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A CHARACTERIZATION OF THE SPECTRAL LIE OPERAD

MAX BLANS AND GIJS HEUTS

ABSTRACT. In this paper we study the structure of the co-category of spectral Lie
algebras. We show that this co-category admits an interesting symmetric monoidal
structure, defined by an analog of the smash product of pointed spaces, and that
the free Lie algebra functor Sp — Lie(Sp) is symmetric monoidal with respect to
it. Moreover, this property of the free functor essentially characterizes the spectral
Lie operad (among nonunital operads in spectra). This result may be thought of
as Koszul dual to the more familiar fact that the free commutative algebra functor
takes direct sums to tensor products. One of the key ideas is that the oco-category of
spectral Lie algebras behaves in many ways like the co-category of pointed spaces.
More precisely, we deduce structural facts about spectral Lie algebras from familiar
statements about spaces by differentiating, in the sense of Goodwillie calculus. The
tool to do this is the highly structured generalization of Arone—Ching’s chain rule
established by Blans—Blom. Numerous other features of spectral Lie algebras follow
as well, such as a version of Mather’s second cube lemma, the relation between the
James construction and loop-suspensions, the Hilton-Milnor splitting, and a version
of the EHP sequence.
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1. INTRODUCTION

In this paper we establish many structural features of spectral Lie algebras, which form
an extension of the theory of Lie algebras to the setting of higher algebra. This extension
arises naturally for at least two reasons: it is ‘Koszul dual’ to the theory of commutative
ring spectra [15], which makes it an important notion in the context of deformation
theory [11, 24], and the theory of spectral Lie algebras bears a close resemblance to
the homotopy theory of pointed spaces. This second fact is illustrated by Quillen’s Lie
algebra model for rational homotopy theory, which can be extended to also give Lie
algebra models for the v,-periodic localizations of unstable homotopy theory [21].

To begin describing our results, we recall the notion of smash product. For two objects

X and Y of a pointed oco-category with finite products and finite colimits, their smash

product is defined to be the cofiber of the natural map X 1Y — X x Y. This does not

generally define a symmetric monoidal structure; indeed, at this level of generality the
1
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smash product may fail to be associative. To describe our first result, we write L for the
spectral Lie operad [15], Lie(Sp) for the co-category of L-algebras in Sp, and we recall
that a spectral Lie algebra X € Lie(Sp) in particular carries a natural Lie bracket

[]: 271X =L(2) ® X®? = X.
Theorem A. For X,Y € Lie(Sp) there is a natural cofiber sequence
YXAY - 3¥XVYY — XX x XYY,

where the first map is the Whitehead bracket (see Definition 4.1) of the inclusions of ¥.X
and XY in the wedge and the second map is the canonical map from the coproduct to the
product. In case X and Y are free Lie algebras freer,(A) and freer,(B) respectively, this
cofiber sequence is equivalent to

free, (X 'A® B) b, free,(A @ B) — freep(A) x freer(B),
where the map denoted |-, -] is the map of spectral Lie algebras induced by
[ta,iB]: Y 'A® B — free,(A @ B),
the Lie bracket of the inclusions of A and B into free (A @ B).

Remark 1.1. An interpretation of the second cofiber sequence in perhaps more familiar
terms is the following. One can intuitively think of free,(¥~*A ® B) as the ‘commutator
ideal’ of freey, (A @ B) generated by brackets of classes in A with classes in B. Quotienting
by this ideal then yields the product of freep(A) and freey(B), in which A and B
commute. For this reason, we will also refer to both cofiber sequences of Theorem A as
the commutator cofiber sequence.

One consequence of Theorem A is that the smash product on Lie(Sp) is in fact associative:

Corollary B. The smash product defines a symmetric monoidal structure on Lie(Sp)
which preserves colimits separately in each variable. Moreover, the cartesian product

x : Lie(Sp) x Lie(Sp) — Lie(Sp)

preserves colimits indexed by weakly contractible categories separately in each variable.

Theorem A strongly suggests that the free Lie algebra functor sends tensor products of
spectra to smash products of Lie algebras. This is true; better yet, Theorem C shows
that this property of the free algebra functor characterizes the spectral Lie operad among
nonunital operads. To state this result precisely, we first fix some notation. For a
nonunital operad O in spectra we write BO for its bar construction, which is naturally
a cooperad [22, Section 3]. We write coto for the left adjoint of the trivial O-algebra
functor; the notation references the terminology cotangent fiber (see [22, Section 6]), but
other common names are topological Quillen homology and derived indecomposables.

Theorem C. Let O be a nonunital and reduced operad in spectra. Then the following
are equivalent:

(1) The operad O is equivalent to the spectral Lie operad L.
(2) The cooperad BO is equivalent to the nonunital cocommutative cooperad Com" .
(3) The free O-algebra functor

freep: Sp — Algy(Sp)

admits a nonunital symmetric monoidal structure with respect to the tensor
product on Sp and the smash product on Algy(Sp).
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(4) The functor
cotp: Algy(Sp) — Sp
admits a nonunital symmetric monoidal structure with respect to the smash
product on Algy(Sp) and the tensor product on Sp.
(5) The functor
forget : coAlg%pénﬂ(Sp) — Sp
admits a nonunital symmetric monoidal structure with respect to the smash
product on coAlg%pénﬂ(Sp) and the tensor product on Sp.
Remark 1.2. When formulating item (3), we cannot assume that the smash product
on Alg,(Sp) is associative. For a general operad O it only defines an oplaz nonunital
symmetric monoidal structure on this co-category. However, this is enough to define
what it means for a functor from a symmetric monoidal co-category to Alge (Sp) to admit
a nonunital symmetric monoidal structure, so that (3) is well-posed. Moreover, we will
see that if the conclusion of (3) is satisfied, then in fact the smash product on Alg,(Sp)
is associative and does define an honest nonunital symmetric monoidal structure. See
Section A for details on this technical point.

Remark 1.3. Item (4) can equivalently be formulated in terms of the cartesian product
as follows:

(4*) The functor
(cote)4+: Algey(Sp) — Sp: X — S @ cot(X)

admits a symmetric monoidal structure with respect to the cartesian product on
Alg(Sp) and the tensor product on Sp.

A useful analogy is to compare cotp and (cote)4 with the functors > and X° on the
oo-category of pointed spaces.

Our main technique for proving Theorem A and Theorem C is the chain rule in Goodwillie
calculus [1, 7]; we review what we need about it in Section 3. In particular, this chain
rule yields an operad structure on the derivatives of the identity functor 0.ids, on
the oco-category 8. of pointed spaces. This operad is Koszul dual to the nonunital
commutative operad and therefore (by definition) equivalent to the spectral Lie operad
L (see Proposition 5.8). Moreover, the derivatives 0, F of any functor F': 8§, — 8, will
form a bimodule over the operad L. This allows us to deduce results about L-bimodules
by differentiating familiar functors on pointed spaces, for example the ones in the analog
of the cofiber sequence of Theorem A in the co-category 8.

The use of Goodwillie calculus to deduce facts about spectral Lie algebras from statements
about pointed spaces is a very productive technique. To illustrate it further, we prove
the three theorems below. We stress that this collection is not exhaustive; many
classical theorems from unstable homotopy theory admit Lie algebra analogs using
similar arguments.

Write A for the subcategory of the usual simplex category A containing only injective
morphisms. Then a spectral Lie algebra X defines a diagram

Jo(X): A™ — Lie(Sp): [n] — X",

which sends an injective map a: [m] — [n] to the evident inclusion X™*+1 — Xx7n+!
inserting 0 in any coordinate outside the image of a (where we interpret X"*! as the
product indexed by the set [n] = {0,...,n}, and similarly for m). We refer to the colimit
J(X) = colim Jo(X) as the James construction of X. We will see that J(X) naturally
admits the structure of an E;-monoid and is in fact the free E;-monoid generated by X.
(All of this is completely parallel to the usual James construction of pointed spaces.)
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Theorem D. For any X € Lie(Sp) there is a natural equivalence of spectral Lie algebras
J(X) = QX X. Moreover, the James construction splits upon suspending once:

ST (X) ~ [T =X
n>1
Finally, any Eq-monoid in Lie(Sp) is grouplike.

Remark 1.4. Contrary to the case of pointed spaces, this theorem does not need any
assumption on the connectivity of X.

For a spectral Lie algebra X, we will write £: X — QXX for the unit of the loop-
suspension adjunction. In Section 4.3 we construct a natural Hopf map H: QXX —
QX X2, Then we establish the following version of James’ EHP sequence:

Theorem E. There is a natural nullhomotopy of the composite

x E aonx & onxne.

Moreover, when evaluating on a free Lie algebra X = freep (S*) generated by a shifted
sphere, this sequence becomes a fiber sequence upon localization at 2.

We prove these results, as well as an analog of the Hilton-Milnor splitting, in Section 4.
Our final result concerns Mather’s second cube lemma: this classical result states that
homotopy pushouts of spaces are ‘universal’, in the sense that they are preserved by
pullback along any map. This statement also holds in the co-category of spectral Lie
algebras:

Theorem F. Weakly contractible colimits are universal in the oco-category of spectral Lie
algebras. More precisely, let X € Lie(Sp), let Z be a weakly contractible small co-category,
and let g: T — Lie(Sp),x be a diagram. Then the colimit of g is stable under base change,
i.e., for any f:Y — X the natural comparison map

colimz (Y xx g(—)) = Y xx colimzg(—)

18 an equivalence.
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2. OPERADS

In this section we recall some definitions and results relating to operads, cooperads, and
Koszul duality.

2.1. Symmetric sequences and operads

Definition 2.1. The oco-category of symmetric sequences in spectra is defined to be
SSeq(Sp) = Fun(Fin~, Sp),
where Fin™ denotes the category of finite sets and bijections. The co-category of nonunital

symmetric sequences SSeq™" (Sp) is the full subcategory of SSeq(Sp) spanned by the
symmetric sequences that send the empty set to 0.
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For A € SSeq(Sp) and a finite set I, we write A; for the value of A on I. We write A,
for the spectrum with X,,-action given by evaluating A on the set {1,...,n}. We call 4,
the arity n term of A. There is a fully faithful embedding Sp < SSeq(Sp) with essential
image those symmetric sequences A concentrated in arity 0.

The oco-category SSeq(Sp) comes equipped with a monoidal structure, called the compo-

sition product; see [13] for a construction. Given A, B € SSeq""(Sp), their composition
product A o B is the nonunital symmetric sequence whose value on a finite set I is

(AOB)]: @ AE®®BJ,

EcPart(I) JEE

where Part(I) denotes the set of partitions of I. We denote the unit for the composition
product by 1, which is given by

{S itn =1,
1, ~

0 otherwise.

If A € SSeq™(Sp) and X is a spectrum regarded as a symmetric sequence concentrated
in arity 0, then A o X is again concentrated in arity 0, and we have the formula

Ao X = P4, @ XM,

n>1

In this case, we also write Sym 4(X) := Ao X. This defines a functor Sym: SSeq(Sp) —
End(Sp), which by construction is monoidal with respect to the composition product on
the source and functor composition on the target.

Definition 2.2. An operad (resp. cooperad) in spectra is an algebra (resp. coalgebra) in
SSeq(Sp) for the composition product. We say an operad or cooperad is nonunital if
its underlying symmetric sequence lies in SSeq™ (Sp). We say a nonunital operad O is
reduced if O1 =S, and similarly for cooperads.

As we only consider reduced operads and cooperads throughout this paper, we will
simply refer to them as operads and cooperads. We write Op(Sp) (resp. coOp(Sp)) for
the oo-category of operads (resp. cooperads).

Definition 2.3. Let O € Op(Sp) and Q € coOp(Sp). An O-algebra in Sp is an algebra
for the monad Symg. A divided power conilpotent Q-coalgebra in Sp is a coalgebra for the
comonad Symg. We write Algy(Sp) for the category of O-algebras and coAlgdp nilgp)
for the category of conilpotent divided power Q-coalgebras.

Remark 2.4. The reason for the terminology ‘divided power conilpotent coalgebra’ is
as follows. Suppose Q € coOp(Sp) and X € coAlgdp’ml(Sp). As X is by definition a
coalgebra for the comonad Symg, there is a structure morphism

X = P, @ X", .
n>1

The presence of the X,,-orbits instead of fixed points accounts for the word “divided power”.
The presence of a direct sum instead of a product accounts for the word “conilpotent”.

Definition 2.5. Let O € Op(Sp) and Q € coOp(Sp). Write LModg (resp. LcoModg)
for the oo-category of left O-modules (resp. left Q-comodules) in SSeq™ (Sp).

Remark 2.6. The co-category of O-algebras is equivalent to the oo-category of left
O-modules in SSeq(Sp) concentrated in arity 0. We point this out to emphasize the
similarity between the co-categories Algq (Sp) and LMode.
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Apart from the composition product, the oo-category SSeq(Sp) also comes equipped
with a symmetric monoidal structure given by Day convolution. We think of this as an
extension of the tensor product of spectra and denote the Day convolution of symmetric
sequences A and B by A ® B. It is given by the formula

(A®B)] ~ @ A, ® Ap,,

I=I1Uly

where [ is a finite set and the direct sum on the right is indexed by partitions of I into
two disjoint subsets. The Day convolution product commutes with colimits in both
variables separately. The unit for Day convolution is the sphere spectrum concentrated
in arity 0. Note that SSeq™ (Sp) is closed under ®, so that Day convolution gives this
oo-category a nonunital symmetric monoidal structure.

Remark 2.7. Day convolution is in fact closely related to the composition product.
As (SSeq(Sp), ®) is the free stable presentably symmetric monoidal co-category on one
object, there is an equivalence of co-categories

Fun®" (SSeq(Sp), SSeq(Sp)) =~ SSeq(Sp),

where the left hand side denotes the co-category of colimit preserving symmetric monoidal
functors. Transporting the reverse of the composition monoidal structure on the left
hand side to the right hand side yields the composition product on SSeq(Sp), see [12,
13]. In particular, for any A € SSeq(Sp) the functor B — B o A is colimit preserving
and strong monoidal for Day convolution.

2.2. The cocommutative cooperad

In this section, we give a construction of the nonunital cocommutative cooperad. We
start with a number of preliminary results on nonunital cocommutative coalgebras.

