A C-EQUIVARIANT ANALOG OF MAHOWALD’S THOM
SPECTRUM THEOREM

MARK BEHRENS AND DYLAN WILSON

ABSTRACT. We prove that the Cg-equivariant Eilenberg-MacLane spectrum
associated with the constant Mackey functor F, is equivalent to a Thom spec-
trum over QPSP+,

1. INTRODUCTION

Let © be the Mdbius bundle over S!, regarded as a virtual bundle of dimension 0.
The mod 2 Moore spectrum is the Thom spectrum

M(2) ~ (ShH~.
The classifying map for p extends to a double loop map
i Q%83 — BO.
Mahowald proved the following theorem [Mah77]:
Theorem 1.1 (Mahowald). There is an equivalence of spectra
(Q2S%)F ~ HTF,.
The bundle  may also be regarded Ch-equivariant virtual bundle over S!, by en-

dowing both S! and the bundle with the trivial action. Since B¢, O is an equivariant
infinite loop space [Ati68], the classifying map for u extends to an 2°-loop map

o QPSP Be,O.
Here, p is the regular representation of Cs. The purpose of this paper is to prove
the following.
Theorem 1.2. There is an equivalence of Cy-spectra
QPSP ~ HTF,.

(Here, Fy denotes the constant Mackey functor with value [Fs.)
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Conventions. Equivariant objects in this paper either live in Top®2, the category
of Cy-spaces, or Sp?, the category of genuine Ca-spectra. In both of these cate-
gories, the equivalences are those equivariant maps which induce equivalences on
both Cs-fixed points and underlying fixed points. We let H denote the Eilenberg-
Maclane spectrum HIFy, with underlying spectrum H := HIF,. We use H, and 7¢2
to denote RO(C3)-graded homology and homotopy groups (i.e. not the Mackey
functors) of Cy-equivariant spaces and spectra, and Hy and 7, to denote the or-
dinary homology and homotopy groups of non-equivariant spaces and spectra. We
let o denote the sign representation of Cy, and let p = 1 + o denote the regular
representation. For a representation V', S(V) denotes the unit sphere in V, and S"
denotes its one point compactification, and |V| denotes its dimension.

2. EQUIVARIANT PRELIMINARIES

Euler class. Let a denote the Euler class in 728, given geometrically by the
inclusion

S0 s 59,
There is a cofiber sequence
(2.1) Cyp — 8% 57
so the cofiber of a is stably given by
(2.2) Ca~X¥'"7C,,.

The transfer induces a map
w: S, 21,(,02+ ~ Ca
which serves as a Thom class for the representation o:
uw:S'— CanS°.
For X € Spc2, we have
T2 (X) = m (X ),
T2 (X A Ca) = my ) (X©).
Said differently,

(2.3) 782X A Ca = 1 X[ut].

Tate square. We will let
X" = F(EC,,,X),
X®:= X A EC,

denote the homotopy completion and geometric localization of X, respectively. The
fixed points of X" are the homotopy fixed points of X, and the fixed points of X®
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are the geometric fixed points of X. X is recovered from these approximations by
the pullback (“Tate square”) [GM95]

X ——sX°®

L

Xh — s Xt
where the spectrum X is the equivariant Tate spectrum

Xt= (xh?,

Note that a generalization of the argument establishing (2.2) yields an equivalence
yko=l0(ab) ~ S(ko) 4.
Taking a colimit, we see that we have
hocghnlEkaflCKak):uECh+,

hoclg)lim ko ~ E\C‘g.
It follows that homotopy completion and geometric localization can be reinterpreted
as a-completion and a-localization:

X"~ X7,

X?~ X[a!].
In this manner, the Tate square is equivalent to the “a-arithmetic square”

X —— X[a_l]

-

Xy ——=X7[a™]
Using (2.3), the a-Bockstein spectral sequence takes the form

T (XO)[ut, a] = 782 (X"),

The a-Bockstein spectral sequence can be regarded as an RO(Cy)-graded version
of the homotopy fixed point spectral sequence (see [HM17, Lem. 4.8]).

The mod 2 Eilenberg-MacLane spectrum. We have [HKO01]
Fyo

7u]

7C* H = Fafa, u] @ ﬁ{e}
where
lul =1~ o0,
6] = 20 — 2.

The a-u divisible factor in 7, H is best understood from the Tate square, using
7T92ﬂh = IF2 [Cl, ui]7

72 H® ~ Fyla®, ul.
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Actually, the second isomorphism lifts to an equivalence
H®C2 ~ H[a_lu] = \/ZiH
i=0
so we have
H?X =~ Hy (X®%)[a*, u]
and, restricting the grading to trivial representations, we get
(2.4) H2X =~ Hy(X®9)[a ).

