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1. Introduction 

A multiplicative generalized cohomology theory E*(—) on spaces is represented 

by the spaces E,, of its Q-spectrum, as described in detail in [8, Thm. 3.17]. 
We denote its coefficient ring by E*. Our five examples are ordinary cohomol- 

ogy H*(-;F,), unitary cobordism MU*(—), Brown-Peterson cohomology BP*(-), 
complex K-theory KU*(—), and Morava K-theory K(n)*(—). (They were properly 
introduced in [8, §2].) Recent work [25] shows that a sixth example, the cohomology 
theory P(n)*(—), also satisfies our hypotheses. 

We are interested in three kinds of cohomology operation: stable operations, 

which form the endomorphism ring £* (EF, o) of E (in our notation) and were studied 
in [8]; unstable operations, defined on E”(X) for spaces X and fixed n, which form 
E*(£,,); and additive unstable operations r on E”(—) (that satisfy r(~@ty) = 
r(z) +r(y)), which form the subset PE*(E£,,,). Since a stable operation restricts to 
an additive unstable operation on any degree, these are related by 

E*(E,o) — PE*(Z£,) CE*(E,) . 

Each of these is an E*module in the usual way, by (r+s)(x) = r(#) + s(x) and 
(ur)(z) =vur(x) (for any v € E*). We can compose, (sr)(x) = (sor)(x) = s(r(x)), 
whenever the sources and targets match. We can also multiply unstable operations 

together by (r ~ s)(x) = r(x)s(a). 
In the classical case E = H(F,), for which E*(E£,0) is the Steenrod algebra, 

it is true that: (a) every additive operation comes from a stable operation; (b) 
the additive operations generate multiplicatively all the unstable operations. Our 

difficulties stem from the fact that for MU and BP, both (a) and (b) are false. (See 
[27] for more discussion of the differences.) We propose to describe completely the 
algebraic structure that has to be present on an E* module or E*algebra to make 

it an unstable object, with particular attention to the case E = BP. Our definitions 

lead to structure theorems. 

Stable BP-operations have been available for quite some time and are well estab- 

lished. Less has been done with unstable BP-operations, owing to their complexity, 

but we do have the work [4, 5] of Bendersky, Curtis, Davis, and Miller. The alge- 
braic structure on an additively unstable module is described in [27] and (without 
proofs) in [6]. 

Our major task, therefore, is to set up precise algebraic descriptions of the un- 

stable structures we need on modules and algebras, along the lines of the stable 

structures in [8]. Part of the difficulty is that one is forced to work in the unfamiliar 
context of nonadditive operations; but the real problem turns out to be Thm. 9.4, 

that unstable modules (as distinct from unstable algebras) simply do not exist com- 
patibly with our other objects! When we limit attention to the less exotic additive 

operations, this difficulty does not arise and we have both modules and algebras. 

In fact, there is a huge amount of data to be codified in an unstable algebra. 

The key idea is that given an E* algebra M, we define (UM)* for each k as the 
set of all algebra homomorphisms E*(E,) + M; each such homomorphism may 
be thought of as a candidate for the values of all operations on a typical element
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of M*. Apparently merely a graded set, UM becomes an E*algebra for suitable 

£, thanks to extra structure on the spaces #,,. Then an unstable structure on M4 

is a homomorphism py: M > UM of E*algebras, which selects for each x € M* 

the function py(x): E*(£;,,) + M; then we define r(x) = py(a)r. This is not 
enough; in order to compose operations correctly, it is necessary to know the E- 

cohomology homomorphism r*: £*(£,,,) + E*(E,,) induced by each operation 
r: E*(—) + E™(—). This extra structure makes the functor U a comonad, and 
(M, pas) a coalgebra over this comonad. We have a similar construction for additive 
operations, and can compare with the stable constructions of [8]. 

This is our elegant but extremely terse answer, and we do not believe that it can 

be efficiently expressed without using comonads. But it does have the effect that 

the work consists largely of definitions. In section 10, we translate this answer into 

practical language, in the context of Hopf rings, that we can use for computation. 

This includes Cartan formulae for r(a+y) as well as r(zy), and related formulae for 
r,(bxc) and r, (boc) that we use to compute the induced E-homology homomorphism 
r,: Ey (E,,) > E.(Z,,) dual to r*. 

Landweber filtrations. We recall that BP* = BP*(T), the BP-cohomology of 
the one-point space T, is the polynomial ring Z(,)[v1, v2,v3...], with deg(un) = 
—2(p”—1) (under our degree conventions). It contains the well-known ideals 

In = (p, U1, U2,-. .,Un-1) C BP* (1.1) 

for 0 < n < co (with the convention that I, = (p,v1,V2,...), I: = (p), and Ip = 0). 
The significance [8, Lemma 15.8] of I, is that it is invariant under the action of 

the stable operations on BP*(T). Indeed, Landweber [15] and Morava [20] showed 
that the [,, for 0 < n < o are the only finitely generated invariant prime ideals 

in BP*. Landweber used this fact to show (see [16, Thm. 3.3’] or [8, Thm. 15.11]) 
that a stable (co)module M that is finitely presented as a BP*-module, including 
BP*(X) for any finite complex X, admits a finite filtration by invariant submodules 

0=MoC MC Moc...C Mm =M (1.2) 

in which each quotient M;/M;_1 is generated (as a BP*module) by a single element 
x; whose annihilator ideal Ann(x;) = J, for some n;. Thus M;/M;_1 = BP*/In,. 

The first unstable result on BP-cohomology, due to Quillen [22] (see Thm. 20.2), 
was that for a finite complex X, BP*(X) is generated, as a BP*-module, by elements 
of non-negative degree. What started this project was the observation that if an 

unstable object M is generated by a single element x, there is an unstable operation 

(see Prop. 1.14 or the Remark following Cor. 20.9) that takes u,x to x, provided 
deg(x) is small enough; it follows that v,x« 4 0 and that M cannot be isomorphic 
to BP* /In4.1. 

The proof of Landweber’s theorem depends on the concept of primitive element 

in a comodule M. Given any z € M, there is the obvious homomorphism of BP* 

modules f: BP* > M, defined by fv = va. It is a morphism of stable modules 

if and only if x is primitive, and if so, we have the isomorphism BP*/Ann(x) = 
(BP*)xz C M of stable modules. An important example (see [8, Thm. 15.10]) is 
that the only nonzero primitives in BP*/I,, for n > 0, are the (images of the)
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Section 1 Unstable cohomology operations 5 

elements Av, where X € F,, A # 0, and i > 0. For additive unstable operations, 

the appropriate definition of primitive becomes more restrictive. 

Theorem 1.3. (This is included in Thm. 20.10.) Let M be the BP*-module gen- 
erated by a single element x with Ann(x) = In, where n > 0. Then M admits 

an additively unstable module structure (as defined in section 5) if and only if 

deg(x) > f(n) — 2, and it is unique. 
The only nonzero primitive elements in M are those of the form v!,x, where 

AEF,, and deg(vi.x) > f(n) ifi>0. 

Here, and everywhere, we need the numerical function 

0) 

_ |deg(vn)| _ 2(p _ 1) _ 2(p"? + pr? +...tpt 1) (1.4) 

p—1l p—1l 

for n > 0; it is reasonable to define also f(0) = 0. 
We use this result in Thm. 20.11 to construct a Landweber filtration (1.2) of an 

appropriate module M, including BP*(X) for any finite complex X, in which each 
quotient M;/M;—1 has the form in Thm. 1.3 (or is BP*free). Once our machinery 
is in working order, we are able to give a one-line proof of Thm. 20.3, the weak 

form of Quillen’s theorem. 

In our main structure theorem, we do one better by allowing all unstable op- 

erations instead of only the additive ones. One complication is that the unstable 

analogue of Thm. 1.3 has to be stated for algebras only, owing to the nonexistence 

of unstable modules. 

f(r) 

Theorem 1.5. (This is stated precisely as Thm. 21.12.) Let M be an unstable BP*- 
algebra such as BP*(X) for a finite complex X. Then M admits a filtration (1.2) 
by invariant ideals M;, in which each quotient M;/M;_1 is generated, as a BP*- 

module, by a single element x; such that Ann(x;) = I,, for some n; > 0, where 

deg(z;) > max(f(n;)—1, 0). 

Splittings of BP-cohomology. Another application of our machinery yields 

idempotent operations that split unstable BP-cohomology into indecomposable 

pieces. Such splittings were constructed in [26] by means of Postnikov systems. 

What is new is that explicit definitions of everything allow us to carry out compu- 

tations. Our results are logically independent of [26] and rely on it only to recognize 
the summands as known objects; nevertheless, it is a valuable guide as to what the 

summands look like and where to find them. In a sequel [9], two of the authors 
go on to apply the structure theorems of [25] to establish analogous (but slightly 
different) splitting theorems for the cohomology theory P(n)*(—), whose coefficient 
ring is BP*/In. 

For each n > 0, we define the ideal 

Jn = (Un4i; Unt25 Un43; . .) Cc BP*. (1.6) 

In [26], Baas-Sullivan theory [2] was used to construct a cohomology the- 
ory BP{n)*(—) having coefficients BP*/Jn = Zp)[v1,V2,---,Un]- In particular,
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6 Boardman, Johnson, Wilson Chapter 1 

BP(0)*(—) = H*(—;Z(p)). The desired splitting is 

BP*(X) © BP(n)*(X) ® TJ BP(j)*2"—9 (Xx) . (1.7) 
jon 

The representing spectrum BP{n) is (at least) a BP-module spectrum, and 
comes equipped with a canonical map of BP-module spectra that we shall call 

a(n): BP — BP(n). There is also a canonical map 7: BP(j) + BP({n) whenever 
j > n. (Geometrically, BP(n) allows more singularities than BP(j).) Everything 
we need to know about BP(n) is contained in the commutative diagram 

Uj BP, n{n) 
BP j,4.2(pi—1) BP(n k 

n(3) n(3) (1.8) 

Uj BP (3) ,40(pi 1) —— BP(i), 

of H-spaces and H-maps, where j > n. 

Although the cohomology theory BP({n)*(—) may be unfamiliar, in the range of 
degrees of interest it is easily described in terms of BP-cohomology. It is clear by 

construction that 7(n),: BP*(X) + BP(n)*(X) kills J, BP*(X). 

Theorem 1.9. Assume that k < f(n+1), where n > 0, and that X is finite- 
dimensional. Then m{n) induces a natural isomorphism of BP*-modules 

BP*(X) / S- uj, BPH” -) (X) = BP(n)*(X) . (1.10) 
jon 

We derive this below as an immediate consequence of Thm. 1.12. It is best pos- 

sible, as [26] shows that (n), is not surjective in general for k > f(n+1). 

Lemma 1.11. (This is included in Lemma 22.1.) Given k < f(n+1), where n > 0, 
there is an H-space splitting 0,:BP(n), > BP, of m(n): BP, + BP(n), which 
naturally embeds BP(n)*(X) C BP*(X) as a summand (as abelian groups). 

If alsok > f(n), the H-space BP(n), does not decompose further. 

Remark. The splittings 0, are not canonical or unique. The ideal J,, unlike In, 

is in no way canonical, but depends on the choice of the polynomial generators 

of BP*. Although the BP-module structure of BP{n) obviously depends on Jn, it 
follows from the Lemma that the resulting H-space structure on BP(n),, is well 
defined. Even for fixed J,, we find there are many choices for 6,, and no preferred 

choice is apparent. 

We establish Lemma 1.11 in section 22 by constructing a suitable idempotent 

operation 6, on BP*(—). The second assertion implies that the first is best possible. 

We insert these splittings into diag. (1.8) to decompose BP-cohomology.
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Section 1 Unstable cohomology operations 7 

Theorem 1.12. Assume n > 0. Then: 

(a) Fork < f(n+1), the injections 0, and v; 06; from Lemma 1.11 induce the 
natural abelian group decomposition (1.7), which is maximal if k > f(n); 

(b) For k = f(n+1), we have instead the natural short exact sequence of abelian 
groups 

j ™(n) 
0 —> [J BP yh?) (xX) — BP*(X) _ 

jon 

BP(n)*(X) —+0, (1.13) 

where none of the groups decomposes further naturally, and a(n), admits a nonad- 

ditive natural splitting 0,: BP(n)*(X) + BP*(X), so that we have eg. (1.7) as a 
bijection of sets. 

Remark. The simplified description of BP(—)-cohomology in Thm. 1.9 applies ev- 
erywhere (when X is finite-dimensional). These splittings definitely do not preserve 
the BP*™module structure. We plan to return to this point in future work. 

Proof of Thm. 1.9. For finite-dimensional X, the sum in eq. (1.10) is in fact 
finite. It is clear from eq. (1.7) or (1.13) that the sum contains Ker a(n),. On the 
other hand, 7(n), is a homomorphism of BP*modules which kills Jp. oO 

Projection to the first factor of the product in eq. (1.7) yields an interesting 
operation 

r: BP*(X) —+ BP(n+1)* (X) c BP (X), 

where k! = k + 2(p"t!—-1) = k 4+ (p—1)f(n+4+1), which roughly has the effect of 
dividing by Un41. Precisely, r(vn4iy) = y whenever y € BP(n+1)"' (X) C BP¥ (X). 
Given any x € BP* (X), we can put y = 9,412; then by Thm. 1.12(a), applied to 
BP (X), we have y = x mod J;,41. For convenience, we reindex. 

Proposition 1.14. If k < pf(n), there is an operation r: BP*—2"-D(X) > 
BP*(X), which is additive if k < pf(n), with the property that given any el- 
ement x € BP*(X), where X is finite-dimensional, there exists y such that 

y =x mod J,BP*(X) and r(uny) = y. oO 

Equivalently, we can represent eq. (1.7) by the decomposition of spaces 

BP, ~ BP(n);, x |] BP(i) gy (p11) - (1.15) 
jon 

Theorem 1.16. Assume n > 0. Then: 

(a) Fork < f(n+1), we have the H-space decomposition (1.15), which is maximal 

ifk > f(n); 
(b) For k = f(n+1), we have the fibration 

mn) 
Il BP(3) .4-2(pi—1) —> BR, ——> BP(n);, (1.17) 
jon
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of H-spaces and H-maps, which admits a section (not an H-map), so that eq. (1.15) 
holds as an equivalence of spaces (but not as H-spaces), and none of the spaces 

decomposes further as a product of spaces. (In other words, BP*(—) is represented 
by the right side of eq. (1.15), equipped with a different H-space multiplication.) 

We use Lemma 1.11 to prove parts (a) of Thms. 1.12 and 1.16 in section 22. For 
parts (b), the necessary idempotent 6, has to be nonadditive, and we construct it 
in section 23. We need the full strength of our machinery just to prove that 9, is 

idempotent. 

History. Our real motivation for this study is what is called the Johnson Question, 

which is stated in [24, p. 745]. Rephrased as a conjecture, it is: 

Conjecture. [fx #0 in BP,(X), where X is a space, then vx #0 for alli > 0. 

No counter-examples are known, although examples exist [13, 14, 24] where vj = 
0 for all 7 <n. It holds if x reduces nontrivially to homology, therefore for n < 2p. 

We hoped to circumvent our lack of knowledge of unstable homology operations 

by working instead with the rather better understood unstable BP-cohomology 

operations and using the (not at all unstable) duality spectral sequence 

Ext**,. (BP*(X), BP*) => BP,(X) 

of Adams [1] (see also [12]). The reason for optimism is that if we substitute 
»* (BP*/I,) for BP*(X), a standard calculation shows that the only surviving Ext 
group is Ext” = =” (BP*/I,), with m = f(n) —k—n; so that k > f(n) —1 implies 
—m >n-—1, almost what we want. If we confine ourselves to additive operations, 

we obtain —m > n — 2, off by one more. We can hope to work our way up from 

»* (BP*/I,) to a general BP*(X) by extension and the filtration (1.2). 
This is all grounds for our suspicion that for a geometric unstable algebra, i.e. 

M = BP*(X) for some space X, the bounds in Thm. 1.5 should be one better (thus 
giving us —m > n in the above discussion). Again, there are no known counter- 

examples, although spaces are known which have deg(a#;) = f(n;), thus showing 
that the bounds cannot be improved by more than one. 

Recently, with the help of Mike Hopkins, a new approach to the Johnson Ques- 

tion has been developed. It requires a much better understanding of the unstable 

splittings of BP. Now that we have so much explicit information on these splittings, 

this method of attack seems promising. 

Outline. There are two main threads running through this work: the theory of 

additive unstable operations, which closely resembles the stable theory of [8], and 

the theory of all unstable operations, which is radically different. The comonad tent 

is big enough to accommodate both, as well as the stable theory. We have kept the 

additive material in separate sections so that it can be read independently. 

In section 2, we discuss several classes of cohomology operation. In sections 3 

and 4, we study the E-(co)homology of group objects, in preparation for sections 

5 and 7, where we study modules and algebras from the additive point of view. 

In section 6, we consider additive operations as linear functionals. In sections 12
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Section 1 Unstable cohomology operations 9 

and 14, we study suspensions and complex orientation. In section 16, we present 

the additive structure for each of our five examples E. 

It turns out that much of the stable machinery does not extend to all unstable 

operations, because it relies too heavily on the bilinearity of tensor products. How- 

ever, the approach in terms of comonads does work, and in section 8 we develop the 

requisite comonad U. We also show in section 9 that the corresponding comonad 

for unstable modules does not exist and compare the various stable and unstable 

structures. In section 10, we convert the categorical elegance into machinery we can 

use; specifically, cohomology operations become linear functionals on Hopf rings. 

In Thm. 10.47, we display in full detail the definition of an unstable algebra from 

this point of view. 

In sections 11, 13, and 15, we revisit the cohomology of a point, sphere, and 

complex projective space CP™ from this new Hopf ring point of view. These spaces 

alone yield almost enough generators and relations to specify the Hopf rings for our 

five examples F, as we discuss in detail in section 17. The case E = KU is used to 

determine the structure of KU,(KU, 0), as quoted in [8, §14]. From a sufficiently 
elevated perspective, the results of section 17, the additive results of section 16, and 

the stable results of [8] all fit into a grand master plan. 
In section 20, we restrict attention to the case E = BP and use the additive 

operations to recover Quillen’s theorem and prove Thm. 20.11. This relies on the 

relations developed in section 18. In section 21, we use nonadditive operations to 

improve Thm. 20.11 by one dimension to Thm. 21.12, which is Thm. 1.5. 

In section 22, we construct additive idempotent operations 8, which yield the 

desired factorizations (1.7) in all except the top degree. In section 23, we finish 
off Thms. 1.12 and 1.16 by constructing nonadditive idempotent operations. To do 

this, it is necessary in section 19 to develop the notion of a Hopf ring ideal. 

An index of symbols is included at the end. 

This work is also notable for what it does not contain. There are no spectral 

sequences, except implicitly in the references. There are no explicit Steenrod oper- 

ations, except in a few examples; in our wholesale approach, most individual opera- 

tions never even acquire names. There are no formal indeterminates anywhere; the 

elements that are sometimes treated as such are really Chern classes x; but when 

xt = 0, we can no longer take the coefficients of 2°. 

Notation. We make heavy use of the notation and machinery developed in [8]. 
Topologically, we generally work in the homotopy category Ho of unbased spaces. 

For compatibility with the unstable notation, the E-cohomology and E-homology of 

a spectrum X are written E*(X, 0) and E,(X, 0). Algebraically, our most important 
categories are the categories FMod and FAlg of filtered £*modules and algebras. 

These and the other categories we need were introduced in [8, §6]. We make frequent 

use of Yoneda’s Lemma. All tensor products are taken over E* unless otherwise 

stated. 

For reasons discussed in [8], we always give cohomology E*(X) the profinite 
topology [8, Defn. 4.9], and complete it as in [8, Defn. 4.11] to E*(X)* as necessary. 
In contrast, the homology E,.(X) is always discrete. Because we emphasize coho-
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mology, we invariably assign the degree i to elements of E*(X); this forces elements 

of F(X) to have degree —i. 
One theorem provides all the duality and Ktinneth isomorphisms we need. 

Theorem 1.18. Assume that E,(X) is a free E*-module. Then we have: 

(a) d: E*(X) = DE,(X) in FMod, the strong duality homeomorphism; 

(b) E,(X xVY) & E,(X) @ E,(Y), the Ktinneth isomorphism in homology; 

(c) E*(XxY) = E*(X)@E*(Y) in FMod, the Kiinneth homeomorphism in 
cohomology, provided E..(Y) is also a free E*-module. 

Proof. We collect Thms. 4.2, 4.14, and 4.19 from [8]. Indeed, (c) follows from (a) 
and (b). oO 

Acknowledgements. The genesis of this paper is that the last two authors had 

worked out much of the unstable BP structure theorems, without having a precise 

definition of unstable algebra, when the first author supplied a suitable framework, 

of which [7] is an early version. In fact, this is an oversimplification: the various 
contributions are more intermingled than this might suggest. In the proper context, 

several of the proofs simplify significantly. We thank Martin Bendersky for pointing 

out Lemma 19.32, which is vastly simpler than our previous treatment. 

The last two authors wish to thank the topologists at the University of Manch- 

ester and the Science and Engineering Research Council (SERC) for support during 
the summer of 1985 when this project got its start. The last author wishes to thank 

Miriam and Harold Levy for their hospitality and the peace they provided for the 

writing of the first draft. 

2. Cohomology operations 

In this section, we consider several kinds of unstable cohomology operation. 

Yoneda’s Lemma allows us to identify the following: 

(i) The cohomology operation r: E*(—) + E™(—); 

(ii) The cohomology class r = r(t,) € E™(E,); (2.1) 

(iii) The representing map r:E,, + E,,, in Ho. 

We write any of these more succinctly as r:k + m. We use all three interpretations. 

Some care is needed with degrees and signs, as (i) has degree m — k and (ii) has 
degree m, while (iii) has no degree at all. 

Based operations. The following mild but useful condition can be interpreted 

many ways. The space T is the one-point space. 

Definition 2.2. We call the operation r based if r(0) = 0 in E*(T) = E*. 

Lemma 2.3. The following conditions on an operation r:k + m are equivalent: 

(a) r(0) = 0 in E*(T), i.e. r is a based operation;
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(b) For any based space (X,0), r restricts to the reduced operation 

r: E* (X,0) —+ E™(X,0); (2.4) 

(c) As a cohomology class, r € E™(E,,0) C E™(E,); 

(d) The map r:E, > E,,, is (homotopically) based. 

Proof. The short exact sequence [8, (3.2)] shows that (a) and (c) are equivalent, 
also that (a) implies (b); but (c) is the special case of (b) for 4, € E*(E,,0). Part 
(d) is just a restatement of (a). oO 

Given any (good) pair of spaces (X, A), we can use (b) to make based operations 
r:k — m act on relative cohomology as in [8, (3.4)] by 

E*(X, A) = B*(X/A,0) —> E™(X/A,0) = E™(X, A) . (2.5) 

Additive operations. An additive operation r:k — m is one that satisfies 

r(at+y) =r(x) +r(y) for any x,y € E*(X). The universal example is 

X=E,xE,, with x =i, X1,y=1X ey, 2+y=umk, (2.6) 

which gives r(jo,) =7rx1+1xrin E*(£,xE,). (The addition map y,:£,xE, > 
E, was defined in [8, Thm. 3.6].) This allows us to recognize additive operations 
three ways. 

Proposition 2.7. The following conditions on an operation r:k + m are equiva- 

lent, and define the E*-submodule PE*(E,) C E*(E,,0) C E*(E,): 

(a) The operation r: E*(—) > E™(—) is additive; 

(b) The class r € E"(E,) satisfies pyr = pir+p5r in E™(E,XE,), te. 

PE*(E,) = Kerly;, — pj — py: E*(E,,) —> E*(E, x E,)]; (2.8) 
(c) The map r:E,, > E,, 1s @ morphism of group objects in Ho. oO 

Corollary 2.9. Assume that E,(E,,) is a free E*-module. Then PE*(E,,) is com- 
plete Hausdorff and so an object of FMod. 

Proof. In eq. (2.8), E*(#,) and E*(E,xE,) are complete Hausdorff by 
Thm. 1.18. Oo 

When E.(£,) is free, the Kiinneth homeomorphism for E*(£,xE,) makes 
E*(E£,,) a completed Hopf algebra; then (b) agrees with the primitives in the sense 
of [8, (6.13)], completed. However, we need no hypotheses on E to define PE*(£,). 

On some spaces, all operations are additive. 

Lemma 2.10. On the suspension UX of any based space (X, 0), we have r(x+y) = 
r(z) +r(y) in E™(2X,0) for any based operation r:k — m and any elements 
x,y € E*(SX,0). 

Proof. By [8, Lemma 7.6(c)], r: E*(=X,0) — E™(ZX,0) preserves the group 
structure defined from the cogroup object ©X in Ho’. By [8, Prop. 7.3], this struc- 
ture coincides with the given E-cohomology addition. oO
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Products of operations. Given operations r:k — m and s:k > n, the product 

operation r ~ s:k + m+n, defined by (r ~ s)a = (rx)(sx), corresponds to 
the cup product in E*(£,), which may be constructed using the diagonal map 
A: E, — E, x E,. We often wish to neglect such operations; if r and s are 

additive, r ~ s is clearly not additive, but conveys no new information. 

The map A, together with g:E, — T, makes E, a monoid object in the sym- 

metric monoidal category (Ho°?, x, T). We therefore dualize eq. (2.8) and introduce 
the quotient E* module 

QE*(E,,) = Coker[A* — i} — 45: E*(E£, x E,) —> E* (E,)| (2.11) 

of “indecomposables” of E*(£,,), where i; and ig are the inclusions (using the 
basepoint). (We shall not need a topology on this module.) When E,.(£,) is a free 
E*module, we have by Thm. 1.18(c) a Ktnneth homeomorphism for E*(£,xE,), 
and QE*(E,) is the quotient of E*(E,, 0) by all finite (or infinite) sums of products 
of two based operations. 

Looping of operations. On restriction to spaces, a stable operation r on E*(—, 0) 
of degree h induces a sequence of additive operations ry,:k — k+h. It is clear from 

[8, fig. 2 in §9] that r,41 determines r;,. We generalize this construction to unstable 
operations (but omit the sign, in order to make it a homomorphism of £*modules). 

Proposition 2.12. Given a based unstable operation r:k + m, we can define the 

looped operation Qr:k—1— m—1 in any of three equivalent ways: 

(a) The operation that makes the diagram commute (with no sign), 

U2 E(x) —— BK(S'x X,ox X) ~—— B*(5(X*), 0) 

Oy r r (2.13) 
’ ~N ~N 

E™"!(X) —5—> E™(S'x X,oxX) + E™(3(X*), 0) 

which we can express algebraically as 

Y(Or)a = rda; (2.14) 

(b) The image of r under the E*-module homomorphism 

m (-1)*71 fia m m—1 
0: E™ (E,,0) ——————> E™ (XE ,_1,0) =E (E,,-1,9) 

induced by the structure map f,_1:UE,_, 7 E, of [8, Defn. 3.19]; 

(c) The map 

(-1)™—FQr 
Or: E,_, ~¥ NE, ————> NE, ~E m—1? 

where we use the right adjunct equivalences to fr_1 and fm_1.-
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Proof. For a based space X, diag. (2.13) simplifies by naturality to 

ER (Xx, 0) E* (DX, 0) 

{or |: (2.15) 

E™-1(X,0) + E"(EX,0) 

If we evaluate on the universal case 1,_1 € E*—1(E,_,,0) by eq. (2.14), we find 

D(Or)egaa = rEeena = (-1)P Ir fete = (1) far, 
which gives (b). Further, by [8, Lemma 3.21], the class U(Qr)s,_1 € E*(SL;,_1, 0) 
corresponds, up to the sign (—1)~!, to the lower route in the square 

EE, ——“+ B, 
X(Qr) (-1)™-* r in Ho (2.16) 

BEm—1 ——+ En 

which therefore commutes up to sign. We take adjuncts of this to get (c). oO 

We recall from [8, Defn. 9.3] the stabilization map o,: E, + E of spectra. 

Corollary 2.17. Qoo; = oj_,:E*(E,0) > E*(Ey_4,0). 

Proof. Suppose the stable operation r € E”(E,o) restricts to give the additive 
operations ry,:k > k+h and rg_1:k—-1 4 k+h-1. By [8, (9.8)], ofr = (-1)¥"rp 
and of _,r = (-1)"%—-'r,_1. We compare diag. (2.16) with [8, (9.2)] to see that 
Or, = (-1)"rp_t. oO 

Corollary 2.18. The loop construction in Prop. 2.12(b) factors as 

Q: E*(E,,0) —> QE*(E,) —> PE(E;_1) C B*(Ex-1,0). (2.19) 
Proof. It is clear from Prop. 2.12(c), or from eq. (2.14) and Lemma 2.10, that 
Or is always additive. The construction factors through QE*(E£,,) by Prop. 2.12(b) 
and naturality of Q, since QE*(SE,_,) = E*({E,_1,0). (Loosely, there are no 
products in £*(2X,0).) oO 

These results allow us to rewrite the Milnor short exact sequence [8, (9.7)] in the 
more useful form (which does not change any terms) 

0— lim’ PE*(E ,) — > E*(E,o) —> lim PE*(E,)—>0. (2.20) 

It remains true that the projection from E*(E,o) is an open map, and therefore a 
homeomorphism whenever it is a bijection. The kth component is the E*module 

homomorphism 

of: E*(E,o) —+ PE*(E,) C E*(E,) (2.21)
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induced by the stabilization map o,. It sends a stable operation r to the induced 

additive operation r, on E*(—) (but with a sign; see [8, (9.9)]). 
The factorization (2.19) raises two obvious questions: 

(a) Can every additive operation be delooped? (2.22) 

(b) Does Or = 0 imply that r decomposes? , 

Both hold precisely when we have an isomorphism 0: QE*(E,) = PE*(E,_,). We 
discuss this further in section 4. 

3. Group objects and £-cohomology 

Before we can discuss additive E-cohomology operations adequately, it is necessary 

to generalize section 2. We extend Prop. 2.7 by defining the primitives PE*(X) for 
any group object X in the homotopy category Ho. Dually, we extend the definition 

of the indecomposables Q E*(X) to any based space X. 

Coalgebra primitives. We start from the definition (2.8) of PE*(E,). 

Definition 3.1. Given any group object (or H-space) X in Ho, with multiplication 
pi X x X — X, we define the E*submodule PE*(X) of coalgebra primitives in 
E*(X) as 

PE*(X) = {a € E*(X): p*e = pix t+ pox in E*(XxX)}. 

Remark. As in Prop. 2.7(c), the class z € E*(X) is primitive if and only if the 
associated map x: X + E, is a morphism of group objects in Ho. 

We note that PE*(X) is defined even if E*(X) is not a (completed) coalgebra. 
Thus PE*(—): Gp(Ho)°P — Mod is a functor defined on the dual of the category of 
group objects in Ho. We topologize PE*(X) as a subspace of E*(X). 

If Y is another group object in Ho, we construct the product group object X x Y 

in the obvious way. The one-point space T’ is trivially a group object, and is terminal 

in Gp(Ho). Lemma 6.14 of [8] carries over to this situation. 

Lemma 3.2. For the product X x Y of two group objects X and Y in Ho, we have 

PE*(XxY) = PE*(X) ® PE*(Y) in FMod. Also, PE*(T) =0. 
In other words, the functor PE*(—) takes finite products in Gp(Ho) to coproducts 

(direct sums) in FMod. 

Remark. No Kiinneth formula is needed for this result. 

Proof. We dualize the proof of [8, Lemma 6.11]. Let us write Z = X x Y for the 
product group object and wy:T — Y for the unit (or zero) map of Y. We note 
first that the maps j, =lx xwy:X =X xT 3X xY=Z, jo:Y - Z (defined 

similarly), pj: Z = X x Y + X, and po: Z > Y are all morphisms of group objects 

and therefore send primitives to primitives. Define the map 

f:Z=XxY S=(XxT) x (TXY) — (XxY) x (XxXY) = 2x Z
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using (lx xwy) x (wx X1ly). Then pzof =1z and P,of = j,op, (for s = 1, 2), 
where P,: Z x Z — Z denotes the projection for Z. Any element z € PE*(Z) satis- 
fies 7,2 = Piz + Piz, by definition. When we apply f*, we obtain z = pix + pby, 

where « = jfz € E*(X) and y = j3z € E*(Y) must be primitive. Conversely, any 
primitives x and y determine a primitive z by this formula. We have a homeomor- 

phism because j* and p* are continuous. 

We compute PE*(T) = {ue E* :v=v+v}=0. Oo 

Since the unit map w:T — X of X is a morphism of group objects, PE*(T) = 0 
implies that PE*(X) C E*(X,0). 

The space F, is more than just a group object. By [8, Cor. 7.8], we have the E* 
module object n ++ E,,, in Ho, on which v € E” acts by the maps év: E,, 7 Extn 

that represent scalar multiplication by v. Clearly, €v is additive. 

Lemma 3.3. Assume that E*(E,) is Hausdorff for all k. Then: 

(a) We have the E*-module object n + PE*(E,,) in the ungraded category 
FMod°?,, with the action of v € E” given by P(&v)*: PE*(E,4,) + PE*(E,); 

(b) The object in (a) is related to the stable E*-module object E*(E,o) of [8, 
Prop. 11.3] by the following diagram, which commutes up to sign for any v € E", 

év)* E*(E, 0) E*(E,0) 

orth (—1)"* oR (3.4) 

. Po)” 
PE*(Ey4n) ——> PE*(E,) 

Proof. In (a), the object n H E,, is in fact an E* module object in Gp(Ho). 
We apply [8, Lemma 7.6(a)] to the functor PE*(—); it preserves finite products by 
Lemma 3.2. 

For (b), we apply E-cohomology to diag. [8, (9.8)], taking r = &v. oO 

Indecomposables. Dually, we extend eq. (2.11) to any based space X by defining 
the quotient E* module 

QE*(X) = Coker[A* — i* — it: E*(X x X) —> E*(X)] (3.5) 
of “indecomposables” of E*(X). (We shall not need a topology on it.) 

4. Group objects and £-homology 

We dualize section 2 by defining the indecomposables QE,(E,,) and primitives 
PE,(£,,) in E-homology. This will prove useful because £,(£ ,,) is usually smaller 
and more manageable than E*(£ ,,). As in section 3, we need to handle more general 
X. However, some properties that were immediate in section 2 become less intuitive 

and have to be proved.
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The structure map fy: LE, > E,,, (see [8, Defn. 3.19]) of the spectrum E 
induces the important suspension homomorphism 

fies 
E.(E,) —> E.(Ep,0) © Ex(EE 4,0) —> Ex(Exy1,0); (4.1) 

dual (apart from sign) to the looping 2 in Prop. 2.12(b). Again, suspended elements 
behave better. We dualize Lemma 2.10. 

Lemma 4.2. For any elements x,y € E*(X,0), the induced E-homology homo- 

morphisms satisfy 

(e+ y)x = te + Ys: By (OX, 0) —> F,(E,, 0) . 

Proof. By [8, Lemma 7.6(c)], E-homology induces a homomorphism 

Ho! (DX, E,) — Mod(E (xX, 0), Ex (Ex; 0)) 

of groups, where both group structures are induced by the cogroup structure on 

=X in Ho’. By [8, Prop. 7.3], they agree with the obvious group structures. oO 

Indecomposables. We dualize Defn. 3.1. 

Definition 4.3. Given any group object (or H-space) X in Ho, we define the E*- 
module QE,(X) of “indecomposables” of E,,(X) as 

QE,(X) = Coker[p. — pix — pox: Ex(X xX) —> E,(X)]. 

It comes equipped with a canonical projection E,(X) > QE,(X). 

When £.,(X) is free, we have the Kinneth isomorphism Thm. 1.18(b) for 
E,(X xX) and this agrees with the usual definition for the algebra E,(X). We 
need one easy example. 

Lemma 4.4. Let G be a discrete abelian group. Then QE.(G) = E* @zG as an 

E*module. 

Proof. We recognize E£,(G) as the group algebra of G over E*, with an E*basis 
element [g] for each g € G. The correspondence we seek is induced by v[g] 4 v @g, 
and is well defined in both directions. oO 

Lemma 3.2 dualizes without difficulty; again, no Kiinneth formula is needed. 

Then we will be able to dualize Lemma 3.3. 

Lemma 4.5. For the product X x Y of two group objects X and Y in Ho, we have 

QEA(XxY) = QE.(X) 6 QE, (Y). Also, QE,(T) = 0. In other words, the functor 
QE.(—): Gp(Ho) + Mod preserves finite products. oO 

We have an immediate application to the Hopf bundle. 

Lemma 4.6. Assume E has a complex orientation. Then the inclusion CP@ — 

Z x BU (see [8, (5.8)]) defined by the Hopf line bundle € over CP™ induces an 
isomorphism of E*-modules 

E,(CP®) —+ QE,(Z x BU) © E* ®QE,(BU) .
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Proof. The second isomorphism comes from Lemmas 4.5 and 4.4. We compare 

Lemmas 5.4 and 5.6 of [8]; the generators 8; corrrespond, except that 89 + (1,0).O 

Lemma 4.7. For any ring spectrum E: 

(a) nH QE,(E,,) is an E*module object in the ungraded category Mod of 
E*-modules; 

(b) The suspension (4.1) factors through QE.(E,); 

(c) The stabilization ons: E,(E,,0) 0 E.(E,0) factors through QE, (E,). 

Proof. The proof of (a) is like Lemma 3.3(a), except that we use the functor 
QE,(—) and Lemma 4.5. 

For (c), we use of1 = ty to restate the universal example (2.6) as 

Thopk =Onopi + Ogope:E, x E, —VE in Stab*. 

We apply E-homology to see that o;, factors as desired. Similarly for (b), except 
that we use Lemma 4.2 with X = U(£,xE,), « = Upi, and y = Upp. oO 

Dually to the short exact sequence (2.20), we may use (b) and (c) to rewrite [8, 
(9.22)] in the more convenient form 

E,(E,0) = colim Es(E,,0) = colim QE (E;) - (4.8) 

There is a multiplication, analogous to the stable multiplication on E,(E, 0). 

Lemma 4.9. There is a bilinear multiplication 

Q¢: QE(E,) ® QE.(E,) — QE (Exim): 

which may be defined as a quotient of 

x bx 

E,(E;) ® Ex(E) —> B.(E, xX £m) —> Bs(Enym) - 
Proof. The only difficulty is to prove that Q@ is well defined. We express the 

distributive law for the E*algebra object n> E,, as the commutative square 

OL 
E, x Ey x En — Entm x Enim 

fra |o (4.10) 

E,xE,, —— Exim 

in which f = wx, 9 = Uetm, and dz has the components ¢o0(p; x1) and ¢o(po x 1). 
(Cohomologically, 6; represents the operation (x,y,z) + (xz, yz).) We deduce the 
commutative diagram in homology 

Ls x 

Ey(E yx Ey) @Es(Em) —> Es(E,xE,X Em) Ee(Egym*E ppm) 

|s-21 |ux. |» 

x 

Ex (E,) ® Ex(Em) E,(E, x E,) Ex(E nym) 
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| |z
~q{ |v ª � � ª� � � ªw

~q{ ~q{| | || � v ª � � � ª � � w ª �
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(4.11) 

By Defn. 4.3, we have the exact sequence 

HUkx —P1l* —P2 

E.(E, x E,) ————— E,, (E,) —> QE. (E,) —> 0. 

After tensoring with E,(E,,,), this remains exact. We note that diag. (4.10) and 
hence diag. (4.11) also commute if we take f = p,; and g = py, or f = po and g = po. 
Then diag. (4.11), with these three choices for f and g, shows that its bottom row 
induces a quotient pairing QE,(E,) ® E,(E,,) > QE.(E gsm): 

A second similar step, on the right, uses this pairing to produce Q@. oO 

Coalgebra primitives. We also dualize eq. (3.5) in the obvious way. If X is a 
based space, we construct the E*-module homomorphism 

Ag — ite — ing: Ex(X) —3 E,(X x X). (4.12) 

Definition 4.13. Given any based space X, we define the E*-submodule of coalge- 

bra primitives PE,(X) = Ker[A, — i1, — i24] C Ey (X). 

Again, the definition is meaningful even without a Ktinneth formula for 

E,(X x X). The companion result to Lemma 4.4 is elementary. 

Proposition 4.14. For any discrete based space X, we have PE,(X) = 0. | 

The suspension (4.1) factors, with the help of Lemma 4.7(b), as 

B.(Ey,0) —> QE-(Ey) —> PE(Ep41) C Es(Bpyrs0)- (418) 
Again we ask whether QE,(E,) + PE,(E,4,) is an isomorphism. 

Duality. Under reasonable assumptions, the sequence (2.19) is dual to (4.15). One 
can see from Lemma 4.17 and section 17 that this holds for each of our five examples 

E. Moreover, in each case there are isomorphisms QE,(E,) = PE,.(£,,,) in 
(4.15), thus answering the questions (2.22) affirmatively. 

Lemma 4.16. Assume that E,(X) is a free E*-module. 

(a) If X is a group object in Ho (or an H-space), then d induces a homeomor- 
phism d: PE*(X) = DQE,(X) in FMod; 

(b) If X is a based space and the image of the homomorphism (4.12) splits off 
both E..(X) and E,(X xX), then d induces a bijection d:QE*(X) = DPE,(X). 

Proof. In (a), d induces the commutative diagram 

0 PE*(X) —<-~ E*(X) oa E*(XxX) 

fa {a {a 
D(x — Pix —P2+) 0 DQE.(X) —— DE,(X) ~ DE,(X xX) 
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whose rows are exact by Defns. 3.1 and 4.3, because D automatically takes cokernels 

to kernels. Strong duality for X and X x X from Thm. 1.18 provides two homeo- 

morphisms d. The third d is therefore also a homeomorphism, because DQ E,.(X) 
has the subspace topology from DE,(X) by [8, Lemma 6.15(c)]. 

The proof of (b) is analogous, except that we assume the splittings to ensure 

that the bottom row of the relevant diagram is (split) exact, use [8, Lemma 6.15(a)] 
instead, and have no topology to check. | 

We clearly need information on when E,(£,) is free. 

Lemma 4.17. For E = H(F,), BP, MU, K(n), or KU: 

(a) E.(E,) and QE.(E,,) are free E*-modules for all k; 

(b) E*(E£,,) and PE*(E,) are complete Hausdorff for all k. 

Proof. For E = H(F,) or K(n), all E* modules are free and (a) is trivial. 
We consider the remaining three cases together. For odd k, E,(E£,,) is an exterior 

algebra over E* by [23] (for BP or MU) or [8, Cor. 5.12] (for KU, when E, =U), 
and (a) is clear. 

For even k, we write E, = E* x E’, as in [8, (3.7)], where E’, denotes the zero 
component and E* is treated as a discrete group. Then E,(E’,) is a polynomial 
algebra over E*, by [23] (for BP or MU) or [8, Lemma 5.6(c)] (for KU, when 
E',, = BU), so that E,(E',) (and hence E,(E,,)) and QE,(E’',) are free modules. 

To finish (a), we note that by Lemmas 4.5 and 4.4, 

QE.(E,) = (E* @z E*) © QE,(E}) - 
The first summand is free, because E* = Z (for KU), or is Z-free (for MU), or is 
Z p)-free (for BP). 

Part (b) is immediate from (a) by Thm. 1.18(a) and Cor. 2.9. oO 

5. What is an additively unstable module? 

In this section, we give various interpretations of what it means to have a module 

over the additive unstable operations on E-cohomology. All four stable answers in 

[8] generalize. 
We recall from [8, Cor. 7.8] that each £,, is an abelian group object in Ho and 

therefore also in Gp(Ho), and that nH E,, is an E*module object in Ho, with 
v € E” acting by the map €v: E, > £,4,- From Prop. 2.7 we have the submodule 

PE*(E,) of additive operations defined on E*(—). 
We assume throughout that E,(E,) is a free E*-module. Then by Cor. 2.9, 

PE*(E,) is complete Hausdorff and an object of FMod. 

First Answer. The additive operations r:k — m act on E*(X) by composition 

o: PE™(E,) x E*(X) —> E™(X) (5.1) 

in Ho. We recover the stable action [8, (10.1)] by using oj: E*(E,0) + PE*(E,).
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This composition is already biadditive. Given x € E*(X) and v € E”, the com- 
mutative square 

1xv 

PE™ (Ex yn) x E'(X) —— PE™(Ey,,) x E*t"(X) 

P(év)* x1 ° (5.2) 

PE™(E,) x E¥(X) B™(X) 

expresses the identity (r-v)x = rux = r(vz) for operations r:k+h — m. It suggests 
that we should make the action (5.1) more closely resemble the stable action by 
introducing a formal shift and rewriting it with a tensor product as 

Ax: 0 *PE™(E,) @, E*(X) —> E™(X). (5.3) 

(Here, unlike [8], the action scheme is clearly visible: the notation ®, indicates that 
the tensor product is to be formed using the two E* actions indexed by &.) 

This approach was initiated in [27, §11]. However, it presents even more problems 
than in the stable case, and we do not pursue it further here. 

Second Answer. Our hypotheses ensure that PE*(E ,) is dual to QE,(£,,). We 
can convert the action of PE*(£,,) into a coaction 

E*(X) —> E*(X) 8 QE,(E,) - 
These are clearly not the components of an E*-module homomorphism, because the 

degree varies. 

In section 6, as suggested by (5.3), we shall shift degrees by introducing Q(E)* = 
D' QE,.(E,), which will allow us to write the coaction as an E*-module homomor- 
phism with components 

px: E'(X) —+ E*(X)® Q(B); (5.4) 
and the same action scheme as stably. We shall construct a comultiplication Q(w) 

and counit Q(e) that make Q(E)* a coalgebra and allow us to interpret E*(X) as 
a Q(E£)*-comodule. 