In dealing with nonunital algebras and coalgebras, it is convenient to work with a slightly
non-standard symmetric monoidal structure on spectra and symmetric sequences. Given
a stable presentably symmetric monoidal co-category € with unit 1, there is a symmetric
monoidal structure on the double slice co-category €,/ such that the forgetful functor
to C is strong monoidal |25, Remark 2.2.2.5]. The oo-category Cy,/1 is equivalent to C by
the functor that sends an object 1 — X — 1 to the cofiber of the first (or equivalently
the fiber of the second) map. By transport of structure, the tensor product on Cy,/q
yields a new symmetric monoidal structure on C. If we denote the original tensor product
of C by ®, we denote the new one by ®*"8 and call it the augmented tensor product. It
is described by the formula

XY =XaYaeXY

Note that ®2"8 has unit given by the zero object of €. We write coCAlg™ (€, ®) for the
category of nonunital cocommutative coalgebras in (€, ®) as defined in [25, Definition
5.4.4.1].

Proposition 2.8. There is an equivalence of co-categories

coCAlg™ (€, ®) ~ coCAlg(C, ®2"8).

Proof. We have the following string of equivalences:
coCAlg(C, @) ~ coCAlg(Cy,/1,®) ~ coCAlg™(C, ®) ~ coCAlg™ (C, ®),

The third co-category denotes the category of coaugmented cocommutative coalgebras
in €, and the third equivalence is [25, Proposition 5.4.4.10]. O
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We will use the augmented tensor product in the cases where € is either Sp with the
standard tensor product, or SSeq(Sp) with the Day convolution product. Note that
SSeq™(Sp) is closed under the augmented Day convolution tensor product.

The following standard result says that the cartesian product on the category of nonunital
cocommutative coalgebras is given by ®?"s.

Proposition 2.9. Let C be a stable presentably symmetric monoidal category. The
forgetful functor coCAlg™(C) — € is strong monoidal from the cartesian product to
®aug.

Proof. This follows from the equivalence coCAlg™ (@) ~ coCAlg(€, ®*"8) together with
[25, Proposition 3.2.4.7]. O

Recall that if C is a stable presentably symmetric monoidal co-category, then the free
nonunital commutative algebra on X € € is given by the formula

Sym(X) ~ @ Xf?z”n‘
n>1
The cofree cocommutative coalgebra functor on the other hand does not admit such a
straightforward formula in general. However, in the category SSeq™ (Sp) we have the
pleasant circumstance that it is given by the same formula. We let coCAlg™ (SSeq™" (Sp))
denote the category of nonunital cocommutative coalgebras in SSeq™ (Sp) with respect
to Day convolution.

Proposition 2.10. The underlying functor of the comonad associated with the adjunction
forget: coCAlg™ (SSeq™ (Sp)) =——= SSeq""(Sp): cofree

is given by the functor Sym: SSeq™ (Sp) — SSeq™ (Sp).

Proof. Tt follows from |25, Proposition 3.1.3.3| that it suffices to show that for every
X € SSeq™(Sp), the Day convolution tensor product ® commutes with the limit of
the diagram Fin™ — SSeq™(Sp) that sends {1,...,n} to the ¥,-object X®". In other
words, it is the diagram with limit given by

H (X®n)h2".

n>1

By inspecting the formula for the Day convolution product, we find that this product
is levelwise finite, so that it is equivalent to a direct sum. We also see that the X,,-
object X®" is levelwise free, so that its fixed points are equivalent to its orbits. These
equivalences still hold after tensoring the diagram with an arbitrary symmetric sequence.
As the Day convolution product commutes with all colimits in both variables, this
completes the proof. O

We now give a construction of the cocommutative cooperad.

Proposition 2.11. There exists a unique cooperad Q € coOp(Sp) such that there is an
equivalence
LcoModg =~ coCAlg™ (SSeq™ (Sp))

commuting with the forgetful functors. This cooperad satisfies Q, >~ S for allmn > 1.

Proof. The construction is dual to the one given in [27, Construction 4.1.6]. We reproduce
it here for the convenience of the reader.

As the composition product of symmetric sequences distributes over Day convolution in
the first variable (see Remark 2.7), it follows that coCAlg™ (SSeq™ (Sp)) admits a right
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action from (SSeq™(Sp),o) such that the forgetful functor coCAlg™ (SSeq™ (Sp)) —
SSeq™ (Sp) is SSeq™ (Sp)-linear. It follows that its right adjoint, the cofree functor, ad-
mits a lax SSeq™ (Sp)-linear structure by [25, Corollary 7.3.2.7]. One can use the explicit
formula for this functor from Proposition 2.10 to show that it is in fact strong SSeq™ (Sp)-
linear. Indeed, this amounts to the observation that for any A, B € SSeq™(Sp), the
composite

Xm

@A%gn oB — @ @A%gn oB - @(AOB)%':H

n>1 m>1 | n>1 hs m>1
is an equivalence, where the first map is the comultiplication of cofree(A) o B, and the
second map is the projection onto the n = 1 components.

The nonunital cocommutative coalgebra comonad therefore admits a right SSeq™ (Sp)-
linear structure, so that it has to be of the form A +— Qo A for a unique cooperad Q. The
fact that Q,, ~ S for all n > 1 follows from the natural equivalence Sym(A) ~ Qo A. O

Definition 2.12. We define the cocommutative cooperad Com" to be the cooperad
from Proposition 2.11.

2.3. Koszul duality

We here recall some basic results on Koszul duality of operads and cooperads.

Definition 2.13. Suppose O is an operad in spectra, M is a left O-module, and N
is a right O-module in SSeq(Sp). The bar construction B(M,O,N) is the geometric
realization of the usual simplicial diagram

~-~MoOoOoNEMoOoNE§MoN.

For Q € coOp(Sp) and left and right Q-comodules M and N, the cobar construction
C(M,Q, N) is given by the totalization of the analogous cosimplicial diagram. We will
sometimes write M og N for the bar construction B(M, O, N).

If O is an operad, the projection O — 1 onto the arity 1 term provides O with a canonical
augmentation and makes 1 into an O-bimodule. Similarly, the inclusion of the arity 1
term gives any cooperad a canonical coaugmentation.
Proposition 2.14. There is an adjoint equivalence of co-categories
B
Op(Sp) 7——— c0Op(Sp)
given on underlying symmetric sequences by BO = B(1,0,1) and CQ = C(1,9,1).

Proof. This is originally due to Ching [16]. A transposition of this proof to the setting
of co-categories was given in [22, Theorem 3.4]. O

We call BO and CQ the Koszul duals of O and Q, respectively.

Definition 2.15. The spectral Lie operad L is the Koszul dual of the cocommutative
cooperad Com".

We will now discuss Koszul duality between O-modules and BO-comodules. Let M be
either Sp or SSeq™ (Sp) equipped with the left action by SSeq™ (Sp) coming from the
composition product. For every operad O € Op(Sp) we have a pair of morphisms

1-0—1
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given by the unit and the augmentation. By restriction and extension of scalars along
these maps, we obtain a pair of adjunctions (left adjoints on top)

freep cotp
forget o trive

(Here LMod (M) is supposed to be read as Algy(Sp) if M = Sp.) Observe that the left
adjoints as well as the right adjoints compose to the identity functor. The functor cotg
is called the cotangent fiber. It can be computed by the formula

coto(M) ~ B(1,0, M).

Proposition 2.16 ([22, Proposition 6.3]). The adjunction (cote,trive) exhibits Sp as
the stabilization of Algq (Sp).

Proposition 2.17 ([12, Proposition 3.28]). The comonad cote trive is equivalent to
BO o —, where o denotes the left action of SSeq™ (Sp) on M. The adjunction between
cote and trive therefore induces an adjunction

indeco: LModo (M) —— LcoModpgo(M): primgq
We have the formulas indeco (M) ~ B(1,0, M) and primgy(N) ~ C(1, BO, N).
This adjunction turns out to be an equivalence in case M = SSeq™ (Sp).

Proposition 2.18 (|22, Theorem 14.17]). The adjunction between indecy and primp
yields an equivalence

LModg (SSeq™(Sp)) ~ LeoMod o (SSeq™ (Sp)).
The same holds if we replace SSeq™ (Sp) by RModsp(SSeq™ (Sp)) for an operad P.

Remark 2.19. In contrast to the previous proposition, the adjunction
indeco: Alge(Sp) <= coAlgih™ (Sp): primpe
is in general not an equivalence of categories.

The basic feature of the adjunction (indeco, primpgy) is that it interchanges the roles of
free and trivial (co)modules. More precisely, we have the following pair of commutative
diagrams (see [22, Sections 6-7] for a proof):

LMode (M) LMode (M)
V m‘ foy w
M indecgo M M primpg o M
tl‘m AB ) \ A&Bo
LcoMod e (M) LcoMod e (M)

All functors in the first diagram are left adjoints, and the second diagram is obtained
from the first by passing to right adjoints. The functor trivpe is the trivial BO-coalgebra
functor. It can be constructed as the pushforward along 1 — BO.

3. CALCULUS

The purpose of this section is to explain how Goodwillie calculus and the generalized
chain rule from [7] can be used to study operads and their algebras.
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3.1. Goodwillie derivatives

We say an oo-category C is differentiable if it is pointed, presentable, and filtered colimits
commute with finite limits in €. We say a functor F': ¢ — D between differentiable
oo-categories is reduced if it preserves the zero object, and finitary if it preserves filtered
colimits. We write Fun™*(C, D) for the category of reduced finitary functors from € to
D.

Suppose that € and D are differentiable co-categories with specified equivalences Sp(C) ~
Sp =~ Sp(D). Then Goodwillie calculus attaches to any reduced finitary functor F': € — D
a nonunital symmetric sequence

0.F € SSeq™ (Sp)
called the derivatives of F.

Our main tool for studying operads and algebras through Goodwillie calculus is the
following theorem, which was one of the main results of [7].

Theorem 3.1 ([7, Theorem 3.3.2]). Let C be a differentiable co-category with a specified
equivalence Sp(C) ~ Sp. Then the functor

O, : Fun™*(C, €) — SSeq™(Sp)

admits a lax monoidal structure, where the source is equipped with functor composition
and the target with the composition product. If C ~ Sp, then the functor is strong
monoidal.

This result implies that J, sends reduced finitary monads to operads. In particular,
O«ide acquires the structure of an operad. Since any reduced finitary functor F': € — €
is trivially a bimodule over ide, it also follows that the derivatives 0, F can be equipped
with the structure of a 9,ide-bimodule.

The fact that J is a strong symmetric monoidal functor for endofunctors of spectra is
referred to as the stable chain rule. It implies that 0, (X3 Q) inherits the structure of a
cooperad from the comonad X303, where we write

€ —= Sp: QF

for the stabilization adjunction of €. The operad 0.ide and the cooperad 0. (XF Q)
are related through Koszul duality:

Proposition 3.2 ([7, Theorem 4.3.1]). Let C be a differentiable co-category with a
specified equivalence Sp(€) ~ Sp. Then there is an isomorphism of operads

O:ide ~ Cobar 0, (X 0%°).

Example 3.3. The derivatives of the identity functor in pointed spaces are isomorphic
to the spectral Lie operad:
(9*1(15* ~ L.

This was first proved in a point set model by Ching in his thesis [15]. It is equivalent
to the statement that 0,(3°°Q°) is isomorphic to the cocommutative cooperad, which
was proved by Arone and Ching in [1], again in a point set model. A proof that the
lax monoidal functor 9, from Theorem 3.1 induces this operad structure has not yet
appeared; we will give a proof in Corollary 5.9 below using some of the techniques from
this paper. A different proof will appear in [8].

Example 3.4. Since the identity functor on any stable category is linear, we have
a*idsp ~ 1.

In other words, the derivatives of the identity functor in spectra are isomorphic to the
trivial operad.
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Example 3.5. Let O be an operad in spectra. Then the category Algy(Sp) is differen-
tiable and there is an equivalence of operads

duidang, (sp) = 0.

In a different setting, this was first proved by Ching in [17]. A proof that the lax monoidal
functor 0, from Theorem 3.1 induces this operad structure was given in the thesis of the
first author [6, Theorem 7.2.6].

Example 3.6. It will be proved in [8] that the composite
SSeq™ (Sp) ™ End*“(Sp) —Z SSeq™(Sp)

is equivalent as a strong monoidal functor to the identity functor of SSeq™ (Sp). In
particular, for any operad O we have an equivalence J, Symy ~ O of operads. The same
holds for any cooperad.

The derivatives construction admits even more functoriality. To begin with, the lax
structure can (in an appropriate sense) be extended to reduced finitary functors F': ¢ — D
where the source is not necessarily equivalent to the target. As a consequence, 0, F' in
this case admits the structure of a (0.idp, Oside)-bimodule in SSeq™ (Sp). The extra
functoriality on 0, amounts to the compatibility of this bimodule structure with functor
composition. It can be most conveniently expressed in the language of (0o, 2)-categories,
as we will now explain.

Write Diffg,, for the (oo, 2)-category whose objects are differentiable co-categories € with
a specified equivalence Sp(€) ~ Sp and whose morphisms are reduced finitary functors.
We do not require the morphisms to be compatible with the equivalence Sp(C) ~ Sp.
Making use of a construction from [10], it was shown in [7, Section 4.4.1] that there
exists an (0o, 2)-precategory’ Mors, — the notation stands for Morita category — whose
objects are the collection of operads O € Op(Sp). For any pair of operads O, P, the
category of morphisms from O to P in Morg,, is given by

Morgp (0, P) ~ BiModp, 0y (SSeq™ (Sp)),

i.e. the category of (P, 0)-bimodules in SSeq™ (Sp). Given a (P, 0)-bimodule N and
a (Q, P)-bimodule M, their composition in Morgy, is given by the relative composition
product M op N.

Theorem 3.7 ([7, Theorem 4.4.7]). There is a strong functor of (co,2)-precategories
0x: Diffg, — Morg,

that sends C to the operad O.ide. It sends a reduced finitary functor F: € — D to the
(04idp, Oxide)-bimodule O, F .

