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Preface

The Southwest Center for Arithmetic Geometry (SWC) was founded in 1997 by a
group of seven mathematicians working in the southwest United States, and has
been continuously supported by the National Science Foundation since that time.
In the beginning, the SWC served as a true center for Arithmetic Geometry in the
Southwest, but survives today in name only, having been subsumed by its principal
activity, the Arizona Winter School (AWS).

The AWS was started with the ambitious goal of creating an intense and im-
mersive workshop in which graduate students—especially those who may not be
studying at traditional centers of number theory—would work under the guidance
of leading experts to solve research-level problems at the forefront of the field. The
very first school was held in the Spring of 1998 under the title “Workshop on Dio-
phantine Geometry Related to the ABC Conjecture.” In the twenty-one years that
have followed, the AWS has been held annually each March on a different topic
in arithmetic geometry and related areas, and has become a pillar of graduate
education and training in these subjects throughout the country and abroad.

Over the years, the Arizona Winter School model has been adjusted and re-
fined to meet the needs of an ever-growing and increasingly diverse audience: the
five-day meeting, organized around a different central topic each year, now features
a set of four lecture series by leading and emerging experts. A month before the
school begins, each speaker proposes one or more research projects related to their
lectures, and is assigned 10-15 graduate students who will work on these projects.
At that time, speakers also provide detailed lecture notes for their courses. During
the school, students attend lectures daily from 9am to 5pm, and work each evening
(often into the early hours of the morning!) with speakers and designated assistants
on these research projects. Students not assigned to these research project groups
have the option to join one of two problem sessions devoted to solving advanced
exercises related to the lecture series, or one of four study groups which focus on
understanding the course lecture notes in detail; these additional activities are su-
pervised by young researchers and allow students not assigned to one of the research
projects to meaningfully engage with the workshop material on many levels. On
the last day, the students from each research project group present their work to
the whole school. The result is an extremely focused and immersive five days of
mathematical activity for all.

This volume is comprised of the lecture notes which were prepared for the
twentieth Arizona Winter School on “Perfectoid Spaces,” held March 11-17, 2017
at the University of Arizona in Tucson, and attended by over 367 participants,
making it the largest Winter School to date. The speakers were Bhargav Bhatt, Ana
Caraiani, Kiran Kedlaya, and Jared Weinstein. We are greatly indebted to these

vii



viii PREFACE

authors for their hard work in making both the twentieth AWS and this proceedings
volume a reality. Peter Scholze gave opening and closing lectures at the Winter
School, which provided historical background as well as insights into his pioneering
efforts and visions for the future of the subject, and we thank him most heartily for
furnishing the introduction to this volume. We extend our sincere gratitude to the
anonymous reviewers for their expert and careful readings of the articles, and for
the valuable feedback they provided. We thank the National Science Foundation
for their longstanding and continued support of the Arizona Winter School, the
Clay Mathematics Institute for their partnership in organizing the 2017 AWS, and
the University of Arizona Department of Mathematics for their support. Finally,
we owe a great deal to the other members of the Southwest Center, both past and
present, for their effort, perseverance, and vision in running the Arizona Winter
School for more than twenty years, and for helping it to become the one-of-a-kind
workshop that it is.

Bryden Cais



Introduction

Peter Scholze

The Arizona Winter School 2017 was around the subject of perfectoid spaces.
These spaces belong to the world of p-adic geometry, and despite their rather com-
plicated definition and appearance, they have found applications in many different
areas of mathematics, including arithmetic geometry, number theory, representa-
tion theory, commutative algebra and algebraic topology.

The problem that motivated the author to introduce perfectoid spaces was the
weight-monodromy conjecture. This is a conjecture on the f-adic cohomology of
projective smooth varieties X over a p-adic field K, whose analogue over an equal-
characteristic field F,((t)) was proved by Deligne, [Del80], as a consequence of
his work on the Weil conjectures. Let us recall the statement. For any integer ¢,
consider the étale cohomology group V = H}, (X7, Q) for some prime ¢ # p, which
is a representation of the absolute Galois group G = Gal(K/K). For simplicity,
let us fix an element ® € Gi projecting to the geometric Frobenius on the residue
field. Similarly to the case over a finite field, the element ® acts via Weil numbers
on HY (X7, Q), but now different weights can appear:

where @ acts through Weil numbers of weight j on Vj, i.e. all eigenvalues a € Q,
of ® on V; are algebraic numbers whose complex absolute value is ¢’ /2 under any
embedding Q — C. This follows from de Jong’s alterations, [dJ96], and the
Rapoport-Zink spectral sequence, [RZ82)].

On the other hand, there is a monodromy operator N : V' — V given as the
logarithm of the action of inertia (using Grothendieck’s quasi-unipotence theorem).
This satisfies N® = ¢®N, and so N maps Vj into V;_s.

CoNJECTURE 1 (Deligne, [Del71]). For all j =0,...,4, the map NI : Vii; —
Vi—; is an isomorphism.

This is similar to the hard Lefschetz theorem, and is sometimes said to be
“Mirror dual” to it. Let us quickly explain what happens for an elliptic curve E.
If it has (potentially) good reduction, then N = 0, and V' = V3, as follows from
proper smooth base change and the Weil conjectures for the special fibre. If it has
(potentially) semistable reduction, then NN is nonzero, and so as V' is 2-dimensional,
one must have V = V5, @ V with both V5 and V5 being 1-dimensional; and this is
indeed what happens, as can be deduced from an analysis of the Néron model,

ix



X PETER SCHOLZE

or by using Tate’s uniformization of elliptic curves. This shows that as a rigid-
analytic variety, F is the quotient of G,, by multiplication by ¢ for some ¢ € K
with 0 < |g| < 1. Then the Hochschild-Serre spectral sequence gives

By = H'(Z, H},(G,, . Qo) = Hi (Ex, Q) -

Terms are nonzero ounly if 7,57 € {0,1}, and so the spectral sequence degenerates,
with

H°(Z, Hy(G,, 7, Q) = Qe(-1)
and
Hl (Za Hgt(Gm,Ra Ql)) = QZ

contributing, which are of weight 2 and 0, respectively.

The idea (that was suggested to the author by his advisor M. Rapoport) is to try
to reduce the case of mixed characteristic to the case of equal characteristic. This
requires at minimum a comparison of the Galois groups that appear in mixed and
equal characteristic. One such comparison is afforded by the theorem of Fontaine-
Wintenberger.

THEOREM ([FWT9]). The absolute Galois groups of Q,(p*/?™") and F,((t)) are
canonically isomorphic.

Basically, the aim of the theory of perfectoid spaces is to find a geometric
counterpart to this arithmetic statement. More precisely, we want to have categories
of spaces over Q,(p'/?”") resp. F,((t)) that are equivalent via a “tilting” functor.
This is in fact possible.

TueoREM ([Sch12], [KL15]). The category of perfectoid spaces over Q,(p*/?™)
is equivalent to the category of perfectoid spaces over F,((t)), via X — X°.

What is a perfectoid space? This is the subject of this book, so we will not
say much here. Suffice to say that it is a special type of adic space, with the key
condition being that locally it is of the form Spa(R,R*) where the Frobenius is
surjective on R*/p. This ensures that there are many (approximate) p-th roots of
functions, and in fact excludes all familiar noetherian spaces from the picture.

In particular, our smooth projective variety X itself does not define a perfec-
toid space. In [Sch12] we found a trick that made it possible in many cases to
“approximate” it by perfectoid spaces that in turn came from smooth projective
varieties over IF,,((¢)); this way, we concluded that Conjecture [Il holds for complete
intersections in projective toric varieties. Unfortunately, to this day, noone was
able to settle Conjecture [l in full!

Since then, perfectoid spaces have played a key role in a number of questions,
including:

(1) p-adic Hodge theory: This started with the work of Kedlaya-Liu [KL15]
on relative p-adic Hodge theory and the work of the author [Sch13] on p-
adic Hodge theory for rigid-analytic varieties. The general strategy here
is to cover a rigid-analytic variety by perfectoid spaces using the pro-
étale site: Any rigid space is locally in the pro-étale topology perfectoid.
Recently, progress on integral p-adic Hodge theory has also been made
using perfectoid techniques, [BMS16].
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(2) Shimura varieties: The inverse limit over all levels at p of a Shimura va-
riety is a perfectoid space by [Sch15|. This was in fact first observed
by Weinstein in the case of the Lubin-Tate tower, [Weil6], and then
generalized to all Rapoport-Zink spaces in [SW13]. This way, one gets
applications towards the global Langlands conjecture, i.e. the relations
between automorphic forms and Galois representations as in [Schl5],
[CS17], [ACCT17].

(3) Local Langlands: Combining the previous two directions, one can estab-
lish a general theory of shtukas in the p-adic setting; this was the main
theme of the author’s Berkeley lectures, [SW14]. This makes it possible
to attack the local Langlands conjectures for a general p-adic reductive
group.

(4) Commutative algebra: After Bhatt applied the almost purity theorem
towards a special case of the direct summand conjecture, [Bhal4], André
has used perfectoid techniques to settle the full conjecture, [And16], with
a simplified proof by Bhatt, [Bhal6].

(5) Algebraic topology: The work [BMS16] on integral p-adic Hodge theory
was motivated by computations in topological Hochschild homology, and
the relation between the subjects is worked out in [BMS]. This led to a
different perspective on topological Hochschild homology itself that has
been worked out in [NS17].

Moreover, we must also mention the Fargues-Fontaine curve [FF17] that plays
a critical role in several of these developments, in particular in p-adic Hodge the-
ory, and in local Langlands: By Fargues’ conjecture [Farl?], the local Langlands
conjecture can be understood as a geometric Langlands conjecture on the Fargues-
Fontaine curve.

At the Arizona Winter School, a magnificent effort was made to present these
developments to a very large audience of graduate students and other interested
mathematicians. The lecture series of Bhatt (mostly on (1)), Caraiani (mostly on
(2)), Kedlaya (mostly on (1) and (3), but including many foundational results on
adic and perfectoid spaces), and Weinstein (on tilts and untilts of perfectoid spaces
and the Fargues-Fontaine curve) each took on the demanding task of presenting
some aspects, referring to each other in critical ways. The resulting excellent lecture
notes that this volume combines will be an invaluable resource for learning the
theory of perfectoid spaces.

In the evenings, the students worked on research projects and exercises, and
I was thrilled by their infinite energy lasting until the morning hours. During the
student presentations, I was more than once surprised by the results obtained by
the students; sometimes, I couldn’t even believe that this was correct! They have
truly reshaped my own understanding of perfectoid spaces, which really are very
mysterious objects. The school was a very memorable event, and I hope it will
motivate many students to further develop the theory of perfectoid spaces, and to
use it in new and surprising ways.
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Adic spaces

Jared Weinstein

1. An introduction to adic spaces

This year’s AWS topic is perfectoid spaces, a difficult topic to treat in one week
if there ever was one. But given the interest in the topic, and the huge amount of
important work awaiting young mathematicians who want to work on this field, it
is certainly a worthy effort. The lecture notes here are meant to be a motivated
introduction to adic spaces, perfectoid spaces and diamonds, for the reader who
knows some algebraic geometry/!

1.1. What is a “space”? Consider the different kinds of geometric “spaces”
you know about. First you learned about topological spaces. Then came various
sorts of manifolds, which are topological spaces which locally look like a model space
(an open subset of R™). Then you learned that manifolds could carry different
structures (differentiable, smooth, complex, ...). You could express these structures
in terms of the transition functions between charts on your manifold. But this is a
little awkward, thinking of everything in terms of charts. Later you learned a more
efficient definition: a manifold with one of these structures is a ringed space (X, Ox),
where X is a topological space and Ox is a sheaf of rings on X, such that locally
on X the pair (X, Ox) is isomorphic to one of the model spaces, together with its
sheaf of (differentiable, smooth, complex) functions. An advantage of this point
of view is that it becomes simple to define a morphism f: X — Y between such
objects: it is a continuous map of topological spaces together with a homomorphism
Oy — f+Ox (in other words, functions pull back).

This formulation of spaces in terms of pairs (X, Ox) was good preparation for
learning about schemes, the modern language of algebraic geometry. This time
the model spaces are affine schemes, which are spectra of rings. For a ring A, the
topological space Spec A may have initially seemed strange—in particular it is not
generally Hausdorff. But then you learn some advantages of working with schemes.
For instance, an integral scheme X has a generic point 7. It is enormously useful
to take an object associated with X (a morphism to X, an Ox-module, an étale
sheaf on X, ...) and pass to its generic fiber, which is associated with the function
field of X. Usually if some property is true on the generic fiber, then it is also true
“generically” on X (that is, on a dense open subset). Number theorists use this

1Special thanks to Johannes Anschiitz, Shamil Asgarli, Tony Feng, Maria-Inés de Frutos
Fernédndez, Nadir Hajouji, Sean Howe, Siyan Li, Jackson Morrow, David Savitt, Peter Scholze,
Koji Shimizu, and David Zureick-Brown for their helpful comments.
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2 JARED WEINSTEIN

language all the time in the setting of Spec Z: if a property holds over the generic
point Spec Q, then it holds at almost all special points Spec F,.

The language of formal schemes is useful for studying what happens in an
infinitesimal neighborhood of a closed subset of a scheme. Thus formal schemes
often arise in deformation theory. This time, the model spaces are formal spectra
Spf A, where A is an admissible topological ring. (Examples of such A include
Z, and Z[T].) The notation Spf stands for “formal spectrum”, and refers to the
collection of open prime ideals of A. This can be given the structure of a topological
space X, which is equipped with a sheaf Ox of topological rings.

In the theory of complex-analytic spaces, the model space is the vanishing locus
of a collection of holomorphic functions on an open subset of C™. Thus it is like the
theory of complex manifolds, except that some singularities are allowed. The theory
of complex-analytic spaces has many nice interactions with the theory of schemes.
If X is a finite-type scheme over Spec C, then there is a complex-analytic space
X the analytification of X, which is universal for the property of admitting a
morphism of ringed spaces (X?*, Oxan) = (X, Ox). Conversely, if X is a complex-
analytic space admitting a closed immerson into projective space, then X is the
analytification of a projective complex variety X, and then X and X have equivalent
categories of coherent sheaves, and the equivalence respects cohomology groups
(Serre’s GAGA theorem). In this situation there are comparison isomorphisms
between the étale cohomology groups of X and &X. There are further relations
known as wuniformizations; most well-known of these is the phenomenon that if
E is an elliptic curve over Spec C, then there exists a lattice L C C such that
Ea =~ C/L as complex-analytic spaces.

1.2. Rigid-analytic spaces. Let us turn our attention from archimedean
fields (R and C) to non-archimedean fields (Q,, C,, k((t)) for any field k). Both are
kinds of complete metric fields, so it is natural to expect a good theory of manifolds
or analytic spaces for a non-archimedean field K. Which ringed spaces (X, Ox)
should serve as our model spaces? The naive answer is that (to define a manifold) X
should be an open subset of K™, and Ox should be its sheaf of continuous K-valued
functions. The problem with this approach is that X is totally-disconnected, which
makes it too easy to glue functions together. This problem will ruin an attempt
to emulate the complex theory: if X = P! defined this way, then H°(X,Ox) # K
(violating GAGA) and HY, (X, A) # A (violating the comparison isomorphism).

Nonetheless, Tate observed that some elliptic curves over K (those with multi-
plicative reduction) admit an explicit uniformization by K *, which hints that there
should be a good theory of analytic varieties. Tate’s uniformization involved power
series which converged on certain sorts of domains in K*. Tate’s theory of rigid-
analytic spaces is a language which satisfies most of the desiderata of an analytic
space, including GAGA and the comparison isomorphisms. A brief summary of
the theory: we define the Tate algebra K(T4,...,T,) to be the K-algebra of power
series in K[T7,...,T,] whose coefficients tend to zero. (Alternately, this is the com-
pletion of the polynomial ring K[T1,...,T,] with respect to the “Gauss norm”.)
The Tate algebra has various nice properties: it is Noetherian, all ideals are closed,
and there is a bijection between the maximal spectrum Spm K (T, ..., T,) and the
closed unit disc in K, modulo the action of Gal(K/K). An affinoid K -algebra is
a quotient of a Tate algebra.
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The model spaces in the theory of rigid-analytic spaces are Spm A, where A is
an affinoid K-algebra, and Spm means the set of maximal ideals. But the topology
Tate puts on Spm A is not the one coming from F”, and in fact is not a topology at
all, but rather a Grothendieck topology, with a collection of “admissible opens” and
a notion of “admissible open covering”. With this topology, Spm A carries a sheaf
of rigid-analytic functions, whose global sections recover A. Then a rigid-analytic
space over K is a pair (X, Ox), where X is a set carrying a Grothendieck topology
and Oy is a sheaf of K-algebras, which is locally isomorphic to a model space
Spm A.

Despite this quirk about Grothendieck topologies, the theory of rigid-analytic
spaces has had spectacular successes as a non-archimedean analogue to complex-
analytic spaces: there is a rigid-analytic GAGA theorem, comparison theorems,
fascinating theorems about uniformization of curves and of Shimura varieties, new
moduli spaces which are local analogues of Shimura varieties (implicated in the
proof of the local Langlands correspondence for GL,, over a p-adic field).

1.3. A motivation for adic spaces. Despite these successes, the theory of
rigid-analytic spaces has a few shortcomings, which are addressed by the more
general theory of adic spaces. One is the problem with topologies, illustrated in the
following examples:

EXAMPLE 1.3.1. Let X = Spm K(T) be the rigid-analytic closed unit disk,
and let Y be the disjoint union of the open unit disc U with the circle S =
Spm K(T,T~1). There is an open immersion ¥ — X, which is a bijection on
the level of points. But it is not an isomorphism, because the two spaces have
different Grothendieck topologies. (The trouble is that {U, S} is not an admissible
cover of X, because U is not a finite union of affinoid subdomains.)

Another example: let X = Spm K(T), let a be an element of the completion
of K which is transcendental over K, and let Y C X be the union of all affinoid
subdomains U which do not “contain” «, in the sense that o does not satisfy
the collection of inequalities among power series which define U. Then the open
immersion Y — X is once again a bijection on points. Indeed, a point x € X is
a Galois orbit of roots of an irreducible polynomial f(7T') € K[T]. Since f(a) # 0,
we have |f(a)| > |t| for some nonzero t € K, and then z belongs to the rational
subdomain defined by |f| < |¢[, hence it belongs to Y. However, Y — X cannot be
an isomorphism: the collection of affinoid subdomains U used to define Y does not
admit a finite subcover of Y, whereas (since X is affinoid), any admissible cover of
X by affinoid subdomains admits a finite subcover.

In both examples there was an open immersion ¥ — X which is a bijection
on points but which is not an isomorphism. This suggests that there are certain
hidden “points” in X which Y is missing. In fact in the world of adic spaces, Y is
simply the complement in X of a single point.

Another shortcoming, if we may be so greedy as to point it out, is that rigid-
analytic spaces are too narrowly tailored to the class of K-affinoid algebras studied
by Tate. Whereas the category of adic spaces encompasses the categories of rigid-
analytic spaces, formal schemes, and even ordinary schemes. This allows to pass
between these categories very easily. For instance, if X is a formal scheme over
Spf Z,, (satisfying certain finiteness assumptions), then there should be a corre-
sponding rigid space X8, its rigid generic fiber. This was worked out by Berthelot
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[Ber91], but is rather subtle: if X = Spf Z,[T], then X" is the rigid-analytic open
unit disc, which is not even affinoid. Whereas in the adic world, there is a formal
unit disc fibered over a two-point space SpaZ,, and its generic fiber is simply the
open subset lying over the generic point Spa Q.

1.4. Huber rings. The model spaces in the theory of adic spaces are associ-
ated to certain topological rings A. In light of our desiderata, A should be allowed
to be Z,[T], or Q,(T), or even any ring whatsoever with its discrete topology. In
the first and third case, the topology of A is generated by a finitely-generated ideal.
In the second case, the topology of Q,(T") certainly isn’t generated by p (since this
is invertible in A), but rather there is an open subring Z,(T") whose topology is
generated by p.

DEFINITION 1.4.1. A Huber rinﬂ is a topological ring A containing an open
subring Ag carrying the linear topology induced by a finitely generated ideal I C Aj.
The ring Ag and the ideal I are called a ring of definition and an ideal of definition,
respectively. (The data of Ay and I are part of the data of a Huber ring; only their
existence is.)

A Huber ring A is Tate if it contains a topologically nilpotent unit. Such an
element is called a pseudo-uniformizer.

EXAMPLE 1.4.2.

(1) Any ring A can be given the discrete topology; then A is a Huber ring
with Ag = A and I =0.

(2) Let K be a nonarchimedean field: this means a topological field which is
complete with respect to a nontrivial nonarchimedean real-valued metric
| |. Since || is nontrivial, K contains an element w with 0 < |w| < 1,
which is then a pseudo-uniformizer of K. Then K is a Huber ring, K° =
{|z| < 1} is a ring of definition, and (w) is an ideal of definition.

(3) Continuing with the previous example, we have the Tate K-algebra A =
K(Ty,...,T,). This is a Tate Huber ring. The subring K°(T1,...,T,) is
a ring of definition, and (o) is an ideal of definition.

(4) Let R be any ring with its discrete topology. Then the power series ring
A = R[Th,...,T,] is a Huber ring which is not Tate. Then A itself is a
ring of definition, and (T4,...,T,) is an ideal of definition.

(5) Similarly, if K is a nonarchimedean field with pseudouniformizer w, then
A= K°[Th,...,T,] is a Huber ring. Then A itself is a ring of definition,
and (o, T1,...,T,) is an ideal of definition.

(6) Let K be a nonarchimedean field which is perfect of characteristic p. The
ring of Witt vectors A = W(K°) is a Huber ring, A itself is a ring of
definition, and (p, [w]) is an ideal of definition.

(7) Let A = Qp[77]. It is tempting to say that A is a Huber ring, with a
ring of definition Ay = Z,[T] and an ideal of definition (p,T). But in
fact one cannot put a topology on A which makes this work. Indeed, in
such a topology T™ — 0, and since multiplication by p~—' is continuous,
p~1T™ — 0 as well. But this sequence never enters A, and therefore
Ay C A is not open. (It is fine to say that Q,[T] is a Huber ring with
ring of definition Q,[7] and ideal of definition (T), but then you are

2called an f-adic ring by Huber [Hub94].
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artificially suppressing the topology of Q,, so that the sequence p™ does
not approach 0.) There is a similar obstruction to Z,[T][1/p] being a
Huber ring.

We need a few more basic definitions.

DEFINITION 1.4.3. A subset S of a topological ring A is bounded if for all open
neighborhoods U of 0, there exists an open neighborhood V of 0 such that V.S C U.
An element f € A is power-bounded if {f™} C A is bounded. Let A° be the subset
of power-bounded elements. If A is linearly topologized (for instance if A is Huber)
then A° C A is a subring.

A Huber ring A is uniform if A° C A is bounded.

All of the Huber rings in Example 1.4.2 are uniform. A non-uniform Huber
ring is A = Q,[T]/T?, because A° = Z,, + Q,T is unbounded.

REMARK 1.4.4. In a uniform Huber ring A, the power-bounded subring 4y C A
serves as a ring of definition. Complete uniform Huber rings which are Tate are
especially convenient because they are Banach rings. Indeed, suppose A is a uniform
Tate Huber ring, and let @ € A be a pseudo-uniformizer. Then the topology on A
is induced from the norm

‘a| _ zinf{n: w"aer}'

1.5. Continuous valuations. The idea now is to associate to a Huber ring
A a ringed space Spa A = (X, Ox), which will serve as the model space for the
theory of adic spaces. The points of X are quite interesting: they correspond to
continuous valuations on the ring A.

Recall that an ordered abelian group is an abelian group I' endowed with a
translation-invariant total order <. These will be written multiplicatively. Exam-
ples include R~ and any subgroup thereof. Another example is I' = R~y X Rxsg
under its lexicographical ordering: (a,b) < (c¢,d) means that either a < ¢ or else
a =cand b <d A feature of this I" is that it contains R~ (embedded along
the first coordinate) together with, for each a € Ry, elements (such as (a,1/2),
respectively (a,2)) which are between a and every real number less than (respec-
tively, greater than) a. This concept easily generalizes to finite products RZ, or
even infinite products of R~ indexed by an ordinal.

DEFINITION 1.5.1. For an ordered abelian group I, a subgroup I'” C T is convex
if any element of I" lying between two elements of I itself lies in I"”.

It is a nice exercise to show that if IV, C T" are two convex subgroups then
either IV € T or I C T”. Therefore the set of nontrivial convex subgroups forms
a totally ordered set with respect to inclusion. The cardinality of this set is called
the rank of I'. Thus the rank of RY is n.

The condition for I" to be rank 1 is equivalent to the following archimedean
property: given a,b € I' with a > 1, then there exists n € Z with b < a”. We
remark that a rank 1 ordered abelian group can always be embedded into R~g.

DEFINITION 1.5.2. Let A be a topological ring. A continuous valuation on A
is a map

|| : A= TuU{0},
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where I is a totally ordered abelian group, and I'U {0} is the ordered monoid with
least element 0. It is required that

e |ab| = al[b],

e |a+0b| <max(jal,[b]),
. 1-1,

e |0] =0,

(Continuity) For all v € T, {a €A

la| < 'y} is open in A.

Two continuous valuations | | : A — TU{0} and | | : A — I"U{0} are equivalent
if for all a,b € A we have |a| > |b| if and only if |a]" > |b|". In that case, after
replacing I' by the subgroup generated by the image of A, and similarly for I,
there exists an isomorphism ¢: I' 2 I such that «(|a|) = |a|’ for all a € A.

Note that the kernel of |-| is a prime ideal of A which only depends on the
equivalence class of |-|.

DEFINITION 1.5.3. Let Cont(A) denote the set of equivalence classes of contin-
uous valuations of A. For an element x € Cont(A), we use the notation f — |f(x)|
to denote a continuous valuation representing z. We give Cont(A4) the topology

(@) < l9(a)] #o}, with f.g € A. For

x € Cont(A), the rank of x is the rank of the ordered abelian group generated by
the image of a continuous valuation representing .

generated by subsets of the form { z

Some remarks on the topology of Cont(4): Note that sets of the form {|g(x)|#0}
are open, as are sets of the form {|f(x)| < 1}. This blends features of the Zariski
topology on schemes and topology on rigid spaces. Furthermore, Cont(A) is quasi-
compact, just as the spectrum of a ring is quasi-compact.

When A is a Huber ring, the set Cont(A) is a good candidate for the model
space we want to build. For instance if A is a discrete ring, then Cont(A) contains
one point x for each prime p € Spec A, namely the valuation pulled back from
the trivial valuation on the residue field of p. The set Cont(Q,) is a single point,
namely the equivalence class of the usual p-adic valuation on Q,.

Now consider Cont(Q,(T)), which is our hypothetical “adic closed unit disc”.
For each maximal ideal m € Spm Q,(T"), we do get a point in Cont(A) by pulling
back the valuation on the nonarchimedean field Q,(T")/m (this is a finite extension
of Q,). Thus there is a map Spm Q,(T") — Cont Q,(T"). But the latter set contains
many more points. For instance, we can let o € C, be a transcendental element
with |a| < 1, and define a continuous valuation on Q,(T) by f — |f(c)|. This
is going to address one of the problems in classical rigid geometry brought up in
Example [[L311

Addressing the other problem brought up in that example, we can also define
an element 2~ € Cont Q,(T) as follows: let I' = R~ x 7%, where the order is
determined by the relations a < v < 1 for all real a < 1. (If you like, T' can be
embedded as a subgroup of Rsg x R~ by ay™ — (a,1/2™).) Now define z~ by

o0

Z apT™ — sup |a,|y".

n=0 n20

Thus =~ “thinks” that T is infinitesimally smaller than one: we have |T'(z7)| =

v <1, but |T(z7)| > |a| for all a € Q, with |a| < 1. The point x~ prevents us
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from disconnecting Cont Q,(T") by the disjoint open sets U,>1 {|T"(z)| < |p|} and
{|T'(z)| = 1}, because neither of these contains z~!

However, this example suggests that we have more points in Cont Q,(7T") than
we bargained for. There is also a point T with the same definition, except that
is now infinitesimally greater than 1. Morally, whatever the closed adic disc is, it
should not contain any points which think that 7" is greater than 1, and so we need
to modify our model spaces a little.

1.6. Integral subrings.

DEFINITION 1.6.1. Let A be a Huber ring. A subring AT C A is a ring %’
integral elements if it is open and integrally closed and AT C A°. A Huber pai
is a pair (A4, A1), where A is Huber and AT C A is a ring of integral elements.
Given a Huber pair, we let Spa(A, A™) C Cont(A) be the subset (with its induced
topology) of continuous valuations z for which |f(z)] <1 for all f € A*T. We will
sometimes write Spa A for Spa(A, A°).

We remark that Spa(A, A1) is always quasi-compact.
Thus the closed adic disc should be Spa(A, A"), where A = Q,(T) and AT =
A° =Z,(T). But one could also define an integral subring

ATt = {ianT" € A"

n=0

|an|<1f0ralln21}.

We have AT+ C AT, and so Spa(A, AT) C Spa(A, AT™™). In fact the complement
of Spa(A4, AT) in Spa(A, ATT) is the single point z* from our discussion above.
Furthermore, if we embed Spa(4, A™) into an adic closed disc of larger radius, then
it will be an open subset of the larger disc, and its closure will be Spa(A, ATT).

1.7. The classification of points in the adic unit disc. Suppose C is a
nonarchimedean field which is algebraically closed, and suppose that a — |« is
an absolute value inducing the topology on C'. We review here the classification of
points in X = Spa(C(T"),C°(T)) as in [Sch12|. The points of X are divided into
five types; we warn that this division into five types breaks down for other adic
spaces. Generally, one may work with adic spaces without consciously knowing
what each point looks like.

e Points of Type 1 correspond to elements o € C' with |a| < 1. The corre-
sponding continuous valuation is f — | f(a)].

e Points of Type 2 and 3, also called Gauss points, correspond to closed
discs D = D(a,r). Here a € C has |a| <1, 0 < r < 1 is a real number,

andD{BGC’

| — B] < r 3. The corresponding valuation is

fsup [f(B)].
BeD
Explicitly, if we expand f as a series in T—a, say f(T) = > " an(T—a)™,
then this works out to be sup,, |a,|r™.
If r belongs to |C|, then the point is of Type 2; otherwise it is of
Type 3.

3Called an affinoid algebra in [Hub94].
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e Points of Type 4 appear because of the strange phenomenon that C' may
not be spherically complete. That is, there may be a descending sequence
of closed discs D1 D Do D --- with empty intersection. (For instance,
this occurs when C = C,.) The corresponding continuous valuation is
f = infisupgep, [f(B)]-

e Points of Type 5 have rank 2. For each € C with || < 1,each 0 < r < 1,
and each sign + (excluding the positive sign if » = 1), we let I' = R xyZ
be the ordered abelian group generated by R~ and an element v which
is infinitesimally less than or greater than r, depending on the sign. The
corresponding continuous valuation is

o0
3" (T — )" = suplan| 7"
n=0 n

If C' has value group R~ ¢, then there are no points of Type 3. If C' is spherically
complete, then there are no points of Type 4 either: every descending sequence of
closed discs has an intersection which is either itself a closed disc or a single point.

The only non-closed points in X are the Type 2 points, which correspond to
discs D: the closure of such a point contains all Type 5 labeled with a triple (o, 7, +),
where D = D(a, ).

1.8. The structure presheaf, and the definition of an adic space. In
the construction of affine schemes, one starts with a ring A, defines the topological
space X = Spec A, and then defines the structure sheaf Ox this way: there is
a basis of open sets of the form Uy = {x’f(x) #* 0} for f € A, and one puts
Ox(Uy) = A[1/f]; it is easy enough to check that there is a unique sheaf of rings
Ox with this property. (Here we use the notational convention that if « corresponds
to a prime ideal p C A, then f(x) is the image of x in the residue field of p.) The
idea behind this definition is that Uy should be an affine scheme in its own right,
namely Spec A[1/f]. The key observation here is that Spec A[1/f] — Spec A is an
open immersion with image Uy, and is universal for this property in the sense that
for any A-algebra B, the map Spec B — Spec A factors through Uy if and only if
A — B factors through A[1/f].

It is somewhat more subtle to define Ox for X = Spa(4, AT), where (A, A1)
is a Huber pair. We single out a class of open sets called rational subsets.

DEFINITION 1.8.1. Let s1,...,8, € A and let TY,...,T,, C A be finite subsets
such that T; A C A is open for all .. We define a subset

T; T Ty
U({S—}> =U<S—1,...,s—> = {JJEX ’ [ti(x)] < |si(x)| # 0, for all t; ETZ}.
% 1 n

This is open because it is an intersection of a finite collection of the sort of opens
which generate the topology on X. Subsets of this form are called rational subsets.

Note that a finite intersection of rational subsets is again rational, just by
concatenating the data that define the individual rational subsets.
The following theorem shows that rational subsets are themselves adic spectra.

THEOREM 1.8.2 ([Hub94, Proposition 1.3]). Let U C Spa(A, A™) be a ratio-
nal subset. Then there exists a complete Huber pair (A, A") — (Ox(U),0%(U))
such that the map Spa(Ox (U), 0% (U)) — Spa(A, A*) factors over U, and is final
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among such maps. Moreover, this map is a homeomorphism onto U. In particular,
U is quasi-compact.

DEFINITION 1.8.3. Define a presheaf Ox of topological rings on Spa(A, A™):
If U C X is rational, Ox(U) is as in the theorem. On a general open W C X, we
define
Ox(W)= lm  Ox(U).
UCW rational
We defines O} analogously. If Ox is a sheaf, we call (4, AT) a sheafy Huber pair.

PROPOSITION 1.8.4. For all U C X = Spa(A, AT),
0% (U) = {f € Ox(U) ’ |f(z)] <1, forallz € U}.

In particular, OF is a sheaf if Ox is. If (A, AT) is complete, then Ox(X) = A
and OF (X) = A*.

Let (A, AT) be a sheafy Huber pair, and let X = Spa A. Then (X,0Ox) is a
locally ringed topological space, and Ox is a sheaf of topological rings. The locally
ringed space (X, Ox) comes equipped with some extra data: for each x € Spa A,
we have a continuous valuation |-, on the local ring Ox ;. (Note that O can be
recovered from the data of these valuations, by Proposition [[84])

We can now define the category of adic spaces.

DEFINITION 1.8.5. An adic space is a triple (X, Ox, {|-[,},c x ), where (X, Ox)
is locally ringed topological space, Ox is a sheaf of complete topological rings, and
for each x € X, |-|, is a continuous valuation on Ox ,. We require that locally on
X, this is the triple associated to Spa(4, A1), where (A4, A1) is a sheafy Huber pair.
A morphism between adic spaces is a morphism between locally ringed topological
spaces, which is compatible with the topology on Ox and with the given valuations
||, x> in the evident manner.

Of course one wants some criteria for determining whether a given Huber pair
is sheafy.

THEOREM 1.8.6 ([Hub94]). A Huber pair (A, AT) is sheafy in the following
situations.

(1) The ring A is discrete. Thus, there is a functor from schemes to adic
spaces, which sends Spec A to Spa(A, A).

(2) The ring A is finitely generated (as an algebra) over a noetherian ring of
definition. Thus, there is a functor from noetherian formal schemes to
adic spaces, which sends Spf A to Spa(A, A).

(3) The ring A is Tate and strongly noetherian, which means that the rings

A<X1,...,Xn>: Z aiTi aiEA, ai—>0

= (i1,eenyin) >0

are noetherian for all m > 0. Thus there is a functor from rigid spaces
over a monarchimedean field K to adic spaces over Spa K, which sends
Spm A to Spa(A, A°) for an affinoid K -algebra A.

EXAMPLE 1.8.7 (The adic closed disc over Q). Let A = Q,(T), and let AT =
A° =Z,(T). Then Spa(A, A1) is the adic closed disc over Q,.
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EXAMPLE 1.8.8 (The adic open disc over Q,). Let A = Z,[T]. Since A is
its own ring of definition and is noetherian, (A4, A) is sheafy and Spa(A4, A) is an
adic space. We have a morphism Spa(4, A) — Spa(Z,,Z,). The latter is a two-
point space, with generic point n = Spa(Q,, Z,). The generic fiber of Spa(4, A) is
Spa(A, A),, the preimage of n. It is worthwhile to study this space in detail.

Let © € Spa(A4, A),. We have |p(z)| # 0. We also know that since p and
T are topologically nilpotent in A, we have |T(z)|" — 0 as n — oo. Therefore,
there exists an n > 0 with |7T"(x)| < |p(z)|. This means that z lies in the rational
subset U(T™/p). From this we see that the increasing sequence of rational subsets
U(T™/p) covers Spa(A, A),. Since this covering has no finite subcovering, we can
conclude that Spa(A, A),, is not quasi-compact.

EXAMPLE 1.8.9 (The adic affine line over Q). Let D be the adic closed disc
over Q,. We let A}QP = @D, where the colimit is taken over the transition map
T — pT. Put another way, A}Qp is the ascending union of closed discs of unbounded
radius. Then A}Qp is not quasi-compact. As we remarked earlier, the closure of the
unit disc D C Ag is Spa(A, A*) for a strict subring A*+ C A°.

ExXAMPLE 1.8.10 (The projective line over Q). Let D be the adic closed disc
over Q,. The projective line P}Q,, is obtained by gluing together two copies of D
along the map 7'+ 7" on the “circle” {|T| = 1}. Then P contains Ag as an
open subspace; the complement is a single point.

1.9. Partially proper adic spaces. Given an adic space X, one can consider
its functor of points: whenever (R, R") is a complete sheafy Huber pair, we define
X(R,R") to be the set of morphisms from Spa(R, RT) to X. We also have the
relative version of this functor: If X is fibered over a base space S, then we may
consider the relative functor of points on the category of morphisms Spa(R, RT) —
S, which sends such an object to the set of S-morphisms Spa(R, RT) — X. Since
every adic space is covered by affinoid spaces, an adic space is determined by its
functor of points.

Let us compute the functor of points for the examples in the previous section.

ExaMPLE 1.9.1. Let (R, R") be a complete sheafy Huber pair over (Q,, Z,).
(1) Let D be the closed unit disc over Q,. Then

D(R,R*) = Hom(Z,(T), R") = R*

(via f = f(T)). (The Hom here and below is in the category of topological
Z,-algebras.)
(2) Let D° be the open unit disc over Q,,. Then

D°(R,R*) = Hom(Z,[T], R") = R*°

is the set of topologically nilpotent elements of R, again via f — f(T).
Now, a priori the image is R°° N RT. However, the fact that RT is open
and integrally closed means that if a € R°°, then a™ € RT for n large
enough, and thus a € R*. Thus, R°° C R*.

(3) Let Atl.:zp be the adic afline line over Q,. Then

A4 (R,RT) =R
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If D is the closure of D in Al ,» then
D(R,R") = Hom(A*tT R") = {a €ER ‘ pa™ € R° for all n > 1} .

Again, a priori the condition on a is that pa™ € RT for all m > 1. But
if pa™ € R° for all n > 1, then also (pa™)? = p(pa®") € pR° C RT, so
pa™ € R as well.

(4) Let P(IQp be the adic projective line over Q,. Then Ptl.:zp (R, R™) is the set

of projective rank 1 quotients of R2.

DEFINITION 1.9.2. Let X be an adic space. We say X is partially proper if it
is quasi- separated@ and if for every sheafy Huber pair (R, RT) and every morphism
Spa(R, R°) — X, there exists a unique morphism Spa(R, R*) — X making the
diagram commute:

Spa(Rv RO) - Spa(Rv RJr)

L

X.

Thus if X is partially proper, X (R, RT) = X (R, R°) only depends on R. Finally,
X is proper if it is quasi-compact and partially proper.

There is a relative definition of partial properness for a morphism X — S, which
we leave to the reader to work out. Note that the definition of partial properness
is similar to the valuative criteria for properness and separatedness for schemes.
There is also a definition of properness involving universally closed morphisms, cf.
[Hub96].

Intuitively, a space is partially proper when it has no boundary. In the examples
above, D°, D, A and PQ are partially proper, but of these only D and P1
are proper Then D is not partially proper, as its functor of points really depends
on RT.

2. Perfectoid fields

We are now going to take a sudden change of direction to talk about perfectoid
fields. The idea is that perfectoid fields are the one-point perfectoid spaces, so they
are rather a prerequisite to study perfectoid spaces in general. Besides, perfectoid
fields have an interesting history, even if the name and formal definition did not
appear until [Sch12| and [KL15].

A class of perfectoid fields plays a crucial role in Tate’s study of p-divisible
groups [Tat67]. Let K be the fraction field of a mixed-characteristic discrete val-
uation ring with perfect residue field of characteristic p (e.g., a finite extension of
Q,). Tate considered a tower of Galois extensions K,,/K satisfying the conditions
(a) Gal(K,/K) = (Z/p"Z)" for some h > 1 and (b) K,,/K is totally ramified.
(For Tate, such a tower came by adjoining the torsion in a p-divisible group.) Let
Ko =U,K, and let l?x, be its completion.

4A topological space is quasi-separated if the intersection of any two quasi-compact open
subsets of X is again quasi-compact. If (A, A1) is a Huber pair, then Spa(4,At) is quasi-
separated.
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Let C be the completion of an algebraic closure of K. Tate proved some
basic facts about the cohomology of C' as a Gal(K/K)-module, using K., as an
intermediary. (The ultimate goal was to prove a p-adic Hodge decomposition for
p-divisible groups and abelian varieties.) Along the way he proved a curious fact:
if L/ K is a finite extension, then the ideal of K generated by traces of elements
of L° contains the maximal ideal mg_ of K3 . (Thus it is either mg__ or else it is
all of K.) Now, if L were instead a finite extension of K, then this ideal of traces
is related to the different ideal of L/K, and measures the ramification: the bigger
the ideal, the less ramified L/K is. Tate’s result is that any finite extension of K,
is almost unramified, or put another way, the corresponding extension of K3  is
almost étale.

The next work along these lines comes from Fontaine and Wintenberger [FW'79].
They considered a more general infinite algebraic extension K., /K which is highly
ramified, in the technical sense that G} Gk C Gk is open for all © > —1, where
G is a higher ramification group. Such extensions are called arithmetically profi-
nite (APF). For instance, if K./K is a totally ramified Galois extension with
Gal(K »/K) a p-adic Lie group, then K, /K is APF. To such an extension, Fontaine
and Wintenberger attached a nonarchimedean field X, the field of norms, whose
multiplicative monoid is the inverse limit lim K,,, where the transition maps in the
limit are norms. The field X has characteristic p; in fact it is a Laurent series
field over the residue field of K. Rather surprisingly, we have an isomorphism of
Galois groups Gal(X/X) = Gal(K/K). This isomorphism is fundamental to the
classification of p-adic Galois representations via (¢,I")-modules (see [Ked15] for
a discussion of these) and the proof of the p-adic local Langlands correspondence
for GL2(Q,) [Col10].

The themes of almost étale extensions and passage to characteristic p are the
hallmarks of perfectoid fields, which we now define.

DEFINITION 2.0.1. A nonarchimedean field K of residue characteristic p is a
perfectoid field if (a) its value group is nondiscrete, and (b) the pth power Frobenius
map on K°/p is surjective.

EXAMPLE 2.0.2.

(1) The basic examples of perfectoid fields are the completions of Q, (fp ) and
Qp(pl/ P™). The completion of any strictly APF extension is perfectoid.

(2) One source of APF extensions (and therefore perfectoid fields) comes
from p-divisible formal group laws. Let E be a local field of character-
istic 0 with residue characteristic p and uniformizer m. Recall that a
1-dimensional formal group law over O is a power series F(X,Y) =
X + Y + higher order terms in Og[X,Y] which satisfies the axioms of
an abelian group. Iterating F on itself p times produces a power series
[pl#(T). If [p]#(T) modulo 7 is nonzero, then F is p-divisible; in that
case [p]#(T) mod 7 = g(Tph) for some power series g and some maximal
h, called the height of F. The set of roots F[p”] of [p"]# is isomorphic
to (Z/p"Z)". Let Eo, = E(F[p*°]) be the field obtained by adjoining all
p-power torsion points to E. The extension E/E is APF, and therefore
the completion of E., is perfectoid.

(3) If a nonarchimedean field has characteristic p, then it is perfectoid if and
only if it is perfect. A basic example is k((t'/7")), where k/F,, is a perfect
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field: this is defined to be the completion of the perfection of k((¢)). This
example is rather fundamental: if K is a perfectoid field of characteristic
p and residue field k, then K contains k((t'/P™)), where ¢ is any element
of K with 0 < [t| < 1.

2.1. Tilting. Let K be a perfectoid field with absolute value | |. We let K° =
{]z| < 1} be its ring of integers.
We define
K’ =limK,

where the transition map is « — x?. Thus, elements of K are sequences (ag,ai,...)
of elements of K with a2 = a,_; for all n > 1. (If K has characteristic p, then
trivially K* = K this operation is only interesting in characteristic 0.) A priori
K" is a topological multiplicative monoid. We define an addition law on K” by the
rule (a,) + (bn) = (¢n), where

m

(211) Cp = lim (am+n + bm+n)P
m—00

It it easy to check that the limit exists (here we use the fact that K is complete).
It can be verified directly that K” is a field, but the easiest route is to pass to the
quotient K°/p. The reduction map K° — K°/p induces a map of topological
multiplicative monoids

lim K°— lim K°/p.

zﬁp z:!’ /p
Now one observes that this map is an isomorphism; the inverse sends a sequence
(an mod p) to (by,), where

-
b, = lim a® .
n m—o0 m+n

(The limit does not depend on the choice of lift of a,.) Therefore I'£1K ° inherits
the structure of a ring, with addition law as in ([I); its fraction field is K. Let
f + f* denote the projection map K” — K which sends (a,) to ag. We define
an absolute value on K’ by |f| = ’ fﬁ‘. One checks that this is a nontrivial nonar-
chimedean absolute value inducing the topology on K”, and that K” is complete
with respect to it. Finally, the very definition of K” shows that it is perfect of
characteristic p. Therefore K’ is a perfectoid field of characteristic p; it is called
the tilt of K.

The perfectoid field K* contains a pseudo-uniformizer w with || = [p|. An
important observation is that K°° = l.glm}—)zp K°/p, and that

K /w =~ K°/p.

EXAMPLE 2.1.1.

(1) Let K = Q,(p'/?™)". Then K® contains the element t = (p,p'/?,...)
with [t| = [p|. Thus ¢ is a pseudo-uniformizer of K°, and since K’ is
perfectoid, K contains F,((t'/?”)) (as remarked in Example 2.0.2). In
fact K” = F,((t'/?™)). To see this, observe that K°/p = Z,[p'/?"]/p =
F, [t1/P™]/t, and apply @ along x — 2P to both sides.

(2) If K = Q,(p1p)", then K’ (considered as the fraction field of l'&nKo/p)
contains the element t = (1 — (,,1 — (p2,...), and then once again
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K> = F,(t'/?7)). In fact if K is the completion of any APF exten-
sion of a p-adic field (see Example 2.0.2), then K” 2 k((t*/?™)), where k
is the residue field of K.

2.2. The tilting equivalence for perfectoid fields. For a perfectoid field
K of characteristic 0, the structures of K and K’ seem quite different: of course
their characteristics are different, and even though there is a multiplicative map
K* — K (f ~ f*%), this is far from being surjective in general. Nonetheless we
will encounter a family of theorems known as tilting equivalences which relate the
arithmetic of a perfectoid object and its tilt. The most basic tilting equivalence
concerns the Galois groups of perfectoid fields.

THEOREM 2.2.1. Let K be a perfectoid field of characteristic 0. Then for any
finite extension L/K (necessarily separable), L is also a perfectoid field, and L"/Kb
is a finite extension of the same degree as L/K. The categories of finite extensions
of K and K° are equivalent, via L — L". Consequently there is an isomorphism

Gal(K/K) = Gal(K '/ K*).

EXAMPLE 2.2.2. Theorem 2.2.1] allows us to describe the tilt of the perfectoid
field C,, = 61/7\ . Since C,, is the completion of the algebraic closure of the perfectoid
field K = Qp(pl/poo)A, C‘I’J is the completion of the algebraic closure of K’ 2
F, (/7).

There is an explicit inverse to L — L’ which merits discussion. Since we
want to move from characteristic p to characteristic 0, it is not surprising that
Witt vectors appear. Recall that for a perfect ring R of characteristic p, we have
the ring of Witt vectors W (R), which is characterized by the following properties:
W (R) is p-adically complete and p-torsion free, and W(R)/pW (R) = R. This is a
ring which is separated and complete for the p-adic topology; there is a surjective
morphism W(R) — R which admits a multiplicative (not additive) section R —
W (R), written « — [z]. The ring W (R) has the following universal property: For
a p-adically complete, p-torsion free ring S and a map of multiplicative monoids
R — S for which the composition R — S — S/p is a ring homomorphism, there
exists a unique continuous ring homomorphism W(R) — S such that the diagram

R

N

W(R) ——> S

commutes. Elements of W(R) may be written uniquely as formal power series
[wo] + [2alp + [walp® + ...

In the context of Theorem 21l we have the perfect ring K°°, the p-adically
complete p-torsion free ring K°, and the ring homomorphism K”° — K°/p, which
factors through a map of multiplicative monoids K”° — K°, namely f — f%.
Therefore by the universal property of Witt vectors, there exists a unique continuous
ring homomorphism : W (K°°) — K° satisfying 6([f]) = f*. Since p is invertible
in K, the map 6 extends to a homomorphism of Q,-algebras W(K")[1/p] = K,
which we continue to call 6.
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LEMMA 2.2.3. The homomorphism 0: W(K")[1/p] — K is surjective. Its
kernel is a principal ideal, generated by an element of the form [w] + ap, where
w € K’ is a pseudo-uniformizer and o € W (K"°) is a unit.

We can now describe the inverse to the tilting functor L — L” in Theorem
2211 Suppose that M/K” is a finite extension. Then M°® is perfect, and W (M°®)
is an algebra over W (K"°). We put

M* =W (M°) @y (groy.9 K.

Then M* is a perfectoid field, and there is a multiplicative map M — M?* given by
f+ f* = [f]®1. There is an isomorphism M = M*® given by f — (f%, (f1/P)¢,...).

2.3. Untilts of a perfectoid field of characteristic p. Let K be a perfec-
toid field of characteristic p. Does there always exists a characteristic 0 perfectoid
field whose tilt is K, and if so, can one describe the set of such “untilts”? Certainly
an untilt is not unique in general: In Example 2.1.1 we saw that there at least two
distinct perfectoid fields whose tilts are isomorphic to F,((t'/?™)).

DEFINITION 2.3.1. An untilt of K is a pair (K%, 1), where K* is a perfectoid
field and ¢: K = K® is an isomorphism.

We remark that our definition includes K as an untilt of itself, since after all
K’ =K.

Given an untilt (K%, ), the multiplicative map K° < K%° 2 Kt induces a
surjective ring homomorphism

O:: W(K®) — K™

Slfalp™ = > fip"
n=0 n=0

Then ker g is an ideal which is primitive of degree 1: this means that I is generated
by an element of the form ) - [f]p", where fy is topologically nilpotent and
f1 € K° is a unit.

THEOREM 2.3.2. The map I — (W(K°)/I)[1/p] is a bijection between the set
of primitive ideals of W(K?°) of degree 1, and the set of isomorphism classes of
untilts of K.

Note that I = (p) is the unique ideal which produces the trivial untilt K.

Theorem suggests that untilts of K of characteristic 0 are parametrized
by some kind of geometric object which is related to W(K°). An approximation
to this object might be MaxSpec W (K°)[1/p[w]], where w is a pseudo-uniformizer
of K. After all, every characteristic 0 untilt K* of K induces a surjective ring
homomorphism 6ys: W(K°)[1/p] — K* for which x:([w]) = @ is a pseudo-
uniformizer of K* (and is therefore nonzero); thus ker f: determines a maximal
ideal of W(K°)[1/p[w]]. However, MaxSpec W (K°)[1/p[w]] isn’t a rigid-analytic
space, as W (K°)[1/p[w]] isn’t an affinoid algebra.

The approach of Fargues and Fontaine requires looking at W(K°) as a ring
equipped with its ([cw], p)-adic topology. (This is called the weak topology in [FF11].)
This makes W (K°) into a Huber ring (with itself as ring of definition), and so we
may make the following definition.
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DEFINITION 2.3.3 (The adic Fargues-Fontaine curves Vg and X ). Let
Vi = Spa W (K°)\ {|p[=]| = 0},

where w is a pseudo-uniformizer of K. The Frobenius automorphism on K° induces
a properly discontinuous automorphism ¢: Vi — Vi ; we let

Xx = Vi /9%

We claim that Yy is covered by rational subsets of the form

(“” },{p’p }>={|[ | < ol <[]}  SpaW (K°)

[w]

as a and b (with a <
Spa W (K°) satisfies |p[w)]
0, there exists a b > 0 wit
p(@)| < |[2%)(2).

For an interval I = [a,b] C (0,00) with endpoints lying in Z[1/p]s¢, let Vi 1
be the rational subset defined above, and let Br,; = H°(Vk 1, Oy, ). Finally, let

Bx = H'(Vk,0y,.) L m Bg 7.

b) range through Z[1/p]s¢. Indeed, suppose that = €
(x)| # 0. Since [w] is topologically nilpotent and |p(x)| #
h |[@]®(z )’ < |p(z)|. Similarly, there exists an a > 0 with

These rings can be defined in terms of a family of norms on the ring W (K°)[1/p[w]].

For r > 0, let

Z[wn}pn
nezZ r
For the interval I = [a,b], the ring Bk, is the completion of W (K°)[1/p[w]]
with respect to the norm max{||,,||,}, and Bk is the Fréchet completion of
W (K°)[1/p[w]] with respect to the family of norms | |,..

=max {p " |z,|"} .

THEOREM 2.3.4 ([Ked16|). The Huber ring By 1 is strongly noetherian. Thus
Yk and Xk are adic spaces.

THEOREM 2.3.5 (|[FF11], Corollary 2.5.4). Suppose that K = C' is algebraically
closed. There is a bijection between the set of isomorphism classes of closed maximal
ideals of B¢ and the set of isomorphism classes of characteristic 0 untilts of C, given

by I — Be/I.

This means that there is an embedding of the set of isomorphism classes of
characteristic 0 untilts of C' into the set of closed points of V¢ (although this is far
from being surjective). For a characteristic 0 untilt C* with corresponding ideal
I, the homomorphism 6 : W(C°) — C* extends to a surjection 0 : Be — CF
with kernel 1.

2.4. Explicit parametrization of untilts by a formal Q,-vector space.
Theorems and do not give particularly explicit parametrizations for the
set of untilts of a perfectoid field K. The problem is that, even though it is easy
to exhibit elements of W(K°) which generate primitive ideals of degree 1, it is not
easy to decide whether two such elements generate the same ideal.

We offer now a different perspective. Assume that K = C is an algebraically
closed perfectoid field of characteristic p; we want to classify untilts of C. Suppose
that (C*%,.: C — C®) is an untilt of C' of characteristic 0. By Theorem Z2.1] the
field C* is also algebraically closed. Therefore it contains a compatible system of
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primitive pth power roots of unity: 1,(p,(p2,.... Let e = .7 1(1,(p, (e, ...) € C.
The idea is that the element ¢ € C is an invariant of the untilt C*. Now, this
element isn’t quite well-defined, because there is an ambiguity in the choice of
system of roots of unity.

Before resolving this ambiguity, we introduce some notation. Let H = ém be
the formal multiplicative group over Z,. This is the completion of G, z, along
the origin of G, ,. It is perhaps easiest to think of H as a functor from complete
adic Z,-algebras to Z,-modules, which sends R to the abelian group 14 R°° under
multiplication. This group gets its Z,-module structure this way: for a € Z,,
the action of a sends x to 2% (defined using power series). The underlying formal
scheme of H is isomorphic to Spf Z,[T]. We also define the universal cover

H= lim H,
wﬁp
so that if R is an adic Z,-algebra, H(R) is the Qp-vector space @x»—m?u + R°°).
There is a reduction map

(2.4.1) H(R) — H(R/p),

which one checks is an isomorphism, rather along the lines of the proof that K”° =
@z»—m? K°/p for a perfectoid field K. Consequently,

H(R) = H(R/p) = Jim R°°/p = lim R°,
x—>xP x—>xP
so that H is representable by the formal scheme Spf Z,, [T/P™]. Thus His a Q-
vector space object in the category of formal schemes, which is to say, a formal
Q,-vector space. Whenever K is a perfectoid field, H(K®) = H(K°) = H(K")
(the last isomorphism holds because K’ is perfect).

Given a characteristic 0 untilt C* of C, we obtain a nonzero element e € H (C°)
defined as the image of (1,(p, (2, . .. ) under H(C*) = H(C®). This element is well-
defined up to translation by an element of Z. Note that 6 ( [€1/P"]) = (pn for all
n > 0; therefore the element

] -1 _ [1] 4 [€/7] + - - - + [e®~D/7]

(2.4.2) €= ECE

lies in the kernel of fcs. One checks that the ideal (£) is primitive of degree 1, and
therefore C* corresponds to the ideal (¢) under the bijection in Theorem

On the other hand, we could start with a nonzero element & € H(C®), form &
as above, and from this construct the untilt C* = W (C°)[1/p]/(£). In fact:

THEOREM 2.4.1 (see [FF11l Proposition 3.4] and [FF11l Remarque 3.6]). The
map C* — ¢ gives a bijection between equivalence classes (respectively, Frobenius-
equivalence classes) of characteristic 0 untilts of C" and (H(C°)\{0})/Z, (respec-

tively, (H(C°)\ {0})/Q)).

The Q,-vector space H(CP) is rather interesting. On the one hand it is huge:
it certainly has uncountable dimension. To get a handle on it, we first choose a
characteristic 0 untilt C* of C, so that H(C°) = H(C*). We have a logarithm map
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log: H(C*) — C*¥, defined by the usual formula

o0

logx = Z(—l)"‘lw.

The logarithm map is a Z,-module homomorphism, which sits in an exact sequence
(2.4.3) 0 — fipee (C*) — H(C*) — C* — 0,

where ji,0 (C*) = H[p>](C*°) is the group of pth power roots of 1 in C*. Let
us check that the logarithm map is surjective. If 2 € C¥, there exists an n large
enough so that p™x is in the region of convergence of the exponential map; then
z = exp(p"z) € H(C*) satisfies log(z) = p", so that log(z'/?") = z for any p"th
root z'/P" of z in C*°.

Taking inverse limits along multiplication by p in (Z4.3) gives an exact sequence
of Q,-vector spaces:

(2.4.4) 0— VH(C) — H(C*) - C* -0,
where VH = 1'&1}7 H[p>=](C*); note that V H is a Q,-vector space of dimension 1,
spanned by a compatible system of primitive pth power roots of 1.

The exact sequence in ([2.4.4) sheds some light onto the structure of the Q,-
vector space H (C°). Once a characteristic 0 untilt C* is chosen, together with a

system of pth power roots of 1 in C*, there is a “presentation” of FI(C") as an
extension of C* by Q,,.

2.5. The schematic Fargues-Fontaine curve. We give here another inter-
pretation of the exact sequence ([Z44). Given an element ¢ € H(C*), we define
its logarithm

(251) t= log[s] = i(_l)n—l([g]#

n=1
One has to check here that the sum converges in the Fréchet topology on B¢, but
this is just a matter of checking that |[e] — 1|, < 1 for all 0 < r < co. Then formally
we have

S BC = Ho(yc,OyC).

¢(t) = log ¢([e]) = log[e”] = plog[e] = pt,

and so ¢ lies in the Qp-vector space Bg:p consisting of elements that exhibit this

behavior. The element ¢ also has the property that 64:(t) = 0, since 0¢:([e]) = 1.
In general we can take any element o € H(C°) and produce loga] € Bg:p .

We have the following commutative diagram, in which the first row is [24.4):
0 — VH(CY) —= H(C*) —=C! ——0

A

0 Q,t BSP i C! 0.

THEOREM 2.5.1 ([FF11]). The map € — log[e| defines an isomorphism of Q,-
vector spaces H(C°) = Bg:p. Furthermore, for each t € Bg:p\ {0}, there is a
unique Frobenius-equivalence class of characteristic 0 untilts C* such that 6o (t) =
0. Therefore there is a bijection between the set of Frobenius-equivalence classes of
characteristic 0 untilts of C* and the set (Bg:p\ {01)/Q;;.



ADIC SPACES 19

Recall that V¢ is the adic space which is (informally) supposed to parametrize
equivalence classes of characteristic 0 untilts of C, and Xo = Yo /¢p? parametrizes
Frobenius-equivalence classes of such untilts. A key insight of [FF11] is that X¢
resembles a proper smooth analytic curve, and so should be the analytification of
an algebraic curve, just as the Tate curve G, /q? is the analytification of an elliptic
curve over a p-adic field K. In this context, the usual thing to do is to find an ample
line bundle £ on X, and then define

X¢ = Proj @HO(XC, L£E).
n>0
In the case of Gy,/q%, the line bundle is O(P), where P is the origin of G,,/q%;
the graded ring in the above construction is K|z, y, z]/ f(z,y, z), where f is a cubic
whose coefficients depend on ¢ according to the usual formulas.

For the Fargues-Fontaine curve, the requisite line bundle £ on X should pull
back to a line bundle on Y& which is ¢-equivariant. And so we define a free line
bundle Oy, e, with the ¢-equivariance defined by ¢(e) = p~'e. This Oy, e descends
to a line bundle on X¢, which we call Ox,.(1). For n € Z we define Oy, (n) = OF"
(with the usual convention regarding negative n).

The algebraic Fargues-Fontaine curve is defined by declaring Ox,, (1) to be very
ample. Note that

HO(Xc, OXC (n)) ~ HO(yC7 che®n>¢:1 ~ Bgzpn

DEFINITION 2.5.2 (The schematic Fargues-Fontaine curve). Define X =Proj P,
where )
P= @Pd, where Py = BS".
d>0
THEOREM 2.5.3.

(1) The “ring of constants” H°(Xc, (’)Xc)zPo:Bgzl is exactly Q.

(2) The graded ring P is factorial: the irreducible homogenous elements are
ezactly the nonzero elements of Py, and for every d > 1, a nonzero element
of Py admits a factorization into irreducibles in Py, unique up to units.

(3) As a result, X¢ is an integral Noetherian scheme of dimension 1, which
admits a cover by spectra of Dedekind rings (in fact PIDs).

In these respects X resembles nothing so much as the projective line P} =
Proj C[S, T], where C[S,T] is graded by total degree. But unlike P{,, the scheme
X¢ is not finitely generated over any field.

Since X¢ is an integral Noetherian scheme of dimension 1, it is the union of its
generic point together with its set of closed points | X¢|. In light of Theorem 2.5.3]
it is easy to describe the closed points: they correspond to nonzero homogenous
prime ideals of P (other than the irrelevant ideal); since every homogenous element
of P factors as a product of elements of P;, every such ideal is generated by a
nonzero element of P;. Since P* = Q,, we find that |X¢| is in bijection with
(P1\{0})/Q). Summing up our investigations of untilts of C* gives the following
theorem.

THEOREM 2.5.4. Let C' be an algebraically closed perfectoid field of character-
istic p. The following sets are in bijection:

o Frobenius-equivalence classes of characteristic 0 untilts of C,
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o (H(C°)\{0})/QZ.

e closed points of the scheme X .

2.6. Universal covers of other p-divisible groups. What are the Q,-

_d
vector spaces Py = Bg_p for d > 27 It is easy enough to exhibit elements of Pg;
for x € C°° the element

n

Z[x]

pdn
neZz
belongs to Py;. However, it is probably not the case that all elements of P; admit
such a presentation, nor is it clear that such a presentation is unique.
The situation is better for the Q,-vector space th:p , where h > 1. As in the
case h = 1, this is isomorphic to the universal cover of a p-divisible formal group.
Let Hy,/Z, be the 1-dimensional formal group whose logarithm is

> hn
logyy, , (T) = T"" /p".
n=1

This means that the underlying formal scheme of H j, is Spf Z,[T], and the addi-
tion law +p, , is determined by the relation

IOng/h(X +m,,Y)= long/h(X) + IOng/h(Y)
as power series in Q,[X,Y]. Then H,,, ®z, F, has height h; in fact [p]Hl/h (T) =
77" (mod p) (See [Haz12] for proofs of these assertions. The formal group Hy /h
is an example of a p-typical formal group.) We remark that if Q,./Q, is the
unramified extension of degree h, and if Z,» is the ring of integers in Q,», then
H, ), ®z, 2, admits endomorphisms by Z,.. In fact Hyj, ®z, Z,» is a Lubin-Tate
formal Z,»-module in the sense of [LT65].
Let B
Hyp = fm  Hyjp,
x»—)[p]Hl/h (z)

a priori as a functor from adic Z,-algebras to Q,-vector spaces. Just as with Hy,
one uses the congruence between [p|x, , and a power of Frobenius to show that for
any adic Z,-algebra R, we have isomorphisms

ﬁl/h(R) =~ ﬁl/h(R/p) >~ lgl R°°.

TP

Applied to R = W(C"®), the first isomorphism has inverse
Hijn(C%) = Hyn(W(C%)
(@n) = (yn),
where
Yn = 77}13100 P [Tl

This isomorphism respects the action of Frobenius ¢ on either side, and jherefore
the identity ¢" = p holds in End Hy,(W(C®)), since it holds in End Hy,,(C°).

Given an element (z,,) € Hy/,(W(C®)), its logarithm logz, , (o) lies in th:p.
THEOREM 2.6.1 ([FF11l Proposition 3.4.5]). The map (x,) — logﬁl/h([xo])

gives an isomorphism fll/h(co) = th:p'
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We can be quite explicit about this isomorphism. There is a commutative
diagram

~

(wn)Hlong/h (z0)

Hyy,(W(C?)) BE T

H,y,(C°)

:1

COO

in which all maps are isomorphisms; the diagonal map is

hn

. m m xP
i i pm oy, 210" = 3
neZ p

Note that the latter expression visibly lies in Bg}sz .
Theorem 2.6.T] generalizes to p-divisible groups of arbitrary height 4 > 1 and
dimension d > 0, whenever 0 < d/h < 1. The universal cover of such a formal

. $h=p?
group parametrizes B .

2.7. Interpretation in terms of vector bundles on X. A major theorem
in [FF11] is the classification of vector bundles on the Fargues-Fontaine curve X.
This classification is in terms of isocrystals.

DEFINITION 2.7.1. Let k be a perfect field of characteristic p > 0, and let
K = W(k)[1/p]. Let ¢: K — K be the Frobenius automorphism. An isocrystal
over k is a finite-dimensional K-vector space N together with an isomorphism
ON: O*N — N.

These form an abelian tensor category. When k is algebraically closed, the
category of isocrystals over k is well understood. It is a semisimple category, with
one irreducible object N = Ny, for each pair (d, h), where d € Z and h > 1 are rel-
atively prime. The underlying K-vector space of N has basis e, ¢ (€), .. ., ’Jﬁ,_l(e),
and ¢% (e) = ple. Morphisms between the simple objects go as follows: There are
no nonzero morphisms between distinct Ny,;s, and the endomorphism algebra of
Ngyp, is a central division algebra over K of rank h?, with invariant d/h € Q/Z.

Given an isocrystal N over k, and an algebraically closed perfectoid field C' of
characteristic p with residue field k, we can define the graded P-module

~ —_nd
N= @(BC Qw ) N)*F
d>0
Let £(N) be the corresponding Ox-module. Then £(N) is a vector bundle of
rank dim N. For a relatively prime pair (d,h) with d > 0 and h > 1, we let
Ox.(d/h) = E(N_g/n). Then HO(X(, Ox(d/h)) = BY =",
THEOREM 2.7.2 ([EF11]). Let C be an algebraically closed perfectoid field of

characteristic p > 0. Every vector bundle on X is isomorphic to E(N) for an
isocrystal N, which is unique up to isomorphism.

It must be emphasized that the functor N — E£(N) is far from being an equiva-
lence of categories, as it is not full. Each nonzero element of B*=P gives a morphism
Ox — Ox (1) which does not arise from a map of isocrystals. However if N = Ny,
as above, then End N — End £(N) is an isomorphism.
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In the last subsection we saw that if 0 < d/h < 1, then there is a p-divisible
group H = Hy /h /Fp of height h and dimension d, and a natural isomorphism

H(C°) =2 H°X¢,Ox,(d/h)). Let C* be a characteristic 0 untilt of C, and let
H be a lift of H to C*°. (The question of the existence of such lifts is addressed
in [Mes72| Chapter IV]. As a special case, p-divisible groups can always be lifted
from C°/p to C°.) Then there is an exact sequence of Z,-modules

0 — H[p™)(CF) — H(CH) ¥ Lie H @0 CF — 0,

Taking an inverse limit along multiplication by p (this is right-exact because
H[p>](C*°) is p-divisible) gives an exact sequence of Q,-vector spaces

(2.7.1) 0= VH(C™) = H(C?) ' Lie H @50 CF — 0.

Note that the middle term, which is naturally isomorphic to H(C®), does not
depend on the lift H. Also note that this exact sequence presents a very large
Q,-vector space as an extension of a finite-dimensional C*-vector space by a finite-
dimensional Q,-vector space; this is an instance of the theory of Banach—Colmez
spaces, which we will investigate systematically in the last lecture.

Let © € | X¢| be the closed point corresponding to the Frobenius equivalence
class of C* under Theorem 254l The exact sequence in ([Z.7.1)) can be reinterpreted
as the global sections of the following exact sequence of Ox-modules:

0= Ox. ®q, VH = Ox,(d/h) =i, Lie H ® C* — 0,

where i is the inclusion of 2 = Spec C* into X¢.
We mention in passing that [FF11] deduces the following theorem from Theo-
rem [2.(.2)

THEOREM 2.7.3. The curve X¢ is geometrically simply connected over Q.
That is, any finite étale cover of Xc is isomorphic to X¢ Xspecq, Spec A for
an étale Qp-algebra A. Thus, the étale fundamental group of the scheme X¢ is

Gal(Q,/Qp)-

There are versions of Theorems [Z7.2] and P73 for the adic curve X¢, owing to
the equivalence of categories between coherent sheaves on X and X¢ [Farlj].

3. Perfectoid spaces and diamonds
3.1. Definitions.

DEFINITION 3.1.1. Let A be a Huber ring. A Huber ring A is perfectoid if the
following conditions hold:
(1) Ais Tate, meaning it contains a pseudo-uniformizer (a topologically nilpo-
tent unit),
(2) A is uniform, meaning that A° C A is bounded,
(3) A contains a pseudo-uniformizer w such that w?|p in A°, and such that
the pth power map A°/w — A°/w? is an isomorphism.
REMARK 3.1.2. In the definition above it is always possible to choose a pseudo-

uniformizer w which contains a compatible system of pth power roots.

THEOREM 3.1.3. Let (A, A™) be a Huber pair, with A perfectoid. Then (A, AT)
is sheafy, so that X = Spa(A, A") is an adic space. Furthermore, Ox(U) is a
perfectoid ring for every rational subset U C X.
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Theorem [B.1.3 shows that adic spaces Spa(R, RT) with R perfectoid can serve
as model spaces for the category of perfectoid spaces:

DEFINITION 3.1.4. A perfectoid space is an adic space that may be covered by
affinoids of the form Spa(A, A1), where A is perfectoid.

ExaMPLE 3.1.5.

If K is a perfectoid field and K™ C K is a ring of integral elements, then
Spa(K, KT) is a perfectoid space.

(The perfectoid closed disc.) Let K be a perfectoid field. Let A =
K(T'/P7); this is the completion of the polynomial algebra K[T*/P™].
Then A is a perfectoid ring, and Spa(A4, A°) is a perfectoid space.

(The perfectoid open disc.) This time let A = K°[T"/?"], the completion
of K°[T"/?™] with respect to the (w, T')-adic topology (here w is a pseudo-
uniformizer of K). Then A is not a perfectoid ring, because it is not Tate.
It is not even clear that (A, A) is sheafy (although this is probably true).
Nonetheless, the generic fiber of Spa A over Spa K° is perfectoid: it is
covered by the affinoids Spa(A,, A°), where A,, = K{((T/w!/P")1/P™).
Let k be a perfect field of characteristic p with its discrete topology. Let
A= k[[Tll/pW, e 7Tﬁ/poo]]; this is defined as the (T4, ..., T,)-adic comple-
tion of k[Tll/poo, .. ,T%/poc]. Then A is not a perfectoid ring (it is not
Tate), but the analytic locus in Spa A is perfectoid. This is the com-
plement in Spa A of the single non-analytic point satisfying |T;| = 0 for
i =1,...,n. Note that if n > 1, this perfectoid space does not live over
any particular perfectoid field.

(Some totally disconnected perfectoid spaces.) Let K be a perfectoid field
and let S be a profinite set. Let A = Cont(S, K) be the ring of continuous
maps S — K. Give A the structure of a Banach K-algebra under the sup
norm; we have A° = Cont (S, K°). Then Spa(A, A°) is a perfectoid space
whose underlying topological space is S. The construction globalizes to
the case that S is only locally profinite. If K is understood, we write S
for the resulting perfectoid space.

The tilting operation we discussed in [2.] extends to perfectoid spaces. For a
perfectoid ring A with pseudo-uniformizer w as in Remark [B.1.2] we define its tilt

by

A = (1&1 Ao/w> [1/@"),

where @w” = (@, @!/?,...). Then A is a perfectoid ring of characteristic p.
We gather here some results from [Sch12| (which assumes a fixed perfectoid
field of scalars, but the proofs carry over in general).

THEOREM 3.1.6. Let A be a perfectoid ring.

(1)

(2)

There is a homeomorphism of topological monoids:
A’ = lim A
x»—%ﬂ’
If f € A’ corresponds to the sequence (f,) with f, € A, define ft = fo.
There is a bijection AT — APt = fm AT /@ between rings of integral
elements of A and A”.
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(3) Given a ring of integral elements AT C A, there is a homeomorphism

Spa(4,AT) 5 Spa(A4®, A"T)
N b

€T €T

where x° is defined by ’f(ac")’ = ’fﬁ(gc)‘ for f € A°. This homeomorphism
identifies rational subsets on either side.

(4) The categories of perfectoid algebras over A and A’ are equivalent, via
B B,

(5) Let B be a finite étale A-algebra, so that B becomes a topological ring.
Then B is also perfectoid. The categories of finite étale algebras over A
and A® are equivalent, via B — B’.

One way to construct perfectoid spaces comes from universal covers of p-
divisible groups, which we discussed in (2.6). Let k be a perfect field of char-
acteristic p, and let H be a p-divisible group over k. We have the universal cover
H = @p H, which we may consider as a functor from k-algebras to Q,-vector
spaces. For now let us assume that H is connected, so that H is representable by
Spf k[T, ...,Ty], where d = dim H; then H is representable by a formal scheme
Spfk[[Tll/poc7 . ,T;/poo]]. (This follows from two facts: multplication by p in H
factors through Frobenius, and a sufficiently high power of Frobenius on H factors
through multiplication by p.)

Let H* be the corresponding adic space. Then H™ isn’t quite a perfectoid
space (it isn’t analytic), but the punctured version H ad\ 10} is a perfectoid space,
as in Example 3.1.5. If we want to create a perfectoid space version of H without
puncturing it, we can introduce a separate perfectoid field K/k, and define H K as
the adic generic fiber of H Xspeck Spf K°. Then Hp is a Q,-vector space object in
the category of perfectoid spaces over K.

A similar object exists in characteristic 0. Suppose now that K is a perfectoid
field of characteristic 0 whose residue field contains k. Then the ring homomorphism
K°/p — k admits a canonical section, namely k — K°° — K" /p = K°/p. We
may define Hpe as the perfectoid space over K whose tilt is H > /K°. Then if G is
any lift of H ® K°/p to K°, then we have the following functorial interpretation
of Hy: it is the sheafification of the functor R —» é(RO) on perfectoid K-algebras
R. Note that this does not depend on the choice of lift G.

In fact, the requirement that H be formal is just a red herring; there is a functor
H + Hpg from the whole category of p-divisible groups over k to the category of
perfectoid spaces with Qp-vector space structure. For instance if H = Q,/Z, is
the constant p-divisible group, then H= gp is the constant Q,-vector space.

Finally, if we allow K to be any nonarchimedean field with residue field contain-
ing k, then Hy will be a pre-perfectoid space, meaning that it becomes perfectoid
after extending scalars from K to any perfectoid field.

3.2. Untilts of perfectoid spaces in characteristic p, and a motivation
for diamonds. Let X be a perfectoid space lying over SpaF,. As we did with
perfectoid fields, we can investigate the set of equivalence classes of untilts of X.
What we would like is a moduli space M lying over SpaF,, for which there is a
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natural bijection between the following sets:

e Morphisms X — M, and
e Equivalence classes of characteristic 0 untilts X* — Spa Q,,.

This object M will ultimately be called Spd Q,,, where the “d” stands for diamond;
it lives in a category of diamonds, which contains the category of perfectoid spaces
as a full subcategory.

In the special case X = SpaC for a perfectoid field C' of characteristic p,
Theorem [2.5.4] gave the following parametrizations:

(1) Equivalence classes of untilts correspond to primitive ideals I C W (C®)
of degree 1, via C* — ker 0.

(2) Frobenius-equivalence classes of characteristic 0 untilts correspond to
closed points on the Fargues-Fontaine curve X constructed from C' as
in ([23); the inverse map sends a point to its residue field.

(3) Frobenius-equivalence classes of characteristic 0 untilts correspond to el-
ements of the quotient (H(C°)\ {0})/ Q,, where H is the universal cover
of the formal multiplicative group as in (2.4)).

The parametrization described in (1) relativizes quite easily. Suppose R is a
perfectoid F,-algebra with pseudo-uniformizer @w. Then we have the Witt ring
W(R®), equipped with its (p, [w])-adic topology. A primitive ideal of degree 1 in
W (R®) is a principal ideal generated by an element of the form & = 0% [z, |p",
where xg € R is topologically nilpotent and x; € R° is a unit.

THEOREM 3.2.1 ([Fonl3|). Ideals I C W(R®) which are primitive of degree 1
are in bijection with isomorphism classes of untilts of R, via I — (W(R°)/I)[1/p].

As in the case with perfectoid fields, however, this does not give us much in
the way of defining the object Spd Q,; it is not easy to tell whether two such ideals
are the same, given their generators.

We turn now to (2). It is easy to define a relative Fargues-Fontaine curve:
given a perfectoid ring R/F,, first define the relative adic curve

Yr = Spa W(R®)\ {|p[=]| = 0}

and the ring Br = H°(Vg,Oy,). Then Bg has an action of Frobenius ¢, and we
define the relative schematic Fargues-Fontaine curve as

XR = PI'Oj @ Bj;:pd.
d>0

However, when R is not a field, we cannot expect Xp to have any nice properties
(e.g. it may not be Noetherian). Nor should we expect that closed points of Xp
parametrize Frobenius-equivalence classes of characteristic 0 untilts; after all, the
residue field of such a point is a field, whereas an untilt R very well may not be.
Perhaps (3) has more promise. In the case that R = C is an algebraically closed
field of characteristic p, Theorem [Z.5.4] says that isomorphism classes of character-
istic 0 untilts of C' are in bijection with (H(C°)\ {0})/Z,, where H is the formal
multiplicative group over F,. Recall the construction: if C* is a characteristic 0
untilt, we choose a compatible system (1, (p, (p2,...) of primitive pth power roots

of 1 in C*, which determines a nonzero element of H(C#) 2 H(C°), well-defined
up to multiplication by an element of Z>.
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Let Q' be the completion of Q,(upe). Then Gal(Qy(up=)/Qp) = Z) acts
continuously on QZC,-VCI. Finally, let H ad\ {0} be the punctured adic space attached

to the formal scheme H.

LEMMA 3.2.2. There is an isomorphism ﬁad\ {0} = Spa ngd’b which is Z, -
equivariant.

PROOF. Since H = SpfF,[t}/?™], we have H*!\ {0} = SpaF,((t}/?™)). we
have already identified the latter with ng‘:“’ in Example 2.1.1, so one only needs
to check that the Z;-action is preserved. O

(There is a generalization of this lemma to Lubin-Tate extensions of any local
field [Weil7| Proposition 3.5.3].)

Therefore, we can restate our parametrization of untilts of C' as follows:
(3.2.1)
{Char. 0 untilts of C'} = Homcont(Q;yCl’b, C)/Z, = Hom(SpaC, Spa Q;yd’b)/Z;.

We could also have derived this directly: if C* is a characteristic 0 untilt of C, then
there exists an embedding ngd < C* which is well-defined up to the action of Z;;
tilting this gives ngd’b — C.

The bijections in (B2.1]) suggest that Spd Q, should be the quotient

“(Spa Q;ycl,b)/zi; ”

But this quotient doesn’t exist in the category of adic spaces. The subfield of Q;yd’b
fixed by Z, is just F,,.

We would like to formulate a generalization of (321]) for general perfectoid
rings R/F,. We begin with the case that R = K is a perfectoid field which is
not algebraically closed. Let K*/Q, be an untilt. Then K* might not contain all
pth power roots of unity. For each n > 1, the field Kf := K*(u,n) is a perfectoid
field, whose tilt K, is a finite Galois extension of K. Let K¥_ be the completion
of U,>1 K¥; then Kf_ is perfectoid. Let Ko, = K. Let G = Gal(K*(u,=)/K*);
then G acts continuously on K. If we choose a compatible sequence of pth power
roots of 1 in K? , we obtain a nonzero element ¢ € H(K!) =~ H(K!°) = H(K2).
Since G acts on ¢ through the cyclotomic character, the class of & in H (K2,)/Z)
is G-invariant.

Thus, given an untilt K*/Q,, there exists a perfectoid field K,/K, equal to
the completion of a Galois extension with group G, together with a class ¢ €
Hom(Spa K, Spa ngC]’b)/Z; which is G-invariant. Conversely, if we are given
such data, the class € determines a characteristic 0 untilt K%  of K, together with
a continuous action of G; then K* := (K% )¢ is a characteristic 0 untilt of K.

It may happen that two data of the form (K.,¢) give rise to the same untilt.
The proper way to sort this out is in the language of sheaves on the pro-étale site,
in which Spa K, — Spa K is considered a covering.

3.3. The pro-étale topology. The extension of fields K,/K appearing in
the previous section was the completion of the union of a tower of finite separable
(that is, étale) extensions of K. Such an extension K /K is said to be pro-étale.
The definition works in families as follows.
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DEFINITION 3.3.1. A morphism f: X — Y of perfectoid spaces is pro-étale if
locally on X it is of the form Spa(A.., AL) — Spa(A, AT), where A and A, are
perfectoid rings, and

A
(Ao, AL) = [lim(A;, 47))]
is a filtered colimit of pairs (A;, A;"), such that Spa(A;, A}) — Spa(A, AT) is étale.

(The notion of an étale morphism between analytic affinoid adic spaces appears
in [Sch12| Definition 7.1].)

ExAMPLE 3.3.2. Let K be a perfectoid field, and let S be a profinite set; we
have the perfectoid space S as in Example 3.1.5. Then S — Spa K is pro-étale. If
K = C is algebraically closed and X — Spa C' is pro-étale, then X = S for a locally
profinite set S.

ExAMPLE 3.3.3. Somewhat counterintuitively, the inclusion of a Zariski-closed
subset is pro-étale. For instance, let K be a perfectoid field, let @ be a pseudo-
uniformizer of K, and let Y = Spa K(T'/?P™). For n = 1,2,...,let Y;, C Y be

the rational subset {|T| < |w|"}. Then “evaluation at 0” induces an isomorphism
A
[h_n)l Oy(Yn):| — K, so that the inclusion-at-0 map Spa K — Y is pro-étale.

DEFINITION 3.3.4. Consider the category Pfd of perfectoid spaces of charac-
teristic p. We endow this with the structure of a site by declaring that a collection
of morphisms {f;: X; — X} is a covering (a pro-étale cover) if the f; are pro-étale,
and if for all quasi-compact open U C X, there exists a finite subset Iy C I, and a
quasi-compact open U; C X; for ¢ € Iy, such that U = Usey, fi(U;).

If K is eitehr a discrete perfect field (such as F,) or a perfectoid field of char-
acteristic p, we write Pf{dx for the category of perfectoid spaces lying over Spa K,
endowed with the topology obtained by restriction from Pfd.

REMARK 3.3.5. The finiteness condition in Definition B.3.4] excludes certain
“pointwise” morphisms from being pro-étale covers. For instance if Y is the perfec-
toid unit disc, we can consider the inclusion f,: Spa(K,, K;) — Y for each point
x € |Y|; this is pro-étale by similar reasoning as in Example B33 but we don’t
want {fz}, ¢y to be a pro-étale covering.

REMARK 3.3.6. The notions of a pro-étale morphism of schemes and of a pro-
étale site appear in [BS15], where they were used to define a pro-étale fundamental
group of a scheme, and also to give the “morally correct” definition of the ¢-adic
cohomology group H'(X, Qy) for a scheme X.

It now makes sense to talk about a sheaf on Pfd: this is a presheaf on Pfd (that
is, a contravariant set-valued functor) which satisfies the sheaf axioms with respect
to the pro-étale topology. If X is a perfectoid space of characteristic p, we have the
representable presheaf hy defined by hx(Y) = Hom(Y, X).

PRrOPOSITION 3.3.7 ([SW], Proposition 8.2.7]). The presheaf hx is a sheaf.

If F is a sheaf on Pfd, and if X is an object of Pfd, then a morphism hx — F
is the same thing as a section of F(X). Note that the functor X — hx exhibits
Pfd as a full subcategory of the category of sheaves on Pfd.
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DEFINITION 3.3.8.

(1) A morphism F — G of sheaves on Pfd is pro-étale if for all perfectoid
spaces X and maps hx — G, the pullback hx xg F is representable
by a perfectoid space Y, and the morphism ¥ — X (corresponding to
hy = hx xg F — hx) is pro-étale.

(2) Let F be a sheaf on Pfd. A pro-étale equivalence relation is a monomor-
phism of sheaves R — F x F, such that each projection R — F is
pro-étale, and such that for all objects S of Pfd, the image of the map
R(S) — F(S) x F(S) is an equivalence relation on F(.5).

(3) A diamond is a sheaf F on Pfd which is the quotient of a perfectoid space
by a pro-étale equivalence relation. That is, there exists a perfectoid space
X and a pro-étale equivalence relation R — hx x hx such that

R=hx =+ F

is a coequalizer diagram in the category of sheaves on Pfd.

(4) If X is a perfectoid space (of whatever characteristic), let X¢ be the
representable sheaf hy; this is a diamond. In the case X = Spa(A, A™T)
is affinoid perfectoid, we also write Spd(4, A*) for X©.

(5) A diamond X is partially proper if it satisfies the criterion appearing in
Definition 9.2 for a perfectoid Huber pair (R, Rt), we have X (R, R°) =
X (R,R") only depends on R. If X is partially proper we write X (R) =
X(R,R°).

REMARK 3.3.9. The definition of diamonds given above is meant to mimic
the notion of an algebraic space, which is the quotient of a scheme by an étale
equivalence relation. The category of algebraic spaces is a mild generalization of
the category of schemes. Some algebraic spaces arise as quotients of schemes by
finite groups. Suppose that X is a scheme and G is a finite group acting on X.
Assume that the action is free in the sense that for all nontrivial ¢ € G and all
x € X fixed by g, the action of g on the residue field of = is nontrivial. Then the
quotient X/G is an algebraic space [Staldl Tag 0272]; it is the quotient of X by
the étale equivalence relation G x X — X x X, (g,2) — (z,9(z)). (The freeness
condition is necessary for this morphism to be a monomorphism.) Algebraic spaces
are not to be confused with the larger category of algebraic stacks, which include
stacky quotients [X/G] for arbitrary actions of G on X.

3.4. The diamond SpdQ,. Let us recall that we seek an object like
“(Spa Q;"Cl’") /Z;” which parametrizes characteristic 0 untilts of a perfectoid space
of characteristic p. Now that we have the category of diamonds, we may make the
following ad hoc definition.

DEFINITION 3.4.1. We define Spd Q, = (Spd ngchb)/zzf. That is, Spd Q, is
the coequalizer of

(3.4.1) ZX x Spd QY = Spd QY
where one map is the projection and the other is the action.

Thus Spd Q, is the sheafification of the presheaf on Pfd which assigns to an
object S the set Hom(S, Spa ngd’b)/Z;.

LEMMA 3.4.2. Spd Q, is a partially proper diamond.
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PRrROOF. Each of the maps Z; x Spd Qfoyd — Spd Qfoyd is pro-étale (see Ex-
ample B33:2). One must show that Z; x Spd ngd — Spd Q;yd x Spd ngd is
a monomorphism, which ultimately boils down to the fact that the map Z; —
Aut ngd’b is injective. From there it is formal that (B41) is a pro-étale equiv-
alence relation, and thus that SpdQ, is a diamond. The partial properness of
Spd Q,, follows from that of Spa Q;YCU’. O

If S is an object of Pfd, then to give an element of (Spd Q,)(S) is to give a
pro-étale cover S — S and an element of the set Hom(g, Spa ngd’b)/Z; which
comes equipped with a descent datum along S — S. In the case S = Spa K for a
perfectoid field K/F,,, one way to do this would be to give a perfectoid field K /K,
equal to the completion of a Galois extension of K with group G, and an element
of Homcont(Q;yd’b,IN( )/ Z; which is G-invariant. We have already seen that such
data gives an untilt of K. More generally, we have the following theorem.

THEOREM 3.4.3 ([SW], Theorem 3.4.5]). Let X be a perfectoid space of charac-
teristic p. Then the set of isomorphism classes of untilts of X to characteristic 0 is
naturally in bijection with (Spd Qp)(X). In other words, there is an equivalence of
categories between perfectoid spaces over Q, and the category of perfectoid spaces
X of characteristic p together with a “structure morphism” X< — Spd Q.

3.5. The functor X — X©. The construction of Spd Q, from SpaQ, is a
special case of a general phenomenon.

DEFINITION 3.5.1. Let X be an analytic adic space on which p is topologically
nilpotent (that is, X is fibered over SpaZ,). Let X be the functor on Pfd which
sends an object S to the set of isomorphism classes of pairs (S* — X, ), where S*
is a perfectoid space and ¢: S* 5 S is an isomorphism.

Thus X< classifies “untilts to X”. If X itself is a perfectoid space and S is
a test object in Perf, then the tilting equivalence in Theorem B1.6Y3) shows that
morphisms S — X° are in bijection with untilts S — X. Thus X< agrees with
the notation introduced in Definition 3.3.8, namely X¢ = hy,. Finally, Theorem
[B43 shows that Spd Q, = (SpaQ,)?.

If X = Spa(R,R") is affinoid, we may write Spd(R, RT) (or just Spd R, if
R* = R°) to mean X©.

THEOREM 3.5.2 ([SW], Theorem 10.1.3]). The functor X< is a diamond.

The idea behind this, which appears in [Fal02] and [Col02], is that if X =
Spa R for a Tate Huber Z,-algebra R, then there exists a tower of finite étale

R-algebras R;, such that R= [hgq R;]" is a perfectoid ring. Let X = Spa E; then
X9 xyo X0 3 X 5 x©
presents X< as a quotient of a perfectoid space by a pro-étale equivalence relation.

EXAMPLE 3.5.3. Let K be a perfectoid field of characteristic 0, and let B =
K(T*'). Then R = K(T*'/P7) is pro-étale over R. If K contains all pth power

roots of 1, then R/R is even a Z,-torsor.

ExAMPLE 3.5.4. Let K be a perfectoid field of characteristic 0, and let @ be a
pseudo-uniformizer which divides p in K°. Let R = K(T'). This time, adjoining pth
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roots of T' produces ramification at the origin in Spa R (and everywhere if K has
characteristic p!), so that K (T"/P) will not be finite étale over R. Instead one can
adjoin a root of an Artin—Schreier polynomial, such as UP — wU = T, to produce
a finite étale R-algebra Ry for which T is a pth power in RS /w. Iteration of this
process produces the desired R.

Thus we have a well-defined functor X — X< from analytic adic spaces over
SpaZ, to diamonds. One might wonder whether this functor is fully faithful, which
would allow us to view analytic adic spaces over Z,, as a subcategory of the category
of diamonnds. This cannot be true as stated, since Spa Q;yd and Spa Q;ychb are
non-isomorphic adic spaces, while (Spd QIC}’CI)<> >~ (Spd Q;YCU’)O. But if we fix a
nonarchimedean scalar field K, we may instead consider the functor X — X< from
analytic adic spaces over Spa K to diamonds over Spd K. This also fails to be fully
faithful, as shown by the following example.

EXAMPLE 3.5.5. Let X be the cuspidal cubic y? = 23, considered as an adic
space over Q,,. Let X’ — X be the usual desingularization of X. That is, X’ is the
affine line in one variable ¢, and X’ — X is ¢t — (t2,¢%). We claim that (X')¢ —
X< is an isomorphism. This is equivalent to the claim that X’(R) — X(R) is a
bijection for every perfectoid Q,-algebra R. We leave injectivity as an exercise to
the reader (hint: R is reduced). Surjectivity is a little subtle; we refer to the reader
to [KL, Theorem 3.7.4] for details.

A ring is R seminormal t — (t2,¢3) is a bijection from R onto the set of pairs
(r,y) € R? satisfying y?> = 2®. A rigid-analytic space X over a nonarchimedean
field K is seminormal if locally it is Spa(A4, A"), where A is a seminormal ring. The
following theorem states that Example is essentially the only obstruction to
X +— X< being fully faithful.

THEOREM 3.5.6 ([SW], Proposition 10.2.4]). For a nonarchimedean field K of
characteristic 0, the functor X — X< from seminormal rigid-analytic spaces over
K onto diamonds over Spd K is fully faithful.

3.6. A diamond version of the Fargues-Fontaine curve. Let C be an
algebraically closed perfectoid field of characteristic p > 0, and let w be a pseudo-
uniformizer of C. Recall the adic space

Yo = SpaW(C*)\{|p[=]| = 0} .

Since V¢ is a analytic adic space over SpaQ,, Theorem [3.5.2] indicates that yg
makes sense and is a diamond.

PROPOSITION 3.6.1 (The diamond formula). Y = Spd C' x Spd Q,,

PROOF. (Sketch.) The isomorphism says that for a perfectoid ring R in charar-
acteristic p, the following categories are equivalent:
(1) Pairs consisting of an untilt R*/Q,, of R and a continuous homomorphism
C — R, and
(2) Pairs consisting of an untilt R* of R and a morphism Spa R¥ — V¢ (whose
existence means that R¥/Q,)).
(Both sides are partially proper, so there is no need to discuss rings of integral
elements.) We now describe the equivalence assuming an untilt R*/Q,: A continu-
ous homomorphism C' — R induces a homomorphism fc: W (C°) — R¥, in which
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the images of p and [w] are invertible; then f¢ induces a morphism Spa R — Yc.
Conversely if Spa R* — )¢ is given, we get a homomorphism W (C®°) — R, in
which the images of p and [w] are invertible in R*. This induces C° — R /p.
Take the inverse limit under Frobenius to get C° — R°, and then invert w to get
C = R. O

As for the adic Fargues—Fontaine curve Xo, we have the diamond formula
X8 = (Spd C x Spd Q,) /(6 x id),

where ¢ is the Frobenius automorphism of C. Recall from Theorem 2773 (or
rather the adic version of this theorem) that the étale fundamental group of X¢

is Gal(Q,,/Q,). The notion of an étale morphism exists for diamonds, and for an

analytic adic space Y, there is an equivalence of sites Yz — Yé?, via the diamond
functor. Therefore:

(3.6.1) m1((SpaC x Spd Q,)/(¢ x id)) = Gal(Q,,/Q,).

Scholze observed that this formula resembles a theorem of Drinfeld [Dri80]. Sup-
pose U and V are two algebraic curves (not necessarily projective) over a common
algebraically closed field of characteristic p. The Kiinneth formula 7 (U x V) &
m1(U) x m1(V) fails (the left side is much larger), but it can be salvaged by means
of a “partial Frobenius”. There is a group 71 (U x V)/(¢ x id)) classifying finite
étale covers of U x V equipped with an automorphism lying over ¢ x id. Drinfeld’s
theorem is that m (U x V) /(¢ x id)) = w1 (U) x w1 (V). The goal of [Dri80] (and
its successor [Laf02]) was to establish the Langlands correspondence for GL,, over
a function field, using moduli spaces of shtukas. Scholze’s goal as laid out in [SW]
is to define a moduli space of mized-characteristic local shtukas to establish a local
Langlands correspondence for p-adic groups.

There are yet other versions of the diamond formula. Let H/C® be the mul-
tiplicative formal group. We have seen that the universal cover H is a formal
Q,-vector space, whose adic generic fiber ﬁc is a Qp-vector space object in the
category of perfectoid spaces. The underlying perfectoid space of Hc is the perfec-
toid open unit disc. Let Hf, = H¢\ {0}. Then H admits an action of Q.

PROPOSITION 3.6.2 ([Weil7]). There is an isomorphism of diamonds
HZP/Q) = (Spd C x Spd Q,)/(id x ¢).
The étale fundamental group of fi:éo/Qg is isomorphic to Gal(ap/Qp),

Proor. By Lemma [3.2.2] I:T(’} is isomorphic to SpaC x Spa ngdvb, where the
Z; action on ﬁé becomes the Galois action on Spa ngd’". Therefore ﬁé@ /2 is
isomorphic to Spd C' x (Spd QZYCI"’/Z;) =~ SpdC x SpdQ,. One can also check

that the action of p on H¢ corresponds to the action of Frobenius on Spa Q;” clb
which gives the claimed isomorphism.

The statement about the étale fundamental group looks like (B:6.1]), but the
partial Frobenius is on the wrong side. No matter: the composition of two partial
Frobenii is the absolute Frobenius, which is an equivalence on the étale site of any
diamond. O

REMARK 3.6.3. There is a generalization of the above proposition which con-
cerns a finite extension E/Q,. One has to replace H with the Lubin-Tate formal
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Opg-module Hg. Then the diamond Zg = ILNIEOC/EX classifies untilts of a perfectoid
C-algebra to a perfectoid F-algebra, up to Frobenius.

REMARK 3.6.4. The diamond (SpdC x Spd Q,)/(id x ¢) is called the mirror
curve by Fargues, who identifies it as the moduli space of divisors of degree 1 on
Xc.

4. Banach-Colmez spaces

4.1. Definition and first examples. So far we have considered objects be-
longing to a progression of categories: rigid spaces over a nonarchimedean field of
residue characteristic p, analytic adic spaces over SpaZ,, perfectoid spaces, and
finally diamonds, which (in the limited sense of Theorem B.5.6]) generalize all three.
This lecture will introduce some examples of diamonds which carry the structure of
Q,-vector spaces. Throughout, we fix an algebraically closed perfectoid field C'/Q,
with residue field k.

