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188 J.M,. BOARDMAN 

introduced the dual Hopf algebra A,» For this section we shall assume X 
finite for simplicity, so that H,X and H*X have finite total dimension and 
are strict duals. (In §? we generalize to arbitrary X.} 

We contemplate the mandala 

cohomology 

left right (1.1) 

homology 

The vertices represent the steps of our Eightfold Way, which are, in clockwise 
order from the top, 

1. Right action, on cohomology, dy SH*X @ A* + EI*X: 

Vpih*X + 1X ® A,; 
Right action, on homology, tp HX @ A* + HYX; 

b
h

 

. Right coaction, on cohomology, 

. Right coaction, on homology, Yp tH,X + HX @ A; 
Left coaction, on homology, Wy tH,X > A, ® HX; 

. Left action, on homology, Oo, :A* ® H,X + H,X; 

pc li*Xx + A, @ HX; 
8. Left action, on cohomology, $, :A* ® H*X + H*X, 

“
S

D
 

w
h

 
w

i 

. Left coaction, on cohomology, » 

The lines in the diagram represent two-headed arrows, which arise from the 
various functors discussed below. 

We first need some notation and conventions. We recall that the tensor 
product V® W of graded vector spaces over the field F_ is associative and 
has F, as unit, by isomorphisms (U®V)@W2U® (V@W) and 
F® vivive Fo that we shall suppress from our notation, It is also com- 
mutative, by the isomorphism T:V@wWw?wWe vy defined by 
T(x@ y) = (-) 408 (x deg (y) Y @ x. The standard sign convention applies through- 
out, under which one introduces a sign whenever the written order of two sym- 
bols of odd degree is reversed, For example, if a:V+V' and B:W >W' are 
linear maps of nonzero degree, their tensor product « @ B:V@W+V'@W is defined by 

(a ® 8)(x ® y) = (-) 408 Bd deg (x), | @ By, 

« 
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The dual graded vector space V* of V is equipped with the evaluation 
map e:V* ®V > Fo? which we write e{f @ x) = <f,x> = fx. For each x e V, 
the formula 

deg (x)deg(f)_; <x,f> = (-) <f,x> 

defines a linear map V* > Ey that is, an element of V**, The resulting map 
V+ V** is an isomorphism if V is finite-dimensional in each degree, and 
allows us to identify V** with v. Similarly, the formula 

<£@ g,x @ y> = (-)SB(E)CEO) <¢ ps.cg y> (x © Vy © Wf © Vg © W*) 
defines a canonical homomorphism V* @ W* + (Vv @ W)* which is an isomorphism 
if V or W has finite total dimension, or in certain other aases. 

We next introduce the functors that appear in (1.1), to prepare for 
Theorem 1,2. We usually start either from a left A*~module V with action 
o, 3A* ®V-~*V ora left A,-comodule V with coaction vv +A, @ Vy, in which 
case we write wx = hia, @ X;- The definitions for right modules and 
comodules are similar, often with a sign adjustment, and are omitted. Through- 
out, V and W will be graded vector spaces of finite total dimension. We 
take typical elements x eV, fevV* and ae At, 

Conjugation, C. If V is a left A*-module with action oy we define the 
right A*-module CV as V with the action xa = (-) dee (x) deg (a) (ca)x, 
where we use the canonical antiautomorphism ¢ of the Hopf algebra A*, 
Equivalently, C q is the composite 

V®@ A* ve. V® At At @ VG Vv, 
L If W is another left A*-module, so is V@ W, and T:C(V @ W) = CW@ CV is. 

an isomorphism of right A*-modules. Similarly for right A*-modules and left 
and right A,-comodules. The functors C¢ give the horizontal lines in (1.1). 

Duality, D. This is simply an alternative notation, DV = v*, If V is 
a left A*-module with action o7A* @ V>V, then DV = V* is the left 
A,~comodule with coaction Do, = 6,):V* + A, @ V*, (Note that the dual of 
V@®W is V*@wW* rather than WwW @ V*, because Milnor and Moore [8, p.222] 
declared it to be so. The distinction is important precisely when V = W.) 
The functors D give the vertical lines in (1.1). 

Partial duals, D' and D'. We do not have to dualize completely. For D! 
we just dualize A* (or A,). If V is a left A,-comodule, we make D'V = V 
a left A*-module with action 

' = = (D 1) (a ® x) Ey <Ca,a;> Xx; ze <a,ca,> X;- 

The inclusion of c is necessary to make D' an action. Equivalently, Dvr 
is the composite 
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_—ooOoOoOoO ———<—_—> MOVTey, “e A, @V— el V- 

If W is another left A,-comodule, sc is V® W, and the identity map 

D'{V @ W) = D'V @ D'W becomes an isomorphism of left A*~modules. Similarly 
for right A,-comodules. 

If instead V is a left A*-module, the coaction Dig :V +A, @ V_ that 
makes D'V = V a left A,-comodule has to be defined indirectly, by 

(a @ 1)(D' $)x = $, Cc a@x) for all ae A*, 

where a @ 1:A, @V > Fo @®V=V. Again, if W is another left A*-module, 

the identity map D'(V® W) = D'V® D'W is an isomorphism of left A*-comodules. 
Alternatively, we can dualize just Vv. Given a left A*-module V, we 

define the left A*-module DV to be V* with action bY 7 defined by 

<(D"§,) (a @ £), x> = c-ydeeCeddeg (4) ce, 4(ca @ x)>. 
Given a left A,-comodule V, the left A,-comodule D'V = V* has coaction 

Dy, 3V* +A, @V* defined indirectly by 
2 

1h = a ae x) (D WE 7 zs ( ) <£,x,;> cass 

where we write 1@ x:A,@ V* >A, ® Fo = A, by identifying V with V**. 
If we dualize both we find D'D"V = DV in all variations, as expected. 
Shuffles, S' and 8" (for want of a better name). These are very similar 

to D! and D” except that conjugation c is not required, at the cost of 
changing sides. If V is a left A*-module we define the right A*t-module 

S"V = V* as having the action Si", :V* @ A* + V* given by 

<(S"1) (f @ a), x> = <f, $,( @ x)}>. 

In simpler notation, this takes the very appealing form <fa,x> = <f,ax>; we 

simply shuffle the action from V to V*. Given a left comodule V, the 

right A,-comodule S'V = V* has coaction determined by 

(x® 1)(S"V,)F =F, (-)° <f,x,> a). 

Also, if V is a left A,-comodule, we define the right A*-module S'V = V 

as having the action given by 
? 

(S'y, )(x@ a) = 2; (-)° <a,a,> X, 

where Wx = 2, a, @ x;. If V is a left A*-module, the right A,-comodule 
S'V = V_ has coaction defined indirectly by 

(1@ a) (S' ¢ )x = $, (a ® x}. 

SUMMARY. We start from the A*-module H*X and apply the various functors, 

There are three aspects or variances to watch, namely left/right, 
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A*-module/A,-comodule, and homology/cohomology. Each may or may not be 

reversed by the above functors. 

C reverses left/right; 

D reverses module/comodule and homology/cohomology ; 

D' reverses module/comodule; 

D" reverses homology/cohomology ; 

S' reverses left/right and module/comodule; 

S" reverses left/right and homology/cohomology. 

Yes, there is a missing functor (besides the identity), the conjugate dual CD. 

It reverses everything. It corresponds to the missing diagonals in (1.2). 

THEOREM 1.2. (a) The diagram (1.1) commutes; 

(b) any of the eight structures determines all the others; 

(c) all functors respect tensor products. 

If we start from the usual left action on cohomology, A* © H*X + H*X, 

{ad} the Kinneth isomorphisms H*(X_Y) 2 H*X@ H*Y and 
H, (XY) = H,X @ H,Y are isomorphisms for all the structures; 

(e) all four coactions are ring homomorphisms. 

PROOF. There is less to this theorem than meets the ¢ye. If we take C, D 
and S' as the generating functors, all the others can be expressed in terms 

of them. Specifically, one has to check that S" = Cp", Dt = CS', D = p'p" 
(already done), and that the squares of C, D and S' are the identity 

functor. The diagram commutes because C, D and S' commute with each other. 

Then (c) has to be verified only for C, D and S$' {or D'). Because the 

comultiplication on A* is defined to make H*(X_Y) * H*X@ H*Y an iso- 
morphism of left A*-modules, (d) and (e) follow.. 

Since all eight structures are equivalent, one may well wonder why bother 

with them all. Classically, H*X is by definition an A*-module, and Milnor 

passes to the right coaction on cohomology by using S' = DS", His major con- 

tribution is the observation that the multiplicativity of the coaction on 

cohomology is far more transparent than the original Cartan formula, which here 

takes the form that the cup product multiplication H*X @ H*X + H*X is a 

homomorphism of A*-modules. We also find in §6 that the equivalence tends to 

break down when we generalize. Nevertheless, the left/right symmetry persists 

and one could just as well do everything using only the left structures. How- 

ever, it is a historical fact that this was not done. (Perhaps the absence of 

conjugation in S' does make it more natural than the partial dual D* ?) 

As we shall see in $7, #8 and §9, Milnor and virtually everyone since has 

studied A, by means of the right coaction on cohomology. 
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§2. SPECTRA WITH COEFFICIENTS. In this section we introduce spectra with 

coefficients, which are the main tool for our theory. Many of the definitions 

can obviously be generalized enormously; at this time, however, we shall 

refrain. 

Let E be a commutative ring spectrum, by which we understand a 

spectrum E equipped with a commutative and associative multiplication map 

w:E.E > E and a unit map i:S + E, where the necessary diagrams commute in 

the homotopy category. To abbreviate, we shall write 1 for 1,E, a commuta- 

tive graded ring (with the usual sign, yx = c-) dee (x) deg (y) xy). Given right 
m-module M, we wish to extend E to a spectrum M s. E, which we call E 

with coefficients M. Since all tensor products in this section are taken 

over 1, we generally write them simply as ®@. 

In fact, we shall be slightly more general. Given a spectrum F, we 

define a t-action on F exactly as in any graded additive category. 

DEFINITION 2,1. A m-action on F consists of a map W(k):F > F for 

each ken, subject to the usual identities W(k+k') = W(k)+W(k'), W(1) = 1, 

and W(kk') = W(kjoW(k'). {It follows that deg(W(k)) = deg(k).) 

In other words, a homomorphism «> {F,F}, of graded rings. Because 1 

is commutative, there is no distinction between left actions and right actions. 

EXAMPLES of actions. 

1. E, with action W(k) = wo(k 1):E = 5 E+E E+E, 

2. If F has a w-action, so does U({F) for any additive functor U, 

namely U(W(k))}; for instance FY and Y/F. 

3. The cohomology E*X and homology E,X have n-actions, naturally 

in X, by regarding them as functors of E. A m-action on a graded group is 

exactly a left n-module structure. 

4. EB, with action W(k) = no(1,k):E = E.S +E E+E. This looks 

like the right counterpart to the first example, but is in fact identical. 

5S. Any E-module G, with action W{k) = ¢o({k_1):G =SG+E.G +G, 

where ¢:E,G +G is the E-action on G. An obvious generalization of the 

first example. 

DEFINITION 2.2. Given a free right n-module M with basis elements m.. 

in degree d(r} and a spectrum F with action, we define the tensor product 

spectrum M 9, Fo= \. Op equipped with the injections of summands 
iiF >M s, F of degree d{r}. In case F = E, we call this the spectrum E 

with coefficients M, as suggested by Lemma 2.3, below. 

