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Abstract. This article confirms predictions made by Hopkins’ chromatic splitting
conjecture in stable homotopy theory. A consequence of our main theorem is that a
certain map of K(h− 1)-local E∞-rings SBZ

K(h−1) → LK(h−1)SK(h) admits a retract, so
long as p − 1 does not divide h − 1. If h = 2 and p is odd, we show this map is an
isomorphism.

We use methods from the theory of p-divisible groups and p-adic geometry. Along
the way we prove an entirely new kind of “two-tower isomorphism”, in analogy with
Faltings’ isomorphism between the Lubin–Tate and Drinfeld towers, which parametrizes
p-divisible groups over characteristic p perfectoid spaces with fixed generic fiber in
terms of negative Banach–Colmez spaces. Using the two-tower isomorphism, we gain
control over the continuous cohomology of the Morava stabilizer group Gh with coef-
ficients in π∗LK(h−1)Eh.

To study the continuous action of Gh on LK(h−1)Eh, it was necessary to develop
the theory of solid Lubin–Tate spectra. Adapting Lurie’s constructions, we attach a
solid Lubin-Tate spectrum to p-divisible groups over a broad class of solid rings in
characteristic p.
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1. Introduction and main results

Chromatic homotopy theory studies the stable homotopy groups of the sphere spec-
trum S through a divide-and-conquer approach: First decompose S into “irreducible”
pieces SK(h), study these individually, and then reassemble them. Here, K(h) is the
height h Morava K-theory spectrum at the implicit prime p, forming the residue fields
of S, and SK(h) denotes the corresponding completion. Writing Lh for the localization
at K(0), K(1), . . . , K(h) jointly, the inductive assembly process is formally captured
by a homotopy pullback square, displayed on the right, which forms the heart of the
subject:

Z(p)
//

��

Zp

��

LhS //

��

SK(h)

��
Q // Qp Lh−1S

ιh // Lh−1SK(h).

This height h chromatic fracture square can be thought of as a chromatic analogue of
the familiar Hasse square reconstructing the ring of p-local integers from its places, as
in the square on the left. Based on low height evidence, Hopkins’ chromatic splitting
conjecture predicts an explicit form of chromatic assembly which would have important
theoretical consequences; see [Hov95] or [BB20, §2.4] for a detailed exposition. At first
approximation, it comes in two different flavors:

• Qualitatively, the weak chromatic splitting conjecture predicts that ιh splits.1
• Quantitatively, the strong chromatic splitting conjecture then describes the fiber

of ιh in terms of localizations of familiar spectra.
Both conjectures have been resolved for all h ≤ 2 through substantial calculations, while
for h ≥ 3 only very sporadic information has been known as computational techniques
quickly become intractable, necessitating a different approach.

In recent work [BSSW24b], it is suggested that the problem becomes more amenable
via ideas from modern arithmetic geometry. Indeed, utilizing techniques from p-adic
geometry, specifically the two-tower isomorphism of Faltings and Fargues in the form es-
tablished by Scholze–Weinstein [SW13] as well as integral p-adic Hodge theory [BMS18],
the main result of [BSSW24b] solves the chromatic splitting conjecture rationally for
all heights h and primes. In other words, this determines precisely the coheight h
monochromatic part of SK(h), i.e., the iterated localization LK(0)SK(h). Naturally, we
may probe the conjecture through other iterated localizations LK(h−i)SK(h) of SK(h). The
subject of the present paper is, as the title suggests, the coheight 1 part LK(h−1)SK(h).

The coheight 1 weak chromatic splitting conjecture predicts that the map

LK(h−1)ιh : LK(h−1)S→ LK(h−1)SK(h)

splits, while its strong form identifies the cofiber as Σ−1LK(h−1)S, with suitable modifi-
cations for small primes. As a consequence of the results of this paper, we prove:

1On September 15, 2026, after a version of this article was posted to JW’s website, Agnès Beaudry
and TS announced an AI-generated disproof of the weak chromatic splitting conjecture for primes which
are small relative to h. We believe there are fascinating interactions between this new development
and the ideas in this article, but we have not attempted to include them here.
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Theorem. The coheight 1 weak chromatic splitting conjecture is true for all p−1 ∤ h−1.

In fact, as we explain in the next part, our theorems are significantly sharper and also
partially address arbitrary primes. The proofs rely on novel results in p-adic geometry
which are of independent interest.

1.1. Main results. In order to state our main chromatic results, it will be convenient
to work with the Iwasawa extension SK(h),∞ of the K(h)-local sphere, also known as
the half sphere: this is a K(h)-local Galois extension SK(h),∞/SK(h) with Galois group
Zp, see §5.1 for a detailed discussion. Now assume h ≥ 2 and consider the localization
LK(h−1)SK(h),∞, so there exists a unique map of E∞-rings SK(h−1) → LK(h−1)SK(h),∞.
Based on our findings, we entertain the following conjecture which is consistent with
the strong form of Hopkins’ chromatic splitting conjecture and in fact implies it.

Conjecture 1.1.1 (The half sphere chromatic splitting conjecture in coheight 1). As-
sume that h > p. The unit map SK(h−1) → LK(h−1)SK(h),∞ of E∞-ring spectra is an
isomorphism.

We approach this conjecture by constructing a proxy in the form of a Zp-equivariant
map of E∞-ring spectra LK(h−1)SK(h),∞ → Ah, where Ah will be defined rigorously in
(1.3.3). Here is the main result of the article:

Theorem A. Let h ≥ 2 and let p be an odd prime.
(1) If p− 1 ∤ h− 1, then the unit map LK(h−1)S→ Ah is an equivalence.
(2) If p− 1 | h− 1, then the cofiber of LK(h−1)S→ Ah is in Pic(SpK(h−1)).

In particular, in case p− 1 ∤ h− 1, passing to Zp-fixed points induces a retraction of
SBZp

K(h−1) → LK(h−1)SK(h) ≃ LK(h−1)S
hZp

K(h),∞. We remark that for any p-complete E∞-ring
spectrum X, the underlying spectrum of the E∞-ring spectrum XBZp is X⊕Σ−1X. For
X = SK(h−1), the two components of the map SBZp

K(h−1) → LK(h−1)SK(h) may be identified
with the canonical unit map and the map ζh constructed by Devinatz–Hopkins [DH04],
respectively. Thus:

Corollary B. The map SBZp

K(h−1) → LK(h−1)SK(h) admits a retract when p− 1 ∤ h− 1.

In particular, this establishes the coheight 1 weak chromatic splitting conjecture at
all heights and sufficiently generic primes as stated above. It is the first result in this
direction beyond height 2. In the case p − 1 | h − 1, the K(h − 1)-locally invertible
element we exhibit provides a potential obstruction to the chromatic splitting conjecture
in its original form, compatible with the known divergence for h = p = 2, see [BGHS22].
For h = 2 and odd primes, our results are sharper and recover the known cases of the
strong chromatic splitting conjecture:

Theorem C. Assume p ̸= 2. The unit map SK(1) → LK(1)SK(2),∞ is an equivalence. In
particular, it induces a canonical isomorphism of E∞-ring spectra SBZp

K(1) ≃ LK(1)SK(2).

Theorem C was first proved by Shimomura–Yabe ([SY95], [Beh12]) for p > 3 and
by Goerss, Henn, Karamanov, Mahowald, Rezk, and Shimomura [Shi00, GHMR05,
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HKM13, GHM14] for p = 3, using intense explicit calculations of both sides. In con-
trast, our proof of Theorem C is conceptual and requires only comparatively little
computational input. In fact, the proof of Theorem A is independent of any intricate
group cohomology calculations; instead, both proofs make essential use of the geometry
of moduli spaces of p-divisible groups.

Remark 1.1.2. When p = 2, it is no longer true that LK(1)SK(2),∞ is isomorphic to
SK(1): Instead, there is an additional LK(1)S/2-summand in degree (−2), as found and
described by Beaudry, Goerss and Henn in [BGH22, Theorem 1.1.9]. While we have
not been able to recover this result using our methods, we obtain a partial explanation
in terms of the so-called Heyer–Jacquet module.

In fact, in the general situation where p− 1 divides h− 1, we can point to the Heyer-
Jacquet module as an explanation for the failure of Conjecture 1.1.1. We consider this
observation to be one of the major contributions of this paper to the analysis of iterated
chromatic localizations.

The rest of the introduction lays out the main ideas in the proof of Theorem A and
Theorem C.

1.2. Overview of the proof and main algebraic result. The conventional ap-
proach to access the chromatic information contained in SK(h) is by descent from Morava
E-theory Eh, where Eh is an even periodic K(h)-local E∞-ring spectrum equipped with
a continuous action by the Morava stabilizer group Gh. To recall its basic structure, let
k ⊂ Fp be a subfield containing Fph , and let Γh be the Honda formal group of height h
over k, for which π0Eh is the deformation ring of Γh. Let Γun

h be the universal deforma-
tion of Γh. Then π−2Eh = Lie Γun

h is the Lie algebra; it is an invertible π0Eh-module.
Explicitly:

π0Eh = W (k)Ju1, . . . , uh−1K
π∗Eh = π0Eh[u

±1],

where u is a generator in degree −2.
Devinatz and Hopkins [DH04] show that the canonical unit map SK(h) → Eh exhibits

Eh as a K(h)-local Gh-Galois extension of SK(h). In particular, this begets a descent
spectral sequence with excellent convergence properties, of signature

H∗cts(Gh, π∗Eh)=⇒π∗SK(h). (1.2.1)
This permits one to study π∗SK(h) via the representation Gh ↷ π∗Eh and its continuous
cohomology. Explicit computations of H∗cts(Gh, π∗Eh), however, quickly increase in
complexity and are essentially out of reach for h > 2.

Nevertheless, [BSSW24b] calculates the rational cohomology Q⊗H∗cts(Gh, π∗Eh) for
all primes and all h ≥ 1. The method of [BSSW24b] uses Faltings’ isomorphism [Fal02]
between the Lubin–Tate tower and the Drinfeld tower, appearing in the form of an
isomorphism between v-stacks

[LT♢
h,0 /Gh] ∼= [Hh−1,♢/GLh(Zp)]. (1.2.2)

Here LTh = Spf π0Eh and LT♢
h,0 is its diamond generic fiber, and Hh−1 is Drinfeld’s

symmetric space of dimension h− 1. The next step is to take O+-cohomology on either
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side of (1.2.2) and then rationalize. Using some heavy machinery from integral p-adic
Hodge theory, one arrives at

Q⊗H∗cts(Gh, π0Eh) ∼= H∗cts(GLh(Zp),Qp).

The right-hand side is well-known by a result of Lazard. From there it is straightforward
to give a full computation of Q⊗ π∗SK(h) = π∗LK(0)SK(h).

Faltings’ isomorphism (1.2.2) does not grant access to the intermediate localizations
LK(t)SK(h) for 0 < t < h, essentially for the reason that it is purely a characteristic 0
phenomenon. To access transchromatic information contained in iterated localizations
such as LK(h−1)SK(h), we follow Torii [Tor10a], [Tor11],[Tor10b]. Let us assume that k
contains both Fph−1 and Fph . Then Eh−1 and Eh are commutative algebras over SW(k),
the E∞-ring of spherical Witt vectors relative to the perfect field k. Define

B := Eh−1⊗̂SWLK(h−1)Eh, (1.2.3)

where the tensor product is computed in the category of commutative K(h − 1)-local
SW-algebras. By construction, B admits an action of the group

Gh,h−1 := Gh−1 ×Gal(k/Fp) Gh,

induced by the factorwise actions of these groups on their respective Morava E-theories.
Torii [Tor10a] describes the π∗Eh-algebras π∗LK(h−1)Eh and π∗B as follows. Let

Ih−1 ⊂ π0Eh be the ideal (p, u1, . . . , uh−2). Then

π∗LK(h−1)Eh ∼= (π∗Eh)[u
−1
h−1]

∧
Ih−1

,

meaning the Ih−1-adic completion of the ring (π∗Eh)[u
−1
h−1]. In particular π0LK(h−1)Eh

is a local ring with residue field

K := (π0Eh/Ih−1)[u
−1
h−1]
∼= k((uh−1)). (1.2.4)

The base change Γun
h,K = Γun

h ⊗π0Eh
K has identity component (Γun

h,K)
◦ of height h− 1.

Definition 1.2.5 (The Gross–Torii extension L/K, [Tor03, §2.3]). Let L/K be the
separable extension which classifies isomorphisms Γh−1,L ∼= (Γun

L )◦.

By a result of Gross [Gro79, Theorem 3.5], L/K is a totally ramified Galois extension
with Galois group Gh−1 := ker(Gh−1 → Gal(k/Fp)). The continuous action of Gh on
K extends to a continuous action of Gh,h−1 on L.

We can now state Torii’s description of π∗B: it is the unique lift of the Galois extension
L/K to a π∗LK(h−1)Eh-algebra which is complete with respect to the maximal ideal of
π0LK(h−1)Eh. Thus (π∗B)/Ih−1 ∼= L[u±1].

The field L, being algebraic over K, carries a unique valuation extending the uh−1-
adic valuation on K. Since L/K is infinite, L is not complete with respect to this
valuation. We define L̂ to be the completion of L. Importantly, L̂ is a perfect field; it
is isomorphic to the field k((t1/p∞)) of perfect Laurent series over k (Proposition 2.7.1).
Thus L̂ is an example of a perfectoid field of characteristic p. The action of Gh,h−1 on
L extends to a continuous action on L̂.
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The key point now is that the continuous cohomology of L̂ is accessible via p-adic
geometry. (Indeed, this entire project began by imagining what a Faltings-style iso-
morphism involving L̂ would have to look like.) Before explaining our main algebraic
result, let us fix some notation for certain subgroups of the Morava stabilizer group
Gh which appear throughout the article. We make essential use of the determinant
homomorphism det : Gh → G1, which commutes with the maps toward Gal(k/Fp). We
have G1 = Z×p ×Gal(k/Fp), and Z×p ∼= µ×Zp for µ the torsion subgroup of Z×p ; thus µ
is cyclic of order p− 1 or 2 as p is odd or even.

We may then define closed normal subgroups of Gh as in the following diagram

SGh
//

��

G1

h
//

��

Gh

��

// Gh

det

��
1 // µ // Z×p // G1

(1.2.6)

in which all squares are cartesian. Each of the upper groups is Gal(k/Fp)-stable, and
so we may define

SGh = SGh ⋊Gal(k/Fp), G1
h = G1

h ⋊Gal(k/Fp). (1.2.7)

Importantly, the Iwasawa extension SK(h),∞ is the subextension of the Galois extension
SK(h) → Eh corresponding to the closed normal subgroup G1

h ⊂ Gh, with quotient
group Zp.

As the main algebraic input en route to Theorem A, we establish:

Theorem D. Assume h ≥ 2. As representations of Gh−1 × Z×p we have:

H i
cts(SGh, L̂) ∼=


k, i = 0,

k(−1), i = h,

0, else,

where k(−1) is a mod p Tate twist: the Gh−1-action is twisted by the mod p determinant
character Gh−1 → Z×p → F×p

a7→a−1

−−−−→ F×p → k×. The residual action of Gh/SGh
∼= Z×p

on H i
cts(SGh, L̂) is given by precomposing the Gh−1-action with the central map Z×p →

Gh−1.

The module k(−1) appearing in cohomological degree h is what we call the Heyer–
Jacquet module, for it arises in our setting by taking the “higher Jacquet module” of a
Steinberg module, in the sense of Heyer’s work [Hey23a]; see Section 3.5.

From here it is straightforward to access H i
cts(G

1

h, L̂) by taking derived invariants
under the action of µ = G1

h/SGh. The action of µ on k(−1) is nontrivial if and only if
p− 1 ∤ h− 1. If we assume p− 1 ∤ h− 1, the µ-cohomology of k(−1) vanishes, and we
find:

H∗cts(G
1

h, L̂)
∼= k. (1.2.8)



8 BARTHEL, MANN, RAY, SCHLANK, SENGER, WEINSTEIN, AND ZHOU

1.3. Solid spectra and solid Lubin–Tate theories. We now discuss how to derive
the main homotopical result Theorem A from the main algebraic result Theorem D, by
combining the following two steps:

Step 1: Recover LK(h−1)SK(h) as the homotopy fixed points of B. Consider the diagram
of E∞-ring spectra

LK(h−1)SK(h)
Gh // LK(h−1)Eh

Gh−1 // B (1.3.1)

The first (respectively, second) arrow is derived from the Devinatz-Hopkins extension at
height h (respectively, h−1) by localizing at height h−1 (respectively, base changing to
Eh−1 in the K(h− 1)-local category). Since the Devinatz-Hopkins extension is Galois,
it is reasonable to think that each arrow is a Galois extension for the indicated group,
which should imply that the source of each arrow appears as the homotopy fixed points
of the target.

To make this precise, we work with the category of condensed spectra [Cla25]. There
is a notion of continuous homotopy fixed points for a continuous action of a profinite
group on a condensed spectrum. In fact all of the condensed spectra we encounter will
be solid spectra, meaning that their homotopy groups are solid abelian groups.

The precise statement of Step 1 is therefore: construct a diagram of solid E∞-ring
spectra, whose value on a point is (1.3.1), and for which the source of each arrow
is the continuous homotopy fixed points of the target. In particular, the Iwasawa
extension LK(h−1)SK(h),∞ should appear by taking homotopy fixed points of (the solid
enhancement of) B under the subgroup G1

h ×Gal(k/Fp) Gh−1 of Gh,h−1.
It is insufficient to give the objects in (1.3.1) the topology inherent to their structure

as K(h − 1)-local spectra. Indeed, while the rings π∗LK(h−1)Eh and π∗B are complete
for the Ih−1-adic topology, their topologies cannot simply be the Ih−1-adic ones: the
quotients of π0 by Ih−1 are the fields K and L respectively, and these carry a nontrivial
uh−1-adic topology. Thus it really is necessary to work with condensed spectra.

Step 2: Construct a lift B → B̂ of L → L̂. More precisely, the idea is to construct
a Gh,h−1-equivariant map of solid spectra, whose source is the condensed enhancement
of B from the previous paragraph, and which recovers the map of solid rings L → L̂
upon passage to π0 modulo Ih−1. Such a lift ought to exist by functoriality of Morava
E-theory; in particular the uncondensed spectrum B̂ ought to be the height h−1 theory
associated to the connected part of Γun

h,L̂
, which is identified with Γh−1,L̂. It will be vital

to define the solid structure on B̂ compatibly with the metric topology on L̂, so as to
be able to apply the continuous cohomology result in Theorem D.

Granting the above two constructions, we apply continuous homotopy fixed points
by the group G1

h×Gal(k/Fp)Gh−1 to the map B → B̂ (or rather to its condensed enhance-
ment). The result will be the map LK(h−1)SK(h),∞ → Ah appearing in Theorem A. The
description of the continuous cohomology of G1

h on L̂ in Theorem D gets used to control
the behavior of Ah as seen in Theorem A.

To execute both steps, we generalize Lurie’s construction [Lur18a] of Lubin–Tate
theories via derived algebraic geometry. In that construction, the input is a pair (R,Γ)
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consisting of an Fp-algebra R and a p-divisible group Γ over R satisfying certain con-
ditions rendering its deformation theory well-behaved (see [Lur18a, Theorem 0.0.8]),
and the output is an E∞-ring spectrum E(R,Γ) whose π0 is the universal deformation
ring of Γ. In our desired generalization, R is a solid ring (such as K, L, or L̂), and the
output is a solid E∞-ring spectrum whose value on a profinite set S is E(R(S),Γ).

We are not able to apply [Lur18a, Theorem 0.0.8] “out of the box” due to a technical
issue: Lurie’s original construction requires the input ring to be Noetherian, whereas
R(S) is almost never Noetherian. To deal with this issue, we propose an axiomatization
of the input data required in Lurie’s construction which is adapted to handle all cases of
interest to us. In particular we introduce (Definition 4.5.3) a category of solid Luriean
Kalypto–Noetherian (LKN) pairs (R,Γ) consisting of a solid Fp-algebra R and a p-
divisible group Γ over R(∗) satisfying a number of conditions which guarantee that
each E(R(S),Γ) exists. The resulting category LKN□ contains the fields K, L, and L̂,
and is closed under suitable operations, such as localizations and a certain variant on
the tensor product. See Theorem 4.0.4 for a precise statement of the following theorem.

Theorem E. The Morava E-theory functor extends to a natural functor enriched over
condensed anima

E□(−) : LKN□ → CAlg□

taking values in solid E∞-ring spectra, compatible with certain tensor products and
localizations. Moreover, the condensed functor E□(−) is computed by applying the un-
condensed functors of the same name levelwise.

As a basic example, E□
h := E□(k,Γh) is Morava E-theory equipped with its natural

topology as a K(h)-local spectrum (Example 4.6.1). The next example is E□(K,Γun
h,K),

which turns out to be isomorphic to the localized solid E-theory L□
K(h−1)E

□
h (Exam-

ple 4.6.2). Finally, the solid spectrum B□ is defined as the K(h − 1)-localization of
(L□

K(h−1)E
□
h ⊗□

SW(k) E
□
h−1), and this turns out to be isomorphic to E□(L,Γun

h,L) (Exam-
ple 4.6.3).

We now explain how to execute the two steps described above. For Step 1: we find
a diagram of K(h− 1)-local solid E∞-ring spectra

L□
K(h−1)SK(h)

Gh // E□(K,Γun
h,K)

Gh−1 // E□(L,Γun
h,L)

∼= B□ (1.3.2)

where K and L are interpreted as solid rings, whose value on (∗) recovers (1.3.1).
Regarding the first arrow: the compatibility of E□ with K(h − 1)-localization shows
directly that the source is the homotopy fixed points of the target. For the second
arrow, this is also true, but the argument is more subtle, relying on the acyclicity of
Galois actions of p-adic Lie groups in characteristic p (Proposition 4.6.16).

For Step 2: define B̂
□

= E□(L̂,Γh−1,L̂), using the solid structure on L̂ coming from
its metric topology. The map B□ → B̂

□

is constructed in Example 4.6.4.
The computation of the SGh-cohomology of L̂ in Theorem D lifts to a description of

the Gh−1×Z×p -equivariant solid Eh−1-algebra (B̂
□

)hSGh : it sits in a Gh−1×Z×p -equivariant
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fiber sequence
E□
h−1 → (B̂

□

)hSGh → Hh,

where Hh is an invertible E□
h−1-module which lifts the Heyer–Jacquet module. After

taking derived µ-invariants, this module survives exactly when p− 1|h− 1. Therefore:

• If p− 1 ∤ h− 1, then E□
h−1 → (B̂

□

)hG
1
h is an equivalence; after taking Gh−1-fixed

points and evaluating on (∗) we find an isomorphism

SK(h−1) ∼= (B̂
□

)h(G
1
h×Gal(k/Fp)Gh−1)(∗).

• If p−1 | h−1, then the cofiber of E□
h−1 → (B̂

□

)hG
1
h is an invertible E□

h−1-module,
and so there is a fiber sequence

SK(h−1) → (B̂
□

)h(G
1
h×Gal(k/Fp)Gh−1)(∗)→ C,

where C is an invertible SK(h−1)-module.
To conclude, we construct the map of E∞-ring spectra appearing in Theorem A as

the homotopy invariants of the morphism B → B̂:

(LK(h−1)SK(h),∞ → Ah) := (B□ → B̂
□

)h(G
1
h×Gal(k/Fp)Gh−1)(∗) (1.3.3)

equipped with its residual Zp-action. Theorem A is then an immediate consequence of
the points above, thereby finishing the homotopical part of our exposition.

1.4. The moduli interpretation of L̂, and the period domain Ωh,h−1. We now
discuss the p-adic geometry result powering Theorem D. The idea is to interpret the
continuous group cohomology H∗cts(SGh, L̂) as the cohomology of the structure sheaf
on an appropriate quotient by SGh of a geometric object associated to L̂.

There is a ready-made category of v-stacks which allows for such quotients. The
field L̂ is a perfectoid field. For a perfectoid field M , let SpdM be the corresponding
diamond, meaning the sheaf of sets represented by M on the v-site of perfectoid spaces
in characteristic p. Define the v-stack

Ωh,h−1 := (Spd L̂)/SGh,

which carries a residual action of Gh,h−1/SGh
∼= Gh−1 × Z×p . (In fact this quotient is

itself a diamond.)
The theory of the Fargues–Fontaine curve enters the picture at this point. The proof

of the following theorem will be discussed in §1.5.

Proposition 1.4.1 (Proposition 2.7.1). As a diamond over Spd k with Gh,h−1-action,
Spd L̂ assigns to a perfectoid space S over k the set of exact sequences

0→ O→ O(1/h)→ O(1/(h− 1))→ 0

of vector bundles on the Fargues–Fontaine curve XS which preserve a fixed isomorphism
detO(1/h) ∼= detO(1/(h− 1)), where the group Gh acts via automorphisms of O(1/h)
and the group Gh−1 via automorphisms of O(1/(h − 1)). Accordingly, the S-points of
Ωh,h−1 = (Spd L̂)/SGh classify extensions of vector bundles on XS of the form

0→ O→ E→ O(1/(h− 1))→ 0,
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where E is semistable of slope 1/h at every geometric point of S.

The diamond Ωh,h−1 can be interpreted as the complement of the origin in the
Banach–Colmez space BC(−1/(h−1)) which classifies extensions of O by O(−1/(h−1)).
Theorem D can be reduced to the following calculation of the coherent cohomology of
Ωh,h−1, which states that this punctured Banach–Colmez space is a homology sphere of
dimension h.

Theorem F (Proposition 3.6.9). There is an isomorphism of graded modules with
Gh−1-action:

H∗(Ωh,h−1,O) ∼= k ⊕ k(−1)[−h].
Here the (−1) refers to the characteristic p Tate twist (Definition 3.5.5).

To prove Theorem F, we leverage a strange phenomenon concerning negative Banach–
Colmez spaces: when base changed to an algebraically closed perfectoid field C of char-
acteristic 0, they become isomorphic to quotients of affine spaces by finite-dimensional
Qp-vector spaces. In our situation, the relevant isomorphism reads (Proposition 3.1.2)

Ωh,h−1 × SpdC ∼= H
1,♢
F,C/F,

where F ⊂ C is an arbitrary extension of Qp of degree h− 1, and where H1
F = A1

F\F
is 1-dimensional Drinfeld symmetric space relative to the field F .

Therefore the O-cohomology of Ωh,h−1 × SpdC is isomorphic to the derived F -fixed
points of the cohomology RΓ(H1

F,C ,O
♭), where O♭ refers to the tilted structure sheaf on

the v-site of the rigid-analytic space H1
F,C .

The O♭-cohomology of H1
F,C is computed in §3. It relies on the 6-functor formalism

for O♭-cohomology developed in [ABM24].

Theorem G (Theorem 3.4.6). There are isomorphisms of solid C♭-modules with GL2(F )-
action:

H i(H1
F,C ,O

♭) =


C♭, i = 0,

St(C♭)∗, i = 1,

0, otherwise.

Here St(C♭)∗ is the C♭-linear dual of the Steinberg representation St(C♭), defined as the
quotient of the space of locally constant functions P1(F )→ C♭ by the constant functions.

The description of the cohomology in Theorem G has the same shape as the result of
Schneider–Stuhler [SS91], which calculates the cohomology of Drinfeld symmetric space
with respect to any cohomology theory (such as de Rham or ℓ-adic étale) satisfying
certain axioms, including homotopy-invariance by the closed disk D. We are unable
to apply [SS91] directly, as in fact H1(D,O♭) is quite large. Key to Theorem G is the
observation that the restriction map H1(D,O♭)→ H1(D′,O♭) is zero whenever D′ ⊂ D
is a sub-disk of sufficiently small radius.

Deriving Theorem F from Theorem G is a matter of taking derived invariants under
the unipotent subgroup F of GL2(F ), and then descending the result from C to the base
field k. For the first step, we encounter the problem of taking the derived F -invariants
of St(C♭)∗, or dually the derived F -coinvariants of St(C♭), which we can think of as a
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derived Jacquet module of the Steinberg representation. Over the discrete base k, this
problem was solved by Heyer [Hey23a], who shows that the module of coinvariants is
invertible and supported in degree [F : Qp] = h− 1. We adapt Heyer’s computation to
the setting of C♭-coefficients to compute H∗(H1

F,C/F,O
♭) ∼= H∗(Ωh,h−1 × SpdC,O) in

Proposition 3.5.6; the cohomology is 1-dimensional in degrees 0 and h.
For the second step of descending along SpdC → Spd k, the idea is to assume that

k = Fq is finite and to apply derived invariants to RΓ(Ωh,h−1×SpdC,O) under the qth
power Frobenius map on C. This operation recovers RΓ(Ωh,h−1,O) by a phenomenon
reminiscent of Drinfeld’s lemma in the context of diamonds, see Lemma 3.6.3.

1.5. A family of two-towers isomorphisms, after Faltings. In fact we found a
family of geometric results for each height 0 ≤ t ≤ h, of which Proposition 1.4.1 is the
case t = h− 1. These may be of independent interest, so we discuss them here. It may
well be possible to use these results to investigate LK(t)SK(h).

Let Ah = π0Eh, and let LTh = Spf Ah be the corresponding affine formal scheme, so
that LTh is the formal moduli space of deformations of Γh. There is a descending chain
of Gh-stable closed formal subschemes Spf Ah/It for 0 ≤ t ≤ h, corresponding to an
ascending chain of Gh-invariant ideals It ⊂ Ah. We put I0 = 0, and for each 1 ≤ t ≤ h,
Spf Ah/It classifies those deformations Γ in characteristic p for which the tth power of
the Frobenius isogeny divides p in EndΓ.

Explicitly, one can choose formal coordinates p = u0, u1, . . . , uh−1 ∈ Ah for which

Ah = W (k)Ju1, . . . , uh−1K,

and It = (u0, . . . , ut−1) for 1 ≤ t ≤ h.
Let LTad

h = Spa(Ah, Ah) denote the affinoid adic space associated to the formal
scheme LTh. The points of LTad

h are continuous valuations f 7→ |f | on Ah. In light of
the remarks above, there is a Gh-stable height stratification

LTad
h =

h∐
t=0

LTh,t,

where LTh,t is the locally closed subspace of LTad
h defined by the conditions

|u0| = · · · = |ut−1| = 0, |ut| ̸= 0;

here, by conventions, we set uh = 1. In particular LTh,0 is defined by |p| ̸= 0; this
is isomorphic to the (h − 1)-dimensional unit ball over SpaW (k)[1/p]. At the other
extreme, LTh,h = Spa k. For intermediate values 0 < t < h, the adic space LTh,t is
isomorphic to the (h− t− 1)-dimensional ball over Spa k((ut)). In the coheight 1 case,
LTh,h−1 = SpaK for our field K = k((uh−1)).

We now pass to the associated diamond LT♢
h,t. For every geometric point Spa(M,M+)

of LT♢
h,t with M algebraically closed, the base change Γun

h,M is isomorphic to Γt ⊕
(Qp/Zp)h−t. Therefore there exists a Gh-equivariant pro-étale torsor

LT∞h,t → LT♢
h,t

for the group Gt × GLh−t(Zp) which classifies such trivializations. We note that the
group Gh,t ×GLh−t(Zp) acts on LT∞h,t, where Gh,t = Gh ×Ẑ Gt.
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We prove the following alternative characterization of LT∞h,t.

Theorem H (Theorem 2.0.1). Let 0 < t < h. As a diamond with Gh,t × GLh−t(Zp)-
action, LT∞h,t is isomorphic to the sheaf which associates to a perfectoid space S the set
of exact sequences of vector bundles on the Fargues–Fontaine curve XS

0→ O⊕(h−t) → O(1/h)→ O(1/t)→ 0

such that the induced isomorphism on determinants ∧hO(1/h) ∼= ∧tO(1/t) is a Z×p -
multiple of a fixed one.

Whereas [SW13] shows that infinite-level Lubin–Tate space LT∞h,0 in characteristic 0
classifies modifications of vector bundles on XS along the divisor S♯, Theorem H shows
that infinite-level Lubin–Tate space in characteristic p classifies extensions of vector
bundles.

We summarize here the main points of the proof of Theorem H. Consider an affi-
noid perfectoid space S = Spa(R,R+) in characteristic p. Since R+ is perfect, the
categories of p-divisible groups over R+ and Dieudonné modules over R+ are anti-
equivalent [Lau13]. From a Dieudonné module over R+, we build a meromorphic vector
bundle over S in the sense of [GIZ25]: this means a vector bundle over the Fargues–
Fontaine curve relative to S whose Frobenius is meromorphic along p = 0. The stack
Bunmer classifying meromorphic vector bundles admits a “special fiber” morphism to
the moduli stack of vector bundles Bun, and a “generic fiber” morphism to the moduli
stack of isocrystals Isoc.

Up to v-sheafifying, a morphism S → LT∞h,t corresponds to a p-divisible group over
R whose special and generic fibers have been identified with Γh and Γt ⊕ (Qp/Zp)h−t,
respectively. This in turn corresponds to an S-point of the fiber of Bunmer over the point
of Bun×Isoc determined by those respective p-divisible groups. The main theorem
of [GIZ25] identifies this fiber with a moduli space of extensions of vector bundles
on the Fargues–Fontaine curve, which is why such extensions make an appearance in
Theorem H.

If LT∞h,t → LTh,t is an analogue of the Lubin–Tate tower, the analogue of the Drinfeld
tower appears when one quotients by Gh. This quotient Ωh,t := LT∞h,t /Gh is the diamond
which classifies those extensions of vector bundles on the Fargues–Fontaine curve

0→ O⊕(h−t) → E→ O(1/t)→ 0,

where E is semistable of slope 1/h. Dually, Ωh,t classifies extensions of O⊕(h−t) by
O(−1/t) which are semistable of slope −1/h. As such, there is an open immersion

Ωh,t ↪→ BC(−1/t)⊕(h−t)

where BC(−1/t) is the Banach–Colmez space sending S to H1(XS,O(−1/t)). The
image is exactly those vectors not lying in any Qp-rational hyperplane. We think of
Ωh,t as a period domain in characteristic p, analogous to the p-adic period domains
appearing in the theory of Rapoport–Zink spaces.
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According to Theorem H, there is a “two-towers” diagram of diamonds

LT∞h,t
Gt×GLh−t(Zp)

||

Gh

!!
LT♢

h,t Ωh,t

in which each morphism is a pro-étale torsor for the indicated group. The diagram
recovers Faltings’ original picture in the case t = 0, if one interprets Ωh,0 as the diamond
associated to Drinfeld symmetric space Hh−1

Qp
, base changed to W (Fp)[1/p].

The two-tower diagram witnesses an isomorphism of v-stacks:

[LT♢
h,t /Gh] ∼= [Ωh,t/(Gt ×GLh−t(Zp))]. (1.5.1)

We offer some remarks on the prospect of applying (1.5.1) to produce any new
results about LK(t)SK(h) for 0 < t < h − 1, say by taking O-cohomology on ei-
ther side. An immediate difficulty arises: H0(LTh,t,O) is the ring of convergent se-
ries on a (positive-dimensional) open ball over k((ut)), and this is much larger than
π0LK(t)Eh/It = kJut, ut+1, . . . , uh−1K[u−1t ]. In [BSSW24b] this difficulty was skirted in
the t = 0 case by taking O+-cohomology instead, and then inverting p on the Lubin–
Tate side to access the Gh-cohomology of π0LK(0)Eh. To carry out the corresponding
strategy for 0 < t < h − 1, note that the analogue of the Gh-invariant element p is
the height t Hasse invariant in π2(pt−1)Eh/It. There is a Gh-equivariant invertible O+-
module L on LTh,t coming from the Lie algebra of the universal deformation, whose
global sections are exactly π−2Eh/It. So one could take cohomology in (1.5.1) with
coefficients in powers of L♢, and then invert the Hasse invariant on the Lubin–Tate side
to access the Gh-cohomology of π∗LK(t)Eh/It. We now run into another difficulty: it
is not immediately clear how to describe the invertible O+-module on the right side of
(1.5.1) corresponding to L♢, let alone compute its cohomology on Ωh,t.

1.6. The strong splitting conjecture, and the proof of Theorem C. Assume that
p− 1 ∤ h− 1. Our Conjecture 1.1.1 states that the unit map SK(h−1) → LK(h−1)SK(h),∞
is an isomorphism. We observed that the composition of Gh−1-equivariant E∞-ring
spectra

E□
h−1 → (B□)hG

1
h → (B̂

□

)hG
1
h

is an isomorphism. After taking hGh−1-fixed points and performing various manipula-
tions (see Lemma 5.3.1), one finds that the composition

SK(h−1) → ((B□)hGh−1)hG
1
h(∗)→ ((B̂

□

)hGh−1)hG
1
h(∗)

is also an isomorphism. Regarding the middle term, we have (B□)hGh−1 ∼= L□
K(h−1)E

□
h,

and the hG1
h-fixed points of this evaluated at (∗) is LK(h−1)SK(h),∞. Therefore Con-

jecture 1.1.1 is equivalent to the statement that the second arrow is an isomorphism.
The naturality properties of our E-theory functor show that (B̂

□

)hGh−1 is the height
h − 1 Morava E-theory over the ring of derived Gh−1-invariants in L̂. In fact this
ring agrees with the ring of un-derived invariants, which is the completed perfection
K̂p = k((u

1/p∞

h−1 )) of K.
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We find therefore that Conjecture 1.1.1 reduces to the statement that the map

L□
K(h−1)E

□
h → E□(K̂p,Γ

un
h,K̂p

)

induces an isomorphism after passage to G1
h-fixed points, and this homotopical state-

ment is in turn reducible to an algebraic statement, namely that

H∗cts(G1
h, π∗Eh ⊗π0Eh

K)→ H∗cts(G1
h, π∗Eh ⊗π0Eh

K̂p)

is an isomorphism (see Proposition 5.3.8).
Therefore we are interested in criteria under which a topological Fp-vector space

V with action by a p-adic Lie group G would have H∗cts(G, V ) = 0, with the intent
of applying such criteria to G a convenient closed normal subgroup of G1

h and V =

π∗Eh ⊗π0Eh
K̂p/K.

Here we were inspired by Tate’s original technique [Tat67] for showing acyclicity of
the action of Zp on the module V = F̂∞/F , where F is a finite extension of Qp and F∞
is a ramified Zp-extension of F . Letting g be a topological generator of Zp, Tate shows
that (g − 1) is invertible on F∞/F , and bounds the operator norm of (g − 1)−1, which
then extends to a continuous operator on V which is a nullhomotopy for the complex
computing H∗cts(Zp, V ).

In the criteria for acyclicity we devised, G is a uniform pro-p group of dimension
d, with topological generators g1, . . . , gd, which acts on an Fp-vector space V which
is separated and complete for an ultrametric valuation valV , in such a way that each
(gi − 1) is a strict contraction on V .

Theorem I (Theorem 6.3.1). Assume that the operator (g1 − 1) has bounded inverse
(g1 − 1)−1 on V . Then H∗cts(G, V ) = 0.

The proof of I makes essential use of Lazard’s study [Laz65] of continuous cohomology
of uniform pro-p groups, whereby this cohomology can be computed by a finite complex
which lifts the Koszul complex for a polynomial algebra. The existence of the operator
(g1 − 1)−1 allows us to write down a nullhomotopy for Lazard’s complex.

Using some explicit formulas of Salch for the Morava action at height 2, we were
able to verify the acyclicity criteria in Theorem I in the setting of the strong splitting
conjecture (Theorem 6.6.2); as a consequence we proved Theorem C.

Regarding the strong splitting conjecture in heights h ≥ 3, we find it unlikely that
a similar strategy using Theorem I will prevail. Instead it may be more fruitful to
seek a reformulation of the two-tower isomorphism in a category where test objects are
not required to arise from perfectoid rings, thus obviating the need for the completed
spectrum B̂ in the first place.

Remark 1.6.1. Preliminary calculations with gpt-6-astra indicate that

H∗cts(G1
h, π∗Eh ⊗π0Eh

K)→ H∗cts(G1
h, π∗Eh ⊗π0Eh

K̂p)

is not an isomorphism when p ≤ h− 1. As a consequence, we expect Conjecture 1.1.1
to be false in this range.
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1.7. Outline of the paper. The first two sections form the p-adic backbone for the
chromatic results of this paper. The main subject of Section 2 is our intermediate
height generalization of the two-tower isomorphism (Theorem H). In Section 3, we first
compute the coherent cohomology of Ωh,h−1 (Theorem F) and then translate it via the
two-tower isomorphism to deduce Theorem D. Section 4 deals with our generalization
(Theorem E) of Lurie’s construction of Lubin–Tate theories and uses it to construct
the completion B̂ of Torii’s spectrum B. After a short recollection on chromatic theory,
Section 5 then assembles our results to prove Theorem A and its consequences. The
last section, Section 6, establishes the acyclicity criterion (Theorem I) and applies it
to reprove the strong form of the chromatic splitting conjecture for height 2 and odd
primes, Theorem C. Finally, Appendix A collects some material on actions by profinite
groups which will be used crucially in the main body of the paper.

Notation. For convenience, we provide here a list of frequently used symbols.
• Ah, the Lubin-Tate deformation ring in height h, isomorphic toW (k)Ju1, . . . , uh−1K,

see Eq. (2.1.2).
• Ah, the ring spectrum defined in (1.3.3).
• B, the Torii spectrum, see (1.2.3).
• BC(λ), the Banach-Colmez space of slope λ, see Definition 2.6.4.
• Bun, the v-stack of vector bundles on the Fargues-Fontaine curve, see Defini-

tion 2.4.4.
• Gh, the Morava stabilizer group, constructed relative to the field k. There are

several variants and subgroups used throughout the paper, including:
– SGh = ker(Gh → Z×p ) and G1

h = ker(Gh → Z×p → Zp), see (1.2.6) and
(1.2.7).

– Gh = ker(Gh → Gal(k/Fp)), and similarly for SGh and G1

h.
• Γh, a 1-dimensional formal group of height h over k, often viewed as a p-divisible

group.
• Hn

F , Drinfeld symmetric space of dimension n relative to a finite extension F/Qp,
see Definition 3.1.1.
• It, the Landweber ideal (p, u1, . . . , ut−1) in Ah.
• Isoc, the v-stack of isocrystals, see Definition 2.4.4.
• k, an algebraic extension of Fp, assumed to contain Fph whenever the context

references a height h.
• K, the residue field of π0LK(h−1)Eh, isomorphic to k((uh−1)), see (1.2.4).
• L, the Gross-Torii extension of K, see Definition 1.2.5.
• LTh, the Lubin-Tate deformation space Spf Ah, see Definition 2.1.1.
• Ωh,t, the characteristic p period domain, see Definition 2.6.5.
• RZh, Rapoport-Zink space in height h, see Definition 2.1.4.
• S, the sphere spectrum; also its localization SK(h) = LK(h)S.
• Shth,≥1, the v-stack of shtukas with a paw at p, see Definition 2.4.1.

Statement on the use of AI. Most of this article was completed before the age of
AI in mathematics. A preliminary manuscript of this article that was posted to JW’s
website on August 26, 2026 did not have any AI influence.
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Since then, we have made use of AI in two ways. Firstly, gpt-6-astra was used
to produce a referee report of the paper, which resulted in many edits, most of which
were minor; the most significant of these was a correction to and strengthening of the
statement of Theorem 6.3.1. Secondly, gpt-5.6-sol was used to help navigate some of
the higher categorical technicalities in the appendix. In particular, it suggested the use
of [Rak26, Variant 2.2.3], saving us from the finer points of the theory of lax symmetric
monoidal comonads, as well as Lemma A.2.5 and its proof.

Acknowledgements. This article arose out of interactions that occurred during a
December 2024 workshop hosted by the American Institute of Mathematics, organized
by three of us (TB, TS, JW) together with Nathaniel Stapleton. TB is supported by
the European Research Council (ERC) under Horizon Europe (grant No. 101042990)
and would like to thank the Max Planck Institute for its hospitality. JW is supported
by NSF Grant DMS-2401472 and a grant from the Simons Foundation.
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2. The two tower isomorphism

This chapter provides the proof of Theorem H, which is the main arithmetic geometry
result powering the homotopical results in this paper. For the reader’s convenience, we
review the context and restate the theorem.

For an integer h ≥ 1, the formal scheme LTh classifies deformations of a 1-dimensional
formal group of height h over a perfect field k of characteristic p, which for the purposes
of this introduction will be Fp. The associated adic space LTad

h admits a stratification
by locally closed subspaces LTh,t for 0 ≤ t ≤ h. The space LTh,t is the locus of those
deformations whose generic fiber has height t.

