
� �������	� 
���
����������

������������� ��� !�!"� #%$�&���'($)'+*�!-,.!)#%��*/�10324,15-6.'+7809��*�5:!"����$(;�!"� '=<%'+!�!"'+�?>A@�'+*��1!)'($B,
5(��C�C�� !",.!"#ED�'F,1*�@G,1$�$)�H5(#I,J!"#KD1'=�)#K*���L?#K!)�/� *�#K!(;M,1*�@/NO@�'(* �1!"'+$P,�QR*�#E!"'=��������&TS

UWVYX[Z]\R^_^`^baBc=dfe�g�hi^_j�kYl=^nmoj=dpkRdfq�j]r

����'+�)'=,.�)'�st,.!W<%'u,.$�!wv�!"� �)'('	'(xy��#KD.,1<K'(*�!z@ '+QR*�#E!"#K��*�${�10_24,15-6.'+7|09� *�5+!)���)${09����N
�}D1'(�P>�S{~{,.5-�G�10_!"� '(C���$�'($P,�@ #K��'(�)'+*�!P�1�H��'(5:!	,.$)$)�H5(#%,.!"'+@�!"��N�S

�M�t�R�|�8�u�t�b���}�b�������+�y�	�M���u�b���M�}���_���	�M� N � ����#K$3@�':QR*�#E!"#%�1*��10�24,.5-61'+7�09��*�5w�
!"����$B� $)'($?!"� 'o&���$�'+!B�10�$)�����1�)����& $P�103N�S��p!P�1��'+$B��,15-6�!"�� =�)'+'(*[s)¡£¢J¤¥v
¦ ��§3���¥�}�9���¨�R�t�M�t�[©oª�«­¬H®-¯�°:±F²w³H´µ®:¶f·J¸�¹ ²u·J¸ N ·Jº1°:¸ > ®-·J´ »:¼%»:¶¥»|·f²�¶¥½R°?²u·J¾À¿
¾%·JÁ�¼¥´HÂ|Ã�¬1¶p¬�Ä

Å ª	´ > ¿ÇÆ�·(Ã1³H¾%°P¹ sÉÈÊv-Ë ²u·J¸o¬1´R±�»:³�ÌÇÂ1¸"·J³ÎÍ È ·f² N�Ï
Å «�¬:ÍR»�·f² > ¿ÇÆ�·(Ã1³�¾%°-»
ÐiÑÒYÓ ¹ sÉÈ�v�Ô ¹ sÉÕ­v×Ö ÑÒ¨Ó ¹ sÉÕ­v�Ô ¹ sÉÈ�vÙØwÚuÛ Ò Ó ¹ sÉÈ�v�Ô ¹ s Ú È�vÝÜ
Á3½R°:´µ°:º1°:¸ ÈßÞàÕ ¬1¸-°=»:³ ÌÇÂ1¸"·J³}ÍR»�·f² N�Ë ¬1´�Ãoá4â N�Ï

ã ½R°-»Î°FÆ�¬:ÍR»�¬1¸"°=»:³�ÌÉäu°-®:¶{¶Ç·�¶9½R°�²u·J¾¥¾%·JÁ�¼¥´HÂ|®-·J´�Ã1¼¥¶É¼å·J´ »�Ä
Åçæ ¶t¸)¬1´ »:¼¥¶t¼¥ºÎ¼¥¶t±wè�é¥² ÈêÞàÕêÞàë ¬1¸-°=»:³ ÌÇÂ1¸"·J³}ÍR»�·f² N�Ë ¶¥½R°:´

ÐfìÑ Ð ÑÒÙí ÐfìÒ Ö ÑÒ Ö ìÑ í Ö ìÒ î
é9²�áÙ¬1´�Ã�ïð¬1¸"°�°:¾%°:Æ�°:´R¶¥»�·f² N�Ë ¬1´�Ã�¼ ² È ¼%»�¬�»:³ ÌÇÂ1¸"·J³}Íñ·f² N�Ë ¶¥½R°:´

Ø-òwÛ ó Ò Ø-ÚuÛ Ò í Ø-òiÚuÛ Ò î

Åçæ ®-·JÆ	Í ¬1¶t¼tÌ(¼¥¾À¼¥¶É±-è�é9² ÈêÞàÕ ¬1¸"°]»:³ ÌÇÂ1¸"·J³}ÍR»�·f² N�Ë ¬1´�Ã�¼ ²zá4â N�Ë ¶¥½R°:´
Ø-ÚuÛ Ñ ÐiÑÒ í Ð ó Ñó Ò Ø-ÚuÛ Ò Ø-ÚuÛ Ò Ö ÑÒ í Ö ó Ñó Ò Ø-ÚuÛ Ñ î

Åçæ ¶t¸:¼¥ºÎ¼t¬1¾À¼¥¶t±-è�é9² È ¼%»o¬�»:³�ÌÇÂ1¸"·J³ÎÍô·f² N ¬1´�ÃFáÙ¼%»o¬1´[°:¾%°:Æ�°:´R¶�·f² È­Ë ¶9½R°:´
Ð ÒÒõí Ö ÒÒöí Ø-ÚuÛ Ò íø÷Hùyú�û Ò3ü î

ý

Mackey functors 

Throughout this presentation of Mackey functors, the letter R denotes a 

commutative and associative ring with unit, and G denotes a finite group. 

