/T) 
where T(Y) = x x T(y) C K(Z,,q + 1). A T(y). Hence 

K(4,,¢ + 1). AT()/TY) = K(Z,,¢+ 1 AT). 
Using diagram (8), the fact that f’* is an isomorphism on H*( ; Z,) for 

tS 2q+1, and kernel f’* cH “"**( K(Z,,q +1); Z,) is generated by one element 
Sq?**(q41), we get using the spectral sequences of the two fibre maps that 
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f*: H(K(Z,q +1) x B; Z,) — Hi(£; Z,) 
is an isomorphism for 7 < 2g + 1, and j’* maps (kernel f*)***? isomorphically 
onto (kernel f’*)**+?, Hence (kernel f*)***? is generated by a single element Y, 
and j’*Y = Sq?**(¢,.,). Similarly, it follows that (cokernel f*)***’ is generated 
by a single element Z and j*(Z) = X(¢~Sq' 2). 

Then using the Thom isomorphism for the spherical fibre spaces 7, 7, etc., 
we find that in diagram (T), 

f*: H**"( K(Z,, q+1),A TO); Z,) —_? H*+"(T(4); Z,) 
is an isomorphism for 1 < 2q + 1, and (kernel f*)*"*? is generated by a single 
element X = ®(Y), (© is Thom isomorphism) and j’*(X) = 2*(Sq"*" ¢q4,) = 
Sq?*(X%,.,). This proves Theorem 6.1. 

To prove Theorem 6.2 we have to compute H *(K(Z,, gq+1)A TY); Z.) 
and show that it is a free module over the Steenrod algebra @, in dimensions 
<n +2q+ 2, with basis in dimension 1 isomorphic to H'*~(T(7); Z), 
l<2qt24n. 

Now we have the following well known lemma. Let @ be a connected, 
locally finitely generated (l.f.g.) Hopf algebra over a field, associative as an 
algebra, (see [14]). 

LemMMA 6.3. If F isa free l.f.g. module over @in dimensions <r, F;=9 

fori <0, and M is any |.f.g. module over @, with M; = 0 for 1 <n, then 
FQM is free over @ in dimensions <r +n, with basis, V® M, where 
F = Q@Q@V (where © is as modules over the Hopf algebra @, see [23]). 

Proor. F&M is additively isomorphic to @@V@M in dimensions 
<r + n, and has the structure of an @-module using the diagonal map, i.e., 
if ya = D0,a;,@ ai, 

UE @Qv& mM) = 5, 4,4 6 v & aym 

where +: @— @@® @ is the diagonal of @. We will show that F’ © M is iso- 
morphic as an @-module to @®(V @ M) where a(Z@®& (v @ m)) = a @(v@ mM). 

Since @®(V ® M) is free over @, the inclusion V@® M—F & M extends 
to a map of @-modules, f:@®(V &® M) > F® M. 

Now we show that fis onto in dimensions <r+n. By induction suppose f 
is onto>,. @@V;QMcFQMin dimensions <r+n, and letxEeQ@V, 6M, 
dimension « =s<r-+n, (where if m <0, this is trivial). Assume by a second 
induction that f is onto @, ®@V,, & M, k <1, (where for k = 0 this is obvious). 
Let a@vQmeA,QV, & M. Since @ is connected, ya =a®@1+ p/,a;@6 a, 
dima; < t. Then 



KERVAIRE INVARIANT 177 

f[4Q (VOM) = a1 @v@mM) = YH, 4, QvQaim+aQvQm. 
Hence a®v@®m — f(a®(v @ m)) € voc: Oe © Vn ® M, so that 
a®v@m — f(a® (v@m))e (image f) by induction, and hence f is onto 
© Vn @ M. Hence by induction @@V, Q@ Mc image f, so by induction f 
is onto. 

But F & M and @ & (V @ M) are isomorphic as graded vector spaces, and 
finite dimensional in each dimension (i.e., l.f.g.). Hence f is an isomorphism 
in dimensions <r + n. 

