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ON THE CHROMATIC SPLITTING CONJECTURE IN COHEIGHT 1 3

1. INTRODUCTION AND MAIN RESULTS

Chromatic homotopy theory studies the stable homotopy groups of the sphere spec-
trum S through a divide-and-conquer approach: First decompose S into “irreducible”
pieces Sk (n), study these individually, and then reassemble them. Here, K (h) is the
height h Morava K-theory spectrum at the implicit prime p, forming the residue fields
of S, and Sk (1) denotes the corresponding completion. Writing L;, for the localization
at K(0),K(1),...,K(h) jointly, the inductive assembly process is formally captured
by a homotopy pullback square, displayed on the right, which forms the heart of the
subject:

Lip) —= 2y LyS ——— Sk
Q—— @p LS s Lh—ng(h)~

This height h chromatic fracture square can be thought of as a chromatic analogue of
the familiar Hasse square reconstructing the ring of p-local integers from its places, as
in the square on the left. Based on low height evidence, Hopkins’ chromatic splitting
conjecture predicts an explicit form of chromatic assembly which would have important
theoretical consequences; see [Hov05]| or [BB20, §2.4] for a detailed exposition. At first
approximation, it comes in two different flavors:

o Qualitatively, the weak chromatic splitting conjecture predicts that ¢, splits.*
e Quantitatively, the strong chromatic splitting conjecture then describes the fiber
of ¢, in terms of localizations of familiar spectra.

Both conjectures have been resolved for all h < 2 through substantial calculations, while
for h > 3 only very sporadic information has been known as computational techniques
quickly become intractable, necessitating a different approach.

In recent work [BSSW24b], it is suggested that the problem becomes more amenable
via ideas from modern arithmetic geometry. Indeed, utilizing techniques from p-adic
geometry, specifically the two-tower isomorphism of Faltings and Fargues in the form es-
tablished by Scholze-Weinstein [SW13] as well as integral p-adic Hodge theory [BMS18],
the main result of [BSSW24b| solves the chromatic splitting conjecture rationally for
all heights h and primes. In other words, this determines precisely the coheight h
monochromatic part of Sk, i.e., the iterated localization Ly )Sk). Naturally, we
may probe the conjecture through other iterated localizations Ly (4—iSk ) of Sg(n). The
subject of the present paper is, as the title suggests, the coheight 1 part Lgp—1)Sk ).

The coheight 1 weak chromatic splitting conjecture predicts that the map

Lgn-1ytn: Lrn-1)S = Lrn-1)Skm)

splits, while its strong form identifies the cofiber as ¥~'L K(h—1)S, with suitable modifi-
cations for small primes. As a consequence of the results of this paper, we prove:

10n September 15, 2026, after a version of this article was posted to JW’s website, Agnés Beaudry
and T'S announced an Al-generated disproof of the weak chromatic splitting conjecture for primes which
are small relative to h. We believe there are fascinating interactions between this new development
and the ideas in this article, but we have not attempted to include them here.
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Theorem. The coheight 1 weak chromatic splitting conjecture is true for allp—14 h—1.

In fact, as we explain in the next part, our theorems are significantly sharper and also
partially address arbitrary primes. The proofs rely on novel results in p-adic geometry
which are of independent interest.

1.1. Main results. In order to state our main chromatic results, it will be convenient
to work with the Jwasawa extension Sk of the K(h)-local sphere, also known as
the half sphere: this is a K'(h)-local Galois extension Sg(n)eo/Sk(n) With Galois group
Ly, see 85.1 for a detailed discussion. Now assume i > 2 and consider the localization
Lk (h—1)SK(h),00, S0 there exists a unique map of E.-rings Sg—1) — Lk (nh-1)Sk(h),c0-
Based on our findings, we entertain the following conjecture which is consistent with
the strong form of Hopkins’ chromatic splitting conjecture and in fact implies it.

Conjecture 1.1.1 (The half sphere chromatic splitting conjecture in coheight 1). As-
sume that h > p. The unit map Sg(—1) — Lrh-1)Sk(h),c Of Eco-Ting spectra is an
1somorphism.

We approach this conjecture by constructing a proxy in the form of a Z,-equivariant
map of E-ring spectra Ly ,—1)Sk(n),0c — An, where A, will be defined rigorously in
(1.3.3). Here is the main result of the article:

Theorem A. Let h > 2 and let p be an odd prime.

(1) If p— 11 h —1, then the unit map Ly px-1)S — Ay is an equivalence.
(2) If p— 1| h —1, then the cofiber of Lxn-1)S — Ay, is in Pic(Spg(n_1))-

In particular, in case p — 11 h — 1, passing to Z,-fixed points induces a retraction of
Sg%,’;fl) — Lg(h—1)Sk(n) LK(h,l)SZZ(’;L),OO. We remark that for any p-complete E.-ring
spectrum X, the underlying spectrum of the E.-ring spectrum X?%» is X @¥~'X. For
X = Sg(h—1), the two components of the map Sf;%,’;l) — Ly (h—1)Sk(n may be identified
with the canonical unit map and the map ¢}, constructed by Devinatz—Hopkins [DH04],
respectively. Thus:

Corollary B. The map Sf;%i_n — Lgh-1)Sk(n) admits a retract when p—14h — 1.

In particular, this establishes the coheight 1 weak chromatic splitting conjecture at
all heights and sufficiently generic primes as stated above. It is the first result in this
direction beyond height 2. In the case p — 1 | h — 1, the K(h — 1)-locally invertible
element we exhibit provides a potential obstruction to the chromatic splitting conjecture
in its original form, compatible with the known divergence for h = p = 2, see [BGHS22].
For h = 2 and odd primes, our results are sharper and recover the known cases of the
strong chromatic splitting conjecture:

Theorem C. Assume p # 2. The unit map Si(1y — Lr(1)Sk(2),00 15 an equivalence. In
particular, it induces a canonical isomorphism of E-ring spectra Sg%f) ~ Lg1)Sk(2)-

Theorem C was first proved by Shimomura—Yabe ([SY95], [Beh12]) for p > 3 and
by Goerss, Henn, Karamanov, Mahowald, Rezk, and Shimomura [Shi00, GHMRO5,
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HIKM 13, GHM14] for p = 3, using intense explicit calculations of both sides. In con-
trast, our proof of Theorem C is conceptual and requires only comparatively little
computational input. In fact, the proof of Theorem A is independent of any intricate
group cohomology calculations; instead, both proofs make essential use of the geometry
of moduli spaces of p-divisible groups.

Remark 1.1.2. When p = 2, it is no longer true that L 1)Sk(2) is isomorphic to
Sk(1): Instead, there is an additional LK(l)S/Z—summand in degree (—2), as found and
described by Beaudry, Goerss and Henn in [BGH22, Theorem 1.1.9]. While we have
not been able to recover this result using our methods, we obtain a partial explanation
in terms of the so-called Heyer—Jacquet module.

In fact, in the general situation where p — 1 divides h — 1, we can point to the Heyer-
Jacquet module as an explanation for the failure of Conjecture 1.1.1. We consider this
observation to be one of the major contributions of this paper to the analysis of iterated
chromatic localizations.

The rest of the introduction lays out the main ideas in the proof of Theorem A and
Theorem C.

1.2. Overview of the proof and main algebraic result. The conventional ap-
proach to access the chromatic information contained in Sg ) is by descent from Morava
E-theory Ej,, where Fj, is an even periodic K (h)-local E-ring spectrum equipped with
a continuous action by the Morava stabilizer group Gy,. To recall its basic structure, let
k C Fp be a subfield containing IF,., and let I';, be the Honda formal group of height h
over k, for which 7y £}, is the deformation ring of I';,. Let I'}" be the universal deforma-
tion of I'y,. Then m_oF) = Liel'}" is the Lie algebra; it is an invertible mE,-module.
Explicitly:
7TOEh = W(k') [[Ul, Cen 7uh,1]]

By, = moEL[ut!]

Y

where u is a generator in degree —2.

Devinatz and Hopkins [DH04] show that the canonical unit map Sy — Ej exhibits
Ej, as a K(h)-local G;-Galois extension of Sk (). In particular, this begets a descent
spectral sequence with excellent convergence properties, of signature

H:;ts(GhaW*Eh):W*SK(h)- (1.2.1)
This permits one to study m,Sk ) via the representation G;, ~ m,E), and its continuous
cohomology. Explicit computations of HZ (G, 7. FEy), however, quickly increase in
complexity and are essentially out of reach for h > 2.

Nevertheless, [BSSW24b] calculates the rational cohomology Q ® H} (G, m E},) for
all primes and all ~ > 1. The method of [BSSW24b| uses Faltings’ isomorphism [Fal02]
between the Lubin—Tate tower and the Drinfeld tower, appearing in the form of an
isomorphism between v-stacks

[LTY , /G) = [H" 0/ GL(Z,)]. (1.2.2)

Here LT); = SpfnyFE), and LT%0 is its diamond generic fiber, and H"~! is Drinfeld’s
symmetric space of dimension h — 1. The next step is to take O"-cohomology on either
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side of (1.2.2) and then rationalize. Using some heavy machinery from integral p-adic
Hodge theory, one arrives at

Q ® cts(Gh7 WOEh) cts(GLh( p)7 Qp)

The right-hand side is well-known by a result of Lazard. From there it is straightforward
to give a full computation of Q ® m.Sk ) = T Lk (0)Sk(n)-

Faltings’ isomorphism (1.2.2) does not grant access to the intermediate localizations
L@ Skm) for 0 <t < h, essentially for the reason that it is purely a characteristic 0
phenomenon. To access transchromatic information contained in iterated localizations
such as L(n—1)Sk ), we follow Torii [Torl0al, [Torl1],[Tor10b]. Let us assume that &
contains both .1 and F,». Then E}_; and Ej, are commutative algebras over SW(k),
the E.-ring of spherical Witt vectors relative to the perfect field k. Define

B = Eh—1®SWLK(h71)Eh> (123)

where the tensor product is computed in the category of commutative K (h — 1)-local
SW-algebras. By construction, B admits an action of the group

Ghn-1 = Gup1 Xgar,) Gn,

induced by the factorwise actions of these groups on their respective Morava F-theories.
Torii [Torl0a| describes the m,[Ej,-algebras m.Lgn—1)F, and B as follows. Let
I—1 C moE}y be the ideal (p,uq,...,up_2). Then

T Lic(n-1) Bn = (m Bn) [, 1]}

Ip 1>

meaning the Ij,_;-adic completion of the ring (W*Eh)[u,il]. In particular moL g n—1)Ep
is a local ring with residue field

K = (moBn/ Tty )] = k((unr)). (1.2.4)
The base change I'}% = I'}® ®q, g, K has identity component (I';%)° of height h — 1.

Definition 1.2.5 (The Gross—Torii extension L/K, [Tor03, §2.3]). Let L/K be the
separable extension which classifies isomorphisms I',_y ;, = (I'}*)°.

By a result of Gross [Gro79, Theorem 3.5], L/ K is a totally ramified Galois extension
with Galois group Gj_; := ker(Gj,_; — Gal(k/F,)). The continuous action of G;, on
K extends to a continuous action of Gy, on L.

We can now state Torii’s description of m,B: it is the unique lift of the Galois extension
L/K to a T L (n—1)Ep-algebra which is complete with respect to the maximal ideal of
WOLK(h—l)Eh- Thus (W*B>/[h,1 = L[uil].

The field L, being algebraic over K, carries a unique valuation extending the uj_;-
adic Valuatlon on K. Since L/K is mﬁmte L is not complete with respect to this
valuation. We define L to be the completion of L. Importantly, Lisa perfect field; it
is isomorphic to the field k((t'/7™)) of perfect Laurent series over k (Proposition 2.7.1).
Thus T is an example of a perfectoid field of characteristic p. The action of G -1 on
L extends to a continuous action on L.
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The key point now is that the continuous cohomology of L is accessible via p-adic
geometry. (Indeed, this entire project began by imagining what a Faltings-style iso-
morphism involving L would have to look like.) Before explaining our main algebraic
result, let us fix some notation for certain subgroups of the Morava stabilizer group
Gy, which appear throughout the article. We make essential use of the determinant
homomorphism det: G, — Gy, which commutes with the maps toward Gal(k/F,). We
have G, = Z) x Gal(k/FF,), and Z) = p x Z, for p the torsion subgroup of Z; thus u
is cyclic of order p — 1 or 2 as p is odd or even.

We may then define closed normal subgroups of GG as in the following diagram

SG, — G, — Gy, Gy

TR e

1 1% Z; Gl

in which all squares are cartesian. Each of the upper groups is Gal(k/F,)-stable, and
so we may define

SGy, = SGj, x Gal(k/F,), Gh =G, x Gal(k/F,). (1.2.7)

Importantly, the Iwasawa extension Sk (s),« 18 the subextension of the Galois extension
Sk — Ej corresponding to the closed normal subgroup G; C Gy, with quotient
group Z,,.

As the main algebraic input en route to Theorem A, we establish:

Theorem D. Assume h > 2. As representations of Gp_1 X Z; we have:

k, 1 =0,
Héts(S@}HL) = k(_1)7 1= h‘a
0, else,

where k(—1) is a mod p Tate twist: the Gp,_1-action is twisted by the mod p determinant
a—a~1 . . — __

character Gp_1 — Z; — IF; e IF; — k*. The residual action of G /SGy, = Z}f

on H'

cts

Gp-1-

(SGy, E) is giwen by precomposing the Gp_i-action with the central map Z,; —

The module k(—1) appearing in cohomological degree h is what we call the Heyer—
Jacquet module, for it arises in our setting by taking the “higher Jacquet module” of a
Steinberg module, in the sense of Heyer’s work [Hey23a]; see Section 3.5.

1 ~

From here it is straightforward to access HétS(Gi,L) by taking derived invariants

under the action of y = @,11 /SGy,. The action of y on k(—1) is nontrivial if and only if
p—11h—1. If we assume p — 11 h — 1, the p-cohomology of k(—1) vanishes, and we
find:

H:.(G,, L) ~ k. (1.2.8)



8 BARTHEL, MANN, RAY, SCHLANK, SENGER, WEINSTEIN, AND ZHOU

1.3. Solid spectra and solid Lubin—Tate theories. We now discuss how to derive
the main homotopical result Theorem A from the main algebraic result Theorem D, by
combining the following two steps:

Step 1: Recover Li,—1)Sk(n) as the homotopy fized points of B. Consider the diagram
of E,.-ring spectra

G Gp_
L h—1)Skn) — Lgh—1)En 2B (1.3.1)

The first (respectively, second) arrow is derived from the Devinatz-Hopkins extension at
height h (respectively, h— 1) by localizing at height h—1 (respectively, base changing to
E}_1 in the K (h — 1)-local category). Since the Devinatz-Hopkins extension is Galois,
it is reasonable to think that each arrow is a Galois extension for the indicated group,
which should imply that the source of each arrow appears as the homotopy fixed points
of the target.

To make this precise, we work with the category of condensed spectra [Cla25]. There
is a notion of continuous homotopy fixed points for a continuous action of a profinite
group on a condensed spectrum. In fact all of the condensed spectra we encounter will
be solid spectra, meaning that their homotopy groups are solid abelian groups.

The precise statement of Step 1 is therefore: construct a diagram of solid E.,-ring
spectra, whose value on a point is (1.3.1), and for which the source of each arrow
is the continuous homotopy fixed points of the target. In particular, the Iwasawa
extension Ly (n—1)Sk(n),0 should appear by taking homotopy fixed points of (the solid
enhancement of) B under the subgroup G}, X Gal(k/F,) Gno1 of Gpp_1.

It is insufficient to give the objects in (1.3.1) the topology inherent to their structure
as K(h — 1)-local spectra. Indeed, while the rings 7, Lx(,—1)Es and 7B are complete
for the I;,_;-adic topology, their topologies cannot simply be the I, ;-adic ones: the
quotients of mg by I, are the fields K and L respectively, and these carry a nontrivial
uy,_1-adic topology. Thus it really is necessary to work with condensed spectra.

Step 2: Construct a lift B — B of L — L. More precisely, the idea is to construct
a Gy, ,—1-equivariant map of solid spectra, whose source is the condensed enhancement
of B from the previous paragraph, and which recovers the map of solid rings L — L
upon passage to my modulo I;,_;. Such a lift ought to exist by functoriality of Morava
E-theory; in particular the uncondensed spectrum B ought to be the height A —1 theory
associated to the connected part of FZ?E’ which is identified with Ly 5 It will be vital

to define the solid structure on B compatibly with the metric topology on E, so as to
be able to apply the continuous cohomology result in Theorem D.

Granting the above two constructions, we appAly continuous homotopy fixed points
by the group G,ll X Gal(k/F,) Gro1 to the map B — B (or rather to its condensed enhance-
ment). The result will be the map Ly (h—1)Sk(h),00 — Ay appearing in Theorem A. The

description of the continuous cohomology of @;11 on L in Theorem D gets used to control
the behavior of A, as seen in Theorem A.

To execute both steps, we generalize Lurie’s construction |[Lurl8a] of Lubin-Tate
theories via derived algebraic geometry. In that construction, the input is a pair (R, T")
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consisting of an Fy-algebra R and a p-divisible group I' over R satisfying certain con-
ditions rendering its deformation theory well-behaved (see [Lurl8a, Theorem 0.0.8]),
and the output is an E.-ring spectrum E(R,I") whose 7 is the universal deformation
ring of I". In our desired generalization, R is a solid ring (such as K, L, or E), and the
output is a solid E,-ring spectrum whose value on a profinite set S is E(R(S),T).
We are not able to apply [Lurl8a, Theorem 0.0.8] “out of the box” due to a technical
issue: Lurie’s original construction requires the input ring to be Noetherian, whereas
R(S) is almost never Noetherian. To deal with this issue, we propose an axiomatization
of the input data required in Lurie’s construction which is adapted to handle all cases of
interest to us. In particular we introduce (Definition 4.5.3) a category of solid Luriean
Kalypto-Noetherian (LKN) pairs (R,I") consisting of a solid F,-algebra R and a p-
divisible group I' over R(x) satisfying a number of conditions which guarantee that
each F(R(S),T) exists. The resulting category LKN™ contains the fields K, L, and I,
and is closed under suitable operations, such as localizations and a certain variant on
the tensor product. See Theorem 4.0.4 for a precise statement of the following theorem.

Theorem E. The Morava E-theory functor extends to a natural functor enriched over
condensed anima

E°(=): LKN® — CAlg"

taking values in solid E.-ring spectra, compatible with certain tensor products and
localizations. Moreover, the condensed functor E°(—) is computed by applying the un-
condensed functors of the same name levelwise.

As a basic example, E} := E"(k,T',) is Morava E-theory equipped with its natural
topology as a K (h)-local spectrum (Example 4.6.1). The next example is E°(K, T'}%),
which turns out to be isomorphic to the localized solid E-theory Ly, ;) E) (Exam-
ple 4.6.2). Finally, the solid spectrum B~ is defined as the K(h — 1)-localization of
(L(n_1)EH ®swy Eh—1), and this turns out to be isomorphic to E7(L,I';%) (Exam-
ple 4.6.3).

We now explain how to execute the two steps described above. For Step 1: we find
a diagram of K (h — 1)-local solid E..-ring spectra

G Gp_1
LienySx(w —= E°(K, T}%) — E°(L,I}ry) =B (1.3.2)

where K and L are interpreted as solid rings, whose value on (*) recovers (1.3.1).
Regarding the first arrow: the compatibility of E” with K(h — 1)-localization shows
directly that the source is the homotopy fixed points of the target. For the second
arrow, this is also true, but the argument is more subtle, relying on the acyclicity of
Galois actions of p-adic Lie groups in characteristic p (Proposition 4.6.16).

For Step 2: define B = ED(Z, I', | 7), using the solid structure on L coming from

its metric topology. The map B” — B is constructed in Example 4.6.4.
The computation of the SGj-cohomology of L in Theorem D lifts to a description of

the Gj,_1 X Z-equivariant solid FEj,_;-algebra (@D)hS@h: it sits in a Gy, 1 X Z-equivariant
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fiber sequence B
By, — (B )% 1,
where JH, is an invertible E}_;-module which lifts the Heyer—Jacquet module. After

taking derived p-invariants, this module survives exactly when p — 1|h — 1. Therefore:
~O

e lfp—11h—1,then Ej | — (B )h@}l is an equivalence; after taking Gy,_;-fixed
points and evaluating on (x) we find an isomorphism

SK(h—l) = (@D)h(GiXGal(k/Fp)Gh,l) (*)

-~0

e If p—1 | h—1, then the cofiber of E, | — (B )h@’ll is an invertible E}_,-module,
and so there is a fiber sequence

Skn-r) — (B ) EcuwrmCiai () 5 e,

where C is an invertible Sk j,—1)-module.

To conclude, we construct the map of E,.-ring spectra appearing in Theorem A as
the homotopy invariants of the morphism B — B:

(Lich1)Sk(hyoo — An) = (B — B )MCxcauzy ot () (1.3.3)

equipped with its residual Z,-action. Theorem A is then an immediate consequence of
the points above, thereby finishing the homotopical part of our exposition.

1.4. The moduli interpretation of Z, and the period domain €, ;_;. We now
discuss the p-adic geometry result powering Theorem D. The idea is to interpret the
continuous group cohomology H* (SGy, Z) as the cohomology of the structure sheaf
on an appropriate quotient by SG;, of a geometric object associated to L.

Th/e\re is a ready-made category of v-stacks which allows for such quotients. The
field L is a perfectoid field. For a perfectoid field M, let Spd M be the corresponding
diamond, meaning the sheaf of sets represented by M on the v-site of perfectoid spaces
in characteristic p. Define the v-stack

Qpnot = (Spd L)/SGy,

which carries a residual action of Gy, 4-1/SGy, = Gp—q x Z;. (In fact this quotient is
itself a diamond.)

The theory of the Fargues—Fontaine curve enters the picture at this point. The proof
of the following theorem will be discussed in §1.5.

Proposition 1.4.1 (Proposition 2.7.1). As a diamond over Spd k with Gy, ,_1-action,
Spd L assigns to a perfectoid space S over k the set of exact sequences

0—-0—-0(1/h)—0(1/(h—1)) =0

of vector bundles on the Fargues—Fontaine curve Xg which preserve a fixed isomorphism
det O(1/h) = det O(1/(h — 1)), where the group Gy, acts via automorphisms of O(1/h)
and the group Gp_1 via automorphisms of O(1/(h — 1)). Accordingly, the S-points of
Qpp_1 = (Spd E)/SG;L classify extensions of vector bundles on Xg of the form

0—-0—=&—0(1/(h—-1)) =0,
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where € is semistable of slope 1/h at every geometric point of S.

The diamond €2;,5,-1 can be interpreted as the complement of the origin in the
Banach—Colmez space BC(—1/(h—1)) which classifies extensions of O by O(—1/(h—1)).
Theorem D can be reduced to the following calculation of the coherent cohomology of
-1, which states that this punctured Banach—Colmez space is a homology sphere of
dimension h.

Theorem F (Proposition 3.6.9). There is an isomorphism of graded modules with
Gyp—1-action:

H*(Qp-1,0) = k@ k(=1)[=h].
Here the (—1) refers to the characteristic p Tate twist (Definition 3.5.5).

To prove Theorem F', we leverage a strange phenomenon concerning negative Banach—
Colmez spaces: when base changed to an algebraically closed perfectoid field C' of char-
acteristic 0, they become isomorphic to quotients of affine spaces by finite-dimensional
Q,-vector spaces. In our situation, the relevant isomorphism reads (Proposition 3.1.2)

Qujor x Spd C = 30/ F,

where F' C C'is an arbitrary extension of Q, of degree h — 1, and where H} = AL\F
is 1-dimensional Drinfeld symmetric space relative to the field F'.

Therefore the O-cohomology of €2, 5,1 X Spd C' is isomorphic to the derived F-fixed
points of the cohomology RI'(H}, ., O°), where O refers to the tilted structure sheaf on
the v-site of the rigid-analytic space ?C};,C.

The O"-cohomology of J—C};’C is computed in §3. It relies on the 6-functor formalism
for ©”-cohomology developed in [ABNM24].

Theorem G (Theorem 3.4.6). There are isomorphisms of solid C*-modules with GLy(F)-
action:

C’, i=0,
H(Hpe, 0°) = { SHCP)*, i=1,
0, otherwise.

Here St(C”)* is the C°-linear dual of the Steinberg representation St(C”), defined as the
quotient of the space of locally constant functions P*(F) — C° by the constant functions.

The description of the cohomology in Theorem G has the same shape as the result of
Schneider—Stuhler [SS91], which calculates the cohomology of Drinfeld symmetric space
with respect to any cohomology theory (such as de Rham or f-adic étale) satisfying
certain axioms, including homotopy-invariance by the closed disk D. We are unable
to apply [SS91] directly, as in fact H'(D, ©°) is quite large. Key to Theorem G is the
observation that the restriction map H'(D,0") — H' (D', ") is zero whenever D' C D
is a sub-disk of sufficiently small radius.

Deriving Theorem F from Theorem G is a matter of taking derived invariants under
the unipotent subgroup F' of GLy(F'), and then descending the result from C' to the base
field k. For the first step, we encounter the problem of taking the derived F-invariants
of St(C”)*, or dually the derived F-coinvariants of St(C”), which we can think of as a
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derived Jacquet module of the Steinberg representation. Over the discrete base k, this
problem was solved by Heyer [[Hey23a|, who shows that the module of coinvariants is
invertible and supported in degree [F': Q,] = h — 1. We adapt Heyer’s computation to
the setting of C”-coefficients to compute H*(Hp o/ F, ) =2 H*(Qpp-1 x Spd C, 0) in
Proposition 3.5.6; the cohomology is 1-dimensional in degrees 0 and h.

For the second step of descending along Spd C' — Spd k, the idea is to assume that
k = F, is finite and to apply derived invariants to RI'(2; -1 x Spd C, Q) under the gth
power Frobenius map on C. This operation recovers RI'(2 -1, 0) by a phenomenon
reminiscent of Drinfeld’s lemma in the context of diamonds, see Lemma 3.6.3.

1.5. A family of two-towers isomorphisms, after Faltings. In fact we found a
family of geometric results for each height 0 < ¢ < h, of which Proposition 1.4.1 is the
case t = h — 1. These may be of independent interest, so we discuss them here. It may
well be possible to use these results to investigate Lx Sk m).

Let A, = moE},, and let LT), = Spf A, be the corresponding affine formal scheme, so
that LT}, is the formal moduli space of deformations of I'y,. There is a descending chain
of Gy-stable closed formal subschemes Spf Ay, /I, for 0 < t < h, corresponding to an
ascending chain of Gy-invariant ideals I; C A,. We put Iy = 0, and for each 1 <t < h,
Spf A, /1; classifies those deformations I' in characteristic p for which the ¢th power of
the Frobenius isogeny divides p in End I'.

Explicitly, one can choose formal coordinates p = ug, uy,...,u,_1 € Ay for which

Ah = W(k) [[ul, . ,uh_l]],

and I; = (ug,...,u—q1) for 1 <t < h.

Let LT2 = Spa(Ay, Ay) denote the affinoid adic space associated to the formal
scheme LT}. The points of LT?% are continuous valuations f +— |f| on Ay. In light of
the remarks above, there is a (G,-stable height stratification

h
LT3 = [ LT,

t=0
where LT}, is the locally closed subspace of LT defined by the conditions
o] = -+ = |uea| = 0, Ju| #0;

here, by conventions, we set up, = 1. In particular LT}, is defined by [p| # 0; this
is isomorphic to the (h — 1)-dimensional unit ball over SpaW (k)[1/p]. At the other
extreme, LT}, = Spak. For intermediate values 0 < ¢ < h, the adic space LT}, is
isomorphic to the (h —t — 1)-dimensional ball over Spa k((u;)). In the coheight 1 case,
LT} -1 = Spa K for our field K = k((up—1)).

We now pass to the associated diamond LT%t. For every geometric point Spa(M, M)
of LTgyt with M algebraically closed, the base change I'}%, is isomorphic to I'y ®
(Q,/Z,)"~t. Therefore there exists a Gj-equivariant pro-étale torsor

LT}, — LTﬁ,t

for the group G; x GLj,_(Z,) which classifies such trivializations. We note that the
group Gyp,; x GLj,_4(Z,) acts on LT}, where Gy = Gy, x5 Gy.
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We prove the following alternative characterization of LT},.

Theorem H (Theorem 2.0.1). Let 0 < t < h. As a diamond with Gy x GLp_+(Z,)-
action, LT}, is isomorphic to the sheaf which associates to a perfectoid space S the set
of exact sequences of vector bundles on the Fargues—Fontaine curve Xg

0— 0% 5 9(1/h) — O(1/t) = 0

such that the induced isomorphism on determinants A"O(1/h) = AO(1/t) is a Z)-
multiple of a fixed one.

Whereas [S\W13] shows that infinite-level Lubin-Tate space LT}, in characteristic 0

classifies modifications of vector bundles on X along the divisor S*, Theorem H shows
that infinite-level Lubin—Tate space in characteristic p classifies extensions of vector
bundles.

We summarize here the main points of the proof of Theorem H. Consider an affi-
noid perfectoid space S = Spa(R, R") in characteristic p. Since R' is perfect, the
categories of p-divisible groups over R™ and Dieudonné modules over RT are anti-
equivalent [Laul3|. From a Dieudonné module over R*, we build a meromorphic vector
bundle over S in the sense of [GIZ25]: this means a vector bundle over the Fargues—
Fontaine curve relative to S whose Frobenius is meromorphic along p = 0. The stack
Bun™" classifying meromorphic vector bundles admits a “special fiber” morphism to
the moduli stack of vector bundles Bun, and a “generic fiber” morphism to the moduli
stack of isocrystals Isoc.

Up to v-sheafifying, a morphism S — LT}%, corresponds to a p-divisible group over
R whose special and generic fibers have been identified with I';, and 'y & (Q,/Z,)",
respectively. This in turn corresponds to an S-point of the fiber of Bun™®" over the point
of Bun xIsoc determined by those respective p-divisible groups. The main theorem
of |GI1725] identifies this fiber with a moduli space of extensions of vector bundles
on the Fargues—Fontaine curve, which is why such extensions make an appearance in
Theorem H.

If LT} — LTy, is an analogue of the Lubin-Tate tower, the analogue of the Drinfeld

tower appears when one quotients by G;,. This quotient Qe = LT3,/ Gy, is the diamond
which classifies those extensions of vector bundles on the Fargues—Fontaine curve

0— O%"=D & 5 0(1/t) — 0,

where & is semistable of slope 1/h. Dually, €2, classifies extensions of 0%~ hy
O(—1/t) which are semistable of slope —1/h. As such, there is an open immersion

Qpy — BC(=1/)®h=D

where BC(—1/t) is the Banach-Colmez space sending S to H'(Xg, O(—1/t)). The
image is exactly those vectors not lying in any Q,-rational hyperplane. We think of
(2 as a period domain in characteristic p, analogous to the p-adic period domains
appearing in the theory of Rapoport—Zink spaces.
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According to Theorem H, there is a “two-towers” diagram of diamonds

G¢xGLyj— ty \

LTg .

in which each morphism is a pro-étale torsor for the indicated group. The diagram
recovers Faltings’ original picture in the case t = 0, if one interprets €2}, o as the diamond
associated to Drinfeld symmetric space J—Ch , base changed to W (F,)[1/p].

The two-tower diagram witnesses an 1som0rphlsm of v-stacks:

(LT}, /Gn] 2 [Qne/(Ge x GLi—t(Zy))]. (1.5.1)

We offer some remarks on the prospect of applying (1.5.1) to produce any new
results about Lg;»Skpy for 0 < t < h — 1, say by taking O-cohomology on ei-
ther side. An immediate difficulty arises: H°(LTp,, O) is the ring of convergent se-
ries on a (positive-dimensional) open ball over k((u;)), and this is much larger than
oLy En/Iy = kug, tegr, - .. up—1][u; ], In [BSSW24b] this difficulty was skirted in
the t = 0 case by taking O"-cohomology instead, and then inverting p on the Lubin—
Tate side to access the Gj-cohomology of 7oLk ) E). To carry out the corresponding
strategy for 0 < t < h — 1, note that the analogue of the Gy-invariant element p is
the height ¢ Hasse invariant in mo(,:_1) £, /I;. There is a Gy-equivariant invertible Q-
module £ on LT},; coming from the Lie algebra of the universal deformation, whose
global sections are exactly m_oF)/I;. So one could take cohomology in (1.5.1) with
coefficients in powers of £°, and then invert the Hasse invariant on the Lubin-Tate side
to access the Gj-cohomology of 7, Lk ) Er/I;. We now run into another difficulty: it
is not immediately clear how to describe the invertible O*-module on the right side of
(1.5.1) corresponding to £, let alone compute its cohomology on €, ;.

1.6. The strong splitting conjecture, and the proof of Theorem C. Assume that
p—1{h—1. Our Conjecture 1.1.1 states that the unit map Sk x—1) = Li(h-1)Sk(n)
is an isomorphism. We observed that the composition of Gy_j-equivariant E..-ring
spectra

By, — (BY)'® — (B
is an isomorphism. After taking hGy,_;-fixed points and performing various manipula-
tions (see Lemma 5.3.1), one finds that the composition

SK(h_l)—>((Bm)h@h*)hﬁ’i(*)%((@D)h@h%)h@’i(*)

is also an isomorphism. Regarding the middle term, we have (Bm)h@h—l = Li(h_l)EE,

and the hGj-fixed points of this evaluated at (x) is Lg(h—1)Sk(h),00- Therefore Con-
jecture 1.1.1 is equivalent to the statement that the second arrow is an isomorphism.

The naturality properties of our E-theory functor show that (I@D)h@h—1 is the height

h — 1 Morava E-theory over the ring of derived Gj,_;-invariants in L. In fact this
ring agrees with the ring of un-derived invariants, which is the completed perfection

K, = k(")) of K.
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We find therefore that Conjecture 1.1.1 reduces to the statement that the map

L?{(h—l)EE — E7(K,, an(p)
induces an isomorphism after passage to G}-fixed points, and this homotopical state-
ment is in turn reducible to an algebraic statement, namely that

~

H:ts(G}mW*Eh ®7T0Eh K) - H:ts(G}m T Lo ®770Eh Kp)

is an isomorphism (see Proposition 5.3.8).

Therefore we are interested in criteria under which a topological F,-vector space
V' with action by a p-adic Lie group G would have H}(G,V) = 0, with the intent
of applying such criteria to G a convenient closed normal subgroup of G} and V =
W*Eh ®7F0Eh Kp/K

Here we were inspired by Tate’s original technique [Tat67] for showing acyclicity of
the action of Z, on the module V' = ﬁoo /F, where F is a finite extension of Q, and F
is a ramified Z,-extension of F'. Letting g be a topological generator of Z,, Tate shows
that (g — 1) is invertible on Fl,/F, and bounds the operator norm of (¢ — 1), which
then extends to a continuous operator on V' which is a nullhomotopy for the complex
computing HY(Z,,V).

In the criteria for acyclicity we devised, G is a uniform pro-p group of dimension
d, with topological generators g,..., g4, which acts on an [F,-vector space V' which
is separated and complete for an ultrametric valuation valy, in such a way that each
(g; — 1) is a strict contraction on V.

Theorem I (Theorem 6.3.1). Assume that the operator (g1 — 1) has bounded inverse
(g1 — 1)t on V. Then H} (G,V) = 0.

cts

The proof of [ makes essential use of Lazard’s study [LL.az65] of continuous cohomology
of uniform pro-p groups, whereby this cohomology can be computed by a finite complex
which lifts the Koszul complex for a polynomial algebra. The existence of the operator
(g1 — 1)~! allows us to write down a nullhomotopy for Lazard’s complex.

Using some explicit formulas of Salch for the Morava action at height 2, we were
able to verify the acyclicity criteria in Theorem [ in the setting of the strong splitting
conjecture (Theorem 6.6.2); as a consequence we proved Theorem C.

Regarding the strong splitting conjecture in heights A > 3, we find it unlikely that
a similar strategy using Theorem [ will prevail. Instead it may be more fruitful to
seek a reformulation of the two-tower isomorphism in a category where test objects are
not required to arise from perfectoid rings, thus obviating the need for the completed
spectrum B in the first place.

Remark 1.6.1. Preliminary calculations with gpt-6-astra indicate that
H:ts(Gilm T E, QmoEy, K) - H:ts(G}u T B, Qmo By, [?P)

is not an isomorphism when p < h — 1. As a consequence, we expect Conjecture 1.1.1
to be false in this range.
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1.7. Outline of the paper. The first two sections form the p-adic backbone for the
chromatic results of this paper. The main subject of Section 2 is our intermediate
height generalization of the two-tower isomorphism (Theorem H). In Section 3, we first
compute the coherent cohomology of €, ,—1 (Theorem F') and then translate it via the
two-tower isomorphism to deduce Theorem D. Section 4 deals with our generalization
(Theorem E) of Lurie’s construction of Lubin-Tate theories and uses it to construct
the completion B of Torii’s spectrum B. After a short recollection on chromatic theory,
Section 5 then assembles our results to prove Theorem A and its consequences. The
last section, Section 6, establishes the acyclicity criterion (Theorem I) and applies it
to reprove the strong form of the chromatic splitting conjecture for height 2 and odd
primes, Theorem C. Finally, Appendix A collects some material on actions by profinite
groups which will be used crucially in the main body of the paper.

Notation. For convenience, we provide here a list of frequently used symbols.

e A, the Lubin-Tate deformation ring in height h, isomorphic to W (k)[uy, . .., up—_1],
see Eq. (2.1.2).
Ay, the ring spectrum defined in (1.3.3).
B, the Torii spectrum, see (1.2.3).
BC(\), the Banach-Colmez space of slope A, see Definition 2.6.4.
Bun, the v-stack of vector bundles on the Fargues-Fontaine curve, see Defini-
tion 2.4.4.
e (5}, the Morava stabilizer group, constructed relative to the field k. There are
several variants and subgroups used throughout the paper, including;:
— 8Gj, = ker(Gy, — Z)) and Gy, = ker(G, — Z5 — Z,), see (1.2.6) and
(1.2.7).
— Gy, = ker(Gy, — Gal(k/F,)), and similarly for SG;, and G,.
e [';, a 1-dimensional formal group of height h over k, often viewed as a p-divisible
group.
e J}, Drinfeld symmetric space of dimension n relative to a finite extension F'/Q,,
see Definition 3.1.1.
e [;, the Landweber ideal (p, u1,...,u—1) in Ap.
e Isoc, the v-stack of isocrystals, see Definition 2.4.4.
k, an algebraic extension of I, assumed to contain F,. whenever the context
references a height h.
K, the residue field of 7oL x—1)Ep, isomorphic to k((us—1)), see (1.2.4).
L, the Gross-Torii extension of K, see Definition 1.2.5.
LT}, the Lubin-Tate deformation space Spf Ay, see Definition 2.1.1.
4+, the characteristic p period domain, see Definition 2.6.5.
e R7;, Rapoport-Zink space in height h, see Definition 2.1.4.
e S, the sphere spectrum; also its localization Sg () = Lk n)S.
e Shtj, >1, the v-stack of shtukas with a paw at p, see Definition 2.4.1.

Statement on the use of AI. Most of this article was completed before the age of
Al in mathematics. A preliminary manuscript of this article that was posted to JW’s
website on August 26, 2026 did not have any Al influence.
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Since then, we have made use of Al in two ways. Firstly, gpt-6-astra was used
to produce a referee report of the paper, which resulted in many edits, most of which
were minor; the most significant of these was a correction to and strengthening of the
statement of Theorem 6.3.1. Secondly, gpt-5.6-s0l was used to help navigate some of
the higher categorical technicalities in the appendix. In particular, it suggested the use
of [Rak26, Variant 2.2.3|, saving us from the finer points of the theory of lax symmetric
monoidal comonads, as well as Lemma A.2.5 and its proof.

Acknowledgements. This article arose out of interactions that occurred during a
December 2024 workshop hosted by the American Institute of Mathematics, organized
by three of us (TB, TS, JW) together with Nathaniel Stapleton. TB is supported by
the European Research Council (ERC) under Horizon Europe (grant No. 101042990)
and would like to thank the Max Planck Institute for its hospitality. JW is supported
by NSF Grant DMS-2401472 and a grant from the Simons Foundation.