ExAMPLE 4.1.1. The following are two examples of sheaves of Q,-vector spaces
on Pfdc

(1) If V is a finite-dimensional Q,-vector space, we have the constant sheaf V.
If (R, R™) is a perfectoid Huber pair over (C,C°), then V(R, RY) is the
Q,-vector space of continuous maps |[Spa(R, R")| — V. If Spa(R, R") is
connected, then V(R, RT) = V.

(2) The additive group G, may be considered as a sheaf of Q,,-vector spaces
on Pfd¢, by G,(R, RT) = R. For a finite-dimensional C-vector space W,
the sheaf W ®@¢ G, is (R, RT) — W ®¢ R.

Both sorts of examples are diamonds arising from analytic adic spaces over C.

DEFINITION 4.1.2. The category of Banach-Colmez spaces over C'is the smallest
abelian subcategory of the category of sheaves of Q,-vector spaces on Pfdc which
contains the objects V. and W ®q, Ga from Example BLI.T] and which is closed
under extensions.

An equivalent category was introduced by Colmez [Col02] without reference
to perfectoid spaces; the definition above appears in [Bral, where it shown that the
two definitions are equivalent. The “Banach” half of the name refers to Colmez’
definition, in which the objects are functors taking values in the category of Q,-
Banach spaces.

EXAMPLE 4.1.3. Let Hy be a p-divisible group over k, and let H be a lift of
Hy ® C°/p to C°. We have seen that the universal cover H = @p H does not

depend on the choice of lift H, and that the generic fiber ﬁc is a Qp-vector space
object in the category of perfectoid spaces over C. The logarithm map on H induces
an exact sequence of sheaves of Q,-vector spaces on Pfd¢, as in ZZT)):

OﬁﬁaﬁcaLieH@)CoGa—)O.

One has to check exactness on the right. This is a matter of showing that, for
any perfectoid C-algebra R and any v € Lie H ®c- R, that there exists a pro-étale
R'/R and a sequence (zq,21,---) € H(R®) with logy(z¢) = v. After replacing v
with p"v for n > 0, we may assume that expy(v) converges to xg € H(R®). The
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pro-étale extension R’ is then obtained by adjoining all pth power division points
of g to R._

Since H¢ is an extension of (Lie H)[1/p] ®c G, by V. H, it is a Banach-Colmez
space, which happens to be representable by a perfectoid space.

In (7)) we saw a connection between He and vector bundes on the Fargues-
Fontaine curve X». Let D(H) be the (contravariant) Dieudonné module of H, so
that D(H) is a free finite-rank W (k)-module equipped with actions of Frobenius
and Verschiebung. Then N := Homyy(D(H), W(k)[1/p]) is an isocrystal, all
of whose slopes lie in the range [0,1]. Let £(IN) be the associated vector bundle.
For a perfectoid C-algebra R, we have the relative Fargues-Fontaine curve Xp»
constructed in ([B.2), which lies over Xcw.

_ PROPOSITION 4.1.4. Let R be a perfectoid C-algebra. There is an isomorphism
H(R°) = H°(X g, E(N)).

PROOF. (Sketch.) The left-hand side is H(R®) = H(R) and right-hand side
is (Br» ®w ) N)?='. (Thus both sides only depend on the tilt R°.) R™ is a
perfect ring; by [SW13| Theorem 4.1.4], the covariant crystalline Dieudonné mod-
ule functor on p-divisible groups over R’ up to isogeny is fully faithful. Applied
to morphisms (Qp/Zy)gre — Hpso, that result gives an isomorphism H(R"®) =
(Beris(R") Ow (k) N)?=1, where Bes(R) is the crystalline period ring. A hint as
to why (Bgs ®w (i) N)?~' = (Beis(R*°) @w (1) N)?=! is [FF11] Corollaire 1.10.13],
although strictly speaking that result only applies to the case that R is a field. O

ExXAMPLE 4.1.5. Let C’'/Q, be an untilt of C”, not necessarily equal to C'
itself. We define a sheaf G/ on Pfdc by sending a perfectoid C-algebra R to the
untilt of R* over C’. That is, G/(R) = W(R®) @ (crey C'. We claim that G,
is a Banach-Colmez space. To see this, let H be the formal multiplicative group
over C°. Theorem 5.1 produces two nonzero elements ¢,¢' € H(C*®) = H(C®),
well-defined up to multiplication by Q,', corresponding to the untilts C' and C’
of C”, respectively. There are now two intersecting exact sequences of sheaves of
Q,-vector spaces on Pfdc:

0

Thus G/, is the quotient of a Banach—Colmez space, and so must be one itself.
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4.2. Banach-Colmez spaces of slope > 1. Now suppose N is a general
isocrystal over k, which doesn’t necessarily arise from a p-divisible group. We may
consider the functor H°(£(N)) on Pfd¢c, which sends a perfectoid C-algebra R to
the Q,-vector space H?(X p», E(N)). Tt suffices to consider the case E(N) = Ox())
for A € Q, because a general £(N) is isomorphic to a direct sum of these. If
A < 0 then H%(X,0x(\) =0, and if A € [0, 1], then Proposition ELI.4] shows that
HO(Ox (X)) = Hy is an absolute perfectoid space.

What if A > 1? For instance, if A = 2, then H%(Xp»,O0x(2)) = ng:pz.
For brevity’s sake, let B4=P" = H%(Ox(2)). Let C’ be an untilt of C* which is
not Frobenius-equivalent to C. As in Example @15 the two untilts C' and C’
correspond to Q,-linearly independent elements ¢,¢' € ng:p ~ HO( X, Ox(1)).

PROPOSITION 4.2.1. There is an exact sequence of sheaves of Qp-vector spaces
on Pfdg:

0—>Q — B’ x BY" — 2o
t—— (t, 1)

(z,2") ——at' —a't

PROOF. First we check that the map B?=P x B®=P — B=P" is surjective.
Let R be a perfectoid C-algebra, and let s € Bf;b:pQ. Let R’ be the untilt of R’
over C’. We have two ring homomorphisms 6: Bp, — R and 6': Bg, — R', such
that ker 6 N Bz,,:p = Q,t and ker 6’ N Bg,,:p = Qpt’. Thus 6(¢') and 0'(t) are both
nonzero. We have the elements 6(t')~'0(s) € R and 0'(t)"'0'(s) € R'. After
replacing R with a pro-étale extension, we can find elements z, x’ € Bf;b:p such that
O(z) = 0(t')"10(s) and @' (z') = —0'(t)~10'(s). Then the element

2
a:zt’—x’t—seBﬁl_p

has the property that 8(«) = 0 and ¢’(«) = 0. This implies that « = att’ for some
a€ H'(Xp,Ox) = Qp(R); this shows that s = (z — at)t’ — 2t lies in the image

of B*=P x B?=P as required. (]

As a corollary, we find that B?=P" is a Banach-Colmez space, and also a di-
amond. Indeed, Proposition E.2] gives a presentation of B*=P" as a quotient of
a perfectoid space by a pro-étale equivalence relation. More generally, if N is an
isocrystal over k, then H(£(N)) is a Banach-Colmez space and a diamond.

4.3. The de Rham period ring. We begin with a definition from p-adic
Hodge theory.

DEFINITION 4.3.1. Let R be a perfectoid ring. The de Rham period ring B(J{R(R)
is the completion of W (R"°)[1/p] with respect to the kernel of 6z : W (R"°)[1/p] —
R.

If R = C is an algebraically closed perfectoid field, then B, (C) is a discrete
valuation ring with uniformizer £, residue field C and fraction field Bqr (C). These
objects were constructed by Fontaine. They appear in the context of p-adic p-adic
Galois representations, particularly in the comparison isomorphism linking étale
and de Rham cohomology of a variety over a p-adic field [Fal89]. They also appear
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in the study of the Fargues-Fontaine curve: the untilt C' of C” determines a closed
point 0o € X¢», and Bz (C) is the completed local ring Ox_, 00

DEFINITION 4.3.2. For n > 1, let BJ;/Fil” be the sheaf on Pfdc which assigns
to (R, RT) the Q,-vector space Bl (R)/(kerfg)".

THEOREM 4.3.3. Bz /Fil" is a Banach-Colmez space and a diamond.

Note that B:{R/ Fil'! = G,, because for a perfectoid C-algebra R, we have
Bar(R)"/(ker ) = R.

PRrOOF. We sketch the proof for Byr/ Fil%; the general case works by induction.
Consider the complex of sheaves of Q,-vector spaces on Pfd¢:

(4.3.1) 0 — Fil' /Fil* — Bj;/Fil*> —» BJ;/Fil' — 0.

We already observed that Bjy/Fil' = G,. As for Fil' /Fil*, we claim that it is
G.(1) = Ga®q, Qp(1). We construct an isomorphism Fil' /Fil*> = G, over Spd C.
Form the element ¢ as in ([Z5.1)), and consider it as an element of Bl (C). Then ¢
generates the kernel of BIR(R) — R for any perfectoid C-algebra R. This shows
that Fil' / Fil* 2 G,, and therefore that B/ Fil® is a Banach-Colmez space.

Given a perfectoid C-algebra R, a section of Fil* / Fil? over R consists of a pro-
étale cover Spaé — Spa R and an element o € thR(§)+, together with a descent
datum through Spaf% — SpaR for the image of @ modulo ¢2. Our morphism
sends this section to 65z(a/t), which (because of the descent datum) lies in R. (We
leave it to the reader to construct the morphism in the opposite direction.) Note
that Gal(Q;” 1/Q,) acts on t via the cyclotomic character; this is what we need to
descend the morphism through Q;yd /Qp-

Now we claim that the complex in (@3] locally splits. Let H be the formal
multiplicative group over C', and let He be the generic fiber of its universal cover.
Then ﬁc is a perfectoid space, and the logarithm map HC — G, is a pro-étale
cover. Define a morphism He — Bii by (zo,21,...) = log[(z;)]. Then the
following diagram commutes:

Ho

| S\

0 — G, —> BJ/Fil’ —= G, ——0.

We can now give a presentation of BIR/ Fil%: it is the quotient of G, x I;'c by the
pro-étale equivalence relation of “having the same image in B(J{R / Fil*”. O

In general, B;R / Fil’ is a Banach-Colmez space admitting an i-step filtration,
where the quotients are isomorphic to G,.

As with the Banach-Colmez spaces of the previous section, B(YR /Fil" is the
space of global sections of a (Zariski) sheaf on the Fargues-Fontaine curve Xc». The
untilt C' of C” determines a closed point 0o € X». The completion of X at oo is
Spec Bi; (C). Let i : Spec Bj(C) — X¢» be the corresponding morphism. Then
F = ioo(Big/(kerfc)™) is a coherent sheaf on X¢» supported at co. Proposition
133 says that H(F) (meaning the sheaf R — HY(Xpg,, F)) is a Banach-Colmez
space and a diamond.
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Our examples show a strong connection between Banach—Colmez spaces and
coherent sheaves on the Fargues—Fontaine curve. Indeed, for any coherent sheaf F
on X¢», the sheaf R — H%(X s, F) is a Banach-Colmez space. The complete story
is a theorem of Le Bras [Bral, which gives an equivalence between the category
BC(C) of Banach—Colmez spaces relative to C' and the core of a certain t-structure
on the derived category of coherent sheaves on X». Every object of BC(C) is
isomorphic to H°(F*) @ H'(F~), where F and F~ are coherent Ox_,-modules.
(An example of type H'(F~) is discussed in Project 5.5.) As a corollary, BC(C')
only depends on the tilt C. Finally, every Banach-Colmez space is a diamond.

4.4. A survey of the diamond landscape. In these lectures we have in-
troduced a hierarchy of nonarchimedean analytic spaces: rigid spaces, adic spaces,
perfectoid spaces, and diamonds. We have highlighted the role of Q,-vector space
objects in each category. In the last two sections, we studied Q,-vector space dia-
monds arising as global sections of sheaves on the Fargues-Fontaine curve (vector
bundles and torsion sheaves, respectively).

Since we presented these objects without much context, you have a right to
wonder about motivation. Why do we care that certain sheaves on Pfd are dia-
monds? And why are these particular objects so important?

Fundamentals of diamond geometry. The device of étale cohomology
allows us to apply our intuitions about algebraic topology to schemes. To wit, if X
is a scheme, there is a notion of an étale site X, whose objects are étale morphisms
over X; these can be used to define the f-adic cohomology groups H(Xg, Q). If
in addition X is a smooth projective variety over an algebraically closed field k,
and / is invertible in k, then the H*(X¢, Q) have some nice properties: they are
zero outside of the range ¢ = 0,1,...,2dim X, they satisfy Poincaré duality, there
is a Lefschetz fixed-point formula one can apply to endomorphisms of X, and so
on.

Underpinning these properties is a framework of results concerning different
kinds of morphisms (finite type, étale, proper, smooth, etc.) and their effects on
étale sheaves. For instance, we have a notion of a smooth morphism of schemes
f: X — Y, which is meant to mimic the same notion for manifolds, and which
can be checked using a Jacobian criterion. The Poincaré duality theorem men-
tioned above is a special case of a relative version: there is an isomorphism f'F =2
f*F[2d](d), valid whenever f is a smooth morphism of relative dimension d, and
F is an étale sheaf of (Z/nZ)-modules on Y, where n is invertible on Y.

Many of these fundamentals are carried over into the world of rigid and adic
spaces in [Hub96|. Huber defines the important classes of morphisms of adic
spaces (finite type, étale, proper, smooth, etc.), and proves theorems (base change
theorems, Poincaré duality) about how they interact with étale cohomology.

Perfectoid spaces seem at first glance to be immune to this sort of treatment.
For instance, let K be a perfectoid field, and let D = Spa K (T'/?™) be the per-
fectoid closed disc from Example 3.1.5. The ring K(T/P™) isn’t finitely generated
over K, nor is it even topologically finitely generated, so already we run into prob-
lems if we wish to think of D as being “finite type” over K. The situation seems
even worse if one tries to define smooth morphisms of perfectoid spaces using a
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Jacobian criterion. (If f belongs to A = K(T"/?™), then “df /dT”, naively defined,
may fail to lie in A, so this is certainly not the right way to proceed.)

Nonetheless, Scholze [Sch17| has defined a notion of cohomological smooth-
ness for a morphism of diamonds (relative to a prime ¢ distinct from the residue
characteristic), which essentially says that relative Poincaré duality holds. In this
sense, D — Spa K is cohomologically smooth, as are the Banach—Colmez spaces H
and Bl /Fil" (over the base Spd C'). Recent work of Fargues-Scholze [FS| even
gives a Jacobian criterion of sorts to determine whether a morphism of diamonds
is cohomologically smooth.

Moduli spaces of mixed-characteristic local shtukas. Let C'/Q, be an
algebraically closed perfectoid field with residue field k, and let Hy be a p-divisible
group over k. Recall from the discussion in (27) that we have an exact sequence
of Q,-vector spaces

0— VH(C®) — H(C°) — LicH ® C — 0,
which can be interpreted as an exact sequence of O ch-modules:
0— Ox_, ®q, VH — E(Ho) — iy LieH ® C — 0,

where £(Hy) is the vector bundle corresponding to (the isocrystal corresponding
to) Ho, and i is the morphism Spec B (C) = Xc».

Define a (partially proper) sheaf My, on Pfde as follows. For a perfectoid
C-algebra R, we define My, (R) to be the set of injective morphisms s: O’}(Rb —
E(Hyp) of Ox ,-modules, whose cokernel is a sheaf of the form i.W, where W is
a projective R-module. (We have used the same letter ¢ to denote the morphism
Spec Biz (R) = Xps.)

Results in [SW13] show that My, is a perfectoid space, and that it is iso-
morphic to the moduli space of deformations H of H, together with a Q,-basis for
V H. The space M, admits commuting actions of the groups J = Aut® H, (auto-
morphisms up to isogeny; this acts on £(Hp)) and GL;,(Q,) (which acts on (’)&Rb ).

The cohomology groups H:(Mp,,c,,Q,) admit an action of GL,(Q,) x J x Wq,,
where Wq, is the Weil group. In the case that Hy is basic, the Kottwitz conjec-
tures predict that these cohomology groups realize Langlands functoriality. In the
special case that Hy is connected of dimension 1, the space M7 is called a Lubin-
Tate space (at infinite level). The Kottwitz conjectures are known to be true in for
Lubin-Tate space [HTO1].

The introduction of diamonds allows us to generalize the situation considerably.
Fix an integer h > 1 and an isocrystal b of rank h. Write &, for the corresponding
vector bunde on X¢. Fix an h-tuple of integers p = (a1,aq,...,a,) with a3 >
-+« >ap > 0. Such a u determines a class of modules over a discrete valuation ring
(A, M), namely those of the form @?:1 A/M% . The set of such p forms a partially
ordered set.

DEFINITION 4.4.1 (The space of infinite-level local shtukas with one leg [SW]).
Let My, be the (partially proper) functor on Pfdc which assigns to R the set of
exact sequences

0— (’)é‘{Rb — &g — W =0,
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where W is a BJ (R)-module quotient of i*&, z» which (at every geometric point
of Spa R) is of type < p.

One refers to the exact sequence above as a modification of & of type < u
which produces the trivial vector bundle.

When b is an isocrystal with slopes in [0, 1] and p is minuscule (meaning a; < 1
for all i), we recover the moduli space Mz, as above, so long as a certain compat-
ibility is satisfied between b and p.

The name “shtuka” recalls Drinfeld’s constructions for a smooth projective
curve over a finite field [Dri80]. Drinfeld defined a space of rank 2 shtukas and
studied the cohomology of this space, and in doing so proved the Langlands con-
jectures for GL9 over a function field. This was generalized to GL,, by L. Lafforgue
[Laf02]. (There is a strong but highly non-obvious analogy between the two sorts
of shtukas.)

THEOREM 4.4.2 ([SW]). The sheaf My, is a diamond.

The idea is that M, , admits a pro-étale morphism to the space of possible
W', which is a kind of flag variety; one wants to show that this latter space is a
diamond. For this it helps to know that B(J{R / Fil’ is a diamond, which is Theorem
M33l (More details are supplied by the lecture notes of Kedlaya in this series.)

It therefore makes sense to consider the étale cohomology of the Mj ,,, and to
pose generalizations of the Kottwitz conjecture for it. The construction of the My,
answers a question of Rapoport—Viehmann about the existence of “local Shimura
varieties” [RV14].

A geometric Langlands program for p-adic fields. Let X be a smooth
projective curve over a finite field k, with function field K. The set

[T GL.(K)\ GLu(Ax)/ CLA(K)

z€|X]|

has two interpretations: (1) it classifies the set of isomorphism classes of rank n
vector bundles on X, and (2) functions on this set are automorphic forms on K
of level 1. Now, automorphic forms on K of level 1 which are Hecke eigenforms
are supposed to correspond to n-dimensional Galois representations of K which are
unramified everywhere, which is to say, rank n local systems on X.

The idea behind geometric Langlands is to geometrize the above statement,
along the lines of the function-sheaf correspondence of Grothendieck. The set
[L.e x| GLn(K2)\ GLy (Ak)/ GLn (K) is the set of k-points of the stack Bun,, which
classifies vector bundles of rank n. Instead of considering functions on this set, we
consider Q,-sheaves on Bun,,.

The Hecke operators from the usual theory get geometrized as well. The stack
Bun,, admits Hecke correspondences indexed by n-tuples u = (ay,...,a,), with
a; > -+ > an. For each such pu, there is a diagram of stacks

Hecke,,

Bun,, Bun,, x X.
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Here Hecke,, classifies pairs of rank n vector bundles £ and &, together with a
modification of & at a point P € X which produces &1; the morphisms h; and ho
take such a datum to &£ and (&, P), respectively. The Hecke operator H,, inputs
a sheaf on Bun,, and outputs a sheaf on Bun,, x X. In the case that p is minuscule
(meaning all a; are 0 or 1), then H,(F)) = (ho)1hjF.

THEOREM 4.4.3 ([FGVO02]). For every irreducible and everywhere unramified
(-adic representation ¢: Gal(K*/K) — GL,(Qy), there exists a nonzero perverse
sheaf Fy on Bun,, which is a Hecke eigensheaf with respect to ¢ in the following
sense: for all p, H,(F) = F R (r, o ¢), where r, is the algebraic representation of
GL,, with highest weight L.

There is a marvelous suite of conjectures due to Fargues [Far| which replaces X
with the Fargues—Fontaine curve in the above discussion. In this context we define
the stack Bun,, as the sheaf on Pfd which assigns to a perfectoid Fp-algebra R the
groupoid of rank n vector bundles on Xp.

THEOREM 4.4.4 ([FS]). The sheaf Bun,, is a smooth Artin stack in the cate-
gory of perfectoid spaces: it admits a smooth surjective morphism from a smooth
diamond.

As before, the stack Bun,, admits Hecke correspondences. For each pu, there is
a corresponding Hecke operator H,, which inputs a sheaf on Bun,, and outputs a
sheaf on Bun,, x Spd Q,. Part of Fargues’ conjecture is the following.

CONJECTURE 4.4.5. Let ¢: Wq, — GL,(Q,) be an irreducible (-adic represen-
tation. There exists a nonzero perverse sheaf Fy on Bun, such that for all p we
have H, (Fy) = Fy @ (1, 0 P).

There is a connection between the Hecke operators H,, and spaces of shtukas
M, ., and in fact the full statement Fargues’ conjecture implies the generalized
Kottwitz conjecture for M, ,, in the case that b is basic.

5. Projects

5.1. Basic examples of adic spaces.

(1) Classify points in Spa Q,(T'); describe the set-theoretic fibers of Spa C,(T')
— Spa Q,(T).

(2) Classify points in Spa W (C®), where C' is an algebraically closed perfectoid
field of characteristic p > 0.

5.2. Perfectoid fields.

(1) Let K = Qo(2Y/27)". Identify K® with Fo((t'/27)), where t corresponds
to the sequence (2,2'/2,...). Let L = K(y/—1), so that L/K has degree 2.
Thus L is perfectoid. Identify L’ as a separable extension of Fy((t1/P7)).
Repeat for all other quadratic field extensions of K.

(2) Let K be a perfectoid field with residue field k. Show that K> = k((t'/?™))
if and only if the following criterion holds: K admits no proper perfectoid
subfields with the same residue field and value group.
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5.3. Some commutative algebra.

(1) Let K be a perfectoid field. Describe the group of units in K (T'/P™).

(2) Let C be an algebraically closed perfectoid field of characteric p, and let
f € C(T*P™) be a non-unit. Let D = {|z| < 1} C C. Does there always
exist &« € D with f(a) = 07 Is the set of zeros of f finite? Profinite?
Which subsets of D are zero sets of such f7

(3) Is there a generalization of the preceding exercise in characteristic 07

(4) Continuing this theme, let C' be an algebraically closed perfectoid field
of characteristic p, and let fy,...,f, € A = C(Tll/pw,...,Tﬁ/pw> be
elements which do not generate the unit ideal. Does there exist a common
zero of the f; in D™? (This is something like a perfectoid Nullstellensatz
statement.)

5.4. Closed subsets of adic spaces. For a scheme X, a closed subset T' C X
is (rather by definition) Zariski closed: it is the zero locus of an ideal sheaf in Ox.
There is a scheme, the reduced induced subscheme Z, and a closed immersion Z — X
whose set-theoretic image is T. This property is universal: for a reduced scheme
Y, amorphism f: Y — X has f(Y) C T (set-theoretically) if and only if f factors
asaY -7 — X.

It is quite different with adic spaces. One difference is that closed subsets are
not necessarily Zariski-closed.

(1) Consider Q, as a closed subset of the underlying topological space of A,
considered as an adic space over Q,,. Show that Q, is not Zariski closed.

(2) Nonetheless, show that there exists a reduced adic space Z and a mor-
phism Z — A!, which is a monomorphism and has image Q,, and which
satisfies a universal property.

Let H/F, be a formal p-divisible group of height 2 and dimension 1. Its universal
cover H lifts to a formal Q,-vector space over Zp =W(F,); let Hg  be its generic

fiber. Then ﬁQp is a preperfectoid space. Let M(H) be the Dieudonné module

of H; this is a free Zp—module of rank 2. There is a quasi-logarithm map of adic
spaces

qlogy: Hy — M(H) ®5 Ga = G?

which respects the Qp-vector space structure on either side. We describe it as
a natural transformation between functors from Pfde to Qp-vector spaces. Let
R be a perfectoid Qp—algebra. We have an isomorphism ﬁQP(R) = H (R°)
(B(R) @y, M(H))?=!. Then qglog (R) is the composition of this map with 0 ®
1: B(R’) ©®; M(H)— R®; M(H).

(3) Prove that glog is a monomorphism.

(4) Let Z be the image of glogy, considered as a subset of the underlying
topological space of G2. Show that Z is closed and generalizing.

(5) Show that the residue fields of nonzero points of Z are never finite exten-
sions of Qp. That is, the image of qlog;; contains no “classical points”
other than the origin.

(6) Show that if Y is a perfectoid space over Spa Qp and f: Y — G2 has
set-theoretic image contained in Z, then f factors through qlog;;.
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Thus we have a closed subset of the adic space G2 which (considered as a
subfunctor on the category of perfectoid spaces) is representable by a preperfectoid
space. In fact, it is a theorem of Scholze [Sch17] that any closed generalizing subset
of a diamond, when considered as a subfunctor on the category of perfectoid spaces,
is itself a diamond.

5.5. Computations with Banach-Colmez spaces. Recall our discussion
of Banach-Colmez spaces, which are sheaves of Qp-algebras on the category of
perfectoid spaces. There are two projects here. The first has to do with some
“ineffective” Banach-Colmez spaces. Fix an algebraically closed perfectoid fied C'
of characteristic 0.

(1) We begin with the space H'(Ox(—1)), which inputs a perfectoid C-
algebra R and outputs the Q,-vector space H'(Xp, Ox(—1)). Show that
there is an isomorphism of sheaves of Q,-vector spaces on Pfdc:

H'(0x(-1)) = G./Q,.
(2) The sheaf H'(Ox(—1)) parametrizes extension classes
0—0x(-1)—=&— 0x =0,
or (after twisting by Ox (1)) extension classes
0—-0x —2&—0x(1)—=0.
Show that if this latter extension is nonsplit, then there exists an isomor-
phism & = Ox(1/2). Recall that global sections of Ox(1/2) are repre-

sentable by a formal scheme H, where H/ Fp is a formal p-divisible group

of dimension 1 and height 2. Let us abbreviate Hz = H¢\ {0}; this is a
perfectoid space over C. Show that there is an isomorphism

HY(Ox (~1)\ {0} 2 (¢ x Q,(1)")/D*,

where D = Aut’ H is the nonsplit quaternion algebra over Q,, where
Q,(1)* = Qp(1)\ {0}, and where D* acts on Q,(1)* through the reduced
norm map.

(3) Let Q = Ga\gp. Combining the previous two exercises gives an isomor-
phism Q/gp = (IA{Q} X gp(l)*)/DX. This isomorphism means there is
a diamond M carrying an action of Q, x D*, whose quotient by D* is
2, and whose quotient by Q, is I?g x Qp(1)*. Show that M (with this
action) is isomorphic to the Lubin-Tate tower for GL2(Q,).

(4) Is there a similar story for H'(X,Ox()\)) for other negative values of
AeqQ?

The other project is due to David Hansen. Let M — Spd C be the infinite-
level Lubin-Tate tower for GL2(Qp). Then M can be interpreted as the space of
“mixed-characteristic shtukas” of a certain type. To wit, M is the sheafification of
the presheaf which assigns to a perfectoid C-algebra R, the set of exact sequences
of the form

0— O%Rb = Ox,,(1/2) = i.W =0,
where i: Spec Bgr(R) — X p» is the usual morphism, and W is a rank 1 projective
quotient of i*Ox , (1/2). Then M admits an action of the product group GL2(Qj) x
D*, where D = Autp, Ox(1/2) is the nonsplit quaternion algebra over Q,.
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Here is a different space of shtukas, which we’ll call N: it is the sheafification
of the presheaf which assigns to a perfectoid C-algebra R the set of exact sequences
of the form

0— 0%, = Ox,, (1) =iV 0,

where this time V is a projective B (R’)/(ker 0z)?>-module of rank 1. Then N
admits an action of GL2(Q,) X GL2(Q,).

(5) Show that N is a perfectoid space.

(6) Show that, in the category of diamonds admitting an action of GL2(Q,) X
GL2(Qp), the sheaf N is isomorphic to the quotient (M x M)/D*, where
the action of D* is the diagonal one.

(7) Are there other isomorphisms of these type, for different spaces of shtukas?
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Sheaves, stacks, and shtukas

Kiran S. Kedlaya

These are extended and slightl revised notes from a four-lecture series at
the 2017 Arizona Winter School on the topic of perfectoid spaces. The appendix
describes the proposed student projects (including contributions from David Hansen
and Sean Howe). See the table of contents below for a list of topics covered.

These notes were deliberately written to include much more material than could
possibly be presented in four one-hour lectures. Some of this material is original,
including the definition of an analytic Huber ring, the extension of various basic
results from Tate rings to analytic rings, and the general form of Drinfeld’s lemma
for diamonds.

The reader should be warned that these lectures were interleaved with the other
lectures at the AWS:; specifically, each lecture of ours followed the corresponding
lecture of Weinstein [I77]. In particular, the reader who has never seen adic spaces
before should turn with [I77, Lecture 1] before continuing here.

These notes have benefited tremendously from detailed feedback from a num-
ber of people, including Bastian Haase, David Hansen, Shizhang Li, Ruochuan Liu,
Peter Scholze, and Alex Youcis, and from a detailed review of the post-AWS re-
visions by Sean Howe. In addition, special thanks are due to the participants of
the UCSD winter 2017 reading seminar on perfectoid spaces: Annie Carter, Zonglin
Jiang, Jake Postema, Daniel Smith, Claus Sorensen, Xin Tong, and Peter Wear.

The author was supported by NSF (grants DMS-1501214, DMS-1802161),
UCSD (Warschawski Professorship), and TAS (Visiting Professorship 2018-2019).

CONVENTION 0.0.1. Throughout these lecture notes, the following conventions
are in force unless specifically overridden.

All rings are commutative and unital.

A complete topological space is required to be Hausdorff (as usual).

All Huber rings and pairs we consider are complete. (This is not the
convention used in [I77, Lecture 1].)

A nonarchimedean field is a field which is complete with respect to a
nontrivial nonarchimedean absolute value.

10ne significant revision is the treatment of pseudocoherent modules in Lecture 1, necessi-
tated by Scholze’s discovery of Example [[L4.8 The presentation of §2.4] has also been modified to
account for Theorem [2.9.12]
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1. Sheaves on analytic adic spaces

We begin by picking up where the first lecture of Weinstein [177, Lecture 1], on
the adic spectrum associated to a Huber pair, leaves off. We collect the basic facts
we need about the structure sheaf, vector bundles, and coherent sheaves on the adic
spectrum. The approach is in some sense motivated by the analogy between the
theories of “varieties” (here meaning schemes locally of finite type over a field) and
of general schemes. In our version of this analogy, the building blocks of the finite-
type case are affinoid algebras over a nonarchimedean field (with which we assume
some familiarity, e.g., at the level of [23] or [72]), and we are trying to extend to
more general Huber rings in order to capture examples that are very much not of
finite type (notably perfectoid rings). However, this passage does not go quite as
smoothly as in the theory of schemes, so some care is required to assemble a theory
that is both expansive enough to include perfectoid rings and robust enough to
allow us to assert the general theorems we will need.

In order to streamline the exposition, we have opted to state most of the key
theorems first without proof (see §L2HIA). We then follow with discussion of the
overall strategy of proof of these theorems (see §L.6)), and finally treat the technical
details of the proofs (see §L.7THLI)). Along the way, we include some technical sub-
sections that can be skimmed or skipped on first reading: one on the open mapping
theorem (§I.11), one on Banach rings (§L5]), one on the étale topology (§LI0)), and

one on preadic spaces (§L.IT).

HypotHESIS 1.0.1. Throughout §II let (4, A*) be a fixed Huber pair (with
A complete, as per our conventions) and put X := Spa(4, A1). Unless otherwise
specified, we assume also that A is analytic (see Definition [[T.2)); however, there

is little harm done if the reader prefers to assume in addition that A is Tate (see
Definition [LT.21 and Remark [[L.T5]).

1.1. Analytic rings and the open mapping theorem. We begin with a
brief technical discussion, which can mostly be skipped on first reading. This has
to do with the fact that Huber’s theory of adic spaces includes the theory of formal
schemes as a subcase, but we are primarily interested in the complementary subcase.

REMARK 1.1.1. In any Huber ring, the set of units is open: if x is a unit and y
is sufficiently close to z, then 2~ !(z — ) is topologically nilpotent and its powers
sum to an inverse of ~!y. This implies that any maximal ideal is closed.

This observation is often used in conjunction with [95] Proposition 3.6(i)]: if
A #0, then X # . For a derivation of this result, see Corollary [[5.18

DEFINITION 1.1.2. Recall that the Huber ring A is said to be Tate (or some-
times microbial) if it contains a topologically nilpotent unit (occasionally called a
microbe by analogy with terminology used in real algebraic geometry [52]; more
commonly a pseudouniformizer). For example, if A is an algebra over a nonar-
chimedean field, then A is Tate; this includes the case where A contains a field F'
on which the induced topology is discrete (e.g., when A is of characteristic p), as
then for any pseudouniformizer @ € A we have F((w)) C A. However, it is possi-
ble for A to be Tate without being an algebra over any nonarchimedean field; see
[113] Example 2.16].

More generally, we say that A is analytic if its topologically nilpotent elements
generate the trivial ideal in A; Example[[.5.7lseparates the Tate and analytic condi-
tions. The term analytic is not standard (the corresponding term in [74], §0.B.1.(c)]
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is extremal), but is motivated by Lemma [[LT3] below. By convention, the zero ring
is both Tate and analytic.

We say that a Huber pair (4, A") is Tate (resp. analytic) if A is Tate (resp.
analytic).

LEMMA 1.1.3. The following conditions on a general Huber pair (A, A1) are
equivalent.
(a) The ring A is analytic.
(b) Any ideal of definition in any ring of definition generates the unit ideal in
A.
(¢) Every open ideal of A is trivial.
(d) For every nontrivial ideal I of A, the quotient topology on A/I is not
discrete.
(e) The only discrete topological A-module is the zero module.
(f) The set X contains no point on whose residue field the induced valuation
is trivial.
PROOF. We start with some easy implications:

e (b) implies (a) (any ideal of definition consists of topologically nilpotent
elements);

e (b) and (c) are equivalent (any ideal of definition is open, and any open
ideal contains an ideal of definition);

e (c) and (d) are equivalent (trivially);

e (e) implies (d) (trivially).

We next check that (a) implies (b). Suppose that A is analytic, Ag is a ring
of definition, and I is an ideal of definition. For any topologically nilpotent ele-
ments z1,...,T, € A which generate the unit ideal, for any sufficiently large m the
elements z1*,..., 27" belong to I and still generate the unit ideal in A.

At this point, we have the equivalence among (a)—(d). To add (e), we need only
check that (c¢) implies (e), which we achieve by checking the contrapositive. Let M
be a nonzero discrete topological A-module, and choose any nonzero m € M. The
map A — M, a — am is continuous; its kernel is a nontrivial open ideal of A.

We next check that (a) implies (f). If A is analytic, then for each v € X, we
can find a topologically nilpotent element x € A with v(x) # 0. We must then have
0 < vw(z) < 1, so the induced valuation on the residue field is nontrivial.

We finally check that (f) implies (d), by establishing the contrapositive. Let I
be a nontrivial ideal of A such that A/I is discrete for the quotient topology. Then
the trivial valuation on the residue field of any maximal ideal of A/I gives rise to
a point of X on whose residue field the induced valuation is trivial. O

COROLLARY 1.1.4. If (A, A™) is an analytic Huber pair, then Spa(A, AT) —
Spa(A™, AT) is injective. (We will show later that it is also a homeomorphism onto
its image; see Lemma [[G.0)

PROOF. Forwv € Spa(4, A1), by LemmalL.T.3] there exists a topologically nilpo-
tent element x of A such that 0 < v(z) < 1. For w € Spa(A, A") agreeing with v
on AT, for any y,z € A, any sufficiently large positive integer n has the property
that =™y, 2"z € AT} it follows that the order relations in the pairs

3

(v(y), v(2)), (v(z"y), v(z"2)), (w(z"y), w(z"2)), (w(y), w(2))

all coincide, yielding v = w. (Il



48 KIRAN S. KEDLAYA

REMARK 1.1.5. Lemmal[[.T3lshows that a Huber pair (A4, A") is analytic if and
only if Spa(A, AT) is analytic in the sense of Huber; that is, if (4, AT) is analytic,
then Spa(A, A1) is covered by rational subspaces (see Definition [[2.]]) which are
the adic spectra of Tate rings. Consequently, from the point of view of adic spaces,
escalating the level of generality of Huber pairs from Tate to analytic does not
create any new geometric objects. However, it does improve various statements
about acyclicity of sheaves, as in the rest of this lecture.

EXERCISE 1.1.6. Let A be a Huber ring. If there exists a finite, faithfully flat
morphism A — B such that B is Tate (resp. analytic) under its natural topology
as an A-module (see Definition [[T.TT]), then A is Tate (resp. analytic).

EXERCISE 1.1.7. A (continuous) morphism f : A — B of general Huber rings
is adic if one can choose rings of definition Ag, By of A, B and an ideal of definition
A such that f(Ag) C By and f(I)By is an ideal of definition of By. Prove that this
condition is always satisfied when A is analytic.

From now on, assume (unless otherwise indicated) that A is analytic. In the
classical theory of Banach spaces, the open mapping theorem of Banach plays a
fundamental role in showing that topological properties are often controlled by
algebraic properties. The same theorem is available in the nonarchimedean setting
for analytic rings.

DEFINITION 1.1.8. A morphism of topological abelian groups is strict if the
subspace and quotient topologies on its image coincide. For a surjective morphism,
this is equivalent to the map being open.

THEOREM 1.1.9 (Open mapping theorem). Let f : M — N be a continuous
morphism of topological A-modules which are first-countable (i.e., 0 admits a count-
able neighborhood basis) and complete (which implies Hausdorff). If f is surjective,
then f is open. (Note that A itself is first-countable.)

PROOF. As in the archimedean case, this comes down to an application of
Baire’s theorem that every complete metric space is a Baire space (i.e., the union
of countably many nowhere dense subsets is never open). The case where A is a
nonarchimedean field can be treated in parallel with the archimedean case, as in
Bourbaki [25] 1.3.3, Théoreme 1]; see also [I55] Proposition 8.6]. It was observed
by Huber [96] Lemma 2.4(i)| that the argument carries over to the case where A
is Tate; this was made explicit by Henkel [93]. The analytic case is similar; see

Problem [A-3.11 O

REMARK 1.1.10. Theorem is in fact a characterization of analytic Huber
rings: if A is not analytic, there exists a morphism f : M — N of complete first-
countable topological A-modules which is continuous but not open. For example,
let I be a nontrivial open ideal and take M, N to be two copies of [],.,(A/I)
equipped with the discrete topology and the product topology, respectively. (Thanks
to Zonglin Jiang for this example.)

Before stating an immediate corollary of Theorem [L.T.9 we need a definition.

DEFINITION 1.1.11. Let M be a finitely generated A-module. For any A-linear
surjective morphism F' — M where F is a finite free A-module, we may form the
quotient topology of M; the resulting topology does not depend on the choice. (It
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suffices to compare with a second surjection F' @ F’ — M by factoring the map
F’ — M through F & F’.) This topology is called the natural topology on M.

If A is noetherian, then M is always complete for its natural topology (see
Corollary below). In general, M need not be complete for the natural topol-
ogy, but the only way for completeness to fail is for M to fail to be Hausdorff.
Namely, if M is Hausdorff, then ker(F — M) is closed, so quotienting by it gives a
complete A-module.

Even if M is complete for its topology, that does not mean that its image
under a morphism of finitely generated A-modules must be complete (unless A is
noetherian). For example, for f € A, it can happen that xf : A — A is injective
but its image is not closed; see Remark [[L83]

COROLLARY 1.1.12. Suppose that A is analytic. Let M be a finitely generated
A-module. If M admits the structure of a complete first-countable topological A-
module for some topology, then that topology must be the natural topology.

ProoF. Apply Theorem [[LT.9to an A-linear surjection F' — M with F finite
free. ]

Let us now see some examples of this theorem in action. The following argument
is essentially |24, Proposition 3.7.2/1] or [72], Lemma 1.2.3].

LEMMA 1.1.13. Let M be a finitely generated A-module which is complete for
the natural topology. Then any dense A-submodule of M equals M itself. (This
argument does not require A to be analytic, but the following corollary does.)

PrOOF. We may lift the problem to the case where M is free on the basis
el,...,e,. Let N be a dense submodule of M; we may then choose €f,..., e}, €
N such that e; = ), Bjje; with B;; being topologically nilpotent if 7 # j and
B;; — 1 being topologically nilpotent if ¢ = j. Then the matrix B is invertible (its
determinant equals 1 plus a topological nilpotent), so N = M. O

COROLLARY 1.1.14. Let M be a finitely generated A-module which is complete
for the natural topology. Then any A-submodule of M whose closure is finitely
generated is itself closed.

PROOF. Let N be an A-submodule whose closure N is finitely generated. By
Corollary [[LT.12] the subspace topology on N coincides with the natural topology,
so Lemma [[LT.13 may be applied to see that N = N. (]

COROLLARY 1.1.15. The following statements hold.

(a) If A is noetherian, then every finitely generated A-module is complete for
the natural topology, and every submodule of such a module is closed.
(b) Conversely, if every ideal of A is closed, then A is noetherian.

PRrROOF. Suppose first that A is noetherian. For M a finitely generated A-
module and F' — M an A-linear surjection with F finite free, Corollary [LT.14]
implies that ker(F — M) is closed, so M is complete. Applying Corollary [LT.14]
again shows that every submodule of M is closed, yielding (a).

Conversely, suppose that every ideal of A is closed. To prove (b), we will obtain
a contradiction under the hypothesis that there exists an ascending chain of ideals
I, C I, C --- which does not stabilize, by showing that the union I of the chain
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is not closed. In fact this already follows from Baire’s theorem, but we give a more
elementary argument below.

Since A is analytic, we can find some finite set x1,...,z, of topologically
nilpotent units which generate the unit ideal in A. For each m, choose an ele-
ment y,, € I, — I;,—1. We can then choose an index i, € {1,...,n} such that
x{mym ¢ I, for all positive integers j.

Let V1, V5, ... be a cofinal sequence of neighborhoods of 0 in A. We now choose
positive integers ji, jo,... and open subgroups U,, of A subject to the following
conditions (by choosing j,, sufficiently large and U, sufficiently small given the
choice of j1,...,Jm—1 and Uy, ..., Upy—1).

(a) For each positive integer m, xfm Ym € Vin NN U

m’/<m
(b) For each positive integer m, Un C (s <y U -
(c) For each positive integer m, (27" ym + Upm) N L1 = 0..

Then anozl x{:ym converges to a limit y which is in the closure of I by (a), but

not in I by (b) (for each m we have y € I,,,_1 + xi: + Uy, and hence y ¢ I,,_1), a
contradiction. ]

As a concrete example of what happens when A is not noetherian, we offer the
following exercise.

DEFINITION 1.1.16. For A a Huber ring, let A(T") be the completion of A[T]
for the topology with a neighborhood basis given by U[T] = {Zfzo:o a, " ay €
U for all n} as U runs over neighborhoods of 0 in A. We may similarly define
A(Ty,...,T,), or even the analogue with infinitely many variables. When the topol-

ogy on A is induced by a norm, this can be interpreted in terms of a Gausdq norm;
see Definition [L5.3

EXERCISE 1.1.17. Let p be a prime. Let A be the quotient of the infinite Tate
algebra Q,(T,U1,V1,Usz, Va,...) by the closure of the ideal (TU; — pVi,TU; —
p*Va,...).

(a) Show that A is uniform (see Definition [L2.12)).
(b) Show that T is not a zero-divisor in A.
(¢) Show that the ideal T'A is not closed in A.

The following argument can be found in [96] II.1], [97, Lemma 1.7.6].

LEMMA 1.1.18. Let M be an A-module which is the cokernel of a strict mor-
phism between finite projective A-modules. Equivalently by Theorem [LI19, M is
finitely presented and complete for the natural topology.

(a) Let M(T) be the set of formal sums >~ x,T™ with x, € M forming a
null sequence. Then the natural map M ® 4 A(T) — M{T) is an isomor-
phism.

(b) Let M(T*) be the set of formal sums Y., ., xnT™ with x, € M forming
a null sequence in each direction. Then the natural map M @ 4 A(TT) —
M(T%) is an isomorphism.

PRrOOF. We treat only (a), since (b) is similar. If M is finitely generated and
complete for the natural topology, then it is apparent that M ® 4 A(T) — M(T) is
surjective. Suppose now that as in the statement of the lemma, M is the cokernel

2Correctly spelled “Gauf”, but I’ll stick to the customary English transliteration.
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of a strict morphism F; — F, between finite projective A-modules. Put N :=
ker(Fy — M); then N is finitely generated and complete for the natural topology.
We thus have a commutative diagram

N @4 A(T) — Fy @4 A(T) —> M @4 A(T) —=0

l | l

0 N(T) F(T)y —— M(T) ———0

with exact rows in which the middle vertical arrow is an isomorphism and both
vertical arrows are surjective. By the five lemma, it follows that the right vertical
arrow is injective. O

LEMMA 1.1.19. Suppose that A is noetherian.

(a) The homomorphism A — A(T) is flat.
(b) If A(T) is also noetherian, then A[T] — A(T) is also flat.

PrOOF. Let 0 = M — N — P — 0 be an exact sequence of finite A-modules;
by Corollary [LT.I5 it is also a strict exact sequence for the natural topologies.
Consequently, the exact sequence

0— M(T) - N(T)— P(T) =0

is the base extension of the previous sequence from A to A(T'). This proves (a).
Suppose now that A(T") is noetherian. To prove (b), by [166], Tag 00MP] it suf-
fices to check that for every prime ideal p of A, the map A[T|®sx(p) = A(T)Rak(p)
is flat. Since A(T) is noetherian (and analytic because A is), Corollary [[LT.T5] im-
plies that pA(T) is a closed ideal; we may thus identify pA(T") with the subset p(T")
of A(T) (again as in Lemma [[.T.I8 In particular, as a module over the principal
ideal domain A[T] ®4 k(p) = &(p)[T], A(T) ®4 k(p) = A(T)/p(T) is torsion-free
and hence flat. 0

1.2. The structure sheaf. We continue with the definition and analysis of
the structure presheaf. As in the theory of affine schemes, we have in mind a formula
for certain distinguished open subsets, in this case the rational subspaces; the shape
of the general definition is meant to enforce this formula. However, we will almost
immediately hit a serious difficulty which echoes throughout the entire theory.

We recall some facts about rational subsets of X from the previous lecture
[177), Lecture 1].

DEFINITION 1.2.1. A rational subspace of X is one of the form

IASEREEY W v v v i= n
( : ) e X o(f) <o@) A0 (i=1.....n))

where f1,..., fn,g € A are some elements which generate an open ideal in A; such
subspaces form a neighborhood basis in X . Since we are assuming that A is analytic,
by Lemma any open ideal is in fact the trivial ideal; in particular, we may
rewrite the previous formula as

(1.2.1.1) <f1’”g"fn> ={veX:v(f;) <v(g) (i=1,...,n)}

There is a morphism (A, A1) — (B, BT) of (complete) Huber pairs which is initial
among morphisms for which Spa(B, BT) maps into X (fl’ ’f"> this morphism
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induces a map Spa(B, BT) =2 X (f“ f) which not only is a homeomorphism, but
matches up rational subspace of Spa(B, BT) with rational subspaces of X contained

in X (j LS ) We call any such morphism “the” rational localization corresponding

to X (%), using the definite article since the morphism is unique up to unique

isomorphism.
Thanks to (L211]), the ring B in the pair (B, BT) may be identified explicitly
as the quotient of A(Ty,...,T,) by the closure of the ideal (971 — f1,...,9Tn — fn);

we denote this ring by A<f Lo ’f"> (We will see later that when the structure

presheaf on X is a sheaf, it is not necessary to take the closure; see Theorem [[.2.7])
The ring B* may be identified as the integral closure of the image of AT (T, ..., T),)

in B; we denote this ring by A" <f1’ S >

EXERCISE 1.2.2. Given f1,..., fn,9 € A which generate the unit ideal, there
exists a neighborhood W of 0 in A such that any fi,...,f),9 € A satisfying
fi="fi,- o, fh — fn, g —g € W generate the unit ideal and define the same rational
subspace as do fi,..., fn,g. (See [I56, Remark 2.8], [I17, Remark 2.4.7].)

DEFINITION 1.2.3. Define the structure presheaf O on X as follows: for U C X
open, let O(U) be the inverse limit of B over all rational localizations (A4, AT) —
(B, B™) with Spa(B, BT) C U. In particular, if U = Spa(B, BT) then O(U) = B.

Let O% be the subpresheaf of O defined as follows: for U C X open, let O(U)
be the inverse limit of BT over all rational localizations (A, AT) — (B, B*) with
Spa(B, B*) C U. Equivalently,

OH(U)={f€O):v(f) <1forallveU}.
In particular, if U = Spa(B, BT) then O(U) = B*.

REMARK 1.2.4. For any open subset U of X, the ring O(U) is complete for the
inverse limit topology, but in general it is not a Huber ring. A typical example is the
open unit disc inside the closed unit disc, which is Fréchet complete with respect
to the supremum norms over all of the closed discs around the origin of radii less
than 1. (This ring cannot be Huber because the topologically nilpotent elements
do not form an open set.)

REMARK 1.2.5. For each 2 € X, the stalk Ox , is a direct limit of complete
rings, and hence is a henselian local ring; in particular, the categories of finite
étale algebras over Ox , and over its residue field are equivalent. Compare [117]
Lemma 2.4.17].

REMARK 1.2.6. In order to follow the theory of affine schemes, one would
next expect to prove that the presheaf O is a sheaf. This is indeed true when A
is an affinoid algebra over a nonarchimedean field, as this follows (after a small
formal argument; see Lemma [[.6.3)) from Tate’s acyclicity theorem in rigid analytic
geometry [169, Theorem 8.2], [24], Theorem 8.2.1/1].

Unfortunately, there exist examples where O is not a sheaf. This remains true
if we assume that A is Tate, as shown by an example of Huber [96] §1]; or even if we
assume that A is Tate and uniform, as shown by examples of Buzzard—Verberkmoes
[27, Proposition 18] and Mihara [138] Theorem 3.15].
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Since O can fail to be a sheaf, we must track of the distinction between its
sections on an open subset U, denoted O(U), and the locally-defined sections of O
on U (i.e., the sections of the sheafification of O on U). We write H°(U, O) for the
latter.

A conceptual explanation for the previous examples is given by the following
result.

THEOREM 1.2.7 (original). Suppose that O is a sheaf. Then for any f1,..., fn, g
€ A which generate the unit ideal, the ideal (gT1— f1,...,9Tn—fn) in A(Ty,...,Ty)
is closed.

PRrROOF OF THEOREM [L27 Let (4, A%) — (B, BT) be the rational localiza-
tion defined by the parameters f1,..., f,; then the kernel of the map A(Ty,...,T},)
— B taking T; to f;/g is the closure of the ideal in question. By Corollary [LT.14]
it thus suffices to check that this kernel is finitely generated; this will follow from
Lemma O

In light of the previous remarks, we are forced to introduced and study the
following definition.

DEFINITION 1.2.8. We say that (A, AT) is sheafy if O is a sheaf. Although it is
not immediately obvious from the definition, we will see shortly that this property
depends only on A, not on AT (Remark [[LG.9).

DEFINITION 1.2.9. When (A, A™) is sheafy, we may equip X in a natural way
with the structure of a locally v-ringed space, i.e., a locally ringed space in which the
stalk of the structure sheaf at each point is equipped with a distinguished valuation
(with morphisms required to correctly pull back these valuations). By considering
locally v-ringed spaces which are locally of this form, we obtain Huber’s notion of
an analytic adic space.

As explained in [I77], Lecture 1|, Huber’s theory also allows the use of rings
A which are not analytic; this for example allows ordinary schemes and formal
schemes to be treated as adic spaces. In addition, Huber shows that a Huber ring
A which need not be analytic, but which admits a noetherian ring of definition, is
sheafy [96], Theorem 2.5|. However, allowing nonanalytic Huber rings creates some
extra complications which are not pertinent to the examples we have in mind (with
a small number of exceptions), e.g., the distinction between continuous and adic
morphisms (see Exercise [[LI.7)). For expository treatments of adic spaces without
the analytic restriction, see [32] or [175].

We will establish sheafiness for two primary classes of Huber rings. The first
includes the class of affinoid algebras.

DEFINITION 1.2.10. The ring A is strongly noetherian if for every nonnegative
integer n, the ring A(Ty,...,T,) is noetherian; note that this property passes to
rational localizations. For example, if A is an affinoid algebra over a nonarchimedean
field K, then A is strongly noetherian: this reduces to the fact that K(T1,...,T,)
is noetherian, for which see [169, Theorem 4.5] or [24, Theorem 5.2.6/1].

When A is Tate, the following result is due to Huber [96] Theorem 2.5]. The
general case incorporates an observation of Gabber to treat the case where A is
analytic but not Tate; see §I.7] for the proof.
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THEOREM 1.2.11 (Huber plus Gabber’s method). If A is strongly noetherian,
then A is sheafy.

The second class of sheafy rings we consider includes the class of perfectoid
rings. (We will mostly handle the condition of uniformity via the corresponding
definition for Banach rings; see Definition [[5.11] and Exercise [[5.13})

DEFINITION 1.2.12. Recall that A is said to be uniform if the ring of power-
bounded elements of A is a bounded subset. (A subset S of A is bounded if for
every neighborhood U of 0 in A, there exists a neighborhood V of 0 in A such that
SV CU.If Ais topologized using a norm, this corresponds to boundedness in the
usual sense.) For example, if K is a nonarchimedean field, then K(T)/(T?) is not
uniform because the K-line spanned by T is unbounded, but consists of nilpotent
and hence power-bounded elements; by the same token, any uniform (analytic)
Huber ring is reduced, and conversely for affinoid algebras (see Remark [[2.16)).

The pair (A, A1) is stably uniform if for every rational localization (A4, AT) —
(B, BT), the ring B is uniform. Again, this depends only on A, not on A™: one may
quantify over all rational localizations by running over finite sequences f1,..., fn, g
of parameters which generate the unit ideal, rather than over rational subspaces;
and in this formulation A" does not appear. (What is affected by the choice of A™ is
whether or not two different sets of parameters define the same rational subspace.)

The case of the following result where A is Tate is due to Buzzard—Verberkmoes
[27, Theorem 7] and independently Mihara [138] Theorem 4.9] (see also [117]
Theorem 2.8.10]). The general case is again obtained by modifying the argument
slightly using Gabber’s method; see again §I.7 for the proof.

THEOREM 1.2.13 (Buzzard—Verberkmoes, Mihara plus Gabber’s method). If
A is stably uniform, then (A, AT) is sheafy.

REMARK 1.2.14. If A is uniform, then the natural map from A to the ring
H°(X,0) of global sections of O is automatically injective (Remark [[L5.25)); if A is
stably uniform, then the analogous map for any rational subspace is also injective.
The content of Theorem [[L2.13]is to show that these maps are all surjective.

Let us now discuss the previous two definitions in more detail.

REMARK 1.2.15. Unfortunately, it is rather difficult to exhibit examples of
strongly noetherian Banach rings, in part because there is no general analogue of
the Hilbert basis theorem: if A is noetherian and Tate, it does not follow that A(T")
is noetherian. See Remark [[L2.17 for further discussion.

For K a discretely valued field, one can build another class of strongly noe-
therian rings by considering semiaffinoid algebras, i.e., the quotients of rings of the
form

UK[[Tla-~-7TmH<U1a-~-7Un> ®0K K,

these rings, and the uniformly rigid spaces associated to them, have been studied
by Kappen [100]. Beware that the identification of rigid spaces with certain adic
spaces does not extend to uniformly rigid spaces, and as a result certain phenomena
do not exhibit the same behavior.

A third class of strongly noetherian rings will arise from studying Fargues—
Fontaine curves in a subsequent lecture. See Remark B.1.10l
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REMARK 1.2.16. Every reduced affinoid algebra over a nonarchimedean field
is stably uniform; this follows from the facts that any reduced affinoid algebra
is uniform [24] Theorem 6.2.4/1|, [72, Theorem 3.4.9] and any rational local-
ization of a reduced affinoid algebra is again reduced [24], Corollary 7.3.2/10],
[117, Lemma 2.5.9]. However, this argument does not apply to reduced strongly
noetherian rings; see Remark [LZ.17] for further discussion.

Additionally, every perfectoid ring is stably uniform; this is because any rational
localization is again perfectoid. These examples are genuinely separate from the
strongly noetherian case, because a perfectoid ring is noetherian if and only if it is
a finite direct product of perfectoid fields (Corollary 2293]).

REMARK 1.2.17. One can construct examples where (the underlying ring of)
A is a field but is not uniform; a particularly interesting example has been given by
Fujiwara—Gabber—Kato [73] §8.3]. Note that any such A is a nondiscrete topological
ring; hence A is Tate but cannot be a nonarchimedean field. The underlying ring
of A is obviously noetherian and reduced.

The aforementioned example has the additional property that A(T') is not noe-
therian; it thus witnesses the failure of the Hilbert basis theorem for Huber rings
(Remark [[L2.T5). By contrast, if one could find such a field which is strongly noe-
therian, it would provide an example of a reduced, strongly noetherian, Tate ring
which is not even uniform, let alone stably uniform (Remark [L2.T6]).

It is not straightforward to check that a given uniform Huber ring A is sta-
bly uniform. Most known examples which are not strongly noetherian are derived
from perfectoid algebras (to be introduced in the next lecture) using the following
observation. (See Exercise [Z.5.8] for an exception.)

LEMMA 1.2.18. Suppose that there exist a stably uniform Huber ring B and a
continuous A-linear morphism A — B which splits in the category of topological
A-modules. Then A is stably uniform.

PROOF. The existence of the splitting implies that A — B is strict, so A is
uniform. Moreover, the existence of the splitting is preserved by taking the com-
pleted tensor product over A with a rational localization. It follows that A is stably
uniform. O

REMARK 1.2.19. Rings satisfying the hypothesis of Lemma [[2ZI8 with B being
a perfectoid ring (as in Corollary below) are called sousperfectoid rings in [86],
where their basic properties are studied in some detail. This refines the concept of
a preperfectoid ring considered in [161].

The following question is taken from [117, Remark 2.8.11].

PrROBLEM 1.2.20. Is it possible for A to be uniform and sheafy without being
stably uniform?

REMARK 1.2.21. At this point, it is natural to ask whether the inclusion functor
from sheafy Huber rings to arbitrary Huber rings admits a spectrum-preserving left
adjoint. This would be clear if H°(X, O) were guaranteed to be a sheafy Huber ring;
however, it is not even clear that it is complete, due to the implicit direct limit in
the definition of H(X, ©). By contrast, if X admits a single covering by the spectra
of sheafy rings, then the subspace topology gives H°(X, O) the structure of a Huber
ring, and it turns out (but not trivially) that this ring is sheafy; see Theorem [[.2.22]
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Another approach to working around the failure of sheafiness for general Huber
rings is to use techniques from the theory of algebraic stacks. For this approach,

see §L.111
For the proof of the following result, see §I.9

THEOREM 1.2.22 (original). Suppose that there exists a finite covering B of X
by rational subspaces such that Oly is a sheaf for each V € 0. Put

A:=H(X,0), A":=H(X,0");
note that these rings constitute a Huber pair for the subspace topology on A.

(a) The map A — A induces a homeomorphism Spa(fi, fl*) =~ Spa(A, A1) of
topological spaces such that rational subspaces pull back to rational sub-
spaces (but possibly not conversely) and on each V. € U, the structure
presheaf pulls back to the structure presheaf.

(b) The ring A is sheafy.

In particular, by Theorem [L34, O is acyclic.

REMARK 1.2.23. In Theorem[[.2.22] it is obvious that if O(V) is stably uniform
for each V € 9, then so is A. The analogous statement for the strongly noetherian
property is true but much less obvious; see Corollary See Problem for
a related problem.

REMARK 1.2.24. One of the examples of Buzzard—Verberkmoes [27], Proposi-
tion 13] is a construction in which there exists a finite covering U of X by rational
subspaces such that O(V) is a perfectoid (and hence stably uniform and sheafy)
Huber ring for each V' € 9, so Theorem [L2.22] applies, but the map A — H°(X, O)
is not injective. (In this example, one has AT = A°.) See Remark 2Z5.1T] for further
discussion.

Another example of Buzzard—Verberkmoes [27, Proposition 16] is a construc-
tion in which A — H%(X, Q) is injective but not surjective. However, in this exam-
ple, we do not know whether A is uniform (injectivity is instead established using
Corollary [L5.24]), or whether H°(X, Q) is a Huber ring (because the construction
does not immediately yield local sheafiness).

PROBLEM 1.2.25. Suppose that A is uniform and that every open subset of
X can be written as the union of rational subspaces Spa(B,B*) for which B is
uniform. Does it follow that A is stably uniform?

1.3. Cohomology of sheaves. Recall that Tate’s acyclicity theorem asserts
more than the fact that O is a sheaf: it also asserts the vanishing of higher coho-
mology of O on rational subspaces, and makes similar assertions for the presheaves
associated to finitely generated A-modules. We turn next to generalizing these state-
ments to more general Huber rings.

DEFINITION 1.3.1. We say that a sheaf F on X is acyclic if H'(U, F) = 0 for
every rational subspace U of F and every positive integer 1.

DEFINITION 1.3.2. For any A-module M, let M be the presheaf on X such that
for U C X open, M(U) is the inverse limit of M ® 4 B over all rational localizations
(A, A*) — (B, B") with Spa(B, Bt) C U. In particular, if U = Spa(B, BT) then
M{U) =M ®, B.
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REMARK 1.3.3. Beware that the definition of M uses the ordinary tensor prod-
uct, and makes no reference to any topology on M. However, if M is finitely gen-
erated and both M and its base extension are complete for the natural topology
(Definition [[LT.TT]), then the ordinary tensor product coincides with the completed
tensor product. Note that the condition on completeness of the base extension can-
not be omitted; see Exercise [[L4.7]

In the Tate case, the following result is due to Kedlaya—Liu [117, Theorem
2.4.23]; this again generalizes results of Tate and Huber for affinoid algebras and
strongly noetherian rings, respectively. For the proof, see §L.8

THEOREM 1.3.4 (Kedlaya—Liu plus Gabber’s~method). If A is sheafy, then for
any finite projective A-module M, the presheaf M is an acyclic sheaf.

REMARK 1.3.5. One serious impediment to extending Theorem [[L3.4] to more
general modules is that it is not known that rational localization maps are flat. This
is true in rigid analytic geometry [169] Lemma 8.6], [24, Corollary 7.3.2/6]; the same
result extends to strongly noetherian Tate rings, as shown by Huber [96] 11.1], [97
Lemma 1.7.6]. It is not at all clear whether flatness should hold in general; however,
one can prove a weaker result which nonetheless implies all of the previously asserted
flatness results, and is useful in applications. See Theorem [[L4.14]

REMARK 1.3.6. By contrast with the situation for schemes (e.g., see [166]
Tag 01XE]), in rigid analytic geometry there is no cohomological criterion for de-
tecting affinoid spaces among quasicompact rigid spaces. To wit, let X be a quasi-
compact rigid analytic space over a field K (identified with its corresponding adic
space) for which H*(X,F) = 0 for every coherent sheaf F on X and every i > 0
(that is, X is a quasicompact Stein space over K). It can then happen that X is
not an affinoid space over K; examples have been given by Q. Liu [134,135]. (The
example in [I34] is not normal, and its normalization is an affinoid space. The
example in [I35] is normal and even smooth over K, because it is a subset of the
affine plane.)

For X a quasicompact Stein space over K, by Remark [2:2T] O(X) is a Hu-
ber ring; by [135] Proposition 1.2(a)], O(X) is noetherian. Since the product of X
over K with any affinoid space is again a quasicompact Stein space [135] Proposi-
tion 4.1], O(X) is even strongly noetherian, and hence sheafy by Theorem [[2TT]
Put A := O(X), AT := O"(X); there is a natural map X — Spa(A, AT) of adic
spaces, which by [135] Proposition 1.3] induces a bijection of the rigid analytic
points of X with the maximal ideals of A. By [135] §3, Théoreme 1], there exists
a covering of Spa(A, AT) by rational subspaces whose pullbacks to X are affinoid
spaces over K; by applying [24, Proposition 7.3.3/5] to each of these subspaces, we
deduce that X — Spa(A, AT) is an isomorphism. That is, X is the adic affinoid
space associated to the Huber pair (A, AT), but the ring A is not topologically of
finite type (or tft for short) over K. In the example of [I35] §4, Théoreme 4], this
is witnessed by the fact that the reduction A°/A°° is not noetherian; if A were
an affinoid algebra over K, this reduction would instead be of finite type over the
residue field of K [24], Corollary 6.3.4/3].

The upshot of this discussion is that Liu’s counterexamples do not rule out
the existence of a cohomological criterion for detecting adic affinoid spaces among
quasicompact analytic adic spaces. See Problem [[.3.7] below.
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PrROBLEM 1.3.7. Let X be an analytic adic space satisfying the following con-
ditions.

e The space X is separated: X is covered by a family of open subspaces
among which any nontrivial finite intersection is an adic affinoid space.
e The space X is holomorphically separable: the natural map

X - $pa(0(X), 0% (X))
is injective.

e For each i > 0, the group H*(X, Q) vanishes.

Does it then follow that X = Spa(O(X),O" (X)), and hence that X is an adic
affinoid space?

The conditions on X correspond to the definition of an S-space in [135]; when X
is a rigid analytic space, these conditions are equivalent to X being a quasicompact
Stein space [135] §4, Théoreme 2]. In particular, Remark [[33.0] gives an affirmative

answer to this question when X is a rigid analytic space; we expect that the methods
of [135] can be adapted to the general case.

1.4. Vector bundles and pseudocoherent sheaves. To further continue
the analogy with affine schemes, one would now like to define coherent sheaves
(or pseudocoherent sheaves, in the absence of noetherian hypotheses) and verify
that they are precisely the sheaves arising from pseudocoherent modules. In rigid
analytic geometry, this is a theorem of Kiehl [I21], Theorem 1.2|; however, here we
are hampered by a lack of flatness (Remark [[L35]). Before remedying this in a way
that leads to a full generalization of Kiehl’s result, let us consider separately the
case of vector bundles.

DEFINITION 1.4.1. A wvector bundle on X is a sheaf F of O-modules on X which
is locally of the form O®" for some positive integer n. In other words, there exists a
finite covering {U;}? ; of X by rational subspaces such that for each i, M; := F(U;)
is a finite free O(U;)-module and the canonical morphism M; — F|y, of sheaves of
O|y,-modules is an isomorphism. Let Vecx denote the category of vector bundles
on X.

Let FPMod  denote the category of finite projective A-modules. For M €
FPMod,, M is already locally free over Spec(A), and so M € Vecx; moreover,
the resulting functor FPMod 4 — Vecy taking M to M is exact. (Note that this
exactness must be derived from the flatness of finite projective modules because
rational localizations are not known to be flat; see Remark [[L3.5])

When A is Tate, the following result is due to Kedlaya—Liu [117, Theorem 2.7.7];
again, the Tate hypothesis can be removed using Gabber’s method. See §I.9for the
proof.

THEOREM 1.4.2 (Kedlaya—Liu plus Gabber’s method). If A is sheafy, then the
functor FPModa — Vecy taking M to M is an equivalence of categories, with
quasi-inverse taking F to F(X). In particular, by Theorem [[34, every sheaf in
Vecy is acyclic.

REMARK 1.4.3. If one restricts attention to finite étale A-algebras and finite
étale Ox-modules, then the functor M — M is an equivalence of categories even if
A is not sheafy. See for example [117), Theorem 2.6.9] in the case where A is Tate.
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REMARK 1.4.4. Theorem may be reformulated as the statement that
the functor Vecgpec(4) — Vecx given by pullback along the canonical morphism
X — Spec(A) of locally ringed spaces (coming from the adjunction property of
affine schemes) is an equivalence of categories. It also implies that Vecx depends
only on A, not on A™. (The same will be true for PCohx by Theorem [LZ.18})

We now turn to more general (but still finitely generated) modules; here we
give a streamlined presentation of material from [118].

DEFINITION 1.4.5. An A-module M is pseudocoherent if it admits a projective
resolution (possibly of infinite length) by finite projective A-modules (which may
even be taken to be free modules); when A is noetherian, this is equivalent to A being
finitely generated. (The term pseudocoherent appears to have originated in SGA
6 |14, Exposé I|, and is used systematically in the paper of Thomason—Trobaugh
[171].)

We say that M is stably pseudocoherent if M is pseudocoherent and, for ev-
ery rational localization (A, A*) — (B, BY%), M ®4 B is complete for its natural
topology as a B-module. Write PCoh 4 for the category of stably pseudocoherent
A-modules; if A is strongly noetherian, by Corollary this is exactly the cat-
egory of finitely generated A-modules. Otherwise, it is rather difficult to directly
exhibit elements of PCoh 4 other than elements of FPMod 4; we can exhibit some
elements indirectly using Theorem

REMARK 1.4.6. If f € A is not a zero-divisor and fA is not closed in A (which
can occur; see Exercise [LT.17 or Remark [[.83), then A/fA is pseudocoherent but
not complete for the natural topology, and hence not an object of PCoh 4.

Unfortunately, even if fA is closed in A, it is possible for there to exist a
rational localization (A4, AT) — (B,B") for which fB is not a closed ideal; see
Example [[Z4.8 In this case, A/fA is pseudocoherent and complete for the natural
topology, yet not stably pseudocoherent.

EXERCISE 1.4.7. Set notation as in Exercise [[LLIT}

(a) Show that A is uniform. I do not know whether A is stably uniform.

(b) Show that the natural map Q,(T") — A is flat. Recall that Q,(T) is a prin-
cipal ideal domain (see [T2], Theorem 2.2.9] or [108] Proposition 8.3.2]),
so this amounts to checking that no nonzero element of Q,(I") maps to
a zero-divisor in A (the case of T itself having been checked in Exer-
cise [LT.I7).

(c) Conclude that if R is a noetherian Huber ring, R — A is a flat homo-
morphism of Huber rings with A analytic, and M is a finitely generated
R-module, then M ®g A is pseudocoherent but not necessarily complete
for the natural topology. (Take R := Q,(T"), M := R/TR.)

EXAMPLE 1.4.8 (Scholze, private communication). We construct an example
of a rational localization (4, A") — (B, B") and an element f € A for which f is
not a zero-divisor of A or B, and fA is closed in A but fB is not closed in B. See
Remark for context and [118, Example 2.4.2] for more details.

Let K be any perfectoid field. Fix an integer N > 3 coprime to p, so that the
(compactified) modular curve X(N)g exists as a scheme (rather than a Deligne-
Mumford stack), and hence as an adic space. Let Vj be the ordinary locus of X (N) g,
including all cuspidal discs. Let Uy be an affinoid strict neighborhood of Vj in
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X (N)k; by making Uy sufficiently small, we may ensure that O(Up) contains a lift
h of the Hasse invariant and that 1} is the rational subspace of Uy of the form
|h| < 1. (See [30] for more context on the p-adic geometry of modular curves.)
Let Uy, Vi be the respective inverse images of Uy, Vj in the infinite-level modular
curve X (Np™) k. The Hodge-Tate period map [28] induces a morphism 1 : U —
Pl such that Vi = ¢~ 1(P1(Q,)). (More precisely, 1~ (P1(Q,)) consists of V4 plus
some rank-2 points corresponding to generically ordinary families of elliptic curves
with supersingular specialization). Let D C P} be the closed unit disc, and put

U:=y YD) CU, V =U xy, V.

The space U = Spa(A, A1) is an affinoid perfectoid space, so A is sheafy (Corol-
lary 254). The morphism ¢ from U to the closed unit disc defines an element
f € A. Let Z be the Shilov boundary of U; it is the inverse image of the Shilov
boundary of Up, and hence consists entirely of points not in V. In particular, f
vanishes nowhere on Z; since Z is compact, f is bounded below on Z, and so
multiplication by f defines a strict inclusion on A.

The space V = Spa(B, BT) is again the rational subspace of U defined by the
Hasse invariant; however, 9 carries V' to the Cantor set D(Q,) = Z,. In particular,
any continuous function from Z, to K pulls back to an element of B, the identity
function corresponding to f itself. Moreover, any continuous function g : Z, — K
with g(0) = 0 corresponds to an element of the closure of fB; however, g only
corresponds to an element of fB if and only if g(z)/x is bounded on Z, \ {0}.
Consequently, fB is not closed.

REMARK 1.4.9. An easy fact about pseudocoherent A-modules is the “two out
of three” property: in a short exact sequence

(1.4.9.1) 00— M —M— My —0

of A-modules, if any two of M, M, M> are pseudocoherent, then so is the third.

The “two out of three” property is not true as stated for PCohy: if My, M €
PCohy, then Ms need not be complete for its natural topology (as in Defini-
tion [[TTT] this can occur for My = M = A). However, suppose that My € PCohy4.
In this case, if M is complete for the natural topology, then so is My (see Exer-
cise [[410); while if M is complete for the natural topology, then M; is Hausdorff
for the subspace topology and hence also for its natural topology. Using the fact
that M € PCohy, implies that (I.Z9.1]) remains exact upon tensoring with a ra-
tional localization (see Corollary [[41H), we conclude that if My € PCohy4, then
M € PCohy if and only if M; € PCoh 4.

EXERCISE 1.4.10. Let
0— M1 — M — M2 —0

be an exact sequence of topological A-modules in which M, My are complete and
M is finitely generated over some Huber ring B over A. Then M is complete for its
natural topology as a B-module. (Hint: Choose a B-linear surjection F' — M and
apply the open mapping theorem to the composition F' — M — M5 as a morphism
of topological A-modules. This implies that the surjection M — M5 has a bounded
set-theoretic section; using this section, separate the problem of summing a null
sequence in M to analogous problems in M; and Ms.)
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REMARK 1.4.11. Note that a pseudocoherent module is not guaranteed to have
a finite projective resolution by finite projective modules, even over a noetherian
ring; this is the stronger property of being of finite projective dimension. For ex-
ample, for any field k, over the local ring k[T]/(T?), the residue field is a module
which is pseudocoherent but not of finite projective dimension. More generally,
every pseudocoherent module over a noetherian local ring is of finite projective
dimension if and only if the ring is regular [166], Tag 0AFS]. (Modules of finite
projective dimension are sometimes called perfect modules, as in [166], Tag 0656],
since they are the ones whose associated singleton complexes are perfect.)

REMARK 1.4.12. It is not hard to show that a tensor product of pseudocoherent
modules is pseudocoherent. However, we do not know whether PCoh,4 is stable
under formation of tensor products, due to the completeness requirement.

REMARK 1.4.13. It is possible to characterize stably pseudocoherent modules
without testing the completeness condition for all rational localizations. For an
example of this, see Remark [L6.17]

When the ring A is Tate, the following result is due to Kedlaya—Liu [118]
Theorem 2.4.15]. See again §I.9l for the proof.

THEOREM 1.4.14 (Kedlaya—Liu plus Gabber’s method). If A is sheafy, then for
any rational localization (A, AT) — (B, BT), base extension from A to B defines
an ezact functor PCohy — PCohg. In particular, if A is strongly noetherian,
then A — B is flat (because every finitely generated module belongs to PCoh a4 by
Corollary [LT159).

COROLLARY 1.4.15. Suppose that A is sheafy. For any rational localization
(A, At) = (B, B*t) and any M € PCoh,, we have Tor{'(M, B) = 0.

ProOF. By Remark [[Z9 if we write M as F'/N for some finite free A-module
F, then N € PCohy. The claim thus follows from Theorem [[.4.14] O

Theorem [[LZ.14] makes it possible to consider sheaves constructed from pseu-
docoherent modules, starting with the following statement which in the Tate case
is [I18, Theorem 2.5.1]. See again §L.9 for the proof.

THEOREM 1.4.16 (Kedlaya—Liu plus Gabber’s method). If A is sheafy, then
for any M € PCohy, the presheaf M is an acyclic sheaf.

DEFINITION 1.4.17. A pseudocoherent sheaf on X is a sheaf F of O-modules
on X which is locally of the form M for M a stably pseudocoherent module. In
other words, there exists a finite covering {U;}; of X by rational subspaces such
that for each i, M; := F(U;) € PCohyy,) and the canonical morphism M; = Flu,
of sheaves of O|y,-modules is an isomorphism. Let PCohx denote the category of
pseudocoherent sheaves on X; by Theorem [[L4.14] the functor PCoh, — PCohy
taking M to M is exact.

In case A is strongly noetherian, we refer to pseudocoherent sheaves also as
coherent sheaves, and denote the category of them also by Cohy.
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When A is Tate, the following result is dudd to Kedlaya—Liu [118, Theo-
rem 2.5.5]. Somewhat surprisingly, the strongly noetherian case cannot be found
in Huber’s work. See again §1.9] for the proof.

THEOREM 1.4.18 (Kedlaya-Liu plus Gabber’s method). If A is sheafy, then
the functor PCohy — PCohy taking M to M is an exact (by Theorem [[.414])

equivalence of categories, with quasi-inverse taking F to F(X). In particular, by
Theorem [L4.10], every sheaf in PCohyx is acyclic.

COROLLARY 1.4.19. In Theorem [L222], if O(V') is strongly noetherian for each
V €9, then so is A.

PROOF. It suffices to check that A is noetherian, as we may then apply the
same logic to the pullback coverings of the spectra of A(Ty,...,T,,) for all n. We
may further assume that A = A.

Let I be any ideal of A and put M := A/IA. For V € U, O(V) is strongly
noetherian and so M ®4 O(V) € PCohgy); this means that M € PCohy. By
Theorem and Theorem [[ZI8, we have M = H(X, M) € PCohy. Hence I
is finitely generated; since I was arbitrary, it follows that A is noetherian. O

Using similar methods, we obtain the following result. See again §I.9] for the
proof.

THEOREM 1.4.20 (original). Suppose that A is sheafy. Let I be a closed ideal

of A which is pseudocoherent as an A-module. Then A/I is sheafy if and only if
A/I € PCohy.

REMARK 1.4.21. For example, if A and A(T) are both sheafy, then Theo-
rem implies that A € PCoh 47y and hence, by Remark [L4.9] that TA(T) €
PCoh 7). It is not at all obvious how to give a direct proof of this assertion.

REMARK 1.4.22. In algebraic geometry, one knows that the theory of quasico-
herent sheaves on affine schemes is “the same” whether one uses the Zariski topology
or the étale topology, in that both the category of sheaves and their cohomology
groups are the same. Roughly speaking, the same is true for adic spaces, but one
needs to be careful about technical hypotheses. See §I.10l for a detailed discussion.

At this point, we have completed the statements of the main results of this
lecture. The notes continue with some technical tools needed for the proofs; the
reader impatient to get to the main ideas of the proofs is advised to skip ahead to
§I.6] at this point, coming back as needed later.

1.5. Huber versus Banach rings. Although most of our discussion will be
in terms of Huber rings, which play the starring role in the study of rigid analytic
spaces and adic spaces, it is sometimes useful to translate certain statements into
the parallel language of Banach rings, which underlie the theory of Berkovich spaces.
We explain briefly how these two points of view interact, as in [I17.T18] where
most of the local theory is described in terms of Banach rings. A key application

3A very general result along these lines is included as part of the overall development of adic
spaces using formal geometry in the book of Fuijwara—Kato [74], §I.7.2]. However, we have not
checked whether the general result actually implies Theorem as written.

4In [97], one finds a citation to a work in preparation by Huber called “Coherent sheaves on
adic spaces”. We have not seen any version of this paper.
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will be to show that certain multiplication maps on Tate algebras are strict; see
Lemma [1.5.26]

DEFINITION 1.5.1. By a Banach ring (more precisely, a nonarchimedean com-
mutative Banach ring), we will mean a ring B equipped with a function |e| : B —
R>( satisfying the following conditions.

(a) On the additive group of B, |e| is a norm (i.e., a nonarchimedean absolute
value, so that | —y| < max{|z|,|y|} for all x,y € B) with respect to
which B is complete.

(b) The norm on B is submultiplicative: for all z,y € B, we have |zy| < |z||y|.

A ring homomorphism f : B — B’ of Banach rings is bounded if there exists ¢ > 0
such that |f(z)|" < c|z| for all z € B; the minimum such ¢ is called the operator
norm of f.

We view Banach rings as a category with the morphisms being the bounded ring
homomorphisms. In particular, if two norms on the same ring differ by a bounded
multiplicative factor on either side, then they define isomorphic Banach rings.

As for Huber rings, we say that a Banach ring B is analytic if its topologi-
cally nilpotent elements of B generate the unit ideal. (In [I17], the corresponding
condition is for B to be free of trivial spectrum.)

REMARK 1.5.2. In condition (b) of Definition [[.5.] one could instead insist that
there exist some constant ¢ > 0 such that for all z,y € B, we have |zy| < c|z] |y
However, this adds no essential generality, as replacing |z| with the operator norm
of y — xy gives an isomorphic Banach ring which does satisfy (b).

In the category of Banach rings, we have the following analogue of Tate algebras.

DEFINITION 1.5.3. For B a Banach ring and p > 0, let B(%) be the completion
of B[T] for the weighted Gauss norm

i x,T"

n=0

— max{fe,| o).

P
For p = 1, this coincides with the usual Tate algebra B(T').
If we define the associated graded ring

{reB:|z|<r}
B :=
Gr gao{xEB:|x|<r}’

then Gr B(%) is the graded ring (Gr B)[T] with T placed in degree p. One conse-
quence of this (which generalizes the usual Gauss’s lemma) is that if the norm on
B is multiplicative, then Gr B is an integral domain, as then is (Gr B)[T], so the
weighted Gauss norm on B <%> is multiplicative. (See Lemma [[L.8T] for another use

of the graded ring construction.)

REMARK 1.5.4. As usual, let A be an analytic Huber ring. Choose a ring of
definition Ay of A (which must be open in A) and an ideal of definition I (which
must be finitely generated). Using these choices, we can promote A to a Banach
ring as follows: for = € A, let || be the infimum of e~" over all integers n for which
xI™ C I™T™ for all nonnegative integers m for which m +mn > 0.

Note that this works even if A is not analytic; in particular, any Huber ring
is metrizable and in particular first-countable. However, even analytic Huber rings
need not be second-countable; consider for example Q, (71,75, ... ).
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REMARK 1.5.5. In the other direction, starting with a Banach ring B, it is
not immediately obvious that its underlying topological ring is a Huber ring; the
difficulty is to find a finitely generated ideal of definition. However, this is always
possible if B is analytic: if x1,...,x, are topologically nilpotent elements of B
generating the unit ideal, then for any ring of definition Ag, for any sufficiently large
m the elements z{*,...,z)" of A belong to Ay and generate an ideal of definition.

EXAMPLE 1.5.6. The infinite polynomial ring Q[T7, 75, .. .| admits a submulti-
plicative norm where for x # 0, |x| = e~™ where n is the largest integer such that
x € (T1,Ts,...)". Let B be the Banach ring obtained by taking the completion
with respect to this norm. Then the underlying ring of B is not a Huber ring.

As an example of viewing a Banach ring as a Huber ring, we give an example
of a Huber ring which is analytic but not Tate. Of course this example can be
described perfectly well without Banach rings, but we find the presentation using
norms a bit more succinct.

ExXAMPLE 1.5.7. Equip Z with the trivial norm, choose any p > 1, and equip

ab =z
A:Z<;,;,F,%>/(a$+by—l)
with the quotient norm; this is an analytic Banach ring (because xz and y are
topologically nilpotent), so it may be viewed as a Huber ring. If we view A as a
filtered ring, the associated graded ring is Z|a, b, z, y]/(ax 4+ by — 1) with a, b placed
in degree —1 and z,y placed in degree +1. Since the graded ring is an integral
domain and its only units are =1, it follows that the norm on A is multiplicative
and every unit in A has norm 1. In particular, A is not Tate.

In order to explain the extent to which passage between Huber and Banach
rings can be made functorial, we need to introduce the notion of a Banach module.

REMARK 1.5.8. Let B be an analytic Banach ring and let M be a complete
metrizable topological B-module. Then M may be equipped with the structure of
a Banach module over B, i.e., a module complete with respect to a norm |e|,,
satisfying

(1.5.8.1) lbm| < |b||m| (b€ B,m e M).

Namely, if one chooses a bounded (in the sense of Definition [[2Z.12)) open neighbor-
hood My of 0 in M, one can define a surjective morphism N — M of topological
B-modules by taking N to be the completed direct sum of BM° for the supremum
norm, then mapping the generator of IV corresponding to m € My to m € M. By
Theorem [[LT.9] this morphism is a strict surjection, so the quotient norm from N
defines the desired topology on M.

In case B is a nonarchimedean field equipped with a multiplicative norm, one
can say more: for b € B nonzero, we also have

m| < [bm] [b7*| = [bm| b7,
which upgrades (L5381 to an equality
(1.5.8.2) |bm| = |b] |m)| (be B,me M).

REMARK 1.5.9. Let B be an analytic Banach ring, and let M;, M5 be Banach
modules over B. Let f : M; — M5 be a morphism of B-modules. We say that f
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is bounded if there exists ¢ > 0 such that |f(m)| < c¢|m| for all m € M;. If f is
bounded, then evidently f is continuous.

Conversely, if B is a nonarchimedean field equipped with a multiplicative norm
and f is continuous, then f is bounded. To see this, let u be a topologically nilpotent
unit of B, so that 0 < |u| < 1. If f fails to be bounded, then for every positive
integer n there exists an element x,, € M; such that |f(z,)| > 2" |x,|. Choose an
integer m,, such that |u|"™" |z,| € [|u|,1]. By ([L5.82), we have

[u™ iz, <1, Ju™ f(en)]| > 2" ul,

so {u™"x,} is a bounded sequence in M; whose image in M; is not bounded. This
contradicts the continuity of f.

For general B, it is not the case that f being continuous implies that f is
bounded. For example, it is possible for the same Huber ring A to arise as the
underlying ring of two Banach rings Bj, Bs in such a way that the composition
B —+ A — B is not a bounded morphism of Bj-modules. To make a concrete
example, choose any p € (0,1), let k be a field equipped with the trivial norm, and
define

y y!
B, I_k'<$,—, _I,T,U>/(y—Tx,x2—Uy),
P p
-1

By = k<%a %,y,T, U> /(y—Tx,x2 - Uy)

Then there is a k-linear homeomorphism f : By — Bs identifying x and y on both
sides, but in By we have |y~"| = p~™ while in By we have |y~"| = p~2"; hence f is
not bounded.

Nonetheless, from the previous discussion plus Remark [[5.8 we see that for
general B, the forgetful functor from Banach modules over B to complete metrizable
topological modules over B admits a (highly noncanonical) left adjoint; namely, for
each module M in the target category, choose a bounded open neighborhood Mj of
0 in M and run the construction of Remark[[L5.8 To check that this functor indeed
turns continuous morphisms into bounded morphisms, we proceed in two steps.

e First, we check that if M/ is another bounded open neighborhood of 0 in
M, then the identity map on M is bounded for the norms defined by M,
and M. To this end, choose topologically nilpotent units z1,...,2, € B
generating the unit ideal; then for any sufficiently large integer m, we have
"My C M{y for ¢ = 1,...,n. Choose elements b1,...,b, € B such that
b + -+ 2, = 1; if ¢ € My, then z; ™z € M and so the norm
of & with respect to M is at most max;{|z; "b;|}, and similarly in the
opposite direction.

e Second, we note that if f : My — My is continuous, then we may choose
open bounded neighborhoods M o, M2 ¢ of 0 in M7, Ms in such a way that
f(Mi,0) € Myo. We thus get a bounded morphism for the corresponding
norms, and hence for any other choice of norms (by the previous point).
The adjoint property follows similarly.

REMARK 1.5.10. Let B be an analytic Banach ring, and let B — A be a
(continuous) morphism of Huber rings. We may then take M = A in Remark [[5.8
this amounts to promoting A to a Banach ring using an ideal of definition extended
from B. By Remark [[5.9] the map B — A is bounded; this remains true if we
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replace the norm on A with its associated operator norm as per Remark [[L5.2]
since the norm topology does not change. To summarize, the forgetful functor from
Banach rings over B to Huber rings over B admits a left adjoint, and is even an
equivalence of categories if B is itself a Banach algebra over a nonarchimedean field

(by Remark [[5.9).

We now continue to introduce basic structures associated to Banach rings,
keeping an eye on the relationship with Huber rings.

DEFINITION 1.5.11. For B a Banach ring, the spectral seminorm on B is the
function [e[  : B — R>¢ given by

), = lim [2"Y" (z € B).

(Using submultiplicativity, it is an elementary exercise in real analysis to show that
the limit exists.) In general, the spectral seminorm is not a norm; for example, it
maps all nilpotent elements to 0. The spectral seminorm need not be multiplicative,
but it is power-multiplicative: for any x € B and any positive integer n, \x"|sp =
2|2

Even if the spectral seminorm is a norm, it need not define the same topology
as the original norm. This does however hold if B satisfies the equivalent conditions
of Exercise below; in this case, we say that B is uniform. If B is uniform,
then it is reduced.

EXERCISE 1.5.12. Let B be a Banach ring. Then x € B is topologically nilpo-
tent if and only if |z[,, < 1.

EXERCISE 1.5.13. For any integer m > 1, the following conditions on a Banach
ring B are equivalent.

(a) There exists ¢ > 0 such that [z, > c|z[ for all z € B.

(b) There exists ¢ > 0 such that [z™| > ¢|z|™ for all z € B.
If the underlying topological ring of B is a Huber ring, then these conditions also
imply the following equivalent conditions.

(¢) The spectral seminorm defines the same topology as the original norm
(and in particular is a norm).
(d) The underlying Huber ring of B is uniform (in the sense of Definition
L212).
In addition, if B is analytic and is the promotion of a Huber ring as per Remark [[.5.4]
(e.g., because it is an algebra over a nonarchimedean field), then all four conditions
are equivalent. More precisely, if B is analytic, then (d) still implies the restricted
form of (a) where x is limited to some bounded neighborhood of 0 in B, the constant
¢ depending on this neighborhood; assuming that B is the promotion of a Huber
ring, one may extend (a) to larger x.
Beware that it is falsely claimed in [II7, Definition 2.8.1] that if B is Tate,
then (a)—(d) are equivalent. For a counterexample, start with a nonarchimedean
field K with norm |e|, then take B to be a copy of K equipped with the new norm

|| if || <1
|z] (1 +logl|z|) if x| > 1.
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DEFINITION 1.5.14. For B a Banach ring, let M(B) denote the Gelfand spec-
trumll of B, which as a set consists of the multiplicative seminorms on B which
are bounded by the given norm. Under the evaluation topology (i.e., the subspace
topology from the product topology on R?), M(B) is compact.

REMARK 1.5.15. For (A4, A™) a Huber ring with A promoted to a Banach ring B
as per Remark [[L5.4] there is a natural map M(B) — Spa(A4, A1) obtained by view-
ing a multiplicative seminorm as a valuation; however, this map is not continuous. If
A is analytic, this map is a section of a continuous morphism Spa(4, A*) — M(B)
which takes a valuation v to the bounded multiplicative seminorm defining the
topology on the residue field (whose underlying valuation is the maximal gener-
ization of v). This map identifies M(B) with the mazimal Hausdorff quotient of
Spa(A, A™).

The following is [13] Theorem 1.2.1], with essentially the same proof.
LEMMA 1.5.16. For B a Banach ring, B = 0 if and only if M(B) = 0.

PROOF. The content is that if B # 0, then M(B) # 0. Note that for any
maximal ideal m of B, m is closed (see Remark[[.TT]) and M (B/m) may be identified
with a subset of M(B); we may thus assume that B is a field. (This does not by
itself imply that B is complete for a multiplicative norm; see Remark [LZ.17])

By Zorn’s lemma, we may construct a minimal bounded seminorm 3 on B; it
will suffice to check that 8 is multiplicative. Note that § must already be power-
multiplicative, or else we could replace it with its spectral seminorm and violate
minimality.

We can now finish in (at least) two different ways.

e Here is the approach taken in [13l Theorem 1.2.2|. Suppose = € B is
nonzero. For any p < f(x), the map B — B<%>/(T — ) must be zero:
otherwise, we could restrict the quotient norm on the target to get a
seminorm on B bounded by 8 and strictly smaller at z, contradicting
minimality. Since B is nonzero, the map can only be zero if the target
is the zero ring, or equivalently if T — z = —z(1 — 27T has an inverse
in B (%}, or equivalently if the unique inverse Y - —z~ "~ 'T™ in B[T]

converges in B (%} That is, we must have
le Blz™)p" =0  for all p € (0, B(x)),

and in particular S(x~™) < p~™ for n sufficiently large. By power-multipli-
cativity, this implies that 3(x~!) < 3(x)~!. For all y € B, we now have

Blzy) < Bx)Bly) < Bla™) " B(y) < Blxy);

hence (8 is multiplicative, as needed.
e Another approach (suggested by Zonglin Jiang) is to use Exercise [[5.17]
below to show that for any nonzero x € B, the formula

n—00 ﬂ(:[;”)

5This definition is usually attributed to Berkovich [I3], who established many key properties.
However, one finds isolated references to it in earlier literature, notably in the work of Guennebaud
[84]. We thank Ofer Gabber for bringing this fact to our attention.
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defines a power-multiplicative seminorm ' on B. For all y € B, we have

B'(y) < B(y) and B(zy) = B(x)B(y); by minimality, we must have 8 = 3,
proving multiplicativity.

Using either approach, the proof is complete. O

EXERCISE 1.5.17. Prove [24] Proposition 1.3.2/2|: for any uniform Banach ring
B equipped with its spectral norm and any nonzero x € B, the limit

ly|, == lim [y

n—o00 |1’”|

"

exists and defines a power-multiplicative seminorm || on B.
We now recover [95] Proposition 3.6(i)].

COROLLARY 1.5.18. For (A, A%) a (not necessarily analytic) Huber pair with
A # 0, we have Spa(A, AT) £ (.

PROOF. Promote A to a Banach ring as per Remark [[5.4] then apply Lemma
1.o.10l O

COROLLARY 1.5.19. For B a nonzero Banach ring, an ideal I of B is trivial if
and only if for each B € M(B), there exists x € I with B(x) > 0. In particular, an
element x of B is invertible if and only if B(x) # 0 for all B € M(B).

Proor. By Remark [[LT.T] we may assume that I is closed. If T is trivial, then
obviously © = 1 satisfies 5(z) > 0 for all 8 € M(B). Otherwise, B/I is a nonzero
Banach ring (since I is now closed), M(B/I) is nonempty by Lemma [[5.16] and
any element of M(B/I) restricts to an element S € M(B) with S(z) = 0 for all
x eI |

COROLLARY 1.5.20. For (A, A") a (not necessarily analytic) Huber pair, an
ideal I of A is trivial if and only if for each v € Spa(A, AT), there exists x € T
with v(x) > 0. In particular, x € A is invertible if and only if v(x) > 0 for all
v € Spa(4, AT).

PROOF. Promote A to a Banach ring as per Remark [[L5.4] then apply Corol-
lary [L.5.10 O

The following is an analogue of the maximum modulus principle in rigid analytic
geometry [24] Proposition 6.2.1/4]. The proof is taken from [13| Theorem 1.3.1].

LEMMA 1.5.21. For B a Banach ring, the spectral seminorm of B equals the
supremum over M(B).

PROOF. In one direction, it is obvious that any multiplicative seminorm
bounded by the original norm is also bounded by the spectral seminorm. In the
other direction, we must check that if x € B, p > 0 satisfy g(z) < p for all
B € M(B), then |z|,, < p. The input condition implies that 1 — 27" vanishes
nowhere on the spectrum of B(p—g}, hence is invertible by Corollary [L5.19 In the
larger ring B[T], the inverse of 1 — 2T equals 1 + 2T + 22T? + - - -; the fact that
this belongs to B(p%) implies that |z[,, < p as in the proof of Lemma O

COROLLARY 1.5.22. Let B be a Banach ring. If the uniform completion of B
(i.e., the separated completion of B with respect to the spectral seminorm) is zero,
then so is B itself.
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PRrROOF. By Lemma [[5.2]] the given condition implies that M(B) = 0, at
which point Lemma [[L5.16] implies that B = 0. O

COROLLARY 1.5.23. For B a Banach ring, an element x € B is topologically
nilpotent if and only if B(z) < 1 for all B € M(B).

PrRoOF. This is immediate from Exercise [L5.12] Lemma [[.5.21] and the com-
pactness of M(B). O

This immediately yields the following corollary of Lemma [[L5.21} see also [27]
Lemma 5| for a purely topological proof.

COROLLARY 1.5.24. Let (A, A™) be a (not necessarily analytic) Huber pair.
Then the kernel of A — HY(X,0) contains only topologically nilpotent elements.

PROOF. Promote A to a Banach ring as per Remark [L5.4l Then any x € A
mapping to zero in H°(X,O) satisfies a(x) = 0 for all « € M(A); by Corol-
lary [L5.23] z is topologically nilpotent. O

REMARK 1.5.25. Lemma [[L5.27] implies that for any covering U of X, the
map A — @y .y O(V) is an isometry for the spectral seminorms on all terms. In
particular, if A is uniform, then A — O(X) is injective; by Remark [[5.4] the same
statement holds for Huber rings.

This can be used to prove the following key lemma (compare [27, Lemma 3|).

LEMMA 1.5.26. Suppose that A is uniform. Choose x = > - x,T" € A(T)
such that the x,, generate the unit ideal. Then multiplication by x defines a strict
inclusion A(T) — A(T). (The analogous statement for A(TT) also holds, with an
analogous proof.)

Proor. Using Remark[[.5.4] we may reduce to considering the analogous prob-
lem where A is a uniform Banach ring. For a € M(A), write & € M(A(T)) for the
Gauss extension; note that the latter is the maximal seminorm on A(T) restricting
to 8 on M(A). By Lemma [[5.2]] we may then compute the spectral seminorm on
A(T) as the supremum of & as a runs over M(A).

Choose n > 0 such that zg,...,z, generate the unit ideal in A; then the
quantity

€= ael/\I}lf(B){O‘(‘rO)’ Lo alza)}

is positive. For all y € A(T'), we have
sup {a(zy)} = sup {a(z)a(y)} =zc sup {a(y)};
aceM(A) aeM(A) aEM(A)

this proves the claim. O

EXERCISE 1.5.27. Let {A;}icr be a filtered direct system of uniform Banach
rings, equipped with their spectral norms, and let A be the completed direct limit
of the A;. Prove that every finite projective module on A is the base extension of
some finite projective module over some A;. (See [118], Lemma 5.6.8].)