Third Answer. We write our Second Answer more functorially. Given any E* 

module M, we construct the graded group A’ M having the component 

(A'M)* = M'®; Q(E)} = (M @Q(E)s)* 
in degree k. In section 6 we shall make A’M an E* module. Then M ® Q(w) and 
M ® Q(e) define natural transformations w': A’ > A’ A' and e': A! > I, which will 
make A’ a comonad in FMod and E*(X)* an A’-coalgebra. 

Fourth Answer. Still imitating the stable case, we eliminate all tensor products by 

converting the First Answer to adjoint form. This will make everything very much 

cleaner, evidence that this is the natural answer (although the Second Answer is 
undeniably convenient for computation).
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Any element x € E*(X) may be regarded as a map x: X > E,, which induces 
the morphism 2*: E*(£,,) + E*(X) in FMod. Generally, given any object M in 
FMod, we define for each integer k the abelian group 

A*M = FMod(PE*(E,), M) (5.5) 

of all continuous E* module homomorphisms PE*(E ,,) + M. (There is no need to 
shift degrees.) Then we convert the action (5.1) to the coaction 

px: E"(X) —+ A*(E*(X)) = FMod(PE*(E,), E*(X)) (5.6) 
by defining pxx = x*|PE*(E,). 

We assemble the A*M, as k varies, to form the graded group AM with com- 

ponents (AM)* = A*M, and the coactions px into the single homomorphism 
px: E*(X) — A(E*(X)°*) of graded groups of degree zero. 

The destabilization oj: E*(E,0) + PE*(E,) (see [8, Defn. 9.3]) induces 

A*M = FMod(PE*(E,),M) —+ FMod*(E*(E,o),M) =(SM)*, (5.7) 

if we also assume that E*(£,o) is Hausdorff. As k varies, we take these as the 
components of the stabilization natural transformation 70M: AM — SM, of degree 

zero. It allows us to compare with the stable case. 

Theorem 5.8. Assume that E.(E,,) is a free E*-module for all k (as is true for 
E=H(F,), BP, MU, KU, or K(n) by Lemma 4.17(a)). Then: 

(a) We can make the functor A, defined in eg. (5.5), a comonad in the category 
FMod of complete Hausdorff filtered E*-modules; 

(b) If E*(E, 0) is also Hausdorff, the stabilization 0: A > S (defined in eq. (5.7)) 
is a morphism of comonads in FMod. 

The relevant definitions are now clear. 

Definition 5.9. An additively unstable (E-cohomology) module is an A-coalgebra 

in FMod, i.e. acomplete Hausdorff filtered E* module M equipped with a morphism 

pu: M — AM in FMod that satisfies the coaction axioms [8, (8.7)]. We then define 
the action of r€ PE™(E,) on x € M* by ra = pu(2)r € M (with no sign). 

A closed submodule L C M is called (additively unstably) invariant if pyz restricts 
to give pz: L — AL. Then the quotient M/Z inherits an additively unstable module 

structure. 

This is a stronger structure than a stable module (when E£*(£, 0) is Hausdorff, 
so that stable modules exist). Given a coaction pj as above, Thm. 5.8(b) shows 
that the coaction 

pM oM 

M—> AM ——> SM (5.10) 

makes M a stable module. 
One may think of A* M as the set of all candidates for the action of PE*(E,,) ona 

typical element of M*, and py as the selection of a candidate for each « € M*. The 

coaction axioms translate into the usual action axioms (sr)x = s(rx) and 1,2 = a. 
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As stably, it is sometimes useful to fix r:k — m and express the first axiom as the 

commutative square 

M* —_ 7", M™ 

|x [os (5.11) 
.M 

At M a A™M 

where w,M denotes composition with Pr*: PE*(E,,) + PE*(E,). 

Theorem 5.12. Assume that E,(E,) is a free E*-module for all k (as is true for 
E = H(F,), BP, MU, KU, or K(n) by Lemma 4.17(a)). Then: 

(a) px (defined in eq. (5.6)) factors through E*(X) as px: E*(X)° 7 
A(E*(X)*) to make E*(X)* an additively unstable module for any space X ; 

(b) If E*(E, 0) is Hausdorff, we recover the stable coaction in [8, Thm. 10.16(a)] 
from px by diag. (5.10); 

(c) p is universal: given an object N of FMod and an integer k, any addi- 

tive natural transformation of abelian groups 0X: E*(X) — FMod(N, E*(X)*) (or 

OX: E*(X)° +» FMod(N, E*(X)°)) that is defined on all spaces X is induced from 
px by a unique morphism f:N > PE*(E,) in FMod, as 

6X: B*(X) —~+ A*(E*(X)*) = FMod(PE*(E,), E*(X)’) 
Hom(f,1) 

FMod(N, E*(X)’) . 

Proof of Thms. 5.8 and 5.12. We prove parts (a) and (b) of both Theorems 
together, in the same seven steps as the stable proof of Thms. 10.12 and 10.16 

of [8]. As most steps are more or less repetitions of that proof, except for the 

insertion of indices everywhere, we indicate only the substantive changes for (a) 

and the additions needed to handle o for the (b) parts. Instead of 1 € E*(E,o), 
we have 1, € PE*(E,,). Instead of id, we have the identity map id,: PE*(E,) = 
PE*(E,), considered as an element of A*PE*(E,). We write py, for px when 
X=E,. 

Step 1. We construct an E*module structure on the graded group AM we de- 

fined in eq. (5.5). We start with the E*module object n H PE*(E,,) in FMod°? 
from Lemma 3.3(a), with v € E* acting by P(€v)*. We apply the additive functor 
Mor(—, M): FMod®? -> Ab to obtain by [8, Lemma 7.6(a)] the E*-module object 
n> A"M in Ab, i.e. make AM an E*module. 

Despite appearances, the square (3.4) does commute in the dual category 

FMod*°?, to show that 7M: AM —> SM is an E*module homomorphism. 

Step 2. We have defined px as a natural transformation of sets. For fixed X, the 

cohomology functor E*(—)*: Ho > FMod®? induces the natural transformation 

Ho(X, —) —> FMod(PE*(—)*, E*(X)*): Gp(Ho) —> Set.
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We apply [8, Lemma 7.6(c)] to the E* module object n + E,, to see that px isa 
morphism of E*-module objects, i.e. takes values in Mod. 

For Thm. 5.12(b), we note that given x € E*(X), we have (o(E*(X)*))at, = 

nt, oof = 28, by [8, (9.4) 
If X is a group object in Ho and x € PE*(X), the associated map 2:X > 

E, is a morphism of group objects (as remarked after Defn. 3.1) and so induces 
xv*: PE*(E,) > PE*(X). If E*(X) (and hence PE*(X)) is Hausdorff, px restricts 
to define 

Ppx:PE*(X) —> APE*(X) . (5.13) 
Step 3. We filter AM exactly as we did SM in [8, §10], by the submodules 

F*(AM) = A(F*M), using naturality. The proof that AM is complete Hausdorff 
is formally the same as for SM. Our choice of filtrations and the naturality of p 

clearly make px and oM continuous, so that px factors through E*(X)* and o 
takes values in FMod. 

Step 4. Whenever X is a group object in Ho and E*(X) is Hausdorff, we convert 
the object PE*(X) of FMod to the corepresented functor 

Fpx = FMod(PE*(X), —): FMod —+ Ab 

and the coaction Ppx in (5.13) to a natural transformation ppx:Fpx —- 

Fpx A: FMod > Ab. Given M, ppxM:FpxM > Fpx AM is the homomorphism 

ppx M: FMod(PE*(X),M) —> FMod(PE*(X), AM) (5.14) 

that is defined on f: PE*(X) > M as the composite 

Pox A 

(opx M) f: PE*(X) —2"4 APE*(X) —> AM. 
Step 5. To construct w = wa: A — AA, we take X = E, in (5.14) and define 

(a) M)*: FMod(PE*(E,,), MM) —+ FMod(PE*(E,), AM) 

on the element f: PE*(E,,) + M of A*M as the composite 

(WM)* f: PE*(E,) —-"> APE*(E,) —> AM : LE LE . 

When we substitute the E*module object n 4 E,, for X in (5.14), [8, 
Lemma 7.6(c)] shows that (M)*: A*M —> A*AM lies in Mod. As k varies, we 
obtain the natural transformation ~:A — AA. Naturality in M also shows that 

wM is filtered and so lies in FMod. 

Step 6. The other required natural transformation, «: A — I, is defined on M 

simply as the evaluation 

(eM)* = (e4M)*: A*M = FMod(PE*(E,),M) —> M (5.15) 

on t, € PE*(E,). It is continuous by naturality. It is compatible with the stable 
version, €4 = €s00:A > I, since given f € A*M, we have 

(esM)(oM)f = ((oM)f)e = foje= fir =(eaM)f . 

Step 7. To see that px is acoaction on E*(X), we use [8, Lemma 8.20] (adapted to 
graded objects). We use R = PE*(E,,) (really, the graded object nt» PE*(E,,)), 
lg = tn, and pr = Ppy. By [8, Lemma 8.22], A is a comonad in FMod.
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To see that 0: A + S is a morphism of comonads, we apply [8, Lemma 8.24]. The 
first condition on u = of: E*(E,o0) + PE*(E,) is the commutative diagram 

* 
oh 

E"(E, 0) ~ PE (E,) 

Por 

oe FMod(PE*(E ,4,);PE*(E,)) 

Hom(of4.:1) 
Hom(1,03) 

FMod"(E*(E, 0), E*(E, 0)) FMod"*"(E*(E, 0), PE*(E,)) 

A stable operation rg € E”(E, 0) restricts to an additive operation ry:k > k +h. 
On rs, the lower route gives by diag. [8, (9.8)] 

on erg = (-1)"*(rs con)* = (-1)"*(cegnoru)® = (1) rh ook gn - 
This agrees with the upper route, because ofrg = (—1)"*ry by [8, (9.9)]. The 
second condition needed is oft = 4%, which holds by the definition of ox. 

For Thm. 5.12(c), as in [8, Thm. 10.16(b)], it is enough to consider 9X. Because 
E, represents E*(—), natural transformations @ are classified by the elements f = 
6u%: N + E*(E,), i.e. morphisms in FMod. The additivity (9X )(z+y) = (@X)(x)+ 
(8X )(y) of 6X on the universal example (2.6) yields 

Myo f =piof +pjof:N —+ E*(E, x E,). 
By Prop. 2.7(b), f factors through PE*(£,). oO 

6. Unstable comodules 

Although the Fourth Answer of section 5 is the cleanest and most general, the 

Second Answer, in terms of unstable comodules, is usually the most practical and 

is available in the cases of interest. The parallel with the stable theory of [8] is 
extremely close, in spite of the very different provenance of the two theories. Some 

of the machinery was used in [6]; here we supply the missing definitions. 
We assume throughout this section that E,(E,) and QE,.(E,) are free E*- 

modules for all k, so that we have available all the results of section 5. 

The bigraded group Q(£)*. As noted in section 5, tensor products do not work 
correctly because the groups QE.(E;,,) have the wrong degree; we therefore shift 

degrees. We also adopt more efficient notation, that hides the details of construction 

and emphasizes the algebraic aspects and the formal similarity to stable comodules. 

(We remind that homology E£;(X) has degree —i under our conventions.) 

Definition 6.1. We define the bigraded group Q(E)* as having the components 
Q(E)k = QE;(E,) (the component of QE,(E,,) in degree —i), except that we assign
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the degree k—i (instead of —i) to elements of Q(E)*. (This is the degree that governs 
signs in formulae. We thus have the formal isomorphism 5": QE,(E,) & Q(E)* of 
degree k.) 

We define the left action of v € E” on D*e € Q(E)#, for c € QE,(E,), by 
v(D*e) = (-1)"* dF ve, as in [8, (6.7)], to make ©’: QE,(E,) = Q(E)* an isomor- 
phism of E*modules of degree k. 

We equip Q(E)* with the projection 
k 

dx: Ex(E,) —? QE.(E,) —> Q(B)! . (6.2) 
We define the stabilization 

Q(o):Q(E)k ~—+ QE.(E,) + B.(E,0), (6.3) 
where Lemma 4.7(c) provides the factorization Qoz,. Of ops - 

We thus have the factorization into E* module homomorphisms 

Che = Q(o) oqu: Ex(Ex) —> Q(E)s — E,(E, 0), (6.4) 
where we arranged for Q(c) to have degree zero and q, to have degree k. 

Definition 6.5. Given an additive operation r:k — m, i.e. an element rg € 

PE" (E,), we define the associated E*linear functional 

k (ra,—) 
= 

(rq, -): Q(E)s —— QE.(E,) ——> E* (6.6) 
of degree m—k (with no sign). 

Now we can make the degree shift suggested by eq. (5.4). We have the strong 

duality PE*(E£,) = DQE,(E,,) from Lemma 4.16(a). Given an object M of FMod, 
we use [8, Lemma 6.16(b)] and the freeness of QE,(E,) to define the natural 
isomorphism of degree k 

~ Mex* ~ 
FMod*(PE*(E,),M) = M @QE,(E,) ———>- M@Q(E)t . (6.7) 

Lemma 6.8. Given an additive operation r:k — m and an object M of FMod, the 

composite (formed using (6.7)) 

~ M®(ra;—) 
FMod*(PE*(E,),M) = M8Q(B)t ——~—> M@B*=M 

coincides with the evaluation homomorphism e,: FMod*(PE*(E,),M) > M de- 
fined by ep f = (—1)™4e8P) fra. 

Proof. We choose « € M,c€ QE.(E,), and evaluate. oO 

With Defn. 6.5 in hand, we extend Prop. 2.7 and identify: 

(i) the additive operation r: E*(—) + E™(—); 

(ii) 
(iii) the morphism of group objects r:E, — E,,, in Ho; (6.9) 

) (iv) the E*-linear functional (r,—) = (rg, —):Q(E)k = E*, of de- 
gree m—k, defined by eq. (6.6). 

the cohomology class r=ra =r, € PE™(E,);
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(We drop the decorations 4 and g on r except when we need to compare different 

versions.) As Q(E)* is smaller than PE*(E,), (iv) is the preferred choice. We do 
have to be careful with degrees, as (ii) has a different degree from (i) and (iv), while 
(iii) has no degree at all. 

Scholium on signs. We construct the duality diagram in FMod* 

rs ot TA TU 

E*(E,0) —*» PE*(E,) ——— E*(E,) 

~ (-1)* |: (-1)* = (6.10) 

DE.(E,0) “> p(Q(nyt) —“+ DE.(E,) 
(rs,—) (ra,-) (ru, —) 

whose center isomorphism is taken as 

PE*(E,) —1+ DQE,(E,) > D(Q(B)') - * 

Because D is contravariant, each square commutes up to the sign (—1)*. 
On restriction to spaces, a stable operation r of degree h yields an additive 

unstable operation r:k + k+h, and we obtain elements rs, 74, and ry lying in the 

indicated groups. From these, we get the linear functionals (rg,—), (ry, —), and by 
eq. (6.6) also (rg, —). We note that rg and rg have degree h, while r4 and ry have 
degree k +h. The algebra forces us to work with the element r4 and the functional 

(rg, —); we are not really interested in the functional (r4,—), which appears only 
in the definition of (rg, —), and the element rg will occur nowhere. 

The complication is that these six elements do not all correspond in obvious 

ways under the morphisms of diag. (6.10). The first surprise was [8, (9.9)], that 
oxrs = (—1)**r4. Of course, r4 and ry do correspond, because they are the same 
element regarded as being in different groups. The second surprise is that r4 does 

not correspond to (rg, —), because the definition [8, (6.4)] of D(=*) requires the sign 
(—1)*(*+) | which is absent from Defn. 6.5. In fact, matters are simpler if we work 
with elements and refrain from turning everything into E*module homomorphisms. 

Proposition 6.11. In diag. (6.10): 

(a) Given a stable operation r, the homomorphism DQ(o) takes (rs,—) to 
(rg, —), or in elements, 

(rq.¢) =(rs,Q(a)e) force Q(B)E, (6.12) 
and also 

(ry,c) = (rs, Ck) for c € E,(E,); (6.13) 

(b) Given an additive operation r:k + m, the homomorphism Dq, takes (ra, —) 
to (—1)"—®) (ry, —), or equivalently, in elements, 

(ru, ©) = (r@; Ue) for c € E,(E,). (6.14)
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Proof. We just proved (a), except for eq. (6.13), which combines eqs. (6.12) 
and (6.14). In (b), (r4,—) is simply the restriction of (ry, —), so that 

(ry,c) = (ra, =" que) = (ra, ac): 

But the definition of Dg, adds the unwanted sign (—1)*(™—*), Oo 

Q(E)* as an algebra. There is much structure on Q(E)*. First, it is by construc- 
tion a left E* module. 

Proposition 6.15. For any ring spectrum E, Q(E)} has the properties: 

(a) Q(£): is a bigraded E*-algebra, with multiplication Q(@) defined by the com- * 

mutative diagram (6.16) 

q Q(o) 
E,(E 9) —— Q(E)$ —> E,(E,0) 

E,(E.,) ® Ey(Em) + Be(E, XE) ———> Ex(Enpn) 
Gk @dm dk+m 

gw) aan = - Q(E)s" (6.16 
Q(7)8Q(o) Q(o) 

E,(E,o) 2 E.(E,0) —. E,(EAE,0o) * B.(E,0) 

and unit Q(n) defined by the commutative diagram 

E,(T) ——— E* —— E,(Tt,o) 

|» Jor |». (6.17) 

(b) The stabilization Q(c):Q(E)* — E,(E,0) is a homomorphism of E*- 
algebras. 

Proof. Q(¢) is inherited, with a shift, from the multiplication on QE.(£,) con- 
structed by Lemma 4.9. It thus fills in diag. (6.16), which is derived from [8, 
(9.15)] by applying E-homology and the factorization (6.4). We simply define 
Q(n) = doonus, to fill in diag. (6.17). This comes from diag. [8, (9.4)] by tak- 
ing « = 17 € E*(T). The algebraic properties of Q(¢) and Q(n) are inherited from 
the E*-algebra object n+ E., in Ho. Part (b) is clear from the diagrams. oO 

Q(E)* as a bimodule. We also need the right E*action. By Lemma 4.5, the func- 
tor QE..(—): Gp(Ho) + Mod preserves finite products. We apply [8, Lemma 7.6(a)]
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to the E* module object n 4 E,, in Gp(Ho), to obtain, for each v € E”, homomor- 
phisms Q(v) that fill in the commutative diagram 

qk Q(e) 
Ey (E,) Q(E)s E,(E, 0) 

(Eu) Q(é0) (Esv)» (6.18) 

Wk+h Q(c) 
Ex(E psn) ———_—_ Q(E)E" ——__ E,,(E, 0) 

and make Q(E)* a module object in Mod", i.e. an E*bimodule. This diagram came 
from diag. [8, (9.8)] by taking r = gv. 

We have the additive analogue of the stable right unit. 

Definition 6.19. We define the right unit function nr: E* > Q(E)* on v € E? 
E"(T) by nrv = qnv«l € Q(E)#, using the homology homomorphism v,: E* 
E,(T) > E,(£,;,) induced by the map u:T > E,. 

I 
Il 

It is clear from [8, (9.4)] and the factorization (6.4) that composition with Q(c) 
yields the stable right unit np: E* > E..(E,0) of [8, Defn. 11.2). 

Proposition 6.20. For any ring spectrum E, the algebra Q(E)* has the properties: 

(a) It is a bigraded E*-bimodule, with components Q(E)* = QE;(E,) which are 
assigned the degree k—i; 

(b) It has the well-defined unit element 1 = Q(n)1 = nr1 € Q(E)$; 

(c) The left action of v € E” is left multiplication by v1 € Q(E)°,,; 

(d) The right action of v € E" is right multiplication by nrv € Q(E)&; 

(e) The stabilization Q(c):Q(£)i — E,(E,0) is a homomorphism of E*- 
bimodules. 

Remark. Props. 6.15 and 6.20 are similar to [8, Prop. 11.3], except that Q(E)} 
is bigraded and the conjugation x is conspicuous by its absence. The examples of 

section 16 show that y does not exist, at least, not in any obvious sense. (This is 

why we eschewed x in [8].) 

Proof. Most of the proof is formally identical to the stable case [8, Prop. 11.3]. 
For (d), we apply E-homology to the factorization [8, (3.27)] of €v. Part (e) is clear 
from diag. (6.18). oO 

We write the left and right E*actions as \,:E" @ Q(E)k > Q(E)* , and 
AR: Q(E)! @ E” > Q(E)#*". Explicitly, the signs for \p are 

Ar(e@v) = ¢-v = c(ngv) = (-1)"8O (nau)e = (—1)"*"O Q(Ev)c, (6.21)
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where v € E” and c- v denotes the right action. For future use, we rewrite (d) as 
the commutative square 

Qo) 
Q(E)E ® Q(E)P Q(E)*™ 

Q(Ev)@1 Q(Ev) (6.22) 

Q(B)" @Q(nyn SS acmystmrn 

The functor A’. Given an E*module M, we define (as promised in section 5) 
the graded group A’M as having the components 

(A'M)® = M* 6; Q(B); = (M Q(B) (6.23) 
(where the tensor product @, is formed using the two E*actions indexed by i. We 

have no use for the rest of M ®@Q(E)* !) We use the isomorphism (6.7) to define 
the isomorphism AM = A'M as having the components 

(AM)* = A*M = FMod(PE*(E,),M) = M'&;Q(E)*k =(A'M)*. (6.24) 

We use this isomorphism to transfer all the structure of section 5 from A to A‘ and 

make A’ a comonad, just as we did stably in [8]. (We generally drop the decorations 
‘ except when comparing different versions.) 

In particular, we use (6.24) to convert modules to comodules. If M is an additively 
unstable module with coaction py: M — AM (as in Defn. 5.9), we deduce the 
equivalent coaction p/,: MM — A'M with components 

ply: M* —> (A'M)* = M*@; Q(E)F CM BQ(E)E. (6.25) 

In particular, for a space X, we convert the action px in (5.6) to 

px: E*(X) —> E'(X) 8: Q(E)f c E*(X) @ Q(B); . (6.26) 
Q(E)* as a coalgebra. The stable discussion carries over, except that Q(E)* is 
bigraded. The comonad structure (#,€) on A translates into a comonad structure 
(~',e') on A’. By naturality and the case M = S*E*, w'M:(A'M)* > (A'A'M)* 
must take the form M @¥y for a certain comultiplication 

b = Q(d):Q(E)} — Q(E)j ®; Q(E)} (6.27) 

(where we sum over j as in eq. (6.23)), and e/M:(A'M)* — M* must take the form 
M ®e for a certain counit 

€= Q(e): Q(E)k —> EF*. (6.28) 

By construction, these are both E*™bimodule homomorphisms of degree zero. 

Proposition 6.29. Assume that E,(E,) and QE.(E,,) are free E*-modules for all 
k. Then: 

(a) The homomorphisms = Q(w) and € = Q(e) in diags. (6.27) and (6.28) 
make Q(E)* a coalgebra over E* ;
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(b) If E,(E,0) is also free, the stabilization Q(o):Q(E)* > E,(E,0) is a mor- 
phism of coalgebras (cf. [8, Lemma 11.8]). 

Proof. By taking M = ¥’E*, the comonad axioms [8, (8.6)] for A’ yield the 
coassociativity 

Q(z) “ Q(B) @; Q(B) 
Qv) [22% (6.30) 

Q(B), @: Q(B) “O"*. ami, a; (By! @; Q(B) 

of Q(q) and the two counit axioms 

a(pyt —@ aaie,aet ent “ awe; ans 

= oe 1@Q(c) (6.31) 

Q(E); a EX @; Q(E)* Q(E)s ca Q(B) @; EPs 
a 

Part (b) is the translation of Thm. 5.8(b). oO 

Comodules. Now that we have the coalgebra Q(E)%, we can convert Defn. 5.9 
and Thm. 5.12. 

Definition 6.32. An unstable (E-cohomology) comodule is an A'-coalgebra in 
FMod. 

In detail, given a complete Hausdorff filtered E*-module M (i.e. object of FMod), 
an unstable comodule structure on M consists of a coaction py: M — A'M, with 

components M* + M*®&; Q(E)* as in diag. (6.25), that is a continuous homomor- 
phism of E* modules (i.e. morphism in FMod) and satisfies the axioms 

M —+ M&Q(B): M M®Q(E): ~ 
[oa | wea) ee | wea 

-~ pm@l x x (6.33) 
M®Q(E)i — M@Q(E)i ®Q(E); M @ E* 

(i) (ii) 

This is a stronger structure than a stable comodule (assuming that E,(E, 0) 
is free, so that stable comodules can be defined). Given a coaction pyy as above, 

Prop. 6.29(b) shows that the coaction 

M®Q(c) 

M —“. M&Q(E): M 8 E,(E,0) (6.34)
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makes M a stable comodule. 

Remark. We regard comodules as essentially additive constructs, as we find no 

analogue in the fully unstable context. We therefore omit the adjective “additive” 

from comodules. 

Theorem 6.35. Assume that E.(£,,) and QE.(E,) are free E*-modules for all 
k (which is true for EF = H(F,), BP, MU, KU, or K(n) by Lemma 4.17(a).) 
Then given a complete Hausdorff filtered E*-module M (i.e. object of FMod), an 

additively unstable module structure on M in the sense of Defn. 5.9 is equivalent 

to an unstable comodule structure on M in the sense of Defn. 6.82. 

Proof. We have the isomorphism AM = A'M in eq. (6.24). The axioms (6.33) are 
just the general coaction axioms [8, (8.7)] interpreted for A’. oO 

Theorem 6.36. Assume that E,(E,,) and QE.(E,) are free E*-modules for all k 
(which is true for E = H(F,), BP, MU, KU, or K(n) by Lemma 4.17(a).) Then: 

(a) For any space X, there is a natural coaction 

px: E*(X) —> E*(X) 8Q(B): 
that makes E*(X)* an unstable comodule, which corresponds by Thm. 6.35 to the 

additive module structure given by Thm. 5.12; 

(b) If also B,(E,0) is free, we recover the stable coaction [8, (11.15)] on E*(X) 
from px as in diag. (6.34); 

(c) p is universal: given a discrete E*-module N and an integer k, any additive 

natural transformation 6X: E*(X) + E*(X)@N (or 0X: E*(X) 3 E*(XY ON) 
that is defined for all spaces X is induced from px by a unique homomorphism 

f:Q(E)k = N of E*-modules as 

aX: BE(x) ©%5 B*(X)SQ(B)k “14 BU X)ON. 
Proof. We deduce (a) from Thm. 5.12(a) and Thm. 6.35, just as we did stably in 
[8, Thm. 11.14]. In eq. (6.26), we defined the coaction p’y as corresponding to px. 
In (b), the stabilization Q(c) clearly dualizes to oj: E*(E,o) + PE*(E£,), which 
we used in eq. (5.7) to define the stabilization 0: A > S of comonads. 

In (c), the natural transformation 6 is classified by the element u = 6s, € 
E*(E,,) @N. Additivity of 6 for the universal example (2.6) states that 

(u,@N)u=(pt@N)ut+ (p,@N)u in E*(E, x E,) ON. 
By [8, Lemma 6.16(a)], wu corresponds to a homomorphism f:F£.(E£,) + N of 
E*modules. The above property dualizes to 

f ok. = fopis + fope,: Ly(E,x£,) —_ N, 

which shows that f factors through Q(E)* as required. oO 

Remark. Just as stably, (c) allows us to use diags. (6.33) to define Q(w) and 
Q(e) in terms of p. Three applications of the uniqueness in (c) show that Q(q) is 
coassociative and has Q(e) as a two-sided counit.
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Linear functionals. Theorem 6.35 establishes the equivalence between unstable 

modules and comodules. For applications, we need the details. All our formulae 

stabilize to the corresponding formulae of [8, §11] by applying Q(c), which conve- 
niently has degree zero. 

Given an unstable comodule M, we recover the action of the additive operation 

r:k — mon M from Lemma 6.8 as 

po PM “A k Ma@\r,—) kw 
r: M* — + M ®Q(£); ————> MeE=M. (6.37) 

Because (r, —) has degree m—k, r takes values in M™. To make this action explicit, 
let us choose « € M* and write 

put = -(-1)88@a) eee, @eq in MBQ(E)S, (6.38) 

where the sum may be infinite, and of course deg(x,) = k — deg(c,). (As in [8], we 
insert signs here to keep the next formula simple.) Then 

re = Sor, Co) La in M, for all r:k > m, (6.39) 

where the cg and xq depend only on z, not on r. Because M is assumed complete, 

this sum converges if it is infinite. (Recall that Q(E)* always has the discrete 
topology.) 

Remark. It is important for our applications not to require the cg to form a basis 

of Q(E)*, or even be linearly independent; but if they do form a basis, the xq are 
uniquely determined by eq. (6.39) as 2 = cia, where c*, denotes the operation 
dual to cy. 

The fact that py is an E* module homomorphism is expressed by 

r(va) = Sor, (NRV)Ca)Lq = So (Hr deseo) (r, CoNRV) fq in M, (6.40) 
a a 

for any v € E” and all operations r:k + h + m. 
Because Q(e): Q(E)* — E* corresponds to € in eq. (5.15), which is evaluation on 

tp, we have immediately 

(4, -) = Q(€): Q(E)E — E*, (6.41) 
as is obvious by comparing axiom (6.33)(ii) with eq. (6.37). In other words, in the 
list (6.9), the identity operation 1, corresponds to the functional Q(e). 

The cohomology of a point. Our first test space is the one-point space T’. 

Proposition 6.42. In the unstable comodule E*(T) = E*: 

(a) The action of the additive operation r:k + m onv € E* is given by 

rv = (r,nRVv) in E*(T') = E*; (6.43) 

(b) The coaction pr: E* > E* @ Q(E)} = Q(E)i coincides with the right unit 
nr: E* > Q(E)G (see Defn. 6.19).
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Proof. We imitate [8, Prop. 11.22]. The map v:T - E, yields 

rv = (rv, 1) = (v* ru, 1) = (ru, v«1) = (ra, qev+1) = (re, nRe), 

by eq. (6.14) and Defn. 6.19 of nz. We compare eqs. (6.38) and (6.39) and rewrite 
this as prv = 1 @ nav, to give (b). oO 

Homology homomorphisms. A class x € E*(X) may be regarded as a map 
z:X — E,. We need information about the induced homology homomorphism 

4: Ey (X) > Ey(E,). 

Proposition 6.44. Assume that E,(E,,) and QE.(E,) are free E*-modules for 
all k. Given « € E*(X), suppose that raz is given by eg. (6.39). Then the homo- 
morphism qyots:Ey(X) 4 Q(E)® induced by the map z:X > E, is given on 
z € E,(X) by 

Qklx2 = So(- 1) daca) (deg(ta)+h) (oz) = Di cal Zo,z) in Q(E)E. (6.45) 
a 

Proof. For any additive r:k + m, we have (ra, qrx«z) = (ru, %2) by eq. (6.14). 
The rest of the proof is formally identical to the stable analogue [8, Prop. 11.26]. O 

Conversely, we can recover px from x. when X is well behaved, just as we did 

stably. If F.(X) is free, we have strong duality E*(X) = DE,(X) by Thm. 1.18(a), 
and [8, Lemma 6.16(a)] supplies the isomorphism 

E*(X) ®Q(E), = Mod*(E,(X),Q(E)s) - (6.46) 

Proposition 6.47. Assume that E,(X), E.(E;,), and QE.(E,) are free E*- 
modules for allk. Take x € E*(X). Then under the eee .46), the element 
px« corresponds to the homomorphism qy ot: Ex(X) 4 Ex(E,) > Q(E)E. 

Proof. We apply the isomorphism to eq. (6.38) and compare with eq. (6.45). O 

“
3
b
 

In particular, it is important to know the homomorphism of E*-modules 

Q(r):Q(E)E © QE.(E) > QEs(Em) ¥ Q(E)™ (6.48) 
induced by an additive operation r:k + m (which by Prop. 2.7(c) is a morphism of 
group objects in Ho). It has degree m—k. The Q(r) provide a convenient faithful 
representation of the additive operations. The translation of diag. (5.11) is the 
commutative square 

M* ~ M™ 
[ox [os (6.49) 

. k M®Q(r) j m 

M &; QE); M* ®; Q(E); 

which stabilizes to diag. [8, (11.29)].
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Just as stably, we easily recover the functional (r, —) from Q(r) as 

(r,-):Q(B)k 2. Quayn 22s ev. (6.50) 
Conversely, we have the additive analogue of [8, Lemma 11.31]. 

Lemma 6.51. Assume that E,(£,) and QE,(E,,) are free E*-modules for all 
k. If r:k — m is an additive operation, then the homology homomorphism 

Q(r): Q(E)k > Q(E)™ in eq. (6.48) has the properties: 

(a) The diagram 

Q(B) oe”. Quay 
low) [ow (6.52) 

* k 1@Q(r) « m 

Q(E); ® QE), Q(E), ® Q(E)y 

commutes; in other words, Q(r) is a morphism of left Q(E)*-comodules; 

(b) Q(r): Q(E)E > Q(E)™ is the unique homomorphism of left E*-modules that 
satisfies eg. (6.50) and is a morphism of left Q(£)*-comodules in the sense of (a); 

(c) Q(r) is given in terms of the functional (r,—) as 

Q(r): Q(E)§ oe) Q(B)? @; Q(B) 1a) Q(E)i @; E™-3 : 

“Br. 
We deduce from (c) that the composite sr:k > n of the operations r: k — m and 

$s:m — n corresponds to the functional 

(sr, -):Q(E)k§ —”s Q(z)! 2; QE)! > Q(Hy! 9; EB” (6.53) 
AR {s,—) —*5 Q(Eyn > Bm. 

Remark. From diags. (6.30) and (6.31)(ii) we observe that for fixed h, Q(w) 
makes the graded group n +> Q# an additively unstable comodule, if we use the 

right E* module action (6.21). Then by (c), the action of r:k — m is just Q(r), 
and diag. (6.52) becomes a special case of diag. (6.49). 

7. What is an additively unstable algebra? 

In this section, we define an additively unstable algebra by enriching each of the four 

Answers in section 5 with multiplicative structure. The treatment is closely parallel 

to the stable case [8, §12] and we give only the significant additions. The logical 

sequence is made slightly complicated by the fact that the monoidal structure is
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most easily described in the context of the Second (or Third) Answer, while the 
comonad structure prefers the Fourth Answer. 

In Defn. 7.13 we introduce the collapse operation, which detects the connected- 

ness of a space. 

We assume throughout this section that E,(E,) and QE,(E,) are free E*- 
modules for all k, which is true for our five examples by Lemma 4.17(a). Then 
by Cor. 2.9, PE*(E,,) is an object of FMod. 

First Answer. We have, for any space X, the additively unstable action (5.1) 

o: PE™(E,) x E*(X) —3 E™(X). 

Given « € E*(X), y € E™(X), and r € PE*(E,,,,), we would like to have a 
Cartan formula 

r(ey) = Do(rge) (ray) in E*(X), (7-1) 

for suitably chosen operations r/, and r!! (depending on k and m as well as r). For 
the universal example 

X=E,xE,, with ¢ =, x 1,y=1X tm, ty =G=lp X bm, (7.2) 

where @:E, x E,, + Ey4_ denotes the multiplication map of [8, Thm. 3.25], 
eq. (7.1) reduces to 

gr = Sor xrh in E*(B, XE.) - 
a 

To ensure that ¢*r is expressible in this form, we need to allow infinite sums 

and use the Kiinneth homeomorphism E*(E£, x E,,) = E*(E,) ® E*(E,,,) from 
Thm. 1.18(c). 

We need to know more, that r!,,ri! € PE*(E,,). We have enough duality isomor- 
phisms to dualize the multiplication in Lemma 4.9 and define a comultiplication 

wp by the commutative diagram 

PE*(Exym) ~ PE*(E,)®PE*(E,) 

Cc Cc 

g* ~N 
nN 

E*(E,xE,,) ~— E*(E,) ®@E* (En) E*(Epym) 
(7.3) 

Then we write ~pr = 0, Ty @ ry, as required. 
We must not forget the unit element ly € E*(X). We define the counit 

ep: PE*(£,) — £E* as the restriction of 7*:E*(£,) — E*(T) = E*, so that 
rlx = (epr)lx in E*(X).
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It is now clear what an additively unstable algebra should be. Given an E*-algebra 

M, we need actions PE™(E ,,) x M* + M™ that compose correctly, are biadditive 
and E*bilinear in the sense of diag. (5.2), satisfy the Cartan formula (7.1), and 
respect the unit in the sense that rly = (epr)1m. In the classical case E = H(F,), 
there is a good Cartan formula and this approach is useful. For more general E, 

such as MU and BP, this structure seems even more impractical than it was stably. 

Second Answer. We have the coaction (6.26), 

px: E*(X) —+ E"(X)@:Q(E)F i. 

In contrast to the Cartan formula of the First Answer, and just as stably in [8], all 
we have to do is observe that as k varies, px is a homomorphism of E“algebras, 

where we use the bigraded algebra structure on Q* = Q(E)* from Prop. 6.15. 
Explicitly, if for particular x,y € E*(X) we have, as in eq. (6.39), 

re = Sor, Ca) La} ry = Sor, dg) ya; for all r, 

a B 

the Cartan formula (7.1) becomes (cf. the stable analogue [8, (12.5)]) 

r(xy) = S- So (-1)ses4») des(@a) (r, eydg) Lays in E*(X)*, for all r. (7.4) 

a £6 

Lemma 7.5. Assume that E,(E,) and QE,(E,) are free E*-modules for all k. 
Then the homomorphisms Q() and Q(e) in (6.27) and (6.28) are multiplicative 
and respect the unit element. 

We defer the proofs until after Thm. 7.9, as the coalgebra structure on Q(E)* is 
not easily handled directly. The Lemma makes the following definition reasonable. 

Definition 7.6. We call an unstable comodule M in the sense of Defn. 6.32 an 

unstable (E-cohomology) comodule algebra if M is a filtered algebra (i.e. object of 
FAlg) and its coaction py: M > M ®Q(E)* is a homomorphism of E* algebras. * 

In detail, M is a complete Hausdorff commutative filtered E* algebra, equipped 

with a structure map py that is a continuous homomorphism of E*algebras and 

makes diags. (6.33) commute. 

Theorem 7.7. Assume that E,(E,,) and QE.(E,,) are free E*-modules for all k 
(which is true for E = H(F,), BP, MU, KU, or K(n) by Lemma 4.17(a)). Then: 

(a) For any space X, px makes E*(X)* an unstable comodule algebra in the 
sense of Defn. 7.6; 

(b) p is universal: given a (possibly bigraded) discrete E*-algebra B, any natural 

transformation of rings 0X: E*(X) 3 E*(X)@B (or 0X: E*(X) > E*(X) @B) 
that is defined for all spaces X is induced from px by a unique homomorphism 

f:Q(£)i — B of left E*-algebras as 

0X: E*(X) 2%> E*(X)SQ(B)t 44 E(X)OB.
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Proof. This will follow from Thm. 7.9 in the same way that the stable result 

Thm. 12.8 followed from Thm. 12.10 in [8]. oO 

Third Answer. We use the multiplication Q(¢):Q% @ Q™ > QEt™ from 
Prop. 6.15 to make A’ a symmetric monoidal functor (A‘, G4, za’) in FMod, with 

Car (M,N): (A'M)* @(A'N)™ —> (A'(M @ N))h™ 

given by 

Ca (M,N): M SQ ON OQ? =MSNB(Ql@Q”) 
ook (7.8) 

— M@N@Qitm™ 

and z4 = nr: EB’ > E* @Q? = Q”. Thus when M is an E*algebra, so is A'M. We 
see that A’, equipped with natural transformations 7)’: A! — A'A! and ¢': A! > I 
constructed from Q(q) and Q(e), becomes a symmetric monoidal comonad in FMod 
and therefore a comonad in FAlg. 

Fourth Answer. For suitable £, we can make A a comonad in FAlg. 

Theorem 7.9. Assume that E,(E,,) and QE.(E,,) are free E*-modules for all k 
(which is true for E = H(F,), BP, MU, KU, or K(n) by Lemma 4.17(a)). Then: 

(a) We can enrich A to make it a symmetric monoidal comonad in FMod and 
therefore a comonad in FAlg; 

(b) If also E,(E,0) is free, the stabilization 0: A > S is a monoidal natural 
transformation in FMod. 

The relevant definition is now clear. 

Definition 7.10. An additively unstable (E-cohomology) algebra is an A-coalgebra 

in FAlg, i.e. acomplete Hausdorff commutative filtered E*-algebra M equipped with 

a morphism pu: M — AM in FAlg that satisfies the coaction axioms [8, (8.7)]. 

If the closed ideal L C M is invariant, the quotient algebra M/L inherits a 

well-defined A-coalgebra structure. 

Theorem 7.11. Assume that E.(E,) and QE,(E,) are free E*-modules for all k 
(which is true for £ = H(F,), BP, MU, KU, or K(n) by Lemma 4.17(a)). Then 
given a complete Hausdorff commutative filtered E*-algebra M (i.e. object of FAlg), 

an unstable comodule algebra structure on M in the sense of Defn. 7.6 is equivalent 

to an additively unstable algebra structure on M in the sense of Defn. 7.10. 

Theorem 7.12. Assume that E,(E,,) and QE.(E,) are free E*-modules for all k 
(which is true for E = H(F,), BP, MU, KU, or K(n) by Lemma 4.17(a)). Then: 

(a) For any space X, the coaction px: E*(X) — A(E*(X)’) in diag. (5.6) is a 
homomorphism of E*-algebras and makes E*(X)* an additively unstable algebra; 

(b) p is universal: given a graded monoid object n +> C™ in FMod®?, so that (by 
[8, Lemma 7.9]) nH G"(X) = FMod(C”, E*(X)*) is a graded ring, any natural
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transformation of graded rings 0X: E*(X) -> G*(X) (or 6X: E*(X)° > G*(X)), 
that is defined for all spaces X , is induced from px by a unique morphism in FMod°? 

of graded monoid objects with components f":C” + PE*(E,,,) in FMod, as 

x H mf” ,1) 

6X: E"(X) ~*+ FMod(PE*(E,,), E*(X)) ————+ FMod(C", E*(X)’) . 

Proof of Thms. 7.9 and 7.12. The main proof proceeds by the same five 

steps as stably for [8, Thms. 12.10, 12.13], except based on Thm. 5.8 instead of 
[8, Thm. 10.12]. We give only the major changes. We recall the universal class 
tx € E*(E,), element id, € A* PE*(E,), and p, from the proof of Thm. 5.8. 

Step 1. We construct the symmetric monoidal functor 

(A, Ca, za): (FMod, 8, E*) —+ (Mod, @, E*) . 

Then A will take monoid objects in FMod (i.e. objects of FAlg) to monoid objects 
in Mod (i.e. E* algebras). 

By Lemma 4.16(a), we can construct the diagram (7.3) that defines %p and 
verify its properties, which are dual to those of Q(¢) in Props. 6.15 and 6.20. 
The counit ep: PE*(E,) — E* is the restriction of n*: E*(E)) ~ E*(T) = E*. 
These make n +» PE*(E,,) an E*algebra object in FMod*°?, to which we ap- 
ply [8, Lemma 7.14]. The necessary compatibility axiom [8, (7.13)] is the dual of 
diag. (6.22). As stably, we use [8, (7.15)] to identify z4 with pr: E*(T) — AE*(T). 

If £,(E,0) is also free, we can dualize Prop. 6.15(b) to see that the destabi- 
lizations o*: E*(E,o) > PE*(£,,) form a morphism of graded monoid objects in 
(FMod*°?, , E*). Then [8, Lemma 7.9(b)] shows that 0: A > S is monoidal. 

Step 2. The proof that p is monoidal is similar to the stable case. Here, the 

universal example is X = H, and Y = £,,, with the element 1; ® t,. The two 

elements of A*t™ £*(E,xE,,,) to be compared are 

w A ~ 

PE*(E 4m) ——> PE*(E,) ® PE*(Em) C E* (Ey) ®E*(Em) 

—, E*(E, xEn) 

and 

* * e * 
PE (Entm) CE (Entm) — ££ (E, x E,,): 

These agree by diag. (7.3). The second condition needed is just z4 = pr. 
Step 3. The analogue of diag. [8, (12.17)] for this situation is fig. 1. To establish 

this, we proceed as in [8, Thm. 12.10]. Because p is monoidal and natural, we 
have the commutative diagram fig. 2 (cf. diag. [8, (12.16)]) which includes an 
isomorphism from Thm. 1.18(c). Figure 1 is obtained from this by restriction, using 
the coaction (5.13) and diag. (7.3). 

Step 4. The monoidality of w follows formally from that of p, just as stably (cf. 

diags. [8, (12.18)]). The universal example is M = PE*(E,,) and N = PE*(E,), 
with element id, @ id,. We use fig. 1 instead of diag. [8, (12.17)].
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Figure 1. Additive operations and comultiplication 

wp 
PE*(E nym) PE*(E,) ®PE*(E,,) 

| Pour en 

Ppkim APE*(E,) ® APE*(E,,) 

r 
* Ap ~ 

APE*(Ex4m) —— A(PE*(E,) ® PE*(E,,)) 

Figure 2. The monoidality of p 

E*(E,) @E(E,) “"? AE*(E,) @AE*(E p) 
CA 

=] x A(E*(E,) ® E*(Em)) 
|] Ax 

E*(E,X Em) ———— AE*(E, XE) 
ge A¢* 

E*(E gym) ———"—> AE* (Eg um) 

Step 5. The proof that ¢« is monoidal is formally the same as stably, except for 

the insertion of indices. 