18 BARTHEL, MANN, RAY, SCHLANK, SENGER, WEINSTEIN, AND ZHOU

2. THE TWO TOWER ISOMORPHISM

This chapter provides the proof of Theorem H, which is the main arithmetic geometry
result powering the homotopical results in this paper. For the reader’s convenience, we
review the context and restate the theorem.

For an integer h > 1, the formal scheme LT}, classifies deformations of a 1-dimensional
formal group of height h over a perfect field k of characteristic p, which for the purposes
of this introduction will be F,. The associated adic space LT3? admits a stratification
by locally closed subspaces LT}, ; for 0 < ¢ < h. The space LT}, is the locus of those
deformations whose generic fiber has height t.

Let LTﬁt be the diamond associated to the adic space LT}, ;. Lying above LTﬁt is the
infinite-level space LT}5;, which is the v-sheaf classifying deformations together with a
trivialization of the generic fiber of the associated p-divisible group. Then as a v-sheaf
over Spd k, the infinite-level space LT}, admits an action of Gy, X GLj,_+(Z,) lying over
the action on Spd k via Gal(k/F,).

The open stratum LT}, is simply the characteristic-0 locus in LTZd, and LT}, —
LT }?’0 is the classical Lubin-Tate tower. The infinite-level space LT}, admits an alter-
native description in terms of linear algebra. For a test object S (an affinoid perfec-
toid space over W (k)[1/p]), the S-points of LT}, classify morphisms of vector bundles
O%" — O(1/h) on the Fargues-Fontaine curve Xg whose cokernel is a line bundle over
the distinguished divisor on Xg corresponding to the untilt S of S” [SW13, §6.4].

When ¢ > 1, the locus LT}, lies over k. We also found an alternative interpretation
of LT}, in terms of vector bundles on the Fargues-Fontaine curve. In this context, the

test objects S are affinoid perfectoid spaces in characteristic p, and so S = S°; the curve
X has no distinguished divisor. Once again, here is Theorem H:

Theorem 2.0.1. Assume 0 <t < h. As a v-sheaf over Spdk with G, x GLp_+(Z,)-
action, LT}, is isomorphic to the sheaf which associates to a perfectoid space S the set
of exact sequences of vector bundles on the Fargues—Fontaine curve Xg:

0— O0%°"=Y 5 9(1/h) — O(1/t) = 0

such that the induced isomorphism on determinants A"O(1/h) = AO(1/t) is a Z)-
multiple of a fixed one.

The proof of Theorem 2.0.1 follows a chain of equivalences starting from LT}, and
leading to a moduli space of extensions of vector bundles. Along the way we encounter
a sequence of closely related moduli spaces. For clarity’s sake, we have elected to give
each of these a distinct notation. We offer the reader the following guide to the moduli
spaces appearing in this chapter.

e LT}, the deformation space of a formal group of height hA. Related: the adic
space LT?‘ld1 and its strata LT}, ; for 0 < ¢ < h, and in particular the characteristic
p locus LT} >1.

e R7Z,, the Rapoport-Zink deformation space of a formal 1-dimensional p-divisible
group of height A up to quasi-isogeny. Related: the adic space RZ and its
strata RZj, for 0 <¢ < h, and in particular the characteristic p locus RZj, >;.
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e Shtj, >1, the v-sheaf classifying shtukas with a paw at p (Definition 2.4.1), which
are vector bundles on the curve Yg 0) together with a ¢-linear automorphism
which is meromorphic at p, plus some additional data. Related: the strata Shty,
for1 <t<h.

e Infinite-level spaces LT}, RZ;S;, and Sht;’, which appear by “trivializing the
generic fiber”.

RZj, is isomorphic to a disjoint union of Z copies of LT}, (Proposition 2.1.6), and
Shty, >; is isomorphic to the diamond version of RZ;, 1 (Proposition 2.4.2), in a manner
compatible with passage to the infinite-level spaces. Thereby Theorem 2.0.1 may be
reduced to the question of finding an alternative description for Sht;S,.

At this point our work makes contact with [G1725] and the stack Bun™ of meromor-
phic vector bundles on the Farques-Fontaine curve. The motivation for [GIZ25] is an
ambitious program to relate two Q,-linear v-stacks which appear in distinct approaches
to the categorical local Langlands conjecture:

e Isoc, the stack classifying isocrystals over a perfectoid F,-algebra.
e Bun, the stack of vector bundles on the Fargues-Fontaine curve.

The stacks Isoc and Bun have the same underlying set of points (corresponding to lists
of slopes), but otherwise do not seem to be directly related.

The stack Bun™ classifies vector bundles on the Fargues-Fontaine curve together
with a meromorphic extension to the locus p = 0 (Definition 2.5.6). There is a cor-
respondence Bun™® — Isoc x Bun carrying such a meromorphic vector bundle to its
generic and special fiber, respectively (Definition 2.5.7, see Remark 2.3.5 for an expla-
nation for this terminology.)

We use a Beauville-Lazslo gluing argument to identify Sht;" with the pullback of
Bun™® over a specific point * — Isoc x Bun (Theorem 2.5.9). On the other hand,
one of the main results of [G1725] identifies the pullback of Bun™ over any point of
Isoc, in terms of vector bundles on the Fargues-Fontaine curve equipped with a slope
filtration (Theorem 2.6.2). Combining these two results shows that Sht;", classifies two-
step filtrations on O(1/h), where the quotients are identified with O®("= and O(1/t),
respectively (Theorem 2.6.3). From there, Theorem 2.0.1 follows easily.

The chapter concludes with a discussion of the case t = h — 1. Recall in that setting
the Gross-Torii extension L/ K 1.2.5. We have LT}, ;,_; = Spa K, and the diamond Spd L
appears as a connected component of LTy, ;. Theorem 1.4.1, on the interpretation of

Spd L in terms of extensions of vector bundles on the Fargues-Fontaines curve, appears
as Proposition 2.7.1(2).

2.1. The Lubin—Tate and Rapoport—Zink deformation spaces. Let h > 1, and
let k C F,, be a subfield containing F o Let ', be the Honda formal group of height h
over k. With respect to a parameter X, the p-series in I';, is [p]r, (X) = X?". The ring
of endomorphisms EndI'y, = Op, is the ring of integers in a division algebra D), over
Q, of invariant 1/h, with unit group AutT), = OF = G.

Definition 2.1.1. The Lubin-Tate deformation functor LT}, inputs a complete Noe-
therian local ring R with residue field k, and outputs the set of pairs (I',¢), where I" is
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a formal group over R, and ¢: I', = I' ®p k is an isomorphism. The action of G, on k
lifts to an action on LT},

By a classical result of Lubin—Tate [L'TG6], LT}, is representable by an affine formal
scheme Spf Aj, where

Ah = W(k)[[ul, c ,'Ll,hfl]] (212)
is the ring of power series over the ring of Witt vectors W (k) in formal parameters
Uy, ..., up—1. Let I'}™ denote the universal deformation of I'y, to Aj,.

It is possible to choose the parameters uy, ..., u,_; in such a way that
[p]FyLn(X) = pX +F;1Ln ulXp —+—an e —|—an uhilXphil —|—an Xph, (213)

by specializing the parameters in the logarithm of the universal p-typical formal group
law [Ara73].

Having chosen the parameters in this manner, we define a chain of ideals I; C A, for
0<t<hby ly=(0)and for 1 <t <h,

I, = (p,ut, ..., uq).

For 1 <t < h, the vanishing locus V(I;) is a formal subscheme of LT}, which lives
entirely in the characteristic p locus. It classifies those deformations (I',¢) in charac-
teristic p for which [p|r factors through the tth power of the relative Frobenius map
' — I'®. As this condition does not depend on ¢, the ideals I; are stable under the
Gp-action.

Over such R as in Definition 2.1.1, there is an equivalence between formal groups
of finite height and connected p-divisible groups [Tat67]. For many reasons it will
be profitable to immediately translate our discussion into the language of p-divisible
groups. We will use the same notation I';, for the p-divisible group of the Honda
formal group of height h over k. The deformation problem RZ,; appearing below, which
replaces the isomorphism in Definition 2.1.1 with a quasi-isogeny, was introduced by
Rapoport—Zink [RZ96]. One could define RZj, as a functor on W (k)-algebras in which
p is nilpotent, or equivalently, as we do here, on adic W (k)-algebras. (An adic ring R is
a topological ring which is complete for the I-adic topology for some ideal of definition
I. If R is an adic W (k)-algebra, one may choose I to contain p.)

The following material is discussed in a more leisurely manner in [BSSW24a, §3.2].

Definition 2.1.4. Let RZ;, be the functor which inputs an adic W (k)-algebra R and
outputs the set of isomorphism classes of pairs (I', o), where T" is a p-divisible group
over R, and a: I'y ® R/I — I'®g R/ is a quasi-isogeny. Here [ is an unspecified ideal
of definition of R containing p.

Remark 2.1.5. Given I', the set of « as in Definition 2.1.4 is independent of the choice
of ideal of definition I: this is due to the rigidity property of quasi-isogenies [Dri76].
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The space RZ;, admits more symmetries than LT;. Let GY be the group of automor-
phisms of the pair (T'y, k) in the isogeny category. Then G fits into a diagram

0 0
0 @h @2 height 0
0 Gh G% height 0

Gal(k/F,) — Gal(k/F,)

0 0

in which rows and columns are exact.

The group GY acts on RZj;. The height of the quasi-isogeny « is a locally constant
Z-valued function on RZ, so there is a decomposition RZ;, =[], ., RZ;Z”). The action
of GY on RZ;, permutes the components transitively; the subgroup G;, preserves each
component.

Proposition 2.1.6 (|[RZ96, Proposition 3.79|). RZj, is representable by a formal scheme
over Spt W (k). There is a Gp-equivariant isomorphism of formal schemes: LT) =

RZ;LO). Reciprocally, RZy, with its GY-action can be expressed in terms of LTy: RZ; =
(LTh XG%)/G}L

2.2. The adic spaces LT%! and RZ:%, and their height stratifications. In order
to state the main results of the chapter, it will be necessary to pass from formal schemes
to their associated adic spaces, and then ultimately to diamonds. Let LTZd = Spa Ay,
be the adic space associated to the topological ring Aj.

For a complete affinoid W (k)-algebra (R, R*), morphisms Spa(R, R*) — LT are
the same as continuous W (k)-algebra homomorphisms A, — R*, and (since Ay, is
generated over W (k) by topologically nilpotent elements) these are in turn the same as
continuous W (k)-algebra homomorphisms A, — R°, where R° C R is the subring of
bounded elements. Since the functor represented by LT?Ld does not depend on R™, the
adic space LT3 is partially proper.

The ascending chain of ideals I; C A, gives rise to a descending chain of Zariski closed
subsets LT} > C LT‘Zd. Let LTy, = LT} > \ LT} 411, so that we have a decomposition
of LT3 into Gy-stable locally closed subsets:

h
LTy = [ LT,

t=0

Put another way, LT}, is the locus where p = u; = -+ = w,_; = 0, but where u, # 0.
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In particular LT}, is defined by p # 0; this is isomorphic to the (h — 1)-dimensional
unit ball over Spa W (k)[1/p]. At the other extreme, LT}, , = Spak is the unique non-
analytic point of LTZd. For intermediate values 1 <t < h — 1, the adic space LT},; is
isomorphic to the (h — ¢t — 1)-dimensional ball over Spa k((u;)).

Similarly, one has a decomposition of the adic Rapoport—Zink space RZ?Ld into locally
closed subpaces RZjy,; which are stable for the action of G). We state below a moduli-
theoretic interpretation of these. As preparation, we note that if (R, R) is a complete
affinoid W (k)-algebra with R uniform, then R° is a complete adic algebra; then a
morphism Spa(R, R*) — RZ3 determines a p-divisible group of height h over R°.

Proposition 2.2.1. Let 0 <t < h. Let (R,R") be a complete affinoid W (k)-algebra
with R uniform, and let Spa(R, RT) — RZZd be a morphism, determining a p-divisible
group I of height h over R°. The following are equivalent:

(1) The morphism Spa(R, R*) — RZ factors through RZy,,.

(2) The identity component of each fiber of Tr =T ®pgo R has height t.

Proof. First we dispense with the ¢ = 0 case: condition (1) is equivalent to R having
characteristic 0, which is in turn equivalent to I' ®g. R being étale (and thus having
identity component 0).

Now suppose 1 < t < h. It suffices to assume that Spa(R, R*) — RZ3? lands in
one connected component, and then (since both conditions are GY-invariant) we may
assume this component is LTZd. Then the p-divisible group I' is the p-power torsion
in a specialization I'" of the universal deformation I'}", corresponding to a continuous
homomorphism A, — R°. Let wy,...,w,_1 € R° be the images of uy,...,up_1 € Ay
under this homomorphism. Condition (1) means that p = w; = -+ = w;_; = 0 and
w; # 0 in R°, so that in light of

Pl (X) = pX 4w XP - wp g X7 4 X7

the p-series of I has the form f(X?'), where f(X) = (unit)X +- - -. This means exactly
that the formal group law I'" has height ¢ over R, which is equivalent to (2). 0

In the context of Proposition 2.2.1, the height of the identity component of I'p =
I'®pg, R is constant on Spec R, so that by [Mes72, Proposition 11.4.9] there is a connected-
étale exact sequence of p-divisible groups over R:

0—=TI%—=Tr—=T% -0,
where ¢t is étale of height h — ¢, and I'} has connected fibers of height ¢.

The adic space RZj, is covered (in its analytic topology) by affinoids Spa(R, R™)
(closed balls, say) for which R is a uniform W (k)-algebra. One obtains a tower of finite
étale covers of RZy,, by trivializing T'y and 'S, First consider the ¢ = 0 case: there
['r = T%, and one obtains a tower of finite étale covers RZhH70 — RZp,o indexed by open
subgroups H C GL(Z,); over an (R, R*)-point represented by a pair (I', o) as above,
RZ,ZO parameterizes isomorphisms I'r & (Q,/Z,)®" (equivalently, isomorphisms of the
Tate module of T'g with Z&"), modulo the action of H. In [SW13] it is shown that the
limit of the tower is (in a certain sense known as a tilde limit) a perfectoid space RZ;";

in more recent language, RZ;7, is the limit in v-sheaves of the diamonds RZhH’OO.
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Now suppose 1 <t < h — 1. We impose the assumption that & contains Fu; let I';
be the Honda formal group of height ¢t over k. We obtain a tower of finite étale covers
RZ,Zt — RZy, indexed by open subgroups H C G; x GLj;_(Z,), which parameterize
pairs of isomorphisms T'y, 2 Ty z and I = (Q,/Z,)®""" modulo H. Similarly there is
a tower over LT} ¢, which we call the Lubin-Tate tower for the pair (h,t).

To define RZ;5, and LT}7,, we pass once again from rigid-analytic spaces to their
associated diamonds, and take the limit in v-sheaves. The cost of this passage is that,
unlike in the characteristic 0 case, X + X is far from being fully faithful. As an
example, if X = Spa(R, R") is a rigid space in characteristic p, then the ring of global
sections of X is not R but rather the completion of the perfection of R. Ultimately it
is this issue which prevented us from proving the strong splitting conjecture in coheight
1 (Conjecture 1.1.1) for A > 3, and which required the special techniques of §6 in the
case h = 2.

2.3. From p-divisible groups to shtukas. The next step is to consider the various
linear-algebra structures one can associate to a p-divisible group I' over R', when
(R, R™) is an affinoid perfectoid algebra in characteristic p. Ultimately these will all
come from Dieudonné theory, which we now review.

Suppose R is an f-semiperfect ring in characteristic p. (See [SW 13, Definition/Propo-
sition 4.1.2| for the definition of f-semiperfect ring; the quotient of a perfect ring by a
finitely generated ideal is an example.) Then there is a universal p-adically complete
PD thickening A.s(R) of R. By functoriality, the Frobenius endomorphism of R lifts
to an endomorphism ¢ of Auis(R). If R is perfect, then A.is(R) = W(R).

We adopt the following definition of Dieudonné modules from the paragraph before
[SW13, Theorem 4.1.1]; in the case of perfect rings, the definition is the same as [Laul3,
Definition 6.1].

Definition 2.3.1 (Dieudonné modules). Let R be a f-semiperfect ring of characteristic
p. Let ¢ be the Frobenius on Ags(R). A Dieudonné module over R is a finite projective
Agis(R)-module M equipped with maps

F: M ®a_..(r)p Acris(R) = M
and
Vi M — M ®a.(r)p Acis(R)
satisfying
FV =VF =p.

For an f-semiperfect ring R, let I' — M (I") denote the (covariant) Dieudonné module
functor, so that M (I") is a Dieudonné module over R.

Theorem 2.3.2. Let R be an f-semiperfect ring.

(1) The functor I' — M(T) is fully faithful up to isogeny.
(2) If R is perfect, then I' — M(T") is an equivalence.

Proof. (1) is [SW13, Theorem A], and (2) is [Laul3, Theorem D|. O
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Now let us specialize to the situation that S = Spa(R, R") is an affinoid perfectoid
space in characteristic p, with @ € R a pseudo-uniformizer, so that both R and R* are
perfect rings, and R* /w is f-semiperfect.

Recall from [SW20, §12.2| the analytic adic spaces Ys; derived from S, where I C
[0, 00] is an interval. In particular Yy o o is the analytic locus in Spa W (R™"), this being
the complement in Spa W (R") of the vanishing locus V(J) of the ideal of definition
J = (p, [w]) of the topological ring W (R™). Furthermore

Ysoee) = SpaW(R™)\ V([w])
Ys000) = Ysoe0) \ V(D).

We write ¢ for the Frobenius automorphism of W (R™), Ys,(0,00)5 OF Ys [0,00) arising
from the Frobenius automorphism of (R, R*). The categories of yp-equivariant vector
bundles on these adic spaces play a prominent role in p-adic Hodge theory. Importantly,
¢ acts discontinuously on Yg (9, S0 that one may define the quotient

Xg = 135,(0,00)/902-

known as the relative Fargues—Fontaine curve.

Some further notational conventions are in order. Let Proj A denote the category of
finite projective modules over a ring A (disregarding any topology on A). Let VB(X)
denote the category of vector bundles on an adic space X (i.e., locally free O x-modules).
For an endomorphism ¢ of A, we let Proj A/ denote the category of finite projective
A-modules M together with an isomorphism ¢*M = M, and similarly for VB(X /).

Lemma 2.3.3. Let S = Spa(R, R") be an affinoid perfectoid space in characteristic p.
(1) Recall that BY. (R" /@) = Auis(RT/@)[1/p]. There is an equivalence of cate-

cris

gories Proj BL. (RT /w) /¢ = VB(Ys, 0,00/ )

cris

(2) If S is a product of points |G1725, Definition 2.14|, then the restriction map
VB(Ys,0,001/¢) = VB(Ys,0,00)/%) @5 fully faithful.

Proof. For the proof, we use the notation Bg; = H°(Ys, O) for a subinterval I C [0, oo].
We start by noting the following inclusions of Q,-algebras:

By [1/pc] C B, (R+/w) C Bs,[1,00]5

The first inclusion holds because [@w?]/p € Aeqis(RT/w), and the second holds because
for all n > 1, @w"/n!l € H°(Ys,0p, OT), ultimately because vy(n!) < n. (In fact
vp(n!) < n/(p—1), so the [1, 00| can be improved to [1/(p — 1), 00|, cf. [FF14, p. 8] in
the case that S = Spa(C,C°) is a rank 1 geometric point.)

Given an object M of Proj B (R /@) /¢, one can base change to Bg 1 ] to obtain
a vector bundle (M) on Yg1,o). The pullback ¢*E(M) is a vector bundle on Yg [ /p o]
and we obtain an isomorphism ¢*&(M)ly, ., = €(M). Using the iterated pullbacks
(¢")*E(M), we obtain a unique p-equivariant extension of E(M) to Ys (o,n). Conversely,
given a g-equivariant vector bundle & on Yg g ), one recovers M by taking sections
over Yg1/p.00 followed by base change along Bg 1 /p,0] C Blyo(RT/w). This is (1).

Part (2) is [G1Z25, Corollary 7.3(1)]. (The case when S is a rank 1 geometric point
is [FF14, Proposition 7.20].) O
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In particular if S lies over k, the Dieudonné module of the constant p-divisible group
I', @, RT/w determines a rank h vector bundle Ox (1/h) on Xg.

We describe now a construction which assigns to a p-divisible group over R* its
“shtuka with a paw at p”. The corresponding construction in characteristic 0 and its
relation to p-divisible groups is detailed in [SW20, §12].

Definition 2.3.4. Let S = Spa(R, R*") be an affinoid perfectoid space in characteristic
p. A shtuka with a paw at p over S is a pair (&, pg), where € is a vector bundle over
Ys0,00), and e 0 Elyg o o) — Elys 0.0 18 an isomorphism which is meromorphic along
p=0.

Given such a (€, p¢), we define some associated objects:

e The completion 89 along p = 0 is a projective W (R)-module which comes
equipped with an isomorphism @es: ¢*€7[1/p] — €,[1/p]. The pair consisting
of €/[1/p] together with its Frobenius is an isocrystal over R, meaning an object
of ProjW(R)[1/p]/¢. We call this the generic fiber of (€, p¢) and denote it by
(€, ee).

e The special fiber o(&, @), defined as the descent of 8|ysy<0m> via ¢. This is a
vector bundle over Xg.

Remark 2.3.5. The names “generic fiber” and “special fiber” are a bit misleading in
Definition 2.3.4, as (&, ¢e) is the localization at (a punctured formal neighborhood
of) the locus p = 0 while o (&, ¢¢) is the localization away from p = 0. Nonetheless, as
the theorem below shows, there is a functor from p-divisible groups I" over R+ towards
shtukas with a paw at p, in which the generic and special fibers of the shtuka are
determined by I' ®p+ R and I’ @+ R /w, respectively.

Theorem 2.3.6. Let S = Spa(R, RT) be an affinoid perfectoid space over k. There is
a natural transformation (1) — (2) between the following two presheaves of sets on the
category of affinoid perfectoid spaces over k:
(1) The functor which assigns to S the set RZy(R™) classifying pairs (I', ), where
I' is a p-divisible group over R and a: Ty ®, RT/w — I Qr+ RT/w is a
quasi-isogeny, where w is an unspecified pseudo-uniformizer.
(2) The functor which assigns to S the set of isomorphism classes of quintuples
(87 23 N7 617 62); where:
(a) (E,p¢) is a shtuka with a paw at p over S,
(b) N is a Dieudonné module over R,
(¢c) Br: N — & of is an isomorphism of W (R)-modules satisfying 3, o ' =
pep 0 P1, and
(d) Ba: Ox,(1/h) — o(E, @e) is an isomorphism of vector bundles over Xg.

If S is a product of points, the map (1) — (2) on S is a bijection.

Proof. We first describe the natural transformation (1) — (2). Let M = M(I") be the
Dieudonné module, a finite projective W (R™)-module. Associated to M is a vector
bundle on Spa W (R™); let € be the restriction of this vector bundle to Ygo,n0). The
Frobenius operator F' on M induces a map ¢¢: ¢*€ — &; since F' divides p this is
an isomorphism on €|y, , ., which is meromorphic along p = 0, and so (&, ¢¢) is a
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shtuka with a paw at p over S. Let N = M(I' ®p+ R); then by functoriality of the
Dieudonné module, we have an isomorphism g;: N — 8;\ = M ®wr+) W(R) commut-
ing with Frobenius. Finally, the quasi-isogeny « induces an isomorphism M (I',)[1/p] —
M(T ®p+ R"/w)[1/p] in ProjBl (R"/@)/¢p; from Lemma 2.3.3 we have a functor

Proj Bl (R"/w)/¢ = VB(Ys,0,)/¢) = VB(Xs), from which we derive the isomor-
phism fy: Ox,(1/h) = (€, ¢).

Now suppose S = Spa(R, RT) is a product of points, and that data (€, e, N, 51, f2)
constituting an object of (2) are given. Restrict this data to S’ = Spa(R, R°). By
[G1725, Corollary 1.9], see also [Zha23, Theorem 8.14], the shtuka (&, p¢) arises from
a Breuil-Kisin-Fargues module: that is, there is a finite projective W (R°)-module M
together with an isomorphism ¢y : ¢*M([1/p] = M[1/p] whose restriction to Yg ,00)
is (8, (pg).

The idea now is to show that ¢, gives M the structure of a Dieudonné module
over R°, which is to say that both ¢, and pgpﬁ preserve M. Since the completion of
W(R®)[1/[w]] at p is W(R), Beauville-Laszlo gluing (see e.g. [SW20, Lemma 5.2.9])
gives an equivalence of categories

Proj W (R°)[1/[w]] = Proj W(R) Xprojw (r)1/p Proj W(ER?)[1/p[=]].

The isomorphism f; identifies M @y (gey W (R) with N; since F' and V' preserve N, the
operators oy and ppy; preserve M[1/[=]].

Therefore the operators ¢, and py;,, a priori defined on M[1/p[ew]], preserve both
M][1/[w]] and M[1/p]; we claim they must also preserve M. It suffices to check this
claim on an open covering of Spec W(R°) by affines SpecT" for which M ®yy(gey T' is
free. With respect to a basis, our operators have matrix entries in the fiber product of
T[1/[w]] and T[1/p] over T[1/p[w]]. The key observation now is that [c] € W(R°) is
a non-zero divisor modulo p in W(R®); the same is true for T, and consequently this
fiber product is just 7', proving the claim.

Therefore M is a Dieudonné module; by Theorem 2.3.2, M = M(I") for some p-
divisible group I' over R°.

Finally, passing (s through the equivalence of categories in Lemma 2.3.3 produces
an isomorphism M ®y(gey BIi (R°/w) = M ('), ®x R°/w)[1/p] compatible with the
Frobenius actions; by Theorem 2.3.2 this arises from a quasi-isogeny «: I'y, @ R°/w —
I'®pe R°/w. The pair (I', a) therefore determines a point of RZ;(R°). As noted above,
the map LT, (R°) — LT, (R") is a bijection; since RZ, is a disjoint union of copies of
LT}, the same is true for RZ;,. Therefore we have constructed the required S-point of
(1). O

Remark 2.3.7. All the shtukas we need in this article have one paw (or leg) which lies
in characteristic p. See [SW20, Proposition 23.3.1| for a definition of shtukas with a
paw in characteristic 0 and their relation to the space RZp, o [SW20, Theorem 24.2.5].

2.4. The v-sheaf of shtukas, and the v-stacks Isoc and Bun. Here we define
v-sheaves in parallel to the Rapoport-Zink spaces RZ, >1, RZp, and RZ}?,.

Definition 2.4.1. Let 2 > 1, and let £ be a field which is algebraic over [F,u.
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(1) Let Shty >; denote the v-sheafification of the presheaf on Perf; which assigns to
an affinoid perfectoid space S = Spa(R, RT) the set of isomorphism classes of
data (&, ¢, N, 1, 52) as in Theorem 2.3.6.

(2) Let 1 <t < h, and write ['y,; = Ty ® (Q,/Z,)"*. Let Shtj,; C Sht;>; denote
the subsheaf imposing the condition that the Dieudonné module N over W (R)
is isomorphic to M(I'y¢) at every geometric point of Spec R.

(3) Keept asin (2), and assume that k contains F,ue. Let Sht;”, be the v-sheafification
of the presheaf on Perf; which assigns to S = Spa(R, RT) the set of isomorphism
classes of data (&, ¢, 81, B2), where &, ¢, By are as in Theorem 2.3.6, but now

Br: M(Dyy @1 R)[1/p] = (€, pe)

is an isomorphism of isocrystals over R.

The group @2 acts on all three spaces defined above, by operating on 5. The group
@S x GLj—¢(Q,), being the group of quasi-isogenies of I' s, acts on Sht;’, by operating
on ;. Thus Sht;% admits an action of @2 X @? X GLj—+(Q,). This action even extends
to a larger group Gy Xcai/r,) GY X GLy—+(Q,).

Recall the functor X — X from adic spaces over Z,, to v-sheaves over Spd Z,. If X

lives in characteristic p, then X is the restriction of the sheaf represented by X from
characteristic p adic spaces to characteristic p perfectoid spaces.

Proposition 2.4.2. There is a GY-equivariant isomorphism RZ%21 — Shty, >1 which
carries RZy ¢ isomorphically onto Shty, for each 1 <t < h.

Proof. The v-sheafification of the natural transformation described in Theorem 2.3.6
gives a G)-equivariant morphism RZ2>1 — Shty >1. Since products of points form a
basis for the v-topology ([(:1725, Remark 2.15]), part (2) of the theorem shows this is
an isomorphism. With respect to this isomorphism, /N is the Dieudonné module of T',
and so the respective conditions for membership in RZ;; and Sht;, agree. ]

Lemma 2.4.3. The map Sht;5; — Shty; sending (€, @e, B, B2) to (€, 0e, M(T'ny), b1, B2)
is a pro-finite étale torsor for the group G; x GLy_4(Z,). Pulling back the map from
LT 2775 (respectively RZ,?J ) through this torsor produces LT}, (respectively, RZy; ).

Proof. Given data (€, ¢g, N, 51, B2) defining a point of Shty; over S = Spa(R, R"), the
fiber of Sht;", classifies all trivializations of N. These form a pro-étale Aut N-torsor by
[CS24, Proposition 2.2.6]. When the data arose from a p-divisible group I' over RT,
such trivializations correspond exactly to trivializations of I' ®p+ R. O

As constructed in the previous subsection, a shtuka (€,yg¢) has a generic point
v(€,¢e) and a special point o(€,pe). We review here the v-stacks Isoc and Bun,
which are the targets of these constructions.

Definition 2.4.4 (The stacks Isoc and Bun). Let S = Spa(R, R") be an affinoid
perfectoid space over k.

(1) An analytic isocrystal over S is a pair (M, ¢)) consisting of a finite projective

W(R) [%]—module M and an isomorphism ¢, : ©*M =M. We denote by Isoc’(S)
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the groupoid of analytic isocrystals over S and by Isoc the v-sheafification of
the functor S — Isoc/(S).

(2) Define a presheaf of groupoids Bun on Perfy, which sends S to the groupoid of
vector bundles on Xg. This is in fact already a v-stack [['524, 1.4.1].

The underlying topological spaces of Isoc and Bun are understood through Newton
polygons.

Definition 2.4.5. We denote by N the set of Newton polygons, which we index by
non-increasing tuples b = (Aq, ..., \,) of rational numbers \; = d;/h;, with h; > 1 and
ged(d;, hi) = 1. To such a b there is an associated convex polygon in the plane, obtained
by starting at (0,0) and then drawing a line segment of slope \; and horizontal extent
h; fori =1,...,n. The \; are the slopes of b, if they are all equal we call b isoclinic. We
equip N with a partial order: b < ¥ if the polygons have the same endpoint, and if the
b-polygon is always on or below the b'-polygon. Thus isoclinic polygons are minimal in

N.

Theorem 2.4.6. There are canonical bijections
Isoc| = |[Bun| = N
and we have the following explicit description of the topologies:

(i) Given b € |Isoc|, the closure of {b} in |Isoc| is the set of all b’ € N with b' < b.
(ii) Given b € |Bun|, the closure of {b} in |Bun| is the set of all b’ € N with b' > b.

Proof. The claim about |Isoc| is [G1Z25, Propositions 6.9 and 6.11]. The claim about
the underlying set |Bun| is [['524, 1.4.1], and the claim about its topology is [Han17]. O

With the above description of |Bun| and [Isoc| it is now natural to consider the
following locally closed substacks:

Definition 2.4.7. For a Newton polygon b € N we denote by
Bun’ C Bun, Isoc® C Isoc

the full substacks given by the locally closed point b € |Bun| = |Isoc|. More explicitly,
for a small v-stack S, Bun®(S) resp. Isoc’(S) is the stack of those & € Bun(S) resp.
M € Isoc(S) whose Newton polygon |S| — N is the constant function b.

Proposition 2.4.8. (1) For b € N we have isomorphisms
Bun® = x/ G,

Isoc’ =2 x/G,,

where Gy, is the (locally profinite) group of isomorphisms of the isocrystal asso-
ciated to b and éb 1s a semidirect product of Gy, with a certain unipotent group
diamond @fo.

(ii) For b isoclinic, we have Gy = Gy, and so Bun® = Isoc”.

(11i) Consider the category of Q-graded vector bundles in Bun with Newton polygon b
whose \-graded piece is isoclinic of slope \. This category is equivalent to Isoc’.
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Proof. Regarding (1): For Bun see [[F524, Proposition II1.5.3|, for Isoc see [GI725,
Proposition 6.11]. (2) is [F'524, Theorem I11.4.5], and (3) is [['S24, Proposition I11.4.7].
0

Ezample 2.4.9. Suppose that b € N is isoclinic. Then Bun® € Bun is an open immersion,
while Isoc” C Isoc is a closed immersion. We have G, = Gy by Proposition 2.4.8(ii), so
in this case Bun” 2 Isoc” = [/Gy).

An important special case is b = (1/h). The Newton polygon is isoclinic, meaning
that Bun® C Bun is open. We have Bun® = [¥/G}], where G}, = @2 = Dy is the
group of units in the division algebra over Q, of invariant 1/h. For S € Perf, we write
Ox,(1/h) for the vector bundle on Xg corresponding to S — % — [x/G}] = Bun® (in
agreement with the convention of the last subsection) and we write O(1/h) to refer to
the morphism % — Bun® itself.

Another special case is b = (1/t,0,...,0) (with (h —t) zeros). We have Isoc’ =
[x/Gy), where Gy, = @S X GLp—4(Q,). For S = Spa(R, R") affinoid in Perf;, we write
Dx(1/t,0,...,0) for the isocrystal over R corresponding to S — % — [x/G}] = Isoc”;
note this is the same as M (', g)[1/p|, where once again I',; = 't (@p/Zp)@(h_t). We
write D(1/t,0,...,0) to refer to the morphism * — Isoc” taking this value at every S.

Remark 2.4.10. Note that our convention of slopes of vector bundles is different from
that in [['524], which is the same as the convention in [SW20]. That is, in our con-
vention, an isocrystal D()\) of slope A € Q gives the vector bundle O()), whereas in
[F'524], D(A) gives the vector bundle O(—\). The difference between the two conven-
tions actually lies in different normalizations of Dieudonné modules: in our convention,
the covariant Dieudonné module of p,~ has slope 1, whereas it has slope —1 in [F'524]
(See the footnote in [FS524, 11.2.1]). This difference does not cause any discrepancy in
the end, since in either convention, the vector bundle associated to ju,e is always O(1).

2.5. Meromorphic vector bundles. In [GIZ25] the authors construct a stack Bun™*"
of “meromorphic vector bundles” on the Fargues—Fontaine curve, which turn out to be
closely related to our moduli spaces of shtukas. After establishing this relationship, we
can leverage the main result of [GIZ25] to produce a two-tower isomorphism for Shty, ;.
We summarize the construction of Bun™ from a slightly different viewpoint than in
[G1Z25]. Let S = Spa(R, R") be an affinoid perfectoid space in characteristic p with
pseudouniformizer @w € R*. The adic space Yg o,0) admits an affinoid covering by

1Z’s,[o,p"] = Spa BS,[O,p”]v

as n ranges through Z. Explicitly, Bg,n has the following presentation as a subring
of W(R):

Bsjopm = W(R") [ 3 ]A [l} = {Z[m]p” € W(R) ‘ piwV" — 0} (2.5.1)

1 3
w7 ) @ i>0

[SW20, proof of Proposition 11.2.1]. The automorphism ¢ of Yg ) restricts to an
isomorphism Y [0 pn] — Ys,[0,pn+1]-

We now introduce the notion of a meromorphic vector bundle, which is meant to be
an intermediate notion between vector bundles on Yg 0,o) and on Ysg 0,00)-
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Definition 2.5.2. Given an affinoid perfectoid space S = Spa(R, R") in characteristic
p, let VB(Ys,(0,00)) denote the colimit as n — —oo of the categories

Proj B o] [ 5] XvB(ys,0,m) VB(Ys,0,00))
Then ¢ is an automorphism of VB(Yg 0,00)); We let

VB(Ys,(0,00)/¢7)

denote the category of objects € of VB(Yg,(0,00)) equipped with an isomorphism ¢*€ €.
We call this the category of meromorphic vector bundles on the Fargues—Fontaine curve
over S, thinking of the formal symbol Yg (0,c) as “Ys (0,00) together with an infinitesimal
punctured neighborhood at 0.”

Remark 2.5.3. Using the theory of analytic stacks by Clausen—Scholze, one can make
literal sense of the symbol Yg (9,). Namely, given S = Spa(R, R") as above, we can
define Ys,(0,00) = Y5,0,00) Xspecz, OPecQ,. Then there are natural inclusions

Ys,0,00) € Y95,00,00) € Y5,0,00)

and a meromorphic vector bundle on the Fargues—Fontaine curve over S is exactly a
vector bundle on Y (0 .0) /%

Since meromorphic vector bundles extend to a punctured infinitesimal neighbourhood
of 0, one can use Beauville-Laszlo gluing in order to glue them to a vector bundle on
all of H[Ojoo):

Lemma 2.5.4. Let S = Spa(R, R") be an affinoid perfectoid space of characteristic p.

(1) Beauville-Laszlo gluing at the point p = 0 induces a natural p-equivariant equiv-
alence of categories

VB(IZJS,[O,OO)) = VB(léS,(O,oo)) Xij(W(R)[%}) ProjW(R).

(2) The restriction map VB(Ygo,00) = VB(Ys,0,00)) induces a p-equivariant func-
tor between Q,,-linear categories

VB(Ys,0,00))[1/p] = VB(Ys,(0,00))-

If S is a product of points in the sense of |G1Z25, Definition 2.14|, then this
functor is an equivalence.

Proof. For (1): By the definition of VB(Ys,(0,00)) (and a similar formula for VB(Yg0,00)))
the claim immediately reduces to showing that
Proj BS,[O,H = PI'Oj(BS’[OJ][I%]) XPI‘OJ(W(R)[%]) PI‘Oj W(R)

We observe that W (R) is the p-adic completion of Bg 1. (Explanation: By the presen-
tation given in (2.5.1), the subring Bg o 1) of W(R) has Bgo1)/p = R [p/w|[1/w]| = R;
therefore its p-completion must be W(R).) Thus the claim follows immediately from
Beauville-Laszlo gluing.

For (2): Under the hypothesis that S = Spa(R, RT) is a product of points, we claim
that the functor

(Proj W(R))[;] — Proj(W(R)[;]) (2.5.5)

1
P
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is an equivalence. That it is fully faithful is true without any hypotheses on R: this
is the statement that Hom(M, N)[1/p] — Hom(M[1/p], N[1/p]) is an isomorphism for
finite projective W (R)-modules M and N, and it reduces immediately to the case that
M = W(R)®™ is free, in which case both sides identify with N[1/p]®™. For essential
surjectivity: Suppose M is a finite projective W (R)[1/p]-module. The result [G1Z25,
Proposition 2.19| shows that the perfect scheme Spec R is a comb, meaning that every
connected component of Spec R is the spectrum of a valuation ring with algebraically
closed fraction field. Then by [Iva23, Theorem 6.1|, there are finitely many rings R;,
and for each ¢ a finite free module M; over W(R;)[1/p], such that R = [[, R, and
M = T], M;. Since each M; obviously descends to a finite projective W (R;)-module,
we find that M descends to a finite projective W (R)-module.
Inverting p in the equivalence in (1), we then have equivalences:

VB(Ys0.00) 5] = VB(Ys 0,00)) X (Proj W(R))[;]
>~ VB(Ys,(0,00))-

Proj(W(R)[])

OJ

We do not know if the assignment S — VB(Ys .«)) satisfies v-descent, so we need
to sheafify it to make the following definition.

Definition 2.5.6. We denote by Bun™® the v-sheafification of the prestack S —
VB(Y0,00)/¢”), and call this the stack of meromorphic vector bundles.

We now look at two localizations on Yg 0,c). Firstly we can localize to Ys (0,0, 1.€.,
throw away any infinitesimal information around 0. Secondly we can localize to the
1

punctured infinitesimal neighbourhood of 0, which is given by the ring W(R)[;] (see

and into Bun

mer

Lemma 2.5.4). These localizations will result in functors out of Bun
and Isoc, respectively.