Let LT♢h,t be the diamond associated to the adic space LTh,t. Lying above LT♢h,t is the
infinite-level space LT∞h,t, which is the v-sheaf classifying deformations together with a
trivialization of the generic fiber of the associated p-divisible group. Then as a v-sheaf
over Spd k, the infinite-level space LT∞h,t admits an action of Gh,t×GLh−t(Zp) lying over
the action on Spd k via Gal(k/Fp).

The open stratum LTh,0 is simply the characteristic-0 locus in LTad
h , and LT∞h,0 →

LT♢h,0 is the classical Lubin-Tate tower. The infinite-level space LT∞h,0 admits an alter-
native description in terms of linear algebra. For a test object S (an affinoid perfec-
toid space over W (k)[1/p]), the S-points of LT∞h,0 classify morphisms of vector bundles
O⊕h → O(1/h) on the Fargues-Fontaine curve XS♭ whose cokernel is a line bundle over
the distinguished divisor on XS♭ corresponding to the untilt S of S♭ [SW13, §6.4].

When t ≥ 1, the locus LTh,t lies over k. We also found an alternative interpretation
of LT∞h,t in terms of vector bundles on the Fargues-Fontaine curve. In this context, the
test objects S are affinoid perfectoid spaces in characteristic p, and so S = S♭; the curve
XS has no distinguished divisor. Once again, here is Theorem H:

Theorem 2.0.1. Assume 0 < t ≤ h. As a v-sheaf over Spd k with Gh,t × GLh−t(Zp)-
action, LT∞h,t is isomorphic to the sheaf which associates to a perfectoid space S the set
of exact sequences of vector bundles on the Fargues–Fontaine curve XS:

0→ O⊕(h−t) → O(1/h)→ O(1/t)→ 0

such that the induced isomorphism on determinants ∧hO(1/h) ∼= ∧tO(1/t) is a Z×p -
multiple of a fixed one.

The proof of Theorem 2.0.1 follows a chain of equivalences starting from LTh,t and
leading to a moduli space of extensions of vector bundles. Along the way we encounter
a sequence of closely related moduli spaces. For clarity’s sake, we have elected to give
each of these a distinct notation. We offer the reader the following guide to the moduli
spaces appearing in this chapter.

• LTh, the deformation space of a formal group of height h. Related: the adic
space LTad

h and its strata LTh,t for 0 ≤ t ≤ h, and in particular the characteristic
p locus LTh,≥1.
• RZh, the Rapoport-Zink deformation space of a formal 1-dimensional p-divisible

group of height h up to quasi-isogeny. Related: the adic space RZad
h and its

strata RZh,t for 0 ≤ t ≤ h, and in particular the characteristic p locus RZh,≥1.
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• Shth,≥1, the v-sheaf classifying shtukas with a paw at p (Definition 2.4.1), which
are vector bundles on the curve YS,[0,∞) together with a ϕ-linear automorphism
which is meromorphic at p, plus some additional data. Related: the strata Shth,t
for 1 ≤ t ≤ h.
• Infinite-level spaces LT∞h,t, RZ

∞
h,t, and Sht∞h,t, which appear by “trivializing the

generic fiber”.
RZh is isomorphic to a disjoint union of Z copies of LTh (Proposition 2.1.6), and

Shth,≥1 is isomorphic to the diamond version of RZh,≥1 (Proposition 2.4.2), in a manner
compatible with passage to the infinite-level spaces. Thereby Theorem 2.0.1 may be
reduced to the question of finding an alternative description for Sht∞h,t.

At this point our work makes contact with [GIZ25] and the stack Bunmer of meromor-
phic vector bundles on the Fargues-Fontaine curve. The motivation for [GIZ25] is an
ambitious program to relate two Qp-linear v-stacks which appear in distinct approaches
to the categorical local Langlands conjecture:

• Isoc, the stack classifying isocrystals over a perfectoid Fp-algebra.
• Bun, the stack of vector bundles on the Fargues-Fontaine curve.

The stacks Isoc and Bun have the same underlying set of points (corresponding to lists
of slopes), but otherwise do not seem to be directly related.

The stack Bunmer classifies vector bundles on the Fargues-Fontaine curve together
with a meromorphic extension to the locus p = 0 (Definition 2.5.6). There is a cor-
respondence Bunmer → Isoc×Bun carrying such a meromorphic vector bundle to its
generic and special fiber, respectively (Definition 2.5.7, see Remark 2.3.5 for an expla-
nation for this terminology.)

We use a Beauville-Lazslo gluing argument to identify Sht∞h,t with the pullback of
Bunmer over a specific point ∗ → Isoc×Bun (Theorem 2.5.9). On the other hand,
one of the main results of [GIZ25] identifies the pullback of Bunmer over any point of
Isoc, in terms of vector bundles on the Fargues-Fontaine curve equipped with a slope
filtration (Theorem 2.6.2). Combining these two results shows that Sht∞h,t classifies two-
step filtrations on O(1/h), where the quotients are identified with O⊕(h−t) and O(1/t),
respectively (Theorem 2.6.3). From there, Theorem 2.0.1 follows easily.

The chapter concludes with a discussion of the case t = h− 1. Recall in that setting
the Gross-Torii extension L/K 1.2.5. We have LTh,h−1 = SpaK, and the diamond Spd L̂
appears as a connected component of LT∞h,h−1. Theorem 1.4.1, on the interpretation of
Spd L̂ in terms of extensions of vector bundles on the Fargues-Fontaines curve, appears
as Proposition 2.7.1(2).

2.1. The Lubin–Tate and Rapoport–Zink deformation spaces. Let h ≥ 1, and
let k ⊂ Fp be a subfield containing Fph . Let Γh be the Honda formal group of height h
over k. With respect to a parameter X, the p-series in Γh is [p]Γh

(X) = Xph . The ring
of endomorphisms EndΓh = ODh

is the ring of integers in a division algebra Dh over
Qp of invariant 1/h, with unit group AutΓh = O×Dh

= Gh.

Definition 2.1.1. The Lubin–Tate deformation functor LTh inputs a complete Noe-
therian local ring R with residue field k, and outputs the set of pairs (Γ, ι), where Γ is
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a formal group over R, and ι : Γh ∼= Γ⊗R k is an isomorphism. The action of Gh on k
lifts to an action on LTh.

By a classical result of Lubin–Tate [LT66], LTh is representable by an affine formal
scheme Spf Ah, where

Ah ∼= W (k)Ju1, . . . , uh−1K (2.1.2)

is the ring of power series over the ring of Witt vectors W (k) in formal parameters
u1, . . . , uh−1. Let Γun

h denote the universal deformation of Γh to Ah.
It is possible to choose the parameters u1, . . . , uh−1 in such a way that

[p]Γun
h
(X) = pX +Γun

h
u1X

p +Γun
h
· · ·+Γun

h
uh−1X

ph−1

+Γun
h
Xph , (2.1.3)

by specializing the parameters in the logarithm of the universal p-typical formal group
law [Ara73].

Having chosen the parameters in this manner, we define a chain of ideals It ⊂ Ah for
0 ≤ t ≤ h by I0 = (0) and for 1 ≤ t ≤ h,

It = (p, u1, . . . , ut−1).

For 1 ≤ t ≤ h, the vanishing locus V (It) is a formal subscheme of LTh, which lives
entirely in the characteristic p locus. It classifies those deformations (Γ, ι) in charac-
teristic p for which [p]Γ factors through the tth power of the relative Frobenius map
Γ → Γ(p). As this condition does not depend on ι, the ideals It are stable under the
Gh-action.

Over such R as in Definition 2.1.1, there is an equivalence between formal groups
of finite height and connected p-divisible groups [Tat67]. For many reasons it will
be profitable to immediately translate our discussion into the language of p-divisible
groups. We will use the same notation Γh for the p-divisible group of the Honda
formal group of height h over k. The deformation problem RZh appearing below, which
replaces the isomorphism in Definition 2.1.1 with a quasi-isogeny, was introduced by
Rapoport–Zink [RZ96]. One could define RZh as a functor on W (k)-algebras in which
p is nilpotent, or equivalently, as we do here, on adic W (k)-algebras. (An adic ring R is
a topological ring which is complete for the I-adic topology for some ideal of definition
I. If R is an adic W (k)-algebra, one may choose I to contain p.)

The following material is discussed in a more leisurely manner in [BSSW24a, §3.2].

Definition 2.1.4. Let RZh be the functor which inputs an adic W (k)-algebra R and
outputs the set of isomorphism classes of pairs (Γ, α), where Γ is a p-divisible group
over R, and α : Γh⊗kR/I → Γ⊗RR/I is a quasi-isogeny. Here I is an unspecified ideal
of definition of R containing p.

Remark 2.1.5. Given Γ, the set of α as in Definition 2.1.4 is independent of the choice
of ideal of definition I: this is due to the rigidity property of quasi-isogenies [Dri76].
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The space RZh admits more symmetries than LTh. Let G0
h be the group of automor-

phisms of the pair (Γh, k) in the isogeny category. Then G0
h fits into a diagram

0

��

0

��

0 // Gh
//

��

G0

h

height //

��

Z //

=

��

0

0 // Gh
//

��

G0
h

height //

��

Z // 0

Gal(k/Fp)

��

=
// Gal(k/Fp)

��
0 0

in which rows and columns are exact.
The group G0

h acts on RZh. The height of the quasi-isogeny α is a locally constant
Z-valued function on RZh, so there is a decomposition RZh =

∐
n∈Z RZ

(n)
h . The action

of G0
h on RZh permutes the components transitively; the subgroup Gh preserves each

component.

Proposition 2.1.6 ([RZ96, Proposition 3.79]). RZh is representable by a formal scheme
over SpfW (k). There is a Gh-equivariant isomorphism of formal schemes: LTh

∼=
RZ

(0)
h . Reciprocally, RZh with its G0

h-action can be expressed in terms of LTh: RZh =
(LTh×G0

h)/Gh.

2.2. The adic spaces LTad
h and RZad

h , and their height stratifications. In order
to state the main results of the chapter, it will be necessary to pass from formal schemes
to their associated adic spaces, and then ultimately to diamonds. Let LTad

h = SpaAh
be the adic space associated to the topological ring Ah.

For a complete affinoid W (k)-algebra (R,R+), morphisms Spa(R,R+) → LTad
h are

the same as continuous W (k)-algebra homomorphisms Ah → R+, and (since Ah is
generated over W (k) by topologically nilpotent elements) these are in turn the same as
continuous W (k)-algebra homomorphisms Ah → R◦, where R◦ ⊂ R is the subring of
bounded elements. Since the functor represented by LTad

h does not depend on R+, the
adic space LTad

h is partially proper.
The ascending chain of ideals It ⊂ Ah gives rise to a descending chain of Zariski closed

subsets LTh,≥t ⊂ LTad
h . Let LTh,t = LTh,≥t \LTh,≥t+1, so that we have a decomposition

of LTad
h into Gh-stable locally closed subsets:

LTad
h =

h∐
t=0

LTh,t .

Put another way, LTh,t is the locus where p = u1 = · · · = ut−1 = 0, but where ut ̸= 0.
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In particular LTh,0 is defined by p ̸= 0; this is isomorphic to the (h− 1)-dimensional
unit ball over SpaW (k)[1/p]. At the other extreme, LTh,h = Spa k is the unique non-
analytic point of LTad

h . For intermediate values 1 ≤ t ≤ h − 1, the adic space LTh,t is
isomorphic to the (h− t− 1)-dimensional ball over Spa k((ut)).

Similarly, one has a decomposition of the adic Rapoport–Zink space RZad
h into locally

closed subpaces RZh,t which are stable for the action of G0
h. We state below a moduli-

theoretic interpretation of these. As preparation, we note that if (R,R+) is a complete
affinoid W (k)-algebra with R uniform, then R◦ is a complete adic algebra; then a
morphism Spa(R,R+)→ RZad

h determines a p-divisible group of height h over R◦.

Proposition 2.2.1. Let 0 ≤ t ≤ h. Let (R,R+) be a complete affinoid W (k)-algebra
with R uniform, and let Spa(R,R+)→ RZad

h be a morphism, determining a p-divisible
group Γ of height h over R◦. The following are equivalent:

(1) The morphism Spa(R,R+)→ RZad
h factors through RZh,t.

(2) The identity component of each fiber of ΓR = Γ⊗R◦ R has height t.

Proof. First we dispense with the t = 0 case: condition (1) is equivalent to R having
characteristic 0, which is in turn equivalent to Γ ⊗R◦ R being étale (and thus having
identity component 0).

Now suppose 1 ≤ t ≤ h. It suffices to assume that Spa(R,R+) → RZad
h lands in

one connected component, and then (since both conditions are G0
h-invariant) we may

assume this component is LTad
h . Then the p-divisible group Γ is the p-power torsion

in a specialization Γ′ of the universal deformation Γun
h , corresponding to a continuous

homomorphism Ah → R◦. Let w1, . . . , wh−1 ∈ R◦ be the images of u1, . . . , uh−1 ∈ Ah
under this homomorphism. Condition (1) means that p = w1 = · · · = wt−1 = 0 and
wt ̸= 0 in R◦, so that in light of

[p]Γ′(X) = pX +Γ′ w1X
p +Γ′ · · ·+Γ′ wh−1X

ph−1

+Γ′ Xph ,

the p-series of Γ′ has the form f(Xpt), where f(X) = (unit)X+ · · · . This means exactly
that the formal group law Γ′ has height t over R, which is equivalent to (2). □

In the context of Proposition 2.2.1, the height of the identity component of ΓR =
Γ⊗R0R is constant on SpecR, so that by [Mes72, Proposition II.4.9] there is a connected-
étale exact sequence of p-divisible groups over R:

0→ Γ◦R → ΓR → Γét
R → 0,

where Γét
R is étale of height h− t, and Γ◦R has connected fibers of height t.

The adic space RZh,t is covered (in its analytic topology) by affinoids Spa(R,R+)
(closed balls, say) for which R is a uniform W (k)-algebra. One obtains a tower of finite
étale covers of RZh,t, by trivializing Γ◦R and Γét

R . First consider the t = 0 case: there
ΓR = Γét

R , and one obtains a tower of finite étale covers RZHh,0 → RZh,0 indexed by open
subgroups H ⊂ GLh(Zp); over an (R,R+)-point represented by a pair (Γ, α) as above,
RZHh,0 parameterizes isomorphisms ΓR ∼= (Qp/Zp)⊕h (equivalently, isomorphisms of the
Tate module of ΓR with Z⊕hp ), modulo the action of H. In [SW13] it is shown that the
limit of the tower is (in a certain sense known as a tilde limit) a perfectoid space RZ∞h,0;
in more recent language, RZ∞h,0 is the limit in v-sheaves of the diamonds RZH,♢h,0 .
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Now suppose 1 ≤ t ≤ h− 1. We impose the assumption that k contains Fpht ; let Γt
be the Honda formal group of height t over k. We obtain a tower of finite étale covers
RZHh,t → RZh,t indexed by open subgroups H ⊂ Gt × GLh−t(Zp), which parameterize
pairs of isomorphisms Γ◦R ∼= Γt,R and Γét

R
∼= (Qp/Zp)⊕(h−t) modulo H. Similarly there is

a tower over LTh,t, which we call the Lubin–Tate tower for the pair (h, t).
To define RZ∞h,t and LT∞h,t, we pass once again from rigid-analytic spaces to their

associated diamonds, and take the limit in v-sheaves. The cost of this passage is that,
unlike in the characteristic 0 case, X 7→ X♢ is far from being fully faithful. As an
example, if X = Spa(R,R+) is a rigid space in characteristic p, then the ring of global
sections of X♢ is not R but rather the completion of the perfection of R. Ultimately it
is this issue which prevented us from proving the strong splitting conjecture in coheight
1 (Conjecture 1.1.1) for h ≥ 3, and which required the special techniques of §6 in the
case h = 2.

2.3. From p-divisible groups to shtukas. The next step is to consider the various
linear-algebra structures one can associate to a p-divisible group Γ over R+, when
(R,R+) is an affinoid perfectoid algebra in characteristic p. Ultimately these will all
come from Dieudonné theory, which we now review.

Suppose R is an f-semiperfect ring in characteristic p. (See [SW13, Definition/Propo-
sition 4.1.2] for the definition of f-semiperfect ring; the quotient of a perfect ring by a
finitely generated ideal is an example.) Then there is a universal p-adically complete
PD thickening Acris(R) of R. By functoriality, the Frobenius endomorphism of R lifts
to an endomorphism φ of Acris(R). If R is perfect, then Acris(R) = W (R).

We adopt the following definition of Dieudonné modules from the paragraph before
[SW13, Theorem 4.1.1]; in the case of perfect rings, the definition is the same as [Lau13,
Definition 6.1].

Definition 2.3.1 (Dieudonné modules). Let R be a f-semiperfect ring of characteristic
p. Let φ be the Frobenius on Acris(R). A Dieudonné module over R is a finite projective
Acris(R)-module M equipped with maps

F : M ⊗Acris(R),φ Acris(R)→M

and
V : M →M ⊗Acris(R),φ Acris(R)

satisfying
FV = V F = p.

For an f-semiperfect ring R, let Γ 7→M(Γ) denote the (covariant) Dieudonné module
functor, so that M(Γ) is a Dieudonné module over R.

Theorem 2.3.2. Let R be an f-semiperfect ring.
(1) The functor Γ 7→M(Γ) is fully faithful up to isogeny.
(2) If R is perfect, then Γ 7→M(Γ) is an equivalence.

Proof. (1) is [SW13, Theorem A], and (2) is [Lau13, Theorem D]. □
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Now let us specialize to the situation that S = Spa(R,R+) is an affinoid perfectoid
space in characteristic p, with ϖ ∈ R a pseudo-uniformizer, so that both R and R+ are
perfect rings, and R+/ϖ is f-semiperfect.

Recall from [SW20, §12.2] the analytic adic spaces YS,I derived from S, where I ⊂
[0,∞] is an interval. In particular YS,[0,∞] is the analytic locus in SpaW (R+), this being
the complement in SpaW (R+) of the vanishing locus V (J) of the ideal of definition
J = (p, [ϖ]) of the topological ring W (R+). Furthermore

YS,[0,∞) = SpaW (R+) \ V ([ϖ])

YS,(0,∞) = YS,[0,∞) \ V (p).

We write φ for the Frobenius automorphism of W (R+), YS,(0,∞), or YS,[0,∞) arising
from the Frobenius automorphism of (R,R+). The categories of φ-equivariant vector
bundles on these adic spaces play a prominent role in p-adic Hodge theory. Importantly,
φ acts discontinuously on YS,(0,∞), so that one may define the quotient

XS := YS,(0,∞)/φ
Z.

known as the relative Fargues–Fontaine curve.
Some further notational conventions are in order. Let ProjA denote the category of

finite projective modules over a ring A (disregarding any topology on A). Let VB(X)
denote the category of vector bundles on an adic space X (i.e., locally free OX-modules).
For an endomorphism φ of A, we let ProjA/φ denote the category of finite projective
A-modules M together with an isomorphism φ∗M

∼→M , and similarly for VB(X/φ).

Lemma 2.3.3. Let S = Spa(R,R+) be an affinoid perfectoid space in characteristic p.
(1) Recall that B+

cris(R
+/ϖ) = Acris(R

+/ϖ)[1/p]. There is an equivalence of cate-
gories ProjB+

cris(R
+/ϖ)/φ ∼= VB(YS,(0,∞]/φ).

(2) If S is a product of points [GIZ25, Definition 2.14], then the restriction map
VB(YS,(0,∞]/φ)→ VB(YS,(0,∞)/φ) is fully faithful.

Proof. For the proof, we use the notationBS,I = H0(YS,I ,O) for a subinterval I ⊂ [0,∞].
We start by noting the following inclusions of Qp-algebras:

BS,[1/p,∞] ⊂ B+
cris(R

+/ϖ) ⊂ BS,[1,∞],

The first inclusion holds because [ϖp]/p ∈ Acris(R
+/ϖ), and the second holds because

for all n ≥ 1, ϖn/n! ∈ H0(YS,[1,∞],O
+), ultimately because vp(n!) ≤ n. (In fact

vp(n!) ≤ n/(p− 1), so the [1,∞] can be improved to [1/(p− 1),∞], cf. [FF14, p. 8] in
the case that S = Spa(C,C◦) is a rank 1 geometric point.)

Given an object M of Proj B+
cris(R

+/ϖ)/φ, one can base change to BS,[1,∞] to obtain
a vector bundle E(M) on YS,[1,∞]. The pullback φ∗E(M) is a vector bundle on YS,[1/p,∞],
and we obtain an isomorphism φ∗E(M)|YS,[1,∞]

∼= E(M). Using the iterated pullbacks
(φn)∗E(M), we obtain a unique φ-equivariant extension of E(M) to YS,(0,∞]. Conversely,
given a φ-equivariant vector bundle E on YS,(0,∞], one recovers M by taking sections
over YS,[1/p,∞] followed by base change along BS,[1/p,∞] ⊂ B+

cris(R
+/ϖ). This is (1).

Part (2) is [GIZ25, Corollary 7.3(1)]. (The case when S is a rank 1 geometric point
is [FF14, Proposition 7.20].) □
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In particular if S lies over k, the Dieudonné module of the constant p-divisible group
Γh ⊗k R+/ϖ determines a rank h vector bundle OXS

(1/h) on XS.
We describe now a construction which assigns to a p-divisible group over R+ its

“shtuka with a paw at p”. The corresponding construction in characteristic 0 and its
relation to p-divisible groups is detailed in [SW20, §12].

Definition 2.3.4. Let S = Spa(R,R+) be an affinoid perfectoid space in characteristic
p. A shtuka with a paw at p over S is a pair (E, φE), where E is a vector bundle over
YS,[0,∞), and φE : φ

∗E|YS,(0,∞)
→ E|YS,(0,∞)

is an isomorphism which is meromorphic along
p = 0.

Given such a (E, φE), we define some associated objects:
• The completion E∧p along p = 0 is a projective W (R)-module which comes

equipped with an isomorphism φE∧
p
: φ∗E∧p [1/p] → E∧p [1/p]. The pair consisting

of E∧p [1/p] together with its Frobenius is an isocrystal over R, meaning an object
of ProjW (R)[1/p]/φ. We call this the generic fiber of (E, φE) and denote it by
η(E, φE).
• The special fiber σ(E, φE), defined as the descent of E|YS,(0,∞)

via φ. This is a
vector bundle over XS.

Remark 2.3.5. The names “generic fiber” and “special fiber” are a bit misleading in
Definition 2.3.4, as γ(E, φE) is the localization at (a punctured formal neighborhood
of) the locus p = 0 while σ(E, φE) is the localization away from p = 0. Nonetheless, as
the theorem below shows, there is a functor from p-divisible groups Γ over R+ towards
shtukas with a paw at p, in which the generic and special fibers of the shtuka are
determined by Γ⊗R+ R and Γ⊗R+ R+/ϖ, respectively.

Theorem 2.3.6. Let S = Spa(R,R+) be an affinoid perfectoid space over k. There is
a natural transformation (1)→ (2) between the following two presheaves of sets on the
category of affinoid perfectoid spaces over k:

(1) The functor which assigns to S the set RZh(R+) classifying pairs (Γ, α), where
Γ is a p-divisible group over R+ and α : Γh ⊗k R+/ϖ → Γ ⊗R+ R+/ϖ is a
quasi-isogeny, where ϖ is an unspecified pseudo-uniformizer.

(2) The functor which assigns to S the set of isomorphism classes of quintuples
(E, φE, N, β1, β2), where:
(a) (E, φE) is a shtuka with a paw at p over S,
(b) N is a Dieudonné module over R,
(c) β1 : N → E∧p of is an isomorphism of W (R)-modules satisfying β1 ◦ F =

φE∧
p
◦ β1, and

(d) β2 : OXS
(1/h)→ σ(E, φE) is an isomorphism of vector bundles over XS.

If S is a product of points, the map (1)→ (2) on S is a bijection.

Proof. We first describe the natural transformation (1) → (2). Let M = M(Γ) be the
Dieudonné module, a finite projective W (R+)-module. Associated to M is a vector
bundle on SpaW (R+); let E be the restriction of this vector bundle to YS,[0,∞). The
Frobenius operator F on M induces a map φE : φ

∗E → E; since F divides p this is
an isomorphism on E|YS,(0,∞)

which is meromorphic along p = 0, and so (E, φE) is a
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shtuka with a paw at p over S. Let N = M(Γ ⊗R+ R); then by functoriality of the
Dieudonné module, we have an isomorphism β1 : N → E∧p =M ⊗W (R+)W (R) commut-
ing with Frobenius. Finally, the quasi-isogeny α induces an isomorphism M(Γh)[1/p]→
M(Γ ⊗R+ R+/ϖ)[1/p] in Proj B+

cris(R
+/ϖ)/φ; from Lemma 2.3.3 we have a functor

Proj B+
cris(R

+/ϖ)/φ ∼= VB(YS,(0,∞]/φ) → VB(XS), from which we derive the isomor-
phism β2 : OXS

(1/h)→ σ(E, φ).
Now suppose S = Spa(R,R+) is a product of points, and that data (E, φE, N, β1, β2)

constituting an object of (2) are given. Restrict this data to S ′ = Spa(R,R◦). By
[GIZ25, Corollary 1.9], see also [Zha23, Theorem 8.14], the shtuka (E, φE) arises from
a Breuil-Kisin-Fargues module: that is, there is a finite projective W (R◦)-module M
together with an isomorphism φM : φ∗M [1/p]

∼→ M [1/p] whose restriction to YS′,[0,∞)

is (E, φE).
The idea now is to show that φM gives M the structure of a Dieudonné module

over R◦, which is to say that both φM and pφ−1M preserve M . Since the completion of
W (R◦)[1/[ϖ]] at p is W (R), Beauville-Laszlo gluing (see e.g. [SW20, Lemma 5.2.9])
gives an equivalence of categories

ProjW (R◦)[1/[ϖ]] ∼= ProjW (R)×ProjW (R)[1/p] ProjW (R◦)[1/p[ϖ]].

The isomorphism β1 identifies M ⊗W (R◦)W (R) with N ; since F and V preserve N , the
operators φM and pφ−1M preserve M [1/[ϖ]].

Therefore the operators φM and pφ−1M , a priori defined on M [1/p[ϖ]], preserve both
M [1/[ϖ]] and M [1/p]; we claim they must also preserve M . It suffices to check this
claim on an open covering of SpecW (R◦) by affines SpecT for which M ⊗W (R◦) T is
free. With respect to a basis, our operators have matrix entries in the fiber product of
T [1/[ϖ]] and T [1/p] over T [1/p[ϖ]]. The key observation now is that [ϖ] ∈ W (R◦) is
a non-zero divisor modulo p in W (R◦); the same is true for T , and consequently this
fiber product is just T , proving the claim.

Therefore M is a Dieudonné module; by Theorem 2.3.2, M = M(Γ) for some p-
divisible group Γ over R◦.

Finally, passing β2 through the equivalence of categories in Lemma 2.3.3 produces
an isomorphism M ⊗W (R◦) B

+
cris(R

◦/ϖ)
∼→ M(Γh ⊗k R◦/ϖ)[1/p] compatible with the

Frobenius actions; by Theorem 2.3.2 this arises from a quasi-isogeny α : Γh⊗kR◦/ϖ →
Γ⊗R◦ R◦/ϖ. The pair (Γ, α) therefore determines a point of RZh(R◦). As noted above,
the map LTh(R

◦) → LTh(R
+) is a bijection; since RZh is a disjoint union of copies of

LTh, the same is true for RZh. Therefore we have constructed the required S-point of
(1). □

Remark 2.3.7. All the shtukas we need in this article have one paw (or leg) which lies
in characteristic p. See [SW20, Proposition 23.3.1] for a definition of shtukas with a
paw in characteristic 0 and their relation to the space RZh,0 [SW20, Theorem 24.2.5].

2.4. The v-sheaf of shtukas, and the v-stacks Isoc and Bun. Here we define
v-sheaves in parallel to the Rapoport-Zink spaces RZh,≥1, RZh,t, and RZ∞h,t.

Definition 2.4.1. Let h ≥ 1, and let k be a field which is algebraic over Fph .
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(1) Let Shth,≥1 denote the v-sheafification of the presheaf on Perfk which assigns to
an affinoid perfectoid space S = Spa(R,R+) the set of isomorphism classes of
data (E, φ,N, β1, β2) as in Theorem 2.3.6.

(2) Let 1 ≤ t ≤ h, and write Γh,t = Γt ⊕ (Qp/Zp)h−t. Let Shth,t ⊂ Shth,≥1 denote
the subsheaf imposing the condition that the Dieudonné module N over W (R)
is isomorphic to M(Γh,t) at every geometric point of SpecR.

(3) Keep t as in (2), and assume that k contains Fpht . Let Sht∞h,t be the v-sheafification
of the presheaf on Perfk which assigns to S = Spa(R,R+) the set of isomorphism
classes of data (E, φ, β1, β2), where E, φ, β2 are as in Theorem 2.3.6, but now

β1 : M(Γh,t ⊗k R)[1/p] ∼= γ(E, φE)

is an isomorphism of isocrystals over R.

The group G0

h acts on all three spaces defined above, by operating on β2. The group
G0

t ×GLh−t(Qp), being the group of quasi-isogenies of Γh,t, acts on Sht∞h,t by operating
on β1. Thus Sht∞h,t admits an action of G0

h×G0

t ×GLh−t(Qp). This action even extends
to a larger group G0

h ×Gal(k/Fp) G0
t ×GLh−t(Qp).

Recall the functor X 7→ X♢ from adic spaces over Zp to v-sheaves over SpdZp. If X
lives in characteristic p, then X♢ is the restriction of the sheaf represented by X from
characteristic p adic spaces to characteristic p perfectoid spaces.

Proposition 2.4.2. There is a G0
h-equivariant isomorphism RZ♢

h,≥1 → Shth,≥1 which
carries RZh,t isomorphically onto Shth,t for each 1 ≤ t ≤ h.

Proof. The v-sheafification of the natural transformation described in Theorem 2.3.6
gives a G0

h-equivariant morphism RZ♢
h,≥1 → Shth,≥1. Since products of points form a

basis for the v-topology ([GIZ25, Remark 2.15]), part (2) of the theorem shows this is
an isomorphism. With respect to this isomorphism, N is the Dieudonné module of Γ,
and so the respective conditions for membership in RZh,t and Shth,t agree. □

Lemma 2.4.3. The map Sht∞h,t → Shth,t sending (E, φE, β1, β2) to (E, φE,M(Γh,t), β1, β2)

is a pro-finite étale torsor for the group Gt × GLh−t(Zp). Pulling back the map from
LT♢

h,t (respectively RZ♢
h,t) through this torsor produces LT∞h,t (respectively, RZ∞h,t).

Proof. Given data (E, φE, N, β1, β2) defining a point of Shth,t over S = Spa(R,R+), the
fiber of Sht∞h,t classifies all trivializations of N . These form a pro-étale AutN -torsor by
[CS24, Proposition 2.2.6]. When the data arose from a p-divisible group Γ over R+,
such trivializations correspond exactly to trivializations of Γ⊗R+ R. □

As constructed in the previous subsection, a shtuka (E, φE) has a generic point
γ(E, φE) and a special point σ(E, φE). We review here the v-stacks Isoc and Bun,
which are the targets of these constructions.

Definition 2.4.4 (The stacks Isoc and Bun). Let S = Spa(R,R+) be an affinoid
perfectoid space over k.

(1) An analytic isocrystal over S is a pair (M,φM) consisting of a finite projective
W (R)[1

p
]-moduleM and an isomorphism φM : φ∗M ∼−→M . We denote by Isoc′(S)
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the groupoid of analytic isocrystals over S and by Isoc the v-sheafification of
the functor S 7→ Isoc′(S).

(2) Define a presheaf of groupoids Bun on Perfk, which sends S to the groupoid of
vector bundles on XS. This is in fact already a v-stack [FS24, I.4.1].

The underlying topological spaces of Isoc and Bun are understood through Newton
polygons.

Definition 2.4.5. We denote by N the set of Newton polygons, which we index by
non-increasing tuples b = (λ1, . . . , λn) of rational numbers λi = di/hi, with hi ≥ 1 and
gcd(di, hi) = 1. To such a b there is an associated convex polygon in the plane, obtained
by starting at (0, 0) and then drawing a line segment of slope λi and horizontal extent
hi for i = 1, . . . , n. The λi are the slopes of b, if they are all equal we call b isoclinic. We
equip N with a partial order: b ≤ b′ if the polygons have the same endpoint, and if the
b-polygon is always on or below the b′-polygon. Thus isoclinic polygons are minimal in
N.

Theorem 2.4.6. There are canonical bijections

|Isoc| ∼= |Bun| ∼= N

and we have the following explicit description of the topologies:
(i) Given b ∈ |Isoc|, the closure of {b} in |Isoc| is the set of all b′ ∈ N with b′ ≤ b.
(ii) Given b ∈ |Bun|, the closure of {b} in |Bun| is the set of all b′ ∈ N with b′ ≥ b.

Proof. The claim about |Isoc| is [GIZ25, Propositions 6.9 and 6.11]. The claim about
the underlying set |Bun| is [FS24, I.4.1], and the claim about its topology is [Han17]. □

With the above description of |Bun| and |Isoc| it is now natural to consider the
following locally closed substacks:

Definition 2.4.7. For a Newton polygon b ∈ N we denote by

Bunb ⊆ Bun, Isocb ⊆ Isoc

the full substacks given by the locally closed point b ∈ |Bun| = |Isoc|. More explicitly,
for a small v-stack S, Bunb(S) resp. Isocb(S) is the stack of those E ∈ Bun(S) resp.
M ∈ Isoc(S) whose Newton polygon |S| → N is the constant function b.

Proposition 2.4.8. (i) For b ∈ N we have isomorphisms

Bunb ∼= ∗/G̃b,

Isocb ∼= ∗/Gb,

where Gb is the (locally profinite) group of isomorphisms of the isocrystal asso-
ciated to b and G̃b is a semidirect product of Gb with a certain unipotent group
diamond G̃>0

b .
(ii) For b isoclinic, we have G̃b = Gb, and so Bunb ∼= Isocb.
(iii) Consider the category of Q-graded vector bundles in Bun with Newton polygon b

whose λ-graded piece is isoclinic of slope λ. This category is equivalent to Isocb.
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Proof. Regarding (1): For Bun see [FS24, Proposition III.5.3], for Isoc see [GIZ25,
Proposition 6.11]. (2) is [FS24, Theorem III.4.5], and (3) is [FS24, Proposition III.4.7].

□

Example 2.4.9. Suppose that b ∈ N is isoclinic. Then Bunb ⊂ Bun is an open immersion,
while Isocb ⊂ Isoc is a closed immersion. We have G̃b = Gb by Proposition 2.4.8(ii), so
in this case Bunb ∼= Isocb ∼= [∗/Gb].

An important special case is b = (1/h). The Newton polygon is isoclinic, meaning
that Bunb ⊂ Bun is open. We have Bunb = [∗/Gb], where Gb = G0

h = D×h is the
group of units in the division algebra over Qp of invariant 1/h. For S ∈ Perfk, we write
OXS

(1/h) for the vector bundle on XS corresponding to S → ∗ → [∗/Gb] ∼= Bunb (in
agreement with the convention of the last subsection) and we write O(1/h) to refer to
the morphism ∗ → Bunb itself.

Another special case is b = (1/t, 0, . . . , 0) (with (h − t) zeros). We have Isocb =

[∗/Gb], where Gb = G0

t × GLh−t(Qp). For S = Spa(R,R+) affinoid in Perfk, we write
DR(1/t, 0, . . . , 0) for the isocrystal over R corresponding to S → ∗ → [∗/Gb] ∼= Isocb;
note this is the same as M(Γh,t,R)[1/p], where once again Γh,t = Γt⊕ (Qp/Zp)⊕(h−t). We
write D(1/t, 0, . . . , 0) to refer to the morphism ∗ → Isocb taking this value at every S.
Remark 2.4.10. Note that our convention of slopes of vector bundles is different from
that in [FS24], which is the same as the convention in [SW20]. That is, in our con-
vention, an isocrystal D(λ) of slope λ ∈ Q gives the vector bundle O(λ), whereas in
[FS24], D(λ) gives the vector bundle O(−λ). The difference between the two conven-
tions actually lies in different normalizations of Dieudonné modules: in our convention,
the covariant Dieudonné module of µp∞ has slope 1, whereas it has slope −1 in [FS24]
(See the footnote in [FS24, II.2.1]). This difference does not cause any discrepancy in
the end, since in either convention, the vector bundle associated to µp∞ is always O(1).
2.5. Meromorphic vector bundles. In [GIZ25] the authors construct a stack Bunmer

of “meromorphic vector bundles” on the Fargues–Fontaine curve, which turn out to be
closely related to our moduli spaces of shtukas. After establishing this relationship, we
can leverage the main result of [GIZ25] to produce a two-tower isomorphism for Shth,t.

We summarize the construction of Bunmer from a slightly different viewpoint than in
[GIZ25]. Let S = Spa(R,R+) be an affinoid perfectoid space in characteristic p with
pseudouniformizer ϖ ∈ R+. The adic space YS,[0,∞) admits an affinoid covering by

YS,[0,pn] = SpaBS,[0,pn],

as n ranges through Z. Explicitly, BS,[0,pn] has the following presentation as a subring
of W (R):

BS,[0,pn] = W (R+)
[ p

ϖ1/pn

]∧
(p)

[
1

ϖ

]
=

{∑
i≥0

[ρi]p
n ∈ W (R)

∣∣∣∣ ρiϖi/pn → 0

}
(2.5.1)

[SW20, proof of Proposition 11.2.1]. The automorphism φ of YS,[0,∞) restricts to an
isomorphism YS,[0,pn] → YS,[0,pn+1].

We now introduce the notion of a meromorphic vector bundle, which is meant to be
an intermediate notion between vector bundles on YS,[0,∞) and on YS,(0,∞).
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Definition 2.5.2. Given an affinoid perfectoid space S = Spa(R,R+) in characteristic
p, let VB(YS,⟨0,∞)) denote the colimit as n→ −∞ of the categories

ProjBS,[0,pn][
1
p
]×VB(YS,(0,pn]) VB(YS,(0,∞))

Then φ is an automorphism of VB(YS,⟨0,∞)); we let

VB(YS,⟨0,∞)/φ
Z)

denote the category of objects E of VB(YS,⟨0,∞)) equipped with an isomorphism φ∗E ∼−→E.
We call this the category of meromorphic vector bundles on the Fargues–Fontaine curve
over S, thinking of the formal symbol YS,⟨0,∞) as “YS,(0,∞) together with an infinitesimal
punctured neighborhood at 0.”

Remark 2.5.3. Using the theory of analytic stacks by Clausen–Scholze, one can make
literal sense of the symbol YS,⟨0,∞). Namely, given S = Spa(R,R+) as above, we can
define YS,⟨0,∞) := YS,[0,∞) ×SpecZp SpecQp. Then there are natural inclusions

YS,(0,∞) ⊆ YS,⟨0,∞) ⊆ YS,[0,∞)

and a meromorphic vector bundle on the Fargues–Fontaine curve over S is exactly a
vector bundle on YS,⟨0,∞)/φ

Z.

Since meromorphic vector bundles extend to a punctured infinitesimal neighbourhood
of 0, one can use Beauville-Laszlo gluing in order to glue them to a vector bundle on
all of Y[0,∞):

Lemma 2.5.4. Let S = Spa(R,R+) be an affinoid perfectoid space of characteristic p.
(1) Beauville-Laszlo gluing at the point p = 0 induces a natural φ-equivariant equiv-

alence of categories

VB(YS,[0,∞)) ∼= VB(YS,⟨0,∞))×Proj (W (R)[ 1
p
]) ProjW (R).

(2) The restriction map VB(YS,[0,∞))→ VB(YS,⟨0,∞)) induces a φ-equivariant func-
tor between Qp-linear categories

VB(YS,[0,∞))[1/p]→ VB(YS,⟨0,∞)).

If S is a product of points in the sense of [GIZ25, Definition 2.14], then this
functor is an equivalence.

Proof. For (1): By the definition of VB(YS,⟨0,∞)) (and a similar formula for VB(YS,[0,∞)))
the claim immediately reduces to showing that

ProjBS,[0,1] = Proj(BS,[0,1][
1
p
])×Proj(W (R)[ 1

p
]) ProjW (R).

We observe that W (R) is the p-adic completion of BS,[0,1]. (Explanation: By the presen-
tation given in (2.5.1), the subring BS,[0,1] of W (R) has BS,[0,1]/p ∼= R+[p/ϖ][1/ϖ] = R;
therefore its p-completion must be W (R).) Thus the claim follows immediately from
Beauville-Laszlo gluing.

For (2): Under the hypothesis that S = Spa(R,R+) is a product of points, we claim
that the functor

(ProjW (R))[1
p
]→ Proj(W (R)[1

p
]) (2.5.5)
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is an equivalence. That it is fully faithful is true without any hypotheses on R: this
is the statement that Hom(M,N)[1/p] → Hom(M [1/p], N [1/p]) is an isomorphism for
finite projective W (R)-modules M and N , and it reduces immediately to the case that
M ∼= W (R)⊕n is free, in which case both sides identify with N [1/p]⊕n. For essential
surjectivity: Suppose M is a finite projective W (R)[1/p]-module. The result [GIZ25,
Proposition 2.19] shows that the perfect scheme SpecR is a comb, meaning that every
connected component of SpecR is the spectrum of a valuation ring with algebraically
closed fraction field. Then by [Iva23, Theorem 6.1], there are finitely many rings Ri,
and for each i a finite free module Mi over W (Ri)[1/p], such that R ∼=

∏
iRi and

M ∼=
∏

iMi. Since each Mi obviously descends to a finite projective W (Ri)-module,
we find that M descends to a finite projective W (R)-module.

Inverting p in the equivalence in (1), we then have equivalences:

VB(YS,[0,∞))[
1
p
] ∼= VB(YS,⟨0,∞))×Proj(W (R)[

1
p
])
(ProjW (R))[1

p
]

∼= VB(YS,⟨0,∞)).

□

We do not know if the assignment S 7→ VB(YS,⟨0,∞)) satisfies v-descent, so we need
to sheafify it to make the following definition.

Definition 2.5.6. We denote by Bunmer the v-sheafification of the prestack S 7→
VB(Y⟨0,∞)/φ

Z), and call this the stack of meromorphic vector bundles.

We now look at two localizations on YS,⟨0,∞). Firstly we can localize to YS,(0,∞), i.e.,
throw away any infinitesimal information around 0. Secondly we can localize to the
punctured infinitesimal neighbourhood of 0, which is given by the ring W (R)[1

p
] (see

Lemma 2.5.4). These localizations will result in functors out of Bunmer and into Bun
and Isoc, respectively.

Definition 2.5.7. We denote by

Isoc
γ←−Bunmer σ−→Bun

the maps of v-stacks induced by pullbacks along the two localizations on YS,⟨0,∞) dis-
cussed above. More precisely, given an affinoid perfectoid S = Spa(R,R+) and an
object E ∈ VB(YS,⟨0,∞)) then by definition E is formally glued from a finite projective
BS,[0,pn][

1
p
]-module E0 for some n ∈ Z and a vector bundle E1 on YS,(0,∞). We let

γ(E) = E0 ⊗BS,[0,pn][
1
p
] W (R)[1

p
], σ(E) := E1,

together with their respective φ-equivariant structures. After passing to v-sheafification
we obtain the desired morphisms of small v-stacks. We call γ the generic polygon map
and σ the special polygon map.

Let us now check that the above definitions are compatible with the ones in [GIZ25],
so that we can apply their results.

Lemma 2.5.8. Our above constructions produce the same results as the ones in [GIZ25].
More precisely:
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(i) The v-stack Bunmer is isomorphic to the one from [GIZ25, Definition 4.19].
(ii) The v-stack Isoc is isomorphic to the v-stack B♢ from [GIZ25, Definition 4.12].
(iii) With respect to the isomorphisms above, the special and generic polygon maps

γ and σ coincide with the ones from [GIZ25, Definition 4.20].

Proof. For (i): Let us temporarily denote by Bunmer′ the small v-stack from [GIZ25].
By [GIZ25, Definition 4.18 and Proposition 4.21(2)], Bunmer′ is the v-sheafification of
the functor sending S to the category of objects E in VB(Y[0,∞))[1/p] equipped with an
isomorphism φ∗E

∼→ E. The φ-equivariant functor VB(Y[0,∞))[1/p]→ VB(Y⟨0,∞)) from
Lemma 2.5.4(2) therefore induces a functor Bunmer → Bunmer′ which is an equivalence
on products of points. These form a basis for the v-topology (see [GIZ25, Remark 2.15]),
so the functor is an equivalence.