EXAMPLE, 1 @_> F = F. 

LEMMA 2.3. The homotopy groups of M @ F are given by 
av) 

TM(M®)F) =M®_ ,F. In particular, x, (M e E) *M. 
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PROOF. We have 1,(M@_F) 2 © 29 a,r SMe. a,F, 
To see that this isomorphism and others are canonical, we have to get 

away from the given basis of M. 

LEMMA 2.4. (a) For each meM there is a map m® F:F + M®_ F, with 

the properties (i) (mtm') @ F = (m@ F)+(m' ® F), (ii) mk @ F =(-@F )oW(k), 

and (iii) n_ © F = i,- 

(b) Suppose given a map h(m):F + Y for each m eM, satisfying the 

axioms (i) h(m)+h(m') = h(m+m') and (ii) h(mk) = h({m)oW{k). Then there 

exists a unique map hiM@, F + yY such that ho(m® F) = h(m) for all m. 

PROOF, Write m in terms of the basis as m = i. mk» where the sum 

is of course finite. In (a) we are forced to take m® F = i. i oW(k.), and 

this works. Since M® F is a graded wedge of copies of F with injections 

i, = nm, ® F, we are forced to défine h for (b) by hoi, = h(m,) for all r, 

and then the axioms on h{m) make ho(m® F)= h(m) true in general. 

THEOREM 2.5. The spectrum M e, F is functorial in M as well as in 

F, and is independent of the choice of basis of M. Given _a homomorphism 

giM +N of free right w-modules, there is a unique map g @ F:M ® F > N@ UF 

such that (g ® F)o(m @ F) = gm@ F for all me M,. 

PROOF. Lemma 2.4(b) defines the map g® F. Functoriality and indepen- 

dence of M®F from the choice of basis follow. 

CONVENTION. In forming the tensor product M@_ N, we insist on M being 

a right w-module and N a left n-module, just as if m were not commutative. 

It becomes a left m-module if M is a 1-bimodule, and a right w-module if N 
is a bimodule. 

In view of the commutativity of 1, there is no great algebraic distinc- 

tion between left n-modules and right m-modules: if M is a left w-module, 

we can easily make it a right m-module by defining mk = c-) deg (k) deg (m) kn, 
and vice versa. However, it will be necessary to keep track of a large number 

of different and unrelated a-module structures, often two or more on the same 

group, We shall therefore declare or arrange some modules to be left modules 

and others to be right modules. We shall make much use of 1-bimodules, which 

have a left action and a right action, usually unrelated (although we do insist 

on (km)k' = k(mk')). 

Extra structure on M also passes to M® F. 

LEMMA 2.6. Assume M is a n-bimodule that is free as a right x-module. 

Then 

(a} the spectrum M®_ F inherits a t-action; 

(b) if N is a free right t-module, we have canonical associativity, 

N® re, F) = (N e. M) e. F. (In the future we shall simply write 
N® M®_F,) 

a vr 
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PROOF. We use the action W(k) = L(k)@ Fon M@® F, where L(k):M + M 
is the left action by k on the bimodule M. Let M have basis elements m.. 
in degree d(r) as right m-module and let N have basis elements Nn, in 
degree e(s). Then N@ M is also a free right n-module with basis elements 
n, ® n. in degree d(r)+e(s)}- By construction, 

. LV yes) VY. pete neuer =\.: MOF=VOVLE F 
and 

(Ne M) 8 F -\. . a) +e(S)p 

are visibly isomorphic. A double application of Lemna 2.4(b) defines the 
‘eanonical isomorphism o:N@ (M ® F) = (N@M) © F by 

ao(n® (M® F))o(m®@ F) = (n@m)@ F:F + (N® M) ® F 

for all meM and neN, and a is in fact an isomorphism of decompositions, 
By a right t-algebra M we shall understand a ring M with ring 

homomorphism pit +M that makes M an algebra over 7 in the ordinary 
sense. It is no different from a left n-algebra, except that we usé€ Np to 
make M a right t-module and reserve the right to endow M with a left 
x-module structure unrelated to Np: 

LEMMA 2.7. If M is @ right s-algebra that is free as a right 1-module 
then M ®.. — is canonically a ring spectrum, and is commutative if M is. 
Its multiplication map makes the diagram 

foe (m® E) (m' ®@ E) > (M@_ E)(M@, E) 
b |. 
E mi! ® E Me, E 

commute for all m, m' « M, and this property characterizes it. 
PROOF. By distributivity of the smash product, (M® E) (M® E) breaks 

up as a graded wedge of copies of EE, so that we can define the muitiplica- 
tion map on M® E by requiring the diagram to commute whenever m and m!' 
are basic elements. It follows from Lemma 2.4(a) and the structure on E 
that the diagram commutes generally. The unit map is simply 

(1@ E)oi:S >E>+M® E, and commutativity and the unit property are clear. 
Associativity is easy, since (M® £),(M® E).(M® E) similarly breaks up as 
a graded wedge of copies of EEE. 

We give a substantial example of a tensor product spectrum. By the con- 

ventiongin §3 it is appropriate to use the action on E to make X,E a 
right TM-module. 

LEMMA 2.8. Suppose X,E is a free right m-module. Then we have a 
canonical isomorphism X,E = X,& %, E. It is an isomorphism of ring spectra 
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if xX is a ring spectrum. 

PROOF. Given me X,E, that is, a map m:S + X E, we construct the map 

h(m):E = SE we X EE Th XE. 

Lemma 2.4(b) constructs the desired map h:X,E@ E*+X E such that 
ho(m® E) = h(m) for all ao. Since h induces the identity homomorphism 
X,E + X,E on homotopy groups, it is an isomorphism. 

If X is a ring spectrum, so is XE and X,E becomes a right 
a-algebra. By Lemmas 2.4 and 2.7, we have only to check that h(i) is cor- 
rect and that vo (h{m) h{m')) = h(mm')ow :E.E > XE for all m,m' e¢ X,E. 

We obviously need to study the cohomology and homology theories defined 
by the spectrum M @ F. 

THEOREN 2.9. (a) (M®, F),X=M@_ (F,X) for all X; 
(b) (M@_ F)*X = M@_ (F*X) for all finite Xx; 
(c) if F is highly connected and d(r) + © then (M©,F)*xX > M@ FX, 

where we complete in the sense of allowing infinite sums zm. e Ye 

REMARK. So in (a) and (b) the parentheses are redundant. From now on we 

shall simply write M®@_ F,X and M®_ F*X whenever possible. 
PROOF. For each me M the map m@® F:F +M@ F induces 

F,X + (M® F),X. Hence a canonical homomorphism M® (F,X) > (M®@ F),X, and 
similarly in cohomology, M@® (F*X) + (M@ F)*X, These are evidently isomor- 

phisms when M is free on one generator, whatever X is. Then (a) follows 

because both sides are strongly additive functors of M, The same holds for 
(b), provided X is finite, since 

*XY = eo * (Me Fx = x, VM @ FH = © Me FP, 

where we write M as a direct sum © ry of free modules of rank 1. The 
hypotheses in (c) ensure that we have a product 

mer-| Meor-n, Me F, 
so that (M@ F)*X = M_@ (F*X). 

REMARK. The right side of (a) is a homology theory even if M is only a 

flat t-module. Then the Brown-Whitehead-Adams representation theorem [2] 
defines a spectrum M® F to satisfy (a), uniquely up to isomorphism. Unfor- 
tunately, the isomorphisms are not in general well defined and there may be 

problems with functoriality and in making M®@ E a ring spectrum as in 

Lemma 2.7, although these problems disappear when the universal coefficient 

theorem of 84 applies. 

REMARK. A homomorphism g:M+ 7 of right w-modules induces a map of 
spectra g ® F:M® F +1 @F =F and therefore a homomorphism 

(g® F),:(M@ F)*X + F*X. The value of this homomorphism on a typical infinite 
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element i. m.. ® y. in (c} is not in general obvious. We get an infinite 

series r. (gm,.)y,. in F*X that converges to the value with respect to the 

usual filtration of F*X defined by the skeletons of X. The sum of the 

series is well defined only if this filtration of F*X is Hausdorff; if not, 

the homomorphisms (g@ F), define some extra structure on F*X, 

COROLLARY 2.10. If X,E is free right m-module, then 

n,(X,E,Y) = X,(E.Y) = 0CE),Y = X,E @ EY 

for any spectrum Y. 

PROOF . Combine Lemma 2.8 with Theorem 2.9(a). 

§3. TWO-FACED ALGEBRA. liere we collect various comments on left and right 

modules. We work over the commutative groundring «= 7,E, where E is a 

commutative ring spectrum, and all tensor products are taken over 7. As 

mentioned in §2, it is desirable to declare some modules to be left modules 

and others to be right modules. 

CONVENTION (Adams). A w-action on F induces left s-module structures on 

F,G and F*G, right s-module structures on G,F and G*F, and a -bimodule 

structure (consisting of two essentially equivalent m-actions) on 1,F. 

This convention makes E,X and E*X left w-modules, as before. Further, 

for a space X (rather than a spectrum), E*(X,@) becomes a commutative left 

talgebra (compare §2), and for a commutative ring spectwum F, E,F becomes a 

commutative left 1-algebra. This is our major supply of modules. Since we 

insist on using one left module and one right module to form a tensor product 

over «, a certain amount of trading appears inevitable. This we organize as 

follows. 

DEFINITION 3.1. The formal conjugate cM of M is a copy of M_ having 

an element cm for each meM. If M is a left w-module, we make cM a 

right -module by defining (cm)k = (-)9°8)4¢80) ceym), Similarly, if M 
is a right 1-module, cM becomes a left n-module by k({cm) = (-) des (ki deg (m) ays 
So if M is a a-bimodule, cM is another t-bimodule with the two actions in 

effect interchanged. 

The commutativity isomorphism c:F_G es G,F induces an isomorphism 
F,G z G,F, which is also an isomorphism of rings if F and G are commutative 
ring spectra. It is reasonable and consistent with the Adams convention to use 

this isomorphism to identify the formal copy c(F,G) of F,G with G,F, 

together with any module structures present. In particular, we have the im- 

portant special case c{E,E) = E,E, where we identify cm = cm (the cm on the 

left is a formal copy of m, and the cm on the right is the image of m 

under the automorphism c= c, .) Of course, » is itself a bimodule and we 

identity cm with a directly, by ck =k. Tensor products behave as 
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expected: there is a canonical isomorphism c{M ® N) ¥ eN@ cM of groups, 
together with left and/or right module structures if present. 

It is in defining duals that we must part company with traditional algebra, 
Nevertheless, ali proofs are elementary and largely omitted. 

DEFINITION 3.2. Given a left m-module M, we define the dual left 
nm-module M* to be Hom, (M,TM). We make it a left n-module by defining 

ckf,m> = kefym> = (-)8°8 (4408) ceum> (mee My Fe MY, ke 8). 

If M is a bimodule, we make M* a bimodule with right n-module structure 
defined by <fk,m> = c- dea (K) deg Om) <6 ke. 

llere and elsewhere, Hom,( } will invariably denote the group of left 
module homomorphisms. Thus the definition of M* is asymmetric and the two 
duals M* and (cM)* of a bimodule M are unrelated in general. 

The interaction of duals and tensor products requires some care. 