Definition 2.5.7. We denote by

mer

Isoc <~ Bun™" Z Bun

the maps of v-stacks induced by pullbacks along the two localizations on Yg ) dis-
cussed above. More precisely, given an affinoid perfectoid S = Spa(R, R") and an
object € € VB(Ys,(0,00)) then by definition € is formally glued from a finite projective
BSy[()’pn][%]—mOdUIQ &o for some n € Z and a vector bundle &; on Yg 9,00y We let

(&) = & ®BS,[07pn][%} W(R)[l], o(€) = &y,

p
together with their respective p-equivariant structures. After passing to v-sheafification
we obtain the desired morphisms of small v-stacks. We call v the generic polygon map
and o the special polygon map.

Let us now check that the above definitions are compatible with the ones in [G1Z25],
so that we can apply their results.

Lemma 2.5.8. Our above constructions produce the same results as the ones in [G1725].
More precisely:
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(i) The v-stack Bun™® is isomorphic to the one from |GIZ25, Definition 4.19].
(ii) The v-stack Isoc is isomorphic to the v-stack B from |G1725, Definition 4.12].
(111) With respect to the isomorphisms above, the special and generic polygon maps
v and o coincide with the ones from |G1725, Definition 4.20)].

Proof. For (i): Let us temporarily denote by Bun™" the small v-stack from [GIZ25].
By [G1725, Definition 4.18 and Proposition 4.21(2)], Bun™" is the v-sheafification of
the functor sending S to the category of objects € in VB(Yjoo0))[1/p] equipped with an
isomorphism ¢*€ = €. The p-equivariant functor VB(Yjo,«))[1/p] = VB(Y(0,c)) from
Lemma 2.5.4(2) therefore induces a functor Bun™ — Bun " which is an equivalence
on products of points. These form a basis for the v-topology (see [G1725, Remark 2.15]),
so the functor is an equivalence.

For (ii): By [G1725, Definition 4.4 and Proposition 4.14(2)], B is the v-sheafification
of the functor sending S = Spa(R, R") to the category of objects M in (Proj W(R))[%]

equipped with an isomorphism ¢*M = M. In light of the p-equivariant functor (2.5.5),
there is a functor B¢ — Isoc. By the proof of Lemma 2.5.4(2), the functor (2.5.5) is
an equivalence when S is a product of points, which implies that 8¢ — Isoc is an
equivalence.

Part (iii) follows easily by going through the above identifications and the definition
of v and ¢ on both sides. O

mer mer

We can now state a relationship between our space of shtukas and Bun™*.

Theorem 2.5.9. There is a cartesian diagram of small v-stacks

Shty;, ——— Bun™"

l l(%o')

* — Isoc X Bun
where the bottom horizontal map is the product of D(1/t,0,...,0) and O(1/h).

Proof. The upper horizontal arrow in the diagram is restriction of shtukas from Yg 0 )
to Ys,(0,00); the definition of Sht}; makes it fairly clear that the diagram commutes.
To see that the diagram is cartesian: Let S = Spa(R, R") be an affinoid perfectoid
space over k. Then up to sheafification, the S-points of the fiber product parameterize
data (E™, pemer, a1, (rp), where E™ is an object of VB(Ysg,(0,00)); Pemer 1 @ €M — M
is an isomorphism, oq: M (') @way W(R)[1/p] = 7(E™, emer) is an isomorphism
of isocrystals over R, and ag: Ox (1/h) — o(E™, pemer) is an isomorphism of vector
bundles over Xg. By Lemma 2.5.4(1), the meromorphic vector bundle €™ and the
Dieudonné module M (') glue together to give an object € € VB(Ygo,c)). The
isomorphism @gmer (respectively, ppgme) glues together with Frobenius (respectively,
Verschiebung) to give an operator @¢ : ©*E — € (respectively, an operator V': € — ¢*&)
for which eV = Ve = p; in particular g is meromorphic at p = 0. Thus (€, ¢e)
defines a shtuka with a paw at p, whose generic and special fibers are trivialized by oy
and ay, respectively. This defines an S-point of Sht;?. O
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2.6. The two-tower isomorphism. In [FF524, Definition V.3.2| Fargues—Scholze in-
troduce the v-stack M of vector bundles € on the Fargues—Fontaine curve together with
an increasing filtration (€))aeq such that for each A € Q the quotient €,/E) has a
single slope A\. The morphism M — Bun forgetting the filtration serves as a smooth
uniformization of Bun by a v-stack representable in diamonds, showing that Bung is
an Artin v-stack. The v-stack M decomposes as a disjoint union of v-stacks M, over
Newton polygons b € N, where M, classifies those Q-filtered vector bundles whose
associated graded has Newton polygon b.
There is an analogue of M for meromorphic vector bundles:

Definition 2.6.1. We denote by M™" the stack of meromorphic vector bundles with
slope filtration: It is the stack of Q-filtered objects (€))xeq such that the quotients
&,/ E < have a generic Newton polygon with single slope A (cf. [G1Z25, Definition 5.15]).

In the following we summarize some of the main results in [G1725], relating the stacks

M™er and M.

Theorem 2.6.2. (i) The special polygon map o: Bun™ — Bun induces an iso-
morphism

MO 2 M.

In other words, every vector bundle on the Fargues—Fontaine curve equipped with
a slope filtration extends uniquely to a meromorphic vector bundle equipped with
a slope filtration.

(ii) Let b € N be a Newton polygon. There is a cartesian square:

My, —— Bun™*"

L)

Isoc® —— TIsoc

Here, the top horizontal arrow composes the restriction of the inverse of the iso-
morphism in (1) to My, with the map M™" — Bun™" forgetting the filtration.
The left vertical arrow inputs a Q-filtered vector bundle, passes to its associ-
ated Q-graded vector bundle, and passes it through the equivalence to Isoc® in
Proposition 2..8.

Proof. Part (i) is proved in |G1725, Proposition 5.16] and part (ii) is proved in [GIZ25,
Theorem 6.13]. O

We derive from this our key result.

Theorem 2.6.3. Let 1 <t <h.

(1) As a v-sheaf with @(,)L X @S X GLp—¢(Qyp)-action, the infinite-level shtuka space
Shty’, is isomorphic to the v-sheaf over k whose S-points classify exact sequences
of vector bundles on Xg:

0— 0% - O(1/h) = O(1/t) = 0.
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(2) The infinite-level Lubin-Tate space LT}, classifies the same eract sequences,
such that the induced isomorphism on determinants N"O(1/h) = ATO(1/t) is a
L, -multiple of a fived one.

Proof. For (1): Let b = (1/t,0,...,0). Combining Theorem 2.5.9 and Theorem 2.6.2
gives a cartesian diagram

Sht%, M,

| |

x —— [soc, X Bun

That is: Sht;, classifies objects € of Bun equipped with (1) an isomorphism & = O(1/h)
together with (2) an increasing Q-filtration of €, whose graded pieces are identified with
O%®"=t and O(1/t). This is exactly the data given by an exact sequence as in the theorem.

For (2): Given the description of Sht;% in (1), there is a map from Sht;’, towards
the space of isomorphisms A"O(1/h) = A'O(1/t), which is a Q) -torsor; this map is
compatible with the determinant homomorphism 9: @2 X @S x GL,+(Q,) — Q.
Quotienting by G; x GLj,—+(Z,), we arrive at a map from Shtj; towards the Z-torsor T’
of isomorphisms A"O(1/h) = A'O(1/t) considered up to Z5, which is compatible with
the height map @(,)L — @Z/Eh = Z. Since Sht,; = (LT;;lt x@%)/@h, it must be that
LT 2,1‘, is one of the fibers of Sht;,; — T Therefore its preimage LT}, in Sht;" is as
described. OJ

In our version of the two-towers isomorphism, the analogue of Drinfeld symmetric
space is obtained by quotienting Sht;*, by @2 to obtain a “characteristic p period do-
main”. First we introduce some notations.

Definition 2.6.4 (Banach-Colmez spaces). Let A € Q. Assume that k contains F,
where d is the denominator of A. Define a sheaf of Q,-vector spaces BC(\) on Perfy, as
follows.

(1) IE A >0, BC(A)(S) = H(Xs, Ox4(N)).

(2) 1 A < 0, BCO)(S) = H*(Xs, 0x,(N).
Note that BC(\) admits endomorphisms by the division algebra over Q, of invariant \.
Definition 2.6.5 (The characteristic p period domains €, ;). Considering that the
direct sum BC(—1/t)®"=% classifies extensions

0— 0" =& —=0(1/t) =0,
we let
Qe € BC(=1/t)®h=0

be the open subsheaf classifying those extensions for which € is isoclinic of slope 1/h,
i.e., it is the pullback of Bun'/" under BC(—1/t)®"~) — Bun.

We are ready to present our main two-tower isomorphism statement.

Proposition 2.6.6 (The two-tower isomorphism in characteristic p). Recall the nota-
tion G, = Aut Ty, and Dy, = EndT',[1/p] for each h > 1.
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(1) There is a diagram of v-sheaves over k

Sht}”,

GthLhy &ﬁi
Qe

Shty,

wn which each morphism s a torsor for the indicated group.
(2) There is a similar diagram of v-sheaves over k:

LT,

GtXGLhty &%\\

Im& Qs

Proof. The left morphism in (1) is a torsor as indicated by Lemma 2.4.3. The right
morphism comes from the description of Sht;*; given in Theorem 2.6.3: Sht;*; classifies
the same data as in Qj; together with a trivialization O(1/h) = €. Such trivializations

form a torsor under Aut O(1/h) = @2.
(2) is obtained from (1) by restricting over the inclusion LT%t — Shtp ;. O

2.7. The case t = h — 1. We provide some more details in the coheight 1 case. Let us
review the basic setup: k is a perfect field containing F ux-1), and we have fixed formal
groups [', and I',_; of dimension 1 and heights A and h—1 over k. Then the adic space
LT} n—1 is one point Spa K, where K = Ek((up—1)). Recall that I'}" is the universal
deformation of 'y, to LTj,. The identity component (I'}%)° of I'}" has height h — 1, so
it becomes isomorphic to I';,_; over a separable extension of K. As in Definition 1.2.5,
L/K be the separable extension which classifies isomorphisms I',_; ;, = (I'}*)°.

Let L be the up_1-adic completion of L. Then Lisa topological field admitting
a continuous action of G, x G,_;. To state our results, it will be convenient to fix
isomorphisms of Dieudonné modules det M (T'y,) = det M(I',—1) = M(I'1). (A quick
calculation shows that for the Honda formal group I',, of height n, the determinant
det M(I',,) is isomorphic to the Dieudonné module of the multiplicative group over ..
Since h(h — 1) is even, F 2 is contained in k, so such an isomorphism exists, and the set
of all such isomorphisms is a Z)-torsor.) Such an isomorphism induces an isomorphism
of vector bundles det O(1/h) = det O(1/(h — 1)), which we call «.

Proposition 2.7.1. Regarding the completion of the Gross-Torii extension L/K, we
have:

(1) The completion Lisa perfect (and thus perfectoid) field.
(2) Spd L classifies exact sequences
0—-0—-0(1/h)—0(1/(h—1)) =0
which induce the fized isomorphism v: det O(1/h) = det O(1/(h — 1)).
(3) As a v-sheaf with G, x Gy,_y-action, Spd L classifies surjective maps O(1/h) —

O(1/(h —1)).
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(4) L is 1somorphic to the completed perfection of a Laurent series field:
L= k(7).

(5) Recall that SGy, is the kernel of the determinant map G, — G, = Zy . Then
the quotient (Spd E)/S@h is Gp_q X 7 -equivariantly isomorphic to the punc-
tured negative BC space Q-1 = BC(—=1/(h — 1))*, where the Z}-action on
BC(—1/(h —1))* factors through the inclusion of Z) as the center of Gy,_;.

Proof. (1): L/K is a totally ramified p-adic Lie extension, so that by [Win79, Theorem
1.2] it is strictly APF. As pointed out in [Win79, Remark 2.6, this implies that L is
perfect. R

(2) The map of v-sheaves LT}, ; — Spd L which forgets the trivialization of the
étale part of ') is a pro-finite Z)-torsor. By Theorem 2.6.3(2), this quotient classifies
exact sequences of vector bundles as described in the proposition, where the induced
isomorphism of determinants is fixed.

(3): Extensions as in (2) are the same as surjective maps O(1/h) — O(1/(h—1)), since
the kernel £ is necessarily a line bundle which comes equipped with an isomorphism to
(det O(1/h)) ' @det O(1/(h — 1)) = O via .

(4): By (3), Spd L classifies surjections O(1/h) — O(1/(h — 1)). We claim that any
map O(1/h) — O(1/(h — 1)) which is nonzero at every point of a test object S are
automatically surjective. For this we can argue on a geometric point of S. The image
of such a map is a quotient of O(1/h) and a subbundle of O(1/(h —1)). If d and r > 1
are relatively prime integers and d/r appears as a slope of this image, then d/r lies
in [1/h,1/(h — 1)]. In particular d > 1. But also the rank of this image is < h — 1,
implying < h—1 and therefore d/r > 1/(h—1); the only possibility is d/r = 1/(h—1).
Therefore the map is surjective.

Nonzero maps O(1/h) — O(1/(h — 1)) are the same as nonzero global sections of
O(=1/h) @ O(—=1/(h—1)) = O(1/h(h — 1)); they are parametrized by the complement
of the origin in BC(1/h(h —1)). (See [BFH 22, Example 2.2.3| for this manipulation.)
By Theorem 2.3.2 combined with Lemma 2.3.3, BC(1/h(h — 1)) is isomorphic to the
v-sheafification of the presheaf sending S = Spa(R, R") to Hom(Q,/Z,, I'v¢—1))[1/P]
in the category of p-divisible groups over R*/w. The latter is the universal cover
fh(h—l) = lim, 'p(p—1) evaluated on R /w. This universal cover is represented by
Spf k[t'/P™] by [SW13, Proposition 3.13|, and (by the crystalline property of such uni-
versal covers) it takes the same value on R*. After v-sheafifying, we find an isomorphism
BC(1/h(h—1)) = Spd k[t*/*™]. Removing the origin, we find that Spd L is isomorphic
to Spd k((t/7™)).

(5): In light of (3), the quotient (Spd Z)/S@h classifies surjective maps € — O(1/(h—
1)), where € is an unspecified rank h vector bundle which is isoclinic of slope 1/h,
together with an isomorphism det € = O(1). The kernel of € — O(1/(h — 1)), being a
line bundle, is identified with det € @det O(1/(h—1))~' = O. We find that (Spd L)/SG,,

classifies extensions

0-0—=-&—->001/(h—-1))—=0



ON THE CHROMATIC SPLITTING CONJECTURE IN COHEIGHT 1 37

for € isoclinic of slope 1/h, as indeed such an exact sequence forces a trivialization of
det €. Since such an extension is necessarily everywhere nonsplit, (Spd Z) /SG), maps
toward BC(—1/(h — 1))*. Conversely, a section of BC(—1/(h — 1))* corresponds to an
extension as above for which € which is necessarily isoclinic of slope 1/h, as there are
no Newton polygons between (1/(h — 1),0) and (1/h).

Regarding the action of the residual G, / SGy, = Z,: an element g € Gy, acts on our
description of (Spd Z) /SGy, by scaling the isomorphism det € 2 O(1) by det g, and this
has the effect of multiplying our isomorphism ker(€& — O(1/(h—1))) = O by det g. We
conclude that, relative to the isomorphism of (Spd L)/SG, with BC(—1/(h — 1))* =
Ext'(O(1/(h — 1)), 0)*, the element g acts by multiplication by the scalar det g on the

factor O. This action is the same as multiplication by the same scalar det g on the
O(1/(h — 1)) factor. O
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3. THE O’-COHOMOLOGY OF CHARACTERISTIC p PERIOD DOMAINS

Let L/K be the Torii extension (Definition 1.2.5), so that K = k((u,_1)) is a field
of Laurent series over a perfect field k/FF,, and L/K is a Galois extension with group
Gy_1. The field L admits an action of Gpp—1. Let L denote the up_1-adic completion of
L. In this section we prove Theorem D, on the structure of the continuous cohomology
H* (SGy, L), where SGy, is the kernel of the determinant map G, — G;.

Proposition 1.4.1 provides an isomorphism of v-sheaves on Perfy:

(Spd L)/SG, = BC(—1/(h — 1))*.

We adopt the notation ©° for the structure sheaf on Perfy, which sends Spa(R, R*) to
R. Taking O°-cohomology on either side of the above isomorphism, and noting that °
is acyclic on affinoid perfectoids such as Spa L, we obtain an isomorphism of graded
rings:

H: (SG),, L) = H*(BC(=1/(h — 1))*, 0").

Let us outline our strategy for computing the right side, i.e., H*(BC(—1/t)*, ©°) for
t > 1. In Section 3.1 we study the geometry of BC(—1/t)* and show that after base-
change to an auxiliary algebraically closed perfectoid field C'//Q,, it becomes isomorphic
to 1-dimensional Drinfeld symmetric space modulo the action of a finite-dimensional
Q,-vector space. In Section 3.2, we recall the 6-functor formalism for ©"-cohomology
from [ABM24] and compute the dualizing complex for smooth morphisms. This part
does not depend on the other parts of the paper and may be of interest in its own right.
In preparation for the computation of the ©’-cohomology of the Drinfeld symmetric
space, we study the O’-cohomology of closed affinoid disks over Spa C in Section 3.3
using a very general approach that allows similar computations for every cohomology
theory on v-stacks. In Section 3.4, we compute the 9’-cohomology and ©’-homology of
the Drinfeld symmetric space. As GLy(F')-representations, the homology turns out to
consist of the trivial representation and the Steinberg representation.

In Section 3.5, we develop a general comparison between mod-p representations of
a p-adic group with discrete coefficients and those with condensed coefficients. This
comparison is then used to compute the 9-cohomology of BC(—1/t)* over C. Finally,
in Section 3.6 we prove a version of Drinfeld’s lemma for ©’-cohomology, which allows
us to deduce the cohomology of BC(—1/t)* over k from that of BC(—1/t)* x SpaC
computed in the previous section.

Recall that BC(—1/(h — 1))* = Qp,,—1 is an example of a characteristic p period
domain as in Definition 2.6.5. It ought to be possible to extend the results of this
section to compute the O’-cohomology of €, for general 1 < t < h — 1; this may be
relevant to the splitting conjecture in general coheight.

3.1. The geometry of BC(—1/t)*. Fix a (discrete) perfect field k/F, containing F,
and use it to define the v-sheaf BC(—1/t)* on Perf;. Let C'/Q, be an algebraically closed
perfectoid field C' whose residue field contains k, so that Spd C' is fibered over Spd k.
We study the geometry of the v-sheaf BC(—1/t)* and relate it to Drinfeld symmetric
spaces. Let us first review what these spaces are.
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Definition 3.1.1. Let I be a finite extension of @, contained in C. The Drinfeld
symmetric space of dimension n associated to F' is the rigid-analytic space over F

defined by
B=Pp\JH,
H

where H ranges over all F-rational hyperplanes in the projective space P%. Hj is a
smooth Stein space of dimension n over F'. Let HF, - denote the base change of HF to

C.

The main result of the present subsection is the following description of BC(—1/t)*
after base-change to Spd C"
Proposition 3.1.2. Let F'/Q, be a field extension of degree t contained in C.

(1) There is an isomorphism of Q,-linear diamonds over Spd C':
BC(—1/t) Xspar SpdC ~ AL’ /F,

where F acts by translation on Aé&o.
(2) There is a Q) -equivariant isomorphism of diamonds over Spd C':

BC(—1/t)* xspar Spd C' = H %/ F,
where F' acts by translation on U{}% C ABO.

Proof. Part (1) is well-known; see the discussion after ['524, Definition I1.0.6] for the
case t = 1. Also, we remark that we ought to write A}% JF? for this quotient.

For S = Spa(R, R") an affinoid perfectoid space over Spa(C,O¢), let Xg r be the
Fargues-Fontaine curve relative to the base S” and the local field F. The affinoid
perfectoid S = Spa(R, RT), being an untilt of its tilt S°, defines a Cartier divisor
i:5—>X Sb -

Choose a generator of the Tate module of the Lubin—Tate formal Og-module, with
coefficients in C. This choice induces a short exact sequence of sheaves on X p:

0— OXSbF(_l) — OXst — 1,09 — 0.

Let m: Xg p — Xg be the natural degree t étale map corresponding to the degree
t extension F'/Q,. Pushing forward the modification by 7., we obtain a short exact
sequence of sheaves on Xg:

0— OXSb(_]‘/t) — OXsb ®Qp F— (71'02.)*(95 — 0.

(See [FF18, §8.2.2] for a discussion of this push-forward operation on vector bundles.)
Passing to the long exact sequence in cohomology, we obtain a short exact sequence of
Q,-vector spaces:

0— F(S) = AZ°(S) = H (X g, Ox,, (=1/t)) =0,
which is to say, an isomorphism

H'(Xg,0(=1/t)) 2 ALY(S)/E(S).
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The diamond BC(—1/t) x;, Spd C' is now seen to be the sheaf of Q,-vector spaces whose

value on an affinoid perfectoid space S over C' is Ag°(S)/F(S). This means exactly
that

BC(—1/t) xgpar Spd C =~ A;°/F,

which is (1).
The isomorphism (2) is obtained from (1) by removing the zero section on either
side. ]

In passing, we remark that the isomorphisms in Proposition 3.1.2 are defined over
the completion of the maximal abelian extension of F.

3.2. A 6-functor formalism for O’-cohomology. Let vStk denote the category of
small v-stacks as defined in [Sch17, §12]. One of the main results of [ABM24] is the
construction of a 6-functor formalism for ©’-cohomology on small v-stacks:

Theorem 3.2.1. There is a certain class of morphisms E in vStk and a 6-functor
formalism X +— Ds(O%) on the geometric setup (vStk, E) (i.e., with I-functors defined
for all maps in E) such that the following is true:

(i) E enjoys the following properties:
(a) E is stable under composition and base-change. Moreover, if f:Y — X
and g: Z —'Y are maps of small v-stacks such that f, fg € FE, then g € E.
(b) E contains every morphism between (the diamonds of) rigid varieties over
some fixed base field and every map between the classifying stacks of p-adic
Lie groups.
(i) If X = Spa(A, A") is an affinoid perfectoid space in characteristic p which
admits a map of finite transcendence degree to a totally disconnected space (e.g.
the spectrum of perfectoid field) then

Da(0%) = Da(A, AT),

where the right-hand side denotes the (slightly modified) category of (A, A*)-
modules.”
(iii) Given a small v-stack X, let 0> € Ds(0%) denote the tensor unit. Then

Hom(0",0") = RT(X,©°),

where the cohomology on the right denotes v-cohomology.
(iv) We have the following results regarding smooth and proper maps:

(a) Let f:Y — X be a map of analytic adic spaces over Q,; we abuse notation
and denote by f also the diamond version. If f is proper then f is Dg-
proper, i.e., fi = f.. If f is smooth of pure dimension d then f is Da-smooth
and naturally f' = £*[2d](d), where “(d)” denotes the Tate twist.

2Roug;hly, this is the derived category of topological A-modules with a certain completeness condition
with respect to A*. If A" is up to integral closure of topological finite type over F, (e.g. A = Cp),
then the 5-modification does nothing and agrees with usual solid modules.
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(b) Let G be a p-adic Lie group and consider the map f: x /G — * of v-stacks.
Then f is Da-!-able, i.e., it belongs to the class E. The map f is Da-smooth
and f' = f* ® we[dim G], where wg is a character of G. If G is compact
with cd,(G) < oo, then f is Dga-proper.

Proof. We let E be the class of l-able maps from [ABM24, Definition 4.3.6]. By con-
struction this class satisfies (i)(a) and by [ABM24, Lemma 4.3.5(ii)]) and [ABM24,
Proposition 4.3.8] it satisfies (i)(b). In [ABM24, Theorem 3.2.8| a 6-functor formal-
ism X D@(o?j’“) is constructed. We obtain the desired one by restricting to the
full subcategory of Ox-modules (i.e., inverting a pseudouniformizer). Claim (ii) then
follows from [ABM?24, Theorem 3.1.2]. Claim (iii) is obvious on affinoid perfectoid
spaces as in (ii) (then both sides compute A) and follows in general because Dy sat-
isfies v-descent by [ABM24, Theorem 3.1.2|. The claim about properness in (iv)(a)
is true by construction. The claim about smooth maps in (iv)(a) reduces to the 6-
functor formalism X +— @@(OZ’{L’“) because morphisms of 6-functor formalisms preserve
smoothness and commute with taking the dualizing sheaf for smooth maps (this follows
from the interpretation of smoothness in terms of the category of kernels, see [HM24,
Definition 4.5.1]). Then [ABM24, Lemma 3.3.2| reduces the question to 0> /7 for
some pseudouniformizer m, where we can deduce it from [Man22, Theorem 3.10.17] and
[Man22, Theorem 3.10.20]. The claims in (iv)(b) can similarly be reduced modulo 7
and then follow from [HM22, Corollary 3.12] and [HM22, Theorems 3.16, 3.18|. O

Remark 3.2.2. Let G be a compact p-adic Lie group, and f : x/G — * be the associated
map of v-stacks. Then the following statements are equivalent:

(1) fis Da-proper;

(2) cdy(G) < oo; and

(3) G is p-torsion free.
The equivalence between (2) and (3) is a result by Serre [Ser65], and Theorem 3.2.1.(iv)
shows that (2) implies (1). To show that (1) implies (2), it is enough to show that the
pullback of f : x/G — * to a geometric point Spd C' — * is not Da-proper if G has
nontrivial p-torsion. Assume H =~ Z/p is a closed subgroup of G. Then there are
induced maps between small v-stacks

Spd C/H —— $pd C/G —— SpdC
g

Here i is Dg-proper: pulling i back along the natural map Spd C' — Spd C'/G yields
G/H — Spd C, which is Da-proper since G/H is a profinite set. Let M := 1,1 ~ i1,
where 1 is the tensor unit in Dx(Spd C'/H) and corresponds to the trivial representation
of H over C'. It is then enough to show f,M # fiM, or g.M # g M. A simple calculation

in group cohomology shows H*(Spd C, g.M) # H'(Spd C, g/ M).
The following text should be its own remark, as it is sufficiently different from
the text above. The goal of this chapter can be roughly described as to understand
the cohomology of €2, ;1 as a representation of Gp_q X Z,, or equivalently, the map

Qn1/(Gno1 X Z) = x/(Gp—1 x Z)) and the map */(Gp_1 x ZX) — *. Recall the
group Gj,_; is isomorphic to O}, where D is the division algebra over Q, of invariant
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1/(h — 1). Then a simple calculation shows Gy;,_; has nontrivial p-torsion if and only
if p—1]h—1. Thus, the map */(G,_1 X Z;) — * is not Da-proper exactly when
p— 1] h—1. This may give a geometric explanation for the dichotomy in Theorem A.

The next result discussed a canonical topology, more precisely condensed structure,
that can be put on the cohomologies in the above 6-functor formalism. This will become
important in the Drinfeld lemma below.

Proposition 3.2.3. For every small v-stack X there is a canonical functor
RIo(X, —): Da(0%) = Dy(F,)
with the following properties:
(i) Given M € Da(0%), the underlying F,-vector space of RUo(X, M) is given by

RT,(X, M) (%) = Hom(0", M).

In particular, for M = 0" we get RT'(X, 0")(¥) = RT(X, ©°).

(i1) Suppose there is a map f: X — S, where S = Spa(R, R") is an affinoid per-
fectoid space as in Theorem 3.2.1.(11). Then there is a canonical isomorphism
RT'(X, =) = f«, where on the right-hand side we implicitly apply the forgetful
functor Dz(0%) = Da(R, RT) — Dy (F,).

(111) Suppose that X is qcqs and pick a v-hypercover go: Ye — X by affinoid perfectoid
spaces Y, = Spa(B,,, B} that satisfy the condition in Theorem 3.2.1.(i1); then

RIo(X,0%) = lm B, = [-- = 0= By = Bi = By = ..},
neA

where on the right-hand side we have the usual resolution coming out of the
hypercover, viewed as a complex in D (F,) for the natural condensed structures
on B,,.

Proof. Note that for every affinoid perfectoid space Y = Spa(B, BT) there is a canon-
ical pullback functor D (F,) — Ds(B, BT) and this pullback functor commutes with
pullbacks along maps of affinoid perfectoid spaces (cf. [AM24, Lemma 2.7]). Passing
through descent, we see that Dg together with its pullback and tensor product can be
seen as a functor

De: vStk — CAlg(Pr™) o)/,

i.e. there is a natural symmetric monoidal map a% : Dn(F,) — Da(O%) for every small
v-stack X. The functor RI';(X, —) is defined to be the right adjoint of a’.
To prove (i), we note that for any M € Dx(0%) we have

RTo(X, M)(x) = Hom(F,, RT(X, M)) = Hom(axF,, M) = Hom(O’, M),
as desired. For (ii) we observe that both sides of the claimed identity are right adjoint
to ax. Finally, for (iii) we note that by descent and Theorem 3.2.1.(ii) we have
D:(0%) = lim Dx(B,, B,)),
neA

and so the right adjoint of ax = (ay, ), is given by the limit over A of the right adjoints
of the ay,’s (see [HM24, Lemma D.4.7(ii)|). O
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Remark 3.2.4. The results in Proposition 3.2.3 hold verbatim if one replaces I, by an
arbitrary discrete perfect field £ of characteristic p and works with small v-stacks over

Spd k.

Notations 3.2.5. Let X be a small v-stack. For any M € D5(0%), we write H (X, M)
for H'(RT5(X, M)) € Mody(F,). Note that H!(X,M)(x) = H'(X, M) since F, is
projective in Mod,(F,).

An important tool in the computation of various cohomology theories is that of the
excision sequence: Given a space X with some closed subspace i: Z — X and open
complement j: U < X and a 6-functor formalism D, one often has a natural fiber
sequence jij*M — M — i,i*M in D(X) for any M € D(X). This principle works
for example for sheaves on topological spaces and for étale sheaves on schemes and it
is a powerful tool to compute cohomology in these settings. In the coherent setting,
excision sequences do not hold naively, but one can often find appropriate versions that
do hold if one is willing to reinterpret the meaning of 7,:*M slightly. The following
result demonstrates this in the setting of 9°-sheaves:

Proposition 3.2.6. Let X be a small v-stack, Z C |X| a closed subset and j: U — X
its open complement. Assume that:

(x) Z = (Nye; Ui for a cofiltered system of open substacks j;: U € X such that for
each i € I there is some i' > i and a closed subset Z; C |X| with factorization

\Us| C Z; € |Uil.
Then for every M € D(0%) there is a natural fiber sequence

§i* M = M = Tim (ji). i M

1€eJ
m @D(Og(>

Proof. One can argue exactly as in [ABM24, Corollary 6.1.4] (which is stated for a
slightly different 6-functor formalism) and the comments after it. O

Remark 3.2.7. The third term in the fiber sequence of Proposition 3.2.6 should be seen
as an overconvergent approximation to i,i*M, where 7 is the closed immersion of Z.
It is necessary already for M = O%: In this case the cofiber of 5O}, — O% is not
complete, while i*(f)bz is. If one looks at 9*™¢/m-modules instead, then the excision
sequence works with ,i* (see [Zav23, Lemma 6.2.1] for a version of this).

We establish the following lemma on base-change properties of cohomology of certain
qcqgs v-stacks for later use.

Lemma 3.2.8. Let k be a perfect discrete field containing F,, and let k' be a perfect
discrete extension of k. Then:
(1) For any affinoid perfectoid S = Spa(R, R*) over k, S Xy Spd ¥ is again affi-
noid perfectoid and is isomorphic to Spd(R(/X\)kk’, R+<§>kk’), where ® denotes the
classical completed tensor product.
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(2) Let X be a qcgs® small v-stack over k such that HL(X,0) is a perfect solid
k-module for all i. Then there are isomorphisms Hi(X Xgpar Spd k', 0°) ~
H(X,0%) @K' of solid k'-modules for all i.

Proof. To show (1), we only need to show both S xgpq4%Spd k" and Spa(R@kk’, R*@kk:')
define the same functor of points on the category Perfy of perfectoid spaces over &/,
which is straightforward to check.

For (2), we first set up some notations. If (R, R") is a Huber pair over k, we write
(R @ k', Rt @y, k') for its (ordinary) base-change to k', and write (R®,k', Rt &k
for the completion of the base-change. Take a hypercover f,: Y, — X by affinoid
perfectoid spaces Y;, = Spa(A,, A') that satisfy the condition in Theorem 3.2.1.(ii).
By Proposition 3.2.3.(iii) the cohomology RI'5(X,©°) is given as

RI(X,©0°) =1lim A,
o ) T%A
Write Y,,®@ k" = Spa(An®kk', A;@kk’). By (1), this is isomorphic to Y,, X Spd &’. The
natural map Y,®ik' — X x;, Spd k' is again a hypercover.

Let Z¢ (resp. B') be the condensed k-module of i-cocycles (resp. i-coboundaries) in
the complex associated to the cosimplicial solid k-module RI'(Y,, ©"); so B' C Z° C A;.
Let I be an ideal of definition of Af. The sequence (I™A] &7 k')men of solid k-
modules defines an exhausted, separated filtration of A ®7 k’. We note there is a
natural isomorphism

ALK ~ lim(A; @7 k) /(I™AF @7 k),

where the left side is viewed as a solid &-module. Using the same filtration, we can
complete Zi, :== Z' Q7 k' (resp. Bi, := B'®} k') to Z}, (resp. B},), i.e., we define

Zi, = lim Z}, /(Z}, 0 I AF @)

and similarly for Bi,. So in fact, Z!, (resp. B.) is the condensed k'-module of i-
cocycles (resp. i-coboundaries) in the complex associated to RT(Y, ®j k', ©°), and we
have Hi, := H'(X x, Spd k', 0") ~ Zi /Bi,.

Denote H® := H*(X,0"). By assumption, H® is a perfect solid k-module. So in
fact, H® is a finite dimensional k-vector space viewed as a solid module, and there
is a splitting Z' ~ B' @ H'. Since H' @} k' is a finite dimensional k’-vector space,
(Zi, N ImAF QU E)N (H @Y k') =0 for m > 0. This implies the completion of Z, is
Zi, = Bl, ® (H' @} k'), giving that Hi, ~ H' @7 k', O

3.3. The O’-cohomology of an affinoid disc. We fix an algebraically closed non-

archimedean extension C' of Q, and consider the 1-dimensional rigid-analytic disk over
Spa C"

D = Spa(C(T), 0c(T))

3To avoid ambiguity, this means that X itself is qcgs, not that the map X — Spd k is qcgs.
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Our goal is to compute H*(D,0”). Let D be the 1-dimensional perfectoid affinoid
disc:

D = Spa(C(T""™),0c(T""™))
Then D — D is a v-cover admitting an action of

G =7,(1).

The idea is to compute H*(D, 0**%) using v-descent along D — D. However, we have
to overcome the following obstacle: The cover D — D is not a G-torsor, this is only
true away from 0 € D. Indeed, the fiber of D over 0 is the single point 0 € D, with
G acting trivially. We remedy the situation in Proposition 3.3.3 below. Before proving
this result, let us state a few basic observations about small v-stacks. The first result
allows us to reduce our computation to ordinary v-stacks instead of oo-stacks:

Lemma 3.3.1. Let Y < X — Z be maps of small v-stacks and assume that X — Y
is a monomorphism. Then the pushout W =Y Ux Z, formed in the oo-category of
oo-v-stacks, is an ordinary small v-stack.

Proof. We need to show that W is 1-truncated stack, i.e., for every perfectoid space S
the oco-groupoid W (.S) is an ordinary groupoid. To see this, we observe that W can
be computed in two steps: First compute the pushout in the category of oco-prestacks,
i.e., separatedly on S-valued points for all affinoid perfectoid S, and then take the
sheafification. Note that sheafification is computed by repeatedly applying the +-
construction, which itself is computed by taking filtered colimits of descent data along
coverings — these operations preserve truncatedness, so it is enough to show that the
prestack pushout is 1-truncated. But this follows immediately from the fact that the
map X (S) — Y(S) is a monomorphism for every perfectoid space S, because this
implies that Y(S) = X(5) U (Y(S5) \ X(S5)) and hence W(S) = Z(S) LU (Y(S5) \ X(5)),
which is indeed 1-truncated. 0

For the following result recall that a perfectoid space is called w-contractible if it is
strictly totally disconnected and 7o(S) is extremally disconnected. These spaces form a
basis of the v-site and every pro-étale cover of a w-contractible perfectoid space splits.

Lemma 3.3.2. Let X be a small v-stack and a:' Y — X a map from a prestack Y .
Suppose that a satisfies the following condition:

(%) Let S be a w-contractible perfectoid space and pick objects y,y' € Y (S) and an
isomorphism ¢: a(y) = a(y’) in X(S). Then there is a cover S = UyU- - -UU, by
disjoint open subsets U; C S such that |y, '
for all 1.

Then o becomes a monomorphism after v-sheafification.

Proof. Since v-sheafification is left exact and hence preserves monomorphisms, it is
enough to show that a becomes a monomorphism after pro-étale sheafification. In
fact, it is even enough to check that a becomes a monomorphism after applying the
+-construction (replacing Y(S) with the colimit of descent data along pro-étale cov-
ers of Y'). Moreover, it is enough to check this isomorphism on w-contractible spaces.
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Altogether we have reduced the claim to showing that Y *(S) — X(.5) is a monomor-
phism for every w-contractible space S. Since every pro-étale cover of S splits, one
checks easily that Y+ (5) is the colimit of Y(U;) x -+ x Y(U,) for all decompositions
S =U,U---UU, as in (*). It is then not hard to see that the condition in (x) is exactly
saying that Y (S) — X(5) is a monomorphism. O

With the above preparations at hand, we can now come to the promised pushout
description of the disk in terms of the perfectoid disk:

Proposition 3.3.3. Let D — D be the v-cover of the disk by the perfectoid disk over
C' and consider the action of G = Z,(1) on D over D. Then the square

*x /G —— %

b

D/G —— D

is a pushout square in the oco-category of oo-v-stacks on perfectoid spaces. Here x =
Spa(C) and the quotient D/G is to be understood in the stacky sense.

Proof. Let us denote Y = (D/G) U(./q) * the pushout in the co-category of co-stacks
(i.e., sheaves of anima), so that there is a natural map a: Y — D. Since the map
x/G — D /G is a monomorphism, it follows from Lemma 3.3.1 that Y is an ordinary
small v-stack. Moreover, « is surjective because the composition D /G =Y — Dis
surjective. It thus remains to show that « is a monomorphism. To see this, let us
denote by Y’ the prestack pushout of (D/G) « %/G — . We get an induced map
oY — D which becomes a after sheafification. It is thus enough to show that o’
satisfies the assumption () in Lemma 3.3.2.

Fix a w-contractible space S. Note that (D/G)(S) is the groupoid of G-torsors
7: P — S together with a G-equivariant map f: P — D. By the proof of Lemma 3.3.1
we see that Y’(S) admits a very similar description, only the morphisms are different:
Given two G-torsors P, P’ as above, if the maps f: P — D and f': P’ — D factor
over 0 then Hom(P, P') = x in Y'(S), otherwise Hom(P, P’) is as in (D/G)(S). The
map o sends (P, f) € Y'(S) to the map S — D which sends x € S to the image of
f(p) € D along the projection D — D, for any p € P, (the image does not depend on
the choice of p € P,, because f(p) runs through a single G-orbit of D) To verify that
(%) in Lemma 3.3.2 is satisfied, we fix P and P’ such that o/(P) = o/(P’). Thus for
every x € S, f and f’ map the fibers P, and P’ to the same G-orbit in D.

Let V' C S be the open subset of those x € S such that the fibers P, and P, do not
get mapped to 0 € D. Then V is closed under specializations, because f and f’ preserve
generalizations (like any continuous map) and 0 € D does not have any generalizations.
Hence V' corresponds to the open subset myV C 7S, Let Uy C S be the closure of V/
in S. Then U; corresponds to the closure of myV in myS, which is open because myS is
extremally disconnected. Consequently, denoting U = S\ U; we have constructed a
decomposition S = U; U U, into disjoint open subsets.
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It remains to show that the decomposition S = U; U U, satisfies the condition in
(x) for our given P and P’. By construction, the restriction of f and f’ to U, factors
over 0 € D, hence Hom(P|y,, P'|y,) = * by the above description of Y. Hence it only
remains to see that Hom(P|y,, P'|y,) = *. To simplify notation we now replace U; by
S, i.e., we assume that V is dense in S. Since f and f’ do not factor over 0, the maps
P — P'in Y'(S) are the same as the maps P — P’ in (D/G)(S). In summary, we have
reduced the statement to the following key claim:

(x%) Fix (P, f),(P', f') € (D/G)(S), i.e. P and P’ are G-torsors over S and f: P —
D and ffiP — D are G-equivariant maps. Assume that the induced maps
S — D (given by sending x € S to the image point of f(FP,) resp. f'(P,) under
D — D) agree and that there is a dense open subset V' C S such that f(Py ) does
not contain 0 € D. Then there is a unique isomorphism P = P’ in (D/G)(S).