1. Three equivalent definitions 

There are (at least) three equivalent definitions of Mackey functors for G 
over R. Each of them uses a different object associated to G. 

1.1. Using the poset of subgroups of G. This definition of Mackey func- 

tors uses the poset of subgroups of G. It goes back to Green ([2]) 

Definition 1.1.1 : A Mackey functor M for G over R consists of the fol- 

lowing data : 

e An R-module M(H), for any subgroup H of G. 

e Maps of R-modules 

th: M(H) > M(K) ri: M(K) > M(A) oy: M(H) > M(PR) , 

whenever H C K are subgroups of G, andx eG. 

These maps are subject to the following conditions : 

e (transitivity) If H C kK C L are subgroups of G, then 

tht = th rfirk = rh 
Ifx and y are elements of G, and if H is a subgroup of G, then 

Cy2 HCe,H = Cyx,H 

e (compatibility) If H C K are subgroups of G, and if x € G, then 

K aK K aK 
Cy,Kty = te Ce,H Ce,HV = Vey Car,K 

e (triviality) If H is a subgroup of G and x is an element of H, then 

tH = rif = Cy,H = Iduu)



Åçæ «�¬H®-¯�°:±|¬���¼å·JÆ	è�é¥² ÈßÞàÕ��àë ¬1¸"°=»:³�ÌÇÂ1¸"·J³ÎÍR»�·f² N�Ë ¶9½R°:´
Ö ÑÒzÐ Ñì í �Ú���� Ò	� Ñ�
 ì
� Ð

ÒÒ�� ó ì Ø-ÚuÛ Ò ó � ì Ö ìÒ ó � ì Ü

Á3½R°:¸"° ¡ È���Õ��1ë�¤ ¼%»�¬�»Î°:¶B·f²�¸"°ÇÍ�¸"°-»Î°:´R¶å¬1¶É¼¥º1°-»�·f²o¶¥½R°�ÃH·J³ Ì(¾%°�®-·Î»Î°:¶9»�Æ�·(Ã1³H¾%·
È ¬1´�Ã ë ¼¥´ ÕõÏ

é9²�¹ ¬1´�Ã�¹��o¬1¸"°�«�¬H®-¯�°:±�²w³H´µ®:¶f·J¸"»F²u·J¸ N ·Jº1°:¸ >�Ë ¬[Æ�·J¸pÍR½H¼%»:Æ ·f²|«­¬H®-¯�°:±
²w³�´µ®:¶Ç·J¸"»�� Ó ¹ Ô ¹���¼%»�¬ ®-·J¾¥¾%°-®:¶t¼å·J´×·f²�Æ�·J¸pÍR½H¼%»:Æ�»�� Ò Ó ¹ sÉÈ�vFÔ ¹�� sÉÈ�v"Ë
Á3½R°:¸-° È ¼%»�¬�»:³ ÌÇÂ1¸"·J³}ÍÙ·f² N�Ë »:³M®-½Ê¶9½ ¬1¶T²u·J¸�¬1´R±�»:³ ÌÇÂ1¸"·J³}ÍR» È ÞAÕ ·f² N ¬1´�Ã
¬1´R±oá4â N � Ñ Ð ÑÒ í Ð ÑÒ � Ò � Ò Ö ÑÒ í Ö ÑÒ � Ñ � ó Ò Ø-ÚuÛ Ò í Ø-ÚuÛ Ò � Ò î
é9²�� Ó ¹ Ô ¹���¬1´�Ã���� Ó ¹�� Ô ¹��ø¬1¸"°GÆ�·J¸pÍR½H¼%»:Æ�»Ê·f²|«­¬H®-¯�°:±�²w³H´µ®:¶f·J¸"» Ë
¶9½R°F®-·JÆ	ÍR·Î»:¼¥¶t¼å·J´������ ¼%»	¶¥½R°BÆ�·J¸pÍR½H¼%»:Æ ·f²�«­¬H®-¯�°:±�²w³H´µ®:¶f·J¸"»]ÃH°! �´µ°)Ã�Ì(± s ����� v Ò í���Ò � Ò Ë ²u·J¸ ÈßÞàN�Ï�ã ½R°z«�¬H®-¯�°:±�²w³�´µ®:¶Ç·J¸"»n²u·J¸ N ·Jº1°:¸ >�Ë Á�¼¥¶¥½�¶¥½R°-»Î°?Æ�·J¸pÍR½H¼%»:Æ�»
¬1´�Ã�¶9½H¼%»�®-·JÆ	ÍR·Î»:¼¥¶t¼å·J´ð·f²FÆ�·J¸pÍR½H¼%»:Æ Ë ²u·J¸wÆ ¬/®)¬1¶Ç°åÂH·J¸w± Ë ÃH°:´µ·J¶Ç°)Ã|Ì(±�"�#
$
%�& sÉN�v(Ï
�p!�09��<K<%�ÎL?$=#%* &R,1�i!"#K5(��<%,1�]09�)��C !"��'+$)'�@ '+QR*�#E!"#K��*�$=!"�R,J!�#E0�È #%$o,8$)�����1�)����&ð�10�N
,1*�@ ¹ #K$�,o24,15-6.'+7�09��*�5:!"����09�1��N¨�ÎD�'+��>�;y!)��'(* ¹ stÈ�v3#%$�,1*�> ')(�sÉÈÊvÇ�ÇC��H@���<%'.;
L?��'(��' '*(�sÉÈ�v�@�'+*��1!)'($?!"��'F��������&+',(�stÈ�v-�.È[S