Remark 3.8. The fact that the functor from the previous theorem is a strong rather
than lax functor of (co, 2)-precategories is an alternative formulation of what is commonly
known as the chain rule in Goodwillie calculus. Indeed, given a pair of reduced finitary
functors F': D — € and G: € — D, functoriality of J, amounts to the equivalence

0. (FG) ~ 0,F op.3a, G,
which is the usual way of writing the chain rule.
TAn (o0, 2)-precategory is a Segal object X: A°P — Cat such that Xg is a space. It is an (co,2)-

category if this Segal object is additionally complete. The distinction between these notions plays no
role in this article.
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For €,D € Diffg,, the functor 9, : Diffg, = Morg,, induces on mapping oo-categories a
functor

(9*: Fun*""(@, D) — BiMod(a*id%a*ide)(SSeqm‘(Sp))
that lifts the usual derivatives functor taking values in SSeq™ (Sp). This interacts with
Koszul duality in the following way:
Proposition 3.9. Let C,D € Diffg,. Then the following diagram commutes

O

Fun*,w(e’ @) BiMOdB*idvD (Sseqnu(sp))

JZ%OO_ Jindeca*id,D

LeoMods gz (Fun™*(C, Sp)) N LeoMody, (sgas) (RModa, id. (SSeq™ (Sp)))

where we identified the target of the right vertical arrow using the equivalence Bar 0,idp ~
0.(BFQF) from Proposition 3.2.

Proof. This was proved in [7, Corollary 4.4.4] for left modules, but the same proof works
for bimodules as well. O

The derivatives functor taking values in SSeq™" (Sp) preserves finite limits, but it preserves
hardly any colimits. The following result, which will play an important role throughout
the rest of this paper, shows that the situation improves considerably when we let it take
values in bimodules.

Proposition 3.10. Let C,D € Diffg,. Then the functor
O, : Fun™*“ (€, D) — BiModg, 4., (SSeq™ (Sp))
preserves colimits and finite limits.

Remark 3.11. This proposition and its proof already appeared in the thesis of the first
author [6, Proposition 7.1.1]. The cases where C and D are either pointed spaces or
spectra were already proved by Arone and Ching in [4] by explicitly constructing a right
adjoint to O.

Proof. We first prove the claim about colimits. Since the composition product preserves
colimits in the left variable, the forgetful functor
BiMod (s, id4 ,0.ide) (SSeq™ (Sp)) — LModa, ia,, (SSeq™ (Sp))

creates colimits by [25, Corollary 4.2.3.5]. It therefore suffices to prove the proposition
for LModp, 4, instead of BiMod g, id,,,0.ide)- Consider the commutative square from
Proposition 3.9. By Proposition 2.18, the right vertical functor is an equivalence of
categories. As 255 o — preserves colimits, it therefore suffices to show that the bottom
horizontal arrow

di: LeoModsgags (Fun™*(€,Sp)) — LeoMody, (seease) (SSeq™ (Sp))

preserves colimits. Since colimits in categories of left comodules are computed on
underlying objects by [25, Corollary 4.2.3.3], this in turn follows if we can show

0, : Fun™*(C,Sp) —— SSeq™(Sp)
preserves colimits. This functor factors as

Fun®*(€,Sp) — o, Fun™ (€%, Sp) — 1 $Seq™(Sp),

where Fun™*(€;¢ ,Sp) denotes the category of functors C;y; — Sp such that the
underlying functor €*™ — Sp is finitary and reduced in each variable separately, cr, is
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the symmetric cross-effects functor, and Py is multilinearization. It follows immediately
from the formula for cr, (see [25, Construction 6.1.3.20]) and the fact that Sp is stable
that cr, preserves colimits. As P} is a left adjoint, we can conclude that 0, preserves
colimits.

To see that the functor also preserves finite limits, note that the forgetful functor
LModa. ia, (SSeq™ (Sp)) — SSeq™ (Sp)
creates all limits by [25, Corollary 4.2.3.3], so that it suffices to show that
Oy : Fun™* (€, D) — SSeq™ (Sp)

preserves finite limits. This again follows by writing 0, as multilinearized cross-effects:
the functor cr, is a right adjoint and therefore commutes with all limits, whereas P;
preserves finite limits by Goodwillie’s formula for multilinearization. O

We will also need the following:

Proposition 3.12. Let F: C — D be a left adjoint between differentiable categories.
Then there is an equivalence
OF ~ 0,idp o W F

of left Oxidp-modules. In other words, 0. F is the free left O,idp-module on the symmetric
sequence O F.

Proof. Since F preserves colimits, the functor ¥ o F': € — Sp(D) is linear. It follows
that 0,(X3 o F) is concentrated in arity 1, where it is given by 01 (F'). This symmetric
sequence is a trivial left 0,(XF QY )-comodule for degree reasons, so that its Koszul
dual is the free left d,idp-module on 91 F'. But this Koszul dual is equivalent to 9, F by
Proposition 3.9, finishing the proof. (I

Remark 3.13. One can prove in the same way that for a right adjoint G: D — C, we
have 0,G ~ 0,G o 0,idp. In other words, 9.G is the free right 0,idp-module on 0, G.

Remark 3.14. The same proof also shows that if F': €*" — D is a functor that
preserves colimits in each variable separately, then 0, F is a free left 0,idp-module on
da,...,1)(F"), the derivative of F' in multidegree (1,...,1). See Section 3.3 below for more
on derivatives in multiple variables.

3.2. Differentiating symmetric monoidal co-categories

We will now show that the assignment that sends € to either of the oo-categories
Algy 14, (Sp) or LModap,id. (SSeq™ (Sp)) can be turned into a functor of (oo, 2)-categories.
We will also explain that this construction carries a symmetric monoidal structure on
€ to one on Algy ;4. (Sp) and LMody,iq, (SSeq™ (Sp)), and preserves (lax) symmetric
monoidal functors.

Up to this point, we have assumed that our differentiable co-categories € come equipped
with an equivalence Sp(€) ~ Sp. This assumption was just a convenience, but not really
necessary. Given a reduced finitary functor F': € — D between arbitrary differentiable
oo-categories, its derivatives 0, F form an object in the category SSeq™ (Sp(C), Sp(D))
of nonunital functor symmetric sequences from Sp(€) to Sp(D), which is a generalization
of the ordinary notion of symmetric sequence. We will not recall the precise definition
here, but suffice it to say that a composition product for functor symmetric sequences
can be defined, and all results stated in the previous section hold in this generality as
well; see [7] for details®. In particular, there is an (0o, 2)-precategory Mor whose objects

2The category SSeq™* (€, D) was denoted by SymFun% | (€, D) in [7].
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are pairs (G, O) where C is a stable category and O is an algebra in SSeq™(C, €). The oco-
category SSeq""(€, D) is compatibly left-tensored by SSeq™ (€, €) and right-tensored by
SSeq™ (D, D), and morphisms from (€, Q) to (D, P) in Mor are given by (P, O)-bimodules
in SSeq™ (€, D). Writing Diff for the (oo, 2)-category of differentiable co-categories and
reduced finitary functors, there is a functor

0, : Diff — Mor

that sends € to the pair (Sp(€), d.ide) and F': € — D to the (O.idp, O.ide)-bimodule
0. F [7, Theorem 4.4.7].

For any pair of stable co-categories € and D, there is an evaluation functor
—o0—:8Seq™(C,D)x € — D,

In case € = D, this is part of an action of the category SSeq(€,C) on €. If € and D
are both equivalent to the category of spectra, this action is the one corresponding to
the monoidal functor Sym: SSeq(Sp) — End(Sp). If O € Alg(SSeq(€, C)), we use this
action to define the category Alg,(C) of O-algebras in €, exactly as we did for operads
in spectra. The (oo, 2)-precategory Mor has a final object *, which has the property that
for any (€,0) € Mor, we have an equivalence

Mor(x, (€, 0)) ~ Alg(©),
where the left hand side denotes the mapping category in Mor.
Definition 3.15. We write

Aaig: Mor — Diff, A1 Moq: Mor — Diff

for the functors corepresented by * and (Sp, 1) respectively, where 1 denotes the trivial
operad in spectra. We define the functors

Galg: Diff — Diff and  Gramoq: Diff — Diff
as the composites Aajg © 05 and Apmod © Ox respectively.
We will often refer to either of the functors Gaiz or Grmod as the Goodwillie transform.
Note that for an operad in spectra O, we have equivalences
Anig(0) ~ Algy(Sp), ArMod(0) ~ LMod o (SSeq™ (Sp)).
Moreover, Aajg sends a (P, O)-bimodule M to the functor
Moo —: Algy(Sp) — Algs(Sp),

given by taking an O-algebra A to the two-sided bar construction M oy A. Similarly,
ArLMoa sends M to M oy — considered as a functor on left modules. The functor Gaj,
therefore sends € € Diffs;, to Algy ;4. (Sp), and it sends F': € — D to the functor

O«F 0p,ide —: Alga*ide(Sp) - Alga*idD(SP)~
The functor Gymoq has a similar description.

The functors Aajz and Apnod have the following exactness properties.
Proposition 3.16. The functors
AAng Mor — @ﬂ'f, ALMod3 Mor — Diff
preserve colimits and finite limits on mapping categories.
Proof. We will give the proof for Aajg; the proof for Araeq is exactly the same. We will

also only show this for mapping categories between operads in spectra, since this suffices
for our applications. (The general case is proved in exactly the same way.)
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Suppose that O, P € Op(Sp). We need to show that the functor
BiMod y,0)(SSeq™ (Sp)) — Fun(Algy (Sp), Algy(Sp))
M —> M o9 —

preserves colimits and finite limits. For colimits, this follows since the composition
product preserves colimits in the first variable. For finite limits, this follows since limits
and sifted colimits in Alg,(Sp) are computed on underlying objects, and the composition
product commutes with finite limits in the first variable. O

Corollary 3.17. The functors
Galg: Diff — Diff and Grmoa: Diff — Diff

preserve colimits and finite limits on mapping categories.
Proof. This follows by combining the previous proposition with Proposition 3.10. (I

The next proposition shows that a bimodule can be recovered from its value under the
functor Aaje: Mor — Diff.
Proposition 3.18. Let C and D be stable presentable categories and let
0 € Alg(SSeq™ (€, @)), P e Alg(SSeq™ (D, D)).
Suppose that M € BiModp 0y(SSeq™ (€, D)). Then the derivatives of the functor
Moo —: Algy(C) — Algyp(D)
are given by the (P, 0)-bimodule M.

Proof. We will prove this in the case € = Sp = D; the general proof again proceeds in
exactly the same way. Note that there are the following equivalences of functors from

Algy (Sp) to Algy(Sp):

Moy — =~ colim M o©O°" o — ~ colim Sym on O forget .
O T Aey o] Aop YMpr60 getp

Taking derivatives, we find that

0 (M o9 —) =~ [S]Oghglp 0s Sym ;o 9on 00, forgety o~ ﬁfég& MoOmoO~M

The first equivalence follows from the derivatives functor preserving colimits when taking
values in bimodules (Proposition 3.10) and the stable chain rule (Theorem 3.1). The
second equivalence follows from J, being a left inverse of Sym (Example 3.6) and our
computation of the derivatives of right adjoints (Remark 3.13). The final equivalence
follows since the simplicial diagram has an extra degeneracy. O

Remark 3.19. This proposition suggests that there is an equivalence 0, o Aaig > idytor
of functors of (0o, 2)-precategories. We indeed expect this to be true, and will return to
this in future work.

The following less obvious fact will be proved in [8].
Proposition 3.20. The functor 0,: Diff — Mor preserves finite products.
Corollary 3.21. The functors Gaig and Gimoa: Diff — Diff preserve finite products.

PT’OOf This holds since gAlg = AAlg o 3* and gLMOd = ALMod o 6*, and AAlg and ALMod
are corepresentable functors. ([

This result allows us to differentiate symmetric monoidal structures.
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Proposition 3.22. Let C € Diffs, and suppose C is equipped with a nonunital symmetric
monoidal structure such that the tensor product — ®e — preserves filtered colimits and
satisfies * ®e * ~ *, where x denotes the zero object of €. Then Alg, ;4. (Sp) admits a
nonunital symmetric monoidal structure with tensor product

Ox(— ®e —) %0,ide xduide —* Alg{)*id@ (Sp) x Alga*id@ (Sp) — Alga*id@ (Sp)-
If D is another differentiable symmetric monoidal category satisfying these properties,
and F: C — D is a (lax) symmetric monoidal functor, then the functor

0xF 0p,ide —: Alga*id@(SP) — Alga*idg(sp)

inherits a (lax) symmetric monoidal structure. The same result holds with Algy ;4. (Sp)
replaced by LMods, iq. (SSeq™ (Sp)).

Proof. Observe that a nonunital symmetric monoidal category € as in the statement
of the proposition is the same as a Segal object in the (0o, 2)-category Diff indexed by
the category Surj, of pointed finite sets and surjections. Since Gale and Grmoa preserve
finite products, they preserve such Segal objects. As a (lax) symmetric monoidal functor
between such nonunital symmetric monoidal categories can be expressed as a (partially
lax) natural transformation between such Segal objects by for instance [19, Theorem E],
and since such natural transformations are preserved by all functors of (oo, 2)-categories,
it follows that Gaig and Grmoed preserve (lax) symmetric monoidal functors as well. [

Remark 3.23. One could try to obtain a version of the previous proposition for unital
symmetric monoidal differentiable categories € by working with Segal objects in Diff
indexed by Fin, instead of Surj,. But then the functor x — C picking out the unit object
should be reduced, as it has to be a morphism in Diff. This forces the unit of C to be
the zero object. If this hypothesis is satisfied, it follows that we get an induced unital
symmetric monoidal structure on Algy ;4. (Sp) with unit given by the zero object.

Example 3.24. Let € € Diffg, and suppose we give C the cartesian symmetric monoidal
structure. Then the induced symmetric monoidal structures on both Alg, ;4. (Sp) and
LModa,id. (SSeq™ (Sp)) are again cartesian, as follows easily from Proposition 3.16. The
same holds for cocartesian symmetric monoidal structures.

Example 3.25. Let C € Diffg,. The smash product of X,Y € C is defined to be
the cofiber of the canonical map X UY — X X Y. Suppose that this extends to a
nonunital symmetric monoidal structure on C; conditions under which this holds are
given in Proposition A.2. It then follows from the previous example combined with
Proposition 3.16 that the induced nonunital symmetric monoidal structures on both
Algy 14, (Sp) and LModap,id. (SSeq™ (Sp)) are again given by the smash product.