To prove this claim, note that since every pro-étale cover of S splits, we have P =2
P = S x G as G-torsors over S (disregarding the maps f and f’). Thus, maps of
G-torsors P — P’ coincide with continuous maps ¢: |S| — G. We need to see that
there is exactly one such ¢ that is compatible with f and f’. This is clear on V C S
because then f and f’ factor through D \ {0}, where the G-action is free. Let us
denote ¢y : |V| — G the resulting map. Any extension of ¢y to |S| (as a continuous
map) produces a map ¢ compatible with f and f’ (i.e. with f = ¢f’), as the locus
where f and ¢f" agree is closed, G-equivariant and contains P,,. We thus need to
see that ¢y admits exactly one extension to |S|. By the density of V in S, there is
at most one extension. On the other hand, continuous maps |S| — G coincide with
continuous maps myS — G (and similarly for V). Now ¢y extends to a continuous map
ov: B(mV) — G, where 5(mV) denotes the Stone-Cech compactification of the set
moV (equipped with the discrete topology). The inclusion myV < 7S induces a cover
B(meV) — mS, which splits because 1S is extremally disconnected. We thus obtain
the desired map ¢: mS — [(mV) — G. Note that ¢ indeed extends ¢y : This reduces
to the observation that the restriction of @y to S(mV) X5 moV coincides with the
composition of the projection to myV and ¢y — but both maps S(myV) X5 TV — G
are compatible with ¢y after restriction to myV', and there can be at most one such
map because myV is dense in the source. O

The pushout formula in Proposition 3.3.3 provides us with an easy way to access the
cohomology of the disk:

Corollary 3.3.4. In the setup of Proposition 5.5.53, there is a canonical fiber sequence
RF(D, Ob,+,a> N Ob,—i—,a(b)hG D o%b N ( %b)hG’
where in the third term G acts trivially on Og,.

Proof. The assignment X +— RI(X,0”%%) defines a D¢(O¢»)-valued co-sheaf on the
category of small v-stacks over Spa C'. In particular this assignment sends colimits of
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stacks to limits of modules, hence by Proposition 3.3.3 we have a pullback square

RT(D, ©"%) —— RT (%, 0>)

| |

RI'(D/G, 0"t —— RT'(x/G, 0T
in D%(O¢»). The claimed fiber sequence follows easily from this pullback square. O

Corollary 3.3.4 reduces the study of RI'(D,0”%%) to the study of the continuous
cohomology H*(G,O+%(D’)). As an initial reduction, the inclusion On — OF(D”) has
a section, namely evaluation at 0, so let us write:

O-i-(Db) =00 ® o-i—(Db)O’

where O+ (D?)° consists of those fractional power series with no constant term.

We will need to know how this cohomology behaves under the restriction maps be-
tween discs of different radii. Therefore let us fix some notations: for r = |p| > 0 in the
value group of C, let D, be the disc of radius r:

D, = SpaC(T/p).
When 0 < 7’ < r, the inclusion D,» — D, lifts to a G-equivariant morphism D, — D,.

Lemma 3.3.5. Concerning the continuous cohomology H? (G, 0 (D")), we have:

(1) H3 (G, 07(Dy)) = Oc.
(2) Let 0 < r’" < r. Then the map

Hclts(G7 O+(D£>O) - Hclts

(G,0%(D})°")

18 zero.

(3) Hipi(G,07(D;)) =0 fori #0, 1.

Proof. 1t suffices to handle the case r = 1, in which case we write D = D;. Let us fix
an isomorphism G = Z,(1) = Z,, which is to say a topological generator

o= (1 Gar. ) € Z(1).
Then O (D")"¢ is computed by the complex
O+ (D) = 0F (D),

and in particular the cohomology is 0 for i # 0, 1. .
We can be completely explicit about the action of e on O (D). We have

O (D) = O (UP),

where U = (T,T 1/p,T1/p2, ...). The sequence defining e determines an element e €
Ch = lﬁlgHmp C'. This element is close to 1; let

t=¢ec—1,
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so that ¢ is a pseudo-uniformizer of C. The action of our generator e on OF(D’) is
determined by what it does to U, which is:

e(U)=eU=(1+1t)U.
Therefore e — 1 has this effect on OF(D”):
Ut = [(1+16)*=1U% a € Z[1/p]>o.
Evidently the kernel of e — 1 on O (D) is O, which is part (1). For part (2): a class
[£(U)] in HL (G, 0F(D")°) is represented by a series f(U) =, caU?, where o ranges

cts

through Z[1/p]so, and |c,| — 0 as a — co. We claim that the power series
Co
= —%>__ pe
9(U) ;(1“)&—1

converges on Dy, This would prove the desired claim, since the image of [f(U)] under
HL (G, 0T(D")°%) — H! (G, 0T (D")°) equals [(e — 1)g(U)] = 0. A computation shows

cts [t
that if o = bp* where p b, then

(o =1 =
so that

(b—1)p* < |ea| — O,

Ca « Oé*k
m‘ltl = leal [11777 = lea [1

proving the claim. 0

Lemma 3.3.6. Regarding the pro-étale cohomology H*(D, 0" of affinoid discs, we
have:

(1) H(D, 0 ™) = 02,,.
(2) For a disc D' C D of sufficiently small radius, the restriction map H'(D, O>%) —
HY(D', 0"2) s 0.

(3) H(D,0" ") =0 fori#0,1.
Proof. The claims about H'(D,©>%) for i # 1 follow easily by combining Corol-
lary 3.3.4 and Lemma 3.3.5. Whereas in the ¢ = 1 case, Corollary 3.3.4 shows that

H'(D,0"+%) = HY(G,0%(D")),

which has the claimed restriction behavior by Lemma 3.3.5(2). O

3.4. Computation of RF(J{}’%, ©°). Here we compute the cohomology RF(%},’%, O°).
The plan is to first compute the compactly supported cohomology RPC(}C;’%, ©’) and
then to apply Poincaré duality.

Theorem 3.4.1. Let I be a finite extension of Q,, and let C' be an algebraically closed
perfectoid field containing F. There are isomorphisms of C°-modules with GLgy(F)-
action:
St(C?), i=1
Hz(}c}?,Ca Ob) = ij 1=2
0, otherwise.
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Here St(C”) := LC(P(F), C")/C" is the Steinberg representation of GLo(F) (cf. [CDN21,
§4.1.1]), and LC(—, —) denotes the space of locally constant functions.

Proof. We apply the excision sequence in Proposition 3.2.6 to the situation of the rigid-
analytic space X = P}, its open subspace U = f]-f}’%, and the complement Z = P!(F).
We choose a cofiltered system {U;};cz., such that
e U; is a descending family of open affinoids in X = Pg, with N, U; = P*(F),
e cach U; is a disjoint union of finitely many closed discs, and
e cach inclusion U;,; — U, restricts on each connected component to an inclusion
of discs D' — D such that the radius of D’ is sufficiently small compared to
that of D (This is made precise in the proof of Lemma 3.3.6).
To see such a family U; exists, one can simply put a closed disc D(a) of small radius r
at each a € P}(F) C P} For two rational points a,b € P!(F), the discs D(a) and D(b)
are either the same or disjoint. Furthermore, one only needs finitely many such discs
to cover P!(F) since D(a) NP}(F) is open in the compact space P*(F). One may then
take U; to be the union of these finitely many discs.
Applying Proposition 3.2.6, we find a fiber sequence in D (C”):

RT.(HpY, 0%) — RT(Pg, ©0°) — colim; RU(U;, 0°),
By Lemma 3.3.6 we have:
(1) HO(Ui, Ob’Jr’a) = Ccts(ﬂ-O(Ui); Ogb).
(2) The image of H(U;, 0> — H'(Uyy1, 0>H%) is 0.
(3) H(U;, 0>) =0 for i # 0, 1.
Therefore we have an isomorphism of Of,,-modules:

LC(PY(F),0¢,) =0,

colim; H?(U;, 0"H) = {O otherwise

After base changing from Og, to C”, we obtain an isomorphism of C*-modules:

LC(PY(F),C") j =0,

colim; H’ (Us, Ob) - { 0 otherwise

Subsituting this calculation into our exact triangle above, we obtain a long exact se-
quence of C-vector spaces with GLy(F)-action (here we suppress the 0’-coefficients)

0— H(?(Jf;%) — H°(Pt) — LC(PY(F),C") — HY(HZL) — 0,

as well as isomorphisms Hé(f]'f};%) ~ H'(PE) for i > 2.

Note RI'(PL, ©°) ~ C” @ C°[—2](—1) as a consequence of the Primitive Comparison
Theorem (|Man22, Corollary 3.9.24]) and the fact that for f : P, — SpaC, the functor
f« = fi commutes with limits and colimits. For any 4, the map H°(P}) — H®(U;) is the
restriction of the constant global functions C* on P to U;, and the map is injective.
Thus, the map H°(P}) — colim; H°(U;) is injective. The isomorphisms claimed in the
theorem follow from these observations and from H2(P}) = C°. O
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Consider a cohomologically smooth map f : X — Y of small v-stacks. The functor
f* has a left adjoint f;. For any M € D (0%), we define the relative homology of M
to be fM € Dg(0%). Applying this to f : }C}QC — SpdC and M = °, we get by
adjunction that

£.0" ~ Hom(£,0", ). (3.4.2)
We write H;(H}, o, 0") := H7'(f,0).

Corollary 3.4.3. There are isomorphisms of solid C”-modules with GLy(F)-action:

c’, i=0,
H;(Hp, 0°) = { SH(C?), i=1,
0, otherwise.

Proof. By the adjunction between f; and f* and the Poincaré duality for smooth rigid-
analytic spaces (Theorem 3.2.1(iv)), we have

[0 = (HO")[2].
Here we omit the Tate twist since it will not be used in subsequent discussions. The
desired result then follows from Theorem 3.4.1. O

Remark 3.4.4. The homology group H;(H}, -, O°) carries actions of three groups: GLo(F),
Gal(C/F), and ¢7. Here @, is the g-Frobenius on Spd C' and will be considered in Sec-
tion 3.6. The Gal(C//F)-action comes from the fact that Hf , is the base change of
H} from Q, to C, and the Tate twist mentioned in the proofs of Theorem 3.4.1 and
Corollary 3.4.3 refers to the Gal(C'/F')-action via cyclotomic characters. The (p?—action
commutes with the Gal(C/F)-action, and in fact, we will not use the Gal(C/Q,)-action
in any subsequent discussion. There is a characteristic-p Tate twist showing up in Def-
inition 3.5.5 and results thereafter, which should not be confused with the usual Tate
twist. In fact, the characteristic-p Tate twist comes from the GLy(F)-action, which also
commutes with the Gal(C'/F')-action.

Definition 3.4.5. The space Dist(P'(F), C®) of distributions is defined as the solid C*-
linear dual of LC(PL(F), C), the space of locally constant functions. Let Dist(P'(F), C”)°
denote the subspace of distributions which assign a value of 0 to the constant function
1. In other words, Dist(P'(F),C")? is defined by the short exact sequence

50'_>f]p1 (F) ®
T

0 — Dist(P'(F),C")° — Dist(P'(F),C") " = 0.

Note that Dist(P'(F),C”)? is the solid C’-linear dual of St(C”) = LC(P'(F),C")/C".
We thus also write

St(C*)* = Dist(P'(F), C")°.
Theorem 3.4.6. There are isomorphisms of solid C”-modules with GLy(F)-action:
c’, i=0,
H{(Hpe, 0°) = L SHCY)*, i=1,
0, otherwise.
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Proof. In this proof, we will deviate from our earlier conventions and write RHom(—, —)
for the derived internal Hom (in any appropriate category). So Hom(—, —) will denote
the underived internal Hom. Let f : 3}, — SpdC be the structure map. By the
adjunction between f; and f*, we get

£.0" ~ RHom(f,0", ).
As shown in the proof of Theorem 3.4.1, RI’ C(J{};’C, ©°) is quasi-isomorphic to
RT(PL, 0")[-1] — LC(P'(F),C")[-1].
Combined with the fact f,0” ~ (£,0")[2], this implies RHom(f,O0’, ") is isomorphic to
RHom(LC(PY(F),C"),C*)[-1] = RHom(RI(P:, 0%),C")[~1]
For the second term, we have
RHom(RI(P}, 0%),C*)[~1] ~ RHom(C’[0] @ C°[—2],C")[~1] ~ C°[-1] & C"[1].

By [Sch26, Theorem 5.4] (after base-change from Z to C*), LC(P'(F), C”) is a free solid
C’-module. Hence,

RHom(LC(P'(F),C"), ") = Hom(LC(P'(F), C*),C") = Dist(P'(F), C").
The desired statement for H*(H}, o, ") then follows. O

3.5. The Heyer—Jacquet module. In this subsection we explain how to compute the
cohomology of the Steinberg representation St(C”) = LC(P'(F),C")/C” (or rather its
dual). Since this is essentially the smooth Steinberg representation (as we use locally
constant functions P*(F) — C”) we would expect the cohomology to be the one in
the setting of smooth representations, which was previously computed by Heyer in
[Hey23b, §4.3]. However, some care is required as the relevant 6-functor formalism for
us is Da(O0%) and this 6-functor formalism computes continuous group cohomology,
taking the topology of C” into account. In the following we show how smooth and
continuous group cohomology compare.

Given a ring A, recall the 6-functor formalism D(—, A) for sheaves of A-modules
on condensed anima from [HM24, Definition 3.5.17]. Here the category Cond(Ani) of
condensed anima is the category of sheaves of anima (i.e., oo-stacks) on the site of
profinite sets, where we implicitly impose a fixed cardinality bound on the profinite
sets. Note that there is a functor ProFin — vStk sending a profinite set S to the small
v-stack S x Spa C” = Spa(C(S, C”)). This functor preserves covers, hence we can extend
it by colimits in order to obtain a functor

Cond(Ani) — vStk, X — X x SpaC”.

Since this functor commutes with colimits by construction, it will send the classifying
stack x/G of a locally profinite group G to the classifying stack of G viewed as a v-stack.
Precomposing Dy with the above functor, we obtain the 6-functor formalism Dg(—) on
Cond(Ani) that sends a profinite set .S to

D@(S) = Dﬁ(OSXSpaC") = ‘DEJ(C(Sv Cb))
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The following result allows us to compare the 6-functor formalism from [HM24] (for
A = C°, viewed as a discrete ring) with the 6-functor formalism De.

Lemma 3.5.1. There is a natural transformation
a: D(—,C") = Ds(—)
of functors Cond(Ani)°® — CAlg(Cat). In other words, for every condensed anima X

there is a functor ax: D(X,C") — De(Oxxspacr) compatible with pullback and tensor
products.

Proof. Both D(—,C") and Dy (—) satisfy descent and are thus the right Kan extensions
of their restriction to the category ProFin°® of profinite sets. It is therefore enough to
construct a on these restrictions. For a profinite set .S we compute

D(S,C”) = D(LC(S, C")) = Modyg (s, (D(C?)),
Dy (S) = Da(C(S, Cb)) = MOdC(S,Cb)(Dli(Cb))

(for the last identity see [ABMN24, Proposition 2.21(ii)] or note that in the case C'= C,
we have D(C*) = Do(C”) by [ABM24, Lemma 2.9]). Here D(C”) denotes the derived
category of the category of (classical) C’-vector spaces. Note that Ds(C”) is a C’-
linear category, hence there is a uniquely determined C’-linear symmetric monoidal
embedding D(C”) < Dx(C”). Moreover, for every profinite set S there is a natural map
LC(S,C”) — C(S,C") of rings in Dy (C”), compatible with maps between profinite sets
(as these rings live in the heart of the t-structure, there are no non-trivial homotopies
to verify here). We can thus define aig as the composition

ag: MOdLC(s,Cb)(@(Cb)) - MOdLC(s,Cb)(@ﬁ(Ob)) - MOdC(S,Cb)(ﬂﬂ(Cb))a
and this clearly defines the desired natural transformation. 0

Remark 3.5.2. We warn the reader that the natural transformation « from Lemma 3.5.1
is not compatible with lower-! functors in general. In fact, this already fails in the case
of the map f: S — * for a profinite set S: We have of,(LC(S,C")) = LC(S,C") and
fia(LC(S,C%)) = £, C(S,C") = C(S,C"), and these two rings do not agree unless S is
finite. We expect that there is a lax compatibility of o with !-functors, in the sense of
a natural transformation afi — fia for all l-able maps f. Making this precise requires
more (00, 2)-categorical machinery than we intend to use in this paper, so we content
ourselves with a more ad-hoc approach in the following.

Fix a p-adic Lie group G and let V be a (derived) smooth G-representation on C°-
vector spaces, i.e., an object in D(x/G, C”) (cf. [HIM24, Proposition 5.3.10]). Via a we
can view V' also as a continuous G-representation with respect to the induced topology
on V from C”°. Denoting f: * /G — *, we now get two pushforward functors:

e f.: D(x/G,C") — D(C”) computes the smooth G-cohomology, i.e., f.V is given
by a complex with terms LC(G™, V).

o f.: Dy(x/G) — Ds(C”) computes continuous group cohomology, i.e., f.(aV)
is given by a complex with terms C(G",a(V)), where a(V) = V ®@cpaic C” is
the condensed C’-module obtained from V' by writing V' as a colimit of finitely
generated C’-modules and putting the canonical topology on each.
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The following result shows that the above two G-cohomologies agree when G is compact.
Moreover, instead of f, one can also consider the left adjoint of f*, usually denoted f;.
This functor computes G-homology and has the advantage of being compatible with «
without the compactness assumption on G.

Proposition 3.5.3. Let ¢: G — H be a map of p-adic Lie groups and f: /G — x/H
the associated map of condensed anima.

(1) Assume that ¢ is either (1) surjective or (2) an open immersion. Then f, exists
in both of the above sheaf theories and the natural map

qué = Oéfh

is an isomorphism of functors D(x/G, C") — Da(x/H).
(ii) Assume that ¢ is surjective and its kernel is compact with finite p-cohomological
dimension. Then the natural map

af, = fia
is an isomorphism of functors D(x/G,C") — Da(x/H).

Proof. We first prove (i), so assume that f is as in the claim. Note that f is coho-
mologically smooth for both 6-functor formalisms. Namely, this can be checked after
base-change along * — */H. In the second case of ¢ we then end up with the map
H/G — % and H/G is a discrete set, which is even cohomologically étale in both 6-
functor formalisms. In the first case of ¢, we end up with the map */(kerp) — .
Then cohomological smoothness for D(—, C”) is proved in [[M24, Example 5.3.22] and
for Dy(—) in [HM22, Theorems 3.16, 3.18] together with [ABM24, Lemma 3.3.2]. The
cohomological smoothness implies that f* preserves limits and hence f; exists. From
the compatibility of a with pullbacks we obtain the natural transformation fya — af;.
It remains to show that it is an isomorphism.

It is enough to show the claimed isomorphism after pullback along the map * — */H
(since this pullback is conservative). Note that f, commutes with this pullback in both
6-functor formalisms: This follows formally from the fact that f is cohomologically
smooth, since after passing to right adjoints the claimed base-change is stated in [HM24,
Lemma 4.5.13(i)]. We can thus replace f by its base-change along * — */H. In the
case that ¢ is an open immersion, we now deal with the map H/G — * and H/G is
a discrete set — the claim is clear. We thus restrict to the case that ¢ is surjective
and hence are allowed to assume H = x (by replacing G with ker ), i.e., f is now the
map */G — *. Since both sides of the claimed isomorphism of functors commute with
colimits, it is enough to verify the claim on compact generators. We are thus left to
show that the natural map

faa(V) = afy(V)
is an isomorphism for all V' of the form V = ¢ /1 for some p-torsion free open compact
subgroup K C G with induced map ¢g: % /K — %/G (here 1 denotes the trivial
representation on C”). Note that g is étale and hence g = gy- By the case of open
immersions for ¢ we can commute gy past a. Thus, replacing G by K we are reduced
to the following key claim:
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() Suppose G is p-torsion free and compact, and let f: % /G — *. Then the natural
map f;1 — af;1 is an isomorphism in D5(C”).

Here is the intuition behind this claim: Since f is cohomologically smooth and proper
for both 6-functor formalisms, f, essentially computes group cohomology (up to shift
and twist). Thus the claimed isomorphism states that the smooth group cohomology
of the trivial G-representation (given by a complex with terms LC(G™, C)) coincides
with the continuous group cohomology (given by a complex with terms C(G™, C”)).

To prove the claim, we make further reductions. First, note that there is an integral
version of both 6-functor formalisms, with coefficients in Og,, and OZ’{““ respectively
(the latter is the source of all 6-functor formalisms in [ABM24]). Since all functors
in the claimed isomorphism commute with colimits and hence with the base-change
— ®gpa C", it is enough to prove the isomorphism in (*) with integral coefficients. It
clearly holds modulo a pseudouniformizer 7, as in this case « is indeed a morphism of
6-functor formalisms (this is easy to see on the full subcategory of profinite sets, where
lower-! is right adjoint to pullback, and then follows on all condensed anima by the
uniqueness of the extension results in [HM24, Theorem 3.4.11]). It is thus enough to
show that both f;1 and a f;1 are m-adically complete. We use cohomological properness
and smoothness of f (in both 6-functor formalisms; for the smooth one we crucially
use that C” has characteristic p in order to apply [HM24, Example 5.3.22] to O%,) to
compute

fil= fif'1= fuwy,

where w; = f'1 denotes the dualizing complex — this is a character shifted by the

dimension of G (see [HM24, Example 5.3.22] for D(—, Oi}a) and [HM22, Theorem 3.18§]
together with [ABM24, Lemma 3.3.2] for Dy) Since f, preserves limits and wy is invert-
ible, clearly f.wy is m-complete in both 6-functor formalisms, hence the same is true for
fy1. It remains to show that afy1 is m-complete. But note that f,1 is perfect (as follows
from the above computation and the fact that w; is admissible (cf. [HM24, Definition
5.3.12, Proposition 5.3.14]), hence a finite colimit of copies of 924, and the same is then
true for afy1. But such objects are obviously m-complete. This finishes the proof of (i).

Part (ii) can be proved very similarly. The natural map af, — f.a is given by the
compatibility of o with pullbacks and the adjunction between f* and f.. We note that
f is cohomologically proper for both 6-functor formalisms. Again, this can be checked
after the pullback along * — %/H, which results in x/ker p — *. So we may replace
f by f:%/G — x with G profinite with ¢d,(G) < co. For Ds(—), the cohomological
properness follows from Theorem 3.2.1.(iv); and for D(—, C?), it follows from [HM24,
Proposition 5.3.2].

Now since f, = f in both 6-functor formalisms, by the same idea in the proof of (i),
it is enough to show

(*%) Suppose G is p-torsion free and compact, and let f: %« /G — *. Then the natural
map ofil — fil is an isomorphism in Dx(C?).

This claim then follows from (i) since fy(—) = fi(— ® wy). O
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Remark 3.5.4. In the setting of Proposition 3.5.3.(i) it is also true that fia = afy,
because fi and f, differ by a twist that is the same in both 6-functor formalisms.
However, it is difficult to construct an a priori map between fia and o f, which is why
we stated the result with f, instead.

Using Proposition 3.5.3.(i) we can now compute the cohomology with compact sup-
port of the smooth Steinberg representation in Dg(x/F) by using a version of Heyer’s
computation in the setting of smooth representations.

Definition 3.5.5 (The characteristic p Tate twist). Define a character e: Q) — F)
as the composition of the map Q — Z) (identity on Z; and trivial on p € Q) with
the reduction map Z5 — Fy. For a finite extension F/Q,, define ex = ¢ o Npyq,,
where Np/g, is the norm map. For an integer n, the characteristic p Tate twist F,(n)

is the representation of F* on I, whose character is €. For any F)-vector space V, let
V(n) =V ®g, F,(n).

Proposition 3.5.6. Let F' be a finite extension of Q, of degree d. Then there are
isomorphisms of C°-modules with (F*)?-action

C’, i=0,
H{(Hpo/F,O) = X7 i=d+1,
0, else.

where x is the character x: (F*)? — C**, (t1,t5) v ep(tity?).

Proof. By the results in the previous subsection, we essentially need to compute the
F-cohomology of the dual Steinberg representation and the trivial representation. Even
though the claim is about cohomology, it is more convenient to do the computation on
homology (e.g. because in Proposition 3.5.3.(ii) the group is required to be compact, but
F is not). Denote f: H},o/B(F) — */(F*)? for * = SpaC”, where B(F) C GLy(F) is
the subgroup of upper triangular matrices. Let f;, denote the left adjoint of f* in the
De-formalism (f, exists by cohomological smoothness of f). We need to compute f,0”
and by adjunctions we have

f*ob _ (fhob)v
In order to compute qub, we factor f into the maps
g: Hpo/B(F) = %/B(F),  h: = [B(F) = /(F*)%.

Then f, = hyg,. Moreover, g, was computed in Theorem 3.4.1 and is given by St(C”)
(with the natural action by B(F)) in degree —1 and C” (with the trivial B(F)-action)
in degree 0. We are thus reduced to proving the following two statements:

(a) h,C* = C".

(b) hy St(C*) = x][d].
Note that both C” and St(C”) lie in the image of the comparison functor a considered in
Proposition 3.5.3. So by Proposition 3.5.3.(i), it is enough to prove the analogous claims
in the setting of smooth representations. Therefore from now on all six operations are to
be understood in D(—, C”). Claim (a) is well-known, see e.g. [[ey23a, Example 3.4.24].
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Claim (b) is proved in [Hey23b, §4.3| in much more generality using the Geometric
Lemma, but in our case there is a quick direct computation as follows. First note that
there is an isomorphism

St(C") = LC(PY(F),C")/C” = LC(F,C"),  aw— a— al),

where LC.(F, C") denotes the space of compactly supported locally constant maps F —
C®. The above isomorphism is compatible with the B(F)-action, and in fact shows that
St(C") = 5,C”, where s: * /(F*)? — %/B(F) is the natural section of h. Thus

hy St(C”) = hs,C* = C".

It remains to translate between hy and hy, which is achieved by a certain twist. Namely,
note that h is cohomologically smooth (see [HM24, Example 5.3.22|) and hence h' =
h* ® wy, for w, = h'C”. By passing to left adjoints we deduce hy = hi(— ® wy). To
compute wy, we first note that wy, = wpF) @ h*(w&}x)z) and then observe that [HM24,
Example 5.3.22| and [Hey23b, §2.3.2] provide an explicit description of the dualizing
complex wg for any p-adic Lie group G over F: It is given as wg = 0¢[dimg, G, where
¢ is the character epodety(g): G — C”* with dety(g) being the F-linear determinant
of the adjoint action of GG on its Lie algebra g. An easy explicit computation shows that
w(pxy2 = C°[2d] and wp(ry = h*(x[3d]) with y as in the claim. Altogether we deduce

hy St(C”) = hy(St(C”) @ wy) = M(St(C”) ® h*(x[3d]) ® C"[—2d))
= m(St(C”)) ® x[d] = xld],
as desired. O

Remark 3.5.7. In the classical setting of a smooth representation of B(F') on a vector
space V in characteristic 0, the Jacquet module of V' is the space of coinvariants under
the unipotent subgroup F'; the Jacquet module of the Steinberg representation is 1-
dimensional. In the characteristic p setting, we learned from [Hey23a| that the correct
analogue of the Jacquet module is the functor hy of derived coinvariants of F'; we also
learned the calculation of hy St(k) (k any discrete field of characteristic p) in the case
F = Q, from [Hey23a, Corollary 5.3.4]. Owing to these developments, we use the name
Heyer—Jacquet module to refer to hy St(k) and related objects.

3.6. Application of Drinfeld’s Lemma, proof of Theorem D. In this section,
we discuss how to descend our result on O’-cohomology from BC(—1/t)* x; Spd C' to
BC(—1/t)*. The idea is modeled on the diamond version of Drinfeld’s lemma [SW20,
§16.3|, which states that for X = SpdQ,, the category of finite étale covers of X
is equivalent to the category of finite étale covers of X xgpqar, SpdC/p. We give in
Lemma 3.6.3 a version of Drinfeld’s lemma concerning ©°-cohomology and in Corol-
lary 3.6.8 a solid enhancement. But first, we need some discussions on quasi-Stein
spaces, which will be used in the proof of Lemma 3.6.3.

Classically, a very useful property of quasi-Stein spaces is they have vanishing higher
coherent cohomology in the analytic topology ([[XI.19, Theorem 2.6.5]). However, the
vanishing property does not hold for ©’-cohomology as we have seen from the cohomol-
ogy of Drinfeld symmetric spaces in Section 3.4. We must therefore impose additional
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conditions to ensure such vanishing. It would be interesting to investigate which classes
of quasi-Stein spaces satisfy the vanishing property for the ©’-cohomology. But here,
we only consider a rather ad-hoc class of quasi-Stein spaces needed in subsequent dis-
cussions, namely, quasi-Stein perfectoid spaces.

Definition 3.6.1. A quasi-Stein perfectoid space is a perfectoid space X over I, sat-
isfying the following properties:

(1) X admits a map of finite transcendence degree to a totally disconnected space;

(2) X can be written as the union of an ascending sequence Uy C U; C --- of
affinoid subspaces such that for each i > 0, the map O°(U;y1) — O°(U;) has
dense image.

Lemma 3.6.2. Let X be a quasi-Stein perfectoid space. Then H(X,0%) = 0 for all
i > 0. In particular, the non-solid cohomology group H'(X,0%) vanishes for i > 0.

Proof. Let {U;};>o be a family of affinoid analytically open subspaces of X as in Defi-
nition 3.6.1. View M, = Ol,’]i as an object in D@(Og(). Then Obe ~ Rlim; M;, and we
have

RTo(X,0%) = RT5(X, Rlim M;) =~ Rlim RU(X, M;) = Rlim RT(U;, O}

But each U; = Spa(A;, A) is an affinoid perfectoid space admitting a map of finite
transcendence degree to a totally disconnected space. Therefore, we have

RT.(X,0%) ~ Rlim 4; = Rlim 0% (U;),

where each A; = O%(U;) is considered as an object in Dy (F,). By the assumptions in
Definition 3.6.1(2) and the topological Mittag-Leffler lemma ([Bos23, Lemma A.37]),
R’ lim; O% (U;) = 0 for any j > 1. The result for H(X, O°) follows since HZ (X, 0°)(x) =
Hi(X, 0. O
Lemma 3.6.3 (Drinfeld’s lemma for O°-cohomology). Let k/F, be a finite field of
cardinality q. Let E = k((t'/?7)), and let X = Spa E. Let C be an algebraically closed

perfectoid field whose residue field contains k. Finally, let ¢, be the qth power Frobenius
map on Spd C. Then the natural map

RI(X,0%) = RI(X Xspax (Spd C) /g, O°)
1S an isomorphism.

Proof. Without loss of generality, we may assume C has characteristic p. We have
X Xgpar SpdC = §g, the 1-dimensional punctured perfectoid open unit ball over C'.

Since X and E(*J are quasi-Stein perfectoid spaces, they have no higher cohomology
with coefficients in ©O” by Lemma 3.6.2, and the map in the proposition is the same as
the map

E — H°(B, ).

HO(Bg,, O") is the ring of power series > o Yat®, where o runs over Z[1/p| and the series
is convergent on EE‘} The kernel of ¢, — 1 is E, and the cokernel is 0: for each «, let
do € C be a preimage of v, under ¢, — 1 of least absolute value. Examining Newton
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polygons, we find that |6.] = |[va| or [0a| = |7a|"? as [7a| < 1 or |7a| > 1, respectively.
Either way, |0q| < |7a|"?, which shows that > o 0at® converges on B. O

In the lemma above, we did not consider the condensed structures on the two coho-
mology groups. Namely, the map RT(X, ) — RT(X xspax (Spd C)/p,, O°) is really
an isomorphism between discrete groups. Our next step is to enhance this isomorphism
to an isomorphism of condensed groups. But before that, it is necessary to collect some
results on Fréchet spaces. Variants of these results appear in the literature, but none
seems to provide exactly the formulation we need.

In the following, let K be a complete non-archimedean field, i.e., a topological field
that is complete with respect to a nontrivial non-archimedean norm. In particular, K
can be a local field or a perfectoid field.

Definition 3.6.4. (1) A K-Banach space is a K-vector space complete with respect
to a norm (cf. [Perl0, Definition 2.1.1]).
(2) A K-Fréchet space is a complete metrizable locally convex K-vector space (cf.
[Per10, Definition 3.5.1]).

Lemma 3.6.5. A topological K-vector space V' is Fréchet if and only if it is a countable
cofiltered limit of K-Banach spaces.

Proof. This is a consequence of [Perl0, Corollary 3.5.7] and [SW99, Ch.II §5.4 Corol-
lary 1]. O

Example 3.6.6. (1) A K-Banach space is Fréchet. In particular, a perfectoid K-
algebra is Fréchet.
(2) Let X be a quasi-Stein perfectoid space over a perfectoid field K of characteristic
p. Then H°(X,0%) is a K-Fréchet space.

For any K-Fréchet space V', write V for its condensification as defined in [Sch26,
Example 1.3]. Any K-Fréchet space is compactly generated since it is metrizable.
Thus, the condensification functor V' +— V from the category of K-Fréchet spaces to
condensed K-modules is fully faithful by [Sch26, Proposition 1.7]. The condensed K-
module V is in fact solid by [Bos23, Proposition A.31].

Lemma 3.6.7. Let V. — W be a surjection of K-Fréchet spaces. Then its condensifi-
cation V. — W is a surjection of solid K-modules.

Proof. This follows from the same proof of [Bos23, Lemma A.33]. Note that Bosco
requires the field K (or F, in Bosco’s notations) to be discretely valued and to have
finite residue field. However, these additional assumptions are not used in the proof of
[Bos23, Lemma A.33| and only matter in some other results in [Bos23]. O

Our digression into general Fréchet algebras is now over, and we are ready to prove
a solid version of Lemma 3.6.3. In the notation of Lemma 3.6.3, we can describe
explicitly the solid cohomology groups of X = SpaFE and X Xgyqx (SpdC)/p, as
defined in Proposition 3.2.3 and Remark 3.2.4. The equivalence Dx(0%) ~ Dy(E)
endows RI'(X,0") with a solid structure, which is the group RI'5(X, ). Similarly,
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RT(X Xspar (Spd C) /¢y, %) has a solid structure RTo(X xgpqx (Spd C) /¢y, O°) via the
identification

RU(X Xspax (Spd C) /g, 0°) = f.0
where f: X Xgpar (SpdC)/p, — X is the projection map.

As argued in Lemma 3.6.3, X x Spd C is quasi-Stein and R := H°(X x SpdC, 0)
is isomorphic to RI'(X x SpdC, ") and is a Fréchet C-algebra. Via the projection
XxSpdC — X, Risalso a Fréchet E-algebra. We have the following solid enhancement
of Lemma 3.6.3.

Corollary 3.6.8 (Solid Drinfeld’s lemma). The natural map

RT4(X,0%) = RU4(X Xspar (Spd C) /g, O)
is an isomorphism in Dy(F,).
Proof. The solid cohomology group RI'-(X x (Spd C)/¢p,, ") is computed by the con-
densification of the complex

R gpq—ld R,

which will be viewed as a complex of EF-modules via the projection X x SpdC — X.
As shown in the proof of Lemma 3.6.3, the map ¢, — id is surjective. Since R is
a Fréchet E-algebra, the condensification of the map ¢, — id is again surjective by

Lemma 3.6.7. Since the condensification functor preserves kernels, we then get the
desired isomorphism by using Lemma 3.6.3. 0

Proposition 3.6.9. Let k/IF, be an algebraic extension of Fy, and let BC(—1/t) be
the negative BC space of slope —1/t over k. For each i € Z there is an isomorphism of
solid k-modules with @?-action:

k, i=0,
H (BC(=1/t)",0°) = { k(—1), i=1t+1,
0, else.

Here k(—1) is the representation of@i) on k with character e~ o det, where det: @S —

@(1] = Q, is the determinant map, and € is defined in Definition 3.5.5. The same result
holds for H'(BC(—1/t)*, 0").

Proof. For k = F nn-ve, by Proposition 2.7.1 (5), BC(—1/t)* ~ Spd L/SGy, where
Spd L is affinoid perfectoid and SG is profinite. Thus, BC(—1/t)* is qcgs. Since
Spd Fnn-1e — SpdFy is finite étale, BC(—1/t)" is also qegs when defined over k = F.
By Lemma 3.2.8 (2), it suffices to show that H(BC(—1/t)*, O) is a finite-dimensional
k-vector space viewed as a solid k-module for & = F,, where ¢ = p’. Any element of
@S = D/ lies in a subfield F' C D, of degree t over Q,, with det agreeing with then
norm map relative to F//Q. Therefore it suffices to establish the claimed isomorphism
as representations of F'*, where F' is an arbitrary maximal subfield of D;.
Applying Corollary 3.6.8 to F = L yields a natural isomorphism

RT,(Spd L, 0”) 2 RT.(Spd L Xspar (Spd C) /g, O°).
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Passing to derived SG,-invariants (note the SGj-action commutes with ¢,) and apply-

ing Proposition 2.7.1(5) followed by Proposition 3.1.2, we obtain isomorphisms:
RTL(BC(—1/t)*,0°) = RTL(BC(—1/t)* Xgpar Spd )"

RTUo(H o/ F, 07)1

Here, as discussed in Proposition 3.2.3.(ii), we ignore the difference between RT5(Hp o/ F, O°)
and RI(Hp/F, ©°) since it is defined over the perfectoid field C. The cohomology
of RT'(H},/F,0") is computed in Proposition 3.5.6. We conclude by observing that
(C*)'%4 = k as solid k-modules, because C” is algebraically closed. The result for
HY(BC(—1/t)*,0) follows since H}(BC(—1/t)*,O°)(x) = H'(BC(—1/t)*,0") and since
k and k(—1) are discrete as solid k-modules. O

12

We are now ready to present the main results of the section.

Theorem 3.6.10. Assume h > 2. Let k/F, be an algebraic extension field containing

Fym-vn. Let L/K be the Torii extension, let Gy and Gy, be the Morava stabilizer

groups (relative to k), let G, denote the kernel of G, — Gal(k/F,), and let SGy, denote
the kernel of the determinant map G, — G;.
Then there is a fiber sequence of derived k-modules with Gy X Z,; -action:

k — L% — k(—1)[—h] (3.6.11)
The residual action of G, /SGy, = Z, 1s through the central map Z; — Gh-1.

Proof. Recall Proposition 2.7.1(5): Under the isomorphism (Spd L)/SG) = BC(—1/(h—
1))*, the residual action of G;,/SGy, is through Z5 C G;,_;. Taking ©’-cohomology and
applying Proposition 3.6.9, we arrive at the claim. (]

Remark 3.6.12. We leave for the future some questions concerning the Heyer-Jacquet
module, including:

(1) By Proposition 3.6.9, the cohomology RI'(BC(—1/t)*,0") is a G;-equivariant
extension of k[—t — 1](—1) by k, whose extension class determines a canonical
element of H.t*(Gy, k(1)). It would be interesting to know a concrete description
of this “Heyer—Jacquet class”, or at least tell when it is nontrivial.