LEMMA 3.3. Let M be a x-bimodule and N a left n-module. Then 
(a) there is a natural transformation 6:M* e, N*® > Me, N)* of left 

modules (or of bimodules if ON is a bimodule) defined by 

<O(E @ g)m@ n> = (-)I8CEICETMM ce, meg,n>> ; , 
(b) if L is another bimodule, the diagram 

L* 9, Mt @, Nt eye Le, wt e, 
rf @ 6 \s 

* * Lt @ (M@ N)*~G—> (LO, Me, N)* 

commutes ; 

(c) both composites M* =M*@ 1 = M*@, n* > (M@ x)* ¥M* and 
Mr on e, Mt = w* e. M* + (1 @ M)* = M* are the identity homomorphism. 

PROOF. (a) In terms of diagrams, a(f@ g) is the composite 

M@N te7 “? ne M “FT. 

Then (c) follows trivially, and in (b) both composites evaluated on £ ® g@h 
reduce to 

ae = = _—> L@®MON Te1eh L®M@ot L@M Teg L@w L ¢ 7: 

REMARK. The formula <f,m><g,n> we used in §1 makes no sense here, be- 
cause f@ g:M@®N+2 7 is undefined unless f£ is a homomorphism of 
n-bimodules. Our formula for 6(f® g) evades such a hypothesis. 

REMARK. There is no commutativity statement in Lemma 3.3. 
We may use this to dualize coalgebras, in a sense. 

LEMMA 3.4. Let R be a two-faced coalgebra in the sense of a r-bimodule 
R equipped with homomorphisms w:R *Re, R and e:R7-7 of bimodules that 
make the diagrams 
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——_—_———> R® —+R@ R R-—>*RB_R R R®_R R y 1 aa 1 

lv hey |; jie e F e@i 
R®, Rea ke, R@, R RRO 1 R171 R 

commute. Then 

(a) the dual R* is a ring with unit ring homomorphism e*:n + R*, and 
the bimodule structure on R* is given by multiplication with e* on either 
side; 

(b) if the left a-module M is a left R-comodule with coaction 

iM + ROM that is a homomorphism of left s-modules, then M* becomes a 

left R*-module. 

PROOF. We use Lemma 3.3 to construct the multiplication 

RE @® R* + (RB RJA R* 

on R* for (a) and the action 

R* @ M* + (R® M)* a M* 

on M* for {b). To verify the axioms we need parts (b) and (c) of Lemma 3.3. 

REMARK. We need all the stated module structures on R, » and e in 
order to form the diagrams at all. 

REMARK. The ring R* is not a 1-algebra in the ordinary sense because 

the image of e*:n > R* will not in general be central, so that the left and 

right w-module structures on R* are in general quite different. In particu- 

lar, multiplication in R* is not w-bilinear. The identity element of R* is 
the counit homomorphism e¢:R + 1, regarded as an element of R*, 

§4. A UNIVERSAL COEFFICIENT THEOREM. While the universal coefficient 
theorem 2.9 is completely satisfactory for the homology (M» £),X, the 
cohomology version for (M®@ E)*X has some disadvantages. Unless X is finite, 
we had to restrict M. In this section we discuss a different kind of univer- 

sal coefficient theorem in which we impose conditions on X but not on M. 

An element y « (M® E)*X is by definition a map y:X +>M®@E. We use 

it to induce a homomorphism of right 1-modules 

~ we 
X4E To MS E,E Tee Me T= 

where we use the usual augmentation c:E,E +1 defined as u,:7,(E,E) + 7,E. 

M (4.1) 

We use the formal conjugation 3.1 to produce a homomorphism of left n-modules. 

THEOREM 4.2. (Universal coefficient theorem) For suitable E,X and M 

the homomorphism (4.1) induces an isomorphism (Me, E}*X = Hom, (E,X, ¢M). 
REMARK. If we take M = 7 the assertion becomes 

ws 

E*X = Hom, (E,X,7) = (E,X)*, which is usually quite false. This gives some in- 

dication of when the result might be valid. 
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PROOF. The standard method is due to Atiyah. We compare the Atiyah- 

Hirzebruch spectral sequences 
* 

ES’ = H°(X; M) converging to (M@ E)*X 

and 

Re « = HOG 7) converging to E,X. 
> 

We apply the functor Hom {-,cM) to the second to obtain another spectral 

sequence 

Ss, 
2 

There is a natural map from the first spectral sequence to this one, to which 
E — Hom, (CH, (X%; t),cM) converging to Hom, (E,X, cM). 

we apply the comparison theorem. 

There are clearly difficulties with the method. The third spectral se- 

quence will not be a spectral sequence in general unless M is an injective 
n-module or everything in the second spectral sequence is projective. There 

are convergence questions to settle. To apply the comparison theorem at all we 

need an isomorphism of E,-terms, H°(X; M) = Hom, (H, (X; w), cM), which may or 
may not occur. However, the method works often enough for our purposes. 

REMARK. The cases that suffice for our present purposes are: 

1 ES HF), the mod p Eilenberg-MacLane spectrum, and any X; 

2. E = MU, with H,(%; Z) free abelian; 

3. Es BP, with H,(X; Zep) free over Zep)s 

In all these cases all differentials vanish and convergence is satisfactory. 

For further details see Adams [1, Lemma 4.2 on p.48]. The theorem is 
then universal to the extent that we place no restrictions on the module M 

(other than freeness). 

65. UNIVERSAL OPERATIONS. As before we take a commutative ring spectrum E 

with coefficient ring 2 = 17,E. All tensor products in this section are taken 

over 1. 

It is natural to look for operations that preserve the three kinds of ele- 

mentary structure on the cohomology E*X and homology E,X. First, they are . 
abelian groups; but every operation automatically preserves the additive 

structure, as does any natural transformation of additive functors. Second, 

they are left s-modules. Obviously the module actions themselves preserve the 

module structure (n being commutative), but in the typical situation one soon 

finds that they are the only such operations. (The exception is ordinary 
(co)homology with coefficients Ry where the module structure is so trivial 

that any operation is forced to preserve it. In some ways, ordinary cohomology 

is a most extraordinary cohomology theory.) Third, we have multiplicative 

structure consisting of pairings E*X x E*Y + E*(X,Y) etc., that make E*(X,9) 
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an algebra when X is a space, We therefore seek merely additive operations 

and multiplicative operations. 

Any map E+ E of spectra induces a cohomology operation on E*(-) and 

a homology operation on E,(-). Since cohomology is by definition represent- 

able, every cohomology operation is induced by a unique map. The Brown- 

Whitehead-Adams representation theorem [2] gives the same result for homology, 

except perhaps for uniqueness. We shall therefore confuse maps and operations. 

It is often extremely convenient to handle many operations at once. One 

map E +M® E induces a whole collection of operations, by composition with 

the maps g @ E:M@E* 1 OE 2 — for the various right n-module homomorphisms 
giM +a. The main idea of this section is that a proper choice of M will 

give all possible operations. 

DEFINITION 5.1. Let R be a free right w-module. We call an operation 

wpe >R @. —E a universal additive operation if given any operation 

B:E +M@, E with Moa free right m-module, there exists a unique homomor- 

phism g:R+M of right TM-modules that makes the diagram 

E -~® R@® LE 
yy ] w 

he @E 

ME 
" 

commute, Similarly, we call wv, a universal multiplicative operation if R 
L 

and M are also commutative right n-algebras (sce Lemma 2.7), or and 6 are 

maps of ring spectra, and g is required to be a homomorphism of right 

n-algebras. 

In particular, by taking M = , we recover the general (additive or 

multiplicative) operation on E, Either kind of universal operation is of 

course unique up to isomorphism if it exists. Existence already implies much 

structure. 

THEOREM 5.2. If vp rE +*R®, E is a universal multiplicative operation, 

then R is a "two-faced Hopf algebra" with commutative multiplication. 

PROOF. We mean that Rk is both a two-faced coalgebra (in the sense of 

Lemma 3.4) and a commutative ring, such that W and e« are ring homomorphisms. 

Further, there are left and right unit homomorphisms (in general distinct) 

nit > R and pit > R that induce the left and right s-module structures on 

R. 

By hypothesis R is a commutative right n-algebra, with right unit Te: 

If we apply ve to the sphere spectrum S we obtain the ring homomorphism 

py, StE,S + RB ES z R, which will serve as 1 Since R is commutative, 
R@®R is again a ring, and by the universal property we fill in homomorphisms 

of right n-algebras p:R+R®R and e:R +1 that make the diagrams 
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— ———-_-_ + R@E E——>+R@E 
v YE 2 (a) je pe 1 (b) - le 1 (5.3) 

ROE Hy RO ROE E———+ 7© E 

commute. If we apply these diagrams to S, we see that wy and e€ are also 

homomorphisms of left t-modules. Further use of the universal property shows 

that wy and e satisfy the two-faced coalgebra axioms of Lemma 3.4. 

Construction of universal operations is also easy if we assume enough. 

The universal coefficient theorem 4.2 classifies the maps from E to M® E 

by the group Hom, (E,E, cM). This suggests a candidate. 

THEOREM 5.4 Assume that A= E,E is a free right w-module. Then 

~ : 
vp te = EST EE = B,E @,, E = A@,E (using Lemma 2.8) 

is both the universal additive operation and the universal multiplicative 

operation, provided the universal coefficient theorem 4.2 holds for 

(M 8, E)*E for all M. 

PROOF, Theorem 4.2 sets up a 1-1 correspondence between maps 6:E + M@E 

of spectra and homomorphisms g = g(6):A +M of right modules by 
~ 

g= g(£):A = EB or? M@® ELE Tee M@ we M. 

If we define ¥ rE +A@®E by g(¥) = 1, in other words, 

A= EE pTA® EE T@GTA@ ta (5.5) 
is the identity, then naturality shows that o is the universal additive 

operation. But the stated map fulfills this condition. That is, the compos- 

ite homomorphism 

A= EgE = (E.S).E—(q7ay (EEE = EE@ EE Teg EES =A 

is the identity. This is easy to see once we recognize the composite 

(EE),E >A as (1y),:0,(E EE) + 7, (EE). Further, vr also serves as the 

universal multiplicative operation because 4 E£ and hence g(9} are multi- 

plicative whenever @ is. 

Theorem 5.2 provides all the standard structure on A for free, except 

for the internal conjugation antiautomorphism c. Closer examination shows 

that our definitions are not really very different from those of Adams. The 

identity element of A is clearly i,i:S = SS + E,E. Right s-module 

structures were used all along, to build A@ E. We can identify np with 

i,E:m = S,E + E,E = A, since this is a homomorphism of right s-modules that 

takes 1 to 1. Our left unit homomorphism is by construction 

~% ~% ny = ¥,Sit = ES = (ES),S TH (E,.E),S = A@E,S =A, 

which we may identify with E,i:E,S + E,E; it therefore induces the same left 
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m-module structure on A= E,E we had before. 
We can similarly recognize the structure maps » and ec in Theorem 5.2. 
LEMMA 5.6. We have ¥ = pp Esa = E,E +A@, E,E = A®, A and 

e = p,:A = 7,(E EF) > u,E = 4. 

PROOF . We have from (5.3a) the commutative diagram 

Cinna reed mo et = E,E mE se E,E ies A@a=A 

| et \ @ 1 v 
AQ A@E,E A@A@T=ABA an a 

A@ EE TO UE 1@1@e 
in which (5.5) identifies the top and bottom rows with identity homomorphisms. 
Hence = ve. A similar diagram handles e. 

The one structure that Theorem 5.2 does not define is the conjupation c¢ 
in A. The standard Hopf algebra definition (8, §8] makes no sense in this 
context. Instead, it is defined as induced by the commutativity switch 
jsomorphism, EE = E.E, as in 83. Its properties are obvious. 