For (ii): By [GIZ25, Definition 4.4 and Proposition 4.14(2)], B♢ is the v-sheafification
of the functor sending S = Spa(R,R+) to the category of objects M in (ProjW (R))[1

p
]

equipped with an isomorphism φ∗M
∼→M . In light of the φ-equivariant functor (2.5.5),

there is a functor B♢ → Isoc. By the proof of Lemma 2.5.4(2), the functor (2.5.5) is
an equivalence when S is a product of points, which implies that B♢ → Isoc is an
equivalence.

Part (iii) follows easily by going through the above identifications and the definition
of γ and σ on both sides. □

We can now state a relationship between our space of shtukas and Bunmer.

Theorem 2.5.9. There is a cartesian diagram of small v-stacks

Sht∞h,t Bunmer

∗ Isoc×Bun

(γ,σ)

where the bottom horizontal map is the product of D(1/t, 0, . . . , 0) and O(1/h).

Proof. The upper horizontal arrow in the diagram is restriction of shtukas from YS,[0,∞)

to YS,⟨0,∞); the definition of Sht∞h,t makes it fairly clear that the diagram commutes.
To see that the diagram is cartesian: Let S = Spa(R,R+) be an affinoid perfectoid

space over k. Then up to sheafification, the S-points of the fiber product parameterize
data (Emer, φEmer , α1, α2), where Emer is an object of VB(YS,⟨0,∞)), φEmer : φ∗Emer → Emer

is an isomorphism, α1 : M(Γh,t) ⊗W (k) W (R)[1/p] → γ(Emer, φEmer) is an isomorphism
of isocrystals over R, and α2 : OXS

(1/h) → σ(Emer, φEmer) is an isomorphism of vector
bundles over XS. By Lemma 2.5.4(1), the meromorphic vector bundle Emer and the
Dieudonné module M(Γh,t) glue together to give an object E ∈ VB(YS,[0,∞)). The
isomorphism φEmer (respectively, pφ−1Emer) glues together with Frobenius (respectively,
Verschiebung) to give an operator φE : φ

∗E→ E (respectively, an operator V : E→ φ∗E)
for which φEV = V φE = p; in particular φE is meromorphic at p = 0. Thus (E, φE)
defines a shtuka with a paw at p, whose generic and special fibers are trivialized by α1

and α2, respectively. This defines an S-point of Sht∞h,t. □
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2.6. The two-tower isomorphism. In [FS24, Definition V.3.2] Fargues–Scholze in-
troduce the v-stack M of vector bundles E on the Fargues–Fontaine curve together with
an increasing filtration (Eλ)λ∈Q such that for each λ ∈ Q the quotient Eλ/E<λ has a
single slope λ. The morphism M → Bun forgetting the filtration serves as a smooth
uniformization of Bun by a v-stack representable in diamonds, showing that BunG is
an Artin v-stack. The v-stack M decomposes as a disjoint union of v-stacks Mb over
Newton polygons b ∈ N, where Mb classifies those Q-filtered vector bundles whose
associated graded has Newton polygon b.

There is an analogue of M for meromorphic vector bundles:

Definition 2.6.1. We denote by Mmer the stack of meromorphic vector bundles with
slope filtration: It is the stack of Q-filtered objects (Eλ)λ∈Q such that the quotients
Eλ/E<λ have a generic Newton polygon with single slope λ (cf. [GIZ25, Definition 5.15]).

In the following we summarize some of the main results in [GIZ25], relating the stacks
Mmer and M.

Theorem 2.6.2. (i) The special polygon map σ : Bunmer → Bun induces an iso-
morphism

Mmer ∼−→M.

In other words, every vector bundle on the Fargues–Fontaine curve equipped with
a slope filtration extends uniquely to a meromorphic vector bundle equipped with
a slope filtration.

(ii) Let b ∈ N be a Newton polygon. There is a cartesian square:

Mb Bunmer

Isocb Isoc

γ

Here, the top horizontal arrow composes the restriction of the inverse of the iso-
morphism in (1) to Mb with the map Mmer → Bunmer forgetting the filtration.
The left vertical arrow inputs a Q-filtered vector bundle, passes to its associ-
ated Q-graded vector bundle, and passes it through the equivalence to Isocb in
Proposition 2.4.8.

Proof. Part (i) is proved in [GIZ25, Proposition 5.16] and part (ii) is proved in [GIZ25,
Theorem 6.13]. □

We derive from this our key result.

Theorem 2.6.3. Let 1 ≤ t ≤ h.

(1) As a v-sheaf with G0

h × G0

t × GLh−t(Qp)-action, the infinite-level shtuka space
Sht∞h,t is isomorphic to the v-sheaf over k whose S-points classify exact sequences
of vector bundles on XS:

0→ O⊕(h−t) → O(1/h)→ O(1/t)→ 0.
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(2) The infinite-level Lubin-Tate space LT∞h,t classifies the same exact sequences,
such that the induced isomorphism on determinants ∧hO(1/h) ∼= ∧tO(1/t) is a
Z×p -multiple of a fixed one.

Proof. For (1): Let b = (1/t, 0, . . . , 0). Combining Theorem 2.5.9 and Theorem 2.6.2
gives a cartesian diagram

Sht∞h,t

��

//Mb

��
∗ // Isocb×Bun

That is: Sht∞h,t classifies objects E of Bun equipped with (1) an isomorphism E ∼= O(1/h)
together with (2) an increasing Q-filtration of E, whose graded pieces are identified with
O⊕h−t and O(1/t). This is exactly the data given by an exact sequence as in the theorem.

For (2): Given the description of Sht∞h,t in (1), there is a map from Sht∞h,t towards
the space of isomorphisms ∧hO(1/h) ∼= ∧tO(1/t), which is a Q×p -torsor; this map is
compatible with the determinant homomorphism δ : G0

h × G0

t × GLh−t(Qp) → Q×p .
Quotienting by Gt×GLh−t(Zp), we arrive at a map from Shth,t towards the Z-torsor T
of isomorphisms ∧hO(1/h) ∼= ∧tO(1/t) considered up to Z×p , which is compatible with
the height map G0

h → G0

h/Gh
∼= Z. Since Shth,t ∼= (LT♢

h,t×G
0

h)/Gh, it must be that
LT♢

h,t is one of the fibers of Shth,t → T . Therefore its preimage LT∞h,t in Sht∞h,t is as
described. □

In our version of the two-towers isomorphism, the analogue of Drinfeld symmetric
space is obtained by quotienting Sht∞h,t by G0

h to obtain a “characteristic p period do-
main”. First we introduce some notations.

Definition 2.6.4 (Banach–Colmez spaces). Let λ ∈ Q. Assume that k contains Fpd ,
where d is the denominator of λ. Define a sheaf of Qp-vector spaces BC(λ) on Perfk as
follows.

(1) If λ ≥ 0, BC(λ)(S) = H0(XS,OXS
(λ)).

(2) If λ < 0, BC(λ)(S) = H1(XS,OXS
(λ)).

Note that BC(λ) admits endomorphisms by the division algebra over Qp of invariant λ.

Definition 2.6.5 (The characteristic p period domains Ωh,t). Considering that the
direct sum BC(−1/t)⊕(h−t) classifies extensions

0→ Oh−t → E→ O(1/t)→ 0,

we let
Ωh,t ⊂ BC(−1/t)⊕(h−t)

be the open subsheaf classifying those extensions for which E is isoclinic of slope 1/h,
i.e., it is the pullback of Bun1/h under BC(−1/t)⊕(h−t) → Bun.

We are ready to present our main two-tower isomorphism statement.

Proposition 2.6.6 (The two-tower isomorphism in characteristic p). Recall the nota-
tion Gh = AutΓh and Dh = EndΓh[1/p] for each h ≥ 1.
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(1) There is a diagram of v-sheaves over k

Sht∞h,t
Gt×GLh−t(Zp)

{{

G0
h

""
Shth,t Ωh,t

in which each morphism is a torsor for the indicated group.
(2) There is a similar diagram of v-sheaves over k:

LT∞h,t
Gt×GLh−t(Zp)

||

Gh

!!
LT♢

h,t Ωh,t

Proof. The left morphism in (1) is a torsor as indicated by Lemma 2.4.3. The right
morphism comes from the description of Sht∞h,t given in Theorem 2.6.3: Sht∞h,t classifies
the same data as in Ωh,t together with a trivialization O(1/h) ∼= E. Such trivializations
form a torsor under AutO(1/h) ∼= G0

h.
(2) is obtained from (1) by restricting over the inclusion LT♢

h,t → Shth,t. □

2.7. The case t = h− 1. We provide some more details in the coheight 1 case. Let us
review the basic setup: k is a perfect field containing Fph(h−1) , and we have fixed formal
groups Γh and Γh−1 of dimension 1 and heights h and h−1 over k. Then the adic space
LTh,h−1 is one point SpaK, where K ∼= k((uh−1)). Recall that Γun

h is the universal
deformation of Γh to LTh. The identity component (Γun

h,K)
◦ of Γun

h,K has height h− 1, so
it becomes isomorphic to Γh−1 over a separable extension of K. As in Definition 1.2.5,
L/K be the separable extension which classifies isomorphisms Γh−1,L ∼= (Γun

L )◦.
Let L̂ be the uh−1-adic completion of L. Then L̂ is a topological field admitting

a continuous action of Gh × Gh−1. To state our results, it will be convenient to fix
isomorphisms of Dieudonné modules detM(Γh) ∼= detM(Γh−1) ∼= M(Γ1). (A quick
calculation shows that for the Honda formal group Γn of height n, the determinant
detM(Γn) is isomorphic to the Dieudonné module of the multiplicative group over Fp2 .
Since h(h− 1) is even, Fp2 is contained in k, so such an isomorphism exists, and the set
of all such isomorphisms is a Z×p -torsor.) Such an isomorphism induces an isomorphism
of vector bundles detO(1/h) ∼= detO(1/(h− 1)), which we call ι.

Proposition 2.7.1. Regarding the completion of the Gross-Torii extension L/K, we
have:

(1) The completion L̂ is a perfect (and thus perfectoid) field.
(2) Spd L̂ classifies exact sequences

0→ O→ O(1/h)→ O(1/(h− 1))→ 0

which induce the fixed isomorphism ι : detO(1/h) ∼= detO(1/(h− 1)).
(3) As a v-sheaf with Gh×Gh−1-action, Spd L̂ classifies surjective maps O(1/h)→

O(1/(h− 1)).
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(4) L̂ is isomorphic to the completed perfection of a Laurent series field:

L̂ ∼= k((t1/p
∞
)).

(5) Recall that SGh is the kernel of the determinant map Gh → G1 = Z×p . Then
the quotient (Spd L̂)/SGh is Gh−1 × Z×p -equivariantly isomorphic to the punc-
tured negative BC space Ωh,h−1 = BC(−1/(h − 1))∗, where the Z×p -action on
BC(−1/(h− 1))∗ factors through the inclusion of Z×p as the center of Gh−1.

Proof. (1): L/K is a totally ramified p-adic Lie extension, so that by [Win79, Theorem
1.2] it is strictly APF. As pointed out in [Win79, Remark 2.6], this implies that L̂ is
perfect.

(2) The map of v-sheaves LT∞h,h−1 → Spd L̂ which forgets the trivialization of the
étale part of Γun

h,K is a pro-finite Z×p -torsor. By Theorem 2.6.3(2), this quotient classifies
exact sequences of vector bundles as described in the proposition, where the induced
isomorphism of determinants is fixed.

(3): Extensions as in (2) are the same as surjective maps O(1/h)→ O(1/(h−1)), since
the kernel L is necessarily a line bundle which comes equipped with an isomorphism to
(detO(1/h))−1 ⊗ detO(1/(h− 1)) ∼= O via ι.

(4): By (3), Spd L̂ classifies surjections O(1/h) → O(1/(h− 1)). We claim that any
map O(1/h) → O(1/(h − 1)) which is nonzero at every point of a test object S are
automatically surjective. For this we can argue on a geometric point of S. The image
of such a map is a quotient of O(1/h) and a subbundle of O(1/(h− 1)). If d and r ≥ 1
are relatively prime integers and d/r appears as a slope of this image, then d/r lies
in [1/h, 1/(h − 1)]. In particular d ≥ 1. But also the rank of this image is ≤ h − 1,
implying r ≤ h−1 and therefore d/r ≥ 1/(h−1); the only possibility is d/r = 1/(h−1).
Therefore the map is surjective.

Nonzero maps O(1/h) → O(1/(h − 1)) are the same as nonzero global sections of
O(−1/h)⊗O(−1/(h− 1)) ∼= O(1/h(h− 1)); they are parametrized by the complement
of the origin in BC(1/h(h− 1)). (See [BFH+22, Example 2.2.3] for this manipulation.)
By Theorem 2.3.2 combined with Lemma 2.3.3, BC(1/h(h − 1)) is isomorphic to the
v-sheafification of the presheaf sending S = Spa(R,R+) to Hom(Qp/Zp,Γh(h−1))[1/p]
in the category of p-divisible groups over R+/ϖ. The latter is the universal cover
Γ̃h(h−1) = limp Γh(h−1) evaluated on R+/ϖ. This universal cover is represented by
Spf kJt1/p∞K by [SW13, Proposition 3.13], and (by the crystalline property of such uni-
versal covers) it takes the same value on R+. After v-sheafifying, we find an isomorphism
BC(1/h(h− 1)) ∼= Spd kJt1/p∞K. Removing the origin, we find that Spd L̂ is isomorphic
to Spd k((t1/p

∞
)).

(5): In light of (3), the quotient (Spd L̂)/SGh classifies surjective maps E→ O(1/(h−
1)), where E is an unspecified rank h vector bundle which is isoclinic of slope 1/h,
together with an isomorphism detE ∼= O(1). The kernel of E→ O(1/(h− 1)), being a
line bundle, is identified with detE⊗detO(1/(h−1))−1 ∼= O. We find that (Spd L̂)/SGh

classifies extensions
0→ O→ E→ O(1/(h− 1))→ 0
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for E isoclinic of slope 1/h, as indeed such an exact sequence forces a trivialization of
detE. Since such an extension is necessarily everywhere nonsplit, (Spd L̂)/SGh maps
toward BC(−1/(h− 1))∗. Conversely, a section of BC(−1/(h− 1))∗ corresponds to an
extension as above for which E which is necessarily isoclinic of slope 1/h, as there are
no Newton polygons between (1/(h− 1), 0) and (1/h).

Regarding the action of the residual Gh/SGh
∼= Z×p : an element g ∈ Gh acts on our

description of (Spd L̂)/SGh by scaling the isomorphism detE ∼= O(1) by det g, and this
has the effect of multiplying our isomorphism ker(E→ O(1/(h− 1))) ∼= O by det g. We
conclude that, relative to the isomorphism of (Spd L̂)/SGh with BC(−1/(h − 1))∗ =
Ext1(O(1/(h− 1)),O)∗, the element g acts by multiplication by the scalar det g on the
factor O. This action is the same as multiplication by the same scalar det g on the
O(1/(h− 1)) factor. □
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3. The O♭-cohomology of characteristic p period domains

Let L/K be the Torii extension (Definition 1.2.5), so that K ∼= k((uh−1)) is a field
of Laurent series over a perfect field k/Fp, and L/K is a Galois extension with group
Gh−1. The field L admits an action of Gh,h−1. Let L̂ denote the uh−1-adic completion of
L. In this section we prove Theorem D, on the structure of the continuous cohomology
H∗cts(SGh, L̂), where SGh is the kernel of the determinant map Gh → G1.

Proposition 1.4.1 provides an isomorphism of v-sheaves on Perfk:

(Spd L̂)/SGh
∼= BC(−1/(h− 1))∗.

We adopt the notation O♭ for the structure sheaf on Perfk, which sends Spa(R,R+) to
R. Taking O♭-cohomology on either side of the above isomorphism, and noting that O♭

is acyclic on affinoid perfectoids such as Spa L̂, we obtain an isomorphism of graded
rings:

H∗cts(SGh, L̂) ∼= H∗(BC(−1/(h− 1))∗,O♭).

Let us outline our strategy for computing the right side, i.e., H∗(BC(−1/t)∗,O♭) for
t ≥ 1. In Section 3.1 we study the geometry of BC(−1/t)∗ and show that after base-
change to an auxiliary algebraically closed perfectoid field C/Qp, it becomes isomorphic
to 1-dimensional Drinfeld symmetric space modulo the action of a finite-dimensional
Qp-vector space. In Section 3.2, we recall the 6-functor formalism for O♭-cohomology
from [ABM24] and compute the dualizing complex for smooth morphisms. This part
does not depend on the other parts of the paper and may be of interest in its own right.
In preparation for the computation of the O♭-cohomology of the Drinfeld symmetric
space, we study the O♭-cohomology of closed affinoid disks over SpaC in Section 3.3
using a very general approach that allows similar computations for every cohomology
theory on v-stacks. In Section 3.4, we compute the O♭-cohomology and O♭-homology of
the Drinfeld symmetric space. As GL2(F )-representations, the homology turns out to
consist of the trivial representation and the Steinberg representation.

In Section 3.5, we develop a general comparison between mod-p representations of
a p-adic group with discrete coefficients and those with condensed coefficients. This
comparison is then used to compute the O♭-cohomology of BC(−1/t)∗ over C. Finally,
in Section 3.6 we prove a version of Drinfeld’s lemma for O♭-cohomology, which allows
us to deduce the cohomology of BC(−1/t)∗ over k from that of BC(−1/t)∗ × SpaC
computed in the previous section.

Recall that BC(−1/(h − 1))∗ = Ωh,h−1 is an example of a characteristic p period
domain as in Definition 2.6.5. It ought to be possible to extend the results of this
section to compute the O♭-cohomology of Ωh,t for general 1 ≤ t ≤ h − 1; this may be
relevant to the splitting conjecture in general coheight.

3.1. The geometry of BC(−1/t)∗. Fix a (discrete) perfect field k/Fp containing Fpt ,
and use it to define the v-sheaf BC(−1/t)∗ on Perfk. Let C/Qp be an algebraically closed
perfectoid field C whose residue field contains k, so that SpdC is fibered over Spd k.
We study the geometry of the v-sheaf BC(−1/t)∗ and relate it to Drinfeld symmetric
spaces. Let us first review what these spaces are.
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Definition 3.1.1. Let F be a finite extension of Qp contained in C. The Drinfeld
symmetric space of dimension n associated to F is the rigid-analytic space over F
defined by

Hn
F := PnF \

⋃
H

H,

where H ranges over all F -rational hyperplanes in the projective space PnF . Hn
F is a

smooth Stein space of dimension n over F . Let Hn
F,C denote the base change of Hn

F to
C.

The main result of the present subsection is the following description of BC(−1/t)∗
after base-change to SpdC:

Proposition 3.1.2. Let F/Qp be a field extension of degree t contained in C.
(1) There is an isomorphism of Qp-linear diamonds over SpdC:

BC(−1/t)×Spd k SpdC ≃ A1,♢
C /F,

where F acts by translation on A1,♢
C .

(2) There is a Q×p -equivariant isomorphism of diamonds over SpdC:

BC(−1/t)∗ ×Spd k SpdC ≃ H
1,♢
F,C/F,

where F acts by translation on H
1,♢
F,C ⊂ A1,♢

C .

Proof. Part (1) is well-known; see the discussion after [FS24, Definition II.0.6] for the
case t = 1. Also, we remark that we ought to write A1,♢

F,C/F
♢ for this quotient.

For S = Spa(R,R+) an affinoid perfectoid space over Spa(C,OC), let XS♭,F be the
Fargues–Fontaine curve relative to the base S♭ and the local field F . The affinoid
perfectoid S = Spa(R,R+), being an untilt of its tilt S♭, defines a Cartier divisor
i : S ↪→ XS♭,F .

Choose a generator of the Tate module of the Lubin–Tate formal OF -module, with
coefficients in C. This choice induces a short exact sequence of sheaves on XS♭,F :

0→ OX
S♭,F

(−1)→ OX
S♭,F
→ i∗OS → 0.

Let π : XS♭,F → XS♭ be the natural degree t étale map corresponding to the degree
t extension F/Qp. Pushing forward the modification by π∗, we obtain a short exact
sequence of sheaves on XS♭ :

0→ OX
S♭
(−1/t)→ OX

S♭
⊗Qp F → (π ◦ i)∗OS → 0.

(See [FF18, §8.2.2] for a discussion of this push-forward operation on vector bundles.)
Passing to the long exact sequence in cohomology, we obtain a short exact sequence of
Qp-vector spaces:

0→ F (S)→ A1,⋄
C (S)→ H1(XS♭ ,OX

S♭
(−1/t))→ 0,

which is to say, an isomorphism

H1(XS♭ ,O(−1/t)) ∼= A1,♢
C (S)/F (S).
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The diamond BC(−1/t)×k SpdC is now seen to be the sheaf of Qp-vector spaces whose
value on an affinoid perfectoid space S over C is A1,⋄

C (S)/F (S). This means exactly
that

BC(−1/t)×Spd k SpdC ≃ A1,⋄
C /F,

which is (1).
The isomorphism (2) is obtained from (1) by removing the zero section on either

side. □

In passing, we remark that the isomorphisms in Proposition 3.1.2 are defined over
the completion of the maximal abelian extension of F .

3.2. A 6-functor formalism for O♭-cohomology. Let vStk denote the category of
small v-stacks as defined in [Sch17, §12]. One of the main results of [ABM24] is the
construction of a 6-functor formalism for O♭-cohomology on small v-stacks:

Theorem 3.2.1. There is a certain class of morphisms E in vStk and a 6-functor
formalism X 7→ D□̂(O

♭
X) on the geometric setup (vStk, E) (i.e., with !-functors defined

for all maps in E) such that the following is true:
(i) E enjoys the following properties:

(a) E is stable under composition and base-change. Moreover, if f : Y → X
and g : Z → Y are maps of small v-stacks such that f, fg ∈ E, then g ∈ E.

(b) E contains every morphism between (the diamonds of) rigid varieties over
some fixed base field and every map between the classifying stacks of p-adic
Lie groups.

(ii) If X = Spa(A,A+) is an affinoid perfectoid space in characteristic p which
admits a map of finite transcendence degree to a totally disconnected space (e.g.
the spectrum of perfectoid field) then

D□̂(O
♭
X) = D□̂(A,A

+),

where the right-hand side denotes the (slightly modified) category of (A,A+)□-
modules.2

(iii) Given a small v-stack X, let O♭ ∈ D□̂(O
♭
X) denote the tensor unit. Then

Hom(O♭,O♭) = RΓ(X,O♭),

where the cohomology on the right denotes v-cohomology.
(iv) We have the following results regarding smooth and proper maps:

(a) Let f : Y → X be a map of analytic adic spaces over Qp; we abuse notation
and denote by f also the diamond version. If f is proper then f is D□̂-
proper, i.e., f! = f∗. If f is smooth of pure dimension d then f is D□̂-smooth
and naturally f ! = f ∗[2d](d), where “(d)” denotes the Tate twist.

2Roughly, this is the derived category of topological A-modules with a certain completeness condition
with respect to A+. If A+ is up to integral closure of topological finite type over Fp (e.g. A = Cp),
then the □̂-modification does nothing and agrees with usual solid modules.
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(b) Let G be a p-adic Lie group and consider the map f : ∗/G→ ∗ of v-stacks.
Then f is D□̂-!-able, i.e., it belongs to the class E. The map f is D□̂-smooth
and f ! = f ∗ ⊗ ωG[dimG], where ωG is a character of G. If G is compact
with cdp(G) <∞, then f is D□̂-proper.

Proof. We let E be the class of !-able maps from [ABM24, Definition 4.3.6]. By con-
struction this class satisfies (i)(a) and by [ABM24, Lemma 4.3.5(ii)]) and [ABM24,
Proposition 4.3.8] it satisfies (i)(b). In [ABM24, Theorem 3.2.8] a 6-functor formal-
ism X 7→ D□̂(O

♭,+,a
X ) is constructed. We obtain the desired one by restricting to the

full subcategory of OX-modules (i.e., inverting a pseudouniformizer). Claim (ii) then
follows from [ABM24, Theorem 3.1.2]. Claim (iii) is obvious on affinoid perfectoid
spaces as in (ii) (then both sides compute A) and follows in general because D□̂ sat-
isfies v-descent by [ABM24, Theorem 3.1.2]. The claim about properness in (iv)(a)
is true by construction. The claim about smooth maps in (iv)(a) reduces to the 6-
functor formalism X 7→ D□̂(O

♭,+,a
X ) because morphisms of 6-functor formalisms preserve

smoothness and commute with taking the dualizing sheaf for smooth maps (this follows
from the interpretation of smoothness in terms of the category of kernels, see [HM24,
Definition 4.5.1]). Then [ABM24, Lemma 3.3.2] reduces the question to O♭,+,a/π for
some pseudouniformizer π, where we can deduce it from [Man22, Theorem 3.10.17] and
[Man22, Theorem 3.10.20]. The claims in (iv)(b) can similarly be reduced modulo π
and then follow from [HM22, Corollary 3.12] and [HM22, Theorems 3.16, 3.18]. □

Remark 3.2.2. Let G be a compact p-adic Lie group, and f : ∗/G→ ∗ be the associated
map of v-stacks. Then the following statements are equivalent:

(1) f is D□̂-proper;
(2) cdp(G) <∞; and
(3) G is p-torsion free.

The equivalence between (2) and (3) is a result by Serre [Ser65], and Theorem 3.2.1.(iv)
shows that (2) implies (1). To show that (1) implies (2), it is enough to show that the
pullback of f : ∗/G → ∗ to a geometric point SpdC → ∗ is not D□̂-proper if G has
nontrivial p-torsion. Assume H ≃ Z/p is a closed subgroup of G. Then there are
induced maps between small v-stacks

SpdC/H SpdC/G SpdCi

g

f

Here i is D□̂-proper: pulling i back along the natural map SpdC → SpdC/G yields
G/H → SpdC, which is D□̂-proper since G/H is a profinite set. Let M := i∗1 ≃ i!1,
where 1 is the tensor unit in D□̂(SpdC/H) and corresponds to the trivial representation
ofH over C. It is then enough to show f∗M ̸= f!M , or g∗M ̸= g!M . A simple calculation
in group cohomology shows H1(SpdC, g∗M) ̸= H1(SpdC, g!M).

The following text should be its own remark, as it is sufficiently different from
the text above. The goal of this chapter can be roughly described as to understand
the cohomology of Ωh,h−1 as a representation of Gh−1 × Z×p , or equivalently, the map
Ωh,h−1/(Gh−1 × Z×p ) → ∗/(Gh−1 × Z×p ) and the map ∗/(Gh−1 × Z×p ) → ∗. Recall the
group Gh−1 is isomorphic to O×D, where D is the division algebra over Qp of invariant
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1/(h − 1). Then a simple calculation shows Gh−1 has nontrivial p-torsion if and only
if p − 1 | h − 1. Thus, the map ∗/(Gh−1 × Z×p ) → ∗ is not D□̂-proper exactly when
p− 1 | h− 1. This may give a geometric explanation for the dichotomy in Theorem A.

The next result discussed a canonical topology, more precisely condensed structure,
that can be put on the cohomologies in the above 6-functor formalism. This will become
important in the Drinfeld lemma below.

Proposition 3.2.3. For every small v-stack X there is a canonical functor

RΓ□(X,−) : D□̂(O
♭
X)→ D□(Fp)

with the following properties:
(i) Given M ∈ D□̂(O

♭
X), the underlying Fp-vector space of RΓ□(X,M) is given by

RΓ□(X,M)(∗) = Hom(O♭,M).

In particular, for M = O♭ we get RΓ□(X,O
♭)(∗) = RΓ(X,O♭).

(ii) Suppose there is a map f : X → S, where S = Spa(R,R+) is an affinoid per-
fectoid space as in Theorem 3.2.1.(ii). Then there is a canonical isomorphism
RΓ□(X,−) = f∗, where on the right-hand side we implicitly apply the forgetful
functor D□̂(O

♭
S) = D□̂(R,R

+)→ D□(Fp).
(iii) Suppose that X is qcqs and pick a v-hypercover g• : Y• → X by affinoid perfectoid

spaces Yn = Spa(Bn, B
+
n ) that satisfy the condition in Theorem 3.2.1.(ii); then

RΓ□(X,O
♭) = lim←−

n∈∆
Bn = [· · · → 0→ B0 → B1 → B2 → . . . ],

where on the right-hand side we have the usual resolution coming out of the
hypercover, viewed as a complex in D□(Fp) for the natural condensed structures
on Bn.

Proof. Note that for every affinoid perfectoid space Y = Spa(B,B+) there is a canon-
ical pullback functor D□(Fp) → D□̂(B,B

+) and this pullback functor commutes with
pullbacks along maps of affinoid perfectoid spaces (cf. [AM24, Lemma 2.7]). Passing
through descent, we see that D□̂ together with its pullback and tensor product can be
seen as a functor

D□̂ : vStkop → CAlg(PrL)D□(Fp)/,

i.e. there is a natural symmetric monoidal map α∗X : D□(Fp)→ D□̂(O
♭
X) for every small

v-stack X. The functor RΓ□(X,−) is defined to be the right adjoint of α∗X .
To prove (i), we note that for any M ∈ D□̂(O

♭
X) we have

RΓ□(X,M)(∗) = Hom(Fp, RΓ□(X,M)) = Hom(αXFp,M) = Hom(O♭,M),

as desired. For (ii) we observe that both sides of the claimed identity are right adjoint
to αX . Finally, for (iii) we note that by descent and Theorem 3.2.1.(ii) we have

D□̂(O
♭
X) = lim←−

n∈∆
D□̂(Bn, B

+
n ),

and so the right adjoint of αX = (αYn)n is given by the limit over ∆ of the right adjoints
of the αYn ’s (see [HM24, Lemma D.4.7(ii)]). □
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Remark 3.2.4. The results in Proposition 3.2.3 hold verbatim if one replaces Fp by an
arbitrary discrete perfect field k of characteristic p and works with small v-stacks over
Spd k.

Notations 3.2.5. Let X be a small v-stack. For any M ∈ D□̂(O
♭
X), we write H i

□(X,M)
for H i(RΓ□(X,M)) ∈ Mod□(Fp). Note that H i

□(X,M)(∗) = H i(X,M) since Fp is
projective in Mod□(Fp).

An important tool in the computation of various cohomology theories is that of the
excision sequence: Given a space X with some closed subspace i : Z ↪→ X and open
complement j : U ↪→ X and a 6-functor formalism D, one often has a natural fiber
sequence j!j∗M → M → i∗i

∗M in D(X) for any M ∈ D(X). This principle works
for example for sheaves on topological spaces and for étale sheaves on schemes and it
is a powerful tool to compute cohomology in these settings. In the coherent setting,
excision sequences do not hold naively, but one can often find appropriate versions that
do hold if one is willing to reinterpret the meaning of i∗i∗M slightly. The following
result demonstrates this in the setting of O♭-sheaves:

Proposition 3.2.6. Let X be a small v-stack, Z ⊆ |X| a closed subset and j : U ↪→ X
its open complement. Assume that:

(∗) Z =
⋂
i∈I |Ui| for a cofiltered system of open substacks ji : Ui ⊆ X such that for

each i ∈ I there is some i′ ≥ i and a closed subset Zi ⊆ |X| with factorization
|Ui′| ⊆ Zi ⊆ |Ui|.

Then for every M ∈ D□̂(O
♭
X) there is a natural fiber sequence

j!j
∗M →M → lim−→

i∈J
(ji)∗j

∗
iM

in D□̂(O
♭
X).

Proof. One can argue exactly as in [ABM24, Corollary 6.1.4] (which is stated for a
slightly different 6-functor formalism) and the comments after it. □

Remark 3.2.7. The third term in the fiber sequence of Proposition 3.2.6 should be seen
as an overconvergent approximation to i∗i

∗M , where i is the closed immersion of Z.
It is necessary already for M = O♭

X : In this case the cofiber of j!O♭
U → O♭

X is not
complete, while i∗O♭

Z is. If one looks at O♭,+,a/π-modules instead, then the excision
sequence works with i∗i∗ (see [Zav23, Lemma 6.2.1] for a version of this).

We establish the following lemma on base-change properties of cohomology of certain
qcqs v-stacks for later use.

Lemma 3.2.8. Let k be a perfect discrete field containing Fp, and let k′ be a perfect
discrete extension of k. Then:

(1) For any affinoid perfectoid S = Spa(R,R+) over k, S ×k Spd k′ is again affi-
noid perfectoid and is isomorphic to Spd(R⊗̂kk′, R+⊗̂kk′), where ⊗̂ denotes the
classical completed tensor product.
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(2) Let X be a qcqs3 small v-stack over k such that H i
□(X,O

♭) is a perfect solid
k-module for all i. Then there are isomorphisms H i

□(X ×Spd k Spd k′,O♭) ≃
H i

□(X,O
♭)⊗□

k k
′ of solid k′-modules for all i.

Proof. To show (1), we only need to show both S×Spd k Spd k
′ and Spa(R⊗̂kk′, R+⊗̂kk′)

define the same functor of points on the category Perfk′ of perfectoid spaces over k′,
which is straightforward to check.

For (2), we first set up some notations. If (R,R+) is a Huber pair over k, we write
(R ⊗k k′, R+ ⊗k k′) for its (ordinary) base-change to k′, and write (R⊗̂kk′, R+⊗̂kk′)
for the completion of the base-change. Take a hypercover f• : Y• → X by affinoid
perfectoid spaces Yn = Spa(An, A

+
n ) that satisfy the condition in Theorem 3.2.1.(ii).

By Proposition 3.2.3.(iii) the cohomology RΓ□(X,O
♭) is given as

RΓ□(X,O
♭) = lim←−

n∈∆
An

Write Yn⊗̂kk′ := Spa(An⊗̂kk′, A+
n ⊗̂kk′). By (1), this is isomorphic to Yn×k Spd k′. The

natural map Y•⊗̂kk′ → X ×k Spd k′ is again a hypercover.
Let Zi (resp. Bi) be the condensed k-module of i-cocycles (resp. i-coboundaries) in

the complex associated to the cosimplicial solid k-module RΓ(Y•,O♭); so Bi ⊂ Zi ⊂ Ai.
Let I be an ideal of definition of A+

i . The sequence (ImA+
i ⊗□

k k
′)m∈N of solid k′-

modules defines an exhausted, separated filtration of A+
i ⊗□

k k
′. We note there is a

natural isomorphism

A⊗̂kk′ ≃ lim
m
(Ai ⊗□

k k
′)/(ImA+

i ⊗□
k k
′),

where the left side is viewed as a solid k′-module. Using the same filtration, we can
complete Zi

k′ := Zi ⊗□
k k
′ (resp. Bi

k′ := Bi ⊗□
k k
′) to Ẑi

k′ (resp. B̂i
k′), i.e., we define

Ẑi
k′ := lim

m
Zi
k′/(Z

i
k′ ∩ ImA+

i ⊗□
k k
′)

and similarly for B̂i
k′ . So in fact, Ẑi

k′ (resp. B̂i
k′) is the condensed k′-module of i-

cocycles (resp. i-coboundaries) in the complex associated to RΓ(Y• ⊗k k′,O♭), and we
have Ĥ i

k′ := H i(X ×k Spd k′,O♭) ≃ Ẑi
k/B̂

i
k′ .

Denote H i := H i(X,O♭). By assumption, H i is a perfect solid k-module. So in
fact, H i is a finite dimensional k-vector space viewed as a solid module, and there
is a splitting Zi ≃ Bi ⊕ H i. Since H i ⊗□

k k
′ is a finite dimensional k′-vector space,

(Zi
k′ ∩ ImA+

i ⊗□
k k
′) ∩ (H i ⊗□

k k
′) = 0 for m ≫ 0. This implies the completion of Zi

k′ is
Ẑi
k′ = B̂i

k′ ⊕ (H i ⊗□
k k
′), giving that Ĥ i

k′ ≃ H i ⊗□
k k
′. □

3.3. The O♭-cohomology of an affinoid disc. We fix an algebraically closed non-
archimedean extension C of Qp and consider the 1-dimensional rigid-analytic disk over
SpaC:

D := Spa(C⟨T ⟩,OC⟨T ⟩)

3To avoid ambiguity, this means that X itself is qcqs, not that the map X → Spd k is qcqs.
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Our goal is to compute H∗(D,O♭,+,a). Let D̃ be the 1-dimensional perfectoid affinoid
disc:

D̃ = Spa(C⟨T 1/p∞⟩,OC⟨T 1/p∞⟩)
Then D̃ → D is a v-cover admitting an action of

G = Zp(1).

The idea is to compute H∗(D,O♭,+,a) using v-descent along D̃ → D. However, we have
to overcome the following obstacle: The cover D̃ → D is not a G-torsor, this is only
true away from 0 ∈ D. Indeed, the fiber of D̃ over 0 is the single point 0 ∈ D̃, with
G acting trivially. We remedy the situation in Proposition 3.3.3 below. Before proving
this result, let us state a few basic observations about small v-stacks. The first result
allows us to reduce our computation to ordinary v-stacks instead of ∞-stacks:

Lemma 3.3.1. Let Y ← X → Z be maps of small v-stacks and assume that X ↪→ Y
is a monomorphism. Then the pushout W := Y ⊔X Z, formed in the ∞-category of
∞-v-stacks, is an ordinary small v-stack.

Proof. We need to show that W is 1-truncated stack, i.e., for every perfectoid space S
the ∞-groupoid W (S) is an ordinary groupoid. To see this, we observe that W can
be computed in two steps: First compute the pushout in the category of ∞-prestacks,
i.e., separatedly on S-valued points for all affinoid perfectoid S, and then take the
sheafification. Note that sheafification is computed by repeatedly applying the +-
construction, which itself is computed by taking filtered colimits of descent data along
coverings – these operations preserve truncatedness, so it is enough to show that the
prestack pushout is 1-truncated. But this follows immediately from the fact that the
map X(S) ↪→ Y (S) is a monomorphism for every perfectoid space S, because this
implies that Y (S) = X(S) ⊔ (Y (S) \X(S)) and hence W (S) = Z(S) ⊔ (Y (S) \X(S)),
which is indeed 1-truncated. □

For the following result recall that a perfectoid space is called w-contractible if it is
strictly totally disconnected and π0(S) is extremally disconnected. These spaces form a
basis of the v-site and every pro-étale cover of a w-contractible perfectoid space splits.

Lemma 3.3.2. Let X be a small v-stack and α : Y → X a map from a prestack Y .
Suppose that α satisfies the following condition:

(∗) Let S be a w-contractible perfectoid space and pick objects y, y′ ∈ Y (S) and an
isomorphism φ : α(y) ∼−→α(y′) in X(S). Then there is a cover S = U1⊔· · ·⊔Un by
disjoint open subsets Ui ⊆ S such that φ|Ui

admits a unique preimage y|Ui

∼−→y′|Ui

for all i.
Then α becomes a monomorphism after v-sheafification.

Proof. Since v-sheafification is left exact and hence preserves monomorphisms, it is
enough to show that α becomes a monomorphism after pro-étale sheafification. In
fact, it is even enough to check that α becomes a monomorphism after applying the
+-construction (replacing Y (S) with the colimit of descent data along pro-étale cov-
ers of Y ). Moreover, it is enough to check this isomorphism on w-contractible spaces.
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Altogether we have reduced the claim to showing that Y +(S) → X(S) is a monomor-
phism for every w-contractible space S. Since every pro-étale cover of S splits, one
checks easily that Y +(S) is the colimit of Y (U1) × · · · × Y (Un) for all decompositions
S = U1⊔· · ·⊔Un as in (∗). It is then not hard to see that the condition in (∗) is exactly
saying that Y +(S)→ X(S) is a monomorphism. □

With the above preparations at hand, we can now come to the promised pushout
description of the disk in terms of the perfectoid disk:

Proposition 3.3.3. Let D̃ → D be the v-cover of the disk by the perfectoid disk over
C and consider the action of G = Zp(1) on D̃ over D. Then the square

∗/G ∗

D̃/G D

0

is a pushout square in the ∞-category of ∞-v-stacks on perfectoid spaces. Here ∗ =
Spa(C) and the quotient D̃/G is to be understood in the stacky sense.

Proof. Let us denote Y := (D̃/G) ⊔(∗/G) ∗ the pushout in the ∞-category of ∞-stacks
(i.e., sheaves of anima), so that there is a natural map α : Y → D. Since the map
∗/G ↪→ D̃/G is a monomorphism, it follows from Lemma 3.3.1 that Y is an ordinary
small v-stack. Moreover, α is surjective because the composition D̃/G → Y → D is
surjective. It thus remains to show that α is a monomorphism. To see this, let us
denote by Y ′ the prestack pushout of (D̃/G) ← ∗/G → ∗. We get an induced map
α′ : Y ′ → D which becomes α after sheafification. It is thus enough to show that α′
satisfies the assumption (∗) in Lemma 3.3.2.

Fix a w-contractible space S. Note that (D̃/G)(S) is the groupoid of G-torsors
π : P → S together with a G-equivariant map f : P → D̃. By the proof of Lemma 3.3.1
we see that Y ′(S) admits a very similar description, only the morphisms are different:
Given two G-torsors P, P ′ as above, if the maps f : P → D̃ and f ′ : P ′ → D̃ factor
over 0 then Hom(P, P ′) = ∗ in Y ′(S), otherwise Hom(P, P ′) is as in (D̃/G)(S). The
map α′ sends (P, f) ∈ Y ′(S) to the map S → D which sends x ∈ S to the image of
f(p) ∈ D̃ along the projection D̃ → D, for any p ∈ Px (the image does not depend on
the choice of p ∈ Px, because f(p) runs through a single G-orbit of D̃). To verify that
(∗) in Lemma 3.3.2 is satisfied, we fix P and P ′ such that α′(P ) = α′(P ′). Thus for
every x ∈ S, f and f ′ map the fibers Px and P ′x to the same G-orbit in D̃.

Let V ⊆ S be the open subset of those x ∈ S such that the fibers Px and P ′x do not
get mapped to 0 ∈ D̃. Then V is closed under specializations, because f and f ′ preserve
generalizations (like any continuous map) and 0 ∈ D̃ does not have any generalizations.
Hence V corresponds to the open subset π0V ⊆ π0S. Let U1 ⊆ S be the closure of V
in S. Then U1 corresponds to the closure of π0V in π0S, which is open because π0S is
extremally disconnected. Consequently, denoting U2 = S \ U1 we have constructed a
decomposition S = U1 ⊔ U2 into disjoint open subsets.
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It remains to show that the decomposition S = U1 ⊔ U2 satisfies the condition in
(∗) for our given P and P ′. By construction, the restriction of f and f ′ to U2 factors
over 0 ∈ D̃, hence Hom(P |U2 , P

′|U2) = ∗ by the above description of Y ′. Hence it only
remains to see that Hom(P |U1 , P

′|U1) = ∗. To simplify notation we now replace U1 by
S, i.e., we assume that V is dense in S. Since f and f ′ do not factor over 0, the maps
P → P ′ in Y ′(S) are the same as the maps P → P ′ in (D̃/G)(S). In summary, we have
reduced the statement to the following key claim:

(∗∗) Fix (P, f), (P ′, f ′) ∈ (D̃/G)(S), i.e. P and P ′ are G-torsors over S and f : P →
D̃ and f ′ : P → D̃ are G-equivariant maps. Assume that the induced maps
S → D (given by sending x ∈ S to the image point of f(Px) resp. f ′(Px) under
D̃ → D) agree and that there is a dense open subset V ⊆ S such that f(PV ) does
not contain 0 ∈ D̃. Then there is a unique isomorphism P ∼−→ P ′ in (D̃/G)(S).

To prove this claim, note that since every pro-étale cover of S splits, we have P ∼=
P ′ ∼= S × G as G-torsors over S (disregarding the maps f and f ′). Thus, maps of
G-torsors P → P ′ coincide with continuous maps φ : |S| → G. We need to see that
there is exactly one such φ that is compatible with f and f ′. This is clear on V ⊆ S
because then f and f ′ factor through D̃ \ {0}, where the G-action is free. Let us
denote φV : |V | → G the resulting map. Any extension of φV to |S| (as a continuous
map) produces a map φ compatible with f and f ′ (i.e. with f = φf ′), as the locus
where f and φf ′ agree is closed, G-equivariant and contains PV . We thus need to
see that φV admits exactly one extension to |S|. By the density of V in S, there is
at most one extension. On the other hand, continuous maps |S| → G coincide with
continuous maps π0S → G (and similarly for V ). Now φV extends to a continuous map
φV : β(π0V ) → G, where β(π0V ) denotes the Stone-Čech compactification of the set
π0V (equipped with the discrete topology). The inclusion π0V ↪→ π0S induces a cover
β(π0V ) ↠ π0S, which splits because π0S is extremally disconnected. We thus obtain
the desired map φ : π0S → β(π0V )→ G. Note that φ indeed extends φV : This reduces
to the observation that the restriction of φV to β(π0V ) ×π0S π0V coincides with the
composition of the projection to π0V and φV – but both maps β(π0V )×π0S π0V → G
are compatible with φV after restriction to π0V , and there can be at most one such
map because π0V is dense in the source. □

The pushout formula in Proposition 3.3.3 provides us with an easy way to access the
cohomology of the disk:

Corollary 3.3.4. In the setup of Proposition 3.3.3, there is a canonical fiber sequence

RΓ(D,O♭,+,a)→ O♭,+,a(D̃)hG ⊕ Oa
C♭ → (Oa

C♭)
hG,

where in the third term G acts trivially on Oa
C♭.