By applying 71'52 to the map
HAX >HAXACa
we get a homomorphism
(2.5) O Hy(X) = Hy (X°).
Taking geometric fixed points of a map
SV > HAX
gives a map

Svcz Hﬂ<1>c2 A X PO

Using (2.4) and passing to the quotient by the ideal generated by a~!

homomorphism

(2.6) o Hy(X) — H|V02|(X¢Cz)~

u, we get a

A useful lemma. Our main computational lemma is the following.

Lemma 2.7. Suppose that X € Sp™® and suppose that {b;} is a set of elements of
H,(X) such that

(1) {®°(b;)} is a basis of Hy(X€), and
(2) {®C2(b;)} is a basis of Hy(XPC?).

Then H.(X) is free over H,, and {b;} is a basis.

Proof. The set {b;} corresponds to a map
H A \/Slb"" — H A X.

Assumption (1) implies this map is an equivalence upon applying ®¢, while as-
sumption (2) implies this map is an equivalence upon applying ®“2. The result
follows. (]

3. HoMOoLOGY OF p-LOOP SPACES

We spell out some specific algebraic structure carried by the equivariant homology
of a p-loop space. A more detailed and general study of this algebraic structure
will appear in [Hil].
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Products. Suppose X = QY € TopC2 is a p-loop space. Then X is in particular
a 1-loop space, and is therefore an equivariant H-space with product

m: X xX — X.

However, the o-loop space structure also endows X with a twisted product related
to the transfer. Namely, let

87 - 87/8% ~ Cyy A St
be the pinch map. This gives rise to a twisted product

m: N QY - Q7Y

where
N*Z :=Map(Cs, Z) = ZéZ
Ca
is the norm (with respect to Cartesian product). In particular, there is a map
(3.1) m: N*Q*Y — X.

Upon applying fixed points to the map (3.1), we get an additive transfer
(3.2) t:X¢— X%,
In homology, the H-space structure give rise to a product

m:Hy XQHyuX — Hy, X

Using the equivariant commutative ring spectrum structure of H [Ull13], the twisted
product m gives rise to a “norm map” (see [BH15, Thm. 7.2])

n: HyX® - H, X

Dyer-Lashof operations. X has even more structure: X is an E,-algebra [GM17].
Specifically, regard S(p) as a Co x Yao-space where Cs acts on p and ¥o acts an-
tipodally. Then the F,-structure gives a map

S(p) xx, X*? > X.

Note that H is itself an E,-ring spectrum, because it is actually an equivariant
commutative ring spectrum, so A A X, is an E,-ring in H-modules. Given x €
Hy (X), represented by a map

z:8V - H A Xy,
there is an induced composite
H A S(p)s As, SV 225 H A S(p) 4 Asy (HoA X))
—-HANHANX,
*’ﬂ/\ X+

(where the unlabeled maps come from the E,-ring and H-module structure of
H A X,). Applying 72, we get a total power operation

P(a) : L (S(p)s Axy S2Y) — H,X.

For the purposes of this paper we will be only concerned with the case of V' = kp—o.

We will need the following lemma.
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Lemma 3.3. We have the following identification of the Ca-fized point space of the
extended power:

(S(p)+ As, SQ(kpfa))Cg ~ SQkfl v S2k'

Proof. The extended power can be identified with the Thom complex of the equi-
variant vector bundle

S(p) x5, R¥E=7) — S(p) /5.

The fixed points is the Thom complex of the fixed point bundle. Thinking of S(p)
as the unit circle in C, with C5 acting by conjugation, the fixed points of the base
are given by

[S(p)/22]7 = {[1]. [i]}-

The bundle has fiber R2(*=9) over [1], and because ¥y acts with the antipodal
action mixed with the interchange action, the fiber over [i] is given by

RP(kp—0) — R(k=1)p
The result follows. O

Proposition 3.4. We have

E*S(p)-ﬁ- A Sz(kpig) = ﬂ*{QQkp—a—la e2k)p—o‘}-

Proof. Theorem 2.15 of [Will7] implies there is a cofiber sequence
S2/€p—20 N S(P)+ AS, S2(kp—o’) N S?kp—l.

There are two possibilities for the long exact sequence in H,: either (a) the con-
necting homomorphism sends tox,—1 to zero, or (b) the connecting homomorphism
sends it to Otogp—20. Only possibility (b) is compatible with Lemma 3.3 from geo-
metric fixed point considerations. The result follows. ([l

Thus we get a pair of Dyer-Lashof operations
Qkp : ﬂkp—aX - ﬂka—an
Qkpil : ﬂkp—o'X - ﬂQkp—o‘—lX
given by the formulas
Q¥ (x) == P(x)(e2kp—0),
Q"7 (2) := P(x)(earp—o-1)-

Remark 3.5. If X is actually an equivariant infinite loop space, then H, X has an
action by equivariant Dyer-Lashof operations [Will7], and these operations agree
with those defined in that paper.
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Compatibility with fixed points. The compatibility of all this structure with
the maps ®¢ and ®°2 of (2.5) and (2.6) is summarized as follows.