We apply Lemma 6.3 to @=@,, the Steenrod algebra, F' = 
A*(K(Z,,q¢ +1); 2%), r=2¢ +2, M= H*(T(7,); Z:), n= n. Hence 
H*(K(Z,,q¢ +1) A Ty); Z.) is free over @, in dimensions <2q + 2 + nN, 
so that K(Z,,q+1)AT7(7) is homotopy equivalent to a product of 
K(Z,. k,)’s in these dimensions where the homotopy groups are isomorphic to 
H*+(K(Z,, q+ 1); Z,) @ H*(T(7); Z,) in these dimensions, by Lemma 6.3. 

Let t: T(%)/T(Y) — K(Z, n + 2¢ + 2) such that t*(c) = O(Z). Then 

f x t: TH)/T() — (K(Z,¢ +1) A Ty) x K(Z,, 0 + 2q + 2) 
is a map into a product of K(Z,, k,)’s, (f x t)* is an isomorphism on 
A"* ;Z,),t < 2q +1, (f x t)* is onto for i = 2q + 2, and kernel (f x t)*#*? 
is generated by X, where 

j'*(X) = Satt(B"q.,) € HD" K(Z,, g + 1); Z) « 
Then in dimensions <n + 2q + 2, f x tis the projection into the first stage 
of a generalized Postnikov system for T(7)/T(y) (generalized meaning we 
use products of Hilenberg-MacLane spaces). Using diagram (T), since 
Sa’**(2"¢,.,) generates (kernel /’)"***+?, it follows that, for a generator 
O ETatoqri(D""'K(Z,, q)), Jx(@) generates the Z, subgroup of Tn+2q+1( T(%)/T(7)) 
detected by the element X, considered as a cohomology operation. 

This completes the proof of Theorem 6.2. 

7. The Kervaire invariant of framed manifolds 

In this section we show that the image of framed cobordism Qoomed in 
BXv,+,)-cobordism is zero if g + 2' — 1, so that by Corollary 3.5 the Kervaire 
invariant is zero if g # 2' — 1. 

If g = 2’—1, we shall show that image Qo" in B.<v,.,>-cobordism is the 
subgroup generated by (S’ x S%, q) (see § 5) if the element hj in the Adams 
spectral sequence (see [2]) represents an element in the stable homotopy 
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groups of spheres, and the image Qi"TM* is 0 otherwise. But for (S‘ x S’,q), 
c(r) = 1, (see (5.2)) so that we get 

THEOREM 7.1. There exists a framed manifold M* of Kervaire im- 
variant Lif and only if q = 2'—1 and the element hj in the Adams spectral 
sequence represents an element of the stable homotopy groups of spheres. 

COROLLARY. Thereisa framed manifold of dimension 30 with Kervarre 
invariant 1. Equivalently, the Kervaire manifold of dimension 30 18 
smoothable. 

It has been proved by Mahowald and Tangora (Topology 6 (1967), 349- 
370 § 8) that h; persists to H. in the Adams spectral sequence. Hence the 
corollary follows from (7.1). 

Coupling this example with the framed S‘ x S', S* x S*, and S’ x S’ of 
Pontrjagin, we get 

There are framed manifolds of Kervaire invariant 1 in dimensions 
2,6,14, and 30. 

Now the inclusion of the fibre of ¥ induces the map S” — 7(7) and the 
question about the image of Qf°"° in B,<v,,,>-cobordism is, by transversality, 
equivalent to the question: “What is the image of 7,,4.,(S") in 1n+429( T(7))?” 

Consider the exact sequence of the pair (TY), T(7)): 

ve > Ragsren( LM), TD) Rigs TD) > Mag ea 20) — 
Since by the theorem of Thom, 7(v) = [[ A(Z,, t,), so that the Hurewicz 
homomorphism is mono in 7(7), it follows that 

image (7.,,+2,(S”)) C image 0 C 7, 42¢(T(7)) . 