Proof. The assignment X 7→ RΓ(X,O♭,+,a) defines a Da
□(OC♭)-valued ∞-sheaf on the

category of small v-stacks over SpaC. In particular this assignment sends colimits of
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stacks to limits of modules, hence by Proposition 3.3.3 we have a pullback square

RΓ(D,O♭,+,a) RΓ(∗,O♭,+,a)

RΓ(D̃/G,O♭,+,a) RΓ(∗/G,O♭,+,a)

in Da
□(OC♭). The claimed fiber sequence follows easily from this pullback square. □

Corollary 3.3.4 reduces the study of RΓ(D,O♭,+,a) to the study of the continuous
cohomology H∗(G,O+,a(D̃♭)). As an initial reduction, the inclusion OC♭ → O+(D̃♭) has
a section, namely evaluation at 0, so let us write:

O+(D̃♭) = OC ⊕ O+(D̃♭)0,

where O+(D̃♭)0 consists of those fractional power series with no constant term.
We will need to know how this cohomology behaves under the restriction maps be-

tween discs of different radii. Therefore let us fix some notations: for r = |ρ| > 0 in the
value group of C, let Dr be the disc of radius r:

Dr = SpaC⟨T/ρ⟩.

When 0 < r′ ≤ r, the inclusion Dr′ → Dr lifts to a G-equivariant morphism D̃r′ → D̃r.

Lemma 3.3.5. Concerning the continuous cohomology H∗cts(G,O+(D̃♭
r)), we have:

(1) H0
cts(G,O

+(D̃♭
r)) = OC.

(2) Let 0 < r′ ≪ r. Then the map

H1
cts(G,O

+(D̃♭
r)

0)→ H1
cts(G,O

+(D̃♭
r′)

0)

is zero.
(3) H i

cts(G,O
+(D̃♭

r)) = 0 for i ̸= 0, 1.

Proof. It suffices to handle the case r = 1, in which case we write D = D1. Let us fix
an isomorphism G = Zp(1) ∼= Zp, which is to say a topological generator

e = (1, ζp, ζp2 , . . . ) ∈ Zp(1).

Then O+(D̃♭)hG is computed by the complex

O+(D̃♭)
e−1→ O+(D̃♭),

and in particular the cohomology is 0 for i ̸= 0, 1.
We can be completely explicit about the action of e on O+(D̃♭). We have

O+(D̃♭) ∼= OC♭⟨U1/p∞⟩,

where U = (T, T 1/p, T 1/p2 , . . . ). The sequence defining e determines an element ε ∈
C♭ = lim←−x7→xp C. This element is close to 1; let

t = ε− 1,
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so that t is a pseudo-uniformizer of C. The action of our generator e on O+(D̃♭) is
determined by what it does to U , which is:

e(U) = εU = (1 + t)U.

Therefore e− 1 has this effect on O+(D̃♭):

Uα 7→ [(1 + t)α − 1]Uα, α ∈ Z[1/p]≥0.

Evidently the kernel of e− 1 on O+(D̃♭) is OC♭ , which is part (1). For part (2): a class
[f(U)] in H1

cts(G,O
+(D̃♭)0) is represented by a series f(U) =

∑
α cαU

α, where α ranges
through Z[1/p]>0, and |cα| → 0 as α→∞. We claim that the power series

g(U) =
∑
α

cα
(1 + t)α − 1

Uα

converges on D̃|t|. This would prove the desired claim, since the image of [f(U)] under
H1

cts(G,O
+(D̃♭)0)→ H1

cts(G,O
+(D̃♭

|t|)
0) equals [(e− 1)g(U)] = 0. A computation shows

that if α = bpk where p ∤ b, then

|(1 + t)α − 1| = |t|p
k

,

so that ∣∣∣∣ cα
(1 + t)α − 1

∣∣∣∣ |t|α = |cα| |t|α−p
k

= |cα| |t|(b−1)p
k

≤ |cα| → 0,

proving the claim. □

Lemma 3.3.6. Regarding the pro-étale cohomology H∗(D,O♭,+,a) of affinoid discs, we
have:

(1) H0(D,O♭,+,a) = Oa
C♭.

(2) For a disc D′ ⊂ D of sufficiently small radius, the restriction map H1(D,O♭,+,a)→
H1(D′,O♭,+,a) is 0.

(3) H i(D,O♭,+,a) = 0 for i ̸= 0, 1.

Proof. The claims about H i(D,O♭,+,a) for i ̸= 1 follow easily by combining Corol-
lary 3.3.4 and Lemma 3.3.5. Whereas in the i = 1 case, Corollary 3.3.4 shows that

H1(D,O♭,+,a) ∼= H1
cts(G,O

+,a(D̃♭)0),

which has the claimed restriction behavior by Lemma 3.3.5(2). □

3.4. Computation of RΓ(H1,♢
F,C ,O

♭). Here we compute the cohomology RΓ(H1,♢
F,C ,O

♭).
The plan is to first compute the compactly supported cohomology RΓc(H1,♢

F,C ,O
♭) and

then to apply Poincaré duality.

Theorem 3.4.1. Let F be a finite extension of Qp, and let C be an algebraically closed
perfectoid field containing F . There are isomorphisms of C♭-modules with GL2(F )-
action:

H i
c(H

1
F,C ,O

♭) ≃


St(C♭), i = 1

C♭, i = 2

0, otherwise.
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Here St(C♭) := LC(P1(F ), C♭)/C♭ is the Steinberg representation of GL2(F ) (cf. [CDN21,
§4.1.1]), and LC(−,−) denotes the space of locally constant functions.

Proof. We apply the excision sequence in Proposition 3.2.6 to the situation of the rigid-
analytic space X = P1

C , its open subspace U = H
1,♢
F,C , and the complement Z = P1(F ).

We choose a cofiltered system {Ui}i∈Z>0 such that
• Ui is a descending family of open affinoids in X = P1

C , with
⋂
i Ui = P1(F ),

• each Ui is a disjoint union of finitely many closed discs, and
• each inclusion Ui+1 → Ui restricts on each connected component to an inclusion

of discs D′ → D such that the radius of D′ is sufficiently small compared to
that of D (This is made precise in the proof of Lemma 3.3.6).

To see such a family Ui exists, one can simply put a closed disc D(a) of small radius r
at each a ∈ P1(F ) ⊂ P1

C . For two rational points a, b ∈ P1(F ), the discs D(a) and D(b)
are either the same or disjoint. Furthermore, one only needs finitely many such discs
to cover P1(F ) since D(a) ∩ P1(F ) is open in the compact space P1(F ). One may then
take Ui to be the union of these finitely many discs.

Applying Proposition 3.2.6, we find a fiber sequence in D□(C
♭):

RΓc(H
1,♢
F,C ,O

♭)→ RΓ(P1
C ,O

♭)→ colimiRΓ(Ui,O
♭),

By Lemma 3.3.6 we have:
(1) H0(Ui,O

♭,+,a) ∼= Ccts(π0(Ui),O
a
C♭).

(2) The image of H1(Ui,O
♭,+,a)→ H1(Ui+1,O

♭,+,a) is 0.
(3) H i(Ui,O

♭,+,a) = 0 for i ̸= 0, 1.
Therefore we have an isomorphism of Oa

C♭-modules:

colimiH
j(Ui,O

♭,+,a) =

{
LC(P1(F ),Oa

C♭) j = 0,

0 otherwise.

After base changing from Oa
C♭ to C♭, we obtain an isomorphism of C♭-modules:

colimiH
j(Ui,O

♭) =

{
LC(P1(F ), C♭) j = 0,

0 otherwise.

Subsituting this calculation into our exact triangle above, we obtain a long exact se-
quence of C♭-vector spaces with GL2(F )-action (here we suppress the O♭-coefficients)

0→ H0
c (H

1,♢
F,C)→ H0(P1

C)→ LC(P1(F ), C♭)→ H1
c (H

1,♢
F,C)→ 0,

as well as isomorphisms H i
c(H

1,♢
F,C)
∼= H i(P1

C) for i ≥ 2.
Note RΓ(P1

C ,O
♭) ≃ C♭ ⊕ C♭[−2](−1) as a consequence of the Primitive Comparison

Theorem ([Man22, Corollary 3.9.24]) and the fact that for f : P1
C → SpaC, the functor

f∗ = f! commutes with limits and colimits. For any i, the map H0(P1
C)→ H0(Ui) is the

restriction of the constant global functions C♭ on P1
C to Ui, and the map is injective.

Thus, the map H0(P1
C)→ colimiH

0(Ui) is injective. The isomorphisms claimed in the
theorem follow from these observations and from H2(P1

C)
∼= C♭. □
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Consider a cohomologically smooth map f : X → Y of small v-stacks. The functor
f ∗ has a left adjoint f♮. For any M ∈ D□̂(O

♭
X), we define the relative homology of M

to be f♮M ∈ D□̂(O
♭
Y ). Applying this to f : H1

F,C → SpdC and M = O♭, we get by
adjunction that

f∗O
♭ ≃ Hom(f♮O

♭,O♭). (3.4.2)
We write Hi(H

1
F,C ,O

♭) := H−i(f♮O
♭).

Corollary 3.4.3. There are isomorphisms of solid C♭-modules with GL2(F )-action:

Hi(H
1
F,C ,O

♭) =


C♭, i = 0,

St(C♭), i = 1,

0, otherwise.

Proof. By the adjunction between f♮ and f ∗ and the Poincaré duality for smooth rigid-
analytic spaces (Theorem 3.2.1(iv)), we have

f♮O
♭ ≃ (f!O

♭)[2].

Here we omit the Tate twist since it will not be used in subsequent discussions. The
desired result then follows from Theorem 3.4.1. □

Remark 3.4.4. The homology groupHi(H
1
F,C ,O

♭) carries actions of three groups: GL2(F ),
Gal(C/F ), and φZ

q . Here φq is the q-Frobenius on SpdC and will be considered in Sec-
tion 3.6. The Gal(C/F )-action comes from the fact that H1

F,C is the base change of
H1
F from Qp to C, and the Tate twist mentioned in the proofs of Theorem 3.4.1 and

Corollary 3.4.3 refers to the Gal(C/F )-action via cyclotomic characters. The φZ
q -action

commutes with the Gal(C/F )-action, and in fact, we will not use the Gal(C/Qp)-action
in any subsequent discussion. There is a characteristic-p Tate twist showing up in Def-
inition 3.5.5 and results thereafter, which should not be confused with the usual Tate
twist. In fact, the characteristic-p Tate twist comes from the GL2(F )-action, which also
commutes with the Gal(C/F )-action.

Definition 3.4.5. The space Dist(P1(F ), C♭) of distributions is defined as the solid C♭-
linear dual of LC(P1(F ), C♭), the space of locally constant functions. Let Dist(P1(F ), C♭)0

denote the subspace of distributions which assign a value of 0 to the constant function
1. In other words, Dist(P1(F ), C♭)0 is defined by the short exact sequence

0→ Dist(P1(F ), C♭)0 → Dist(P1(F ), C♭)
φ7→

∫
P1(F ) φ−−−−−−→ C♭ → 0.

Note that Dist(P1(F ), C♭)0 is the solid C♭-linear dual of St(C♭) = LC(P1(F ), C♭)/C♭.
We thus also write

St(C♭)∗ = Dist(P1(F ), C♭)0.

Theorem 3.4.6. There are isomorphisms of solid C♭-modules with GL2(F )-action:

H i(H1
F,C ,O

♭) =


C♭, i = 0,

St(C♭)∗, i = 1,

0, otherwise.
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Proof. In this proof, we will deviate from our earlier conventions and write RHom(−,−)
for the derived internal Hom (in any appropriate category). So Hom(−,−) will denote
the underived internal Hom. Let f : H1

F,C → SpdC be the structure map. By the
adjunction between f♮ and f ∗, we get

f∗O
♭ ≃ RHom(f♮O

♭,O♭).

As shown in the proof of Theorem 3.4.1, RΓc(H1
F,C ,O

♭) is quasi-isomorphic to

RΓ(P1
C ,O

♭)[−1]→ LC(P1(F ), C♭)[−1].

Combined with the fact f♮O♭ ≃ (f!O
♭)[2], this implies RHom(f♮O

♭,O♭) is isomorphic to

RHom(LC(P1(F ), C♭), C♭)[−1]→ RHom(RΓ(P1
C ,O

♭), C♭)[−1]

For the second term, we have

RHom(RΓ(P1
C ,O

♭), C♭)[−1] ≃ RHom(C♭[0]⊕ C♭[−2], C♭)[−1] ≃ C♭[−1]⊕ C♭[1].

By [Sch26, Theorem 5.4] (after base-change from Z to C♭), LC(P1(F ), C♭) is a free solid
C♭-module. Hence,

RHom(LC(P1(F ), C♭), C♭) = Hom(LC(P1(F ), C♭), C♭) = Dist(P1(F ), C♭).

The desired statement for H i(H1
F,C ,O

♭) then follows. □

3.5. The Heyer–Jacquet module. In this subsection we explain how to compute the
cohomology of the Steinberg representation St(C♭) = LC(P1(F ), C♭)/C♭ (or rather its
dual). Since this is essentially the smooth Steinberg representation (as we use locally
constant functions P1(F ) → C♭) we would expect the cohomology to be the one in
the setting of smooth representations, which was previously computed by Heyer in
[Hey23b, §4.3]. However, some care is required as the relevant 6-functor formalism for
us is D□̂(O

♭
X) and this 6-functor formalism computes continuous group cohomology,

taking the topology of C♭ into account. In the following we show how smooth and
continuous group cohomology compare.

Given a ring Λ, recall the 6-functor formalism D(−,Λ) for sheaves of Λ-modules
on condensed anima from [HM24, Definition 3.5.17]. Here the category Cond(Ani) of
condensed anima is the category of sheaves of anima (i.e., ∞-stacks) on the site of
profinite sets, where we implicitly impose a fixed cardinality bound on the profinite
sets. Note that there is a functor ProFin→ vStk sending a profinite set S to the small
v-stack S×SpaC♭ = Spa(C(S,C♭)). This functor preserves covers, hence we can extend
it by colimits in order to obtain a functor

Cond(Ani)→ vStk, X 7→ X × SpaC♭.

Since this functor commutes with colimits by construction, it will send the classifying
stack ∗/G of a locally profinite group G to the classifying stack of G viewed as a v-stack.
Precomposing D□̂ with the above functor, we obtain the 6-functor formalism D□̂(−) on
Cond(Ani) that sends a profinite set S to

D□̂(S) = D□̂(OS×SpaC♭) = D□̂(C(S,C
♭)).
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The following result allows us to compare the 6-functor formalism from [HM24] (for
Λ = C♭, viewed as a discrete ring) with the 6-functor formalism D□̂.

Lemma 3.5.1. There is a natural transformation

α : D(−, C♭)→ D□̂(−)
of functors Cond(Ani)op → CAlg(Cat). In other words, for every condensed anima X
there is a functor αX : D(X,C♭)→ D□̂(OX×SpaC♭) compatible with pullback and tensor
products.

Proof. Both D(−, C♭) and D□̂(−) satisfy descent and are thus the right Kan extensions
of their restriction to the category ProFinop of profinite sets. It is therefore enough to
construct α on these restrictions. For a profinite set S we compute

D(S,C♭) = D(LC(S,C♭)) = ModLC(S,C♭)(D(C♭)),

D□̂(S) = D□̂(C(S,C
♭)) = ModC(S,C♭)(D□̂(C

♭))

(for the last identity see [ABM24, Proposition 2.21(ii)] or note that in the case C = Cp

we have D□̂(C
♭) = D□(C

♭) by [ABM24, Lemma 2.9]). Here D(C♭) denotes the derived
category of the category of (classical) C♭-vector spaces. Note that D□̂(C

♭) is a C♭-
linear category, hence there is a uniquely determined C♭-linear symmetric monoidal
embedding D(C♭) ↪→ D□̂(C

♭). Moreover, for every profinite set S there is a natural map
LC(S,C♭)→ C(S,C♭) of rings in D□̂(C

♭), compatible with maps between profinite sets
(as these rings live in the heart of the t-structure, there are no non-trivial homotopies
to verify here). We can thus define αS as the composition

αS : ModLC(S,C♭)(D(C♭))→ ModLC(S,C♭)(D□̂(C
♭))→ ModC(S,C♭)(D□̂(C

♭)),

and this clearly defines the desired natural transformation. □

Remark 3.5.2. We warn the reader that the natural transformation α from Lemma 3.5.1
is not compatible with lower-! functors in general. In fact, this already fails in the case
of the map f : S → ∗ for a profinite set S: We have αf!(LC(S,C♭)) = LC(S,C♭) and
f!α(LC(S,C

♭)) = f! C(S,C
♭) = C(S,C♭), and these two rings do not agree unless S is

finite. We expect that there is a lax compatibility of α with !-functors, in the sense of
a natural transformation αf! → f!α for all !-able maps f . Making this precise requires
more (∞, 2)-categorical machinery than we intend to use in this paper, so we content
ourselves with a more ad-hoc approach in the following.

Fix a p-adic Lie group G and let V be a (derived) smooth G-representation on C♭-
vector spaces, i.e., an object in D(∗/G,C♭) (cf. [HM24, Proposition 5.3.10]). Via α we
can view V also as a continuous G-representation with respect to the induced topology
on V from C♭. Denoting f : ∗ /G→ ∗, we now get two pushforward functors:

• f∗ : D(∗/G,C♭)→ D(C♭) computes the smooth G-cohomology, i.e., f∗V is given
by a complex with terms LC(Gn, V ).
• f∗ : D□̂(∗/G) → D□̂(C

♭) computes continuous group cohomology, i.e., f∗(αV )
is given by a complex with terms C(Gn, α(V )), where α(V ) = V ⊗C♭,disc C♭ is
the condensed C♭-module obtained from V by writing V as a colimit of finitely
generated C♭-modules and putting the canonical topology on each.
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The following result shows that the above twoG-cohomologies agree whenG is compact.
Moreover, instead of f∗ one can also consider the left adjoint of f ∗, usually denoted f♮.
This functor computes G-homology and has the advantage of being compatible with α
without the compactness assumption on G.

Proposition 3.5.3. Let φ : G→ H be a map of p-adic Lie groups and f : ∗/G→ ∗/H
the associated map of condensed anima.

(i) Assume that φ is either (1) surjective or (2) an open immersion. Then f♮ exists
in both of the above sheaf theories and the natural map

f♮α
∼−→ αf♮

is an isomorphism of functors D(∗/G,C♭)→ D□̂(∗/H).
(ii) Assume that φ is surjective and its kernel is compact with finite p-cohomological

dimension. Then the natural map

αf∗
∼−→ f∗α

is an isomorphism of functors D(∗/G,C♭)→ D□̂(∗/H).

Proof. We first prove (i), so assume that f is as in the claim. Note that f is coho-
mologically smooth for both 6-functor formalisms. Namely, this can be checked after
base-change along ∗ → ∗/H. In the second case of φ we then end up with the map
H/G → ∗ and H/G is a discrete set, which is even cohomologically étale in both 6-
functor formalisms. In the first case of φ, we end up with the map ∗/(kerφ) → ∗.
Then cohomological smoothness for D(−, C♭) is proved in [HM24, Example 5.3.22] and
for D□̂(−) in [HM22, Theorems 3.16, 3.18] together with [ABM24, Lemma 3.3.2]. The
cohomological smoothness implies that f ∗ preserves limits and hence f♮ exists. From
the compatibility of α with pullbacks we obtain the natural transformation f♮α→ αf♮.
It remains to show that it is an isomorphism.

It is enough to show the claimed isomorphism after pullback along the map ∗ → ∗/H
(since this pullback is conservative). Note that f♮ commutes with this pullback in both
6-functor formalisms: This follows formally from the fact that f is cohomologically
smooth, since after passing to right adjoints the claimed base-change is stated in [HM24,
Lemma 4.5.13(i)]. We can thus replace f by its base-change along ∗ → ∗/H. In the
case that φ is an open immersion, we now deal with the map H/G → ∗ and H/G is
a discrete set – the claim is clear. We thus restrict to the case that φ is surjective
and hence are allowed to assume H = ∗ (by replacing G with kerφ), i.e., f is now the
map ∗/G→ ∗. Since both sides of the claimed isomorphism of functors commute with
colimits, it is enough to verify the claim on compact generators. We are thus left to
show that the natural map

f♮α(V )→ αf♮(V )

is an isomorphism for all V of the form V = g!1 for some p-torsion free open compact
subgroup K ⊆ G with induced map g : ∗ /K → ∗/G (here 1 denotes the trivial
representation on C♭). Note that g is étale and hence g! = g♮. By the case of open
immersions for φ we can commute g♮ past α. Thus, replacing G by K we are reduced
to the following key claim:
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(∗) Suppose G is p-torsion free and compact, and let f : ∗/G→ ∗. Then the natural
map f♮1→ αf♮1 is an isomorphism in D□̂(C

♭).

Here is the intuition behind this claim: Since f is cohomologically smooth and proper
for both 6-functor formalisms, f♮ essentially computes group cohomology (up to shift
and twist). Thus the claimed isomorphism states that the smooth group cohomology
of the trivial G-representation (given by a complex with terms LC(Gn, C♭)) coincides
with the continuous group cohomology (given by a complex with terms C(Gn, C♭)).

To prove the claim, we make further reductions. First, note that there is an integral
version of both 6-functor formalisms, with coefficients in Oa

C♭ and O
♭,+,a
X respectively

(the latter is the source of all 6-functor formalisms in [ABM24]). Since all functors
in the claimed isomorphism commute with colimits and hence with the base-change
− ⊗O♭a

C
C♭, it is enough to prove the isomorphism in (∗) with integral coefficients. It

clearly holds modulo a pseudouniformizer π, as in this case α is indeed a morphism of
6-functor formalisms (this is easy to see on the full subcategory of profinite sets, where
lower-! is right adjoint to pullback, and then follows on all condensed anima by the
uniqueness of the extension results in [HM24, Theorem 3.4.11]). It is thus enough to
show that both f♮1 and αf♮1 are π-adically complete. We use cohomological properness
and smoothness of f (in both 6-functor formalisms; for the smooth one we crucially
use that C♭ has characteristic p in order to apply [HM24, Example 5.3.22] to O♭

C) to
compute

f♮1 = f!f
!1 = f∗ωf ,

where ωf := f !1 denotes the dualizing complex – this is a character shifted by the
dimension of G (see [HM24, Example 5.3.22] for D(−,O♭,a

C ) and [HM22, Theorem 3.18]
together with [ABM24, Lemma 3.3.2] for D□̂) Since f∗ preserves limits and ωf is invert-
ible, clearly f∗ωf is π-complete in both 6-functor formalisms, hence the same is true for
f♮1. It remains to show that αf♮1 is π-complete. But note that f♮1 is perfect (as follows
from the above computation and the fact that ωf is admissible (cf. [HM24, Definition
5.3.12, Proposition 5.3.14]), hence a finite colimit of copies of O♭a

C , and the same is then
true for αf♮1. But such objects are obviously π-complete. This finishes the proof of (i).

Part (ii) can be proved very similarly. The natural map αf∗ → f∗α is given by the
compatibility of α with pullbacks and the adjunction between f ∗ and f∗. We note that
f is cohomologically proper for both 6-functor formalisms. Again, this can be checked
after the pullback along ∗ → ∗/H, which results in ∗/ kerφ → ∗. So we may replace
f by f : ∗/G → ∗ with G profinite with cdp(G) < ∞. For D□̂(−), the cohomological
properness follows from Theorem 3.2.1.(iv); and for D(−, C♭), it follows from [HM24,
Proposition 5.3.2].

Now since f∗ = f! in both 6-functor formalisms, by the same idea in the proof of (i),
it is enough to show

(∗∗) Suppose G is p-torsion free and compact, and let f : ∗/G→ ∗. Then the natural
map αf!1→ f!1 is an isomorphism in D□̂(C

♭).

This claim then follows from (i) since f♮(−) = f!(−⊗ ωf ). □
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Remark 3.5.4. In the setting of Proposition 3.5.3.(i) it is also true that f!α ∼= αf!,
because f! and f♮ differ by a twist that is the same in both 6-functor formalisms.
However, it is difficult to construct an a priori map between f!α and αf! which is why
we stated the result with f♮ instead.

Using Proposition 3.5.3.(i) we can now compute the cohomology with compact sup-
port of the smooth Steinberg representation in D□̂(∗/F ) by using a version of Heyer’s
computation in the setting of smooth representations.

Definition 3.5.5 (The characteristic p Tate twist). Define a character ε : Q×p → F×p
as the composition of the map Q×p → Z×p (identity on Z×p and trivial on p ∈ Q×p ) with
the reduction map Z×p → F×p . For a finite extension F/Qp, define εF := ε ◦ NF/Qp ,
where NF/Qp is the norm map. For an integer n, the characteristic p Tate twist Fp(n)
is the representation of F× on Fp whose character is εnF . For any Fp-vector space V , let
V (n) := V ⊗Fp Fp(n).

Proposition 3.5.6. Let F be a finite extension of Qp of degree d. Then there are
isomorphisms of C♭-modules with (F×)2-action

H i(H1
F,C/F,O

♭) ∼=


C♭, i = 0,

χ−1, i = d+ 1,

0, else.

where χ is the character χ : (F×)2 → C♭,×, (t1, t2) 7→ εF (t1t
−1
2 ).

Proof. By the results in the previous subsection, we essentially need to compute the
F -cohomology of the dual Steinberg representation and the trivial representation. Even
though the claim is about cohomology, it is more convenient to do the computation on
homology (e.g. because in Proposition 3.5.3.(ii) the group is required to be compact, but
F is not). Denote f : H1

F,C/B(F )→ ∗/(F×)2 for ∗ = SpaC♭, where B(F ) ⊂ GL2(F ) is
the subgroup of upper triangular matrices. Let f♮ denote the left adjoint of f ∗ in the
D□̂-formalism (f♮ exists by cohomological smoothness of f). We need to compute f∗O♭

and by adjunctions we have

f∗O
♭ = (f♮O

♭)∨.

In order to compute f♮O♭, we factor f into the maps

g : H1
F,C/B(F )→ ∗/B(F ), h : ∗ /B(F )→ ∗/(F×)2.

Then f♮ = h♮g♮. Moreover, g♮ was computed in Theorem 3.4.1 and is given by St(C♭)
(with the natural action by B(F )) in degree −1 and C♭ (with the trivial B(F )-action)
in degree 0. We are thus reduced to proving the following two statements:

(a) h♮C♭ = C♭.
(b) h♮ St(C♭) = χ[d].

Note that both C♭ and St(C♭) lie in the image of the comparison functor α considered in
Proposition 3.5.3. So by Proposition 3.5.3.(i), it is enough to prove the analogous claims
in the setting of smooth representations. Therefore from now on all six operations are to
be understood in D(−, C♭). Claim (a) is well-known, see e.g. [Hey23a, Example 3.4.24].
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Claim (b) is proved in [Hey23b, §4.3] in much more generality using the Geometric
Lemma, but in our case there is a quick direct computation as follows. First note that
there is an isomorphism

St(C♭) = LC(P1(F ), C♭)/C♭ ∼−→ LCc(F,C
♭), α 7→ α− α(∞),

where LCc(F,C
♭) denotes the space of compactly supported locally constant maps F →

C♭. The above isomorphism is compatible with the B(F )-action, and in fact shows that
St(C♭) = s!C

♭, where s : ∗ /(F×)2 → ∗/B(F ) is the natural section of h. Thus

h! St(C
♭) = h!s!C

♭ = C♭.

It remains to translate between h! and h♮, which is achieved by a certain twist. Namely,
note that h is cohomologically smooth (see [HM24, Example 5.3.22]) and hence h! =
h∗ ⊗ ωh for ωh = h!C♭. By passing to left adjoints we deduce h♮ = h!(− ⊗ ωh). To
compute ωh, we first note that ωh = ωB(F ) ⊗ h∗(ω−1(F×)2) and then observe that [HM24,
Example 5.3.22] and [Hey23b, §2.3.2] provide an explicit description of the dualizing
complex ωG for any p-adic Lie group G over F : It is given as ωG = dG[dimQp G], where
dG is the character εF ◦detF (g) : G→ C♭,× with detF (g) being the F -linear determinant
of the adjoint action of G on its Lie algebra g. An easy explicit computation shows that
ω(F×)2 = C♭[2d] and ωB(F ) = h∗(χ[3d]) with χ as in the claim. Altogether we deduce

h♮ St(C
♭) = h!(St(C

♭)⊗ ωh) = h!(St(C
♭)⊗ h∗(χ[3d])⊗ C♭[−2d])

= h!(St(C
♭))⊗ χ[d] = χ[d],

as desired. □

Remark 3.5.7. In the classical setting of a smooth representation of B(F ) on a vector
space V in characteristic 0, the Jacquet module of V is the space of coinvariants under
the unipotent subgroup F ; the Jacquet module of the Steinberg representation is 1-
dimensional. In the characteristic p setting, we learned from [Hey23a] that the correct
analogue of the Jacquet module is the functor h♮ of derived coinvariants of F ; we also
learned the calculation of h♮ St(k) (k any discrete field of characteristic p) in the case
F = Qp from [Hey23a, Corollary 5.3.4]. Owing to these developments, we use the name
Heyer–Jacquet module to refer to h♮ St(k) and related objects.

3.6. Application of Drinfeld’s Lemma, proof of Theorem D. In this section,
we discuss how to descend our result on O♭-cohomology from BC(−1/t)∗ ×k SpdC to
BC(−1/t)∗. The idea is modeled on the diamond version of Drinfeld’s lemma [SW20,
§16.3], which states that for X = SpdQp, the category of finite étale covers of X
is equivalent to the category of finite étale covers of X ×SpdFp SpdC/φ. We give in
Lemma 3.6.3 a version of Drinfeld’s lemma concerning O♭-cohomology and in Corol-
lary 3.6.8 a solid enhancement. But first, we need some discussions on quasi-Stein
spaces, which will be used in the proof of Lemma 3.6.3.

Classically, a very useful property of quasi-Stein spaces is they have vanishing higher
coherent cohomology in the analytic topology ([KL19, Theorem 2.6.5]). However, the
vanishing property does not hold for O♭-cohomology as we have seen from the cohomol-
ogy of Drinfeld symmetric spaces in Section 3.4. We must therefore impose additional
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conditions to ensure such vanishing. It would be interesting to investigate which classes
of quasi-Stein spaces satisfy the vanishing property for the O♭-cohomology. But here,
we only consider a rather ad-hoc class of quasi-Stein spaces needed in subsequent dis-
cussions, namely, quasi-Stein perfectoid spaces.

Definition 3.6.1. A quasi-Stein perfectoid space is a perfectoid space X over Fp sat-
isfying the following properties:

(1) X admits a map of finite transcendence degree to a totally disconnected space;
(2) X can be written as the union of an ascending sequence U0 ⊆ U1 ⊂ · · · of

affinoid subspaces such that for each i ≥ 0, the map O♭(Ui+1) → O♭(Ui) has
dense image.

Lemma 3.6.2. Let X be a quasi-Stein perfectoid space. Then H i
□(X,O

♭
X) = 0 for all

i > 0. In particular, the non-solid cohomology group H i(X,O♭) vanishes for i > 0.

Proof. Let {Ui}i≥0 be a family of affinoid analytically open subspaces of X as in Defi-
nition 3.6.1. View Mi := Ob

Ui
as an object in D□̂(O

♭
X). Then O♭

X ≃ R limiMi, and we
have

RΓ□(X,O
♭
X) = RΓ□(X,R lim

i
Mi) ≃ R lim

i
RΓ□(X,Mi) = R lim

i
RΓ□(Ui,O

♭
Ui
)

But each Ui = Spa(Ai, A
+
i ) is an affinoid perfectoid space admitting a map of finite

transcendence degree to a totally disconnected space. Therefore, we have

RΓ□(X,O
♭
X) ≃ R lim

i
Ai = R lim

i
O♭
X(Ui),

where each Ai = O♭
X(Ui) is considered as an object in D□(Fp). By the assumptions in

Definition 3.6.1(2) and the topological Mittag-Leffler lemma ([Bos23, Lemma A.37]),
Rj limiO

♭
X(Ui) = 0 for any j ≥ 1. The result for H i(X,O♭) follows since H i

□(X,O
♭)(∗) =

H i(X,O♭). □

Lemma 3.6.3 (Drinfeld’s lemma for O♭-cohomology). Let k/Fp be a finite field of
cardinality q. Let E = k((t1/p

∞
)), and let X = SpaE. Let C be an algebraically closed

perfectoid field whose residue field contains k. Finally, let φq be the qth power Frobenius
map on SpdC. Then the natural map

RΓ(X,O♭)→ RΓ(X ×Spd k (SpdC)/φq,O
♭)

is an isomorphism.

Proof. Without loss of generality, we may assume C has characteristic p. We have
X ×Spd k SpdC ∼= B̃∗C , the 1-dimensional punctured perfectoid open unit ball over C.

Since X and B̃∗C are quasi-Stein perfectoid spaces, they have no higher cohomology
with coefficients in O♭ by Lemma 3.6.2, and the map in the proposition is the same as
the map

E → H0(B̃∗C ,O
♭)hφq .

H0(B̃∗C ,O
♭) is the ring of power series

∑
α γαt

α, where α runs over Z[1/p] and the series
is convergent on B̃∗C . The kernel of φq − 1 is E, and the cokernel is 0: for each α, let
δα ∈ C be a preimage of γα under φq − 1 of least absolute value. Examining Newton
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polygons, we find that |δα| = |γα| or |δα| = |γα|1/q as |γα| ≤ 1 or |γα| > 1, respectively.
Either way, |δα| ≤ |γα|1/q, which shows that

∑
α δαt

α converges on B̃∗C . □

In the lemma above, we did not consider the condensed structures on the two coho-
mology groups. Namely, the map RΓ(X,O♭) → RΓ(X ×Spd k (SpdC)/φq,O

♭) is really
an isomorphism between discrete groups. Our next step is to enhance this isomorphism
to an isomorphism of condensed groups. But before that, it is necessary to collect some
results on Fréchet spaces. Variants of these results appear in the literature, but none
seems to provide exactly the formulation we need.

In the following, let K be a complete non-archimedean field, i.e., a topological field
that is complete with respect to a nontrivial non-archimedean norm. In particular, K
can be a local field or a perfectoid field.

Definition 3.6.4. (1) AK-Banach space is aK-vector space complete with respect
to a norm (cf. [Per10, Definition 2.1.1]).

(2) A K-Fréchet space is a complete metrizable locally convex K-vector space (cf.
[Per10, Definition 3.5.1]).

Lemma 3.6.5. A topological K-vector space V is Fréchet if and only if it is a countable
cofiltered limit of K-Banach spaces.

Proof. This is a consequence of [Per10, Corollary 3.5.7] and [SW99, Ch.II §5.4 Corol-
lary 1]. □

Example 3.6.6. (1) A K-Banach space is Fréchet. In particular, a perfectoid K-
algebra is Fréchet.

(2) LetX be a quasi-Stein perfectoid space over a perfectoid fieldK of characteristic
p. Then H0(X,O♭

X) is a K-Fréchet space.

For any K-Fréchet space V , write V for its condensification as defined in [Sch26,
Example 1.3]. Any K-Fréchet space is compactly generated since it is metrizable.
Thus, the condensification functor V 7→ V from the category of K-Fréchet spaces to
condensed K-modules is fully faithful by [Sch26, Proposition 1.7]. The condensed K-
module V is in fact solid by [Bos23, Proposition A.31].

Lemma 3.6.7. Let V → W be a surjection of K-Fréchet spaces. Then its condensifi-
cation V → W is a surjection of solid K-modules.

Proof. This follows from the same proof of [Bos23, Lemma A.33]. Note that Bosco
requires the field K (or F , in Bosco’s notations) to be discretely valued and to have
finite residue field. However, these additional assumptions are not used in the proof of
[Bos23, Lemma A.33] and only matter in some other results in [Bos23]. □

Our digression into general Fréchet algebras is now over, and we are ready to prove
a solid version of Lemma 3.6.3. In the notation of Lemma 3.6.3, we can describe
explicitly the solid cohomology groups of X = SpaE and X ×Spd k (SpdC)/φq as
defined in Proposition 3.2.3 and Remark 3.2.4. The equivalence D□̂(O

♭
X) ≃ D□(E)

endows RΓ(X,O♭) with a solid structure, which is the group RΓ□(X,O
♭). Similarly,
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RΓ(X×Spd k (SpdC)/φq,O
♭) has a solid structure RΓ□(X×Spd k (SpdC)/φq,O

♭) via the
identification

RΓ(X ×Spd k (SpdC)/φq,O
♭) ≃ f∗O

♭

where f : X ×Spd k (SpdC)/φq → X is the projection map.
As argued in Lemma 3.6.3, X × SpdC is quasi-Stein and R := H0(X × SpdC,O♭)

is isomorphic to RΓ(X × SpdC,O♭) and is a Fréchet C-algebra. Via the projection
X×SpdC → X, R is also a Fréchet E-algebra. We have the following solid enhancement
of Lemma 3.6.3.

Corollary 3.6.8 (Solid Drinfeld’s lemma). The natural map

RΓ□(X,O
♭)→ RΓ□(X ×Spd k (SpdC)/φq,O

♭)

is an isomorphism in D□(Fp).

Proof. The solid cohomology group RΓ□(X × (SpdC)/φq,O
♭) is computed by the con-

densification of the complex
R

φq−id−−−→ R,

which will be viewed as a complex of E-modules via the projection X × SpdC → X.
As shown in the proof of Lemma 3.6.3, the map φq − id is surjective. Since R is
a Fréchet E-algebra, the condensification of the map φq − id is again surjective by
Lemma 3.6.7. Since the condensification functor preserves kernels, we then get the
desired isomorphism by using Lemma 3.6.3. □

Proposition 3.6.9. Let k/Fp be an algebraic extension of Fpt, and let BC(−1/t) be
the negative BC space of slope −1/t over k. For each i ∈ Z there is an isomorphism of
solid k-modules with G0

t -action:

H i
□(BC(−1/t)∗,O♭) ∼=


k, i = 0,

k(−1), i = t+ 1,

0, else.

Here k(−1) is the representation of G0

t on k with character ε−1 ◦ det, where det : G0

t →
G0

1 = Q×p is the determinant map, and ε is defined in Definition 3.5.5. The same result
holds for H i(BC(−1/t)∗,O♭).

Proof. For k = Fph(h−1)t , by Proposition 2.7.1 (5), BC(−1/t)∗ ≃ Spd L̂/SGh, where
Spd L̂ is affinoid perfectoid and SGh is profinite. Thus, BC(−1/t)∗ is qcqs. Since
SpdFph(h−1)t → SpdFpt is finite étale, BC(−1/t)∗ is also qcqs when defined over k = Fpt .
By Lemma 3.2.8 (2), it suffices to show that H i

□(BC(−1/t)∗,O♭) is a finite-dimensional
k-vector space viewed as a solid k-module for k = Fq, where q = pt. Any element of
G0

t = D×t lies in a subfield F ⊂ Dt of degree t over Qp, with det agreeing with then
norm map relative to F/Q. Therefore it suffices to establish the claimed isomorphism
as representations of F×, where F is an arbitrary maximal subfield of Dt.

Applying Corollary 3.6.8 to E = L̂ yields a natural isomorphism

RΓ□(Spd L̂,O
♭) ∼= RΓ□(Spd L̂×Spd k (SpdC)/φq,O

♭).
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Passing to derived SGh-invariants (note the SGh-action commutes with φq) and apply-
ing Proposition 2.7.1(5) followed by Proposition 3.1.2, we obtain isomorphisms:

RΓ□(BC(−1/t)∗,O♭) ∼= RΓ□(BC(−1/t)∗ ×Spd k SpdC)
hφq

∼= RΓ□(H
1
F,C/F,O

♭)hφq

Here, as discussed in Proposition 3.2.3.(ii), we ignore the difference betweenRΓ□(H
1
F,C/F,O

♭)

and RΓ(H1
F,C/F,O

♭) since it is defined over the perfectoid field C. The cohomology
of RΓ(H1

F,C/F,O
♭) is computed in Proposition 3.5.6. We conclude by observing that

(C♭)hφq = k as solid k-modules, because C♭ is algebraically closed. The result for
H i(BC(−1/t)∗,O♭) follows since H i

□(BC(−1/t)∗,O♭)(∗) = H i(BC(−1/t)∗,O♭) and since
k and k(−1) are discrete as solid k-modules. □

We are now ready to present the main results of the section.

Theorem 3.6.10. Assume h ≥ 2. Let k/Fp be an algebraic extension field containing
Fp(h−1)h. Let L/K be the Torii extension, let Gh−1 and Gh be the Morava stabilizer
groups (relative to k), let Gh denote the kernel of Gh → Gal(k/Fp), and let SGh denote
the kernel of the determinant map Gh → G1.

Then there is a fiber sequence of derived k-modules with Gh−1 × Z×p -action:

k → L̂hSGh → k(−1)[−h] (3.6.11)

The residual action of Gh/SGh
∼= Z×p is through the central map Z×p → Gh−1.

Proof. Recall Proposition 2.7.1(5): Under the isomorphism (Spd L̂)/SGh
∼= BC(−1/(h−

1))∗, the residual action of Gh/SGh is through Z×p ⊂ Gh−1. Taking O♭-cohomology and
applying Proposition 3.6.9, we arrive at the claim. □

Remark 3.6.12. We leave for the future some questions concerning the Heyer–Jacquet
module, including:

(1) By Proposition 3.6.9, the cohomology RΓ(BC(−1/t)∗,O♭) is a Gt-equivariant
extension of k[−t − 1](−1) by k, whose extension class determines a canonical
element ofH t+2

cts (Gt, k(1)). It would be interesting to know a concrete description
of this “Heyer–Jacquet class”, or at least tell when it is nontrivial.

(2) The techniques of this chapter ought to extend to the calculation of the mixed-
characteristic module RΓ(BC(−1/t)∗,W (O♭)), whereW (O♭) means Witt vectors
of the structure sheaf.
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4. Solid Lubin–Tate theories

In Lurie’s framework [Lur18a], the basic data to which one associates a Lubin–Tate
theory is that of a pair (R,Γ) of a commutative Fp-algebra R and a p-divisible group Γ
over R. In the case that R is Noetherian and F -finite and Γ is nonstationary over R (see
Definition 4.1.11), Lurie has constructed a well-behaved Lubin–Tate theory E(R,Γ).4

In this section, we will identify a category LKN of Luriean Kalypto–Noetherian pairs
whose Lubin–Tate theories are well-behaved. In this category, we relax the assumption
that R be Noetherian: instead, we ask that there exist a relatively perfect homomor-
phism R0 → R with R0 Noetherian and F -finite. We extend Lurie’s construction of
Lubin–Tate theories to this context, proving the following theorem:

Theorem 4.0.1. There is a Lubin–Tate theory functor E(−) : LKN→ CAlg satisfying
the following properties:

• There is a natural isomorphism π0E(R,Γ) ∼= Rcl
(R,Γ), where Rcl

(R,Γ) is the classical
deformation ring of (R,Γ).
• There are natural isomorphisms π2nE(R,Γ) ∼= ωnΓun , where ωΓun is the invertible

module of invariant differentials of the universal p-divisible group Γun living over
Rcl

(R,Γ).

The following constructions applied to Lubin–Tate theories will play an important
role for us:

• Given a Lubin–Tate theory E(R,Γ), we may consider its K(h)-localization
LK(h)E(R,Γ).
• Given a K(h)-local Lubin–Tate theory E(R1,Γ1), we may consider the K(h)-

localized tensor product LK(h)(E(R1,Γ1)⊗SW(k) Eh).
We will define a full subcategory LKNh ⊆ LKN of LKN pairs of height h in Defini-

tion 4.4.1. If (R,Γ) lies in LKNh, then in particular the identity component of Γ is of
exact height h and E(R,Γ) is K(h)-local.

Theorem 4.0.2. For each integer h ≥ 1, there is a functor

Lalg
K(h) : LKN→ LKNh

for which there is a natural isomorphism

E(Lalg
K(h)(R,Γ)) ≃ LK(h)E(R,Γ).