Products: Note that X¢ is an Fs-algebra, and X©? is an E;-algebra. The
maps ®¢ and ®2 are algebra homomorphisms.

Norms: The following diagram commutes:
HpX¢

R

Hp X <~ HpX —— Ha X°

Here ¢ is the transfer (3.2) and Sq is the squaring map.

Dyer-Lashof operations: The following diagrams commute, where € = 0, 1:

Ekﬂ—UX i > H2k—1Xe

Qk,p—él lQ%—f

€
ﬂQkp—a—eX He > H4k—1—sX

C.
Hy, o X _ L HLXC

C
ﬂQkp—o'X Hq;.cz HQkX 2

4. HOMOLOGY OF QP Sr+1

Theorem 4.1. There is an additive isomorphism (of H,-modules)
H, QPSP ~ H, ® E[to,t1,...]® Pley, ez, .. .]
with
|ti] = 2'p — o,
leil = (2" = D)p.

Proof. Note that we have
H*9253 = ]FQ[xl, o, .. ]
with
|lzs| = 2" — 1.

Here z; is the fundamental class ¢1, and

i i—1
Tq 1= Q2 Q2 "'Q2$1-
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Define tg € H,Q°SP*! to be the fundamental class, and define the other “genera-
tors” e; and t; by

e = n(x;),
ti= QYrQY Q.
Consider the product
teek = oot ehek e g (QPSPTY)
with ¢; € {0,1} and k; > 0. We compute
De(teek) = ghiteogZhatar
Mapping out of the cofiber sequence (2.1) gives a fiber sequence
QN*QSPHL > Qrgetl o Qgett 2, NXQ8eHL,
Upon taking fixed points we get a fiber sequence
Q253 L (Qrseth)© - g2 ML 068
In particular there is an equivalence
QPSP ~ 082 x 0283,
and we have
H, (/PSP ~ Py ® P[t(zy), t(zs),. . ]
where y is the image of the fundamental class under the map
St (QrSPTCe,
It follows that
PO (teek) = yrot2eatieatoy(p Yhrg(g ke

Thus the set
{tsekf} c H X
satisfies the hypotheses of Lemma 2.7, and the result follows. O

5. THE EQUIVARIANT MAHOWALD THEOREM

In order to prove Theorem 1.2 we will need to establish a Thom isomorphism

H,(Q°SPHhE ~ H QPSP

We will do so in two steps. Recall that an Fy-algebra is just a spectrum X equipped
with a map S° — X. Let Freey;, : Algp, (Sp“2) — Algp, (Sp“?) denote a homo-
topical left adjoint to the forgetful functor. An explicit model for this functor is
the homotopy pushout of E,-algebras:

Freeg, (S?) — Freeg, (X)

l |

S0 Freey; (X)
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We will need the following theorem.

Theorem 5.1. Let f: X — Bc,O classify a virtual bundle of dimension zero and
denote by f : QPXPX — Bc,O the associated QP-map. Then there is a canonical
equivalence of E,-algebras in SpC2

Freef, (X/) = (727 X)7.

Proof. Combine the equivariant approximation theorem [GM17, RS00] with Theo-
rem IX.7.1 and Remark X.6.4 of [LMSMS86]. O

Remark 5.2. The non-equivariant version of Theorem 5.1 was first observed by
Mark Mahowald, and then proven by Lewis. A nice modern account in the non-
equivariant setting via universal properties can be found in [AB14].

Proposition 5.3. There is a Thom isomorphism

H,(QrSPtHE ~ H QPSP

Proof. Let Freey, p : Alggp (Modg) — Algp (Modgy) denote a homotopical left
adjoint to the forgetful functor. Along with the previous theorem, we will need two
facts:

(1) HA(-): Sp©z — Mod is symmetric monoidal.
(2) There is a Thom isomorphism H A (S1)* ~ H A SI.

The proposition is now proved by the following string of equivalences:

H A (Q"EPSI)ﬁ = H A Freef, ((S')") by Theorem 5.1
= Freey; y (H A (Sh)H) by (1)
~ Free, y (H A S%) by (2)
~ H A Freel; (5%) by (1)

~ H A QPYPS,.

Proof of Theorem 1.2. The Thom class is represented by a map
(QpSerl)ﬁ — H.

We wish to show this map is an isomorphism on H,. The homology of H is the
Cs-equivariant Steenrod algebra, computed in [HKO01] to be

H.H=H[70,71, - ,&.&, - 1/(77 = (u+ amo)&iv1 + aTiyr)
with
|7—i‘ = 2ip_a?
&) = (2 = 1)p.

It suffices to show it is surjective, since the two homologies are abstractly isomorphic
and of finite type. Observe that the composite

M(2) ~ (§') — (S - H
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hits 79. Everything is hit then, by [Will7, Thm. 5.4]. d
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