LEMMA 5.7. The conjugation c in A= E,E has the properties: 
c is a ring automorphism, cec = 1, con; = Nps comp = Ny» eoc = €, and the 
identification cA =A gives cp = ViA*+ A@, A. 

PROOF. We can write the comultiplication y more symmetrically as 

1, (EE) = 7,(E,S,5) , (EEE) = ,(E,E)® 1, (E,2), _aramanronamcncnnenn ty 
Gil), 

where the second isomorphism is induced by 

a, (EE) « 1, (EE) > aw, (EE EE) oy n, (EEE). 
- a none Qiu), a 

Then all properties are obvious. 

§6. THE EIGHTFOLD WAY REVISED. In this section we assume that Theorem 5.4 

applies to the commutative ring spectrum E, so that we have the two-faced Hopf 
algebra A and the universal operation wpe +A® E, (All tensor products 
are taken over 1 = 1,E.) We generalize (1.1) to this situation. We find that 
all eight structures are still present in some shape or form, although it is 
clear that any constructions that depend on inverting duality isomorphisms have 

no place here. We also drop all restrictions on X. 

Then Lemma 3.4 makes the dual A* into a ring with unit homomorphism 

e*:n + A*, not central. On the other hand, the natural algebra for cohomology 

operations is E*E = {E,E},, a ring under composition, containing a copy of 1 

as the subring of all actions W(k):E + E. 

LEMMA 6.1. The isomorphism E*E = A* given by the universal coefficient 

theorem 4.2 is an isomorphism of rings and of bimodules. 

PROOF. Given a:E + E, the corresponding element of A* is the homo- 
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morphism 

A= E,E Ea” E,E aad t 

of left 1-modules. If a = W(k), this is the homomorphism that takes 
deg (a)deg (k) * : aceA to (-) e(ak}. On the other hand, e*k e€ A* is the homomor- 

phism that takes a to k.e(a}. Since these agree, the two unit homomorphisms 
into E*E and A* correspond. 

Let a and 6 in E*E give rise to homomorphisms f and g in A* 
respectively. The product of f and g in A* is defined as 

A—T+ A@A Teg Aer Ag* 

We have to show this agrees with 

EE an ae E,a 
These are the homomorphisms induced on homotopy groups by the composite maps 

E,E E,E — 1. 
€ 

BES ESE aU EER Gye EEE Ty" EF per BEV E 
aA 

and 

EE Te EE Ta’ EE oar E 

respectively. These agree because vo(] gjo(i 1) = B:E + E. We have an iso- 
morphism of rings. It follows that we have an isomorphism of bimodules because . 

the bimodule structure on E*E was defined in §2 as composition with the 
a-actions W(k) on either side. 

We now list the eight structures as in §1, but in a different order. 
1. The standard left action of A* = E*E on cohomology, E*X; 

2. Left coaction on homology, vp wt EX + A@®@ E,X, given by Theorem 5.4, 
This is a genuine coaction according to (5.3). 

3. Left coaction on cohomology, by SE*X + (A@ E)*X, given by Theorem 5.4. 
If X is finite, we can write (A @ E)*X = A® E*XxX by Theorem 2.9(b) and we 
also have a genuine coaction. Otherwise, provided 2.9(c) holds, we can write 
A ® E*X instead. Although no longer strictly a coaction, (5.3) still applies 
and the structure is just as useful. 

4. Left action of A* = E*E on homology, E,X. This is one of the best- 

kept secrets of stable homotopy theory, even in the classical case of ordinary 
homology. We simply regard E,X as a functor of E also, and then a map 

a:E + — induces the desired operation or natural transformation 

a,X:E,X + E,X. 

The one construction that survives intact is conjugation, provided we use 

the formal conjugation 3.1 consistently. This allows us to deduce the four 
right structures from the left structures with no extra work. 

5. Right coaction on homology, c(E,X) > c(E,X) @ A, deduced from the left 
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coaction by applying the canonical isomorphisms c{M @ N) *¥ceM® cN and 
identifying cA =A. (We include the c with E,X merely to maintain the 
Adams convention; it is often ignored or omitted in practice.) 

6. Right coaction on cohomology, e(E*X) + c((A@® E)*X), where we can 

often write the right side as c(E*X) @ A. 
7. Right action on cohomology, E*X, by cA*, the opposite ring to A’, 

with multiplication ca-c® = c-pdeelades (8) cgay. 
8. Right action on homology, E,X, by cA*. 

One difference from the classical case is that because the dual A* is 

defined asymmetrically and an # Np in general, the conjugation c in A is 
not linear and does not pass to A*. In general, there is no antiautomorphism 
of A* that preserves nim > A*. 

EXAMPLE. Let « be a finite-dimensional commutative algebra over the 

rationals Q, concentrated in degree zero, and take E = H(a), an Eilenberg- 

MacLane ring spectrum. In this case we have an excellent grasp of the algebra 
of cohomology operations: it is Endy (m), with «1 embedded as the subring of 
n-linear endomorphisms. One can show that there exists a m-preserving anti- 

automorphism of End) (1) if and only if « is a Poincaré duality algebra over 

Q. 

CONJECTURE. For E = MU or BP, we conjecture that there exists no 

antiautomorphism of the ring E*E that preserves 1. We have no proof at this 

time, mainly for lack of interest. Note that these groups F*E are large and 
the statement is algebraic; we are not restricting to continuous antiautomor- 

phisms, whatever they might be. 

We next study what is left of the various constructions that form the 

edges of the diagram (1.1}. As already noted, conjugation C works perfectly, 

provided we use cA* instead of A* for the right actions. Because it works 
so well, we concentrate on the left structures. 

As for duality D, E*X is no longer the dual of E,X in any generality. 

However, the Kronecker product still gives a homomorphism K:E*X + (E,X)* of 

n-modules. Given the left coaction of A on E,X, Lemma 3.4 constructs a 

left action of A* on (E,X)*, which we may compare with the left action on 

E*X. 

LEMMA. 6.2. The Kronecker product homomorphism K:E*X > (E,X)* is a 

homomorphism of left A*-modules. 

PROOF. We have to show that f(Ku) = K(au):E,X + 7, where ue E*X and 

f e¢ A* corresponds to a:E +E. By Lemma 3.4, f£(Ku) is the composite 

EX AS E,X% Te Eu A® E,E Tec 4e7 = Apt. 

We compare with 
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K(au):E,X zu E,E Ea” E,E rad iT. 

By definition, f = eE,a, and the required equality follows from the diagram 

E,X > EYE = +A 
- E,u = 

box juz | 
A@ EX Te Ea A© Bet Tee” 8 

which commutes by naturality and (5.5). 

In favorable cases K is an isomorphism by Theorem 4.2, but in general 
neither structure determines the other. 

However, partial duality D‘', in which we dualize from A to A*, works 

well by hypothesis of Theorem 5.4. 

LEMMA 6.3. Given fe A* corresponding to a e E*E, the action of f 
on E*X defined by 

E*X ar (A® EX TSS (1 ® E)*X = E*X 

agrees with the standard left action of a on E*X. And similarly for homo- 

logy, E,X. 
PROOF. The action of f£ on homology or cohomology is induced by the map 

of spectra 

Li ail 
a 

E=ES +> EE— 7 EE-> E, 
a 

which simplifies to a. 

The necessity of having a homomorphism of right 1-modules to form the 

tensor product forced us to introduce the conjugate cf of f. It may well be 
considered more natural to avoid conjugation by putting the coaction on the 

other side, using the shuffle S' instead of D‘. Our conventions require the 

right module cE*X instead, but this conjugation is purely formal and often 
omitted. For simplicity we assume X finite, although there is an obvious 
extension when Theorem 2.9(c) applies, as it does in all our applications. 

COROLLARY 6.1. Given f ¢ A* corresponding to «:E +E, the left action 

of a on E*X may be recovered from the right coaction on cE*X as the 

composite 

cE*X ares cE*X@ A Ter cE*X @ 1 = cE*X, 
R 

and similarly for homology. 

The other partial duality D" is far less useful. For actions, in the 

classical case it involved conjugation in A*, which is not available here, 
quite apart from the lack of duality between E*X and £,X%. For coactions, 

the following result expresses some relation between the coactions on E*X and 
E,X, but its significance is obscure. 
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LEMMA 6.5. For Kronecker products we have 

<M Us bx? = ny <u, X? 

for all ue E*X and x e« E,X. (The Kronecker product on the left between 
(A®@ E)*X and A@E,X is formed in the obvious way, and takes values in the 
coefficient ring A.) . 

PROOF. We have a map wpe +A® E of ring spectra, with induced coef- 
ficient ring homomorphism npn A. 

We summarize by revising {1.1}. Dashed lines indicate relationships that 
in general fail to deduce either structure from the other. 

cohomology 

or te 

w L Ke | i ss YR 
q I ! 

left \ 1 i / right (6.6) 
\ i I ‘ 

¢ ‘4 ‘ / % 
L Me +7 

Ro 
YE ¥R 

homology 

REMARK. In summary, conjugation C works all the time and partial 

duality D' half the time. Given the two left coactions on homology and cohomol- 

ogy, we can readily recover all the other structures. This is the precise 

sense in which the coactions are preferable to the actions. The multiplicativ- 
ity of the coactions is also very transparent and useful. 

REMARK. Our notation definitely favors the left coactions, following 

Adams [1]. Since conjugation works so well, one may well wonder why right 

actions or coactions are ever used. Historically, we find that all the major 

work was done, presumably unknowingly, in terms of the right coaction on 

cohomology. This is why our title is “eightfold way" rather than "fourfold 

way", quite apart from incidental connotations. 

§7. THE CLASSICAL CASE, CONCLUDED. We return to the classical case E = HF), 

the mod p Eilenberg-MacLane spectrum, to consider the rest of Milnor's paper 

[7]. In §4 he explicitly introduced the right coaction on cohomology in study- 

ing the Hopf algebra A, and se must we. As before, we write the cohomology and 

homology groups as H*X and H,X. However, X need no longer be finite, if 

we use part (c) instead of part (b) of Theorem 2.9. Since 1 = 1,E = Fo all 

m-module structures are forced and we may safely omit the formal conjugation c 
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on H*X and H,X when dealing with right coactions. 
First we take p= 2. The natural test space is infinite real projective 

space P= P_{R). Its alsolute cohomology is the polynomial algebra 
H*(P,0) = F,[t] on one generator t € x! (P,4), and we may identify the re- 
duced group H*P with the ideal (t). Being multiplicative, the right coaction 
Wp il*P + iP @ A is determined by ¥pt, which must have the form ary ® a; 
for certain well-defined elements a, & A of degree i- 1. Since * is 
an Eilenberg-MacLane space K(F,,1), this formula must hold on any class 
te Hx for any space X. In particular, we take X= Px P, Then 
YR (ttu) = pt +y Ru in H*(X,f) = F jit, uJ] yields 

z, (teu)? @a, +2, tt @a, +0, uv ® a, 
in F zit, uj 8 A, which implies that a; = 0 unless i is a power of 2. We 
therefore renumber, and proceed as in Milnor s Lemma 6. 

DEFINITION 7.1. We define elements & if A of degree 23 1 for all 
i>0O by the identity 

Nn 
= * Up_t ut @E, c IMX@A 

for any te Hix, for any space X, 
Since (1@ e)¥p_t =t®@1 by (5.3b), the counit € of A clearly satis- 

fies Bo = 1 and ce, = 0 for all i> 0. 