(2) The techniques of this chapter ought to extend to the calculation of the mixed-
characteristic module RT'(BC(—1/t)*, W(0O")), where W (0”) means Witt vectors

of the structure sheaf.
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4. SOoLID LUBIN-TATE THEORIES

In Lurie’s framework |[L.url8al, the basic data to which one associates a Lubin-Tate
theory is that of a pair (R,I') of a commutative [F,-algebra R and a p-divisible group I
over R. In the case that R is Noetherian and F-finite and I' is nonstationary over R (see
Definition 4.1.11), Lurie has constructed a well-behaved Lubin-Tate theory F(R,T).*

In this section, we will identify a category LKN of Luriean Kalypto—Noetherian pairs
whose Lubin—Tate theories are well-behaved. In this category, we relax the assumption
that R be Noetherian: instead, we ask that there exist a relatively perfect homomor-
phism Ry — R with Ry Noetherian and F-finite. We extend Lurie’s construction of
Lubin—Tate theories to this context, proving the following theorem:

Theorem 4.0.1. There is a Lubin—Tate theory functor E(—): LKN — CAlg satisfying
the following properties:
e There is a natural isomorphism moE(R,T") = R%,rp where RE}%,F) 18 the classical
deformation ring of (R,T).
e There are natural isomorphisms mo, E(R, ') = wiun, where wrw is the invertible
module of invariant differentials of the universal p-divisible group I'™ living over

1
Rk
The following constructions applied to Lubin—Tate theories will play an important
role for us:

e Given a Lubin-Tate theory E(R,T'), we may consider its K (h)-localization
LK(h)E(R, r).

e Given a K(h)-local Lubin-Tate theory E(R;,['1), we may consider the K(h)-
localized tensor product Ly p)(E(R1,T1) @swk) En).

We will define a full subcategory LKN;, C LKN of LKN pairs of height h in Defini-
tion 4.4.1. If (R,T") lies in LKNp, then in particular the identity component of I" is of
exact height h and E(R,T") is K(h)-local.

Theorem 4.0.2. For each integer h > 1, there is a functor
L3, LKN = LKN,,
for which there is a natural isomorphism
E(LyS, (R.T)) ~ Ly E(R,T),
Theorem 4.0.3. Let LKNZN C LKNy, denote the full subcategory of (R,T") such that R

15 perfect and Noetherian and I' is connected. For each integer h > 1 and weakly étale
F, — k, there is a functor

— K, —: LKN,, x LKN?Y — LKN,,
such that for (Ry,T1) € LKNy, and (Ry,T'y) € LKNPY | there is a natural isomorphism
E((R1,T'1) Xy (Re,I'9)) ~ Ly (E(Ry,T1) @swy E(R2,T2)).

“Lurie has also constructed well-behaved Lubin-Tate theories when R is a perfect F,-algebra and
I' is a connected p-divisible group.
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In the context of height h formal groups over perfect [F,-algebas, Clausen has enriched
the Lubin—Tate functor to take values in the category of solid E,.-rings [Cla25, Section
12]|. In this section, we use the formalism of LKN pairs to extend this construction to
the context of p-divisible groups over solid rings.

We will define a category LKN" of solid LKN-pairs (R, I")—these consist of a solid ring
R and a p-divisible group I' over its underlying ring R(x), subject to certain conditions.
These imply, for example, that the pairs (R(S),I") are LKN. It will almost never be
true that R(S) is Noetherian, and this is our motivation for working in the greater
generality of LKN pairs. We again define a full subcategory LKN;, C LKN" of solid LKN
pairs of height h.

Then we are able to generalize the above results to the solid context.

Theorem 4.0.4. The category LKN" is naturally enriched over condensed sets (hence
over condensed anima), and there are natural functors enriched over condensed anima

E”(—): LKN” — CAlg"
Ly - LKNY — LKNj,
0 LKNE x LKNPY — LKNY
and natural isomorphisms of solid E,-rings
EY(LG8 (R.T)) = L B°(R.T)
EP((Ry, 1) R (R3,Ta)) = Ly (E°(Ry, T1) @3y E2(RS, ).
Moreover, the condensed functors E7(—), L?{’?}lg), and X; are computed by applying the
corresponding uncondensed functors of the same name levelwise.

Ezample 4.0.5. The pair (k°,T'},) is an example of a solid LKN pair of height h, and
E°(K°,T),) agrees with Clausen’s solid Lubin-Tate theory. Then L ale )(Fp,Fh) =

K(h—
(K, T} ), so that by Theorem 4.0.4 there is an isomorphism
Ly E°(Fy, Th) =~ E°(K,Th ).
Furthermore, one may identify (K, ') &%5 (Ff,,Fh_l) = (L,I}7), so that B =

L1y (Lrp-1)E([Fp, Tn) Osws,) E(Fp, Tno1) = E(L, T) ().
Using this, we are able to construct a Gy, ;,—i-equivariant map B — B from a map of
solid LKN pairs
(L, Iy) = (L, (T)7)

4.1. Background on Lubin—Tate theories. We begin by recalling Lurie’s approach
to the construction of Lubin-Tate theories. This is based on an extension of the defi-
nition of formal and p-divisible group to the context of E..-rings.

Definition 4.1.1. Recall that an adic ring is a topological ring R for which there
exists a finitely generated ideal of definition I, and that a morphism of adic rings is a
continuous ring homomorphism. An adic E,-ring is an E,-ring R with the structure
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of adic ring on 7y(R), and a morphism of adic E..-rings is a morphism of E-rings that
restricts to a continuous map on my. More formally, we define CAlg,, as the pullback

CAlg,, —— CAlg},

! !

CAlg —— CAlg” .

We say that an adic Eo-ring is complete if it is I-complete for one (hence any) choice
of ideal of definition I C m(R). We let CAlgt" C CAlg,, denote the full subcategory
of complete adic E..-rings.

Definition 4.1.2 ([Lurl8a, Definition 1.6.1]). Let R denote a connective E-ring. A
formal group (of dimension one) over R is a functor

with the property that the composite

CAlgS 5 D(Z)so = Ani
is of the form Spf(A) for A an adic E.-ring satisfying the following property:

e There exists an invertible 7y(R)-module M such that

m(A) = [ ] (Symi, ) (M) @ry(r) 7 (R))

n>0

as graded . (R)-algebras, and M generates the ideal of definition in 7y(A).

Example 4.1.3. Recall that an E.-ring R is said to be weakly periodic if mo(R) is an
invertible 7(R)-module and the map 7, (R) ®x,(r) T2(R) — Tn12(R) is an isomorphism
for all n. We say that an E,.-ring R is complex periodic if it is weakly periodic and
complex orientable.

If R is a complex periodic E-ring, then R®"™ is a complete adic E..-ring with ideal
of definition equal to the kernel of the map mo(R**") — mo(R). The product on CP™
endows Spf(R®F™) with the structure of a formal group over R. This formal group is
called the Quillen formal group over R, and we denote it by Fg.

Remark 4.1.4. Given a general E..-ring R, we define a formal group or p-divisible group
over R to be the respective object over its connective cover 7>oR.

Definition 4.1.5 (|Lurl8a, Definition 2.0.2|). Let R denote a connective E,-ring. A
p-divisible group over R is a functor I': CAlg®' — D(Z)>o with the following properties:
(1) Forevery A € CAlg}, the Z-module I'(A) is p-nilpotent: we have I'(A)[1/p] ~ 0.

(2) For every finite abelian p-group M, the functor

A Q> Hom(M,T'(A))

is representable by a finite flat R-algebra.
(3) The map p: I' — T is locally surjective with respect to the finite flat topology.
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Definition 4.1.6. We let Mg% denote the moduli stack of p-divisible groups: given a
connective E -ring R, then ME‘}"(R) is the co-groupoid of p-divisible groups over R.
We let Mpr denote its underlying classical stack.

Similarly, we let M]ng‘x’ denote the moduli stack of formal groups over E.-rings, and
let M, denote its underlying classical stack.

Remark 4.1.7. Given a p-divisible group I' over a p-complete base E..-ring R, Lurie
has constructed a formal group I'° over R called the identity component of I" [Lurl8a,
Theorem 2.0.8|.

Our next goal is to state Lurie’s results about the deformation theory of p-divisible
groups over E.-rings. First, we need some preliminaries on the cotangent complex.

Notation 4.1.8. Given a map of E-rings R — 5, we let LE;OR denote the E, relative
cotangent complex, defined in terms of square-zero extensions of E_.-rings.

We also make use of the relative topological cotangent complex L%/"Y of a natural
transformation X — Y between functors X,Y: CAlg™ — Ani, which is uniquely
determined if it exists (see [Lurl8h, Definition 17.2.4.2|).

Given a map of commutative rings R — .5, we let Lgd/gR denote the algebraic relative
cotangent complex, defined in terms of square-zero extensions of animated commutative
rings.

Tn =
Lgl/gR which in general is not an isomorphism. However, the following result is reassuring.

Given a map of commutative rings & — S, there is a natural homomorphism L

Proposition 4.1.9. (1) Let R denote a commutative ring. Then the absolute E
cotangent complex L%x’ 1s almost perfect as an R-module if and only if the ab-
solute algebraic cotangent complex L%g 1s almost perfect as an R-module.

(2) Let R — S denote a map of commutative rings. Then LE<, ~ 0 if and only if

SR =
]
Lg/gR ~ (.

Proof. Part (1) is part of |[Lurl8a, Proposition 3.3.4].
To prove part (2), let ST denote the E;-ring of [Lurl8b, Corollary 25.3.3.3]. By
[Lurl8h, Remark 25.3.3.7|, there is an equivalence Lgl/gR ~ S ®g+ LE;"R. Now, LEe=

S/R
is connective and the map St — S has 2-connective fiber by the proof of [Lurl8h,
Proposition 25.3.5.1]. It follows that LEf’R vanishes if and only if Lgl/gR does. O

Next, we discuss the cotangent complex of Mgr.
Proposition 4.1.10 ([Lurl8a, Propositions 3.2.2 (3) & 3.2.5|). The moduli stack of
p-divisible groups MEEE admits a (—1)-connective cotangent complex LEM°;TE . If R is
a connective Eo-ring for which p is nilpotent in mo(R) and n: Spec(R) — Mg
corresponds to a p-divisible group over R, then n*L%O I furthermore connective and
BTE,

almost perfect as an R-module.

SHere the subscript “BT” refers to “Barsotti-Tate”, which is another name for p-divisible groups.
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Definition 4.1.11 (|Lurl8a, Definition 3.0.8 & Remark 3.4.4]). A p-divisible group I'

over a commutative ring R in which p is nilpotent is said to be nonstationary if the

relative E,, cotangent complex LSpec( R)/M. . 18 1-connective, i.e. if the canonical map
BT% oo

Eeo

Ly |Spec B — L& R 18 surjective on .

BTEco Spec

Theorem 4.1.12 ([Lurl8a, Theorem 3.4.1]). Let R be a commutative ring and let T’
be a p-divisible group over R. Assume that p is nilpotent in R, that ' is nonstationary,
and that the cotangent complex L%’O 15 almost perfect as an R-module. Then:

(1) The p-divisible group I' admits a universal deformation to a complete adic E-
ring R“}%F equipped with a map R e )~ R.

(2) The spectml deformation ring Ri'g zs connective.

(3) The canonical map RER,F) = mo(R{pry) = R is a surjection and exhibits R%z,r)
as the classical universal deformation ring of I' in the realm of static rings.

(4) The canonical map R(RF — R exhibits R as an almost perfect R(R r) -module.

In particular, the kernel I of RS, (RT) R is finitely generated.

(5) The kernel I is an ideal of deﬁmtwn for R(R ry- In particular, Rp" is I-complete.
(6) If R is Noetherian, then Ry is Noetherian.

Remark 4.1.13. Recall that an [F,-algebra R is said to be F'-finite if the Frobenius
morphism F': R — R exhibits the target as a finitely generated module over the source.
Lurie has proven that a Noetherian F,-algebra R is F-finite if and only if the abso-

lute cotangent complex L?{lg (or, equivalently, L]IE%"O) is almost perfect as an R-module
[Lurl&a, Theorem 3.5.1].

Finally, we review the notion of an orientation of a formal group and how it may be
used to define Lubin—Tate theories.

Construction 4.1.14 ([Lurl8a, Construction 4.2.9]). Let R denote an E,-ring, and
let T denote a formal group over R. For R-algebras A, there is a natural map

L: QF<TZOA) — MapModR<wf[1]> A)

that we call the linearization map.
Indeed, when R is connective there is a natural fiber sequence

wp[l] — R®o. R— R
by [Lurl8a, Proposition 4.2.8]. Thus we obtain
Qf(TZ()A) ~ MapCAlgr>0R (TZOR ®Of TZOR7 TZOA)
- MapModT R(Tzowf[l]a T>04) = Mapyoq,, (wp[1], 4)
Definition 4.1.15 (|[Lurl8a, Definition 4.3.1, Construction 4.3.7, and Definition 4.3.9]).
Given a formal group T over an E woTing R, a pre- orientation of T is a (pointed) map
e: 8% — F(7'>0R) Viewing e as an element of QQF(T>0R> and applying the linearization

map twice, we obtain a map f.: ws[2] — R, called the Bott map of e. We say that the
pre-orientation e is an orientation if the map [, is an isomorphism.
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Remark 4.1.16. If T is an oriented formal group over an E-ring R, then the Bott map
is an equivalence R[—2] ~ wg. Letting I denote the underlying formal group of I' over
mo(R), we find that the induced map m,(R) ®ry(r) Wpa — Tni2(R) is an isomorphism

for all n € Z. In particular, there are canonical isomorphisms 7y, (R) = w%’c’f for n € Z.

Construction 4.1.17 ([Lur18a, Proposition 4.3.9 and Definition 4.3.10]). Let T denote
a formal group over an E.-ring R. Then there is an R-algebra Opr) that represents
the functor taking an R-algebra A to the anima of orientations of the base change of T
to A. We call D(R,f) the orientation classifier of T over R.

Indeed, the R-algebra ‘B( RE) = R ®R®Of r R classifies preorientations of T. In par-
ticular, the tautological preorientation e determines a Bott map

[2] - m(Rf)-

Since wg, . [2] is a line bundle, there is a universal B (g r)-algebra D( ) Where the base

change of 3, becomes an isomorphism by [Lurl8a, Proposition 4.3.17]. By definition,
9) (R.D) classifies orientations of I', as desired.

Be: wf‘ﬁ ~

(R,I)

Remark 4.1.18. By |Lurl8&a, Proposition 4.3.21], a preorientation of a formal group r
over a complex periodic E.,-ring R is equivalent to a map I’% — T of formal groups
over R. N

By [Lurl8a, Proposition 4.3.23|, a preorientation of a formal group I' over an E..-
ring is an orientation if and only if R is complex periodic and the corresponding map
F}% — T is an isomorphism.

We need one more condition before we may define the Lubin-Tate theory construc-
tion.

Definition 4.1.19 (|Lurl8a, Definition 6.4.1]). Let T denote a formal group over an
E..-ring R. We say that I is balanced if the map R — O (rT) tO the orientation classifier
) (R.D) of T satisfies the following two conditions:

(1) The map moR — mO 7 is an isomorphism.

(2) The odd homotopy groups of O (R.D) vanish.
Definition 4.1.20. Let R denote an [F)-algebra with almost perfect cotangent complex

LI}%” and let I' denote a nonstationary p-divisible group over R. If I'"™° over R?}% ry 18
balanced, then we define the Lubin—Tate theory of the pair (R,I") to be:

E(R, P) = D(R?E,F)’Fumo)'

In this case, there are canonical isomorphisms
®n/2

T E(R,T) = {B"F

if n even,

if n odd.
In particular, 7o E(R, ") = RE}E,F)'



68 BARTHEL, MANN, RAY, SCHLANK, SENGER, WEINSTEIN, AND ZHOU

In the case that R is Noetherian, Lurie has proven that I'"™° is always balanced.

Theorem 4.1.21 ([Lurl8a, Theorem 6.4.6]). Let R denote a Noetherian F-finite F,-
algebra, and let T' denote a nonstationary p-divisible group over R. Then the formal

un

group I'™° over (R.) 18 balanced.

As a consequence, one may assign Lubin-Tate theories F(R,I") to pairs (R,I") where
R is a Noetherian and F-finite Fj-algebra and I' is a nonstationary p-divisible group
over R.

We conclude this section by discussing the universal property of Lubin—Tate theory.

Remark 4.1.22 ([Lurl8a, Remark 6.0.7]). In the context of Definition 4.1.20, let I =
ker(Rf}H) — R). Then the Lubin-Tate theory E(R,T") is a complete adic E.-ring
when endowed with the [-adic topology, and has a universal property as a com-
plete adic E.-ring. Namely, given a complete adic E,-ring A, the anima of maps
Mapgay, , (E(R,T'), A) is identified with the classifying anima of triples (f, a, e), where
Tisa p-divisible group over A, « is an equivalence class of I'-taggings on f, and e is an
orientation of I'° _

A T'-tagging on T is a pair (I, a) of a finitely generated ideal of definition I C my(A)
and a map of pairs a: (R,T") — (mo(A)/1, wa(A)/I). Two taggings (I;, o;) are equivalent
if there exists a finitely generated ideal of definition I3 containing I; and I, such that
the composites

(R,T) = (mo(A)/ i, Tagayyr) = (mo(A)/ s, Togayy)

are equal for i =1, 2.

4.2. Luriean pairs. We define Luriean pairs as an axiomatization of the input data
required for Lurie’s construction of Lubin—Tate theories, and prove a permanence prop-
erty of Luriean pairs that will be key in our construction of non-Noetherian Lubin—Tate
theories.

Definition 4.2.1. We say that a pair (R,I") of an [F,-algebra R and a p-divisible group
I' over R is Luriean if the following conditions are satisfied:

(1) The cotangent complex Lp is almost perfect as an R-module.

(2) The p-divisible group I' is nonstationary.

(3) The identity component I'**° of the universal deformation I''** over Ry is bal-
anced.

It follows from the discussion at the end of the previous section that we may assign
a well-behaved Lubin-Tate theory E(R,I") to a Luriean pair (R,T).

Remark 4.2.2. By Remark 4.1.13 and Theorem 4.1.21, a pair (R, ') with R Noetherian
is Luriean if and only if R is F-finite and I" is nonstationary.

The main goal of this section is to prove the following theorem.

Theorem 4.2.3. Let (R,T") denote a Luriean pair with R Noetherian, and let R — S
denote a flat map with L?fR ~ 0. Then (S,T's) is also a Luriean pair.
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The key technical input to this theorem is the following proposition.

Proposition 4.2.4. Suppose that (R,T') is a Luriean pair with R Noetherian. Let
R ; S denote a flat map for which Lgl}gR ~ 0. Then the induced map R(uzr%,r) — R?g,rs)
15 flat.

Given this proposition, we may prove Theorem 4.2.3.

Proof of Theorem 4.2.3. Since Lgl}gR ~ (), we also have LE?R ~ (0 by Proposition 4.1.9.

It follows that LE“’ ~ ngoo ®pg S, which is almost perfect as an S-module because it
is the base change of an almost perfect R-module. Similarly, we have LISI‘;‘;C(S) e
LISE;C( R)/Mpr OR S, so that LIE;ZC(S) M is 1-connective, i.e. ['g is nonstationary.

What remains is to show that the identity component (I's)"™° is balanced. However,
(I's)"™ is base changed from '™ along the map R‘(JEI) — R?g,rs)' Since this map is flat
by Proposition 4.2.4 and I'™° is balanced by assumption, this implies that (I'g)"™™° is
balanced by [Lurl8a, Remark 6.4.2]. O

In the remainder of this section, our goal will be to prove Proposition 4.2.4. This
will be accomplished by combining the following two lemmas.

Lemma 4.2.5. Suppose that (R,T") is a pair consisting of an F,-algebra R with the
property that L%’o 1s almost perfect and a nonstationary p-divisible group I over R.
Suppose that R — S is a flat map such that Lz}/gR ~ (0. Then LE“’ s almost perfect as
an S-module and I'g is nonstationary, so that R@FS) exists and the map

R ®Run

un
(R,I") R(STS) — 5

1S an tsomorphism.

Lemma 4.2.6 (Lurie). Let R — S be a morphism of Eo-rings, and assume that R is
Noetherian. Assume that R is complete with respect to an ideal I C moR and that S is
complete with respect to the ideal Imy(S) C m(S). Then the following are equivalent:

(1) The morphism R — S is flat.
(2) The induced morphism mo(R)/I — (mo(R))/I ®@% S is flat.

Proof of Lemma /4.2.6. This is |[Lurl8a, Lemma 6.1.9], with the assumption that S be
Noetherian removed. This assumption was never used in Lurie’s proof of [Lurl8a,
Lemma 6.1.9]. O

Remark 4.2.7. It follows from Lemma 4.2.5 that the square

Rigry — sry)

| |

R—— S
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is coCartesian and that (Srg) 18 I-complete, where [ is the kernel of RC}% ry = R. It
therefore follows from [Lurl8a, Proposition 5.2.9] that Riz ) — Ri§p, Is an (Rr)
thickening of R — S in the sense of [LLurl8a, Definition 5.2.1].h

All that remains now is the proof of Lemma 4.2.5. Before we prove it, we need two
preliminary lemmas.

Lemma 4.2.8. Let I' denote a nonstationary p-divisible group over an IFp-algebra R.

Suppose that R — S is a flat morphism and that L%g and L“g}g are almost perfect. Then
we have
S ®Run LRun )/Run >~ S ®R®Run

un L ~ (.
(S,T'g) (s,rg)/ *Y(R,T) (R,F)R(SIS) R®R‘(‘n r (SFS)/R

Proof. 1t follows from the definition of the spectral deformation ring that

E Y Y
LSPf(R?E p>)/MBT - Lspf(R““F ))/MBT ~ 0,

so that we have LSpf(Ru“ yysptem 1y = 0. (See [LurlSa, Proof of Lemma 6.1.7].)

[CRY) (R,I)

Letting I C R( ST denote the kernel of R( sre) S, this implies that the /-completion

Eoo 4 Eoo
of LR.(Jg ro /R is trivial by [Lurl&h, Example 17.1.2.9], hence S®R(57FS)LRF§‘,FS)/RF§,F) ~

0, as desired.

Finally, the equivalence S ® R B

L oo ~S® un
rg) - Rigrg)/Brm ROrp

pun LB

) (STg) R®R?§’F)R(S’FS)/R
E

i n nce of th han ivalence LE> un n L T

s a consequence of the base change equivalence Romm By n R R®RE‘R o LR e

O

Lemma 4.2.9. Let R denote an F,-algebra for which L%’" s almost perfect, and let T’
denote a nonstationaryp divisible group over R. Suppose that R — S is a flat map with
the property that LS/R ~ 0, and let I = ker(R(R r — R) and J = ker(R?ISIS) — 9).
The 1mage of I in R(SF generates J.

This lemma, in turn, depends on two smaller lemmas.

Lemma 4.2.10. Let R denote a commutative ring that is derived I-complete with
respect to a finitely generated ideal I C R. Then any finitely generated ideal J C R is
derived I-complete.

Proof. By the short exact sequence 0 — J — R — R/J — 0, it is equivalent to prove
that R/J is derived I-complete. Fix generators xq,...,x € J andlet Z[xq,..., 2] = R
denote the map sending each x; to the corresponding element of J. Then R®Hi[x1,...,xk]

is a perfect R-module, hence derived I-complete, with mo(R ®%[x1,...,zk] Z) =2 R/J. Tt
therefore follows from [Lurl8h, Theorem 7.3.4.1| that R/J is derived I-complete. [

OLurie’s assumption that F : Ay — Ay is flat and that Ay — By is relatively perfect may be replaced
by the assumption that L%‘:/ Ay 0, which is all that he makes use of.
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Lemma 4.2.11. Let R denote an [Fy-algebra with L%’" almost perfect, and let T denote
a nonstationary p-divisible group over R. Let I denote the kernel of RCR n = R. Then
there is a canonical identification

Eoo ~ T/T2
ﬂ-lLSpeC(R)/MBT - I/[ )
Eoo .
Proof. Since LS DRI )Mt ~ 0, we have LSpec( R Mpr LSpeC( R)/Spi(RY 1) Since

any R-module is automatically I-complete as a Rl(lgr)—module, it follows from [Lurl18h,
Eoo . .
Example 17.1.2.9| that LSpec( R)/ Spi(Rp 1) Lgpec(r)/ spec( RE LY Finally it follows from

[Lurl7, Theorem 7.4.3.1] that there is a natural isomorphlsm

Eoo ~ /T2
T1Lgoee(ry/ Spec(RYS 1) I/ [

Proof of Lemma /.2.9. Let I C J denote the ideal generated by the image of I in
Rf}s,rs)' It follows from Lemma 4.2.10 that I and J are derived J-complete. Now, by
Lemma 4.2.11 and the fact that Lg/gr ~ 0, we have that

(I/1*)®@p S — J/J?

is an isomorphism. In particular, I /IN J — J/J?* is a surjection. Since I and J are
derived J-complete, it follows from derived Nakayama’s lemma [Sta25, Tag 09B9| that

I Jisa surjection, as desired. O
Using Lemma 4.2.8 and Lemma 4.2.9, we prove Lemma 4.2.5.

Proof of Lemma 4.2.5. Since LS/R ~ 0, we have L © Qp S ~ L , whence it follows

that LE‘X’ is almost perfect and I'g is nonstationary.
To prove that

R ®Run

un
ey Bisrs) =5
is an isomorphism, it suffices by [Lurl7, Corollary 7.4.3.4] to show that it is an isomor-
phism on 7y and has a trivial relative cotangent complex. On 7, this is a consequence

of Lemma 4.2.9. On the other hand, to prove that LET’RQ@RUH ~ (), we make use
) R, Ig)

of the cofiber sequence

an  LEe - — LEee — [Ex -
S ®R®RF§’F)R(S,FS> Repm | RiS /R S/R S/Romum | Ri3rg)

The middle term vanishes by assumption, and the first term vanishes by Lemma 4.2.8,
hence the final term vanishes and we are done. 0

Finally, we use Lemma 4.2.5 and Lemma 4.2.6 to prove Proposition 4.2.4.
Proof of Proposition /.2./. By Lemma 4.2.6, it suffices to show that the induced map
R = R®ry . Risry)
is flat. To prove this, it will suffice to prove that the map
R ®pun

(R,T)

Rigryy — S
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is an isomorphism, since R — S is flat by assumption. This is the statement of
Lemma 4.2.5. U

We record the following consequence of the above results, since we will find it useful
in the sequel:

Lemma 4.2.12. Suppose that (R,T") is a Noetherian Luriean pair. Let R — S denote
a flat map of rings for which L?/gR ~ 0. Then the induced map E(R,T') — E(S,I'g) is
flat. Moreover, the induced map on R‘(:}'%,F) — R&FS) sends the kernel of R((:}%,F) — R to
generators for the kernel of R&FS) — 5.

Proof. Since the pullback of I'™° along RE‘E’F) — R?g,rs) is canonically isomorphic to
(T'g)"™™°, the square

(rry — fsry)

| !

E(R,T) —— E(S,I'g)

is a pushout of E,-rings. The flatness of the bottom is therefore a consequence of
the flatness of the top arrow, proven in Proposition 4.2.4. The second statement is a
consequence of Lemma 4.2.9. 0

4.3. LKN pairs. In this section, we introduce Luriean Kalypto—Noetheriean pairs, which
are a subclass of Luriean pairs that has better closure properties. We will frequently
make use of the abbreviation LKN pairs.

Definition 4.3.1 (Relatively Perfect). A map f: R — S of [F,-algebras is called rela-
tively perfect if the diagram

R % S
Fr Fy (4.3.2)

R%S

is a pushout in the category of commutative rings. In other words, if the relative
Frobenius

FS/R:RF®RS—>SF

is an isomorphism.

Definition 4.3.3 (Kalypto-Noetherian). We say that an F,-algebra R is Kalypto—
Noetherian if there exists an F-finite Noetherian [F,-algebra Ry and a flat, relatively
perfect map Ry — R.”

"We take the term Kalypto from the ancient Greek xohUntw: to cover, hide or conceal. For example,
in book 8, line 503 of the Odyssey, one finds the Achaeans xexoahvypévol (nne: concealed in the [Trojan]
horse. Like the Achaeans in the Trojan horse, Kalypto—Noetherian rings covertly smuggle in the
properties of Noetherian F-finite Fj-algebras that we will require.
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We emphasize that the ring Ry is not part of the data—it is merely required to exist.
We call Ry — R a witness to Kalypto-Noetherianity of R.

We now recall some basic properties of relatively perfect maps and use them to prove
some closure properties of the category of Kalypto—Noetherian rings.

Lemma 4.3.4. (1) If f: R — S is weakly étale, for example if it is a filtered colimit
of étale maps, then it is relatively perfect.
(2) If Ry — Ry and Ry — Rs are both relatively perfect, then so is their composite
RO — RQ.
(3) Let k be a perfect Fp-algebra with maps k — Ry and k — Sy and let Ry — Ry
and So — Sy be relatively perfect, then the map

Ro Rk So — Rl R 51
1s relatively perfect.

(4) If Ry — S is relatively perfect and Ry — Ry is any ring homomorphism, then
the base change Ry — S ®p, Rs is relatively perfect.

Proof. (1) This is the statement of [Sta25, Tag OF6W].
(2) This is a consequence of the fact that the pasting of two pushout diagrams is a
pushout diagram.
(3) This follows from the fact that a tensor product of pushout diagrams is a pushout

diagram.
(4) Again, this follows from the fact that a tensor product of pushout diagrams is
a pushout diagram. OJ

Lemma 4.3.5. (1) If R is Kalypto—Noetherian and R — S is flat and relatively
perfect, then S is Kalypto—Noetherian.
(2) If k is a perfect F,-algebra and R and S are Kalypto-Noetherian k-algebras then
R ®;. S is Kalypto—Noetherian.
(3) If R is Kalypto—Noetherian and R — S is weakly étale, then S is Kalypto-
Noetherian.

Proof. (1) There exists Ry — R flat and relatively perfect with Ry F-finite Noe-
therian. If R — S is flat and relatively perfect, the composition Ry — S is also
flat and relatively perfect (by Lemma 4.3.4)
(2) Let Ry — R and Sy — S witness the Kalypto-Noetherian property. Then
Ry ®;, Sy is F-finite and Noetherian, and the tensor product map Ry ®; Sy —
R ®;, S is flat and relatively perfect by Lemma 4.3.4.
(3) This follows from (1) because weakly étale maps are flat and relatively perfect
(by Lemma 4.3.4). O]

Finally, we have the following key lemma, which we will use to show that Kalypto—
Noetherianity is inherited by deformation rings.

Lemma 4.3.6. Let R — S denote a map of Fy,-algebras where R is Noetherian and
F-finite, and let I C R denote a finitely generated ideal. Suppose that both R and S
are complete with respect to I, and that the induced map R/I — S ®% R/I is flat and
relatively perfect. Then the original map R — S is flat and relatively perfect.
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Proof. Flatness of R — S is a consequence of Lemma 4.2.6. It remains to check relative
perfectness. We wish to prove that the relative Frobenius

FS/R: RF Rr S — St

is an isomorphism. As modules over RY, I claim that both sides are I”-complete.
This is clear for the right hand side. For the left-hand side, I first claim that it is F'(1)-
complete. Indeed, this is a consequence of the fact that S is /-complete as an R-module
and R is almost perfect as an R-module (since R is Noetherian and F-finite). Since I
is finitely generated, this implies that it is also I*'-complete, as desired.

It therefore suffices to check that RY /I* ®r,; S/1S = R /I¥ @x S — S¥ /17 ST is an
isomorphism. This is a consequence of the assumption that R/l — S ®% R/I =~ S/IS
is relatively perfect. OJ

Definition 4.3.7. We say that a pair (R,I") of an F,-algebra R and a p-divisible group
[ over R is Luriean Kalypto—Noetherian if there exists a map of pairs (Ry, I'g) — (R, T)
for which Ry is Noetherian and F-finite, Iy is nonstationary, and Ry — R is flat and
relatively perfect.

In particular, R is a Kalypto—Noetherian ring. Moreover, the following is an imme-
diate consequence of Theorem 4.2.3.

Theorem 4.3.8. Any Luriean Kalypto—Noetherian pair (R,T") is a Luriean pair.

We will abbreviate Luriean Kalypto—Noetherian pairs to LKN pairs in the remainder
of the paper.

Definition 4.3.9. We let LKN denote the category of LKN-pairs: a morphism (R, ') —
(R, T") consists of a map Ry — Ry and an isomorphism (I';)g, = I's.

Proof of Theorem /.0.1. The oriented deformation ring construction recollected in Sec-
tion 4.1 defines a functor

E(—): LKN — CAlg.
Since any LKN pair is Luriean by Theorem 4.3.8, it has the desired properties. 0

We conclude this subsection with several useful results about LKN pairs. We do not
know how to prove the analogous results in the generality of Luriean pairs.

Proposition 4.3.10. Let (R,T") denote an LKN pair. Then the pair (R‘(:}R F)/p, I /p)
: (R.T)

is again an LKN pair, and the induced map E(R&I)/p, rw /p) — E(R,T) is an

RCI
. , (R,T)
equivalence of Eyo-rings.

Proof. Let (Ro,T0) — (R,T") be a witness to (R,I") being an LKN pair. Then the map

Rﬁ%o,ro) — RS%,F) is flat by Proposition 4.2.4, hence the induced map R‘E}%IO) /D —

RE}%,F) /p is flat. Moreover, R((j}%o,l“o) /p is Noetherian and F-finite and Fg%g /P
stationary by [L.url8a, Proposition 6.1.5]. It therefore suffices to show that this map is
relatively perfect. This follows from combining Lemma 4.3.6 with Lemma 4.2.12, the

latter of which shows that the following square is cocartesian:

1S non-



ON THE CHROMATIC SPLITTING CONJECTURE IN COHEIGHT 1 75

RE}%O,FO)/p R((:}Rar)/p

| |

Ry —— R.

The final statement is a consequence of [Lurl8a, Example 6.1.4], since the F-finite and
Noetherian hypotheses are not necessary, just existence of the deformation ring. 0

Lemma 4.3.11. Given an LKN pair (R,T), let vo = p,v1,v9, -+ be a sequence of

elements v; € wg:l such that v; is the coefficient of X7 in the p-series [pp(X)
(R,I)
mod vy, ...,v;_1. Then the sequence vg = p,vy,ve,--- 18 reqular in the graded ring

DBc wﬁ%m. In other words, the Ew-ring E(R,T") is Landweber flat.

Proof. Since (R, T") is LKN, there exists a map of pairs (Ry, I'y) — (R,I') with (R, ) a
Noetherian Luriean pair and Ry — R flat and relatively perfect. By Proposition 4.2.4,
the induced map R?I%O,Fo) — R?E,F)’ and hence the map RE}%O,Fo) — R((:}%,F)’ is flat, so it
suffices to consider the case where R is Noetherian and F-finite.

Next, by replacing R by R‘(’}{ r) /p and T by Rel Iy the classical deformation ring
’ (RD)

remains unchanged by [Lurl8a, Proposition 6.1.5]. We may therefore assume that
_ pd
R = RER,F) /.
It suffices to show that the sequence p, vy, vs,... is regular after localizing at every
prime ideal p C ng r)- If p ¢ p, then R‘a% r) s a Q-algebra, so our sequence is obviously
regular. Otherwise, there is a map

R{pr) = Ripry/p =R — k(p) = r(p),

where k(p) is the fraction field of Rg%,r) at p. Moreover, we have {75, p = 0 so

by [Lurl8a, Theorem 6.1.2] we obtain a flat map Ripr)y — R?%r )’ This factors
) K 5 m
through a faithfully flat map R( RO R(@’Fm).

It therefore suffices to deal with the case where R is an algebraically closed field.
In this case, I' 2 I'° @ I'?, and the induced map R?}‘%’FO) — R?E,F) is flat by [Lurl8a,
Theorem 6.2.4]. This reduces us to the case where I' is connected, where it is well-
known. OJ

Remark 4.3.12. The proof of Lemma 4.3.11 follows closely the proof of [L.url&a, Theo-
rem 6.4.7).

Proposition 4.3.13. Let (R,T) denote a Noetherian Luriean pair, and let S™1 — S®
denote an augmented cosimplicial diagram of flat and relatively perfect R-algebras that
identifies S™1 with the totalization of S*® as derived commutative rings. By abuse of
notation, let I' also denote its base change along the maps R — S™, —1 < n. Then the
map

E(S7!,T) — Tot B(S*,T)

15 an equivalence. In fact, the maps
Ton E(S™1,T) — Tot 70, B(S°®,T)
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are equivalences, where the totalization is taken in D(Z).

Proof. 1t suffices to prove the statement on the level of my,, since that implies the
statement on the level of spectra. First, we reduce to the case where n = 0. The maps

ToE(S*,T) @rom(rr) T2n B(R,T) — T2, E(S", T)

are equivalences by Lemma 4.2.12. Since the my E (R, I')-module 7y, E(R, ") is invertible,
tensoring by it preserves totalizations, so it suffices to prove the case n = 0.

When n = 0, let I = ker(moE(R,I') — R). It follows from Lemma 4.2.12 that
E(S™T) is I-complete and that applying — ®H7;0 B(RT) R to the augmented cosimplicial
diagram we are studying produces

St s,
which induces an equivalence
S~ — Tot S*

by assumption. Commuting the Tot past the tensor using flatness of moF(S™,T") over
moF(R,T) (by Lemma 4.2.12), we conclude that

B (S™HT) — Tot moE(S°®,T)

becomes an equivalence after applying — ®%0 B(RT) R. Since both sides are I-complete,
we are done. O

4.4. Pairs of height h. We define LKN pairs of height A, and describe functors on the
level of LKN pairs that correspond to K (h)-localization and the K(h)-localized tensor
product on the level of their Lubin—Tate theories.

Definition 4.4.1. We say that an LKN pair (R,T") is of height h if there exists a
Noetherian LKN pair (Ry, o) and a map (Ry,I"g) — (R,I") such that

e Ry — R is flat and relatively perfect,

e the formal group I'y is of exact height h, and

e the kernel of the map R((:}'—{O,FO) — Ry is equal to the hth Landweber ideal .J), of

Ly™e.

It follows that I' is also of exact height h; moreover, by Proposition 4.2.4, the kernel
of RE}%’F) — R is also equal to J,. By [Mes72, Proposition 11.4.9], this implies that T'°
may be regarded as a connected p-divisible group, and I lies in a short exact sequence

0-T° =T —=TI—=0,

where I'®* is an étale p-divisible group.
We let LKN, denote the full subcategory of LKN consisting of LKN pairs of height h.

Proposition 4.4.2. Let (R,T") denote an LKN pair of height h. Then E(R,T") is K(h)-
local. Moreover, the ideal J, C moE(R,T") is an ideal of definition.

Proof. The first statement is an immediate consequence of [L.url8a, Corollary 4.5.3].
The second statement is straightforward from the definitions. 0
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4.4.1. LKN pairs and K (h)-localization.

Definition 4.4.3. Given an LKN pair (R I'), we define a new pair as follows:

Lidhy (B T) = (Riery/alon T TR o)
where J;, is the hth Landweber ideal. We will sometlmes write

Lalg (R r) — (Rclh punhy

for the sake of brevity of notation.
Proposition 4.4.4. Given an LKN pair (R,T"), the pair L?ég(h)(R, ') is an LKN pair of
height h.
Proof. We first show that L;ég(h)(R, I') is LKN. Let (Ry,I'y) — (R,T") denote a witness
for (R,T") being LKN. Then the proof of Proposition 4.3.10 implies that R((:}%,Fo)/p —
RE}E,F) /p is flat and relatively perfect. Modding out by vy, ..., v,—; and inverting vy, we
obtain a new flat and relatively perfect map R‘E1 ) = RCl ¢ by Lemma 4.3.4(4). More-
over, it is clear that R((:;%};,Fo) remains Noetherian and F- ﬁmte, and that the base change
I'v™" remains nonstationary. It therefore follows that L;ég(h)(RO, Ly) — Lang (R,T) is a
witness to the fact that Lalgh)(R I') is LKN.

It remains to show that the kernel of R — RE}%}; T'o) is equal to J,. First,

L;ég(h) (R07F0)
we note that it follows from [Lurl8a, Example 6.1.3 & Proposition 6.1.5] that the map
RCI C un _> R Jh
(Rigy 1 >/Jh,rR&0 FO)/]h) (Ro.,T'o) /

identifies with the map
(R(Ro I'o) )Jh — R((:}%O,Fg)/Jh
whose kernel is clearly equal to the ideal J,,. To conclude, we note that since R?}%O,Fo) /JIn —

RE}’%I;,F is étale, it follows from Lemma 4.2.12 that the kernel of RLalg(n) (Ro.To) E;%Z,Fo)

is also equal to Jj, as desired. O

— R

Lemma 4.4.5. Let (R,T') denote a Noetherian Luriean pair, and let S~ — S*® denote
an augmented cosimplicial flat and relatively perfect R-algebra with the property that
S—1 — Tot S* is an equivalence when computed in derived rings. Then the map

cl,h cl,h
R (s-1r) Tot R(S.I)

15 an equivalence, where the totalization is computed in derived rings.