In Thm. 7.12(b), C has comultiplications yo: C*+™ > C*@C™ and a counit 
€c:C° — E* which make n ++ FMod(C", E*(X)*) a graded ring. For each n, 
Thm. 5.12(c) provides a morphism f": C" — PE*(E,,) in FMod. For the universal 
example (7.2), the multiplicativity (6@X)(zy) = ((@X)x)((@X)y) reduces to the 
commutativity of the outside of the diagram in fig. 3. The lower rectangle is 

diag. (7.3). It follows that the upper square commutes, so that f preserves the 
comultiplication. Similarly, (9T)1 = 1 yields fig. 4, which shows that f preserves 
the counit. Oo 

Proof of Thm. 7.11. We use the isomorphism (6.7) to translate the monoidal 
structure of A to A’. From ¢4, which is given by [8, (7.11)], we obtain eq. (7.8). We 
have identified both z4 and z,4) with the coaction pr. Oo
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Figure 3. Comparison of comultiplications 
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Figure 4. Comparison of counits 
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PE*(E,) —~ E*(E) 

Cc® 

Proof of Lemma 7.5. Theorem 7.9(a) shows in particular that ~: A — AA and 
e: A > I are monoidal natural transformations. By the isomorphism (6.24), so are 
w': A' — A'A' and e': A' > J. Evaluation of the relevant diagrams involving ¢ 
for M = N = E* show precisely that Q(~) and Q(e) are multiplicative. Since 
za = Nr: E” > E* @ Q(E)* & Q(E)!, the two diagrams involving z show that 
w~1=1@1 and el = 1, simply because nz1 is the unit element of Q(£)*. oO 

Proof of Thm. 7.7. Part (a) follows from Thm. 7.12(a). In (b), Thm. 6.36(c) 
provides for each n the E*module homomorphism f":Q(E)? — B that induces 
0X: E"(X) + E*(X)@B. As in the proof of [8, Thm. 12.8(b)], the resulting 
f:Q(£)% > B is an E*algebra homomorphism. oO 

Connectedness. There is a particular operation that is useful for expressing the 

concept of connectedness in a cohomology algebra. It sees only the path components 

of a space. 

Definition 7.13. For each n, we define the collapse operation kj:n + n as the 

map k,:E£, > E,, (well defined up to homotopy) that sends each path component 
of £,, to one point in that path component.
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Section 8 Unstable cohomology operations Al 

It is clearly additive, multiplicative («(xy) = (Kkx)(Ky)), unital (kolx = 1x), and 
idempotent. It commutes with all operations in the sense that K,or =rok,:k 4m 

for all r:k — m; in particular, « is E*linear. It is zero in any degree n for which 

&” = 0. In spite of being defined in all degrees, it is not at all stable, as Ox, = 0. All 

these properties carry over to any additively unstable algebra M; in particular, we 

always have the E* module decomposition M = Im« @Ker «, with (£*)1y, C Imx. 
For a connected space X with basepoint 09, it is clear that the augmentation ideal 

E*(X,0) C E*(X) is precisely Ker «. In general, Ker« = F'E*(X) for any space 
X, the first stage of the skeleton filtration. This suggests the following definition. 

Definition 7.14. We call the additively unstable algebra M connected if Ink = 

(E*)1y. We call M spacelike if it is a product (in FAlg) of connected algebras. 

In particular, for a space X, E*(X)* is always spacelike, and is connected if and 

only if X is connected. 

8. What is an unstable object? 

In this section, we interpret what it means to have an algebra over all the unstable 

operations on &-cohomology. Tensor products rapidly become unworkable for non- 

additive operations, with the effect that only the First and Fourth Answers from 

section 5 survive intact. 

We generally assume that E,(E,,) is a free E*-module for all k. Then Thm. 1.18 

provides all the Ktinneth and duality isomorphisms and homeomorphisms we need. 

Of course, when we compare with the additive or stable theory, we impose the 

appropriate extra conditions. 

As in (2.1), we identify: 

(i) The cohomology operation r: E*(—) + E™(-); 

(ii) The class r = r(u,) € E™(E,); 

(iii) The representing map r:E, > E,,; 

and write any of these as r:k — m. (We shall retain the parentheses in r(z) 
whenever r is nonadditive.) 

We first deal with the constant operations r:k — m, those of the form r(z) = 
vlx € E™(X) for all z € E*(X) and all spaces X, where v € E™. 

Lemma 8.1. Any operation r:k — m decomposes uniquely as the sum of a based 

operation s:k + m and a constant operation. 

Proof. We set v = r(0) € E™(T) = E™ and define the operation s by s(z) = 
r(v) —vlx in £*(X), to make s(0) = 0. oO 

First Answer. Since E*(—) is represented in Ho by E,, we have as in (5.1) the 
actions 

o: E™(E,,) x E*(X) —> E™(X), (8.2)
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except that we cannot write them using tensor products. Instead, we need a Cartan 

formula for r(w+y) as well as for r(zy). 
To find r(a+y), we consider the abelian group object LE, of Ho provided by [8, 

Cor. 7.8], which is equipped with the addition map p,:£, x E, > E, and zero 
map w,:T + E,. By Lemma 8.1, we may restrict attention to based operations r. 

The group axioms on £, lead (as in any Hopf algebra) to a formula of the form 

war =rxit+Soryxri+ixr in B*(E,xE,) = E*(E,) ®E*(E,), 
a 

where the r/, and ri) are also based. The only novelty is that the sum may be 
infinite. This translates into the desired Cartan formula 

riety) =r(2) +> org(e)ra@) try) in E*(X) (8.3) 

for any z,y € E*(X). 
There is a similar Cartan formula for multiplication, given  € E*(X) and y € 

E™(X), of the form 

rey) = Dora(@)roty) in E*(X), (8.4) 

for certain (other) based operations r/, and r!) (which depend on k and m). 
This suggests that an unstable algebra should consist of an L*algebra M 

equipped with operations r that compose correctly and satisfy both Cartan for- 

mulae. This requires knowing the operations r/, and r!! in eqs. (8.3) and (8.4) for 
all r. In section 10, we shall in effect expand both Cartan formulae explicitly. 

Second Answer. We convert the First Answer to adjoint form, corresponding to 

the Fourth Answer in section 5. (We skip the Second and Third Answers.) Every- 
thing becomes far cleaner, more evidence that this is the natural answer. 

Any element x € E*(X), regarded as a map x: X > E,, induces the continuous 
homomorphism 2*: E*(E,,) > E*(X) of E* algebras. By Thm. 1.18(a), E*(E,) is 
Hausdorff and so in FAlg; we may therefore define, for any object M of FAlg, 

U* M = FAlg(E*(E,), M), (8.5) 

the set of all continuous E*algebra homomorphisms E*(£,) — M. This encodes 
the set of all possible actions on a typical element of degree k. We convert the action 

(8.2) to what we continue to call a coaction, 

px: E*(X) —+ U*(E*(X)°) = FAle(E*(E,), E*(X)’), (8.6) 
by defining pxx = x*, completing E*(X) if necessary to get it into FAlg. We 
assemble the sets U*M to form the graded set UM, which has the component 

(UM)* =U M in degree k, and obtain px: E*(X) + U(E*(X)’). 
We compare UM with the stable and additive versions. Restriction to PE*(E,) 

induces the natural transformation 

(rM)*:U* M = FAlg(E*(E,), MM) —> FMod(PE*(E,),M) = A*M. (8.7)



� �����������5½ ��ô�ø��wð��bü�� �^ïz÷ÓïVó ïPü ï�!�"#ï$#%��ñlð��¦û ïVôùø ã &
�uS>J�]_J*h­R%N$9³ìC�Á¨i��� Ä ë �Áv\��R�9*A
Rc]_@B?$@IR�M}��@B?$S0�3�Á¨rë�� Äí�±� Y�]_J�JbJ�×�v¥Y{¤ov�yG[_[
T�@BJ�=IPC]

� à � À Ò�ÕfÖ ×�Y8V X Y�V à [`¯��p[�Z%Z�Ä Ò"Ó5Ñ�Ô à Y�V X Y�Va¯$°G[`¯��p[¥À�Y��±�p[ à ¯
��S>@EDiSn@I]u@IMCPo;CD,J�P d Ta?$SCJqPoJ�]_?�F d @B=I@IO�F1?�@BR%M\��Xà ¨�V<XGY�Va¯$°G[�ÄÅ��V<X�Y8V à [�ÆQV�XGY�V à [`v��A>ACF�N$J�Mc?$=IT~R%M>=ITLFb9*R�N�A>S>@E]_9:R�h¥K�NiF�P>J�Pe]$J`?�]�m.ä 6 SCF%]�h8F�NÃ9�R%N$J�]�?�N$;
D�?$;CN$J%mC?�SCFGM>£o]
?$R�?�S>J�N$@EDiSn]�?�N$;CD`?$;>N�JÃR�M~?$SCJq]_ACF%D`J�]�V à vC;D ú�0C/1úFE Ý�(7Ý�(Y�  b i²oð � �OI>©|��V X Y�V à [b¸o �©qÓiò��b�<V X K	ðá��·1²o«c� Óz�1ò~©1«º«�á�Y8��S>@EDiS}@E]Ã?�N$;>Jh­R�N�V�À§�UYº� � [`mC���*m�����m>�}��moR%N���Y8��[ d T�Ø�J,9*9aF*ÙCvIx�y>Y8F%[$[�Q(RSIe���#�
Y�F%[�J���ïi©D�kð*©9�Ó�Ä�JI��±Ói²*�.ïz�k�1ò\� P ·ù�L`��H�i·*¸¦�,�eV0Q�Y8t>v ¤�[ P ©bïb�1ð �D��©%·b¸¦�"�JI���ïi©D�k�¡ñù�Gò�ÛÒ�ÕfÖ × �_Ó^`±« �k�`òX��·�V<XLK_©1« ñ���ª`ò$©D e§
Y d [ � ÓYü�V X Y8V à [�¸o \©±ÓiòX�X�¥V<X«K	ð ��·G²o«c��Óz�Gò\©1«º«%á P ìÔ¨i�pÄ¶ë�Y�]_J�J�Y8t>v�yG[$[�¸o �©�ð �1ò!1�I�¸o �ð

��Ó<ïX�Gðá�|��©%·` �¸¦��Ò�ÕfÖ ×�§
Y�D�[ � Ó~V X Y8Va¯�°G[}¸o ¬©nÓiò��b�nV<XLK	ð ��·G²o«c� P ��Ì�ìÔ¨�� Ä �ÑY8]$J,J¼Y8t>v�yG[�FGM
P Y�¤>v y�[_[´¸o }©

ð �1ò!1�Io¸o �ð �_Ó�ïb�1ð �D�.©�·` q¸¦��Ò�ÕfÖ ×TQ
� ;>N�9aFG@IM~PoJ,�CM>@B?$@IR�Mn@E]�M>R1�gD,=BJ�FGN�vê ú%ü�+57­-�7�0
+�Ý�(7��( ��Mn²*�e t�	©�ª,«c�º¾EV<K_ïX�0Ie�Gðá�G«c�$ñ�Ûe¿*©G« ñ���ª,ò$©�@I] Ö ;C]�?¥F��.l¡D,R%F�=BK%J d NiF\@IM Ò�ÕfÖ ×�m

@{v_J�vÔF�D`R�9*A>=IJ`?�J.� FG;C]�PoR%N_Õ}�C=B?$J,N�J�P´V<X�l¡F�=BK%J d NiF��çJ�×%;C@BA>A�J�P´��@B?$S´F�D`R%M%?�@BM�;>R%;C] 9�R%N_l
A>S>@E]$9Ñä æ ¨��êÄ ��� RGh�V X l	FG=IK�J d N�F%]�?$SCFG?<]$FG?$@E]��
J�]Ã?�S>J�D,R%F�D`?$@IR�M¬F1�o@IR�9a]br t>m�Y�t>v�yG[	z{v
| JÃ?$S>J�M¦·ù�L`��H��?$S>JqF%D�?$@IR�M~RGh�»�Ë~V<X�Y8V à [�R%M�½LËe� à�d T�»�Y8½�[�À�ä æ Y8½�[�»�ËL�Áv�pD`=IR%]$J�Pb@EPoJ�FG= n Æ�� @E]�D,F�=B=IJ�P,¾¡²*�e t�	©�ª,«�Ûe¿�¸¦�
¹�©Gò�¸8©D�~��@Bh5?$S>Jq×c;>R�?$@IJ,Mc?�FG=IK�J d N�F��� n
@IM>S>J,N�@B?�]�F*��J,=I=�l	PoJ`�
M>J�P�;>MC]_?�F d =BJqF�=BK%J d NiF�]_?$N�;CD`?$;>N�J�h­N$R%9 �Áv
Ï ?bh­R�=I=BR1��]�?�SCF1?�?$S>J,��F�N_?iFGMQh­R�N�9�;>=EFGJ¦Y�t>v w%[*FGM
P®Y�t>v Ùc[�S>R%=IP¼@IM^�Áv��uS>JkD,R�MC]_?�F�Mc?

R�A�J,NiF1?�@BR%MC] d J�SCF�H�JnD`R%N$N�J�D`?$=IT d J�D�FG;C]$J~ä�æ´Y­½.[�@I]�N�J�×c;>@IN$J�P¦?$R d JnF´9*R�N�A>S>@E]_9ÎR�h�V<X�l
FG=IK�J d NiF�]�v | J�M>J�J�P�?$R d JqF d =IJ�?$RaN�J�D`R%K�M>@IO,J�@IMcH1F�N$@EFGMc?u@IPoJ�FG=E],v
÷ úFEcE ø Ý3(�'Fõ�( ��¸º¹D���®©D�g²*�e t�	©�ª,«c�k©G« ñù��ª,ò$©´� P ©Wï`«��` ��i·¦¸8·Ó�i©G« n ÆÑ� ¸o e²*�e t�	©�ª,«�Û
¸¦�C¹1©1ò�¸8©|���u¸ Óq©D�.· �|�C«�Ûb¸ Óu»oY8¿o[�Ë n Óz�Gò�©1«º«C¿�Ë n ©|��·�©G«º«5ªi©` ��i· �e1e�,ò$©|��¸w�|�e �»�Q­ /1030#k$( ��R*9aFG£%J�ä æbî�ï ��J�=B=�P>J`�CM>J�PÔm>��JÃM>J,J�P�»oY­½¢¾<¿>[�±¼»oY­½.[¢9*RoP n m>h­R�N�FG=I=Ô½LËe�
FGM
Pb¿�Ë n ve�uS>@E]�@E]�?$N�@BH�@EFG=�h­R�N�D,R�MC]_?�F�M%?�R�A�J,NiF1?�@BR%MC]¥»�m>F�MCP�]$R d TbØ�J,9*9aF<tCvBx%mc��J�M>J,J�P
R�MC=BTqDiS>J�Di£Ãh­R�N d F%]_J�Pq»�v|�uS>J�]�?iF1?�J�P�D,R�MCP>@�?�@BR%M<@E]5R d H�@BR%;C]_=ITÃM>J�D,J�]�]$F�N$T%m d TÃ?iFG£�@BMCK ½~À^ó>v
Ï ?�@E]�FG=E]_Ra]$;o�bD`@IJ,Mc?�m d TbJ�×�v3Y8t>v w%[`vC;D ú�0C/1úFE Ý�(8'�'
(��  b �²oð ���OI>©|��V X Y�V à [�¸o <© Óiò��b� V�XOK	ð ��·1²o«c��Óz�1ò*©1«º«Ôá¦Y­��SC@IDiSe@E]�?�N$;>Jh­R�N�V�À§�UYº���
[`mC���*m�����m>�}��moR%N���Y8��[ d T�Ø�J,9*9aF*ÙCvIx�y>Y8F%[$[�Q(RSIe���#�
Y�F%[(���Gò ©D�
Û� !1C©�ïb��³ P �OIe��ïb��©�ï���¸w�|�nY�t>v Ü%[�Ó`©�ï��l�Gòb ��OI�ò��G²�ñ0I�V<X%Y­³}[ Ù
�k�qða©��ù�uV<X�Y­³´[°Ù

©D�´²*�e t�	©�ª,«c��V5K_ïb�0Ie�1ð �1«��$ñ�Û~©G« ñù��ª,ò$©-§
Y d [FJ���ò��iïX�G¹`�,ò �OIe��©�·�·G¸¦��¸º¹D�,«�Û�²*�� b�	©�ª,«c��ïb��©%ïz�{¸w�D�}Y�¤ov Ü%[¥Óiò��1ðÁä 6 ©D 

V X Y8³´[ ���Z�ZCZiÄ �aY8V X Y­³´[°Ù	[lðZ�Z�Ä ë�Y8V X Y8³´[ Ù	[`�
Y�D�[ � Ó�V<X�Y8Va¯�°G[�¸o �ó�©G²� `·ù�1òOô P M���ò��iïb�1¹D�`ò �OIe�� t�¡©%ª`«��<ïb��©�ï���¸w�|�´r t>m3Y�x�ó>vIx�óc[¡z�ÓiòX�1ðÁä 6

©` 
V X Y8³´[Ù� �Z�ZCZiÄ �aY8V X Y­³´[°Ù	[lðZ�Z�Ä ë�Y8V X Y8³´[ Ù	[ PZ%Z�Ä���Y�V X Y­³´[ Ù	[`�

Section 8 Unstable cohomology operations 43 

These form 7M:UM — AM. Composition with oM:AM — SM (see eq. (5.7)) 
yields 

U* M = FAlg(E*(E,), M) —> FMod"(E*(E, 0), M) =(SM)*, 
which is induced by the destabilization oj: E*(E,0) + PE*(E,) C E*(£,). 

Apparently only a morphism of graded sets, px has far more structure, thanks 

to the rich structure on the spaces F ,. 

Theorem 8.8. Assume that E,(E,,) is a free E*-module for all k (which is true 
for E = H(F,), BP, MU, KU, or K(n) by Lemma 4.17(a)). Then: 

(a) We can make the functor U, defined in eg. (8.5), a comonad in the category 
FAlg of filtered E*-algebras; 

(b) If QE.(E,,) is a free E*-module for allk, 7:U — A (see (8.7)) is a morphism 
of comonads in FAlg ; 

(c) If E.(E,0) is a free E*-module, oor:U — S (see (8.7) and (5.7)) is a 
morphism of comonads in FAlg. 

Our main definition is now clear. 

Definition 8.9. An unstable (E-cohomology) algebra is just a U-coalgebra in FAlg, 

i.e. a complete Hausdorff filtered E*algebra M equipped with a continuous mor- 

phism py: M — UM of E*algebras that satisfies the coaction axioms [8, (8.7)]. 
We then define the action of r € E*(E,) on x € M* by r(x) = pu(ax)r € M. 

A closed ideal J C M is called (unstably) invariant if the quotient algebra M/J 
inherits a well-defined unstable algebra structure from M. 

It follows that the Cartan formulae (8.3) and (8.4) hold in M. The constant 
operations behave correctly because pyy(x) is required to be a morphism of E* 

algebras. We need to be able to recognize invariant ideals. 

Lemma 8.10. Given an unstable algebra M, a closed ideal J C M is unstably 

invariant if and only if r(y) € J for all y € J and all based operations r. 

Proof. To make pjyz/j well defined, we need r(z+y) = r(x) mod J, for all x € M 
and y € J. This is trivial for constant operations r, and so by Lemma 8.1, we need 

only check for based r. The stated condition is obviously necessary, by taking « = 0. 

It is also sufficient, by eq. (8.3). oO 

Theorem 8.11. Assume that E,(E,,) is a free E*-module for all k (which is true 
for E = H(F,), BP, MU, KU, or K(n) by Lemma 4.17(a)). Then: 

(a) For any space X , the coaction (8.6) factors through E*(X)* to make E*(X)* 
an unstable E-cohomology algebra; 

(b) We recover the additively unstable coaction (5.6) from px as 

B*(X) + U(E"(X)) > A(B*(X)); 
(c) If E*(E,0) is Hausdorff, we recover the stable coaction [8, (10.10)] from px 

as 

PX 

E*(X) “+ U(E*(X)) + A(E*(X)’) > S(E*(X));
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(d) p is universal: given an object B of FAlg and an integer k, any natu- 

ral transformation of sets 0X:E*(X) — FAlg(B,E*(X)*) (or OX: BR(X) > 
FAlg(B, E*(X)*), that is defined for all spaces X , is induced from px by a unique 
morphism f:B > E*(E,) in FAlg as 

0X: B*(X) “+ U(E*(X)’) = FAle(E*(B,), E*(X)’) 
Mor(f,1) 

FAlg(B, E*(X)°) 

Proof of Thms. 8.8 and 8.11. The proof breaks up into the same seven steps 

as additively (and stably), in Thms. 5.8 and 5.12. However, it is far simpler than 
Thms. 7.9 and 7.12 on algebras, because we are able to treat the multiplicative and 

module structures together. At each step, we also discuss 7 and 7 oa, assuming the 

extra conditions hold. 

Corollary 7.8 of [8] provides the E*algebra object n » E,, in Ho. We again write 
pr for px when X = Ey. 

Step 1. We endow the functor U with an EH“ algebra structure. For each object 

M of FAlg, we observe that according to [8, Lemma 6.9], the functor 

E*(-)° Mor(—,M) 
FAlg(E* (—)*, M): Ho ————> FAlg°P —_———-> Set 

preserves enough products that by [8, Lemmas 7.6(a), 7.7(a)] it takes the E* algebra 
object nt E,, to the E*algebra object UM in Set; i.e. UM is an E*-algebra. It 

is clear that UM is functorial in M. We shall filter it in Step 3. 

To see that 7M is a homomorphism of E* modules, we apply [8, Lemma 7.6(c)| 
to the E* module object n+ E,, in Gp(Ho), using the natural transformation 

FAlg(E*(—)*, M) —> FMod(PE*(—)*, M) 

defined by restriction. To see that 7 is monoidal, we apply [8, Lemma 7.9(b)]. The 
monoidal structure of U is simply the multiplicative part of the algebra structure, 

and diag. (7.3) shows that the inclusions PE*(£,,) C E*(£,,) form a morphism 
of graded monoid objects in FMod®°?. The units are correct by definition. For 7 oa, 

we bypass PE*(E,,) and use the duals of diags. (6.16) and (6.17) instead. 
Step 2. In order to define px (in (8.6)) as a morphism of E* algebras, we consider 

the Set-valued natural transformation 

Ho(X, —) —> FAlg(E*(—)*, E*(X)’) 

induced by E*(—)*: Ho°? + FAlg. We apply [8, Lemma 7.6(c)] to the E* algebra ob- 
ject nH E,,, to obtain Thm. 8.11(a). Then Thm. 8.11(b) is clear by comparing with 
the additive coaction (5.6), and for Thm. 8.11(c), we combine with Thm. 5.12(b). 

Step 3. For U to take values in FAlg, we must filter UM. If M is filtered by the 

ideals F*M, we filter UM by the ideals 

F*(UM) = Ker loa te (Fr)|
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Just as stably, this filtration is complete Hausdorff and makes px continuous by 

naturality. This allows us to factor px through E*(X)*. Similarly, 7M and 0M orM 
are also filtered and therefore continuous. 

Step 4. We convert the object E*(X)* of FAlg to the corepresented functor 
Fy = FAlg(E*(X)*,—):FAlg > Set. For example, when X = E,, Fx = U*. 
As suggested by [8, (8.16)], we also convert the coaction px to the natural trans- 
formation px: Fx — FxU:FAlg — Set. Given M in FAlg, px M: Fx M > FxUM 

is thus defined on f € Fx M = FAlg(E*(X)*, M) as 

(ox M)f =Ufopx: E*(X)° —> U(E*(X)) —> UM, (8.12) 

an element of FxUM. 

Step 5. We define the natural transformation 

M:U*M = FAlg(E*(E,),M) —> FAlg(E*(E,),UM) =U*UM (8.13) 

by taking X = E, in eq. (8.12). On the element f: E*(E,,) > M of U'M, it is 

(WM) f:B*(B,) “+ UE"(E,) —9 UM. 
(In terms of elements, this is r + [s 4 f(r*s) = f(sr)].) If we substitute the 
E*algebra object nH E,, for X in eq. (8.12), [8, Lemma 7.6(c)] shows that pM 
takes values in Alg. Naturality in M shows that ~M is filtered and so takes values 

in FAlg as required. 

Step 6. The other required natural transformation, 

eM:U*M = FAlg(E*(E,), M) —> M, 

is defined simply as evaluation on 1, € E*(£,,). As before, naturality in M shows 
that eM is filtered, but we have to calculate that € is an E*-algebra homomorphism. 

Take any binary operation s(—,—) in E* algebras (addition, multiplication, or 
any other), represented in Ho by the map s:E, x E,, — E,, which therefore 

induces s*tg = 8(pf lx, P5lm). We need to show that the square 
q@? 

U'M xU™M —— U¢M 

Jex | 
M* x u™ M4 

commutes. We evaluate on f € U*M and g € U™M. Because E*(E, xE,,,) is by 
[8, Lemma 6.9] the coproduct in FAlg, there is a unique h: E*(E,xE,,) > M in 
FAlg such that hopt = f and hop} = g. Then by definition of the algebra structure 

of UM, s(f,g) =hos*: E*(E,) > M. Since h is an algebra homomorphism, 

€8(f, 9) = hs*in = hs (pita, Potm) = s(hpy te, hpztm) = 8(fte, gm) = s(ef, €g)- 

For unary and 0-ary operations, we may adapt the above proof, or simply throw 

away any unwanted arguments. (For example, given v € E*, we could define the 

constant binary operation s(z,y) = v1 in any E* algebra, to deduce that ev = v.)
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Step 7. The proof that E*(X)* is a U-coalgebra and that U is a comonad is 
formally identical to the stable case, except that we need versions of [8, Lemmas 

8.20, 8.22] for graded objects. 
We use [8, Lemma 8.24] to show that 7:U — A is a natural transformation 

of comonads. We take Ras nv E*(E,), R' asnt> PE*(E,,), Ip = 1p as 
nN +> tn, and u: PE*(E,) C £*(£,) as the inclusion. The first hypothesis on wu is 
the commutativity of the diagram 

PE*(E,) c EB" (Ey) 

Pox FAlg(E*(E,), E*(£x)) 

| 
FMod(PE*(E,),PE*(E,)) ——» FMod(PE*(E,),E*(E,)) 

which is obvious by construction, as r € PE*(E,) yields r*|PE*(E,). 
The proof of Thm. 8.11(d) is formally the same as stably. Since E*(—) is repre- 

sented by 1, € E*(E,), @ is classified by f = (@E,)uz € FAlg(B, E*(E,)). Oo 

9. Unstable, additive, and stable objects 

In previous sections and [8], we constructed five different kinds of object: stable 
modules and algebras, additively unstable modules and algebras, and unstable al- 

gebras. In this section we compare them all. Unstable modules are conspicuous by 

their absence; Thm. 9.4 will show that they cannot be defined compatibly with our 

other objects. 

Each kind of object is defined by a comonad. Theorems 8.8(b) and 7.9(b) provide 
natural transformations 

U—+A—>S in FAlg (9.1) 

between the comonads that define unstable, additively unstable, and stable alge- 

bras. Theorem 5.8(b) provides the natural transformation 

A735 in FMod (9.2) 

between the comonads that define additively unstable and stable modules (where 
we temporarily rename the module versions of A and S$ to A and S$). They are 
related to the algebra versions by the forgetful functor V: FAlg — FMod, so that 

VA= AV and VS = SV. 
We have the category, e.g. U-coalgebras, of each kind of object. We consider 

the diagram of categories and functors in fig. 5. For example, a stable algebra B 

with coaction pg:B — SB in FAlg yields the stable module VB with coaction 

Vpp:VB > VSB = SVB in FMod.
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Figure 5. Five kinds of object 
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Theorem 9.3. Assume that E.(E,), QEs(E,), and E.(E,0) are free E*-modules 
for all k (which is true for E = H(F,), BP, MU, KU, or K(n) by Lemma 4.17(a) 
and [8, Lemma 9.21]). Then we have the diagram fig. 5 of categories and functors. 

For any space X, E*(X)* is an object in each of the five categories, related by 

these functors. 

Proof. The last assertion combines Thms. 5.12, 7.12, and 8.11 with Thms. 10.16 

and 12.13 of [8]. oO 

There is a glaring gap: we have not defined unstable modules. We now show 

that this gap cannot be filled, for rather silly reasons. In fact, the three most 

natural definitions are for stable modules, additively unstable modules, and unstable 

algebras. We can enrich the two kinds of module with multiplicative structure, but it 

is not possible to remove the multiplicative structure from the definition of unstable 

algebra. This is already strongly suggested by the appearance of multiplication in 

the Cartan formula (8.3) for r(#+y). 
We ignore most of the structure and the topology, fix k, and restrict attention to 

the two functors U*: FAlg > Ab and A*: FMod > Ab and the natural transforma- 
tion 7": UFV — A®. 

Theorem 9.4. Even in the classical case E = H(F,), unstable modules do not 
exist in the sense that we cannot insert a suitable comonad U into diag. (9.2). 
Specifically, for fixed k > 0 there do not exist: 

(i) @ functor UT": FMod + Ab; 

(ii) @ natural isomorphism Uv =u: FAlg — Ab; 

(iii) a natural transformation rho Ak of functors FMod — Ab; 

such that on FAlg, HV:U'V = Ab agrees with T*:U® + A®, 

Proof. We assume that U" and 7* exist as stated and derive a contradiction. Given 

any (filtered) graded F,-module M, we construct the F,-algebra Mt = F, © M
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with the unit element 1 € F, and zy = 0 for all z,y € M. Then M is a retract in 

FMod of VM+ and we can compute T* M from the commutative diagram 

FAlg(A,, Mt) 

|= 

U2
 

UM U'vM+ u* mt 
lu \vut [react 

a'M a‘vamt Ak M+ 

FMod(P Ax, M) FMod(P.Ax, M*) 

where A, = H*(H,). Because M* has no decomposables, every homomorphism 
PA; > M in the image of T*M kills the decomposable elements of PA; (of which 

there are many). 
But for a general algebra B, r*B: U*B — A*B does not have this property, e. g. 
(r* Ay )idy, € A* A, is the inclusion PA, C Ax. Taking M = VB shows that T*VB 

does not agree with r*B. Oo 

Objects in ordinary cohomology. Theorem 9.4 demands an immediate expla- 

nation of our terminology even in the case of ordinary cohomology. We give details 

for E = H(F2); the case E = H(F,) for odd p is similar, with the usual changes. 
The Steenrod algebra A = E*(E,0) is exactly as expected: it is the F,-algebra 

generated by the Steenrod squares Sq’ for i > 0, subject to the standard Adem 

relations. It is useful to write Sq° =v. We note that for E = H(F2): 

(i) o; makes PE*(E,) a quotient of E*(E, 0); 

(ii) E*(E,,) is a primitively generated Hopf algebra. 

Below, M is to be an object of FMod (or FAlg), i.e. a complete Hausdorff fil- 
tered graded F,-module (or commutative F)-algebra). Topological conditions apply 

(which we ignore for now). We list the five kinds of object we have defined, under 
our names for them: 

(i) A stable module M is an A-module. 

(ii) A stable algebra M is both an F2-algebra and an A-module that satisfies 
the Cartan formula 

k 
Sq* (ay) = S- (Sq! x) (Sq*~* y) fork > 0. 

i=0 

It follows by induction that Sq* 1,7 = 0 for all k > 0. 
(iii) An additively unstable module M is an A-module that satisfies the extra 

condition 

Sq'x=0 for all x € M and alli > deg(z). (9.5)
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Since Sq° x = 2, it follows that M" =0 for all n < 0. 

(iv) An additively unstable algebra is a stable algebra that satisfies (9.5). 

(v) An unstable algebra M is a stable algebra that satisfies (9.5) as well as the 
extra condition 

Sq'a=2? for x € M and k = deg(z). 

The objects normally known as unstable modules appear here as additively unstable 

modules (although the word “additively” could well be omitted, there being no 

danger of confusion with something that does not exist). 

However, we do have two kinds of unstable algebra. We emphasize that in (iv), 
the squaring operation M* — M?* given by x 4 2? (which looks additive but 
from our point of view is not, because it is defined only when M is an algebra) is 

unrelated to Sq’. 

We have equivalent comodule descriptions in terms of E£,(E,0) = F)[£1, &2, &3,...] 
and the corresponding bigraded algebra Q(F)* = Fb [£0, £1, &2,...], which has poly- 
nomial generators € € Q(E)5; (as we shall see in Thm. 16.2): 

(i) A stable comodule M has a coaction 

pm:M — M &E,(E,0) = M ®Fy[E1, &, &3, vs | 

that satisfies the usual axioms [8, (8.7)]. Then Sq" is dual to €*. 

(ii) A stable comodule algebra M is both a stable comodule and a commutative 
Fy-algebra, in such a way that py is an algebra homomorphism. 

(iii) An unstable comodule M has coactions 

pu: M* —_ M ®; Q(E)} Cc M ® Fao, &1, &2, vs | 

that satisfy the coaction axioms (6.33). The unstable operation Sq’: k 
k +i is now dual to €4-*€! for i < k, or is zero if i > k. 

(iv) An unstable comodule algebra M is an unstable comodule that is also a 
commutative F)-algebra, in such a way that py is an algebra homomor- 

phism. 

The special features of H(F2) allow us to handle unstable algebras too: 

(v) For any « € M*, pyx contains the term 2? @ €f. 

Remark. There is one candidate for an unstable module, but it does not work. 

One could try defining G* M = FMod(E*(E,), M) for any object M of FMod, with 
px: E*(X) + G*E*(X) defined as usual, by px x = x*. We would like px to be at 
least additive, but the standard additive structure on FMod does not give this. 

Indeed, it is easy to see that in general no abelian group structure on G* M makes 

px additive (not even for E = H(F,)). By [8, Lemma 7.7(d)], such a structure would 
have to be induced by some morphism 7: E*(£,,) + E*(E,) @ E*(£,) in FMod. 
Take any r € E*(£,) and write wr = (r’,r”). Then additivity of px translates into 
r(at+y) =r'a+r"y for all x,y € E*(X), which is absurd unless r happens to be 
additive.
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In fact, these objects appear to be particularly devoid of interest. In the case £ = 

H(F>), for example, they are modules equipped not only with Steenrod squares Sq! 
that behave as expected, but also operations such as « + (Sq? x)(Sq* x), without 
having cup products. 

10. Enriched Hopf rings 

In Defn. 8.9 we condensed all the structure of an unstable algebra down to the 

single word U-coalgebra. In this section, we unpack the information again to give a 

complete description of an unstable algebra in the language of Hopf rings, enriched 

with certain additional structure. This description is summarized in Thm. 10.47, 

which may be regarded as the unstable analogue of Thm. 11.14 of [8] and Thm. 6.36. 
Indeed, we find a whole new paradigm for handling unstable operations, making 

computations with them reasonably practical and efficient. It serves as the true 

successor to the Second Answer of section 5 and [8, §10]. 
We assume in this section that E,(E,) is a free E*-module for all k, which is 

true for our five examples by Lemma 4.17(a). Thus all the results of section 8 are 
available, and by [8, Lemma 6.16(c)], the topological dual FMod*(E*(£,), E*) of 

E*(E,) is E.(E,). 
We shall consistently identify (with some abuse of notation): 

(i) the cohomology operation r: E*(—) + E™(—); 

(ii) the cohomology class r(uz) € E™(E,), which we often write 
simply as r € B™(E,); (10.1) 

(iii) the representing map of spaces r:E, > E.,,; 

(iv) the E*-linear functional (r, —): E.(E;,) > E* of degree m. 

Remark. In some situations, these identifications can obscure the correct signs in 

formulae. Considered as a cohomology class or functional, r has degree m, while its 

degree as an operation is m—k, and as a map of spaces, r has no degree at all. 

In any unstable algebra M, including E*(X)* for any space X, Defn. 8.9 gives, 
for each x € M*, the homomorphism py(x): E*(E;,) —- M. Then we defined 
r(2) = pm(x)r € M for any operation (i.e. class) r € E*(£,). In practice, we find 
it more convenient to revert to the First Answer r(x) of section 8, although the 
Second Answer, in terms of py, will continue to inform us as to what to do, even 

when only implicit. Classically, one investigates cohomology operations by studying 

what happens to r(#) when r is fixed and 2 varies; but it is clear from section 8 
that what we should do is fix x and allow r to vary. 

Linear functionals. We need to develop a computational description of pi in 

an unstable algebra M. We start from the fact that pa¢(x) is E* linear, i.e. r(x) is 
&*linear in r.
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Definition 10.2. Let M be an unstable algebra, and fix an element 2 € M*. We 

say r(x) is written in standard form if 

r(x) = Sor, Ca) La in M (for all r), (10.3) 
Qa 

for suitable choices cg € Ex(E;,,) and 4 € M, where deg(z,) = — deg(cq). If the 
sum is infinite, we require each ideal F*M in the filtration of M to contain all 

except finitely many of the xy. 

This is the closest we will come to an unstable replacement for the tensor products 

and homomorphisms of section 6 and [8, §11]. Our convention here and in all similar 

formulae is that r runs through all unstable cohomology operations having the 

correct domain degree (different in nearly every formula, and rarely specified) but 
arbitrary target degree. The indexing set for a is often left implicit. 

It is easy to achieve eq. (10.3) in the universal form 

r(x) = Sor, Ca) To(2) in M (for all r), (10.4) 
a 

by allowing c, to run through some basis of E.(£,,), which forces us to take zy = 

Tq(£), where rq denotes the operation (linear functional) dual to c,. Continuity 
of pu (x): E*(E,) + M assures the finiteness condition in Defn. 10.2. We may 
therefore always assume that r(x) is written in standard form. 

Where we depart from tradition is in not picking a definite basis of E,(E,,) in 
advance. We do not even insist on the cg being linearly independent. Nor do we 

require the cg to span; we may obviously omit zero terms. This does not affect 

the linearity of eq. (10.3) and allows the flexibility that our formulae require. One 
consequence is that most cohomology operations will never acquire names. 

We have the analogue of Prop. 6.44. 

Proposition 10.5. Given x € E*(X), regarded as a map of spaces 2:X — E,, 

assume that r(x) is given by eg. (10.3). Then a,:E,(X) > E,(E,,) is given by 

42 = Y\(-1)8B(ea)(deB( a) +8¢8()) (4, 2) cg = Sea {tas 2) - Oo 

The nonuniqueness in eq. (10.3) is really not a problem because we are using it 
to describe, not define the structure on M. The real definitions are all in section 

8; here, we are only reinterpreting them. Nevertheless, it is easy to convert one 

standard form to another. 

Lemma 10.6. Any standard form (10.3) can be transformed into the universal 

form (10.4), and hence into any other standard form, by iterating three kinds of 

replacement (in either direction): 

(i) (r,e+e!) a! = (r,c) a! + (rc!) a; 
(ii) (r, ve) a! = (—1)8°80) 480) (pe) yar; 

(iii) (ric) a’! + (r,c) a2" = (r,c) (a +2").
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(Infinitely many replacements may be needed; however, each F*M contains x' for 

all except finitely many of them.) oO 

Stabilization. We need to record how eq. (10.3) behaves when we restrict the 
operation r to be additive or stable. We recall from [8, Defn. 9.3] the stabilization 
homomorphism ox,: E.(£,,) + £.(E, 0) and from eq. (6.2) the algebraic homomor- 
phism gx: E.(E,,) 3 Q(E)*, both of which have degree k under our conventions. 

Lemma 10.7. Let M be an unstable algebra, and assume that r(x) is expressed in 
the standard form (10.3), where x € M*. Then: 

(a) The unstable comodule coaction py: M* > M &Q(E)* is given by 

PMc = SoH 1) tesa hdea ta), @ dela in M8 Q(E)k, 
Qa 

provided QE,(E,,) is a free E*-module; 

(b) The stable comodule coaction py: M + M @ E,(E,0o) is given by 

pMz = So (1) see RAeB (a) gr @ Ohsylo in M @E, (E, 0), 

a 

provided E,.(E, 0) is a free E*-module. 

The signs are as expected, once we remember that if deg(x.) = i, then deg(cy) = 
—i and deg(qpca) = deg(on,Ca) = k — 1. 

Proof. For additive r, Prop. 6.11 converts eq. (10.3) to rae = D0 (r@, dha) £a- 
We deduce pax in (a) by comparing eqs. (6.38) and (6.39). Part (b) is similar, 
using [8, (11.18), (11.19)] instead. oO 

Unstable algebra structure. Our task is to convert all the algebraic structure 

of an unstable algebra M in Defn. 8.9 into the current context. There are in effect 

four pairs of axioms: 

(a) Two axioms to make py(x): E*(£,,) > M an E*algebra homomorphism, 
rather than merely E*linear: (r ~ s)(x) = r(#)s(a#) and 1(x) = 1yy, which 
will become eqs. (10.14) and (10.15); 

(b) Two axioms to make py: M > UM E*linear: py (x+y) = pu (x)+pm(y) 
and pu (vx) = vpm(«), which will become eqs. (10.20) and (10.16); 

(c) Two axioms to make py: M — UM multiplicative: pyw(1m) = lum and 

pu (ry) = pm(%)pm(y), which will become eqs. (10.41) and (10.34); 

(d) Two axioms to make M a U-coalgebra: (sr)(x) = s(r(x)) and tge = 2, 
which will become eqs. (10.45) and (10.43). 

The natural language for expressing the first three pairs is that of Hopf rings, while 

the last requires some additional structure. 

Hopf rings. We recall from [8, Lemma 6.12] that in Coalg, tensor products of 
coalgebras serve as products and E* is the terminal object. A commutative (graded)
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ring object in Coalg is called a Hopf ring over E*. (The terminology and some of 

the notation were suggested by Milgram [17]; see [23, §1] for a detailed exposition.) 
We start from the E* algebra object n + £,,, in Ho provided by [8, Cor. 7.8]. We 

apply [8, Lemma 7.6(a)], using the homology functor E,(—), which takes values in 
Coalg on the spaces we need and preserves enough products to make n+ E,(E,,) 

an E*algebra object in Coalg. In particular, this is an E*module object, and each 

E.,(E£,,) is an abelian group object in Coa/g and thus a Hopf algebra. 
There are seven parts to the Hopf ring structure of n > E,,(E£,,): two from the 

coalgebra, three from the abelian group object F ,, and two from the multiplicative 

monoid object, in addition to the underlying E*module structure on E-homology. 

They are as follows (for each & and m, where relevant): 

(i) w: Ey (E£,,) > E.(E;,) ® Es(E,,), the comultiplication induced by the di- 
agonal map A: FE, > E, x E,; 

(ii) «: E,(£,,) > E*, the counit for 1, induced by the map q:E, — T; 

(iii) *: E,(E,,) @E.(£,) > Ey (E,,), a multiplication, induced by the addition 

map fy: By, x Ey > Ey; 
(iv) ly = Weel € Eo(E,), the *-unit element, induced by the zero map 

wT > Ey; 
(v) x: £,(E£;,) > Es(E;), the canonical (anti)automorphism of the Hopf al- 

gebra E,.(E£,), induced by the inversion map v,:E, > Ey; 

(vi) o: E.(E,) @ E.(Z£,,) 7 Ex(Ey4_), another multiplication, induced by 
the multiplication map ¢:£,, X E,, > Egan; 

(vii) [1] = 7.1 € Eo(EQ), the o-unit element, induced by the algebra unit map 
y: T > Eo. 

Because n + E,(£,,) is an E*algebra object rather than merely a ring object, 
we have, for each v € E”, the actions (€v),: E.(E,,) + Ex.(E4,4,). As in section 6, 
this reduces to a simpler structure. 

Definition 10.8. We define the right unit function nr: E* > E,(E.,). We regard 
v € E® = E(T) as a map v:T > E,, and use the induced homomorphism 
v4: E* = B,(T) > E,(E,,) to define [v] = v.1 € Eo(E,) and nr(v) = [v]. 

In particular, this includes [1] = 7.1 as in (vii), and [0,] = wxx1 = 1, as in (iv). It 
is clear from Defn. 6.19 and [8, Defn. 11.2] that q,[v] and op.[v] are the additive and 
stable versions of nrv. The elements [v] determine the E*module object structure 
completely, because when we apply E-homology to [8, (7.5)], we obtain 

(€v),c=[vjoc  forallce E,(E,). (10.9) 

For the sake of completeness, we list all 33 laws that a Hopf ring satisfies, beyond 

the usual axioms for an E*-module. (Your count may vary.) Most need no comment. 
They are as follows, where in several we write wc = D0, ch @ cy: 

(i) The five operations are (bi)additive: {(b+c) = ~b+ Wc, e(b+c) = eb+ ec, 
(a+b) «c= axc+ bec, x(b+c) = xb + xe, and (a+b) o¢ = aoc + boc;
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(ii) The five operations are E*linear: p(vc) = So, vc, ® cy’, e(uc) = vec, (vb) * 
c= v(b*c), x(vc) = vxe, and (vb) oc = v(boc), for all v € E*; 

(iii) Three coalgebra axioms: ~ is coassociative and cocommutative (with the 
standard sign), and € is a counit: )>,(ecj)c/ = c; 

(iv) The five parts of the ring object structure respect w: w(b*c) = (wb) * (wc) 
(where we give E,.(E,)@E.(£,,) the obvious *-multiplication, with signs), 

(boc) = (Wb) o(we) (similarly), b1_ = 1p ® lk, Yxe = Li; xe] @ x7’, and 
%[1] = [1] @ ); 

(v) The five parts of the ring object structure respect e: e(b * c) = (eb)(ec), 
el, = 1, exc = ec, e(boc) = (eb)(ec), and e{1] = 1; 

(vi) Four abelian group object axioms: associativity (a * b) *c = a* (b*c), 
commutativity b * ¢ = (—1)“c x b (where i = deg(b), j = deg(c)), unit 
1, *c =c, and inverse )), xe; * cf = (ec)1,; 

(vii) Three axioms for a commutative monoid: associativity (aob)oc = 
ao(boc), commutativity, which takes the somewhat complicated form (see 
[23, Lemma 1.12(c)(v)]) 

boc = (-1)¥x""cob (10.10) 
for b € E;(E,) and c € E;(E,,,) (where x*™ = y if k and m are odd, and 
is the identity otherwise, as in Prop. 10.12(b) below), and [l]oc=c; 

(viii) Three ring object axioms to state that — oc respects the abelian group 
object structure: for addition, which yields the distributive law, in the 

complicated form [ibid. (vi)] 

(ax b)oc = SY (-1) 881) HO) oct « boc; (10.11) 

for the zero, 1moc = (€c)1m+, [ibid. (ii)]; and for the inverse, x(boc) = 

(xb) cc. 
Many standard laws follow from these axioms. In order to simplify notation in 

eq. (10.11) and elsewhere, we give o-multiplication greater binding strength than 
«multiplication, so that a * boc always means a * (boc), never (a*b) oc. In all our 
Hopf rings, Prop. 11.2 will provide the laws relating the added elements [v] and 
identify the useful element y[1] with [—1]. 