We first prove 

PROPOSITION 7.2. image (7,+29(S”)) CO( J 4(Tn+2q+1(CL” (Ze, g), 2” K(Za, q)))) 
so that the only possible non-zero element in image 7,+.4(S”) 1s the Thom 
envariant of (S* x S*%, q). 

Here, j: (c=”K(Z,, q), ="K(Z,, 9) > (T(7), T(7)) is the map of Thom com- 
plexes induced by j: (cK(Z., @), K(Z,, a)) — (E, E), (see § 6). 

PROOF OF PROPOSITION 7.2. We consider the map of 1: S”— T(7), and 
suppose a: S"*#4-+ S$” represents some element of 7,,,.,(S"). Then pia is 
homotopic to zero, so we may factor X(ia) through the map 7: T(7)/T(7) > 
~T(7). Since we are considering a stable homotopy group, it suffices to study 
X(t@) = (21)(XQ). 

If we set Y = S* ~, e”****!, we get a commutative diagram (see [18]), 



KERVAIRE INVARIANT 179 

S774 a ) S” B ) VY y n Strat a St _——— © © o 

(S) i | de | li | 
0’ 

T(7) —> T(v) — T(y)/T(7) —> =T(7) 

which yields a map of exact sequences (coefficients Z, throughout) 

La* H*(S"+?4) pao H*(S") an H*( Y) oo H*(S**4+1) —_— H*(S*t?) 

(H) |i i liz |e 
H*(T(7)) — HT) — (T/T) “ B47) 

where the horizontal sequences are the usual cohomology exact sequences. 
Since j%n+29+(C&"K(Z,, q), U"K(Zy, q)) is the kernel of the Hurewicz 

homomorphism mod 2 in (T(7), T(7)) (by Theorem 6.2), it follows that Proposi- 
tion 7.2 is equivalent to the statement that i* = 0 in diagram (H). So we 
consider, in (H), k = n+ 2q¢ +1, and we note that i*7* = 0 since (27)* = 0 in 
this dimension, and i7* = (Za)*(Xi)*. Hence, if x¢ H*(T(7)/T(7)), and 
1s(%) 4 0, then 0’*% 40. Now T7'(7) is (in the stable range) a product of K(Z,, t;), 
so that 0’*x corresponds to a 1* order cohomology operation mod 2. Now 
O*: H"(S****) » H*(Y) is an isomorphism for k = + 2q+1, so that 
ve (0"*)(a) = d*¢*(x) # 0, and hence the operation corresponding to 6’*x is non- 
zero in Y. But by the result of Adams [1], the only 1* order cohomology 
operations mod 2 which can be non-zero in a space Y with only two cells are 
Sq’, Sq’, Sq* and Sq’, and since 6’*x changes dimension by an odd integer 
2q + land q > 0, we get a contradiction. 

Hence it follows that i* = 0 and the Proposition 7.2 is proved. 
Thus to prove Theorem 7.1 it remains to determine under what conditions 

the element in the kernel of the Hurewicz homomorphism in Tn+oq+s( T(Y)/ T(7)) 
may be in the image of 7,,, (where 7, is as in diagram (S) above). We will do 
this in a similar fashion to the proof of Proposition 7.2, but in order to do 
this we must identify the k-invariant X of T(¥)/T(7Y), and find out which 
elements in 7,,,,,,(S”) can be detected by the second order cohomology opera- 
tion which X will determine. 

Let ¢¢ H**"(K(Z,,q +1); Z,) be the generator, Uc H "(T(7); Z,) the Thom 
class, and w; ¢ H‘(B,; Z,) the Stiefel-Whitney classes of y, v;¢ H*(B,; Z,) the 
Wu classes, so that w;~ U = Sq'U, v;~ U = y(Sq')U, where y: @, — @, is the 
canonical anti-automorphism of the Steenrod algebra. 