�M�/.T�|�8�u�t�b���}�b��021 �Î�y�M���43/�M� N65 �(���}�1� ����'{$)'+5(��* @�@�':QR*�#K!)#%��*F�10R24,15-6.'+7F09��*�5w�
!"����$F09�1�FN��}D1'(��> #K$=@���'�!"�+7]�)'+$)$�s)¡ ý ¤Iv:S��p!o��$)'+$o!)��'�5u,.!)'(���1��7­N]�98;:=<	�10WQ�*�#K!)'
N=�p$)'+!)$ Ó #E!"$����y��'(5+!)$�,1�)'�!)��'|QR*�#E!"'|$�'+!)$�L?#E!"�õ,Ê<K'+0¥!�N]�f,.5+!"#K��*T;�#E!"$�C�����&���#%$�C�$
,1�)'�!"��'�N]�Ç'(xy��#ED.,1�)#%,1*�!�C�,1&�$+;3,.*�@[5+��C�&���$�#K!"#K��*��10�C�����&���#%$�C�$=#K$�5+��C�&���$�#K!)#%��*
�103C�,1&�$+S
¦ ��§3���¥�}�9���¨�R�/.n�t�[©oª «�¬H®-¯�°:±�²w³�´µ®:¶Ç·J¸?>¹ ²u·J¸ N ·Jº1°:¸ > ¼%»?¬�Ì(¼¥ºJ¬1¸w¼t¬1´R¶1²w³H´µ®:¶f·J¸
²w¸-·JÆ N ¿ 8;:=< ¶f·P¶¥½R°�®)¬1¶f°åÂH·J¸w± >=N ¿@"BADC�·f²�¾%°9²w¶ >=N ¿ÇÆ�·(Ã1³H¾%°-» Ë ¼ Ï ° Ï ¬{Í ¬1¼¥¸z·f²R²w³H´µ®:¶f·J¸"»
s >¹FE Ü >¹ E v ²w¸"·JÆ N ¿ 8;:=< ¶Ç· >=N ¿@"BADC Ë Á�¼¥¶9½ >¹GE�®-·JºJ¬1¸:¼t¬1´R¶ Ë ¬1´�Ã >¹ E ®-·J´R¶t¸)¬1ºJ¬1¸w¼t¬1´R¶ Ë
Á3½H¼å®-½Y®-·J¼¥´µ®:¼tÃH°4·J´¨·1ÌÉäu°-®:¶¥» æ ¼ Ï ° Ï >¹FE s!H­v í >¹ E sIH v ²u·J¸G¬1´R±� �´R¼¥¶f° N ¿å»Î°:¶ H[Ë
¬1´�Ã/¶¥½H¼%»�®-·JÆ�Æ�·J´ ºJ¬1¾À³M°�¼%»�¶¥½R°�ÃH°:´µ·J¶Ç°)Ã/Ì(±J>¹ s!H v è Ï­ã ½H¼%»�Ì(¼¥ºJ¬1¸:¼t¬1´R¶T²w³H´µ®:¶Ç·J¸�¼%»
»:³�ÌÉäu°-®:¶{¶f·�¶¥½R°o¶tÁ�·?²u·J¾¥¾%·JÁ�¼¥´HÂ�¬�Ã�Ã1¼¥¶t¼å·J´�¬1¾�®-·J´�Ã1¼¥¶É¼å·J´ »oÄ

Åçæ ¬�Ã�Ã1¼¥¶t¼¥ºÎ¼¥¶É±-è/é¥² H ¬1´�Ã+K ¬1¸"°L �´R¼¥¶f° N ¿å»Î°:¶¥» Ë ¬1´�Ã ¼ ²�MON ¬1´�Ã�MQP ¬1¸"°�¶¥½R°
¸"°-»ÇÍR°-®:¶É¼¥º1°P¼¥´µ®:¾À³�»:¼å·J´�Æ�¬:ÍR»�²w¸"·JÆ H ¬1´�ÃRK�¶Ç·�¶¥½R°:¼¥¸=Ã1¼%»9äu·J¼¥´R¶_³H´R¼å·J´ HTS K Ë
¶9½R°:´�¶¥½R°oÆ�¬:ÍR»