Example 3.26. Consider Sp as a symmetric monoidal category under the tensor product.
The functor —® —: Sp x Sp — Sp is bilinear, so that the bisymmetric sequence 9, (—® —)
is concentrated in bidegree (1, 1), where it is given by the sphere spectrum. It follows
that the induced nonunital symmetric monoidal structure on Algy ;g (Sp) ~ Sp is again
the tensor product. The induced nonunital symmetric monoidal structure on SSeq™(Sp)
is Day convolution. Similarly, the augmented tensor product ®*"€ on Sp gets sent to
itself under Gaj, and to the augmented Day convolution tensor product under Giaod-

3.3. Goodwillie calculus in two variables

We make some use of Goodwillie calculus in two variables throughout this article. The
goal of the present section is to explain what form the derivatives of two-variable functors
take by giving an explicit description of the category of functor symmetric sequences
SSeq™ (Sp x Sp, Sp).
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Definition 3.27. We define the category of nonunital bisymmetric sequences BSSeq™ (Sp)
as the full subcategory of
Fun(Fin~ x Fin~, Sp)

spanned by those functors A that send the pair (0, () to the zero object.

In other words, to give a bisymmetric sequence A is to give for each pair (n, m) of integers
for which n +m > 1 a spectrum A,, ,,, with ¥,, x 3,,-action.

Proposition 3.28. There is an equivalence of categories
SSeq™ (Sp x Sp, Sp) ~ BSSeq™"(Sp).

Proof. By [7, Section 3.1] the category SSeq™ (Sp x Sp, Sp) is equivalent to
Fun™ (5 (Sp & Sp);%:. . Sp),
n>1

where @ and ® denote the coproduct and tensor product in Pr" respectively, and
Fun® denotes the category of colimit preserving functors. We then have the chain of
equivalences

Fun® (EP(Sp @ Sp)jis, . Sp) = Fun™( P Spjy, @ Spiy, . Sp)

n>1 m+n>1
= H FunL(Sphmegn,Sp)
m—+n>1
~ H Fun(BY,, x BY,,Sp)
m—+n>1
~ BSSeq™"(Sp). O

Remark 3.29. It follows from this proposition that if € and D are differentiable

categories with specified equivalences Sp(€) ~ Sp ~ Sp(D), and F: € x € — D is a

reduced finitary functor, then the derivatives 0, F form a bisymmetric sequence in Sp.

The (m, n)-derivative O, ,, F' can be computed by applying the composite functor
Fun®*(€ x €,D) —— Fun®*(€, Fun** (€, D))

O, Fun' (€, Fun(BX,, Sp))

O, Fun(BE,,, Fun(BE,, Sp))

—~— Fun(BY,, x BY,,Sp)
to F'. One obtains the same result by first taking the m-th and then the n-th derivative.

Remark 3.30. To A € BSSeq™(Sp) we can attach a functor Sym,: Sp x Sp — Sp
given by the formula

Syma(X,Y)= P (Apm®@XE"@YE )5 5,
n+m>1
This defines a functor Sym: BSSeq™ (Sp) — Fun(Sp x Sp, Sp). The evaluation functor
— o —: BSSeq™(Sp) x Sp x Sp — Sp
is given by Ao (X,Y) = Sym4(X,Y).
Remark 3.31. If F': 8, x8. — 8, is a reduced finitary functor, then 9,F € BSSeq™ (Sp)

has the structure of an (IL,IL x L)-bimodule, where I x IL denotes the cartesian product
in the Morita category. We will denote the category of such bimodules by

BiMody (BSSeq™ (Sp)).
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These bimodules are defined using the composition product on the category of functor
symmetric sequences SSeq™ (Sp*?,Sp*?) as well as the left and right tensoring of
BSSeq™ (Sp) by SSeq™ (Sp) and SSeq™ (Sp*?, Sp*?) respectively. Explicit formulas for
this composition product and these tensorings can be deduced from the general formula in
[7, Proposition 3.2.9], but we do not need them here: all our computations of bimodules
of the form 0, F will follow from the general exactness properties of 0, proved in the
previous sections.

Remark 3.32. Everything written in this section generalizes to functors in more than
two variables. Concretely, the category of functor symmetric sequences SSeq™ (Sp™", Sp)
for n > 1 can be identified with the category of n-fold symmetric sequences: to give an
object A in this category is to give for each n-tuple (myq,...,m,) with not all m, equal
to zero a spectrum Ay, . m, With X,,, x--- x X, -action. Such an n-fold symmetric
sequence gives rise to a functor Sym ,: Sp*™ — Sp, given by the formula

SymA(Xl""’Xn) = @ (Am17---amn ®X{®ml ®...®X§mn)h27nlx”'xz7nn.
myi+-+my>1

We will need the following simple computation of a composition product of multisymmetric
sequences in Section 5.4.

Proposition 3.33. Suppose we are given integers n,mq,...m, > 1 and symmetric
sequences A € SSeq™ (Sp*™,Sp) and B € SSeq™ (Sp*"™,Sp) for 1 <i < n. Assume
that both A and the B® are concentrated in multidegree (1,...,1), where for A there are n
occurrences of 1, and for B there are m; occurrences of 1. Then the composition product
Ao (B, ...B") is concentrated in multidegree (1,...,1), where there are my + -+ +my,
occurrences of 1.

Proof. Tt is possible to deduce this from the general formula for the composition product
given in [7, Proposition 3.2.9]. This is however not the easiest way to proceed, since these
formulas quickly become unwieldy. Instead, we make use of the fact that the assignment
X — Symy sends the composition product to functor composition. By assumption, we
have

Syma (X, Xp) = A1, 1@ X1 @ ® Xy,

Symp:(Y1,...,Ym,)=B] 1®Y1® @Y, forl<i<n.

Composing and relabeling variables, we find that Sym 4,(p1, . pny 18 given by the expres-
sion

A(lv”'vl) ® B(llwwil) ® e ® lelv‘wl) ® Yl ® e ® Ym1++m"'
It follows that Ao (B',..., B") is concentrated in multidegree (1,...,1), where it is
given by the spectrum A . 1) ® B(l1 ) ® - ® Bgll ) O

4. THE HOMOTOPY THEORY OF LIE ALGEBRAS

The goal of this section is to use Goodwillie calculus to transfer a number of classical
results about pointed spaces to the homotopy theory of spectral Lie algebras.

4.1. The commutator cofiber sequence

We will now prove Theorem A, showing that there is a natural cofiber sequence
SXAY) > XX VIY - XX x XY,

of spectral Lie algebras which desuspends the cofiber sequence defining the smash product
of ¥ X and XY. We start by recalling how the maps in this sequence and a nullhomotopy
of their composite are constructed.
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Let € be a pointed oo-category with finite limits and colimits. For X,Y € C, we write
X VY for their coproduct and X AY for their smash product, i.e. the cofiber of the
canonical map X VY — X x Y. For X € C, the object QX is an E;-group. The

composite
-1

—1
QX VOX 5 QX x Qx W v oy

is canonically nullhomotopic, and hence factors over the smash product to give the
commutator map
c: QX NQX — QX.

Definition 4.1 (Whitehead bracket). Let € be a pointed oo-category with finite limits
and colimits. Suppose we are given maps f: XA — X and g: ¥B — X in €. The
Whitehead bracket of f and ¢ is the map

[fg]: Z(AANB) - X
defined as the adjoint of the composite

AAB 2% ax A QX S OX,
where f and g denote the adjoints of f and g respectively.

Construction 4.2 (Commutator sequence). Let € be a pointed oo-category with finite
limits and colimits. For X,Y € C, we obtain a sequence

[ex,ey]

DXAY) XY RXVEIY —— $X x XY,

where the first map is the Whitehead bracket of the inclusions of XX and XY in
> X VXY, and the second map is the canonical one from the coproduct to the product.
The composite is canonically nullhomotopic, as can easily be seen by considering its
adjoint. We call this null-sequence the commutator sequence of X and Y. It can be
made natural in X and Y by considering the commutator sequence of the coordinate
projections in Fun(€ x G, C).

Remark 4.3. The Whitehead bracket and the commutator sequence are preserved by

any functor F': € — D that preserves finite limits and colimits.

We can now state the main result of this section.

Theorem 4.4 (Theorem A). The commutator sequence of any pair of spectral Lie
algebras X and'Y is a cofiber sequence in Lie(Sp). In case X and'Y are free Lie algebras
freer,(A) and freer,(B) respectively, this cofiber sequence is equivalent to

free (X' A ® B) b, freer,(A & B) — freer,(A) x freer,(B),
where the map denoted [-,-] is the map of spectral Lie algebras induced by
[tx,ty]: 27X @Y — freep (X @),
the Lie bracket of the inclusions of X andY into free,(X @ Y).

We will need three lemmas to prove this theorem. We start with the following classical
fact:

Lemma 4.5. The commutator sequence in Fun™* (8, x 8.,84) is a cofiber sequence.

Sketch of proof. First note that all functors in the commutator sequence indeed lie in
the full subcategory of reduced finitary functors. Since colimits in a functor category
are computed pointwise, it suffices to show that the commutator sequence of any pair
X,Y € 8, is a cofiber sequence. Here one can argue reducing to the case where X
and Y are both wedges of spheres, since all functors in the sequence commute with
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weakly contractible colimits in both variables. In this case, it reduces to the fact that the
attaching map of the top cell in a product of spheres S*¥ x S* is given by the Whitehead
bracket. 0

We will use the following two lemmas to show the cofiber sequence is of the right form
for free Lie algebras. First of all, the free Lie algebra functor takes tensor products to
smash products.

Lemma 4.6. Let — A\ —: 8, X 8, — 8, be the smash product functor. Then we have an
equivalence of spectral Lie algebras

freep, (X) Afreep (V) ~ free, (X @ V),

natural in X,Y € Sp.

Proof. Since 3*° is symmetric monoidal from the smash product of pointed spaces to
the tensor product of spectra, we have a natural isomorphism

Y0 (- A=) = (—®—) o (X x X%)
of functors 8, x 8, — Sp. The stable chain rule then implies that
0x(B 0 (= A=) 2 0:(— ® =) 0 (02 X 0,X%) ~ 0,(— ® —).

The bisymmetric sequence J.(— ® —) is concentrated in bidegree (1,1), so that the left
0, (£°°Q)-comodule structure is trivial for degree reasons. Taking Koszul duals and
using Proposition 3.9, we find that

Ox(— N =) ~Lod,(—®—)

as left L-modules. We now let both sides of this equation act on a pair of spectra (X,Y).
The left hand side then becomes

Ox(— N =)o (X)Y) ~ 0u(— A =) opLxL (freep(X), freer,(Y))
~ freep, (X) A freep(Y).

Here the final equivalence follows from Proposition 3.16. Since 0,(—®—)o(X,Y) = XQ®Y,
the right hand side evaluates to free,(X @ V). O

Finally, we need to relate the Whitehead bracket to the Lie bracket of spectral Lie
algebras. More precisely, we let

By : freep(3A ® B) ~ S freer(A) A freep(B) — freep, (XA ® ¥B)

denote the composite of the equivalence from the previous lemma and the Whitehead
bracket. We write

By: freel (XA ® B) — free (XA @ ¥B)

for the Lie bracket, which is the map of Lie algebras determined by the composite
YARB~Y 'SA® B — 7 freep (BA @ ¥B)®? L free (ZA @ XB).

Here, the first equivalence interchanges the suspension with A and uses id ~ 71X, The
second map is the desuspension of the composite of the inclusions of ¥ A and B in
YA®YB and the unit SA®XB — free (XA @® X B). The third map is the multiplication
map coming from the Lie algebra structure on freep, (XA @ ¥ B), where we have made
the identification L(2) ~ S~

Lemma 4.7. The natural transformations By and By, agree, possibly up to a sign.
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Proof. Tt suffices to show that the composites of By, and By, with the inclusion YA B —
freer,(XA ® B) are equivalent natural transformations of functors Sp x Sp — Sp. We
write By and Bp, for these composites as well, and claim that both of them exhibit
Y A® B as the (1, 1)-derivative of free; (XA @ X.B). This is enough to complete the proof,
since it implies that By and By, agree up to a natural automorphism of the functor
(A, B) — XA ® B, of which there are exactly two: the identity and multiplication by —1.

For By, the claim follows by observing that it is given by the composite
YA® B — L(2) ®@us, (YA ® XB)®? - free, (XA @ XB),

where the first map uses the inclusions of ¥ A and XB in YA & XB as well as the
equivalence L(2) ~ S™! and the second map is the inclusion of the weight 2 term. For
By, observe that since it is given by the composite

YA® B — free(3A ® B) ~ X freer(A) A free(B) — free (XA & ¥B),

where the first map clearly exhibits the source as the (1, 1)-derivative of freer, (XA & XB),
it suffices to show that the Whitehead bracket

Y freep, (A) A freep,(B) — free (XA @ ¥B)
induces an equivalence on (1, 1)-derivatives. But this map is induced by taking derivatives

of the Whitehead bracket
YXAY - XX VYY

in pointed spaces, so it suffices to show that this map induces an equivalence of (1,1)-
derivatives by Proposition 3.18. This is a consequence of the Hilton-Milnor theorem; see
Lemma 2.4 of [14]. O

Remark 4.8. A version of this lemma also appears as [21, Proposition 4.28|. However,
the proof given there is incomplete.

We now come to the proof of the main theorem of this section.

Proof of Theorem 4.4. Since the Goodwillie transform
Galg: Fun™* (8, x 8,,8,) — Fun™*(Lie(Sp) x Lie(Sp), Lie(Sp))

preserves finite limits and all small colimits by Proposition 3.10, it preserves the commu-
tator sequence. This is a cofiber sequence in pointed spaces by Lemma 4.5, so we learn
that it is also one in spectral Lie algebras. The fact that it is of the required form for
free spectral Lie algebras follows at once by combining Lemmas 4.6 and 4.7. (]

Corollary 4.9 (Corollary B). The cartesian product
x : Lie(Sp) x Lie(Sp) — Lie(Sp)

commutes with weakly contractible colimits in both variables. Consequently, the smash
product defines a nonunital symmetric monoidal structure on Lie(Sp).

Proof. The commutator cofiber sequence for free spectral Lie algebras implies that the
functor

(A, B) — freep,(A) x freer(B)

preserves weakly contractible colimits in both variables. Writing an arbitrary Lie algebra
as a sifted colimit of free Lie algebras, we find that the cartesian product commutes with
weakly contractible colimits in both variables. This immediately implies that the smash
product defines a nonunital symmetric monoidal structure by Proposition A.2. (Il
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Remark 4.10. Since freey, takes the tensor product of spectra to the smash product
of Lie algebras, the reader might be led to believe that freey(S) is a unit for the smash
product. This turns out not to be the case: one can show that for X € Alg; (Sp) there is
an isomorphism

X Afreer(S) ~ freep, (coty, (X)),

so that smashing with freer,(S) only acts as a unit on free algebras. We will not need
this fact here, so we do not pursue it further.

