Journal of Topology 6 (2013) 285-310 © 2012 London Mathematical Society
doi:10.1112/jtopol/jts032

The multiplication on BP

Maria Basterra and Michael A. Mandell

ABSTRACT

BP is an F4 ring spectrum. The Ey4 structure is unique up to automorphism.

1. Introduction

For each prime p, Brown and Peterson [5] constructed a spectrum BP to capture the non-
Bockstein part of the Steenrod algebra. They showed that BP is the unique finite type p-local
spectrum with its cohomology. Soon afterward, Quillen [23] showed that BP is a ring spectrum,
and a straightforward calculation shows that the ring spectrum multiplication is unique up
to automorphism. In the decades since, BP has become fundamental in the study of stable
homotopy theory, largely because it is the complex oriented ring spectrum that has the universal
p-typical formal group law. The complex cobordism spectrum MU has the universal formal
group law, and its localization MU, splits as a sum of shifted copies of BP. Working p-locally,
most statements involving MU then have equivalent but simpler formulations in terms of BP.

One fundamental difference between BP and MU, involves the coherence of the multi-
plicative structure. The coherence of the multiplication on MU is well-understood: As a Thom
spectrum, MU has a canonical (even prototypical) structure of an E., ring spectrum [21]. This
structure arises from a geometric model of MU completely independent of formal group law
considerations, and BP does not admit a corresponding construction. In fact, recent work of
Johnson and Noel [14] finds a fundamental incompatibility between the E., ring structure on
MU and p-typical orientations, proving that the canonical map from MU to BP cannot be E,
or even H,, (at the primes their work covers) for any possible H, structure on BP. Earlier
work of Hu, Kriz, and May [13] had revealed that no map BP — MU, can be H, for any
possible H., structure on BP, quashing the conjectured approach to constructing an H., ring
structure on BP. No E., or H, ring structure is currently known to exist on BP, and there is
currently no plausible approach to constructing one.

In this paper, we study the coherence of the multiplication on BP from the perspective of
the E,, hierarchy. Previous work by Goerss [11], Lazarev [17], and the authors (unpublished)
shows that BP is an A, (or E7) ring spectrum. In this paper, we show that BP admits an E,
ring structure, and that this structure is unique up to automorphism.

THEOREM 1.1. BP is an FE, ring spectrum; the FE, ring structure is unique up to
automorphism in the homotopy category of E, ring spectra.

As part of the argument, we construct an idempotent splitting of MU(,) as an Ej, ring
spectrum with the E4 ring spectrum BP as the unit summand. We do not know if this
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idempotent can be chosen to be the Quillen idempotent; we hope to return to this question in
a future paper.

One of the main reasons for interest in E., structures is that the category of modules
over an FE., ring spectrum has a symmetric monoidal smash product. The main result of the
paper [19] is that for a symmetric monoidal structure on the homotopy category of modules,
an Ey structure suffices. Thus, applying the main theorem of [19] to the previous theorem, we
obtain the following corollary.

COROLLARY 1.2. The derived category of BP-modules has a symmetric monoidal smash
product Agp.

The proof of Theorem 1.1 relies on an obstruction theory for F,, ring structures based on the
obstruction theory pioneered by Kriz [16] and Basterra [2] for E ring structures. Lemma 5.1
gives the main computation: The E4 ring spectrum obstruction groups for BP are concentrated
in even degrees and are torsion free. This breaks down for the Fg ring spectrum obstruction
groups, making analysis of the Fg and higher ring spectrum obstruction theory significantly
more difficult.

Richter [24] presents a different approach to coherence of the multiplication of BP using the
n-stage hierarchy of Robinson [25], which is a homotopy commutative generalization of the
A, hierarchy of Stasheff [27]. In this terminology, [24] shows that BP has a (2p* + 2p — 2)-
stage structure (which in particular restricts to an Agp249, o but not A structure). The
relationship of this result to Theorem 1.1 and the relationship of the n-stage hierarchy to the
FE,, hierarchy are not understood at the present time.

1.1. Outline

For the proof of Theorem 1.1, we apply Postnikov tower obstruction theory for F, ring spectra;
we review the details of this obstruction theory in Sections 2-4 before applying it to prove the
main theorem in Section 5. Finally, Sections 6 and 7 prove some of the properties of the spectral
sequences for computing Quillen homology and cohomology stated in Section 3.

1.2. Conventions

Although we state most results in homotopy theoretic terms that are independent of models,
where the proofs require models, we will work in the following context. We use the category
of EKMM S-modules [10] as the basic category of spectra, and we understand S-algebras and
commutative S-algebras in this context. For F), structures, we use the Boardman—Vogt little
n-cubes operad C,. In this context, for a commutative S-algebra R, an F,, R-algebra consists
of an R-module A and maps of R-modules

C,L(m)+ AN > (A AR - AR A) — A
—_——

m factors

satisfying the usual associativity and unit properties.

2. Quillen cohomology of E,, algebras

For the obstruction theory for F, algebra in Section 4, the obstruction groups take values in
certain Quillen cohomology groups. In this section, we review the construction of these groups
in the special case in which we apply them. For this, we fix a connective commutative S-algebra
R and a connective commutative R-algebra H, and we consider the category of E,, R-algebras
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lying over H. In practice (in Section 4), H will be an Eilenberg-Mac Lane spectrum Hr for
a commutative myR-algebra m, but we do not need to assume that here. As we review in this
section, the advantage of this setup is that Quillen cohomology with coefficients in an H-module
becomes a cohomology theory and has a corresponding homology theory, each satisfying the
appropriate analog of the Eilenberg—Steenrod axioms.

DEFINITION 2.1. Let Q(CTIE/H denote the category of E,, R-algebras lying over H: An object
of ACE M is an E,, R-algebra A together with a map of E,, R-algebras ¢ : A — H; a morphism
of Q(C,,IE/H is a map of E,, R-algebras A — A’ such that the composite map A — A’ — H is e.

For an H-module M, we make H V M into an object of Q[Cf/H with the ‘square zero’
multiplication: The structure maps

Co(m)y As,, (HV M)™ — (Hv M)™ /%, — HV M

are induced by the multiplication on H and the H-module structure on M on the summands
with one or fewer factors of M and the trivial map on the summands with two or more factors
of M. The trivial map M — * induces the map HV M — H.

DEFINITION 2.2. For A in G/, let HE (A; M) = HoACK" (A, H v £*M), where

Ho Q[Cf /M denotes the homotopy category obtained from QLC,IL?’ /H by formally inverting the
weak equivalences.

We note that Hp (A; M) is actually a graded abelian group and in fact a m.H-module.
The fold map M V M — M (which is a map of H-modules) induces a map in Ack M from
HV (MV M) to HV M, which induces the natural addition since H V (M V M) is isomorphic
in Ho QIC,}L?’ ' %o the product of two copies of H V M. Likewise an element of m,H induces
a map in the derived category of H-modules 39M — M, which induces a map H V XPM —
H vV ¥P=90 in HoACH* | and hence a natural map HE (A; M) — Hp9(A; M).

We can also define relative groups as follows. For an object A in Q[Cf / H, we consider

QICTI,,%/H\A, the under-category of A in Qle/H. We regard HV M as an object of %CE/H\A
using the map A — H. For X in Ack / H\A, we define the relative Quillen cohomology group

as
H (X, A; M) = Ho(ACE/ ™\ A')(X, H v $* M),

where A’ is a cofibrant approximation of A. Using these relative groups and a connecting
morphism ¢ : H3 (A; M) — Héjl(X, A; M) described below, we obtain a cohomology theory.

THEOREM 2.3. The functors Hi (—; M) and connecting morphism ¢ define a cohomology

theory on the category ACH /" satisfying the following version of the FEilenberg—Steenrod
axioms.

(i) (Homotopy) If (X, A) — (Y, B) is a weak equivalence of pairs, then the induced map
Hg (Y,B;M) — HE (X, A; M) is an isomorphism of graded abelian groups.
(ii) (Exactness) For any pair (X, A), the sequence

s HE (X, A; M) — HE (X3 M) — HE (A; M) S HEFY(X, A M) — -

is exact.
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(iii) (Excision) If A is cofibrant, A — B and A — X are cofibrations, and Y is the pushout
X 4 B, then the map of pairs (X, A) — (Y, B) induces an isomorphism of graded abelian
groups Hi (Y, B; M) — Hg (X, A; M).

(iv) (Product) If {X,} is a set of cofibrant objects and X is the coproduct, then the natural
map HE (X; M) — [[HE (Xo; M) is an isomorphism.

Constructing the connecting homomorphism, proving the previous theorem, and constructing
the corresponding homology theory requires the ‘based’ version of the construction obtained
by working over and under the same commutative S-algebra. The functor H Ag (—) takes E,
R-algebras lying over H to FE, H-algebras lying over H and is left adjoint to the forgetful
functor. Writing H A% (—) for the left-derived functor, we get a natural isomorphism

H (A; M) = HoACH/ M (A, H v £* M) = HoACH /M (H N A, H Vv *M).
In addition, for f: A — X, we can then identify H3 (X, A; M) as
Ho(ACH/H\(H Np A))(H A% X, H v £*M) = HoACH/ M (C f, H v $* M),
where C'f denotes the ‘cofiber’
Cf = (HAp X')Ugnpan H

formed as the pushout of E, H-algebras, where A’ — X’ is a cofibration modeling the map
A — X. The homotopy cofiber of the inclusion of X’ in C'f is equivalent to the suspension of A’
in the homotopy category of QlCTIj / H; this produces the connecting homomorphism satisfying
the Exactness axiom. The remaining axioms are clear from the construction.