>¹ s!H vVU >¹ s K v s >¹FE s MWN vwÜ >¹FE s MQP v)vXYXZXZX[XZXZX[XZXZX[XZX Ô >¹ s!H\S K v
] >¹ E s MWN v>¹ E s MQP vY^X4X�XZXZX[XZX Ô >¹ s!H vVU >¹ s K v

¬1¸"°oÆ�³�¶t³�¬1¾n¼¥´Rº1°:¸"»Î°F¼%»Î·JÆ�·J¸pÍR½H¼%»:Æ�» Ï
¢

e (Mackey axiom) If H C K D L are subgroups of G, then 

ryt = S° thine LCe,HenLl ent ’ 
ce€[H\ K/L] 

where [H\K/L] is a set of representatives of the double cosets modulo 
Hand L in Kk. 

If M and M' are Mackey functors for G over R, a morphism of Mackey 

functors f : M > M' is a collection of morphisms fy : M(H) > M'(A), 
where H is a subgroup of G, such that for any subgroups H C K of G and 

anyxeEG 

fxthy = ti fu furhy = ritK fe HCH = Cau SH 

If f: M— M' and f' : M’ > M” are morphisms of Mackey functors, 

the composition f' f is the morphism of Mackey functors defined by (f'f) a = 

fiufu, for H CG. The Mackey functors for G over R, with these morphisms 

and this composition of morphism, form a category, denoted by Mackr(G). 

It follows in particular from these definitions that if H is a subgroup of G 

and M is a Mackey functor for G over R, then M(#) is an RN@(H)-module, 
where Ng(H) denotes the group Ng(H)/H. 

1.2. Using the category of G-sets. The second definition of Mackey func- 

tors for G over R is due to Dress ([1]). It uses the category G-set of finite 
G-sets : its objects are the finite sets with a left G-action, its morphisms 

are the G-equivariant maps, and composition of morphisms is composition 

of maps. 

Definition 1.2.1: A Mackey functor M for G over R is a bivariant functor 

from G-set to the category RG-Mod of left RG'-modules, i.e. a pair of functors 

(M,., M *) from G-set to RG-Mod, with M, covariant, and M* contravariant, 

which coincide on objects (i.e. M,(X) = M*(X) for any finite G-set X, 
and this common value is the denoted by M(X)). This bivariant functor is 
subject to the two following additional conditions : 

e (additivity) If X and Y are finite G-sets, and if ix and ty are the 

respective inclusion maps from X and Y to their disjoint union X UY, 

then the maps 

M* (ix) 

M(X)@M(Y) (Me (tx), Mi (ty) M(XuY) Geis) jay 6 M(Y) 

are mutual inverse isomorphisms. 
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e (cartesian squares) If 

x —“%, y 

| |e 

Z 7 T 
d 

is a cartesian (i.e. pull-back) square of finite G-sets, then 

M.,.(b)M*(a) = M*(d)M,(c) 

A morphism of Mackey functors is a natural transformation of bivariant 

functors, and composition of morphisms is composition of natural transfor- 

mations. The category of Mackey functors for this definition will be denoted 

by Mackp(G). 

1.3. Using the Mackey algebra. The following definition is due to Théve- 

naz and Webb ([4]) : 

Definition 1.3.1 : The Mackey algebra up(G) of G over R is the associative 

R-algebra defined by generators t*, *£, and éy,4, for subgroups H C K of G 

and x € G, subject to the following relations : 

e (transitivity) If H C Kk CL are subgroups of G, then 

tht =ty = Pei = PH 

Ifx and y are elements of G, and if H is a subgroup of G, then 

Cy,eHCx,H = Cyx,H 

e (compatibility) If H C K are subgroups of G, and if x € G, then 

Coxty = tanto Cony = Pelle, 

e (triviality) If H is a subgroup of G and x is an element of H, then 

t=? = Cnn 

e (Mackey axiom) If H C K D L are subgroups of G, then 

rte = S° tine LCo, Heb Hen ’ 
v€[H\K/L] 

where [H\K/L] is a set of representatives of the double cosets modulo 
H andL ink.
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e (vanishing) All products of generators, different from those appearing 

in the previous four relations, are zero. 

e (identity) The sum of the elements t#, over all subgroups H of G, is 

equal to the identity element of ur(G). 

Definition 1.3.2 : A Mackey functors M for G over R is a Lr(G)-module, 

and a morphism of Mackey functors is a morphism of ur(G)-modules. 

Remark 1.3.3 : The Mackey algebra e(G) has a natural anti-automor- 

phism og, defined by F-linearity from 

th nd ri rH ad th Cy,H > Cy-1 HH ’ 

for HC K C Gand « € G. In particular, any left 2(G)-module can be 

viewed as a right “r(G)-module via this anti-automorphism. 