4.2. The James construction

The aim of this section is to prove Theorem D. We will begin by showing that any monoid
object in spectral Lie algebras is automatically group-complete:

Proposition 4.11. Let C be a stable presentably symmetric monoidal co-category and
O a nonunital operad in C. Then the map of E1-monoids freeg, (X) — QX X, induced by
the unit X — QX X, is an equivalence. Moreover, the two functors

Algy (€) % Grp(Algg(€)) % Mon(Alge (€))
are equivalences of co-categories, where the last term denotes the co-category of monoid
objects in Algy(C) and the middle term the analogous co-category of group objects.

Remark 4.12. In particular, any monoid of Alg,(€) is automatically grouplike, and
any group object X € Grp(Algy(€)) admits an essentially unique delooping. Observe
that in the co-category of pointed spaces such statements need the hypothesis that X is
connected, but they hold unconditionally in the setting of O-algebras.

Proof of Proposition 4.11. Consider the commutative diagram of right adjoint functors

Algy(€) —2 Mon(Algy (€)) ~25% Alg, (C)

lforgct lforgct lforgct

e—2 =02
The left adjoint of the top-left functor 2 is the usual bar construction of a monoid:
Bar: Mon(Algy(C)) — Algy(€C): X +— colimaer X°.

Since the forgetful functor Algy(€) — € preserves products and sifted colimits, we
find forget o Bar ~ X o forget (since € is stable, so bar construction and suspension
agree). Hence the unit and counit of the adjoint pair (Bar, 2) become, after applying
the forgetful functor, the unit and counit of the loops-suspension adjunction on € and
hence equivalences. It follows that the top-left functor €2 is indeed an equivalence of
oo-categories. Since () takes values in grouplike monoids, it follows that every monoid
object is grouplike. This proves that the two functors in the statement of the proposition
are indeed equivalences. Finally, the right adjoint functor

Mon(Alge (€)) “22% Alg,(€)

induces a monad on Alg,(C), namely the free E;-monoid functor freeg,. Similarly, the
right adjoint functor

Mon(Alg, (€)) 2 Algy (€)

induces the monad 2. The diagram at the start of this proof and our earlier argument
show that the comparison map freeg, — Q2% between the two is indeed an equivalence. [J
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It is proved in [9] that the James construction J(X) computes the free Eq-monoid on X,
provided that the cartesian product commutes with weakly contractible colimits in each
variable. This is the case in Lie(Sp) by Corollary B, so that the first part of Theorem D
follows immediately. However, let us also give a direct proof using the methods of this

paper:

Proof of Theorem D. First consider the usual natural transformation 7 — QY between
functors 8, — 8,. It is a classical fact that this map is an equivalence when evaluated on a
connected space X, and that there is a natural James splitting X7(X) ~ \/,~; ZX"" in
that case. We now apply the Goodwillie transform Gaje to obtain corresponding natural
transformations between functors Lie(Sp) — Lie(Sp). Since Gaig preserves colimits and
finite limits on mapping categories (Corollary 3.17), it preserves the James construction
and sends Q¥ on 8, to the corresponding construction on Lie(Sp). Moreover, if ' — G
is a natural transformation of functors 8, — S, that is an equivalence on connected
spaces, then it induces an equivalence 0, F' ~ 0,G on derivatives. Hence the same is true
for Gaig(F') = Gaig(G). This completes the proof. O

4.3. The EHP sequence

Let X be a connected pointed space and consider the usual EHP sequence, which consists
of natural maps

X Zonx & onx/?

and a natural nullhomotopy of the composite. Here E is the unit of the loops-suspension
adjunction and the Hopf map H is adjoint to the map

DODX ~ n\/ XM — £XA2
n
combining the James splitting and projection onto the second factor. We now apply the
Goodwillie transform Gaje to obtain a corresponding null sequence of functors

. E H

idpie(sp) — QX — Q¥(—)"?
on the oo-category Lie(Sp). Here we have again used that Gaig preserves colimits and
finite limits of functors (Corollary 3.17) to conclude that the sequence takes the same
shape on Lie(Sp). In fact, one can argue that the maps E and H admit the same

description as before, but now interpreted inside Lie(Sp), relying on the James splitting
for spectral Lie algebras that we produced above.

Proof of Theorem E. It remains to show that the sequence is a 2-local fiber sequence
when evaluated on a spectral Lie algebra X = freer(S¥). This can be checked on
derivatives: we should argue that

0, (ids,) o S* B 0.(0%) o 8% s 0,(0%(-)"2) o §*

is a 2-local fiber sequence. This has been shown by Behrens [5, Lemma 2.1.2] and by
Arone-Mahowald [3, Propositions 4.6, 4.7]. O

4.4. The Hilton—Milnor splitting

For pointed connected spaces X and Y, the classical Hilton—Milnor theorem provides a
splitting of the loop space 23(X VY) as an infinite product, indexed by a basis for the
free Lie algebra on 2 generators, of factors of the form QX (X" A Y?). We will now
derive the analogous splitting in the co-category of spectral Lie algebras. At the level of
derivatives this was already observed by Arone-Kankaanrinta [2] and a statement on
Goodwillie towers was considered by Brantner—Heuts [14].
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In more detail, write Ly for an ordered set of Lie words in two letters z, y forming a basis
for the free classical Lie algebra (say over Q) generated by x and y. For X,Y € Lie(Sp)
and a word w € Lo, we define w(X,Y") by letting the bracket act as the smash: e.g., if
w = [z, [z,y]] then w(X,Y) = X"? AY. For each w we define a map

w(X,Y) = QE(X VY)
using the (iterated) Whitehead bracket defined by w. This extends to a map of group
objects
Ww(X,Y) - QB(X VY).

Now multiplying these maps together using the group structure of the codomain, we
obtain a map

p: [] QSw(X,Y) = QS(X vY)

weLy

/
where H denotes the weak infinite product, meaning the filtered colimit of products
indexed by finite subsets of L.

Theorem 4.13. The map ¢ is an equivalence of spectral Lie algebras.

Proof. The Hilton-Milnor theorem states that the analogous construction in the oco-
category of pointed spaces yields an equivalence when evaluated on connected X and Y.
The conclusion follows immediately by applying the Goodwillie transform Gajge, using
that it preserves colimits and finite limits of functors and the fact that an equivalence on
connected spaces yields an equivalence on derivatives, all as before (e.g. in the proof of
Theorem D). O

4.5. Universality of weakly contractible colimits

Another typical feature of the homotopy theory of unpointed spaces is the universality
of certain kinds of colimits.

Definition 4.14. Let 7 be a small category and let € be a category that admits pullbacks
and Z-indexed colimits. We say that Z-indexed colimits are universal in € if for every
morphism f: X — Y in C, the pullback functor

f* : e/y — G/X
preserves Z-indexed colimits. In other words, for any diagram g: Z — €y, the compari-
son map
colimz (X xy g(—)) = X Xy colimzg(—)
is an isomorphism.
Example 4.15. In the category 8 of spaces, Z-indexed colimits are universal for any
small indexing category Z. Since the forgetful functor 8, — § preserves and reflects all

limits and weakly contractible colimits, Z-indexed colimits are universal in 8, whenever
T is weakly contractible.

The main result of this section is that the category of spectral Lie algebras behaves the
same as the category of pointed spaces when it comes to universality of colimits.

Theorem 4.16 (Theorem F). Let T be a weakly contractible small category. Then
Z-indezxed colimits are universal in Lie(Sp).



A CHARACTERIZATION OF THE SPECTRAL LIE OPERAD 25

Corollary 4.17 (Mather’s second cube lemma). Suppose that we have a commutative
cube of spectral Lie algebras
C
D h
Y

|-

where the bottom face is cocartesian and all the vertical faces are cartesian. Then the top
face is cocartesian as well.

A

]

|

|

:

Our proof of Theorem 4.16 will of course amount to differentiating the universality of
weakly contractible colimits in pointed spaces. In order to carry out this proof, we need
two additional properties of the functor Gay,: Diff — Diff, both of which will be proved
in [8]. The first one is:

Proposition 4.18. The functor Gaig: Diff — Diff preserves cotensors by small oo-
categories.

Remark 4.19. Observe that the (oo, 2)-category Diff admits such cotensors: if C
is a differentiable oco-category and K is a small co-category, then Fun(K, C) is again
differentiable and provides a cotensor of € by K in Diff.

The proposition implies that
Galg(Fun(kK, €)) ~ Fun(XK, Alga*ide),

where we have abbreviated Algy ;4. (Sp(C)) to Algy ;4. It also implies that if p: I — J
is a functor of small co-categories, then the restriction functor p*: Fun(.J, €) — Fun(7, C)
is preserved by Gajs. Since any functor of (0o, 2)-categories preserves adjunctions, this
has the further consequence that Gaj, sends the colimit functor Fun(K,C) — € to

colim: Fun (K, Algy ;q.) — Algs.iqe -
The same holds for the limit functor if K is finite (if K is not finite, the limit functor is
not finitary).
The other property of Gaj, we need is:

Proposition 4.20. Let

A
é*l lq*
B D

be a pullback square of oco-categories where B, C, and D are differentiable and p* and ¢*
are reduced and finitary. Assume that

L]

*

p

(1) p* and ¢* both admit a left adjoint, and
(2) p* is fully faithful.

Then A is differentiable, p* and q* are reduced and finitary, and Ga,: Diff — Diff
preserves the pullback square.
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With this in place, we come to the proof of universality of weakly contractible colimits
in spectral Lie algebras.

Proof of Theorem 4.16. Let Z be a weakly contractible small co-category as in the
statement of the theorem. We start by rephrasing the universality of Z-indexed colimits
in 8, in a way that is amenable to applying Goodwillie calculus. Let K = (a — b < ¢)
be the free cospan and consider the pullback of categories

I — Fun(K x Z,8.)

J I

Fun({a — b},8.) — Fun({a — b} x Z,8.),

where the right hand map is restriction along the inclusion ¢: {a = b} xZ — K x I,
and the bottom map is restriction along the projection p: {a — b} X Z — {a — b}. Note
that p* is fully faithful since 7 is weakly contractible. The oco-category € consists of
cospans of Z-indexed diagrams of the form

p(4) 2 ' (B) -

i.e. the left arrow is a constant natural transformation between constant Z-indexed
diagrams. Now consider the canonical natural transformation

Fun(K x Z,8,) —25, Fun(Z,S,)

colimzl — J{colimz (2)

Fun(K, S*) T} 8*

that interchanges the limit and the colimit. Observe that the universality of Z-indexed
colimits in 8, is equivalent to « becoming an equivalence after restricting to the full
subcategory & C Fun(K x Z, 8.).

We now apply Gaig to the squares (1) and (2). For (1), observe that all three co-categories
in the cospan are differentiable, p* and ¢* are reduced finitary right adjoints, and p* is
fully faithful. It follows from Proposition 4.20 that Gajs sends this square to a pullback
square. By Proposition 4.18, we can identify the resulting square with

Algy g, = Fun(K x 7, Lie(Sp))

Fun({a — b}, Lie(Sp)) — Fun({a — b} x Z, Lie(Sp)).

Another application of Proposition 4.18 shows that Gaiz sends the square (2) to the
same square with 8, replaced by Lie(Sp). The natural transformation Gaig(cx) is again
the canonical map interchanging the colimit and the limit; this follows because functors
of (00, 2)-categories preserve Beck-Chevalley transformations. By functoriality of Gaig,
we find that this transformation becomes an equivalence upon restricting to the full
subcategory

Algy 4, € Fun(K x T, Lie(Sp)).

But this is equivalent to the universality of Z-indexed colimits in spectral Lie algebras. [

5. THE CHARACTERIZATION

In this section we will prove the characterization of the spectral Lie operad. In Section 5.1,
we give a short preliminary discussion of lax symmetric monoidal comonads. We then
give a characterization of the cocommutative cooperad in Section 5.2. Using this, we
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show that the derivatives of the identity functor in pointed spaces are the spectral Lie
operad in Section 5.3. We then prove in Section 5.4 that the free spectral Lie algebra
functor is symmetric monoidal with respect to the tensor product of spectra and the
smash product of Lie algebras. Finally, we prove the characterization in Section 5.5.

5.1. Lax symmetric monoidal comonads

Our proof of the characterization in the end relies on the fact that the cartesian product in
the oo-category coCAlg(Sp) of cocommutative coalgebras is given by the tensor product
of spectra. It will therefore be useful to know when one can lift the tensor product to a
symmetric monoidal structure on the co-category of Q-coalgebras, where Q is a cooperad.
We address this question now.

Let € be a symmetric monoidal co-category and suppose that 7: € — C is a comonad.
If the functor T" has a lax symmetric monoidal structure, then we could try to define a
T-coalgebra structure on the tensor product of two T-coalgebras A and B by taking the
composite
ARB—-T(A)®T(B) - T(A® B)

as the coaction of T'on A ® B. Here, the first morphism is the tensor product of the
coactions of T"on A and B respectively, and the second morphism uses that T is a lax
monoidal functor. Of course, for this to work we need the lax monoidal structure to be
compatible with the comonad structure. The precise definition is as follows.

Definition 5.1. Let € be a symmetric monoidal co-category and write Endlax(e) for the
oo-category of lax symmetric monoidal endofunctors on €. This is a monoidal co-category
under composition. A lax symmetric monoidal comonad is a coalgebra in End'™(€).

This definition indeed accomplishes what it was designed for, as we have:

Proposition 5.2. Let T be a lax symmetric monoidal comonad on C. Then coAlgy(C)
admits a symmetric monoidal structure for which the forgetful functor coAlg;(C) — € is
strong monoidal.

Proof. This is proved in [20, Theorem 1.11]. O

The main source of examples of lax symmetric monoidal comonads is the following:

Proposition 5.3. Let

F:C—D:CG
be an adjunction between symmetric monoidal co-categories where F' is strong symmetric
monoidal. Then the comonad FG lifts to a lax symmetric monoidal comonad.