To construct the corresponding homology theory, we switch from the category QleL{ M 46 the
categoryN‘ﬁCf of ‘non-unital’” F,, H-algebras. These are the algebras of H-modules over the

operad C,, where
CNn (m) = 0, =0
Cn(m), m>0.

We obtain a functor K(—) = H V (=) from MCH to ACHH by attaching a new unit; this is
left adjoint to the functor I from ACs Mt NCH which takes the (point-set) fiber of the
augmentation A — H. Since the functor I preserves fibrations and acyclic fibrations, we see
that the adjoint pair K, I forms a Quillen adjunction. Since we can calculate the effect on
homotopy groups of K on arbitrary non-unital E, H-algebras and of I on fibrant objects of
ac / H, we see that when A is fibrant, a map of augmented C,,-algebras KN — A is a weak
equivalence if and only if the adjoint map N — I A is a weak equivalence; in other words, K, I
is a Quillen equivalence.

THEOREM 2.4. The functors K and I form a Quillen equivalence between the category of
non-unital E, H-algebras and the category of FE, H-algebras lying over H (the category of
augmented E,, H-algebras).

The square zero F,, H-algebra H V M is KZM for the non-unital F, H-algebra ZM given
by M with the trivial structure maps. Thus, we have the further description of H (A; M) as
HoMCH (IR(H A% A), Z%* M) where I® denotes the right derived functor of I. The functor Z
is a right adjoint, with left adjoint @ the indecomposables functor defined by the coequalizer

\/ Cn(m)4 As,, N = N —QN.

m>0
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Here, one map is the action map for N and the other map is the trivial map on the factors for
m > 1 and the map

Ch(1)+ AN — x4y AN =N

on the m =1 factor. Since the functor Z preserves fibrations and weak equivalences, we see
that @, Z forms a Quillen adjunction.

THEOREM 2.5. The functors (Q and Z form a Quillen adjunction between the category of
non-unital E,, H-algebras and the category of H-modules.

Writing QU for the left-derived functor of @), we get reduced cohomology and homology
theories on non-unital F, H-algebras as follows.

DEFINITION 2.6. For N a non-unital F, H-algebra, let

D*(N; M) = Ext}; (Q"N, M),
D.(N; M) = Tor® (QVN, M).

In other words, D*(N; M) and D.(N; M) are the homotopy groups of the derived function
H-module and derived smash product as in [10, IV§ 1]. We then have as a result that

HE (A; M) = D*(IR(H N A); M)
and we make the definition

HE(A; M) = D (I™(H N A); M).
For A — X, we let

HE (X, A; M) = DL(T(Cf); M),

for C'f the cofiber as above. Using the connecting morphism 0 arising from cofibration sequences
in MCH | we get a homology theory.

THEOREM 2.7. The functors HS"(—; M) and connecting morphism 0 define a homology
theory on the category Ack/ M satisfying the following version of the FEilenberg—Steenrod
axioms.

(i) (Homotopy) If (X, A) — (Y, B) is a weak equivalence of pairs, then the induced map
HS (X, A; M) — HS» (Y, B; M) is an isomorphism of graded abelian groups.
* x g g
(ii) (Exactness) For any pair (X, A), the sequence

c— HS (X, A M) S HC (A M) — HS (X M) — HE" (X, A; M) — - --

n+1

is exact.

(iii) (Excision) If A is cofibrant, A — B and A — X are cofibrations, and Y is the pushout
X T4 B, then the map of pairs (X, A) — (Y, B) induces an isomorphism of graded abelian
groups HS" (X, A; M) — HS (Y, B; M).

(iv) (Sum) If {X,} is a set of cofibrant objects and X is the coproduct, then the natural
map @ HS" (Xo; M) — HS(X; M) is an isomorphism.
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For convenience in inductive statements, we let
HE, (4 M) = Ext(IRA, M),
HE(A; M) = Tor [ (ITA, M),

the R-module cohomology and homology with coefficients in M of the augmentation ideal; this
is a cohomology theory and a homology theory, respectively, on the category of R-modules
over H.

As we mentioned in the introduction, in our main application, H will be an Eilenberg-Mac
Lane spectrum Hr for a commutative myR-algebra . For any m-module L, HL has a unique
structure as an Hm-module. In this context we will abbreviate notation for the coefficients by
writing L in place of HL, for example,

He, (A;L) = He, (A; HL),

n

HC(A; L) = HS"(A; HL).

3. Properties of Quillen homology and cohomology

In the previous section, we reviewed the construction of the Quillen cohomology groups that
we use in the obstruction theory in the next section. In this section, we review some of their
fundamental properties that we need to construct the obstruction theory and to calculate the
obstruction groups.

Although our obstruction theory involves the Quillen cohomology groups, we use the Quillen
homology groups to help work with them. Definition 2.6 provides the precise relationship
between Quillen homology and Quillen cohomology in this context. Computationally, applying
the universal coefficient spectral sequences of [10, ITV§4], we obtain the following universal
coefficient spectral sequences for Quillen homology and cohomology.

THEOREM 3.1 (Universal Coefficient Spectral Sequences). Let A be an E,, R-algebra lying
over H and let M be an H-module. There are spectral sequences with
B, = Torly™ (HE (A H), m M),
Byt =Bxt>! (HS (A H), m M)
converging strongly to HS"(A; M) and conditionally to HE (A; M), respectively. For A — X
a map of E, R-algebras lying over H, there are spectral sequences with
B3, = TorT3 (H (X, Ay H),m, M),
Ey' = Ext>' (H (X, A H), 7. M)

converging strongly to HS» (X, A; M) and conditionally to HE (X, A; M), respectively.

For computing HS» (A; H), the main result [3, Theorem 1.3] provides an iterative method. For
A a cofibrant E,, R-algebra lying over H, let N be a cofibrant non-unital F,, H-algebra with a
weak equivalence KN — H Ag A of E,, H-algebras lying over H. By definition then HS» (A; H)
is m.QN. Sections 5 and 6 of [3] study the bar construction BKN and show that it has the
structure of an FE,_; H-algebra and the reduced construction BN (constructed by K BN ~
BKN) has the structure of a non-unital F,,_; H-algebra. Iterating the bar construction, we
have a weak equivalence B"N ~ S"QN. In terms of homotopy groups, we have

H¢" (A;H) = m,B"N,
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or more generally with coefficients,

HS (A; M) = Tor” (B"N, M),

H " (A; M) = Extj (B"N, M).
The filtration on the bar construction then gives us a spectral sequence for computing the
Quillen homology and cohomology from the homology and cohomology of smash powers of
B"~IN. The next theorem states this result in a form that is useful for induction. The

extra summand of 7. M in the statement derives from the fact that BBIN ~ HV BITIN,
or equivalently, the convention that (B/N)(®) = H rather than .

THEOREM 3.2. Let A be an FE,, R-algebra lying over H and let N be a cofibrant non-unital
FE, H-algebra with a weak equivalence KN — H Ar A of E,, H-algebras lying over H. For an
H-module M and j < n, there is a spectral sequence with

El,=Tor;'(B'N Ay ... Ay B'N, M)

s factors

converging strongly to w. M & Hfit;‘-s—l)(A; M) and a spectral sequence with

EPt =Extty (BIN Ay ... Ag BPN, M)

s factors

converging conditionally to m. M & bR (A; M).

Cj+1

Under flatness or projectivity hypotheses, we have a good description of the E? page of the
spectral sequence.

THEOREM 3.3. Let A be an E, R-algebra lying over H and let H — F be a map
of commutative S-algebras. For 0 < j < n, let Bl be the associative m.F-algebra m,F @®
HY (A F),

(i) If B! is flat over m,F, then the E? page of the homological spectral sequence of
Theorem 3.2 with coefficients in F' is

E2, = Tor; (m.F, . F).

(ii) If B! is projective over m, F, then the Es page of the cohomological spectral sequence
of Theorem 3.2 is

By’ = Exty (m.F,m.F).

These spectral sequences also have multiplicative structures. For the homological spectral
sequence, when n > 1 and j < n — 1, the bar construction Be(B’N) is a simplicial (partial)
non-unital F,,_;_q-algebra. The structure map

Cn_j—1(2)4 A (B(B’N) A B(B'N)) — B(B’N)
preserves the filtration and so induces an action on the spectral sequence. Since C,,—j_1(2) ~
Sn—Ji=2 for j =n —2, we get an associative multiplication, and for j <n —2 we get an

associative commutative multiplication and a (n — j — 2)-shifted Lie bracket, which together
give the structure of an (n — j — 2)-Poisson algebra. However, since each By(B’N) is actually
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a (partial) E,_j-algebra, the Lie bracket from the E,,_;_;-algebra structure is zero, and so the
Lie bracket in the spectral sequence is zero. The Lie bracket therefore plays no role in spectral
sequence computations here, though we do get the conclusion that it lowers total filtration in
BIT! . As we show in Section 7, the cohomology version of the spectral sequence always has an
algebra structure.

THEOREM 3.4. Let A be an E, R-algebra lying over H and let H — F be a map of
commutative S-algebras.