Theorem 4.0.3. Let LKNpNh ⊆ LKNh denote the full subcategory of (R,Γ) such that R
is perfect and Noetherian and Γ is connected. For each integer h ≥ 1 and weakly étale
Fp → k, there is a functor

−⊠k − : LKNh × LKNpNh → LKNh

such that for (R1,Γ1) ∈ LKNh and (R2,Γ2) ∈ LKNpNh , there is a natural isomorphism

E((R1,Γ1)⊠k (R2,Γ2)) ≃ LK(h)(E(R1,Γ1)⊗SW(k) E(R2,Γ2)).

4Lurie has also constructed well-behaved Lubin–Tate theories when R is a perfect Fp-algebra and
Γ is a connected p-divisible group.
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In the context of height h formal groups over perfect Fp-algebas, Clausen has enriched
the Lubin–Tate functor to take values in the category of solid E∞-rings [Cla25, Section
12]. In this section, we use the formalism of LKN pairs to extend this construction to
the context of p-divisible groups over solid rings.

We will define a category LKN□ of solid LKN-pairs (R,Γ)—these consist of a solid ring
R and a p-divisible group Γ over its underlying ring R(∗), subject to certain conditions.
These imply, for example, that the pairs (R(S),Γ) are LKN. It will almost never be
true that R(S) is Noetherian, and this is our motivation for working in the greater
generality of LKN pairs. We again define a full subcategory LKN□

h ⊆ LKN□ of solid LKN
pairs of height h.

Then we are able to generalize the above results to the solid context.

Theorem 4.0.4. The category LKN□ is naturally enriched over condensed sets (hence
over condensed anima), and there are natural functors enriched over condensed anima

E□(−) : LKN□ → CAlg□

L□,alg
K(h) : LKN

□ → LKN□
h

⊠□

kδ : LKN
□
h × LKNpNh → LKN□

h

and natural isomorphisms of solid E∞-rings

E□(L□,alg
K(h)(R,Γ)) ≃ L□

K(h)E
□(R,Γ)

E□((R1,Γ1)⊠
□

kδ (R
δ
2,Γ2)) ≃ L□

K(h)(E
□(R1,Γ1)⊗□

SW(k) E
□(Rδ

2,Γ2)).

Moreover, the condensed functors E□(−), L□,alg
K(h), and ⊠□

kδ
are computed by applying the

corresponding uncondensed functors of the same name levelwise.

Example 4.0.5. The pair (kδ,Γh) is an example of a solid LKN pair of height h, and
E□(kδ,Γh) agrees with Clausen’s solid Lubin–Tate theory. Then L□,alg

K(h−1)(Fp,Γh) =

(K,Γun
h,K), so that by Theorem 4.0.4 there is an isomorphism

L□
K(h−1)E

□(Fp,Γh) ≃ E□(K,Γh,K).

Furthermore, one may identify (K,Γun
h,K) ⊠

□

Fδ
p

(Fδp,Γh−1) ∼= (L,Γun
h,L), so that B =

LK(h−1)(LK(h−1)E(Fp,Γh)⊗SW(Fp)
E(Fp,Γh−1) ≃ E(L,Γun

h,L)(∗).
Using this, we are able to construct a Gh,h−1-equivariant map B→ B̂ from a map of

solid LKN pairs
(L,Γun

h,L)→ (L̂, (Γun
h,L)L̂)

.

4.1. Background on Lubin–Tate theories. We begin by recalling Lurie’s approach
to the construction of Lubin–Tate theories. This is based on an extension of the defi-
nition of formal and p-divisible group to the context of E∞-rings.

Definition 4.1.1. Recall that an adic ring is a topological ring R for which there
exists a finitely generated ideal of definition I, and that a morphism of adic rings is a
continuous ring homomorphism. An adic E∞-ring is an E∞-ring R with the structure
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of adic ring on π0(R), and a morphism of adic E∞-rings is a morphism of E∞-rings that
restricts to a continuous map on π0. More formally, we define CAlgad as the pullback

CAlgad CAlg♡ad

CAlg CAlg♡ .

π0

π0

We say that an adic E∞-ring is complete if it is I-complete for one (hence any) choice
of ideal of definition I ⊆ π0(R). We let CAlgcmpl

ad ⊆ CAlgad denote the full subcategory
of complete adic E∞-rings.

Definition 4.1.2 ([Lur18a, Definition 1.6.1]). Let R denote a connective E∞-ring. A
formal group (of dimension one) over R is a functor

Γ̂ : CAlgcnR → D(Z)≥0
with the property that the composite

CAlgcnR
Γ̂−→ D(Z)≥0

Ω∞
−−→ Ani

is of the form Spf(A) for A an adic E∞-ring satisfying the following property:
• There exists an invertible π0(R)-module M such that

π∗(A) ∼=
∏
n≥0

(Symn
π0(R)(M)⊗π0(R) π∗(R))

as graded π∗(R)-algebras, and M generates the ideal of definition in π0(A).

Example 4.1.3. Recall that an E∞-ring R is said to be weakly periodic if π2(R) is an
invertible π0(R)-module and the map πn(R)⊗π0(R) π2(R)→ πn+2(R) is an isomorphism
for all n. We say that an E∞-ring R is complex periodic if it is weakly periodic and
complex orientable.

If R is a complex periodic E∞-ring, then RCP∞ is a complete adic E∞-ring with ideal
of definition equal to the kernel of the map π0(R

CP∞
) → π0(R). The product on CP∞

endows Spf(RCP∞
) with the structure of a formal group over R. This formal group is

called the Quillen formal group over R, and we denote it by ΓQR.

Remark 4.1.4. Given a general E∞-ring R, we define a formal group or p-divisible group
over R to be the respective object over its connective cover τ≥0R.

Definition 4.1.5 ([Lur18a, Definition 2.0.2]). Let R denote a connective E∞-ring. A
p-divisible group over R is a functor Γ: CAlgcnR → D(Z)≥0 with the following properties:

(1) For every A ∈ CAlgcnR , the Z-module Γ(A) is p-nilpotent: we have Γ(A)[1/p] ≃ 0.
(2) For every finite abelian p-group M , the functor

A 7→ Ω∞Hom(M,Γ(A))

is representable by a finite flat R-algebra.
(3) The map p : Γ→ Γ is locally surjective with respect to the finite flat topology.
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Definition 4.1.6. We let ME∞
BT denote the moduli stack of p-divisible groups: given a

connective E∞-ring R, then ME∞
BT (R) is the ∞-groupoid of p-divisible groups over R.5

We let MBT denote its underlying classical stack.
Similarly, we let ME∞

fg denote the moduli stack of formal groups over E∞-rings, and
let Mfg denote its underlying classical stack.

Remark 4.1.7. Given a p-divisible group Γ over a p-complete base E∞-ring R, Lurie
has constructed a formal group Γ◦ over R called the identity component of Γ [Lur18a,
Theorem 2.0.8].

Our next goal is to state Lurie’s results about the deformation theory of p-divisible
groups over E∞-rings. First, we need some preliminaries on the cotangent complex.

Notation 4.1.8. Given a map of E∞-rings R → S, we let LE∞
S/R denote the E∞ relative

cotangent complex, defined in terms of square-zero extensions of E∞-rings.
We also make use of the relative topological cotangent complex LE∞

X/Y of a natural
transformation X → Y between functors X,Y : CAlgcn → Ani, which is uniquely
determined if it exists (see [Lur18b, Definition 17.2.4.2]).

Given a map of commutative rings R→ S, we let Lalg
S/R denote the algebraic relative

cotangent complex, defined in terms of square-zero extensions of animated commutative
rings.

Given a map of commutative rings R→ S, there is a natural homomorphism LE∞
S/R →

Lalg
S/R which in general is not an isomorphism. However, the following result is reassuring.

Proposition 4.1.9. (1) Let R denote a commutative ring. Then the absolute E∞
cotangent complex LE∞

R is almost perfect as an R-module if and only if the ab-
solute algebraic cotangent complex Lalg

R is almost perfect as an R-module.
(2) Let R → S denote a map of commutative rings. Then LE∞

S/R ≃ 0 if and only if
Lalg
S/R ≃ 0.

Proof. Part (1) is part of [Lur18a, Proposition 3.3.4].
To prove part (2), let S+ denote the E1-ring of [Lur18b, Corollary 25.3.3.3]. By

[Lur18b, Remark 25.3.3.7], there is an equivalence Lalg
S/R ≃ S ⊗S+ LE∞

S/R. Now, LE∞
S/R

is connective and the map S+ → S has 2-connective fiber by the proof of [Lur18b,
Proposition 25.3.5.1]. It follows that LE∞

S/R vanishes if and only if Lalg
S/R does. □

Next, we discuss the cotangent complex of MBT.

Proposition 4.1.10 ([Lur18a, Propositions 3.2.2 (3) & 3.2.5]). The moduli stack of
p-divisible groups ME∞

BT admits a (−1)-connective cotangent complex LE∞
M

BTE∞
. If R is

a connective E∞-ring for which p is nilpotent in π0(R) and η : Spec(R) → MBTE∞

corresponds to a p-divisible group over R, then η∗LE∞
M

BTE∞
is furthermore connective and

almost perfect as an R-module.

5Here the subscript “BT” refers to “Barsotti–Tate”, which is another name for p-divisible groups.
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Definition 4.1.11 ([Lur18a, Definition 3.0.8 & Remark 3.4.4]). A p-divisible group Γ
over a commutative ring R in which p is nilpotent is said to be nonstationary if the
relative E∞ cotangent complex LE∞

Spec(R)/M
BTE∞

is 1-connective, i.e. if the canonical map
LE∞
M

BTE∞
|SpecR → LE∞

SpecR is surjective on π0.

Theorem 4.1.12 ([Lur18a, Theorem 3.4.1]). Let R be a commutative ring and let Γ
be a p-divisible group over R. Assume that p is nilpotent in R, that Γ is nonstationary,
and that the cotangent complex LE∞

R is almost perfect as an R-module. Then:
(1) The p-divisible group Γ admits a universal deformation to a complete adic E∞-

ring Run
(R,Γ), equipped with a map Run

(R,Γ) → R.
(2) The spectral deformation ring Run

(R,Γ) is connective.
(3) The canonical map Rcl

(R,Γ) := π0(R
un
(R,Γ))→ R is a surjection and exhibits Rcl

(R,Γ)

as the classical universal deformation ring of Γ in the realm of static rings.
(4) The canonical map Run

(R,Γ) → R exhibits R as an almost perfect Run
(R,Γ)-module.

In particular, the kernel I of Rcl
(R,Γ) → R is finitely generated.

(5) The kernel I is an ideal of definition for Rcl
(R,Γ). In particular, Run

Γ is I-complete.
(6) If R is Noetherian, then Run

(R,Γ) is Noetherian.

Remark 4.1.13. Recall that an Fp-algebra R is said to be F -finite if the Frobenius
morphism F : R→ R exhibits the target as a finitely generated module over the source.

Lurie has proven that a Noetherian Fp-algebra R is F -finite if and only if the abso-
lute cotangent complex Lalg

R (or, equivalently, LE∞
R ) is almost perfect as an R-module

[Lur18a, Theorem 3.5.1].

Finally, we review the notion of an orientation of a formal group and how it may be
used to define Lubin–Tate theories.

Construction 4.1.14 ([Lur18a, Construction 4.2.9]). Let R denote an E∞-ring, and
let Γ̂ denote a formal group over R. For R-algebras A, there is a natural map

L : ΩΓ̂(τ≥0A)→ MapModR
(ωΓ̂[1], A)

that we call the linearization map.
Indeed, when R is connective there is a natural fiber sequence

ωΓ̂[1]→ R⊗O
Γ̂
R→ R

by [Lur18a, Proposition 4.2.8]. Thus we obtain

ΩΓ̂(τ≥0A) ≃ MapCAlgτ≥0R
(τ≥0R⊗O

Γ̂
τ≥0R, τ≥0A)

→ MapModτ≥0R
(τ≥0ωΓ̂[1], τ≥0A) ≃ MapModR

(ωΓ̂[1], A)

Definition 4.1.15 ([Lur18a, Definition 4.3.1, Construction 4.3.7, and Definition 4.3.9]).
Given a formal group Γ̂ over an E∞-ring R, a pre-orientation of Γ̂ is a (pointed) map
e : S2 → Γ̂(τ≥0R). Viewing e as an element of Ω2Γ̂(τ≥0R) and applying the linearization
map twice, we obtain a map βe : ωΓ̂[2]→ R, called the Bott map of e. We say that the
pre-orientation e is an orientation if the map βe is an isomorphism.
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Remark 4.1.16. If Γ̂ is an oriented formal group over an E∞-ring R, then the Bott map
is an equivalence R[−2] ≃ ωΓ̂. Letting Γ̂cl denote the underlying formal group of Γ̂ over
π0(R), we find that the induced map πn(R) ⊗π0(R) ωΓ̂cl → πn+2(R) is an isomorphism
for all n ∈ Z. In particular, there are canonical isomorphisms π2n(R) ∼= ω⊗n

Γ̂cl
for n ∈ Z.

Construction 4.1.17 ([Lur18a, Proposition 4.3.9 and Definition 4.3.10]). Let Γ̂ denote
a formal group over an E∞-ring R. Then there is an R-algebra O(R,Γ) that represents
the functor taking an R-algebra A to the anima of orientations of the base change of Γ̂
to A. We call O(R,Γ̂) the orientation classifier of Γ̂ over R.

Indeed, the R-algebra P(R,Γ̂)
:= R ⊗R⊗O

Γ̂
R R classifies preorientations of Γ̂. In par-

ticular, the tautological preorientation e determines a Bott map

βe : ωΓ̂P
(R,Γ̂)

[2]→ P(R,Γ̂).

Since ωΓ̂P
(R,Γ̂)

[2] is a line bundle, there is a universal P(R,Γ̂)-algebra O(R,Γ̂) where the base

change of βe becomes an isomorphism by [Lur18a, Proposition 4.3.17]. By definition,
O(R,Γ̂) classifies orientations of Γ̂, as desired.

Remark 4.1.18. By [Lur18a, Proposition 4.3.21], a preorientation of a formal group Γ̂

over a complex periodic E∞-ring R is equivalent to a map ΓQR → Γ̂ of formal groups
over R.

By [Lur18a, Proposition 4.3.23], a preorientation of a formal group Γ̂ over an E∞-
ring is an orientation if and only if R is complex periodic and the corresponding map
ΓQR → Γ̂ is an isomorphism.

We need one more condition before we may define the Lubin–Tate theory construc-
tion.

Definition 4.1.19 ([Lur18a, Definition 6.4.1]). Let Γ̂ denote a formal group over an
E∞-ring R. We say that Γ̂ is balanced if the map R→ O(R,Γ̂) to the orientation classifier
O(R,Γ̂) of Γ̂ satisfies the following two conditions:

(1) The map π0R→ π0O(R,Γ̂) is an isomorphism.
(2) The odd homotopy groups of O(R,Γ̂) vanish.

Definition 4.1.20. Let R denote an Fp-algebra with almost perfect cotangent complex
LE∞
R and let Γ denote a nonstationary p-divisible group over R. If Γun,◦ over Run

(R,Γ) is
balanced, then we define the Lubin–Tate theory of the pair (R,Γ) to be:

E(R,Γ) := O(Run
(R,Γ)

,Γun,◦).

In this case, there are canonical isomorphisms

πnE(R,Γ) ∼=

{
ω
⊗n/2
Γun,cl if n even,

0 if n odd.

In particular, π0E(R,Γ) ∼= Rcl
(R,Γ).
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In the case that R is Noetherian, Lurie has proven that Γun,◦ is always balanced.

Theorem 4.1.21 ([Lur18a, Theorem 6.4.6]). Let R denote a Noetherian F -finite Fp-
algebra, and let Γ denote a nonstationary p-divisible group over R. Then the formal
group Γun,◦ over Run

(R,Γ) is balanced.

As a consequence, one may assign Lubin–Tate theories E(R,Γ) to pairs (R,Γ) where
R is a Noetherian and F -finite Fp-algebra and Γ is a nonstationary p-divisible group
over R.

We conclude this section by discussing the universal property of Lubin–Tate theory.

Remark 4.1.22 ([Lur18a, Remark 6.0.7]). In the context of Definition 4.1.20, let I =
ker(Rcl

(R,Γ) → R). Then the Lubin–Tate theory E(R,Γ) is a complete adic E∞-ring
when endowed with the I-adic topology, and has a universal property as a com-
plete adic E∞-ring. Namely, given a complete adic E∞-ring A, the anima of maps
MapCAlgad

(E(R,Γ), A) is identified with the classifying anima of triples (Γ̃, α, e), where
Γ̃ is a p-divisible group over A, α is an equivalence class of Γ-taggings on Γ̃, and e is an
orientation of Γ̃◦.

A Γ-tagging on Γ̃ is a pair (I, α) of a finitely generated ideal of definition I ⊆ π0(A)

and a map of pairs α : (R,Γ)→ (π0(A)/I, Γ̃π0(A)/I). Two taggings (Ii, αi) are equivalent
if there exists a finitely generated ideal of definition I3 containing I1 and I2 such that
the composites

(R,Γ)
αi−→ (π0(A)/Ii, Γ̃π0(A)/Ii)→ (π0(A)/I3, Γ̃π0(A)/I3)

are equal for i = 1, 2.

4.2. Luriean pairs. We define Luriean pairs as an axiomatization of the input data
required for Lurie’s construction of Lubin–Tate theories, and prove a permanence prop-
erty of Luriean pairs that will be key in our construction of non-Noetherian Lubin–Tate
theories.

Definition 4.2.1. We say that a pair (R,Γ) of an Fp-algebra R and a p-divisible group
Γ over R is Luriean if the following conditions are satisfied:

(1) The cotangent complex LR is almost perfect as an R-module.
(2) The p-divisible group Γ is nonstationary.
(3) The identity component Γun,◦ of the universal deformation Γun over Run

Γ0
is bal-

anced.

It follows from the discussion at the end of the previous section that we may assign
a well-behaved Lubin–Tate theory E(R,Γ) to a Luriean pair (R,Γ).

Remark 4.2.2. By Remark 4.1.13 and Theorem 4.1.21, a pair (R,Γ) with R Noetherian
is Luriean if and only if R is F -finite and Γ is nonstationary.

The main goal of this section is to prove the following theorem.

Theorem 4.2.3. Let (R,Γ) denote a Luriean pair with R Noetherian, and let R → S

denote a flat map with Lalg
S/R ≃ 0. Then (S,ΓS) is also a Luriean pair.
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The key technical input to this theorem is the following proposition.

Proposition 4.2.4. Suppose that (R,Γ) is a Luriean pair with R Noetherian. Let
R→ S denote a flat map for which Lalg

S/R ≃ 0. Then the induced map Run
(R,Γ) → Run

(S,ΓS)

is flat.

Given this proposition, we may prove Theorem 4.2.3.

Proof of Theorem 4.2.3. Since Lalg
S/R ≃ 0, we also have LE∞

S/R ≃ 0 by Proposition 4.1.9.
It follows that LE∞

S ≃ LE∞
R ⊗R S, which is almost perfect as an S-module because it

is the base change of an almost perfect R-module. Similarly, we have LE∞
Spec(S)/MBT

≃
LE∞
Spec(R)/MBT

⊗R S, so that LE∞
Spec(S)/MBT

is 1-connective, i.e. ΓS is nonstationary.
What remains is to show that the identity component (ΓS)un,◦ is balanced. However,

(ΓS)
un is base changed from Γun along the map Run

(R,Γ) → Run
(S,ΓS)

. Since this map is flat
by Proposition 4.2.4 and Γun,◦ is balanced by assumption, this implies that (ΓS)

un,◦ is
balanced by [Lur18a, Remark 6.4.2]. □

In the remainder of this section, our goal will be to prove Proposition 4.2.4. This
will be accomplished by combining the following two lemmas.

Lemma 4.2.5. Suppose that (R,Γ) is a pair consisting of an Fp-algebra R with the
property that LE∞

R is almost perfect and a nonstationary p-divisible group Γ over R.
Suppose that R → S is a flat map such that Lalg

S/R ≃ 0. Then LE∞
S is almost perfect as

an S-module and ΓS is nonstationary, so that Run
(S,ΓS)

exists and the map

R⊗Run
(R,Γ)

Run
(S,ΓS)

→ S

is an isomorphism.

Lemma 4.2.6 (Lurie). Let R→ S be a morphism of E∞-rings, and assume that R is
Noetherian. Assume that R is complete with respect to an ideal I ⊆ π0R and that S is
complete with respect to the ideal Iπ0(S) ⊆ π0(S). Then the following are equivalent:

(1) The morphism R→ S is flat.
(2) The induced morphism π0(R)/I → (π0(R))/I ⊗L

R S is flat.

Proof of Lemma 4.2.6. This is [Lur18a, Lemma 6.1.9], with the assumption that S be
Noetherian removed. This assumption was never used in Lurie’s proof of [Lur18a,
Lemma 6.1.9]. □

Remark 4.2.7. It follows from Lemma 4.2.5 that the square

Run
(R,Γ) Run

(S,ΓS)

R S
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is coCartesian and that Run
(S,ΓS)

is I-complete, where I is the kernel of Rcl
(R,Γ) → R. It

therefore follows from [Lur18a, Proposition 5.2.9] that Run
(R,Γ) → Run

(S,ΓS)
is an Run

(R,Γ)-
thickening of R→ S in the sense of [Lur18a, Definition 5.2.1].6

All that remains now is the proof of Lemma 4.2.5. Before we prove it, we need two
preliminary lemmas.

Lemma 4.2.8. Let Γ denote a nonstationary p-divisible group over an Fp-algebra R.
Suppose that R→ S is a flat morphism and that Lalg

R and Lalg
S are almost perfect. Then

we have

S ⊗Run
(S,ΓS)

LE∞
Run

(S,ΓS)
/Run

(R,Γ)
≃ S ⊗R⊗Run

(R,Γ)
Run

(S,ΓS)
LE∞
R⊗Run

(R,Γ)
Run

(S,ΓS)
/R ≃ 0.

Proof. It follows from the definition of the spectral deformation ring that

LE∞
Spf(Run

(R,Γ)
)/MBT

≃ LE∞
Spf(Run

(S,ΓS)
)/MBT

≃ 0,

so that we have LE∞
Spf(Run

(S,ΓS)
)/Spf(Run

(R,Γ)
) ≃ 0. (See [Lur18a, Proof of Lemma 6.1.7].)

Letting I ⊆ Rcl
(S,ΓS)

denote the kernel of Rcl
(S,ΓS)

→ S, this implies that the I-completion
of LE∞

Run
(S,ΓS)

/Run
(R,Γ)

is trivial by [Lur18b, Example 17.1.2.9], hence S⊗Run
(S,ΓS)

LE∞
Run

(S,ΓS)
/Run

(R,Γ)
≃

0, as desired.
Finally, the equivalence S⊗Run

(S,ΓS)
LE∞
Run

(S,ΓS)
/Run

(R,Γ)
≃ S⊗R⊗Run

(R,Γ)
Run

(S,ΓS)
LE∞
R⊗Run

(R,Γ)
Run

(S,ΓS)
/R

is a consequence of the base change equivalence LE∞
R⊗Run

(R,Γ)
Run

(S,ΓS)
/R ≃ R⊗Run

(R,Γ)
LE∞
Run

(S,ΓS)
/Run

(R,Γ)
.

□

Lemma 4.2.9. Let R denote an Fp-algebra for which LE∞
R is almost perfect, and let Γ

denote a nonstationary p-divisible group over R. Suppose that R→ S is a flat map with
the property that Lalg

S/R ≃ 0, and let I = ker(Rcl
(R,Γ) → R) and J = ker(Rcl

(S,ΓS)
→ S).

The image of I in Rcl
(S,ΓS)

generates J .

This lemma, in turn, depends on two smaller lemmas.

Lemma 4.2.10. Let R denote a commutative ring that is derived I-complete with
respect to a finitely generated ideal I ⊂ R. Then any finitely generated ideal J ⊂ R is
derived I-complete.

Proof. By the short exact sequence 0 → J → R → R/J → 0, it is equivalent to prove
that R/J is derived I-complete. Fix generators x1, . . . , xk ∈ J and let Z[x1, . . . , xk]→ R
denote the map sending each xi to the corresponding element of J . Then R⊗L

Z[x1,...,xk]Z
is a perfect R-module, hence derived I-complete, with π0(R ⊗L

Z[x1,...,xk] Z)
∼= R/J . It

therefore follows from [Lur18b, Theorem 7.3.4.1] that R/J is derived I-complete. □

6Lurie’s assumption that F : A0 → A0 is flat and that A0 → B0 is relatively perfect may be replaced
by the assumption that LE∞

B0/A0
≃ 0, which is all that he makes use of.
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Lemma 4.2.11. Let R denote an Fp-algebra with LE∞
R almost perfect, and let Γ denote

a nonstationary p-divisible group over R. Let I denote the kernel of Rcl
(R,Γ) → R. Then

there is a canonical identification

π1L
E∞
Spec(R)/MBT

∼= I/I2.

Proof. Since LE∞
Spf(Run

(R,Γ)
)/MBT

≃ 0, we have LE∞
Spec(R)/MBT

≃ LE∞
Spec(R)/Spf(Run

(R,Γ)
). Since

any R-module is automatically I-complete as a Run
(R,Γ)-module, it follows from [Lur18b,

Example 17.1.2.9] that LE∞
Spec(R)/Spf(Run

(R,Γ)
) ≃ LE∞

Spec(R)/Spec(Run
(R,Γ)

). Finally it follows from
[Lur17, Theorem 7.4.3.1] that there is a natural isomorphism

π1L
E∞
Spec(R)/Spec(Run

(R,Γ)
) ≃ I/I2. □

Proof of Lemma 4.2.9. Let Ĩ ⊆ J denote the ideal generated by the image of I in
Rcl

(S,ΓS)
. It follows from Lemma 4.2.10 that Ĩ and J are derived J-complete. Now, by

Lemma 4.2.11 and the fact that LS/R ≃ 0, we have that

(I/I2)⊗R S → J/J2

is an isomorphism. In particular, Ĩ/ĨJ → J/J2 is a surjection. Since Ĩ and J are
derived J-complete, it follows from derived Nakayama’s lemma [Sta25, Tag 09B9] that
Ĩ → J is a surjection, as desired. □

Using Lemma 4.2.8 and Lemma 4.2.9, we prove Lemma 4.2.5.

Proof of Lemma 4.2.5. Since Lalg
S/R ≃ 0, we have LE∞

R ⊗R S ≃ LE∞
S , whence it follows

that LE∞
S is almost perfect and ΓS is nonstationary.

To prove that
R⊗Run

(R,Γ)
Run

(S,ΓS)
→ S

is an isomorphism, it suffices by [Lur17, Corollary 7.4.3.4] to show that it is an isomor-
phism on π0 and has a trivial relative cotangent complex. On π0, this is a consequence
of Lemma 4.2.9. On the other hand, to prove that LE∞

S/R⊗Run
(R,Γ)

Run
(S,ΓS)

≃ 0, we make use

of the cofiber sequence

S ⊗R⊗Run
(R,Γ)

Run
(S,ΓS)

LE∞
R⊗Run

(R,Γ)
Run

(S,ΓS)
/R → LE∞

S/R → LE∞
S/R⊗Run

(R,Γ)
Run

(S,ΓS)
.

The middle term vanishes by assumption, and the first term vanishes by Lemma 4.2.8,
hence the final term vanishes and we are done. □

Finally, we use Lemma 4.2.5 and Lemma 4.2.6 to prove Proposition 4.2.4.

Proof of Proposition 4.2.4. By Lemma 4.2.6, it suffices to show that the induced map

R→ R⊗Run
(R,Γ)

Run
(S,ΓS)

is flat. To prove this, it will suffice to prove that the map

R⊗Run
(R,Γ)

Run
(S,ΓS)

→ S
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is an isomorphism, since R → S is flat by assumption. This is the statement of
Lemma 4.2.5. □

We record the following consequence of the above results, since we will find it useful
in the sequel:

Lemma 4.2.12. Suppose that (R,Γ) is a Noetherian Luriean pair. Let R→ S denote
a flat map of rings for which Lalg

S/R ≃ 0. Then the induced map E(R,Γ)→ E(S,ΓS) is
flat. Moreover, the induced map on Rcl

(R,Γ) → Rcl
(S,ΓS)

sends the kernel of Rcl
(R,Γ) → R to

generators for the kernel of Rcl
(S,ΓS)

→ S.

Proof. Since the pullback of Γun,◦ along Run
(R,Γ) → Run

(S,ΓS)
is canonically isomorphic to

(ΓS)
un,◦, the square

Run
(R,Γ) Run

(S,ΓS)

E(R,Γ) E(S,ΓS)

is a pushout of E∞-rings. The flatness of the bottom is therefore a consequence of
the flatness of the top arrow, proven in Proposition 4.2.4. The second statement is a
consequence of Lemma 4.2.9. □

4.3. LKN pairs. In this section, we introduce Luriean Kalypto–Noetheriean pairs, which
are a subclass of Luriean pairs that has better closure properties. We will frequently
make use of the abbreviation LKN pairs.

Definition 4.3.1 (Relatively Perfect). A map f : R → S of Fp-algebras is called rela-
tively perfect if the diagram

R S

R S

f

FR FS

f

(4.3.2)

is a pushout in the category of commutative rings. In other words, if the relative
Frobenius

FS/R : RF ⊗R S → SF

is an isomorphism.

Definition 4.3.3 (Kalypto–Noetherian). We say that an Fp-algebra R is Kalypto–
Noetherian if there exists an F -finite Noetherian Fp-algebra R0 and a flat, relatively
perfect map R0 → R.7

7We take the term Kalypto from the ancient Greek καλύπτω: to cover, hide or conceal. For example,
in book 8, line 503 of the Odyssey, one finds the Achaeans κεκαλυμμένοι ἵππῳ: concealed in the [Trojan]
horse. Like the Achaeans in the Trojan horse, Kalypto–Noetherian rings covertly smuggle in the
properties of Noetherian F -finite Fp-algebras that we will require.
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We emphasize that the ring R0 is not part of the data—it is merely required to exist.
We call R0 → R a witness to Kalypto–Noetherianity of R.

We now recall some basic properties of relatively perfect maps and use them to prove
some closure properties of the category of Kalypto–Noetherian rings.

Lemma 4.3.4. (1) If f : R→ S is weakly étale, for example if it is a filtered colimit
of étale maps, then it is relatively perfect.

(2) If R0 → R1 and R1 → R2 are both relatively perfect, then so is their composite
R0 → R2.

(3) Let k be a perfect Fp-algebra with maps k → R0 and k → S0 and let R0 → R1

and S0 → S1 be relatively perfect, then the map

R0 ⊗k S0 → R1 ⊗k S1

is relatively perfect.
(4) If R1 → S is relatively perfect and R1 → R2 is any ring homomorphism, then

the base change R2 → S ⊗R1 R2 is relatively perfect.

Proof. (1) This is the statement of [Sta25, Tag 0F6W].
(2) This is a consequence of the fact that the pasting of two pushout diagrams is a

pushout diagram.
(3) This follows from the fact that a tensor product of pushout diagrams is a pushout

diagram.
(4) Again, this follows from the fact that a tensor product of pushout diagrams is

a pushout diagram. □

Lemma 4.3.5. (1) If R is Kalypto–Noetherian and R → S is flat and relatively
perfect, then S is Kalypto–Noetherian.

(2) If k is a perfect Fp-algebra and R and S are Kalypto–Noetherian k-algebras then
R⊗k S is Kalypto–Noetherian.

(3) If R is Kalypto–Noetherian and R → S is weakly étale, then S is Kalypto–
Noetherian.

Proof. (1) There exists R0 → R flat and relatively perfect with R0 F -finite Noe-
therian. If R→ S is flat and relatively perfect, the composition R0 → S is also
flat and relatively perfect (by Lemma 4.3.4)

(2) Let R0 → R and S0 → S witness the Kalypto–Noetherian property. Then
R0 ⊗k S0 is F -finite and Noetherian, and the tensor product map R0 ⊗k S0 →
R⊗k S is flat and relatively perfect by Lemma 4.3.4.

(3) This follows from (1) because weakly étale maps are flat and relatively perfect
(by Lemma 4.3.4). □

Finally, we have the following key lemma, which we will use to show that Kalypto–
Noetherianity is inherited by deformation rings.

Lemma 4.3.6. Let R → S denote a map of Fp-algebras where R is Noetherian and
F -finite, and let I ⊂ R denote a finitely generated ideal. Suppose that both R and S
are complete with respect to I, and that the induced map R/I → S ⊗L

R R/I is flat and
relatively perfect. Then the original map R→ S is flat and relatively perfect.
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Proof. Flatness of R→ S is a consequence of Lemma 4.2.6. It remains to check relative
perfectness. We wish to prove that the relative Frobenius

FS/R : R
F ⊗R S → SF

is an isomorphism. As modules over RF , I claim that both sides are IF -complete.
This is clear for the right hand side. For the left-hand side, I first claim that it is F (I)-
complete. Indeed, this is a consequence of the fact that S is I-complete as an R-module
and RF is almost perfect as an R-module (since R is Noetherian and F -finite). Since I
is finitely generated, this implies that it is also IF -complete, as desired.

It therefore suffices to check that RF/IF ⊗R/I S/IS ∼= RF/IF ⊗RS → SF/IFSF is an
isomorphism. This is a consequence of the assumption that R/I → S ⊗L

R R/I
∼= S/IS

is relatively perfect. □

Definition 4.3.7. We say that a pair (R,Γ) of an Fp-algebra R and a p-divisible group
Γ over R is Luriean Kalypto–Noetherian if there exists a map of pairs (R0,Γ0)→ (R,Γ)
for which R0 is Noetherian and F -finite, Γ0 is nonstationary, and R0 → R is flat and
relatively perfect.

In particular, R is a Kalypto–Noetherian ring. Moreover, the following is an imme-
diate consequence of Theorem 4.2.3.

Theorem 4.3.8. Any Luriean Kalypto–Noetherian pair (R,Γ) is a Luriean pair.

We will abbreviate Luriean Kalypto–Noetherian pairs to LKN pairs in the remainder
of the paper.

Definition 4.3.9. We let LKN denote the category of LKN-pairs: a morphism (R1,Γ1)→
(R2,Γ) consists of a map R1 → R2 and an isomorphism (Γ1)R2

∼= Γ2.

Proof of Theorem 4.0.1. The oriented deformation ring construction recollected in Sec-
tion 4.1 defines a functor

E(−) : LKN→ CAlg .

Since any LKN pair is Luriean by Theorem 4.3.8, it has the desired properties. □

We conclude this subsection with several useful results about LKN pairs. We do not
know how to prove the analogous results in the generality of Luriean pairs.

Proposition 4.3.10. Let (R,Γ) denote an LKN pair. Then the pair (Rcl
(R,Γ)/p,Γ

un
Rcl

(R,Γ)
/p
)

is again an LKN pair, and the induced map E(Rcl
(R,Γ)/p,Γ

un
Rcl

(R,Γ)
/p
) → E(R,Γ) is an

equivalence of E∞-rings.

Proof. Let (R0,Γ0)→ (R,Γ) be a witness to (R,Γ) being an LKN pair. Then the map
Rcl

(R0,Γ0)
→ Rcl

(R,Γ) is flat by Proposition 4.2.4, hence the induced map Rcl
(R0,Γ0)

/p →
Rcl

(R,Γ)/p is flat. Moreover, Rcl
(R0,Γ0)

/p is Noetherian and F -finite and Γun
Rcl

(R,Γ)
/p

is non-

stationary by [Lur18a, Proposition 6.1.5]. It therefore suffices to show that this map is
relatively perfect. This follows from combining Lemma 4.3.6 with Lemma 4.2.12, the
latter of which shows that the following square is cocartesian:
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Rcl
(R0,Γ0)

/p Rcl
(R,Γ)/p

R0 R.

The final statement is a consequence of [Lur18a, Example 6.1.4], since the F -finite and
Noetherian hypotheses are not necessary, just existence of the deformation ring. □

Lemma 4.3.11. Given an LKN pair (R,Γ), let v0 = p, v1, v2, · · · be a sequence of
elements vi ∈ ωp

i−1
Rcl

(R,Γ)

such that vi is the coefficient of Xpi in the p-series [p]Γ(X)

mod v0, . . . , vi−1. Then the sequence v0 = p, v1, v2, · · · is regular in the graded ring⊕
k∈Z ω

k
Rcl

R,Γ)

. In other words, the E∞-ring E(R,Γ) is Landweber flat.

Proof. Since (R,Γ) is LKN, there exists a map of pairs (R0,Γ0)→ (R,Γ) with (R0,Γ0) a
Noetherian Luriean pair and R0 → R flat and relatively perfect. By Proposition 4.2.4,
the induced map Run

(R0,Γ0)
→ Run

(R,Γ), and hence the map Rcl
(R0,Γ0)

→ Rcl
(R,Γ), is flat, so it

suffices to consider the case where R is Noetherian and F -finite.
Next, by replacing R by Rcl

(R,Γ)/p and Γ by Γun
Rcl

(R,Γ)
/p

, the classical deformation ring

remains unchanged by [Lur18a, Proposition 6.1.5]. We may therefore assume that
R = Rcl

(R,Γ)/p.
It suffices to show that the sequence p, v1, v2, . . . is regular after localizing at every

prime ideal p ⊆ Rcl
(R,Γ). If p /∈ p, then Rcl

(R,Γ) is a Q-algebra, so our sequence is obviously
regular. Otherwise, there is a map

Rcl
(R,Γ) → Rcl

(R,Γ)/p = R→ κ(p)→ κ(p),

where κ(p) is the fraction field of Rcl
(R,Γ) at p. Moreover, we have Ωκ(p)/(R) = 0 so

by [Lur18a, Theorem 6.1.2] we obtain a flat map Run
(R,Γ) → Run

(κ(p),Γ
κ(p)

)
. This factors

through a faithfully flat map Run
(R,Γ),p → Run

(κ(p),Γ
κ(p)

)
.

It therefore suffices to deal with the case where R is an algebraically closed field.
In this case, Γ ∼= Γ◦ ⊕ Γet, and the induced map Run

(R,Γ◦) → Run
(R,Γ) is flat by [Lur18a,

Theorem 6.2.4]. This reduces us to the case where Γ is connected, where it is well-
known. □

Remark 4.3.12. The proof of Lemma 4.3.11 follows closely the proof of [Lur18a, Theo-
rem 6.4.7].

Proposition 4.3.13. Let (R,Γ) denote a Noetherian Luriean pair, and let S−1 → S•

denote an augmented cosimplicial diagram of flat and relatively perfect R-algebras that
identifies S−1 with the totalization of S• as derived commutative rings. By abuse of
notation, let Γ also denote its base change along the maps R→ Sn, −1 ≤ n. Then the
map

E(S−1,Γ)→ TotE(S•,Γ)

is an equivalence. In fact, the maps

π2nE(S
−1,Γ)→ Totπ2nE(S

•,Γ)
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are equivalences, where the totalization is taken in D(Z).

Proof. It suffices to prove the statement on the level of π2n, since that implies the
statement on the level of spectra. First, we reduce to the case where n = 0. The maps

π0E(S
k,Γ)⊗π0E(R,Γ) π2nE(R,Γ)→ π2nE(S

k,Γ)

are equivalences by Lemma 4.2.12. Since the π0E(R,Γ)-module π2nE(R,Γ) is invertible,
tensoring by it preserves totalizations, so it suffices to prove the case n = 0.

When n = 0, let I = ker(π0E(R,Γ) → R). It follows from Lemma 4.2.12 that
E(Sn,Γ) is I-complete and that applying −⊗L

π0E(R,Γ) R to the augmented cosimplicial
diagram we are studying produces

S−1 → S•,

which induces an equivalence
S−1 → TotS•

by assumption. Commuting the Tot past the tensor using flatness of π0E(Sn,Γ) over
π0E(R,Γ) (by Lemma 4.2.12), we conclude that

π0E(S
−1,Γ)→ Totπ0E(S

•,Γ)

becomes an equivalence after applying −⊗L
π0E(R,Γ) R. Since both sides are I-complete,

we are done. □

4.4. Pairs of height h. We define LKN pairs of height h, and describe functors on the
level of LKN pairs that correspond to K(h)-localization and the K(h)-localized tensor
product on the level of their Lubin–Tate theories.

Definition 4.4.1. We say that an LKN pair (R,Γ) is of height h if there exists a
Noetherian LKN pair (R0,Γ0) and a map (R0,Γ0)→ (R,Γ) such that

• R0 → R is flat and relatively perfect,
• the formal group Γ0 is of exact height h, and
• the kernel of the map Rcl

(R0,Γ0)
→ R0 is equal to the hth Landweber ideal Jh of

Γun,◦
0 .

It follows that Γ is also of exact height h; moreover, by Proposition 4.2.4, the kernel
of Rcl

(R,Γ) → R is also equal to Jh. By [Mes72, Proposition II.4.9], this implies that Γ◦

may be regarded as a connected p-divisible group, and Γ lies in a short exact sequence

0→ Γ◦ → Γ→ Γét → 0,

where Γét is an étale p-divisible group.
We let LKNh denote the full subcategory of LKN consisting of LKN pairs of height h.

Proposition 4.4.2. Let (R,Γ) denote an LKN pair of height h. Then E(R,Γ) is K(h)-
local. Moreover, the ideal Jh ⊆ π0E(R,Γ) is an ideal of definition.

Proof. The first statement is an immediate consequence of [Lur18a, Corollary 4.5.3].
The second statement is straightforward from the definitions. □
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4.4.1. LKN pairs and K(h)-localization.

Definition 4.4.3. Given an LKN pair (R,Γ), we define a new pair as follows:

Lalg
K(h)(R,Γ) := (Rcl

(R,Γ)/Jh[v
−1
h ],Γun

Rcl
(R,Γ)

/Jh[v
−1
h ]

),

where Jh is the hth Landweber ideal. We will sometimes write

Lalg
K(h)(R,Γ) = (Rcl,h

(R,Γ),Γ
un,h)

for the sake of brevity of notation.

Proposition 4.4.4. Given an LKN pair (R,Γ), the pair Lalg
K(h)(R,Γ) is an LKN pair of

height h.

Proof. We first show that Lalg
K(h)(R,Γ) is LKN. Let (R0,Γ0) → (R,Γ) denote a witness

for (R,Γ) being LKN. Then the proof of Proposition 4.3.10 implies that Rcl
(R,Γ0)

/p →
Rcl

(R,Γ)/p is flat and relatively perfect. Modding out by v1, . . . , vh−1 and inverting vh, we
obtain a new flat and relatively perfect mapRcl,h

(R0,Γ0)
→ Rcl,h

(R,Γ) by Lemma 4.3.4(4). More-
over, it is clear that Rcl,h

(R0,Γ0)
remains Noetherian and F -finite, and that the base change

Γun,h0 remains nonstationary. It therefore follows that Lalg
K(h)(R0,Γ0)→ Lalg

K(h)(R,Γ) is a
witness to the fact that Lalg

K(h)(R,Γ) is LKN.
It remains to show that the kernel of Rcl

Lalg
K(h)

(R0,Γ0)
→ Rcl,h

(R0,Γ0)
is equal to Jh. First,

we note that it follows from [Lur18a, Example 6.1.3 & Proposition 6.1.5] that the map

Rcl
(Rcl

(R0,Γ0)
/Jh,Γ

un

Rcl
(R0,Γ0)

/Jh
) → Rcl

(R0,Γ0)
/Jh

identifies with the map
(Rcl

(R0,Γ0)
)∧Jh → Rcl

(R0,Γ0)
/Jh

whose kernel is clearly equal to the ideal Jh. To conclude, we note that sinceRcl
(R0,Γ0)

/Jh →
Rcl,h

(R0,Γ0)
is étale, it follows from Lemma 4.2.12 that the kernel of Rcl

Lalg
K(n)

(R0,Γ0)
→ Rcl,h

(R0,Γ0)

is also equal to Jh, as desired. □

Lemma 4.4.5. Let (R,Γ) denote a Noetherian Luriean pair, and let S−1 → S• denote
an augmented cosimplicial flat and relatively perfect R-algebra with the property that
S−1 → TotS• is an equivalence when computed in derived rings. Then the map

Rcl,h
(S−1,Γ) → TotRcl,h

(S•,Γ)

is an equivalence, where the totalization is computed in derived rings.

Proof. This follows from Proposition 4.3.13 by modding out by Jh and inverting vh,
using flatness of Rcl

(S•,Γ) over Rcl
(R,Γ) and the fact that Jh is locally generated by a

regular sequence in Rcl
(R,Γ) by Lemma 4.3.11. □

Theorem 4.4.6. Given an LKN pair (R,Γ), there is a canonical equivalence of E∞-
rings

LK(h)E(R,Γ) ≃ E(Lalg
K(h)(R,Γ)).