1.4. Equivalence of the definitions. 

e {1 — 2] If M is a Mackey functor in the first sense, and X is a finite G-set, 
define - 

M(X)=(® M(G,))"_ , 
LEX 

where the group G permutes the components of the direct sum via its action 

on X, and via the maps ¢,.g, : M(G,) > M(G,,), for g € Gand x € X. 
If f : X > Y is a map of G-sets, and if u = (uz)zcx is an element of 

M(X), define the element M,(f)(u) of M(Y) by 

WEY, M(f)(uy= Yo tGttte 
reGy\f—*(y) 

Conversely, if v = (vy)ycy is an element of M(Y), define the element M*(f)(v) 
of M(X) by 

Vr EX, (M(N(e)e = ral Fe 
Then M is a Mackey functor in the second sense, and the correspondence 

M & M is an equivalence of category from Mackr(G) to Mackr(G). 

e [2 > 1] If M is a Mackey functor in the second sense, and if H is a subgroup 
of G, set - 

M(H) = M(G/#)
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If H C K are subgroups of G, let pi : G/H — G/K denote the natural 
projection map. Define then 

th =M.(py) or = M*(pq) 

If x € G, and if H is a subgroup of G, let yz, denote the map of G-sets 

from G/H to G/*H defined by yz,4(gH) = gz~'*H. Then set 

Cy,H = M, (Yz,H) 

Then M is a Mackey functor in the first sense, and the correspondence Ms 

M extends to an equivalence of categories from Mackr(G) to Mackr(G), 
which is a quasi-inverse to the equivalence 1 — 2. 

e {1 — 3] If M is a Mackey functor in the first sense, set 

M= © M(H) 
HCG 

Let the generator f of xp(G) act on M by sending the component M(L), for 
L # H, to 0, and the component M(H) to M(K) via the map t4§. Similarly, 

let *¥ send M(L) to 0 if L 4 K, and to M(H) via the map r{¥ otherwise. 
Finally, if x € G, let ¢,,4 send the component M(L) to 0 if L 4 H, and to 
M(*#) via the map c,,4 otherwise. 

Then M is a j4e(G)-module, and the correspondence M +> M extends to 
an equivalence of categories from Mackr(G) to zr(G)-Mod. 

e [3 > 1] Let M be a pg(G)-module. If H is a subgroup of G, define 

M(H) =tiM 

The relations on the generators of wr(G) imply that if H C K and z € G, 

then 

(M(H) CM(K) = #M(K)C M(H) Gn M(H) C MCH) , 
and this defines respectively a map t% : M(H) > M(K), a map rf : 
M(&k&) > M(#), and a map ¢,,4 : M(H) > M(*#). 

Now M is a Mackey functor in the first sense, and the correspondence 

M + M extends to an equivalence of categories from j1g(G)-Mod to Mackr(G), 
which is a quasi-inverse to the equivalence 1 — 3. 

Notation 1.4.1 : In view of these equivalence, the three categories Mackr(G), 

Mackr(G) and Ur(G)-Mod will sometimes be identified, and a Mackey func- 

tor will be considered as an object of any of them. This will lead in particular 

to equalities such as M(H) = M(G/H) for a Mackey functor M and a sub- 
group H of G.



�zV����Pg����=hi^br

.n�t�R� � �H�_�}�H�(�H���41 �}�9��� �M�}���_���1� ����'�D.,1�)#K����$���'(&���'($�'(*�!-,.!)#%��*���������&�$�,.!�!-,15-� '(@
!"��$)�����1�)����& $B�.0�NO5(,1*G�1'(*�'+�",1<K<K7���'=DH#%':L�'+@Ê,1$P24,15-6.'+7809��*�5:!"����$ Ó
Å �b':!�	F��'�,PQR'(<K@TS_�p0�È #%$�,P$�������������&��10RN�;.@�'(*��.!"'z��7�>�
�stN�vT!"� '? F���1!"� '(*�@�#K'(5-6
���)��� &[�10z!)��'�5u,.!)'(�����i7­�10zQR* #K!"'+<K7��1'(*�'+�",.!)'(@�	 N]�ÇC��H@���<%'+$(;n09���F�)'+<I,.!)#%��* $o�1#KD�'+*
�y78$������i!P'�� ,15+!B$)'+xy��'(*�5+'($+S