(i) If n>1 and j < n —1, then the homological spectral sequence of Theorem 3.2 with
coefficients in F' has a natural multiplication for which the differential is a derivation.
Furthermore, this multiplication converges to the multiplication on the target coming from
the E,,_(j,1)-algebra structure on the iterated bar construction. Under the flatness hypothesis
of Theorem 3.3, the multiplication on the E? page coincides with the usual multiplication on
Torii (7. F,m,F) for the commutative algebra BI.

(ii) For all j < n, the cohomological spectral sequence of Theorem 3.2 with coefficients in
F' has a natural multiplication for which the differential is a derivation. Furthermore, this
multiplication converges to the multiplication on the target coming from the diagonal on the
bar construction. Under the projectivity hypothesis of Theorem 3.3, the multiplication on the

*

E5 page coincides with the usual (Yoneda) multiplication on Extgi (o F,m F).

We need one more set of results from [3]. Section 8 of [3] studies the compatibility of power
operations on the algebra and on the bar construction. We summarize what we need in the
following theorem. In this, we write H.(A;F,) for the kernel of the map H,(A;F,) — T,
induced by A — H — HF,, where H,(A;F,) denotes the ordinary R-module homology of A
with coefficients in F, (defined as m,(A Al HF,) = Torf(A, HF,) [10, 1V.3.2]).

THEOREM 3.5. Let F~: HIF,, and suppose 2 < n < 00 and 1 < j < n. With notation as
in Theorem 3.3, the map H.(A;F,) — B +; preserves the Dyer—Lashof operations defined for
E,_; HIF,-algebras.

We can generalize the above theorem by studying the interaction of the Dyer—Lashof
operations with the spectral sequence in Theorem 3.2. For n > 2 and 0 < j < n — 2, each line
in the bar construction B(B/N) is a (partial) E, _;-algebra, and so its F,, homology admits
additive operations Q¢ and (for p > 2) BQ* on elements in degree t for 2i <t+mn —j — 1 for
p>2o0ri<t+n—j—1for p=2. The operation Q% is zero if 2i —e <t forp>2ori <t
for p = 2 [6, 111.3.1]. These operations therefore act on the E' page of the homological spectral
sequence of Theorem 3.2 (for M = HF,); they commute up to sign with the d; differential since
this is an alternating sum of face maps, each of which is a map of (partial) E,_;_1-algebras.
(The top operations commute with the face maps because they are the restriction operation
&n—j—1 and for p > 2 the operation (,—j—1 in the FE,_;_j-algebra homology operations
[6, T11.3.3.(2)].) We prove the following theorem in Section 6.

THEOREM 3.6. Suppose2 <n < ooand0 < j <n — 2. For F' = HIF,, the spectral sequence
of Theorem 3.2 admits operations

BQ B — Elyynipo1y-e €=01, p>2,
Q" : Eg,t - Eg,t+i p=2
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for r > 1 and
2i<t+n—753—-1, p>2,
1<t+n—j—1 p=2
satisfying the following properties:

(i) for r =1, B°Q’ is the Dyer-Lashof operation 3Q" on H,(Bs(B'N);F,);
(i) BQ’ (anti)commutes with the differential d, : By, — Ey_, ., 1 by the formula
BEQldr = (_l)edrﬁte;
(iii) if 2 € B}, is a permanent cycle and 3°Q" is defined on E},, then the permanent cycle
BQ'x represents °Q'x in Bi“, and if s+t >2i—e¢€ forp>2ors+t>i for p=2, then
B°Q'x is hit by a differential.

Finally, we have the following Hurewicz Theorem relating Quillen homology with R-
module homology. For an H-module M, we write H,.(A; M) for m.(A A% M) = Torf(A, M),
the R-module homology with coefficients in M, and likewise, H.(X, A; M) for the relative
homology. Thinking in terms of non-unital F, H-algebras, the unit of the @, Z adjunction
N — Z@QN induces a natural map from (reduced) homology to Quillen homology.

THEOREM 3.7 (Hurewicz Theorem). Let M be a connective H-module and let A — X be
a map in QLCTIL{/H that is a g-equivalence for g > 0. Then the natural map from H.(X, A; M)
to HS» (X, A; M) is an isomorphism for * < q+ 1, that is, HS» (X, A; M) =0 for * < q and

Hyr (X, A; M) = Hp (X, A; M),

Proof. Using the homology version of the Universal Coeflicient Theorem, it suffices to
consider the case when M = H. We model the map H /\I;,-i A— H /\IISz X as a map of non-unital
E, H-algebras N — Y. Looking at the filtration on the bar constructions BN and BY, we
see that on the sth filtration level, the map N — Y () is sg-connected, and for s = 1, the
cofiber has (¢ + 1)st homotopy group Hy41(X, A; H). (The zeroth filtration level is trivial.)
Since ¢ > 0, for s > 1, s¢ > ¢+ 1, and so it follows that the map BN to BY is a (q+ 1)-
equivalence whose cofiber has 7442 given by Hyy1(X, A; H) (via the inclusion of the cofiber of
YN — XY from filtration level 1). Repeating this argument, we get that the map B"N to B"Y
is a (¢ + n)-equivalence whose cofiber has 7y n41 given by Hyyq(X, A; H) (via the inclusion
of the cofiber of XB"'N — $B"~1Y from filtration level 1). U

4. Obstruction theory for connective E, algebras

This section generalizes the work of Kriz [16] and Basterra [2] on Postnikov towers and
obstruction theory on E., ring spectra to the context of E, ring spectra. We continue to
work in the context of F, R-algebras for a connective commutative S-algebra R.

We begin with the notion of a Postnikov tower. For a connective cofibrant F,, R-algebra A
fix H = HmpA, and note that A has an essentially unique structure of an F, R-algebra over
H: An easy induction in terms of cells for a cell E,, R-algebra homotopy equivalent to A shows
that A admits a map of F,, R-algebras to H which induces the identity map on 7y, and that
this map is unique up to homotopy. Fixing a choice of augmentation, we can then consider
towers in ACT M under A,

A— i — Alg] — Alg— 1] — -+ — A]0],

where the map A[0] — H is a weak equivalence, m;A[g] = 0 for s > ¢, and the map A — A[q]
induces an isomorphism on homotopy groups 7 for s < q. We call any such tower a Postnikov
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tower for A in ACL/ H, and we say that two Postnikov towers for A in ACE . are equivalent
if they are weakly equivalent as towers in Ack / H\A, that is, in the category of E,, R-algebras
lying over H and under A. Of course, the underlying tower of R-modules of a Postnikov tower
in QlCTIL% /M i a Postnikov tower of R-modules. We have the following existence and uniqueness
theorem for Postnikov towers in ACL /8

THEOREM 4.1. Let A be a connective cofibrant E,, R-algebra over H = HngA. Then A has
a Postnikov tower in ACY M and any two are weakly equivalent.

Proof. 'We can construct A[q] by attaching F,, R-algebra cells to kill off the higher homotopy
groups; this constructs a Postnikov tower where each structure map A — Alg] is a relative cell
complex. It is easy to see that any Postnikov tower is weakly equivalent to one where the
tower maps A[q] — A[g — 1] are fibrations, and then an easy cell-by-cell argument constructs a
weak equivalence of Postnikov towers from any one where the structure maps are relative cell
complexes to any one where the tower maps are fibrations. ]

The R-module Postnikov tower is modeled by a tower of principal fibrations and this leads
to an obstruction theory in the category of R-modules. Kriz’s insight is that the same holds
for E, ring spectra, and we argue that the same holds for F, R-algebras. Since H is the
final object in Q[Cf My principal fibration in Q[Cf /M is one that is the pullback of a fibration
whose source is weakly equivalent to H. To avoid using cofibrant and fibrant approximation in
the statements below, for the purposes of this section, we will understand ‘homotopy fiber’ in
terms of the notion of weak pullback in Ho2C} M We say that A[g] (or more accurately, the
map Alq] — Alg — 1]) is the homotopy fiber of a map Alg — 1] — H vV M in Ho ACH/H when
the square

Alg) ——H

L

Alg—1—=HVM

. R/H . L . R/H
in HoRAC," " is a weak pullback square, that is, given any map from B to A[g — 1] in HoACy,
such that the composite to H V M factors through (the unique map to) H, there exists a
compatible map from B to A[g] in Ho ACE/H  The map from B to Alg] will generally not be
unique: When the homotopy fiber is constructed as the pullback along a fibration for a choice of
point-set model of the map Alg — 1] — H V M and a fibration model of the map H — H V M,
it is easy to see that the set of choices for the map B — A[g] (when one exists) has a free
transitive action of Hc_n1 (B; M) = Hp (B;QM). The following theorem in part asserts that a
Postnikov tower in Q[Cff /M can be constructed by iterated homotopy fibers of E,, R-algebra
k-invariants.

THEOREM 4.2. Let A be a connective cofibrant E, R-algebra over H = HmgA. Then there
exists a Postnikov tower for A in ACH / H,

and a sequence of classes k; € Hg:l(A[q — 1];m4A) such that A[0] — H is a weak equivalence
and each Alg| is the homotopy fiber of the map k; : Alg —1] — H V Y4t Hr,A. Moreover,
these data have the following consistency and uniqueness properties.
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(i) The natural map Hg:‘l(A[q —1);mgA) — HT ' (Alg — 1]; w4 A) takes k7 to the R-module
k-invariant k, = kg.

(ii) If {Algl,ky} and {A'[q], k;*} are two Postnikov towers for A in ACH/H constructed as
iterated homotopy fibers as above, then any weak equivalence of Postnikov towers relating
them sends k' to k.