Proposition 10.12. In any Hopf ring, the operation x has the following properties: 

(a) xc = x[L]oc, so that x[1] determines x; 

(b) xxe =; 
(c) x(a*b) = xa * xb; 
(d) x[1]°x{1] = [1]. 

Proof. For (a), xe = x([IJec) = x[L] cc. Since [1] = [1] ® [1] and hence [1] = 
x[1] ® x[1], the distributive law gives (c), by 

x(a * b) = x[1] o(a * 6) = x[1oa* x[1]ob = xa* xb.
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Also, we have x[1] * [1] = lo and similarly yx[1] * x[1] = 1o, which yield 

Xx[1] = xx[1] * Lo = xx{1] * xf1] * [1] = Lo * [1] = [1]. 
But (a) gives yx[1] = x[1]¢x[1], and hence (d) and the general case of (b). oO 

Generators. We wish to use the laws to reduce any element of a Hopf ring to 

some standard form. The distributive law (10.11) plays a key role. We shall describe 
our Hopf rings H by specifying two sets of elements: 

(i) the o-generators of H; 

(ii) the *-generators of H, each of which is a o-product of o-generators and 
possibly x[1], where we allow the empty o-product [1]. 

We require every element of H to be an E*linear combination of +-products of the 

*-generators of H; in other words, the *-generators generate H as an E*algebra. 

For each o-generator g, we need formulae for wg (so we can expand eq. (10.11)), 
eg, and yg. Although Hopf rings tend to be huge, each of our examples (see section 

17) has a conveniently small set of o-generators. 

Hopf rings over F,. One can define the Frobenius operator Fe = c*P in any 

algebra with multiplication *, and it is multiplicative if * is commutative. It is 

additive if also the ground ring has characteristic p. It is most useful when the 

ground ring is F,, because it is then automatically F,-linear. Commutativity of 

«multiplication implies that Fc = 0 whenever c has odd degree (unless p = 2). 
Moreover, in a Hopf ring (or cocommutative Hopf algebra) H over F,, one has 

dually the Verschiebung operator V: H — H, defined so that DV = F: DH — DH 

in the dual Hopf algebra. It divides degrees by p. Then Vc = 0 unless deg(c) is 
divisible by 2p (if p 4 2). Both F and V preserve all the Hopf algebra structure: 
F(a*c) = Fax Fe, Fl, = 14, pF c= (F ® F)uc, eFc = ec, and dually V(a*c) = 
VaxVe, V1z = 1k, PV ce = (V@V) vc, and eVc = ec. For o-products, we can iterate 
eq. (10.11) and obtain the identity 

ao(Fce) = F(Vace), (10.13) 

which is useful for reducing elements of the Hopf ring to standard form. (Normally, 

a and c both have even degree.) 

Multiplication of operations. The first pair of axioms on M we listed earlier, 

that for fixed « € M, py4(x) is a homomorphism of E* algebras, is easily translated 
into Hopf rings. Because the diagonal map in £, induces both the cup product 

r ~ 8 and the comultiplication ~ on E,(E,), we can write down the cup product 
from eq. (10.3) as 

(r ~ s)(x) =So(rv 8,e)) ay = So (r @ 8, Yey) wy in M. 

Y Y 

The product r(x)s(x) becomes, after some shuffling, 

r(a)s(x) = S- So (-1)tes@e) des(?A) (> @ 8,€q @ Cg) Laks. 

a £6
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Since (r ~ s)(x) = r(x)s(z) has to hold for all r and s, we deduce the identity 

So de, @Qxt,= S- So (H-1)sealee) deB(@Aheq @ cg @ Late (10.14) 
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in (E,(E,) ® E,(E,)) 8M, where the tensor products are formed using only the 
usual left E*actions. 

The identity element 1, € E°(E,) is the constant operation E*(X) > E°(X) 
that sends everything to 1x; regarded as a linear functional, it is simply ¢. In terms 

of eq. (10.3), the axiom 1,(x) = ly becomes 

S\(€Ca) ta = 1 in M. (10.15) 
a 

Linear structure. We next decode the statement that pz: MM — UM is linear, 

namely that py(xet+y) = pu(x) + pay) and py(vx) = vp (x). Related to the 
first is the formula for r,(b * c), which can be shown to be the translation of the 
statement that ~M:UM — UUM is additive. We assume that r(x) is given by 
eq. (10.3), where x € M*. 

The v-action U' M > U*+" M was given by composing with (€v)*: E*(Ex4,) > 
E*(E,,); dually, we use eq. (10.9) to translate py¢(vx) = vp (x) into 

r(vz) = Sor, [v] oCa) La in M (for all r). (10.16) 

For addition, the idea is that py: £, x E, — E, induces both the additive 

structure in UM and the «multiplication in E,(E ,). Of course, rc is not additive 
in r. Given two operations r, s:k — m, their sum may be constructed as 

A TXs Lm 
r+s:B,——>E, x E, —E,, x Em — En; 

as we can check by composing with x: X —+ E,. When we apply E-homology, we 

find 

(r+s).c¢= S- TC * 8Cp in Ex(EZn); (10.17) 
a 

if we write Yo = DU, c, @ cf for c € E,(£,). (In other words, we add r, and s, 
according to the group structure on Mod(E.(£,), £.(E,,)) described by Milnor 
and Moore in [19, Defn. 8.1], which makes use of the coalgebra structure of E.(E ,) 
and the algebra structure of E,(£,,,).) To add more than two operations, we need 
iterated coproducts: given any finite indexing set A, we write the iterated comulti- 

plication UW: E.(E,) + @aca Ex(E,,) in the form 

We=S Bein in @aca Ex(Ey) (10.18) 

for suitable elements c;,. € E.(E,,). We can of course replace E, by any space for 

which we have the necessary Kiinneth formulae.
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Theorem 10.19. Let M be an unstable algebra and assume that E,(E,) is a free 
E*-module for all k. Take x,y € M* and assume that r(x) is in the standard form 

(10.3). Then: 

(a) We have the Cartan formula for addition 

r(a+y) = Detaral ( for all r:k > m, (10.20) 

where for each a, the operation rii:k — m+ deg(cy) is defined as having the 
functional 

(rl! c) = (—1)8e8(ca) (mt deg(ca)) (pe, *e) for allc€ E,(Z,); (10.21) Qa? 

(b) If, similarly, r(y) has the standard form 

r(y) = do (r,ds) ys, (10.22) 
B 

then we have the full Cartan formula for addition, 

r(at+y) => uc 1)t8(a) dea(ys) (r, cy dg) taYg (10.23) 

for all r:k > m; 

(c) Assume a,b € E,(E,). Let cq run through a basis of E.(E;,), and denote 
by r/, the operation dual to cy. Let Va = 9); @a dig and Vb = yy Ba bj,q be the 

iterated coproducts of a and b as in eg. (10.18), where in both cases, we ignore those 

a for which 

Thai = (€Qj,q)1 for all i (10.24) 

(see the Remark following). Then the homology homomorphism rx: E.(E,) 7 
E,(E,,) satisfies 

«(a * b) = LDH Prantiacracbi in £,(E,,); (10.25) 

where ri) is defined by eg. (0.21 and the only signs come from shuffling the factors 

to form U(a x b). 

Remark. The formula (10.25) demands some explanation. The proof will show 
that the relevant set of a is in fact finite, so that the iterated coproducts Wa and 

Wb are defined. 

If @ satisfies eq. (10.24), we have 

The Viger T0500 = (Gia) 1 oT Dj, = (€Ai,0) 45,00 = (€Qi,a)(€bj,0)1m 

In the usual (and sufficient) case when ea = eb = 0, we can easily arrange for each 
Qi,q and b;_ to be 1 or lie in Kere, by breaking up terms and shuffling as necessary. 

Then the ij-term contributes nothing to r,(a*6) unless aj,q = 1 and bj). = 1 for all 

a € A that satisfy eq. (10.24). Such an index a may be omitted from the +-product 
in eq. (10.25) and the iterated coproducts Va and Wb.
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Proof. We first assume that the c, form a basis of E.(£;,), so that ty = r/,(z) 
as in eq. (10.4). By the Kiinneth homeomorphism, we can write 

wr = Sori xr) in E*(E,xE,), (10.26) 
a 

for uniquely determined elements r!) € E*(E,,). In other words, in the diagram 

roxr 

xX “ E,x E, ——~ E,xE; 

at+y 
Hk é (10.27) 

Ey “ Em 

the map ro jx is expressed as the sum of the maps gq = ¢o(ri, xri), and is the 
universal example for computing r(a+y), where u: X > E, x £, has coordinates 
eX + E, and y:X > E,. Evaluation on cq x c identifies ras in eq. (10.21), 
with the help of 

(HET) Ca XC) = (1; fk» (Ca XC)) = (7; Ca*€) « 
Then eq. (10.20) is induced from eq. (10.26). To deduce (b), we substitute eq. (10.22) 
in eq. (10.20) and watch the signs. 

To remove the requirement that the c, form a basis, we note that by linearity, 

eq. (10.20) is preserved by each of the replacements listed in Lemma 10.6. (The 
operation r/, is no longer defined, but appears only in (c).) 

For (c), we apply homology everywhere. We have to add the homomorphisms ga 
in the sense of eq. (10.17), using the iterated coproduct (a x 6), which is obtained 
from Wa x Wb by shuffling. We note that any a € E.(E,,) comes from some finite 
subcomplex Y of E,. All but finitely many of the r/, vanish on Y, by the strong 

duality for E,,; these a satisfy eq. (10.24), as we see by computing the iterated 
coproduct Wa first in Y, since the zero operation 0:k — m induces 0,c = (ec)1m. 0 

Similarly, the zero map w,:T — E, and inversion map y%,:E, > E, of E, yield 

the useful formulae 

r(Ox) = (r, 1k) lu in M (for all r) (10.28) 

and 

r(—2) = Sor, XCa) La in M (for all r). (10.29) 
a 

For some applications, it is useful to cut out the finiteness argument in the proof 

of Thm. 10.19(c) and work directly in a finite space Y. 

Proposition 10.30. Let f:Y + E, be a map, where E,(Y) is a free E*-module 
of finite rank, with basis elements zy. Let yo € E*(Y) be dual to z,. Then for any 

a€ E,(Y),b€ E.(E,), and operation r:k +m, 

rs (fra * b) = S- S- = ** Yo Ui,a Tan 0j,c in E, (Em): 

J a
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where rij:k + m+ deg(zq) denotes the operation having the functional 

(rigs 0) = (—1}feslea Vener deea) fr, fag 6), Qa? 

Wa and Vb are computed as in eg. (10.18), and we use Yos: E.(Y) > £, (E>). 

Proof. By Thm. 1.18(a), E*(Y) is dual to E,.(Y) and yq is defined. We modify the 
proof of the Theorem by composing the square in diag. (10.27) with fx1:YxE, 7 
E,, x E,. We work in E*(Y xE,) instead of E*(£,xE,) and write (f x1)*pjr = 
oa Yo X TY. We evaluate this on 2, x ¢ to determine rf. oO 

Remark. The commutativity of x-multiplication ensures that r(a+y) = r(yt+z). 
Conversely, one could say that «+ y = y+az in M requires *-multiplication to 

be commutative. The universal example has M = E*(E£,x£,), = % x 1, and 
y =1x vg, and cy and dg run through bases of E,(£,). Then r(a+y) = r(y+z) 
for all r implies that c, *dg = +dg *Cq for all a and 8. The commutativity of * in 

general follows by linearity. 

Similar discussions hold for other laws in a ring. In particular, x + 0 = & corre- 

sponds in this way to c* 1, = c, —(-—x) = # to xxc =, —(w@ + y) = (—2) + (-y) 
to x(a * b) = xa * xb, and the associativity of + to the associativity of «. 

Given a prime p, we can iterate eq. (10.23) to get 

r(px) =r(at+et+...4+2) = S- ECT, Coy * Coy * +++ *€lay) Lay Lag +++ Lap 

If the indices a; are not all the same, we can permute them cyclically and obtain 

p distinct terms which by commutativity are all equal, with the same sign. This 

leaves only the terms with a; = a for all i, and we find 

r(px) = Sor, Feq) Fx, mod p. (10.31) 
a 

This is particularly useful when E* has characterisitic p, so that px = 0, because 

comparison with eq. (10.28) then yields 

Sor, Fey) Ftq = (r, 14%) 1m in M (for all r). (10.32) 
a 

Multiplicative structure. The multiplication maps ¢: Ex LE, > E44. induce 
both the multiplication in UM and the c-multiplication in E,(E,,). This allows us 
to translate the axiom that py is multiplicative, py(ey) = pu(«)pm(y) in UM. 

Theorem 10.33. Let M be an unstable algebra, and assume that E,(E,) is a free 
E*-module for all k. Take x € M*® and y € M™ and assume that r(x) is in the 
standard form (10.3). Then: 

(a) We have the Cartan formula for multiplication 

r(ay) = So cart (y) for allr:k+m-— h, (10.34)
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where for each a, the operation rii:m — h + deg(cy) is defined as having the 
functional 

(rll c) = (—1)8ealea) (At dea(ca)) (p, G, 0€) for alle € E,(E,,); (10.35) 

(b) If, similarly, r(y) is given by eq. (10.22), we have the full Cartan formula for 
multiplication, 

= S- So (-1seea) de8(Y8) (pcg odg) Lays (10.36) 

a £6 

for dlr:k+m-—h; 

(c) Take a € E,(E,,) and b € £,(E,,). Assume that cq runs through a basis 
of E,(E,,), and denote by ri, the operation dual to cy. Let Va = >), ®a Gig and 
Wb = D1; @a bj,0 be the iterated coproducts of a and b as in eg. (10.18), where in both 
cases, we ignore all a that satisfy eg. (10.24). Then the homology homomorphism 

Te E(Epim) 2 Ex(Ep) satisfies 

r,(aob) => y + ** Then Viger OV oy DF,04 in £,(Z,,); (10.37) 

where r') is defined by eg. (10.35) and the only signs come from shuffling the factors 

to form U(a x b). 

The Remark following Thm. 10.19 applies. 

Proof. This is formally identical to the proof of Thm. 10.19, with u,:£, x E, 7 

E,, replaced everywhere by ¢: Ey X En, > Exim: oO 

By naturality, we can adapt eq. (10.36) to x-products. 

Corollary 10.38. Given spaces X and Y and elements x € E*(X) andy € 

E™(Y), assume that r(x) and r(y) are given by egs. (10.3) and (10.22). Then we 
have the Cartan formula 

r(wxy) = LL 1) 8872) d°6(4°) (7, cg odg) a X Ys (10.39) 

in E*(X xY), for any operation r:k +m — h. oO 

We have also the analogue of Prop. 10.30. 

Proposition 10.40. Let f:Y — E, be a map as in Prop. 10.30. Then for any 

a€ E,(Y),b¢€ E,(E,), and operation r:k +m — h, 

Tx(fraob) = a al ya Dj,0 in E.(E,), 

a 

where rii:m —+ h+deg(zq) denotes the operation having the functional 

(r!! c) = (—1)8e8(4a)(m+deg(za)) (p, feZq0l) 
Qa? 

and Va and Wb are computed as in eq. (10.18). oO
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Since the unit element of UM is nyon*:E*(E,) ~ E* -— M, the axiom 
pmu(1m) = 1um translates easily into 

r(1m) = (n*r,1) 1a = (r, 21) La = (7, [1)) 1 in M (10.41) 

for all r. 

Just as with addition, certain laws in the Hopf ring correspond to laws in an 

E*algebra M. For example, associativity of o-multiplication corresponds to asso- 

ciativity of multiplication in M. Commutativity is slightly trickier: given « € M* 

and y € M™, r(yx) = r((—1)*™ay) leads to the identity (10.10), thus explaining 
the signs and the appearance of x. 

The comonad structure. Finally, we translate the two axioms which state that 

pm makes M a U-coalgebra. Since we have in effect returned to the First Answer of 

section 8, these are the usual axioms for an action, (sr)(x) = s(r(x)) and ue = a. 
The second is easily handled. From Prop. 6.11, we can use (6.41) to express the 

identity operation 1, as the functional 

(tk, —) = Q(€) oqn: Ex(E,) —> Q(E)k — E,(E,0) —> E*. (10.42) 

When we put r = tx, eq. (10.3) expands easily to yield the axiom 

S-(Q(6)anca) Lg =x in M (10.43) 
a 

for x € M*. We have thus interpreted the counit natural transformation eM:UM 3 

M of the comonad U, which was defined by («€M)f = fr,. The functional eg o 04, 
is not part of the Hopf ring structure as given so far, so we add it. (It is unrelated 

to the counit «: £,(E,) + E* of the Hopf algebra £,(E ,).) 
It is easy to recover the functional (r,—) from r,, as in eq. (6.50), in the form 

(r, -): E.(E,) — E,(E,) —> E,(E, 0) —> E*, (10.44) 
by writing (r,c) = (r*tm,c) = (tm,1sc) and using eq. (10.42). In the additive 
context, the reverse construction of r. from (r,—) was neatly encoded in the co- 

multiplication Q(q) on Q(£)*. Here, we have no such map and must rely on the 
definition of yM, which explicitly uses r*. In effect, we dualize and use r. instead. 

The first is the most complicated of all the axioms. When we substitute sr and 

r in eq. (10.3) and use (sr,cy) = (r*8,C€q) = (8,7xCq), the axiom (sr)(x) = s(r(a)) 
expands to 

Sos, TxCa) fq = 8(r(x)) = 8 ( Sor, Co) ta) in M, (10.45) 
Qa Qa 

for all r, s. The right side is to be expanded using eqs. (10.20) and (10.16), and in 
general is extremely complicated. 

Our conclusion is that we need to know the induced homology homomorphism 

r,:L,(E,) > E,(E,,) for every operation r: E*(—) + E™(—). This is the final 
piece of structure to add to the Hopf ring. To compute it successfully, we need r,c 

for each o-generator c of E,(£,), and then use formulae (10.25) and (10.37) for 
r,(a*b) and r,(aob).
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Summary. We collect the various formulae to form the main theorem of this 

section. In addition to the Hopf ring structure on E,,(£.,), we need: 

(i) The element [v] € Eo(E,,) for each v € E* (see Defn. 10.8); 

(ii) The augmentation (see eq. (10.42)) 

Q(€) ogy: Ex(L,) —> Q(E) —> E,(E,0) —> E* 

which may be written €g o0%.; 

(iii) The homomorphism r,: E.(£,) > E.(£,,) induced by each 
operation r:k > m. 

(10.46) 

These constitute what we mean by an enriched Hopf ring structure. 

Theorem 10.47. Let M be an object of FAlg, i.e. a complete Hausdorff filtered 

E*-algebra, and assume that E,(E,) is a free E*-module for all k (which is true for 
E=H(F,), BP, MU, KU, or K(n) by Lemma 4.17(a)). Then an unstable algebra 
structure on M consists of a value r(x) € M for all x € M and allr € E*(E,) 
(where k = deg(x) and r(x) € M™ ifr € E™(E,)), which is E*linear in r and 
therefore (for fixed x) expressible in the standard form (10.3) 

r(x) = Sor, Ca)£La in M (for all r). 
a 

These values are subject to the following axioms: 

(a) For fixed x € M*, r(x) satisfies the three consistency conditions: 

(i) So bey @ ty = D> (1) Blo) 488), @ eg @ Lats 

a 6 

in (Ex(E,) ® Ex(E,)) ®M; 
(ii) S (ca) ta =1m in M; 

a 

(iii) So (€soksCa) Lg =2 in M; 
a 

(b) As x varies, r(x) satisfies the following identities in M for all r, where we 
assume similarly (as in eq. (10.22)) that r(y) = >ig(r, da) ys: 

(i) re ty) = Dodo -1seee) tee) (rca # da) asi 
a £6 

(ii) r(vz) = Soe, [v] oCa) a; 

(iii) (wy) = DIDI (1) so) 280) (r, a 0 dg) toys 
a £6 

(iv) (az) = (r, [1)) Laas
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(c) The composition law 

Sl6s7-60) ta = s(r2) = (Le ca) va) in M 

holds for allr, s, and allx € M; 

(d) For each of the ideals F°M in the filtration of M: 

(i) For fixed x € M, all except finitely many of the xq lie in F°M; 

(ii) There exists F°M such that r(x) € F*M for all x € F°M and all based 
operations r. 

Proof. The equations in (a) are (10.14), (10.15), and (10.43). Those in (b) are 
(10.23), (10.16), (10.36), and (10.41). The equation in (c) is (10.45). In (d), (i) 
states that py(x): E*(£,) - M is continuous for each x, while (ii) states that 
pu:M — UM is continuous. Oo 

Remark. By (b), an unstable algebra structure on M is determined by the values 
r(a) on aset of (topological) E* algebra generators x of M. Moreover, the Hopf ring 
laws imply that it is sufficient to verify axioms (a) and (d)(i) on these generators. 
In practice, the topological conditions (d) rarely cause us any distress. 

11. The £-cohomology of a point 

In this section, we study the first of our test spaces, the one-point space T, for which 

E*(T) is by definition the coefficient ring E*. Its unstable structure is completely 
determined by eqs. (10.41) and (10.16) as 

r(v) = (r, [v]) in E* = E*(T) (for all r), (11.1) 

which may be taken as an alternate definition of the Hopf ring elements [v], instead 
of Defn. 10.8. 

It is easy to deduce how [v] interacts with each piece of the structure on E..(£,). 
Much of this can be read off from the Hopf ring structure in section 10. In particular, 

nr is still in some sense a ring homomorphism. 

Proposition 11.2. The Hopf ring elements [v] € Eo(E,,) for each v € E” have 
the properties: 

(a) Ye] = [e] @ [e]; 
(b) ev] =1; 
(c) [v + 0'] = [v] * [v] for uv! € E’; 

(d) [-v] = xe]; 
(e) [vo'] = ile [v'] for v' € EF; 

(£) Im o[v] = Im+ns 
(g) re[o] = [(r, ay (for all r); 

(h) reln = [(r,1n)];
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(i) gale] = nev in Q(E)G; 
(j) onx[v] = nev in E_,(E, 0), under stabilization. 

Proof. For (a) and (b) we substitute eq. (11.1) in eqs. (10.14) and (10.15). For (c) 
and (e), we write down the Cartan formulae (10.23) and (10.36) for r(v+v’) and 
r(vv') and compare with eq. (11.1). For (d), we write down r(—v) from eq. (10.29) 
and compare with eq. (11.1). For (g), we use eq. (11.1) to compute s(r(v)) = 
(8, [(r, [v]})]); by eq. (10.45), this must agree with (s,r.[v]) for all s. Since [On] = 1n, 
(f) and (h) are special cases of (e) and (g). For (i) and (j), we compare eq. (11.1) 
with eq. (6.43) and [8, (11.23)], and use eqs. (6.14) and (6.13). oO 

Constant operations. Constant operations were introduced briefly in section 8. 

Although they are of no real interest and contain no information, they are undeni- 

ably natural and we have to be able to recognize them in their several disguises. 

Proposition 11.3. Let r:k + m be the constant operation defined by r(x) = v1x 

for all x € E*(X), where v € E™. Then: 

(a) As a class, r=v1, € E*(E,); 

(b) As a map, r is the composite vog:E, ~T > £,, 

(c) As a functional, (r,c) = (ec)v in E* for all c € E, (E,); 

(d) r.: B.(E,,) > Ex(E,,) is given by r.c = (ec)[v] for allc € E,(E,). oO 

Based operations. Given a based space (X,0), we consider the naturality of an 
operation r:k — m with respect to the inclusion of the basepoint. We augment 

Lemma 2.3. 

Proposition 11.4. The following conditions on an operation r:k + m are equiv- 

alent: 

(a) r(0) = 0 in E*(T) = E*, i.e. r is based in the sense of Defn. 2.2; 

(b) r(0) = 0 in E*(X) for all spaces X ; 

(c) The operation r induces r: E*(X,0) ~ E™(X, 0) for all X; 

(d) The class r lies in E™(E,,0) C E™(E£,); 

(e) The map r:E,, > E,,, 1s based (up to homotopy); 

(f) The linear functional (r,—) satisfies (r,1,) = 0; 

(g) The homomorphism r.: E,(E,) 9 Ex(E mn) satisfies ra1p_ = 1m 

Proof. Part (b) is equivalent to (a) by naturality. Because r(0) = (r,1,) 1x by 
eq. (10.28), (f) is equivalent to (b), and with the help of Prop. 11.2(h), to (g). O 

We can generalize (f). 

Lemma 11.5. Let (X,0) be a based space. Then for any x € E*(X,0) and any 
operation r:k + m, we have r(x) = {r,1,)1x mod E*(X, 0). 

Proof. We use eq. (10.28) and the naturality of r in diag. [8, (3.2)]. oO
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It is sometimes useful to be more specific. If we choose a basis of E,.(E;,) con- 
sisting of 1, and elements cy € Kere, then for any x € E*(X,0), eq. (10.4) takes 
the form 

r(a@) = (r, 1p) 1x + Sor, Ca) a in E*(X)* (for all r), (11.6) 

where the elements tq € E*(X,0)’. 
Formulae are often simpler for based operations, but the case of general r can be 

recovered easily enough by decomposing as in Lemma 8.1. 

Lemma 11.7. If we write r(x) = s(x) +vlx, where s is a based operation and 
v € E™, the homology homomorphism r.: E.(E,,) + E.(E,,) 18 given by r.c = 
8c *[v], where we recognize v = r(0) = {r, 14). 

Proof. We write r as the composite 

A 1xq sxu Lm 

EE, — E, x E, —— E, x T —" E,, X Ey —— En 

and take E-homology. The first two maps just give Bh, =H, xT. | 

12. Spheres, suspensions, and additive operations 

So far, except for adding an extra grading, our additive results are formally very 

similar to the stable case discussed in [8]. What is new is that suspension is no 
longer an isomorphism, but defines a new element e. The stable results can all be 

recovered by stabilizing, which consists merely of setting e = 1. 

We assume throughout that E.(E,), QE.(E,), and E,(E,0) are free E*- 
modules, so that we have available the machinery of comodule algebras of sec- 

tions 6 and 7 as well as the stable results of [8]. In particular, the coaction 
px: E*(X) + E*(X) @Q(E)z is a homomorphism of E*algebras for any X. 

Spheres. Our second test space, after the one-point space T, is the circle $?. 

Its cohomology E*(S',o) is a free E*module with the basis {1s,ui}, where 
the canonical generator u; € E'(S',o) is provided by [8, Defn. 3.23]. Thus 
ps: E*(S') + E*(S') @ Q(E)* is determined by psw1. 

Definition 12.1. We define the suspension element e = eg € Q(E)t{ by the iden- 
tity 

psui=wu@e in E*(S',0) @Q(E)i = Q(L); . (12.2) 

It has degree zero. 

More generally, for the k-sphere S*, E*(S*) is free on the basis {uz, 1s}, where 
uz € E*(9*, 0). 

Proposition 12.3. The suspension element e € Q(E){ has the following proper- 

ties, where k > 0: 

(a) psux = uz @ e* in E*(S*) @ Q(E)S;
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(b) rux = (r,e*) uz in E*(S*) for any additive operation r:k + m; 

(c) The class uz € E*(S*), regarded as a map uz: S* 4 E,, induces qpupaz = 
e* € Q(E)k, where z € E;,(S*) is dual to ug; 

(d) In the coalgebra structure on Q(E)*, Q(W)e =e @e and Q(eje = 1; 

(e) Q(w)(ve¥'w) = ve¥ @ ew in Q(E)2 @ Q(E)z, for any v € E* andw € nrE*; 

(f) Given v € E* and w € nrE", the homomorphism Q(r): Q(E)kt" > Q(E)® 
induced on homology by any operation r:k +h — m satisfies 

Q(r)(ve'w) = ve'nr(r,e*w) in Q(E) 
(g) Under stabilization, Q(a)e = 1 in E,(E, 0). 

Proof. We prove (a) for k > 0 by induction on k, starting from eq. (12.2). If it 
holds for k and m, the multiplicativity of p gives 

p(upXUm) = (up X Um) @ ek *™ in E*(S*x $™), 

The projection map q: S* x S™ + S*+™ induces q*upim = Uk X Um, which gives 
(a) for k+m. The result is true also for k = 0, if we make the obvious identification 
e° = 1. Then (b) follows by eq. (6.39) and (c) is an application of Prop. 6.44. 

To prove (d), we evaluate both axioms (6.33) for M = E*(S') on ui. Part (e) 
follows immediately from (d) and the fact that Q(w) is a homomorphism of algebras 
and of E*bimodules. Then (f) follows from (e) and Lemma 6.51(c). For (g), we 
apply 1 @ Q(c) to eq. (12.2) and compare with the stable coaction pgu; = u; @ 1 
in [8, (11.24)]. Oo 

Remark. As v, k, and w vary, the elements ve*w span Q(E)* ®Q as a Qmodule. 
(In fact, Q(c) induces Q(E)* @Q = E,(E, 0) ®Q if E is (—k—1)-connected.) Thus 
in the important case when Q(E£)* has no torsion, the innocuous formulae in (e) 
and (f) are powerful enough to determine Q(w) and Q(r) completely. 

Corollary 12.4. Let r:k + m be an additive operation, regarded as a map of H- 

spaces r: HB, + E,,. Then the induced homomorphism on homotopy groups 

E* © t4(Eg,0) + (Em; 0) © E* 
is given onv € EW” by r.v = (r,e*t nv). 

Proof. We reinterpret r. as the action of the operation r on E*(S**", 0). The 
element v corresponds to the class vugn. From Prop. 12.3(b) and eq. (6.40), 

r(vugsn) = (r,t nev) untn in E*(S*+", 0) . oO 

Suspensions. More generally, the action of the operations on the suspension _X 

of a based space X is easily deduced from the action on X. 

Lemma 12.5. Given a based space (X,o0) and x € E*(X,0), the coaction pyx Ux 
is the image of pxx under 

¥ @ e: E*(X,0) @Q(E)* —> E*(=X, 0) @Q(E)**', 
where e denotes multiplication by the element e € Q(E)}.
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Proof. The projection map $1 x X — ~X embeds E*(X, 0) in E*(S!x X, S' xo). 
Here, Sz corresponds to u, X x, whose coaction is known. | 

We can mimic this algebraically. We defined the formal suspension /M of any 

E*module M in [8, Defn. 6.6], merely by shifting all the degrees up one. 

Definition 12.6. Given any unstable comodule M, we make the suspension M 

of M an unstable comodule by equipping it with the coaction py yy defined by the 
commutative square 

MSQ(E) 

=| [poe 
(=M)e+H4 EN, OMB Q(E)E 

The axioms on py y are readily verified. 

13. Spheres, suspensions, and unstable operations 

In this section, we continue section 12 by computing all the unstable operations on 

E*(S*) for the spheres S*, which requires one new Hopf ring element, the suspension 
element e. This leads to the unstable structure of E*(XX) in terms of E*(X). 

We recall that E*(S*) is a free E*module with basis {15,u,}, where ug is the 
standard generator. The algebra structure is given by uz = 0, except that of course 

uZ = uo. By the Remark after Thm. 10.47, we have only to find r(u,). Lemma 11.5 
gives partial information. 

We assume that E,(E,) is a free E*-module for all k. 

Definition 13.1. We define the suspension element e = ey € E,(E,) by the 
identity 

r(ui) = (r,li)1g + (r,e) wu in E*(S"*) (for all r). (13.2) 

Here and in similar definitions, we use the freeness of E*(S') and the duality 
FMod* (E*(E,), E*) = E.(£,,) to ensure that e exists and is well defined. We note 
that ee = 0 from eq. (10.15). Rather than develop all the properties of e now, we 
include them below in Prop. 13.7 as the special case e, = e. 

Suspensions. We deduce from eq. (13.2) the behavior of unstable operations under 
the suspension isomorphism Y: E*(X,0) = E*(XX,0). We take an element x € 
E*(X,0) C E*(X) and assume that r(x) is given by eq. (11.6), so that ecg = 0. The 
quotient map q: S' x X — SX embeds E*(=X) in E*(S!x X) = E*(S') @ E*(X); 
under this embedding, Uz corresponds to ui, x «. We compute r(ui; xz) from the 
Cartan formula (10.39) and find 

(Ex) = (r, Taga) Ix + D(-1)"8*) (7, e004) Beta (13.3) 
a
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for all r. The other terms drop out because 1; ocg = €cg = 0 and eol, = ce = 0. 

This suggests how the suspension of an unstable algebra should be defined. The 

treatment is slightly different from the additive version in section 12. First, we need 

a basepoint. 

Definition 13.4. We call the unstable algebra M based if we are given an aug- 

mentation M — E* of unstable algebras. Then the kernel M is an invariant ideal, 

and we have the splitting M = E* ® M as E*modules. 

We define the unstable suspension Sy M of M as the subalgebra 

YuM = (1s@E"*) 6 (u.@M) C E*(S')@M. (13.5) 

The action of r is given on u; @ M by eq. (13.3) and on 1s ® E* by eq. (11.1). 

For example, if (X,0) is a based space, we have the augmentation E*(X) > 
E*(o) = E*, with kernel E*(X,0) (as in [8, (3.2)]). Inspection shows that much of 
the structure on M is not used. The multiplication on M is totally ignored. Indeed, 

we do not need an unstable structure on M at all. 

Theorem 13.6. Given an additively unstable module M, we can make E* 6 SM 

an unstable algebra, with 1 € E* as the unit element and trivial multiplication on 

uM, as follows. If x € M" and r(t) = ValresCa)€a for additive operations r, 
where Co € Q(E)*, we lift each cq to &q € E,(E,) such that qxéa = Ca, and define 
the action of unstable operations r on Lax by 

r(Za) = (ru, legiy i+ So (-1)88@2) (ry, €0€q) U&q. 

Proof. Because eol = 0 and eo(b*c) = 0 whenever eb = 0 and ec = 0, r(Zz) is 
independent of the choices of the @,. The definition (with signs) has been chosen 
so that: (a) the additive unstable structure on E* @ ©M restricts to that on DM 
given by Defn. 12.6, and (b) it includes eq. (13.5) for a based unstable algebra M. 
(For (a), we note that diag. (6.16) gives gx41(eu o@a) = (—1)*egea.) Verification 
of the axioms of Thm. 10.47 is tedious but routine. Oo 

The elements e;. It is convenient to use eq. (13.3) to find the structure of E*(S*). 
We deduce the fundamental properties of the Hopf ring element e. 

Proposition 13.7. We define the Hopf ring elements e, € Ex(£,) for k > 0 in 

terms of e € Ey(E,) by e, = (-1)**-)/2 e°* for k > 0 (so that e, = e) and 
€o = [1] —1o. They have the following properties: 

(a) In E*(S*) we have, for any k > 0: 

r(uz) = (r, 1p) 1s + (r, ex) Ur (for all r); (13.8) 

(b) The class uz, regarded as a map uz: S* + Ey, induces upsz = ex € Ex(E,) 
in homology, where z € Ex(S*) is dual to ux; 

(c) €,0€m = (-1)*™epim if k > 0 orm > 0; 

(d) we, = e,@1+1@e, for all k > 0; 

(e) ce, =0€ E* for allk > 0;
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(f) xen = —ex for all k > 0; 

(g) ex ofA] = Aex for all rational numbers \ € E® and all k > 0; 

(h) rie, = [(r, 1a) * [(r, en) ]oe, for all k > 0 and all r:k > m; 

(i) hex = eG = =e in Q(E), for all k > 0, for additive operations; 

(j) Cheek = 7 in E,(E, 0), for all k > 0, under stabilization. 

Remark. The results make it clear that the correct interpretation of e°° is [1] — 
1g = [1] — [Oo], as in [28] and elsewhere, rather than just the element [1]. 

Proof. We give extensive details of this proof (only), as a good example of our 

machinery in action. 

We establish eq. (13.8) for k > 0, and thus (a), by induction on k. It holds for 
k = 1 by definition. We recognize ©S* as S*+1 and Nu, as uz41; then by eq. (13.3), 
eq. (13.8) holds for k + 1 if it holds for k, provided that e,41; = (—1)*eoex. Our 
definition of e; is designed to do exactly this. More generally, we have (c). 

For k = 0, we write E*(S°) = E* @ E*. In Alg, this is a product of algebras, 
with the projections induced respectively by the inclusions of the basepoint and 

the other point. In this presentation, uo = (0,1), and of course 1g = (1,1). By 
eq. (11.1), the action on up is 

r(uo) = 7((0,1)) = ((r, 10), (7, [1])) = (, Lo)(1s — uo) + (7; [1])uo, 
which gives (a) if we define eg = [1] — lo. 

Then (b) is an application of Prop. 10.5. When we substitute eq. (13.8) into 
eq. (10.14), we find, for k > 0, 

W1p@1g + Weep @up = 14@14@15 +1, We, Sup + Cx @1p Qu, 

since uz = 0. This gives (d). (But weo acquires the extra term e9 ® eo, because 
uz # 0; this is obvious anyway from Prop. 11.2. Also, (c), (d), and (g) are clearly 
false for k = m = 0.) Similarly, eq. (10.15) yields 1g + (€e,)ux = 1g (even for 
k = 0), which gives (e). 

For (g), which includes (f) as the special case X = —1 (by Prop. 10.12(a) and 
Prop. 11.2(d)), the distributive law (10.11) and (d) yield e, o[A+py] = exo[A] +exo[p] 
for all A, up € E®. Since ex o[1] = ex, (g) follows. (We are in effect expanding r(Au,).) 

For (h), we substitute eq. (13.8) into eq. (10.45). On the left, we have 

(sr)(ug) = (8, Talk) 1s + (8, 72€x) UR, 

while on the right, iteration of eq. (13.8) yields, after simplification, 

8(r(ux)) = (8; [¢r; 1k )]) Ls + (8, [(r, 1e)] * [Xr ex) een) Ue, 
with the help of eqs. (10.16) and (10.23). Comparison of these gives r,e,. 

For k = 1 in (i) and (j), we stabilize eq. (13.2) by Lemma 10.7 and compare with 
Defn. 12.1 and [8, (11.24)]. For general k, we use the multiplicative properties in 
diag. (6.16) of gq, and ops. Oo 

We have the analogue of Cor. 12.4. By Lemma 2.3(d), a based operation r:k — m 
is represented by a based map r:(E,,0) > (E,,,0). We need to know its effect on 
homotopy groups.
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Lemma 13.9. Given a based operation r:k + m, the induced homomorphism on 

homotopy groups 

E*-h = 7, (E,,0) —> n(E,,,0) & E™" 

is given onv € E*-” for any h> 0 by 

ryv = (r,[v]oen) in E™" , 

Proof. Viewed cohomologically, the element v € E*-" or map v:S" > E, 
corresponds to vu, € E*(S",0). From eqs. (10.16) and (13.8), we compute 
r(vup,) = (r,[v]oen) un, which simplified because r is based, so that (r,1,)=0. O 

14. Complex orientation and additive operations 

In this section, we study the effect of a complex orientation on additive operations. 

The relevant test space is CP™, for which E*(CP™) = E*|[a]] by [8, Lemma 5.4], 
where x = 2(£) is the Chern class of the Hopf line bundle €. All the stable results 
carry over, almost without change, except that now b; = e? instead of 1. 

We assume that E.(E,), Q(E)*, and E,(E,o) are free E*-modules. 

Definition 14.1. We define elements b; € Q(E)3; for all i > 0 by the identity 

pe =V(e)= So aed; in EX(CP") ®Q(E)? = Q(B) [le], (14.2) 
i=0 

where 6(x) is a convenient formal abbreviation that rapidly becomes essential. 

We use eq. (6.39) to convert eq. (14.2) to the equivalent form 

re = Sor, b;) x? in E* (CP) = E*|[a]], for all r . (14.3) 
i=0 

Since the Hopf bundle is universal, eqs. (14.2) and (14.3) hold for the Chern class 
x = 2x(@) of any complex line bundle 6 over any space X (after completion, if 
necessary). 

Proposition 14.4. The elements b; € Q(E)3, have the following properties: 

(a) bo =0 and by =e?, so that b(x) = x@e? + 27 @bo + 27 @b3 +... ; 

(b) The Chern class x € E?(CP™), regarded as a map of spaces x:CP® > E,, 
induces qo2,Q; = b; € Q(E)3;, where B; € Ex;(CP©) is dual to x’; 

(c) Q(~)b;, és given by 

k 

Qv)be = BERS in Q(B)r@Qe)?, 
t=1
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where B(i,k) denotes the coefficient of x* in b(a)', or formally, 

(d) Q(e)b, =0 for k > 1, or formally, Q(e)b(x) = a; 

(e) The stabilization Q(o): Q(E)? > E,(E,0) sends the element b; € Q(E)3; to 
the stable element b; € Eo;-2(E, 0) of [8, Defn. 13.1]. 

Proof. For (a), we restrict eq. (14.2) to CP’ & S? and compare with eq. (12.2). 
For (b), we apply Prop. 6.44. For (c) and (d), we substitute p into diags. (6.33) and 
evaluate on x. For (e), we compare Defn. 14.1 with [8, Defn. 13.1]. oO 

Still following the stable strategy, we next apply p to the multiplication map 

pu: CP’ x CP — CP”, to obtain the formal identity 

b(F(2,y)) = Fr(0(2), b(y)) = b(@) + by) + » b(x)' b(y)’ nraig (14.5) 

in Q(£)*|[z, y]], which looks exactly like the stable version [8, (13.6)]. Again, 
Fr(X,Y) is a convenient abbreviation. The consequences are the same. 

The p-local case. 

Lemma 14.6. Assume that E* is a p-local ring. Then the generator by of Q(E)? 

is redundant unless k is a power of p. 

Proof. The proof of [8, Lemma 13.7] applies without change. oO 

We therefore reindex the b’s. 

Definition 14.7. When E* is a p-local ring, we define b(;) = 6,: for each i > 0. 

As in [8, §13], we obtain 

b([pl(x)) = [pla (0(z)) = pb(x) + » b(x) "nrg (14.8) 

in Q(E)?|[z]], which looks exactly like the stable version [8, (13.11)] but is in a 

different place. Again, we extract the coefficient of ae 

Definition 14.9. For each k > 0, we define the kth main (additively unstable) 
relation as 

(Re): = L(k) = R(k) in Q(E)?, (14.10) 

where L(k) and R(k) denote the coefficient of x?" in the left and right sides of 
eq. (14.8) respectively.
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15. Complex orientation and unstable operations 

In this section, we extend our study of the test space CP™ to all unstable oper- 

ations. Everything we did in section 14 carries over, with a lot more complication 

but no essential difficulty. Again, it is enough to know r(x) for all operations r, 
where « = 2(€) € E?(CP®) is the Chern class. 

We assume that E,(E,) is a free E*-module for all k. 

Definition 15.1. We define elements b; € Fo;(E..) for i > 0 by the identity 

CO 

r(x) = Sor, b;) 2* = (r, b(x)) in E*(CP™) = E*|[z]] (15.2) 
i=0 

for all r, where we take z? inside the ( , ) and write formally b(x) = D>, bj’. 

We first determine how the elements b;, interact with the Hopf ring structure. 

Proposition 15.3. The elements b, € Eo,(£.) of the Hopf ring E,(E.,,) have the 
properties: 

(a) bo = 12 and by = eg = —e°?, so that b(x) = 12 + b(x) if we define 

= S- bat in E.(£ 5)[[2]]; (15.4) 
i=1 

(b) The universal Chern class x € E?(CP™), regarded as a map x:CP® > Ey, 
induces 28% = by € Eox(E>), where By € Eo.(CP®) is dual to x* (as in [8, 
Lemma 5.4)) ; 

(c) bb = Vip jae bi @ bj, or formally, Yb(x) = b(@) ene )i 
(d) eb, =0 ifk > 0, and ebp = 1, or formally, eb(x) = 

(e) xb(x) = (12 + B(x)" Da Ke ) + B(x)? — B(x 3 to. j 
(f) For all rational numbers \ € E®, 

A(A=1) b(x) o[X] = (12 + B(x) = 12 + (x) + SS D(a)? +...5 (15.5) 

(g) For all r, rab, is given as the coefficient of x* in the formal identity 

r.b(x) = [(r, 12)] ok b(x)°7o[(r, bj) in F(Z, [lel]; 

(h) goby = by € Q(E)3,, the additively unstable element in Defn. 14.1; 

(i) cob, = by € Eop—2(E, 0), the stable element in [8, Defn. 13.1]. 

Remark. The sign in (a) is absent from [23, Prop. 2.4]. The commutativity of 
diag. (6.16) requires 

Q(¢)(q @u)(e@e) = —(qe)(Me) = —qb(o) = —qae2 = ga(ee), 

bearing in mind that deg(q,) = 1. The unexpected sign first appeared in 
Prop. 13.7(c).
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Proof. Naturality for the inclusion S? = CP! c CP®@ gives (a), by comparison 
with Prop. 13.7. Part (b) comes from Prop. 10.5. We read off (c) and (d) from 
eqs. (10.14) and (10.15). Part (e) is the special case 4 = —1 of (f). For (f), eq. (10.11) 
and (c) give b(a) o[A+y] = b(x)o[A] *b(x)o[p] for all A, uw € £*. Since b(a) o[1] = b(x) 
and we are working in the «multiplicative group of formal power series over E,(E.5) 
of the form 1+..., which has no n-torsion if 1/n € E*, the result follows. (We 
are in effect expanding r(Az); cf. eq. (10.16).) For (g), we apply eq. (10.45) to 
x € E*(CP) and expand. For (h) and (i), we stabilize eq. (15.2) by Prop. 6.11 
and compare with the additive and stable versions, eq. (14.3) and [8, (13.3)]. Of 

From (c) and eq. (10.11), we deduce the convenient distributive law 

(a*c)ob(x) = acb(a) * cob(a), (15.6) 

where a and c are allowed to involve x. This formal device will prove extremely 

useful for computations in Hopf rings. We have one immediate application to the 

Frobenius operator F' defined by F'c = c*?. 