THEOREM 7.2. (Milnor) A= F,[6).65.63) +--+] and ‘0 =i. 
PROOF. This is Milnor's Theorem 2 for the case p = 

We break up px according to the obvious monomial basis of A. 
DEFINITION 7.3. We define the Milnor operations Sq” :H*X > H*X for each 

multiindex a on any space or spectrum X by the identity 
A 

Upx = Ey Sax @ 6° e H*X@A,. 

In particular, the Steenrod squares are recovered as Sqi = Sq?? 10,0, ... 
We have referred to y, (or was it ¥, ?) as the giant Steenrod square. One 

R L 
of can distinguish any two operations by evaluating on products tyty---t 

classes of codegree 1 on PxPx...*P, since 
_ 2 4 8 

Vatyta-+-ty = H(t, @1+ t7@ &) + t,@ + t, @&, + wee) 

involves all monomials e* nontrivially as k varies. The (generalized) 
Cartan formula is simply the statement that bp is multiplicative. 

To find the comultiplication in A we simply evaluate the diagram 
(5.3a) (conjugated) on the fundamental class t € Hp, since 7.1 defines 53 
in terms of bat. We find ; ; _ ; 

2* 2* yt 
(vp 2 L)pp_t = (,% 1j Ee t @&; = Ee (vat) @e; = zr. . € @&; Qe. 

and 
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3k 
(196 v) pt = Be t” @ pe, 

Equating coefficients yields the standard coproduct formula, 
i 

2 
= r WR = Linger £3 O Sp (7.4) 

just as in Milnor's Theorem 3. To compose Milnor operations we expand the 

general identity (5.3a), (¥p@ 1) px = (1@ W)UpXs by 7.3 to obtain 

Lag sq? sq® x@ E% @E% = t, Sq’ x ® “ee (7.5) 
Then sq’ Sq” x is given by picking out all terms involving e%@ a on the 
right with the help of (7.4), just as in Milnor's Theorem 4B. 

Similarly we can deduce the conjugations in A and A*. We extend 

ae Hex © an A-linearly in the obvious way to a (continuous) homomorphism 
¥V:H*X @ A + H*X @ A that is readily seen to be an isomorphism. 

THEOREM 7.6. (a) The inverse ylinex @A > H*X BA is the continuous 
A-linear homomorphism given by ex 1) = £. (cSq*)x OE"; 

(>) For te HP wehave ¥'(t@ 1) = z 122 @ f,. 
PROOF. For (a) we have 

¥(E, (eSq")x® 6%) = 2 sq’ (esq’)x @ —°*8 W
 

a,B 

=r sq®(eSq*)x) @&". 
a+B=y 

By the definition (8] of c this reduces to x @®i. For (b) we use 
i k i 

2 
i 

= 2 ‘-< . = © cfs) = ry t & Us ajek 55 ce = t®l, ¥(z, t 

For odd p there are some extra complications. The appropriate test 

space is now the infinite lens space L = K(F 1), whose cohomology is 

H*(L,6) = E(t) @ F [St], where E(t) denotes an exterior algebra and 8 is 

the Bockstein operation. This time, YR is determined by its values on t and 

Bt. 

DEFINITION 7.7. We define elements g3 e A of degree 2p* - 2 and 
TE A of degree 2p* - 1 for all i > 0, also an element we A of degree 
0, by the identities 

i i 
- Pp . - Pp . Vat = t@uw+ F, (st)? Br.; yest = (Bt)! SE; 

where t € nlx and X is any space. 
As before, the identity bp (teu) = et + ppu in H*(LL,§) 8 A shows 

that Ppt must take this special form. Similarly for vp8t, except that 

taking te nts! shows there can be no term in t. Again, we read off the co- 
unit homomorphism as e€&) = 1, €€, = 0 for i> 0, et; = 0 for all i, and 

ew = 1. 

THEOREM 7.8. (Milnor) We have &, = 1244 and 
0 
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A= Fo[E yb eSgo-++] © Eltgetystgy e+ )- 

PROOF. This is Milnor's Theorem 2 of [7]. 
Again, we may define the Milnor operations as the coefficients in px 

with respect to the monomial basis of A. Also, we compute the comultiplica- 
tion in A. Evaluation of (5.3a) on t, 

. as . 

(vp Lvgt = t@l@1+ zy (at)? @ tTO1+E, | (st)? * 9 Pe T 
and 

Tn 

(1@ y)vypt = t@lBl+z, (at)? @ wt, 

yields the second formula below, 

i i 
Yen = Taejon ef QE svt, 81+ Ti ion a @t (7.9) 

and the first follows from (vp @ 1)pp,Bt = (16 P)bpbt exactly as for p= 2. 
Hence composition of Milnor operations analogously to (7.5), and conjugations 
as in Theorem 7.6. 

§8. THE THOM SPECTRUM MU. In this section we study the universal operation on 
the cohomology theory MU*(-) defined by the unitary Thom spectrum MU. The 
coefficient ring 7 = 17,MU is a well-known polynomial ring over Z and 
Theorem 5.4 applies with A = MU,MU. Since our purpose is to exhibit defini- 
tions and structure, we refer to Adams [1] for detailed proofs. 

We follow the same plan as §7. The appropriate test space is infinite 
complex projective space P = P(C), whose absolute cohomology MU*(P,9) is 
the ring «[{[(x]] of formal power series in the Conner-Floyd Chern class 

x = c, (y) of the complex Hopf line bundle y over P. We may identify MU*P 
with the maximal ideal (x) in a{[{x]]. Again we use the right coaction, so 
that we need formal conjugation c to keep the various m-module structures 

straight. 

DEFINITION 8.1. We define elements by eA of degree 21 for i> 0 

by the identity 

VpcX = Ting cx'*) @ by in cMU*P@ A, 

where x = ¢,(y) € Mu’P, 
We read off the augmentations Eby = 1 and eb, =Q for i> O from 

(5.3b). 

THEOREM 8.2. (Adams) We have A = n[b,,b5,b,,.--] as ring and left 
m-module, and by =i. 

We break up p according to the monomial basis of A. 

DEFINITION.8.3. We define the Landweber-Novikov cohomology operation 

SqiMU*Y > MU*Y for each multiindex © and any Y by the identity 
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= a 7 * * bpcy = a cs y @ b in cM Y®@, A. (y € MU*Y) 

The behavior of these operations on products is immediate from the multi- 
plicativity of ¥p: which leads to the usual Cartan formula. To determine the 
comultiplication in A we apply (5.3a) to the Chern class x, conjugating of 
course. We have 

itl . jrl itl 
= ‘ ~2 E, (2. ® b, ® b.. (¥p® 1b, cx or (Hpcx) 2 db, be ( j cx ;) i 

Hence (5.3a) reduces to the identity 
k+l _ j+l itl 8.4 

I, CX & by = # (8; cx © bj) 8 by (8.4) 
k 

from which we read off by by picking out the coefficient of exk*l on the 

right. Unlike ordinary cohomology, the resulting formula is not simple. To 
compose Landweber-Novikov operations we proceed as for (7.5) by applying (5.3a) 
to a general class y, using Definition 8.3, to obtain 

, 8 oe ht (8.5 Ly 8 c(s,syy) ® bo ® b om csyy @ wb (8.5) 
, 

and picking out those terms for which be b* appears in yb’. 
Because the Hopf line bundle is universal, the formula of Definition 8.1 

remains valid for the Chern class of any complex line bundle. 
In §7, universality led to a simplification of the formula for pts but 

here the effect is quite different. If ¢ and w are two complex line 
bundles over X with Chern classes xX = c,@) and y = cy (w), the Chern class 
of the tensor product line bundle € @ w is not x + y but a certain formal 

iJ sag ol 
i+2j-2 °° power series F(x,y) = 2 a..x y’ with coefficients a 

called the formal group law or formal product for MU. This follows from the i,j “Aj ij © "2 

universal case, in which X= PxP with € and w the two bundles induced 
from y by the two projections Px P + P and Mu*(P x P,6) = a[[x,y]]. 

Applying ¥, to the equation c,(¢@ w) = F(x,y) gives, after conjugating, 
i, j : 

(pe cx YR cy Vp as. in cMU*X e, A. YR cc, (E @w) = 2 j 
i,j 

By Definition 8.1 the left side is 
i j,k+l k+l _ j 

a cF(x,y) @ by = Ey c(t xy") ® by, 
i,j ij 

which on expansion involves the 1184; e A after we transfer as; across the 
® sign. On the right side we use the fact that vp is a right 

m-homomorphism. The end result is more cleanly expressed by introducing the 
: i+l 

formal power series b(z) = Es biz for any z and working purely alge- 

braically, as 

oe i j . DEES 5 Magy PI) = Fy 5 Magy DOD b(y)? in A[[x,y]]. (8.6) 

We 1 i i j : could write this more succinctly as b(F, Gy) = F,(b(x) ,b(y)), or yet 
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b(x +r y) = b(x) tp b(y). Equating the coefficients of xn expresses 
Ypaon inductively in terms of the a.. and the b,. Now Quillen proved [9] 

i) 
Loij 

(or see Adams [1]) that the elements as, generate the ring 1, so that we 
have expressed the homomorphism Npit > A in terms of 1 and b- 

The generators a of « are clearly not very practical. It is more 

convenient to work rationally by using the rational Hurewicz map 
h:MU = MUS > MU H = MU,H % H (we apply Lemma 2.8) of ring spectra, where we 
write H = 11(Q) for the rational Eilenberg-MacLane spectrum, On coefficient 
groups it induces by definition the rational Hurewicz homomorphism 

h,:7 > MU,H. This is a rational isomorphism, which we use to identify MU,|l 
with the rationalization "% of «. Then h induces the rational Hurewicz 
natural transformations h:MU,X > 40 H,X and hiMU*X + TM% &, H*X, where 
of course we are writing H*X and H,X for cohomology and homology with 
rational coefficients. In homology h always induces an isomorphism 
(MUX) 4 2 TM% ®y l,X, and in cohomology we have a monomorphism when there is no 
torsion. 

Now hx remains a Chern class for y, and 74% H*(P,6) = mal {hx} - 
But MUH inherits another Chern class x' = cla) from ordinary cohomology, 
which we therefore express in terms of hx. That is, we define elements 

m, € TM) of degree 2i for all i> 0 by the identity 
Heo _ itl. a 

c,(y) = log (he, (y)) = Big n, ® he, (y) in T, ® H*P, (8.7) 

: : : : : %0 i+ which defines the formal logarithmic series log z = Es mz 1 over Ty: 
Closer examination of h and the Conner-Floyd Chern class reveals that 
My = 1 and that % is the polynomial ring Q{m,,mz,mz,---] . By the uni- 
versality of y, (8.7) extends to any line bundle over any space. Then the 
identity che ® uw) = cle) + cw) in ordinary cohomology, combined with 
(8.7) and the formal group law, yields the identity 

log F(x,y) = log x + log y in my [boy]. 

This identity gives the logarithmic series its name and allows one to solve for 
the as j in terms of the m,, for example 

_ -_ 2 _ 3 _ 3 
=-2m), 454° Sm,+4my a,,7-4mz+l2m)m,-8m), a,j=-6m_+24m,m,-20m 

22 3 12 1’ 

(Here and later, the dots mean that one can compute as far as one wishes, not 
as 

that one can write down the answers in advance.) 