As a consequence of the uniqueness properties of the two theorems above, it makes sense
to talk about the Postnikov tower {A[g]} and E, R-algebra k-invariants kj for connective
E,, R-algebras A that are not necessarily cofibrant, constructing them by using a cofibrant
approximation.

Before proving Theorem 4.2, we state the following obstruction theoretic consequences. The
identification of A[g] as a homotopy fiber gives the following E, R-algebra analog of the
elementary obstruction lemma.

COROLLARY 4.3. Let A and B be E, R-algebras over H = HmgA, and let f,—1: B —
Alg — 1] be a map in HoAC/* . Then fq—1 lifts in HoAC ™ to a map fq: B— Alq] if and
only if f_1kj € Hg:rl(B; mqA) is zero; if such a lift exists, then after choosing one, the set of
such lifts is in one-to-one correspondence with elements of Hi (B;m A).

Putting this together for all ¢, we obtain the following corollary.

COROLLARY 4.4. Let A and B be E, R-algebras over H = HngA, and let f,: B — Alq]
be a map in Ho QlC,If/H. Then f, lifts in Ho Q[C,?/H to a map f: B — A when an inductively
defined sequence of obstructions og € Hé:l(B; msA) are zero for all s > q + 1.

On the other hand, consider the case of an R-module A with a fixed commutative 7 R-
algebra structure on mpA and mpA-module structure on m,A. Suppose A[g — 1] has an E,
R-algebra structure over H = Hmg A, compatible with the given myA-module structure on 7, A.
The R-module k-invariant k) and the augmentation Alg — 1] — H induce a map of R-modules

Alg—1] — HV X1, A

such that the homotopy pullback of the inclusion of H in H V X917 A is weakly equivalent
to Alg]. This map is represented by a map in Ho ACE/M it and only if kY is in the image
of Hg:rl(A[q — 1];m4A). Combining this observation with Theorem 4.2 above, we obtain the
following corollary.

COROLLARY 4.5. Let A be an R-module with a fixed commutative mo R-algebra structure on
moA and moA-module structure on . A. An FE,, R-algebra structure on Alq — 1] over H = Hmp A
compatible with the mgA-module structure on m,A extends to a compatible FE, R-algebra
structure on Alg] if and only if the R-module k-invariant k) € H'(Alq — 1];74A) lifts to an
element of Hg:“l(A[q — 1], A).

Since A is the homotopy inverse limit of its Postnikov tower, we obtain the following corollary.

COROLLARY 4.6. Let A be an R-module with a fixed commutative mgR-algebra structure
on mo A and w9 A-module structure on 7, A. There exists a compatible E,, R-algebra structure on
A if each R-module k-invariant k) € H1(Alq — 1], w4 A) lifts to an element of the inductively
defined group Hg:l(A[q — 1], myA) (which is defined only after lifting k) ,) for all ¢ > 1.
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We now proceed to prove Theorem 4.2. It is convenient to construct the A[g] as cofibrant
objects and the maps A[q] — A[q — 1] as fibrations. At the bottom level, we construct A[0] by
factoring the map A — H as a cofibration A — A[0] followed by an acyclic fibration A[0] — H.

Assume by induction we have constructed A[g — 1]. Then the Hurewicz Theorem for H-
modules [10, IV.3.6] and the Hurewicz Theorem 3.7 give us canonical isomorphisms

HSpy (Alg — 1), A H) 2= Hyy1 (Alg — 1, A H)
= 7Tq+1(H Ar Alg— 1], H Ar A)

and tell us that HS»(Alg — 1], A; H) = 0 for s < ¢. The Universal Coefficient Theorem for
R-modules [10, IV.4.5] then gives us a canonical isomorphism

Tg41(H AR Alg — 1], H A A) 2 10 H @nyr Tq+1(Alg — 1], A) Z 10 A @ r TgA
and the Universal Coefficient Theorem 3.1 gives us a canonical isomorphism
HE M (Alg — 1], A;mgA) 2 Hompya(mgs1 (H Ar Alg — 1), H Ag A), mA)
=~ Homp, A (m0A Q@ryr g A, T A)

= Homy,r(mgA, mgA).

We let £ be the element of Hg:l(A[q — 1], A;myA) that corresponds to the identity element
of Homg,p(m;A, 7 A), and we let k' be its image in Hg:l(A[q— 1];m4A). Note that by
construction, the natural map Hg:‘l(A[q —1];m A) — HI (Alg — 1];m,A) takes kg to the
R-module k-invariant k).

Let M = X% Hr A, and choose a fibrant approximation (H V M); of HV M in ackH
Since we assumed A and Afg — 1] are cofibrant, a representative for k' is then a map & :
Alg—1] - (HV M)y in ACHH and a representative for /7 is a homotopy in ACHH from
the composite map A — (H V M)y to the trivial map A — H — (H V M)y. Factoring H —
(H V M)y as an acyclic cofibration H — H’ and a fibration H' — (H V M)y, and applying the
homotopy lifting property, we obtain a commutative diagram:

A H

L

Alg =1l —= (HV M);.

We form the homotopy fiber F' of kj as the pullback of H" — (H Vv M); along r, and we
construct A[g] by factoring the induced map A — F as a cofibration A — A[q] followed by an
acyclic fibration Afg] — F. By construction, m,A[q] is canonically isomorphic to m,A and the
map A — Alg] induces this canonical isomorphism. This completes the inductive step and the
construction of the Postnikov tower as a tower of iterated homotopy fibers.

The consistency statement (i) follows from the construction of the kg above; thus, it remains
to prove the uniqueness statement (ii). A zigzag of weak equivalences of Postnikov towers in
particular restricts to a zigzag of weak equivalences of pairs

(Alg = 1], 4) = (A'[qg - 1], 4)

in Qle / H, which induces an isomorphism on H¢ . Naturality of the Hurewicz homomorphism
implies that the following diagram commutes:

Hg:l(A’[q — 1], 4; 7, A) = HITY(Alg — 1], A;mgA) 5 Hom g (7 A, mgA)

g\L g\L %\Lid

Hg:l(A[q — 1], A;m A) - HITY(Alg — 1], 4; 7, A) —= Hom,r(mgA, mqA)
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where the right vertical map is the identity. The hypothesis that A[g] and A’[¢] are the
homotopy fibers of &j and k" implies that the images of k7 and k" in ngl(A;qu) are
zero, which implies that kj is in the image of ngl(A[q — 1], A;myA) and k' is in the image
of Hg:l(A/ l[¢ — 1], A;m4A). Choosing a lift for each, we can identify the corresponding element
of Homy,r(mgA, mgA) as the map on 7, induced by the map A — Alg| for kg and the map
A — A'[q] for k. Thus, both lifts must correspond to the identity map. It follows that the
zigzag of weak equivalences sends k:;" to ky . This completes the proof of Theorem 4.2.

5. Proof of the Main Theorem

We now apply the obstruction theory of the previous section (with R = S,y and H = HZ,))
to prove the main theorem. We fix a prime p and argue by induction up the Postnikov tower
as in Corollary 4.6.

As a base case, we have

MU(p) [1] = MU(p) [0] = HZ(p) and BP[l] = BP[O} = HZ(p)
are F, ring spectra and isomorphic. In particular, we have maps of 4 ring spectra

over HZ ). We assume by induction that BP[2n — 1] is an Ej ring spectrum and that we have
constructed maps of E, ring spectra

MU,y — BP[2n — 1] and BP[2n — 1] — MU, [2n — 1]

over HZ,). We then argue that we can extend the Ej, ring structure on BP[2n — 1] to an Ej
ring structure on BP[2n + 1] and that we can obtain maps of Fy ring spectra

MUy — BP[2n+1] and  BP[2n+1] — MUg[2n + 1],

over HZ,, which extend the previous pair of maps. This then will prove that BP has the
structure of an F, ring spectrum.

As part of the inductive argument, we will have to prove the following lemma about the
Quillen homology and cohomology of the Postnikov sections.

LEMMA 5.1.  Let A= MU,)[2n + 1] or A = BP[2n + 1]. In degrees at most 2n + 1, the Ey
Quillen homology HE¢* (A;Zy)) and Ey Quillen cohomology HE (A;Zy,)) are concentrated in
even degrees and torsion free.

As a consequence of this lemma, we see that the F4 Quillen cohomology of MU, and of BP
is concentrated in even degrees for the E, structure on BP constructed above. If BP’ denotes
BP with any E4 structure, obstruction theory (Corollary 4.4) then says that there exists a map
of E, ring spectra BP to BP’ over H Zp)- Since this map preserves the unit, as a self-map on
the underlying spectrum BP, it is an isomorphism on HY(BP;F,), and so is an isomorphism on
H*(BP;F,), and so is an isomorphism in the stable category. The map BP — BP’ is therefore
a weak equivalence of Ej4 ring spectra. This shows that any two Ej4 ring structures on BP are
isomorphic in the homotopy category of Ej4 ring spectra, finishing the proof of Theorem 1.1.

Before proceeding with the argument, we note that as a byproduct of the outline above, we
get maps of Fy ring spectra MU,y — BP and BP — MU,). (Such maps must also exist by
Lemma 5.1 and obstruction theory Corollary 4.4.) The composite map BP — BP is a weak
equivalence, and so pre-composing its inverse with the map BP — MU, the composite self-
map of MU, is now an idempotent Fj ring map, factoring through BP, and splitting off BP
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as the unit summand. The construction gives no hint or details about which idempotent map
of MU, this is. We hope to return to this question in a future paper.