REMARK 1.5.28. It is possible to construct a version of the theory of adic
spaces in which Banach rings, rather than Huber rings, form the building blocks;
this is the theory of reified adic spaces described in [112]. The main structural
distinction is that valuations do not map into totally arbitrary value groups; rather,
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each value group must be normalized using a fixed inclusion of the positive real
numbers. In the reified theory, many occurrences of Tate or analytic hypotheses
can be relaxed, because the normalization of the value group can be used in the
place of topologically nilpotent elements. However, the open mapping theorem,
being a purely topological statement, provides a stumbling block.

1.6. A strategy of proof: variations on Tate’s reduction. We next col-
lect some general observations that will be used to complete the omitted proofs from
earlier in the lecture. The reader is again reminded to keep in mind the analogy
with affine schemes, as many of the ideas are similar.

To begin, we reduce the sheafy property, and the acyclicity of sheaves, to a
statement about sufficiently fine coverings of and by basic open subsets.

DEFINITION 1.6.1. By a cofinal family of rational coverings, we will mean a
function C assigning to each rational subspace U of X a set of finite coverings of
U by rational subspaces which is cofinal: every covering of U by open subspaces is
refined by some covering in C(U). For example, since U is quasicompact, one obtains
a cofinal family of rational coverings by taking C(U) to be all finite coverings by
rational subspaces.

DEFINITION 1.6.2. We use the following notation for Cech cohomology groups.
For F a presheaf on X, U C X open, U = {V;}ic; a covering of U by open
subspaces, and j a nonnegative integer, let C7(U, F;2) be the product of F(V;, N
---NV;;) over all distinct i, ...,i; € I. Let d’ : CI(U, F;0) — CItY(U, F;0) be
the map given by the formula

j+1
(8io,....iy Vioy...izel F <Z(—1)k5io ,,,,, - ij+1> ;
) ‘..,Z‘j+1el

k=0

with these differentials, C"(U, F;90) form a complex whose cohomology groups we
denote by H*(U, F; ).

The following is the same standard argument used to establish the basic prop-
erties of the structure sheaf on affine schemes; compare [166, Tag 01IEW].

LEMMA 1.6.3. Let C be a cofinal family of rational coverings. Let F be a
presheaf on X with the property that for any open subset U, F(U) is the inverse
limit of F(V') over all rational subspaces V. C U.

(a) Suppose that for every rational subspace U of X and every covering 0 €
C(U), the natural map

FU) — H(U, F;2)

is an isomorphism. Then F is a sheaf.

(b) Suppose that F is a sheaf, and that for every rational subspace U of X
and every covering B € C(U), we have H (U, F;B) = 0 for all i > 0.
Then F is acyclic.

ProoOF. We start with (a). To show that F is a sheaf, we must check that
F(U) = H°(U, F;9) is an isomorphism for every open subspace U of X and every
open covering U of U. We will check injectivity, then surjectivity; note that each of
these assertions follows formally from the case where U is rational.
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Suppose that U is rational and that U is a covering of U. Let U’ € C(U)
be a refinement of . The map F(U) — H°(U, F;%’) then factors as the map
F(U) — H°(U, F; ) followed by the restriction map HO(U, F;0) — HO(U, F;9").
Since F(U) — HO(U, F;0') is injective, the map F(U) — HO(U, F; ) is injective
for U rational, and hence for arbitrary U.

By the previous paragraph, the map H°(U, F;0) — H°(U, F;%’) is also in-
jective. Consequently, the surjectivity of HO(U, F; %) — H°(U, F;2’) implies the
surjectivity of F(U) — H°(U, F;0) for U rational, and hence for arbitrary U. This
completes the proof of (a).

To establish (b), we will show that H'(U, F) = 0 for all rational subspaces U and
all i > 0; we do this by induction on . Given that F is a sheaf and that H7 (U, F) = 0
for all rational subspaces U and all j < ¢, a standard spectral sequence argument
[24, Corollary 8.1.4/3] produces a canonical morphism H* (U, F) — H'(U,F;)
for any open covering U of U, with the property that if 2’ is a refinement of U
then the morphism H*(U,F) — H'(U,F;%') factors as H (U, F) — H'(U, F;D)
followed by the natural morphism H*(U, F;%) — H*(U, F;2’). With this in mind,
we may imitate the proof of (a) to conclude. O

In order to maximally exploit this argument, we construct some special finite
coverings of rational subspaces, so as to cut down the required number of explicit
calculations of Cech cohomology.

DEFINITION 1.6.4. For fi,..., f, € A which generate the unit ideal, the sets

(flvfz’f”) (it=1,...,n)

form a covering of X by rational subspaces; this covering is called the standard
rational covering defined by the parameters f1, ..., f,. A standard rational covering
with n = 2 will be called a standard binary rational covering.

Although we have generically been assuming that A is analytic, the previ-
ous definition makes sense without this hypothesis. However, in order for the sets

X (fl’f f) to form a covering, the elements f1,..., f, must still generate the unit
ideal in A, not an arbitrary open ideal (because the condition that v € X belongs
to X (—) includes the requirement that v(f;) # 0).

We record the following statement for use in a subsequent lecture.

LEMMA 1.6.5. The map X = Spa(A, AT) — Spa(A*t, AT) (which by Corol-
lary [LTAl is injective) is an open immersion (i.e., a homeomorphism onto an open
subset of the target).

PROOF. Let xy,...,x, € A" be topologically nilpotent elements which gener-
ate the unit ideal in A. The image of X in Spa(A™, AT) can then be written as the
union of the open subsets Spa(A™, Aﬂ(““w—lx") for i =1,...,n; it is thus open. To
complete the argument, we need only check that each of these open subsets is itself
homeomorphic to the rational subspace X (%) of X; that is, we may reduce
to the case where A is Tate.

Now suppose that 2 € AT is a topologically nilpotent unit in A. In this case, we
must check that for any fi, ..., fn,g € A which generate the unit ideal, the rational

subspace X (fl’ ’f") of X is the pullback of a rational subspace of Spa(A™, A1).
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To see this, let m be an integer which is large enough that =™ fy,..., 2™ f,,,x™g €
AT; these parameters then generate an open ideal in A', and so define a rational
subspace of Spa(A™, AT) of the desired form. O

DEFINITION 1.6.6. It will be useful to single out some special types of standard
binary rational coverings. The covering with parameters f; = f, fo = 1 will be
called the simple Laurent covering defined by f. The covering with parameters
fi=f, fo = 1— f will be called the simple balanced covering defined by f; note
that the terms in this covering can be rewritten as X(%), X(ﬁ)

REMARK 1.6.7. The concept of a standard rational covering of X is the clos-
est analogue in this context to a covering of an affine scheme by distinguished
open affine subschemes. That is because for R a ring and fy,..., fn,9 € R gen-
erating the unit ideal, the ring obtained from R by adjoining fi/g,..., fn/g is
precisely R[1/g]; consequently, for fi,...,f, € R generating the unit ideal, the
“rational covering” defined by f1,..., f, is nothing but the covering of Spec R by
Spec R[1/f1],...,Spec R[1/ fy]-

The previous remark suggests the following lemma, due in this form to Huber
[96] Lemma 2.6]; see also [24] Lemma 8.2.2/2] for the case where A is an affinoid
algebra over a nonarchimedean field, or [I17, Lemma 2.4.19(a)] for the case where
A is Tate.

LEMMA 1.6.8 (Huber). Every open covering of a rational subspace of X can be
refined by some standard rational covering.

PROOF. Since every rational subspace of X is itself the spectrum of a Huber
pair, it suffices to consider coverings of X itself. Since X is quasicompact, we may
start with a finite covering U = {V; };cr of X by rational subspaces. For i € I, write

Vi=X (M) (i€l
Gi

for some fi1,..., fin;, g; which generate the unit ideal in A. Let Sy be the set of

products [[,;.; si with s; € {fi1,..., fin,, 9i}; then Sp generates the unit ideal.

Let S be the subset of Sy consisting of those products [],.; s; where s; = g; for
at least one ¢ € I. These also generate the unit ideal: to see this, by Corollary [L5.20]
it suffices to check that for each v € X there exists some s € S for which v(s) # 0.
To see this, choose an index i € I for which v € V;, put s; = g;, and for each j # i
choose s; € {fj1,..., fin;,9;} to maximize v(s;). Since fj1,..., fjn,;,g; generate
the unit ideal, we must have v(s;) # 0; it follows that v(s) # 0.

We may thus form the standard covering by S. This refines the original covering:
if s € S with s; = g;, then X(%)QVi. O

REMARK 1.6.9. Using Lemma [[6.8, we may see that the property of (A4, A™)
being sheafy depends only on A, not on A™: both the collection of standard rational

coverings, and the assertions of the sheaf axiom for these coverings, depend only
on A.

REMARK 1.6.10. For A not necessarily analytic, a rational subspace of X is de-
fined by parameters which generate an open ideal of A, rather than the trivial ideal.
Recall that these two conditions coincide if and only if A is analytic (Lemma [[.T3).
For this reason, the proof of Lemma [[L6.8 does not extend to the case where A is
not analytic.
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To see just how different the nonanalytic case is, we consider the following
example. The ring A;,s to be introduced later exhibits similar behavior; see Re-

mark B.T.T0

EXAMPLE 1.6.11. Let k be a field, equip A := k[z,y] with the (x,y)-adic
topology, and put AT := A. The space X then contains a unique valuation v with
v(z) = v(y) = 0. The only rational subspace of X containing v is X itself: for

fi,--+s fn, g € A generating an open ideal, we have v € X (%) if and only if

v(g) # 0, which forces g to be a unit. Thus in this case the conclusion of Lemma[[6.8]
does turn out to be correct: any covering of X is refined by the trivial covering of X
by itself, whereas any proper rational subspace of X is the spectrum of an analytic
ring and so is subject to Lemma [[LG.8

Continuing the analogy with affine schemes, we may further reduce the cofinal
family consisting of the standard rational coverings by considering compositions of
special coverings. The following argument is due to Gabber—Ramero (taken from
[75]).

LEMMA 1.6.12 (Gabber—Ramero). Every open covering of a rational subspace
of X can be refined by some composition of standard binary rational coverings.

PROOF. Again, we need only consider coverings of X itself. By Lemma [[.G.8]
there is no harm in starting with the standard rational covering defined by some
fi,---, fn € A generating the unit ideal. We induct on the smallest value of m
for which some m-element subset of {f1,..., f.} generates the unit ideal; there is
nothing to check unless m > 3. Without loss of generality, we may assume that
fi,---, fm generate the unit ideal, and choose ¢1, ..., g, € A for which fig1+---+
fmgm = 1. Now define

[m/2] m
h=> fig, W= Y [fg
i=1 i=|m/2]+1

and form the standard binary rational covering generated by h,h’. On each of
X(%) and X(%}, the unit ideal is generated by a subset of fi,..., f., of size at
most [m/2] < m — 1; we may thus apply the induction hypothesis to conclude. O

The following refinement of Lemma will be useful for checking flatness.

LEMMA 1.6.13. FEvery open covering of a rational subspace of X can be refined
by some composition of coverings, each of which is either a simple Laurent covering
or a simple balanced covering.

ProoF. By Lemmal[l.6.12] it suffices to prove the claim for the standard binary
rational covering of X defined by some f,g € A which generate the unit ideal.
Choose a,b € A with af + bg = 1. We then may refine the original covering by
taking the simple balanced covering defined by af, and forming the simple Laurent
coverings of X((%f)v X(é) defined by the respective parameters g/f, f/g. O

REMARK 1.6.14. In the Tate case, one can do even better than Lemma
it is only necessary to use simple Laurent coverings. This was shown for affinoid
algebras in [24] Lemma 8.2.2/3, Lemma 8.2.2 /4] and in general in [96], Theorem 2.5,
(I1.1)(iv)], [117, Lemma 2.4.19]. In light of Lemma [[.6.12] one may see this simply
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by checking that for any f,g € A generating the unit ideal, the simple balanced
covering defined by f is refined by a composition of simple Laurent coverings. To
this end, choose a topologically nilpotent unit x € X; then for any sufficiently large
integer n, we have

max{v(f/z"),v(g/x")} =1 (v e X).

From the ensuing equality (and its symmetric counterpart)

<(0)=x () () o () ()

we see that the original covering is refined by a suitable composition of simple
Laurent coverings.

Let us now sketch how we will use the preceding lemmas to carry out the various
proofs that we are still due to provide.

REMARK 1.6.15. To show that some particular A is sheafy (as in Theorem [ Z.TT]
or Theorem [[LZT3)), by Lemma [[L6.3] it suffices to check the isomorphism O(U) =
H°(U,0;9) for every rational subspace U and every finite covering 2 by rational
subspaces in some cofinal family. By Lemma [[L6.12] we may take this collection
to be the compositions of standard binary rational coverings. Checking the iso-
morphism for such coverings immediately reduces to checking for a single standard
binary rational covering; by Lemma [[.6.13] it is even sufficient to check for a sim-
ple Laurent covering and a simple balanced covering. That is, we must show that
for every rational localization (A, AT) — (B, B") and every pair f,g € B with
g € {1,1 — f}, the sequence

f g /g
(1.6.15.1) 0%B%B<§>@B<?>%B<E,?>%O

is exact at the left and middle.

In the same vein, if O is a sheaf, then the above sequence is known to be exact
at the left and middle; to show that O is acyclic, it suffices to check exactness at
the right. Similarly, to prove that M is an acyclic sheaf for some given A-module
M (as in Theorem [[334] and Theorem [[LZT0)), it suffices to check that tensoring
(CEI5T) over B with M ®4 B gives another exact sequence.

REMARK 1.6.16. Given that A is sheafy and M is acyclic for every finite pro-
jective A-module M, to show that every vector bundle on X arises from some
finite projective A-module (as in Theorem [[.4.2]), by Lemma [[L6.13 it suffices to
consider a bundle which is specified by modules on each term of a composition of
simple Laurent coverings and simple balanced coverings. It then suffices to check
that for every rational localization (A, AT) — (B, B*) and every pair f,g € B with
g € {1,1— f}, the functor

FPModg — FPMOdB<i> XFPMOdB<L 9, FPMOdB<%>
9 9’ f

is an equivalence of categories. (Note that since we are only considering a covering
by two open sets, there is no need to impose a cocycle condition on the objects on the
right-hand side.) Similarly, given that M is acyclic for every stably pseudocoherent
A-module M, to show that every pseudocoherent sheaf on X arises from some
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stably pseudocoherent A-module (as in Theorem [[ATE]), we must check that for
B, f, g as above, the functor

PCOhB — PCOhB<L> XPCoh PCOhB<%>
g

st p
is an equivalence of categories. However, in order to even have such a functor, we
must first establish the preservation of stably pseudocoherent modules under base
extension along rational localizations; see Remark [[L6.17)

REMARK 1.6.17. Given that A is sheafy and acyclic, to show that base extension
along a rational localization preserves the category of stably pseudocoherent mod-
ules (as in Theorem [[LZ.T4) and is exact, we must proceed somewhat indirectly.
Namely, we initially only consider rational localizations which occur in composi-
tions of simple Laurent and simple balanced coverings, which for convenience we
temporarily refer to as mice localizations. Let PCohfZ\ice denote the category of
pseudocoherent A-modules such that for any nice localization (A, AT) — (B, BY),
M ® 4 B is complete for its natural topology as a B-module; this category contains
PCoh 4, and by the end of the proof we will see that the two categories coincide.

We first verify that for (4, AT) — (B, B") a nice localization, base extension
defines an exact functor PCoh’*® — PCoh’j*®. This reduces to a calculation for
each term in a simple Laurent covering or a simple balanced covering; note that
the Laurent case implies the balanced case because

()2 () (F)=x0)

Next, let U = Spa(B, BT) be a not necessarily nice rational subspace. Let
0N—->F—->M-=0

be an exact sequence in PCoh’y® in which F is finite free. By Lemma [[6.13, we
can find a covering U of U by rational subspaces which are nice in X (and hence in
U). By the previous paragraph, for each Spa(C,CT) € 9, tensoring over A with C
converts the previous exact sequence into an exact sequence in PCohrgce. Glueing
as in Remark then yields an exact sequence

0N —=F - M =0
in PCoh'y*° fitting into a natural diagram

N®aB——F®sB——>M®s B——0

T

0 N’ F’ M’ 0
in which the middle vertical arrow is an isomorphism, so the right vertical arrow
must be surjective. By repeating the argument with N playing the role previously
played by M, we see that the left vertical arrow must also be surjective. By the five
lemma, the right vertical arrow must be surjective; again, repeating the argument
shows that the left vertical arrow is surjective. In other words, the original exact
sequence remains exact, and the terms remain complete for the natural topology,

after tensoring over A with B. We thus conclude that base extension defines an exact
functor PCoh’;“® — PCohz“, which in turn implies that PCoh’y“® = PCohy.

These arguments are summarized in [I117, Proposition 2.4.20] as follows.
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LEMMA 1.6.18. Let P,y be the set of pairs (U,0) where U is a rational subspace
and B is a finite covering of U by rational subspaces. Suppose that P C P,y satisfies
the following conditions.

(i) Locality: if (U, D) admits a refinement in P, then (U,0) € P.
(ii) Transitivity: Any composition of coverings in P is in P.
(iii) Every standard binary rational covering is in P.
Then P = Pay.

REMARK 1.6.19. While glueing theorems fit neatly into the framework of
Lemma [[.6.T8 writing the proofs of sheafiness and acyclicity theorems in this lan-
guage still requires an argument in the style of Lemma [[L63 See [117), Proposi-
tion 2.4.21] for a presentation of this form.

1.7. Proofs: sheafiness. We now use the formalism we have set up to estab-
lish sheafiness when A is strongly noetherian (Theorem [[L2.T1]) or stably uniform

(Theorem [LZT3)).

HypoTHESIS 1.7.1. Throughout §I.7 let (A, AT) — (B, B™) be a rational
localization, and let f, g € B be elements which generate the unit ideal. We will use
frequently and without comment the fact that B (5} is the quotient of B(T") by the
closure of the ideal (f — ¢T) (and the same with f and g reversed), and similarly

B(g, %) is the quotient of B(T%*) by the closure of the ideal (f — gT).

LEMMA 1.7.2. With notation as in Hypothesis [LT1], suppose that for each of
the pairs

(Ra :E) = (B<T>a f - gT>7 (B<T71>7g - fT71)7 (B<T:t>a f - gT)7
the ideal xR is closed. Then the sequence (L6151 is exact at the middle.

PRrROOF. By hypothesis, we have a commutative diagram

(1.7.2.1)
. —le
0 0 B(T)® BT~ — o B4y — ~ 0
X (f=9T.g=fT™") x(f~9T)
0 B B(TY® B(T™Y) — > B(T*) —— >0
I g I g
0 B B<§>@B<?>—>B<E,7>—>O
0 0 0

in which all three columns, and the first two rows, are exact. By diagram-chasing,
or applying the snake lemma to the first two rows, we deduce the claim. O

At this point, it is easy to finish the proof of sheafiness in the stably uniform
case.

LEMMA 1.7.3. With notation as in Hypothesis [LT1l, if B is uniform, then
(CEI50) is exact at the left and middle.
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PrROOF. From Lemma [[L5.26] we see that on one hand, the criterion of Lemma
applies, so (L6151 is exact in the middle; on the other hand, the middle
and right columns in (’C27]) may be augmented to short exact sequences, so
(CEI5T)) is exact at the left. (To obtain exactness at the left, one can also invoke
Remark [[5:27]) O

PrOOF OoF THEOREM [L2ZT3l By Remark [L6.T5] this reduces immediately to
Lemma [[.7.3 O

In the strongly noetherian case, exactness at the middle is no issue, but we
must do a bit of work to check exactness at the left. Here we must essentially give
Huber’s proof that rational localization maps are flat in the strongly noetherian
case [96] I1.1], [97, Lemma 1.7.6]. We warn the reader that [72] Lemma 4.2.5] is
somewhat sketchy on this point.

LEMMA 1.7.4. Suppose that A is strongly noetherian. With notation as in Hy-
pothesis [T1], the maps B — B<§>, B — B(%) are flat.

PRrROOF. By symmetry, we need only check the first claim. By Lemma [[LT.19,
the map B[T| — B(T) is flat; we thus obtain a flat map

BIT] B(T) <f >
B = — =B(=),
(f=9T)  (f—4T) g
using Corollary to make the last identification.

LEMMA 1.7.5. With notation as in Hypothesis [LT1], if the map B — B<§> @
B(%) 1s flat, then it is faithfully flat.

PRrOOF. By [166] Tag 00HQ)], it suffices to show that the image of the map

Spec <B <§> @B <%>> — Spec(B)

includes every maximal ideal m of B. To see this, note that since m is necessarily
closed (see Remark [[T]), B/m is again a nonzero Huber ring and so has nonzero
spectrum (by Lemma [[5.16); we can thus choose v € Spa(B, BT) containing m in
its kernel. The point v must appear in the spectra of one of B(g) or B(%); taking
the kernel of the resulting valuation gives a prime ideal of the corresponding ring
which contracts to m. (|

LEMMA 1.7.6. Suppose that A is strongly noetherian. With notation as in Hy-
pothesis [LTT, (LEI5T]) is exact at the left and middle.

ProOF. By Corollary [[LT.10] every ideal of B(T) is closed; by Lemma [[72]
this means that (C6.I5.) is exact at the middle. To show exactness at the left,
note that the map in question is flat by Lemma [[74], and hence faithfully flat by
Lemma [[L.7.5] O

ProOOF OoF THEOREM [[L2T1l By Remark [L6.15] this reduces immediately to
Lemma [1.7.0] O

The following is proved in [86] assuming that A is Tate, but the argument
generalizes easily.
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EXERCISE 1.7.7. Suppose that A is uniform; f,g € A generate the unit ideal;
and A(%, %} is also uniform. Prove that A(%), A(%) are uniform. (Hint: promote A

to a Banach ring. Given z € A(g} such that 22 is “small”, produce y € A such that

y is “small’ in A(%} and x — y is “small” in A<§>. Then bound a(y) for an arbitrary
ae M(A).)

1.8. Proofs: acyclicity. We next turn to acyclicity of sheaves associated to
finite projective A-modules (Theorem [[.3.4]). Throughout §I.8] continue to set no-
tation as in Hypothesis [L7.11

LEMMA 1.8.1. With notation as in Hypothesis [Tl the map B<§> ® B(%) —

B(g, %> is strict surjective, i.e., the sequence (LEIDT) is always strict exact at the
right.

PROOF. In the commutative diagram

B(T) ® B(T™') — B(T*)

b g . I g
B(5)e5(3)—5(}4)

both vertical arrows and the top horizontal arrow are strict surjections; this yields
the claim. |

PROOF OF THEOREM [[L.34l Since M is a direct summand of a finite free A-
module, we may assume without loss of generality that M = A. By Remark [[L6.15]
this reduces immediately to Lemma [[.]1} |

To obtain acyclicity for M for more general M, we must study the sequence
(CEI5I) a bit more closely. A key step is the following converse of sorts to
Lemma [1.7.2]

LEMMA 1.8.2. With notation as in Hypothesis [LT1], suppose that (LG.I5.T])
is exact at the left and middle (e.g., because A is sheafy). Then multiplication by
f —gT defines injective maps B(T) — B(T), B(T*) — B(T*) with closed image.

PROOF. We treat the case of B(T), the case of B(T*) being similar. We first

argue that we may check the claim after replacing B with each of B(§>, B(%),

B(g, 4). Given these cases, for # € B(T'), we may recover z from z(f — ¢T') by
doing so in each of B (5, T) and B(%, T) and noting that the answers must agree in
B(L,9,T). Since (LEI5)) is strict exact (by our hypothesis plus Lemma [81] and

)
Thgorem [CT), it follows that the map x(f — ¢T') — z is continuous, as desired.
Now promote B to a Banach ring as per Remark [[5.4] and let Gr B denote
the associated graded ring (Definition [[5.3), so that Gr B(T') = (Gr B)[T] with T
placed in degree 1. By our initial reduction, we may assume that either g = 1 and

|f] <1,or f =1and |g| <1. (Namely, when passing from B to B<£) or B(%, we

replace f,g with 5, 1 or with 1, %) Consequently, we may assume that the image

of g— fT in Gr B{T) has the form & = T + 7, T with 1 € {Zo, T }. It follows easily
from this (by examining the effect of multiplication by T on constant and leading
coefficients; see also Exercise [[.8]) that Z is not a zero-divisor in Gr B(T"). This
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in turn implies that multiplication by g — f7T defines an isometric (hence strict)
inclusion of B(T) into itself, thus proving the claim. O

REMARK 1.8.3. Lemma provides a key special case of Theorem [L2.7}
if either of the ideals (T'— f) or (1 — fT) in A(T) is not closed for some f €
A, then A is not sheafy. This is precisely the mechanism of Mihara’s example
[138] Proposition 3.14]; we have not checked whether the same criterion applies
directly to the example of Buzzard—Verberkmoes.

REMARK 1.8.4. At this point, it is tempting to try to emulate the proof of
[72] Lemma 4.2.5] to show that the sequence (LGI5I), if it is exact, also splits
in the category of topological B-modules. However, this is not true in general; the
proof of [72, Lemma 4.2.5] is correspondingly incorrect, although the result stated
there does turn out to be correct for other reasons. A related phenomenon is that
for R a ring and f € R, in general the exact sequence

1 1 1 1
0—>R—>R[f} @R[l—f] %R[f’l—f] —0

does not necessarily split in the category of A-modules.
We mention a purely algebraic fact related to the proof of Lemma [[.82]

EXERCISE 1.8.5. Let R be a ring. Let f € R[T7,...,T,] be a polynomial whose
coeflicients generate the unit ideal in R. Prove that f is not a zero-divisor in
R[Th,...,Ty].

1.9. Proofs: vector bundles and pseudocoherent sheaves. We finally
establish the local nature of sheafiness (Theorem [[LZ.22)), the base change property
for pseudocoherent modules (Theorem [[LZT4]), the acyclicity of sheaves associated
to pseudocoherent modules (Theorem [[4T6)), the glueing theorems for vector bun-
dles (Theorem [[LZ.2]) and pseudocoherent sheaves (Theorem [[4T8]), and corollaries
(Theorem [[LZ77 and Theorem [[LZ.20). Throughout §L.0] continue to set notation as
in Hypothesis [[L’Z.I} in order to address Theorem we refrain from globally
assuming that A is sheafy.

In order to treat the two glueing theorems in parallel, we start with the base
change and acyclicity arguments. In the pseudocoherent case, we will temporarily
work with a formally different definition before reconciling it with the original one.

DEFINITION 1.9.1. As in Remark [[LG.I7, we say that a rational localization
(A, A") — (B,B™") is nice if it occurs in a covering of Spa(A, AT) given by a
composition of simple Laurent and balanced coverings. Equivalently, B is obtained
from A by repeatedly passing from A to A(g} or A(%) where g € {1,1— f}. We say
that a rational subspace of X is nice if it corresponds to a nice rational localization.

Let PCohfifCC be the category of pseudocoherent A-modules M such that for
every nice rational localization (A, A%) — (B,BT), M ®4 B is complete for its
natural topology as a B-module.

REMARK 1.9.2. We will use in a couple of places the fact that the analogue of
the sequence (LG.I5T) with B, f, g replaced by B<§>, 5, 1 is the sequence

0—>B<i>—>B<i>€BB<i,g>—>B<i,g>—>0,
g g g f 9 f

which is trivially exact.
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LEMMA 1.9.3. With notation as in Hypothesis [T, suppose that g € {1,1—f}
and ([LEI5T) is exact (e.g., because A is sheafy). Let M be a B-module which is

finitely presented and complete for the natural topology. Then Torjlg(M, B(%}) =0.

PROOF. As in Remark [[E6.T7 we may use the equality B <¥> =B <%> to

reduce to the case ¢ = 1. By Lemma [[LTI8] we may identify M ®p B(T) with
M(T). By Lemmal[l.872] we may identify B<%> with B(T)/(1— fT). Now let M[T]
be the set of formal sums ZZO:Q z,T™ with xz,, € M with no convergence condition
on the sequence {z,}; on M[T], multiplication by 1 — fT has an inverse given by
multiplication by 1+ fT + f2T72 + - - .. It follows that multiplication by 1 — f7" on
M(T) is injective, so Tor? (M, B(%)) =0 as desired. O

LEMMA 1.9.4. With notation as in Hypothesis [LT1], suppose that g € {1,1—f}
and ([LGI5T) is exact. Let M be a finitely presented B-module such that for any
nice rational localization (B, B") — (C,CT), M ®@p C is complete for its natural
topology as a C-module. Then Tor? (M, B<§>) = Tor? (M, B(%, $))=0.

PROOF. Let 0 = N — F — M — 0 be a short exact sequence of B-modules
with F finite free. (Note that even if M € PCohp, we cannot yet invoke Re-
mark [[Z9] to assert that N € PCohp.) By Lemma [[L9.3] the sequence

0—>N®BB<%>—>F®BB<%>—>M®BB<%>—>O

is exact. The module M ®p B(%} over B(%) is again finitely presented and (by
hypothesis) complete for its natural topology. In light of Remark [LO.2] we may
apply Lemma [[L9.3] a second time (replacing f,g with g, f if ¢ = 1 — f, or with
1, f~1if g =1) to see that

0—>N®BB<1,E> —>F®BB<1,E> —>M®BB<£,2> 0

9 f 9 f g f

is exact. This implies the equality Torf(M,B(g, §>) = 0; we may thus tensor
(LEI5) with M to deduce that Tory (M, B(L)) = 0. O

COROLLARY 1.9.5. Suppose that A is sheafy. Let M be a finitely presented A-
module such that for any nice rational localization (A, AT) — (B,B"), M ®4 B is
complete for the natural topology. Then for any nice rational localization (A, AT) —
(B, Bt), we have Tori (M, B) = 0.

ProOF. This is immediate from Lemma [[.9.3] and Lemma [[.9.41 O
As a partial result, we now have a variant form of Theorem [[.4.14]

COROLLARY 1.9.6. Suppose that A is sheafy. Then for every (not mecessar-
ily mice) rational localization (A, AT) — (B,B™") and every nice rational local-
ization (B, BT) — (C,CT), base extension defines an exact functor PCohj® —
PCOhnice

C .
PRrOOF. This is immediate from Corollary [1.9.5] O

LEMMA 1.9.7. With notation as in Hypothesis [LT1], suppose that g € {1,1—f}
and ([L6I50) is exact. Let M be a finitely presented B-module such that for any
nice rational localization (B, BT) — (C,CT), M ®p C is complete for its natural
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topology as a C-module. Then tensoring (LEILT]) over B with M yields another
exact sequence.

ProoF. This is immediate from Lemma [[.9.4] O
This gives us a variant form of Theorem [[LZ.10l

COROLLARY 1.9.8. Suppose that A is sheafy and choose M € PCoh’y®. Then

M is acyclic on nice rational subspaces; that is, for any mice rational subspace
U := Spa(B, B") of X,

HO(U,M)=M®s B, H(UM)=0 (i>D0).
Proor. By Remark [[L6.15] this follows from Lemma [[L9.7 |

We now begin to work on glueing. The following lemma is essentially [117]
Lemma 2.7.2]; compare [72] Lemma 4.5.3].

LEMMA 1.9.9. With notation as in Hypothesis [LT1, there exists a neigh-
borhood U of 0 in B(g, %) such that for every positive integer n, every matrix
V e GL, (B(g, %)) for which V' —1 has entries in U can be factored as Vi - Vo with

Vi € GL,(B(L)), V3 € GLn(B(4)).

ProoF. This is a direct consequence of Lemma[[.8.] via a contraction mapping
argument. (Il

The following lemma combines [117, Lemma 1.3.8, Lemma 2.7.4], together with
some minor modifications to work around the fact that we are not limiting ourselves
to simple Laurent coverings. (The relevant special feature of a Laurent covering is
that the map B(%> — B(f, %> has dense image.)

LEMMA 1.9.10. With notation as in Hypothesis LTI}, let My, Ma, M2 be finitely
generated modules over B<£>, B(4%), B(%, ), respectively, and let 1 : My ®p 1,

B(g, %> — Mia, Yo : Mo ®p(4) B(g, %> — Mo be isomorphisms.
(a) The map ¢ : My & My — Mo taking (v, w) to ¥1(v) — (W) is strict
surjective.
(b) For M = ker(v), the induced maps

M®BB<§>—>M1, M@BB<%>—>M2

are strict surjective.

PROOF. Let vq,...,v, and wy,...,w, be generating sets of M; and My, re-
spectively, of the same cardinality. We may then choose n X n matrices V and W
over B(%, %) such that o(w;) = 3, Vijih1(vi) and 91 (v;) = 32, Wijtha(wi).

Choose U as in Lemma [[L9.9] Since B(%)[f’l] is dense in B(%, 2y, we can

!
choose a nonnegative integer m and an n x n matrix W’ over B(%) so that

V(f~™W’—W) has entries in U. We may thus write 1+ V (f~"W'-W) = X; X, *
with Xy € GL,(B(L)), X5 € GL,(B(%)).
We now define elements x; € M; © M, by the formula

X5 = (Xj71,Xj72) = (Z fm(Xl)ijVi, Z(W,XQ)ZjW1> (] = 1, e ,n).

%
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Then
V1(x51) — a(xj2) = Z(mel — VW' X5)ij91(vi)

= Z fm((l - VW)XQ)ij’(/Jl (Vi) =0,

so x; € M. Since X; € GL,AB(%)), we deduce that the map M ®p B<£> — M
induces a strict surjection onto f™Mj. '

The induced map M ®p B(g, $) — My is strict surjective (because f is
invertible in B(%, %}), so using Lemma [[.8J] we obtain a strict surjection M ®p
(B(%) & B(%)) — Miz. Since this map factors through v, we obtain (a).

For each v € Mo, ¢o(v) lifts to M ®p (B(%) @ B(%)) as above, so we can find
w1 € My, wy € My in the images of the base extension maps from M with i (w1)—
o (Wa) = 2(v). Then (w1, v + wa) € M, so both wy and v + wy are elements of
M, in the image of the base extension map. This proves that M ®p B<%> — M> is
strict surjective; we may reverse the roles of f and g to deduce (b). O

LEMMA 1.9.11. With notation as in Lemma [LIT0], suppose that (LEIHT) is
exact and that My, Mo, Mo are stably pseudocoherent modules over their respective
base rings. Then M 1is a pseudocoherent B-module.

PROOF. By Lemma [[L9T0, we can choose a finite free B-module F and a (not
necessarily surjective) B-linear map F' — M such that for Fy, Fy, Fio the respective
base extensions of F, the induced maps

Iy — My, Fy — Mo, Fig — Mo

are surjective. Let Ny, Ny, N15 be the kernels of these maps and put N = ker(N; &
Ny — Ni2); by applying the snake lemma to the second and third columns in the
diagram

(1.9.11.1) 0 0 0

OﬁN%Nl@Ngﬁng——>O

0——=F FLoFR Fip 0
0——= M —— M; & M,y Mio 0
|
|
A
0 0 0

we obtain the first column and its exactness (minus the dashed arrows). In partic-
ular, N = ker(F — M).
By Remark [[.9.2] and Lemma [[.9.4] we have isomorphisms
f

Ny ®B(§)B<E’?>gN12’ N2®B(%)B<§;%>gN12~
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By the “two out of three” property of pseudocoherent modules (as in Remark [[L4.9]),
the modules Ny, No, N1 again form an instance of the desired result; hence any gen-
eral statement we can make about M, M;, Ms, M5 also applies to N, N1, No, N1s.
This means that we may apply Lemma [[L9.10 to see that the dashed arrows in the
previous diagram are surjective. Also, in the diagram

N®BB<£>—>F®BB<§>—>M®BB<§>—>0

| | l

0 Ny F M, 0

with exact rows, we know from Lemma [[L9.10] that both outside vertical arrows are
surjective. Since the middle arrow is an isomorphism, we may apply the five lemma
to obtain injectivity of the right vertical arrow; this (and a similar argument with
M replaced with My) yields that the maps

(1.9.11.2) M@BB<§>—>M1, M®BB<%>—>M2

are isomorphisms.

To prove that M is pseudocoherent, it will suffice to prove that for every positive
integer m, M admits a projective resolution in which the last m terms are finite
projective modules. This holds for m = 1 by Lemma [[L9.10] as above; however, given
the claim for any given m, it applies not only to M but also to NV, which formally
implies the claim about M for m+ 1. We may thus conclude by induction on m. O

LEMMA 1.9.12. With notation as in Hypothesis [L71], the image of the map
Spec(B(%} ® B(%)) — Spec(B) includes all mazimal ideals.

PROOF. By Remark [[L.TT] and Corollary [L5.18 every maximal ideal m of B
occurs as the kernel of some valuation v. That valuation extends to one of B(g} or

B(%), and the kernel of that extension is a prime ideal contracting to m. (]

LEMMA 1.9.13. With notation as in Hypothesis [T, suppose that A is sheafy.

(a) There is an exact functor

FPMOdB<£> XFPModB<§’%> FPMOdB<%> — FPModgpg
given by taking equalizers. Moreover, the composition of this functor with
the base extension functor in the opposite direction is naturally isomorphic
to the identity.
(b) There is an exact, fully faithful functor

9
g’ f

given by taking equalizers. Moreover, the composition of this functor with
the base extension functor in the opposite direction is well-defined (that
is, for M € PCohs® in the essential image, we have M ®p B(x) €

PCohI}gi?:)) and naturally isomorphic to the identity.



84 KIRAN S. KEDLAYA

PRrOOF. To prove (b), set notation as in Lemma [[L9TT] and its proof; we know
already that M is pseudocoherent, and must prove that for any nice rational local-
ization (B, BT) — (C,CT), M ®p C is complete for the natural topology. To this
end, perform a base extension on the diagram (CLITILIT) to get a new diagram

0 0 0

|

|

y
0-——->Ng——N;c®Nac Nia.c 0
0 I Fic® ke Fia 0 0
0——->Mc—— M c®Mc Mz ¢ 0

0 0 0

with exact rows and columns excluding the dashed arrows; here we are using sheafi-
ness in the second row and Corollary in the second and third column. By di-
agram chasing, we obtain exactness in the third row; consequently, Mo = M ®p C
is the kernel of a strict surjective morphism, and so is complete for the subspace
topology and hence (by Corollary [LT.12]) for the natural topology.

To deduce (a), we may first apply (b) to obtain a module M € PCoh'i*. To
check that M € FPMod g, note that M is finitely presented and My, is a finite free
By-module for every maximal ideal m of B (by Lemmal[l.9.12); by [166, Tag 00NX],
M is a finite projective B-module. (Il

For vector bundles, this glueing is all we need.

PRrROOF OF THEOREM [L4.2l By Remark [LG.I6, this reduces immediately to
the statement that with notation as in Hypothesis [.7.1],

FPModg — FPMOdB<§> XFPMOdB<L . FPMOdB<%>
9’ f

is an exact equivalence of categories. This functor is fully faithful by Theorem [.3.4]
exact trivially, and essentially surjective by Lemma [[9.13|(a). |

For pseudocoherent sheaves, we must work harder to get rid of the distinction
between PCoh, and PCoh}*°.

LEMMA 1.9.14. The nice rational subspaces form a neighborhood basis of X .

PROOF. Since this is a local assertion on X, we may assume at once that
A is Tate. In this case, we argue as in Remark [[L6.]4t given a rational subspace

U=X (%), if we choose a topologically nilpotent x of A, then for every

#) We may thus reduce

to the case where ¢ is invertible in A, at which point U becomes a nice rational

sufficiently Iarge positive integer m we have U C X(

subspace: it is the intersection of X(@) fori=1,...,n. O
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DEFINITION 1.9.15. Suppose that A is sheafy. For M € PCoh*, let MfMic
denote the sheafification of the presheaf M. By Corollary [[9.8] the values of M
and M™c® coincide on any nice rational subspace. Let PCohnXice denote the cat-
egory of sheaves which are locally of the form M™c®; there is an obvious functor
PCoh”“® — PCoh% taking M to M™<. For any (not necessarily nice) rational
subspace U = Spa(B, BT) of X, Lemma [[L9.14] implies that U admits a neighbor-
hood basis consisting of nice rational subspaces of X; consequently, restriction of
sheaves defines a functor PCoh’y*® — PCoh}°.

We obtain a “nice” analogue of Theorem [[LT]]

LEMMA 1.9.16. If A is sheafy, then the functor PCoh’%® — PCoh'y* taking
M to M™¢ is an exact equivalence of categories, with quasi-inverse taking F to
F(X).

PrOOF. By Remark this reduces immediately to the statement that
with notation as in Hypothesis[[TIlwith g € {1,1— f}, there is an exact equivalence
of categories

nice nice nice
(19161) PCOhB — PCOhB<£> XPCOhg?Zﬁ,,}Q PCOhB<%> .
To begin with, by Corollary [L9.6, we have exact base extension functors from
PCoh%;™ to each of PCoh'y} PCoth_.,@l?%)7 PCoh>7$ ,,. This yields an exact

(Ly B(L.4)
functor as in (LOI6.1); this furfctor is fully faithful by Lgmmam and essentially
surjective by Lemma [[LOT3(b). O

LEMMA 1.9.17. If A is sheafy, then for any (not necessarily nice) rational lo-
calization (A, A") — (B, BY), base extension from A to B defines an exact functor
PCoh’}*° - PCohz*.

PRrROOF. Put U := Spa(B, BT), choose M € PCohIXCE, choose a surjective
morphism F' — M with F a finite free A-module, and put N := ker(F — M); note
that N € PCoh'{®, so as in the proof of Lemma [[I.I3 every statement we prove
about M will automatically hold for N also. By Lemma [[.9.16, the exact sequence

0O-N—=-F—-M=0
corresponds to an exact sequence of sheaves on X
0— Nnice N Fnice N Mnice =0

which we may then restrict to U. By Corollary [[L9.8] taking sections over U yields
an exact sequence of B-modules; that is, in the commuting diagram

N®aB FoaB——>M®4B——0

| | l

0 5 HO(U, Nnicc) HO(U, Fnicc) 5 HO(U, Mnicc) 0

the rows are exact. By Theorem [[.3.4] the middle vertical arrow is an isomorphism,
so the right vertical arrow is surjective. The same is then true with M replaced by
N, that is, the left vertical arrow is surjective; by the five lemma, the right vertical
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arrow is an isomorphism. That is, the base extension functor can be written as a
composite of exact functors by going around the 2-commuting diagram

PCoh’® — PCoh’}*

l l

PCohy®® — PCoh}}

in which the bottom horizontal arrow is exact, while the vertical arrows are exact
equivalences by Lemma [[.9.T6l This proves the claim. O

At last, we may now eliminate the “nice” qualifier and establish the results we
really want.

COROLLARY 1.9.18. The inclusion PCohy — PCoh’i of categories is an
equality.

PROOF. By Lemma [[II7 for every M € PCoh'y*® and every rational local-
ization (4, AT) — (B, B"), M® 4B € PCoh’i®; in particular, M ® 4 B is complete
for the natural topology. Since M is already assumed to be pseudocoherent, it is
now stably pseudocoherent. O

ProoF or THEOREM [[LZT4]l This follows by combining Lemma [[IT7 with
Corollary O

PRrROOF OF THEOREM [LAT6. We must check that for M € PCohy, (A, AT) —
(B, B) arational localization, and U := Spa(B, BT), we have H*(U, M) = M® 4B
and H' (U, M) = 0 for i > 0. By Theorem [[.Z.I4] we have M ® 4 B € PCohp. Since
M™ice ig defined as the sheafification of M, by convention it has the same cohomol-
ogy as M. From the proof of Lemma [LOIT7, we see that HO(U, M) = M ®, B.
Since M| € PCohy;, Corollary [L98 implies that H*(U, M) = 0 for i > 0. O

PRoOOF OF THEOREM [LZI8 By Corollary [L9.I8, PCoh, = PCoh’* and
PCohx = PCoh%“. Consequently, the desired result follows immediately from
Lemma [I.9.76 O

REMARK 1.9.19. One source of inspiration for our glueing arguments is the
Beauville-Laszlo theorem [11], [166], Tag 0BNI|, [15], which asserts (among other
things) that if R is aring, f € R is not a zero-divisor, and Risthe f-adic completion
of R, then the functor

FPMOdR — FPMOde XFPMOdﬁf FPMOdE

is an equivalence of categories. See [117, Remark 2.7.9] for further explanation of
how this result can be derived in the style of the arguments given above.

Another similarity that should be noted is that the Beauville-Laszlo theorem
was originally introduced in order to construct and study affine Grassmannians
associated to algebraic groups in the context of geometric Langlands. The glueing
results discussed here are themselves relevant for the construction and study of
certain mixed-characteristic analogues of affine Grassmannians, to be introduced in
a later lecture (§4.6]).
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REMARK 1.9.20. One difficulty in applying the previous results is the fact that
if A is sheafy, it does not follow that A(Ty,...,T,) is sheafy. It may be useful to
focus attention on rings for which this does hold (see Definition [A5.1]); here, we
instead establish some variants of the previous results incorporating extra series
variables.

DEFINITION 1.9.21. For n a nonnegative integer, let O(T1,...,T,) be the
presheaf on X defined as follows: for U C X open, let O(T},...,T,) be the in-
verse limit of B(T%y,...,T,) over all rational localizations (4, A*) — (B, BT) with
Spa(B, B*) C U. By Theorem [[L34] and Lemma [L6.3] O(Ty,...,T,) is an acyclic
sheaf.

Define the category PCohy(T1,...,T,) to be the category of pseudocoher-
ent A(T},...,T,)-modules M such that for each rational localization (A4, A%) —
(B,BT), M ®a,,... 1,y B{T1,...,T,) is complete for its natural topology as a
B(Ti,...,T,)-module. (By contrast, the definition of PCoh 41, ... 7,) is quantified
over rational localizations of the ring A(T},...,T,), and hence is more restrictive.)
For such a module, let M denote the associated presheaf on X (whose definition
we leave to the reader).

THEOREM 1.9.22. Suppose that A is sheafy and let n be a nonnegative integer.

(a) For any rational localization (A, AT) — (B, B™), base extension defines
an ezact functor PCoh(Ty,...,T,) = PCohg(Ty,...,T,).

(b) For any M € PCohu(Ty,...,T,), the presheaf M on X is an acyclic
sheaf.

(¢) The functor M — M defines an equivalence between PCoh(Ty, ..., T,)
and the category of sheaves of Ox-modules locally of this form, with a
quasi-inverse given by the global sections functor.

ProoF. This is a straightforward variation on the proofs of Theorem [[.4.14]
Theorem [[L4.16] and Theorem [[.Z.T8 We leave the details to the reader. O

With Theorem [[L9.22] in hand, we may complete the proof of Theorem [[.2.7]

LEMMA 1.9.23. Suppose that A is sheafy. Then for any rational localization
(A, AT) — (B, B%) and any surjective homomorphism h: A(Ty,...,T,) — B with
kernel I, we have B € PCoha(Ty,...,Ty,).

PrOOF. Choose parameters fi,..., fm,g defining the rational localization.
(Note that we are not assuming that m = n or that h is the surjection induced
by these parameters.) By Theorem we may prove the claim locally on X;
using the standard rational covering defined by f1,..., fm,g, we reduce to the sit-
uation where one of fi,..., f;m,g is itself a unit. In this case (4, A") — (B, BY)
factors as a composition of rational localizations, each of which occurs in a simple
Laurent covering:

e if g is a unit, then the rational subspace is defined by the conditions
'U(fl/g) < la""v(fn/g) <L
e if f; is a unit, then after imposing the condition v(g/f1) > 1, g becomes
a unit and we may continue as in the previous case.
We are thus reduced to checking the claim in case m = 1 and (f1,9) €
{(f,1),(1, f)} for some f € A. In these cases, we first identify B with the quo-
tient of A(U) generated by the closure of the ideal I generated by U — f or 1 — fU,
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respectively, and check that B € PCoh,4(U). By Lemma [[L82 multiplication by
U-—forl— fU on A(U) is a strict inclusion, so B is pseudocoherent as an
A(U)-module. By the same token, for any rational localization (A, AT) — (C,CT),
(B,B") — (B®4C, (B&4C)7) is the corresponding localization of (B, BT), so
B®4C is the quotient of C' (U) by the principal ideal generated by either f — U or
1 — fU. In particular, this quotient equals B ® 4.y C(U), so the latter is complete
for the natural topology. We deduce that B € PCoh4(U).

We finally check the claim about the original h (still assuming that m = 1
and (f1,9) € {(f,1),(1, f)}). Choose lifts y1,...,yn of g(T1),...,9(Tn) to A(U).
By considering the morphism A(Ty,...,T,,U) — A(U) taking T; to y;, we have
A(U) € PCohy(Ty,...,T,,U) and hence B € PCohy(T1,...,T,,U). Now choose
a lift z to A(Ty,...,T,) of the image of U in B; we may then view A(Ty,...,T,)
as a quotient of A(Ty,...,T,,U) via the map U — z, and then conclude that
B € PCohu(Ty,...,T,). O

PrROOF OF THEOREM [[L2.22]1 There is no harm in refining the covering U; by
Lemma [[L6.12] we may reduce to the case where U is the simple binary rational
covering generated by some f,g € A. By hypothesis, the sequence

O—>/~1—>A<i>€9A<g>—>A<i,g>—>0
g f g f

is strict exact, as then is
0 — A(T) —>A<i,T> @A<3,T> %A<i,g,T> 0.
g f g f

Using Lemma [[.8.2] we obtain a commutative diagram

0 0 0
0 A(T) A<§,T>@A<§,T>—>A<i,g,T>—>o
xg—fT xg—fT
0 A(T) A<§,T>@A<%,T>—>A<§,%,T>—>O
o Ay A ()0 A (5 5) = A{1) 0
0 0 0

in which the first and second rows are exact, the second and third columns are
exact, and the left column is exact at the top and bottom (but not a priori in the
middle). By diagram chasing, the third row is exact. From this (and the analogous
argument with f, g interchanged), we obtain natural isomorphisms

A5y =ale) A(5)=a5) 25)=4G )



SHEAVES, STACKS, AND SHTUKAS 89

from this we deduce (a). Note that we cannot say that any rational subspace of
Spa(A, AT) arises by pullback from Spa(A, A™), since such a subspace is defined
by parameters in A which we cannot immediately replace with parameters in A.

In light of the previous arguments, to finish the proof of both (a) and (b), it now
suffices to check (b) in the case where A = A. To this end, let (4, At) — (B, BT) be
the rational localization defined by the parameters hq,..., h,, k € A, and identify
B with the quotient of A(Ty,...,T,) by the closure of the ideal generated by kT; —
hi,..., kT, —h,. By Lemma[l.9.23] for each nonempty subset * of {5, %}, we obtain
an exact sequence in PCoh 4,y (T1,...,T,) of the form

(1.9.23.1) ATy, ., To)" = Al T, ..., Ty) = B{(x) = 0

in which the first map takes the generators to k17 — hy,..., kT, — hy,.
Although we do not presently know that either A or A(T},...,T,) is sheafy,
we do have the exact sequence

0— A(Th,...,T,) —>A<i,T1,...,Tn>@A<%Tl,...,Tn>
g

— A<i,2,T1,...,Tn> — 0.
g f

We may thus apply Lemma[[L9.TT] to establish B is a pseudocoherent A(T1, ..., T}, )-

module, and in particular finitely presented; hence the closure of the ideal of

A(Ty,...,T,) generated by kTy — hq, ..., kT, — hy, is finitely generated. By Corol-

lary [LTT4 the ideal (kTy — hq,. .., kT, — hy,) is itself closed; it follows that

B = ker (B <§> ® B <?> — B <§, %>> = HO(Spa(B,B+),(’)),
as desired. O

LEMMA 1.9.24. Let I be a (not necessarily closed) ideal of A. For any f1,..., fn
€ A which generate the unit ideal in A/1, there exists a rational localization (A, A™)
— (B, BT) such that Spa(B, BT) contains the zero locus of I on Spa(A, AT) and
fi,---, fn generate the unit ideal in B.

PROOF. By hypothesis, there exist by, ...,b, € Asuch that a1b1+---+apb, =1
(mod TI). The rational localization corresponding to the subspace {v € Spa(A, A™) :
v(aiby + -+ + apby) > 1} has the desired property. a

LEMMA 1.9.25. Let I be a closed ideal of A such that A/I € PCohy. Let
(A, AT) — (B, B™) be a rational localization.
(a) Put A := A/I and let A" be the integral closure of the image of AT in
A. Let (A, ZJr) —>_(§, §+) be the base extension of the given rational
localization. Then B = B/IB.

(b) Suppose that Spa(B, BT) contains the zero locus of I on Spa(A, A*). Then
A/IA= B/IB.

PROOF. By Theorem [[LZ.T4] the sequence
0—-I—-A—A/I—=0

remains exact upon tensoring over A with B. In particular, IB =2 I ® B € PCohp
is a closed ideal, so B/IB coincides with the completed tensor product B® AA/T;
this proves (a). From (a), (b) is obvious. O
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ProoOF oF THEOREM [[L420 If A/I is sheafy, then Lemma [[L9.23]immediately
implies that A/I € PCoh,4. We thus concentrate on the reverse implication.

Suppose that A/I € PCoh4. Put A := A/I and let A" be the integral closure
of the image of AT in A. By Remark [[6.15], it suffices to check that for any rational
localization (A, Z+) — (B, §+) and any f,g € B with g € {1,1— f}, the sequence

0—>§—>§<Z>@§<g>—>8<z,£>—>0
g ! 9 f

is exact. By Lemma [L3.25] there is no harm in replacing (A, A™) with the rational

localization corresponding to a subspace containing the zero locus of I on X. By

Lemma [[[9.24] we may thus ensure that some set of parameters in A defining the

rational localization (A4, ZJr) — (B, FJr) lift to elements of A which generate the

unit ideal. By Lemma again, there is no harm in replacing (A4, A*) by the

corresponding rational localization; that is, we may assume that (A, Z+) = (B, §+).
Lift f,g to f,g € A with g € {1,1 — f}. In the diagram

the second row is exact by the sheafiness of A, the first row is exact by Theo-
rem [[L4.14], the first column is exact by definition, and the second and third columns
are exact by Lemma [[.L9.25] This implies exactness of the third row, as needed. [

EXERCISE 1.9.26. Suppose that A is sheafy. Let (A4, AT) — (B, B™) be the
rational localization defined by the parameters f1,..., fn,g. Show that the Koszul
complex corresponding to the elements f; — ¢gT1,..., fn — T, in A(Ty,...,T;,) is
quasi-isomorphic to the singleton complex A(%, ey %") (Compare the case n = 1
with Lemma [[.82])

1.10. Remarks on the étale topology. As promised at the end of §I.4] we
include some remarks about the étale topology on X.

LEMMA 1.10.1. Suppose that A is uniform. Then every finite étale A-algebra
is uniform for its natural topology as an A-module.

PRrROOF. In the case where A is Tate, this is [I17, Proposition 2.8.16]. The
analytic case can be treated similarly, but can also be handled as follows. Extend
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A to a Huber pair (A, AT), let B be a finite étale A-algebra of constant rank (it
suffices to treat this case), and let Bt be the integral closure of AT in B. Since
B is finitely generated as an A-module and the unit ideal of A is generated by
topologically nilpotent elements, we can find by, ...,b, € BT which generate B as
an A-module. We now see BT is contained in the set

{b € B: Traceg a(bb1), ..., Tracep, 4 (bb,) € A1},

which is bounded (because the trace pairing is nondegenerate); hence B is uniform.
O

REMARK 1.10.2. Let B be a finite étale A-algebra and let B™ be the integral
closure of A" in B. If A is strongly noetherian, then so is B, so there are no
technical issues with considering the étale site of X. On the other hand, if A is
only sheafy, or even stably uniform, then we cannot immediately infer the same
about B: we have the sheaf axiom for coverings of Spa(B, BT) arising by pullback
from X, but any covering that separates points within some fiber of the projection
Spa(B, B*) — X will fail to be refined by such a covering. (That said, we do not
have a counterexample in mind.)

In light of the previous remark, we make the following hypothesis.

HypoTHESIS 1.10.3. For the remainder of §I.10 let X be the site whose
morphisms are compositions of rational localizations and finite étale morphisms.
(Note that this gives the “right” definition of the étale site for analytic adic spaces,
but not for schemes.) Assume that X, admits a basis B closed under formation
of rational localizations and finite étale covers, and consisting of subspaces of the
form Spa(B, BT) where B is sheafy. For example, this hypothesis is satisfied if A
is perfectoid, or even sousperfectoid (see Remark [.2.19)).

For the étale topology, one has the following analogue of Lemma [[.6.I8 how-
ever, the proof is somewhat less straightforward, and uses a method introduced by
de Jong—van der Put [38] Proposition 3.2.2].

LEMMA 1.10.4. Let Py be the collectiorld of pairs (U,V) where U € B and U
is a finite covering of U in X by elements of B. Suppose that P C Pet satisfies
the following conditions.

(i) Locality: if (U, Q) admits a refinement in P, then (U, ) € P.
(ii) Transitivity: Any composition of coverings in P is in P.
(iii) Every standard binary rational covering is in P.
(iv) FEvery finite étale surjective morphism, viewed as a covering, is in P.

Then P = Pet.
PROOF. See [117], Proposition 8.2.20]. O

REMARK 1.10.5. Using Lemma [[TI04] it is straightforward to extend Theo-
rems [[.3.4], and to Xet. One can also extend [[L4.14] [.4.16] and [[LZI8 to X
provided that one modifies the definition of a stably pseudocoherent module to
quantify over étale localizations rather than rational localizations. We leave the
details to the reader (or see [118], §2.5]).

6This is not a set in general, but a proper class.
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1.11. Preadic spaces. We end with a remark about how to formally build
“spaces” out of Huber pairs even when they are not sheafy. This discussion is taken
from [161] §2], although our terminologyl] instead follows [117, §8.2]. (To keep
within our global context, we build only analytic preadic spaces here.)

DEFINITION 1.11.1. For C a category equipped with a Grothendieck topology
(so in particular admitting fiber products), a sheaf on C is by definition a con-
travariant functor F' from C to some target category satisfying the sheaf axiom: for
{U; = X}, a covering in C, the sequence

F(X) = [[FW) =[] FW: xx U;))
K3 2,7
is an equalizer.

We say that C is subcanonical if for each X € C, the representable functor
hx :'Y — Home (Y, X) is a sheaf. For example, the Zariski topology on schemes
is subcanonical: this reduces immediately to the corresponding statement for affine
schemes, which asserts that if R and S are rings and f1,..., f, € R generate the
unit ideal in R, then the diagram

Hom(S, R) — HHom(S, Ry) = HHom(S, Ry.,)
% 2,7
is an equalizer; this follows from the sheaf axiom for the structure sheaf. By the
same reasoning, the étale, fppf, and fpqc topologies on the category of schemes are
subcanonical.

Similarly, if C is a subcategory of the category of adic spaces admitting fiber
products (e.g., locally noetherian spaces, or perfectoid spaces), the analytic topology
on C (i.e., the site coming from the underlying topology on underlying spaces) is
subcanonical. By contrast, the analytic topology on the full category of Huber pairs
is not subcanonical.

DEFINITION 1.11.2. Let C be the opposite category of (analytic but not nec-
essarily sheafy) Huber pairs, equipped with the analytic topology. Let C™~ be the
associated topos. For (A, A+) € C, let Spa(A, A*) € C™ be the sheafification of the
representable functor on C defined by (A, A™).

By an open immersion in C~, we will mean a morphism f : 7 — G such that
for every (A, AT) € C and every morphism Spa(A, AT) — G in C™, there is an open
subset U of Spa(A4, AT) such that

FxgSpa(4,AT) = lim  Spa(Ospaann)(V),Oduiaae,(V))-
VvCu,v rational

A preadi(ﬁ space, or more precisely an analytic preadic space, is an object F € C™
such that .
F= lim Spa(A, AT).
Spa(A,A+)—F open
The obvious functor from analytic adic spaces to analytic preadic spaces is a full
embedding.

7In [161], what we call preadic spaces and adic spaces are called adic spaces and honest adic
spaces, respectively. We prefer to leave the term adic spaces with the original meaning specified
by Huber.

80r pre-adic space if you prefer to hyphenate prefixes.
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A morphism f : F — G is finite étale if for every (A, A") € C and every
morphism S});(A,A*) — G in C~, we have F Xg SApE(A,AJF) = §1;1(B,B+) for
some finite étale morphism (A, A*) — (B, B"). Using finite étale morphisms and
open immersions, we may define the etale topology on analytic preadic spaces.

REMARK 1.11.3. Similar sheaf-theoretic considerations give rise to other types
of objects that one might think of as analytic analogues of algebraic spaces (or more
generally algebraic stacks). Notably, they underlie the construction of diamonds,
which are introduced in [I77, Lecture 3| and used in our subsequent lectures (see
Definition 23] and beyond).

2. Perfectoid rings and spaces

In this lecture, we define perfectoid rings and spaces, picking up from the dis-
cussion of perfectoid fields in [I77], Lecture 2]. As for fields, there is a “tilting” con-
struction that converts these spaces into related objects in characteristic p; however,
this time the “Galois” component of the tilting correspondence is augmented by a
“spatial” component.

As in the first lecture, we state all of the main results first, then return to the
proofs. Along the way, we attempt to lay flat some of the tangled historyﬁ sur-
rounding these results. (See also the introduction of [I17] for a further comparison
of that paper with [156].)

Hereafter, we fix a prime number p and consider only Huber rings in which p
is topologically nilpotent.

2.1. Perfectoid rings and pairs. We now define perfectoid rings and pairs,
postponing some proofs for the time being.

DEFINITION 2.1.1. Let (A4, A*) be a uniform analytic Huber pair; by uniformity,
AT is a ring of definition of A. We say (A, A1) is perfectoid if there exists an ideal
of definition I C A™ such that p € I? and ¢ : AT/I — AT /IP is surjective (but
not necessarily injective; see Remark [2.3.16]). This turns out to depend only on A
(Corollary 2:33710); we may thus say also that A is a perfectoid ring.

EXAMPLE 2.1.2. Recall that a ring A of characteristic p is perfect if its absolute
Frobenius map ¢ is a bijection; any such ring is reduced. It is a basic result of
abstract algebra that a field is perfect in the sense of Galois theory (i.e., every
finite extension is separable) if and only if either it is of characteristic 0, or it is of
characteristic p and perfect in the present sense.

Let (A, AT) be an analytic Huber pair of characteristic p. If A is uniform, then
(A, AT) is perfectoid if and only if A is perfect: if A is perfect, then AT must also
be perfect because it is integrally closed in A.

In addition, if A is a perfect Huber ring of characteristic p, then A is automati-
cally uniform and hence a perfectoid ring. To see this, note that A can be written as
the quotient of a perfect uniform Huber ring, such as the completed perfect closure
of a polynomial ring over F,,, then apply Corollary (A direct argument using
the open mapping theorem is also possible.)

91 am reminded here of a famous quote of David Mumford [140}, Preface]: “When I first
started doing research in algebraic geometry, I thought the subject attractive... because it was
a small, quiet field where a dozen people did not leap on each new idea the minute it became
current.”
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ExAMPLE 2.1.3. Any algebraically closed nonarchimedean field is a perfectoid
ring. More generally, recall that a perfectoid field is defined as a nonarchimedean
field F' which is not discretely valued for which ¢ : op/(p) — or/(p) is surjective.
If F is a perfectoid field, then (F,op) is a perfectoid Huber pair; this is obvious in
characteristic p (because F' is then perfect), and otherwise we may take I = (u) for
any topologically nilpotent element p such that p? divides p in op (which exists
because F' is not discretely valued). Conversely, if A is a perfectoid ring which is a
field, then A is a perfectoid field; see Corollary 2.3.11] and Theorem 2.9.11

EXAMPLE 2.1.4. Let (A, AT) be any perfectoid Huber pair (e.g., (F,0p) for '
a perfectoid field as in Example 2T3]). Then for every nonnegative integer n,

oo oo oo

(A(TP ™, T Y AT T T Ty

and

) — oo

+p=° —oo +p~
(AT, T Y AT L TR TY)
are also perfectoid Huber pairs.

REMARK 2.1.5. If (A, AT) is perfectoid, then ¢ : AT /((p)+1) — AT /((p)+1IP)
is surjective for any ideal of definition I as in Definition [ZI.Tl By Lemma 2.7.4] the
same is true for any ideal of definition I whatsoever. In particular, the criterion of
Definition ZTTlis satisfied for every ideal of definition I for which p € I?. However,
the existence of such an ideal of definition is a genuine condition; for instance, it
precludes the case (Q,, Z,), for which ¢ : AT /((p)+1I) — A" /((p)+1IP) is surjective
for any ideal of definition I.

Note that the previous paragraph does not immediately imply that ¢ : AT /(p)
— A% /(p) is surjective. However, this will follow from the tilting correspondence
(Theorem [2:39)); see Remark

REMARK 2.1.6. Note that for A a perfectoid ring, the ring A(Tfﬂx}, ST

of Example 2.1.4] is evidently not noetherian: the ideal (Tlpin :n=0,1,...) is not
finitely generated. In fact, perfectoid rings can never be noetherian except in the
trivial case where they are finite direct sums of perfectoid fields; see Corollary 2.9.3

This means that we cannot hope to use noetherian properties to show that
perfectoid rings are sheafy. Instead, we will have to show that they are stably
uniform, by establishing the preservation of the perfectoid property under rational
localizations using the tilting construction (Corollary 25.4)).

REMARK 2.1.7. For (A, A") a perfectoid ring, I an ideal of definition as in
Definition 2Tl and (A, A™) — (B, B*) a morphism of uniform Huber pairs, the
pair (B, BT) is perfectoid if and only if ¢ : BT /IB* — B*/IPB* is surjective.
This is a consequence of Remark 2. 1.5] which allows us to use IB™' as an ideal of
definition to check the perfectoid condition.

We record some historical aspects of the definition of perfectoid fields and rings.

REMARK 2.1.8. The term perfectoid was introduced by Scholze [156], but var-
ious aspects of the general concept had appeared several times before then. Here
we report on these appearances.
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The term perfectoid field was introduced by Scholze in [I56]. A similar defini-
tion was given independently@ by Kedlaya in [110] and incorporated into the work
of Kedlaya—Liu [I17]; while much of the work on [I17] predates the appearance
of [156], some terminology from the latter was adapted in the published version
of the former. See Remark [Z.5.13] for more details. It was subsequently discovered
that Matignon—Reversat [137] had introduced the same concept in 1984 as a hy-
perperfect field (corps hyperparfait), but the importance of this development seems
to have gone unnoticed at the time.

Some examples of perfectoid rings which are not fields appear in the hypothesis
of the almost purity theorem of Faltings [56] Theorem 3.1|, [58, Theorem 4]. These
examples served as a key motivation for the general construction.

In [31] §5], Colmez introduces the concept of a sympathetic algebra (algébre
sympathique), which in our terminology is a uniform connected Banach algebra
A over an algebraically closed perfectoid field in which every element of 1 + A°°
has a p-th root; any such ring is perfectoid. He then uses sympathetic algebras to
define what are commonly known as Banach-Colmez spaces, which are discussed in
[177, Lecture 4] and used in our student project.

The term perfectoid ring was introduced by Scholze [156] to refer to a perfec-
toid ring in the present sense over an arbitrary perfectoid field (of characteristic
either 0 or p). The concept of a perfectoid ring over Q, was introduced indepen-
dently by Kedlaya—Liu [I17], with terminology adapted from [156]; some alternate
characterizations of perfectoid rings over QQ,,, phrased in terms of Witt vectors, can
be found in [34].

On the characteristic p side, Kedlaya—Liu consider perfect uniform Banach F-
algebras, which in the present terminology are exactly the perfectoid rings which
are Tate and of characteristic p. Note that (by analogy with Definition [[LT.2]) any
such ring A is an algebra over the completed perfect closure of F,((ww)) for any
pseudouniformizer w € A, and hence is a perfectoid ring in the sense of [156].
Moreover, the word uniform is redundant, as any perfect Banach ring A of charac-
teristic p is automatically uniform. (Uniformity at the level of Huber rings follows
from Example 2.1.2} since A is necessarily an algebra over a nonarchimedean field,
Exercise [[5.13] then implies uniformity at the level of Banach rings.)

In his Bourbaki seminar on the work of Scholze, Fontaine [68] introduced the
concept of a Tate perfectoid ring, phrasing the definition in terms of condition (a) of
Corollary As [68] is primarily a survey of [156], the theory of Tate perfectoid
rings is not developed in any detail there; this development was subsequently carried
out by Kedlaya—Liu [118].

The definition of perfectoid rings used here, which allows for arbitrary analytic
rings, is original to these notes. For examples that separate the various definitions,
see the following references herein:

e for a perfectoid ring over @, which is not an algebra over a perfectoid
field, see Exercise 2.4.8
o for a perfectoid ring which is Tate but not a Q,-algebra, see the proof of

Lemma 313t

e for a perfectoid ring which is analytic but not Tate, see Exercise [Z4.7]

10The paper [110] was originally written as a supplement to the lecture notes from the 2009
Clay Mathematics Institute summer school on p-adic Hodge theory. As of this writing, those notes
remain unpublished.
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The massive work-in-progress [75] should ultimately be even more inclusive, in ways
we do not attempt to treat here (for instance, it includes some rings which are not
analytic).

2.2. Witt vectors. In order to say more about perfectoid rings, we need to
recall some basic facts about Witt vectors (compare [110] §1.1]).

DEFINITION 2.2.1. A strict p-ring is a p-adically complete (so in particular
p-adically separated) ring S which is flat over Z, (that is, p is not a zero-divisor)
with the property that S/pS is perfect.

EXAMPLE 2.2.2. The ring S := Z, is a strict p-ring with S/pS = F,. Similarly,
for any finite unramified extension F' of Q, with residue field F,, the integral closure
S of Z, in F is a strict p-ring with S/pS = F,. Similarly, for F' the maximal
unramified extension of Q,,, the completed integral closure S of Z,, in F'is a strict
p-ring with S/pS 2 F,,.

ExaMPLE 2.2.3. For n a nonnegative integer, the p-adic completion S of
ZITP ..., TP ~is a strict p-ring with S/pS = F, [T}, ..., T% .

LEMMA 2.2.4. For any ring R, any ideal I of R, and any nonnegative integer
n, the map x — xP" induces a morphism of multiplicative monoids

R/((p)+1) = R/(p)"  + ()" T + -+ (0" +17").

PRrOOF. This is an immediate consequence of the p-divisibility of binomial co-
efficients. |

COROLLARY 2.2.5. For S a strict p-ring, the map S — S/pS admits a unique
multiplicative section x — [x], called the Teichmiiller map. In particular, the ele-
ment [z] € S (called the Teichmiiller lift of x) is the unique lift of x which admits
p"-th roots for all positive integers n.

COROLLARY 2.2.6. For S a strict p-ring, every element x of S has a unique
representation as a p-adically convergent series > - p"[Tn] with T, € S/pS. The
T, are called the Teichmiiller coordinates of x.

LEMMA 2.2.7. Let S be a strict p-ring. Let S’ be any p-adically complete ring.
Then every ring homomorphism 7 : S/pS — S’ /pS’ lifts uniquely to a homomor-
phism S — S’.

PrROOF. By Lemma [Z27] 7 lifts uniquely to a multiplicative map = : S/pS —
S’. One then shows that the formula

an [@n] = anﬂ(fn)
n=0 n=0

defines the desired ring homomorphism, by checking additivity modulo p™ by in-
duction on m. For details, see [110, Lemma 1.1.6]. O

REMARK 2.2.8. By applying Lemma [2.2.7] in the case where S is as in Exam-
ple 222.3] we may see that arithmetic in a strict p-ring can be expressed in terms of
certain universal “polynomials” in the Teichmiiller coordinates. For example, if one
writes

2]+ [y] = > p [z,
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then z, is given by a certain homogeneous polynomial over F, in P " yP " of
degree 1 (for the convention that deg(x) = deg(y) = 1) divisible by 2P "y? .

REMARK 2.2.9. A corollary of the previous remark is that if S is a strict p-ring
and I is a perfect ideal of S/pS, then the set of € S whose Teichmiiller coordinates
all belong to I is an ideal of S. Note that the quotient by this ideal is again a strict
p-ring.

THEOREM 2.2.10 (Witt). The functor S — S/pS defines an equivalence of
categories between strict p-rings and perfect Fy,-algebras.

Proor. Full faithfulness follows from Lemma 22,71 To check essential surjec-
tivity, we first lift perfect polynomial rings over I, in any (possibly infinite) number
of variables as in Example 2:2.3] then use Remark to lift quotients of such
rings. That covers all perfect IF,-algebras. O

REMARK 2.2.11. There is no analogue of Theorem for general Fp-alge-
bras. For example, if R is a field which is not perfect, then the Cohen structure
theorem implies that R can be realized as S/pS for some flat p-adically complete
Zy-algebra S (any such S is called a Cohen ring for R), but not functorially in R.
For example, if R = F,((T)), then the p-adic completion S of Z,((T)) admits an
isomorphism S/pS = R taking the class of T to T, but there are numerous automor-
phisms of S lifting the identity map on R; in fact, the group of such automorphisms
acts simply transitively on the inverse image of T.

One way to lift imperfect rings is to consider pairs (R, B) in which R is a
reduced ring of characteristic p and B is a finite subset of R such that {[],. 0 :
ep € {0,...,p—1}} is a basis for R as an RP-module. (Such a set B is called a
p-basis of R; the existence of such a set implies that R is a finite projective RP-
module, which is to say that R is F-split.) Then one can functorially lift (R, B) to
a pair (S, B) in which S is a p-adically complete flat Z,-algebra and B is a finite
subset of S lifting B.

DEFINITION 2.2.12. For R a perfect ring of characteristic p, let W(R) de-
note the strict p-ring with residue ring R; concretely, W (R) consists of sequences
(To,T1,...) in R which are identified with the convergent sums >~ p"[Z,]. By
functoriality (i.e., by Lemma[Z2.7]), the absolute Frobenius ¢ on R lifts to a unique
automorphism of R. For I C R a perfect ideal, let W (I) denote the ideal of W (R)
described in Remark

REMARK 2.2.13. For conceptual purposes, it is sometimes useful to imagine
the ring W(R) as “the ring of power series in the variable p with coefficients in
R.” This point of view must of course be abandoned when one attempts to make
any arguments involving calculations in W(R); however, Remark 2.2.§ gives some
control over the “carries” that occur in these calculations.

2.3. Tilting and untilting. In order to say more about perfectoid rings, we
describe a fundamental construction that relates perfectoid rings to rings in charac-
teristic p. This construction has its roots in the foundations of p-adic Hodge theory
(see Remark 2:3718)), and the definition of perfectoid rings is in turn motivated by
the construction.

DEFINITION 2.3.1. For (A4, A1) a perfectoid pair, define the tilt of A, denoted
A®, as the set ylnx'_mp A; it carries the structure of a monoid under multiplication.
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We equip A° with the inverse limit topology, so that in particular the map § : A* —
A which projects onto the final component is continuous; this gives A” the structure
of a topological monoid. (We sometimes write 2* instead of f(z).) Let A°* be the
submonoid I&H AJr of A”, which is the preimage of A’ under t.

We will see later (Theorem 239) that the formula
(2311) (xn)n + (yn)n = (Zn)m Zp = lim (Im+n + ym-‘rn)pm

m—r oo

defines a ring structure on A” with respect to which it is a perfectoid ring of char-
acteristic p, in such a way that A°* is a ring of integral elements. Another inter-
pretation of the ring structure on A** will come from the bijection
(2.3.1.2) APt =~ lim (A*/I)

xr—xP
for any ideal of definition I as in Definition Z.1.T} note that the right-hand side of
@312 is obviously a perfect ring of characteristic p.

In order to fill in the details of the previous construction, we describe an inverse
construction using Witt vectors.

DEFINITION 2.3.2. Let (R, R™") be a perfectoid pair in characteristic p. We will
make frequent use of the ring W(R™), which is commonly denoted Aj,¢(R, R")
(although we will not use this notation until the next lecture).

Let W°(R) denote the subset of W(R) consisting of series > oo p"[Z,] for
which the set {Z,, : n = 0,1,...} is bounded in R. By Remark 228 this forms a
subring of W (R) containing W (R*). We equip W°(R) with the topology of uniform
convergence in the coordinates (see Remark [2.6.3)); any continuous map R — S of
perfectoid rings in characteristic p induces a homomorphism W°(R) — W?°(S).

REMARK 2.3.3. If R is Tate, then so is W*(R): for any pseudouniformizer
in R, [w] is a pseudouniformizer in WP(R). However, if R is analytic, it is not clear
that WP(R) is analytic; compare Lemma Z.6.13

The following construction provides something analogous to a Weierstrass-
prepared power series over a nonarchimedean field.

DEFINITION 2.3.4. An element z = Y ° p"[z,] € W(R") is primitive of
degree 1 (or primitive for short) if Zy is topologically nilpotent and Z; is a unit
in R*; in other words, z = [Zo] + pz; where 2; is a unit in W(R"). Note that
multiplying a primitive element by a unit gives another such element (e.g., using
Remark [Z.22.8); we say that an ideal of W (R™) is primitive (of degree 1) if it is
principal with some (hence any) generator being a primitive element.

The primitive elements will play a role analogous to that played by the ideal
(T —p) in the isomorphism Z[T]/(T — p) = Z,. In particular, they admit a form of
Fuclidean division which is quite useful for getting control of elements of perfectoid
rings; this will be studied extensively in §2.6

REMARK 2.3.5. If 21,23 € W(RT™) are primitive elements such that z; = yzo
for some y € W(R™), then by Remark 2228 z; ; — 9,221 is topologically nilpotent.
It follows that y is a unit in W(R™).

EXERCISE 2.3.6. If R is Tate, then in some sources a primitive element of
W(R") is assumed to have the form p + [@|a where w € R is a topologically
nilpotent unit and o € W(R™) is arbitrary. Show that if z is a primitive element
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in the sense of Definition [Z34] then it has some associate of the form p + [w]a but
need not have this form itself.

Before stating a general theorem, let us discuss a couple of key examples.

EXAMPLE 2.3.7. Put R := IFP((TVW)) (i.e., the ring obtained by taking the

T-adic completion of F,[T" oc] and then inverting T) and RT := R°. The element
2z := p— [T)] is primitive, and W®(R)/(z) is the completion of Q,(p? ~ ), which is a
perfectoid field.

EXAMPLE 2.3.8. Put R := F,((T" )), R* := R°. The element z := Y7} [1+
T)* is primitive (because it maps to p under W(R*) — W(F,)), and W*(R)/(z2) is
the completion of Qp(ppe), which is a perfectoid field.

THEOREM 2.3.9. The formula
(2.3.9.1) (R,RT. 1) —~ (A:=W"R)/IW*(R), AT := W(R")/I)

defines a equivalence of categories from triples (R, RT,I), in which (R, RT) is a
perfectoid pair of characteristic p and I is a primitive ideal of W(R™), to perfectoid
pairs (A, A1). (A morphism (R, RT,I) — (S,S™,J) in this category is a morphism
(R,RT) — (S,S") of Huber pairs carrying I into J; in fact, by Remark the
image always equals J.) Furthermore, there is a quasi-inverse functor which takes

(A, At) to (A°, A°+ I) with the ring structure on A° given by (Z3.11)).

PRrROOF. By Lemma 2:6.14] it will follow that the equation 2301 gives a
well-defined functor. By Lemma [Z7.9] we will obtain the quasi-inverse functor. [

COROLLARY 2.3.10. Let A be a perfectoid ring, that is, A is a Huber ring
such that (A, A") is a perfectoid pair for some ring of integral elements A*. Then
(A, AT) is a perfectoid pair for every ring of integral elements A*.

PROOF. By Theorem Z3.9] we can write A = WP(R)/I for some perfectoid
ring R of characteristic p and some ideal I; more precisely, the ideal I admits a
primitive generator in W (R™) for some ring of integral elements R™ of R, and hence
in W(R°). By Example 2.T.2] every ring of integral elements R™ of R is perfect,
and so (R, R") is a perfectoid pair which untilts to a perfectoid pair (A4, A™*). Tt
thus suffices to check that every AT arises in this fashion.

Since A is uniform, every ring of integral elements is contained in the ring A°
of power-bounded elements and contains the set A°° of topologically nilpotent ele-
ments, which is an ideal of A°. In fact, the rings of integral elements are in bijection
with integrally closed subrings of A°/A°°. Similarly, the rings of integral elements
of R are in bijection with integrally closed subrings of R°/R°°. By Lemma 27710,
the rings A°/A°° and R°/R°° are isomorphic; this completes the proof. (See Re-
mark for a more refined version of the isomorphism A°/A°° = R°/R°°). O

COROLLARY 2.3.11. A nonarchimedean field F' is a perfectoid ring if and only
if it is a perfectoid field.

PRrROOF. One direction is Example Z 1.3 In the other direction, if F' is a per-
fectoid ring, then by Corollary Z3310] (F, o) is a perfectoid pair. If F' is of char-
acteristic p, then F' is perfect (Example 2.1.2]) and the valuation on F' is nontrivial
(hence not discrete by perfectness), so F' is a perfectoid field. If F'is of characteristic
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0, then (p) is an ideal of definition of o, so Remark [Z312] applies to show that
¢ :0r/(p) — or/(p) is surjective. Since the valuation on F” is not discrete, neither
is the valuation on F', so F' is a perfectoid field. O

REMARK 2.3.12. If (A, A™) is a perfectoid pair, then the existence of a sur-
jective morphism W(R") — A™ as in Theorem implies that ¢ : AT/(p) —
At /(p) is surjective: every x € AT /(p) lifts to some element y = > 2 p"[y,] €
W (R™"), and the image of [j./*] in A*/(p) maps to  via .

DEFINITION 2.3.13. With notation as in Theorem 2.3.9] the perfectoid pair
(A, A™) corresponding to the triple (R, R, I) is called the untilt of (R, R") corre-
sponding to the primitive ideal I.

DEFINITION 2.3.14. Theorem Z:39implies that for any perfectoid pair (A, AT),
there is a surjective map W (A°T) — A% whose kernel is primitive (and in particular
principal), which extends to a map W?%(A") — A. These maps are traditionally
denoted by 6.

Note that for any T € R, the sequence (A([Z” '|), forms an element of
I'LHEHIP A = A’ In the course of proving Theorem [Z3.9] we will see that the

identification of A” with R identifies this sequence with Z. In other words,
!
ExAMPLE 2.3.15. With notation as in Theorem [Z:3.9] the pair

oo oo

(A(TP ™, T Y AT T T Ty
is the untilt of

(R(TY ... T% ) RO(TY ... T )
corresponding to the primitive ideal generated by I, with #(T;) = T;. Similarly, the
pair

(A(TEP ™ T ) AT T )
is the untilt of

—+p~ > —+p~ > —+p~ > —+p~ >
(R<T1 7""Tn >,R+<T1 a"'an >)
corresponding to the primitive ideal generated by I, again with #(7;) = T;.

REMARK 2.3.16. With notation as in Theorem 239 let z be a generator of I.
For J an ideal (resp. ideal of definition) of AT containing p, the inverse image of J
in W(R™") is an ideal containing p and z, and so is also the inverse image of an ideal
(resp. ideal of definition) J° of A** containing Z. Conversely, every ideal (resp. ideal
of definition) of A" containing Z arises in this fashion. From the construction, we
have a canonical isomorphism

AY/J =R/
We mention some related facts here.

e A perfectoid ring A is Tate if and only if A° is Tate (Corollary 2:6.16). This
implies that if A is Tate, then A' admits a principal ideal of definition J
satisfying p € JP.
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e For J an ideal of definition of At with p € J?, let J® be the ideal of AT
generated by p together with aP for each x € J; this ideal is contained in
JP, but may be strictly smaller unless J is principal. Then the surjective
map ¢ : AT /J — At /JP induces a bijective map At /J — AT /J®P).

REMARK 2.3.17. For A, B two perfectoid rings, it is not true in general that
any homomorphism f* : A — B’ lifts to a homomorphism f : A — B, because
the image of ker(6 : W?(A®) — A) need not be contained in ker( : W*(B") — B).
However, this image is always a primitive ideal, so given A, B®, f* there is a unique
choice of an untilt B of B’ for which f* does lift to a homomorphism f : A — B. In
other words, the categories of perfectoid A-algebras and perfectoid A°-algebras are
equivalent. For example, this comment applies to the setting of [I56], in which the
only perfectoid rings are considered are algebras over some fixed perfectoid field.

Again, we collect some historical notes.

REMARK 2.3.18. The operation A — A® was originally introduced by Fontaine -
Wintenberger [69,[70[178.[179] in the case where A is the completion of an algebraic
extension of Q, having a certain property (of being strictly arithmetically profinite)
which implies that A is perfectoid; by a theorem of Sen [163], this includes the
completion of any infinitely ramified Galois extension of Q, whose Galois group is
a p-adic Lie group. (See [120] for further discussion of this implication.) This con-
struction is a key step in the Fontaine’s construction of the de Rham and crystalline
period rings [66, §2], [67].

The same construction for somewhat more general rings appeared in the work
on Faltings on the crystalline comparison isomorphism [57, §2], [58] §2b], as a key
step in constructive relative analogues of Fontaine’s rings; this direction was further
pursued by Andreatta [7]. The terminology of tilting and untilting, and the nota-
tions b and #, were introduced by Scholze in [I56]; previously these constructions did
not have commonly used names (the term inverse perfection for the construction
At I'&nA‘*‘/I is used in [117]).

Like other concepts in the theory of perfectoid spaces, the notion of a primitive
element can be found implicitly throughout the literature of p-adic Hodge theory,
and somewhat more explicitly in [63] and [109]. However, it does not appear at all
in [I56] because no reference is made therein to Witt vectors: since only perfectoid
algebras over a perfectoid field are considered, one implicitly untilts using the prim-
itive ideal coming from the base field. In [117], the primitive elements considered
(as per [117), Definition 3.3.4]) are those for which Zy is a unit in R; this level of
generality corresponds to the restriction that perfectoid rings be Q,-algebras. The
definition of primitive elements used here is the one introduced by Fontaine in [68],
and adopted by Kedlaya—Liu in [I118] Definition 3.2.3].

The theta map (Definition [Z3T4) first appeared in the case where A is a
completed algebraic closure of QQp, in Fontaine’s construction of the ring Bggr of de
Rham periods [66], §2| (see also Definition [L.6.5)); it appears again in the work of
Andreatta (see above).

Theorem [Z3.9] was established by Scholze [I56, Theorem 5.2] for perfectoid
rings over a perfectoid field, (but without reference to Witt vectors; see above) and
independently by Kedlaya-Liu [I117], Theorem 3.6.5] for perfectoid rings over Q,,.
It was extended to Tate rings by Kedlaya—Liu [I18, Theorem 3.3.8|. The extension
to analytic rings is original to these notes.
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2.4. Algebraic aspects of tilting. We next describe the extent to which
tilting is compatible with certain algebraic properties of morphisms of perfectoid
rings.

The following argument shows that the category of perfectoid spaces admits
fiber products, which is not known for the full category of adic spaces (because a
completed tensor product of sheafy Huber rings is not known to again be sheafy).

THEOREM 2.4.1. Let A — B, A — C be two morphisms of perfectoid rings.
Then B® oC' is again a perfectoid ring, and its formation commutes with tilting.

PROOF. See Lemma [2.8.71 O

THEOREM 2.4.2. Let f: A — B be a morphism of perfectoid rings. Then f is
a strict inclusion if and only if f* is a strict inclusion. (A similar statement holds
for nonstrict inclusions, but lies much deeper; see Corollary Z9.13.)

PROOF. From the definition of A° as a topological space, it is obvious that if
f is a strict inclusion, then so is f°. Conversely, if f* is a strict inclusion, then
so is WP(A*) — W?P(B"). By Theorem 239, we have A = W®(A*)/I and B =
W(B")/IW*(B’) for some primitive ideal I of W?(A”). Using Lemma 811 we
deduce that f is a strict inclusion. O

THEOREM 2.4.3. Let f : A — B be a morphism of Huber rings in which A is
perfectoid.
(a) If B is uniform and f has dense image, then B is perfectoid.
(b) If B is perfectoid, then f has dense image if and only if f° has dense
mage.

PROOF. Part (a) will follow from Lemma [Z84] To check (b) in one direction,
note that if f* has dense image, then the composition W(A*) — W?(B*) — B
has dense image, so f has dense image. The other direction will again follow from

Lemma 2.84] O

THEOREM 2.4.4. Let f : A — B be a morphism of Huber rings in which A is
perfectoid.
(a) If B is uniform and f is surjective, then B is perfectoid.
(b) If B is perfectoid, then f is surjective if and only if f° is surjective.

PROOF. Part (a) is a consequence of Theorem [Z43|a). To check (b) in one
direction, note that if f* is surjective, then the composition W?°(A") — W(B") —
B is surjective, so f is surjective. In the other direction, if f is surjective, then
Lemma 280 implies that f° is surjective. O

COROLLARY 2.4.5. For A a perfectoid ring, the map I — I° defines a bijection
between closed ideals of A with A/I uniform and closed perfect ideals of A”.

PRrROOF. In light of Theorem 2.4.4] it suffices to check that if R is a perfectoid
ring of characteristic p and I is a perfect ideal of R, then R/T is uniform (this being
the case of the desired statement where A = A’ = R). To this end, promote R to
a uniform Banach ring as per Remark [[L5.4l Then note that if Z € R lifts © € R/I,
then Z/P lifts z/? € R/I, so |2'/?| < |z|*/?. From Definition [5.11] it follows that
R/I is uniform. O



SHEAVES, STACKS, AND SHTUKAS 103

COROLLARY 2.4.6. For A a perfectoid ring and I a closed ideal of A, A/I
is uniform (and hence perfectoid) if and only if there exists some subset S of A
such that I is the closure of the ideal generated by ﬁ(mpfn) for all x € S and all
nonnegative integers n.

PROOF. Suppose that A/I is uniform; it is then perfectoid by Theorem [ZZ.4)(a).
By Corollary 40, I” is a closed perfect ideal of A°, so A°/I° is perfectoid and
(A/I)’ = A°/I’. We may then take S to be the set {fi(z): 2z € I"}.

Conversely, suppose that there exists S of the specified form. Let J be the
closure of the ideal of A” generated by 2P " for all z € S and all nonnegative
integers n; note that 7~ € I*, so J C I°. Since the set of generators of J is stable
under taking p-th roots, .J is perfect, so A°/.J is perfectoid. By Theorem ZZ.4(b),
the morphism A — A°/J untilts to a surjective morphism, whose kernel is the
closed ideal of A generated by f(zP ") for all z € S and all nonnegative integers n.
It follows that this kernel equals I, so A/I is perfectoid. |

EXERCISE 2.4.7. Using Corollary [2.4.6] adapt Example[[.5.7]to give an example
of a perfectoid ring in characteristic p which is analytic but not Tate. Note that
no such example can exist over QQ,, but one can construct mixed-characteristic
examples by untilting.

EXERCISE 2.4.8. In this exercise, we exhibit a perfectoid ring over Q, which is
not an algebra over a perfectoid field.

(a) Prove that the completions of Q,(p? ~ ) and Q,(upy~) have no common
subfield larger than @Q,. One way to do this is to use the Ax—Sen-Tate
theorem [10] to show that any complete subfield of either of these two
fields is itself the completion of an algebraic extension of Q.

(b) Let F be the completed perfect closure of F,((T1)). Put R := F(Tgoc),

RT := R°. Let Ry be the quotient of R by the closure of the ideal (T’; :
n=0,1,...)and put R{ = RS. Let Ry be the quotient of R by the closure
of the ideal (Th —1:n=0,1,...) and put R = RS. Prove that there
exists a primitive element z € W (R™) which maps to p — [T1] in W (R})
and to Y7 [1 +T4] in W(RJ).

(¢) Combine (a), (b), Example 237, and Example to obtain the desired

example.

In Corollary 2Z40)] it is easy to see that the condition that A/I be uniform is
necessary, by the following trivial example.

EXAMPLE 2.4.9. Let K be a perfectoid field. The quotient of K (TP ) by the
closed ideal (7T') is not uniform (or even reduced), and hence not perfectoid. By

contrast, the quotient by the closure of the ideal (TP = : n = 0,1,...) is the field
K again.

A far less trivial example is the following.

EXAMPLE 2.4.10. Let C, be the completion of an algebraic closure of Q, and
choose an element ¢ = (...,(,, 1) € (Clb, in which (pn is a primitive p™-th root of

oo

unity. Take A := C,(T*P ") and let I be the ideal (T — 1) of A. The ideal I is
closed, so the quotient A/ is a Banach ring. Let B be the uniform completion of
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A/I (i.e., the completion with respect to the spectral seminorm); we may identify
B with the ring Cont(Z,, C,) of continuous functions from Z, to C, in such a way
that the natural map f: A — B takes T " to the function v — (...

These rings were analyzed, in different language, by Fresnel and de Mathan
[71]. In particular, they showed [T1, Theorems 1-3] that f is surjective and the
kernel of the induced map A/I — B consists of the closure of the nilradical. In
particular, we have the highly nonobvious fact that I is not a radical ideal.

REMARK 2.4.11. Theorem [Z4.]] was proved by Scholze [156], Proposition 6.18]
for perfectoid rings over a perfectoid field, and independently by Kedlaya—Liu [117]
Theorem 3.6.11] for perfectoid rings over Q,,. This was extended to Tate perfectoid
rings by Kedlaya—Liu [I18, Theorem 3.3.13]. The extension to analytic rings is
original to these notes.

Theorem [24.3] and Theorem [Z2.4] were proved for perfectoid rings over Q, in
[117, Theorem 3.6.17], and for Tate rings in [I18] Theorem 3.3.18]. The extensions
to analytic rings are original to these notes.

2.5. Geometric aspects of tilting. We now describe the interaction of the
perfectoid condition with rational and étale localization. This will allow us to define
perfectoid spaces and the étale topology on them.

THEOREM 2.5.1. For (A, A%) a perfectoid pair, the formula v — v o § defines
a bijection Spa(A, A1) = Spa(A®, A°*) which identifies rational subspaces on both
sides; in particular, this map is a homeomorphism.

PROOF. By Theorem 23, (A, AT) is the untilt of (A”, A°*) corresponding
to some primitive ideal. We may thus apply Lemma to show that the map
is well-defined, and Corollary to show that it is bijective. It is easy to see
that the rational subspace of Spa(A®, A°T) defined by the parameters f,,..., f,.,J
corresponds to the rational subspace of Spa(A, AT) defined by the parameters

8(f1),-- -, 4(f,), 1(@); in the other direction, Lemma E.6.17limplies that every ratio-
nal subspace of Spa(A, AT) corresponds to a rational subspace of Spa(A4°, A*+). O

REMARK 2.5.2. One of the remarkable features of Theorem [Z5.1] is the fact
that § : A> — A is not a ring homomorphism (it is multiplicative but not additive),
and yet pullback by f defines a morphism of spectra. We like to think of § as defining
a “homotopy equivalence” between A and A instead of a true morphism.

THEOREM 2.5.3. Let (A, A™) be a perfectoid pair.
(a) For (A, A") — (B, B™) a rational localization, (B, B") is again a perfec-
toid pair.
(b) The functor (B, Bt) — (B°,B"") defines an equivalence of categories
between rational localizations of (A, AY) and of (A°, A°Y).

PROOF. For (R, R") a perfectoid pair of characteristic p and (R, R*) — (S, S™)
a rational localization, we may apply the universal property of a rational localiza-

-1
tion to the composition (R, Rt) % (R, RT) — (S, 5%) to refactor it as (R, RT) —
(S,S1) — (S,ST). Composing the second morphism on either side with ¢ : (S, ST)
— (S, 8T) yields a morphism which fixes the image of R in S, and by extension
the inverse of any element of this image which is a unit in S; by continuity, the
composition is the identity on S, so (S, S™) is a perfectoid pair.
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By the previous paragraph plus Theorem 251l to prove both (a) and (b) it
suffices to check that the untilt of any rational localization is again a rational local-
ization. This requires some argument because the universal property of a rational
localization is quantified over arbitrary Huber pairs, not just perfectoid pairs or
uniform pairs; see Lemma Z.8.8 O

COROLLARY 2.5.4. Any perfectoid ring is stably uniform, and hence sheafy by
Theorem [L2.13|

COROLLARY 2.5.5. Let A be a Huber ring admitting a continuous homomor-
phism A — B to a perfectoid ring which splits in the category of topological A-
modules (a/k/a a sousperfectoid ring; see Remark [[L2.19). Then A is stably uni-
form.

Proor. Combine Corollary 254 with Lemma [[.2Z.18] |

DEFINITION 2.5.6. In light of Corollary [Z5.4] for any perfectoid pair (A4, A1)
the space Spa(A, AT) admits the structure of an adic space. An adic space locally
of this form is called a perfectoid space.

COROLLARY 2.5.7. For (A, AT) a perfectoid pair, the residue field of every point
of Spa(A, A1) is a perfectoid field. (See also Corollary Z9I4 for a related result.)

PROOF. Let z € Spa(A4, A1) be a point with residue field K. Then K contains
as a dense subring the direct limit of B over all rational localizations (A, AT) —
(B, BY) for which x € Spa(B, BT). (More precisely,  corresponds to a valuation on
each B; these valuations are compatible with localizations, and K is the completion
of the direct limit with respect to the topology defined by the induced valuation.)
By Theorem 53], each pair (B, B) is again perfectoid.

From the previous paragraph, one may deduce that K is a perfectoid ring. One
way to see this is to note that the completion in K of the direct limit of the rings
BT is contained in K°, and the quotient is killed by any topologically nilpotent
unit of K (that is, it is almost zero; see Definition 2.9.4]); one may then check the
perfectoid property by a direct calculation. Alternatively, form the product of B over
all rational localizations (A, A*) — (B, BT) for which = € Spa(B, BY), take the
A-subalgebra generated by the direct sum, and complete for the supremum norm;
this yields a perfectoid ring which maps to K with dense image, and K is uniform
because it is a nonarchimedean field, so K is a perfectoid ring by Theorem [2.4.3]
(compare [118] Corollary 3.3.22]).

In any case, K is both a nonarchimedean field and a perfectoid ring, so by
Corollary 2317 it is a perfectoid field. O

EXERCISE 2.5.8. Here is a rare example of a ring which can be shown to be
stably uniform despite not being (directly) susceptible to Corollary 2.5 Let K be
an algebraically closed perfectoid field of characteristic p > 2. Put

Ag:=K(TP ™), A:=AgTY?, A= K(TY?)P 7).
Equip these rings with the Gauss norm.
(a) Show that for i € 2Z[p~!], if i > 1 then T* € A. Deduce that the natural
map A — A’ does not split in the category of A-modules.
(b) Show that the map Spa(A’, A’°) — Spa(A4, A°) is a homeomorphism and
identifies rational subspaces on both sides.
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(c¢) Show that Spa(A, A°) contains a unique point vy with vo(7T") = 0, whose
complement is a perfectoid space. Note that the residue field of vy is K,
so A satisfies the conclusion of Corollary B.5.7] but not the hypothesis.

(d) Using (b), show that a general rational subspace of Spa(A, A°) containing
vo has the form

{v e Spa(A, A°) : v(NoTY?) < 1,o(MTY? — 1) > 1,..., oA TY?2 — ) > 1}

for some nonnegative integer n and some Ao, ..., Ay, i1, .., 4y € K with
Ai>1fori>0and \; > pu; > 1 fori > 0.