PROPOSITION 7.3. The first non-zero k-invariant of T(y)/T(7) ts given 

by 
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X=S8qte~U) + 6~U4~ U + dunsisg (Sq'z)~(w;~ U) 
t+j=qtl 

C H"*+(K(Z,, g+1lA 7); Z.) , 
(see (6.1) and (6.2’)) . 

To prove this proposition we need the following elementary lemmas, 
which generalize the standard property of the Euler class. 

LemMMA 7.4, If 7: X—(X, Y) is the inclusion, xe H"(X, Y; Z,), then 

Sq"(v) = u~—9* a. 

Proor. Sq’x = «? = «~ j*x, by the standard property of relative cup 
product. 

LemMA 7.5. If g¢ H'*\(E, E; Z,) is the generator, where E' is the total 
space of the fibre space 7: BXV,1. — Bi, E is the associated “disk bundle”, 

then Sq?*"(g) = 9— Vase 

Proor. By (7.4) Sq?*'g = g~(j*g) where j: E> (EH, HE). But j*g is the 
lowest dimensional element in kernel z*, 

m*: H**"(By; Z,) —> A" BK} Z:) 
so j*g = “k-invariant” of 7 = V,4,. 

PROOF OF (7.3). By (6.1), (6.2’) Xis the unique non-zero element in 
(kernel h*)**?4*?, h: T(y)/T(7) — K(Z,,d +1) A TY). Now h*(¢~U) = g~U 
(where H*(T(7)/T(7); Z,) is considered as a left H*(E, E; Z,) module). Hence 

h*(Sq?*'(¢e~ U)) = Sa**"*(g~ U) = DU, ,_,., Sa'9) ~ Sa’ U) 

= 9~-UH~U + Doiejnaet (Sq'g)-(w;~ U). 
4<Qr1 

But h*(¢~ ¥,4:~—U) = g~ Vq1i~ U, and h*(Sqie~ (w; ~~ U)) = Sa'g~ (w;~ U) 
(since h* is a map of @,-modules, and also of H*(B,; Z.) modules). Hence, it 
follows that h*(X) = 0. But X #0, since j’*(X) = ="(Sq?*'z) + 0, where 
Ji U"K(Z,¢+ 1) K(Z,,¢ +1) A T(r) (since 7’*(1) = 0 where J is the ideal 
generated by H*(B,; Z,)). Hence X is the first non-zero k-invariant of 
T(Y)/T(¥), and Proposition 7.3 is proved. 

Now if i,: S***"*+! — T(7)/T(¥) (from diagram (S)) represents a non-zero 
element in 7,,+2,+:(T(v)/T(7)) then it is detected by the functional 1* order 
cohomology operation defined by X. Then we shall show that the composite 
map 

(Si)(Za): Srt2e+! — ETF) 

will be detected by a functional 2°? order operation which X defines in a 
natural way, and we shall use the theory of Adams [1] of second order co- 
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homology operations to study it. 

To define a second order cohomology operation, we consider the composite 
map 

T(1) > T/T) > KZ, + DA TY). 
Now T(yY) is a product of K(Z,, t;)’s in the stable range, and by (6.2’), 
K(Z.,qg +1) A T(7) is a product of K(Z,, t;)’s in these dimensions, so that the 

composite d = ho’ is a map of “generalized Hilenberg-MacLane spaces”, and 

using the methods of Adams [1], is a universal model for certain 2": order 

cohomology operations. On the other hand (ho’)*(X) = 0 since h*(X) = 0 so 

that, in the notation of [1], the pair (d, X) defines a stable 2TM* order 

cohomology operation ®. Since K(Z,,q +1) A T(7) is a product of many 

K(Z,, t;)’s, D is an operation of many variables. 

PROPOSITION 7.6. The functional operation associated with ® detects the 

element 07 ,(W) € Kase T(7)), where w generates Tntoq+i(L""' K(Zz, Q)) « 

PRooF. First we recall the construction of ® from (d, X) following 

Adams [1]. 