The commutative square of maps of ring spectra 

MU = MUS —y a> MU MU 
1. h hs 

MUN = MUSH —>—777* MUMU_H 
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induces, by Lemma 2.8, Theorem 5.4 and the remarks above, the commutative 
square of ring homomorphisms 

Aw 
ee * WP + AB mer 

hn F Bh (8.8) 
A yep ——_-— > AS 1, O.10P TA, 8, HYP 

742 o pte 1 x "pQ a 

We may identify the bottom line with n,® 1, where rit, > Ny denotes the 

rationalization of nit +A. We evaluate (8.8) on the MU-Chern class x. By 

Definition 8.1, ox = cb(x) = Ee cb; @ xit) so that by commutativity, ¥H® 1 
takes hx to cb{hx). It therefore takes log hx to log L cb(hx), where we 

write formally lo z=. nm zitl =n * matty (98 1 4 LT: L 
to 118 x', where x' ¢ H“P denotes the Chern class in ordinary cohomology, 

log z, and it plainly takes 16 x' 

On each side we now use 1@ x' = log hx. Then in Ag ®o H*P we find 

log, hx = log, cb(hx), where similarly log, z= Tp log z. Finally, we replace 

hx by the formal indeterminate 2 and conjugate to obtain 

log, 2 = log, b(z) in Ag{{z]] (8.9) 

Equating coefficients of zntl then expresses npn, inductively in terms of 
the Rs and ae as required. 

If instead of conjugating log, z3 log, cb(z) we replace z by the 

series b{z) and compare with (8.9), we see that log,. eb(b(z)) = log, z and 

hence cb{b(z)) = z. In other words, cb(z) is the inverse series to b(z) 

with coefficients 

+14b4 _ 2 _ 3 = cb,=-b,, chy=-b,+by> ch ,=-b,+5b b.-5Sb), cb,=-b,+6b i‘. 
12 "1 

and we have the conjugation in A. 

2 2 
b3t5b2-21b)b, 

(8.10) 

§9. THE BROWN-PETERSON SPECTRUM BP. In this section we study the universal 

operation for BP-cohomology, where BP denotes the Brown-Peterson spectrum for 

the prime p. The plan differs somewhat from §7. For the rest of this paper 

all tensor products are taken over 1 = 7,BP unless otherwise indicated. 
We recall some elementary facts about BP. In [9], Quillen constructed it 

as a summand of the localization at p of MU, and the canonical map MU + BP 

takes m, € H,MU to an element we call m, e H,BP if i= p? -~ 1, or to 0 
if i is not of this form. Then H,BP = Z (py [my »My>--- ]. The canonical map 

equips BP-theory with a Chern class, whose formal logarithmic series is there- 

fore 
2 3 

log z= z+ m,zP + m2? + maz? + 4... 

The Hurewicz homomorphism embeds 7,BP. in H,BP. Hazewinkel constructed 

[6] convenient polynomial generators Vv, € 1,BP over 2 0p) of degree 2(p-1) 
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for all i> 0 by the formula 
i 

+ 
lo Zz ad : . Pp Pp iog pz + tee} log V52 

or, expanding and equating coefficients, 

= n-1 Pp ‘EY . 
vy, = Pm, - Bye] MV 5 (931) 

For example, for p= 2 we find 
- 3 . og ‘ 

= 2 = - = = yy 2m» Vy 2m, 4m); eee and m= v,/2, meV of 2 + vi/4, wee 

Quillen constructed | a map of ring spectra r:BP + BP[t,, tyr---], where 

ty also has degree 2(pt -1), by requiring r,:H,BP + HPL t, tosees] to be 
given by the formula , 

i 
xr, log z= ri 20 log (P t,), where ty = ol, (9.2) 

He did not state whether this "coaction" of Z{t),to---] was to be considered 

a left coaction or right coaction. 

On the other hand, Adams defined [1, Theorem 16.1, p.112] elements 

t, eA BP,BP by the formula 

log, z= Be a0 logy LP in Agt{z]] (9.3) 
where, just as in §8, we work rationally and extend the two unit homomorphisms 
ny, and Np to H,BP + Ay to define. the series log, z and logy z. Of 

course, he had to prove that ty actually lies in A rather -than Ag: 

THEOREM 9.4. (Adams) A = m[t,,t,.tz,.--] and ty = 1. 

We have the obvious problem of reconciling the two different sets of t;, 

which lie in different groups. Consider the right coaction pH, BP > HBP @ A. 

By (9.3) we have i 

= = Pp bp log z= log, z ory log, ae ti)z , 

which we compare with (9.2). 

COROLLARY 9.5. We can identify the right coaction Wp i BP +> BP ®, A with 

Quillen's map Yr:BP. > BP @, z{t,, ..] = BP @. m[t tos: ~.], (We have of 
course slightly extended the notation of §2 in allowing tensor products the 
other way round.) 

From the map r, Quillen obtained cohomology operations by taking coef- 
ficients of the monomials t’, and showed that they give rise to all operations 
We recast these as in Definitions 7.3 and 8.3. 

DEFINITION 9.6. For each multiindex a we define the Quillen cohomology 
Pp i :BP* * tit operation Yr, BP*X + BP*X by the identity ‘ 

vp cy = ry c(r, y) @ e* in cBP*X@ A. 

Just as in (7.5) and (8.5), we can compose ‘Quillen operations as soon as 

ee 
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we know the comultiplication @ in A. This may be found by applying the bi- 
module homomorphism WiA > A® A to (9.3), once we know Np in terms of ny 
and the t,- Let us continue to write vi = WY; e A and introduce the 

ARV; e A. Then (9.1) and (9.3) express the we in terms of 
the Vv; and t,>.and for p= 2 we find 
notation ws = 

: 2 3 
V4 - ave t. - Sv,t] + 2t, - 4t wee ; (9.7) 

w, =v, + 2t Ww 2 i. 
1 l pv “2 > Y2 bl ae 

Alternatively, one sometimes needs vn in terms of the Ws and tis for 
example (if p =2) 

= a 2 2 3 
vy, = Wyo 2th V2 = Wo + 3ty¥) - TtyWy - 2t, + 6th, wee (9.8) 

For p= 2. the results for the comultiplication are 

ii
 t,® 1+] St, 

. * bt, * t,® 1+t, @t,- vty Otytl @tg- = to® 1+2t] @t, *Sty Oty fot, @tywytlB ty. 
Many more formulae are given by Giambalvo [5]. 

vt, 

The conjugation c in A may be computed by conjugating (9.3) to give 
log, Zz qs log R (et, and expanding. For p = 2 the results are 

~ _ 3 20. 3 (2 
ct, = wtp ct, = wt, wth - vith t, + ty “ thy 

We shall need to apply the universal operation to Chern classes. Just as 
(9.10) 

in Definition 8,1 for MU, we can define elements b, e A by the identity 
a itl . 5 

Up eX = Esa CX @b, in BP*X @ A, (9.11) 

valid for the BP-Chern-class x = ce, ) -of any line bundle. €. To express 
b; ‘in terms of ‘the previous generators of A, it is convenient to introduce 
the conjugates h, = ct, e-A, following Bendersky [3]. ; 

LEMMA 9.12. We have log, b(z) = log, 2 = £; log, hz? , where 
b(z) = 2, bz". . Z 

PROOF. The first equality is (8.9), which remains valid here. The 
second is, the conjugate of (9.3). 

Finally we. read off the, formulae for p and coon hy in case p= 2 
from (9.9) and (9.10) as follows: 

hy = h,® 1+1@h, 

_ 2 ue ete _ , 2 
vh, = h,® 1-vjh, ©h, 5h 8 hyt2h, Shy elo he = h,@ I-h,@ hw, +h) @h, +1@ h,. 

and 

ae -. 3 2 3 2 
chy = he ch, = hy + hy vyhy = zh, - hy - hyyy- (9.14) 

§10. UNIVERSAL UNSTABLE OPERATIONS. In this section we extend our theory of 
universal operations to unstable cohomology operations, with emphasis on 
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BP-theory. This work is of course based -heavily ‘on Ravenel-Widson [10]. For» 

future reference we begin more generally, with a commutative ring ‘spectrum 2 Be 
having coefficient ring # = 17,E, and a second spectrum G.. Tensor products 

are taken over wm. Throughout this section X will denote a CW-space rather 

than a spectrum. 

On the homotopy category of based spaces, the cohomology group functor GPx 
of X is repres ented by a space Ga cx 2 [X,G], where the spaces &, form 
the g-spectrum corresponding to G. By the Yoneda lemma, cohomology 

operations Gy + E*X correspond to elements of E“G,- Since we no longer 
have additive categories, unstable operations need not be additive (for 

example, if a and g are additive operations, the operation y defined by 

YX = axeBx is rarely additive). We need to know which elements of BwG, 

correspond to additive operations. 

We assume we have duality, ENG. = (E,G )*. Slightly more generally, we 
take a free right t-module M and consider operations GPx + (M® E)*X, which 
are classified by (M® E)*G- We assume the universal coefficient theorem 

4.2 applies, (¥@ E)*G, = Hom, (E.G cM) , and ask which homomorphisms 
EG. * cM correspond to additive cohomology operations. 

Now addition in G"X is induced by a multiplication map u on S that 
makes & an H~space (indeed, an infini te loop space), and E,@G .#) thus 

becomes a T-algebra with units E,(0,#) = TM inherited from the basepoint o of 

G. The map G * 0 induces an augmentation E, G,.9) +1 of which 

EG. = E,(G_,0) is the augmentation ideal, which allows us to consider the 

"indecomposables" QE,G, = QE, (GA) of the algebra EG» B) as a quotient 

of E,G.- 

LEMMA 10,1. Under suitable hypotheses on G and E, in particular if 

G = E = BP, 

(a) the operation G"x + E*X corresponding to a homomorphism F:E,G) +7 

is additive if and only if f factors through QE,G > so that the additive 

operations correspond to the dual (QE,G)*: 

(b} the operation ay + (M@E)*X corresponding to a homomorphism 
F:E,G. +cN is additive if and only if f factors through QE, so that 

the additive operations correspond to Hom, (QE,G.> cM). 

PROOF. We prove (b), of which (a) is a special case. Let 
n 

a:G'x + (M@® E)*X be the operation, and assume given elements x, y « GX, that 
is, maps of spaces x, yiX *G- The element a(x+y) is the composite 

Xa XK a Sk Sy 
where A is the diagonal map, while ax and ay are simply the composites 

> G ——— > M® E, 
no o@ 

aox and aey. The universal example is given by X= GxG, with 
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xX = pik > G and: yr = py:X +&. the projections to the factors, and the 
necessary and sufficient condition for additivity is therefore 
aun = aep, + ap: Ge Gy +M@E. If the universal coefficient theorem 4.2 
holds also for (M® E)* (G, xG ? the condition reduces to 
fou, = foPae + fops,:Fy (Gx, ) + cM. We further assume the Kunneth formula, 
that the pairing E,(G),9) @E,G Pp) FE »(GXG, B) is an isomorphism (or at 
least epic). By means of the splitting E «(G, 0) == E, G ® 7, the condition 
reduces to f(ab) = 0 for all a, be E,G.> as required. Results of Ravenel~ 
Wilson [10] show that all the assumptions we made hold if G=E= BP, 

We extend our previous definition 5.1 of universal operations in the 

obvious way to unstable operations. 