Corollary 15.7. For any element c in the Hopf ring E.(E,), 

— J F(cobn) mod p, if k = pn; 
(Fe) obk = { 0 mod p, if k is not divisible by p. 

Proof. By iterating eq. (15.6) we have (Fc) ob(x) = F(cob(x)). We pick out the 
coefficient of «*, working mod p. oO 

We next study the naturality of operations with respect to the multiplication 

pi: CP’ x CP? + CP™. We expand p*r(x) = r(u*x) by the formal group law 
[8, (13.5)] and the Cartan formulae, to obtain the analogue of eq. (14.5). The 
complicated result is best expressed formally as 

b(F(x,y)) = Fr(0(a), b(y)) = d(x) * b(y) * * (b(a)°*eb(y)°7 ofaij]) (15.8) 

as in [23, Thm. 3.8(i)], where Fa(X,Y) = X «Y **;; X°to¥°4o[a,_;], in the sense 
that the o- and *-multiplications apply only to Hopf ring elements, not to x and y. 

The p-local case. Lemma 14.6 carries over. 

Lemma 15.9. Assume that E* is a p-local ring. Then the o-generator by of the 

Hopf ring E,(E.,) 1s redundant unless k is a power of p. 

Proof. As before, we take the coefficient of x*y? in eq. (15.8), where i+ j =k. On 
the left, there is a term (*)b,, from b,(a+y)*, and this is the highest 6 that occurs; 
on the right, no 6 beyond 6; or b; occurs. We choose i and j as in [8, Lemma 13.7], 

to make (*) not divisible by p and therefore invertible, which shows that b;, is 
redundant. Oo 

We therefore reindex the 6’s as usual. 

Definition 15.10. When E* is a p-local ring, we define b(;) = bpi for each 7 > 0.
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We extend standard multi-index notation slightly by defining 

bot = dy obit} o bts obi? o. (15.11) 

for any multi-index I = (ig, i1, i2,...). We also need a shift operation. 

Definition 15.12. Given a multi-index I = (éo,i1,%2,...), we define the shifted 
multi-index s(I) = (0, io, i1, i2,...). We iterate this process h times, for any h > 0, 
to form s"(I) = (0,...,0,%0,41,i2,...). We even undo it, by defining s~!(I) = 
(i1, tg, ig,...), provided ig = 0; our convention is that this is undefined if io 4 0. 

This notation allows us to iterate Cor. 15.7 neatly in the form 

ost I 1 ;. — {)- (Fejobt = { Pleo ()) mod p if io = 0; (15.13) 
0 mod p if t9 40. 

We follow the stable plan and study instead of the much simpler p-th power map 

¢:CP™ — CP”. Naturality of the general operation r is expressed by ¢*r(x) = 
r(¢*x). When we substitute the p-series [8, (13.9)] and expand, we obtain, as in [23, 
Thm. 3.8(ii)], 

i(ve+ Dae ) =u (2)*? + b(2)°* ofa (15.14) 

in E,(£,)[[z]], or, in condensed notation, b([p](2)) = [p]r(b(2)). 

Definition 15.15. For each k > 0, we define the kth main unstable relation as 

(Rr): L(k) = R(k) in E.(E >), (15.16) 

where L(k) and R(k) denote respectively the coefficient of a?” in the left and right 
sides of eq. (15.14). 

Thus L(k) is the coefficient of a?” in b([p](x)), exactly as in Defn. 14.9. However, 
R(k) is vastly more complicated than before, and we study it in more detail in 
section 19 in the case E = BP. The work of Ravenel-Wilson [23], which we review 
in section 17, implies that, despite appearances, the relations (R,,) contain all the 

information present in eq. (15.8), with the understanding that we use eq. (15.8), by 
way of Lemma 15.9, only to express the redundant b;’s (which still appear in Wb(,), 

b¢x) o[A], and bx) in terms of the by). 

16. Examples for additive operations 

In section 5, we developed a comonad to express all the structure of additive unsta- 

ble E-cohomology operations, for favorable £. In section 6, we developed a bigraded 

algebra Q(E)* that contains equivalent information, where Q(E)* has degree k— i. 
In this section, we describe Q(F)* for each of our five cohomology theories E*(—), 
namely £ = HF »); MU, BP, KU, and K(n). (The first example splits into two,
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and we break out the degenerate special case K (0) = H(Q).) As stably in [8], our 
purpose is to exhibit the structure of the results, not to derive them. 

All the results here are formally very close to the stable results. By Prop. 12.3(g), 
Q(c)e = 1. As E,(E,o) = colim, Q(E)* by eq. (4.8), where the suspensions 
Q(E)* > Q(E)*** have been revealed in Lemma 12.5 as simply multiplication by 
e, we stabilize everything merely by setting the suspension element e = 1. In this 

way, we recover all the corresponding stable results. Indeed, in the case FE = KU, 

we have to obtain the stable structure this way. 

All four answers of section 5 are of course available, but the Second Answer 

remains the most practical, consisting as in Thm. 7.7 of the coactions 

px: E'(X) —+ E*(X) 8 Q(B). 
These coactions are automatically additive, multiplicative (for cup products and 

x-products), and unital (oxlx = 1x @ 1). (We simplify notation by suppressing 
redundant completions and suffixes.) 

We use exactly the same test spaces and test maps as we did stably. The point 

remains that complete knowledge of the behavior of E*(—) on these is sufficient to 
suggest the correct structure of Q(£)* (except that the case H = K(n) requires 
some extra work). By Prop. 6.42(b), the one-point space T in effect defines the right 
unit 7R, and the circle S1 defines e € Q(E)} by eq. (12.2). As all our examples have 
complex orientation, we have available the elements b; of Defn. 14.1. 

In each case, we list the generators and relations for the bigraded E*-algebra 

Q(E)*, describe the right unit nz, and give the values of the algebra homomor- 

phisms ) = Q(): Q(E)r + Q(B)? ® Q(E)z and © = Q(6):Q(E); + E* on each 
generator. In some cases, we can express the universal property of Q(E)* very sim- 

ply. The stabilization Q(c) maps each generator to its stable namesake, except that 

of course Q(o)e = 1. 

Example: H(F,). We take E = H = H(F,), the Hilenberg-MacLane spectrum. 
Our test space is RP®, for which H*(RP™) = F,[t], a polynomial algebra on the 
generator t € H'(RP®). We define elements c; € Q(H)} by the identity 

pt= Sot ec in H*(RP*)SQ(H): = Q(H):IEE) 

Restriction to S$! = RP! shows that co = 0 and c, = e. As stably, the multiplication 
p: RP* x RP*® — RP implies that c; = 0 unless i is a power of 2. We therefore 

write €; = cgi € Q(H)3; for each i > 0, so that 

pt= Peg in W(RP~) BQH)! = QUAL, (16.1) 

which looks just like the stable version [8, (14.1)], except that now & =e. 

Theorem 16.2. For the Eilenberg-MacLane ring spectrum H = H(F2): 

(a) Q(A)* = Filo, &1, £2, &3,...], a polynomial algebra over Fp on generators 
& € Q(H)3; for i > 0, where & =e;
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(b) In the complex orientation for H(F2), b(:) = €} for alli > 0, and b; = 0 if j 
is not a power of 2; 

(c) w is given by 

WE = Gi 2E in Q(H): QA); 
i=0 

(d) € is given by €€&, =0 forn > 0 and ey = 1. 

Proof. Part (a) is of course a reformulation of classical results. For fixed k, the 
stabilization Q(c): Q(H)* — H.(H,o) is the monomorphism that is dual (with a 
shift in degree) to the well-known epimorphism oj: H*(H,o) ~ PH*(H,) that 
tells which Steenrod operations can act nontrivially on H*(—). The proof of (b) is 
the same as stably. We prove (c) and (d) by taking M = H*(RP@) in diags. (6.33) 
and evaluating on ft. Oo 

As stably in [8, §14], we combine the universal property of the polynomial algebra 
Fy [é0, &1, 9, o .] with Thm. 7.7(b). 

Corollary 16.3. Let B be a discrete commutative graded F2-algebra. Assume that 

the ring homomorphism 6: H*(X) — H*(X)®B is natural for spaces X. Then on 
t € H'(RP™), @ has the form 

t=)? ee in H*(RP°) SB = Bile], 
i=0 

where the elements &; € B-@'-1) determine 6 uniquely for all X and may be chosen 

arbitrarily. Oo 

Example: H(F,) (for p odd). We write H = H(F,), the Hilenberg-MacLane 
spectrum. The complex orientation defines elements €; = 6(;) for 1 > 0, and, just 

as stably, b; = 0 whenever j is not a power of p. The only difference now is that 

£9 = b; = e? instead of 1. 
The other test space is the lens space L = K(F,,1), for which H*(L) = F, [a] ® 

A(u). As a is a Chern class, ppx is given by eq. (14.2). This leaves only pru, which 
reduces (as stably) to 

pru=uBety 2” @ in H*(L)8Q(H)}, (16.4) 
i=0 

for certain elements 7; that it defines. 

Theorem 16.5. For the Hilenberg-MacLane ring spectrum H = H(EF,), with p odd: 

(a) Q(H)* is the commutative algebra over F, with generators: 

e € Q(H)t, a polynomial generator; 

& € Q(H)3 i for alli > 0, a polynomial generator for i > 0; 

ThE Q(A)3 i for alli > 0, an exterior generator;
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subject to the relation & = e?; 

(b) @ is given by pe =e Be, 

k . 

V&= > \G_,8& in Q(A)i @Q(H), (16.6) 
i=0 

and 

tk 
UTk=Tm E+ A, @% in Q(H)ZSQ(H)}; 

i=0 

(c) € is given by ec = 1, €&; =0 fori > 0, and er; = 0 for alli. 

Proof. Part (a) is again a reformulation of classical results, which may be recovered 
in this form from [27, Thm. 8.5], in somewhat different notation, by taking the 
indecomposables. We obtain (b) and (c) by substituting pz in diags. (6.33) and 
evaluating on x and u. Oo 

We have the analogue of Cor. 16.3. 

Corollary 16.7. Let B be a discrete commutative graded F, -algebra. Assume that 

the ring homomorphism 6: H*(X) — H*(X)®B is natural for spaces X. Then on 
H*(L) = F,[z] ® A(u), 6 has the form 

Oz = ae" + Sa?" @E; 
w=1 

du =u@el + Sa?" @r; 
i=0 

where the elements e' € B®, & € B-2'-1) and T} € B-@P'-1) determine 6 
uniquely for all X and may be chosen arbitrarily. Oo 

Example: H(Q). We write HE = H = H(Q), the Eilenberg-MacLane spectrum. As 
always, there is the suspension element e € Q(H(Q))}, whose properties we know 
from Prop. 12.3. There is nothing else. 

Theorem 16.8. For the ring spectrum H = H(Q): 

(a) Q(H)* = Qe], a polynomial algebra on e € Q(H)t; 

(b) The coalgebra structure is given by we =e @e and ce = 1. oO 

Example: MU. The coefficient ring is MU* = Z[21,22,23,...], with a poly- 
nomial generator x; in degree —2i for each i. These give rise to the elements 

nevi € Q(MU),”*. We have complex orientation, almost by definition, and there- 
fore the elements b; € Q(MU)3,, with bo = 0 and b = e?. We have the relations 
(14.5) between the b’s and the nev, but unlike the stable case, because e is no 
longer invertible, they do not render the generators ngx; redundant. Implicit in 

[23, Cor. 4.6(a)] is that this is the whole story.
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Theorem 16.9 (Ravenel-Wilson). For the unitary Thom ring spectrum MU: 

(a) Q(MU); is the commutative algebra over MU* with generators: 

nrei € Q(MU)>™ (for i > 0); 

e€ Q(MU);; 
b; € Q(MU)3; (for i > 1); 

all of even degree, subject to the relations (14.5) and b, = e?; 

(b) @ is given by pe =e We and 

k 

bby = >) BU, k)@b; in Q(MU)2 @Q(MU)? 
i=1 

where B(i,k) denotes the coefficient of x* in b(z)'*; 

(c) € is given by cee = 1 and eby =0 fork > 1. oO 

Although we no longer have a polynomial algebra, part of Cor. 16.3 carries over. 

It applies equally well to the two following cases, which we include here. 

Corollary 16.10. Let B be a discrete commutative E*-algebra, where E = MU, 

BP, or KU. Then a ring homomorphism 6: E*(X) > E*(X)®B that is natural 
for spaces X is uniquely determined by its values on E*(S1) and E*(CP®). oO 

Example: BP. The coefficient ring is now BP* = Z(p)[v1, v2, vs, ...], with polyno- 
mial generators vp in degree —2(p”—1). We have complex orientation, but because 
BP* is p-local, we need only the generators b(;) € Q(BP) pi where bi) = e?. Again, 

[23, Cor. 4.6(b)] implies that this is all there is; in particular, eq. (14.5) is redun- 
dant, except to express the other b; in terms of the b(;) and the elements 1; and 

Wi = NRY- 

Theorem 16.11 (Ravenel-Wilson). For the Brown-Peterson ring spectrum BP: 

(a) Q(BP)* is the commutative algebra over BP* with generators: 

wi = NRY E Q(BP)y2?-» (for i > 0); 

e € Q(BP)i; 
bi) € Q(BP)3,; (for i > 0); 

subject to the main relations (Rx) (from eq. (14.10)) for k > 0 and bi) = e?; 

(b) wd is given by pe =e We and 

pba) = >> Bi,p*)@b; in Q(BP)% @ Q(BP)?, 
i=1 

where B(i,p*) denotes the coefficient of a?” in b(a)*; 

(c) € is given by ce = 1 and eby,) =0 (for k > 0). oO
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We discuss the structure of Q(BP)* in more detail in section 18. 

Remark. Alternatively, we could use the generator h; instead of bi, as in [6]; 
however, Quillen’s element ¢; (see [21] or Adams [1, II.16]) does not exist in this 
context for i > 1, for lack of conjugation in Q(BP)*. 

Example: KU. We take £ = KU, the complex Bott spectrum, with the coefficient 

ring KU* = Z[u, u—'] (where u € KU~?), right unit np: KU* > Q(KU): given by 
nru =v, and Chern class x given by [8, (5.2)]. The simple form [8, (5.16)] of the 
formal group law reduces eq. (14.5) to 

b(a +y + uxy) = b(x) + b(y) + b(x)d(y)v, (16.12) 

which looks like the stable version [8, (14.13)], with b(x) = bz + box? + bgz? +... 
, except that now b; = e? #1. The coefficient of xy’ yields the relation 

min(i,j) i4j—k j k - 

bib; = S- j k un bi4j—-kV ; (16.13) 

k=0 

like [8, (14.15)], except that the case i = 1 now gives the reduction formula 

b1b; = (i+1)bigiv-' +iubje' — for i> 0. (16.14) 

The results here are much clearer than in the stable case, and there is some overlap 

with the work of tom Dieck [10]. 

Theorem 16.15. For the complex Bott spectrum KU: 

(a) Q(KU)* is generated as an algebra over KU* = Z[u, u—"] by the elements: 

v =nru € Q(KU)9°; 
v-! = nau € Q(KUY; 
e € Q(KU)}, the suspension element; 

b; € Q(KU)3, for i > 0; 

subject to the relations b, =e? and (16.13) fori > 0, j > 0; 

(b) Q(KU)* is a free KU*-module, with a basis consisting of all monomials of 
the forms v™, byv", ev", and ebjv”, fori > 0 andne Z; 

(c) w is given by we =e @e and 

k 

pbe = >> Bik) @b; in Q(KU)3 @ Q(KU)}, 
i=1 

where B(i,k) denotes the coefficient of x* in b(a)'; 

(d) € is given by cee = 1 and eb, =0 for all k > 1. 

Proof. We start with (b). We take the Hopf line bundle € over CP™ and regard the 
element u~![é] € KU?(CP™) asamap f:CP® + KU, =ZxBU.By Lemma 4.6, 
f induces an isomorphism of KU*™modules 

KU,.(CP®) —+ QKU,(Zx BU) © KU* © QKU,(BU),
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which we compute. By the definition [8, (5.2)] of the Chern class z, u~![£] = u~+ +2 
in KU?(CP™); geometrically, the components of f are the map CP© — Z with 
image 1, and x:CP™ — BU. 

Thus gof.8o = v~' and q@f.G; = qot.G; = b; for i > 0, with the help of 

Prop. 14.4(b); we have the desired basis of Q(KU)?. For Q(KU)2", we multiply by 
v—"t!. an isomorphism. 

For the odd case, the description of KU,,(U) in [8, Cor. 5.12] in terms of the Bott 
map b:0(Zx BU) — U shows that multiplication by e induces an isomorphism 

Q(KU)?" = Q(KU)2, 
We have specified enough relations to reduce any monomial in the b’s, e, v, and 

v—! to a linear combination of the elements in (b), which proves (a). Parts (c) 
and (d) are included in Props. 14.4 and 12.3. oO 

Now that we know the additive situation, we return to finish off the stable case. 

We may discard the odd spaces in eq. (4.8) and write 

KU, (KU, 0) = colimQ(KU)?". 

Corollary 16.16. In the stable algebra KU,(KU, 0): 

(a) Every element of KU,(KU,0o) of even degree can be written in the form 

c= ul(Ayu7* + dounm2bo +o. +t Anu "bn )u—™ 

for some integers q, m,n, and ;; 

(b) This element c= 0 if and only if A; = 0 for all i. 

Proof. By Thm. 16.15(b), we can write the general element of Q(KU)smt? 
uniquely in the form 

c=u!t (a0 + S- du" vy” 

i=1 

with integer coefficients. Since e? = b;, eq. (16.14) yields 

ec=ultt (Aout + Si + 1)\ju* bya + De 

i=l w=1 

in Q(KU)3™4", which gives (a). Further, e?c = 0 only if c = 0, which implies (b). 0 

Example: K(n). The coefficient ring is K(n)* = F,[vn,v,1], where un € 
K(n)~2@"-), We write Wn = 1RUn, as we did for BP. Obviously, wy and vp 
are no longer equal as they were stably, because they lie in different groups. 

We have a complex orientation, and therefore the usual elements b;. Because 

K(n)* is p-local, we need only the bg) for i > 0. (In fact, b; = 0 if j is not a power 
of p and j < p”, for dimensional reasons, but not in general if j > p”.) When we 

apply p to the p-th power map ¢:CP® — CP, which induces ¢*a = Unx”” as in 

[8, (14.26)], we obtain bf w, = v/,b;, and therefore 

bey = UF baywy! in Q(K(n))??" (16.17)



� �����������åìeq ��ô�ø��wð��bü�� �^ïz÷ÓïVó ïPü ï�!�"#ï$#%��ñlð��¦û ïVôùø ½Óì
h­R�N(?¼@WóCv��uS>@E]�]�?iF d @I=B@IO,J�]�?$RLr t>m3Y_x,ÙCv®
%y�[¡z¡v
Ï M~A
FGN$?$@ED`;>=EFGN�m>ô ��´� � � À�Ê f ô0� � � [ � �f v��\]�F�=B�uF�To],m>ô0� � � Àc² � v~�g9*R%N$J�]$R�A>S>@E]_?$@ED,F1?�J�P~FGMCF�=�l

To]_@E]�mÔ@BM�H�R%=BH�@IM>KnRG?�S>J,NqD,R�S>R%9�R%=BR%K�Tn?�S>J,R%N$@IJ�]�F%]Ã@BM�r 
Gt>mr�±N�R�A3v�x�vIx%Y Ö [¡z¡m�]$S>R1��] ?$SCFG?q?$SC@I]
N�J,=EF1?$@IR�MnD,F�M d JqPoJ�]_;C]$A�J,MCPoJ�P~R�MCD,J ?�R*K�@IH�J²1ô ��´ � �� � � À¼Ê f ² [ � �f @BM[üaY���Y­��[$[ � ��´ � �X v Y�x�Ü>vIx�tc[
�uS>J<R�?$S>J�N�?$J�]_?�]_ACF%D`J<@I] ?$SCJ*]$£�J�=BJ,?$R%M à ÀS� � ��´ � � RGh±?�S>J<=IJ,M
]�]$ACF%D`J[��m
h­R�NÃ��S>@EDiS

��Y8��[ X Y à [�À�> Y�«.[2áU�WY­��[ X r ½�¨_½ ��´ Àgó1z¡v | J�£cMCR1�gäI4¢½�m d J�D,F�;C]$J�½L@I]\@BMCS>J,N�@�?�J�P�h­N�R�9Î�� � v�� ]�]�?iF d =IT�mo��J�PoJ`�
M>J�J,=IJ,9*J,Mc?i]+& � ¯$ö � Ë¥übY8��Y8��[_[ �X d Ta?$S>JqD,R%F%D�?$@IR�M
ä 4 «nÀ ��´ � �� � � � ½ � á#& � ¾

��´ � �� � � � «
½ � áUö � Ç Y�x�Ü>vIx�Ýc[

��TUN�J�]_?$N�@ID`?$@IR�MU?�R0� � Æ à m±��Je]_J�J�?�SCF1?j& � ÀÑó¬FGMCPQö � À³²cv��uS>J�MWJ�×
v�Y_x�ÜCvBx�t%[�@I]
J�×c;>@IH1FG=IJ,Mc?�?$R´?$S>Jn]�?iF1?�J,9*J,Mc?*ä 4 ¿WÀ ¿<áT²cm���S>J�N$J~¿WÀ Ê f «�½ ��´ � � Ëg��Y8��[$X�Y à [��¢@IMRG?�S>J,Nn��R�NiP>]�m�¿ d J,SCF�H%J�]�=B@I£�J3« � Ë ��Y­��[ � Y�� � [`vK�uS>J¦]$F�9�J´ACFGN$?$@EFG=Ã9<;>=�?�@BAC=B@ED,FG?$@IR�MC]ï¢¨R� � à . � ¹ � � í Ä à F�] @IMWr t>m� �x,Ù�z�]$S>R1�®?$S
F1?�ö���Àpóbh­R�NÃFG=I=2?¬8gó�FGMCPL?$SCFG?E&F��Àpó
h­R�N(?¥M>RG?\F�A�R1��J�N�RGh"��v | JÃ?$S>J�N$J,h­R�N�J N�J,@IMCPoJ,�.m>F%]u;C]$;CFG={vê ú%ü�+57­-�7�0
+®'�»3(J��õ�( | JqPoJ,�CM>J3&"� � � À�& � $ Ë üaY��´[ �� � $ moh­R�N�ó��,?��Q�¢v
Ï M�?�S>J�M>J��§M>R�?�F1?�@BR%M3m

ä 4 «nÀc«Yá~²¥¾ f�� �� � � � ½ �
$ áU&"� � � @IMe��Y8��[$X�Y à [2á6üaY���Y8��[_[ �X v Y�x�Ü>v®
ox�[

�\F�H�@IM>KqRoP>PbP>J,K�N�J,J%m1?$SCJ�&"� � � FGN�J�J`��?$J�N$@IR�N�K�J�M>J,NiF1?�R�Ni]�RGh2üaY���Y­��[$[$XX v��uSC@I]¥@I]�M>RG?uFG=I=��%��JFGKcFG@IM}F�A>A�J�FG=�?�RUr 
�t>mÕ�¥N$R%A3v¢x�vIx%Y8@E[	z¢?$Rn�CMCP´?�SCF1?�R%M>J*9*R�N�J<h8F%D�?�R�Nb²�D�FGM d Jb]�×c;>J,J�O,J�P
R�;>?�RGh�J�×�v�Y�x�Ü>vIx�t%[¥@Bh5��J��CN�]_?�9�;C=�?�@BA>=IT d Tj&"� � � mo?�R�K%@BH%J�?$S>J�N�J,=EF1?�@BR%M&"� � � ô ��´ � �� � � À�Ê f &"� � � [ � �f @IM[üaY8�WY­��[_[ � ��´ � �X v Y�x�Ü>v®
Ó
%[
C;D ú�0C/1úFE '�»3(J��G�( ���Gò �JI���y"�1ò�©1¹1©��6Kk�JI��X�Gò�Û*ò�¸¦�cñ  !1e�iï���ò�²oðÁ��Y­��[��
Y�F%[<üaY���Y8��[_[$XX ¸o å�OIe�´ïX�Gð<ð�²*�	©D�{¸º¹`�Lª,¸�ñ�ò$©�·ù��·Q©1« ñù��ª`ò�©/�1¹D�,ò*�WY­��[�XkÀ:� � r Ê f ¯$Ê � �f z PM2Ie�,ò��\Ê f Ë~�WY­��[ � � � ��´ � � � P M¢¸¦�JI�ñù���H�,ò$©|�l�Gòb ��[ f ÀT¼hª5Ê f Ë¥übY8��Y8��[_[ � � � ��´ � � �� §[ � �f Àc¼ ª Ê � �f�§²qË[üaY���Y­��[$[ �� §&"� � � Ë üaY8�WY­��[$[ �� � $ ¾ Óz�Gò�ó��,?��W�S¿-§

ô0� � � Ë¥üaY���Y8��[_[ �� � $ ¾ Óz�1ò(?¼@Wó�¿-§
 �²CªO¢��iï����k�á�OIe��ò��,«B©D�{¸w�D��  ô0� � � À�² � P Y�x�Ü>vIx�yG[ P Y�x�ÜCvBx�t%[ P ©|��·�Y�x�ÜCv 
ù
�[�§
Y d [��¶¸o \ñG¸º¹D�z�¬ª`ÛD��²�À�²fáö² P

�6&"� à � ÀI&"� à � á~²�¾ à� � � � ô �
$� à � � � áU&"� � � @IM[üaY8�WY­��[_[�XX á,üaY8�WY­��[$[ �X m Y�x�Ü>v®
1Ù�[

Section 16 Unstable cohomology operations 81 

for i > 0. This stabilizes to [8, (14.27)]. 

In particular, B60) = Unbio)w;'. As always, bio) = e?. A more sophisticated anal- 

ysis, involving other cohomology theories as in [28, Prop. 1.1(j)], shows that this 
relation can be desuspended once to give 

cbt) | = unew,! in Q(K(n))2?" 71. (16.18) 

The other test space is the skeleton Y = L??"—! of the lens space L, for which 
K(n)*(Y) = A(u) ®@ K(n)*[z: 2?" = 0]. We know py2, because z is inherited from 
CP. As stably, we define elements a;,c; € Q(K(n))! by the coaction 

p’-1 p’-1 

pyu= S- x’ @a;,+ S- ur’ @G. (16.19) 
i=0 i=0 

By restriction to S' Cc Y, we see that ao = 0 and co = e. Then eq. (16.18) is 
equivalent to the statement pyy = y @ e, where y = vnux?"—! € K(n)*(Y); in 
other words, y behaves like u; € K(n)'($'). The same partial multiplications 
p: L?*+! x £?™ _; Y as in [8, §14] show that c; = 0 for all i > 0 and that a; = 0 
for 7 not a power of p. We therefore reindex, as usual. 

Definition 16.20. We define aj) = api € Q(K)3,;, for 0 <i <n. 

In the new notation, 

n—-1 ; 

pyu=u@et+ So a? Bax) in K(n)*(Y) @ Q(K(n))} . (16.21) 
i=0 

Having odd degree, the ai; are exterior generators of Q(K(n));. This is not all; we 
again appeal to [28, Prop. 1.1(i)] to find that one more factor e can be squeezed 
out of eq. (16.18) if we first multiply by aio), to give the relation 

a(o)bf) | = Pray, in Q(K(n) 9”. (16.22) 

Theorem 16.23. For the Morava K -theory ring spectrum K(n): 

(a) Q(K(n))* is the commutative bigraded algebra over K(n)* = F,[vn, v7'], 
where Un, € K(n)~2"—)), with generators: 

Wn = NR € QK(n))o PY; 
Wy =NRUn 
e€ Q(K(n))i; 
ag) € Q(K(n))55i (for0 <i<n); 

ba) € Q(K(n))3,« (for i 2 0); 

subject to the relations bi) = e”, (16.17), (16.18), and (16.22); 

(b) @ is given by pe =e Be, 

bo 

barn) = an) @E+ YW, Bay in Q(K(n))§ @Q(K(n)), (16.24) 
i=0
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and 

bce) = > Bip") @b; in Q(K(n))i ®@ Q(K(n))?, (16.25) 

where B(i,p*) denotes the coefficient of 2?” in b(x)' (and Lemma 14.6 is used to 
express b(x) in terms of the bij), Un, and Wn); 

(c) € is given by ce = 1, €acy) = 0 (fork > 0), and eb(,) = 0 (for k > 0). 

Proof. The algebra structure (a) is implicit in the main theorem of [28], by taking 
indecomposables. As always, we obtain ay) and ay; by evaluating the coaction 

axioms (6.33) on u € K(n)*(Y). The rest of (b) and (c) can be obtained similarly, 
or by appealing to Props. 12.3 and 14.4. | 

Corollary 16.26. Let B be a discrete commutative K(n)*-algebra. Then a ring ho- 
momorphism 6: K (n)*(X) + K(n)*(X) @B that is natural for spaces X is uniquely 
determined by its values on K(n)*(CP™) and K(n)*(Y). oO 

Remark. If k < n, eq. (16.25) simplifies just as in [8, Thm. 14.32] to 

k . 

Whey = DOF, @b@ in Q(K(n))2 @ Q(K(n))2., 
i=l 

which resembles eq. (16.6). 

17. Examples for unstable operations 

In this section, we discuss the enriched Hopf ring for each of our five cohomology 

theories E*(—), namely for E = H(F,), MU, BP, KU, and K(n). According to 
section 10, this is what we need to handle general unstable operations. As in section 

16, we divide the case H(F,) in two and treat K(0) = H(Q) separately. Even more 
than before, our intent is to exhibit the structure of the results, not to reestablish 

them. 

Our strategy is the same as in the stable and additive contexts, using exactly the 

same test spaces and test maps. Each £ has a complex orientation, which provides 

by Defn. 15.1 the elements 6; of the Hopf ring, in addition to e and the [v]. We have 
x[1] = [-1] by Prop. 11.2(d), and its properties were listed in Prop. 10.12. 

As pointed out in (10.46), we need more than just the Hopf ring and the elements 
[v]. The elements Q(e)qne = esonsc are given by section 16. We also need r.c for 
each operation r; by Thms. 10.19(c) and 10.33(c), it is in principle enough to know 
these for each o-generator c. 

Our presentation changes somewhat from section 16. Each family of o-generators 

has its own Proposition, which lists all the pertinent information. It is therefore 

sufficient to describe each Hopf ring by listing its o-generators and the defining 

relations, and to refer to these propositions for further details. We recover all the 

results for additive operations merely by taking the indecomposables.
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Example: MU. We recall that MU* = Z|, v2, 23,...], where deg(x;) = —24, 
is better described as generated by the elements a;,;, as in [8, §14]. We have the 
elements b;, as well as e and [v] = nr(v). Stably, [8, (13.6)] gave an inductive formula 
for nRa;,; in terms of MU* and the b;. Unstably, eq. (15.8) is only a relation between 
these elements. Corollary 4.6(a) of [23] says in effect that this is all there is. 

Theorem 17.1. (Ravenel-Wilson) For the unitary cobordism ring spectrum MU, 

MU, (MU) is the Hopf ring over MU* = Z[21, x2, 43, ...] with o-generators: 

[z;] € MUo(MU _.;) for each i > 0 (see Prop. 11.2); 

e € MU,(MU,) (see Prop. 13.7); 

bj € MU2;(MU.,) for i > 1 (see Prop. 15.3); 

subject to the relations e°? = —b, and eg. (15.8). oO 

Example: BP. The main reference is still [23]. As BP* is p-local, Lemma 15.9 and 
Defn. 15.10 apply, to define the elements b(;) of the Hopf ring. We have as always 

e and the elements [v] for each v € BP*. 

Theorem 17.2. (Ravenel-Wilson) For the Brown-Peterson ring spectrum BP, 

BP,(BP.,) is the Hopf ring over BP* = Z(p)[v1, v2, U3, -..] with the o-generators: 

[A] € BPo(BP 4), for each X € Z(p) (see Prop. 11.2); 

[vi] € BPo(BP _o(pn_1)), for i > 0 (see Prop. 11.2); 

e € BP,(BP,) (see Prop. 13.7); 

bu) € BPopi (BP) for i > 0 (see Prop. 15.3); 

subject to the relations [A] o[\'] = [AX’], [A] * [1] = [A+], € ofA] = Ae, bya ofA] = --- 
(see Prop. 15.3(f)), e°? = —b(o), and the main relations (Rn) for n > 0 as in 
eg. (15.16). 

We implicitly use eq. (15.8), but only to express inductively the b;, for j not a 
power of p, in terms of the bi), v, and [v]; this is needed for computing Pb), xb), 
by) ofA], and rx 4). 

Proof. This is the content of [23, Cor. 4.6(b)]. By Prop. 11.2, each [v] for v € BP* 
can be expressed in terms of the [A] and [v;]; we have enough generators. The listed 
relations come from Props. 11.2, 13.7, and 15.3, and eq. (15.16). This reduces the 
*-generators (see section 10) to three types: 

(i) be ov’); 
(ii) eob?! o[v7]; (17.3) 

(iii) [Av]; 
in terms of the multi-index notation b°/ introduced in eq. (15.11). 

For each k, the *-generators that lie in BP,(BP,,) generate it as a BP* algebra. 

Assume first that k is even, so that we have only types (i) and (iii). We write 
BP, = BP* x BP’, as in Lemma 4.17; then 

BP. (BP ,) © BP,(BP*) @ BP.(BP',), (17.4)
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where we recognize the first factor as the group ring over BP* of the abelian group 

BP* with basis elements [v] for v € BP*. The type (i) generators lie in BP,(BP’,) 
and the type (iii) in BP,(BP*), which is described by Lemma 4.4. Because [Av7] * 
[Mv7] = [(A+)')v7], we have enough relations for the type (iii) generators. The 
work of [23] reduces the type (i) generators to certain allowable generators b°! o[v7], 
which form a system of polynomial generators BP,.(BP’,,). Since this reduction (see 
section 19) uses only the relations (R;,), we have enough relations. 

If k is odd, only generators of type (ii) occur. These reduce similarly to the 
allowable generators of type (ii), which are exterior generators of BP,(BP,). OO 

Example: H(Q). This example is of course classical. 

Theorem 17.5. For the ring spectrum H = H(Q), H,(H.,) is the Hopf ring over 
Q with generators: 

[A] € Ho(H) for each X € Q (see Prop. 11.2); 
e € H,(H,) (see Prop. 13.7); 

subject to the relations [A] ofX'] = [AA’], [A] * [A] = [A41'], and e ofA] = Xe. 

Proof. For k <0, H,=T, and we have only the Q-basis element 1,. 

For k = 0, Ho = Q regarded as a discrete group, and the group ring 

H,(H 9) = QQ) has a basis consisting of the elements [A]. The first two relations, 
from Prop. 11.2, show how these multiply. 

For k > 0, the third relation, from Prop. 13.7(g), reduces us to the single *- 
generator e°* € H;,(H,) of H.(H;,). We have the polynomial algebra Qe? *] if k 
is even, or the exterior algebra A(e°*) if k is odd. oO 

Example: H(F,). We write H = H(F,). As H.(H.,) is a Hopf ring over Fh, we 
have the Frobenius operator F' and the Verschiebung V. 

We imitate Defns. 15.1 and 15.10 in a mod 2 version, using the same test space 

RP™ = K(F2,1) as before, for which H*(RP™) = Fy[t]. We define c; € H;(H,) = 
H;(RP™) for i > 0 by the identity 

r(t) = Sor, c;) t’ = (r, c(t) in H*(RP™) (for all r), (17.6) 
i=0 

where we write formally c(t) = )),c;t’ as in Defn. 15.1. In other words, c; is dual 
to t? and the elements ¢; form an Fy-basis of H,(H,). 

We are primarily interested in the accelerated elements c(;) = cgi. As before, we 

have the suspension element e. The complex orientation provides elements b; which 

are redundant, as in section 16. 

Proposition 17.7. The Hopf ring elements c; € H;(H,) (for i > 0) and cy) = 
Coi € Hyi(H,) (fori > 0) have the following properties: 

(a) co = 1,1 and co) =e =e; 

(b) ber = Vip jan ci @ Cj, Or formally, c(t) = c(t) @ c(t); 

(c) Veg) =¢(-1) for i> 0, and Ve@) = 0;
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(d) ec, = 0 if kk > 0, and ecg = 1, or formally, ec(t) = 1; 

(e) xe(t) = e(t)*"-»), expanded as in Prop. 15.3(e); 

(f) cp ej = (P )eins; 
(g) Fe(s) = e(s * e@ = 0; 
(h) b; = cg0c; in Ho(H»); 

(i) For all r, racy is the coefficient of t® in the formal identity 

rectt) = AK eft)*4 (r, 3) in H.(HL,) [tI 
(Gj) nea) =& in Q(A )t, and qc; = 0 if j is not a power of 2; 

(k) o14¢q) = & in H,(H,0), and o1,c; =0 if j is not a power of 2. 

Proof. The naturality of r for the multiplication yu: RP™ x RP — RP™, which 

induces p*t = t¢x1+1xt, yields the identity 

So(r, cn) (Ex 1+ 1xt)* = Liners) \tixt 
k 

in H*(RP~ x RP©) = Fy[tx1,1x#], with the help of the Cartan formula (10.23). 
The coefficient of t* x t gives (f). The special case (g) of (f) also follows from 
eq. (10.32). We expand r(¢?) for the Chern class ¢? by eqs. (17.6) and (10.36) and 
compare with eq. (15.2); most terms cancel, to give (h). 

The other parts are formally as in Prop. 15.3, with all degrees halved, except 

that (c) is immediate from (b). oO 

Just as in Lemma 15.9, except that everything is now explicit in (f), c; is redun- 
dant unless j is a power of 2. This leads to the following elegant description of the 

Hopf ring, which is a reformulation of classical results. 

Theorem 17.8. For the Filenberg-MacLane ring spectrum H = H(F2), H,(H,) 
is the Hopf ring over Fy with generators c(;, € Hi(H,) for i > 0 (see Prop. 17.7), 
subject to the relation [1]*? = lo. 

Proof. By Prop. 17.7(c), we can write c°?! = Ve°*) for any multi-index I = 
(io, 41, i2,...). Then Fe?! = F([lJoc?!) = Ffljoc?*) = 0 by eq. (10.13), as in 
eq. (15.13), and H,(H_,) is an exterior algebra on those generators c°/ for which 
4 = k. Here, c°! is dual to the primitive element Sq‘? 1, in cohomology (in 

terms of the Milnor basis [18] of H*(H,o)). (The index io serves only as padding, 
to ensure that i; + i2 +ig3 +... <k.) oO 

Example: H(F,) (for p odd). We write H = H(F,). We have, as always, the 
suspension element e. The complex orientation defines elements }; for all ¢ > 0; but 

Lemma 15.9 shows that only the b;;) = 6,: for i > 0 are needed. Also, bo = 12 and 

b, = eg = —e°*. However, the b; for j not a power of p do not vanish, but satisfy 

b; ¥b; = (7) bi45, which is all that survives from eq. (15.8). In particular, bi =0 

for all i > 0, as is also clear from eq. (10.32) applied to zx.
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For the other test space L = K(F,,1), we have H*(L) = F, [x] ® A(u). We only 
need to know mw We define elements a; € H2;(H,) and ¢; € Hoi41(H,) by 

r(u) = > (r,a;) 2" + Dre ae in H*(L), 
i=0 

which we condense formally to (r,a(x)) + (r,c(x)) u by writing a(x) = D7, a;x* and 
c(a) = )0, ca". Thus a; is dual to 2", c; is dual to uz’, and the a; and c¢; form a 

basis of H,(H,). 
Again, we accelerate the indexing by defining a;;, = a, for 7 2 0. 

Proposition 17.9. The Hopf ring elements a; € H2i(H.), ag) = dpi € Hzpi(H,), 
and cy € Hoi41(H,), (fori > 0), have the following properties: 

(a) a9 = 1, and co =; 

(b pa, = itis p i @ aj; 

( 
(h 

(i) For all r, r,ax is the coefficient of x* in the formal identity 

Ci =O *A;; 

) 
(c) Vag) = ag_1) fori > 0, and Vaio) = 0; 

(d) ca, = 0 for all k > 0; 

(e) ya(x) = a(x)*(—)), expanded as in Prop. 15.3(e); 

(f) aj * a; = =( VP) eas 

g) Fa) = = ay = = 0; 

) 
) 

CO 

r.a(z) = * b(x)°*e[(r, aa)| # 2K a(x)ob(e)°*[(r, «)) in H.(H. lle]; 

(j) naz) = 7% in Q(A)i, and qa; = 0 if j is not a power of p; 

(k) 01444) = 7% in H,(H,0), and o1,a; =0 if j is not a power of p. 

Proof. We consider naturality of operations with respect to the multiplication 

pL x L > O, for which p*u = ux1+1xu. In condensed notation, we compare 

p*r(u) = (r,a(a@x1+1x2)) + (r,c(e@x1+1x-2)) (ux1+1xu) 

with r(u*u), which we expand by eq. (10.23) as 

r(p*u) = (r, a(@ x1) x a(1X2)) + (r,c(a@x1) *a(1x2x))uxl 

+ (r,a(@x1) *c(1xa)) 1 xu (r,c(a@x1) *c(1xx))uxu. 

The coefficient of x* x 24 gives (f), which implies (g). (Alternatively, (g) follows 
from eq. (10.32) applied to u.) The coefficient of u x x? gives (h). The other parts 
require no new ideas. Oo 

In particular, all the c; and most of the a; are redundant. We trivially have the 

relation [1]*? = [p] = [0] = 1, from which it follows, as in the previous example, 
that (a°/)*? = 0 and (b°/)*? = 0 for all I. Once again, this is the whole story.
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A detailed exposition by Ravenel and Wilson from this point of view is presented 

in [27, Thm. 8.5] (with slightly different notation: a; is written aj), and bi) is 
written f(,)). 

Theorem 17.10. (Ravenel-Wilson) For the Hilenberg-MacLane ring spectrum 

H=H(F,), H.(H,,) is the Hopf ring over F, with the o-generators: 

e € Hi(H,) (see Prop. 13.7); 

a) € Hzpi(H,), for 1 > 0 (see Prop. 17.9); 

bu) € Hopi (H2), for i > 0 (see Prop. 15.3); 

subject to the relations [1]*? = 19 and e°? = —b). oO 

Example: KU. We recall that KU* = Z[u,u—']. The complex orientation defines 
elements b; for i > 0. As before, these, along with elements [Au”] = [A] o[u™] and e, 
are all we need. 

In view of the formal group law F(x, y) = #+y+uay, the relation (15.8) becomes 

14+ b(x+y+uay) = (1+ 0(x)) * (1+ b(y)) * (1+ B(x)ob(y)ofu]) (17.11) 

which is more complicated than the additive analogue (16.12), but still manageable. 
Again, we take the coefficient of xy’. The left side is the same as before. On the 

right, we may choose z°y' with s > 0 and t > 0 from the third factor, which forces 

us to take x*~* from the first factor and y/—* from the second; or we can take all 
of x‘yJ from the first two factors. The result, after some rearranging, is 

min(é,j) ;. . 
i+j—k a _ 

b; ob; = ) ( , ) (4) u*bi4j—holu | 

k=0 

i-1 j-1 

= S- S- bj_s0[u-"] * bj—t0[u7*] * b,0by 

s=1 t=1 
(17.12) 

i-l1 j-l1 

— $5 djs 0[u~t] « bsobj — S> bj_gofur*] # bjoby 
s=1 t=1 

— bjofu~*] * bjo[u-*] 

This serves as an inductive reduction formula for b;0b;, for any i > 0 and j > 0. 

In particular, the suspension formula becomes 

by obj =(J+1)bj41 o[w*] + Jub fu] 
j-l (17.13) 

_ S- bj—-no[u*] * byob, — byo[ua 4] * b;o[u—*] 

k=1 

Theorem 17.14. For the complez K-theory ring spectrum KU, KU,(KU.,) is the 

Hopf ring over KU* = Z[u,u—4] with the o-generators: 
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[u] € KUo(KU _,) (see Prop. 11.2); 

[u-"] € KUo(KU.) (see Prop. 11.2); 

e € KU,(KU,,) (see Prop. 13.7); 

b; € KUo;(KU.) for i > 0 (see Prop. 15.3); 

subject to the relations [u]o[u-'] = [1], ye = —e, yb; = ... (see Prop. 15.3(e)), 
e°? = —b,, and eg. (17.12). 

Explicitly, for the even spaces we have 

KU,(KU 9,) = [mu] « KU" [by 0 fu], by ofa], bg ofu-"*], . 
meZ 

a direct sum (over m) of polynomial algebras, and for the odd spaces 

KU,(KU 2n+1) = A(eo[u~"], cob; ofu"**], eobyo[u-"**], . .)s 

an exterior algebra over KU* (where we use [mu—™] = [m] o[u—"], [u”] = [u]?”, 

[u-"] = [u*P”, [vu] =), fn] = [1]"", and [—n] = [-1]*" = (xf))*"). 

Proof. We computed KU,(BU) in [8, Lemma 5.6]. By Prop. 15.3(b), the Chern 
class :CP® — KU. induces x,(; = b;, so that we may write KU,(0 x BU) = 

KU* |b, bo,...]. For the copy KU,(m x BU), we *-multiply this by [m]. This gives 
KU,(KU.). For other even spaces, we apply the *-isomorphism — o[w”]. 