We now begin the proof of the inductive step. We start with the inductively constructed map
of Ey ring spectra BP[2n — 1] — MU ,[2n — 1]. Ignoring the Ej structure, this map extends
to a map in the stable category from BP to MU,); since this extension is an isomorphism
on H(—;F,), it is split by a map in the stable category s: MU,y — BP. Choosing such a
splitting, we have that the spectrum-level k-invariant

kS, (BP) € H*"*1(BP[2n — 1], 7, BP)
for BP is the image of the spectrum-level k-invariant
k9, (MU (,,)) € H*" T (MU, [2n — 1], m2,MUy,))

under the map induced by BP[2n — 1] — MU,y[2n — 1] and the map s, : 7.MU(,) — 7. BP.
Since MU,y is an Ey4 ring spectrum, its spectrum-level k-invariant k9, (MU ) lifts to its Ey
ring spectrum k-invariant

k3, (MU(p)) € HZ"H (MU ) [2n — 1], 12, MUy)).

The image of this under the E4 ring map BP[2n — 1] — MU,[2n — 1] and the map s, :
.MU,y — m.BP provides a lift to HEZH(BP[Qn — 1], m2,BP) of k9, (BP). This constructs
BP[2n + 1] = BP[2n] as an E, ring spectrum.

Looking at the construction in the previous paragraph, it does not follow immediately
that the £y ring map BP[2n — 1] — MU,[2n — 1] extends to an F, ring map BP[2n + 1] —
MU, [2n + 1]. However, Lemma 5.1 stated above implies that the obstructions in

HZ" " (BP[2n 4+ 1], m2,MU(,,)) and  HZ' (MU, [2n + 1], 72, BP)
to extending the F, ring maps
BP[2n — 1] — MU,y[2n — 1] and MU,y — BP[2n — 1]
to E4 ring maps
BP[2n + 1] — MU,)[2n + 1] and MU,y — BP[2n + 1]

are both zero. Thus, the completion of the inductive step reduces to Lemma 5.1.

The rest of the section is devoted to the proof of Lemma 5.1. The role of the inductively
hypothesized Ej ring map MU,y — BP[2n — 1] is that we need it to prove the part of the
lemma concerned with BP. The part of the lemma concerned with MU, is independent of any
facts about BP, and so provides the extension MU,y — BP[2n + 1]. A rigorous organization
would be to prove the result for MU, first and then go back and prove the result for BP;
however, to avoid needless repetition, we will do the argument all at once. In fact, since the
Thom isomorphism gives a weak equivalence of augmented Eo, (and hence Ey) HZ,)-algebras

HZ(p) A MU ~ HZ(p) ABU4,

the lemma for MU follows from Singer’s computation of the cohomology of B*BU [26] (see
[1, 4.7] for an easier computation of this special case). Nevertheless, we must go through the
computation for MU to obtain the computation for BP.

For the proof of the lemma, we need a fact about the Dyer—Lashof operations on MU.
Let as denote the polynomial generator in Hos(MU;F),), which under the Thom isomorphism
corresponds to the standard generator b, in Hos(BU; F)). According to [18, IX.7.4.(i)] and [15,
Theorem 6], we have

Q*tla, = (s (s+1)(p—1) T decomposables p > 2,
Q**2a, = sy (s+1) + decomposables p = 2.
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For convenience, abbreviate this operation as Q: On an element = in degree 2s,
Q=" x (p>2), Qu=Q*"x (p=2);

this is a well-defined operation on the homology of Ej4 ring spectra. For BP[2n + 1], when n >
p — 1, we have an element & (for p > 2) or &% (for p = 2) in Hy,_o(BP[2n + 1];F,) mapping to
the correspondingly named element in s, = Hap,_o(HF,;F,). Since the map from BP[2n +
1] to HF, is an E4 ring map, we can compute the Dyer-Lashof operations on this class from
the Dyer—Lashof operations in H,(HF,;F,), computed in [6, IT[.2.2-3]. In particular, we have
that in the range of dimensions where H,(BP[2n + 1];F,) = H,(BP;F,) (that is, * < 2n +
1), H.(BP[2n + 1];F,) is the polynomial algebra on generators &, Q¢1, Q%¢4, ... for p > 2 or
5%7 Qg%v 925%7 ... for p= 2.

To take advantage of the Dyer—Lashof operation Q, we reorganize the polynomial generators
of H,(MU; IE‘ ) and H, (BP[2n 4 1];F,) as follows. For H,(MU;F,), let 'y’ = ap_1, and choose
elements .’L‘ Ufori>1,j>0in Hy, (MU;F,) such that

(1) z 7+1 sz Wi (SO Sij+1 = p(si it 1) - 1)7 and

(ii) H.(MU;F,) is polynomial on xf/[]U, 120,57 >0.

For example, having chosen ng(y, R x,w , then xl,z,/l_ﬂO can be chosen as a, for the smallest
positive integer ¢ not among the numbers s; ; for 0 <i < k,j > 0. By slight abuse, we will
regard the elements x}” with 2s; ; < 2n+ 1 as elements of H,(MU[2n +1];F,); then we
have that in degrees at most 2n 4 1, H,(MU ) [2n + 1];F,) is polynomial on the elements 2}
with ¢ > 0,7 > 0, and 2s; ; < 2n + 1.

For BP[2n + 1], when n > p — 1, we take 25 to be & for p > 2 or £ for p = 2, and 25", | =
QY. Then in degrees at most 2n + 1, H, (BP[Qn +1];F,) is polynomial on the elements x§"
with Jj=0and2sp; <2n+1 (Whether or not n > p — 1). Looking at cohomology, we see that
the map MU,y — HF, sends a,1 = z, MU to & or €2, and so it follows that the given map
MU,y — BP[2n + 1] sends zply to z6 when n > p—1.

We are now ready to start the proof of the lemma Let A be one of MU, [2n + 1] or BP[2n +

1] and write z; ; for the generator xMJU or zP i P above, where in the case of BP, we understand
i = 0. The lemma concerns Quillen homology and cohomology with coefficients in Z,) and
we will use the Universal Coefficient Theorem 3.1 to obtain this information from the Quillen
homology with coefficients in F,. We compute

BI = BI(A) =F, ® H." (A;F,)

in degrees at most 2n + 1 for ¢ = 1,2, 3,4 inductively as follows.

To compute B., we apply the bar construction spectral sequence (Theorem 3.2). Looking
at the E' page and its differential, we see that the E? page for computing B} is the exterior
algebra on generators ox; ; (in bidegree 1,2s; ;) in internal degrees t < 2n + 1. Because the
sequence is multiplicative (Theorem 3.4.(i)), there can be no non-zero differentials starting in
these degrees, and therefore also no non-zero differentials hitting these degrees. Passing to £,
we see that the associated graded of B! is isomorphic to this exterior algebra in degrees at
most 2n + 2. Because B} is a Hopf algebra with its generators (in this degree range) primitive
and in odd degree (by Theorem 3.4.(ii)), it follows that B} is this exterior algebra in degrees
at most 2n + 2.

Applying the bar construction spectral sequence again, we see that the E? page for computing
B? is the divided power algebra on generators 02961,] (in bidegree 1,2s; ; + 1) for t < 2n + 2.
Equivalently, letting +,x (02, ;) denote the element of E? ok 20k (251 5+1) represented by

(o ;|| ow;;) € By(B}) =B, ® - ® By,
—_—

pk factors
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then o2wi}j =71(oz; ;) and Ef* is the tensor product of truncated polynomial algebras

Q) Fp [y (020 3)]/ (v (01.5))7

i3,k
in internal degrees t < 2n + 2. Since this is concentrated in even degrees, nothing in internal
degree t < 2n + 2 can be hit by a non-zero differential, and nothing in total degree at most
2n + 3 can have a non-zero differential. Thus, in total degrees at most 2n + 3, E? = E*, and
we can identify the associated graded of B2 in these degrees as the tensor product of truncated
polynomial algebras above. Applying Theorem 3.5 and using the fact that Qx; ; = x4 11, we
see that in B2,

(0%2i )" = Q 0wy j = 0*Qwij = 07 j41
(for s = 5;; + 1if p > 2o0r s = 25, ; + 2 if p = 2). In the case when A = MU;,)[2n + 1], because

Ais an E, ring spectrum, we have all Dyer—Lashof operations, and applying Theorem 3.6, we
see more generally that

(Ypr (02i,5))P = Ypr (0Ti j41)-

It follows in this case that in degrees at most 2n + 3, B2 is the polynomial algebra on
generators z; = Ypr(0xi0) for i > 0,k > 0. In the case when A =BP[2n + 1], we use the
map BZ(MU,)[2n + 1]) — BZ. Since this map sends 24§’ to 2,0, it sends 25" to 2o, and it
sends Yk (025') to ke (00,5). Thus, it again follows that

(Ypr (020,5))P = Ypr (020 j41)-

and that in degrees at most 2n + 3, B2 is the polynomial algebra on generators 20,k = Ypr(0Ti0)
for k > 0.

We compute B2 just as B} and see that in degrees at most 2n + 4, it is an exterior algebra
on odd degree generators. The E? page for computing B? is concentrated in even degrees for
degrees at most 2n + 5, and therefore B} is as well. Hence, HS*(A;F,) is concentrated in even
degrees for degrees at most 2n + 1. It follows that HC(A; Z(yy) is concentrated in even degrees
for degrees at most 2n + 1 and is torsion free in degrees < 2n + 1 and hence in degrees at most
2n + 1. Finally, we conclude that Hg (A;Z,)) is concentrated in even degrees and torsion
free for degrees at most 2n + 1. (In fact, we see it is also torsion free in degree 2n + 2.) This
completes the proof of Lemma 5.1 and therefore also the inductive step.