Proof. Since F is strong symmetric monoidal, we obtain a lax symmetric monoidal
structure on G such that the unit and counit refine to lax symmetric monoidal natural
transformations [25, Corollary 7.3.2.7]. One then observes that the unit F' — FGF
exhibits FG € End™® (D) as the coendomorphism object of F € Fun'®(€, D); the proof
is exactly the same as in [25, Lemma 4.7.3.1]. Since a coendomorphism object acquires a
canonical coalgebra structure by [25, Corollary 4.7.1.41], this completes the proof. O

When € is a cartesian symmetric monoidal co-category and D is Sp with the augmented
tensor product, it turns out that the tensor product ®*"& on the oo-category of FG-
coalgebras is equivalent to the cartesian product. More precisely, we have the following:

Proposition 5.4. Let D be a stable presentably symmetric monoidal co-category and let
T be a comonad on D. The following are equivalent:
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(1) There is a pointed co-category C with finite limits and colimits and an adjunction
F:C=7D:G, where F is a nonunital symmetric monoidal functor with respect
to the smash product on C and the tensor product ® on D, and there is an
equivalence of comonads T ~ FG.

(2) There is a pointed co-category C with finite limits and colimits and an adjunction
F:C=7D:G, where F is a symmetric monoidal functor with respect to the
cartesian product on C and the augmented tensor product ®**¢ on D, and there
s an equivalence of comonads T ~ FG.

(3) The comonad T lifts to a lax symmetric monoidal comonad for @8, and for
every pair X,Y € D, the composite

T(X) @™ T(Y) = T(X @8 Y) = T(X x Y)

is an isomorphism, where the first arrow is the lax comparison map of T and the
second one is induced by the projection X R*"¢Y — X x Y.

(4) The forgetful functor coAlgp(D) — D admits a symmetric monoidal structure
from x to @18,

(5) The forgetful functor coAlg; (D) — D admits a nonunital symmetric monoidal
structure from the smash product A to ®.

Proof. (1) = (2): The composite of functors

€ —— coCAlg"™ (€, x)
—— coCAlg™(C, A)
L, coCAIg™ (D, ®).

provides a lift of F': € — D through the category coCAlg™ (D). Here, the first arrow
uses that every object in a category with products is canonically a nonunital commutative
coalgebra for the cartesian product [25, Corollary 2.4.3.10], the second arrow is given by
the oplax monoidal structure from x to A on the identity functor of €, and the third
arrow uses the assumption that F' is symmetric monoidal from A to ®.

The resulting functor € — coCAlg™ (D) is canonically oplax monoidal for the cartesian
symmetric monoidal structure on source and target, since this holds for any functor
between oco-categories with finite products [25, Proposition 2.4.3.16]. By composing with
the forgetful functor coCAlg™ (D) — D, which is strong monoidal from x to ®2"8, we
obtain an oplax monoidal structure on the functor F': € — D with respect to x and
®*1&. For every pair of objects M, N € €, the oplax comparison map by construction
fits in a commutative diagram

F(MUN) — F(M x N) —— F(M A N)

I | i

F(M)® F(N) — F(M) @& F(N) — F(M)® F(N).

The left vertical arrow is an isomorphism since F' preserves colimits and the right
vertical arrow is an isomorphism by assumption, so that the middle vertical arrow is an
isomorphism by the 5-lemma. This shows that F' admits a symmetric monoidal structure
from x to ®*"s.

(2) = (3): It follows from Proposition 5.3 that 7" acquires the structure of a lax symmetric
monoidal comonad for ®*"¢. The symmetric monoidal structure on F' induces a lax
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symmetric monoidal structure on G with structure map given by the composite
G(X) x G(Y) = GF(G(X) x G(Y))
= G(FG(X) @8 FG(Y))
8% (X @™eY),

where 1 and e denote respectively the unit and counit of the adjunction (F,G). It is an
immediate consequence of the triangle identities and the fact that G preserves products
that the composite of this map with the projection G(X ®*"8Y) — G(X x Y) is an
isomorphism. Applying F' to this total composite and using that F'G ~ T, we find that
the composite

TX)™eT(Y) > T(X@"Y)>T(X xY),
is an isomorphism.

(3) = (4): Since T is a lax symmetric monoidal comonad, the augmented tensor product
lifts to a symmetric monoidal structure on coAlg, (D). For any pair M, N € coAlg,(D)
there is a natural comparison morphism M ®*'¢ N — M x N with components

M~ MY 0+ M N -0 N~N.

Since forget: coAlg(D) — D is symmetric monoidal for ®2"€, it suffices to show that
this comparison map is an isomorphism. Using the standard cobar resolution, we write
M ~ Tot C*(T,T, M) as a totalization of cofree T-coalgebras. Consider the following
commutative diagram of coalgebras:

Tot(C*(T, T, M) @& N) —— M @8 N

| !

Tot(C*(T,T, M) x N) —— M x N.

The top horizontal arrow is an isomorphism since the underlying cosimplicial object
of C*(T, T, M) ®*"¢ N is split. The bottom horizontal arrow is an isomorphism since
totalizations commute with products. It therefore suffices to prove the map is an
isomorphism if M is a cofree T-coalgebra. By the same argument, we may also assume
N is cofree. But in this case, the map is equivalent to the composite

cofreer(X) @8 cofreer(Y) — cofreer(X @*"8 Y') — cofreer(X x Y),
which we assumed to be an isomorphism.
(4) = (5): This follows from Remark A.11, since the forgetful functor preserves colimits.
(5) = (1): The cofree functor is right adjoint to the forgetful functor. O
Corollary 5.5. Let D be a stable presentably symmetric monoidal category and let T' be

a comonad on D satisfying the equivalent conditions from the previous proposition. Then
T admits a symmetric monoidal structure from @ to "8,

Example 5.6. The forgetful functor coCAlg(SSeq™ (Sp)) — SSeq™(Sp) admits a
symmetric monoidal structure from X to ®*"& by Proposition 2.9. In this case, the
previous corollary recovers the well-known fact that the functor Symggp,v is symmetric
monoidal from & to ®>"s.

5.2. A characterization of the cocommutative cooperad

The cocommutative cooperad admits the following characterization.

Proposition 5.7. Let Q be a reduced cooperad in spectra. Then the following are
equivalent:
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(1) The cooperad Q is equivalent to the cocommutative cooperad Com" .
(2) The functor
forgety: LeoModg — SSeq™ (Sp)
admits a nonunital symmetric monoidal structure with respect to the smash
product on LecoModg and the Day convolution tensor product on SSeq™ (Sp).

Proof. The implication (1) = (2) follows immediately from Proposition 2.9 and Re-
mark A.11.

We now prove the other implication. First of all, since the forgetful functor LcoModg —
SSeq™(Sp) admits a nonunital symmetric monoidal structure from A to ®, it also admits
a symmetric monoidal structure from the cartesian product to ®*"¢ by Proposition 5.4.

Since every object in LcoModg is canonically a commutative coalgebra for the cartesian
product and the forgetful functor LcoModg — SSeq™ (Sp) is symmetric monoidal from x
to @18, we obtain a factorization of the forgetful functor through coCAlg™ (SSeq™ (Sp)),
so that we get a commutative diagram

LcoModg A coCAlg™ (SSeq™ (Sp))
fom 4/%%omv
SSeq™ (Sp).

Observe that all functors in this diagram are symmetric monoidal for ®*"¢, and that the
diagram commutes as a diagram of symmetric monoidal functors. The diagram gives
rise to a map
Symg — SyMmeomv

of lax symmetric monoidal comonads for ®*"€. Indeed, since the (lax) symmetric monoidal
functor forgetoomv has the structure of a left comodule over the lax symmetric monoidal
comonad Symg,,,v, the (lax) symmetric monoidal functor forgety ~ forgetog,y, oH also
acquires such a left module structure, and this is classified by a map Symg — Symggpm,v
of lax symmetric monoidal comonads, since Symg is the coendomorphism object of
forgetq € Funlax(LcoMon, SSeq™(Sp)). Moreover, by Corollary 5.5 and Example 5.6,
both Symeemv and Symg acquire a symmetric monoidal structure from @ to ®*"# and
the map Symg — Symgem,v therefore refines to a natural transformation of symmetric
monoidal functors (SSeq™ (Sp), ®) — (SSeq™ (Sp), ®*"¢). In particular, for every pair
of symmetric sequences X,Y € SSeq™ (Sp), we get a commutative square

Symg(X @Y) Symeomv (X @Y)

L i

Sme (X) ®*Me Sme (Y) — SyInComv (X) Qe SyInComv (Y)

The map of comonads Symg — Symggy,v vields a map of cooperads BO — Com"
by passage to Goodwillie derivatives by Example 3.6. We will now show by induction
that Q(n) — Com"(n) is an isomorphism for all n > 1. For n = 1, there is nothing to
show since the cooperads in question are reduced. If A is a symmetric sequence and
X,Y € SSeq™(Sp), we have natural decompositions

Symu(X @Y) = @ Resg s, Ak +0) @ps,xz, X8 @V,
k,6>0
Sym 4 (X) @& Sym (V) ~ @ A(k) ® A() @ngyxs, X @ YO
k,6>0
In the final expression, one should set A(0) =0 if k = ¢ = 0 and A(0) = S otherwise.
Note that in both sums, the (k, ¢)-component is a (k, £)-homogeneous functor. Applying
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the multivariable Goodwillie derivative functor d(,,_; 1) to the commutative square above,
we therefore obtain a commutative diagram of spectra with ¥,,_j-action

ResgzilQ(n) _ Res%:ilQ(n)

L i
Q(n—-1)®Q(1) — Com"(n — 1) ® Com"(1).
We may take as our inductive hypothesis that the bottom horizontal map is an isomor-

phism, so that the top horizontal map is an isomorphism as well. Since Res%:i1 is a
conservative functor, this completes the proof. (I

5.3. Derivatives of the identity functor in pointed spaces

Before giving the proof of Theorem C, we will use the proposition from the previous
section to prove that O,idg, is the spectral Lie operad; see Example 3.3 above for how
this proposition relates to other versions of this result in the literature.

Proposition 5.8. There is an equivalence 0,ids, ~ L of operads.
Proof. The functor X°°: §, — Sp is strong symmetric monoidal from A to ®. Recall
from Proposition 3.22 that the Goodwillie transform

GLMoa: Diff — Diff: € — LMods, 4. (SSeq™ (Sp(C)))

preserves symmetric monoidal oo-categories and symmetric monoidal functors. By
Examples 3.25 and 3.26, Gpmoq sends the tensor product on Sp to the Day convolution
tensor product on SSeq™ (Sp) and the smash product on 8, to the smash product on
LModa, ids, (SSeq™ (Sp)). It follows that the functor Gryea(X°°), which is given by the
bar construction

B(0.X%,0,ids,, —): LModa,iqs. — SSeq™ (Sp),

acquires a symmetric monoidal structure from the smash product to the Day convolution
tensor product. Since 0,X°° ~ 1, it has to be a trivial right 0,idg,-module for degree
reasons, so that we have an equivalence of functors

B(0,X%,0.ids, , —) ~ coty,ids.. -
By precomposing this functor with the Koszul duality equivalence
primpg jq,_: LcoMod g, ids, = LModag, ids,

of Proposition 2.18 and using that cotg,iqs, o primpy, jq, == forgetpy i, , we find that
this forgetful functor acquires a nonunital symmetric monoidal structure from A to ®.
By Proposition 5.7, we then have that Bd,ids, ~ Com", so that d,ids, ~ L. O

Corollary 5.9. There is an equivalence 0,(X°Q>) ~ Com" of cooperads.

Proof. This follows by combining the previous proposition with Proposition 3.2. (]

5.4. The free Lie algebra functor

We will show in this section that the free spectral Lie algebra functor is symmetric
monoidal with respect to the tensor product of spectra and the smash product of Lie
algebras. We will do so by first proving an analogous statement in the Morita category.
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Definition 5.10. Let O and P be operads in spectra and let n > 1. We write
Mor™((Sp, 9)*™, (Sp, P)) for the full subcategory of

Mor((spv O)Xnv (Spa (P)) = BiMOd(T,O) (Sseqnu(spxn, Sp))

spanned by the (P, O)-bimodules for which the underlying left P-module is free on an
n-fold symmetric sequence concentrated in multidegree (1,...,1).

Remark 5.11. Note that if M is a (P, 0)-bimodule in SSeq™ (Sp*™, Sp), then it is a
condition and not extra structure for the underlying left P-module to be free on an n-fold
symmetric sequence concentrated in multidegree (1,...,1). Indeed, the map of n-fold
symmetric sequences M, 1) — M given by the inclusion of the arity (1,...,1) term
induces a map of left P-modules

Po M(l,.“,l) — M,

and this map is an equivalence if and only if M is free on an n-fold symmetric sequence
of multidegree (1,...,1).

Example 5.12. Recall we have an equivalence of co-categories
Mor((Sp, 1)Xn7 (Sp, 1)) =~ Sseqnu(spxnv Sp).

An n-fold symmetric sequence lies in the full subcategory Mor™((Sp,1)*™, (Sp, 1)) if and
only if it is concentrated in multidegree (1,...,1).

Lemma 5.13. Let O be an operad in spectra and let n > 1. Then postcomposition with
the trivial right O-module 1 induces an equivalence

Mor®((Sp, 1)*", (Sp, 0)) —22— Mor*((Sp, 1)*", (Sp, 1)).

Proof. The functor 1 o9 — is clearly essentially surjective. To see that it is fully faithful,
suppose that we are given

M, N € Mor®((Sp,1)*", (Sp, 9)).
Then M ~ 0o M, . 1)and N ~ 0o N . 1) by assumption. We have
Mapy voq, (M, N) =~ Mapggeq(M(1,...1), 0 0 Ny, ..1y) = Mapg, (M1, 1), N1,....1))-

Here, we wrote Mapyyp,q, for the mapping space in Mor®™((Sp,1)*", (Sp,0)) and
Mapgg,, for the mapping space in SSeq™ (Sp*"™,Sp). The first equivalence follows
by adjunction, and the second equivalence follows since a morphism of symmetric se-
quences from M 1) to O o Ny, 1) has to factor through the arity (1,...,1)-term of
the target, which is given by N(; . 1). So we find that the space of maps from M to N
is equivalent to the space of maps from 109 M to 109 N, and this equivalence is clearly
given by the functor 1 o9y —. O

Definition 5.14. We write CMon"" (Mor) for the (oo, 2)-precategory of nonunital com-
mutative monoids in Mor. In other words, this is the full subcategory of Fun(Surj,, Mor)
spanned by the functors that satisfy the Segal condition.