The map d gives us a map of generalized EHilenberg-MacLane spaces which 

is realized geometrically in our context as 

T(1) > T/T) > K{Zn d+) A TY). 
Then we let »: U— T(y) be the induced fibre space from the path fibration 

over K(Z,,q +1)A T(7), so that the fibre F = Q(K(Z,,q¢ +1) A T(y)) is a 
generalized Eilenberg-MacLane space. Given a space Y, anda mapa: Y— 

T(v) (which is essentially a collection of elements in H*(Y, Z.)) such that 
(ho’)a~0 (which means that the 1 order operation d is zero on this collection), 

we lift the map @ toa,: Y— JU, such that pa, = a. The choice of maps a, 
depends on an element of [ Y, F’]. 

Let X’e H"*****(U; Z,) be such that k*(X')=o0*(X),k: F — U is inclusion, 

o*: HK (Z,, q +1) A Tn); Z) —> HF; Z,) 
the cohomology suspension. Then ® is defined as a*(X’) and the ambiguity 

of © depends on the choice of a, and X’ with the above properties. 

We show first that for Y = T(7),a: Y—T(7) the natural map @ = f in- 

duced from the bundle map 0, we can choose @,, X’ so that ® = 0. 

Since we are dealing with stable operations we consider the suspended 
situation (where we have made obvious identifications which are valid in the 

dimension range of our interest). 
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x" K(Z,, Q) 

j 

THT) =o aT Poet) X(T) 
, | A . k! Xd KiZ,¢d +1) A Ty OU BT (7) —> KZ, 94+ 1) A ZT) 

Then a, is defined as the map of “fibre spaces” induced by the map h’, so that 
h is the map on fibres. Such interpretations are valid in the stable range; 
here U = QU’, a, = Qa,. Now k’*(X’) = X, and h*(X) = 080 by exactness, 
a*(X') image p’*. Hence X’¢ H*(U'; Z,) may be changed by an element in 
image o’*, X” = X’ + o'*(a) so that af X” = 0. 

On the other hand, since the functional operation associated with X 
detects j,(w), it follows from naturality that the functional operation assocl- 
ated with X” detects 7,3 ,(@) = 2(0j,(@)), which completes the proof of (7.6). 

Let i: S$" — 7(7) be the inclusion of a fibre. Then from Proposition (7.2), 
and (7.6), it follows that 7,.7,42(S”) # 0 if and only if the functional opera- 

tion ® (using the map S” —> T(7) —_, T(y) to define it) detects an element 
iN Tni27(S”). Such a question can be settled in many cases using the tech- 
niques of Adams [1] and |2]. 

Now to detect an element of 7,,.:,(S”) the operation ® reduces to an op- 
eration of one variable Y of dimension n. Adams [1] has described such 2°° 
order operations in terms of Ext,(Z,, Z,), which is the E, term in the Adams 
spectral sequence. It follows from Adams work that Y corresponds to some 
relation in the Steenrod algebra @,, and we will try to identify it. 

Now the element X ¢ H******(K(Z,, gq + 1) A T(7); Z,) can be written in 
the form )_ a,c; where a; € @, and ¢; are part of an G@,-base for the free (?,-module 
H*(K(Z,,¢ +1) A T(7); 4). We consider the map 

d = ho’: T(y) — K(Z4,,¢ +1) A TY) 

and a map 

E: K(Z,, n) —> T(7) 

where é*(U) = ce H*(K(Z,, n); Z,) is the generator, and V is defined on 

g = ho'é: K(Z,, n) —> K(Z,,¢9 +1) A TY) . 