(e) Let (A, A°) — (B, B*) be the rational localization corresponding to a
rational subspace as in (d) with A\g = 1. (It turns out that B* = B°, but
this isn’t crucial for what follows.) A general element of B can be written

in the form

n o0

ao+ > Y ai;(NTY? — )™

i=1 j=1
for some ag, a;; € Ag. Prove that each a; ; can be replaced by an element
with all exponents in [0, 1] without increasing the quotient norm (i.e., the
maximum of the norms of ag and all of the a; ;).

(f) Put B’ = B&4A’. Show that for

n
xr =ag+ Z Z Cli7j(/\iT1/2 — /.Li)_j eB
i=1 jez[p=11,j>0
with ag € Ao, a;; € K, the spectral norm of = is equal to the maximum
of the norms of ag and the a; ;.
(g) Show that B — B®4A’ is a strict inclusion. Deduce that A is stably
uniform.

THEOREM 2.5.9. Let A be a perfectoid ring.
(a) For A — B a finite étale morphism, B is again a perfectoid ring for its
natural topology as an A-module. (Note that Lemma [LIQT] implies that
B is uniform.)
(b) The functor B — B defines an equivalence of categories between finite
étale algebras over A and over A”.

PROOF. See Lemma 2.8.17] O

COROLLARY 2.5.10. For (A, A™) a perfectoid pair, there is a functorial home-
omorphism Spa(A, A1) = Spa(A°, A1)

REMARK 2.5.11. It was conjectured in [158, Conjecture 2.16] that if (A4, A™)
is a Huber pair over a perfectoid field and Spa(A, A*) is a perfectoid space, then A
is a perfectoid ring. This is refuted by the first example of Buzzard—Verberkmoes
cited in Remark [[L2.24]

However, it is possible that a similar question with slightly different hypotheses
does admit an affirmative answer. For an example of a partial result in this direction,
Theorem implies that if (4, A") is a Huber pair such that Spa(A, AT) is a
perfectoid space and A = H°(Spa(A, AT), O), then A is sheafy.

EXERCISE 2.5.12. Extend the proof of Corollary 257 to show that for any
nonempty subset S of Spa(A4, AT), the completion (for the supremum norm over
S) of the stalk of the structure sheaf of Spa(A, A*) at S is a perfectoid ring.
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REMARK 2.5.13. For A a perfectoid ring promoted to a Banach ring, the home-
omorphism M (A) = M(A”) induced by Theorem Z5.1] (by restricting to valuations
of height 1) was first described in [I09] Corollary 7.2] (and alluded to in [107]).

Theorem was proved for perfectoid rings over a perfectoid field by Scholze
[I56, Theorem 6.3], and independently for perfectoid rings over Q, by Kedlaya—
Liu [I17, Theorem 3.6.14|. It was generalized to Tate rings by Kedlaya—Liu [118]
Theorem 3.3.18|. The extension to analytic rings is original to these notes, but uses
similar methods.

For perfectoid fields, Theorem generalizes the field of norms correspon-
dence of Fontaine-Wintenberger [69,[70]. The result in this case originated from a
private communication between this author and Brian Conrad after the 2009 Clay
Mathematics Institute summer school on p-adic Hodge theory; this argument was
subsequently reproduced in [110, Theorem 1.5.6] and [I17, Theorem 3.5.6]. (The
key special case of algebraically closed perfectoid fields amounts to an argument we
learned from Robert Coleman in 1998, as documented in [I01], §4].) The result was
obtained independently by Scholze using a different approach based on almost ring
theory; see [156], Theorem 3.7] for a side-by-side treatment of both approaches.

Theorem [2.5.3]is a generalization of (part of) the almost purity theorem of Falt-
ings, which appears implicitly in [56] and somewhat more explicitly in [68]. It was
proved for perfectoid rings over a perfectoid field by Scholze [I56l, Theorem 7.9], and
independently for perfectoid rings over Q, by Kedlaya-Liu [I17, Theorem 3.6.21].
It was generalized to Tate rings by Kedlaya—Liu [I18] Theorem 3.3.18]. The ex-
tension to analytic rings is original to these notes, but uses similar methods. (See
[117, Remark 5.5.10] for some additional discussion.)

2.6. Euclidean division for primitive ideals. In order to prove most of
our main results, we need to establish a version of Euclidean division for primitive
elements. Our presentation of this construction follows [109].

HyPOTHESIS 2.6.1. Throughout §2.6] let (R, RT) be a perfectoid pair of char-
acteristic p, and let z € W(R™) be a primitive element. Promote R to a uniform
Banach ring as per Remark [[L5.4

Note that by definition, these hypotheses imply that R is analytic. However, we
will only need that hypothesis starting with Lemma Z.6.13t the results before that
require only that R be perfect and uniform. This will be important in §2.7] where
we must make some calculations with a putative perfectoid ring of characteristic p
before establish its analyticity.

DEFINITION 2.6.2. Define the Gauss norm on W°(R) by the formula

Z P" (@]

n=0

=sup{|Z,|:n=0,1,..., };

note that the supremum is in general not achieved. Using Remark 2228 it can be
shown that the Gauss norm is a power-multiplicative norm, or even a multiplicative
norm in case the norm on R is multiplicative [L09, Lemma 4.2]; moreover, W(R™)
and W?(R) are both complete with respect to this norm.

For z a primitive element, for the Gauss norm we have |pz;| =1 > |z — pz1],
so for all x € WP(R), we have |2z| = |z|. Consequently, the ideals zW (R*) and
2WP(R) are closed in their respective rings, and using the quotient norms we may
equip W (RT)/(z) and W?(R)/(z) with the structure of Banach (and Huber) rings.
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Note also that zIW(R)NW (R*') = 2W (R*), so the map W (R')/(z) — Wb (R)/(2)
is injective.

REMARK 2.6.3. The topology induced by the Gauss norm on W?(R) can be in-
terpreted as the topology of uniform convergence in the Teichmiiller coordinates. On
W (R™"), this can also be interpreted as the I-adic topology for I = ([Z1],...,[Tn])
where Ty, ...,Z, € RT generate the unit ideal in R, although it requires some care
to show this when n > 1.

As in [T09,117,118], one can also consider weighted Gauss norms on W°(R)
given by formulas of the form

Z p" (@]
n=0 P

for some p € (0,1). (Note that the supremum becomes a maximum as soon as p < 1.)
On W(RT™), the topology induced by a weighted Gauss norm can be interpreted as
the (p, I)-adic topology for I as above.

For z a primitive element, the quotient norms on W°(R)/(z) induced by the
Gauss norm and any weighted Gauss norm coincide. This will follow from the
fact that every nonzero element of the quotient admits a prepared representative

(Lemma 2.6.9]).

For primitive elements, we have a useful analogue of Euclidean division. The
following discussion is taken from [109] §5].

=max{p " [T, :n=0,1,...,}

DEFINITION 2.6.4. Let z=[Z¢]+pz1 € W(R™) be primitive. For z =3 p"[Z]
€ WP(R), define the Euclidean quotient and remainder of x modulo z as the pair
(g, r) where

oo
zy:=p Nz —[To]), q:=2z2 'z, 7r:=2—qz=[To]— [Z0] Z 2 [Ty
n=0

DEFINITION 2.6.5. An element z = >~ p"[Z,] € WP(R) is prepared if |To| >
|Z,| for all n > 0. (This corresponds to the definition of stable in [I09] §5], but
we need to save that term for another meaning later; this terminology is meant to
suggest the Weierstrass preparation theorem.)

LEMMA 2.6.6. For z € W(R") primitive, no nonzero multiple of z in WP(R)
is prepared.

PROOF. Suppose by way of contradiction that x = Y oo p"[Z,] € W(R) is
nonzero and zx is prepared. On one hand, the reduction of zx equals ZyT, so To # 0
and

22| = [ZoTo| < [To < [x].
On the other hand, as described in Definition 2.6.2] we have |zz| = |z|, a contradic-
tion. ]

LEMMA 2.6.7. Let z € W(R?") be primitive. If v € WP(R) is prepared, then the
quotient norm of the class of z in W°(R)/(z) is equal to |z|.

PROOF. Suppose to the contrary that there exists y € x + zW®(R) with
ly| < |z|. Then x — y is a nonzero prepared multiple of z, so Lemma [2.6.0] yields a
contradiction. O
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COROLLARY 2.6.8. Let z € W(R™) be primitive. For T € R, the quotient norm
of the class of [T] in WP(R)/(2) equals |T|.

LEMMA 2.6.9. For z primitive and x € WY(R) not divisible by z, form the
sequence xg,x1,... in which ry = x and x,,41 is the Euclidean remainder of x,
modulo z. Then for every sufficiently large m, ., is prepared.

PROOF. If |z 41| > |Z0| |Tm| for some m, then ,,; is prepared; in addition,
|Zmt2| = |Tm+1], SO Tymt2, Timas, ... are also prepared. Otherwise, for ¢, the Eu-
clidean quotient of z,,, modulo z, the sum anozo qm converges to a limit ¢ satisfying
T = qz, so x represents the zero class in the quotient ring, contradiction. O

COROLLARY 2.6.10. For z primitive, the quotient norm on W°(R)/(2) is power-
multiplicative. If in addition the norm on R is multiplicative, then the quotient norm
on Wb (R)/(z) is multiplicative.

PrOOF. Combine Lemma 267 with Lemma [2.6.91 (Note that we are implicitly
using parts (a) and (b) of Exercise [2Z.6.11] below.) O

EXERCISE 2.6.11. Let x1,...,2, € W’(R) be prepared elements.

(a) Suppose that the norm on R is multiplicative. Show that x; - - - z,, is pre-
pared.

(b) Suppose that ;1 = --- = xz,. Show that xy---x, is prepared. (Hint:
combine (a) with Lemma [[5.21])

(¢) Give an example in which z; - - - x,, is not prepared. (Hint: take R to be a
product of two perfectoid fields.)

LEMMA 2.6.12. For z primitive, A := WY(R)/(z), 7 : W*(R) — A the quotient
map, AT = W(R"')/(z), and v € Spa(A, AT) arbitrary, we have v o7 o [e] €
Spa(R, RT).

PROOF. The nontrivial point is that v o 7 o [e] satisfies the strong triangle
inequality; this follows from Remark 2.2.8] |

Up to now, none of the arguments have required the hypothesis that R be
analytic. We add that hypothesis now.

LEMMA 2.6.13. For R analytic and z primitive, W°(R)/(2) is analytic.

ProOF. Put A = W*R)/(z), At = W(R')/(2). Let 7 : W°(R) — A denote
the quotient map. For v € Spa(A, AT), by Lemma [Z.6.12] the formula x — v(7([x]))
defines a valuation w € Spa(R, RT). By Lemma [[.T.3] there exists # € R such that
w(z) # 0; hence v(w([z])) # 0. By Lemma [[.T.3] again, A is analytic. O

LEMMA 2.6.14. The formula Z3.90) defines a functor from triples (R, RT,T),
in which (R, RY) is a perfectoid pair of characteristic p and I is a primitive ideal
of W(RT™), to perfectoid pairs (A, AT).

PRrROOF. By Corollary 2.6.10] and Lemma 2.6.13] A is uniform and analytic. Let
z be a generator of I. Let J be an ideal of definition of R such that zy € JP (this
exists because R is perfect). Then the set of z = > 7 p"[Z,] € W(R") withzy € J

maps to an ideal of definition .J of AT with p € J? such that ¢ : A*/J — AT /J?
is surjective. Hence (A, AT) is a perfectoid pair. O
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COROLLARY 2.6.15. For (R,R*,I) corresponding to (A, A™) as in Lemma
R.6.14], the construction of Lemma defines a bijective map Spa(A, AT) —
Spa(R, RT).

PROOF. For v € Spa(R,R'") corresponding to the pair (K, KT), the triple
(K,K*,IW(K™)) corresponds via Lemma 2614 to a pair (L,L"). By Corol-
lary 2.6.8 L is an analytic field; this pair then corresponds to the unique valuation
in Spa(A, AT) mapping to v. O

COROLLARY 2.6.16. For (A, A™) a uniform analytic Huber pair, the following
conditions are equivalent.

(a) There exists a pseudouniformizer @ € A such that wP divides p in AT
and @ : AT /(w) = AT /(wP) is surjective.

(b) The ring A is Tate and perfectoid.

(c) The ring A is perfectoid and the ring A° is Tate.

(d) The ring A is perfectoid and there exists a uniformizer @ € A® such that
#()P divides p in AT and ¢ : AT/(§(w)) — AT /(4(TP)) is surjective.

PROOF. Since all four conditions imply that (A4, A1) is perfectoid (using Corol-
lary Z310), we may assume this from the outset. It is clear that (a) implies (b),
(c) implies (a), and (d) implies (c); it thus remains to check that (b) implies (d).

Let @ € A be any pseudouniformizer. Lift w to some zo € W(A*"), then
form the sequence xg,z1,... as in Lemma 6.9 Write z,, = Y oo, p"[Tp,n] with
T € AT, For each v € Spa(A, AT), corresponding to w € Spa(A®, A°*) via
Corollary 2.6.15] we may apply Lemma 2.6.71 and Lemma to see that for m
sufficiently large, w(%,,0) = v(w) # 0; in particular, there exists a neighborhood U
of w in Spa(A”, A°*) on which 7, o does not vanish. Since Spa(A°, A°*) is quasi-
compact, we may make a uniform choice of m for which Z,, ¢ vanishes nowhere on
Spa(A®, A°+). By Corollary [L5.20, Tm,0 is a pseudouniformizer in A°. and we may

take @ = T, , for k sufficiently large to achieve the desired result. g

LEMMA 2.6.17. For (R, R™,I) corresponding to (A, A%) as in Lemma 2.6.14),
under the bijection Spa(A, AT) — Spa(R, RT) of Corollary 2615, every rational
subspace of Spa(A, AT) arises from some rational subspace of Spa(R, R1).

PROOF. Choose f1,..., fn,g € A generating the unit ideal. By Exercise [L2.2]
for € > 0 sufficiently small, perturbing fi,..., fn,g by elements of norm at most
€ does not change the resulting rational subspace. For y = f1,..., f,,g in turn,
choose zg € WP(R) lifting  and define the sequence g, z1,... as in Lemma 2.9
then for sufficiently large m we have

max{(a 0 §)(y), &} = max{a(@n) b (@ € M(R)).

By replacing y with #(Z,,) in the list of parameters for our rational subspace, we
achieve the desired result. (Il

REMARK 2.6.18. The idea of performing Euclidean division in rings of Witt vec-
tors has a long history. For Witt vectors over a valuation ring, some early instances
can be found in work of the author [I03] Lemma 3.28], [I05, Lemma 2.6.3|; the
thread was then picked up by Fargues—Fontaine (see [63 Preface, §1.1| for further
historical context). For Witt vectors over more general topological rings, an early
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source is [109] Lemma 5.5]; the point of view taken therein led to the treatment of
perfectoid fields given in [I10] and the treatment of perfectoid rings in [117,118].

By contrast, the original work of Scholze [156] did not rely on Euclidean division
for Witt vectors, this being supplanted by systematic use of almost commutative
algebra in the sense of Faltings.

2.7. Primitive ideals and tilting. We now show that the construction of
Lemma [2.6.14] accounts for all perfectoid pairs, completing the proof of Theo-
rem 2391

LEMMA 2.7.1. For (A, A™) a uniform Huber pair in which p is topologically
nilpotent, topologize the set A® := Wm A asin Definition 231
(a) Let (), (Yn)n € A® be elements. The limit in the formula

(2.7.1.1) (Tn)n + (Yn)n = (W}gnoo(xwﬁn + ym+n)pm)

exists and defines an element of A°.
(b) Using ZTLI) to define addition, A® is a perfect uniform Huber ring of
characteristic p.
(c) The subset At := fm At is a subring of A°. Moreover, for any ideal
of definition I of A* for which p € IP, the map
AT = lim AT = lim (A*/I)

TP TP

n

of topological rings, for the inverse limit of discrete topologies on the target,
is an isomorphism.

PROOF. In the ring W(F,[z? ~,y? " ]), we have
(2.7.1.2) ey = lim ([2" "]+ 7 "D

m—roo
from this equality, we easily deduce (a).

In A°, it is obvious that addition is commutative, multiplication distributes over
addition, the p-power map is a bijection, and adding something to itself p times
gives zero; using ([2.7.1.2)), we also see that addition is associative and continuous.
It follows that A° is a perfect topological ring of characteristic p and that z — |t
is a norm defining the topology of A°; in particular, A° is a uniform Huber ring.
This proves (b), from which (c) follows easily using Lemma 2271 O

HYPOTHESIS 2.7.2. For the remainder of §.7 let (A, A*) be a perfectoid pair.
Keep in mind that we do not yet know that A” is analytic; this will be established
in Lemma 2.7.8 Consequently, we need to be a bit wary about applying results
from §2.6] to avoid creating a vicious circle (see Hypothesis 2.6.T]).

DEFINITION 2.7.3. By Lemma [Z2.7] there exists a unique homomorphism 6 :
W(A™) — A" satisfying 0([z]) = #(x) for all z € A*. Since At /((p) + 1) —
At /((p) + I?) is surjective for an ideal of definition I as in Definition 2T (see
Remark ZTH), 6 is surjective. The map 6 extends to a homomorphism W?(A°) — A
which we also call 8; however, we do not yet know that this map is surjective (this
will follow from Lemma 2.7.9).

LEMMA 2.7.4. For any ideal of definition I of A* with p € IP, there exist topo-
logically nilpotent elements T1, ..., T, of A°t such that §(Z1),...,4(Z,) generate I.
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ProOF. Choose generators x1,...,x, of I. The surjectivity of 6 implies that
T1,..., Ty can be chosen so that x; — #(Z;) € I? for i = 1,...,n; this yields the
claim. O

LEMMA 2.7.5. The ideal ker(8) C W (A*T) is primitive.

ProOOF. It suffices to exhibit a single primitive generator. Choose Z1,...,T,
as in Lemma 2774l Since p € I?, we can write p in the form Y., v;#(%;) for some
y; € AT, Lift each y; to §; € W(A"T) and put

n
2 =p— Zﬂz’[@] e W(A™);
i=1
then z is evidently primitive.

It remains to show that z generates ker(6). If on the contrary y € ker(6) is not
divisible by z, then we may apply Lemma (which does not require A” to be
analytic) to produce a prepared element y' € W(AH) congruent to y modulo z; in
particular, 3’ also belongs to ker(6) and is not zero. We now obtain a contradiction
by a variant of the proof of Lemma 6.6l Let 7' € A be the reduction of y'; since
y' is prepared, we have |[p~*(y — [J'])| < |7/|. Applying 6, we obtain |—p~'4(7)| <
|#(%')|, which is only possible if #(7’) = 0 and hence 3’ = 0. This contradicts the
assertion that g’ is nonzero and prepared. O

LEMMA 2.7.6. The map v — v o defines an injective map Spa(A, AT) —
Spa(A®, A*).

PrROOF. The map is well-defined by Lemma and Lemma (or sim-
ply imitating the proof of the latter). Since the image of # : A°* — A%t gener-
ates a dense Z-subalgebra of A%, the map Spa(A*, AT) — Spa(A’t, A°F) is in-
jective. Combining this observation with Corollary [[.T.4] yields the injectivity of
Spa(A, At) — Spa(A®, A°T). O

LEMMA 2.7.7. Suppose that A is Tate and admits a pseudouniformizer w such
that w? divides p in At and ¢ : AT/(w) — AT/(wP) is surjective. Then A° is
Tate (hence perfectoid) and the map of Lemma 2200 is bijective.

PROOF. By the proof of Lemma 7.4 in the case n = 1, we can find @ € A°*
such that @w — () € wP’ A" and hence wA™ = #§(w@)A*. It follows that = is a
pseudouniformizer of A%, so A” is Tate. By Lemma E7.1] (A”, A°*) is a perfectoid
pair; in fact, the triple (A*, A**, ker(6)) corresponds to (A4, A*) as in Lemma 26.141

By Corollary 2.6.15] the map of Lemma [2.7.6] is bijective. O
LEMMA 2.7.8. With notation as in Lemma 274, the elements T1,...,T, gen-

erate the unit ideal in A°. In particular, A® is analytic.

PrOOF. Apply Lemma to construct a primitive generator z of ker(f).
Promote A to a uniform Banach ring as per Remark [[5.4 pulling back along
# then provides a norm promoting A°. Since #(Z1),...,#(Z,) generate the unit
ideal in A, we may form the associated standard rational covering of Spa(4, AT);
namely, for i = 1,...,n, let (4, A*) — (B;, B]") be the rational localization de-
fined by the parameters #(F1),...,#(Z,), #(Z;). By Lemma E71 B’ is a uniform
Huber ring containing Z; as a pseudouniformizer (because #(T;) is invertible in
B;), and hence a Tate perfectoid ring of characteristic p. (This did not yet require
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Lemma 27777 because we already had a choice of 7 in mind.) The surjective map
WA (T, ..., Ty) — A(Ty,...,T,) — B factors through W*(B?) — B; via the
map taking 7} to [f,/g], so W*(B?) — B, is surjective. Let (B., B;T) be the untilt
of (B?, B’) corresponding to the ideal (z), which is perfectoid by Lemma 2614
we now have a surjective map B! — B;. The map Spa(B;, Bj") — Spa(B., B/T)
is thus a closed immersion, and hence a homeomorphism of Spa(B;, B;") onto a
closed subset of Spa(B/, B/"). On the other hand, by Corollary Z.6.15] the image
of Spa(Bj, B/") — Spa(A, AT) consists entirely of points v for which v(§(z;)) <
v(§(;)) for j = 1,...,n, and hence is contained in Spa(B;, B;"). It follows that
B} — B; must in fact be an isomorphism, and so (B;, Bj") is perfectoid.

For some suitably large m, w := ﬁ(gp_m) is a pseudouniformizer of B; such
that w? divides p in B]" and ¢ : Bj" /(w) — B;"/(wP) is bijective. We may thus
apply Lemma 27,7 to deduce that Spa(B;, B;") — Spa(B?, B;H') is bijective, and
hence that M(B;) — M(B?) is bijective.

For a € M(A”) with a(Zy),...,a(T,) not all zero, we can find an index i €
{1,...,n} for which max{«a(Z1),...,a(T,)} = a(T;) # 0, and then « belongs to
the image of M(B?). In particular, the joint zero locus Z of y,...,Z, in M(A®),
which is closed, has as complement the image of M(B} @ --- @ B’) in M(A%),
which is also closed (because the image of a continuous map from a quasicompact
space to a Hausdorff space is closed). Consequently, Z is a closed-open subset of
M(A®); since A” is a Banach algebra over the trivially valued field F,, we may
apply [13] Theorem 7.4.1] to realize Z as the zero locus of some idempotent element
¢ € A’. Put e = #(€); then e is an idempotent of A which vanishes nowhere, and so
e = 1. It follows that € = 1, Z = 0, and A’ is analytic. O

LEMMA 2.7.9. The formula
(A, A") = (R:= A’ R* := A"F I :=ker(0 : W(R") — A™))

defines a functor from perfectoid pairs (A, A1) to triples (R, R™,I), in which the
pair (R, R") is a perfectoid pair of characteristic p and I is a primitive ideal of
W(RT). This functor and the functor from Lemma 2614 are quasi-inverses of
each other, so they are both equivalences of categories.

PrOOF. By Lemmal2Z7Tland Lemma 278, (R, RY) is a perfectoid pair of char-
acteristic p. By Lemma 275 I is a primitive ideal. It is evident that applying the
functor from Lemma [2.6.14] followed by this functor yields a functor naturally iso-
morphic to the identity; to complete the proof, we must verify that the composition
in the other direction is also naturally isomorphic to the identity.

Notate the composite functor as (A4, A1) — (B, B*); then the map 6 : W?(A®)
— A factors through an injective morphism B — A which (by the discussion of
Definition BX73)) restricts to an isomorphism BT — AT. Fix elements Ty, ..., T, €
APt as in Lemma 74 (for some ideal of definition); for any y € A, there exists
a nonnegative integer m such that £(z1)™y,...,#(T,)™y € AT = BT C B. Since
#(Z1),...,4(T,) generate the unit ideal in B, it follows that y € B, and so B — A
is surjective. This proves the claim. O

We have now established Theorem [Z.3.9, and thus are free to invoke it in sub-
sequent proofs.



114 KIRAN S. KEDLAYA

LEMMA 2.7.10. The map 6 : W°(R) — A induces a surjection W(R°) —
A° and an isomorphism R°/R°° — A°/A°°. (Recall that A°° denotes the set of
topologically nilpotent elements of A.)

PROOF. It is clear that (W (R°)) C A°; we establish the reverse implication
as follows. Start with an element y € A°, choose a lift z € W*(R) of y, form the

sequence g, 1, - .. as in Lemma[2.6.9 and choose m for which x,, is prepared. The
reduction Fy, of @, satisfies [p~! (zp — [Fm])| < [Tml, and so |y — §(Tm )| < [H(T)]-
This forces |T,,| = |y| < 1; since x,, is prepared, this in turn implies z,,, € W (R®).

This produces the surjection W(R°) — A°; since p is topologically nilpotent
in A, the map W(R°) — A° — A°/A°° factors through a surjection R°/R°° —
A°/A°°. Using Lemma 2.6.9] again, we see that this map is injective. d

2.8. More proofs. We continue to establish the basic properties of perfectoid
rings.

LEMMA 2.8.1. Let f : (A, AT) — (B, BT) be a morphism of perfectoid Huber
pairs such that f° is strict. (By Theorem [Z4.2] this is equivalent to f being strict, but
this lemma is used in the proof of that statement.) Let z € W(A") be a generator
of ker(0). Then within W°(B®) we have the equalities

2W(B* ) NW(AT) = 2 (A°), WO(B) N WP(AY) = W (B°)

PROOF. We check the first assertion, the second being similar. If z € W (A**)
can be written in W(BH) as yz for some y, then from the shape of z we see that
y is congruent modulo [Z] to an element of W (A"T). Writing y = wo + [Z]y; with
wo € W(A""), we may repeat the argument to see that y; is congruent modulo
[Z] to an element of W (A°T), and so on. Since W (A"*) is complete for the [2Z]-adic
topology, we deduce the claim. |

We have now established Theorem [Z4.2] and thus are free to use it in subse-
quent proofs.

LEMMA 2.8.2. Let (A, AT) be a perfectoid Huber pair. Then for any positive
integer m, there exists an ideal of definition I,, of AT such that p € I%m.

PROOF. The case m = 1 is included in Definition Z.I.Il Given an ideal of defi-
nition I,, such that p € I?" | choose generators z1, ...,z of I,,. By Remark 2.1.5]
there exist elements y1,...,y, of AT such that y¥ = z; (mod I%)); it follows easily
that v, ..., 4%, are topologically nilpotent and generate I,,,. Hence the ideal I,,, 11
of A* generated by y1,...,ym is also an ideal of definition and satisfies I}, | | = Iy;

hence p € IP™"" as desired. (]

The following metric criterion for the perfectoid property is adapted from [117]
Proposition 3.6.2].

LEMMA 2.8.3. Let (A, A") be a uniform Huber pair and let I be an ideal of
definition of AT such that p € IP. Using the ideal I, promote A to a uniform
Banach ring as per Remark [L54l Then A is perfectoid if and only if there exists
some ¢ € (0,1) such that for every x € A, there exists y € A with |x — yP| < c¢|z|.

PROOF. If there exists some c as described, then for m sufficiently large, the
ideal of definition I,, given by Lemma [2.8.2 has the property that ¢ : A°/I,,, —
A°/IP is surjective, so A is perfectoid. Conversely, suppose that A is perfectoid.



SHEAVES, STACKS, AND SHTUKAS 115

By Theorem 39, the map 6 : W?(A°) — A is surjective with kernel generated by
some primitive element z € W(A°T). Put ¢ := |Zo|. By LemmaZ6.9] for each z € A
there exists 7 € A” such that |z — #(7)| < c|z|; we may then take y = §(7/?). O

LEMMA 2.84. Let f : A — B be a morphism of uniform Banach rings with
dense image. If A is perfectoid, then B is perfectoid and f° has dense image.

PROOF. By arguing as in Lemma 7.1l we see that B” is a uniform Huber
ring which is perfect of characteristic p; it is also analytic because it receives the
continuous map f* from A°. By Theorem 239 we have A =2 WP(A%)/(z) for some
primitive element z € W(A**). Let B}, be the closure of the image of A” in B”,
which is a perfectoid ring of characteristic p, and set By := W?(B?)/(z). Since the
composition Wb(Ab) — A — B has dense image, so does the induced map By — B.
We may thus use By to verify that B satisfies the condition of Lemma 283 so B
is perfectoid. The map BB — B’ is a strict inclusion, as then is By — B by
Theorem 249} since the latter map also has dense image, it is an isomorphism.
Hence f” has dense image. (]

LEMMA 2.8.5. Let f: A — B be a surjective morphism of perfectoid Banach
rings. Then the quotient norm induced by the spectral norm on A coincides with

the spectral norm on B. (In other words, BT/ f(A™) is an almost zero BY-module;
see Definition 2294 below.)

PrOOF. We adapt the argument from [1I7, Proposition 3.6.9(c)|. Since f is
surjective, the induced map M(B) — M (A) is injective; by Lemmal[[.5.2T] it follows
that f has operator norm at most 1 (i.e., it is submetric). By Theorem [[L.T.9] the
quotient norm on B is bounded by some constant ¢ > 1 times the given norm. It will
suffice to check that ¢ can be replaced by ¢!/?; in fact, it further suffices to check that
for every b € B, there exists a € A such that |a| < c|b] and |b— f(a)| < p~ /P |b|
(as we may then iterate the construction).

To begin, lift b” to a’ € A with |a’| < ¢ |bP|. Choose some lift = of a’ to W(A?),
then construct the sequence z,, as in Lemma with respect to a primitive
generator of ker(f : W(A°) — A) provided by Lemma For m sufficiently
large,

(2.8.5.1) ald —4(Fmo)) < p~ ' max{a(d’), |b"|} (a € M(A)).

We claim that a := ﬁ(@ln/%) has the desired property. To see this, we may use
Lemma [[.5.27] to reformulate the desired inequality as

(2.8.5.2) Bb— fla) <p~'PB() (B € M(B)).

To check this, we first deduce from ([285.1]) that 3(b — f(a)?) < p~t [bP]. If B(p) >
0, we may deduce (2.8.5.2]) from a simple analysis of the p-th power map in a mixed-
characteristic nonarchimedean field [I08 Lemma 10.2.2]. If instead S(p) = 0, we
may instead deduce ([Z8.5.2) more trivially. O

LEMMA 2.8.6. Let f : A — B be a surjective morphism of perfectoid rings.
Then f° is also surjective.

PrOOF. We adapt the argument from [117, Proposition 3.6.9(d)]. Promote
A and B to uniform Banach rings (equipped with their spectral norms) as per
Remark [[5.4L It will suffice to check that each b € B” can be lifted to some @ € A
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with |a| < p'/? |b]; in fact, it further suffices to check that there exists @ with
@l < p'/?|b| and |b— f*(@)| < p~'/2 |b| (as we may then iterate the construction).

Apply Lemma B85 we may lift 4(b) € B to o’ € A with |a/| < p'/? ’5‘ Using
Lemma [Z6.9 as in the proof of Lemma [Z85] we can lift a’ to 2 € W?(A”) so that

la" — §(@o)| < p~" max{|a’| , B[}

We claim that @ := Ty has the desired property. To see this, apply Remark 2.2.8] to
deduce that

50 — 40" @) — 56 - S @)| < p72[0].
From this, it follows that
b= @] =6 - @) <2y
as desired. (]

LEMMA 2.8.7. Let (A, AT) be a perfectoid pair. Let z be a generator of ker (0 :
W(A™) — A1), Let (A,A%) — (B,BT),(A,AT) — (C,C*) be two morphisms
of perfectoid pairs. Then the pair (B@AC, B+®A+C+) s the untilt of the pair
(B°® 4o C°, B"*® 454+ C°) corresponding to the ideal (2).

PrOOF. This is clear in the case where C'is equal to the perfectoid Tate algebra
A(TP™™ : s € S) for some possibly infinite index set S (i.e., the completion of the
perfect polynomial ring A[T? " : s € S] for the Gauss norm) and C+ = AT(TP ™~ :
s € S), as then the completed tensor product is obtained by substituting B for A,
and likewise on the tilt side.

To handle the general case, put
C=ATP = :seCt), Ct=ANTP " :5¢€ ),

then there is a morphism (C',Ct) — (C,C*) sending TP " to #(s” ). The tilt of
this morphism has image containing all of C**, and hence is surjective (compare
the proof of Lemma [Z779); it is thus surjective by Theorem 2-4.4l By the previous
paragraph, (B&4C,Bt®4+C™) is the untilt of (B’® 4 C?, B"*® 45+ C**) corre-
sponding to the ideal (z). Since C" = C” is strict surjective by Theorem [[.T.9] so
is B"® 4 C* — B’®4,C”; by Theorem Z44(b), we can thus untilt the surjective
morphism (B’® 4,C”, Bt ® 454+ C*t) = (B*® 4,C”, Bt ® 45+ C*T) to get a surjec-
tive morphism (B&4C, BT ® 4+C*) — (D, D%). By the same token, C — C' is
strict surjective, as then is B® 4C — ®4C; we thus obtain a surjective morphism
(B&AC, B*®4+Ct) — (D, D).

To see that this map is an isomorphism, it suffices to do so at the level of the
rings of integral elements. To do this, first observe that DT is isomorphic to the
completion of B*t ® 4,4 C** with respect to an ideal of definition of A** (this being
obviously true with C replaced by C; the general case follows because C*+ — C*+
is surjective). It follows that D¥ is isomorphic to the completion of B* @ 4+ CT
with respect to an ideal of definition of A*. This in turn implies that we get the
same answer when completing with with respect to the spectral norm, which yields
the desired result. (Compare [118] Theorem 3.3.13], or [156 Proposition 6.18| for
a different approach using almost commutative algebra.) (]
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LEMMA 2.8.8. Suppose that f,,..., f,,G € A® are elements such that §(f,), ...,
8(f,.),5(9) generate the unit ideal in A. Let (A, A*) — (B, B%) be the rational
localization defined by these parameters. Then

B AT T Y@ T~ ) i=1,..,m5=0,1,.. )N
In particular, (B, B7) is an untilt of the localization of (A°, A°T) defined by f,, ...,
fn: 9

PrROOF. We emulate [I17, Remark 3.6.16]. Denote the quotient being com-

pared to B as B’. Choose hi,...,hn,k € A such that hifi(f,) + - + hat(f,,) +
kt(g) = 1. For iy, ..., i, € Z[p~ >0, T{* - - - Ti» represents the same class in B’ as

oo

(k+hTi+---+ hnTn)nu(Til—l_ilj)
Cf(F Uy gLt LiaDyplin) L pliad
We thus construct an inverse of the map B — B’. .

LEMMA 2.8.9. Theorem [2.5.9] holds in the case where A is a perfectoid field.
Moreover, the tilting operation preserves the degrees of field extensions.

PROOF. See [IT77|, Lecture 2| or the references in Remark 22513 O

LEMMA 2.8.10. Let R — S be a finite (resp. finite étale) morphism of perfectoid
rings of characteristic p. Then any untilt of this morphism is finite (resp. finite
étale).

PrROOF. Let A — B be an untilt of R — S. Choose %y, ..., T, which generate
S as an R-module. By the open mapping theorem, the resulting map R™ — S is
strict; it follows easily from this that [Z1],...,[T,] generate WP(S) over W°(R),
and hence that £(z;),...,4(Z,) generate B over A.

Suppose now that R — S is finite étale. Since A is uniform, as in [I17, Propo-
sition 2.8.4] we may check that A — B is finite flat by checking that its rank is
locally constant, which follows from Lemma 2801 (Note that this argument uses
essentially the fact that A is reduced; compare [53], Exercise 20.13].)

Now recall that R — S is finite étale if and only if both R — S and S®rS — S
are finite flat. (The “only if” direction is obvious. The “if” direction holds because
S®prS — S being flat implies that R — S is formally unramified [166] Tag 092M].
See also the discussion of weakly étale morphisms in [166l, Tag 092A].) By the
compatibility of untilting with tensor products (Lemma [Z87]), we may repeat the
previous argument to see that B ® 4 B — B is finite flat, and then deduce that
A — B is finite étale. O

LEMMA 2.8.11. Let (A, A™) be a perfectoid pair. Let z be a generator of ker (6 :
W(A") — A%). Then the functor B® — W°(B®)/(2) defines an equivalence of
categories between finite étale B°-algebras and finite étale B-algebras.

PROOF. The functor is well-defined by Lemma 2810l and fully faithful by
Theorem 239 it thus suffices to check essential surjectivity. In the case where A
is a perfectoid field, essential surjectivity follows from Lemma 2.8.9 In the general
case, given a finite étale morphism A — B, we may combine the field case with
the henselian property of local rings (Remark [[LZ5]) to produce a rational covering
{(A, A*) — (A;, A1)} such that for each i, B ®4 A; is the untilt of some finite
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étale A;-algebra. By full faithfulness, these modules collate to give a finite étale O-
module on Spa(A®, A°T). Since Spa(A®, A**) is sheafy by Corollary 25.4) we may
apply Theorem [LZ2] (or Remark [[Z3) to obtain a finite étale A’-module B” which
untilts to B. In particular, B is perfectoid. O

EXERCISE 2.8.12. Let A be a perfectoid ring. Note that in general, not every
finite A-algebra is perfectoid, even if we restrict to characteristic p (trivially by
adjoining nilpotents to destroy uniformity, or less trivially as in Exercise 2.5.8 where
the result is still uniform). Nonetheless, show that B — B’ defines an equivalence
of categories between perfectoid finite A-algebras and perfectoid finite A°-algebras.

2.9. Additional results about perfectoid rings. We mention some addi-
tional results whose proofs lie outside the scope of these notes.

THEOREM 2.9.1 (Kedlaya). Any perfectoid ring whose underlying ring is a
field is a perfectoid field. (That is, it is not necessary to assume in advance that the
topology is given by a multiplicative norm.)

PROOF. Any such ring is Tate (not just analytic), so [113] Theorem 4.2| ap-
plies. ([l

COROLLARY 2.9.2. Let A be a perfectoid ring. Let I be a maximal ideal of A
(which is automatically closed; see Remark [LTT)). If A/I is uniform, then it is a
perfectoid field.

PRrROOF. If A/I is uniform, it is again a perfectoid ring by Theorem 244 and
so Theorem [Z.9.1] applies. |

The following corollary is analogous to a standard fact about perfect rings.

COROLLARY 2.9.3. Any noetherian perfectoid ring is a finite direct sum of
perfectoid fields.

PROOF. Let A be a noetherian perfectoid ring. For T € A”, the sequence of
ideals (#(zZ" ")), of A forms an ascending chain, and hence must stabilize. That is,
there exists a positive integer n such that for y = ﬁ(fpfn), we have y = wy? for
some w € A. For such w, y?~'w is an idempotent in A, which defines a splitting
A= A; @ Ay of perfectoid rings by projecting onto A;. Since y(y?~1w) = y, y must
project to a unit in A; and to zero in As; consequently, T must project to a unit
in A% and to zero in A%. In other words, every element of A” equals a unit times
an idempotent. Since idempotent ideals in A” satisfy the ascending chain condition
(as seen by applying #), we deduce that A® is a finite direct sum of fields, each of
which must be a perfectoid field by Theorem 2.9.71 a

DEFINITION 2.9.4. For A a perfectoid ring, an AT-module M is almost zero
if it is annihilated by every topologically nilpotent element of AT. Such modules
form a thick Serre subcategory of the category of AT-modules, so one may form
the quotient category.

THEOREM 2.9.5. Let (A, AT) be a perfectoid pair. Then for each i > 0, the
AT -modules H*(Spa(A, AT),0%) and H'(Spa(A, A1), OF) are almost zero.

PROOF. See [156] Lemma 6.3(iv)] in the case where A is an algebra over a
perfectoid field, [117, Lemma 9.2.8] in the case where A is an algebra over Q,, or
[118] Corollary 3.3.20] in the case where A is Tate. The analytic case is similar. [
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In the Tate case, the following statement is [118] Theorem 3.7.4].

EXERCISE 2.9.6. A seminormal ring is a ring R in which the map
R—{(y,2) € Rx R:y* = 2%}, x> (22, 23)

is an isomorphism. This definition is due to Swan [168]. Using Theorem 2.9.5]
show that any perfectoid ring is seminormal. (Hint: work locally around a point
v € Spa(A, A1), distinguishing between the cases where v(y), v(z) are both zero or
both nonzero.)

THEOREM 2.9.7. Let A be a uniform analytic Huber ring such that some faith-
fully finite étale (i.e., faithfully flat and finite étale) A-algebra is perfectoid. Then
A is perfectoid.

PROOF. In the case where A is Tate, this is [L18], Theorem 3.3.25]; the analytic
case is similar. |

PROBLEM 2.9.8. Does Theorem [2.9.7] remain true if “étale” is weakened to
‘Aﬂat”?

THEOREM 2.9.9. Let (A, AT) be a (not necessarily sheafy) Huber pair in which
A is Tate and p is topologically nilpotent, and put X := Spa(A, AT). Then there
exists a directed system (A, A1) — (A;, A]) of faithfully finite étale morphisms such
that the completion of hﬂl A; for the seminorm induced by the spectral seminorm
on each A; is a perfectoid ring. (Note that the transition morphisms are isometric
for the spectral seminorms.)

PROOF. For A a Huber ring over Q,, this follows from an argument of Colmez:
for X affinoid, it suffices to repeatedly adjoin p-power roots of units. See [I57]
Proposition 4.8] (nominally in the locally noetherian case, but the argument does
not depend on this) or [I17, Lemma 3.6.26, Lemma 9.2.5]. In the Tate case, a
modification of Colmez’s argument by Scholze applies; see [L18, Lemma 3.3.28]. O

REMARK 2.9.10. It is far from clear whether Theorem 2.9.9] remains true if
we assume only that A is analytic, rather than Tate; there is no obvious mecha-
nism to ensure in this case that A has “enough” finite étale extensions. Nonetheless,
Theorem implies that in any analytic adic space (or preadic space; see Def-
inition [LTT2)) on which p is topologically nilpotent, in the pro-étale topology (to
be introduced in Weinstein’s third lecture [I77, Lecture 3], but see also Defini-
tion B.8.1]) there exists a neighborhood basis consisting of perfectoid spaces. This
fact underpins the use of perfectoid spaces in p-adic Hodge theory, as in the lectures
of Bhatt [I7] and Caraiani [28]; it also gives rise to the functor from analytic adic
spaces in which p is topologically nilpotent to diamonds (Definition E3.T]).

We next establish an observation of Bhatt about quotients of perfectoid rings,
using a key lemma of André from the proof of the direct summand conjecture (see

Remark A3719).

LEMMA 2.9.11 (André). Let A be a perfectoid ring, let w € A be a pseudouni-
formizer, and let g € A be an element. Let B be the completion of

. oo, /T —g
iy A ) (750
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for the infimum of the spectral norms (which does not depend on w). Then B is
perfectoid and A°/(w) — B°/(w) is almost faithfully flat; that is, for any A°/(w)-

module M, the groups Tor?o/(w)(M, B°/(w)) are almost zero A°-modules for all
1> 0.
PROOF. See [6] §2.5] or [16] Theorem 2.3|. O

THEOREM 2.9.12 (Bhatt). Let A be a perfectoid ring, let I be a closed ideal
of A, and let B be the uniform completion of A/I. Then B is perfectoid and the
natural map f: A — B is surjective.

PrROOF. By Theorem2:L3(a), B is perfectoid. Choose a pseudouniformizer 7 €
AP such that w := #(%) divides p in A°. By repeated application of Lemma EZ9.1T]
we may construct a morphism A — A’ with A’ perfectoid such that A°/(w) —
A’°/(w) is almost faithfully flat and every g € I admits a coherent sequence of
p-power roots {g? "}, in A’. Let J be the closure of the ideal of A’ generated by
the g? " for all g and n; by Corollary 4.6, A’/.J is perfectoid.

By Theorem[ZZ41] B’ := B® 4 A’ is again perfectoid. Note that B’ is the uniform
completion of the quotient of A’ by the closed ideal generated by I; since each g? "
projects to a nilpotent element of A’/ITA’, B is also the uniform completion of
A’/J. Since the latter is already perfectoid, it is in fact isomorphic to B’; that is,
'+ A" — B’ is surjective.

By Theorem ZZ4(b), f”* : A — B” is also surjective. By the open mapping
theorem (Theorem [LT9) and perfectness, the map A””° — B”° is almost surjec-
tive; the map A”°/(@) — B’ /(%) is thus almost surjective. This is the same
map as A°/(w) — B’°/(w); since A°/(w) — A’°/(w) is almost faithfully flat
and B’°/(w) is almost isomorphic to B°/(w) @ 40 /(w) A°/(w), we deduce that
A°/(w) — B°/(w) is almost surjective. This is the same map as A/(%) —
B> /(%0); applying this repeatedly, we deduce that A’ — B"° is almost surjective.
Consequently, f is surjective; by Theorem ZZ4] f is also surjective. O

COROLLARY 2.9.13. Let f: A — B be a morphism of perfectoid rings. Then f
is injective if and only if f’ : A® — B is injective.

PROOF. It is obvious that if f” fails to be injective, then so does f: if T €
ker(f?), then #(Z) € ker(f). Conversely, suppose that f has nonzero kernel I. Since
B is uniform, any homomorphism A/I — B of Banach rings factors uniquely
through the uniform completion of A/I; however, by Theorem 20.12] the latter
has the form A/J for some closed ideal J containing I, and is again perfectoid.
By Theorem 244, A” — (A/J) is surjective, and cannot be an isomorphism be-
cause J = 0; it thus has nonzero kernel by Corollary Since f? factors as
A® — (A/J)> — B’, it too has nonzero kernel. O

We obtain the following refinement of Theorem 2.9.1] which was left as an open
problem in [113].

COROLLARY 2.9.14. Let A be a perfectoid ring. Then for every mazimal ideal I
of A, the quotient A/I is a perfectoid field. In particular, there is exactly one point
of M(A) with residue field A/I.
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PROOF. Since I is maximal, it is closed (Remark [[TT]), so A/I is a nonzero
Banach ring. In particular, the uniform completion of A/I is also nonzero (Corol-
lary [[5:22); by Theorem 2:9.12] it has the form A/J for some closed ideal J of A
containing I. By maximality, we must have I = J; hence A/I is a perfectoid ring.
By Theorem [Z9.1] A/I is a perfectoid field. a

REMARK 2.9.15. Theorem implies that in the language of [159], there is
no difference between closed immersions and strongly closed immersions of perfec-
toid spaces (though the two concepts do differ for uniform adic spaces). That is, for
any perfectoid pair (A, AT), any closed subset of Spa(A, AT) which is the zero locus
of some ideal of A has the form Spa(B, BT) where B is a perfectoid quotient of
A. Nonetheless, there remain some open questions about the zero loci of perfectoid
power series; for further discussion, see the student project of Weinstein [177].

REMARK 2.9.16. In Theorem we do not know whether the ideal J/I
of A/I is always equal to the closure of the nilradical. See Example 2410l for a
nontrivial example where this does in fact occur.

REMARK 2.9.17. We postpone one more result until we have discussed fun-
damental groups: an amazing recent theorem of Achinger that asserts that adic
affinoid spaces on which p is topologically nilpotent have no higher étale homotopy
groups. See Theorem and Corollary

REMARK 2.9.18. For discussion of various foundational problems concerning
perfectoid rings and spaces in the spirit of the Scottish Boo see [I115]. Another
apt analogue in point-set topology is the book [167].

3. Sheaves on Fargues—Fontaine curves

We next pick up on a topic introduced in Weinstein’s lectures [I77]: the con-
struction of Fargues—Fontaine which gives rise to a “moduli space of untilts” of
a given perfectoid space. In this lecture, we study vector bundles and coherent
sheaves on Fargues—Fontaine curves (associated to a perfectoid field) and relative
Fargues—Fontaine curves (associated to a perfectoid ring or space), and a profound
relationship between these sheaves and étale local systems. We will see in the final
lecture how these results can be formally recast in a more suggestive manner that
suggests how to put the analogy between mixed and equal characteristic on a firm
footing.

Whereas in the first two lectures these notes constitute a fairly self-contained
treatment of the material, some of the material in the last two lectures is far beyond
the scope of what can be treated here. We thus revert to a more conventional order
of presentation, in which we either prove statements on the spot or defer to external
references.

11The Scottish Book is an artifact of the Lwéw School of Mathematics, which was active in
the 1930s and included Stefan Banach, Stanistaw Mazur, Hugo Steinhaus, Stanistaw Ulam, and
other Polish mathematicians. The book records many problems that arose in the development of
modern functional analysis. Mazur famously offered a live goose as the reward for the solution of
a particular problem; when this problem was finally resolved by Per Enflo in the 1970s, Mazur
dutifully presented Enflo with the promised prize in a ceremony broadcast on Polish television.
The book was created at and named for the Scottish Café in Lwéw; the city is now Lviv, Ukraine
and the site of the Café now houses the Szkocka restaurant, where one can view a replica of the
original book (as confirmed by the author in 2018).
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3.1. Absolute and relative Fargues—Fontaine curves. We begin by re-
calling the construction of Fargues—Fontaine [60H63] associated to a perfectoid field,
and its generalization to perfectoid rings and spaces by Kedlaya—Liu [117, §8.7-8.8].
This generalization appears in a somewhat different guise also in [162], §11.2].

HyPOTHESIS 3.1.1. Throughout §3.1] let (R, RT) be a perfectoid pair of char-
acteristic p and put S = Spa(R, RT). Note that only the case where R is Tate is
treated in [117].

DEFINITION 3.1.2. Define the ring A, := W(RT). It is complete for the adic
topology defined by the inverse image of some ideal of definition of RT.

LEMMA 3.1.3. Choose topologically nilpotent elements T, ..., %, € R which
generate the unit ideal in R.
(a) For the p-adic topology on Aiug, the ring Aing [p‘l]([%], ce %) is stably
uniform.

(b) Fori=1,...,n, for the [T;]-adic topology on Ain¢, the ring

Al ) (2 L Y

EANEAN [:]

is stably uniform.

Proor. We will verify both claims using Corollary Let S be the p-adic
completion of Zp[ppfm]; the natural morphism Z, — S is split in the category of
Z,-modules by the morphism S — Z,, taking all fractional powers of p to zero. By
the same token, every element of the p-adic completion of At ®z, S has a unique
representation as a sum

xTr = Z xtpt (xt S Ainf)

teZlp~1]>o

where for every positive integer m, there are only finitely many indices ¢ for which
x¢ Z 0 (mod p™). From this, it follows that the p-adic topology is induced by a
power-multiplicative norm, namely the one taking = to the maximum of p~™~% over
all t € Z[p~']>0 and all nonnegative integers m for which z; is not divisible by p™.

Note that the Frobenius map on (A ®z, S)/(p) is surjective, On one hand,
this implies that the ring (Ainf®2p S)[p~1], taking the completed tensor product for
the p-adic topology, is uniform (by the previous paragraph) and hence perfectoid.
We may thus tensor the morphism S — Z, over Z, with Ain¢[p~?!] to get a splitting
of Aielp™1] — (Ainf@ZpS) [p~1]. By Corollary ZZ5.5l A ¢[p~?] is stably uniform,
yielding (a).

On the other hand, the ring (Ainf<[%]>®zp S)[F; '], taking the completed ten-
sor product for the [Z;]-adic topology, is also perfectoid (note that this is an ex-
ample of a perfectoid ring which is Tate but not a Qp-algebra); we may thus
tensor the morphism S — Z, over Z, with Aj,¢(£)[F; '] to get a splitting of

(@]
Ainf<%>[fi_l] — (Ainf<%>®zp5)[@_1]. By Corollary 2.5.9] Ainf<%>[fi_l] is sta-
bly uniform, yielding (b). (Compare [162] Proposition 11.2.1] for a similar argu-
ment.) O

REMARK 3.1.4. The ring appearing in Lemma B.T3|(b) can be viewed as a sub-
ring of W (R;) where (R, R*) — (R;, Rj") is the rational localization with parame-
ters Ty, ..., Tn, T;. In particular, every element has a unique expansion Y " p"[7,,]
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with 7,, € R;. By contrast, elements of the ring appearing in Lemma B.I3[a) do
not necessarily admit expansions of the form ), p"[7,].

DEFINITION 3.1.5. For the topology described in Definition BI.2] the space
Spa(Ains, Aint) is not analytic; the analytic locus Spa(Aiyf, Aing )" consists of those
v for which either v(p) # 0 or there exists a topologically nilpotent element T of
R* for which v([z]) # 0. For Zy,...,T, topologically nilpotent elements of R*
which generate the unit ideal in R, Spa(Aint, Aing)®® can also be described as
the set of v for which v(p),v([Z1]),...,v([Z,]) are not all zero. By Lemma B3]
Spa(Aing, Aine)®® is a stably uniform adic space.

Let Ys be the subspace of Spa(Ains, Ain)®® consisting of those v for which
v(p) # 0 and there exists a topologically nilpotent element T of Rt for which
v([Z]) # 0. Again, the latter condition need only be tested for T running over a
finite set of elements which generate the unit ideal in R.

The action of ¢ on Yy is properly discontinuous. The quotient space Xg :=
Ys/¢% in the category of locally ringed spaces is the adic (relative) Fargues—
Fontaine curve over S, which we also denote by FFg (especially in cases where
we want to use X to mean another space).

EXERCISE 3.1.6. Prove that for any perfectoid space X over Q,, X xg, FFg is
a perfectoid space.

REMARK 3.1.7. With some effort, it can be shown that A;, is sheafy and hence
Spa(Aint, Aing) is itself a (nonanalytic) adic space (see Problem [A16.2)). For the case
where R is a nonarchimedean field, see Remark B.1.10l

REMARK 3.1.8. When one develops the theory of relative Fargues—Fontaine
curves, it is generally necessary to also consider the quotient of Yg by ¢"% for n a
positive integer; this gives a finite étale covering of Xg with Galois group Z/nZ. To
simplify the exposition, we (mostly) omit further mention of this construction.

REMARK 3.1.9. Suppose that R is Tate, and let @w € R be a pseudouniformizer.
We can then make the description of Xg somewhat more explicit. To begin with,
Y5 is the subspace of v € Spa(Ains, Aint) for which v(p[w]) # 0. This space can be
covered by the subspaces

n

Up :={veYs:vp? <vw@) <vp)? },
Vo= {veYs:op)?”  <uw) <op®} (nez),

where ¢ € (1,p) N Q is arbitrary. The action of ¢ permutes the U,, (among them-
selves) and the V,, (among themselves), and hence is properly discontinuous. The
spaces Uy and Vy map isomorphically to their images in Xg and cover the latter.
In particular, Xg can be covered by two affinoid subspaces, so for every pseudoco-
herent sheaf F on Xg we have H(Xg, F) = 0 for all i > 1.

REMARK 3.1.10. Suppose that R = F is a nonarchimedean field and R = op.
Then for any pseudouniformizer w of F, the ring Ainf[[w]_lK[%]) admits euclidean
division, and hence is a principal ideal domain; see [I11], Corollary 2.10]. (This result
appeared previously in [105, Lemma 2.6.3], but the proof contains several errors;

see the online errata.) In addition, the ring Ainf[[w]’l]([%]> is strongly noetherian

[111], Theorem 3.2]; consequently, in this case Xg is a noetherian adic space.
There is a useful illustration of the space Spa(Ains, Aint) in the lectures of Bhatt
[17]. To summarize, as in Example[[L6. ITlthere is a unique point v € Spa(Aius, Ajnt)
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which is not analytic, namely the one with v(p) = v([w]) = 0, and the only rational
subspace containing v is the whole of Spa(Ainf, Ainr). We may thus deduce that
Spa(Aint, Aing) is an adic space.

By contrast, if R is not a finite direct sum of perfectoid fields, then R itself
cannot be noetherian (Corollary 2.9.3)), and it is easily shown that Xg is not noe-
therian either. Also, one should not expect a particularly explicit description of
X in this case, by analogy with the structure of Berkovich analytic spaces: these
are reasonable to describe combinatorially in dimension 1 (or dimension 2 over a
trivially valued base field) and unreasonable in higher dimensions.

REMARK 3.1.11. The space Yy is not affinoid, because it is not quasicompact.
However, it is a quasi-Stein space in the category of adic spaces: it is a direct limit of
affinoid subspaces where the transition maps induce dense inclusions of coordinate
rings. For example, if R contains a pseudouniformizer w, then the subspaces {v €
Ys :v(p) < v(w)™,v(w) < v(p)"} for n = 0,1,... form an ascending sequence of
the desired form. Quasi-Stein spaces behave somewhat like affinoid spaces in that
certain sheaves on them can be interpreted in terms of modules over coordinate
rings. See [I18], §2.6] for a detailed discussion.

The category of vector bundles on Xg can be interpreted as the category of
p-equivariant vector bundles on Yg. In light of the previous paragraph, the latter
can be interpreted as finite projective O(Ys)-modules equipped with ¢-action.

REMARK 3.1.12. As described in [162], Example 11.2.2], each point of Xg cor-
responds to a Huber pair (K, K1) in which K is a perfectoid field; the tilting oper-
ation thus defines a map Xg — S which turns out to be a projection of topological
spaces. (See [162, Proposition 11.2.1] for a description of the corresponding map
Ys — S, keeping in mind that ¢ acts trivially on |S|.) This construction commutes
with base change; in particular, for F' a nonarchimedean field and Spa(F,0r) — S a
morphism, the fiber of Xg over Spa(F, 0r) coincides with the adic Fargues—Fontaine
curve over F. In this sense, Xg is a “family of curves” over S. However, this pro-
jection map is not a morphism of adic spaces. (It will acquire an interpretation in
the language of diamonds; see Definition L3.71)

Given an untilt (A4, AT) of (R, R"), Theorem produces a primitive el-
ement z of W(R') such that W(R")/(z) = A" via the theta map. If A is a
Q,-algebra, then the element z gives rise to a closed immersion of Spa(A™, A1)
into Spa(Ainf, Aint), which restricts (using Lemma [[L6.5) to a closed immersion of
Spa(A, A1) into Xg. If we identify Spa(A4, A*) with Spa(R, R") via Theorem 2Z5.1]
then this closed immersion becomes a section of the projection |Xg| — |S| in the
category of topological spaces.

REMARK 3.1.13. Promote R to a uniform Banach ring with norm |e| as per
Remark [[54l The coordinate ring O(Ys) can then be interpreted as the Fréchet
completion of Aj,¢[p~?] for the family of Gauss norms (as in Definition 2.6.2]) cor-
responding to the norms |e|" for all » > 0. In [117], this ring appears under the
notation 7@‘1}‘) and is an example of an extended Robba ring, named by analogy with
Remark 354

Using the norm on R, one can construct a deformation retract of the maximal
Hausdorff quotient of the space Xg (see Remark [[515) onto a suitable section
of | Xg| — |S]; this implies that |Xg| — |S| has contractible fibers. See [109]
Theorem 7.8].
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DEFINITION 3.1.14. Let O(1) be the line bundle on Xg corresponding to the
trivial line bundle on Ys on a generator v, with the isomorphism ¢*O(1) = O(1)
given by 1 ® v = p~lv.

Via the following theorem, the sheaf O(1) may be viewed as an ample line
bundle on Xg. This makes it possible to compare Xg to a schematic construction.

THEOREM 3.1.15. Suppose either that R is Tate and F is a vector bundle on
Xg, or that (R, RY) = (F,or) for some nonarchimedean field F and F is a coherent
sheaf on Xg. Forn € Z, define the twisted sheaf F(n) := F @ O(1)®™. Then for all
sufficiently large n, the following statements hold.

(a) We have H'(Xg, F(n)) = 0.
(b) The sheaf F(n) is generated by finitely many global sections.

PROOF. See [117), Lemma 8.8.4, Proposition 8.8.6]. O

DEFINITION 3.1.16. Define the graded ring
oo
Py := @Ps,n, Ps., := H°(X5,0(n)).
n=0

The scheme Proj(Ps) is called the schematic Fargues—Fontaine curve over S. By
construction, there is a morphism Xg — Proj(Ps) of locally ringed spaces.

By analogy with Serre’s GAGA theorem for complex algebraic varieties [164],
we have the following result.

THEOREM 3.1.17. The morphism Xg — Proj(Ps) has the following properties.

(a) Suppose that R is Tate. Then pullback of vector bundles from Proj(Ps) to
X defines an equivalence of categories.

(b) Suppose that (R, R*) = (F,0p) for some nonarchimedean field F. Then
pullback of coherent sheaves from Proj(Ps) to Xgs is an equivalence of
categories.

(¢) In both (a) and (b), the pullback functor preserves sheaf cohomology.

PROOF. As in the usual GAGA theorem, the strategy is to first prove preser-
vation of H', then preservation of H°, then full faithfulness of the pullback functor,
then essential surjectivity of the pullback functor. At each stage, one uses Theo-
rem to reduce to considering the sheaves O(n) for n € Z, which one studies
by comparing O(n) with O(n + 1). For more details, see [117, Theorem 6.3.12] for
(a) and [118] Theorem 4.7.4] for (b). O

LEMMA 3.1.18. Let s € H°(Xg,O(1)) be a section which does not vanish on
any fiber of Xs (that is, its pullback to Xgpa(p,o,) does not vanish for any nonar-
chimedean field F). Let T C O be the image of s@ O(—1) in O. Then the zero locus

Z of T is an untilt of S, and the projection | Xg| — |S| restricts to a homeomorphism
1Z(D)] = 15].

PROOF. We may work locally on S. For starters, we may assume S admits
a pseudouniformizer 7o; as per Remark B.1.9 we may further assume that Z is
contained in the affinoid subspace U = {v € Y5 : v(p)® < v(w) < v(p)} for
some ¢ € (1,p) N Q. We may also assume that Z is cut out by a single element
f € HY(U,O).
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In the case where S is a point, we can perform a Weierstrass factorization
using the Newton polygon of f, as in [105] Lemma 2.6.7], to write f as a multiple
of a primitive element; using this primitive element, we may realize Z as an untilt
of S. In the general case, we may make the same argument in a suitably small
neighborhood of any particular « € S, and thus deduce the claim. (See also [162]
Proposition 11.3.1].) O

REMARK 3.1.19. It is unclear whether Theorem and Theorem [B.1.17]
extend to the case where R is analytic, not just Tate. One serious difficulty in that
case is that by Corollary 2.6.16] if R is not Tate then it admits no untilts over
Q,, so by Lemma B.ITI8 H°(Xs,O(1)) cannot contain an element which does not
vanish identically on any fiber. As a result, even the nonvanishing of H%(Xg, O(n))
for n large is unclear.

REMARK 3.1.20. Suppose that R = F is a nonarchimedean field and RT = op.
Let K be an untilt of F. As in Remark BT.T2] the map 6 : W(or) — o is surjective
with kernel generated by some primitive element z. If K is of characteristic p, then
K = F and we may take z = p.

Suppose hereafter that K is of characteristic 0. The zero locus of z in Yy is a sin-
gle point; projecting this point from Ys to Xg amounts to forgetting the difference
between F' and its images under powers of Frobenius. From an algebraic point of
view, this makes sense to do because Frobenius commutes with all automorphisms,
and so this forgetting does not mess up any functoriality.

However, not all points of X arise in this fashion, even if F' is algebraically
closed. Consider by way of analogy the points on the adic projective line over F.
There, the points of height 1 are conventionally divided into four types (following
[13] Example 1.4.3]):

1. rigid-analytic points over a completed algebraic closure of F;

2. generic points of (virtual) closed discs of rational radius;

3. generic points of (virtual) closed discs of irrational radius;

4. points which witness the failure of F' to be spherically complete (i.e.,
equivalence classes of descending chains of closed discs with empty rigid-
analytic intersection).

The points of higher height are considered to be a fifth type; the type 5 points are
specializations of type 2 points (see [156], Example 2.20] for an illustration).

The structure of Xg is quite analogous to this. For example, see [109], Theo-
rem 8.17] for a classification of the height 1 points which reproduces many features
of the Berkovich classification.

REMARK 3.1.21. The previous construction globalizes to give an adic (relative)
Fargues—Fontaine curve over any perfectoid space of characteristic p. Better yet, one
may take the base space to be a suitably nice stack on the category of perfectoid
spaces, such as a diamond; see Definition £3.7]

REMARK 3.1.22. Although [63] shows a 2018 publication date, the original
construction of Fargues—Fontaine dates bac to 2006. As this origin precedes

12The history given in the preface to [63] starts in 2009; however, it is my understanding
that the initial discussions between Fargues and Fontaine began at a conference in Venice in 2006,
at which I was also present (but not privy to their conversations).



SHEAVES, STACKS, AND SHTUKAS 127

the general promulgation of the theory of perfectoid fields, the original construc-
tion involved only algebraically closed nonarchimedean fields, and yielded only the
schematic curves (Definition B-T.I6); the published version of [63] includes both the
schematic and adic viewpoints.

The relative Fargues—Fontaine curves, in both the schematic and adic versions
over a Tate base ring, were introduced by Kedlaya—Liu in [117].

3.2. An analogy: vector bundles on Riemann surfaces. We continue
with an analogy from classical algebraic geometry that will inform our work.

DEFINITION 3.2.1. Let X be a smooth proper curve over a field k. Recall that
the degree of a line bundle on X is defined as the degree of the divisor associated to
any nonzero rational section (noting that any two such divisors differ by a principal
divisor, whose degree is 0). Define the degree of a vector bundle V' of rank n as the
degree of A"V, denoted deg(V'). Define the slope of a nonzero vector bundle V' as
the ratio

u(v) = S
rank(V)

we say V' is semistable (resp. stable) if V' contains no proper nonzero subbundle V'
with p(V") > w(V) (resp. (V') > pu(V)). Every semistable bundle is a successive
extension of stable bundles of the same slope.

One can think of stable vector bundles as the building blocks out of which
arbitrary vector bundles are built. One result in this direction is a theorem of
Harder—Narasimhan [88], to the effect that every bundle admits a certain canonical
filtration with semistable quotients. We will see a more general version of this result

later (Theorem B.4.TT]).

REMARK 3.2.2. When X = P}, then Pic(X) = Z with the inverse map being
n+— O(n), and a theorem of Grothendieck [811192] states that every vector bundle
splits (nonuniquely) as a direct sum of line bundles. A nonzero vector bundle V' is
semistable if and only if it splits (noncanonically) as a direct sum O(n)®™ for some
m,n; in particular, every semistable bundle has integral slope. (These statements
were extended by Harder [87] to G-bundles on P}, for G a split reductive algebraic
group.)

This example is somewhat misleading in its simplicity. In general, not every
semistable bundle has integral slope; in particular, not every bundle splits as a direct
sum of line bundles. For example, if X is a curve of genus 1 and k£ is algebraically
closed of characteristic 0, a theorem of Atiyah [9] implies that for any line bundle
L on X of odd degree, there is a unique stable vector bundle V' of rank 2 such that
AV > L.

REMARK 3.2.3. Because the definitions of stable and semistable vector bundles
are nonexistence criteria, rather than existence criteria, they can be problematic to
work with. For example, it is not apparent from the definition that the pullback of a
(semi)stable bundle along a morphism of curves is again (semi)stable: the pullback
bundle may have a subbundle that witnesses the failure of (semi)stability but is not
itself the pullback of a subbundle on the original curve. For another example, for
any two nonzero bundles V, V’ on X we have

w(VoV) =uV)+uV’),
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but it is not apparent that the tensor product of two semistable bundles is again
semistable.

The subtlety of this point is illustrated by the fact that the situation de-
pends crucially on the characteristic of k. In characteristic 0, both pullback and
tensor product preserve semistability; this can be proved either algebraically (see
[99] Chapter 3|) or by using the Lefschetz principle to reduce to the case k = C,
then appealing to a “positive” but transcendental characterization of semistability
(see Theorem [3.2.4). By contrast, in characteristic p, semistability is preserved by
pullback along separable morphisms [99] Lemma 3.2.2] but not along Frobenius (see
[148] for further discussion of this phenomenon); semistability is also not preserved
by tensor products, as first shown by Gieseker [77].

In characteristic 0, the issues in the previous remark are resolved by the fol-
lowing theorem of Narasimhan—Seshadri [143], later reproved by Donaldson [46].

THEOREM 3.2.4. Assume that k = C, and choose a closed point xo € X. Then
a vector bundle V' of rank n on X is stable of slope 0 if and only if it admits a con-
nection V : V.= V @0y Qx /i, whose holonomy representation p : mi (X", x9) —
GL,,(C) (i.e., the one from the Riemann—Hilbert correspondence, obtained by ana-
lytic continuation of local sections in the kernel of V) is irreducible and unitary. In
the latter case, V and p are uniquely determined by V.

REMARK 3.2.5. The use of the terms stable and semistable in this manner
stems from the original context in which these notions were studied, via geometric
invariant theory. Assume (for simplicity) that k is of characteristic 0. For G C
GL(n)x a reductive k-algebraic group, a point x € A} is stable for the action of
G if its stabilizer in G is finite and its G-orbit is closed in A} (the finite-stabilizer
condition is comparable to the definition of a stable curve as one with a finite
automorphism group) Given a vector bundle V' of rank n of a particular rank and
degree on X, one can tensor with a suitable ample line bundle to obtain a bundle
generated by global sections; this gives a point z in a certain affine space carrying
a linear action of G = GL(n)y, which is stable for the action if and only if V is
stable as a bundle. This makes it possible to construct and study moduli spaces of
stable bundles by quotienting a certain orbit space for the action of G.

3.3. The formalism of slopes. We next describe a more general framework
in which slopes and (semi)stability can be considered. The presentation is based on
[150]; see André [4] for an alternate point of view based on tannakian categories.

DEFINITION 3.3.1. A slope category consists of the following data.

e An exact faithful functor F' : C — D for some exact category C and some
abelian category D such that for every V € C, the category of admissible
monomorphisms into V' (i.e., monomorphisms which occur as kernels of
epimorphisms) is equivalent via F' to the category of monomorphisms into
F(V).

e An assignment rank : D — Zx( which is constant on isomorphism classes,
additive on short exact sequences, and takes only the zero object to 0.

e An assignment deg : C — T (to some totally ordered abelian group I')
which is constant on isomorphism classes, additive on short exact se-
quences, and with the property that for every morphism f : Vi — V5
in C for which F(f) is an isomorphism, we have deg(V1) < deg(V2) with
equality if and only if f is an isomorphism.
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In order to parse this definition, we first translate the motivating example of
vector bundles on curves into this framework.

EXAMPLE 3.3.2. Let X be a smooth proper algebraic curve over a field k with
generic point 7. Let C be the exact category of vector bundles on X; a monomor-
phism V' — V is admissible if and only if V"’ is isomorphic to a saturated subbundle
of V, i.e., one for which the quotient V/V' is torsion-free. Let D be the category
of finite-dimensional x(n)-vector spaces; there is an obvious exact faithful functor
F : C — D taking a bundle V to its stalk V;,. For V' € C and K — F(V') a monomor-
phism, the subsheaf of V' given by U +— ker(V(U) — F(V)/K) is an admissible
subobject of V' because O(U) is a Dedekind domain. Let rank : D — Zx>( be the
dimension function.

Take I' = Z and let deg : C — T" be the usual degree function: for F € C of rank
n > 0, deg(F) is the degree of the divisor defined by any nonzero rational section
of the line bundle A" F. (The unambiguity of this definition relies on the fact that
any principal divisor on X has degree 0.) The fact that this is additive in short
exact sequences comes down to the fact that if 0 - V/ — V — V" — 0 is exact,
then there is a natural isomorphism

(3.3.2.1) Arank(V) o /\rank(V’)V/ ® /\rank(V”)V//.

If f:V — V' is a morphism in C for which F(f) is an isomorphism, then rank(V")
and rank(V’) are equal to a common value n, A" f : A"V — A"V’ is injective with
cokernel supported on some finite set S of closed points, and deg(V) — deg(V”) is
a nonnegative linear combination of the degrees of the points in S. (The differ-
ence deg(V) —deg(V’) can also be interpreted as dimy H?(X, coker(A"f)), but this
interpretation will not persist for abstract curves as in Definition B:34])

DEFINITION 3.3.3. For k = C, let X®" denote the analytification of X, which
is a compact Riemann surface. There is a canonical morphism X?" — X in the
category of locally ringed spaces; by (a very special case of) Serre’s GAGA theorem
[164], pullback along this morphism equates the categories of vector bundles (and
coherent sheaves) on X and X?" and preserves sheaf cohomology. We can thus
formally restate Example in terms of vector bundles on X?", or even in terms
of I'-equivariant vector bundles on Y where ¥ — X2" is a Galois covering space
map with deck transformation group I'. For example, if X is of genus at least 2,
then the universal covering space is an open unit disc with deck transformations by
the fundamental group of X?".

Our subsequent discussion will involve a generalization of Example 3.3.2]

DEFINITION 3.3.4. An abstract curve is a connected, separated, noetherian
scheme X which is regular of dimension 1; any such scheme has a unique generic
point n which is also the unique nonclosed point. An abstract complete curve is
an abstract curve X equipped with a nonzero map deg : Div(X) — Z which is
nonnegative on effective divisors and zero on principal divisors. For X an abstract
complete curve, we may emulate Example to obtain a slope category with C
being the category of vector bundles on X.

This generalization is sufficient to discuss Fargues—Fontaine curves. However,
we will also introduce some additional examples of the slope formalism in §3.5
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3.4. Harder—Narasimhan filtrations. Fix now a formalism of slopes. We
now define and construct the Harder—Narasimhan filtrations associated to objects
of C.

DEFINITION 3.4.1. Define the slope of a nonzero object V' € C as the ratio
deg(V')

V)= ———+—

Hv) rank(F(V))

If0 -V —V —=V"” = 0is an exact sequence in C with V’, V" # 0, then

min{p(V'), n(V")} < p(V) < max{u(V"), u(V")}
with equality if and only if p(V') = p(V").

A nonzero object V' € C is semistable (resp. stable) if V' contains no proper
nonzero subobject V/ with u(V’) > p(V) (resp. w(V') > u(V)); this implies that
V' admits no proper quotient V' with (V") < u(V) (resp. u(V") < u(V)). Note
that our hypotheses ensure that any rank 1 object is stable and that any twist of a
(semi)stable object by a rank-1 object is again (semi)stable. (It would be reasonable
to treat the zero object as being semistable of every slope, but we won’t do this.)

cl'®yz Q.

DEFINITION 3.4.2. For f : V — V’ a monomorphism in C, F(f) lifts to an
admissible monomorphism f : V — V’ in C through which f factors. We call f the
saturation of f, and call V the saturation of V in V.

Note that V and V have the same rank and A™*(V)V is a subobject of the
rank-1 object A" (V)V_ Since rank-1 objects are stable, we have deg(V) < deg(f/)
and (if rank(V) > 0) u(V) < p(V), with equality if and only if V = V.

REMARK 3.4.3. For f : V — V' an arbitrary morphism in C, the kernel of F(f)
corresponds to an admissible subobject of V' which is a kernel of f. By the same
token, the cokernel of this admissible monomorphism is an image of f.

The poset of subobjects of a given object in C is a lattice. For V; — V', V5 — V/
two monomorphisms in C, we write V3 N Vo and V3 + V5 for the meet and join,
respectively (mimicking the notation for vector bundles); these fit into an exact
sequence

0=-VinVa=VieVe =V +Ve —0.

Beware that the join of two admissible subobjects need not be admissible.
REMARK 3.4.4. A consequence of the previous discussion is that for any ad-
missible subobject V' of V, if we form the associated exact sequence

0=V oV -sV"50

and take W to be another (not necessarily admissible) subobject of V, we have
another short exact sequence

0>W W —->W"—0
where W' = V' N W is a subobject of V’ (and an admissible subobject of W) and
W' is a subobject of V.
LEMMA 3.4.5. IfV,V' € C are semistable and (V') > p(V"), then Home (V, V')
=0.

PROOF. Suppose by way of contradiction that f : V — V' is a nonzero mor-
phism. Let W be the image of V in V' (in the sense of Remark B43); then
p(V) < u(W) < p(V'), a contradiction. O
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LEMMA 3.4.6. Let
0=V -V -V"=0

be a short exact sequence of monzero objects in C. If V', V" are semistable of the
same slope i, then so is V.

PROOF. For any nonzero subobject W of V', with notation as in Remark [3.4.4]
we have

deg(W) = deg(W’) + deg(W") < prank(W') + prank(W") < prank(W),
so (W) < u (even in the corner cases where W/ =0 or W"” = 0). O

COROLLARY 3.4.7. For any u € I' ®z Q, the objects of C which are semistable
of slope p (plus the zero object) form an exact abelian subcategory of C which is
closed under extensions.

PROOF. Augment the previous lemma with the observation that if V € C
is semistable of slope u, any subobject W of V' which is semistable of slope pu is
admissible: otherwise, the saturation of W would witness the failure of semistability
of V. (]

DEFINITION 3.4.8. For V € C, a Harder—Narasimhan filtration (or HN filtra-
tion) of V' is a filtration

(3.4.8.1) o=VWcCc---Ccv,=V
such that each inclusion V;_; — V; is admissible with cokernel being semistable of
some slope p;, and p1 > --- > . By convention, the trivial filtration of the zero

object is an HN filtration. If V' # 0, then the sequence
0= Vl/Vl c---C ‘/l/Vl = V/V1

constitutes an HN filtration of V/Vy; this provides the basis for various inductive
arguments.

In order to better digest this definition, we give an alternate characterization
of the first step of the HN filtration.

LEMMA 3.4.9. Suppose that V € C is nonzero and admits an HN filtration
labeled as in BAZI). Then py is the mazimum slope of any nonzero subobject of
V, and Vi is the maximal subobject of V' of slope 1.

PRrROOF. We proceed by induction on rank(V'). There is nothing to check if
V' is semistable. Otherwise, for any nonzero subobject W of V| set notation as
in Remark B.4.4] with V' = V4. Using the semistability of Vi and applying the
induction hypothesis to V/V;, we see that

deg(W) < deg(W')+deg(W") < py rank(W') + u(Va/ V1) rank(W") < pg rank(W),
with strict inequality whenever W # 0. This proves the claim. O

We now turn around and construct the object with the properties of V; identi-
fied in Lemma[3.4.91 It is relatively easy to see that the possible slopes of subobjects
of V are bounded above, but this would only imply that the maximum is achieved
if T is discrete (because the slopes of subobjects of an object of rank n belong to
%F u---u %F, which would then itself be a discrete set). However, it is easy to give
an alternate argument that works even when I' is not discrete, and which even in
the discrete case gives additional crucial information.
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LEMMA 3.4.10. Suppose that V € C is nonzero. Then V admits a nonzero
subobject Vi of some slope py > (V') such that py is the mazimum slope of any
nonzero subobject of V', and Vi is the mazimal subobject of V' of slope uy.

PROOF. We proceed by induction on rank(V'), with the case of V' semistable
serving as a trivial base case. If V' is not semistable, then the set of nonzero proper
subobjects W with w(W) > wp(V) is nonempty; by saturating, we may find an
admissible subobject W of this form of maximal rank. (Note that we do not attempt
to maximize the slope of W, just its rank; hence this is a priori a maximization
over a finite set.) By the induction hypothesis, W admits a subobject V; of the
claimed form; we will show that this subobject also has the desired effect for V.
This amounts to showing that any subobject X of V satisfying p(X) > 1 must be
contained in W; to see this, write the exact sequence

0-MWNX->WpX->W+X -0,
note that (W N X) < py if WNX #0, and then compute that
deg(W + X) = deg(W) + deg(X) — deg(W N X)
rank(W)pu(W) + rank(X)p(X) — rank(W N X)p(W N X)
> rank(W) (W) + (rank(X) — rank(W N X))y
= rank(W + X) ;.

Since p1 > w(W) > p(V), W 4+ X is a subobject of V of slope strictly greater
than p(V); its saturation is an admissible subobject with the same property. By
the maximality of rank(W), this is only possible if rank(W + X) = rank(W), and
hence if W 4+ X = W because W is admissible. |

Putting the two preceding lemmas together gives us HN filtrations in general.

THEOREM 3.4.11 (after Harder-Narasimhan). Every object V. € C admits a
unique HN filtration.

PROOF. We check both existence and uniqueness by induction on rank(V),
the case V' = 0 serving as a trivial base case. To establish uniqueness, note that
Lemma [3:4.9] implies that the choice of V7 is uniquely determined, and then apply-
ing the induction hypothesis to V/V; forces the rest of the filtration. To establish
existence, take V1 as in Lemma B.ZI0F the maximal slope condition ensures that
V1 is semistable. For any subobject W of V/V7, the inverse image W of W” in V
is strictly larger than Vi, so u(W) < u(V7) and so u(W") < u(V4). Consequently,
we obtain an HN filtration of V by starting with V7, then lifting the terms of an
HN filtration of V/V; produced by the induction hypothesis. (I

DEFINITION 3.4.12. Suppose now that I' C R. For V € C, with notation as
in B4381), the slope multiset of V' is the multisubset of I' ®z Q of cardinality
rank(V') consisting of u(V;/V;—1) with multiplicity rank(V;/V;_1) for i = 1,...,1.
As is typical when studying nonarchimedean fields, it is convenient and customary
to repackage these values as the slopes of a piecewise affine function. We define the
HN polygon of V', denoted HN(V') to be the graph of the continuous, concave-down
function from [0, rank(V)] to R given by the formula

x> deg(Vir)+(e—rank(Vio ))u(Vi) (i =1, Lrank(Vio) < @ < rank(V;).
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That is, start at (0,0) and draw n segments of width 1 whose slopes are the elements
of the HN multiset in decreasing order, counting multiplicities. See Figure [l for an
illustration.

FiGure 1. The HN polygon associated to an object V' admitting
a filtration 0 = Vo C V; C Vo =V with rank(V;) = 3, deg(V;) = 3,
rank(Va/V7) = 2, deg(Va/V1) = 1.

LEMMA 3.4.13. For V,V' € C, the slope multiset of V & V' is the multiset
union of the slope multisets of V. and V'. We may characterize this by writing
HN(V & V') = HN(V) & HN(V").

PRrROOF. We proceed by induction on rank(V) + rank(V”), with all cases where
either summand is zero serving as base cases. If V, V'’ £ 0, let V1, V{ be the first step
in the respective HN filtrations, and let uq, ) be the respective slopes. Without
loss of generality suppose that p > uf. By Lemma [34.9] the largest element of
the slope multiset of V1 @ V5 is pp, with the corresponding subobject being Vi if
py > phoor Vi @ VY if up = pf. In either case, we may then conclude using the
induction hypothesis. O

REMARK 3.4.14. At this point, it is necessary to comment on two different sign
conventions that we have implicitly adopted at this point. The first is the direc-
tion of the inequality in the definition of semistability (or equivalently, the choice
of sign in the definition of the degree function): we are using the sign convention
compatible with the literature on geometric invariant theory (Remark B:2.5]), which
is incompatible with the literature on Dieudonné modules. The second is the choice
of concavity (up or down) in the definition of the HN polygon (which can be inter-
preted as the choice to label filtrations in ascending order); we are using the sign
convention compatible with the literature on algebraic groups, which is incompati-
ble with the usual definition of Newton polygons. When comparing results between
sources, it is important to keep track of both possible sign discrepancies.

We may characterize the HN polygon directly (without overt reference to the
HN filtration) as follows.

LEMMA 3.4.15. ForV € C, the HN polygon is the boundary of the upper convex
hull of the set of points (rank(W),deg(W)) € R? as W runs over all subobjects
of V.
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PRrROOF. On one hand, the steps of the HN filtration show that the bound-
ary of the upper convex hull lies on or above the HN polygon. We establish the
reverse inequality by induction on rank(V). Given a subobject W of V, set nota-
tion as in Remark .44 with V/ = V4. By the definition of semistability, the point
(rank(W’), deg(W")) lies under the line y = u(V1)x; by the induction hypothesis,
the point (rank(W’), deg(W")) lies on or below the HN polygon of V/V;. This yields
the claim. (]

In terms of slope multisets, we may formally promote Lemma [3.4.5] as follows.

COROLLARY 3.4.16. For V,V' € C, if the least element of the slope multiset of V
is greater than the greatest element of the slope multiset of V', then Home(V, V') =0.

ProorF. If V,V’ are both semistable, then this is exactly the assertion of
Lemma If V is general and V' is semistable, then the first step of the slope
filtration of V cannot map nontrivially to V’; we may thus deduce this case by
induction on rank(V). If V, V' are both general, then V' maps trivially to the final
quotient of the slope filtration of V'; we may thus deduce this case by induction on
rank (V). O

Corollary has various consequences about the possibilities for the set of
slope multisets for the three terms in a short exact sequence. A full analysis of this
in the case of the Fargues—Fontaine curves is part of the student project (see §A);
we limit ourselves here to one simple observation.

LEMMA 3.4.17. If 0 - V! — V — V" — 0 is a short exact sequence, then
HN(V) < HN(V' @ V") with the same endpoint.

PROOF. For every subobject W of V, Remark B44] gives rise to a subob-
ject W/ @ W" of V! & V" of the same degree and rank; using the criterion from
Lemma [3.4.T5] we deduce the claim. a

COROLLARY 3.4.18. Suppose that 0 = Vo C --- C Vi, =V is a filtration of V
by admissible subobjects such that each quotient V; /V;_1 is semistable of some slope
wi. Then HN(V) <HN(V/Vo & - - - @ Vi /Vin—1) with the same endpoint.

REMARK 3.4.19. So far, we have said nothing about tensor products; in fact,
we did not even include a symmetric monoidal structure on the category C in the
definition of a slope formalism. In practice, all of the examples we will consider in
this lecture admit such a structure which satisfies the property

(3.4.19.1) rank(V @ V') = rank(V) rank(V"),
deg(V @ V') = deg(V) rank(V") + deg(V") rank (V).
For V,V’ nonzero, we again have
p(Veov')=ulV)+uV'),

but it is again not apparent that the tensor product of two semistable bundles is
again semistable. When this occurs, the HN filtrations are determinantal in the
sense that slopes of objects behave like the determinants of linear transformations
(or more precisely, their images under some valuation). This is the same arrange-
ment that one encounters initially in the study of the Weil conjectures, as in [39]:
before one can define the weights of a coefficient object, one must work with the
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ultimately equivalent concept of determinantal weights, whose definition is based
on the fact that there is no ambiguity about weights for objects of rank 1.

REMARK 3.4.20. A thoroughly modern twist on slope formalisms comes from
the work of Bridgeland [26], which gives rise to slope formalisms for triangulated
categories; the motivating example is the bounded derived category of coherent
sheaves on an algebraic variety. In this setting, one assigns to each object a complex
number in the upper half-plane (called a central charge for presently irrelevant
physical reasons), with the argument of this value playing the role of the slope;
under fairly mild hypothesis, every object has a Harder-Narasimhan filtration.

3.5. Additional examples of the slope formalism. To provide some indi-
cation of the power of this formalism, we describe some other classes of examples.
In each case, the key question is whether or not the tensor product of semistable
objects is semistable; the example of vector bundles on an algebraic curve in pos-
itive characteristic shows that this is not guaranteed by the slope formalism (see

Remark B.2.3).

EXAMPLE 3.5.1. Let R be an integral domain in which every finitely generated
ideal is principal (a Bézout domain), or more generally an integral domain in which
every finitely generated ideal is projective (a Prifer domain); note that for such a
ring, every finitely presented torsion-free R-module is projective. Let ® be a monoid
acting on R via ring homomorphisms. Let C be the category of finite projective R-
modules with ®-actions: that is, one must specify an underlying module M together
with isomorphisms ¢*M = M for each ¢ € ® compatible with composition (with
the identity element of ® acting via the identity map). Let D be the category of
finite-dimensional Frac(R)-vector spaces with ®-actions. Let rank : D — Zx¢ be
the dimension function.

Let v : H'(®, RX) — I’ be a homomorphism with the following property: if
x € R is nonzero and satisfies p(z)/x € R* for all ¢ € ®, then the cocycle ¢
taking ¢ to ¢(x)/x satisfies v(c) > 0 with equality if and only if z € R*. Define
deg : C — T as follows: for V' € C of rank n, choose a generator v of A"V;letc: & —
R* be the cocycle taking ¢ to the element r for which the specified isomorphism
©* N"V = (A"V)®pr,p R = A"V takes v ® 1 to rv; and put deg(V) = v(c).

It is obvious that deg is constant on isomorphism classes and (from B321))
additive in short exact sequences. If f : V; — V4 is a morphism in C for which F(f)
is an isomorphism, then rank(V;) and rank(V3) are equal to a common value n,
A" f: A"Vp — A"V is injective with cokernel isomorphic to R/xR for some z € R
with ¢(z)/z € R*, and deg(V2) —deg(V1) = v(z) > 0 with equality only if Vi = V4.

REMARK 3.5.2. Example[3.5]is formulated so as to bring to mind the following
case. Take R to be the holomorphic functions on the open unit disc in C; this is a
Bézout domain which is not noetherian (consider an infinite sequence accumulating
at the boundary, and form the ideal of functions which vanish at all but finitely
many of these points). Take ® to be the deck transformation group for a Teichmiiller
uniformization of a Riemann surface X of genus at least 2; then the objects of C
are precisely the vector bundles on X, and it is straightforward to reverse-engineer
the map v so as to recover the usual degree function.

REMARK 3.5.3. Another possibly familiar context for Example B.5.1lis where R
is the fraction field of the ring of Witt vectors over a perfect field k of characteristic
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p, and ® is the monoid generated by the Witt vector Frobenius map; in this case,
C is the category of isocrystals over k. While this example is important in the
theory of Dieudonné modules, from the point of view of the slope formalism it
is misleadingly simple: if f : V3 — V4 is a morphism in C for which F(f) is an
isomorphism, then f is itself an isomorphism. In any case, one can use the standard
Dieudonné-Manin classification theorem in the case where k is algebraically closed
(see Theorem B.6.19) to show that for arbitrary k, the tensor product of semistable
objects is semistable.

Somewhere between the two previous examples, we find the following example
of great interest in p-adic Hodge theory.

REMARK 3.5.4. Let F' be a complete discretely valued field with valuation
vo : F* — Z. Let R be the ring consisting of all formal Laurent series ), c,t"
over F' which converge in some region of the form x < |t| < 1 (where * depends
on the series). By analogy with the complex-analytic case, results of [132] (on the
theory of divisors in rigid-analytic discs) show that R is a Bézout domain; note that
the units in R consist precisely of the nonzero series with bounded coefficients, so
vp induces a valuation map v : R* — Z. This construction occurs commonly in the
theory of p-adic differential equations, where it is commonly known as the Robba
ring over F' (in the variable ¢).

Let ® be the monoid generated by a single endomorphism ¢ : R — R given as a
substitution ) ., c,t™ = > o, cap(t)”, where ¢(t) = t"u for some integer m > 1
and some u € R* with v(u) = 0. Let v : H(®, R*) — Z be the homomorphism
taking the cocycle ¢ to v(c(¢)); again using the results of [132], one sees that this
satisfies the condition of Example B.5.1]

When F is of residue characteristic p and m = p, it is known that the tensor
product of semistable objects is semistable, by a classification theorem similar to
the one we will give for vector bundles on the Fargues-Fontaine curve. See [106].

A closely related example from p-adic Hodge theory is the following.

ExaMpPLE 3.5.5. Let k be a perfect field of characteristic p. Let K be the
fraction field of the ring of Witt vectors over k. Let L be a finite totally ramified
extension of K. Let C be the category of filtered p-modules over L; such an object
is a finite-dimensional K-vector space V equipped with a p-action, for ¢ the Witt
vector Frobenius, plus an exhaustive separated Z-indexed filtration on V ® i L by
L-subspaces. Morphisms in C are maps which are g-equivariant and respect the
filtration. Note that there are monomorphisms which are not admissible, because
the inverse image of the target filtration is the “wrong” filtration on the source.

We define deg by using exterior powers to reduce to the case of one-dimensional
spaces. For V' of dimension 1, the filtration jumps at a unique integer i, the action of
Frobenius on a generator is multiplication by some r € K*, and we set deg(V') = i—
vp(r). This yields a slope formalism in which preservation of semistability by tensor
product was shown by Faltings [55] using the relationship to Galois representations
which are crystalline in Fontaine’s sense, and more directly by Totaro [172]; another
approach can be obtained by going through Remark [3.5.4] using a construction of
Berger [12]. (Here the semistable objects are commonly called weakly admissible
objects.)

A related construction is that of filtered (¢, N)-modules, in which one adds
to the data a (necessarily nilpotent) K-linear endomorphism N of V satisfying
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N¢ = ppN. Again, Berger’s method can be used to show that the tensor prod-
uct of semistable objects is semistable, ultimately using the relationship to Galois
representations which are log-crystallm in Fontaine’s sense.

EXAMPLE 3.5.6 (suggested by Sean Howe). Let L/K be an arbitrary extension
of fields. Let C be the category whose objects are pairs (V, W) in which V is a
finite-dimensional K-vector space and W is a finite-dimensional L-vector subspace
of V ®k L; a morphism (V,W) — (V' W’) is a morphism f : V — V' of K-vector
spaces for which f(W) C W'. Let F be the functor (V, W) — V. We take the rank
to be dimg V' and the degree to be dimy W.

An important special case of this example is the case where K = Q,, L = C,,.
In this case, a result of Scholze-Weinstein [161, Theorem 5.2.1] shows that the
category C is equivalent to the isogeny category of p-divisible groups over Oc,; the
rank and degree then correspond to the height and dimension of the associated
p-divisible group. Note also that C can be viewed as a subcategory of the category
described in Example with k = F,, taking the trivial p-action on V' and the
filtration taking the value 0 at indices less than 0, W at index 0, and V ®g L at
indices greater than O.

REMARK 3.5.7. Another closely related example is that of Banach-Colmez
spaces. Roughly speaking, for F' a complete algebraically closed nonarchimedean
field of mixed characteristics, a Banach-Colmez space is a Banach space over Q,
which is obtained by forming an extension of a finite-dimensional F-vector space by
a finite-dimensional Q,-vector space, then quotienting by another finite-dimensional
Q,-vector space. In this setup, the rank is given by the dimension of the F-vector
space and the degree by the difference between the dimensions of the two Q,-vector
spaces.

In order to make this definition precise, we need to formulate the construction
in a way that fixes the F-dimension without fixing the F-linear structure (which we
do not want morphisms to respect). This is most naturally done using the pro-étale
topology on the category of perfectoid spaces of characteristic p; see Definition B.7.4

There is a close relationship between this example, Example B.5.5], and vector
bundles on Fargues—Fontaine curves: they all arise from different t-structures on
the same derived category. See [133] for a detailed discussion.

In all of the preceding examples, the group I' is discrete. Let us end with a few
examples where I' is not discrete.

EXAMPLE 3.5.8. Let k be a perfect field of characteristic p. Let X be the scheme
obtained by glueing together the rings Spec k[T'/?”] and Spec k[T~'/?”] together
along their common open subscheme Spec k:[Tﬂ/ P™]. By emulating the argument
for the usual projective line, one can exhibit a homomorphism Z[p~!] — Pic(X)
taking n € Z[p~!] to a line bundle O(n) whose global sections are homogeneous
polynomials of degree n (when n > 0), and show that this is an isomorphism (see for
example [33] or [47]). We may emulate Example to obtain a slope formalism
on vector bundles whose degree function takes values in Z[p~'].

If we view X as the inverse limit of P} along Frobenius, then every vector
bundle on X is the pullback of a vector bundle on some copy of P}, and so by

13The term semistable is more common here, and its etymology in this usage is entirely
defensible, but the ensuing terminological conflict renders the term log-crystalline a preferred
alternative.
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Grothendieck’s theorem splits as a direct sum of line bundles. Beware however
that one cannot derive this splitting by directly imitating the proof for P,lcz in that
argument, it is crucial that every exact sequence of the form

00—V -=>0(01)—=0

splits, but that fails here. The corresponding Ext group is spanned by homogeneous
monomials in x,y of total degree —1 in which each variable occurs with degree
strictly less than 0, and hence is nonzero.

In any case, we see that the tensor product of semistable bundles is semistable.

ExAMPLE 3.5.9. Let K be a nonarchimedean field of residue characteristic
p. Let X be the adic space obtained by glueing Spa(K(T? ), K(T? ~)°) and
Spa(K (TP "), K(T~? 7)°) together along Spa(K (T*?" "), K(T*? ~)°). Using
Exercise [[5.27, we see that every line bundle on either Spa(K (TP "), K(T? " )°)
or Spa(K (TP ), K(T~P 7)°) is trivial; using this, one can imitate the argument
in [33] to see that Pic(X) = Z[p~!].

By contrast with the previous example, it is not the case that every vector
bundle is a direct sum of line bundles! We illustrate this by showing that for p > 2,
there is a vector bundle V of rank 2 with A2V 22 O(1) which cannot be written as
the direct sum of two line bundles. (To cover p = 2, one should be able to construct
a vector bundle V of rank 3 with A3V 22 O(1) which does not split as a direct sum
of a line bundle and another bundle.)

To construct V, identify Exts(O(1), ©) with the completion for the supremum
norm of the K-vector space on the monomials z =%y~ for i € Z[p~!] N (0,1), and
take V' to be an extension corresponding to an element of this space of the form
s = ZZOZO cpx iy~ 1T where ¢, is a null sequence in K and %, is an increasing
sequence in Z[p~'] N (0, 3) with limit 1. If we had an isomorphism V = O(j) &
O(1 — j) for some j € Z[p~?], we would have to have j € (0,1) (otherwise s would
be forced to split), and without loss of generality j € (0, %) (since p > 2 we have
1 ¢ Z[p~']). Moreover, we would have Hom¢ (O, V (j — 1)) = K. However, from the

exact sequence
0-0U—-1)—=V({E-1)—-0(@G) —0
we obtain an exact sequence

0 — Home (O, V(j — 1)) = Home (O, 0(5)) — Exte(0,0(5 — 1))

where the last arrow is a connecting homomorphism. If we represent the source and
target of this map as homogeneous sums of degree j and j—1, then the map between
them is given by multiplication by s. More precisely, the source is (topologically)
spanned by monomials z'y/~* for i € Z[p~!] N [0,], while the target is obtained
by quotienting out by monomials in which either x or y occurs with nonnegative
degree. For t = >, j d;x'y?~* in the source, the corresponding element of the
target is Zi)n:Kin Cpd;xi~inyd =110 (the exponent of y is always negative because
in < 1/2 < 1 — j); if t represents an element of the kernel of the connecting
homomorphism, in K(T? ") we must have

Z d;T" <i chli"> =0 (modT).

0<i<y n=0
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However, by considering Newton polygons, we see that this congruence cannot
even hold modulo TV/2+i+¢ for any € > 0 unless t = 0. This yields the desired
contradiction.

Unfortunately, this example does not give rise to a slope formalism for general
K, because the underlying rings are not Bézout domains unless K is discretely
valued. In that case, we may emulate Example to obtain a slope category
whose degree function takes values in Z[p~!]. For p > 2, the above example is a
semistable object of rank 2 and degree %

We expect that if V' is semistable of rank r and degree d, then V' (—n) is spanned
by horizontal sections whenever d > rn. If so, this would imply (using the fact
that Z[p~!] is not discrete in R) that the tensor product of semistable objects is

semistable.