78 BARTHEL, MANN, RAY, SCHLANK, SENGER, WEINSTEIN, AND ZHOU

Proof. By definition of Lalg
K(h), there is a natural map of LKN pairs

(Rcl
(R,Γ)/p,Γ

un
Rcl

(R,Γ)
/p)→ Lalg

K(h)(R,Γ)

which gives rise to a map of Lubin–Tate theories

E(R,Γ) ≃ E(Rcl
(R,Γ)/p,Γ

un
Rcl

(R,Γ)
/p)→ E(Lalg

K(h)(R,Γ)).

By Proposition 4.4.2 and Proposition 4.4.4, this factors as

E(R,Γ)→ LK(h)E(R,Γ)→ E(Lalg
K(h)(R,Γ)).

To show that the second map is an equivalence, it suffices to prove that it induces
an isomorphism on π∗ after cofibering out by (p, v1, . . . , vh−1) because both source and
target are K(h)-local. It follows from [HS99, Proposition 7.10] and Lemma 4.3.11 that
applying π0(−/(p, v1, . . . , vh−1)) to the above sequence of maps produces

Rcl
(R,Γ)/Jh → Rcl

(R,Γ)/Jh[v
−1
h ]→ Rcl

(R,Γ)/Jh[v
−1
h ],

and we note that the second map is indeed an isomorphism. □

4.4.2. LKN-pairs and the K(h)-local tensor product.

Construction 4.4.7. Let (R1,Γ1) denote an LKN pair of height h, and let (R2,Γ2)
denote a pair of a Noetherian perfect Fp-algebra R2 and a connected p-divisible group
Γ2 of height h. In particular, (R2,Γ2) is a LKN pair of height h. Let k denote a weakly
étale Fp-algebra equipped with maps k → Ri. We will define a new LKN pair of height
h

(R′,Γ′) = (R1,Γ1)⊠k (R2,Γ2).

Let M=h
fg,k denote the moduli stack of formal groups of height h over k, and let

M◦=h
BT,k = MBT,k ×Mfg,k

M=h
fg,k. Then the map Spec(k) → M=h

fg,k is a pro-étale cover
and induces an isomorphism M=h

fg,k
∼= [Spec(k)/Gh], where Gh is regarded as a profinite

étale group scheme over Spec(k) (only arising from a constant profinite group in the case
Fph ⊆ k). In particular, we find that the diagonal map ∆: M=h

fg,k →M=h
fg,k×Spec(k)M

=h
fg,k

is pro-finite étale.
To define (R′,Γ′), form pullback diagrams

Spec(R′) M◦=h
BT,k ×M◦=h

fg,k
M◦=h

fg,k M=h
fg,k

Spec(R1)×Spec(k) Spec(R2) M◦=h
BT,k ×Spec(k) M

◦=h
fg,k M=h

fg,k ×Spec(k) M
=h
fg,k

∆

to obtain the pro-finite étale R1⊗kR2-algebra R′ and p-divisible group Γ′, which is just
base-changed from R1.

In other words, R′ is the universal R1⊗k R2-algebra over which one is equipped with
an isomorphism Γ◦1

∼= Γ2 .

Theorem 4.4.8. Given (Ri,Γi) and k as in Construction 4.4.7, the pair

(R′,Γ′) = (R1,Γ1)⊠k (R2,Γ2)
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is LKN of height h, and there is a canonical isomorphism

LK(h)(E(R1,Γ1)⊗SW(k) E(R2,Γ2)) ∼= E((R1,Γ1)⊠k (R2,Γ2))

of E∞-rings.

Proof. First, we show that (R′,Γ′) is LKN of height h. Let (R10,Γ10)→ (R1,Γ1) denote
a witness to (R1,Γ1) being LKN of height h. Consider the sequence of maps of pairs

(R10,Γ10)→ (R10 ⊗k R2,Γ10)→ (R1 ⊗k R2,Γ1)→ (R′,Γ′).

The first two maps are flat and relatively perfect by Lemma 4.3.4(3) and the fact that
the base change of a flat map is flat, and the third map is flat and relatively perfect
because it is ind-étale. Since (R10,Γ10) is a Noetherian Luriean pair of height h, it
follows that it is a witness for (R′,Γ′) being an LKN pair of height h, as desired.

To prove the desired equivalence of E∞-rings, we prove that both sides corepre-
sent the same functor in CAlgcmpl

K(h),SW(k),ad, the category of K(h)-local complete adic
E∞-algebras over SW(k). Let A denote a K(h)-local complete adic E∞-ring. Then
LK(h)(E(R1,Γ1)⊗SW(k)E(R2,Γ2) is the coproduct of E(R1,Γ1) andE(R2,Γ2) in CAlgcmpl

K(h),SW(k),ad,
so that

MapCAlgcmpl
K(h),SW(k),ad

(LK(h)(E(R1,Γ1)⊗SW(k) E(R2,Γ2)), A)

identifies with the classifying anima of tuples (Γ̃1, Γ̃2, α1, α2, e1, e2), where Γ̃i are p-
divisible groups on A, ei are orientations of Γ̃i, and αi are equivalence classes of k-linear
Γi-taggings of Γ̃i. Since Γ2 is connected, the existence of α2 implies that Γ̃2 is formally
connected, so that it is determined by its corresponding formal group, which in turn is
identified with Γ◦1 by e1 and e2.

Putting this all together, we can rewrite this mapping anima as the classifying anima
of tuples (Γ̃1, α1, α2, e1), where α2 is now an equivalence class of k-linear Γ◦2-taggings of
Γ◦1. This, in turn, may be rewritten as a tuple (Γ̃, α, e), where Γ̃ is a p-divisible group
over A, α is an equivalence class of k-linear Γ′-taggings of Γ̃, and e is an orientation of
Γ̃. By definition, this is the same as the mapping anima

MapCAlgcmpl
K(h),SW(k),ad

(LK(h)(E((R1,Γ1)⊠k (R2,Γ2)), A)

as desired.
□

4.5. Solid Lubin–Tate theories. In this section, we define the solid version of the
Lubin–Tate theory functor, and describe its interaction with K(h)-localization and the
K(h)-local solid tensor product.

Proposition 4.5.1. Let X ∈ D(Z)□ and suppose that X lies in the heart of the natural
t-structure on D(Z)□. Then X(S) is static for every profinite set S.

Proof. By definition of the t-structure on D(Z)□, we have that X(T ) is static for ev-
ery extremally disconnected set T . Given a general profinite set S, we have X(S) =
RHom(Z[S]□, X). Moreover Z[S]□ = Hom(C(S,Z),Z), and by [Sch26, Theorem 5.4]
C(S,Z) is a free Z-module. Choosing a surjection T → S from an extremally dis-
connected set T , we obtain a split injection C(S,Z) → C(T,Z), from which we learn
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that Z[S]□ is a retract of Z[T ]□, and so X(S) is a retract of X(T ), which is static by
assumption. □

4.5.1. Solid Lubin–Tate theories.

Construction 4.5.2. So far, we have constructed a functor

E(−) : LKN→ CAlg .

To upgrade this to a condensed functor, we may proceed as follows. First, since CAlg
is presentable, we may factor E(−) as

LKN→ P(LKN)→ CAlg,

with the latter map being a left adjoint between presentable categories. We may then
tensor this with Anicond to obtain a map

Econd(−) : P(LKN)cond → CAlgcond

of Anicond-modules in PrL. In particular, Econd(−) is enriched over condensed anima.
Writing Econd(−) as a functor

Econd : Shvhyp,acc(Prof,P(LKN))→ Shvhyp,acc(Prof,CAlg),

it is computed by applying P(LKN)→ CAlg pointwise and hypersheafifying.

While this construction produces a well-defined functor enriched over condensed an-
ima, it is too general to obtain good control over. We will restrict to a subcategory of
P(LKN)cond on which we may understand Econd(−) better.

Definition 4.5.3. A solid LKN-pair is a pair (R,Γ) of a solid Fp-algebra R and a p-
divisible group Γ over R(∗) that satisfies the following condition: there is a map of pairs
(R0,Γ0)→ (R(∗),Γ) such that

• the Fp-algebra R0 is Noetherian and F -finite.
• for every nonempty profinite set S, the composite map R0 → R(∗) → R(S) is

flat and relatively perfect.
• the p-divisible group Γ0 is nonstationary.

As a consequence, each of the pairs (R(S),Γ) obtained by base change is an LKN
pair.

We say that a solid LKN pair is of height h if there is a map (R0,Γ0)→ (R(∗),Γ) as
above for which the kernel of Rcl

(R0,Γ0)
→ R0 is equal to Jh. In particular, this implies

that each of the LKN pairs (R(S),Γ) is of height h.

Example 4.5.4. Given any LKN pair (R,Γ), the pair (Rδ,Γ) is a solid LKN pair. This is
because any surjection of profinite sets T → S yields an ind-étale map Rδ(S)→ Rδ(T ).

Let LKN□ denote the category of solid LKN-pairs, where a morphism (R1,Γ1) →
(R2,Γ2) consists of a map of solid rings f : R1 → R2 and isomorphisms f ∗Γ1

∼= Γ2 over
R2(∗), and let LKN□

h denote the full subcategory of height h LKN pairs. Given a solid
LKN-pair (R,Γ), the assignment S 7→ (R(S),Γ) determines a hypersheaf Profop → LKN
that may be composed with the Yoneda embedding to yield a fully faithful functor

LKN□ → P(LKN)cond.
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Viewing LKN□ as a full subcategory of the Anicond-enriched category P(LKN)cond, we
may equip LKN□ with the structure of an Anicond-enriched category. P(LKN)cond is
cotensored over Anicond and in particular over Prof. We note that LKN□ is closed
under the Prof-cotensoring in P(LKN)cond: given a solid LKN-pair (R,Γ), we have
C(S, (R,Γ)) = (C(S,R),Γ), where C(S,R)(T ) = R(S × T ) and Γ abusively de-
notes the base change of Γ to R(S). This is indeed a solid LKN-pair, with witness
(R0,Γ0)→ (R(∗),Γ)→ R(S,Γ).

Proposition 4.5.5. The Anicond-enriched functor

Econd(−) : P(LKN)cond → CAlgcond

restricts to an Anicond-enriched functor

E□(−) : LKN□ → CAlg□ .

This functor is computed explicitly by the assignment

(S 7→ (R(S),Γ)) 7→ (S 7→ E(R(S),Γ))

and its solid homotopy groups are computed by

(S 7→ (R(S),Γ)) 7→ (S 7→ πnE(R(S),Γ)).

Proof. It follows from the definitions that the functors Econd(−) and πnE
cond(−) are

computed via the hypersheafification of the formulas given in the statement of the
lemma. It therefore suffices to prove that these presheaves are already sheaves for the
profinite topology. To start, we choose a Noetherian Luriean pair (R0,Γ0) with a map
(R0,Γ0)→ (R(∗),Γ) such that the composition R0 → R(S) is flat and relatively perfect
for all profinite sets S.

Now, let T• → S denote a hypercover of light profinite sets. By Proposition 4.5.1,
there is an equivalence R(S) ∼−→ TotR(T•) where the totalization is computed in derived
commutative rings. Applying Proposition 4.3.13 to the pair (R0,Γ0) and the augmented
cosimplicial diagram R(S)→ R(T•), we conclude that

E(R(S),Γ)→ TotE(R(T•),Γ))

is an equivalence, as desired. The corresponding statement for the condensed homotopy
groups follows from the second part of Proposition 4.3.13.

It remains to prove that Econd(R,Γ) is solid. By definition, we must prove that its
condensed homotopy groups πnEcond(R,Γ) are solid abelian groups. When n is odd,
these are zero. When n = 2m, we saw above that they are given by

S 7→ π2mE(R(S),Γ).

Choosing (R0,Γ0) → (R(∗),Γ) as above and letting I = ker(π0E(R0,Γ0) → R0), we
see that these groups are all I-complete. Thus there is an equivalence of condensed
abelian groups π2mE(R,Γ) ≃ lim←−k π2mE

cond(R,Γ)⊗π0E(R0,Γ0)δ (π0E(R0,Γ0)/I
k)δ. Here,

this tensor product is computed pointwise: this produces a condensed abelian group
because π2mE(R,Γ) is pointwise flat over π0E(R0,Γ0). It therefore suffices to prove
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that π2mE(R,Γ)⊗π0E(R0,Γ0)δR
δ
0 and π2mE(R,Γ)⊗π0E(R0,Γ0)δ (I

k/Ik+1)δ are solid abelian
groups. In this first case, this follows from the isomorphism

π2mE(R,Γ)⊗π0E(R0,Γ0)δ R
δ
0
∼= R⊗Rδ

0
(ωmΓ0

)δ,

the fact that ωmΓ0
is an invertible module over R0, and the fact that R is solid. In the

second case, by choosing a presentation of Ik/Ik+1 as an R0-module, we may write
π2mE(R,Γ) ⊗π0E(R0,Γ0)δ (I

k/Ik+1)δ as a colimit of direct sums of objects of the form
π2mE(R,Γ)⊗π0E(R0,Γ0)δ R

δ
0 and hence conclude that it too is solid. □

Remark 4.5.6. Since E□(−) is an Anicond-enriched functor, there is a natural transfor-
mation E□((R,Γ)S) → (E□(R,Γ))S for (R,Γ) ∈ LKN and S ∈ Prof. Using Proposi-
tion 4.5.5, one verifies that this is a natural equivalence.

4.5.2. Localization of solid Lubin–Tate theories. We begin by recalling the interaction
of accessible localizations with condensed and solid spectra from [Cla25, Section 13].
(He works in the light setting, but the proofs are the same.)

Definition 4.5.7. Given an accessible localization functor L : Sp → Sp, we obtain
an accessible localization Lcond : Spcond → Spcond given by killing the cocomplete full
subcategory of Spcond generated by objects of the form X ⊗ A, where X ∈ Spcond and
A ∈ Sp with L(A) ≃ 0. As noted in [Cla25, p. 114], an object X ∈ Spcond is Lcond-local
if and only if X(S) is L-local for all profinite sets S, and the functor Lcond is computed
by applying L levelwise and hypersheafifying. By [Cla25, Lemma 13.5], this restricts
to a functor L□ : Sp□ → Sp□.

Lemma 4.5.8. Given an LKN pair (R,Γ) of height h, there is an equivalence

E□(Rδ,Γ) ≃ L□
K(h)E(R,Γ)

δ.

Proof. By the universal property of (−)δ, we have a map of solid E∞-rings E(R,Γ)δ →
E□(Rδ,Γ) that factors through a map L□

K(h)E(R,Γ)
δ → E□(Rδ,Γ).

To show that this map is an equivalence, it suffices to do so after cofibering out by
(p, v1, . . . , vh−1). Upon doing so, we find that

π2k(L
□
K(h)E(R,Γ)

δ/(p, v1, . . . , vh−1)) ∼= (π2k(E(R,Γ)/(p, v1, . . . , vh−1)))
δ ∼= (ωkΓ)

δ

and that
π2k(E

□(Rδ,Γ)/(p, v1, . . . , vh−1)) ∼= (ωkΓ)
δ,

by computing levelwise and using the fact that (Rδ(S),Γ) is LKN of height h for all
profinite sets S. From this, we deduce that the map L□

K(h)E(R,Γ)
δ → E□(Rδ,Γ) is an

equivalence of solid E∞-rings, as desired. □

Proposition 4.5.9. Let (R,Γ) denote a solid LKN pair. Then the assignment

S 7→ Lalg
K(h)(R(S),Γ)

defines a solid LKN pair of height h, which we denote by L□,alg
K(h)(R,Γ). The functor

L□,alg
K(h) : LKN

□ → LKN□
h is an Anicond-enriched functor that preserves the Prof-cotensor.
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Proof. First, we check that the assignment

S 7→ Lalg
K(h)(R(S),Γ)

is a hypersheaf. This is the same as in the proof of Proposition 4.5.5, but with
Lemma 4.4.5 replacing Proposition 4.3.13.

To check that the resulting condensed ring is solid, we apply Proposition 4.5.5, in
which we showed that (S 7→ π0E(R(S),Γ)) is solid. By definition, the underlying ring
of Lalg

K(h)(R(S),Γ) is obtained from π0E(R(S),Γ) by quotienting by Jh and inverting vh.
Since the subcategory of solid abelian groups is closed under colimits, this shows that
the underlying condensed ring of Lalg

K(h)(R,Γ) is solid.
Next, to show that Lalg

K(h)(R,Γ) is a solid LKN pair, we choose a witness (R0,Γ0) →
(R(∗),Γ) to (R,Γ) being solid LKN. Then it follows from the proof of Proposition 4.4.4
that the maps

Lalg
K(h)(R0,Γ0)→ Lalg

K(h)(R(∗),Γ)→ Lalg
K(h)(R(S),Γ)

are flat and relatively perfect on the level of Fp-algebras, and Lalg
K(h)(R0,Γ0) is Noether-

ian. It follows that Lalg
K(h)(R,Γ) is a solid LKN pair, as desired. Similarly, it follows as

in the proof of Proposition 4.4.4 that Lalg
K(h)(R,Γ) is a solid LKN pair of height h.

Finally, note that there is a commutative diagram

LKN□ LKN□
h

Fun(Profop, LKN) Fun(Profop, LKNh),

L□,alg
K(h)

Lalg
K(h)

where the bottom functor is given by applying Lalg
K(h) levelwise. The bottom functor

admits a canonical Fun(Prof,Ani)-enrichment that preserves the Prof-cotensor. The
vertical embeddings are compatible with the enrichments and the Prof-cotensor, so that
the enrichment of the bottom functor induces an Anicond-enrichment of the top functor
that preserves the Prof-cotensor. □

Proposition 4.5.10. There is a canonical isomorphism

L□
K(h)E

□(R,Γ) ≃ E□(L□,alg
K(h)(R,Γ)).

Proof. The canonical isomorphisms of Theorem 4.4.6 provide an isomorphism of presheaves
of E∞-rings on Prof:

(S 7→ LK(h)E(R(S),Γ)) ∼= (S 7→ E(R(S)cl,h(R,Γ),Γ
un,h)).

The left-hand side hypersheafifies to L□
K(h)E

□(R,Γ), and the right-hand side is E□(L□,alg
K(h)(R,Γ)).

It follows that the left-hand side is already a hypersheaf, so that we obtain the desired
equivalence. □



84 BARTHEL, MANN, RAY, SCHLANK, SENGER, WEINSTEIN, AND ZHOU

4.5.3. Solid LKN-pairs and the K(h)-local tensor product.

Definition 4.5.11. Given a solid LKN pair (R1,Γ1) of height h, a (discrete) Noetherian
LKN pair (R2,Γ2) of height h with R2 Noetherian and Γ2 connected, and a weakly étale
Fp-algebra k with maps kδ → R1 and k → R2, we define

(R1,Γ1)⊠
□

kδ (R
δ
2,Γ2) := (R′,Γ′)

via the formula
(R′(S),Γ′) = (R1(S),Γ1)⊠k (R2,Γ2).

Proposition 4.5.12. Given (Ri,Γi), k, and k → Ri as in Definition 4.5.11, the object

(R′,Γ′) = (R1,Γ1)⊠
□

kδ (R
δ
2,Γ2)

is a solid LKN pair of height h, and there is a canonical equivalence

L□
K(h)(E

□(R1,Γ1)⊗□

SW(k)δ E
□(Rδ

2,Γ2)) ≃ E□((R1,Γ1)⊠
□

kδ (R
δ
2,Γ2)).

Proof. We first show that (R′,Γ′) is a solid LKN pair of height h. First, we show that
R′ is a solid Fp-algebra. Examining the definitions, we see that the following square in
Fun(Prof,CAlgan)

R1(∗) R′(∗)

R1 R′

is a pushout, where, given a commutative ring R, R is the constant presheaf at R.
Hypersheafifying, we obtain an equivalence of condensed animated Fp-algebras

R1 ⊗(R1(∗))δ (R
′(∗))δ ∼−→ R′.

Writing down a presentation of R′(∗) as a R1(∗)-module and using the fact that solid
abelian groups are closed under colimits, we find that

R′ ∼= R1 ⊗(R1(∗))δ (R
′(∗))δ

is a solid Fp-algebra, as desired.
Now, let (R10,Γ10) → (R1(∗),Γ1) denote a witness to (R1,Γ1) being solid LKN of

height h. Then it follows from the proof of Theorem 4.4.8 that the composite

(R10,Γ10)→ (R1(∗),Γ1)→ (R′(∗),Γ′))
is a witness to (R1,Γ1) being solid LKN of height h.

It follows from Lemma 4.5.8 that there is a canonical equivalence

L□
K(h)(E

□(R1,Γ1)⊗□

SW(k)δ E
□(Rδ

2,Γ2)) ≃ L□
K(h)(E

□(R1,Γ1)⊗□

SW(k)δ E(R2,Γ2)
δ).

Concretely, the right hand side may be computed as the profinite hypersheafification
of the presheaf

S 7→ LK(h)(E(R1(S),Γ1)⊗SW(k) E(R2,Γ2)).

By Theorem 4.4.8, this identifies with the presheaf

S 7→ E((R1(S),Γ1)⊠k (R2,Γ2)),
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which is E□((R1,Γ1)⊠□

kδ
(Rδ

2,Γ2)) by Proposition 4.5.5. □

4.6. Examples and applications. We now discuss some examples and applications
of the above theory that will be used in the sequel.

4.6.1. Examples. We now introduce some important examples of solid LKN pairs. In
these examples, k refers to an algebraic extension of Fp which contains Fpt for all t
which appear as a height in the context of the example discussed, and Γh refers to a
1-dimensional connected p-divisible group over k all of whose geometric endomorphisms
are k-rational.

Example 4.6.1. The most fundamental example starts with the LKN pair (k,Γh). Then
Eh = E(k,Γh) is the usual Lubin–Tate theory of height h, and E□

h = E(kδ,Γh) is its
solid refinement as constructed by Clausen [Cla25, Section 12]. Explicitly, E(kδ,Γh) is
the L□

K(h)-localization of Eδ
h by Lemma 4.5.8.

The Morava stabilizer group Gh appears as the automorphism group of the pair
(kδ,Γh). Thus Gh also acts on the solid Lubin–Tate theory E□

h.

Example 4.6.2. Of particular interest to the chromatic splitting conjecture in coheight
1 is the solid spectrum L□

K(h−1)E
□
h, which is endowed with an induced action of the

profinite group Gh. By Proposition 4.5.10, we have a Gh-equivariant identification

L□
K(h−1)E

□
h ≃ E(K,Γun

h,K)

where (K,Γun
h,K) = L□,alg

K(h−1)(k,Γh). Here the solid structure on K is induced from its
topology as a local field.

Tracing through the definitions, we see that the action of Gh on (K,Γun
h,K) is obtained

from its action on (Rcl
(k,Γh)

,Γun
h ) via quotienting out by Ih−1 and inverting uh−1.

Example 4.6.3. The E∞-ring B = LK(h−1)(LK(h)Eh ⊗SW(k) Eh−1), which naturally en-
riches to the solid E∞-ring B□ = L□

K(h−1)(L
□
K(h−1)E

□
h ⊗□

SW(k) E
□
h−1), may be viewed as a

solid Lubin–Tate theory in an equivariant way.
First, we note that L□

K(h−1)(L
□
K(h−1)E

□
h ⊗□

SW(k)E
□
h−1) admits an action of the profinite

group Gh,h−1 = Gh ×Gal(k/Fp) Gh−1 Indeed, this is a consequence of the fact that the
cospan of solid E∞-rings L□

K(h−1)E
□
h ← SW(k) → E□

h−1 is acted on by the span of
profinite groups Gh → Gal(k/Fp)← Gh−1.

It follows from Example 4.6.2 and Proposition 4.5.12 that there is a Gh,h−1-equivariant
equivalence B□ ≃ E□(L,Γun

h,L), where for any profinite set T , K(T )→ L(T ) is the map
defined via the pullback diagram

Spec(L(T )) Spec(K(T ))

Spec(k) M=h−1
fg,k ,

and Γun
h,L is the base change of Γun

h,K ; this is equipped with a canonical isomorphism
Γun,◦
h,L
∼= (Γh−1)L
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From the definition, we see that K⊗K(∗)δ L(∗)δ → L is an isomorphism. Moreover, it
follows from [Gro79, Theorem 3.5(1)(a)] that K(∗)→ L(∗) is a totally ramified Gh−1-
Galois extension of fields. As a consequence, K → L is a Gsm

h−1-torsor in the sense of
[ERC24, Definition 6.2.1]. Writing Gh−1 = lim←−kGh−1/Uk as a sequential limit of finite
groups, this means that K → LUk is a Gh−1/Uk-Galois extension and that L = lim−→k

LUk .

Example 4.6.4. We continue to view L as a solid ring; let L̂ be its metric completion,
also considered as a solid ring. We saw in Proposition 2.7.1 that L̂(∗) is a perfect field.
The pair (L̂,Γh−1,L̂) is a solid LKN pair, so we may define the solid E∞-ring

B̂□ = E□(L̂, (Γh−1)L̂). (4.6.5)

There is a Gh,h−1-equivariant map of solid rings L→ L̂; we now show that it admits
a lift to a Gh,h−1-equivariant map of solid spectra B□ → B̂

□

.
Pulling back Γun

h,L along L(∗) → L̂(∗), we obtain a Gh,h−1-equivariant map of solid
pairs (L,Γun

h,L) → (L̂,Γun
h,L̂

). We claim that (L̂,Γun
h,L̂

) is a solid LKN pair. Since L̂ is a

perfect field, it is automatic that (L̂(∗),Γun
h,L)L̂) is a Noetherian Luriean pair. It remains

to show that L̂(∗)→ L̂(T ) is flat and relatively perfect for all profinite sets T . Since L̂
is a perfect field, it suffices to show that L̂(T ) is perfect, and this follows from the fact
that the Frobenius map on L̂ has continuous inverse.

The Gh,h−1-equivariant map of solid LKN pairs (L,Γun
h,L)→ (L̂,Γun

h,L̂
) induces a natural

map of solid E∞-rings B□ = E□(L,Γun
h,L)→ E□(L̂,Γun

h,L̂
). However, the target of this map

is not a solid refinement of B̂, since its p-divisible group has étale part of height 1. To
obtain a map to B̂, we use [Lur18a, Remark 6.2.3] to construct Gh,h−1-equivariant
maps of E∞-rings E(L̂(T ),Γun

h,L̂(T )
)→ E(L̂(T ), (Γun

h,L̂(T )
)◦) ≃ E(L̂(T ),Γh−1,L̂(T )) that fit

together into a Gh,h−1-equivariant map of solid E∞-rings E□(L̂,Γun
h,L̂

)→ E□(L̂,Γh−1,L̂) =

B̂□, noting that (L̂, (Γh−1)L̂) is a solid LKN pair by the above considerations.
Composing these two maps, we obtain a Gh,h−1-equivariant map of solid E∞-rings

B□ → B̂□.
Example 4.6.6. Finally, we note that the framework of this section applies in much
greater generality than the above. For example, we have Gh-equivariant equivalences

L□
K(t)E

□
h ≃ E□(L□,alg

K(t)(k,Γh))

or even
L□
K(tn) · · ·L

□
K(t1)

E□
h ≃ E□(L□,alg

K(tn)
· · ·L□,alg

K(t1)
(k,Γh))

for 1 ≤ t < h and 1 ≤ tn < tn−1 < · · · < t1 < h.
We may also define inductively B□

h,t1,...,tn
via B□

h = E□
h and B□

h,t1,...,tn
= L□

K(tn)
(B□

h,t1,...,tn−1
⊗SW(k)

E□
tn). These solid E∞-rings come equipped with the action of the profinite group

Gh,t1,...,tn := Gh ×Gal(k/Fp) Gtn ×Gal(k/Fp) · · · ×Gal(k/Fp) Gt1 , and may be described equiv-
ariantly as solid Lubin–Tate theories

B□
h,t1,...,tk

≃ E□(Lh,t1,...,tk ,Γ
un
h,t1,...,tk

)
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using Proposition 4.5.10 and Proposition 4.5.12, where the solid LKN pair (Lh,t1,...,tk ,Γun
h,t1,...,tk

)

is defined inductively using the functors L□,alg
K(ti)

and −⊠□

kδ
(k,Γti).

4.6.2. Applications. In this section, we study in more depth the above examples and
their profinite group actions. We begin by recalling the following result, which is a
consequence of the proof of the smash product theorem. Here, we use the notion of de-
scendable algebra introduced and studied by Mathew [Mat16, Mat18]: A commutative
algebra object A in a stable presentably symmetric monoidal category C is said to be
descendable if the thick tensor ideal generated by A is all of C. Importantly, descend-
ability is preserved under exact lax symmetric monoidal functors ([MNN17, Corollary
4.13]).

Theorem 4.6.7 (Hopkins–Ravenel [Rav92], see Theorem 4.18 in [Mat18] for discus-
sion). The map of E∞-rings LhS→ Eh is descendable.

Corollary 4.6.8. The map of solid E∞-rings L□
K(h)S→ E□

h is descendable.

Proof. This map is obtained from LhS→ Eh by applying L□
K(h)((−)δ) : Sp→ Sp□. Since

this is an exact and lax symmetric monoidal functor, it preserves descendability. □

Proposition 4.6.9. The map L□
K(h)S → E□

h is a faithful K(h)-local solid Gh-Galois
extension. In other words, the natural maps

L□
K(h)S→ (E□

h)
hGh

and
L□
K(h)(E

□
h ⊗□

L□
K(h)

S E
□
h)→ C(Gh, E

□
h)

are equivalences of solid E∞-rings.

Proof. We first prove that the second map is an equivalence. By Proposition 4.5.12,
the second map is obtained by applying E□(−) to the canonical morphism of solid LKN
pairs

(k,Γh)⊠Fp (k,Γh)→ C(Gh, (k,Γh)).

This map is an isomorphism because Spec(k)→M=h
fg is a Gh-torsor.

Given this, the first map identifies with the natural map from L□
K(h)S to the Čech

nerve of L□
K(h)S→ E□

h, which is an isomorphism by descendability. □

Corollary 4.6.10. The map of K(h−1)-local solid E∞-rings L□
K(h−1)L

□
K(h)S→ (L□

K(h−1)E
□
h)
hGh

is an equivalence.

Proof. Since L□
K(h−1) is an exact and lax symmetric monoidal Anicond-enriched functor

that preserves the Prof-cotensor , this follows from combining Corollary 4.6.8 and
Proposition 4.6.9. □

Remark 4.6.11. Let G ⊆ Gh denote a closed subgroup. By Corollary 4.6.8, the factor-
ization

L□
K(h)S→ (E□

h)
hG → E□

h
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implies that (E□
h)
hG → E□

h is descendable as a map of solid K(h)-local E∞-rings. More-
over, it is a faithful G-Galois extension by Proposition 4.6.9. It therefore follows as in
Corollary 4.6.10 that

L□
K(h−1)((E

□
h)
hG)→ (L□

K(h−1)E
□
h)
hG

is an equivalence.

The following result will be useful in what comes below.

Proposition 4.6.12. Let (S,Γ) denote a solid LKN pair with an action of a profinite
group G, and (R,Γ) denote another solid LKN pair, which we equip with the trivial
action of G. Then if (R,Γ)→ (S,Γ) is a G-equivariant map such that the map R→ ShG

is an equivalence and the map R0 → R(∗)→ S(∗) is flat and relatively perfect for some
choice of witness (R0,Γ0)→ (R(∗),Γ), the natural map E□(R,Γ)→ (E□(S,Γ))hG is an
equivalence of solid E∞-rings.

Proof. Associated to the action of G on (S,Γ) and the map (R,Γ) → (S,Γ) is an
augmented cosimplicial solid LKN pair

(R,Γ)→ (S,Γ)
→
←
→C(G, (S,Γ))

→
←
→
←
→
C(G×G, (S,Γ)) · · · ,

which is a limit diagram by assumption. Since the solid Lubin–Tate theory functor
preserves cotensors by profinite sets Remark 4.5.6, we find that there is a natural
equivalence

E□(S,Γ)hG ≃ TotC(G•, E□(S,Γ)) ≃ TotE□(C(G•, (S,Γ))),

so that it suffices to prove that E□(−) takes the above diagram to a limit diagram.
Evaluating at each profinite set T , this is a consequence of Proposition 4.3.13. □

Proposition 4.6.13. The natural map L□
K(h−1)E

□
h → (B□)hGh−1 is an equivalence.

Proof. By Proposition 4.6.12, this is a consequence of the algebraic Proposition 4.6.16.
□

Remark 4.6.14. Note, however, that the map L□
K(h−1)E

□
h → B□ is not a K(h− 1)-local

solid Gh−1-Galois extension. Instead, it is instead of a K(h− 1)-local solid Gsm

h−1-Galois
extension. This is consequence of the fact, pointed out in Example 4.6.3, that K → L
is a Gsm

h−1-Galois extension, not a Gh−1-Galois extension.
The reason that we are interested in Gh−1-fixed points, as opposed to just working

with Gsm

h−1-fixed points, is that the action of Gh−1 on B̂
□

does not factor through an
action of Gsm

h−1.

Combining Corollary 4.6.10 and Proposition 4.6.13, we obtain the following corollary.

Corollary 4.6.15. The natural map L□
K(h−1)L

□
K(h)S→ (B□)hGh,h−1 is an equivalence of

solid E∞-rings.

We conclude this section with the following purely algebraic lemma, used in the proof
of Proposition 4.6.13. In the proof of this proposition, we will use Corollary 6.2.8.
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Proposition 4.6.16. Let R denote a solid ring of characteristic p, and let S/R denote
a solid Gsm-Galois extension, where G is a uniform pro-p group. In other words, if we
write G = lim←−αG/Uα with Uα ⊆ G a cofiltered system of open normal subgroups, then
S = lim−→α

SUα, and each SUα/R a G/Uα-Galois extension. Then the extension S/R is
acyclic in condensed cohomology—in other words, the natural map

R→ H∗cond(G,S)

is an isomorphism

Proof. Let Gn denote the lower p-series of G, and let Sn = SGn denote the corresponding
tower of finite Galois extensions. Since the condensed sets G×k are compact for all k,
we see from the Bar complex computing condensed G-cohomology that the functor
H∗cond(G,−) commutes with filtered colimits, so that

H∗cond(G,S)
∼= lim−→

n

H∗cond(G,Sn)
∼= lim−→

n

H∗cond(Gn, R),

where the second equivalence is a consequence of the fact that R → Sn is a (G/Gn)-
Galois extension. It therefore suffices to show that the restriction maps

H∗cond(Gn, R)→ H∗cond(Gn+1, R)

are zero for ∗ > 0. Without loss of generality, assume n = 1, so that G1 = G and
G2 = Gp. Then, by the solid version of Corollary 6.2.8 (see [RJERC22, Theorem 5.7]),
the restriction map is isomorphic to the natural map

Hom(
∗∧
G/Gp, R)→ Hom(

∗∧
Gp/Gp2 , R)

induced by the inclusion Gp ⊆ G. This is evidently the zero map. □
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5. The chromatic splitting conjecture and its variants

The main purpose of this section is to present the proof of Theorem A. Assembling the
results from the previous sections, the key ingredient is Theorem 5.2.6 which identifies
the G1

h homotopy fixed points of B̂. As we will explain at the end of the section,
similar techniques allow us to reduce the proof of Theorem C on the strong form of the
chromatic splitting conjecture to a cohomological criterion (Proposition 5.3.8), which
will then be studied in the next section.

We begin with a quick review of the key chromatic players and the chromatic splitting
conjecture(s).

5.1. Review of the chromatic splitting conjecture. In this expository section, we
briefly review the chromatic splitting conjecture and its variants in order to put our
results in context.

Conjecture 5.1.1 (Hopkins’ chromatic splitting conjecture). For every h ≥ 1 and
sufficiently generic8 prime p, there is an equivalence of spectra

Lh−1LK(h)S0 ∼=
⊕
0≤j≤h

1≤i1<...<ij≤h

(
j⊗

k=1

Lh−ikS
1−2ik
p

)
, (5.1.2)

where the tensor product is taken in the category of Lh−1S0
p-modules.

Remark 5.1.3. The original form of Hopkins’ chromatic splitting conjecture as stated
above is known to fail for p = 2 = h, as already discussed in the introduction, see also
Remark 5.1.6. Currently, we do not have a formulation of the conjecture that works
for all heights and primes uniformly, i.e., predicts the necessary amendments at small
primes for heights h ≥ 3. However, for all h ≤ 2 and all primes, the canonical map
Lh−1S0

p → Lh−1LK(h)S0
p is known to be split; the weak chromatic splitting conjecture

asks whether this is always the case.

There are two kinds of variants of the splitting conjecture that one may naturally take
into consideration: On the one hand, one can isolate specific intermediate chromatic
heights and analyze the resulting conjecture there. On the other hand, one might hope
to at least construct maps from certain parts of the right hand side of (5.1.2) to the
left side in order to realize them as summands of Lh−1LK(h)S0, without establishing a
complete decomposition. Below, both directions will be studied in tandem.

In the first direction, by construction, for every pair of non-negative integers t,m we
have canonical equivalences of functors

LK(t)Lm ≃

{
LK(t) 0 ≤ t ≤ m

0 m < t.

Therefore, fixing 0 ≤ t ≤ h and applying LK(t) to (5.1.2) results in a coheight h − t
variant of the chromatic splitting conjecture. The case most relevant to the present
paper is when t = h− 1. The coheight 1 chromatic splitting conjecture thus reads:

8In general, the exact bound is not known but, as we will explain, we will provide evidence that the
condition p− 1 ∤ h− 1 suffices in the coheight 1 case.
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Conjecture 5.1.4 (Hopkins’ chromatic splitting conjecture in coheight 1). For every
h ≥ 1 and sufficiently generic prime p, there is an equivalence of spectra

LK(h−1)LK(h)S0 ∼= LK(h−1)S0
p ⊕ LK(h−1)S−1p . (5.1.5)

Note that, when h > 1, there is a canonical equivalence LK(h−1)S ≃ LK(h−1)Sp, so we
may remove the p-completion on the spheres on the right hand side of (5.1.5).

Remark 5.1.6. Let us summarize the state of the art on the splitting conjecture. More
detailed discussions along with comprehensive lists of references can be found in [BB20,
BGH22, BSSW24b].

(1) At height h = 1, the chromatic splitting conjecture is explained in [BB20, §4.3].
(2) For h = 2 and odd primes, the chromatic splitting conjecture was proven through

work of many authors, including Shimomura–Yabe ([SY95]), Hopkins (unpub-
lished), and revisited by Behrens ([Beh12]) and Lader ([Lad13]) for p > 3 and by
Goerss, Henn, Karamanov, Mahowald, Rezk, and Shimomura [Shi00, GHMR05,
HKM13, GHM14] for p = 3.

(3) At h = 2 and p = 2, the chromatic splitting conjecture does not hold, and a
modified version containing two additional (shifted) S0/p-summands is proven
in [BGH22]. This implies that the coheight 1 chromatic splitting conjecture also
fails for (h, p) = (2, 2), while the coheight 2 chromatic splitting conjecture holds
here.

(4) The coheight h chromatic splitting conjecture has been established for all heights
h ≥ 1 in [BSSW24b].

In the second direction, Devinatz and Hopkins [DH04] have constructed an element
ζh ∈ π−1LK(h)S for every h ≥ 1 which conjecturally supports the right summand of
(5.1.5) upon K(h − 1)-localization. Geometrically, this element arises through the
Iwasawa extension SK(h),∞ of LK(h)S, also known as the (local) half-sphere. In order to
recall the construction, consider the determinant

det : Gh → Z×p ,

of Gh, constructed carefully in [BB20, Definition 3.16]. Composing the determinant
with the quotient map to Z×p /µ ∼= Zp gives a homomorphism (sometimes called the
reduced determinant),

ζh : Gh −→ Zp, (5.1.7)
where µ = C2 if p = 2 and µ = Cp−1 if p is odd. The map ζh corresponds to a class
ζh ∈ H1

c (Gh,Zp). Denote the corresponding kernels by

SGh := ker(det) and G1
h := ker(ζh). (5.1.8)

Note that the homomorphism ζh is split surjective since Zp is topologically free; therefore
we obtain a decomposition Gh

∼= G1
h ⋊ Zp which trivializes to a product when p does

not divide h.
By the Devinatz–Hopkins theorem [DH04, Theorem 1], Eh forms a K(h)-local pro-

Galois extension of LK(h)S with group Gh, in the sense of Rognes [Rog08]. Taking
G1
h-homotopy fixed points, we get:
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Proposition 5.1.9. The E∞-ring spectrum E
hG1

h
h is a K(h)-local pro-Galois extension

of LK(h)S with group Zp. In particular, there is a canonical equivalence LK(h)S ≃ ShZp

K(h),∞
of E∞-ring spectra.

This result provides the motivation for:

Definition 5.1.10. The E∞-ring spectrum SK(h),∞ := E
hG1

h
h is called the Iwasawa ex-

tension of LK(h)S, also known as the chromatic half sphere (at height h).

Remark 5.1.11. [Beh06, Appendix A] gives a “cellular” description of EhG1
h

h , where the
cells are attached along ζh. Other models of the chromatic half-sphere and the related
Z×p -extension of SK(h) have been constructed in [Wes17] and [CSY24].

Choosing an element ψ ∈ Gh such that ζh(ψ) is a topological generator of Zp, we
thus obtain a fiber sequence

LK(h)S
ι−→ SK(h),∞

ψ−1−−→ SK(h),∞
δ−→ LK(h)S1, (5.1.12)

justifying the name “chromatic half-sphere” for SK(h),∞. The composite S→ SK(h),∞
δ−→

LK(h)S1 yields the desired class ζh ∈ π−1LK(h)S, lifting the cocycle ζh ∈ H1
c (Gh,Zp) via

the homotopy fixed point spectral sequence. We propose:

Conjecture 5.1.13 (The half sphere chromatic splitting conjecture in coheight 1).
Assume that p − 1 ∤ h − 1 and h ≥ 2. The unit map LK(h−1)S → LK(h−1)SK(h),∞ of
E∞-ring spectra is an isomorphism.

Remark 5.1.14. The half sphere chromatic splitting conjecture in coheight 1 is not true
when h = 1. Indeed, consider for simplicity the case that p > 2. In this case SK(1),∞ ≃
Lp is an Adams summand of p-complete K-theory, so LK(0)SK(1),∞ ≃ Q⊗Lp ≃ Qp[u

±1]
for u in degree 2(p− 1), while LK(0)Sp ∼= Qp.

Remark 5.1.15. For h = 2 and p > 2, the half sphere chromatic splitting conjecture in
coheight 1 is known to be true. For p > 3, this is proven en route to the computation
of π∗SK(2) and is thus due to Shimomura–Yabe [SY95], Hopkins (unpublished), and
Behrens [Beh12]. Since the identification of LK(1)SK(2),∞ does not seem to be stated
explicitly in these sources, we include a brief explanation, using Lader’s thesis [Lad13].
Indeed, from his Corollaire 4.4 we deduce

v−11 H∗cts(G1
2, E∗/p)

∼= Fp[v±1 ]{1, (h0)0}
and from his Lemme 4.36 one can show that the element (h0)0 detects the image of α1.
So, the unit S→ SK(2),∞ = E

hG1
2

2 is an equivalence after applying LK(1)(S/p⊗−). This
gives the claim.

For p = 3, the result is a special case of [GHM14, Theorem 5.7] by Goerss–Henn–
Mahowald, based on previous computations of Shimomura [Shi00], Goerss–Henn–Maho-
wald–Rezk [GHMR05], and Henn–Karamanov–Mahowald [HKM13].

Remark 5.1.16. At height h = 2 and p = 2, the K(1)-localization of the Iwasasa sphere
has been computed in work of Beaudry, Goerss, and Henn [BGH22]; it is given by

LK(1)SK(2),∞ ≃ LK(1)(S⊕ S−2/2).
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Since this is not explicitly stated in this form in their paper, we explain how to extract
it. Indeed, there is a map

1 + x : LK(1)(S⊕ S−2/2)→ LK(1)SK(2) → LK(1)SK(2),∞,

where x is defined in their [BGH22, Definition 8.4.1]. The proof of [BGH22, Theorem
8.4.9] shows that this map induces an isomorphism on homotopy groups after tensoring
with the finite type 1 spectrum Y = S/2⊗ S/η, from which the claim follows.

The next result explains the connection between our strong version of the coheight 1
splitting conjecture to the one by Hopkins:

Proposition 5.1.17. When h ≥ 2, Conjecture 5.1.13 implies Conjecture 5.1.4.