Then g*(c,) = 0,(¢), b; € @,, and the relation defining V is }ja;b; = 0. 
Since K(Z,, g +1) A 7T(7) is (q + n)-connected, it follows that dimension ¢; 

>q+1-+nforalli. We recall some theorems of Adams (see [1, § 2.1, § 3.8 
and Th. 2.5.1)). 
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THEOREM 7.7 (Adams). A basis over @, for stable 2" order cohomology 
operations of one variable is in natural one-to-one correspondence with 
a basis (over Z,) of Exty*(Z,, Z,). Further there exist elements 
h;€ Ext)” (Z;, Z;) = Primitive ‘elements of AX in dimension 2', so that these 
{hi} are a basis for Extg* (Z,, Z,) and so that the products hjhi7g = t= 0, 
7#%+1, form a basis for Ext" (22, Z:). 

The following theorem is also contained in the work of Adams (see [1, in 
particular Lemma 2.2] and [2]). 

THEOREM 7.8. Let W be a stable 2" order cohomology operation based on 
the relation in the Steenrod algebra >, 4:5; = 0, a,;,0;¢@,. Then W detects an 
element in 1,(S") if and only if (hjh,) (d > a:b;) = 30, h;(a,)h,(b;) # 0 for some 
j,k and (h;h,) is a permanent cycle in the Adams spectral sequence. 

Here h,;¢ Ext¢? 2" (Z,, Z,) is considered as an element of Hom,, (a, Z,), 
which annihilates decomposable elements, and h,(Sq2") + 0. 

Now our operation V is based on the relation }a;b; = 0, where dimension b, 
=q-+1, dimension a,b; = 2g + 2. Hence for dimension reasons, 

(hsh,) (>_ a,b;) = dh ;(a;)h,(b;) = 0 ifjg>k. 
Hence the only element in Extg* (Z,, Z,) which may have a non-zero value 

on ) a,b; is hi, so that Y cannot detect an element in Tnio(S”) 1fg +14 2, 
Hence there is no framed manifold M*TM of Kervaire invariant 1 if g 4 2* — 1, 
which proves part of Theorem 7.1. 

Now suppose g = 2* — 1. Consider 

X= Sa"e~ U) + Dog sags Sa") ~ (WjiT) + ~~ U 

the k-invariant of T(y)/T(7). Since q + 1 = 2", Sq’*'is indecomposable, and it 
follows that 7(Sq‘*’) = Sq**? + D, where De subalgebra of @ generated by 
Sq?’,i<k. Hence Vq+1 = Wai + &, Where e € subalgebra of H*(B,; Z,) generated 
by w,%41<q +1, (see [25]). Then X = Sq**(¢e~U) + Socizaei Ui ~ U where 
C€:.¢ H**TM(K(Z,,¢ + 1); Z,), and «,¢ H"*'-(B,; Z,). 

Now ¢«~ U goes to x(Sq**')U in H*(T(7); Z,), so that b, = 7(Sq’*") and 
since g = 2" — 1, h,(x(Sq**")) = 1. Also a, = Sq’*', so (h?)(a,b,) = 1. 

Let us write }00€;~2,~U = se a,c; @4,E€@, ¢; are generators of 
H*(K(Z,,q +1) A T(7); Z,) over @, so that dimension c; => q + 1. It follows 
that if dimension c,=q+1 and dimension c,;>q+1 for i> 2, then 
(hi)*(D_a,¢;) = h, (az). Now a, € @%*', so (h2 ) (S2a,¢;)4 0 if and only if a,=Sq?*!+ D 
where D is a decomposable element in @,. But c,=¢~ U, so that would mean 
that a,c, = Sq**(¢e~ U) + D(t~ U) and hence j7’*(a,c,) = Sq’ (ln4qt1) + D(lnsg41) 
where 
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g's "(K(Z.,¢ +1))— K(Z,¢+) A TY). 
Now since dimension c; > ¢ + 1, for i > 2, it follows that j’*(¢;) = e241 
where e,€@, so that j’*(a,c;) = a,e;2"¢,,, Hence j’*(a,¢;) = S;2",,, where 
S, is a decomposable element of @ when i> 2, while j’*(a,¢.) = 
Sq’t4D*2,., + D&"c,,, and Sq’*! is indecomposable since g +1 = 2". Hence 
J"*(Do,o,0:¢:)#0. But S>,.,4:¢; =) 56;~a;~U where €; ¢ H*(K(Z,,9g+1);Z,), 
«,¢ H*(B,; Z,). Now j’*(C-—a«~U) = 0 if dimension x > 0, x¢ H*(B,; Z,), 
since j’ is induced by the inclusion map K(Z,,q + 1)— K(Z,,q +1) x Bo, and 
C~aex~U =C~p*(x)~ U where p: K(Z,,q +1) x B, > By is the projection on 
the second factor. Hence 7 fal Oe U ) = 0, and hence hy oti U ) = 
0. Therefore, h2(X) = hi(Sq**(¢~ U)) # 0, and it follows that the image of 
Qirmed in B,<v,.,>-cobordism is non-zero if and only if g = 2* — 1 and h;, persists 
to EH in the Adams spectral sequence. Then the remainder of Theorem 7.1 
follows from Proposition 7.2 and Theorem 5.2. 