6. Proof of Theorem 3.6

This section proves Theorem 3.6, which explains how the operations fit into the bar construction
spectral sequence of Theorem 3.2. The (j + 1), times iterated bar construction on an E,, algebra
is the geometric realization of a simplicial (partial) E, _;_; algebra; the spectral sequence
with coefficients in HIF,, arises from the simplicial filtration on the geometric realization of a
simplicial (partial) E,,_;_1 HF-algebra. Theorem 3.6 is a special case of the following theorem,
which fits the Dyer—Lashof operations into general spectral sequences of this type.

THEOREM 6.1. Let Ao be a proper simplicial (partial) E,, HF,-algebra for 2 < n < oo, and
let A = |As| be its geometric realization. The spectral sequence
E;,t = ﬂ-tAs
converging strongly to ms1 ;A admits operations
BQ B — Elyynipo1y-e €=01, p>2,
Q" : Eg,t - Eg,t+ia p=2
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for r > 1 and

2i<t+n—1, p>2,
i<t+n—1, p=2.

If n < 0o and the (n — 1)-shifted Lie bracket is zero on each m.As, then there are also ‘top’
operations Q"~1/2 and Q" 1HY/2 for p > 2 (n — 1 4t even) and Q" '** for p = 2 (all t)
defined on E¢ ;.

These operations satisfy the following properties.

(i) On E;y*, the operation 3¢Q° is the Dyer—Lashof operation 3°Q" on w, A, or in the case
of the top operations, &, 1 (for Q"~11/2 p > 2 or Qn~1* p = 2) or ¢, (for BQ"111/2),
(ii) The operation 3°Q" (anti)commutes with the differential d, : Ef , — E7_, ., | by the
formula 3¢Q'd, = (—1)¢d, 3°Q".
(iii) If x € B}, is a permanent cycle and 3°Q" is defined on E. ,, then the permanent cycle
B°Q'x represents 3°Q'x in m,A, or when s = 0 and 3°Q" is a top operation, &,_1 or Cp_1. If
s+t>2i—eforp>2ors—+t>iforp=2, then f°Q'x is hit by a differential.

In the statement ‘proper’ means that the union of the degeneracies is a cofibration of some
sort and just ensures that the geometric realization has the correct homotopy type; if A, is
not proper, the spectral sequence actually converges to the homotopy groups of the thickened
realization. We can always arrange for A, to be proper, replacing it with a levelwise equivalent
object if necessary.

For the proof of Theorem 6.1, it is convenient to have A4 be ‘Reedy fibrant’, meaning that at
each level s, the map from Ay to the limit over the face maps of 4;, i < s is a fibration (more
on this in the proof of Lemma 6.2 below). We can arrange this, without loss of generality, by
replacing A, by a weakly equivalent simplicial E, HIF,-algebra if necessary. We now assume
this and begin the proof of Theorem 6.1.

We are taking the sign convention that on E! ,, the d; differential is

S
dy = (-1 (-1)'0;,
i=0
where 9; denotes the ith face map in the simplicial structure. Since each face map preserves the
E,, HF,-algebra Dyer-Lashof operations and these operations (except the top operations) are
additive, it follows that the dy differential commutes up to sign with these operations (except
the top operations). Under the hypothesis that the Lie bracket is zero, the top operations are
also additive and the d; differential commutes up to sign with these as well. It follows that the
operations are well defined on the E? page. Since part (i) of the statement holds by definition
and inductively part (ii) of the statement for the d,. differential shows that the operations are
well defined on the E"! page, it suffices to verify parts (ii) and (iii).

Each element in E?, for r > 2 is represented by an element of Esl’t with the property that

the face maps 9y, ..., are zero, this subset is the normalized E' page. Now given such an

element = that survives to E{;, we can represent z as a map of HF,-modules

~ . ot
ZTs: S, — As,

where S! denotes a cofibrant ¢-sphere in HF,-modules, S ~ X! HF,,. Moreover, since we have
assumed that A, is Reedy fibrant, we can choose Zs such that for 1 < i < ¢, 0;T is the (point-
set) trivial map S! — As_1; we prove the following lemma at the end of the section.

LEMMA 6.2. Let x € m;As such that O;x =0 in m;Ag_1 for all 1 < i < s. Then x can be
represented by a map T : St — A, such that 9; 0% = x for all 1 <i < s.
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We also use a relative version of this result, which is proved below.

LEMMA 6.3. Let T : Sf: — As be a map such that 0; 0T = « for all 1 <i < s. If T is null-
homotopic in Ay, then there exists a null-homotopy 4 : CS. — Ay such that 8; o §j = x for all
1<2<s.

The map Jy o Zs : St — As_1 represents dpz, which is the d; differential of x up to sign.
Since z is in Eg,, r > 2, we must have that dy o Zs is null-homotopic. Applying the relative
version of the lemma, we can choose a null-homotopy

fs—l : CS?. — As—l

such that 0, 0Zs_1 = * for 1 <i < s— 1. Since 9ydy = 9y01, the restriction of dyo Ts_1 to
St c CS! is the trivial map, and we can consider JpoZs_1 as a map from Sit! to A, s.
This map represents the dy differential of = up to sign. If » > 2, we have that this map is
null-homotopic and we can choose

i’S,Q : CSEJFI I AS,Q.

We continue in this way to construct Zs,...,Z,, where m = max(s — r 4+ 1,0). In the case
when 7 > s+ 1, = is a permanent cycle; in the other case, r <'s, we write y for the map
0o © Ty, viewed as a map from SLT"! to A, representing d,.x up to sign.

The previous paragraph implicitly constructs a simplicial HIF,-module X, and a map of
simplicial HF,-modules X, — A,, where the non-degenerate part of X, is as follows.

(i) The trivial HF,-module x if ¢ < s —r or ¢ > s.

(ii) The HF,-module ST~ if g=s—7 > 0.
(iii) The HF,-module CSI=7 =1 if ¢ > s —r and ¢ < s.
(iv) The HFp-module S if ¢ = s.

On each of these, the maps 0; for i > 0 are trivial, and the map 9y is the composite
CSt—q+s—l St—q+s c CSt—q+s — CSt—(q—1)+s—1
c (& c (&3

fors —r +1 < ¢ < s, the inclusion S? — CS? for ¢ = s and the map CS!T"=2 — Si+7=1 for g =
s —r+1>0. The maps T, and (when it is defined) 7 define a map of simplicial HF,-modules
T: Xe — As.

We now split up the case r < s (to prove part (ii)) from the permanent cycle case r > s+ 1
(to prove part (iii)). In the case r < s, the spectral sequence for computing the homotopy
groups of X, becomes zero at Er*1 and so the geometric realization of X, is contractible.
Since A, is a simplicial E, HIF,-algebra, we obtain a map of simplicial HF,-modules

Ca(p)1 N5, X — A,

and we look at the associated spectral sequence. Let a denote the fundamental class of S!
in 7, X, and let b denote the fundamental class of SI*"~! in 74, 1 X,_,. Since a maps to
x in mgA; and b maps to d,.z up to sign, it suffices to show that in the spectral sequence for
Cn(p)4+ N, X Sp ), the d,. differential takes an operation on a to the corresponding operation on
b up to the appropriate sign as in part (ii) of the statement of the theorem. For this, we use
the comparison maps

ST Ay X — Coo(p)4 Ac, X — Coo(p) 4 Asyy X&) Cu(p)4 As, XIP,

where C), denotes the cyclic group of order p. In the degree range, we are looking at for the
operations, the map

Cn(p)+ Ns, (SEH®) — Co(p)+ Az, (StH—h®
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is an isomorphism or nearly an isomorphism depending on n; see [7, I11.5.2-3]. In the degree of
the top operations &,_1 and (,_1, it is an isomorphism, and otherwise, by working with n — 1
in place of n if necessary, we can make it an isomorphism. This reduces the problem to the
study of the spectral sequence for Coo (p)+ Asx, X and from there to the study of the spectral
sequence for S¢° Ac, X Sp ). The advantage of the latter spectral sequence is that S° Ac, X, Sp )
is canonically a simplicial object in the category of CW HF,-modules, and we can compute
the spectral sequence by looking at the cellular chain complex. The remainder of the proof of
part (ii) is an easy argument with the chain-level operations of [20], as follows.