DEFINITION 10.2. . Given an integer n and a free right m-module R, we 
call a natural operation vie X+ (R®, E)*X a universal unstable ‘operation 

if given any operation @:E®X + (M@_ E)*X, where M is a free right 1-module, 
there exists a unique homomorphism g:R+M of right t-modules that makes 
the diagram 

E"X 5 > (R@ E)*X 
: L 

6 (M@ E)*X 

commute. If Vr is additive and the condition is required only for additive 

operations 6, we call Ve a universal additive unstable operation. 
If we have for each n amodule R” and.an operation vp: BMX > cr” ® EX, 

we assemble these. to form the operation - vp: -E*X + (R*¥ ® E)*X, where R*- 

is now bigraded (not ‘the dual of anything) and Ye preserves the new grading. 
If, further, R* is a-ring (a right w-algebra in the terminology of Lemma 2.7), 

R* @® E becomes a ring spectrum and we can ask whether ve is multiplicative. 

The definitions of the universal multiplicative unstable operation and the 

universal additive multiplicative unstable operation should now be clear. 
As usual, ‘each of the four kinds of universal operation is unique up to 

isomorphism if it. exists. As in the stable case, existence is also easy if we 
assume enough. From now on we concentrate on the case E = BP. 

THEOREM 10.3. For BP we have the following universal unstable opera- 

tions: 
A 

(a) yp BPMX + cBP,BP @., BP*X is universal, for each n; 
(b) pp iBP*X + cBP, BP, @ BP*X is universal. multiplicative, where BP, BP, 

is endowed with the circle multiplication [10]; 
n na . . (c) vo BP X + cQ, @. BP*X is universal additive, for each n, where we 

write Qe = QBP, BP ; 
(d) ce BP*X + CQ, @ BP*X is universal additive multiplicative. 
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PROOF. Results of Ravenel~Wilson’ [10] show that’ BP,BP_- and Q) are. 
free left n-modules of finite type, so that the target» cohomology: theories are! 

defined and satisfy Theorem 2.9(c}. In (a), given an operation: ? ‘6; or : 

map 0: BP +M® BP, the homomorphism of left 1-modules: 

g(0):BP,BP_—5—> BP, (M® BP) = M@ BP,BP rk = oM 
(using two conjugation isomorphisms) sets up the 1-1 correspondence between 

operations 6 and homomorphisms g(8) for the universal coefficient 

theorem 4.2. As in Theorem 5.4, we define vy by requiring gb) to be the 

identity homomorphism of BP,BP > whence it follows by naturality that ¥, as 

universal, As n varies, these are also multiplicative, because cup 

products in BP*X are induced by maps of spaces BP BP. > BP en which 

Ravenel and Wilson use to invest BP,BP, with the circle product structure. 

Because g(6 is evidently multiplicative whenever 6 is, we have (b). 

Part (c) follows easily from (a), since Lemma 10.1 shows that everything 

factors through Qe = QBP, BP. Then (d) is similar to (b), since the circle 
product on BP,BP, passes through to make Q* a bigraded algebra. 

The nonadditive operations (a) and (b) appear difficult to use, and are 

properly handled by the Hopf ring structure on BP,BP, that Ravenel and Wilson 

set up. We shall say no more about them. 

From now on we concentrate on the left coactions (c) and (d) and the 

relevant bigraded commutative algebra Q*%, whose multiplication comes from the 

circle product (the star product, induced by the H-space structure of Be 
having disappeared from sight). We regard elements of Q as having degree 
i-n or, equivalently, codegree n- i. As usual, our machinery tends to 

produce left n-modules, when our conventions require a right module to forma” 
tensor product. ~We have chosen to conjugate Q formally, but we could 
equally well consider the right coaction AR’ :eBPTMX > cBP*x & Qe which differs 
only formally from: ve: 

As in Theorem 5.2 for the stable case, the universality of Q. already 
implies much structure. 

The left unit ring homomorphism nytt > Q, is induced by 
tBP,S > BP BP, and gives each Qe QBP,BP its usual free left u-module 

structure. We clearly have np im ,BP > ~¥. Since Q has no torsion, we de- 
fine the series log, z= np log z over Q, rationalized, as in §8. 

The right unit t7 + Q, is defined as 

Np = ¥,Sin BP = BPS + cQ"@ BP*S 2 eq? = a" . 

In fact, ApiTM nbP > O° » and we have a ring homom6rphism as n varies, by the 
multiplicativity of vy It is used to make Q a right T-module, and to 
define the series log, z= log z. "R 
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"REMARK. It is, amusing to note that Qr is also a free right x-module, 
but so far this is a-theorem in search of an application. 

* 

The comultiplication VG > Q © Qe is defined by the universal property 
of (c) to make the diagram 

n NS ans BPX rr ne cQ, @ BP*X 

fr | cy @ 1 
ne woe ng ** oo, cQ, @ BP “TSU, cQ, A) cQ, @ BP*X 

commute. It involves only elements of the form x @ y with xe Q and 
ye oH for the same j. By the universality of (d), we find a ring homo- 
morphism as n and i vary. 

- The augmentation e:Qh +a is defined to make the diagram 

BPrx ———;——+ Qt & apex 
| L |ce @1 
BP*X + r ® BP*x 

commute. Again a ring homomorphism as n varies, It is a left and right 

counit for Jv. : 

In the unstable case there is extra structure. We define the suspension 
wan n+] . : ; 2:Q: > Qed to make the diagram 

a 

BP" x 5 + cQi@ Bp*x 
y L | % le 5@1 

A ppt} 5 x — Ql S pps x x ¥ ght! S ppex 

commute. It is of course nat multiplicative, because £:BPTMXx ¥ ppr*l xX is 
not. However, this may be regarded as an isomorphism of BP*X-modules, from 

* 
which it follows that U(a+b) = (2 a)*b in Q,. Therefore £ is nothing but 
multiplication by the suspension clement e = £1 « Q- Alternatively, e is 
the image of 1 under the homomorphism 

BP,S—r—> BP,BP, = BP, = BP, > BP,BP, > QBP,BP 
* 0 

where we use the structure map = BPo > BR, of the &-spectrum BP,. 

1’ 

Finally, we may regard any stable operation as an unstable operation on 
BP"X for any n, which leads to the stabilization homomorphism 
oQt +A = BP,BP, defined to make the diagram 

BPnx —— cand ppex 
rere 
BPTMy ——+ A@ px 

YL 
commute, where of course we identify cA with A as usual. This too gives 

* 

a ring homomorphism o:Q, * A, which, by comparison of the definitions here 
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with the stable definitions in §5 and repeated use. of universal properties, 

carries the structure of Q. into the corresponding structure of A, except 
that ce =l1. 

There is no internal conjugation in Q., as will be obvious once we give 
the structure of Q.. 

* 
We need generators for the algebra Q,. The llazewinkel generators v5 

of a yield elements MY; & Q° that we continue to denote Vs> and elements 
* 

w € Q% (written [v5] in Ravenel-Wilson [10]}. We already defined the . = nV; 
i Ri 

suspension clement e ¢€ a . We define elements b; € Cie for i> O as 
in Definition 8.1 (except that now we work unstably and use the left coaction), 

a j “a WX = Big cb, @x'*) in cQ@ Bprx (10.4) 
where xX = c, @) is the B8P-Chern class of any complex line bundle §& over X, 

| * and use them to define the formal power series b(z) = or bz over Q,. 
THEOREM 10,5. For a = QBP,BP, we have: 
(a) Q is the bigraded algebra with generators e, b,. V5 and Ws and 

relations e log Lz? log, b(z), in partacular, by e; 
(b) a:Q +A is monic for all n; 

a
 

2p*) for all i> 0 by {c) we can define elements hy € ¢ (where n 
oh, = h, = ct, € A3 

i i i 

(d) o:Qy >A is the homomorphism of rings and of bimodules that carries 
e to 1, hy to his Vv, t2 Vy, ¥, to w,, and bs to ba 

(e) Qk is the bigraded algebra with generators e, h,, v5 and Ws and 
. 2 ae i. . 2 

relations e log, z= Es log, h,2P » in particular, ho =e", 

PROOF. This result is essentially due to Ravenel and Wilson [10]. They 

show (b) and that Q. is torsion-free, so that we may safely work rationally. 
The relation in (a) is the appropriate destabilization of (8.9), either by 

using (b) or paralleling the proof of (8.9). Equating coefficients of zitl 
when i+l is not a power of p expresses b in terms of other generators, 

so that we need only those b; with i of the form p'-1, which we write 
b y* Equating coefficients of ape gives (n 

ev = Chel bP” + less interesting terms, 
and Theorems 3.14 and 5.3 of [10] show in effect that these are sufficient 

relations. 

By using the formal group law of BP, we can express log, b(z) in the 

form ory log, gn for well defined elements 8, € Qoer? given only that 
b(z) is defined over Q?. However, comparison with (a) shows by induction 
that g; = QO unless i+1 = p" for some n, We therefore relabel such 8; 
as hoe Moreover, by construction aes) = h, modulo decomposables, which shows 

that (e) follows from (a). Comparison of (e} with Lemma 9.12 shows that the 
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élement * hy just defined does indeed stabilize to hy = ct; in A. The rest 

of the proof is now clear. 

By the universal property, we may recover any additive unstable operation 

on PO) by composing oy with a suitable homomorphism ef left 1-modules 

f£:Q, > 7. 

EXAMPLE. Let us define a ring homomorphism £:Qeven + F on generators 
by fb(z} = [p]z, the usual p-series (defined by log [p]z = p log z),fv, = Vi, 

fw. = y¥. and fe~ = p, which is consistent with (a), and extend additively to 

all of Q, by ff(ey). = fy for ye Qy . This defines Novikov's unstable 

yP operation on BP*(-), such that yy = [p]x on the Chern class x «€ BP-X 
of any line bundle over X. It is multiplicative, except for an extra factor 

p when two odd classes are multiplied. 

REMARK. In Theorem 10.5 it is not a matter of choice that we use the 
elements hy rather than t;- One can show that ty dees not desuspend to 

Qe for i>o. 
REMARK. Part (b) of Theorem 19.5 is extremely useful for computations. 

To compute wy etc. in Q. we merely have to do (or quote) the calculations 
in A and destabilize. For example, when p = 2 we find 

_ _ 2 why = hy ® ho» vhy = h, ® ho + hy ® hy, 

wh, =h,@h +h°@h, - heh @hhw, +h’ @h 2 = hy @ hy + hy @ hy - boh, @ hohyw, + hy @ hy, ... 

Also, the counit e« is read off directly as ch, = l, ev. = v.= ews, ch, = 0 

(10.6) 

for i> 0, eb, = 0 for i> 0, and ce = l. 

We pointed out in §6 that stably, the left coactions on homology and co- 

homology were the only ones we needed to study because all the other structures 
were readily deducible from these two. We close this section by pointing out 
that the left coaction on homology remains useful unstably. 

: We consider only the simplest case where BP*X is a free s-module and 
a free coalgebra, s0 that it is sufficient to study the primitives, P(BP,X). 
For any left A-comodule M, define U(M) as the subgroup of A@ M spanned 

by all elements of the form h* ® m, where deg(m) > 2E a; M is called an 
unstable comodule if its coaction vp eM +>AQM factors through U(M). 

THEOREM 10.7. For X as above, P(BP,X) is an unstable A-comodule. 

PROOF. See §8 of Bendersky-Curtis-Miller [3]. 

S11. AN APPLICATION TO DESUSPENSION. This section demonstrates that our 

machinery can be used directly to produce concrete topological results. Our 
application is due te Wilson [11] and the methods are in principle the same, 
although our calculations are independent (and not guaranteed). We apply 

BP-theory for the prime p = 2, and all tensor products are taken over 
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m= 7, BP. 