Proof. Indeed, the fiber sequence (5.1.12)

(1) exhibits an equivalence of E∞-ring spectra LK(h)S ≃ ShZp

K(h),∞, and
(2) shows that taking Zp-fixed points on SK(h),∞ is a finite (homotopy) limit and

thus commutes with localization.

It follows that the canonical map LK(h−1)S → LK(h−1)LK(h)S
LK(h−1)ι−−−−−→ LK(h−1)SK(h),∞

induces, upon passing to Zp-fixed points a map of E∞-ring spectra

(LK(h−1)S)hZp → LK(h−1)LK(h)S.

Here, the Zp-action on the domain is trivial, thus (LK(h−1)S)hZp ≃ LK(h−1)S⊕LK(h−1)S−1.
Conjecture 5.1.13 implies that the displayed map is an equivalence, hence so is the com-
posite LK(h−1)S⊕ LK(h−1)S−1 → LK(h−1)LK(h)S. □

5.2. The proof of Theorem A and complements. Our next goal is to assemble the
proof of Theorem A from the material established above. We begin by recalling the key
players in the proof, referring to (1.2.6) and (1.2.7) for the definition of the groups in
use. Let k/Fp be an algebraic extension field containing Fp(h−1)h . Write K ∼= k((uh−1))
for the Laurent series field over k and consider the field extensions viewed as solid rings
throughout:

K
Gh−1−−−→ L→ L̂. (5.2.1)

Here, L/K is the totally ramified Gh−1-extension constructed by Gross [Gro79] and
L̂/L is the uh−1-adic completion of L. As such, L̂ is a perfectoid field of characteristic
p, isomorphic to k((u1/p

∞

h−1 )), see Proposition 2.7.1. The field K comes equipped with a
natural Gh-action which extends to an action of Gh,h−1 on L and L̂.

As explained in Section 4, the diagram (5.2.1) admits a spectral deformation to a
diagram of solid E∞-ring spectra equipped with Gh,h−1-action:

L□
K(h−1)E

□
h

// B□ // B̂
□

, (5.2.2)

where the action of Gh−1 on L□
K(h−1)E

□
h is taken to be trivial. The sequence (5.2.1) is

recovered from (5.2.2) by taking π0 and reducing modulo the Landweber ideal I. The
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solid E∞-ring spectrum B□ is equivalent to L□
K(h−1)(E

□
h⊗□

SW(k)E
□
h−1), hence there is also

a diagram of solid E∞-ring spectra with Gh,h−1-action:

E□
h−1

// B□ // B̂
□

, (5.2.3)

where the action of Gh on Eh−1 is taken to be trivial. We now apply continuous
homotopy fixed points to (5.2.3) for the group SGh to obtain a diagram of solid E∞-
ring spectra admitting an action of the quotient Gh,h−1/SGh

∼= Z×p ×Gh−1:

φh : E
□
h−1

// (B□)hSGh // (B̂
□

)hSGh . (5.2.4)

The next step is to take homotopy fixed points under the subgroup (Z/p)× ⊂ Z×p .
We recall from Theorem 3.6.10 the fiber sequence of derived k-modules with Gh−1×

Z×p -action:
k → L̂hSGh → k(−1)[−h]

Here Gh−1 acts on the characteristic-p Tate twist k(−1) via ε−1 ◦ det, where det :
Gh−1 → G1 is the determinant map. The action of the factor Z×p on k(−1) factors
through the inclusion of Z×p into the center of Gh−1.

Lemma 5.2.5. Let k(−1) be the Gh−1 × Z×p -representation discussed above, and let
T = (Z/p)× be the torsion subgroup of Z×p . Suppose p− 1 ∤ h− 1. Then k(−1)hT = 0.

Proof. As discussed above, an element α ∈ T = (Z/p)× acts on the Tate twist k(−1)
by α1−h, since αh−1 is the image of α under the determinant map det : Gh−1 → G1.
In the case that p − 1 ∤ h − 1, the action of a generator of the cyclic group (Z/p)× is
nontrivial, so k(−1)h(Z/p)× = 0. □

Theorem 5.2.6. Assume h ≥ 2 and p odd, and consider the map φh : E□
h−1 → (B̂

□

)hSGh

of solid E∞-ring spectra equipped with Z×p × Gh−1-action constructed above. If p − 1 ∤
h−1, then taking homotopy fixed points with respect to the factor (Z/p)× ⊆ Z×p induces
an equivalence

φ
h(Z/p)×
h : E□

h−1
≃ // (B̂

□

)hG
1
h

of solid E∞-ring spectra with residual Zp ×Gh−1-action.

Proof. First note that the cyclic group (Z/p)× under consideration acts trivially on the
p-adically complete spectrum E□

h−1, hence (E□
h−1)

h(Z/p)× ≃ E□
h−1 canonically. Now, since

φh is a map between I-adically complete ring spectra for I the height h− 1 Landweber
ideal, it suffices to show the claim on homotopy rings modulo I. In other words, we
need to prove that the induced map

(π∗φ
h(Z/p)×
h )/I : k[u±1] ∼= (π∗Eh−1)/I // π∗(B̂

hG1
h
)/I ∼= (L̂[u±1])hG

1
h

is an isomorphism, where the last isomorphism follows from the construction of B̂
□

(Example 4.6.4). Here, it is important that (Z/p)× acts trivially on the generator
u ∈ π−2Eh−1 and likewise for B̂

□

. Therefore, it suffices to show that k → L̂hG
1
h is an

isomorphism.
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To this end, recall the fiber sequence of Z×p × Gh−1-modules established in Theo-
rem 3.6.10, see (3.6.11):

k → L̂hSGh → k(−1)[−h].
In light of Lemma 5.2.5, applying derived (Z/p)×-fixed points with respect to the factor
(Z/p)× ⊆ Z×p yields an isomorphism of commutative rings with residual Zp × Gh−1-
action:

(π0φ
h(Z/p)×
h )/I : k

≃ // L̂hG
1
h .

This settles the claim. □

In the following arguments, we will repeatedly use that homotopy fixed points with
respect to the group appearing as the pullback

G1
h ×Gal(k/Fp) Gh−1 //

��

Gh−1

��
G1
h

// Gal(k/Fp)

can be computed iteratively by first taking homotopy fixed points with respect to the
fiber in the horizontal (respectively in the vertical direction) and then the quotient.

We are ready for the proof of the first part of Theorem A, which we restate here (in
an equivalent formulation) for convenience:

Theorem 5.2.7. Let h ≥ 2, and assume p− 1 ∤ h− 1. The K(h− 1)-localized Iwasawa
extension admits a Zp-equivariant augmentation LK(h−1)SK(h),∞ → SK(h−1).

Proof. Since p is odd, we have a decomposition Z×p ∼= (Z/p)× × Zp. Consider the maps
of solid E∞-ring spectra with Zp ×Gh−1-action

φ
h(Z/p)×
h : E□

h−1 → (B□)hG
1
h → (B̂

□

)hG
1
h (5.2.8)

derived from (5.2.4) by taking homotopy fixed points with respect to the (Z/p)×-factor
in Z×p . By Theorem 5.2.6, the composite is an equivariant equivalence of solid E∞-ring
spectra.

We will study the effect of taking homotopy Gh−1-fixed points on (5.2.8). On the one
hand, the middle term identifies as

((B□)hG
1
h)hGh−1 ≃ ((B□)hGh−1)hG

1
h commutativity of homotopy fixed points

≃ (L□
K(h−1)E

□
h)
hG1

h by Proposition 4.6.13

≃ L□
K(h−1)((E

□
h)
hG1

h) by Remark 4.6.11
= LK(h−1)SK(h),∞,

compatibly with the residual Zp-action. On the other hand, the Devinatz–Hopkins
theorem supplies a Zp-equivariant equivalence LK(h−1)S ≃ E

hGh−1

h−1 . Substituting these
identifications into (5.2.8), we obtain maps of Zp-equivariant E∞-ring spectra

LK(h−1)S→ LK(h−1)SK(h),∞ → ((B̂
□

)hG
1
h)hGh−1(∗),

whose composite is an equivalence. This completes the proof. □
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Corollary B is then an immediate consequence:

Corollary 5.2.9. Let h ≥ 2 and assume p−1 ∤ h−1. Then the map of E∞-ring spectra

SBZp

K(h−1) → LK(h−1)SK(h)

admits a retract.

Proof. This follows from Theorem 5.2.7 upon applying homotopy fixed points with
respect to the remaining Zp-action. Indeed, the action on the domain is trivial, while for
the codomain we use Proposition 5.1.9 and invoke the presentation (5.1.12) to commute
homotopy fixed points and localization. □

Let us complement the above results at generic primes (p−1 ∤ h−1) by some partial
results in the case of odd primes p with p− 1 | h− 1 and h ≥ 2. Recall the map (5.2.4)
of solid E∞-ring spectra with residual Z×p ×Gh−1-action

φh : E
□
h−1

// (B□)hSGh // (B̂
□

)hSGh .

We are now interested in the effect of taking homotopy fixed points on the composite
with respect to the first factor.

Theorem 5.2.10. Let h ≥ 2, p > 2, and assume p − 1 | h − 1. The cofiber C of
φ
h(Z/p)×
h : E□

h−1 → (B̂
□

)hG
1
h is an invertible E□

h−1-module.

Proof. Since the (Z/p)×-action under consideration is trivial on the p-complete spec-
trum E□

h−1, we have (E□
h−1)

h(Z/p)× ≃ E□
h−1, while we also have (B̂

□

)hG
1
h ≃ ((B̂

□

)hSGh)h(Z/p)
× .

With these identifications, it therefore remains to understand the cofiber of the induced
map

φ
h(Z/p)×
h : E□

h−1 → (B̂
□

)hG
1
h .

In order to prove that C is invertible, it suffices to show that (π∗C)/I is invertible as a
graded (π0Eh−1)/I-module, where I is the Landweber ideal of Eh−1. Consider the fiber
sequence of Z×p ×Gh−1-modules established in Theorem 3.6.10, see (3.6.11):

k → L̂hSGh → k(−1)[−h].
In the case that p − 1 | h − 1, the Z×p -action on the Heyer–Jacquet module is trivial,
and taking derived (Z/p)×-invariants results in a fiber sequence

k → L̂hG
1
h → k[−h].

Since k[−h] is invertible as a module over (π0Eh−1)/I ∼= k, we conclude that C is itself
an invertible module over E□

h−1. □

Now apply continuous Gh−1-homotopy fixed points to the map in Theorem 5.2.10. By
Proposition A.5.3, continuous and smooth homotopy fixed points give the same result
on E□

h−1, namely L□
K(h−1)S. Evaluating on a point gives the second part of Theorem A:

Corollary 5.2.11. Under the assumptions of Theorem 5.2.10, the cofiber of the unit
map LK(h−1)S→ (B̂

□

)h(G
1
h×Gal(k/Fp)Gh−1) is an invertible K(h− 1)-local spectrum.
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Remark 5.2.12. We finish this subsection with a few comments on possible extensions
of Theorem 5.2.10.

(1) Related to Remark 3.6.12, it may be possible to identify the Gh−1-equivariant
invertible E□

h−1-module C from Theorem 5.2.10. On underlying spectra, such
modules are specified by pairs (L, ϕ), where L is a Gh−1-equivariant invertible
Eh−1-module, and ϕ is a Gh−1-equivariant automorphism of L. The object L

represents a class in the K(h−1)-local Picard group Pich−1,p. Its homotopy π∗L
is a Gh−1-equivariant invertible π∗Eh−1-module; i.e., it is a Morava module in the
sense of [BSSW24a]. The main theorem of [BSSW24a] is a complete description
of the group of Morava modules, and it would be interesting to determine which
class is represented by π∗L.

(2) In the case that p is odd and p− 1 | h− 1, the map φhZ
×
p

h is not an isomorphism,
but one could still ask whether it admits a retract, which is to say, whether
C → ΣE□

h−1 is null. If so, then SBZ
K(h−1) → LK(h−1)SK(h) has a retract as well,

albeit a priori only as spectra.
(3) The case p = 2 merits further study. In that case, [BGH22, Theorem 1.1.9]

finds an isomorphism LK(1)SK(2)
∼= SBZ

K(1) ⊕ S−2/2BZ, where S/2 is the mod 2
Moore spectrum. We suspect that the S−2/2BZ term must be related to the
Heyer–Jacquet module.

5.3. Equivalent statements to the strong chromatic splitting conjecture. Hav-
ing settled Theorem A, we return in this final subsection to the strong form of the
conjecture (Conjecture 5.1.13), which states that for h ≥ 2, the unit map LK(h−1)S →
LK(h−1)SK(h),∞ is not just split but in fact an equivalence for p− 1 ∤ h− 1. We remind
the reader that this extra hypothesis is necessary, see Remark 5.1.16.

We first give several reformulations of the strong chromatic splitting conjecture in
coheight 1. Recall the maps E□

h−1 → B□ and B□ → B̂
□

from (5.2.3). Also let S□
K(h),∞ be

the solid version of the Iwasawa sphere: this is the homotopy fixed points of E□
h under

G1
h.

Lemma 5.3.1. Assume that h ≥ 2 and p− 1 ∤ h− 1. The following are equivalent:
(1) The unit map ι : L□

K(h−1)S→ L□
K(h−1)S□

K(h),∞ is an equivalence;

(2) the induced map E□
h−1 → (B□)hG

1
h is an equivalence;

(3) the induced map (B□)hG
1
h → (B̂

□

)hG
1
h is an equivalence;

(4) the induced map (B□)h(G
1
h×Gal(k/Fp)Gh−1) → (B̂

□

)h(G
1
h×Gal(k/Fp)Gh−1) is an equiva-

lence.

Proof. As in Theorem 5.2.6, we observe that the composition

φh(Z/p)
×
: E□

h−1 → (B□)hG
1
h → (B̂

□

)hG
1
h

of solid E∞-ring spectra with residual Zp ×Gh−1-action is an equivalence. This imme-
diately gives (2)⇐⇒(3). Likewise, applying homotopy Gh−1-fixed points supplies an
equivalence

φh((Z/p)
××Gh−1) : LK(h−1)S ≃ (E□

h−1)
hGh−1 → (B□)h(G

1
h×Gal(k/Fp)Gh−1) → (B̂

□

)h(G
1
h×Gal(k/Fp)Gh−1),
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using the exact sequence 1 → G1

h → G1
h ×Gal(k/Fp) Gh−1 → Gh−1 → 1. The proof of

Theorem 5.2.7 establishes an equivalence LK(h−1)SK(h),∞ ≃ (B□)h(G
1
h×Gal(k/Fp)Gh−1)(∗), so

we deduce that (1)⇐⇒(4). Since (3)=⇒(4) follows from applying homotopy Gh−1-fixed
points, it remains to prove (1)=⇒(2).

Consider the effect of tensoring the map in (1) with E□
h−1 and then applying L□

K(h−1):

LK(h−1)(E
□
h−1 ⊗□ ι) : E□

h−1 → L□
K(h−1)(E

□
h−1⊗□L□

K(h−1)S□
K(h),∞)

= LK(h−1)(E
□
h−1⊗□

SW(k)LK(h−1)(E
□
h)
hG1

h).

Now we claim that the map

LK(h−1)(E
□
h−1⊗□

SW(k)LK(h−1)(E
□
h)
hG1

h)→ L□
K(h−1)(Eh−1 ⊗□

SW(k) L
□
K(h−1)E

□
h)
hG1

h = (B□)hG
1
h

(5.3.2)
is an equivalence. This would establish (1)=⇒(2), as if ι is an equivalence, then so is
LK(h−1)(E

□
h−1 ⊗□ ι).

The argument goes as follows: the Devinatz–Hopkins extension L□
K(h)S → E□

h is
Gh-Galois and descendable (Corollary 4.6.8), and therefore the intermediate extension
(E□

h)
hG1

h → E□
h is G1

h-Galois and descendable. This implies that the Amitsur complex
with terms C((G1

h)
•, E□

h) converges quickly to (E□
h)
hG1

h [Mat18, Proposition 2.26]. Quick
convergence is preserved by exact functors [Mat18, Proposition 2.20]. In particular,
upon applying the exact functor X 7→ L□

K(h−1)(E
□
h−1⊗□

SW(k)L
□
K(h−1)X), we find that the

cosimplicial complex with terms

L□
K(h−1)(E

□
h−1 ⊗□

SW(k) L
□
K(h−1)C((G

1

h)
•, E□

h)) (5.3.3)

has limit LK(h−1)(E
□
h−1⊗□

SW(k)LK(h−1)(E
□
h)
hG1

h). The terms in (5.3.3) are built out of the
S-points of E□

h for S profinite by applying the operations L□
K(h−1) and tensoring with

E□
h−1 = E□(kδ,Γh−1). By Proposition 4.5.10 and Proposition 4.5.12, these operations

can be performed on the level of LKN pairs, where they commute with taking S-points
by design (see Definition 4.5.11). Therefore the complex in (5.3.3) is equivalent to
C((G1

h)
•,B□), whose limit is (B□)hG

1
h . □

In order to deduce a cohomological criterion for the strong chromatic splitting con-
jecture in coheight 1, we require an analogue of the identification

(B□)hGh−1 ∼= E□(K,Γun
h ⊗π0Eh

K) ∼= L□
K(h−1)E

□
h (5.3.4)

from Proposition 4.6.13 for B̂
□

. We begin with an auxiliary lemma.

Lemma 5.3.5. Let F be a perfectoid field, and let E/F be a (possibly infinite) Galois
extension with profinite group G. Let Ê be the completion of E with respect to the
unique metric on the field E which extends the metric on F . Then the natural map
F → H∗cts(G, Ê) is an isomorphism of graded F -algebras.
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Proof. The morphism Spa Ê → SpaF is a perfectoid pro-étale G-torsor, and so by
[BSSW24b, Proposition 3.6.3] we have an isomorphism in the derived category of con-
densed OF -modules:

RΓ((SpaF )proét, Ô
+) ∼= RΓ((Spa Ê)proét, Ô

+)hG. (5.3.6)

By [Sch17, Theorem 1.2], whenever X = Spa(R,R+) is a perfectoid affinoid space,
the map R+ → H∗(Xproét,O

+) is an almost isomorphism, where O+ = Ô+ in our
conventions. (The cited result is about the finer v-topology, which suffices for our
purposes.) Therefore, base changing (5.3.6) from OF to F yields an isomorphism

F → H∗cts(G, Ê),

as claimed. □

To state the desired identification of (B̂
□

)hGh−1 , we introduce the notation

Kp :=
⋃
n≥1

K1/pn

for the colimit perfection of K = k((uh−1)). Let

valK : K → Z ∪ {∞}

denote the uh−1-adic valuation on K, and also its Z[1/p]-valued extension to Kp. Let
K̂p be the completion of Kp with respect to valK . Then K̂p is a perfectoid subfield of L̂
admitting a continuous action of Gh. A theorem of Ax [Ax70] shows that the subfield
of Gh−1-invariants in L̂ is exactly K̂p.

Lemma 5.3.7. We have equivalences of solid spectra with Gh-action:

(1) (B̂
□

)hGh−1 ∼= E□(K̂p, (Γ
un
h,K ⊗K K̂p)

◦)

(2) (B̂□)h(G
1
h×Gal(k/Fp)Gh−1) ∼= E□(K̂p, (Γ

un
h,K ⊗K K̂p)

◦)hG
1
h.

Proof. For (1): Recall from Example 4.6.4 that E□(L̂, (Γun
h,L̂

)◦) ∼= E□(L̂,Γh−1⊗k L̂) = B̂□.

Since K̂p is a Gh−1-fixed subfield of L̂, we obtain a natural map

E□(K̂p, (Γ
un
h,K ⊗K K̂p)

◦)→ E□(L̂, (Γun
h,L̂

)◦)hGh−1 ∼= (B̂
□

)hGh−1

by descent. It suffices to prove isomorphy on homotopy rings modulo the Landwe-
ber ideal, which is to say we can reduce to the claim that the natural map K̂p →
H∗cts(Gh−1, L̂) is an isomorphism of gradedK-algebras. This is a special case of Lemma 5.3.5
above; alternatively, we could also use Proposition 4.6.16.

(2) follows from (1) via the following manipulation:

(B̂
□

)h(G
1
h×Gal(k/Fp)Gh−1) ∼= ((B̂

□

)hGh−1)hG
1
h ∼= E□(K̂p, (Γ

un
h,K ⊗K K̂p)

◦)hG
1
h ,

using the exact sequence 1→ Gh−1 → G1
h ×Gal(k/Fp) Gh−1 → G1

h → 1. □

With this identification in hand, we obtain an algebraic criterion for the strong chro-
matic splitting conjecture in coheight 1:
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Proposition 5.3.8. Assume that the natural map of bigraded rings

H∗cts(G1
h, π∗Eh ⊗π0Eh

K)→ H∗cts(G1
h, π∗Eh ⊗π0Eh

K̂p)

is an isomorphism. Then the map (B□)h(G
1
h×Gal(k/Fp)Gh−1) → (B̂

□

)h(G
1
h×Gal(k/Fp)Gh−1) is an

equivalence. If furthermore p−1 ∤ h−1, then the unit map ι : SK(h−1) → LK(h−1)SK(h),∞
is an equivalence.

Proof. By (5.3.4) and Lemma 5.3.7, this reduces to showing that

π∗E(K,Γ
un
h ⊗π0Eh

K)hG
1
h → π∗E(K̂p, (Γ

un
h,K ⊗K K̂p)

◦)hG
1
h

is an isomorphism. Since both sides are I-adically complete with respect to the height
h−1 Landweber ideal I (which is moreover compatible with the G1

h-action), it suffices to
prove isomorphy of the map modulo I. There is a morphism of G1

h-fixed point spectral
sequences converging to this map, with E2-pages

H∗cts(G1
h, π∗E(K,Γ

un
h ⊗π0Eh

K)/I)→ H∗cts(G1
h, π∗E(K̂p, (Γ

un
h,K ⊗K K̂p)

◦)/I).

By construction of the spectral deformation, this map identifies with the map of the
proposition, so the claim follows.

The second part of the proposition follows from Lemma 5.3.1. □

The next section develops techniques that allow us to verify the algebraic criterion of
Proposition 5.3.8 at height 2, thereby proving the strong chromatic splitting conjecture
at height 2 and odd primes.



ON THE CHROMATIC SPLITTING CONJECTURE IN COHEIGHT 1 101

6. An acyclicity criterion and the case of height 2

In this final section, we will develop methods to study the cohomological criterion
(Proposition 5.3.8) for the strong form of the chromatic splitting conjecture established
in the previous section. It relies on an acyclicity criterion (Theorem 6.3.1) based on an
elaboration of Lazard’s work, which we verify at height 2 and odd primes. The essential
computational input for the latter are formulas for the action of the Morava stabilizer
group due to Salch.

6.1. The Lazard complex. Assume p−1 ∤ h−1. Proposition 5.3.8 reduces the strong
splitting conjecture to the statement that a certain G1

h-module has trivial continuous
cohomology, namely the graded K-vector space (K̂p/K)ω∗. It suffices to replace G1

h

with any closed normal subgroup (such as G1

h), as one sees by applying the Lyndon–
Hochschild–Serre spectral sequence.

Lazard [Laz65] invented powerful techniques to control the continuous cohomology
of a certain class of profinite groups G (“p-valued groups of finite rank”). Crucially, G1

h

contains a basis of open subgroups lying in this class.
Suppose G is a p-valued group of finite rank, and let V be a ZpJGK-module. Lazard

shows that the continuous cohomology of H i
cts(G, V ) is computed by a finite complex,

each of whose terms is a direct sum of finitely many copies of V . In particularH i
cts(G, V )

vanishes for i large enough. The observation underlying this construction is that ZpJGK
has a natural filtration, whose associated graded ring is a polynomial algebra P over
Fp. There is a standard finite free resolution of Fp as a P -module, namely the Koszul
resolution.

We state here the result (Lazard calls it “Serre’s lemma”) which lifts free resolutions
from a graded ring to any filtered ring which gives rise to it. First, some preparations
concerning resolutions. Suppose Ω is any ring, and A is an Ω-algebra equipped with an
augmentation homomorphism ε : A → Ω. A split resolution of Ω by free A-modules is
a pair (X → Ω, s), where X → Ω represents a complex of Ω-modules of the form

· · · → X2 → X1 → X0 = A
ε→ Ω

with each Xi free over A, and s is a nullhomotopy of the complex X → Ω. For such a
pair, Ω is equivalent to X in the derived category of A-modules.

Now suppose Ω is a complete filtered ring (such as Zp or any discrete ring), and
that A is a complete filtered Ω-algebra. We assume that the augmentation ideal I is
free-complete over Ω [Laz65, I.2.1.17]. The discussion of split resolutions above carries
over in the categories of filtered rings and graded rings. In particular, if (X → Ω, s) is a
split resolution of Ω by free A-modules, then its associated graded (GrX → GrΩ,Gr s)
is a split resolution of GrΩ by free GrA-modules.

Lemma 6.1.1 (Serre’s lemma, [Laz65, V.2.1.1, Corollaire V.2.1.1.3, Corollaire V.2.1.6]).
Let (Y → GrΩ, s) be a resolution of GrΩ by graded free GrA-modules with discrete
grading.

(1) There exists a split resolution (X → Ω, s) of Ω by filtered free A-modules, whose
associated graded is (Y → GrΩ, s).
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(2) The resolution X → Ω is unique up to isomorphism (but the isomorphism need
not commute with the nullhomotopies).

(3) If each term of Y is a free GrA-module of finite rank, then each term of X is a
free A-module of the same rank.

The pair (X → Ω, s) is constructed recursively through a limit procedure that uses
the completeness of A in an essential way.

6.2. Continuous cohomology of uniform pro-p groups with coefficients in
characteristic p. Lazard’s results on continuous cohomology apply to the class of
complete p-valued groups. At the cost of a little generality, we focus on a convenient
subclass, the uniform pro-p groups (also called uniformly powerful pro-p groups).

Definition 6.2.1 ([DdSMS91, Definitions 3.1 and 4.1]). Let d ≥ 0. A uniform pro-p
group of dimension d is a pro-p group G which satisfies these criteria:

• G is topologically finitely generated.
• If p is odd, then G/Gp is abelian. If p = 2, then G/G4 is abelian. (Here Gn is

the subgroup generated by nth powers of elements of G, and Gn refers to the
topological closure.)
• Writing G = P1(G) ⊃ P2(G) ⊃ P3(G) ⊃ · · · for the lower p-series of G, we have
[Pi(G) : Pi+1(G)] = pd for all i ≥ 1.

We refer the reader to [DdSMS91] for a comprehensive account of uniform pro-p
groups and their properties, some of which we list here. Suppose G is a uniform pro-
p group of dimension d. Then the pth power map x 7→ xp induces an isomorphism
Pi(G)/Pi+1(G) → Pi+1(G)/Pi+2(G) for all i ≥ 1 [DdSMS91, Definition 4.1(iii)’]. Fur-
thermore, Pi(G) is exactly the subset of pi−1st powers in G [DdSMS91, Lemma 4.10].
Finally, if g1, . . . , gd are topological generators of G, then the map (not necessarily a
homomorphism) Z⊕dp → G carrying (a1, . . . , ad) onto ga11 · · · g

ad
d is a homeomorphism

[DdSMS91, Theorem 4.17]. For each i ≥ 1, this homeomorphism factors through a
bijection (Z/pi−1Z)⊕d → G/Pi−1(G).

Lemma 6.2.2. Let G be a uniform pro-p group of dimension d, and let Fp[G] be its
group algebra with Fp-coefficients. Let I = ker(Fp[G]→ Fp) be the augmentation ideal,
and for all i ≥ 1, let Ji = ker(Fp[G]→ Fp[G/Pi(G)]). Then:

(1) Ji ⊂ Ip
i−1.

(2) Ipd(i−1) ⊂ Ji.
Therefore the collections of ideals I i and Ji induce the same topology on Fp[G].

Proof. For (1), we proceed by induction on i ≥ 2, the case i = 1 being trivial. It suffices
to show that g − 1 ∈ I i for g ∈ Pi(G). As noted above, Pi(G) is exactly the subset of
pi−1th powers in G, so g = hp for some h ∈ Pi−1(G), and then g−1 = (h−1)p ∈ Jpi−1 ⊂
Ip

i−1 by the inductive hypothesis.
For (2), consider the action of the pro-p group G on the pd(i−1)-dimensional Fp-

vector space V = Fp[G/Pi(G)]. The image of G in GL(V ) is contained in a Sylow p-
subgroup, which up to conjugacy is the subgroup of upper-triangular unipotent matrices
of dimension pd(i−1). Given pd(i−1) such matrices I +Mj, the product of the Mj is 0.
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Therefore for any g1, . . . , gpd(i−1) ∈ G, the element (g1 − 1) · · · (gpd(i−1) − 1) acts trivially
on V , which is to say it lies in Ji. □

Lemma 6.2.3. Let G be a uniform pro-p group with topological generators g1, . . . , gd.
Let I ⊂ Fp[G] be the augmentation ideal.

(1) For all n ≥ 0 and all g ∈ G we have [In, g] ⊂ In+2, where [x, y] = xy − yx is
the Lie bracket on Fp[G].

(2) For n ≥ 0, let Wn ⊂ Fp[G] denote the Fp-span of all elements of the form

(g1 − 1)a1 · · · (gd − 1)ad ,

where the aj ≥ 0 satisfy
∑

j aj = n. Then for all n ≥ 0 we have

In = Wn + In+1.

Proof. For (1): We proceed by induction on n. For the base case, I0 = Fp[G] is the Fp-
span of elements h ∈ G, and then [h, g] = hg − gh = (hgh−1g−1 − 1)gh ∈ J2 ⊂ Ip ⊂ I2

by Lemma 6.2.2(1).
When n ≥ 1, suppose x ∈ In−1 and y ∈ I. Then

[xy, g] = x[y, g] + [x, g]y

lies in In+2 by the inductive hypothesis.
For (2): Again we proceed by induction on n. The case n = 0 being trivial, we

assume n ≥ 1. By the inductive hypothesis,

In = In−1I = (Wn−1 + In)(W1 + I2) ⊂Wn−1W1 + In+1,

and so we are reduced to the claim that Wn−1W1 ⊂ Wn + In+1. The product Wn−1W1

is the Fp-span of elements of the form

(g1 − 1)a1 · · · (gd − 1)ad(gi − 1),

with
∑

j aj = n− 1. The difference between the above element and

(g1 − 1)a1 · · · (gi − 1)ai+1 · · · (gd − 1)ad ∈ Wn

equals
(g1 − 1)a1 · · · (gi − 1)ai [x, gi]

for x = (gi+1 − 1)ai+1 · · · (gd − 1)ad ∈ I
∑

j≥i+1 aj . By (1), this difference lies in In+1. □

For a general profinite group G, the completed group algebra FpJGK is defined as the
limit of Fp[G/H] for H running through a cofinal system of open normal subgroups of
G. If G is a uniform pro-p group, then one can take the lower p-series to be the system
of open normal subgroups, and then Lemma 6.2.2 shows that FpJGK is the completion
of Fp[G] with respect to the augmentation ideal.

The following theorem identifies the associated graded Fp-algebra of the filtration on
FpJGK induced by the augmentation ideal.

Theorem 6.2.4. Let G be a uniform pro-p group of dimension d. Let W = G/P2(G) =
G/Gp, so that W is an Fp-vector space of dimension d. With respect to the filtration
on FpJGK induced by powers of the augmentation ideal, the graded Fp-algebra GrFpJGK
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is isomorphic to SymmW , the symmetric Fp-algebra on W . Given g ∈ G with image
w ∈W , the isomorphism sends g − 1 to w.

Proof. Since FpJGK is the I-adic completion of Fp[G], there is an isomorphism GrFp[G]→
GrFpJGK, where both Fp[G] and FpJGK are filtered by their augmentation ideals.

The map G → I/I2 carrying g to g − 1 is a group homomorphism onto a p-torsion
abelian group, so it factors through an Fp-linear map W → I/I2. This map extends
uniquely to a map of graded Fp-algebras SymmW → GrFp[G], which carries a poly-
nomial f(w1, . . . , wd) onto f(g1− 1, . . . , gd− 1). We claim this map is an isomorphism.
Its nth graded piece is the surjective map SymmnW → In/In+1, which factors through
the space Wn ⊂ Fp[G] from Lemma 6.2.3.

We must show that SymmnW → In/In+1 is also injective. Suppose fn(w1, . . . , wd) ∈
SymmnW lies in the kernel. Applying Lemma 6.2.3 repeatedly, we find for all N ≥ n+1
a relation

N−1∑
j=n

fj(g1 − 1, . . . , gd − 1) ∈ IN ,

where fj is a homogeneous polynomial of degree j. Choosing N = pd(i−1) for a large
enough i, we have IN ⊂ ker(Fp[G]→ Fp[G/Pi(G)]) by Lemma 6.2.2(2).

The point now is that G/Pi(G) is exactly the set of classes of elements ga11 · · · g
ad
d ,

where 0 ≤ aj ≤ pi−1 − 1 for each j. Therefore such elements form a Fp-basis for
Fp[G/Pi(G)]. A routine calculation shows that the (g1 − 1)a1 · · · (gd − 1)ad also form a
basis. In particular these elements are linearly independent modulo IN . This implies
that fj = 0 for all j, and in particular fn = 0. □

Remark 6.2.5. We learned Theorem 6.2.4 from notes of Pstrągowski9. The proof that
appears here is nothing but an adaptation of those notes to the characteristic p setting.
The theorem is a special case of a result of Lazard [Laz65, A.3, Théorème 3.5], which
for a general pro-p group G identifies GrFpJGK with the universal enveloping algebra
of a certain restricted Lie algebra GrG associated with G. When G is a uniform pro-p
group, GrG is abelian and freely generated by its degree 1 part.

We intend to apply Serre’s Lemma (Lemma 6.1.1) to the situation in Theorem 6.2.4.
The graded algebra SymmW is a polynomial algebra over Fp. There is a canonical
resolution of Fp in free modules over a polynomial algebra, namely the Koszul complex.
We review it now.

Let k be any field, and let W be a finite-dimensional k-vector space, with dimension
r. Then SymmW is a polynomial k-algebra with r generators. The Koszul complex

Kos(W ) : Kosr(W )→ Kosr−1(W )→ · · · → Kos1(W )→ Kos0(W )

is a complex of finite-dimensional free SymmW -modules with nth term

Kosn(W ) = SymmW ⊗
n∧
W

9Available at https://www.kurims.kyoto-u.ac.jp/~piotr/291y_notes.pdf, see Theorem 1.2.

https://www.kurims.kyoto-u.ac.jp/~piotr/291y_notes.pdf
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for 0 ≤ n ≤ r, and differential determined by the formula

d(1⊗ x1 · · · xn) =
n∑
i=1

(−1)i+1xi ⊗ x1 · · · x̂i · · · xn

for x1, . . . , xn ∈ W .
Importantly, the augmented complex Kos(W )→ k admits a nullhomotopy. The key

observation is that if W = W ′⊕W ′′ is a direct sum of k-vector spaces, then Kos(W ) ∼=
Kos(W ′)⊗Kos(W ′′) in the category of complexes of k-vector spaces. Therefore a basis
for W presents Kos(W ) as a tensor product of complexes of the form Kos(k). In that
case, the augmented complex Kos(k)+ = [Kos(k)→ k] admits a nullhomotopy s:

k[x]
×x // k[x] //

s1

hh
k

s0

gg

Here s0 is the inclusion of the constants into k[x], and s1(f(x)) = (f(x) − f(0))/x.
Tensoring together a copy of (Kos(k)+, s) for each vector in a basis for W , we obtain
the pair (Kos(W )+, sW ), where sW is a null-homotopy of Kos(W )+. (Strictly speaking,
sW depends on the choice of an ordered basis for W .) This shows that Kos(W ) is indeed
a split resolution of k by free SymmW -modules.

Consequently, if V is a SymmW -module, the Ext-groups ExtnSymmW (k, V ) are com-
puted by the complex

CKos(SymmW,V ) : C0
Kos(SymmW,V )→ C1

Kos(SymmW,V )→ · · · → Cr
Kos(SymmW,V ),

where the nth term is

Cn
Kos(SymmW,V ) = Hom(

n∧
W,V ).

Definition 6.2.6. Let G be a uniform pro-p group of dimension d, and let W = G/Gp,
an Fp-vector space of dimension d. The Lazard complex Laz(G) is a complex of finite
free FpJGK-modules

Lazd(G)→ Lazd−1(G)→ · · · → Laz1(G)→ Laz0(G)

with nth term

Lazn(G) = FpJGK⊗
n∧
W

for 0 ≤ n ≤ d, and the Lazard resolution is a split resolution of Fp by finite free
FpJGK-modules, consisting of a pair (Laz(G) → Fp, sG). The Lazard resolution arises
by applying Serre’s Lemma: it is the unique resolution whose associated graded is the
Koszul resolution (Kos(W ) → Fp, sW ), which in turn comes from choosing an ordered
basis of W .

Given a representation of FpJGK on a topological Fp-vector space V , let CLaz(G, V )
denote the cochain complex obtained by applying Hom(−, V ) to the complex Laz(G).
Thus

Cn
Laz(G, V ) = Hom(

n∧
W,V ).
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Since the Lazard complex really is a resolution of the trivial module Fp, the complex
CLaz(G, V ) computes the continuous cohomology H∗cts(G, V ). We have arrived at the
characteristic p version of Lazard’s theorem.

Theorem 6.2.7. Let G be a uniform pro-p group of finite dimension, and let V be a
representation of FpJGK on a topological Fp-vector space V . The continuous cohomology
H∗cts(G, V ) is computed by a complex CLaz(G, V ) whose terms are direct sums of finitely
many copies of V :

Cn
Laz(G, V ) = Hom(

n∧
G/Gp, V ).

In this context, cohomology of trivial G-modules is particularly simple.

Corollary 6.2.8. Let G be a uniform pro-p group of dimension d, and let V be the
trivial representation of G on a topological Fp-vector space. Then for each n ∈ Z,

Hn
cts(G, V ) ∼= Hom(

n∧
G/Gp, V ) ∼= V ⊕(

d
n).

Proof. The differentials Lazn(G) → Lazn−1(G) have coefficients in the augmentation
ideal I, which means that the differentials in the complex CLaz(G, V ) are zero. □

It is difficult to write down the differential Lazn(G)→ Lazn−1(G) directly, other than
to say that its coefficients lie in I. But the reduction of the differential modulo I2 is
known:

d(1⊗ w1 · · ·wn) ≡
n∑
i=1

(−1)i+1(gi − 1)⊗ w1 · · · ŵi · · ·wn (mod I2) (6.2.9)

where gi ∈ G is a lift of wi ∈ W . This calculation comes from the fact that the
associated graded of Laz(G) is Kos(W ).

6.3. An acyclicity criterion using one basis element. Let V be a complete ul-
trametric Fp-vector space: this means V is separated and complete for an ultrametric
valuation valV : V → R ∪ {∞}.

For a linear operator A ∈ EndV , we write
valV (A) = inf

v∈V
valV (Av)− valV (v) ∈ R ∪ {±∞}

for its operator valuation. The operator is bounded (respectively, a strict contraction)
if valV (A) > −∞ (respectively, valV (A) > 0). A bounded operator is continuous.
(The converse is false; the Frobenius map on V = Fp((t)) with its t-adic valuation is
continuous but unbounded.)

Now suppose G is a uniform pro-p group of finite dimension which acts linearly on
V . We say that the action of G on V is strictly unipotent if for all g ∈ G, the operator
(g − 1) is a strict contraction on V . In this situation V becomes an FpJGK-module.

We state here a condition which assures the acyclicity of the FpJGK-module V .

Theorem 6.3.1. Let G be a uniform pro-p group of dimension d, with topological
generators g1, . . . , gd, and let V be a complete ultrametric Fp-vector space admitting a
strictly unipotent action of G. Assume that the operator (g1 − 1) admits a bounded
inverse (g1 − 1)−1 on V . Then H∗cts(G, V ) = 0.
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Proof. First we observe that if G′ ⊂ G is an open subgroup, it suffices to show that
H∗cts(G

′, V ) = 0. Indeed, since G is pro-p, it is pro-nilpotent, and so G′ is subnormal
in G. Repeated application of the Lyndon–Hochschild–Serre spectral sequence gives
H∗cts(G, V ) = 0.

Let L be the Lie algebra of G, with Zp-basis x1, . . . , xd corresponding to g1, . . . , gd.
By [DdSMS91, Theorem 9.10], uniform open subgroups of G correspond to finite-
index powerful Lie subalgebras of L of finite index. For N ≥ 0, it is easily checked
that x1, pNx2, . . . , pNxd span such a Lie subalgebra. Let G′ ⊂ G be the correspond-
ing uniform open subgroup corresponding to L′; then G′ has topological generators
g1, g

pN

2 , . . . , gp
N

d . By our hypotheses, valV (g1− 1)−1 > −∞ and valV (gi− 1) > 0, and so
we can choose N large enough so that for i = 2, . . . , d,

pN valV (gi − 1) > − valV (g1 − 1)−1.

Note that valV (g
pN

i − 1) ≥ pN valV (gi − 1). In light of the reduction of the previous
paragraph, we may relabel G′ as G, and assume henceforth that (g1 − 1)−1(gi − 1) is a
strict contraction on V for i = 2, . . . , d.

Let I be the augmentation ideal of FpJGK. The continuous cohomology H∗cts(G, V )
is computed by the Lazard complex CLaz(G, V ). We will construct a nullhomotopy of
CLaz(G, V ). Recall the notation W = G/Gp; this is an Fp-vector space with distin-
guished basis w1, . . . , wd in correspondence with g1, . . . , gd. We separate out the first
basis vector from the rest:

W = W1 ⊕Wc

where W1 is spanned by the single vector w1, and the complement Wc is spanned by
the others. Accordingly we may decompose

n∧
W =

[
n−1∧

Wc ⊗W1

]
⊕

n∧
Wc

and also

Cn
Laz(G, V ) =

[
V ⊗

n−1∧
W ∗
c ⊗W ∗

1

]
⊕

[
V ⊗

n∧
W ∗
c

]
,

where the ∗ indicates Fp-linear dual.
With respect to this decomposition, the differential dn : Cn

Laz(G, V ) → Cn+1
Laz (G, V )

takes the block form

dn =

(
An Bn

Cn Dn

)
We now apply (6.2.9), which identifies dn modulo I2. Consider in particular the operator

Bn : V
⊕(d−1

n ) ∼= V ⊗
n∧
W ∗
c → V ⊗

[
n∧
W ∗
c ⊗W ∗

1

]
∼= V ⊕(

d−1
n ).

This can be written
Bn = (g1 − 1) Id+γ,

where Id is the identity operator on V ⊕(
d−1
n ), and γ is a matrix with entries in I2.
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We claim that Bn is invertible on V ⊕(
d−1
n ). Since (g1− 1) is invertible by hypothesis,

this reduces to the invertibility of the operator Id+γ(g1 − 1)−1. Formally, the inverse
of this operator is

∞∑
j=0

(−1)j(γ(g1 − 1)−1)j, (6.3.2)

which converges precisely because each entry of the matrix γ(g1 − 1)−1 is a strict con-
traction by hypothesis.

Now we claim that

sn =

(
0 0

B−1n−1 0

)
: Cn

Laz(G, V )→ Cn−1
Laz (G, V )

is a nullhomotopy of CLaz(G, V ). Indeed,

dn−1sn + sn+1dn =

(
An−1 Bn−1
Cn−1 Dn−1

)(
0 0

B−1n−1 0

)
+

(
0 0
B−1n 0

)(
An Bn

Cn Dn

)
=

(
1 0

Dn−1B
−1
n−1 +B−1n An 1

)
Examining the relation dndn−1 = 0, we see AnBn−1 + BnDn−1 = 0, which implies
Dn−1B

−1
n−1 +B−1n An = 0. □

6.4. The Nottingham group. Proposition 5.3.8 reduces the strong splitting conjec-
ture to the statement H∗cts(G, (K̂p/K)ω⊗n) = 0 for all n ∈ Z, where G is a uniform
pro-p normal subgroup of the Morava stabilizer group Gh. In this subsection we gather
some abstract results relevant to this situation.

Suppose k is a perfect field of characteristic p, and let

K = k((t))

be the field of Laurent series over k. It is separated and complete for the t-adic valuation
valK . Let ω = OKu be a free OK-module of rank 1, and let ωK = ω ⊗OK

K = Ku.
From these data we construct the graded K-algebra⊕

ω⊗nK .

Each graded piece ω⊗nK = Kun comes equipped with a valuation valKun which assigns
the value of 0 to the basis vector un.