We work with the normalized total complexes of C.(X,) and C,(S° Ac, X Sp )): An element
of C.(X,) is an element of Cy(Xy) for which the face maps 0; are zero for ¢ > 1, with total
differential D = (—1)*0 + d, where 9 = Jy is the simplicial differential and d is the internal
differential in C,. We then have an isomorphism of spectral sequences between the spectral
sequence of the double complex and the spectral sequence for computing the homotopy groups
of the simplicial HF,-modules X, and Sf Ac, Xfp ), consistent with one commonly used set
of sign conventions (compatible with the convention specified above for d;). Let as be the
generator of C(X;) corresponding to the cell S and as_, for the generator of Ciiq(Xs—g)
corresponding to the cell C'SIH9~1. Under the usual sign conventions for the cellular chains
of CSIHa=1 = §t+a=1 A T (where I has basepoint 1), we have that das_, is (—1)"? times the
class representing the bottom cell S9!, This gives us the formula

Oas_qi1 = (=1)"da,_,.
Taking
=05+ as—1+as—2+ -+ Qs—rt1,
we have that
Da=(-1)"""19a;_,1

is (—1)"""=1 times the generator of Cs_,(Xs_,) corresponding to the cell SI*"~1. Since as
represents a and das_, .1 represents b in the E' page of the spectral sequence for m,|X,|, this
tells us that with these sign conventions, d,a = (—1)**"~1b in E”. The chain-level operation
B°Q? commutes with @ and (—1)°-commutes with d, adding € to the parity of the internal
degree; defining 3°Q%a to be the class

66Qias + ﬁeQias—l +---+ 66Qias—r+1>
in C.(S¢° Ne, Xfp)), we get the formula
DﬁeQid _ (_1)t+r—1+2i(p—1)—eﬁeQiaa577‘+1 _ (_]-)H_T_l—‘rEﬂeQiaasfrJrl,

Since 3Q‘a, represents 3°Q'a and F°QDa,_,,1 represents Q% in the E' page of the spectral
sequence for m,[S3° Ac, Xﬁp)|, we see that

dr(ﬁeQia) _ (_1)t+r—1+5ﬁeQib — (_1)€ﬁeQid7a~

This completes the proof of part (ii).
In the permanent cycle case r > s 4+ 1, the geometric realization of X, is homotopy equivalent
to an (s + t)-sphere HF,-module and the cycle

a=as+as_1+as_2+---+ap

in the normalized total cellular chain complex (in the notation above) provides a fundamental
class in Hgy¢|Xe| = 751t/ Xe|. We have a map from X, to the constant simplicial object St
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induced by the collapse map C'S{T5~1 — S5Ft in simplicial degree 0; looking at normalized total
chain complexes, we see that this map is a weak equivalence, sending a to the fundamental
class ¢ of the cell S5** in C,1+(S5%"). Looking at the maps of simplicial HF,-modules,

Cn (p)+ /\Ep Xﬁp) —— Ao

-

Cu(p)4 Ag, (SETH)®)
to prove part (iii), it suffices to show that the element in
T (Cn(p) 4 Mg, [Xe|P) = m.|Ca(p) 4 As, x|
represented by 3Q%a in the E* page goes to the element 3°Q’c of
7 (Ca(p)+ A, (S27)W)

given by 3°Q° applied to the fundamental class of ST, (For the second assertion of part (iii),
note that when s +¢ > 2i —e (p > 2) or s+t > i (p = 2), this element is zero.) Again, we look
at chain-level operations on the normalized total cellular chain complex of S3° Ac, X.(p ). Now

we have that

BQias + B QUas 1 + - + FQlay
is a cycle, representing /°Q%a. Since it maps to A°Q’c in the cellular chain complex of
S5 e, (S51)(P) | this completes the proof of part (iii) and the proof of Theorem 6.1, assuming
Lemmas 6.2 and 6.3.

We now turn to the proof of Lemmas 6.2 and 6.3. We begin by reviewing partial matching
objects [9, 2.3], which correspond to the limit of the last several faces. Let M{ = Mg = x; for
s>0, let M2 =%, and for 1 <i< s+ 1, let M¢ be the limit of the diagram D% which has
objects.

(i) For each j with s —i < j < s, a copy of As_1 labeled (9}, As_1).
(ii) For each (j,k) with s—i<j<k<s, a copy of Ao labeled (0;0k, As—2). (We
understand A_; = *.)

and maps

(i) For each (j,k) with s —i < j <k <s, a map (O, As—1) — (0;0k, As_2) given by the
map 0; : As_1 — As_a.

(ii) For each (j,k) with s —i < j <k <s, a map (0;, As—1) — (0;0k, As—2) given by the
map Oy—1 : Ag_1 — A 2.

Inductively, for s > 0, we can identify M{*! as the pullback
MY = M?x Ay,

1

We have assumed that A, is Reedy fibrant, and this means that for every s, the map A; —
M+ induced by 9, . .., s is a fibration. Using this, we prove the following proposition.

PROPOSITION 6.4. The maps As — M! and M! — M!~! are fibrations. Fori < s + 1, they
are surjections on homotopy groups.

Proof. 'We work by induction on s; the base case s = 0 is clear. Assuming the statements
for s — 1, and using the pullback description of M!T!, we see that the maps M! — Mi=1 are
fibrations and for ¢ < s + 1 surjections on homotopy groups. Starting from the Reedy fibrant
hypothesis that the map A, — M32T! is a fibration, downward induction shows that the maps
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Ay — M} are fibrations. Using the fact that the maps M! — M!~! are surjections on homotopy
groups for i < s 4 1, we can identify 7,M; as the partial matching object My for m,A.. The fact
that simplicial abelian groups satisfy the Kan condition implies that the map 7, A, — mq M
is a surjection. Downward induction now implies that the maps m,As — m,M! are surjections
fori<s+1. Ul

We can now prove Lemmas 6.2 and 6.3. For Lemma 6.2, we show inductively that we can
choose T; : S! — A, fori =0,..., s representing = and having the property that the composite
to M} is the trivial map; then Z = 7 satisfies 9;7 = * for 1 < i < s. Choose any T representing
x; since MY = x, the composite to MY is trivial. Assume by induction that we have constructed
Zi_1. Since Js_; 112 = 0, we have that Js_; 41 0 ;1 is null-homotopic, and we choose a null-
homotopy a : CS! — As_1. Since ds_p41 0 ;1 = * for k < i, the composite of Z; 1 to M;j
is trivial, and so we can regard the composite of a to M!~] as a map b from %S, — M!~1.
Since the map As_1 — M;j is surjective on homotopy groups, after altering a by adding an
appropriate map 2S? — A,_; if necessary, we can arrange for b to be null-homotopic. Choosing
a null-homotopy h of b, and regarding it as a homotopy of a rel S%, we can lift / to a homotopy of
ain As_4 since the map A;_1 — M ;j is a fibration. Looking at the other side of the homotopy,
we obtain a map ¢: CS{ — A, 1 which restricts to the composite of 7; 1 on S’ and whose
composite map C'SL — M~ is the trivial map. Using the fact that M! = Mi~! X i1 As—1,
the map c together with the trivial map C'S! — M{~! defines a map C'S! — M¢ which restricts
to the composite of 7; 1 on SL. Regarding this as a homotopy from the composite of Z; 1 into
M} to the trivial map S? — M and using the fact that the map Ay — M! is a fibration, we
can lift this to a homotopy g : SLA I, — Ay starting at 7;_1. Let 7; : S! — A, be the other
side of this homotopy; by construction, it represents x and its composite to M¢ is trivial. This
completes the inductive argument and the proof of Lemma 6.2.

The proof of Lemma 6.3 is similar: Given Z, we argue inductively that we can choose maps ¥; :
CSt — A, fori=0,...,s restricting to T on S! and having the properties that the composite
to M! is the trivial map and that the composite to M$, viewed as a map from YS! to M
is null-homotopic. Choose any g, null-homotopy of z; since A, — M7 is surjective on my41,
after altering gy by adding a map S — Aj if necessary, we can arrange for the composite
of 5o to M to be null-homotopic as required. Inductively, having chosen 7;_1, we can regard
the composite map to As_ 1 as a map z: XSY — Ay 1, which is null-homotopic. As above,
we can choose a null-homotopy a whose composite to M!~! is the trivial map. We get a
homotopy ©S! A I, — M} starting at the composite map of 7;_; and ending at the trivial
map; we can choose a lift g : CSLA T, — Ag rel St starting at ;1. Letting 7; be the other
side of the homotopy, by construction it restricts to & on S!, its composite to M! is trivial,
and its composite to M7 is null-homotopic. This completes the induction and the proof of
Lemma 6.3.

7. Proof of Theorem 3.4(ii)

In this section, we prove Theorem 3.4(ii), verifying that the cohomological spectral sequence of
Theorem 3.2 is multiplicative. Following the notation from Section 3, let N be a cofibrant non-
unital B, H-algebra with a weak equivalence KN — H Ak A, and let C = B" 1IN, a (partial)
non-unital Fy H-algebra. The spectral sequences of Theorem 3.2 are induced by the geometric
realization filtration on the bar construction BC and the multiplication on cohomology is
induced by the bar diagonal BC' — BC Ay BC'. We prove the following theorem.

THEOREM 7.1. For a (partial) non-unital Ey H-algebra C, the bar diagonal BC — BC Ny
BC preserves filtration, where on the left we use the geometric realization filtration and on the
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right we use the smash product of the geometric realization filtrations. Moreover, the induced
map on the homotopy groups of the filtration quotients

T (2"CM™)) — T, \/ SUCW Ay O | = @m(E”C’(”))

j=0 j=0

is the diagonal map.

Applying Fy(—,F) and using the induced filtration, we get a multiplicative spectral
sequence. The formula for the map on filtration quotients above induces the standard
multiplication

”—p—qFH(C(p)a F)® 7T—p'—q’FH(C(p,)7 F) — 7T—(p+p’)—(q+q’)FH(C(pﬂ)/)a F).

This then proves Theorem 3.4(ii).
To prove Theorem 7.1, we first recall the construction of the bar diagonal. We follow [3, § 8]
and define the bar diagonal as the composite

BC 2 |sdy BJC| — |BsC Ay BoC| = BC Ay BC,

where sdy denotes the edgewise subdivision construction of [4, 1.1] or [12, §4]. Theorem 7.1
follows from the geometric properties of the natural isomorphism |-| 2 |sds(-)|, as we now
explain by reviewing the construction in detail.