�p0{È Þ Õ ,.�)'�$�������������&�$	�10�N�;�!"� '��)'+$�!)�)#%5:!"#K��*4�10�C��H@���<%'+$P#K*�@���5+'($	,�C�,.&
Ö ÑÒ í�
 '($ ÑÒ Ó >�
�sÉÕ­v�Ô >�
�stÈ�v:;�L?��'(��'u,1$B#%*�@ ��5+!)#%��*��10�C���@�� <%'($�#K*�@���5+'($B,�C�,.&
Ð ÑÒ í �Ç*�@ ÑÒYÓ >�
�stÈ�v�Ô >�
�sÉÕ­vwS3�p0 áÊâ N�;�!"� '(�)'?#K$�,1*�����DH#%����$�5+��*J������,.!"#K��*�C�,.&
ØwÚuÛ Ò Ó >�
�stÈ�vzÔ >�
�s Ú È�v:S �à#K!)�4!"� #%$B*��1!-,J!"#%�1*Ê>�
���'+5(��C�'($=,|24,15-61':7409��* 5+!"�1�
09���?NO�ÎD�'(���]S
� *�'�5(,1*�5-� '(5-6='u,.$)#%<E7	!)�R,.!b#K0 H #%$b,zQR* #K!"'�N]�Ç$�'+!(;J!)��'(*o>�
�s!H vµ#K$T!"��'W =�)�1!)��'(*��

@�#%'+5-6����)��� &/�.0�N]�Ç'+xH� #KD.,1�)#%,1*�!�	y�åD�'(5:!"���B����* @�<%'+$B�ÎD1'(� HôS
��#KC�#K<I,1��<K71;J�1*�'�5u,1*�5+��*�$)#K@�'(��!)��'B =�)�1!)��'(*�@ #%'(5-6����)��� &���
�stN�v_�10�!)��'�5u,J!"'(�1����7

�10µQR* #K!"'+<K7��1'(*�'+�",.!)'(@ Í�¸"·fäu°-®:¶t¼¥º1° 	 N]�ÇC��H@���<%'+$(;�09�����)'+<I,.!)#%��* $���#KD1'(*��y7�@�#K�)'+5+!{$)��C
@�'(5+��C�&���$�#K!"#K��*TSð�p!�#%$�,1<K$)�­, 24,15-6.'+7ô09��*�5:!"����09����!"��'8&���'+DH#%��� $���&�'+�",.!)#%��* $��10
�)'($i!"��#%5+!)#%��*µ;�#%*�@ ��5+!)#%��*T;�,1*�@85(��*}������,.!)#%��*TS
Å �p0BÈ #%$�,G$�������������&ô�10BN�;3@�'+*��1!)'|��7���stÈ�v]!"��'��W���)*�$�#%@�'����)�1��&ñ�10?Èð;�#åS£'1S
!"��'� =�)�1!)��'(*�@ #%'(5-64���)��� & �.0W!)��'�5u,.!)'(���1��7��10{QR*�#E!"'�È/�p$)':!"$(;T09�1�=�)'(<%,.!"#K��*�$]�1#KD�'+*
�y7Ê@�#%$¥����#%*�!=��* #%��*�$	@�'(5+��C�&���$�#K!"#K��*TSF����'+*ð#E0�È ÞçÕ ,1��'�$)�����1�)����& $o�.0�N�;T!"� '
�)'($i!"��#%5+!)#%��*ð�10BÕG�Ç$�'+!)$���#KD1'($�,4C�,.&[Ö ÑÒ í�
 '+$ ÑÒ Ó ��sÉÕ­v�Ô �|sÉÈ�vwS ��#KC�#K<I,1��<K71;
#%*�@�� 5+!"#K��*��10�È/�p$)'+!)$Fst@ '+QR*�'+@G��7��Ç* @ ÑÒ H í Õ�� Ò H v{#%*�@�� 5('($B,�C�,1&���stÈ�v�Ô
��sÉÕ­vwS	�p0 áðâ N�;�!)��'(��'�#%$P,1��,1#K*Ê,1*4����D�#K����$P5(��*J��� ��,.!"#K��*/C�,1&ÊØwÚuÛ Ò Ó ��stÈ�v�Ô
��s Ú ÈÊv:;R,1* @�� #%$?,�24,15-6.'+7809��*�5:!"����09���?N �}D1'(���]S
� *�'W5u,1*�$)���ÎLõ!"�R,J!�09����,1*�7FQR*�#E!"'zN]�Ç$�'+! Hô;.!)��'��1�)����&���s!H vn#%$b!"� '� =�)�1!)��'(*��

@�#%'+5-6ñ���)�1��&ô�10?!"��'�5(,.!"'+�����i7ñ�10?QR*�#E!"'8N]�Ç$�'+!"$��ÎD1'(��Hô;�09������'(<%,.!"#K��*�$���#ED�'+*ô�y7
@�#%$¥����#%*�!?��*�#K��*8@�'(5+��C�&���$�#K!)#%��*TS