Proof. This follows from Proposition 4.3.13 by modding out by J, and inverting vy,
using flatness of R‘(’IS r) over RE}%,F) and the fact that J, is locally generated by a
regular sequence in RE}% r) by Lemma 4.3.11. 0

Theorem 4.4.6. Given an LKN pair (R,T’), there is a canonical equivalence of Eo.-
TiNgs

LxmE(R,T) ~ E(L{, (R,T)).
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Proof. By definition of Lalg X there is a natural map of LKN pairs

(Rl /0.7, ) = Dy (RT)
which gives rise to a map of Lubin—Tate theories
E(R7 F) = E(RE}%,F)/]% %%M)/p) — E(L?(l'g(h)<R7 F))
By Proposition 4.4.2 and Proposition 4.4.4, this factors as
E(R,T) = LimE(R,T) = E(Ly%, (R, T)).

To show that the second map is an equivalence, it suffices to prove that it induces
an isomorphism on 7, after cofibering out by (p, vy, ...,v,_1) because both source and
target are K (h)-local. It follows from [[HS99, Proposition 7.10] and Lemma 4.3.11 that
applying 7o(—/(p,v1,...,vs_1)) to the above sequence of maps produces

?}%,F)/Jh — Rf}z,r)/Jh[Uﬁl] - RE}%,F)/Jh[UﬁlL

and we note that the second map is indeed an isomorphism. O

4.4.2. LKN-pairs and the K (h)-local tensor product.

Construction 4.4.7. Let (R;,T'1) denote an LKN pair of height h, and let (Rg,I's)
denote a pair of a Noetherian perfect IF,-algebra R, and a connected p-divisible group
I’y of height h. In particular, (Ry,I'y) is a LKN pair of height h. Let k& denote a weakly

étale Fp-algebra equipped with maps k — R;. We will define a new LKN pair of height
h
(R/, F/) - (Rl, Fl) &k (RQ, PQ)

Let im?g’fk denote the moduli stack of formal groups of height h over k, and let
My = Mpre Xy, , M72- Then the map Spec(k) — M7V, is a pro-étale cover
and induces an isomorphism 97", 2 [Spec(k)/Gy], where Gy, is regarded as a profinite
étale group scheme over Spec(k) (only arising from a constant profinite group in the case
F,» C k). In particular, we find that the diagonal map A: M7/, — M Xspee(ry MGk
is pro-finite étale.

To define (R',T”), form pullback diagrams

SpeC<R,) > moTk Xmo h mfgk R E)jtfgk

| l Js

SPeC(R1> X Spec(k) SpeC(R2) I sm(IDBZT},Lk X Spec(k) 93?‘}?,'}2 B m?ﬁk X Spec(k) Sm?g}fk

to obtain the pro-finite étale Ry ®j Ro-algebra R’ and p-divisible group I, which is just
base-changed from R;.

In other words, R’ is the universal R; ®; Ry-algebra over which one is equipped with
an isomorphism I'7 = I'y .

Theorem 4.4.8. Given (R;,I';) and k as in Construction J.4.7, the pair
(R, T) = (Ry,T'1) K (Ro,Ty)
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1s LKN of height h, and there is a canonical isomorphism
Lrw(E(R1,T1) @swiy E(R2,T2)) =2 E((R1,T1) Xy, (R2,T))
of Eo-1ings.

Proof. First, we show that (R',I") is LKN of height h. Let (R0, '19) — (R1,1'1) denote
a witness to (Ry,T'1) being LKN of height h. Consider the sequence of maps of pairs

(R10,T'10) = (R1o ®k R2,T19) = (R1 Q% Re,T1) — (R, T).

The first two maps are flat and relatively perfect by Lemma 4.3.4(3) and the fact that
the base change of a flat map is flat, and the third map is flat and relatively perfect
because it is ind-étale. Since (Rig,I'19) is a Noetherian Luriean pair of height h, it
follows that it is a witness for (R’,I") being an LKN pair of height h, as desired.

To prove the desired equivalence of E..-rings, we prove that both sides corepre-
sent the same functor in CAlg}szl)’SW(k)’a 4 the category of K(h)-local complete adic
E-algebras over SW(k). Let A denote a K(h)-local complete adic E.-ring. Then
Lic(n)(E(Ry, T'1)®sw) E(Ry, Ta) is the coproduct of E(Ry, T'y) and E(Ry, T) in CAIgER) s aar
SO that

1\/.[8JpCA1 cmpl (LK(h) (E(Rl, Fl) ®SW(k) E(RQ, Fz)), A)

8K (h),SW(k),ad
identifies with the classifying anima of tuples (fl,fg,al,ag,el,eg) where f are p-
divisible groups on A, e; are orientations of I‘Z, and «; are equivalence classes of k-linear
I';-taggings of I';. Since I'y is connected, the existence of s implies that T, is formally
connected, so that it is determined by its corresponding formal group, which in turn is
identified with I'] by e; and es.

Putting this all together, we can rewrite this mapping anima as the classifying anima
of tuples (fl, aq, (e, €1), where ay is now an equivalence class of k-linear I'S-taggings of
['?. This, in turn, may be rewritten as a tuple (f, a, e), where [ is a p-divisible group
over A, « is an equivalence class of k-linear ['-taggings of f, and e is an orientation of
r. By definition, this is the same as the mapping anima

Map,, AP d(LK(h)(E((R1, ) X (Re, 1)), A)
as desired.

O

4.5. Solid Lubin—Tate theories. In this section, we define the solid version of the
Lubin-Tate theory functor, and describe its interaction with K (h)-localization and the
K (h)-local solid tensor product.

Proposition 4.5.1. Let X € D(Z)" and suppose that X lies in the heart of the natural
t-structure on D(Z)”. Then X (S) is static for every profinite set S.

Proof. By definition of the t-structure on D(Z)”, we have that X (T') is static for ev-
ery extremally disconnected set T'. Given a general profinite set S, we have X (S5) =
RHom(Z[S]”, X). Moreover Z[S]” = Hom(C(S,Z),Z), and by [Sch26, Theorem 5.4]
C(S,Z) is a free Z-module. Choosing a surjection 7' — S from an extremally dis-
connected set T', we obtain a split injection C(S,Z) — C(T,Z), from which we learn
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that Z[S]” is a retract of Z[T]”, and so X(.5) is a retract of X (7'), which is static by
assumption. 0

4.5.1. Solid Lubin—Tate theories.

Construction 4.5.2. So far, we have constructed a functor
E(—): LKN — CAlg.
To upgrade this to a condensed functor, we may proceed as follows. First, since CAlg
is presentable, we may factor E(—) as
LKN — P(LKN) — CAlg,

with the latter map being a left adjoint between presentable categories. We may then
tensor this with Ani®® to obtain a map

Econd(_) . ?(LKN)COHd N CAIgcond

of Ani®-modules in Pr”. In particular, £°"d(—) is enriched over condensed anima.
Writing £°"(—) as a functor

Eeond: ShyvtPae(Prof P(LKN)) — Shv™P2(Prof, CAlg),
it is computed by applying P(LKN) — CAlg pointwise and hypersheafifying.

While this construction produces a well-defined functor enriched over condensed an-
ima, it is too general to obtain good control over. We will restrict to a subcategory of
P(LKN)<°d on which we may understand E<°"d(—) better.

Definition 4.5.3. A solid LKN-pair is a pair (R,I') of a solid F,-algebra R and a p-
divisible group I' over R(x) that satisfies the following condition: there is a map of pairs
(Ro,I'y) = (R(x),I") such that
e the [F,-algebra Ry is Noetherian and F-finite.
e for every nonempty profinite set S, the composite map Ry — R(x) — R(S) is
flat and relatively perfect.
e the p-divisible group I'y is nonstationary.
As a consequence, each of the pairs (R(S),[') obtained by base change is an LKN
pair.
We say that a solid LKN pair is of height & if there is a map (Ro, o) — (R(x),[') as
above for which the kernel of R((:}Ro,l“o) — Ry is equal to Jj,. In particular, this implies
that each of the LKN pairs (R(S),I") is of height h.

Ezample 4.5.4. Given any LKN pair (R,T'), the pair (R°,T) is a solid LKN pair. This is
because any surjection of profinite sets 7' — S yields an ind-étale map R°(S) — R°(T).

Let LKN® denote the category of solid LKN-pairs, where a morphism (Ry,T;) —
(R2,T'9) consists of a map of solid rings f: Ry — Ry and isomorphisms f*I'; = I'y over
Ry (%), and let LKN; denote the full subcategory of height h LKN pairs. Given a solid
LKN-pair (R,T"), the assignment S +— (R(S),I") determines a hypersheaf Prof®> — LKN
that may be composed with the Yoneda embedding to yield a fully faithful functor

LKN? — P(LKN)<,



ON THE CHROMATIC SPLITTING CONJECTURE IN COHEIGHT 1 81

:cond

Viewing LKN" as a full subcategory of the Ani®“-enriched category P(LKN)<d we
may equip LKN” with the structure of an Ani®“-enriched category. ~ P(LKN)®"d is
cotensored over Ani®¥ and in particular over Prof. We note that LKN® is closed
under the Prof-cotensoring in P(LKN)<"d: given a solid LKN-pair (R,T'), we have
C(S,(R,T)) = (C(S,R),T"), where C(S,R)(T) = R(S x T) and T' abusively de-
notes the base change of I' to R(S). This is indeed a solid LKN-pair, with witness
(Ro, o) — (R(x),T") = R(S,T).

Proposition 4.5.5. The Ani®"-enriched functor

Econd(_): ?(LKN)COHd — CAlgcond

restricts to an Ani®-enriched functor

E”(—): LKN” — CAlg" .
This functor is computed explicitly by the assignment
(5= (R(5), 1)) = (S = E(R(5),T))
and its solid homotopy groups are computed by
(S~ (R(S),I) = (S +— m, E(R(5),T)).

Proof. It follows from the definitions that the functors E<"(—) and m,E°"(~) are
computed via the hypersheafification of the formulas given in the statement of the
lemma. It therefore suffices to prove that these presheaves are already sheaves for the
profinite topology. To start, we choose a Noetherian Luriean pair (Rg,I'g) with a map
(Ro,T'y) = (R(x*),I") such that the composition Ry — R(S) is flat and relatively perfect
for all profinite sets S.

Now, let T, — S denote a hypercover of light profinite sets. By Proposition 4.5.1,
there is an equivalence R(S) — Tot R(T,) where the totalization is computed in derived
commutative rings. Applying Proposition 4.3.13 to the pair (R, ['g) and the augmented
cosimplicial diagram R(S) — R(T,), we conclude that

E(R(S),I') = Tot E(R(T,),I"))

is an equivalence, as desired. The corresponding statement for the condensed homotopy
groups follows from the second part of Proposition 4.3.13.

It remains to prove that E°"(R,T') is solid. By definition, we must prove that its
condensed homotopy groups m, £ (R,T) are solid abelian groups. When n is odd,
these are zero. When n = 2m, we saw above that they are given by

S+ mom E(R(S),T).

Choosing (Ro,I'g) — (R(x),I') as above and letting I = ker(moE(Ry,Iy) — Ro), we
see that these groups are all I-complete. Thus there is an equivalence of condensed
abelian groups mo,, E(R, I') & lim, 72, B (R, I') @ (o 105 (ToE(Ro, L) /I¥)°. Here,
this tensor product is computed pointwise: this produces a condensed abelian group
because mo, F(R,T") is pointwise flat over moE(Ry,I'g). It therefore suffices to prove
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that 9 E(R,T') @ 5(Re,ro)s Ry and Tam E(R, T) @y m(ro.roys (1F/IF11)? are solid abelian
groups. In this first case, this follows from the isomorphism

7T2mE<R= P) Qo B(Ro,To)? Rg =R ®RS (WFE)57

the fact that wi? is an invertible module over Ry, and the fact that R is solid. In the
second case, by choosing a presentation of I*/I**1 as an Rj-module, we may write
TomE(R,T) @nop(roro)s (1F/I¥)° as a colimit of direct sums of objects of the form
TomE (R, T') @y 5 (Ro,r0)s RJ and hence conclude that it too is solid. O

Remark 4.5.6. Since E”(—) is an Ani“"-enriched functor, there is a natural transfor-
mation E°((R,T)%) — (E°(R,T))% for (R,T) € LKN and S € Prof. Using Proposi-

tion 4.5.5, one verifies that this is a natural equivalence.

4.5.2. Localization of solid Lubin—Tate theories. We begin by recalling the interaction
of accessible localizations with condensed and solid spectra from [Cla25, Section 13].
(He works in the light setting, but the proofs are the same.)

Definition 4.5.7. Given an accessible localization functor L: Sp — Sp, we obtain
an accessible localization L™ : Sp«d — Spd given by killing the cocomplete full
subcategory of Sp generated by objects of the form X ® A, where X € Sp®*! and
A € Sp with L(A) ~ 0. As noted in [C1a25, p. 114], an object X € Sp®? is L™ local
if and only if X (S) is L-local for all profinite sets S, and the functor L is computed
by applying L levelwise and hypersheafifying. By [Cla25, Lemma 13.5], this restricts
to a functor L”: Sp”~ — Sp".

Lemma 4.5.8. Given an LKN pair (R,T") of height h, there is an equivalence
EY(R.T) ~ Ly E(R,T)’.

Proof. By the universal property of (—)°, we have a map of solid E..-rings E(R,T)? —
E°(R?,T) that factors through a map Li'((h)E(R, I’ — E°(R,T).

To show that this map is an equivalence, it suffices to do so after cofibering out by
(p,v1,...,u5-1). Upon doing so, we find that

Tok(Licy E(R,T) /(0,015 on1)) & (man(B(R,T) /(py 01, - 0p1)))° 2= (wr)?
and that
ro(E2(R°, D)/ (w1, -0 1)) & ()P,
by computing levelwise and using the fact that (R°(S),T') is LKN of height A for all

profinite sets S. From this, we deduce that the map L?((h)E(R, I — E°(R°,T) is an
equivalence of solid E..-rings, as desired. O

Proposition 4.5.9. Let (R,I") denote a solid LKN pair. Then the assignment

S = Ly, (R(S),T)

defines a solid LKN pair of height h, which we denote by L%?}S(R, ['). The functor

Li’?f): LKN” — LKNj, is an Ani®-enriched functor that preserves the Prof-cotensor.
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Proof. First, we check that the assignment
S = Ly (R(S).T)

is a hypersheaf. This is the same as in the proof of Proposition 4.5.5, but with
Lemma 4.4.5 replacing Proposition 4.3.13.

To check that the resulting condensed ring is solid, we apply Proposition 4.5.5; in
which we showed that (S +— moE(R(S),I")) is solid. By definition, the underlying ring
of L}‘ég(h)(R(S), I') is obtained from moE(R(S),I") by quotienting by .J, and inverting vy,.
Since the subcategory of solid abelian groups is closed under colimits, this shows that
the underlying condensed ring of L%g(h)(R, ') is solid.

Next, to show that L?;g(h)(R, ') is a solid LKN pair, we choose a witness (Ry, 'g) —
(R(x),T") to (R,T') being solid LKN. Then it follows from the proof of Proposition 4.4.4
that the maps

Lalg

i (Ro, To) = Ly, (R(+),T) = L3, (R(S),T)

(h) (h)

are flat and relatively perfect on the level of [F-algebras, and L?ég(h)(RO, I'y) is Noether-
ian. It follows that L?ég(h)(R, ') is a solid LKN pair, as desired. Similarly, it follows as

in the proof of Proposition 4.4.4 that L%g(h)(R, I') is a solid LKN pair of height h.

Finally, note that there is a commutative diagram

t,alg
K (h)

LKN" > LKNY

L !

Fun(Prof®, LKN) —% Fun(Prof*, LKN},),

where the bottom functor is given by applying L%‘%h) levelwise. The bottom functor

admits a canonical Fun(Prof, Ani)-enrichment that preserves the Prof-cotensor. The
vertical embeddings are compatible with the enrichments and the Prof-cotensor, so that
the enrichment of the bottom functor induces an Ani®-enrichment of the top functor
that preserves the Prof-cotensor. O

Proposition 4.5.10. There is a canonical isomorphism
,al
v EP(R,T) = EX(L205 (R, T)).

Proof. The canonical isomorphisms of Theorem 4.4.6 provide an isomorphism of presheaves
of E.-rings on Prof:

(S = LrmE(R(S),T)) 2 (S = E(R(S)gr, T*"").

The left-hand side hypersheafifies to L. ,) E”(R,I), and the right-hand side is ED(L?f&g) (R, T)).
It follows that the left-hand side is already a hypersheaf, so that we obtain the desired
equivalence. O
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4.5.3. Solid LKN-pairs and the K (h)-local tensor product.

Definition 4.5.11. Given a solid LKN pair (R, 1) of height h, a (discrete) Noetherian
LKN pair (R, 's) of height A with Ry Noetherian and I'y connected, and a weakly étale
F,-algebra k with maps k® — R; and k — R, we define

(R, T1) K5 (B3, To) = (R, T)
via the formula
(R'(S), 1) = (Ri(9),T'1) By, (Ro, ).
Proposition 4.5.12. Given (R;,T;), k, and k — R; as in Definition 4.5.11, the object
(R, T') = (Ry,T1) &5 (R5,T)
15 a solid LKN pair of height h, and there is a canonical equivalence
Ly (E°(Ry, T'1) @Gy s E7(R3, Ta)) = E°((Ry, T'y) Bis (R5,T2)).

Proof. We first show that (R’,I”) is a solid LKN pair of height h. First, we show that
R' is a solid F,-algebra. Examining the definitions, we see that the following square in

Fun(Prof, CAlg™)
Ry(¥) —— R/(x)

| |

R — R

is a pushout, where, given a commutative ring R, R is the constant presheaf at R.
Hypersheafifying, we obtain an equivalence of condensed animated F,-algebras

Rl ®(R1(*))5 (R/(*))6 l} R,.

Writing down a presentation of R'(x) as a R;(*)-module and using the fact that solid
abelian groups are closed under colimits, we find that

R = Ry @ (g, () (R (%))’

is a solid IF,-algebra, as desired.

Now, let (Rip,'10) — (Ri1(%),T'1) denote a witness to (Ry,T'1) being solid LKN of
height h. Then it follows from the proof of Theorem 4.4.8 that the composite

(R10,T'10) = (Ra(x),I'1) — (R'(%),1))

is a witness to (Ry,I'1) being solid LKN of height h.

It follows from Lemma 4.5.8 that there is a canonical equivalence

Ly (E°(R1, Th) ®gyygys B7(R3, Ta)) & Ly (E°(R1, T1) @gyypys E(Ra,T2)°).

Concretely, the right hand side may be computed as the profinite hypersheafification
of the presheaf

S — LK(h)(E(Rl(S), Fl) ®SW(k) E(RQ, Fg))
By Theorem 4.4.8, this identifies with the presheaf

S — E((R(S),T1) Ky, (Ry,T'2)),
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which is E”((Ry,T1) ®s (R3,T'5)) by Proposition 4.5.5. O

4.6. Examples and applications. We now discuss some examples and applications
of the above theory that will be used in the sequel.

4.6.1. Examples. We now introduce some important examples of solid LKN pairs. In
these examples, k refers to an algebraic extension of F, which contains F, for all ¢
which appear as a height in the context of the example discussed, and I'; refers to a
1-dimensional connected p-divisible group over k all of whose geometric endomorphisms
are k-rational.

Ezxample 4.6.1. The most fundamental example starts with the LKN pair (k,T',). Then
E, = E(k,T}) is the usual Lubin-Tate theory of height h, and E = E(k°,T}) is its
solid refinement as constructed by Clausen [C1a25, Section 12]. Explicitly, E(k°,T'),) is
the L, -localization of E? by Lemma 4.5.8.

The Morava stabilizer group Gy appears as the automorphism group of the pair
(k°,T1). Thus Gy, also acts on the solid Lubin-Tate theory EY.

Example 4.6.2. Of particular interest to the chromatic splitting conjecture in coheight
1 is the solid spectrum L., ; FE), which is endowed with an induced action of the
profinite group Gy,. By Proposition 4.5.10, we have a Gy-equivariant identification

L?((h—l)Ei[LJ ~ F(K, FE?K)

where (K,I}) = L?é?f_l)(k, I';). Here the solid structure on K is induced from its
topology as a local field.

Tracing through the definitions, we see that the action of Gy, on (K, I'}) is obtained
from its action on (R?}C,Fh)’ ') via quotienting out by I;_; and inverting wuy,_;.

Ezample 4.6.3. The Ex-ring B = Lgn—1)(Lrn) En @swer) En—1), which naturally en-
riches to the solid Eoo-ring B” = Ly, 1) (L 4,1 Bl Qswery Ei-1), may be viewed as a
solid Lubin—Tate theory in an equivariant way.

First, we note that Ly, 1) (Li (1) El, ®gwy Ei-1) admits an action of the profinite
group Gy -1 = Gp, Xgak/r,) Gr-1 Indeed, this is a consequence of the fact that the
cospan of solid Ee-rings Ly, 1) E} SW(k) — E}_, is acted on by the span of
profinite groups G, — Gal(k/F,) < G;_;.

It follows from Example 4.6.2 and Proposition 4.5.12 that there is a G, ,—1-equivariant
equivalence B~ ~ E°(L,T'}%, ), where for any profinite set T', K(T) — L(T') is the map
defined via the pullback diagram

Spec(L(T)) —— Spec(K(T))

! !

Spec(k) —— i)ﬁ?;;l,

and I'}" is the base change of I'y%; this is equipped with a canonical isomorphism
O =2 (Tha)r
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From the definition, we see that K @ ,)s L(x¥)° — L is an isomorphism. Moreover, it
follows from [Giro79, Theorem 3.5(1)(a)] that K (¥) — L(*) is a totally ramified G;_;-
Galois extension of fields. As a consequence, K — L is a G, -torsor in the sense of
[FRC24, Definition 6.2.1]. Writing G,_; = @k Gy,_1/Uy, as a sequential limit of finite

groups, this means that K — LUk is a @h,l/Uk—GaloiS extension and that L = hgk LUk,

FExample 4.6.4. We continue to view L as a solid ring; let L be its metric completion,
also considered as a solid ring. We saw in Proposition 2.7.1 that L(x) is a perfect field.
The pair (L,I", , ;) is a solid LKN pair, so we may define the solid E-ring

B” = E°(L, (Th_1)7)- (4.6.5)
There is a Gy, ,—1-equivariant map of solid rings L — Z; we now show that it admits

a lift to a Gy, j—1-equivariant map of solid spectra B” — B .
Pulling back I'}";, along L(*) — E(*), we obtain a Gy, j_1-equivariant map of solid
pairs (L, I}7) — (E,FZ?E). We claim that (Z I“mA) is a solid LKN pair. Since L is a
perfect field, it is automatic that (L(x), [ )7) is a Noetherian Luriean pair. It remains

to show that L(x) — L(T) is flat and relatively perfect for all profinite sets 7. Since L
is a perfect field, it suffices to show that Z(T) is perfect, and this follows from the fact
that the Frobenius map on L has continuous inverse.

The Gy, ,—1-equivariant map of solid LKN pairs (L, I} ) — (L, FE?E) induces a natural

map of solid E,.-rings BY = E°(L,I}7) — ED(E, anz). However, the target of this map

is not a solid refinement of I@, since its p-divisible group has étale part of height 1. To
obtain a map to B, we use [Lurl8a, Remark 6.2.3] to construct Gy ,_;-equivariant

maps of E-rings F(L(T), FZ?E(T)) — E(L(T), (FZ?E(T))O) ~ E(L(T),T,_, 7)) that fit

together into a Gy, ,—1-equivariant map of solid E.-rings ED(Z, FZ?E) — ED(Z7 Fh—l,Z) =

B”, noting that (L, (I'h—1)7) is a solid LKN pair by the above considerations.
Composing these two maps, we obtain a Gy, ;_i-equivariant map of solid E.-rings

B” — B".

FExample 4.6.6. Finally, we note that the framework of this section applies in much

greater generality than the above. For example, we have G,-equivariant equivalences

B~ EP(L Sk, Th))

or even

al ,a
L?((t )’ K(tl)Eh - ED(L?((tg) LD lg (k Fh))

forl<t<hand1<t,<t,.1<---<t; <h.

We may also define inductively By , ~, viaB, = E;and B, = Lx (B byt DsWik)
E} ). These solid Eq-rings come equ1pped with the action of the profinite group
Ghtr,tn = Gi Xgaihyr,) Gt XGal(k/F,) - - XGal(k/F,) Gr,, and may be described equiv-
ariantly as solid Lubin-Tate theories

O O un
hyt1,...,tk = E (Lh,t17~--,tk7 Fh,tl,...,tk)
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using Proposition 4.5.10 and Proposition 4.5.12, where the solid LKN pair (L, ...+, Fzﬁl,...,tk)
is defined inductively using the functors Li’?f) and — &I; (K, T,).

4.6.2. Applications. In this section, we study in more depth the above examples and
their profinite group actions. We begin by recalling the following result, which is a
consequence of the proof of the smash product theorem. Here, we use the notion of de-
scendable algebra introduced and studied by Mathew [Mat16, Mat18]: A commutative
algebra object A in a stable presentably symmetric monoidal category C is said to be
descendable if the thick tensor ideal generated by A is all of €. Importantly, descend-
ability is preserved under exact lax symmetric monoidal functors ([MNN17, Corollary
4.13]).

Theorem 4.6.7 (Hopkins-Ravenel [Rav92], see Theorem 4.18 in [Mat18] for discus-
sion). The map of B -rings Lp,S — Ej, is descendable.

Corollary 4.6.8. The map of solid E.,-rings L‘f((h)S — L} is descendable.

Proof. This map is obtained from L;,S — Ej, by applying L?((h)((—)‘s) : Sp — Sp”. Since
this is an exact and lax symmetric monoidal functor, it preserves descendability. 0

Proposition 4.6.9. The map Ly ;,,S — Ej is a faithful K(h)-local solid Gy-Galois
extension. In other words, the natural maps

LS — (E,)"en
and
Ly (B ®i§((h>s ;) — C(Gy, E})
are equivalences of solid Eq-rings.

Proof. We first prove that the second map is an equivalence. By Proposition 4.5.12,
the second map is obtained by applying E”(—) to the canonical morphism of solid LKN
pairs
(]{, Fh) &]Fp (k‘, Fh) — C(Gh, (k, Fh))
This map is an isomorphism because Spec(k) — 9)17; is a Gy-torsor.
Given this, the first map identifies with the natural map from L%WS to the Cech
nerve of L%(h)S — B, which is an isomorphism by descendability. O

Corollary 4.6.10. The map of K (h—1)-local solid E,-rings L1y LS — (L?Wh1
1s an equivalence.

)Ei?)h@h

Proof. Since L%(h_l) is an exact and lax symmetric monoidal Ani®®-enriched functor
that preserves the Prof-cotensor , this follows from combining Corollary 4.6.8 and
Proposition 4.6.9. O

Remark 4.6.11. Let G C Gy, denote a closed subgroup. By Corollary 4.6.8, the factor-
ization
?((h)S — (B)"" — Ej]
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implies that (E)"“ — EY is descendable as a map of solid K (h)-local E.,-rings. More-
over, it is a faithful G-Galois extension by Proposition 4.6.9. It therefore follows as in
Corollary 4.6.10 that

?((h_n((EE)hG) — ( ?((h_nEE)hG
is an equivalence.

The following result will be useful in what comes below.

Proposition 4.6.12. Let (S,T") denote a solid LKN pair with an action of a profinite
group G, and (R,T") denote another solid LKN pair, which we equip with the trivial
action of G. Then if (R,T) — (S,T) is a G-equivariant map such that the map R — S"¢
is an equivalence and the map Ry — R(x) — S(x) is flat and relatively perfect for some
choice of witness (R, To) — (R(%),T), the natural map E°(R,T) — (E°(S,T))"“ is an

equivalence of solid E..-rings.

Proof. Associated to the action of G on (5,I') and the map (R,I") — (S,I") is an
augmented cosimplicial solid LKN pair

(R,T) — (8,T)<C(G, (S, r))§0(c x G, (S,T)) -,

which is a limit diagram by assumption. Since the solid Lubin-Tate theory functor
preserves cotensors by profinite sets Remark 4.5.6, we find that there is a natural
equivalence

E7(S,T)" ~ Tot C(G*, E°(S,T)) ~ Tot E°(C(G*, (S,T))),

so that it suffices to prove that €”(—) takes the above diagram to a limit diagram.
Evaluating at each profinite set T, this is a consequence of Proposition 4.3.13. 0

Proposition 4.6.13. The natural map Ly, 1 E} — (Bm)h@h—l is an equivalence.

Proof. By Proposition 4.6.12, this is a consequence of the algebraic Proposition 4.6.16.
O

Remark 4.6.14. Note, however, that the map L., ,,E}, — B is not a K(h — 1)-local

solid G),_;-Galois extension. Instead, it is instead of a K (h — 1)-local solid G, ,-Galois
extension. This is consequence of the fact, pointed out in Example 4.6.3, that K — L
is a G, ,-Galois extension, not a Gj_- Ga101s extension.

The reason that we are interested in Gj_;-fixed pomts as opposed to just working
with G, 1—ﬁxed points, is that the action of G,_; on B does not factor through an
action of G, ;.

Combining Corollary 4.6.10 and Proposition 4.6.13, we obtain the following corollary.

Corollary 4.6.15. The natural map L., 1)Ly, S — (B°)hCrr—1 s an equivalence of
solid Ey-1ings.

We conclude this section with the following purely algebraic lemma, used in the proof
of Proposition 4.6.13. In the proof of this proposition, we will use Corollary 6.2.8.
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Proposition 4.6.16. Let R denote a solid ring of characteristic p, and let S/R denote
a solid G -Galois extension, where G is a uniform pro-p group. In other words, if we
write G = @a G/U, with U, C G a cofiltered system of open normal subgroups, then

S = lim SY and each SY» /R a G/U,-Galois extension. Then the extension S/R is
acyclic in condensed cohomology—in other words, the natural map

R — Hgond(G7 S)
1S an 1somorphism

Proof. Let G, denote the lower p-series of G, and let S,, = S denote the corresponding
tower of finite Galois extensions. Since the condensed sets G** are compact for all k,
we see from the Bar complex computing condensed G-cohomology that the functor
H 4(G,—) commutes with filtered colimits, so that

cond
:ond<G7 S) = hghl ;kond(G7 Sn) = %ﬂ H:ond(GTH R)?

where the second equivalence is a consequence of the fact that R — S, is a (G/G,,)-
Galois extension. It therefore suffices to show that the restriction maps

. (Gna R) . (GTL+17 R)

cond cond

are zero for x > 0. Without loss of generality, assume n = 1, so that G; = G and
G5 = GP. Then, by the solid version of Corollary 6.2.8 (see [RJERC22, Theorem 5.7|),
the restriction map is isomorphic to the natural map

*

Hom(/\ G/G”, R) — Hom(/\ G"/G"", R)
induced by the inclusion G? C . This is evidently the zero map. O
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5. THE CHROMATIC SPLITTING CONJECTURE AND ITS VARIANTS

The main purpose of this section is to present the proof of Theorem A. Assembling the
results from the previous sections, t/l\le key ingredient is Theorem 5.2.6 which identifies
the G} homotopy fixed points of B. As we will explain at the end of the section,
similar techniques allow us to reduce the proof of Theorem C on the strong form of the
chromatic splitting conjecture to a cohomological criterion (Proposition 5.3.8), which
will then be studied in the next section.

We begin with a quick review of the key chromatic players and the chromatic splitting
conjecture(s).

5.1. Review of the chromatic splitting conjecture. In this expository section, we
briefly review the chromatic splitting conjecture and its variants in order to put our
results in context.

Conjecture 5.1.1 (Hopkins’ chromatic splitting conjecture). For every h > 1 and
sufficiently generic® prime p, there is an equivalence of spectra

J
LiaLkwS' = B (@Lhikg}ﬂk), (5.1.2)
k=1

0<j<h
1<i1 <. <ij<h

where the tensor product is taken in the category of Lh,ng—modules.

Remark 5.1.3. The original form of Hopkins’ chromatic splitting conjecture as stated
above is known to fail for p = 2 = h, as already discussed in the introduction, see also
Remark 5.1.6. Currently, we do not have a formulation of the conjecture that works
for all heights and primes uniformly, i.e., predicts the necessary amendments at small
primes for heights h > 3. However, for all h < 2 and all primes, the canonical map
Lh_ng — Lh_lLK(h)Sg is known to be split; the weak chromatic splitting conjecture
asks whether this is always the case.

There are two kinds of variants of the splitting conjecture that one may naturally take
into consideration: On the one hand, one can isolate specific intermediate chromatic
heights and analyze the resulting conjecture there. On the other hand, one might hope
to at least construct maps from certain parts of the right hand side of (5.1.2) to the
left side in order to realize them as summands of Lh_lLK(h)SO, without establishing a
complete decomposition. Below, both directions will be studied in tandem.

In the first direction, by construction, for every pair of non-negative integers ¢, m we
have canonical equivalences of functors

LK(t) OStSm
Loy Lyy =~
K@) {0 m < t.

Therefore, fixing 0 < ¢t < h and applying L@ to (5.1.2) results in a coheight h — ¢
variant of the chromatic splitting conjecture. The case most relevant to the present
paper is when ¢t = h — 1. The coheight 1 chromatic splitting conjecture thus reads:

8In general, the exact bound is not known but, as we will explain, we will provide evidence that the
condition p — 1t h — 1 suffices in the coheight 1 case.
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Conjecture 5.1.4 (Hopkins’ chromatic splitting conjecture in coheight 1). For every
h > 1 and sufficiently generic prime p, there is an equivalence of spectra

LK(h_l)LK(h)SO = LK(h—l)Sg D LK(h_l)Sgl. (5.1.5)

Note that, when h > 1, there is a canonical equivalence L ,—1)S ~ Lih—1)S,, so we
may remove the p-completion on the spheres on the right hand side of (5.1.5).

Remark 5.1.6. Let us summarize the state of the art on the splitting conjecture. More
detailed discussions along with comprehensive lists of references can be found in [BB20,
BGH22, BSSW24b).

(1) At height h = 1, the chromatic splitting conjecture is explained in [BB20, §4.3|.

(2) For h = 2 and odd primes, the chromatic splitting conjecture was proven through
work of many authors, including Shimomura—Yabe ([SY95]), Hopkins (unpub-
lished), and revisited by Behrens (|Beh12]) and Lader (|Lad13]) for p > 3 and by
Goerss, Henn, Karamanov, Mahowald, Rezk, and Shimomura [Shi00, GHMRO05,
HIKM13, GHM14] for p = 3.

(3) At h = 2 and p = 2, the chromatic splitting conjecture does not hold, and a
modified version containing two additional (shifted) S°/p-summands is proven
in [BGH22]. This implies that the coheight 1 chromatic splitting conjecture also
fails for (h,p) = (2,2), while the coheight 2 chromatic splitting conjecture holds
here.

(4) The coheight h chromatic splitting conjecture has been established for all heights
h >1in [BSSW24b.

In the second direction, Devinatz and Hopkins [DHO04]| have constructed an element
Ch € m_1LgwS for every h > 1 which conjecturally supports the right summand of
(5.1.5) upon K(h — 1)-localization. Geometrically, this element arises through the
Twasawa extension Sk(ny.co of LS, also known as the (local) half-sphere. In order to
recall the construction, consider the determinant

det: Gh —>Z;,

of Gy, constructed carefully in [BB20, Definition 3.16]. Composing the determinant
with the quotient map to Z)/u = Z, gives a homomorphism (sometimes called the
reduced determinant),

Ch: G — Zy, (5.1.7)

where p = Cy if p = 2 and p = C,_; if p is odd. The map (;, corresponds to a class
(n € H (G}, Z,). Denote the corresponding kernels by

SGy, = ker(det) and Gj = ker((,). (5.1.8)

Note that the homomorphism (, is split surjective since Z, is topologically free; therefore
we obtain a decomposition G, = G} x Z, which trivializes to a product when p does
not divide h.

By the Devinatz—Hopkins theorem [DH04, Theorem 1|, E} forms a K (h)-local pro-
Galois extension of Lk xS with group Gy, in the sense of Rognes [Rog08]. Taking
G}-homotopy fixed points, we get:
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1
Proposition 5.1.9. The E.-ring spectrum EZG*L is a K(h)-local pro-Galois extension
of L n)S with group Z,,. In particular, there is a canonical equivalence Ly 1)S ~ S%Z(’,’l)
of Eo-1ing spectra.

,O0

This result provides the motivation for:

Definition 5.1.10. The E.-ring spectrum Sk ) = EZG}L is called the Iwasawa ex-
tension of Ly S, also known as the chromatic half sphere (at height h).

Remark 5.1.11. [Beh06, Appendix A] gives a “cellular” description of E,}ZG}‘, where the
cells are attached along (. Other models of the chromatic half-sphere and the related
Z)-extension of Sk sy have been constructed in [Wes17] and [CS5Y24].

Choosing an element ¢ € Gy, such that (,(¢) is a topological generator of Z,, we
thus obtain a fiber sequence

L P—1 )
LS = Sk(h),0 — Sk(),c0 = Lrm)S', (5.1.12)

justifying the name “chromatic half-sphere” for Sk (1) . The composite S — Sk 1) 0 2,

LgnS' yields the desired class ¢, € m_1 Li(nS, lifting the cocycle ¢, € H (G, Z,) via
the homotopy fixed point spectral sequence. We propose:

Conjecture 5.1.13 (The half sphere chromatic splitting conjecture in coheight 1).
Assume that p— 141 h —1 and h > 2. The unit map Lin-1)S = Lrn-1)Sk(h)co Of
Eoo-ring spectra is an isomorphism.

Remark 5.1.14. The half sphere chromatic splitting conjecture in coheight 1 is not true
when h = 1. Indeed, consider for simplicity the case that p > 2. In this case Sk (1),00 =~
L, is an Adams summand of p-complete K-theory, so L 0)Sk(1),00 ~ Q® L, ~ Qp[uﬂ]
for u in degree 2(p — 1), while Lk ()S, = Q,.

Remark 5.1.15. For h = 2 and p > 2, the half sphere chromatic splitting conjecture in
coheight 1 is known to be true. For p > 3, this is proven en route to the computation
of m.Sk(2) and is thus due to Shimomura—Yabe [SY95], Hopkins (unpublished), and
Behrens [Beh12]. Since the identification of Lk (1)Sk(2),0 does not seem to be stated
explicitly in these sources, we include a brief explanation, using Lader’s thesis [Lad13].
Indeed, from his Corollaire 4.4 we deduce

Ule:ts(G;7 E*/p> = Fp[vli]{lv (hO)O}
and from his Lemme 4.36 one can show that the element (hg)o detects the image of «;.
1
So, the unit S — Sk (2),00 = EQGQ is an equivalence after applying Ly 1)(S/p® —). This
gives the claim.
For p = 3, the result is a special case of [GHMI14, Theorem 5.7] by Goerss—Henn—

Mahowald, based on previous computations of Shimomura [Shi00], Goerss-Henn-Maho-
wald-Rezk [GHMRO05], and Henn-Karamanov-Mahowald [HIKXM13].

Remark 5.1.16. At height h = 2 and p = 2, the K(1)-localization of the Iwasasa sphere
has been computed in work of Beaudry, Goerss, and Henn [BGH22[; it is given by

LrSk)00 2 Lr)(S®S™2/2).
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Since this is not explicitly stated in this form in their paper, we explain how to extract
it. Indeed, there is a map

where z is defined in their [BG 122, Definition 8.4.1]. The proof of [BGH?‘Z, Theorem
8.4.9] shows that this map induces an isomorphism on homotopy groups after tensoring
with the finite type 1 spectrum Y =S/2 ® S/n, from which the claim follows.

The next result explains the connection between our strong version of the coheight 1
splitting conjecture to the one by Hopkins:

Proposition 5.1.17. When h > 2, Conjecture 5.1.13 implies Conjecture 5.1.}.
Proof. Indeed, the fiber sequence (5.1.12)

(1) exhibits an equivalence of E-ring spectra L xS ~ S};(Z(’;L) ~ and
i . L . :
(2) shows that taking Z,-fixed points on Sk(n) is a finite (homotopy) limit and
thus commutes with localization.