For the odd spaces, we quote [8, Cor. 5.12]. 
To see that we have specified enough relations, we note that every *-generator 

reduces to e o[u”] or eo bj o[u”] on the odd spaces, or b; o[w”] or [A] o[u”] on the even 
spaces, where A € Z. We allow n = 0 and \ = 1 and use [u™] o[u”] = [u™*”] and 
[A] o[\’] = [AA‘]. In the even case, we need at most one «factor of the form [A] o[u™], 
and we may always insert the redundant factor [0] o[w”] = 1. Thus we can reduce 
any expression in the generators to standard form. | 

Example: K(n). We use the same test spaces as before, CP™ and the finite lens 
space L??"—1, and follow the same strategy. The main reference is [28]. Some of the 

algebra resembles the case E = H(F,). 
As usual, the complex orientation determines Hopf ring elements b;, where bp = 12 

and b; = eg = —e°?. As K(n) is plocal, Lemma 15.9 shows that the 6; other than 
the b(;) = bp: are redundant. If we apply eq. (10.32) to the Chern class x, we obtain 
the identity >7,(r, Fb;) 27 = (r, 12) 1. This shows that Fb; = 0 for all j > 0; in 

particular, bi =0. 

Next, we apply the general operation r to ¢*a = unx?” by eq. (15.2) to obtain 

b(UpzP”) = b(ax)°P” ofv,]. Equating coefficients of x?"”* yields the relation 

bs = Uh be lon] (17.15) 

the obvious analogue of eq. (16.17). 
For the other test space Y = L??"—!, we have K(n)*(Y) = A(u)@K(n)*[2: 2?" = 

0]. The class # is a Chern class, which we know all about. Parallel to eq. (16.19),
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we use u € K(n)i(Y) to define elements a;,c; € K(n).(K(n),) for 0 <i < p” by 
the identity 

p’-1 

r(u) = x raj) at + 2 ( r, cj) ux" in K(n)*(Y) (for all r). 

Proposition 17.16. The Hopf ring elements a; € K(n)o;(K(n),) 
p”), a4) = Api € K(n)opi(K(n),) (for0 <i <n), and co € K(n)aiy1 
0 <i <p”) have the following properties: 

(for0 <i< 

(K(n),) (for 

(a) a9 = 11 and co =e; 

(b) ax = Digjan ae © 4) 
(c) Vag) = ag_1) for0 <i<n, and Va) =0; 

(d) ea, =0 for all k > 0; 

(e) vax is the coefficient of «* in a(x)*(—)), expanded as in Prop. 15.3(e); 

(f) aj * aj = = (9 Jaz; fi tj <p"; 

(g) 

(h) 
) (i) For all r, r,ax is the coefficient of x* in the formal identity 

zy ai) =a) =0 for0< i<n-1; 

Ci =ex* a;; 

p’-1 p’-1 

r,.a(r) = * b(x)° *o[(r, ag)] * ok a(x) ob(x)° *o[(r, e)] 

in K(n),.(K(n),)[z : 2?” = 0]; 

(j) may) =a) € Q(K(n)),, and qa; =0 if j is not a power of p; 

(k) 0144) = a) € K(n),.(K(n),0), and o1,a; =0 if j is not a power of p. 

Proof. All the proofs are formally identical to those of Prop. 17.9, except that we 

use the space Y instead of L. As in section 16, the partial multiplications ju: L?*+! x 

L?™ — Y yield (f) and (h). 
For (g), we apply eq. (10.32) to u and obtain )>,..(r, Fa;) x?! = 0. But because 

x?” = 0 already, we are able to deduce that a;? = 0 only for 0 <i < p”1. (We 
shall see in a moment that ap 1) #0. ) oO 

We have to rely on [28, Prop. 1.1] for two facts, just as in section 16. The first is 
that when i = 0, eq. (17.15) desuspends once, exactly as eq. (16.18) suggests, to 

cob, “t= tne on]: (17.17) 

In other words, the class y = vnuz?"-! € K(n)1(Y) still behaves like uy € 
K(n)'(S") and satisfies eq. (13.2). The second is that when we take account of 
decomposables, eq. (16.22) acquires an extra term, 

ay? _ 1) = Uno) — 40) (8) [en (17.18) 

This complements (g). We have the material for the main theorem of [28].



Í0Û î�ïtðVñkò�ó ðVôùõ=ö|ïz÷Dô�ø�ïVô�õ�úÄû¦ü ø�ïVô ý=þ�ÿ��������
ì
C;D ú�0C/1úFE '�ñÔ(�'F��( ���Gò
�JI��+y"�1ò�©1¹1© �6Kk�JI��b�1ò�Û�ò�¸¦�cñ� !1e�iï���ò�²oð®��Y8��[ P ��Y8��[ X Y8�WY­��[ X [�¸o �OIe�aóÄ�_11Ó�ò�¸¦�cñå�1¹D�,ò���Y­��[�X�À�� � r Ê f ¯$Ê � �f zTM¢¸¦�JI��JI�� Ì K8ñ��z�M�`ò$©|�l�Gòb ��

r Ê f z�Ë~�WY­��[ � Y���Y­��[ � � � � ´ � � � [�Y8]$J,J��±N�R�A�v�x%x�v®
�[�§
r Ê � �f z�Ën��Y8��[ � Y8��Y8��[ � � � ´ � � � [�Y8]$J,J��±N�R�A�v�x%x�v®
�[�§²qËe��Y8��[r�GY8��Y8��[ � [qY�]_J�J��±N�R�A3v.x�wCv y�[e§&"� � � Ën��Y8��[ � � $ Y8��Y8��[ � [ P Óz�Gò\ó��,?¼���^Y�]_J�J¿�¥N$R%A3vÔx�yovBx�Ü%[�§
ô0� � � Ë~�WY­��[ � � $ Y8�WY­��[ � [ P Óz�1ò(?¼@QóLY�]_J�J��±N�R�A3v.x�¤ov w%[e§

 �²CªO¢��iï��K�k�å�JI��*ò��,«B©D�{¸w�D�� *rBx`z8X � À x � P r Ê f z�Ì�r Ê � �fpz¥ÀÉrBx`z P ² � � À Z\ô0� � � P Y_x�yovBx�¤�[ P Y�x1y�vIx�y�[ P
©D�.·bY_x�y�vIx�tc[�Q
�uSc;
]u��J�SCF�H%J\?�S>J<õ�l¡K�J�M>J,NiF1?�R�Ni],¨

Y8@E[�& �
p Ì�ô � ï Ì�r Ê àfoz�@BM~J,H%J,MePoJ�K�N�J,J�]��Y­@I@E[D²�Ì<& � p Ì�ô � ï Ì�r Ê àf z�@BMnRoP>PnPoJ�K�N�J,J�]��
��S>J�N$J 
 ÀÑYO? � ¯r? � ¯,Ç�Ç,Ç`¯r? f�� � [`m���@B?$S�J�F�DiS�? ì ÀåóeR%Nbx�m5FGMCP n ÀµYzw � ¯&w � ¯&w � ¯,Ç�Ç,Ç [�m���@B?$S
ó\�¨w��>� f m�F�MCP¦áUËd��v Ï M�Y­@I@º[�m���Ja9aF�TkF�]�]$;>9*JAw � �¨� f Zgx d T´J�×�v¥Y_x�y�vIx�y�[�vÕ�uS>J
N�J,=EF1?$@IR�M
]�& X �� � � À ókY­h­R�Na?��§�eZ�x�[�F�MCP´ô X �� � � Àpó´Yºh­R�NÃFG=I=j?	[�h­R�=I=IR1� h­N$R%9ÅrBx`z8X � Àsx � d T
J�×�v3Y_x�ó>vIx�wc[�m>F%]u@BM��uS>9nv3x1y�vIx�ó>v

'�Ý3( � ú�ý ø -�7�0
+5þºk¡0
/ ø 252�78-�7Lî
ú �5�al 0 h úc/ ø -�7�0
+5þ
Ï M<?$S>@E]¢]_J�D�?�@BR%M3m1��J�Po@E]�D`;C]�]5N$J�=IFG?$@IR�MC]5@IM�?�S>J d @IK�NiF�PoJ�P�FG=IK�J d NiF¬ü�XX À>üaY8�5�q[$XX m�h­R%=B=IR1��@BMCKr 
Gw1z¡m>@IMnA>N$J�ACFGNiF1?�@BR%M�h­R%N\Po@E]$D,;C]�]_@IM>KbF�PCPo@�?�@BH%J�;>MC]_?�F d =BJ�R%A
J�N�FG?$@IR�MC]u@IML�5��l¡D,R�S>R%9�R%=BR%K�T%v
Ï MnH�@BJ��§RGh\�uS>9nv3x�Ü>vIx�x%Y�F%[`m�ü<XX @I]�]$ACF�M>M>J�P~F�]�F*�5��X�l{9*RoPo;>=IJ d Ta?$S>J�9*R%M>R�9*@EFG=E]² Ä ô p [ ï À�² Ä ô � ¾� � � ô � �� � � Ç,Ç�Ç [ u �� [ u w� Ç,Ç�Ç�¯ Y_x�tCvBx�[
��S>J�N$J����gx�F�MCP*��J\;C]_J ]�?iFGMCP>F�N�P�M>R�?�FG?$@IR�M*��@�?�Sb9�;C=�?�@�l¡@BM
Po@ID,J�] 
 ÀpYL? � ¯°? � ¯r? � ¯,Ç�Ç,Ç [¢FGM
Pn À Yzw � ¯!w � ¯�Ç,Ç�Ç [`v | J�PoJ`�
M>J\?�S>J*«c���cñÓ�JI�R�h 
 F�] Z 
 Z À Ö �{? � m�F�MCP�]$@I9�@I=EFGN�=BT Z n Z À Ö �-w � v| JqFG=E]_R�M>J,J�P�?$S>Jq]$A
J�D`@EFG=Ô9<;>=�?�@�l¡@IMCPoJ`� ø � ÀpY_x�¯$óC¯$óC¯,Ç,Ç�Ç [`v
C;D ú5E ø 7�+k/1ú�ý ø -�780�+�þ%( B>R%N±V�À^�5�*mG��J�J�F�]$@B=IT�D,R�9*A>;o?�Ju?$S>Ju�CNi]_?±9*F�@BM�N�J,=EF1?$@IR�M<h­N�R�9
Ú J`h­M3v�x,ÙCv Ý�FGMCP}r tCm�Y�x�¤ov Ùc[	z¢Y8R�N�J�×%;C@BH1FG=IJ,Mc?�=BT�h­N$R%9ÉJ�×�]�v3Y�x,Ù
v ¤%[�FGMCP}r tCm�Y�x�¤ov w%[	zº[�F�]

Yih·�,[�¨ Ê��,ô-� � � À��.ô0� � � ¾Wô � � � � [ � @BM[üaY����q[ � X v Y_x�tCv 
%[
Y Ï M
PoJ,J�PÔmC?�S>@E]\@E]�?�S>JqR�MC=BTnD,F�MCPo@EP>F1?�J�?$SCFG?�]_?�F d @B=I@IO,J�] D`R%N$N�J�D`?$=ITb?$R´r tCm�Y�x�¤ov Ü%[	z{v [ | J<]_?$@I=B=
SCF�H%J�ô��ÃÀåóe��SCJ,M>J�H�J,Nº?�Zax�@E]<M>RG?*Fe9�;>=B?$@IA>=IJ�R�hY�¥Zax�v | J�D�FGMU;
]_Ja?�S>J��Cl¡]$J,N�@IJ�]br t>m
Y�x�¤ov ¤�[	z{m Ö ;C]_?�F�]�]_?�F d =BT%mC?�R�]$@B9*A>=I@�h­Tn?�S>J�SC@BK%S>J,N�N$J�=IFG?$@IR�MC]<Ysh à [ d TnM>J,K%=BJ�D�?$@IM>KbJ�M>R�;CK�S3vÚ J,M>R�?$J d TU��F�MCP0�èN$J�]_A�J�D`?$@IH�J�=BT<?$S>J\@IPoJ�FG=E]\Y���¯_Ê��1¯_Ê	�%¯,Ç�Ç,Ç [¥FGMCPeY���¯ [ �G¯ [ ��¯,Ç,Ç�Ç [±@BM�ü XX m��S>@EDiS¦D`R�N�N�J�]$A
R%MCPe?�Rn?$S>Jb=IJ`hº?�FGMCP}N�@BK%S%?qF%D�?$@IR�M
]ÃRGh�?$S>Jb@EPoJ�FG= 
 � v | JbF�=I]$RnM>J,J�P´?$S>J
@EPoJ�F�=Y� À¶Y�²c¯iô0� � � ¯�ô0� � � ¯�ô-� � � ¯�Ç,Ç,Ç [�Æ�ü�XX m
]$R*?$S
F1?��Ò¾$�å@I]�?$S>JqR d Hc@IR�;
]�FG;>K%9�J�Mc?�F1?�@BR%M

90 Boardman, Johnson, Wilson Chapter 1 

Theorem 17.19. For the Morava K-theory ring spectrum K(n), K(n).(K(n) ,) is 
the Hopf ring over K(n)* = F,[vn,v;, 1] with the o-generators: 

[vn] € K(n)o(K(m) _o(pn_1)) (see Prop. 11.2); 

[o5!] € K(m)o(KLn) ajgns)) (See Prop. 11.2); 

subject to the relations [1]*? = 19, [vp] o[vz'] = [1], e°? = —bay, (17-15), (17.17), 
and (17.18). Oo 

Thus we have the *-generators: 

(i) a°40b°7 ofv*] in even degrees; 

(ii) eoa?! ob°7 of[v*] in odd degrees; 

where I = (ig, %1,.--,in—1), with each i, = 0 or 1, and J = (jo, ji, jo,---), with 
0 <j <p", and k € Z. In (ii), we may assume jo < p” — 1 by eq. (17.17). The 
relations a(j = 0 (for i < n—1) and bf, = 0 (for all ¢) follow from [1]*? = lo by 
eq. (10.13), as in Thm. 17.10. 

18. Relations for additive BP-operations 

In this section, we discuss relations in the bigraded algebra Q* = Q(BP)*, following 
[23], in preparation for discussing additive unstable operations in BP-cohomology. 

In view of Thm. 16.11(a), Q* is spanned as a BP*module by the monomials 

eSblw = edi bay wl wy... , (18.1) 

where « < 1 and we use standard notation with multi-indices I = (io, 41, i2,...) and 

J = (ji, j2,...). We define the length of I as |I| = >0, i, and similarly |J| = >°, je. 
We also need the special multi-index Ag = (1,0,0,...). 

The main relations. For E = BP, we easily compute the first main relation from 

Defn. 14.9 and [8, (15.4)] (or equivalently from eqs. (14.5) and [8, (15.3)]) as 

(R1) : v1 bo) = pb) + bio) Wi in Q(BP)2 . (18.2) 

(Indeed, this is the only candidate that stabilizes correctly to [8, (15.6)].) We still 
have b; = 0 whenever i—1 is not a multiple of p—1. We can use the pseries [8, 

(15.5)], just as stably, to simplify the higher relations (R;) by neglecting enough. 
Denote by % and J respectively the ideals (p, v1, v2,...) and (p, wi, w2,-..) in Q%, 
which correspond to the left and right actions of the ideal J... We also need the 

ideal IN = (e, ba), ba), ba), ---) C Q¥, so that N+ G is the obvious augmentation
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ideal consisting of all the Q* for i > 0. In particular, b; € M+ WG for all i. From 

Defn. 14.9 and [8, (15.7)], the right side of (R;,) has the form 

k-1 
R(k) = DP, ywit Voywe mod GB + NW", (18.3) 

i=1 

while the left side L(k) € UW and will not much concern us here. The new feature is 

that because wz, appears in the form bho) We: where (9) = e? is no longer 1, (Rx) 

fails to express wz in terms of the other generators, and 93 #4 %; this made it 

necessary to add wy as a new generator of Q* in Thm. 16.11. 

The Ravenel- Wilson basis. The relations (R;,) show that many of the monomi- 
als (18.1) are redundant. In defining the basis, it is easier to specify which monomials 
are not wanted. 

Definition 18.4. We disallow all monomials of the form 

2 7 . . . 

big) Cin) . Df; yWne (i1 < ig <... Kin, n> 0), (18.5) 

where ¢ stands for any monomial in the b(;), w;, and e (c = 1 is permitted). All 
monomials (18.1) not of this form are declared to be allowable. 

Nevertheless, we need a positive construction of the allowable monomials, and 

we need to know how they behave under suspension. Given any indices 

O=ko <ki < ko <... < ky, where n > 0, (18.6) 

we define the monomial 

L 2 7 L-A bv = Bho) Cer) ko) Wie, = boyd o. (18.7) 

It is easy to see that every allowable monomial can be written uniquely in the 

canonical form 

c= ehh Ao w) = eb, dh) «UE, Mw, (18.8) 
where « = 0 or 1 and M and J satisfy the conditions: 

(i) t < ky, implies m: < p“, forO<u<n; 

(ii) t > kp» implies mz < pt; (18.9) 

(iii) j, = 0 for allt <n; 

as well as (18.6). In detail, we choose, by induction on wu, the smallest k, such 

that BP.) DPia) .. DE) divides c, to make (i) hold for u. If no such k, exists, we set 

n=u-—1and have (ii). Since ¢ is allowable, it can have no factor w,, which gives 
(iii) for ¢ = u. (In case n = 0, we have merely c = e*b™ w/, (i) and (iii) are vacuous, 
and (ii) says only that m, < p for all ¢.) 

The main technical result is that there is only one way the suspension ec of c can 

fail to be allowable. (This is in effect equivalent to the discussion in [23, §5].) We 
recall from Defn. 15.12 the shifted multi-index s(Z).
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Lemma 18.10. Assume that the monomial b¥ = = Mi, on divides b’b™, 

where b” (with the same n) is as in eg. (18.7), 0 < i1 <... < in, and M satisfies 
conditions (i) and (ii) of (18.9). Then: 

(a) t, =k, forO <u <n, so that H = pL; 

(b) We can write M = (p—1)L + 5(M'), where M' again satisfies (i) and (ii). 

Proof. We show first that i, > k, for all u. For any t < k,, we have m < p” by 

(i). Then the exponent of biz) in 6%b™ is at most 

(lt+p+p)+...+p™")+(p"—-1) <p", 
which shows that t # i,. 

We proceed by induction on n. For n = 0, Big) divides big) b™, where m < p for 

all ¢. We must have i9 = 0 and mp = p— 1, which gives M the required form. 

For n > 0 we must have i, = kn, since in > ky is forbidden by (ii). Let a > 0 be 

the smallest index such that kg = ky; then we must have ig = igg1 =... = in = ky. 

From Ix, = p* + p%tt +...+p” and mz, < p™t we deduce 

Mk —(P— lk, < p"t* —(p—-1)(p*+ ... +p”) = p"t*—(p"** —p®) = p®. (18.11) 

If k,, = 0 we clearly have a = 0 and hence mo = (p—1)lo, and can write M = 

(p—1)L+s5(M"'). If kn > 0, we have a > 0. We delete the factors bi _ foragucn 

from both sides of our hypothesis, as well as any factors by) for t > kn, to deduce 

that Of,,BP, ) ...DP” 1) divides bi4,)bP,,) --.0%,_,)b™”, where M" satisfies (i) and 
(ii) for the sequence (ko, k1,...,kq—1). By induction, we deduce that H = pL and 
that M has the form (p—1)L 4+ s(M‘). 

If t > k,, we have mi) = mty1 < p"'', which gives (ii) for M'. To establish 
(i), assume that t < k,. If also t+1< ky, we have m, < miy1 < p%, as desired. 
Otherwise, k, =t+ 1. Let @ be the smallest index such that kg > t+ 1, so that 

ky = Kus =..0= ke-1 =t+1. Then mii < pe and ley > petpetts, . +t pe-t, 

As in eq. (18.11), we find m), = miy1 — (p—legi < p”. oO 

Lemma 18.12. In the bigraded algebra Q* = Q(BP): 

(a) Every allowable monomial can be written uniquely in the form (18.8), subject 
to the conditions (18.6) and (18.9), and conversely, every monomial of this form is 
allowable; 

(b) The suspended monomial from eq. (18.8) 

bee = CD OM w! = eb) bf gy --- Of, ow? 

is disallowed if and only if jn4a > 0 and b©—Y divides bM, in which case we can 

write w7 = Wrgiw? and DM = b@—-DLp8\) | with b>-A0b™' ww" allowable; 

(c) Every allowable monomial can be written uniquely in the extended canonical 

form 

c= ef peo p(p-1)(L+8(L) +s? (L)+...+8"~7 (L)) ps"(M) wh, yw! (18.13)
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with L as in eq. (18.7), where h > 0, either b®—Y* does not divide b™ or jn41 =0 
(or both), and conditions (18.6) and (18.9) hold; 

(d) In (c), the monomial b&b“ w! is allowable. 

Proof. In (a), we need to establish the converse. If c is disallowed, so is b(g)c. By 
Lemma 18.10(a), b(q)¢ can be disallowed only if H = pL; but by Lemma 18.10(b), 
the necessary factors big) are not present in c. 

Moreover, big) is disallowed if and only if it contains bP wri. as a factor (using 

the same n). If so, we write bM@ = b@-YLp(™"), where b4—40b™' w"" is allowable 
by (a). This proves (b). 

Parts (c) and (d) follow by induction on h. We take h maximal. oO 

Lemma 18.14. In the stable range defined byi < pk, every allowable monomial in 

Qk = Q(BP)S has the form eb) bY) ..., with no factors of the form wi . 

Proof. For each monomial ¢ € Q*, we define g(c) = i — pk, where c € Q*. We 
compute g from g(b(n)) > 0 ifn > 0, g(wn) = 2p(p"—1), gle) = —(p—1), and 
g(b(o)) = —2(p—1), using g(ac) = g(a) + g(c). Thus if ¢ contains w, as a factor, 
g(c) > 0 unless ¢ contains at least {2p(p"—1) — (p—1)}/2(p—1) factors bio), which 
disallows it. Oo 

Theorem 18.15. (Ravenel-Wilson) The allowable monomials (18.1) form a basis 
of the free BP*-module Q* = Q( BP): . 

This is proved in [23, Thm. 5.3, Prop. 5.1]. We content ourselves with showing, 
as part of Thm. 18.16, that the allowable monomials span Q*, assuming that it is 

spanned by all the monomials (18.1). We shall obtain for each disallowed monomial 
(18.5) a reduction formula that expresses it in terms of other monomials. A finite- 
ness argument then implies that the allowable monomials must span. A counting 

argument is needed to show they in fact form a basis. As only the relations (Rx) 
and e? = bio) are used in the reduction, they constitute sufficient relations in 

Thm. 16.11. 

Knowing that the allowable monomials form a basis of Q* is not enough. In order 

to work with this basis, we need to know how the ideal 2% looks in terms of the 

basis. We therefore define ,,, for any m > 0 as the BP* submodule of Q* spanned 

by all the allowable monomials e*b'w’ that have J # 0 and |J| > m. Although 
A, is not an ideal for m > 0, it is convenient for computation, because when an 

element c € Q* is expressed in terms of the basis, it is obvious whether or not it lies 

in ,,. We shall prove the following parts of the structure of Q*, after developing 

the necessary reduction formula. 

Theorem 18.16. In the bigraded algebra Q* = Q(BP);*: 

(a) Am +V= MW" + VG for anym > 0 (or Ap +V=M+V ifm =), so 

that the image of Am in the quotient algebra Q, (see eq. (18.17)) is an ideal; 

(b) The allowable monomials span Q* = Q(BP)* as a BP*-module.
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Lemma 15.2 of [8] allows us to work mod %, in the quotient F,-algebra 

Q. = Q3/% = QH.(BP.,;Fy) - (18.17) 
Better yet, we may ignore e and work in the subalgebra Qo 

Higher order relations. As they stand, the relations (R;,) are not very practical. 

We derive a more useful relation by eliminating the terms that come from b(z)?’ w; 
for j < n in eq. (18.3) from the n relations (Rx, ), (Rio), ---, (Re, ), as in [23, 
Lemma 5.13]. The result is of course a determinant. For ulterior purposes, we make 

the elimination totally explicit. 

Definition 18.18. Given any positive integers 71, i2,...,in, where n > 1, we define 
#1 pi2 in—1 a _ . _ . . p'l_p p ns: 

Lit, i2,...,%m) and R(i,,i2,...,%n) as the coefficient of xf af” ...a7_, a?” in 
n—-1 

b(x1)?b(a2)” ...B(tn—1)?” b([p\(xn)) 
and 

n—-1 

b(x1)?b(a2)” ...B(@n—1)”” [plr(b(an)) 
respectively. By eq. (14.8), these are equal in Q*. 

Then given any integers 0 < ky < kp <...< ky, where n > 1, we deduce the nth 

order derived relation 

(Rit bowakn): >, €vL(it,42,---,4n) = So ew Ris, i2,--- 5 in) 
as as 

(18.19) 

in Q* by summing over all permutations 7 € ©, where €, denotes the sign of 7 

and we permute the n entries in (41, i2,...,in) = (ki, ko,..., kn). (For n = 1, it 
reduces to L(k,) = R(k,), which is just (Rx, ).) 

We note that this relation lies in Ql (n) where the numerical function 

a(p"—1) _ |deg(vn)| 
p-l p-l 

f(n) =2(1+ptp?t+...tp"")= 

was introduced in eq. (1.4). 
The left side of (Re, ,ko,...,4.) lies in UV and will be of little interest here. By 

eq. (18.3), the right side reduces to 

2 n—1 Jj 
So en bhi 1) ig) + Obi, y—nt1)G,—pywe7 Mod B+ IW", — (18.20) 
mJ 

where we sum over all permutations 7 and all j > 0, and adopt the convention that 

bia) = 0 for 7 < 0. However, we have arranged matters so that no (explicit) terms 
in w; with 7 < n survive; when we interchange i; and in, we find identical terms 

having opposite signs. The term of most interest is the leading term with a = id, 
n—-1 2 nm 

bP Wn = We, 1) fe —2) ++ Oleg a nga) Olen ny Wn > (18.21)
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which is thereby expressed in terms of other monomials and hence redundant. (The 

multi-index L serves only as a convenient abbreviation, unrelated to eq. (18.7). The 
indices k,, are different, too.) 

To make this more precise, we note that all terms b/w; in the sum (18.20) have 
| = |L|) = p+pe+...+p” if j =n, or [Z| > |L| if j > n. We order the 
terms that contain w, by defining the weight of any multi-index I = (io, 41, i2,...) 
as wt(I) = )0, ti: (which is not the weight used in [23]). This makes b“w, the 
heaviest term with its length, because if we improve the ordering of the indices of 

any other term in (18.20) by interchanging i, and is, where r < s and i, > is, we 
increase its weight by 

(i,—r)p" + (ip —8)p® — (t,—1r)p" — (is—s)p* = (ir—is)(p’—p") > 0. 

Thus (Re, ,k9,...,kn ) provides a reduction formula 

2 n 

bY wy = Big, 1) Oba —2) ++ Ob, ny Wn = >, +b! wy (18.22) 
Lj 

in Q. mod 92", where the sum is taken over certain pairs (I,j) with j > n, for 
which |I| > |Z, or |Z| = |L| and wt(Z) < wt(L). 

The first nth order relation (R12...) is particularly important, as only one term 
of the sum (18.20) is meaningful, namely ba) Wn, where m = f(n)/2. We observe 

that this monomial lies just inside the stable range of Lemma 18.14. In this simple 

case, we can do better with a little more attention to detail, to obtain the direct 

analogue of [8, Lemma 15.8). 

Lemma 18.23. In Qi = Q(BP)i™ we have the relation 

bf) Wn =Unbls mod I,Q(BP)1™ 

for eachn > 0, wherem= f(n)/2=1l+pt+p7t+...+p"™ 1. 

Proof. We proceed by induction on n, starting from eq. (18.2), and work through- 
out mod J,,Q%. On the left side of eq. (14.8) we have b([p|(x)) = b(unz”” +...), by 
[8, (15.5)]. Then R(j) = L(j) = 0 for all j < n, and the only surviving terms in 
(Ri.2,....n) are bf) L(n) = bf) R(n), where h=p+p*+...+p"—'. On the left, we 

h 
(0 

hypothesis; by eq. (18.3) and dimensional reasons, the only surviving term in R(n) 

is b0) Wn. oO 

clearly have L(n) = v,;b(). On the right, 6 yw; =0 for all 7 <n, by the induction 

Proof of Thm. 18.16. We work entirely in the quotient algebra Q. defined by 

eq. (18.17). We first generalize (18.22) to show that 

MW" CA, + mw t (18.24) 

for any m > 1. As an F,-module, IRM” is generated by those monomials e*b!w/ 
that have |J| > m. These lie in %,, or IN 29+" except for the disallowed monomials 
that have |J| = m. On comparing the monomial (18.5) with eq. (18.21), we see 
that each such monomial has the form b“w,c, where L is given by eq. (18.21)
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and c = e‘b’w, with |N| = m— 1. When we multiply eq. (18.22) by c, both 
orderings are preserved, and we express the general disallowed monomial b’w,,¢ 

as a signed sum of monomials with greater length, or the same length and lower 

weight, mod 9”29"t!. Because there are only finitely many monomials in each 

bidegree, eq. (18.24) follows by induction. 
For any i > m, eq. (18.24) gives 

Amn + MW? CAm +A; + wt =A, + mw? . 

Then by induction on #, starting from eq. (18.24), 

MW™ CAm + MW" 

for all i > m. In any fixed bigrading, 322" is zero for large i. Thus INW™ C Am 
and we have (a) for m > 0. For m = 0, we note that every monomial in MM either 
lies in INQ C A, or is automatically allowable and so lies in Ao. 

On reinstating the monomials of the form w’, which are all allowable, we see 

that the allowable monomials span Q.. Then (b) follows by Nakayama’s Lemma in 
the form [8, Lemma 15.2(d)]. oO 

The ideals J,,._ Just as the ideal J,, C BP* led to the introduction of the ideal 

203 Cc Q%, the ideal J,, needed for our splitting theorems, leads to an ideal in Q%. 

Definition 18.25. We define the ideal 3,, = (Wn41, Wn42;Wn43,---) C QF. 

We need to know how J, sits inside Q?. The answer is remarkably clean, in a 

certain range. 

Lemma 18.26. Assume n > 0. Then: 

(a) Ifk < f(n+1), Q§ NGn is the left BP*-submodule of Q* spanned by all the 
allowable monomials e°b!w! € Q* that contain an explicit factor w; for some t > n; 

(b) Ifk = f(n+1), QE NG, is the left BP*-submodule of Q* spanned by all the 
allowable monomials as in (a), together with all disallowed monomials of the form 

b ee 2 . . . 

ix) (in) .. Dig yWn41 where 0 < 1 Cig ... K tng. 

Remark. The first disallowed monomial in (b) is b00) Wn41, where m = f(n+1)/2. 

Lemma 18.23 shows it definitely does not lie in the submodule described in (a). 

Proof. The stated elements obviously lie in J,,. To show the converse, we fix k 

and a large integer m, and prove by downward induction on h that all elements in 

Qk of the form cwy, lie in the indicated submodule whenever 7 < m. This statement 

is vacuous for sufficiently large h (depending on m and k). We therefore fix t > n, 
assume the statement for all h > ¢, and prove it for h = t. We ignore e* throughout 

and assume k is even. 

Case 1: c = bt. The number |J| of b-factors in c is k/2 + p' — 1. In (a), as 
k < f(n+1) and t > n, this is always less than p+ p? +... + p', which makes 
cw; = b/w; automatically allowable. The same holds in (b), except in the extreme 
case b/wy41, which may be allowable or disallowed; either way, it is in. 

Case 2: c = b' wpw! allowable, with h < t. Then cu, = b' w,w,w 
allowable, by the form of Defn. 18.4. 

J remains
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Case 3: c = aw,, with h > t, any a. Then cuz = (aw;)wp is in by induction, 
provided i < m. 

By Thm. 18.15, these c generate Qh -) as a BP*module. | 

19. Relations in the Hopf ring for BP 

In this section, we develop the unstable analogues of the results of section 18, 

working in the Hopf ring BP,(BP.,) for BP. By taking account of +-decomposable 
elements, we can improve many of these results by one. The structure of the Hopf 

ring was described briefly in section 17. Before we can even state some of our results 

precisely, it is necessary to clarify the concept of ideal in a Hopf ring. 

Hopf ring ideals. As it is obviously impractical to retain everything in typical 

Hopf ring calculations (the preceding sections should convince), we need to control 

carefully what is thrown away. There is an obvious relevant concept, valid in any 

Hopf ring H. We concentrate on the structure of H as a x-algebra, treating o- 

multiplication chiefly as a means of creating new *-generators from old. 

Definition 19.1. We call a bigraded R-submodule 3 of any Hopf ring H over Ra 

Hopf ring ideal if the quotient H/3 inherits a well-defined Hopf ring structure from 

H (over the possibly smaller ground ring R/e3). 

If we ignore the o-multiplication and coalgebra structure, 3 must obviously be 

a *-ideal in the ordinary sense, i.e. an R-submodule for which b * c € 3 whenever 

be H andceZ. 

Lemma 19.2. Let H be a Hopf ring over R andI C R an ideal. Let 3 be the *-ideal 

in H generated by the elements cg. Then 3 is a Hopf ring ideal, with quotient a 

Hopf ring over R/I, if and only if: 

(i) cg € J@H + HOT for alla; 

(ii) ecg € I for alla; 

(iii) aoc € 3 for alla € H and alla; 

(iv) IH C3. 

Proof. The conditions are evidently necessary. Conditions (i) and (ii) ensure that 
H/3 inherits a comultiplication 7 and counit «. Condition (iv) shows that H/7 is 
defined over R/I. For any a,b € H, eq. (10.11) and (iii) show that ao(b * cy) € 3; 
this is enough to furnish H/3 with a o-multiplication. All the necessary identities 

in H/T (see section 10) are inherited from H. oO 

Remark. It is clear from the Lemma that the sum 3+ J of two Hopf ring ideals is 

another Hopf ring ideal. However, their *-product ideal 3 * J (defined as the usual 

product of ideals) need not be a Hopf ring ideal, as (i) can fail. We note that (ii) 
and (iii) nevertheless continue to hold for 3 * J, with the help of eq. (10.11). 

When R = F,, we can define a rather more useful ideal.
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Definition 19.3. Given an ideal 3 in a Hopf ring over F,, we define F'3 as the 

x-ideal generated by {F'x: ax € 3}. 

The ideal FJ is far smaller than 3*?, and clearly is a Hopf ring ideal by 

Lemma 19.2 whenever 3 is. (We use eq. (10.13) to verify (iii).) 

The redundant generators. We proved in Lemma 15.9 that the generator b; 

is redundant unless i is a power of p. As in (17.3), this implies that BP,.(BP.,) is 
*-generated as a BP*-algebra by o-monomials of the forms (cf. eq. (18.1)) 

b°! ofu7] = big? obeit obi? o... ofvyteg? ...] 

= BGs ebay oB(sf o--- fei)" ofa)” #0... 
(ii) eob° I [v7], 

(iii) [Av7] = [A] ofv,]°! o[ve]? 72 O.eey 

(i) 
(19.4) 

in the notation of eq. (15.11). To carry out computations, we need to express the 
redundant b; in terms of these *-generators. 

In order to make the finiteness of our computations apparent, we write b(#) = 
1) + b(x) as in eq. (15.4) and use 10b(x) = 0. Then eq. (15.8) expands to 

lo +3(2 + y + Dave'v') 

= (lo + B(a)) * (12 + Bly) * * {lz + B(a)°*ob(y)°4 o[as,4]} 

(19.5) 

As in Lemma 15.9, if n is not a power of p, we take s as the largest power of p less 

than n, and the coefficient of x*y”—* then yields a reduction formula for b,. For 

the low b,,’s we can be explicit; they are no longer trivially zero, as in section 18. 

Lemma 19.6. For 1 <i < p we have bj = bi) /i! . 

Proof. All that is left of eq. (19.5) in this range is b(a+y) = b(x) * b(y). Hence 
b(x) must be the exponential series exp(b, x), expanded using *-multiplication. 

Beyond this range, we must settle for inductive formulae in terms of o-monomials 

of the form 

bj, obj, 0... 0 BG, o[v7 . (19.7) 

We expand the formal group law F(x, y) fully, in the form 

F(a,y)=2+y+ D> dv‘ ay’, 
Lid 

summing over appropriate quadruples (A, I, 7, j) consisting of a coefficient A € Z(p), 
a multi-index J, and exponents i and j. The right side of eq. (19.5) becomes 

(12 + B(a)) * (12 + B(y)) * xk, {12 + B(x)? oB(y)°4o[uZ]}™,
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where {1+...}** is expanded by the binomial series as in eq. (15.5). Every element 
of the Hopf ring that appears here is a *-product of elements of the form (19.7). 

This is still not enough! To make the induction succeed, we really need a reduction 

formula for every o-monomial (19.7) that contains a o-factor b, with n not a power 
of p, without relying on iterated appeals to the distributive law (10.11). A reduction 
formula for by o bp, o bp, o--.0bpn,, whenever n is not a power of p and the h; are any 

positive integers, will suffice, as — o[v/] is a *-homomorphism and [v‘] o[v7] = [v/ +7]. 
We therefore o-multiply eq. (15.8) by b(z1) 0b(z2)0...06(z,) (and thus work in 

the (¢q+2)-fold product (CP® )¢**). On the right, we use the distributive law (15.6) 
to move all the b(—)’s inside the +-factors, to obtain 

logt2 + H(« +yt+ S- dwta'y!) ob(z1) 0...0B(zq) 
ALid 

= {lagp2 + B(x) ob(z1)o... ob(zq) } (19.8) 
* {logt2 + (y)ob(z)o... ob(zq) } 

© (lata + Bla) toBly) °F Blea)o---eBlzq)ole} 

The coefficient of rsyr—s zn wae zp * yields the desired reduction formula. Inspection 

of the o-monomials that appear on the right shows that they are all simpler, so that 

the induction makes progress. (In detail, they all have lower height, or the same 

height but more b-factors, if we define the height of the monomial (19.7) as }/,. ir.) 
None of this is necessary for the other generators, (19.4) (ii). For these it is far 

simpler to start from Lemma 14.6, work in Q(BP)*, and suspend by applying eo —. 

The main relations. As given in Defn. 15.15, the main relations are particularly 

opaque. We make eq. (15.14) more useful in our situation by first expanding the 
p-series [8, (13.9)] for BP in full as 

[pl(x) = pa+ S> drv‘2™, (19.9) 
A,I,m 

much as we just did for F(#,y), and summing over appropriate combinations of 
coefficient \ € Zp), multi-index I, and exponent m. Then eq. (15.14) becomes 

lp +3(pe+ S- dwt”) = {l +B(a)}"* 7K {Ie + B(x)? ™o[v!]} 
A,I,m 

(19.10) 

where we again expand {1) + ...}** by the binomial series as in eq. (15.5). 
The first main relation, the coefficient of x”, simplifies (with the help of [8, (15.4)] 

and Lemma 19.6) to 

bx? 
(Ra): v1b(0) = pbay + 6 [vi] — Bp in BP, (BP. 5) (19.11)
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(although it is far easier to extract this as the coefficient of z?~1y in eq. (15.8), 
using [8, (15.3)]). Subsequent relations rapidly become extremely complicated and 
can be handled only by neglecting terms wholesale. We need some ideals. 

Let % be the ideal (p,v1, ve,...) in BP,(BP ,) (more accurately, generated as a 
graded *-ideal by all the elements pl, and v,1, for each k). We need the unstable 

analogue of the ideals #29" of section 18, coming from the right action of I, 

on Q*. It is obvious how to handle the generators v; of J... For the generator p, 

eq. (10.13) shows that in the quotient Hopf ring BP,.(BP.,)/% over F, = BP*/Iao, 
we may write co[p] = co(F[1]) = F(Vco[1]) = FVc. Indeed, it is even more conve- 
nient to ignore e and work in the Hopf subring 

= BP, (BP even) /% = Hu (BP. evens Fp); (19.12) 

using only those elements that do not involve the o-generator e (though of course 

we keep big) = —e°?). 

even? 

Definition 19.13. We define IN as the *-ideal in H generated by all the elements 

b°! o[v4] with I 4 0, whether allowable or not. For m > 0, we define N,, inductively 
as the *-ideal generated by FM,,-1 and all elements b°/ o[v7] with I 4 0, whether 
allowable or not, that have |J| > m. 

Equivalently, 9%,, is the *-ideal generated by all elements F”(b°/ o[v/]) with 
IA#O0and h+|J| > m. (Thus M,, is roughly, but not quite, the Hopf ring analogue 
of the right BP*-action of the ideal [7".) We thus have the decreasing sequence of 
ideals 

HM 2M, DMeD.... 

We note that INo is just the obvious augmentation ideal in H consisting of all the 

A; ( BP even} Fp) with i > 0. 

Lemma 19.14. For all m > 0 

(a) Mn is a Hopf ring ideal in the Hopf ring H = BP,(BP .,e,)/%; 

(b) Mm [Un] C Mm+i for all n > 0; 

(Cc) Mn [v7] C Mma] 
(d) Min ofp] C Minti. 

Proof. We first prove (b), from which (c) follows by induction. As — >[vp] is a 
*-homomorphism, it is enough to check that co[vp] € Mm41 for the generators c 
of Mm. For c = b°! o[v7], we use [v7] [vn] = [v7 un]. For ¢ = Fa = a*?, where 
a € Mm_1, we have colv,z] = F(aolvn]) by eq. (10.13). This lies in FIM», by 
induction on m. 

We next apply Lemma 19.2 to prove (a). Clearly, eM, = 0. For a generator 
of the form c = b°! o[v], with |J| > m, we have aoc = (acb°/) ofv7] € Mn 
by (c), since aob°! € Mo. Similarly, if we write ~b°! = 7, Bi @ BY, we find that 
we = >, Blo[v’]@ BY o[v7] has the required form, because for each i i, either Bi € Mo 
or Bi’ € Mo for reasons of degree. 

For a generator Fc with c € M»p_1, we use induction on m. By eq. (10.13), 
ao(Fe) = F(Vacoc) € FM,_1. Also, ~Fc = (F@F)we has the required form.
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Because 2N,, is now known to be a Hopf ring ideal, we have Va € M,, for any 

a € M,,. Then (d) is immediate from eq. (10.13), using [p] = F[1]. oO 

We now have the tools to handle eq. (19.10). We work entirely in H, so that 
by [8, (15.5)], the left side is trivial. By Lemma 19.14, 6(x)°™ [v7] € 97). Most 
«factors on the right side of eq. (19.10) are trivial mod NM, and we are left with 
only 

{1p + FO(a)} « x {12 + B(x)?” oles] } in H[[x]] mod My . 

When we pick out the coefficient of x?” and neglect also certain products, we obtain 

k . 
R(k) = Foaay + Dov P poles] in Hmod My. +M,*M, , (19.15) 

j=l 

analogous to eq. (18.3). Although the ideal here is not a Hopf ring ideal, (ii) and 
(iii) of Lemma 19.2 still hold, according to the Remark following that lemma. 

The Ravenel-Wilson generators. We lift the allowable monomials of section 

18 via the canonical projections q,: BP,(BP ,) > Q(BP)*, so that multiplication is 
now to be interpreted as o-multiplication. 

Definition 19.16. We disallow all o-monomials of the form 
2 7 . . . 

Bi) ODL) 0+ 0b?) o[vn]oc (iy <2 f... KL In, n> 0), (19.17) 

where c stands for any o-monomial in the bi,), [vj], and e (c = [1] is permitted). All 
e-monomials (19.4)(i) and (ii) not of this form are declared to be allowable. 

It follows from Thm. 18.15 (and local finiteness) that the allowable o-monomials 
generate BP,(BP.,), but far more is true, by [23, Thm. 5.3, Rk. 4.9]. 

Theorem 19.18. (Ravenel-Wilson) In the Hopf ring for BP: 

(a) If k is even, denote by BP’, the zero component of the space BP, (so that 
BP', = BP, if k > 0). Then BP,(BP',) is a polynomial algebra over BP* on those 
allowable o-monomials b°! o[v/] with I # 0 that lie in it. If k < 0, BP,(BP,) = 
BP,(BP*) ® BP,(BP',) as in eq. (17.4). 

(b) If k is odd, BP,(BP,,) is an exterior algebra over BP* on those allowable 
o-monomials e ob?! o[v4] that lie in it. oO 

As in section 18, we need information on where the disallowed monomials lie. 

The difficulty with eq. (19.15) is that it is hard to tell whether a given element lies 
in Wty. We therefore define analogous ideals in terms of the polynomial generators 

in Thm. 19.18 for which this problem does not exist. Again, we ignore e and neglect 

% by working in the Hopf ring H over F, (see eq. (19.12)). 

Definition 19.19. We define Ag as the *-ideal in H generated by all the allowable 

o-monomials b°/ o[v/] that have I # 0. For m > 0, we define ,, inductively as the 
-ideal generated by F'%,,_1 and all the allowable o-monomials b°/ o[v7] for which 
I #0 and |J| > m.
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In other words, 2,, is the *-ideal generated by all the elements F”(b°/ o[v7}), 
where b°/ o[v/] is allowable, J # 0, and h+ |J| > m. 

Theorem 19.20. For all m 2 0, %m = Mim and is therefore a Hopf ring ideal in 

H = BP, (BP eyen)/B = H+(BP evens Fp). — even 

This result we shall prove in full. For m = 0, it is part of Thm. 19.18. 

Higher order relations. As in section 18, we derive a more useful relation by 

elimination from the n relations (Rx, ), (Reo), --- (Re,,), with multiplication now 
interpreted as o-multiplication. We find it simpler to return to eq. (19.10) rather 
than try to deal directly with eq. (19.15). 