REMARK 3.5.10. When K is perfectoid of characteristic p, the two preceding
examples are related via an analytification morphism from the adic space to the
scheme. However, the discrepancies between the two cases make it clear that there
is no version of the GAGA theorem applicable to this morphism.

In connection with the analogy between archimedean and p-adic Hodge theory
(see §A4), Sean Howe has suggested the following example.

EXERCISE 3.5.11. Consider the category C of G,,-equivariant vector bundles
on P!, equipped with the fiber functor

V = {G,-invariant sections of V over P!\ {0, 00}}.

Equip Z? with the lexicographic ordering. Consider the degree function C — Z?2
induced by the function L — (n,p) on G,,-equivariant line bundles, in which n is
the usual degree of L and p is the order of vanishing at 0 of an invariant section
over P1\ {0, 00}.

a) Show that this gives a slope formalism.

(b) What are the stable and semistable bundles?

) Classify the G,,-equivariant vector bundles on P*.

) Give an equivalence between G,,-vector bundles on P! and a linear-
algebraic category, and describe the slope formalism in these terms. Then
give a linear-algebraic description of the subcategory of objects of slope
(n, x) for a fixed n.

We conclude with an exotic example coming from Arakelov theory (compare
[4, §3.2.1]).

EXAMPLE 3.5.12. Let C be the category of Euclidean lattices, i.e., finite free
Z-modules equipped with positive-definite inner products, in which morphisms are
homomorphisms of lattices which have operator norm at most 1 with respect to
the inner products. Let deg be the function assigning to a lattice L the quantity
—logdet L. This gives an example of the slope formalism; the Harder—Narasimhan
filtrations in this context were previously known as Grayson—Stuhler filtrations be-
fore the analogy between them was observed. The preservation of semistability by
tensor products has been conjectured by Bost and known in some cases.

One may similarly replace Z with ox for K a number field, considering finite
projective o x-modules equipped with Hermitian norms with respect to all real and
complex embeddings. This again gives a slope filtration in which the preservation
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of semistability by tensor products is conjectured by Bost and known in some cases;
see [4], §3.2.1] for further discussion.

3.6. Slopes over a point. We now consider the slope formalism associated
to vector bundles on Fargues—Fontaine curves, as treated in [63]. This provides an
improved perspective on some of my previous work on ¢-modules over the Robba
ring [103]105].

HyPOTHESIS 3.6.1. Throughout §3.8] let F' be a perfectoid field of characteristic
p and take S = Spa(F,op).

THEOREM 3.6.2 (Fargues—Fontaine). The scheme Proj(Ps) is an abstract curve.
FEvery closed point x has residue field which is an untilt of a finite extension of F';
setting deg(x) to be the degree of that finite extension gives Proj(Pg) the structure
of an abstract complete curve. (In particular, if F is algebraically closed, then every
closed point has residue field which is an untilt of F itself.)

PROOF. See [63] §6] in the case where F is algebraically closed and [63] §7] in
the general case. O

REMARK 3.6.3. For any pseudouniformizer 7o € F', the series

> pE
neL
converges to an element v of H°(Ys, O) satisfying ¢(v) = pv, and hence to an ele-

ment of H%(Xg,O(1)). This section vanishes at a single closed point whose residue
field is an untilt of F itself. It follows that deg(O(1)) = 1.

In light of Theorem we may apply Definition [3.3.4] to obtain a slope
formalism on the vector bundles on Proj(Pgs), or equivalently (by Theorem BITT)
on the vector bundles on FFg. These obey an analogue of Grothendieck’s theorem,
although with slightly more basic objects than just the powers of O(1).

DEFINITION 3.6.4. For d = % a rational number in lowest terms (which is to
say 1,8 € Z, s > 0, and ged(r, s) = 1), let O(d) be the vector bundle on Xg corre-
sponding to the trivial vector bundle on Yg of rank s on the basis vy, ..., vy with
the isomorphism ¢*O(d) — O(d) sending 1 ® vq,...,1 @ v to va,..., Vs, p V1.
This bundle is the pushforward of the line bundle O(r) on the s-fold cover of FFg
described in Remark [3.1.8

The following is an easy variant of Remark [3.6.3
EXERCISE 3.6.5. For d > 0, H(FFg, O(d)) is an infinite-dimensional Q,-vector
space. (By contrast, H*(FFg,0)) = Q,.)

EXERCISE 3.6.6. Suppose that F' is algebraically closed. For d,d’ € Q, O(d) ®
O(d') is isomorphic to a direct sum of copies of O(d 4+ d’). If you don’t see how to
check this “by hand”, use the Dieudonné-Manin classification theorem (see Theo-

rem [3.6.19]).

COROLLARY 3.6.7. For d = % in lowest terms, O(d) is stable of slope d and
degree r.

ProOF. All of the claims reduce to the case where F' is algebraically closed. We
start with the degree statement. For d € Z, the claim follows from Remark B.6.3
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For d ¢ Z, using [FZAI91) we reduce to checking that deg(O(d)®%) = ds**t1; this
follows from the previous case using Exercise

We next check semistability. Suppose that F is a nonzero subobject of O(d)
of slope greater than d. Then F®¢ is a subobject of O(d)®* of slope greater than
ds = r; the first step G in the HN filtration of F®* is a semistable subobject of slope
greater than r. By Exercise O(d)®* = O(r)®*", so the existence of a nonzero
map G — O(d)®* implies the existence of a nonzero map G(—r) — O. Since G(—r)
is semistable of degree p(G) — r > 0, this is a contradiction against Lemma

We finally note that since ged(r, s) = 1, O(d) cannot admit any nonzero proper
submodule of slope exactly d. It follows that O(d) is stable. O

REMARK 3.6.8. The stability of O(d) is not preserved by base extension from
Q, to a larger field. See Remark L3111

COROLLARY 3.6.9. Suppose that F is algebraically closed. For d,d € Q, the
following statements hold.
(a) If d < d', then Hom(O(d), O(d")) # 0.
(b) Ifd > d', then Hom(O(d), O(d")) = 0.

ProOF. Using Exercise and the identification
Hom(F, F') = H°(FFg, F¥ @ F'),

this reduces to checking that H°(FFg,O(d)) # 0 whenever d > 0, which is Ex-
ercise .65 and that H°(FFg,O(d)) = 0 whenever d < 0, which follows from
Corollary 367 (again, there are no nonzero maps from O to a semistable bundle
of negative degree). O

EXERCISE 3.6.10. For F,F’ vector bundles on FFg, produce a canonical iso-
morphism
Ext'(F,F') = H (FFs, FY @ F').
Deduce that if F' is algebraically closed, then for d,d’ € Q with d > d’, we have
Ext'(O(d), O(d’)) = 0. (For general F, this remains true when d > d'.)

EXERCISE 3.6.11. For d € Q, show that as a (noncommutative) Q-algebra,
End(O(d)) is isomorphic to the division algebra over Q,, of invariant d. Remember
(from local class field theory) that this algebra is split by every degree-d extension

of Qp.

EXERCISE 3.6.12. Suppose that F is algebraically closed. Prove that Pic(FFg)
> 7, i.e., every line bundle on FFg is isomorphic to O(d) for some d € Z (namely
its degree). This is not true for general F'; see Corollary B.6.17] for the reason why.

THEOREM 3.6.13 (Kedlaya, Fargues—Fontaine). Suppose that F is algebraically
closed. Then every vector bundle on FFg splits as a direct sum of vector bundles of

the form O(d;) for some d; € Q.

PrOOF. Using the alternate formulation in terms of finite projective mod-
ules over an extended Robba ring equipped with a semilinear g-action (as in Re-
mark BIT3), this result first appears in [I05, Theorem 4.5.7]; the case where F
is the completed algebraic closure of a power series field was previously treated
in [103, Theorem 4.16| using similar methods. Using the formulation in terms of
vector bundles on Proj(Pg), a different proof of this result was obtained by Fargues—
Fontaine [63] §8].
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The general strategy of both arguments can be characterized as follows. (This
is further axiomatized in [63], §5] into a theory of generalized Riemann spheres, but
we give only a summary here.) We may proceed by induction on rank(F), the rank
1 case being Exercise Given a bundle F, one knows from Theorem
that it admits a filtration in which each successive quotient splits as a direct sum
of copies of O(d) for a single value of d. By Corollary B.ZI8] the HN polygon of the
associated graded module is an upper bound on HN(F). Since the degree function
is discretely valued in this setting, we may choose a filtration whose associated
graded module has minimal HN polygon (the minimal polygon need not a priori
be unique but this doesn’t matter); the crux of the argument is to show that any
such filtration must split. By the induction hypothesis, this reduces to the case of
a two-step filtration

0—0@d)—F—0d)—0.
By Exercise B.6.10, there is nothing to check unless d < d’; in this case, one must
show that either the sequence splits or the filtration is not minimal. The former
condition is equivalent to the HN polygon of F having slopes d and d’; see Re-
mark B.6.14

Before discussing the proof of this further, we make a motivating observation.
Write d = £, d' = :—: in lowest terms, so that u(F) = Zi:: Now consider the subset
of Z?* obtained by taking all of the points under HN(O(d) ® O(d')) except for the
interior vertex (s’,r’); the upper convex envelope is an upper bound for HN(F) as
long as the latter is not equal to HN(O(d) & O(d')). Let d” be the least slope of
this envelope. (See Figure [ for two illustrated examples of this definition.)

FIGURE 2. The effect of removing the interior vertex of the HN
polygons of O(d) ® O(d’) with (d,d’') = (1, %), in which case d’ =
loand (d,d") = (—%, 3), in which case d” = —1

27

In particular, if the filtration is not minimal, then Hom(O(d"), F) # 0; in fact,
this also holds if the filtration splits because Hom(O(d"”),O(d’)) # 0 by Corol-
lary B.6.91 This suggests that our next step should be to prove that Hom(O(d"), F)
# 0 in all cases; using the induction hypothesis, it is not hard to show that this
is in fact sufficient to complete the proof (by showing that either F splits or the
original filtration was not minimal).

Note that d,d” are the slopes of two sides of a triangle with vertices at lattice

points and containing no lattice points in its interior; if we write d” = S—:: in lowest
terms, this implies that rs” — r”s = 1. By considering F ® O(—d”) and invoking
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Exercise [3.6.6] we reduce to checking the following special case: for any short exact
sequence

(3.6.13.1) 050 (—%) S F>0(1) =0

one has H°(FFg, F) # 0, or equivalently the connecting homomorphism

H°(FFg,0(1)) — H'(FFg, O (—%))

is not injective. This can be done in several ways.

e One option is to check this directly using an ad hoc calculation, as in
[103] Proposition 4.15] or [91] Proposition 9.5].

e The explicit calculation can be simplified by allowing passage from F to a
suitable extension field F”. For instance, one may take F” to be a (spher-
ically complete) field of Hahn-Mal’cev—Neumann generalized power se-
ries, leading to a somewhat easier computation [106] Proposition 2.1.6].
Descent of the conclusion from F’ to F is implicit in the proof of Theo-
rem lo. (.ol

e A cleaner option is to use the dimension theory for Banach—Colmez spaces
as in [63] §8.4]. This ultimately depends on some calculations of Colmez
[31] §7]. (Conversely, Theorem B.6.13] can be used to establish the dimen-
sion theory for Banach—Colmez spaces; we will not work this out here.)

e A somewhat more conceptual approach, described in [63] §8.3], is to iden-
tify the moduli space of nonsplit extension as in [B.6.I3.1]) with a certain
moduli space of p-divisible groups considered in [I61] via the (rational)
Dieudonné module functor. This identification builds upon results of Hartl
[90] and Faltings [59].

Using any of these approaches, the proof is completed. O

REMARK 3.6.14. In Theorem B:6.13] the multiset consisting of each d; with
multiplicity rank(O(d;)) equals the slope multiset of the bundle, and hence is in-
dependent of the choice of the decomposition. Moreover, for each p, the sum of all
summands O(d;) with d; > p is a step of the HN filtration, and hence independent
of all choices. We will exploit these observations in the following corollaries.

COROLLARY 3.6.15. For any inclusion F — F' of perfectoid fields, base exten-

sion from Xgspa(F,op) 10 Xspa(Fr,0,,) preserves semistability of vector bundles.

COROLLARY 3.6.16. For F' arbitrary, the tensor product of semistable vector
bundles is semistable.

Proor. Immediate from Exercise [3.6.6] and Theorem [3.6.13] O

By Theorem B.6.13] if F' is algebraically closed, then a vector bundle is semi-
stable of degree 0 if and only if it is trivial. This formally promotes to a statement
directly analogous to the Narasimhan—Seshadri theorem.

COROLLARY 3.6.17. For F arbitrary, the category of vector bundles on FFg
which are semistable of degree 0 is equivalent to the category of continuous rep-
resentations of G on finite-dimensional Q,-vector spaces via the functor F —
HO(Xspa(CF,UCF),}") for Cp a completed algebraic closure of F.
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REMARK 3.6.18. Corollary B.6.17 is closely related to the theory of (p,I')-
modules, an important tool in p-adic Hodge theory which gives a useful description
of the category of continuous representations of G, for F' a finite extension of Q,,
on finite-dimensional Q,-vector spaces. See [120] for a detailed discussion of how
this older theory fits into the framework of perfectoid fields and spaces.

It is worth comparing Theorem [3.6.13] with the Dieudonné-Manin classification
theorem.

THEOREM 3.6.19. In the notation of Remark B53], suppose that k is alge-
braically closed. Then every object of C splits as a direct sum of objects of the
form O(d;) for various d; € Q, where for d; = = the object O(d;) is a vector
space on the generators vi,..., v, equipped with the p-action sending vi,...,Vs to
Vo,..., Vg, P V].

PROOF. The original references are [45,[136]. Alternatively, see [41], §4.4] or
[108, Theorem 14.6.3]. O

REMARK 3.6.20. The main distinction between Theorem B.6.13] and Theo-
remB.6.19is that when d < d’, the group Hom(O(d), O(d')) vanishes in the category
of isocrystals but not in the category of vector bundles on FFg. This implies that
in the category of isocrystals over some perfect field k, the HN filtration splits
uniquely; whereas in the category of vector bundles over FFg, the HN filtration
splits (by Exercise B.6.10) but not uniquely.

REMARK 3.6.21. In [63], the construction of FFg is generalized from what we
consider here by allowing the role of the field Q, to be played by an arbitrary local
field E of residue characteristic p. When F is of mixed characteristic, this does not
give any essentially new results compared to the case we have considered. When F
is of positive characteristic, one gets a distinct but closely analogous situation orig-
inally considered by Hartl-Pink [91], who proved the analogue of Theorem B6.13]
See Remark B.7.7] for more discussion.

3.7. Slopes in families. We next indicate how the slope formalism behaves
in families, i.e., for vector bundles on relative Fargues—Fontaine curves.

DEFINITION 3.7.1. Let Pfd be the category of perfectoid spaces of characteristic
p. For S € Pfd and F a vector bundle on FFg, for any morphism Spa(F, F*) — S
with F' a perfectoid field, we may pull back F to Xgp,(r r+) and compute its HN
polygon. By Corollary [3.6.15] the result depends only on the image of Spa(F, F'T) in
S; moreover, the construction does not depend on the choice of F'™ at all. We thus
get a well-defined function HN(F,e) on the maximal Hausdorff quotient of S; by
restriction, we view this as a function on S which is constant under specialization.

THEOREM 3.7.2 (Kedlaya—Liu). For S € Pfd, let F be a vector bundle on FFg.

(a) The function HN(F,e) is upper semicontinuous. That is, for any given
polygon P, the set of x € S for which HN(F,z) < P is open; moreover,
this set is partially proper (i.e., stable under generization).

(b) If HN(F,e) is constant on S, then F admits a filtration which pulls back
to the HN filtration at any point.
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PRrROOF. For (a), see [117), Theorem 7.4.5]; note that what is asserted in [117] is
lower semicontinuity because of the sign convention therein that HN polygons are
concave up, not concave down (Remark B.4.14). For (b), see [I17, Corollary 7.4.10].

(]

COROLLARY 3.7.3. For S € Pfd and F € Vecrry, the set of points in S at
which HN(F, ®) has all slopes equal to zero is an open (and partially proper) subset
of S, called the étale locus of F.

DEFINITION 3.7.4. A morphism f : Y — X in Pfd is pro-étale if locally on Y it
is of the form Spa(An, AL) — Spa(4, AT) where (A, AL) is the completion (for
the spectral norm) of ligi(Au A}) for some filtered system of finite étale morphisms
(A, AT) — (AZ-,A?). For S € Pfd, let Sproer denote the pro-étale site as defined
in [I77, Lecture 3|; that is, a pro-étale morphism f :Y — X is a covering if it is
surjective and every quasicompact open subset of X is contained in the image of a
quasicompact open subset of Y (compare Definition B:81)).

For S* an untilt of S, Corollary Z5.10 induces a functorial homeomorphism
g nget = Sproet; if St is a space over Qp, this map factors through a functorial
map #* : Xg proet — Sproet- We emphasize that this is not the pullback along a
genuine map of spaces Xg — S, although there is such a map in the category of
diamonds (see Definition [L.3.7).

For S € Pfd, by an étale Q,-local system on S, we will mean a sheaf of Q,-
modules on Sproet Which is locally finite free. For S = Spa(F, or), this is equivale_nt
to a continuous representation of G on a finite-dimensional Q,-vector space; for S
connected, there is a similar interpretation in terms of continuous representations
of the étale fundamental group of S (see Remark A.T.6]).

THEOREM 3.7.5 (Kedlaya—Liu). For S € Pfd, the functor V — §~1(V) @q,
Orrg defines an equivalence of categories between étale Qp-local systems on S
and vector bundles on FFg which at every point of S are semistable of degree 0;
more precisely, there is a quasi-inverse functor taking F to the sheaf §.F given by
U +— H°(FFy, F). Moreover, this equivalence of categories equates sheaf cohomol-
ogy groups on both sides.

PRrROOF. In light of Definition B8] below, this follows from [117, Theorem
9.3.13] (for the equivalence of categories) and [117), Theorem 8.7.13, Theorem 9.4.5]
(for the comparison of cohomology). O

REMARK 3.7.6. For S a point, every étale Q-local system can be realized as
the base extension of an étale Zy-local system, by using the compactness of Gr
to obtain a stable lattice in the associated Galois representation. By contrast, for
general (or even affinoid) S, an étale Q,-local system only locally admits a stable
lattice; this is unsurprising if one thinks of examples of étale coverings of rigid
analytic spaces with noncompact groups of deck transformations, such as the Tate
uniformization of an elliptic curve or the Lubin-Tate period mapping.

REMARK 3.7.7. Suppose one were to construct a “moduli space” of vector bun-
dles on Fargues—Fontaine curves with a certain property (which really just means
a particular vector bundle on the curve over a particular base space). Then The-
orem [3.7.2] would give rise to a locally closed stratification of the moduli space by
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HN polygons, and Theorem would give rise to an étale Qp-local system over
the (possibly empty) open stratum corresponding to the zero polygon.

In the next lecture, we will be interested precisely in moduli spaces of this type,
parametrizing vector bundles with certain additional structures (reductions of the
structure group, modifications along certain sections of the structure morphism).
The category of diamonds provides a substantive (i.e., not meaninglessly formal)
context in which such moduli spaces can be constructed, providing an approach to
emulating certain constructions in positive characteristic which provide a geometric
approach to the Langlands correspondence.

These developments are largely motivated by developments in the analogous
setting in equal positive characteristic (see Remark B:6.21]), particularly the work
of Hartl [89,[90] and Genestier—Lafforgue [76].

Theorem has various applications beyond the scope of these notes. For
example, it is an ingredient (together with the methods of [I57], the properties of
pseudocoherent sheaves such as Theorem [[ZI8] and a number of additional ideas)
into a finiteness theorem for the cohomology of étale Q,-local systems on smooth
proper rigid analytic spaces; see [119].

3.8. More on exotic topologies. We have just seen and used one example
of a topology on adic spaces finer than the étale topology, the pro-étale topology on
the category of perfectoid spaces of characteristic p. In fact, there are quite a few
exotic topologies at work in the theory of perfectoid spaces; we focus on a couple
that will occur in the last lecture.

DEFINITION 3.8.1. Recall the definition of the pro-étale topology from Defini-
tion [3.7.4l This definition was formulated for perfectoid spaces of characteristic p,
but may also be used for any adic space (or even any preadic space; see §L.TT]).

This construction is the natural “pro” analogudy of the étale topology accord-
ing to the general discussion of pro-categories in SGA 4 [8, Exposé I|. However, this
is not the pro-étale topology as originally introduced in [I57) §3] for locally noe-
therian spaces, then generalized to arbitrary adic spaces in [T17), §9.1]. In that defi-
nition, one only considers inverse systems in which eventually all of the morphisms
are finite and surjective This definition has the advantage of retaining certain
features of the étale topology, such as the fact that a pro-étale morphism in this
sense induces an open map of underlying topological spaces [I57, Lemma 3.10(iv)],
[117, Lemma 9.1.6(b)]. More seriously, under some conditions, the ring morphism
associated to a pro-étale morphism of adic affinoid spaces is either flat, or at least
preserves the category of complete pseudocoherent modules; for example, this holds
when the base ring is perfectoid [118] Theorem 3.4.6], or when the morphism of
spaces is a perfectoid subdomain of a seminormal (Exercise 2.9.6) affinoid space
over a mixed-characteristic nonarchimedean field (see [I57, Lemma 8.7(ii)] for the
case where the base affinoid is smooth, and [118] Lemma 8.3.3] in the general case).

For this last reason, we propose to retronymically refer to the older version of
the pro-étale topology as the flattening pro-étale topology.

14This is an argument for spelling pro-étale with a hyphen: even if you share my preference
for suppressing hyphens on prefixes, the pro-étale topology is really the pro-(étale topology).

151t should be possible to replace this condition with a Mittag-Leffler condition without
changing the resulting topos.
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THEOREM 3.8.2. For (A, A™) a perfectoid pair, the structure presheaf on
Spa(A, A1) proet s an acyclic sheaf. The same is also true if we replace the pro-
étale topology with the v-topology (Definition B8H]).

PROOF. For A Tate, this (in both cases) is a consequence of [I1I8, Theo-
rem 3.5.5]. The general case follows from this statement plus Theorem [341 O

REMARK 3.8.3. By Theorem B.82] the pro-étale topology on the category of
perfectoid spaces is subcanonical (i.e., representable functors are sheaves; see Def-
inition [LTTT]). By contrast, the pro-étale topology on other types of adic spaces
is often not subcanonical. For instance, for K a nonarchimedean field of mixed
characteristics, the largest subcategory of the category of rigid analytic spaces over
K on which the pro-étale topology is subcanonical is the category of seminormal
spaces (Exercise [2.0.6); see [118], Theorem 8.2.3].

REMARK 3.8.4. In the category of schemes, it is useful to refine the étale topol-
ogy to the quE topology, in which any faithfully flat quasicompact morphism is
treated as a covering. It would be useful to do something similar for adic spaces, but
flatness is a tricky concept to deal with in the presence of topological completions
(compare Remark [[3.0]).

However, there is an even finer topology for schemes which does admit a suitable
adic analogue: the h-topology introduced by Voevodsky for use in A'-homotopy the-
ory [I74], in which the coverings are the universal topological epimorphisms (e.g.,
blowups). This topology is so fine that it is not even subcanonical on the full cat-
egory of schemes; analogously to Remark B.83] for excellent schemes over Q, the
maximal subcategory on which the h-topology is subcanonical is the category of
seminormal schemes [174] Proposition 3.2.10], [98 Proposition 4.5|, [118], Proposi-
tion 1.4.22]. For nonnoetherian schemes, a more useful variant of this topology has
been introduced by Rydh [154].

DEFINITION 3.8.5. By analogy with the h-topology, in [162] one finds consid-
eration of the v-topologytl on Pfd, in which a morphism f:Y — X is considered
as a covering if f is surjective and every quasicompact open subset of X is con-
tained in the image of a quasicompact open subset of Y. The v-topology on Pfd is
subcanonical by Theorem

DEFINITION 3.8.6. By a vector bundle on an adic space with respect to the pro-
étale topology or the v-topology, we mean a sheaf of O-modules which is locally
finite free. It is not reasonable to try to work with pseudocoherent sheaves at this
level of generality, due to the use of blatantly nonflat covers; however, in [I18] one
does find such a notion for the flattening pro-étale topology.

THEOREM 3.8.7. For (A, AT) a perfectoid pair, the pullback functor FPMod 4
— VeCspa(a,at) 0., 5 an equivalence of categories. The same is also true if we
replace the pro-étale topology with the v-topology (Definition B85]).

PRrROOF. For A Tate, this (in both cases) is a consequence of [I1I8, Theo-
rem 3.5.8]. The general case follows from this statement plus Theorem O

16 Acronym for fidelement plat quasi-compact.
17Tn the original version of [162], this was called the faithful topology.
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REMARK 3.8.8. Theorem [B.82land Theorem [3.8.7] in the case of the v-topology,
are analogous to certain results of Gabber about the h-topology on perfect schemes.
See [21], §3], [20, Theorem 1.2].

REMARK 3.8.9. For § € Pfd, the category of étale Qp-local systems on S
is equivalent (via pullback) to the category of sheaves of Q,-modules for the v-

topology which are locally finite free. See [117, Remark 1.4.2], [I18, Remark 4.5.2].

4. Shtukas

The Langlands correspondence describes a relationship between Galois repre-
sentations and automorphic forms extending class field theory, appropriately for-
mulated as a statement about the algebraic group G,,, to more general algebraic
groups. In the setting where the Galois group in question is that of a function field
over a finite field, there is a geometric approach pioneered by Drinfeld [48] (for the
group GL3) and subsequently extended by L. Lafforgue [128] (for the group GL,,)
and V. Lafforgue [130] (for more general groups).

In this final lecture, we give some hints as to how the preceding discussion can
be reformulated, using the language of diamonds introduced in [I77), Lecture 3],
in a manner that is consistent with geometric Langlands. This amounts to a segue
into Scholze’s Berkeley lecture notes [162].

4.1. Fundamental groups. We first review basic facts about the profinite
fundamental groups of schemes. A standard introduction to this topic is the book
of Murre [142]; our presentation draws heavily on a course of de Jong [37].

DEFINITION 4.1.1. For X a scheme, let FEt(X) denote the category of finite
étale coverings of X; for A a ring, we write FEt(A) as shorthand for FEt(Spec(A4))
and confuse an object of this category with its coordinate ring. The following ob-
servations about FEt will be useful.

(a) If A = lim, A; in the category of rings, then the base extension functor
from the 2-direct limit lim, FEt(A;) to the category FEt(A) is an equiv-
alence of categories. (By [166, Tag 01ZC], the functor is fully faithful. By
[166] Tag 00U2], any B € FEt(A) is the base extension of some étale A;-
algebra B; for some i. By [166l Tags 01Z0O, 07TRR], we may increase i to
ensure that B; is also finite and faithfully flat over A;; hence the functor
is essentially surjective.)

(b) If f: Y — X is a proper surjective morphism of schemes, then the functor
from FEt(X) to descent data with respect to f (i.e., objects of FEt(Y)
equipped with isomorphisms of their two pullbacks to Y x x Y satisfying
the cocycle condition on ¥ xx Y X x Y) is an equivalence of categories.
For a similar statement with a much weaker hypothesis on f, see [154]
Theorem 5.17].

The concept of a Galois category was originally introduced in SGA 1 [83]
Exposé V]. We instead take the approach of [166, Tag 0BMQ)], starting with the
definition from [166], Tag 0BMY].

DEFINITION 4.1.2. Let C be a category and let F' : C — Set be a covariant
functor. We say that (C, F) is a Galois category if the following conditions hold.

(a) The category C admits finite limits and finite colimits.
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(b) Every object of C is a (possibly empty) finite coproduct of connected ob-
jects. (Here X € C is connected if it is not initial and every monomorphism
Y — X is either a monomorphism or a morphism out of an initial object.)
(c) For every X € C, F(X) is finite.
(d) The functor F' is exact and reflects isomorphisms.
We often refer to F' in this context as a ﬁbe@ functor by analogy with the primary
example (Definition T3]

A key property of this definition is its relationship with profinite groups. Let G
be the automorphism group of the functor F'; then G is a profinite group and the
action of G on F induces an equivalence of categories between C and the category of
finite G-sets [166] Tag 0BN4|. This abstracts the usual construction of the absolute
Galois group of a field; see Remark E.T.4

DEFINITION 4.1.3. For X a connected scheme, the category FEt(X) is a Galois
category [166], Tag OBNB]. For T a geometric point of X (i.e., a scheme over X of
the form Spec(k) for k some algebraically closed field), the profinite fundamental
group ﬁ’mf (X,7) is the automorphism group of the functor FEt(X) — Set taking
Y to |Y xx Z| (noting that Y x x T is a disjoint union of copies of T); the point T
is called the basepoint in this definition.

From the construction, we obtain a natural functor from FEt(X) to the cat-

egory of finite sets equipped with ﬂ)rOf(X ,T)-actions. Using properties of Galois

categories, we sce that mP°'(X,Z) is profinite with a neighborhood basis of open
subgroups given by the point stabilizers in |Y x x Z| for each Y € FEt(X). More-
over, the previous functor defines an equivalence between FEt(X) and the category
of finite 7P"'(X,Z)-sets for the profinite topology on 7P"'(X,Z) (i.e., finite sets

with the discrete topology carrying continuous group actions).

REMARK 4.1.4. For X = Spec(K) with K a field, a geometric point T of X
amounts to a field embedding K — L with L algebraically closed, and 72" (X, T) is
the absolute Galois group of K acting on the separable closure of K in L. Similarly,
for general X, if T = Spec(L) is a geometric point lying over = Spec(K) € X,
then 7" (X, Z) remains (naturally) unchanged if we replace Z by the spectrum of
the separable or algebraic closure of K in L.

REMARK 4.1.5. In Definition ELI.3, the definition of #P™ (X, Z) is independent
of the choice of T, but only in a weak sense: any two choices of basepoints gives a pair
of groups and an isomorphism between them, but the latter is only specified up to
composition with an inner automorphism. This includes the familiar fact that “the”
absolute Galois group of a field F' is only functorial up to inner automorphism, as
its definition depends on the choice of an algebraic closure of F'. It also corresponds
to an analogous ambiguity for topological fundamental groups, arising from the fact
that changing the basepoint of a loop requires choosing a particular isotopy class
of paths from one point to the other. For this reason, the choice of an isomorphism
7PN X, 7)) = 7PN(X, T,) is sometimes referred to as a path (in French, chemin)
between the two basepoints Z; and .

18 Also frequently spelled fibre, but this is due more to the influence of Francophones on the
early development of this topic than to the standard discrepancies between US-style and UK-style
spelling.
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REMARK 4.1.6. The profinite fundamental group of a scheme is often called
the étale fundamental group and denoted 7$*( X, T). We avoid this terminology here
for the following reasons.

For a topological space X (which is connected, locally path-connected, and
locally simply connected) and a point x € X, the fundamental group m (X, z) (or
retronymically, the topological fundamental group) can be interpreted in terms of
deck transformations of covering space maps which need not be finite. If one uses
only the finite covering space maps as in Definition ET.3] one instead obtains the
profinite completion of 71 (X, z), which we call the profinite fundamental group of
X (with basepoint z) and denote by 7™ (X, z).

For a rigid analytic space X (or Berkovich space or adic space) and a geometric
point T of X, one can again define a profinite fundamental group W{’mf(X , ) using
finite étale coverings as in Definition 1.3l However, there are interesting étale
coverings which are not finite, such as the Tate uniformizations of elliptic curves of
bad reduction. To account for this, de Jong [35] defines the étale fundamental group
(X, T) in terms of coverings which locally—on—the—targe@ split as disjoint unions
of finite étale coverings. Again, the profinite completion of this group yields the
profinite fundamental group. Despite this, though, the profinite fundamental group
fails to detect many interesting examples; for instance, the Hodge—Tate period map
discussed in [I61] (which reinterprets the Gross-Hopkins period map [80]; see also

[28]) gives rise to a connected étale covering of P(IC’:n with deck transformations by

PSL>(Q,), a group with no nontrivial finite quotients (consistent with the triviality
of the profinite fundamental group of Pé’:n).

Let us now return to the case of schemes. Motivated by the previous examples,
let us define the étale fundamental group in terms of deck transformations of cov-
erings which are locally-on-the-target the disjoint unions of finite étale coverings.
For X a normal connected scheme, X is irreducible and we may thus choose the
base point T to lie over the generic point 1 of X; to compute fundamental groups,
there is no harm in replacing X with its reduced closed subscheme, which has the
same finite étale covers. We may then argue (see [166] Tag 0BQM]) that 7$' (X, T)
is a quotient of the absolute Galois group of 7 (i.e., the automorphism group of the
integral closure of x(n) in x(Z)), hence is profinite, hence coincides with 7' (X, Z).

By contrast, if X is a scheme which is not normal, then its étale fundamental
group need not be profinite. For example, let X be a nodal cubic curve in PZ. Let
Y be the normalization of X, and let y;, y2 be the two distinct points in Y mapping
to the node in X. Then for any basepoint T, m$*(X,T) is isomorphic to Z, with the
corresponding cover being the “helical” covering of X obtained from the disjoint
union | |, ., Y, of Z-many copies of Y by identifying yo € Y, with y; € Y, for
each n € Z. (Similar considerations apply when X is the scheme obtained by glueing
two copies of P{ along two distinct closed points.)

REMARK 4.1.7. In order to construct the non-profinite fundamental groups
described in Remark [ T.6lusing the formalism of Galois categories, one must modify
the definition of a Galois category by relaxing some of the finiteness hypotheses.
One candidate for a replacement definition is the concept of an infinite Galois theory
given in [I9] Definition 7.2.1]; this generalizes a construction of Noohi [144].

19This is not the same as defining this condition locally on the source. However, in the context
of topological covering spaces the two would be equivalent.
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REMARK 4.1.8. Another possible name for the profinite algebraic group is the
algebraic fundamental group, but this terminology has at least two defects of its own.
One is that in the context of complex manifolds, it may be interpreted as referring
to the pro-algebraic completion with respect to the images of finite-dimensional
linear representations; see for example [54]. The other is that it may be confused
with Nori’s fundamental group scheme of a variety over a field [1451[146].

REMARK 4.1.9. Remark is consistent with the behavior of étale Q,-local
systems, which for analytic spaces correspond to representations of the étale fun-
damental group rather than the profinite fundamental group. This is also true for
schemes for any natural definition of étale Q,-local systems, e.g., as locally finite
free modules over the locally constant sheaf @, on the pro-étale topology of X in
the sense of Bhatt—Scholze [19]. o

REMARK 4.1.10. Let Y — X be a morphism of connected schemes. Suppose
that for every connected Z € FEt(X), the scheme Y x x Z is connected. Then for

prof

any geometric point 7 of Y, the map 7™ (Y,7) — «? (X, 7) is surjective.

LEMMA 4.1.11. Let k — k' be an extension of algebraically closed fields. Let X
be a connected scheme over k. Then X/ is also connected.

PROOF. See [82] EGA IV.2, Théoreme 4.4.4]. O

DEFINITION 4.1.12. We would like to think of the profinite fundamental group
of a scheme as a “topological invariant”, but this goal is hampered by a fundamental
defect: it is not stable under base change. More precisely, if k¥ — k' is an exten-
sion of algebraically closed fields and X is a connected scheme over k, then X is
again connected by Lemma LTI} for any geometric point T of X}/, the morphism
PN X, T) — 7PN X, T) is surjective. However, it is casy to exhibit examples
where this map fails to be injective; see Example LT3l If (X is connected and)
wll)rOf(Xk/,f) — Wﬁ’rOf(X ,T) is an isomorphism for any ¥',Z, we say that the mor-
phism X — k is m-proper; this (highly nonstandard!) terminology is motivated
by the fact that proper morphisms with connected total space have this property

(Corollary 1.19).

ExXAMPLE 4.1.13. Let k& — k’ be an extension of algebraically closed fields of
characteristic p > 0 and put X := Spec(k[T]). For any geometric point T of X, the
Artin—Schreier construction provides an identification

HomTOPGp(ﬂ—Il;)rOf(Xv f)a Z/pZ) = @ kTZ
n>0,n7#0 (mod p)

(for TopGp the category of topological groups). This group is not invariant under
enlarging k.

EXAMPLE 4.1.14. Let k& — k’ be an extension of algebraically closed fields of
characteristic p > 0. Let X be a smooth, projective, connected curve of genus g
over k. Then for any geometric point T of X, Hom(7""*' (X, T), Z/pZ) is a finite
free Z/pZ-module of rank equal to the p-rank of X. This rank can be computed in
terms of the geometric points of the p-torsion subscheme of the Jacobian, and thus
is invariant under base change from k to k’. Thus the argument of Example [Z.1.13]
does not apply in this case, and indeed Corollary ELT.19 below will imply that

7PN (X, T) — 7P°(X, T) is an isomorphism.
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It turns out that the essential feature of Example . T.14] which separates it from
Example [£.1.13] is properness. We show this through a series of arguments.

LEMMA 4.1.15. Let f : Y — X be a morphism of schemes which are qcqs (quasi-
compact and quasiseparated). Suppose that the base change functor FEt(X) —
FEt(Y) is an equivalence of categories.

(a) The map mo(X) — mo(Y) is a homeomorphism.

(b) Suppose that one of X orY is connected. Then so is the other, and for
any geometric point § of Y the map ﬂ)mf(Y, ) — 7rlfr°f(X, Y) is a home-
omorphism.

PROOF. See [166], Tag 0BQA]. O

LEMMA 4.1.16. Let k — k' be an extension of algebraically closed fields of
characteristic 0. Let X be a k-scheme.

(a) The base change functor FEt(X) — FEt(X}/) is an equivalence of cate-
gories.

(b) If X is connected (as then is Xy by LemmaITT)), then for any geometric
point T of Xy, the map 7" (X, T) — 7YX, Z) is a homeomorphism.
That is, the morphism X — k is wi-proper.

PROOF. We start with some initial reductions. We need ounly prove (a), as then
(b) follows from Lemma We may assume that X is affine. By writing the
coordinate ring A of X as a direct limit of finitely generated k-subalgebras A; and
applying Definition ETTl(a) to both A and to A ®; k' = hﬂ,(Al ®pr k'), we may
further reduce to the case where X is of finite type over k. By forming a hyper-
covering of X by smooth varieties using resolution of singularities and applying
Definition LT.Tb), we may also assume that X is smooth. Using the Lefschetz
principle, we may also assume that k& and k' are contained in C; we may then
assume without loss of generality that ¥’ = C.

If X is connected, then so is X¢ by Lemma [L.TTT], as then is X2" by [83] SGA
1, Exposé X, Proposition 2.4]; from this, it follows that FEt(X) — FEt(X¢) is fully
faithful. To prove essential surjectivity, apply resolution of singularities to construct
a compactification X of X whose boundary is a divisor Z of simple normal crossings.
Given a finite étale cover of X¢, we obtain a corresponding Z-local system on X@&"
with finite global monodromy; by the Riemann—Hilbert correspondence plus GAGA,
this gives rise to a vector bundle on X¢ equipped with an integrable connection
having regular logarithmic singularities along Z¢. The moduli stack of such objects
is the base extension from k to C of a corresponding stack of finite type over k; since
the base extension must consist of discrete points, these points coincide with the
connected components of the stack, which remain invariant under base extension
(Lemmal T TTlagain). We thus obtain a vector bundle with integrable meromorphic
connection on X itself; the sheaf of sections of this bundle is the underlying Ox-
module of a finite étale O x-algebra descending the original cover of X¢. O

REMARK 4.1.17. From the proof of Lemma [£.T.T6], we see that if X is a smooth
scheme over an algebraically closed field &k of characteristic 0, ﬁ)mf(X ,T) can be
computed as the profinite completion of 71 (X@", T) for any embedding k — C (and
any closed point T of X¢). However, even if X is projective, the group m1 (X", @) is
not in general independent of the choice of the embedding k — C, as first observed
by Serre [165].
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LEMMA 4.1.18. Let A be a henselian local ring with residue field k. Let f :
X — S :=Spec(A) be a proper morphism of schemes. Then the base change functor
FEt(X) — FEt(X xg Spec(k)) is an equivalence of categories.

ProoF. This is a relatively easy argument in terms of relatively difficult the-
orems (on algebraization and approximation). See [166], Tag 0A48]. O

COROLLARY 4.1.19. Let k — k' be an extension of algebraically closed fields
(of any characteristic). Let X be a proper k-scheme.

(a) The base change functor FEt(X) — FEt(X}/) is an equivalence of cate-
gories.

(b) If X is connected (as then is Xy by LemmaETTT), then for any geometric
point T of Xy, the map 7 (X, T) — 7YX, Z) is a homeomorphism.
That is, the morphism X — k is wi-proper.

PROOF. Part (a) is obtained from Lemma [LT.I8 by writing k" as a direct limit
of finitely generated k-algebras; see [166] Tag 0A49]. Given (a), (b) follows from
Lemma ]

REMARK 4.1.20. If Kk = C and X is proper over k, then the GAGA theorem,
as extended to the proper case in SGA 1 [83, Exposé XII], implies that any finite
covering space map of the analytification X" of X is in fact the analytification of
a finite étale cover of X. Hence if 7 is a geometric point lying over a closed point =
of X, then 7¥™°'(X,T) can be interpreted as the profinite completion of m; (X", z).

We now turn to analogues of the homotopy exact sequence of a fiber bundle of
topological spaces. The following result, similar in spirit to Stein factorization, is a
refinement of [83 SGA 1, Exposé X, Corollaire 1.3] adapted from a similar result
for diamonds [162], Proposition 16.3.3].

LEMMA 4.1.21. Let X — S be a qcqs morphism of schemes with connected,
w1 -proper geometric fibers. Assume in addition that for every geometric point s of
S, every connected finite étale covering of X Xg's extends to a finite étale covering
of X xg U with connected geometric fibers over some étale neighborhood U of 5 in
S. Then for any finite étale morphism X' — X, there exists a commutative diagram

X —=X

.

S ——=8
such that S’ — S is finite étale and X' — S’ has geometrically connected fibers.
Additionally, this diagram is initial among diagrams

X —=X
T——S
where T — S is finite étale; in particular, it is unique up to unique isomorphism.

PROOF. In light of the uniqueness statement, the claim is fpqc-local on S; by
Lemma [£T.17] the hypothesis is also fpgc-local on S. We may thus assume first
that S is affine and reduced (since replacing S by its reduced closed subscheme
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does not change its étale site), and second that S is strictly w-local in the sense
of [19]; in particular, every finite étale covering of a closed-open subspace of S
splits. In this case, the uniqueness property is vacuously true, and we need only
check existence; this amounts to showing that X’ splits as a finite disjoint union of
closed-open subspaces, each of which maps to some closed-open subspace of S with
geometrically connected fibers.

It suffices to work étale-locally around some geometric point 5 € S. By the qcgs
hypothesis, the functor
(4.1.21.1) 2—113FEt(X xsU) = FEt(X xg3),

U3

where U runs over étale neighborhoods of 5 in S, is an equivalence of categories.
We may thus reduce to the case where X X g5 is connected, in which case we must
produce U so that X’ xg U has connected geometric fibers over U. By shrinking
U, we may first ensure that X’ x 53 lifts to some finite étale cover of X x g U with
connected geometric fibers over U (by hypothesis), and second that this cover is
isomorphic to X’ (again because ([{I.21.]) is an equivalence). O

This then yields a variant of [83, SGA1, Exposé X, Corollaire 1.4] adapted from
[162] Proposition 16.3.6].

COROLLARY 4.1.22. With notation and hypotheses as in Lemma 12T, suppose
in addition that S is connected. Then X is connected, and for any geometric point
T of X mapping to the geometric point s of S, the sequence

PN X xg5,T) = mPONX,T) = 7PN(S,5) = 1
15 exact.

PROOF. We first check that X is connected. It is apparent that X # (). Suppose
by way of contradiction that X disconnects as X; LI X5. For any geometric point
5 € 5, X xg5 is connected by hypothesis, so one of X1 Xg3§, X2 X g3 must be empty.
Suppose that X; xXg 5 is empty; since X; is qcgs, this space can be rewritten as
the inverse limit lim X3 xg U for U running over étale neighborhoods of 5 in S.
At the level of topological spaces, we have an inverse limit of spectral spaces and
spectral morphisms, which can only be empty if it is empty at some term. (For the
constructible topologies, this is an inverse limit of compact Hausdorff spaces, which
by Tikhonov’s theorem cannot be empty if none of the terms is empty.) It follows
that {s € S : Xy, = 0} is open, as then is {s € S : X, = 0}. Since these sets
cannot overlap, they form a disconnect of .S, a contradiction.

By the previous paragraph, if S’ — S is finite étale and S’ is connected, then
so is X xg S’. By Remark ILI0, 72" (X, T) — 7P™(9,5) is surjective.

Let G be a finite quotient of 7™ (X, %) corresponding to X’ € FEt(X). Let
G — H be the quotient corresponding to a Galois cover S’ — S as produced by
Lemma[L.T2T] (the uniqueness property of that result implies the Galois property of
the cover). Since X’ — S’ has geometrically connected fibers, the map W{’mf(X X g
3,T) — ker(G — H) must be surjective. This completes the proof of exactness. [

This in turn yields a variant of [83) SGA 1, Exposé X, Corollaire 1.7], giving a
Kiinneth formula for fundamental groups of products.

COROLLARY 4.1.23. Let k be an algebraically closed field and put S := Spec(k).
Let X — S)Y — S be morphisms such that Y is connected and X — S is
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geqs and i-proper. (The mi-proper condition holds if k is of characteristic 0, by
Lemma 1T, or if X — S is proper, by Corollary B119.) Then Z := X xgY is
connected, and for any geometric point Z of Z the map

N2, 7) = TN X, Z) x 7YY, 7)
s an isomorphism of topological groups.

Proor. Apply Corollary to the morphism Z — Y’; both hypotheses of
Lemma [AT1.27] are satisfied because X — S is mi-proper. We then have a commu-
tative diagram of groups

7N Zg,7) —— 7N (2,2) —= (Y, 7)) —= 1

~ |

" (X,7)
in which the top row is exact. This proves the claim. O

Although we do not use it here, we wish to point out the following recent result
of Achinger [3, Theorem 1.1.1].

DEFINITION 4.1.24. For X a connected scheme, we say that X is a K(m, 1)
scheme if for some (hence any) geometric point T of X, for every locally constant
sheaf of finite abelian groups F on X, the natural maps

(4.1.24.1) H* (P (X, %), Fz) = H* (Xet, F)

are isomorphisms. This is analogous to the corresponding definition in topology,
which can be formulated as the assertion that the higher homotopy groups of X all
vanish. We may similarly define the concept of a K (m, 1) adic space.

REMARK 4.1.25. The usual definition of a K (7, 1) scheme imposes the condition
on ([£I.24.70) only for torsion sheaves whose order is invertible on X (see for example
[147, Definition 5.3], [1I, Definition 9.20]). We need the stronger restriction here in
order to pass the condition through the tilting equivalence.

THEOREM 4.1.26 (Achinger). Let X be a connected affine scheme over Fy.
Then X is a K(m,1) scheme.

As in [3] Theorem 6.4.2], this yields the following corollary.

COROLLARY 4.1.27. Let X := Spa(A, AT) be a connected Tate adic affinoid
space on which p is topologically nilpotent. Then X is a K(w,1) adic space.

PROOF. In case X is affinoid perfectoid, the statements follow by applying
Corollary to reduce to the case of an affinoid perfectoid space in charac-
teristic p, then reducing to Theorem via an algebraization argument (see
[3, Proposition 6.4.1]). This implies the general case using Theorem [Z9.91 a

REMARK 4.1.28. In Theorem [.T26] the isomorphism in @247 is easy to
verify for p-torsion coefficients using the Artin—Schreier construction. The sub-
tle part is to extend this argument to all coefficients; this makes use of certain
very strong results on the presentation of schemes of finite type over a positive-
characteristic field as finite étale covers of affine spaces, in the spirit of [L02[104].
(The one-dimensional cases of such results may be viewed as positive-characteristic
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analogues of Belyi’s theorem on covers of P! ramified over three points, as in
78, §4].)

REMARK 4.1.29. In Corollary 127 the condition that p be topologically
nilpotent is essential: there exist affinoid spaces over C((¢)) which are not K(m,1)
spaces. An explicit example is the closed subspace of the unit 3-ball in x,y, z cut
out by the equation ry = 22 — ¢; see |2, §7] for a closely related example.

4.2. Drinfeld’s lemma. We next introduce a fundamental result of Drin-
feld®d which gives a replacement for the Kiinneth formula for fundamental groups
(Corollary T.23]) for products of schemes in characteristic p. More precisely, the
original result of Drinfeld [50], Theorem 2.1], [51], Proposition 6.1] gives a key special
case (see Remark L2.13); the general case is due to E. Lau [I31] Theorem 8.1.4],
except for a superfluous restriction to schemes of finite type. See also [162], Theo-
rem 17.2.4].

DEFINITION 4.2.1. For any scheme X over ), let ¢x : X — X be the absolute
Frobenius morphism, induced by the p-th power map on rings. For f : Y — X a
morphism of schemes, define the relative Frobenius ¢y,x : Y — ¢%Y to be the
unique morphism making the diagram

Y Yy

wx
frex

kY ——Y

lw}f lf
XX .o x

comimute.

The following argument is similar in style to the proof of Serre’s GAGA theorem
[164].

LEMMA 4.2.2. Let X be a projective scheme over F,. Let k be a separably
closed field of characteristic p. Then pullback along X, — X defines an equivalence
of categories between coherent sheaves on X and coherent sheaves on Xy, equipped
with isomorphisms with their pg-pullbacks. Moreover, for F a coherent sheaf on X,
the induced maps

HY(X,F) ®r, k — H (Xg, F)

are p-equivariant isomorphisms.

PROOF. The assertion about comparison of cohomology is a consequence of flat
base change (this step is trivial compared to the analogous step in GAGA), and
immediately implies that the pullback functor is fully faithful (by forming internal
Homs and comparing H° groups).

It thus remains to prove essential surjectivity. In the case R = F,, this is a
result of Lang, as reported by Katz in SGA 7 [40, Exposé XXII, Proposition 1.1].
We summarize the argument in the style of [I17, Lemma 3.2.6]: if V' is a vector
space with basis e;,...,e, over k equipped with the action of ¢ taking e; to

20A more accurate transliteration of J{puaesn 1 would be Drinfel’d, but this would lead
to the typographical monstrosity of Drinfel’d’s lemma.
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>; Aije;, then the closed subscheme X of Speck[U;; : 4,5 = 1,...,n] cut out by
the matrix equation p(U) = A71U is finite (evidently) and étale (by the Jacobian
criterion) over Spec(k), and so splits as a disjoint union of k-rational points (because
k is separably closed). Projecting to a component of this disjoint union, we obtain
elements vi,...,v, of V defined by v; = >, Uj;e; which are fixed by ¢; for a
suitable choice of component, these elements form a basis of V.

To treat the general case, fix an ample line bundle O(1) on X; we can then
identify X with the Proj of the graded ring @@, , T'(X,O(n)), X, with the Proj of
the graded ring @, , ['(Xs, O(n)), and F with the sheaf associated to the graded
module @, , I'(Xy, F(n)). Each graded piece of this module is a finite-dimensional
k-vector space, so we may apply the previous paragraph to write it as S, ®r, k
for S,, = I'(Xy,F(n))?s. The sheaf F then arises as the pullback of the sheaf
on X associated to the graded module @, , S,. (Compare [51], Proposition 1.1],
[127, 1.3, Lemme 3], [131], Lemma 8.1.1], [162], Lemma 17.2.6].) |

REMARK 4.2.3. As with the GAGA theorem (see [83] SGA 1, Expose XII]),
using Chow’s lemma one can immediately promote Lemma to the case where
X is proper over F,. However, it does not hold if we only require X to be of finite
type over F,,. For example, take X = Spec(k[T*]) and F = M for M the free
module on the single generator v equipped with the py-action taking v to T'v; then
M cannot have a pg-invariant element.

Using the previous argument, we may show that “quotienting by relative Frobe-
nius” can be used to mitigate failures of 71-properness.

DEFINITION 4.2.4. For X a scheme and I' a group of automorphisms of X, let
FEt(X/I') denote the category of finite étale coverings Y equipped with an action
of I'. That is, we must specify isomorphisms Y — ~*Y for each v € T', subject to
the condition that for 1,72 € Y, composing the vi-pullback of ¥ — ~3Y with
Y — ~}Y yields the chosen map Y — (y172)*Y.

We say that X is I'-connected if X is nonempty and its only I'-stable closed-open
subsets are itself and the empty set. If X is I'-connected, then for any geometric
point T of X, the category FEt(X/I') equipped with the fiber functor Y — |Y x x T
is a Galois category in the sense of Definition .12} the argument is the same as in
[166], Tag 0BNB] except for condition (b), in which the I'-connected hypothesis is
used. We then write 72"°f(X/T, Z) for the automorphism group of this fiber functor.

In these notations, when I' is generated a single element v, we will typically
write X /v in place of X/I.

We need the following variant of Definition E.1.T](a).

LEMMA 4.2.5. Let X = Spec(A) be an affine scheme over F,,. Let k be a field of
characteristic p. Write A as a filtered direct limit of finitely generated IFp-subalgebras
A;. Then the base extension functor

2-lim FE4((4; @z, k) /ox) - FEE((A 0, k)/on)
is an equivalence of categories.
PROOF. By the same argument as in Definition EI}(a) , the functor
2—1'&nFEt(Ai ®r, k) — FEt(A ®F, k)
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is an equivalence of categories. This implies immediately that the given functor
is fully faithful. To establish essential surjectivity, note that for B € FEt((A ®r,
k)/@r), we know that for some index i, B descends to B; € FEt(A; ®r, k) while
¢ B descends to ¢ B; for some B; € FEt(A; ®F, k). In addition, the isomorphisms

Bi®a, A= Bi@a, A, ¢i(Bj®a, A) = Bi@a, A
both descend to FEt(A; ®r, k) for some j. This proves the claim. O

LEMMA 4.2.6. Let X be a scheme over F,,. Let k be an algebraically closed field
of characteristic p. Then the base extension functor

FEt(X) — FEt(X}/¢1)

is an equivalence of categories, with the quasi-inverse functor being given by taking
pr-tnvariants.

PROOF. We first reduce to the case where X is affine. Using Lemma E.2.5]
we further reduce to the case where X is of finite type over F,. Applying Defi-
nition LTTIb) to a suitable covering, we further reduce?] to the case where X is
normal and connected. Choose an open immersion X — X’ with X’ normal and
projective over F,. Now note that the following categories are equivalent (using
Lemma 2.2 between (b) and (c)):

(a) finite étale morphisms ¥ — X, with isomorphisms ¢;Y =Y

(b) finite morphisms ¥ — X with ¥ normal and étale over X}, with isomor-
phisms ¢ Y =Y

(¢) finite morphisms Y — X’ with Y normal and étale over X;

(d) finite étale morphisms ¥ — X.

This proves the claim. (Compare [127, IV.2, Théoreme 4|, [131, Lemma 8.1.2],
[162] Lemma 17.2.6].)

IZI

EXAMPLE 4.2.7. Let k be an algebraic closure of F,, and put X = Spec(k).
Then X} is highly disconnected: there is a natural homeomorphlsm mo(Xk)
Gal(k/F,) = Z. However, the action of ¢ on mo(X) is via translations by the

~

12

dense subgroup Z of Z; consequently, there is no yg-stable disconnection of X, as
predicted by Lemma [£.2.0]

COROLLARY 4.2.8. Let X be a connected scheme over IF,. Let k be an alge-
braically closed field of characteristic p.
(a) The scheme Xy, is pg-connected.
(b) For any geometric point T of X, the map
(X, E) = 7P (X on, )
is a homeomorphism of profinite groups.
PROOF. Let ko be the integral closure of I, in k; by Lemma [LT.T1] we have
T0(Xko) = mo(Xk). We may thus argue as in Example 27 i.e., by identifying

7o(Xk, ) with a quotient of Z on which ¢y, acts via translation by the dense subgroup
Z. This proves (a). Given (a), (b) follows immediately from Lemma [Z.2:6 O

21Had it been helpful to do so, we could have added de Jong’s alterations theorem [36] into
this argument to further reduce to the case where X is smooth and admits a compactification
with good boundary.
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This then leads to a corresponding mitigation for products of varieties.

REMARK 4.2.9. For X a connected scheme over Fp, if we view FEt(X/p) as
the category of pairs (Y, o) where Y € FEt(X) and 0 : Y — %Y is a single iso-
morphism, then the forgetful functor FEt(X/¢) — FEt(X) admits a distinguished
section taking Y to (Y, ¢y, x). However, this section is not an equivalence: whereas
every connected finite étale cover Y of X admits only the action by ¢y, x (which
commutes with all automorphisms of Y over X), for a disconnected cover this ac-
tion may be twisted by an automorphism of Y over X that permutes connected
components. From this, one deduces that for T a geometric point of X, there is a
canonical isomorphism

N X/, T) = 7PNX,T) x 22 7N (X,T) X G,

DEFINITION 4.2.10. Let X, ..., X, be schemes over [, and put X := X; xp,
- xp, Xpn. Write ¢; as shorthand for ¢x,. Define the category

FEt(X/®) := FEC(X/(01, .., 0n) XFEL(X/0x) FE(X)

via the functor FEt(X) — FEt(X/px) described in Remark In other words,
an object of FEt(X/y) is a finite étale covering Y — X equipped with commuting
isomorphisms 3; : Y = 7Y whose composition is ¢y, x. (Here “composition” and
“commuting” must be interpreted suitably: by the “composition” j3; o 3;, we really
mean (/8;51') o B;.) Note that for any i € {1,...,n}, there is a canonical equivalence
of categories
FEt(X/®) X FEt(X/{01,. .-, @iy, Pn))-

In case X1, ..., X, are connected, by Lemmald.2.TTlwe may obtain a Galois category
in the sense of Definition 4.1.2] by considering the usual fiber functor defined by any
geometric point T of X; we denote the corresponding group by WprOf(X /®,T).

LEMMA 4.2.11. With notation as in Definition 2.10], if X1,..., X, are con-
nected, then X is (©1,..., @i, .., on)-connected for any i € {1,...,n}. We say for
short that X is ®-connected.

ProoF. We adapt the proof of Corollary 4.1.22] proving the claim by induction
on n with trivial base case n = 1. For the induction step, it is apparent that X # .
Suppose by way of contradiction that X admits a ®-invariant disconnection Uy UUs.
Put X' := X xg, --- xp, Xn_1. For each geometric point 5 € X,,, Corollary .28
implies that the ¢, -invariant closed-open subsets of X x x5 are just the pullbacks of
the closed-open subsets of X’; consequently, the ®-invariant closed-open subsets of
X X x, 3 are just the pullbacks of the (pa, ..., p,_1)-invariant closed-open subsets of
X'. By the induction hypothesis, this implies that one of Uy x x, 5, Ua X x,, S must be
empty. Consequently, the sets {s € X, : Uy xx,s =0} and {s € X,, : Uy xx,_ s = (I}
form a set-theoretic partition of X,,; using Tikhonov’s theorem, we see that each of
these sets is open. This yields a disconnection of X,,, and thus a contradiction. [J

THEOREM 4.2.12 (“Drinfeld’s lemma”). Let Xi,...,X, be connected qcgs
schemes over F), and put X := X1 Xp, -+ Xp, X. Then for any geometric point T
of X, the map

n
prof(X/q) JI) HWIfrOf(Xiuf)
i=1
is an isomorphism of topological groups.
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PRrROOF. In light of Definition FE2Z.T0] we may rewrite the group on the left as
PN (X xE, (X2/9) XF, - X, (Xn/9),T).

We may then proceed by induction on n, with the base case n = 1 being trivial. The
induction step follows from Lemma 2.0 as in the proof of Corollary ET.23] |

REMARK 4.2.13. The original result of Drinfeld [51 Proposition 6.1] is some-
what more restrictive than Theorem 2.2} it treats the case where n = 2 and
X1 = X3 = Spec(F) where F is the function field of a curve over a finite field. See
[130, Lemme 8.2] for further discussion of this case, including additional references.

In the spirit of the theory of diamonds, one may reinterpret Drinfeld’s lemma
as follows.

REMARK 4.2.14. Let Perf denote the category of perfect schemes over F,.
Identify each X € Perf with the representable functor hy : Perf — Set taking Y
to Hompe,s(Y, X), which is a sheaf for the Zariski, étale, and fpqc topologies. Let
X /¢ : Pfd — Set be the functor taking Y € Perf to the set of pairs (f,g) where
f:Y — X is a morphism and g : Y — ¢%Y is an isomorphism (using f to define
©%Y). Beware that X /¢ is no longer a sheaf for any of the topologies in question;
it is only a stack over Perf in the sense of [166] Tag 026F|. (See Problem [A.6.3])

For a suitable definition of the étale topology on stacks (as in Definition [[LTT.2),
Lemma asserts an equivalence

FEt(X) — FEt(X Xgpee(r,) (Spec(k)/@)) (X € Perf),

which we may think of as formally defining an isomorphism

PrOf (X l‘) — Tr?ro (X ><Spec(]F ) (Spec( )/@)7§)

Similarly, let X1, ..., X,, be connected schemes over F,, and put X := X XF, " XF,
X,. Let X/® : Perf — Set be the functor taking Y € Perf to the set of tuples
(f,B1,---,Bn) where f: Y — X is a morphism and 3; : Y — % Y are commuting
isomorphisms which compose to ¢y, x. We may then think of Theorem as
formally defining an isomorphism

prof <<HX> /®, .’L‘> — wamf X;,T).

REMARK 4.2.15. Following up on Remark 22.T4] using Remark 2.9l we obtain
an isomorphism of
rof _
p ((Xl/QO) ><Spec(IFp)/ga ><Spec(]Fp)/cp (Xn/sﬁ), (E)
with the limit (i.e., fiber product) of the diagram

T (X1 /0, T) " (X, T)

T~

"l (Spec(Fy) /0, T).

This statement admits a highly suggestive topological analogue. Namely, let X; —
S,..., X, — S be Serre fibrations of topological spaces, and let = be a basepoint of
X = X1 Xg -+ Xg X, mapping to z1,...,x,,s in Xy,...,X,,S. Suppose further
that S is a K(m,1) (this being analogous to the algebro-geometric situation, e.g., in
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light of Theorem FT.26]). Since 72(S) = 0, we may combine the long exact sequence
of homotopy groups associated to a fibration with the formula for the fundamental
group of an ordinary product to deduce that 71 (X, x) is the limit of the diagram

7T1(X1,:E1) 7"'1()(717:5”)

~ .

7T1(S,S).

4.3. Drinfeld’s lemma for diamonds. We now establish an analogue of
Drinfeld’s lemma for diamonds (and somewhat more general sheaves). This involves
a reinterpretation of relative Fargues—Fontaine curves in the language of diamonds
(already discussed in [I77, Lecture 4]), which can be taken as a retroactive justifi-
cation for their construction.

The foundations of the theory of diamonds require a fair bit of care, and sub-
stantial parts of [160] and [162] are devoted to these foundations. Our discussion
here should be taken as no more than a brief summary of these treatments.

DEFINITION 4.3.1. Let Pfd again denote the category of perfectoid spaces of
characteristic p. Identify each S € Pfd with the representable functor hx : Pfd —
Set; the latter is a pro-étale sheaf (see Remark B:83]). As per [162], Definition 8.3.1]
and [160], Definition 11.1], a diamond is a pro-étale sheaf of sets on Pfd which is
a quotient of an object of Pfd by a pro-étale equivalence relation. These form a
category via natural transformations of functors.

For X a perfectoid space (not necessarily of characteristic p), let X° be the
representable functor hy,. Using Remark 220.T0, we may extend this construction
to a functor X — X° from analytic adic spaces on which p is topologically nilpotent
to diamonds: explicitly, for Y € Pfd, X°(Y) consists of isomorphism classes of
pairs (Y*, f) in which Y* is an untilt of Y (i.e., a perfectoid space equipped with
an isomorphism (Y*#)* 2 Y) and f : Y* — X is a morphism of adic spaces. Beware
that this functor is not fully faithful (see Remark B:83)).

For (A, AT) a Huber pair in which p is topologically nilpotent (with A ana-
lytic as usual), we write Spd(4, A™) (the “diamond spectrum”) as shorthand for
Spa(A, AT)°. Furthermore, if A = F is a nonarchimedean field and AT = op, we
usually just write Spd(F).

We will also need a more permissive construction.

DEFINITION 4.3.2. Recall that the pro-étale topology is refined by the v-topology
(see Definition B8], which is still subcanonical on Pfd. We may formally promote
the v-topology to diamonds.

A small v-sheaf is a sheaf on Pfd which admits a surjective morphism from
some perfectoid space; any diamond is a small v-sheaf. Using small v-sheaves, we
may extend the functor (A, AT) — Spd(A, AT) to some non-analytic Huber pairs.
For example, Spd(F,) is a terminal object in the category of small v-sheaves. For
another example, by analogy with the interpretation of Spd(Q,) as the functor
taking S € Pfd to the set of isomorphism classes of untilts of S over Q, (see
[I77, Lecture 3]), one can interpret Spd(Z,) as the functor taking S € Pfd to
the set of isomorphism classes of untilts of S, or more precisely of pairs (S*,¢) in
which S* is a perfectoid space and ¢ : (S*)” = S is an isomorphism. (Note that
Spd(Z,((T))) — Spd(Z,) is an admissible covering for the v-topology.)
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REMARK 4.3.3. Note that the definition of a small v-sheaf does not include any
properties on an equivalence relation (or any relative representability condition).
Somewhat surprisingly, such conditions are superfluous! Namely, if ¥ — X is a
surjective morphism from a diamond (e.g., a perfectoid space) to a small v-sheaf,
then Y xx Y is also a diamond. See [160] for further discussion.

REMARK 4.3.4. For X a perfectoid space not necessarily of characteristic p,
the functor X — X° depends only on X°, and thus loses information. However, X
also determines a morphism X° — Spd(Z,) of small v-sheaves, and the resulting
functor from X to small v-sheaves over Spd(Z,) is fully faithful.

As in Remark E.2.T4] we consider quotients by Frobenius.

DEFINITION 4.3.5. For X a small v-sheaf, let X/p : Pfd — Set denote the
functor taking Y € Pfd to the set of pairs (f,g) where f : Y — X is a morphism of
diamonds and g : Y — %Y is an isomorphism (using f to define ¢%Y"). In general
this is not a sheaf for either the pro-étale or v-topologies, but it is a stack over Pfd
for these topologies. However, if X is “sufficiently nontrivial” then X/ is a sheaf
for the v-topology (and hence a small v-sheaf, since X — X/¢ is surjective); for
instance, this happens if X arises from an analytic adic space, or more generally if
X is locally spatial in the sense of [162] Definition 17.3.1] (meaning roughly that
the “underlying topological space” of X is well-behaved).

We now reinterpret the construction of Fargues—Fontaine curves in the language
of diamonds and small v-sheaves, starting with a calculation adapted from [162]
Proposition 11.2.2].

LEMMA 4.3.6. For S = Spa(R,R%) € Pfd, put Ay = Ape(R,RT), let
T1,...,T, € RT be topologically nilpotent elements which generate the unit ideal
in R, and put

Us := {v € Spa(Aint, Aint) : v([T;]) # 0 for some i € {1,...,n}}.
Then there is a natural (in S) isomorphism of small v-sheaves
S° x Spd(Z,) = U§.

PrROOF. For Y € Pfd, (S° x Spd(Z,))(Y) consists of pairs (f,Y*) in which
f:Y — S is a morphism in Pfd and Y* is an isomorphism class of untilts of
Y. For Y = Spa(R’, R'"), such data correspond to a primitive ideal T of W (R'*")
for which Y* = Spa(W*(R')/I,W(R'*)/I) and a morphism (R, RT) — (R', R'")
of Huber rings. The latter induces a map W(R') — W(R'") and hence a map
W(R*) — WP(R')/I under which the images of [Z1],...,[T,] generate the unit
ideal. We thus obtain a map Y¥ — Ug and hence a morphism Y*° — Ug.

In the other direction, US(Y") consists of pairs (Y¥, f) in which Y# is an isomor-
phism class of untilts of Y and f : Y# — Ug is a morphism of adic spaces. The latter

gives rise to a map W(R*) — WP(R')/I under which the images of [Z1], ..., [Z,]
generate the unit ideal; we may thus tilt to obtain a map R* — R’ which extends
to R. We thus obtain a morphism Y° — S° x Spd(Z,). O

DEFINITION 4.3.7. Recall that for S € Pfd, the relative Fargues—Fontaine curve
over S is defined as the quotient

(4.3.7.1) FFs :=Ys/ps
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where ¢g is the map induced by the Witt vector Frobenius. Using Lemma
we have natural isomorphisms of diamonds
Yg=8°xSpd(Qy),  FFg=Yg =(5p) x Spd(Qp).

In particular, there is now a natural projection map FFg — S°/p. Since ¢ acts triv-
ially on the underlying topological space |S| and on the étale site Set, this projection
induces the map |[FFg| — |S| seen in Remark and the map FFg ¢, — Set of
étale sites seen in Definition B.7.4

In light of the previous constructions, it is natural to define the relative Fargues—
Fontaine curve over any small v-sheaf X as the stack

FFx := (X/¢) x Spd(Qy);

in light of (@37CT)), FFx is a small v-sheaf, and even a diamond if X is a diamond.
Taking X = Spd(F,) yields an object which one might call the absolute Fargues—
Fontaine curve.

Recalling the setup of Drinfeld’s lemma, we make the following observation and
definition.

DEFINITION 4.3.8. Let X4, ..., X,, be small v-sheaves and put X := X7 x--- X
X,,. Write ¢; as shorthand for ¢x,. Define the category
FEH(X/®) i= FE6(X/ (01, ., 9n)) Xeme(x/) FEE(Y)
where FEt(X) — FEt(X/¢) is the canonical section of the forgetful functor

FEt(X/p) — FEt(X) (see Remark [22.0). For any ¢ € {1,...,n}, there is a canon-
ical equivalence of categories

FEt(X/®) 2 FEt(X/{(01,. ., PirevsPn))-
DEFINITION 4.3.9. For X a small v-sheaf, from Definition we have
FEt((X x Spd(Qp))/®) = FEt(FFy) = FEt(X x (Spd(Qy)/¢))-

The small v-sheaf X x (Spd(Q,)/¢) (which is a diamond if X is, because Spd(Q,)/¢
is a diamond; see Definition[£.3.0]) is an object we have not previously seen; following
Fargues [65], Formulation of Fargues’ conjecture|, we call it the mirror curvd?d over
X . Note that this object does not project naturally to Spd(Q,) unless X is equipped
with such a projection.

We now obtain the following analogue of Lemma [4.2.0]

LEMMA 4.3.10. Let X be a small v-sheaf. Let F' be an algebraically closed nonar-
chimedean field of characteristic p. Then the base extension functor

FEt(X) —» FEt(X x (Spd(F)/¢)) 2 FEt((X/¢) x Spd(F))
is an equivalence of categories. (The final equivalence comes from Definition [A3.8])

PROOF. We reduce immediately to the case where X = Spd(4, A™) for some
perfectoid pair (A, AT) of characteristic p. Choose an untilt K of F' of characteristic
0 (which is itself algebraically closed by Lemma 2.8.9); using the isomorphism

FEt((X/¢) x Spd(F)) = FEt(FF% Xgspa(g,) SPA(F))

22 As far as I know, this terminology is not meant to refer specifically to mirror symmetry in
mathematical physics.
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from Definition @37, we reduce to showing that the functor
(4.3.10.1) FEt(X) - FEt(FFyx x¢,K), X'+ FFyx xg, K

is an equivalence of categories. (Recall that Spd(K) is just Spd(F') equipped with a
particular morphism to Spd(Q,) that identifies the choice of the untilt.) This claim
reduces to the case where A is an algebraically closed field: one first applies this
reduction to full faithfulness, then using full faithfulness one applies the reduction
again to essential surjectivity.

Suppose first that K = C,,. In this case, the argument is due independently to
Fargues—Fontaine (see [61] §5.2] for the original announcement and [63, Théoreme
8.6.1] for the proof) and Weinstein [176l, Theorem 3.4.3]. Using Remark [[2.0] we
see that

2-lim FE4(FFx xq, E) — FEt(FFx xg, K)
E

is an equivalence for E running over finite extensions of Q, within K. That is, any
connected finite étale covering f : Y — FFx xg,K can be realized as the base
extension of some connected finite étale covering fo : Yo — FFx X, F for some
finite extension E of Q. The vector bundle fo,Oy, carries an Opp Xap g-algebra
structure. Apply Theorem B.6.13 to the vector bundle fy.Oy,, and let p be the
largest slope that occurs in the decomposition. If x4 > 0, then any element of a
copy of O(u) occurring in the decomposition corresponds to a square-zero element
of H(Y, Oy), which does not exist because Y is connected. It follows that pu = 0;
similarly, the smallest slope that occurs in the decomposition cannot be negative.
Hence fy.Oy, is a trivial bundle of rank equal to the degree of f, as then is f,Oy.
Now H(Y,0y) = H°(FFx xq,K, f.Oy) is a connected finite étale K-algebra,
and hence isomorphic to K itself because K is algebraically closed; this proves the
claim.

Unfortunately, we do not know how to handle general K using the previous
approach, as the proof of Theorem B.6.13] relies crucially on the degree function
taking discrete values. The general case requires some arguments outside of the
scope of these notes, so we will only give a sketch here and defer to [116] for
more details. By an inductive argument, we may reduce to the situation where K
is a completed algebraic closure of Ky(t) for some perfectoid field Ky for which
the desired conclusion is already known. Let p : 70" (FFy xg, K,T) — V be a
discrete representation on a finite-dimensional C,-vector space trivialized by some
connected finite étale covering f : Y — FFx xg, K. Using Remark [LZ3, we can
realize f as the base extension of a covering fo : Yy — FFx xq, Spa(B, BT) for
some one-dimensional affinoid algebra B over F, and some point z € Spa(B, B™)
whose residue field K7 admits K as a completed algebraic closure. We may then
regard fo.Oy, as a vector bundle on FFx xq, Spa(B, B*) equipped with an Opr -
linear connection. By regarding FF x X, Spa(B, BT) as a family of one-dimensional
affinoids over the points of FFx xg, Ko and studying the ramification of fy along
these affinoids using the theory of p-adic differential equations, one establishes the
existence of a ramification filtration on V with properties analogous to those of

the ramification filtration of a discrete representation of Gx,. In particular, the

unramified component of V' induces a representation of ﬁ)rOf(Spec(F) X Spec(F,)

Spec(kk)/®), which by the algebraic Drinfeld’s lemma (Theorem F2.12]) must be
trivial. In particular, if p is nontrivial, then any irreducible component Vj of V' has
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the property that VY @ Vj is trivial; this is only possible if V; is one-dimensional.
However, by directly analyzing the structure of line bundles on FFx xq, K, one
may show that Vj corresponds to a subbundle of rank 1 of f,Oy, and one can show
directly that any line bundle over FF x X, K is trivial; thus the action of p on Vj is
induced by a necessarily nontrivial finite abelian representation of 72! (Spec K, 7),
a contradiction. (]

REMARK 4.3.11. For S € Pfd, the space FFg has a family of cyclic finite étale
covers corresponding to replacing the quotient by ¢ with the quotient by a power
of ¢ (Remark BI8). If S = Spa(F, or) for F' a perfectoid field, these covers are all
connected.

However, suppose that K is an algebraically closed perfectoid field over Q,.
Then one consequence of Lemma A3.T0 is that the corresponding covers of K xq,
FFg are all split! This can be seen more explicitly using the fact that for d € Q,
the bundle O(d) on FFg is indecomposable (Corollary B.6.7) but its pullback to
K xq, FFs splits as a direct sum of line bundles.

REMARK 4.3.12. Lemma [£.3.10] asserts that for any diamond X, the geometric
profinite fundamental group of FF x coincides with the profinite fundamental group
of X. For X = Spd(Q,), this recovers the interpretation of G, as the profinite
fundamental group of a diamond, as originally described in [176]. A variation on
this theme is the interpretation of the absolute Galois groups of certain fields as
topological fundamental groups by Kucharczyk—Scholze [126].

REMARK 4.3.13. The proof of Lemma 3.0 described above relies crucially
on Lemma In [116], it is shown that not only can this dependence be re-
moved, but one can then turn around and recover Drinfeld’s lemma for schemes
from Lemma [L3T0] (or more precisely from Theorem [L3.17]).

THEOREM 4.3.14. Let Xy,...,X,, be connected spatial (and in particular qcgs)
diamonds. Then X := X x -+ x X,, is ®-connected and, for any geometric point
T of X, the map

mN(X/®,7) = [[ (X0, 7)
=1

is an isomorphism of profinite groups.

PROOF. As in Theorem [£.2.12] we rewrite the group on the left as

Tl (X1 X (X2/) X - X (Xn /), T)

and then induct on n, the base case n = 1 being trivial. Again, to prove the
induction step, we use Lemma [£.3.10] to imitate the proof of Corollary [£1.23} see
[116] for more details. O

REMARK 4.3.15. As in Remark f.22.T5] we may reformulate Theorem E.3.14] to
say that

prof

T ((X1/9) XSpd(Fp) /¢ * " XSpd(Fp) /e (Xn/¥),T)
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may be naturally identified with the limit of the diagram

7Ti)rof()(l /‘pv E) e ﬂ-{)rOf(Xn/Qpa j)

T~ |

PN (Spd(F,) /¢, T) = L.

As a concrete illustration of Drinfeld’s lemma, we highlight a corollary relevant
to the study of multidimensional (¢,T")-modules, as in work of Zdbradi [180}187]
and Pal-Zabradi [I49]. A more detailed exposition of the argument appears in [29].

COROLLARY 4.3.16. Let Fy,..., F, be perfectoid fields of characteristic p, each
equipped with a multiplicative norm. Let RT be the completion of o, ®F, " ®F, 0F,
for the (w1, ..., wy,)-adic topology, where w; € of, is a pseudouniformizer, and put

R:=RY'[w',...,@']

n

(Note that the ultimate definitions of RT and R do not depend on the choices of
the w;.) Then the category of continuous representations of Gp, X -+ X G, on
finite-dimensional Fj,-vector spaces is equivalent to the category of finite projective
R-modules equipped with commuting semilinear actions of ©r,,...,¢F,.

PROOF. Fix algebraic closures F; of F;, identify G, with Gal(F;/F}), let R
be the completion of 0z ®p, -+ ®r, 05 for the (w1, ..., w,)-adic topology, and
put

R:= E+[w1_1, -l

Equip R with the obvious action of Gg, X -+ x G, . The functor in question then
takes a representation V to

D(V) := (V @g, R)“rxxCGr
for the diagonal action on the tensor product, with D(V') inheriting an action of

¢F, from the canonical action on R and the trivial action on V. For any given V,
we can also write this as

D(V) = (V ®]Fp S)Gal(El/Fl)x---xGal(E,,L/F,L)

for some finite Galois extensions F; of F; within F; and S := E1<§>Fp e @)]FPE".
(More precisely, by analogy with the definition of R, we may write

S =8Twt, ..., @Y
where ST is the completion of og, @mp e @FPOEn for the (wn,...,w,)-adic topol-

ogy.) Note that Spec(S ®g S) splits into the graphs of the various maps Spec(S) —
Spec(S) induced by Gal(E1/Fy) x --- x Gal(F,/F,); consequently, the action of
this product on V ®p, S gives rise to a descent datum with respect to the faithfully
flat homomorphism R — S. By faithfully flat descent for modules [166] Tag 023N],
we deduce that D(V) is a finite projective R-module and the natural map

(4.3.16.1) D(V)®rS =V @p, S

is an isomorphism.
To check that this functor is fully faithful, using internal Homs we reduce to
checking that
VGle"'XGFn — D(v)«ppl,uwan;
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this follows by taking simultaneous Galois and Frobenius invariants on both sides

of (@3I6.1) and using the equality

HPF - PF,
R

To check essential surjectivity, set

and let T be a geometric point of X := X; x --- x X,, lying over each T;. By
Theorem 1314, the map

n
(4.3.16.2) (X /®,7) = [[ 7N (X0, 7) = G x - x G,

i=1
is an isomorphism of profinite groups. Now let D be a finite projective R-module
equipped with commuting semilinear actions of ¢ ,..., ¢, . By composing these
actions, we get an action of the absolute Frobenius map ¢g; as in the proof of
Lemma 22 we may invoke [117, Lemma 3.2.6] to see that the sheaf of pg-
invariants of D on the finite étale site of Spec(R) is represented by Spec(S) for
some faithfully finite étale R-algebra S. Since D carries actions of ¢g,...,¢F,
composing to absolute Frobenius, S does likewise.

Now note that there is a natural morphism

Spd(F;) x --- x Spd(Fy,) — Spd(R, R™)
which identifies the source with the diamond associated to the adic space
Y = {v € Spa(R, R") : v(w1),...,v(w,) < 1};

this identification yields additional identifications
oo
(4.3.16.3) Rt =H(Y,0%), R= ) @™ @, ""R'

M., My =0

(see Remark L3.T8] for an explicit example). Let ST be the integral closure of Rt
in S. By pulling back Spa(S,S™) from Spa(R, RT) to Y and invoking ([£3.16.2),
we obtain a representation of Gg, X --- x G, which we claim gives rise to D. By
replacing each F; with a suitable finite extension, we reduce to checking this in the
case where this representation is trivial. That is, we may assume that Spa(S, S*) —
Spa(R, RT) splits completely after pullback to Y and we must check that R — S
itself splits completely.

We may view Y as a Stein space by writing it as the union of the ascending
sequence {U,,} of affinoid subspaces of R given by

Upn ={v € Spa(R,R") : v(w;))™ < v(w;) (i,j=1,...,n)}

Put R, := H°(U,,0), R := H°(U,,,O"); the ring R* may then be (almost)
identified with the inverse limit of the R} . Similarly, the ring R maps to the inverse
limit of the R,,, but this map is not an isomorphism. (The difference between R
and lim R, is analogous to the difference between the ring Zy[T]p~"] and the
ring of rigid analytic functions on the open unit disc over Q,; the latter contains
such elements as log(1 + T') which do not occur in the former.)

Let S be the sheaf on Spa(R, R1) associated to S (viewed as a finite R-algebra).
For each m, put S,, := H°(U,,, 5'), this ring coincides with S®pr R,,, and hence is a
finite étale R,,-algebra. The fact that Spa(S, S*) — Spa(R, R™) splits completely
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after pullback to Y means that for each m, we have a family of orthogonal idempo-
tents in S, which split it into copies of R,,, and that the formation of this family
is compatible with base change among the R,,. In particular, these idempotents
belong to the inverse limit of the S,,, and we must show that they actually belong
to S.

Choose a presentation of S as a direct summand of a finite free R-module.
This gives a distinguished choice of “coordinates” in R associated to each element
of S, and similarly a choice of coordinates in limm R,, associated to each element
of lim S,,; we wish to show that the coordinates associated to one of our chosen
idempotent elements belong to R.

Choose a connected rational subspace U of Spa(R, RT) within Y containing
a fundamental domain for the action of ® = [, go%i on Y; a concrete example
would be

U={veY :v(w)’ <v(w;) < v(w) (i=2,...,n)}.

(Note that ¢p = ¢ -+ pp, € ® acts trivially on Y.) We can then find some
nonnegative integer m; such that restricting each of our idempotents to H°(U, 5’)
gives an element with coordinates in w; "' H 9(U, OF). However, this remains true,
with the same value of m1, upon replacing U with its translate by any v € H?:z go%i;
note that these translates already cover Y because ¢, - - ¢, acts trivially on Y.
It follows that the coordinates in question belong to ww; "' R and hence to R. 0

REMARK 4.3.17. With notation as in Corollary E.3.16] one may similarly show
that the category of continuous representations of Gp, X -+ x G, on finite free Z,-
modules is equivalent to the category of finite projective W (R)-modules equipped
with commuting semilinear actions of ¢p,, ..., ¢F,.

REMARK 4.3.18. We describe the morphism Spd(Fy) x Spd(Fz)— Spd(R, RT)
in Corollary more explicitly in the case where Fi, Fy are the completed
perfected closures of F,,((11)), F,((712)), respectively. In this case, Spd(F1) x Spd(F»)
is the diamond associated to the adic space

Y = {v e Spa(F (T} "), 0m (T? ")) : 0 <w(Ty) < 1};
the ring
R* = HO(Y,0%) = B, [17 ™, 17 7]
is the (T, Ty)-adic completion of F, [Ty, To][TF ~,T¢  |; and HO(Y, O) is the ring
of formal sums 3, . czr,o1) Cmym, T1 15" with ¢y, € Fp whose support
S = {(my,mz) €R?:my,my € Z[p~ ], Crym, # 0}
satisfies the following conditions.
e For any xg,yo € R, the intersection
Sn{(z,y) eR*: 2 <xo,y <yo}

is finite.
e The lower convex hull of S, i.e., the convex hull of the set

U {(x,y)éRzzxzml,yng},
(m1,mz)€S

admits a supporting line of slope —s for each s > 0.
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REMARK 4.3.19. In Remark[£3.I8 the ring R can be interpreted as the subring
of HO(Y, O) consisting of functions which are bounded for v(7T5) close to 1 and of
polynomial growth for v(Ty) close to 0. This suggests a close relationship (made more
explicit in [29]) between the identification ([A3.16.3) and the perfectoid analogue
of the Riemann extension theorem (Hebbarkeitsatz) introduced by Scholze [159]
§2.3] to study the boundaries of perfectoid Shimura varieties. This result has been
(refined and) used by André [5[6] and Bhatt [16] to resolve a long-standing open
problem in commutative algebra, the direct summand conjecture of Hochster: if
R — S is a finite morphism of noetherian rings and R is regular, then R — S
splits in the category of R-modules. (See [94] for several equivalent formulations
and consequences.

REMARK 4.3.20. One probably cannot hope to have an analogue of Theo-
rem [L3.14] for étale fundamental groups in the sense of de Jong (Remark [L.1.6).
In particular, if F' is an algebraically closed perfectoid field of characteristic p and
K is an algebraically closed perfectoid field of characteristic 0, then Spd(K) x
(Spd(F)/¢) = K xq, FFg,q(r) admits no finite étale coverings, but it may admit
some nonfinite étale coverings; see Problem 32T for one possible construction.

PROBLEM 4.3.21. Choose two sections of O(1) on FFgp,(p,0,) with distinct
zeroes, use these to define a morphism FFgp,(po.) — P}@p, and pull back the
Hodge-Tate period mapping. Does the resulting covering split completely?

4.4. Shtukas in positive characteristic. We now arrive at the fundamental
concept introduced by Drinfeld as a replacement for elliptic curves in positive char-
acteristic; that is to say, the moduli spaces of such objects constitute a replacement
for modular curves and Shimura varieties as a tool for studying Galois representa-
tions of a global function field in positive characteristic (which we are now prepared
to think about as representations of profinite fundamental groups).

HyPOTHESIS 4.4.1. Throughout §4.41 let C be a smooth, projective, geometri-
cally irreducible curve over a finite field F, of characteristic p.

DEFINITION 4.4.2. Let S be a scheme over ;. A shtuka over S consists of the
following data.

e A finite index set I and a morphism (x;);cr : S — CL.
e A vector bundle F over C x S.
e An isomorphism of bundles

@ (5P ex$\Uier Te, = FlOx9\Ujes T,
where I';, C C x S denotes the graph of z;.
The morphisms z; : S — C' are called the legs (in French, patte) of the shtuka.
REMARK 4.4.3. For Z a finite set of closed points of C', one may also consider

shtukas with level structure at C; this amounts to insisting that the legs map S
into C'\ Z and specifying a trivialization of (F,®) over Z x S.

REMARK 4.4.4. For K the function field of C' and G a connected reductive
algebraic group over K, Varshavsky [173] has introduced the notion of a G-shtuka,

23This word translates into English variously as legs or paws. However, the term paw is
typically used only for mammalian feet, whereas the intended animal metaphor seems to be a
caterpillar or millipede. We thus prefer the translation legs, following V. Lafforgue in [129].
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the previous definition being the case G = GL,, for n = rank(F). In the case where
G is split (i.e., G contains a split maximal torus), then the results of SGA 3 [42H44]
imply that G extends canonically to a group scheme G¢ over C, and we then insist
that F be a G¢-torsor and ® be an isomorphism of G o-torsors.

REMARK 4.4.5. The word shtuka (in French, chtouca) is a transliteration of the
Russian word IIITyKa, meaning a generic thing whose exact identity is unknown
or irrelevant; it is probably derived from the German word Stiick (meaning piece),
although the Russian usage ma be influenced by the word 9TO (meaning what).
Some analogous terms in English are widget, gadget, gizmo, doodad, whatchamacal-
lit; see Wikipedia on placeholder names for more examples.

REMARK 4.4.6. As pointed out in [79], one source of inspiration for the def-
inition of shtukas is some work of Krichever on integrable systems arising from
the Korteweg—de Vries (KdV) equation. The relationship between these apparently
disparate topics has been exposed by Mumford [141].

4.5. Shtukas in mixed characteristic. It would be far outside the scope
of these lectures to explain in any meaningful detail why shtukas are so important
in the study of the Langlands correspondence over global function fields. Instead
we jump straight to the mixed-characteristic analogue, to illustrate a startlin
convergence between shtukas and Fargues—Fontaine curves.

We take the approach to sheaves on stacks used in [166] Tag 06TF].

DEFINITION 4.5.1. Let O : Pfd — Ring be the functor taking X to O(X).
By Theorem this functor is a sheaf of rings for the v-topology. For any small
v-sheaf X, we may restrict O to the arrow category Pfdx (i.e., the category of
morphisms S° — X with S € Pfd) to obtain the structure sheaf on X.

A wector bundle on X is a locally finite free Ox-module; let Vecy denote the
category of such objects. We avoid trying to define a pseudocoherent sheaf on a
diamond or small v-sheaf due to the issues raised in §3.8

This category of vector bundles lives entirely in characteristic p; we actually
need something slightly different.

DEFINITION 4.5.2. Let OF : Pfdspqz,) — Ring be the functor taking X
to O(X*"), where X* is the untilt of X corresponding to the structure morphism
X — Spd(Z,). By Theorem again, this functor is a sheaf of rings for the
v-topology. For any small v-sheaf X over Spd(Z,), we may restrict Of to Pfdx
to obtain the untilted structure sheaf on X. An untilted vector bundle on X is a
locally finite free Og(—module; let VecﬁX denote the category of such objects.

As an immediate consequence of Theorem 387 we have the following.

THEOREM 4.5.3. Let (A, A1) be a perfectoid pair of characteristic p.

a e pullback functor od s — Vecg,qia. a+) 1S an equivalence of cat-
Th lback fi FPMod Vecgpqa,a+) @ [val f
€goTies.

24Beware that I have no evidence to support this speculative claim!

25T0o be fair, this convergence was anticipated well before the technology became available to
make it overt. For example, as reported by Kisin in the introduction of [122], the analogy between
Breuil-Kisin modules and shtukas was already manifest in the analogy between Kisin’s work with
that of Genestier—Lafforgue in positive characteristic [76].
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(b) Fiz a morphism Spd(A, A*) — Spd(Z,) corresponding to an untilt (A%,
A¥) of (A, AT). Then the pullback functor FPMod 4 — Vecﬁspd(AAﬂ
is an equivalence of categories.

REMARK 4.5.4. Let X be an analytic adic space on which p is topologically
nilpotent. In many cases of interest, the pushforward of Ox to X coincides

proet
with Ox; in such cases, the base extension functor Vecx — Vecg(o is fully faith-
ful. However, even in such cases, this functor is generally not essentially surjec-
tive (unless X is perfectoid, in which case Theorem B8 applies). For example,
if X = Spd(Qy), then the source category consists of finite-dimensional Q,-vector
spaces while the target consists of finite-dimensional C,-vector spaces equipped
with continuous semilinear G, -actions.

A related point is that if X = Spa(4, AT) is not perfectoid, then objects of
VecAtiXQ need not be acyclic on X.

REMARK 4.5.5. The definition of a shtuka over a diamond (Definition 5.6
will refer to Spd(Z,) x S, but in order to formulate the definition correctly we must
unpack this concept a bit in the case where S € Pfd. In this case, Spd(Z,) x S°¢

descends to an adic space in a canonical way: for S = Spd(R, R"), writing A;,¢ for
A (R, RT) we have

Spd(Zp) x 8¢ = Wg, Ws = Spa(Ainf,Ainf) \ V([fl], ceey [fn}),

where 71, ...,Z, € R are topologically nilpotent elements which generate the unit
ideal. The space Wg has the property that the pushforward of Owyg proet to Wg
coincides with Oy, (this can be seen from the explicit description given in the proof
of Lemma [B13]), so we may view the vector bundles on Wy as a full subcategory of
the untilted vector bundles on Spd(Z,) x S¢ (with respect to the first projection).

DEFINITION 4.5.6. Let S be a diamond. A shtuka over S consists of the following
data.

e A finite index set I and a morphism (z;);e; : S — Spd(Z,)’.

e An untilted vector bundle F over Spd(Z,) x S with respect to the first pro-
jection which locally-on-S arises from a vector bundle on the underlying
adic space Wg (Remark [5.0]).

e An isomorphism of bundles

P : (5F)|(Spd(Zp)xSN\Uise; T, = Fl(Spd(Z,)x S\ Uiy T, »

where I';, C Spd(Z,) x S denotes the graph of z;. We also insist that ® be
meromorphic along Uie ;I'z;, this having been implicit in the schematic
case.

Again, the morphisms z; : S — Spd(Z,) are called the legs of the shtuka.

REMARK 4.5.7. For S € Pfd, we could have defined a shtuka over S directly
in terms of a vector bundle over Wy, without reference to untilted vector bundles.
The point of the formulation used here is to encode the fact that shtukas satisfy
descent for the v-topology, which does not immediately follow from Theorem [3.8.7]
because Wy is not a perfectoid space.

To unpack this definition further, let us first consider the case of a shtuka with
no legs.
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REMARK 4.5.8. Suppose that I = (). A shtuka over S with no legs is simply
an untilted vector bundle F over Spd(Z,) x S (which locally-on-S descends to the
underlying adic space W) equipped with an isomorphism with its ¢-pullback.

In the case where S = Spd(R, R") € Pfd, by restricting from Wg to Ys and
then quotienting by the action of ¢, we obtain a vector bundle on the relative
Fargues—Fontaine curve FFg. However, not all vector bundles can arise in this
fashion, for the following reasons.

e The resulting bundle is fiberwise semistable of slope 0.
e The associated étale Q,-local system (see Theorem B7.H) descends to
an étale Zy-local system determined by the shtuka. (For a general étale
Qp-local system, such a descent only exists locally on S; see [I17, Corol-
lary 8.4.7].)
In fact, the functor from shtukas over S with no legs to étale Z,-local systems on S

is an equivalence of categories; this follows from a certain analogue of Theorem [B.7.5]
(see [I17, Theorem 8.5.3]).

REMARK 4.5.9. In the case where S is a geometric point, Remark .5.8 asserts
that shtukas over S with no legs correspond simply to finite free Z,-modules. In
particular, they extend canonically from Wg over all of Spa(Ains, Aint).

A partial extension of this result is the following.

THEOREM 4.5.10 (Kedlaya). Let (R, R") be a perfectoid Huber pair of charac-
teristic p in which R is Tate, and write Asne for Aje(R, RT).
(a) LetT € R be a topologically nilpotent unit of R. Then the pullback functor
from vector bundles on the scheme

Spec(Aint) \ V(p, [T])

to vector bundles on the analytic locus of Spa(Aint, Aint) is an equivalence
of categories.

(b) Suppose that R = F is a perfectoid field. Then both categories in (a) are
equivalent to the category of finite free Ajne-modules and to the category
of vector bundles on Spec(Aint).

PROOF. See [114]. O

REMARK 4.5.11. It should be possible to extend Theorem to the case
where R is analytic. In this case, the statement would assert that for any topo-
logically nilpotent elements Z1,...,T, € R generating the unit ideal in R, the
pullback functor from vector bundles on the scheme

SpeC(Ainf) \ V(p7 [51}7 EERE) [Eﬂ])

to vector bundles on the analytic locus of Spa(Ain¢, Aing) is an equivalence of cat-
egories.

REMARK 4.5.12. Theorem [5T0(b) is analogous to the assertion that if R
is a two-dimensional local ring, then the pullback functor from vector bundles on
Spec(R) to vector bundles on the complement of the closed point is an equivalence of
categories (because reflexive and projective R-modules coincide). By contrast, one
does not have a similar assertion comparing, say, vector bundles on Spec(k[x, y, z])
(for k a field) with vector bundles on the complement of the locus where x and
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y both vanish; similarly, Theorem [5.I0(b) cannot be extended beyond the case
where R is a perfectoid field.

Even if R is a perfectoid field, if R is not algebraically closed, then shtukas
over S with no legs need not extend as bundles from Wyg to the whole analytic
locus of Spa(Ainf, Aing). Namely, the only ones that do so are the ones coming from
étale local systems on S that extend to Spa(R™, RT), i.e., the ones corresponding
to unramified Galois representations.

REMARK 4.5.13. As per Remark E.5.12] for S € Pfd, the restriction functor
on y-equivariant vector bundles from the analytic locus of Spa(Aju¢, Ajns) to Wg
is not essentially surjective. However, one does expect it to be fully faithful; see
Lemma [Z.5.17 for a special case of a related statement.

We now increase complexity slightly by considering shtukas with one leg.

LEMMA 4.5.14. Suppose that I = {1} is a singleton set and that the morphism
x1 factors through Spd(Q,). Then the following categories are canonically equiva-
lent:

(a) shtukas over S with leg x1;

(b) data F1 --+» Fa, where Fy is a @-equivariant bundle over Spd(Z,) x S
(which locally-on-S descend to Wg), Fo is a p-equivariant bundle over
Spd(Qp) xS (which locally-on-S descend to Yg), and the arrow denotes a
meromorphic p-equivariant map over Ys which is an isomorphism away

from UnEZ Qon (Ffl ) .

PROOF. We start with the general idea: if one thinks of ® as defining an isomor-
phism from ¢§F to F “up to a discrepancy,” then Fi, F, are obtained by resolving
the discrepancy respectively in favor of pg.F, F.