Appendix 

“Disk” bundles, etc. In this appendix we describe some constructions of 
fibre spaces which we used in §§ 6 and 7. One could use different construc- 

tions, analogous to those of linear bundle theory, but it is harder to verify 
the necessary facts with this approach. We refer to [20] for the constructions 
used here. 

Let f: A—B beamap. Using the mapping cylinder construction we may 
replace f by an equivalent map g: A—C so that g is an inclusion with the 
homotopy extension property. 

Consider the function space C’, and the two projections 7,1: C’—C, 
r(a) = a(1), (a) = a(0), for awe C’. Both r and / are fibre maps, where the 
homotopy lifting is functorial, using the path defined by the homotopy in C 
to define the homotopy in the path space. The fibres of r and J are just the 
path space P of C beginning at a base point, so are contractible. 

Let 7’: C’— A be the induced fibre space over A from r: C’—C, so C’ = 
{(x,a@)¢€A x C? such that x = r(a) = a(1)}. Then 7: A—C’ is defined by 
i(v) = (a, @,) where @,(t) = all t. Then 7’ and 7 are inverse homotopy equiv- 
alences. We have a commutative diagram 

Cc’! 

lv |r 
A—>C 

where 0(x, @) = a. 
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Define g’: C'’—C by g’ =lo. Clearly lis homotopic to r so g’ is homotopic 
to gr’, and further g’ is a fibre map, using the functorial lifting of homo- 
topies. 

If f: A— B is a fibre map it is routine to show that there is a homotopy 

equivalence of fibre spaces 

A—— C’ 

‘|e 
B—C 

so that the new situation is equivalent to the original, for homotopy theory. 
So we replace f by g’. 

Now C’cC’, and the fibre of 1: C’ -C is contractible, being the based 
path space of C. Hence we shall call 1: C’ —C the “disk bundle” or “cone 
bundle” of g’ (or f) and its fibre is a contractible space containing the fibre of 
g’. Further, the pair (C’, C’) satisfies the homotopy extension property, since 
the pair (C, A) does, and (C’, C’) is a fibre pair (under 7) over (C, A). 

Then we may define the “Whitney sum of f: A—B with a trivial S°- 
bundle” as follows. Take two copies of C’, call them C/ and C! and identify 
Ci. and C! to get C. Since the covering homotopies for C!,C2 and C’ are all 
given functorially by the same formula, the covering homotopy theorem works 
for C = CiUC. Clearly the fibre of g: C —C is the union of the fibres, so 
it is P, U P_ with P, 4 P_ = fibre of g’. Since P, and P_ are contractible, 
this is homotopy equivalent to the suspension of the fibre of g’. 

We will use the following (abuse of) notation. 

If z: H — B with fibre F, 7: EH — B will be the “disk bundle” of z with 
fibre cF, #: E— B will be the sum of z with a trivial S°-bundle, with fibre =F 
and E/E = E/E_is the Thom complex of z. 
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