Definition 19.21. Given any positive integers 71, i2, ..., in, where n > 1, we 
: : : : : : : a 22 in . 

define L(i1,%2,...,in) and R(i1,%2,...,i,) as the coefficient of a? wh” ...a?” in 

b(a1)°? ob(a2)°? o...0B(en1)°?” 0b([pl(n)) 
and 

b(a1)°? b(x2)°? 0.2.0 b(%p_1)°?” o P(x) (19.22) 

respectively, where P(x) denotes the right side of eq. (19.10). 
Then given any integers 0 < ky < kyo <...< kn, where n > 1, we define the nth 

order derived relation 

(Rigsbowakn)? > €n Lit, t2,.--,in) = So ex Rlin, ta, in) 
is Tv 

by summing over all permutations 7 € Up, where (i1,i2,...,in) = 1(ki, ko,..., kn). 
(For n = 1, we recover (Rx, ).) 

This relation lies in BP, (BP y(n)), where f(n) denotes the usual numerical func- 

tion (1.4). To study it, we work in H. The left side of (Ri ,ko,...,k, ) Vanishes, as 
before. To handle the right side, we first rewrite (19.22) just as we did eq. (19.8), 
by using eq. (15.6) to move all the o-factors b(—) inside the «factors. The term px 
of [p](x) produces the *-factor 

{1+ 5(a1)°?oB(e2)"?* 0... oB(tn1)°?" eBlan) b (19.23) 

and the general term \v!x™ produces the +-factor 

_ _ _ n-1 =< *X 

{1+ B(a1)PoB(w2)°” o... oB(ty—1)°” ‘B(en)°™ fv‘ } 

to be expanded as in eq. (15.5). By the form [8, (15.5)] of the p-series, the only 
x-factors of the latter kind that are not trivial mod 3, are 

1+ B(a1)°? oB(a2)°? 0... 0B(a_—1)°?"  oB(an)°”” o[v,] (19.24) 

for j > 0. We can now efficiently extract the coefficient R(ii,i2,...,in) of 

ae ge? ... 22". From the factor (19.23) we have the term 
2 n-1 

F (1 obit a) dijo _)0++ +0 bP ny) ;
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after some shuffling, while the factor (19.24) yields 
n-1 J 

op op 

(in—-1—n+1) 0 by; (in —j) [vy]. 

(We continue the convention of section 18 that meaningless terms, those involving 

any 64) with 7 < 0, are treated as zero.) We now sum over 7 and j, taking the 

opportunity to permute the i, in the terms with F' (which introduces a sign), to 
obtain (Rx, ,ko,...,k,) in the desired form 

2 

BG —1) °OGig—2) 0°28 

(-1)" 1 ew F (Beis1) oBf2 4) 0-0?) 
> 2 — y (19.25) 

+ dies bi, 1) °8(j,-2° ee 2b ng) OC, 4) 21%] =0 

od 

in H mod My + Mt, *IM,. As before, the terms involving [v;] for j < n cancel: when 

we interchange i; and 7,,, we obtain two identical terms having opposite signs. We 

therefore sum only over 7 > n. The terms of most interest are the two leading terms 

with a = id: 
n—-1 (-1)" EF (br) = (-1)" IF (a1) oBf2_) 0-2 {2 4) (19.26) 

and 
2 n 

be lun] = Bik, —1) ° Oba) 2-2 Op, ny Yn], (19.27) 

for a certain multi-index L (different from section 18). 

The reduction formula. We obtain a reduction formula for the general disallowed 

e-monomial (19.17) in BP,(BP,). First, we assume k is even. For any n > 0, 
O< ky <ko <...< ky, and multi-indices M and J, the desired formula is: 

2 n 

bie 1) 0 big, 9) On. obit nm) ob°™ ofun,v7] 

=~ YS ex WP yy 0 oO? 0b? ™ oun v”] 
a#id 

° ° a1 ost + (=1)™F (bo,-1) oBff, 9) 9-2 BER gy 2b" 9 ofv"]) 
n—-1 = 

+ (-1)” S- ex F (oe. ° bi, 2) O...0 ben) ob°% ‘(M) o[v"]) 

aid 

in H mod Mr+e + Mnzs * Mpg 5 

(19.28) 

where we sum over permutations 7 € Uy, (41, %2,..-,in) = (ki, ke,..., kn), and 
h = |J|. (Terms involving s~!(M) with mo # 0 are to be omitted.) To obtain this, 
we first apply — ob°™ to eq. (19.25), using eq. (15.13) to rewrite the terms involving 
F. The suppressed terms lie in My ob°™ C My and (My, * IN) ob?! CM, «Mh,
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as we know from Lemma 19.14(a) that MN. and M, are Hopf ring ideals. Then we 
apply the homomorphism — [v7] and use Lemma 19.14(c). 

Remark. Strictly speaking, this is only a reduction formula mod %, but it meets 

our present needs. One can work modulo the slightly smaller ideal (v1, v2,...) in- 
stead and extract a more complicated reduction formula that is valid in BP,(BP ,) 
itself, without recourse to Nakayama’s Lemma. 

For odd k, the reduction formula takes the far simpler form 

° ° 2 op” oM J 

cob 1) 0 big, 9) o...0b/p 0b o[vnu” | 

° ope op” oM J 
_ S- ex eodir 4) obi; 5) O.. 0b? ob o[vnv ] 

nid 

mod IM};,42. To see this, one can suspend eq. (19.28) by applying eo —, which kills 

all «products, including Fc; but it is far simpler to suspend eq. (18.22) instead. 

Proof of Thm. 19.20. For m > 0, it follows from eq. (19.28) that 

Min C Xm + Mri + Min * Min + FM 1 in H, (19.29) 

by using exactly the same orderings of monomials (reinterpreted) as in the proof of 

Thm. 18.16. For m = 0, we clearly have Mo = Ro + Wt, because the generators of 

Mo that are not in Mt, are all allowable. 

We show by induction on m that the term F'9N,,_1 is not needed, that 

Mm CWkm + Mmzr + Mm *Mm (19.30) 

for all m > 1. This is clear for m = 0. If it holds for m—1, applying F yields 

FMm—1 C FAm1 + FM + Mm 1*¥FMn-i - 

Each term on the right is already included in the other terms of eq. (19.29) and 
may be omitted. 

Next, we dispose of It, * Mn. On «multiplying eq. (19.30) by 7* we have 

Mn XE? C Am * ME + Migr ME + Min * Min eI 

C Am + Mmar + Mm xt? 

It follows by induction on i that 

Mim C Am + IMmz1 + Mm XIN" 

for all i. Since mr? is zero in each bigrading for large enough 7, we must have 

Mm C Wkm + Mmii. As in the proof of Thm. 18.16, this implies IN,, = Am. oO 

The suspension. We can use eq. (19.28) to extract detailed information about 
the suspension homomorphism eo —:Q* — PBP,(BP,,,) when k is odd. (When 
k is even, there is nothing to discuss: the allowable monomial b/w? € Q* suspends 
to the allowable o-monomial eo b°! o[v7] € PBP,(BP 441)-)
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By Lemma 18.12(c), we can write every allowable monomial in Q* uniquely in 
the extended canonical form 

c= ebb AO) pr Lts(L)+-F8*1(L)) pe"(M) ayh ayd 

where 0= kyo < ky <kg <...< ky, n 20, d4 = Bo) Oey) - De ) M and J satisfy 
the conditions (18.9), and h > 0 is maximal. What happens to eocis that if h > 0, 
it is disallowed, as the derived relation (Rko+1,k1+2,...,bn+n+1) applies, and we pick 

out the leading term (19.26) mod %. If h > 1, we can repeat this cycle h times 
(always with the same indices k,,). In all cases, eoc has the leading term 

Fro” ob? ™ Q[v7]), (19.31) 

where 0°” 0b°™ o[v/] is allowable by Lemma 18.12(d) and primitive in H because 
b°” contains the factor bi). 

In fact, one can show that every primitive allowable o-monomial in BP, (BP ;,,) 
can be written uniquely in the form b°40b°™ o[v7], subject to the conditions 
(18.9). We have a computational verification mod UG of the isomorphism Q* = 
PBP, (BP ,,,,) induced by suspension. 

The first nth order relation. The relation (R1,2,...,) is particularly important, 

as only the two leading terms are meaningful. Bendersky has pointed out (during 

the proof of [3, Thm. 6.2]) that with a little more attention to detail, one obtains 
a sharper version, the unstable analogue of Lemma 18.23. 

Lemma 19.32. (Bendersky) In BP,(BP s(,)) we have the relation 

bi)” Len] = Unbioy + (-1)" (begs) "” mod Jn, BP. (BP. (ny), (19-33) 

for eachn > 0, wherem= f(n)/2=1l+pt+p?t+...+p"!. 

Proof. Although this result can be extracted from (R1,2,.n) by detailed examina- 

tion, it is far simpler to return to (R,,). We proceed by induction on n, starting from 
q. (19.11) for n = 1. For n > 1, we assume the result for all smaller n, and obtain it 

fon n by evaluating bye o(Rn) mod I,, where h = f(n—1)/2 =1+ptp?+...+p"~?. 

We recall that (Rn) is defined as the coefficient of x?” in eq. (19.10). On the 

left, we have bo ob(unx?” +...) by [8, (15.5)], which provides only the term 

onbig The right side simplifies enormously, because h > 0 and bq) o— kills 

*-decomposables; we obtain 

bid) 0 P(x) = phd ob(a) + S> AdLh ob(a)°™o[v"] . 
(0) P’ 0) (0) 

A,tI,m 

By induction, bye o[v;] = 0 mod I, for all j < n—1, since h = f(n—1)/2 > f(g)/2. 

Thus the only terms of interest in [p](a) in our range of degrees are vz?” and 

Un—12?"  , as it follows from [8, (14.26)] and the map BP + K(n-1) of ring spectra 
that any terms in eq. (19.9) of the form Avi_,2™ with i > 1 have A divisible by
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p. The term vyx?” yields bo 0b ° o[v,], which is the leading term (19.27). By 

induction and eq. (15.13), vz_12” yields 

n-1 n—1 -1 beah odeP clon i] = (— 1)" (by) bee” = 1)" F (by od°B""), 
which is the other leading term, (19.26). oO 

The ideals J,,. For the unstable version of our splitting theorems we need the 

unstable analogue of the ideal J,, of Defn. 18.25. 

Definition 19.34. For n > 0, we define J,, C BP.(BP,,) as the «ideal generated 
by all elements of the form 1 co((v;]— 1), where j > n. 

Lemma 19.35. 3,, is a Hopf ring ideal in BP,(BP ,). 

Proof. We apply Lemma 19.2; only (i) requires any comment. It holds for [vj] —1, 
by the identity 

#([e] — 1) = (e]-1) 8[e] + 18 ((v]-1), (19.36) 
which is valid for any v € BP* by Prop. 11.2(a). We combine this with wc = 
>; G4 @ ce} to obtain 

W(co([v]— =h4 o([v]—1) @ ef ofv] + > eho @ ef o(fv]-1), (19.37) 

which shows that (i) holds for the typical *-generator of 3,,. oO 

Lemma 19.38. [v] = 1 mod 9, for all v € Jn. 

Proof. Suppose v = v' + Avjv* with j > n. As J, is a Hopf ring ideal, we have 

[v] = [v'] « [\o* ]Jo[v,] = [v'] * [Av Jol = [v'] mod J, - 

The result follows by induction on the number of terms in v. Oo 

The unstable analogue of Lemma 18.26 requires more detail but no new ideas. 

Lemma 19.39. Fork < f(n+1), 3,9 BP.(BP,) is the x-ideal in BP,(BP ,) gen- 
erated by all elements that lie in BP,(BP.,) and have any of the following forms, 

where v7 contains a factor vu; with 7 >n: 

(i) (if k is even) an allowable monomial b°! [v7]; ) 
(ii) (if k is odd) an allowable monomial eo b°! o[v7]; 

i) (if k <0 and is even) [Av7] — 1,, with A € Zip); 

) (iv) Gf & = f(nt+1)) a disallowed monomial 

(iii 

ce) ce) 2 ce) a1 

Bi 1) © O(ta—2) 2+ Benga —n—a) nga] 
with 0< ky < ko <...< yy.
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Remark. To make (i) correct for J = 0, it is necessary to define b°° = e°° = [1]-1 
as in Prop. 13.7, so that b°° o[v7] = [v7] — 1. 

Proof. Denote by 3 the *-ideal in BP,(BP ,) generated by the stated elements. It 
is clear from Lemma 19.38 that 3 C Jy. 

To show the converse, we fix k and a large m, and prove by downward induction 

on h that all elements in BP;(BP ,) of the form co([v,]—1) lie in 3 whenever i < m. 
This statement is vacuous for sufficiently large h (depending on m and k). We 
therefore fix t > n and assume the statement holds for all h > t. 

Case 1: c = [Av”]. (This includes the degenerate cases [1] and 1, = [0,].) Then 
co([vz]—1) = [Av7 uy] — 1 is listed in (iii). 

Case 2: c = e€ob°/. As in Lemma 18.26, co([v4]—1) = e6 0b?! of] has to be 
allowable, except in the extreme case when k = f(n+1) and j = n+1; either way, 
it is a listed generator of 3. 

Case 3: c = e€ 0b?! of[u_v’] allowable, where h < t. From the form of Defn. 19.16, 
co([vz]—1) = e€ ob?! o[u_v,v7] remains allowable and is thus a listed generator of J. 

Case 4: c = efob?! ofu,v4], with h > t. We can write co([y%J—-1) = 
e€ 0 b°! o[uzv7] o([vp]—1), which lies in J by induction, provided i < m. 

By Thm. 19.18, we have enough *-generators c. If c = axd, eqs. (10.11) and (19.36) 
give 

€ * ([ve]—1) = ao([v4] —1) * delve] + aol * do([v4]—1), 

which shows that the statement holds for c = a*d whenever it holds for a and d.g 

20. Additively unstable BP-objects 

In this section, we discuss the additively unstable structures developed in sections 5 

and 7 in the case EF = BP, with particular attention to what becomes of the stable 

results of [8, §15]. We easily recover Quillen’s theorem, that for any space X, the 
generators of BP*(X) all lie in non-negative degrees. Our main result Thm. 20.11 
says in effect that there are no relations there either; more precisely, all relations 

follow from relations in non-negative degrees. We apply the theory to Landweber 

filtrations of an additively unstable module or algebra M, and find that the presence 

of additive unstable operations implies severe constraints on the degrees of the 

generators of M; this may be viewed as a better version of Quillen’s theorem. 

By Thms. 6.35 and 7.11, module and comodule structures are equivalent, with or 

without multiplication. The most convenient context remains the Second Answer 

of section 5, that an additively unstable BP-cohomology module (algebra) consists 

of a BP* module (BP*algebra) M equipped with coactions 

pu: Mk —+ M&Q(BP) (20.1) 

that (as k varies) form a homomorphism of BP*modules (BP*algebras) and satisfy 
the usual coaction axioms (6.33). We continue to abbreviate Q(BP)? to Q*. The 
bigraded algebra Q* was discussed in detail in section 18.
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Connectedness. The principle is that nothing interesting ever happens in negative 

degrees. The first result in this direction is due to Quillen [22, Thm. 5.1]. 

Theorem 20.2. (Quillen) For any space X, BP*(X)* is generated, as a BP*- 
module, (topologically if X is infinite) by elements of positive degree and exactly 

one element of degree 0 for each component of X. 

This will be an immediate consequence of Lemmas 4.10 of [8] and 20.5 (below). 
Quillen’s proof is geometric; in contrast, section 6 provides a global algebraic proof 

of the weak form of Quillen’s theorem. 

Theorem 20.3. Given any integer k < 0, there exist for n > 1: 

(i) additive unstable BP-operations r, defined on BP*(—), with deg(rn) 4 oo 
and deg(r,) > |k| for all n; 

(ii) elements v(n) € BP*; 

such that in any additively unstable BP-cohomology module M (e.g. BP*(X)* 
for any space X), any x € M* decomposes as the (topological infinite) sum 

£=>,v(n)rpz, with deg(r,x) > 0 for all n. 
In particular, M is generated (topologically) by elements of degree > 0. 

Proof. Let {c1,c2,c¢3,...} be the Ravenel-Wilson (or any other) basis of the free 
BP*module Q*. By eq. (6.39) and the following Remark, we can write 

L= bye = Sou, Cn) En (20.4) 
n 

with 2, = rnz, where r,, denotes the operation dual to cy. If cn € Qi, we must have 

j > 0; then deg(r,) = —deg(cn) = j — k > —k gives (i). We put v(n) = (ex, cn) 
and note that deg(z,) = deg(r,) + deg(x) = j > 0. oO 

Remark. The coefficients in eq. (20.4) are readily computed from eq. (6.41) as 
v(n) = Q(e)en. Thus v(n) = v7 if ey = e*b(jyw’, and vanishes for monomials c, 
not of this form, so that many terms in eq. (20.4) are zero. 

If M is bounded above or X is finite-dimensional, the sum is finite and no topology 

on M is needed. 

To handle the generators in degree 0, we need a stronger hypothesis. 

Lemma 20.5. Let M be a connected (see Defn. 7.14) additively unstable algebra 
(e.g. BP*(X)* for any connected space X ). Then as a topological BP*-module, M 
is generated by ly € M° and elements of strictly positive degree. The generator 

ly is never redundant. 

Remark. Again, we may ignore the topology on M if M is bounded above or X 

is finite-dimensional. 

Proof. We choose a basis {c1,¢2,c¢3,...} of Q° with c, = 1; then given x € M®, 
we have eq. (20.4) with deg(x,,) = — deg(c,,) > 0 for all n > 1. Thus # = (to,1) 2
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mod L, where L denotes the BP*submodule of M generated (topologically) by the 
elements of positive degree. 

For the collapse operation «9 introduced in Defn. 7.13, we similarly have Koz = 

{Ko,1) mod L. But (t9,1) = (Kg, 1) = 1. As M is connected, Koz = Alyy for some 
A € Zip), by Defn. 7.14. We deduce from Thm. 20.3 that M = L + (BP*)1y. Since 
«L = 0 and «(vly) = v1 for any v € BP*, this is a direct sum decomposition. O 

Primitive elements. We generalize the theory of Landweber filtrations to the 

additive unstable context by following the same strategy as stably. We explore a 

general unstable comodule M by looking for morphisms f: BP*(S*,o) > M, for 
any k > 0. Asa BP*module, BP*(S*, 0) is free on the canonical generator u,. Thus 
f is determined, as a homomorphism of BP*modules, by the element « = fu, € M. 

Since psuz = up @ e* by Prop. 12.3(a), the condition we need is clear. 

Definition 20.6. Let M be any unstable comodule. If k > 0, we call « € M* 

additively unstably primitive if pyx =x @e* in M BQ. 

This obviously stabilizes to [8, Defn. 15.9], so that the additively unstable prim- 
itives of M form a subgroup of the stable primitives of M. We do not define prim- 

itives in negative degrees, for lack of a space S*, and because e* is meaningless. In 
fact, for k < 0,  @ 1 does not in general lie in the image of the stabilization 

M ®@Q(c): M @Q* —> M @ BP, (BP, 0) . 

(Perhaps it never does?) 

Remark. One might object that we have abolished primitives in negative degrees 

by simply defining them away, while some alternate definition might work. However, 

no such definition can be satisfactory. 

It is obvious from Defn. 12.6 that if « € M is primitive, so is La € UM. On the 

other hand, we shall find (nontrivially) in Cor. 20.12 that the only primitive in UM 
of degree zero is 0 (at least, for the kind of comodule we discuss). It follows, by 

suspending enough, that no definition of primitive can have both these properties 

and produce anything interesting in negative degrees. 

It is immediate from the definition that if x € M* is primitive, 

pu(vx) = 2 @e*nRv in M&Q* (for v € BP*). (20.7) 

We again recall from eq. (1.4) the numerical function 

2(p" = 1) f(n) = YD) <o(pht eph2 + EptD) 
p-l 

and remind that deg(v,) = —(p—1)f(n) for n > 0. 

Lemma 20.8. Let « € M* be a nonzero primitive element of the unstable BP- 

cohomology comodule M, and take n > 0. 

(a) If k < pf(n), then via # 0 for all i > 0 and is not additively unstably 
primitive; 

(b) Ifk > pf(n) and I,x = 0, then v,x is additively unstably primitive.
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Corollary 20.9. If the additively unstably primitive element x € M satisfies I,x = 

0 and is av, -torsion element, then: 

(a) deg(vi.xz) > pf(n) whenever viz £ 0; 

(b) via is additively unstably primitive or zero for all i. 

Proof. We apply the Lemma to v'.x by induction on 7. Part (a) never applies 
(unless v’.z = 0); hence (b) must apply, to show that v’ttz is primitive. oO 

All this follows easily from Lemma 18.23. 

Proof of Lemma 20.8. From eq. (20.7) we have 

pm(viz) =a @ekwi, . 

In case (a), we note that by Defn. 18.4, e*w? is a basis element of Q*, so that 
pm(viz) is clearly nonzero. Even if k > 2(p"—1)i, viz is not primitive because 
pau(viz) is different from 

k—-2(p” -1)i k—2(p”—-1)i i = i Unt @e HX Sv je 

In case (b), we use the same formulae, with i = 1. The difference is that by 
Lemma 18.23, they now coincide, since e? = bio) and Inx = 0. oO 

Remark. For any x € M*, where k > 0, the coaction axiom (ii) of [8, (8.7)] forces 
pm« to have the form 

pmz=az@e+ Sag ® Ca, 

a 

where the cg are other Ravenel- Wilson basis elements and deg(xq) > k. Assuming 
that k < pf(n), so that e*w,, is a basis element, let r be the operation (or functional) 
dual to it. Proceeding as in the proof of the Lemma, we obtain 

r(Upv) =x + Sor, CaWn) Le, 
Qa 

which shows that v,,7 4 0 if (for example) x is a module generator of M. 

Landweber filtrations. The preceding results allow us to sharpen Thms. 15.10 

and 15.11 of [8]. 

Theorem 20.10. Let M be the BP*-module with the single generator x € M* and 

Ann() =I,, so that M = S*(BP*/I,). 

(a) Ifn > 0, M admits an unstable comodule structure if and only ifk > f(n)—2, 
and it is unique. The additively unstably primitive elements are those of the form 

Av;,z, where XE F,, and k + deg(v},) > f(n) ifi> 0. 

(b) Ifn =0, M = >* BP* admits an unstable comodule structure if and only if 

k > 0, and it is unique. The additively unstably primitive elements are those of the 

form Ax, with A € Zip).
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Remark. Unlike the stable case, there are only finitely many primitives for n > 0. 

Of course, our definition forces this by requiring the degree of a primitive element 

to be non-negative. However, the theorem gives a much stronger condition. 

Proof. By Thm. 20.3, we must have k > 0, the canonical generator x is necessarily 

primitive, and p must be given by eq. (20.7). Thus in (a), p will be well defined if 
and only if e*(nrv) € InQ% whenever v € I,. Lemma 18.23 shows that this holds 
for v = v; for all i <n, since k > f(n) — 2 > pf (i); this is sufficient. On the other 
hand, if k < f(n) —2 = pf(n—-1), Lemma 20.8(a) (with n replaced by n—1) would 
contradict vp_1z = 0. 

Because p is a BP*module homomorphism (when it exists), the coaction ax- 
ioms [8, (8.7)] need only be checked on x, where they are obvious. (Alternatively, 
>* (BP*/I,) is a quotient of the geometric comodule BP*(S*, 0).) 

Since any additively unstably primitive element is also by design stably primitive, 

[8, Thm. 15.10] restricts the candidates for primitives to Av!,z. Lemma 20.8 shows, 
by induction on i > 0, that vit! is additively unstably primitive if and only if 

deg(v’.z) > pf(n). This is what we want, since | deg(vn)| = (p—1)f(n). 
The proof of (b) is similar, but far simpler. oO 

With this restriction on the basic building blocks for an unstable module, we 

obtain the expected improvement in [8, Thm. 15.11]. 

Theorem 20.11. Let M be an unstable BP-cohomology comodule that is finitely 

presented as a BP*-module and has the discrete topology. Then there exists a filtra- 

tion by subcomodules 

0=MoCM.c...C Mn =M, 

where each M;/M;_,1 is generated, as a BP*-module, by a single element x;, whose 

annihilator ideal Ann(2;) = In, for some n;, and deg(x;) > f(n;) — 2 (ifn; > 0), 
or deg(a;) > 0 (if ni = 0). 

If, further, M is a spacelike BP*-algebra (see Defn. 7.14), for example BP*(X) 
for any finite complex X, we can take each M; to be an invariant ideal in M. At 

the last stage, we may take x, =1 and n,, =0 or 1. 

Unfortunately, although the statement of the Theorem is exactly as expected, 

Landweber’s method fails; Lemma 2.3 of [16] does not appear to be available here. 
(The BP*submodule 0: I, = {y € M:I,y = 0} of M is defined but does not appear 
to be unstably invariant, owing to the dimensional restriction in Lemma 18.23.) 

Instead, we are forced to construct a suitable primitive x, € M directly. We would 

have preferred Landweber’s construction because it guarantees that Ann(z) is 
maximal, which is useful in applications. 

Proof. We start with a nonzero element x € M* of top degree; by Thm. 20.2, k > 0 

and x is automatically primitive. We construct a sequence of nonzero primitive 

elements y, € M such that I,y, = 0, starting with yo = x. (Here, it is convenient 

to write vp = p.) We stop when we reach an element y,, that is v,-torsion-free 

(vt yn # 0 for all i > 0) and put x1 = yp, and n, =n; this must occur eventually, 
by Lemma 20.8(a) (e.g. when 2p” > k). Assume we have y,, where s > 0. If it is
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u,-torsion-free, we stop; this is y,. Otherwise, take the smallest exponent g such 

that v?y, = 0 and put y.41 = v?—'yg, to get I541Ys41 = 0. By Cor. 20.9 (with s in 
place of n), ys41 is primitive and deg(y,41) > pf(s). 

We have found a primitive x; such that [,2, = 0, x, is v,-torsion-free, and 

deg(z1) > pf(n—1) = f(n) — 2. (If n = 0, there was no induction, and deg(yo) = 
k > 0.) As Ann(z1) is an invariant ideal (in the stable sense), its radical ideal must 
be a finite intersection of invariant prime ideals in BP*, therefore be [,, for some 

m. That is, 

In C Ann(#1) C WY Ann(x,) = In. 

Since v, ¢ ,/Ann(2x1), we conclude that m =n and Ann(2,) = Jy. 
We finish as in the stable case, by setting M, = (BP*)z,, observing that this 

submodule is invariant by eq. (20.7), and replacing M by M/M,. The induction 
continues until M = 0, and must terminate (easily, unlike the stable case), because 

each M®* is a finitely generated module over the Noetherian ring Zp) and we need 

consider only k > 0. 

Now assume that M is a spacelike algebra, i.e. a product of connected algebras. 

This product is evidently finite, otherwise M would be uncountable. We easily re- 

duce to the case when M is connected, which includes the case when M = BP*(X) 
for a connected finite complex X. By Lemma 20.5, the module (BP*)x is automati- 
cally an ideal in M; by induction, so is (BP*)y, for each s, in particular M,. At the 
last step, the module M/M,,_1 is also an algebra; we therefore have 1 = vx, and 

x2, = v'tm for some v,v! € BP*. Then tm = lam = vx2, = vu'tm = v'1, which 
shows that Ann(1) = Ann(x,) = In,,, and we may replace the generator 2, by 1. 
This implies n,, <1, since f(n) > 2 for n > 2. oO 

Corollary 20.12. For M as in Thm. 20.11, the suspension %M contains no 

nonzero additively unstably primitive elements in degree zero. 

Proof. We observe that 

0=UM CHUM c...C UMpn = UM 

is a Landweber filtration of 3M. By Thm. 20.10, the only unstable comodule of the 

form ©*(BP*/I,,) that has a nonzero primitive in degree zero is BP*, which does 
not occur as a Landweber factor ©)M;/"M;_, of UM. | 

21. Unstable BP-algebras 

In this section, we apply the theory of sections 10 and 19 to an unstable BP- 

cohomology algebra M. Our main application is Thm. 21.12 on Landweber filtra- 

tions of M, which contains Thm. 1.5 and improves on Thm. 20.11 by one degree. 

Of course, we can always recover an additively unstable algebra from an unstable 

algebra simply by discarding the nonadditive operations. As a general rule, we can 

improve our results by one degree (but never more than one, in view of Thm. 13.6) 
by retaining all operations, at the cost of working in a far more complicated and 

unfamiliar environment. We developed the necessary machinery in section 10.
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Primitive elements. It is clear from section 20 that the way to study a general 

unstable algebra M is to look for unstable morphisms f: BP*(S*) + M from the 
(relatively) well understood object BP*(S*). Since BP*(S*) is a free BP*module 
with basis {1s, uz}, f is uniquely determined, as a homomorphism of BP* modules, 
by fls = 1, and the element z = fu, € M*. We extend the concept of primitive 

element to the unstable context, using Prop. 13.7 as a guide. 

Definition 21.1. We call « € M* (where k > 0) unstably primitive if 

r(x) = (r, 1p) lar + (1, en) & for all r, (21.2) 

where we interpret eo = [1] — 1g (as in Prop. 13.7). 

This is a necessary and sufficient condition for f to be a morphism of unstable 

algebras, by eqs. (10.41), (10.16), and the Cartan formula (10.23). Among the un- 
stable operations is the squaring operation, defined by r(y) = y? for all y, which 
implies that f is a homomorphism of BP*algebras (even if & = 0). When we re- 
strict to additive operations, x is automatically additively primitive, and we have 

available all the results of section 20. 

Many elementary properties of primitives follow directly from the definition. 

Proposition 21.3. Let M be an unstable algebra. Then: 

(a) Unstable primitives are natural: if x € M is unstably primitive and f: M > 

N is a morphism of unstable algebras, then fa € N is also unstably primitive; 

(b) The elements 0 € M* (for any k > 0) and 1, are unstably primitive; 

(c) Ifx € M* is unstably primitive, where k > 0, then x? = 0; 

(d) Ifz € M* is unstably primitive, where k > 0, then Ax is unstably primitive 

for any X € Zi); 

(e) If k > 0 is odd, the unstable primitives in M* form a Z,p)-submodule; 

(f) Ifk > 0 is even and x,y € M* are unstably primitive, then x+y is unstably 

primitive if and only if cy = 0; 

(g) The only nonzero unstable primitive in BP* = BP*(T) is 1; 

(h) Any unstable primitive x € M° is idempotent, x? = 2; 

(i) If x € M®° is unstably primitive (and therefore idempotent), then the conju- 
gate idempotent 1y,—<= is also unstably primitive, but —x is never unstably primitive 

(unless —x = x). 

Proof. Part (a) is trivial. Part (b) is clear from eqs. (10.41) and (10.28). As noted 
above, f is an algebra homomorphism, which gives (c) and (h). Then (g) follows 
from (b) and (h). 

In (d), eq. (10.16) gives 

r(Az) = (r, 1) Im + (r, [A] ° ex) uv. 

Since k > 0, Prop. 13.7(g) gives [A]oe, = ex, which shows that Az is primitive. 
We prove (e) and (f) together. If x,y € M* are primitive, the Cartan formula 

(10.23) yields 

r(aty) = (r, 1p) lar + (ri en) & + (rien) y + (—1)* (r, Ck * Ck) LY,
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which is to be compared with eq. (21.2). The unwanted last term vanishes if k is 
odd, because e, is then an exterior generator; but if k is even, e, * e, is a basis 

element of BP,(BP ,,). For (e), we combine this with (d). 
For (i), we first use eq. (10.29) to compute r(—x) = (r,1o) 1a + (r, [—1] — 10) 2, 

which shows that —z is not primitive. We then use eqs. (10.23) and (10.41) to com- 
pute r(1y¢—2) = (r, [1]) las + (7, lo — [1]) &, which shows that 1) — x is primitive. Q 

We deduce that the Remark following Defn. 20.6 extends to show that unstable 

primitives cannot usefully be defined in negative degrees, even though the unstable 

suspension (see Defn. 13.4) had to be defined somewhat differently. 

Corollary 21.4. Let M = BP* © M be a based unstable BP-algebra. 

(a) Ifx € M is unstably primitive, so is Na € BP* @=M; 

(b) If M is the kind of algebra considered in Thm. 20.11, there are no unstable 

primitives of degree zero in BP* © UM other than 0 and 1 € BP*. 

Proof. Part (a) is clear from eq. (13.3). For (b), take any primitive y € BP* 6©M 
in degree 0. By Prop. 21.3(g), its augmentation in BP* must be 0 or 1; if 1, we use 
Prop. 21.3(i) to replace y by 1 — y. Then y = Nz for some x € M. As y € ©M is 
also additively primitive, Cor. 20.12 shows that y = 0. oO 

If X is the disjoint union X, [| X2 of two spaces, we have BP*(X) = BP*(X,)® 
BP*(X2), a product of unstable algebras. By Prop. 21.3, the elements (1,0) and 
(0,1) are primitive idempotents in BP*(X). The converse is also true, algebraically. 

Theorem 21.5. [fz € M® is an unstably primitive element in the unstable algebra 

M, other than 0 and1y,, so thatx and1y—= are idempotents, we have the splitting 

M =«M @(1u—-2z)M of M as a product of unstable algebras. 

Proof. By Prop. 21.3(i), both x and 1), —z are primitive and idempotent. We de- 
fine the first projection px: M — K = aM by pxy = zy; since x is idempotent, px 

is a homomorphism of BP*-algebras. We define pr: M > L = (1m—2)M similarly, 
by pry = (lu —x)y. These will give the desired splitting of M. 

Given y € M, we assume that ras(y) is in the standard form (10.22), where ri 
denotes the operation of r on M. By the Cartan formula (10.36), 

rau (xy) = >o(r, loods) ya + Do (r, dg — locds) yg 
B B 

=aru(y) + Sor, loodg) (lu —2)yg.- 

B 

Hence zry(xy) = xru(y), which shows that px is an unstable morphism, provided 
we define the action rg: K > K of r on K by rx(z) = 2ry(z) for z € K C M. All 
the necessary laws are inherited from M. We treat pz similarly. | 

Landweber filtrations. We repeat the theory of section 20, with an improvement 

of one in degree. If x € M* is primitive in the unstable algebra M, where k > 0,
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we compute from eq. (10.16) that 

r(vv) = (r, 1lp—an) 1 + (1, ex o[v]) & (21.6) 

for any v € BP-". 

Lemma 21.7. Let M be an unstable algebra, and z € M* an unstably primitive el- 

ement, where k > 0. Then the BP*-submodule (BP*)x generated by x is an unstably 

invariant ideal in M, provided it is an ideal. 

Proof. We apply Lemma 8.10, with the help of eq. (21.6). oO 

It is still true that an element of positive top degree in M is automatically 

primitive, for lack of any other possible terms in r(x). 
We now use the additional structure of the unstable operations to sharpen 

Lemma 20.8. We recall once more from eq. (1.4) the numerical function 

2(p" — 1) 
pol = 2(p"™ 1 +p"? +4...41). f(n) = 

Lemma 21.8. Let x € M* be a nonzero unstably primitive element of the unstable 

algebra M, andn> 0. 

(a) Ifk < pf(n), then viz £0 for alli > 0 and is not unstably primitive; 

(b) Ifk > pf(n) and I,z = 0, then unx is unstably primitive. 

Corollary 21.9. If the unstably primitive element x € M satisfies [,x = 0 and is 

a Un-torsion element, where n > 0, then: 

(a) deg(vi.z) > pf(n) whenever viz #0. 

(b) via is unstably primitive or zero for all i. 

Proof. This is formally the same as for Cor. 20.9. Oo 

Proof of Lemma. Part (a) adds nothing to Lemma 20.8(a) unless k = pf(n), in 
which case we must take i = 1 if we are to have deg(v!,x) > 0. 

To test whether or not v,2x is primitive, we have to compare 

r(Un,x) = (r, 1g—a) 1 + (1, ek o[Un]) & 

from eq. (21.6) with 

(r, 14a) le + (1, €p—a) Un&® = (1, lk—a) 1 + (1, Unex—a) 2; 

where we write deg(v,) = —d. For (a), we take k = 2pm, where m = f(n)/2. 
Lemma 19.32 expands €2pm °[Un], to show that r(v,2x) has the term +(r, (b¢g))*?) x. 

As big} is a *-polynomial generator of BP, (BP. om), We deduce that Unx cannot be 

primitive or zero, whatever Ann(zx) is. Similarly, for ¢ > 1, r(via) has the term 

£(r, (bEGS)*? clon '}) # = £(r, (BiG elon ')*?) #, 

which shows that via # 0.
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For (b), we apply a further suspension ex_2»m°— to eq. (19.33), which kills 
decomposables, to yield 

E€k—2pm ° €2pm o[Un] = Un€k—2pm 2 €2m = Unek mod In , 

This shows that v,z is unstably primitive, a stronger statement than Lemma 20.8 

provides. Oo 

As promised, these two results improve on Lemma 20.8 and Cor. 20.9 by one 

degree. We use them to deduce the main theorems, which likewise improve on 

Thms. 20.10 and 20.11 by one. 

Theorem 21.10. Let M be the BP*-module BP* © (BP*)x, where the annihilator 
ideal Ann(x) = I, and deg(x) =k > 0. If M is made an algebra by taking 1 € BP* 
as the unit element and setting x? = 0, then: 

(a) Ifn > 0, M admits an unstable algebra structure if and only if k > f(n)—1, 
and it is unique. The nonzero unstably primitive elements in M are ly and the 

elements Avi.x, where XE F, (A #0) and i satisfies i = 0 or deg(v’,x) > f(n). 

(b) Ifn =0, M admits a unique unstable structure. The nonzero unstably prim- 

itive elements in M are 1y and the elements Ax with X € Zip) (A #0). 

Proof. In (a), we regard M as the quotient of the geometric unstable algebra 
BP*(S*) with BP*basis {1s5, uz} by the ideal I,uz. The proof is formally the same 
as Thm. 20.10, except that we use Lemma 21.8 instead of Lemma 20.8, Cor. 21.9 

instead of Cor. 20.9, and eq. (21.6) instead of eq. (20.7). 
To determine the primitives in positive degrees, we first note that Ax is primitive 

by Prop. 21.3(d) and apply Lemma 21.8 to Av‘,z, by induction on i. The primitives 
in degree zero are given already by Prop. 21.3. oO 

For completeness, we mention the analogous results for k = 0. 

Proposition 21.11. For the unstable algebra BP*(T) = BP*: 

(a) BP* has no proper nonzero invariant ideals; 

(b) The unstable algebra BP*(S°) = BP* ® BP* has the two copies of BP* as 
its only proper nonzero invariant ideals. 

Proof. In (a), assume J is a nonzero ideal, and take v 4 0 in J. As the elements 
[v] are linearly independent in the Hopf ring, we see from eq. (11.1) that there is an 
operation r such that r(v) = 1 and r(0) = 0. Thus if J is invariant, we must have 
1 € J, and therefore J = BP*. 

In (b), the operations are given similarly by 

r((v,v')) = ((r; [u]), (7; [v'])) € BP* © BP*, 

from which it is easy to see that any invariant ideal J that contains an element (v, v’) 
with both v and v' nonzero must contain 1s = (1,1) and therefore everything. For 
other ideals J, we can apply (a). oO



� ����������� íVí ��ô�ø��wð��bü�� �^ïz÷ÓïVó ïPü ï�!�"#ï$#%��ñlð��¦û ïVôùø ìVì��
C;D ú�0C/1úFE �3'
(�'��3( ��¸º¹D���Ñ©D�
Û  !1C©�ïb�`«�¸��Ó�¶Y8]$J,J�Ú J`h­M3vey�vIx,Ù�[®·G¸o ,ï`ò����k�p²*�e t�	©�ª,«c���5��K
ïb��I��1ð �1«c��ñGÛ�©1« ñù��ª`ò�©}� �OI>©|��¸o �`��C¸¦�k�`«�Û·1�ò��z ��z�~�l�i·�©D ´©k�5��XLK	ðá��·1²o«��6¾^�0Q�ñ�Q�����X�Y­³´[
Óz�1ò�©D�CÛb`��C¸¦�k��ïb�1ð�1�«��$Þ<³ ¿ P �OIe�,ò��q¸o �©�`±« �{ò$©D�{¸w�D�}ª`Ûb²*�� t�¡©%ª`«�Û*¸¦�
¹�©Gò�¸8©D���u¸8·ù��©G«® 

ó�À§� � Æ��6� Æ§Ç�Ç,Ç>Æ�� í Àg�
¸¦�·M2I�¸8ïeI1�i©%ï_I·V,²��D�{¸w�z�~�.� �  `� � � � ¸o �ñ��z�M�`ò$©|�l�i· P ©`  © ����XLK	ð ��·G²o«c� P ª,Û<©  �¸¦��ñG«c�¿�,«c�,ðá�����
½ � P M2I��` ��n©D���
¸zI�¸º«B©|�l�Gòb¸8·Ó�i©G«=�\M>M�Y­½ � [qÀ 
 f $ Óz�1ò  ��1ð �<ó��¶� � � � P ©D�.·bPoJ�K�Y8½ � [�@
9aF1�3Y«4�Y8� � [GZax�¯$óc[�Q � ���OIe��«B©` t�� t�l�Ú1 P � í À�ók©|��·�M��qða©1Û �	©��ù��½ í Àpx æ Q­ /1030#k$( �uS>@I] @E]�h­R%N$9aFG=I=IT�@EPoJ,Mc?�@ID�FG=�?$Rb?�S>J*FG=IK�J d N�FaD�F�]$JqRGh¢?�S>J<ACN$R�RGh¢R�h��uS>9nvä
�ó>vIx�x%m
J`�>D,J,Ao?q?�SCF1?<��Jb;
]_Ja?�S>J�D,R�N�N$J�]_A�R�MCP>@BM>KnN�J�]$;>=B?�]Ãh­N�R�9Ñ?$S>@E]�]$J�D`?$@IR�M¦@IMC]_?$J�F%P}RGh�]_J�D�?�@BR%M

GóCv>Ø3J�9�9aF 
ox%v y�]$S>R1��]�?$SCFG? �6��ÀpY�����X�[�½S� @E]�@BM
PoJ,J�P~F�M�@IM�H1FGN�@IF�M%?�@EPoJ�F�=�v
�#�Ô( å 25257­-�7Lî
úeþ h ý�7­-�-�78+ji�þ<0#k �5�al 6�0 D 0"EU0�ý80#i"m
Ø3J�9*9*F�
Ó
>vBx¢��@I=B=�D`R%MC]_?$N�;CD�?�@EPoJ�9�A�RG?�J,Mc?�R�A�J,NiF1?$@IR�M
]ð� f @BM��5��l	D`R�SCR�9*R�=IR�K%T�mih­N�R�9 ��S>@EDiS
�¢FGN$?�]\Y8F%[±RGhÔR�;CN�]$A>=B@B?_?�@BMCKq?$SCJ,R�N�J,9a]\x�vIxP
ÃFGM
Pex�vIx�ÜÃ��@I=B=
h­R�=I=IR1��v Ï Mah8F%D�?�mc��J��CMCPbFq=IF�N$K%J
D`=EF�]�]�RGh=� f m>F�9�R%M>K���SC@IDiS~M>R�MCJ�]$J,J�9*]�?�R d JÃA>N$J,h­J,N�N$J�PÔv���?�?�S>JÃJ,MCP�RGh�?$S>J�]$J�D�?�@BR%M3m���J
K�@IH�JbF�M¬J`�>FG9*A>=IJa��S>J,N�J��H�LDiS>R�@ED`J*RGh(� f SCF�]�?$S>JbR d Hc@IR�;
]Ã@B9aFGK%J5�A� ��� r Ê��G¯,Ç�Ç,Ç`¯$Ê f z¥R%M
S>R%9�R�?$R%AcTaK%N$R%;>AC]�v
÷ úFEcE ø �"�3(8'�(Y�  b �²oðá���JIC©D�¢á·�U4�Y8��¾�x�[ P M2I��`ò�� ��@¼ó"QbRSIe���,�OIe�,ò��.�$Þ%¸o t�� q©|�}©%·�·1¸JK
�{¸º¹`��¸8·Ó�,ðb1��D�k�����
�_1��`ò$©|��¸w�|��� f ¨iá*Ä á�I>©G¹�¸¦��ñ �OIe��Óz�1«º«���M¢¸¦�cñ�1.ò��_1��,òt��¸w�z ��

Y­@º[[RSIe��¸ºð*©�ñù�#��Óf� f ¨$�5� à ÄÅ��� à ï�©|�kªb�qïi©D�H�|�C¸8ïi©1«º«�Ûa¸8·Ó�����{¸ `��i·�M¢¸¦�OI*���5o8�=p à §Y8@B@º[[RSIe��ð*©e1\� f Ó`©�ï��l�Gòb  �l�nÛ1¸w�,«B·}©D�}�;Kl !1>©%ïb�á !1�«�¸¦�B�{¸¦�cñ � f ¨$�5�5o­�=p à Ä �5� à �_Ó�JI��<ïi©|�H�D�
¸8ïi©1«
��K	ð*©e1 y o8�=p�¨$�5� à ÄÅ�5�5o­�=p à §Y8@B@I@º[����Gò*©G«º«F !1>©%ïX�z Ã³ P � f ��©|��²oò�©1«º«�Û��`ðaªb�i·` ��5�5o­�=p à Y8³´[�Æ®�5� à Y8³´[a©` a©1 i²oð�K
ð*©|��· P ¸¦�"�OIe�� ��z�� z�#��Ó�©%ªb�`«�¸8©|�nñ�ò��G²01~ qY d ;>?\M>RG?�F%]�����X�l¡9*R�P>;>=BJ�]�[�§

Y­@IH>[ � Ó�©G«® ���á�@�4�Y­��[ P �OIe� �;Kl !1C©�ïb� ���5o8�=p à ·ù�V�z ��H�|��·ù��ïb�Gðb1��` ���Ói²oòt�JI��`ò�Q� úFE ø /0�¢( �uS>@E]bN�J�]$;>=�?~@I] d J�]_?�A�R%]�]_@ d =IJ�m�@BM�?�S>J´]$J,M
]_Jk?$SCFG?�M>RQF�P>Po@B?$@IH�J�� f J,�o@I]_?�]
��S>J�M}á\@ 4�Y­��¾�x�[�v�Y Ï M}9�R%N$J�PoJ`?iFG@I=�mÔDiS>R�Rc]_JºÉ ]_R�?$SCFG?;4�YLÉn[A�pá\� 4�YLÉ¦¾�x�[��>?�S>J,MÉ 8Q��FGM
P�� í J`�o@E]�?i],vGØ�J,9*9aF�
ù
ov®
���@I=I=>]_S>R1�U?$SCFG?�@BhS� f J`�o@E]�?i],m1��J�F�;o?$R%9aF1?$@ED,F�=B=IT�SCF�H%J� f Ì�� í À�� f v|�uS>J�9*R�P>@��CJ�P�@IPoJ�9*A
R�?$J,Mc?Y�¦�f À�� í Ì�� f ]�F1?�@I]_�CJ�]2���f Ì�� í À��¦�f À�� í Ì��¦�f
FGM
PÃ?$S>J�N$J,h­R�N�J¥PoJ�D`R�9*A�R%]$J�]5���5oLÉ¥p à h­;CN_?�S>J,N�m�D,R�Mc?$NiFGN�T�?�R<Y8@BH>[�v [2B>R�N¢á�8d4�Y8�5¾�x�[.?$S>@E]5@I]R d H�@IR�;C]�m d J�D,F�;C]_J�� X Y8�5�5o­�=p à [.?$S>J�M�SCF�]3?$R�Ni]$@BR%M�r 
GÜGz{v��uSCJ d R%N�P>J,N�=B@IM>J±D,F%]_J¥áaÀ>4�Y­��¾<x�[��@I=B= d JqPo@E]$D,;C]�]_J�P�@IMe]_J�D�?$@IR�M�
GwCmo��S>J,N�JÃ��J��CM
P�?�SCF1?\F�M>R%MCF�PCPo@�?�@BH%J�� f ·Ó�P�z ÃJ,�o@I]_?�v­ /1030#k\0#k C;D E�(�'
(�'��a· ø£¸�ø +�2 C�D E�(u'�(8'�»a· ø£¸ Y$©D X �²oð�¸¦�cñ5Hr�`ð�ð*©�!h!FQJ¤,[ ( �uS>J�?���R
�uS>J�R�N�J,9a]qFGN�JbJ�×%;C@BH1FG=IJ,Mc? d T¼r tCmr�uS>9nv�w>v ÜCY�F%[¡z¡vr� ]�@IMCPo@ED,FG?$J�PÔm���J�;C]$Ja?�S>J�]$A>=I@�?$?$@IM>K%]
A>N�R1H�@IPoJ�P d T�Ø�J,9*9aF�
Ó
ovIx�m�MCF�9*J,=IT � f ¨$�5�5o­�=p à ÄÅ�5� à FGMCP3m�h­R�N¢J�F%DiS�w<8��¢m1?�S>Ju9aFGA4 u ¨$�5�5ozwFp à . � � � x � � � ¹ x ªZ�ZoZ�ÄÅ�5� à . � � � x � � � } xZ.Z>ÄÅ�5� à Ç
�uS>@E] � u J`�o@E]�?i] d J�D,FG;
]_J

á�¾R
>Y�� u Zax�[¼�U4�Y­��¾�x�[Ô¾§Y���Zax�[°4�Y7w�[����#4�Y7wc[f��4�Yzw.¾�x�[`Ç

Section 22 Unstable cohomology operations 117 

Theorem 21.12. Given any spacelike (see Defn. 7.14) discrete unstable BP- 
cohomology algebra M that is finitely presented as a BP*-module (e. 9. BP*(X) 
for any finite complex X ), there is a filtration by unstably invariant ideals 

0=MocCMc...cCM,=M 

in which each quotient M;/M;_1 1s generated, as a BP*-module, by a single element 

x;, whose annihilator ideal Ann(a;) = In, for some 0 < nj < oo, and deg(a;) > 

max(f(n;)—1,0). At the last step, nm = 0 and we may take tm = 1m. 