Recall that for a simplicial object X, the edgewise subdivision sds X is defined as the
simplicial object

(sde X)pn = Xo(nt1)—1

with face map 0; given by 0;0; 1,41 on Xo(,,41)—1 and degeneracy map s; given by s;8;1,41 on
Xo(n+1)—1- We note that sdz X is the diagonal simplicial object of a bisimplicial object that
we will denote by Sds X: This has p, ¢g-simplices given by

(Sd2 X)p,qg = X(p+1)+(g+1)-1

with face and degeneracy maps 0; and s; given by 0; and s; in the p-direction and by 0;4pt1
and s; 4,41 in the g-direction.

These constructions have a formulation in terms of the category of standard simplices A.
An object of A is an ordered set [n] ={0,...,n} and a morphism is a weakly increasing
map. A simplicial object is then a contravariant functor out of A and a bisimplicial object
is a contravariant functor out of A x A. Concatenation (disjoint union) defines a functor
A x A — A, sending [p], [¢] to [(p+ 1) + (¢ + 1) — 1]; for a simplicial object X, Sdo X is the
bisimplicial object obtained by composing concatenation with X . The diagonal simplicial object
sdo X can also be described as the composite with X of the doubling functor A — A (the
diagonal followed by concatenation).

The standard n-simplex is the simplicial set A[n] = A(—,[n]), where (in geometric and
combinatorial terms) we view [n] = {0,...,n} as the set of vertices: a simplicial map from
A[m] to A[n] corresponds to the map [m] to [n] in A determined by where its vertices go. We
can identify the bisimplicial set Sdy A[n| as the union

(A[0] x An]) U(A[1] x Aln—1))U---U (A[n] x A[0]),
glued along boundary pieces
0;Alj +1] x Aln—j — 1] ~ A[j] x dA[n — j].

We certainly have a map from this union to Sds A[n] induced by the order preserving surjections
[/]IT [n — j] — [n] (sending the highest element of [j] and the lowest element of [n — j] to the
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same element of [n]), and every order preserving map [j] II [k] — [n] factors through one of
these (uniquely through the union after making the gluing identifications). For convenience,
we will often write Alp, q] for the bisimplicial set A[p] x Alg|, the (p, ¢)-bisimplex.

The homeomorphism |A[n]| 2 || Sd2 A[n]|| is the prismatic decomposition [22, §2] of A[n].

The (double) geometric realization of the bisimplex |A[j,n — j]|| = |A[j]| % |A[n — j]| maps
to the geometric realization of A[n] by sending the point with barycentric coordinates
(50, ---+85), (to, ..., tn—;) to the point with barycentric coordinates

(80/2,...,Sj_1/278]‘/2—|—t0/2,t1/2,...,tn_j/Q).

It follows from the formula that these maps are compatible with the gluing and define a
continuous map from || Sdy An]|| to |A[n]|; to see that it is a bijection and therefore a
homeomorphism, we note that the image of A[j,n — j] consists of precisely those points with
barycentric coordinates (sq, ..., S,) such that

50+"'+Sj_1<1/2 and So+"'+8j>1/2

(with equality holding for one or the other sum exactly when the point is on one of the glued
boundary pieces). The inverse homeomorphism

S, |An]| — || Sdy Aln]|

is a cellular map for the natural cell structure on the geometric realization on the left and the
double geometric realization on the right. This is easy to see from a reformulation in terms of
summation coordinates: For barycentric coordinates (so, ..., $p), let

Uy = Sp, U2 =80+ S1,---,Up =80+ -+ Sp—1

so that 0 < uy < -+ < u, < 1; the summation coordinates define a homeomorphism of |A[n]]
with the space of weakly increasing sequences of length n in [0, 1]. For (so, ..., s;), (to, ... tn—j)
barycentric coordinates of a point in A[j,n — j] = A[j] x A[n — j], we get a weakly increasing
sequence of length n in [0, 1] defined by

v =80/2, wva=1(s0+51)/2, ..., vj=(so+ - +8-1)/2,
1/2—|—t0/2, ey ’Un:1/2+(t0+-"+tn,j,1)/2.

Glued points in |0;A[j + 1]| x |A[n — 5 — 1]| and |A[j] x OpA[n — j]| give the same sequence,
and this formula defines a homeomorphism from || Sdy A[n]|| to the space of weakly increasing
sequences of length n in [0, 1]. For A[n], the cell structure on the space of sequences corresponds
to sequence entries being zero, one, or equal to the next entry; for Sdy Aln], the cell structure
corresponds to entries being zero, one, 1/2, or equal to the next entry. It follows that the map
S, is cellular.

It is clear from the definition that subdivision takes the colimit of simplicial objects to the
corresponding colimit of bisimplicial objects, and it is well known that geometric realization of
simplicial H-modules and the double geometric realization of bisimplicial H-modules commutes
with colimits. Since we can write any simplicial H-module X as the coequalizer

fi[m]—[n] (n]

Uj+1

we can write | X| and || Sda X|| as coequalizers

Vo Xanlamlly =V Xo A AR s | X,
fim) 10} o

V' XanlSdeAlmllly = \/ Xo Al Sde Aln]ll4 s || Sd2 X].
film]—[n] [n]
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The concrete description of the homeomorphisms S, : |[An]| — || Sdy Aln]|| above makes it
clear that they are compatible with the maps in the coequalizer and induce an isomorphism
S 1| X| — || Sde X||. We see from the naturality of the coequalizer diagrams that S is natural.

Regarding the coequalizers above as taking place in the category of filtered H-modules (or
even doubly filtered H-modules for Sds X), we see that S preserves filtrations since the maps
S, do. In order to understand the map on filtration quotients, it is useful to observe how the
pieces X, A || Sda A[n]]|| fit into the usual description of the double geometric realization built
in terms of the pieces

Sdy Xp.q AMA[D dlll+ = Xpigrar AAlp, gl
As indicated above, this (p, q) piece arises from the surjection
[P+q+1] =[Pl g — [p+dl,

which in these terms corresponds to the degeneracy s,. Naturality now implies that the
Xn A A4, n — jl|+ piece of X,, A || Sda An]||+ in the coequalizer above maps to the X, 11 A
|A[j,n — j]||+ piece of the double geometric realization via the map s; : X,, — X, 1. The
induced map on filtration quotients therefore sends the nth filtration quotient

Xn/(80y---58) AN |A[R]/0
of | X| to the nth filtration quotient
Xnt1/(81, -5 80) AIA[0,n]/O|| V Xnt1/(S0, 824+ -5 8n) A|A[L,n = 1]/0|| V- -
V X0 11/(805 81, -+« Sn—1) N ||A[n,0]/9]]

of || Sde X || by the map induced by S, and the degeneracy s; on the Afj,n — j] summand.
In the case when X = BC, we have

X0 /(505 80) =C™,
Xi1/(505 385158115+, 8n) = CY Ay (HV C) Ay C79)
and the map is induced by the isomorphism C™ = CU) Ay H Ay C("=7). The bisimplicial
map from Sdy BeC to BeC AN BeC' in bidegree p, ¢ is the map
(HV C)(p+q+1) — (HV C)(p) Ag (HV C)(q)

induced by the augmentation H V C' — H (using the trivial map C' — x) on the (p 4 1)st factor.
The composite map BC' — BC' Ay BC therefore induces on nth filtration quotient the map

C™ A A[n)/0] — CO Ay C™ A||A[0,0]/D|| V-V C™ Ay CO A||An,0]/9)

induced by S,, and the isomorphisms C™) = C9) Ay C(*=7). On homotopy groups this induces
the diagonal map as in the statement of Theorem 7.1. This completes the proof of Theorem 7.1.

REMARK 7.2. In [3, §8], we used the subdivision isomorphism |sds X| 2 | X| defined in [4,
1.1] because of its multiplicative properties (see [3, 8.1]); a check of formulas shows that the
isomorphism |X| 2 || Sd2 X || & |sds X| constructed above is its inverse, q.v. [12, §4].

REMARK 7.3. The work above can also be formulated in terms of Drinfeld’s description of
the geometric realization [8], which writes

| X = colim X (mo (I \ F))

as the colimit over the finite subsets F' of the unit interval I = [0, 1], where we regard 7o (I \ F)
as a finite ordered set, that is,

X(’]T()(I\F)) = X#‘n'g(]\F)—L
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The double geometric realization is then

ISdz X = colim X(mo(I\ F1) Lmo(I'\ F2)).

The isomorphism S : | X| — || Sde X|| defined above is induced by the map of diagrams sending
F={0<u <us <+ <u, <1} to

Fi={0<n < <v; <1} ={0<2u; <--- <2u; <1},
Fo={0<w < - <wp—; <1} ={0< 2uj41 — 1) < -+ < (2u, — 1) < 1},
together with the natural transformation
X(mo(I'\ F)) — X(mo(I'\ F1) Wmo(I'\ F2))
induced by the map of ordered sets

770([0, 1] \ {Ul, .. ,un}) — 770([0, 1] \{ul, <y Ug, 1/2,’(1,]'4_1, . un})
= mo(([0, 1\ v, -0 H) IO, ]\ {wr, - wny})-

After verifying that the induced map is continuous, the remaining verifications are essentially
the same as the ones above written in terms of summation coordinates.
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