THEOREM 11.1. The real stunted projective space X = peer) cannot 
be desuspended 11 times: that is, there does not exist a space Y with 

gly homotopy-equivalent to X. 
Note that although X is in the stable range, Y is highly unstable. 

To calculate BP*X we use various Atiyah-Hirzebruch spectral sequences 

that all obviously collapse. We know BP*(P’ (C),f) = nf{[x]], where x = ey) 
is the Chern class of the complex Hopf line bundle y. Naturality of the 

Spectral sequence identifies BP*P.(C) with the ideal (x8) in «f{[x]], and 
BP*P etc) with the quotient of this group by od4y, The map of spectral se- 
quences induced by the complexification map X + Pa (C) shows that the images 
of the elements x’ for 8 <i< 13 generate BP*X as w-module. We con- 
tinue to denote these images by xt even though products in BP*X are trivial, 
Moreover, x8 generates a free summand in BP*X, while there are relations 
2x) 0 modulo higher filtration for i > 8. 

To determine the exact relations in BP*X we first consider the complexi- 
fication P’(R) > P’(C). on P’(R), Y is the complexification of the real 
Hopf line bundle and therefore cy) (y® y) = 0. This leads to the relation 

[2]x = 0 (see §10), where 

2.3 (2]x = 2x -+-v x? + QvVIx7 ~ (7v,+8v))x" + (30v,v,#26v4)x° # ae. 1 1 

More spectral sequences show that as -algebra, BP*(P” (R),f) is generated by 
x with this the only relation, and P"(R) + P],(R) identifies BP*PT_(R) 
with the ideal (x?) in BP*(P (R),2). Finally, the map X > Py7(R) shows 

+20 for i> 8, that the relations we seek in BP*X are precisely ([2] x) +x 

The results simplify as follows. 

LEMMA 11.2. As w-module, BP*X is generated by the elements x’ for 
8 < i< 13 subject to the following relations: 

2x13 = 0, and pp7oy = 2/2, generated by x5, 
2x12 = ve, and so 4xh2 = 0 and Bpe4x = 2/4, generated by x2, 
2x11 = vx, so that gx! = 0 and BP?*x = 2/8, generated by xl}, 
2x10 = vx - vax + vox, so that 16x? = 0; 
2x? = vx - vox? + 3vx'*, so that 32x" = 0, 

From now on we abbreviate by writing M = BP*X. Because everything in M 

is defined (indirectly) in terms of a and Chern classes without ambiguity, 

(9.11), with the help of Lemma 9.12, gives complete information on the stable 

operations in M. In other words, we can compute the stable coaction 

by oM > A @M, 
L 8 ll We concentrate on the “bottom class" x in M. If X= EY, there is 
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yrBP ox Y pp’y > cQ?@ BPty ¥ cQ?o M 
which must stabilize under 6:02 + A to the known stable coaction on M. 
Thus our first question is whether we « A@M lifts to 02 @ M; such a 
lifting corresponds to choosing values for the unstable operations on x that 

stabilize correctly. The condition turns out to be rather weak and liftings 

do exist. ; 

There is much more structure, however. If X desuspends, there are co- 

actions ve :BP"X + <Q ui ®M for all n that respect all the structure in 
§10, including the comultiplication in Q.; this corresponds to choosing un- 
stable operations on all generators of M that compose correctly. Unfortu- 

nately, this is a nonlinear problem. We linearize it by composing the proposed 

unstable operations on x8 with only the known stable operations on M. 
LEMMA 11.3. (a) There is a coaction Vie +*A® Qe that makes 

o:q0 + A a homomorphism of A-comodules; 
(b) for any space Y, the diagram 

pty = cQ? ® BPtY 
ve L | cH, @ 1 

| ; 

cQe @ BPYY ——=——> 0Q" @ A® BP*Y 
* 18 Or 

commutes ; 

(c) the coaction pp rBPrY + cQ" @ BP*Y factors through the cotensor 
product cQU Tq , BP*Y cg? @ BPry, 

PROOF. The universal property of oe :BP"Y + cQ?@ BP*Y defines 
ve :Qa >A at to make (b) true, and shows.that it is a coaction and stabi- 
lizes to p:A > A@®@ A. The cotenser product is defined to make {c) equiva- 

lent to (b). 

We plan to prove Theorem 11.1 by showing that vpx 8 is not in the image 
of coffl: o> CiM>ACM #M. In this case the groups are small enough that 
direct computation of the cotensor product is feasible, if unpleasant. To 

have any prospect of generalization, we clearly need a better method. We write 

<Q? Ch M= Cotors (cQ .M) and compute it by resolving Q° {the reverse of the 
usual approach in homological algebra). 

We need only the first two terms of the resolution and we compute up to 

stable degree 10 for this example. (Our results are of course applicable 

more generally, to give obstructions to the existence of a 4-connected 

i5-dimensional space of any known stable type.) The Ravenel-Wilson basis [10] 

of Qe in these degrees (modified as in Theorem 10.5 by using hy rather 
than vel )? consists of the 9 elements: 

eho, ehh ? chi, eh pho ch Wo, eh usb ehah w 1 h hows, chahiw, . » eh, 1 
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These stabilize to A in the obvious way (see Theorem 10.5) except for 

o(ehew,) = v, + 3vph, - Tvyhi - 2h, + 6h, 
ofehghyw,) = voh, + Sviht - 7v he - 2h h, + ohi, 

o(ehghyhaw,) = vyhyh, ~ 2hoh,, 

o(ehphtw.) = vjh? + Sven? - Thy - 2hth, + 6h?. 
We use row reduction on the matrix of o over the local ring 2 . to re- 

(2) ' 
place these four basis elements by more convenient ones Ig? Igr Iy9 and q 

0 
(subscripts denote degree), defined by their stabilizations (see Theorem 10.5). 

3 4 3 _ 5 4 to 2 ? ode = 2hy + vyhy, F419 = 2hy + via 9419 = 2hyh- 

The kind of resolution we need is a minimal m-split resolution of Q° by 

846 = 2h 

cofree A-comodules, 

5 + 
Be Sg a 

with splitting homomorphisms Sy iC > q° and $,:C, + Cy of a-modules such 
that Soon = 1 and s,ed + NS, = 1. We take Cc. =A®@ Fi with the obvious 

A-comodule structure, where FS is a free n-module. Cofreeness means that 

given any homomorphism u:N + Fe of m-modules, where N is an A-comodule, 

there is a unique homomorphism u:N + Cc. of A-comodules such that 

ii = (€@ ljeu, namely 

VG AS Nye A® Fo=¢, (11.4) 

0 and d:Cy > Fie 

We take F, to be a-free on generators f., f£, and fio with ~ Ss 0 0° "6 
n:Q) + F. defined by 

Thus we need specify only 7:Q° >F 

0 
— 2 _ ~ _ _ _ 

n(ehp) = fo: 46 = fos "ig = fio? 

and zero on the other basis elements. We use the comodule structure in Q° 
(computed stably in A by (9.13)) and (11.4) to deduce n:Q°+ A@F 0 on 

basis elements: 

n(eho) = 1@ £,, 

n(ehghy) = h, @ fy, 

n(eh?) = hi @ £,, 
n(eh ha) = hy ® £5, 

u
 ng, = 2h] @ f+ 1 £,, 

n(ehyh) = hh, Of, +h, @ £, 172 
4. 13 (2hy+v hy) @ £5 + Sh, ® £,, iT

 Ng tv h 
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5 A 2 
"419 = (2h, +v,hy) @ fy - vyhy g f, + 16h, @ £6 +16 Fig? 

2, . 2 
= > ; f M4"y9 2h hy & fy 2v,h, @ f, + 9h7 @ 

lil 6 1 6° 

We introduced the extra elements f and fio precisely to allow a splitting 

So! Cy + Q?, given on the 1-basis elements of . Cy by: 
= eh2 = 2 = eh? =eh,h s)(1 2 fy) = eho, Sy (hy & fy) = ehh, Sy {hy @ Ey) eh), s {hs @ fo) ehoh., 

4 x= = ® =o 8,0 ® f,) qe: Sy (hh, @ fy) eh,h,, Sp) fh, ® fe) 93/55 sp (hi 6) qf 
3 4 5 2 - Sy (1 @ fio) = Wo? and zero on h) ®@ fy: hy & fo» h) @ fy and hyh, ® fy: 

Next we need d:C, > c, =A® Fi> where ay must be large enough to 

0 that Sp kills. We take Fy 

free on two generators && and Bae and specify d(h}@ £ 9 = 8 and 

take care of the four basis elements of C 

ath ®@ ‘0 = Bg. The requirement den = 0 forces the complete specification 
of 5: Cy Fy to be: 

— 3 . 

d(h) ®@ f) = Fes 

d(1 @ £,) = ~2g,, 

re 
d(h, © £5) = &, 

d(h, ® £6) = -(2/5)g, - (1/5), 86, 
d(hyh, ® £5) = (2/5)gg+ (1/S)vy E65 

d(hy ® fg) = -(4/45)vyRg - (2/45)vi86, 
d® fio) = -(51/45)v, 8, + (7/45) vig6, 

and zero on.the other -basis elements -of fo: Then by (11.4), 

3 = 

4 gly | 

5 = d(hy ® £5) = 10h? @ & + Sh 12 8 
d(hth, ® fy) = -vyh) @ g, + The @ & + 2h, @ gy. 

These four elements may be extended to a a-basis of Cy, en account. of the 
presence of the terms 1 @ eo 1®@ &g> hy @ 8g and h? ® 8 respectively. 

It follows that Sy exists as required. Fortunately, we need no more of d. 
The cofreeness of Cc. implies an isomorphism cCsT ln MS cF.& M, in- 

duced by 1.©® vp ick; QM cF. B@AQM= “4 ®M. Hence 

5 cQ, Th M= Ker (cdf Ui :cC, Ty Mo> cGy mn M) == ker(d, ick & Moo cF, @® M), 

where the homomorphism d, is defined as 

CFy@ Ney Fy © ASN oF @ M, 8 1@y, cd® 1} 
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W
e

 

We really want the stabilization cofp:cQ@Ci, M>A Cl, M M. In our bases, 

o:Q° + A factors very easily as ‘ 

0” o ie@q Ae =A, 

where aiFy +m is the m-module homomorphism given by qfy = l, qf, = 0 and 

afi = 0. Therefore in view of Lemma 11.2, candidates for the unstable vx? 
11 have the form y = cf, ®@ x2 + cf, @ax” + cf.) bx! 3 in cFy ©M, where a 

and b are integer coefficients defined mod 8 and mod 2 respectively. 

We use the stable coaction on M, computed by (9.11) and Lemma 9.12, to find: 

8 12 d, (cf, @ x ) ® cg, ® 2x", 

12 + cg, @ 4xh | 
+ ce, @ axtt 

11 
d, (cf, @x ) cE, 2x 

13, _ 12 d, (cf, @ xo") = cg, ® 2x 

so that dyy = ce, © (4a+4b)x!? + CB, ® (2+2a+2b)x!?, Hence d,y = 0 
if and only if 4a + 4b = 0 mod 8 and 2 + 2a+ 2b = 0 mod 4. These 

evidently admit no solutions, which establishes Theorem 11.1. 

REMARK. The space X is small enough to be accessible by various bare- 

hand methods. For example, Theorem 11.1 can be proved by secondary operations 
in ordinary cohomology. However, one should note in contrast how little 

intelligence is used in our calculations, thanks to the richer structure of 

BP*X. We use primary operations, and those only in an obvious way. We had 

{and still have) no idea which operation is the one that works, so in effect 
we computed all of them. 
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