It follows that the canonical map Lg—1)S — Lih—1)Lin)S % Lgh—1)Skmn)

induces, upon passing to Z,-fixed points a map of E..-ring spectra

(LK(h—l)S)hZ” — Lgn-1)LrmS.

Here, the Z,-action on the domain is trivial, thus (LK(h_l)S)hZP ~ LK(h_1)869[/;(@_1)8*1
Conjecture 5.1.13 implies that the displayed map is an equivalence, hence so is the com-
posite LK(hfl)S D LK(hfl)Sil — LK(hfl)LK(h)S~ Ol

5.2. The proof of Theorem A and complements. Our next goal is to assemble the
proof of Theorem A from the material established above. We begin by recalling the key
players in the proof, referring to (1.2.6) and (1.2.7) for the definition of the groups in
use. Let k/IF, be an algebraic extension field containing IFx-1». Write K = k((up-1))
for the Laurent series field over k and consider the field extensions viewed as solid rings
throughout:

K241 (5.2.1)
Here, L/K is the totally ramified G;_;-extension constructed by Gross [Gro79] and

E/ L is the u;_q-adic completion of L. As such, Lisa perfectoid field of characteristic

p, isomorphic to k((uh/ P 1)), see Proposition 2.7.1. The field K comes equipped with a

natural Gp-action which extends to an action of G ;-1 on L and L.
As explained in Section 4, the diagram (5.2.1) admits a spectral deformation to a
diagram of solid E,.-ring spectra equipped with Gy, ,—1-action:

LD

EE—>B—>B (5.2.2)
K(h—1)"h ; 4.

where the action of Gj,_; on L ,-1)E) is taken to be trivial. The sequence (5.2.1) is
recovered from (5.2.2) by taking 7y and reducing modulo the Landweber ideal I. The



94 BARTHEL, MANN, RAY, SCHLANK, SENGER, WEINSTEIN, AND ZHOU

solid Ecc-ring spectrum B is equivalent to Ly, (E}, ®gw) Ej—1), hence there is also
a diagram of solid E..-ring spectra with Gy, ;_;-action:

By —>B —B (5.2.3)

where the action of G, on Fj_; is taken to be_trivial. We now apply continuous
homotopy fixed points to (5.2.3) for the group SGy, to obtain a diagram of solid E.-
ring spectra admitting an action of the quotient Gy, ,—1/SGy, = Z; X Gj_1:

on: By, — (BY)hSGn — (B)"5%n, (5.2.4)

The next step is to take homotopy fixed points under the subgroup (Z/p)* C Zy.

We recall from Theorem 3.6.10 the fiber sequence of derived k-modules with G;_; X
Z,;-action:

k — LMCn 5 k(—1)[—h]

Here Gj_; acts on the characteristic-p Tate twist k(—1) via e~ ! o det, where det :
Gn-1 — Gy is the determinant map. The action of the factor Z) on k(—1) factors
through the inclusion of Z; into the center of Gj_;.

Lemma 5.2.5. Let k(—1) be the G, X L, -representation discussed above, and let
T = (Z/p)* be the torsion subgroup of Z. Suppose p—14h —1. Then k(=1 = 0.

Proof. As discussed above, an element o« € T' = (Z/p)* acts on the Tate twist k(—1)
by a'™", since o' is the image of a under the determinant map det : G,_; — G.
In the case that p — 14 h — 1, the action of a generator of the cyclic group (Z/p)* is
nontrivial, so k(—1)%/P)"* = 0. O

Theorem 5.2.6. Assume h > 2 and p odd, and consider the map pp: E}_; — (@D)hS@h
of solid Eu-ring spectra equipped with Z,; x Gy,_i-action constructed above. If p — 11
h—1, then taking homotopy fived points with respect to the factor (Z/p)* C Z) induces

an equivalence

hZ X ~ ~0O ,~=1
@h( e Ep_, — (B )"

of solid En.-ring spectra with residual Z, x Gy_1-action.

Proof. First note that the cyclic group (Z/p)* under consideration acts trivially on the
p-adically complete spectrum Ej |, hence (E}_|)*%/P* ~ EZ | canonically. Now, since
wp, is a map between [-adically complete ring spectra for I the height h — 1 Landweber
ideal, it suffices to show the claim on homotopy rings modulo /. In other words, we
need to prove that the induced map
7 X ~ /\h@1 ~ o~ =1
(mapn )T K] & (m ) /T —— m (B /1 2 (L[u*1))
is an isomorphism, where the last isomorphism follows from the construction of B
(Example 4.6.4). Here, it is important that (Z/p)* acts trivially on the generator

A~ ~, =1
u € m_oF,_1 and likewise for B . Therefore, it suffices to show that k& — L"®» is an
isomorphism.
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To this end, recall the fiber sequence of Z; X Gp—;-modules established in Theo-
rem 3.6.10, see (3.6.11):
k — L"® s k(—1)[—h).
In light of Lemma 5.2.5, applying derived (Z/p)*-fixed points with respect to the factor

(Z/p)* C Z) yields an isomorphism of commutative rings with residual Z, x G-
action:

(WQQPZ(Z/p)X)/IZ k= ThG
This settles the claim. ]

In the following arguments, we will repeatedly use that homotopy fixed points with
respect to the group appearing as the pullback

G;ll X Gal(k/Fp) G Gn-1

| |

Gl Gal(k/F,)

can be computed iteratively by first taking homotopy fixed points with respect to the
fiber in the horizontal (respectively in the vertical direction) and then the quotient.

We are ready for the proof of the first part of Theorem A, which we restate here (in
an equivalent formulation) for convenience:

Theorem 5.2.7. Let h > 2, and assume p— 14 h—1. The K(h — 1)-localized Iwasawa
extension admits a Z,-equivariant augmentation Ly ,—1)Sk(n),co = Sk(h—1)-

Proof. Since p is odd, we have a decomposition Z; = (Z/p)* x Z,. Consider the maps
of solid E-ring spectra with Z, x Gj_;-action

P B (B7)C (B (5.2.8)

derived from (5.2.4) by taking homotopy fixed points with respect to the (Z/p)*-factor
in Z; . By Theorem 5.2.6, the composite is an equivariant equivalence of solid Eo.-ring
spectra.

We will study the effect of taking homotopy Gy,_1-fixed points on (5.2.8). On the one
hand, the middle term identifies as

((IB%D)’@;I)MG”L*1 ~ ((B)"Cr-1)hG commutativity of homotopy fixed points
~ (L 1)E;)"™ by Proposition 4.6.13
r~ L?((hfl)((E,Dl)hG}L) by Remark 4.6.11
= LK (h—1)SK(h),00;
compatibly with the residual Z,-action. On the other hand, the Devinatz-Hopkins

theorem supplies a Z,-equivariant equivalence L ;—1)S ~ E,}f'f*. Substituting these

identifications into (5.2.8), we obtain maps of Z,-equivariant E.-ring spectra
~D

—1
Lgh-1)S = Lgh-1)Skh),00 — (B )hGh)hGhﬂ(*)y

whose composite is an equivalence. This completes the proof. O
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Corollary B is then an immediate consequence:

Corollary 5.2.9. Let h > 2 and assume p—1+th—1. Then the map of E-ring spectra

Sty = Lrn-1Skm)

admits a retract.

Proof. This follows from Theorem 5.2.7 upon applying homotopy fixed points with
respect to the remaining Z,-action. Indeed, the action on the domain is trivial, while for
the codomain we use Proposition 5.1.9 and invoke the presentation (5.1.12) to commute
homotopy fixed points and localization. O

Let us complement the above results at generic primes (p— 11 h—1) by some partial
results in the case of odd primes p with p —1| A —1 and h > 2. Recall the map (5.2.4)
of solid E,.-ring spectra with residual Z; x (Gj,_1-action

o By — (B)'Sr — (B )5,
We are now interested in the effect of taking homotopy fixed points on the composite
with respect to the first factor.
Theorem 5.2.10. Let h > 2, p > 2, and assume p — 1 | h — 1. The cofiber C of

goZ(Z/p)X o (]@D)h@’11 is an invertible Ej; | -module.

Proof. Since the (Z/p)*-action under consideration is trivial on the p-complete spec-
X . 3 oL > G X

trum B |, we have (B} | )M%/P)" ~ EP | while we also have (B )G o~ ((B)hSCn)h@/n)"

With these identifications, it therefore remains to understand the cofiber of the induced

map
-~0

h(Z X —1
en " By (B)"S.

In order to prove that € is invertible, it suffices to show that (7.C)/I is invertible as a
graded (moE}_1)/I-module, where [ is the Landweber ideal of Fj_;. Consider the fiber
sequence of Z; X Gj,_1-modules established in Theorem 3.6.10, see (3.6.11):

k — LG 5 k(—1)[—h).

In the case that p — 1 | h — 1, the Z-action on the Heyer—Jacquet module is trivial,
and taking derived (Z/p)*-invariants results in a fiber sequence

k— DM s k[,
Since k[—h] is invertible as a module over (moEp—1)/I = k, we conclude that C is itself

an invertible module over Ej’ ;. O

Now apply continuous Gy,_;-homotopy fixed points to the map in Theorem 5.2.10. By
Proposition A.5.3, continuous and smooth homotopy fixed points give the same result
on £} |, namely L?{(hq)g' Evaluating on a point gives the second part of Theorem A:
Corollary 5.2.11. Under the assumptions of Theorem 5.2.10, the cofiber of the unit

map Ly n-1)S — (@D)h(GiXGaHWWGh*I) is an invertible K (h — 1)-local spectrum.
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Remark 5.2.12. We finish this subsection with a few comments on possible extensions
of Theorem 5.2.10.

(1) Related to Remark 3.6.12, it may be possible to identify the Gj,_j-equivariant
invertible E}_;-module € from Theorem 5.2.10. On underlying spectra, such
modules are specified by pairs (£, ¢), where £ is a G,_j-equivariant invertible
E}_1-module, and ¢ is a Gj_j-equivariant automorphism of £. The object £
represents a class in the K (h—1)-local Picard group Picj,_1 ;. Its homotopy m.L
is a Gy,_1-equivariant invertible m, E,_1-module; i.e., it is a Morava module in the
sense of [BSSW24a]. The main theorem of [BSSW24a] is a complete description
of the group of Morava modules, and it would be interesting to determine which
class is represented by 7, L.

X

(2) In the case that p is odd and p—1| A — 1, the map ngZ” is not an isomorphism,
but one could still ask whether it admits a retract, which is to say, whether
€ — XEY | is null. If so, then S[Eé%h_l) — Lk n-1)Sk(n has a retract as well,
albeit a priori only as spectra.

(3) The case p = 2 merits further study. In that case, [BGH22, Theorem 1.1.9]
finds an isomorphism L 1)Sk(2) = Sg%l) @ S72/2P% where S/2 is the mod 2
Moore spectrum. We suspect that the S72/25% term must be related to the
Heyer—Jacquet module.

5.3. Equivalent statements to the strong chromatic splitting conjecture. Hav-
ing settled Theorem A, we return in this final subsection to the strong form of the
conjecture (Conjecture 5.1.13), which states that for 2 > 2, the unit map Lg,—1)S —
Lg(h—1)Sk(h),00 18 n0t just split but in fact an equivalence for p — 11 h — 1. We remind
the reader that this extra hypothesis is necessary, see Remark 5.1.16.

We first give several reformulations of the strong chromatic splitting conjecture in

coheight 1. Recall the maps F} ;| — B” and B” — B from (5.2.3). Also let Sk(hy.co PE

the solid version of the Iwasawa sphere: this is the homotopy fixed points of £} under
Gy}.

Lemma 5.3.1. Assume that h > 2 and p— 11 h — 1. The following are equivalent:

(1) The unit map ¢: L?{(h—l)S — L?((h_l)Si‘((h) is an equivalence;

,O0

—=1
(2) the induced map E_| — (B2)"®r is an equivalence;
(8) the induced map (Bm)h@i — (]@D)h@i is an equivalence;
(4) the induced map (IB%D)h(G}LXGM(k/Fp)Gh—l) — (@D)h(G}thal(k/Fp>Gh—l) is an equiva-

lence.

Proof. As in Theorem 5.2.6, we observe that the composition

~0

PE B, — (B)Sh  (B)
of solid E-ring spectra with residual Z, x Gy,_;-action is an equivalence. This imme-
diately gives (2)<=(3). Likewise, applying homotopy Gy;_;-fixed points supplies an
equivalence

Sph((Z/P)Xxthl): LK(h—l)S ~ (E}DL_I)hthl N (Bﬂ)h(GiXGal(k/Fp)Ghﬂ) N (@D)h(GiXGal(k/%)Gmﬂ’
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using the exact sequence 1 — @,11 — G, X Gal(k/F,) Gn-1 — Gp—1 — 1. The proof of

Theorem 5.2.7 establishes an equivalence Lg,—1)Sk(h),00 = (]BD)h(GlleGM(k/Fp)Gh—l)(*), SO
we deduce that (1)<=(4). Since (3)==(4) follows from applying homotopy Gy,_;-fixed
points, it remains to prove (1)=(2).

Consider the effect of tensoring the map in (1) with E}_; and then applying Lien-ny:

Lgn-1)(Ep— @ 0): By = L1y (Ey 1" Lig(-1)Sk(n),00)
—1
= Lih1) By Ogwon Lrcn-1) (E3)").

Now we claim that the map

0 a] 0\hG; O O O 0\hG; o\hG,

L (h—1) (Eh_1®swn L (n-1)(ER)"") = Lgh—1)(En—1 Oswry L1y Ep)"" = (B)""

(5.3.2)

is an equivalence. This would establish (1)=(2), as if ¢ is an equivalence, then so is
LK(h—l)(E}ELLl QY L).

The argument goes as follows: the Devinatz—Hopkins extension L?{(h)S — E) is

Gp-Galois and descendable (Corollary 4.6.8), and therefore the intermediate extension
—1 J—

(ED)RCr — EY is G;ll—Galois and descendable. This implies that the Amitsur complex

J— —1

with terms C' ((Gi)', EY) converges quickly to (E7)"Cn [Mat18, Proposition 2.26]. Quick

convergence is preserved by exact functors [Mat18, Proposition 2.20]. In particular,

upon applying the exact functor X L%(h_l)(E,‘ffl ®§W(k) L‘f{(h_l)X), we find that the

cosimplicial complex with terms

_1 °
Licth—1y(Eh-1 @swy Lien-1)C(Gy)*, ER)) (5.3.3)

has limit LK(h—l)(EE,1®§W(,€)LK(11_1)(Eﬁ)h@’ll). The terms in (5.3.3) are built out of the
S-points of ;' for S profinite by applying the operations L%'((hfl) and tensoring with
E7 | = E°(K°,T,_1). By Proposition 4.5.10 and Proposition 4.5.12, these operations
can be performed on the level of LKN pairs, where they commute with taking S-points
by design (see Definition 4.5.11). Therefore the complex in (5.3.3) is equivalent to

C((@2)°,BD), whose limit is (Bm)h@i, o

In order to deduce a cohomological criterion for the strong chromatic splitting con-
jecture in coheight 1, we require an analogue of the identification

(Bm)h@hfl ~ FY(K, T Doy K) L?{(hq)Eﬁ (5.3.4)

from Proposition 4.6.13 for B . We begin with an auxiliary lemma.

Lemma 5.3.5. Let F' be a perfectoid field, and let E/F be a (possibly infinite) Galois
extension with profinite group G. Let E be the completion of E with respect to the
unique metric on the field E which extends the metric on F. Then the natural map
F — H: (G, E) is an isomorphism of graded F-algebras.

cts
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Proof. The morphism SpaE — Spa F' is a perfectoid pro-étale G-torsor, and so by
[BSSW24h, Proposition 3.6.3] we have an isomorphism in the derived category of con-
densed O p-modules:

RT((Spa F)proct, 07) =2 RT((Spa E) prost, 07)"C (5.3.6)

By [Sch17, Theorem 1.2|, whenever X = Spa(R, R") is a perfectoid affinoid space,
the map Rt — H*(Xproet, OF) is an almost isomorphism, where OF = O* in our
conventions. (The cited result is about the finer v-topology, which suffices for our
purposes.) Therefore, base changing (5.3.6) from Op to F' yields an isomorphism

F — H:(G,E),
as claimed. 0
To state the desired identification of (@D)h@h—l, we introduce the notation
K,=J K"
n>1

for the colimit perfection of K = k((uy_1)). Let
valg: K — Z U {oo}

denote the u,_;-adic valuation on K, and also its Z[1/p]-valued extension to K. Let

[/(\p be the completion of K, with respect to valx. Then I?p is a perfectoid subfield of L
admitting a continuous action of Gj. A theorem of Ax [Ax70| shows that the subfield

of Gj,_;-invariants in L is exactly IA(p.
Lemma 5.3.7. We have equivalences of solid spectra with Gp-action:
~0. , = ~ -~
(1) (B )"or-1 = EY(K,, (I @K Kp)°)
~ 1 ~ ~
(2) (Bm)h(GhXGal(k/wp)Ghﬂ) ~ ED<Kp7 (Flhl:lK Rk Kp)o)hG}L_

Proof. For (1): Recall from Example 4.6.4 that ED(Z, (I))°) = ED(Z, | P ®,{E) = B".

Since [A(p is a Gj,_;-fixed subfield of E, we obtain a natural map
7> un 7> o T un [¢] @ — ~Y o~ @ —
E(Ky, (T ®x K,)°) — E2(L, (T)%)°)"*n=t = (B )"*n
by descent. It suffices to prove isomorphy on homotopy rings modulo the Landwe-
ber ideal, which is to say we can reduce to the claim that the natural map K, —

H: (G, E) is an isomorphism of graded K-algebras. This is a special case of Lemma 5.3.5
above; alternatively, we could also use Proposition 4.6.16.
(2) follows from (1) via the following manipulation:

(@D)h(GiXGal(k/Fp)Ghﬂ) o ((@D)h@h,l)h(}}b ~ Em(kp’( E?K QK kp)o)hG’IL,
using the exact sequence 1 — Gyj,_; — G} X Gal(k/F,) Gro1 = Gj — 1. O

With this identification in hand, we obtain an algebraic criterion for the strong chro-
matic splitting conjecture in coheight 1:
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Proposition 5.3.8. Assume that the natural map of bigraded rings
H:ts(Gllm T Ep SnoEr K) — H:ts(G}u T Ep QmoEy, [?P)

is an isomorphism. Then the map (]B%D)h(G}LXGaI(k/Fp)Gh*) — (@D)h(G}LxGM(k/Fp)Gh*l) is an
equivalence. If furthermore p— 1+ h—1, then the unit map ¢: Sk(h-1) = Lr(h-1)SK(h),c0
1s an equivalence.

Proof. By (5.3.4) and Lemma 5.3.7, this reduces to showing that

T E(K, T @, K)'Ch = 1 B(K,, (D% @ K,)°)"C
is an isomorphism. Since both sides are [-adically complete with respect to the height
h—1 Landweber ideal I (which is moreover compatible with the G} -action), it suffices to
prove isomorphy of the map modulo I. There is a morphism of G}-fixed point spectral
sequences converging to this map, with Es-pages

H: (G, m B(K, Ty @y, K) /1) = Hil (G, mB(Ky, (T ®x K;)°) /1)

By construction of the spectral deformation, this map identifies with the map of the
proposition, so the claim follows.
The second part of the proposition follows from Lemma 5.3.1. O

The next section develops techniques that allow us to verify the algebraic criterion of
Proposition 5.3.8 at height 2, thereby proving the strong chromatic splitting conjecture
at height 2 and odd primes.



ON THE CHROMATIC SPLITTING CONJECTURE IN COHEIGHT 1 101

6. AN ACYCLICITY CRITERION AND THE CASE OF HEIGHT 2

In this final section, we will develop methods to study the cohomological criterion
(Proposition 5.3.8) for the strong form of the chromatic splitting conjecture established
in the previous section. It relies on an acyclicity criterion (Theorem 6.3.1) based on an
elaboration of Lazard’s work, which we verify at height 2 and odd primes. The essential
computational input for the latter are formulas for the action of the Morava stabilizer
group due to Salch.

6.1. The Lazard complex. Assume p—11{h—1. Proposition 5.3.8 reduces the strong
splitting conjecture to the statement that a certain G}-module has trivial continuous

*

cohomology, namely the graded K-vector space (I?p/ K)w*. Tt suffices to replace G}

with any closed normal subgroup (such as G,), as one sees by applying the Lyndon-
Hochschild—Serre spectral sequence.
Lazard [Laz65] invented powerful techniques to control the continuous cohomology

of a certain class of profinite groups G (“p-valued groups of finite rank”). Crucially, @,11
contains a basis of open subgroups lying in this class.

Suppose G is a p-valued group of finite rank, and let V' be a Z,[G]-module. Lazard
shows that the continuous cohomology of H’ (G, V) is computed by a finite complex,
each of whose terms is a direct sum of finitely many copies of V. In particular H', (G, V)
vanishes for ¢ large enough. The observation underlying this construction is that Z,[G]
has a natural filtration, whose associated graded ring is a polynomial algebra P over
F,. There is a standard finite free resolution of F, as a P-module, namely the Koszul
resolution.

We state here the result (Lazard calls it “Serre’s lemma”) which lifts free resolutions
from a graded ring to any filtered ring which gives rise to it. First, some preparations
concerning resolutions. Suppose € is any ring, and A is an (2-algebra equipped with an
augmentation homomorphism €: A — Q. A split resolution of 0 by free A-modules is
a pair (X — Q,s), where X — ) represents a complex of (2-modules of the form

—>X2—)X1—>X0:Ai>9

with each X; free over A, and s is a nullhomotopy of the complex X — €. For such a
pair, €2 is equivalent to X in the derived category of A-modules.

Now suppose €2 is a complete filtered ring (such as Z, or any discrete ring), and
that A is a complete filtered Q-algebra. We assume that the augmentation ideal I is
free-complete over €2 [Laz65, 1.2.1.17|. The discussion of split resolutions above carries
over in the categories of filtered rings and graded rings. In particular, if (X — Q,s) is a
split resolution of € by free A-modules, then its associated graded (Gr X — Gr, Gr s)
is a split resolution of Gr ) by free Gr A-modules.

Lemma 6.1.1 (Serre’s lemma, [Laz65, V.2.1.1, Corollaire V.2.1.1.3, Corollaire V.2.1.6]).
Let (Y — GrQ,3) be a resolution of Gr§ by graded free Gr A-modules with discrete
grading.

(1) There exists a split resolution (X — €, s) of Q by filtered free A-modules, whose
associated graded is (Y — Gr{2,3).
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(2) The resolution X — § is unique up to isomorphism (but the isomorphism need
not commute with the nullhomotopies).

(8) If each term of Y is a free Gr A-module of finite rank, then each term of X is a
free A-module of the same rank.

The pair (X — €, s) is constructed recursively through a limit procedure that uses
the completeness of A in an essential way:.

6.2. Continuous cohomology of uniform pro-p groups with coefficients in
characteristic p. Lazard’s results on continuous cohomology apply to the class of
complete p-valued groups. At the cost of a little generality, we focus on a convenient
subclass, the uniform pro-p groups (also called uniformly powerful pro-p groups).

Definition 6.2.1 ([DdSMS91, Definitions 3.1 and 4.1]). Let d > 0. A uniform pro-p
group of dimension d is a pro-p group GG which satisfies these criteria:

e (& is topologically finitely generated.

e If p is odd, then G/GP is abelian. If p = 2, then G/G* is abelian. (Here G" is
the subgroup generated by nth powers of elements of G, and G™ refers to the
topological closure.)

e Writing G = P,(G) D P2(G) D P3(G) D --- for the lower p-series of G, we have
[Pi(G) : Pyt (G)] = p? for all i > 1.

We refer the reader to [DdSMS91] for a comprehensive account of uniform pro-p
groups and their properties, some of which we list here. Suppose G is a uniform pro-
p group of dimension d. Then the pth power map x — 2” induces an isomorphism
P,(G)/Pii1(G) = Pii1(G)/Piya(G) for all ¢ > 1 [DASMS91, Definition 4.1(iii)’]. Fur-
thermore, P;(G) is exactly the subset of p"~!st powers in G' [DdSMS91, Lemma 4.10].
Finally, if g1,...,gq are topological generators of GG, then the map (not necessarily a
homomorphism) Z* — G carrying (as,...,aq) onto gi* --- gg* is a homeomorphism
[DASMS91, Theorem 4.17]. For each ¢ > 1, this homeomorphism factors through a
bijection (Z/p"'Z)%! — G/P,_1(G).

Lemma 6.2.2. Let G be a uniform pro-p group of dimension d, and let F,[G] be its
group algebra with F,-coefficients. Let I = ker(IF,[G] — F,,) be the augmentation ideal,
and for all i > 1, let J; = ker(F,[G] — F,[G/Pi(G)]). Then:

i—1

(1) JyC IV .
(2) """V J,.
Therefore the collections of ideals I' and J; induce the same topology on F,[G].

Proof. For (1), we proceed by induction on i > 2, the case i = 1 being trivial. It suffices
to show that g — 1 € I' for g € P;(G). As noted above, P;(G) is exactly the subset of
p'~'th powers in G, so g = h? for some h € P,_1(G), and then g—1 = (h—1)? € J' | C
IP""" by the inductive hypothesis.

For (2), consider the action of the pro-p group G on the p?—1_dimensional Fp-
vector space V = F,[G/P;(G)]. The image of G in GL(V) is contained in a Sylow p-
subgroup, which up to conjugacy is the subgroup of upper-triangular unipotent matrices
of dimension p?“~Y. Given p?~1 such matrices I + M;, the product of the M; is 0.
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Therefore for any g1, ..., g-1 € G, the element (g1 — 1) - - - (gpau-1 — 1) acts trivially
on V', which is to say it lies in J;. 0

Lemma 6.2.3. Let G be a uniform pro-p group with topological generators gy, ..., gq.
Let I C F,|G] be the augmentation ideal.

(1) For allm > 0 and all g € G we have [I", g] C I""2, where [z,y] = vy — yx is
the Lie bracket on F,[G].
(2) Forn >0, let W,, C F,|G] denote the F,-span of all elements of the form

(g1 —1)" - (ga— 1),
where the a; > 0 satisfy Zj a; =n. Then for alln > 0 we have
1" =W, + I
Proof. For (1): We proceed by induction on n. For the base case, I° = F,[G] is the F,-
span of elements h € G, and then [h, g] = hg — gh = (hgh™'g™' — 1)gh € J, C I? C I*

by Lemma 6.2.2(1).
When n > 1, suppose € I" ! and y € I. Then

[2y, 9] = zly, 9] + [z, 9]y

lies in I™*2 by the inductive hypothesis.
For (2): Again we proceed by induction on n. The case n = 0 being trivial, we
assume n > 1. By the inductive hypothesis,

I"=1""T= W, 1+ 1YWy +I?) C W, W, + 1"

and so we are reduced to the claim that W,,_4W; C W,, + I"*'. The product W,_,W;
is the IF,-span of elements of the form

(g1 — )" - (ga— 1)*(g; — 1),

with > 5 a; = n — 1. The difference between the above element and

(g =)™ (g = D" (ga— D)™ € W,
equals
(o = D) - (i = )" [z, gil
for & = (gip1 — 1)%+ -+ (gq — 1)% € [%i=+1% By (1), this difference lies in I"*'. O

For a general profinite group G, the completed group algebra F,[G] is defined as the
limit of IF,[G/H] for H running through a cofinal system of open normal subgroups of
G. If G is a uniform pro-p group, then one can take the lower p-series to be the system
of open normal subgroups, and then Lemma 6.2.2 shows that F,[G] is the completion
of F,|G] with respect to the augmentation ideal.

The following theorem identifies the associated graded F,-algebra of the filtration on
F,[G] induced by the augmentation ideal.

Theorem 6.2.4. Let G be a uniform pro-p group of dimension d. Let W = G/ Py, (G) =
G/GP, so that W is an F,-vector space of dimension d. With respect to the filtration
on F,[G] induced by powers of the augmentation ideal, the graded F,-algebra GrF,[G]
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is 1somorphic to Symm W, the symmetric Fy-algebra on W. Given g € G with image
w € W, the isomorphism sends g — 1 to w.

Proof. Since F,,[G] is the I-adic completion of F,,[G], there is an isomorphism GrF,[G] —
GrF,[G], where both F,[G] and F,[G] are filtered by their augmentation ideals.

The map G — I/I? carrying g to g — 1 is a group homomorphism onto a p-torsion
abelian group, so it factors through an F,-linear map W — I/I%. This map extends
uniquely to a map of graded F,-algebras Symm W — GrF,[G], which carries a poly-
nomial f(wy,...,wg) onto f(g1 —1,...,94—1). We claim this map is an isomorphism.
Its nth graded piece is the surjective map Symm"™ W — I" /"' which factors through
the space W, C F,[G] from Lemma 6.2.3.

We must show that Symm” W — I"/I™*! is also injective. Suppose f, (w1, ..., wq) €
Symm" W lies in the kernel. Applying Lemma 6.2.3 repeatedly, we find for all N > n+1
a relation

ij(gl_1>"'agd_1)€IN7

where f; is a homogeneous polynomial of degree j. Choosing N = p?=1 for a large
enough i, we have IV C ker(F,[G] — F,[G/P:(G)]) by Lemma 6.2.2(2).

The point now is that G/P,(G) is exactly the set of classes of elements g;' - - g5,
where 0 < a; < p"! — 1 for each j. Therefore such elements form a F,-basis for
F,[G/P;(G)]. A routine calculation shows that the (g — 1)* --- (g4 — 1)* also form a
basis. In particular these elements are linearly independent modulo I%V. This implies
that f; = 0 for all j, and in particular f,, = 0. U

Remark 6.2.5. We learned Theorem 6.2.4 from notes of Pstragowski’. The proof that
appears here is nothing but an adaptation of those notes to the characteristic p setting.
The theorem is a special case of a result of Lazard [l.az65, A.3, Théoréme 3.5], which
for a general pro-p group G identifies GrF,[G] with the universal enveloping algebra
of a certain restricted Lie algebra Gr G associated with G. When G is a uniform pro-p
group, Gr G is abelian and freely generated by its degree 1 part.

We intend to apply Serre’s Lemma (Lemma 6.1.1) to the situation in Theorem 6.2.4.
The graded algebra Symm W is a polynomial algebra over F,. There is a canonical
resolution of [F,, in free modules over a polynomial algebra, namely the Koszul complex.
We review it now.

Let k£ be any field, and let W be a finite-dimensional k-vector space, with dimension
r. Then Symm W is a polynomial k-algebra with r generators. The Koszul complex

Kos(W): Kos" (W) — Kos" (W) — --- — Kos' (W) — Kos’(W)

is a complex of finite-dimensional free Symm W-modules with nth term
Kos"(W) = Symm W ® /\ W

9 Available at https://www.kurims.kyoto-u.ac.jp/ piotr/291y_notes.pdf, see Theorem 1.2.
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for 0 < n <r, and differential determined by the formula
dl®xy - x,) = Z(—l)i“xi@xy--:i*i---xn
i=1
for xy,...,z, € W.

Importantly, the augmented complex Kos(W) — k admits a nullhomotopy. The key
observation is that if W = W’ @ W" is a direct sum of k-vector spaces, then Kos(W) =
Kos(W') ® Kos(W”) in the category of complexes of k-vector spaces. Therefore a basis
for W presents Kos(1¥) as a tensor product of complexes of the form Kos(k). In that
case, the augmented complex Kos(k)* = [Kos(k) — k] admits a nullhomotopy s:

Here sq is the inclusion of the constants into k[z], and s;(f(z)) = (f(z) — f(0))/x.
Tensoring together a copy of (Kos(k)*,s) for each vector in a basis for W, we obtain
the pair (Kos(W)*, sy), where sy is a null-homotopy of Kos(W)™. (Strictly speaking,
sw depends on the choice of an ordered basis for W.) This shows that Kos(W) is indeed
a split resolution of k£ by free Symm W-modules.

Consequently, if V' is a Symm W-module, the Ext-groups Extgymmw(kz, V') are com-
puted by the complex

Ckos(Symm W, V) CI()(OS(Symm W, V) — CéOS(Symm W, V) — - = Cko(Symm W, V),

where the nth term is
Clos(Symm W, V) = Hom(/\ W, V).

Definition 6.2.6. Let G be a uniform pro-p group of dimension d, and let W = G/GP?,
an [F,-vector space of dimension d. The Lazard complex Laz(G) is a complex of finite
free I, [G]-modules

Laz?(G) — Laz* *(G) — -+ — Laz'(G) — Laz"(G)
with nth term
Laz"(G) = F,[G]® AW

for 0 < n < d, and the Lazard resolution is a split resolution of I, by finite free
F,[G]-modules, consisting of a pair (Laz(G) — F,, s¢). The Lazard resolution arises
by applying Serre’s Lemma: it is the unique resolution whose associated graded is the
Koszul resolution (Kos(W') — F,, sy ), which in turn comes from choosing an ordered
basis of W.

Given a representation of F,[G] on a topological F,-vector space V', let Cr,,(G,V)
denote the cochain complex obtained by applying Hom(—, V') to the complex Laz(G).
Thus

Cp,(G,V) = Hom(\ W, V).
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Since the Lazard complex really is a resolution of the trivial module IF,, the complex
ClLaz(G, V) computes the continuous cohomology HY (G, V). We have arrived at the
characteristic p version of Lazard’s theorem.

Theorem 6.2.7. Let G be a uniform pro-p group of finite dimension, and let V' be a
representation of F,[G] on a topological F,,-vector space V. The continuous cohomology
H: (G, V) is computed by a complex Cra,(G, V) whose terms are direct sums of finitely
many copies of V':

Le(G. V) = Hom(/\ G/G", V).
In this context, cohomology of trivial G-modules is particularly simple.

Corollary 6.2.8. Let G be a uniform pro-p group of dimension d, and let V be the

trivial representation of G' on a topological Fy,-vector space. Then for each n € Z,
HZ(G,V) = Hom( A\ G/GP, V) = ve().

Proof. The differentials Laz"(G) — Laz"'(G) have coefficients in the augmentation

ideal I, which means that the differentials in the complex C'.,(G, V) are zero. O

It is difficult to write down the differential Laz"(G) — Laz" *(G) directly, other than
to say that its coefficients lie in I. But the reduction of the differential modulo I? is

known:
n

d1@w; - w,) => (=1)™ (g = 1) @wy -+t w, (mod I?) (6.2.9)
i=1
where g; € G is a lift of w; € W. This calculation comes from the fact that the
associated graded of Laz(G) is Kos(WV).

6.3. An acyclicity criterion using one basis element. Let V' be a complete ul-
trametric F,-vector space: this means V' is separated and complete for an ultrametric
valuation valy: V — R U {oo}.

For a linear operator A € End V', we write

valy (A) = 12‘1; valy (Av) — valy (v) € RU {£o0}

for its operator valuation. The operator is bounded (respectively, a strict contraction)
if valy(A) > —oo (respectively, valy(A) > 0). A bounded operator is continuous.
(The converse is false; the Frobenius map on V' = F,((¢)) with its ¢-adic valuation is
continuous but unbounded.)

Now suppose G is a uniform pro-p group of finite dimension which acts linearly on
V. We say that the action of G on V is strictly unipotent if for all g € G, the operator
(g — 1) is a strict contraction on V. In this situation V' becomes an F,[G]-module.

We state here a condition which assures the acyclicity of the F,[G]-module V.

Theorem 6.3.1. Let G be a uniform pro-p group of dimension d, with topological
generators gi, ..., g4, and let V' be a complete ultrametric F,-vector space admitting a
strictly unipotent action of G. Assume that the operator (g1 — 1) admits a bounded
inverse (g1 —1)™' on V. Then H}(G,V) = 0.

cts
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Proof. First we observe that if G’ C G is an open subgroup, it suffices to show that
H: (G, V) = 0. Indeed, since G is pro-p, it is pro-nilpotent, and so G’ is subnormal
in G. Repeated application of the Lyndon—Hochschild—Serre spectral sequence gives

cts(G V)

Let L be the Lie algebra of G, with Z,-basis z1,...,z4 corresponding to gi,. .., ga.
By [DdSMS91, Theorem 9.10], uniform open subgroups of G correspond to finite-
index powerful Lie subalgebras of L of finite index. For N > 0, it is easily checked
that 1, pN s, ..., pNxs span such a Lie subalgebra. Let G’ C G be the correspond-
ing uniform open subgroup corresponding to L’; then G’ has topological generators
g1, ggN, o ,ggN. By our hypotheses, valy(g; — 1)~ > —oo and valy(g; — 1) > 0, and so
we can choose N large enough so that for i =2,...,d,

p valy(g; — 1) > —valy (g1 — 1)_1

Note that valy (g? g 1) > pVvaly(g; — 1). In light of the reduction of the previous
paragraph, we may relabel G’ as G, and assume henceforth that (g; —1)7*(g; — 1) is a
strict contraction on V for¢=2,...,d.

Let I be the augmentation ideal of F »[G]. The continuous cohomology H} (G, V)
is computed by the Lazard complex C’LaZ(G V). We will construct a nullhomotopy of
Craz(G,V). Recall the notation W = G/GP; this is an F,-vector space with distin-
guished basis wy, ..., wy in correspondence with ¢y,...,gs. We separate out the first
basis vector from the rest:

W =W, e W,

where W is spanned by the single vector w;, and the complement W, is spanned by
the others. Accordingly we may decompose

n n—1
AW = [/\WC®W1

n

o \W.

and also
n—1

1 (G V)= Ve \Wrew;

Ve W:] :
where the * indicates IF,-linear dual.
With respect to this decomposition, the differential d": Cp_(G,V) — C{:HH(G, V)

takes the block form

We now apply (6.2.9), which identifies d" modulo /2. Consider in particular the operator

B,: v 2ve AW »ve [ Awreowr| =velsh,

This can be written

d—
where Id is the identity operator on vl nl), and v is a matrix with entries in I2.
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d—
We claim that B, is invertible on vo(“2). Since (g1 — 1) is invertible by hypothesis,
this reduces to the invertibility of the operator Id +7(g; — 1)~!. Formally, the inverse

of this operator is
o

> (=1 (g =17, (6.3.2)

5=0
which converges precisely because each entry of the matrix v(g; — 1)~! is a strict con-
traction by hypothesis.

Now we claim that
n 0 O n e
s = (B;—ll O) : LaZ(G7 V) - CLazl(G7 V)

is a nullhomotopy of Cp.,(G, V). Indeed,

A,_1 B,_ 0 0 0 O A, B
n—1 _n n+1l gn __ n—1 n—1 n n
e = (@0 ) (o o)+ (e 0) (& 50)

1 0
D, B '+ B'A, 1

Examining the relation d*d"! = 0, we see A,B,_1 + B,D,_1 = 0, which implies
D, 1B +B;'A, =0. O

6.4. The Nottingham group. Proposition 5.3.8 reduces the strong splitting conjec-
ture to the statement H} (G, ([?p/K)w@m) = 0 for all n € Z, where G is a uniform
pro-p normal subgroup of the Morava stabilizer group Gy,. In this subsection we gather
some abstract results relevant to this situation.

Suppose k is a perfect field of characteristic p, and let
K = k(1))

be the field of Laurent series over k. It is separated and complete for the t-adic valuation
valg. Let w = Ogu be a free Og-module of rank 1, and let wx = w ®o, K = Ku.
From these data we construct the graded K-algebra

XN
@ wK :
n __

Each graded piece wy" = Ku" comes equipped with a valuation valg,» which assigns
the value of 0 to the basis vector u™.

The Nottingham group Nott(k) is the group of strictly unipotent automorphisms of
the k-algebra K which act trivially on the associated graded of K. In other words, an
clement g € Nott(k) is a substitution

gt) =t(1 4+ art +ast* +...),

with each a; € k. The group of all strictly unipotent automorphisms of the graded k-
algebra @, ., wi" whose restriction to K lies in Nott(k) is a split extension of Nott(k)
by the topologically unipotent subgroup O} of O, which we might call the extended
Nottingham group Nott'(k):

Nott'(k) = Nott(k) x OF.
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An element g € Nott'(k) is specified by two power series in O, namely g(¢)/t and
g(w)/u.
Consider the following k-vector spaces V' derived from Ku":
e The quotient Ku?"/(Ku")P = (K/KP)uP".
e The base changes K7 @ Kw®" = KY/? y" for each j > 0,
e Their union Kyu",
e The completion [?pu”,
e The quotient ([A(p/K)u”.
Each of the above V' carries an action of Nott'(k) and an invariant valuation valy,, which
assigns the value a/p’ to t%/ P y". The action is strictly unipotent on each K 1/p u™, but
not on K,u" or the spaces derived from it.
Now suppose G is a uniform pro-p group of finite dimension admitting a homomor-
phism G — Nott'(k). We state a variation on Theorem 6.3.1 which can be used to
establish acyclicity for the action of G' on (l/(\'p JK)u™.