Proof. This is formally identical to the algebra case of the proof of Thm. 20.11, 

except that we use the corresponding results from this section instead of section 

20. Lemma 21.7 shows that M, = (BP*)z, is indeed an invariant ideal. oO 

22. Additive splittings of BP-cohomology 

Lemma 22.1 will construct idempotent operations 6, in BP-cohomology, from which 

Parts (a) of our splitting theorems 1.12 and 1.16 will follow. In fact, we find a large 
class of 6,, among which none seems to be preferred. At the end of the section, we 

give an example where no choice of 6, has the obvious image Z,p)[v1,..-,Un] on 
homotopy groups. 

Lemma 22.1. Assume that k < f(n+1), where n > 0. Then there exists an addi- 
tive idempotent operation 0,:k + k having the following properties: 

(i) The image of 6,: BP, > BP, can be canonically identified with BP{n) , ; 

(ii) The map 0, factors to yield an H-space splitting 0,:BP(n), > BP, of 
the canonical H-map 7{n): BP ,, + BP(n) ,; 

(iii) For all spaces X, 0, naturally embeds BP(n)*(X) C BP*(X) as a sum- 
mand, in the sense of abelian groups (but not as BP*modules); 

(iv) If also k > f(n), the H-space BP(n), does not decompose further. 

Remark. This result is best possible, in the sense that no additive 0, exists 

when k > f(n+1). (In more detail, choose m so that f(m) < k < f(m-+1); then 
m > nand 6,, exists. Lemma 22.2 will show that if 6, exists, we automatically have 

On 08m = On. The modified idempotent 6}, = 6, 06, satisfies OF, oO = OF, = On 0 OF, 

and therefore decomposes BP(m) , further, contrary to (iv).) For k > f(n+1) this is 
obvious, because H,,(BP(n) ;,) then has torsion [26]. The borderline case k = f(n+1) 
will be discussed in section 23, where we find that a nonadditive 6, does exist. 

Proof of Thm. 1.12(a) and Thm. 1.16(a) (assuming Lemma 22.1). The two 
Theorems are equivalent by [8, Thm. 3.6(a)]. As indicated, we use the splittings 
provided by Lemma 22.1, namely 6,,: BP(n) , - BP, and, for each j > n, the map 

Oj% Uj 

fj: BPD) -4-2(pi—1) —— BP. b42(pi-1) —> BP - 

This 0; exists because 

k + 2(p)—1) < f(n+1) + ®-1)F (3) < pf) < FG+D.
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On homotopy groups, 8, induces a splitting of BP* + BP*/J,, while f; induces a 

splitting of J;_1 + Jj-1/J;, in view of the commutative diagram 

j Uj 6 

BP*/ J; BP* Jj-1 

S| | ~ 

BP*/ J; > Jj-1/ Jj 

in which multiplication by vj induces the isomorphism. 

We use the H-space structure of BP , to multiply the maps @,, and the f; together 

to form a map f:W — BP, from the restricted product W (the union of the finite 

subproducts) of BP(n), and the spaces BP(j) k+2(pi—1) - The homotopy groups of 

W are the direct sums 

m6(W) = 5(BP(n),) © QB ms (BPC) p4-2(p/-1))- 
jon 

We have enough information to conclude that f induces an isomorphism of filtered 

groups f,:7,.(W) = 7,(BP,). For connectedness reasons, the above sum is in fact 
a product of graded groups, which makes W homotopy equivalent to the desired 

product of spaces. Finally, Lemma 22.1 shows that all factors of W after the first 

are indecomposable, since 

k + 2(p! 1) > 2(p’-1) = (p—-1)f (5) > £()- 
If k > f(n), so is the first. oO 

Construction of idempotent operations. To complete the proof, we need 

an idempotent operation @,. We actually construct the BP*linear functional 

(On, —): Q* = Q(BP)* — BP* that corresponds to it in the list (6.9). We recall the 
coalgebra structure (Q(w), Q(e)) on Q% and the ideal J, introduced in Defn. 18.25. 

Lemma 22.2. Assume the linear functional (6,,—):Q* — BP* defined by the ad- 
ditive operation @,:k + k satisfies the conditions: 

(i) (On, QF N In) = 0; 
(ii) (0n,¢) = Q(e)e mod J, for alle € Q* . (22.3) 

Then: 

(a) The homology homomorphism Q(8n): Q& > QE satisfies 

(i) Q(9n)3n = 0; 

(ii) Q(n) Sid: Qt > Qf mod 3,,; 

(b) Q(6,) induces a splitting of the short exact sequence 

0 —+ QENTn —> QE —> QF/(QENTn) — 0
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of left BP*-modules; 

(c) a(n) o@y = 7(n): BP, > BP(n) ,; 

(d) The operation 6,, is idempotent and has the properties listed in Lemma 22.1. 

We shall write Q* /3,, for the tedious but more accurate expression Q* /(Q*N3,). 

Remark. From a more invariant point of view, Q(¢) induces the quotient augmen- 
tation Q(€): Q*/3n — BP*/Jn. The conditions (22.3) on (6,,,—) are conveniently 
expressed by the commutative diagram 

ro (22.4) 

in which the vertical arrows are the obvious projections. In words, we plan to lift 

Q(c) to a homomorphism of BP*modules Q*/J,, > BP* and define (6,,—) as the 
composite. This is easy if Q* /3,, is a free BP*module (and in view of (b), impossible 
otherwise). 

Proof. We enlarge diag. (22.4) to the commutative diagram 

Q¢) 1®(6n,—) ON 
Qk ————- Q* @Qk nt. > Q* @ BP* 2 k 

Ww 1@7 a Ww 

rate ea ; ; 

AR 
Q2/3n 

of BP*module homomorphisms, where Q(q) and XR are quotients of Q(w) and 
Ar. By Lemma 6.51(c), we recover Q(6,) as the top row, while the bottom row 
reduces by diag. (6.31) to the identity homomorphism of Q*/J,,. Thus the diagonal 
provides a splitting 7: Q*/3, + Q* such that joa = Q(0,) and moj =1. 

This is enough to establish (a), that Q(@,) is idempotent with kernel exactly 
QENIn- Part (b) is merely a restatement of (a). It follows that 4, also is idempotent. 

By [8, Lemma 3.9], the idempotent operation 6, is represented in Ho by the 
idempotent map 8, = i2g0p2 on the product W = W, x W2 of H-spaces, where 

ig: W2 — W and po:W — Wo. Corollary 12.4 gives the effect of 6,, on homotopy 

groups: eq. (22.3)(i) shows that 6,v = 0 if v € Jn, while (ii) shows that 

Onxv = Q(e)(e*t"nRv) =v mod In in 7.(BP,) = BP* 

for all v € BP~". These two statements identify 7,.(W2) with BP*/J,; more pre- 
cisely, the composite f = m(n)otg:W2 > BP, — BP(n), induces the desired
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isomorphism on homotopy groups and is thus an isomorphism of abelian group 

objects in Ho. 

We need (c) to be sure our identifications are correct. Now that we know BP({n) , 
is a summand of BP ,, it is enough to work in QBP,(—). By construction, Qi{n). 
kills J,; this, with (a)(ii), gives Q7(n),.°Q@n. = Qa{n) x. 

We can now define the splitting 9, = i2° f~': BP(n), + BP, of x(n), so that 
n(n) 08m = 1. From (c), we have m(n) = 1(n) 06, = m(n) ct20p2 = f ope, which 
shows that the idempotent 9, o7(n) = On 0 f op2 = ig 0p2 = On is as expected. Now 
we can read off properties (i), (ii), and (iii) of Lemma 22.1. 

Property (iv) was proved in [26], but also follows from Cor. 12.4. Suppose there 
is a splitting 

BP,~W, x BP(n), >~WixwWxw' 

of H-spaces that induces the decomposition BP* = J,®G@®G' on homotopy groups, 

where 1 € G, and let r be the idempotent that splits off W', so that (r,1) = 0 and 
(r,Q® A 3n) = 0. Suppose that W' is (k+h—1)-connected, where we must have 
h > 0. Then (r,c) = 0 for all c € Q* whenever i< k+h. 

Choose a nonzero element v € BP~" that lies in G’ and is not divisible by p. 

Then r.v = v in homotopy and v ¢ I, + Jp (recall that I, = (p)). Obviously, 
v € Ing = Ingi + Jn. There must be some integer m, satisfying 1 << m <n, such 

that v € Imsi t+ Jn but v ¢ Im + Jn. We write v = pyo + a vjyj + 2, with 
z € Jn. Since 

k+h> f(n) + 2(p’—-1) = f(n) + (p-1)f (3) S rf (3), 

we have enough factors e to apply Lemma 18.23 for each j < m, in the form 

(r, eft hw inry;) = (r, vjehth—2(P’ 1) 9 py) mod I; 

= v,(r, ebth-2(P? Dn ny) -0. 

By Cor. 12.4, r.v = 0 mod I, which contradicts our choices of v and m. oO 

Proof of Lemma 22.1. Lemma 18.26(a) makes it obvious that linear functionals 
(On, —) exist as in diag. (22.4), so that Lemma 22.2 applies. oO 

Example. Even in the simplest case, namely 6;:BP,. — BP. for p = 2, 01 

never induces the obvious splitting on homotopy groups. (Presumably, this failure 

is completely general.) We compute 61,v? in terms of the Hazewinkel generators 

[11]. The element b(,)w? € Q? is not allowable; instead, 

4 
7 

8 12 4 10 
boi = Ui b(oybayw + (v2 + =] bo) _ vib) _ bio) We _ 7 (2) 

7 7 

as can be checked by stabilizing and working in BP, (BP, 0). By construction, (6), —) 
takes the values 1 on big), Avg on biz) for some A € Zig), and zero on the other
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allowable monomials that appear. Thus by Cor. 12.4, 

4-8 

7 

which always contains a term in v2. 

6.02 =vF + U2; 

Remark. It is often useful to arrange the operations 6,: k —- k compatibly as n and 

k vary. However, we emphasize that Thm. 1.12 as stated requires no compatibility 

conditions whatever. 

For fixed n, compatibility in k is easily arranged. Given 6,:k — k that satisfies 

conditions (22.3), the looped operation 00,:k—1-— k—1 has the functional 

git qk 2, pps 
and clearly again satisfies (22.3). We may choose 6,:k — k arbitrarily for k = 
f(n+1) —1 and use this approach for all lower k. 

For fixed k, we have @,, for all sufficiently large n. The compatibility condition 

On °On41 = On (equivalently, Ker 6,41 C Ker9@,,) is automatic, from Lemma 22.2. 

The other condition, 0n41 04 = 9, (equivalently, Im, C Im6,41), does not hold 

in general, but can be arranged for all n simultaneously by replacing each 6, by 

OF =...06n4206n41 06n. (The infinite composite presents no difficulty, as Q(6,) = 

id: Q* — QF for i < k+2(p"t! — 1).) This results in a sequence of commuting 
idempotents 6, that satisfy 6, 00m = 9m 04m = On, whenever n < m. 

23. Unstable splittings of BP-cohomology 

In this section, we improve the splitting in Lemma 22.1 by one by allowing the 

idempotent operation @,, to be nonadditive. We defer the proof until after stating 

Lemma 23.5. For this, we need the more detailed relations in the Hopf ring developed 

in section 19. 

Lemma 23.1. Assume that k = f(n+1), where n > 0. Then there is a nonadditive 
operation 0n:k + k having the following properties: 

(a) It satisfies the axioms [8, (3.11)] and so is idempotent; 

(b) It has a coimage Coim@, which is represented by the H-space BP{n) ,; 

(c) Its representing map 0,,: BP, — BP, factors to yield a section 0,: BP(n) , + 

BP, (not an H-map) of the canonical H-map x(n): BP, > BP{n) ,. 

Proof of Thms. 1.12 and 1.16, for k = f(n+1) (assuming Lemma 23.1). This 
is almost identical to the proof given in section 22 for k < f(n+1), except that we 

apply [8, Lemma 3.10] instead of [8, Lemma 3.9]. The maps f; appearing there are 
still H-maps; only 6, is not. We can still represent Ker 0,, by [jon BP(j) k+2(pi —1)* 

If any of the spaces decomposed as a product, we could apply the loop space 

functor 2 to obtain an H-space decomposition of BP ,_,, using additive operations, 

which would contradict the part of Thm. 1.12 already proved. |
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Of course, we know from Lemma 22.1 that for k = f(n+1), 6,:k — k can never 
be additive and that 0, is never an H-map. However, looping gives an additive 

idempotent operation 06,:k—1 — k—1, which will be one of those provided by 

Lemma 22.1. We have the converse, which we prove after stating Lemma 23.5. 

Theorem 23.2. Let 6,:k—1— k—1 be any of the additive idempotent operations 

provided by Lemma 22.1. Then: 

(a) If k—1 is even, 6, can be delooped uniquely to an additive idempotent oper- 

ation k > k as in Lemma 22.1; 

(b) Ifk—1 is odd, 6, can be delooped (not uniquely) to a nonadditive idempotent 
operation k > k as in Lemma 23.1. 

The next two lemmas constitute the unstable analogue of Lemma 22.2. They are 

far more complicated, because instead of Q(w), we have only the natural transfor- 

mation #:U — UU. This requires knowledge of the homology homomorphisms r, 

induced by each operation r, which is provided by Thms. 10.19 and 10.33 and the 

properties of each o-generator of BP,(BP.,). We warn that as a consequence, the 

form of the proofs runs totally counter to traditional proofs involving cohomology 

operations. We abbreviate (r, 3,1 BP.(BP,)) to (r, In), ete. 

Lemma 23.3. If the unstable operation r:k — m satisfies (r,3,) = 0, then the 

homology homomorphism r.: BP,(BP.;,) + BP,(BP.,,) satisfies rs 3n = 0. 

Proof. Our plan is to show that r.c = 0 in three steps, depending on the form of 

c € Jn, simultaneously for all operations r:k — m that satisfy (r,3,) = 0, where 
c € BP,(BP,,) determines k and m is arbitrary. 

Case 1: c = [v;]— 1, where j > n. By hypothesis, (r,[v;]) = (r,1). Then by 
Prop. 11.2(g), 

r.(Leg] — 1) = [(r, [es] — Kr, 2] = 0. 

Case 2: c = ao([vj]—1), where j > n. Thus c is a *-generator of J,,. We apply 
Thm. 10.33(c); the operations ri} defined by eq. (10.35) satisfy our hypothesis 

(rd) =4(r,cygod) =0 — foralld € 3p @? 

because cg od € J,, J, being a Hopf ring ideal by Lemma 19.35. Using eq. (19.36) 

to compute the iterated coproduct U([v;]—1), we see that every term of r,c in 
eq. (10.37) contains a factor ri! ([v;]—1), which vanishes by Case 1. 

Case 8: c = a*b, with b as in Case 2. Since such elements span J, as a BP* 

module, this will complete the proof. We apply Thm. 10.19(c); the operations r/ 
defined by eq. (10.21) satisfy our hypothesis 

(rd) =+(r,cq*d)=0 for alld € 3, @? 

because J, is a *-ideal. Using eq. (19.37) to compute the iterated coproduct 
Wb, we see that every term of r,c in eq. (10.25) contains a factor of the form 
rl, (6' o([vj]—1)), which vanishes by Case 2. oO
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Lemma 23.4. Let r:k — m be an unstable operation. 

(a) Ifr satisfies (r,c) € Jn for allc € BP,(BP,), then r.c = (€c)lm mod J, for 
all c € BP,(BP ,); 

(b) If r satisfies (r,c) = Q(e)qxc mod J, for all c € BP,(BP,), then r.c = 
mod 3, for allc € BP,(BP,). 

Proof. We prove (a) in five steps, depending on the form of c, simultaneously 
for all r:k — m that satisfy the hypothesis, where c € BP,(BP,,) determines k 
and m is arbitrary. We work throughout mod J,, which is a Hopf ring ideal by 

Lemma 19.35. 

Case 1: c = [v], for any v € BP*. By Prop. 11.2(g) and Lemma 19.38, r.[v] = 
[(r, [v])] = 1. This includes the special case c = 1 = [0]. 

Case 2: c= e. By Prop. 13.7(h) and Lemma 19.38, r,e = 1*1loe=1*0=0. 
Case 3: c= b;, where i > 0. By Prop. 15.3, working formally in BP, (BBP.,,,)|[z]], 

rab(x) = [(r, 1a)] * FF b(a)° of(r,by)] = 7 b(a)"Fol = 7K eb(a)"? = 1. 

The coefficient of x? gives r,b; = 0. 
Case 4: c = acob, where b = e or b = 0b; for some i > O. We apply 

Thm. 10.33(c); the operations r'{ defined by eq. (10.35) satisfy the hypothesis 
(rid) = £(r,cqgod) € Jy for all d. Then using Prop. 13.7(d) or Prop. 15.3(c) 
to compute the iterated coproduct Wb, we see that every term of rc in eq. (10.37) 
contains a factor rij,e or ri.b; with j > 0, which lies in J, by Case 2 or Case 3. 
This, with Case 1, takes care of all the *-generators (19.4) of BP,(BP.,). 

Case §:c = a*d, with d as in Case 4. We apply Thm. 10.19(c) and again find 
that each r!{ satisfies our hypothesis (rif, g) = £(r,ca * g) € Jn for all g. In the 
iterated coproduct Ud = )); @adj,a, every term contains a factor dj,q to which 
Case 4 applies. Thus every term of r,c in eq. (10.25) has a factor r.,dj,q = 0. 

As every *-monomial in the o-generators of BP,(BP.,) is included in Cases 1 and 
5 (by writing [v] « [v'] = [v+v']), this completes the proof of (a). 

For (b), we recall from eq. (10.42) that (t,,c) = Q(e)q,c, so that (a) applies to 
r —,. We apply eq. (10.17) to r = (r—z,) +4, to deduce that for any c € E,(£;), 
r.c = >i ,(ec,)c’ = c, where as usual we write we = 0, ¢, @ cl. oO 

We need one more result before we prove Lemma 23.1 and Thm. 23.2. The struc- 

ture of BP,(BP ,,)/3n is much more opaque when k = f(n+1). We defer the proof 
until after Lemma 23.12. 

Lemma 23.5. Fork < f(n+1), where n > 0: 

(a) BP,(BP;,)/3n 1s @ free BP*-module; 

(b) The homomorphism Q(BP)*-1/3, + BP,.(BP.,)/3n induced by suspension 
is a split monomorphism of BP*-modules. 

Note that we have two different ideals J,, here. One is an ideal in the algebra Q? 

in the ordinary sense, while the other is a Hopf ring ideal in BP, (BP ,).
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Proof of Lemma 23.1 (assuming Lemma 23.5). To apply the method of 
Lemma 22.1, we need an operation 0,:k — k that satisfies 6,3, = O and 

6, = id mod J,. In view of Lemma 23.3 and Lemma 23.4(b), these conditions 
are ensured by (and in fact equivalent to) the following conditions on the linear 
functional (6,,, —): 

(i) (On, 3n (23.6) 
(ii) (@n,c) = Q(€)qxe mod Jp for all c € BP,(BP.,). ; 

Therefore we need to fill in the diagram 

k-1 
(8n,—) 

Q. BP,(BP ,) ore BP* 

(23.7) 

Qk" /3_, ——> BP.(BP.,)/3n ——~ BP*/Jn 

analogous to diag. (22.4) with a lifting BP,(BP,)/3, — BP* of the homomor- 
phism BP,(BP ,)/3n —~ BP*/Jn induced by Q(e) oq,, which then defines (0, —). 
Lemma 23.5(a) makes this easy to do. 

For (a), we must verify the axioms [8, (3.11)] on @,. The first holds trivially, 
for dimensional reasons. The second is the identity 0,(%+z2) = 6,(#), for z = 
y — 9,(y). We assume that the standard form r(#) = >7,(r,¢q) %q holds for all r, 
as in eq. (10.3). Then by eq. (10.20), 0,(%+z) = 0, 2.94 (z), where the operation 
6" is defined as having the functional (6!",c) = (6n, Cy *c). Because z = (t,—49n)(y), 
we have only to prove that (4,—6,,)*6% = (@n,¢cq)1 in BP*(BP.,) for each a. We 
compute the associated linear functional as 

((tk —On)* Oc) = (ON, (th —On) x) = (On; Ca * (Lk—On) aC) - 

By Lemma 23.4(a), (44 —4n)«¢ = (ec)1 mod J,,. As (An, —) kills J, by Lemma 23.3 
and J, is an ideal, this agrees with (8, (ec)ca) = (On, Ca)ec. Now we can apply [8, 
Lemma 3.10] to construct the coimage of 4). 

For (b) and (c), we have to check that 6, acts as desired on homotopy groups. 
By Lemma 13.9, 9n, is given on v € BP~" & 44,(BP,) by Ona = (On, e° ®t" o[v)). 
For v € Jn, we have [v] = 1 mod J,, by Lemma 19.38, so that 6,0 = 0 by (i). For 
any v, (ii) gives Onxv = Q(e)qz (eo *t” o[v}) =v mod Jn. Oo 

Proof of Thm. 23.2 (assuming Lemma 23.5). Part (a) is trivial and belongs 
in section 22, as suspension induces an isomorphism Q*—! = Q* and preserves the 

conditions (22.3). 
In (b), we must have k < f(n+1) for @, to exist. In effect, the lifting 

BP,(BP.,)/3, — BP* in diag. (23.7) is prescribed on Q*—!/3,. As we have by 
Lemma 23.5(b) a split monomorphism with free cokernel, it is easy to extend the 
given lifting over BP,(BP ,,)/3n- oO
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Resolutions. Lemma 23.5 is easy to prove when k < f(n+1). In the borderline 
case k = f(n+1), the presence of the extra disallowed monomials in Lemma 19.39 

makes it necessary to do some homological algebra. 

Lemma 23.8. In the sequence of homomorphisms of BP*-modules 

F F ‘ 
Cy —> C; —> Cy —> M —> 0, (23.9) 

assume that: 

(i) Each C; is free of finite type; 

(ii) 
) 
) 

(iii 
iv) The sequence ( q 

We have exactness at Co and M; 

01 002 = 0 (we do not assume exactness at C1); 

2@Fp 01@Fp €@Fp 

C2. ®F, ———> C, ® F, ——> Co) @F, ——>M®@F, (23.10) 

is exact at C; @F, (as well as at Co @F,). 

Then: 

(a) The sequence (23.9) is split exact in the sense that: 

(i) Co splits as Co = M © 0,C;}; 

(ii) C1, splits as Cy = 01C) @ 020); 

(b) M is a free BP*-module; explicitly, if Lo is a free module and the module 

homomorphism go: Lo + Co induces an isomorphism 

Lo ®F, _ 22% Co @F, — Coker(0, ® F,) =M ®F,, 

the composite €o go: Lo + M is an isomorphism. 

Proof. We build the following commutative diagram, which includes the projec- 

tions from diag. (23.9) to diag. (23.10), 

Ly Ly Lo 

|o2 Qo Jo: 2, | 90 ; 

Co > Ci ~ Co ~ M 

| | | 02@F> 01@Fp €®@Fp | 
Cp, @F, —_ ~ CC @F, —- Co @F, —- M®FE, 

It is easy to construct go as in (b), by lifting a basis of Coker(0, @ F,) to Co. 
Similarly, we construct gi: L; — C,, with L, free, that induces an isomorphism 

L, ®F, = Coker(02 ®@F,) = Im(0; @F,), and again go: Lz > C2, with Lz free, that 

induces Ly ®F, = Im(02 @F,). 
Then by Nakayama’s Lemma in the form [8, Lemma 15.2(a)], the homomorphism 

Lo @L, — Co with components go and 0, og; is an isomorphism, and similarly L, @
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Ly = C,. These allow us to write g;: DL; C C; for i = 0,1, 2, and the isomorphisms 

simplify to Co = Lo 6 0, L, and C, = Ly @ dgLeg. The latter gives 0;C, = 0,11, 

which shows that M = Coker[0; @ F,] = Lo is free. Moreover, because 04|Ly is 

monic, 02C'2 = 02L and we have split exactness at C;. oO 

For our application, we take a polynomial algebra 

R= BP*|x1, £2, 23, +++) Y1,Y2,Y3,-- | 

on generators of negative degree, with deg(#;) —- —oo and deg(y;) + —0o as i > ov, 
to make R a BP*module of finite type. We consider the quotient ring M = R/J as 

a BP*-module, where the ideal J = (a? —c1, 25 — co,...). The elements c; are to be 
in some sense negligible. We construct what we hope is the beginning (or end) of 

an R-free resolution of M, 

0 0 
Cy = @ Ruyu; —> Ci = QD Ru; —> Co = R—+ M —+0, (23.11) 

t<j 4 

with R-linear differentials given by 0;u; = a? — cq and d2ujuj = (a?—cj)u; — 
(xt —c;)u;. This is part of a familiar Koszul-type resolution if the c; are in fact 
zero, and the structure of M is then clear. Lemma 23.8 supplies conditions under 

which M has the expected size, even when c; 4 0. 

Lemma 23.12. Assume that the sequence (23.11) induces an exact sequence 

(23.10), and that the set B of monomials in R of the form 

aly? = ata? yy? ..., 

with iz < p for allt, yields an F, -basis of Coker(0; @F,). Then the sequence (23.11) 
is exact, M = R/J is a free BP*-module, and B yields a BP*-basis of it. oO 

Proof of Lemma 23.5. Nakayama’s Lemma [8, Lemma 15.2] and Lemma 23.12 
allow us to work mod % everywhere. 

For (a), we apply Lemma 23.12 to BP, (BP ,,)/3n, using the detailed information 
on J, provided by Lemma 19.39. The «ideal 3,,9 BP.(BP,) C BP.(BP,) has 
two kinds of generator: the first kind are standard polynomial generators, but the 

second kind (which occur only if k = f(n+1)) are disallowed; we express them in 
terms of allowable monomials by means of eq. (19.28), of which the leading term 
(19.26) is of most interest. 

We therefore classify the Ravenel-Wilson polynomial generators of BP, (BP ,) 
into three types: 

(i) The allowable 6°! o[v’] in which v’ contains some factor v; 
with j > n; 

(ii) Monomials of the form b 

ky < tee < kn; 

(iii) All other allowable monomials b°/ [v7]. 

obif) O... Obie), where 0 < ko < (23.13) 
(ko) ~~ ( 

The first type visibly lie in J,,, and we ignore them, by taking R in Lemma 23.12 as 

the quotient polynomial ring (using *-multiplication, of course) on the second and
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third types, which serve as the x; and y; respectively. The interesting generators of 

3n then have the form 2? — cj. 
There are five types of term in the reduction formula (19.28) for the monomial 

peti 
bP 
(k1—-1) 2 bi, 2) Ores Oe a —n-1)° o[tn+1]: 

(i 

(ii 

(iii 

p 

(24) 2B 29) 0-0 OP yay oltngil 
FoR, 1) 0b, —2) Or ane —n— ») 

F (b(,-1) obi 9) 0+ 0b nay) 

(iv) Terms in 29; 

(v) Terms in 2, * 21; 

where (41, i2,...,in41) denotes any nontrivial permutation of (k,, ko,...,4n41). 
Because the suffixes i in (i) are out of order, (i) is an example of a type (i) generator 

n (23.13), which has been discarded. The term we want is (ii), which is 2?. We 
can take care of (iii) and (iv) by filtering R by powers of the ideal (y1, y2,...) and 
working with the associated graded groups; if we have exactness in diag. (23.10) 

after filtering, we had exactness before. In effect, we may ignore the y;’s. We take 

care of (v) by filtering again, this time by powers of the ideal %, + (ui, ue,...) in 
(23.10). This done, we have effectively reduced c; to zero, when we have exactness. 

Thus BP, (BP ,)/3n is a free BP*module, and we have constructed a basis. 
For (b), we have only to show that we have a monomorphism mod %. By 

Lemma 18.26(a) and Lemma 18.12(c), Q£—!/3,, is a free BP*module with a basis 
consisting of the monomials of the extended canonical form (18.13) 

e pe—Ao pl ts(L)+-- .+s"—1(L) bs *(M) yh w!, 

) & 

) 

) 
) 

that lie in Q£—! and have no factor w; with j > n, where b4 = Bo) Chr) ORs 

O=ko <ki <...< km, m > 0, h > 0, and the conditions (18.9) on M and J hold. 

After suspension, we find the leading term (19.31), namely F’(b°” ob°™ o[v/]), 
which by Lemma 18.12(d) is the pth power of an allowable monomial. 

There are two cases: 

Case m <n. The element 6°“ 0b°™ o[v“] is a generator y; of type (iii) in (23.13), 
and therefore harmless. 

Case m > n. Since j, = 0 for all ¢ < m and t > n, we must have J = 0. Also, 

h = 0. We must have m = n, otherwise we would have k > f(n+1). We have a 
generator x; of type (ii), but it is not raised to a power. 

By Lemma 23.12, the elements Fy; and x; (for certain i) map to part of a basis 

of A /3n, which is sufficient. (Because ko = 0, it is clear that these elements lie in 

PH". In view of the suspension isomorphism Q*-!/%§ ~ PH" in [23, Thm. 5.3], 

all we really need to know is that enough basis elements of PH in each degree 

remain linearly independent in A" mod J,.-) oO
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Index of symbols 

Boardman, Johnson, Wilson Chapter 1 

This index lists most symbols in roughly alphabetical order (English, then Greek), 
with brief descriptions and references. Several symbols have multiple roles. 

A additive comonad, Thm. 5.8. 

A’ additive comonad, (6.23). 
—a (subscript) additively unstable 

context. 

A additive comonad, on modules, §9 
(only). 

A augmentation ideal in algebra A. 
A etc. generic category. 
AP dual category of A, [8, §6]. 
A =E*(E,o), Steenrod algebra for 

E, §2. 
A, = E*(£,), the operations on 

degree k, §2. 

Am ideal in Q(BP)*, §18. 
YA, Hopf ring ideal in H, Defn. 19.19. 
Ab, Ab” category of (graded) abelian 

groups, [8, §6]. 
Alg category of E*algebras, [8, §6]. 
a;, a) Hopf ring element for H(F,), 

Prop. 17.9. 

a;, a) Hopf ring element for K(n), 
Prop. 17.16. 

additive element for K(n), 
(16.21). 
coefficient in formal group law, [8, 

(5.14)]. 
BG classifying space of group G. 

B(i,k) coefficient in b(x)*, Prop. 14.4. 
BP Brown-Peterson spectrum, [8, §2]. 

Qi) 

i,j 

BP(n) modified BP, §1. 
b/ etc. monomial. 
b°/ etc. o-monomial, (15.11). 
b; additive element, Prop. 14.4. 

b; Hopf ring element, Prop. 15.3. 

bi accelerated b;, Defns. 14.7, 15.10. 

b(z) formal power series, (14.2), 
Defn. 15.1. 

series b(x) without the 1 term, 
(15.4). 

C the field of complex numbers. 

(2) 

CP", CP complex projective space. 

Coalg category of E*-coalgebras, [8, 

86]. 
cetc. generic Hopf ring element. 

ci, () Hopf ring element for H(F2), 
Prop. 17.7. 

c; Hopf ring element for H(F,), 
Prop. 17.9. 

c; Hopf ring element for K(n), 
Prop. 17.16. 

DM _ dual of E*module M, [8, 
Defn. 4.8]. 

d duality homomorphism, [8, (4.5)]. 

FE generic ring spectrum. 

E* coefficient ring of E-(co)homology, 

[8, $83, 4]. 
E*(—) £-cohomology, [8, §3]. 
E*(—)* completed E-cohomology, [8, 

Defn. 4.11]. 
E.(—) E-homology, [8, 84]. 
E,, nth space of Q-spectrum £, [8, 

Thm. 3.17]. 
e suspension element, Props. 12.3, 

13.7. 

ex unstable k-fold suspension element, 

Prop. 13.7. 

Fe =c*?, Frobenius operator, §10. 

FY Hopf ring ideal, Defn. 19.3. 

F(a,y) formal group law, [8, (5.14)]. 
F°M - generic filtration submodule, [8, 

Defn. 3.36]. 
FAlg category of filtered E*algebras, 

[8, §6]. 
F'DM generic filtration submodule 

of DM, [8, Defn. 4.8]. 
Fy etc. corepresented functor, [8, §8]. 
FMod, FMod* (graded) category of 

filtered E* modules, [8, §6]. 
F, field with p elements.
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SCR�9*R�=IR�K%TaRGh5��l¡]$ACF%D`JÃ³Um>Ú J`h­M3v>Ù
v wCvüaY�V�[$XX d @BK%N�F%PoJ�P~FG=IK�J d NiF>moÚ\J,h­M3vCÜCvBx%vüaY8»G[ S>R�9*R%=BR%K�TaS>R%9�R%9*R�N�A>S>@E]_9
@IMCPo;
D`J�P d TbR%A
J�N�FG?$@IR�M~»cm�Y8Ü>v Ù%tc[�vü�XX À�üaY����q[�XX m
F d>d N�J,H�@EF1?�@BR%M3vü XX ×%;CRG?$@IJ,Mc?�FG=IK�J d NiF�R�h^ü�XX m�Y�x�t>vIx�y�[�vüaY���[ D`R�;CM>@�?�R�hòüaY�V�[$XX m3Y�Ü>v®
Gt%[`vüaY�¼>[ ;>M>@B?\9*R�N�A>S>@E]_9ÉR�hòüaY�V�[$XX m3Y�Ü>vIx�yG[`vüaY��3[ ]_?�F d @B=I@BO�F1?�@BR%M�R�M[üaY�V�[$XX m�Y�Ü>v w%[�vüaY�j.[ 9�;>=B?$@IA>=I@ID�F1?�@BR%M�@IM[üaY8V�[ XX m3Y8Ü>vIx�Üc[�vüaY���[ D,R�9�;C=�?�@BA>=I@ED,F1?�@BR%M�R%M[üaY8V�[�XX mY�Ü>v®
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Ú J`h­M
],v3x�t>vIx�tCm�x�Ý>v®
ox%v

Section Symbols 

Fr(X,Y) right formal group law, 
(14.5), (15.8). 

F°E*(X) skeleton filtration, [8, 
(3.33)]. 

f generic map or module 

homomorphism. 

f*, fs homomorphism induced by 

map f, [8, (6.3). 
f(n) numeric function, (1.4). 
G generic group. 

Gp(C) category of group objects in C, 

(8, $7]. 
9; coefficient in p-series, [8, (13.9)]. 
H, H(R) Eilenberg-MacLane 

spectrum, [8, §2]. 
H quotient Hopf ring, (19.12). 
Ho, Ho' homotopy category of (based) 

spaces, [8, §6]. 
I identity functor. 

I etc. generic multi-index. 

|I| length of multi-index J, §18. 
In, Ino ideal in BP*, (1.1). 
1, tg injection in coproduct, [8, §2]. 
id identity morphism or permutation. 

Jn ideal in BP*, (1.6). 
3, ideal in Q(BP)*, Defn. 18.25. 
3n Hopf ring ideal, Defn. 19.34. 

Ke unit object in (symmetric) 
monoidal category C, [8, §7]. 

K(n) Morava K-theory, [8, §2]. 
KU complex K-theory Bott 

spectrum, [8, §2, Defn. 3.30]. 
L infinite lens space. 

L(k) left side of main relation (Rx). 
L(ii,...,%n) coefficient, Defns. 18.18, 

19.21. 

M etc. generic (filtered) module or 
algebra. 

M*, M_ completion of filtered M, [8, 
Defn. 3.37]. 

MM ideal in Q(BP)*, §18. 
Mm, Hopf ring ideal, Defn. 19.13. 

Mod, Mod* (graded) category of 
E*modules, [8, §6]. 

MU unitary Thom spectrum, [8, §2]. 

Unstable cohomology operations 129 

o generic basepoint, point spectrum. 

PA the primitives in coalgebra A, [8, 
(6.13)]. 

PE*(E,) the additive operations, 
Prop. 2.7. 

PE,(X)_ the primitives in homology of 
space X, Defn. 4.13. 

PE*(X)_ the primitives in cohomology 
of H-space X, Defn. 3.1. 

P(n) modified BP spectrum, §1. 
p fixed prime number. 

Pi, p2 projection from product, [8, §2]. 
[p|(w) p-series, [8, (13.9)]. 
[plr(z) right p-series, (14.8), (15.14). 
—g (subscript) additive unstable 

context, shifted degree. 

QA the indecomposables of algebra A, 

[8, (6.10)]. 
QE*(X) the indecomposables of 

cohomology of space X, (3.5). 
QE,(X) the indecomposables of 

homology of H-space X, Defn. 4.3. 

Q(E)  bigraded algebra, Defn. 6.1. 
Q(r) homology homomorphism 

induced by operation r, (6.48). 
Q* =Q(BP)*, abbreviation. 

Q. quotient algebra of Q*, (18.17). 
€) counit of Q(E)*, (6.28). 
n) unit morphism of Q(E)*, (6.17). 
a) stabilization on Q(E)?, (6.3). 
¢~) multiplication in Q(£)*, (6.16). 
w) comultiplication on Q(E)*, 

(6.27). 
Q field of rational numbers. 

q map to one-point space T. 

d& projection to Q(E)*, (6.2). 
RP@™ real projective space. 

R(k) right side of main relation (Rx). 

Q( 
Q( 
Q( 
Q( 
Q( 

R(i1,.--,%n) coefficient, Defns. 18.18, 
19.21. 

(Rx) kth main relation, (14.10), 
(15.16). 

(Rey,....kn) Mth order relation, 
Defns. 18.18, 19.21.
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r generic cohomology operation. 

(r,—) E*linear functional defined by 
operation r, (6.9), (10.1). 

S stable comonad, [8, Thm. 10.12]. 
—g (subscript) stable context. 
S$! unit circle, as space or group. 
S” unit n-sphere. 

S  comonad S on modules, §9 (only). 
Stab, Stab* (graded) stable homotopy 

category, [8, §6]. 
Set category of sets, [8, §6]. 
Set” category of graded sets, [8, §7]. 
s(I), s"(I) _ shifted multi-index J, 

Defn. 15.12. 

T the one-point space. 

T+ O-sphere, T with basepoint added. 
T(n) torus group. 
t ¢€ H'(RP®), generator of 

H*(RP™), (16.1). 
U__ unstable comonad, Thm. 8.8. 

—y (subscript) unstable context. 
U, U(n) unitary group. 
u € KU~?, generator. 
u€ E(L), exterior generator of 

E*(L), §§16, 17. 
ui canonical generator of E*(S*), [8, 

Defn. 3.23]. 
Un canonical generator of E*(S”), [8, 

§3). 
V generic (often forgetful) functor. 
V_ Verschiebung operator, §10. 

G ideal in Q(BP)*, §18. 
% ideal in BP,(BP,), §19. 
uv generic element of E*. 

vu =nRu € KU2(KU,o), Thm. 16.15. 
[vu] € Eo(£,), Defn. 10.8. 
Un Hazewinkel generator of BP*, 

K(n)*, [11]. 
M8 ideal in Q(BP)Ff, §18. 
w generic element of nrE*, 

Prop. 12.3. 

Wn =NRUn, §16. 

wt(I) weight of multi-index J, §18. 
X etc. generic space. 

X+ space X with basepoint adjoined. 

Boardman, Johnson, Wilson Chapter 1 

x generic cohomology class or 

module element. 

x € E*(CP®), Chern class of Hopf 
line bundle, [8, Lemma 5.4]. 
Chern class of line bundle 6, [8, 

Defn. 5.1]. 
Y _ skeleton of lens space L, [8, §14]. 
Z the ring of integers. 

Z/p the group of integers mod p. 
Zp) Z@ localized at p. 

zr morphism for a (symmetric) 
monoidal functor F’, [8, §7]. 

aetc. generic index. 

Bi € Ey;(CP”), [8, Lemma 5.3]. 

% € Eoizi1(U(n)), [8, Lemma 5.11]. 
A:X + XxX diagonal map. 

Ao =(1,0,0,...), multi-index, §18. 
€ generic counit morphism. 

¢ pth power map on CP™, [8, 
(13.9)]. 

¢r pairing for (symmetric) monoidal 
functor F’, [8, §7]. 

” generic unit morphism. 

yr right unit, Defns. 6.19, 10.8. 

8 generic anything. 

8, idempotent cohomology operation 

on BP, Lemmas 22.1, 23.1. 

0, splitting of (nm), Lemmas 22.1, 
23.1. 

t  € E£°(E,0o), universal class, [8, §9]. 
ln € E"(E,,), universal class, [8, 

Thm. 3.17]. 
Kn collapse operation, Defn. 7.13. 

A(—) exterior algebra. 
generic action. 

» numerical coefficient. 

At left E*action on Q(E)*, §6. 
Ar right E*action on Q(E)¥, (6.21). 
addition or multiplication in 

generic group object, [8, §7]. 
y inversion morphism in generic 

group object, [8, §7]. 
€ Hopf line bundle over CP”. 

€ — generic line or vector bundle. 

€; element for H(F2), (16.1). 

x(6)
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& element for H(F,), Thm. 16.5. o:A 8S natural transformation of 
€v action of v on E* module, [8, (7.4)]. comonads, on modules, §9 (only). 
m generic permutation in Uy. on: EL, 7 £E stabilization map, [8, 
t«(X) homotopy groups of space X. Defn. 9.3]. 
a(n): BP + BP{n) projection, (1.8). 7:U—4A_ natural transformation of 
p generic coaction. comonads, Thm. 8.8. 

pm coaction on module M. 7 element for H(F,), (16.4). 
px coaction on £*(X) or E*(X)*. @ generic multiplication. 
y, E* suspension isomorphism, [8, x canonical antiautomorphism of 

(3.13), Defn. 6.6]. Hopf algebra. 
oX, S*X suspension of space X. W iterated coproduct, (10.18). 
uM, >*M suspension of module M, yw generic comultiplication. 

[8, Defn. 6.6]. QX loop space on based space X. 
Sn permutation group on Qr looped operation, Prop. 2.12. 

{1,2,...,n}. w zero morphism of generic group 
o:4—->S natural transformation of object, [8, §7]. 

comonads, Thm. 5.8. 
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