Remark 5.15. Every M € CMon™ (Mor) has an underlying object (€,0) given by
evaluating the corresponding functor M : Surj, — Mor at the pointed set (1) with one
non-basepoint element. The unique surjection (n) — (1) for which the preimage of the
basepoint is the basepoint induces a multiplication map

®p: (C,0)*" = (€,0)

in Mor. These multiplication maps are suitably associative and commutative. We will
often write (€, 0, ®¢) instead of M, or just (O, ®¢) in case € = Sp.
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Given (0,®0), (P, ®p) € CMon""(Mor) we write
CMon™ (Mor)*((0,®0), (P, @)

for the category of maps of nonunital commutative monoids such that the underlying
morphism lies in Mor™((Sp, O), (Sp, P)).

Lemma 5.16. Suppose that we are given (0,®¢),(1,®1) € CMon™" (Mor) such that
the following conditions are satisfied:

(1) For each n > 1, the multiplication maps @ and ®Y lie in the categories
Mor™((Sp, 9)*™, (Sp, 0)) and  Mor"™((Sp,1)*", (Sp, 1)),

respectively.
(2) The trivial right O-module 1, considered as a morphism

1: (Sp,0) — (Sp,1)

in Mor, admits the structure of a map of nonunital commutative monoids
(Oa®o) - (17®1)

Then postcomposition with the morphism from (2) induces an equivalence

CMon™ (Mor)¥((1,®1), (0,®0)) LN CMon™ (Mor)*((1,®1), (1,®1)).

Proof. By [18, Lemma 6.4], the co-category of morphisms CMon™" (Mor)((1, ®1), (0, ®0))
is equivalent to the limit of the functor

(1,81)x(0,®0) Mor(—,—
Rh

K: Tw(Surj,) — SurjeP x Surj, (Mor)°P x Mor Mor(=3) Catoo,

where Tw(Surj,) denotes the twisted arrow category of Surj,, and the first map is the
projection onto source and target. In other words, this category of morphisms can be
written as a limit over co-categories of the form

Mor((Sp,1)*™, (Sp, 0)*") 3)

for m,n > 1. We claim that the full subcategory CMon™ (Mor)*((1,®1), (0,®0)) can
be represented as the limit of a subfunctor of K, which is pointwise given by the full
subcategory

Mor®((Sp,1)*™, (Sp, 0))*"
of (3). We first verify that this defines a subfunctor. To do so, it suffices to show that
for any surjection a:: (n) — (¢), the induced functor

a: Mor((Sp, 1)*™, (Sp, 0)*") — Mor((Sp, 1)*™, (Sp, 0)**)

maps the full subcategory Mor™((Sp, 1)*™, (Sp, ©))*™ into Mor™((Sp, 1)*™, (Sp, 9))*¢,
and also that the analogous statement holds for precomposition by any surjection
B: (k) — (m). We only prove the first of these statements, since the second one follows
by a similar argument. It is moreover enough to verify the first statement for £ = 1. We
will now proceed to do so.

Suppose that M € Mor™((Sp,1)*™, (Sp,0))*". We have M = (My,..., M,), and
M; ~ Qo X; as left O-modules with X; concentrated in multidegree (1,...,1), where 1
occurs m times. By assumption, we also have ®3" = O oY as left O-modules with Y’
concentrated in multidegree (1,...,1), where 1 occurs n times. We need to show that the
underlying left O-module of ®{ ogxn M is free on a symmetric sequence concentrated
in multidegree (1,...,1), where 1 occurs mn times. But as left O-modules, we have
equivalences

®@ 0oxn M ~ @ ogxn 0" o (X1,...,Xp) ~00Y o (Xy,...,X,),
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and Y o (Xy,...,X,) is concentrated in multidegree (1,...,1) by Proposition 3.33. This
shows that we indeed get a subfunctor.

It now follows easily that CMon™" (Mor)*((1,®1), (9, ®¢)) is the limit of this subfunctor:
if M is an element of this limit, then M in particular is an element of lim K, and hence
defines a map of nonunital commutative monoids. Moreover, its underlying morphism
lies in Mor™((Sp, 1), (Sp, ©)) by definition of the subfunctor. On the other hand, if
M € CMon™" (Mor)¥((1,®1), (0,®0)), then we can represent M as an element of lim K
such that the component in K (id;y), which corresponds to the underlying morphism, lies
in Mor™((Sp, 1), (Sp, ©)), i.e. in the subfunctor. But then it follows that all components
of M in lim K take values in the subfunctor, since these components are obtained by
composing the underlying morphism of M with ®{' and ®7 for m,n > 1. Hence M lies
in the limit of the subfunctor.

The category CMon™" (Mor)™((1,®1), (1,®1)) can be written as a limit over Tw(Surj,)
in the same way. To complete the proof, it therefore suffices to show that postcomposition
with the trivial right O-module 1 induces an equivalence

(1og—)X™

Mor™((Sp, 1)*™, (Sp, 0))*" ——— Mor™((Sp,1)*™, (Sp, 1))*".
This follows from Lemma 5.13. O

We will now use this result to prove that the free Lie algebra functor is symmetric
monoidal.

Proposition 5.17. The functor freep,: Sp — Lie(Sp) admits a nonunital symmetric
monoidal structure with respect to the tensor product on Sp and the smash product on

Lie(Sp).

Proof. The functor ¥*°: 8§, — Sp is nonunital symmetric monoidal with respect to the
smash product on 8, and the tensor product on Sp. Taking derivatives of this functor
yields a morphism

0.(2%°): (L, 0:(— A=) = (1,0:(— @ —))

of nonunital commutative monoids in Mor by Proposition 3.20. We claim that this
morphism satisfies the conditions of Lemma 5.16. Indeed, by Remark 3.14 it follows
from the fact that the smash product commutes with colimits in each variable separately
that 0, (A™) lies in Mor™((Sp,LL)*", (Sp,L)). Here A": 8§X™ — 8, denotes the n-fold
smash product functor. It is also clear that 9,(®") lies in Mor™((Sp,1)*", (Sp, 1)), as
®™": Sp*™ — Sp is multilinear. Since 0,(X°°) ~ 1, we see that all conditions are met.

As a consequence of this lemma, there is a unique morphism
F € CMon™ (Mor)"((1,8:(= ® =), (L, 8«(= A —)))

such that 1 of, F' ~ 1, the identity of (1,0.(— ® —)). It follows from Lemma 5.13 that
the underlying morphism of F' must be the free left L-module L. We now apply Aaje to
F. Since the underlying module of F' is L, the result is a nonunital symmetric monoidal
structure on the functor

freer,: Sp — Lie(Sp).
It follows from Examples 3.25 and 3.26 that the induced nonunital symmetric monoidal

structure on Sp is the tensor product and on Lie(Sp) is the smash product. This completes
the proof. 0O

We will also need the following variation of Lemma 5.16 in the next section. It is proved
in exactly the same way.
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Lemma 5.18. Suppose that we are given (0, R¢), (1,®1) € CMon™" (Mor) such that
the following conditions are satisfied:

(1) For each n > 1, the multiplication maps @73 and ®Y lie in the categories
Mor™((Sp, 0)*™, (Sp, 0)) and Mor™((Sp,1)*™, (Sp, 1)),

respectively.
(2) The free left O-module O, considered as a morphism

0: (Sp,1) — (Sp, )

i Mor, admits the structure of a map of nonunital commutative monoids
(17®1) — (07®O)

Then precomposition with the morphism from (2) induces an equivalence

CMon™ (Mor)“((0, ®0), (1,®1)) —=2%5 CMon™ (Mor)*((1, ®1), (1, ®1)).

5.5. Proof of the characterization

We now prove our characterization of the spectral Lie operad:

Theorem 5.19 (Theorem C). Let O be a nonunital and reduced operad in spectra. Then
the following are equivalent:

(1) The operad O is equivalent to the spectral Lie operad L.
(2) The cooperad BO is equivalent to the nonunital cocommutative cooperad Com" .
(3) The free O-algebra functor

freeg: Sp — Alg,(Sp)

admits a nonunital symmetric monoidal structure with respect to the tensor
product on Sp and the smash product on Algy(Sp).
(4) The functor
coteg: Algy(Sp) — Sp
admits a nonunital symmetric monoidal structure with respect to the smash
product on Algq(Sp) and the tensor product on Sp.
(5) The functor

forget: CoAlgdBpénil(Sp) — Sp

admits a nonunital symmetric monoidal structure with respect to the smash
product on coAlg%péml(Sp) and the tensor product on Sp.
Proof. (1) < (2) : This holds by definition.
(1) = (3) : This is Proposition 5.17.
(3) = (4) : First of all, it follows from Proposition A.15 that the smash product defines
an honest nonunital symmetric monoidal structure on Algy(Sp). We also find that the
smash product on Alg, (Sp) preserves colimits in each variable, since this holds for the
tensor product of spectra, freeg is symmetric monoidal, and every O-algebra can be
written as a geometric realization of free O-algebras.

Taking derivatives, we obtain a morphism

Oi(freep): (1,0,(—= @ —)) = (0,0.(= A —))
of nonunital commutative monoids in the Morita category. Here, we have used the
equivalence Oxidalg, ~ O from Example 3.5 to identify the right hand side. We claim

this morphism satisfies the conditions of Lemma 5.18. Since the smash product on
Algy(Sp) commutes with colimits in each variable, it follows from Remark 3.14 that for



36 MAX BLANS AND GIJS HEUTS

each n > 1, 0,(A™) is free as a left O-module on a symmetric sequence concentrated in
multidegree (1,...,1). It is also clear that 0,.(®"™) is concentrated in this multidegree.
Finally, it follows from Proposition 3.12 that 0, (freeo) is the free left O-module O.

As a consequence of Lemma 5.18, there is a unique morphism
K € CMon™ (Mor")((0,8:(= A =), (1,0.(= @ —)))

such that K o9 O ~ 1, the identity of (1,0.(— ® —)). The underlying morphism of K
must be the trivial right O-module 1. We now apply Aais to K. Since the underlying
module of K is 1, the result is a nonunital symmetric monoidal structure on the functor

cotog: Algy(Sp) — Sp.
It follows from Examples 3.25 and 3.26 that the induced nonunital symmetric monoidal
structure on Sp is the tensor product and on Algy(Sp) is the smash product.
(4) = (5) : Since we have an equivalence of comonads cote o trivg ~ Symp), this follows
from the implication (1) = (5) of Proposition 5.4.

(5) = (2) : By Proposition 5.4, the assumption is equivalent to the statement that
Sympgq: Sp — Sp admits the structure of a lax symmetric monoidal comonad for ©@*"&
such that the composite

Sympe (X) @™ Symp (Y) — Sympe(X @8 Y) — Sympe(X x Y)

is an equivalence. Applying the Goodwillie transform Gpnioq, we find that the same
holds for the comonad Sympq: SSeq™ (Sp) — SSeq™ (Sp). By another appeal to Propo-
sition 5.4, this implies that the forgetful functor

forget g : LeoModpe — SSeq™ (Sp)

is nonunital symmetric monoidal with respect to the smash product and the tensor
product by Proposition 5.4. It follows that BO ~ Com" by Proposition 5.7. O

Remark 5.20. It follows from Proposition 5.4 that points (4) and (5) from Theorem 5.19
can be replaced by

(4*) The functor
(coto)+: Algo(Sp) — Sps;/s: X = S @ coto(X)

admits a symmetric monoidal structure with respect to the cartesian product on
Alg,(Sp) and the tensor product on Sp.
(5%) The functor
dp,nil
forget: coAlgpy™ (Sp) — Sp
admits a symmetric monoidal structure with respect to the cartesian product on
coAlg%péml(Sp) and the augmented tensor product on Sp.
Moreover, (4*) is equivalent to the functor

indeco: Algy(Sp) — coAlgdBpénﬂ(Sp)

preserving cartesian products. Also note that (5*) implies by Corollary 5.5 that Sym g
is symmetric monoidal from @ to ®2U.

APPENDIX A. SMASH PRODUCTS

Let (C,®) be a symmetric monoidal co-category which is pointed and admits finite
colimits, and suppose that the zero object, which we denote by %, is the unit of the
symmetric monoidal structure. For X, Y € €, we define their smash product X AY via
the cofiber sequence

XUY 2 XY =+ XA\Y,
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where the first arrow denotes the map from the coproduct to the monoidal product with
components
X2 X@x > XQY +—xY ~Y.

In general, the smash product does not extend to a symmetric monoidal structure: if the
monoidal product of € doesn’t commute with enough colimits, the smash product can
fail to be associative. The relevant type of colimits are as follows.

Definition A.1. Let I be a small co-category. We say [ is weakly contractible if the
space |I| € 8 is contractible, where |—|: Cat — 8 denotes the left adjoint to the inclusion
8 — Cat. A weakly contractible colimit is a colimit diagram that is indexed by a small
weakly contractible co-category.

The main result of this appendix is that if the tensor product commutes with weakly
contractible colimits in both variables, the smash product extends to an essentially
unique nonunital symmetric monoidal structure on €. In proving this, it is convenient to
weaken the assumption that the zero object * is the unit for ®: we will only require that
* ® * = *. The smash product X AY is then defined as the cofiber of the map

XxUx®Y > X QY.
The precise statement we will prove is as follows:

Proposition A.2. Let (C,®) be a nonunital symmetric monoidal co-category which
admits finite colimits, is pointed, and satisfies * @ * = x, where x is the zero object of C.
Suppose that

—®—:CxC=2C
preserves finite weakly contractible colimits in both variables separately. Then there exists
an essentially unique nonunital symmetric monoidal structure on C for which

(1) the monoidal product is given by the smash product, and
(2) the canonical morphism X @ Y — X AY extends to a lax symmetric monoidal
functor p: (C,A) — (C,®) which lifts the identity functor of C.

The uniqueness of the smash product symmetric monoidal structure will follow from the
fact that it satisfies a universal property. Before stating this universal property, we first
make the following observation.

Proposition A.3. Let (C,®) be a nonunital symmetric monoidal co-category as in the
previous proposition. Then the smash product A: € x C — € preserves finite colimits in
both variables separately.

Proof. Since we can write
XAY ~cofib(X@+xUxQY - X RY),

and since both U and ® preserve weakly contractible colimits in both variables, it follows
that A also preserves such colimits in both variables. As % ® x ~ % by assumption we
also find that * A Y ~ % ~ X A x. The statement now follows, since a functor between
finite cocomplete pointed categories preserves finite colimits if and only if it preserves
finite weakly contractible colimits and the zero object. (]

The universal property of the smash product is as follows.