We now make this explicit. Since we are constructing a canonical equivalence,
we may assume that S = Spd(R, R") where (R, RT) is a Tate perfectoid pair of
characteristic p. Choose a pseudouniformizer @w € R. Given a shtuka oven S with leg
1, we obtain the bundle F; by restricting ¢%.F to {v € Ws : v(p) < v([w]? ")} for
sufficiently small n (ensuring that I';, does not meet this set; here we use the fact
that z, factors through Spd(Q,)), then using the isomorphism ¢§F = F to enlarge
n. Similarly, we obtain F, by restricting F to {v € Wg : v(p) > v([@w]?")} for
sufficiently small n, then using the isomorphism ¢§F = F to enlarge n. (Note that
in this second case, the union of these spaces is only Yg, not Wg.) The meromorphic
map p§F --» F gives rise to the meromorphic map F; --+ F2. One may check
that this construction is reversible and does not depend on w. O

REMARK 4.5.15. Suppose that S = Spd(R, RT) € Pfd, I = {1} is a singleton
set, and that the morphism z; factors through Spd(Q,). From Lemma £5.T4] we
obtain a pair of vector bundles G;,Gs on FFg and a meromorphic map G; --+ Go
which is an isomorphism away from the untilt corresponding to x;. Of these, G;
arises from a shtuka with no legs, so it is fiberwise semistable of slope 0 and its
associated étale Q,-local system descends to an étale Z,-local system determined
by the shtuka (more precisely, by the restriction of F; to the point v(p) = 0).

Over a point, we may relate this discussion back to previously studied concepts
in p-adic Hodge theory.
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DEFINITION 4.5.16. Let F' be a perfectoid field of characteristic p and write
Aiys for Aje(F,0r). Also fix a primitive element z of Aj,¢ corresponding to an
untilt F* of I of characteristic 0 (that is, z is not divisible by p). A Breuil-Kisin
modul@ over Aj,s (with respect to z) is a finite free A e-module D equipped with
an isomorphism ® : (¢*D)[z7'] = D[z7!]. Let x1 : Spd(F,or) — Spd(Z,) be the
morphism corresponding to the untilt F* of F.

The following result is due to Fargues [60], though the proof we obtain here is
slightly different; it first appears in [162].

LEMMA 4.5.17. With notation as in Definition [A.5.16l, suppose that F' is alge-
braically closed. Then restriction of p-equivariant vector bundles along the inclusion

Ys C {v € Spa(Aint, Aing) : v(p) # 0}
is an equivalence of categories.

PRrOOF. Full faithfulness follows from a calculation using Newton polygons,
which does not depend on F' being algebraically closed or even a field (compare
[162] Proposition 13.3.2]). Essential surjectivity is a consequence of Theorem B:6.13

|

THEOREM 4.5.18 (Fargues). With notation as in Definition 510, suppose
that I is algebraically closed. Then the category of Breuil-Kisin modules over Ajy¢
is equivalent to the category of shtukas over Spd(F, o) with the single leg x1.

PRrROOF. By Lemma 514l a shtuka with one leg corresponds to a datum
F1 --+ Fy over Yg. By LemmalL.5T7 F; extends uniquely over the point v([w]) = 0
(for @ € F a pseudouniformizer). Meanwhile, by construction, F; is already de-
fined over the point v(p) = 0. By glueing, we obtain a vector bundle over the
analytic locus of Spa(Aius, Ains), which by Theorem .5.10] arises from a finite free
A -module. This proves the claim. O

REMARK 4.5.19. With notation as in Definition f.5.16] Breuil-Kisin modules
appear naturally in the study of crystalline representations. In fact, the crystalline
comparison isomorphism in p-adic Hodge theory can be exhibited by giving a direct
cohomological construction of suitable Breuil-Kisin modules from which the étale,
de Rham, and crystalline cohomologies can be functorially recovered (the étale
cohomology arising as in Remark [L5.T5]). This is the approach taken in the work
of Bhatt—-Morrow—Scholze [18] (see also [139] and [I7), Lecture 4]).

As noted above, the idea to formulate Definition and relate it to shtukas
with one leg as in Theorem [.5.18is due to Fargues [60]. This development was one
of the primary triggers for both the line of inquiry discussed in this lecture and for
[18].

REMARK 4.5.20. In light of the second part of Remark £.5.12] Theorem 518
does not extend to the case where F is a general perfectoid field; the extra structure
imposed by the existence of the Breuil-Kisin module restricts the étale Zy,-local
system arising from F) in a nontrivial way. (When F* is algebraic over Qp, this is

26The term Breuil-Kisin module originally referred to similar objects defined not over Ajys,
but over a certain power series ring; see [122]. The relationship between this construction and
the one we are now discussing is analogous to the relationship between imperfect and perfect
(¢, T')-modules described in [120].
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related to Fontaine’s notion of a crystalline representation.) One can also try to
consider relative Breuil-Kisin modules over more general base spaces, but then the
first part of Remark [£.5.12] also comes into play.

4.6. Affine Grassmannians. The concept of an affine Grassmannian plays
a central role in geometric Langlands, in enabling the construction of moduli spaces
of shtukas. We describe three different flavors of the construction here; while these
constructions operate with respect to more general algebraic groups, we restrict to
the case of GL,, for the sake of exposition, deferring to [162] §19-21] for discussion
of more general groups.

We start with the original affine Grassmannian of Beauville-Laszlo [11]. See
[182] Lecture 1] for a detailed treatment.

DEFINITION 4.6.1. Fix a field k£ and a positive integer n. For R a k-algebra,
a lattice in R((t))™ is a finite projective R[t]-submodule A such that the induced
map
A @rpy R((2)) — R((£))"
is an isomorphism. The functoi?] Gr taking R to the set of lattices in R((t)" is a
sheaf for the Zariski topology, so it extends to a sheaf on the category of k-schemes.

THEOREM 4.6.2 (Beauville-Laszlo). The functor Gr is represented by an ind-
projective k-scheme. More precisely, for each N, the subfunctor of lattices lying
between t~N R[t]™ and tN R[t]"™ is represented by a projective k-scheme Gr'™) | and
the transition maps Gr™) — Gr™HY gre closed immersions.

PROOF. See [182], Theorem 1.1.3]. O

The following analogue of the previous construction was originally considered
at the pointwise level by Haboush [85], and in the following form by Kreidl [123].

DEFINITION 4.6.3. Let k be a perfect field of characteristic p. For R a perfect
k-algebra, a lattice in W(R)[p~!]" is a finite projective W (R)-submodule A such
that the induced map

A@wr) W(R)p™ '] = W(R)p "

is an isomorphism. Again, the functor Gr" taking R to the set of lattices in
W(R)[p~1]™ is a sheaf for the Zariski topology, so it extends to a sheaf on the
category of perfect k-schemes.

The following statement is due to Bhatt—Scholze [20, Theorem 1.1], improving
an earlier result of Zhu [183] which asserts GV ) g represented by a proper
algebraic space over k.

THEOREM 4.6.4 (Zhu, Bhatt—Scholze). For each N, the functor GV M) of
lattices in W (R)[p~1|" lying between p~ VW (R)[p~1]" and pV W (R)[p~]|" is repre-
sented by the perfection of a projective k-scheme. The transition maps GrWV-(N)
GrWVWNHD are closed immersions.

In the context of perfectoid spaces, it is natural to introduce the following
variant of the previous construction.

27This use of the notation Gr conflicts with the notation for graded rings used in Defini-
tion [L5.3] but we will not be using the latter in this lecture.
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DEFINITION 4.6.5. Define the presheaves BZ{R, Bggr on the category of perfec-
toid Huber pairs whose values on (A4, AT) equal, respectively, the completion of
W?(A®) with respect to the principal ideal ker(f : W?(A?) — A), and the localiza-
tion of this ring with respect to a generator z of ker(#). These extend to sheaves
on the category of perfectoid spaces with respect to the analytic topology, the étale
topology, the pro-étale topology, and the v-topology.

For A a completed algebraic closure of Q, and AT = A° Bgr(4,A") is
Fontaine’s ring of de Rham periods [66l, §2].

DEFINITION 4.6.6. For (A, A™) a perfectoid pair, a lattice in Bgr (A4, AT)" is a
finite projective B (A, A*)-submodule A such that the induced map

A ®BIR(A7A+) BdR(A, A+) — B:IR(A, A+)n

is an isomorphism. The functor Gr?® taking (A4, A*) to the set of lattices in
Bar(A, AT)" is a sheaf for the analytic topology, so it extends to a sheaf on the
category of perfectoid spaces. It is also a sheaf for the pro-étale topology (and even
the v-topology), so it further extends to a sheaf on the category of small v-sheaves
over Spd(Z,).

THEOREM 4.6.7 (Scholze). For each N, the functor Gri™™) of lattices in
Bar(4, AT)" lying between 2~ VBl (A, AT)" and 2NBI; (A, AT) is a diamond.

dR,(N) _, qpdR.(N+1)

The transition maps Gr are closed immersions.

PROOF. See [162], Theorem 19.2.4]. O

REMARK 4.6.8. The Beauville-Laszlo glueing theorem (Remark [L919) was
introduced to link affine Grassmannians with shtukas with one leg. To wit, let C' be
a curve over k, let V' be a vector bundle of rank n on C| let z € C' be a k-rational
point, fix an identification of @qz with k[t], and fix a basis of V over k[t]. Then
the functor Gr may be identified with the functor taking a k-algebra R to the set
of meromorphic morphisms V' --» V’/ from V to another vector bundle on C' which
are isomorphisms away from z.

One can do something similar in the context of Lemma HE.5.14l Suppose that
S = Spa(R, RT) is the tilt of (A, AT); as per Remark B.T.12] Spa(A, AT) may be
identified with a certain closed subspace of FFg. Let F; be a trivial bundle of rank
n over Spd(Z,) x S with a prescribed basis. Then a datum of the form F; --» F
gives rise to a lattice in Bqr(R, RT)" by comparing the completions of F; and F
along the completion of Spa(A4, A*) (or rather, its preimage in Spa(Aine, Aint)).
Using the Beauville-Laszlo theorem, we may reverse the construction to go from
lattices to certain shtukas over S with leg x1, namely those for which the étale
Z,-local system associated to Fy (see Remark 5.10)) is trivial. Since this always
happens pro-étale locally, in this we may view Gri® as the “moduli space of shtukas
with leg x1.”

REMARK 4.6.9. In Definition[£.6.1] the ordinary Grassmannians of subspaces in
an n-dimensional ambient space appears as truncations of the functor Gr in which
we consider lattices between R[t]" and tR[t]". If we truncate Gr"' similarly, we
lose sight of the distinction between mixed and equal characteristic, and so we get
precisely the same thing as for Gr.

Somewhat analogously, if one truncates Grif by considering only lattices be-
tween B (4, AT)" and 2B (A, A1), then the “stacky” nature of the space goes
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away, and one is yet again considering an ordinary Grassmannian. From this point
of view, the Grassmannian is closely related to a certain Rapoport-Zink space; such
spaces were introduced as local analogues of Shimura varieties (see [153] for the
original context and [I52] for a more modern treatment).

One a similar note, the construction of Remark[£.6.8 provides a geometric inter-
pretation for certain constructions in p-adic Hodge theory involving “modifications”,
as in [12].

REMARK 4.6.10. In the framework where GL,, is replaced by some more gen-
eral group, truncations correspond to Schubert cells defined by cocharacters of the
group, and the sort of truncation considered in Remark [£6.9] corresponds to a mi-
nuscule cocharacter. Working with cocharacters which are not minuscule runs into
subtleties of the sort described in Definition 6111

For truncations not covered by Remark [£.6.9] one can get some partial infor-
mation by passing from lattices to their associated filtrations.

DEFINITION 4.6.11. With notation as in Definition 6.1}, the lattice A in R((¢))™
gives rise to a descending filtration on R" by taking Fil"™ R" to be the set of v € R™
which occur as the reduction of some element of {™ ANR[¢]™. This filtration uniquely
determines A when A is sandwiched between R[t]™ and ¢tR[t]™, but not in general.

The passage from lattices to filtrations corresponds to a morphism from Gr to
a certain infinite flag variety. Taking truncations on both sides, we obtain a mor-
phism from a Schubert cell to a flag variety. In the analogous construction for Gri®
(which we leave to the reader to imagine), the flag variety is again closely related
to a Rapoport-Zink space, and is in some sense the best possible approximation
to Gr® that can be made within classical nonarchimedean analytic geometry; this
demonstrates the necessity of passing to a world of more exotic objects (namely
diamonds) in order to exhibit moduli spaces of shtukas in general.

REMARK 4.6.12. A similar subtlety to that described in Definition [L.6. 1Tl occurs
in classical Hodge theory: one can define period domains for Hodge structures as
certain flag varieties, but in general one cannot construct universal variations of
Hodge structures on these spaces. Classically, the obstruction to this is characterized
in terms of the phenomenon of Griffiths transversality; the point of view taken
above gives an alternate illustration of the obstruction that does not depend on
differentials, and so makes sense in the perfectoid framework.

REMARK 4.6.13. So far we have only spoken about shtukas with one leg; how-
ever, in the context of the geometric Langlands correspondence one needs to con-
sider shtukas with an arbitrary finite number of legs. For multiple disjoint legs, it is
relatively straightforward to adapt the preceding discussion to obtain moduli spaces
of shtukas. However, for crossing legs a more complicated construction is needed;
in the classical framework, this construction is the Beilinson—Drinfeld affine Grass-
mannian [I82], Lecture III]. For the analogue of Theorem EL.G.7] for crossings legs,
see [162] Proposition 20.2.3].

REMARK 4.6.14. The preceding constructions can be thought of as vaguely
analogous to the construction of classical moduli spaces in algebraic geometry using
geometric invariant theory. As our earlier invocations of this analogy may suggest,
the general strategy is to consider a suitable moduli space of vector bundles on
relative Fargues—Fontaine curves, apply Theorem B.7.2]to identify an open subspace
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of semistable bundles, apply Theorem to upgrade these bundles to shtukas,
then take a suitable quotient to remove unwanted rigidity. This quotient operation
behaves poorly on the full moduli space of vector bundles, but somewhat better on
the semistable locus.

4.7. Invitation to local Langlands in mixed characteristic. To con-
clude, we include a rough transcription of the closing lecture given by Scholze at
the 2017 AWS, describing the Fargues—Scholze program for adapting methods from
the geometric Langlands program to the local Langlands correspondence in mixed
characteristic; we eschew the meticulous nature of the preceding notes in favor of
the informal tone of Scholze’s lecture. The definitive reference for this topic is to be
the forthcoming (as of this writing) article [64]; in the interim, see [I77), Lecture 4]
and [65].

We first recall the approach of Drinfeld to the Langlands correspondence for
global function fields in positive characteristic. Let C' be a smooth, projective,
geometrically irreducible curve over a finite field ;. Let G be a reductive group
over F, (e.g., take G = GLy to be in the setting of Drinfeld). The moduli space of
G-shtukas with one leg (see Remark L4.4)) comes with a structure morphism to C
given by the leg; we will denote this space for short by Sht and use it as an analogue
of a Shimura variety over Z.

We now consider a relative étale cohomology group R’f,Q, (for some prime £
not dividing ¢) for the morphism f : Sht — C; this is a local system on C, which
is to say a representation of the fundamental group 7;(C) (a/k/a the unramified
Galois group of the function field F' of C'). There is also an action of the adelic group
G(AF) given by something like Hecke operators (i.e., correspondences defined by
varying level structure).

The group R’f,Q, decomposes as a direct sum of certain automorphic repre-
sentations m of G(AF), each tensored with a certain representation o(m) of Gp.
The mapping 7 — o(w) defines the global Langlands correspondence in some cases,
but not all; Drinfeld realized that one could find the missing representations by
considering shtukas with two legs rather than one.

Changing notation, now let Sht denote the moduli space of shtukas with two
legs; the two legs now define a projection f : Sht — C xp, C. We again consider
R'f,Q, (or more precisely R'f,Q,, but we ignore the difference here); this now
carries an action of w1 (C' xp, C). Moreover, the partial Frobenius action on shtukas
allows us to factor this action through m1(C X, C/¢5) where ¢, is the partial
Frobenius acting only on the second term; by Drinfeld’s lemma (Theorem E212)),
the latter group is isomorphic to 71 (C) x 71(C'). One can then show that for good
choices of data, R’ f,Q, splits as a sum over certain automorphic representations 7
(including all cuspidal ones), each tensored with o(m) X o(m)V.

It is a grand dream to do something like this for number fields. In particular,
one would like to consider the analogues of shtukas with twdg legs; however, this
would require introducing a suitable analogue of C' xp, C'. Such an analogue would
be Spec(Z) X7 Spec(Z) where the base of the fiber product is something mysterious
(often called the “field of one element”).

The magic of diamonds is that they provide meaningful interpretations of
Spec(Q,) x2 Spec(Qp) and Spec(Z,) x» Spec(Z,). To wit, the absolute product

28For simplicity, we only talk about shtukas with two legs, which suffice for dealing with GLy,
and many other groups. However, in some cases more legs are needed, as in [130].
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Spd(Q,) x Spd(Qyp) exists in the category of diamonds and is “two-dimensional™
writing one copy of Spd(Q,) as Spd(Qp(upao))/Z; and then tilting, we obtain

Spd(Q,) x Spd(Q,) = D /L)

where D denotes the perfectoid punctured unit disc (see [162], Proposition 8.4.1] for
a detailed exposition of this point). The appropriate analogue of Drinfeld’s lemma
in this case is Theorem [£.3.14} it implies that

m(Dg,/Zy) = Ga,.

That is, as observed in [I76], one has a description of the arithmetic Galois group
Gq, as the geometric fundamental group of a certain space. (See [126] for some
variations on this theme.)

We now pass to the mixed-characteristic setting. Now write Sht for the mod-
uli space of mixed-characteristic local shtukas with one leg (in the sense of Def-
inition E5.6); the leg defines a morphism Sht — Spd(Q,). As discussed in Re-
mark [£6.9 this space Sht generalizes the notion of a Rapoport-Zink space, and
functions as a mixed-characteristic local analogue of a Shimura variety.

To put this in context, we recall how Rapoport-Zink spaces arise. Let H be a
one-dimensional formal group of height n over F,. Let X denote the deformation
space of H; it has the form Spf(W (F,,)[u1, ..., us—1]). Let My be the generic fiber
of this space; it is an (n — 1)-dimensional open unit disc. By analogy with taking a
tower of modular curves by increasing the level structure, one has a tower

= My = Muo =2 My

where My, classifies isomorphisms H[p"] = (Z/p"Z)" where H is the universal
deformation of H. These spaces are somewhat mysterious; however, their inverse
limit Mp o = 1&1 My, makes sense as a perfectoid space and admits a rather
precise description (given in [161]): for C' a complete algebraically closed extension
of Q, and co € FF» the corresponding point, Mg o (C') corresponds naturally to

the set of injective morphisms O i> (’)(%) with cokernel supported at oco. This
statement can now be translated into the language of shtukas with one leg (we leave
this to the reader).

This is the limit of what can say without recourse to diamonds. However, using
diamonds we may also form the moduli space Sht of shtukas with two legs, and we
get a morphism f : Sht — Spd(Q,) x Spd(Q,). Now taking R’f.Q, gives an object
with actions of Gaj (by Drinfeld’s lemma for diamonds) and G(Q,); one hopes
to decompose this object in order to obtain a realization of the local Langlands
correspondence for reductive groups over p-adic fields.

Appendix A. Project descriptions

Of the projects described below, the following were resolved during the Winter
School: Problem [AT1T] (see |22]), Problem [A:31] (in preparation), Problem [A5.3]
(in preparation).

A.1. Extensions of vector bundles and slopes (proposed by David
Hansen). The primary project revolves around the following problem.
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PrROBLEM A.1.1. Let F be a perfectoid field. (Optionally, assume also that F’
is algebraically closed.) Determine the set of values taken by the triple (HN(V),
HN(V'),HN(V")) as 0 = V' = V — V" — 0 varies over all short exact sequences
of vector bundles on the FF-curve Xg over F'.

One part of this problem is of a combinatorial nature.

PROBLEM A.1.2. Determine the combinatorial constraints on (HN(V'), HN(V’),
HN(V")) imposed by the slope formalism (e.g., the statement of Lemma B.Z4.T7]).

In the other direction, we will consider some intermediate steps, such as the
following.

PROBLEM A.1.3. Let V', V" be two semistable vector bundles on Xg with
w(V") < u(V"). Show that a bundle V occurs in a short exact sequence 0 — V' —
V = V" = 0 if and only if HN(V) lies between HN(V’' @ V") and the straight line
segment with the same endpoints as HN(V' @& V).

Addressing the problems discussed above requires some basic familiarity with
Banach—Colmez spaces, which are described in [I77, Lecture 4].

A.2. G-bundles. We next formulate a more general form of Problem [A. 11l
(Problem [A2.5)) in terms of algebraic groups. This requires giving a general de-
scription of G-objects in an exact tensor category.

DEFINITION A.2.1. For G an algebraic group over Q,, let Repg, (@) denote the
category of (algebraic) representations of G on finite-dimensional F-vector spaces.

Let C be an Qp-linear tensor category. (That is, C is an exact category where
the morphism spaces are not just abelian groups but Q,-vector spaces, composition
is not just additive but Q,-linear, C carries a symmetric monoidal structure which
is yet again Q-linear, and C carries a rank function which adds in short exact
sequences and multiplies in tensor products.) By a G-object in C, we will mean a
covariant, Q,-linear, rank-preserving tensor functor Repr(G) —C.

EXAMPLE A.2.2. Let C be the category of finite-dimensional Q,-vector spaces.

e For G = GL,, a G-object in C is the same as a vector space of dimension
n. (This includes the case G = G, by taking n = 1.)

e For G = SL,,, a G-object in C is the same as a vector space V of dimension
n plus a choice of generator of the one-dimensional space A"V,

e For G = O, (resp. G = Sp,,), a G-object in C is the same as a vector
space V of dimension n plus the choice of a nondegenerate orthogonal
(resp. symplectic) form on n.

ExaMPLE A.2.3. Let C be the category of vector bundles on an abstract curve
C over Qp.

e For G = GL,,, a G-object in C is the same as a vector bundle of rank n.

e For G = SL,, a G-object in C is the same as a vector bundle V of rank n
plus a trivialization of A"V

e For G = O,, (resp. G = Sp,,), a G-object in C is the same as a vector
bundle V' of rank n plus a nondegenerate orthogonal (resp. symplectic)
pairing V x V. — O¢.
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REMARK A.2.4. The idea behind the definition of a G-object is that vector
bundles on a scheme X (or for that matter, on a manifold X) correspond to elements
of the pointed set H!(X,GL,). By contrast, if one replaces GL,, with a smaller
group, the resulting vector bundle is not entirely generic: its construction respects
certain extra structure, and the exact nature of that extra structure is encoded in
the structure of the category Repr (G). This is closely related to the Tannaka—
Krein duality theorem, which asserts that the group G can be reconstructed from
the data of the category Repr(G) plus the fiber functor taking representations
to their underlying Q,-vector spaces, by taking the automorphism group of the
functor (just as in the definition of profinite fundamental groups).

We can now formulate a group-theoretic variant of Problem [A.1.1} the state-
ment of Problem [ATT] constitutes the case of the following problem in which
G = GL, and H is a certain parabolic subgroup. For this problem, some rele-
vant background is the classification of G-isocrystals by Kottwitz [124] (see also
[125.151]).

PROBLEM A.2.5. Suppose that F' is algebraically closed. Let H — G be an
inclusion of connected reductive algebraic groups over Q,. For a given H-bundle V
on Xp, determine which (isomorphism classes of) G-bundles admit a reduction of
structure to H.

REMARK A.2.6. There is a (perhaps fanciful) resemblance between Problem
[A2.5] and some classic questions about numerical invariants (e.g., eigenvalues,
singular values) of triples A, B, C' of square matrices satisfying A + B = C. See
[108], Chapter 4] as a starting point.

A.3. The open mapping theorem for analytic rings.

PrROBLEM A.3.1. Write out a detailed proof of Theorem [LT.9for analytic rings,
by modifying the argument in [93] for Tate rings.

The key substep is the following extension of [93] Proposition 1.9].

DEeFINITION A.3.2. Let X be a topological space. A subset Z of X is nowhere
dense if for every nonempty open subset U of X, there is a nonempty open subset
V of U which is disjoint from Z. A subset Z of X is meager if it can be written as
a countable union of nowhere dense subsets.

PROBLEM A.3.3. Let A be an analytic Huber ring. Let M, N be topological
R-modules. Let u : M — N be an R-linear morphism whose image is not meager.
Then for every neighborhood V of 0 in M, the closure of u(V) is a neighborhood
of 0 in N.

REMARK A.3.4. The key steps of [93], Proposition 1.9] are that if z € A is a
topologically nilpotent unit, then for every neighborhood W of 0 in M

o0
Uazw=nm,
n=1
and each set x =" u(W) is closed in N. For topologically nilpotent elements z1, ...,z

€ A which generate the unit ideal, the correct analogue of the first statement is
that

LJWn:M7 Wp={meM:ztm,...,apme W}
n=1
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The correct analogue of the second statement is that for each n,

{m € N:zlm,...,z}tm e uw(W)}

is closed in N. (If {m;} is a sequence in this set with limit m, then z7m; € u(W)

s s J
"m and so the latter is in u(W).)

converges to x

PrOBLEM A.3.5. Adapt the previous arguments to show that all of the results of
[93], which are proved for topological rings containing a null sequence consisting of
units, remain true for first-countable topological rings (not necessarily Huber rings)
in which every open ideal is trivial. (Note that Remark [[T.T]no longer applies, but
this turns out not to be relevant to this argument.) What happens if one drops the

first-countable hypothesis?

A.4. The archimedean Fargues—Fontaine curve (proposed by Sean
Howe).

DEFINITION A.4.1. Let P be the projective curve in P2 defined by the equation
22 + 12 + 22. This is the unique nontrivial Brauer-Severi curve over R. This object
plays a fundamental role in archimedean Hodge theory (e.g., in the study of mized
twistor D-modules).

We explore the analogy between P and the Fargues—Fontaine curve over an
algebraically closed perfectoid field.

PROBLEM A.4.2. For an algebraic variety X over R, write FF x xC for the
topological space (X (C) x P1(C)) /e, where ¢ acts on X (C) by the usual conjugation
(fixing X(R)) and on P!(C) by the antipode map z — —z 1. Can you formulate
a precise archimedean analogue of Lemma E3I0? (Note that P is an algebraic
analogue of P1(C)/c.)

DEFINITION A.4.3. Let W be the Weil group of R modulo its center R*: con-
cretely, this group is a semidirect product S x Z/27Z where Z /27 acts by inversion
on S'. We view P as the projectized cone over the (scheme of) trace-zero, norm-
zero elements in the quaternions H, and identify W with C* U jC* C H, so that P
has a natural action of W with a unique fixed point p with residue field C on which
W acts through conjugation by Z/27Z.

For X an algebraic variety over R, let H*(X(C),R) denote the real singular
cohomology of the topological space X (C), equipped with its Hodge decomposition
as EBP =i h?*1. We equip this R-vector space with a representation of W where S*
acts as z7P*T? on hP and c acts by the automorphism induced by conjugation on
X(C); using this action, we equip the trivial vector bundle O @ HY(X(C),R) on
P! with a W- equivariant structure. We equip the algebraic de Rham cohomology
Hip(X) with the trivial W-action.

PROBLEM A.4.4. Retain notation as in Definition [A.4.3]

(a) Prove the following de Rham comparison theorem: there is a natural iden-
tification

(O ® H'(X(C),R)) ~ Hin(X) @ Frac(0,),

Spec(FraC((/Q;))
as W-equivariant bundles over Spec(Frac(@)) and in particular

(H'(X(C),R) @ Frac(0,))" = Hip(X)
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with the Hodge filtration corresponding to the filtration by order of poles
(up to a change in the numbering). Compare with the p-adic de Rham
comparison theorem.

(b) What are the corresponding modifications?

(¢) Comparing with [I70], you will find that we are not using the standard
representation of the Weil group attached to a Hodge structure. For even
weight, we’ve simply taken a Tate twist to land in weight 0, but for odd
weight we’ve taken something genuinely different: our construction fac-
tors through the split version of the Weil group, while the the original
representation does not. Can we fix this and/or should we want to? On a
related note, is there a way to modify this construction so that we obtain
the correct numbering on the Hodge filtration and the “natural” slopes for
the modifications? In general, what can we do to make a stronger anal-
ogy with the p-adic case, and if we can’t, how should we understand the
difference?

A.5. Finitely presented morphisms.

DEFINITION A.5.1. Define a Huber ring A to be strongly sheafy if A(Ty,...,T},)
is sheafy for every nonnegative integer n. For example, if A is strongly noetherian,
then A is strongly sheafy by Theorem [[L2.T1] For another example, if A is perfectoid,
then we may see that A is strongly sheafy by applying Corollary to the map

ATy, ...\ T, — ATP .. TP ™).

DEFINITION A.5.2. Suppose A is strongly sheafy. A homomorphism A — B is

affinoid if:

e it factors through a surjection A(T1,...,T,) — B; and

e for some such factorization, B € PCohy(r, .. 7,). Equivalently by Theo-

rem [[L420] B is again sheafy.

For example, any rational localization is an affinoid morphism. In addition, any
finite flat morphism, and in particular any finite étale morphism, is affinoid pro-
vided that the source is strongly sheafy and the target is sheafy (e.g., a finite étale
morphism between perfectoid rings).

,,,,,

PRrROBLEM A.5.3. We previously gave an ad hoc definition of an étale morphism
of adic spaces (Hypothesis [[LT0.3)). Use the concept of an affinoid morphism to give
a definition in the strongly sheafy case closer to the one given by Huber in the
strongly noetherian case [97), Definition 1.6.5].

PrROBLEM A.5.4. Similarly, use the concept of an affinoid morphism to define
unramified and smooth morphisms in the strongly sheafy case.

A.6. Additional suggestions.

PROBLEM A.6.1. Prove that for any (analytic) Huber pair (A4, AT), Spa(A(T),
AT(T)) — Spa(4, A*") is an open map.

PROBLEM A.6.2. Verify that for any perfectoid Huber pair (R, RT) of char-
acteristic p, the ring Ajr = Ajr(R, RT) is sheafy. See Remark BT.I0 for the
case where R is a nonarchimedean field. One possible approach is to show that
A, s admits a split (in the category of topological A;,-modules) embedding into a
perfectoid (and hence sheafy) ring.
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PrROBLEM A.6.3. Find a “reasonable” (i.e., as small as possible) category of

algebraic stacks in which Remark d.2.T4] can be interpreted.
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1. Lecture 1: Introduction

1.1. Statement and consequences of the Hodge-Tate decomposition.
Fix a prime number p. The goal of this series is to explain the p-adic analog of the
following classical result, which forms the starting point of Hodge theory.

THEOREM 1.1 (Hodge decomposition). Let X/C be a smooth proper variety.
Then there exists a natural isomorphism

H"(X*",C)~ P H'(X,%,c)-
i+j=n

A similar result holds true when X is a compact Kdhler manifold.

Theorem [T has many immediate consequences. For example, the “naturality”
assertion above implies that the Hodge numbers are topological invariants in the
following sense:

COROLLARY 1.2. If f : X — Y is a map of smooth proper varieties that
induces an 1somorphism H”(_Y‘m7 C) ~ H"(X, C) for somen > 0, then one also
has H'(Y, Q{,/c) ~ H(X, QJX/C) for each i,j with i +j = n.

To move towards the p-adic analog, recall that the theory of étale cohomology
provides an algebraic substitute for singular cohomology that works over any field
k: the two roughly coincide when k¥ = C, but the former is constructed directly
from algebraic geometry, and thus witnesses the action of algebraic symmetries,
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including those that might not be holomorphic when working over k = C. As a
concrete consequence, we have the following vaguely formulated statement:

THEOREM 1.3 (Grothendieck, Artin, ....). Let X/C be an algebraic variety
that is defined over Q. Then the absolute Galois Gq of Q acts canonically on
HY(X Z/n) for any integer n > 0. Letting n vary through powers of a prime p,
we obtain a continuous Gq—actio on the Z,-module H'(X*",Z,), and thus on
the Qy-vector space H (X", Q).

Some important examples of this action are:

ExAMPLE 1.4 (Elliptic curves). Let X = E be an elliptic curve over C which
is defined over Q. Then

HY (X Z/n) ~ Hy (X", Z/n)" ~ Hom(r,(E),Z/n) ~ E[n]"

is the Z/n-linear dual of the n-torsion of E. In this case, Theorem [[3] reflects
the fact that all n-torsion points on E are defined over Q C C, and are permuted
by the Galois group Gq as E has Q-coeflicients. Passing to the inverse limit,
this endows the p-adic Tate module T,(F) := lim, E[n] and its Z,-linear dual
H'(X®" Z,) with canonical Gq-actions. As T,(E) ~ Z2 as a topological group,
this discussion provides a continuous 2-dimensional representation Gq — GL2(Zy).
More generally, the same discussion applies to any abelian variety of dimension g
to yield a continuous representation Gq — GLag(Z)).

EXAMPLE 1.5 (The torus and Tate twists). Another important example is the
case of X = Gy,. In this case, by the same reasoning above, we have H* (X", Z/n)
~ uY (where g, C Q denotes the set of n-th roots of 1) and HY (X", Z,) ~
(limy, g )Y =: Z,(—1). It is easy to see that Z,(—1) is a rank 1 free module over
Z,, so we can make sense of Z,(j) for any integer j: we simply set Z,(j) :=
(Z,(—1)®7)V. Moreover, the resulting represenation Gq — GL1(Z,) is highly
non-trivial by class field theory. In general, for a Z,-algebra R, we shall write
R(i) := R ®z, Zy(i), and refer to this as the i-th Tate twist of R.

EXAMPLE 1.6 (Projective line and abelian varieties). Standard computations
in algebraic topology are compatible with the Galois action from Theorem
Thus, for example, if A/C is an abelian variety of dimension g, then we know
from topology that H*(A%",Z,) is an exterior algebra on H'(A,Z,) under the
cup product: we have A ~ (S1)29 as a topological space, so the claim follows by
Kiinneth. It follows that the same description also applies in the world of Gg-
modules. Likewise, via the Mayer-Vietoris sequence, we have a canonical isomor-
phism H?(PYon Z,) ~ H' (G, Z,) ~ Z,(—1) in the world of Gg-modules. More
generally, if X/C is a smooth (or merely irreducible) projective variety of dimension
d defined over Q, then one can show H?¥(X" Z,) ~ Z,(—d) as a Gg-module.

From here on, we assume that the reader is familiar with the basics of étale
cohomology theoryg. Via Theorem [[3] (and variants), this theory provides perhaps

1Slightly more precisely, for any prime p, there is a functor Y — H?(Yet, Z;,) defined on the
category of all schemes. For ¥ = Xa (or even X¢), this theory is canonically identified with
HY(X%", Z,); the Galois action on Y then induces (by functoriality) the action mentioned in
Theorem [[.3} see also the next footnote.

2For a scheme X, a prime number p and a coefficient ring A € {Z/p, Z/p", Zp, Qp}, we write
H*(Xet, A) for the étale cohomology X with A-coefficients; we indulge here in the standard abuse



THE HODGE-TATE DECOMPOSITION VIA PERFECTOID SPACES 195

the most important examples of Gq-representations on p-adic vector spaces. To
understand these objects, at a first approximation, one must understand the action
of the local Galois groups (or decomposition groups) Dy C Ggq for a rational prime
{. When ¢ # p, these actions can be understooc% in terms of algebraic geometry
over the finite field Fy; in effect, due to the incompatibility of the ¢-adic nature of
D, with the p-adic topology, these actions are classified by the action of a single
endomorphism (the Frobenius), and one has powerful tools coming from the solution
of Weil conjectures at our disposal to analyze this endomorphism. However, if £ = p,
the resulting representations are much too rich to be understood in terms of a single
endomorphism. Instead, these representations are best viewed as p-adic analogs of
Hodge structures, explaining the name “p-adic Hodge theory” given to the study
of these representations. Perhaps the first general result justifying this choice of
name is the following, which gives the p-adic analog of the Hodge decomposition in
Theorem [[.T] and forms the focus of this lecture series:

THEOREM 1.7 (Hodge-Tate decomposition). Let K/Q, be a finite extension,
and let C,, be a completion of an algebraic closure K of K. Let X/K be a smooth
proper variety. Then there exists a Galois equivariant decomposition

(1) H™"(X% o, Qp) ®q, Cp =~ EB H'(X, Q&/K) ®x Cp(—J),

i+j=n

where C,(—j) denotes the (—j)-th Tate twist of C,. This isomorphism is functorial
in X. In particular, it respects the natural graded algebra structures on either side
as n varies.

We take a moment to unravel this statement. The object H"(X?’et7 Q) is the
étale cohomology of X7 := X ® K, and hence admits a Gx := Gal(K /K)-action
by transport of structure. The G g-action on K is continuous, and hence extends
to one on the completion C,. In particular, Gk acts on the left side of (1)) via the
tensor product action. On the right side, the only nontrivial G i-action exists on
Tate twists Cp,(—j) := C,®z, Z,(1)® 77, where it is defined as the tensor product of
G-actions on the two pieces. In particular, C,(—j) is not a linear representation
of Gk on a Cp-vector space; instead, it is semilinear with respect to the standard
G k-action on C,,.

To extract tangible consequences from Theorem [[I7] it is important to know
that the Tate twists C,(j) are distinct for different values of j. In fact, one has
the much stronger statement that these Tate twists do not talk to each other for
different values of j (see [Tal):

THEOREM 1.8 (Tate). Fiz notation as in Theorem [l Then, for i # 0, we
have

H°(Gx,Cp(i)) = H' (Gx, Cy(i)) = 0,

of notation where, for A € {Z;, Q,}, the groups H"(Xc¢, A) are not the cohomology groups of a
sheaf on the étale site X¢¢, but rather are defined by an inverse limit procedure.

3We are implicitly assuming in this paragraph that the prime p is a prime of good reduction
for the variety under consideration. If X has bad reduction at p, then the resulting representations
of Dy are much more subtle: already when £ # p, there is an extremely interesting additional piece
of structure, called the monodromy operator, that is still not completely understood.
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where the Galois cohomology groups are interpreted as continuous cohomology
groups. For i =0, each of these groups is a copy of K. In particular, we have

Homg, ¢, (Cp(i), Cp(j)) =0
fori#£j.
In words, Theorem [L.§ states that there are no continuous Gg-equivariant
maps between different Tate twists of C,,, and that there are no non-trivial G-

equivariant extensions of C,(7) by C,(j) for ¢ # j. We now revisit the preceding
examples armed with this understanding.

EXAMPLE 1.9. Consider X :=P*' and n=2. In this case, we have HQ(XKetv Q)
~ Q,(—1) by Example (see also Example[[5)). Using Theorem [[L8 we see that
Theorem [L7] captures the statement that H°(X, Qﬁ(/K) = H?*(X,0x) = 0, while

HY(X, Qﬁ(/K) is 1-dimensional.

EXAMPLE 1.10. Let X = A be an abelian variety over K. By combining
Example [[.4] and Theorem [[.7] we learn that

Tp(A) Oz, Cp =~ (Hl(Av OA)V Ok Cp) ® (HO(AaQ}A/K)V QK Cp(l))-
One can identify the right side in more classical terms:
HO(A, Q)Y )" ~ Lie(A) and H'(A,04)~ Lie(A"),
where AV is the dual of A. Thus, we can rewrite the above decomposition as
T,(A) ®z, Cp ~ (Lie(AY)" @k Cp) @ (Lie(A) ®x Cp(1)).

As we shall see later, if A is merely defined over C,, instead of over a finite extension
K as above, then we always have a short exact sequence

0 — Lie(A)(1) = T,(A) ®z, C, — Lie(AY)¥ — 0,

but this sequence may not split in a canonical way: there is no Galois action present
when A is defined merely over C,, so one cannot invoke Theorem to obtain a
(necessarily unique!) splitting of the previous sequence.

In number theory, one of the main applications of these ideas is in under-
standing the Galois representations of Gk arising as H" (Xﬁet, Q,). For example,
Theorem [[.7] implies these representations are Hodge-Tate, which forms the first in
a series of increasingly stronger restrictions placed on the representations arising
in this fashion from algebraic geometry; upgrading this structure, one can even
give a completely “linear algebraic” description of these Galois representations (see
Remark [[I]]), which is very useful for computations.

Theorem [[.7] also has applications to purely geometric statements. For exam-
ple, applying Theorem [[.8 leads to the following concrete ‘consequence concerning
the recovery of the algebro-geometric invariants H*(X, 91N / ) from the topologi-

cal/arithmetic invariant H" (X% .,, Qp):

CoOROLLARY 1.11 (Recovery of Hodge numbers). With notation as in Theo-
rem [0, we have

H'(X, Q&/K) = (Hzﬂ (X?,et’ Q) QQ, Cp(j)) .
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PROOF. Set n =i+ j. Tensoring both sides of (1) (and replacing j with k in
that formula)

HE (X7, Qp) ®q, Cpli) = €D H(X, Q%) ©x Cplj — k).
i+k=n
Applying (—)%* then gives the claim as K ~ Cff" and C,(j — k)% = 0 when
j # k by Theorem [L8 O

In particular, Corollary [[LT] gives an analog of Corollary in this setting.
In fact, Corollary [[LTT] is one of the key steps in Ito’s alternative proof [It] of the
following purely geometric result; the first proof of the latter gave birth to the
theory of motivic integration [Kol[DL], and both proofs rely on Batyrev’s [Bal
proving the analogous claim for Betti numbers via p-adic integration.

THEOREM 1.12 (Kontsevich, Denef, Loeser, Ito). Let X and Y be smooth pro-
jective varieties over C. Assume that both X and Y are Calabi-Yau (i.e., Kx and
Ky are trivial), and that X is birational to Y. Then

dim(H* (X, ) = dim(H' (Y, 2}, ).
foralli,j.

One may view Theorem [[71 as relating the Galois representation on
H ”(Xﬁet, Q,) to the algebraic geometry of X. An obvious question that then
arises, and one we have essentially skirted in the discussion so far, is whether one
can understand the p-torsion in H”(XK@67 Z,) in terms of the geometry of X; in
particular, we may ask for a geometric description of H" (X% ,, Fp). This integral
story is much less understood than the rational theory above. Nevertheless, one
has the following recent result [BMS2)]:

THEOREM 1.13. Fiz notation as in Theorem [L7. Assume that X extends to a
proper smooth Ok -scheme X. Write Xy, for the fiber of X over the residue field k
of K. Then we have

dime(Hn(Xf@tvFP))S Z dimkHi(xk7Qgck/k)'
i+j=n

Moreover, there exist examples where the inequality is strict.

In other words, the mod-p cohomology of X+ is related to the geometry of Xj.
We shall sketch a proof of Theorem towards the end of the lecture series.

Outline of proof and lectures. The main goal of this lecture series is to explain
a proof of Theorem [Tt towards the end, we shall also sketch some ideas going into
Theorem [[L.I3l Our plan is to prove Theorem [ 7 following the perfectoid approach
of Scholze [Sc2], which itself is inspired by the work of Faltings [Fall[Fa2l[Fa3l[Fa4].
In broad strokes, there are two main steps:

(1) Local study of Hodge cohomology via perfectoid spaces: Construct a pro-
étale cover X,, — X which is “infinitely ramified in characteristic p”,
and study the cohomology of X.,. In fact, X, shall be an example of a
perfectoid space [Scll, so the perfectoid theory gives a lot of control on
the cohomology of X,. In particular, suitably interpreted, X, carries no
differential forms, so the full Hodge cohomology comes from the structure
sheaf.
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(2) Descent: Descend the preceding understanding of the Hodge cohomology
of X, down to X. In this step, we shall see that the differential forms on
X, which vanished after pullback to X, reappear in the descent proce-
dure.

In fact, to illustrate this process in practice, we work out explicitly the case of
abelian varieties with good reduction in §21 The general case is then treated in §3]
while the integral theory is surveyed in §4l

1.2. Complementary remarks. We end this section by some remarks of a
historical nature, complementing the theory discussed above.

REMARK 1.14. Theorem [[I7] was conjectured by Tate [Ta]. In the same pa-
per, Tate also settled the case of abelian varieties (and, more generally, p-divisible
groups) with good reduction; the case of general abelian varieties was then settled
by Raynaud using the semistable reduction theory. The abelian variety case was
revisited by Fontaine in [Foll], who also provided a natural “differential” defini-
tion of the Tate twist. The general statement mentioned above was established by
Faltings [Fal], as a consequence of his machinery of almost étale extensions.

REMARK 1.15. (Hodge-Tate decomposition for rigid spaces) In [Tal §4, Re-
mark], Tate wondered if Theorem [[7] should be valid more generally for any proper
smooth rigid—analyti(ﬁ space. This question was answered affirmatively by Scholze
[Sc2l Corollary 1.8]. In fact, Scholze proves the following more general assertion
(see [Sc3l Theorem 3.20]):

THEOREM 1.16 (Hodge-Tate filtration). Let C' be a complete and algebraically
closed nonarchimedean extension of Q,. Let X/C' be a proper smooth rigid-analytic
space. Then there exists an FEs-spectral sequence, called the “Hodge-Tate spectral
sequence”,

B+ HY(X, @ 0) (=) = H (X, Q) @ C.

It is this more general result that is most naturally accessible to perfectoid
techniques, and thus forms the focus of this lecture series.

REMARK 1.17 (Degeneration of the Hodge-Tate spectral sequence). When X
is defined over a discretely valued subfield of C' (such as a finite extension of Q,),
the Hodge-Tate spectral sequence degenerates thanks to due to Theorem [L.8] (which
holds true for over any such field). Indeed, the differentials are Galois equivariant
and go between vector spaces with different Tate twists, so they must be 0 by the
HY statements from Theorem [[8 In fact, a little bit more care using Theorem [[§
for H* shows that one can even promote this degeneration to a canonical one, i.e.,
one can produce the Hodge-Tate decomposition for proper smooth rigid-analytic
spaces, as inquired by Tate.

In the general case (i.e., if X is merely defined over C'), one can still show
that this spectral sequence always degenerates (see [BMS2| §13]), but there is no
canonical Hodge-Tate decomposition.

4At first glance, this is very surprising: in complex geometry, the Hodge decomposition in
Theorem [[1] only applies to compact complex manifolds which are (not far from) Kéhler, so one
would also expect an analog of the Kéhler condition in p-adic geometry. However, if one accepts
that K&hler metrics are somewhat analogous to formal models (for example, the latter provides a
well-behaved metric on the space of analytic functions), then the analogy with complex geometry
is restored: as every rigid space admits a formal model by Raynaud [BL2| Theorem 4.1].
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REMARK 1.18 (p-adic comparison theorems). The Hodge-Tate decomposition
forms the first in a hierarchy of increasingly stronger statements (conjectured by
Fontaine, and proven by various authors) describing the Galois representations of
Gk on H"(X?,etv Q,) in terms of the geometry of X. For example, the p-adic de
Rham comparison isomorphism, which is formulated in terms of a certain filtered
G k-equivariant K-algebra Byr constructed by Fontaine, asserts:

THEOREM 1.19 (de Rham comparison). There exists a canonical isomorphism
H"(X% o1, Qp) ®q, Bar = Hir(X/K) ®k Bag.
This isomorphism respects the Galois action and filtrations.

Theorem [[LT9 together with some knowledge of Byg, allows one to recover
the de Rham cohomology H},(X/K) as a filtered vector space from the Gk-
representation H ”(XKCI57 Q,). In fact, passage to the associated graded in The-
orem [[.T9 recovers Theorem [[.7] so one may view the de Rham comparison iso-
morphism as a non-trivial deformation of the Hodge-Tate decomposition. Con-
tinuing further, in the setting of good or semistable reduction, one can endow
H}n(X/K) with some extra structure (namely, a Frobenius endomorphism, as well
a monodromy endomorphism in the semistable case); the crystalline/semistable
comparison theorems give an analogous comparison relating the G g-representation
H"(X% .4, Qp) with the de Rham cohomology Hjjp(X/K) equipped with the afore-
mentioned additional structure. A major advantage of these latter theorems is that
the recovery process works in both directions. In particular, one can completely
describe the G i-representation H n(X?,et’ Q,) in terms of the linear algebra data
on the de Rham side, thus facilitating calculations. We will not be discussing
any of these comparison theorems in this lecture series, and refer the reader to
[BMS2], §1.1] for more information.

REMARK 1.20 (Open and singular varieties). Theorem [[7] has a natural ex-
tension to arbitrary varieties X/K. In this case, the correct statement of the
decomposition is:

H”(X?_’et, Qp) ®q, Cp = @ gr%H;Ej(X/K) ®Kr Cp(—1),

it+j=n

where grf;7 denotes the j-th graded piece for the Hodge filtration on H,(X/K)
constructed by Deligne’s theory of mixed Hodge structures [Dell[De2]. This result
was proven in [Kil] using de Jong’s alterations theorem, and found a natural home
in the recent approach of Beilinson [Be] to the p-adic comparison theorems based on
vanishing theorems for the h-topology; we shall not discuss such extensions further
in these notes.

Acknowledgements. I'm thankful to Kestutis Cesnavicus, David Hansen, Ki-
ran Kedlaya, Marius Leonhardt, Daniel Litt, Jacob Lurie, Akhil Mathew, Matthew
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grateful to the referee for a thorough reading and many suggestions that improved
the exposition.
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2. Lecture 2: The Hodge-Tate decomposition for abelian schemes

The main goal for this section is to introduce, in the case of abelian vari-
eties with good reduction, certain “large” constructions that are generally useful
in Hodge-Tate theory. Our hope is that encountering these “large” objects in a
relatively simple setting will help demystify them.

2.1. The statement. Fix a finite extension K/Q,, a completed algebraic
closure K < C, and an abelian scheme A/OQ g with generic fiber A. Our goal is to
sketch a proof of the following result:

THEOREM 2.1. There exists a canonical isomorphism
HY(Ag, C):=H" (A ct, Zp)®2,C~ (H' (A, 04) 0k C) & (H (A, ) 1)@k C(—1)).

In fact, we shall not construct the complete decomposition. Instead, we shall
construct a map
aa:HY (A,04) @K C — HY (A, O)
using inspiration from the perfectoid theory (as well as [Be]), and a map
Ba: HY(A, QY r) @k C(—1) = H'(A¢, C)

exploiting the arithmetic of the base field K, following an idea of Fontaine [Fol].
We can then put these together to get the map

Ya=0aa®Ba: (H' (A 04) @k C) ® (HO(AaQ,lax/K) ®k C(-1)) = H'(Ac, ),
that induces the Hodge-Tate decomposition.

REMARK 2.2 (Reminders on abelian varieties). The following facts about the
cohomology of abelian varieties will be used below.

(1) Write T),(A):=1lim A[p"](C) for the p-adic Tate module of A. Then there is
a natural identification of H*(A, C)~H*(T,(A),C), where H*(T,(A),C)
denotes the continuous group cohomology of the profinite group T),(A)
with coefficients in the topological ring C'; this essentially comes down
to the assertion that an abelian variety of dimension g over C is homeo-
morphic to (S')%9. In particular, since T),(A) = Z29, one calculates that
H*(A,C) is an exterior algebra on H'(A,C) ~ T,(A)¥ @ C.

(2) The Ox-module H(A,O4) is free of rank g = dim(A). In fact, this
module is canonically identified with the Lie algebra of the dual abelian
scheme AY. Moreover, the cohomology ring H*(A,04) is an exterior
algebra on H'(A,0,) via cup products. In particular, all cohomology
groups of O 4 are torsionfree.

2.2. The perfectoid construction of the map a 4. The discussion in this
section is geometric, so we work with the abelian Oc-scheme Ay directly. Write
Ay = Ag, for each n > 0, and consider the tower

U LNy R R Ry P
of multiplication by p maps on the abelian scheme Ay.. Write Ay := limA,
for the inverse limit of this tower, and 7 : A, — Ag for the resulting map to the
bottom of the tower; this inverse limit exists as multiplication by p is a finite map on
Ao, (see [SPL Tag 01YX]), and its cohomology with reasonable coefficients (such
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as the structure sheaf) can be calculated as the direct limit of the cohomologies of
the A,,’s.

Now obseve that translating by p"-torsion points gives an action of A[p"](O¢) ~
Ap"](C) on the map A, — Ag; here we use the valuative criterion of properness
for the identification A[p™](O¢) ~ A[p"](C). Taking inverse limits in n, we obtain
an action of T,(A) on the map . Taking pullbacks, we obtain a map

H*(.A,OA) — H*(.AOO,OAOO).

Due to the presence of the group action, the image of this map is contained in the

T,(A)-invariants of the target. Thus, we can view preceding map as a map

H*(‘Aa OA) - HO(TP(A)v H*(‘Aoov oﬂm))v

where we use the notation HY(G,—) for the functor of taking G-invariants for a
group G. Deriving this storyﬁ, we obtain a map

(2) U : RT(A,04) = R conts(Tp(A), RT' (Ao, 04.)),

where RI'(A,0,) denotes the cohomology of the structure sheaf on A and
RY conts(Tp(A), —) denotes continuous group cohomology theory for the profinite
group T,,(A), both in the sense of derived categories (see [Wel §10] for a quick
introduction). To proceed further, we observe the following vanishing theorem:

PROPOSITION 2.3. The canonical map Oc — RI'(Aw, 04 ) induces an iso-
morphism modulo any power of p, and hence after p-adic completion.

PROOF. As A is an abelian scheme, its cohomology ring H*(A, 04) is an exte-
rior algebra on H' (A, O4). Moreover, multiplication by an integer N on A induces
multiplication by N on H'(A,04). By combining these observations with the
formula

H' (Aoo, 04 ) =~ colim H (A,,04,) ~ C([)l]im H' (Ao, 04,,),
n D *

we learn that H(As, 04, ) is the constants O¢ if i = 0, and H' (A, OAOC)[%]

for ¢ > 0. In particular, working modulo any power of p, the latter vanishes, so we
get the claim. (Il

Thus, after p-adic completion, the map ¥ gives a map
U : RT(A, O4) = Rl eonis(T,(A), O¢).

On the other hand, as abelian varieties are K (m, 1)’s, we can interpret the preceding
map as a map

U : RI(A,04) — RI(Ac, 0¢).
In particular, applying H' and inverting p, we get a map

Hl(Aa OA) - Hl(ACaO)v

5Let us give a slightly more precisely explanation (see also Exercise 13). Say f: X — Y
is a map of quasi-compact and quasi-separated schemes, and G is a profinite group (regarded
as a profinite scheme over Z) acting on X equivariantly with respect to the trivial action on Y.
Then there is a canonical factorization RI'(Y, Oy ) — Rlconts(G, RI'(X, O x)) of the pullback map
RI(Y,0y) — RI'(X,0x). One way to see this is to observe that the map f acts as X — [X/G] —
Y, where [X/G] is the quotient of X by G in the category of (not necessarily algebraic) stacks
for the pro-étale topology. Taking RI" of the structure sheaf for the preceding factorization gives
the desired factorization as RI'([X/G], O1x/q]) = Rl'conts(G, RI'(X,0x)) since X — [X/G] is a
pro-étale G-torsor.
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which then linearizes to the promised map
oy fIl(fl7 OA) ®RC — Hl(Ac,C).

REMARK 2.4 (Perfectoid abelian varieties). Given any affine open U C Ag,,
write Uy, C Ao for its inverse image. Then the p-adic completion R of O(Uy,) is
an integral perfectoid O¢-algebra, i.e., R is p-adically complete and p-torsionfree,
and the Frobenius induces an isomorphism R/ p% ~ R/p. In particular, the generic
fiber Ay, of Ay gives a perfectoid space. In fact, the map A,, — A¢ is a pro-étale
T,(A)-torsor. This construction may be viewed as the analog for abelian varieties
of the perfectoid torus from Example below.

2.3. Fontaine’s construction of the map 4. For Fontaine’s construction,
we need the following fact about the arithmetic of p-adic fields:

THEOREM 2.5 (Differential forms on O¢). Write Q for the Tate module of
Qéc/OK. This Oc-module is free of rank 1. Moreover, there is a Galois equivariant

isomorphism C(1) ~ Q[%}
CONSTRUCTION OF THE MAP GIVING THE ISOMORPHISM. Consider the dlog
map
tp=(O¢c) C 05 — Q%‘)C/OK
given by f +— d—;. On passage to Tate modules and linearizations, this gives a map
Ty (pp (0¢)) Xz, Oc =2Z,(1) ®z, Oc =0¢(1) = Q.

Fontaine proves this map is injective with torsion cokernel, giving C(1) ~ Q[%];
see [Foll §1] for Fontaine’s proof, and [Be, §1.3] for a slicker (but terse) argument
using the cotangent complex. ([

REMARK 2.6 (The cotangent complex of O¢). Theorem [2Z5]also extends to the

cotangent complex after a shift: one has Lo z, ~ Q[1], where the completion on
the left side is the derived p-adic completion. Although this can be deduced directly
from Theorem [2.5] we do not explain this here; instead, we refer to Remark [3.19]
where a more general statement is proven. This assertion will be useful later in
constructing the Hodge-Tate filtration.

In particular, this result helps connect the Tate twist C'(1) (which lives on the
Galois side of the story) to differential forms (which lie on the de Rham side). Using
this, Fontaine’s idea for constructing the map 4 is to pullback differential forms
on A to those on O¢ using points in A(O¢). More precisely, this pullback gives a
pairing

HO(A, Qh/OK) ® A(O¢) — Qéc/OK.
Passing to p-adic Tate modules, this gives a pairing
HO(A, QY 0,.) ® Tp(A) = Q.
Using the identification T),(A) ~ H'(A¢et, Zp)Y, this gives a map
HO(A, Qyj0,) = H (Acer, Zp) © Q.
Inverting p and using Theorem 25 we get the map
HO(A, QY ) = H' (A, C)(1).
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Linearizing and twisting gives the desired map
6.4 : HO(A7 Q}LX/K) ® C(_l) - Hl(ACa C)

2.4. Conclusion. Taking direct sums of the previous two constructions gives
the map v4 = aa ® Ba

va: (H'(A,04)©C) & (HY(A, Qi) (-1) ® C) — H'(Ac, O).

Each of the parenthesized summands on the left has dimension g, while the target
has dimension on 2g. Thus, to show 4 is an isomorphism, it is enough to show
injectivity. Moreover, by Tate’s calculations in Theorem [[.§] it is enough to show
that a4 and 84 are separately injective: the map 4 is Galois equivariant, and
the two summands have different Galois actions, so they cannot talk to each other.
For Fontaine’s map (4, this follows by a formal group argument as it is enough to
check the corresponding assertion for the formal group of A. For the map a4, we
are not aware of a direct argument that does not go through one of the proofs of
the p-adic comparison theorems. For lack of space, we do not give either argument
here.

3. Lecture 3: The Hodge-Tate decomposition in general

Let C be a complete and algebraically closed extension of Q,. Let X/C be a
smooth rigid-analytic Space@. Our goal is to relate the étale cohomology of X to
differential forms. More precisely, setting

H"(X,C):= H" (X, Z,) @z, C,
we want to prove the following result (contained in Theorem [[.T6 and Remark [[.T7):

THEOREM 3.1 (Hodge-Tate spectral sequence). Assume X is proper. Then
there exists a (degenerate) Es-spectral sequence

EyY: HY(X, Q% o) (—)) = HH (X, C).

The resulting filtration on H™(X,C) is called the Hodge-Tate filtration.

In this lecture, we shall explain the construction of this spectral sequence. The
starting point of this relation ngeen étale cohomology and differential forms is
the completed structure sheaf Ox on the pro-étale site X, oc: of X; these objects
are defined in §3.21 To a first approximation, objects of X, may be viewed as
towers {U;} of finite étale covers with Uy — X étale, and Ox is the sheaf which
assigns to such a tower the completion of the direct limit of the rings of analytic
functions on the U;’s. In particular, this is a sheaf of C-algebras. The following
comparison theorem [Sc2, Theorem 5.1] relates the cohomology of 6; to more
topological invariants:

THEOREM 3.2 (Primitive comparison theorem). If X is proper, then the inclu-
sion C' C Ox of the constants gives an isomorphism

H*(X,C) ~ H*(Xproet; Ox).

6 All results in this section are due to Scholze unless otherwise specified. When X is a smooth
proper variety, some of the results were proven by Faltings [FallFa4] in a different language.
When discussing the étale cohomology of adic spaces, we are implicitly using Huber’s theory
[Hu2]. When X arises as the analytification of an algebraic variety Y, Huber’s étale cohomology
groups agree with those of Y, so we can draw consequences for the algebraic theory as well.
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Thus, to prove Theorem B.J], it suffices to work with H" (Xpmet,@) instead
of H"(X,C), thus putting both sides of Theorem Bl into the realm of coherent
cohomology. To proceed further, we recall that there is a canonical projection map

v Xp'roet — Xet

from the pro-étale site of X to the étale site of X; recall that a morphism of sites
goes in the other direction from the underlying functor of categories, and the latter
for v simply captures the fact that an étale morphism is pro-étale. Theorem [31
arises from the Leray spectral sequence for v using the following:

THEOREM 3.3 (Hodge-Tate filtration: local version). There is a canonical
isomorphism Qk/c(—l) ~ R'w,O0x. Taking products, this gives isomorphisms
O )o(=J) = RIv.0x.

In the rest of this lecture, we will sketch a proof of this result. More precisely,
§3.2] contains some reminders on the pro-étale site, especially its locally perfectoid
nature. This is then used in §3.4] to construct the map giving the isomorphism
of Theorem B3} this construction relies on the cotangent complex (whose basic
theory is reviewed in §3.0]), and differs from that in [Sc2]. Once the map has been
constructed, we check that it is an isomorphism in §3.5] using the almost acyclicity
of the structure sheaf for affinoid perfectoid spaces.

REMARK 3.4 (Hodge and Hodge-Tate filtrations). As mentioned in Remark[[.17]
the differentials in Theorem [B.] are, in fact, always 0, and thus one always has
some Hodge-Tate decomposition as in Theorem [[.71 This result is explained in
[BMS2| §13] and relies on the work of Conrad-Gabber [CG] on spreading out
rigid-analytic families to reduce to the corresponding assertion over discretely val-
ued fields. However, one cannot construct a Hodge-Tate decomposition as in The-
orem [[.7] that varies p-adic analytically in X. Concretely, when X is an abelian
variety, one has a canonical map H*(X,0x) — H'(X,C) as explained in §2 giv-
ing a piece of the Hodge-Tate filtration on H'(X,C); however, one cannot choose
a splitting H'(X,C) — H'(X,0x) in a manner that is compatible in families of
abelian varieties. Instead, the variation of the Hodge-Tate filtration in a family
of abelian varieties provides a highly non-trivial and interesting invariant of the
family: the Hodge-Tate period map from [Sc4 §I11.3].

The above discussion is analogous to the following (perhaps more familiar and)
more classical story over C (see [Vol §10]): even though the Hodge-to-de Rham
spectral sequence always degenerates for a smooth projective variety, one cannot
choose a Hodge decomposition for smooth projective varieties that varies holomor-
phically in a family. Instead, it is the Hodge filtration on de Rham cohomology that
varies holomorphically. In fact, the variation of this filtration in a family of smooth
projective varieties provides an extremely important invariant of the family: the
period map to the classifying space for Hodge structures.

REMARK 3.5 (The first obstruction to splitting the Hodge-Tate filtration). Un-
der the primitive comparison theorem (Theorem B.2]), the Hodge-Tate filtration on
H*(X,C) is induced by the canonical filtration on the complex Rv,0x. In this
remark, we discuss the first obstruction to splitting this filtration locally on X.
Consider the complex K := TSlRu*B}. This complex has 2 nonzero cohomology
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sheaves (identified by Theorem [B3]), and thus sits in an exact triangle
Ox = K = Qk/c(=1)[-1].
The boundary map for this exact triangle is a map
Qe (-1)[=1] = Ox[1],

and thus gives an element of obx € Ext% (Q% /c»0x(1)). Unwinding definitions,
the element obx measures the obstruction to finding a map K — Ox splitting
the map Ox ~ R%,0x — K. In the rest of this remark, we describe this ele-
ment slightly more geometrically using some formalism of rigid geometry and p-adic
Hodge theory; the reader unfamiliar with these notions should feel free to skip this
remark.

Recall that Fontaine has constructed [Fo2l, §1.2] a canonical surjection 6 :
Aint(Oc) = O¢ whose kernel is generated by a nonzerodivisor (see Remark B.14]
for a description adapted to these notes). This gives an exact sequence

0 — ker(8)/ ker(8)% — Aime(0c)/ ker()? % Aps(00)/ ker(8) ~ O — 0.

The map 6 is a non-trivial square-zero extension of the commutative ring O¢ by the
invertible Oc-module ker(6)/ ker(6)2. In fact, one can also show that this extension
does not split over any subring O’ C O¢ with O¢ /0’ killed by a fixed power of p. Tt
follows from the formalism of “passing to the generic fibre” that the map 0[1/p] is a
non-trivial square-zero extension of the Tate algebra C. One can then show (using
the method of §3.4) that obx is precisely the obstruction to lifting X across the
thickening 5[1—17], thus giving some geometric meaning to the non-canonicity of the
Hodge-Tate decomposition mentioned in Remark BA. The characteristic p analog
of this is the Deligne-Illusie result, recalled next.

REMARK 3.6 (Deligne-Illusie obstructions to liftability). Remark is analo-
gous to a more classical picture from [DI], which we recall. Let k be a perfect field
of characteristic p, and let X/k be a smooth k-scheme. Consider the truncated de
Rham complex K := TSIQ;( Ik Note that the differentials in the de Rham complex
% /i are linear over k and the p-th powers O% of functions on X. Thus, we may
view Q% Ik (and thus K) as a complex of coherent sheaves on the Frobenius twist

XM of X relative to k. By a theorem of Cartier, one has FHHQ 1) QiX(l)/k.

Thus, the complex K sits in an exact triangle
Oxay > K — Qﬁ(u)/k[—l}.
The boundary map for this triangle is a map
Dy =1 = Oxw [1];
and can thus be viewed as an element obx € Extg((l)(Qﬁ((l)/k, Ox@). One of the

main observations of [DI] is that obx is precisely the obstruction to lifting the
k-scheme X (1) along the square-zero extension Wa(k) — k of k.

"Forthcoming work of Conrad-Gabber [CG] shows that this obstruction class is always 0, at
least when X is assumed to be proper. Nevertheless, this class admits an integral analog, which
can be nonzero; see Remark [3.22]
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3.1. The cotangent complex and perfectoid rings. We recall the con-
struction and basic properties of the cotangent complex; much more thorough ac-
counts can be found in [Qu2|IlI1LTII2] and [SP, Tag 08P5]. Once the basics have
been introduced, we shall explain some applications to the perfectoid theory; the
key point is that maps between perfectoids are formally étale in a strong sense, and
this perspective helps conceptualize certain results about them (such as the tilt-
ing correspondence and Fontaine’s calculation of differential forms in Theorem [2.5))
better. We begin with the following construction from non-abelian homological
algebra:

CONSTRUCTION 3.7 (Quillen). For any ring A and a set S, we write A[S] for
the polynomial algebra over A on a set of variables x; indexed by s € S. The
functor S — A[S] is left adjoint to the forgetful functor from A-algebras to sets. In
particular, for any A-algebra B, we have a canonical map np : A[B] — B, which is
evidently surjective. Repeating the construction, we obtain two natural A-algebra
maps 14, A[ns] : A[A[B]] — A[B]. Iterating this process allows one to define a
simplicial A-algebra Pp, /A augmented over B that looks like

Py, = (...A[A[A[Bm —= A[A[B] —= A[B]) — . B

This map is a resolution of B in the category of simplicial A-algebras, and is called
the canonical simplicial A-algebra resolution of B; concretely, this implies that the
chain complex underlying P /A (obtained by taking an alternating sum of the face
maps as differentials) is a free resolution of B over A. Slightly more precisely, there
is a model category of simplicial A-algebras, and the factorization A — P}, A B
provides a functorial cofibrant replacement of B, and can thus be used to calculate
non-abelian derived functors. We do not discuss this theory here, and will take
certain results (such as the fact that such polynomial A-algebra resolutions are
unique up to a suitable notion of homotopy) as blackboxes; a thorough discussion,
in the language of model categories, can be found in [Qui].

Using the previous construction, the main definition is:

DEFINITION 3.8 (Quillen). For any map A — B of commutative rings, we
define its cotangent complex L, 4, which is a complex of B-modules and viewed as
an object of the derived category D(B) of all B-modules, as follows: set L/ :=
Q}D,/A ®pe B, where P* — B is a simplicial resolution of B by polynomial A-
algebras. Here we view the simplicial B-module Q}), /4 ©Pe B as a B-complex by
taking an alternating sum of the face maps as a differential.

For concreteness and to obtain a strictly functorial theory, one may choose the
canonical resolution Pp /A in the definition above. However, in practice, just like in
homological algebra, it is important to allow the flexibility of changing resolutions
without changing Lg,4 (up to quasi-isomorphism). The following properties can
be checked in a routine fashion, and we indicate a brief sketch of the argument:

(1) Polynomial algebras. If B is a polynomial A-algebra, then Lpg 4~ QlB/A [0]:
this follows because any two polynomial A-algebra resolutions of B are

homotopic to each other, so we may use the constant simplicial A-algebra
with value B to compute Lp, 4.
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(2) Kiinneth formula. If B and C are flat A-algebras, then Lpg,c/a ~
Lp/ja®aC®B®aLcya: this reduces to the case of polynomial algebras
by passage to resolutions. The flatness hypothesis gets used in concluding
that if P* — B and Q°® — C' are polynomial A-algebra resolutions, then
P*®4Q° - B®y C is also a polynomial A-algebra resolution. (In fact,
this reasoning shows that the flatness hypotheses can be relaxed to the
assumption ToréO(B ,C) = 0 provided one uses derived tensor products
of chain complexes in the formula above.)

(3) Transitivity triangle. Given a composite A — B — C of maps, we have a
canonical exact triangle

Lpja®pC — Loya — Loys

in D(C). To prove this, one first settles the case where A — B and
B — C are polynomial maps (which reduces to a classical fact in commu-
tative algebra). The general case then follows by passage to the canonical
resolutions as the exact sequences constructed in the previous case were
functorial.

(4) Base change. Given a flat map A — C and an arbitrary map A — B, we
have Lp/a ®4 C =~ Lpg ,c/c- Again, one first settles the case of polyno-
mial rings, and then reduces to this by resolutions, using flatness to reduce
a derived base change to a classical one. (Again, this reasoning shows that
the flatness hypothesis can be relaxed to the assumption ToréO(B ,C)=0
provided one uses derived tensor products of chain complexes in the for-
mula above. More generally, all assumptions can be dropped if one re-
places B @4 C with B ®4 C, interpreted as a simplicial commutative
ring.)

(5) Vanishing for étale maps. We claim that if A — B is étale, then Lg 4 ~
0. For this, assume first that A — B is a Zariski localization. Then
B®a B~ B, so (2) implies that Lg/s ® Lp/a ~ Lp/a via the sum map.
This immediately gives Lg,4 = 0 for such maps. In general, as A — B is
étale, the multiplication map B ® 4 B — B is a Zariski localization, and
thus Lp/pg,p =~ 0. By the transitivity triangle for B s B®s B — B,
this yields Lpg ,p/B ®Bo,5 B ~ 0. But, by (4), we have Lpg,p/p =~
Lpja ®a B, so the base change of Lp,4 along A - B — B®a B — B
vanishes. The latter is just the structure map A — B, so L4 ®4 B ~ 0.
The standard map Lp/a — Lp/a ®a B has a section coming from the
B-action on Lp/, 50 Lp /s =~ 0.

(6) Etale localization. If B — C'is an étale map of A-algebras, then Lp/4 ®p
C ~ L¢)a: this follows from (3) and (5) as Lo/ ~ 0.

(7) Relation to Kdhler differentials. For any map A— B, we have H'(Lp,4) ~
QlB /A° This can be shown directly from the definition.

(8) Smooth algebras. 1f A — B is smooth, then Lp/s ~ Q}B/A[O]' By (6),
there is a natural map Lg/ 4 — QlB/A [0]. To show this is an isomorphism,
we may work locally on A by (6). In this case, there is an étale map
B' = Alzy, ... xn] — B. We know that Ly a ~ Qp,,,[0] by (1) and
Lg/p ~ 0 by (6). By (3), it follows that Lg,4 ~ L/ /s ®p B ~ Q}B/A[O].

We give an example of the use of these properties in a computation.
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ExaMPLE 3.9 (Cotangent complex for a complete intersection). Let R be a
ring, let I C R be an ideal generated by a regular sequence, and let S = R/I. Then
we claim that Lg/p ~ I/I?[1]. In particular, this is a perfect complez, i.c., quasi-
isomorphic to a finite complex of finite projective modules. To see this isomorphism,
consider first the case R = Z[z1, ...,z,] and I = (x;). In this case, S = Z, and the
transitivity triangle for Z — R — S collapses to give Lg/p ~ Q}z/z ®pr S[1] ~
I/1%[1], where the isomorphism I/I? — Q}%/Z ®p S is defined by f — df. For
general R, once we choose a regular sequence fi,...f, generating I, we have a
pushout square of commutative rings

Zo, ] 2

-

Z——S.

As the f;’s form a regular sequence, this is also a derived pushout square, i.e.,
Torg[ox1 ”"’zr](R, Z) = 0. Base change for the cotangent complex implies that
Ls/r ~ Lzjz[u,.....s,) ®2z S ~ T/I?[1].

Assume now that with R, I, .S as above, the ring R is smooth over a base ring
k. Then Lg/, ~ Q}?,/k is locally free. The transitivity triangle for k - R — S
then tells us that Lg/, is computed by the following 2-term complex of locally free
S-modules:

12 2% 0L, or S,

Here the identification of the differential involves unraveling some of the identifica-
tions above. In particular, Lg/; is also a perfect complex. Conversely, it is a deep
theorem of Avramov (conjectured by Quillen) that if % is a field and Lg;, is perfect
for a finite type k-algebra S, then S is a complete intersection.

REMARK 3.10 (Naive cotangent complex). For most applications in algebraic
geometry and number theory (including all that come up in these notes), it suffices
to work with the truncation Tz’lLB/A. This is a complex of B-modules with (at
most) two non-zero cohomology groups in degrees —1 and 0. It can be constructed
explicitly using a presentation: if A — B factors as A - P — B with A — P a
polynomial algebra and P — B surjective with kernel I, then we have

72 g = (1/12 129, 0, @p B).

This object is sometimes called the naive cotangent complex, and its basic theory is
developed in [SP, 00S0]. Despite the elementary definition, it is sometimes awkward
to work with the truncated object, so we stick to the non-truncated version in these
notes.

The main reason to introduce the cotangent complex is that it controls deforma-
tion theory in complete generality, analogous to how the tangent bundle controls
deformations of smooth varieties; roughly speaking, the functors EXt%(LB JAs =)
control square-zero extensions of B in the category of A-algebras. We do not discuss
this formalism in depth here, and instead simply record the following consequence.

THEOREM 3.11 (Deformation invariance of the category of formally étale al-
gebras). For any ring A, write C4 for the category of flat A-algebras B such that
Lp/a =~ 0. Then for any surjective map A — A with nilpotent kernel, base change
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induces an equivalence C ; ~ C4. In other words, every A — B in C4 lifts uniquely
(up to unique isomorphism) to A— Bin Cj.

Any étale A-algebra B is an object of C4; conversely, every finitely presented
A-algebra B in G4 is étale over A (see [SPl Tag 0D12] for a more general asser-
tion). Thus, for such maps, Theorem [BI1] captures the topological invariance of
the étale site (see [SPL Tag 04DZ]). However, the finite presentation hypothesis is
too restrictive for applications in the perfectoid theory; instead, the following class
of examples is crucial:

PRrROPOSITION 3.12. Assume A has characteristic p. Let A — B be a flat map
that is relatively perfect, i.e., the relative Frobenius Fig, 4 : BW .= B ®ar, A— B
is an isomorphism. Then Lp,4 ~ 0.

ProOF. We first claim that for any A-algebra B, the relative Frobenius induces
the 0 map Lpy,, : Lpayya — Lpya: this is clear when B is a polynomial A-
algebra (as d(zP) = 0), and thus follows in general by passage to the canonical
resolutions. Now if A — B is relatively perfect, then Lp, , is also an isomorphism
by functoriality. Thus, the 0 map Lpayja — Lpya is an isomorphism, so Lp/a =
0. O

This leads to the following conceptual description of the Witt vector functor:

EXAMPLE 3.13 (Witt vectors via deformation theory). Let R be a perfect ring
of characteristic p. Then R is relatively perfect over Z/p. Proposition tells us
that Lr/r, =~ 0, so Theorem B.I1l implies that R has a flat lift R,, to Z/p" for any
n > 1, and that this lift is unique up to unique isomorphism. In fact, this lift is
simply given by the Witt vector construction W,,(R). Setting W (R) = lim,, W,,(R)
gives the Witt vectors of R, which can also be seen as the unique p-adically complete
p-torsionfree Z,-algebra lifting R. This perspective also allows one to see some
additional structures on W(R). For example, the map R — R of multiplicative
monoids lifts uniquely across any map W,,(R) — R: the monoid R is uniquely
p-divisible, while the fiber over 1 € R of W,,(R) — R is p-power torsion. Explicitly,
one simply sends r € R to ﬁlp", where 7, € W, (R) denotes some lift of r,, := o
The resulting multiplicative maps R — W, (R) and R — W/(R) are called the
Teichmiiller lifts, and denoted by r +— [r].

REMARK 3.14 (Fontaine’s A;,; and the map 6). Let us use the above discus-
sion to introduce Fontaine’s Ajn¢-construction (from [Fo2] and mentioned earlier
in Remak BF). Fix a ring A and a map A — B in C4. With a bit more care
in analyzing deformation theory via the cotangent complex (see [SPl, Tag 0D11]),
one can show the following lifting feature: if ¢/ — C'is a surjective A-algebra map
with a nilpotent kernel, then every A-algebra map B — C lifts uniquely to an
A-algebra map B — C’. In particular, given a p-adically complete Z,-algebra C,
a perfect ring D, and a map D — C/p, we obtain a unique lift W, (D) — C/p™ of
the composition W, (D) — D — C/p for each n. Taking limits, we obtain unique
map W(D) — C lifting the map W (D) — C/p arising via W(D) — D — C/p.
Applying this in a universal example of such a D for a given C', we obtain Fontaine’s
map 0 from [Fo2| via abstract nonsense:

PROPOSITION 3.15. Given any p-adically complete ring R, the canonical pro-
jection map 0 : R” := limg R/p — R/p lifts to a unique map 0 : W(R*) — R. The
ring W (R?) is also called Aing(R).
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Note that the map 6 : R* — R/p is surjective exactly when R/p is semiperfect,
i.e., has a surjective Frobenius. In this case, the map 6 is also surjective by p-adic
completeness.

We next explain the relevance of these ideas to the perfectoid theory. As the
definition of perfectoid algebras varies somewhat depending on context, we define
the notion we need (see [BMS2| §3.2] for more on such rings), using the map ¢
introduced above:

DEFINITION 3.16. A ring R is integral perfectoid if it satisfies the following
conditions:

(1) R is w-adically complete for some element = with #? | p.
(2) The ring R/p has a surjective Frobenius.
(3) The kernel of A;,;(R) := W(R’) — R is principal.

Note that being integral perfectoid is a property of the ring R as an abstract
ring (as opposed to a topological ring, or an algebra over some other fixed ring).
Important examples include the rings of integers of perfectoid fields (in the sense
of [Scll Definition 3.1]), and any perfect ring of characteristic p. In fact, if C' is
a perfectoid field of characteristic 0, then a p-adically complete and p-torsionfree
O¢-algebra R is integral perfectoid exactly when the map Oc/p — R/p is relatively
perfect in the sense of Proposition

REMARK 3.17. It takes a little practice to appreciate the strength of the con-
ditions appearing in Definition For example, condition (1) rules out the ring
Z,, conditions (1) and (2) together rule out finite extensions of Z,, and condition
(3) ensures that the perfectoid property does not trivially pass to (m-adically com-
plete) quotients. We refer the reader to other references on perfectoid rings (such
as [BMS2| §3], [Morl, §3], [BIM)| §3], [Lal, §8]) for more thorough discussions.

REMARK 3.18 (Tilting). For an integral perfectoid ring R, the map 6 : A;,s(R)
— R from Proposition fits into the following commutative diagram

Aims(R) —2>R

L,

R R/p,

where each map can be regarded as a pro-infinitesimal thickening of the target
by the perfectoidness assumption. In particular, all 4 rings are pro-infinitesimal
thickenings of R/p. Theorem BI1] and Proposition may then be used to prove
half of the tilting correspondence from [Scll Theorem 5.2].

We make some remarks on the differential aspects of perfectoid rings. For this,
we use the language of derived p-adic completions (see [SPl, Tag 091N]) as well as
Exercise 7 in g5

REMARK 3.19 (Formally étale nature of A;,; and differential forms). Let A
be a perfect ring of characteristic p. By Example BI3] the map Z, — W(A)
satisfies the following crucial feature: the cotangent complex L4 p, =~ 0, so the

p-adic completion L@ZP vanishes by base change for cotangent complexes and
Nakayama’s lemma for p-adically complete complexes. By the transitivity triangle,
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for any W (A)-algebra R, we have L/R/\Zp ~ L};W\(A). Now specialize to the case

where R is an integral perfectoid ring and A = R’, with R viewed as an algebra
over W(A) = Ains(R°) via 6. Then we learn that

Lryz, =~ LR/, (R
But the map 6 : A;,,;(R’) — R is a quotient by a nonzerodivisor in A;,,;(R’) (see
[BMS2| Lemma 3.10 (i)] for a proof). Using Example [39] this tells us that

Lrz, = ker(6)/ ker(6)2[1].

In particular, this is a free R-module of rank 1.
Let us specialize the above discussion to the ring R := O¢ of Theorem
In the notation there, the above discussion recovers the freeness assertion from
Theorem as one can show that ITQ—/;p ~ Q[1] using Exercises 7 and 12. To
recover the precise Galois module structure given in Theorem 2.5 one proves the
following compatibility (which we leave here as an instructive exercise):
(x) If € := (1, ep,€p2,....) € Obc is a compatible sequence of p-power roots
of 1 with €,n € ppn(Oc) and €, # 1, then the element p = [¢] — 1
lies in ker(#), and its image under the isomorphism ker()/ker(6)? ~ Q
mentioned above is exactly the compatible system {dlog(epn)}tn>1 € Q2
appearing in the discussion following Theorem
In particular, it follows that p generates (Galois equivariantly) a copy of O¢(1) in
the invertible Oc-module Q. Inverting p then gives the isomorphism Q[1/p] ~ C(1)
predicted by Theorem

REMARK 3.20 (Breuil-Kisin twists). For future reference, we remark that the

Oc-module .
Q=T /z,) = Loz, [-1] = ker(6)/ ker(6)”
is a canonically defined invertible Oc-module (as it is abstractly free of rank 1),
and we shall write
M — M{i} := M ®¢, Q%

for the corresponding twisting operation on O¢-modules; when M carries a Galois
action, so does the twist. These objects are called the Breuil-Kisin twists of M,
and are related to the Tate twist via an inclusion M (¢) C M{i} for ¢ > 0 with a
torsion cokernel (see the construction following Theorem for an explanation of
the origin of this inclusion). Slightly more generally, the same discussion applies
when O¢ is replaced by an integral perfectoid ring R to define a twisting operation
M +— M{1} := M ®g ker(6)/ ker(#)? on R-modules (but one loses the analog of
the inclusion M (1) C M{1} available for R = O¢).

One fruitful viewpoint on integral perfectoid rings is to view them as integral
analogs of perfect rings: they share some of the miraculous properties of perfect
characteristic p rings without themselves having characteristic p. This perspective
leads one to predict certain results in mixed characteristic, and we explain how this
plays out for the Deligne-Illusie theorem in the next two remarks.

REMARK 3.21 (Deligne-Illusie, revisited). Let k be a perfect field of charac-
teristic p. Then k ~ W (k)/p, so Ly w ) ~ k[1] by Example Now consider a
smooth k-algebra R. The transitivity triangle for W (k) — k — R is

Lyywuy @k B — Lrywk) — Lryk-
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Using the smoothness of R and the previous computation of Ly /w1, this simplifies
to

R[1] = Lrywr) = Qpyp-
As this construction is functorial in R, we may sheafify it to obtain the following;:
for smooth k-scheme X, we have a functorial exact triangle

Ox[1] = Lo jw) — Qﬁg/k.
In particular, the boundary map for this triangle is
O, — O0x12],
and can thus be identified as a class
obx/w (k) € Ext® (2, Ox).

Using the deformation-theoretic interpretation of the cotangent complex (and un-
ravelling Example [3.9), one can show that obx i) is precisely the obstruction to
lifting X to Wa(k). The main theorem of Deligne-Illusie [DI] is that the obstruc-
tion class obx constructed in Remark via the de Rham complex coincides with
obx ) /w(k); equivalently, the complex L x )y [—1] identifies with Tng;(/k.

REMARK 3.22 (The integral analog of Deligne-Illusie). The analogy between
perfect rings and integral perfectoid rings is strong enough that we can directly
repeat the discussion of Remark B.2T] when the ring k is only assumed to be an
integral perfectoid ring. In this case, we must replace W (k) with A, (k) = W (k)
and the map W (k) — k with Fontaine’s map 6 : A;,7(k) — k. Given a smooth
k-scheme X, the discussion in Remark B2T] goes through (using Remark B.19) to
construct a class obx/a,, (k) € Extk(Qk/k, Ox{1}) from the complex Lx/a, k)

it measures the failure to lift X across 6 : A;,;(k)/ker(9)? — k. In this setting,
the analog of the Deligne-Tllusie theorem is then the subject of [BMS2 §8]; the
rational version for k = O¢ with C' an algebraically closed perfectoi/@\ field of char-
acteristic 0 is the identification of LX/Amf(k)[—l][%] with 75! Ry, Ox,., as alluded

to in Remark

The notation A;,s (and its cousin Ay s) were adopted for geometric reasons,
as we briefly recall.

REMARK 3.23 (Nomenclature of A;,; and A..s). Let R be an integral perfec-
toid ring. By definition, the map 6 : R* — R/p is a projective limit of the maps

R/p o, R/p; by the perfectoidness of R, each of these latter maps is a infinitesi-
mal thickening (i.e., is surjective with nilpotent kernel). Thus, we may regard R
as a projective limit of infinitesimal thickenings on R. Moreover, by perfectness,
R’ — R/p is the universal such object in characteristic p rings: for any other infin-
itesimal thickening S — R/p with S an Fj-algebra, there is a unique map R — S
factoring 6. As in Proposition B.I5] one then checks that 6 : A, r(R) — R/p is also
a projective limit of infinitesimal thickenings of R/p, and is the universal such ob-
ject amongst all thickenings. Stated differently, A;,, ;(R) is the global sections of the
structure sheaf of the infinitesimal site for Spec(R/p) (see [Gro] for the infinitesimal
and crystalline site); this is the origin of Fontaine’s notation A;, s(R) (which arose in
the example R = Og,, first). Likewise, in this case, adjoining divided powers along
the kernel of # and p-adically completing produces Fontaine’s period ring Ac,ys(R),
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which comes equipped with a factorization A;,f(R) — Acrys(R) — R; one can
then show that the map Acpys(R) — R realizes Agpys(R) as the global sections of
the structure sheaf on the crystalline site of Spec(R/p), once again explaining the
notation.

3.2. Recollections on the pro-étale site. We now return to the setup at
the start of the section: C'is a complete and algebraically closed extension of Q,,
and X/C is a smooth rigid-analytic space. Viewing X as an adic space, Scholze
has attached its pro-étale site X0, in [Sc2l §3] (see also lectures by Kedlaya and
Weinsteirﬁ). A typical object here is a pro-object U := {U;} of X, such that all
transition maps U; — U; are finite étale covers for 4,j large. Heuristically, one
wishes to allow towers of finite étale covers of an open in X. The following class of
objects in X oc¢ plays a crucial role:

DEFINITION 3.24. An object U := {U;} € X0 is called affinoid perfectoid if
it satisfies the following:

(1) Each U; = Spa(R;, R;") is affinoid.
(2) Setting R := colim; R;” (where the completion is p-adic) and R = R*[%],
the pair (R, RT) is a perfectoid affinoid algebra.

For such an object U, we write U= Spa(R, RT) for the corresponding perfectoid
space.

For our purposes, the main reason to enlarge the étale site X.; to the pro-étale
site Xproet is that the following theorem, stating roughly that there are enough
affinoid perfectoid objects to cover any object, becomes true (see [Sc2, Corollary
4.7]):

THEOREM 3.25 (Locally perfectoid nature of X,,0et). The collection of U €
Xproet Which are affinoid perfectoid form a basis for the topology.

REMARK 3.26. The construction of pro-étale site makes sense any noetherian
adic space X over Spa(Qp, Zy). Moreover, Theorem B.20] is true in this generality;
this is due to Colmez, see [Sc2l, Proposition 4.8].

Theorem is a remarkable assertion: it allows us to reduce statements
about (pro-)étale sheaves on rigid-analytic spaces to those for perfectoid spaces. In
practice, this means that affinoid perfectoids play a role in p-adic geometry that
is somewhat analogous to the role of unit polydisks in complex analytic geometry.
We do not prove Theorem in these notes. Instead, we content ourselves by
describing the key construction that goes into its proof, which is analogous to the

one in 2.2

EXAMPLE 3.27 (The perfectoid torus). Let X := T := Spa(C(T*!), Oc(T*!))
be the torus. Consider the object U = {U;}ien € Xproet given by setting
U, = X for all n, with the transition map U,+; — U, being given by the p-
power map on the torus. To avoid confusion, choose co-ordinates so as to write

8The definition of the pro-étale site has evolved a bit over time. For our purposes, the
original one from [Sc2l §3], which is perhaps the most intuitive, suffices. Other variants that are
technically much more useful were discovered later, and are discussed in the lectures of Kedlaya
and Weinstein. In particular, the notion discussed in these notes is called the flattening pro-étale
topology in Kedlaya’s lectures. The reader may freely use any of these variants whilst reading
these notes.
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U, = Spa(C’(Tiﬁ% Oc<Tiﬁ>). Then U is indeed affinoid perfectoid: the corre-
sponding perfectoid affinoid algebra is simply (C(T i#), OC<Tir+°°>). Note that
each map U,41 — U, is a p,(C)-torsor, and hence U — X is a pro-étale Z,(1)-
torsor. Explicitly, we have a (continuous) direct sum decomposition

oty ~ P o-T.
i€Z[ ]
This decomposition is equivariant for the Zp(l)—action, and an element € := (e,) €
lim p1,n (C') =: Z(1) acts on the summands via

S
For convenience, we often abbreviate this action as
T — €T,
In particular, in this case, we have a profinite étale cover of X by an affinoid
perfectoid in X, 0c:. More generally, a similar construction applies when X admits
an étale map to the n-dimensional torus T™ that factors as a composition of rational

subsets and finite étale maps (see [Sc2l Lemma 4.6]). In general, one can always
cover X by affinoid opens that admit such maps.

4

We now recall some “vanishing theorems” on X,,..c;. Recall that we have
already discussed the morphism v : X0t — Xet of sites; precisely, this is the
morphism of topoi inverse to the operation of observing that any U € X,; trivially
gives an object of X, o+ as the constant pro-system. Using this morphism, we
obtain the sheaves 0% := v*0% and Ox := v*Ox,, on Xproer; here Ox,, and
O}et are the usual structure sheaves on the étale site X.;. The completed structure

sheaves are then defined as O% = lim 0% /p™ and 0x = @[%] Given an affinoid
perfectoid U := {Spa(R;, R])} € Xproet as in Definition with limit U :=
Spa(R, RT), one has the expected formulae

0L(U)=R* and Ox(U)=R,

see [Sc2l Lemma 4.10]. The first vanishing theorem concerns the cotangent com-
plex:

COROLLARY 3.28. The cotangent complex L@/oc vanishes modulo p on Xproct.

Hence, the p-adic completion of L— vanishes.
0t /0c

ProoF. By Theorem [(B25 it is enough to show that the presheaf
U— L@(U)/oc ®ép Z/p vanishes on affinoid perfectoid U € Xpoer. But 0% (U) =
R for a perfectoid affinoid (R, RT). We are then reduced to the vanishing modulo

p of the cotangent complex for perfectoids, which may be deduced from Proposi-
tion B 12 as Oc/p — R'/p is flat and relatively perfect. |

In other words, there is no differential geometric information available when
working on the ringed site (Xproet, Ox). We shall see later that the differential
forms on X can nevertheless be recovered from (X, 0et, Ox) via pushforward down
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to X¢¢. The second vanishing theorem concerns the cohomology of 6;\( on affinoid
perfectoids (see [Sc2l, Lemma 4.10]):

THEOREM 3.29 (Acyclicity of the structure sheaf on affinoid perfectoids). Let
U € Xproet be an affinoid perfectoid. Then H'(U, O}) is almost zerd] fori >0,
and thus H{(U,O0x) =0 for i > 0.

/IB particular, this theorem gives us a technique for calculating the cohomology
of Ox for any affinoid U € X,ee:: if we choose a pro-étale cover V- — U with V
affinoid perfectoid as provided by Theorem [B.25] then Cech theory (see [SPl, Tag
01ET]) gives an identification

Hi(U,0x) ~ Hi(ﬁ;(V) S O0x(Vxp V) = 0x(V xp V xg V) = )

as V, V xy V,V xy V xy V, etc. are all affinoid perfectoid; here the differentials
are the alternating sums of the pullbacks along the various projections. If we can
further ensure that V' — U is a G-torsor for a profinite group (see Example for
an example), then the above complex takes on a particularly simple form related to
group cohomology (as in [SPL Tag 09B3]). Indeed, we can identify V xyV ~V xG
(where G is the “topologically constant” sheaf on X+ defined by the association
W — Map,,.:s(|W|,G), where |W| is the natural topological space attached to
W € Xproet), so the above formula simplifies to

H'(U,0x) = Hl,pys (G, 0x (V).

In other words, we can calculate the cohomology of 6;\( in terms of the continuous

group cohomology. The same strategy also applies for the integral sheaf O}} in the
almost category, and will be used repeatedly in the sequel.

3.3. The key calculation. Continuing the notation from §3.2] we record the
main calculation describing Rv,Ox.

LEMMA 3.30. The Ox-module Rly*a; is locally free of rank n, and taking cup
products gives an isomorphism ANRW,Ox ~ Riv,Ox.

The strategy of the proof is roughly analogous to that employed in §2.2} we
find a map X, — X which is a torsor for a profinite group with the property that
X is perfectoid, and then proceed via descent.

PRrROOF. This is a local assertion, so we may assume that X is affinoid, and that
there exists an étale map X — T that factors as a composition of rational subsets
and finite étale covers. By the vanishing of higher coherent sheaf cohomology on

9The phrase “almost zero” refers to a notion introduced by Faltings [Fall: an Oc-module is
almost zero if it is killed by the maximal ideal of O¢. Intuitively, such a module is “very small”
and can often be safely ignored when performing computations. Faltings theory of “almost math-
ematics” (expounded in [GRYJ) is based on the idea of systematically developing various notions of
commutative algebra and algebraic geometry up to almost zero error terms (as in Theorem [3:29]),
i.e., one works with rings, modules, etc. in the ®-category of almost Oc-modules, defined as the
quotient of the category of all Oc-modules by almost zero ones. Whilst we have avoided any
discussion of this notion in these notes, it is important to note that almost mathematics lurks in
the background when working with perfectoid spaces, and is most directly visible in the integral
aspects of theory.
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affinoids, it is enough to show the following;:

(1) The Ox(X)-module H* (Xpmet,é—;) is free of rank n.
(2) Taking cup products gives an isomorphism

/\iHl (Xproeta 6)\() ad Hi(Xproet; 6;)

for each 1.
(3) The preceding two properties are compatible with étale localization on X.

We shall explain the first two in the key example of a torus, leaving the rest to the
references.

Consider first the case X = T! := Spa(C{(T*!), Oc(T*1)) of a 1-dimensional
torus with co-ordinate T'. Write X, € X0+ for the affinoid perfectoid object
constructed in Example Then Theorem shows that

RI (X oo proet 6;) o~ C(Tip;‘x’ ).

As Xoo — X is a Z,(1)-torsor, this implies (see discussion following Theorem [3.29)
that

RT(Xproet; Ox) = R cons(Zp(1), C(TH7)).

Now that canonical presentation

C(TF7) ~ @C.Ti

iez[%]

is equivariant for the action of Z,(1) described in Example B27] In particular, if
€ = (€,) € limpuyn(C) = Z,(1) is a generator, then, by standard facts about the
continuous group cohomology of pro-cyclic groups, we have

RE(Xppoer, Ox) = @) (€10 2200 o),
i€z(3]

here we follow the convention that if ¢ = pim a € Z, then ¢ = €% In particular,

the differential is trivial on the summands indexed by i € Z (as € = 1 for such i)
and an isomorphism for non-integral i € Z[%] (as € — 1 # 0 for such ¢). Thus, up
to quasi-isomorphism, we can ignore the non-integral summands to get

RT (X proet, Ox) g@(c 7% T)

i€z

This presentation (and some unraveling of isomorphisms) shows that H* (X p,oet, 6;)

is the exterior algebra on its H!, and that H'! (Xpmet,g;) is free of rank 1, as
wanted.

The preceding analysis applies equally well (modulo bookkeeping) when X =
T™ is an n-dimensional torus for any » > 1. The general case is then deduced
from this one by the almost purity theorem and base change properties of group
cohomology, as explained in [Sc3l Proposition 3.23] and [Sc2| Lemma 4.5, 5.5]. O
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3.4. Construction of the map. In this section, we give a global construction

of the map
o Oy (i) = R'nOx

that will eventually give the isomorphism in Theorem [3.3] This construction is
analogous to the one in [BMS2] §8.2] and differs from that in [Sc3| §3.3].

We choose a formal model X/O¢ of X, and write X, for the category of affine
opens in X with the indiscrete topology (i.e., only isomorphisms are covers, so all
presheaves are sheaves). Then we have evident morphisms

(Xproet7 OX) i> (X6t7 OX) 1> (%affa OX)
of ringed sites, and write ;4 = mov for the composite. We shall construcd a natural
morphism
o QY o, = R pO0x(1).
By formal properties of adjoints, this defines a map
%00 =T /00 @10, Ox = R'1.0x(1).

The left side identifies with Qﬁ( /C» SO untwisting defines the desired map ®'. The re-
maining ®*’s are obtained by passage to exterior powers using the anticommutative

cup product on ®; R'v,Ox.
Consider the maps
Z, — O0c — 0%
of sheaves of rings on X ce:. Attached to this, there is a standard exact triangle
— B B
LOc/Zp Koo OX — LO}/Z,, — LO}/OC
of cotangent complexes. Corollary [3.28 shows that the last term vanishes after a
p-adic completion. Hence, we obtain an isomorphism

—
—

LOC/Zp XKoo O; ~ L@/Zp'

By Theorem 2.5, the first term identifies with Q ®o. O%[1], where Q is a free
O¢-module of rank 1 that Galois equivariantly looks like O¢(1) up to torsion. In
particular, inverting p gives

— 1

) Ox(V = Lo o]
Now consider the map p of ringed sites. Via pullback, this yields a map

(4) Lx/z, = Ru.L ~ Ru,Ox (1)[1].

oz, Tl

o%L/z,p)
To proceed further, we claim that there is a natural identification

(5) H(Lx/z,) ~ U0,

10Here Q%E/Oc denotes the sheaf of Kdhler differentials on the formal scheme, and is computed
as follows: if X = Spf(R) for flat O¢-algebra R that is topologically of finite presentation, then
Q%E/Oc is the coherent O x-sheaf associated to the finitely presented R-module of continuous Kéahler
differentials on R, see [EGA] §0.20.1] and [GR), 7.1.23]. This module is computed as the p-adic
completion of module Q}%/oc in the algebraic sense. In particular, the sheaf Q;E/Oc has the
following key feature for our purposes: its values on affines are p-adically complete.
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Granting this claim, passage to H° in (@) yields the map
b 0% /0, = R 0x(1),
and hence the maps ®, as explained earlier. To prove (3.4)), consider the sequence
Zp — OC — Ox
of rings on Xqy¢. The transitivity triangle then takes the form

Loz, ®oc Ox = Lxjz, = Lxjoc-

On applying the derived p-adic completion functor, we obtain an exact triangle
where the term on the left has no H°, so we obtain an identification

CH:O(L_'{/ZP) ~ HO(L_{/OC).