Proposition 6.4.1. Let G be a uniform pro-p group of dimension d, with topologi-
cal generators gi,...,9q4. Let G — Nott'(k) be a homomorphism. Assume that the
operator (g1 — 1) admits an inverse (g — 1)~! on (K/KP)uP™ for all n € Z, whose
operator valuation is bounded below independently of n. Then for all n € Z we have

H: (G, (K,/K)u™) = 0.

cts

Proof. Since the elements gs, ..., g4 act strictly unipotently on K and Kwu, there exists
B > 0 for which valg(g; — 1) > B and valg,(g; — 1) > B for i = 2,...,d. It is
straightforward to check that for all n € Z, the operator valuation valg,~(g; — 1) is also
bounded below by B.

By hypothesis, there exists C' > 0 for which val g grywm(g — 1)~ > —C for all
n € Z. Choose N large enough so that for i = 2,...,d, we have pMB > (p/(p —
1))C. Replacing G with the subgroup generated by ¢;, ggN, cee ggN, we may assume the
operator (g; —1)7! exists on (K/KP)uP" for all n € Z, with operator valuation bounded
below by —C', and that for i = 2,...,d and all n € Z we have valg,~(g; — 1) > B, with
B> (p/(p—1))C.

For each m > 1, the ultrametric space (K'/?" /K)u™ admits a finite Nott'(k)-stable
filtration by closed subspaces (K7 /K)u™ for 1 < i < m, with subquotients

(KY? K yun, . (K™ KV,
these are isomorphic to
(K/KP)uP", ... (K/KP)yur"",
respectively, via f1/7'u™ — fuP™.

With respect to a splitting of this filtration of (K" /K)u", the operator (g; — 1)
may be written as an upper-triangular matrix with bounded entries, whose ith diagonal
entry admits an inverse with operator valuation bounded below by —C'/p’. Therefore
(g1 — 1)1 exists on (KYP" /K)u™; its matrix is upper-triangular, and for j > i, the
i7th entry of this matrix has operator valuation bounded below by

~C/p' =C/p* == C/p) > =C/pHp-1);
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ie, entries in the ith row are bounded below by —C/p"~'(p — 1). In particular, the
operator norm of (g; — 1)~! is bounded below independently of m.

Whereas for each i = 2, ..., d, the matrix of (g; — 1) is upper-triangular, and entries
in the 7th column are bounded below by B/p'. Therefore the entries of (g;—1)(g; —1)~*
have operator norm bounded by B/p'—C/p"~*(p—1) > 0, implying that (g;—1)(g;—1)*
is a strict contraction on (K/?" /K)u".

Applying the results of the above two paragraphs for all m > 1, we find that (g;—1)~
exists as a bounded operator on (K,/K)u™, which extends to the completion ([A(p JK)u™.
We also find that for any v € I? (with I the augmentation ideal of F,[G]), the terms
of the series (6.3.2) have operator norms tending to 0 on (K" /K)u™ for each m > 1,
and so the operator Id +(g; — 1) "' has bounded inverse on (K,/K )u™, which extends

1

to (IA(p /K)u™. Therefore (g1 — 1) Id 4+ is invertible on the complete ultrametric space
(K,/K)u™. This is exactly the input needed to prove the acyclicity of (K,/K)u", as in
the proof of Theorem 6.3.1. U

Let us call an element g € Nott'(k) “good” if it satisfies the hypothesis imposed on
g1 in Proposition 6.4.1: (g — 1) admits an inverse on (K/KP?)uP" for all n € Z, whose
operator valuation is bounded below independently of n. Certainly there are many
“bad” elements, such as g(t) = t + t?, for then (g — 1) annihilates the image of /7 in
}?p /K. As a further example, the Nottingham group contains many p-torsion elements,
for instance the geometric series g(t) = ¢(1—t)~" or more generally g(t) = t(1—at?)~1/@
for ) an integer prime to p and o € k*. For such elements, (g—1) already has a nonzero
kernel on K, namely (g — 1)?71(¢), and so in particular torsion elements are bad.

We highlight a simple condition guaranteeing “goodness”, requiring little accuracy.

Proposition 6.4.2. Let g be an element of Nott'(k), subject to the following assump-
tions.
In the case p # 2: Let Q =1 (mod p) be a positive integer, and assume g takes the
following form:
gt) = t(1+atY+p29+...)
glu) = A+~t"+-)u
where a, B,y € k, and where - - - indicates terms of higher valuation. Assume:
(1) a #0,
(2) B # a2,
(3) r>2Q/p.
In the case p = 2: let 0 < P < 2Q) < 2P, with P odd, and assume g takes the
following form:
gt) = t(l+atf +p29+...)
glu) = L+ +-)u
where o, B,y € k. Assume:

(1) B#0,
(2) r>Q.
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Then for alln € Z, the operator (g—1) is invertible on (K /KP)uP", and val g /gryun (g—
1)~ = —2Q. In particular, g is “good’”.

Proof. Start with the case that p is odd. Consider the action of (¢ — 1) on a monomial
t! for p{ ¢. We have
gt) =t (1 +at? +.. ) =" +Lat"™ 9 .|
As long as £ # —1 (mod p), the dominant term of (g — 1)t! is fat**?. On the other
hand if ¢ = —1 + pk, then:
gt = {14 a9+ 290 4 )T+ aPtPQ 4 pPtPe 4 )k

= '(1+ at?+ pr*@) " 4 O

= (1 —at? + (a® = B)*?) + Ot )

= t( + (O_/2 N /B)t£+2Q + O(tf-i-QQ-i-l).
In the second equality: we have used p > 2 to ignore the factor with the kth power.

The final congruence is modulo K?; note that ¢ + @ = 0 (mod p). In summary, the
dominant term of (g — 1)t* as a class in K/KP is

B . gatf-l—Q_'_...’ €§é—1 (modp)
(g—1Dt" = {(042 _ 5)t€+2Q +oee =—1 (mod p)

Now let n € Z, and consider the action of (¢ — 1) on (K/K?)uP" and in particular on
the elements t‘u?" for p { . We have

(g — D) = ((g — D) + (g — D" + ((g — D) ((9 — L)u™).
Since (g—1)uP™ € tP* O guP™, and pr > 2@, the first term in the displayed sum dominates,
which is to say

(g — Dt'u™ = {

Lat™ QuPn 4 ... | ¢# —1 (mod p)
(@ — )ty 4 ... . (= —1 (mod p).

In the case p = 2: Under the listed hypothesis, we consider the action of (¢ — 1) on
a monomial t* for £ = 1 + 2k odd. We have

gt = Hl+atP + 529 4. )1+ a2 4.
= t'Q+at" + 69 +--)
= "4+ pt29 4.

where the second equality comes from 2Q) < 2P, and the final congruence is modulo
K?, noting that ¢ + P is even. Again let n € Z, and consider the action of (g — 1) on
(K/K?)u?" and in particular on the element t‘u?". By a similar calculation as in the p
odd case, we have
(g _ l)tZUQH — /Btf+2Qu2n + N

In either case, the key observation is that for every integer m prime to p, there exists
a unique £ > m — 2Q such that the dominant term of (g — 1)t‘u”" is a unit times
t™uP". This suggests the following recursive procedure for determining (¢ — 1)~ v for
v € (K/KP)uP™: If val(x/kryuwm v = m, there exists some a € k and £ > m — 2Q) for
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which val(s/gryuen (v — a(g — 1)t“uP™) > m; repeat the process with v — a(g — 1)t‘ur”
in the place of v. One obtains (g — 1)"'v = atu’™ + ---. The result is an operator
(g — 1) on (K/KP)uP" with valuation —2@Q). O

6.5. The representation of the Morava stabilizer group in the Nottingham
group. Assume h > 2, and recall our conventions regarding the Morava stabilizer
group: Dy, is the division algebra over QQ, with invariant 1/h, with ring of integers Op,
and unit group G;, = Ogh. Let ¢,: G, — Z, be the Z,-component of the determinant

map, and let @,11 be its kernel.
Let

G =14q0p, C Gy,
where as usual ¢ = p if pis odd and ¢ =4 if p = 2.

Lemma 6.5.1. G is a uniform pro-p group of dimension h?. Denoting by Pi(G) its
lower p-series, we have P,(G) =1+ qp''Op, fori>1.
Let Gt =GN @,11 Then G is a uniform pro-p group of dimension h* — 1.

Proof. The claim about G appears as [BGHS22, Example 2.15], but can also be deduced
from earlier work of Henn [Hen98].

The claim about G! follows from the following statement: if G is a uniform pro-p
group of dimension d, and ¢(: G — Z, is a surjective homomorphism, then H := ker ¢
is a uniform pro-p group of dimension d — 1. Indeed, in this situation we have [H, H| C
[G,G]NH C G'NH C HY so that H is powerful. It is also torsion-free since G is;
therefore it is uniform by [DdSMS91, Theorem 4.8]. Finally, note that H/H? is the
kernel of the surjective map G/GP — 7Z/p induced by (; the dimension of H is the
[F,-dimension of H/H?, which must be d — 1. O

Let us identify (moEr)/(p, u1, ..., up—o) with the power series ring Ox = k[t] via
up—1 +— t, and (moFy)/(p, u1, . .., up—2) with the invertible O x-module w = Oxu. Then
Gy, acts continuously on

(W*Eh)/(p7 Upy - ,Uh_g) = @w(@n’

nez

and the action of the unipotent subgroup G C G, induces a homomorphism into the
extended Nottingham group:

G — Nott' (k).

The group Nott'(k) has the following natural depth filtration: The depth of an element
g € Nott'(k) is the maximum ¢ for which g acts trivially on @, , w®" ®o, Ox/t".
Equivalently, g has depth ¢ when for all n € Z, valg en(g — 1) > £. It is natural to ask

for a relation between the filtration on G given by its lower p-series, and the filtration
pulled back from Nott'(k).

Theorem 6.5.2. For all g € 1+ p'Op and n € Z we have:

valgen (g — 1) > ph=i,
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Proof. Let us write I'y for the formal group of height h over k, and I" for its deformation
to Og. The defining quality of Ok as a quotient of the Lubin-Tate deformation ring is
that the p-series [p]r factors through F"~1 where F is the relative Frobenius. Similarly,
the power p’ factors through F("*=1? QObserve that the p»~1* power Frobenius map on
O /""" factors through Ok /t 2 k, so that F(—Di factors through [ @y O /P11,
Therefore if A € Op is an endomorphism of I'y, then p’A lifts to an endomorphism of
I' ®o, OK/tp(hfl)i which factors through I'y ®y OK/tp(hfl)i. Consequently g :== 1+ p‘A
lifts to an automorphism v of I' ® O/ tf”(h_l)i, which means exactly that g acts trivially
on O /t*"" ™", From this it follows that valgx (g — 1) > p=Di,

(h—1)i

The derivative of «y is an endomorphism of Liel’ ® O /t? which factors through

the derivative of g on Iy ® O/ t”(h*m, which is the identity; this gives the desired result
on differentials. O

Remark 6.5.3. This argument owes a debt to [Gro86].
Remark 6.5.4. Since (g — 1)? = g — 1 in the group algebra over k, we have
valg(g? — 1) > pvalg(g — 1)

for all g € Nott(k). If g is a generic element, one might expect that as n — oo, the
quantity valg (¢?" — 1) is O(p™). For elements g of the uniform pro-p group G, we have
g" €1+ qp'Op, and then Theorem 6.5.2 shows that valg(g? — 1) > p"~1% Thus in
height h > 3, elements of Nott(k) arising from the Morava stabilizer group are quite
exceptional.

Suppose g € Nott(k) is an element for which an inverse operator (g — 1)~! exists on
V = K/KP? and has operator norm bounded below by —B. Then for all nonzero v € V
we have valy (g — 1)v —valy v < B, which is to say, valy (g — 1) < B. Inductively we see
valy (¢P" — 1) = valy (g — 1)P" < p"B. If g arose from the action of an element of the
Morava stabilizer group at height h, then by Theorem 6.5.2 we have valg(g?" — 1) >
p~Y"which implies valy (g?" — 1) > p"~U" We conclude that if h > 3, then no
element of the Morava stabilizer group is “good”.

6.6. The case of height 2 and the proof of Theorem C. In the case of height
h = 2, Salch [Sal25] has discovered formulas for the action of the Morava stabilizer
group Gy on 7, FEy. For our purposes we only need an approximate formula for the
action of one particular element of G2, which lies in the subgroup W (IF,2)* of unit Witt
vectors.

Throughout we use the “Hazewinkel coordinates” m, Ey = W (k)[u;][u*!]; here u €
T_oFs is a generator for that module. We let ¢ denote the image of u; in moFs/p, so
that moEy/p = k[t] == Ok, and . Ey/p = k[[t][u*!].

Proposition 6.6.1 ([Sal25, Corollary 6.4 and Corollary 7.3|, personal communication
from Salch for p = 2). Suppose p is odd. Let g € W(F,2)* C Gy be an element of the
form g =1+ pla] (mod p?), where a € Fj2. Let « = a? — a. Then

gt) = t(1+at’™ + (@ + a)t?Pt) 4.0

gu) = (1 —at!t +..)u.
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Now suppose p = 2. Let g € W(F4)* C Go be the element 1+ 4[a], where a € F} is
a generator of that field. Then

gt) = t(A+2+t2 4P S a2 a4 )
glu) = Q4+ +t2 4+t + 8+ + at® 4+
Theorem 6.6.2. For all primes p and all n € Z, the map
H:ts<G%7 T b QmoEs K) — H; (6;7 b o By }?p)

cts

1S an tsomorphism.

Proof. As observed before, it suffices to show that for all n € Z, the module 7y, Fs @, 5,
(K,/K) = (K,/K)u™ is acyclic for the action of the closed normal uniform pro-p
subgroup G' C G1.

First assume p is odd. Let a € F,2 be any nonzero element of trace 0, so that
a=a’—a=a’+a—2a=—2a+#0. Let gy € G' be any element with g = 1 + pla]
(mod p*Op,). Using Proposition 6.6.1, we find that (g; — 1) satisfies the hypotheses of
Proposition 6.4.2, with Q@ =p+1and r =p+ 1.

Now assume p = 2. Let a € Fy be a generator. Then Op, is generated over W (F,)
by an element 7 with 72 = 2 satisfying 7[a] = [a¢*]7. The uniform pro-2 group G' has
generators g1, o, g3, With

g = (1+4[a])?/13
g = —(1+27)%/7
gs = —(1+2[a]n)*/7.

(It is easy to check these lie in G. To see that they generate G, it is enough to show
that they generate G/G?. The group G/G? is identified as an Fy-vector space via
g — (g — 1)/4 with traceless elements of O/2, and now one easily checks that the g;
map to a basis of this vector space.)

Using Proposition 6.6.1, and noting that scalars in ZJ act trivially on ¢ and u, we
find

at) = t(I4+ 2+t 17 1.0

au) = T+ +-
We see that (g; — 1) satisfies the hypotheses of Proposition 6.4.2, with P =21, Q = 12
and r = 21.

In both cases, we apply Proposition 6.4.2 to find that the operator (¢g; — 1) admits
an inverse on (K/KP?)uP™ with operator valuation bounded below independently of n.

The G'-acyclicity of ([/(; /K)u™ now follows from Proposition 6.4.1. O

Corollary 6.6.3. For all primes p and h = 2, the map (IB%D)h(G}LXG‘“(’“/FP)Gh*) —

(@D)h(G}LXG‘“(’“/WGh*) 15 an equivalence. If p is odd, then the strong splitting conjec-

ture is true at height 2: the unit map Sk 1) — Lr1)Sk(2) 1S an equivalence.

Proof. The first claim follows from Proposition 5.3.8 and Theorem 6.6.2. The second
claim follows from Lemma 5.3.1. 0
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We conclude with some comments about the strong splitting conjecture in height 3
for primes p > 5. Approximate formulas for the action of the height 3 Morava stabilizer
group G3 on 7y E3 have been obtained by Davis [Dav22|. It would be interesting to see if
these formulas are accurate enough to prove the strong splitting conjecture. The same
strategy which worked in height 2 cannot work in height 3, because as we have noted,
no elements of G3 are “good”. We only remark that computer calculations using Davis’
formulas suggest that the quotient K/K? admits no fixed vectors under the action of
Gs.

After much of this article was written, we asked the AI model Astra to investigate
the hypothesis in Proposition 5.3.8 for heights h > 3. To our surprise, the model
disproved the hypothesis for primes p < h—1. We therefore have reason to believe that
Conjecture 1.1.1 is false for such primes, even if p — 1 does not divide h — 1.

APPENDIX A. ACTIONS OF PROFINITE GROUPS

Throughout this article, actions of profinite groups play a central role. It is therefore
important to understand precisely what is meant by an action of a profinite group. On
the one hand, when working with condensed mathematics, there is a native notion of
action of a profinite group, viewed as a condensed group. On the other hand, there
is the notion of a smooth profinite group action, and which makes sense without any
condensed structure. Since the interplay between these notions plays an important role
in our work, we will carefully compare and contrast them here. Our main results are:

(1) A proof that, for discrete condensed objects, smooth actions are the same as
condensed actions (Proposition A.3.3).

(2) A comparison between different notions of smooth action that appear in the
literature (Proposition A.4.3).

(3) A proof that, in the p-adically complete setting and with respect to a compact
p-adic Lie group, solid objects with a smooth action embed fully faithfully into
solid objects with a condensed action (Proposition A.5.3).

This appendix was significantly influenced by [RJERC22] and [RJERC26].

Convention A.0.1. In this section, we let € denote a stable presentably symmetric
monoidal category. For example, € could be the category of spectra, or the category of
K (n)-local spectra.

Definition A.0.2. We define the category of condensed objects in € to be

econd . cond ® C.

— Sp
Equivalently, this is the category of accessible C-valued hypersheaves on Prof.
There is a fully faithful discrete object functor
(=) @ s @eond
which is left adjoint to the forgetful functor evaluating at the point
(=) (%) : € — €.
On the level of sheaves, (—)° is described as follows: given X € € and S = m S, €
Prof, we have X°(S) = %naX(Sa).
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A.1. Condensed actions.

Convention A.1.1. From now on, we let D denote a commutative Sp*®-algebra in Pr’:

in other words, we let ¢ : Sp®®? — D denote a symmetric monoidal left adjoint. For
example, D could be €™ or Sp~.

Remark A.1.2. Strictly speaking, Sp®™? is not a presentable category, but instead is a
big presentable category in the sense of [Bri25, Definition 1.2.1]. We choose to simply
ignore the subtleties arising from this. The reader who is uncomfortable with this is
invited to replace all instances of condensed spectra in this work with light condensed
spectra, and note that no meaningful change is effected.

Construction A.1.3. There are symmetric monoidal functors
(Prof, ) — (Sp™™, &) - (D, ®).

Since a profinite group G is a cocommutative bialgebra in (Prof, x), we obtain a co-
commutative bialgebra 1[G] in (D, ®).

By [Rak206, Variant 2.2.3|, if A € D is a cocommutative bialgebra, then LMod4(D)
and the forgetful functor LMod4(D) — D are naturally equipped with symmetric
monoidal structures.

Definition A.1.4. We define the category of objects in D with condensed G-action to
be DBE = LModyjg (D). By the above, this is a symmetric monoidal category equipped
with a symmetric monoidal forgetful functor

DBE — D.
This determines a functor Grp(Prof)® — CAlg(Pr") .

Remark A.1.5. When G is a finite group, it follows from [Rak26, Example 2.2.9] that
DBC is the usual category of objects with G-action.

Remark A.1.6. Let D — D’ denote a morphism in CAlg(PrL)Spcond/. Then the natural
functor

D’ R0 DBG N (D/)BG
is an equivalence by [Lurl7, Theorem 4.8.4.6]. In particular, we have

@ ®Spcond (Spcond)BG’ ~ 'DBG.

For the purpose of comparison with smooth actions, it will be convenient to de-
scribe DBY comonadically. To incorporate its symmetric monoidal structure into this
description, we require the following definition.

Definition A.1.7. Let Fun'™(D, D) denote the category of lax symmetric monoidal
functors from D to D. Composition endows Fun'*(D,D) with the structure of of
a monoidal category. We define the category coMon'™ (D) of lax symmetric monoidal
comonads to be the category of coalgebras in Fun'®*(D, D) with respect to this monoidal
structure.
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Remark A.1.8. We note that the forgetful functors
coMon'™(D) — Fun'™(D, D) — Fun(D, D)
preserve filtered colimits.

Theorem A.1.9. Suppose that C' is a lax symmetric monoidal comonad on a category
E. Then the category coAlg.(E) is canonically equipped with a symmetric monoidal
structure, and the forgetful functor coAlg.(€) — & with the structure of a symmetric
monoidal functor.

Conversely, if F — & is a symmetric monoidal comonadic functor, then the corre-
sponding comonad on C' on & is canonically equipped with the structure of a lax symmet-
ric monoidal comonad, and there is an identification F ~ coAlg.(€) in CAlg(Pr") .

Proof. The first statement is [Hei26, Theorem 1.11] applied to €%, and the second
statement follows from [BH26, Theorem 5.2]. O

Construction A.1.10. Let G denote a profinite group. Since the forgetful functor
DPY — D

preserves limits and colimits and is conservative, it is comonadic. Since it is sym-
metric monoidal the comonad is lax symmetric monoidal. We let C'(G, —) denote the
corresponding lax symmetric monoidal comonad.

This determines a functor

C : Grp(Prof)®? — coMon'™ (D).

Remark A.1.11. When D = €% or Sp”, then the underlying functor of C(G, —) is
given on the level of sheaves on Prof by the formula C(G, X)(S) = X(G x S). Since
the site Prof is finitary, this implies that the functor C'(G, —) commutes with filtered
colimits, and hence with all colimits.

A.2. Smooth actions. We now describe the category of objects with a smooth G-
action.

Construction A.2.1. The assignment taking a finite group G to the comonadic sym-
metric monoidal forgetful functor
eB¢ » ¢
determines a functor
C': Grp(Fin)? — coMon'™(€).
In fact, since the functor C'(G, —) preserves colimits, the functor C factors through the
full subcategory coMon™'**(€) consisting of colimit-preserving lax symmetric monoidal
comonads. This category is presentable, hence admits all colimits. By left Kan extend-
ing along
Grp(Fin)? < Ind(Grp(Fin)?) ~ Grp(Prof)?,
we obtain a functor
C™™ : Grp(Prof)” — coMon™'**(@).
For G =lim G/U, € Grp(Prof) and X € C, this is given by the formula

C*™ (G, X) = lim O(G/Ua, X).
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Definition A.2.2. Given a profinite group G, we define the symmetric monoidal cat-
egory of objects with smooth G-action in € to be

eBE™ — coAlgcem (g, (C).

This comes with a symmetric monoidal forgetful functor 2™ — C.

Remark A.2.3. Let G denote a finite group. Since 1[G] is dualizable, the endofunctor
C(G, —) is naturally identified with the functor C(G,1) ® —, and C(G, 1) is the dual
of 1|G]. This induces a commutative bialgebra structure on C(G, 1) and identifies CZ¢
with comodules over C'(G,1).

Taking filtered colimits, we are able to extend this to profinite G = lgna G/U,: the
symmetric lax-monoidal comonad C*™(G,—) is isomorphic to that associated to the
commutative bialgebra C*™(G,1) ~ lim C(G/Ua,1),, and CBE™ is the category of
comodules over this bialgebra.

Remark A.2.4. More generally, if one wants to mix smooth and condensed actions, one
may combine the above two constructions in the following way. Suppose that C(G, —)
preserves colimits in D for all profinite groups G: for example, we could have D = @end
or D = Sp” as in Remark A.1.11. Starting with C : Grp(Prof)°®® — coMon™"**(D), one
may left Kan extend to obtain a functor C™* : (Pro(Grp(Prof)))°? — coMon™!**(D).
Thus, given a pro-profinite group (G, we may consider the symmetric monoidal category
of coalgebras over the lax symmetric monoidal comonad C™*(G, —). The “outer” pro-
direction acts smoothly, while the “inner” pro-direction acts via a condensed action.
For example, if we have two profinite groups G = @a G/U, and H, an element

of ((D)BPH)BE™ s the same thing as a coalgebra for the comonad associated to the
pro-profinite group @a(G /Uy x H).

To conclude, we prove a base-change property for categories of objects with smooth
G-action. The key step is the following lemma, which is due to gpt-5.6-sol. In the
following lemma, we relax our conventions on € and D.

Lemma A.2.5. Let @ denote a stable presentable category, and let C' € coMon®(@)
denote a colimit-preserving comonad on €. Given a second presentable stable category
D, C ®idp € coMon®™(C ® D), and there is a canonical comparison functor

coAlgo(€C) ® D — coAlggiq, (C® D)

If D is dualizable as a presentable stable category (for example, if D is compactly gen-
erated), then this functor is an equivalence of categories.

If C and D are symmetric monoidal and the comonad C' is lax symmetric monoidal,
then so is C' ® idp, and the comparison functor naturally upgrades to a symmetric
monoidal functor.

Proof. The left adjoint
coAlg(C) @D - C®D

has associated comonad C' ® idp, so it suffices to prove that it’s comonadic. If C
and D are symmetric monoidal and C' is lax symmetric monoidal, then this functor
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is symmetric monoidal and its associated comonad C' ® idp lifts to a lax symmetric
monoidal comonad.
To do so, we use dualizability to identify it with

G : Fun®(DY, coAlg(€)) — Fun®(DY, €).

We will verify comonadicity using the co-Barr-Beck—Lurie theorem. This requires us
to prove that the functor is conservative, preserves colimits, and preserves G-split to-
talizations. It is clear from the outset that it preserves colimits. It is conservative
because

H : coAlg,(C) — C

is conservative and isomorphisms are checked levelwise in functor categories.

Let X* € Fun(A, Fun®(DY, coAlg(€))) be G-split. Since G(X*) is split, its total-
ization is preserved by all functors. In particular, it is preserved by evaluation at any
object of DY. It follows that the totalization of G(X*) is equivalent to its levelwise
totalization. Now, since X*® is G-split, it levelwise H-split. Moreover, G preserves lev-
elwise H-split totalizations. It therefore suffices to show that the totalization of X* is
computed levelwise, i.e. that its levelwise totalization is a colimit-preserving functor.
This follows from the fact that H : coAlg,(€C) — € creates colimits and the totalization
of G(X*) is computed levelwise. O

Corollary A.2.6. Suppose that C is a dualizable stable presentably symmetric monoidal
oo-category. Then the natural comparison functor

SpPeT ®@g,C — @BC™
15 an equivalence of symmetric monoidal categories.
A.3. Comparison between smooth and condensed actions I.
Construction A.3.1. It follows from Remark A.1.5 that the two functors
C, C*™ : Grp(Prof) — coMon™ (D)

agree after restriction to Grp(Fin)?. It therefore follows from the universal property
of left Kan extension that there is a natural transformation of functors C' — C*™. This
induces a diagram of symmetric monoidal left adjoints

/\

(D)BG™ BG

trl\ A

the bottom part of which produces a dlagram of lax symmetric monoidal right adjoints

)G sm

DBE™

)h& %’10
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The functor (—)%m is the functor of (derived) G-smooth vectors.

Remark A.3.2. The forgetful functor

@BG’Sm SN @BG

is not fully faithful in general, and the natural transformation of functors on DB¢™

(_)thm N (_)hG
often fails to be an isomorphism. However, see Proposition A.3.3 and Proposition A.5.3.
We are now ready to state our first result.

Proposition A.3.3. The lax symmetric monoidal comonads C™(G, —) and C(G, —)
on " restrict to the essential image of the embedding (—)° : € — € where they
are both naturally isomorphic to the symmetric monoidal comonad C™ (G, —) on C.
In particular, we find that:
(1) If X € (CoN)BC and the underlying object of X is discrete, then X canonically
lifts to an object of (Cond)BE™,
(2) If X € (CoY)BE™ and the underlying object of X is discrete, then the unit map
X — XE™m s an isomorphism, and hence the comparison map X" — X¢
s an isomorphism.

Proof. Since (—)° is a symmetric monoidal left adjoint, it is elementary to check that
C*™(G, —) on €M restricts along (—)° to C*™(G, —) on €. Given X € C, it remains
to check that the natural map

(@G, X% — C(G, X?9)

is an equivalence, which is immediate from evaluating at any given profinite set S and
expanding out the definitions.
Consequence (1) is then immediate, and (2) follows from writing out for X € €7

X? =~ Tot C*(G**', X°) = Tot C™™(G, C(G*, X°)) =~ Tot C(G*+', X°)¢™ ~ (X°) %~
and using that C*™(G*, X°) — C(G*, X?) is an equivalence. O

Gsm

Before we proceed further, we prove two results giving conditions for when condensed
and smooth homotopy fixed points commute with filtered colimits.

Lemma A.3.4. Suppose C is equipped with a t-structure that is compatible with fil-
tered colimits and for which C<y is compactly generated by cotruncated objects. Then
C" (G, —) restricts to a comonad on C<y, and the functor

(=) 1 (€)™ = Ca
commutes with filtered colimits.
Proof. Given a profinite set S ~ I&nl S;, the functor
(S, —) ~ liﬂC(Si, -)
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preserves C<y because the t-structure is assumed compatible with filtered colimits.
Given X € (C<o)P¢™, write

XhE™ ~ Tot C™(G*, X).

To check commutation with filtered colimits of coconnective objects, we just need to
commute the filtered colimit past the totalization. This holds by [BM21, Lemma 3.7(1)].
O

Lemma A.3.5. Suppose that D is equipped with a t-structure, and that:

(1) the t-structure is compatible with filtered colimits.

(2) the category D<q is compactly generated by cotruncated objects.

(3) for each G € Grp(Prof), the functor C(G,—) on D restricts to D<oy and com-
mutes with filtered colimits in D.

Then the functor
(=) (D<0)" — D<o

commutes with filtered colimits.
Proof. Given X € (D<o)PY, write
X" ~ Tot C(G*, X).

The functor C(G*, —) commutes with filtered colimits in D, by parts (1) and (3). The
totalization commutes with filtered colimits of coconnective objects by part (2) and
[BM21, Lemma 3.7(1)], so we're done. O

Ezxample A.3.6. The assumptions of the above lemma are satisfied by Sp” and its stan-
dard t-structure.

A.4. Models for smooth actions. In the case that € = Sp, we record several equiv-
alent definitions of the category of spectra with smooth G-action. In particular, we
compare our definition with various categories of sheaves on the site of finite continu-
ous G-sets, which is the language that Devinatz—Hopkins used to formulate the action
of the Morava stabilizer group on Lubin-Tate theory. [DHO04]

Definition A.4.1. Let GG denote a profinite group. Then we let T4 denote the category
of finite continuous G-sets. We view T as a site by declaring a family {X; — X}icr
to be a cover if it is jointly surjective.

We will compare the following symmetric monoidal categories:

(1) SpP“™, the category of spectra with smooth G-action. Equivalently, the cate-
gory of C*™ (@, S)-comodules in spectra.

(2) Shv™P(T:Sp), the category of hypercomplete sheaves of spectra on Tg, with
@E pointwise symmetric monoidal structure.

(3) Shv(T¢;Sp), the left completion of the category of sheaves of spectra on Tg
with respect to the usual t-structure, with the pointwise symmetric monoidal
structure.

(4) D(BG), the value of Heyer-Mann’s six-functor formalism on the condensed
anima BG. [[1M21]
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Remark A.4.2. Note that the left completion of the category of sheaves of spectra
on a topos T is not necessarily a localization of Shv(7T;Sp). Indeed, by definition

S/}F/(‘J'; Sp) = lm Shv(T;Sp.,), and if {X,,} is an object of this category then it may
very well be the case that the natural map

Tgn@Xk — X,
k

is not an equivalence.
Moreover, since a sheaf of n-truncated spectra is automatically a hypersheaf, the left
completions of Shv(T;Sp) and Shv(TWP; Sp) agree.

Three of these categories agree for all profinite groups G. We start with a lemma.

Proposition A.4.3. For any profinite group G, there are natural symmetric monoidal
equivalences of categories:

SpP¢™ ~ Shv(Tg: Sp) ~ D(BG).
Proof. We start by proving the equivalence
SpPE™ ~ @(Tg; Sp).

Let G = lim G/U,. First, we note that by [CM21, Construction 4.5| there is an
equivalence

Shv(Tg; Sp) =~ hﬂ SpBE/Ua
in CAlg(Pr"), where the colimit is taken along the inflation functors. Inflation along
G — G/U, therefore induces a symmetric left adjoint

Shv(Tg; Sp) ~ hg SpPE/la —y gpBE™
Concretely, this left adjoint is computed by {X,} — ligla X, and its right adjoint is
computed by X — {X"a"}. These functors are right ¢t-exact, hence induce an adjoint
pair on categories of n-truncated objects

Shv((-TCﬁ T<n Sp) S (Tﬁn Sp)BGS"‘.

By taking the limit over n, the desired result reduces to proving that this is an adjoint
equivalence. We start by proving that the counit map

lim X% — X

is an equivalence for X € (1<, Sp)P%™. This is equivalent to the colimit-comparison
map

lim((X ® C*(G/U,, S))"™) = (X @ C™(G, )",
which is an equivalence because (—)"“" commutes with filtered colimits of n-truncated
objects by Lemma A.3.4. This implies that

(T<n Sp)BGsm — Shv(T¢g; 7<n Sp)
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is fully faithful. To conclude, it suffices to show that the functor

Shv(Ta; 7<n SP) — (T<, Sp) P
is conservative—equivalently, its composite with (1<, Sp)?¢™ — 7, Sp is. Since this

functor is colimit-preserving, it suffices to prove that the induced functor on hearts
Shv(T¢; Ab) — Ab
is conservative. This follows from [MLM94, Section II1.9], which identifies Shv(T¢g; Ab)

with the category of discrete abelian groups with continuous G-action.
Now we deal with D(BG). For this, we write

D(BG) ~ Tot(D(G*)) ~ Tot(lim D((G/Ua)*)),
as symmetric monoidal categories. On the other hand, we have SpP%/Ve ~ Tot(Sp(G/ U‘*)o) ~
Tot(D((G/U,)®)), whence we get a natural symmetric monoidal limit-colimit inter-
change functor
Shv(Te; Sp) = lim Sp”“/Y — D(BG).
Since D(BG) is left complete, and this functor is right t-exact, this factors through a
symmetric monoidal functor

Comodgsn(g,s)(Sp) ~ (Sp)P¢™" ~ S/h?/(‘.TG; Sp) — D(BG).
Using that the composite functor
Comodcsm(is)(Sp) = D(BG) — Sp

is the forgetful one, one checks using [Lurl7, Corollary 4.7.5.3] that Comodcsm(¢.5)(Sp) —
D(BG) is an equivalence, as desired. The key observation is that D(G*) = Modgsm(ge 5)(S).
0

When G is of virtual finite cohomological dimension, it was proven by Clausen and
Mathew that the left-completed category of sheaves agrees with the category of hyper-
complete sheaves.

Proposition A.4.4 ([CM21, Corollary 4.28|). Suppose that G is a profinite group of
wvirtual finite cohomological dimension. Then Shvhyp(fTG; Sp) is left complete, so that

Shvhyp(‘Tg; Sp) ~ S/h\V<Tg; Sp).

Example A.4.5. Uniform pro-p groups are of finite cohomological dimension, so compact
p-adic Lie groups are of virtual finite cohomological dimension.

Finally, let us record some useful corollaries of the above.

Corollary A.4.6. Suppose that C is a dualizable stable presentably symmetric monoidal
category, and that G = T&la G /U, is of virtual finite cohomological dimension. Then
the natural symmetric monoidal left adjoint

Shv(Tg; €) = li €/ — ePe™

factors through an equivalence

Shv'™P(Tg; @) ~ @BC™
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of presentably symmetric monoidal categories.

Proof. This is a consequence of Proposition A.4.3 and Proposition A.4.4 when € = Sp.
The case of general € follows from Lemma A.2.5 and the fact that

Shv™P(T4; Sp) ®gp € = Shv™P(T¢; €).

FExample A.4.7. For example, if G is a compact p-adic Lie group, this implies that
(SpK(n)>BGsm = SpBGsm ® SpK(n) = Shvhyp(TG; SpK(n))
since Spg(,) is compactly generated and hence dualizable.

Corollary A.4.8. Suppose that C is a dualizable stable presentably symmetric monoidal
category, and that G = @a G /U, is of virtual finite cohomological dimension. Then,

for all X € GBG™,
lim X"V — X

s an equivalence.

Proof. This map is question is the counit of the left adjoint
Shv(Tg; C) ~ ling @BG/Ua _, @BE™,

This is a Bousfield localization by Corollary A.4.6, hence its counit is an isomorphism.
OJ

Remark A.4.9. Under the assumptions of Corollary A.4.8, for X € DB there is a
natural equivalence
@Xh(]a ~ XG—sm

by applying Corollary A.4.8 to X“~5™ and using the equivalences X"Va" ~ (X¢-sm)hlUa

A.5. Comparison between smooth and condensed actions II. In the case of com-
pact p-adic Lie groups and p-adically complete solid coefficients, objects with smooth
action embed fully faithfully into objects with condensed action.

Definition A.5.1. Let Spf) denote the category of p-adically complete solid spectra,
i.e. the category of solid spectra X such that X =~ lgll X/p'.

Remark A.5.2. Note that, under this definition, Q, with its usual topology is not a
p-adically complete solid spectrum.

Proposition A.5.3. Suppose that G is a compact p-adic Lie group. The forgetful
functor

(Spy) 9™ — (Spy)”P@

is fully faithful. In other words, given X € (Sp,)P“™, the unit map
X — XCGm

1 an equivalence.
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Proof. By Remark A.4.9, we have
XG—sm ~ @XhUa.

Under this identification, the unit map is identified with
X == limg X"V — Timg X"

is an equivalence. This may be checked after replacing G by an open subgroup. We
may therefore assume that G is uniform pro-p group. Cofibering out by p and using
p-completeness, we may assume that the endomorphism p? of X is null. Now, write
X ~ l&nn T<pX. Since G is of finite cohomological dimension for abelian groups, it is
of finite cohomological dimension for solid abelian groups by [CGAW?26, Theorem 3.6].
We may therefore commute the limit and colimit to obtain the following equivalence:

hﬂXhUa ~ @@(Tﬁn‘){)hlﬁl,

so that we may reduce to the case that X is n-truncated.

Now, writing X = lim X"”a", and using that (—)"”* commutes with filtered colimits
of n-truncated solid spectra by Lemma A.3.5, we may assume, replacing G by an open
subgroup, that the action of G on X is trivial.

Next, writing X ~ lim 7>, X and again using that (=)o commutes with filtered
colimits of n-truncated solid spectra by Lemma A.3.5, we are able to reduce to the case
that X is a solid abelian group in which p? = 0. Considering the p-adic filtration, we
reduce to the case that X is a solid F,-vector space.

Using the solid version of Lazard’s complex [RJERC22, Theorem 5.7|, we find that
the natural map

File @p, X — XVe

is an isomorphism. It therefore suffices to assume that X = IF,. Since [, is discrete,
F, — (F,)"™"
is an isomorphism by Proposition A.3.3, as desired. U

The following are immediate corollaries of the above proposition.

O ) BGs™ ]

Corollary A.5.4. Let G denote a compact p-adic Lie group and let X € (Sp,

Then the canonical map

XhGSHl % XhG
1s an equivalence.
Corollary A.5.5. Let G denote a compact p-adic Lie group and let X € (Spi)BG.
Then the G-action on X is smooth if and only if the canonical map

lig X"V — X
(0%
1 an equivalence.

Remark A.5.6. Corollary A.5.4 was communicated to the second author by Rodriguez
Camargo at a conference in 2023. How about so?



126

BARTHEL, MANN, RAY, SCHLANK, SENGER, WEINSTEIN, AND ZHOU

Remark A.5.7. In the above proposition, it is important that we only work with p-
adically complete coefficients. For Q,--modules, it is false. Indeed, one has Q, ~

(@p)hzgm # (Qp)th ~ Q, & Qy[—1].
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