Proposition A.4. Let (C,®¢) be a nonunital symmetric monoidal co-category as in
Proposition A.2. For every pointed nonunital symmetric monoidal oo-category (D, @)
for which the tensor product commutes with all finite colimits in both variables separately,
postcomposition with p: (€, \) = (€, ®e) induces an equivalence

Funl*ax((gv ®D)7 (e’ /\)) = FunLaX((g, ®’D)a (Gv ®G))7
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where Funf”x denotes the oco-category of lax symmetric monoidal functors whose underlying
functor preserves the zero object.

The construction of the smash product symmetric monoidal structure we will give here
is essentially the one contained in the unpublished note [26]. Since our assumptions are
slightly different, we have decided to reproduce it here. In what follows, we let (€, ®)
be a nonunital symmetric monoidal oo-category satisfying the assumptions from the
proposition. It will become clear in the course of the proof why we only get a nonunital
symmetric monoidal structure, even if € admits a unit; see Remark A.6 below.

We start with a number of preparatory lemmas. Let [1] = (0 — 1) denote the free

morphism. We endow it with the minimum symmetric monoidal structure.

Lemma A.5. The arrow category Ar(C) = Fun([1], C) becomes a nonunital symmetric
monoidal co-category under Day convolution.

Proof. By [25, Proposition 2.2.6.16], it suffices to show that for = € {0,1}, for every
n > 1, and for every sequence of arrows (f;: [1] — €)™, the composite

xn  (fi) Exn ® e

17" xp 1], — [1]

admits a colimit, and that the tensor product ® on € commutes with colimits indexed by
(17" xp (1], in both variables separately. Here the functor [1]*" — [1] used to define
the pullback is given by taking the minimum. (It is assumed in the cited proposition
that the tensor product commutes with all finite colimits; it is however clear from the
proof that it only has to commute with colimits of these particular shapes.)

For x = 0, the category [1]™" x (1] is the full subcategory of [1]*" consisting of
those n-tuples (y;) for which at least one of the y; is equal to 0. In other words, it
is a punctured cube. As this is a finite weakly contractible category, it follows from
our assumptions that € admits and ® preserves colimits indexed by it. For z = 1, the
indexing category admits a final object so that both conditions are trivially satisfied. [

We write ®P® for the nonunital Day convolution symmetric monoidal structure on

Ar(@).

Remark A.6. Even if we assume (€, ®) admits a unit, the Day convolution symmetric
monoidal structure defined in the previous lemma in general does not have one. Indeed,
a unit would be guaranteed to exist in this case if € admits and ® commutes with
colimits indexed by [1]* x [y [1], for 2 = 0,1. The map [1]*° — [1] used to define the
pullback picks out the unit of the minimum symmetric monoidal structure, which is
1. Therefore, this pullback is the empty category for x = 0, which is in particular not
weakly contractible.

Example A.7. Suppose that f: A — B and g: X — Y are arrows in €. Then their
Day convolution is given by the canonical morphism
P g: AQY Upex B®X - BQY.

In particular, (* — X) ®P% (x — Y) is the morphism X ® * U+ ®Y — X ® Y whose
cofiber is X A Y.

Observe that the functor cofib: Ar(€) — € exhibits C as a reflective localization of Ar(C).
Its fully faithful right adjoint is given by the functor that sends X € € to the arrow
* — X.

Lemma A.8. The localization cofib: Ar(C) — € is compatible with the Day convolution
symmetric monoidal structure.
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Proof. 1t suffices to show that for every pair of morphisms f: A — Band g: X — Y,
the morphism f ®@P% g — cofib(f) ®P% g is sent to an isomorphism by cofib. This is
equivalent to showing that the commutative square

Day
A®Y Usex B X — 1279 . Boy

! !

cofi Day
* QY Usgx cof(f) @ X ofblf)e 7y cof(f) @Y

induces an isomorphism on horizontal cofibers. A simple diagram chase using that
® commutes with weakly contractible colimits in both variables shows that this is a
consequence of the well-known fact that the total cofiber of the square

ARX — B® X

| |

ARY —— BRY

can be computed in the following two ways: either as the cofiber of the canonical map
from the pushout to the bottom right corner, which corresponds to the cofiber of the
top horizontal morphism in the previous square, or as cofiber of the induced map on
horizontal cofibers, which corresponds to the cofiber of the bottom horizontal morphism
in the previous square. ([

We now prove that the smash product symmetric monoidal structure exists.

Proof of Proposition A.2, existence. By [25, Proposition 2.2.1.9] and the previous lemma,
C inherits a nonunital symmetric monoidal structure from Ar(C) for which the monoidal
product of X,Y € € is given by

cofib((* — X) QP (x — Y)),

which is X A'Y by Example A.7. Since restriction along a strong monoidal functor gives
a lax monoidal functor with respect to Day convolution, the functor evy: Ar(C) — € is
lax monoidal from ®@P*% to ®. Composing this with the inclusion € < Ar(€), which is
lax monoidal from A to ®P® by construction of A, we obtain the required lax monoidal
functor (C,A) — (C,®). O

Remark A.9. If the tensor product on € preserves all small weakly contractible colimits
in both variables instead of just the finite ones, then the smash product preserves all
small colimits in both variables.

In order to prove the universal property of the smash product, we first show the
construction is suitably natural. We can always arrange for all symmetric monoidal
oo-categories we deal with to be small by enlarging the universe. Let SymMon "¢
denote the category with objects small nonunital symmetric monoidal co-categories (€, ®)
such that C is pointed, admits all finite colimits, and the tensor product commutes with
weakly contractible colimits in both variables and satisfies * ® % ~ % and with morphisms

lax monoidal functors such that the underlying functor preserves the zero object.

Lemma A.10. The construction (C,®) — (C,A) extends to an endofunctor of the
oo-category SymMon'™ "¢ such that the lax monoidal functors (€, N) — (C,®) become
the components of a natural transformation from this functor to the identity functor.

Proof. Since Day convolution is functorial, the assignment (€, ®) ~ (Ar(C),@P%)
extends to a functor Ar: SymMon'"-¢ — SymMon!**"-® and the symmetric monoidal

functor evy: (Ar(C),®P%) — (€, ®) extends to a natural transformation from Ar to the
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identity functor. We write C” for the co-operad corresponding to the nonunital symmetric
monoidal category (C,A). In the same way we write Ar((?)‘g’Day. By construction, €
comes equipped with a fully faithful map " < Ar(@)‘X’Day of oc-operads. Now if
D e SymMon®¥-¢ and f: € — D is a lax symmetric monoidal functor that preserves
the zero object, then the composite

e s Ar(@)®"™ L Ar(D)®™™

factors through D" — Ar(D)®Day. It therefore follows from [28, Proposition A.1| that
the lax symmetric monoidal functors (G, A) — (Ar(€), ®P%) assemble into a natural
transformation; to apply the proposition from loc. cit. we use that fully faithful maps of
oo-operads are monomorphisms in Op.,. We obtain the desired natural transformation
by composing with evy: Ar — id. O

Remark A.11. It follows from this construction that if F': € — D is a strong nonunital
symmetric monoidal functor that preserves finite colimits, then the induced lax nonunital
symmetric monoidal functor on smash products is strong as well.

We write S: SymMon!™"¢ — SymMon'™" and a: § — id for the functor and
natural transformation constructed in this lemma. We now prove the universal property
of the smash product.

Proof of Proposition A.4. Suppose that (€, ®) is a pointed nonunital symmetric monoidal
oo-category for which the tensor product commutes with all finite colimits in both
variables separately. For every X € € we then have X ® * ~ % ~ % ® X, so that
XAY ~ X®Y and the lax symmetric monoidal functor «(C): (€,A) — (€, ®) is

lax,w.c.
*

an equivalence. Conversely, for every (€, ®) € SymMon , the pointed nonunital
symmetric monoidal category (€, A) has the property that its tensor product commutes
with all finite colimits. The essential image of S therefore consists precisely of those
pointed nonunital symmetric monoidal co-categories satisfying this property. This means
that to prove the universal property of the smash product, it will suffice to show that «
exhibits the essential image of S as a colocalization of SymMon!™¥-¢,

By [23, Proposition 5.2.7.4], this follows if for every (C,®) € SymMon'®*"-* the maps
a(S(€)), S(a(C)): SS(C,®) = S(C,®)
are both equivalences. The first of these we just checked. For the second, observe that

we have a commutative diagram of lax symmetric monoidal functors

Ar(5(€,®)) 1% Ar(e, @)
T lcoﬁb
sse, @) 2N g ).

It follows that for X,Y € C, the lax comparison map of S(«(C)) is given by the map
induced on cofibers in the square

X@*xU*x®Q®Y — X QY

! |

# ——— X AY,

which is an isomorphism. Therefore, S(a(C)) is a strong monoidal functor whose
underlying functor is the identity, showing that it is an equivalence. O

The uniqueness of the smash product symmetric monoidal structure follows easily from
this universal property:
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Proof of Proposition A.2, uniqueness. Suppose that (C,A’) is a symmetric monoidal
structure on C satisfying (1) and (2) from Proposition A.2. Then the tensor product
— AN —: €x € — Cis the smash product by (1), so that it preserves finite colimits in both
variables by Proposition A.3. It follows from (2) that the canonical map X @Y — X A'Y
extends to a lax monoidal functor (€, A’) = (€, ®). The universal property of the smash
product now yields a unique lax symmetric monoidal functor (€, A’) — (€, A) such that
the diagram

X®Y

/ ~

XANY ——— s XAN'Y

commutes. But then the lax comparison map X AY — X A'Y is an equivalence, so that
(€, A") = (€, A) is a strong monoidal functor with underlying functor the identity, which
implies that it is an equivalence of symmetric monoidal co-categories. ([

It sometimes is useful to consider the smash product even in situations where the tensor
product does not commute with weakly contractible colimits. In this generality, the smash
product defines what is known as a nonunital oplax symmetric monoidal co-category.
Recall that this is a nonunital co-operad D®, such that the structure morphism

D® — Surj,

is a locally cocartesian fibration; here Surj, is the category of finite pointed sets and
surjections. We will usually abuse notation by calling D itself a nonunital oplax symmetric
monoidal oo-category. For any non-empty finite set I and I-indexed set of objects {X; }ier
in D, we obtain an I-fold tensor product

@ X;}ier €D

by choosing a locally cartesian lift of the active morphism I — (1). These I-fold tensor
products are related by associator morphisms: for every partition E of I, we obtain a
natural map

NA{XYier = NN { X} jesbaer
The nonunital oplax symmetric monoidal co-category D is an honest nonunital symmetric
monoidal co-category if and only if all these maps are equivalences.

If € and D are nonunital oplax symmetric monoidal co-categories, we define a lax
symmetric monoidal functor € — D to be a map of co-operads C® — D®. We define
a strong monoidal functor to be a map of co-operads €% — D® that preserves locally
cocartesian morphisms.

To show the smash product defines a nonunital oplax symmetric monoidal co-category,
we use the following proposition.

Proposition A.12. Let C be a nonunital oplax symmetric monoidal oco-category and let
L:C——=D:.

be a reflective localization of C. Then D can be made into a nonunital oplax symmetric
monoidal co-category such that for any non-empty set I and I-indexed collection of
objects {X;}icr of D, we have

@ {Xitier = L(®{X;}icr).

Moreover, ¢ can be made into a lax symmetric monoidal functor.

Proof. This follows from the proof of |7, Proposition A.3.25]. O
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Now suppose that € is a nonunital oplax symmetric monoidal co-category which admits
finite colimits, is pointed, and satisfies @/ {*};c; ~ * for any non-empty finite set I, i.e.
I-fold tensor products of the zero object are the zero object. For I a non-empty finite set
and {X;};cs a collection of objects in €, we define the I-fold smash product AT{X;};cs
to be the total cofiber of the I-cube in € defined by

X; ifq
S @ {Vi}ier Y;:{ i S

* else
for S a subset of I.

By repeating our earlier constructions, the I-fold smash products assemble to give a
nonunital oplax symmetric monoidal structure on €. To be precise, we first observe that
Day convolution gives Ar(C) the structure of a nonunital oplax symmetric monoidal
oo-category, and then apply Proposition A.12 to the localization cofib: Ar(€) — C. Slight
modifications of the arguments in this appendix then give the following generalizations
of Proposition A.2 and Proposition A.4.

Proposition A.13. Suppose that (C,®%) is a nonunital oplax symmetric monoidal
oo-category which admits finite colimits, is pointed, and satisfies @1 {x}ier =~ * for any
non-empty finite set I. Then there exists an essentially unique nonunital oplax symmetric
monoidal structure on C for which

(1) for any non-empty finite set I, the I-fold monoidal product is given by AL, and
(2) the canonical morphisms @1 {X;}ic;r — N{X,}icr extend to a lax symmetric
monoidal functor (G, A1) — (C,®!) which lifts the identity functor of C.

Proposition A.14. Let (C, ®é) be a nonunital oplax symmetric monoidal co-category as
in the previous proposition. Suppose (D, ®ID) s a nonunital oplax symmetric monoidal co-
category such that for every non-empty finite set I and every collection of objects {X; }ier
mn D, we have ®§){Xi}iel = x whenever X; ~ x for some i € I. Then postcomposition
with the lax symmetric monoidal functor (C, A1) — (C,®L) induces an equivalence

Fun™((D, ®%), (€, A1) = Fun,™((D, ®3), (€, ®¢)),

where Funl*aX denotes the co-category of lax symmetric monoidal functors whose underlying
functor preserves the zero object.

We end with the following criterion for showing that the smash product defined with
respect to the cartesian product defines an honest nonunital symmetric monoidal category.

Proposition A.15. Let (C,®) be a stable presentably symmetric monoidal co-category
and let T be a sifted colimit preserving monad on C. Suppose that the free T-algebra
functor

freer: € — Alg,(C)

admits a nonunital symmetric monoidal structure from ® to N, where the smash product
is taken with respect to the cartesian product on Alg(€). Then the smash product defines
an honest nonunital symmetric monoidal structure on Alg(C).

Proof. For each non-empty finite set I, the functor
(Xi)ier = N{Xi}ier

on Alg,(C) preserves sifted colimits; this holds since sifted colimits and products are
both calculated in the stable category €, where they commute. To prove that the smash
product is associative, it suffices to show for every non-empty finite set I and every
partition E of I the natural transformation

AN{XYier = NEIN{X Y jes}ser
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is an equivalence. Using that every T-algebra is a sifted colimit of free T-algebras, we
can assume that each X; is a free T-algebra. But in this case the map is an equivalence

since freer is symmetric monoidal and the tensor product on C is associative. O
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