.n�/.T� �"!��$#:�b� �[� �t�M�Z3õ�Ç�_��01�u���J�1� �n':! ¹ ��'o,1*G>=N]�ÇC���@�� <%'1; ,1*�@&%���'o,�*���*��
*�'(��,J!"#KD1'�#%*�!)'(��'+�(S=�p0WÕ #%$],�$)�����1�)����&­�10{N�;µ@ '+QR*�' ¹ sÉÕ­v],1$	!)��'�5+������C���<%�1�17
���)��� &ÊÈ�'ÉsÉÕÊÜ 
 '+$ (Ñ ¹ v�st�1�	È ' sÉÕÊÜ 
 '($ (Ñ ¹ v�v:S?����'+*4!"��'���&�'(�",J!"#%�1*�$?�10�!"�),1*�$i09'(�(;
�)'($i!"��#%5+!)#%��*µ;T,1*�@45(��*J��� ��,.!"#K��*T;�@�'+Q�*�'�,�$�!)�)��5:!"����'��10W24,.5-61'+7409��*�5+!)���	�1* ¹ S]�p0HÝ#K$P,�QR*�#E!"'oN]�Ç$)':!u;R!"� '(* >¹ s!H v)(í È�'tsÉN�Ü->LH+* &�¹ vost�1�PÈ ' sÉN�Ü->LH+* &�¹ v)vwS
��#%C�#%<%,1�)<E7�;�!"� '=�3,.!)'�st5+�yvi� ��C��1<%���17���������&�$��R,uD�'o,�*R,.!)���",1<�$�!)�)��5:!"����'o�.0�2G,15-61':7
09��*�5+!)���(S

����'+$)'F2G,15-61':7�09��* 5+!"�1�)$���,ÎD1'	!"� 'P09��<K<%�ÎL?#%*��F,.@�@�#K!)#%��*�,1<R&��)�1&�'+��!Ç7 Ó !"� 'P5+��C��
&���$�#K!)#%��* Ð ÑÒ Ö ÑÒ #%$='+xy�R,1<�!"�8!"� '�C���<K!)#%&�<K#%5u,J!"#%�1*/��7-, Õ Ó È., ;T09�1�F,1*�7�$)��� ���)��� &�$
ÈêÞàÕ �103N�SW24,15-6.'+7809��*�5:!"����$�L?#K!"��!)��#%$�&�����&�'(��!Ç7/,.�)'=5u,.<%<%'+@ ®-·Î½R·JÆ�·J¾%·)Â1¼å®)¬1¾ S

/

2. Examples 

2.1. Representation groups. The various representation groups attached 

to subgroups of G' can generally be viewed as Mackey functors : 

e Let & bea field. If H is asubgroup of G, denote by R,(G) the Grothendieck 

group of the category of finitely generated kG-modules, for relations given 

by short exact sequences. 

If H C K are subgroups of G, the restriction of modules induces a map 

rk = Rest : R,(K) > R,(H), whereas induction of modules induces a map 
t® = Inds : R,(H) > R,(K). If x € G, there is an obvious conjugation map 
CoH : Ry(H) > R,(*H). With this notation R, becomes a Mackey functor 
for G over Z. 

One can check easily that if X is a finite G-set, then R,(X) is the Grothen- 
dieck group of G-equivariant k-vector bundles over X. 

Similarly, one can consider the Grothendieck group P;,,(G) of the category 

of finitely generated projective kG-modules, for relations given by direct sum 

decomposition. It is also a Mackey functor for the previous operations of 

restriction, induction, and conjugation. 

e If H is a subgroup of G, denote by B(H) the Burnside group of H, i.e. 
the Grothendieck group of the category of finite H-sets, for relations given 

by disjoint unions decomposition. Then if H C K are subgroups of G, the 

restriction of K-sets gives a map rf = Res} : B(K) > B(H). Similarly, 
induction of H-sets (defined by Indj,-X = K xy X) induces a map B(H) > 
B(K). If « € G, there is again an obvious conjugation map c,,47 : B(H) > 

B(*H), and B is a Mackey functor for G' over Z. 
One can show that for any finite G-set X, the group B(X) is the Grothen- 

dieck group of the category of finite G-sets over X, for relations given by 

disjoint union decomposition. 

2.2. (Co)homology functors. Let M be an RG-module, and / be a non- 
negative integer. If kK is a subgroup of G, define M(k) as the cohomology 

group H'(K, Res? M) (or H,(K,Res¢M)). Then the operations of transfer, 
restriction, and conjugation, define a structure of Mackey functor on M. If 

X is a finite G-set, then M(X) & H'(G, RX @p M) (or Hi(G, RX @p M)). 
Similarly, the Tate (co)homology groups have a natural structure of Mackey 

functor. 

These Mackey functors have the following additional property : the com- 

position t# rj is equal to the multiplication by |K : H|, for any subgroups 

H CK of G. Mackey functors with this property are called cohomological. 

6
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3. Fixed points, fixed quotients, and simple Mackey 

functors 

Since the category of Mackey functors for G over R is equivalent to the 

category of modules over an R-algebra, it is an abelian category. One can 

try to classify and describe its simple and projective objects. 

3.1. Fixed points and fixed quotients. Let V be an RG-module. The 

zero-th cohomology functor H®(—,V) is denoted by F'Py, and it is called the 

fixed points functor associated to V. Similarly, the zero-th homology func- 

tor Ho(—,V) is denoted by FQy, and it is called the fixed quotient functor 

associated to V. If H is a subgroup of G 

FPy(H) =v" FQy(A) = Vu 

If H C K are subgroups of G, then the maps t4) and rj for F Py are the 

relative trace maps and restriction maps, i.e. 