The Nottingham group Nott(k) is the group of strictly unipotent automorphisms of
the k-algebra K which act trivially on the associated graded of K. In other words, an
element g ∈ Nott(k) is a substitution

g(t) = t(1 + a1t+ a2t
2 + . . . ),

with each ai ∈ k. The group of all strictly unipotent automorphisms of the graded k-
algebra

⊕
n∈Z ω

⊗n
K whose restriction to K lies in Nott(k) is a split extension of Nott(k)

by the topologically unipotent subgroup O1
K of O×K , which we might call the extended

Nottingham group Nott′(k):

Nott′(k) = Nott(k)⋉ O1
K .
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An element g ∈ Nott′(k) is specified by two power series in O1
K , namely g(t)/t and

g(u)/u.
Consider the following k-vector spaces V derived from Kun:
• The quotient Kupn/(Kun)p = (K/Kp)upn.
• The base changes K1/pj ⊗K Kω⊗n = K1/pjun for each j ≥ 0,
• Their union Kpu

n,
• The completion K̂pu

n,
• The quotient (K̂p/K)un.

Each of the above V carries an action of Nott′(k) and an invariant valuation valV , which
assigns the value a/pj to ta/pjun. The action is strictly unipotent on each K1/pjun, but
not on Kpu

n or the spaces derived from it.
Now suppose G is a uniform pro-p group of finite dimension admitting a homomor-

phism G → Nott′(k). We state a variation on Theorem 6.3.1 which can be used to
establish acyclicity for the action of G on (K̂p/K)un.

Proposition 6.4.1. Let G be a uniform pro-p group of dimension d, with topologi-
cal generators g1, . . . , gd. Let G → Nott′(k) be a homomorphism. Assume that the
operator (g1 − 1) admits an inverse (g − 1)−1 on (K/Kp)upn for all n ∈ Z, whose
operator valuation is bounded below independently of n. Then for all n ∈ Z we have
H∗cts(G, (K̂p/K)un) = 0.

Proof. Since the elements g2, . . . , gd act strictly unipotently on K and Ku, there exists
B > 0 for which valK(gi − 1) ≥ B and valKu(gi − 1) ≥ B for i = 2, . . . , d. It is
straightforward to check that for all n ∈ Z, the operator valuation valKun(gi−1) is also
bounded below by B.

By hypothesis, there exists C ≥ 0 for which val(K/Kp)upn(g − 1)−1 ≥ −C for all
n ∈ Z. Choose N large enough so that for i = 2, . . . , d, we have pNB > (p/(p −
1))C. Replacing G with the subgroup generated by g1, gp

N

2 , . . . , gp
N

d , we may assume the
operator (g1−1)−1 exists on (K/Kp)upn for all n ∈ Z, with operator valuation bounded
below by −C, and that for i = 2, . . . , d and all n ∈ Z we have valKun(gi− 1) ≥ B, with
B > (p/(p− 1))C.

For each m ≥ 1, the ultrametric space (K1/pm/K)un admits a finite Nott′(k)-stable
filtration by closed subspaces (K1/pi/K)un for 1 ≤ i ≤ m, with subquotients

(K1/p/K)un, . . . , (K1/pm/K1/pm−1

)un;

these are isomorphic to
(K/Kp)upn, . . . , (K/Kp)up

mn,

respectively, via f 1/piun 7→ fup
in.

With respect to a splitting of this filtration of (K1/pm/K)un, the operator (g1 − 1)
may be written as an upper-triangular matrix with bounded entries, whose ith diagonal
entry admits an inverse with operator valuation bounded below by −C/pi. Therefore
(g1 − 1)−1 exists on (K1/pm/K)un; its matrix is upper-triangular, and for j ≥ i, the
ijth entry of this matrix has operator valuation bounded below by

−C/pi − C/pi+1 − · · · − C/pj ≥ −C/pi−1(p− 1);
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ie, entries in the ith row are bounded below by −C/pi−1(p − 1). In particular, the
operator norm of (g1 − 1)−1 is bounded below independently of m.

Whereas for each i = 2, . . . , d, the matrix of (gi − 1) is upper-triangular, and entries
in the ith column are bounded below by B/pi. Therefore the entries of (gi−1)(g1−1)−1
have operator norm bounded by B/pi−C/pi−1(p−1) > 0, implying that (gi−1)(g1−1)−1
is a strict contraction on (K1/pm/K)un.

Applying the results of the above two paragraphs for all m ≥ 1, we find that (g1−1)−1
exists as a bounded operator on (Kp/K)un, which extends to the completion (K̂p/K)un.
We also find that for any γ ∈ I2 (with I the augmentation ideal of FpJGK), the terms
of the series (6.3.2) have operator norms tending to 0 on (K1/pm/K)un for each m ≥ 1,
and so the operator Id+(g1 − 1)−1γ has bounded inverse on (Kp/K)un, which extends
to (K̂p/K)un. Therefore (g1 − 1) Id+γ is invertible on the complete ultrametric space
(K̂p/K)un. This is exactly the input needed to prove the acyclicity of (K̂p/K)un, as in
the proof of Theorem 6.3.1. □

Let us call an element g ∈ Nott′(k) “good” if it satisfies the hypothesis imposed on
g1 in Proposition 6.4.1: (g − 1) admits an inverse on (K/Kp)upn for all n ∈ Z, whose
operator valuation is bounded below independently of n. Certainly there are many
“bad” elements, such as g(t) = t + tp, for then (g − 1) annihilates the image of t1/p in
K̂p/K. As a further example, the Nottingham group contains many p-torsion elements,
for instance the geometric series g(t) = t(1−t)−1 or more generally g(t) = t(1−αtQ)−1/Q
for Q an integer prime to p and α ∈ k×. For such elements, (g−1) already has a nonzero
kernel on K, namely (g − 1)p−1(t), and so in particular torsion elements are bad.

We highlight a simple condition guaranteeing “goodness”, requiring little accuracy.

Proposition 6.4.2. Let g be an element of Nott′(k), subject to the following assump-
tions.

In the case p ̸= 2: Let Q ≡ 1 (mod p) be a positive integer, and assume g takes the
following form:

g(t) = t(1 + αtQ + βt2Q + · · · )
g(u) = (1 + γtr + · · · )u

where α, β, γ ∈ k, and where · · · indicates terms of higher valuation. Assume:
(1) α ̸= 0,
(2) β ̸= α2,
(3) r > 2Q/p.

In the case p = 2: let 0 < P < 2Q < 2P , with P odd, and assume g takes the
following form:

g(t) = t(1 + αtP + βt2Q + · · · )
g(u) = (1 + γtr + · · · )u

where α, β, γ ∈ k. Assume:
(1) β ̸= 0,
(2) r > Q.
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Then for all n ∈ Z, the operator (g−1) is invertible on (K/Kp)upn, and val(K/Kp)upn(g−
1)−1 = −2Q. In particular, g is “good”.

Proof. Start with the case that p is odd. Consider the action of (g− 1) on a monomial
tℓ for p ∤ ℓ. We have

g(tℓ) = tℓ(1 + αtQ + . . . )ℓ = tℓ + ℓαtℓ+Q + . . . ,

As long as ℓ ̸≡ −1 (mod p), the dominant term of (g − 1)tℓ is ℓαtℓ+Q. On the other
hand if ℓ = −1 + pk, then:

g(tℓ) = tℓ(1 + αtQ + βt2Q + . . . )−1(1 + αptpQ + βpt2pQ + . . . )k

= tℓ(1 + αtQ + βt2Q)−1 +O(tℓ+2Q+1)

= tℓ(1− αtQ + (α2 − β)t2Q) +O(tℓ+2Q+1)

≡ tℓ + (α2 − β)tℓ+2Q +O(tℓ+2Q+1).

In the second equality: we have used p > 2 to ignore the factor with the kth power.
The final congruence is modulo Kp; note that ℓ + Q ≡ 0 (mod p). In summary, the
dominant term of (g − 1)tℓ as a class in K/Kp is

(g − 1)tℓ =

{
ℓαtℓ+Q + · · · , ℓ ̸≡ −1 (mod p)

(α2 − β)tℓ+2Q + · · · , ℓ ≡ −1 (mod p)

Now let n ∈ Z, and consider the action of (g − 1) on (K/Kp)upn and in particular on
the elements tℓupn for p ∤ ℓ. We have

(g − 1)(tℓupn) = ((g − 1)tℓ)upn + tℓ(g − 1)upn + ((g − 1)tℓ)((g − 1)upn).

Since (g−1)upn ∈ tprOKu
pn, and pr > 2Q, the first term in the displayed sum dominates,

which is to say

(g − 1)tℓupn =

{
ℓαtℓ+Qupn + · · · , ℓ ̸≡ −1 (mod p)

(α2 − β)tℓ+2Qupn + · · · , ℓ ≡ −1 (mod p).

In the case p = 2: Under the listed hypothesis, we consider the action of (g − 1) on
a monomial tℓ for ℓ = 1 + 2k odd. We have

g(tℓ) = tℓ(1 + αtP + β2Q + . . . )(1 + α2t2P + · · · )k

= tℓ(1 + αtP + β2Q + · · · )
≡ tℓ + βtℓ+2Q + · · · ,

where the second equality comes from 2Q < 2P , and the final congruence is modulo
K2, noting that ℓ + P is even. Again let n ∈ Z, and consider the action of (g − 1) on
(K/K2)u2n and in particular on the element tℓu2n. By a similar calculation as in the p
odd case, we have

(g − 1)tℓu2n = βtℓ+2Qu2n + · · · .
In either case, the key observation is that for every integer m prime to p, there exists

a unique ℓ ≥ m − 2Q such that the dominant term of (g − 1)tℓupn is a unit times
tmupn. This suggests the following recursive procedure for determining (g − 1)−1v for
v ∈ (K/Kp)upn: If val(K/Kp)upn v = m, there exists some a ∈ k and ℓ ≥ m − 2Q for
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which val(K/Kp)upn(v − a(g − 1)tℓupn) > m; repeat the process with v − a(g − 1)tℓupn

in the place of v. One obtains (g − 1)−1v = atℓupn + · · · . The result is an operator
(g − 1)−1 on (K/Kp)upn with valuation −2Q. □

6.5. The representation of the Morava stabilizer group in the Nottingham
group. Assume h ≥ 2, and recall our conventions regarding the Morava stabilizer
group: Dh is the division algebra over Qp with invariant 1/h, with ring of integers ODh

and unit group Gh = O×Dh
. Let ζh : Gh → Zp be the Zp-component of the determinant

map, and let G1

h be its kernel.
Let

G = 1 + qODh
⊂ Gh,

where as usual q = p if p is odd and q = 4 if p = 2.

Lemma 6.5.1. G is a uniform pro-p group of dimension h2. Denoting by Pi(G) its
lower p-series, we have Pi(G) = 1 + qpi−1ODh

for i ≥ 1.
Let G1 = G ∩G1

h. Then G1 is a uniform pro-p group of dimension h2 − 1.

Proof. The claim about G appears as [BGHS22, Example 2.15], but can also be deduced
from earlier work of Henn [Hen98].

The claim about G1 follows from the following statement: if G is a uniform pro-p
group of dimension d, and ζ : G → Zp is a surjective homomorphism, then H := ker ζ
is a uniform pro-p group of dimension d− 1. Indeed, in this situation we have [H,H] ⊂
[G,G] ∩ H ⊂ Gq ∩ H ⊂ Hq, so that H is powerful. It is also torsion-free since G is;
therefore it is uniform by [DdSMS91, Theorem 4.8]. Finally, note that H/Hp is the
kernel of the surjective map G/Gp → Z/p induced by ζ; the dimension of H is the
Fp-dimension of H/Hp, which must be d− 1. □

Let us identify (π0Eh)/(p, u1, . . . , uh−2) with the power series ring OK = kJtK via
uh−1 7→ t, and (π2Eh)/(p, u1, . . . , uh−2) with the invertible OK-module ω = OKu. Then
Gh acts continuously on

(π∗Eh)/(p, u1, . . . , uh−2) ∼=
⊕
n∈Z

ω⊗n,

and the action of the unipotent subgroup G ⊂ Gh induces a homomorphism into the
extended Nottingham group:

G→ Nott′(k).

The group Nott′(k) has the following natural depth filtration: The depth of an element
g ∈ Nott′(k) is the maximum ℓ for which g acts trivially on

⊕
n∈Z ω

⊗n ⊗OK
OK/t

ℓ.
Equivalently, g has depth ℓ when for all n ∈ Z, valKω⊗n(g− 1) ≥ ℓ. It is natural to ask
for a relation between the filtration on G given by its lower p-series, and the filtration
pulled back from Nott′(k).

Theorem 6.5.2. For all g ∈ 1 + piOD and n ∈ Z we have:

valKω⊗n(g − 1) ≥ p(h−1)i.
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Proof. Let us write Γ0 for the formal group of height h over k, and Γ for its deformation
to OK . The defining quality of OK as a quotient of the Lubin–Tate deformation ring is
that the p-series [p]Γ factors through F h−1, where F is the relative Frobenius. Similarly,
the power pi factors through F (h−1)i. Observe that the p(h−1)i power Frobenius map on
OK/t

p(h−1)i factors through OK/t ∼= k, so that F (h−1)i factors through Γ0⊗kOK/t
p(h−1)i.

Therefore if A ∈ OD is an endomorphism of Γ0, then piA lifts to an endomorphism of
Γ ⊗OK

OK/t
p(h−1)i which factors through Γ0 ⊗k OK/t

p(h−1)i . Consequently g := 1 + piA

lifts to an automorphism γ of Γ⊗OK/t
p(h−1)i , which means exactly that g acts trivially

on OK/t
p(h−1)i . From this it follows that valK(g − 1) ≥ p(h−1)i.

The derivative of γ is an endomorphism of Lie Γ⊗OK/t
p(h−1)i which factors through

the derivative of g on Γ0⊗OK/t
p(h−1)i , which is the identity; this gives the desired result

on differentials. □

Remark 6.5.3. This argument owes a debt to [Gro86].

Remark 6.5.4. Since (g − 1)p = gp − 1 in the group algebra over k, we have

valK(g
p − 1) ≥ p valK(g − 1)

for all g ∈ Nott(k). If g is a generic element, one might expect that as n → ∞, the
quantity valK(g

pn − 1) is O(pn). For elements g of the uniform pro-p group G, we have
gp

i ∈ 1 + qpiOD, and then Theorem 6.5.2 shows that valK(g
pi − 1) ≥ p(h−1)i. Thus in

height h ≥ 3, elements of Nott(k) arising from the Morava stabilizer group are quite
exceptional.

Suppose g ∈ Nott(k) is an element for which an inverse operator (g − 1)−1 exists on
V = K/Kp and has operator norm bounded below by −B. Then for all nonzero v ∈ V
we have valV (g−1)v−valV v ≤ B, which is to say, valV (g−1) ≤ B. Inductively we see
valV (g

pn − 1) = valV (g − 1)p
n ≤ pnB. If g arose from the action of an element of the

Morava stabilizer group at height h, then by Theorem 6.5.2 we have valK(g
pn − 1) ≥

p(h−1)n, which implies valV (g
pn − 1) ≥ p(h−1)n. We conclude that if h ≥ 3, then no

element of the Morava stabilizer group is “good”.

6.6. The case of height 2 and the proof of Theorem C. In the case of height
h = 2, Salch [Sal25] has discovered formulas for the action of the Morava stabilizer
group G2 on π∗E2. For our purposes we only need an approximate formula for the
action of one particular element of G2, which lies in the subgroup W (Fp2)× of unit Witt
vectors.

Throughout we use the “Hazewinkel coordinates” π∗E2
∼= W (k)Ju1K[u−±1]; here u ∈

π−2E2 is a generator for that module. We let t denote the image of u1 in π0E2/p, so
that π0E2/p ∼= kJtK := OK , and π∗E2/p ∼= kJtK[u±1].

Proposition 6.6.1 ([Sal25, Corollary 6.4 and Corollary 7.3], personal communication
from Salch for p = 2). Suppose p is odd. Let g ∈ W (Fp2)× ⊂ G2 be an element of the
form g ≡ 1 + p[a] (mod p2), where a ∈ Fp2. Let α = ap − a. Then

g(t) = t(1 + αtp+1 + (α2 + α)t2(p+1) + · · · )
g(u) = (1− αtp+1 + · · · )u.
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Now suppose p = 2. Let g ∈ W (F4)
× ⊂ G2 be the element 1 + 4[a], where a ∈ F×4 is

a generator of that field. Then

g(t) = t(1 + t9 + t12 + t15 + t18 + a2t21 + at24 + · · · )
g(u) = (1 + t9 + t12 + t15 + t18 + a2t21 + at24 + · · · )u

Theorem 6.6.2. For all primes p and all n ∈ Z, the map

H∗cts(G1
2, πnE2 ⊗π0E2 K)→ H∗cts(G1

2, πnE2 ⊗π0E2 K̂p)

is an isomorphism.

Proof. As observed before, it suffices to show that for all n ∈ Z, the module π2nE2⊗π0E2

(K̂p/K) = (K̂p/K)un is acyclic for the action of the closed normal uniform pro-p
subgroup G1 ⊂ G1

2.
First assume p is odd. Let a ∈ Fp2 be any nonzero element of trace 0, so that

α = ap − a = ap + a − 2a = −2a ̸= 0. Let g1 ∈ G1 be any element with g ≡ 1 + p[a]
(mod p2OD2). Using Proposition 6.6.1, we find that (g1 − 1) satisfies the hypotheses of
Proposition 6.4.2, with Q = p+ 1 and r = p+ 1.

Now assume p = 2. Let a ∈ F4 be a generator. Then OD2 is generated over W (F4)
by an element π with π2 = 2 satisfying π[a] = [a2]π. The uniform pro-2 group G1 has
generators g1, g2, g3, with

g1 = (1 + 4[a])2/13

g2 = −(1 + 2π)2/7

g3 = −(1 + 2[a]π)2/7.

(It is easy to check these lie in G. To see that they generate G, it is enough to show
that they generate G/G2. The group G/G2 is identified as an F2-vector space via
g 7→ (g − 1)/4 with traceless elements of O/2, and now one easily checks that the gi
map to a basis of this vector space.)

Using Proposition 6.6.1, and noting that scalars in Z×2 act trivially on t and u, we
find

g1(t) = t(1 + t21 + t24 + t27 + · · · )
g1(u) = (1 + t21 + · · · )u.

We see that (g1− 1) satisfies the hypotheses of Proposition 6.4.2, with P = 21, Q = 12
and r = 21.

In both cases, we apply Proposition 6.4.2 to find that the operator (g1 − 1) admits
an inverse on (K/Kp)upn with operator valuation bounded below independently of n.
The G1-acyclicity of (K̂p/K)un now follows from Proposition 6.4.1. □

Corollary 6.6.3. For all primes p and h = 2, the map (B□)h(G
1
h×Gal(k/Fp)Gh−1) →

(B̂
□

)h(G
1
h×Gal(k/Fp)Gh−1) is an equivalence. If p is odd, then the strong splitting conjec-

ture is true at height 2: the unit map SK(1) → LK(1)SK(2),∞ is an equivalence.

Proof. The first claim follows from Proposition 5.3.8 and Theorem 6.6.2. The second
claim follows from Lemma 5.3.1. □
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We conclude with some comments about the strong splitting conjecture in height 3
for primes p ≥ 5. Approximate formulas for the action of the height 3 Morava stabilizer
group G3 on π0E3 have been obtained by Davis [Dav22]. It would be interesting to see if
these formulas are accurate enough to prove the strong splitting conjecture. The same
strategy which worked in height 2 cannot work in height 3, because as we have noted,
no elements of G3 are “good”. We only remark that computer calculations using Davis’
formulas suggest that the quotient K/Kp admits no fixed vectors under the action of
G3.

After much of this article was written, we asked the AI model Astra to investigate
the hypothesis in Proposition 5.3.8 for heights h ≥ 3. To our surprise, the model
disproved the hypothesis for primes p ≤ h−1. We therefore have reason to believe that
Conjecture 1.1.1 is false for such primes, even if p− 1 does not divide h− 1.

Appendix A. Actions of profinite groups

Throughout this article, actions of profinite groups play a central role. It is therefore
important to understand precisely what is meant by an action of a profinite group. On
the one hand, when working with condensed mathematics, there is a native notion of
action of a profinite group, viewed as a condensed group. On the other hand, there
is the notion of a smooth profinite group action, and which makes sense without any
condensed structure. Since the interplay between these notions plays an important role
in our work, we will carefully compare and contrast them here. Our main results are:

(1) A proof that, for discrete condensed objects, smooth actions are the same as
condensed actions (Proposition A.3.3).

(2) A comparison between different notions of smooth action that appear in the
literature (Proposition A.4.3).

(3) A proof that, in the p-adically complete setting and with respect to a compact
p-adic Lie group, solid objects with a smooth action embed fully faithfully into
solid objects with a condensed action (Proposition A.5.3).

This appendix was significantly influenced by [RJERC22] and [RJERC26].
Convention A.0.1. In this section, we let C denote a stable presentably symmetric
monoidal category. For example, C could be the category of spectra, or the category of
K(n)-local spectra.
Definition A.0.2. We define the category of condensed objects in C to be

Ccond := Spcond⊗C.
Equivalently, this is the category of accessible C-valued hypersheaves on Prof.

There is a fully faithful discrete object functor
(−)δ : C ↪→ Ccond

which is left adjoint to the forgetful functor evaluating at the point
(−)(∗) : Ccond → C.

On the level of sheaves, (−)δ is described as follows: given X ∈ C and S = lim←−α Sα ∈
Prof, we have Xδ(S) = lim−→α

X(Sα).
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A.1. Condensed actions.

Convention A.1.1. From now on, we let D denote a commutative Spcond-algebra in PrL:
in other words, we let ι : Spcond → D denote a symmetric monoidal left adjoint. For
example, D could be Ccond or Sp□.

Remark A.1.2. Strictly speaking, Spcond is not a presentable category, but instead is a
big presentable category in the sense of [Bri25, Definition 1.2.1]. We choose to simply
ignore the subtleties arising from this. The reader who is uncomfortable with this is
invited to replace all instances of condensed spectra in this work with light condensed
spectra, and note that no meaningful change is effected.

Construction A.1.3. There are symmetric monoidal functors

(Prof,×)→ (Spcond,⊗)→ (D,⊗).

Since a profinite group G is a cocommutative bialgebra in (Prof,×), we obtain a co-
commutative bialgebra 1[G] in (D,⊗).

By [Rak26, Variant 2.2.3], if A ∈ D is a cocommutative bialgebra, then LModA(D)
and the forgetful functor LModA(D) → D are naturally equipped with symmetric
monoidal structures.

Definition A.1.4. We define the category of objects in D with condensed G-action to
be DBG = LMod1[G](D). By the above, this is a symmetric monoidal category equipped
with a symmetric monoidal forgetful functor

DBG → D.

This determines a functor Grp(Prof)op → CAlg(PrL)/D.

Remark A.1.5. When G is a finite group, it follows from [Rak26, Example 2.2.9] that
DBG is the usual category of objects with G-action.

Remark A.1.6. Let D→ D′ denote a morphism in CAlg(PrL)Spcond /. Then the natural
functor

D′ ⊗D DBG → (D′)BG

is an equivalence by [Lur17, Theorem 4.8.4.6]. In particular, we have

D⊗Spcond (Sp
cond)BG ≃ DBG.

For the purpose of comparison with smooth actions, it will be convenient to de-
scribe DBG comonadically. To incorporate its symmetric monoidal structure into this
description, we require the following definition.

Definition A.1.7. Let Funlax(D,D) denote the category of lax symmetric monoidal
functors from D to D. Composition endows Funlax(D,D) with the structure of of
a monoidal category. We define the category coMonlax(D) of lax symmetric monoidal
comonads to be the category of coalgebras in Funlax(D,D) with respect to this monoidal
structure.



ON THE CHROMATIC SPLITTING CONJECTURE IN COHEIGHT 1 117

Remark A.1.8. We note that the forgetful functors
coMonlax(D)→ Funlax(D,D)→ Fun(D,D)

preserve filtered colimits.

Theorem A.1.9. Suppose that C is a lax symmetric monoidal comonad on a category
E. Then the category coAlgC(E) is canonically equipped with a symmetric monoidal
structure, and the forgetful functor coAlgC(E) → E with the structure of a symmetric
monoidal functor.

Conversely, if F → E is a symmetric monoidal comonadic functor, then the corre-
sponding comonad on C on E is canonically equipped with the structure of a lax symmet-
ric monoidal comonad, and there is an identification F ≃ coAlgC(E) in CAlg(PrL)/E.

Proof. The first statement is [Hei26, Theorem 1.11] applied to Eop, and the second
statement follows from [BH26, Theorem 5.2]. □

Construction A.1.10. Let G denote a profinite group. Since the forgetful functor
DBG → D

preserves limits and colimits and is conservative, it is comonadic. Since it is sym-
metric monoidal the comonad is lax symmetric monoidal. We let C(G,−) denote the
corresponding lax symmetric monoidal comonad.

This determines a functor
C : Grp(Prof)op → coMonlax(D).

Remark A.1.11. When D = Ccond or Sp□, then the underlying functor of C(G,−) is
given on the level of sheaves on Prof by the formula C(G,X)(S) = X(G × S). Since
the site Prof is finitary, this implies that the functor C(G,−) commutes with filtered
colimits, and hence with all colimits.

A.2. Smooth actions. We now describe the category of objects with a smooth G-
action.

Construction A.2.1. The assignment taking a finite group G to the comonadic sym-
metric monoidal forgetful functor

CBG → C

determines a functor
C : Grp(Fin)op → coMonlax(C).

In fact, since the functor C(G,−) preserves colimits, the functor C factors through the
full subcategory coMonL,lax(C) consisting of colimit-preserving lax symmetric monoidal
comonads. This category is presentable, hence admits all colimits. By left Kan extend-
ing along

Grp(Fin)op ↪→ Ind(Grp(Fin)op) ≃ Grp(Prof)op,

we obtain a functor
Csm : Grp(Prof)op → coMonL,lax(C).

For G = lim←−αG/Uα ∈ Grp(Prof) and X ∈ C, this is given by the formula

Csm(G,X) ≃ lim−→
α

C(G/Uα, X).
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Definition A.2.2. Given a profinite group G, we define the symmetric monoidal cat-
egory of objects with smooth G-action in C to be

CBG
sm

:= coAlgCsm(G,−)(C).

This comes with a symmetric monoidal forgetful functor CBG
sm → C.

Remark A.2.3. Let G denote a finite group. Since 1[G] is dualizable, the endofunctor
C(G,−) is naturally identified with the functor C(G,1) ⊗ −, and C(G,1) is the dual
of 1[G]. This induces a commutative bialgebra structure on C(G,1) and identifies CBG
with comodules over C(G,1).

Taking filtered colimits, we are able to extend this to profinite G = lim←−αG/Uα: the
symmetric lax-monoidal comonad Csm(G,−) is isomorphic to that associated to the
commutative bialgebra Csm(G,1) ≃ lim−→α

C(G/Uα,1),, and CBGsm is the category of
comodules over this bialgebra.

Remark A.2.4. More generally, if one wants to mix smooth and condensed actions, one
may combine the above two constructions in the following way. Suppose that C(G,−)
preserves colimits in D for all profinite groups G: for example, we could have D = Ccond

or D = Sp□ as in Remark A.1.11. Starting with C : Grp(Prof)op → coMonL,lax(D), one
may left Kan extend to obtain a functor Cmix : (Pro(Grp(Prof)))op → coMonL,lax(D).
Thus, given a pro-profinite group G, we may consider the symmetric monoidal category
of coalgebras over the lax symmetric monoidal comonad Cmix(G,−). The “outer” pro-
direction acts smoothly, while the “inner” pro-direction acts via a condensed action.

For example, if we have two profinite groups G = lim←−αG/Uα and H, an element
of ((D)BH)BG

sm is the same thing as a coalgebra for the comonad associated to the
pro-profinite group lim←−α(G/Uα ×H).

To conclude, we prove a base-change property for categories of objects with smooth
G-action. The key step is the following lemma, which is due to gpt-5.6-sol. In the
following lemma, we relax our conventions on C and D.

Lemma A.2.5. Let C denote a stable presentable category, and let C ∈ coMonL(C)
denote a colimit-preserving comonad on C. Given a second presentable stable category
D, C ⊗ idD ∈ coMonL(C⊗D), and there is a canonical comparison functor

coAlgC(C)⊗D→ coAlgC⊗idD(C⊗D)

If D is dualizable as a presentable stable category (for example, if D is compactly gen-
erated), then this functor is an equivalence of categories.

If C and D are symmetric monoidal and the comonad C is lax symmetric monoidal,
then so is C ⊗ idD, and the comparison functor naturally upgrades to a symmetric
monoidal functor.

Proof. The left adjoint
coAlgC(C)⊗D→ C⊗D

has associated comonad C ⊗ idD, so it suffices to prove that it’s comonadic. If C

and D are symmetric monoidal and C is lax symmetric monoidal, then this functor
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is symmetric monoidal and its associated comonad C ⊗ idD lifts to a lax symmetric
monoidal comonad.

To do so, we use dualizability to identify it with

G : FunL(D∨, coAlgC(C))→ FunL(D∨,C).

We will verify comonadicity using the co-Barr–Beck–Lurie theorem. This requires us
to prove that the functor is conservative, preserves colimits, and preserves G-split to-
talizations. It is clear from the outset that it preserves colimits. It is conservative
because

H : coAlgC(C)→ C

is conservative and isomorphisms are checked levelwise in functor categories.
Let X• ∈ Fun(∆,FunL(D∨, coAlgC(C))) be G-split. Since G(X•) is split, its total-

ization is preserved by all functors. In particular, it is preserved by evaluation at any
object of D∨. It follows that the totalization of G(X•) is equivalent to its levelwise
totalization. Now, since X• is G-split, it levelwise H-split. Moreover, G preserves lev-
elwise H-split totalizations. It therefore suffices to show that the totalization of X• is
computed levelwise, i.e. that its levelwise totalization is a colimit-preserving functor.
This follows from the fact that H : coAlgC(C)→ C creates colimits and the totalization
of G(X•) is computed levelwise. □

Corollary A.2.6. Suppose that C is a dualizable stable presentably symmetric monoidal
∞-category. Then the natural comparison functor

SpBG
sm ⊗SpC→ CBG

sm

is an equivalence of symmetric monoidal categories.

A.3. Comparison between smooth and condensed actions I.

Construction A.3.1. It follows from Remark A.1.5 that the two functors

C,Csm : Grp(Prof)op → coMonlax(D)

agree after restriction to Grp(Fin)op. It therefore follows from the universal property
of left Kan extension that there is a natural transformation of functors C → Csm. This
induces a diagram of symmetric monoidal left adjoints

D

(D)BG
sm

(D)BG

D

for for

trivsm triv

the bottom part of which produces a diagram of lax symmetric monoidal right adjoints

DBGsm
DBG

D.
(−)hGsm

(−)G−sm

(−)hG
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The functor (−)Gsm is the functor of (derived) G-smooth vectors.

Remark A.3.2. The forgetful functor

DBGsm → DBG

is not fully faithful in general, and the natural transformation of functors on DBGsm

(−)hGsm → (−)hG

often fails to be an isomorphism. However, see Proposition A.3.3 and Proposition A.5.3.

We are now ready to state our first result.

Proposition A.3.3. The lax symmetric monoidal comonads Csm(G,−) and C(G,−)
on Ccond restrict to the essential image of the embedding (−)δ : C ↪→ Ccond, where they
are both naturally isomorphic to the symmetric monoidal comonad Csm(G,−) on C.

In particular, we find that:
(1) If X ∈ (Ccond)BG and the underlying object of X is discrete, then X canonically

lifts to an object of (Ccond)BG
sm.

(2) If X ∈ (Ccond)BG
sm and the underlying object of X is discrete, then the unit map

X → XG−sm is an isomorphism, and hence the comparison map XhGsm → XhG

is an isomorphism.

Proof. Since (−)δ is a symmetric monoidal left adjoint, it is elementary to check that
Csm(G,−) on Ccond restricts along (−)δ to Csm(G,−) on C. Given X ∈ C, it remains
to check that the natural map

Csm(G,Xδ)→ C(G,Xδ)

is an equivalence, which is immediate from evaluating at any given profinite set S and
expanding out the definitions.

Consequence (1) is then immediate, and (2) follows from writing out for X ∈ CBG
sm

Xδ ≃ TotCsm(G•+1, Xδ)→ TotCsm(G,C(G•, Xδ)) ≃ TotC(G•+1, Xδ)G−sm ≃ (Xδ)G−sm

and using that Csm(G•, Xδ)→ C(G•, Xδ) is an equivalence. □

Before we proceed further, we prove two results giving conditions for when condensed
and smooth homotopy fixed points commute with filtered colimits.

Lemma A.3.4. Suppose C is equipped with a t-structure that is compatible with fil-
tered colimits and for which C≤0 is compactly generated by cotruncated objects. Then
Csm(G,−) restricts to a comonad on C≤0, and the functor

(−)hGsm

: (C≤0)
BGsm → C≤0

commutes with filtered colimits.

Proof. Given a profinite set S ≃ lim←−i Si, the functor

Csm(S,−) ≃ lim−→
i

C(Si,−)
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preserves C≤0 because the t-structure is assumed compatible with filtered colimits.
Given X ∈ (C≤0)

BGsm , write

XhGsm ≃ TotCsm(G•, X).

To check commutation with filtered colimits of coconnective objects, we just need to
commute the filtered colimit past the totalization. This holds by [BM21, Lemma 3.7(1)].

□

Lemma A.3.5. Suppose that D is equipped with a t-structure, and that:
(1) the t-structure is compatible with filtered colimits.
(2) the category D≤0 is compactly generated by cotruncated objects.
(3) for each G ∈ Grp(Prof), the functor C(G,−) on D restricts to D≤0 and com-

mutes with filtered colimits in D.
Then the functor

(−)hG : (D≤0)
BG → D≤0

commutes with filtered colimits.

Proof. Given X ∈ (D≤0)
BG, write

XhG ≃ TotC(G•, X).

The functor C(G•,−) commutes with filtered colimits in D≤0 by parts (1) and (3). The
totalization commutes with filtered colimits of coconnective objects by part (2) and
[BM21, Lemma 3.7(1)], so we’re done. □

Example A.3.6. The assumptions of the above lemma are satisfied by Sp□ and its stan-
dard t-structure.

A.4. Models for smooth actions. In the case that C = Sp, we record several equiv-
alent definitions of the category of spectra with smooth G-action. In particular, we
compare our definition with various categories of sheaves on the site of finite continu-
ous G-sets, which is the language that Devinatz–Hopkins used to formulate the action
of the Morava stabilizer group on Lubin–Tate theory. [DH04]

Definition A.4.1. Let G denote a profinite group. Then we let TG denote the category
of finite continuous G-sets. We view TG as a site by declaring a family {Xi → X}i∈I
to be a cover if it is jointly surjective.

We will compare the following symmetric monoidal categories:
(1) SpBG

sm

, the category of spectra with smooth G-action. Equivalently, the cate-
gory of Csm(G, S)-comodules in spectra.

(2) Shvhyp(TG; Sp), the category of hypercomplete sheaves of spectra on TG, with
the pointwise symmetric monoidal structure.

(3) Ŝhv(TG; Sp), the left completion of the category of sheaves of spectra on TG
with respect to the usual t-structure, with the pointwise symmetric monoidal
structure.

(4) D(BG), the value of Heyer–Mann’s six-functor formalism on the condensed
anima BG. [HM24]
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Remark A.4.2. Note that the left completion of the category of sheaves of spectra
on a topos T is not necessarily a localization of Shv(T; Sp). Indeed, by definition
Ŝhv(T; Sp) = lim←−n Shv(T; Sp≤n), and if {Xn} is an object of this category then it may
very well be the case that the natural map

τ≤n lim←−
k

Xk → Xn

is not an equivalence.
Moreover, since a sheaf of n-truncated spectra is automatically a hypersheaf, the left

completions of Shv(T; Sp) and Shv(Thyp; Sp) agree.

Three of these categories agree for all profinite groups G. We start with a lemma.

Proposition A.4.3. For any profinite group G, there are natural symmetric monoidal
equivalences of categories:

SpBG
sm ≃ Ŝhv(TG; Sp) ≃ D(BG).

Proof. We start by proving the equivalence

SpBG
sm ≃ Ŝhv(TG; Sp).

Let G = lim−→α
G/Uα. First, we note that by [CM21, Construction 4.5] there is an

equivalence
Shv(TG; Sp) ≃ lim−→

α

SpBG/Uα

in CAlg(PrL), where the colimit is taken along the inflation functors. Inflation along
G→ G/Uα therefore induces a symmetric left adjoint

Shv(TG; Sp) ≃ lim−→
α

SpBG/Uα → SpBG
sm

.

Concretely, this left adjoint is computed by {Xα} 7→ lim−→α
Xα, and its right adjoint is

computed by X 7→ {XhUsm
α }. These functors are right t-exact, hence induce an adjoint

pair on categories of n-truncated objects

Shv(TG; τ≤n Sp) ⇆ (τ≤n Sp)
BGsm

.

By taking the limit over n, the desired result reduces to proving that this is an adjoint
equivalence. We start by proving that the counit map

lim−→
α

XhUsm
α → X

is an equivalence for X ∈ (τ≤n Sp)
BGsm

. This is equivalent to the colimit-comparison
map

lim−→
α

((X ⊗ Csm(G/Uα, S))hG
sm

)→ (X ⊗ Csm(G, S))hGsm

,

which is an equivalence because (−)hGsm commutes with filtered colimits of n-truncated
objects by Lemma A.3.4. This implies that

(τ≤n Sp)
BGsm → Shv(TG; τ≤n Sp)
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is fully faithful. To conclude, it suffices to show that the functor

Shv(TG; τ≤n Sp)→ (τ≤n Sp)
BGsm

is conservative—equivalently, its composite with (τ≤n Sp)
BGsm → τ≤n Sp is. Since this

functor is colimit-preserving, it suffices to prove that the induced functor on hearts

Shv(TG; Ab)→ Ab

is conservative. This follows from [MLM94, Section III.9], which identifies Shv(TG; Ab)
with the category of discrete abelian groups with continuous G-action.

Now we deal with D(BG). For this, we write

D(BG) ≃ Tot(D(G•)) ≃ Tot(lim−→D((G/Uα)
•)),

as symmetric monoidal categories. On the other hand, we have SpBG/Uα ≃ Tot(Sp(G/Uα)•) ≃
Tot(D((G/Uα)

•)), whence we get a natural symmetric monoidal limit-colimit inter-
change functor

Shv(TG; Sp) ≃ lim−→ SpBG/Uα → D(BG).

Since D(BG) is left complete, and this functor is right t-exact, this factors through a
symmetric monoidal functor

ComodCsm(G,S)(Sp) ≃ (Sp)BG
sm ≃ Ŝhv(TG; Sp)→ D(BG).

Using that the composite functor

ComodCsm(G,S)(Sp)→ D(BG)→ Sp

is the forgetful one, one checks using [Lur17, Corollary 4.7.5.3] that ComodCsm(G,S)(Sp)→
D(BG) is an equivalence, as desired. The key observation is thatD(G•) = ModCsm(G•,S)(S).

□

When G is of virtual finite cohomological dimension, it was proven by Clausen and
Mathew that the left-completed category of sheaves agrees with the category of hyper-
complete sheaves.

Proposition A.4.4 ([CM21, Corollary 4.28]). Suppose that G is a profinite group of
virtual finite cohomological dimension. Then Shvhyp(TG; Sp) is left complete, so that

Shvhyp(TG; Sp) ≃ Ŝhv(TG; Sp).

Example A.4.5. Uniform pro-p groups are of finite cohomological dimension, so compact
p-adic Lie groups are of virtual finite cohomological dimension.

Finally, let us record some useful corollaries of the above.

Corollary A.4.6. Suppose that C is a dualizable stable presentably symmetric monoidal
category, and that G = lim←−αG/Uα is of virtual finite cohomological dimension. Then
the natural symmetric monoidal left adjoint

Shv(TG;C) ≃ lim−→
α

CBG/Uα → CBG
sm

factors through an equivalence

Shvhyp(TG;C) ≃ CBG
sm
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of presentably symmetric monoidal categories.

Proof. This is a consequence of Proposition A.4.3 and Proposition A.4.4 when C = Sp.
The case of general C follows from Lemma A.2.5 and the fact that

Shvhyp(TG; Sp)⊗Sp C ≃ Shvhyp(TG;C).

□

Example A.4.7. For example, if G is a compact p-adic Lie group, this implies that

(SpK(n))
BGsm ≃ SpBG

sm ⊗ SpK(n) ≃ Shvhyp(TG; SpK(n))

since SpK(n) is compactly generated and hence dualizable.

Corollary A.4.8. Suppose that C is a dualizable stable presentably symmetric monoidal
category, and that G = lim←−αG/Uα is of virtual finite cohomological dimension. Then,
for all X ∈ CBG

sm,
lim−→
α

XhUsm
α → X

is an equivalence.

Proof. This map is question is the counit of the left adjoint

Shv(TG;C) ≃ lim−→
α

CBG/Uα → CBG
sm

.

This is a Bousfield localization by Corollary A.4.6, hence its counit is an isomorphism.
□

Remark A.4.9. Under the assumptions of Corollary A.4.8, for X ∈ DBG there is a
natural equivalence

lim−→
α

XhUα ≃ XG−sm

by applying Corollary A.4.8 to XG−sm and using the equivalences XhUsm
α ≃ (XG−sm)hUα .

A.5. Comparison between smooth and condensed actions II. In the case of com-
pact p-adic Lie groups and p-adically complete solid coefficients, objects with smooth
action embed fully faithfully into objects with condensed action.

Definition A.5.1. Let Sp□
p denote the category of p-adically complete solid spectra,

i.e. the category of solid spectra X such that X ≃ lim←−iX/p
i.

Remark A.5.2. Note that, under this definition, Qp with its usual topology is not a
p-adically complete solid spectrum.

Proposition A.5.3. Suppose that G is a compact p-adic Lie group. The forgetful
functor

(Sp□
p)
BGsm → (Sp□

p)
BG

is fully faithful. In other words, given X ∈ (Sp□
p)
BGsm, the unit map

X → XG−sm

is an equivalence.
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Proof. By Remark A.4.9, we have

XG−sm ≃ lim−→
α

XhUα .

Under this identification, the unit map is identified with

X ≃ lim−→
α

XhUsm
α → lim−→

α

XhUα

is an equivalence. This may be checked after replacing G by an open subgroup. We
may therefore assume that G is uniform pro-p group. Cofibering out by p and using
p-completeness, we may assume that the endomorphism p2 of X is null. Now, write
X ≃ lim←−n τ≤nX. Since G is of finite cohomological dimension for abelian groups, it is
of finite cohomological dimension for solid abelian groups by [CGAW26, Theorem 3.6].
We may therefore commute the limit and colimit to obtain the following equivalence:

lim−→
α

XhUα ≃ lim←−
n

lim−→
α

(τ≤nX)hUα ,

so that we may reduce to the case that X is n-truncated.
Now, writing X ≃ lim−→α

XhUsm
α , and using that (−)hUα commutes with filtered colimits

of n-truncated solid spectra by Lemma A.3.5, we may assume, replacing G by an open
subgroup, that the action of G on X is trivial.

Next, writing X ≃ lim−→m
τ≥mX and again using that (−)hUα commutes with filtered

colimits of n-truncated solid spectra by Lemma A.3.5, we are able to reduce to the case
that X is a solid abelian group in which p2 = 0. Considering the p-adic filtration, we
reduce to the case that X is a solid Fp-vector space.

Using the solid version of Lazard’s complex [RJERC22, Theorem 5.7], we find that
the natural map

FhUα
p ⊗Fp X → XhUα

is an isomorphism. It therefore suffices to assume that X = Fp. Since Fp is discrete,

Fp → (Fp)G−sm

is an isomorphism by Proposition A.3.3, as desired. □

The following are immediate corollaries of the above proposition.

Corollary A.5.4. Let G denote a compact p-adic Lie group and let X ∈ (Sp□
p)
BGsm.

Then the canonical map
XhGsm → XhG

is an equivalence.

Corollary A.5.5. Let G denote a compact p-adic Lie group and let X ∈ (Sp□
p)
BG.

Then the G-action on X is smooth if and only if the canonical map

lim−→
α

XhUα → X

is an equivalence.

Remark A.5.6. Corollary A.5.4 was communicated to the second author by Rodríguez
Camargo at a conference in 2023. How about so?
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Remark A.5.7. In the above proposition, it is important that we only work with p-
adically complete coefficients. For Qp,□-modules, it is false. Indeed, one has Qp ≃
(Qp)

hZsm
p ̸≃ (Qp)

hZp ≃ Qp ⊕Qp[−1].
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