The upshot of this reduction is that the right side is a geometric object: X is a
topologically finitely presented formal scheme over Oc. Using this fact, one can
check that -
HO(Lxjoo) = /00

which then gives the desired ([B4]); we refer to the discussion surrounding [GRI
Lemma 7.1.25] for more on the relationship between the cotangent complex and
continuous Kéhler differentials, and |[GRJ, Proposition 7.1.27] for the proof of the
above equality.

3.5. Conclusion: the isomorphy of ®!. Combining the material in §3.4]
with the calculation §3.3] we learn that both the source and the target of
@0 P A (/e (-1)) = P R'v.0x

K3

are exterior algebras on the ¢ = 1 terms. Thus, to prove that ®’ is an isomorphism
for all 7, it suffices to do so for i = 1. Moreover, note that both sides are coherent
sheaves of an étale local nature on X. Thus, we may assume X = T", and may
pass to global sections. Thus, we need to show that the

B1(X) 1 Qe (—1) = H (Xproet; Ox)

of free rank n Ox (X )-modules is an isomorphism. Both sides are compatible with
taking products of adic spaces, so one reduces to the case n = 1. Choose coordinates
to write X := T! := Spa(C(T*!), Oc(T*1)). Then dlog(T) € Qﬁ(/c is a generator,
and it suffices to show that W!(dlog(T)) is also a generator. This can be checked
by making explicit the construction of §8.4 as in [BMS2] §8.3].

4. Lecture 4: Integral aspects

Let C/Qp be a complete and algebraically closed field with residue field k.
Let X be a smooth and proper formal schemd'l] over O¢. Write X = X¢ for the

11 Not much will be lost if one assumes that C' = Cp and that X arises as the p-adic completion
of a proper smooth O¢-scheme X. For our constructions, though, it will nevertheless be convenient
to work with formal schemes. The added generality is also useful in some geometric applications,
see [CLL| for a recent concrete example arising from the following phenomenon: it is possible
for a K3 surface X/C to only extend to a smooth and proper algebraic space X/O¢ (and not a
smooth and proper scheme); nevertheless, the special fibre of X/O¢ is a scheme (as any proper
smooth 2-dimensional algebraic space over a field is a scheme), and hence the formal completion
X/0¢ of X/O¢ is actually a proper smooth formal scheme.
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generic fibre, and X}, for the special fibre. We then have the degenerate Hodge-Tate
spectral sequence

By HY(X, )

I e) () = HY(X,0).

leading to the equality

(6) dimg, H" (X, Qp) = dime H™(X,C) Z dime HY (X X/C)

i+j=n
relating étale and Hodge-cohomology for the generic fiber. As X admits a good
model X, the groups appearing on either side of the equality above admit good
integral and mod-p variants: we have

H (X3, % ) and - H™(Xer, Fp).

It is thus natural to ask if (6l) admits a mod-p variant. The following theorem was
proven recently in [BMS2]

THEOREM 4.1. One has inequalities

(7) dimp, H"(Xet, Fp) < Z dimy H' (X, Q% )
i+j=n
The primary goal of this section, accomplished in §4.2] and §4.3 is to present a
broader context for Theorem [4.] and to sketch a proof. But first, in §4.I], we record
some examples showing that the inequality in Theorem 1] (as well as a mod p?
variant) can be strict.

4.1. Examples indicating Theorem [4.J] cannot be strengthened.

4.1.1. An exzample where () is strict. The goal of this subsection is to record
Example 3], showing that () can be strict. Our strategy is to construct certain
interesting degenerations of group schemes, and then to approximate their classi-
fying stacks. To motivate this idea and subsequent constructions, we begin with
a purely topological calculation; the reader not interested in this motivation may
skip ahead to Example for the actual example relevant to Theorem (.11

EXAMPLE 4.2. Let G = Z/p. Counsider the classifying space BG of G-torsors;
this space can be defined as EG /G, where EG is a contractible space with a free G-
action. The cohomology of BG agrees with the group cohomology of G. We claim
that there exist G-torsors f; : X; — BG for i € {0,1} such that H'(Xo,F,) ~ 0,
but H'(X1,F,) # 0. In fact, for Xy, we take Xo = EG, with fy : Xo — BG being
the universal G-torsor: as EG is contractible, we have H>%(X,,F,) ~ 0. For Xj,
we simply take X; = BG x G with f; : X; — BG being the projection, realizing
X1 as the trivial G-torsor over BG. Then H'(X1,F,) contains H'(BG,F,) as a
summand, and is thus nonzero since H'(BG,F,) ~ Hom(G,F,) # 0.

As a thought experiment, imagine that one can construct a family degenerating
fo to f1, i.e., a continuous one parameter family f; : X; — BG of G-torsors indexed
by t € [0, 1] coinciding with the construction above for ¢ = 0, 1. The total space X of
this degeneration would then admit a fibration X — [0, 1] whose fibers have varying
F,-cohomologies. Unfortunately, it is impossible to find such a degeneration in
topology. Indeed, any such family would correspond to a non-constant path in the
“space of G-torsors on BG” that degenerates the non-trivial torsor Xg to the trivial
torsor X;. The space of such torsors is tautologically Map(BG, BG); as G is discrete
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and abelian, this space admits no non-trivial path, so no such families exist.
(Even more directly, the fibers of a fibration over [0, 1] are homotopy-equivalent,
and hence can’t have distinct cohomologies.)

However, we can produce such a degeneration in algebraic geometry in pos-
itive or mixed characteristic, essentially because morphisms between finite group
schemes can vary in families in this setting; for example, Hom(Z/p, p1,,) >~ 1, is not
discrete in characteristic p. Using this idea, one can rather readily find the phe-
nomenon described in the previous paragraph in the world of algebraic stacks (see
[BMS1), Example 4.1]). To stay within the world of schemes, one needs an addi-
tional approximation argument. The example recorded next (from [BMS2| §2.1])
accomplishes both of these tasks, albeit in a hidden fashion.

ExXAMPLE 4.3. Assume p = 2. Let S/O¢ be a proper smooth morphism with
m1(Sc) = m(S) <= m1(Sk) ~ Z/2; one may construct an Enriques surface with
such properties. Let E/O¢ be an elliptic curve with good ordinary reduction.
Hence, there is a canonical subgroup pus C E (see Caraiani’s lectures). Choosing
the element —1 € ps(O¢) defines a map

a:Z/2—5pu CE

of group schemes over O¢. If S — S denotes the universal Z/2-cover of S, then
we may push out S — S along a to obtain an E-torsor f : Y — S by setting

= Sxg /2 I/ (where Z /2 acts via the covering involution on S, and by translatlon
using a on E) with f : Y — S the map induced by projection onto S/(Z/2) ~
This E-torsor has the following properties:

(1) The special fiber Yy, — Sy, is identified with the split torsor Ey, x Sk — Sk:
the construction of Y is compatible with restriction to the special fibre,
and ay is the 0 map as —1 = 1 over k.

(2) The generic fibre Yo — S¢ is a non-split Eo-torsor (i.e., it has no section):
using the exact sequence

(8) 0-2/2, %% Ec 5 EL -0

(where Ef, is defined as the quotient of the elliptic curve E¢ by the non-
trivial 2-torsion point coming from «, and is thus also an elliptic curve
over C), the triviality of the torsor Yo — S¢ would give a non-constant
map Sc — E{. But one can show that there are no non-constant maps
from a smooth proper variety over C' with finite étale fundamental group
into an abelian Variet, so we are done.

12More precisely, for any pair of discrete groups H and G, the space Map(BH, BG) can be
modeled by a groupoid whose objects are group homomorphisms f : H — G, and morphisms
f — f’ are given by group elements g € G that conjugate f to f’. When G is abelian (as above),
this description collapses to identify Map(BH, BG) as the product of the discrete set Hom(H, G)
with the groupoid BG. In particular, a path in [0,1] — Map(BH, BG) is “trivial,” i.e., the
corresponding map BH X [0,1] — BG factors through the second projection.

13Fix a map g : Z — A over C, where Z is a smooth proper variety, A is an abelian variety,
and 7$*(Z) is finite. Then the induced map g. : n(Z) — n§*(A) is constant as m§t(A) is
topologically a free abelian group, and thus the pullback g* : H'(A4,C) — H'(Z,C) is the 0 map.
As H*(A,C) ~ A*HY(A,C) via cup products, it follows that g* : H"(A,C) — H™(Z,C) is 0
for all n > 0. In particular, if L € Pic(A) is an ample line bundle, then c1(¢*L) = g*c1(L) is
0. On the other hand, if g was non-constant, then there would exist a curve ¢ : C — Z such
that goi: C — A is finite, and thus i*¢g*L is ample, so deg(i*¢g*L) = c1(i*g*L) = i*c1(9*L) is
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Using these properties, we shall calculate both sides of ([7) in this example in degree
1 and arrive at the following

(9) diHlF2 H! (YC et,Fg) =2 and dimy H! (Yk, on) + dimy, H° (Yk;QY /k) >3

showing that (@) can indeed be strict. The rest of this example may be viewed as
an exercise, and we encourage the reader to try it on their own.

PROVING THE INEQUALITIES IN ([@)). Let us begin on the étale side. We give a
topological argument after choosing an isomorphism C ~ C; alternately, a purely
algebraic version of the same set of ideas can be found in [BMS2| §2.1]. The map
Yo — Sc is an E¢-torsor, so fixing a (suppressed) base point on S¢ gives an exact
sequence of homotopy groups

T (Ec) & m(Yo) 5 m(Se) — 0,

where the surjectivity on the right comes from the connectedness of the fibers.
We shall show that p is injective, and identify the resulting extension. Consider
the map Y — E{, := E¢/(Z/2) coming from the definition of Y. The composite
Ec — Y — E{ is clearly injective on m (as it is a non-constant map of smooth
proper curves of genus 1), and thus g must be injective. This data fits into a map
of short exact sequences:

0 ——mi(Ec) L>7Tl(yc) ——m(S¢) —=0

|k

0 ——=m(Ec) —m(EL) ——7Z/2 0.

Here the target of 7 is identified via the boundary map induced by the fibration
coming from the short exact sequence (B). Unraveling definitions shows that 7 is
the identity; in fact, slightly more canonically, the target of 7 is naturally wps(C)
viewed as the canonical subgroup on E(C), and the map 7 arises from our choice
of —1 € pus(O¢) at the start of the construction defining . Putting these together,
we see that 7 is an isomorphism, and hence 71 (Y¢) ~ m1(Ef) ~ Z%2. In particular,
we get

(10) dimg, H (Yo 1, F2) = 2.

We now move to the Hodge side. Here, we have Y, ~ S; x Ej. In particular,
one has

hON (Vi) = WO (Sk) + WO (Ey) and  hMO(Yy) = hYO(Sk) + YO (E))

by the Kiinneth formula for the cohomology of the structure sheaf and differential
forms. Now h%!(Ey) = h19(Ey) = 1 by general facts about elliptic curves. Also,
we claim that H'(Sk, Og,) # 0, and hence h%1(S;) > 0: as m1(Sk) =~ Z/2, there is
a non-trivial element in H I(Sk,eta F5), which contributes a non-trivial element to
H'(Sk, Og,) from the Artin-Schreier exact sequence

O—>F2—>Oskﬂ>osk—>0.

positive. This contradicts the triviality of ¢1(g* L), so there are no such curves, and hence g must
be constant.
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Putting these together, we learn that
(11) dimy, H' Yy, Oy,,) + dimy H° (Yx, Qy, /1) > 3,
as promised. In particular, comparing (I0) and (1) shows that (@) can be strict. O

4.1.2. An example where the exponent of p-primary torsion can change. The
inequality (@) is a consequence of the following stronger inequality

dimp, H"(Xet, Fp) < dimg Hjp(Xr/k),

proven in (I2)) below. Now both sides have a canonical mixed characteristic de-
formation: étale cohomology with Z,-coefficients on the left, and crystalline coho-
mology on the right. In fact, as explained in (I3)), the previous inequality may be
improved to compare the torsion in the two lifts: one has

gZp (HZ (Xet; Zp)tors) < gW(k:) (Hérys (xk/W(k))tors)~

It is natural to ask if this last inequality is actually a reflection of an inclusion of
groups. For example, if H*(X,;,Z,) contains an element of order p?, is the same
true for Hf., . (Xr/W(k))? We shall answer this question negatively. The crucial
idea going into the construction of the example is again a phenomenon exhibited by
finite flat group schemes away from equicharacteristic 0: one can degenerate a finite
group scheme of order exactly p? in characteristic 0 into a finite group scheme that
is killed by p in characteristic p. An explicit construction of such a degeneration is
recorded next.

CONSTRUCTION 4.4 (Degenerating a p2-torsion group scheme to a p-torsion
one). Let £€/O¢ be an elliptic curve with supersingular reduction. Choose a point
r € &(C) of order exactly p?, so x defines an inclusion Z/p?> — Ec of group
schemes. Taking the closure, we obtain a finite flat group subscheme G — & with
G|c ~ Z/p?. The special fibre Gy, C &}, is a subgroup of order p? on the elliptic
curve . As & is supersingular, all p-power torsion subgroups of €, are connected
(i.e., infinitesimal neighbourhoods of 0). As the collection of all infinitesimal neigh-
bourhoods of 0 is totally ordered under inclusion (as E is 1-dimensional), it follows
that F carries a unique subgroup of order p?, given (as a scheme) by the (p? —1)-th
infinitesimal neighbourhood of 0 € €. But &£.[p] is a subgroup of order p?, so we
must have Gy, = &, [p]. In particular, the group scheme Gy is killed by p, while G¢
is a cyclic group scheme of exact order p?.

Passing from the above construction of group schemes to their classifying stacks
yields the sought-for examples in the world of algebraic stacks; the example below
approximates this construction using smooth projective varieties.

ExaMPLE 4.5. Choose G as in Construction[£4l Then we may choose a smooth
projective Oc-scheme Y that has relative dimension 2 and comes equipped with a
free G-action. In fact, one may (and we do) choosd™ Y to be a general complete
intersection surface in P™ for n > 0. Set X = Y/G to be the quotient, so X is
a smooth projective O¢-scheme of relative dimension 2 equipped with a G-torsor
T:Y =X

14The existence of such complete intersections is a general fact that is valid for all finite flat
group schemes; this fact goes back to the work of Serre [Se| and Atiyah-Hirzeburch [AH]. More
recent accounts of this construction include [Tol §1], [MV], §4.2], and [I113| §6], and the details
necessary for our purposes can be found in [BMS2] §2.2].
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On the étale side, the Hochschild-Serre spectral sequence for the G-torsor w
shows that Hz(Xc,et,Zp)tom ~ Z/pz. Indeed, as Y is a complete intersection
surface, the groups H(Y¢ 1, Z,) are torsionfree for i € {0,2} and 0 for i = 1 by the
Lefschetz theorems; the desired claim immediately falls out of the low degree terms
for the spectral sequence. Slightly more conceptually, the G-torsor 7 is classified
by a map X — BG; we have H*(BGc ety Zp)tors = H*(Z/p*, Zp)tors = Z/p?, and
this group maps isomorphically to H?(X.t, Zp)tors-

On the crystalline side, we claim that HZ., (Xx/W (k))iors is killed by multi-
plication by p. By repeating the reasoning used above, we are reduced to showing
that H(, . (BGy/W(k)) is killed by multiplication by p. But Gy itself is killed
by multiplication by p, and hence so is its cohomology. (The argument given in
the last sentence is meant to convey intuition, and is not a rigorous one as the
relevant technology to analyze the crystalline cohomology of stacks has not been
documented (to the best of the author’s knowledge); a more indirect but precise
argument can be found in [BMS2]| §2.2].)

Putting the conclusions of the previous paragraphs together, we learn that
H?(X.4, Z,)tors contains an element of order p?, while Hfrys(xk/W(k))mm is killed

by p. In particular, the length inequality
fzp (HZ (Xeta ZP)tOT’S) < EW(k) (Hérys (xk/W(k))tOTS)
cannot be upgraded to an inclusion of groups.

4.2. The main theorem. Theorem [4Tlis proven by constructing a new coho-
mology theory — the A;,s-cohomology — that witnesses a specialization from étale
cohomology to de Rham cohomology. In this subsection, we summarize the struc-
ture of this theory, and indicate how to deduce some consequences (such as The-
orem [.J]). Our discussion here emphasizes certain aspects relevant to this paper,
and is not complete; more complete discussions can be found in [BMS2|[Morl|Bh)].

Fix a complete and algebraically closed field C'/Q, with residue field k. As
C is a perfectoid field, its valuation ring Q¢ is integral perfectoid, giving rise to
its deformation A;ny 1= Ainf(O¢) as in Proposition BI5E write ¢ @ Ajpp — Ajng
for the automorphism deduced by functoriality from Frobenius on O/p, and write
f:=0og!: Ains — Oc. Writing C® for the fraction field of 0%, we also have the
maps Ay — W(C") and Ainy — W(k) arising from the functoriality of W (—),
and the map A;,; — OF, arising by setting p = 0. The scheme Spec(A;, ;) together
with the points and divisors arising from all these maps is depicted in Figure [
(which is borrowed from [Bh]).

Fix a proper smooth formal scheme X/O¢ with generic fibre X of dimension
d. Theorem [£]] asserts the existence of a numerical inequality between two mod-
p cohomology theories: one is topological in nature and is attached to the generic
fibre X, while the other is algebro-geometric and is attached to the special fibre Xj.
This inequality is deduced by constructing a specialization from one cohomology
theory to the other over the base A;, ¢, as follows:

THEOREM 4.6 (The A;, ;-cohomology theory). There exists a functorial perfect
complex RT 4(X) € D(Ainy) together with a Frobenius action ¢x : ¢*RI 4(%X) —

RT 4(X) that is an isomorphism outside the divisor Spec(O¢) &y Spec(Ainy) defined



224 BHARGAV BHATT

by 9. Moreover, one has the following comparison isomorphz’sm:

(1) Etale cohomology: there exists a canonical ¢-equivariant identification
RT4(X) ®a,,, W(C”) ~ RT(Xet, Z,,) @ W(C).

In fact, such an isomorphism already exists after base change to Ainf[%],
where u € Ainy is the element from Remark .19
(2) de Rham cohomology: there ezists a canonical isomorphism

RTA(%) @4, , 0 Oc ~ RT4r(%/00).
(3) Hodge-Tate cohomology: there exists an Es-spectral sequence

By HY (X, )0, ){—i} = H™ (67 RTA(X)).

Here the twist {—j} refers to the Breuil-Kisin twist from Remark B20L
(4) Crystalline cohomology of the special fibre: there exists a canonical ¢-
equivariant identification

R 4(X) ®ﬁinf W (k) = RTcrys (X /W (K)).

In fact, the properness assumption on X is only necessary for Theorem (1):
the de Rham, Hodge-Tate and crystalline comparisons hold true for any smooth
formal scheme X. Applications of Theorem include the following:

(1) Recovering the Hodge-Tate decomposition. The element p € A,y s is invert-

ible at the generic point of the divisor Spec(O¢) i Spec(Ains) (marked
as the Hodge-Tate specialization in Figure [[)). Thus, the base change of

RT 4(X) along A;,s 4 O¢ C C is described by both Theorem (1)
and (3). Combining these gives the Hodge-Tate spectral sequence from
Theorem 311

(2) Recovering the inequality in Theorem Al Consider the perfect complex
K := RT'A(X) ®a,,, O over the valuation ring 0%, (which is labelled as
the modular specalization in Figure[Il). By Theorem (1), we have

K ®C” ~ RI(X.,F,) ® C°.
By Theorem (2) or (3), we have
K®k~ RFdR(:{k/k).

By semicontinuity for the ranks of the cohomology groups of a perfect
complex, we learn that

(12) dimp, H"(Xet, Fp) < dimg Hjp(Xr/k).

On the other hand, the existence of the Hodge-to-de Rham spectral se-
quence shows that

dimy, H (X /k) < Y dimy, H (Xg, %))
i+j=n

Combining these, we obtain (7).

158ee Figure [Tl for a depiction of the loci in Spec(A;y s) where this comparison isomorphisms
take place.
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Relating torsion in étale to crystalline or de Rham cohomology. The rea-
soning used above can be upgraded to show the following inequality

éZp (HZ (Xet, Zp)tov"s/pn) < éW(k) (ngys (X /W (K))tors/P"™)
for all n > 0, and thus

KZP (Hi(Xetu Zp)tOTS) < KW(k)(Hérys(xk/w(k))tOM)‘

In particular, if HY,, (Xx/W(k)) is torsion free, so is H*(Xcq, Z)). Once
one defines a suitable normalized lengt@ for finitely presented torsion
Oc¢-modules, the de Rham analogs of the previous two inequalities also
hold true, as observed by Cesnavicus [Cel, Theorem 4.12]: one has

KZP (Hi(Xeh Zy)tors/P") < gOc(HjiR(:{/OC)tOTS/pn)
for all n > 0, and thus

KZP (Hi(Xeta Zp)tors) < EOC(HQR(X/OC)tm"s)

Example shows that this inequalities cannot be upgraded to an inclu-
sion of groups in general.
The zero locus of ¢px. Theorem[LBlasserts that the map ¢x : ¢*RL4(X) —

RT"4(%X) is an isomorphism outside the divisor Spec(O¢) &, Spec(Ainy)
defined by 6. Specializing this picture along Ainy — W(k) and using
the crystalline comparison recovers the Berthelot-Ogus theorem [BOIl
Theorem 1.3] that ¢x, is an isogeny on RT¢rys(X/W (k)).
The absolute crystalline comparison theorem. Recall from Remark B.23]
that Fontaine’s period ring Ag.,s is defined as the p-adic completion of
the divided power envelope of the map 6 : A;,y — O¢; concretely, we
choose a generator & € ker(f) and define A.,,s as the p-adic completion
of Ainf[{%}nzﬂ - Amf[%]. The Frobenius automorphism ¢ of A,
induces a Frobenius endomorphism ¢ of A..,s,. More conceptually, the
ring A.rys may be regarded as the absolute crystalline cohomology of
Spec(O¢/p), with ¢ corresponding to Frobenius. The image of the map
Spec(Aerys) — Spec(Ain ) is depicted in Figure [II

The absolute crystalline cohomology RIcpys(Xo/p) of Xo,,/p is natu-
rally an A.pys-complex. One may show that this A..,s-complex lifts the de
Rham cohomology RI'qr(X/O¢) of X along the map Agpys — O¢ arising
from 6, and lifts the crystalline cohomology RI cyys(Xr/W (k)) along the
map Aerys — W(k) factoring the canonical map A;,; — W (k). For this
object, one has the following comparison isomorphism, which unifies and
generalizes Theorem[£.6] (2) and (4): there exists a canonical ¢-equivariant
isomorphism

RTA(X) ®%,  Acrys > Rlerys (X0, /p),

16More precisely, given a finitely presented torsion Og-module M, there is a unique way

to define a number £¢ C(M ) € R>( that behaves additively under short exact sequences, and
carries Oc/p to 1. A high-brow perspective on this length arises from algebraic K-theory: by
the excision sequence for Oc — C, one may identify Ko of the category of finitely presented
torsion O¢-modules with K1(C)/K1(0¢) ~ C*/0¢. Postcomposing with the p-adic valuation
map C*/0f — R (normalized to send p to 1) gives the desired normalized length function; see
also [Cel, §4.10].
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which is the absolute crystalline comparison theorem. This isomorphism
can be then used to prove the crystalline comparison theorem, see [BIMS2],
Theorem 14.5].

(6) Bounding the failure of integral comparison maps to be isomorphisms.
Consider the element

I
—

_ N :p od
§=u/d (H)_T}—l [e].

D=
I
o

7
This element can be checked to be a generator for ker(6), and thus ¢(§)
generates ker(g). We also have the formula p = £ - ¢~1(u) which provides
justification for the heuristic formula “u = [],,~c ¢~ ™(§).” The zero locus
of 1 is depicted in orange in Figure [ B

The construction of RT 4(X) shows that there is a naturally defined
map

RUA(X) — RU(Xet, Zy) @z, Aing

in the almost categor that has an inverse up to u?, where d = dim(X).
Specializing along the natural map A;,,; — A¢rys and using (5), we obtain
a naturally defined almost map

chrys (:{Oc/p> - RF(Xet7 Zp) ®Zp Acrys

p

which is also invertible up to u¢. In particular, one has reasonable control
on the failure of the integral comparison maps to be isomorphism, as in
the work of Faltings [Fa3l[Fa4].

(7) Recovering crystalline cohomology of the special fibre from the generic fi-
bre, integrally. Each cohomology group M of RI"4(X) can be shown to be
a finitely presented A;,-module equipped with a map ¢pr : ¢*M — M

that is an isomorphism outside Spec(O¢) KA Spec(Ainy), and is free after
inverting p; such pairs (M, ¢ps) are analogues over C of the Breuil-Kisin
modules from [Ki2|, were introduced and studied by Fargues, and were
called Breuil-Kisin-Fargues modules in [BMS2| §4.3]. Using some ab-
stract properties of such modules and Theorem 6, one can show the
following: if H(,. (Xy/W(k)) and HZ!! (X, /W (k)) are torsionfree, then
H.,.(Xx/W(k)) is determined functorially from the generic fibre X (see
[BMS2| Theorem 1.4]). In particular, in naturally arising geometric sit-
uations (such as K3 surfaces), this implies that for different good models
for the same generic fibre X, the integral crystalline cohomology of the
special fibres is independent of the choice of good model.

4.3. Strategy of the proof. Theorem posits the existence of an Ay, f-
valued cohomology theory attached to X. A natural way to construct such a theory
is to work locally on X, i.e., construct a complex AQyx of sheaves of A;y,¢-modules
on the formal scheme X, and try to prove all the comparisons in Theorem at
the level of sheaves. With one caveat, this is essentially how the construction goes.

17The footnote to Theorem described almost mathematics over O¢. In the present
remark, one needs an extension of this notion to A;,¢-modules. Roughly, one declares an Aj,¢-
module to be almost zero if it is annihilated by the kernel of Ajnf = W(O"C) — W (k). Care must
be exercised in using this notion uue to certain subtleties with completions; we refer to [Bhl §3]
precise definitions.
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The necessary tools are:

(1) The nearby cycles map. Breaking from the notation used in §3] we write
v : Xproet — X for the nearby cycles map; this it the map on topoi whose
pullback is induced by the observation that if & C X is an open subset,
then we get a rational open subset U C X on passage to generic fibres.
The reason behind calling this map the “nearby cycles map” name is a
theorem of Huber [Hu2l Theorem 0.7.7]: for any integer n, the stalk of
Rv,Z/n at a point © € X is given by the cohomology of the “nearby fiber”,
or the “Milnor fiber”, i.e., by RT'(Spec(0%, [1])et, Z/n).

(2) The pro-étale sheaf Ains x . Fontaine’s construction of A;,r(R) := W (R")
and the map 6 : A;,;(R) — R makes sense for any ring p-adically com-
plete ring R (see Remark BI4). In particular, this yields a presheaf
Aing.x = Ainp(0%) of Aiyp-modules on the pro-étale site of X. Using
the locally perfectoid nature of X,,oe; from Theorem [3:20] this presheaf
can be checked to be a sheaf. By a variant of the primitive comparison
theorem (see Theorem [3.2]), the cohomology of A;, f,x is almost isomor-
phic to H*(X.,Z,) ®z, Ainy; as we shall see, this is the only place where
properness enters the proof of Theorem

(3) Killing torsion in the derived category. Given a ring A and a nonzerodi-
visor f € A, we need a systematic technique for killing the f-torsion in
the homology of a chain complex K of A-modules; the adjective “system-
atic” means roughly that the construction should only depend on the class
of K in the derived category D(A). While this is impossible to achieve
with an ezact functor D(A) — D(A), the following non-exact functor on
chain complexes does the job: given a chain complex K*® of f-torsionfree
A-modules, define a new chain complex n;K*® as a subcomplex of K ‘[%]
with the following terms:

(nK*) ={a € f'K" | d(o) € fHEK™)
One easily checks that H'(n;K*) identifies with H*(K*®)/(f-torsion), and
thus the association K*® — nyK*® derives to give a functor Ly : D(A) —
D(A). This construction is motivated by ideas of Berthelot-Ogus in crys-
talline cohomology [BOZ2| §8], can be thought of as a “decalage” of the
f-adic filtraton on K in the sense of Deligne [Del], and discussed in much
more depth in [BMS2] §6], [Bh, §6], [Mor] §2].
With these tools in play, here are the two main steps in the construction:

(1) The first approzimation. Consider the complex AQY® := Rv, A5 x as an
object of the derived category D(X, A;y,s) of Ay, p-modules on the formal
scheme X. As explained above, we have

RF(%7 RV*Azan) - RF(Xproetu Azan) & RF(Xet> Zp) ®Z A’L’I’Lf

P

As almost zero modules didd after base change along A,y — w(C?),
this tells us that the complex RI'(X, AQY) satisfies Theorem (1).

Now let’s instead consider the Hodge-Tate specialization 6* RT (X, AQE™),

181n terms of Figure [[l the locus where almost zero modules lives is the crystalline spe-
cialization, which does not intersect the locus defined by Spec(W (C?)) — Spec(Ajns) the étale
specialization.
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where 6 = 6 o ¢~': Ainy — Oc. By formal nonsense with the projection

formula, this complex identifies with the Oc-complex RI'( pmet,o;),

viewed as an A;, j-complex via 6. To compute this explicitly, assume fur-
ther that X = Spf(O¢ (t*1)) is the formal torus. One can then essentially
repeat the calculation given in Lemma [3.30] to obtain that

o —

RF(Xproeta O}) = @ (OC 'Ti M) OC . Tz)
iez[%]
~ ()C.TiM)oC.Ti)
(16) zei\ Tt iyt
® @ (OC-TiL)OC-Ti)
i€Z[L]-Z

12

1
(o T % 00 T1> @ Err,

=
N

where Err is an Og-complex whose homology is killed by er — 1 (since
€—1| v —1 for any i € Z[%] —Z). Thus, when viewed as an A, -complex

via 5, this tells us that RT'(Xproet, (‘);r() looks like it has the right size for
the Hodge-Tate comparison, up to an error term Err whose homology is
killed by 1 := [¢] — 1. One can also repeat the same calculation without
specializing to compute RI'(X, AQY ) directly in this casd¥ to see that the
error term Err above comes from an analogous summand of RT'(X, AQY)
whose homology is also p-torsion. Thus, we want to modify AQY™® in a
manner that functorially kill the p-torsion in its homology.
(2) The main construction. The preceding analysis suggests defining

AQx = LnMAQgget = Ln,Rv,Aing,x and RIA(X) := RI'(X, AQx)
In this definition, the Frobenius ¢4 is induced by the sequence
" (AQx) ~ Ly @™ RvsAing, x =~ Ljgey Iy Rvy Ainy x — Ly Ry Aing x =: AQx,

where the first isomorphism is by “transport of structure”, the second
isomorphism relies on a transitivity property of the Lyn-functor (namely,
Lnys o Ln, ~ Ly, with obvious notation), the third map exists because of
the structure of Rv,A;, s x (namely, the construction of Ln; shows that
if K can be represented by a chain complex K*® of f-torsionfree modules
with K = 0 for i < 0, then there is an evident map Lns(K) — K) and
the fact that ¢* A, r, x ~ Ains x, and the last isomorphism is a definition.
This definition does indeed work, and we only briefly indicate what
goes into proving the required comparison isomorphisms:
o Etale cohomology. We have already explained in (1) above why
RI'(X, AQL®) satisfies the requisite comparison isomorphism with

19The entire calculation remains the same: one simply replaces O¢ with A;, 7 in the formulas
above, and one is not allowed to simplify the differential on the first summand to 0 as [¢]’ — 1 is
not zero on A;, ¢ for i € Z.
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étale cohomology after base change to W (C?). The rest follows im-
mediately Ln,(K) and K are naturally isomorphic after inverting
for any complex K.

e Hodge-Tate cohomology. This comparison was essentially forced to
be true by the calculation in (1) above. More precisely, one defines a
map a Q;a/oc{_l} — H(6* AQx) via a variant of the construction
in §3.41 and then checks that it yields isomorphisms

Qée/oc{_i} ~ H' (0" AQx)
by unraveling the preceding map and matching it with the compu-
tation in (4). The Hodge-Tate spectral sequence is then simply the
standard spectral sequence expressing the hypercohomology of a com-
plex of sheaves in terms of the hypercohomology of its cohomology
sheaves. We refer to [BMS2] §8], [Bhl, §6] for more details.

e de Rham cohomology. This comparison results from the previous one
using the following observation:

PROPOSITION 4.7. For any ring A with a nonzerodivisor f € A and
a complex K € D(A), the complex Ln;K/f is naturally represented
by the chain complex

(H*(K/[),Bocky)
= ( S HI(FIK) i ) 2 i gt pie ) )

where Bocky is the boundary map “Bockstein” on cohomology asso-
ciated to the exact triangle

FRE/ PR PRIPPE S PR YR
in D(A). Moreover, when K admits the structure of a commuta-
tive algebra in D(A), the preceding identification naturally makes
Lns(K)/f into a differential graded algebra via cup products.

We apply this observation to K = Lny-1,Rv Ay x and f = § =
p/¢(p) is the displayed generator of ker(d). Note that AQyx =~
Lne(K). Applying the previous observation tells us that 6*AQy ~
AQx /€ is naturally represented by the differential graded algebra
(H*(K/£),Bocke). The complex K is a Frobenius twist of AQx;
keeping track of the twists, one learns that K/ is the Hodge-Tate
specialization g*AQx. Thus, by the previous comparison, the i-th
term of H*(K /) is thus given by
Qs /011t ®oo g/t ~ /00

i.e., by differential forms. Unraveling these isomorphisms, the Bock-
stein differential Bock¢ can then be checked to coincide with the de
Rham differential, thus proving that AQx /¢ ~ Q;/oc' We refer to
[Mor, Theorem 5.9] and [Bh| Proposition 7.9] for more details on
the implementation of this approach.

e Crystalline cohomology. There are two possible approaches here:
one either repeats the arguments given for the de Rham comparison
above using de Rham-Witt complexes to identify AQx/p with the
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relative de Rham-Witt complex of X/0, or one directly proves that

AQy@jm ; Acrys identifies with the absolute crystalline cohomology
of X over A¢pys. Both approaches yield strictly finer statements than
Theorem (4). We refer to [BMS2, §11], [Mor]| for the first ap-
proach, and [BMS2] §12] for the second approach.

5. Exercises

This section was written jointly with Daniel Litt.
Using the Hodge-Tate decomposition.

(1)

Calculate h*J(X) (in the sense of Deligne’s mixed Hodge theory) for the
following varieties X by using the Hodge-Tate decomposition and cal-
culating the corresponding étale cohomology groups (as Galois modules)
first.
(a) X = Gr(k,n) is a Grassmannian.
(b) X is a smooth affine curve.
() X =P1/{0,00} is nodal rational curve.
(d) X c P? is a cubic curve with 1 cusp.

Let R be a finitely-generated integral Z-algebra with fraction field K, and

let X, Y be smooth proper R-schemes. Suppose that if p is any closed point

of Spec(R), and k/k(p) is any finite extension, then #|X (k)| = #|Y (k).

(a) Use the Hodge-Tate decomposition to show that h® (X ) = htJ (Vi)
for all X,Y. (Hint: Use the Lefschetz fixed-point formula to figure
out how Frobenii act; use Chebotarev to conclude that the Galois
representations on the cohomology of X and Y are the same. Use
the Hodge-Tate decomposition to finish the proof.)

(b) * Let X,Y be birational Calabi-Yau varieties over the complex num-
bers (i.e. varieties with trivial canonical bundle). Show that they
have the same Hodge numbers. (Hint: Use p-adic integration to
count points of reductions.)

The goal of this exercise is to use the Hodge-Tate decomposition to trans-
late a point-counting statement to a geometric ond?. Let X/C be a
smooth projective variety that is defined over Q. For a prime p, write
X, for a reduction of X to F,,; this makes sense for all but finitely many
p’s once an integral model of X has been chosen. Assume that there
exists a polynomial Px such that for all but finitely many p, we have
Px(p) = #X(F,). We shall
(a) Show that for each n, the Gq-representation H" (X, Q) is isomorphic
to a direct sum of copies of Q(—%) up to semisimplification. (Hint:
use the Weil conjectures and Chebotarev.)
(b) Show that h%J(X) = 0 for i # j. (Hint: use the Hodge-Tate decom-
position.)
We also encourage the reader to think about the converse assertion: if
h%(X) = 0 for i # j, then is the function p — #X(F,) given by a
polynomial, at least on a large set of primes? (Hint: try to use the
“Newton-lies-above-Hodge” theorem.)

20We restrict ourselves to working over Q to avoid notational complications. The general
version of the result in this exercise is due Katz, see [HR) Appendix].
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FIGURE

Frac(W(k))

Almost zero A;,, f -modules
are supported on this spe-

cialization

1. A cartoon of Spec(Ainr). This depiction of the

poset of prime ideals in A;,r emphasizes certain vertices
and edges that are relevant to p-adic cohomology theories.

The darkened vertices (labelled ‘@’ or ‘®’) indicate (cer-
tain) points of Spec(A;nf) and are labelled by the corre-
sponding residue field.

The gray/orange arrows indicate specializations in the
spectrum, while the blue label indicates the completed
local ring along the specialization.

The arrow labelled ¢ on the far right indicates the Frobe-
nius action on Spec(A;,f), which fixes the 4 vertices of
the outer diamond in the above picture.

The labels in purple match the arrows to one of the spe-
cializations that are important for p-adic comparison the-
orems.

The smaller bullets (labelled ‘¢’ or ‘.’) down the middle
are meant to denote the ¢%-translates to the two drawn
points labelled C' (with ¢Z>0 translates of the generic
point of the de Rham specialization in orange, and the
rest in black), and are there to remind the reader that not
all points/specialization in Spec(A;, ) have been drawn.
The vertices/labels/arrows in orange mark the points
and specializations that lie in Spec(A;s/p) C
Spec(Ainy).

The triangular region covered in teal identifies the image
of Spec(Acrys) = Spec(Aing).
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Inverse limits of schemes and perfectoid abelian varieties.

(4) Let {X;} be a cofiltered system of quasi-compact and quasi-separated
schemes with affine transition maps f;; : X; — Xj.

(a) Show that the inverse limit X, := lim; X; exists in the category
of schemes, and coincides with the inverse limit in the category of
locally ringed spaces. Write f; : Xoo — X; for the projection map.

(b) For any quasi-coherent sheaf F on some Xy, show that the natural
pullback induces a isomorphisms

H (Xoo, [{F) ~ fwc:;)(liiilgx0 H* (X, f19).
Much more material on such limits can be gleaned from [SP), Tag 01YT].
(5) Let k be an algebraically closed field and A/k an abelian variety of di-
mension g. The purpose of this problem is to show that A is a K(m,1).

(a) Show that any connected finite étale cover of A is also an abeliann
variety (note that this is not true for commutative group schemes
which are not proper — find a commutative group scheme with a
connected finite étale cover which does not admit the structure of a
group scheme).

(b) Deduce from the previous part that the étale fundamental group of
A is canonically isomorphic to its Tate module.

(c) Let B be an abelian group. Show that any class in H'(Ag, B) is
killed by some finite étale cover of A.

(d) Observe that if R = F, is a finite field, the ring H*(Ag, R) is given
a Hopf-algebra structure by the multiplication on A. Conclude that
if the characteristic of R is different from that of k, then H*(Ag, R)
is an exterior algebra on 2g generators in degree 1. What happens if
the characteristic of R equals that of k7

(e) Deduce from the previous part the following fact: for any finite
abeliann group B, the natural map

H*(n{"(A), B) = H*(A«, B)

is an isomorphism.

(6) The goal of this exercise is to sketch why the inverse limit of multiplication
by p on an abelian scheme over O¢ gives a perfectoid space. For this
exercise, we shall need the relative Frobenius map: if S is a scheme of
characteristic p, and f : X — S is a map, then we define the Frobenius
twist XM .= X X Frobg,s S as the base change of f along the Frobenius
on S, and write Fx/g : X — X for map induced by the Frobenius on
X. This fits into the following diagram:
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Given a faf?] map f: X — S, we shall say that f is relatively perfect if

Fx/s is an isomorphism. Note that the functor X — X® on S-schemes

preserves finite limits, and thus carries (commutative) group schemes to

(commutative) group schemes.

(a) Let R be a p-adically complete and p-torsionfree Oc-algebra such
that the map Spec(R/p) — Spec(O¢/p) relatively perfect. Show
that R[%] is naturally a perfectoid algebra.

(b) Let A be a ring of characteristic p, and let G be a finite flat group
scheme over A. Assume that the relative Frobenius map G — G
is the trivial map. Using Verschiebung, show that G is killed by p.
Deduce the following: if H is a smooth group scheme over A, then
the relative Frobenius map H — H(® factors multiplication by p on
H.

(c) Let A be a ring of characteristic p. Let A be an abelian scheme
over A. Show that the inverse limit of multiplication by p on A is
relatively perfect over A.

(d) Let A/O¢ be a smooth abelian group scheme with generic fiber A.
Show that the inverse limit lim, A of multiplication by p on A is
naturally a perfectoid space.

(e) Let A/O¢ be a smooth abelian group scheme. Show that the p-adic
completion of the inverse limit lim, A depends only on the abelian
O¢/p-scheme A ®o,. Oc/p.

Derived completions of complezes.

(7) For any complex K of torsionfree abelian groups, define K :=limK /K.
(a) Show that the operation K ~ K passes to the derived category
D(Ab) of abelian groups, i.e., it carries quasi-isomorphisms of chain
complexes to quasi-isomorphisms. We write the resulting functor
D(Ab) — D(Ab) also by K — K, and call it the p-adic completion
functor.
(b) Show that the p-adic completion functor is given by the formula

K — Rlim(K ®% Z/p").

(c) Show that the p-adic completion functor is exact, i.e., preserves exact
triangles.

(d) Show that K ~ K, i.e., the completion is complete.

(e) Show that K € D(Ab) is complete (i.e., K ~ IA() if and only if
RHom(Z[%], K) ~0.

(f) Prove Nakayama’s lemma: for K € D(Ab), if K ®% Z/p ~ 0, then
K ~0.

(g) If A is a p-divisible abelian group, show that A~ T,(A)[1], where
T,(A) is the Tate module.

The cotangent complex, perfect rings, perfectoid rings.

21More generally, it is convenient to adopt the same terminology if f and Frobg are Tor-
independent.
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(8) Let A — B be an lci map of rings, i.e., after Zariski localization on both

rings, the map factors as A = P 5B , where a is a polynomial extension,
and b is a quotient defined by a regular sequence.

(a) Show that H*(Lp/,4) is torsionfree (i.e., not killed by a nonzerodivisor
on B).

(b) Show that if A — B is flat and f € A is a nonzerodivisor with
A[%] — B[%] smooth, then Lp 4 ~ Q}g/A.

(c) Let K/Q, be a nonarchimedean extension, and let L/K be an alge-
braic extension. Show that Lo, /0, =~ Q%JL/OK.

(9) Let A be a perfect F,-algebra.

(a) Use the “transitivity triangle” to show that L,/p, = 0.

(b) Deduce that A admits a unique flat deformation over Z/p™ for any
n.

(c) Using (a), show that the derived p-adic completion of Lyy(4)/z, van-
ishes. Convince yourself that it is necessary to take a completion
here.

(d) Using the transitivity triangle, show that for any map A — B of
perfect F-algebras, the derived p-adic completion of Ly (g /wa)
vanishes.

(e) More generally, if R — S is a map of p-torsionfree Z,-algebras such
that R/p — S/p is relatively perfect, show that the p-adic completion
of Lg/r vanishes.

(10) Let A — B be a map of integral perfectoid rings.

(a) Show that the square

W(A) —— W (B)

Pk

A——>B

is a pushout square of commutative rings. (Hint: use [BMS2| Re-
mark 3.11]).
(b) Show that the derived p-adic completion of Lp,4 vanishes.
(11) Give examples of:
(a) Give an example of a map A — B of finite type C-algebras where
Lpja € DS72(B), ie., H(Lp/a) =0 for i > —1.
(b) A p-adically complete ring A such that A/p is semiperfect, but W(A)

b, A does not have a principal kernel.

(c) A semiperfect F-algebra A such that L4, is nonzero.

(d) (*) An Fj-algebra A such that L, g, =0, but A is not perfect.

(12) This exercise is meant to illustrate a general feature of certain valuation

rings, and is not relevant to the rest of these notes. Let Z, — V be

a faithfully flat map with V' a valuation ring. Assume that Frac(V) is

algebraically closed.

(a) (*) Show that V' can be written as a filtered colimit of regular Z,-
algebras. (Hint: use de Jong’s alterations theorem from [dJ]).

(b) Deduce that V[%] is ind-smooth over Q,. (This can be proven with-
out using (a)).
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()
(d)

Show that any regular Z,-algebra is lci over Z,,.
Deduce that Ly,z =~ Q%//Zp.

Group cohomology and the pro-étale site.

(13) Fix a finite group G. Let X be a topological space equipped with an
action of G, and let f : X — Y be a G-equivariant map (for the trivial
G-action on Y). Let A be a coefficient ring.

(a)

(b)

()

Show that the natural pullback H°(Y,A) — H%(X,A) has image
contained inside the G-invariants H°(X, A)¢. Using the spectral
sequence for a composition of derived functors, deduce that there is
a natural map H'(Y, A) to groups H (X, A) which are computed by
a Hochschild-Serre spectral sequence

Ey’: H(G, H (X, A)) = HS7 (X, A).
Lift the preceding assertion to construct a natural map
RT(Y,A) — RT'(G, RT'(X, A))

in the derived category D(A).

If f is a G-torsor (i.e., f realizes Y as the quotient of X by G, and
the G-action has no non-trivial stabilizers on X), then show that the
maps above are isomorphisms, i.e., we have

Hi(Y,A) ~ H,(X,A) and RI(Y,A)~ RT(G,RT(X, A)).

(d)

Assume that X is contractible, and that f is a G-torsor. Show
that the above maps identify H*(X, A) with the group cohomology
H*(G,A) of G.

(14) The goal of this exercise is to show that the ideas going into the construc-
tion of the pro-étale site lead to a sheaf-theoretic perspective on continu-
ous cohomology, at least with a large class of coefficients; see [BS| §4.3],
[Sc2| §3, erratum] for more. Let G be a profinite group. Let Cg be the
category of sets equipped with a continuous G-action. Equip Cg with the
structure of a site by declaring all continuous surjective maps to be covers.
Write H*(Cg, —) for the derived functors of F — F(x), where x is the 1
point set with the trivial G-action.

(a)

(b)

Let X be a topological space equipped with a continuous G-action.
Show that Homg(—, X) defines a sheaf on Co. We write Fx for this
sheaf; if X is a G-module, then Fx is naturally a sheaf of abelian
groups, likewise for rings, etc..

Let A be a topological abelian group equipped with a continuous G-
action. By considering the Cech nerve of the continuous G-equivariant
map G — *, show that there is a canonical map

ca:HY (G A) — H*(Cq,Fa).

cts

Write D for the category of all A such that ¢4 is an isomorphism.
Show that any discrete G-module lies in D. (Hint: first show the anal-
ogous assertion for the category Gé of finite G-sets with a continuous
G-action, and then analyze the natural morphism Sh(Cg) — Sh(@é)
on the categories of sheaves.)
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(d) Fix a sequence

My — My — oo — My 2% My ...,

in D with M; being Hausdorff and the f,’s being closed immersions.
Show that the colimit colim; M; also belongs to D.
(e) Fix a sequence

M I8 My 5 o My — My — My = 0

Assume that each f,, has sections after base change along a continu-
ous map K — M; with K a profinite set, and that ker(f,,) € D for
all n > 1. Then lim,, M,, € D.
(f) Fix a finite extension K/Q,. Let G = Gal(K/K). Fix a completed
algebraic closure C,, of K, and let V be a finite dimensional C,-vector
space with a continuous semilinear G-action. Show that V € D.
(15) Let G = ®]_1Z, - ~; be a finite free Z,-module with generators ~;; we
view G as a profinite group. Let M be a discrete G-module. Show that
H: (G, M) is computed as the cohomology of the complex

o, (M gt M).

Etale and de Rham cohomology in equicharacteristic p.
(16) Let k be a field of characteristic p > 0 and X a k-variety. Compute
H' (X, Fp) if
(a) X = A} (Hint: Use the Artin-Schreier exact sequence).
(b) X is a smooth, proper, geometrically connected curve of genus 1
(Hint: The answer depends on the curve).
(17) Let X be a smooth variety over a perfect field k of characteristic p > 0.
(a) Suppose X admits a flat lift X’ to Wa(k), and that Frobenius lifts to
X'. Show that the Cartier isomorphism lifts to a map of complexes

(b) In the situation above, let Fy, F5 be two different lifts of Frobenius.
Show that the maps constructed in (a) using these two lifts are ho-
motopic.

(¢) Now suppose that X lifts to Wo(k), but do not assume that Frobenius
lifts. Show that the Cartier isomorphism lifts to a map

in D(X). (Hint: Cover X by affines and use a Cech complex.)
p-adic Hodge theory.

18) Let X be a commutative group scheme over O¢, .
P
(a) Use the construction of the Hodge-Tate comparison map to define a
pairing

/ Tp(X) x Hip(X) — Cp(1).

(b) One can think of the above pairing as “integrating a form along a
(closed) cycle.” What is the analogue of a path integral?
(¢) In the case X = G,,, make everything as explicit as you can.
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(19) Let C be a complete and algebraically closed extension of Q,. Let K/Q,
be a finite extension that is contained in C. Recall that there is a natural
surjective map A,y LN O¢. Write B;R — C for map obtained from the
previous one by inverting p and completing, i.e., BIR is the completion of
Amf[%] along ker(@[%]).

(a) Show that the map Ox — O¢ lifts across A;ny — O¢ if and only if
K/Q, is unramified.
(b) Show that the map K — C always lifts uniquely across B;R — C.
Now let Xy/K be a smooth rigid space, and let X/C' denote its base
change.
(¢) Using the deformation theoretic interpretation from the notes, show
that the complex TSlRV*a; on Xyroet splits for X as above.

6. Projects

This section was written jointly with Matthew Morrow. Let C' be a complete
and algebraically closed extension of Q,.
(1) Understand the Hodge-Tate filtration for singularitie@.The prim-
itive comparison theorem holds true for non-smooth spaces X as well.
Thus, for X proper, we still have a “Hodge-Tate” spectral sequence

EY . HY(X,Riv,0x) = H™ (X, 0).

It is thus of interest to understand the sheaves RJ 1/*6;. This problem

turns out to be closely related to the singularities of X. Recall first that

a ring R is called semi-normal if and only if, for any y, z € R satisfying

y> = 22, there exists a unique z € R satisfying 2 = y, 2% = 2. A

relevant source for the basic theory of semi-normal rings, schemes, and

rigid analytic spaces is [KL, §1.4, §3.7]. In particular, perfectoid rings are

semi-normal and so, for any rigid analytic space X, the pro-étale sheaf

6; takes values in semi-normal rings; in fact, the pro-étale site of X and

of its semi-normalisation are equivalent (as ringed topoi).

(a) Deduce that if X is not semi-normal, then Ox — R, 0x can-
not be an isomorphism. See this explicitly in the case of a cusp
X =8Sp(C(X,Y)/(X%2-Y3)) by computing H°(Xoet, Ox). In fact,
IKL, Theorem 8.23] proves that Ox — R, 0y is an isomorphism
if and only if X is semi-normal; their proof shows how resolutions of
singularities enters the picture.

(b) Are the sheaves R’ 1,0x coherent? A first attempt might be to try
and reduce to the smooth case using resolution of singularities.

(¢) The construction given in the notes still produces a map

Q% o(~1) > R, 0x.
When is this map an isomorphism? Moreover, when is the induced
map QlX /C(—i) — Riu*g; an isomorphism? For example, is it true
with mild control on the singularities of X, such as quotient singu-
larities? Note that if X has quotient singularities (say X = Y/QG)
then the “h-differential forms on X” equal the G-stable forms on Y,

22This question comes from David Hansen via Kedlaya.
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by [HJl Proposition 4.10]. For general X, the case j = dim X may
be most accessible.

(d) Combining the isomorphism of (a) with [HJ, Proposition 4.5] shows
that R%v,0x is related to the h-sheafification of Ox (here we im-
plicitly assume that X is an algebraic variety, and we abusively also
write X for the associated rigid analytic space). Is there a simi-
lar relation between R’ 1/*6; and the h-sheaves )/ _/Coh obtained by

sheafifying U — HO(U, Q?J /C) for the h-topology on varieties over C.
For example, do we have

dim H'(X, Rv,0x) = dim H} (X, Jon)

when X is proper? Note that H;'L(X,Qi/c’h) is gr/ for Deligne’s

Hodge filtration on H;;j (X).

An alternative approach to some of these questions may come from
the notion of sousperfectoid rings. An affinoid algebra R over C is said
to be sousperfectoid if and only if there exists a perfectoid Tate algebra
R and a continuous algebra homomorphism R — R, which admits
an R-module splitting. It seems to be true that this is equivalent to R
being semi- normaf?d. If R — R is flat, then sousperfectoid implies semi-
normal by [KL| Lemma 1.4.13].

(2) Understanding torsion discrepancies. Let X be a proper smooth
formal scheme over O with generic fibre X. In this situation, we have
several natural integral cohomology theories:

Etale cohomology H" (X, Z,).

Hodge-Tate cohomology H™ (5* RT 4(X)).

de Rham cohomology HJr(X/0¢).

Crystalline cohomology Crys(%k/W( )

Hodge cohomology @+ j—nH' (X,

).

X/0c

Each of these is a finitely presented /module over a p-adic valuation
ring, and they all have the same rank by fundamental results of p-adic
Hodge theory. The first four of these are essentially specializations of
RT' 4(X); the order in which they appear above is roughly inverse to the
order in which the corresponding specializations are described in A, -
picture in the notes.

The main theorems of [BMS2], as explained in the notes, imply that
the torsion in étale cohomology is bounded above by the torsion in the de
Rham and crystalline cohomology. One expects the same relation to hold
for Hodge and Hodge-Tate cohomology as well:

(a) Does one have

EZP(Hn(Xet;Zp)tors) S gOc(Hi(g*RFA tors Z gOc HZ %/Oc)tors)
i+j=n
where £ is the normalized length, as explained in the notes?
As we have seen in the notes, such inequalities can sometimes be strict,
and cannot in general be upgraded to an inclusion of torsion subgroups.

23This is asserted in problem 6 of http://scripts.mit.edu/~kedlaya/wiki/index.php?
title=The_Nonarchimedean_Scottish_Book. It might be worthwhile to rediscover the proof.
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The goal of this project is to investigate relationships between the torsion
subgroups occurring in these cohomology theories, both theoretically as
well as through examples. Two natural unanswered questions here are:

(b) By [BMSZ2|, de Rham and Hodge-Tate cohomologies occur as spe-
cializations of RI"4(X) along 6 and 0. Is there a relation between the
torsion subgroups of these cohomology theories? For ‘example, is it al-
ways the case that Lo, (HJp(X/0¢)tors) = Loo (H™(0*RT A(X))tors)?
In a search for counterexamples, a natural starting point, as in
[BMS2| §2], is to construct “interesting” finite flat group schemes
over O¢, and to consider cohomology of quotients of smooth projec-
tive schemes by free actions of such groups.

(¢) Does there exist an example of an X as above where the étale and
de Rham cohomologies are torsionfree, but the Hodge cohomology
is not? What about an example where Hodge cohomology has more
torsion than de Rham cohomology?

Notice that we did not include crystalline cohomology above. The rea-
son is that [BMS2] Lemma 4.18] asserts: for a fixed n, H.  (Xx/W (k))
is torsionfree if and only if H},(X/O¢). This is a statement entirely
on the “de Rham” side and requires no knowledge of étale cohomology;
however, the proof passes through the A;,;-cohomology theory and étale
cohomology of the generic fibre.

(d) Find a direct proof of the preceding assertion without passing through
étale cohomology or the generic fibre.

We end by briefly discussing spectral sequences. The construction of
the Hodge-Tate spectral sequence also works integrally to give a spectral
sequence

B s B3, ) () = B AU A(2)
converging to the Hodge-Tate cohomology introduced above.
(e) Show that by reduction modulo the maximal ideal of O¢, the integral
Hodge-Tate spectral sequence admits a natural map to the conjugate
spectral sequence

. . 1 . "
E;J : Hz(xl(c )’ Qg{(l)/oc) = Hji;] (xk/k)a

where xg) denotes the Frobenius twist relative to k of X. (This
exercise entails understanding the construction of RI'4(X).)

(f) Find an X as above for which integral Hodge-Tate spectral sequence
does not degenerate. In view of the preceding compatibility, a natural
starting point would be to find a smooth variety Y/k for which the
conjugate spectral sequence does not degenerate, and then find a
lift X of Y to O¢. Note that the non-degeneration of the conjugate
spectral sequence is closely related to the non-liftability of Y to Wa (k)
(and thus the non-liftability of X to A;,/ ker()?); this suggests that
a suitable Y might be constructed by approximating a finite flat
group scheme over k that lifts to O¢ but not to Wa(k).
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(3) Perfectoid universal covers for abelian varieties: Let A/C be an
abelian variety. Consider the tower

A = (...—>A£>A£>A)

of multiplication by p maps on A. This tower is an object A € Aproet,
and the structure map f : Ay, — A is a pro-étale T),(A)-torsor. The
question we want to explore is: is A, representable by a perfectoid space?
More precisely, is there a perfectoid space that is ~ to (in the sense of
[Sc3l Definition 2.20]) the limit of the above tower? In some ways, this
question appears to be the p-adic analog of the fact that the universal
cover of a complex abelian variety is a Stein spac.

Why this should be true. When A has good reduction, the arguments
sketched in the exercises explain why A, is naturally a perfectoid space.
More generally, an affirmative answer in general can likely be extracted in
general from a careful reading of [Sc4l, §I1I]. However, any such argument
would be necessarily indirect (as it would entail invoking the structure of
the boundary in the minimal compactification of A, as well as using the
Hodge-Tate period map to move the moduli point of A to a “sufficiently
close to ordinary” one), and it would be better to come up with a direct
argument that is intrinsic to A.

Possible strategy via p-adic uniformization. One might try to con-
struct A, as a perfectoid space by mimicing the construction that works in
the good reducition case using the Neron model to replace the non-existent
good model, i.e., by contemplating the generic fibre of the p-adically com-
pleted inverse limit of multiplication by p on the identity component A of
the Neron model of A. However, this does not quite work: when A has
bad reduction, the generic fibre of the p-adic completion of A is not all
of A, but rather just an open subgroup of A (as adic spaces), so at best
this approach would construct an open subspace of A,, as a perfectoid
space. But this suggests an obvious strategy: using p-adic uniformization
of abelian varieties, we may write A = E/M in rigid geometry, where E
is an extension of an abelian variety B with good reduction by a torus
T (and is constructed as an enlargement of the generic fibre of A), and
M C T C E is a lattice of “periods” defining A. In fact, the covering map
m: E — A can be constructed from A (see [BL1), §1] for a summary, and
[Hull §5] for the adic geometry variant) and has sections locally on A.
Thus, one may attempt the following:

(a) Try to show that the inverse limit of multiplication by p on F is natu-
rally a perfectoid space by putting together the analogous assertions

for B and T.

(b) If (a) works, then try to conclude that A, is perfectoid using the
fact that = has local sections.

Assuming the preceding strategy to represent A, by a perfectoid space

works, we would learn:

24For example, the perfectoidness of A, implies the following, which can also be seen using
the Stein property of the universal cover in complex geometry: for any constructible sheaf F' of
Fp-vector spaces A, the direct limit lim | HY(A, [p"]*F) vanishes for i > dim(Supp(F)). In other

words, the cohomology of constructible Fy-sheaves on Ao behaves like that on a Stein space.
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e Unlike the approach via the Hodge-Tate period map, the approach
via p-adic uniformization also potentially applies to “abeloid spaces”
A that are not necessarily algebraic (see [Lul), i.e., the rigid-geometry
analog of complex tori; this appears to be the correct generality, at
least in analogy with the universal cover from complex geometry.

e The perfectoidness of A, should yield, via [Sc4l, I1.2] and almost pu-
rity theorem, the following: for any subvariety X C A, the “universal
cover” Xo, — X is naturally a perfectoid space. For the more geo-
metrically inclined, it might be fun to try to prove this last statement
directly when X is a hyperbolic curve.

(4) Ln and pro-complexes. This is essentially a question in homological al-
gebra, but it is motivated by integral p-adic Hodge theory. Fix a complex
K € D(Z,) that is derived p-adically complete together with an isomor-
phism ¢ : Ln,(K) ~ K. The Berthelot-Ogus theorem [BO2| §8] tells us
that the crystalline cohomology complex of any smooth affine scheme in
characteristic p carries this structure. What can be said about such K’s
in general?

(a) Iterating ¢ gives an isomorphism Ln,»(K) ~ K. Proposition L1
then tells us that K/p™ can be represented by the chain complex
(H*(K/p™),Bockyn) for all n. As K is derived p-adically complete,
it is tempting to guess that the pair (K, ¢) carries no homotopical
information. More precisely, say € is the oco-category of all K as
above (suitably defined). Is C discrete?

(b) One has the standard restriction map K/p"*t! — K/p". Via the
identification of K/p™ as (H*(K/p™),Bockyn), one can check that
this gives a map R : H (K /p"*1) — H'(K/p™) on the i-th term that
is compatible with the Bockstein differential. On the other hand,
there is also a standard map F : H'(K/p"*') — H'(K/p™). How
are these related? Is there a connection to the F-V-pro-complexes
appearing in the work of Langer-Zink (see [LZ], [BMSZ2] §10.2]).

REMARK 6.1 (Update on the projects). Between the time of the winter school
and the publication of these proceedings, several of the problems listed above have
been solved:

(1) The paper [BGHSSWY] solves problem (3).
(2) The paper [BLM] solves problem (4).
(3) The forthcoming PhD thesis of Haoyang Guo addresses problem (1).
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Perfectoid Shimura varieties

Ana Caralani

ABSTRACT. This is an expanded version of the lecture notes for the minicourse
I gave at the 2017 Arizona Winter School. In these notes, I discuss Scholze’s
construction of Galois representations for torsion classes in the cohomology of
locally symmetric spaces for GL,,, with a focus on his proof that Shimura va-
rieties of Hodge type with infinite level at p acquire the structure of perfectoid
spaces. I also briefly discuss some recent vanishing results for the cohomology
of Shimura varieties with infinite level at p.
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1. Introduction

One of the famous consequences of the Langlands program is the theorem that
all elliptic curves over Q are modular [Wil95,[TW95/[BCDTO01]. The proof of
this theorem for semistable elliptic curves led to Wiles’s proof of Fermat’s last
theorem [Wil95] and had an enormous impact on number theory over the decades
since.

What does it mean to say that an elliptic curve is modular? It roughly means
that the elliptic curve corresponds to a modular form. For example, the elliptic

curve F/Q defined by the equation
vty = 2° — 2

corresponds to the modular form f(z) with Fourier expansion

f)=q - [JA=g)’@=¢") = anq",
n=1 n=1

This work was supported in part by a Royal Society University Research Fellowship.
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FIGURE 1. The number of points on the elliptic curve E : y? +
y = 2% — 22, and the coefficients of the modular form 3" a;q* =
g0, (1 —q™)?(1 — ¢"'™)2. These satisfy [ + 1 — #E(F;) = a; for
primes [ # 11.

where ¢ = €?>™**. The connection between F and f can be made explicit, by
relating the number of points of E over finite fields to the Fourier coefficients of f.
Concretely, we have
(41— HE(F,) = ag

for every prime number /.

The more sophisticated statement that encodes the relationship between E and
f says that the p-adic Galois representations attached to each of these two objects
are isomorphic

pi =~ ps : G = Gal(Q/Q) — GLy(Q),

for every prime number p.

We recall that the p-adic Galois representation attached to E arises from the
Tate module of F, using the natural Gg-action on the p™-torsion points of E for
every integer n > 1:

pp : Gg = GL(im E[p"]) ~ GLy(lm Z/p"Z) ~ GLa(Zy).

We can rephrase this by saying that the Galois representation arises from the first
étale homology of the elliptic curve E/Q. The Galois representation p; satisfies the
Eichler—Shimura relation

tr(py(Froby)) = ay,
where Froby is the geometric Frobenius at the prime number ¢ # p, 11, which
determines a conjugacy class in Gg.

The equalities

L+1-— #E(Fz) = ay

can be recovered from
PE = Pf

when ¢ # p, 11 by taking the traces of Frob, on either side, applying the Lefschetz
trace formula for the action of Frob, on the p-adic étale homology of E/F,, and
applying the Eichler-Shimura relation for f.

EXERCISE 1.0.1. Convince yourself that pg ~ py really does recover the relation
L4+ 1—#E(F,) = ag for every prime £ # p,11. Of course, we can vary p. What
happens for £ =117

These notes are meant to explain how to vastly generalize the construction of
the Galois representation py, so we start by recalling the key elements involved in
the construction of p¢, going back to Eichler and Shimura. Recall that, under a
first approximation, modular forms are holomorphic functions on the upper-half
plane

H? = {2 € C| Im z > 0}
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which satisfy many symmetries. These symmetries are defined in terms of certain
discrete subgroups of SLy(R). The upper-half plane has a transitive action of
SLa(R) by Mébius transformations

az+b
’YZ(ZZ)KYZZHCZ_’_d-

The modular form f is a cusp form of weight 2 and level
To(11) i= {7 € SLa(@)ly = (57)  (mod 11)},

a subgroup of SLy(Z) defined by congruence conditions. The weight and the level
of f specify the symmetries that f must satisfy:

f (Z:z) = (cz + d)2f(2).

REMARK 1.0.2. The Mobius transformations are actually all the holomorphic
(dz)*+(dy)?
y2

isometries of H? when we endow H? with the hyperbolic metric , where
z = x +iy. The stabilizer of the point i € H? in SLy(R) is SO2(R), so we can
identify

H? ~ SLy(R) /SO (R),
as smooth real manifolds together with a Riemannian metric. The subgroup SO2(R)
C SL2(R) is maximal compact and SLy is semisimple, so we can identify H? with
the symmetric space for the group SLo, as defined in Section

In the case of the group SLs, the symmetric space H? has a natural complex
structure and, as a result, one can prove that its quotients by congruence subgroups
such as I'o(11) are Riemann surfaces. It turns out that the symmetries that f
satisfies allow us to consider instead of f the holomorphic differential w; := f(2)dz
on the (non-compact) Riemann surface I'g(11) \ H2.

EXERCISE 1.0.3. Prove that f indeed descends to a well-defined holomorphic
differential on the quotient I'o(11) \ H2.

The Riemann surface I'g(11) \ H? is an example of a locally symmetric space for the
group SLo, in the sense of the definition we give in section

Moreover, f is a simultaneous eigenvector for all Hecke operators Ty (with
¢ # 11), i.e. a Hecke eigenform. The ¢th Fourier coefficient ay can in fact be
identified with the eigenvalue of Ty acting on f [l (This can be seen by computing the
dimension of the space of cusp forms of weight 2 and level T'y(11), e.g. by computing
the dimension of the space of holomorphic differentials on (the compactification of)
[o(11) \ H?. The space turns out to be one-dimensional and thus generated by f.)

Set T' := T'g(11). In the special case of the group SLs, it turns out that the
quotients I'\ H?> have even more structure: there exists an algebraic curve Y defined
over Q such that '\ H? can be identified with Y1-(C). This follows from the fact
that H? can be interpreted as a moduli of Hodge structures of elliptic curvesg,
and, as a result, the quotients I \ H? are (coarse) moduli spaces of elliptic curves
over C equipped with certain extra structures. The particular moduli problem for
I' = To(11) gives rise to a canonical model Yr over Q. Yr is a smooth, quasi-
projective but not projective curve, known as the modular curve of level T'.

n these notes, we will only be concerned with Hecke eigenforms, not with all modular forms
and, more generally, we will be interested in systems of Hecke eigenvalues.
2We make this precise in section P} when we discuss Shimura varieties. See Example 223.2)
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The modular form f determines the holomorphic differential w; € Hig (I'\ H?).
A refinement of Hodge theory for the non-compact Riemann surface Yr(C) ~ '\ H?
shows that w; determines a system of Hecke eigenvalues in

Hpey1i(Yr(C), C).

This system of Hecke eigenvalues is actually defined over Q (in this case, the T}
eigenvalues for ¢ % 11 match the Fourier coefficients of f; the system of Hecke
eigenvalues will be defined over a number field in general). Now the comparison
between the Betti and the étale cohomology of Y- shows that it determines a system
of Hecke eigenvalues in
Hi (Y xq Q, Q).

Eichler and Shimura show that the corresponding eigenspace is two-dimensional
(this follows from a refinement of the Hodge decomposition) and the natural Galois
action on it is the Galois representation py. By the Cebotarev density theorem,
the Galois representation py (which is absolutely irreducible) is determined by
pr(Froby) for ¢ # 11,p and the relationship between p; and f is encoded in the
Eichler—Shimura relation

tr(ps(Froby)) = ay

for all such primes /.

Higher-dimensional analogues of modular forms are automorphic representa-
tions and they can be associated to any connected reductive group G/Q (or over
a more general number field). Modular forms correspond to the group SLo (or
GLy). B In order to associate Galois representations to more general automorphic
representations, one first relates automorphic representations to systems of Hecke
eigenvalues occurring in the Betti cohomology of locally symmetric spaces, as we did
above. If the corresponding locally symmetric spaces have the structure of algebraic
varieties defined over number fields, as modular curves do, then one can sometimes
find the desired Galois representations in their étale cohomology. If the locally sym-
metric spaces do not have an algebraic structure, the question of constructing Galois
representations is much more difficult than in the algebraic case. The question is
even more difficult if we are interested in understanding torsion classes occurring
in the Betti cohomology of locally symmetric spaces rather than characteristic 0
classes. Nevertheless, there has been a spectacular amount of progress recently due
to Scholze [Sch15], building on work of Harris—Lan—Taylor—Thorne [HLTT16] for
the characteristic 0 case.

The goal of these lecture notes is to describe some recent progress in the Lang-
lands program, namely the construction of Galois representations associated to
torsion classes in the Betti cohomology of locally symmetric spaces for GL, /F,
where F' is a totally real or imaginary CM field. This gives as a corollary the ex-
istence of Galois representations for a certain class of automorphic representations
of GL,,/F, namely those which are regular and L-algebraic, cf. [BG14]. We will
focus on the ingredients coming from the theory of Shimura varieties, which are
higher-dimensional analogues of modular curves, and from the theory of perfectoid
spaces, as recently introduced by Scholze [Sch1l2al. A central part of these notes
concerns Scholze’s theorem that the tower of Shimura varieties with increasing level

3From the representation-theoretic perspective, a modular form is actually a vector inside an
automorphic representation of SLa.
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at p has the structure of a perfectoid space and that it admits a period morphism
to a flag variety, the Hodge—Tate period domain.

REMARK 1.0.4. While the focus of these notes is the geometry of Shimura
varieties and the construction of Galois representations (thus understanding the
automorphic to Galois direction), we started the introduction by mentioning a
modularity result. The modularity result is proved by the so-called Taylor—Wiles
patching method, which relies on working in p-adic families, both on the side of
the Galois representations (coming from elliptic curves) and on the side of modular
forms. The existence of the automorphic to Galois direction, f — py, is a pre-
requisite to applying the Taylor-Wiles method. Indeed, modularity is not proved
by directly matching pg with py, but rather by considering a universal Galois de-
formation ring for the residual representation pp and comparing this ring to the
Hecke algebra acting on a space of modular forms that contains f. The map from
the Galois deformation ring to the Hecke algebra is obtained by interpolating the
correspondence f > py.

In order to prove such modularity results in higher dimensions (or even over
imaginary quadratic fields), one needs to understand the automorphic to Galois
direction first. Moreover, as the insight of Calegari-Geraghty shows [CG18|, one
needs to understand Galois representations attached not just to characteristic 0
automorphic representations, but also to classes in the cohomology of locally sym-
metric spaces with torsion coefficients, which are a reasonable substitute for p-adic
and mod p automorphic forms[

1.1. Organization. In Section[2] we first introduce locally symmetric spaces,
then we specialize to the case of Shimura varieties. We discuss examples and
counter-examples. In Section Bl we recall the necessary background from p-adic
Hodge theory on the (relative) Hodge-Tate filtration [ In Section H] we recall the
theory of the canonical subgroup and construct the anticanonical tower, which has
a perfectoid structure. In Section Bl we show that (many) Shimura varieties with
infinite level at p are perfectoid and describe the geometry of the Hodge—Tate pe-
riod morphism. In Section [6] we discuss some conjectures and results about the
cohomology of locally symmetric spaces and about the corresponding Galois repre-
sentations.

1.2. Notation. If F' is a local or global field, we let Gr denote the absolute
Galois group of F. If S is a finite set of places of the global field F', we let Gr g
denote the Galois group of the maximal extension of F' which is unramified at all
primes of F' not in S.

If F is a number field, we let Ap denote the adéles of F', Ap ¢ the finite adéles,
A’;,f the finite adéles away from some prime p of F, and A% 77 the finite adéles of
F away from some finite set of primes S. If p is a prime of F', we let Frob, denote
a choice of geometric Frobenius at the prime p.

We let ngd be the p-adic completion of the field Q,(upe) obtained by adjoining
all the pth power roots of unity to Q,. We let Z;yd be the ring of integers inside

Qcycl
-

4In Section we explain why torsion classes give a reasonable notion of mod p and p-adic
automorphic forms for a general reductive group, by discussing Emerton’s notion of completed
cohomology.

5See also the lecture notes of Bhatt for more details on the Hodge—Tate filtration.
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If G is a Lie group, we let G° denote the connected component of the identity
in G.

If R C S are rings and V is an R-module, we write Vg :=V ®p S.

1.3. Acknowledgements. This article was developed from lecture notes for
a minicourse taught at the 2017 Arizona Winter School. We thank the organizers
of the A.W.S. for a wonderful experience. We are grateful to Peter Scholze for
generously sharing his ideas on perfectoid Shimura varieties over several years. We
are also grateful to Dan Gulotta, Christian Johansson, and James Newton for many
useful conversations. Finally, we thank Johannes Anschiitz, Pol van Hoften, Chris-
tian Johansson, Judith Ludwig, Mafalda Santos, Peter Scholze, Romyar Sharifi,
and the anonymous referee for reading an earlier version of this article, for catching
and correcting mistakes, and for many useful suggestions.

2. Locally symmetric spaces and Shimura varieties

In this section, we discuss locally symmetric spaces and Shimura varieties. In
§[2.1], we introduce locally symmetric spaces for a general connected reductive group
over Q and we give examples of locally symmetric spaces which admit the struc-
ture of complex algebraic varieties and which do not. In § 22 in preparation for
discussing Shimura varieties, we review some necessary background from Hodge
theory, in particular the notion of a variation of polarizable Hodge structures. Fi-
nally, in §[2:3]we discuss the axioms of a Shimura datum, the corresponding Shimura
variety, and give many examples of Shimura varieties.

2.1. Locally symmetric spaces. Let G/Q be a connected reductive alge-
braic group. Let Ag denote the maximal Q-split torus in the center of G. Let
K C G(R) denote a maximal compact subgroup and let Ao, = A¢(R). To G, we
can attach a symmetric space as follows:

X = G(R)/K2 A%

This is a disjoint union of smooth real manifolds of some dimension d, it has an
induced action of G(R), and it can be endowed with a G(R)-invariant Riemannian
metric.

Two subgroups I'y,I's of the same group are commensurable if the intersection
I’y NIy has finite index in both I'; and I's. A subgroup I' of G(Q) is arithmetic
if it is commensurable with G(Q) N GLy(Z), for some embedding G — GLy of
algebraic groups over QE For an arithmetic subgroup I' C G(Q), we can define the
locally symmetric space

Xr:=T\X.

If T is torsion-free, the space Xr is a smooth real manifold of dimension d en-
dowed with an induced Riemannian metric. (If I' is not torsion-free, then X is an
orbifold.)

Suppose we have a model G/Z of G which is a flat affine group scheme of finite
type over Z.

6The term AS is included to ensure that the locally symmetric spaces we obtain have finite
volume.

"More generally, one can define a lattice ' C G(R) as a discrete subgroup with finite covolume
with respect to the Haar measure on G(R). A remarkable theorem of Margulis shows that, if G(R)
is a semisimple Lie group with no factor isogenous to SO(n,1) or SU(n, 1), any lattice I' C G(R)
is an arithmetic subgroup. See Section 3.3 of [Mil04] for more details on arithmetic subgroups.
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EXERCISE 2.1.1. Show that a finite index subgroup I' C G(Z) is an arithmetic
subgroup of G(Q).

From now on, we will only consider locally symmetric spaces Xr, where I' C G(Z) is
a finite-index subgroup. In fact, we will only consider arithmetic subgroups which
are congruence subgroups of G(7Z), i.e. subgroups which contain

[(N) := ker (G(Z) — G(Z/NZ))

for some N € ZZ1E

If T is a congruence subgroup, the cohomology Hp . (X, C) can be computed
in terms of automorphic representations of G [BWOOL[Fra98]. This is easier to see
in the case when the locally symmetric space Xt is compact. Then Matsushima’s
formula expresses Hf..;(Xr,C) in terms of the relative Lie algebra cohomology
H*(9, Koo, Too), Where m = 7y ® o runs over automorphic representations of
G. The fact that one can express Hp . (Xr,C) in terms of (g, Ko )-cohomology
uses the induced Riemannian structure on Xr and Hodge theory for Riemannian
manifolds.

We will mostly be interested in the converse direction: realizing certain au-
tomorphic representations of G as classes occurring in the Betti cohomology of
locally symmetric spaces. Results of Franke guarantee that we can do this, at least
for so-called cohomological automorphic representations. For GL,, /F, cohomo-
logical automorphic representations match regular L-algebraic ones up to a twist,
see [BG14] for more details.

EXAMPLE 2.1.2.

(1) If G = SLy (and we can take G = SLo/Z), the corresponding symmetric
space is the upper-half plane H?. The locally symmetric spaces are the
Riemann surfaces corresponding to modular curves, which are discussed
in the introduction. These locally symmetric spaces are non-compact
Riemann surfaces.

If G = D*, where D/Q is a quaternion algebra which is split at infinity,
ie. D(R) ~ Ma(R), then the corresponding symmetric domain is again
H? but the locally symmetric spaces are now compact Riemann surfaces.

8Tt can be shown that SL2(Z) contains infinitely many conjugacy classes of finite-index sub-
groups which are non-congruence, but for n > 3, every finite-index subgroup of SL,(Z) is a
congruence subgroup.
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These correspond to certain so-called Shimura curves, which give another
example of Shimura varieties.

If G = Resqij/@SL2 (and we can take G = Resyj;)/zSL2), the correspond-
ing symmetric space can be identified with 3-dimensional hyperbolic space

SL2 (C)/SUQ ((C) >~ H3

and the locally symmetric spaces are called Bianchi manifolds. They
are examples of arithmetic hyperbolic 3-manifolds and, since their real
dimension is odd, they have no chance of having the structure of algebraic
varieties.

If F is a totally real or imaginary CM field with ring of integers O, set
G = Resp/gGLy,. In some cases, the corresponding locally symmetric
spaces match ones we have already studied. For example, the symmetric
space for GLy/Q is

GLy(R)/SO2(R)RY, ~ H>*,

>0 =
the disjoint union of the upper and lower half complex planes. The cor-
responding locally symmetric spaces are disjoint unions of finitely many
copies of modular curves.

If F is totally real with [F: Q] > 2, the locally symmetric spaces for
Resp/g GL2 are not complex algebraic varieties. The obstruction comes
from the center Resg/qg GL1, which is no longer a Q-split torus; by con-
sidering a variant of the group we obtain Hilbert modular varieties.

If F is totally real and n > 3, the locally symmetric spaces do not
have the structure of complex algebraic varieties. If F' is an imaginary
CM field and n > 2, the locally symmetric spaces also do not have the
structure of complex algebraic varieties. One way to see this is as follows.
Set

lp := rank G(R) — rank Ko Aco.
(This is the so-called “defect” of the group G, see [BWOOLICG18] for a
discussion.) The axioms for a Shimura variety introduced in Section 23]
below imply that Iy = 0 whenever the group G admits a Shimura variety.
However, when F' is a general number field with r; real places and ry
complex places, one can compute Iy for Resp,oGLy, to be

= 1 (252) +r2(n—1) n even,
0 7“1(”7*1)4—7“2(71—1) n odd.

If G(R) is compact (or more generally, if G(R)/A, is compact), then
G(R)/KZ A2, is a finite set of points and the locally symmetric spaces
attached to G are also just finite sets of points, called Shimura sets. This
situation is very favorable for setting up the Taylor—Wiles method, because
the cohomology of the locally symmetric space is then concentrated in only
one degree, namely in degree 0. This happens, for example, in the case of a
definite unitary group defined over a totally real field (whose signature at
each infinite place is (0,n)). However, this situation is not very interesting
from the point of view of geometry!

In these notes, we will mostly use the adelic perspective on locally symmetric

spaces. Recall that we have chosen a model G/Z of G/Q. Let K C G(Ay) be a
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compact open subgroup of the form [] K,, where v runs over primes of Q and
K, € G(Z,), and such that K, = G(Z,) for all but finitely many primes v. Define
the double quotient

X = GQ\ (X xG(Ay)/K),
where the action of G(Q) on the two factors is via the diagonal embedding. The
set G(Q) \ G(Ay)/K is finite; this follows from [PR94][Thm 5.1].

EXERCISE 2.1.3. When G = Resp,q GL,,, prove directly that G(Q) \ G(Ay)/K
is finite.

Let ¢1,...,9, be a set of double coset representatives. For i = 1,...,r, let I'; :=
G(Q)Ng;Kg; ! This is a discrete subgroup of G (Q) and it is in fact a congruence
subgroup of G(Z). Then we have

X = G@\ (X x G(Af)/K) = Ui Ty \ X = Ui, Xr,,

so the adelic version of a locally symmetric space is a finite disjoint union of the
locally symmetric spaces introduced above.

We say that K is neat if G(Q) N gKg~! is torsion-free for any g € G(Ay), in
which case Xk is a smooth real manifold of dimension d. If K is sufficiently small,
then it is neat.

As seen in Example (@ above, the locally symmetric spaces X can be
non-compact. Borel and Serre [BS73| constructed a compactification of X (or
rather, of the individual spaces Xr), which is a smooth real manifold with corners.
If X[E}S denotes the Borel-Serre compactification of X g, the inclusion

Xy — XBS

is a homotopy equivalence. This shows that Xy has the same homotopy type as
that of a finite CW complex, so in particular the vector spaces Hy.,;(Xr,C) are
finite-dimensional. Similarly, the cohomology groups Hy...;(Xk,Z/p™Z) are finite
Z/pNZ-modules and the groups H...;(Xk,Q,) are finite-dimensional for every
prime p.

As K varies, we have a tower of locally symmetric spaces (X ). If K, K" are
two compact-open subgroups of G(A) and if g € G(Ay) is such that 7' K'g C K,
we have a finite étale morphism ¢, : Xg+ — Xk induced by hK’' — hgK for
h € G(Ay). If one takes K’ := K N gKg™ ', one obtains a correspondence

(Cg,Cl)ZXK/ —>XK XXK7

called a Hecke correspondence. This correspondence induces an endomorphism of
H(ic) (Xk), where we take the Betti cohomology of the locally symmetric space

with coefficients in either C,Q,,Z/ pNZ for N € Z>1 and this endomorphism only
depends on the double coset KgK.

2.2. Review of Hodge structures. Roughly speaking, a Shimura variety is
an algebraic variety defined over a number field whose underlying complex manifold
is a locally symmetric space corresponding to some connected reductive group G/Q.
As we have seen in Example [Il this can exist only in special circumstances, for
certain groups G. In this section, we recall some notions related to Hodge structures
and variations of Hodge structures, which will be useful for explaining the axioms
defining a Shimura datum in Section 23] For a more in-depth discussion of these
notions, see Chapter II of [Mil04].
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2.2.1. Hodge structures. Recall that a (pure) Hodge structure on a finite-dimen-
sional real vector space V is a direct sum decomposition of the complexification V¢
of V of the form

Ve = @ jyez V"’

such that the following relation, known as Hodge symmetry, holds: for every (i,5) €
72, the complex conjugate of V%J is V7, The direct sum decomposition is called
the Hodge decomposition. If Vo = @pe;Vi*J*, we say that V has a Hodge structure
of type (ir,jx)ker- If, moreover, iy + jp = n for every k € I then we say that the
Hodge structure on V is pure of weight n. The weight decomposition is the direct
sum decomposition of V' indexed by weight and it is already defined over R. A
morphism of Hodge structures is a morphism of real vector spaces which respects
the Hodge decomposition of their complexifications.

More generally, one can define rational and integral Hodge structures. An
integral (resp. rational) Hodge structure is a free Z-module of finite rank (resp.
finite-dimensional Q-vector space) together with a Hodge decomposition of Vi such
that the weight decomposition is defined over Q.

EXAMPLE 2.2.2. If X/C is an smooth projective Varietyﬁ, then the Betti coho-
mology groups H"(X(C),Z) are endowed with integral Hodge structures coming
from the Hodge decomposition

H™(X(C),2) @2 C= P H(X,Qxc);
i+j=n
we set Vi = HI(X, Qé{/c)'
If X = A is an abelian variety over C, the Hodge decomposition is

H' (A((C),Z) ®z C = HO(Aa QL/C) @ Hl(Aa OA);

then H'(A(C),Z) has an integral Hodge structure of type (1,0),(0,1). The dual
H,(A(C),Z) has a Hodge structure of type (—1,0), (0,—1). Giving a Hodge struc-
ture of this type on H;(A(C),Z) is equivalent to giving a complex structure on
Hy(A(C), Z) @z R.

The category of integral Hodge structures of type (—1,0), (0, —1) is equivalent
to the category of complex tori. (If A is an abelian variety, then A(C) is a complex
torus, though not every complex torus arises from an abelian variety.)

EXAMPLE 2.2.3. If n € Z, we define the Hodge structure R(n) to be the unique
Hodge structure on R of type (—n, —n). We define Q(n) and Z(n) analogously.

Let S := Resc/rG; this is a real algebraic group such that S(R) = C*. The
group S is the Tannakian group for the category of Hodge structures on real vector
spaces!!d This implies that there is an equivalence of categories between the cate-
gory of Hodge structures on finite-dimensional real vector spaces and the category
of finite-dimensional representations of S on real vector spaces. We describe the
functor in one direction: a representation of S on a real vector space V' determines
an action of C* on the complexification Vi. Then Vi decomposes as a direct sum

9We could take, more generally, X to be a compact Kéahler manifold, in which case the Betti
cohomology decomposes as H"(X,C) = @®;4j—nH"I(X), where H*J(X) denotes the space of
cohomology classes of type (4, 7).

10See, for example, Chapter I of [Mil90] for a discussion of Tannakian categories and the
corresponding Tannakian groups as relevant to Shimura varieties.
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of subspaces V% with i,j € Z, such that the action of C* on V%J is through the
cocharacter z — 2z~ *z7J. This direct sum decomposition defines a Hodge structure
on V. Thus, we can think of a Hodge structure on a real vector space V as a pair
(V,h), where h : S — GL(V) is a homomorphism.

A polarizable Hodge structure is a Hodge structure which can be equipped
with a polarization. A polarization on a real Hodge structure (V| h) of weight n is
a morphism of Hodge structures

U:VxV—R(—n)

such that the bilinear form (v, w) — ¥ (v, h(i)w) is symmetric and positive definite.
(One can similarly define polarizable integral and rational Hodge structures.)

Hodge structures coming from algebraic geometry are polarizable For exam-
ple, recall Riemann’s classification result for abelian varieties over C.

THEOREM 2.2.4. The functor A — H1(A,Z) defines an equivalence of cate-
gories between the category of abelian varieties over C and the category of polariz-
able integral Hodge structures of type (—1,0), (0, —1).

2.2.5. Variations of polarizable Hodge structures. In order to have a Shimura
variety, the symmetric space X should be interpreted as a “moduli space” of polar-
izable Hodge structures. The precise notion of “moduli space” we will use is that
of a variation of Hodge structures.

For a Hodge structure on V of weight n, we define the associated Hodge—de
Rham ﬁltmtio to be the descending filtration given by

F'V .= @Vil’j/ C Ve.
ir>i
EXAMPLE 2.2.6. If X/C is a smooth projective variety, the Hodge structure on
the Betti cohomology H*(X (C),Z) has the Hodge-de Rham filtration

Fi(H*(X(C),Z) ®z C) = @y H (X, Q% ).

Under the canonical comparison isomorphism between Betti and de Rham coho-
mology, the Hodge-de Rham filtration on H*(X (C),Z) ®z C matches the filtration
on the algebraic de Rham cohomology H}(X) induced from the degeneration of
the Hodge—de Rham spectral sequence

By = HI(X, Q) = H™ (X, Q% c) =t Hai! (X).
If X = A is an abelian variety over C, the Hodge-de Rham filtration is determined
by F' (H'(A(C),Z) @7, C) = H°(A, Q}q/c) (F is everything and F? is zero).

We remark that, if X is defined over a number field E, then the algebraic de
Rham cohomology Hé'ﬁj (X) is an E-vector space and the Hodge-de Rham filtration
on algebraic de Rham cohomology is also defined over E. This observation, together
with standard comparison results between the cohomology of schemes and of the

corresponding rigid-analytic varieties, will be used in Section Bl The degeneration
of the Hodge—de Rham spectral sequence, which is needed to obtain the Hodge

M More precisely, if X/C is a smooth projective variety, then its Betti cohomology carries
a Hodge structure equipped with a rational polarization. The polarization comes from the hard
Lefschetz theorem applied to a rational Kahler cohomology class.

12We prefer to refer to the Hodge filtration as the Hodge-de Rham filtration in order to avoid
confusion with the Hodge—Tate filtration which will be discussed in Section [Bl
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filtration on de Rham cohomology, is a deep result, originally established using
analytic techniques (Hodge theory), but it was later on proved purely algebraically
in [DI87].

A variation of (pure) Hodge structures should model the Hodge structure on the
local system coming from the Betti cohomology of a continuous family of smooth
projective varieties over some base. We start with an elementary definition, which
we will apply to the case of Shimura varieties, and which can be formulated very
concretely. We then give the more general definition.

Let X be a simply-connected connected complex manifold [ Fix a real vec-
tor space V and a positive integer n. Assume that for each h € X T we have a
Hodge structure on V' of weight n. Let V;” C V¢ be the subspace of type (4, )
corresponding to the Hodge structure attached to h, and let F}(V¢) C Vo be the
ith graded piece of the Hodge—de Rham filtration on V¢ determined by h.

DEFINITION 2.2.7. We say that the family of Hodge structures indexed by X T is
a variation of Hodge structures of weight n if the following conditions are satisfied.
(1) Firstly, for each (i,7), the subspace V}f’j varies continuously with h €

Xt. This means that the dimension of the subspace Vhi’j s equal to a
constant d(i,j) € Z>o, so there is a natural map to the Grassmannian
parametrizing d(i, j)-dimensional subspaces of Vi

Xt — Grat®) (1.
Moreover, the above map is required to be continuous.

(2) The Hodge filtration Fy varies holomorphically with h € X*. More pre-
cisely, let FIStd(VC) be the flag variety parametrizing descending filtrations
on Vi of type (d(i))icz, where d(i) =Y, d(i',n—1i"). The first condition
guarantees that there exists a map -

Thar : Xt = FI (), h s Fp
and we require this to be a map of complex manifolds (i.e. holomorphic).

(3) (Griffiths transversality) The tangent space of FI*Y(Ve) at a point corre-
sponding to a filtration F* on Vg is contained in @;czgHom(F*, Ve /FY).
Let h € XT. The final condition is that we require that the differential
dwﬁdR, which is a map

drfpp : ThX T = Tre FIY (Vo) € @) Hom(F*, Ve /FY),
i€z
to satisfy the following transversality condition:
Im(driyr) € @ Hom(F*, Fi=*/F") ¢ €D Hom(F", V¢ /F*).

i€ i€
REMARK 2.2.8. In fixed weight n, the Hodge-de Rham filtration determines
the Hodge decomposition via VP4 = FP(Vg) N F4(Vg). This implies that, if the

Hodge structures parametrized by X T are all distinct, the holomorphic map

Thar © X = FI*'(1)
is injective. We call such a map a period morphism. One of the protagonists of
these lecture notes is the p-adic analogue of this morphism, called the Hodge—Tate

13For example, we could take X+ = H2, the upper half-plane.
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period morphism. This will not be injective, in general, but in many situations we
will be able to understand its fibers. Note also that, while the Hodge-de Rham
filtration varies holomorphically in families, the same is not true for the Hodge
decomposition.

EXERCISE 2.2.9. Check that the tangent space of FlStd(V(c) at a point corre-
sponding to a filtration F* on V¢ is indeed contained in ®;czHom(F?, Ve /F?).

A variation of polarizable Hodge structures on X T is a variation of Hodge structures
on X 7T together with a bilinear form

U:VxV =R

such that ¥ induces for any h € X* a polarization on the Hodge structure deter-
mined by h.

More generally, let X be a complex manifold. A variation of Hodge structures
of some weight n € Z on X is a locally constant sheaf of finitely generated Z-
modules Vz on X (we call such an object a Z-local system on X) together with the
following additional structures. Define £ := V; ®z Ox, where Ox is the sheaf of
holomorphic functions on X. Then £ is a holomorphic vector bundle on X; this is
equipped with a canonical flat connection

V:E = E®o, Ok,

induced from 9 : Ox — Q% (here, Q% denotes the sheaf of holomorphic differentials
on X). The connection V is called the Gauss-Manin connection. The additional
structure is a descending filtration F'*€ on £ by holomorphic sub-bundles such that

(1) The filtration F*E induces Hodge structures of weight n on the fibers of
E.
(2) (Griffiths transversality) For all ¢ € Z, the Gauss-Manin connection satis-
fies ‘ ‘
V:F'€— F 8o, Q% CE®oy .
If X is simply-connected, the local system Vz on X is trivial. By choosing a
trivialization of Vg, we recover Definition 22271 As above, we can also define
variations of polarizable Hodge structures. With this more general definition, we
have the following example.

ExaMpLE 2.2.10. Let f : Y — X be a smooth and projective morphism of
complex varieties, such that X is smooth. Let (R™f.Z)s be the torsion-free part
of R™f.7Z. Then the local system (R"f.Z)i on X (C) is a variation of polarizable
Hodge structures of weight n.

2.3. Shimura varieties.

2.3.1. Definition of a Shimura wvariety. Shimura varieties are described by
Shimura data, which are certain pairs (G, X), consisting of a connected reductive
group G defined over Q, and a G(R)-conjugacy class X of homomorphisms

S—>GR.

As we saw above that S is the Tannakian group for the category of real Hodge
structures, for any finite-dimensional representation V' of GG on a real vector space,
X parametrizes a family of Hodge structures with underlying vector space V. If we
choose an element h € X, we can identify X with G(R)/K2, where K" is the sta-
bilizer of h in G(R) under conjugacy. We will impose certain additional conditions
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on (G, X) which will ensure that X carries a unique complex structure making the
family of Hodge structures that X parametrizes a variation of polarizable Hodge
structures.

In order for a pair (G, X) as above to be a Shimura datum, it has to also satisfy
the following axioms.

(1) Let g denote the Lie algebra of G(R). For any choice of h € X, the
composite
h:S— Gr — G& — GL(g),

i.e. the composite with the adjoint action of Gg on g, induces a Hodge
structure of type (—1,1),(0,0),(1,—1) on g.

(2) For any choice of h € X, h(i) is a Cartan involution on G24(R).

(3) G*! has no factor defined over Q whose real points form a compact group.

Note that, while the first two conditions are formulated for any choice of h € X, it
is enough to check them for one choice of h € X. We discuss the role that each of
the three axioms plays below. Assume, for simplicity, that X is connected.

The first axiom implies, in particular, that the Hodge structure on g induced
by the adjoint representation has weight 0, which in turn implies that h(R*) lies
in the center of G(R) for one h € X (equivalently, for all h € X). Even though a
given real representation V' of G may not give rise to a family of Hodge structures
which are homogeneous of a given weight, the fact that h(R*) is central means that
we can write V as a direct sum of G-invariant pieces which do give rise to Hodge
structures that are homogeneous of a given weight, independent of the choice of
h € X. In other words, the weight decomposition on V is independent of h € X.

We can now ask whether the family of Hodge structures parametrized by X
can be made into a variation of polarizable Hodge structures, by endowing X with
an appropriate complex structure. Choose V to be the direct sum of the repre-
sentations in a faithful family of representations of G. The fact that the weight
decomposition on V' is independent of h € X is all that is needed to show that X
carries a unique complex structure for which the family of Hodge structures varies
holomorphically. Indeed, if we let FIStd(VC) be the product of the flag varieties
defined above for each homogenous piece of V', we have an injection

X < FI' ().

The complex structure on X is induced from the natural complex structure on
the flag variety FI**Y(V¢). Furthermore, the requirement for the family of Hodge
structures on X to satisfy Griffiths transversality is equivalent to g = F~!g. Since
the Hodge structure on g has weight 0, this is in turn equivalent to asking that the
Hodge structure on g be of type (—1,1),(0,0),(1,—1). See Section 1.1 of [Del79]
for more details.

For the second axiom, note that h(i) induces an involution of G*¢(R) because
the adjoint action of h(—1) is trivial. The fact that h(i) is a Cartan involution
of G*(R) means that the inner form over R of G defined by the fixed points of
the involution g — h(i)gh(i)~! is compact. It is easy to see now that the second
axiom is independent of the choice of conjugacy class of h(i). The second axiom
guarantees that the variation of Hodge structures on X (obtained by choosing any
V as above) is a variation of polarizable Hodge structures. See Section 1.1 [Del79]
for more details. We note that this axiom implies that the stabilizer K C G(R)
of any h € X is compact modulo center.
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The third axiom is fairly harmless to assume (since we could replace G with its
quotient by a connected normal subgroup whose group of real points is compact),
and it allows us to use strong approximation when G is simply-connected.