Wwev", th(v =» LV VwEeVv*, ri(v) =v 
ceK/H 

If g € G, then the conjugation map c,,q is given by 

Vu EV", cg u(v) = gu 

Similarly, the maps t4 and rf} for FQy are given by 

Vu € Vy, ty(v) =v Vw € Vx, ry (w) = Ss; xw i, 
ceH\K 

and the map C,,y is given by Cy.” (v) = gv, for uv € Vy. 

If X is a finite G-set, one can show that 

FPy(X) = Homrg (RX, V) FQy(X) = RX SRE V 5 

where RX is the permutation module associated to X, i.e. the free R-module 

with basis X. 

If f : X + Y is a map of finite G-sets, let Rf : RX — RY and ‘Rf : 
RY — RX be the R-linear maps defined by 

Va € X, (Rf) (x) = f(z) vy EY, ( > x 
ve f-l
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Then the map (F'Py),(f) is given by composition with ‘Rf, and the map 

(FPy)*(f) is given by composition with Rf. Similarly, the map (FQy).(f) 
is the map Rf @re Idy, and (FQy)*(f) =*Rf @req Idy. 

The main property of these constructions is the following : 

Proposition 3.1.1 : The correspondence V ++ F Py (resp. V' 4 FQy) is a 

functor from RG-Mod to Mackr(G), which is right adjoint (resp. left adjoint) 

to the evaluation functor M ++ M(1). 

Notation 3.1.2 : Let H be a subgroup of G, and let V be an RNg(H)- 

module. The composite bivariant functor 

XX" Hy PPY(X") = Homer (R(X"),V) 

from G-set to R-Mod is denoted by FPyy. If X is a finite G-set, set 

Suv(X) = 7rXe) (Home (R(X"),V)) C FPyy(X) , 

where Tri) is the relative trace map. 

One can can show that F’'Pyy is a Mackey functor, and that Syy is a sub- 

Mackey functor of F’'Pxy. 

Definition 3.1.3 : Let M be a Mackey functor for G over R. A minimal 

subgroup for M is a subgroup H of G, such that M(H) £0, but M(Kk) =0 

for every proper subgroup K of H. 

Proposition 3.1.4 : (Thévenaz-Webb [3]) 

1. Let H be a subgroup of G, and V be a simple RNg(H)-module. Then 

Suv 1s a simple Mackey functor for G over R. Moreover H is a min- 

imal subgroup for Say, and Syy(H)=V. 

2. Let S be a simple Mackey functor for G over R. Let H be a minimal 

subgroup for S, and set V = S(H). Then V is a simple RNg(H)- 
module, and S is tsomorphic to Szy. 

3. If K is a subgroup of G and W is a simple RNg(K)-module, the 
simple functors Syy and Sk w are isomorphic if and only if the pairs 

(H,V) and (K,W) are conjugate under G.
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4. The Dress construction and projective Mackey 

functors 

4.1. The Dress construction. Let M be a Mackey functor for G over 

R, and let X be a fixed finite G-set. The functor 7x : Y +» Y x X is an 

endofunctor of the category G-set, which commutes to disjoint unions, and 

preserves cartesian squares. If M is a Mackey functor for G over R, it follows 

that the functor M o 7x is also a Mackey functor for G over R, which is 

denoted by Myx, and called the Dress construction associated to M and X. 

The construction M +> Myx is an endofunctor of the category Mackr(G). 

One can show that this functor is self-adjoint. 

4.2. The Burnside functor. Let RB be the Burnside functor over R, 

defined by composing the Burnside functor B from G-set to Z-Mod with the 

functor A +> R@®z A from Z-Mod to R-Mod. The main properties of RB are 

summarized in the following proposition : 

Proposition 4.2.1 : 1. Let M be a Mackey functor for G over R. Then 

Hompacka(@) (RB, M) = M(G) 

2. More generally, if X is a finite G-set, then 

Hommackr(@) (RBx, M) = M(X) 

3. The functor Bx is a projective Mackey functor, and any Mackey func- 

tor is isomorphic to a quotient of a direct sum of such Mackey functors. 

4. Let QV= nee C/E: Then RBg is a progenerator in Mackr(G), and 

there is an isomorphism of R-algebras 

Endmacka(@) (Ba) = ur(G) 

5. There is an isomorphism Endmacka(a)(RBe) = RB(Q x Q), and the 
corresponding algebra structure on RB(Q x Q) is obtained by linearity 

from the pull-back product (X,Y) X xo Y in the following diagram 

X XQ Y 

“ _ 

LNL™, 
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ý �

With this identification ur(G) = RB(Q x Q), the anti-automorphism 

OG of Ur(G) sends the G-set (x, (f, 9) over 2. x Q to (x, (9, )). 
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