When (G, X) is a Shimura datum, Deligne proves that X is a finite disjoint
union of Hermitian symmetric domains in [Del79]. For a neat compact open
subgroup K C G(Ay), the double quotient

GQ)\ (X x G(Ay)/K)

has the structure of an algebraic variety, called a Shimura variety. The Shimura
variety has a canonical model which is a smooth, quasi-projective variety defined
over a number field E, called the reflex field of the Shimura datum. Choose a
representative h € X. This gives rise to a cocharacter

pn = h xr Clase g, factor) : Gm,c = Ge.

The axioms in the definition of a Shimura datum imply that the cocharacter uy is
minuscule, i.e. its pairing with any root of G¢ is in the set {—1,0,1}. The G(C)-
conjugacy class {u, } is independent of h. The reflex field E is the field of definition
of the conjugacy class {up} (this may be smaller than the field of definition of
the cocharacter py). From now on, we denote by X the canonical model of the
Shimura variety over E.

EXAMPLE 2.3.2 (Modular curves). Let V' be a 2-dimensional vector space over
Q. We consider the algebraic group over Q given by G := GL(V). Let X be the
set of complex structures on V ®gR, i.e. of embeddings C C Endgr(V ®gR). Then
X can be identified with a G(R)-conjugacy class of homomorphisms

h:S — Gr

viax € X — h, : S = Gg, where for every z € S(R) ~ C*, h,(z) € GL(W) is
identified with z € C* C Autr(V ®g R). One can check that the three axioms for
(G, X) to be a Shimura datum are satisfied.

By choosing a basis of V, we can identify G with GLy and X with H*, the
disjoint union of the upper and lower half planes. We see that the symmetric
space for GLy/Q can be identified with the conjugacy class X. The corresponding
Shimura varieties are disjoint unions of finitely many copies of connected modular
curves.

Let A be a fixed Z-lattice in V. By Example 2.22.2] we see that X can be
identified with the set of integral Hodge structures of type (—1,0), (0, —1) on A. All
such Hodge structures are polarizable, so X can be identified with a moduli of Hodge
structures of elliptic curves over C. This is the reason for the moduli interpretation
of modular curves in terms of elliptic curves together with level structures.

The period morphism taking a Hodge structure to the corresponding Hodge—de
Rham filtration can be identified with the natural embedding

H* — PY(C)

Note that this is equivariant for the action of GL2(R) on both sides: given by
Mobius transformations on the left hand side and factoring through the usual action
of GLa(R) on P*(C).
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EXERCISE 2.3.3. Write down the identification H* ~ X such that the usual
action of GL2(R) on H* given by the Mébius transformations
az+b
cz+d

can be recovered from the conjugation action of GLa(R) on the set of homomor-
phisms S — GLa g from Example 2.3.2

v = (‘ég) € GLy(R),y: 2+

We end this section by giving examples of higher-dimensional Shimura varieties.
The key examples that we will consider in these lecture notes will be Siegel modular
varieties (which are the simplest Shimura varieties from the point of view of the
moduli problem that they satisfy) and Shimura varieties for quasi-split unitary
groups (which also have an explicit moduli interpretation).

EXAMPLE 2.3.4 (Siegel modular varieties). Let n > 1 and let

(Vi¢) = (QQ", P((a:), (b)) = > (aibnyi — an+z‘bi)>
i=1
be the split symplectic space of dimension 2n over Q. Consider the symplectic
similitude group GSp,,, := GSp(V, 9); this is the algebraic group over Q defined by

GSpy, (R)={(9,\) € GL(V ®q R) x R*[¢)(gv, gw) =X - (v, w), Vv, w € V &g R}

for any Q-algebra R. In other words, GSp,,, is the group of automorphisms of V'
preserving the symplectic form up to a scalar, called the similitude factor, which
is a unit. One can identify the corresponding symmetric space X with the Siegel
double space, which has the following explicit description

{Z e M,,(C)|Z = Z',Im(Z) positive or negative definite} ,

where Im(Z) denotes the imaginary part of the matrix Z. The Siegel double space
has an action of GSp,,, (R), via

I'=(AB)e GSpy,(R),T: Z s (AZ+ B)(CZ+ D)~' [

which is transitive. The stabilizer in GSps,,(R) of the matrix 7-Id,, can be identified
with U(n) x Rsg; the unitary group U(n) is the identity component of a maximal
compact subgroup of GSp,,,(R). This shows that we do have an identification of
the Siegel double space with the symmetric space for GSps,,.

EXERCISE 2.3.5. Check that the action of GSps,, (R) described above preserves
the Siegel double space, that it is transitive and compute the stabilizer of i - 1d,,.

The Siegel double space X is a disjoint union of two copies of a Hermitian sym-
metric domain. Using the classification of Hermitian symmetric domains in [Del79],
one sees that X can be identified with a conjugacy class of homomorphisms

h:S— GSan,R

such that the pair (GSp,,,X) satisfies the three axioms in the definition of a
Shimura datum. The corresponding Shimura varieties are called Siegel modular
varieties. When n = 1, we have an isomorphism GSpy ~ GL2 of algebraic groups
over Q, and in this case we recover the modular curves.

14These are n x n-matrices, so for n > 1 the order of multiplication matters.
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Fix the lattice A = Z?" in V (which is self-dual under the symplectic form 1)).

For every h € X, let

Hh = h xR (C|(1st Gy ,c—factor);
this defines a cocharacter up : Gy — GSpy, . For every h € X, the Hodge
structure induced by pp on V has type (—1,0),(0,—1) and is polarizable by the
second axiom in the definition of a Shimura datum. This Hodge structure gives
rise by Theorem [Z24] to the abelian variety over C with associated complex torus
V(=1.0)/A. This abelian variety has dimension n.

For K C GSp,,, (Af) aneat compact open subgroup, the corresponding Shimura
variety X is a moduli space of polarized g-dimensional abelian varieties with level-
K-structure. X has a canonical model, which is a smooth, quasi-projective variety
over the reflex field Q. It carries a universal abelian variety A"V and a natural
ample line bundle w given by the determinant of the sheaf of invariant differentials
on Auniv.

If p is a good prime for the level K (i.e.), X, A"V, w admit integral models
over the localization Z,). The integral model Xk is a smooth, quasi-projective
but not projective scheme over SpecZ,,. It admits a minimal (Baily-Borel-Satake)
compactification Xg < X7, which is a projective but usually not smooth scheme
over Spec Z,). This was constructed by Faltings and Chai in [FC90]. The ample
line bundle w extends canonically to X,.

EXAMPLE 2.3.6 (Shimura varieties of PEL type). Shimura varieties of PEL
type are Shimura varieties which admit a moduli interpretation in terms of abelian
varieties equipped with polarizations, endomorphisms and level structure. Siegel
modular varieties give examples of PEL-type Shimura varieties, since they param-
etrize abelian varieties equipped with polarizations and level structure. General
PEL-type Shimura varieties admit closed embeddings into Siegel modular varieties
and they can be studied via these closed embeddings, but they can also be stud-
ied directly via their moduli interpretation. One of the key examples of PEL type
Shimura varieties that we will consider in these lecture notes will be that of uni-
tary Shimura varieties (and, in particular, those for quasi-split unitary similitude
groups).

Let F be an imaginary CM field, with F'™ C F maximal totally real subfield.
Let 2 +— 2* denote the non-trivial automorphism in Gal(F/FT). Let V be a 2n-
dimensional F-vector space and let

P(, ):VxV-=Q

be a non-degenerate alternating *-Hermitian form on V. Let G/Q be the algebraic
group of unitary similitudes of (V,4): if R is a Q-algebra, then

G(R) := {(g,\) € GL(V ®g R) x R* | ¥(gv,gw) = X - ¢(v,w),Yv,w € V ®¢g R} .
The group of real points G(R) can be identified with

[Ft:Q]
G H U(pla qz) 5
i=1

where i indexes embeddings F'* — R and U(p;, ¢;) is the real unitary group of
signature (p;,q;) with p; + ¢; = 2n. (By the notation G( ), we mean that the
similitude factors for all embeddings F* < R match.)
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If FT = Q, then we only have one signature (p,q). The corresponding group
of real points G(R) can then be identified with GU(p,q), the group of unitary
similitudes which preserve up to a scalar the form

P n
() (b)) = D _ashj = > abs.
i=1 j=p+1

We can always arrange that G is a quasi-split group over Q (this depends
on the choice of ¥). Since 2n = dimp V is even, the quasi-split inner form will
have signature (n,n) at every embedding F* < R. (If we had worked V with
dimpV = 2n + 1, then U(n 4+ 1,n) and U(n,n + 1) are isomorphic quasi-split
unitary groups over R.)

REMARK 2.3.7.

(1) For the purposes of studying the corresponding Shimura varieties, we can
assume that the set of signatures (pi,qi)ic1,.. [p+.q} is arbitrary. We
do note that the Hasse principle for unitary groups gives a restriction on
whether a unitary group with given signatures at real embeddings and
with specific ramification conditions at finite places exists. See [Clo91]
for more details; we will not dwell on this aspect since we will ultimately
only need to work with the quasi-split group.

(2) A criterion for PEL-type Shimura varieties to be compact can be found
in [Lan13al §5.3.3]. This satisfied, for example, if one works with a
unitary similitude group for which one of the signatures is equal to (0,n) or
(n,0). The Shimura varieties attached to the quasi-split unitary similitude
group are non-compact.

An example of a rational PEL datum is given by a tuple (F,x*,V, ¢, h), where
F, %,V 1 are as above and h is an R-algebra homomorphism

h:C— EndF®@R(V ®Q R),
such that ¥ (h(z)v,w) = (v, h(Z)w) for all z € C and such that the pairing
(v, w) = Y (v, h(i)w)
is symmetric and positive definite. Such a homomorphism puts a complex structure
on V ®g R, which is the same as a Hodge structure of type (—1,0),(0,—1). By

restricting h to C* and noticing that it then preserves ¢ up to a scalar in R*, we
get a homomorphism of algebraic groups over R:

h|(c>< :S — GR
Let X be the G(R)-conjugacy class of hlcx.

EXERCISE 2.3.8. Assume that the signatures of G at real embeddings are not
all (0,n) or (n,0). Check that the pair (G, X) satisfies the axioms in the definition
of a Shimura datum.

Choose a rational PEL datum as above, giving rise to a Shimura datum (G, X).
Let K C G(Ay) be a neat compact open subgroup. Let X be the corresponding
Shimura variety; it is a smooth, quasi-projective scheme over the reflex E, of di-
mension ZEI:{:Q] pi-q;. 1t represents the following moduli problem over E. Let S be
a connected, locally noetherian, Spec E-scheme and s a geometric point of S. The
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moduli problem represented by Xk sends the pair (S, s) to the set of isomorphism
classes of tuples (A, \, ¢,7), which is described as follows.

(1) A is an abelian scheme over S of dimension n - [FT : Q.

(2) A: A— AV (where AV is a dual abelian variety) is a polarization.

(3) ¢: F < End"(A) := End(A)®zQ is an embedding of Q-algebras giving an
action of F' on A by quasi—isogenies This action satisfies the following
compatibility with A\: Ao ¢(2*) = t(x)¥ o X for all z € F.

(4) 7 is a 74(S, s)-invariant K-orbit of F' ®g A j-equivariant isomorphisms

n: V®QAJ€ 5 VfAS,

where V¢ A is the rational adelic Tate module of the abelian variety A,
such that 7 takes the pairing induced by ¢ on V' ®g Ay to an AF-multiple
of the A\-WEeil pairing on V¢ A,.
Such a tuple is required to satisfy the following determinant condition: the complex
structure on V ®g R induced by h gives rise to the Hodge decomposition V ®q C =
V0=l @ V=10 Explicitly, we must have

det(z|V™10) = deto, (z|Lie A),z € F.

This should be understood as an equality of polynomials with Og-coefficients rather
than as an equality of numbers, where we choose a basis for F' over Q and write the
indeterminate x € F' in terms of the chosen basis. In characteristic 0, this is just a
condition on ranks of F' ®gy Og-modules, but it is more subtle in characteristic p.
Intuitively, the determinant condition matches the Hodge structure of the abelian
variety A, as it decomposes under the action of F, with the Hodge structures
parametrized by the Hermitian symmetric domain X, which are also restricted by
the action of F on (V).

Two such tuples (A, \,¢,7) and (A, X, //,n’), satisfying the determinant con-
dition, are isomorphic if there exists an isogeny A — A’ taking A to a rational
multiple of ), and taking ¢ to ¢/, 7 to 77'.

If p is a good prime (for the PEL-type Shimura datum and for the level K) then
one can also define an integral model of Xy, which is a smooth, quasi-projective
scheme over the localization OE(p). This integral model is also constructed as
the universal scheme representing a moduli problem, this time with integral data.
For more details on integral models in the case of PEL-type Shimura varieties,
see [Kot92b]. There exists a minimal (Baily—Borel) compactification Xx — X5,
constructed in this case by Lan in [Lanl3bl|, which is a projective, but not neces-
sarily smooth scheme over Spec O, .

2.3.9. Shimura varieties of Hodge type. Shimura varieties of Hodge type form
a class of Shimura varieties which contain the ones of PEL type. To define them,
we will first describe morphisms of Shimura data.

DEFINITION 2.3.10. A morphism of Shimura data (G,X) — (G', X') is a ho-
momorphism of algebraic groups G — G’ inducing a map X — X'. We call a
morphism of Shimura data an embedding if the map G — G’ is injective.

15These are the ”endomorphisms” in the PEL-type moduli problem.
16This definition can be shown to be independent of the choice of geometric point s and can
be extended to non-connected schemes in the obvious way.
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A Shimura datum of Hodge type is a Shimura datum (G, X) which admits an
embedding (G, X) — (G, X) into some Siegel datum (G, X). Given a Shimura
datum of Hodge type and a neat compact open subgroup K C G(Ay), one can find
a neat compact open subgroup KC é(Af) such that we have a closed embedding
of Shimura varieties (Proposition 1.15 of [Del71])

XK‘—))?I?.

The Shimura variety X g is said to be of Hodge type. The universal abelian variety
AWV gyer X 7 Testricts to an abelian variety AW over X

Let (V, ) be the 2n-dimensional split symplectic space over Q as defined above
and set G = GSp(V, ¥). If (G, X) < (G, X) is an embedding of Shimura data, then
there exists a finite collection of tensors

5q CV® = @myrezzo‘/@m QR (VY™ m,r € Z

such that G = Stabz({sa}). This holds by Proposition 3.1 of [Del82]. If we
consider any choice of h € X we get an action of S on V by composing i with
G(R) — G(R) = GSp(Vk, ). Since G stabilizes the collection {s,}, we see that
the tensors s, ® 1 € V]R® are also stabilized by S. This can be reformulated to say
that the tensors s, live in Hodge degree (0,0), i.e. that they are Hodge tensors.
Once we understand Siegel modular varieties, Shimura varieties of Hodge type can
be studied by keeping track of Hodge tensors.

The symplectic form 1) gives rise to a Hodge tensor. In the case of Shimura
varieties of PEL type, the additional Hodge tensors one needs to keep track of
are particularly simple: they are given by the endomorphisms by the CM field F.
Indeed, an endomorphism of a Hodge structure V respecting the Hodge decompo-
sition can be thought of as a degree (0,0) element in V ® V. This explains why
Shimura varieties of PEL type are a subclass of Shimura varieties of Hodge type.

EXAMPLE 2.3.11. A Shimura variety of Hodge type that is not of PEL type is
obtained as follows: we consider the same setup as in Example[Z.3.6], but rather than
taking the group of unitary similitudes we consider the group of unitary isometries:

G(R) := {g € GL(V &q R) | ¢(gv, gw) = (v, w),Yv,w € V ®@q R} .

It is not hard to see that, over Q, these Shimura varieties are connected components
of the corresponding PEL-type Shimura varieties for the similitude group.

Let (G,X) be a Shimura datum of Hodge type and let p denote the Hodge
cocharacter determined by a choice of h € X. Recall that the axioms for (G, X) to
be a Shimura datum imply that p is a minuscule cocharacter. The cocharacter p
determines two opposite parabolic subgroups of G:

Pztd ={g€G| tlim ad(p(t))g exists}, and
—00
P, ={geq| tlgr(l) ad(u(t))g exists}.

REMARK 2.3.12. From the Tannakian point of view, the first parabolic can be
thought of as the “stabilizer of the Hodge—-de Rham filtration”. Indeed, the Hodge
cocharacter p induces a grading on the Tannakian category Repq(G), the category
of finite-dimensional representations G on C-vector spaces. This means that for
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any (V,¢) € Repc(G), the composition ¢ o p defines an action of Gy, ¢ on V, which
is the same as a grading

V - @pEZVp
of the C-vector space V. Note that this is not the same as defining a grading on V
as a representation of G. The grading depends functorially on V and is compatible
with tensor products in Repg(G).

To the grading on Repg(G) one can naturally associate two filtrations. We let
Fil* (1) be the descending filtration on Repg(G) defined by Fil?(V) = @p5,V?
for each (V,¢) € Reps(G). The parabolic subgroup Pjtd can be defined as the
stabilizer of Fil®(u) in G. The other filtration is the ascending filtration Filg(u)
defined by Fil, (V) = @p,SPVP' for (V,¢) € Repc(G); the parabolic P, is the
stabilizer of Fils () in G.

Choose an embedding of Shimura data (G, X) < (G, X) with G = GSp(V, ),
and compatible levels K C G(Ay), K C G(Aj). The representation V of G(Q)
determines a Q-local system on the Shimura variety X (C). This local system is
the same as the relative rational Betti homology Vg of abelian variety A(C) over
Xk (C), obtained by restriction from the universal abelian variety over X #(C). By
considering the relative de Rham homology of A, we also have a vector bundle
Var on Xk, equipped with an integrable connection. The filtration Fil®(V¢) gets
identified, under the comparison between relative Betti and de Rham homologies,
with the Hodge-de Rham filtration on Vgg. This is the sense in which we mean
that Pztd is the “stabilizer of the Hodge—de Rham filtration”.

The conjugacy classes of both parabolics are defined over the reflex field E of the
Shimura datum. The two parabolics determine two flag varieties Fls&du and Flg,,
over E, which parametrize parabolic subgroups in the given conjugacy class, or
equivalently, filtrations on Repq(G) conjugate to Fil®(u). There is a holomorphic
embedding
X e FIES b Fil® (.

The map mqr defined in Section factors through the above embedding. The
two flag varieties and the embedding mpqr are functorial in the Shimura data.

3. Background from p-adic Hodge theory

In this section, we recall the relevant background from p-adic Hodge theory.
Let L be a complete, discretely valued field of characteristic 0 with perfect residue
field k of characteristic p Consider a proper smooth morphism 7 : ) — X of
smooth rigid analytic spaces over L, considered as adic spaces over Spa(L,Or). In
this section, we will:

(1) give a construction of the relative Hodge—Tate filtration for ne : Yo — Xo,
where C' is an algebraically closed perfectoid field extension of L;

(2) explain its relationship to the relative p-adic-de Rham comparison isomor-
phism and to the relative Hodge—de Rham filtration;

(3) work out the specific example of the morphism

T: A— Xk
17There is also an embedding X — Flg,,, but this is anti-holomorphic.

18Later on, L will be a finite extension of Q,, more precisely the completion Ey of the reflex
field E at a prime p above a good prime p.
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obtained by applying the adification functor
{Schemes/Spec E,} — {Adic spaces/Spa(Ey, Op,p)}.

to m: AV — Xy where Xf is a Shimura variety of Hodge type with
reflex field E, A"V is the universal abelian variety over Xy and p | p
is a prime of F. If one is merely interested in the form of the relative
Hodge—Tate filtration rather than in its construction and relationship to
the Hodge—de Rham filtration, one can skip to Example

REMARK 3.0.1. For this section, we assume as prerequisites: adic spaces, per-
fectoid spaces, the flattened pro-étale topology, i.e the pro-étale topology as used
in [Sch13], and the flattened pro-étale site X,r06; Of a smooth adic space X' over
Spa(L, Opr). The proofs of the statements from p-adic Hodge theory are given in
Bhatt’s lecture notes in this volume, so we contend ourselves to stating the pre-
cise results we will use in the study of Shimura varieties. The references we follow
are [Sch13|, Section 3 of [Sch12b], and Section 2.2 of [CS17].

3.1. The Hodge—Tate filtration. We will start with an extended example,
where we discuss the Hodge—-Tate filtration in the case over points, i.e when & =
Spa(L,Or). Let C be the p-adic completion of an algebraic closure L of L, with
ring of integers Oc. Let Xo := Spa(C, O¢), with tilt X2 := Spa(C”,Or»). We
recall the construction of the ring Bgr,c, originally due to Fontaine: denote by
B(J{R’C the completion of W (O )[1/p] along the kernel of the map

0:W(Ou)[1/p] = C

and then set Bar,c 1= B;{R’C[l/f] for a generator & of ker 6. The field Byg ¢ is the
field of periods which shows up in the original comparison isomorphism between
de Rham and p-adic étale cohomology, i.e. in the setting of schemes. The subring
BIR,C C Bygr,c is a complete discrete valuation ring with residue field C' and
with uniformizer ¢. There is a Gal(L/L)-action on ¢, which is via the cyclotomic
character. There is a natural decreasing filtration on the ring Byr,c defined by
FilinRg = ﬁiB;R ¢ for i € Z. It has graded pieces GrinRyc ~ C(i).

We now let 7: Y — X be a proper smooth rigid analytic variety. Because Y is
defined over L, the Hodge-de Rham spectral sequence

By = HI(Y,957) = Hig(Y)
degenerates on the first page (cf [Sch13l Thm. 1.6]). The induced filtration on
H}x () is called the Hodge-de Rham filtration; it has graded pieces H’(Y,Q5,7).

There is a natural comparison isomorphism between the p-adic étale cohomology
of Y and the de Rham cohomology of Y

(3.1.1) H'(Vi.6,Qp) ®q, Bar,c ~ Hig(Y) @1 Bar,c

cf. [Schi3, Cor. 1.8]. This isomorphism is Gal(L/L)-equivariant and also com-
patible with the following filtrations on each side: on the LHS, we consider the
filtration induced from the natural filtration on Byr,c and on the RHS we consider
the convolution of the de Rham filtration on H’y () and the natural filtration on
Bar,c-

By applying Gr° on both sides of (BI1), we obtain the direct sum decompo-
sition ‘

H Vg0, Q) Bg, C = &g H (Y, 0) &1, C(—)),
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known as the Hodge—Tate decomposition. When we consider the analogous p-adic
comparison isomorphism in the relative setting, there is no longer a direct sum
decomposition. This fact mirrors the complex phenomenon, where only the Hodge—
de Rham filtration varies holomorphically, not the Hodge decomposition. It is
therefore better to only remember the filtration

Fit/ (H'(Vp 6. Qp) ®g, C) = @, H (Y, 0%) @ C(—k)
induced by this direct sum decomposition.

The following is the perspective that generalizes to the relative setting: we
interpret the comparison isomorphism as saying that the p-adic étale cohomology
of Y; and the de Rham cohomology of Y give rise to two B;R’C—lattices contained
in the same Bggr,c-vector space. Indeed, we define:

M = Hi(yf,éﬂzp) ®z, BIR,Ca and Moy = HéR(y) XL BIR,C'
We can define filtrations on both M, My which measure the relative position of the
two lattices. The filtration on My/EMy = Hiz(Y) ®1 C induced by the lattice M
agrees with the Hodge-de Rham filtration.
On M/EM = H (Ve et, Q) ®q, C, we have the Hodge—Tate filtration, defined
as follows in [Sch13]. Consider the morphism of sites
v Vo prost — Vo ét;
this gives rise to a spectral sequence
By = H7I (Ve g, le/*@yc) = H' (Vo procts @yc) 5 H' (Ve Q) ®q, cf.
In [Sch13], Scholze shows that there are natural isomorphisms
0 (~) = B0y,
for all j > 0. The Hodge—Tate spectral sequence
By = H™(Y,9) @1 C(—j) = H' (Vou, Q) ®o, C
then degenerates on the Ep page because ) is defined over the subfield L C C
and the differentials are Gal(L/L)-equivariant. The corresponding filtration on
H' (Y6t Qp) ®g, C is the Hodge-Tate filtration. This is the same as the filtration

on M/¢M induced by the lattice My. (In the case when X is a point, the fact that
these two filtrations on Hi(ny’ét, Q) ®q, C agree can be seen from the fact that

the Hodge-Tate decomposition is canonical, because it is Gal(L/L)-equivariant.)

ExaMPLE 3.1.1. If we set ¢ = 1, we have (M C My C M, with My/EM ~
HY(Y,0y)®,C and M /My ~ H°(Y,Q3,)©,C(—1). The Hodge-de Rham filtration
on Hiz (V) ®r C is given by

0— fM/fMO — Mo/gMO — MQ/fM — 0,
which becomes
0— H°(Y,9Q3) ®, C = Hig(YV)®L C —» H' (Y,0y) @ C — 0.
The Hodge-Tate filtration on H*(Vj ¢, Zyp) ®z, C is given by
0— My/EM — M/EM — M/My — 0,

19This last isomorphism is the primitive comparison theorem in p-adic Hodge theory. For

schemes, the primitive comparison theorem goes back to Faltings, cf. [Fal02], and for rigid-analytic

varieties this is [Sch13l Thm 1.3]. The latter result underlies all other p-adic comparison theorems
for rigid-analytic varieties.
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which becomes
0— HY(Y,0y) = H (Vi 6, Zp) ®z, C — H*(Y,0)) @1, C(—1) = 0.

Note that the graded pieces of these two filtration are isomorphic (up to Tate twists)
but the filtrations themselves are not directly related.

3.2. The relative Hodge—Tate filtration. We now discuss a relative def-
inition of the Hodge-Tate filtration, which will be crucial to our application to
Shimura varieties.

For X a smooth adic space over Spa(L,Op,), we have the following sheaves on
Xprost, as defined in [Sch13]: the (integral) completed structure sheaf @gj), the

integral) tilted completed structure sheaf (/Q\H;), the relative period sheaves B ,
x dR,X

and the structural de Rham sheaves (’)IEB((;IQ v- We recall the definitions of these
sheaves.
DEFINITION 3.2.1.

(1) The integral completed structure sheaf (5; is the inverse limit of the
sheaves (9} /P" on Xproer. The titled integral structure sheaf @;b is the
inverse limit on Xprosr of Oj'(/p with respect to the Frobenius morphism.

(2) The relative period sheaf BIR,X is the completion of W(@;b)[l/p] along
the kernel of the natural map

0:W(05%,)[1/p] = Ox.
The relative period sheaf Byr x is Bj&x[g—l], where & is any element
that generates the kernel of 8. This is well-defined because such a & exists
proétale locally on X, is not a zero divisor, and is unique up to a unit.
(3) We now define the sheaf (’)BIR’X as the sheafification of the following
presheaf. If U = Spa(R, R™") is affinoid perfectoid, with (R, RT) the com-
pleted direct limit of (R;, R;-"), the presheaf sends U to the direct limit over
i of the completion of
(R wog W (R)) [1/p)
along ker 6, where
0: (R &wW(R™) /8] - R
is the natural map. We set OBgr x 1= OBg‘R’X[{’l] as before.
These sheaves are equipped with the following structures. The relative period
sheaves IB%&;{X are equipped with compatible filtrations: FiliIB%dRVX = fiIB%jR)X,

with GrOIEBdR, x = (5;(. The structural de Rham sheaves OIEBSE) v are equipped with
filtrations and connections

VOB, = OB 4 @0, Q)
We have a natural identification
V=0
(+) _ m(+)
(OBdR,X> = IBdR,X'

The following theorem states the relative p-adic-de Rham comparison isomor-
phism for a proper smooth morphism 7 : ) — X of smooth adic spaces over L.
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We consider the sheaf Rimar. Oy on Aot obtained by taking the ith cohomology
sheaf of the derived pushforward Rm, applied to the complex of relative differ-
entials Qy Jx on Ypro¢t- The sheaf Rimgr«Oy is an Ox-module equipped with a
filtration (the Hodge-de Rham filtration) and with an integrable connection (the
Gauss—Manin connection Vgy). The Gauss—Manin connection satisfies Griffiths
transversality with respect to the Hodge-de Rham filtration.

THEOREM 3.2.2. (Thm 8.8 of |Sch13]) For all i > 0, there is a natural iso-
morphism of sheaves on Xprost

RimZpy ®g  OBar.x =~ R'mar«Oy ®0, OBar x,
compatible with the filtrations and connections on both sides.

REMARK 3.2.3. Note that [Sch13] Thm. 8.8] applies under the assumption
that Ri’ﬂ'proét*zp is a lisse Z,-sheaf on X'. This is now guaranteed by [SW17, Thm.
10.5.1].

We will see that the Hodge—de Rham filtration on Rimgr.Oy induces, via the

comparison isomorphism in TheoremB.22} a filtration on R'7.Zy, y&;  Ox, which
D,
we will call the relative Hodge—Tate filtration. To make this precise, we construct
two IB%(J{R y-local systems on X. The first one, which is closely related to the relative
étale cohomology of ) is given by
M := Riﬂ'*zpyy ®Zp,X BJR,X'
The second one, which is closely related to the relative de Rham cohomology of ),
is given by
. N V=0
My := (RZ’]TdR*Oy RO OBdR,X) .

A consequence of the comparison isomorphism is that M and M are two “lattices”
contained in the same Bgr, x-local system on X.

The following is (a reformulation of ) Proposition 7.9 of [Sch13] and Proposition
2.2.3 of [CST7).

PROPOSITION 3.2.4. There exists a canonical isomorphism

M &g+ Barax ~ Mo ®p+  Bar,x.
dR, X dR, X

Consider the descending filtration File(o) on M) induced by the canonical filtra-
tion on BXR v. For any j € Z, there is an identification

(M N FilMg)/(M N FiV ' M) = (Fil 7 Rirar. Oy) ®0,, Ox(j)
C GI‘jMO = RiTl’dR*Oy RO @X(j)

In particular, we always have My C M. Moreover, considering the relative position
of M and M induces an ascending filtration on

0 PN ~
Gr'M = RZTF*ZP’y ®Zp,x Ox
20The filtration and connection on the left hand side are simply induced from the filtration

and connection on OBgr, x. On the right hand side, one must take the convolution of the Hodge—
de Rham filtration with the one on OBgr x and the connection is Van ® 1 +1® V.
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given by
Fil_,;(R'7.Z, y ®, Ox) := (MNFiM,)/(Fil'M N Fil?My).
We call this filtration the relative Hodge—Tuate filtration.

REMARK 3.2.5. In this section, we gave the construction of the relative Hodge—
Tate filtration via the comparison isomorphism rather than a version of the con-
struction in § Bl via the morphism of sites from the proétale to the étale site. For
applications to Shlmura varieties of Hodge type, we will only need to use the first
filtration step on R'm.Z,y ®%, Ox. Proposition 2.2.5 of [CS17], which works
in the relative case, shows that the two constructions of the Hodge—Tate filtration
agree on the first filtration step.

We made the choice of presenting the construction of the Hodge—Tate filtration
via the p-adic comparison isomorphism because this perspective is the one used in
constructing the Hodge—Tate period morphism for Shimura varieties of Hodge type
in [CS17] (and, as a result, also for Shimura varieties of abelian type in [Shelf]).
We explain this further in section Bl We also chose to present this construction in
order to emphasize the close analogy between the period morphisms for Hermitian
symmetric domains and the Hodge—Tate period morphism.

EXAMPLE 3.2.6 (The relative Hodge-Tate filtration for the universal abelian
variety). Let (G, X) be a Shimura datum of Hodge type, K C G(Ay) a neat com-
pact open subgroup, and Xy the corresponding Shimura variety over the reflex
field E. Since Xk admits a closed embedding into some Siegel modular variety,
there exists an abelian scheme 7 : A™Y — X

We let p|p be a prime of E, L := E,, and consider the proper smooth morphism
of adic spaces T : A — Xg over Spa(L, Op). The relative Hodge—-Tate filtration on
R! W*Z ®Z OXK is encoded in the short-exact sequence of sheaves on X prost

0— RITF*OA ®OXK @XK — le*ip ®zp @XK — 77*934 ®OXK @XK(—l) — 0.

Proposition 2.2.5 of [CS17] shows that the first map in the short exact sequence
can be identified with the natural injection

1 %) 1~
R F*OA ®OXK OXK — R W*O_A
of sheaves on X prost, where we have used the primitive relative comparison iso-

morphism
le*ip ®7, @XK ~ RlTF*@A.

4. The canonical subgroup and the anticanonical tower

In this section, we describe the theory of the canonical subgroup. We use this
theory to explain the construction of the anticanonical tower of formal schemes over
the ordinary locus of Siegel modular varieties, which has the following extremely
useful properties

(1) it overconverges, i.e. it extends to an e-neighborhood of the ordinary
locus;
(2) its adic generic fiber gives rise to a perfectoid space.
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These two properties, together with the Hodge—Tate period morphism, which is the
focus of section il are the key ingredients in proving that Siegel modular varieties
with infinite level at p are perfectoid. We follow Section 3 of [Sch15], but aim to
give more background and fewer technical details.

4.1. The ordinary locus inside Siegel modular varieties. In this section,
we will only work with the Siegel modular varieties of Example 234l The same
techniques could also be applied directly to the unitary Shimura varieties described
in Example 2.3.0] if they are associated to a quasi-split unitary group over Q. We
leave this case as an exercise to the reader 2]

Let n > 1 and let

(V) = <Q2", ¥((ai), (bi)) = Z(aibn-‘ri - an-i—ibi))
i=1
be the split symplectic space of dimension 2n over Q. Let A = Z2" be the standard
lattice in V', which is self-dual under the symplectic form ). Consider the group of
symplectic similitudes of A, GSp(A, ). This is an algebraic group over Z. Fix a
prime number p and a compact open subgroup K? C GSan(AI}) contained in

{9€GSp2(@") [g=1 (mod W)}

for some N > 3 such that (N, p) = 1. (This condition is enough to ensure that any
level K = KPK,,, with K,, C G(Q,) compact open is neat.)

Set K, = GSpy,(Z,), K := KPK, and let X be the model over Z,) of the
corresponding Shimura variety. This is the moduli space of principally polarized n-
dimensional abelian varieties with KP-level structure. Since we will keep the tame
level KP fixed in this section, we denote X by X K- Over Over X K,, We have
a natural line bundle w, given by the top exterior power of the sheaf of invariant
differentials on the universal abelian scheme.

REMARK 4.1.1. As seen above, the case n = 1 corresponds to the group GLs
and the case of modular curves; the constructions and techniques used in this section
will be interesting (and relatively novel) even in this case. One may specialize to
the case n = 1 on a first reading of this section.

On the level of generic fibers, we will also consider the versions with K-level
structure for other compact open subgroups K, C G(Q,). We will be particularly
interested in the case

Lo(p™) := {9 € GSpy,,(Zp) | g=(55) (mod p™),A(g) =1 (mod p™)},

where A(g) is the symplectic similitude factor of g. For each m € Z>1, the Shimura
variety Xp,(,m) admits a morphism to Spec Q,(p,m) corresponding to the sym-
plectic similitude factor. We will consider the tower (Xp,m))m over the perfec-
toid field ngd, by taking the base change at level m along the natural morphism

Spec Qp(pm) — Spec Q.

21Tn fact, the same techniques should be applicable directly to any Shimura variety of PEL
type where the ordinary locus is non-empty. The main theorem of [Wed99] shows that the
ordinary locus inside the special fiber of the Shimura variety is non-empty if and only if p splits
completely in the reflex field E of the Shimura datum.
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We let Xk, be the p-adic completion of Xp x Zip) Zgyd along its special fiber.
This is a formal scheme over Spf Zgyd. We let Xy, be its adic generic fiber, an
analytic adic space over Spa(@z‘?’d, Zgyd). Then Xk, is a proper open subset of the
analytic adic space (X Ky XZ, szd)ad. The subset Xk, is referred to in [Sch15]
as the good reduction locus, i.e. the locus where the universal abelian scheme over
(XKP XZpy Q;yd)ad has good reduction.

EXAMPLE 4.1.2. Let Al := Spec Z,[x] be one-dimensional affine space over Z,
and }P’lp be the one-dimensional projective space. The open immersion Alp — }P’l
is a toy model for the embedding Xx, — XK of the integral model X into its
minimal compactification. The formal scheme corresponding to Alp is Spf Z,(z),
where

Zy(x) = {Zoaixi | a; € Zy Zlggo la;|, = 0}
and its adic generic fiber is the closed unit disk Spa(Q,(z),Z,(x)). On the other

hand, the adic space A(g:d corresponding to the scheme Abp is the increasing union
of closed disks

U Spa(@,(p™=), Z,(p"x))
m>0
over m > 0.

EXERCISE 4.1.3. Check that for ]P’%p, both constructions give rise to the same

1,
space Py’ ad

. . d
For any m € Z>;, we consider the adic space (Xro(pm) XQp (11ym) (@;yd)a ,

equipped with the natural projection to (XKP XZpy Q;yd . We define At (,m) to
be the inverse image of the good reduction locus Xk, under this projection.

)ad

REMARK 4.1.4. The adic space &, (,m) parametrizes pairs (A, D), where A is
an abelian variety equipped with a principal polarization, KP-level structure, and
having “good reduction” and D C A[p™] is a totally isotropic subgroup scheme of
rank p"™

The special fiber X, of Xg, (at least after base change to F,) admits a
stratification called the Newton stratification, which is defined in terms of the p-
divisible groups (up to isogeny, and together with their extra structures) of the
abelian varieties parametrized by X K,- In these notes, we will only describe one
Newton stratum, namely the ordinary locus. When it is non-empty, which holds
for Siegel modular varieties, the ordinary locus is open and dense in YKP.

We start by recalling the Hasse invariant. Let S be a scheme of characteristic
p and let m : A — S be an abelian scheme of dimension n. The sheaf 7.{24,s on
S is locally free of rank n. We let wy,5 be its top exterior power; this is a line
bundle on S. Let A®) denote the pullback of A along the absolute Frobenius of S.
The Verschiebung isogeny A®) — A induces a morphism w4 /8 = Waw) )5 ™ w%’ S

which can be identified with a section Ha(A/S) € w%’; Y This section is called
the Hasse invariant of A/S.
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DEFINITION 4.1.5. We say that an abelian scheme A/S of dimension n is or-
dinary if for all geometric points 3 of S, the set A[p](3) (obtained by evaluating the
sheaf A[p] on Sg on the geometric point §) has p" elements.

This definition only depends on the p-divisible group G := A[p].

EXERCISE 4.1.6. Prove that A is ordinary if and only if the p-divisible group
Gs is isomorphic to (fpe)"™ X (Qp/Zy)™ for all geometric points 5 of S.

The following is a well-known result, in the formulation of Lemma 3.2.5 of
[Sch15].

LEMMA 4.1.7. The section Ha(A/S) € w%g_l) is tnvertible if and only if A/S
is ordinary.

PrROOF. The Hasse invariant is the determinant of the map on co-tangent
spaces induced by the Verschiebung morphism. Thus, the Hasse invariant is in-
vertible if and only if the Verschiebung V : A® — A induces an isomorphism
on tangent spaces. This is equivalent to asking that Verschiebung be finite étale,
which is in turn equivalent to asking that ker V has p™ (the degree of V') distinct
geometric points above any geometric point § of S. If we let F': A — A(®) be the
Frobenius isogeny (i.e. the relative Frobenius of A) then VF :=p: A — A and
F is a purely inseparable map. Thus A[p](5) = (ker V)(5) and we get the desired
equivalence. (|

Now consider 4™ /YKP. The complement of the vanishing locus of the Hasse

—-univ

invariant Ha := Ha(A™ /X,) is called the ordinary locus Y(I)(r: C Xk,. We also
let X, (0) C Xk, be the open formal subscheme where Ha is invertible. If we let
Xk, (0) be the adic generic fiber of X, (0), then Xk, (0) C Xk, is the open subset
cut out by the condition [Ha| > 1.

Let 0 < ¢ < 1/2 be such that there exists an element p® € Zgyd of p-adic
valuation €. Our goal for the rest of this section is to define a tower of formal schemes
Xk, (m,e) over Zgyd indexed by m € Z>( which has the following properties:

(1) For m = 0 and € = 0 we recover the formal scheme X, (0), corresponding
to the ordinary locus. For general ¢, the formal scheme X, (0,¢) will be
a neighborhood of the ordinary locus.

(2) The transition morphisms Xg,(m + 1,6) — Xk, (m,e) reduce modulo
p'~¢ to the relative Frobenius morphism.

(3) For each m € Z>1, there is a compatible system maps

XKp(m, 6) :> XFO(pm)(‘f)anti — Xpo(pm),

where the first map is an isomorphism and the second is an open embed-
ding of adic spaces. The adic space X, (pm)(€)anti is an ”e-neighborhood”
of the so-called anticanonical part of the ordinary locus in Ar,m). The
inverse system (Xp,(pm)(€)anti)mez., of adic spaces gives rise to a perfec-
toid space Xp,(pee)(€)anti over Z&.

In § 2] we explain the construction of the tower Xg,(m,0) over Xg,(0); this
is not a logically necessary step in the argument, but we think it helps clarify
the construction of the anticanonical tower. In § 3] we use the theory of the
canonical subgroup to construct an ”e-neighborhood” Xx,(m,¢) of Xk, (m,0). In
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§ [44], we use Faltings’s almost purity theorem to construct a perfectoid version of
the anticanonical tower Ap(pee)(€)anti at full level I'(p>). Finally, in Remark E.4.4]
we briefly indicate how this construction extends to the boundary of the minimal
compactification.

4.2. The anticanonical tower over the ordinary locus. Let R be a p-
adically complete, flat Zgyd—algebra and let A — Spec R be an abelian scheme with
reduction Ay — Spec (R/p). Ay is equipped with the Frobenius F' : Ay — A((Jp) and
the Verschiebung V : A®) — A isogenies. For any m € Z>1, the p™-torsion Ag[p™]
fits into a short exact sequence of finite locally free group schemes over R/p

0—ker F™ — Ag[p™] — Go — 0,

where Gy := ker V™ : A(()pm) — Ap. If Ag is ordinary, i.e. if Ha(Ag/ Spec (R/p)) is
invertible, then Gy is a finite étale group scheme, which therefore lifts uniquely to
a group scheme G over Spec R. We get a short exact sequence

0—C, — Ap™ — G — 0.
The subgroup C,, C A[p™] is called the canonical subgroup of A of level m.

EXERCISE 4.2.1. Let R be a p-adically complete, flat Z;yd-algebm and let
A/Spec R be an ordinary abelian variety. Take Cy, C Al[p™] to be the canoni-
cal subgroup of A of level m.

(1) Prove that
A= A/Cy,
is also an ordinary abelian variety over Spec R.

(2) Understand the relationship between the canonical subgroup C{ of A" and
the subgroup Alp]/C1 C (4/C1)[p] = A'[p].

For m = 0, we take X, (0,0) := Xk, (0). Note that we have an abelian variety
g, (0,0) over Xk, (0,0), which is principally polarized, carries level KP-structure
and whose reduction is ordinary.

For m € Z>1, we define X, (m,0) to be abstractly isomorphic to Xk, (0), but
the map to the base of the tower X, (m,0) — Xk, (0,0) is the canonical lift to
characteristic 0 of the mth relative Frobenius morphism

Fyn : X, (m, 0) = (Xx,(0)/p) ") = Xk, (0)/p.

We explain how to construct such a characteristic 0 lift: let &, be the canonical
subgroup of the abelian variety 2x,(0,0). The abelian variety 2’ := g (0,0)/&,,
is also principally polarized and carries a level KP-structure. By the universal
property of Xk, 2’ comes by pullback from a morphism

%Kp(m, O) — pr,
and, since 2’ is ordinary, this morphism lifts uniquely to a morphism

Fo : X, (m,0) — X, (0,0).

We call the morphism ﬁm a canonical Frobenius lift. Modulo p, ﬁm agrees with the
mth relative Frobenius, up to the isomorphism (X, (0)/p)®") ~ X, (0)/p.
For m’ € Z, m’ > m, we obtain in the same way a morphism

Xk, (m',0) = Xk, (m,0)
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which is a canonical lift of the (m — m')th relative Frobenius, thus we have an
inverse system of formal schemes (X, (1m,0))mez,-

This tower satisfies the first two desired properties by construction. We are left
to identify the adic generic fibers X'k, (m, 0) of the formal schemes Xx,(m,0) with
open adic subspaces of Xp;m).

Let X1, (pm)(0)anti be the open and closed locus inside the ordinary locus

Ap,(pm) (0) C Xy pm)
which parametrizes pairs (A, D) such that

(1) A is an ordinary abelian variety equipped with a principal polarization
and a KP-level structure (and with good reduction);

(2) D C Alp™] is a totally isotropic subgroup scheme of order p™” such that
Dip] N Cy = {0}, where C is the canonical subgroup of level 1 of A.

We see from the moduli interpretation in T4 that Appm)(0)ansi is indeed an open
subspace of Ao (pmy- We call Xpo(pm)(O)anﬁ the anticanonical part of the ordinary
locus at level m.

LEMMA 4.2.2. For every m € Z>1, we have a natural isomorphism of adic
spaces

XK;’ (m7 0) :> XFO (p™) (O)anti'

PROOF. Over Xk, (m,0) we have an ordinary abelian variety Ag,(m,0) to-
gether with a canonical subgroup C,, of level m, which is totally isotropic. The
morphism

XKP (m, O) — XFg(pm)

is defined to be the one giving rise to the pair (Ag,(m,0)/Cpn, Ax,(m,0)[p™]/Cn)
over Xp, (m,0), by pullback from the universal objects over Ap,,m). Using Exer-
cise 2.1l we identify the image of this map with Ar(,m)(0)anti.

Consider also the morphism

XFO (™) = XKP

defined by ﬁl, D) — A/D (with the canonical principal polarization and level K-
structure).
The composition of the two morphisms above

Xr, (m,0) = X, pm) = Xk,

is an open embedding: it corresponds to pulling back the universal abelian variety
over Xk, to Ak, (m,0). Furthermore, the second map is étale. With the same proof
as in the case of schemes, one deduces that the first map is an open embedding of
adic spaces. O

The tower (Xp,pm)(0)anti)m is called the anticanonical tower over the ordinary
locus. It gives rise to a perfectoid space At (pc)(0)ansi Which lives over the ordinary
locus.

22Qver XFO(pWL)(O)anti this has no direct relation to the morphism ﬁm, we are quotienting
out precisely by subgroups D C A[p™] such that D[p] N C1 = {0} rather than by the canonical
subgroup of level m.
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4.3. The overconvergent anti-canonical tower. We start by showing the
existence of a canonical subgroup (of some level m) of an abelian scheme, as long
as the valuation of the Hasse invariant of that abelian scheme is not too large (with
respect to m). This will generalize the existence of the canonical subgroup in the
case where the abelian scheme is ordinary, i.e when the Hasse invariant is invertible,
and will follow roughly the same line of argument.

Let 0 < € < 1/2. Let R be a p-adically complete flat Zgyd—algebra, and
let A — Spec R be an abelian scheme, with reduction Ay — Spec (R/p). Let
m € Z>1. The following is Corollary III.2.6 of [Sch15].

PROPOSITION 4.3.1. Assume that
p™ -1
(Ha(Ao/ Spec (R/p))) #=* | p°.
Then there exists a unique closed subgroup C,, C A[p™] such that
Cp =ker F™ C Ag[p™] (mod p'~*).

PROOF. We sketch the argument in [Sch15]. As in the ordinary case, the key is
to consider the group scheme Gy := Ag[p™]/ ker F™. The assumption on the Hasse
invariant is made such that p° kills the Lie complex of Gy. The results of Illusie’s
thesis on deformation theory imply that there exists a finite flat group scheme G
over R such that G and Gy agree modulo p! ~¢. Furthermore, the map Ay[p™] — Go
modulo p'~¢ gives rise to a map A[p™] — G that agrees with the original map
modulo p'~2¢. The canonical subgroup C,, is defined as ker(A[p™] — G). O

Now we make the analogous constructions to the ones in Section using
the fact that the canonical subgroup of any given level m overconverges (as shown
above) 3

We now define a formal scheme X, (¢) — Xk, that recovers Xg,(0) for e = 0.
First, define the functor Xk, (¢) — Xk, over Zgyd which sends any p-adically
complete flat Z;yd—algebra S to the set of pairs (f,u) where f: SpfS — Xk, is a
map and v € HY (Spf S, f*w®(1_p)) is a section such that

u-Ha(f) = p° € S/p,
up to the equivalence (f,u) ~ (f’,u') if f = f’ and there exists some h € S with
u' = u(l+p'~°h). Lemma 3.2.12 of [Schi5] shows that the functor Xk, (¢) is
representable by a formal scheme which is flat over Z;yd and we have an explicit
description of this formal scheme over affines Spf (R®Zp Zgyd) C Xk, given by

Spf (R&z, Z) (u) / (uHa — pF)

for a lift Ha of Ha. The adic generic fiber X K, (€) C Xk, is the open subset defined
by [Hal > [7].

For m € Z>1, we let the formal scheme at level m in the tower be X, (m, ) :=
Xk, (p~™e), with the morphism to the base of the tower Xk, (¢) given by a canonical

lift F,,, of the mth relative Frobenius modulo p' . We explain how to do this for

23While the canonical subgroup of any given level m overconverges, i.e. can be extended
to an € = ¢(m) neighborhood of the ordinary locus, if we let m — oo, we get e(m) — 0. The
canonical tower does not overconverge.
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m = 1. We need to construct a canonical lift of the relative Frobenius, i.e. a map
of formal schemes

Py Xk, (p'e) = Xk, (o)

which reduces to the relative Frobenius modulo p'~¢. For this, we simply need to
show that the natural map

}:Kp (p_léf) — }:Kp

induced by quotienting out the universal abelian variety by the level 1 canonical
subgroup factors through X, (¢). The key point is now to observe that quotienting
out by the canonical subgroup of level 1 raises Ha to the pth power. Thus, from
the initial condition u - Ha(A) = prS on Xk, (p~'e), we get u? - Ha(A/Cy) = p°,
which gives the desired factorization through Xg, (¢).

Using this argument at higher levels, we obtain the tower of formal schemes
(XK, (p~™¢))m, where the transition map at level m is given by the relative Frobe-
nius modulo p'—¢ From this property of the transition morphisms, we can see
that the tower of adic generic fibers (X, (p~™e))m gives rise to a perfectoid space.

We are left with one question, namely identify the adic generic fiber Xk, (p~™™¢)
as an open subspace of the Shimura variety &p,m). Let Xp m)(g) be the inverse
image of X'k, (¢) under the map A (pm) — Xk, .

LEMMA 4.3.2. Xf (p~™e) is isomorphic to the open and closed locus
Xy (pm) (€)anti in Xk, (€) where the universal totally isotropic subgroup D C A(e)[p™]
satisfies D[p] N Cy = {0} for C1 C A(g)[p] the canonical subgroup of level 1.

We remark that in order to identify Xp,(,m)(€)anti With Xk, (p~"¢), we use the
map induced by

(A, D)+ A/D.

When D[p] N C; = {0}, this decreases the valuation of the Hasse invariant, so it
indeed defines a map

XFo(pm) (E)anti — XKP (pimE).

These maps are compatible as m varies. For each m € Z>;, we have a commu-
tative diagram

Xpo(pm+1) (5)anti — XKp (p_m+1€) s

J |

Xy () (€)anti —— X, (07 "e)

where the horizontal maps are as described above, the left vertical map is the
natural projection (i.e. the forgetful map from the moduli-theoretic point of view),
and the right vertical map is the canonical lift of relative Frobenius.

REMARK 4.3.3. Unlike the canonical tower, the overconvergent anticanonical
tower (Xp,(pm)(€))m inside the tower (Xp,(m))m has constant radius e.

24More precisely, the map from level m to the base of the tower agrees with the mth relative
£

: 1——= _
Frobenius modulo p~ »™~! 1—¢

, which is a multiple of p
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4.4. An application of almost purity. We have just seen that Ap (pec)(€)anti
is perfectoid. For each m € Z>1, consider the congruence subgroups

I(p™) :={g € GSpy,(Zy) | g= (' 1q,) (mod p™)}.
We will show that there exists a unique perfectoid space over ngd such that

A (pee) (€)anti ~ @Xr(pm)(@anti-

For this, the key input is Faltings’s almost purity theorem, which we now recall.

THEOREM 4.4.1. Let L be a perfectoid field and R a perfectoid L-algebra. Let
S/R be finite étale. Then S is a perfectoid L-algebra and S° is almost finite étale
over R°.

For us, the perfectoid field L will be szd throughout. Note that the projection
maps
Xr(pm) = Ao (pm)
are finite étale for every m € Z>; and therefore the same thing holds true for
their restriction to an e-neighborhood of the anticanonical tower. By combining
this observation with Theorem B.4.T]and the fact that Xp (e (€)anti is a perfectoid
space over szd, we conclude the following.

PROPOSITION 4.4.2. For any m € Z>1, there exists a unique perfectoid space
A (pm)nro(p) (&) anti

over Q;yd such that

X (pm)nro(p=e) (€)anti ~ @XF(pm)nro(pm’)(g)anti-

By varying m, we obtain an inverse system of perfectoid spaces with finite
étale transition maps. Take an affinoid perfectoid cover of Xr(p)mro(poo)(f)anti. The
preimage of any affinoid perfectoid element of the cover in any X (ym)nr,(pe)(€)anti
is affinoid perfectoid by Theorem 4Tl Since inverse limits of affinoid perfectoid
spaces are affinoid perfectoid, we obtain an affinoid perfectoid cover of the topolog-
ical space

| X (poe) (€)anti| 1= T [Xppm)arg (pee) (€)anti] -
We thus deduce the following.

THEOREM 4.4.3. There exists a unique perfectoid space Xp(pee)(€)anti over ngd
such that

Ap(p=) (€)anti ~ WM X (pm)ar, (poe) (€)anti-
m

REMARK 4.4.4. We briefly indicate how to extend the results of this section
to the minimal compactification of the Siegel modular variety and thus how to
construct a perfectoid space Xf w)(€)anti- When K, = GSpy,(Zy), recall that
X, is the minimal (Baily-Borel-Satake) compactification of Xp, over Z,) as
constructed by Faltings and Chai [CF90]. This is a projective, but not necessarily
smooth, scheme over Z,) and the line bundle w extends canonically to an ample
line bundle on X }kf,,'

Both Ha € w®(p*1)/p and the ordinary locus (defined as the complement of the
vanishing locus of Ha) can be extended to an open dense subscheme of the minimal
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compactification 72}). Indeed, the codimension of the boundary 72}) \ Xk, of the
minimal compactification is n: the boundary can be described in terms of smaller
Siegel modular varieties and the relative dimension of the Siegel modular variety for
GSp,,,, over Z, is m(“;H). For n > 2, Koecher’s extension principle (see [Lan16]
for the most definitive version) guarantees that Ha extends canonically to the whole
7}13. The case n = 1, i.e. the case of modular curves, can be done in an ad hoc
manner, for example using g-expansions.
The proof that the space Ap;(pec)(€)anti is perfectoid extends to the minimal
compactification and, in fact, one can prove something even stronger, namely that
li‘o (pm)(a)anti is actually an affinoid perfectoid space. This follows from the fact
that w extends to an ample line bundle, so one can find a global characteristic 0
lift of any sufficiently large pth power of Ha.
Going from level T'g(p>°) to level I'(p>°) is much more subtle for the minimal
compactification than for the good reduction locus. We cannot simply argue using

Theorem 4.1} because the maps

X;(pm) (5)anti — kao (p™) (5)anti

are ramified along the boundary. Instead, for every m € Zx>;, we consider the
congruence subgroups

Ty(p™) = {9 € GSpa,(Zp) | g = ("4 15 )  (mod p™)}
One first shows that there exists a unique affinoid perfectoid space Xfﬁl (poo)(a)ami

over szd such that
X (e ()ants ~ M AT () ()i

This is the most subtle part of the argument and it uses Tate’s normalized traces
to extend the construction of the anticanonical tower via Theorem [£.4.1] over the
boundary of the minimal compactification at level I'y (p™) N To(p™). See [Sch15l
§3.2] for more details.

Finally, the maps

le(pm) (5)anti — Xf‘:l (p™) (E)anti
are finite étale for every m € Z>; even over the boundary. This means that we can
go from level T'; (p>°) to level I'(p™) using Theorem A1) as described above.

One concludes the following strenghtening of Theorem

THEOREM 4.4.5. There exists a unique affinoid perfectoid space Xl’f(pm)(e)ami

over ngd such that

Xli((pw) (5)anti ~ m X;(pm) (E)anti.

m

5. Perfectoid Shimura varieties and the Hodge—Tate period morphism

In this section, we construct the Hodge—Tate period morphism and use it to
show that Siegel modular varieties (and other Shimura varieties) with infinite level
at p are perfectoid. In § 5.1l we explain how to use Theorem 475l to show that

there exists a perfectoid space Xr*(poc) over ngd such that

(501) X;(poo) ~ yLan:(pm).
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In §[5.2] we discuss the geometry of the Hodge—Tate period morphism in the Siegel
case. Finally, in § 53] we discuss the Hodge—Tate period morphism for Shimura
varieties of Hodge type.

5.1. Siegel modular varieties with infinite level at p are perfectoid.
Consider the inverse limit of topological spaces

|0 ooy | = T [Xp [

This must be the underlying topological space of a perfectoid space le(poo) satis-
fying (B.0.I)). The topological spaces at finite level |X1f(pm)\ are all spectral spaces,
as they are the underlying topological spaces of quasi-compact and quasi-separated
adic spaces, and the transition maps are spectral maps, since they underlie maps of
adic spaces This implies that |Xli‘(p,,o)\ is itself a spectral topological space. The
hard part is endowing this topological space with a perfectoid structure.

The perfectoid space Xli‘(poo)(e)ami, covers a part of the topological space

[ (poe) | = Jn [ X |
m

We will show that the entire topological space above underlies a perfectoid space, us-
ing the continuous GSp,,,(Q,)-action on |Xr*(poc) | and the fact that the translates
of [ A} (,m)(€)anti| under this action cover the entire space |}, )[. The rigorous
way of proving this is via the Hodge—Tate period morphism, which has as target a
flag variety .#¢, which also has an action of GSp,,,(Q,). One of the most impor-
tant properties of the Hodge—Tate period morphism is that it is equivariant for the
action of GSp,,,(Q,) on both the Shimura variety at infinite level (or, for now, on
the corresponding topological space) and on the flag variety .7 ¢.

Recall that (V,1) denotes the split symplectic space of dimension 2n over Q.
Let F1/Q be the flag variety parametrizing subspaces W C V of dimension n which
are totally isotropic under ¥. We consider the corresponding a dic space .#{ over
Qp. The Hodge-Tate period morphism is first defined at the level of topological
spaces:

mar| Xy = [

For simplicity, in these notes we will only describe the map on the good reduction
locus [Xp(pe)|. For each pair (L, LT), with L/Q% a complete non-archimedean
field and L™ C L an open and bounded valuation subring, define

Xp(poo)(L, L+) = ¥£n Xp(pm)(L, L+).

From this definition, one can check that Xp(,e)(L, L™) has a moduli interpretation
in terms of abelian varieties A/L, equipped with a principal polarization, with a

25We can define a spectral topological space as any topological space that is homeomorphic
to the underlying topological space of an affine scheme. For more on spectral spaces and spectral
maps, in the context of adic spaces, see, for example, [Wed|.

26This action can only be seen at level I'(p™); at finite level one only has an action of
GSpy,, (Zp). To see the action of GSp,,, (Qp) on |Xp(poe)yl, it is easiest to first redefine the moduli
problem in terms of abelian varieties up to isogeny, as in Example 2.3.6} then it is easy to see the
group action on the p-part of the level structure.
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KP-level structure 77, and with a symplectic isomorphism 7, : Zf,” = T,A. We
have

[ Xrpee)| = lim Xpge) (L, L7),
(L, L)

where the limit on the right hand side is not filtered, but each point comes from

a unique minimal pair (L, L™). The following is a reformulation of Lemma 3.3.4

of [Sch15], restricted to the good reduction locus.

LEMMA 5.1.1. There ezists a GSp,,, (Q,)-equivariant, continuous map of topo-
logical spaces
[mar| [ = |71,
which is defined at the level of points by sending an abelian variety A/L together
with a symplectic isomorphism

Mp - ZZ” 5 T,A
to the (first piece of the) Hodge-Tate filtration Lie A C TyA ®z, L = L*".

PROOF. First, define the map |rgr| on points by the recipe in the statement
of the lemma. Since GSp,,(Q,) acts on the level structure n,, the map |rgr| is
GSp,,, (Qp)-equivariant by definition.

To show that there exists a map of topological spaces which agrees with |ryr|
on points, it is enough to work locally on |Ap(e)|. It will therefore suffice to
construct a cover of |Xp(,e)| which is pulled back from a cover of [Xk,|. We work
in the setting of Example B.Z.6] i.e. by considering the proper smooth morphism
7 : A — Xk, of smooth adic spaces over Spa(Qp,Z,). The relative HodgeTate
filtration of the universal abelian variety is encoded by the natural injection

Rlﬂ-*OA ®OXK,, @XKP — Rlﬂ'*@A ~ Rlﬂ'*zp ®Zp (/9\

of sheaves on the flattened pro-étale site (Xk,)prost-

Locally on Xk, one can find a pro-finite étale cover U= X i, such that U
is affinoid perfectoid. We show that it is possible to pull back U to an affinoid
perfectoid space Us, such that |(700| covers |AXp(pe)|. For each m > 0, the map
Xppmy — Xk, is finite étale. Thus, we can form the pullback ﬁm =U X X, Xppm)
and, by Theorem .41} this is an affinoid perfectoid cover of Xp(,~). We then take
the inverse limit of the U, as m — 0o, which we can do for affinoid perfectoid
spaces, and we obtain an affinoid perfectoid space (700. This is still an element of
the flattened pro-étale site of Xk, .

We now evaluate the injection

Rlﬂ'*oA ®OXK @XKP — RIW*@A ~ Rlﬂ'*ip ®2p @

on 1700. Since R'm,O4 can be identified with Lie A, we get a totally isotropic
submodule (Lie A) ®o., Op_ C (92[7“ , which defines a map of adic spaces
p e oo
(700 — FU.
The induced map on topological spaces is automatically continuous. By checking on
points, one sees that this map factors through the restriction of |ryr| to |U| x X, |
|Xp(peey|. Moreover, the map

[Usol = U] Xy, | [ Xr(pe)]
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is both surjective and open, as it is a pro-finite étale cover and pro-finite étale maps
are open. Thus, |rpr| is continous. O

REMARK 5.1.2. In fact, if we let Zp(,m) be the boundary of Xl’f(pm), we can
define the spectral topological space

|Zr(p)| := Hm | Zpm)|
m

and the construction of the map |mgr| in Lemma [Tl extends to the open
Shimura variety |}, o)\ |21 (pe)| With the same proof, thus we have a continuous,

GSp,,, (Qp)-equivariant map
]+ AR o) \ [ 2Dy | = |4

Let 0 < & < 1. Recall that X, (e) C X, is the locus where [Ha| > p. Let
| XL (oo (€)] C | AP o<y | De the preimage of |X% (¢)|. We have

| e (oo (€)] = GSPay (Zp) | Ar (e (€) anti-

This can be checked at finite level - for example at level T'g(p), where the e-
neighborhood Xfio(p) (€)anti C XFO(p) of the anticanonical locus is defined (recall
that everything else is just pulled back from this level). In fact, by doing this, we
see that we can replace GSpy,(Zp) by finitely many translates of [ A7 ) (€)anti| by
elements of GSpy,(Zp); thus, |X ) (¢)| is quasi-compact. The key result is now
the following (Lemma 3.3.10 of [Sch15]).

PROPOSITION 5.1.3. There exist finitely many elements y1,...,v € GSp,,(Qp)
such that

k
|X1f(p°°)| = U Vi - |X1f(p°°)(€)"
i=1

PrOOF. We sketch the main steps in the proof.

(1) First, one shows that if |wgr| is the map in Remark B2l and .#4(Q,)
denotes the Q,-points of the adic space .# ¢, then

|Trr| (F0(Qp)) = closure of |Xff(poo)(0)| \ [Zr(p) (0)].

This is Lemma 3.3.6 of [Sch15]. The idea is that for an ordinary abelian
variety, the Hodge—Tate filtration is Q,-rational and measures the relative
position of the canonical subgroup.

(2) For 0 < € < 3, one shows that there exists an open subset U C .Z/
containing % ¢(Q,) and such that

|~ (U) C 1A e (&) \ [ Zr(pme) (€)]-

This is Lemma 3.3.7 of [Sch15]. Using induction, one reduces to the locus
of good reduction. The proof then relies on Step 1 and on a compactness
argument using the constructible topology on spectral spaces. For the
compactness argument, one uses the continuity of the map

‘7THT| : |Xl"(pac)| — ‘ﬁﬂ

and the fact that the space [Xp(,)| is spectral with quasi-compact open
subset |AXp(pee)(€)].
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(3) One shows that there exist finitely many elements 1, ..., vx € GSp,, (Qp)
such that
k
|le(p°°)| \ 2| = U Yi - (‘Xf‘k(poo)(eﬂ \ Zr@p=)(€)])-
i=1
This is Lemma IT1.3.9 of [Sch15]. This uses an open subset U as in Step
2; the quasi-compactness of #/¢ implies that finitely many GSp,, (Q,)-
translates of U cover .Z# (. The fact that |mur| is GSp,, (Qp)-equivariant
allows one to conclude by taking preimages of everything.
(4) Finally, one shows that with the same ~q,...,7; as above one has the
desired equality

k
A o] = [ i - 1A ey (E)-
i=1
This again relies on a compactness argument as in Step 2 above. The
idea is that the right hand side is a quasi-compact open subset of |le(px)|
which contains \le(poo)| \ |Zr(@p=)| by Step 3 above. Any such subset
must be the whole space. One concludes this by reducing to finite level,
considering classical points, and again using a compactness argument for
the constructible topology on a spectral space.

O

As a result, we see that |le(px)\ is covered by finitely many translates of
\le(poo)(g)anti\, which is the underlying topological space of an affinoid perfectoid
space. This proves the existence of the perfectoid space Xff(pm)- With a bit more
work, one can also show that there exists a map of adic spaces

THT - Xl:k(poo) — j‘g

which agrees with the previously defined map |7gr| on the underlying topological
spaces.

REMARK 5.1.4. The closed subset | Zp(pe)| C [A7
of a perfectoid space. If Zp(,~) denotes the boundary with the induced perfectoid
structure, then the existence of the map of adic spaces

)| has an induced structure

THT Xli‘k(p‘”) \Zp(poo) — F/

follows by the same argument as in the proof of Lemma [B.T1] using instead of [700
the affinoid perfectoid cover given by the disjoint union of finitely many copies of
Xli‘(poc) (€)anti \ Zr(pe)(€)anti- The tricky part is to show that the Hodge-Tate period
morphism extends to the boundary. For this, one uses a version of Riemann’s Heb-
barkeitssatz for perfectoid spaces, concerning the extension of bounded functions
from complements of Zariski closed subsets. See [Sch15] §2] for more details.

5.2. The Hodge—Tate period morphism in the Siegel case. We summa-
rize here some facts about the geometry of #/ in the Siegel case. The flag variety
admits the Pliicker embedding

0 PG~ W s AW
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Any subset J C {1,2,...,2n} of cardinality n determines a homogeneous coordinate
2n

s7 on p()-1. One can cover .# /¢ by open affinoid subsets .# ¢ ;, which are defined
by the conditions |s;/| < |s;| for all J* C {1,2,...,2n} of cardinality n. These
affinoid subsets are permuted transitively by the action of GSp,,,(Z,). For example,
_____ Qn}((@p) parametrizes those totally isotropic direct summands M C Zg”
such that M @& (Zp & 0") ~ Z2".

EXERCISE 5.2.1. Show that the preimage of F Ly, 1. 201 (Qp) under Tyt is
given by the closure of le(poo)(())anti.

Since le(poo)(O)anti is affinoid perfectoid, thus of the form Spa(R, R"), and since
taking the closure only adds higher rank points, which amounts to only changing
the integral structure, i.e BT, we see that the preimage of Flinsa,... 20} (Qp) under
gt is affinoid perfectoid.

We claim that something stronger holds, namely the preimage of the whole of
Flint1,..2n) 18 affinoid perfectoid. To see this, note that the action of the diag-
onal element 4!, where v = (p,...,p,1,...,1) € (Q;)" x (Q;)" C GSpy,(Qy),
contracts F{in41,... 20} towards the point of F# Ly, 1 . 2n1(Q,) corresponding to
0" ez, C Zf,”. In particular, the action of y~! contracts Fliny1,... 20} towards
the image of the anticanonical locus Xli‘(poo) (0)ant; under . To make this precise,

for any 0 < e < %, one can find some large integer N such that

71—1;’%‘ (’YiN : <g\z{nJrl,‘..,Qn}) C Xf‘k(pn)(e)anti
is a rational subset. This shows that v~ - F Ly, 20y s affinoid perfectoid and
thus that F{g, 1 . 2,y is itself affinoid perfectoid. Since the action of GSp,,,(Z,)
permutes the cardinality n subsets J, we also see that the preimage of any .7/
under 7yt is affinoid perfectoid.

REMARK 5.2.2. The idea of using an element of GSp,,, (Q,) to contract a subset
of le(pm) towards the anticanonical locus seems quite fruitful. For example, this

idea is used in [Lud17] to construct a perfectoid version of the Lubin-Tate tower
at level Ty (p™°).

EXAMPLE 5.2.3. For n = 1, the flag variety .#¢ can be identified with the
one-dimensional adic projective space P!. The Pliicker embedding is the identity
map. If (z1,22) are the usual coordinates on P!, we see that .#/¢ = P! has a cover
by two affinoid subsets .7 /({5 and .# ({1}, defined by the conditions |z;| < |xa],
respectively |z2| < |z1|. The image of the anticanonical locus under myr is given
by {(%,1) € PL(Q,) | 2L € Zp} and the image of the canonical locus is the point

x2
(1,0) € P1(Q,). The action of (f)’ (1)) € GL2(Qp) expands the anticanonical locus
towards the complement of the canonical point in P*.

To summarize the discussion in this section, we have the following result.

THEOREM 5.2.4.
(1) For any sufficiently small tame level KP C GSpy,(A%), there evists a
perfectoid space le(pm) Kp Over (@;yd such that

* . *
Ap (poey,ier ~ WAL () gep-
m
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(2) There exists a GSpy, (Qp)-equivariant map of adic spaces
THT : X;(poo)7Kp — F/

which agrees with the map defined explicitly on points in Lemma BTl
(3) Let S be a finite set of bad primes for the tame level KP.The map myr is
equivariant with respect to the natural Hecke action of the abstract spher-
ical Hecke algebra T on Xli‘(poc)’Kp and the trivial action of T° on FL.
(4) The map wur is “affinoid”, in the following sense: for any subset J C
{1,...,2n} of cardinality n, the preimage of FL; under wur is affinoid
perfectoid
(5) Let wgy := (N"Wgy)Y be the natural ample line bundle on F{. Recall
that one also has the natural line bundle wir on le(poo)pr, obtained by
pullback from any finite level. There is a natural, GSp,, (Q,)-equivariant
isomorphism
WKp ™ ThHTW.Z0-
This isomorphism is also TS -equivariant.

5.3. Shimura varieties of Hodge type. Let (G, X) be a Shimura datum of
Hodge type. Let K? C G(Ay) be a sufficiently small compact open subgroup. For
any choice of compact open subgroup K, C G(Q,), we let Xg»rg, be the Shimura
variety for G, at level KK, and defined over the reflex field E. Let C be a
complete, algebraically closed extension of @p. We consider the adic space

ad
Xirk, = (Xkrk, Xspec £ Spec C)™ .

THEOREM 5.3.1 (Thm 4.1.1 of [Sch15]). For any sufficiently small tame level

KP?, there exists a perfectoid space Xiv» over Spa(C,O¢) such that

XKp ~ @XKPKP.
KP

The proof goes by embedding the Shimura variety of Hodge type into a Siegel
modular variety and using the fact that Siegel modular varieties with infinite level
at p are perfectoid spaces, as explained in Section Bl

REMARK 5.3.2. There is also a version of this result for minimal compactifica-
tions. There is one subtlety, having to do with the fact that one does not necessarily
have closed embeddings on the level of minimal compactifications. Because of this,
one must consider a slightly modified space X Ii{,, K, at finite level, obtained by tak-
ing the scheme-theoretic image of Xg»g, into the corresponding compactification
of the Siegel modular variety. However, the map Xg,, — X% K, 18 a univer-
sal homeomorphism, hence induces an isomorphism of diamonds by [SW17], Prop.
10.2.1] and the remarks following it. In particular, the spaces have the same étale
cohomology. Because of this, we write X', for the minimal compactification of the
perfectoid Shimura variety X'x». On the level of diamonds, it is the inverse limit of
the diamonds corresponding to X', K,

One can define the Hodge—Tate period morphism more generally, for Shimura
varieties of Hodge type, as done in Section 2 of [CS17] or even of abelian type
[Shel7]. We contend ourselves here to discussing the Hodge-Tate period morphism

27This implies the following, apparently stronger, statement: for any J C {1,...,2n} the
preimage of any rational open U C .#{; under 7y is an affinoid perfectoid space.
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for Shimura varieties of Hodge type, in order to give a sense of the role that the
Shimura datum plays in the definition of a functorial p-adic period morphism and
to illustrate the analogy with the complex picture described in Section We will
use Section 2 of [CS17] as a reference.

Let (G,X) be a Shimura datum of Hodge type, with Hodge cocharacter p.
Recall the parabolic subgroup P, C G xg E defined in § 23l This parabolic
subgroup can be thought of as “the stabilizer of the Hodge—Tate filtration”. We
have a Hodge—Tate period morphism 7yt, which should be thought of as a p-adic
analogue of the morphism mgr from § 2.3 The following is part of Theorem 2.1.3
of [CS17].

THEOREM 5.3.3.

(1) For any choice of tame level KP C G(Ay), there is a morphism of adic
spaces

TaT : XKpr — jéG,u-

This is functorial in the Shimura datum and agrees with the morphism
constructed in Theorem [B.2.4 for Siegel modular varieties.

(2) The map Tyt s equivariant with respect to the Hecke action of G(Q)) on
Xir and the natural action of G(Q,) on Flg,,.

(3) The map mur is equivariant with respect to the action of Hecke operators
away from p on Xgr and the trivial action of these Hecke operators on
Fla,,.

PROOF. We say a few words about the proof. The main idea is to choose a
symplectic embedding (G, X) — (é, X ), and keep track of Hodge tensors, the finite
collection of elements s, € V® which are stabilized by G C G. The relative p-adic
étale cohomology

Vp = Rlﬂ*vétQp

of the abelian variety m : A — Xkrg, (restricted from the Siegel modular variety)
is trivialized over X'x». Moreover, under the trivialization, the p-adic realizations
of Hodge tensors s, € V5 are identified with the s, € V. This can be rephrased
as saying that the G-torsor of trivializations of (V,, s.,p) has a section over Xk»,

which can be thought of as an object in the flattened pro-étale site of Xxr, -
The relative Hodge-Tate filtration gives rise to the Hodge-Tate period mor-
phism; in order to show that this morphism factors through the appropriate flag
variety F{q ., it is enough to show that the G-torsor described above has a P,-
structure. This amounts to showing that the p-adic realizations of Hodge tensors
respect the Hodge-Tate filtration. The same argument automatically proves that
the resulting morphism is independent of the choice of embedding (G, X) — (G, X).
The latter statement can be seen as a consequence of the fact that the de
Rham realizations of Hodge tensors respect the Hodge de Rham filtration, of the
relationship between the Hodge-de Rham and Hodge—Tate filtrations described in
Section 3] and of the fact that the de Rham and p-adic realizations of Hodge tensors
are matched by the p-adic-de Rham comparison isomorphism. The latter result is
known for abelian varieties defined over number fields and is due to Blasius [Bla94].
O
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REMARK 5.3.4. For Shimura varieties of PEL type, the construction of the map
muT in Theorem [B.3.3is simpler, as one can keep track of the extra endomorphisms
in the moduli problem and cut down to the desired flag variety directly.

ExXAMPLE 5.3.5. Let F/Q be an imaginary quadratic field. We set n = 2
and we consider the corresponding quasi-split unitary similitude group G/Q as in
Example This has signature (2,2) at inifinity. The corresponding Shimura
variety is of PEL type. Assume that p = pp splits in F. Let K be a complete
nonarchimedean field which is an extension of ngd and K* C K an open and
bounded valuation subring. For any abelian variety A/K parametrized by the
Shimura variety for G, we can write its p-divisible group as a direct product

Alp™] = A[p™] x A[p™].

The compatibility between the action of F' on A by quasi-isogenies and the polar-
ization A means that conjugation in F' is induced by the Rosati involution corre-
sponding to X\. Therefore, A[p] is determined by A[p>°]. We understand the latter
via the Hodge-Tate period morphism. The target # /¢, of this morphism can be
identified with the Grassmannian of 2-dimensional subspaces of a 4-dimensional
vector space. This space can be described via the Pliicker embedding into P°.

6. The cohomology of locally symmetric spaces: conjectures and results

In this section, we discuss some recent conjectures and results about the coho-
mology of locally symmetric spaces, including the case of Shimura varieties. This
is an active area of research and there are many perspectives on it (coming from
number theory, harmonic analysis, algebraic topology, representation theory). We
will restrict ourselves to discussing the following two topics: the construction of
Galois representations attached to systems of Hecke eigenvalues in the cohomology
of locally symmetric spaces for GL,, /F, where F' is a CM field, and vanishing con-
jectures and theorems for the completed cohomology of locally symmetric spaces.

In §[61] we state Scholze’s main theorem on the existence of Galois representa-
tions and we give a brief sketch of the proof, which uses perfectoid Shimura varieties
and the Hodge-Tate period morphism. In §[6.2] we define completed cohomology,
state a conjecture of Calegari—-Emerton, and discuss some recent results towards
this in the case of Shimura varieties.

6.1. The construction of Galois representations. Let F' be a CM field.
For simplicity, assume that F' is imaginary CM. We consider the symmetric space
for GL,, /F' (in other words, the symmetric space for the group G' = Resp;oGLy)
and we let K C GL,(Ap ;) be a neat compact open subgroup. The corresponding
locally symmetric space Xk is a smooth orientable Riemannian manifold which
does not admit the structure of an algebraic variety.

Let S’ be the finite set of primes of F consisting of those primes above
any ramified prime of Q and of those primes v where K, C GL,(F,) is not hyper-
special. Choose a prime p for the coefficients that we will use throughout. Let

28Recall that a group scheme is reductive if it is smooth and affine, with connected reductive
geometric fibers. If G/F, is a reductive group, a hyperspecial subgroup of G(Fy) is a subgroup
that can be identified with the Of ,-points of some reductive model G of G over Spec OF,,. Such
subgroups of G(F,) are maximal as compact open subgroups of G(Fy).
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S =5"U{v prime of F,v|p}. lfv &S, let
T, = ZP[GLYL(OF,U)\ GLn(Fv)/ GLn(OF,v)]

be the Hecke algebra of bi-GL,,(Op,)-invariant, compactly supported, Z,-valued
functions on GL,,(OF,,). (Recall that this is an algebra under the convolution of
functions and that it is commutative.) For v € S a prime of F and 1 < i < n, we
consider the double coset operator

Ty := [GL,(Op,)diag(wy, . .., @y, 1,...,1) GL,(OF)]

with i occurrences of the uniformizer w, on the diagonal. Let T* be the abstract
Hecke algebra over Z,

TS = ®{U€ST’U>

which acts by correspondences on X g and therefore also on H (ic) (Xx,Z/pN7).

Systems of Hecke eigenvalues occurring in Hb,.;(Xx,Z/pNZ) for some N €
Z>1 will be interesting. Let

T(K,i,N) := Im (T° — End(Hpo;(Xx, Z/p"Z))) .

The goal will be to construct a Galois representation valued in T(K,i,n); we will
not quite do this, but something that is close enough (at least for applications to
modularity). The following is Corollary 5.4.3 of [Sch15].

THEOREM 6.1.1. Let m C T(K,i, N) be a mazimal ideal. Then there ezists a
unique continuous semisimple Galois representation

pm - Gal(F/F) — GL,,(F,)

such that for allv € S ﬁm‘Gal(ﬁ,/Fv) is unramified and the characteristic polynomial
of pm(Frob,) is equal to the image of

X" T, an—l 4+ (_1)iq1i}(i—1)/2Tv an—i 4ot (_1)nq;z(n—1)/2Tv .
in T(K, i, N)/m.

One can show that the Galois representation py, is actually valued in GL,(F,),
where F, is the finite residue field of m. We say that m is non-Eisenstein if py is
(absolutely) irreducible. The following is Corollary 5.4.4 of [Sch15].

THEOREM 6.1.2. Assume that m is non-Eisenstein.
Then there exists a nilpotent ideal I C T(K, i, N), of nilpotence degree bounded
only in terms of [F : Q] and n, and a Galois representation

pm : Gal(F/F) = GLy(T(K, i, N)m/I)

such that for allv ¢ S a prime of F pm‘Gal(Fu/Fv) is unramified and the character-
istic polynomial of pm(Frob,) is equal to the image of

X" — TU71X’n,71 N (_1)’Lq111(271)/2Tv771Xn7’L N (_1)nq2(n71)/2Tv,n.

in T(K,I,N)w/I.
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REMARK 6.1.3.

(1) The Galois representations py, and pn, are constructed by p-adic inter-
polation (in other words by keeping track of congruences modulo pV for
N € Z>1) from the Galois representations associated to (conjugate) self-
dual, regular L-algebraic automorphic representations of GL,, /F for some
me Zzl'

These Galois representations were constructed in several steps by
many people: Kottwitz, Clozel, Harris-Taylor, Shin, Chenevier-Harris
[Clo91]Kot92al [HT01)[Shi11l[CHO09], building on fundamental contri-
butions by many others. In almost all cases, one uses a similar method
to the one outlined in the introduction in the case of weight 2 modular
forms, i.e. one uses the étale cohomology of certain Shimura varieties,
which are higher-dimensional analogues of modular curves. However, we
emphasize that the Galois representations in Theorem are not “cut
out” directly from the étale cohomology of some Shimura variety.

(2) Scholze’s result recovers a theorem of Harris-Lan—Taylor—Thorne in char-
acteristic 0, namely the existence of Galois representations for regular
L-algebraic automorphic representations of GL,, /F, cf. [HLTT16]. It is
possible to give a different proof of Theorem (even in the torsion
setting) as a result of Boxer’s thesis [Box15], which uses integral models
rather than perfectoid Shimura varieties and understands torsion in the
coherent cohomology of Shimura varieties.

(3) Newton and Thorne [NT16] improve the bound on the nilpotence degree
of I to I* = 0. In certain instances, it is possible to eliminate the nilpotent
ideal completely.

(4) We have stated the main result for the trivial local system on Xg for
simplicity. The analogous result also holds with coefficients in a local
system on X corresponding to some irreducible algebraic representation
of Resp/q GLy.

Let G be the unitary group defined in Example 23111

EXERCISE 6.1.4. Show that Resp/q GLy, is the Levi subgroup of a mazimal

parabolic subgroup of G. (This is the so-called Siegel parabolic of G and, up to
conjugacy over Q, coincides with the parabolic subgroup P, defined above.)

Let K C é(A 7). This determines a Shimura variety of Hodge type X 7+ There are
two key steps for the proof of Theorem

The first step is to show that any mod p system of Hecke eigenvalues in the
étale cohomology of X 7 lifts to characteristic 0, to a system of Hecke eigenvalues
associated to a cusp form on G. This is proved in [Sch15, Thm. 4.3.1] for any
Shimura variety of Hodge type. This can be seen by studying the geometry of the
Hodge—Tate period morphism

.y v~ |9
THT - X]?p — F G,[L'

291Tn fact, it is enough to consider a bigger period domain, corresponding to a Siegel embedding
G — GSp2n[F+Q]
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We briefly mention the key ideas involved in the first step, i.e. in the proof
of [Sch15] Thm. 4.3.1]. See loc. cit. for more details, as well as the sur-
vey [Mor16].

(1) First, Scholze applies a version of the primitive comparison isomorphism
for rigid analytic varieties proved in [Sch13]. This reduces [Sch15l Thm.

4.3.1] to constructing Hecke congruences between Hét(f}%p,f*‘/pjv) and

cusp forms for C:‘, where ZT C (9}* is the subsheaf of sections which

vanish along the boundary. “

(2) An important property of the morphism 7yt is that it is “affinoid” in the
following sense: there exists a cover by affinoid open subsets

M
Fle, = Ui
i=1

(defined via an appropriate Pliicker embedding) such that each preim-
age V; := wﬁ%(Ui) is affinoid perfectoid. Moreover, since gt is Hecke
equivariant, the open subsets V; C X Ii(p are stable under the action of
Hecke operators away form p. For affinoid perfectoid spaces, the étale
cohomology H, t(VMO ) is almost zero for ¢ > 0, cf. [Sch13| Lemma
4.10]; a version of this result also holds for sections that vanish along the

boundary of V; N X;’%p' Using the open cover (V;)M, and the above ob-

servation, Scholze reduces [Sch15, Thm. 4.3.1] to constructing mod p?
Hecke congruences between the Cech cohomology of the cover (V;)M, and
cusp forms for G.

(3) The key ingredients for constructing these congruences are certain “fake
Hasse invariants” pulled back from sections defined over the open cover of
ﬂéé This is inspired by the way the classical Hasse invariant is used to
construct Hecke congruences in the setting of modular forms; this method
is used in [DST4] to construct Galois representations attached to cusp
forms of weight 1 by constructing congruences to cusp forms of higher
weight.

The second step is to relate the cohomology of X with Z/p™ Z-coefficients
to the cohomology of X with 7/ p"N Z-coefficients, for some neat compact open
subgroup K C G(A f) This is done by studying the geometry of the Borel-Serre

compactlﬁcatlon of X~, which we now consider simply as a locally symmetric

K
space for G. The rough idea is that the strata in the boundary of the Borel-Serre
compactification are generalizations of locally symmetric spaces, more precisely
locally symmetric spaces attached to the proper parabolic subgroups of G. In the
case of the Siegel parabolic P,, the corresponding locally symmetric spaces are
torus bundles over the locally symmetric spaces for Resg/q GLy,. Since this part of
the argument does not involve p-adic geometry, we do not say more about it here;
for more details about this step, see [Sch15l §5] and [NT16].

6.2. Vanishing of cohomology at infinite level. Completed cohomology,
as introduced by Emerton in [Eme06], gives a way of defining p-adic automorphic
forms for general reductive groups. Let G/Q be a connected reductive group with
the corresponding tower of locally symmetric spaces (X ). Fix a tame level, i.e. a
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sufficiently small compact open subgroup K? C G(Afc). The completed cohomology
groups are defined as

H'(K?) := lim (hg (H' (Xkrr,, Z/pNZ))>
N \K,

where K, runs over all compact open subgroups of G(Q,,). For N € Z>; we also
define

H'(K?,Z/p"Z) = lim (H'(Xicric,, Z/p" 2))
KP

The group H(K? ) is a p-adically complete Z,-module. If S’ is the finite set of
bad primes determined by the tame level K? and S = S’ U {p}, then H(KP?) has
an action of the abstract Hecke algebra T*. Moreover, H {(KP) also has an action
of the full group G(Qp). This is induced from the action of ¢} for g € G(Q,) on
the directed system (H*((Xgrk, , Z/pNZ))KPC(;(Qp), sending a class at level K, to
a class at level K, N gK,g~'. As a representation of G(Q,), one can prove that
ﬁi(K”) is p-adically admissible, which means that

(1) it is p-adically complete and separated, and the Z,-torsion subspace
Hi(KP)[p™®] is of bounded exponent, which means that H'(KP)[p>°] =
Hi(K?)[pM] for all sufficiently large integers M.

(2) each H'(KP)/p", which is a smooth representation of G(Qyp), is also ad-
missible as a representation of G(Q,) (in the usual sense).

Recall that a smooth representation of G(Q,) is one in which every vector has an
open stabilizer in G(Q,). It is not hard to show that Hi(K?,Z/pNZ) are smooth
representations of G(Q,) for every N > 1. However, completed cohomology with
Z,-coeflicients is not a smooth representation of G(Q,) - the smooth vectors in
completed cohomology correspond to certain classical automorphic forms, which
form a much smaller space than the space of all p-adic automorphic forms.

EXERCISE 6.2.1. Using the fact that ﬁi(Kp) is p-adically admissible, show that
the inverse system (fli(Kp, Z/pNZ)> satisfies Mittag-Leffler.
N

REMARK 6.2.2.

(1) One can also make the definition for compactly-supported cohomology as
well as for homology and Borel-Moore homology. See [CE12|[Eme14] for
more details on these and the relationships between them. See [Emel4]
also for an overview of the role that completed cohomology plays in the
p-adic Langlands program, in terms of both local and global aspects.

(2) We can identify the completed cohomology of tame level K? with the coho-
mology of the perfectoid Shimura variety of tame level KP. More precisely,
there exists a natural, Hecke-equivariant comparison isomorphism

H(lc) (Kpa Z/pNZ) = Héit,(c) (‘XKT’ ) Z/pNZ)

(3) One can also make the following definition:

H'(K?) :=lim (h_n; (H'(Xgrr,, Zyp)) /pN> ,
N \ K,
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which also has an action of the abstract Hecke algebra T®. Intuitively,
the systems of Hecke eigenvalues (i.e. the maximal ideals of T) in the
support of H {(KP) are those which can be p-adically interpolated from
systems of Hecke eigenvalues in the support of H(Xgo» K, Zp) for some
finite level K, i.e. systems of Hecke eigenvalues corresponding to classical
automorphic forms. The difference between H'(K?) and H {(KP) can be
expressed as a limit over torsion classes occurring in the cohomology of
locally symmetric spaces at finite level, as seen in Exercise below.

EXERCISE 6.2.3. Consider the short exact sequence of sheaves

O%Zpizp—m/p%—m
on Xkrk, for every K,. By analyzing the cohomology long exact sequence, prove
that we have an injection
H'(K?) — H'(K?)
and describe its cokernel in terms of torsion classes, i.e. in terms of the groups
H'(Xkrk,, Zp)[p™]-

REMARK 6.2.4. In particular, if the groups Hi(XKpr,Zp)[pN] are zero for
all N € Z>; and all compact-open K,,, then we have an isomorphism ﬁi(Kp) =
H {(KP). This happens, for example, if G is a definite unitary group, so that
the locally symmetric spaces are finite sets of points. This also happens in the
case of modular curves. However, we will be primarily concerned with a general
G = Resp/gGL,, in which case the groups H (XkrK,,Zy) are known to contain
torsion. For example, Bergeron—Venkatesh conjecture in [BV13] that the size of
the torsion subgroup in Betti cohomology grows exponentially with the index of K
when [y = 1.

Here are some further important properties of completed cohomology:

(1) The Hochschild-Serre spectral sequence can be used to recover coho-
mology at finite level from completed cohomology. More precisely, if
K, C G(Q,) is a compact-open subgroup, then we have spectral sequences

By = H'(K,, H (K?,Z/pN 7)) = HY (Xkor,, Z/pV Z)
and N
Ey) = H'(K,, H (K?)) = H" (Xkri,, L),

where H'(K,, ) denotes the continuous group cohomology of K,. See
[Eme06, Prop. 2.1.11] for a proof, which is slightly subtle with Z,-
coefficients 9

(2) One can work with cohomology at finite level with coefficients in a local
system Vg corresponding to some algebraic representation & of G and
the completed cohomology groups one obtains match up. More precisely,

assume that ¢ is an algebraic representation of G defined over Q, (for
simplicity, otherwise we would introduce a field of coefficients E which is

30Since K, is a compact locally Qp-analytic group, the category of p-adically admissible
representations of K, over Zjp has enough injectives. Therefore, the continuous cohomology groups
H(Kp, ) can be identified with the derived functors of the functor “taking Kp-invariants” on the
category of p-adically admissible K)-representations.
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a finite extension of Q). Let V¢ C Vg be a Zy-lattice stable under the
action of G(Zp). The local system V¢ is defined as follows:

Ve i=GQ)\ (X xG(Ay)/K x V?).

The completed cohomology groups corresponding to the local system V¢
are defined as

HI(KP, V) = 1%1 (h?n)l (Hi(XKpr,VE/pN))> ;

where K, runs over compact-open subgroups of G(Z,). Then we have a
natural, Hecke-equivariant isomorphism of p-adically admissible represen-
tations of G(Zj)

HI(KP,Vg) S VE @z, H(KP).
(3) Let (V)Y denote the Z,-dual of V?, endowed with the contragredient
action of G(Z,). Let K, C G(Z,) be a compact-open subgroup. By

combining the first two items, one obtains a control theorem for completed
cohomology in the form of a spectral sequence

By = Ext) x| ((Vf)vﬁi(K’”)) = H™(Xgor,, VE).

Motivated by heuristics coming from the Langlands program, Calegari and
Emerton made several conjectures about the usual and compactly-supported com-
pleted cohomology of general locally symmetric spaces: see [CE12, Conj. 1.5]
(which is, however, stated in terms of homology and Borel-Moore homology). In
the case of tori, their conjectures are equivalent to Leopoldt’s conjecture, cf. [Hil10].

A consequence of the Calegari-Emerton conjectures is the following. Let [
be the invariant defined in § 21 and set ¢o := (dimg X — ly). Then for every

sufficiently small K7 C G(A%) we expect that }NI(ic) (KP) =0 for i > qo + lo. Even
this weaker conjecture is wide open for general locally symmetric spaces. Some
small-dimensional examples can be studied by hand, such as arithmetic hyperbolic
3-manifolds. In the case of Shimura varieties, where lp = 0 and ¢y is equal to
the dimension of the Shimura variety, Scholze recently proved the following result,

cf. [Sch15] Thm. 4.2.2].

THEOREM 6.2.5. Let (G,X) be a Shimura datum of Hodge type. Let KP C
G(A’;) be a sufficiently small compact open subgroup and let N € Z>1. We have

H(K?.2/p"T) = 0
for alli>d=dimc X.

SKETCH OF PROOF OF THEOREM [6.2.5l The primitive comparison theorem of
[Sch13] (applied at finite level, then taking a direct limit) gives an almost isomor-
phism between H'(K?,F,)@r, Oc/p and H, (X}, I /p), where It C (’);;(p is the
subsheaf sections which vanish along the boundary. For any affinoid perfectoid cover
of X}.,, the étale cohomology of the restriction of the sheaf Z" is almost equal to
0 in degree ¢ > 0. This allows us to replace H¢ (X5, 27 /p) with HE (X}, Z7/p).
The vanishing theorem now follows from a theorem of Scheiderer [Sch92|, who
shows that the cohomological dimension of a spectral space of Krull dimension d is
at most d. ]
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REMARK 6.2.6. The same idea can be used to prove the analogous vanishing
theorem for the cohomology h_r)nr H(X,,F,), where X C PV is a projective variety,
and X, is the pullback of X under the morphism

PN 5PN (zo:zy:...xN) — (ng :xfr : I]JD\;)
A direct geometric proof of this vanishing theorem, which does not use p-adic
geometry, was recently given by Esnault in [Esnl8|] and her result also holds for
X of characteristic ¢ # p. It would be interesting to see whether Theorem or
even Theorem below admit more direct proofs.

We now explain a strenghtening of Theorem in the particular case of
Siegel modular varieties. Let (G, X) denote the Siegel datum in Example 234
Let KP C G(Az}) be sufficiently small and for every m € Z>; recall the compact
open subgroups

I'y(p™) = {g € GSpa,(Zp) | g= ("4 15 ) (mod p™)}.
Define Hi, (K?, Z/p"Z)r, :=lim H{, (Xgor,m), Z/p"L).
THEOREM 6.2.7. We have I}é(K”,Z/pNZ)pl =0 for all i > d = dim¢ X.

This is a part of [CGH™18, Thm. 1.1.2]; the result in loc. cit. is slightly more
general, as it also considers certain Shimura varieties attached to quasi-split unitary
groups as in Examples and 311l In fact, we expect an even more general
statement to be true, but we leave the question of extending Theorem [6.2.7] to other
Shimura varieties to be explored in future work.

SKETCH OF PROOF OF THEOREM [6.2.7. Assume for simplicity that n = 1, in
which case G = GLy and we are working with modular curves. Set Ny := ( (1) le);
this is the group of Z,-points of the unipotent radical N of the standard (upper-
triangular) Borel subgroup B of G. As in the proof of Theorem [6.2.5 we start by
applying the primitive comparison theorem of [Sch13]. We then analyze the Leray

spectral sequence for the morphism of sites
|THT/N, | (/"fﬁl(poc))ét — [P12]/N,

using it to compute the cohomology Hét(kal(pm),IJr/p) We consider the

stratification of P2 into B-orbits: there is an open cell Ab*d containing
WHT(X;(pW)(E)anti) as an open subset, and a closed cell, which consists of one point
00, the image under myr of the canonical tower over the ordinary locus. Since
Ny C B(Q,), this stratification descends to the quotient |P124|/Ny. We see the
following two phenomena:

(1) The fibers of myrx, over rank 1 points of |A1*4| /N are affinoid perfectoid
spaces. Indeed, the action of (8 (1)) € GL2(Qp), expands the anticanonical
locus in P24 to cover all of A2 and the anticanonical locus is affinoid
perfectoid already at level T'g(p>°); see also [Lud17] for a version of this
argument.

(2) The fiber of myr,n, over 0o/Ny is not affinoid perfectoid, but it has a
“Zp—cover” which is affinoid perfectoid. Indeed, at full infinite level,

31In order to make this rigorous, we need to consider AL as a diamond and use the

1(p™)
étale cohomology of diamonds as developed in [Sch17].
32For the precise meaning of “Zy-cover”, see [CGHT 18| Thm. 2.2.7].
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the Weyl group element (9}) € GL2(Q,) takes the anticanonical locus
in P12 to an open neighborhood of co. The cohomological dimension
of this fiber is then bounded by the cohomological dimension of Z, for
continuous group cohomology.

While R|myr/n,|+(Z7/p) is supported on the whole of [P1*4|/Ny, we deduce that
R, [« (2 /p) is almost zero outside a closed spectral subspace of [P+24] /N
of dimension 0 and R*|myr/n, |«(ZT/p) is almost zero everywhere. We conclude by
appealing to [Sch92] to compute the terms in the Leray spectral sequence.

The case of GSp,,, for arbitrary n is similar, using the generalized Bruhat strat-
ification of the algebraic flag variety Flg ,, into P,-orbits. Setting Ny := N,,,I'1(p™),
we obtain a stratification

| bl /No = ||| .1 /Ny

into locally closed strata, indexed by certain Weyl group elements w. Moreover, for
every point x € | F¢ |, |/No, we show that

R'mur/ng (I /p)% =0 for i > d — dim F¢; |,

This, together with [Sch92], is enough to prove the desired vanishing for Siegel
modular varieties. (|
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